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Abstract

We study different nonequilibrium phenomena of isolated quantum systems ranging

from few- to many-body interacting bosons. Firstly, we have suggested the dynamics

of the center-of-mass motion to sensitively detect unconverged numerical many-body

dynamics in potential with separable quantum motion of the center of mass. As

an example, we consider the time evolution of attractive bosons in a homogenous

background and use it to benchmark a specific numerical method based on variational

multimode expansion of the many-body wave function - the Multiconfigurational

time-dependent Hartree for bosons (MCTDHB). We demonstrate that the simplified

convergence criterion based on a threshold value for the least occupied mode function

fails to assure qualitatively correct result while our suggested convergence test based

on the center-of-mass motion correctly detects the deviation of numerical results from

the exact results.

Recent technological progress in manipulating low-entropy quantum states has

motivated us to study the phenomenon of interaction blockade in bosonic systems.

We propose an experimental protocol to observe the expected bosonic enhancement

factor in this blockade regime. Specifically, we suggest the use of an asymmetric

double-well potential constructed by superposition of multiple optical tweezer laser

beams. Numerical simulations using the MCTDHB method predict that the relevant

states and the expected enhancement factor can be observed.

In the second half of the thesis, we have investigated the onset of quantum ther-

malization in a two-level generalization of the Bose-Hubbard dimer. To this end,

the relaxation dynamics following a quench is studied using two numerical methods:
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(1) full quantum dynamics and (2) semiclassical phase-space method. We rely on

arguments based on the eigenstate thermalization hypothesis (ETH), quantum chaos

as seen from the distribution of level spacings, and the concept of chaotic eigen-

states in demonstrating equilibration dynamics of local observables in the system

after an integrability-breaking quench. The same issue on quantum thermalization

can be viewed from a different perspective using semiclassical phase-space methods.

In particular, we employ the truncated Wigner approximation (TWA) to simulate

the quantum dynamics. In this case, we show that the marginal distributions of

the individual trajectories which sample the initial Wigner distribution are in good

agreement with the corresponding microcanonical distribution.
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Chapter 1

Introduction

The main theme of this thesis is nonequilibrium quantum dynamics of interacting

bosons. In particular, we are interested in coherent quantum dynamics wherein the

time evolution of the system is simply governed by the famous Schrödinger equa-

tion. These kinds of theoretical exploration are motivated by technological progress

in the field of ultracold atoms. Nowadays, it has become a rather standard procedure

for relevant experiments in ultracold gases to have high isolation and precise control

over physical parameters. In this thesis, we have utilized the so-called the Multi-

configurational Time-dependent Hartree for Bosons or MCTDHB to simulate various

quantum many-body nonequilibrium problems. High degree of isolation of ultracold

gases makes it possible to formulate fundamental questions about quantum statistical

mechanics and quantum thermodynamics. An important question in this context is

whether, and if so how, statistical properties arise during the coherent evolution in

an isolated quantum system. The second half of this thesis aims to contribute in

this expanding field by considering the thermalization dynamics in a one dimensional

double-well trap. Let us now give a brief historical background on developments in

the field of ultracold atoms that are relevant to this thesis.

In his seminal papers published in 1924 [1] and in 1925 [2], Einstein put forward

a theory that describes the statistics of a system of noninteracting identical particles

with integer spin. These works are extensions of an earlier work done by Bose in

1
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1924 [3]. As such, indistinguishable particles with integer spin are now commonly

called as bosons. Einstein has predicted that a large fraction of bosons condense

and occupy the same quantum state when the system is cooled down below a criti-

cal temperature. This state of matter is now known as a Bose-Einstein condensate

(BEC). Only seventy years later in 1995 the first BECs were experimentally observed

by Cornell and Wieman using 87Rb atoms [4] and, shortly thereafter, by Ketterle

using 23Na atoms [5]. The work of these three people for realizing the first-ever BEC

culminated with being awarded the Nobel prize in Physics in 2001. The reason for

this several decades worth of delay has to do with the fact that the particles in re-

alistic set-ups of various experiments are actually interacting. This is in contrast to

the system of noninteracting but nevertheles thermalizing bosons considered in the

earlier prediction of Einstein. Eventually, this experimental challenge was solved by

using dilute gases. With low densities, however, the critical temperature needed for

condensation becomes lower as well. And as such, the techniques for cooling down

atoms were needed to be developed first before any further progress could be made

towards realizing the first BEC. The necessary technological advancement happened

around the 1980s when laser cooling and magneto-optical traps (MOT) were devel-

oped for neutral atoms. For their work in laser cooling, Chu, Cohen-Tannoudji, and

Phillips received the Nobel prize in Physics in 1997. These laser cooling techniques

together with evaporative cooling were then later on used by Wieman, Cornell, and

Ketterle to reach the critical temperature needed to observe a BEC.

Recently, both experimental and theoretical efforts have been devoted in ad-

vancing the field of ultracold atoms [6]. High tunability of experimental conditions

makes ultracold atomic system an attractive option as a test-bed for both novel and

well-established quantum phenomena. Specifically, for the study of coherent time-

evolution of quantum many-body system, ultracold atoms can provide situations

where a system is well-isolated from possible decoherence induced by the environ-

ment. The coherence time of such systems is long enough to observe interesting

dynamical phenomena within short timescales. Another interesting property of cold
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atoms is the possibility of trapping them in optical lattices or multi-well potentials

constructed from appropriate superpositions of laser light. Furthermore, the strength

and the sign of the interparticle interactions can be tuned by magnetic fields due to

the presence of Feshbach resonances [7, 8]. An example of how these techniques can

be collectively applied to study interesting properties of cold atomic system is the ex-

perimental work by Greiner et al. on the superfluid-to-Mott-insulator transition in a

repulsively interacting BEC trapped in a three-dimensional optical lattice [9]. In the

same year, Greiner et al. have also studied in one of the earlier experimental works on

coherent quantum dynamics the oscillations of phase coherence as a BEC is quenched

from the superfluid to the Mott-insulating regime [10]. It has become a standard

procedure to compare results of optical lattice experiments with the theoretical pre-

dictions of the Bose-Hubbard model which is the tight-binding limit of the continuous

system in the presence of a periodic potential [11]. Controllability in ultracold gases

has come a long way since then, and nowadays it has become feasible to reliably trap

and cool down a single neutral atom as experimentally demonstrated by Grünzweig

et al. [12]. Such technological advancements in manipulating low-entropy quantum

states have opened up the door for studying the emergence of many-body effects in a

bottom-to-top approach [13,14]. This motivated us to study in this thesis one specific

phenomenon called the interaction blockade, which can be observed in few bosons.

Another interesting phenomenon in coherent quantum dynamics is the concept of

equilibration and thermalization. In the pioneering experiment done by Kinoshita

et al., the absence of thermalization in a quasi-one-dimensional integrable system

was observed [15] which then motivated the recent outburst of both theoretical and

experimental explorations aimed to understand quantum ergodicity. An important

theoretical work in this subject is the numerical experiments done by Rigol et al. on

the eigenstate thermalization hypothesis and its application to a system of hard-core

bosons [16]. The last half of this thesis is devoted to similar numerical experiments

investigating this hypothesis and its possible connection to semiclassical concepts for

a system of interacting bosons in a one dimensional double-well confinement.
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1.1 Outline of this thesis

This thesis is organized as follows. In Chapter 2, we give a brief review of essential

theoretical background on ultracold bosons. We first introduce the basic concepts

on Bose-Einstein condensation. These include the notion of a dilute gas and a short

derivation of the Gross-Pitaevskii equation using the Hartree approximation. We then

discuss how to derive a corresponding tight-binding or Hubbard-like model for a sys-

tem of interacting bosons trapped in optical tweezer potentials. The remaining parts

of this chapter are devoted to a concise historical and theoretical review of quantum

ergodicity. We specifically introduce quantum chaos as viewed from random matrix

theory and the eigenstate thermalization hypothesis (ETH) which postulates how

a statistical description of observables can dynamically emerge in isolated quantum

systems.

In Chapter 3, we present another set of introductory materials about a couple of

numerical methods utilized with the aim of capturing quantum effects possibly missed

in a mean-field description provided by the Gross-Pitaevskii equation. We first give a

partial derivation of the important time-evolution equations in a variational method

called the Multiconfigurational time-dependent Hartree for bosons (MCTDHB). Next,

we elaborate on basic ideas behind a particular phase-space method called the trun-

cated Wigner approximation.

In Chapter 4, we suggest a sensitive convergence tool to detect unconverged

nonequilibrium results of numerical methods. Specifically, the interaction-independence

of the center-of-mass variance can be exploited as a convergence test for numerical

simulations of interacting bosons trapped in potentials with separable center of mass

motion. We demonstrate this new convergence test in numerical results obtained

from the MCTDHB method. Our investigation led to an interesting discovery of un-

converged yet published results on the dynamical creation of two-hump fragmented

soliton-like states. Furthermore, we demonstrate that the usual convergence criterion

based on the lowest eigenvalue of the single-particle density matrix fails to detect

inconsistencies in the numerical results.
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In Chapter 5, we discuss our proposed scheme on how the bosonic enhancement

factor in the interaction blockade regime can be experimentally observed. We start

with a derivation of the bosonic enhancement factor as predicted from the Bose-

Hubbard model. We also obtain an analytical formula which can describe deviations

from the expected
√
N scaling behavior for finite on-site interaction strengths. We

then test our proposal of using asymmetric double-well traps to observe the expected

enhancement factor. To this end, numerical simulations for up to three interacting

bosons are done using the MCTDHB method to obtain the many-body eigenvalues

and wave function. Due to pathological problems that may arise in MCTDHB, we

also present a careful convergence analysis of our results by showing that the rele-

vant energy splitting remains unaffected as the number of mode functions, the main

convergence parameter in MCTDHB, is increased. Our numerical findings based on

MCTDHB are in good agreement with an effective Bose-Hubbard model, and sug-

gest that our proposed scheme can be used to observe the expected
√
N scaling in

experiments.

The remaining two chapters are devoted to an exploration of quantum thermal-

ization of interacting bosons trapped in a one dimensional double-well systems. In

order to observe equilibration of observable in the system, an additional coupling

is introduced between the two lowest levels to break the integrability of the Bose-

Hubbard dimer. In Chapter 6, we study quantum thermalization in this system

from the point of view of a full quantum mechanical description. That is, we ob-

tain the eigenvalues and eigenstates of the Hamiltonian matrix corresponding to the

two-level dimer model or, equivalently, a generalized version of the Lipkin-Meshkov-

Glick model. Even though the energy spectrum of the system can be classified as

non-chaotic based on requirements from random matrix theory, some of the eigen-

states nevertheless exhibit chaotic behavior. Perhaps more important, some parts of

the spectrum satisfy the ETH which can explain the dynamical equilibration of the

expectation values of the mode occupation number towards microcanonical ensemble

predictions. The appearance of prethermalized states is also demonstrated for initial
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energies close to the middle of the spectrum.

In Chapter 7, we still study the dynamical problem of thermalization but now

in the semiclassical limit of large N for the same system considered in Chapter 6.

For large N , the truncated Wigner approximation can be used to simulate quantum

dynamics of the observables corresponding to the mode occupation number. Here,

we show for initial states that eventually relax and thermalize, that the marginal

distribution of the Wigner function spreads out and occupies the available phase

space. More importantly, the marginal distribution of the Wigner functions is in good

agreement with the relevant ensemble predictions given by the diagonal ensemble,

grand-canonical, and microcanonical distribution.
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1. J. G. Cosme, O. Fialko, Thermalization in closed quantum systems: Semiclas-

sical approach, Physical Review A, 90, 053602, (2014). [Ref. [17]]
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potential: Thermalization and prethermalization in a nearly integrable model,

Physical Review A, 92, 033607, (2015). [Ref. [18]]

3. J. G. Cosme, C. Weiss, J. Brand, Center-of-mass motion as a sensitive conver-

gence test for variational multi-mode quantum dynamics, Physical Review A,

94, 043603, (2016. [Ref. [19]]

4. J. G. Cosme, M. F. Andersen, J. Brand, Interaction blockade for bosons in an

asymmetric double well, Physical Review A, 96, 013616, (2017). [Ref. [20]]



Chapter 2

Theoretical Background

2.1 Bose-Einstein Condensates

In this section, we will discuss important concepts and theories which are commonly

used in the study of Bose-Einstein condensates. But before jumping into the more

realistic scenario of interacting bosons, let us first consider a simple model of non-

interacting bosons with total massM at a temperature T . Within the grand canonical

ensemble, standard statistical mechanics allows us to write down the Bose-Einstein

distribution function [21]

f(Eν , μ, T ) =
[
e(Eν−μ)/(kBT ) − 1

]−1
, (2.1)

where Eν is the single-particle energy of the quantum mechanical state |ν〉, μ is the

chemical potential, and kB is the Boltzmann constant. The chemical potential is

determined by the number of particles such that

N =
∑
ν

f(Eν , μ, T ). (2.2)

The chemical potential μ can not be larger than the ground state energy E0 or oth-

erwise the ground state mean occupation becomes negative which is, of course, un-

physical. For higher temperatures, μ becomes much less than the ground state energy

because the mean occupation number of any state in the system is less than unity.

7
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An exact analytical prediction for such critical temperature can be made for non-

interacting bosons and arbitrary dimension d. Equilibrium properties of the system

can be calculated from a semiclassical approximation wherein the discrete energy

spectrum is treated as a continuum [21]. This semiclassical approximation allows us

to replace the sum in Eq. (2.2) with an integral

N =
∑
ν

f(Eν , μ, T ) =

∫
dEg(E)f(E, μ, T ) (2.3)

where g(E) is the density of states. The dependence on the details and dimensionality

of the trap is reflected in the density of states g(E) = CαE
α−1, where α and Cα are

constant parameters that describe the external trap. For free particles in d-dimension,

α = d/2 while for d-dimensional harmonic confinement, α = d. Note that in replacing

the sum with integral in Eq. (2.3), the ground-state population of a homogenous gas

N0 is not properly accounted for because g(0) = 0 even though in reality N0 can have

a very large value according to Eq. (2.1). For this reason, one needs to exclude the

ground state contribution in Eq. (2.3)

N = N0 +

∫
dEg(E)f(E, μ, T ). (2.4)

The number of bosons in the excited states can then be calculated from the integral

Nex =

∫ ∞

0

dEg(E)f(E, μ, T ). (2.5)

Simply from the form of the distribution in Eq. (2.1), it is easy to see that Eq. (2.5)

reaches its maximum value for μ = 0. The critical temperature Tc can then be solved

by noting that this is precisely the condition at which the total number of bosons can

occupy the excited states

N = Nex(Tc, μ = 0) =

∫ ∞

0

dEg(E) [exp(E/kTc)− 1]−1 . (2.6)

The critical temperature Tc is then defined as the highest temperature at which

a condensate can form. This equation can be evaluated using gamma Γ(α) and

Riemann-zeta ζ(α) functions such that the critical temperature is

kTc =
N1/α

[CαΓ(α)ζ(α)]1/α
. (2.7)
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Below the critical or transition temperature Tc the number of bosons in the excited

states is

Nex = CαΓ(α)ζ(α)(kT )
α. (2.8)

Then if we divide this expression with the equation for the transition temperature

given by Eq. (2.7)

Nex = N(
T

Tc
)α, (2.9)

such that the remaining bosons must occupy the single-particle ground state N0(T )

with occupation according to

N0(T ) = N

[
1−

(
T

Tc

)α]
. (2.10)

The phenomenon of Bose-Einstein condensation can be conceptually understood as

the rapid increase in the population of the ground state for T < Tc. One signature of

Bose-Einstein condensation is the macroscopic occupation of a single quantum state

which happens the number of bosons in the ground state is of the same order as the

total number of bosons in the system such that N−N0(T )� N . In the case of T = 0,

all of the bosons condense to the ground state and we have complete occupation of

a single quantum state. The onset of the condensation process can be understood

physically as the point when the de Broglie wavelength

λdB =

√
2π�2

MkBT
, (2.11)

becomes of the same order as the mean interparticle distance d = ρ−1/3, where ρ is

the density of the gas.

2.1.1 Dilute Bose gas

Here, we discuss the theory of dilute interacting Bose gases at ultracold temperatures.

The Hamiltonian for a system of N interacting identical quantum particles interacting

only via two-particle potentials can be written as

Ĥ =
N∑
i=1

[
− �

2

2m
∇2

i + V (ri, t)

]
+

∑
i<j

Û(ri − rj), (2.12)
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where Û is the interaction potential between two bosons. One of the main assump-

tions for the validity of this form of the many-body Hamiltonian is that we have

neglected higher-body interactions in the system. Such assumption can be justified

in experiments where the mean particle separation is larger compared to the length

scale associated with the two-body interaction potential Û . We can further approx-

imate the actual form of the interaction potential for dilute gasses with sufficiently

low energies. At low temperatures around the sub-milliKelvin regime ∼ 10−3K, the

dominant contributions in the two-body scattering processes will come from the low-

est angular momentum collisions which are of the s-wave type for bosons [6]. For

any finite-range interaction potential defined by some characteristic length scale ac

and if the momentum k is small enough such that kac � 1, one can show that the

scattering amplitude f(k) will only depend on the scattering length as according to

f(k) = −as/(1 + ikas). In this type of scenario as first applied by Fermi for slow-

moving neutrons [22] and then by Lee, Huang, and Yang in the context of quantum

gases [23,24], a pseudopotential with a regularized contact interaction can be used to

explain the underlying physics

Û(�r) =
4π�2as
2Mr

δ(r1 − r2)
∂

∂r
(r · · · ), (2.13)

where r = r1− r2 is the relative coordinate and Mr is the reduced mass of two atoms

(for the simplest case of having only one species of atom with mass m, Mr = m/2.).

Feshbach resonances [7] can be utilized to adjust the sign of the s-wave scattering

length as just like in the case of 85Rb [8]. The interaction is repulsive for positive as

and it is attractive for negative as. The many-body Hamiltonian for a single species

of bosonic atoms with mass m using this pseudopotential is

Ĥ =
N∑
i=1

[
− �

2

2m
∇2

i + V (ri, t)

]
+

4π�2as
m

∑
i<j

δ(ri − rj)
∂

∂r
r, (2.14)

2.1.2 Gross-Pitaevskii equation

One definition for classifying a generic many-body interacting Bose gas as a BEC is

based on the concept of off-diagonal long range order as originally proposed by Penrose
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and Onsager [25]. To this end, the single-particle density matrix is introduced

ρ(r1, r
′
1, t) = 〈Ψ(t)|Ψ̂†(r′1)Ψ̂(r1)|Ψ(t)〉 (2.15)

= N

∫
dr2dr3 . . . drNΨ

∗(r′1, r2, . . . , rN , t)Ψ(r1, r2, . . . , rN , t),

where |Ψ(t)〉 is the many-body state, Ψ(r1, r2, . . . , rN , t) is the many-body wave func-

tion, and Ψ̂(r) is a bosonic field operator that annihilates a boson at position r. The

eigenvalues and eigenvectors of the single-particle density matrix are

〈Ψ(t)|Ψ̂†(r′1)Ψ̂(r1)|Ψ(t)〉 =
∑
k=1

nNO
k ϕ∗k(r

′
1)ϕ

∗
k(r1), (2.16)

where {nNO
k } are the eigenvalues (also known as natural occupancies) and {ϕk(r1)} are

the eigenvectors (also known as natural orbitals). Normalization of the single-particle

density matrix requires
∑

k n
NO
k = N . For a BEC the largest natural occupancy has

the same order as the total number of particles, i.e., max({nNO
k }) ∼ N . The notion

of off-diagonal long-range order (ODLRO) can be introduced by writing the single-

particle density matrix as a Fourier transform of the momentum distribution n(p),

ρ(r1, r
′
1, t) =

1

V

∫
dpn(p)exp

(
i

�
p · (r1 − r′1)

)
, (2.17)

where V is the volume. In homogenous systems, the existence of ODLRO is equivalent

to having a BEC. This can be seen as follows. For a uniform gas, the single-particle

functions are trivially given by plane wave solutions ϕk(r) ∼ exp(ipk · r/�). An

important feature of a BEC is the macroscopic occupation of a single-particle ground

state with momentum p0 = 0

n(p) = N0δ(p0) + . . . , (2.18)

where N0 ≈ N for a BEC. It then immediately follows from Eq. (2.17) that

ρ(r1, r
′
1, t)|r−r′|→∞ =

N0

V
�= 0. (2.19)

This is precisely what it means to have ODLRO present in the system since the

single-particle density matrix approaches a non-zero value as |r− r′| → ∞.



12

While true BEC can exist in three-dimensions, the Mermin-Wagner theorem states

that off-diagonal long-range order is absent in one dimensional systems both for zero

and for finite temperatures. In this thesis, we are mostly interested in a quasi-one

dimensional system where the transverse confinement is significantly larger than the

longitudinal confinement. Nonetheless, it is possible and successful to use approxi-

mations derived for BEC quasi-one dimensional settings even though there is no true

BEC in this case. The mean-field approximation according to the Gross-Pitaevskii

equation provides a powerful tool in understanding phenomenon observed in quasi-

one dimensional experiments. In what follows, we shall derive the Gross-Pitaevskii

equation from a variational formulation without any assumption of true condensation

in the system.

For weak interactions g = 4π�2as/m, we can use the Hartree-Fock ansatz where we

assume that all N particles are in the single-particle energy state in order to expand

the many-body wave function as a simple product of such single-particle function

Ψ(r1, r2, . . . , rN , t) =
N∏
j=1

φ(rj, t), (2.20)

where φ(rj, t) is the single-particle function. This can be rewritten in terms of the

bra and ket notation as

|Ψ〉 = [|φ〉]N . (2.21)

Both the many-body wave function and the single-particle function are normalized

to unity, i.e., 〈Ψ|Ψ〉 = 〈φ|φ〉 = 1. Moreover, we assume that the wave function and

its first derivative both vanish at the boundaries. Using the method of Lagrange

multipliers, we aim to extremize the functional

F [Ψ] = 〈Ψ|Ĥ|Ψ〉 − μ〈Ψ|Ψ〉, (2.22)

where Ĥ is the many-body Hamiltonian Eq. (2.14) and μ is the Lagrange multiplier

that ensures that |Ψ〉 is always normalized to unity. We first find the expression for
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each term in 〈Ψ|Ĥ|Ψ〉. The kinetic energy part is

〈Ekin〉 = 〈Ψ|−�
2

2m
∇2|Ψ〉 =

N∑
i=1

�
2

2m

∫
dr|∇φ(r, t)|2 (2.23)

=
N�

2

2m

∫
dr|∇φ(r, t)|2 = −N�

2

2m

∫
drφ∗(r, t)∇2φ(r, t).

The second term involving the external potential can be easily written as

〈Epot〉 = N

∫
drφ∗(r, t)V (r)φ(r, t). (2.24)

The interaction term is a bit more involved

〈Eint〉 = 〈Ψ|g
2

N∑
i,j �=i

δ(ri − rj)|Ψ〉. (2.25)

Invoking simple combinatorial arguments allows us to identify that there are
(
N
2

)
=

N(N−1)
2

identical terms in the restricted double sum for the interaction term. Then,

we can further simplify Eq. (2.25)

〈Eint〉 = N(N − 1)

2

∫
dridrjgδ(ri − rj)|φ(rj, t)|2|φ(ri, t)|2 (2.26)

=
N(N − 1)

2

∫
drg|φ(r, t)|4.

We take the first order variation of the functional F due to infinitesimal change in

φ(r, t) → φ(r, t) + δφ(r, t). More importantly, the variation of the functional with

respect to the infinitesimal change must vanish, i.e., δF
δφ∗(r,t) = 0. Each term in the

functional gives, respectively,

δ〈Ekin〉
δφ∗(r, t)

= −N�
2

2m

∫
dr∇2φ(r, t), (2.27)

δ〈Epot〉
δφ∗(r, t)

= N

∫
drV (r)φ(r, t), (2.28)

δ〈Eint〉
δφ∗(r, t)

= gN(N − 1)

∫
dr|φ(r, t)|2φ(r, t). (2.29)
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For the term with the Lagrange multiplier μ, we have

δ〈Ψ|Ψ〉
δφ∗(r, t)

= N

(∫
dr|φ(r, t)|2

)N−1 ∫
dr
δφ∗(r, t)
δφ∗(r, t)

φ(r, t) (2.30)

= N

∫
drφ(r, t).

Combining all these terms yields

δF

δφ∗(r, t)
= 0 =

∫
drN

[−�2
2m

∇2 + V (r) + (N − 1)g|φ(r, t)|2 − μ

]
φ(r, t). (2.31)

The above equality is satisfied when the integrand is zero and this effectively gives us

the Hartree equation

−�2
2m

∇2φ(r, t) + V (r)φ(r, t) + g(N − 1)|φ(r, t)|2φ(r, t) = μφ(r, t). (2.32)

For large N , we recover the Gross-Pitaevskii equation after replacing the factor in

the interaction term (N − 1)→ N .

2.2 Tight-Binding Model

Let us now proceed to a short introduction of basic concepts on discretized models

often described by a Hubbard-like Hamiltonian. The introductory material in this

section is particularly useful for the systems studied in Chapters 5, 6, and 7.

2.2.1 Localized wave functions

In solid-state physics, Bloch wave functions are single-particle functions for a system

experiencing a spatially periodic potential. These Bloch functions are, in general,

delocalized in space but localized wave functions called Wannier functions can be

constructed from an appropriate linear superposition of such Bloch functions. The

Wannier functions are then localized at each site defined by the minima of the po-

tential. Similar concepts on the use of Wannier functions as a suitable basis for

many-body wave function expansion can be applied in the context of ultracold atoms

trapped in optical lattice potential as originally done in Ref. [11].
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Figure 2.1: Sketch of a double-well potential and its eigenstates and possible localized
wave functions.(Left) Four lowest single-particle eigenstates of a double-well potential
(black) with their corresponding eigenvalues (dashed-dotted horizontal lines). (Right)
Similar to the one on the left but now the localized wave functions are shown. Note
that the eigenstates and localized wave functions are offset by the corresponding value
of the single-particle energies and on-site energies, respectively.

Although not strictly the same, an analogous approach for constructing local-

ized wave functions can be implemented to describe discretized models for multi-well

systems [26]. In particular, consider a double-well potential as shown in Fig. 2.1.

The single-particle eigenstates can be obtained denoted by {ψ1, ψ2, . . . } with the

corresponding single-particle energies {ε1, ε2, . . . }. The single-particle Schrödinger

equation in this case reads(
− �

2

2m
∇2 + V (r)

)
ψj(r) = εjψj(r), (2.33)

where m is the mass of a boson and V (r) is the confining potential. Symmetry

restriction dictates that the ground state ψ1(r) must be an even function of space.

