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Abstract 

Relat ivist ic  quantum chem istry is the relat iv ist ic  form u lat ion of q uantum mechan­
ics appl ied to many-electron systems, that is to atoms, molecu les and so l ids . l t  
combi nes the pri nc ip les of special re lat iv ity, wh ich are obeyed by any fundamental 
physical theory, with the basic ru les of q uantum mechan ics . By construct ion , 
it represents the most fundamental theory of a l l  molecular sciences , wh ich  de­
scri bes matter by the act ion , i nteract ion and motion of the e lementary part ic les . 
This sc ience is of vital i m portance to physi cists, chemists, material scientists , and 
biolog ists with a molecu lar view of the worl d .  

A fu l l  relat iv ist i c  treatment of atoms and molecu les which i nc l udes the q uan­
t izat ion of the e lectromagnet ic f ield is cu rrent ly one of the most cha l l eng i ng  
tasks i n  e lect ron ic  st ructure theory. Therefore ,  relat iv ist ic effects i n  atoms and 
molecu les were stud ied com putational ly. A com binat ion of wave funct ion and  
density fu nct ional based methods with i n  a correct re lat ivist ic  framework proved 
necessary to ach ieve accurate results of various atomic and molecu lar propert i es .  
The fi rst part of th is  thesis deals w ith  i nvest igat ions i n  atom ic  systems i n c l ud i ng 
quantum e lectrodynam ic  effects m the ion izat ion potentials of a large n u m ber 
of elements. K-shel l and L-shel l  ion izat ions potentials for 268Mt were calcu lated 
and stat ic d i pole po larizab i l it ies of the neutral g roup 14 elements were Invest i­
gated . The second part concentrates on mo lecu lar systems i nc l ud i ng superheavy 
element monohydr ides u p  to 120H+) . I n  part icu lar, the chem i cal bond i ng  of the 
superheavy elements 1 19 and 120 are i nvest igated for the f irst t ime .  E lectr ic f ie ld 
g radients of a number of go ld and copper com pounds were also calcu lated and 
the nuclear quadrupole moment of go ld and copper determi ned i n  good agree­
ment with experiment . F i nal ly, the parity v io lat ion energy d ifference i n  the ch i ral 
molecu le bromoch lorof luoromethane (C H FC I Br)  was i nvestigated by relat iv ist ic 
coupled-c l uster theory to prov ide benchmark resu lts for a l l  future i nvest igat ions 
i n  th is f ie ld . 
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Chapter 1 

Introduction and Overview 

Although D i rac h i mse lf, at the t ime he pub l ished h i s  famous re lat iv ist ic wave 

equat ion , wrote that [1] ,  

"The genera l theory of quantum mechan ics is now a lmost complete, 

the imperfect ions that st i l l  rema i n  bei ng in con nection with the exact 

fitt i ng i n  of the theory with re l ativ ity ideas. Th is g ive rise to d iff icult ies 

on ly when h i gh-speed part ic les are i nvolved , a nd  are therefore of no 
importance in the consideration of atomic and molecular structure and 
ordinary chemical reactions, in wh ich it is ,  i ndeed , usua l ly suff ic ient ly 

accurate if one neg lects relat iv ity variat ion of mass with the veloc ity 

and  assumes on ly  Cou lomb forces between the var ious electrons a nd 

atomic nuclei . " 

it is now a wel l  estab l ished fact [2-4] , that one often needs to account for re l a­

t iv ist i c  effects i n  q ua ntum theoret ica l  ca lcu lat ions of atoms and  molecu les. For 

molecu les conta i n i ng heavy atoms, non-relat iv ist i c  ca l cu lat ions w i l l  not even g ive 

q ua l itat ively correct resu lts [4] , a nd  even for molecu les conta i n i ng  l i ght atoms 

re lativ ity is needed for very precise ca lcu lat ions [5] . 

With the term "relativistic effect" one means the d ifference between the a pprox­

i m ative physica l descri pt ion using a non-re lat iv ist ic model and the more correct 

relativistic descr ipt ion .  Th is d ifference is j ust the resu lt of app ly ing d i fferent 

physica l models a nd has no connect ion to rea l ity, as there is no non-relativ ist ic 

molecu le ,  but there a re molecu les which can be descri bed suff ic ient ly by a non­

rel at iv ist ic model . 
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1 2  CHAPTER 1 . INTRODUCTION AND OVERVIEW 

The goa l of th is thesis was to study relat iv ist ic effects i n  heavy and  superheavy 

e lements. For exa m ple  i n  chapter 5 ,  the i nf luence of re lat iv ist i c  effects on the 

stat ic  d i pole-po larizab i l ity of g roup  14  e lements is d i scussed . l t  is shown that  the 

sp i n-orbit effect is neg l ig i b l e  for the l i ghter elements but  becomes essent i a l  for Pb 

as spi n-orbit coup l i ng red uces the polar izab i l ity by 20%.  And i n  chapter 7 ,  the 

e l ectrica l-f ie ld g rad ients of copper- a nd go ld-ha l ides were ca lcu lated , showing the 

i m portance of relat iv ist ic effects. 

The relativist i c  effects in superheavy e lements (Z > 90) are even more dramat ic .  

Su perheavy e lement (SH E )  research faces cu rrently one of the b iggest experi­

menta l  a nd theoret ica l cha l lenges [6] . Th is  mu lt id isci p l i na ry f ie ld com bi nes n u­

c lear physics, atom ic  phys ics ,  theoret ica l  physics, chemist ry and  quantum chem­

istry with state-of-the-art com putat iona l and eng i neeri ng methods. The earl iest 

stud ies of the atom ic  and  chemica l  propert ies of the heaviest act i n ides led to u n­

m atched scient if ic d i scoveries: chemica l  ana lysis of the fi rst attem pts to create 

superheavy e lements led - at fi rst - to the d iscovery of nuclear fiss ion [7 , 8] .  Later, 

systemat ic  i nvest igat ions of fission frag ments led - i n  turn - to the d iscovery of 

the fi rst tra ns-ura n i um e lements [9 , 1 0] a nd opened up the way for the synthesis 

of superheavy e lements. The product ion of ever heavier e lements a nd the i nvest i­

gat ion of the i r  n uclear st ructure a re u n ique  tools to im prove the understand i ng  of 

n uc lear matter a nd nuclear forces u nder ext reme cond it ions .  I n  add it ion va lua ble 

i n formation is a dded to the knowledge of ste l l a r  n uclear synthesis - the mechan ism 

for the creat ion of the chemica l  elements found  on earth .  

C hemica l  chara cterizat ion of  the  nuc lear react ion products was a t  fi rst cruc ia l  

for the e lement identif i cat ion .  Later ,  it was rep laced by the observat ion of cor­

relat ions between reco i l -n uclei a nd  subsequent a-decay cha ins .  Today, both ap­

proaches a re be ing com bi ned and  a re supported by re lat iv ist ic n uclear and  e lec­

t ron ic  structure ca lcu lat ions to face the demand i ng cha l lenge of unambig uous 

isotope identif i cation ,  as  has been demonstrated very recently for superheavy el­

ements up to n uclear charge 1 14 [ 1 1 ] . Due to the development of powerfu l laser 

systems du ring the last decades, atom ic  physics methods have a lso ga i ned i m por­

tance i n  t h is f ie ld as wel l .  These i nvest igat ions a im  for a better u nderstand i ng  of 

the e lectron i c  structu re i n  the strong nuclear f ie lds of the heaviest elements and  

y ie l d  i nformat ion on the i r  atom ic  and  n uclear propert ies. 
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Superheavy e lements ca n on ly be prod uced i n  n uclear fusion rea ct ions a t  heavy 

ion acce lerators at rates around one atom a day [ 12] . Typ ica l  h a lf l i fe t imes i n  

the order of  m i l l iseconds hamper a ny attempt to prod uce macroscop ic- and  thus 

v is ib le a mounts of the heav iest members of the period ic ta b le .  Comb in i ng  meth­

ods for product ion ,  stopp ing and coo l i n g  of s ingle superheavy ions may not on ly 

render these e lements v is ib le but may a lso pave the way for prec is ion spectroscopy 

with u ltracold ions which have been i naccess ib le so far. But for the i nterpretation 

of the spectroscop ic  data , accurate re lat ivist ic structure calcu lat ions are essent ia l  

to ass ist a nd i m prove the experiment .  

I n  cha pter 4 ca lcu lated , K- and L-she l l ion izat ion potent ia ls of  the  superheavy 

element Meitner ium are shown and  d iscussed . This was motivated by the obser­

vation of a 155 keV photon i n  a n uc lear decay cha i n  at the GS I  i n  Darmstadt. 

Exper imenta l ists exp la i ned th is by a possi b le X- ray tra nsit ion d u ri ng  the decay 

process. Therefore a D i rac- Hart ree-Fock study was performed to ga i n  more i n­

s ight i nto the X- ray transit ions of Meitneri um .  P ropert ies of superheavy hyd r ides 

a re d iscussed 1 n  deta i l  i n  cha pter 6 .  

To obta i n  extremely h igh precis ion resu lts for atomic propert ies o n e  has to go 

beyond re l at iv ist i c  quantum mechan i cs a nd use quantum elect rodynam ics ( Q E D ) ,  

t h e  relat iv ist ic quantum f ie ld theory of the i nteract ion of charged part ic les and  

photons. The pred ict ions of  the  theory are i n  remarka bly good ag reement with 

the resu lts of experiments [ 13-15] . 

The basic structure of QED is q u ite the  same as it was soon after the i n i t i a l  

form u lat ion of renorma l izat ion methods i n  the late 1 940s [ 16-18] . and app l i­

cat ions to bou nd-state prob lems i n  the 1950s [ 19-23] . S i nce t hen ,  QED has 

been wel l  esta b l ished and  has provided the underp i nn i ngs of the theory of a wide 

ra nge of phenomena ra ng ing from propert ies of s ing le part ic les [ 14] to com p lex 

atoms [24] . materia ls [25] a nd even chem ica l prob lems [26] . However, practical 

computat iona l  d i ff icu lt ies have l im ited d i rect app l icat ions of the theory to on ly 

the most s imple systems. Even in one-electron atoms, the ca lcu l at ions based 

on QED are form idab le tasks, but often necessary to make pred i ct ions that a re 

correct at the level of precis ion of cu rrent experi ments. 

I n  recent years ,  this s ituation has been chang i ng ,  and the doma in  of pract ica l  a p­

p l i cat ions of Q E D  has been expa nd i ng  ra p id ly. New techn iq ues i n  non-pertu rbat ive 

stud ies of Q E D  have been successfu l not on ly in improving the precis ion of ca l-
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cu lat ions .  but a lso i n  expa nd i ng the pract ica l ra nge of appl ica b i l ity, part icu l arly to 

h i gh ly ion ized atoms a nd i n ner levels of heavy neutra l atoms,  where pred i ct ions 

are necessary to i nterpret experi menta I resu I ts qua ntitatively. 

Quantum electrodynam ics is one of the most wel l  tested theories i n  physics .  

However, despite the enormous success of Q E D  in pred i ct ing the propert ies of 

e lectrons i n  wea k externa l  f ie lds ,  the theory is not tested very wel l  in the strong 

f ie ld  l im it .  Th us, one  of the pr imary goa ls  i n  future research is to exp lore the  

behavior of  e lect rons i n  some of  the strongest e lectromagnet ic fiel ds a ccess ib le  

to exper imenta l  i nvest igat ion .  For i nsta nce , the electr ic f ie ld  strength at the 

surface of a u ra n i um  nucleus with a rad ius of 7 . 42 fm , wh ich amounts to E � 

2 x 1 019 V /cm ,  or the f ie ld of the magnet i c  moment of the nucleus �0jl Bi  at 

the nuc lear su rface that g ives a maximum magnetic f ield st rength of about B = 

1 012 Gauss. 

E lect rons in i n nermost bound states experience the largest overl ap  with t h is strong 

f ie ld doma i n .  P recis ion measu rements of e lectron b ind ing energ ies a nd t ra ns it ion 

rates a re best su ited to deduce characterist i c  Q E D  phenomena i n  i ntense f ie lds .  

The b i nd i ng energy of a s i ng le  K-she l l  e lectron in the Coulomb f ie ld of a u ra­

n i um n ucleus amounts to a bout 132 keV, wh i ch corresponds to rough ly one t h i rd 

of the e lectron rest mass. I n  th is case, the  rad i a l  expectat ion va l ue of the 1s 

wave funct io n ,  (r )I5 = 7 1 5  fm , is the same order of magn itude as the Compton 

wavelength of the  e lectron .  

a ) b ) c) 
F igure 1 . 1 :  Lowest order Feynman d iagrams for the self-energy (a ) , vacuum polar ization 

( b ) and the Breit interact ion (c) of bound electrons. 

The fundamenta l processes under considerat ion are dep icted by the Feynman  

d iag rams i n  F ig . 1 . 1 .  The  doub le l i nes denote the  motion of  the  elect ron i n  the 

externa l  Cou lomb  f ie ld of the  nuc leus .  Here the Fu rry pictu re [27] is adopted 

i n  wh ich the  i nteract ion with the externa l  potent ia l  is i ncorporated i n  the  wave 

funct ion a nd the  propagator from the very beg i n n ing .  Hence, p l ane waves or free 



1 5  

propagators , wh ich do not account for the externa l  potentia l ,  a re avoided . 

Part ( a )  i n  F i g .  1 . 1  i nd i cates the self-energy, where a photon is em itted a nd 

reabsorbed aga i n  by the bound e lectron .  Due to the relat ively small mass of 

the elect ron ,  th is v i rtua l  process of the bound  particle dom inates the Q E D  level 

sh ift in hyd rogen- l i ke atoms. Part (b )  reflects the vacuum polar izat ion where the 

photon med iat ing the i nteract ion between the e lectron and the nucleus v i rtua l ly 

generates a n  e lectron-pos itron pa i r .  For a n  i m press ion concern i ng the im porta nce 

of both rad iative processes one considers the associated energy sh ift for a K-shel l 

e lect ron in  hyd rogen- l i ke ura n i um .  The sum of the vacuum po lar i zat ion and self­

energy correct ion amounts to 266 eV which shou ld  be com pared with the tota l 

1 s  b ind ing energy of 1 32 keV. The cu rrent exper imenta l uncerta i nty sums up  to 

1 6  eV [28] , wh i le futu re precision measurements m ay lower th is boundary down 

to  0 . 1  eV. 

Trad it iona l ly, Q E D  correct ions are treated in a pertu rbation expa nsion in the  

f i ne  structure constant a c::: 1/ 137 represent ing the number of  v i rtua l  photons .  

Superim posed on th is ,  one consrders i n  every order i n  a an add it iona l  expans ion 

rn Za, the cou p l i ng consta nt to the externa l  f ie ld with nuclear charge n u m ber 

Z. An essent ia l  aspect of strong-fie ld bound  state qua ntum e lect rodynam ics is 

the avoidance of a ny expa ns ion in Za in order to i ncorporate the externa l  f ie ld 

exact ly. 

The determ i nat ion of rad i at ive correct ions i n  atom ic  states started i n  1935 when 

Ueh l i ng pub l ished h is ca lcu l at ion of the lowest-order vacuum po lar izat ion [29] . 

I n  1947 Lam b  a nd Retherford detected the spl itti ng  of the 2p1;2 and  the 2s1;2 
states i n  hydrogen which i n it i ated extensive deve lopments i n  theoret ica l  resea rch 

on QED correct ions in  atoms [30] . 

The i nvest igat ion of Q E D  effects i n  many e lectron atoms was a nother goa l  of 

this thesis used l ater i n  the work for Meitneri u m .  I n  cha pter 3, a sem i-emp i r ica l  

rad iat ive potent ia l  for the self-energy is d iscussed , wh ich was im plemented i nto the  

program package GRASP. The vacuum-polar izat ion and  self-energy contri but ion  

as  wel l  as the Breit i nteract ion to the  ion izat ion potent i a l  were ca lcu lated for a l l  

g roup 1 ,  2 ,  1 1 ,  1 2 ,  1 3  a n d  18 atoms. 

For an  understand ing  of chem istry, fundamenta l forces other than  the e lectro­

magnet ic force ( na mely the g ravitat iona l ,  strong , a nd weak force) can usua l ly be 

safely neglected . l t  is nevertheless very tem pt i ng ,  a l be it extremely cha l leng i n g ,  
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to t ry to observe the i nf l uence of the  weak i nteraction on  mo lecu lar systems d i­

rectly, as th is wou ld  enab le low energy tests of the wea k  interaction [31 ] . This 

extremely wea k  a nd short-ra nged i nteract ion is of part icu la r  i nterest s i nce it shows 

preference for part ic le  he l ic ity, for i nstance i nvo lvi ng  a lmost exc l usively left-handed 

electrons [32] . As n i cely shown by Wu et a l .  in the ,(3-decay of cobalt rad ionu­

cl i des [33] the wea k  i nteract ion brea ks pa rity sym metry as fi rst proposed by Lee 

a nd  Yang  [34] . As a consequence of th is pa rity symmetry breakdown ,  com monly 

ca l led parity-v io lat ion ( PV) ,  the two "ena nt iomers" of a ch i ra l molecule become 

str ict ly spea k i ng  d i astereomers, t hus caus ing a sma l l  energy d ifference between 

the m .  

T h e  m a i n  obstac le for the observat ion of P V  effects is its t i n i ness. For i nsta nce, 

in t he case of a m inoac ids ,  the theoret ica l  PV energy differen ce ( PVED)  between 

the two ena nt iomers is on the order of 10- 16 kJ mol-1 [35 ,  36] wh ich , com bi ned 

with its s ign if ica nt var iat ion as  a funct ion of molecu lar structu re, prec ludes a ny 

d i rect l i n k  between PV and b iohomoch i ra l ity un less a conv inc i ng  a m pl if ication 

mechan ism can be found [37-39] . To measure such m i n ute energy d ifferences 

fu rthermore ca l ls for very accurate experiments wh ich have to be ded icated so lely 

to its observat ion . On ly a few scientif ic g roups i n  the world have performed 

experiments a i m i ng  at detect i ng  PV effects i n  molecu lar  systems, but with no 

c lear-cut success so far [40-42] . 

A prom is ing new exper imenta l setup  has been proposed by Cha rdonnet and  eo­

workers [42 , 43] . l t  a ims at detect ing  PV vi brat iona l  trans it ion frequency d ifference 

by m olecu lar beam spectroscopy usi ng a two-photon Ramsey-fri nges exper iment .  

A sensit iv ity of 0 . 0 1  Hz  is expected , but the choice of the ca nd idate molecule 

a nd  the preparation of its ena nt iomers are cruci a l  for a ny successfu l experiment .  

The idea l  ca nd idate ch i ra l  molecu le for the exper iment shou ld :  ( i )  be ava i l ab le  i n  

l arge enant iomer ic excess or, i dea l ly, i n  enant iopure form; ( i i )  show a large PV 

frequency d i fference of an i ntense fundamenta l  transit ion idea l ly wit h i n  the C02 
laser operat i ng ra nge (850 - 1 1 20 cm-1); ( i i i )  not be too bu l ky s i nce the sensitivity 

of the experiment w i l l  be l a rge ly determ i ned by the part it ion fu nct ion of the 

molecu les in a su person ic  beam where the i nterna l  degrees of freedom are frozen 

down to about 1 K; ( iv) avoid n uc le i  with quad ru polar moments; and  (v) preferably 

sub l imate without decom posit ion for i nject ion i nto the Fa bry- Perot cav ity of the 

experiment ,  a lthough l aser ab l at ion techn iques may a lso be envisaged . 
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Prior to  2002 sm a l l  organ i c  ch i ra l  molecu les such as a m inoacids, ch i ra l  confor­

mat ions of hydroperoxides [44 , 45] or heteroha logenometha nes [43 , 46-48] were 

extensively stud ied .  Among the latter, bromochlorofl uoromethane ( C H FCIBr) 

has drawn part icu lar  attent ion due to its structura l  si mp l ic ity [49] . However, 

such a ch i ra l  molecu le ,  a lthough a good model , shows a ca lcu lated PV too 

sm a l l  [48 , 50 ,  51 ]  ( a  few m Hz) to be c learly observed consideri ng today's best ex­

peri menta l resolut ion of around 1 Hz  [52] . Recently, c h i ra l  ha logenated adaman­

ta nes and  cubanes have been synthesized , but they were found  to show very low 

PV effects [53] . 

S i nce 2002, ch i ra l  meta l  transit ion com plexes beari ng heavy atoms have attracted 

part icu la r  mterest. Cons ideri ng t hat the PVED sca les a pprox imately as Z5 (where 

Z is the atom ic n u m ber) [54-57] , theoret ica l stud ies c lear ly favor ch i ra l  com­

pounds with a heavy atom at or near the stereochem ica l  center for large PV 

effects . I ndeed, ch i ra l  go ld ,  mercury, i r i d i um ,  osm i um a nd rhen i um complexes 

were ca lcu lated to be favora b le ca nd idates for PV observat ion by Schwerdtfeger 

and  eo-workers [58-60] . as well as b ism uth compounds by Lazzeretti and  eo­

workers [6 1 ] . The a im  of the last chapter is actua l ly to ca lcu late the PVED of 

the molecu le C H FC IB r  at the coup led-cl uster level of theory, wh ich w i l l  serve as 

a future benchmark reference va l ue . 
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Layout of this thesis 

The thesis presented here is d iv ided i nto t h ree parts: 

1 .  The fi rst part g ives an i nt roduct ion to the methodology, sta rt ing from rela­

t iv ist ic q ua ntum mecha n ics (chapter 2 . 1 ) ,  fo l lowed by a deta i led d iscussion 

of qua ntum theoret ica l  a pprox imat ions (chapter 2 . 4) . 

2 .  The second  part dea ls  with atomic  systems . I n  chapter 3 ,  ca lcu l at ions of 

the K-she l l  a nd  L-she l l  ion izations potent i a ls of  Meitner i um  are presented . 

Then resu lts of quantum-electrodynam ic  ca lcu lat ions of bound state QED ,  

obta i ned by i m p lement ing a new effect ive potent i a l  for t h e  e lectron self­

energy i nto the progra m  package G RASP, ( chapter 4) are shown .  In chap­

ter 5 ,  the spi n-orbit effects of the static d i po le polar izab i l ity of g roup  1 4  

e lements a re i nvest igated by re lat iv ist ic cou p led-cl uster ca l cu lat ions. 

3 .  The th i rd part is ass igned to molecu l a r  systems. In chapter 6 ,  mo lecula r  

propert ies of  superheavy hydrides are ca lcu lated by density funct iona l  theory 

and  the inf l uence of re lat ivist ic  effects are d iscussed .  E lectrical f ie ld g rad i­

ents of co i nage m eta l  ha lides , wh ich were used to ca lcu late precise n uclear 

quadrupo le moments of 63Cu  and 197 Au, are presented i n  cha pter 7. F i na l l y, 

i n  cha pter 8 ,  parity v io lat ion effects due to electroweak i nteract ions i n  the  

molecu le  C H FC I B r  a re ca lcu lated at the coup led-cl uster level of  theory by 

ut i l iz i ng the f i n ite-f ie ld method for the pa rity v io lat ion operator. 



Chapter 2 

Theory and Methodology 

In th is thesis ,  electron ic  propert ies of atoms and  molecules are stud ied by theoret i­

cal methods with i n  a relativist ic fra mework .  For a correct but yet computat iona l ly 

feas ib le descri pt ion  of these quantum systems, a variety of d ifferent methods and  

approx imat ions have to  be app l ied . Th is chapter g ives a short overv iew on  the 

app l ied methods. A more deta i l ed descri pt ion can be found i n  standard references 

and  textbooks on e lectron ic structure t heory [62-67] . 

2 . 1  The D i rac Equation 

The qua ntum mechan ica l  equat ion descri b i ng the  relativ isti c motion of  a sing le 

e lectron of mass m in a stat ionary state and a fixed externa l  f ie ld V may be 

written as 

Aw = E1/J, (2 . 1 )  

where A i s  the D i rac Ham i lton i an  ( i n  S I  u n its) 

( 2 . 2 )  

I n  equat ion (2 . 1 ) ,  t he  e igenfunct ion 1jJ is a four-component spi nor that conta i ns 

two la rge com ponents ( L) ,  which passes to the  correspond ing non-re lat iv ist i c  wave 

functions for the two poss ib le spi n orientat ions i n  the l im it c -t oo for the veloc ity 

1 9  
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of l ight ,  and two sma l l  com ponents ( S )  which va n ish i n  the non-re l ativist ic l im it .  

1/J= ( �:) 
1/J} 

1/J� (2 .3 )  
wr 
wi 

The Ham i lton i a n  g iven i n  (2 . 2 )  is a matr ix operator i n  which p is a th ree-vector 

whose e lements corresponds to the com ponents of the momentum p, = - ih8i 

( i  = x , y ,  z ) .  Thus ,  i n  coord i n ate representat ion ,  5. is a th ree-vector whose 

e lements a re the  matr ices 

0 0 0 1 
0 0 1 0 ( :, �) ax = 0 1 0 0 

(2 .4) 

1 0 0 0 

0 0 0 -I 

0 0 0 
= ( :, 

a; ) a -y-
0 0 0 -I 

(2 .5 )  

0 0 0 

0 0 1 0 

0 0 0 - 1 (:, a; ) az = 
1 0 0 0 

(2 .6 )  

0 -1 0 0 

The com ponents of 5. m ay be written i n  terms of the Pa u l i  sp i n  matri ces 

a, = ( � �) (2 .7 )  

C!y = ( � -n (2 .8 )  

C!z = ( � �1) (2 .9 )  
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wh ich satisfy the com m utat ion relat ions 

{3 is the matr ix 

( O"o 0 ) 
{3 = 0 -O"o 

1 0 0 
0 1 0 
0 0 -1 

0 
0 
0 

0 0 0 -1 

where u0 is the  2x2 un it matrix .  The D i rac eq uat ion reads than  

V'I./JL + c(a. f))ws 
c(iJ · p)'I./JL + (V- 2mc2)'1./J5 
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(2.10) 

(2.11) 

(2.12) 

The eigenva lue spectru m  (sh ifted by -mc2) is shown schematica l ly i n  F ig . 2.1. 
l t  is made up  of two parts . The f i rst , i n  the i nterva l ( -oo, -2mc2 ) , corresponds 

to the negat ive energy states , a nd the second ,  in the i nterva l (0, +oo) , to the 

pos itive energy states . 

The so l ut ions with a posit ive energy describe the electron ic  continuum . The 

states with an energy below -2mc2 descr ibe the "positron i c" conti nuum . How­

ever, the i r  presence is i ntolerab le ,  as they make a l l  posit ive energy states u nsta b le  

i n  the f i na l  a na lys is .  The presence of negative energy states has been d iscussed 

i ntensively in the l iterature a nd a proper descri pt ion is on ly obta ined i n  the fra me­

work of quantum-electrodynam ics. 

2.1.1 The Dirac-Coulomb problem 

I n  a fi rst approx imat io n ,  the energy levels of one-electron atoms a re g iven by the 

solut ions of the  Schrbd i nger equation for a n  e lectron i n  the f ie ld  of a n  inf in itely 

heavy Coulomb  center with charge Z 

(2.13) 
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free part i cle  z V= - ­
r 

2s 2n_ � 
1s - �  

Figure 2 . 1 :  Spectru m o f  a free D i rac part ic le  a n d  the D i rac-Cou lomb problem 

where n is ca l led the pri ncipa l quantum number .  Each state is com p letely de­

scr ibed by the pri nc ipa l  q uantum number ,  the va lue of the a ngu l a r  momentum I 

and  the project ion of the angu l a r  momentu m m1. I n  the non- re lativistic Cou lomb 

prob lem a l l  states with the same princ ipa l  q ua ntum num ber have exactly the 

same energy wh ich means that the energy levels of the Schrbd i nger equat ion in  

t he  Cou lomb f ie ld  are n-fo ld  degenerate with  respect to the a ngu lar momentum 

q ua ntum num ber. As i n  a ny spher ica l ly sym metric problem , the energy levels i n  a 

Cou lom b f ie ld do not depend on  the project ion of the orbita l a ngu lar momentum ,  

a n d  each energy level with g iven I is add it iona l ly 21 + 1-fo ld degenerate .  The 

re lat ivist ic  dependence of the energy of a free classica l part ic le on its momentum 

is  g iven by the  re lat ivist ic  square root 

(2.14) 

The k i net ic  energy operator i n  the Schrbd inger eq uation corresponds to the sec­

ond  term of th i s  non- re lativ ist i c  series expa nsion ,  a nd thus the Schrbd inger equa­

tion descri bes on ly the lead i ng  non-re lat iv ist ic approx imat ion to the hydrogen 

energy levels . 

A proper descr iption of a l l  rel at iv ist i c  correct ions to the energy levels is g iven by 

the  D i ra c  equat ion with a Cou lomb sou rce. A l l  re l ativist ic correct ions may eas i ly 



2. 1 .  THE 0/RAC EQUATION 23 

be obta i ned from the exact solut ion of the D i rac  equat ion i n  a n  externa l Cou lomb 

f ie ld 

(2.15) 

where j = 1/2, 3/2, . . . , n- 1/2 is the tota l angu la r  momentum of the state. 

351;2 � 

3P3/2 � 

3 Pl/2 � 

2P3/2 � 

2S1;2 � La m b  
I sh ift 2P1;2 � 

1 S1;2 � 

1057 M H z  

Hyperf ine structure 
1420 M Hz 

3Ds;2� 
303/2� 

F i ne structu re 
1 0 . 9  G Hz 

Figure 2 .2 :  Low-lyi ng  energy levels of  hydrogen 
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The mam d ifference of the D i rac  spect rum ( F i g .  2 .2 )  compared to the non­

relat iv ist i c  one is that the  energy leve ls with the sa me pri nc ipa l  quantum number  

but d i fferent tota l  angu la r  momentum a re sp l i t  i nto n com ponents of the f ine 

structure .  H owever, not a l l  degenera cy is l i fted: the  energy levels correspond i ng 

to the same n a nd j but d ifferent I = j ± 1/2 va l ues rema i n doubly degenerated .  

Th is degeneracy i s  l i fted by the correct ions con nected t o  the f in ite size of t he 

Cou lomb sou rce , reco i l  contribut ions and  by the dominat ing QED loop contri b u­

t ions .  The respect ive energy sh ifts a re ca l led La m b  sh ift .  

The magnet ic  moment of  the  heavy nuc leus is completely ignored i n  the D i ra c  

equat ion and  hence t h e  hyperf ine sp l itt i ng  of t h e  energy levels i s  m issi ng i n  t h is 

spectrum .  

2 . 2  The M a ny- Electron P roblem 

As atoms and  molecu les a re com posed of  e lectrons and atom ic  n ucle i , a correct 

descri pt ion of such systems req u i res a com plete picture of a l l  m utua l  i nteractions , 

but it is c lear that such a descri pt ion can on ly be a pprox imate .  Let us brief ly rev iew 

the  approx imat ions i nvolved . 

F i rst , the  Born-Oppenhe imer approx imat ion is i n herently i ncompatib le with the  

theory of  spec ia l  relat iv ity s ince i t  s ing les out  a preferred reference fra me,  name ly 

the fra me  i n  wh ich n ucle i  can be t reated as stat ionary sources of externa l  f ie lds. 

Relat iv ist ic  correct ions to the nuclear mot ion a re ,  however, expected to be very 

sma l l .  The advantage of the Born-Oppenhe imer approx imat ion is that it reduces 

the  com plexity of the  molecu lar  descri pt ion and  a l l ows to focus on the e lectron ic  

deg rees of  freedom .  The e igenva l ues of  the elect ron ic  H a m i lton i an  defi ned by the  

Born-O ppen hei mer a p prox i mat ion a re assumed to vary smooth ly as a funct ion of 

n uclear coord i nates . Th is leads to the concept of molecu lar potent i a l  energy 

su rfaces . 

Second , a l l  hyperfi n e  effects a re neg lected , which leads to a t ime reversa l  sym­

metr ic H a m i lton i a n .  

Th i rd ,  t he  descr i pt ion o f  even a s ing le e lect ron i n  the molecu lar  f ie ld leads to 

a many-body prob lem d ue to the possi b le  creat ion of v i rtua l  electron-positron 

pa i rs .  The proper t reatment of the problem can on ly be obtai ned with i n  t he  
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fra mework of QE D ,  which a l lows the n umber of part i cles i n  the system to vary. 

One can avoid  to work with the fu l l  mathemat ica l  mach i nery of QED by invok ing 

the no-pa i r  a pproximation , wh ich means to neglect a l l  pa i r  creat ions .  Therefore 

one rema i ns with i n  the fra mework of D i rac's ho le theory with the D i rac sea of 

negat ive energy e lectrons at a l l  t i mes com p letely fi l led . lt corresponds to work ing 

with c lassica l f ie lds a nd imp l ies neg lect of QED effects, such as se lf  energy and 

vacuum pol a rizat ion , wh ich represent the i nteraction of the electron with the zero­

po i nt f luctuat ions of the qua ntized elect romagnetic and D i rac f ie lds ,  respect ively. 

The use of the  D i rac  Ham i lton i a n  as a re l ativist ic su bst it ute for the one electron 

terms in the non-re lat ivist ic ma ny-body Ham i lton ian yie lds the D i rac- Coulomb 

H a m i lton i an  [68] . Th is Ham i lton i an  ca n be ut i l ized i n  conjunction with a Hartree­

Fock  l i ke wave-fu nction in what is known as the D i rac-Hartree-Fock ( D H F) 

method , wh ich  has a spec ia l  status i n  q uantum chem istry. lt is often used 

to benchmark re lat iv ist ic effects in the absence of e lectron corre lat ion .  Such 

bench mark ca lcu l at ions prov ide a n  est i m ate of accu racy of more approximate 

methods, wh ich attempt to inc lude relat iv ist ic effects as a perturbat ion of the 

non- rel ativ istic Ha rtree-Fock case,  as wel l  as  methods which emp loy transformed , 

s imp l if ied vers ions of the Dirac-Cou lomb Ham i lton i an  [69] . 

