Res. Lett. Inf. Math. Sci., (2002), 3, 85-98
Available online at http:/./.www.massey.ac.nz/~wwiims/research/letters/

Stationary Distributions and Mean First Passage Times of Perturbed
Markov Chains

Jeffrey J. Hunter
LIM.S. Massey University, Auckland, New Zealand
J.-hunter @massey.ac.nz

Abstract

Stationary distributions of perturbed finite irreducible discrete time Markov chains are intimately
connected with the behaviour of associated mean first passage times. This interconnection is explored
through the use of generalized matrix inverses. Some interesting qualitative results regarding the nature
of the relative and absolute changes to the stationary probabilities are obtained together with some
improved bounds.
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1. Introduction

Markov chains subjected to perturbations have received attention in the literature over recent years. The
major interest has focussed on the effects of perturbations of the transition probabilities on the stationary
distribution of the Markov chain with the derivation of bounds or changes, or relative changes, in the
magnitude of the stationary probabilities. Recently sensitivity of the perturbation effects has been
considered in terms of the mean first passage times of the original irreducible Markov chain. In this paper
we provide further insights into this approach by giving some new derivations and examining some
special cases in depth.

2. General perturbations and stationary distributions

Let P = [p,"] be the transition matrix of a finite irreducible, m-state Markov chain. Let P® = [p;®] =
P + E be the transition matrix of the perturbed Markov chain where E = [g;] is the matrix of
perturbations. We assume that the perturbed Markov chain is also irreducible with the same state space S
={1,2,...,m} Fori=1,2, let a = (m,?, m,?,..., m,”) be the stationary probability vectors for the
respective Markov chains.

There are a variety of techniques that we can use to obtain expressions for "' and n®". In particular, in
[9], the author used some generalised matrix inverse techniques to obtain separate expressions for w'"'

and ®®" in the rank one update case when E = ab' with b'e = 0.

Since we are interested in the effect that the perturbations E = [¢;] have on changes to the stationary
probabilities, we use an approach that leads directly to an expression for the difference ' — u"".

First observe that, since ®"'(I - PV) = 0' and a®'(I - P?) = a®'01-PVY - E)=0',
(n(2)v _ J'C(])')(I _ P(l)) - n<2)'E. (2.1)
Equation (2.1) consists of a system of linear equations. Generalized matrix inverses (g-inverses) have an

important role in solving such equations. The relevant results (see e.g. [7] or [8]) that we shall make use
of are the following:
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2.1 A ‘one condition’ g-inverse or an ‘equation solving’ g-inverse of a matrix A is any matrix A~ such
that AA"A = A.

2.2 Let P be the transition matrix of a finite irreducible Markov chain with stationary probability
vector "', Lete'=(1, 1, ..., 1) and t and u be any vectors.
(@ I-P" +tu'is non-singular if and only if &'t = 0 and u'e = 0.
(b) Ifa®'t=0andu'es=0then [I-P" +tu']" is a g-inverse of I — P,

2.3 All one condition g-inverses of I — PV are of the form [I — P + tu']" + ef ' + gn'"' for arbitrary
vectors f and g.

2.4 A necessary and sufficient condition for x'A = b' to have a solution is b'A"A = b'. If this
consistency condition is satisfied the general solution is given by x'=b'A”™ + w'(I - AA") where

w' is an arbitrary vector.

2.5 The following results are easily established (see Section 3.3, [7])

@ u'[I-PY+tu']'=a/(nw""). (2.2)
(b) [I-PY +tu']'t=e/(u'e). (2.3)
© [M-PP+ta'T'T-=PY)=1—-eu'/(u'e). 2.4)
@ A=-POI-PY+tu']'=1- tn”/(w"'t). (2.5)

2.6 Hunter, ([6]), established that Kemeny and Snell’s ‘fundamental matrix’, ([12]), Z‘" =
I — PV + ]!, where IIV = ex!"", is a one condition g-inverse of I — P"". Meyer, ([14]), showed
that the ‘group inverse’ A*" = Z® — TIV is also a g-inverse of I — P'.