On the other hand, the first excited state ψ2(r) needs to have a node in one the

spatial axis indicating an excitation in that direction. This means that the first

excited state is antisymmetric or an odd function in the axis of excitation. Note

that if the effective barrier separating the left well from the right well is high enough

then the two lowest single-particle states are quasi-degenerate, as seen, for example,
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in Fig. 2.1. This motivates the use of symmetric and anti-symmetric superposition

of the two lowest single-particle functions as a new basis set for representing the

many-body Hamiltonian,

φ0
{L,R}(r) =

1√
2
(ψ1(r)± ψ2(r)) . (2.34)

Due to the general features of the two lowest single-particle functions as described

above, this type of superposition will create a pair of localized wave functions φ0
L(r)

and φ0
R(r) localized in the left well and right well, respectively. This procedure is

reminiscent of the aforementioned way of constructing Wannier functions in periodic

potentials. It is, of course, possible depending on the system that the remaining

high-lying single-particle states become relevant [26]. For example in Fig. 2.1, the

energy levels of the second and third single-particle states are both still below the

barrier and so it is possible to excite these states for quantum tunneling scenarios

with strong enough intra-well interaction couplings. Similar to Eq. (2.34), we can also

make symmetric and antisymmetric superpositions of the second and third excited

states ψ3(r) and ψ4(r), respectively, to construct localized wave functions with higher

energies than φ0
{L,R}(r) as shown in Fig. 2.1

φ1
{L,R}(r) =

1√
2
(ψ3(r)± ψ4(r)) . (2.35)

2.2.2 Optical potentials

Let us now consider optical dipole potentials generated by either a single or a com-

bination of Gaussian laser beams. The electric field amplitude of such laser beam

propagating along the z-direction can be written as [27]

|E(r, z)| = E0√
1 +

(
z
zR

)2
exp

⎛⎜⎜⎝− r2

w2
0

(
1 +

(
z
zR

)2
)
⎞⎟⎟⎠ , (2.36)

where r is the radial coordinate, E0 is the field amplitude, w0 is the beam waist, and

zR = πw2
0/λ is the Rayleigh range with λ as the wavelength of the laser light. For a
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single-beam dipole trap described by Eq. (2.36) with the laser frequency far detuned

from an optical transition, the ac Stark shift gives rise to a potential of the form [28]

V (r) = − V

1 + z2

z2R

exp

(
−2r2

w2
0(1 +

z2

z2R
)

)
. (2.37)

In this thesis, we only consider potentials from red-detuned lasers meaning V is pos-

itive and corresponds to the maximum depth at the origin. Note that a laser is

considered red-detuned if its driving frequency is below the atomic resonance. The

opposite of which is called blue-detuned wherein the driving frequency is above the

atomic resonance. If we are only interested in low-lying energy states and nonequi-

librium phenomenon wherein the edges of the potential are not so relevant, we can

expand Eq. (2.37) to lowest order of r and z [28]

V (r) ≈ −V +
2V

w2
0

r2 +
V

z2R
z2, (2.38)

where the radial or transverse frequencies are �ωr =
√
8Ew0V and the axial or longi-

tudinal frequency is �ωz =
√

4EzRV , with Ew0 = �
2/(2mw2

0) and EzR = �
2/(2mz2R).

This is one way of generating harmonic oscillator potentials for ultracold atoms as

seen from the harmonic nature of the effective potential in Eq. (2.38).

Dimensionality plays a vital role as the coupling constant describing two-body

collisions can be effectively rewritten depending on the dimensions of the system. For

three dimensions, the form of the coupling constant g = 4π�2as/m, where as is the

s-wave scattering length and m is the mass of a boson, is sufficient to capture the

relevant physics in the dilute regime. For a quasi-one dimensional system where the

effects of the external confinement can be modeled by a three-dimensional harmonic

oscillator potential Eq. (2.38), the frequencies of the trap in the transverse directions

ω⊥ = ωx = ωy are tighter or larger than the frequency in the remaining direction

ωz. If we then consider the scenario when a⊥ =
√

�/(mω⊥) � as, it is more likely

to get excitations along the axis with the weakest confinement and for sufficiently

strong transverse confinement the transverse excitations become effectively frozen. In

this case, within the regularized interaction potential Eq. (2.13), a one-dimensional



18

scattering amplitude can be obtained leading to a scattering length given by a1D =

−(a2⊥/2as)(1 − Cas/a⊥) where C is some dimensionless constant [29]. Then, the

effective one dimensional interaction potential is given by U(z − z′) = g1Dδ(z − z′)

where the effective one dimensional coupling constant is g1D = g/ (2πa2⊥(1− Cas/a⊥))

[29]. This suggests that the strength of the effective 1D interaction coupling can be

tuned either by varying the 3D scattering length as or by changing the width of the

transverse confinement a⊥.

2.2.3 Effective Hubbard-like model

For dilute gases at ultracold temperatures, the second-quantized form of the many-

body Hamiltonian for N interacting bosons can be written as

Ĥ =

∫
drΨ̂†(r)

(
− �

2

2m
∇2 + V (r)

)
Ψ̂(r) (2.39)

+
1

2

∫
Ψ̂†(r)

(∫
dr′Ψ̂†(r′)U(r− r′)Ψ̂(r′)

)
Ψ̂(r).

Here, we assume that only two-body collisions are relevant and we only consider low

energies such that the interparticle interaction can be characterized by the s-wave

scattering length of the atoms as. Moreover, we assume that the gas is dilute which

means √
|na2s| � 1 (2.40)

where n is the average density of the gas [26]. These conditions enable us to use

the short ranged pseudopotential given by Eq. (2.13) to model the interaction po-

tential U(r − r′). This set of assumptions allows us to express the second-quantized

Hamiltonian as

Ĥ =

∫
drΨ̂†(r)

(
− �

2

2m
∇2 + V (r)

)
Ψ̂(r) +

g

2

∫
Ψ̂†(r)Ψ̂†(r)Ψ̂(r)Ψ̂(r), (2.41)

where the coupling constant is g = 4π�2as/m. For double-well systems, we can

then use the set of localized functions constructed from appropriate symmetric and
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antisymmetric superpositions of single-particle functions, as done in Eqs (2.34) and

(2.35), to expand the bosonic field operator

Ψ̂(r) =
∑
j,�

b̂�jφ
�
j(r), (2.42)

where φ�
j(r) is a localized wave function with on-site energy index of � ∈ {0, 1, . . . }

and well index j ∈ {L,R} corresponding to the left and right wells, respectively. In

this thesis, we shall restrict our results up to � ∈ 0, 1 only. The bosonic creation and

annihilation operators follow the usual commutation relations

[b̂�j, b̂
�′†
j′ ] = δjj′δ��′ (2.43)

[b̂�j, b̂
�′
j′ ] = [b̂�†j , b̂

�′†
j′ ] = δjj′δ��′ .

Substituting Eq. (2.42) to the second-quantized Hamiltonian Eq. (2.41) give the multi-

level or generalized Hubbard-like Hamiltonian which describes the discretized limit

of the system

Ĥ =
∑
�

(
Ĥ� +

∑
�′ �=�

Ĥ��′

)
, (2.44)

where

Ĥ� = −J �
∑
j �=j′

b̂�†j b̂
�
j′ +

∑
j

U ��
j n̂

�
j(n̂

�
j − 1) +

∑
j

E�
j n̂

�
j, (2.45)

and

Ĥ��′ =
∑
j

U ��′
j

(
2n̂�

jn̂
�′
j + b̂�†j b̂

�†
j b̂

�′
j b̂

�′
j

)
. (2.46)

Here, we introduce the number operator n̂�
j = b̂�†j b̂

�
j. The on-site energy is

E�
j =

∫
drφ�∗

j (r)

[
− �

2

2m
∇2 + V (r)

]
φ�
j(r). (2.47)

The tunneling term is

J � = −
∫
drφ�∗

j (r)

[
− �

2

2m
∇2 + V (r)

]
φ�
j′(r) (2.48)

where j′ �= j. Note that we have neglected in Eq. (2.46), the inter-level coupling

terms of the form b̂�†j b̂
�†
j b̂

�
j b̂

�′
j which physically corresponds to peculiar co-tunneling of



20

two bosons in one site at level � to a state where one boson remains in that state and

the other boson gets transferred to a different level �′ (or vice versa). Numerically, the

integrals corresponding to these terms will have almost zero values for well-localized

wave functions because the corresponding integrand is antisymmetric about the min-

ima of the wells. Thus, we only consider the interaction couplings corresponding

to

U ��′
j =

∫
dr|φ�

j|2|φ�′
j |2. (2.49)

In general, the Hubbard parameters comprising of J�, U
��′
j , and E�

j are obtained by

evaluating the integrals above either numerically or analytically after some approx-

imations [26]. In the simplest possible limit of a one-level approximation where the

higher energy levels � > 0 are well separated from the lowest level � = 0, the Hamilto-

nian in Eq. (2.44) simplifies to the Bose-Hubbard dimer or the Lipkin-Meshkov-Glick

Hamiltonian given by Eq. (2.45) [30]. If we have an optical lattice instead of a

double-well potential then one can construct an actual set of Wannier functions and

the discretized model simplifies to the standard single-band Bose-Hubbard model [11].

2.3 Quantum ergodicity in closed quantum sys-

tems

The emergence of statistical properties and thermalization in classical systems can be

understood from the concept of classical chaos and how it can lead to ergodicity. A

classical system is considered ergodic if most of the trajectories uniformly cover the

available phase-space in a constant-energy manifold. Here, the long-time averages

become equivalent to appropriate microcanonical ensemble predictions. On the other

hand, if a system withM number of canonical degrees-of-freedom has exactly the same

M number of integrals of motion, meaning their corresponding Poisson brackets with

the Hamiltonian vanish, then the dynamics of trajectories become regular as opposed

to being chaotic. In such cases, the system becomes non-ergodic and only a limited

area of phase space gets explored by the ensemble of trajectories.
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The challenge of formulating similar ideas of thermalization in quantum mechani-

cal systems has been already recognized even in the early days of the development of

quantum mechanics through one of von Neumann’s works [31]. The main difficulty

lies in identifying a convincing quantum mechanical counterpart of classical chaos.

A fundamental challenge comes from the fact that time evolution according to the

Schrödinger equation is linear and unitary. But non-linearity is an essential ingredient

for classical chaos and so, the usual notion and definition of chaos in classical systems

become invalid for isolated quantum mechanical systems.

In this section, a short overview is given about the developments that led to one

of the leading candidates for a theory of quantum ergodicity - the eigenstate ther-

malization hypothesis. First, we discuss a framework for describing quantum chaos

using random matrix theory (RMT). Afterwards, we introduce the concept of eigen-

state thermalization hypothesis and how it can describe the dynamical emergence of

statistical properties in closed quantum systems. A more detailed review on the issue

of thermalization in quantum systems can be found in Ref [32].

2.3.1 Quantum chaos

One test for nonintegrability in quantum systems is the statistics of the energy level

spacings. The Berry-Tabor conjecture states that the energy level spacing of quantum

systems whose classical counterparts are integrable will possess Poissonian statis-

tics [33]. On the other hand, the Bohigas-Giannoni-Schmidt conjecture says that

the energy level spacing of quantum systems whose classical counterparts are non-

integrable will follow one of the three possible ensembles from random matrix the-

ory (RMT) which are the Gaussian Orthogonal Ensemble (GOE) for time-reversal-

invariant systems, the Gaussian Unitary Ensemble (GUE) for systems with broken

time-reversal symmetry, and the Gaussian Symplectic Ensemble (GSE) for systems

with rotational symmetry. [34].

Some of the more important developments in the study of quantum chaos can

be traced back to the pioneering works of Wigner and Dyson when they considered
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the problem of understanding the spectra of complex atomic nuclei (for a review on

this see Ref. [35]). These works have paved the way to the formulation of RMT. The

argument was for complex quantum mechanical systems, obtaining the exact eigen-

states and eigenvalues can easily become computationally unfeasible and therefore,

it is more practical to focus on statistical properties of the spectra, instead. Another

key idea by Wigner is to treat an exponentially complex Hamiltonian as a matrix,

the elements of which are drawn from some random distribution. It is an important

requirement, however, that the random Hamiltonian matrix still follows the necessary

symmetry of the actual physical system such as time reversal invariance, for example.

To exemplify one of the basic concepts of RMT which is the statistics of the

eigenenergies, let us consider the following two-level system

H =

(
ε1 V/

√
2

V ∗/
√
2 ε2

)
. (2.50)

For simplicity, let us assume that the system has time reversal symmetry such that

V is real. Then the eigenvalues of the matrix can be easily obtained as

E1,2 =
ε1 + ε2

2
± 1

2

√
(ε1 − ε2)2 + 2|V |2 (2.51)

Moreover, the matrix elements ε1, ε2, and V are random numbers taken from some

Gaussian distribution which has zero mean and variance σ. We can then construct a

distribution for the energy level spacing E1 − E2 = ω

P (ω) =
1

(2π)3/2σ3

∫ ∫ ∫
dε1dε2dV δ ((E1 − E2)− ω) exp

(
−ε

2
1 + ε22 + V 2

2σ2

)
(2.52)

=
1

(2π)3/2σ3

∫ ∫ ∫
dε1dε2dV δ

(√
(ε1 − ε2)2 + 2V 2 − ω

)
exp

(
−ε

2
1 + ε22 + V 2

2σ2

)
We first make a change of variable ε2 = ε1 +

√
2ξ and then evaluate the integral over

ε1 which is just a Gaussian integral to get

P (ω) =
1

(2π)3/2σ3

∫ ∫
dξdV δ

(√
2ξ2 + 2V 2 − ω

)
exp

(
−ξ

2 + V 2

2σ2

)
(2.53)
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The rest of the integration can be done by transform to cylindrical coordinates V =

rcos(φ) and ξ = rsin(φ). This will yield

P (ω) =
ω

2σ2
exp

(
− ω2

4σ2

)
. (2.54)

The main feature of this distribution is the so-called level repulsion in which P (ω) = 0

for arbitrarily close or almost degenerate energy levels, ω = 0. This exact result for a

2×2 matrix originally calculated by Wigner motivated him to surmise an approximate

formula for the distribution of the level spacing for Gaussian-like distribution

P (ω) = aβω
βexp(−(bβ)ω2), (2.55)

where the constants aβ and bβ are known constants depending on the symmetry of the

Hamiltonian. For example β = 1 corresponds to the Gaussian Orthogonal Ensemble

(GOE) which models a time-reversal symmetric system.

An analysis based on the RMT level spacing statistics is based on the assumption

that the local density of states of a system is equal to one. Each model can have

different density of states and therefore, in order to get a fair comparison between

different models, a procedure called unfolding needs to be implemented. The main

goal of this unfolding procedure is to transform the energy levels such that the mean

density of states is set to unity. However for many-body quantum systems, this

unfolding procedure can be cumbersome and computationally expensive. Oganesyan

and Huse later proposed the use of the ratio of consecutive energy gaps instead of the

energy gaps themselves when computing for distributions [36]. First let us arrange

the energy levels in increasing order {En} = {E1, E2, . . . , EN} where E1 < E2 < · · · <
EN . Then, the level spacing is just ωn = En+1 − En and the ratio of level spacing

is rn = ωn+1/ωn. Specifically, Oganesyan and Huse looked at the distribution of the

ratios

r̃n = min

(
rn,

1

rn

)
. (2.56)

For integrable many-body quantum systems, the distribution for the ratio of level

spacing between consecutive level spacing P (r̃) follows the Poisson distribution,

PPOI(r̃) =
2

(1 + r̃2)
. (2.57)
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While for chaotic Hamiltonian with time reversal symmetry, the ratios r̃n are dis-

tributed according to the GOE ensemble whose analytic expression was first derived

by Atas, et al. [37]

PGOE(r̃) =
27

4

r̃ + r̃2

(1 + r̃ + r̃2)5/2
. (2.58)

2.3.2 Eigenstate thermalization hypothesis

As first noted by von Neumann [31], thermalization in quantum systems must be

looked at a different perspective by considering the unitary time evolution of observ-

ables rather than the wave function or the density matrix of the system. One of

the crucial points missed by von Neumann, however, is the importance of integrabil-

ity or the lack thereof in the phenomenon of quantum ergodicity. In the following

discussion, we will outline the general arguments of one of the more commonly ac-

cepted theories called eigenstate thermalization hypothesis (ETH) that might explain

how observables thermalize in isolated quantum systems. The original idea behind

this hypothesis can be traced back to works done in the 1990’s by Deutsch [38] and

Srednicki [39–41].

Consider an isolated quantum system initially prepared in a state |ψ0〉. Note that
for simplicity we shall only consider initial pure states in the remaining discussion.

However, the arguments below can be generalized and also applied to initial mixed

states. The system evolves in time according to a time-independent Hamiltonian Ĥ

with eigenvectors |m〉 and eigenvalues Em. The many-body wave function at any

given time can be obtained from

|ψ(t)〉 =
∑
m

Cme
−iEmt|m〉, (2.59)

where we set � = 1 and the coefficients are Cm = 〈m|ψ0〉. The density matrix

of the full system starts out as a pure state and will remain so for the rest of the

time evolution. This fact presents itself as one of the bottlenecks in understanding

thermalization in closed quantum systems because of the impossibility of the density

matrix to become a mixed and thermal density matrix. For this reason, it was argued



25

by von Neumann [31] that one needs to look at observables which effectively restricts

our observation to only a part of the entire system or a subsystem. If we look at the

time dependence of a physically relevant observable Ô, we can express it in terms of

the eigenvectors of the Hamiltonian

O(t) ≡ 〈ψ(t)|Ô|ψ(t)〉 =
∑
m,n

C∗mCne
i(Em−En)tOmn (2.60)

=
∑
m

|Cm|2Omm +
∑

m,n �=m

C∗mCne
i(Em−En)tOmn,

where Omn = 〈m|Ô|n〉 and in the second line we simply separate the terms dependent

on the off-diagonal matrix elements of Omn. Then, an observable Ô thermalizes if

the long-time average of the expectation value of Ô is close to a microcanonical

expectation value and if the temporal fluctuations of this expectation value about

the microcanonical prediction are small. ETH postulates that such thermalization is

possible for nonintegrable systems in the sense of RMT (no degeneracies or at most

they are suppressed with system size) because the matrix elements of an observable

can be written as [41]

Omn = O(E)δmn + e−S(E)/2fO(E, ω)Rmn, (2.61)

where E = (Em + En)/2, ω = En − Em, and S(E) is the entropy at energy E.

The functions O(E) and fO(E, ω) are both smooth and as such the microcanonical

expectation value at energy E is exactly equal to O(E). Also, the matrix elements

Rmn are real or complex random variables with zero mean and unit variance. The

physical concepts which motivate the use of this expression as an ansatz for the matrix

elements of an operator are explained below. But roughly speaking, the first term is

important to get good agreement with the microcanonical ensemble prediction while

the form of the second term corresponding to the off-diagonal elements is conjectured

as such in order to get exponentially small temporal fluctiations of the operator.

However, it is important to mention that there is no rigorous proof supporting the

ETH. However, the validity of the ETH has been numerically tested for few-body



26

observables (the operator of the observable only acts on a small subsystem) in different

lattice or discretized models. An example of which is the numerical experiment done

by Rigol, et al., for a system of hard-core bosons in a lattice with integrability-breaking

terms [16].

For nonintegrable systems, the ETH ansatz according to Eq. (2.61) yields a long-

time average of the expectation value of an observable given by

O = limt0→∞

∫ t0

0

dtO(t) =
∑
m

|Cm|2Omm = Tr(ρ̂DEÔ), (2.62)

where ρ̂DE is the density matrix of the diagonal ensemble ρ̂DE =
∑

m |Cm|2|m〉〈m|.
This result can be straightforwardly obtained from Eq. (2.60) where the long-time

average of the second term vanishes due to dephasing. This dephasing mechanism can

be understood as the process at which for long times, time evolution mixes the phases

of the off-diagonal terms in Eq. (2.60) such that their contributions effectively have

factors of random phases and thus they eventually cancel out [42]. The corresponding

statistical prediction according to the microcanonical ensemble for the expectation

value is

OME = Tr(ρ̂MEÔ), (2.63)

where ρ̂ME is the density matrix of the microcanonical ensemble. This expectation

value can be expressed in terms of the eigenvectors |m〉 as

OME = N−1 ∑
|Em−E0|<ΔE

Omm, (2.64)

where N is the number of eigenstates within a narrow energy window ΔE centered

around the initial average energy of the system E0. Finally, if we use Eq. (2.61) to

rewrite Eqs. (2.62) and (2.64), we get

O ≈ O(E) ≈ OME, (2.65)

which means the long-time average of an expectation value of an operator is close to a

microcanonical ensemble prediction. This can be considered as the main statement of
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the ETH. Now as for the second condition of thermalization related to small temporal

fluctuations about the microcanonical value, the ETH ansatz Eq. (2.61) gives [32]

σ2
O = limt0→∞

1

t0
dt

(
(O(t))2 − (O)2

)
(2.66)

=
∑

m,n �=m

|Cm|2|Cn|2|Omn|2 ≤ max|Omn|2 ∝ exp(−S(E)),

suggesting that the temporal fluctuations become exponentially small as the system

size grows.



Chapter 3

Numerical Methods

3.1 Multiconfigurational time-dependent Hartree

for bosons

The multiconfigurational time-dependent Hartree for bosons (MCTDHB) method is

one of the many numerical methods that aim to solve many-body quantum problems

that goes beyond the mean-field approximation provided by the Gross-Pitaevskii the-

ory. In this section, we introduce the basic concepts involved in the MCTDHB theory.

If the reader is interested in a more rigorous derivation of the underlying theory of

the MCTDHB algorithm, Ref. [43] provides a detailed discussion.

3.1.1 MCTDHB wave function

The main goal of any many-body numerical methods is to solve the Schrödinger

equation for an interacting system. Specifically for N interacting bosons in dilute

conditions, the many-body Hamiltonian can be written as

Ĥ =
N∑
i=1

ĥ(ri) +
∑
i<j

gδ(ri − rj), (3.1)

28
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where ri denotes the position coordinate of the i-th boson, ĥ(r) = − �
2

2m
∇2 + V (r, t)

is the single-particle Hamiltonian for same species of bosons with mass m, and g is

the strength of the two-body contact interaction between the bosons. Within the

MCTDHB formalism, the wave function can be expanded in bra and ket notation as

follows

|Ψ(t)〉 =
∑
�n

C�n(t)|�n, t〉 (3.2)

=
∑
n1

· · ·
∑
nM

Cn1,n2,...,nM

M∏
k=1

1√
nk!

[b̂†k(t)]
nk |vac〉

where the time-dependent expansion coefficients are given by the vector C�n(t) ≡ �C.

Here, all possible combinations of occupying the available M single-particle modes is

represented by �n = {n1, n2, . . . , nM}. This means that
∑M

i=1 ni = N where N is the

total number of bosons in the system. The size of the Hilbert space for this basis set

expansion is (N+M−1)!
N !(M−1)! . Here, the bosonic creation operators follow

b̂†k(t) =
∫
drφk(r, t)Ψ̂

†(r, t) (3.3)

[b̂†k, b̂
†
j] = [b̂k, b̂j] = 0

[b̂k, b̂
†
j] = δk,j.

Note that we have introduced the bosonic field operator Ψ†(r, t) =
∑

j b̂
†
j(t)φ

∗
j(r, t)

that creates a boson at position r and time t. The time-dependent single-particle

functions are orthonormalized∫
drφk(r, t)φ

∗
j(r, t) = δkj. (3.4)

The many-body Hamiltonian Eq. (3.1) can be expressed in terms of the bosonic

creation and annihilation operators as follows

Ĥ =
∑
k,j

b̂†kb̂jhkj +
1

2

∑
k,j,q,i

b̂†kb̂
†
j b̂q b̂iWkjqi, (3.5)
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where the relevant integrals are given by

hkj =

∫
drφ∗k(r, t)ĥ(r, t)φj(r, t), (3.6)

Wkjqi = g

∫
drφ∗k(r, t)φ

∗
j(r, t)φq(r, t)φi(r, t).

The main convergence parameter in MCTDHB is the number of single-particle

modes M used in the many-body wave function expansion. In principle, the repre-

sentation becomes exact in the limit of M → ∞ as this will span the entire Hilbert

space. In the opposite limit of M = 1, only one mode is occupied by all of the bosons

and the Gross-Pitaevskii limit of macroscopically occupying one state is recovered.

In practice, however, the expansion needs to be truncated in order to make any sen-

sible numerical implementation of the theory. The claim is that in allowing both

the expansion coefficients {C�n(t)} and also the single-particle functions {φk(r, t)} to

dynamically evolve in time according to some variational optimization, one can get

away with using fewer number of modes M in representing the quantum many-body

wave function.

3.1.2 Time-evolution of the MCTDHB wave function

Within the framework of Lagrangian formalism, the functional action of the time-

dependent Schrödinger equation is [43]

S[{C�n(t)}, {φk(r, t)}] =
∫
dt

{
〈Ψ|Ĥ − i

∂

∂t
|Ψ〉 −

M∑
k,j=1

μk,j(t)[〈φk|φj〉 − δkj]

}
, (3.7)

where the time-dependent Langrange multipliers μk,j(t) ensures that the time-dependent

single-particle functions φk(r, t) remain orthonormal for the entirety of the time evo-

lution. We then take the variation separately with respect to {C�n(t)} and {φk(r, t)}.
These will eventually lead to a set of coupled equations of motion the details on the

derivation of which can be found in Ref. [43]. At this point, it is important to write
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down the expressions for the reduced single-particle density matrix

ρ(r1, r
′
1, t) = 〈Ψ(t)|Ψ̂†(r′1)Ψ̂(r1)|Ψ(t)〉 (3.8)

= N

∫
dr2dr3 . . . drNΨ

∗(r′1, r2, . . . , rN , t)Ψ(r1, r2, . . . , rN , t)

=
M∑

k,q=1

ρkq(t)φ
∗
k(r

′
1, t)φk(r1, t),

where ρkq(t) are matrix elements of the reduced single-particle density matrix ρ(t),

and also the reduced two-particle density matrix

ρ(r1, r2, r
′
1, r

′
2, t) = 〈Ψ(t)|Ψ̂†(r′1)Ψ̂†(r′2)Ψ̂(r1)Ψ̂(r2)|Ψ(t)〉 (3.9)

= N(N − 1)

∫
dr3 . . . drNΨ

∗(r′1, r′2, . . . , rN , t)Ψ(r1, r2, . . . , rN , t)

=
M∑

k,s,q,j=1

ρksqj(t)φ
∗
k(r

′
1, t)φ

∗
s(r

′
2, t)φq(r1, t)φj(r2, t),

where ρksqj(t) are matrix elements of the reduced two-particle density matrix. The

expression of the matrix elements ρkq(t) and ρksqj(t) and how they can be calculated

from the time-dependent expansion coefficients C�n and the permanents can be found

in Ref. [43]. In terms of the numerical implementation of the MCTDHB method, the

so-called mean-fields ρkq, ρksqj, hkq, and Wksqj are updated every time step in the

numerical integration. Performing the corresponding variation

∂S[{C�n(t)}, {φk(r, t)}]
∂C∗�n(t)

=
∂S[{C�n(t)}, {φk(r, t)}]

∂φ∗k(r, t)
= 0 (3.10)

leads to the set of coupled non-linear equations

H(t)C(t) = i
∂C(t)

∂t
(3.11)

i
∂

∂t
|φi〉 = P̂

[
ĥ|φi〉+ g

M∑
k,s,q,j=1

{ρ−1}ikρksqjφ∗s(x)φj(x)|φq〉
]

where H(t) = {H�n�m(t) = 〈�n, t|Ĥ|�m, t〉} and C(t) = {C�n(t)}. The projector P̂ =

1 −∑M
m=1 |φm〉〈φm| guarantees that the single-particle functions are orthogonal to

their time derivatives, i.e., 〈φi| ∂∂t |φj〉 = 0.



32

The relevance of the single-particle or mode functions in the MCTDHB wave

function expansion can be assessed by examining the eigenvalues of the single-particle

density matrix commonly known as the natural occupancies nNO
k

〈Ψ(t)|Ψ̂†(r′1)Ψ̂(r1)|Ψ(t)〉 =
M∑
k=1

nNO
k ϕ∗k(r

′
1)ϕ

∗
k(r1), (3.12)

where
∑

k n
NO
k = N and ϕk(r1) are the so-called natural orbitals which are eigen-

vectors of the reduced single-particle density matrix. Convergence of the multi-mode

expansion can be invoked depending on how fast the natural occupancies are de-

creasing in value. Recall that the reduced single-particle density matrix and more

importantly its eigenvalues are related to the notion of long-range order used to clas-

sify Bose-Einstein condensation or possibly fragmentation. In the case of a BEC, the

leading order or highest natural occupancy is expected to be of the same order as the

total number of bosons, i.e., max(nNO
k ) ≈ N . On the other hand for fragmented sys-

tems, at least two natural orbitals are significantly occupied meaning two or possible

more natural occupancies have large values.