The ca pabi l ity of the Oirac equation to describe the relativist ic i nteraction of 

e lectrons with nucle i  makes it a good start ing poi nt for a re lat iv ist ic m any-body 

Ham i lton ia n .  The relativist ic  e lectron interaction can be approxi m ated by the 

non- re lat iv ist i c  Cou lomb operator gfJ = 1/ rfJ , a lthoug h the h i gher  order Breit 

correct ions become im portant i n  h ig h-precis ion atom1c ca lcu lat ions .  The D i rac­

Cou lomb Ha milton i an  for a molecu lar system of n electrons i n  the f ie ld of N fixed 

nuc le i  is then g iven by ( i n  atomic  un its) 

� � �o '\:"' 1 
Hoc = L hf + L � + VNN i i<j f) 

= t(c(cii ·Pi)+ mc2{3f + Vnuc) + L: + VNN. 
i i<j f) 

where the last term is the Coulomb i nteraction of the nuc lei 

(2 . 16 )  

(2 . 17 )  
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and the D i ra c  m atr ices in  the standard D i rac-Pau l i  representation for part ic le i 

5.; = ( � a ) , {3; = ( ao 0 ) . 
a 0 0 -ao 

The e lectron-nucleus i nteraction Vnuc is i n  genera l  represented by 

V. (-) 
""""' PN(G) d-

nuc r; =- L....t 1 _ _ 1 r;, 
a r; - ra 

(2 . 18 )  

(2 . 19) 

where PN i n  the  n uclear charge d istribut ion .  The associ ated wave equat ion 

Hoc\!! = EW is not Lorentz i nvari ant ,  and as a result Hoc does not represent 

a proper re lat iv ist i c  Ham i lton ia n .  I n  order  to obta in  a two-electron i nteract ion 

term wh ich is consistent with specia l  relat iv ity, it is necessary to ut i l ize q uantum 

electrodynam i cs ( QED) .  

2 . 3  The D irac-Hartree- Foc k  Approach 

Ana logous to H art ree-Fock theory, the D i ra c- Hartree- Fock ( D H F) m ode l  beg i ns 

with the assumpt ion that a n  n-e lectron wave-function W can be a pprox imated by 

a tr ia l  funct ion correspond ing to a S later determ inant of orthonorma l  orbita ls :  

w � A (�]'wn) ( 2 . 20) 

1/J1(fi) 1/J2 ( fi) Wn(fi) 

1 1/J1 ( 0) 1/J2 ( r;) Wn(f2) 

JnT 
1/J1(1'n) 1/J2 ( Fn) Wn("fn) 

where A is the  a nt isymmetrizer operator a nd  the 1/Jk are molecular 4-sp i nors of 

the form ( 2 . 3 ) .  The expectation value of the  tota l energy is 

E = (WIHociW) 
n � 1 n = L(W;Ihoi1/J;) + 2 L ((1/J;'l/J;IWJWJ)- (1/J;WJIWJW;)) · 
i i.) 

( 2 . 2 1 )  
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where the Mu l l i ken notat ion for the two-electron i nteg ra ls is used 

(2 .22 )  

The  s ing le-part ic le  4-sp inors are expa nded i n  separate sca lar fu nct ion basis sets 

for the large {XL} and  sma l l  {x5} component parts, 

1jJ }ex L L Lex 1.1. x�.�.c�.�.k 

1/J�{3 L L L{3 

Wk = �.�. x�.�. cJLk (2.23) 
w;ex L 5 Sex 

v XvCvk 
w;{3 2..:: s s{3 

v XvCvk 

This method has been adopted from non-re lat iv ist ic mo lecu l ar theory, where it 

was fi rst i ntroduced by Roothaa n .  The energy is thus parameterized i n  terms of 

the complex expa nsion coeff i c ients { c}. Ut i l i z i ng  the  variat iona l  pri nc ip le leads ,  

as i n  non-re lat iv ist ic  theory, to a pseudoeigenva lue  eq uation 

Fe= E Se. (2.24) 

A major d ifference, however ,  is that matr ices a nd  vectors may be complex .  I n  a 

rea l basis , the over lap m atrix S is rea l and b lock d i agona l  with e lements 

X, Y = Lex, L{3, Sex, 5{3 ,  (2.25) 

The Fock-matrix F is conven ient ly sp l it up i nto two parts . The one-e lectron Fock 

matrix F[l] is the m atrix representation of the D i rac  operator in the cu rrent basis 

VLL -icdLS 
z 0 -icd�5 

F[ll = -Jcd5L wss -icd�L 0 z (2.26) 
0 -JcdLS VLL JcdLS 

+ z 

-Jcd5L + 0 icd5L 
z wss 
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where 

v�:y = (x�IVIxn 

w;vy = (x�IV - 2mc2lx�) 

d::v = (x�l : )x�) 

xY ( xl 
a . a I y) d±.�v = X� ax ± I ay Xv 

The two-electron Fock matrix is g iven by 

JLa 0 0 0 

FJ = 
0 jSa 0 0 

0 0 JL/3 0 

0 0 0 jS/3 

KLaLa KLaSa KLaL/3 K LaL/3 

FK = - KSaLa KSaSa K SaL/3 K SaL/3 

K L/3La KL/3Sa K L/3L/3 K L/3L/3 

KS/3La KS/3Sa K S/3L/3 K S/3L/3 

( 2 . 27 )  

(2 .28 )  

(2 .29 )  

( 2 . 30)  

( 2 . 3 1 )  

(2 .32)  

(2 .33)  

As i n  the non- re lat ivist ic  theory i t  ca n be d iv ided i nto a Cou lomb contr ibut ion 

J:: = I: I: Dr:(x�x�lx�xn ( 2 . 34) 
X >..K. 

a nd a n  excha nge contr ibut ion 

K:: = L D�:(x�x�lx�x�) . ( 2 . 35 )  
>.,K. 

The contr ibut ions are defi ned i n  terms of the back-tra nsformed density matrix 

( 2 . 36 )  

The genera l ized matr ix e igenva lue prob lem (2 . 24) is t he  so l ut ion to t he  D H F  

prob lem ut i l i z ing a f in ite basis set. l t  has to be solved iteratively i n  a self-consistent 

m a n ner for a g iven set of posit ions of the atom ic  centers. With this e lectron ic  
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so lut ion ,  the forces on the nucle i  resu lt ing from the e lectron d istribut ion can be 

ca lcu lated . Hence a fter each e lectron i c  convergence step the atoms are moved 

a long the forces fo l lowing by a new electron i c  step .  This is repeated unt i l  the 

forces a re below a certa i n  th reshol d .  By th is  out l i ned procedure ,  the  geometry 

and  the e lectron ic structure of a molecule can be obta i ned at the D H F  level . 

lt is obvious that for large basis sets the d i mensions of the matr ices become 

qu ite l a rge ,  which resu lts i n  the need of enormous com putat iona l  resources to 

d i agona l ize the equat ions 

2.4 Basis Sets 

The 4-sp i nor wave funct ion is usua l l y  parametrized in molecu la r  ca lcu lat ions by 

expa nd i ng  the s ing le- part ic le sol utions i n  a set of ana lyt ic bas is fu nctions. The 

cho ice of basis set is a l most exc l usively g iven by a set of atom i c  centered S later 

or Gauss i an  fu nct ions .  Gauss ia n basis sets h ave become pa rt icu lar ly popu lar .  

With t h is choice, the most t ime-consum ing integra ls i n  molecu lar ca lcu l at ions ,  

the two-electron i ntegrals ,  can be ca lcu l ated extremely eff ic ient ly. 

I n  D I RAC [70] , the 4-sp i nors are expa nded in sca lar  basis funct ions ( 2 . 23 ) . Atomic 

centered cartes ian Ga uss ians 

( 2 . 37)  

are used , where i + j + k = I is the a ngu lar  quantum num ber, A refers to the 

nuclear center and N is a norm a l izat ion consta nt . For a g iven quantum number 

I there a re �( I+ 1 ) (/ + 2) cartes i an  Ga ussia ns . This basis set for a g iven I va lue 

may be t ra nsformed to a set of ( 21 + 1 )  spher ica l Ga uss ians, 

( 2 . 38 )  

w i th  the  restriction n = I+ 1 ,  where Ylm(e, cf>) a re the  spheri ca l harmon ics .  i t  is 

a lso poss ib le  to tra nsform d i rect ly to a set of 2-spi nor Ga uss ians of the form 

( 2 . 39)  

where XK . .m1 is the angu lar part of the hydrogen i c  so l ut ion to t he D i rac equat ion . 
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lt is tempt ing to assume that  the basis for the large com ponent shou ld be qu ite 

c lose to the non- re lat iv ist ic bas is .  Wh i le th is ho lds for l i ghter e lements, it is 

norma l ly not accurate enough for heavy e lements .  Usua l ly h igher exponents are 

req u i red for a n  accurate descript ion of the re lat iv ist ica l ly cont racted inner shel ls. 

Furthermore orbita ls  w ith I > 0 are sp in-orbit sp l i t  i nto two com ponents , wh ich 

may have the ir  max ima qu ite apart from each other .  

An im porta nt feature i n  4-com ponent ca lcu lat ions is that the basis sets for the 

l arge and  the sma l l  component shou ld not be chosen i ndependently due to the  

apparent coup l i ng between  both com ponents. The re lat ionsh i p  between the large  

and  sma l l  components o f  t he  bound state 4-spi nor solut ions may for a one-electron 

atom be written as 

[ E V] -1 
B ( E) = 1 + 2mc2 

I n  the non-relat ivist ic  l i m it ,  the operator B ( E) tends toward un ity, so that 

l im  2mc1/;5 = (i'J · p)'l/JL 
C-HXl 

( 2 .40 ) 

(2 .41 ) 

Th is observation forms the  basis for the k inet ic ba la nce condit ions [7 1 ] . The 

operator (5 · p) act i ng  on a large basis function generates a l i near combinat ion of 

basis fu nct ions .  I n  the u n restricted ki net ic  ba la nce ( U RK) approa ch no such fixed 

combinations a re assumed , and  a l l  Gauss ians generated (2 .41 )  a re i ndependently 

used as basis funct ions 

(2 . 42)  

From th is it is obvious that the number of sma l l  com ponent basis functions is 

a pproxi mately twice the n umber of l a rge com ponent basis functions. In a basis 

of 2-spi nor Gaussians ,  the rest ricted k inetic ba l ance ( RKB) leads to a one-to-one 

m atch ing  of the  la rge and the sma l l  com ponent basis due to the ir  K.-dependence. 

In a sca la r  basis , however ,  the rat io between the number of sma l l  a nd l a rge basis 

fu nct ions wi l l  be exact ly two for a l l  I val ues . The resu lt ing basis set is best 

expressed in terms of spherica l Ga ussia ns 

L { a } 5 { a ( 2a r2 ) a } X = Gt+1.tm -7 X = Gt+2.1+1.m• 21 + 1 - 1 G/,/-1.m · (2 .43)  
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I n  summary, ki net ica l ly ba l a nced basis sets g ive energy eigenva lue spectra for 

mo lecu la r  and  atom ic  systems that consist of cont i nuum so lut ions below -2mc2 

and  above 2mc2 as wel l  as bound state solut ions i n  the gap  below 2mc2 There is a 

str ict separat ion of posit ive a nd negative energy states for any reasonble chem i ca l  

system ,  a n d  t h e  e lectrons of the system are a l lowed t o  occupy on ly positive energy 

states . The ca lcu lated energ ies converge towards the exact sol ut ions when the 

bas is set is i nc reased towards com pleteness .  The convergence may be from above 

or below, and  th is  is the on ly d ifference from the non-re l ativ ist ic case . 

The sca lar sma l l  com ponent basis can be reduced by usi ng dua l  fam i ly basis sets. 

Exponents for the pr im it ive l a rge com ponent basis for a g iven atomic  center are 

then selected from two l ists ,  one for even-/ and  one for odd-/ fu nctions. That 

mea ns that for i nsta nce the large d exponents wi l l  be a subset of the  set of 

l arge s exponents, so that the smal l  p exponents generated from the d fu nctions 

is a l ready inc l uded i n  the p exponents generated from s and may therefore be 

d isca rded . 

2 .5 Electron Correlation 

I n  the  Hartree- Fock approximat ion , the electron-electron i nteract ion i s  cons idered 

to be represented by on ly one S later determ i nant .  Genera l ly, th is so lut ion recovers 

about 99% of the tota l  energy, but for many  app l icat ions the rema i nder is cruc ia l  

to get a n  accu rate descript ion of the propert ies for the system . I n  the H F  Ansatz, 

the motion of the e lectrons are sa id  to be uncorre l ated and the state correspond ing 

to th i s  conf igurat ion is often ca l led the "va cuum". 

In rea l  systems ,  e lect rons i nteract with the f ie ld generated by a l l  the other e lec­

trons th rough the man ifestat ion of i nsta nta neous excitations from occu p ied to 

u noccu pied spi n-orbita ls .  The corre lat ion energy Ecorr is then defi ned as the d if­

ference between the tota l  exact non- re lat ivistic (or relativistic) energy Etot of the 

system and the Hartree-Fock energy EHF i n  a comp lete basis-set expans ion [62] 

( 2 . 44) 

S i nce the H F  wave funct ion is the best s i ng le-determ inant that ca n be obta i ned ,  

it i s  c lear that  a ny approach a im i ng at i ntroduc ing e lectron corre lat ion has to re-
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l ax t h is const ra int  by consider ing more t han  one S l ater determ i nant .  A com mon 

strategy is to i n clude a number of determ ina nts, managab le by the com putat iona l  

resou rces, that  reproduce a large port ion of the e lectron corre lat ion . A customary 

procedu re to expand the determ i nanta l  space is to generate determ i nants that 

i nvolve unoccup ied (v i rtua l ) one-e lectron states. This imp l ies that one has to 

consider determ i na nts i n  which an electron has been promoted from an occup ied 

state i n  the  H F  wave function i nto an  u noccupied state. Th is ca n be done for s in­

g le e lectrons i n  a ny of the occupied states i nto any of the unoccup ied states. Such 

a type of d eterm i nant receives the name of s ing le-excitation determ i n a nt (S ) . I n  

the sa me m a n ner ,  determ i nants i n  wh ich  two electrons have been promoted from 

the occup ied i nto the unoccupied states a re ca l led double excitat ion-determ inants 

(D). 

2.5.1 Configuration Interaction 

The s i mp lest m u lt i-determ inanta l method consists of add ing S later d eterm i na nts 

constructed from the occup ied and  unoccu pied orb ita ls of the H F wave fu nction 

[63] 

occ virt 

a r 

occ virt 

ab rs 

= IWHF) + L csl\1! s) + L col \I! o) + · · · 
5 0 

(2 .45) 

Th is  method is ca l led configurat ion i nteract ion ( C l ) , which stems from the  fact 

that e lectron corre lat ion is retr ieved from contr ibutions to the electron ic  energy 

a ris ing from Ham i lton i a n  m atrix e lements between different S later determ inants, 

i . e . d i fferent e lectron ic  confi gu rat ions .  The g round-state is obta i ned by m i n i­

m izat ion of the C l  energy 

(2 .46)  

with respect to the coefficients { C; }. Th is  is equ iva lent to solv ing the secu lar 

equat ion 

(2 .47)  
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where H is the H a m i lton ian matrix with the matr ix elements Hu = (W; I H IWj) .  
Here the H F  orbita ls rema i n  frozen and  on ly the coeffi cients a re opt im ized . The 

lowest e1genva lue Ee� found is the electron ic g round-state energy. Hig her e igen­

va lues correspond to e lectron ic  excited states . 

The method , i n  wh ich a l l  ava i l a b le determ i nants result ing from an  expa nsion 

in a fi n ite set of orbita ls are i ncl uded i n  the ca l cu l at ion , receives the name of 

fu l l  C l .  Despite its form a l  and conceptua l  s imp l ic i ty, it is only app l icab le to the 

s im plest systems as the number of determ inants is g rowi ng ra p i d ly with the size 

of the system and ca nnot be ha nd led computat iona l ly. i t  is therefore necessary 

to truncate the C l  expa nsion so that on ly a sma l l  su bset of determ inants of the 

fu l l  set is i ncl uded . The truncated Cl expans ion shou ld preferably recover a l a rge 

part of the corre lat ion energy. 

Usua l ly, the s i ng ly and  doub ly excited conf igu rat ions are reta i ned , and  the trun­

cated C l  is therefore ca l led C I S D .  I n  genera l th is scheme can recover about 90% 

of the dynam ic  corre lat ion wh ich arises from the mutua l  Coulom b repu ls ion . H ow­

ever ,  i n  some s ituat ions the quasi degeneracy of a few states makes the s i ng le 

reference state approach less sound , and a m u lt i - reference ( M RC I ) approach is 

requ i red to eva l uate the stat 1c a nd dyna mic corre lat ion a ris ing from the s im u lta­

neous excitation of more than one determ i nant .  

An im portant prob lem of  truncated C l  methods is s ize- inconsistency Th i s  means 

that the energy of two i n fin ite ly separated fragments is not the sum of the energy 

of the i nd iv id ua l ly treated fragments . Therefore C I S D  is not su ita b le for the 

correct descr ipt ion of d issoc i at ions i n  mo lecu les. 

2.5.2 Coupled-Cluster Methods 

S ince its i ntroduction to quantum chem istry i n  the l ate 1 960s by C izek and Pa l­

d us [72-74] , coupled c l uster ( C C ) theory has emerged as perha ps the most re­

l i a b le ,  yet computat iona l ly affordab le method for t he approx imate so lut ion of 

the electron ic  many-e lectron problem and  the pred i ct ion of molecu lar propert ies. 

Com pared to Cl methods, i t  has the advantage of being size-consistent by con­

struct ion . The CC wave funct ion is written in a product from as an i nfi n ite 
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expa ns ion of a s ing le determ i nant by cons ider ing exc itat ions to inf in ite order 

IWcc) = [rr( 1 + t;a� aa )] [rr ( 1 + t:sba!a�abaa)] · · · IWHF) . 
a. r  ab. rs 

(2 .48 )  

i t  shou ld  be stressed that the  C l  and  the C C  wave fu nct ions a re ent i re ly equ iva lent 

prov ided a l l  excitat ions are i n c luded in the expression ,  and  only d i ffer in the ir  

para m eterizat ion. Their  noneq u iva lence becomes apparent on ly when some of 

the  excitation operators a re om itted from the wave function .  

S i nce ( 1  + t;a�aa ) = exp ( t;a� aa ) .  it can be shown that the C C  wave function can 

a lternat ively by written as  an exponent i a l  a nsatz 

(2 .49)  

with the excitat ion operator 

(2 . 50)  

where the Tn denote the set of a l l  possi b le exc itations of n e lectrons 

( 2 . 5 1 )  
a. r  

T2 = L t;�a!a�abaa .  (2 . 52)  
ab. rs 

The coeffic ients t;L are ca l led coup led c l uster a mplitudes . A Taylor expansion 

of the exponent i a l  operator leads to the fo l lowing CC wave function 

(2 . 53)  

wh ich  conta ins t rip le  a nd  h igher  excitations as products of l ower order excitations. 

The C C  wave fu nct ion has to fu lf i l !  the e lectron ic  Sch rbd i nger equat ion 

H IWcc) = Ecc iWcc) . (2 . 54) 

a nd is equ iva lent to the opt im ization of the coupled-c luster a m pl itudes t;� : . The 
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non l i near parametr ization of the wave function (2.48) means that the derivatives 

of the  coupled cl uster state become complicated funct ions of the a m pl itudes. 

Therefore , the vari at iona l  m i n i m u m  cond it ions on the ampl itudes g ive rise to an 

i ntra ctable set of non l i near equat ions for a l l  amp l itudes 

(2.55 )  

Solv i ng these equat ions i s  im possible for a l l  but the  sma l lest systems which 

ma kes the va riat iona l  pri nc ip le  unsu itable but not im possible for the cou p led cl us­

ter method .  I nstead ,  the cl uster amp l itudes are determ ined by project ing the 

Schrod inger equat ion i n  the form 

(2. 56) 

aga i nst a set of configurat ions (W�t . . l that span the space of a l l  states that can be 

reached by apply ing the c l uster operator T l i nearly to the reference state I WHF ) : 

(2. 57 )  

(2. 58) 

This set of equations for the coup led c l uster energy Ecc and the coupled cl uster 

amp l itudes t;� : are ca l led l i n ked coup led-cl uster equat ions. The term l i nked is 

used , beca use i n  d iagrammat ic coup led-cl uster theory the energy independent 

eq uat ions g ive rise to on ly l i n ked d i agrams [75] .  

A Ba ker-Campbei i- H ausdorff ( BC H )  expa nsion of the s im i l arity-tra nsformed H a m i l ­

ton i a n  is no h igher than qua rt ic  i n  the a m pl itudes: 

e-T HeT =H + [H, T] + � [ [H ,  T] , T] + � [ [ [H .  T] ,  T] , T] 2. 3 .  
1 � 

+ 4 1 [ [ [ [H , T] , T] , T] , T] (2. 59) 

The projected coup led c l uster Sch rbd i nger equation (2. 58) therefore yie lds at  

most quart ic  equations i n  the c luster a m pl itudes - even for the  fu l l  c l uster ex­

pansion .  The BCH expansion term inates beca use of the spec i a l  structu re of the 

cl uster operators , which are l i near com b inat ions of com m ut ing  excitat ion oper­

ators of the form (2.52) .  S ince the Ham i lton operator R conta ins only one­

and  two e lectron operators it leads to a rather s im ple expression for the coup led 
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cl uster energy: 
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(2 . 60) 

= EHF + L t� (\l!HF IH IW�) + � L ( t�� + t� tg - t! t£) (\l!HF IH IW��) . 
a . r  ab. rs 

The coup led c l uster corre lat ion energy is therefore determ i ned com pletely by the  

s ing les and  doubles a mpl it udes. 

In pra ct ica l ca lcu lat ions ,  the c l uster operator T m ust be truncated at some  exci­

tat ion level due  to the  g rowing  number of excited determ inants. By truncat i ng ,  

some of  the  terms i n  amp l itude equat ions w i l l  become zero and the  amp l itudes 

derived from these a pprox imate equat ions wi l l  no longer be exact . The energy 

ca lcu lated from these a pprox imate s ing les a nd doubles amp l itudes wi l l  t herefore 

be approx imate .  How severe these a re ,  depends on how many terms are i nc luded 

i n  T.  Tak ing on ly the  T1 operator i nto account does not g ive a ny i m provement 

over H F , as m atrix e lements between H F  and s ing ly excited states are zero. The  

lowest level of  a pproxi m at ion is therefore T = T2 ; referred to  as  CCD .  Compared 

to doubles, there are re lat ively few s ing ly excited determ ina nts. Using T = T1 + T2 
g ives the  more com plete CCSD  mode l .  Both C C D  and  C CSD sca les l i ke M6 i n  

the  l i m it o f  a large basis set . I nc lud ing tr ip le excitat ions , T = T1 + T2 + T3 , 
results i n  the CCSDT a pprox imat ion ( M8 , where M is the number of basis func­

t ions) . The most frequently used method is the  perturbat ive treatment of the 

tr ip le  excitat ions on top of a CCSD  ca lcu lat ion , C CSD (T ) ( M7 ) .  

The extension of the cou p led c l uster method to the  relat iv ist ic  case is very tech n i­

ca l  but rather stra ight  forward . F i rst , one has to exam ine the ro le of the negat ive 

energy states in the  N-part ic le wave funct ion . Here, the no-pa i r  approx imat ion 

is freq uently used ,  mea n ing that a l l  determ ina nts conta i n  on ly positive-energy 

sp i nors. In a second step ,  the t ime reversa l  sym metry of a c losed she l l  system is 

used to i ntroduce a Kramers-pa i r  basis . The t ime- reversa l operator is a pp l ied to 

the excitat ion operators T; and leads to symmetry rel ations between the a m p l i­

t udes of Kramers pa i rs a nd  fu rthermore to new expressions for the T; . F ina l ly, the 

reference determ i nant is rep laced by the D H F  wave funct ion .  Th is procedu re is  

the  basis of the Kramers- restricted CCSD (KRCCSD ) method [76] . S i nce a l l  i n­

tegra l s  a re com plex and  d ue to the lack of sp in symmetry i n  the rel at iv ist ic theory, 

a n  i ncrease i n  computat ion t ime by a factor of 32 compared to the non-relat iv ist i c  
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CCSD method is caused . 

2 . 6  Density Functional  T heory 

The trad it iona l  methods in electron ic  structu re theory, in part icu lar Ha rt ree-Fock 

theory and  its successors. are based on a complex mu lt i-va l ued many-e lect ron 

wave-function .  The ma i n  object ive of density funct iona l  theory, wh ich ori g i nates 

from the Thomas- Ferm i mode l ,  i s  to rep lace t he many-body electron ic  wave fu nc­

t ion with the one-part ic le electron ic  dens ity as the basic qua ntity. Whereas the 

ma ny-body wave funct ion is dependent on 3n  vari ab les . three spat i a l  vari ab les for 

each of the N e lectrons .  the density is on ly a funct ion of spatia l  t h ree var iab les .  

and is therefore a s im pler quant ity to deal with both conceptua l ly and pract ica l ly. 

Density funct iona l  theory is founded on the Hohenberg-Koh n theorem a nd the 

Kohn-Sham equations which w i l l  be reviewed shortly. The t ime  i ndependent 

Ham i lton ian  of an  n-electron system ca n be written as 

( 2 . 6 1 )  

where T i s  the contr i but ion from t h e  k i net ic energy, Vee the i nteract ion potent i a l  of 

the n electrons .  a nd Vnuc the externa l  potent ia l ,  wh ich is i n  the Born-Oppenhe imer 

approx imat ion the sum of the nuclear Cou lomb  potent ia ls .  

n n N Z Vnuc = L v( fi) = L L  �.  
I I Q �Q 

( 2 . 62) 

For a n  n-electron system ,  the potent ia l  Vnuc d ef ines its i dent ity. Th is mea ns that 

the V-term determines if for example we have a 68 electron system denoted a n  

Er ato m ,  a Mt4l+ i o n  o r  a CHFC IBr  mo lecu le . 

The fi rst Hohenberg-Kohn theorem [77] leg i t im izes the use of the density p( () 
as a basic variab le .  i t  states that :  The time-independent external potential v (fi)  
is completely determined by the electron density p( () to within an additive con­
stant. I n  other words ,  from a g iven electron density the externa l  potent ia l ,  i . e .  

the posit ions of the nuc le i  are determ i ned .  Furthermore . the wave-funct ion a nd 

hence a l l  propert ies of the ground state can be obta ined at least i n  pri nc i p l e  from 

the density. By i nsert i ng  the externa l  potent i a l ,  determ ined by the density i nto the 
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Schrbd i nger equation , the  Ham i lton i a n  a nd therefore the  wave-funct ion is deter­

m i ned . lt is i m portant to note that the  theorem states just the existence of th is 

con nect io n ,  but  does not g ive a rec ipe or a way to construct the wave-funct ion .  

The second  Hohenberg- Kohn theorem [77] estab l ishes a variat iona l  pri nc ip le  for 

the energy as a funct iona l  of the dens ity : If p(() is the density arising from the 

solution of the N-electron Schrodinger equation 

A I W) = E[p] I W)  ( 2 . 63)  

and for any density p' ( () ::f. p( () that satisfies 

(2 . 64) 

it follows E' ( ()  > E(() . 

This theorem is derived from the Ray lei g h- R itz va riat iona l  pri nc ip le  and  the cor­

respondence between the wave fu nct ion a nd the one-part ic le  density. By us ing 

the Lagra nge m u l t i p l ier the stat ionarity cond it ion is g iven by 

6 { E[p] - 11- [/ p (() dr - n] } = o .  

Ut i l i z i ng t h e  energy funct iona l ,  

E[p] = (W I H I W )  = (W I T + �e + Vnuc i W) 

= (W IT + �el\ll) + j p( () v( r)dr 

= F[p] + j p (() v ( () dr, 

the stat iona rity cond it ion can be expressed i n  the Eu ler- Lagra nge form 

6 E [p] 6F [p] 
11- = 

6p( r) 
= v( ()  + 

bp(r) ' 

( 2 . 65 )  

( 2 . 66)  

(2 .67) 

where F [p] is a u n iversa l funct iona l  ( i ndependent from the externa l  potent i a l ) for 

a l l  n-e lect ron  systems with Cou lomb f ie lds .  The si mp le form of th is  equat ion 

h ides the  fact that th is un iversa l funct iona l  is not ava i l ab le in exp l icit form . 

Kohn  a n d  Sham found a practica l scheme to map  a many-e lectron system to a 
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non- i nteract ing system of quas i-part ic les which has the same g round state dens ity 

as the i nteract ing system . By usi ng s ing le-part ic le  orbita ls { </J; } , the wave funct ion 

of the non- i nteract ing system may be written as a s i ng le determ i na nt ,  a lthough 

the Kohn-Sham orbita l s  are on ly tr ia l  funct ions to construct the one-pa rt ic le 

density. The electron density and  the tota l  energy are 

11 

( 2 . 68)  

11 

( 2 . 69 )  

The  un known exchange-corre lat ion fu nct iona l  Exc [P] conta i ns  a l l  contr ibut ions 

beyond the Hartree energy. The orbita ls { <IJ, } ,  are solut ions of the Kohn-Sham 

eq uations 

( 2 . 70) 

( 2 . 7 1 )  

The canon ica l Kohn-Sham equat ions have the same  form as the Hartree equa­

t ions, except that they conta i n  a more genera l loca l potentia l veff ( P) .  The com­

putationa l effort to solve the Kohn-Sham equat ions is not much more than  to 

solve the Hartree equat ions - and  less than for the H artree-Fock equat ions . The 

Hartree-Fock equat ions conta i n  a non loca l potentia l  operator in the two-electron 

Ham i lton ia n a nd hence a re not a specia l case of the Kohn-Sha m  equat ions. Nev­

erthe less , a l l  t h ree theories - Hart ree, Hartree- Fock and Kohn-Sham - provide 

one-electron equat ions descr ib ing many electron  systems. The Kohn-Sham the­

ory, exact i n  pr i nc ip le ,  is d ist i ngu ished from the H a rt ree-Fock theory i n  its ca­

pac ity to fu l ly i ncorporate the excha nge-corre lat ion effect for electrons. But the 

success of O FT depends on  f i nd ing an accu rate exchange-corre lat ion potent ia l  

Vxc U J  = o Exc/Op( r) .  There is a n  extensive l iterature d iscussi ng the merits of 

various potent ia ls , a nd  good accounts may be found  e lsewhere [78] . 

The extension of the H ohen berg- Kohn theorems to relat ivist i c  systems was fi rst · 

g iven by Rajagopol  and  Ca l laway [79-81 ] . The ma i n  i dea is that i n  the relat ivist ic 
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mode l , the four-cu rrent j p lays the  same role as the density does i n  the non­

re lat ivist ic case. The genera l izat ion is stra ight forward but rather techn ica l a nd  

some subt let ies have to  be  add ressed . The  relat iv istic Koh n-Sham equat ions a re 

g iven by 

where the effect ive potent ia l  m ay be written i n  the form 

effr7 J ( ( ;::-'\ 2 j P( r ) -c1 0 pc ) 
V u ' p = - ecjJ r) + e 

I r - r I 
d r + 0 p( n 

- ( - 2 J ]( r) -c1 0 pc ) - ea eA(f}+ e 1 _  V1 l dr + ---. - . 
r - r  oJ ( f) 

( 2 . 72) 

( 2 . 73) 

H ere cjJ denotes the e lectrostat ic a nd A the vector potent i a l .  Equat ion ( 2 . 73) 

exp l ic it ly shows the contri but ions from the charge density and cu rrent density 

parts of the four-cu rrent. These equat ions a re a lso known as O i rac-Kohn-Sham 

equations. 

For the majority of quantum chem ica l  prob lems suitable for a O FT treatment ,  

the accuracy a m bit ions are com pat ib le  with the use of the O i rac-Cou lomb Ham i l­

ton i a n .  lt was shown [82-84] that i n  those cases one ca n use the exchange­

corre lat ion form from ord i na ry non- re lat iv ist ic O FT without much loss of accu­

racy. Th is i nc l udes the use of g rad ient-corrected a nd hybr id  funct iona l  wh ich a re 

eas i ly  i m p lemented i n  the relat iv ist ic  forma l ism . 
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Q E D Effects in Atoms 

Considera b le progress has been m ade i n  the past decades to accu rately descri be 

few-electron systems i n  strong Cou lomb-f ields [85 , 86] . For exa mple ,  ca lcu l at ions 

for L i- l i ke uran ium usi ng  re lat iv ist ic  many-body perturbation theory g ives 322 . 33 

eV for the 2 51;2/2 P1;2 level spl itt i ng [87] , wh ich corrects to 280 . 56 eV upon 

inc l usion of lowest order vacuum pola rization a nd electron self-energy [88, 89] . 

Th is is a l ready i n  exce l l ent agreement with the expenmenta l va l ue  of 280 . 59 (9 )  eV 

of Schweppe et a l .  [90] . H 1gher-order quantum elect rodynam ic  (Q E D ) correct ions 

i nc l ud i ng  mass polar ization and reco i l contri butions from the nucleus are not 

neg l ig i b le ,  but approxi mately ca ncel out [85] . Even more im pressive, QED effects 

to the e lectron ic g-factor are now so precise that hadron ic  contr ibut ions need to 

be cons 1dered to ach 1eve h igher a ccuracy [9 1-93] . 

