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Abstract

The attractors of a dynamical system govern its typical long-term behaviour. The pres-
ence of many attractors is significant as it means the behaviour is heavily dependent
on the initial conditions. To understand how large numbers of attractors can coexist,
in this thesis we study the occurrence of infinitely many stable single-round periodic
solutions associated with homoclinic connections in two-dimensional maps. We show
this phenomenon has a relatively high codimension requiring a homoclinic tangency
and ‘global resonance’, as has been described previously in the area-preserving setting.
However, unlike in that setting, local resonant terms also play an important role. To
determine how the phenomenon may manifest in bifurcation diagrams, we also study
perturbations of a globally resonant homoclinic tangency. We find there exist sequences
of saddle-node and period-doubling bifurcations. Interestingly, in different directions
of parameter space, the bifurcation values scale differently resulting in a complicated
shape for the stability region for each periodic solution. In degenerate directions the bi-
furcation values scale substantially slower as illustrated in an abstract piecewise-smooth

C' map.
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Chapter 1

Introduction

This thesis provides new results for homoclinic tangencies, defined below, for smooth
dynamical systems. These objects have an important role in the general theory of
dynamical systems as they are one of the simplest mechanisms for the onset of chaotic
dynamics and are the starting point for transverse homoclinic connections which were a
central feature of Poincaré’s celebrated analysis of the three-body problem in his book
(Poincaré, 1892).

In this chapter we first introduce maps — discrete-time dynamical systems — in
which the results are formulated. We then review some fundamental concepts of non-
linear dynamical systems in the context of maps. Much of the fundamental theory on
dynamical systems can also be found in standard textbooks, such as Kuznetsov (2004);
Arrowsmith and Place (1992); Meiss (2007). Next we introduce the concept of a ho-
moclinic tangency and summarise results related to those obtained in later chapters.

Finally §1.9 outlines the content of the remaining chapters.

1.1 Maps

Let f : R™ — R" be C* for some k > 1. Since the domain and range of f are the same
we can refer it as a map on R™. Given x € R", we can iterate it to obtain the sequence
x, f(x), f2(x),... known as the forward orbit of x under f. Here and throughout the
thesis we write f* to denote the composition of f with itself k times.

Maps are often used as mathematical models of physical phenomena. In this context
f¥(x) represents the state of the system at the k' time step, starting from the initial
state x. Maps also arise as Poincaré maps, or return maps, of systems of ordinary dif-
ferential equations. For these reasons we study the dynamics of maps with the ultimate
goal of better understanding the underlying physical phenomena from which they are
derived.

A set € R™ is said to be invariant under f if f(Q) C Q. The simplest invariant
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sets of a map are fixed points so we consider these first.

Definition 1.1.1. A point x* € R" is a fized point of f if f(x*) = x*.

1.1.1 The stability of fixed points

In this section we explain what it means for a fixed point x* of a map f to be stable

and connect stability to the eigenvalues of D f(x*).

Definition 1.1.2. A fixed point x* is stable or (Lyapunov stable) if for every neighbor-
hood U of x* there exists a neighborhood V of x* such that for all x € V, f*(x) € U

for all k£ > 0, otherwise x* is unstable.

Definition 1.1.3. A fixed point x* is asymptotically stable if x* is stable and there
exists a neighborhood U of x* such that for all x € U we have f¥(x) — x* as k — oc.

The linear approximation g(x) = D f(x*)(x — x*) + x* can provide a useful approx-
imation to the dynamics of f near x*, where Df is the n X n Jacobian matrix of first
derivatives. If Df(x*)v = v, where v € R” and A € R, then ¢*(x* +v) = x* + Mo
for all £ > 0. So if |A| < 1 this orbit converges to x* while if |A| > 1 this orbit diverges
from x*. It follows that if all eigenvalues of D f(x*) have modulus less than 1 then all
orbits of g converge to x*. The following theorem tells us this is true for f for all initial

points sufficiently close to x*.

Theorem 1.1.1. Let x* be a fized point of f. If all eigenvalues of D f(x*) have modulus
less than 1, then x* is asymptotically stable. If at least one eigenvalue of D f(x*) has

modulus greater than 1, then x* is unstable.

Theorem 1.1.1 can be viewed as a consequence of the following version of the
Hartman-Grobman theorem (Hartman, 1960). Before we state this theorem we first

remind the reader of three very standard definitions.

Definition 1.1.4. A fixed point x* is said to be hyperbolic if no eigenvalues of D f(z*)

have unit modulus.

Definition 1.1.5. A function h : R™ — R" is said to be a homeomorphism if h is

one-to-one, onto, continuous, and has a continuous inverse.

Definition 1.1.6. A map f is said to be conjugate to another map g on a set S' if there

exists a homeomorphism h such that g=h"'o fohon S.

Theorem 1.1.2. [Hartman-Grobman theorem| Let f be C! and let x* be a hyperbolic
fizxed point. Then there exists a neighborhood of x* within which f is conjugate to its

linearisation.
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In this thesis we also use the following terminology when the fixed point is hyperbolic.

Definition 1.1.7. Suppose x* is a hyperbolic fixed point of f. If all eigenvalues of
Df(x*) have modulus less than 1 then x* is attracting, if all eigenvalues of D f(x*) have

modulus greater than 1 then x* is repelling, otherwise x* is a saddle.

1.1.2 The stability of fixed points for two-dimensional maps

In the case of two-dimensional maps (which will be the focus of later chapters), the
eigenvalues of D f(x*) are determined from its trace and determinant. Algebraically
it is easier to work with the trace and determinant than the eigenvalues because the
formula for the eigenvalues in terms of the entries of Df(x*) involves a square-root.
Suppose n = 2 and let 7 = trace(Df(x*)) and é = det(Df(x*)). The eigenvalues X are

the solutions to the characteristic equation
N —TA+5=0.

The following result is a simple consequence of this equation and Theorem 1.1.1.

Below we provide a proof for completeness.

Theorem 1.1.3. The eigenvalues of D f(x*) both have modulus less than 1 if and only
if
IT|—1<6<1. (1.1)

Proof. Let A1, A2 denote the eigenvalues of D f(x*). First suppose § < % in which case
V=4 ‘27-2745. Observe

the eigenvalues are real-valued. Then max(|A1[, |A\2]) =

|7| + V72— 46 <1
2

= VT2 -4 <2 — |7 (1.2)
= 245 < (2—|7))? and 2—|7|>0

< |7]-1<¢ and d<1

Second suppose § > %2 in which case the eigenvalues are complex and we automatically
have |7] —1 < 6. Here

T+ V45 — 72

max(|A1],|Az|) = 5

T2 46 — 72

4+ 4

=9
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The condition (1.1) can be represented as three inequalities:

0> —7—1,
o0>71—1,
o<1

If we visualize § as a function of 7 see Fig. 1.1, the above three inequalities give
us the stability region as the interior of the triangle bounded by the lines § = —7 — 1,
0 =7—1and § = 1. Further these lines also divide the (7, d)-plane in regions where x*

is attracting, repelling, and a saddle.

d=7-1
d=-1-1 Repelling

\(;2,1) (2,1)

Attracting

Ay

Saddle
Saddle

(07 _1)

Repelling

Figure 1.1: The stability of a fixed point of f in terms of the trace 7 and determinant
6 of the Jacobian matrix D f evaluated at the fixed point.

1.1.3 Attractors and basins of attraction

So far we have explained what it means for a fixed point (the simplest type of invariant
set) to be attracting. We now generalise this notion to arbitrary invariant sets of an
n-dimensional map f. This is the concept of a ‘topological attractor’. An important

alternate measure-theoretic viewpoint is that of a ‘Milnor attractor’ (Milnor, 1985).

Definition 1.1.8. A compact set 2 C R™ is said to be a trapping region for f if



CHAPTER 1. INTRODUCTION )

f(2) C int(2) (where int denotes interior).

Definition 1.1.9. A set A C R" is said to be an attracting set of f if there exists a
trapping region 2 such that A = ﬁkzlfk(Q).

An ‘attractor’ is essentially an attracting set that cannot be decomposed into multi-
ple attracting sets. There are many non-equivalent ways this is commonly done (Meiss,
2007) but this will not be an issue for the results of this thesis. For definiteness we

provide the following definition.

Definition 1.1.10. A set A is an attractor if it is an attracting set and contains a

dense orbit.

The presence of attractors is common in dynamical systems. The set of points
whose forward orbits converge to an attractor is defined as the basin of attraction of
that attractor. It is interesting to study which initial conditions converge to which
attractor. To differentiate usually colour coded plots are generated. The set of initial
conditions which converges to one attractor is marked with one colour and the set of
initial conditions which converges to another attractor is marked with another colour
and so on. Different basins of attraction can be highly intermingled due to nonlinearity
in the system. Basins of attraction are usually bounded by the stable manifold of a

saddle invariant set, and these boundaries can be smooth curves or fractals.

1.2 Local bifurcations

Maps often contain parameters (constants). Naturally we wish to understand how the
dynamics of a map is different for different values of a parameter. Roughly speaking
as the value of a parameter is varied the dynamics only changes in a fundamental way
at special values of the parameters — these are termed bifurcations. Formally this can
be defined in terms of the existence of a conjugacy (see Definition 1.1.6). Suppose
fu is a family of maps. A value p is a bifurcation value of this family if for every
neighbourhood A of jig there exist pu1, 12 € N for which f,, and f,, are not conjugate.

Arguably the simplest types of bifurcations are those where a fixed point loses sta-
bility (or more generally where the number of stable eigenvalues of the Jacobian matrix
of the map evaluated at the fixed point changes). These are examples of local bifurca-
tions because they only concern the dynamics of the map in an arbitrarily small region
of phase space. There are three different ways by which a fixed point can lose stability
in a generic (codimension-one) fashion, that is when an eigenvalue attains the value 1,
the value —1, or the value e for some 0 < 0 < 7.

These three scenarios correspond to saddle-node, period-doubling, and Neimark-
Sacker bifurcations, respectively. For each bifurcation to occur generically, the eigen-

value has to pass through its critical value linearly with respect to the parameter change
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. unstable

N
bifurcation point
AN T

v/

stable

o

Figure 1.2: Saddle-node bifurcation in the case of  — f(x) when a parameter p is
varied. A stable and unstable fixed point approach, collide and annihilate as parameter
W is varied.

(this is known as the transversality condition). Also the map needs to have appropriate
nonlinear terms (this leads to a non-degeneracy condition). Formal statements of these
are quite involved, see Kuznetsov (2004). Here we simply describe the effect that these
bifurcations have.

At a saddle-node bifurcation a fixed point has an eigenvalue 1. Under parameter
variation two fixed points collide and annihilate at the bifurcation. Fig. 1.2 shows a
typical bifurcation diagram. The number of stable eigenvalues associated with the two
fixed points differs by one.

At a period-doubling bifurcation a fixed point has an eigenvalue —1. Under param-
eter variation a period-2 solution is created at the bifurcation (periodic solutions are
described in more detail in §1.3). Fig. 1.3 shows a typical bifurcation diagram. The
stability of the period-2 solution matches that of the fixed point on the other side of
the bifurcation, and so depending on which side of the bifurcation the period-2 solu-
tion emerges, the bifurcation can be classified as either supercritical or subcritical. To
explain this, let A be the eigenvalue that has value —1 at the bifurcation and varies
smoothly with respect to the parameter that we are varying. Then on one side of the
bifurcation we have A < —1 and the other side of the bifurcation we have A > —1. If the
period-2 solution coexists with the fixed point when A > —1 then the period-doubling
bifurcation is said to be subcritical. If the period-2 solution coexists with the fixed point
when A < —1 then the period-doubling bifurcation is said to be supercritical.

Finally, at a Neimark-Sacker bifurcation a fixed point has a complex conjugate

T om 2r 7w 3m

pair of eigenvalues e*? with 0 < § < 7. If § 55,571, then under parameter

variation an invariant circle is created. The disallowed fractional values of 8 are ‘strong’



CHAPTER 1. INTRODUCTION 7

period-two,

period-one

bifurcation point

Figure 1.3: Period-doubling bifurcation in the case of x — f(x) when a parameter p
is varied. As pu is varied, the fixed point changes type and gives rise to a period-two
solution.

resonances, see Kuznetsov (2004).

In the case of two-dimensional maps these bifurcations can be matched to lines in
Fig. 1.1. The straight line § = 1 represents the Neimark-Sacker bifurcation. The straight
line § = 7 — 1 represents the saddle-node bifurcation. The straight line 6 = —7 — 1

represents the period-doubling bifurcation.

1.3 Periodic solutions

In this section we discuss periodic solutions. These are orbits of periodic points where
periodic points are fixed points of some iterate of the map. Consequently the concepts
described above for fixed points (particularly stability and bifurcations) extend easily

to periodic points.

Definition 1.3.1. Let x € R”. If there exists a minimal number & such that f*(x) = x,
then x is a periodic point of period k of the map f.

For such k, the collection of points

{x, f(x), f2(x),.... )}, (1.4)

is termed a periodic solution. Observe the periodic point x in Definition 1.3.1 is a
fixed point of f¥. This observation allows us to reduce the problem of the stability
of a periodic solution to that of a fixed point. The stability of the periodic solution
(1.4) determined by the eigenvalues of D f¥(x) due to Theorem 1.1.1. Further, periodic
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solutions can be classified as attracting, saddles, and repelling, explained for fixed points
in §1.1 (note, Fig. 1.1 only applies to 2d maps).
We observe that D f*(x) can be written as a product of Jacobian matrices evaluated

along each point of the periodic solution. From chain rule of differentiation

Df*(x) =Df(f*(x))...DF(f(x))Df(x). (1.5)

Equation (1.5) gives us a practical way to evaluate Df*(x) from the derivative of f
and knowledge of the points of the periodic solution. Further, from (1.5) we can see
that the eigenvalues are independent of the choice of the point of the periodic solution
that is used to form (1.5). Specifically if we replace x with f?(x) then Df* (fi(x)) is
a product of the same matrices in (1.5) but multiplied together under a different cyclic
permutation. The cyclic permutation does not change the eigenvalues of the product,

thus these eigenvalues are a well-defined feature of the periodic solution (1.4).

1.4 Non-invertible maps

Definition 1.4.1. A map x ~ f(x) is invertible when its inverse f~!(x) exists and is

unique for each point in the domain. Otherwise it is said to be non-invertible.

We begin with a two-dimensional example. Consider the map (2/,y') = T(x,y)
where
ar +y

T(z,y) = 24

Y

where a,b € R are the parameters of the map. With a = 0.5 and b = —2, for example,
the points (—2,2) and (2,0) both map under 7" to the point (1,2). So certainly 7" is not
invertible on R?, at least for these values of the parameters. More generally by solving

for z and y in terms of 2’ and 3’ we obtain two solutions:

=Yy —b,
Z/:f*a\/m,

and

r=—\y —b,
y=1a'+a\y —b,
assuming ¢’ > b. Thus any point (z’,9') € R? with ¢/ > b has two preimages under

T. If instead 3’ < b the point has no preimages. The line 3y = b, where the number

of preimages changes, is an example of a critical curve, referred to as LC (for Ligne



CHAPTER 1. INTRODUCTION 9

Critique in French) following Mira et al. (1996).

More generally the critical curves of a map divide its phase space into distinct regions
R; for i = 1,2,...,n in each of which the map has a constant number of preimages,
say k;. The map can then be classified as Zj -Zy,-Zp,-- - --Zy, as determined by the
types of regions Zj, that appear Mira et al. (1996). For example, the map T' defined
above is of type Zy-Z5 because points have zero preimages above the line ¢y = b and
two preimages below this line. The action of such a map is sometimes referred to as
“fold and pleat”.

Maps may also exhibit another kind of complexity related to the presence of one
or several cusp points on a critical curve LC. We encounter this phenomenon later in
Chapter 5.

1.5 Stable and unstable manifolds

Stable and unstable manifolds are perhaps the simplest global invariant structures of a
map and often play an important role in influencing its global dynamics.

Let x* be a fixed point of a map f. The stable manifold of x* is defined as the set
W2 (x") = {x[ f"(x) = x* as n — oo}\{x"}.
Similarly the unstable manifold of x* is
W (x*) = {x| f"(x) = x"as n — oo for some sequence of preimages}\{x"}.

The definition of the unstable manifold is more complicated than that of the stable
manifold because we are not assuming f is a homeomorphism. For x € R" to belong to
the unstable manifold of x* we require there to exist a sequence of preimages converging
under backwards iteration of f to x*. Also notice W?*(x*) and W"(x*) are forward
invariant, that is if x € W*(x*) then f(x) € W*(x*), and similarly for W*(x*).

1.5.1 Homoclinic orbits of maps

Now suppose x* is hyperbolic, that is it has no eigenvalues with unit modulus (see
Definition 1.1.4). Let a be the number of eigenvalues of D f(x*) that have modulus less
than 1. The stable manifold theorem (see (Hartman, 1960)) tells us that W?*(x*) is
a-dimensional and emanates from x* tangent to the stable subspace of the linearised
system of f. This subspace is given by the span of the real parts of the eigenvectors
and generalised eigenvectors corresponding to eigenvalues with modulus less than 1.
Moreover, W*(x*) is (n—a)-dimensional and emanates from x* tangent to the analogous

unstable subspace.
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W (x*)

Figure 1.4: Homoclinic point q and homoclinic orbit associated with a saddle fixed
point x*. The stable manifold (blue) and the unstable manifold (red) of the saddle
fixed point x* intersect transversally at q.

If f is invertible then any unstable manifold cannot have any self-intersections. This
is not true for non-invertible maps, as will be seen in Chapter 5. Also, for non-invertible
maps the numerical computation of stable manifolds is particularly challenging (as will
be discussed in Chapter 5) because to ‘grow’ the stable manifold outwards we need to
iterate backwards under f.

If W#(x*) and W*(x*) are both non-empty then x* must be a saddle.

