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ABSTRACT 

This thesis addresses the problem of estimating the ratio of quantitative variables from 

several independent samples in agricultural research. The first part is concerned with 

estimating a binomial proportion, the ratio of discrete counts, from several independent 

samples under the assumption that there is a single underlying binomial proportion p in 

the population of interest. The distributions and properties of two linear estimators, a 

weighted average and an arithmetic average, are derived and merits of the approaches 

discussed. They are both unbiased estimators of the population proportion, with the 

weighted average having lower variability than the arithmetic average. These findings are 

obtained through a first principles analysis, with a geometrical interpretation presented. 

This variability result is also a consequence of the Rao-Blackwell theorem, a well-known 

result in the theory of statistical inference. Both estimators are used in the literature but we 

conclude that the weighted average estimate should always be used when the sample sizes 

are unequal. These results are illustrated by a simulation experiment and are validated using 

survey data in the study of lodging percentage of sunflower cultivar, Improved Peredovic, 

in Jilin Province, China in 1994. 

The second part of the research addresses the problem of estimating the ratio µ x I µ y of the 

means of continuous variables in agricultural research. The distributional properties of the 

ratio XI Y of independent normal variables are examined, both theoretically and using 

simulation. The results show that the moments of the ratio do not exist in general. The 

moments exist, however, for a punctured normal distribution of the denominator variable if 

we only sample points for which I YI> c, c being a small positive quantity. We draw out 

the practical rule-of-thumb that the ratio of two independent normal variables can be used 

to estimate µ x I µr when the coefficient of variation of the denominator variable is 

sufficiently small (less than or equal to 0.2). 

Lastly the thesis evaluates the relative merits of two common estimators of the ratio of the 

means of continuous variables in agricultural research, an arithmetic average and a 

weighted average, via simulation experiments using normal distributions. In the first 
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simulation, the ratio and common coefficient of variation are changed while the sample size 

is kept moderately large. In the second simulation, the ratio and sample size are changed 

while the coefficient of variation is held constant. Results show that the weighted average 

always provides a better estimate of the true ratio and has lower variability than the 

arithmetic average. It is recommended that the weighted average be used for estimating the 

ratio from several pairs of observations. These results are tested using research data from 

rice breeding multi-environment trials in Jilin Province, China in 1995 and 1996. These 

data are used to demonstrate the diagnostic approach developed for assessing the 'safety' 

use of the arithme_tic and the weighted average methods for estimating the ratio of the 

means of independent normal variables. 
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Chapter 1 Introduction 

CHAPTERl 

INTRODUCTION 

1.1 RATIOS OF QUANTITATIVE VARIABLES 

A ratio of quantitative variables, characterised by two variables, the numerator and 

denominator, is often used in scientific research, survey studies and daily life. Some of 

these are concerned with the degree of success, such as the success rate of a particular 

practice. Others are related to the comparison of a novel method relative to an existing one, 

such as an innovative technique relative to a standard approach. Depending on the 

composition variables, ratios can generally be expressed or classified into four major 

categories: 

1) ratios of non-negative counting variables to positive counting variables (proportions or 

percentages); 

2) ratios of continuous variables (proportions); 

3) ratios of continuous to positive discrete counting variables; and 

4) ratios of discrete counting variables to continuous variables. 

In the first category, where the numerator and denominator are both discrete counting 

variables, the ratio can be further classified into two subcategories. In the first subcategory 

the denominator variable represents the total number of counts, while the numerator 

variable denotes the number of "successes" out of this total number of counts. Hence, this 

special kind of ratio is referred to as proportion or percentage, for example, the proportion 

or percentage of plants infected by a particular disease over the total number of plants 

sampled. In the second subcategory, the numerator and denominator variables denote 

counts of different nature and hence the ratio is known as the average number of occurrence 

for the numerator variable per unit count of the denominator variable. An example of this is 

the average number of cars possessed per family in a given community, which can be 

sensibly estimated as the ratio of the total number of cars over the total number of families 

surveyed in the population. In the second major category, where the numerator and 

denominator variables are both continuous, the ratio can also take several different forms . 
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The numerator and denominator of a ratio may measure the same quantitative attribute of 

two contrasting methodologies such as 

i) ratio of grain yields of two crop varieties (a new variety and a local control); 

ii) a fraction over the total amount, such as harvest index, which is the ratio of the 

economic yield over the total biological yield of field crops, or 

iii) the average amount of one attribute per unit amount of another attribute, such as grain 

yield in kilograms per hectare for a particular crop species. 

Examples of the third category are the grain yield (weight) per plant and the average weight 

per person within a community. Examples of the fourth category are the average number of 

people inhabited on a unit area of land (for example, per square metre) or the average 

number of insect pests parasitising plants per unit area of farmland. 

Some ratios are easily identified as belonging to one of the four categories, such as the 

exchange rate of two currencies or the relative cost of groceries in Australia and New 

Zealand ( expressed as price ratio of the specific grocery items between the two countries in 

local dollars). There are other types of ratio the numerator and/or denominator of which 

involve some kind of computation from the raw data. Examples of these include ( 1) the 

linear correlation coefficient, which is the ratio of the sum of cross-products between two 

variables over the square root of the product of the sums of squares for the two variables; 

(2) heritability, which is the ratio of the genetic variance to the total phenotypic variance; 

(3) the linear regression coefficient, which is the ratio of the sum of cross-products between 

the two variables to the sum of squares of the independent variable; (4) mid-parent 

heterosis, whose denominator is the mean of the two parents for a particular attribute such 

as grain yield, while the numerator is the difference between the hybrid and the mean of the 

two parents for the same character. These were termed naive estimators of ratio by Frankel 

(1971) and Rao and Kuzik (1975), who even regarded partial and multiple regression 

coefficients as belonging to this type of ratio. All of them can also be characterised as 

matching one of the four major groups. The appropriate estimation of ratio is hence of 

practical importance. 
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1.2 RATIO ESTIMATORS 

If only one pair of measurements are made and collected for the numerator and 

denominator, the estimation of the ratio is straightforwardly carried out by division. In 

situations where a series of such ratios, proportions or percentages need to be pooled or 

averaged, however, a serious question will arise: which way of averaging should be used? 

There have been confusions especially in estimating ratio of continuous and of discrete 

counting variables in agricultural research. Unfortunately, this has not been well 

documented in the literature. 

Estimators of ratios of discrete counts 

Let xi (i=l ,2, .. . ,K) be one of the K independent binomial samples with size ni. There are 

two common methods for estimating the ratio of such count data p from several samples, 

arithmetic average and the weighted. The arithmetic average method estimates the ratio via 

dividing the sum of the individual ratio estimates of these samples by the number of 

samples, using the formula P, = ( L ~} K. The weighted average, a contrasting 

approach, calculates the ratio via dividing the sum of the numerators by the sum of the 

denominators of a series of ratio estimates, employs the mathematical expression 

numerator and denominator, these estimate a binomial proportion, and will be thus referred 

to throughout the thesis. These two approaches have been widely used in studies of 

proportion data in applied research, especially agricultural sciences. Although some 

textbooks have advocated that the weighted average be adopted against the arithmetic 

average, the theoretical distributions and justifications of such an approach have not been 

provided. There have been no reports on the evaluations of and comparison between these 

two contrasting methods. 
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Estimators of a ratio of continuous variables 

Let (x;,y;), i=l,2, ... ,n, be a random sample of observations from a bivariate population, 

such as normal population N(µx,µr,crx,crr,P ), and for each observation a ratio is 

calculated as x; I Y;. There are two popular ways in agricultural research to estimate the 

ratio of two population means µx I µY, the arithmetic average approach, with 

R, = ( I; :: } n , and the weighted average approach, with 

There are several other estimators of the ratio of continuous variables for estimating the 

ratio of two population means (Hartley and Ross 1954; Quenouille 1956; Mickey 1959; 

Durbin 1959; Pascual 1961; Kokan 1963; Tukey 1958; Tin 1965). They are functions of the 

weighted and/or the arithmetic average ratio estimators. They have not, however, attracted 

attention from agricultural scientists. Only the weighted and the arithmetic average ratio 

estimators have gained popularity, with the latter being more favoured; the remaining 

estimators appear only in the sampling survey areas. Again, the relative merits of both 

methods have not been compared and theoretical justifications for using either of them have 

not been explored. 

It is intuitively obvious that the weighted average method should be used in estimating the 

ratio of either discrete counting or continuous variables. Our intuition, however, often fails 

in practice for various reasons. Statistically, it is a matter of whether to adopt the idea of 

weighted averaging (and hence the weighted average method) or not (and hence the 

arithmetic average method). In essence, these two methods relate to averaging the series of 

ratio estimates before or after division. These options outline the skeleton of the thesis, as is 

shown in Figure 1.1. 

4 
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Ratio estimates of quantitative measurements 

(xi: Yi,X2: Y2,···,xi: yi' ... ,xK: YK) 

Averaging to estimate 
the quotient 

:::::: 
0 

bl)•-
:::-~ 
·- > bl)._ 

~ '"'d 
0.) 0.) 
> I-< 

~ t.8 
0.) 

.D 

Arithmetic average Weighted average 

= .S: -,:,: s ·--"' ~ 

RA ==[tx'. )1 K 
z=l Yz 

True ratio 
µx 

µy 

= 0 .... -,:,: s .... -"' ~ 

Figure 1.1 A diagram outlining the skeleton of the research comparing two common 
estimators of ratio, where X and Y can be either discrete counting variable or continuous 
variable. In the case of a ratio of discrete counting variables, RA and Rw are replaced by ~ 

and Pw, respectively. 
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1.3 MOTIVATION OF THE RESEARCH 

The motivation of this research originated from the author's investigation of sunflower 

lodging percentages in China in 1994 (Qiao et al. 1994) and the study of relative 

performance of rice varieties in grain yield, also in China in 1995 and 1996 (Jingyong Ma 

1996, personal communication). In both cases a series of ratio estimates needed to be 

pooled or averaged over different environments. The first belonged to the ratio of discrete 

counting variables, while the second belonged to the ratio of continuous variables. For the 

sunflower study, a survey was conducted in 1994 in the Western Region of Jilin Province, 

China to investigate the lodging percentage of a commercial sunflower cultivar Improved 

Peredovic in five sites (locations). The technicians at each site were asked to take a random 

sample of at least 500 plants for the measurement, but were encouraged to take larger 

samples if possible. The results are listed in Table 1.1, with number of lodged plants and 

total number of plants specified in each location. The aim was to estimate the average or 

pooled lodging proportion of the cultivar in the whole region. For the rice breeding multi

environment experiments conducted over eleven locations in Jilin Province, China in 1995 

and 1996, the grain yield data were analysed to quantify the increase in grain yield of each 

variety over the control variety. In the regional testing program, the grain yield is 

customarily expressed as the percentage of each test variety relative to the control variety. 

The results are listed in Table 1.2; the aim is to estimate the mean percent yield increase of 

each of the test varieties over the control variety. 

Table 1.1 Raw data from field inspection of lodging for sunflower cultivar Improved 
Peredovic at five locations (counties) in the Western Region of Jilin Province, China in 
1994. 

Location ( county) Number of Number of 
plants lodged plants sampled 

Baicheng 265 1560 
Zhenlai 250 1840 
Da'an 462 2413 
Changling 518 3627 
Nongan 464 3027 

The arithmetic average binomial proportion estimator ( ~) 

The weighted average binomial proportion estimator ( Pw ) 

6 

Percentage of 
lodging 

17.0 
13.6 
19.1 
14.3 
15.3 

15.9 

15.7 
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Table 1.2 Grain yield performance of six rice varieties and the estimates of ratio between 
each of the test varieties and the control by the arithmetic and weighted average in a multi-
environment trial during 1995 and 1996. 

G . . ld Percentage G . . ld Percentage G . . ld Percentage Grain yield 
Location 

ram y1e ram y1e ram y1e 
of control (k /h ) of control (k /h ) of control (k /h ) of control 

g a {%2 g a {%2 g a {%2 {kg/ha} 
1995 Jiu 9214 Chang 90-40 Ji K911 Control 

Changchun 7083 104.4 7358 108.5 7068 104.2 6783 
Dongfeng 5733 117.8 5934 121.9 3867 79.4 4868 
Gongzhuling 8604 100.8 8664 101.5 8535 
Jilin 7800 107.7 7290 100.6 7245 
Lishu 8168 112.0 8100 111.1 7650 104.9 7292 
Tonghua 7955 101.8 7815 
Yanbian 8532 105.2 8652 106.7 8283 102.2 8106 
Yushu 10082 105.0 9963 103.8 9638 100.4 9600 

Arithmetic average ratio 
106.8 107.7 98.2 

estimate RA 
Weighted average ratio 

106.2 106.7 99.6 
estimate Rw 

1996 Jiu 9421 Jiuhua 2 Control 

Chanhchun 7041 103.5 6879 101.1 6804 
Dongfeng 11801 122.9 9600 
Gongzhuling 8381 102.1 8210 
Jilin 8815 103.7 8501 
Jilin Agricultural University 8095 94.4 7212 84.1 8571 
Lishu 8151 94.2 8651 
Shulan 7701 101.3 8100 106.6 7601 
Tonghua 8358 105.2 8508 107.1 7945 
Yanbian 7982 90.4 8834 
Yongji 8271 101.6 7445 91.5 8138 

Arithmetic average ratio estimate RA 99.6 102.2 

Weighted average ratio estimate Rw 99.4 102.6 
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Chapter 1 Introduction 

In both circumstances, the pooled ratio estimate could differ with the way of averaging 

(which amount to averaging the series of ratio estimates before or after division). This 

forms the drive for investigations on the theoretical foundation of the difference between 

the two methods (the arithmetic versus the weighted average) and for evaluation of them in 

a more general sense in agricultural research. Therefore, this project will concentrate on the 

study of ratios of discrete counting variables and ratios of continuous variables in 

agricultural research. It is hoped that the findings and implications of the research will be 

directly relevant and applicable to estimations of the other two types of ratio. 

1.4 OBJECTIVES OF THE THESIS 

The aims of this project were to compare the relative merits of the different estimators by 

their theoretical distributions and simulations. Their practical implications in agricultural 

research will be addressed, with examples illustrated. A generalisation principle for the 

choice of a suitable ratio estimator with associated rule-of-thumb will be presented, 

emphasising the practical applicability of the research project. 

1.4.1 Research Methodology 

The behaviour of estimators of a ratio of quantitative variables may be investigated in a 

variety of ways, including the following, as is outlined by McCarthy (1969): (1) Exact 

analytic, in which the functional form of a distribution or a joint distribution is assumed; (2) 

approximate analytic, in which Taylor series approximations are used; (3) empirical 

studies, in which the data from actual surveys or experiments are used; and ( 4) simulation, 

which is also referred to as Monte Carlo sampling from synthetic populations. 

The exact analytic approach should be sought whenever possible, since it is the starting 

point for theoretical study. The empirical approach, employing actual survey or experiment 

data, permits the use of complex designs, and the properties of estimators of many 

parameters could be investigated with the help of a computer and the relevant packages. An 

obvious limitation of the empirical approach is that the results are strictly applicable only to 

the particular population(s) considered. However, the empirical studies are extremely 

valuable in providing guidelines on the performances of various methods of estimation. The 
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Chapter I Introduction 

simulation methodology, on the other hand, enables the researchers to mimic all sorts of 

populations under diverse environmental conditions. Therefore, the results or findings from 

simulation experiments can be applicable over a wide range of situations, with 

generalisation justified. For the purposes of the present research, a combination of all the 

above methods will be adopted, with each employed wherever possible and appropriate. 

1.4.2 Work Included in this Thesis 

Because of the diverse nature of the relevant literature in ratio of discrete counting variables 

and continuous variables, it was considered appropriate to present separate reviews of 

literature when these topics are discussed in the respective chapters. From Chapter 2 to 

Chapter 4, theoretical studies will be based on mathematical derivations and enhanced by 

simulated data using Minitab 13 for Windows software. The results or findings will then be 

validated using real data in agricultural research. 

In the second chapter, we will investigate how the ratio of a discrete counting variable to 

another positive discrete counting variable can be used to estimate the unknown binomial 

proportion, as is often referred to in the literature. The theoretical distributions of two 

popular estimators of a binomial proportion will be evaluated and relative merits of the two 

methods, the weighted average and arithmetic average compared. In Chapter 3, the 

distributional properties of the ratio of independent normal variables will be explored both 

theoretically and using simulation. A practical rule-of-thumb will be drawn for using the 

ratio of independent normal variables to estimate the ratio of the means of continuous 

variables. In Chapter 4, the theoretical justifications will be pinpointed for the 

appropriateness of two common estimators of the ratio of the means of continuous 

variables, the weighted average and arithmetic average methods, based on the findings of 

Chapter 3. The relative merits of the two estimators will be evaluated using simulation 

experiments. Recommendations will be provided for practical diagnosis in evaluating the 

suitability of the use of ratio estimators of continuous variables in agricultural research. The 

final chapter, Chapter 5, summarises the findings of the research project and pinpoints areas 

of further research. 
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Chapter 2 Estimating a binomial proportion from several independent samples 

CHAPTER2 

ESTIMATING A BINOMIAL PROPORTION FROM SEVERAL 

INDEPENDENT SAMPLES 

2.1 INTRODUCTION 

Many areas of agricultural research use count data, modelled using a binomial distribution, 

to estimate the proportionate occurrence of a certain event relative to the total number of 

possible outcomes. Examples include the proportion of plants affected by the incidence of a 

particular disease or insect pest, the survival percentage of insect pests after application of 

certain chemicals, the germination percentage of seeds, and the proportion of environments 

in which a new variety outperforms the local control. When count data from a series of 

such samples (always of different sizes) have been recorded and pooled for estimating the 

true proportion, the question arises as to how this proportion should be estimated. 