The sit uat ion com plete ly changes for m u lti-electron systems as accurate re l a­

t iv ist ic electron ic  structure ca lcu lat ions i nc lud ing QED effects become more de­

mandmg i n  com puter t ime  with i n creas ing number of electrons i nvo lved if e lectron 

correlat ion  is taken i nto accou nt . Moreover, one changes from the s imp le  free­

part ic le Feynman-Dyson p icture to the  bound-state Fu rry p icture wh ich mod ifies 

the e lectron propagator i nvolv ing the a ctua l  one-part ic le funct ions from the D i rac­

H a m i lton i a n .  Nevertheless , i n  the last decade g reat progress has been m ade in 

rel at ivist i c  quantum ca lcu lat ions of heavy atoms or molecu les with h igh  n uclear 

charge [64] , i n  part icu la r  at the D i rac-B reit level app ly ing Fock-space coupled­

cl uster theory to atoms [94, 95] . These ca lcu lat ions now rea ch accu racies of a 

few tenths of an  eV for ion izat ion potentia ls and  excitat ion energ ies. H ence ,  they 

are now i n  the reg ion where one has to cons ider self-energy (S E ) and  vacuum 

41  
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polarizat ion (VP)  contri but ions to correct for va lence propert ies . 

To lowest order ,  Q E D  effects consist of the one-photon Breit i nteract ion ( B I ) 
[96] , the Ueh l i ng form of the vacuum pol ar izat ion  [29] and  the one- loop se l f­

energy cont r ibut ion [ 19 ,  97] . with Breit i nteract ion be ing the dom i nant term , 

fo l lowed by the  e lectron S E .  The VP is usua l ly m uch sma l ler than  the S E  a nd 

of opposite s ig n .  Wh i l e  the B l  and  the VP ( i nc l ud i ng h igher order i n  the  fi ne  

structure constant a ) a re eas i ly im p lemented i nto atomic  program codes , t he 

eva luat ion of the  S E  term req u i res a com plete set of one- part ic le D i rac  states 

with in  the Furry p ictu re of Q E D ,  wh ich  becomes rather tedious even i n  the lowest 

order. I n  a recent pa per ,  La bzowsky and  eo-workers presented est imates for the 

Lamb sh ift of the va lence ns-electron levels i n  the a l ka l i  (Li-Fr) a nd coi nage metal 

atoms ( Cu-Au ) [98] . I n  a subsequent pa per they confi rmed these est imates by 

us ing the m u lt i p le-com m utator method for S E  ca lcu lat ions with i n  a D i rac-S iater 

approach [99] . 

I n  th is work the D i rac- Hartree-Fock approach w ith in  a n  i nteraction p icture of 

bound state Q E D  [24] is used . The Q E D  correct ions to va lence-she l l  ion izat ion 

potent i a ls for the g ro u p  1 ,  2 ,  1 1 ,  12, 13 and 18  elements of the per iod ic ta b le 

down to the heaviest atoms with n uclear charge Z= 120 are ca l cu lated . 

3 . 1  The B reit Interaction 

The i nteract ion between two elect rons i s  covar ia ntly descri bed by t he  excha nge of 

v i rtua l  photons ( Fig . 3 . 1 ) .  Th is i nteract ion ca n be i nterpreted by a potent i a l  ct:>( r) 
wh ich s im p l i fies to the Cou lomb potent ia l  in the stat ic l im it .  Here a derivat ion 

of the frequency i ndependent Breit i nteract ion with i n  the framework of modern 

Q E D  is g iven .  

Figure 3. 1 :  Feynman d iagram o f  t h e  lowest order B reit i n teraction 
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The S-matr ix e lement for the process is g iven by 

(3 . 1 )  

with the photon propagator O F  and  t h e  t rans it ion cu rrents 

(3 . 2) 

The t ime-dependence has been separated and the transit ion frequency is defi ned 

by w�7) = E�n) - E,(n) . To d ist i ngu ish 4-vectors from spat ia l  vectors , the vector­

arrow is om itted . By i nsert i ng  the Fou rier representation of the cu rrents and  the 

photon propagator ( i n  the Feyn man  gauge ) i nto (3 . 1 )  one obta i ns 

The fo l lowm g  tr2 - i ntegrat ion reduces the four  d i mensiona l  momentu m i ntegra l to 

a t h ree d imensiona l  i nteg ra l .  After t ra nsformat ion to spherica l coord i nates , the 

a ngu lar part of the k-i ntegra l ca n be i nteg rated triv i a l ly a nd the rem a i n i ng rad i a l  

i ntegrat ion can be  so lved by usi ng t he  res idua l  theorem . 

From th is one ca n see, that the vector potenti a l  AW U2 . t )  ca n be rewritten as a 

retarded potent ia I 

( 3 . 5 )  

and  the tra ns it ion cu rrent jg) (f2) i nteracts with t he  electromagnet ic  f ie ld em itted 

by the other cu rrent J?7 l(fi) at an earl ier t ime with t ime difference lfi - f2 1  = 

lfi - f2 1 /c (from now on the c is kept for the pu rpose of approxim ations wh ich 

have to be m ade ) . 

The transit ion  cu rrents can now be i nserted i nto (3 .4) , where the ident ity 1f; = 
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'ljJ t "{0 is used a nd the exponentia I funct ion is rep laced by a Taylor expa nsion 1 n  

powers o f  1/ c .  T h e  t i m e  i ntegrat ion c a n  t hus b e  carried out 

S · "' -21ri6 (w( 1 ) + w(2) ) j d3r j d3 r "', ( 2 l t ( r ) "',( ll t ( r ) ( 1 ( l ) 1  (2 ) - 5( 1 ) · 5(2l ) f1 - f1 f1 2 1 'f'1 2 '+'1 1 ( 1 
+ 

i lwr; l -
wt;lfi - f2 1 ) o/, ( 2 ) ( - ) "'' ( 1 ) ( - ) 

x I - - I 2 '+' I r2 '+' I rl . r1 - r2 c 2c 
( 3 . 6 )  

With wW = -w��) a nd t he  assum ption that t he  'ljJ�) are eigenfunct ions o f  the 

Ham i lton i a ns H(n)'ljJ��) = E(n)'ljJ��) one ca n show that 

(3 .7 )  

Th i s  expression can be  ca lcu l ated by usi ng  the expl ic it form of  the  D i rac  Ham i l­

ton i a n  H(l ) = c5( 1 ) · /51 + ,l3( 1 l c2 + H��{ (fi.) ,  where the momentum operator does 

not com m ute with I fi - f2 1 

(3 . 8 )  

By  i nsert i ng  th is resu lt i nto (3 .6 )  one obta i ns ( Fi  = r/ r) 

The term i n  the  brackets is the desired effect ive i nteract ion potent i a l .  The second 

term , wit h i n  the brackets, is the frequency i ndependent Breit term . Th is correc­

t ion to the  e lectron-electron i ntera ct ion accounts for the magnet ic i nteract ion 

and  reta rdat ion to the  order a:2 , and on ly i n cludes the excha nge of a s ing le v i rtua l  

photon as shown i n  F ig .  3 . 1 .  

Therefore, the  effective i nteract ion operator has the form 

e2 e2 5(1 ) . 5(2 )  + ( 5(1 ) . Fi) ( (i(2) . Fi) 
<t> ( r12 )  = - - - -----'---'--'------'-rl2 2 r12 

= <t>c ( rl2 ) + <t>Breit ( r12 ) .  

( 3 . 10 )  

As  expected the  fi rst term denotes the  Cou lomb potent ia l  between the  part ic les . 
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I n  add it ion there is a correct ion term <Psreit . quadrat ic in the velocity, wh ich  is 

known as Breit i nteract ion .  I n  a non-relat iv ist ic  a pprox imation (a lso for the wave­

funct ion w;�)) the potent ia l  can be red uced to a sum of contr i but ions that ca n 

be recogn ized as two-electron sp in-orbit and  spi n-spi n i nteractions [2 1 ] .  

3 . 2  Radiative potentia ls 

The momentum representat ion of the h ig h-frequency contri but ion to the rad iat ive 

potent i a l  i s  equ a l  to [ 100] 

<Prad (P) = Orad (p)<P(p) 

= (- ! P( -p2 ) + g
( -p2 ) 

i · p + f ( -p2 ) - 1)  <P(p) 
p 2  2m 

= <Pu + <Pmag + <t>;, , 

(3 . 1 1 )  

where <P is the atom ic  potent ia l  that at sma l l  d ista nces is equal to the u nscreened 

n uclear elect rostat ic potent i a l .  Here, the f i rst term conta i ns the polar izat ion 

operator P( -p2 )  a nd leads to the Ueh l i ng potent ia l  The actua l  prob lem is the 

ca lcu lat ion of the self-energy, represented by the terms conta i n i ng  the e lectr ic 

f (p2 )  and the magnetic g(p2 )  formfactor of the e lectron .  

The Ueh l i ng  correct ion is derived fi rst beca use of the s imp l icity of i ts  ca lcu lat ion . 

The f ie ld of a f ixed charge ( nucleus) is g iven by the Cou lomb potent ia l  <Pc ( r) = 

A0 = Z ej r ( rel at iv ist ic  u n its ) . The components of its th ree-d imens iona l  Four ier 

expa ns1on a re 

( 3 . 1 2 )  

I nc lud ing t h e  rad iat ive correct ions, t h is f ie ld i s  rep l aced by the effective f ie ld 

Pp>.. Ao = Ao + Vop-A>.. . 
47r 

(3 . 1 3 )  

The second term g ives t he  requ i red change i n  t he  sca la r  potent ial  I n  t he  f i rst 

approx imat ion of perturbat ion theory for P(p2 ) ,  the exact photon-propagator 
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V(p2 ) can be rep laced by the free photon-propagator O(p2 ) 

-2 -2 47r 
V(p ) ;::::: D (p  ) = - � .  

p 

Thus ,  the rad iat ive correct ion to the  f ie ld potent i a l  is 

( 3 . 14) 

( 3 . 15 )  

To determ i ne the form of  th is correct ion i n  the coord i nate representat ion , the  

i nverse Four ier transform has to  be ca lcu lated 

- ip( - p J d3 -
o<P(P) - e o<P (p) 

(2n)3 . 

S ince o<P (P) is a funct ion of z = - p2 on ly, i ntegration over a ng les g ives 

o<P (P)  = _1_ 1 o<P ( t) s in r� d( -z) 4n2 o r 

= -- I m O<P (  -y2 ) e-"Yy dy 1 loo 
4n2 r _ 00  

( 3 . 16)  

( 3 . 17)  

where was used that the i nteg ra nd  is an even function of y = �. The contour 

i nteg rat ion can now be moved i nto the upper ha l f-p lane of y ,  a nd coi nc ides with 

the bra nch cut of the function P( -p2 ) . Th is cut extends a long the imag i nary 

axis from the poi nt 2im, the physica l  sheet correspond i ng to the left s ide of the 

cut . Rep lac i ng y by a new vari ab le  x = iy , one obta ins 

I ntegration over � =  x2 , yields 

1 100 o<P( r) = ( ) 2  l m  o<P(�)e-rV€ d�. 
27f r 4m2 

The imag i na ry part 

4ne 
I m o<P (O = - 7 1 m  P(O 

= 
_ 4?raZe J'- - 4m'

( c 2 ) 3e � "' + 2m 

(3 . 18) 

(3 . 19) 

(3 .20) 
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ca n be found in sta ndard textbooks [ 1 0 1 ] , and  after an obvious change of vari ab le 

one obta i ns 

<Pu ( r) = o<P ( r) 

= 
2a <P ( r) Joo e - 2mr t ( 1 + _1_) 7 d t , 37r c 1 2 t2 

the wel l- known Ueh l i ng potent ia l  [29] . 

(3 . 2 1 )  

I n  ana logy, the potent ia l  <Pmag ( r) for the mag net ic i nteraction ca n b e  derived 

- lp.f' ::'2 - - - p 1 J d3 -
<Pma9 ( r) - 2m e g( -p ) p · "Y <Pc ( p) (2n)3  

= 4;!e j e';s rg(-v )fS · i � (��3 
2nZe · - - l 'fi.f' _2 1 d3p 

= -- ( - Jry . \7) e g( -p ) - -- .  2m . f9 (2n)3  

After a ngu lar i nteg rat ion one  obta i ns 

Ze - 1  j00 g(-tf2) 
<Pmag ( r) = -- ( - ii · \7 ) - l m  n2 e'Prp dp 2nm r _ p 

= -- ( -iry · \7 ) - I m - evEr d� Z e - 1 100 g(€) a 

2nm r 0 � 

( 3 . 22) 

( 3 . 23) 

where the new vari ab le � =  -p2 was i ntroduced . With the imag inary part of the 

magnet ic  form factor of the e lectron [ 10 1 ] 

a nd  a nother change of vari ab le � = 4m2 t2 , one obta i ns 

<Pmag ( r) = � (  - ii · V ) [<Pc ( r) loo ( 1 e-2mrt dt - 1) ] . 4nm 1 t2 Jt2 - 1 

(3 .24) 

The l ast term leads d ue to the e lectr ic i nteract ion to the potent i a l  <Pe1 ( r) which 
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is g iven by 

<P;1 ( r) = J eii5r ( f (  -fi) - 1 )  <Pc (p) (��3 
z e 

1 
joo f (  -v ) - 1 ipr d = - m -.::2 e p p  1fr - P 

= 
Ze loa l m  f(O - 1 eVEr d� 1fr o � 

( 3 . 25) 

After angu l a r  i ntegrat ion a nd suff ic ient changes of var iab les , the i mag i nary part 

of the e lectric form factor of the e lectron [ 1  0 1 ]  

ca n be i nserted .  The fi n a l  i ntegrat ion g ives 

<P;I ( r )  = - a <Pc ( r) loa � [( 1 - 2\) 1f 1 t2 - 1 t 

X [ log ( t2 - 1 )  + log (4�
2 ) ] - � + 

t
1
2 ] e-2rmt 

( 3 . 26) 

(3 . 27) 

Here , A. is a low-frequency cut-off parameter. To reproduce the resu lts of ref. 

[ 102 ,  103] . a su itab le rep l acement for the second logarit h m  is 4 1og( 1/Za + 0 . 5) 
where A. was selected [24] of the order of the electron b i nd i ng  energy A. rv (Zafm. 
The e lectrica l potent ia l  is fu rthermore not app l icab le for very sma l l  d istances 

r « Zarc . Th i s  is taken i nto account by a sma l l  d istance cut-off coeffic ient 

mr / (mr  + 0 .07  Z2a2 ) .  The  f i na l  expression for the e lectr ic form-factor reads 

with 

a J e-2trm [ ( 1 ) <Pe1 ( r) = - A(Z, r ) -<Pc ( r) dt 
Jt2=1 1 - -2 2 1f 1 t2 - 1 t 

x [ log ( t2 - 1 )  + 4 1og ( Z1
a 

+ 0 .  5) ]  - � + :2 ] . 

mr 
A (Z, r ) = An(Z) mr + 0 . 07 Z2a2 . 

( 3 . 28) 

( 3 . 29) 

A consistent ca lcu lat ion of the low-frequency contri but ion to the non loca l  self­

energy operator usi ng Cou lom b or para metr ic G reen ' s  fun ctions i s  a comp l i cated 

task [24] . lt is much easier and  a lso suff ic ient to fit t h is contr ibut ion usi ng a 
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para metr ic potent ia l  <t>1ow ( r ) . To reprod uce the p- level rad iat ive energy sh ifts 

[ 102 ,  1 03] . the fo l lowing express ion ca n be used 

(3 .30) 

Here a8 is the Bohr rad i us a nd is g iven by B(Z) = 0 . 074 + 0 . 35Za . 

3 . 3  Com putational deta i ls 

D i rac-Ha rtree- Fock (DHF )  ca lcu l at ions were carried out  using the D i rac-Cou lomb 

Ham i lton i an  ( i n  atomic un 1ts) ,  as descr i bed before 

( 3 . 3 1 )  

with a a nd {3 denot ing t he  D i rac  matrices i n  t he  sta ndard D i rac  representa­

t ion . The equat ions were so lved numerica l ly us ing a mod if ied code of the pro­

g ram system G RASP [ 104] . For heavy e lements , the 1s-shel l rad i us is very sma l l  

( ( rhs :::::: 500 fm ) and as  a consequence,  the i nf l uence of  the f i n ite n uclear size 

is an im porta nt contri but ion to the  tota l  energy. The electrostat ic  potentia l of 

the nuc leus Vnuc was therefore m odeled by a two-para meter Ferm i-type charge 

d istr i but ion [ 1 05 ,  106] 

Q( r) = 
Qo 

, 1 + exp [ ( r - a)/b] 

where a a nd b were extracted from ref. [ 1 05] . 

(3 . 32) 

Due to the sma l l  size of the quantum electrodynam ic  (QED) correct ions ,  they are 

treated as a perturbation [ 107] . A fu l ly sel f-consistent im plementat ion of these 

effects with i n  the GRAS P code is cu rrently i n  progress . The m ajor correct ion 

to the non-re lat iv ist ic Cou lomb term stems from the Breit operator , wh ich was 

treated with i n  the  Cou lomb-gauge [96 ,  108 ,  1 09] 

fi.1 · fi2 . _ - _ - exp ( iw12 r12 ) - 1 
9w.c ( 1 ,  2) = - exp( tw12 r12 ) - (a 1 · V' I ) (a2 · \72)-----,2,-------rl2 W12 r12 

(3 . 33) 



50 CHAPTER 3. QED EFFECTS IN A TOMS 

where w12 is the  energy of the v i rtua l  (transversa l ) excha nge photon . The fi rst 

term is the retarded G aunt term ( G I ) and  the second term arises from the cho i ce 

of the Cou lom b gauge i nstead of the Feynman  ga uge. Th is is known as the re­

tarded ga uge term . Th is correct ion to the e lectron-electron i nteract ion a ccou nts 

for magnetic i nteraction and retardat ion to the order a2 , a nd on ly i ncl udes the 

excha nge of a s i ng le ( left- rig ht ) , v i rtua l  photon as  depicted i n  F ig .  3 . 1 .  

The (other) rad iat ive corrections are ca lcu lated by a non loca l rad iative potent i a l ,  

wh ich i s  sp l i t  i nto a n  self-energy a n d  a vacuu m polarizat ion part 

!J.Evp = (W I <Pvp ( r ) I W) 

� (W I <Pu ( r )  + <PwK ( r )  + <PKs( r ) I W) .  ( 3 . 34) 

Th is  i m p l ies t hat the energy sh ift is ca lcu lated as an expectation va l ue of a ra­

d iat ive one-e lectron potent i a l  usi ng the e igenfunct ions of the D H F  operator. I n  

genera l  the rad iat ive perturbat ion i s  a series expansion i n  the two para meters a 

a nd Za,  where the powers of a descri be the  order of the Q E D  correct ions a nd 

Z a descri bes the  order of relat ivist ic correct ions to the energy levels [107] . l t  is 

known that the l atter expansion works qu ite wel l  for l i g hter elements, but it  is 

less than  clear how wel l  it works for e lements with h i gh  nuclear charge such as 

the su perheavy e lements where Z a :S 1 .  
For the vacuum po larization the potent i a l  is wel l  known . By uti l iz i ng perturbat ion 

theory for the po larizat ion operator P( -p2 ) ,  the energy contri but ion of l owest 

order (a (Za ) )  is g iven by the Ueh l i ng potent ia l  ( 3 . 22) , where the v irtua l  e lectron­

positron pa i r  is a l lowed to propagate freely ( Fig . 3. 2 ) .  The Ueh l i ng  term g ives 

typ ica l ly more t han  90% of the  VP i n  hydrogen- l i ke atoms .  I n  presence of the 

nuc lear Cou lomb  f ie ld the electron and  posit ron  wave funct ions become d istorted . 

Wich mann  a nd K ro l l  [1 10] have considered the  vacuu m polarizat ion of order a i n  

a strong Cou lo m b  f ie ld ( F ig .  3 .2 )  and have shown that  the polarizat ion charge 

density is an a n a lyt i c  funct ion of Za for I Za: l :S 1 ,  
a (Za:? [ (  3 1r2 7 ) 1 

<PwK ( r) = - - ((3)  + - - - -+ 27r((3)  
1r 2 6 9 r 

- - + -6((3) + - - - r + O(r2 ) . 
1f3 ( 1f4 1f2 ) ] 
4 16 6 ( 3 . 35) 

The Ka l len-Sabry correct ion [1 1 1 ] cannot be  written i n  such a short ana lyt ica l 
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form .  Therefore ,  j ust the cruc ia l  Feyn man  d i ag rams a re presented i n  F ig . 3 .3 .  

Figure 3 . 2 :  Feyn man  d i ag rams for vacuum polar izat ion o f  order a ( Za)  Ueh l i ng  ( l eft ) 
and of order a ( Za)3 Wichmann  and K ro l l  ( rig ht) . 

Figure 3 .3 :  Vacuum polar izat ion of order a2 (Za)  ( Ka l len-Sabry ) .  

The ca lcu lation of  the self-energy operator L:( r, r' , E) shown i n  F ig .  3 .4 is more 

com p l i cated and  rather ted ious. The prob lem ca n ,  however, be d iv ided i nto two 

parts. I n  the fi rst part the  electron i nteracts with a h igh  frequency v i rtua l  photon 

where the nuclear Cou lomb f ie ld needs to be i nc luded on ly in f i rst order. The 

second  part represents the i nteract ion with a low freq uency photon . 
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The rad i ative potent ia l  for the self-energy is g iven by a sum of t h ree terms 

(3 .36 )  

wh ich  were der ived i n  chapter 3 . 2 .  Al l  th ree self-energy potent ia ls <Pem . <Pmag a nd 

Figure 3.4: Feynman d i agram of the electron self-energy 

<P10w were imp lemented i nto G RAS P. For the numerica l t- i nteg ration a modified 

S impson-ru le  on a logarithm i c  gr id  was used to h andle the pole of the  i nteg rands. 

The fu nct ion An (Z)  in the electr ic i nteract ion term ( 3 . 28)  was obta i ned by ad­

just i ng  the obta i ned va l ues to accurate ca lcu lat ions of self-energy contr ibutions 

in hyd rogen- l i ke atoms for ns electrons by Mohr [ 1 02 ,  103, 1 12 ,  1 13] . A suitab le 

cho ice for An (Z)  is 

(3 . 37 )  

Adjusted coeff ic ients Ani for the  d i fferent ma i n  quantum numbers a re g iven i n  

Ta b le  3 . 1 .  For h ig her pri nc ipa l  qua ntum num bers n , t h e  coeffi cients Ani can be 

derived from a least squares fit to the  data in Tab le 3 . 1 

(3 .38)  

The coeffic ients a re l isted i n  Tab le  3 . 2 .  
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n A no Anl An2 
1 0 . 7645 0 . 00230 1 1 2 . 930 
2 0 . 7912  0. 00629 10 1 . 636 
3 0 . 7980 0 . 00738 10 1 . 6 1 1  
4 0 . 8009 0 . 00779 10 1 . 047 
5 0 . 8023 0 . 00799 100 .632 
6 0 . 8032 0 . 008 13  100 .607 
7 0 .8037 0 . 00824 100 . 59 1  

00 0 .8061 0 . 00860 100 . 765 

Table 3.1:  Adjusted coeffic ients An (Z) for the e lectric i nteraction term i n  eq .  

1 . 05 
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0 . 9  

0 .85 

0 .8  
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o 4s 
5s 

40 60 
z 

80 1 00 
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( 3 . 37 ) .  

1 20 

Figure 3.5 :  Adjusted coeff ic ients An(Z) for d i fferent n s  orbitals for the electric i nter­
action term in eq . ( 3 . 37 )  

0 1 
2 

C;o 
0 . 80608 
0 . 00860 

100 . 76488 

-0 .0516  
-0 .7329 
0 . 1 207 

1 . 489 
1 .465 
3 .473 

Table 3.2 :  Adjusted coeff ic ients c; for the coefficients An; 
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3 . 4  Resu lts and D iscussion 

The ca lcu lated contr ibut ions from the VP, the S E  and  the 8 1  to the  ion izat ion 

potent i a l  for G roup  1 ,  2 ,  1 1 ,  12 .  13 a nd 18 e lements of the period ic table a re 

g iven i n  Table 3 .3 .  

The S E  contri but ion i s  a pprox imately a n  order of  mag n itude larger than  t he  V P 
a nd has the opposite s ign a s  one expects. However, the tota l  VP contribution is 

i n creas ing over severa l orders of magn itude for the heav ier e lements and  becomes 

com parab le to the S E  term with i ncreas ing n uclear charge Z.  This orig i nates from 

the  strong Cou lomb  f ie ld that the i nner t a i l  of the va lence e lectrons experience 

with i ncreas ing nuclear charge .  This is most im portant for the short-ra nge Ueh l i ng 

potent i a l .  I n  fact the VP a nd S E  contri but ions for the  va lence she l l  ion izat ion 

potent i a ls a pproximately fit a s im p le power law, 

E(Z)  = CZ"� (3 .39)  

as shown i n  F i g .  3 .6 .  The  coeff ic ients C and  1 a re obta i ned from a l i near 

reg ress ion and g iven in Ta b le  3 .4 . l t  is worth mention ing  that the exponent 1 for 

t he  vacuum polarization a s  wel l  as the self-energy of g roups 1 1  a nd 12 is rough ly 

70% l a rger t han  for the others invest igated g roups. Al l t h ree S E  terms i n  ( 3 . 36) 
a re i m portant for the tota l SE contribut ion .  A n i ce examp le is the 2 S112 -7 1 S0 
i on izat ion of go ld . The magnetic form-factor contri but ion to the tota l  S E  is 7 1  % .  
t he e lectric form-factor contr ibutes for 22  % .  a nd the ( long- ra nge) low-frequency 

contr ibut ion is 7 %.  

A comparison o f  t he  S E  va l ues to t he  resu lts obta i ned by La bzowsky et a l .  [ 1 1 4] 
for g roup 1 a nd 1 1  va lence-shel l  ion izat ion potent ia ls shows good agreement 

(Ta b le  3 .5 ) .  Note that for Rg and  Cp ,  the re lat ivist ic 7s contract ion is so l a rge 

t hat ion izat ion occurs out of the 6d5;2 she l l  i nstead of the 7s she l l  [ 1 15] . This is 

in contrast to the l i g hter g roup  1 a nd 1 1  elements where ion izat ion occu rs out of 

the va lence ns shel l .  This exp l a i ns the chang ing trend in a l l  QED contri butions 

down the g roup  1 1  and 12 in the period ic table . Note that La bzowsky et a l .  [ 1 1 4] 
o n ly considered remova l of a n  electron out of the ns shel l .  A recent paper by 

l nde l i cato et a l .  [ 1 1 6] a lso i nvest igated Q E D  effects i n  s u perheavy e lements. The i r  

tota l  S E  term wit h i n  the Welton mode l  [ 1 17] at the D H F  level of theory for Rg 

is 0 . 084 eV, wh ich  is in good agreement with the presented va lue .  
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system 
Group 1 

(2S1;2 -+ 1 So) 
Li  
N a  
K 

Rb 
C s  
F r  

E 1 1 9 
Group 2 

e so -+  2S1/2 ) 
Be 
Mg 
Ca 
Sr 
Ba 
Ra 

E 1 20 
Group 1 1  

(2S1;2 -+ 1 So )  
C u  
Ag 
Au 
Rg 

Rga 
Group 1 2  

e so -+  2S1;2 ) 
Zn 
Cd 
H g  
C p  

( pb 

Group 1 3  
( 2  P1;2 -+ 1 So) 

B 
AI 
Ga 
I n  
Tl 

E 1 1 3  
Gro u p  1 8  

e So -+ 2 P3;2 J 
He 
Ne 
A r  
Kr 
Xe 
Rn 

E l l S  

S E  

- 3 . 366 X 1 0 - 5  
- 1 . 366 X 1 0 -4 
- 5 . 4 1 4  X 10-4 
- 9 . 720 X 1 0-4 
- 2 . 376 X 1 0 - 3 
- 6 . 1 5 0  X 1 0 - 3  
- 2 . 1 2 0  X 1 0 -2 

- 8 . 9 98 X 1 0 - 5  
- 4. 436 X 1 0 -4 
- 6 . 976 X 1 0 -4 
- 1 . 705 X 1 0 -4 
- 2. 7 29 X 1 0 - 3  
- 6 . 982 X 1 0 - 3  
- 2 . 278 X 1 0 - 2  

- 3 . 328 X 1 0 - 3  
- 7 . 377 X 1 0 - 3  
- 2 . 643 X 10-2 
-8. 958 X 1 0 -2 

3 . 290 X 1 0 - 2  

- 3 . 366 X 1 0 - 3  
- 7 . 287 X 1 0 - 3 
- 2 . 575 X 1 0 -2 
- 9  076 X 1 0 -2 

3.520 X 1 0 -2 

2 . 3 8 1  X 10-4 
5 . 776 X 1 0-4 
2 . 0 18 X 10-3 
3 . 466 X 1 0 -3 
6 . 226 X 1 0 - 3  

- 3 . 143 X 1 0 - 3  

- 1 . 7 8 1  X 1 0 - 4  
1 . 037 X 1 0 - 3  
1 . 240 X 1 0 - 3 
2 . 374 X 1 0 - 3 
3 . 183 X 1 0 - 3 
6 . 142 X 1 0 - 3  
1 . 1 9 2 x 1 0 - 2  

V P  

1 . 189 X 1 0 - 6  
1 . 639 X 1 0 - 5  
3 . 729 X 1 0 - 5  
1 . 440 X 1 0 -4 
3 . 296 X 1 0 - 4  
1 . 651 X 1 0 - 3 
1 . 2 1 2  X 1 0 -2 

3 . 450 X 1 0 -6 
2 . 469 X 1 0 - 5 
4. 860 X 1 0 - 5 
1 . 728 X 1 0 -4 
3 . 8 1 4  X 1 0 -4 
1 . 786 X 1 0 - 3 
1 . 32 1  X 1 0 -2 

2 . 765 X 1 0 -4 
8 . 495 X 1 0 -4 
5 . 284 X 1 0 - 3 
3 . 648 X 1 0 - 2  

- 1 . 276 X 1 0 -2 

2 . 864 X 10-4 
8 . 559 X 1 0 -4 
5 . 262 X 1 0 - 3 
3 . 790 X 1 0 -2 

- 1 . 397 X 1 0 -2 

- 9.695 X 10-6 
-3.210 X 1 0 - 5 
- 1 . 707 X 1 0 -4 
- 4 . 0 1 0  X 1 0 -4 
- 1 . 230 X 1 0 - 3  

2 . 860 X 1 0 -3 

5 . 8 7 1  X 1 0 - 6  
- 6  0 9 0  X 1 0 -5 
- 9 . 53 1  X 1 0 - 5  
- 2 . 986 X 10-4 
- 6 . 060 X 1 0 -4 
- 2 . 29 0  X 1 0 - 3 
- 8 . 44 1  X 1 0 - 3 

S C-GI  (w = 0) SC-BI  (w = 0 ) PT- B I  (w = 0 ) PT- B I ( w - w=o ) 

- 1 .418 X 1 0 - 4  - 1 . 279 X 1 0 -4 - 1 . 27 9  X 1 0 - 4  
- 2 .734 X 10-4 - 2 . 79 9  X 1 0 -4 - 2 . 088 X 1 0 - 4  
- 2 . 482 X 10-4 - 2 . 7 5 1  X 1 0 -4 - 2 . 7 5 3  X 1 0 - 4  
- 2 . 6 30 X 1 0 - 4  - 3 . 568 X 1 0 -4 - 3 . 580 X 10-4 
- 2 . 247 X 10-4 -3 . 7 1 1  X 1 0 -4 - 3. 7 36 X 1 0 - 4  
- 4.816 X 10-4 - 7 . 454 X 1 0 -4 - 7 . 457 X 1 0 - 4  
- 4 . 244 X 1 0 - 3 -4. 650 X 1 0 - 3  -4. 639 X 1 0 - 3  

- 3 . 763 X 1 0-4 - 3 . 460 X 1 0-4 - 3 . 460 X 1 0 -4 
- 5 . 3 19 X 1 0 - 4  - 5 . 206 X 1 0 -4 - 5 . 208 X 10-4 
- 4 .602 X 1 0 - 4  -4.690 X 10 -4 -4.693 X 10-4 
- 5 . 628 X 1 0 - 4  -6. 297 X 10 -4 - 6 . 3 1 8  X 10-4 
- 5 .679 X 1 0-4 - 6 . 79 3  X 10 -4 - 6 . 8 1 4  X 10-4 
- 1 .060 X 1 0 - 3 - 1 . 254 X 10 - 3 - 1 . 2 56 X 1 0 - 3  
- 5. 341 X 1 0 - 3  - 5 . 5 9 1  X 10 - 3 - 5 . 59 3  X 1 0 - 3  

- 3 .686 X 1 0 -3 - 3 . 437 X 10 - 3 - 3 . 448 X 1 0- 3 
- 5 . 432 X 1 0 - 3 - 5 . 1 88 X 1 0 - 3 - 5 . 2 1 0  X 1 0 - 3  
- 1 . 274 X 1 0 -2 - 1 . 224 X 1 0 -2 - 1 . 232 X 1 0 -2 
- 3.643 X 1 0 - 2  - 3 . 42 3  X 1 0 -2 - 3 . 444 X 1 0 - 2  

2 . 958 X 1 0- 2 2 . 7 9 1  X 1 0 -2 2 . 796 X 1 0 -2 

- 3. 4 14 X 1 0 - 3  - 3 . 2 1 7  X 1 0 - 3  -3. 236 X 1 0 - 3  
- 5 . 1 1 0 X 1 0 - 3  -4. 905 X 1 0 - 3 -4.926 X 1 0 - 3  
- 1 . 208 X 1 0 - 2  - 1 . 162 X 10 -2 - 1 . 1 69 X 10-2 
- 3.682 X 1 0 - 2  - 3 . 457 X 10 -2 - 3.478 X 10-2 

3 072 X 1 0 -2 2 . 898 X 10 -2 2 . 90 0  X 1 0 -2 

- 8 . 681 X 10-4 - 6 . 847 X 10-4 -6.848 X 10-4 
- 1 . 2 9 1  X 10-3 - 1 . 0 7 1  X 10-3  - 1 . 0 7 1  X 10-3  
-4. 157 X 10-3  - 3 . 482 X 10 - 3 - 3.490 X 1 0- 3 
- 7 . 249 X 1 0 - 3  - 6 . 184 X 1 0 - 3 -6. 2 1 3  X 1 0 - 3  
- 1 . 673 X 1 0 -2 - 1 .488 X 10-2 - 1 . 502 X 1 0 -2 
- 4 . 877 X 10-2 -4. 6 1 5  X 10 -2 -4. 479 X 1 0-2 

- 1 . 735 X 1 0 - 3 - 1 . 7 36 X 10 - 3 - 1 . 735 X 1 0- 3 
- 2 . 152 X 1 0 - 3 - 1 .473 X 10 - 3 - 1 .473 X 1 0- 3 
- 1 .488 X 1 0 - 3  - 7 . 247 X 10 - 3 -7 . 235 X 10-4 
- 3  056 X 1 0 - 3  - 1 .675 X 10 - 3 - 1 . 674 X 1 0 - 3  
- 4 . 149 X 1 0 - 3  - 2 . 37 0  X 10 - 3 - 2 . 37 3  X 1 0 - 3  
- 4 . 828 X 1 0- 3 - 2 . 336 X 10 - 3 - 2 . 35 7  X 1 0 - 3 
- 1 .631 X 1 0 - 3 9 . 422 X 10 -4 8 . 6 1 3  X 1 0-4 

- 9 . 450 X 10-9 
- 7 . 250 X 10-7 
- 3 . 530 X 10-6 
- 2 . 770 X 1 0 - 5 
- 8 . 80 0  X 1 0 - 5 
- 5 . 130 X 1 0 - 4  
- 3  0 7 0  X 1 0 -3 

- 2 . 550 X 10-S 
- 1 . 136 X 10-6 
- 4 .600 X 10-6 
- 3 . 17 0  X 1 0 -5 
- 9.700 X 1 0 -5 
- 5 . 370 X 1 0 -4 
- 3 . 120 X 1 0 - 3 

- 4 . 900 X 1 0 -6 
- 4 . 630 X 1 0 -5 
-4. 660 X 1 0 -4 
- 3 . 400 X 1 0 -3 
- 6 . QQQ X 1 0 -4 

- 1 .090 X 1 0 - 5 
- 6 . 100 X 1 0 - 5 
- 5 . 230 X 1 0 -4 
- 3 . 640 X 1 0 - 3 
- 6 . 70 0  X 1 0 -4 

1 . 305 X 1 0 -7 
3 . 100 X 1 0 -7 
7 . 600 X 1 0 -6 
1 . 943 X 1 0 -4 

- 2 . 180 X 1 0 -4 
- 4 . 679 X 1 0 -3 

Q QQQ X 1 0 -0 
1 . 2 1 7  X 1 0 -5 
3 . 99 3  X 1 0 -5 
2 . 897 X 1 0 -4 
8 . 240 X 1 0 -4 
3 . 129 X 1 0 - 3 
6 . 350 X 1 0 - 3 

Table 3 .3 :  The self-energy (SE ) ,  vacuu m polar izat ion (VP ) and frequency-dependent 
B reit contr i butions ( B I ) ( i n  eV) and sum over al l  QED contri but ions to the 
ion i zat ion potent ia l  E ---+ E+ of each e lement E at the D H F  level of theory. 
Notation :  SC :  self-consistent treatment; PT :  Perturbative treatment; G l :  
Gaunt term on ly ;  w=O:  low frequency l im it .  The last term PT-B I (w - w=o ) 
denotes the correction to the Breit i nteract ion due to the f in ite frequency of 
the tra nsversa l exchange photon .  a The 2 05;2 ---+ 3 03 tra ns it ion is taken . 
b The 1 So ---+ 2 05;2 trans it ion is taken .  
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g roup CsE [eV] TSE Cvp [eV] IVP 
1 3 . 5 10  X 1 0-6 1 . 685 5 . 867 X 10-8 2 . 3 18  
2 9 . 246 X 1 0-6 1 . 505 9 . 074 X 1 0-8 2 . 236 
1 1  7 . 880 X 1 0-7 2 . 427 1 . 2 18  X 1 0-9 3 . 576 
1 2  6 . 298 X 1 0-7 2 . 469 8 . 841  X 10-lO 3 . 643 
1 3  3 . 1 36 X 1 0-5 1 . 202 4 . 7 19  X 10-7 1 . 746 
1 8  8 . 682 X 10-5 0 . 965 4 . 193 X 10-7 1 . 944 

Table 3.4:  Adjusted parameters C and 1 from a l i near fit of the log log plot in eq . ( 3 . 39 ) .  