Finally, we briefly discuss the applicability and limitations of the MCTDHB

method. A chapter of this thesis is devoted to a systematic benchmarking of MCT-

DHB for systems with attractively interacting bosons. In that work, we found out

that MCTDHB will have difficulties simulating scenarios where there are diverging

length scales in the system. An example of which is the case when the center-of-mass

wave function is ballistically expanding in time while the relative motion practically

remains unchanged for long times. The length scales associated to these two quanti-

ties will diverge from one another as the system evolves in time. Unfortunately, the

behavior for this type of dynamical problem is found to be difficult for MCTDHB

to correctly capture as will be discussed in much more detail later on. On the other

hand, for the dynamics of repulsively interacting bosons confined by some external

trap, MCTDHB is generally expected to exhibit good convergence. Moreover, prob-

lems involving systems with inherently few number of relevant single-particle modes

are naturally good candidates for MCTDHB to solve. For example in double well
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systems, if the barrier is high enough the two lowest single-particle eigenstates are

well separated from the rest of the spectrum. As such, MCTDHB has been used

in the past to study correction to the single-band or single-level approximation in

optical lattices or multi-well systems, respectively [44–53]. In terms of the numeri-

cal implementation, the dimensionality of the system plays an important role in the

computational feasibility of the method. For continuous systems or models, it is im-

perative to represent the system by some grid according to a specific discretization

procedure. Ultimately, the number of points needed to obtain convergent results with

respect to this discretization will obviously increase with the dimension of the system

in consideration. This factor together with the possibility that one may need to use

a considerable amount of single-particle modes in order to converge the MCTDHB

wave function representation can put a strong limitation to the type of dynamical

problem that can be studied using MCTDHB.

3.2 Truncated Wigner approximation

We have utilized a particular phase-space method based on the Wigner representation

for our work in understanding quantum thermalization in a one-dimensional double-

well potential from a semiclassical perspective as presented in Chapter 7. In this

section, we give a brief introduction to the truncated Wigner representation and how

it can be implemented numerically in order to approximate the quantum evolution

in a system. A more detailed review on phase-space methods for quantum dynamics

can be found in Refs. [54, 55].

3.2.1 Wigner distribution

The description of quantum mechanics using phase space variables as in classical

physics has proven to be a quite powerful tool both in gaining new insights and in

solving the time evolution of a quantum mechanical system. One of the motivations
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for representing quantum mechanics in terms of phase space distributions is the possi-

bility to find a connection between quantum and statistical fluctuations. Perhaps the

most well-known phase space or quasiprobability distribution is the so-called Wigner

distribution formulated by Wigner in 1932 [56]. The key idea of phase space repre-

sentations is to represent quantum operators as complex numbers spanning the phase

space of canonical variables. Within the Wigner representation, this can be done in

various ways such as the coordinate-momentum representation or the coherent state

representation [55]. Due to the relevance in our work, we shall focus on the coherent

state representation for the rest of this thesis. In order to map an arbitrary quantum

operator Ô(â, â†) to its corresponding classical phase space counterpart OW (a, a∗)

with a and a∗ being complex numbers (c-numbers), the following Weyl transforma-

tion is used [54,55]

OW (a, a∗) =
1

2M

∫ ∫
dη∗dη〈a− η

2
|Ô(â, â†)|a+ η

2
〉e−|a|2− 1

4
|η|2e

1
2
(η∗a−ηa∗), (3.13)

where M is the Hilbert space size, â and â† are bosonic annihilation and creation

operators, respectively, and |α〉 is a coherent state â|α〉 = a|α〉. The Wigner distri-

bution W (a, a∗) is then defined as simply the Weyl transform of the density matrix

ρ̂

W (a, a∗) =
1

2M

∫ ∫
dη∗dη〈a− η

2
|ρ̂|a+ η

2
〉e−|a|2− 1

4
|η|2e

1
2
(η∗a−ηa∗). (3.14)

One of the interesting properties of the Wigner function is that it is not necessarily

positive for certain quantum states like in the case of a number or Fock state. This

is the reason for why it is often times referred to as a quasiprobability distribution as

opposed to an actual probability distribution which is always positive. A simple trick

in mapping coherent state operators to their corresponding Wigner-Weyl transform

is by means of the Bopp representation [54,55]

â†j → a∗j −
1

2

∂

∂aj
(3.15)

âj → aj +
1

2

∂

∂a∗j
,
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where [âi, â
†
j] = δij and {ai, a∗j}C = δij. The coherent state Poisson bracket {A,B}C

can be regarded as the classical analogue of the commutator and it is given by

{A,B}C = AΛCB =
∑
j

(
∂A

∂aj

∂B

∂a∗j
− ∂A

∂a∗j

∂B

∂aj

)
, (3.16)

where ΛC is called the symplectic coherent state operator

ΛC =
∑
j

( ←−
∂

∂aj

−→
∂

∂a∗j
−
←−
∂

∂a∗j

−→
∂

∂aj

)
(3.17)

It is particularly useful in preparation for the subsequent discussion on the time

evolution of quantum operators to write down the expression for the Wigner-Weyl

transform of the commutator between two quantum operators Ω̂ = [Ω̂1, Ω̂2]:

ΩW = {Ω1,W ,Ω2,W}MBC , (3.18)

where the so-called Moyal bracket is

{. . . }MBC = 2sinh

[
1

2
{. . . }C

]
. (3.19)

As a simple example on how to use the Bopp representation to map quantum operators

into phase space variables, consider the number operator n̂ = â†â. The Wigner-Weyl

transform for this operator can be obtained by

(â†â)W = â†â1 =

(
a∗ − 1

2

∂

∂a

)(
a+

1

2

∂

∂a∗

)
1 = |a|2 − 1

2
. (3.20)

Another relevant example would be the two-body operators akin to the on-site inter-

action term in the Bose-Hubbard model

(â†â†ââ)W =

(
a∗ − 1

2

∂

∂a

)2 (
a+

1

2

∂

∂a∗

)2

1 = |a|4 − 2|a|2 + 1

2
. (3.21)

In this formalism, the expectation value of an operator can then be calculated from

the Wigner function according to

〈Ô〉W ≡ 〈OW 〉 =
∫ ∏

j

daj(t)da
∗
j(t)OW (a(t))W (a(t)), (3.22)

where for brevity we used the short-hand notation in expressing the dependence on

the phase space variables a(t) = {a0(t), a1(t), . . . , aM/2(t), a
∗
0(t), a

∗
1(t), . . . , a

∗
M/2(t)}.
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3.2.2 Time-evolution of observables

We outline here one way of deriving the time evolution of expectation values of observ-

ables based on the rigorous discussions found in Ref. [55]. Consider the Hamiltonian

of a quantum system Ĥ(â, â†) ≡ Ĥ. The time evolution of the density matrix is

described by the von Neumann equation

i�
∂ρ̂

∂t
=

[
Ĥ, ρ̂

]
. (3.23)

In general, the Wigner-Weyl transform of this Hamiltonian can be obtained using the

prescription discussed above such that (Ĥ(â, â†))W = H(a, a∗)W ≡ HW . By taking

the Wigner-Weyl transform of both sides of the von Neumann equation, we get the

time-evolution of the Wigner function according to

i�
∂W

∂t
= {HW ,W}MBC = 2HW sinh

[
ΛC

2

]
W (3.24)

Up to this point, everything is still exact and no approximation has been made.

However, in order to numerically solve the time evolution equation, one needs to

make a truncation which is called the truncated Wigner approximation. Note that

the Moyal bracket can be expanded in powers of 1/N (or equivalently writing the

Taylor series expansion for the sinh-function). If only the leading order is retained

then we find

i�
∂W

∂t
≈ {HW ,W}C , (3.25)

which is just the classical Liouville equation for the density matrix. This assumption

makes it apparent that the truncated Wigner approximation is expected to work

for systems with large number of occupation N � 1. The equations of motion

are obtained by noting that the Wigner function is conserved along the classical

trajectories satisfying

i�
∂aj
∂t

=
∂HW

∂a∗j
(3.26)

Within this approximation scheme, the expectation value of an operator at a specific

time can be calculated as,

〈Ô(t)〉 =
∫
da0da

∗
0W (a(0))OW (a(t)), (3.27)
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where W (a(0)) is the initial Wigner function and da0da
∗
0 =

∏
j daj(0)da

∗
j(0). In prac-

tice, 〈Ô(t)〉 is obtained by solving the set of coupled differential equations according

to Eq. (3.26) using an ensemble of initial conditions (trajectories), which accurately

samples the quantum noise of a chosen initial state and then averaging the results

afterwards.

It is possible to go beyond the first approximation given by the TWA by expanding

the Moyal bracket up to the third order in ΛC [55]:

i�
∂W

∂t
≈ {HW ,W}C +

1

8

∑
i,j,k

(
∂3HW

∂ai∂a∗j∂a
∗
k

∂3W

∂a∗i ∂aj∂ak
− ∂3HW

∂a∗i ∂aj∂ak

∂3W

∂ai∂a∗j∂a
∗
k

)
.

(3.28)

It becomes apparent from this expression that Hamiltonian containing at most quadratic

in â and â† such as the quantum harmonic oscillator will be rendered exact by the

TWA since the terms with third order derivatives will vanish.



Chapter 4

Center-of-mass motion as a

sensitive convergence test for

variational multi-mode quantum

dynamics

4.1 Introduction

Recent advances in the field of ultracold atoms have made it possible to observe the

quantum dynamics of few to many particles under unitary time evolution [6]. The

opportunity to explain and predict novel effects motivates computational approaches,

which face the challenge of vast complexity [57, 58]. Variational multi-mode dynam-

ics seeks to reduce the computational complexity by expanding the wave function

with a small number M of optimised mode functions [59–62]. Specifically adapted

for bosonic particles is the multi-configurational time-dependent Hartree method for

bosons (MCTDHB) [43]. It provides a hierarchy of approxmations beyond the Hartree

or Gross-Pitaevskii mean-field theory [63], to which it reduces forM = 1. The ability

to represent fragmented Bose-Einstein condensates and correlated wave functions for

38
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M > 1 is the defining feature of the approach. While the limit of large M formally

recovers the multi-particle Schrödinger equation, it is often impossible to verify con-

vergence through increasing M due to prohibitive computational requirements. This

motivates the search for independent convergence checks.

Here we test the convergence of MCTDHB simulations by exploiting the artificial

coupling of the center-of-mass (COM) and relative motion in the truncated multi-

mode expansion. In harmonic external potentials and homogeneous gauge fields, the

COM dynamics of a many-particle system is independent of the particle interactions

by the generalised Kohn’s theorem [64, 65]. Including time-dependent, anisotropic,

rotating, or absent trapping potentials of any number of spatial dimensions, this result

covers a wide range of experimentally relevant scenarios, where the exact quantum

mechanical time evolution of the COM can be easily obtained. Since a convergent

simulation is typically required to reproduce the exact COM dynamics, a comparison

between both results serves as a sensitive convergence test.

An interesting scenario for quantum dynamics with ultra-cold atoms is provided

by attractive bosons in narrowly confining elongated traps, where bright matter-wave

solitons of 102 to 104 atoms have been observed [66–71]. Fragmentation of the Bose-

Einstein condensate can be anticipated from theoretical arguments [72], even though

experiments have been largely consistent with Gross-Pitaevskii (M = 1) theory. The

tendency to form many-particle bound states [73], which are themselves well approx-

imated by the Hartree approximation [74], further motivates the use of multi-mode

expansions, and several MCTDHB-based studies have been published [75–77]. In this

work we find a pathologically slow convergence of the MCTDHB expansion for un-

trapped or weakly-trapped attractive bosons where the COM length scale becomes

of the same order or larger than the typical length scale of relative motion. Specifi-

cally, we find that predictions for the dynamical creation of the two-humped, two-fold

fragmented states of attractive bosons named “fragmentons” in Ref. [75] were based

on unconverged MCTDHB simulations and are inconsistent with the exact COM

dynamics. We further find that previously proposed internal convergence checks of
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MCTDHB fail to reliably detect unconverged results, including the popular strategy

of setting a threshold for the smallest eigenvalue of the single-particle density matrix

to estimate the relevance of the least important mode [59, 60,78].

4.2 Multi-mode expansion for one-dimensional bosons

For definiteness, we consider the dynamics of N bosons of mass m in one dimension

with the Hamiltonian

Ĥ =
N∑
i=1

h(xi, t) + g(t)
∑
i<j

δ(xi − xj) = ĤR + Ĥr, (4.1)

where h(x, t) = − �
2

2m
∂2

∂x2+
1
2
mω(t)2x2, and g < 0 is the coupling parameter of attractive

interactions [29]. Due to the harmonic trapping potential the problem is separable

and the COM Hamiltonian HR = − �
2

2Nm
∂2

∂R2 +
1
2
Nmω(t)2R2 formally defines a single-

particle problem in the COM coordinate R = N−1 ∑
i xi. The Hamiltonian of relative

motion Hr depends only on the N−1 distances between particles and commutes with

HR. Thus the time evolution of any observables that are purely related to the COM

coordinate is completely independent of the interaction strength. This is very useful

for checking the convergence of multi-mode simulations.

The MCTDHB method is based on the variational ansatz for the quantum state

|Ψ(t)〉 =
∑

n1,...,nM

Cn1,...,nM
(t)

M∏
k=1

1√
nk!

[b̂†k(t)]
nk |vac〉, (4.2)

with N =
∑M

k=1 nk particles. Both the expansion coefficients and the single-particle

functions φk(x, t) = 〈x|b̂†k(t)|vac〉 are time dependent and their evolution equations

follow from a variational principle (for details see Ref. [43]). The main parameter

determining the accuracy and computational effort of MCTDHB simulations is the

number of single-particle modesM . The COM variance σ2
R ≡ 〈(R−〈R〉)2〉 can be ob-

tained from (4.2) through the two-particle density ρ(2)(x, y) = 〈ψ̂†(x)ψ̂†(y)ψ̂(x)ψ̂(y)〉



41

as [79],

σ2
R(t) =

∫
x2 + (N − 1)xy

N2(N − 1)
ρ(2)(x, y; t) dxdy. (4.3)

Since the expansion (4.2) refers to single-particle quantities rather than the separated

COM and relative coordinates, it does not trivially respect the separability. The

simulated time evolution of the COM variance will thus be exact in two limits: When

the expansion (4.2) is fully converged, or when particle interactions vanish (g =

0). In the latter case the MCTDHB time evolution reduces to uncoupled single-

particle Schrödinger equations, which can be solved accurately within the chosen

discretisation scheme [43]. A simple convergence test is thus obtained by re-running

a given simulation with g = 0. If the interacting simulation is fully converged, the

resulting time evolution of the COM must agree in both cases.

4.3 Interaction dependence of the center-of-mass

(COM) variance

It follows from very general principles that observables linked only to the COM wave

function are independent of the interaction strength for at most harmonic potentials

(meaning V (x) ∝ xp where p ∈ {0, 1, 2}) or constant gauge fields. Here we demon-

strate this explicitly for the COM variance and a many particle system governed by

the Hamiltonian of Eq. (1). For this purpose we write an arbitrary initial quantum

state as

|Ψ0〉 =
∑
μ,ν

cμν |χμ〉|Φν〉, (4.4)

where {|χμ〉} is a complete basis set which depends only on the COM and {|Φν〉} is

a complete basis set which depends on the N − 1 relative motion degrees-of-freedom.

We further write the time evolution of the many-body wavefunction as (� = 1)

|Ψ(t)〉 = e−i(ĤR+Ĥr)t|Ψ0〉. (4.5)
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In Eq. (4.5), the total Hamiltonian was written as Ĥ = ĤR + Ĥr, where ĤR is

the COM Hamiltonian and the remaining terms, including the interaction-dependent

operators, form Ĥr. Then we can explicitly write

|Ψ(t)〉 = e−i(ĤR+Ĥr)t
∑
μ,ν

cμν |χμ〉|Φν〉 (4.6)

=
∑
μ,ν

cμν

(
e−iĤRt|χμ〉

)
e−iĤrt|Φν〉.

The dynamics of the second moment of the COM wave function is obtained as

〈Ψ(t)|R̂2|Ψ(t)〉 (4.7)

=
∑
μ′,ν′

∑
μ,ν

c∗μ′ν′cμν〈χμ′ |eiĤRtR̂2e−iĤRt|χμ〉

×
(
〈Φν′ |ei(Ĥr−Ĥr)t|Φν〉

)
=

∑
μ′,μ,ν

c∗μ′νcμν

(
〈χμ′ |eiĤRtR̂2e−iĤRt|χμ〉

)
.

From the last line of Eq. (4.7) it can be seen that the result is independent of the

interaction strength during the time evolution. The time evolution of the COM

variance thus depends only on the initial state (through the expansion coefficients

cμν) and the external potential through the COM Hamiltonian ĤR. This fact can be

used as a sanity check for MCTDHB simulations, which, if fully converged, should

produce the same time evolution for the COM variance for different values of the

interaction strength.

4.4 Proof of the bounds for the width of the single-

particle density

In this section, we are going to prove the bounds for the variance of the exact single-

particle density manifested in the shaded region in Fig. 4.4 of the main text. For
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systems with a Hamiltonian that is separable in the COM and relative motion coor-

dinate, we can conveniently introduce the following change-of-variables for the COM

coordinate R:

R =
N∑
j=1

xj/N (4.8)

and for the relative motion coordinate with i ≥ 2 [80]:

ri =

√
i− 1

i

(
xi − 1

i− 1

i−1∑
k=1

xk

)
. (4.9)

This means that the many-body wave function is given by

Ψ(x1, x2, . . . , xN) = χ(R)Φ(r2, r3, . . . , rN). (4.10)

This allows us to write the single-particle density profile as

ρ(xN) =

∫ ∞

−∞

N−1∏
j=1

dxjF (R)G(r2, r3, . . . , rN), (4.11)

where,

F (R) = |χ(R)|2 (4.12)

and

G(r2, r2, r3, . . . , rN) = |Φ(r2, r3, . . . , rN)|2 (4.13)

Note that we can express rN as:

rN =
N√

N2 −N
(xN −R). (4.14)

Then we can transform the integration from
∏N−1

j=1 dxj → |J |∏N−1
j=2 drjdR, where J

is the corresponding Jacobian. The single-particle density becomes

ρ(xN) = |J |
∫ ∞

−∞

N−1∏
j=2

drjdR F (R) (4.15)

×G(r2, r3, . . . ,
N√

N2 −N
(xN −R)).
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The (N − 2) integrations over drj can now be done separately and be used to define

a new function

H(xN −R) =|J |
∫ ∞

−∞

N−1∏
j=2

drj× (4.16)

G(r2, r3, . . . ,
N√

N2 −N
(xN −R)),

which allows us to write the single-particle density as

ρ(xN) =

∫ ∞

−∞
dR F (R)H(xN −R). (4.17)

One can see that indeed the single-particle density profile is just a convolution between

the |χ(R)|2 and another function H that is associated with the relative-motion wave

function.

The function H can be further interpreted as the mean-density for a fixed COM

position. This can be justified by following Ref. [74]. We write the single-particle

density in this case as

ρ(x′N |R) =
∫ ∞

−∞
dx1 . . . dxNδ

(
R−

N∑
k=1

xk/N

)
(4.18)

× δ(x′N − xN)

∣∣∣∣Φ(x2 − x1√
2

,

√
2

3
(x3 − 1

2
(x2 + x1)),

. . . ,

√
N − 1

N
xN −

√
1

N2 −N

N−1∑
k=1

xk

)∣∣∣∣2.
The integration over dxN can be easily done due to the presence of the δ-function

leading to

ρ(x′N |R) =
∫ ∞

−∞
dx1 . . . dxN−1δ

(
R−

N−1∑
k=1

xk + x′N
N

)
(4.19)

×
∣∣∣∣Φ(x2 − x1√

2
,

√
2

3
(x3 − 1

2
(x2 + x1)),

. . . ,

√
N − 1

N
x′N −

√
1

N2 −N

N−1∑
k=1

xk

)∣∣∣∣2.
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Again we transform the integration variables using Eq. (4.9) such that
∏N−1

j=1 dxj →
|J |∏N

j=2 drj, where we define

rN =

√
N − 1

N

(
x′N −

1

N − 1

N−1∑
k=1

xk

)
. (4.20)

This yields

ρ(x′N |R) = |J |
∫ ∞

−∞

N∏
j=2

drj

∣∣∣∣Φ(r2, . . . , rN)∣∣∣∣2 (4.21)

× δ

(
R− x′N − rN

√
N − 1

N

)
.

Lastly, we integrate over the drN to find that indeed H is equal to ρ(xN |R),

ρ(x′N |R) = H(x′N −R) (4.22)

It is straightforward to show that the variances add in a convolution provided

that at least one of the functions is centered at the origin (in our case the COM wave

function):

σ2
n =

∫ ∞

−∞
(x− 〈x〉)2(F ∗H)dx (4.23)

= σ2
R + σ2

r

where σ2
R =

∫∞
−∞ x

2F (x)dx, σ2
r =

∫∞
−∞(x − 〈x〉)2H(x)dx and the functions F and

H are normalized to unity. From Eq. (4.23), it can be deduced that the width of

the exact single-particle density will always be greater than the width of the COM

wave function, σ2
R ≤ σ2

n and the equality is satisfied in the limit of large interaction

coupling g → ∞ (σ2
r → 0). Moreover, the variance of the relative motion density

for an untrapped state is smaller than the untrapped case, i.e., σ2
r � σ2

sol, where

σ2
sol = �

4π2/[3g2m2(N − 1)2] is an excellent approximation of the untrapped relative

motion variance that becomes exact for large N [74]. This means that the bounds

for the exact single-particle density must be

σ2
R ≤ σ2

n � σ2
R + σ2

sol. (4.24)
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4.5 Exact solution of the two-particle problem

It is instructive to review some of the exact results for N = 2 bosons as we shall

use this system later to further test our proposed convergence criterion. The ground

state of N = 2 particles in a time-independent harmonic trap with frequency ω0

is described by a product of the center-of-mass (COM) and relative motion wave

functions: Ψ(R, r) = ψ0(R)φ0(r). The analytical form of the COM wave function is

ψ0(R) =

(
2mω0

π�

)1/4

e−mω0R2/� (4.25)

where R = (x1 + x2)/2. On the other hand, the relative motion wave function with

the normalization constant A and harmonic oscillator length scale, λ0 =
√
�/mω0,

can be obtained as

φ0(r) = Ae−r
2/4λ2

0U

(
−ν
2
,
1

2
,
r2

2λ20

)
, (4.26)

where r = (x2 − x1) is the relative coordinate, U(a, b, x) is the confluent hypergeo-

metric function of the second kind and ν comes from the discontinuity in the first

derivative due to the delta interaction [81]. Explicitly, ν is calculated by solving the

transcendental equation

ν =
gmλ0

�2
√
2

Γ(1− ν/2)

Γ(1/2− ν/2)
. (4.27)

The ground-state energy is given by

E2,exact
0 = Erel + ECOM (4.28)

= �ω0

(
ν +

1

2

)
+

�ω0

2
= �ω0(ν + 1),

and the exact results for the natural occupancy are obtained by numerically diago-

nalizing of the single-particle density matrix

〈ψ̂†(x)ψ̂(y)〉 = 2

∫
dzΨ∗(x, z, t = 0)Ψ(y, z, t = 0) (4.29)

= 2

∫
dzψ∗0((x+ z)/2)φ∗0(x− z)

× ψ0((y + z)/2)φ0(y − z).
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After turning off the trap, the Gaussian COM wave function expands. In partic-

ular, the time evolution of the COM wave function represents the textbook example

of Gaussian wave propagation [82]

ψ(R, t) ∝
(
1 + i

�t

mλ20

)−1/2
(4.30)

× exp

(
− R2

λ20[1 + i�t/(mλ20)]

)
.

The COM wave function spreads leading to a variance increasing quadratically in

time

σ2
R(t) =

λ20
4

[
1 +

(
�t

mλ20

)2
]
. (4.31)

The relative motion after trap release, on the other hand, is dominated by the bound

state of the attractive δ interactions. Indeed, since the δ function has exactly one

bound state, near the origin the relative motion wave function will approach this

bound state in the long-time limit and possible other contributions from scatter-

ing state will disperse. The initial relative motion wave function can be expressed

in terms of the bound state and scattering states: φ0(r) = cbφBS(r) +
∫
dkeikrck,

where the bound state is φBS(r) =
√

m|g|
2�2

exp
(
−m|g||r|

2�2

)
. Then, the expected variance

of the relative motion wave function in the long time limit must be σ2
r ≥ σ2

BS =∫
drr2|φBS(r)|2 = 2�4/m2g2.

4.6 Details of the numerical simulations

Numerical simulations were performed with the open-source QiwiB implementation of

MCTDHB [83], using standard Runge Kutta time evolution and representing spatial

derivatives with five point stencil finite differences. For N = 2, we have performed

simulations on a 1400 point equidistant grid with different values of the coupling

constant g using L = 30λ0 as the computational box length for gmλ0/�
2 ≥ −0.7794

and L = 14λ0 for stronger interactions. While for N = 100, we have used a 2000

point equidistant grid with L = 30λ0 for gmλ0/�
2 ≥ −0.0714 and L = 10λ0 for
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stronger interactions. For the time-evolution of the COM variance, we have used

600 point equidistant grid with L = 25λ0 for both M = 9 and M = 10 simulations.

We have assured ourselves that the results are converged with respect to changes in

these parameters and those of time and space discretization. In addition, we have

compared the QiwiB results against an independent implementation of MCTDHB

[84], which produced identical results at the reported accuracy. The simulations of

the quench dynamics are performed in two steps: (1) relaxation to the ground state

of the harmonic trap and (2) time propagation after turning off the trap.

4.7 Simulating quench dynamics

As an example of how we can use the dynamics of the COM as a convergence test,

we consider the quantum time evolution of a bright soliton state following Ref. [75].

The initial state is prepared as a simple product state (M = 1) of N = 1000 bosons

with φ1(x, 0) ∝ sech(x/�), where � is a unit length scale, and the time evolution

is simulated with MCTDHB in the absence of a trap [i.e. ω = 0 in Eq. (4.1)] and

with gm�/�2 = −0.008. The time evolution diagrams of the single-particle density

with M = 1 and M = 2 shown in panels (a) and (b) of Fig. 4.1 are consistent with

the previously published results (see Fig. 1 case III in Ref. [75]). The COM variance

shown in Fig. 4.1(d) deviates strongly from the exact time evolution and demonstrates

that the MCTDHB results are unconverged.

Streltsov et al. [75] used the simulation result of Fig. 4.1(b) as evidence for the

dynamical formation of two-hump fragmented states. They argued that the simula-

tion corresponds to an interaction quench where the initial state, which is a Gross-

Pitaevskii-level approximation to a bright matter wave soliton, is suddenly subjected

to increased interactions. While a splitting into two equal-sized fragments or solitons

is energetically not possible in the Gross-Pitaevskii equation (M = 1), a fragmented

Fock state of the form |N/2, N/2〉 with overlapping two-hump functions φ1/2 is en-

ergetically allowed and can be described within the expansion (4.2) with M = 2
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modes [75]. This argument is consistent with the splitting of the single-particle den-

sity into two rapidly parting fragments seen in Fig. 4.1(b), but the exact time evolution

of the COM variance is not. The outward motion of the fragments starting shortly

after t = 6m�2/� goes in hand with a rapid increase of the COM variance as seen by

the thin (red) line in 4.1(d), growing to almost two orders of magnitude larger than

the exact dynamics of σ2
R at t = 10m�2/�. This leads us to the conclusion that dy-

namical fragmentation cannot happen in just the way that was described in Ref. [75],

but it leaves open the question whether other dynamical processes might favour the

formation of “fragmentons”. The results of our M = 3 simulation [Fig. 4.1(c), (d)],

which was not done in [75], shows significant changes compared to the M = 2 case

and further demonstrates that two modes are not sufficient to describe the exact

quantum dynamics. Careful examination of the early-time dynamics of the COM

variance in Fig. 4.1(d) reveals an interesting observation: MCTDHB consistently (for

M = 1, 2, 3) predicts an initial decrease of the COM variance while the exact σ2
R

increases monotonically. This illustrates the artificial coupling of the COM with the

contracting relative coordinates in MCTDHB. However, importantly, the graphs for

M = 2 and 3 are on top of each other until t ≈ 1m�2/�. Without the knowledge of

the exact COM dynamics, judging from the observed succession of MCTDHB results

under the assumption that the expansion (4.2) is convergent, one would come to the

erroneous conclusion that the observed contraction of the COM variance at early

times was a reliable and converged result. The obvious discrepancy with the exact

result implies that a conventional convergence check based on observing the absence

of change while increasing the mode number M fails in this example. Many more

modes would be required to converge the expansion (4.2), which is unfeasible. For

this reason it is particularly important to be able to solve the COM dynamics exactly

in order to detect these artefacts of the simulation.