Definition 1.5.1. Let x* be a saddle fixed point of f. If
q € W (x*) N W*(x*),
then q is called a homoclinic point and the orbit of q is called a homoclinic orbit.

Figure 1.4 sketches a two-dimensional example. Shown in blue and red, respectively,
are parts of the stable and unstable manifolds of a fixed point x* as they emanate
from x*. They have been followed outwards far enough that one intersection point q
is visible. By definition this is a homoclinic point and its orbit is homoclinic to x*.

Moreover every point of the homoclinic orbit is itself a homoclinic point. Thus if we
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we W

Figure 1.5: Structurally stable homoclinic orbits ( due to the transversal intersection
of W* and W"). The stable manifold W* and the unstable manifold W* at parameter u
intersect transversally at H. The transversal intersection is structurally stable as after
the parameter u is changed to 1/, the stable manifold W# intersects transversally with
the unstable manifold W% at H'.

were to grow the stable and unstable manifolds outwards indefinitely we would see that
they pass through every point of the homoclinic orbit. The manifolds consequently have
an extremely complicated geometry, known as a homoclinic tangle. This structure was
first described by Poincaré. Quoting from his book (Poincaré, 1892) on page 389:

Que l'on cherche a se représenter la figure formée par ces deux courbes et leurs inter-
sections en nombre infini dont chacune correspond & une solution doublement asymp-
totique, ces intersections forment une sorte de treillis, de tissu, de réseau & mailles
nfiniment serrées; chacune des deuzx courbes me doit jamais se recouper elle-méme,
mais elle doit se replier sur elle-méme d’une maniére trés complexe pour venir recouper
une intinité de fois toutes les mailles du réseau. On sera frappé de la complezité de
cette figure, que je ne cherche méme pas a tracer.

Here is a translation given by (Anderson, 1994), (Toures, 2012):

When one tries to imagine the figure formed by these two curves and their infinitely
many intersections each corresponding to a doubly asymptotic solution, these intersec-
tions form a kind of lattice, web or network with infinitely tight loops; neither of the
two curves must ever intersect itself, but it must bend in such a complex fashion that
it intersects all the loops of the network infinitely many times. One is struck by the
complexity of this figure which I am not even attempting to draw.

Generically, the intersection of the stable and the unstable manifold is transverse in
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which case the intersection persists as the map is perturbed (say by adjusting the value
of a parameter of the map), see Fig. 1.5. We say the intersection, and therefore also
the corresponding homoclinic orbit, is structurally stable. As an example we identify a

homoclinic orbit in the case of a planar map given in Palis and Takens (1993). Define

2 0] |x
o=t 1]

The origin is a saddle-type fixed point. The z-axis is the unstable manifold of the origin

a linear map ¢ : R? — R? by

and the y-axis is the stable manifold of the origin.

We next consider the composition o¢, where (x,y) = (x—h(z+y), y+h(z+y)) and
h is some continuous function with h(z) = 0 for all z < 1 and h(2) > 2. To understand
the effect of ¢, write 2’ = x — h(z+vy), ¥ = y+ h(x+y), then 2’ +y' = z +y, that is if
points (z,y) lie on the line I.(z+y = ¢), then the points (2/,y’) also lie on the line I, but
the coordinates are such that they get shifted from (x,y) by the vector (—h(c), h(c)).
Under the composition v o ¢, the point (%, 0) gets mapped to the point (1,0) and the
point (1,0) gets mapped to (2—h(2), h(2)) which lies to the left of the y-axis. Thus the
line segment from (3,0) to (1,0), which is part of the unstable manifold of (0, 0) for the
map 1 o ¢, maps to the curve connecting (1,0) to a point left of the y-axis. It follows
that this curve must intersect the line segment from (0, 1) to (0,2), which is part of the
stable manifold of (0,0), see Fig. 1.6. Thus v o ¢ has a homoclinic orbit.

1.6 Homoclinic tangencies

When the stable and unstable manifolds of a fixed point first intersect in response to
parameter variation, the intersection is usually tangential. Such an intersection is called
a homoclinic tangency. This intersection is not structurally stable. As shown in Fig. 1.7
for a two-dimensional map, the homoclinic points H; and Hs collide and annihilate
when g = 0. Consequently homoclinic tangencies are usually codimension-one phe-
nomena, that is they occur on a (p — 1)-dimensional subset of p-dimensional parameter
space. However this is complicated by the fact that if a map has one homoclinic tan-
gency it typically has other homoclinic tangencies on a dense subset of parameter space
(Palis and Takens, 1993). Intuitively this occurs because transverse homoclinic inter-
sections imply a homoclinic tangle (mentioned in §1.5) so the manifolds wind around
each other infinitely many times producing infinitely many chances, so to speak, to
intersect tangentially. Also Newhouse (1974) showed that planar maps have infinitely
many attractors for a dense set of parameter values near a generic homoclinic tangency.

Here we illustrate homoclinic tangles with the generalised Hénon map (GHM). The
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Homoclinic intersection

Figure 1.6: A homoclinic intersection of the perturbed linear map 1 o ¢. The blue and
red curves denote the stable and unstable manifold of the origin.

GHM generalises the well known Hénon map and is given by

!
.’E—y,

y = a— Bz —y* + Ry + Sy°,

where S, R, a, 8 are parameters of the map. The GHM was derived from a general
analysis of homoclinic tangencies by composing a local map with a global map, similar
to what is done here in later chapters, and taking a certain limit to justify the removal
of higher-order terms Gonchenko et al. (2005). We fix parameters S = —0.125,5 =
0.8, = 0.4 and vary R. For R = 0.06, we observe no intersection between the stable
and unstable manifold of a saddle fixed point (small black square), see Fig. 1.8(a). For
approximately R = 0.08048175, the stable and unstable manifolds intersect tangentially,
see Fig. 1.8(b). For larger values of R they have transversal intersections, see Fig. 1.8(c).
Now the manifolds form a homoclinic tangle. Its complexity is striking and we can
certainly symphasize with Poincaré for not attempting to draw it! The GHM is analysed

more in §6.1.
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Figure 1.7: Structural instability of homoclinic tangencies. The unstable manifold (solid
red curve) has a tangential intersection with the stable manifold (blue curve) when = 0
at the point Hp. The tangency is destroyed with the variation of the parameter u. For
p < 0, there is no tangency. For p > 0, there is a transversal intersection of W, and
Wy at Hy and H.

1.7 Single-round and multi-round periodic solutions

Here we introduce the notion of single-round and multi-round periodic solutions. A
precise definition is provided in §3.1.2. Essentially a single-round solution is a periodic
solution which comes near the fixed point once before returning to its starting point.
A single-round periodic solution of period 15 is shown in Fig. 1.9(a). In this thesis we
will focus on the single-round periodic solutions.

A multi-round periodic solution of f is a periodic solution which comes near the
fixed point several times before returning to its starting point. A double-round periodic

solution of period 30 is shown in Fig. 1.9(b).

1.8 Degenerate homoclinic tangencies

1.8.1 Globally resonant homoclinic tangencies

At a generic homoclinic tangency the number of single-round periodic solutions that are
stable must be finite (in typical examples this number is rarely more than one) (Gavrilov

and Sil'nikov, 1972). One of the main aims of this thesis is to explain what degeneracies
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Figure 1.8: Homoclinic tangle in the GHM. The parameters are set as S = —0.125, 8 =
0.8, = —0.4. In the left, R = 0.06, we see no intersections between the stable manifold
(blue) and unstable manifold (red). In the middle, R = 0.08048175 and we see a
homoclinic tangency. In the right, R = 0.08094, the stable and unstable manifolds
develop transversal intersections.
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Figure 1.9: A single-round periodic solution of period 15 is shown on the left. By
single-round we mean it comes close to the fixed point x* once. A double-round periodic
solution of period 30 is shown on the right.

permit this number to instead be infinite. Consider a homoclinic tangency associated
with a fixed point of a two-dimensional map. Then the eigenvalues associated with the
fixed point, call them X and o, satisfy 0 < |[A| < 1 < |o|. We will show (see Chapter 3)
that one of the required conditions (degeneracies) is that |[Ao| = 1.

Note that this is a local condition. In contrast another required condition is global
and more difficult to describe. It can be interpreted as saying that the reinjection
mechanism converts a displacement in the stable direction to an equal displacement in
the unstable direction (see Chapter 3). Following Gonchenko and Gonchenko (2009) we
refer to this condition as global resonance.

When combined the conditions described above form a codimension-three phe-
nomenon. This is because (i) a homoclinic tangency, (ii) |Ao| = 1, and (iii) global
resonance are all codimension-one and independent. As will be seen, in the case A\o = 1
an extra codimension-one condition (on resonant terms in the ‘local map’) is also re-
quired to have infinitely many stable single-round periodic solutions. In Chapter 3
we further identify sufficient conditions for the periodic solutions to be asymptotically
stable.

A second aim of this thesis is to unfold a globally resonant homoclinic tangency. In
Chapter 4 we introduce several parameters, but focus on one-parameter families f. that
exhibit a globally resonant homoclinic tangency when ¢ = 0. For each K € Z there
exists an open interval of values of ¢, containing 0, for which f. has K asymptotically
stable single-round periodic solutions. In particular in Chapter 4 we show that typically
‘2K

the width of this interval is asymptotically proportional to |A as K — oo.

1.8.2 The area-preserving case

The results in this thesis apply to families of C°° maps. If we instead restrict our

attention to area-preserving maps the phenomenon is codimension-two because |Ao| = 1
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is automatic and the extra condition on the resonance terms of the local map turns out
to be automatic similarly. This scenario was considered in Gonchenko and Shilnikov
(2005) where the periodic solutions are elliptic instead of being asymptotically stable.
The phenomenon was unfolded in Gonchenko and Gonchenko (2009). Their results
show that K elliptic single-round periodic solutions coexist for parameter values in an
|2K

interval of width asymptotically proportional to |[A|***, matching our result. A more

recent summary of these results can be found in Delshams et al. (2015).

1.8.3 The piecewise-linear case

Continuous piecewise-linear maps exhibit homoclinic tangencies in a codimension-one
fashion except at any point of intersection one manifold forms a kink (instead of a
quadratic tangency) while the manifold is locally linear. In a generic unfolding only
finitely many single-round periodic solutions can be stable (Simpson, 2016). In this
setting the analogy of a globally resonant homoclinic tangency is codimension-three and
was first described in general in Simpson (2014a). Here the parameter width for K is
asymptotically proportional to [A|¥ (Simpson, 2014b), which, interestingly, differs from
our result. In this setting the global resonance condition implies that branches of the
stable and unstable manifolds not only intersect but are in fact coincident (i.e. intersect

at all points).

1.8.4 Other degenerate homoclinic tangencies

Various other degenerate types of homoclinic tangencies have been considered and un-
folded. For example branches of the stable and unstable manifolds of a fixed point of a
smooth two-dimensional map can be coincident in a codimension-two phenomenon. In
Hirschberg and Laing (1995) it was shown that in a generic two-parameter unfolding,
each single-round periodic solution exists between two lines of saddle-node bifurcations,
and period-doubling bifurcations can occur nearby. Consequently in one-parameter
bifurcation diagrams one typically sees a sequence of ‘isolas’ bounded by the saddle-
node bifurcations. This was extended further in Champneys and Rodriguez-Luis (1999)
where the authors unfolded a codimension-three Shilnikov-Hopf bifurcation at which
branches intersect transversely. Their results explain how one-parameter bifurcation
diagrams change from isolas to a single wiggly curve by asymptotic calculations of sur-
faces of Hopf bifurcations and homoclinic tangencies in three-dimensional parameter
space. Also bifurcations associated with cubic and other higher-order tangencies are
described in Davis (1991); Gonchenko et al. (2005).
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1.9 Thesis overview

After some background of homoclinic theory of maps in Chapter 1, we proceed to state
the backbone of the linearisation of maps — the Sternberg’s linearisation theorem in
Chapter 2. Chapters 3-6 contain the original research of this thesis. Chapter 3 begins by
setting up the mechanism for two-dimensional maps to have infinite coexistence of single-
round periodic solutions. We will prove that such infinite coexistence is codimension-
four in the orientation-preserving case, while it is codimension-three in the orientation-
reversing case. Further we see how the number of periodic solutions change when we
vary the parameters near the codimension points. This unfolding scenario is shown
in Chapter 4. We show that the bifurcations scale differently in different directions
of the parameter space. Finally we showcase the infinite coexistence of single-round
periodic solutions in a piecewise-smooth C' map for both the codimension-three and
codimension-four scenarios in Chapter 5. We also give a theoretical framework behind
the numerics used. In Chapter 6, we give future directions of this research. Preliminary
research to find globally resonant homoclinic tangencies in the GHM is discussed and
other open problems are discussed. Then Section 6.2 provides conclusions and Section

6.3 discusses the broader significance of the results in the thesis.



Chapter 2
Linearisation of maps

The standard approach for analysing any sort of homoclinic tangency is to first change
coordinates to simplify the form of the map as much as possible in a neighbourhood
of the saddle point. Already the Hartman-Grobman theorem (Theorem 1.1.2) tells us
that in a neighbourhood of a hyperbolic saddle the map is conjugate to its linearisation.
However, the conjugacy (i.e. the coordinate change that takes the map to its lineari-
sation) may not be differentiable. Sternberg’s linearisation theorem (Sternberg, 1958)
tells us that the conjugacy is differentiable if the eigenvalues associated with the saddle
satisfy a certain non-resonance condition (explained below). If the saddle is resonant,
there exists a differentiable (actually C*°) coordinate change that transforms the map
to something close to the linearisation — specifically the linearisation plus resonant
terms that cannot be removed.

For the globally resonant homoclinic tangencies studied in later chapters, the saddle
is resonant so we need to understand which terms are resonant and cannot be removed.
This is the purpose of the present chapter. From now on O refers to the big-O notation
discussed in de Brujin (1981).

Definition 2.0.1. A function f(z) on R is said to be O(g(x)) if limsup % is finite.
z—0

Often we will have g(x) = ||z||™ — the m'™ power of the norm of z, in which case
we might abbreviate O(g(z)) to O(m).

2.1 Sternberg’s linearisation

Let f be a smooth map on R” for which the origin is a hyperbolic fixed point. Let
y = ¢(x) represent a change of coordinates, defined in a neighbourhood of the origin.
If the transformed map ¢ o f o ¢! is linear, we say that ¢ linearises f. The theorem

below gives conditions on the eigenvalues under which f can be linearised.

19
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Theorem 2.1.1. Let f be a C*° map defined in some neighborhood of the origin in
R™ for which the origin is a fived point. Let A1, Ao, ..., A\, be the eigenvalues of D f(0),

counting algebraic multiplicity. If
Xi £ AT (2.1)

n

foralli € {1,2,...,n} and for all non-negative integers my, ma, ..., my with > m; > 1,
i=1

then there exists a neighborhood N of the origin on which a C* change of coordinates

linearises f.

We now rewrite the condition of non-resonance (2.1) in a simpler form in the case of
two-dimensional maps. Let A\, o denote the eigenvalues of the Jacobian matrix evaluated
at the hyperbolic fixed point at the origin. We assume that A\,o # 0. In the two-
dimensional case, the non-resonant condition in Theorem 2.1.1 can be written as A #
Ngm2 g £ XM for all my,mae,ni,ne > 0. It then follows that N1~ 1g™2 £ 1.
Let p=m1 —1,¢g = mo, then p+q¢=m1 +ma—12> 1 as m; +mg > 1. Similarly
Nignz=l £ 1 as o # 0. So here it is convenient to let p = ny,q = ng — 1 giving
again p+ q¢ = n1 +ng — 1 > 1. This motivates the following definition of the resonance
condition in the case of two-dimensional maps.

Let f be a two-dimensional C'* map defined in some neighborhood of the origin

and for which the origin is a fixed point. Let A, o denote the eigenvalues of D f(0).

Definition 2.1.1. The eigenvalues A, o are said to be resonant if there exist integers
p>—1and ¢ > —1 with p+ ¢ > 1 for which \P¢? = 1.

The following result is Theorem 2.1.1 in the two-dimensional setting.

Theorem 2.1.2. If the eigenvalues \, o are non-resonant, there exists a neighborhood

N of the origin on which a change of coordinates linearises f.

In this chapter we show how the change of variables can be constructed and how
the resonances arise. We will not prove that the change of coordinates is C'*°. We start
by showing how quadratic terms can be eliminated.

Consider a two-dimensional map of the form

= \r+ a1x2 + asxry + a3y2 + 0(3)7 (2 2)
y' = oy + biz? + bazy + byy® + O(3), .

where we assume 0 < A < 1 < o. Below we construct a coordinate change that
transforms (2.2) to
' = I+ O(3),

v =ov+O(3). (23)
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Consider a near identity coordinate change of the form

u=2x-+ clx2 + coxy + 03y2,

) ) (2.4)
v =1y +dix° + doxy + d3y”.
Inverting (2.4), we get x,y in terms of u, v as follows
r=u—cu® — couv — c3v? + O(3),
(2.5)

y=v—diu?® — douv — dgv® + O(3).

Rewriting the map (2.2) in (u,v)-coordinates by substituting the expressions of x,y in
terms of u,v as in (2.5), we get
u/ :$/+Cl(x/)2 +02x’y'+03(y’)2

= Az + a12% + aszy + asy® + oA\ 2z? + codoxy + c30’y? + 0(3)

= NMu— cu? — counv — 03v2) + a1u? + asuv + azv® + aN2u? + e douv + cgotv? + O(3)

= \u+u?(—=Aer 4 a1 + e A?) + uv(=Aea + ag + caAo) + vE(—=Aez + az + c30%) + O(3).
(2.6)

Observing the expression of u’ above in (2.6), we try to choose the values of ¢1, ¢g, and

c3 such that the quadratic terms in the expression of u’ are eliminated. The u?-term

can be eliminated by setting ¢;(A\? — \) + a1 = 0 that is ¢; = ﬁ The uv-term can

be eliminated by choosing ¢y = ﬁ Similarly, the v?-term can also be eliminated by
2

asg

g ,uv, and v? can be eliminated

choosing ¢3 = 5 We see that all quadratic terms u

via a coordinate change because we have assumed 0 < A < 1 < o. Ifinstead A =0, 1, or
0%, or o = 1, then the eigenvalues would be resonant and at least one of the quadratic
terms could not be eliminated.