Theorem 2.1: If G is any g-inverse of 1 — P then, for any general perturbation E
a® — g =g EGJI - 1), (2.6)

Proof: By taking G as the general form [I — P + tu']" + ef ' + gn'"" and using results from §2.5, the facts
that ITV= ex”', ®'"'e = 1 and PVe = e, it follows that

I-PMHGI-MIV) = -1, 2.7
Thus, from (2.1) and (2.7),
(J'li(2>' _ J'I;(])')(I _ H(l)) - (n(2>v _ n“)')(I _ PU))G(I _ H(l)) = n®'E G- H(l)).

Further (®' — a1 -I") = @®' — x"")I - exn"") = a®' — 1" and (2.6) follows.

An alternative approach to solving (2.1) is to use the results of §2.4 with x' =@ — "', A= I-PP b’
= a®' Eand A” = G, as above. The consistency condition is satisfied and the general solution has the

form a@ - = g@'E G + w'{t/(m"'t) - I - PV)g}n"" with w' arbitrary. Since @' —n"e =0,
the arbitrariness of w' is eliminated with w'{t/(@w"'t) - I — P")g} = —x'®'E Ge and equation (2.6)
follows.

a

Theorem 2.1 is a new result and all known results for the difference ®®' — "' can be obtained from this
result. In particular we have the following special cases.

Corollary 2.1.1:
(i) If G=[1-PY +tu']" +ef '+ gn"' withw"'t = 0, u'e = 0, £ ' and g arbitrary vectors,
then

A —a = g E[1- PV + tu'](I - 11V). (2.8)
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(ii) IfG=[1-PV+eu']" +ef'+gn" witha"'t=0,u'e=0,f"'and g arbitrary vectors,
then
2 = @ E[1- P + eu']". (2.9)
(iii) IfG=[1-PV +eu']" +ef' with u'e=0,andf'an arbitrary vector, then
' — g = g 'EG. (2.10)

(iv) IfZV is the ‘fundamental matrix’ of 1 - P, then
7 — g = g E7ZOD. (2.11)

(v) If A"V is the ‘group inverse’ of 1— P, then
a® —a' = g E A" (2.12)

Proof: (i) For (2.8), substitution of G into (2.6) leads to the ef ' term vanishing since Ee = 0. Similarly
the gn'”' term cancels since 7'"'(I — ex"") = 0"

(i) Equation (2.9) follows from (2.8) upon substitution of t = e since, from (2.3),
[I-P? +eu'l'e = e/(u'e) and Ee = 0.

(iii) Substitution of the form of G into (2.6) leads to the ®®'E GIIV term vanishing
since EGII'" = E([I-P" +eu']" + ef Nen’' = Ee{l/ (u'e) + (f 'e)}n’" = 0.

(iv) Equation (2.11) follows from (2.9) or (2.10) with u' = &'"".

(v) Equation (2.12) follows from (2.10) withu' = &'"" and f ' = &"".
a

The general result (2.8) is new. The other results, or special cases of them, appear in the literature but
with ad hoc derivations. Result (2.11) was initially derived by Schweitzer ([18]). Result (2.12) is due to
Meyer ([15]). A special case of results (2.9) and (2.10), (with f'=0" and g = 0), appears in Seneta [19],
while result (2.10) appears in Seneta [21].

The results obtained by the author in [9], in the case that E = ab' where b'e = 0, can also be obtained
from Corollary 2.1.1.

Corollary 2.1.2:
(i) Ifu'e=0,n V"t =0,a'=u'[I-P" + tu']" and B' =b'[I - PV + tu']™", then

n" = i’ and w?' = a- B’a)n‘”’ + (n(”a)ﬁ’
a' e (1 — ﬁ’a) + (n(l)’a)(ﬁ/e)
_ (- pajya + (@a)p o)

(1 - Pa)a'e) +(@a)PBe)
(ii) Ifu'e=0,na=0,a'=u'I-P" +au'l" and ' =b'[I- PP + au']”, then

’ /+ r
a" =% and x® Il (2.14)

a'e ae+fe’

(iii) Ifu'e=0, a'=u'[I-P" +eu'l" and p' =b'[I - P + eu']™, then

1" —a and x? =n" +(%)6’- (2.15)



88 R.LIM.S. Vol.3 April 2002

(iv) IfZ" =[1- PP + ex™'] " is the fundamental matrix of I — PV, then

Tl:(])/a
2)! ’
(2) n(l)

n —
1-B'a

bz = x" +(n“>’a) bz, (2.16)