Two methods are commonly considered: arithmetic averaging, which divides the sum of all 

these sample proportions by the total number of samples, and weighted averaging, which 

estimates the proportion via dividing the total count from all the samples by the total 

sample size. This issue has been noticed and addressed in some statistical textbooks by 

advocating weighted averaging (Ott 1993; Ott and Mendenhall 1994 ). Both versions, 

however, have been used in the agricultural research literature. For example, some 

researchers use arithmetic averaging (Narayanan et al. 1999; Casler and Santen 2000; 

Ismail et al. 2000), while others adopt the weighted method (Chen et al. 2000; Choi et al. 

2000; Paderson and Brink 2000). Pitt (1994) recommends that the weighted approach be 

used and provides procedures for such a practice in the quality control area; it is further 

argued that there is no sense in using the arithmetic average approach. Kim et al. (2000) 

applies a severity index in the study of disease reaction of soybean cultivars, which in 

essence adopts the idea of the weighted average. No theoretical reasons, however, are given 

for the choice of the weighted approach over the other option. Although it is clear from 

general statistical inference (see Section 2.3 for details) that the weighted average is the 

"best" over all other unbiased estimators, we have not found any report on a direct 
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comparison between these two methods and the consequences of inappropriate use of them. 

This chapter examines the theoretical inter-relations between these two estimators of the 

binomial proportion and provides a simulation study to illustrate the findings. It is assumed 

in this study that different samples from the population of interest has a constant binomial 

proportion; the weighted average is unreservedly recommended under this assumption. 

2.2 THEORETICAL INTER-RELATIONS 

Suppose K independent samples have been taken from a binomial distribution and let x; 

(i=l,2, .. . ,K) represent the number of occurrences of a particular event in the ith sample, 

with n; the corresponding sample size. The true underlying proportion of occurrence p for 

this event is estimated by Y; = X; In; . Evidently X; follows a binomial distribution, or 

X; ~ B( n;, p) . This represents a situation of repeated sampling from a single distribution, 

which can be one biological environment in the context of agricultural research. In each of 

these samples, the occurrence of the event for a particular individual is not influenced by 

those of others in the same sample. 

A simple way to estimate the population proportionp is to use the formula PA= LY; I K, 

referred to as the arithmetic average approach in this context. A contrasting approach, 

which is termed the weighted average method in this study, employs the mathematical 

c-. 1 - ~ [ n1 X1 n2 X2 nK xK J LX; W h 1ormu a Pw = ~ W;Y; = ~-+~-+ ... +~- =~- e now compare t e 
~n; n1 ~n; n2 ~n; nK ~n; 

expected values (population means) and the variances of these two estimates. 

2.2.1 Distribution of PA 

The mean and vanance of are derived as follows. Since 

Y; = X; In;, where X; • B(n;,P ), we have E(y;) = p and 

1 1 1 
Var(y;) = -

2 
Var(x;) = -

2 
n;p(l- p) =-p(l- p) 

n; n; n; 

Under certain conditions J5 A then approximately follows a normal distribution with mean 
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and variance given by 

_ _ [LY;J_IVar(yJ_LP(l-p) l n; _p(l-p)L 1 Var(pA)-Var -- --=--__;__...;..._=-------- -
K K 2 K 2 K 2 n 

I 

(2.1) 

2.2.2 Distribution of Pw 

The mean and variance of Pw are derived as follows. 

Since X; • B(n;,P ), we have Ix;• B(In;,P ), whence 

E (IX; )= p L n; and Var(L X;) = (In;) p(l - p) . 

Then Pw will approximately follow a normal distribution with mean and variance 

(2 .2) 

2.2.3 Variance Ratio R 

We note that Pw is the maximum likelihood estimator of p (Johnson et al. 1992). In order 

to compare p A and Pw the conditions for normality are not required. It can be seen from 

the above derivations that ECPw) = E(pA) = p, thus both are unbiased estimators of the 

population proportion. However, the variances of Pw and p A are different and both are 

functions of the sample sizes ni. The relative merit of Pw and p A can thus be measured by 

the ratio of these two variances, R. This is calculated as: 
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(2.3) 

If R < l, the variance of Pw is smaller than that of p A ; if R = l , the two variances are 

equal. We now show that R :s; l always and hence that Pw is the better estimator. 

2.2.4 Mathematical Analysis 

Consider vectors x and y, where 

( 1 1 1) ( 1 1 1 J x = n1
2 ,n~ , ... ,n} and y = ½'½' ... ,-1-n1 n2 nK 

Let <x, y> denote the inner product of x and y, and llxll and IIYII denote the norms of x and 

y, respectively. It follows from the Cauchy-Schwarz inequality that the relationship 

between the modulus of the inner product and the norms is 

I< x, Y >I :s; llxll IIYII, where 

I< x,y >I =(11i1 ~+ni ~+ ... +nt-;-J= (1+1+ ... +1)= ~) =K, 
n12 nl n} 

11•11 ={~/ J + 0! J + · +01 J}' = CT>J½ and 

I\YII={[ n\ J +[ n1! J + ... +[ ni ff=( L~; J 
1 

Therefore, K :> (L n; )' ( L ~; J . Since K > 0 , this is equivalent to 

Following (2.3), 

Note that R = 1 when there is equality in the Cauchy-Schwarz inequality. This is equivalent 
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1 l 
to having x=cy for some real number corn/ = c~ for all i, or n;=c for all i. Thus PA 1s 

n/ 

as good as Pw only when all samples have the same size. 

2.2.5 Geometrical Interpretation 

If V is a real inner product space, then the angle 0 between the nonzero vectors 

x,y EV (Figure 2.1) is defined by 

< x, y > 

cos 
8 

= llxll llYII ' 
(2.4) 

(Lipschutz 1968). Hence, < x,y >= llxllQIYII cos 0 ), indicating that the inner product is the 

product of the length of x ( llxll) and the length of the projection of y on x ( IIYII cos 0 ). The 

vectors x and y are orthogonal or perpendicular if 0 =.::.. or cos0 = 0 . They are collinear if 
2 

cos0 = 1 whence 0 = 0 (Lipschutz 1968). 

y 

< 11Yllcos0 > 

Figure 2.1 For a fixed K2
, vectors x = ( n{ ,nt, ... ,ni ) and y = [~,~,---,-i] are 

rli2 nl n} 

shown, where the ratio of the variances Var(pw) I Var(pA) is equal to cos2 0. Thus Pw 

becomes progressively better than PA as the angle 0 increases. 
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Here in our study of the variances of the estimates of the two ways of averaging the sample 

.l 

proportions, < x, y > = K > 0, with llxll = (L n; )2 
.l 

and M ~ ( L ~J From (2.4) we 

I< x,y >12 
have ~-~- = cos 2 0, whence 

llxll
2

IIYll
2 

This shows that the ratio R of the variances of the two averaging methods depends on the 

angle 0 between the vectors x and y. When 0 = 0, the two vectors are collinear, giving 

cos 2 0 = 1. In this case, all the n;'s are equal and hence the variances of the two estimates 

are the same (R= 1 ). When 0 approaches 2::_, or the two vectors are almost perpendicular, 
2 

the value of cos 2 0 will approach O and thus R will be arbitrarily small. Since K>O, 

however, it follows that cos 2 0 > 0 and therefore the two vectors are never perpendicular. 

Within this range, the value of cos 2 0 will decrease as the angle becomes larger and in tum 

the weighted average will have smaller variance than the arithmetic average. 

2.2.6 Effect of Sample Size Difference 

We now consider the two-sample case (K=2) with population proportion p kept constant, 

assuming without loss of generality that 71i < n2 , in order to examine the relationship of 

(2.3). When the total sample size n = n1 + n2 is fixed the variance of Pw will remain 

constant irrespective of the relative values of n, and n2 , since Var(pw) = p(l- p). The 
11i + n2 

variance of p A , however, is influenced by the relative size of 71i and n2 , since 

Var(p A) = p(l ~ p) (_!_ + -1 J. The reduction of variance in the larger sample, caused by the 
2 71i n2 

inequality of 71i and n2 , does not compensate for the greater increase of variance in the 

smaller sample. Hence, the variance of the weighted average estimate is always smaller 
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than that of the arithmetic average estimate, even if both sample sizes are large. The ratio of 

the two variances is thus 

since the arithmetic mean is always greater than the geometric mean when n1 * n2 • 

The magnitude of the difference depends on how much the two sample sizes n1 and n2 

differ; for a fixed n = n1 + n2 , the difference between the two variances, 

(2.5) 

The first term on the right hand side of (2.5) is a constant p(l - p) . The other two terms of 
4 

1 
and ( n2 - n1 )2 can be easily shown to reach a maximum when n2 - n1 reaches a 

(n1ni)n 

maximum at n2 = n - n1, n1 = 1 . Hence, the difference between the two variances is 

maximised when the magnitude of the difference between the two sample sizes n2 - n1 

reaches a maximum. 

The effect of the difference in sample sizes n2 - n1 on the estimates of variances for both 

averaging methods, and on the ratio between the two variances, was examined at total 

sample size n of 20, 100, 200, 2000 and 20,000. Since similar results were obtained for 

each of these total sample sizes, only the results for total sample size of 20 are shown in 

Figure 2.2 below. As the difference between the two sample sizes increased, the variance 

estimate for arithmetic averaging increased, while that for weighted averaging remained 

constant (Figure 2.2). The variance ratio between the two averaging methods was a 

function of the difference between the sample sizes, being smaller for greater sample size 

differences and larger for smaller sample size differences (Figure 2.2). 

It 1s evident that the difference m sample sizes determines the relative merit of the 
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averaging methods when the total sample size and the number of samples are fixed. The 

sample size difference affects the variance estimate of the arithmetic average, but has no 

effect on that of the weighted average. For cases of more than two samples of unequal size, 

the relationships between difference in sample sizes and the variance ratio become 

complex, but R :s; 1 always holds from Cauchy-Schwarz inequality. 

(a) Variance estimates 

0.07 ,--------....---1--------, 
0.06 ~ :~hg:.:: =: ............ .. .... · / · 

I o.05 ........................ ......... •..•... 

7 
~ 0.04 .... . ............ . .... ... . .. .. . . . . . ..... >f · 
~ 0.03 .. •· .. . ..... . . .. ... . . . . . · ··· · · ;;· ·· 

~ 0.02 ::;;:~ :~ :~ :~ :; :~ ::;_: ; :: 
0.01 

0.00 .........,-~~-~~~--~---' 

2 4 6 8 10 12 14 16 18 

Difference in sample size 

(b) Variance ratio 
1.0 ,-a=--;---- ---------, 
0.9 
0.8 ......... . .... . ... . .. . . ·············· · · ·· ·· ··· · · · ·· · · 

0 0.7 
~ 0.6 
g 0.5 

.~ 0.4 
~ 0.3 

0.2 
0.1 ... · · · · -- ..... . · · .. · .. · · · · · · · 

2 4 6 8 10 12 14 16 18 

Difference in sample size 

Figure 2.2 The influence of sample size difference on (a) the variance estimates of the 
weighted and arithmetic averaging approaches and (b) the variance ratio, where total 
sample size and population proportion are kept at n = L fZi + n2 = 20 and p = 0.5 . 

2.2.7 Implications and Recommendations 

The variance ratio R ~ K 2 I { (~;n, { L ~, ]} is an indicator of the relative merit of the 

weighted and arithmetic averages. It is influenced by three factors, K 2
, n = L n; and 

L _!_ . The ratio R will become larger as we increase K (hence the first factor K 2
) provided 

n; 

1 
that the other two factors n = L n; and I - can be kept approximately constant. The 

n; 

ratio decreases as the total sample size n = L n; increases provided that K 2 and L _!_ can 
n; 

be kept approximately constant. For a fixed K 2 and n =In;, R will decrease as the 
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sample size differences n;+i - n; increase; these influence the third factor L __!_ . The 
n; 

advantage of weighted over arithmetic averaging depends on the differences in sample 

sizes, the number of samples and the total sample size. The interrelationships between these 

factors, however, tend to become more complicated when the number of samples or the 

total sample size gets larger; this requires further investigation. 

In agricultural research or surveys, it is recommended that the weighted averaging approach 

be employed when proportion data from a series of samples needs to be pooled or averaged 

in a single environment in which the measure of interest occurs with constant proportion 

p . The measure of interest in practical situations, however, can vary substantially from one 

site to another, which makes it possible for the overall measure to follow a mixture of 

binomial distributions, instead of one single binomial. In this case, the modelling approach 

recommended by Wood (1999) should be considered and further study comparing the two 

estimators would be worthwhile. The Restricted Maximum Likelihood (REML) 

methodology may also be considered. Another situation in which p A has to be used is 

when ni and Xi are not known individually but only the Y; = X; In; are available. For 

example, when the data collector only presents the percentages for different samples, we 

have no choice but to use the arithmetic averaging approach as a substitute for weighted 

averagmg. 

2.3 STATISTICAL INFERENCE 

Alternatively, we can think of the collection of all K samples as a large binomial sample of 

size Z:n;, that is, the experiment may be considered as having observed LX; "successes" 

from a binomial sample of size n = Z:n; and hence the best estimator of p is naturally 

Pw = ~:: , not P, = ( L :: } K. Based on the concept and the definition of a "best" 

estimator described by Guenther (1973), Pw is considered the "best" estimator for pin the 

sense of being unbiased and having the smallest variance. This property also follows from 

the fact that Pw is a sufficient statistic for p (Johnson et al. 1992; Guenther 1973). Thus, it 
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is a uniformly minimum variance unbiased estimator (UMVUE) by the Rao-Blackwell 

theorem (Mood et al. 1974). 

2.4 DIFFERENCE BETWEEN PA AND Pw 

The difference between p A and Pw is influenced by two factors, the individual binomial 

proportion estimates yi = xi I ni and the sample size differences ni - n1 . It is easy to prove 

that p A and Pw will be similar if the Y; = X; In; are similar or the n; - n1 are small. The 

proof is demonstrated as follows. 

( 1) If the individual binomial proportion estimates Y; = X; In; are similar, then xi ~ x 1 = a , 
n; n1 

for all i,j. Thus PA= (L X; ]1 K" Kai K =a, while Pw = f x, "1:an, = a, leading to 
~ ~~ ~ 

p A ~ Pw . (2) If the sample size differences n; - n 1 are small, then n; ~ n 1 = n , for all i, j . 

(
"' x J ("' x J Ix; Ix; Ix; LX; Thus PA = ~ -2.. I K ~ ~ -2.. I K = --, while Pw = ~ ~ ~ = -- , leading to 

n; n nK L.n; ~n nK 

Therefore, p A and Pw will be different only if both the individual binomial proportion 

estimates and the sample size differences are large. Thus, the interrelationship between p A 

and Pw can be summarized using the four possible cases shown in Table 2.1. 

Table 2.1 A summary of the relationship between the binomial proportion estimators p A 

and Pw under the assumption that p is constant for the population. 

Individual proportion estimates ( Y; = X; In;) 
Sample sizes ( n;, n1 ) 

Similar Different 

Similar Case 1: PA~ Pw Case 2: PA~ Pw 

Different Case 3: PA~ Pw Case 4: PA -:t:- Pw 
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In the context of this present study, in which a single binomially distributed population with 

constant p is assumed, it is clear that p A and Pw will be similar for most situations, since 

conditions for Case 4 are not easily met. That is probably one of the important reasons why 

little attention has been made to differentiate between p A and Pw in practical agricultural 

research. If the differences between the individual proportion estimates are too large, the 

assumption that there is a single underlying binomial proportion p may not hold. In such 

situations it may be appropriate to consider the data as a mixture of binomial distributions. 

Estimation of the mixing distribution is studied in Wood (1999). Similarly, if the 

differences in sample sizes are too large, it may cause some concern to pool all the samples 

for a single estimate of the binomial proportion. These are the considerations in modelling 

the binomial proportion in applied research. 

2.5 SIMULATION STUDY 

A simulation experiment was run to compare the two averaging methods via examining 

their means and variances at varying population proportions. At each of the nine equally

spaced population proportions p ranging from 0.1 to 0.9, a set of 400 random binomial 

samples ( K = 400 ), comprising 100 each for sizes ( n;) of 10, 50, 100 and 200, 

respectively, was generated (hence n=36,000 and sample size differences were kept 

constant, estimated as Var(n;)=71.152 , n=90, C V,, =0.791) using Minitab 13 software. 