T h e  S E  and  V P  contr ibut ions for the G roup  1 3  and 18  elements o f  the pen­

od ic tab le are a lso l isted for com parison .  However ,  one needs to i nc lude Q E D  

effects self-consistently to properly account for second-order effects orig i nat ing 

from S E/V P  core- re l axation of the s-e lectrons at the nucleus, wh ich leads to 

sh ie ld i ng/de-sh ie l d i n g  of the nuclear charge. For a deta i led d iscussion see F l am­

ba um a nd  G i nges [24] as wel l  as Derev ia n ko et a l .  [ 1 18] .  Neverthe less, the resu lts 

c lear ly show that even for the superheavy e lements, SE and  VP contri but ions for 

t he p-she l l  rarely exceed 0 . 0 1  eV and  one ca n expect even sma l ler effects for 

d-and  f-she l l s .  

Ta b le 3.3 shows that ,  as expected ,  the freq uency i ndependent ( i nsta nta neous ) 
Gaunt term is the  dom ina nt contr ibut ion to the tota l  Breit i nteract ion for a l l  

e lements cons idered , a s  d iscussed earl ier i n  g reat deta i l  by L i ndroth et a l .  [ 1 1 9] .  
l t  was conf irmed that the frequency dependent contri but ion to the B l  is neg l i g i b le 

for the l i g hter e lements, but ca n become  rather l arge for h igh n uc lear charges. 

For h i gh  Z such contr ibutions can not be neg lected anymore i n  the va lence space, 

even in lowest order . 

There has been i ntensive d iscussion in the past if the two-electron Bre it term 

should be used pert u rbat ively or variat iona l ly [ 120-122] . G ra nt poi nted out that 

a var iat iona l  procedu re is c lear ly preferred i n  a su bsequent treatment of e lectron 

corre lat ion [ 123] . M oreover, it has been argued that a var iat iona l  treatment of 

the Breit i nteract ion is most im porta nt for va lence propert ies in m any-e lectron 

systems [ 1 1 9] .  I n  order to ana lyze t h is in m ore deta i l ,  the d ifference of a self­

consistent with a pertu rbat ive treatment for the  Breit i nteraction is compared for 

a series of e lements i n  the period ic tab le .  The results i n  Table 3 .3  c learly show 

that the self-consistent tota l energy contr ibut ion to the ion izat ion potent i a l  does 

not d iffer sig n if ica nt ly from the pertu rbative t reatment even for h i g h  Z atoms. 
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Figure 3 .6 :  Self-energy and vacuum polarizat ion contri but ion to the ion ization potent ia l  
of d i fferent atoms. 
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This is i n  ag reement with the resu lts of lsh ikawa et a l .  who found  s im i l a r  sma l l  

cha nges for Ne ,  Ar and  Xe  [124] . 

system our  work Ref. [ 1 14] 
L i  -3 . 366 X 10-5 -3 .84 X 10-5 

N a  - 1 .366 X 1 0-4 -2 .83 X 10-4 

K -5 .414  X 10-4 -4 . 93 X 10-4 

Rb -9 . 720 X 1 0-4 - 1 . 23 X 10-3 
Cs -2 . 376  X 10-3 -2 . 1 5 X 10-3 
Fr -6 . 150  X 10-3 -6 .03  X 10-3 

E 1 19 -2 . 1 20 X 10-2 -2 .74 X 1 0-2 

Cu  -3 . 328 X 10-3 -2 .66 X 1 0  3 
Ag -7 . 377 X 10-3 -6 . 14 X 10-3 
Au -2 . 643 X 10-2 -2 .2 1  X 10-2 
Rg -8 . 958 X 10-2 -8 .66 X 10-2 

Table 3 .5 :  A comparison between our ca lcu lated S E  contri but ions with those of Lab­
zowsky et a l .  [ 1 14] for the ion ization energ ies (2 51;2 -+ 1 50 ) of the a l ka l i  
and co inage meta l  atoms ( i n  eV) . 

Furthermore a deta i led study of the Breit contri butions to the orb ita l energ 1es 

for the neut ra l mercury atom ,  sim i l a r  to the work by L i nd roth et a l .  [ 1 19] . was 

performed .  ( Ta b le  3 . 6 ) .  For the self-consistent treatment , the resu lts of L i n­

d roth a nd eo-workers [ 1 1 9] were reproduced . The perturbat ive treatment g ives 

qua l itat ively the same va l ues for the  orbita l energy contri but ions. H ere, the or­

b ita ls from a D i rac-Ha rtree-Fock ca lcu lat ion (without Bre it or a ny other Q E D  

contr i but ions) were used t o  ca lcu late t h e  cha nge i n  orb ita l energ ies d u e  t o  the 

frequency i ndependent Breit term . l t  is ev ident that the l argest contri but ions 

come from the i n ner she l l s .  H owever, the d ifference i n  both treatments becomes 

rather l arge i n  the va lence shel l ,  as observed ea rl ier  by L i ndroth et a l .  [ 1 19] .  

Natura l ly, one relates orbital energ ies to ion izat ion potent i a l s  by Koopmans the­

orem [ 125] . The data i n  Table 3 . 7  proves that Koopmans'  theorem is st i l l  va l id  

for the B re it cont r ibut ions ,  as both changes i n  orbita l energ ies and  d i rect ca l cu­

lat ions of energy d i fferences between  the neutra l and charged atoms g ive very 

s im i l a r  resu lts for a l l  ion izat ions out of specif ic nlj levels in the mercury atom .  A 

fu l l  vari at iona l  t reatment i nc ludes cha nges i n  Cou lomb- and  excha nge contri bu­

t ions of the  Breit i nteract ion due to orbita l relaxation , wh ich  obviously cannot be 

neglected a nymore for orb ita l energ ies. Moreover, the D H F  orb ita ls a re not e igen­

functions to the Fock-operator i nc lud i ng the B reit term . One shou ld therefore 
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H g  D H F  PT-B I  PT-B I  [1 1 9] SC-B I  SC-B I  [1 1 9] 
1s  -83696 . 997 3 1 2 . 1 9 1  315 . 103 298 .661  298 . 233 
2s - 14979 . 173 41 .981  41 . 714  33 .486 33 .470 
3s -3623 . 573 9 .926 9 . 635 6 . 198 6 . 193 
4s -834 . 330 2 .761  2 . 496 1 . 272 1 . 270 
Ss - 138 . 927 0 . 568 0 . 493 0 . 192 0 . 19 1  
6s -8 . 932 0 . 038 0 . 042 0 . 012 0 . 0 12  
2p* - 14336 . 797 66 . 549 65 . 470 56 . 259 56 .245 
3p*  -3337 . 260 1 5 . 397 14 . 337 1 0 .704 - 10 . 702 
4p* -7 10 . 89 1  4 . 153 3 . 49 1 2 .269 2 . 269 
5 p* -96 . 271 0 .778 0 . 593 0 . 330 0 . 330 
2 p  - 12385 . 198 45 .457 43 . 918  35 . 505 35 . 5 10 
3p  -2899 . 170 1 1 . 147 9 . 736 6 . 386 6 . 386 
4p -603 . 760 3 .203 2 . 322 1 . 186 1 . 186 
5p  -77 . 326 0 . 628 0 . 373 0 . 131 0 . 1 3 1  
3d* -2433 . 623 9 . 369 8 . 304 4 . 648 4 . 648 
4d* -402 . 6 18  2 .405 1 . 349 0 . 625 0 . 625 
Sd* - 1 7 . 683 0 . 273 0 . 1 19 0 . 007 0 . 007 
3d -2340 . 654 7 . 6 1 9  8 . 304 2 . 989 2 . 988 
4d -382 . 369 1 . 972 1 . 349 0 . 260 0 . 260 
Sd - 1 5 . 631  0 . 2 19  0 . 1 19 -0 . 030 -0 . 030 
4f* - 1 2 1 . 699 1 . 2 18  0 . 759 -0 . 158 -0 . 1 58 
4f - 1 1 7 . 313  1 . 032 0 . 597 -0 . 313 -0 . 3 1 3  

Table 3.6: Di rac-Hartree-Fock ( D HF)  orb ita l  energ ies and self-consistent ( SC )  as wel l  as 
pertu rbative ( PT )  Bre it (B I )  contri but ions (eV) to the correspond i ng orbita l 
energ i es of the mercury atom in compar ison with L indroth et a l .  [ 1 1 9] .  I n  
t h e  usua l  angu la r  momentum notat ion asterisk denotes j = I - 1 /2 a n d  no  
asterisk denotes j = I +  1 /2 .  

not conclude from the  ori g i n a l  pertu rbat ive ana lysis for orb ita l energ ies [1 1 9] that 

the  Breit i nteract ion for va lence energ ies ca n not be t reated pertu rbatively a ny­

more for the va lence shel l .  On the contrary, the resu lts c learly demonst rate that ,  

i f  h igh precision is not requ i red, a pertu rbative treatment of the Breit i nteract ion 

for the va lence space is suff ic ient. However, to i ncorporate changes i n  atom ic  (or 

molecular) propert ies due to the Breit term (see for example refs. [126 ,  127] for 

recent molecu lar work ) , a variat iona l  treatment i s  preferred .  

F i na l ly, recent a ccu rate Fock-space coup led-cl uster ca lcu lat ions for the gold atom 

by E l iav et a l .  [1 28] shou ld  be mentioned . The ca lcu l ated ion ization potent i a l  of 

9 . 1 97 eV changes to 9 . 176  eV when VP a nd SE is i n cl uded , which now is i n  
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nl /:,.E /:,.£ 
1s  302 . 439 298 .66 1 
2s 33 . 693 33.486 
3s 6 . 186 6. 198 
4s 1 . 250 1 . 272  
5s 0 . 184 0 . 192 
6s 0 . 0 12  0 . 0 1 2  
2p* 56 .452 56.259 
3p* 1 0 . 66 1  10 . 704 
4p* 2 . 232 2. 269 
5p* 0 . 3 1 6  0 . 330 
2p 35 . 741  35. 505 
3p 6 . 374 6 .386 
4p 1 . 165 1 . 186 
5p 0 . 125 0 . 1 3 1  
3d* 4 . 65 1  4. 648 
4d* 0 . 608 0 . 625 
5d*  0 . 004 0 . 007  
3d 3 . 0 10  2. 989 
4d 0 . 25 1  0 . 260  
5d  - 0 . 029 -0 . 030  
4f* -0 . 16 1  -0 . 158 
4f - 0 . 308 -0 . 3 1 3  

Table 3 .  7 :  Comparison of the B reit contr ibut ion ( eV) to the ion izat ion energy !J.E of the 
mercury atom compared to the Breit contr ibut ion to the orbita l energy 6.£ 
obta i ned from a var iat iona l  t reatment of the Breit i nteraction for the mercury 
neutral atom .  The remova l of an  electron is ca l cu lated for each shel l  with 
quantum number nlj. In the usua l  angu lar momentum notation the Asterix 
denotes j = I - 1 /2 and no Asterix denotes j = I +  1/2 .  

l ess good agreement with the  experimenta l  va l ue  of 9 . 225 eV [129] . Hence, the 

tota l corre lat ion error is est imated to be 0 . 049 eV in  E l iav ' s ca lcu lat ion , that is 

96 . 8  % of the tota l e lectron corre l ation has been accounted for .  Th is c lear ly 

demonstrates that the bott leneck i n  such ca lcu l at ions st i l l  rem a i ns i n  the e lectron 

corre lat ion treatment .  



Chapter 4 

Dirac- Hartree- Fock studies of X-ray 

transitions in Meitnerium 

4 . 1  Superheavy elements 

Tra nsu ran i um elements a re usua l ly man-made. By neutron ca pture ,  for exam ple 

i n  supernovae exp losions or i n  h igh f lux reactors, and subseq uent {3- decay, it is  

possi b le  to produce elements up  to ferm i u m .  Wh i le from neptun i um to ca l i forn i um 

some isotopes can be  produced i n  amou nts of grams, the two heaviest species, 
254Es and  257 Fm ,  are only ava i la b le in qua ntit ies of m icro- and p icog rams, respec­

tively [ 130] . Due to the lack of {3- decay and too short a and  f iss ion ha lf-l ives 

of the heavier elements t h is method ends at ferm ium . 

Hence , one faces huge problems for the production of superheavy elements. The 

best poss ib i l ity to access e lements beyond  ferm ium is by ut i l i z ing heavy- ion fus ion 

rea ct ions .  Th is ca n be done by shoot ing heavy, neutron- rich ions from accelerators 

on heavy-e lement ta rgets . U nfortu nately, the cross-sect ion for such a process is 

very sma l l .  N everthe less , a wide range of project i les and  targets are ava i l a b le .  

Possi b le comb i nations are act i n ide  targets i rrad iated by relatively l i ght project i l es 

ra ng ing  from neon to ca lci um ,  or bism uth targets with project i les rang ing from 

ca lc i um to krypton for exa m p le .  S i nce the  ratio of neutrons to protons i ncreases 

with the nuc leon number  A, one cannot easi ly com bine nuc le i  from the known 

reg ion to reach the so-ca l led isl and  of sta b i l ity, beca use the prod uced nucle i  wou ld  

be severely neutron-defic ient. The heaviest elements have so fa r been produced by 

6 1  



62 CHAP TER 4. OHF-STUOIES OF X-RAY TRANSITIONS IN MT 

us ing very neutron-r ich rad ioactive projecti les a nd  targets. Generic acce lerators 

a re cyclotrons with d i ameters of a few meters a nd  h igh-bea m currents in order 

to com pensate for the decreas ing cross-sect ion for the n uclear synthes is .  

The fi rst tra nsura n i um  elements were identified by usi ng the i r  a-decay a nd chem­

ica l  properties. Later ,  phys ica l techn iques were developed which made it poss ib le  

to detect nuc le i  with l ifet imes of less than  a second .  Further improvements of 

these methods cu lm inated in  the velocity Fi lter S H I P  at the GS I  i n  Darmstadt .  

l t  is  an e lectromag net ic separator, desig ned for i n-f l ight separation of un reta rded 

com plete fusion rea ction products . The ma i n  subjects for invest igat ion are a- , 

proton-em itt i ng a nd  sponta neously fiss ion i ng nucle i  far from sta b i l ity w ith ha l f­

l ives as  short as m i c roseconds or below and  format ion cross-sect ions down to the 

p icobarn reg ion [ 12] . 

The study of the rea ct ion 64 N i  +209 B i  -t 273 Rg* with beam energ ies rang i ng 

from 300 to 400 M eV revea led a comp lex decay cha in  ( F i g .  4 . 1 ) .  I n  the fi rst 

two measurements i n  1 994 and  2000 a tota l of s ix atoms were observed at the 

GS I  i n  Darmstadt [ 1 3 1 ,  1 32] . The ha lf- l ives of t he products are i n  the range of 

8 .4 MeV 
20 .6 5 

9 . 1  MeV 
3.01 5 

0. 7 MeV 
37. 14 m5 

1 1 .0 MeV 
2. 70 m5 

Figure 4 .1 :  Possi b l e  decay cha in  of  272 Rg wh ich  is produced by 64 N i  +209 Bi -+ 273 Rg* 
and a subsequent neutron emission [ 132] 

m i l l iseconds to seconds and  a re very com mon for such su perheavy e lements. The 

n ucle i  were ident if ied by pos it ion a nd t ime corre lat ion ana lysis wh ich  a l lows to 
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estab l ish genet ic re l ations of the nucle i  wit h i n  the decay cha i n .  The data were 

measured by us ing position sensitive Si detectors [ 1 33] .  

The sta b i l ity of su perheavy elements ca n be determ ined from ca lcu l at ions of 

the nuclear ground-state b i nd i ng energy. I n  macroscopic-m icroscop ic  m odels the 

b i nd i ng energy is g iven by a sum of the macroscopic part ,  derived from the l i qu i d  

d rop model of  the nuc leus, a nd the  m icroscopic part ,  which i s  deduced from the  

n uclear shel l model . The  adva ntage of  th i s  hybr id  model i s  that more exact va l ues 

for the b i nd i ng energy ca n be obta i ned as  parameters are used from measurements 

of known nucle i  [ 134 ,  135] . 

The knowledge of the g round-state b i nd i ng  energy, however, is not suff i c ient for 

the ca lcu lat ion of part i a l  sponta neous f iss ion  ha l f- l ives. Here, it is a lso necessary 

to determ ine the size of the fiss ion barr ier over a wide ra nge of deformatio n .  

These ca lcu lat ions o f  sponta neous fiss ion a nd a-decay rates pred i ct especia l ly 

sta b le n ucle i  with c losed shel ls near Z = 1 14 ,  120 or 126 and  possi bly for Z = 1 64.  

4 . 2  Meitnerium Experi ments 

I n  heavy ion separators l i ke the velocity f i l ter S H I P  at the GS I  i n  Darmstadt ,  the 

produced superheavy n uclei come to rest i n  less tha n a J..LS before they a re i nves­

t igated by the i r  nuclear decay properties [ 1 2] . Such stud ies i nc lude prec ise mass 

measurements i n  ion  traps [ 136] , or by atom-at-a-t ime chem istry [ 1 37] . Be ing 

at rest , the atoms fi l l  the ir e lectron she l ls  with i n  much less than a m ic rosecond , 

probab ly i n  the p icosecond or femtosecond  t ime sca le .  Exceptions m ay a rise for 

some of the outer shel l elect rons or for some exot i c  atom ic or nuclear isomeric 

states . Hence ,  the h istory of the fus ion process is com p letely forgotten as  far as 

the e lect rons a re concerned . 

D uri ng a nd after rad ioact ive decay, the electron she l ls  have to reorg a n ize. I n  

the case of iiiRg a n  a-part icle of a bout 1 1  MeV is em itted from a neutra l  1 1 1  

atom sitt i ng o n  a S i  latt i ce .  The electrons have to rearrange from Z = 1 1 1  

to Z = 109 .  The a-particle popu lates a n uclear level at 207 keV, so the  reco i l  

n ucleus i s  excited , but comes aga in  t o  rest qu ick ly ( < 10-12 s) , as  t h e  recoi l  

velocity is sma l l ,  a nd the atom is aga i n  or st i l l  charge neutra l .  The 207 keV 

state decays by ry-em ission or K-convers ion with a l ifet ime of < 1  J..LS .  I n  the 
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latter case t h e  k i net ic energy o f  the em itted e lectron i s  207 keV m inus K-shel l 

b i nd i ng  energy of the neutra l  atom [132] . Th is  e lectron leaves the atom wit h i n  

approx imate 10-19 s .  The  ho le i n  t he  K-she l l  i s  f i l led with i n  approxim ately 1 0-16 s 

by a n  L-e lectron u nder em iss ion of a K-X-ray fo l lowed by L-X-ray emiss ion a nd/or 

a cascade of Auger e lectrons .  

l t  is cu rrent ly a non-triv i a l  task to u n ambiguously identify new superheavy ele­

ments, as t he isotopes of the decay products a re not a lways known .  I n  th is context 

the co i nc idence of the iii Rg o:-decay with a measured s igna l of ( 1 55 . 0  ± 0 . 8) keV 

energy i n  the  Ge detector [ 132] is especi a l ly i nterest ing as it is close to the pre­

d i cted Ked X-ray energy of 109 Mt of Ca rlson et al. [138] . I on ization potent ia ls  of 

K- a nd L-she l l  e lectrons for su perheavy e lements can now accu rately be obta i ned 

from relat iv ist ic quantum theoret ica l  ca lcu lat ions [139] i nc lud ing quantum elec­

trodynam ic  effects u p  to h igh  orders for the  most im portant i n ner she l ls ,  a nd  up  

to the va lence she l l  [24, 98 , 99 ,  1 16 ,  140] . I n  the  fo l lowi ng the  155 . 0  keV s i gna l  is 

i nvest igated as  a possi b le K-i nvers ion event of igg Mt . 

4 . 3  C o m putationa l deta i ls 

Di rac-Ha rt ree-Fock ( D H F) ca lcu l at ions were performed usi ng  the D i rac- Cou lomb 

Ham i lton i a n  The equat ions are so lved n umerica l ly us ing a mod if ied code of  the  

prog ram system G RASP [104] . The Ka t ra ns it ion energ ies a re obta i ned by ca lcu­

lat ing the d i fference in the tota l  e lectron i c  energy between the d i fferent e lectron ic  

states. The  1 s-shel l  rad i us of  meitneri u m  is very sma l l  ( (rhs = 546 fm ) ,  a nd  as 

a consequence the inf luence of the  fi n ite n u clear s ize cannot be neg lected a ny­

more . The  e lect rostat ic  potent ia l  of t he  n ucleus Vnuc was therefore modeled by 

a n  extended charge d istri butio n .  The n uc lear charge d istribut ion ca n be obta i ned 

from scatteri ng  experiments where h i g h  e nergy e lectrons are scattered on n ucle i  

( Mott scatteri n g )  [ 141 ] . In scatteri ng  processes with large momentum tra nsfer 

the reso lut ion is i ncreased due to the red uced wavelength of the v i rtua l  photon .  

Therefore the  scattered electron i s  no longer sensib le to  the  total charge of  the 

nuc leus ,  but on ly parts of it . The spat i a l extension of the spherica l ly symmetric 

nucleus is descri bed by the form factor F( er) which depends on ly on  the momen­

tum transfer q. Experimenta l ly, the magn itude of the form factor is determ ined 
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by the rat io of t he  measu red cross sect ion to  t he  Mott cross section 

( 4 . 1 )  

I n  pri nc ip le ,  the norma l ized rad i a l  charge d istri but ion f ( r) ca n be determ i ned 

from the i nverse Fou rier tra nsform of the er-dependence of the exper imenta l 

form factor 

( 4 . 2 )  

Some examp les are g iven i n  F ig . 4 . 2 . l t  ca n be  seen that t he  i nterior charge 

density is near ly constant and  that  it fa l ls off over a re latively large ra nge at 

the surface . These charge d ist r ibut ions ca n be a pproximately descri bed by the 

0 .08 - Hg 
- Ni 

- Sm 

0.06 

0 2 4 6 
r [fm] 

Figure 4.2:  Radia l  charge d ist r ibut ion of var ious nuclei . 

two-para meter Ferm i  d istr ibut ion 

Qo 
Q( r) - ------,-,-------,---,----::-- 1 + exp [ ( r - a)/ b] 

(4 . 3 )  
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where a and  b were taken from ref. [ 105] .  For su perheavy atoms, Q E D  effects 

have to be taken i nto accou nt [24 , 98 ,  99 ,  1 16 ,  139 ,  140 ,  142] , wh ich is done 

pertu rbatively (as d iscussed in c hapter 2 ) .  Th is a pprox imat ion leads to deviat ions 

of no more than  a few eV for a l l  known K- and L-she l l  ion ization potenti a ls 

up  to the  heav iest e lements [ 139] . A l l  other (m i nor) correct ions ( e.g. electron 

corre lat ion or m ass polar izat ion effects) are neglected . 

4 . 4  Results and D iscussion 

I n  order  to assess the accu racy of t he various a pproximat ions used , the Ka t ra n­

s it ion energ ies for a l l  G roup 9 t ra ns it ion-meta ls are ca lcu lated . The resu lts are 

shown i n  Tab le  4 . 1 .  For coba l t ,  rhod i um a nd i ri d i um they are accu rate to 1 5  eV 

as com pared to experiment ,  wh ich  imp l ies that the code produces re l i a b le re­

su lts .  H owever, for meitneri um  t h is is not the case . The d i fference between the 

element Kexp 
O J Kcalc 

OJ Kexp 
<>2 Kcalc 

<>2 

�?eo 6 . 930 6 . 929 6 . 9 1 5  6 . 9 1 3  

l�3Rh 2 0 . 2 1 6  20 . 2 1 5  20 . 074 2 0 . 072 

Wlr  64.895 64.883 63.286 6 3 . 27 1  

iggMt 1 5 5 . 000 1 5 1 .780 1 4 1 . 6 1 0  

Table 4 .1 :  Ca lcu lated and measured Ka transit ion energ ies ( i n  keV) of the Group 9 
transit ion-meta ls .  Experimental va lues are from refs. [ 132 ,  143] . 

ca lcu lated a nd the exper imenta l  va l ue is ( 3 . 2  ± 0 . 8) keV .  The deviat ion ca nnot 

be exp l a i ned by m iss ing terms l i ke e lectron correlat ion (wh ich is l ess than  1 eV 

per e lectron [ 144] ) .  S ize-consistent effects neg lected by the pertu rbative QED 

t reatment a re a lso i n  t he  eV reg ion . 

To fu rther eva l uate the accura cy of the method appl i ed , some  recently measured 

Ka a n d  K13 t ra nsitions for few selected heavy act in ide and  t ra nsact i n ide e lements 

(Tab le  4 .2 )  a re l isted . These va l ues were obta i ned in various spectroscopy stud ies 

at S H I P, see ref. [ 145] , a nd the ca lcu lated va l ues fit very wel l  with the experimental 

f i nd i ngs .  There are a n umber of possi b i l it ies for the rather l a rge d ifference in  the 

case of meitneri um . The fi rst possi b i l ity is that the meitner ium atom cou ld  be i n  

a n  ion ized e lectron ic  state wh i ch imp l ies that some of the outer va lence electrons 

cou l d  be m issi ng .  Hence, the K- ( 1s ) ,  L - (2s ) , L-(2s1;2 ) a nd  L - (2p3;2 ) e lectron 
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element Kexp 
"'2 

Kcalc 
"'2 

Kexp 
"'' 

Kcalc 
"'' 

Kexp 
13, Kcalc 13, Kexp 

132 Kl l  calc 
132 Kt calc 

132 
��3Cf 1 10 . 1±0 . 1 109 . 837 1 15 . 2±0 . 1  1 15 .040 129 . 6±0. 1 1 29 . 821 134. 6±0 .4 133. 3 17 133. 651 
��3Es 1 13 .3±0 . 3  1 12 . 539 1 1 7 . 8±0.2 1 18.02 1 132. 7±0.2 133 . 136 138.0±0.2 1 36 . 7 12 137 066 
i56Fm 1 15 .2±0 . 1  1 15 . 287 121 .0±0 . 1  121 . 062 135.8±0.2 136 . 5 15 140.9±0 .2 140. 171  140. 547 
i56Fm 1 14.9±0 . 1  1 15 . 286 120 . 5±0. 1 121 . 061 135. 8±0.2 136 . 5 14 140 . 1±0 .2 140 . 170 140. 546 
i5rMd 1 17 .7±0 . 1 1 18 090 123 . 9±0. 1 124. 173 138. 7±0.2 139 . 968 144 . 1±0 .4 1 43 .704 144. 103 
i5�No 121 .0±0 . 1  120 .952 127 . 2±0. 1 127. 359 142. 6±0.2 143.498 147 .4±3.1 147 . 316 147.738 
i5�Lr 123.9±0 . 2 123 . 867 130. 5±0. 1 130.613 147 . 101 15 1 . 000 151 . 446 
i5�Rf 126.7±0 .4 126 . 839 133. 5±0.4 133.941 150 . 3±0. 3 150 . 782 1 54 . 762 155 . 235 

Table 4 .2 :  Calcu lated and measured Ka. and K13 ( Kb2 = N3 --+ K, K�2 N2 --+ K) 
trans it ion energ ies ( 1 n  keV) for various act in ide and transact in ide isotopes. 
Experimental val ues were obta i ned in various spectroscopy studies at S H I P, 
see for exam ple ref. [ 145] . 

ion izat ion potent i a l s  were ca lcu l ated for various states of ion izat ion ,  by vary ing 

the n u m ber of e lectrons between NE = 1 and NE = Z,  that is successively f i l l i ng 

the i n ner shel ls ,  with a l l  atoms kept i n  the electron ic g round state. For si mp l i c ity 

on ly c losed she l l  states were se lected . For futu re experimenta l and  theoret ica l  use 

a l l  data are l isted i n  ta b le 4 . 3 .  