Next for the v variable, we obtain similarly

UI:y/+d1(x/)2+d2x/y/+d3(y/)2
= oy + bia® 4 boxy + bsy? + di\*2® + dydoxy + dzoy® + O(3)

= ov + u?(—ody + by + N2dy) + uv(—ody + by + Noda) + +v?(—ads + b3 + dzo?) + O(3).
(2.7)
Observing the expression of v’ above in (2.7), we try to choose the values of dy, da,

and d3 such that the quadratic terms in the expression of v’ are eliminated. We can

eliminate the u?-term by choosing di = US\Q. The uv-term can be eliminated by
choosing dy = J({’EA). The v2-term can be eliminated by choosing ds = o'(lbia)'
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2.2 Resonant terms

In this section, we assume that A and o are resonant. In this case there exists a C*
coordinate change to a map equal to the linearisation plus some resonant terms that
cannot be eliminated. Our goal here is to explain exactly which terms are the resonant
terms.

Let n > 2 be an integer. Consider a map of the form

n
' =Xz + P(z,y) + Z a;z" "y + O(n + 1),
i=0
N N (2.8)
Y =oy+Qz,y) + > bia" 'y + O(n+ 1),
i=0
where P(x,y) and Q(z,y) represent the resonant terms of degree two to degree n — 1.
The two series contain all terms of order n. We now perform a coordinate change from
which we can see exactly which of these order n terms can be eliminated based on the
values of A and o.

We perform a near identity coordinate transformation of the form

n
U=+ Z eyt
=0 (2.9)

The inverse of (2.9) is

n
r=u+ Z —cu" """+ O(n + 1),
=0

B (2.10)
y=uv+ Z —diu" "+ O(n+1).
=0
The u-component of the map in new coordinates is then
n
’LL/ _ l‘, + Zci(:zl)n—i(y/)i
=0
n n
=\x + P(x,y) + Z a; "yt 4 Z A"l eyt O(n + 1) (2.11)
i=0 i=0

= \u+ P(u,v) + Z(_)‘Ci +a; + A" o) 4+ O(n + 1).
=0
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a; .
3 angr for i =

0,...,n, assuming the denominator in this expression is non-zero. The denominator

Observe that the term u" ‘v’ can be eliminated by choosing ¢; =

vanishes if A»"*~1g? = 1 which is an example of the eigenvalues being resonant, as in

Definition 2.1.1. Similarly, for the v-coordinate we have
n . .
’U, _ y/ + Zdi(x/)n—Z(y1)17
=0

=oy+Qx,y) + Z biz" 'y + Z A\ oyt + O(n 4 1) (2.12)
i=0 i=0

=o0v+ Q(u,v) + Z(—Udi + by + AT ) u" T+ O(n 4+ 1),
1=0

Similarly we observe that the term «” “v? can be eliminated by choosing d; = W

i=1\n=% — 1 represents the resonance condition for

for i = 0,1,...,n. The condition ¢
this term. The following theorem provides a simpler form of the map f after the coor-

dinate change has been applied.

Theorem 2.2.1. Let f be a C*° map on R? with a saddle fized point whose eigenvalues
are \,o. If 0 < |\ <1 < |o| then the map f can be brought to the map Ty of the form

(2.13)

[\ (1 + 2yF(2,y))
To(z,y) = Ly (1+ xyG(%y))]

under coordinate change, where F,G are C'°° functions.

Observe the terms in (2.11) and (2.12) with ¢ = 0 and with ¢ = n can always be
eliminated by choosing ¢; = ;%= and d; = W respectively and can be
written as (2.13).

In this thesis we will be particularly interested in the resonant cases Ao = 1 and
Ao = —1. Two-dimensional maps can be brought into the following normal forms by C'*°
changes of variable. We have already determined the resonant (non-removable) terms
above. Sternberg (1958) proved that the required change of variables to eliminate all
non-resonant terms does exist and is C*°.

The following theorems provide a simpler form of the map f after coordinate change

in the orientation-preserving and orientation-reversing cases respectively.

Theorem 2.2.2. The map

o' =X (14 2yF(z.y)), (2.14)
J = %y(l +2yGla,y)), |
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can be transformed to

= )\93(1 + xyA(xy)),

1 (2.15)
y' = Xy(l + :vyB(l‘y)),
where F,G, A and B are C* functions.
Theorem 2.2.3. The map
= )\x(l + a2y F(z, y)),
) (2.16)
y' = —Xy(l + wyG(:v,y))
can be transformed to
7= )\x(l + nyQA(a:QyQ)),
(2.17)

1
y = —Xy(l + x2y23(«%’2y2)),
where F,G, A, and B are C* functions.

Theorems 2.2.2 and 2.2.3 follow from the results of Sternberg (1958). We will see
in Chapters 3 and 4 that it is extremely important that the orientation-preserving case
(2.2.2) contains cubic resonant terms while the orientation-reversing case (2.2.3) does
not. This will mean that the bifurcation due to a homoclinic tangency studied here is
codimension-four in the first case but codimension-three in the second.

The presence of cubic resonant terms in (2.15) but not (2.17) may appear to be
a contradiction for the following reason. When one constructs a map, call it g, as
the second iterate of a map in the orientation-reversing form (2.16), g is orientation-
preserving, so why can some of its cubic terms not be removed, when all cubic terms
of (2.16) can be removed? The answer is that all cubic resonant terms vanish when

forming the second iterate. This is explained by the following result.

Lemma 2.2.4. The second iterate of (2.16) is given by

2 = Na(1+ O(a%y)),

o1 \ (2.18)
Yy =gy +O(y)).
Proof. Considering the second iterate of the map in (2.16), we get
2" = AMAz(1 + 2yF(z,y))) (1 — 2y(1 + 2y F(z,y))(1 + zyG(z,y))F)),
1 (2.19)

y' = —X(—iy(l +2yG(z,y))) (1 — zy(1 + 2y F(z,y))(1 + 2yG(2,y))G)) -
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A further expansion of terms in brackets leads to

2" = N2x(1 + NzyF — N2ayF + O(z%y)),
(2.20)

!

1 1 1
y' = 3yl + 5ayG — 55ayG + O(ay?).

Observe that in (2.20), the 22y term in the first component and the zy? term in the

second component vanish, and the map becomes (2.18). O



Chapter 3

Globally Resonant Homoclinic

Tangencies

Here we study the mechanism behind the coexistence of an infinite number of asymptoti-
cally stable single-round periodic solutions. This phenomenon occurs when a homoclinic
tangency occurs simultaneously with a number of other special conditions that we shall
discover and prove in this chapter. This special tangency is known as globally resonant
homoclinic tangency (GRHT). The results in this chapter were published in Muni et al.
(2021a).

3.1 Main results

3.1.1 Local coordinates

Let f be a C* map on R?. Suppose f has a homoclinic orbit to a saddle fixed point

with eigenvalues A\, o € R where
0< N <1<]al (3.1)

By applying an affine coordinate change we can assume the fixed point lies at the origin,
(x,y) = (0,0), about which the stable manifold is tangent to the z-axis and the unstable
manifold is tangent to the y-axis. Then by Theorem 2.2.1 there exists a locally valid

C®® coordinate change under which f is transformed to

(3.2)

To(e. 1) = [)\x(l +a:yF(x,y))] |

oy (1 +2yG(z,y))

26
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Figure 3.1: A homoclinic orbit is indicated with black dots in the case 0 < A < 1 and
o>1

where F' and G are C*. In these new coordinates let N be a bounded convex neigh-

bourhood of the origin for which
f(z,y) = To(z,y), forall (z,y) €N, (3.3)

see Fig. 3.1.

It is possible to make F' and G identically zero if A and o are non-resonant, Theorem
2.1.2.

In NV the local stable and unstable manifolds of the origin coincide with the z and
y-axes, respectively. Let (z*,0) and (0,y*) be some points of the homoclinic orbit.
Without loss of generality we assume z* > 0 and y* > 0. We further assume z* and y*

are chosen sufficiently small so that
(2,0), (Aa*,0), (0,£) , (0,45 ) e V. (3.4)

Note that if A,o > 0 then the conditions that (Az*,0) and (0, %) belong to N
are redundant. We do not require (0,y*) to belong to N because it can be interpreted
as the starting point of the excursion so does not need to map under Ty. Equation
(3.4) ensures that the forward orbit of (z*,0) and a backward orbit of (0,y*) (these
are both part of the homoclinic orbit) converge to the origin in M. By assumption
f™(0,y*) = (z*,0) for some m > 1. We let T} = f™ and expand T} in a Taylor series
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Tk

< v
L L L >
. Ll . . x

(#,0) = ()\"":v*,()) (Az*,0) (z*,0)

Figure 3.2: A sketch to accompany the argument in the text that chan%ing the homo-
clinic point on the z-axis from (z*,0) to (z*,0) leaves the quantity |d;f’* unchanged.
The excursion from the homoclinic point (0, y*) to the homoclinic point (z*,0) deter-
mined by the map 7T is shown in black dots.

centred at (z,y) = (0,y*):

e +ar+e(y-y)+0 ((% y— y*)Q)
i+ doly — ") + dga® + daaly —y7) + ds(y — 572 + O (2,5 — 7))
(3°5)

Tl(xa y) =

where here we have explicitly written the terms that will be important below.

The value of m and the values of the coefficients ¢;, d; € R depend on our choice of
&y*

-, for some constant

x* and y*. It is a simple exercise to show that dy = dy(a*,y*) =
£, as shown in the next theorem. We prove this for the orientation-preserving case below

; the orientation-reversing case can be proved similarly.

2" s independent of the choice of homoclinic points

Theorem 3.1.1. The quantity d;*

(0,y*) and (z*,0).

Proof. Consider the map Tp and T3 as given in (3.2) and (3.5) respectively. Let T o

represent the second component of the map T7. We have d; = 85;’2 (0,y*). Instead of

using y*, let us use another point say y* = g—z as shown in Fig. 3.2. So, the map T3

changes and we represent the new map by T} :

Ty(z,y) =Ty o T§,

¥ + e x + ea(oFy — y*) + O(2) (3.6)
di\fz + O(2) '
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Figure 3.3: Change of homoclinic point on the y-axis from (0,y*) to (0,7*) leaves the
quantity % unchanged. The excursion from (0, 7*) to (z*,0) determined by the map

T is shown in black dots.

Thus the new value of dy is d; = ag;z = di\*. Therefore the new value of the
quantity of interest is d;lj—f* = % As Ao = 1, this simplifies to the original
quantity %. This shows that the quantity is independent of the choice of y*. By
similarly altering our choice for the point z*, or by altering both z* and y*, we arrive
at the same conclusion. That is, d;f* is invariant with respect to a change in our choice
of z* and y*. [l

This invariant (analogous to a quantity denoted 7 in Delshams et al. (2015); Gonchenko
and Shil’'nikov (1987)) will be important below. From (3.5) we have det (DTl (0, y*)) =
c1dy — cady. Thus if c1ds — cody # 0 then f is locally invertible along the homoclinic
orbit. The stable and unstable manifolds of the origin intersect tangentially at (0,y*)
if and only if do = 0. From basic homoclinic theory Palis and Takens (1993); Robinson
(2004) it is known that a tangential intersection is necessary to have stable single-round
periodic solutions near the homoclinic orbit. For completeness we prove this as part of
Theorem 3.1.2 below.
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Figure 3.4: Selected points of an SRg-solution (single-round periodic solution satisfying
Definition 3.1.1) in the case A > 0 and o > 0. The region N, is shaded.

3.1.2 Three necessary conditions for infinite coexistence

It can be expected that points of single-round periodic solutions in A converge to the

x and y-axes as the period tends to infinity. This motivates our introduction of the set
Ny ={(z,y) € N[|zy| <n}, (3.7)

where n > 0. Below we control the resonance terms in (3.2) by choosing the value of
1 to be sufficiently small. We first provide an n-dependent definition of single-round

periodic solutions (SR abbreviates single-round).

Definition 3.1.1. An SRy-solution is a period-(k + m) solution of f involving k con-

secutive points in N,).

Below we consider SRy-solutions that approach the homoclinic orbit as k — oo (see
Theorem 3.1.2 ). We denote points of an SRg-solution by (zgk), §k)>, forj=0,...,k+
m — 1, with (xgk), yj(k)> €N, forall j =0,...,k — 1 as shown in Fig. 3.4. The point
(x,(ck), y,(gk)> is a fixed point of Té“ o T7, thus the eigenvalues of D (Té‘/’ ) Tl) (x,(f), y,(ck))
determine the stability of the SRy-solution. Let 7, and d; respectively denote the trace
and determinant of this matrix. If the point (7%, dx) lies in the interior of the triangle
shown in Fig. 1.1 then the SRg-solution is asymptotically stable. If it lies outside the

closure of this triangle then the SRg-solution is unstable.

Theorem 3.1.2. Suppose (3.3) and (3.4) are satisfied, with z*,y* > 0, and c1dy —
cody # 0. There exists n > 0 such that if f has a stable SRy-solution for infinitely many
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values of k > 1 and points (w(()k),y(()k)> of these solutions converge to (x*,0) as k — oo,

then

dy = 0. (3.8)
If also d5 # 0, then
[Ao| =1, (3.9)
and .
| = 2, (3.10)

with di = Z—: in the case Ao = 1.

Theorem 3.1.2 is proved in §3.2. Here we provide some technical remarks. Equations
(3.8)-(3.10) are independent scalar conditions, thus together represent a codimension-
three scenario. The condition dy = 0 is equivalent to (0, y*) being a point of homoclinic
tangency. With also d5 # 0 the tangency is quadratic. The condition [Ao| = 1 is
equivalent to f being area-preversing at the origin.

The condition |d;| = g—* is a global condition, termed global resonance in the area-

preserving setting Gonchenko and Gonchenko (2009). This condition is well-defined
dixz*
o
meaning to (3.10), consider the perturbed point (ax*,y*), where a € R is small. Under

because the value of is independent of our choice of z* and y*. To give geometric

T4 this point maps to

(#" 1+ 0(a)) 5" (840 (a?)) ),
where [ = dl;#. Notice we are writing the x and y-components of these points as
multiples of z* and y* so that these values provide a relative sense of scale. Then
condition (3.10) is equivalent to |3| = |a|. Therefore (3.10) implies that when a point
that is perturbed from (0,y*) in the z-direction by an amount az* is mapped under
T}, the result is a point that is perturbed from (z*,0) in the y-direction by an amount

+ay*, to leading order as shown in Fig. 3.5.

3.1.3 The orientation-preserving case

Theorem 3.1.2 tells us that the infinite coexistence requires |Ao| = 1. Here we consider
the case Ao = 1 for which f is orientation-preserving at the origin. In this case A and

o are resonant and by Theorem 2.2.2, Ty can be reduced to the form

Az (1 + zyA(xy))

To(x,y) = Ly (1 4 zyB(ay))

: (3.11)
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Figure 3.5: A geometrical interpretation of the global resonance condition (3.10).

where A and B are scalar C* functions. Let
al = A(O), b1 = B(O) (3.12)

The following theorem tells us that here infinite coexistence is only possible if a1 +b; = 0.

This condition is satisfied automatically for area-preserving maps because

1 =det (Df(z,y))
= det (DTy(x,y)) for all (z,y) € N (3.13)
=14 2(ay + by)zy + O(z%y?).

Theorem 3.1.3. Suppose (3.3) and (3.4) are satisfied with (3.11) and z*,y* > 0.
Further suppose Ao =1, d; = g—:, de =0, and ds # 0. There exists n > 0 such that if
f has a stable SRy-solution for infinitely many values of k > 1 and points (x(()k), y(()k)>

of these solutions converge to (x*,0) as k — oo, then a; + by = 0.

Theorem 3.1.3 is proved in §3.3. Together Theorems 3.1.2 and 3.1.3 provide four
necessary scalar conditions for infinite coexistence. The next result provides sufficient
conditions for the existence of infinitely many stable and saddle single-round periodic

solutions.

Theorem 3.1.4. Suppose (3.3) and (3.4) are satisfied with (3.11) and z*,y* > 0.
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Further suppose Ao =1, di = ?;—:, do=0,a1+b=0,ds #0 and A >0, where

* duv* 2
A= (1 et > — 4ds (dgx*2 + cldlm*) : (3.14)
x* d1
and VA
* A
1< C;y <1-- (3.15)

Then there exists kmin € Z such that for all k > kmin f has an asymptotically stable
SR -solution and a saddle SRy -solution.

From the proof of Theorem 3.1.4 (given below in §3.3) it can be seen that the condi-
tion A > 0 ensures the existence of two SRy-solutions for large values of k, while (3.15)

ensures that one of these is asymptotically stable and the other is a saddle.

3.1.4 The orientation-reversing case

We now consider the case A\ = —1, in which f is orientation-reversing at the origin. In
this case A and ¢ are again resonant but 7y can be reduced further than in the Ao =1

case. By Theorem 2.2.3 we may assume

AT (1 + 0 (x2y2))

To(w,y) = [—iy (1+ 0 (z2y?))

] . (3.16)
Analogous to Theorem 3.1.4, the following result provides sufficient conditions for infi-
nite coexistence . We see that again it is only required that A > 0 and (3.15) is satisfied.
However, here the periodic solutions only exist for either even values of k, or odd values

of k, as determined by the sign of d;.