In order to better understand the convergence properties of MCTDHB for at-

tractive bosons we consider a closely related, exactly solvable, and experimentally

realisable scenario where two bosons are initially prepared in the ground state of a
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Figure 4.1: (Color online) Time evolution of N = 1000 attractive bosons prepared in
a product initial state corresponding to a mean-field soliton following Streltsov et al.
[PRL 100, 130401 (2008)]. (a) – (c) The time evolution of the single-particle density
〈ψ̂†(x)ψ̂(x)〉 from MCTDHB simulations for different mode numbers. The M = 2
simulation (b) was used [PRL 100, 130401 (2008)] as evidence for the dynamical
formation of two-humped fragented quantum states called “fragmentons”. (d) The
time evolution of the COM variance is compared to the exact result (thick line) from
a g = 0 simulation.
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harmonic trap with frequency ω0 and released from the trap at t = 0. Simulating the

dynamics with up to M = 10 modes provides a wealth of internal information that
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Figure 4.2: Time evolution of N = 2 particles after sudden release from a har-
monic trap; gmλ0/�

2 = −3.16. (a) Center-of-mass variance exact time evolution
σ2
R = λ20(2N)−1[1 + (�t/mλ20)

2] (full line) and MCTDHB simulation with M = 10
modes (broken line) showing unphysical breathing oscillations. Left inset: COM
wave function before (t = 0, broken line) and after trap release (tω0 = 2, full line).
(b) Eigenvalues of the single-particle density matrix for the MCTDHB simulation.
Right inset: Semi-logarithmic scale showing that the lowest occupancy is below the
threshold value 10−3 for all times.

can be used to assess the convergence properties of MCTDHB. Figure 4.2 shows the

results of an unconverged MCTDHB simulation with M = 10 modes.

4.8 Natural occupancy criterion

The relevance of mode functions in the MCTDHB expansion is assessed by examin-

ing the eigenvalues nNO
k of the single-particle density matrix, also known as natural

occupancies, from 〈ψ̂†(x)ψ̂(y)〉 =
∑M

k=1 n
NO
k ϕ∗k(x)ϕk(y), where

∑
k n

NO
k = N and

eigenvalues are ordered by size nNO
1 ≥ · · · ≥ nNO

M ≥ 0. A rapidly decreasing se-

quence of eigenvalues in the exact single-particle density matrix is expected to signal
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convergence of the multi-mode expansion (4.2) [59]. Since exact results are usually

not available, instead it has become popular to draw conclusions from the natural

populations obtained from the variational MCTDHB simulation. A commonly used

criterion assumes that the simulation is converged if the smallest relative population

lies below a threshold value 1 and recently nNO
M /N < 10−3 has been used for ultra-cold

atom experiments [48, 78, 85, 86] (10−2 in Ref. [87]). Recently, an alternative conver-

gence check has been proposed where the truncation error during time-evolution is

estimated directly, but the scheme has not been implemented yet [88].

The results shown in Fig. 4.2 provide an example where the threshold criterion

fails, while comparison of the COM dynamics with exact results clearly shows that the

simulation is not converged. Beyond the possibility that simply a smaller threshold

value may need to be set, we argue that the logic behind the threshold criterion is

flawed because it ignores the possibility that (a) a large number of natural orbitals

with very small occupancies can still have an important sum contribution to the

density matrix, (b) the natural occupancy of the M -th mode may be underestimated

by the variational approach, and (c) the nonlinear evolution equations of MCTDHB

may amplify small inaccuracies in the fractional occupancies into large deviations

of observables at later times. While good-natured examples were reported in the

literature [89,90] where these problems do not arise, all three possibilities play a role

in the breakdown of the criterion for attractive bosons. Specifically, the variational

MCTDHB calculation of the trapped ground state (initial state in Fig. 4.2) yields a

smallest natural occupancy of nNO
10 /N = 1.2×10−4 (M = 10) compared to the almost

four times larger exact value of nNO
10 /N = 4.5× 10−4 (exact), supporting concern (b).

It validates point (a) that the cumulative contribution of natural orbitals beyond the

10 highest occupied, 1−N−1 ∑10
i=1 n

NO
i = 1.4×10−3 (exact), is an order of magnitude

larger than the MCTDHB value for the 10th natural occupancy, confirming that the

latter is a poor estimate for the former. Even though these numbers are several

orders of magnitudes smaller than unity and a reasonably faithful representation of

1In fact, near zero eigenvalues are not desirable and may create numerical instabilities, since the
MCTDHB algorithm relies on inverting the single-particle density matrix [43, 60]
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the true quantum state might be expected, a 23% deviation of the COM variance

from the exact value indicates a poorly converged result instead. Finally re-running

the MCTDHB simulation with a slightly modified initial state (optimised to M = 9

modes) we indeed find a sensitive dependence on initial conditions as anticipated

in point (c) where a change in the breathing frequency and amplitude will lead to

completely different values of σ2
R after a few periods.
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Figure 4.3: Ground state properties of harmonically trapped attractive bosons in one
dimension for N = 2 particles as a function of the length-scale ratio σR/σsol. The
top panel shows the COM variance σ2

R and the variance of the single-particle density
σ2
n from exact and simulated MCTDHB results. For comparison also the soliton

variance σ2
sol is shown. This relative motion length scale is clearly seen to influence

the variational M = 3 result in the limit of weak trapping potential.
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Figure 4.4: Same as Fig. 4.3 with N = 100 bosons. The shaded region depicts the
known limits for σ2

n: σ
2
R ≤ σ2

n � σ2
R + σ2

sol.

4.9 Role of the particle number

It is instructive to consider the convergence properties of MCTDHB in dependence of

the available parameters. In contrast to the repulsive Bose gas, which has a dimen-

sionless interaction parameter [91], the interaction strength scales out for untrapped

attractive bosons and the only remaining dimensionless parameter is the particle

number N [73]. A second dimensionless parameter is available in a harmonic trap by

comparing relevant length scales. The ratio σR/σsol allows for a meaningful compari-

son of results between varying particle number and is thus used for comparing ground

state calculations of attractive bosons in Figs. 4.3 and 4.4. Here, σ2
R = λ20/(2N) is the

ground state COM variance in the harmonic trap and σ2
sol = �

4π2/[3g2m2(N − 1)2]

is the variance of the soliton particle density ∝ sech2(πx/[2
√
3σsol]) obtained for the
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untrapped ground state with M = 1 [72], a characteristic length scale determined by

particle interactions.

The MCTDHB results for the variance of the single-particle density σ2
n and COM

variance σ2
R of Figs. 4.3 and 4.4 show good agreement with exact results only for

σR/σsol � 1, which is a weakly-interacting or strong-trap limit where the harmonic

potential dominates all length scales of the quantum state. As soon as the interact-

ing length scale σsol becomes comparable to or smaller than the COM length scale,

significant deviations from exact results occur for the numerically obtained σ2
n and

σ2
R. In the weak-trap regime σR � σsol, the deviation can become arbitrarily large.

So could the failure of the MCTDHB approximation be detected by internal crite-

ria, i.e. without comparing to exact results? This appears possible for N = 2 particles,

where the threshold of 10−3 for the lowest occupancy would signal un-converged re-

sults for σR/σsol � 0.2. Inspecting the sequence of numerical results with increasing

M further indicates that convergence is very slow (see Fig. 4.7). The situation is

far worse with N = 100 particles, where increasing M further may not be an op-

tion due to limited computational resources 2. Analysis of the natural occupancies

provides the consistent picture of an almost pure Bose-Einstein condensate, with the

least occupancy well below the threshold. Further, the main observable σ2
n displays

little variation between M = 1 and M = 3 on the scale of Fig. 4.4 and clearly shows

the same trend as function of σR/σsol. We are thus led to the conclusion that the

detection of spurious results from MCTDHB is much more difficult and may even be

impossible without exact results to compare with, for particle numbers of the order

of 100 or larger.

2Indeed, the number of terms in the expansion (4.2) is given by the binomial coefficient
(
N+M−1

N

)
,

which changes scaling from ∼ N for M = 2 to ∼ cN for M ≈ N , where c depends weakly on N with
2 ≤ c ≤ 2e.
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4.10 MCTDHB simulations with N = 2 particles

Previously, we have demonstrated the ambiguity of the studying the eigenvalues of

the single-particle density matrix, the natural occupancies, for a specific MCTDHB

simulation. For N = 2 particles we are able to vary the number of modes M over a

good range, which permits a conventional study of convergence with respect to mode

number. It is further possible to analyse the shape of the two-particle wave function

in the MCTDHB approximation, which sheds some light on the unphysical coupling

of relative and COM motion in the truncated multi-mode expansion.

4.10.1 Convergence of MCTDHB results with increasing M

We test the convergence by checking whether relevant quantities, e.g. the variational

ground-state energy, remain unchanged as the number of modes M is increased. The

results in Table 4.1 are still varying at the level of several percent between M = 8

and M = 10 and thus indicate, correctly, that the MCTDHB expansion converges

very slowly and is not yet fully converged with 10 modes. While this way of testing

convergence is reliable and has produced the correct answer, varying M from one to

ten modes is a luxury that can only be afforded for small particle numbers N . In

simulations with hundreds to thousands of particles (e.g. [75,77,92]), the options for

choosing M are severely limited due to the unfavorable scaling of numerical effort

when both N and M are large.

We have also considered how the dependence of the COM variance of the trapped

ground state on the interaction strength g changes for different numbers of modes

M . For brevity, we introduce the dimensionless interaction parameter where g̃ =

gmλ0/�
2. For N = 2, this coupling constant is related to the ratio between relevant

length scales via g̃ = −0.55 σR/σsol, where the prefactor changes with N . Figure 4.5

compares the COM variance from MCTDHB calculations with the exact result σ2
R =

λ20/4 from Eq. (2) of the main text. It is apparent that the MCTDHB results deviate

severely from the exact values for strongly attractive interaction, and that convergence
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g̃ = −3.1623 g̃ = −2

M E/�ω0 nNO
0 /N nNO

1 /N E/�ω0 nNO
0 /N nNO

1 /N

1 -0.5787 1 0 -0.0915 1 0

3 -1.1451 0.9342 0.0536 -0.1356 0.9613 0.0316

5 -1.3817 0.9062 0.0701 -0.2244 0.9483 0.0392

8 -1.5546 0.8846 0.0825 -0.2788 0.9387 0.0451

10 -1.6213 0.8761 0.0872 -0.3005 0.9355 0.0470

Exact -1.9527 0.8251 0.1142 -0.3993 0.9202 0.0563

Table 4.1: Ground state energy E and the two largest natural occupancies from
MCTDHB calculations of N = 2 trapped bosons.

of the MCTDHB expansion with increasing the number of modes M is exceedingly

slow.

In Fig. 4.6, we present the dependence of the natural occupancy on the interac-

tion parameter. A couple of remarks pointing to the ambiguity of this convergence

indicator are in order. First, by looking at the results for M = 10 and g̃ = −10 one

is tempted to conclude that MCTDHB has already converged since three orbitals are

below 0.1%. But, we know from Fig. 4.5 that for the same interaction strength the

MCTDHB COM variance is still far from the exact value. Second, it can be seen that

all the natural occupancies, except for the highest one, are shifted up as the number

of single-particle modes M is increased. This further exemplifies the failure of the

convergence requirement based on the lowest occupancy. For example, the 5th lowest

natural occupancy at g̃ = −2 is below 0.1% for M = 5, while this is not true for

M = 10, where the 5th single-particle mode is now above the cut-off value.

Lastly, we look at the rate of convergence for observables, in particular the ground

state energy and the single-particle density variance, as depicted in Fig. 4.7. We
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Figure 4.5: COM variance for the trapped ground state for N = 2 as a function of
the length-scale ratio σR/σsol from MCTDHB simulations for different values of M
(symbols). The solid horizontal line denotes the exact ground-state COM variance
σ2
R = λ20/4. For comparison, the dash-dotted line shows the exact relative-coordinate

variance σ2
BS of the two-particle bound state.

find that the MCTDHB results approach the exact values with a slow power law

as a function of the number of single-particle modes M , i.e. |Oexact − OM | ∼ M ν .

The empirical exponent ν lies between −1 and −1
2
, which indicates slightly faster

convergence than the −1
2
leading exponent of the full-CI expansion of two 1D bosons

with point interaction in a fixed harmonic oscillator basis [93]. We note that this

power-law behavior only sets in for mode numbers larger than M = 6 in this case

and the convergence rate is significantly slower for smaller M . This may be because

the variational optimisation of the modes is particularly effective for small M . It also

means, however, that in the pre-power-law regime of M < 6 increasing the number of

modes brings even less effect than the empirical power law would suggest that governs

larger regimes of M . Unfortunately, for particle numbers in the hundreds or larger,
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Figure 4.6: Natural occupancies nNO
k for the MCTDHB calculations of Fig. 4.5 for

(a) M = 5 and (b) M = 10. The dashed horizontal line denotes the convergence
criterion of 0.1% = 10−3 (N = 2).

the scaling of computational resources practically limits the application of MCTDHB

exactly to the small M regime.

4.10.2 Delocalization of COM: Unphysical coupling of COM

and relative motion

In order to understand how MCTDHB deals with the competing length scales and

why it violates the separation of COM and relative motion, it is instructive to plot

the two-particle density, as shown in Fig. 4.8 for N = 2. In these plots, the diagonal

(x = y) represents the COM coordinate R and the antidiagonal (x = −y) the relative
motion coordinate r. While the left hand panels relate to the ground state of g̃ = −1,
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ferent M . The exponent of the power law fit, ν, is also shown. (Inset) Log-log plot
of the absolute difference between the exact and MCTDHB results.

the right hand panels relate to a later time tω0 = 30 after trap release. Here the

COM wave function has expanded significantly according to Eq. (4.31), whereas the

relative-motion bound state is hardly changed. The upper two panels show the exact

result and panel Fig. 4.8(b) clearly demonstrates the diverging length scales. Note

the changing spatial scale between panels Figs. 4.8(a) and 4.8(b).

The middle panels Figs. 4.8(c) and 4.8(d) present the M = 1 (Gross-Pitaevskii)

result. At this level, the COM and relative motion length scales are identical because

the product form of the state with a single mode function |Ψ(x, y)|2 = |φ(x)|2|φ(y)|2
together with the inversion symmetry of the problem forces a four-fold symmetry and

leaves no option to distinguish the two diagonal directions. For long times, the wave



61

function expands in both directions and the COM and relative motion length scales

are identical.

The lower panels Figs. 4.8(e) and 4.8(f) report an MCTDHB simulation with

M = 5 modes. The trapped ground state in Fig. 4.8(e) is approximated better than

withM = 1, although some more detailed features are missing. The long-time profile

in Fig. 4.8(f) shows five separated peaks with each one exhibiting a four-fold symmetry

and resembling the M = 1 result, albeit on a different scale. As the MCTDHB

expansion is a sum over symmetrized product states, different numbers of modes M

will produce up toM peaks with diagonal – off diagonal symmetry. Thus for givenM ,

the COM and relative motion are strongly coupled and expansion dynamics, where

the COM length scale grows over time, will not be captured correctly. Furthermore,

this discretised behavior due to finiteM leads to an impractical number ofM needed

to correctly model the limit of a delocalised COM but localised relative motion.

Figure 4.8: Two-particle density ρ(2)(x, y) = 2|Ψ(x, y)|2 for N = 2 with g̃ = −1 at
different times: Left [(a),(c),(e)] tω0 = 0 and right [(b),(d),(f)] tω0 = 30. Comparison
between [(a),(b)] exact, [(c),(d)] Gross-Pitaevskii (M = 1), and [(e),(f)] M = 5.
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4.11 Discussion and Conclusions

Why is MCTDHB unable to capture the physics of the weak trap regime while the

Hartree approximation (M = 1) is known to reproduce the exact, untrapped ground

state energy to leading order for large N [74], and previous work has found MCTDHB

to converge nicely at large N [90]? The Hartree approximation fails to describe

the delocalisation of the COM in the untrapped limit [72] because the variational

principle, conditioned to minimise the total energy, finds the best compromise in

localising the single available mode function φ1(x). When a finite number M > 1 is

used in the multi-mode expansion, it is still energetically advantageous to localise the

mode functions. Indeed, an infinite number of mode functions is needed to represent

a state with delocalised COM but bound relative motion (see Fig. 4.7).

In conclusion, we have demonstrated how easily obtainable, accurate results for

the COM variance were useful in detecting unconverged results and in demonstrating

the failure of several popular internal convergence checks of MCTDHB. The possible

dynamical creation of “fragmentons” is re-opened for discussion as numerical evidence

in Ref. [75] turned out spurious. Our findings call for a systematic re-evaluation of the

available convergence criteria for numerical quantum dynamics and what is required

to claim “numerically exact” results [45, 78, 87, 94, 95]. The comparison of COM

dynamics with independent, exact results may be useful for other numerical methods

of quantum dynamics and is available in any spatial dimensions and for any particle

statistics as long as external potentials are at most harmonic.



Chapter 5

Interaction blockade for bosons in

an asymmetric double well

5.1 Introduction

The high controllability of ultracold atoms provide a natural testbed for observ-

ing both novel and well-established quantum many-body phenomena [6]. Exquisite

control in the level of single neutral atoms has been demonstrated in experiments

such as single-atom trapping [12], laser cooling to the quantum mechanical ground

state [96, 97], and demonstration of the Hong-Ou-Mandel effect [98]. These techno-

logical developments in the manipulation of low-entropy quantum states have paved

the way for unique opportunities to observe the emergence of many-body effects as

the number of atoms is gradually increased [13,14].

The strength of the interaction between particles often dictates the nonequilibrium

properties as a consequence of its effect on the available quantum states in a many-

body system. Such an example for electrons in quantum dots is the Coulomb blockade

phenomenon wherein an applied gate voltage enables exactly one electron to tunnel

into the dot [99–102]. For neutral atoms, a similar phenomenon can be seen in

the so-called Rydberg blockade where only a single atom out of many is excited

within a blockade radius due to strong dipole-dipole interaction between atoms in
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Rydberg states [103–107]. When a similar blockade phenomenon is achieved by short-

range interactions between neutral atoms, e.g. for tunneling dynamics in a double-well

potential, it is known as interaction blockade [108–115]. It is a direct analog of the

Coulomb blockade in electronic transport, except that the blockade is mediated by

the van-der-Waals interactions between neutral atoms instead of the Coulomb force.

A particular example is a double-well potential with a small number of strongly-

interacting atoms. Tilting the double-well can offset intra-well interactions and gives

rise to discrete plateaus in the population of a well corresponding to integer particle

numbers [114]. The plateaus originate in the finite energy cost for adding a particle

to a well and the need to satisfy a resonance condition to allow particles to coherently

move between the wells. When the resonance condition is met, coherent oscillations

of a single particle between the wells are possible, and the oscillation frequency is

proportional to the splitting of energy eigenstates at an avoided level crossing.

An interesting question concerns the frequency of coherent oscillations in the

blockade regime where only a single particle is allowed to tunnel due to the pres-

ence of strong interactions. Simple quantum mechanical arguments imply that the

oscillation frequency scales with the square root of the number of particles present if

the particles are bosons. Such a bosonic enhancement factor of
√
N was observed in

Rydberg blockade experiments when N excitable atoms were present by measuring

the Rabi frequency [104–107]. In interaction blockade experiments with double-well

potentials, however, the bosonic enhancement factor has not been observed directly

so far. Instead, a different particle-number dependence of the oscillation frequency

was observed [115]. The reason is attributed to the fact that the shape of the double-

well potential, in particular the effective tunneling barrier, changes when adjust-

ing the tilt to compensate for the interaction energy brought by different particle

numbers [115, 116]. The motivation for the current work is to propose an improved

experimental design that can overcome these limitations and allow for the bosonic

enhancement factor to be measured directly from the frequency of coherent oscilla-

tions.
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In this work, we study few-body dynamics in an asymmetric double well. We

demonstrate by means of numerical simulations the feasibility of observing the ex-

pected
√
N scaling behavior of the oscillation frequencies, or equivalently the energy

splittings, in the interaction blockade limit. Specifically, we propose to use an asym-

metric double well configuration formed by superimposing multiple optical tweezer

potentials. We then simulate the full quantum system for up to N = 3 bosons in the

three-dimensional trapping geometry using the multiconfigurational time-dependent

Hartree method for bosons (MCTDHB) [43], obtaining good agreement with a re-

duced description in terms of an effective Bose-Hubbard dimer model. The paper

is organized as follows: Section 5.2 contains a brief introduction of the interaction

blockade phenomenon as understood from the Bose-Hubbard model and an analyti-

cal prediction from this dimer model for deviations from the expected
√
N behavior

due to finite interaction strengths; Section 5.4.1 describes important considerations

in constructing the three-dimensional optical tweezer potentials used in our study;

Section 5.4.3 presents the main numerical results on the avoided level crossings for

N = 2 and N = 3 together with the nature of the relevant resonance states and how

the energy splittings compare with the bosonic enhancement factor predicted in the

interaction blockade regime. This section also contains fidelity calculations and time-

dependent results for N = 2 aimed at validating our suggested protocol; Section 5.5

gives a short summary of our findings, technical details for possible experiments, and

an outlook. We have also included an appendix for a short description of the MCT-

DHB method and a discussion of implemented convergence checks for the numerical

approach as well as the determination of effective interaction parameters.

5.2 Bose-Hubbard model

The phenomenon of interaction blockade in ultracold gases was first observed ex-

perimentally in an array of double wells [114]. The simplest theoretical description

is obtained in a tight-binding model, which leads to a two-mode Bose-Hubbard (or
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Figure 5.1: Level structure within the Bose-Hubbard model for (left) N = 1 and
(right) N = 2. Rapid quench to the position of the anti-crossing will induce coherent
oscillations with a frequency proportional to the inverse of the energy splitting. The
parameters are: UL/J = 7, UR/J = 4.

Lipkin-Meshkov-Glick model [30]) type Hamiltonian [114] given by

Ĥ = −
∑
��=�′

Jb̂†� b̂�′ +
∑
�

U�

2
n̂�(n̂� − 1) +

∑
�

ε�n̂�, (5.1)

where b̂†� and b̂� are bosonic creation and annihilation operators with � ∈ {L,R}
denominating the left and right well, respectively, and n̂� is the number operator

on site �. The tunneling between the two wells is characterized by J , the on-site

interaction coupling is U�, and the on-site single-particle energy is ε�.

For a fixed value of U�/J , avoided level crossings can be found between different

eigenstates of the system when the double well is tilted, which corresponds to a

relative shift of the on-site single-particle energies δ ≡ εL − εR. Examples for N = 1

and N = 2 are shown in Fig. 5.1. Away from the avoided crossings, the levels simply

correspond to integer occupation numbers in each well. Rapidly ramping the shift δ

into the middle of any one of the avoided crossings marked by circles in Fig. 5.1 will

initiate coherent oscillations that correspond to a single particle tunneling between

the two wells.

As we will see in detail below, an interesting effect in the interaction blockade
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regime is that the scaling of the multiparticle energy splitting is given by the bosonic

enhancement factor:

ΔE =
√
N2J, (5.2)

where ΔE ≡ E2−E1 is the energy difference between the the first-excited and ground-

state energies for N bosons. Note however that Eq. (5.2) is only formally true in the

limit of infinite interaction strength on one of the sites U�/J →∞. In order to show

this, we express the Hamiltonian matrix using Fock states |N−n, n〉, where n ∈ [0, N ]

is the number of bosons in the right well and N − n is the remaining bosons on the

left well. The basis states are arranged in order of increasing number of bosons in

the right well, i.e., |N − n, n〉 ∈ {|N, 0〉, |N − 1, 1〉, . . . , |0, N〉}. The full Hamiltonian

matrix corresponding to Eq. (5.1) reads

H =

⎛⎝ A B

B† Hres,N

⎞⎠ (5.3)

where

A =

⎛⎜⎜⎜⎜⎜⎝
ULN(N−1)

2
+ Nδ

2
−J√N · · · 0

−J√N . . . · · · ...
...

...
. . .

...

0 · · · · · · UL + UR(N−2)(N−3)
2

+ (2− N
2
)δ

⎞⎟⎟⎟⎟⎟⎠ (5.4)

B =

⎛⎜⎜⎜⎜⎜⎝
0 0
...

...
...

...

−J√2(N − 1) 0

⎞⎟⎟⎟⎟⎟⎠ (5.5)

Hres,N =

(
UR(N−1)(N−2)

2
− (N−2)δ

2
−J√N

−J√N URN(N−1)
2

− Nδ
2

)
(5.6)

Focussing on the lower right corner of the matrix in Eq. (5.3), it becomes apparent that

the diagonal elements become degenerate when δ = UR(N − 1). Under this condition

the energy of a state with a single boson in the left well matches or becomes resonant
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with the energy of the interacting bosons all being in the right well. If, additionally

UL/J → ∞, the rest of the matrix decouples and, after subtracting the degenerate

energy value of the diagonal elements, the low-energy Hamiltonian reduces to the

2× 2 matrix

Hres,N =

(
0 −J√N

−J√N 0

)
, (5.7)

which has eigenvalues reproducing the energy difference of Eq. (5.2).

The eigenstates of the resonant Hamiltonian (5.7) correspond to the ground and

first-excited states of the system. They are symmetric and asymmetric superposition

of the Fock states |0, N〉 and |1, N−1〉, respectively. This means that if an initial state

|Ψ(t = 0)〉 is either |0, N〉 or |1, N −1〉, the dynamical behavior is expected to exhibit

coherent oscillations between these two states. For example if |Ψ(t = 0)〉 = |0, N〉,
the time evolution of the many-body wave function follows from

|Ψ(t)〉 = e−iHt/�|Ψ(t = 0)〉 (5.8)

= cos(
√
NJt/�)|0, N〉 − isin(

√
NJt/�)|1, N − 1〉.

The state in Eq. (5.8) physically represents the tunneling of a single boson between

the two wells.

It should be noted that the conditions of resonance δ = UR(N − 1), and large

interactions UL/J → ∞, are difficult to satisfy in symmetric double-wells where

UR = UL because the large required tilt δ would necessarily lead to a distortion of the

potential. It is therefore sensible to consider an asymmetric double-well potential, as

will be done in the following section.

If the conditions for the reduction to the 2× 2 matrix (5.7) are not strictly met,

avoided level crossings can still be found at appropriate values of the tilt δ where

coherent oscillations are possible with a frequency given by ΔE/2�. Experimental

realisations with finite on-site interaction energy U�, e.g., were reported in Refs. [114,

115]. It turns out that the blockade criteria can be “softened” by using finite but

sufficiently strong interaction strengths UL/J � 1, which leads to an enhancement

factor very close to ∼ √N as shown in Fig. 5.2.
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Figure 5.2: Energy splittings at tunneling resonances involving single boson tunneling
for N = 2 (left) and N = 3 (right). Markers correspond to numerical results from
exact diagonalization of the full Hamiltonian. Solid lines correspond to the expected√
N scaling in the interaction blockade limit. Broken lines denote the result of first-

order perturbation in Eq. (5.15). Other parameter: UR = 4UL/7.