Proof: (i) The expression for wt'"" follows from (2.2) since o' = n""/(w"'t) and a'e = 1/(n'"'t). Further,
from (2.8),
31;(2)' _ n(])l — (J'F(z)'a)B'(I _ en(])l) — (J'F(z)'a)B' _ (Jt(z)'a)(ﬁ’e)n(”'. (2'17)

Post-multiplication of (2.17) by a and solving for *'a yields

(&4
@y T a

ma= . (2.18)
1-(Ba) + Be)n"'a)
Substitution for 7t?"a into (2.15) and solving for ' yields the expressions (2.13).
(ii) Follows from (2.13) with t = a by noting thata'a=0and b'a = 1.
(iii) Follows from (2.13) with t = e by noting thata'e =1 and b'e = 0.
(iv) Follows from (2.15) with u' = "', since a' = A"'Z® = x"" and b' = b'Z".
Note also from (2.18) that
g x"a
1-bZ%a -
a

For a summary on the current known results concerning absolute norm-wise error bounds on the
differences between the two stationary probability vectors of the form

|20~ =, = & | E
where (p,q) = (%, ©) or (1, ©) depending on [/, see Cho and Meyer [2]. They summarise and compare
results due to Schweitzer [18], Meyer [15], Haviv and Van der Heyden [5], Kirkland et al. [13], Funderlic
and Meyer [4], Meyer [16], Seneta [20], Seneta [21], Seneta [22], Ipsen and Meyer [11], Cho and Meyer
[3].

Results for component-wise bounds of the form

|z~ a? | < x| ElL
and relative error bounds of the form

1 2
- a?
1)

7T

= & [ El.

are also discussed in Cho and Meyer [2]. For relative error bounds see also O’Cinneide [17] and Xue
[23].

3. General perturbations and mean first passage times

In Hunter [7], (see also [8]), a general technique for finding mean first passage times of a finite
irreducible discrete time Markov chains, using generalised inverses, was developed. The key result is as
follows:

Let M = [m;{"] be the mean first passage time matrix of a finite irreducible, Markov chain with
transition matrix P"". If G is any generalised matrix inverse of I — PV, then
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M = [GI" — E(GI™), +1-G + EG,D?, (3.1
where E =ee' =[1] and D’ =M, = I1,")".

The general result given by (2.6) in Theorem 2.1 expressing the difference &*' — x"", under general
perturbations E , lends itself to re-expression in terms of mean first passage times.

Theorem 3.1: If MV is the mean first passage time matrix of the finite irreducible, Markov chain with

transition matrix PY, then for any general perturbation E of PV,
y 8 p

J.,;(2)v _ J'C(])' - _ J.,;(Z)VE (M(l) _ Md(l))(Md(l))fl. (32)

Proof: From (3.1) observe that if G is any g-inverse of I — PV,
™M© - Md(]))(Md(]))’] =GIY - E(GH(I))d -G + EGy=EH, — H where H = G(I - o).

Thus H =EH,- M® -M"yM,")".
Now EG{I-11") = EEH,—- EMM® - MM, = - EMM" - M ")M,")" since EEH, = Eee' H,
=0and (3.2) follows from (2.6).

a

Result 3.2 is new. However, Theorem 3.1 can be further simplified.

Theorem 3.2: Let NV = [n;{"] = [(1 = §;)m{"/m{"] = [(1 = 8;)m;{"w;"] then, for any general perturbation
E 9’

J.,;(2)v _ J'C(])' - J'l;(z)'EN(]).
(3.3)
Proof: Equation (3.3) follows directly from (3.2) since N’ = (M’ - M,")(M,")".
a
Result (3.3) shows that elemental expressions for ® — wt{" can be expressed in terms of n;"” = m;"/m;"

=m;"m; " (i = j) with n;"=0.

Note also the negative signs in each of (3.2) and (3.3). We shall in the future consider the difference
"' — " when using these forms.

A bound for ®®' — ™', in terms of the mean first passage times, was first derived by Cho and Meyer [3].
Their derivation was based upon the observation that the elements of the group inverse A*" can be
expressed in terms of the my ", viz. a;"" = a;"" — i Pm; ", (i = j), with m;™ = 1/z".

This is also related to the observation that there is a similar connection between the elements of the
fundamental matrix Z'" and the mean first passage times m;", (see viz. [1]). m"m;'" =7,V — 7V,
(i =j), with my" = 1/m,".