Theorem 3.1.5. Suppose (3.3) and (3.4) are satisfied with (3.16) and z*,y* > 0.
Further suppose Ao = —1, |di| = g—:, dy = 0,ds # 0, A > 0 (where A is given
by (3.14)) and (3.15) is satisfied. Then there exists kmin € Z such that for all even
k > kmin in the case di = g—:, and for all odd k > kmin in the case di = —g—i, f has an

asymptotically stable SRy-solution and a saddle SR-solution.

Theorem 3.1.5 is proved in §3.4.

3.2 Derivation and proof of necessary conditions for infinite

coexistence

In this section we work towards a proof of Theorem 3.1.2. Since an SRg-solution has

period k 4+ m, its stability depends on the eigenvalues of Df**™ evaluated at any
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point of the solution. Below we work with the point (:n;f),y,(ck)). Since (xék),yl(ck)) =
Té“ (x(()k), y(()k)), and (:U(()k),y(()k)) =T (xl(f), ylik)) (see Fig. 3.4), we have

D fktm <x,(€k),y,(€k)) = DT} (xék),y(()k)) DTy (:c,(f), y,(ck)> : (3.17)

To obtain information on the eigenvalues of (3.17) we first construct bounds on the
values of the points of an SRy-solution (Lemmas 3.2.1 and 3.2.2). We then estimate the
entries of DT (x(()k) , y(()k)> (Lemmas 3.2.3 and 3.2.4). Next we estimate the contribution
of the resonant terms in 7 (Lemma 3.2.5). These finally enable us to prove Theorem
3.1.2. Essentially we show that if the conditions (3.8)—(3.10) are not all met then the
trace of (3.17), denoted 75 above, diverges as k — oo. This implies that the eigenvalues
of (3.17) cannot lie inside the shaded region of Fig. 1.1 for more than finitely many
values of k.

We first observe that the resonant terms F and G of (3.2) are continuous and N is
bounded, so there exists R > 0 such that

|F(z,y)| <R, |G(z,y)| <R, forall (z,y) €N. (3.18)
Let )
1—jo|72

NR = L%‘ ) (3.19)

and notice ng > 0.

Lemma 3.2.1. Suppose an infinite family of SRg-solutions with n = ngr satisfies
(xék),yék)> — (2*,0) as k — oo. Then

| < 2010175, (3.20)
for all sufficiently large values of k.

J 9]
(3.18), and (3.19) we obtain

|- e )

J
v (1 = nrR)
<k>‘.

Proof. By assumption (x(-k), (k)> € N, for each j € {0,...,k — 1}, thus from (3.2),

> |o|

1

= |o|? Y;

By applying this bound k times we obtain

k)’

k _k
[u?] < 1175 |u
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But y,(ck) — y* as k — 0o because y(()k) — 0 and therefore by mapping backwards under

map 71 we have y,gk) — y*. Thus ‘y,ik)‘ < 2y*, say, for all sufficiently large values of k.

This verifies (3.20). O

Lemma 3.2.2. Suppose |Ao| < 1 and suppose an infinite family of SRy-solutions with

1N = ngr satisfies (w(()k), yék)) — (2*,0) as k — oo. Then there exists w > 0 such that

[+9] < wliap,
N , (3.21)
)yg( )‘ < wloPF,
forall j € {0,...,k} and all sufficiently large values of k.
Proof. By Lemma 3.2.1 there exists wg > 0 such that
(xg’@\ < wp, (3.22)
[v87] < wolol~, (3.23)

for all sufficiently large values of k. For the remainder of the proof we assume k is

sufficiently large that

2 _E\F
(1—1—4w0R|a| 2) <2, (3.24)

[SIE

k
(1 — 42Rjo|” ) > 1 (3.25)

Such k exists because the left hand-sides of (3.25) and (3.24) both converge to 1 as

k — oco. Below we use induction on j to prove that

0 (s 2 < ] < B o (1w a8 o
4 j . J
’yék)‘ lo|? (1 - 4w8R\0!7§)] < ‘yj('k)’ < ‘y(()k)‘ o)’ (1 + 4W(Q)R‘U’7§) ) (3.27)

for all j € {0,...,k}. This will complete the proof because, first, (3.22), (3.24), and
(3.26) combine to produce

‘xgk)‘ < 2wl AV
Second, (3.25) and (3.27) evaluated at j = k combine to produce 1 ‘y((]k)‘ lo|F < ‘y,gk)‘
But y,(gk) — y* as k — oo, thus ‘y,(f)’ < 2y* for sufficiently large values of k, and so

‘y((]k)‘ < 4y*|o|7F. Hence by (3.24) and (3.27) we have

k * i
‘y]( )‘ < 8y*|o ",
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It remains to verify (3.26)-(3.27). Trivially these hold for 7 = 0. Suppose (3.26)—
(3.27) hold for some j € {0,...,k — 1} (this is our induction hypothesis). Then by
(3.2),

[A| ‘xgk)‘ <1 — ‘x§-k)y§k)’ R) < ‘:cgli)l‘ < || ‘a:gk)‘ (1 + ’xgk)y](.k)‘ R) , (3.28)
lo| ‘yj(k)‘ (1 — ‘xgk)yj(k)‘ R) < ‘yj(l_?l‘ < |o] ‘yj(k)‘ <1 + ‘xgk)y](k)‘ R) . (3.29)
The induction hypothesis implies
2j

[Py 0| < o] o6 |10t (1 + 43 Rio| %)
< 42|o| "2, (3.30)
where we have used (3.22), (3.23), (3.24) and |Ac| < 1 in the second line. By applying

(3.30) and the induction hypothesis to (3.28)—(3.29) we obtain (3.26)—(3.27) for j + 1,

and this completes the induction step. O

For brevity we write

M, = DTy (x(.’“),y(’“)) = |P W (3.31)
o rj 8
and
2
Pj = Mj,1 -~ MMy = . (332)
i wj

Lemma 3.2.3. Suppose |Ao| < 1 and suppose an infinite family of SRy-solutions with

n = nr satisfies (w(()k), yék)) — (*,0) as k — oo. Then there exists a > 0 such that

Ipj — Al < ala] ™, ;] < alo|™%,
A (3.33)
Irj] < alo PO, |sj —of < alo] ™",
for all j € {0,... .k — 1} and all sufficiently large values of k.
Proof. By Lemma 3.2.2 and |Ao| < 1 there exists w > 0 such that
k _j k -
9] < wlo ) 9] < wloli=*, (339
for all sufficiently large values of k. By differentiating (3.2) we obtain
A(1+zy(2F + 29 Az?(F +y9E
DTy (z,y) = ( fy( o ) vy, ;G . (3.35)
oy (G+x%7) a(1+xy(2G+y7y))
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Since F, G, and their derivatives are continuous and NV, is bounded there exists o > 0
such that throughout N, we have that « is greater than w?|A||2F + x%—ﬂ, WM F +
y%—g\, lo|w?|G + x%L and |o|w?|2G + y% . Then (3.33) follows immediately from
(3.34) and (3.35). O

Lemma 3.2.4. Suppose |Ao| < 1 and suppose an infinite family of SRy-solutions with
n = ngr satisfies (x(()k), y(()k)> — (2*,0) as k — oo. Then there exists § > 0 such that

it — N < Bilo] "0+, [j] < Bjlol ™,

G : o (3.36)
v;| < Bilo 2", lw; — o] < Bjlo 7,

forall j € {1,...,k} and all sufficiently large values of k.

Proof. By Lemma 3.2.2 and |[Ao| < 1 there exists w > 0 satisfying (3.34) for all suffi-
ciently large values of k. Let v > 0 satisfy (3.33) and let § = %

We now verify (3.36) by induction on j. Observe P; = My so (3.36) holds with
j = 1 because (3.33) holds with 7 = 0 and 8 > «. Now suppose (3.36) holds for some
j€{l,...,k—1} (this is our induction hypothesis). Since Pj1 = M;P; we have

L+l Wil | _
Uj+1 Wi+l

We now verify the four inequalities (3.36) for j + 1 in order. First

pjtj +q5v5  pjuj + qjw;

(3.37)
rit; +8v5  Tiu; + S;w;

[t = N = |pits + qyuj — X
= (i = A) (tj = M) + (pj = N + A (t; — V) + 55
<|lpj = Al|t; = M|+ [p; = MIAVY + ALt = M| +1g;]|v;],

and so by (3.33) and the induction hypothesis we have
[t = MY < Bjlo[~FH 4 (208510174 + alo] ) o FHID,
Thus for sufficiently large values of k,

’tj+1 _ )\j+1‘ < ﬁj|0"_(k+j+1) + %|U|—(k+j+1)

= B(j + Dlo| ="+,

where we have substituted our formula for 8 in the last line. In a similar fashion we
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obtain
|uja] = pjuj + gjwj]
< |pjllusl + gl w;]
< (1M + alo™) Bjlo1 ™ + alol ™ (Jol? + Bjlof )
= Bilol~ 0 + (2a8l0] 1 + alo]) o]0+ (3.39)
< Bjlo|7U+) 4 %IJ,—UH)
=B+ Do| U,
vjra] = [rjt; + 5504
< [rllt5| + Isj]lvj]
< alo72 (AP + 8jlo|~4) + (lo| + alo|*) Bjlol 2
< Gylal D2 4 (2agjlo 40D 4 2 ) o]0
) L 2c 1)
< Bjlo|UHY 2k+m|0|(]+1) 2k
< B +1)[o] D,
and
Wjt1 — U(jH)‘ = ‘rjuj + sjw; — O'(j+1)‘
< |rjllusl + [s5 — ol [wj — 0’| + |sj — o] o}’ + |o] |w; — o7
< Bilo| TV + (2a85l0] D + alo| ) o] D
< Bilo| D E 4 o0+
g
< B+ 1)]o|VFDF, (3.39)
for sufficiently large values of k. O

Lemma 3.2.5. If |Ao| <1 then in a neighbourhood of (z*,0),

(3.40)

kl’ x
T (e q) = [)\ (1+O(k y))] |

o*y (1 + O(kxy))
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Proof. Write

Nex (1 + ayFy(z,y
T5(zy) = |, ( o) (3.41)
o™y (14 zyGi(z,y))
1
Let § = 2321, We will show that if kzy| < 6, then
|Fr(x,y)| < 2kR, |Gp(z,y)| < 2kR, (3.42)

and this will complete the proof. We prove (3.42) by induction on k. Equation (3.42) is
certainly true for £ = 1 because |Fi(z,y)| = |F(z,y)| < R < 2R, and similarly for G.

Suppose (3.42) is true for some k& > 1 (this is our induction hypothesis). By matching

terms in Té““ = Ty o T} we obtain

Fiin (@) = Fy(w,9) + Noo" F (T(,9)) (1 + oy Filw,1)* (1 + 2yGi(ap) . (3.43)
By applying the induction hypothesis we obtain
|Fr1 (2, )] < 2kR + [F(T5 (2,9))] (1 + |uy|2kR)* (3.44)

Since k|zy| is small and (z,y) ~ (z*,0), we can assume T§ (z,y) € N and so |F (T (z,y)) | <
R. Also 1+ |zy|2kR < 23, s0

| Frt1(z,y)| <2(k+1)R, (3.45)

as required (and the result for Gy is obtained similarly). O

Lemma 3.2.6. If |[\o| = 1 then in a neighbourhood of (z*,0),

Nz (1 + karzy + O(k2z?y?
Téﬂ(aj,y) =, ( ! ( 5 o 2)) . (3.46)
ofy (14 kbizy + O(k*2?y?))
Proof. The map Ty can be written as below
Az (1 + arzy + 22y% A (x
1y (14 bizy + 2?y* B (zy))

where a; = A(0),by = B(0). Since the region N is bounded, there exists a constant
S such that throughout N we have |a1| < S, |b1]| < S, |A1(zy)| < S and |By(zy)| < S.
Write

Ty (z,y) =
0 (z,y) [/\l’cy (1 + kbixy + x2y23k($y))
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= 4. We will show that if k|zy| < 6 then
|Ap(z,y)| < 2k*S%, |Bi(z,y)| < 2k*S?, (3.49)

and this will complete the proof due to the meaning of big-O notation. We prove (3.49)
by induction on k. Equation (3.49) is certainly true for £k = 1 because |A;(zy)| < S <
252, and similarly for By. Suppose (3.49) is true for some k > 1 (this is our induction
hypothesis). By matching terms in Té““ =Ty o T} we obtain

App12%y? = T+ 2292 (A + kay(2a1 + by))

+ z%y? (Al(Té“)(l + kayzy + 2%y? Ap)3 (1 + kbixy + x2y2Bk)2) (3:50)
where
= a1y (2x YAy + nyQBk)
+ a1y ( kaixy + x y2Ak 2) (3.50)
+ a1zy (2(karzy + 22y Ay) (kbizy + 2°y* By,))
+ a1y ( kayzy + 2%y? A)? (kbyzy + m2y2Bk)) .
We have

[ A1 < T + |Ag| + [ka1(2a1 + 1)
+ AL (T3 (1 + karzy + 2%y Ag)*(1 + kbizy + 2°y* By)’|
< T+ 2k%5% + 3kS? + S(1 + S0 + 252%52).

Using S(1 + S6 + 25262) < 25 < 252 we have
|Api1| < T +2k*S? + 3kS? + 252

The proof will be completed once we show that |T| < kS2. So, next we need to
extract the coefficients of #2y? from T as mentioned in equation (3.2). We have T =
(Tar + Tag + Ty + Tya) where

T,1 = a1zy(2x yQAk + m2y23k),
To2 = arzy((karzy + nyQAk)z ,

kbizy + 2%y’ By)),
Tos = arzy(kayzy + 22y A)? (kbizy + 22y*By,),

(

( ) (3.52)
Tz = arxy(2(kazy + x*y* Ap)(

(

and we also write T,1 = 229?11, Tyo = x2y*Ty, Tz = 2%y?T3, and Ty = 22y°Ty.
We try to bound each of Ty, Ty, T3, Ty which are the coefficients of z?y? in each of
Ta17 Ta27 Ta37 Tas.
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For T,; we have,
Tl = x2y2(2a1xyAk + a1 Bray) = 22?1,

where |T| < 453k2xy + 2S3k%zy = 6S%k%zy, so |Ti| < 6530k = 65*Mk.

For T,5 we have,
Tuo = 2%y (K2 aSzy + ay AZay® + 4k3s122y?) = 22y° Ty

and |Ty| < kS35 + 48553k + 45%k6? so |Ty| < kM S? + 4kS?2M?3 + 452k M?2.
For T3 we have,
Tos = x°y°Ts
where |T3| < 2S3k%xy + 8k35%22y? + 8k*S%23y® and so T3] < 2kM S? + 8kS?M? +
8kS?M>3.
For T,4 we have,
Tos = 2°y°Ty
where |Ty| < k3S%2?y? + 12k°S024y* + 6k4S°23y> + 4k6S72%y° and |Ty| < kSZM? +
12kS?M* + 6kS2M3 + 4kS?MP. Since we have T' = 2%y?(T} + T + T3 + T}4) and the
bounds for 17,715, T3, Ty, so

Ty 4 To 4 T3 + Ty| < |T1| + |To| + |T3] + |Tu| < kS?*(56M) = kS2.

Thus we have |4y, 1| < 2k2S8% 4 4kS? +252. Thus A, 1| < 2(k +1)25? as desired. By
applying the induction hypothesis we obtain

|[Fer (2,9)| < 2kR + |F (T3 (2,))| (1 + |2y|2kR)°. (3.53)

Since k|zy| is small and (z, y) & (z*,0), we can assume Tj (z,y) € N and so |F (T§(z,y)) | <
R. Also 1+ |zy|2kR < 2%, S0

|Fyp1(z,y)| < 2(k+ 1R, (3.54)

as required. The result for G is obtained similarly. O

Proof of Theorem (3.1.2). For brevity we only provide details in the case |[Ao| < 1.
Since Ty and T are both locally invertible the case |Ao| > 1 can be accommodated by
considering f~! in place of f.

The trace of (3.17) is

T, = trace <PkDT1 (951(<;k)’ yék))) ’
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where Py is given by (3.32) with j = &, and so

B th wg] |+ O (m,(f),y,g’“) ) a0 (o) y® g 3
T = trace (k) (k) & *) k). . (3.55)
g wi| |di+O (27, y) —y*) da+ Oz yn —y

From Lemma 3.2.4 we see that the leading order term in 73 is wgds. In particular,
if do # 0 then || — 0o as k — oo. But SRg-solutions are assumed to be stable
for arbitrarily large values of k, so this is only possible if do = 0. This establishes
equation (3.8). To verify (3.9) and (3.10) we use (3.5) and (3.40) to solve for fixed
points of Té“ o T} in order to derive the leading order component of (:rék),y,(ck)). Since

(xlgk),y,ik)> — (0,y*) as k — oo, it is convenient to write

(e, 0") = (W@ + @p), " + ). (3.56)
Notice ¥, — 0 because y,(ﬁk) — y*. Since y[()k) =0 (O'_k) by Lemma 3.2.2, the first
component of (3.40) gives a:,(f) = )\ka:(()k) + O (kAkoF). Since m(()k) — 0 as k — oo we

can conclude that in (3.56) we also have ®; — 0.
Next we use (3.5) and (3.40) to obtain formulas for ®; and ¥y, based on the knowl-
edge that @, ¥, — 0 as k — oco. By substituting (3.56) into (3.5) we obtain

) = N d B+ dar AT+ gt AR+ 02
+0 (Agk, DR, D W\, q;%) : (3.58)

We then substitute (3.57) and (3.58) into (3.40), noting that kzy = O (ko=*) by (3.21)

with j = 0, to obtain for the y-component

) = ARk 4 o [dlcbk)\k I AP CLI P L

o (ka_k, A DA Wy A, wi)} (3.59)

We now match the two expressions for y,gk), (3.56) and (3.59). If y* # Aa¥diz* then
because ds # 0 the 0%ds U2 term in (3.59) must balance the y* term in (3.56), and so we
must have Wy ~ to~% for some t # 0. In this case the (2, 2)-element of DT} (xl(f), yl(f))

is asymptotic to 2d5t07§. Consequently from (3.55) and Lemma 3.2.4, 7, is asymptotic
to 2d5tag. This diverges as k — oo contradicting the stability assumption of the SRy-

solutions.