The deviation of the energy splittings ΔE/2J from from the
√
N behavior due to

finite UL/J can be understood using perturbation theory as follows. The Hamiltonian

matrix in Eq. (5.3) can be partitioned according to the vertical and horizontal lines

and the energy eigenvalues E and eigenstates can be found by solving:

H

(
x

y

)
≡

⎛⎝ A B

B† Hres,N

⎞⎠(
x

y

)
= E

(
x

y

)
, (5.9)

which in terms of y reduces to:

Ey =
[
Hres,N +B†(E − A)−1B

]
y. (5.10)

The second term on the right hand side of Eq. (5.10) can be treated as a perturbative

correction to Hres,N . Since UL is large, we can further approximate that the leading

order contribution of (E−A)−1 will come from the lowest eigenvalue of A, which can

be approximated by Amm = UL + UR. Moreover, we approximate the eigenvalue E

on the right hand side of Eq. (5.10) as the eigenvalues of Hres,N which are E(0) =
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{−J√N, J√N}. This turns the problem into solving the eigenvalue problem

Ey =

(
J22(N−1)
E(0)−A −J√N
−J√N 0

)
. (5.11)

This can be easily solved by hand and the eigenvalues are

E

J
=

(N − 1)(
E(0)

J
− A

J

) ±√√√√N +
(N − 1)2(
E(0)

J
− A

J

)2 . (5.12)

After substituting the appropriate E(0), the energies are

E±
J

=
(N − 1)(
±√N − A

J

) ±√√√√N +
(N − 1)2(
±√N − A

J

)2 . (5.13)

Then, the energy splitting between the ground- and first-excited states ΔE = E+−E−
is

ΔE

2J
=

(N − 1)
√
N

N − A2/J2
+
1

2

⎡⎢⎣√√√√N +
(N − 1)2(√
N − A/J

)2 +

√√√√N +
(N − 1)2(√
N + A/J

)2

⎤⎥⎦ . (5.14)
This expression can be further simplified by binomial expansion of the two terms

inside the square brackets and retaining the two lowest order terms. Finally, the

energy splitting according to a first-order approximation for finite U�/J reads

ΔE/2J ≈
√
N

[
1− 1

2

(
N2 − 1

N2

)
η2 +O(η4)

]
, (5.15)

where the small parameter in the above series expansion is given by

η ≡
√
NJ

(UL + UR)
, (5.16)

which is obviously small for large interaction coupling strength UL that we consider

here. Note that η → 0 in the limit UL/J → ∞ such that we recover the expected

bosonic enhancement factor
√
N as per Eq. (5.2). Good agreement between the

prediction of Eq. (5.15) and the numerical result from exact diagonalization is seen

in Fig. 5.2
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The bosonic enhancement factor can be verified in experiments from measurements

of the period of coherent oscillations between states representing the tunneling of a

single particle between the wells [115]. For the simplest case of N = 1, a boson

will undergo coherent oscillations according to 〈n̂L(t)〉 = cos2(Jt/�), such that the

single-particle tunneling period is just tN=1
Tun = h/(2J).

For interacting bosons with finite but large UL/J , observing coherent oscilla-

tions between |0, N〉 and |1, N − 1〉 is still possible in the presence of appropriate

avoided level crossings. To see this, consider the Hamiltonian H with eigenvalues

{Ek} and eigenstates {|k〉} wherein |1〉 (|2〉) denotes the ground (first-excited) state

with E1 (E2) ground-state (first-excited state) energy. We can write the time evolu-

tion of an initial many-body state |Ψ(0)〉 = |n0〉 as

|Ψ(t)〉 = e−iHt/�|n0〉 (5.17)

= eiΔEt/(2�)C1
n0
|1〉+ e−iΔEt/(2�)C2

n0
|2〉

+
∑

k′ /∈{1,2}
e−iEk′ t/�e−iξt/�Ck′

n0
|k′〉,

where Ck
n0

= 〈k|n0〉 and we shift the many-body energies by ξ = −(E2+E1)/2 in order

to have E2+ξ = ΔE/2 and E1+ξ = −ΔE/2. Let us now consider an initial localized

state, say for example |n0〉 = |0, N〉, which has a large overlap with the symmetric

superposition of the two lowest eigenstates |0, N〉 ≈ (|1〉 + |2〉)/√2. In addition, the

corresponding antisymmetric superposition is |1, N − 1〉 ≈ (|1〉 − |2〉)/√2. These

would mean that the overlaps are small {|Ck′
n0
|} � 1 between the initial state and the

remaining eigenstates k′ /∈ {1, 2}. In this case, the rest of the terms in the last line

of Eq. (5.17) has negligible contribution and thus, the wave function will evolve as

|Ψ(t)〉 ≈ cos

(
ΔEt

2�

)
|0, N〉 − isin

(
ΔEt

2�

)
|1, N − 1〉. (5.18)

Notice how this expression resembles Eq. (5.8) but with a subtle yet important dis-

tinction that in Eq. (5.18), we are not approximating the Hamiltonian with the 2× 2

matrix Eq. (5.7). But instead, we have to obtain the many-body energy splitting
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ΔE = E2 − E1 from the full Hamiltonian H. From Eq. (5.18), we find that the

tunneling period can be approximated by tNTun = h/(ΔE).

One of the key aspects not captured by the simple Bose-Hubbard theory is that the

tunneling parameter J may change when particle number is changed due to the need

to adjust the tilt δ to locate the resonances. The effect becomes particularly severe in

symmetric double well systems obtained in optical lattices, where UL ≈ UR � J as in

Refs. [114,115]. The inadvertent change of J was considered the reason for observing

a faster oscillation frequency than the expected
√
2 enhancement for doubly occupied

sites in Ref. [115].

5.3 Effective Bose-Hubbard parameters

In this section, we briefly discuss the recipe for calculating the effective Bose-Hubbard

parameters according to Ref. [28]. The first step is to obtain a set of M̃ single-

particle eigenfunctions {ψ1, ψ2, . . . , ψM̃} for a specific realization of the 3D potential.

Specifically for our simulations, we are using the sinc-DVR basis [28] with the same

grid size and box size as described in Section 5.4.2. We seek linear combinations of

these states to write the localized or “Wannier” function as

φ�(r) ≡ φ(c, r) =
M̃∑
i=1

c�iψi(r), (5.19)

where c · c = 1. Following the prescription for construction of localized Wannier

functions in [28], we calculate the localization functional

L(ψi, ψj) =

∫
dy dz

∫ xcut

−∞
dxψ∗i (r)ψj(r), (5.20)

where xcut defines the left well say the position of the local maxima at x = 0. Both

c and the set of single-particle states must satify the condition

max L[φ(c, r), φ(c, r)]. (5.21)

Alternatively, this condition can be written as

max c · L · c, (5.22)
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where we define the localization matrix as

Lij = L[ψi(r), ψj(r)]. (5.23)

Thus, the vector {c�i} in Eq. (5.19), which maximizes the localization in the �-site, is

one of the M̃ eigenvectors of the localization matrix. In this work, we truncate this

expansion and use only the two lowest single-particle eigenstates, i.e., M̃ = 2. For

a symmetric double-well potential, we recover for the c vectors the symmetric and

anti-symmetric superposition of the two lowest-lying single-particle energy states,

(1, 1)T/
√
2 and (1,−1)T/√2, respectively. This procedure allows us to construct the

two localized Wannier functions φ� for arbitrary choice of potentials. We can then

obtain the effective Bose-Hubbard parameters using the two lowest single-particle

modes. The tunneling term is obtained from

J =

∫
drφ∗�(r)

[−�2
2m

∇2 + V (r)

]
φ�′(r), (5.24)

where � �= �′. The on-site energies are given by

ε� =

∫
drφ∗�(r)

[−�2
2m

∇2 + V (r)

]
φ�(r). (5.25)

The on-site interactions are given by

U� =
4π�2as
m

∫
dr|φ�(r)|4. (5.26)

where as is the s-wave scattering length and for our simulations we use as = 5.45 nm.

5.4 Interaction blockade in asymmetric double well

We now show that one can use an asymmetric double well to observe the
√
N bosonic

enhancement factor according to Eq. (5.2). Specifically, we propose to disentangle the

single-particle coupling parameter J from the tilt δ by using an asymmetric double

well potential formed from the optical dipole potential of three laser beams (optical

tweezers) far red-detuned off the closest atomic resonance such that they provide con-

servative attractive potentials for the atoms proportional to the local light intensity.
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Two closely spaced laser beams will combine to form a wide (right) well while the

other laser beam will serve as a narrow (left) well separated by a small barrier. An

example of such configuration is depicted in Fig. 5.3. We further suggest to probe

the avoided level crossings by changing the intensity of the laser beam farthest (right-

most) from the effective barrier. Tuning this intensity will almost only affect the

right-most region of the potential, effectively adjusting the bias εR, while leaving the

barrier region responsible for the single-particle coupling J mostly unaffected. An-

other advantage of using an asymmetric configuration is that the effective on-site

interaction energy in the wide well will be naturally smaller than the other well, i.e.,

UR < UL. Thus, the resonance condition can be achieved with relatively little change

on the depth of the right-most potential when compared to the symmetric double

well case.

5.4.1 Optical tweezer potential

Here, we discuss one possible experimental realization of such an asymmetric double

well trap. In particular, we consider a superposition of multiple 3D optical dipole

potentials modeled by [28]

V (r) = −
P∑
i=1

Vi

1 + z2

z2R

exp

[
−2((x− xi)

2 + y2)

w2
0

(
1 + z2

z2R

) ]
(5.27)

+mgy,

where m is the mass of the bosonic atom, g is the gravitational acceleration g =

9.81 m/s2, P is the number of laser beams utilized in the trap, {Vi} ({xi}) are the

depths (positions) of each beam, w0 is the beam waist, and zR = πw2
0/λ is the

Rayleigh range, with λ being the wavelength of the laser. The double-well shape

in the 3D potential Eq. (5.27) is introduced along the x-direction. We also include

the gravitational potential along the y-direction for the sake of completeness even

though the overall effect is relatively small. In the following discussion, we have used

experimentally relevant parameters for the mass m of a 85Rb atom, the beam waist
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Figure 5.3: Asymmetric double well optical tweezer at the x − z plane. Shown
is the potential V (r) of Eq. (5.27) formed with P = 3 laser beams for param-
eter values: {Vi/h} (kHz) = {4659.775, 4137.962, 4585.886} and {xi/w0} =
{−0.658, 0.264, 1.176}.

w0 = 1.015 μm, and the laser wavelength λ = 1.064 μm. Since the background s-wave

scattering length for 85Rb is negative [117,118], the scattering length has to be tuned

via Feshbach resonance [8] and instead we use as = 5.45 nm. Although not presented

here, we have checked that the main findings of our work are robust against changing

the isotope by repeating our calculations for 87Rb.

The parameter space becomes fairly complex when we consider at three or more

optical tweezer beams in the system because of the different possible combinations of

depths {Vi} and positions {xi} of the beams. To narrow down the search for suitable

trap parameters we first consider a symmetric double well with a potential along the
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x-axis (y = z = 0) given by

V (x, 0, 0) = −V0
[
exp(

−2(x+ d)2

w2
0

) + exp(
−2(x− d)2

w2
0

)

]
, (5.28)

where here we set V1 = V2 = V0. Note that at a separation of d = w0/2 the two wells

will merge. In practice, there are two important considerations that need to be taken

care of: (i) reaching the interaction blockade regime of U � J , and (ii) the energy

splitting is large enough to be experimentally observed. For the first condition, we

choose U/J ∼ 10. For the second condition we choose a minimum energy splitting

of ΔE/h ∼ 200 Hz, which corresponds to 5 ms of oscillation period, being motivated

by experimental requirements. The effective Bose-Hubbard parameters (J, U) are

calculated following the prescriptions of Ref. [28] with further details given in Sec. 5.3.

We find that a suitable choice of V0/h = V1/h = 5 MHz satisfies both conditions. In

Fig. 5.4, we show the single-particle energy splitting ΔE and interaction energies U�

as a function of the double well separation.

The same two constraints for the symmetric configuration will also apply for the

asymmetric double well when exploring the parameter space. We impose an additional

criterion for the separation between the second and third laser beams: it must be

separated as far as possible but the single-particle functions must still be delocalized

between the combined well. In practice, the aforementioned conditions will effectively

fix the spacings {xi} and the intensities of the beams forming the wide well {Vi}.

5.4.2 MCTDHB and Convergence

The numerical simulations are performed using the MCTDHB method. Our calcula-

tions are done using the implementation in the MCTDHB-Laboratory package [84].

Here, we briefly describe the theory behind MCTDHB. We also discuss how we as-

certain the numerical convergence of the MCTDHB results.

The MCTDHB method uses a variational ansatz for the many-body wave function,
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Figure 5.4: Single-particle energy splitting ΔE for N = 1 and intra-well interaction
energy U� = UL = UR of a symmetric double with two optical tweezer beams as
a function of the beam separation d with V0/h = 5 MHz. The horizontal dashed-
dotted line represents the minimum energy splitting for experimentally observable
single-particle tunneling.

which must be properly symmetrized for bosons

|Ψ(t)〉 =
∑
n1

· · ·
∑
nM

Cn1,n2,...,nM
(t)

M∏
k=1

1√
nk!

[b̂†k(t)]
nk |vac〉, (5.29)

where φk is the set of single-particle functions φk(x, t) = 〈x|b̂†k(t)|vac〉. Using La-

grangian formulation, the functional action reads

S[{C�n(t)}, {φk(x, t)}] (5.30)

=

∫
dt

{
〈Ψ|Ĥ − i

∂

∂t
|Ψ〉

−
M∑

k,j=1

μk,j(t)[〈φk|φj〉 − δkj]

}
,
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where the Lagrange coefficients μkj ensure orthonormality of the single particle func-

tions. Variations with respect to the time-varying expansion coefficients and {φk}
yield a set of coupled equations of motion, which are numerically solved. Further

details on the derivation can be found in [43]. The main convergence parameter in

MCTDHB simulations is the number of single-particle modes M used in the expan-

sion of the many-body wave function. The importance of the single-particle functions

used to expand the MCTDHB wave function can be evaluated from the eigenvalues

nNO
k of the single-particle density matrix, sometimes called as natural occupancies,

〈ψ†(x)ψ(y)〉 = ∑M
k=1 n

NO
k φ∗k(x)φk(y). In the subsequent discussion, we have normal-

ized the trace of the density matrix to unity, i.e.,
∑

k n
NO
k = 1. Furthermore, the

excited eigenstates and eigenvalues shown in Fig. 5.8 are obtained from the time-

dependent Hamiltonian matrix calculated when performing the variational optimiza-

tion of the C�n vectors with respect to the ground-state wave function. We have

checked that the eigenenergies obtained this way are consistent with those calculated

from the variationally optimized first-excited state wave functions. This procedure

of obtaining the eigenspectrum using improved relaxation method has been recently

applied in another work based on MCTDHB simulations [53].

To exemplify how we test for numerical convergence of our results, we discuss

below a specific example for N = 2. Relaxation towards the variationally optimized

ground-state wave function is done within MCTDHB through imaginary time prop-

agation [43]. For our MCTDHB simulations, we have used a fast Fourier transform

based grid with {Nx, Ny, Nz} = {60, 30, 30} number of grid points in a box defined by

x/w0 ∈ [−0.5, 1.0], y/w0 ∈ [−0.4, 0.4], and z/w0 ∈ [−0.4, 0.4]. We have checked that

relevant properties of the low-lying energy states such as the energy splitting ΔE are

converged with respect to this discretization. Another important consideration here

is the unphysical nature of the contact (or delta) interaction for 3D systems. That

is, one can show that the scattering length evaluates to zero for dimensions greater

than one when calculated via the standard T-matrix formalism [119, 120]. A simple

workaround to this problem, which is tailor-made for numerical methods in truncated
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Hilbert space like in MCTDHB, is to renormalize the coupling constant of the inter-

action potential according to the energy cut-off considered in the calculation [119].

We present in Table 5.1 the values of the renormalized interaction couplings Λ used

in our MCTDHB simulations.

M = 2 M = 3 M = 4

Λ̃ 0.0707128 0.0718848 0.0731065

M = 5 M = 6 M = 7

Λ̃ 0.0743990 0.0749100 0.0754298

Table 5.1: Dimensionless renormalized interaction strength Λ̃ = Λmw2
0/�

2, where Λ
is the renormalized coupling strength of the contact interaction, for various M .
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Figure 5.5: Relaxation using imaginary time propagation within MCTDHB for N = 2
(87Rb) at the avoided crossing. (Left) the energy difference between the ground and
first-excited state. (Right) Natural occupancies of the ground-state single-partice
density matrix.

Since we are interested in the energy splitting between the two lowest energy

states, we show in Fig. 5.5 the energy difference ΔE as a function of imaginary
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time for different single-particle modes M . It can be seen that already for M = 4

and M = 5, the energy splitting has nicely converged. Moreover, this also confirms

that the renormalization procedure described above has worked. The time-evolution

of the natural occupancies of the ground-state single-particle density matrix is also

shown in Fig. 5.5. The convergence towards the relaxed energy splitting coincides

with an increase in the fourth lowest natural occupancy. This observation reveals the

importance of using at least M = 4 modes in MCTDHB to simulate the stationary

states of the system. It is insightful to look at the natural orbitals for M = 4 shown

in Fig. 5.6. The symmetry of the external potential along the y-direction is trivially

reflected in the symmetric nature of the orbitals about the y-axis. The x-direction or

the axis of asymmetry is more interesting since here we can see from the nature of

the two lowest occupied natural orbitals that MCTDHB needs at least M = 4 modes

in order to capture the finer details of the external potential brought about by the

fact that two optical tweezers actually form the wider well. This is apparent from

the presence of nodal structures in the region occupied by the wide well as depicted

in the plots in the bottom panel of Fig. 5.6. Multi-mode generalizations of a bosonic

Josephson junction [121–124] have been explored in various works demonstrating the

importance of going beyond the two-mode approximation provided by the two lowest

single-particle modes in order to predict novel quantum phenomena [18,26,44–46,50,

111,125].

Recently, pathologically slow convergence of MCTDHB results was demonstrated

for nonequilibrium dynamics of attractively interacting bosons in the absence of an

external trap [19]. However, for the system considered in this work, convergence

from using a relatively fewer number of single-particle modes M is to be expected

due to tight three-dimensional trapping geometry leading to a large separation of

the two lowest single-particle energies from the rest of the spectrum as seen from

Fig. 5.7. Moreover, the bosons are repulsively interacting and the external trap is

always present in our simulations. Good agreement with the Bose-Hubbard results

for N = 2 as shown in Fig. 5.8 further validates the applicability of MCTDHB for
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Figure 5.6: Slice of the natural orbitals for the ground-state at the avoided crossing
of N = 2 and M = 4 at z = 0 as a function of x and y. Top-Left: highest occupied
orbital; Top-Right: second highest occupied orbital; Bottom-Left: third highest occu-
pied orbital; Bottom-Right: least occupied orbital. We have checked that the general
features of the four highest occupied orbitals remain unchanged even for M = 7.

the type of problem considered here.

5.4.3 Few particle quantum simulations

To illustrate our suggested scheme, we choose a particular set of parameters {xi, Vi}.
Afterward, the tunneling resonance for a single boson is located by tuning the depth

of the narrow well V1. The single-particle energies as a function of V1 are shown in

Fig. 5.7. For the asymmetric double well, the single-particle energy splitting between

the two lowest states is ΔE/h = 2J/h = 240.14 Hz, which leads to a tunneling period
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of tTun = 4.16 ms. It can also be seen in the left panel of Fig. 5.7 that the second-

and third-excited states are well separated from the ground and first-excited states.

This motivates us to use the MCTDHB scheme [43] for fully 3D numerical simula-

tions when N > 1. The MCTDHB method expands a multi-particle wave function

in an occupation number basis constructed from a small number M of optimised

orthonormal single-particle functions. A short description of the MCTDHB method

and additional details on the numerical convergence can be found in Section 5.4.2. An

alternative method is to diagonalize the corrresponding Bose-Hubbard Hamiltonian

for N bosons using the effective Bose-Hubbard parameters calculated according to

the prescription of Ref. [28] as the beam depth is being varied. The Bose-Hubbard

parametrization for the asymmetric double well is discussed briefly in Section 5.3.

In this context, the full (N + 1) × (N + 1) Hamiltonian matrix is constructed and

diagonalized in the Fock state basis.

For the MCTDHB calculations, the three-dimensional nature of the system re-

quires a careful treatment of the short-range interaction

Û(ri − rj) = Λδ(ri − rj), (5.31)

where Λ is the renormalized coupling constant, used in our simulations (see Refs. [119,

120] and references therein). As discussed in Section 5.4.2, the main convergence

parameter in MCTDHB is the number of single-particle modes M used to represent

the MCTDHB many-body wave function. To this end, for each choice ofM , we follow

the renormalization procedure utilized in Refs. [119, 126, 127] when renormalizing

the interaction strength with respect to the exact ground-state energy of interacting

bosons in a 3D harmonic oscillator [81] solved using the same spatial grid as the

asymmetric double well potential. Another way of modelling short-range interactions

is by using finite-range model potentials such as a Gaussian interaction potential as in

Ref. [120]. But as we shall see below for N = 2 bosons, renormalizing the strength of

the contact potential is already sufficient to get good agreement between the results

of the MCTDHB simulations and the Bose-Hubbard model with the unrenormalized

contact parameter 4π�2as/m.



83

4659.5 4660.5
−5828

−5826

−5824

−5822

−5820

−5818

V1/h (kHz)

E
i
/
h
(k
H
z)

4659.5 4660.5
−5827.5

−5827

−5826.5

−5826

−5825.5

V1/h (kHz)
E

i
/
h
(k
H
z)

Figure 5.7: Single-particle energies in the asymmetric double well trap as a function of
the left-most laser beam depth V1: (left) First four single-particle energies and (right)
Zoom-in of to the ground and first excited energies. The single-particle resonance
identified from an avoided level crossing is indicated by the circle.

Now that the value of V1 is fixed by the resonance condition for N = 1, we

implement our protocol of varying V3 to identify the avoided level crossing for N >

1. The results for the multi-particle eigenenergies are shown in Fig. 5.8. We have

obtained energy splittings at the avoided level crossing of ΔE/h = 336.46 Hz for

N = 2 and ΔE/h = 395.62 Hz for N = 3. Interestingly, the two lowest multi-particle

energies from the effective Bose-Hubbard model are consistent with the corresponding

MCTDHB results for the parameter space explored here. The deviation seen for

the second-excited state energy can be explained by the fact that in our MCTDHB

calculations only the ground or the first-excited state is variationally optimized and

thus, the second-excited state energy is expected to be higher than the exact energy.

We can then infer that the renormalization scheme from Ref. [119] and the MCTDHB

method are both applicable for characterizing the energy gap between the two lowest

energy states for the system considered here.

Due to the three-dimensional nature of the potential, it is imperative to ensure

that the avoided level crossings in Fig. 5.8 correspond to the relevant states and
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Figure 5.8: Ground, first-, and second-excited states as a function of V3 for the
asymmetric double well for (left) N = 2 and (right) N = 3. The reference ground-
state energies are EAC

1 /h = −11.653 MHz for N = 2 and EAC
1 /h = −17.480 MHz

for N = 3. Solid lines correspond to MCTDHB results. Broken lines correspond
to diagonalization of the Bose-Hubbard Hamiltonian. Resonances are indicated in
circles.

excitations along the axis of asymmetry. To this end, we show plots of the two-body

wave function as depicted in Fig. 5.9. In these plots, it can be seen that the first-

excited state has a node along the x-axis at the position where the effective barrier

has a maximum. Features of the wave function of the first-excited state shown in

the right panel of Fig. 5.9 are insightful in understanding the nature of the excited

states at the avoided level crossing. On one hand, the positive amplitude of the wave

function for positive values of x1 and x2 (upper-right quadrant) describes a state of

two bosons sitting on the wide well. On the other hand, the negative amplitude in the

remaining domain of negative x1 with positive x2 and vice versa depicts a state with

one boson in each well. Therefore, this excited state |Ψ1〉 represents the antisymmetric

superposition of the localized wave functions |Ψ1〉 = (|0, 2〉 − |1, 1〉)/√2. A similar

analysis can be made for the ground-state wave function |Ψ0〉 shown in the left panel of

Fig. 5.9, leading to the conclusion that the ground state of the system corresponds to
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the symmetric superposition state |Ψ0〉 = (|0, 2〉+ |1, 1〉)/√2. Thus, the states which

physically represent a single boson tunneling from one well to the other are manifested

in the two lowest eigenstates of the system. In a similar fashion, we can also look at

Figure 5.9: Slice of the two-particle wave function for N = 2 at y1 = y2 = y3 = z1 =
z2 = z3 = 0 as a function of x1 and x2. Left: ground state; Right: first excited state.

the corresponding three-body wave function for N = 3. The important features of

the isosurface plots shown in Fig. 5.10 can be regarded as simple three-dimensional

(corresponding to three bosons {x1, x2, x3}) extension of the contour plots in Fig. 5.9.

We see that the two lowest energy states obtained are the relevant anti-crossing states

in the numerical simulation for N = 3.

5.4.4 Fidelity calculation between MCTDHB wave functions

In order to ensure that the dynamics of an initial localized state will be restricted

to the two-state subspace at the avoided level crossing, we must choose an initial

state with strong overlap with the symmmetric superposition of two lowest few-body

eigenstates |1〉 and |2〉 at the resonance. This can be quantified by the fidelity F =

|〈ΨR|Ψ0〉|2 where |ΨR〉 = (|1〉+ |2〉)/√2.

In order to make sure that the suggested protocol in measuring the enhancement
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Figure 5.10: Three-particle wave function for N = 3 at y1 = y2 = y3 = z1 = z2 = z3 =
0. The blue surfaces correspond to positive values while the red surfaces correspond
to negative values of the wave function. (left) ground state and (right) first-excited
state.

factor is sensible, we have suggested to calculate the fidelity

F = |〈Ψ|χ〉|2. (5.32)

For brevity, we will drop the time-dependence on the wave functions since we are

only interested in overlaps between relaxed or stationary states. Moreover, we shall

assume that both MCTDHB wave functions use the same number of single-particle

modes M . In this case, the MCTDHB wave functions can be written as

|Ψ〉 =
∑
n

Cn|n〉 (5.33)

|χ〉 =
∑
m

Bm|m〉,

where

|n〉 =
M∏
k=1

[b̂†k]
nk

√
nk!
|0〉 (5.34)

and

|m〉 =
M∏
k=1

[d̂†k]
mk

√
mk!

|0〉. (5.35)
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The bosonic creation operators create a boson in a single-particle function according

to

b̂†k|vac〉 = |φk〉 (5.36)

d̂†k|vac〉 = |ϕk〉.