Further links between stationary distributions and mean first passage times in Markov chains, using
generalised inverses, are explored in [10].

The following theorem gives the Cho and Meyer [3] bounds. Their proof uses the results of equation
(2.12), the properties of the group inverse A*" as mentioned above, and an inequality that appears in
Haviv and Van der Heyden [5]. We can however provide a simpler more direct proof from an elemental
expression of (3.3):
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Theorem 3.3: (Cho and Meyer, 2000). For a general perturbation E = [g;] ,

O R (11 P
| Jr(,” |S > 1 {m (3.4)
w I1E|
| ' (2| < = max {m!?}, (3.5)
2 =]

where ||E|| = max Em Isij l.
i=1

Isism

Proof: The proof is based upon the result (see [S]) that for any vectors ¢ and d such that c¢'e = 0, then

m ld —-d_|
ledl 5(2 |c,,|)mx”#. (3.6)
i=1
From (3.3),
) -l mon where " =3 e, ,, and 3" ;" =0, since 3 £, =0,
so that applying (3.6) yields
ma |n“) n“.)|
a® —a®< a? —’ 3.7
R N L G67)

Now
m m
E (2) El =l (2) Ek 1|£k’| E (2){rlrslkas'§ Ek:l |£k’|} =|| E ||oo

Equations (3.4) and (3.5) follow by observing that n;{" = (1-8;)m;"'m; "’ and, because of the positivity of
the mean first passage times, that

(1) (l)
max (" |_

r.s=j

together with the observation that lr; VI < 1.

maxm - mm m_v = max m,} s 3.8)

Qa

While Theorem 3.3 reproduces Cho and Meyer’s bound, a closer examination of (3.8) shows that we can
in fact improve the universal bounds, for fixed j, given by (3.3) and (3.4)

Corollary 3.3.1: For any general perturbation,

@ |n<n .7[(,2)| 5 ||E|| { O min C) ”E” [ (Y - 11, (3.9)
| xy | - 2 i 1¢J e 2 nl;JX i o
(17)
Iz - 7%= = [max{m{)} - 11. (3.10)

[max {m{/} - min{mi/}=
=] ] ]

Proof: Inequalities (3.9) and (3.10) follow from (3.8) by observing that m;"’ = E(T;|X, = i) and, since in

an irreducible Markov chain each state can be reached, T;; = 1 implying that m;"” = 1. Such an inequality

obviously holds for the minimum over all i = j.

a

The results (3.9) and (3.10) are new improved bounds for a fixed index j. We show later that, for the
special cases considered in this paper, we can get improved bounds.
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4. Single row perturbations
Let p,”" = ¢ P" so that p,”" is the r™ row of the transition matrix PY. Now let E =e,e, where e,' =
p,?" — p,"". This implies that the perturbation of interest results from changing the rth row of the
transition matrix P by the rth row of the transition matrix P*.
Suppose that e,'= (e, €,, . . . , &,) where e,'e = 0. Substitution in equation (3.3) yields A" — x®"' =
n@ee N =gx@e'N so that in elemental form, forj=1,2, ..., m,

A= g? = @ 8[’,1;/1) — ﬂ(/'])ﬂiZ)Esme-”‘ .1

i=j i=j

4.1 Two-element perturbations in a single row

The simplest perturbation arises from decreasing the (r,a)" element of P by an amount ¢ and increasing
the (r,b)" element of P’ by the same amount to obtain the new transition matrix P®. Thus p,,” = p, - ¢
and p, @ =p, "+ ¢, (g, = -¢, &, = €). We assume that the stochastic and irreducible nature of both P and
P? is preserved. This requires € < p, "< 1, and 0 = p,,'/ < 1 — ¢ . For this special case we obtain the
following results.

Theorem 4.1: Suppose that the transition probability p,,'" in an irreducible chain is decreased by an
amount € while p," is increased by an amount €. If the resulting chain is irreducible then expressions for

j 1 ; T, () @) :
difference in the stationary probabilities ;- w;” are given by
1) 2 1 .
ey’ mp. j=a,
1 2 1 2 1 .
xy=x? =9- ey m mis j=b, (4.2)

) _(2) 1) (1) .
eny ) (myy — me)) Jj=a,b.

a
First note that for those states j = a, b, we can make the general observation that &,” = 7" if and only if
m," = m,", reflecting the influence of mean first passage times on stationary probabilities. Thus,
irrespective of the magnitude of the perturbations at a and b, the stationary probability at j (= a, b) will
increase if, in the unperturbed chain, the mean passage time from state a to state j is greater than the mean
passage time from state b to state j. Thus the “distance” a and b are from particular states will influence
the changes in the stationary probabilities at those states.