*
Yy
x*

Therefore we must have y* = di\fo*z*, which implies |[Ao| = 1 and |dy| =
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*

Moreover, if Ao =1 then d; = 4. N

3.3 The orientation-preserving case

In this section we prove Theorems 3.1.3 and 3.1.4.

Proof of Theorem 8.1.3. We write

(ﬂfl(f)vy/gk)) = (Ak(fv* + ),y + \Ifk) , (3.60)

where &, Ui — 0 as k — oo as shown in the proof of Theorem 3.1.2. By substituting
(3.60) into (3.5) with di = % and da = 0 we obtain

o = 2" 4 A+ Ty + O (A%, Aoy, \Ifi) : (3.61)
) = N LB AR 4 dgr A 4 dya MWy 4 dg B2+ O (A3k, 22D, \F D, W), qu) .
(3.62)
From Lemma 3.2.6 we have
Mg (1+ k O (k22242
Th(r,y) = |7 (14 kayzy + O ( 23”2”2)) . (3.63)
Vy(l%—kbwy—i—(’)(k 7y ))

We then substitute (3.61) and (3.62) into (3.63), noting that k*z%y?* = O (k?A?), to

obtain

2 = 2N 4 a2y kA 4+ O (A2k, kAR D, N, nyi) , (3.64)
ul =y AT LR 4 biaty A 4 ds W]+ O (A kAT, Xy kxR, 07
(3.65)

where we have only explicitly written the terms that will be important below. By
matching (3.60) to (3.65) we obtain

AWy, = ENRDy + by kAP 4 d5 U3 + O ()\2’“, ENF® ) \FU L, ENFO2 \112) . (3.66)

By matching (3.60) to (3.64) we obtain a similar expression for A*®;, which we substitute
into (3.66) to obtain

ANy = (a1 4+ b))zt Yy kAP + ds T2 + O (/\2"‘, KNk ® \FW L, kNFO2 \Ifi) . (3.67)

Notice that \*¥,, — 0 faster than either kA%* or \Iiz (but possibly not both) and by

inspection the same is true for every error term in (3.67).
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We now show that a; + by = 0. Suppose for a contradiction that a; + b1 # 0. Then
since d5 # 0 the kA?® and U2 terms in (3.67) must balance. Thus ¥y, ~ CVENF, for
some ¢ # 0, and (3.55) becomes

a+0 (VRN e+ 0 (VN
di + O (VENY)  2d50; + O (AF)

tj  uj

(3.68)

T = trace [
vj Wy

By Lemma 3.2.4 with j = k the term involving ¥ provides the leading order contribu-

tion to (3.68), specifically
7 ~ 2d5CVE. (3.69)

Thus 7, — 00 as k — oo and so the SRg-solutions are unstable for sufficiently values
of k. This contradicts the stability assumption in the theorem statement, therefore
a1 +by =0. O

Proof of Theorem 3.1.4. We look for SRy-solutions for which the k" point has the form
() = (4 e 50 () o +0 (%)), s

where ¢, ¥, € R. Recall (:c,(f), y,gk)> is a fixed point of Té“ o771, so is equal to its image
under (3.5) and (3.63). Through matching (3.70) to this image we obtain

¢k = Claj* + cgwk + alx*zy*k:,

_ Yok

*2 2 % %2 (371)
Vi, oo + d3z™ + dax™ Py + dsb + bixtyT k.

By solving (3.71) simultaneously for ¢y and ¢ we find that the terms involving k cancel
because a; + by = 0 and there are two solutions. The values of vy, for these are given

by

pt= 1 (1 _eV et \/K> . (3.72)

ko 2d5 T*
It is readily seen that these correspond to SRy-solutions (for some fixed n > 0) for
sufficiently large values of £ by Lemma 3.2.2.
We now investigate the stability of the two solutions. With (3.70) equation (3.55)

becomes

Iy ug
T = trace
Vg  Wg

c1+0 (/\k) e+ 0O (/\k)
. (3.73)
di+ O (XF)  dya* \F + 2d5pp AF + O (A2F)
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Thus by Lemma 3.2.4 we have

lim 7 = dya* + 2d5ebE =1 - 2L £ VA, (3.74)
A

k—o0 *

Also the determinant of D (TéC o T1) (zk, yr) converges to

coy*

x*

lim (5k = CldQ — 02d1 = — (3.75)

k—o0
To show that ¢, generates an asymptotically stable SRy-solution we verify (i) 6, — 73 +
1>0, (ii) 0 +7x+1 > 0, and (iii) dx < 1, for sufficiently large values of k (see Fig. 1.1).
From (3.74) and (3.75) with 1, we have

khm (5k — T+ 1) =VA, (3.76)
—00
2 *
lim (5 + 7 +1) =2 — =2 _ VA, (3.77)
k—o0 x*
lim (1—6;) =1+ 224, (3.78)
k—00 x*

These limits are all positive by (3.15), hence conditions (i)-(iii) (given just above Equa-
tion (3.76)) are satisfied for sufficiently large values of k. Finally observe that with
instead w: we have limy_,oo(0p — 7 + 1) = —VA < 0 and limy_ oo |0k = % < 1,
hence wlj generates a saddle SRy-solution. O

3.4 The orientation-reversing case

Proof of Theorem 3.1.5. As in the proof of Theorem 3.1.4 we assume (x,gk),y,gk)) has
the form (3.70). This point is a fixed point of Té“ o T1 where Téf again has the form
(3.63) except now a1 = by = 0. By composing this with (3.5) we obtain

<T0°T1) (wk ' Yp )Z kg o k %2 * 2\ vk 2% | 7
(~1)Fdra” + (~)F (diy + dsa™” + daa*vy + dsF ) N+ O (A)
(3.79)
where we have substituted Ao = —1 and do = 0. For the remainder of the proof we
assume k is even in the case di = g—: and k is odd in the case di = —Z—:. In either case
(~Fdy = 2, (3.80)
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and so the leading-order terms of (3.70) and (3.79) are the same. By matching the next

order terms we obtain

o = c1x™ + oy,

* (3.81)
Y = yT(fk + (=" (d3$*2 + dax" Yy + dsﬂﬁz) :
These produce the following two solutions for the value of 1y
+ (=D)F ey day”
= 1-— ——+ VA 3.82
wk 2d5 ( ¥ dl \/> ’ ( )

where we have further used (3.80). Analogous to the proof of Theorem 3.1.4 we obtain

lim 75, = (=1)" (daz* + 2d5¢}7) (3.83)
k—o0
—1-2% 4 VA,
T
*
lim §; = _ @y ,
k—o00 x*
and the proof is completed via the same stability arguments. [l

3.5 Conclusions

In this chapter we have considered single-round periodic solutions associated with ho-
moclinic tangencies of two-dimensional C* maps. We have formalised these as SRg-
solutions via Definition 3.1.1. The key arguments leading to our results are centred
around calculations of 7, — the sum of the eigenvalues associated with an SRy-solution.
Immediately we see from Fig. 1.1 that if |75x| > 2 then the SRg-solution is unstable.

We first showed that if conditions (3.8)—(3.10) do not all hold then || — oo as k —
00, thus at most finitely many SRy-solutions can be stable (Theorem 3.1.2). Equation
(3.9), namely |\o| = 1, splits into two fundamentally distinct cases. If Ao = —1 then the
resonant terms in Ty that cannot be eliminated by a coordinate change are of sufficiently
high order that they have no bearing on the results. In this case 73 converges to the finite
value (3.83) and infinitely many SRg-solutions can indeed be stable as a codimension-
three phenomenon (Theorem 3.1.5). If instead Ao = 1 then |7i| is asymptotically
proportional to vk unless a; +b; = 0, that is unless the coefficients of the leading-order
resonance terms cancel (Theorem 3.1.3). This is the only additional condition needed
to have infinitely many SRy-solutions, aside from the inequalities A > 0 and (3.15),
thus in this case the infinite coexistence is codimension-four (Theorem 3.1.4).

We will compute and illustrate the infinite coexistence phenomenon in a specific

family of maps in §5.1.



Chapter 4

Unfolding globally resonant

homoclinic tangencies

In Chapter 3 we determined what degeneracies are needed for the coexistence of in-
finitely many stable single-round periodic solutions. In this chapter we unfold about
such a homoclinic tangency. The results in this chapter are in preparation to be pub-
lished (Muni et al., 2021b). If a family of maps f,, with ;1 € R™, has this phenomenon
at some point p* in parameter space, then for any positive j € Z there exists an open set
containing p* in which j asymptotically stable, single-round periodic solutions coexist.
Due to the high codimension, a precise description of the shape of these sets (for large
j) is beyond the scope of this thesis. The approach we take here is to consider one-
parameter families that perturb from a globally resonant homoclinic tangency. Some
information about the size and shapes of the sets can then be inferred from our results.
Globally resonant homoclinic tangencies are hubs for extreme multi-stability. They
should occur generically in some families of maps with three or more parameters, such
as the generalised Hénon map (Gonchenko et al., 2005; Kuznetsov and Meijer, 2019),
but to our knowledge they are yet to be identified.

We find that as the value of u is varied from p*, there occurs an infinite sequence of
either saddle-node or period-doubling bifurcations that destroy the periodic solutions or
make them unstable. Generically these sequences converge exponentially to u* with the
distance (in parameter space) to the bifurcation asymptotically proportional to |A|?*,
where the periodic solutions have period k+m, for some fixed m > 1. In the parameter
space, the codimension-one surface of homoclinic tangencies can be thought of as where
a scalar function h is zero. As parameters are varied, the value of h changes and we cross
the surface when h = 0. If the derivative h’ at the crossing value is non-zero, we say
that we have a “linear change” to the codimension-one condition and this corresponds
to a generic transverse intersection. If we move away from p* without a linear change to

the codimension-one condition of a homoclinic tangency, the bifurcation values instead

47
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k
generically scale like % If the perturbation suffers further degeneracies, the scaling

can be slower. Specifically we observe |A|* and % for an abstract example that we believe
is representative of how the bifurcations scale in general.

Similar results have been obtained for more restrictive classes of maps. For area-
preserving families the phenomenon is codimension-two and there exist infinitely many
elliptic, single-round periodic solutions (Gonchenko and Shilnikov, 2005). As shown
in Delshams et al. (2015); Gonchenko and Gonchenko (2009) the periodic solutions
are destroyed or lose stability in bifurcations that scale like |A|?*, matching our result.
For piecewise-linear families the phenomenon is codimension-three (Simpson, 2014a;
Simpson and Tuffley, 2017). In this setting the bifurcation values instead scale like |\|*
(Simpson, 2014b), see also (Do and Lai, 2008).

4.1 A quantitative description for the dynamics near a ho-

moclinic connection

Let f be a C* map on R2. Suppose the origin (z,y) = (0,0) is a hyperbolic saddle
fixed point of f. Further suppose Df(0,0) does not have a zero eigenvalue, thus its
eigenvalues A, o € R satisfy

0< AN <1<]al (4.1)

By Theorem 2.1.1 there exists a C°° coordinate change that transforms f to

(4.2)

To(e.4) = [mu + O(:cy))] |

oy (1+ 0 (zy))

In these new coordinates let N be a convex neighbourhood of the origin for which
f(xvy) :T(](Jl',y), for all (x7y) ENa (43)

see Fig. 4.1. If Wo? # 1 for all integers p,q > —1, then the eigenvalues are said to be
non-resonant and the coordinate change can be chosen so that Tp is linear. If not, then
Ty must contain resonant terms that cannot be eliminated by the coordinate change.

As explained in §4.2, if Ao = 1 we can reach the form

AT (1 + arzy + O (nyQ))

T b - )
oY) = (1 4+ by + 0 (a%2))

(4.4)

where a1,b; € R. If Ao = —1 we can obtain (4.4) with a; = b; = 0.

Now suppose there exists an orbit homoclinic to the origin, I'yc. By scaling x and
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Figure 4.1: A homoclinic tangency for a saddle fixed point of a two-dimensional map.
In this illustration the eigenvalues associated with the fixed points are positive, i.e.
0 <A< 1land o > 1. A coordinate change has been applied so that in the region
N (shaded) the coordinate axes coincide with the stable and unstable manifolds. The
homoclinic orbit I'g¢ is shown with black dots. A typical single-round periodic solution
is shown with blue triangles.

y we may assume that (1,0) and (0, 1) are points on I'yc and
(1,0),(X,0),(0,1),(0,2%) e N, (4.5)

By assumption there exists m > 1 such that f™(0,1) = (1,0). We let T3 = f™ and
expand 717 in a Taylor series centred at (z,y) = (0,1):

co+ar+cely—1)+0 ((z,y—1)3%
do + dix + da(y — 1) + dzx® + dyx(y — 1) + ds(y — 1)2 + O ((x, Yy — 1)5) 7
(4.6)
where ¢g = 1 and dyp = 0. In (4.6) we have written explicitly the terms that will be

Tl(xa y) =

important below.

4.2 Smooth parameter dependence

Now suppose f, is a C°° map on R? with a C> dependence on a parameter y € R™.
Let 0 € R™ denote the origin in parameter space. Suppose that for all i in some region

containing 0, the origin in phase space (z,y) = (0, 0) is a fixed point of f,. Let A = A(p)
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and o = o(u) be its associated eigenvalues (these are C* functions of x) and suppose

A(0) = a, (4.7)

Xeig
0) = =28 4.8
o(0) = X%, (148)
with 0 < o < 1 and xeig € {—1,1}. With px = 0 we have [Ao| = 1, so as described
above Tj can be assumed to have the form (4.4). We now show we can assume Tj has

this form when the value of pu is sufficiently small.

Lemma 4.2.1. There ezists a neighbourhood Nparam C R™ of 0 and a C* coordinate

change that puts f, in the form (4.4) for all p € Nparam-

Proof. Via a linear transformation f,, can be transformed to

120,7520,i+j2>2

oy + > bijx'y?
i>0,550, i+j>2

" Ar + Z aijxiyj
H
Y

for some a;j,b;; € R. It is a standard asymptotic matching exercise to show that via an
additional C'°° coordinate change we can achieve a;; = 0 if Ni—lgi £ 1, and bi; = 0 if
Aogi=1 £ 1. The remainder of the proof is based on this fact.

Assume the value of p is small enough that (4.1) is satisfied. Then APc? = 1 is only

possible with p, g > 1, so a C'°° coordinate change can be performed to reduce the map

to o
Az 4+ Y aaty?
x i>2,5>1
y oy+ > by
i>1,5>2
Since |[Ao| = 1 when u = 0 we can assume g is small enough that \?~!o # 1 for all

p >3 and Ao?! £ 1 for all ¢ > 3. Consequently the map can further be reduced to

AT+ a21x2y + Z aijxiyj
2 i>3,j>2
Yy oy +biozy® + Y. biatyl |’
122,523
which can be rewritten as (4.4). O
The product of the eigenvalues is
A)o (1) = Xeig + i + O ([l1]?) (4.9)

where ngjg is the gradient of Ao evaluated at ;1 = 0 and the norm ||.|| introduced here is

the Euclidean norm on R™. The same norm follows throughout the thesis. The following
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Figure 4.2: A sketch of codimension-one surfaces of homoclinic tangencies (green) and
where A\(p)o(pn) = 1 (purple). The vectors ngang and neig, respectively, are normal to
these surfaces at the origin u = 0.

result is an elementary application of the implicit function theorem.

Lemma 4.2.2. Suppose ngz # 0. Then |A(pn)o(pn)] = 1 on a C™ codimension-one

surface intersecting p = 0 and with normal vector neg at p = 0 (as illustrated in
Fig. 4.2).

4.3 The codimension-one surface of homoclinic tangencies

In this section we describe the codimension-one surface of homoclinic tangencies that
intersects ;1 = 0 where we will be assuming that a globally resonant homoclinic tangency
occurs.

Suppose (4.5) is satisfied when p = 0. Write f;* as (4.6) and suppose

co(0)
do(0)

1, (4.10)
0, (4.11)

so that fo has an orbit homoclinic to the origin through (z,y) = (1,0) and (0,1). Also

suppose

d2(0) =0, (4.12)
d5(0) = ds0 # 0, (4.13)
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for a quadratic tangency. Also write

do(1r) = nigngit+ O (|l1l) - (4.14)

Lemma 4.3.1. Suppose (4.5) is satisfied when p = 0, (4.10)—(4.13) are satisfied, and
Diang 7# 0. Then f,, has a quadratic homoclinic tangency to (x,y) = (0,0) on a C*
codimension-one surface intersecting p = 0 and with normal vector Ngang at p = 0.
Moreover, this tangency occurs at (z,y) = (0,Y (u)) where Y is a C™ function with
Y(0)=1.

Proof. Let Tj 2 denote the second component of 77 (4.6). The function

s ) = 50,1+ u) = dali) + 2ds(p)u+ O2),
is a C° function of v € R and u. Since h(0;0) = 0 by (4.12) and %(O; 0) # 0 by
(4.13), the implicit function theorem implies there exists a C*° function wang (1) such
that h(utang(1t); ) = 0 locally.