> � 1 52 .4 

0 

Figure 4.3 :  Ka.1 transit ion energy of me itneri um  depend ing on the number of rema in i ng 
electrons NE . 
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NE Eion ls E' on 
2s E' on 

2Pl/2 E'on 
2P3/2 NE Ko.2 Ko., 

1 09 - 1 77 . 322 -35 . 786 -34 . 724 - 2 5 . 543 1 07 1 4 2 . 608 1 5 1 .782 

1 07 - 1 7 7 . 344 - 3 5 . 8 0 1  -34 . 737 -25 . 56 2  1 04 1 4 2 . 607 1 5 1 .782 

1 04 - 1 77 . 387 -35 . 844 -34 . 780 - 2 5 . 605 1 00 142 .607 1 5 1 . 78 2  

1 00 - 1 77 .459 -35 . 9 1 6  -34.852 -25 .677 96 1 4 2 . 607 1 5 1 . 782 

9 6  - 1 77 . 552 - 3 6 . 007 -34 . 944 - 2 5 . 768 94 1 42 . 6 1 1 1 5 1 .794 

94 - 1 77 . 6 1 0  -36 . 062 - 3 5 . 999 - 2 5 . 823 92 142 .6 1 3  1 5 1 . 79 8  

9 2  - 1 77 . 6 7 1  - 36 . 1 20 - 3 5  058 -25 . 8 8 1  84 1 4 2 . 6 1 1  1 5 1 . 788 

84 - 1 77.975 -36 .427 -35 . 364 -26 . 1 89 78 1 4 2 . 607 1 5 1 . 7 8 1  

7 8  - 1 78 . 243 -36 . 700 - 3 5 . 636 -26 . 46 2  7 2  142.606 1 5 1 .783 

72 - 1 78 . 570 - 3 7 . 026 -35 . 964 -26 . 787 68 142.607 1 5 1 . 785 

6 8  - 1 7 8 . 8 1 1 - 3 7 . 266 -36 . 204 -27. 026 64 1 42 . 6 1 6  1 5 1 .799 

64 - 1 79 . 076 -37 . 5 1 9  -36 .460 -27. 277 62 142.632 1 5 1 . 8 1 7  

6 2  - 1 79 . 236 - 3 7 . 663 -36.605 -27 .420 60 1 4 2 . 64 1 1 5 1 .828 

6 0  - 1 79 .392 - 37 . 80 6  -36 . 7 5 1  -27. 564 52 1 4 2 . 629 1 5 1 . 8 1 1 

52 - 1 80 . 237 -38. 667 - 3 7 . 6 08 -28 .426 46 1 4 2 . 6 1 8  1 5 1 .796 

46 - 1 80 .943 - 3 9 . 387 - 3 8 . 325 -29 . 147 4 1  1 42 . 6 1 8  1 5 1 . 8 1 2  

4 1  - 1 8 1 . 727 -40 . 1 6 2  - 39 . 1 09 -29 . 9 1 5  36 142.628 1 5 1 . 825 

36 - 1 82 . 302 -40 . 724 - 39 . 673 -30 . 476 32 142.663 1 5 1 . 885 

32 - 1 8 2 . 904 - 4 1 . 275 -40 . 24 1  -3 1 . 0 1 9  30 1 4 2 . 723 1 5 1 . 9 5 1  

3 0  - 1 8 3 . 283 - 4 1 . 59 3  -40 . 56 0  - 3 1 . 332 28 142.756 1 5 1 . 9 9 5  

28 - 1 83 . 630 -41 .895 -40 . 875 - 3 1 . 6 36 22 142.766 1 5 2  067 

22 - 1 85 . 283 -43 .503 -42 . 5 1 7  - 33 . 2 1 5  1 8  1 4 2 . 805 1 5 2 . 1 2 1  

1 8  - 1 86 . 5 1 4  -44 .685 -43 . 709 -34 .393 1 4  142 .926 1 5 2 . 330 

1 4  - 1 87 . 7 8 1  -45 . 774 -44 . 855 -35 .45 1 1 2  1 43 . 1 36 1 52 . 556 

1 2  - 1 88 . 640 -46 .424 -45 . 504 -36 083 1 0  1 43 . 245 1 5 2 . 706 

1 0  - 1 89 .377 -47 .003 -46 . 1 3 2  -36 . 672 6 1 4 3 . 7 8 1  

6 - 1 92 . 329 -49 .059 -48 . 547 

4 - 1 94 . 649 -50 .299 Table 4.4: Ka1 and Ka2 trans i-
2 - 1 96 . 4 1 4  t ion energ ies ( i n  keV) 
1 - 1 9 9 . 599 

of meitneri um de pen-

Table 4.3: K- and L-she l l  i on izat ion poten-
dent on the number of 

t ia ls  ( i n  keV) of meitneriu m  de-
electrons ( NE ) .  

pendent on t h e  n umber o f  elec-
trons ( NE ) .  

Furthermore, the ca lcu l ated Ka1 and  Ka2 tra nsit ion energies are l i sted in tab le 

4 .4 .  

A plot of  t he  Ka1 tra ns it ion energ ies ( Fi g .  4 .3 )  revea ls that the va lue increases 

exponent ia l ly with the n umber of m issi ng electrons as d iscussed before for the 

superheavy e lements [ 1 39] . Th is is attr ibuted to the ta i l  of one-part ic le fun ct ions 

that contribute to the screen i ng of the  nuc lear charge.  

U nfortunately, the t ra ns it ion energ ies a re too smal l  to exp l a i n  the 155 keV transi­

t ion even for the  h i ghest ion ized c losed shel l  state. Of course , some more exot i c  

ion ized states g ive m ore prom is ing Ka1 val ues a s  shown i n  tab le 4 . 5 ,  even thoug h 
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these a re most improbable .  Another poss i b i l ity is the i nf luence of the fi n ite n u-

element 

( 1s1 2p�12 ) --t ( 1s2 ) 155 . 026 

( 1 s 12s 12p�12 ) --t ( 1s22s1 ) 1 55 . 67 1  
( 1 s 12s22p�12 ) --t ( 1s22s2 ) 1 54 . 327 

( 1s1 2pi122p�12 ) --t ( 1s22pi12 ) 1 54 . 469 

Table 4 .5 :  K01 transit ion energ i es of 
meitner ium for some exotic 
h i g h ly ion ized states. 

element 

106Sg 
1o1 Bh 
lOa Hs 
109Mt 
noDs 
u 1 Rg 
u2Cp 

140 .832 
144.403 
148 .061  
1 5 1 . 782 
155 .625 
1 59. 554 
163 .563 

132 . 96 1  
136 . 1 14 
139 . 336 
142 .606 
145 . 965 
149 . 389 
152 . 867 

Table 4.6: K0 transit ion energ ies ( i n  
keV) for e lements with nu­
c lear charge 1 06- 1 12 .  

cleus s ize effect to  the  e lectron ic  structure .  The  effect of  vary ing the  rad i us a and 

the sk i n  th ickness b i n the Fermi  charge d istr i bution , eq .  (4 .3) , to  the K01 energy 

is shown in F ig . 4 .4 .  The tota l e lectron ic  energy is more sensit ive to the s ize of 

the nucleus then to the sk in th ickness. With i n  the a l l owed variat ion ( uncerta i nty) 

of n uc lear size effects, th is can not exp la i n  the d ifFerence to the m easu red va lue 

e ither . Hence, one can conc lude that the 155  keV event is not due  to a n  X- ray, 

but is a ry-ray wh ich is em itted from a 207 keV level i n  268Mt  be ing popul ated 

by the a-decay of 272 Rg .  For futu re reference the K0 transit ion energ ies for a 

n umber of superheavy e lements are l isted i n  ta ble 4 . 6 .  

1 .  
:[ 

0 

0 
2 4 6 8 

radius [fm) 

1 52.5 

1 52 

151 .5 

151 

1 0  1 2  

Figure 4.4: K01 transit ion energy ( i n  keV) depend ing on  t he  nuclear geometry. 
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Chapter 5 

Static electric polarizabilities of 

group 1 4  atoms 

The electric d i po le po lariza b i l ity is the tendency of a charge d istri bution ,  l i ke the 

electron c loud of an atom or molecu le ,  to be d istorted from its norma l  sha pe by 

an externa l  e lectr ic f ie l d .  The stat i c  e lectr ic d i pole polar izab i l ity a is defi ned as 

the rat io of the i nduced d i pole moment i1 of an atom to the e lectr ic f ie ld E that 

prod uces th is d i po le moment, 

i1 = aE. ( 5 . 1 )  

The polariza b i l ity i s  not a sca lar qua ntity. I n  genera l ,  an  homogeneous externa l  

electr ic f ie ld can i nd uce a d ipole moment i n  a l l  t h ree d i rect ions .  Therefore , the 

po lari zab i l ity is correctly descri bed by an  symmetr ic tensor of ra n k  two 

( 5 . 2) 

and ca n be represented by a 3 x 3 matrix. 

The accu rate determ i nat ion of these pol ar iza b i l it ies for isol ated atoms or molecu les 

current ly constitutes a cha l lenge for both experimenta l and  theoret ica l  resea rch 

groups [146] . Recent advances on  the experim enta l s ide inc lude t ime-of-f l i ght 

measu rements of l aser cooled atoms i n  a n  e lectr ic fie l d ,  wh ich ,  for exa mp le ,  have 

led to a considera b le im provement in the accu racy for the d i po le polariza b i l ity 

of ces ium [147] . A lso c lassica l molecu lar  beam e lectr ic f ie ld deflect ions m eth-

7 1  
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ods [148-1 50] a nd i nterferometric techn i ques [ 1 5 1] offer va lua b l e  i nformat ion . 

On  the theoretica l  s ide one faces the  d iff icu lty of accu rately descri b i ng  e lectron 

corre lat ion a nd  rel ativist i c  effects, t he  l atter i ncrease substa nt i a l ly with i ncreas­

i ng  n uc lear charge Z [ 1 52-154] . Wh i l e  c losed-she l l  atoms and ions have been 

stud ied extensively in the past and  a ccu rate po la riza b i l it ies a re ava i l ab l e  for most 

of these e lements, open-she l l  species a re far more diff icu lt to t reat as often a 

m u lt i - reference procedu re is requ i red to resolve a l l  the I ML I ( I MJ I ) components 

of the L S UJ) coup led states [ 146] . l t  is therefore not surprisi n g  that accurate 

polar iza b i l i t ies a re not easi ly ava i l ab l e  for open p- [1 55] and especi a l ly for open d­
a nd  f-she l l  atoms or ions [ 1 54] . For the  open d- and  f-shel l e lements one has to 

re ly on  ear ly rel at iv ist i c  loca l density funct iona l  ca lcu lat ions of Doolen ,  who l ists 

averaged ( isot ropic) d i po le polariza b i l it ies [ 154,  1 56] . La udab le  except ions a re 

the recent paper by F le ig [ 1 57] . who ca lcu lated sp in-orbit reso lved stat ic polar­

iza b i l it ies of the g roup 13  atoms usi ng  fou r-com ponent rel ativist i c  confi gu rat ion 

i nteract ion and coupled-cl uster methods ,  and  the recent study of Ka l dor and eo­

workers [ 1 58] . who used D i rac-Cou lom b coup led-c luster theory for the e lements 

H g ,  E 1 12 ,  Pb a nd E1 14 .  

Usua l ly, e lectron corre lat ion effects to d i po le po larizab i l it ies dom i nate over rela­

t iv ist ic effects for the l i ghter elements , as electron correlat ion effects ca n be very 

l a rge [ 1 59] . I n  1981 both Descla ux et a l .  [ 160] a nd S i n  Fai L am [ 16 1] demon­

strated however that relativistic effects can not be neg lected a nymore for d i po le 

po lariza b i l it ies i n  heavy atoms. An  exa m ple is the Hg atom where rel at ivist ic 

effects a lmost h a lve the non- re lat iv ist i c  Ha rtree-Fock ( N RHF) va l ue from 80 to 

43 au at the D i rac-Ha rtree-Fock ( D H F) level of theory [ 162] . Th is is d ue to a 

l a rge d i rect relat iv ist i c  6s-shel l  contra ction .  For closed p-she l l s ,  relat ivist ic  ef­

fects a re much  less pronounced , i . e .  for Rn one obta ins 47 . 6  a u  at the N R H F  

level of theory compared to 46 . 4  a u  a t  the D H F  level of theory [ 16 1] . As the 

sp i n-orbit spl itti ng becomes very l a rge  for the heaviest p-block e lements i n  the 

period i c  tab le ,  one expects that such effects w i l l  considera bly i nf luence the d i pole 

polar izab i l it ies. In order to fi l l  the g ap  for open-shel l polarizab i l it ies , accu rate 

non- re lat iv ist i c  and  relat iv ist ic  cou p led-cluster ca l cu lat ions for a l l  g roup 14 atoms 

i n  the i r  3 P0 g round state were performed . Here , one has the a dvantage that the 

p1;2 she l l  i s  com plete in the jj cou p led scheme.  Furthermore , there seems to be 

no experimenta l  data ava i l ab le  [ 163 ,  1 64] . As density functiona l  theory came un­

der scrut i ny for properties wh ich a re dependent on  the long-ra nge behavior of the 
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dens ity, the coup led-cl uster resu lts are com pared to a n umber of wel l known den­

sity funct iona l  a pproximat ions . In add it ion , a com parison with new experimenta l 

measurements for the d i po le pol a r iza b i l ity of both Sn  a n d  Pb  us i ng a molecu lar 

bea m electric f ie ld deflect ion techn ique [165] is performed . 

5 . 1  Theoretica l Methods 

For the d ipole pola riza b i l ity ca l cu l at ions of the group 14  atoms non- re lat ivist ic 

( N R) ,  sca lar-re lat ivist ic Douglas-K ro l l  (DK ) [ 1 66-169] and D i rac- Cou lomb (fou r­

com ponent ) [70] theory with i n  both wavefunction based m ethods ( Hartree- Fock ,  

H F , second-order many-body perturbat ion theory for the electron corre lat io n ,  

M P2 ,  and  coup led-cl uster s i ng les-doub les i nc l ud i ng  perturbat ive tri p les, CCSD (T) ) , 

a nd density funct iona l  theory (the loca l dens ity fu nct iona l  a pproxi mat io n ,  L DA 

[170] , the genera l ized g rad ient a pproxi mations PBE  [ 17 1 ]  and B LYP [ 172] , and  

the hybrid funct iona l  B3LYP [173 , 174] ) were used . I n  the D i rac p icture ,  Kra mers 

(t ime-reversa l ) sym metry was app l ied in the coupled cl uster proced ure ( K R­

CCSD (T ) )  to save com puter t ime [76] . I f  ana lyt ica l proced ures were not ava i l ab le 

for the ca lcu lat ion of the pola riza b i l ity tensor, a fi n ite f ie ld method was used in­

stead .  In th is case , f ie lds of 0 . 0 , 0 . 00 1 ,  0 . 002 and  0 . 005 au were app l ied . In the 

non-relat ivist ic and sca lar rel ativ ist ic cases the two tensor com ponents of ML =0 

a nd ML = ±1  were obta i ned i n  the f i n ite f ie ld method by fixi ng the occupat ion 

of the p-orb ita ls ly i ng  para l le l  or perpend icu lar to the homogeneous electr ic f ie ld 

app l ied. For the open-she l l  case spin un restr icted Ha rtree- Fock and Kohn-Sham 

theory was used .  Extensive , uncontracted Gaussia n  type basis sets were a pp l i ed ,  

wh ich  were thorough ly tested to y ie ld converged po lariza b i l it ies with respect to 

basis set extens ion towards softer a nd harder functions at the cou pled-c luster 

leve l .  I n  deta i l :  Start i ng from uncontracted , augmented corre lat ion consistent 

quad rup le-zeta basis sets (aug-cc- pVQZ ) [ 175-177] , ( 13sj7p/4d/3 f/2g) basis 

sets for C, ( 17s/ 12p/4d/3 f  j2g) for S i  and (23s/ 19p/ 1 5 d/4f /2g) for Ge were 

chosen .  For these elements t he fu l l  act ive orbita l space was used i n  the e lectron 

corre lat ion procedu re .  For Sn an extended dua l-type Dya i i-QZ basis set [ 178] was 

a pp l ied ,  a nd a soft ( 3sj2p/3 d  /6f /2g) set of funct ions was added to end up with 

a (36s/29p/2 1 d/6f  /2g) basis set . Al l  orb ita ls between - 1 2  au  a nd  + 100 au (22 

e lectrons ) were correlated . S im i l a rly, for Pb  start ing with the orig ina l  Dya l l-qz 
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set [ 178] a ( 37s/33p/25d / 1 9 f  /2g) basis set was f i na l ly chosen by add ing a soft 

( 3sj2p/4d/5 f  /2g) set. H ere , a l l  orbita ls between -10  au  and  + 100 a u  (36 e lec­

trons)  were corre lated . For e lement 1 14 ( E 1 14) the Faeg ri basis set [ 179] was 

used as a sta rt i ng point wh i ch  lead to a decontracted ( 32s/31 p/24d/ 18f  /3g) set 

of Gauss ia n funct ions .  The  correlated orbita ls were between -7 a u  and  +100 au  

(36  e lectrons ) .  F i na l ly, the  Gaunt term was considered . I n  t he  Feyn man  gauge ,  

the  i nteract ion between two electrons i a nd j becomes [180] , 

1 1 ( ) - 1 ( 1  - - ) i c- 1 1w l r v 'G r w · = r . - a . a e •1 •1 I) ' I) I) I j · ( 5 . 3) 

S i nce the frequency of the  v i rt u a l  excha nge photon wu is sma l l  compared to cj ru 

( c is the velocity of l i g ht ) ,  t he freq uency dependent exponent i a l  is neg lected i n  t he 

ca lcu lat ion ( low frequency l im it ) .  Perdew a nd Cole imp lemented the Breit term 

with i n  a loca l density approxi mat io n ,  but poi nted out that accu rate ion izat ion 

potent i a ls can on ly be ach ieved by i nc l ud i ng the self- i nteraction term i n  O FT 

[ 181 ] . Therefore the Gaunt i nteract ion to the pol ar iza b i l ity was eva l uated at the  

D i rac- H artree- Fock level of theory on ly. 

At the non-relat ivist ic a nd sca la r- re lat iv ist ic l evel of theory the (state) average 

polar izab i l i ty a and a n isotropy !J.a of the polar izab i l ity tensor for the L = 1 state 

is defi ned as 

( 5 . 4) 

( 5 . 5 ) 

where a0 a nd a1 a re the  po larizab i l ity com ponents for ML =0 and  ML = ± 1  

respectively. 

5 . 2  Results and D iscussion 

The experimenta l  setup that  was used by the col la borat ing g roup at the U n iversity 

of Darmstadt w i l l  be exp l a i ned briefly. Pola rizab i l it ies a of t i n  and  lead atoms were 

experimenta l ly determ i ned by Schafer  and  eo-workers ut i l i z i ng a molecu lar beam 

e lectr ic f ie ld deflect ion a p pa ratus [ 150] . S hort ,  pulsed molecu lar  beams of t i n  

and  lead atoms were generated with  a laser ab lat ion source usi ng t i n  and  lead 

targets. The laser ab lat ion source was equ i pped with a temperature-contro l l ed ,  
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cryogen ic  vacuum expa ns ion nozz le ,  that offers the poss ib i l ity to produce atom ic  

g round state species ,  with a low k i netic energy, i n  the  molecu l a r  bea m .  I n  the 

exper iments on t i n  atoms the nozzle was he ld at 100 K, in the case of lead atoms 

at 40 K. After the expa nsion the mo lecu la r  beam is t ightly col l i m ated and passes 

through an  i nhomogeneous electric f ie ld ,  where it gets deflected .  The deflect ion 

d is measured by scann ing a movea b l e  s l i t  across the molecu la r  beam prof i le  and  

detect ing transm itted atoms w ith  a t ime-of-fl ight mass-spect rometer .  For th is 

pu rpose the atoms are ion ized with a F2-excimer laser. The deflection d of the 

molecu lar beam is related to the po la riza b i lty a by 

A 
d = --2 a ,  

m v  
( 5 . 6 )  

with an  apparatus constant A .  t he  mean velocity v of  the part i c les, wh ich i s  

measured with a molecu lar beam sh utter, and  the mass m of  the  atoms. By 

compari ng the  def lect ion of e . g .  lead dpb to the beam defl ect ion  of a species 

with known pola riza b i l ity, as bar i um [ 182] . the abso l ute va lue of the  polar izab i l ity 

apb is g iven by 

(5 .7 )  

The cu rrent a pparatus does not a l low to measure the polar iza b l ity of  the  l ig hter 

homolog ues of t i n  and l ead ,  s i nce the ion izat ion potent ia ls of carbon ( 1 1 .26  eV) , 

s i l icon (8 . 15 eV) and german i um ( 7 . 90 eV) [1 56] exceed the energy per photon 

of the ion izat ion laser (7 .87 eV) . 

The molecu l a r  bea m profi les with and  without e lectr ic deflect ion f ie ld of t i n  and  

lead atoms a re shown i n  F igure 5 . 1  i n  comparison to  the bea m def lect ion of  bari um 

atoms, wh ich  was used as  a ca l i brant [150] . The mean velocity of  t i n ,  lead and  

bari um atoms was determ i ned to  be  1 020, 650  and 1410 m/s ,  respectively, with 

an uncerta i nty of 2%. Using Eq . ( 5 .7 )  and  the experi menta l po lariza b i l ity of 

the atomic  bari um a 8a = (268 ± 2 1 )  au  [ 182] . the polariza b i l it ies of tin a sn = 
(42 .4± 1 1 )  a u  and  lead apb = (47 . 1 ± 7 )  au a re obta i ned . The error m arg i ns i n  the 

case of t i n  are s ign ificantly en larged compared to lea d ,  s ince it was not possi b le to 

generate a suffi c iently i ntense molecu la r  beam of t i n  atoms at expa ns ion nozzle 

temperatures below 100 K. Th is leads to the h igher velocit ies of the t i n  atoms 

and  thereby red uced deflections in the electric fiel d .  

The  results of  a l l  ca lcu lat ions a re sum marized i n  Ta ble 5 . 1 .  The most accu rate 
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(b) 
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Ba H (241 ± 1 8) Jlm 

(jj' -·c: ::I 
..ci ...... 
� 
>--·u; c a.> -c 

- 1 0 1 

position of the detector slit [mm] 

Sn H (84 ± 20) Jlm 

(jj' :t::: c ::I 
..ci ...... � 
>--·u; c a.> -c 

-1 0 1 

position of the detector slit [mm] 

Pb H ( 1 32 ± 1 0) Jlm 

� c ::I 
..0 ...... � 
>--·u; c a.> -
-� 

-1  0 

position of the detector sl it [mm] 

F igure 5 . 1 :  Molecu lar  beam profi les of Ba (a ) [ 1 50] . Sn (b ) and Pb (c ) atoms with 
( c irc les ) and without (crosses) app l ied e lectric deflection fie l d .  As a gu ide 
to the  eye the experimental beam profi les are fitted with Gauss ian funct ions. 
The field i nduced beam def lect ions d are i nd icated above the profi l es .  
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coup led-cl uster results i n clud ing the Gaunt term at the D H F  level are compared to 

other theoret ica l  data in Tab le 5 . 2 .  There is excel lent agreement of the presented 

resu lts with the non- re lat iv ist ic CCSD(T)  va l ue  of ca rbon and s i l icon obta i ned by 

Thakkar  and  eo-workers [183 ,  184] . These authors a lso provide a more com plete 

overview of prev ious resu lts. The an isotropy 11cx. for carbon and s i l icon of Tha kkar 

a nd eo-workers a re 2 . 10 and 8 .41  a u ,  respect ively, which are a lso in exce l lent 

agreement with t he non- re lativistic resu lts ( 2 . 1 3  a nd 8 . 57 a u ) .  Further ,  very 

recent ca lcu lat ions at the D i rac-Cou lomb level of theory for the heaviest e lements 

Pb and  E 1 1 4  from Persh i na  and  eo-workers [ 1 58] a lso agree with the presented 

resu lts. 

Fig . 5 . 2  com pares the ca lcu lated po la r iza b i l it ies at the H F  and CCSD (T) level of 

theory. Relat iv ist i c  and  e lectron corre lat ion effects a re shown i n  F ig .  5 . 4  a nd i n  

Tab le 5 . 2 .  The fo l low ing  observations are made :  ( i )  At the non- re lat iv ist ic  and  

sca la r- re l ativist ic level , both the  polar iza bi l ity ex. and the an isot ropy /1cx. i ncrease 

with i ncreas ing nuclear charge of the g roup  1 4  e lement . ( i i ) From a com pari­

son between non- re lat ivist ic  and sca lar relat iv istic po larizab i l it ies, one obta i ns a 

rough ly Z2 i ncrease i n  re lat ivist ic  effects for the ML =0 com ponent, wh i l e  there 

is l ittle change for the ML = ± 1  com ponent of the  polar iza b i l ity tensor. ( i i i )  

The an i sotropies a re l a rger a t  the sca la r  rel at iv ist ic level com pared t o  the non­

re lat iv ist ic results .  I n  fact , the re lat iv ist ic cha nge i n  the an isotrop ies rough ly 

i ncrease with Z2 ( iv) E lectron corre lat ion red uces the d i pole po lariza b i l ity (with 

the except ion of the J=O state for E1 14) by a bout 1 ( C )  to 6 ( 1 14) atom ic  u n its, 

but is much less pronounced tha n for the d i po le  polarizab i l it ies of the s-b lock el­

ements [152 ,  153 ,  158] . (v) For the l i g hter e lements, LS-coup l i ng (sp in-orbit 

cou p l i ng  sma l l )  g i ves a much better descr ipt ion than  ))-coupl i n g .  Hence, i t  is of 

no su rprise that t he re lat ivist ic Hartree- Fock wavefu nct ion ,  with the p1;2 dou­

bly occup ied , i s  not the best zero-order wavefu nct ion for the electron corre lat ion 

procedu re as the lowest energy f ie ld pertu rbation i n  the LS-cou pled ML = ± 1  

state. To com pensate for this , the coup led-cl uster procedure leads t o  a l a rger 

corre lat ion effect in the ))-coupled com pared to the LS-coupled case for e lements 

where sp i n-orbit i n teract ions can be neg lected .  I n  contrast to the H F case, the 

polariza b i l it ies for the D i rac  J = 0 and Douglas- Kro l l  ML = ±1 state ag ree n icely 

at the coup led-cl uster level for carbon .  (v i )  F ig .  5 . 4  clearly shows that sp i n-orbit 
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N R  ( P) DK ( P) Dirac J=O 
ML = O  ML = ± 1  av. ML =O ML = ± 1  av. MJ = 0 

Carbon 
H F  1 0 . 9 1  1 2 . 5 1  1 1 . 9 7  1 0 .89 12.50 1 1 . 9 6  1 1 .76 

L DA 1 1 .39 14.18 1 3 . 25 1 1 .38 1 4 . 18 13 . 25 1 4 .28 

P B E  1 1 .42 14.50 1 3 . 48 1 1 .42 14.51 13.48 14.30 

B LYP 1 1 .44 14.42 1 3 . 42 1 1 .43 14 .42 13.42 1 4 .44 

B3LYP 1 1 .05 13.55 1 2 . 7 2  1 1 . 04 13.55 1 2 . 7 1  13 .52 

M P2 9 . 64 1 2 . 3 1  1 1 .42 9.64 12.31 1 1 . 4 2  12 .06 

CCSD 1 0 . 2 1  1 2 .33 1 1 .63 10 . 20 12.33 1 1 . 6 2  1 1 .34 

CCSD(T) 1 0 . 28 1 2 . 4 1  1 1 .70 10.27 12.41 1 1 . 7 0  1 1 . 26 

Silicon 
H F  32.56 4 1 .39 38.45 32.48 41 .46 38.4 6  4 1 .66 

L DA 3 3 . 7 1  45.48 4 1 . 5 6  3 3 . 67 45.63 4 1 . 64 44.95 

P B E  34.00 45.53 4 1 .68 3 3 . 95 45.66 4 1 . 76 4 4 . 93 

B3LY P  33 .44 44.33 40.70 33.39 44.45 40.76 44.09 

M P 2  3 2 . 0 2  40.68 37.79 3 1 . 97 40.76 37.83 40.73 

CCSD 3 1 . 76 40.31 3 7 . 46 3 1 . 70 40 .39 37.49 37.69 

CCSD(T) 3 1 . 83 40.40 3 7 . 54 3 1 . 77 40 .58 37.58 37.28 

Germanium 
H F  34 . 02 45.26 4 1 . 5 1  33.24 45.30 4 1 . 28 43.86 

L DA 34. 14 49. 1 8  44 . 1 7  33.59 49.63 44.29 46.23 

P B E  35.29 50.60 45.49 34.73 51 .09 45 . 64 47.92 

B3LYP 34.39 48.60 43.86 33 . 78 48.96 43 . 9 1  45.94 

M P 2  3 2 . 6 6  43.43 3 9 . 84 3 1 . 93 43.47 39 . 63 4 1 . 70 

CCSD 3 2 . 82 43.78 4 0 . 1 3  32 . 1 1  43.84 39.93 3 9 . 94 

CCSD(T) 3 2 . 83 43.83 40 . 16 32. 1 1  43.90 39 . 97 39.33 

Tin 
H F  50.69 63.09 58.96 47. 17 62.34 57.28 57.35 

L DA 48.60 65. 1 2  5 9 . 6 1  4 6 . 2 1  65.74 59.23 57.45 

P B E  50 .87 68. 06 6 2 . 3 3  4 8 . 4 1  68.90 62.07 60.44 

BLYP 5 1 .06 69.44 6 3 . 3 1  48.76 70.29 63. 1 1  60.80 

B3LYP 49.67 65.5 1  6 0 . 23 47.05 65.90 59 . 62 58.01 

MP2 4 5 . 88 59.53 54.98 43.58 59.79 54 . 39 54.25 

CCSD 47.74 60.68 56.37 44 .8 1  60.53 55.29 53.32 

CCSD(T) 47 . 63 60 . 7 0  56 . 34 44.74 60.60 55 . 3 1  52.70 

Lead 
H F  58.42 72.04 67.52 46.87 70 . 10 62 .36 4 9 . 7 1  

LDA 55. 0 1  73. 1 7  67.00 47.24 74 .59 65.47 49.86 

P B E  5 7 . 83 76.85 7 0 . 53 49 . 77 79.25 69.42 52.81 

B LY P  58 . 0 1  77.89 7 1 . 46 50. 45 80.34 70.37 53.05 

B3LYP 5 6 . 46 73.88 68.09 48.02 74.82 65.89 50.48 

M P 2  5 1 . 75 66.77 6 1 . 76 43.65 67.30 59 . 42 47.63 

CCSD 54.56 68. 7 1  6 3 . 99 44.69 67.97 60 . 2 1  47.36 

CCSD(T) 5 4 . 3 6  68. 66 6 3 . 90 44.67 68.04 60 . 25 47.34 

E1 1 4  
H F  7 6 . 75 9 1 1 8  86.39 49.69 101 .40 84 . 16 3 0 . 1 3  

L DA 70.27 88. 92 82.70 52 . 3 1  98.37 83 .02 33.34 

P B E  75 . 18 96.83 8 9 . 6 1  56 . 17 109 . 14 9 1 . 48 3 4 . 1 7  

B LY P  74.59 96.37 89. 1 1  57.07 107 08 90.42 35.35 

B3LYP 7 2 . 84 91 .54 85 . 3 1  53.36 1 0 1 1 0  85 . 19 33.08 

M P 2  65 . 05 92.09 7 8 . 64 47.26 93.64 78 . 18 32.02 

CCSD 70.92 88. 2 5  8 2 . 4 7  47.88 94.97 79.28 3 1 . 05 

CCSD(T) 7 0 . 2 9  88. 0 4  82 . 12 47.90 94.66 79 .07 3 1 .49 

Table 5 . 1 :  The static d ipole polar izab i l it ies ( i n  a u )  o f  the group 14 e lements a t  d i fferent 
levels of theory. Non-relat iv ist ic  ( N R) and scalar relativistic Doug las-K ro l l  
( D K )  ca lcu lations are for the ML = 0 and ML = ± 1  components of the  3P 
state ,  and D i rac va lues for the J = 0 state. av .  is the average polar izab i l ity 
accord ing to eq . ( 5 .4 )  
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Method c Si Ge Sn Pb E l l 4 
/:::,.R - 1 . 1 5 -3 . 1 2  -4 .50 -8 . 27 -21 . 33 -56 .55 
/:::,.Gaunt 0 .005 0 .032 0 .097 0 . 2 1  0 . 37 0 .38 
/:::,.corr -0 . 50 -4 .38 -4 . 53  -4. 65  -2 .37  1 . 18 
K R-CCSD(T)+/:::,.Gaunt 1 1 . 26 37 .31  39 .43 52 .9 1  47 .70 3 1 .87  
others 1 1 .67a 37 . 17b  4 1 .0C 52 .0d 46. 96e 30. 59e 
recommended 1 1 . 3 37 .3 39 .4 52 .9  47 . 3  3 1 . 0  
experimental 42 .4± 1 1  47 . 1 ±7 

Table 5.2:  Tota l  relativ ist ic ,  /:::,. R ,  i nc lud ing spi n-orbit correct ions for the 3 P0 state ( rel­
at ive to the ML = ± 1  component) . Gaunt ,  /:::,.Gaunt · at the DHF  level of 
theory and electron correlat ion contr i but ions, /:::,. corr .  for the J = 0 state, and 
f ina l  Gaunt corrected K R-CCSD(T)  for the d i po le  polar izab i l it ies of the g roup 
14  elements compared to previous theoret ica l  resu lts. A l l  va lues are in  a u .  
The  recommended va l ues are from the CCSD (T )  resu lts a nd  from Persh ina 
et a l .  [ 1 58] , and corrected for Gaunt  i nteractions. a a N R-CCSD (T ) from 
ref. [ 1 83] . b a N R- C CS D(T) from ref. [ 1 84] . c a N R-PNO-CEPA from 
ref. [ 1 85] . d R- LDA from ref. [ 1 56] . e Di rac-Cou lomb CCSD(T)  resu lts for 
J = 0 from ref. [ 1 58] . 

contr i butions are as im portant as sca la r  re lat iv ist ic  effects for these p-block e l­

ements, and that they are not even neg l ig i b le for carbon.  (v i i ) Already for Ge ,  

rel at iv ist ic effects ( i nc lud ing sp i n-orbit ) a re as i m porta nt  as electron correlat ion . 

For E 1 14 a huge reduction i n  the d i pole po lariza b i l ity ( 64 %) from 88 .0  to 31 . 5  

a u  due  to  re lat iv ist ic effects is observed .  As a resu lt ,  E 1 14 has  a sma l ler d i po le 

polar izab i l ity com pared to S i  (37 . 3  a u ) ,  as d iscussed i n  deta i l  by Persh ina et 

a l .  [ 158] . Persh i n a  a nd eo-workers a lso poi nted out that  the polar iza b i l ity n i cely 

correlates with the mean rad i us of the p1;2 orbita l .  (v i i i ) The Gaunt contri but ion 

i nc reases with nuclear charge and ,  for the three heav iest e lements, ca nnot be 

neg lected anymore i n  prec ise ca lcu lat ions . ( ix ) Corre l at i ng the next shel l below 

the nsnp-va lence she l l  is a lso im portant .  For exa m ple ,  a change from 37 . 47 to 

37 . 28 au for S i  a nd from 47 . 68 to 47 .34 au  for Pb d ue to core corre lat ion is seen .  