Cho and Meyer [3] considered this special case. Equations (4.2) correct some minor errors in their results
(for the j = a and b cases). While they noted the sensitivities of the mean first passage times on the
relative changes to stationary probabilities they did not notice any directional influence upon the absolute
changes to the stationary probabilities at states a and b. We discuss these in more detail shortly.

Prior to considering general relationships between the stationary probabilities, we establish a useful new
relationship between the mean first passage times between states in a Markov chain.

Theorem 4.2: Let m;; be the mean first passage time from state i to state j in a finite irreducible Markov
chain. Then, for all i, j, and k,

m;; <+ ny;. 4.3)

ij

Proof: First observe that if {X,} is the underlying Markov chain then m; = E[T;], where T;; = min{n:
X, = jIX, =1}, the number of trials for a first passage from state i to state j (i = j) ([8], p113.)
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Now it is obvious, from the sample path of a typical chain, that T;; = T + Ty, since the chain will clearly
take at least as many transitions (steps) to move from state i to state j via a first passage through state k
starting at state i as it will without making such a forced first passage through state k. Equation (4.3)
follows upon taking expectations of the respective random variables (which are all well-defined proper
random variables since the chain is irreducible.) While applications of the theorem are meaningful when
i = j = k the theorem obviously holds without such restrictions.

a
A consequence of equation (4.3) is that m,; = m,, + m,; and that m,; sm,,, + m,; so that, for j = a, b,
—My, Sy, —My ;< My, “4.4)
A consequence of this result is the following Corollary to Theorem 4.1.
Corollary 4.1.1: Under the conditions of Theorem 4.1, the maximum relative change in the stationary
probabilities ", 5, is given by the following bound. For I <j <m,
d
m_ @ m_ @ m_ _@
T —J0; < & JT,(-Z) maX{mzllz’ mlla) — max |JTa Tla | , |77:h TTh ) 4.5)
™ | m | | a0 |
J a

Corollary 4.1.1 provides a new bound. The bound (4.5) cannot be improved, as it is achieved at one of the
states j=aorb.

The relevant bound derived by Cho and Meyer [3] for this situation, follows from (3.4), upon observing
that | E || = 2¢, viz.
n(jl) _ .7'[(]2)

@
J

= € max {mi/}. (4.6)
1#]

Thus the bound (4.5) is a significant improvement over (4.6) in this two-element case.

The significance of (4.5) for the relative changes in the stationary probabilities at any state j is that the
bound depends only the mean first passage times associated with the states where the perturbations take
place (a and b) and not upon any other mean first passage times. The general bound (4.6) depends on all
of the mean first passage times between different states. The advantage of (4.5) is that if one wishes to
make perturbations at two states, say a and b, that will not, for example, unduly affect stationary
probabilities at other states, then knowledge of the transitions between these two states will sometimes
lead to simple estimates of the mean first passage times m,,"’ and m,,”. Consequently one can estimate
the relative changes between the two stationary probabilities at a and b in advance of any detailed
calculation. Two states “close together” with small mean first passage times will achieve tighter bounds
than states “far apart”.

Corollary 4.1.2: Under the conditions of Theorem 4.1,

n;},”—n;}f) a0 = g® A= @

2) (1) J J a a — 2) (1) 3

e mun= oS o= o =em’mp., 1l =j = m. 4.7
TT» JT j

j a

e 2 a®
Further, 1 - e g®Pmi) = —— e
(6Y] ,7'[“) 1)

a J b

=1 +ex%ml), 1 =j=m (4.8)

@ e
?1) <1< Y that 72 < 7"

a TTh

Also, and 7\ < 7. 4.9)
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a
We can immediately make some interesting observations from Corollary 4.1.2.

First note, as a consequence of (4.7) and (4.8), that while the stationary probabilities at all other states
either increase or decrease following a perturbation, the relative change in magnitude at any state never
exceeds the relative changes exhibited at the two states a and b. i.e. the minimal and maximal relative
changes occur at states a and b, respectively.