By construction, the unstable manifold of (x,y) = (0,0) is tangent to the z-axis
at T1(0,1 + Utang). Moreover this tangency is quadratic by (4.13). Thus a homoclinic
tangency occurs if 71 2(0, 1 4 ttang) = do + datitang + d5Uiane + O(3) = 0. This function
is C°° and

T1,2<07 1+ utang) = n‘;rang:u’ +0 (HMH2) :

Since Ngang # 0 the result follows from another application of the implicit function

theorem. 0

4.4 Sequences of saddle-node and period-doubling bifurca-

tions
Suppose
d,(0) = v, (4.15)
where x € {—1,1}. Write
a1(0) = aip, c1(0) = c10, d3(0) = dsp, (4.16)
b1(0) = b1, c2(0) =2, ds(0) = dap),

and, recalling (3.14), let

Ag=(1—co0— Xd4,0)2 —4ds 0(ds,0 + xc1,0)- (4.17)
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Given kpin € 7Z, let
— k _
K (hunin) = { € Z| B > Finin, (xeie)" = x} - (4.18)

If Xeig = x = 1, then K is the set of all integers greater than or equal to Kmyin. If
Xeig = —1 and x = 1 [resp. x = —1], then K is the set of all even [resp. odd| integers

greater than or equal to kpiy.

Theorem 4.4.1. Suppose f,, satisfies (4.7), (4.8), (4.10)~(4.13), a1,0+b1,0 =0, Ag > 0,
and —1 < ca0 < 1~— @. Let v e R*. If n;rangv % 0 then there exists kmin € Z such
that for all k € K (kmin) there exist &, <0 and €} > 0 with 5ki = O (a?*) such that f
has an asymptotically stable period-(k +m) solution for all p = ev with e,, < e < 5:-
Moreover, one sequence, {e, } or {sz}, corresponds to saddle-node bifurcations of the
periodic solutions, the other to period-doubling bifurcations. If instead n;';mgv =0 and
n;—igv # 0 the same results hold except now Ef =0 (0‘%)

4.5 Proof of the main result

To prove Theorem 4.4.1 we use the following lemma by carefully estimating the error
terms in (4.19). If xeig = —1 then (4.19) is true if a1 = by = 0 (and this can be proved

in the same fashion).

Lemma 4.5.1. Suppose Xeig = 1 and p = O (ak). If |z —1| and ‘a_ky} are sufficiently
small for all sufficiently large values of k, then

Nz (14 kajzy + O (K2a?
Ty =", (1+ ke ( , %)) . (4.19)
o y(l—i—/ﬂblxy—i-(’)(k o ))
Proof. Write
e (1 + arzy + 2292 F(x, y))
To(z,y) = o (4.20)
oy (1+bixy + 2y G(m,y))
Let R > 0 be such that
jal, b1, [F (2, )], |G(z,y)| < R (4.21)

for all (z,y) € N and all sufficiently small values of p. For simplicity we assume « > 0;
if instead o < 0 the proof can be completed in the same fashion.

We have A = a + O (|alf) and 0 = 1 + O (|a|*). Thus there exists M > 2R such
that A < « (1 + Mak) and o < é (1 + Mak) for sufficiently large values of k. It follows
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(by induction on j) that

ol < a7 (1 + 2Mjo/f) , (4.22)
and
(Ao)! <1+ 4Mjar, (4.23)
for all 7 =1,2,...,k again assuming k is sufficiently large.
Let ¢ > 0. Assume
|z — 1] <e, ’a_ky’ <e, (4.24)

for sufficiently large values of k. We can assume € < 1 — % so then

ak
- <oyl < 20" (4.25)
Write .

. Nz (14 jarzy + 22y>Fi(z, y)
T(x,y) = | f (4.26)

ody (1 + jhzy + 2%y°G,(z, )

Below we will use induction on j to show that

Fy(w )|, |Gy, m)| < 120172, (427)

for all j = 1,2,...,k, assuming k is sufficiently large. This will complete the proof
because with j = k, (4.27) implies (4.19).

Clearly (4.27) is true for j = 1: ‘Fl(x,y)‘ = ’F(w,y)‘ <R < ¥ < 12M and
similarly for G;. Suppose (4.27) is true for some j < k. It remains for us to verify (4.27)
for j 4+ 1. First observe that by using |a1| < R, (4.25), and the induction hypothesis,

‘1 + jarzy + x2y213'j(x, y)‘ <1+ 2Rja" + 48Mj2a?".
For sufficiently large k£ this implies
‘1 + jarzy + 1:2y2}3’j(x, y)‘ <14 2Mja*, (4.28)
where we have also used M > 2R. Similarly
’1 + jbiay + 222Gy, y)‘ <1+2Mjak. (4.29)
Write Tg (xz,y) = (zj,y;). By using (4.22), (4.24), and (4.29) we obtain

. 2
ly;] < aF (1 +¢) (1 + 2Mjo/f) :
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Thus |y;| < a¥~9(1+2¢), say, for sufficiently large values of k. Also |z;y;]| is clearly small,

so we can conclude that (z;,y;) € A (in particular we have shown that (zy_1,yk—1)

can be made as close to (0, é) as we like).

By matching the first components of Tgﬂ(m, y) = (TO o Tg) (z,y) we obtain

Nty (1 + (j + Darwy + 22y* Fj i1 (=, y)) = Nty (1 + jarzy + 2*y Fy(x, y))
+ Ny 2?y(1 4 P) + M Ta32Q,
(4.30)

where

, . 2 -
1+ P =(\o) (1 + jarxy + :J:Qysz(x,y)> (1 + jbixy + nyQGj(x, y)) , (4.31)

. ~ 3 - 2
Q= (\o)¥ (1 + jarzy + 2*y* Fy(x, y)) (1 + jbizy + 2%y Gy (x, y)) F(xzj,y;).
(4.32)

By (4.23), (4.28), and (4.29), we obtain

3
1+P< (1 v 4Mjak) (1 + 2Mjak>
<1+ 11Mja*,
k 2 k 5
Q< <1+4Mja ) (1+2Mja ) R
< 2R,

assuming k is sufficiently large and where we have also used |F(zj,y;)| < R (valid
because (z;,y;) € N). From (4.30),

- - P

Then by using the induction hypothesis, the lower bound on |zy| (4.25), and the above

bounds on P and @, we arrive at
‘Fjﬂ(:c, y)‘ < 12M 4% + 22Mj + 2R

< 12M 5% + 24M
<12M (5 +1)%

In a similar fashion by matching the second components of T2 (x, y) = (Tg oT! > (z,v)

we obtain ’éj+1($, y)) < 12M(j + 1)2. This verifies (4.27) for j + 1 and so completes
the proof. O
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Proof of Theorem 4.4.1. Step 1 — Coordinate changes to distinguish the surface of
homoclinic tangencies.

First we perform two coordinate changes on parameter space. There exists an n x n
orthogonal matrix A such that after p is replaced with Ay, and p is scaled, we have
n;rang = [1,0,...,0] — the first coordinate vector of R™. Then do(n) = p1 + O (||u]?).
Second, for convenience, we apply a near-identity transformation to remove the higher

order terms, resulting in

do(1) = 1. (4.33)
These coordinate changes do not alter the signs of the dot products ntTangv and neTigV.
Now write
n
colp) =14 pipi + O (|ll?) (4.34)
i=1
n
dy(p) =x+ > qimi + O (|ull?), (4.35)
i=1
n
da(p) =Y rapi + O (|lull?) (4.36)
i=1
n
M) =a+> sipi+ 0O (|lul?) (4.37)
i=1
Xeig | N
o)==+ tip+ O (1), (4.38)
i=1
where p;,...,t; € R are constants.

Step 2 — Apply a k-dependent scaling to pu.

In view of the coordinate changes applied in the previous step, the surface of homo-
clinic tangencies of Lemma 4.3.1 is tangent to the pu; = 0 coordinate hyperplane. In
order to show that bifurcation values scale like |a|?* if we adjust the value of y in a
direction transverse to this surface, and, generically, scale like % otherwise, we scale
the components of u as follows:

= J R =, (4.39)

oFf, i1

Below we will see that the resulting asymptotic expansions are consistent and this will
justify (4.39). Notice that fi;-terms are higher order than fi;-terms, for ¢ # 1. For
example (4.37) now becomes A = a + Y1, sifi;af + O (|a|??). Further, let k be such
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that A\(0)¥a(0)¥ = d;(0), that is X’;ig = x. Then from (4.37)-(4.39) we obtain

k n
k_ k Kk ok 2012k
A=« <1+ - ;:2 sifia” + O (k o )> , (4.40)
k_ X , - ok 2| 12k
o= <1+kaxelg ;:2 tifia + O (k || )) : (4.41)
(4.42)

Step 3 — Calculate one point of each periodic solution.
One point of a single-round periodic solution is a fixed point of T} o T1. We look for
fixed points (x(k), y(k)) of Té“ o Ty of the form

2™ = a* (14 gra® + 0 (ko)) ,

(4.43)
y® =1+ prat + 0 (k)

where ¢k, 9 — 0 as k — oo. By substituting (4.43) into (4.6) and the above various

asymptotic expressions for the coefficients in 77, we obtain

1+ (c1,0 + 2,00k + Yoo Pifls) & + O (k?|a)?F)

T (x(k)’ y(k)) _ xaf + (/11 +ds 0 + daoPr + ds.0h + Xk + Z (qi +ritbr) ﬁz’) o
1=2

+O <k2]a\3k)

Then by (4.19),

k I~ 2% N\
o + (al,ox + o ;:2 sifli | ko™ 4+ | c1,0 + c2,00% + ;:219 i o

) (k2‘a|3k)

1+ (b1,ox + Xeig Z tz‘ﬂz‘) ka* + (Xﬂl + xds,0 + xda,0¢k

=2

(Tok oTl) (m(k),y(k>) - . (4.44)

+xds,00k + b + X Z (qi + rivr) ﬁi) "+ 0 (k2|a\2k)
i—2

By matching (4.43) and (4.44) and eliminating ¢, we obtain the following expression

that determines the possible values of 1y:

Xds, 0% — P +Q = 0, (4.45)
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where
n
P=1-cyo—xdao— XY _Tifli, (4.46)
i=2
Q = xji1 +c10 + xd3o + E; (pi + xq) fii + ZZ (EZ + aXeigti) ik, (4.47)
1= 1=

and we have also used a1 0+b1,0 = 0. Of the two solutions to (4.45), the one that yields

an asymptotically stable solution when p = 0 is as shown below

1 /
¢k = 2Xd570 <P — P2 — 4Xd570Q> . (4.48)

Note that this solution exists and is real-valued for sufficiently small values of ;1 because

when z = 0 the discriminant is P? — 4xds0Q = Ag > 0.

Step 4 — Stability of the periodic solution.
By using (4.6), (4.19), (4.40), (4.41), and (4.43),

O (|a?) 200" + O (k|al?)
k *)) ) — "
D(%eTi) (+9%) = 4 14 6 (hgart) vdao+xSori |- (449
1=2
i +2xds 0t + O (klaf*)

Let 7, and d; denote the trace and determinant of this matrix, respectively. By (4.46),
(4.48), and (4.49) we obtain

Th=1— a9 — /P? — dxd50Q + O (k:\a\k> , (4.50)

Sy = —ca0+ O (k:|a|k> . (4.51)

By substituting 1 = 0 into (4.50) we obtain 7, = 1 —c20 —v/Ap. It immediately follows

VA

from the assumption —1 < a9 <1 — ¥35

that the periodic solution is asymptotically
stable for sufficiently large values of k.

Step 5 — The generic case n;ngv # 0.
Now suppose n;';mgv # 0, that is, v; # 0 (in view of the earlier coordinate change).
Write 4 = ev and € = £a?*. By (4.39), fi; = &v; and fi; = év;a® for i # 1. Then by

(4.46) and (4.47), P = 1—cp,0— xdao+ O (|a|*) and Q = c1,0+ xds 0+ xEv1 + O (|af¥),
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SO

pP? — dxds 0Q = (1-— C2,0 — Xd470)2 — 4xds,0 (61,0 + xds o + xévi) + O <‘Oz‘k> . (4.52)

Since v1 # 0 and ds ¢ # 0 we can solve 0y — 7, + 1 = 0 for £ (formally this is achieved

via the implicit function theorem) and the solution is

~ o A0 k
N = g O (kya\ ) . (4.53)

Also we can use (4.52) to solve § + 7, + 1 = 0 for &:

AO — 4 (1 — 6270)2
4ds ov1

EPD =

+0 <k|a|k) . (4.54)

Since £€gn and épp evidently have opposite signs, this completes the proof in the first
case.

Step 6 — The degenerate case ntTangv = 0.

Zigv # 0. Again write u = ev but now write ¢ = % By

(4.39), fiy = 0 and fi; = &% for i # 1.
We first evaluate n;rig
to (4.9) we see that the i*" element of Nejg 1S % + at;. Then since v;1 = 0 we have

T _ N1 XeigSi N, _ _ Ea*
N,V = Yoy (% + atz) v;. Further, p =ev and ¢ = =-,

Now suppose v; = 0 and n,

v. By multiplying (4.37) and (4.38) and comparing the result

n

N S _
Xeiggnl—igv = z; (EZ + aXeigti) ik,
1=

which is a term appearing in (4.47). So by (4.46) and (4.47), P = 1—co0—xda0+O (%)
T
and Q = c10 + xdspo + W +0 (%) By solving 6 — 7. + 1 =0,

AN 1
ESN = + O <> , 4.55
4d5,0XXeigneTigV k (455)

and by solving 6 — 7, + 1 =0,

Ao —4(1 — 2 1
Epp = =2 ( CTQ’O) +0 () (4.56)
4d5,0XXeigneigV k

O

As in the previous case, égn and £pp have opposite signs, and this completes the
proof in the second case. Notice how the assumptions we have made ensure the denom-

inators of (4.55) and (4.56) are nonzero.
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4.6 Conclusion

In this chapter we have studied what happens when parameters are varied to move away
from a globally resonant homoclinic tangency at which infinitely many asymptotically
stable single-round periodic solutions coexist. We have shown that these periodic solu-
tions are either sequentially destroyed in saddle-node bifurcations, or sequentially lose
stability in period-doubling bifurcations.

If the parameter change is performed in a generic fashion, then the amount by
which the parameter needs to vary for the bifurcation of the SRg-solution to occur is
asymptotically proportional to ]a\zk, where « is the stable eigenvalue associated with
the fixed point at the globally resonant homoclinic tangency. This scaling law forms
the first part of Theorem 4.4.1. Equations (4.53) and (4.54) provide formulas for the
values of the saddle-node and period-doubling bifurcations, to leading order.

When we say that the parameter change is generic, we mean it produces a variation
that is transverse to the surface of codimension-one homoclinic tangencies. This surface
passes through the point at which the globally resonant homoclinic tangency occurs and
above we introduced coordinates so that this surface is simply given by py = 0. If the
parameter change is not generic, so is tangent to the homoclinic tangency surface, then
the bifurcation values will instead scale like %, assuming other genericity conditions
are satisfied. This is the second part of Theorem 4.4.1. Equations (4.55) and (4.56)
provide the leading-order contribution to the bifurcation values in this case. These
scaling laws are illustrated in the next chapter for a particular family of maps.

As a final comment, observe that for any positive j € Z there exists an open region €);
of parameter space in which the family of maps has j asymptotically stable single-round
periodic solutions. Let B, be a ball (sphere) of radius r centred at the globally resonant
homoclinic tangency, and suppose r is as big as possible subject to the constraint B, C
Q;. Then, since the fastest scaling law is |a|?®, we can infer that the radius r is

proportional to ||,



Chapter 5

An explicit example of a planar
map with a globally resonant

homoclinic tangency

In this chapter we study an explicit example of a planar map that exhibits a globally
resonant homoclinic tangency. The map is constructed so that it is linear in a neigh-
bourhood of the origin, has a homoclinic tangency, and all conditions in the above
theorems for globally resonant homoclinic tangencies can be explicitly checked. We
compute phase portraits, basins of attraction, and invariant manifolds that display the
features studied in the earlier chapters. We then unfold to illustrate different scaling
laws in different directions of parameter space. The numerical simulations below were

all computed using MATLAB.

5.1 Explicit examples of infinite coexistence

Here we demonstrate Theorems 3.1.4 and 3.1.5 with a piecewise-smooth C! family of

maps of the form

UO(xay)v Yy S h07
fxy) =S A —ry)Uo(z,y) +ry)Ui(z,y), ho<y<hi, (5.1)
Ui(z,y), y>hi,

where Uy, Uy, 7(y) are as defined in (5.11), (5.12), (5.13) respectively, and

9 +1
N 3

A2
=3

ho ; hy (5.2)

61
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Yy
f=U;
(0,97) = (0,1)
y=mh
f=0-=r)U+r(yl
y = ho
(0,[A])
f=U
(@',0) = (1,0) z

Figure 5.1: The basic structure of the phase space of the map (5.1).

62

with |[A] < 1. This family of maps was motivated by similar families exhibiting infinite

coexistence introduced in Gambaudo and Tresser (1983). The piecewise nature of (5.1)

is illustrated in Fig. 5.1.

We recall that for a globally resonant homoclinic tangency with a local map Tj of the

form (3.11) for the orientation-preserving case and of the form (3.16) for the orientation-

reversing case, and a global map T3 of the form (3.5), the necessary conditions for the

infinite coexistence in the
(i) Orientation-reversing case

a) Eigenvalues multiplying to —1

b) Homoclinic tangency

c¢) Global resonance condition

(ii) Orientation-preserving case

a) Eigenvalues multiplying to 1

b) Homoclinic tangency

Ao = —1

do

Il
o

1,evenk

—1,0dd k

Ao =1

do

Il
o

(5.3)

(5.4)



CHAPTER 5. A PLANAR MAP WITH INFINITE COEXISTENCE 63

c¢) Global resonance condition
dy =1 (5.8)

d) Condition on coefficients of local map
a;+b; =0 (5.9)

with the sufficient condition

<1———. (5.10)
We let

Uo(z,y) = [M] ; (5.11)

so that Ty = Uy, and

Ur(z,y) = (5.12)

1+co(y—1)
diz + ds(y — 1)°

so that T} = f™ = Uy using m = 1 and z* = y* = 1. Since (5.12) neglects some terms
in (3.5), equation (3.14) reduces to A = (1 —¢2)? and (3.15) reduces to |ca| < 1. Notice
that with (5.2), equation (3.4) is satisfied and (0, y*) = (0,1) lies in the region y > h;.