(x) Triple contri but ions t o  the C C S D  procedu re are rather sma l l ,  i nd i cat ing that 

h ig her (quadrup le ) contr i but ions a re probab ly neg l i g i b l e .  (xi ) F ina l ly, the resu lts 

c learly show that relativ ist i c  and  e lectron corre lat ion effects are non-add it ive . 

An im portant q uest ion is i f  some of the popu lar density functiona ls are ab le to 

accu rately reproduce d i po le polar izab i l it i es for these p-block e lements. There 

are some notab le  fa i l u res i n  the past .  For exam ple ,  Stott and Zarem ba [186] 

reported a LOA va lue of 1 .89 au for He, far too h igh  com pared to the experimenta l 

va l ue of 1 . 3832 a u  [ 187] . More recent ca lcu lations with l a rger basis sets g ive a 
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Figure 5 .2 :  The stat ic d ipo le po larizab i l it ies of the g roup 1 4  e lements at the H F  ( upper 
p ictu re) and C CS D (T)  ( lower p icture)  level of t heory. Non- relat ivistic ( N R )  
and sca lar-relat iv ist i c  Doug las-K rol l  ( DK)  ca lcu lat ions are for the ML = 0 
and ML = ± 1  components of the 3P state, and D i rac va lues for the J = 0 
state. 
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Figure 5 .3 :  The stat ic  d i po le polar izab i l i t ies of the g roup 14  elements for d ifferent O FT 
functiona ls .  Non-relat ivist ic ( N R )  and sca lar- relativ istic Doug las- Kro l l  ( DK)  
ca lcu lat ions are for the  ML = 0 and ML = ± 1  components of the 3 P  state, 
and D i rac va lues for the J = 0 state. 
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Figure 5 .4 :  Relat ivist ic  ( upper picture) and electron correlat ion ( l ower p ictu re)  effects 
for the ML = 0 and ML = ± 1  components of the 3 P  state, and for the 
D i rac J = 0 state compared to the non-relativistic ML = ±1 state. 
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better com panso n ,  i . e .  one obta i ns 1 . 322 ( H F) ,  1 . 362 ( M P2) . 1 . 686 (Xa ) , 
1 . 644 ( LDA) . 1 . 558 ( BPW91 ) ,  and  1 . 505 ( B3LYP)  a u  [154] . I n  t h is case , a l l  

funct iona ls  overest i mate t he  d i pole po l a riza b i l ity by a few atomic  un its . I n creas ing 

the  exact excha nge wi l l  not hel p as the H F  va lue is larger than the cou p led-cl uster 

va lue .  I nstead one needs to correct for the wrong long- range behavior in common 

dens ity fu n ct iona ls .  The overest imat ion i s  proport iona l  to  the polariza b i l ity, that 

is the  worst O FT results a re obtai ned for the Sn  atom,  which exh ibits the h ig hest 

po lar iza b i l ity of a l l  g roup 14  e lements . 

The recommended polar iza b i l it ies for a l l  G roup 14 elements for the  lowest 3 P0 
state a re l isted i n  Ta b le 5 . 2 .  For Pb  a nd  1 14 Persh ina et a l .  [ 158] chose s l ig ht ly 

d ifferent basis sets i nc l ud i ng h-funct ions .  As the ir va l ues are s l i g htly sma l ler 

com pared to the presented ones here. they a re l isted i ncl ud i ng the here ca lcu lated 

Ga unt cont r ibut io n .  

Com pari ng  the  experimenta l ly determ i ned polar izab i l it ies of S n  and  P b  with the 

theoret ica l pred i ct ions i n  Ta b le 5 . 1 ,  it is obvious, espec ia l ly i n  the case of Pb ,  that 

not on ly the sca la r- re lat iv istic but a lso the spi n-orbit correct ion has to be taken 

i nto accou nt in order to reproduce the experimental data . However, the large 

error marg i ns of the experi menta l polar izab i l it ies express the need for future h i gh­

precis ion experiments to actua l ly check the accu racy of the theoret ica l ly pred icted 

po lar iza b i l it ies for the open-she l l  atoms d iscussed here. More work has to be done 

on  other open p- as wel l  as the open d- a nd f-she l l  e lements. In add it ion for the 

energet ica l ly h ig her  ly ing J= 1 and 2 states , a mu lt i- reference treatment is a lso 

requ i red . 



Chapter 6 

Scalar relativistic and spin-orbit 

effects in superheavy hydrides 

I nvest igations of the existence of new chem ica l  e lements resu lted i n  the recent 

d iscovery of the e lements with nuclear charge 1 1 1  ( Rg)  and 1 1 2 ( C p) by the GS I  

i n  Darmstadt [ 12 ,  1 3 1 , 1 32 ,  188] , and  most recent ly the elements with nuc lear 

charge 1 13 ,  1 14 ,  1 15 ,  1 16 and 1 18 by the J I N R  g roup in Dubna [1 89-193] . 

I sotopes of these e lements are extremely short- l ived , undergo i ng a-decay wit h i n  

a second or less [1 94] . l t  i s  hoped that i n  near futu re more long- l ived neutron­

rich isotopes can be synthesized [195] mak i ng  these elements better access ib le 

to atom-at-a-t ime chem ica l exper iments [6 , 196 ,  1 97] . The latest su per-heavy 

elements for wh ich atom-at-a-t ime chem istry has been carried out are the ones 

with nuclear charge 1 1 2  [198-200] (a-decay ha l f- l ife tf12 =3 . 8  s for 283 1 12 a nd 

29 s for 285 1 1 2) [20 1 ]  a nd 1 14 ( tf12=0 . 6  s for 287 1 14 and  2 .7  s for 289 1 14) . 

Once these rare isotopes have been successfu l ly prepared , one natura l ly is i nter­

ested i n  the ir  p hysica l a n d  chemica l  properties, a n d  h ow these e lements com pare 

with thei r l ig hter g roup mem bers ( i n  the period ic ta b l e )  [6 ,  196] . Recent adva nces 

in atom ic spectroscopy made it poss ib le to observe t he atom ic level structure of 

the element with n uclear charge Z = 1 00 (255 Fm with a ha lf- l ife of 20 . 1  h )  i n  

a n  opt ica l  cel l  f i l led w ith argon buffer gas [202] . H owever, 2 . 7 x  1010 atoms of 
255 Fm were used i n  these experiments, and  such a l a rge number of isotopes is not 

ava i l ab le for experiments on the newly d iscovered su perheavy e lements. There­

fore one rel ies on chemistry on a one-atom-at-a-t ime  sca le [203] . Even if g reat 

progress has been made in tra pp ing s ing le  atoms or molecu les [204-208] and  fu-

85  
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tu re experimenta l stud ies m ight  wel l  be ab le to explore spectroscop ic propert ies of 

short- l ived superheavy e lements by such techn iques, the cu rrent situat ion is that 

on ly few chemica l  stud ies are ava i l ab le  for the t ra ns-act in ides [6 , 196] .  Thus ,  one 

shou ld  ment ion the recent atom-at-a-t ime experi ments on Bh  ( Z=107)  [209] , 

H s  ( Z= 1 08 )  [ 197] , e lement 1 1 2  [ 198-200] , a nd  very recently on element 1 14 .  

In  the meant ime one can study the chem istry a nd physics of superheavy e lements 

by us ing theoret ica l  methods [2 1 0-21 3] . H owever, the treatment of superheavy 

e lements is non-tr ivia l  as a l arge n umber of electrons is involved and  both re lat iv is­

t ic  a nd  e lectron corre lat ion effects need to be ta ken into account [2 10 ,  2 14-220] . 

Consider ing the  ma i n-group su perheavy e lements there a re a l ready a number 

of theoret ica l  stud ies ava i l ab le on atoms and molecu les, most ly using the rela­

t ivist i c  pseudopotent i a l  a pprox i mat ion [221 ]  or relativist ic d ensity funct iona l  the­

ory [222 ,  223] . l t  is however i m portant to have benchmark ca lcu l ations to test 

the  various re lat iv ist i c  methods i n  use [224, 225] . Therefore one ca n study the 

c losed-she l l  su perheavy element monohydri des from Rg to element 120 at both 

the  D i ra c-Ha rt ree-Fock and  D i rac- Kohn-Sham level of theory, a nd  inc lude e lec­

t ron  corre lat ion effects by a cou p led-cl uster procedu re .  Fu rther ,  to d iscuss the 

i m porta nce of spi n-orb it and sca l a r  relat iv ist ic effects in electron i c  propert ies cor­

respond i ng  sca la r  relat ivist ic (sp i n-free) as wel l  as non-re lat iv ist ic  ca lcu lat ions were 

ca rried out .  Some of the monohydrides have been stud ied before using various 

relat iv ist i c  approx imations, i . e .  Rg H [222, 223, 226-230] . C p H+ [162 ,  231-233] , 

1 1 3 H  [234-237] , 1 14H+  [232] , 1 17 H  [235 , 237 , 238] a nd 1 18H+  [232] . For exam­

p le ,  sp i n-orbit effects in the series of neutra l e lement hyd rides from 1 13H to 1 18H 

h ave been i nvest igated by Lee and  eo-workers using a rel ativist ic pseudopoten­

t i a l  a pproxi mat ion [235] . F i na l ly, t here a re on ly few atom i c  stud ies on e lectron ic 

propert ies of e lement 1 19 [ 152 ,  2 1 1 ,  239-242] a nd 120 [21 1 ,  242] . a nd molecu lar 

ca l cu lat ions conta i n i ng these two elements have not been ca rried out so far .  

6 . 1  Computationa l Detai ls 

I n  order to i nvest igate the mo lecu lar propert ies of superheavy element hydrides 

non- re l ativ ist ic ( N R ) ,  sca la r- re lat ivistic sp i n-free (SF)  [ 167 ,  168 ,  243] and  rela­

t iv ist i c  D i rac-Cou lom b (four com ponent) [70] theory ( R) were a pp l ied .  On the 

m et hod s ide ,  wave-funct ion based theory a pply ing the Hart ree- Fock (H F )  a pprox-
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imat ion , second-order many body perturbation theory ( M P2) and  coup led-cl uster 

theory i nc l ud i ng s ing le and  doub le  su bst itutions ( C CSD)  and  i nc lud ing the per­

tu rbative tri p les ( C CSD(T) ) to account for e lectron corre lat ion [244] . as wel l  

as dens ity functiona l  theory usi n g  the  local density approx imat ion ( L OA) [ 170] . 

the genera l ized g rad ient approx im ations ( GGA) with the Perdew-Burke- Ernzerhof 

fu nct ion a l  ( P BE) [ 17 1 ] , and the hybrid three- para meter Becke-Lee-Yang- Parr 

fun ct iona l  ( B3LYP) [ 172-174] were used . I n  the D i rac  p icture ,  Kramers ( t ime­

reversa l )  symmetry was a ppl ied i n  the coup led cl uster procedure to save computer 

t ime [76] . The active orbita l space inc l uded the 6s, 6p, 7s, 6d, 7p ,  and Ss orb ita ls 

with the v i rtua l  space bei ng truncated a bove 100 a . u . ,  i . e .  we corre lated 20 e lec­

trons for RgH and C pH + ,  22 electrons for 1 1 3 H  a nd 1 14H+ , 26 e lectrons for 1 17 H  

a nd 1 18 H + ,  a n d  2 8  electrons for 1 19 H  a nd 120H+ . T h e  ( S S  I S S )  two-e lectron 

i ntegra ls over the sma l l  components were neg lected and  Visscher 's correct ion was 

used instead [245] . A f in ite-size Gaussi an  nuc lear model was chosen [246] . 

A l l  a l l -e lectron ca lcu lat ions were performed usi ng extensive, uncontracted Ga uss ian­

type bas is sets tested to y ie ld converged molecu lar  propert ies with respect to 

the basis set extens ion towards softer funct ions .  For the su perheavy e lements 

with nuclear charges 1 1 1- 1 18 we sta rted from Faegr i ' s  four  com ponent basis 

sets [179] and arrived at ( 28s/24p/20d / 12f  j3g) by add ing a n umber soft s ,  p 

and  d-funct ions as wel l  as three g-funct ions. Basis sets were not ava i l ab le for the 

elements 1 19 and 120 .  Therefore new basis sets were adj usted by start ing from 

the exponents for e lement 1 18 extended by th ree s-funct ions and  su bsequent ly 

reopt im ized the Ga ussi a n  exponents at the D i rac- H artree-Fock ( D H F) level us­

i ng  the program package G RASP [104] . unt i l  the energy d ifference com pared to 

the D i ra c- H artree-Fock basis set l im it was sm a l le r  than  20mH (Appendix A ) .  For 

hyd rogen a n  uncontracted ( 9s/5p/4d/ l f ) set of Ga ussia n  functions was used 

obta ined from refs . [247 , 248] . The var iationa l  sta b i l ity in a l l  four-com ponent 

ca lcu lat ions was ensured by us ing dua l  basis sets with the appropriate k i net ic  ba l­

a nce cond it ion [249] . The basis sets a re large enough to suppress the basis set 

superposit ion error, i . e .  us ing the Boys-Bernardi counterpo ise method [250] the 

bond d istance at the sca la r  relat iv ist ic C CSD(T) level of theory i ncreases on ly by 

0 . 0009 A for Rg H and  0 . 00012 A for 1 17 H .  

The equ i l i br ium bond lengths re a nd force consta nts ke were obta i ned from poly­

nom ia l  f its of the potent i a l  curve around  the m in im u m .  The ca l cu lat ion of the 
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d issociat ion energy De for the molecu les was on ly carried out at the D H F , D H F­

M P2 and  D H F-CCSD (T)  l evels of theory and  requ i red more attent ion .  F i rst D H F ,  

M P 2  a n d  CCSD (T) ca lcu l at ions were performed for the i ntermed iate d issoc iat ion 

of the hydr ides i nto a proton ( H+ )  and the correspond i ng c losed-she l l  superheavy 

e lement or ion ,  whose tota l e lectron ic  energy cou l d  be ca lcu lated accurately with 

the progra m  system D I RAC [70] . To obta i n  the correct d issoc iat ion energ ies, the  

ion izat ion potent ia l  ( l P )  of hydrogen and  the e lectron affi n it ies ( EA) or  ion iza­

t ion potent i a ls for the charged and neutra l  superheavy elements a re requ i red at 

d i fferent levels of theory, which were obtai ned from OH F a nd Fock-space coupled­

cl uster ( FSCC)  ca lcu lat ions [25 1 ,  252] usi ng the sa me basis sets . The cons idered 

d issoc iat ion paths for the i nvest igated superheavy hydr ides a re as  fo l lows 

RgH -+ H + + Rg- e so ) -+ H + Rg (2 Os;2J2 S1;2 ) 

CpH+  -+ H + + Cp  e so) -+ H + Cp+ e osj2PS1;2 ) 

1 1 3 H  -+ H +  + 1 13- e so ) -+ H + 1 1 3  (2 P1;2 ) 

1 14 H+ -+ H +  + 1 14 e Po ) -+ H + 1 14+ e P1;2 ) 
1 17 H  -+ H +  + 1 17- ( l So ) -+ H + 1 1 7  (2 P3;2 ) 

1 18 H+ -+ H +  + 1 18 e so ) -+ H + 1 18+ (2 P3;2 ) 

1 19 H  -+ H +  + 1 1 9- e so ) -+ H + 1 1 9  e s1/2 ) 
120H+ -+ H +  + 1 20 ( l So ) -+ H + 120+ e s1/2 ) 

The resu lts of our atom ic FSCC ca lcu lat ions are shown i n  Ta b le  6 . 1 .  The non­

rel at iv ist ic  g round state for Rg a nd Cp+ is of 2 S1;2 symmetry with a 6d107s1 

confi gu rat ion , wh i le the  correct re lat ivist ic g round state is of 2 05;2 sym met ry 

( 6d97 s2 ) [2 1 1 ,  253] . Further ,  posit ive e lectron affi n 1ties i nd icate that the e lectron 

in the negatively charged species is not bou nd ,  a nd in the com plete basis set l im it it 

shou ld  be zero . Neverthe less, these sma l l  posit ive electron aff i n i t ies were used for 

correct i ng  our  d issoc iat ion energ ies. Sma l l  errors , which stem from the d i fferent 

coup led-c luster treatment for the molecu les a nd d i ssociated atoms, are wit h i n  t he  

basis set and  correlat ion  error. For example , for Rg H and  1 13 H  a d issoc iat ion 

energy of 2 . 052 a nd 3 . 435 eV were ca lcu lated at the non- relat ivistic level of theory 

respectively, whereas from un restr icted coupled C CSD(T) ca lcu lations [ 166] one  

obta ins 2 . 139 a nd 3 . 5 1 1 eV respect ively. The Gau nt term of the Breit i nteract ion  

[ 180 ,  254] was cons idered as wel l  as a sma l l  correct ion to the usual Coulomb  

i nteract ion between two e lectrons .  H owever, t h e  cha nges i n  bond lengths a nd 

other propert ies a re m uch sma l ler com pared to the errors i nt roduced by the use of 
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Tra nsit ion Method R SF  N R  
Rg-+ Rg- H F  -0 . 2 10  - 1 . 436 -0 .071  

FSCC - 1 . 645 -2 .533 - 1 . 103 
C p-t Cp+ H F  10 . 441 1 1 .482 6 . 246 

FSCC 1 1 . 668 12 .813 7 . 721 
1 1 3-+ 1 13- H F  -0 .090 0 .633 0 . 5 14 

FSCC -0 .484 -0 . 087 -0 .486 
1 14-+ 1 14+ H F  8 . 029 5 .592 5 . 882 

FSCC 8 . 390 6 . 558 6 . 684 
1 17-+ 1 17- H F  -0 .602 - 1 .968 -2 .475 

FSCC - 1 . 369 -2 .765 -3 . 070 
1 18 -+ 1 18+ H F  7 . 805 10 . 076 10 . 209 

FSCC 8 . 668 10 .795 10 .777 
1 1 9 -+ 1 19- H F  -0 . 092 0 . 064 0 . 053 

FSCC -0 . 164 -0. 162 0 . 1 57 
120-+ 120+ H F  5 . 0 1 1  4 .903 3 . 647 

FSCC 5 . 470 5 .407 3 . 998 

Table 6 . 1 :  E lectron affi n i t ies ( EA) and ion izat ions energ ies ( l P)  of the superheavy el­
ements ( i n  eV) from four-component ( R ) ,  sca lar relat ivist ic  sp i n-free (SF )  
and  non-relativistic ( N R) Hartree- Fock ( H F )  and  Fock-space coupled-c l uster 
( FSCC )  ca lcu lat ions. 

f in ite basis sets, rest ricted orb ita l space in the correlat ion procedure or correct ions 

from non- iterat ive tri p les or h igher su bst itut ions in the coupled c l uster proced ure ,  

a nd  were therefore neglected . For exa mple ,  for RgH and  1 17H the bond lengths 

i ncreased by 6 . 2 x 10-4 A and 9 . 3x 10-4 A respectively at the D H F  leve l of theory 

upon i nc lus ion of the Gaunt term . 

6 . 2  Resu lts and D iscussion 

The resu lts of  our  molecu lar calcu lat ions a re su m marized i n  Ta b les 6 .2 ,  6 .3 ,  6 .4 

and  6 . 5 .  Before d iscuss ing the propert ies of the superheavy e lement hydr ides 

with respect to the i r  l ig hter congeners ,  the presented results w i l l  be com pared 

with previously pub l ished ca lcu lat ions usi n g  various models of a pprox imat ions.  

There are a number of pa pers concern i n g  Rg H [222 , 223 ,  226-230] . H ere one 

should mention Dolg et a l .  who obta i ned from benchmark spi n-orbit coup led 

pseudopotent ia l  ca lcu lations i nc lud ing  electron correlat ion at the CCSD(T) level 
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of theory re= l . 529 A.  ke= 409 .8  N m -1 a nd De= 2 .83 eV [229] . Th is is m 

excel lent ag reement with the here a pp l i ed a l l-e lectron D H F-CCSD (T) t reatm ent. 

Ear l ier a l l-e lect ron D H F-CCSD (T) resu lts by Seth and Schwerdtfeger ( re = l . 523 

A. ke= 4 1 9 . 7  N m -1 and  De= 2 . 83 eV [227] ) are in s im i lar  good ag reement. 

Concern i ng  C p H +  M osyag i n  et a l .  obta i ned re= 1 . 537 A. ke= 387.4 N m- 1 a nd 

De= 3 . 96 eV us ing Fock-space coupled-c luster ca lcu l at ions wit h i n  a genera l ized 

relat iv ist ic effective core potent ia l  scheme [233] . aga i n  in very good agreement 

with the presented resu lts. For com parison Seth  et a l .  obta i ned re= 1 . 5 1 7  A. 
ke= 419 . 4  N m -1 a nd De= 4 .09 eV [162] . a n d  Nash obta i ned re= 1 . 583 A and 

De= 3 .50  eV [232] . both us ing CCSD(T)  ca lcu lat ions but  d i fferently adj usted 

relat iv ist i c  pseudopotent i a ls ( RP P ) .  1 1 3H has been i nvestigated before by Seth 

et a l .  ( re= 1 . 789 A. ke= 1 09 N m -1 a nd  De= 1 .44 eV) us ing four-com ponent 

CCSD(T)  [234] but app ly ing  much sma l ler  basis sets. Lee et a l .  ( re =  1 . 759 A 
a nd De= 1 .46 eV) performed two com ponent C CSD(T) usi ng R P Ps [235] . and  

Choi a nd  eo-workers ( re= 1 . 755 A.  ke= 1 32 . 5  Nm-1  and  De= 1 . 53 eV) used sp in­

orbit D FT ( SO- D FT)  i n  con nect ion with R P Ps [236 . 237] . For 1 14H+ there is 

on ly one pa per pub l ished by Nash ( re= 1 . 73 A and  De= 1 .0 1  eV) usi n g  a R P P  i n  

a CCSD(T) scheme [232] . For 1 17 H  one ca n mention three d ifferent ca lcu l at ions 

by Lee et a l .  ( re= 1 . 949 A and  De= 1 .79 eV) obta i ned by usi ng a two com ponent 

R P P  wit h i n  a CCSD (T) procedure [235] . by C ho i  et a l .  ( re= 1 . 957 A. ke= 143 .2 

N m -1 a nd De= 1 . 58 eV) us ing SO- D FT [237] . and  by Peng et a l .  ( re =  1 . 988 A. 
ke= 128 . 3  N m-1 and De= 2 . 04 eV) usi ng  a D i rac (four com ponent) Kohn-Sham 

scheme [238] . Last ly, one shou ld  cite resu lts for 1 18H+ by Nash ( re =  1 . 992 A 
and De= 1 . 60 eV) obta i ned by CCSD(T)  ca lcu lat ions using a R P P  [232] . wh ich 

deviate substant ia l ly from our va l ues i nd i cat i ng prob lems i n  the pseudopotent ia l  

approxim at ion used . The Tables 6 . 2  and 6 .3 a lso show that density funct iona l  

theory performs reasonably wel l  for these superheavy elements. with the  B3LYP 

funct iona l  a pparently perform i ng best . 

The ca lcu l ated relat iv ist ic and  electron corre lat ion effects for var ious propert ies 

a re shown i n  Ta b le  6 . 6 .  O ne ca n observe c lear trends with i n  the series of su­

perheavy e lement hydrides. For the bond d ista nces . relat iv ist i c  effects are m uch 

l a rger t han  e lectron corre lat ion effects with the largest bond contract ions ca lcu­

lated for RgH  and  C p H +  d ue to sca la r  re l at iv isti c  contri but ions .  For these two 

com pounds sp in-orbit contr ibut ions to the  bond d istance are very sma l l .  More­

over ,  sca la r  re lat iv istic effects to the bond d istance are m uch l a rger for Rg H a nd 
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Rg H CpH+ 1 1 3 H  1 14H+ 
Method re ke re ke re ke re ke 
Dirac-Coulomb 

O H F  1 . 520 454 . 0  1 . 526 390 .9 1 . 698 136 .6 1 . 7 16  194 . 6  
MP2 1 . 505 427 . 4  1 . 525 397. 7  1 . 701 134. 1 1 . 728 165 .8  
CCSO 1 . 519  438 . 1 1 . 530 373. 2  1 . 721  1 30 .5 1 . 747 158 . 5 
CCSO(T) 1 . 522 438 . 4  1 . 534 37 1 . 2  1 . 728 129 .0  1 . 762 144 . 5  
LOA 1 . 540 409 . 6  1 . 559 344 . 0  1 . 759 134. 3 1 . 789 143 . 8  
PBE 1 . 558 344 . 9  1 . 560 344 . 9  1 . 798 1 14. 1 1 . 8 1 1  13 1 . 3  
B3LYP 1 . 540 41 1 . 8 1 . 552 369 . 7  1 . 777 1 26 .0 1 . 789 146 . 0  

scalar relativistic 
H F  1 . 5 13  488 . 9  1 . 531 403 . 2  2 . 0 1 3  93.4 1 . 9 1 1  17 1 . 3  
M P2 1 . 501  504 .4  1 . 527 414 . 1 1 . 939 1 1 0 .5 1 . 881 178 . 8  
CCSO 1 . 512  470 . 2  1 . 530 389 . 2  1 . 973 10 1 . 2  1 . 901 1 6 1 . 1  
CCSO(T) 1 . 5 15  467 . 1 1 . 533 387 . 7  1 . 967 99.6 1 . 902 1 59 . 3  
LOA 1 . 528 418 .4  1 . 555 345 . 2  1 . 982 99.7 1 . 921 154 .8  
PBE 1 . 532 4 1 9 . 3  1 . 555 346 . 4  2 . 02 1  89.4 1 . 939 144 . 6  
B3LYP 1 . 528 420 . 7  1 . 550 370 . 5  2 . 020 90 .3 1 . 932 152 . 9  

non-relativistic 
H F  2 . 0 19 1 09 . 0  1 . 952 157 .2  2 . 079 12 1 .4 1 . 980 182 . 2  
M P2 1 .876 1 33 . 9  1 . 888 166 . 6  2 . 032 123.0 1 . 955 193 . 1  
CCSO 1 . 931 1 1 5 . 2  1 . 926 144 .8  2 . 05 1  1 18 .3 1 . 966 182 . 7  
C CSO(T) 1 . 923 1 16 . 8  1 . 930 138 . 6  2 . 048 1 1 6 .8 1 . 968 180 . 6  
LOA 1 . 87 1 128 . 2  1 . 907 147 .0  2 . 069  1 1 0 .5 1 . 993 154 .3  
PBE 1 . 9 1 1  1 18 . 7  1 . 93 1  130 .0  2 . 094 103 .7 2 . 004 157 . 8  
B3LYP 1 . 928 1 1 2 . 6  1 . 930 143 .4 2 . 089 106 .0  1 . 991 160 . 6  

Table 6 .2 :  Bond d istances re ( i n  A) and force consta nts ke ( i n  Nm-1 ) for the  superheavy 
element hyd r ides at various levels of theory. 

CpH+ com pared to the other two s-block e lement hydr ides 1 19H and  1 20 H + ,  

which stems from the rel ativistic maximum a t  the g roup 1 1  or 1 2  e lements a long 

a period i n  the period i c  tab le (see refs . [255-259] for a deta i led d iscussion ) .  The 

s ituat ion changes com pletely for the p-b lock e lement hyd rides . Here spi n-orbit 

coup l i ng becomes the dom i nant relat iv ist ic contr ibut ion for bond d istances, with 

sca la r  relat iv ist ic effects be ing m uch sma l ler but st i l l  l arge in com parison to elec-

tron corre lat ion .  Th is is expected from the pronounced sp in-orbit sp l itt ing in the  

7 p-shel l [256] . i . e .  FSCC ca lcu lat ions by Ka ldor and  eo-workers g ive a 2 P 1;2f2 P3;2 
spl itt ing for e lement 1 13 of 2 . 79 eV [260] , and  O i rac-Fock- Breit ca lcu lat ions g ive 
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1 17 H  1 19H 
Method 

Dirac-Coulomb 
O H F  1 .970 150 .5  1 . 904 19 1 . 9  2 . 529 53 . 1 2 . 291 1 18 . 8  
M P2 
C C S O  
C C S O (T )  
LOA 
P B E  
B3LY P  

1 . 902 
1 . 939 
1 . 941  
1 . 961 
1 . 982 
1 . 979 

166 . 6  1 . 868 
143 .8 1 . 895 
144. 5 1 . 902 
140 .8  1 . 929 
130 .2 2 . 937 
1 3 1 . 9  1 . 930 

scalar relativistic 
H F  
M P 2  
C C S O  
C C S O (T )  
LOA 
P B E  
B3LYP 

1 . 793 
1 . 767 
1 . 781  
1 . 782 
1 .8 1 1  
1 . 821 
1 . 8 14  

267 .8 
268 . 7  
250 . 7  
247 . 5  
231 . 6  
22 1 . 9  
234 .4  

non-relativistic 
H F  
M P 2  
C C S O  
C C S O (T )  
LOA 
P B E  
B3LY P  

1 . 847 269 . 3  
1 . 8 17  294 . 3  
1 . 826 277 . 1  
1 . 827 274.0 
1 .858 234 .5  
1 .864 236 . 6  
1 .857 251 .8 

1 . 774 
1 . 757 
1 . 765 
1 . 768 
1 .805 
1 . 807 
1 . 800 

1 . 823 
1 . 797 
1 .801  
1 . 803 
1 . 846 
1 . 844 
1 . 836 

201 . 2  2 . 402 6 1 . 6 2 . 226 
181 . 5  2 . 443 55 .7  2 . 254 
168 .6  2 . 434 56 . 1  2 . 255 
160 .9  2 . 452 56 . 1  2 . 284 
163 . 5  2 . 480 52 .9  2 . 292 
165 . 2  2 . 489 52 .9 2 . 289 

277 . 1  
275 . 6  
26 1 .6 
258 .4  
226 . 3  
228 . 8  
242 . 4  

284. 9  
296 . 6  
295 . 8  
292 .7  
250 . 6  
252 . 0  
252 .7  

2 . 601 46 .7  
2 . 450 56 .0  
2 . 501 49 .8 
2 . 491 5 1 .4 
2 . 494 50 .3  
2 . 528 47 .6 
2 . 540 49 .9 

2 . 761 
2 . 633 
2 . 655 
2 . 643 
2 . 603 
2 . 625 
2 . 667 

35 .8  
39 .7  
37 .4 
38 .9 
4 1 . 2  
39 .5  
37 . 1  

2 . 328 
2 . 254 
2 . 289 
2 . 290 
2 . 3 10  
2 . 3 19  
2 . 3 19  

2 .231  
2 . 156 
2 . 1 6 1  
2 . 1 54 
2 . 170 
2 . 177 
2 . 192 

1 12 . 5  
100 . 6 
98 . 2  
93 . 9  
95 . 1  
97 . 6  

99 . 6  
102 . 8  
93 .4  
9 1 . 9  
88 . 0 
89 . 2  
9 1 . 9  

90 . 3  
97 . 1  
96 . 5  
95 . 0  
99 . 7  
96 . 2  
93 . 9  

Table 6 .3 :  Bond d istances re ( i n  A) a n d  force constants ke ( i n  Nm-1 ) for the superheavy 
e lement hyd r ides at various levels of theory. 

a 2 P312j2 P 1;2 spl itt ing of 9 . 9 1  eV ( ' )  for e lement 1 17 .  Hen ce, a sp in-orb it  bond 

contraction for 1 1 3 H  and 1 14 H+ can be observed due to the sp i n-orbit contrac­

t ion of the 7p1;rshe l l ,  a nd a sp i n-orbit bond lengthen i ng for 1 17 H  a nd 1 18H+ 

due  to the  spi n-orbit expans ion of  the 7 p3;2-shel l .  These spi n-orbit effects are 

g reat ly d im i n ished when moving from the neutra l to the isoelectron ic  posit ively 

charged mo lecule ,  i . e .  from 1 13 H  to 1 14H+ and  from 1 17H to 1 18 H + ,  as deple­

t ion of e lectron density of e ither t he 7 p1;2- or 7 p3;rshel l reduces these relativist ic 

effects. 

An except ion to the whole trend is found for 120H+ where a relativistic bond 
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Method RgH CpH=F 1 1 3H 1 14H=F 1 17H 1 18H=F 1 1 9H 1 20H=F 

Dirac- Coulomb 
D H F  1 . 675 2 . 583 0 . 546 0 . 1 92 0 .892 0 . 698 0 . 583 0 . 580 
CCSD (T ) 2 . 989 3 . 776 1 . 774 1 .402 2 . 170 2 . 1 8 1  1 . 793 1 . 804 

scalar relativistic 
H F  2 .658 3 .462 2 . 077 2 . 26 1  1 . 833 2 . 1 44 0 .474 0 .464 
CCSD (T ) 3 .72 1 4 . 8 12  3 . 264 3 . 635 3 . 246 3 . 55 1  1 . 656 1 . 676 

non-relativistic 
H F  0 .906 0 .688 2 . 032 2 . 648 2 . 180 2 . 505 1 . 1 0 1  2 . 408 
CCSD (T ) 2 .052 1 . 786 3 . 435 3 . 755 3 . 6 16  3 . 9 14 2 . 242 3 . 5 14  

Table 6.4:  Dissociat ion energ ies De ( i n  eV) for the superheavy element hydrides at the 
DHF and CCSD (T ) level of theory us ing the atomic va l ues l i sted i n  Tab le 
6 . 1 .  