Secondly, as a consequence of (4.9), that when we decrease the transition probability at a single element,
the a-th, in the rth row of the transition matrix of a finite irreducible Markov chain and make the
corresponding increase in the b-th element in the same row, then the absolute stationary probabilities for
the perturbed Markov chain at the a-th and b-th positions, correspondingly decrease and increase. i.e.

Dthen w,? <,V and 7, > m, .

If pm(Z) < pra(l) and prb(z) > prb
This observation was also noted by Burnley, [1]. We cannot however make any statement regarding the
absolute changes in the stationary probabilities at a typical state j. The stationary probabilities at any
general state (apart from a and b) may increase or decrease.

Our interest now is to investigate whether the results of Theorem 4.1 or the inequalities given in
Corollaries 4.1.1 and 4.1.2 also hold for other more general perturbations within a single row. In other
words can we conclude that in a general single row perturbation with minimal and maximal perturbations
at states a and b, respectively, do inequalities (4.7) and (4.8) hold for the relative changes and (4.9) for the
absolute changes?

We consider first three-element perturbations before considering the more general setting.

4.2  Three-element perturbations in a single row
The following theorem follows from the general equation (4.1).

Theorem 4.3: Suppose that three perturbations are carried out in the rth row of a transition matrix at
states a, b and c. Let ¢, = p,® — p," and suppose that the perturbations can be expressed as €, = — m

(minimum), €, = M (maximum) and €, = m — M where e, > (<) 0 if m > (<) M. Then

a
1 2 1) 1 .
alaP[Mm” + (m-M)m], j = a,
M . (2) (1) (1 -
O @ 7w, w, [=mm,, + (m—M)m], Jj=b,
Ty = Qe ) ) , (4.10)
' a0 [=mm + Mm"], j=c
7V aP[-mm)) + Mm,) + (m-M)m')], j = a,b,c.
We can obtain some general bounds from these results. In particular, using equation (4.5):
[e)] (2)
— O _ pm® < 2 -7, < O 4 Mm® i%a. b 4.11)
mma c mcb (lhx'il)ﬂ[(@) mmca mb c? J (1, ’ c .
ith nIGR, O 4 Mm® 413
wit o o omm, +Mm,. (4.13)
@ _ (‘_TF(- r .777(1) _ JT(Z)
—-mm,) = Mm) < ———"—<mm[] - Mm) < ————— < mm_] + Mm,, (4.12)
m, w,

From these above results we see that the inequalities (4.11) also hold for j = a, b, and ¢ and hence
generally. Consequently, we obtain the following general bounds.
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Corollary 4.3.1: Under the conditions of Theorem 4.3, for all j,

1 (2
a'l —g®
J J
(1
"
J

< max(m, M)z max{m” + m", m" + m"}. (4.14)

bc

Q
Whereas for the two-element perturbation case the general bound, (4.5), involved the maximum of two
individual mean first passage times the three-element case involves the maximum of the sums of two
mean first passage times and a total of only four specific mean first passage times involving the states a, b
and c.

The comparable bound found by Cho and Meyer [3] in this case is given by (3.4) as

1 2

- a?
1

"

< max(m, M) max {m!}}, (4.15)
i=]

since || E ||OO =max(m+M +|m— M|) = 2max(m,M).
The bound given by (4.14) will be an improvement over that given by (4.15) if

max{m.)+m), my.+ml} < max{m!}.
I#J
This is likely to be the case when the states a, b and ¢ are “closely located” and the chain contains some
states that are some “distance apart”.

Note also that, from (4.3), m,." + m," and m,." + m_,'" are upper bounds, respectively, for m," and
m,,"" so that by including an additional perturbation the bound given by (4.14) is larger than that given by
(4.5) for the two-element case.

In the two-element case, (4.8) in Corollary 4.1.2 provided bounds on the ratios  7{*/r{" for all j. The
equivalent results in the three element case can be derived from (4.11), viz. for all j,
(2)
1= (mm) + Mm)) < ﬁ <1+ 7% (mm'" + Mm.)). (4.16)
J
The difference however in this three-element case, over the two-element perturbation situation, is that
whereas in the two element case the minimal (and maximal) bounds to the relative probabilities for all j
are achieved at states a (or b), where the extreme perturbation changes take place, this is not in fact the
case for the three-element case. From (4.12), it follows that the minimal bound in (4.16) is in fact a lower
bound on the minimal value of m,%/m," while the maximal bound in (4.16) is an upper bound on
m,@/m, V. There is no guarantee that these bounds will be achieved at those values for states a and b.