One could choose the function r in (5.1) such that f is C* on the switching man-
ifolds y = hg and y = h1, and thus C* on R?. However, the nature of f outside a
neighbourhood of the homoclinic orbit is not important to Theorems 3.1.4 and 3.1.5
because the SRy-solutions converge to the homoclinic orbit, so for simplicity we choose
r such that f is C'. This requires r(ho) = 0, 7'(hg) = 0, 7(h1) = 1, and r'(h1) = 0.

The unique cubic polynomial satisfying these requirements is

r(y) = s (;L/l_lz]o) , (5.13)

where
s(z) = 322 — 223, (5.14)

see Fig. 5.2.

5.1.1 Non-invertibility of the map

It is important to note that the piecewise-smooth map f is non-invertible. This is
evident from the fact that the points (0,1) and (4, 0) both map to (1,0) under f. Dif-
ferent regions of R? have different numbers of preimages. The boundary which separates
regions with distinct numbers of preimages is determined by the curve det(Df) = 0,

shown in Fig. 5.3. This curve divides R? into two regions, a region R; with three
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Figure 5.2: The function (5.13) (with (5.14)) that we use as a convex combination
parameter in (5.1).

pre-images and a region Ry with one pre-image, hence the map is of type Z; — Z3 using
the terminology of Mira et al. (1996) discussed above in §1.4. We also observe the curve
det(Df) = 0 has a cusp at (z,y) ~ (1.6706,1.1156).

5.1.2 Computation of stable and unstable manifolds

We next discuss the numerical computation of the stable and unstable manifolds of a
saddle fixed point x*. To compute the stable manifold, we consider a nearby point A
to the saddle fixed point in the stable eigen-direction, see Fig. 5.4. We next consider
the forward image of A denoted as B = f(A). In the case of a positive eigenvalue
take a set of points on the line segment AB. This is because AB approximates a
fundamental domain for the stable manifold. For a fundamental domain, every point
in the domain corresponds to a different orbit in the stable manifold, and conversely
every orbit in the stable manifold corresponds to one point in the domain. With instead
a negative eigenvalue we use B = f2(A). Using the line segment AB we determine a
sequence of pre-images of these and our numerical approximation to the stable manifold
is obtained. This method is simple and generates stable manifolds sufficiently accurately
for our purposes. More sophisticated methods for computing stable and invariant involve
formulating and solving boundary value problems (Krauskopf et al., 2007).

Similarly, for the unstable manifold, we consider a nearby point C' to the saddle

fixed point in the unstable eigen-direction. In the case of a positive eigenvalue we next
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Ry

15) YR

R
05 F 1 1

45 1

Figure 5.3: The critical curve LC of the map f. The non-invertible map f is of type
Z1 — Z3. The parameters are set as A\ = %,0 = %,dl =1,c0 =—-0.8,ds = 0.8.

consider the forward image of C' denoted as D = f(C'). We take forward images of a
set of points on the line segment C'D and our numerical approximation to the unstable
manifold is obtained.

Next we apply this to the piecewise-smooth C' map (5.1). We see that the fixed
point of Uy is (0,0) and is a saddle fixed point. The fixed points of the map U; are

given by solving the simultaneous equations

1+02(y*1):l’,

(5.15)
diz+ds(y—1)2—1=9y—1,
which gives us two fixed points as
* (1 — Cle + \/(02d1)2 — 4d5(d1 — 1))
y =1+ ;
2ds (5.16)

r=1+c(y" —1).
With d5 = 0.8,¢c0 = —0.8,\ = %,o = %, and d; = 1, these fixed points are located at
(1,1) and (—0.8,3.25). By computing the Jacobian matrix and analysing the eigenvalues
of the map U at its fixed points, we find that (1,1) is asymptotically stable whereas
(—0.8,3.25) is a saddle. The stable manifold of this saddle is shown in Fig. 5.5.
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Figure 5.4: A schematic illustrating our method for the numerical computation of the
stable and unstable manifolds of a fixed point.
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Figure 5.5: The stable manifold in blue of the saddle fixed point (—0.8,3.25) of map
Ui. The stable fixed point (1,1) of map U; is marked in black. The saddle fixed point

(0,0) of the map Uy is also shown. The parameters are set as A = %, o= %, di=1,c9 =
—0.8,ds = 0.8.
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Next we illustrate globally resonant homoclinic tangency in both orientation-preserving
and orientation-reversing cases for (5.1). The values of the parameters are chosen so
that the necessary and sufficient conditions of Theorems 3.1.4 and 3.1.5 for orientation-

reversing and orientation-preserving cases respectively are satisfied. As examples we

fix

e =—13, ds =1, (5.17)

A=13, o=2, di =1, (5.18)
A=-2% o=-3 di =1, (5.19)
= -4, o=2, dy = —1. (5.21)

The parameter combinations (5.18) and (5.19) correspond to the orientation-preserving
case, while (5.20) and (5.21) correspond to the orientation-reversing case. Fig. 5.6
shows the stable and unstable manifolds of the origin for all four combinations (5.18)—
(5.21). Specifically we have followed the unstable manifold upwards from the origin until
observing three tangential intersections with the stable manifold on the z-axis (some
transversal intersections are also visible). In panels (b) and (¢) the unstable manifold
evolves outwards along both the positive and negative y-axes because here the unstable
eigenvalue o is negative. In some places the unstable manifolds have extremely high
curvature due to the high degree of nonlinearity of (5.1) in the region hg < y < hy. Also

notice the unstable manifolds have self-intersections because (5.1) is non-invertible.

5.1.3 Computation of single-round periodic solutions

The single-round periodic solutions of (5.1) converge to the homoclinic orbit of the
saddle fixed point at the origin of the map f. The homoclinic orbit is bounded away
from the horizontal strip in Fig. 5.1 where the middle piece of (5.1) applies. Therefore,
for sufficiently large values of k, one point of a single-round period-k + 1 solution is

given by a fixed point of Ué“ o U;. Fixed points of this composed map satisfy

M4+ ey —1) =1,

o (dix +ds(y—1)2—1) =y — 1. (5:22)

This is a quadratic equation, so is trivial to solve. One of the solutions to (5.22)

corresponds to a stable fixed point and the other to a saddle fixed point. When the
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Figure 5.6: Parts of the stable [blue|] and unstable [red| manifolds of the origin for the
map (5.1) with (5.2),(5.17). Panels (a)—(d) correspond to (5.18)—(5.21) respectively. In
each panel the region hg < y < h; is shaded. A tangential intersection of the stable and
unstable manifolds can be seen in each of the cases. The homoclinic tangency in each
case is quadratic.
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stable fixed point of U(’f o U is iterated under f, we get an asymptotically stable single-
round periodic solution of period k& + 1 of the map f. When the saddle fixed point
of Uéf o U; is iterated under the map f, we get a saddle single-round periodic solution
of period k 4 1 of the map f. Observe that this is in accordance with Theorem 3.1.4
for the orientation-preserving case and Theorem 3.1.5 for the orientation-reversing case.
The remaining points of the periodic solution are then given by iterating fixed points
of U¥ o Uy under the map f.

Fig. 5.8 shows several of the periodic solutions for the parameter combination of
AN=20=23d =1, = —08,d5 = 0.8. By Theorem 3.1.3, the map f has an
asymptotically stable, single-round periodic solution of period k + 1 for all sufficiently
large values of k. In fact the map has these for all £k > 1. Moreover, the fixed point at
(z,y) = (1,1) can be viewed as corresponding to k = 0.

With (5.18) and (5.19) the map satisfies the conditions of Theorem 3.1.4, while with
(5.20) and (5.21) the map satisfies the conditions of Theorem 3.1.5. Thus in each case
(5.1) has infinitely many asymptotically stable SRy-solutions and these are shown in
Fig. 5.7 up to k = 15 (each has period n = k + 1). The SRy-solutions converge to the
homoclinic orbit that includes the points (0,y*) and (z*,0) and occupy only certain
quadrants of the (x,y)-plane as determined by the signs of A and o. In each case the
SRy-solutions exist and are stable for relatively low values of k (in fact for all possible
k > 0). This is due to the simplicity of (5.1); to be clear Theorems 3.1.4 and 3.1.5
only tell us about SRg-solutions for sufficiently large values of k. In panel (c) the SRy-
solutions exist for even values of k& while in panel (d) they exist for odd values of k, in
accordance with Theorem 3.1.5.

Theorems 3.1.4 and 3.1.5 also guarantee the existence of saddle SRy-solutions. For
each of our four cases we show one such solution in Fig. 5.7 for the largest value of
k < 15. These saddle solutions were straight-forward to compute numerically because
their computation reduces to solving the same quadratic equation as that mentioned
above. For smaller periods some saddle solutions involve points in hy < y < hj.
Numerical root-finding methods are needed to compute them and this is beyond the
scope of the thesis. Also panels (b) and (c) each contain an asymptotically stable

double-round periodic solution of period 16.

5.1.4 Computing basins of attraction

To numerically compute basins of attraction, we consider a 1000 x 1000 grid of z and
y values. FEach point of the grid is iterated forward under f a total of 1000 times.
This produces an orbit (z;,y;) for i = 0,1,...,1000. We then look at the norm of the
difference between (21000, ¥1000) and (1000—p, Y1000—p) for successively increasing values

of p=1,2,... (up to a maximum period we wish to consider). If this norm is smaller
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Figure 5.7:  Asymptotically stable SRg-solutions (period k + 1 solution) of (5.1) with
(5.2),(5.17). Panels (a)—(d) correspond to (5.18)—(5.21) respectively. Points of the stable
SRy-solutions are indicated by triangles and coloured by the value of k (as indicated
in the key). In panels (a) and (b) the solutions are shown for k¥ = 0 (a fixed point in
y > h1) up to k = 15. In panel (c) the solutions are shown for & = 0,2,4,...,14 and
in panel (d) the solutions are shown for £ = 1,3,5,...,15. In each panel one saddle
SRy-solution is shown with circles (with k£ = 14 in panel (c) and k£ = 15 in the other
panels). In panels (b) and (c) asymptotically stable double-round periodic solutions are

shown with diamonds.
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than a tolerance (we used 10713), we say that the initial point (z¢,yo) belongs to the
basin of attraction of a periodic orbit with period p. If they converge to some periodic
orbit it is colour coded according to its period.

If the norm is greater than a threshold (we used 10%), we say that the initial point
(x0,y0) is diverging and we colour it white. If it is not converging to the set of periodic
orbits considered nor is diverging, it is coloured black. Fig. 5.8 shows the plot of basins
of attraction of single-round periodic solutions from k = 0 to k = 15. We also observe
that the stable manifold of the saddle fixed point at (—0.8,3.25) appears to bound the
basins of attraction of all the single-round periodic solutions. We believe that if we
grow this stable manifold outwards further, it would fill in all of the boundary of the
white region, particularly in the left half-plane x < 0.

25

05F -

Figure 5.8: Basin of attraction of single-round periodic solutions from period 1 to 16
color coded according to the legend shown. The stable manifold of the saddle fixed point
of the map U; appears to bound the union of the basins of attraction. The parameters
are set as A = g,a = g,dl =1,c0 =—-0.8,d5; = 0.8.

We next compute the basins of attraction for the parameter combinations in (5.17)—
(5.21). These are shown in Fig. 5.9.

In the next section we illustrate the unfolding features near a globally resonant
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Figure 5.9: Basins of attraction for the asymptotically stable SRy-solutions (period
k+1 solutions) shown in Fig 5.7. Specifically each point in a 1000 x 1000 grid is coloured
by that of the SRg-solution to which its forward orbit under f converges to.
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homoclinic tangency discussed in Chapter 4.

73
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5.2 Perturbations from a globally resonant homoclinic tan-
gency

Here we introduce parameters to the example given in §5.1. Specifically we consider
(5.1) with now

A 1
Uo(z,y) = A+ “225”( + (a1,0 + pa)y) ’ (5.23)
syl —a10zy)
1 —1
Ur(z,y) = T ezo(y — 1) .| (5.24)
pa+ (14 p3)z +dso(y — 1)
2(A 1
he = 2 ‘3* , (5.25)
Al +2
hyo= AE2 (5.26)
3
Below we fix
A =08,
aro = 0.2,
o (5.27)
0 = —0.5,
dso =1,

and vary pu = (p1, jia, j13, j1a) € R%.

With p = 0, (5.1) satisfies the conditions of Theorem 3.1.4. In particular Ag = 2.25
so Ag > 0 and —1 < cp9 < 1 — %. Therefore (5.1) has an asymptotically stable
single-round periodic solution for all sufficiently large values of k. In fact these exist
for all £ > 1, see Fig. 5.10, plus there exists an asymptotically stable fixed point at

(z,y) = (1,1) that can be interpreted as corresponding to k = 0.

5.2.1 Bifurcation of periodic solutions

We compute a two-parameter bifurcation diagram showing the regions of stability and
that the stable region is bounded by saddle-node and period-doubling bifurcations. For
simplicity, we take the following set of parameter values as in (5.27) but with pg =
ta = 0 and neglecting resonance terms, that is a1,0 = b1,0 = 0. We have neglected the
resonance terms for the computation of Figs. 5.10-5.14 just because the absence of these
terms facilitates analytical calculations, computations of the stable, unstable manifolds,
single-round periodic solutions, and saddle-node and period-doubling bifurcation curves.

The resonance terms are considered in the next section as they are necessary during the
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Figure 5.10: A phase portrait of (5.1) with x4 = 0. The shaded horizontal strip is
where the middle component of (5.1) applies. We show parts of the stable and unstable
manifolds of (z,y) = (0,0). Note the unstable manifold has very high curvature at
(z,y) =~ (0,1.1) because (5.1) is highly nonlinear in the horizontal strip. For the given
parameter values (5.1) has an asymptotically stable, single-round periodic solutions of
period k + 1 for all k& > 1. These are shown for £k = 1,2,...,15; different colours
correspond to different values of k. The map also has an asymptotically stable fixed
point at (x,y) = (1,1). The parameters are fixed as a1 = b1 = 0,a = 0.8,¢c29 =
—0.5, d5’0 = 1,,u3 = 0,/,L4 =0.
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Figure 5.11: In the u; — pe parameter plane the region of stability of a period-(k + 1)
solution for £k = 9 is investigated. The region of stability is shown in blue and is
bounded between the saddle-node and period-doubling bifurcation curves. The region
of instability is shown in red. In the grey region the periodic solution has at least
one point in the horizontal strip that corresponds to the middle piece of (5.1). The
parameters are fixed as aj0 = b10 =0, =0.8,¢c00 = —0.5,ds50 = 1, u3 = 0, g = 0.

process of unfolding.

Fig. 5.11 shows the region of stability in the case of map (5.1). The blue region
denotes the region of stability. The red region denotes where the periodic solution is
unstable and the grey region denotes where the periodic solution has at least one point
inside the horizontal strip corresponding to the middle piece of (5.1). In this case the
periodic solution does not correspond to a fixed point of U- 1oU(’f. Observe that the region
of stability (in blue) is bounded by the saddle-node bifurcations (in cyan) and period-
doubling bifurcations (in black). The saddle-node and period-doubling bifurcations can
be computed analytically due to the simplicity of the map with the chosen parameters.

The saddle-node bifurcation is given by

= — ((a — oo+ pa)*ck (s +1))2 — (a — 1)2 + 4ds((u3 + 1)b — 1)

sk > ,  (5.28)

and the period-doubling bifurcation is given by

L ((a + ca(a + p)kck(ug +1) —2)% — (a — 1)% + 4ds((u3 + 1)b — l)ck)
M1 = )

4d562k
(5.29)
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Figure 5.12: In the p; — po parameter plane overlapping regions of stability of period-

(k+ 1) solutions for k = 15 to k = 20. The parameters are fixed as a1 0 =b1 9 =0, =
0.8,c20 = —0.5,d50 =1, u3 =0, ug = 0.

where

a = cob,

b= ((a+ p)e)t,
1

c=—.
Q@

Fig. 5.12 shows where period-(k + 1) solutions are stable for k = 15,16, ...,20.
Observe that the regions intersect with each other so in the black region all six periodic
solutions exist and are stable.

The complicated shape of the overlapped black region can be seen below. Overlap-
ping saddle-node (in cyan) and period-doubling bifurcations (in black) are computed
from k = 15 to k = 20. For example in Fig. 5.13 the overlapped region is a nine-sided
polygon (with black dots as its vertices) when o = 0.8. With instead av = 0.7 this region
is a seven-sided polygon, Fig. 5.14. These examples serve to show that regions where a
certain number of stable periodic solutions coexist often have a complicated shape and

with different shapes for different values of the parameters.

5.2.2 Computation of bifurcation points

In Chapter 4, we showed that there exist sequences of saddle-node and period-doubling
bifurcations near a globally resonant homoclinic tangency. Here we numerically com-

pute these bifurcations in the map (5.1). While this could be achieved by using software,
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Figure 5.13: Stability region of the period-(k+ 1) solutions for k£ = 15 to k = 20. Curves
of saddle-node bifurcations are cyan; curves of period-doubling bifurcations are black.

The values of the parameters are o = 0.8,a1,0 = b1p = 0, u3 = ps = 0,29 = —0.5, and
d570 =1.
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Figure 5.14: This figure shows stability regions as in Fig. 5.13 but with o = 0.7.

e.g. AUTO (Doedel et al., 2007), MATCONTM (Kuznetsov and Meijer, 2019), to numer-
ically continue the periodic solutions, we found it sufficient to perform what could be
called a manual bisection method and carefully study how the phase portrait changes.
This approach is straight-forward but limited; certainly to obtain a more detailed bifur-
cation analysis some use of numerical continuation software would be almost essential.