M ethod Rg H 1 1 3H 1 17H 1 19 H  
Dirac- Coulomb 

D H F  -0 . 309 0 . 507 -2 . 544 -6 .847 
C CSD (T ) -0 . 0 13  0 . 067 - 1 . 943 -5 . 605 

scalar relativistic 
H F  -0 . 544 -2 .797 -0 .700 -7 . 698 
C CSD (T ) -0 . 139 -2 .467 -0 . 6 17 -5 .488 

non-relativistic 
H F  -5 . 792 -0 .499 0 . 261  -9 . 902 
C CSD (T ) -4 . 2 1 3  -0 .819  0 . 070 -9 .233 

Table 6 .5 :  Dipole moments J..Le ( i n  Debye) for the neutra l superheavy element hydrides 
at the D H F  and CCSD (T ) l evel of theory. 

expansion, rather than  a contract ion is seen as one m ight expect . As a con­

sequence no cha nge in  the trend of bond lengths is observed due to relat iv ist ic 

effects for the positively charged g roup 2 hydrides i n  contrast to the g roup 1 

series of hydrides, cf. F igu re 6 . 1 .  I n  order to verify th is rather i ntrigu ing resu lt 

FrH , R aH+  and Ba H +  were i nvest igated as wel l ,  but on ly at the 83LYP level of 

theory us i ng a Dya l l  tr ip le-zeta basis set with th ree g-functions. For FrH s im i l a r  

resu lts compared to  1 1 9H a re obta i ned showing a re lat ivistic bond contract ion , 

i . e .  re= 2 . 537 A ( D i rac) , 2 . 547 A (S F ) , a nd 2 . 563 A ( N R ) . H owever ,  for Ra H +  

o n e  obta ins re= 2 . 234 A ( Dirac ) , 2 . 241  A (S F ) , a nd 2 . 1 67 A ( N R ) . I n  comparison 

for Ba H +  one gets re= 2 . 137 A (D i rac) , 2 . 135 A(S F) , and 2 . 1 1 1  A ( N R ) . Hence 
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Rg H C p H +  1 13H 1 14H+ 1 17H 1 18H+  1 19H 120H+ 
/}, rcorr 

e 0 .001  0 . 008 0 . 030 0 . 047 -0 .029 -0 . 002 -0 . 095 -0 . 036 
f1 rSR 

e -0 .408 -0 . 397 -0 .08 1  -0 . 066 -0 . 044 -0 .035 -0 . 152 0 . 1 35 
f1 rSO 

e 0 . 007 0 . 000 -0 .240 -0 . 140 0 . 1 58 0 . 1 34 -0 057 -0 . 034 
f1 rSR+S0 

e -0 . 40 1  -0 . 396 -0 .321  -0 . 206 0 . 1 14 0 . 099 -0 . 209 0 . 10 1  

f1 kCorr 
e - 1 5 . 6  - 1 9 . 7  -7 . 6  -50 . 1 -6 . 1 -23 . 3  3 . 1  -20 .6  

f1 kSR 
e 350. 4  249 . 1  - 17 . 1 -2 1 . 3  -26 . 5  -34 . 3  12 . 5  -3 . 6  

f1kSO 
e -28 . 8  - 1 6 . 5  29 .4  -14 .8  - 1 03 . 1 -89 .8  4 .8  6 .4  

f1 kSR+SO e 32 1 . 6  232 . 6  12 . 2  -36 . 2  - 1 29 . 6  - 124. 1 1 7 . 2  3 . 3  

/}, ocorr e 1 . 314  1 . 1 93 1 . 228 1 . 2 10  1 . 278 1 . 483 1 . 209 1 . 224 
f1 0SR 

e 1 . 669 3 . 027 -0 . 172 -0 . 1 20 -0 . 370 -0 . 363 -0 . 589 - 1 . 838 
t1 oso 

e -0 . 733 - 1 . 063 - 1 .489 -2 . 233 - 1 . 076 - 1 . 370 0 . 137 0 . 128 
fj_ QSR+SO 

e 0. 937 1 . 990 - 1 . 661  -2 . 353 - 1 .446 - 1 . 733 -0 .449 - 1 . 7 10  

f1J.L;orr 0 . 322 -0 .440 -0 . 60 1  - 1 . 242 
f1J.L�R 4. 074 - 1 . 648 -0 .687 3 . 745 
l1J.L�o 0 . 1 26 2 . 534 - 1 . 326 -0 . 1 17 
f1J.L�R+SO 4 . 200 0 .886 -2 .013  3 . 628 

Table 6 .6 :  Relat iv ist ic effects at the CCSD (T ) level of theory and e lectron corre lat ion 
effects at the D H F  level of theory for bond d istances re ( i n  A) ,  force con-
sta nts ke ( i n  Nm-1 ) , and  d issociat ion energ ies De ( i n  eV) for the superheavy 
e lement hydrides .  S R :  sca l ar relativistic effects, SO :  sp in-ob it effects, Corr: 
Corre lat ion effects. 

R a H +  shows exact ly the sa me trend i n  relat ivist ic  effects com pared to 120H+ 

What is the ori g i n  of  th is rel at iv ist ic bond expa nsion i n  v iew of the relat iv ist ic 

vale nee s-contra ct ion? 

The answer l ies perha ps i n  a prev ious study on  BaH+ a nd RaH+ by Pyykko and 

eo-workers [26 1 ,  262] . who emphas ized the im portance of the vacant d-orb ita ls 

in the bond ing ,  which is a na lyzed in more deta i l  here for 1 20H+ Ta ble 6.7 shows 

the g ross atom ic  charges obtai ned from a Mu l l i ken popu lat ion ana lysis. What 

is i nterest ing here is not on ly the large charge flow from the neutral hydrogen 

atom to the meta l  atom due to re lat ivist ic effects for the com pounds Rg H ( Rg 

becomes negat ively charged ) ,  1 13 H  and  to a lesser extent 1 19 H ,  but a lso the 

rather l a rge positive cha rge at e lement 1 20 i nd icat i ng that 1 20H+  is best de­

scri bed as 1202+ H - .  The f i rst and  second ion ization potent ia Is for e lement 120 ,  

wh ich a re 5 .47 eV ( see Tab le  6 . 1 )  a nd 1 1 . 58 eV (from the fi rst ion ization paten-
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t i a l  i n  Table 6 . 1 a nd the doub le  ion izat ion potent ia l  ca lcu lated recently by D inh  

et  a l .  [242] ) respect ively. One observes that the second ion izat ion potent i a l  is 

relat ively sma l l .  In fact sma l ler than the ion ization potent ia l  of t he hyd rogen 

atom ( 1 3 . 595 eV [263] ) .  Deplet ing a lmost completely the va lence s-she l l  w i l l  

s ign if ica nt ly red uce relat iv ist ic effects [264] as th is is the case for 120H + .  How­

ever ,  si m i lar sma l l  ion izat ion potent i a l s  are found for a l l  the group  2 e lements, 

a nd  one shou ld therefore expect s i m i l a r  sma l l  relativist ic effects for the l i g hter el­

ements. This is i ndeed the case for Ra H +  and BaH+ as d iscussed a bove, and has 

been demonstrated earl ier for these two molecu les in ca lcu lations by Pyykko and 

eo-workers [26 1 ,  262] . The sca l a r  re lat ivist ic  va lence populat ions for the vacant 

d-orb ita l at the heavy atom at the H F  l evel of theory for 120H + ,  Ra H +  and BaH+  

a re -0 . 02 ,  -0 . 1 0  a nd -0 . 1 5  respectively. I n  contrast , at the non-relat ivist ic level 

we have -0 . 14 ,  -0 . 19 and -0 . 19  respect ively. Hence, go ing down the g roup 2 e le­

ments, the relat iv ist ic va lence-s contraction and  the relat iv ist ic expa nsion of the 

vacant d-orbita ls opens up the s- d gap and d im i n ishes the va lence d-part i ci pat ion 

in the bond ,  t hus rationa l iz ing the re lat iv ist ic  i ncrease in the bond length observed 

for 120H+ . I ndeed , in removing the m ost d i ffuse d-fu nct ions red uces substan­

t i a l ly the relat iv ist ic bond expans ion i n  120H+ . lt is worthwh i le to mention that 

for 120H+ the vacant f- and g-orb1ta ls show neg l i g i b le  popu l at ions .  The bond 

d istances a long the 7th period ma i n  group hydr ides Rg H ,  CpH+ , 1 13 H ,  1 14H+ ,  

1 17H a nd  1 18 H + ,  a s  wel l  a s  1 19 H  and  120 H +  a re compared i n  F ig u re 6 . 2  a t  d if­

ferent levels of theory, which n icely shows the i nterp lay between sca la r  relat ivist ic 

and sp in-orbit effects as d iscussed a bove . Note that the c lose proxi m ity of the H F  

and  coupled cl uster cu rves wh ich shows that re lat iv ist ic  effects a re more im por­

tant than e lectron correlat ion . F ig u re 6 . 3  shows the trend i n  bond d istances down 

the period i c  ta b le for the neutra l  e lement hyd r ides. One clearly sees cha nges i n  

trends between the elements Fr / 1 19 and  Ag/ Au due to a sca lar re lat ivist ic va­

lence s-contract ion ca us ing bond contract ions ,  between the elements T l/ 1 13 due 

to a sp i n-orbit 7 p1;rcontract ion caus ing a l a rge bond contract ion for 1 13 H ,  a nd 

a l a rge i ncrease i n  bond length for 1 17 H  due to a spi n-orbit 7p3;2-expans ion (see 

a lso ref. [2 18] for a deta i led d iscuss ion on relat ivist ic effects i n  bond d istances) . 

The t rend i n  bond d istances down a specific g roup of elements i n  the period ic 

tab le dep icted i n  F igure 6 .3 ,  closely resem bles the  trends i n  atomic rad i i  pub l ished 

by Fricke [2 1 1] , and  the more recently pu b l ished trends in cova lent rad i i  pu bl ished 

by Pyykko a nd Atsumi  [230] . The force constants show sim i lar re lat iv ist ic effects 
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Figure 6. 1 :  Bond d i stances for the G roup 1 ( M H )  and 2 ( M H+ ) meta l hydrides . Exper­
imenta l va l ues are extracted from ref. [265] . A l l  other va lues are obtai ned 
from ou r  ca lcu lat ions or from ref. [266] . 

as shown i n  Ta b le  6 . 6 .  The correspond i ng  t rends across and  down the period ic  

tab le  a re i l l ust rated in  F igu res 6 .4  and  6 .5 .  H ere . one sees rather l a rge relativ ist i c  

effects for the  g roup  1 1  and  1 2  e lement hyd r ides lead i ng  to  a strong i ncrease i n  

force constants caus ing large changes i n  per iod ic trends a l ready at gol d ,  wh ich 

has been d iscussed i n  deta i l  before [4 ,  264] . For 1 17 H  and  1 18H+  a very l arge 

relat iv ist i c  decrease in the force consta nts was obta ined , lead i ng  to a monoton i c  

decrease i n  the  force constants down the  g roup  17 series of  e lements as  shown 

i n  F igure 6 . 5 .  The rather smal l  force constant ca lcu lated for 1 17 H  is i n  ag ree­

m ent with the  rather sma l l  d i ssociat ion energy calcu l ated at the fou r-com ponent 

C C S D (T) level of theory. The d issoc iat ion energ ies a re more d i ff icu lt to d iscuss, 

as  relat ivist ic  effects for the separated atoms have to be considered and  e lectron 

corre lat ion effects are sign if ica nt as one expects. For both Rg H and  CpH+  the 

l a rge sca lar re lat ivist ic  effect is part ly ca n ce l led by spi n-orbit coup l i ng due to a 

cha nge i n  the  e lectron i c  configu rat ion from 2 S1;2 (6d107s1 ) to 2 05;2 ( 6d97s2 ) for 

the  e lements Rg a nd (p+ [2 1 1 ,  253] . N evertheless, there is a l a rge relativ ist ic 

i ncrease i n  the d issoc iat ion energy for RgH a nd CpH+ as shown i n  F igure 6 . 6 ,  
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Tra nsit ion 
RgH 

CpH+  

1 13H 

1 14H+ 

1 17H 

1 18H+  

1 19H 

120H+ 

Table 6 . 7 :  

Method R S F  N R  
H F  -0 . 25  -0 .25 0 . 66 

B3LYP -0 .43 -0 .44 0 . 48 
H F  0 . 49 0 . 5 1  1 . 47 

B3LYP 0 . 37 0 .37 1 . 29 
H F  0 . 1 6  0 .60 0 . 62 

B3LYP 0 . 1 6 0 .55  0 . 52 
H F  0 .89  1 . 53 1 . 52 

B3LYP 0 . 90 1 . 47 1 . 45 
H F  0 . 52 0.43 0 . 39 

B3LYP 0 .42 0 . 39 0 . 34 
H F  1 . 36 1 . 29 1 . 25 

B3LYP 1 . 28 1 . 26 1 . 20 
H F  0 . 77 0 .77 0 . 89 

B3LYP 0 . 6 1  0 . 59 0 .83 
H F  1 . 75 1 . 76 1 . 92 

B3LYP 1 . 60 1 . 58 1 . 94 

Mu l l i ken charges at the superheavy element at the H F  and B3L YP l evel of 
theory at  he relativist ic D i rac ( R ) ,  sca l a r  re l at ivistic spin-free (SF )  and non-
relat ivist ic ( N R) level of theory. 

2 .8  
G B Oirac-H F 
G iJ  SF-HF 
A -8 N R-H F  
"1-V Dirac-CCSD(T) 
.--. SF-CCSO(T) 
<H> N R-CCSD(T) 

1 1 1  1 1 2 1 1 3  1 1 4 1 1 7 1 1 8 1 1 9 1 20 
element 

Figure 6 .2 :  Compar ison of ca lcu l ated relat iv ist ic ( D i rac) , spi nfree sca lar relat ivist ic ( SF )  
and  non-relat ivist ic (NR )  H F  and  C CS D (T) bond d istances across t he  7th 
period main g roup hydrides Rg H ,  CpH+ , 1 13 H ,  1 14H+ , 1 17H and 1 18H+ ,  
a s  wel l  a s  ngH  a n d  1 20H+ .  
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1 .0 

G-O Exp/Dirac 
0 SF KH 
• NR 

NaH 

CsH FrH 

1 1 7H 

1 1 3H 

�t----i"J RgH 

• 

Figure 6 .3 :  Comparison of the ca lcu lated relat ivist ic ( not f i l l ed ) ,  spin free ( part ly f i l l ed )  
and non-re lat ivist ic ( f i l led ) CCSD(T)  bond distances for RgH ,  1 17H ,  1 1 3 H  
a nd 1 1 9H with exper imenta l  va l ues for the l i ghter homologes .  Experimenta l  
v a lues (c irc le) are taken from [265] . the non-relat iv istic va lue of AuH from 
ref. [225] and t he  relat ivist ic  va l ue  for AtH from ref. [267] respectively. 
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A -li. N R-HF 
'1-V Dirac-CCSD(T) 
.--. S F-CCSD(T) 
� N R-CCSD(T) 

F igure 6.4: Comparison of ca lcu lated relat iv ist ic ( D irac) , sp infree sca lar relat ivistic ( SF )  
a nd  non-re lat ivistic (NR ) H F  and  C CSD(T)  force consta nts across t h e  7th 
period ma i n  g roup  hydrides RgH ,  CpH+ ,  1 13 H ,  1 14H+ , 1 17 H  and 1 18H+ ,  
as  wel l  as 1 1 9H and  1 20H+ 



6.2. RESULTS AND DISCUSSION 99 

600 

G-El Exp/Dirac 

H B r  
0 SF 

l'.i Rg H � • N R  ' 
E 400 � BH HI  Au H -c ro - • (/) c 0 
8 200 AIH 1 1 7 H  Q) (.) ..... 

1 1 3H .E 
LiH N a H  RbH 0 KH CsH 1 1 9H 

4 

Figure 6.5 :  Comparison of the ca lcu l ated relat ivistic ( not f i l l ed ) ,  spi nfree ( part l y  f i l led) 
and non-relat ivist ic (f i l l ed ) CCSD (T )  force consta nts for Rg H ,  1 1 3 H ,  1 17 H  
a n d  1 1 9H with experimental val ues for the l i g hter homologes .  Experimental 
val ues (c i rc le) are taken from ref [265] and the relativistic va lue for AtH 
from ref [267] respect ively. 

lea d i ng for examp le  to a d issociat ion energy of RgH l arge r  than that of Ag H ( but 

sma l ler  than that of Au H due to the spi n-orb it effects as just d iscussed ) .  The 

p-block e lement hydr ides a l l  undergo rel ativist ic desta b i l ization effects ma i n ly due 

to spi n-orbit sta b i l izat ion at the atomic leve l .  One shou ld  mention the very l a rge 

sca la r  relativist ic destab i l izat ion of 120 H + ,  ( a nd to a l esser extent for 1 19 H ) ,  

wh ich aga i n  is rather unexpected a n d  contrary to the d issociat ion energ i es for the 

g roup  11 or 12  e lement hyd rides . 

F i na l ly it is worth ment ion ing that the large changes i n  t he Mu l l i ken charges and  

correspond i ng  charge f low from the hydrogen to the superheavy element (except 

for 1 18H+)  results in rather l a rge changes (especia l ly for Rg H )  in the d i po le 

moments as can be seen i n  Tab le  6 . 5 . 
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G B  Dirac-HF 
G £J  SF-H F 
A ..t. NR-H F 
"rV Dirac-CCSD(T) 
*-* SF-CCSD(T) 
� NR-CCSD(T) 

Figure 6.6: Comparison of ca lcu l ated relat iv istic ( D i rac) ,  sp i n free sca lar  relat iv ist ic ( SF )  
and  non- relativi st ic ( N R) H F  and  CCSD(T) d issociat ion  energ ies across 
the 7th period ma i n  group hyd r ides Rg H ,  CpH + ,  1 13 H ,  1 14H+ ,  1 17 H  a nd 
1 18H+ , as wel l  as  1 1 9H  and 1 2QH+  

<H> ExpiDirac 

4 HBr 
0 SF 
• NR 

> B H  r.il • 
� AuH .... 

>. AIH H I  0> 
Ci> 3  c <1> 
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Figure 6 .7 :  Comparison of the  ca lcu lated relat iv ist ic (not f i l led ) ,  spi nfree ( partly fi l led ) 
a nd  non-relat ivist ic (f i l l ed )  CCSD(T)  d issociat ion energ ies for Rg H ,  1 13 H ,  
1 17H  and 1 19H with experimental va lues for the l i g hter homologes. Experi­
menta l  va l ues (c i rc le )  are taken from ref. [265] and  the relat iv ist ic va lue for 
AtH from ref. [267] respectively. 



Chapter 7 

Electric field gradients of 

transition-metal halides 

With the development of genera l i zed g rad ient approx imat ions ( G GA) i nto den­

sity fu nct iona l theory ( D FT) ,  it h as now become the preferred choice for the 

quantum theoret ica l  treatment of large molecu les and the so l i d  state [268] . lt 

is now wel l  documented that dens ity funct iona ls perform wel l  for m ost atom ic 

and m olecu la r  electron i c  propert ies .  There are ,  however, severa l shortcom i ngs 

in the DFT methodo logy. The ( rather long)  l ist i n cl udes the i ncorrect descr ip­

t ion of h igh l y  non- loca l ,  long-range  d ispers ive type of i nteract ions [269-27 1] , 

strong ly correlated systems [272] , magnetic materi a ls [273] , systems of h igh  

mu lt i - reference character i n  the wavefunction [274] ( for exam ple i n  trans it ion 

states of chemical react ions [275, 276] ) ,  charge-tra nsfer processes [277] , proper­

t ies wh ich del icately depend on  the  charge distribut ion , l i ke d i po le moments or 

electr ic f ie ld grad ients [278-28 1 ]  i n  tra nsit ion meta l  com pounds ,  or d i pole a nd 

hyper-pol ar iza b i l it ies [ 154 ,  282 , 283) , and  a few more. 

One rema i n i ng notorious prob lem is the correct descri pt ion of the q uadrupo lar 

charge d istri but ion c lose to the nucleus in atoms,  molecules a nd so l ids ,  wh ich 

g ives r ise to the elect ric f ie ld g rad i ent ( E FG ) .  In  1 999 it was reported that cur­

rently app l ied density fu nct iona ls perform poorly for the ca lcu l a tion of EFGs i n  

transit ion meta l  conta i n i ng com pou nds, especia l ly i n  late t rans it ion metals where 

the polar izat ion of the d-core has to  be accurately descri bed [278] . l t  was shown 

that t he error in the e lect ric f ie ld g rad ient ( EFG) at the copper nucleus in CuC I  

correlates with the  error i n  the  valence charge d istri but ion ( d i po l e  moment) . S i  m-

1 0 1  
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i l a r  defects were fou n d  for other tra nsit ion meta l  com pounds [284-286] . Thus ,  

errors i ntroduced in  the long- ra nge charge d istri but ion of an  atom leads to errors 

i n  the short range as the tota l  charge has to be conserved . 

I n  a recent pa per [287] it was demonstrated that the charge d istri but ion i n  Group 

1 1  ha l ides can be correctly descri bed by coup l i ng  short- range g rad ient-corrected 

O FT with long-ra nge  exact excha nge .  Fu rther im provement was ach ieved by 

com bi n i ng  the g ra d ient-corrected short- ra nge fu nct iona ls with coup led-c luster 

theory [287] . The present study a ims  at ca lcu lat ing EFGs in copper and go ld  com­

pounds by us ing the  newly developed CAM- B3LY P  funct iona l  of Yana i  et a l .  [282] . 

Th is funct iona l  a l ready gave notab ly im proved d i pole po larizab i l it ies [288] a nd  

d i po le  moments [287] com pared to  t h e  sta ndard B3LYP funct ion a l .  i t  wi l l  be 

shown here that th i s  m ethod w i l l  a lso lead to su bsta nt ia l ly im proved e lect ric f ie ld 

grad ients at the m eta l  center .  

7 . 1  The C A M- B 3 LYP functional  

The  Ewa l d  decom posit ion o f  the  e lectron-electron Cou lomb operator i nto a short­

range dens ity funct iona l  and  a long-range wavefunct ion based part goes back  to 

a work i n  1985 by Savin and Stal l  [289] . The CAM-B3LYP approx imat ion starts 

from a genera l izat ion of th is decompos it ion [282] 

( 7 . 1 )  

by i nt roduc ing two new para m eters o: a nd {3 with the constra i nts 0 ::; o: + {3 ::; 1 ,  

0 ::; o: ::; 1 and  0 ::; {3 ::; 1 ,  erf i s  the wel l - known error function .  The fi rst term 

accounts for the short-ra nge i nteract ion descri bed by O FT a nd the second term 

for the long- ra nge part descri bed with the Ha rt ree-Fock ( H F) exchange .  The 

para m eter o: determ i nes the weight of the HF excha nge for a l l  d istances, wh i le 

add it iona l  long-ra nge  H F  exchange is m ixed i n  with para meter /3 .  The short­

range O FT part the  B3LYP funct iona l  is used , wh ich a l ready conta i ns the exact 

excha nge [ 172 ,  1 7  4] . The resu lt ing Cou lomb-attenuated form is ca l led CAM­

B3LYP, where the  para meters were determi ned to be opt ima l  for o: = 0 . 1 9 ,  

{3 = 0 .46 a n d  JJ, = 0 . 3 3  [282] . The com mon ly  used hybrid funct iona l  B3LY P  is 

obta i ned by sett i ng  o: = 0 . 2  a nd {3 = 0 . 0  a nd  a djust ing the pre-factor of the B88 
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grad ient correct ion to LOA exchange .  The ori g i na l  routi nes have been written 

by Sa lek [288] a nd recently been im p lemented by Saue i nto the prog ram package 

D I RAC [70] . 

7 . 2  E lectric Field G rad ients 

The com ponents of the electron ic  and  nuc lear f ie ld-grad ient tensor q�d a nd q��c 
at n ucleus X a re the expectat ion va l ues over the correspond ing operators [290] 

and 

I n  express ions (7 .2 )  a nd (7 . 3 )  a ,  {3 stand  for x ,  y or  z ,  (x ,  y ,  z ) = r;, and 

(X ,  Y, Z)  = Ra ;  the sum mation i n  (7 .2 )  ru ns  over a l l  electrons i and  the sum ma­

t ion i n  eq . ( 7 . 3 )  runs over a l l  n ucle i  X The nuclear part ( 7 . 3) is eas i ly determi ned 

as a consta nt add it ion  to the electron ic  part of the f ie ld-grad ient tensor. I n  the 

Koh n-S ham case the expectat ion va lue ca n be written as a sum of one- part ic le 

i nteg ra ls of the form 

11 \  I a2 I )  ef  - KS 1 Gaf3 ( Rx , cP; ) = L c/J, (f)  8Rxa8Rxf3 ! r - Rx l c/J, ( r)  ' I 

where c/J, represent the Kohn-Sham orbita l s .  

7 . 3  Calcu lations for 63 C u  a n d  1 97 Au 

( 7 .4 )  

Diatom ic  com pounds CuX and  AuX ( X= H , F , C I , B r and I )  with and  without CO 

attached were chosen for the  stud ies, i . e .  OC-CuX and OC-AuX ( X= F , C I , Br 

a nd 1 ) .  Th is  provides n uclear quadrupo le  coup l i ng  consta nts ( NQ CCs)  over a 

l a rge range of va l ues. A l l  ca lcu lat ions were carried out apply ing relat iv ist i c  basis 

sets in their fu l ly u ncontracted form to a l l ow max imum flexi b i l ity of the one-
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part ic le dens ity c lose to the nucleus .  E nergy-opt im ized dua l-type Ga ussi a n  basis 

sets ( GTOs) for Cu ( 20s/ 1 6p/ l l d/3f )  a nd  Au (26s/24p/18d/ 1 2 f )  [284] were 

used .  For the  ha l i des the fo l lowing  bas is sets were app l ied :  ( 13s/7p/4d) for 

F, ( 17s/ 1 2p/4d) for C l ,  ( 19s/ 17 p/9d /2f )  for Br a nd (20s/ 1 9p/ l l d  /2f )  for 

I [247 , 29 1 , 292] . The basis set for hydrogen was a ( l ls/6p/4d/3 f ) .  For C and  0 
a ( l ls/6p/3d/2 f )  a nd a ( l ls/6p/3d/2 f )  bas is-set was used respect ively [247] . 

The eq u i l i br i um bond d ista nces and  nuc lear q uadrupole cou p l i ng consta nts for 

the d iato m i c  com pounds were taken from exper iment [265] , a nd from recent 

experimenta l  m easurements by Gerry a n d  eo-workers [293, 294] a nd O ka bayash i  

[295] . The correspond i ng data for the fou r-atomic  com pounds are from O CAuX 

(X= F , C I , Br )  [296] , OCAu l  [297] , OCCuX (X= F ,C I , B r) [298] a nd O C C u l  [299] . 

The param eters pub l ished by Yan a i  et a l .  [282] were determi ned to accurately 

produce ato m izat ion energ ies and charge  tra nsfer excitat ions . Therefore ,  it seems 

to be necessary to re-opt im ize these para m eters for E FG ca lcu lat ions .  Thus ,  the 

para meters were adjusted to the exper i m enta l copper electr ic f ie ld g rad ient in 

CuC I  (-0 . 3 1 ( 2) a u ) .  N ot su rpri s i ng ly one f inds a strong dependence of  the copper 

f ie ld grad ient on the va lue of a, see F i g .  7 . 1 .  For d ifferent va l ues of a the 

EFG ca n even cha nge s ig n .  There is  a lso a s l ight dependence on {3. F i na l ly, 

the  param eter set a = 0 .4 ,  {3 = 0 . 179  a nd 1-L = 0 . 99 was obta i ned and  the 

resu lt ing fu nct iona l  wi l l  be ca l led CAMB3LYP* . For th is parameter reg ion ,  the 

va l ue  for the Cl f ie ld g rad ient ( 1 . 63 a u )  is  a lso qu ite c lose to the experimenta l  one 

( 1 . 68 (2 )  a u ) .  A second i nd icator for the  good performa nce is  that the  ca lcu lated 

d i po le moment of CuC I  (5 .47 Debye) is  a lso c lose to the D K-CCSD(T)  va l ue of 

( 5 . 32 Debye) g iven in ref. [278] . 

Accord i n g  to 

vNcoo [M Hz] = 234 . 9647q [a u] Q [b] , ( 7 . 5 )  

where VNcQQ i s  the NQCC ,  the (spectroscop ic)  nuclear electric quad ru pole mo­

m ent Q of 63C u  a nd  197 Au is determ i ned by the slope of the experim enta l NQCC 

at  t he  m eta l  center to  t he  theoret ica l ly determ ined e lectric f ie ld g rad ient .  The 

s lopes a re o bta i ned by a l i near least-sq uare f it .  This method is  by construction 

of the best f it  of the slope, a nd  more robust than the i nd i rect m ethod used in 

ref. [300] . The qua l ity of the ca lcu l ated E FGs a nd the l i near f it i s  g iven by the 
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Figure 7. 1 :  The ca lcu lated EFG ( i n  atomic un its) of Cu CI for d ifferent va l ues of o: of 
the CAM B3LYP funct ional 

l i near corre lat ion coeff i c ient of the l i near reg ress ion and by the i ntercept wh ich 

shou ld be exactly zero [301 ] . Any deviat ion from the zero i ntercept poi nts to­

wards a systematic error in the method appl ied . The expenmenta l f ie ld grad ients 

a re obta i ned from the n uclear quadrupo le moments l isted i n  ref. [302] , which a re 

-0 . 220 ( 1 5) b for 63 Cu a nd +0.547 ( 16 )  b for 197 Au ( 1  b = 10-28 m2 ) .  

7 . 4 Resu lts a n d  D iscussion 

The electric f ie ld  g rad ients at Cu and  Au for a var iety of d iatom i c  com pounds 

with and without CO attached are shown i n  Tab les 7 . 1-7 .4 .  F i rst one shou ld  

note that  a l l  pure dens ity fu nct iona ls ( LOA a nd G GA) y1eld the wrong s ign for 

the copper E FG in a l l  d iatomic compounds .  I n  the case of the d iatom ic  go ld  

compounds the EFGs a re s im i l a r  i n  error, as poi nted out before [286] . This  i s  

i n  contrast to other propert i es (structu res ,  energ ies v i brationa l  frequencies, etc . ) 
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where dens ity funct iona ls (espec i a l ly hybrid fu nct iona ls) l i ke B3LYP a re found 

to perform extremely wel l . A lso t he CAM-B3L YP functiona l  w ith  the suggested 

para meters does not perform wel l  for E FGs .  For the molecules with CO attached , 

the  E FGs are i n  somewhat better agreement, as the absolute va l ues a re rather 

l a rge  and  less c lose to zero . N evertheless, the var iat ion in the E FGs between the 

d i fferent dens ity funct iona ls is  st i l l  not acceptab le .  

Method CuH  CuF  CuC I  CuBr  Cu i  
H F  -0 . 702 - 1 . 335 -0 . 896 -0 .742 -0 . 571  
L OA 0 . 6 16  0 . 570 0 . 498 0 . 505 0 .487 
P B E  0 . 598 0 . 546 0 .404 0 . 429 0 .418  
PW91 0 . 708 0 . 792 0 .634 0 . 6 1 7  0 . 572 
B LY P  0 . 776 0 .879 0 .718  0 . 696 0 .640 
B3LYP 0 . 338 0 . 1 1 2  0 . 149 0 . 1 8 1  0 . 208 
CAM B3LYP 0 . 3 1 1  0 . 145 0 . 129 0 . 1 52 0 . 176 
CAM B3LYP* -0 . 085 -0 . 503 -0 . 3 15  -0 . 237 -0 . 141 

Table 7 . 1 :  Ca lcu lated electr ic field g rad ients ( i n  atomic u n its) at Cu for d ifferent di-
atomic copper compounds.  

M ethod OCCuF  OCCuC I  OCCuBr OCCu l  
H F  -2 . 1 78 - 1 . 961  - 1 . 876 - 1 . 783 
L OA -0 . 686 -0 .706 -0 . 668 -0 . 659 
P B E  -0 .739 -0 .751  -0 . 7 1 1  -0 .697 
PW91 -0 . 736 -0 . 748 -0 .708 -0 . 695 
B LY P  -0 . 685  -0 . 699 -0 . 663 -0 . 654 
B3LYP - 1 . 0 1 2  -0 .976 -0 . 932 -0 . 907 
CAM B3LYP - 1 . 148 - 1 . 123 - 1 . 082 - 1 . 059 
CAM B3LYP* - 1 . 558 - 1 . 450 - 1 . 39 1  - 1 . 339 

Table 7 .2 :  Ca lcu l ated electr ic f ie ld g rad ients ( i n  atomic un its) at Cu for d ifferent tri-
atomic copper compounds .  

The ca lcu l ated nuclear quadru po le  moments ( N OM) are g iven in Tab les 7 . 5  and 

7 . 6 .  As poi nted out before [286] for LOA, the G GAs and B3LYP errat ic N OMs for 

each  su b-set of molecu les, the d iatom ics as wel l  as the four-atom ics ,  were derived . 

I n  fact the i ntercept is not even c lose to zero . Obviously the  CAM-B3LYP with 

t h e  orig i n a l  parameter set does not perform wel l  e ither. 