Obtaining the fidelity equates to calculation of the overlap

〈Ψ|χ〉 =
∑
m,n

C∗nBm〈n|m〉 (5.37)

In general, we can easily access the variationally optimized expansion coefficients

Cn and Bm. However, obtaining the overlaps 〈n|m〉 is not trivial because the basis

functions between two different MCTDHB wave functions are in most cases not or-

thonormal, i.e., 〈φi|ϕk〉 �= δi,k. In order to proceed further, we expand both of the

single-particle functions |φi〉 for |n〉 and |ϕi〉 for |m〉 in terms of a primitive basis {ζj}
defined by the chosen grid discretization scheme. Note that we are now assuming

that the two wave functions are solved in the same underlying primitive basis. Then,

we can write

|φi〉 =
∑

fij|ζj〉 (5.38)

and

|ϕi〉 =
∑

gij|ζj〉. (5.39)

Since each of the single-particle basis functions form an orthonormal set, we can then

calculate the overlap matrix that can be used to expand one single-particle function

in terms of the other

|ϕi〉 =
∑
k

|φk〉〈φk|ϕi〉 =
∑
k,�

f ∗k�gi�|φk〉 (5.40)

=
∑
k

Aki|φk〉,

where we define the overlap matrix as

Aki =
∑
�

f ∗k�gi�. (5.41)



88

Using Eqs. (5.36) and (5.41), it is straightforward to obtain the corresponding com-

mutation relation

[b̂j, d̂
†
k] = Ajk. (5.42)

This commutation relation allows us to calculate overlaps for arbitrary number of

modes M and number of bosons N . For N = 2, it can be shown that

〈n|m〉 = 1

N 〈vac|b̂ib̂j d̂
†
kd̂
†
�|vac〉 (5.43)

=
1

N (AikAj� + AjkAi�) ,

where N =
√
ni!nj!mk!m�!. For N = 3, the associated overlap is

〈n|m〉 = 1

N 〈vac|b̂ib̂j b̂sd̂
†
t d̂
†
kd̂
†
�|vac〉 (5.44)

=
1

N [Ait(AjkAs� + AskAj�)

+ Ajt(AikAs� + AskAi�) + Ast(AikAj� + AjkAi�)],

where now N =
√
ni!nj!ns!mt!mk!m�!.

As an example, let us use the ground-state wave functions at the largest value of

V3 in Fig. 5.8 as the initial state |Ψ0〉. For N = 2, the fidelity of this initial state with

the symmetric superpositions at the avoided crossing |ΨR〉 is F = 0.9439. While for

N = 3, the corresponding fidelity is F = 0.9306. These numbers suggest that this

procedure is viable and the subsequent coherent oscillations will be dominated by the

two lowest few-body energy states.

5.4.5 Dynamics for N = 2

We now proceed to a numerical demonstration of the time evolution of relevant ob-

servables for N = 2 following a trap quench from the ground state of the largest

V3 considered in Fig. 5.8 to the position of the avoided level crossing. The ensu-

ing dynamics is expected to exhibit coherent oscillations with a period associated

to the numerically obtained few-body energy splitting ΔE because of the large fi-

delity (F = 0.9439) between the initial state and the symmetric superposition of
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the two lowest energy states at the resonance. Indeed, we observe in Fig. 5.11 that

both Bose-Hubbard and MCTDHB results exhibit oscillatory behavior of relevant

observables, which are the mode occupation number in the wide well 〈n̂R〉 for the

Bose-Hubbard model and the position of the center-of-mass 〈x〉/w0 for the MCT-

DHB calculation. The presence of small amplitude oscillations in the MCTDHB

results can be explained by the fact that the fidelity is not perfect. Nevertheless, the

oscillation frequency of the center-of-mass position is consistent with the numerically

calculated ΔE for N = 2. The difference in oscillation frequency when compared to

the Bose-Hubbard results, which is about ∼ 10%, can be accounted for by the slight

mismatch between the energy splittings obtained from the two methods. But more

importantly, the time-dependent simulations presented in Fig. 5.11 corroborate the

validity of the time-independent arguments based on the avoided level crossings.
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Figure 5.11: Dynamics for N = 2 following a quench to the position of the avoided
crossing from the ground state at the largest value of V3 in Fig. 5.8. Dashed-curve (left
y-axis) denotes the dynamics of the expectation value of mode occupation number in
the right (wide) well 〈n̂R〉 within the Bose-Hubbard model. Solid curve (right y-axis)
depicts the dynamics of the average center-of-mass position in the axis of asymmetry
〈x〉/w0 calculated from MCTDHB.



90

Finally, we compare the energy splittings for N = 2 and N = 3 with that for

N = 1. Indeed, it can be seen from Fig. 5.12 that our numerical results for ΔE/2J

closely follow the expected
√
N -behavior. For N = 2, we can directly compare

our result ΔE/2J = 1.40 with previous experimental observation [115], which is

ΔE/2J = 2.37. This clearly illustrates that our proposal of using an asymmetric

double well should be able to capture the expected tunneling period in the interaction

blockade regime, at least for the number of bosons presented here.
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Figure 5.12: Multiple particle energy splittings as a function of N . Solid line corre-
sponds to the expected

√
N dependence. The dashed line corresponds to the first-

order approximated splitting given by Eq. (5.15) for an effective Bose-Hubbard pa-
rameter of UL/J ≈ 7 and UR/J ≈ 4. Blue crosses correspond to the numerical results
at the positions of resonance indicated by the circles in Figs. 5.7 and 5.8.

5.5 Discussion and Outlook

In this work, we have proposed a way to experimentally observe the
√
N bosonic

enhancement factor for the energy splitting in the interaction blockade regime of few
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bosons. Our suggestion is to use an asymmetric double well configuration made from

superimposing single-well potentials. This setup allows for tuning of energy levels by

varying the depth of the well farthest away from the effective barrier. In doing so,

the effect on the barrier that separates the left and the right wells becomes minimal

as the avoided level crossing is being probed. To test our claim, we have done a series

of numerical experiments using 3D optical tweezers and obtain the relevant energy

splittings. We have shown that the
√
N behavior of the energy gap between the

tunneling resonance states manifests for N = 2 and N = 3. While good agreement

can be seen for N = 2, there is already a slight deviation for the N = 3 results from

the expected
√
N prediction. Unfortunately, the correction according to Eq. (5.15)

for finite UL/J does not quantitatively capture the apparent decrease in the energy

level splitting for N = 3 as seen in Fig. 5.12. The nature of this discrepancy can be

studied in future works. In general, one might expect larger deviations for increasing

N because the depth of the well farthest from the barrier needs to be tuned more in

order to locate the resonance. Thus, probing the avoided level crossing for larger N

might have more pronounced effects on the deformation of the effective barrier. The

ideas in our proposed scheme can be extended to a system comprising of more laser

beams than the three beams considered in this work. Of course, the complexity of

the parameter space increases but in exchange, this consideration can improve the

possibility of studying coherent transport phenomena without altering the tunneling

barrier in systems with larger N .

In terms of experimental implementation, the multi-well potential of Eq. (5.27)

can be realized by using for example spatial light modulator [128] or acousto-optical

modulator [98,129] techniques. The avoided-level crossing forN bosons can be probed

by initializing the experiment in a regime where the ground state corresponds to all

the bosons occupying the right well, i.e., large values of V3. Then, the trap depth of

the right-most well is adiabatically decreased until one boson can tunnel to the left

well, which first happens in the tunneling resonance. Once the avoided level crossing

is identified, the next step would be to measure the period of coherent oscillations,
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which can then be compared with the numerical results presented here.

It is quite interesting to point out that the ground-state single-particle energy for

the states in Figs. 5.9 and 5.10 is above the classical saddle point of the external

potential at x = y = z = 0. Thus, the coherent oscillations found in our numerical

experiments can be regarded as some form of over-the-barrier tunneling dynamics.

Interestingly, it was shown in Ref. [130] that a version of the Coulomb blockade

phenomenon persists in the regime dominated by thermal activation of electrons over

the tunnel barriers. In our case, even though the ground-state single-particle energy

is above the barrier, we still observe the
√
N prediction in the interaction blockade

limit of the Bose-Hubbard model. This begs the question of how far above the barrier

the single-particle energies can go before Eq. (5.2) breaks down. In the absence of

any barrier, we can consider as an example a simple harmonic oscillator potential

with equidistant energies. In this case, by virtue of symmetry in the wave function,

symmetric and anti-symmetric superpositions of the ground and first-excited states

will still produce localized functions. However, the conceptual equivalent of tilting

the potential in this case would be a simple displacement of the harmonic trap.

Therefore, the single-particle energy splitting remains unchanged and no avoided

crossing appears. Perhaps more important, it becomes harder to justify in the absence

of a barrier the use of only the two lowest single-particle states since the energy

levels are now spaced equally. These factors suggest a breakdown of Eq. (5.2) in the

complete absence of a barrier. A more systematic study of this crossover behavior as

the classical barrier is decreased can be an interesting direction for future work.



Chapter 6

Quantum thermalization of

ultracold bosons in a 1D

double-well potential

6.1 Introduction

Motivated by experiments in ultracold atoms [6, 15], there has been a resurgence

of interest to explore the fundamental aspects of statistical mechanics and whether

statistical properties can emerge from unitary time evolution. To this end, recent

attempts in describing thermalization in closed quantum systems focused on time-

evolving observables that are local to a subsystem and how they approach thermal

equilibrium described by Gibbs ensemble [16,131]. One proposed mechanism in order

to understand thermalization is the eigenstate thermalization hypothesis (ETH) [16,

38,39].

The ETH conjectures that under certain conditions, the expectation value of a

physically relevant observable will have a long-time average close to an appropriate

microcanonical ensemble prediction. When testing the ETH, the system is usually

driven out of equilibrium by a quantum quench in the parameters of the Hamiltonian.

93
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The ETH was numerically tested against other hypotheses and it was shown that for

initial states following the conditions of the ETH, thermalization is achieved within

observables [16, 132]. To introduce basic ideas of the ETH, consider an initial state

|φ0〉, which is not an eigenstate of some post-quench or final Hamiltonian Ĥ without

any degeneracies. Then, the initial state can be expanded in terms of the eigenstates

of Ĥ with eigenvalues Ek as

|φ0〉 =
∑
k

αk|k〉. (6.1)

After the quench, the initial state will undergo time evolution as

|φ(t)〉 = e−iĤt/�|φ0〉 (6.2)

and therefore, the expectation value of an observable is given by

〈Ô(t)〉 =
∑
k,l

α∗l αke
i(El−Ek)t/�Olk (6.3)

with Olk = 〈l|Ô|k〉. Due to dephasing, (6.3) will relax to the infinite-time average,

〈Ô〉 = lim
t→∞

1

t

∫ t

0

dτ〈Ô(τ)〉 =
∑
k

|αk|2Okk. (6.4)

This long-time average is commonly referred to as the diagonal ensemble prediction

due to the diagonal ensemble, ρ̂d =
∑

k |αk|2|k〉〈k|. According to the ETH, the

diagonal ensemble average of an observable, Eq. (6.3), is close to an appropriate

microcanonical average 〈Ô〉ME,

〈Ô〉ME = N−1 ∑
|Ek−E0|<ΔE

Okk (6.5)

〈Ô〉 =
∑
k

|αk|2Okk

〈Ô〉ME = 〈Ô〉

where N is the number of eigenstates within a narrow energy window ΔE around

the initial mean energy of the system E0. The last equality in Eq. (6.5) is true if
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the eigenstate expectation value (EEV), Okk, is a smooth function of Ek, while the

off-diagonal elements Okl are negligible [16,39]. There is no rigorous analytical proof

of the ETH but different numerical studies on spin systems and lattice models both

for small and large system sizes support its validity [133–141].

Another important aspect of relaxation is the question of how local observables

equilibrate. This is particularly important in the dynamics of nearly integrable sys-

tems, which may exhibit a two-stage equilibration process. Both theoretical and

experimental studies have investigated the nature of the so-called prethermalized

states in various physical set-ups [142–152]. These prethermalized states are quasi-

stationary states where the dynamics of local operators in the system appear to be

trapped for significant amount of time. However, as the name suggests, these prether-

malized states are expected to eventually thermalize in the long-time limit.

The emergence of statistical relaxation can also be linked to the onset of quan-

tum chaos as highlighted by previous studies [153–155]. In this context, particular

emphasis is laid on the form of the energy distribution of an initial state and how it

compares with predictions of quantum chaos. We will utilize this approach to demon-

strate chaotic initial states even for energies far from the middle of the spectrum of

eigenenergies, an extension of the findings in Ref. [156].

In this work, we will study the nonequilibrium dynamics of interacting bosons

in a one-dimensional double-well potential, which can be modelled using a two-site

multilevel Bose-Hubbard Hamiltonian [26,157]. Contrary to previous studies dealing

with few atoms in multiple lattice sites, we study the other limit of having finite large

number of bosons confined in few sites. As a matter of fact, it was checked that this

system will thermalize due to the ergodicity of the associated mean-field trajectories in

the semiclassical limit of large N [17]. Here, we will only consider N = 35 bosons and

use exact diagonalization to access the eigenvalues and the eigenstates of the final

Hamiltonian. Firstly, we determine the chaoticity of the post-quench Hamiltonian

on the basis of spectral statistics. We will then verify the validity of the ETH in

this system. Our results based on the distribution of EEV illustrate that not all
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eigenstates are thermal. Using all possible initial product state configurations, we

will compare the expectation values of local operators obtained using the diagonal

and the microcanonical ensemble.

Most of the studies related to subsystem thermalization involve spatial parti-

tioning of the system [137, 158–160]. Instead, we implement a different partitioning

scheme where a subsystem will only consist of one mode, either the lower or the upper

level in one of the wells. Since thermalization is a dynamical process, we will also

compute the time evolution of local operators and the von Neumann entropy of a

subsystem. We find that the relaxation dynamics of the von Neumann entropy is

instructive in revealing prethermalization in the system. Moreover, we observe that

fast relaxation of a local operator correlates with a rapid single-step growth of the von

Neumann entropy as it approaches the Gibbs entropy. On the other hand, we observe

a two stage relaxation process for initial states close to the middle of the spectrum.

Finally, we discuss possible mechanism for the prethermalization in the system and

the associated timescales.

This chapter is organized as follows. In Sec. 6.2, we first describe the model and

the quench protocol used in this work. Sec. 6.3 contains results that characterize

the spectrum and the chaoticity of the post-quench Hamiltonian. We investigate the

requirements of the ETH in Sec. 6.4. The key results on relaxation and thermalization

in the system are discussed in Sec. 6.5. In Sec 6.5.1, we compare the long-time and

microcanonical averages of local operators. The presence of chaotic initial states

across the spectrum is discussed in Sec. 6.5.2. Results for the actual time evolution

of local properties in the system are presented in Sec 6.5.3 and Sec. 6.5.4. In Sec.

6.6, we discuss the relaxation timescales and the process of prethermalization in the

system. Finally, we briefly summarize our findings in Sec. 6.7.
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6.2 Model and Quench Dynamics

We study thermalization in a finite isolated quantum system with bosons trapped in

a double-well potential shown in Fig. 6.1. A single boson can occupy four modes (two

single-particle levels in each well), which can be described by the following two-level

generalization of the Bose-Hubbard model [26, 157]:

Figure 6.1: Schematic of the double-well potential with two energy levels. The inter-
level coupling U01 adds another degree of freedom in the system, which is expected
to break integrability.

Ĥ = −
∑
r �=r′,�

J �b̂�†r b̂
�
r′ +

∑
r,l

U �n̂�
r(n̂

�
r − 1) +

∑
r,�

E�
rn̂

�
r

+ U01
∑
r,� �=�′

(2n̂�
rn̂

�′
r + b̂�†r b̂

�†
r b̂

�′
r b̂

�′
r ), (6.6)

where b̂�†r and b̂�r are the bosonic creation and annihilation operators of an atom in

well r and energy level �, respectively. The Hamiltonian in Eq. (6.6) can be derived

from its second-quantized form after a tight-binding approximation [26]. The system

is effectively mapped into a two-site lattice model with added “dimensionality” or

degree-of-freedom due to the coupling with the first excited single particle level.
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We consider an external harmonic potential with oscillator frequency ω0, which

is splitted by a focused laser beam located at the center of the trap and described

by a Gaussian potential V0exp(−x2/2σ2). The parameters in Eq. (6.6) can be easily

evaluated for a specific realization of the double-well potential described by the single

particle Hamiltonian [26],

Ĥsp =
−�2
2m

∂2

∂x2
+
mω2x2

2
+ V0exp

(
− x2

2σ2

)
. (6.7)

The localized functions φ�
r in level � ∈ {0, 1} and site r ∈ {L,R} are obtained by

symmetric and antisymmetric superpositions of the eigenstates of the single particle

Hamiltonian in Eq. (6.7). The corresponding eigenvalues are E�
r =

∫
dxφ�∗

r (x)Ĥspφ
�
r(x).

The tunnelling terms between wells are J � = − ∫
dxφ�∗

L (x)Ĥspφ
�
R(x). The interaction

terms between atoms in the same well and the same energy level are U � = g
∫
dx|φ�

r|4.
There is also an interlevel coupling corresponding to the two-atom hopping term be-

tween energy levels in the same well given by U01 = g
∫
dx(φ0∗

r (x))2(φ1
r(x))

2. The

limit of U01 = 0 is the integrable Bose-Hubbard dimer model for a double-well, which

was extensively studied before in different contexts [121–124, 161, 162]. Integrabil-

ity of the dimer can be broken by adding one or more degrees of freedom without

changing the number of conserved quantities, which for the dimer model corresponds

to the energy and the number of bosons [163, 164]. A finite value of U01 introduces

additional degrees of freedom and thus breaks the integrability of the system. Note

that upon choosing the trap parameters, the only free parameter in the system is the

coupling constant g, which affects both U � and U01. This is a subtle detail that we

need to keep in mind as blindly increasing the interaction g (in hopes of increasing

the integrability breaking term U01) will actually push the system towards a strongly

interacting regime dominated by quasidegeneracies [26].

We now discuss the quench protocol used in our study of the nonequilibrium

dynamics in the system. We consider a partitioning of the system such that each

mode is considered as a subsystem and the remaining three modes will act as an

environment. Initially, the number of bosons in each mode is fixed, i.e. the tunnelling

and the interlevel terms are set to zero, such that the system starts as a product
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state of eigenstates of each subsystem. In particular, we choose a set of initial states

corresponding to all possible Fock state configurations |n〉 = |n0〉 = |n0
L, n

0
R, n

1
L, n

1
R〉.

The eigenstates |k〉 of the post-quench Hamiltonian Ĥ with eigenvalues Ek can be

expressed in terms of the Fock basis

|k〉 =
∑
n

Ck
n|n〉. (6.8)

This expansion is similar to how the mean-field or unperturbed (in our case uncou-

pled) basis is physically motivated in studies related to chaotic eigenstates and its

connection to thermalization of isolated systems [153].

We do a sudden quench by turning on the tunnelling and the interlevel coefficients.

The wavefunction unitarily evolves in time according to

|ψ(t)〉 = e−iĤt/�|n0〉 =
∑
k

Ck∗
n0
e−iEkt/�|k〉. (6.9)

For brevity, we refer to the mean energy, which is conserved during the dynamics,

E0 = 〈n0|Ĥ|n0〉 =
∑
k

Ek|Ck
n0
|2 (6.10)

as simply the initial energy of the system.

For the post-quench Hamiltonian, the barrier height is chosen to be V0 = 5�ω0

with width σ = 0.1lho, where the harmonic oscillator length is lho =
√
�/mω0. The

interaction coupling g is chosen such thatNU0/�ω0 = const. For this parameter space

of the trap, the coefficients in the Hamiltonian are J0/�ω0 = 0.26, J1/�ω0 = 0.34,

E0
r/�ω0 = 1.25, E1

r/�ω0 = 3.17, NU0/�ω0 = const., U1 = 3U0/4, and U01 = U0/2.

We use exact diagonalization to obtain the eigenvalues and the eigenvectors ex-

pressed in the Fock basis. To this end, we obtain the D ×D Hamiltonian matrix in

the Fock basis where the size of the Hilbert space is D = (N + 3)!/(N !)(3!) = 8436.

Alternatively, the time evolution of the wave function can be calculated from the time

evolving expansion coefficients,

|ψ(t)〉 =
∑
{n}

cn(t)|n〉 (6.11)
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where |n〉 spans all possible Fock state configurations of the system. Temporal evo-

lution of the expansion coefficients is computed using standard numerical integrator,

e.g. seventh/eighth order Runge-Kutta method.

6.3 Ratio of Consecutive Level Spacings Distribu-

tion

An interesting question for finite quantum systems is the relevance of chaoticity of

the Hamiltonian in the study of thermalization [156]. It was conjectured using a

system of one-dimensional lattice with spin-1/2, that the occurrence of thermalization

depends only on the level of delocalization of initial states [156]. Furthermore, this

condition has been shown to be sufficient for initial states close to the middle of the

spectrum irrespective of integrability (or chaoticity) in both pre-quench and post-

quench Hamiltonian.

The level statistics of a chaotic Hamiltonian was found to possess similar spectral

properties as random matrices [34, 165]. One common measure of level statistics is

the level spacing distribution, sk = Ek+1−Ek, where {Ek} is the set of eigenenergies
in ascending order [165]. In a Hamiltonian with time-reversal symmetry, the chaotic

regime is identified by a level spacing distribution similar to the Gaussian orthogonal

ensemble (GOE) [165]. The connection between nonintegrability and a GOE-like

spectral behavior was pointed out in various works such as Refs. [155, 166–168] On

the other hand, integrable models are expected to have a Poissonian level spacing

distribution as demonstrated in Refs. [33, 155,167,168].

Due to the large interaction strengths involved in our quench dynamics, i.e.

NU �/J � > 1 for both levels �, it is convenient to avoid any unfolding procedure

of the spectrum [167]. Note that the main objective of unfolding the spectrum is to

ensure the mean level density of a new set of energies is unity. This is done to com-

pare different systems on equal footing, i.e., varying interaction strength. Instead,

we obtain the distribution of the ratio of consecutive gaps between adjacent levels,
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rk = min(sk, sk−1)/max(sk, sk−1) = min( sk
sk−1

, sk−1

sk
) [36, 37, 167]. We compare the nu-

merically obtained distribution P (r) with the analytical expressions for the Poisson

and the GOE distributions [37]

PP(r) =
2

(1 + r)2
, PGOE(r) =

27

4

r + r2

(1 + r + r2)5/2
. (6.12)

A more quantitative comparison can be made using the mean value of r denoted as 〈r〉,
which is 〈r〉P = 2ln2 − 1 ≈ 0.3863 for the Poisson distribution and 〈r〉GOE ≈ 0.5359

for the GOE [37].
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Figure 6.2: (Left) Distribution of the ratio of adjacent level spacings r (Right) Mean
value 〈r〉 as a function of the interaction parameter. The GOE (dashed-dotted) and
the Poissonian (dashed) averages are also shown.

There is parity or reflection symmetry about the center of the double-well sys-

tem. In order to avoid mixing eigenenergies from different symmetry sector, we

separate the eigenenergies according to its parity, i.e. even or odd eigenvectors in

the Fock basis. We do this by constructing eigenstates with well-defined parity in

Fock space [169]. For the analysis of spectral statistics presented in this section, we

numerically diagonalize the Hamiltonian in the well-defined parity basis. We denote

the reflection operator, which exchanges the Fock state from left to right or vice versa
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as P̂|n0
L, n

0
R, n

1
L, n

1
R〉 = |n0

R, n
0
L, n

1
R, n

1
L〉. Then, we use a set of basis states given by:

|ñ〉± =
1√
2

(
|n〉 ± P̂|n〉

)
. (6.13)

The distribution of the ratio of adjacent energy gaps P (r) for the even parity sector

is illustrated in Fig. 6.2. First, we analyze the spectral statistics of the full spectrum.

Notice how 〈r〉 increases with the interaction strength before reaching its maximum

around NU0/�ω0 = 2. It then decreases as you further increase the interaction

strength. Perhaps more interesting, the mean value of r becomes smaller than the

Poisson distribution 〈r〉P for NU0/�ω0 > 5. This level “clustering” can be explained

by the appearance of quasi-degenerate eigenvectors (in each symmetry sector) when

the interaction terms U � become sufficiently larger than the tunnelling terms J � [26].

Specifically, these quasi-degenerate pairs appear as high-lying excited states of the

system. Nevertheless, our results for the distribution of the ratio of consecutive level

gaps imply that the post-quench Hamiltonian is non-chaotic in the chosen parameter

space of the trap. Even though the final Hamiltonian is nonintegrable, the spectral

statistics of the final Hamiltonian is actually closer to the Poisson distribution than

the GOE for the interaction strengths considered here. This indicates that the system

is still close to an integrable point after the quench.

In the following section, we demonstrate that thermalization is still viable, in the

context of the ETH, for the non-chaotic Hamiltonian considered here. We will also

argue later on that the presence of quasi-degeneracies in the spectrum has important

implications to the process of relaxation in the system.

6.4 Eigenstate Thermalization Hypothesis

The microcanonical ensemble can describe the long-time averages if the requirements

of the ETH are satisfied. Specifically, the diagonal ensemble prediction for a local op-

erator 〈Â〉 will be close to a value predicted by a thermal or microcanonical ensemble

if the EEV is a smooth function of Ek. This requirement is fulfilled if the vertical
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width of the EEV at a chosen energy is small [137]. We now calculate the eigenstate

expectation values of the mode occupation number, 〈k|n̂�
r|k〉, and check how they are

distributed in the eigenenergies of the system for different interaction strengths.
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Figure 6.3: Distributions of EEV for NU0/�ω0 = 4 but U01 = 0. (a) n̂0
L (b) n̂1

L.

First, we consider the integrable limit of uncoupled Bose-Hubbard dimers when

the interlevel coupling is absent, U01 = 0. We plot in Fig. 6.3(a) the EEV of the

dimer with the lower on-site energy while Fig. 6.3(b) shows the EEV of the dimer with

higher on-site energy. The overall structure of the distribution of EEV appears similar

in both dimers. That is, the expectation values of the mode occupation seemingly

appear separated in flat bands, which then prohibits the EEV from being a smooth

function of the energy. Physically, this is a direct consequence of NU �/J � � 1. There

is large range of possible EEV at a given energy Ek and hence thermalization must

be absent in this limit.

We plot the distribution of EEV for different interaction strengths NU0/�ω0 and

finite integrability breaking U01 = U0/2 in Fig. 6.4. For NU0/�ω0 = 2, the distribu-

tion of EEV is still regular and structured similar to the integrable case. Even though

the EEV starts to clump together, separated bands are still noticeable specially in

low energies. The behavior of the distribution of EEV, in particular its smoothness,

improves as the interaction strength is increased from NU0/�ω0 = 2 to NU0/�ω0 = 3.

For NU0/�ω0 = 4, the vertical width of the distribution of EEV in the lower half of
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the spectrum is narrower than that in the remaining half. Note, however, that eigen-

states that are very close to the ground state energy will always violate the ETH,

at least for interactions considered here, since the distribution is quite sparse in this

region. This implies the absence of thermalization for initial energies close to the

ground state. We point out that relaxation close to an infinite temperature state can

be considered as a borderline case for which the ETH is still satisfied as seen from

the solid vertical line in Fig. 6.4(e)-(f).

A more quantitative description of the smoothness of the EEV can be drawn from

the distribution of gaps between consecutive EEV [139],

|λk| =
∣∣∣∣〈k + 1|Ô|k + 1〉 − 〈k|Ô|k〉

∣∣∣∣. (6.14)

If EEV is a smooth function of the eigenenergies, the distribution of |λk| denoted
by P (|λk|) will be sharply peaked near |λk| = 0. Accordingly, the width of P (|λk|)
decreases as the distribution of EEV smoothens. It is clear from Fig. 6.4 that the

ETH works only for the bulk of the spectrum, i.e. in the lower half of the spectrum.

Similar to Ref. [139], we consider only a part of the full spectrum by removing the

lowest 10% and the highest 25% of the eigenstates. This choice is motivated by

the general features of the distributions of EEV shown in Fig. 6.4 wherein strong

fluctuations are seen for high energies which justifies the removal of the upper 25% of

the spectrum for the subsequent analysis. Moreover, we are not interested in initial

states with energies somewhere in the edges of the spectrum since random matrix

theory is not expected to work in those regions [32]. More importantly, our main

goal is to study thermalization dynamics and from the results shown in Fig. 6.4, we

can narrow down our search for relevant initial states by looking at only the central

region of the energy spectrum where the distributions of EEV start to smoothen. In

Fig. 6.5, we plot P (|λk|) for the rescaled occupation number in the lower mode of

the left well n̂0
L/
√
N . As we decrease the interaction strength, the distribution of

|λk| broadens and the peak increases. This is consistent with the qualitative picture

presented in Fig. 6.4.