To compute saddle-node bifurcations we consider the contour plot of f¥*!(z,y) =

(z,y). For example let us consider £ = 15 which corresponds to a period-16 solution.
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Figure 5.15: Contour plot of f**1(z,y) = (z,y) for k = 15. The first component is
shown in blue and the second component is shown in red. The parameters are set as
p1 = p2 = ps = pg = 0 and as in (5.27).

For brevity write (2/,y') = f**!(z,y). Fig. 5.15 shows where 2/ — 2 = 0 in blue and
where 3 —y = 0 in red. This was computed by using MATLAB’s ‘contour’ command
by evaluating f**!(z,y) — (z,y) throughout a fine grid of  and y values and having
the contour command use the resulting matrix of data points to fit curves to where
each component is zero. This determines the zero contours of the two components of
A (2, y) — (x,y) and can be viewed as the discrete-time analogue of the nullclines of
a two-dimensional system of first-order ODEs. Any point of intersection of the blue
and red curves is a fixed point of f**! and one point of a period-(k + 1) solution of f.
Fig. 5.16 shows the behaviour of the contours as the value of p; is varied and illustrates
how we have detected saddle-node bifurcations. In Fig. 5.16, at pq = 0.0005, we observe
that the contours intersect (two fixed points) and as we vary pq, the two fixed points
come closer and collide when a saddle-node bifurcation takes place. This happens at
approximately g1 = 0.0009257. This point is marked in Fig. 5.18. Other saddle-node
bifurcation points are computed similarly.

To compute period-doubling bifurcations, we start from an initial guess close to the
periodic solution and as we vary parameters check that the numerically computed for-
ward orbit is converging to the periodic solution. If it does, we compute the eigenvalues
of the Jacobian matrix of the map f**!'. When we are approaching the period doubling
bifurcation, the eigenvalues approach —1. For example, consider k£ = 15 and variations
to the value of pp. Fig. 5.17 shows that at pu; = —0.003594, we have just passed a
supercritical period-doubling bifurcation as the period has doubled to 32. It is difficult

to see the doubled orbit, so we present a zoomed version near one of the periodic points
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Figure 5.16:  Contour plot of f*(z,y) = (x,) for k = 15. The first component is
marked in blue and the second component is marked in red. In (a), the two contours
intersect suggesting two fixed points at parameter g1 = 0.0005. In (b), there is a
tangential intersection between the two contours at p; = 0.0009257 and hence a saddle
node bifurcation is detected. In (c), there is no intersection between the two contours
at py; = 0.002. The parameters are set as po = pu3 = ug = 0 and as in (5.27).
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in Fig. 5.17 (b).
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Figure 5.17: In (a), an orbit is shown in red circles with iterates shown in black crosses
converging to a stable period-32 orbit. In (b), a zoomed version near a periodic point is
shown which clarifies that two points are very close to each other, just after a period-16
orbit has undergone a period-doubling bifurcation. The red circles denote the final few
iterates of the computed orbit. In panel (b), the sequences of black crosses are so close
that they appear to be straight lines but are discrete set of close points marked by
black crosses, converging to the two periodic points approximated by the red circles.
The parameters are set as pus = pu3 = 4 = 0 and as in (5.27).
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Figure 5.18: Panel (a) is a numerically computed bifurcation diagram of (5.1) with
(5.27) and po = pg = pg = 0. The triangles [circles| are saddle-node [period-doubling|
bifurcations of single-round periodic solutions of period k + 1. Panel (b) shows the
same points but with the horizontal axis scaled in such a way that the asymptotic
approximations to these bifurcations, given by the leading-order terms in (4.53) and
(4.54), appear as vertical lines.

In this remainder of this section we study how the infinite coexistence is destroyed
by varying each the components of u from zero in turn. We identify saddle-node and

period-doubling bifurcations numerically and compare these to our above asymptotic
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results. First, by varying the value of p1 from zero we destroy the homoclinic tangency.
Indeed in (4.14) we have ntTaLng = [1,0,0,0]. Thus if we fix po = pu3 = ps = 0 and
vary the value of uy, by Theorem 4.4.1 there must exist sequences of saddle-node and
period-doubling bifurcations occurring at values of p; that are asymptotically propor-
tional to o?*. Fig. 5.18 (a) shows the bifurcation values (obtained numerically) for six
different values of k. We have designed (5.1) so that it satisfies (4.33). Consequently
the formulas (4.53) and (4.54) for the bifurcation values can be applied directly. In
panel (b) we observe that the numerically computed bifurcation values indeed converge

to their leading-order approximations.
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Figure 5.19: Panel (a) is a numerically computed bifurcation diagram of (5.1) with
(5.27) and p1 = p3 = pa = 0. Panel (b) shows convergence to the leading-order terms
of (4.55) and (4.56).

We now fix p; = p3 = pg = 0 and vary the value of uy. This parameter vari-
ation alters the product of the eigenvalues associated with the origin. Specifically
nCTig = [O, é,0,0] in (4.9) so by Theorem 4.4.1 the bifurcation values are asymptot-
ically proportional to %k In Fig. 5.19 we see the numerically computed bifurcation
values converging to their leading order approximations (4.55) and (4.56).

Next we fix u1 = uo = pug = 0 and vary the value of ug which breaks the global
resonance condition. Here ntTangv =0and neTigV = 0 so Theorem (4.4.1) does not apply.
But by performing calculations analogous to those given above in the proof of Theorem
4.4.1 directly to the map (5.1), we obtain the following expressions for the saddle-node
and period-doubling bifurcation values

1—cop 2

)

€SN =

Qa’f + O(|a)?®). (5.31)
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Figure 5.20: Panel (a) is a numerically computed bifurcation diagram of (5.1) with
(5.27) and g1 = p2 = pa = 0. Panel (b) shows convergence to the leading-order terms
of (5.30) and (5.31).

Fig. 5.20 shows that the numerically computed bifurcations do indeed appear to be
converging to the leading-order components of (5.30) and (5.31). Notice the bifurca-

tion values are asymptotically proportional to o (a slightly slower rate than that in

Fig. 5.19).
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Figure 5.21: Panel (a) is a numerically computed bifurcation diagram of (5.1) with
(5.27) and p1 = p2 = pg = 0. Panel (b) shows convergence to the leading-order terms
of (5.32) and (5.33).

Finally we fix p11 = pa = p3 = 0 and vary the value of uy which breaks the condition
on the resonance terms in Ty. As in the previous case Theorem 4.4.1 does not apply.

By again calculating the bifurcations as above we obtain

(1 — C2 0)2 1
= — 2 . 2
€SN 4ds ok +0 2 ) (5.32)
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_3(1 = cp)? 1
€EpD = 4d570k7 + O 2 ) (533)

and these agree with the numerically computed bifurcation values as shown in Fig. 5.21.
The bifurcation values are asymptotically proportional to % which is substantially slower

than in the previous three cases.



Chapter 6
Conclusions and open problems

In Chapter 5 we illustrated the phenomenon of globally resonant homoclinic tangencies
(GRHT) in an abstract family of C' smooth maps. Next we explore the open problem
of finding instances of GRHT in previously studied prototypical smooth maps that have
enough parameters to fulfill the codimension-three and codimension-four criteria. We
sketch a process which could be carried out to detect the high-codimension points. It
is difficult to carry out the process as we need to be extremely close to the points to
observe the phenomenon as we have seen in Chapter 4. We showcase our trials in the
GHM to observe the GRHT phenomenon. We also discuss the challenges we faced while

unfolding the codimension-four scenario in general.

6.1 GRHT in prototypical planar maps

After exploring the phenomenon of GRHT in the abstract piecewise-smooth C! map
above, we try to find more instances in prototypical maps. The GHM is such an example
of a prototypical map and is a generalisation of the well known Hénon map. We have
observed homoclinic tangles in the GHM in Chapter 1. The GHM contains four param-
eters. So we expect a curve of solutions in the four-dimensional space of parameters for
the codimension-three scenario and a point for the codimension-four scenario.

The explicit expression of the GHM is below:

!/
r =Y,

y' = a— Bz —y* + Ry + Sy°,

where S, R, a, 8 are parameters of the map. The fixed points of the GHM are given by

85
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solving the simultaneous equations

r=1Y,
) 3 (6.1)
y=oa— pfr—y*+ Rxy+ Sy°.
Thus fixed points correspond to solutions of the cubic
Syd + oy (R—1)+y(—B—1)+a=0. (6.2)

The inverse of the GHM is

Cl?,

f—l T _ y'—a}—%l—xz/’iESz’?’ |

Y
We observe that the inverse of the GHM exists if 2’ # % which is equivalent to y # %.
The Jacobian matrix of the GHM is

0 1

J =
(=B + Ry) (—2y+ Rx + 3Sy?)

In order to have a neutral saddle (i.e. a fixed point whose associated eigenvalues multiply
to £1), we need the determinant of the Jacobian matrix to be £1, that is § — Ry = £1.

(8-1)
R

For this reason we first substitute y = into the cubic equation (6.2) satisfied by

the fixed points, so we have

S(BR?lYJr(R—l)<(ﬁ;1)>2+(—5—1) <ﬂ;1> +a=0.

Solving for a gives

~S(B-12+(B-1)R(B—1+2R)
R3

. (6.3)

o =

So in order to obtain a neutral saddle with Ao = 1, we need to use this value of «.

Similarly, for the orientation-reversing case Ao = —1, we need

=SB+ 1)3+ R(B+ 1)
- =3 .

The GHM exhibits homoclinic tangencies. Fig. 6.1 shows a tangential intersection
between the stable and unstable manifolds of a neutral saddle fixed point. We vary the
parameters until we observe a transversal intersection. The bisection method is then
performed to obtain the tangency accurately. In an example, choosing initial conditions

very close to the tangential points reveals a stable single-round periodic solution of
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Figure 6.1: Homoclinic tangency in the GHM. The unstable manifold (red) and the
stable manifold (blue) of a neutral saddle fixed point (marked by a black square dot) de-
velop a tangential intersection at the parameter values R = 0.1170465574, S = 0.3, 5 =
0.8055, a = 0.8145.

period-8 as shown in Fig. 6.2.

6.1.1 Continuation of a curve of homoclinic tangencies

We proceed to numerically continue the homoclinic tangency as described in Kuznetsov
and Meijer (2019) using software MATCONTM. We begin with the parameters set as
R = 0.1170465574, S = 0.28, 8 = 0.8055, at which the stable and unstable manifolds
of saddle fixed point (—1.6617,—1.6617) develop transversal intersections as shown in
Fig. 6.3.

We next compute some intersection points of the stable and unstable manifolds. In
Fig. 6.3, these are marked with black circles. We continue this homoclinic connection
with respect to a single parameter (here, S) to obtain a tangential intersection between
the manifolds. Once they are detected they are marked by so-called limit points LPq.
We note that LPyo are just the starting tangential points of the homoclinic tangency
continuation in two parameters. We were able to use MATCONTM to find such limit
points at S = 0.30007909 and .S = 0.12398895.

By numerically computing the stable and unstable manifolds at these values we were

able to independently verify that these are indeed points of homoclinic tangencies. We
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Figure 6.2: A stable period-eight solution for the GHM at the parameter values R =
0.1170465574, S = 0.3, 8 = 0.8055, o = 0.8145.

then used MATCONTM to numerically continue the homoclinic tangencies. Two param-
eters are needed to continue homoclinic tangency. Figure 6.4 shows the continuation of
homoclinic tangencies when it is continued with parameters a) b and S, b) R and S,
and c¢) b and R. In each plot we can see the curves of homoclinic tangencies at which
each point on the curve gives a tangential intersection between the stable and unstable
manifolds.

We need to evaluate the global resonance condition along the curve of tangencies
and ascertain when we have reached the codimension-three or four points. Checking
the global resonance conditions and the inequalities involved in the sufficient conditions

is a challenging task that needs to be addressed.

6.1.2 Sketch of a method to compute the conditions for GRHT

We sketch approaches taken to compute the global resonance condition |d;| = Z—*
Observe that ‘%’(O,y*)

a tangency, see Fig. 6.5. Suppose W71 and Wy represent two homoclinic points of the

Here we explain how we calculate the value of d; at

— ¥
= .

homoclinic orbit. Let Wg = (ug, v2) map to the homoclinic point Wy = (uq, v1) under
a number of iterations (say n) of the map f. We have Wa = (ug,v2) and we perturb
it by 0 in the direction of the stable eigenvector vs. Then iterate both W and the
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Figure 6.3: Computing Transversal intersections of the stable and unstable manifolds of
the GHM at the parameter values R = 0.1170465574,.S = 0.28, 8 = 0.8055 and with the
value of a given by (6.3). For the purposes of numerical continuation some transversal
intersections are marked with black circles.
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applying f for (n — 2) times

--------- >
o W= ["(Wy)
z e
N fz(W2 + 5’1)5) f(WZ + 57"5) W + v,
_: ’ . rs W = Wl -+ (S'Udiﬂ‘
e ° °
F2(Wa2) F(W2) Wa = (ug,v2)

Figure 6.5: A sketch illustrating a method to compute dy = % .

(0,y%)

perturbed point under the map f. So the perturbed point is at
F(W2 +0vs) = [(W2) + 6D f(W2)vs + O(5%).
Next we iterate them under f again, then the new perturbed point becomes
F(F(Wa +u,)) = F2(Wa) + 6Df(f(W2))Df(Wa)v, + O(62).

We apply f another (n — 2) times and W1 = f?(W3) and the perturbed point has the
form W = W1 + vq;g where

vair = DF(f™V(W2))...DF(f(W2))Df(Wa)us,

to leading order. Following the geometric interpretation of the global resonance in
Fig. 3.5 of Chapter 3, d; can then be written as

di = [0, 1]M v,

where M = {vu vs] .
The above method requires the manifolds to be aligned with the orthogonal coordi-
nate axis. This can be achieved via a series of nonlinear coordinate changes. Performing

nonlinear coordinate changes numerically and automating it for efficient computation
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is a challenging task which remains for future work.

6.2 Conclusion

In this thesis we have addressed a new phenomenon of the coexistence of infinitely many
asymptotically stable single-round periodic solutions and the mechanism associated to
it in discrete two-dimensional maps. The phenomenon is termed a globally resonant
homoclinic tangency due to the behaviour required for the reinjection mechanism. We
have identified both necessary and sufficient conditions behind the occurrence of the
globally resonant homoclinic tangencies. These were discussed in detail in Chapter 3.
We have proved that the phenomenon is codimension-three in the case of orientation-
reversing maps while it is codimension-four in the case of orientation-preserving case.
The idea behind the proof was to bound the trace and determinant so that they lie
inside the stability triangle for higher iterates of the map.

To understand the stability region in parameter space, we then studied the unfolding
scenario about such a tangency. In a one-parameter variation of the tangency, it was
found that there is a sequence of saddle-node and period-doubling bifurcations nearby
the tangency. It was interesting to observe that the scaling laws of bifurcation values
were different in different directions of parameter space. Generically the sequences
scale like |[A|?*, where —1 < X\ < 1 is the stable eigenvalue of the fixed point. If we vary
parameters without a linear change to the codimension-one condition for a homoclinic
tangency the bifurcations scale as % If the perturbation is further degenerate, the
scaling laws are found to be slower. Specifically they scale like |A|* and % for the example
(5.1). Preliminary studies found that the shape of the stability region is extremely
complicated with a precise nature that heavily depends on the parameters. A detailed
structure is yet to be determined.

We also note that the generic scaling law of |\|?* differs from that for families of

piecewise-linear maps which instead admit a |A|¥ scaling law.

6.2.1 Open problems

It remains to identify infinite coexistence in previously studied prototypical maps. The
relatively high codimension possibly explains why this does not appear to have been
done already. Yet the codimension is not so high that the phenomenon cannot be
expected to have an important role in some applications.

We have encountered double-round periodic solutions in the orientation-preserving
case. It would be interesting to understand the one or more bifurcations that lead to
its formation. A more general study on multi-round periodic solutions in the context of

the results of this thesis remains to be carried out.



CHAPTER 6. CONCLUSIONS AND OPEN PROBLEMS 93

Above we have provided some description of how we have searched for globally res-
onant homoclinic tangencies in the generalised Hénon map. It remains to identify an
effective automated numerical procedure that one could use to do this for any appro-
priate family of maps.

Performing coordinate changes numerically to straighten the manifolds and comput-
ing the global resonance condition and conditions involving the coefficients of resonance
terms of the local map remains a challenging task to address. Also the typical bifurca-
tion structure that surrounds these codimension-three and four situations has yet to be
determined in general. Unfolding the tangency by varying four parameters simultane-
ously in general is a challenging task.

Numerically computing the saddle-node and period doubling bifurcation points near
the unfolding scenario using bifurcation software is a possible future direction that
may help to understand the complicated stability region in the codimension-three or
codimension-four scenarios better.

Finally it also may be of interest to generalise the results to incorporate cubic and

higher order tangencies and extend the results to higher dimensional maps.

6.3 Broader significance

This thesis reveals the mechanism behind extreme multistability or coexistence of in-
finitely many asymptotically stable single-round periodic solutions arising from homo-
clinic tangencies in two-dimensional maps. Multistability has been found in many real
world systems and applications (Feudel, 2008). Multistability is undesirable in engineer-
ing systems because the system can switch to undesirable attractors in an unpredictale
way depending on the initial state of the system (Chiang and Baran, 1990), but it is
advantageous in the case of neuron systems, where coexistence of many attractors is
responsible for multi component information processing (Malashchenko et al., 2011) and
has far reaching implications for motor control, and decision making. The mechanism
behind such infinite coexistence has been answered for piecewise linear maps (Simpson.,
2014). Lots of attractors have been found in impacting systems governed by the Nord-
mark map in Simpson et al. (2020). A single asymptotically stable periodic orbit could
bifurcate into infinitely many asymptotically stable periodic orbits via grazing- sliding

bifurcations (Simpson, 2017) commonly found in impacting systems.
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