Estimates of p A and Pw were obtained from the 400 samples over the range of population 

proportions. This process was repeated 200 times, resulting in 200 pairs of proportion 

estimates ( p A and Pw ), which then formed the data points for calculation of the observed 

means and variances of these two methods. Estimates of Var(pA) and Var(J5w) as well as 

their ratio R are then presented, together with the theoretical values based on (2.1 ), (2.2) 

and (2.3), in Figure 2.3. 

The results showed that the proportion estimates of the two averaging methods p A and 

Pw, when averaged over the 200 repetitions, were almost identical for each of the 

population proportion values (results not listed). This illustrated the theoretical derivation 
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in the previous section that both p A and Pw are unbiased estimates of the population 

proportion for binomial data. The variances of p A and Pw, however, altered withp (Figure 

2.3a). The weighted average approach consistently provided a more reliable estimate of the 

true proportion than the arithmetic average method, giving stable and low variance 

estimates over the range of population proportions (Figure 2.3a). The observed variance 

estimates generally agreed with the theoretical predictions for both methods over the range 

of population proportions, although for the arithmetic average there was a possible 

deviation from the predicted values at p=0.4 and p=0.5 (Figure 2.3a). The variance ratios R 

for these methods were stable across all nine population proportions, with deviations from 

the theoretical expectation being small for the observed ratio. The population proportion 

did not influence the magnitude of R, which was always smaller than one (Figure 2.3b ). 

These results illustrate the theoretical interrelationships between the two methods in (2.1 ), 

(2.2) and (2.3). 

(a) Variance estimate 
2.4~------ ------~ 

"6' 

2.2 

2.0 

"I"""" 1.8 

~ 1.6 
2 E 1·4 ······· ·· ·····p·=······· ···· ·· ~ -~r,th·meuc-cocE.-ervea) 
~ 1.2 ··· · ···· ._..: ... ...... ..... ...•. -0•-· ·ATithmetic(:rheoretica lt 

W 1.0 ....... ...... :::T.:: .W.,:!9!1.t.~.(QR~~-r:-.:~.l ... .... .... . 

g 0_8 ····c; -;, -- ~~i~hted f!°.~~-oretical) ..... ·· \y··· 

! ~: :::z z:r-~~~~>-~~~:;:: 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
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(b) Variance ratio 
1.0 ~-------~-------, 

0.9 ... 

0.8 · 

O 0.7 
:;::; 
~ 

0.2 . ... 

0.1 

---+- Ratk> (Observed) 

·· -O·· Ratio (Theoretica l) 
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Figure 2.3 Showing a) variance estimates for weighted and arithmetic averages and b) 
their ratios from the 200 sets of 400 binomial samples from the simulation study. Also 
shown are the theoretical values for 400 samples of total size 36,000 with the specified 
sample sizes. 

2.6 AN APPLICATION IN AGRICULTURAL RESEARCH 

This concerns the author's investigation of sunflower lodging percentages in China in 1994, 

where a series of ratio estimates needed to be pooled or averaged over different 

environments (Qiao et al. 1994). 'Lodging' is a terminology used in agronomy to describe 
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field plants' falling onto the ground, thus always causing a substantial amount of grain 

yield loss in agricultural production. A survey was conducted in 1994 in the Western 

Region of Jilin Province, China to investigate a sunflower cultivar, Improved Peredovic, for 

lodging percentage in five locations where lodging was a severe problem. The results have 

already been listed in Table 1.1, but are repeated in Table 2.2 for convenience of the reader, 

where the number of lodged plants and the total number of plants sampled in each location 

are shown. The aim was to estimate the average or pooled lodging proportion of the 

sunflower cultivar in the whole region. It was assumed that all the locations were of equal 

importance in terms of commercial production for this cultivar. The whole survey was 

regarded as a multi-environment trial (MET) comprising five independent samples 

(locations) each estimating the same binomial proportion of lodging of Improved 

Peredovic . A pooled estimate of the proportion using data from all five samples was 

considered appropriate, since the proportion estimates of all five locations are similar. 

Table 2.2 Estimates of lodging percentages for all five locations (counties) and a 
comparison of two lodging proportion estimators for sunflower cultivar Improved 
Peredovic in the Western Region of Jilin Province, China in 1994. 

PA 

Pw 

Location 

Baicheng 
Zhenlai 
Da'an 
Changling 
Nongan 

Number of plants Number of plants 
lodged X ; sampled n; 

265 1560 
250 1840 
462 2413 
518 3627 
464 3027 

Variance estimate for the arithmetic average Var(pA) 

Variance estimate for the weighted average Var(pw) 

Variance ratio of the two estimates R = Var(pw) I Var(p A) 

Percentage of 
lodging [J; 

17.0 
13.6 
19.1 
14.3 
15.3 

15.9 

15.7 

0.000012 

0.000011 

0.902 

The first part of Table 2.2 details the data collected in each location (considered as a sample 

in this context). The second part of the table gives estimates (using our two estimators) of 

the population binomial proportion, the variances of the two estimators and their ratio 
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R = VarCf5w) / Var(pA). Using data from all the five locations, the average lodging 

percentage of sunflower cultivar Improved Peredovic is PA= 15.9% if the arithmetic 

average method is adopted, in comparison to a slightly lower estimate of Pw = 15.7% with 

the weighted average method (Table 2.2). The difference in the overall lodging percentage 

estimates seems to be small. The variance of PA (0.00012), however, estimated using (2.1) 

in which p is replaced by PA, is larger than that of Pw (0.00011), estimated using (2.2) in 

which p is replaced by Pw, with R = Var(pw )/Var(pA) = 0.902. These results show that 

even though the difference between PA and Pw is small, Pw is still more appropriate than 

PA in that the former has a smaller variance than the latter. 

For this set of data, the differences between sample sizes are moderately large while the 

differences in the individual proportion estimates across the five locations are relatively 

small. This corresponds to Case 3 of Table 2.1 and hence the PA and Pw are similar. This 

validates the finding of the earlier section that PA and Pw will not differ noticeably if the 

differences in both sample sizes and the individual proportion estimates are not sufficiently 

large. Similarly, only a small difference is found between the calculated values of PA and Pw 

for published data found from other available sources (Chen et al. 2000; Choi et al. 2000; 

Paderson and Brink 2000). This is because for most of the published data the differences 

between sample sizes n; and between the separate sample proportion estimates are small, 

so that differences between PA and Pw are also small. Data of this type can be found in 

Levine et al. (2000, p 131) and Kempthome (1957, pp 152-154), where the PA and Pw 

estimates were 73.3% and 72.9% for the former, and 52.0% and 51.5% for the latter. 

Examples of this type may explain why the issue of choice between the arithmetic and 

weighted average methods has not drawn sufficient attention from applied agricultural 

scientists, and why many keep using the arithmetic average approach. Alternatively, even if 

sample size differences are large for some samples, they get averaged out when the number 

of samples is large with many samples of similar sizes, leading to similar PA and Pw 

estimates. 
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The differences in sample sizes and in individual proportion estimates will affect the 

difference in the two similar PA and Pw. Only if both of them are sufficiently large, can we 

expect a substantial difference between p A and Pw . It should be noted that this constant p 

model for estimating the binomial proportion was adopted in accordance with the local 

breeding practice in which the Western Region sampled by these five locations represents a 

similar environmental challenge (semi-dry and semi-arid). In situations where these 

locations were sampled from a mixture of binomial distributions with different p value at 

each location, other more appropriate alternative methods should be sought. 

2.7 CONCLUSIONS 

Two methods for estimating a binomial proportion p from several independent samples 

have been investigated. The first is the arithmetic average p A and the second is the 

weighted average Pw . Each method was shown to provide an unbiased estimate of p , but 

the weighted estimator always has the same or lower variance. The advantage of Pw 

becomes more evident as the differences between sample sizes and differences between 

individual estimates grow. 

It is therefore recommended that the weighted average approach be used for averaging a 

series of proportions in agricultural research if the assumption holds that there is a single 

binomial population p . However, p A has to be used when n; and X; are not known but 

only the Y; are available, for example, when the data collector only presents the 

percentages for different samples. If the assumption of a constant p does not hold 

( combining data from several distinct environments, for instance), the estimation of the 

mixing binomial distributions by Wood (1999) or the REML methodology should be 

considered. 
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CHAPTER3 

THE RATIO OF INDEPENDENT NORMALLY 

DISTRIBUTED VARIABLES 

3.1 INTRODUCTION 

In many practical applications, one wishes to estimate the ratio of the means of 

independent normal variables X and Y. Consider a pair of independent random variables 

X ~ N(µ x, cr x) and Y ~ N(µ y,cr r ). Given a sample (X;,Y;), i = 1, ... ,n, from the joint 

distribution, two estimators for µ x I µ r are often used in the agriculture literature, 

n 

_ n X . _ LJ I X 

[ J 
"x. -

RA= I:-' I n and Rw =~ = _ n 

i=l Y; LY; Yn 
i= l 

We refer to RA and Rw as the arithmetic average and the weighted average ratio 

estimators, respectively. Intuition suggests that R, - [ L ; , }n is a poor estimator of 

µ x I µr. This is because Y; can be small and positive, leading to large and positive 

X, I Y; , thus biasing the final average upwards. It "averages after division" . In contrast, 

- X 
Rw = _ n should be a better estimator of µ x I µ r as very small r;, values are less likely 

r;, 

to occur, thus lessening the upward bias. It "averages before division". Hence, Rw 

appears generally superior to RA . 

It is clear from these formulae that both statistics involve ratios of independent normal 

random variables. This observation motivates us to take a close look at the distributional 

properties of X I Y . These properties will provide us with insight into the behaviour of 

the two estimators, to be addressed in Section 4.5 . As will be discussed in the next 

chapter, many ratio-type estimators for µ x I µr have been proposed in the statistical 

literature, as reviewed by Tin (1965); however, we limit the scope of our investigation 

to the above two estimators. We note in passing that in the context of sample surveys, 

estimation of the ratio of two means is often required. The aims of this chapter are: 
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1) To present theoretical background on the distribution of the ratio of two independent 

normal variables X and Y; 

2) To focus our attention on the critical quantity, the coefficient of variation of the 

denominator; 

3) To provide the practical rule-of-thumb which indicates when the ratio of the sample 

means of two independent normal variables can be used satisfactorily. 

3.2 THE RATIO OF INDEPENDENT NORMAL VARIABLES 

We begin by considering the probability density function of the ratio R =XI Y, where 

X ~ N(µx,a x) and Y ~ N(µy,CT Y ). Both of the ratio estimators RA and Rw under 

consideration are directly related to R (as will be shown explicitly in the next chapter). 

It is well known that when µ x = µ Y = 0 , R has a Cauchy distribution (Lukacs 197 5, 

p43; Lukacs and Laha 1964, p56-57), the distribution of the central t with one degree of 

freedom. The Cauchy distribution does not possess finite moments of any order, in 

particular, the mean and variance do not exist (Johnson et al. 1994, p301). Springer 

( 1979, p 13 9) states "It is not surprising, therefore, that the distribution of the ratio of 

nonstandardized normal independent random variables also has this property (no 

absolute finite moments), since the standardized normal random variable is a special 

case of a nonstandardised normal random variable with mean zero and variance one." 

This suggests the non-existence of the moments of R in general. We will later 

demonstrate that the moments can exist when the denominator variable Y is bounded 

away from zero, through an examination of the probability density function of R. We 

now describe two approaches in the literature to the derivation of the probability density 

function of R = XI Y . 

3.2.1 Springer's Approach 

In general, the distribution of the quotient of two independent random variables can be 

obtained through Mellin convolutions and Mellin integral transforms (see, for example, 

Chapter 4 of Springer 1979). Springer (1979, p139-148) found the probability density 

function of W = X I ax and then R = XI Y through the use of the simple 
Y lay 

transformation R = ( cr x I a Y )W . The density function of W has different expressions 

over four sections: 
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h;(w), -oo<w<-1 

If (w), -l<w<O 
h(w)= 

ht (w), O<w<l 

fl; (w), l<w<oo 

The probability density function has removable discontinuities at w = -1, 0 and 1. 

Each of these component functions consists of four complicated infinite series involving 

gamma functions. Springer (1979, p148) gives a probability density function plot when 

(µ x I cr x ) /(µy I cr r) = 0.5. It is apparent that the result given by Springer (1979) 1s 

rather unwieldy for computational purposes. 

3.2.2 Kamerud's Approach 

Kamerud ( 1978) gave the probability density function of R = X I Y explicitly. There is 

an error in her derivation of the density function of W that we rectify in the following, 

making necessary subsequent adjustment to the density function. 

Define U=X l cr x , V=Ylcrr and thus U~N(~,l), V~N(l:!'.. , l). Set W=UIV 
a x oy 

and let g be its density function. Then the density function of R can be obtained 

through a simple transformation R = X I Y = ( cr x I cr r )W . Replacing µ1 and µ2 in 

Kamerud (1978) by µ x I cr x and µr / cr r , respectively, we have 

g(w) = (2rcr1Qexp(M), W = U IV 

where Q = ks(2rc )½[1-2<1>(-k I s)]+ 2s 2 exp(-k2 I 2s 2
), 

s=(w2 +1)-112, <l> is the standard normal cumulative 

distribution function. The probability density of R is then given by f(r) = .':.r.. g 10
r r). 

0 x \:o x 

In contrast to the method given in Springer ( 1979), Kamerud 's expressions are easy to 

compute numerically. Hence, Kamerud's approach will be used to evaluate the 

distributional properties of the ratio of two normal variables in the next section. 
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3.3 DISTRIBUTIONAL PROPERTIES OF THE RATIO OF NORMAL 

VARIABLES 

Though R =XI Y, µ x, µr "# 0 is related to the Cauchy, this relationship becomes 

weaker as the coefficient of variation for denominator variable decreases. This will be 

demonstrated by the simulation on RA and Rw conducted in Section 4.4. Alternatively, 

if the standard deviation cry is sufficiently reduced while the two means are held 

constant, R behaves as if it has a distribution having a finite mean and standard 

deviation. The following theorem in stochastic convergence (see the next subsection), a 

graphical demonstration of the density function by Kamerud's approach and simulation 

studies will provide us some insights into the distributional properties of R . 

3.3.1 Stochastic Convergence of the Ratio of Normal Variables 

We consider two forms of stochastic convergence: 
p 

(1) xn • X, convergence in probability, if for every E> 0, P~X n - x1 ~E ) • 0 as 

n • oo. 

D 

(2) Xn • X, convergence m distribution, if Fn(x) • F(x) as n • oo at every 

continuity point x of F, where Fn and F are the cumulative density functions of Xn 

and X, respectively. 

p D p 

We note that xn • X implies xn • X. If X = C, C being a constant, then xn • c if 

D 

and only if Xn • c. We now present the following relevant results. 

Lemma (Lukacs 1975, Corollary to Theorem 2.3.3) 

p 

Let g(x, y) be a continuous function of the real variables x and y . If Xn • X and 

p p 

Yn • Y then g(Xn,Y,,) • g(X,Y), as n • oo. 

Theorem: Let Xn and Y,, be means of samples of size n, drawn independently from 

p 

normal populations, with µx -:;t. 0 and µy "# 0. Then Xn /~ • µx I µr. 
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p p 

Proof: From the weak law of large numbers, Xn • µx and Yn • µr· Take 

g(x,y)=xly, Xn=Xn, Y,,=f,;, X=µx and Y=µr intheabovelemmaandthe 

theorem follows immediately. 

Thus Xn If,; converges to µ x I µr in distribution. However, the graphs to be presented 

will show evidence of the existence of a mean of the ratio of independent variables 

under certain conditions, to be discussed in the next section (Figures 3.1-3.7). We note 

that if X,, ... ,Xn ~ N (µ x, cr x ) and Yi, ... ,Y,, ~ N(µr, cr r ), then X) Y; and Xn I~ are 

ratios of two normal random variables. The only difference between them is that the 

coefficients of variation of the numerator and denominator of the latter are reduced by a 

factor of ✓n, i.e., CVx = CVx I ✓n and CVv = CVr I ✓n. Thus the CV for both the 
n I n 1 

numerator and denominator is influenced by the sample size n when the weighted 

average is adopted. The sample size affects the arithmetic average ratio estimator in a 

possibly less favourable manner, as we shall illustrate in Chapter 4. 

3.3.2 Plots of the Density Function of the Ratio by Kamerud's Approach 

TSome typical plots (Figures 3.1-3.7) are drawn using the density function of Kamerud, 

with varying population coefficients of variation for both the numerator and 

denominator variables. Note that a long tail or multi-peak is an indication that the 

moments of R may not exist. In Figures 3.1-3.3, the CV of Y is small (0.1) but the 

CV of X ranges from small (0.1), moderately large (0.5) to extremely large (5.0). All 

these three density functions are fairly symmetric around µ x I µ r = 1, having a bell

shape like that of a normal distribution. 