Our results in this section suggest that despite the final Hamiltonian being near
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Figure 6.4: Distributions of EEV of n̂0
L (left) and n̂1

L (right) for (a)-(b) NU0/�ω0 = 2,
(c)-(d)NU0/�ω0 = 3, and (e)-(f)NU0/�ω0 = 4. Vertical lines mark the mean energies
of initial states for the dynamics in the subsequent sections: (dashed) E0/�ω0 =
81.053, (dotted) E0/�ω0 = 99.202, (solid) E0/�ω0 = 101.181, and (dashed-dotted)
E0/�ω0 = 115.9409
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Figure 6.5: Distributions of consecutive EEV gaps of n̂0
L for different interaction

strengths.

integrability, the fact that it is still nonintegrable permits the fulfilment of the ETH

but not for all eigenstates. Therefore, the condition for an initial state to properly

thermalize will largely depend on which part of the spectrum the energy of an initial

state is located. This is indeed the case, as we shall see later.

6.5 Quench Dynamics

6.5.1 Comparison of Diagonal to Microcanonical Expecta-

tion Values

We are interested in the relaxation dynamics if the system starts out as a product

state of each mode. At long times, local operators in the system are expected to

fluctuate around the mean value predicted by the diagonal ensemble

〈Â〉 =
∑
k

|Ck
n0
|2Akk (6.15)

where Akk = 〈k|Â|k〉. Clearly, the diagonal ensemble will depend on the initial state

through |Ck
n0
|2. On the other hand, the microcanonical average depends only on

the initial energy and for finite system will also be a function of the energy window
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ΔE. The energy window is chosen such that it is small enough to approximate

the mean energy of the system but still large enough to contain significant number of

eigenstates. The appropriate microcanonical prediction of a local operator is obtained

by averaging over all eigenstates within a small window of energy [E0−ΔE,E0+ΔE]

〈A〉ME =
1

NE,ΔE

∑
|Ek−E0|<ΔE

Akk (6.16)

where E0 = 〈n0|Ĥ|n0〉 is the initial energy of the system and NE,ΔE corresponds to

the number of eigenstates within the chosen window.
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Figure 6.6: Relative deviations between the microcanonical and the mean energy of
all possible initial Fock states for NU0/�ω0 = 4.

Normally, for every initial state, one will have to first calculate 〈Ĥ〉ME = EME over

a range of ΔE and then choose ΔE that best approximates E0. For computational

efficiency, we simply fix the energy window by choosing ΔE = 0.02E0. Although we

checked that the microcanonical averages obtained this way are still weakly dependent

on other choices of ΔE. To keep track of how close the microcanonical energy is to

the energy of the system, we define the relative deviation

ΔEME,n0 =
|E0 − EME|

E0

. (6.17)
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The plot presented in Fig. 6.6, which shows the relative deviations of microcanonical

averages in the case NU0/�ω0 = 4, underpins our choice of ΔE.

The post-quench Hamiltonian Eq. (6.6) has parity or reflection symmetry about

the center of the trap and so, a thermalized state is expected to respect this symmetry.

That is, the stationary properties in the left well must be the same to those in the right

well. This is indeed the case for both the microcanonical and the diagonal ensemble

predictions shown in Figs. 6.7 and 6.8. In each plots, both ensemble averages in the

left well are sitting on top of the corresponding values in the right well.

(a) (b)

(c) (d)

Figure 6.7: Diagonal Ensemble (DE) vs Microcanonical Ensemble (ME) averages of
local operators for all possible initial Fock states. (a) n̂0

r for NU
0/�ω0 = 2; (b) n̂1

r for
NU0/�ω0 = 2; (c) n̂0

r for NU0/�ω0 = 3; and (d) n̂1
r for NU0/�ω0 = 3.

In Fig. 6.7 and Fig. 6.8, we compare the microcanonical and the diagonal ensemble

values calculated using Eq. (6.15) and Eq. (6.16), respectively, for all initial Fock state



109

configurations. Similar to the distribution of the EEV, thermalization is only viable if

the distribution of the diagonal ensemble averages is smooth and monotonous across

the range of possible initial energies. This is an alternative way of describing another

(a) (b)

(c) (d)

Figure 6.8: Similar to Fig. 6.7 but NU0/�ω0 = 4. (a) 〈n̂0
r〉. (b) 〈n̂1

r〉. (c) 〈(n̂0
r)

2〉. (d)
〈(n̂1

r)
2〉. Vertical lines mark the energies similar to Fig. 6.4.

signature of thermalization, which is the independence of the equilibrium state on

the details of initial states. The results shown in Fig. 6.7 and Fig. 6.8 are consistent

with the prediction of thermalization in the context of the ETH as discussed in Sec.

6.4. That is, the microcanonical ensemble works well in predicting the long-time

average of an initial state with energy somewhere in the smooth region of the EEV

distribution. Recall that in Fig. 6.4(a)-(b), the vertical width of the EEV is large

for NU0/�ω0 = 2. This explains why the microcanonical averages are drastically

different from the diagonal ensemble values for most of the initial states shown in
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Fig. 6.7(a)-(b). Following the same line of reasoning, we find improvements in the

behavior of the diagonal ensemble and its agreement with the microcanonical average

when the interaction strength is increased to NU0/�ω0 = 3 and NU0/�ω0 = 4. These

are shown in Fig. 6.7(c)-(d)and Fig. 6.8(a)-(b). We stress that there is a discrepancy

found between the microcanonical and the long-time predictions for initial states with

sufficiently low energies, in agreement with observations drawn from the EEV near

the ground state.

Aside from the local one-body operator n̂�
r, we also calculate the ensemble averages

for the local two-body operator 〈(n̂�
r)

2〉. We plot the results in Fig 6.8(c)-(d). This

quantity is essential in calculating the average energy of a mode, which will be further

investigated in Sec. 6.5.4.

6.5.2 Delocalized Initial States

In the spirit of the energy shell approach, consider a set of unperturbed basis states

|n〉. When a finite interaction is turned on, this perturbation will couple some of

these states |n〉. The exact eigenstates of the final Hamiltonian can be expressed as

superpositions of the unperturbed states |k〉 = ∑
nC

k
n|n〉. It was conjectured that

the overlap coefficients Ck
n become random variables from a Gaussian distribution

defined by the “energy shell” [170, 171]. For systems with only two-body interaction

and sufficiently strong perturbations, regardless of integrability, the shape of the

energy shell follows a Gaussian profile centered at the initial mean energy and its

width is equal to the energy variance [154]. A statistical description of the system is

viable if the shape of the local density of states (LDoS) or strength function resembles

a Gaussian of the same mean and variance as the energy shell [155]. Recently, it was

conjectured that for initial states in the middle of the spectrum, thermalization is

guaranteed if the initial state ergodically fills the area defined by the energy shell,

irrespective of integrability (or chaoticity) of the final Hamiltonian [156]. These initial

states are referred to as chaotic, which can be viewed as delocalization of the initial

unperturbed state with respect to the eigenstates of the final Hamiltonian. Although,
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Figure 6.9: LDoS of different initial states for NU0/�ω0 = 4. The dashed lines
correspond to the energy shell.

it was left as a question whether this phenomenon can occur for other models and more

importantly for initial states not too close to the center of the spectrum [156]. Here,

we respond to this query by demonstrating delocalization of initial states with energy

away from the middle of the spectrum even though our post-quench Hamiltonian is

far from having a chaotic spectrum.

The LDoS or energy distribution is defined by the distribution of |Ck
n0
|2 in the
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eigenvalues Ek

Fn0(E) =
∑
k

|Ck
n0
|2δ(E − Ek). (6.18)

In practice, the LDoS is numerically obtained by dividing the whole spectrum of the

final Hamiltonian then taking
∑

k |Ck
n0
|2 in each bin [172]. In the limit of strong per-

turbation, the shape of the LDoS for finite closed system with two-body interactions

follows a Gaussian distribution defined by the energy shell centered at E0 and width

σ =
√∑

k |Ck
n0
|2(Ek − E0)2 (see Refs. [173–175], and references therein),

FG(E) =
1√
2πσ2

exp

[
−(E − E0)

2

2σ2

]
. (6.19)

We now investigate delocalization of initial states in the eigenstates of the final

Hamiltonian and check if it coincides with the onset of thermalization found in the

previous sections. We focus on the case NU0/�ω0 = 4 in which the distribution of the

EEV has the most narrow support and thus is expected to most likely exhibit thermal-

ization dynamics. In Fig. 6.4 and Fig. 6.8, we find smooth and monotonic behavior

of the EEV and diagonal ensemble average in the lower half of the spectrum while the

remaining half suffer from strong fluctuations. Following this observation, we choose

four different initial energies E0/�ω0 = {81.05, 99.20, 101.18, 115.94}. Specifically,

we choose representative initial Fock states with the aforementioned set of energies

indicated by the vertical lines in Fig. 6.4 and also in Fig. 6.8.

We use 140 bins in the numerical calculation of LDoS shown in Fig. 6.9. We

determine whether the initial state is chaotic with respect to the exact eigenstates by

checking if the shape of its LDoS is close to the shape of the energy shell. In Fig.

6.9(a)-(c), we confirm the existence of chaotic initial states in the system by showing

that for these initial states, most areas defined by the energy shell are nicely filled.

More importantly, these delocalized initial states display thermal behavior as shown

in Fig. 6.8. Due to the system being finite, strong fluctuations around the mean

energy is visible. Nevertheless, the behavior in the tails of the energy distribution

is still quite close to the Gaussian tail of the energy shell. This is consistent with

observations in other finite systems such as those found in Ref. [176].
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Also shown in Fig. 6.9(d) is an initial state close to the middle but already in

the upper half of the spectrum, E0/�ω0 = 115.94. Clearly, this state no longer has a

Gaussian profile and its LDoS exhibits multiple peaks. It is possible that the energy

distribution of this state can be described by a bimodal Lorentzian distribution similar

to the one in Ref. [172] but a more careful numerical analysis is needed. Note that this

particular case, E0/�ω0 = 115.94, reflects the failure of the ETH in the system since

the distribution of the EEV for this choice of energy is quite broad as seen in Fig.

6.4. Moreover, there are significantly stronger fluctuations in the diagonal ensemble

averages of initial states around this energy as depicted in Fig. 6.8. Thus, this initial

state is not expected to thermalize.

6.5.3 Relaxation of Mode Occupation Number

Our observable of interest that is local to a subsystem is the occupation number of a

mode n̂�
r. In this section, we study the relaxation dynamics from the subsequent time

evolution of the mode occupation number 〈n̂�
r〉 after the proposed quench.

In Fig. 6.10, we illustrate how the dynamics of the integrable dimer U01 = 0 differ

from the nonintegrable case with finite interlevel coupling NU01/�ω0 = 2. The initial

Fock state is the same in both cases. In addition to strong fluctuations, recurrences

occur during the time evolution of the mode occupation number in the integrable

case. In contrast, we observe relaxation of the mode occupation number to the value

predicted by the diagonal ensemble for the nonintegrable system. Henceforth, we

shall focus on the nonintegrable case of finite interlevel coupling U01 = U0/2.

To demonstrate thermalization, or the lack thereof, we calculate the dynamics of

〈n̂�
r〉 for pairs of initial Fock states. The initial states in each pair have the same

energy E0. As mentioned before, an important signature of thermalization is the

independence of thermal predictions on the details of the initial state apart from

conservation laws. The conserved quantities in our system are the total number of

bosons and the total energy. For our calculations, we focus on NU0/�ω0 = 4 and we

use the same set of energies as those in Sec. 6.5.2. The system is said to thermalize if
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Figure 6.10: (Color online) Relaxation dynamics of occupation number for
NU0/�ω0 = 4. Integrable case U01/�ω0 = 0 (dashed line) and finite NU01/�ω0 = 2
(solid line). The diagonal ensemble average is shown in black solid lines for
NU01/�ω0 = 2. Colors denote: (red) n̂0

L, (magenta) n̂0
R, (blue) n̂1

L, and (green)
n̂1
R.

the mode occupation numbers in each pair of initial states tend to the same stationary

values and if these values are similar to a corresponding microcanonical ensemble.

In Fig. 6.11(a), we present the time evolution of 〈n̂�
r〉 for initial states not too

close to the ground state energy. For this pair of initial states, the exact relaxation

dynamics of the mode occupation numbers settle around their diagonal ensemble

values. Moreover, the corresponding microcanonical predictions are practically indis-

tinguishable from the stationary value of 〈n̂�
r〉. In general, we find that initial states

in this region of the spectrum satisfy initial-state independence. These observations

are corroborated by the smooth distribution of diagonal ensemble averages in Fig.

6.8(a)-(b).

We proceed to characterization of the relaxation dynamics for initial states around

the center of the spectrum. We find that initial states in the lower half but closer

to the center of the spectrum will still exhibit thermalization. Typical results for

the relaxation dynamics around this energy are shown in Fig. 6.11(b). As expected

for initial states in the first half of the spectrum, the long-time averaged occupation

number in the lower modes are greater than those in the upper modes. This will
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Figure 6.11: (Color online) Dynamics of occupation number for Fock states with the
same initial energy (a-d) E0/�ω0 = 81.053, E0/�ω0 = 99.202, E0/�ω0 = 101.181, and
E0/�ω0 = 115.9409. The dashed-dotted lines correspond to the diagonal ensemble
(DE) averages. The dashed lines correspond to the microcanonical ensemble (ME)
averages. An initial product state is denoted as |n0

L, n
0
R, n

1
L, n

1
R〉. Colors denote: (red)

n̂0
L, (magenta) n̂0

R, (blue) n̂
1
L, and (green) n̂1

R.

continue to be valid as we increase the initial energy until we finally reach the middle

of the spectrum where the system should now relax towards an infinite temperature

state. Due to the left-right symmetry of the post-quench Hamiltonian, the infinite

temperature state is characterized by having equal mean occupation number between

the lower modes and the upper modes, i.e. 〈n̂0
r〉 = 〈n̂1

r〉 = 0.25N . This situation

is quite similar to a two-level system, with energy spacing E2 − E1, coupled to an

external heat bath at infinite temperature 1/T = β = 0 such that the ratio between

the average occupation numbers is 〈n2〉/〈n1〉 = exp(−β(E2−E1)) = 1. We present in

Fig. 6.11(c) examples of time evolution towards a thermal state with almost infinite
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temperature.

Even though the mode occupation numbers relax to their diagonal ensemble values

in Fig. 6.11(b), there is a slight deviation between the microcanonical ensemble and

the stationary values. This failure of the microcanonical ensemble in describing the

long-time average can be explained by the fact that the energy distributions in the

middle of the spectrum are quite broad as seen in Fig. 6.9(b) and Fig. 6.9(c). It

is also possible that the discrepancy can be traced back from finite size effects but

further investigation is required in this direction. Nonetheless, we loosely identify the

stationary state in Fig. 6.11(b) as thermal state since the exact temporal evolutions of

the mode occupancies still relax to the long-time average and, more importantly, this

state respects the parity symmetry of the system as the bosons are evenly distributed

among the wells. Although, we point out some hints of intermediate relaxation in

Fig. 6.11(b) and Fig. 6.11(c). This is clearly seen from the time evolution of 〈n̂0
R〉

(blue curve) in the left panel of Fig. 6.11(c) and similarly from 〈n̂1
L〉 (magenta curve)

in the right panel of the same figure.

Examples of dynamics in the upper half of the spectrum are presented in Fig.

6.11(d) for E0/�ω0 = 115.94. Typically, the time evolution of mode occupation

numbers will have strong temporal fluctuations in this region of energy. It is also quite

obvious from this plot that the exact time evolution of the mode occupation number do

not approach neither the diagonal nor the microcanonical ensemble averages. Instead,

the steady-state values of the occupation number of the modes in each levels, are no

longer equal 〈n̂�
L〉 �= 〈n̂�

R〉. The stationary states in Fig. 6.11(d) break the reflection

symmetry of the system and therefore, we identify these equilibrium states as non-

thermal. This is a concrete example of prethermalization dynamics in the system.

The apparent absence of thermalization is elucidated by the behavior of the EEV

shown in Fig. 6.4. Around E0/�ω0 ≈ 115.94, the distribution of 〈k|n̂�
r|k〉 is no longer

a smooth function of Ek. However, it is worth mentioning that the violation of the

ETH does not guarantee the emergence of prethermalized metastable states. We will

further investigate this prethermalization dynamics below.
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6.5.4 Subsystem Thermalization and Prethermalization

In order to study subsystem thermalization, we use a mode partitioning scheme differ-

ent from the usual spatial or site partitioning. For our purpose, a subsystem consists

of only of one mode in the system. We calculate the dynamics of the von Neumann

entropy SvN of a subsystem in each level. The von Neumann entropy characterizes the

degree of entanglement between a mode and the rest of the system. Moreover, this

choice of partitioning simplifies the numerical calculation of SvN since the reduced

density matrix of a subsystem is already diagonal in the Fock basis. This can be seen

if we write the many-body wavefunction in terms of the Fock basis

|ψ(t)〉 =
∑
n

cn(t)|n〉 (6.20)

=
N∑

m=0

∑
{p}=N−m

cm,{p}(t)|m〉 ⊗ |p〉

where |m〉 is the Fock state of one mode, and |p〉 is the product state of the possible

occupation number in the other three modes. The second sum over the index {p} is

restricted by the conservation of total number of bosons in the system. We can trace

out the environment degrees of freedom |p〉 and obtain the reduced density matrix of

one mode

ρ̂s(t) =
N∑

m=0

( ∑
{p}=N−m

|cm,{p}(t)|2
)
|m〉〈m| (6.21)

=
N∑

m=0

λm(t)|m〉〈m|.

Hence, the von Neumann entropy of a subsystem is

SvN(t) = −tr[ρlogρ] = −
N∑

m=0

λm(t)logλm(t). (6.22)

We are only concerned with the time evolution of initial product state and so,

the von Neumann entropy will always start at zero. Following the quench, the von

Neumann entropy is expected to increase as the time evolution couples the modes
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with one another. We now study the dynamics of the von Neumann entropy for

the same set of parameters and initial states used in Sec. 6.5.3. If the SvN were

to equilibrate, it should saturate at a value predicted by a Gibbs ensemble. Since

the number of bosons and the energy are both not conserved in the subsystem, the

appropriate Gibbs ensemble must be the grand canonical one. The number of bosons

and the energy in a subsystem are obtained using the local operators

n̂s = n̂�
r; Ĥs = U �n̂�

r(n̂
�
r − 1) + E�

rn̂
�
r, (6.23)

respectively. Therefore, the density matrix of the grand canonical ensemble is

ρ̂GC =
1

Z
e−β(Ĥs−μn̂s)|m〉〈m|, (6.24)

where Z = tr(ρ̂GC). The inverse temperature β and the chemical potential μ are fixed

by the conditions: (i) 〈Ĥs〉 = tr(Ĥsρ̂GC) and (ii)〈n̂s〉 = tr(n̂sρ̂GC) where the overline

denotes the expectation value obtained from the diagonal ensemble. To calculate

〈Ĥs〉, we need the long-time average of the two-body local operator 〈(n̂�
r)

2〉 obtained
in Sec. 6.5.1.

Typical time evolution of the von Neumann entropy is shown in Fig. 6.12. We

focus on the long-time dynamics and the general features of relaxation towards the

steady-state values (or quasi-steady-state). After the rapid growth in the von Neu-

mann entropy, the behavior of the ensuing dynamics largely depends on the energy

of the initial product state. For initial energy near the ground state energy, the von

Neumann entropy quickly approaches the Gibbs entropy in a single-step relaxation.

Furthermore, the thermalization time is roughly equal to that of the mode occupation

number. This is exemplified in Fig. 6.12(a).

For initial states still in the lower half but closer to the middle of the spectrum,

we observe a two-step relaxation process such as those presented in Fig. 6.12(b) and

Fig. 6.12(c). The von Neumann entropy will first relax to a quasi-stationary value

different from the thermal entropy. The metastable states manifest as prethermaliza-

tion plateaus in the dynamics of the von Neumann entropy. We have observed that

not all of the modes will exhibit such prethermalization dynamics. For example in
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Fig. 6.12(b), the modes in the upper level of both wells (blue and green) are already

fluctuating close to the grand canonical entropy while the mode in the lower level

of the right well (magenta) is still trapped in a prethermalized state. The physical

reason for why this is the case is unclear at the moment but this is an interesting

topic that can be explored in the future. Similar behavior is seen in Fig. 6.12(c), but

here the lifetime of the prethermalized state is longer. The lifetime of the prether-

malization plateau for E0/�ω0 = 99.20 is tω0 ∼ 10 while for E0/�ω0 = 101.18 it

is tω0 ∼ 20. In general, we find that the timescale of the prethermalized regimes

increases as the initial energy of the system increases. Consequently, the thermaliza-

tion time in Fig. 6.12(b) (tω0 ∼ 39) is smaller than that in Fig. 6.12(c) (tω0 ∼ 103).

The prethermalized states in this part of the spectrum can be physically interpreted

as metastable states that temporarily break the parity symmetry of the post-quench

Hamiltonian. The plateaus observed in the dynamics of the von Neumann entropy

reveal the disagreement between the prethermalized entropy of a mode in one well

and its counterpart on the other well. The symmetry is later restored as the system

evolves towards parity-conserving thermal states.

Initial states found in the upper half of the spectrum, such as those in Fig. 6.12(d),

appear to get trapped in extremely long-lived prethermalized states, at least within

the numerically accessible timescales. In Fig. 6.12(d), the von Neumann entropies of

each mode in the left well have already reached the Gibbs prediction but the modes

in the right well still fluctuate around a non-thermal value. It is worth noting that

the metastable states found in this energy region do not show clear signs of any drift

towards thermal equilibrium. This behavior seemingly contradicts known results for

prethermalization in other nearly integrable models (see Refs. [143,151]) but there is

no reason to rule out with certainty the possibility of such metastable states to decay

after sufficient time. This issue is left for future work.



120

(a)

0 10 20 30 40 50 60
0

1

2

3
S
(t
)

tω0

 

 

|21, 7, 0, 7〉

(b)

0 10 20 30 40 50 60

2.6

3

3.4

S
(t
)

tω0

 

 

|12, 4, 8, 11〉

(c)

0 20 40 60 80 100 120

2.9

3.1

3.3

S
(t
)

tω0

 

 

|15, 0, 6, 14〉

(d)

0 500 1000

2.6

3

3.4

S
(t
)

tω0

 

 

|23, 1, 6, 5〉

Figure 6.12: (Color online) Time evolution of the von Neumann entropy (solid lines)
compared to grand canonical entropy (dashed lines) for (a) E0/�ω0 = 81.05, (b)
E0/�ω0 = 99.20, (c) E0/�ω0 = 101.18, and (d) E0/�ω0 = 115.94. The shaded area
emphasizes the prethermalization plateaus. The vertical dashed lines correspond
to the thermalization time after the prethermalized regimes in (b) and (c). Colors
denote: (red) n̂0

L, (magenta) n̂0
R, (blue) n̂

1
L, and (green) n̂1

R.
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6.6 Prethermalization and Timescales

In this section, we use similar arguments as in [147] to understand the emergence of

prethermalized states in the system. We split the expression for the time evolution

of a generic local operator into three contributions,

〈Â〉 =
∑

k �=l,{k,l}/∈{a,b}
Ck∗

n0
C l

n0
Alke

i(El−Ek)t/� (6.25)

+
∑
a �=b

Ca∗
n0
Cb

n0
Abae

iδabt/� +
∑
k

|Ck
n0
|2Akk

where {a, b} is a set of indices corresponding to the pairs of quasi-degenerate eigen-

states with energy difference {δab = Eb−Ea}. Written this way, it is possible to asso-

ciate two different timescales due to the first two sums in Eq. (6.25). For brevity, we

shall refer to each sum in Eq. (6.25), in order of its appearance, as the non-degenerate,

the quasi-degenerate, and the diagonal contributions. The non-degenerate contri-

bution is associated with a thermalization timescale due to dephasing as shown in

Eq. (6.4). It is worth mentioning that the ETH already puts a strong restriction on

the off-diagonal elements, Akk′ = 〈k|Â|k′〉, being exponentially small compared to

its diagonal counterpart. Recall that this is the nature of the ETH ansatz given by

Eq. (2.61) as discussed in Chapter 2.3.2. And so, we instead turn our attention on

possible interplay between the structure of the spectrum and the coefficients Ck
n0

.

The energy distribution of an initial state plays an important role in understanding

the stages of relaxation dynamics in our system as they provide crucial information

on the chaoticity or sparsity of the coefficients Ck
n0
. The width of the energy shell

measures the connectivity of an initial state to the eigenstates of the final Hamilto-

nian. An initial state that thermalizes will never be fully extended with respect to

the eigenstates as seen in Fig. 6.9 and therefore, the width of the LDoS will limit

contributions in Eq. (6.25) of eigenstates with energies far from the initial energy.

This naturally justifies a separation of the spectrum into different sectors. We can

then analyze the structure of the eigenenergies within each sector.

We divide the full spectrum into three sectors in accordance to the choice of initial
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Figure 6.13: Energy differences across the spectrum. The eigenenergies En are
arranged in increasing order n ∈ [1, D] where D is the dimension of the Hilbert
space. (Top-Left) Low energy sector n ∈ [1, 2000]. (Top-Right) Middle energy sector
n ∈ [2001, 5000]. (Bottom) High energy sector n ∈ [5001, D].
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energies in Sec. 6.5.2 and Sec. 6.5.3, i.e. E0/�ω0 = 81.05 is in the low energy sector;

both E0/�ω0 = {99.20, 101.18} are in the middle energy sector; and E0/�ω0 = 115.94

is in the high energy sector. The results are presented in Fig. 6.13. The outliers

in each plots represent quasi-degeneracies of pairs of even and odd eigenstates. The

energy differences, in general, decrease from ∼ 10−5 in the low energy sector to ∼ 10−6

in the middle sector. This explains the increase in the observed thermalization time

from t � 101 for initial states with low energy to t ∼ 102 for initial energies in the mid-

spectrum. Also, there is perceivable increase in the prevalence of quasi-degenerate

pairs as you go to higher energies. This means that for sufficiently high initial energies,

the quasi-degenerate contribution in Eq. (6.25) becomes more dominant and an

intermediate timescale may emerge. Thus, we conjecture that the presence of quasi-

degeneracies led to the prethermalization observed in the system. Moreover, the

width of the energy shell restricts the connectivity among the Ck
n0

such that only

the eigenenergies near an initial energy will contribute significantly to the relaxation

dynamics. For this reason, initial states in the low energy sector are unaffected by the

quasi-degeneracies in the high energy sector and we only find fast and single-stage

relaxation for such initial states (see Fig. 6.11(a) and Fig. 6.12(a)). In contrast,

metastable states start to appear during the relatively slower relaxation dynamics of

initial states in the middle sector (see Fig. 6.11(b)-(c) and Fig. 6.12(b)-(c)). One of

the main results of this work is this crossover behavior from single-stage to two-stage

relaxation process without changing the parameters of the Hamiltonian. Instead, we

can probe this transition just by increasing the energy of the initial product state. On

the other hand, most of the quasi-degeneracies are situated in the high energy sector.