Let us explore these bounds in more detail.

Corollary 4.3.2: Under the conditions of Theorem 4.3,

n,(2) .7'[(2)
(i) T 4.17)
a er

(2) (2) 2)
Gi)If & >0 (ie. m>M), < min {1,”’(’1), %} (4.18)
JT T TTe

a b c
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9 b .
(1) (1) (1)
a JUe b

(2) (2) (2)
(i) If & <0 (ie. m<M), max {1 Ta ”—} < T (4.19)
Proof:
6)) Result (4.17) follows directly from equation (4.10) for the cases j = a and b together with
appropriate versions of equation (4.4).
(i1) Results (4.18) follow from (4.10) using the results for j = a and j = ¢ and (4.17).
(iii)  Results (4.19) follow from (4.10) using the results for j=b and j = ¢ and (4.17).
a

An important observation comparing result (4.17) of Corollary 4.3.2 with results (4.8) and (4.9) of
Corollary 4.1.2 is that, while in each case the relative change in the stationary probability at state a
(where there is a negative perturbation) is always smaller than the relative change of the stationary
probability at state b (where there is a positive perturbation), only under certain circumstances is there an
absolute decrease (resp. increase) at state a (resp. b) in the three-element situation, as opposed to this
always occurring in the two-element case. The situations described in Corollary 4.3.2 where n,® < " or
m,® > m, " are sensible in that for the g, > 0 case the only decrease that occurs is at state a and this is of
greater magnitude than the positive increases that occur at states b and ¢ (since €, + €, + €, = 0.). Similarly
for the situations where the increase occurs at state b when ¢, <0.

The situation is, however, not entirely as the result of the nature of the size of the perturbation at state c.
For example, even if €, < 0, it is still possible to have a decrease in the stationary probability at state a as a
result of the effects of the relationships between the mean first passage times between the states a, b and
c. The following corollary summarises the situation.

Corollary 4.3.3: Under the conditions of Theorem 4.3

@) Ifeitherm)) >m or mm') > Mm") then 7P < g. (4.20)
@) If either m') <m') ormm" < Mm') then g3’ < gi>. (4.21)
@) Mm? < mm! if andonlyif 7" < g. (4.22)
@) If m)) > m{) > m then 7" > 7,(j = a,b,c) (4.23)
v Ifmy) <m! < m)) then 7 < 7P, (j = a,b,c) (4.24)

Proof:

(i) and (ii): The first condition for (4.20) and (4.21) follow directly from equation (4.10) by considering
the coefficients of m and M. The second condition follows, in both cases, directly from
(4.10) together with appropriate versions of equation (4.4).

(iii): Results (4.22) follows directly from (4.10) for the case j = c.

(iv) and (v):Results (4.23) and (4.24) follow from equation (4.10) by considering the condition under
which both the coefficients of M and m are either positive or negative, respectively.

a

Thus, for example, if ¢, < 0 (i.e. m > M) so that the condition of (4.18) is not satisfied, but if either
m,,"” > m_," orm," =m,", then respectively either the first or the second condition of (4.20) holds
and consequently it is still true that ,® < 7, .

The interrelations between the mean first passage times between those states where the perturbations
occur play an important role in establishing the absolute changes in the stationary probabilities.
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We have not been able to establish simple general necessary and sufficient conditions under which either
m? < wf" or ;> m{" apart from checking the right hand side of equations (4.10) for conditions of non-

negativity and negativity.

The observation that we made in the two-element case that the minimal (resp. maximal) absolute changes
to the stationary probabilities occur at those states where the perturbations are the smallest (resp. largest)
in magnitude need not hold in general in the three-element perturbation situation. This is substantiated by
numerical calculations for some specific chains.

4.3  Multiple-element perturbations in a single row
The following theorem follows from the general equation (4.1). Since e,'e = 0, some of the perturbations
g; (1 = j = m) will be negative and some will be positive but the perturbations will all sum to zero.