The long tail in Figure 3.4 and multi-peak in Figure 3.5, where the CV is small for the 

numerator but large for the denominator, clearly indicate that the moments, especially 

the mean of the distribution, may not exist. A moderately large CV creates a long tail in 

the distribution (Figure 3.6), while an extremely large CV creates a mean close to zero 

with symmetrical distribution (Figure 3.7), for both the numerator and denominator 

variables. In both cases there is evidence that the moments may not exist. 
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Figure 3.1 Density function for the ratio of two normal variables X ~ N(l00,10) and 

Y~N(l00,10).Here µ xl µ r =1, CVx =0.1, CVy =0.1 
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Figure 3.2 Density function for the ratio of two normal variables X ~ N (l00,50) and 

Y ~ N(l00,10). Here µ x I µr = 1, CVx = 0.5, CVy = 0.1 
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Figure 3.3 Density function for the ratio of two normal variables X ~ N(l00,500) and 

Y~N(l00,10).Here µ xl µ r=l, CVx =5.0, CVr =0.1 
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Figure 3 .4 Density function for the ratio of two normal variables X ~ N (100, 10) and 

Y ~ N(l00,50). Here µ x I µr = 1, CVx = 0.1, CVr = 0.5 

33 



Chapter 3 The ratio of independent normally distributed variables 

2 

1.8 

1.6 

1.4 

~ 
1.2 

·u; 
1 C 

(1) 

Cl 0.8 

0.6 

0.4 

0.2 

~5 0 5 
Ratio r 

Figure 3.5 Density function for the ratio of two normal variables X ~ N(I00,10) and 

Y~N(I00,500).Here µxlµr =1, CVx =0.1, CVr =5.0 
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Figure 3.6 Density function for the ratio of two normal variables X ~ N(I00,50) and 

Y ~ N(l00,50). Here µ x I µr = 1, CVx = 0.5, CVr = 0.5 
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Figure 3. 7 Density function for the ratio of two normal variables X ~ N (100,500) and 

Y~N(l00,500).Here µ xl µ r =l, CVx =5.0 , CVr =5.0 

For small CV of Y, the moments of the ratio of independent normal variables ' appears ' 

toexcist. This is due to the fact that we did not sample very small Y values in the above 

graphical presentation and hence we were effectively sampling from X I YII YI> i::, a 

punctured normal for the denominator variable. The moment of X I Y exists in this 

situation. Both the arithmetic and the weighted average methods take the form of a ratio 

of normal variables. We will demonstrate later that, as far as estimation of µ x I µ r is 

concerned, both the arithmetic and the weighted average methods can be used when the 

CV of the denominator variable is sufficiently small. The circumstances beyond which 

the ratio of two normal variables cannot be used safely are now investigated using 

simulation. 

3.3.3 Simulation of the Distribution of the Ratio of Normal Random Variables 

Minitab 13 for Windows was used to simulate the distributional properties of the ratio 

R = XI Y of two normal variables X ~ N (µ x , cr x ) and Y ~ N(µ r, cr r ). The population 

means of both variables were fixed at 100 and hence µ x I µr = 1 . The population 
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standard deviations of both variables took the values 10, 20, ... , 100, 200 and 500, 

leading to both CVx and CVy taking the values 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 

1.0, 2.0 and 5.0. For each of these 144 combinations, 500,000 pairs of (X;,Y;) were 

sampled; the mean, median, standard deviation and interquartile range of the ratios 

R; = X; I Y; were examined. 

The simulation results, listed in Table 3 .1, indicate that the sample mean, median, 

standard deviation and interquartile range of the ratio are all strongly influenced by the 

CV of the denominator variable. The effect of the CV , however, showed a different 

pattern for the sample moments, the mean and standard deviation, than for the median 

and interquartile range. When CVr ~ 0.2 , the mean of R remains close to µ x I µr = 1 , 

while the standard deviation of R increases approximately linearly as CVx increases 

(Table 3.1). It appears that the variation of R is almost purely determined by the 

variation in the numerator variable when the CV of the denominator is small. It seems 

that CVy = 0.2 is an appropriate CV cut-off point for the denominator; for larger CVr 

values the mean deviates substantially from µ x I µr = 1 and the standard deviation 

increases accordingly. In contrast, the CV of the numerator seems to have no influence 

on the mean of R, and a relatively small influence on the standard deviation. Hence, the 

effect of increasing the CV of the denominator is much stronger than that for the 

numerator. 

The sample mean of the ratios fails to estimate µ x I µy when CVy > 0.4, while the 

standard deviation is extremely large, with erratic behaviour, when CVy > 0.3. For the 

sample means to serve as reasonable estimators of µ x I µr for this sample size 

(500,000), CVy apparently has to be kept sufficiently small ( CVy ~ 0.2 appears to 

suffice). In practical applied research, it is rare for the CV of a normal variable to be 

larger than 5.0. Thus, as long as CVy ~ 0.2, it makes empirical sense to use the ratio 

estimator X I Y . 

The influence of the CV on the median of the ratios is similar to that which it has on 

the mean, except that the median deviates significantly from the true ratio only when 
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Table 3.1 Simulation of the ratio distribution: mean, median, standard deviation and 
interquartile range for 500,000 pairs of observations X ; I Y;, where X; ~ N (µ x ,a x ) and 

Y; ~ N(µ r, CT y), under varying coefficients of variation (CV), with 

µ x I µ r = 100 /I 00 = 1. 

cvy CV. 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 2 5 

Mean 
0.1 1.011 1.047 1.129 1.487 4.260 1.544 -5.481 1.781 0.707 -0.055 0.022 -0.917 
0.2 1.010 1.047 1.131 1.403 6.020 1.550 -7.294 1.948 0.600 0.077 0.081 -0.956 
0.3 1.010 1.047 1.128 1.679 5.069 1.561 -3.521 1.655 0.686 -0.008 -0.091 -0.668 
0.4 1.010 1.047 1.143 1.535 7.106 1.559 -2.912 1.746 0.637 -0.123 0.120 -1 .112 
0.5 1.011 1.047 1.142 1.226 5.337 1.892 -4.569 1.781 0.855 0.527 -0 .683 -1.381 
0.6 1.009 1.045 1.125 1.504 1.215 1.244 -6.581 1.585 0.591 -0.303 0.143 -0.703 
0.7 1.009 1.046 1.136 1.432 8.460 1.567 -4.507 1.088 0.636 0.218 0.331 -0.867 
0.8 1.010 1.047 1.149 1.335 8.038 1.147 -1.548 1.823 0.321 -0.393 0.423 -0.679 
0.9 1.008 1.045 1.110 1.656 4.122 0.363 3.341 1.400 1.047 -0.431 0.189 -1 .737 
1.0 1.011 1.048 1.144 1.561 8.005 0.490 -11.990 1.694 1.171 -0.020 -1.204 -0.249 
2.0 1.008 1.045 1.065 1.437 -7.078 2.247 -28.964 3.249 0.229 0.834 1.548 -0.311 
5.0 1.011 1.044 1.186 0.415 15.293 0.490 28.645 4.248 1.806 0.340 -4 .750 -3.286 

Median 
0.1 1.000 1.000 1.000 0.993 0.972 0.932 0.880 0.823 0.764 0.709 0.362 0.123 
0.2 1.000 1.000 1.000 0.993 0.971 0.929 0.874 0.817 0.757 0.702 0.355 0.119 
0.3 1.000 1.000 0.999 0.993 0.968 0.924 0.869 0.808 0.749 0.693 0.344 0.112 
0.4 1.000 1.000 1.001 0.991 0.966 0.919 0.861 0.800 0.738 0.679 0.329 0.101 
0.5 1.001 1.001 1.001 0.991 0.962 0.914 0.853 0.789 0.724 0.666 0.312 0.089 
0.6 0.999 0.999 0.998 0.988 0.959 0.905 0.844 0.778 0.713 0.651 0.295 0.077 
0.7 1.000 0.999 0.999 0.989 0.957 0.901 0.838 0.769 0.702 0.642 0.282 0.068 
0.8 0.999 1.000 0.999 0.990 0.954 0.898 0.834 0.765 0.695 0.632 0.270 0.061 
0.9 0.997 0.997 0.995 0.987 0.952 0.895 0.825 0.756 0.688 0.624 0.259 0.055 
1.0 1.000 1.000 0.999 0.988 0.952 0.894 0.824 0.753 0.684 0.618 0.253 0.054 
2.0 1.001 0.999 0.997 0.985 0.947 0.887 0.811 0.735 0.658 0.597 0.222 0.044 
5.0 0.998 0.998 0.995 0.988 0.945 0.886 0.815 0.732 0.662 0.592 0.208 0.038 

Standard deviation 
0.1 0.102 0.531 12.554 169.4 2341 .9 330.7 5124.0 557.7 462.1 329.3 371 .3 422.2 
0.2 0.213 0.629 10.723 130.6 3661 .0 365.2 6744.2 662.4 453.5 275.2 434.4 423.5 
0.3 0.309 0.532 12.206 267.2 2782.7 377.5 3412.4 549.3 460.9 319.2 513.2 282.8 
0.4 0.421 0.601 4.410 223.8 4247.5 329.3 3334.7 658.6 491 .8 343.4 485.5 539.4 
0.5 0.534 0.855 6.951 94.3 3177.6 424.0 4680.2 505.3 484.9 237.0 532.9 693.2 
0.6 0.672 0.760 14.109 273.5 711 .9 330.5 6742.4 452.3 506.4 467.9 434.1 337.3 
0.7 0.735 0.914 4.984 97.9 5225.1 391.5 4432.0 312.0 598.2 216.4 553.7 437.6 
0.8 0.847 1.049 5.326 141 .3 4677.4 355.9 3339.3 976.3 587.5 411.0 491.9 398.3 
0.9 0.966 1.218 23.278 358.0 2113.1 324.9 1358.5 475.8 731 .5 522.5 496.3 737.9 
1.0 1.420 1.306 4.920 218.8 4331.1 531 .1 9374.2 768.1 574.6 616.8 672.5 177.8 
2.0 2.144 2.378 53.307 147.6 5112.0 553.1 20843.0 1827.4 528.8 505.3 697.1 340.5 
5.0 5.135 5.857 30.811 963.1 10735.2 1100.5 18988.5 2293.6 1578.8 1649.8 1949.9 2840.4 

Interquartile range 
0.1 0.192 0.307 0.445 0.589 0.719 0.812 0.866 0.891 0.894 0.877 1.238 0.577 
0.2 0.302 0.386 0.504 0.635 0.758 0.844 0.891 0.919 0.918 0.901 1.226 0.573 
0.3 0.427 0.491 0.591 0.707 0.818 0.898 0.940 0.964 0.959 0.938 1.205 0.565 
0.4 0.557 0.608 0.694 0.798 0.893 0.969 1.004 1.020 1.017 1.001 1.172 0.557 
0.5 0.691 0.735 0.810 0.901 0.992 1.057 1.088 1.097 1.091 1.070 1.141 0.549 
0.6 0.822 0.860 0.930 1.015 1.093 1.153 1.177 1.185 1.180 1.154 1.128 0.544 
0.7 0.954 0.988 1.052 1.130 1.203 1.255 1.283 1.283 1.274 1.251 1.130 0.548 
0.8 1.088 1.123 1.179 1.253 1.321 1.371 1.390 1.390 1.381 1.351 1.152 0.555 
0.9 1.229 1.258 1.314 1.382 1.451 1.494 1.502 1.508 1.489 1.460 1.188 0.569 
1.0 1.360 1.391 1.441 1.513 1.570 1.615 1.628 1.623 1.603 1.573 1.239 0.587 
2.0 2.702 2.730 2.783 2.844 2.903 2.934 2.931 2.897 2.849 2.768 1.951 0.878 
5.0 6.775 6.829 6.914 7.024 7.125 7.158 7.123 7.023 6.870 6.659 4.510 2.006 
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CVy > 0.5 , a larger critical value. As CVy increases it has a less damaging influence on 

the estimate of the interquartile range than it does on the estimate of the standard 

deviation. 

This simulation was repeated first with µ x I µr = 10 / 100 = 0.1, then with 

µx I µy = 100/10 = 10 . Tables 3.2 and 3.3 show the results. The mean, median, standard 

deviation and interquartile range of the ratios behave similarly to the case where 

µ x I µ r = l. This provides circumstantial evidence that the magnitude of µ x I µ r does 

not influence the manner in which the sample mean and median estimate µ x I µ r . 

3.4 MOMENTS OF THE RATIO AND IMPLICATIONS 

3.4.1 Moments of the Ratio of Normal Variables 

It is well known that moments do not exist for the ratio of two standardised normal 

variables in the literature (Lucacs and Laha 1964; Lucacs 1975). Springer (1979) 

generalises the result to the ratio of two non-standardised normal variables. The latter 

work even provides mathematical proof for the non-existence of moments of the ratio of 

normal variables, but the derivation is somewhat complicated. Rao (1952) and Frishman 

(1975), however, argue for the existence of moments of the ratio of non-standardised 

normal variables, under what they described as 'mildly restrictive conditions'. These 

conditions are 0<Y <2µy for µr >0, and -2µ r <Y <0 for µr <0, µx, µy -:t:-0. 

Exact expressions are given for the mean and variance of the ratio of normal variables 

appropriate for these situations. Moses (1962) uses order statistics to estimate the ratio 

of two independent continuous positive random variables (known as Wilcoxon test 

theory) using simulation, but has a similar restriction problem. Rao and Beegle (1967) 

state that almost all the ratio estimators examined in their study involve linear functions 

of ratios of two correlated normal random variables and that the exact distributions of 

them are difficult to find. 

We now present a simple proof of the non-existence of moments of the ratio of normal 

variables, with the denominator variable standardised. The conclusion can be easily 

extended to the case where both numerator and denominator variables are non

standardised normal variables. 
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Table 3.2 Simulation of the ratio distribution: mean, median, standard deviation and 
interquartile range for 500,000 pairs of observations X ; I Y;, where X ; ~ N (µ x, cr x ) and 

Y; ~ N(µ r, (J' y), under varymg coefficients of variation (CV), with 

µxl µr =10/100=0.l. 

cvy CV: 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 2.0 5.0 

Mean 
0.1 0.101 0.105 0.114 0.123 0.163 0.238 0.157 0.322 -0.115 0.345 0.069 -0.049 
0.2 0.101 0.105 0.115 0.124 0.159 0.234 0.155 0.278 -0.122 0.388 0.073 -0.045 
0.3 0.101 0.105 0.114 0.130 0.151 0.223 0.159 0.354 -0.015 0.381 0.091 -0.089 
0.4 0.101 0.105 0.116 0.119 0.152 0.356 0.159 0.353 -0.096 0.434 0.070 -0.124 
0.5 0.101 0.105 0.114 0.133 0.158 0.313 0.135 0.422 -0.089 0.124 0.143 -0.018 
0.6 0.101 0.105 0.112 0.142 0.177 0.312 0.185 0.165 -0.209 -0.080 0.052 -0.037 
0.7 0.101 0.105 0.114 0.117 0.164 0.269 0.154 0.296 -0.163 0.357 0.098 0.041 
0.8 0.101 0.104 0.116 0.110 0.152 0.307 0.141 0.132 0.012 0.281 0.164 -0.080 
0.9 0.101 0.105 0.112 0.122 0.176 0.227 0.226 0.347 -0.314 0.596 0.173 -0.010 
1.0 0.101 0.105 0.115 0.097 0.175 0.358 0.163 0.280 0.169 0.809 0.075 0.002 
2.0 0.101 0.105 0.110 0.131 0.298 0.384 0.216 0.677 -0.337 1.769 0.059 -0.041 
5.0 0.101 0.105 0.122 0.144 -0.008 0.065 0.284 1.697 0.306 -0.871 0.263 -0.126 

Median 
0.1 0.100 0.100 0.100 0.099 0.097 0.093 0.088 0.082 0.076 0.071 0.036 0.012 
0.2 0.100 0.1 00 0.100 0.099 0.097 0.093 0.088 0.082 0.076 0.070 0.036 0.012 
0.3 0.100 0.100 0.100 0.099 0.097 0.093 0.087 0.081 0.075 0.069 0.035 0.011 
0.4 0.100 0.100 0.100 0.099 0.096 0.092 0.086 0.080 0.074 0.068 0.033 0.010 
0.5 0.100 0.1 00 0.100 0.099 0.096 0.091 0.085 0.079 0.073 0.066 0.031 0.009 
0.6 0.100 0.100 0.100 0.099 0.096 0.091 0.085 0.078 0.071 0.065 0.030 0.008 
0.7 0.100 0.100 0.100 0.099 0.096 0.090 0.084 0.077 0.071 0.064 0.028 0.007 
0.8 0.100 0.100 0.100 0.099 0.095 0.090 0.083 0.076 0.070 0.063 0.027 0.006 
0.9 0.100 0.100 0.100 0.099 0.095 0.090 0.083 0.076 0.069 0.062 0.026 0.006 
1.0 0.100 0.100 0.100 0.099 0.095 0.090 0.083 0.075 0.068 0.062 0.025 0.005 
2.0 0.100 0.100 0.100 0.098 0.094 0.088 0.081 0.073 0.066 0.059 0.022 0.004 
5.0 0.100 0.100 0.100 0.098 0.095 0.088 0.082 0.074 0.066 0.060 0.022 0.004 