In addition to this, the energy difference can reach as low as ∼ 10−15 in this sector,

which is several orders of magnitude lower than the other sectors. These two factors

combined may explain why initial states in the high energy sector exhibit long-lived

prethermalization plateaus (see Fig. 6.11(d) and Fig. 6.12(d)).
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6.7 Summary and Conclusion

In this work, we have numerically investigated the relaxation dynamics following an

integrability breaking quench in a double-well system. We obtained the distribution

of consecutive level spacings in order to characterize the spectral statistics of the

system. Then, we identified the post-quench Hamiltonian as non-chaotic over a wide

range of interaction parameters due to the absence of level repulsion. The enhanced

level clustering for strong interactions is attributed to the increase in the amount

of quasi-degenerate pairs. Thus, for the chosen trap parameters, the non-integrable

post-quench Hamiltonian is close to an integrable point.

In order to check the requirements for the validity of the ETH in our system, we

obtained the distribution of the EEV for various interaction parameters. In general,

smooth distributions of the EEV are found in the lower half of the spectrum. By

changing the interaction strength, we observed that the distribution of the EEV

broadens as the number of quasi-degenerate energy levels increases. At the moment,

we only provided numerical evidence that the ETH holds for the system, albeit having

a spectral statistics akin to integrable models. It would be interesting to see whether

the weak ETH scenario studied in Refs. [141, 177] can be observed in our system.

This can be a subject of future study involving careful scaling analysis of the model.

We compared the long-time averages of local operators calculated using the di-

agonal ensemble and their microcanonial values for a set of initial product states

spanning all possible combinations of Fock states in each mode. The range of en-

ergy where the diagonal ensemble averages are well described by the microcanonial

ensemble is consistent with that for which the ETH is satisfied. Therefore, we have

numerically verified that it is possible for the system to thermalize. We computed the

LDoS of typical initial states with energy within the first half of the energy spectrum

and we classified them as chaotic since they ergodically fill the energy shell. These

results allowed us to extend the scope of the main conclusion in Ref. [156], to include

chaotic initial states away from the middle of the spectrum that thermalize under

time evolution of a non-chaotic Hamiltonian.
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Using generic initial product states, we found that the system may exhibit ther-

malization in the sense that the exact time evolution of local operators relax to

the diagonal ensemble predictions and these values are close to corresponding Gibbs

ensemble predictions. In particular, we demonstrated that the mode occupation num-

bers of certain initial states would dynamically approach the diagonal ensemble av-

erages. The energy of such initial state is within the range of energy for which initial

states are delocalized and the ETH is valid. Observables for initial states in the high

energy region are shown to relax but not towards the diagonal ensemble values. This

led us to think about the possibility of having two-stage relaxation dynamics in the

system. In fact, the emergence of prethermalized states became clear when we exam-

ined the time evolution of the von Neumann entropy in each mode. Specifically, we

have observed intermediate relaxation to metastable states for initial energies close

to the middle of the spectrum. Finally, we have argued that delocalization of initial

states together with the details of the energy spectrum such as quasi-degeneracies

play vital roles in understanding prethermalization and the relaxation timescales of

the system. One of the key contributions of this work is the possibility of probing,

by simply changing initial product states, the continuous transition from single-step

to two-step relaxation at fixed Hamiltonian parameters.

One possible direction of future work is a careful study on how finite-size effects

may affect the phenomenon observed in this work including the emergence of prether-

malization and the behavior of the EEV as the size of the system is increased. Also,

the question whether an initial state with LDoS different from the energy shell but

still has some kind of structure, as in Fig. 6.9(d), will eventually thermalize remains

an open issue for future study.



Chapter 7

Semiclassical perspective on

thermalization of ultracold bosons

in a 1D double-well potential

7.1 Introduction

In Chapter 6, we have shown that the system described by a multilevel Bose-Hubbard

model can exhibit signatures of quantum thermalization in the level of local observ-

ables. The same out-of-equilibrium dynamics investigated in the previous chapter can

be also studied in a different perspective using phase space methods. Here, we can

look at properties and statistics of single trajectories used to approximate expectation

values of relevant observables instead of analyzing properties of the full spectrum or

individual eigenstates as done in the previous chapter. More specifically, we employ

a phase-space representation called the Wigner representation. Calculating the time-

evolution semiclassically by means of the truncated Wigner approximation enables

us to gain insight on how observables equilibrate through the lens of the associated

quasiprobability distributions. We show that the long-time marginal distribution of

the Wigner function agrees with both the quantum mechanical prediction according
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to the so-called diagonal ensemble and also to the corresponding microcanonical dis-

tribution in phase-space satisfying the appropriate contraints given by the energy and

the total number of particles.

7.2 Truncated Wigner Approximation

In the classical limit of large occupation in each mode, N → ∞, we proceed by

making use of a phase-space method called the truncated Wigner Approximation.

This method amounts to solving the semi-classical counterpart of the Heisenberg

equation of motion for the Hamiltonian in Eq. (6.6) with different initial conditions,

which accurately samples the quantum noise in the system, then averaging afterwards.

The operators b̂l†r and b̂lr can be treated as complex c-numbers. The semi-classical

form of the Heisenberg equation of motion or equivalently the Gross-Pitaevskii equa-

tion reads:

i�
∂blr
∂t

=

{
blr, HW

}
C

=
∂HW

∂bl∗r
(7.1)

where {· · · }C is the Poisson bracket and HW is the Weyl ordering of the Hamiltonian

operator which is calculated by replacing b̂lr →
(
blr +

1
2

∂
∂bl∗r

)
and b̂l†r →

(
bl∗r − 1

2
∂
∂blr

)
[55]. This is called the Bopp representation of the operators. We apply this to the

annihilation and creation operators in the two-band Bose Hubbard Hamiltonian (6.6)

HW = −
∑
r �=r′,l

J lbl∗r b
l
r′ +

∑
r,l

U l

[
(bl∗r )

2(blr)
2 − bl∗r b

l
r +

1

2

]
(7.2)

+
∑
r,l

El
r(b

l∗
r b

l
r −

1

2
) + U01

∑
r,l �=l′

[

(bl∗r )
2bl

′
r b

l′
r + 2

(
bl∗r b

l
rb

l′∗
r b

l′
r −

1

2
bl

′∗
r b

l′
r −

1

2
bl∗r b

l
r +

1

4

)]
Then, for our system, Eq. (7.1) simplifies as

i�
∂bms
∂t

= −Jmbms′ + (Em
s − Um)bms + 2Um|bms |2bms (7.3)

+ 4U01bms |bm
′

s |2 + 2U01bm∗s (bm
′

s )2 − 2U01bms
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where s′ and m′ mean different well and energy level respectively. Depending on

the initial state, we use the appropriate sampling for the initial conditions when

solving the coupled differential equations Eq. (7.3) [54, 178]. For coherent state,

which corresponds to a condensed state of bosons, the initial conditions are sampled

as b = b0+
1
2
(ν1+ iν2) where |b0|2 = n+1/2 and νi are Gaussian random variables. It

is appropriate to consider the sampling for Fock state as well. Fock state is sampled

as b = (p+qν)ei2πξ where ν is a Gaussian random variable and ξ is a uniform random

variable in the interval [0, 1], p = 1
2
(2N + 1 + 2

√
N2 +N)1/2 and q = 1/(4p).

7.3 Thermalization from semiclassical dynamics

In order to compare with results obtained in Chap. 6, we use the same Bose-Hubbard

parameters as discussed in Sec. 6.2 for the following numerical simulations. We study

the dynamics from initial Fock and coherent states with the same energy E0/N ≈
2.25�ω0, which corresponds to the lowest energy considered in the time evolution

found in Sec. 6.5.3. Before we study the quantum dynamics, it is insightful to first look

at two realizations of initial conditions and compare them from another. This amounts

to solving the set of coupled Gross-Pitaevskii equations above using a deterministic

initial condition. In Fig. 7.1, we present a qualitative picture of trajectories for two

different initial conditions with one differing from the other by one atom added to the

|n1
L〉 and one atom subtracted from |n0

L〉. In the integrable limit of U01 = 0, regular

motion is seen from the nearly periodic oscillation of |b0L|2 as function of time. On

the other hand, for finite U01 chaotic or irregular trajectories are obtained.

The relaxation dynamics from TWA calculations is shown in Fig. 7.2. The final

relaxed values of the occupation numbers are in excellent agreement with the quan-

tum diagonal ensembles prediction. For the two different initial conditions the upper

and lower modes thermalize at n0
L ≈ n0

R ≈ 0.4N, n1
L ≈ n1

R ≈ 0.1N . Independence on

the details of the initial state apart from constraints such as energy is one criterion

for thermalization. The Wigner trajectories exhibit chaotic behavior by quickly filling
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Figure 7.1: Comparison of two different trajectories with slightly different initial
states (difference of only one boson being transferred from the lower level to the
upper level of the left well). (Left) In the integrable limit of the single band model,
the trajectory of a slightly perturbed initial condition is almost indistinguishible to
the original. (Right) While for finite U01, chaotic behavior is observed for slight
mismatch of initial conditions.

the available phase space, as shown in Fig. 7.3. Good agreement between the TWA

results and the diagonal ensemble predictions suggest that the marginal distributions

of a phase-space distribution, in this particular case the Wigner function, are consis-

tent with the corresponding microcanonical distributions. This is in agreement with

previous results found in Refs. [179,180] where it was conjectured that thermalization

is manifested in uniformly distributed quasiprobability distributions as they spread

over the available energy shell.

In the context of full quantum simulations, the diagonal ensemble ρ̂m contains

all necessary information about the relaxed state. Our aim is to calculate the pop-

ulation distribution in a mode Pn and compare it with the analogous distribution

derived from the TWA approximation. This quantity simply gives the occupancy

of that mode, 〈n̂〉 =
∑

n′ n′Pn′ , and the reduced density matrix of that mode,∑
n′ Pn′ |n′〉〈n′|. To calculate this density distribution we express ρ̂m via the Fock

basis ρ̂m =
∑

k,m,n |Ck
n0
|2Ck

nC
k∗
m |n〉〈m| yielding Pn =

∑
k |Ck

n0
|2|Ck

n|2. We found a very

good agreement with the analogous distribution obtained from the TWA calculations,

as it is shown in Fig. 7.4. The later is obtained by noting that nl
r → |blr|2.
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Figure 7.2: TWA dynamics of the occupation numbers in each mode from Fock and
coherent initial states with the same energy E0/N ≈ 2.25�ω0 and narrow energy
variances ΔE0/E0 = 0.09 and 0.02 respectively. They equilibrate at values which are
in excellent agreement with the quantum diagonal ensembles prediction for N = 40.
This diagonal ensemble value has been calculated in the same manner described in
Chapter 6 A single TWA trajectory is shown in semitransparent gray; it exhibits
chaotic behavior. Only averaging over many such trajectories leads to the correct
relaxed values of the occupation numbers.



131

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

Re(b0
L
/
√
N)

Im
(b

0 L
/
√
N
)

tω
0
=4 Fock

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

Re(b0
L
/
√
N)

Im
(b

0 L
/
√
N
)

tω
0
=4 Coherent

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

Re(b0
L
/
√
N)

Im
(b

0 L
/
√
N
)

tω
0
=100

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

Re(b0
L
/
√
N)

Im
(b

0 L
/
√
N
)

tω
0
=100

Figure 7.3: Ergodicity in TWA. As an example we show Wigner distributions of one of
the lower levels. Initially the system is prepared in the Fock state (green cycle shown
on the left) or in the coherent state (green bump shown on the right). Trajectories
sampled from the initial states fill the available phase space as time evolves (blue
dots). The distributions become essentially the same at some time and after that
they do not change, which suggests thermalization is reached within TWA. In this
sense, quantum fluctuations of the initial state turn into thermal fluctuations in the
course of evolution.
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The resulting population distributions can be inferred from the ergodicity of the

Wigner trajectories originating from the initial sampling which is narrow in energy.

The Wigner distribution function of the entire system can thus be represented as some

sharply peaked function δ̄(HW −E0), the microcanonical analog of the quantum case.

We approximate it with the Gaussian δ̄(x) = 1
σ
√
π
exp(−x2/σ2) with σ ∼ ΔE0. The

Wigner distribution of a mode blr is then given by integrating out over all modes

but one, Wm(b
l
r, b

l∗
r ) =

∫
δ̄(HW − E0)δ̄((

∑
bl∗r b

l
r) − N)

∏
l′ �=l, r′ �=r db

l′
r′
∗
dbl

′
r′ , which is

numerically evaluated using Monte Carlo integration upon the change of variables

{bl∗r , blr} → {|blr|, θlr}. Specifically, we set bl∗r = |blr|e−iθlr and blr = |blr|eiθlr . Then

marginal probability after changing variable is given by

P (bl∗r , b
l
r)db

l∗
r db

l
r = |J l

r |P (|blr|, θlr)d|blr|dθlr, (7.4)

where the Jacobian of the transformation is given by

|J l
r | =

∣∣∣∣∣∣
∂blr
∂|blr|

∂blr
∂θlr

∂bl∗r
∂|blr|

∂bl∗r
∂θlr

∣∣∣∣∣∣ = 2|blr|. (7.5)

The Weyl-transformed Hamiltonian expressed in terms of the new phase-space vari-

ables becomes

HW = −
∑
r �=r′,l

J l|blr||blr′ |ei(θ
l
r′−θlr) +

∑
r,l

U l

[
|blr|4 − |blr|2 +

1

2

]
(7.6)

+
∑
r,l

El
r(|blr|2 −

1

2
) + U01

∑
r,l �=l′

[

|blr|2|bl
′
r |2e2i(θ

l′
r −θlr) + 2

(
|blr|2|bl

′
r |2 −

1

2
|bl′r |2 −

1

2
|blr|2 +

1

4

)]
.

The microcanonical marginal distribution will then read as

P (|blr|, θlr) =
∫

8

σ2π
e−(HW−E)2/σ2

e−(
∑ |blr|2−N)/σ2

∏
l′ �=l, r′ �=r

|bl′r′ |d|bl
′
r′ |dθl

′
r′ . (7.7)

The evaluation of the above integral is done using Markov-Chain Monte-Carlo method

by choosing an arbitrary proposal distribution from the integrand, which is sampled
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to satisfy detailed balance condition. Upon evaluation of the integral, we found good

agreement between the microcanonical marginal distribution of a particular mode and

the corresponding Wigner distributions obtained from TWA as shown in Fig. 7.4.
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Figure 7.4: (Upper panels) Comparison of the distributions Pn derived from the diag-
onal ensemble with the corresponding distributions derived from the grand-canonical
ensembles. Both are compared with the corresponding data extracted from TWA.
(Lower panels) The good agreement between the exact Wigner distribution and the
distribution Wm.

Having observed equilibration in each of the four modes, we now examine the

states of each mode in more detail. Our aim is to demonstrate that the equilib-

rium states are thermal. In studying thermalization in closed quantum systems, the

Hamiltonian of a system is usually split into several parts, Ĥ = ĤS + ĤB + Ĥint,

representing the subsystem, the bath, and interactions between them leading to their

mutual thermalization. Equation (6.6) represents such a situation: Each of the four

modes can be regarded as a subsystem (= ĤS) coupled to the rest of the system
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(= ĤB), via the tunneling and coupling terms (= Ĥint). The modes may exchange

energy and particles via tunneling; therefore thermal states of each mode are ex-

pected to be described by grand-canonical ensembles ρ̂GC ∼ e−β(ĤS−μn̂S), where for

a given mode ĤS = U ln̂l
r(n̂

l
r − 1) + El

rn̂
l
r and n̂S = n̂l

r. To ensure that the resulting

distributions are thermal, we fitted them with the grand-canonical distribution ρ̂GC .

7.4 Summary

We have demonstrated that each of the four modes thermalizes with the rest of the

system. We did this as follows: each mode is weakly coupled to the other modes

via tunneling and interaction terms in the Hamiltonian so that they can exchange

particles and energy. As a result, the corresponding distributions are expected (and

were shown) to be well described by the grand-canonical ensembles with appropriate

temperatures and chemical potentials. Moreover, initial state independence of the

relaxed states provides further evidence of thermalization in each mode. Finally, the

relaxed distribution of trajectories in each mode can be inferred from a microcanonical

counterpart of the Wigner distribution of the whole system.

We have also shown that the semiclassical truncated Wigner approach and full

quantum description agree in reproducing the states of each mode after they have

been thermalized. While the quantum description of thermalization has been eluci-

dated extensively in the literature [16, 38, 39, 181, 182], in this work we analyzed the

semiclassical approach in order to seek further insights into the physics of quantum

thermalization.



Chapter 8

Conclusions

In this thesis we have studied various nonequilibrium dynamics of few- to many-body

interacting bosons. In particular, we have considered as few as two bosons but we

have also investigated the semiclassical limit of large occupation number. Our work

in essence can be divided into two parts: (1) many-body dynamics according to the

MCTDHB method and (2) quantum ergodicity in a double-well system.

In suggesting a new convergence test based on the center-of-mass motion, we

have uncovered the shortcomings of the MCTDHB method. We have specifically

demonstrated the inability of one usual criterion to detect non-convergence in the

numerical results produced by the MCTDHB. We have also shown a pathologically

slow convergence problem for attractively interacting bosons released from harmonic

confinement. The same convergence issue is eventually linked back to previously

published MCTDHB results on the creation of the so-called fragmentons which in

this thesis we show are nothing but numerical artefacts from unconverged MCTDHB

wave functions. Despite the limitations of MCTDHB, it can still be considered a

useful many-body numerical method especially for few bosons and in cases where

only few single-particle energy states are relevant in the problem. This is exactly the

type of system that we have considered in our investigation of interaction blockade of

up to three bosons. Our numerical results based on converged MCTDHB simulations

corroborate our experimental proposal for observing interaction blockade and the
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expected bosonic enhancement factor using asymmetric double-well configurations.

In the second half of thesis, we have investigated quantum ergodicity in a double-

well system. Nonintegrability is considered as a key ingredient for the validity of the

ETH which predicts the dynamical equilibration of observables towards a microcanon-

ical prediction. And in our double-well system, integrability can be broken by going

beyond the one-level approximation and allowing states in the next energy level to

participate in the rich dynamics after a quantum quench. This type of system gives us

a unique opportunity to study mode partitioned subsystems and how they can ther-

malize in the context of the ETH. This is in contrast to the usual space-partitioned

subsystems of having multiple lattice sites considered in previous numerical exper-

iments. We have shown that indeed the two-level double well system can exhibit

signatures of chaoticity and thermalization dynamics in the quantum level. We then

took another step forward by taking the semiclassical limit of large N in the system

and this made the quantum dynamics amenable to the TWA. This semiclassical per-

spective allowed us to construct marginal distributions of the Wigner function and

we show that they compare well with corresponding distributions predicted by other

ensemble which include the diagonal, grand-canonical, and microcanonical ensemble.



Appendix A

Parity symmetry

The reflection symmetry about the center of the single particle potential as shown

in Fig. 6.1 allows for eigenstates which are combination of symmetric/antisymmetric

pairing of Fock states, i.e. |20, 15, 0, 5〉 ←→ |15, 20, 5, 0〉. We label an eigenstate as

even/odd (+/-) when

|k〉± =
∑
{n}

(Ck
n|n〉 ± Ck

nP̂ |n〉)/2 (A.1)

where we sum over all combination of Fock states {n} and the parity operator

P̂ |n0
L, n

0
R, n

1
L, n

1
R〉 = |n1

L, n
1
R, n

0
L, n

0
R〉. Examples of even and odd eigenstates are shown

in Fig. A.1. Notice the sizeable amount of nonzero Ck
n and how they fluctuate around

zero. This can be used to introduce the concept of chaotic eigenstate which is not to

be confused with chaotic initial state discussed in Chapter 6. Chaotic eigenstates are

characterized by delocalization in a particular basis.
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Figure A.1: The red crosses denote the overlap coefficient Ck
n of the corresponding

pair of the blue circles. When the two coincide with each other, the eigenstate has a
definite parity. (Left) Even-parity eigenstate. (Right) Odd-parity eigenstate in which
the red crosses are now −Ck

n.



Appendix B

Imaginary time propagation

When initializing the MCTDHB simulation according to some initial ground state,

the time evolution equations for the single-particle functions and the expansion coef-

ficients are both propagated in imaginary time, i.e., τ = −it. Here, we briefly review

the basic ideas of imaginary time propagation scheme. Consider the time-evolution

equation in imaginary time for an arbitrary wave function,

∂ψ(�x, τ)

∂τ
= Hψ(�x, τ). (B.1)

An initial guess state ψ(�x, 0) can then be propagated according to

ψ(�x, τ) ∝ e(−τH)ψ(�x, 0) (B.2)

which can be expanded in terms of the eigenstates φi(�x)of the Hamiltonian H with

corresponding eigenvalues εi

ψ(�x, τ) ∝
∑
i

Ciφi(�x)e
(−τεi). (B.3)

Clearly from Eq. (B.3), the imaginary time-evolution leads to an exponential decay

of all terms in the series expansion. In the limit as τ → ∞, the term associated to

the ground-state φ0(�x)exp(−ε0τ) decays the slowest and eventually becomes the most

dominant contribution.
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Appendix C

Improved relaxation

We briefly outline the improved relaxation scheme used to obtain the excited energy

eigenstates in Chapter 5. Firstly, initialize the scheme by guessing a set of single-

particle functions. Then, the expansion coefficients or the �C-vectors are propagated

by obtaining the eigenvalues and eigenvectors of the time-dependent Hamiltonian

matrix H expressed in the basis of the aforementioned single-particle functions

Hnn′(t) = 〈n1, n2, . . . , nM ; t|Ĥ|n′1, n′2, . . . , n′M ; t〉. (C.1)

Choose the nth eigenvector (state of interest) of H and propagate the single-particle

functions in imaginary time with finite time interval according to this new eigenvector.

Update the single-particle functions and repeat the whole process iteratively until

convergence to the energy of the state of interest is achieved.
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Appendix D

Discrete variable representations

We now briefly discuss the discrete variable representation (DVR) that we have used

in Chapter 5 to obtain the effective Hubbard parameters for a three dimensional

system. Note that the following discussion is based on Ref. [28].

Before proceeding to actual details of the DVR, let us first give a general overview

of advantages of the DVR over other numerical methods. It can be argued that DVR-

based methods are comparatively simpler that pure spectral methods since DVR

methods only require diagonalization of matrices whose elements are analytically

known. This is in contrast to spectral methods wherein Hamiltonian matrices are

built from integrals which either have to be evaluated analytically or often times

numerically. The efficiency of DVR methods gives it an advantage over its grid-based

counterparts. For example in standard finite difference methods, the error scales as a

power of the number of grid points, while DVR methods have exponential convergence

with the grid points.

The DVR can be defined as follows [28, 183]. Let us consider a domain D ⊆ R

and a Hilbert space H of functions on D. We intend to find a subspace SK of H
with refinement parameter K that captures the part of H spanned by low-energy

eigenstates of the potential. We then introduce a Hermitian projection operator PK

that projects states into the subspace SK . Let us also select some set of N grid

points {xn} where N = dimSK . If the projected delta functions |xn〉 = PKδ(x− xn)
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are orthogonal, then we the set of PK and {xn} can be called a discrete variable

representation. In this representation, the wave function is expanded in the basis

formed by a normalized set of these projected delta functions |Δn〉 = PK |xn〉/
√
Nn,

where Nn is a normalization factor. The key advantages of DVR can be seen from how

external potentials V (x) ∈ SK have diagonal matrix representation and an analytic

representation of the kinetic energy operator. It also has exponential convergence in

N .

We now move on to a discussion of a specific type of DVR basis which is the so-

called sinc DVR [184]. A much more detailed discussion and derivation of important

properties of this type of DVR can be found in Ref. [28]. For the sinc DVR, we

consider a domain spanned by the real line D = (−∞,∞). We choose the projection

operator PK to project into the subspace of wave functions with momentum cutoff

given by K.

PK =

∫ K

−K
dk|k〉〈k|, (D.1)

where 〈x|k〉 = eikx/
√
2π are plane waves with delta-function normalization and N

equally spaced grid points, xn = nπ/k. In doing so, we are essentially projecting into

a subspace of the Hilbert space spanned by non-interacting states with energy less

than EK = �
2K2/2M where M is the mass. Then the delta functions projected into

SK are sinc functions

〈x|Δn〉 = 1√
Δx

sinc(π(x− xn)/Δx), (D.2)

where Δx = π/K is the grid spacing. These functions have a nice property that they

are nonzero only at a single grid point and they vanish on all others. This property

automatically satisfies the orthonormality requirement for a DVR. It also has another

remarkable property such that the overlap between two states is∫
dx〈Δn|x〉〈x|Δn′〉 =

∞∑
i=−∞

Δx

Δx
sinc(π(i− n))sinc(π(i− n′)) = δn,n′ . (D.3)

Exponential accuracy of this DVR with the number of grid points N allows for a
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diagonal matrix representation of the external potential

〈Δn|V (x)Δn′〉 ≡ Vnn′ ≈ V (xn)δn,n′ . (D.4)

While the kinetic energy operator in the DVR basis can be written as

Tnn′ ≡ 〈Δn| − �
2

2M

∂2

∂x2
|Δn′〉 (D.5)

=
�
2

2MΔx2

⎧⎨⎩ π2

3
, n = n′

2(−1)n−n′

(n−n′)2 , otherwise

Notice how the kinetic energy matrix is no longer sparse at least in one dimensional

problems (tri-diagonal in the case of first-order finite difference scheme) in this rep-

resentation. One can view this representation as the N -th order finite difference

approximation to the second derivative as N → ∞ [184]. However, for three di-

mensional systems the kinetic energy matrix is block diagonal along each dimension.

While finite-order finite difference schemes have sparse kinetic energy matrices, the

convergence is only polynomial with the number of grid points. On the other hand,

the kinetic energy representation in Eq. (D.5) will have exponential convergence. As

pointed out in Ref. [28], another nice advantage of using sinc DVR is the exponential

convergence for evaluating integrals of products of eigenfunctions and possibly their

corresponding derivatives. Such integrals are relevant to us in obtaining effective

Hubbard parameters in Chapter 5.

For three dimensional systems in Cartesian coordinates, the single-particle (or

non-interacting) Hamiltonian ĥ written in the sinc DVR basis is

〈ΔxΔyΔz|ĥ|Δ′
xΔ

′
yΔ

′
z〉 = δy,y′δz,z′Txx′ + δx,x′δz,z′Tyy′ (D.6)

+ δy,y′δx,x′Tzz′ + δx,x′δy,y′δz,z′V (x, y, z).

Therefore, the Hamiltonian in this representation can be applied to a state vector

expanded in the sinc DVR basis using O(N2
xNyNz + NxN

2
yNz + NxNyN

2
z ) opera-

tion which is significantly fewer than the O(N2
xN

2
yN

2
z ) operations for a dense matrix

representation of ĥ. We numerically implement the construction as well as exact
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diagonalization of Eq. (D.6) for the effective Hubbard parameters in Chapter 5. Con-

vergence properties of the sinc DVR as applied in non-separable Gaussian-type optical

potentials are discussed in Ref. [28].
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[110] B. T. Seaman, M. Krämer, D. Z. Anderson, and M. J. Holland. Atomtron-

ics: Ultracold-atom analogs of electronic devices. Phys. Rev. A, 75(2):023615,

February 2007.

[111] D. R. Dounas-Frazer, A. M. Hermundstad, and L. D. Carr. Ultracold Bosons

in a Tilted Multilevel Double-Well Potential. Phys. Rev. Lett., 99(20):200402,

November 2007.



157

[112] C. Lee, L.-B. Fu, and Y. S. Kivshar. Many-body quantum coherence and in-

teraction blockade in Josephson-linked Bose-Einstein condensates. Europhys.

Lett., 81:60006, March 2008.

[113] P. Schlagheck, F. Malet, J. C. Cremon, and S. M. Reimann. Transport and

interaction blockade of cold bosonic atoms in a triple-well potential. New J.

Phys., 12(6):065020, June 2010.

[114] P. Cheinet, S. Trotzky, M. Feld, U. Schnorrberger, M. Moreno-Cardoner,
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