Theorem 4.4: Suppose that multiple perturbations are carried out in the rth row of a transition matrix.
Let € = py” - p". Let the minimal negative perturbation occur at state a with &, = — m = min{e;,
I =j =m } and the maximal positive perturbation occur at state b with ¢, = M = max{e;, I <j =m}. Let
P be set of states with positive perturbations (excluding b), P = {j le;> 0 with j = b}. Let N be the set of

states with negative perturbations (excluding a), N = {j | ¢, < 0 with j = a}.

aVx P [Mm,") + E em;) +E em], j=a,
kEP kEN
f[j.l) —.7[5.2) = .7[(”.77:(2)[ mm(l) +E 8 m(l) +E 8 m(l) ] - b, (425)
kEP kEN
7w P [-mm.) + Mm,!) + E gm,) +E gm], j = a,b.
kEP k= j KEN k= j
a
General results for this situation are difficult to obtain. We can however obtain the following results
concerning the relative relationships between the &, ", 7, , ;," and m,®.
Corollary 4.4.1: Under the conditions of Theorem 4.4,
[8)] (2) (1) (2) (2) (2)
w -1 -, 7,
= o b - fl) ,whenm—E =M +E g, =0. (4.26)
T, T, T, T, kep kEN
Proof: From (4.21) it is easy to see that
(1) 2) a1 2)
g, =T o, =T
S =M+ Y el =m) e Y (e - i) @.27)
ala? a a? ‘ rer ‘ ren a
Further, since - m) < m" - m{) and - m)" < m) - m”, and from (4.27), since
—m+2 g+2 g+M=0, M+2 z—:k=m—2 €,, it follows that
kEN kep
@ (2) @ 2)
) -m w,) -
T (m— E € ) " (M +E sk)m,(,';, (4.28)
J'[()]'['() J‘[ ]‘['() kEP kEN
leading to the stated results. Q
(1 J'L’(Z) .7'[(]) .7'[ (’) (2)
The more general result that — , have already been shown
1 (eY] (1) (1)
nu er 'ﬂ:a Jrh

to hold in the two-element and three-element perturbation cases (as exhibited by Corollaries 4.1.2 and
4.3.2). These special cases also follow from Corollary 4.4.1, since it can be easily verified that the
conditions of (4.26) hold in these situations.

The more general result also holds, for example, in the four-element case when ¢, = —m, ¢, = M, ¢, = 0,
gqa= 0. If €. and ¢, are both positive, or both negative, then it is easy to verify that the conditions of (4.22)
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are satisfied. When ¢, < 0 and ¢, > O then, since — m < ¢, <0, it follows that M - m <=M + ¢, =m — g,
< M, implying that the conditions of Corollary 4.4.1 are satisfied when M — m = 0. Further, since
0 < g =M, it follows that m — N = m — g, = M + ¢, < m and thus the conditions of Corollary 4.4.1 are
satisfied if m — M = 0. Consequently, if either M — m = or = 0, i.e. generally, the results of (4.22) are
satisfied.

However the results of Corollary 4.4.1 do not necessarily hold in all situations. For example, it is easy to
construct a multi-element example where the conditions of (4.22) are violated, (e.g. ¢, = — m = — 0.20, ¢,
=-0.15,e,=-0.05,¢,=0.12,e5=0.13, ¢, = M = 0.15).

We have been unable to obtain specific generalisations of the more general results concerning bounds on
(" — )" and 7@/ or " — 1,? that we obtained in the two-element case (Corollaries 4.1.1 and
4.1.2) and the three-element case (Corollaries 4.3.1, 4.3.2 and 4.3.3). In fact, examples can be constructed
to show that some of the generalisations do not hold in more general settings. Further, general conditions
under which m,” < i, and/or m,» > m,"" hold have not been found in this more general setting. What is
clear however is that both relative and absolute changes in the stationary probabilities can occur at states
other than a and b (where ¢, = —m, ¢, = M) of magnitude exceeding those at states a and b.

5. Concluding remarks

The results derived for the two-element case are elegant. The changes to the stationary probabilities that
occur at any state in this situation can be easily determined from a knowledge of the mean first passage
times, as exhibited by equations (4.2). If we can update the mean first passage times following a two-
element perturbation then a useful procedure could be to consider a multiple-perturbation as a sequence
of two-element perturbations.

In a sequel to this paper we explore further procedures, using generalized matrix inverses, that will enable
us to update the matrix of mean first passage times M'", following a perturbation on the transition matrix
P, to obtain M, the matrix of mean first passage times of the perturbed chain, without the necessity of
calculating a further matrix inverse.
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