Standard deviation 
0.1 0.015 0.027 1.729 12.062 24.622 74.680 20.090 132.284 110.835 178.748 52.971 43.921 
0.2 0.023 0.033 1.712 10.313 23.268 74.447 22.138 101.829 111.236 207.974 58.041 41 .235 
0.3 0.032 0.041 1.915 16.175 22.526 63.122 18.615 140.737 49.251 221 .688 67.039 67 .660 
0.4 0.042 0.050 2.246 5.390 30.073 155.84 18.629 154.039 111 .595 222.907 66 .641 89.348 
0.5 0.052 0.059 2.000 16.707 27.427 120.73 14.768 176.467 96.660 48.214 95.498 26.681 
0.6 0.062 0.069 2.156 19.025 26.651 137.86 22.886 49.580 192.556 104.768 29.967 30.854 
0.7 0.072 0.079 2.607 5.238 29.076 103.95 23.912 189.196 159.395 170.832 84.168 19.081 
0.8 0.082 0.090 1.861 4.589 26.437 126.98 21.198 45.853 52.381 128.222 102.073 58.453 
0.9 0.092 0.100 1.645 9.744 46.162 74.601 34.863 154.652 191 .999 361.484 148.660 15.828 
1.0 0.102 0.111 1.440 12.816 31.276 151 .06 23.839 118.560 134.042 512.798 41 .014 33.141 
2.0 0.203 0.217 2.441 6.898 54.132 163.05 78.355 324.828 246.458 1192.91 47.787 57.508 
5.0 0.507 0.538 11.342 39.494 106.436 109.97 113.483 836.927 340.641 747.149 309.250 111 .677 

Interquartile range 
0.1 0.019 0.031 0.044 0.059 0.072 0.081 0.087 0.089 0.089 0.088 0.123 0.058 
0.2 0.030 0.039 0.050 0.064 0.075 0.085 0.090 0.092 0.091 0.090 0.122 0.057 
0.3 0.043 0.049 0.059 0.071 0.082 0.090 0.095 0.096 0.096 0.094 0.120 0.056 
0.4 0.056 0.061 0.069 0.080 0.090 0.097 0.101 0.1 02 0.101 0.100 0.117 0.056 
0.5 0.069 0.073 0.081 0.090 0.099 0.106 0.109 0.110 0.109 0.107 0.114 0.055 
0.6 0.082 0.086 0.093 0.101 0.109 0.115 0.118 0.118 0.118 0.116 0.112 0.055 
0.7 0.096 0.099 0.105 0.113 0.121 0.126 0.129 0.129 0.127 0.125 0.113 0.055 
0.8 0.109 0.112 0.118 0.125 0.132 0.137 0.140 0.139 0.137 0.135 0.115 0.056 
0.9 0.123 0.126 0.131 0.138 0.144 0.150 0.151 0.150 0.148 0.146 0.118 0.057 
1.0 0.136 0.139 0.144 0.150 0.157 0.162 0.164 0.162 0.160 0.157 0.124 0.059 
2.0 0.271 0.274 0.279 0.285 0.291 0.295 0.294 0.291 0.285 0.277 0.194 0.088 
5.0 0.675 0.681 0.690 0.700 0.710 0.714 0.712 0.701 0.684 0.663 0.451 0.199 
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Table 3.3 Simulation of the ratio distribution: mean, median, standard deviation and 
interquartile range for 500,000 pairs of observations X; I Y; , where X ; ~ N (µ x ,cr x ) and 

Y; ~ N(µ r , CJ y) , under varymg coefficients of variation (CV), with 

µ x I µ r = I 00 /10 = 10 . 

CV,. CV: 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 2 5 

Mean 
0.1 10.100 10.465 11 .284 15.989 10.988 4.054 16.340 26.283 9.724 11 .057 5.299 0.812 
0.2 10.104 10.468 11 .280 16.249 10.831 4.568 15.347 25.864 8.591 7.460 4.643 1.253 
0.3 10.101 10.469 11.221 17.916 10.565 2.448 19.678 20.277 7.144 11 .582 2.661 0.645 
0.4 10.088 10.452 11.309 15.420 12.385 3.550 16.206 23.086 1.370 11 .999 5.693 1.056 
0.5 10.093 10.461 11.136 20.126 12.231 5.116 6.082 20.347 2.420 2.072 5.596 0.411 
0.6 10.121 10.483 11 .262 16.967 9.316 5.705 10.165 24.524 -4.077 10.534 0.947 0.845 
0.7 10.110 10.481 11 .311 17.965 10.173 7.782 13.993 23.548 -7.372 -1.464 -2.376 1.364 
0.8 10.099 10.469 11 .312 15.948 11 .120 3.496 25.136 31.595 13.340 12.825 12.931 0.913 
0.9 10.110 10.476 11 .549 14.351 10.175 5.371 -7.253 29 .567 14.069 -3.172 -5.250 0.500 
1.0 10.136 10.498 11.488 20.622 13.746 5.802 23.218 31.051 -14.000 13.625 9.095 0.731 
2.0 10.087 10.435 10.716 22.070 5.573 -1.373 -5.028 5.297 19.288 34.986 1.231 -1.021 
5.0 10.082 10.465 11 .606 -2.937 13.747 7.392 -10.072 -4.896 105.103 21 .729 -1 .531 5.674 

Median 
0.1 9.995 10.001 9.989 9.949 9.717 9.317 8.791 8.216 7.648 7.078 3.629 1.224 
0.2 10.002 10.008 9.999 9.953 9.711 9.296 8.767 8.167 7.601 7.020 3.570 1.182 
0.3 9.992 10.001 9.985 9.943 9.681 9.250 8.696 8.083 7.488 6.923 3.457 1.108 
0.4 9.984 9.990 9.970 9.904 9.638 9.183 8.604 7.976 7.374 6.788 3.300 1.000 
0.5 9.994 9.998 9.985 9.900 9.604 9.118 8.519 7.871 7.250 6.656 3.134 0.874 
0.6 10.018 10.027 10.000 9.921 9.610 9.101 8.466 7.789 7.178 6.544 2.976 0.768 
0.7 10.015 10.023 10.011 9.929 9.572 9.040 8.409 7.702 7.051 6.437 2.830 0.672 
0.8 10.004 10.001 10.000 9.896 9.543 8.992 8.364 7.636 6.975 6.315 2.698 0.602 
0.9 9.998 10.012 9.985 9.918 9.531 8.964 8.308 7.577 6.901 6.241 2.608 0.551 
1.0 10.038 10.041 10.018 9.940 9.570 8.997 8.327 7.545 6.876 6.211 2.542 0.523 
2.0 9.968 9.983 9.966 9.864 9.496 8.867 8.126 7.336 6.618 5.976 2.251 0.400 
5.0 9.980 10.035 9.989 9.831 9.534 8.725 8.Q75 7.333 6.542 5.850 2.123 0.401 

Standard deviation 
0.1 1.521 2.772 102.7 2646.4 1622.5 3154.1 8410.7 7482.3 8189.5 7103.0 3914.4 505.2 
0.2 2.364 3.369 100.0 3313.1 1473.5 2815.2 10582.5 7541 .6 9925.0 5380.9 3789.1 526.3 
0.3 3.209 4.118 113.1 3406.2 1574.8 4130.8 10149.1 6631.4 9338.7 7672.6 3764.8 563.8 
0.4 4.203 5.088 80.7 3147.5 1271 .5 3733.2 9306.7 6163.6 10652.8 7817.8 4635.4 540.2 
0.5 5.227 5.924 171 .0 4322.7 1473.2 3712.1 7955.8 5908.3 11372.3 5508.6 3427.7 517.9 
0.6 6.233 6.931 143.7 3302.9 2177.1 3213.4 5801 .7 8414.5 13135.2 6287.7 2653.8 605.7 
0.7 7.281 7.947 92.6 4296.5 2518.6 2968.1 12075.4 7998.9 11770.5 5537.3 3073.5 745.1 
0.8 8.263 9.106 108.7 2373.8 1002.6 4330.4 11380.2 8813.7 12924.8 4620.3 7722.5 689.6 
0.9 9.246 10.052 120.2 4335.0 2436.5 2721 .5 20303.4 10480.3 15518.6 4865.7 3900.3 760.6 
1.0 10.257 11 .876 127.8 4876.4 2097.8 2902.9 13801 .6 7912.3 23560.8 11680.6 7562.5 625.4 
2.0 20.305 21.608 268.2 5176.5 2192.7 5685.7 30904.2 8492.6 12070.0 14693.0 4667.9 1195.6 
5.0 50.867 53.820 356.0 9897.7 7196.8 8457.6 35447.5 19662.5 44975.9 24106.7 10272.4 2496.9 

Interquartile range 
0.1 1.915 3.074 4.436 5.892 7.193 8.129 8.655 8.874 8.899 8.813 12.375 5.771 
0.2 3.024 3.871 5 .041 6.351 7.600 8.436 8.948 9.158 9.129 9.030 12.260 5.732 
0.3 4.271 4.927 5 .901 7.101 8.196 8.975 9.453 9.579 9.563 9.437 12.019 5.667 
0.4 5.579 6.101 6 .929 7.986 8.952 9.685 10.065 10.175 10.117 10.002 11 .690 5.569 
0.5 6.890 7.340 8 .067 9.020 9.921 10.505 10.865 10.929 10.871 10.695 11.385 5.495 
0.6 8.206 8.615 9.278 10.124 10.975 11 .527 11 .817 11.868 11 .771 11 .605 11 .287 5.474 
0.7 9.557 9.940 10.512 11.332 12.063 12.585 12.868 12.870 12.728 12.529 11.313 5.494 
0.8 10.928 11 .277 11 .814 12.582 13.244 13.718 13.957 13.887 13.795 13.615 11 .573 5.579 
0.9 12.241 12.576 13.089 13.818 14.501 14.926 15.104 15.014 14.877 14.614 11 .930 5.702 
1.0 13.608 13.913 14.439 15.159 15.737 16.141 16.267 16.197 16.012 15.748 12.447 5.914 
2.0 27.031 27.312 27.796 28.499 29.094 29.360 29.342 29.027 28.453 27.762 19.450 8.792 
5.0 67.672 68.199 68.990 70.298 71 .083 71 .534 71 .107 70.074 68.591 66.432 45.140 20.042 
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Theorem: E(X IY) does not exist, where X ~ N(µ x, 1) and Y ~ N(O, 1). 

Proof: 

E(X ]= J00 {J o-~ fx(x)fy(y)dx+J
00 ~ fx(x)fy(y)dx}dy 

y -oo -oo y O+ y 

=J oo xfx(x){J o-fy(y) dy+J oo f y(y) dy}dx 
- co -oo y O+ y 
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} --1x
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~e' oo e ' ~e1 oo e 1 
Now f --dx+f --dx = limf --dx+limf --dx, where a> 0. 

- oo x o+ x do - co x e .J,o ae x 

1 2 1 2 
Let u = - x , du = x dx ; Let v = - 2 u, dv = - 2 du , s > 0 . 

2 8 8 

Also f oo e -½x' 1 f oo e -11
' 1 f oo e --4v 1 ( , ) 

--dx=- , - du=- -- dv=-E, ~, 
•x 2 -'i- x 2 1 v 2 

from Abramowitz and 

Stegun (1964, 5.1.4 on p. 228) 

- lx2 

Similarly f: -S-dx = ¾ E, ( •; ), where E, ( •; ) is the exponential integral. 

{ 

-.Lx

2 

-.Lx' } 1 [ ( 2 2 J ( 2 Ji o- e 2 00 e 2 
• a s s 

Thus, f --dx+f --dx = hm- E, -- -E, -
-oo X o+ X do 2 2 2 

From Abramowitz and Stegun (1964, 5.1.11 on p. 229) we have 

00 (-lY z" 
E1 ( z) = -a - 1n z - ~ ( n n ! ) 

( J ( J ( ]n ( ]" 

a 2s 2 s 2 co as 2 oo s 2 

So El -- = El - = -2lna - Ic-1r - /(nn!)+ I(-1)" - /(nn!) 
2 2 n=l 2 n=l 2 

As s • 0, the right hand side converges to -2 lna . Since the limit depends on a , the 

first moment of XI Y , that is, E (XI Y) does not exist. This can be extended to higher 

moments, which do not exist for a similar reason. 

This theorem can be extended to the general case as follows. Let X ~ N (µ x, cr x ) and 
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be two independent normal variables. Clearly 

E(X!Y)=E(X)E(l!Y). Thus E(X!Y) does not exist if E(l!Y) does not exist. 

Piegorsch and Casella (1985) noted in their Example 2.2 that if f (y) is the normal 

density with mean µ and standard deviation cr , such that 

f (y) = [ 1 /(2ncr 2 )½] exp [ - ½ (y - µ )2 / cr 2 ] , -oo < y < oo, 

then f (y) > 0 and E ( y-i) does not exist. Thus, E (XI Y) does not exist. 

3.4.2 Implications in Applied Research 

The non-existence of moments of the ratio of normal variables presents a problem. In 

practical applications, as long as we avoid sampling in an interval around Y = 0 , 

moments of XI Y will exist. If we let s be a sufficiently small positive quantity, then 

X; I Y; can be used to estimate the ratio of µx I µy, provided If; I> s. Hall (1979) 

showed that if a positive random variable Y has a singly truncated normal distribution 

from below, denoted by Na(µ, cr), where Y > a > 0, then the inverse moments E ( y-i) 

and E(Y-2
) can be approximated very accurately by expressions involving Dawson's 

integral, which are independent of the truncation point a, provided that (~ J
2 

~ ~ ~ - 1
- . 

µ µ 25 

This will ensure the existence of the expectation of the ratio of two independent normal 

variables E(X I Y) when (~J2 

~ - 1
-, or CVy = ~ ~ ..!_ = 0.2. Nahmias and Wang 

µ 25 µ 5 

(1978) approximated E(Y-n; Y > t) for t > 0 and n a positive integer when Y is a 

normal variate having the property that the mean is substantially larger than the standard 

deviation, that is, µ >> cr . According to the study, for any n?: 1, this computation will 

require using numerical integration methods. The method developed is based on 

approximating the normal density by a gamma density, simplifying, and then re

approximating the resulting gamma density by the normal. They further validated the 

findings by comparing the estimated moments from the approximation and the exact 

moments calculated directly by numerical integration, where µ / cr is said to be 

relatively large if it is six or larger. This is almost equivalent to the constraint set by our 

investigations on the inverse of µ / cr , CVy , which should be held smaller than or equal 
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to 0.2 for the apparent existence of moments. Their results show that as µ / CJ increases, 

the agreement between the approximation and the numerical integrals became closer 

across a range of values of µ, CJ , t and n . The central idea behind all these 

investigations is similar, namely to make the denominator variable non-zero, a condition 

easily met in practical research. 

The findings also suggest that if we want to use the sample mean of ratios X; I r; to 

estimate µ x I µr then the larger the sample we use, the smaller the CVy we will need to 

avoid sample points getting close to zero in the denominator. When CVy is sufficiently 

small, there is almost no chance for a value of Y very close to zero being sampled, thus 

ensuring the existence of sample moments. 

When CVr is very small, Y behaves as YII YI~£ for some E > 0 (a punctured normal), 

thus the moments of 1/ Y can be accurately approximated (Hall 1979; Nahmias and 

Wang 1978). This leads to "apparent" existence of the sample moments of X I Y. From 

our simulations and the results of Hall (1979), CVr ~ 0.2 can be used as a condition 

which determines the usefulness of RA and Rw. These imply that RA can be used when 

CVr ~ 0.2 and Rw can be used when CVv ~ 0.2 . 

3.5 CONCLUSIONS 

The moments ( mean and variance) of the ratio X I Y of two independent normal 

variables do not exist. The moments exist, however, if we avoid sampling points for 

which I YI~ c, c being a small positive quantity. This avoidance results in a punctured 

normal. The practical rule-of-thumb is that the ratio of two independent normal 

variables can be used to estimate µ x I µ r when the coefficient of variation of the 

denominator variable is sufficiently small (smaller than or equal to 0.2). 

This applies to the 'safe' use of the arithmetic and weighted average ratio estimators; 

RA can be used when CVr ~ 0.2 and Rw can be used when CVv ~ 0.2. Further 

research is needed to prove the existence of the moments of XI YII YI> c . 
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CHAPTER4 

COMPARISON OF TWO COMMON ESTIMATORS OF THE 

RATIO OF THE MEANS OF CONTINUOUS VARIABLES 

4.1 INTRODUCTION 

A ratio of continuos attributes (typically with normal distributions) is commonly used to 

assess the relative merits of two contrasting treatments, practices or methodologies in 

agricultural research. Examples include heterosis in plant breeding, the ratio of 

performance of a hybrid relative to its parents in a trait such as yield; the ratio of grain 

yield of a new crop variety to that of the commercial control across a range of 

environments; harvest index, the ratio between economic and biological yields of 

plants; and relative efficiency, the ratio between errors of two biological models in 

agricultural research. It is important to know how the true ratio of the two population 

means should be estimated when several such ratios are available. 

Two methods are widely used for averaging different ratio estimates in agricultural 

research. The first is the arithmetic average approach, which divides the sum of all the 

ratio estimates by the total number of estimates (Kaeppler et al. 2000; Moreau et al. 

1999; Qiao et al. 2000). The second is known as the weighted average approach, which 

estimates the true ratio via dividing the sum of all the numerators by the sum of all the 

denominators of the individual ratio estimates (Robinson et al. 1988; Haque et al. 1997; 

Witcombe et al. 1999). When used on the same set of data to estimate the ratio of two 

population means, these two approaches may give different results or even reach 

contradictory conclusions in some circumstances. It is a matter of practical importance 

to examine the relative merits of these two methods. 

It should be noted that several alternative ratio estimators have been developed in other 

areas of research for estimating the ratio of two population means (Hartley and Ross 

1954; Quenouille 1956; Mickey 1959; Durbin 1959; Pascual 1961; Kokan 1963; Tukey 

1958; Tin 1965). They have not, however, attracted attention from agricultural 

scientists. Lahiri (1951) shows that the weighted average is an unbiased estimate of the 

ratio of the population means if the sample is drawn with probability proportional to the 

sum of the denominators. Cochran ( 1977) also defines the sample estimate of the true 
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ratio by the weighted average approach. In a Monte Carlo simulation study of various 

ratio estimators, Rao and Beegle ( 1967) find that the weighted average performs 

reasonably well in general relative to the other estimators under investigation, while the 

arithmetic average is not mentioned. We have not, however, found any report in the 

literature comparing the arithmetic and weighted average methods. The present study 

evaluates these two estimators of a ratio of normal means through simulation and 

provides some practical recommendations concerning their use in agricultural research. 

We conclude this section by remarking that related research was conducted in Chapter 2 

where the corresponding estimators of a binomial proportion using several independent 

samples in agricultural research were investigated. That work provided the impetus for 

the current chapter. 

4.2 LITERA TORE REVIEW 

In many practical applications, one wishes to estimate the ratio of the means of 

independent normal variables X and Y. Geary (1930) gave the distribution of W =XI Y 

when µ x = µy = 0, where X ~ N(µx,cr x) and Y ~ N(µy,cr r) with correlation 

coefficient p . Fieller (1932) and Marsaglia ( 1956) considered the general problem with 

non-zero population means and studied the ratio in the form of 

Z=a+X 
b+Y' 

where X ~ N(O,l) and Y ~ N(O,l) and a and b are constants. Hinkley (1969) stated 

that Z has no great advantage over W, since the distributions of both involved the 

bivariate normal distributions. Hinkley further derived the general distribution of ratios 

of this type and compared it with the approximation obtained by assuming the 

denominator variable to be of constant sign. This may reflect many of the practical 

situations, for example the specifications of the US pharmacopoeia (Roberts 1969), 

where the denominator variables of a ratio are measurements of positive signs, but is 

obviously inappropriate for generalisation. 

The ratio of continuous variables is often employed in sample surveys for estimating the 

population mean µr of a characteristic of interest Y or the population ratio utilising a 

supplementary variate x that is positively correlated with y. In the area of sampling 

techniques the weighted average ratio estimator Rw = x I y is often referred to as the 
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classical ratio estimator (Cochran 1977). It is well known that the classical ratio 

estimator is biased and often, in practice, the bias may be negligible compared to the 

standard error and can be neglected (Rao and Beegle 1967). Kokan (1963) investigated 

large-sample stabilities of the variance and proposed the unbiased variance estimator of 

Rw. Rao and Beegle (1967) presented a formula for estimating the variance of Rw and 

considered that the bias of the variance was of order 1 / n . However, no rule-of-thumb 

has been provided in deciding when the bias is negligible and hence Rw = x I y can be 

suitably used. On the other hand, the bias may become considerable in surveys with 

many strata of small or moderate size samples within strata if it is considered 

appropriate to use "separate ratio estimators" (Rao and Beegle 1967). In these 

situations, the use of unbiased or approximately unbiased (i.e., estimators with a smaller 

bias than the classical ratio estimator) ratio estimators may be of great advantage. 

Hence, considerable attention has been given to the development of unbiased or 

approximately unbiased ratio estimators. Several alternative ratio estimators have been 

developed for estimating the ratio of two population means (Hartley and Ross 1954; 

Quenouille 1956; Mickey 1959; Durbin 1959; Pascual 1961; Kokan 1963; Tukey 1958; 

Tin 1965). 

Hartley and Ross (19 54) gave an exact upper bound for the bias of Rw and proposed an 

unbiased ratio estimator of µ x I µy as 

Goodman and Hartley (1958) showed that the variance of t1 will always be larger than 

that of Rw, for large n. Later on other types of ratio estimators were developed, based 

on dividing the sample at random into g groups, each of size m, as n =mg. Following 

Mickey (1959), another unbiased ratio estimator was given by 

g 

where ~ = LR~ I g and R~ is the classical ratio estimator computed from the sample 
I 

after omitting the J-th group, that is, Ii~ = ( ny - myJ) /( nx - mxJ) , where yJ and xi are 

the sample means computed from the J-th group. It is clear that t2 reduced to t1 for the 
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case of n = 2. 

Quenouille (1956) proposed a method of reducing estimation bias from order 1/ n to 

1/ n2 
, based on random division of the sample into groups. Durbin ( 1959) applied this 

method to ratio estimators and proposed the following estimator 

- 1 g 

t3 = gRw -(g-1)~ = - L:>Q/, where r0 = gRw -(g-l)R~ is called pseudo-values by 
gl 

Tukey and has bias of order n-2 at most. He showed that if the regression of Y on X is 

linear and X normally distributed, t3 with g = 2 has a smaller asymptotic variance 

than Rw. Rao (1965) demonstrated that for the above models both asymptotic bias and 

asymptotic variance of t3 are decreasing functions of g, so that g = n would be the 

optimum choice for large or moderately large n. Durbin (1959) also considered the case 

where the regression of Y on X is linear, but X has a gamma distribution. He showed 

that although the variance of t3 with g = 2 is slightly increased compared to that of Rw, 

the reduction in bias is such that the mean square error of t3 is reduced. Rao and 

Webster (1966) showed that both bias and variance of t3 are decreasing functions of g if 

X follows a gamma distribution, so that g = n would be the optimum choice. For 

g > 2, t3 has a smaller variance than Rw. Following Tukey (1958), Rao and Beegle 

( 1967) presented the simple estimator 

g 

v(tJ = g-1(g-1r1~)r0 -t3)2 
I 

as the variance estimator of t3 , since the g estimators r Qi may be treated as 

g 

approximately independent and t3 = L>QJ I g. Tin (1965) investigated the large-sample 
I 

bias, variance and approach to normality of the ratio estimators, Rw, t3 with g = 2, and 

Beale's (1962) estimator 

t 4 = Rw [1 + _!_ ~x~ ]1 [1 + _!_ ~~ J, and the modified estimator 
nxy nx 

_ [ 1 [ s s
2 

]~ t =R l+- ____:Z_ __ x_ 
5 W -- -2 n xy x 

The results indicated that t5 was slightly better than t4 which in tum was better than t3 
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with g = 2. The comparison was validated using Monte Carlo study for large and 

moderately large samples. Rao and Webster (1966) made an exact comparison between 

t5 and t3 g = 2 and found that their precisions were approximately the same. Pascual 

(1961) and Sastry (1965) proposed another ratio estimator with g = n as 

which is identical to t3 when g = 2. Murthy and Nanjamma (1959) used t6 when g 

independent and interpenetrating sub-samples each of size m were available. Pascual 

(1961) proposed the following estimator obtained by estimating the bias of Rw 

approximate! y 

Pascual (1961) and Sastry (1965) investigated the properties of t6 with g = n and t7 , 

but Rao and Beegle ( 1967) described the investigations as "not very satisfactory", since 

some of the assumptions were set too stringent. Royall and Eberhardt (1975) compared 

four estimators for the variance of the ratio estimator under various linear prediction 

(super-population) models, for the estimation of the numerator variable of the ratio. 

These are the conventional statistic, the jack-knife estimator, a weighted least-square 

estimator from linear prediction theory and a new estimator from adjusting the 

conventional estimator in ways suggested by linear prediction theory. They chose to use 

the weighted average ratio estimator Rw for the estimation of the ratio of population 

numerator variable to denominator variable. 

These ratio estimators have not, however, attracted attention from agricultural scientists. 

In contrast, the weighted average and the arithmetic average ratio estimators are widely 

used in applied research (Robinson et al. 1988; Haque et al. 1997; Witcombe et al. 

1999; Kaeppler et al. 2000; Moreau et al. 1999; Qiao et al. 2000). Using the same set of 

data, these two approaches may give different results, or even provide contradictory 

conclusions in some circumstances. Hence it is of practical importance to examine the 

relative merits of these two methods. 
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4.3 TWO RATIO ESTIMATORS 

4.3.1 Definitions of the Two Estimators of a Ratio 

Suppose a sample of observations ( X; I Y; ), i = 1, 2, ... , n is taken from a bivariate normal 

population N(µ x ,µY, cr x ,cr Y, p) and for each observation a ratio is calculated as X; I Y;. 

There are two popular ways in agricultural research to estimate the ratio of two 

population means µ x Iµ,, the arithmetic average approach, with R, = [ Z: ;, } n, and 

the weighted average approach, with 

If Y; is the same for every X; I Y; in the sample, then RA and Rw will be equal. When 

they are different, which is generally the case for real data in agricultural research, there 

can be a noticeable difference between the two estimators. We now show that the 

weighted average is superior to the arithmetic average. For many practical applications 

in agricultural research, the correlation coefficient between the two variables under 

study ( X; and Y;) can be assumed to be zero, that is, X; and Y; are independent. Hence, 

we will only consider the cases in which X; and Y; are assumed to be independent. 

4.3.2 Distributions of the Two Ratio Estimators 

It was indicated in the preceding chapter that the population moments of the ratio of two 

normal variables XI Y do not exist unless we impose a condition that I Y I> s . The rule-

of-thumb is also defined as CVy :s; 0.2 for the 'safe' use of XI Y in agricultural 

research. When CVy :s; 0.2 , the probability of getting values in I Y 1::; s is very small, 

where s is a sufficiently small quantity, and hence XI Y behaves very much like 

XI Y II YI> s . Consequently, a comparison of the variances of the two ratio estimators is 

meaningless if XI YII YI> s cannot be assumed, since the standard deviations of RA 

and Rw may not exist. We therefore adopt the arithmetic mean and the median as 

measures of central tendency, and the range and the interquartile range as measures of 

variation, in order to compare the two estimators, using simulation. 
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4.4 SIMULATION STUDIES 

Random samples were generated, using Minitab 13 for Windows software, from two 

independent normal distributions, N (µ x, cr x) and N (µy, cr Y), to evaluate the relative 

merits of the two ratio estimators. The coefficients of variation of the two populations 

were assumed equal, or cr x Iµ x = cr Y I µy = CV . A preliminary simulation was 

conducted to compare the distributions of the two estimators graphically. Systematic 

simulations were then conducted for a more in-depth evaluation of the distributions 

using parameter values typically found in agricultural studies. Central tendency, 

variation and skewness were examined for each of the two estimators. 

4.4.1 A Preliminary Simulation 

The distributions of RA and Rw were simulated for the particular case where 

µ x = cr x = 200 and µr =cry = l 00, hence µ x I µy = 2.0 and there is moderately large 

population variation (CV= 1.0 ). Two hundred samples, each of size n = 300, were 

drawn from each of the numerator and denominator populations. The distributions of 

RA and Rw are graphically compared in Figure 4.1. 

(a) Distribution of the arithmetic average 
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(b) Distribution of the weighted average 

12 ~-------------~ 

11 

10 

9 

~ 8 
>, 7 
u 
~ 6 
& 5 
~ 
lL 4 

3 

2 

~ -t-_,n.,......,....._,...... ..... .._ ____ n_n _____ ...... _.,...... 
12 1A 1B 1B 2~ 22 2A 2B 2B 3~ 32 

Ratio estimates 

Figure 4.1 A comparison of RA and Rw distributions using 200 ratio estimates. Each 

ratio was generated using a sample of size 300 from each of two normal populations, 
with µx =cr x =200 and µy =cr y =100, and hence µ xl µy=2 .0 and CV=l.0. Note 

the different scales used in (a) and (b). The means of RA and Rw over the 200 estimates 

are -3.43 and 2.01, respectively. 
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Estimator Rw is far more concentrated around the true ratio (2.0) than is RA , and the 

variation of the former is much smaller than that of the latter. The distribution of RA is 

also more right-skewed than that of Rw, indicating that It gives some unusually large 

values while Rw is concentrated near the true ratio. In this fairly typical example it is 

evident that the weighted average is better at estimating the ratio of the two population 

means. The reason for this contrast is apparent and is explained as follows. For ratio 

estimator smce X ~ N(200, 200) and Y ~ N(I00, 100), 

CVy = 100 / 100 = 1.0 > 0.2, as defined for the populations. Thus the RA estimates are 

meaningless, since the expected value of XI Y and hence the expected value of 

RA = (f X; Ji 300 does not exist, leading to the widely varying and biased RA values. 
l= I Y; 

For ratio estimator m contrast, l\00 ~ N ( 200, 200 I ✓300), 

J;00 ~ N (100, 100 / ✓300) , thus CVr;
00 

= 100 / ✓300 = 0.0577 < 0.2. Hence, the expected 

value of Rw = l \ 00 I i;00 exists, leading to useful Rw values. In conclusion, Rw here is a 

better estimator of µ x I µ r than RA . 

4.4.2 Simulation 1: Comparison as µx I µy and CVChange, with n Fixed 

This simulation compared the two estimators as the ratio of population means ( µ x I µ r ) 

and common coefficient of variation change, with n = 300 fixed throughout. Random 

samples were generated from two independent normal populations N ( µ x, cr x ) and 

N(µ r, cr r )- The means of the two populations were set at (1) µx =500 , µ r =100 ; (2) 

µ x =200 , µ y =100; (3) µ x =100, µy =100; (4) µx =100, µy = 200 ; (5) 

µ x = 100, µr = 500. The CV was set at the values of 0.1 , 0.2, 0.5, 1.0, 2.0 and 5.0. For 

each of the population mean and coefficient of variation combinations, 200 pairs of 

normal random samples of size n = 300 were taken. The sample size of n = 300 was 

considered to be large enough to capture the properties of the two ratio estimators in 

cases where resources are not limited. 

Results (Table 4.1) showed that for the large sample size of n = 300 chosen, the 

arithmetic mean and median of RA are very close to µ x I µr for low levels of 

52 



Chapter 4 Comparison of two common estimators of the ratio of the means of continuous variables 

Table 4.1 A comparison of the centre, spread and skewness of the arithmetic average and 
the weighted average ratio estimators, for a range of true ratio and coefficient of variation 
(CV) values. Each result is based on 200 random samples of size 300 from normal 
populations. 

Arithmetic average Weighted average 

µx =500 µx =200 µ x =100 µx =100 µx = 100 µ x =5 00 µx =200 µx =100 µ x =100 µx =100 

CV µy =l 00 µy =100 µ v =lOO µy =200 µv =500 µ v =lOO µy=l00 µv =l00 µ y =200 µv=500 

µ, /µy =5.0 µ. /µy =2.0 µ. /µy =1.0 µ. /µy =0.5 µxiµv =0.2 µ, /µy =5.0 µxiµ, =2.0 µ. /µy =1.0 µxiµv=0.5 µx/µy=0.2 

Arithmetic mean 

0.1 5.05 2.02 1.01 0.51 0.20 5.00 2.00 1.00 0.50 0.20 

0.2 5.23 2.09 1.05 0.52 0.21 5.01 2.00 1.00 0.50 0.20 

0.5 9.52 0.73 1.72 0.69 -0.03 5.00 2.00 1.00 0.50 0.20 

1.0 -0 .09 -3.43 0.81 -0.01 -0.16 5.03 2.01 1.01 0.50 0.20 

2.0 0.79 2.24 0.42 0.71 0.13 5.21 2.05 1.03 0.51 0.20 

5.0 6.67 -2.61 1.13 -0.56 0.09 5.57 2.21 1.21 0.55 0.22 

Median 

0.1 5.05 2.02 1.01 0.51 0.20 5.00 2.00 1.00 0.50 0.20 

0.2 5.24 2.09 1.05 0.52 0.21 5.00 2.00 1.00 0.50 0.20 

0.5 6.46 2.42 1.30 0.63 0.26 5.00 2.00 1.01 0.50 0.20 

1.0 4.58 1.36 0.91 0.36 0.17 5.03 2.02 1.01 0.49 0.20 

2.0 0.76 0.27 0.39 0.15 0.07 5.13 2.04 1.00 0.51 0.20 

5.0 -0 .35 -0.04 0.07 -0.05 0.05 4.90 2.09 0.96 0.51 0.21 

Interquartile range 

0.1 0.05 0.02 0.01 0.01 0.00 0.05 0.02 0.01 0.00 0.00 

0.2 0.14 0.05 0.03 0.01 0.00 0.11 0.04 0.02 0.02 0.00 

0.5 4.12 1.13 0.71 0.40 0.13 0.25 0.10 0.06 0.03 0.01 

1.0 9.31 3.13 1.63 0.93 0.36 0.51 0.25 0.10 0.06 0.02 

2.0 10.86 3.41 2.05 0.90 0.39 1.17 0.48 0.23 0.12 0.05 

5.0 12.55 4.53 2.01 0.98 0.41 2.49 1.19 0.53 0.29 0.13 

Range 

0.1 0.20 0.09 0.04 0.02 0.01 0.18 0.09 0.04 0.02 0.00 

0.2 0.98 0.21 0.11 0.06 0.02 0.45 0.18 0.11 0.05 0.02 

0.5 273.01 237.67 58.37 53.48 66.26 1.29 0.44 0.23 0.11 0.04 

1.0 1388.17 856.90 56.50 132.34 77.33 2.26 0.87 0.42 0.21 0.11 

2.0 1788.08 333.96 105.81 182.05 21 .73 4.45 1.75 1.06 0.57 0.19 

5.0 901 .10 610.32 223.26 63.05 7.82 25.10 5.95 13.24 1.41 0.68 

Skewness 

0.1 -0 .16 -0.12 -0.20 -0.07 3.93 -0.07 -0.13 -0.24 0.06 0.08 

0.2 -1 .24 0.08 0.10 -0.03 -0.42 0.08 -0.02 0.00 0.07 0.22 

0.5 7.43 -8.02 8.79 1.09 -13.88 -0.11 0.36 0.16 0.23 -0.17 

1.0 -9.72 -11.43 -2.05 -4.30 -13.51 0.26 0.02 0.44 0.25 0.45 

2.0 1.67 8.13 1.54 6.09 1.05 0.45 0.24 0.98 0.66 0.37 

5.0 8.99 -6.60 8.19 -3 .98 2.13 3.44 1.07 7.24 1.11 1.13 
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population variation ( CV = 0.1 and CV = 0.2 ). Under large population variation 

( CV 2 0.5 ), these central tendency measures for RA begin to deviate markedly from the 

corresponding true ratio, even producing changes of sign (Table 4.1). Thus, the 

performance of RA is adversely affected even by a moderate amount of population 

variation. In contrast, the arithmetic mean and median of Rw remain stable and close to 

µ x Iµ r for the whole range of population CVs. The influence of the true ratio on the 

comparison between the two estimators becomes more marked as µ x I µ r increases, when 

the arithmetic mean and median of RA tend to deviate much more from the true ratio than 

do those of Rw . 

The range and interquartile range of RA are generally small for low levels of population 

variation (CV= 0.1 and CV = 0.2 ), but become extremely large when the CV is 0.5 or 

bigger (Table 4.1 ). The larger the µ x Iµ y, the more the range and interquartile range of 

RA deviate from the true ratios. In contrast, the range and interquartile range of Rw are 

generally small and unaffected by both population CV and µ x I µ r , except for CV = 5. 0 

and µ x I µy =5.0, when there is a large increase in both measures of variation. This shows 

that even with large sample size, the weighted average estimate can still deviate from the 

true ratio when the coefficient of variation or the mean ratio is extremely large. The effect 

of µ x I µ r on Rw , however, is generally much smaller than its effect on RA • 

The reason why Rw performs better than RA over the range of population CV values is 

discussed in the preceding section. Adopting Rw reduces the CV of the denominator and 

hence meets the minimum requirement of CV1 s 0.2 for most of the cases. In contrast, 

adopting RA produces no change in the population CV and does not meet the minimum 

requirement of CVy s 0.2 for most of the situations listed in Table 4.1. For example, with 

the weighted average method, the denominator CV or CV1 is estimated as 0.006, 0.012, 

0.029, 0.058, 0.115 and 0.289, respectively, with only the last one (0.289) not satisfying the 
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CVv::; 0.2 condition. In comparison, for the arithmetic average method, the denominator 

CV or CVy is 0.1, 0.2, 0.5, 1.0, 2.0 and 5.0, respectively, as originally defined, with only 

the first and second values meeting the CVr ::; 0.2 condition for the moments to exist. 

Therefore, Rw is always better than RA . 

We now tum to the skewness of the estimates. A near-zero skewness indicates a broadly 

symmetrical distribution. A large positive skewness indicates a strongly right-skewed 

distribution in which the mean is increased by some unusually high values, while a large 

negative skewness indicates a strongly left-skewed distribution in which the mean 1s 

decreased by some extremely low values (Levine et al. 2000). The distribution of Rw 1s 

generally more symmetrical, with fewer extreme values than are seen in the distribution of 

RA, as indicated by the skewness measure in Table 4.1. 

To summarise, this simulation provides evidence that Rw is a better estimator of µ x I µ r 

than RA when the sample size is large. 

4.4.3 Simulation 2: Comparison as n and µx / µy Change, with CV Fixed 

This simulation was conducted to investigate the effect of sample size n on the comparison 

between the two ratio estimators, with random samples drawn at varying sample sizes from 

two independent normal populations N(µ x ,cr x ) and N(µr ,cr r). The means of the two 

populations were set at (1) µx =2, µy =1; (2) µx =1, µy =1; (3) µx =1 , µr =2, while 

the population coefficient of variation was held constant (CV= 1.0 ). For each of these 

three cases, 50 random samples of 5, 10, 20, 50, 100, 200, 500, 1000, and l 0,000 pairs of 

normal observations were generated. 

Results showed that when the population variation 1s set at a reasonably high level 

(CV=l.O), the arithmetic mean and median of RA never improve and show no tendency to 

approach the true ratio, as sample size increases (Table 4.2). The corresponding measures 

of Rw lie consistently closer to the true ratio than those of RA for each of the mean ratios 
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Table 4.2 A comparison of the centre, spread and skewness of the arithmetic average and 
the weighted average ratio estimators for a range of true ratio and sample sizes. The CV is 
held constant at one. Each result is based on 50 random samples of specific size, from 
normal populations. 

Sample size 5 IO 20 50 100 200 500 1000 10000 

Arithmetic average (µx=2, µy=I, µx/µy=2.0) 

Mean 4.94 3.30 1.26 3.10 3.69 3.67 -3.21 4.29 -0.54 

Median 1.82 1.23 1.71 1.51 1.47 2.27 1.98 1.91 1.23 

Interquartile range 3.48 5.94 4.32 3.45 4.06 4.00 3.52 4.51 5.18 

Range 1971.68 104.2 1 47.95 426.77 95.00 58.72 355.56 68.01 55.21 

Skewness -0.54 2.46 -1.30 -1.05 4.56 1.40 -5.56 2.84 -0.77 

Arithmetic average (µx= I, µy=I , µx/µy=l .O) 

Mean 0.77 -1.00 2.69 1.99 -26.41 0.97 0.58 2.59 2.10 

Median 0.45 0.34 0.77 0.61 0.18 0.80 0.79 1.02 0.95 

Interquartile range 1.25 2.72 1.73 1.39 2.53 1.58 2.15 2.05 1.46 

Range 38.95 63 .66 63.37 77.10 1332.98 28.67 43.69 106.83 37.78 

Skewness 4.97 -5 .61 4.69 6.62 -7.07 3.68 1.19 0.29 4.38 

Arithmetic average (µx=l, µy=2 , µx/µy=0 .5) 

Mean -0.06 0.20 0.34 -0.16 0.46 0.48 -0.35 0.00 0.57 

Median 0.40 0.41 0.20 0.26 0.50 0.39 0.49 0.10 0.65 

Interquartile range 0.97 0.65 1.05 0.69 0.98 1.04 1.00 1.09 0.39 

Range 47.63 12.18 11 .52 9.44 21.39 15.74 31 .25 26.65 6.44 

Skewness 0.37 -2 .73 1.05 -1.95 -2.00 0.05 -3.96 -0.96 -3.19 

Weighted average (µx=2, µy=I , µx/µy=2 .0) 

Mean 2.77 2.18 2.18 2.11 2.06 2.00 2.00 2.00 2.00 

Median 1.89 2.12 2.15 2.14 2.06 2.00 2.00 2.00 2.00 

Interquartile range 1.21 1.38 0.77 0.50 0.35 0.22 0.19 0.09 0.03 

Range 22.49 5.77 5.01 2.15 1.40 0.99 0.58 0.34 0.12 

Skewness 4.26 1.18 1.98 -0.15 0.05 0.02 0.11 -0. 15 0.61 

Weighted average (µx= l , µy=l, µx/µy=l.O) 

Mean 1.93 1.17 1.04 1.05 1.02 1.00 1.00 0.99 1.00 

Median 1.03 1.14 0.92 1.02 1.00 0.99 1.00 0.99 1.00 

Interquartile range 1.57 0.51 0.26 0.20 0.23 0.13 0.07 0.06 0.02 

Range 30.97 2.59 2.47 1.15 0.70 0.54 0.25 0.23 0.06 

Skewness 6.55 1.38 2.66 1.28 0.54 -0.08 -0.34 0.87 -0.34 

Weighted average (µx=l, µy=2 , µx/µy=0.5) 

Mean 0.21 0.54 0.48 0.53 0.50 0.51 0.50 0.50 0.50 

Median 0.43 0.46 0.46 0.54 0.49 0.51 0.50 0.50 0.50 

Interquartile range 0.40 0.29 0.18 0.16 0.11 0.06 0.05 0.03 0.00 

Range 18.80 1.87 0.8 1 0.46 0.37 0.25 0.14 0.12 0.02 

Skewness -6.81 2.71 0.94 -0.46 0.70 0.73 0.13 0.52 0.05 
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and sample sizes. As sample size increases, both the mean and median of Rw approach the 

true ratio. 

The reason for the weighted average method to outperform the arithmetic average method 

over the range of sample sizes from 5 to 10,000 is also directly related to the CV of the 

denominator populations. For the former, the denominator population CVv, being 

influenced by sample sizes, is 0.447, 0.316, 0.224, 0.141, 0.100, 0.071, 0.045 , 0.032, and 

0.010, respectively over the range of sample sizes specified in Table 4.2. Thus, as sample 

size reaches 50, CVv falls under 0.2 for Rw. For RA, in contrast, CVy remains the same 

(1.0) over all sample sizes, never meeting the minimum requirement. Hence, Rw is always 

better than ·1t . 

The range and interquartile range are both large for RA under varying sample sizes and 

ratios of population means, being always larger than those for Rw . As sample size 

increases, RA never stabilises when CV=l.0, while Rw stabilises around the true ratio for 

this CV (Table 4.2). The ratio µ x I µy does not appear to influence the comparison 

between the two estimators. The distribution of RA is generally more skewed than Rw, as 

evidenced by the skewness measures in Table 4.2. 

In summary, Rw remains a universally better estimator of the true ratio than RA over a 

range of sample sizes and mean ratios, under a reasonably high level of population 

variation. 

4.5 THEORETICAL CONSIDERATIONS OF TWO RA TIO ESTIMATORS 

From the previous section it is evident that X;f Y; is a reasonable estimator of µ x Iµ Y 

provided CVy s 0.2. This observation will provide the reason why Rw improves as the 

sample size n increases, while for RA this is not the case; hence Rw will be regarded as a 
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superior estimator. We now examine RA and Rw separately and conclude that Rw can be 

used if CVr;, ::; 0.2, while RA can be adopted if CVr ::; 0.2. 

4.5.1 Weighted Average Ratio Estimator 

Recall, Rw is called the weighted average estimator, so named because it can be written as 

Since X~N(µx,cr x ) and Y~N(µr,ar), it follows that Xn~N{µx,ax l✓n) and 

Y,, ~ N(µr,a r I ✓n). Hence, CV- =ax 1 ✓n and CV- = a r 1 ✓n. If µx, µy :;t: 0 and 
xn ~ µx µy 

ar l✓n 
--- ~ 0.2, then our simulations demonstrate that Rw = Xn If,, 1s an acceptable 

µy 

estimator of µ x I µ r . Thus, for practical purposes, we recommend that Rw be used to 

estimate µ x I µr, since taking a sample of sufficiently large size n will reduce the 

coefficient of variation of f,, . 

In designing a research experiment or survey, the sample size n needed to make a 

reasonably good estimate of µx I µr can be determined in the following way. Take a 

sample of size n from X~N(µx,crx) and Y~N(µr,crr)- In order for Rw =Xnlf,, to 

. I . cr r I ✓n O 2 25 cr ! I . 1 . . h estimate µ x µr, we require ---'---::; . , or n ~ -
2 

• n practica s1tuat10ns, t e 
µy µr 

population means and standard deviations of interest are rarely known, but they can be 

estimated by the relevant sample means and standard deviations. Hence, the above 

2 

inequality can be approximated by n ~ 25 ::
2 

• 

Yn 

Realistically speaking, the sample size n is always either predetermined or data are 

analysed with known sample size. Thus, sample results can be examined to see if they 
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satisfy the requirement 
5 

Y ~ ✓n ~ 0.2. This will provide a general guideline for evaluating 
Yn 

the suitability of the weighted average method in estimating the ratio of the means of two 

normal variables. 

4.5.2 Arithmetic Average Ratio Estimator 

n 

Estimator RA = L (X; I Y; )! n is an equally weighted average of n ratios X; I Y;. We can 
i:I 

adopt the same methodology used in evaluating the weighted average method to assess the 

suitability of RA . The coefficient of variation of r;, however, is cr Y in this case, instead of 
µy 

cr yl✓n 
--- . If cr YI µ y > 0.2, for example, then X; I Y; is a poor estimator of µ x I µy. Taking 

µy 

a larger sample size n is of little use. Naturally the sample value of '2 can be used as a 
Y,, 

diagnostic tool for evaluation of the appropriateness of RA. Thus, we recommend use of 

RA only if the coefficient of variation of r; is sufficiently small, that is, CVy = '2 ~ 0.2. 
Y,, 

The simulation results in Chapter 3 support our recommendation. 

4.6 APPLICATION OF THE TWO ESTIMATORS IN RICE TRIALS 

A rice breeding multi-environment trial (MET) was conducted in eleven locations in Jilin 

Province, China during 1995 and 1996 for an evaluation of grain yield performance of the 

new varieties developed by different plant breeding institutes (Jingyong Ma 1996, personal 

communication). Seven of the locations appeared in both years, while each of the other four 

locations was used in only one of the two years (Table 4.3). In such studies a subset of rice 

varieties are added in or dropped out from the regional variety testing program every year, 

based on their overall performance (mainly grain yield) relative to the control variety. This 

makes the field evaluation of rice varieties progress in a roll-over pattern. 
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Table 4 .3 Grain yield performance of six rice varieties and the estimates of percent grain yield of 
each of the test varieties relative to the control by the arithmetic and weighted average in a multi
environment trial (MET) during 1995 and 1996. 

Location 

1995 

Changchun 
Dongfeng 
Gongzhuling 
Jilin 
Lishu 
Tonghua 
Yanbian 
Yushu 

Mean 
Standard 
deviation 
Coefficient of 
variation 

RA 
Rw 

1996 

Changchun 
Dongfeng 
Gongzhuling 
Jilin 

G . . ld Percentage ram y1e 
(k /h ) of control 

g a (%) 

Jiu 9214 

7083 
5733 
8604 
7800 
8168 
7955 
8532 

10082 

7994 
1255 

0.157 

106.8 

104.4 
117.8 
100.8 
107.7 
112.0 
101.8 
105.2 
105.0 

7530• 
1388t 

106.2 CVv = 0.065 

Jilin Agricultural University 
Lishu 
Shulan 
Tonghua 
Yanbian 
Yongji 

Mean 
Standard deviation 
Coefficient of variation 

RA 

G . . ld Percentage ram y1e 
(k /h ) of control 

g a (%) 

Chang 90-40 

7358 
5934 
8664 
7290 
8100 

8652 
9963 

7994 
1285 

0.161 

107.7 

108.5 
121.9 
101.5 
100.6 
111.1 

106.7 
103.8 

7490• 
1494t 

o.20ot 

106.7 CVv = 0.076 

Jiu 9421 

7041 

8381 
8815 
8095 
8151 
7701 
8358 
7982 
8271 

8088 
498 

0.062 

99.6 

103.5 

102.1 
103.7 
94.4 
94.2 

101.3 
105.2 
90.4 

101.6 

3139• 
63ot 

o.o77t 

G . . ld Percentage ram y1e 
(k /h ) of control 

g a (%) 

Ji K911 

7068 
3867 

7650 

8283 
9638 

7301 
2144 

0.294 

98.2 

104.2 
79.4 

104.9 

102.2 
100.4 

7330• 
1741t 

99.6 C Vv =0.106 

Jiuhua 2 

6879 
11801 

7212 

8100 
8508 

7445 

8324 
1804 

0.217 

102.2 

101.1 
122.9 

84.1 

106.6 
107.1 

91.5 

8110· 
941 t 

0.116t 

Rw 99.4 CVv = 0.026 102.6 CVv = 0.047 

Grain yield 
of control 

(kg/ha) 
Control11 

6783 
4868 
8535 
7245 
7292 
7815 
8106 
9600 

Control,i 

6804 
9600 
8210 
8501 
8571 
8651 
7601 
7945 
8834 
8138 

· , f and ! denote mean, standard deviation and coefficient of variation, respectively, of the control variety 
across all the locations in which the grain yields of both the test variety and the control are available for that 
year. The control variety is Jiyin 12 for both 1995 and 1996. 
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The percent grain yield of each test variety relative to the control variety (Jiyin 12) is used 

to assess the yield improvement of the new variety at the locations in both years. The 

percent grain yield of each variety relative to the control, listed in Table 1.2, is presented 

again here in Table 4.3, for convenience of the reader. This is a typical application of a ratio 

of continuous variables (grain yield in this instance), where the grain yields of the test 

varieties and the control are independent of each other and both follow a normal 

distribution. Thus, the overall percent grain yield performance of each test variety over the 

control, averaged or pooled over all trials in the MET, is estimated using both the 

arithmetic and weighted average methods. 

4.6.1 Estimation of the Pooled Percent Yield Improvement against Control 

The results show that RA and Rw are similar for two test varieties (Jiu 9421 and Jiuhua 2) 

in 1996, while they demonstrate some difference for the other three test varieties in 1995 

(Table 4.3). The difference between RA and Rw thus appears environment-dependent, 

being relatively large in 1995, but small in 1996. There is a degree of variation in the 

difference between RA and Rw, ranging from 0.2% to I .4% (Table 4.3). From the plant 

breeding point of view, there is reason (to be discussed in the following section) to believe 

that the difference between RA and Rw for rice varieties Chang 90-40 and Ji K9 l l is large 

enough to draw attention, while that for variety Jiu 9421 is negligible. The difference 

between the two estimators for the two remaining varieties (Jiu 9214 and Jiuhua 2) lies 

somewhere in between the above categories. It hence requires further investigation. 

It is regulated by the Jilin Provincial Crop Variety Evaluation Committee (1995) that a new 

variety has to exceed the control in grain yield by at least 5% for self-pollinated crop 

species such as rice and wheat, while by I 0% for cross-pollinated crop species such as com 

or sunflower, before it can be considered for release and commercialisation. The regulation 

imposed by the Committee is most stringent, and it is usually difficult for a test variety to 

increase grain yield by an extra 1 % against the control variety. Thus a 1 % difference 

between the two ways of estimating the pooled ratio of the two rice varieties under 

comparison can make a real difference in deciding whether a particular variety should be 
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released. Therefore, based on the difference of 1 % and 1 .4% between RA and Rw for 

Chang 90-40 and Ji K91 l, it is evident that the two ways of estimating the ratio of 

continuous variables can influence the decision of plant breeding in terms of 

recommendation for release and commercialisation. These findings indicate that the 

weighted average ratio estimator Rw should be used in practical agricultural research. 

4.6.2 Application of the Diagnostic Approach in Rice Trials 

The difference between these two estimators ranges from 0.2% to 1 .4%, depending on the 

coefficient of variation for the denominator variable, the grain yield of the control. When 

the CV of the control is equal to or larger than 0.2, as in the case of Ji K911 and Chang 90-

40, the two estimators differ by a reasonably large amount, being 1 .4% and 1.0%, 

respectively. At the other extreme, in the case of Jiu 9421, the CV of the control is only 

0.077 and hence there is almost no difference between Rw and RA. Between these two 

cases, the magnitude of the control CV almost determines the difference between Rw and 

RA . In general, if the CV of the grain yields for the control is smaller than or equal to 0.2 

over the range of environments in which the test variety is being compared with the control, 

the difference between Rw and RA will be small. On the other hand, if the CV is larger 

than 0.2, a noticeable difference can be expected between the two estimators. Furthermore, 

CVv, the CV of the denominator of estimator Rw, is smaller than 0.2 and is much smaller 

than the CV of the denominator of estimator RA for each of the five comparisons between 

the test varieties and the control (Table 4.3). It is clear from the preceding sections that the 

weighted average method should be adopted in these situations. The weighted average ratio 

estimator is thus shown to be superior to the arithmetic average ratio estimator in this 

example. 

It should be noted that the above analysis only represents one of the most popular practices 

in plant breeding and is used for illustration of the arithmetic and weighted average ratio 

estimators. Other important agronomic traits such as resistance to environmental stresses 

have to be considered before final decision is made. Alternatively, researchers may choose 

to employ combined analysis of the MET using either conventional analysis of variance 
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model or REML methodology (Qiao 2001). The approach used by Scobie and Saville 

(2000) in wool research may also be considered by plotting a graph of variety yield against 

control yield to correlate RA with other useful information of the trials and to assist in 

identifying unusual locations. These are, however, beyond the scope of the present study 

and require further investigations in plant breeding experiments. 

4.7 RECOMMENDATIONS AND DISCUSSION 

4.7.1 General Recommendation for the Choice of the Ratio Estimator 

Of the two ratio estimators studied in this experiment, RA has been favoured m the 

agricultural research literature (Moreau et al. 1999; Schittenhelm 1999; Ismail and Hall 

1999; Gumber et al. 1999; Qiao et al. 2000; Kaeppler et al. 2000; Ittu et al. 2000; Paderson 

and Brink 2000; Bromley et al. 2000). The main reason for this appears to be that our 

intuition fails us when it comes to choice of the estimator of a ratio of quantitative 

measurements. 

In the situation where we are estimating a proportion using samples X; In;, i =I, ... , K with 

Xi being a discrete count of successes in ni trials, it is more intuitively evident that we 

should use L X; IL n; rather than L ( X; In;)! K. This discrete problem has already been 

addressed in Qiao et al. (2001). We need to transfer this intuition to the case where there 

are continuous quantitative variables in the numerator and denominator of the estimator. 

This, combined with the simulation evidence, indicates strongly that the weighted average 

should be used in preference to the arithmetic average. 

4.7.2 Single versus Multi-environment Analysis 

Suppose a plant breeder examines a new wheat variety and the commercial control variety 

in a regional variety test conducted at n = 24 environments, the aim being to compare the 

relative yield performance of both varieties for each of these environments and for all 24 

environments in general. With this multi-environment test for specific and broad adaptation 

of the cultivars, the plant breeder's analysis might run as follows. 
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Single-environment analysis 

Following collection of the yield data the plant breeder would first calculate the ratio of 

grain yields for the new (X;) and control variety (Y;) as X;IY; (i=l, ... ,24) to examine 

how much the former is better than the latter at each environment. This common practice 

provides a test for specific adaptation and gives the impression that each ratio X; I Y; is a 

statistic from one sample or environment. 

Multi-environment analysis 

The next natural step would be to average all 24 ratios giving RA = (f X; ]124, as a test 
I Y; 

for broad adaptation. The belief is that the arithmetic average of the sample ratios is better 

than a single ratio for estimation of µ x Iµ r , the ratio of the population means for the two 

varieties. 

We consider that the single trial analysis is correct, while the multi-environment analysis is 

poor. In quantitative genetics and plant breeding, it is more appropriate to consider the 

whole set of 24 environments as a sample from the target population of environments 

(Podlich et al. 1999; Cooper and Podlich 1999; Qiao 2001). The observations X; I Y;, which 

correspond to environments, have been mistaken as independent "samples" from a single 

distribution. Based on the distributional properties of the two ratio estimators, the separate 

X; I Y; should not be weighted equally, thus giving RA, in the overall analysis. The 

observation X; I Y; should be given a weight of Y; I (LY;) based on the magnitude of Y;, 

thus giving Rw . 

4.7.3 Situations where the Arithmetic Average Approach should be Used 

Ratios of different attributes 

When ratio estimates for a series of attributes at a single environment are to be pooled or 

averaged to provide an overall assessment of the relative merits of two contrasting 

treatments, it is inappropriate to average the original measurements to give X n and ~ and 
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then calculate Rw = X,, I Y,, . In an experiment with com hybrids, for example, Bromley et 

al. (2000) first estimate the ratios between two biological models for seedling vigor, brittle 

snap, plant height, ear length, yield, days to pollen shed, root lodging and stalk lodging, 

respectively. The arithmetic average is then used to estimate the pooled ratio. It did not 

make sense to use the weighted average in this circumstance, while the arithmetic average 

seems to be more appropriate. 

Unavailability of original measurements 

The arithmetic average has to be used as a substitute for the weighted average in cases 

where the separate X, and Y; values are not available for various reasons yet the X; I Y; 

values remain. Care must be taken, however, to check for possible effects from extreme 

single ratio estimates in the series. In general, the arithmetic average can be a good estimate 

if there is little fluctuation in the components. 

Small population variation and large sample size 

When sample size is extremely large and the numerator and denominator population 

variation is very small relative to the population mean, the two estimators will be similar. In 

such cases, the arithmetic average can be used without major problems. In reality, small 

variation is sometimes encountered, but sample size will most likely be limited by the 

availability of resources . Hence the relative merits of the two methods need to be 

considered even in these situations. 

Same or similar denominators of the ratio estimates 

If the denominators of the series of ratio estimates are the same, the two estimators will 

agree, irrespective of the mean ratio, the population coefficients of variation and the sample 

size. The arithmetic average method can also be considered in situations where the 

denominators of a series of ratio estimates in a sample are similar, since the results will be 

comparable to those using the weighted average approach. 
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4.8 CONCLUSIONS 

Differences in the denominators should be considered when averaging several estimates of 

a ratio of continuous variables; the weighted average method accommodates this variation 

and is better than the arithmetic average method. Based on our simulation studies, we 

recommend use of the weighted average approach for estimating the true ratio from a series 

of ratio estimates in agricultural research. The arithmetic average approach, however, has to 

be adopted when only the individual ratios are recorded. 

According to the distributional properties of the two estimators examined in the previous 

chapter, the empirically determined critical coefficient of variation value (0.2) for the 

denominator of the ratio of continuous variables can be used to evaluate the suitability of 

both estimators. This provides a rational basis for favouring the weighted average ratio 

estimator in applied research. A practical diagnostic formula has been proposed to assess 

the reliability of the weighted average ratio estimator, namely that the coefficient of 

variation for the denominator mean i:, is no larger than 0.2, or CV¥ = cr J;;, ~ 0.2 . The 
" µy n 

arithmetic average ratio estimator is of less use and should be employed only when the 

coefficient of variation for the denominator Y; is no larger than 0.2, or CVy = cr Y ~ 0.2 . 
µy 
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CHAPTERS 

GENERAL CONCLUSIONS AND FURTHER RESEARCH 

5.1 GENERAL CONCLUSIONS 

Two common estimators, the weighted average and the arithmetic average methods, have 

been systematically studied for estimating the ratio of a discrete counting variable to a 

positive discrete counting variable and the ratio of two independent continuous normal 

variables, both widely used in agricultural research. The research includes theoretical 

derivations, simulation studies and validation by practical research applications in 

agriculture. Results showed that the weighted average should be adopted in pooling or 

averaging a series of ratio data estimates in scientific research or survey studies. Hence, 

provided the assumptions underlying the analysis hold, the weighted average is 

unreservedly recommended over the arithmetic average methods. The findings of this thesis 

can be extended to other applied areas such as economics, sociology or environmental 

science. 

The weighted average estimator always has smaller variance than the arithmetic average 

estimator for the ratio of a discrete counting variable to a positive discrete counting 

variable. Hence, the former should be used whenever possible. In situations in which the 

ratio estimates are available and the sample sizes and/or numerators are not available, the 

arithmetic average method has to be used. These findings, however, only apply to situations 

in which there is a constant binomial proportion p for the population of interest. Further 

studies are needed to examine whether these relationships still hold when the assumption of 

a constant binomial proportion does not hold. 

Although the moments of the ratio of normal variables do not exist in general, the moments 

may exist if we avoid sample points at an interval for the denominator to approach zero, 

which is a punctured normal. In practical applications involving the ratio of two continuous 

normal variables, sample data can be used for assessment of the suitability of the weighted 

average and the arithmetic average methods in the estimation of the ratio. In both cases, the 
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coefficient of variation of the denominator variable should be kept smaller than or equal to 

0.2 if the ratio is to be appropriately estimated. Based on this diagnostic approach, use of 

the weighted average ratio estimator is always justified in comparison to the arithmetic 

average method, since the coefficient of variation of the denominator for the former is 

always smaller. 

5.2 FURTHER RESEARCH 

Among the four major categories of ratio outlined in the first chapter, only the first two are 

studied and conclusions drawn for their practical application in agricultural research or 

surveys. Within these two categories, however, only situations in which the numerator and 

denominator are measuring the same attribute have been thoroughly investigated. We may 

expect that similar conclusions will be reached for situations in which the numerator and 

denominator are measuring different attributes of either discrete counting variables or 

continuous variables, although this may need further validation. 

The weighted average and the arithmetic average estimators of ratio may also be applicable 

to the third and the fourth categories, involving the ratio of a continuous variable to a 

discrete positive counting variable and the ratio of a discrete counting variable to a 

continuous variable. However, the applicability of these two estimators remains to be 

empirically compared and theoretically evaluated in this context. The same research 

methodologies may be adopted for further exploring the theoretical properties and the 

suitability of the ratio estimators of these two categories in practical situations. When all 

these have been achieved, a similar conclusion regarding the comparison between these two 

ratio estimators may be reached and their practical implications may be examined and 

validated using both simulation method and real data. 

Factors influencing the difference between the weighted average and the arithmetic average 

methods for binomial proportion data have been identified as difference in sample sizes, 

difference in individual proportion estimates of the samples, number of samples, total 

sample size and sum of the reciprocals of individual sample sizes. It is not clear which of 

these factors plays the most important role in deciding the difference between the two 
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methods in estimating the binomial proportion of the population. Situations need to be 

identified when the weighted average will be superior to the arithmetic average and when 

the latter has advantages over the former. 

When there are several binomial samples, each having a different binomial proportion, we 

then need to consider a mixture of binomial distributions of the form 

K 

where n=n1 + ... +nK, w1 >0 and Iw1 =l. 
J=I 

The problem of estimating the mixing distribution (that is, estimating the w1 = l, ... , K) and 

p
1 

is a difficult one. This issue is important in that when one has access to various 

binomial samples, he/she tends to assume that the individual proportion estimates come 

from a common binomial population and hence it may be simplistic just to pool these 

estimates for a combined estimate of the true population proportion. The question is, 

however, whether these samples come from the same binomial populations. If the answer is 

yes, then the weighted averaging method can be adopted for an estimate of the pooled 

binomial proportion of the unknown population. If the answer is no, on the other hand, the 

method of estimation recommended by Wood (1999) can then be used to estimate the 

parameters of this mixing distribution. The Restricted Maximum Likelihood (REML) 

methodology may also be considered for dealing with non-constant binomial proportions. 

This will be another interesting area that deserves further investigation and validation using 

real data from applied research. 

The study of ratio estimators of continuous variables in this thesis was based on the 

assumption that X; and f; are independent normal random variables. Under certain 

conditions, however, the numerator and denominator normal variables of the ratio may be 

correlated. This situation remains to be investigated. Furthermore, the present research has 

not considered situations where the normal assumption is not met or in doubt. Non-normal 

data occurs frequently, especially for data with smaller sample size. Thanks to the central 
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limit theorem, the normal assumption 1s both unnecessary and too restrictive. It is of 

practical importance to find out whether the relationship between the weighted average and 

arithmetic average ratio estimators still holds when one or both of the numerator and 

denominator variables of the ratio do not follow a normal distribution. It is desirable to find 

a robust estimator to estimate the ratio of the means of two continuous variables 

irrespective of the distribution. With experience gained from the current study, these goals 

should be within reach. 

The other area of research interest is to compare other types of ratio estimators in the 

literature with the two estimators discussed in this thesis, that is, the Rw and RA commonly 

used in agricultural research. Although preliminary work has been done in the literature in 

theoretical terms, the interrelationships between them have not been experimentally 

evaluated. It is therefore of practical importance to find out how these ratio estimators are 

ranked in their suitability for estimation of ratio from the agricultural point of view. 

The ratio of continuous variables was investigated using simulated and experimental data of 

paired independent normal distributions in the present study. It is of practical importance to 

understand whether the same conclusions hold for situations where the numerator and 

denominator variables are correlated, which do occur in many agricultural applications. 

Both simulations and experiments are required to answer this question. 
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