C ons idera b le i mprovement for a l l  subsets and  molecu les is ach ieved for the CAM­

B 3 LYP* approx imat ion with t he newly adjusted para meters. For the fi rst t ime a 
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Method AuH AuF  AuC I  AuBr  Au l  
H F  -2 . 0 1 5  -4. 6 1 0  -3 .428 -2 . 903 -2 . 240 
LOA 4 . 0 13  4 . 074 3 . 746 3 . 700 3 . 5 14  
P B E  3 . 693 3 . 7 18  3 . 375 3 . 348 3 . 204 
PW9 1 3 . 746 3 . 783 3 .441  3 .41 1 3 . 259 
B LYP 3 .886 4 .005 3 . 659  3 . 625 3 . 445 
B3LYP 2 . 899 2 . 1 90 2 .206 2 . 280 2 . 310  
CAM B3LYP 2 . 142 1 . 285 1 . 384 1 . 502 1 . 625 
CAM B3LYP* 0 . 780 -0 . 858 -0 .290 -0 . 0 10  0 . 332 

Table 7 .3 :  Ca lcu lated e lectric f ie ld grad ients ( i n  atomic un its) at Au for d i fferent d i-
atomic gold compounds .  

Method O CAuF OCAuCI OCAuBr  O CAu l  
H F  - 1 . 1 86 - 1 . 169 - 1 . 143 - 1 . 1 19 
LOA -4. 059 -4.653 -4. 583 -4. 676 
P B E  -4 .405 -4 . 950 -4 .88 1 -4. 957 
PW91 -4 . 339 -4. 883 -4 . 8 1 5  -4.896 
B LYP -4 . 125 -4. 663 -4 .66 1 -4 .702 
B3LYP - 5 . 784 -6 . 161  -6 . 059 -6 . 091  
CAMB3LYP -6 . 677 -7 . 094 -7 002 -7 . 039 
CAMB3LYP* -8 . 544 -8 . 708 -8 . 542 -8 .470 

Table 7 .4 :  Ca lcu lated e lectric field g rad ients ( i n  atom ic u n its) at Au for d i fferent tri­
atomic gold compounds .  

d i atom ics CuX four-atom ics OCCuX a l l  CuX + OCCuX 
Method I C .  Q corr. I C .  Q corr. I C.  Q corr. 
H F  -6 .2 -91  0 .808 1 6 . 2  - 1 17 0 .989 -26 . 9  -205 0 . 970 
LOA 35 .8 - 1 89 0 . 308 1 5 . 7  -345 0 . 389 37 . 9  -206 0 . 980 
P B E  24.3 - 1 08 0 . 278 4 1 . 9  -655 0 . 8 1 7  34 . 9  -203 0 . 980 
PW9 1 -9 . 6  1 39 0 . 35 1  -42 .8  -663 0 . 8 1 6  39 .5  - 175 0 . 971  
B LYP - 1 5 . 8  1 60 0 . 425 -49 . 0  -747 0 . 738 42 . 3  - 172 0 . 965 
B3LYP 29 .7  -382 0 . 968 -25 .8 -424 0 . 994 2 1 . 7  -214 0 . 994 
CAM B3LYP 29 .0 -397 0 . 860 -57 . 6  -490 0 . 987 20 . 2  - 192 0 . 990 
CAMB3LYP* 0 . 1  -200 0 . 955 - 1 . 5 -210 0 . 997 -0 . 3  -208 0 .998 
Exp 0 . 0  -220 ( 1 5 ) 1 . 000 

Table 7 .5 :  The nuclear quadru po le moment Q ( i n  1 0-3 b )  of 63Cu .  I ntercept ( ic .  1 n  
M Hz) and correlat ion factor (corr . ) from the l i near fit of the NQCC vs . EFG .  

reasonab le  accuracy i n  the N Q Ms of 63Cu a nd 197 Au is ach ieved , despite some­

what large deviat ions for the O CAuX compounds with a n  intercept wh ich d iffers 

substa nt i a l l y  from zero . Nevertheless, the corre l at ion factor is c lose to one a nd 

CAM- B3LYP* performs sig n if ica ntly better than any other density funct iona l  used 

here .  
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Method 
H F  
LOA 
PBE 
PW91 
BLYP  
B3LYP 
CAMB3LYP 
CAMB3LYP* 
Exp 
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d iatomics AuX four-atom ics OCAuX a l l  AuX + OCAuX 
I C .  Q corr . I C .  Q corr. I C.  Q corr. 

290 . 1  333 0 .9 1 1  -438 . 1  208 0 .771  419 .8  522 0 .996 
1 1 9 . 2  -75 0 .046 - 1 040 . 3  -35 0. 1 29 -432 . 1 539 0 .991  

3 .4  59  0 .035 - 1039 . 9  -33 0. 1 08 -390.8 542 0 . 992 
35 .3  20 0 . 0 12  - 104 1 . 6  -34 0 . 1 1 5  -398 .8  542 0 .991  

255 .9  -230 0 . 1 36 - 1 054 . 3  -48 0. 1 67 -423 .7  541  0 .991  
-606 . 8  1 184 0 . 9 17  -948 . 6  39  0 .080 -246.3 536 0 . 996 
-363 . 9  1 1 19 0 .981  -987 . 9  9 0 . 002 - 143 .6  527 0 . 997 

53 . 1  598 0 . 977 5 16 . 3  755 0 .960 53 .6  526 0 . 999 
0 . 0  547 ( 1 6 )  1 . 000 

Table 7 .6 :  The nuclear quad rupo le moment Q ( i n  10-3 b) of 197 Au obta i ned from a 

80 

60 

'N 
I 
� 
� 40 u u 
a 
z 

20 

l i near fit. I n te rcept ( ic. in M Hz)  and correlat ion factor (corr. ) from the 
l i near f it of NQCC vs . EFG .  
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exp 
o H F  
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b. PBE 
V PW9 1 
+ BLYP 
• 83LYP 
o CAM-83LYP 

CAM-83LYP* 

F igure 7 .2 :  The experimenta l  NQCC ( i n  M Hz )  as a funct ion of the ca lcu lated EFG ( i n  
atomic un its) for d i fferent copper compounds. 
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Figure 7 .3 :  The experimenta l NQCC ( i n  M Hz) as a funct ion of the ca lcu la ted EFG ( i n  
atom ic un its) for d ifFerent go l d  compounds. 

By corre lat i ng a l l  com pounds ,  as shown in Fig .  7 . 2  and 7 . 3 ,  one obta i ns an 

exce l lent perform a nce for the CAM- 83LYP* method with N Q Ms now in good 

agreement with the experi menta l l y  pred icted ones .  For i nsta nce, for 63Cu one 

gets -0 .208 b ,  wh i ch l ies with i n  the exper imenta l uncerta i nty [302] . 

For 197 Au the m uon ic va lue of 0 . 547 b [303] has been debated very recently. 

Schwerdtfeger et a l .  [284] obta i ned 0 . 64 b us ing the (CO)AuF  m olecule and  

0 .61  b usi ng  several so l i ds .  lt was po i nted out that  i t  i s  cu rrent ly very d iffi­

cu lt to obta i n  a n  accurate N Q M  for 197 Au , a nd  consequently the m uon ic  va lue 

rema i ned u ncha l lenged . More recently Bel passi et a l .  [300] obta i ned 0 . 5 10  b ,  

l tano [304] 0 . 587(29) b usi ng the  Au  atom 5d96s2 2 D3;2 . 5;2 states i n  m u lti­

configurat ion D i rac-Hart ree- Fock a nd  relat ivistic configuration- i nteract ion cal­

cu lat ions ,  a nd Pa lade et a l .  [305] g ive 0. 560(30)  b for Au-AI a l loys obta i ned 

from 197 Au Mossbauer spect roscopy measurements and  relat iv ist ic l i n eari zed aug­

mented p l a ne wave ( LAPW) calcu lat ions .  Pyykkb et a l .  obta i ned 0 . 509 b for AuH 
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from re l at iv ist ic coup led-cl uster ca lcu lat ions i nc l ud ing both Gaunt and q ua ntum 

e lectrodynam ic contr ibut ions [306] . The m ost accurate va lue comes perhaps from 

the Tei-Aviv g roup  with 0 . 52 1 (7 )  b obta i ned from relat ivist ic Fock-space cou p led­

c l uster ca lcu lat ions with s i ng le  and doub le  exc itations i nc l ud i ng the Gaunt term 

for 2 03;2. 5;2 states of atom ic  gold [307] . The calcu lated resu lt reported here with 

0 . 526 b is  in excel le nt ag reement with th is  va l ue .  

Fma l l y  one shou ld  m ent ion that wh i lst the E FG is not reproduced accurately by 

most density funct iona l s ,  i n  spann i ng  the who le ra nge of a l l  poss ib le EFGs us ing a 

va riety of com pounds ,  one c learly observes a n  error cancel lat ion when the  N Q M  

i s  determ i ned . Hence, a l l  density funct iona ls perform reasonab ly wel l ,  i . e .  from 

-0 .206 b ( L OA )  to -0 . 172 b ( B LYP)  for 63 Cu , and 0 . 526 b ( CAM-B3LYP* ) to 

0 . 542 b ( PW9 1 )  for 197 Au .  However, the i ntercept ca n deviate substant i a l ly from 

the correct va l ue of zero wh ich is d isappo i nt i n g .  Therefore one can conc l ude 

that the readj usted CAM-B3LYP* hybrid funct iona l  i s  cu rrently the best dens ity 

funct iona l  to be used in electr ic f ie ld g rad ient ca lcu lat ions of tra ns it ion e lement 

conta i n i ng  com pounds .  



Chapter 8 

Parity Violation in CH FCIBr 

Despite the wel l  accepted fact that the wea k  neutra l  cu rrents between elect rons 

and  n ucleons pred icted by the electroweak theory create a n  energy d i fference be­

tween the two enant iomers of a ch i ra l  molecu le ,  th i s  k ind of parity v io lat ion ( PV) 

has never been observed i n  experi ments. Unfortunately th is  energy d ifference ca n 

not be measured d i rect ly One prom is ing method is to measure PV-sh i fts i n  v i­

brationa l  t ra ns it ions  of ch i ra l  molecu les . Cu rrently Chardonnet and eo-workers 

are sett i ng  up a n  exper iment usi ng  h ig h ly freq uency-stab le tuna b le lasers [43] for 

h igh-reso lut ion measurements, wh ich ca n reach reso lut ions below 1 Hz , com i ng 

close to the order of magn itude for the PV effect pred i cted for exam ple for a 

molecule l i ke CH FCI Br .  

Beca use of the very sma l l  s ize of the PV effect , it is essent ia l  for experi menta l i sts 

to have an accu rate theoret ica l  va lue  for com parison .  However, it is we l l  known 

that e lectron corre lat ion is very im portant i n  electron ic  st ructure ca lcu lat ions es­

pecia l ly for PV energy sh ifts [57] . State-of-the-art methods to pred 1ct th 1 s  energy 

sh ift are D i rac-Kohn-Sham ( D KS) ca lcu lat ions using various funct iona ls due to 

the advantage of low com putat iona l  costs a nd wave-funct ion based methods l i ke 

Kramers- restricted cou p led-cluster theory. 

I n  th is  i nvest igat ion one of the most pro m is i ng  molecu les, bromoch lorofl uoro­

methane ( C H FC I Br)  was chosen to test a n umber of d ifferent methods. The 

atoms form a tetra hedron with the hydrogen ,  fl uori ne ,  ch lori ne and  brom i ne  at  

the corners and  the ch i ra l  ca rbon atom i n  the center ( Fi g .  8 . 1 ) .  

I n  th is  study it i s  shown that none of the density-functiona ls  work very wel l  1 n  

1 1 1  
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Figure 8 . 1 :  Two enant iomers of the C H FC IBr  molecu le .  The molecule on the left is the 
S-ena nt iomer, the one on the r ight is the R-enant iomer. 

PV ca lcu lat ions and  therefore ca n not be used without fu rther i nvest igat ions .  A 

consistent wave-funct ion based corre lat ion treatment m ight g ive the  on ly accu­

rate so lut ion at present. Coup led-c l uster [CCSD(T)] ca lcu lat ions were therefore 

performed ,  us ing a f i n ite f ield approach for the PV operator as suggested previ­

ous ly by Thyssen et a l .  [308] . The CCSD(T)  resu lts were subseq uently used to 

eva l uate the qua l ity of various density fu nct iona l  approx imat ions .  Furt hermore 

the t h ree para meters of the Cou l omb  attenuated functiona l  CAM-B3LYP [282] 

were adjusted to reproduce the PV energy sh ifts of each atom in C H FC IB r  as 

obta i ned by the CCSD(T)  ca lcu l at ions .  i t  was found in prev ious stud ies that 

th is proced u re works q u ite wel l  for d i po le  moments and e lect r ic f ie ld g rad ients in 

tra ns it ion-m eta l  ha l i des (see prev ious chapter) [287, 309] . 

8 . 1  Theory of E lectrowea k I nteract ion 

The route to  the effective 4-com ponent re lat ivist i c  parity-vio lat i ng  ( PV )  electron ic 

neutra l wea k  H a m i lton i an  for mo lecu la r  ca lcu lat ions is a long jou rney "th rough 

the bea ut ifu l f ie ld of part ic le phys i cs ,  gauge theories, and  quantum f ie ld theory " 

[31 0] wh ich is beyond  the scope of th is thes is .  The Lagra ng i an  density of the 

neutral wea k  electron-nucleon ( e-n uc )  contact i nteract ion i n  the low-energy (zero 

momentum t ra nsfer) l im it [3 1 0] .  serves as a start i ng point here 

r e. -nuc G F · e · nuc " '--'mt = .J2JJ;) .,... (8 . 1 )  

with t h e  Ferm i  coup l i ng  constant GF = 2 .22255 x 10-14 a u  a n d  a n  imp l i cit sum 

over a l l  n uc leons ( nuc ) , that is ,  a l l  protons (p) a nd neutrons ( n ) .  Be ing a contact 



8. 1 .  THEORY OF ELECTROWEAK INTERACTION 1 1 3  

i nteract ion ,  the attent ion ca n be restricted t o  one atom ic  center, say nucleus K ,  

with ZK protons and  NK neutrons .  At t h i s  stage,  the genera l ized 4-cu rrents jJ.L 
ca n be regarded as l i near comb inat ions of the genera l ized densit ies 'lj;t M'lj; with 

M denot ing the O i rac  m atr ices . The O i rac  matr ices and the associated cu rrents 

ca n be classif ied accord i ng to the transformation under  parity reversa l as polar 

vectors (V) and pseudosca la rs ( P )  which change s ig n ,  a nd as axia l  vectors (A) 

and sca lars (S) wh ich do not .  

l t  ca n be shown [3 10] that on ly  V-A (po lar  vector m i nus ax ia l  vector) Ferm i 

coup l i ng  is of relevance,  a n d  the correspond ing  e lectron and nucleon 4-currents 

that appear i n  eq . 8 . 1 are g iven by 

·e ·e ·e 
JJ.L = JJ.Lv - JJ.LA 

= C�'lj;� (a,  14 x4 )1/Je - Cl1/J� ( f. . ry5 )1/Je 
·nuc ·nuc ·nuc 

JJ.L = JJ.Lv - JJ.LA 

= c�uc1/J�uc (o. 12 x 2 )1/Jnuc - c�uc1/J�uc UJ . 0)1/Jnuc . 

(8 . 2) 

( 8 . 3) 

where ry5 = axayaz and  f_ = ry5a. I n  eq . (8 .3 )  the so-ca l led non-re lat iv ist ic 

approx i mation has been i nvoked which means to neg lect of the nucleon sma l l  

com ponent b i sp inors 

Before g iv ing the expl ic it coupl i ng  coeff ic ients C of eqs .  (8 . 2 )  and ( 8 . 3 ) ,  and 

actua l ly coup l i ng  the e lectron and  nucleon 4-cu rrents , it is worthwh i le to  study 

fi rst the tra nsformat ion u nder the pa rity operat ion of the space- l i ke com ponents 

(a ,  f. a) and t ime- l i ke com ponents ( 14x4 . ry5 ,  1 2 x 2 ) a nd  thei r com bi nat ions :  a 

transforms as the coord i nates wh ich change s ign (V) , m atrices f. a nd a tra nsform 

as rotations (A) , 14x4 and  1 2x2 as S , and  fi na l l y  ry5 is t he pseudosca la r  ch i ra l ity 

mat rix ( P ) . The four  poss ib le e lectron-nucleon com b inat ions are 

JZ.v J�uc ,J.L which transforms as S 

V 

p 
A 

The parity-even S and  A comb inat ions can be d ropped bei ng practica l ly unob­

servable due to the m i n ute size of the Fermi  coup l i ng  consta nt GF . O n ly the 



1 14 CHAPTER 8. PARITY VIOLATION IN CHFCLBR 

parity-odd V and  P com b i nat ions sha l l  be considered in the fo l low ing .  They 

a re t i ny, too . However, they d ist i ngu ish themselves fro m  a l l  other fundamenta l 

i nteract ions by sym metry brea k ing wh ich makes them observab le i n  a su itab le 

experiment .  

Return ing  to eqs .  ( 8 . 2) and ( 8 . 3 ) , the e lectron (e) ,  up  q ua rk ( u ) ,  and down quark 

( d )  cou pl i ng  coeff ic ients rea d  as [3 1 0] 

c� = 1 - 4 si n2 ew 

Cu 8 . 2 e V = 1 - 3 S in  W 

d 4 . 2 Cv = 1 - 3 S i n  ew 

ce - - �  
A - 2 

cu - � 
A - 2 

cd - - �  
A - 2 

(8 .4 )  

( 8 . 5 )  

( 8 . 6 )  

( 8 . 7 )  

( 8 . 8 )  

( 8 . 9 )  

w i t h  t he  Wei nberg parameter s i n2 8w = 0 .2397 ( 13 )  [31 0] . The  p and  n coup l i ng  

coeffi cients are approx imate ly g iven by 

C0 = 2C� + C� 

c� = 2c� + c� . 

(8 . 10 )  

(8 . 1 1 )  

with correspond ing relat ions for C0 and  C� s ince protons consist of two u and  

one d and  neutrons of  two d a nd one u q uark .  

The nuc leon V-cu rrents can  be comb i ned ( added up)  to the  wea k  charge Q� 

which a l lows us to express t he V cu rrent for nuc leus K by 

·K - k 
JJJ.v = ( 0 ,  OwPK ) ,  ( 8 . 1 2 )  

where PK i s  the n uclear cha rge d istr ibut ion (typica l ly  modeled by a Gaussi a n  

d istri but ion ) ,  a nd the wea k  cha rge Q� i s  g iven by 

Q� = ( 2 ZK + NK ) C� - ( 2NK + ZK ) C� 

= ZK ( 1 - 4 s i n2 8w) - NK . (8 . 1 3 )  
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ZK a nd NK are the proton and  the neut ron number of nucleus K .  I n  contrast to 

J:;,v the com bi nation of n ucleon A-cu rrents to form J:;,A is l ess ev ident .  Typ ica l ly, 

J:;,A is a pprox imately g iven by 

( 8 . 14) 

with the n uc leus-dependent form factor AK  on the order of u n ity and  chosen 

as A.K = 1 in actua l  ca lcu lat ions .  The nuclear sp in  d ist r ibut ion is a pprox imated 

by the  nuc lear Gauss ian  charge d istr ibut ion sca led with the n uc lear sp in  � , or 

eq u iva lent ly, sca led with the n uc lear mag net iC moment MK a nd d iv ided by the 

gyromagnet ic  rat io rK . 

We h ave now gathered a l l  i ng red ients to form the parity-odd com binat ions of 

e lectron a nd nucleon 4-cu rrents and  obta i n  the effect ive one-e lectron Ham i lton i-

a ns 

and  

GF C0 - "' AK - -H;.v = - r;:;2 a L - MKPK ( r; ) , 
V L. K /K 

(8 . 15 )  

( 8 . 1 6 ) 

respectively, w1th C! and  C0 g iven i n  eqs .  (8 .4 ) and  ( 8 . 7) . The fi rst Ham i lton i an  

H;,A is em ployed i n  ca l c u lat ions of  PV energy d ifferences between ena nt iomers .  

The second Ham i lton i an  H, ,v i s  employed i n  ca lcu lat ions of PV effects on n uclear 

sp in dependent effects l i ke n uclear mag netic resonance. 

8 . 2  Computational Method 

At the D i rac-Hartree- Fock ( D H F ) and  DKS level the  contr i b ut ion of  atom K 

i n  a molecu le to the pa rity v io lat ion energy sh ift Epv ca n be ca lcu lated as the 

expectat ion va lue 

E�v = (W I H�v iW )  ( 8 . 17 )  
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over the nuclear sp in- i ndependent P-odd operator (8 . 15 )  

K GF � QK 5 ( - ) Hpv = 
2J2 L w'"Yi Pn r, . 

I 

(8 . 18 )  

The summat ion is over a l l  e lectrons .  For the n u m ber of  nucleons AK = NK + ZK . 
val ues of 1 ,  1 2 ,  1 9 ,  35 a nd  79 have been used for H ,  C .  F ,  C l  and  Br respectively. 

A l l  ca lcu lat ions were performed by us ing the program package D I RAC [70] . which 

ca lcu lates the expectat ion va l ue at the D H F  and DKS level of theory. Beca use 

it is cu rrent ly not possi b le  to obta in  a CCSD (T ) wave function to ca lcu l ate the 

expectation va l ue ,  the  f i n ite f ie ld  method [308] was app l ied i nstead to obta i n  

t h e  pa rity v io lat ion energy for C H FC IBr  a t  various  correlated levels. T h e  par ity­

v io lat ion energy sh i ft can  be written as 

where Mj;v is g iven by 

M;v = ("' � 'YfPK ( fi) \If) 
= (W I Mj;v I W) 

(8 . 1 9)  

( 8 . 20)  

The bas ic  i dea is to dep loy the parity v io lat ion operator as a n  pertu rbation for 

the D H F  operator with pertu rbation strength A 

� � � K H(A)  = HoHF + A Mpv · (8 . 2 1 )  

Mj;v is found  a s  t h e  fi rst derivat ive of the tota l  energy of the molecu le with 

respect to A, which has to be suff ic iently sma l l  to obta i n  converged va l ues for 

M� . 

8 . 3  Resu lts and D iscussion 

Dens ity functiona l  ca lcu l at ions us ing the  funct iona ls ( L DA,  B LYP, 83LY P, P B E  

a n d  CAM- 83LY P ) were performed for t he molecu le C H FC IB r  a t  the CCSD (T ) 
opt im i zed geometry us i ng  com pletely u ncontracted cc-pVDZ basis sets [ 176 ,  247 , 
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291] . The resu lts a re su mmarized i n  Ta b .  8 . 1  and  dep icted i n  F ig . 8 . 2 .  Each 

fu nct iona l  g ives d ifferent atom ic  PV contr ibut ions .  Some LDA and PBE even 

y ie ld the opposite s ign for the bro m i ne va lue com pared to the D i rac-Hart ree-

Fock ca lcu lat io n .  As a resu lt of t h is vary ing performance for d ifferent fu nc-

Br Cl F c H 
H F  1 . 683E-05 - 1 . 845E-05 6 . 803E-06 5 .76 1 E-07 -0 .829E-08 
LDA -0 .483E-05 -0 . 529E-05 7 . 802E-06 6.874E-07 -3 . 274E-08 
B LYP 0 . 029E-05 -0 .868 E-05 7 . 645E-06 5 . 548 E-07 -3 . 099 E-08 
B3LYP 0 . 623E-05 - 1 . 279E-05 7 . 752E-06 6 . 127E-07 -2 . 555E-08 
P B E  -0 . 057E-05 -0 .749 E-05 7 . 58 1 E-06 5 . 545E-07 -3 083E-08 
CAM-83LY P  1 . 208E-05 - 1 . 7 1 2 E-05 8 . 3 18E-06 6. 532 E-07 - 1 . 9 1 1 E-08 
CAM B3LYP*  1 . 393E-05 - 1 . 772 E-05 7 . 741 E-06 6 .422 E-07 - 1 . 637E-08 
M P2 0 . 959E-05 - 1 . 4 13E-05 6 .740 E-06 6 .820 E-07 - 1 . 522E-08 

Table 8 . 1 :  M�v va l ues for CH FC IBr  ca lcu l ated at d i fFerent levels of theory us ing a cc­
pVDZ basis set 

t iona ls ,  re lat iv ist i c  D H F ,  M P2 and  CCSD (T) ca lcu lat ions were performed us ing 

com p lete ly decontracted cc-pVDZ and cc-pVTZ corre lat ion cons istent bas is sets 

for a l l  atoms by ut i l iz ing the f in ite f ie ld method . The pertu rbat ion strength A 
was varied over a l a rge ra nge ( lo-1 - 10-6  a u ) .  The fi rst task was to reproduce 

the PV expectat ion  value at D H F  level for each atom . lt was found  that for 

A > 10-2 au the weak perturbat ion reg i me was left and  the M�v va l ue dr i fted 

to larger va l ues . For A < 10-4 au a n  osci l lat iona l  behavior was observed which 

ca n be expl a i ned as to be due to numerica l i nsta b i l it ies at such t i ny perturbation 

strengths ( F ig . 8 . 3 ) .  The M P2 ,  CCSD and CCS D (T) va lues were a lso found 

to be converged i n  the same para meter reg ion ( Fi g .  8 . 3 ) .  I n-between , the Mpv 
va l ues rema i ned a lmost constant over a range of two orders of magn itude. For 

the D H F  and  M P2 ca lcu lat ions they d iffered less than 0 . 5% from the expectat ion 

va lue (Tab .  8 . 2 ) . Th is  i nd icates that the f in ite f ie ld method in n u mer ica l ly sta­

b le  a nd prov ides reasonab le accuracy. For the coup led-c l uster ca lcu lat ions it was 

however necessa ry to determine wh ich orb ita ls need to be correlated . Even by 

us ing state-of-the-art com puters one i s  forced to restrict the corre lat ion space to 

the va lence shel l .  I n  th is  study we restr icted our  ca lcu lat ions to corre late on ly the 

va lence e lect rons otherwise the ca lcu lat ions wou ld  not be feasi b le  on the ava i l­

ab l e  com puters .  The mu lti- reference cha racter of the system was tested ,  a nd  
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Figure 8 .2 :  M�v of C H FC IBr  calcu lated at d i fferent levels of theory usi ng a cc-pVDZ 
basis set 

atom method expectat ion va l ue f i n ite f ie ld 

Br D H F  1 . 6832 X 10-5 1 . 6830 X 10-5 
M P2 0 . 9591  X 10-5 0 . 9587 X 10-5 

Cl  D H F  - 1 . 8454 X 10-5 - 1 . 8450 X 10-5 
M P2 - 1 .4 13 1  X 10-5 - 1 .4180 X 1 0-5 

F D H F  0 . 6803 X 10-5 0 . 6826 X 10-5 
M P2 0 . 6740 X 10-5 0 . 6702 X 10-5 

c D H F  0 . 0576 X 1 0-5 0 . 0577 X 1 0-5 
M P2 0 .  0682 X 10-5 0 .0677 X 1 0-5 

H D H F  -0 . 0008 X 1 0-5 -0. 0008 X 1 0-5  
M P2 -0 .0014 X 10-5 -0 . 00 13  X 1 0-5  

Table 8 .2 :  Parity v io lat ion ( Mpv )  at d ifferent levels of  correlat ion ,  cc-pVDZ basis sets 
are used for a l l  atoms of C H FC IB r  
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Figure 8 .3 :  Correlat ion dependence of the PV contr ibut ion of the s i ng le  atoms on  the  
pert u rbat ion strength >-

the obta i ned va l ue  of 0 .009 for the Tl-d iag nost ic i m p l ies that it is reasonab le  to 

perform s ing le  reference C CS D (T) ca lcu lat ions .  

With the knowledge of the perturbation strengths to be app l ied to each ato m ,  

i t  was poss ib le  t o  extend the basis sets to cc- pVTZ The D H F  va lue  with that 

basis set i nc reased by rough ly 30% for each atom compared to the cc-pVDZ 

ca lcu lat ions .  The  MP2 resu lts are summarized i n  ta ble 8 . 3 .  

Nevertheless, i t  was i m poss ib le  to perform a vast n u m ber of coup led-c luster ca l­

cu lat ions us ing th is basis set to f ind a reg ime for the pertu rbat ion strength where 

a converged PV energy d i fference cou l d  be obta ined .  Therefore d ifference be­

tween the M P2 and  CCSD (T) resu lts at the cc-pvDZ level of theory was added 

to the M P2 va l ue obta 1 ned by a cc-pVTZ ca lcu lat ion .  

By us ing the sa me perturbat ion strength as i n  the cc-pVDZ ca lcu lat ions, s i ng l e  

CCSD (T) ca lcu lat ions were performed a nd the PV energy d ifference ca lcu lated . 
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The PV energy d i fferences at cc-pVTZ level obta i ned by both methods a re l isted 

in Ta b .  8 .4 .  One can see that both procedu res g ive basica l ly the  sa me va l ue 

c lose to the M P2 resu lt .  

method 
DZ D H F  
D Z  M P2 
DZ CCSD(T)  
TZ D H F  
TZ M P2 

1 . 683 10  5 
9 .591 1 0-6 
9 . 340 1 0-6 

2 . 230 1 0-5 
1 . 055 10-5 

- 1 . 845 1 0  5 
- 1 . 4 1 3 1 0-5 
- 1 . 3 1 0 1 0-5 
-2 . 360 1 0-5 
- 1 . 7 1 0 1 0-5 

MF 
PV 

6 .803 1 0  6 
6 . 740 1 0-6 
6 . 280 10-6 
9 . 700 1 0-6 

9 . 6 10 10-6 

Me 
PV 

5 .761 1 0  
6 .820 10-7 
6 . 340 10-7 
8 . 5 10 10-7 
1 . 090 10-6 

MA 
PV 

-8 .291 1 0  9 
- 1 .371 10-8 

- 1 .880 1 0-8 

-8 .7 1 2 1 0-9 

Table 8 .3 :  Parity v io lat ion Mpv va l ues at d ifferent levels of corre lat ion .  cc-pVDZ and 
cc-pVTZ basis sets are used for a l l  atoms of CHFC IBr .  

method 
extra p .  
s i n g l e  ca lc .  

1 . 030 1 0  5 
1 . 054 1 0-5 

- 1 . 6 1 5 1 0  5 9 . 1 55 10  6 
MC/ MF 

PV PV 

- 1 .570 1 0-5 8 .860 10-6 

MC 
PV 

1 . 045 1 0  6 
1 . 0 1 0  1 0-6 

Epv [au ] 
- 1 . 945 X 1 0  IB 
-2 .064 X 10-18 

Table 8.4 :  Par ity v io lat ion ( Mpv ) at d i fferent levels of correlat ion . cc-pVTZ basis sets 
were used 

The CAM-83LYP fu nct iona l  performed reasonab ly wel l ,  b ut t he parameters pub­

l ish by Ya na i  et al. [282] were determ i ned to accurately reprod uce atom ization 

energ i es and charge tra nsfer excitat ions .  Hence ,  it was necessary to reopt im ize 

these para meters for ca lcu lat ions of the PV contr ibutions of the s ing le  atoms. 

The adj usted para meters are a = 0 . 1 0 ,  {3 = 0 . 25 a nd J...L = 0 . 50 for wh ich the 

cou p led-cl uster va l ues for the Br  as wel l  as the C l  atoms were reproduced with i n  

an  error of  less tha n 5%.  Th is fun ctiona l  shou ld  be used i n  fut u re PV ca lcu lat ions. 



Conclusion 

Relat ivist ic q u a ntum chem istry is the relat iv ist ic form u lat ion of q ua ntum me­

chan ics app l ied to ma ny-electron systems, i . e . , to atoms ,  molecu les and  so l i ds .  

l t  comb i nes the pri nc i p les of spec ia l  relat ivity, wh ich a re obeyed by a ny fu nda­

menta l physica l  theory, with the basic ru les of q ua ntum mechan i cs ( N B : So far 

no v io lat ion of the C PT theorem has been found  wh ich  wou ld im p ly v io lat ion of 

Lorentz i nvari ance) . By const ruct ion , it represents the most fundamenta l theory 

of a l l  molecu lar  sciences, wh ich descri bes matter by the a ction , i nteract ion and  

mot ion of  t he  e lementary partic les. Th i s  science i s  of  vita l im porta nce to  physi­

c ists , chem ists , mater ia l  scient ists , and b io log ists with a molecu la r  v iew of the 

wor ld . Nevertheless , a fu l l  re lativistic treatment of atoms and molecu les which 

i nc ludes the qua ntizat ion of t he e lectromagnet ic f ie ld has been and wi l l  rema i n  a 

cha l leng ing task for future i nvest igat ions .  

The goa l of the presented t hes is therefore was to study re lat ivistic efFects in 

atoms and molecu les .  A com binat ion of wave funct ion based a nd dens ity func­

t iona l  methods wit h i n  the fou r-com ponent approach proved necessary to ach ieve 

accu rate ab-initio resu lts of atom ic and  molecu lar  propert ies. 

Qua ntum elect rodyn am ic (QED)  ca lcu lat ions were presented wit h i n  the Fu rry 

p ictu re of bound  state Q E D  for the frequency-dependent Breit i nteract ion be­

tween e lectrons, the vacuum po la r ization and  the e lectron se lf-energy correct ion .  

Start i ng from the D i rac-Cou lomb Ham i lton i a n ,  QED effects i n  the ion izat ion po­

tent ia ls of the g roup  1 ,  2, 1 1 ,  12 ,  13  and  18  e lements of the period ic ta b le ,  down 

to the superheavy e lements up to n uclear charge Z= 120 ,  were i nvest igated . The 

resu lts for the s-b lock e lements were found  to be i n  excel lent agreement with 

earl ier stud ies by La bzowsky et a l .  us ing a d i fferent methodology. 

The K-shel l  a nd  L-she l l  ion izations potent ia ls for iggMt were ca lcu lated at the 

D i ra c-Hartree- Fock level tak i ng i nto account QED and fi n ite nuc lear-size effects. 

12 1  
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The Ked-tra ns it ion energ ies for d i fferent ion izat ion states a re accurately pred icted 

a nd com pared with recent exper iments for the a-decay of iiiRg .  i t  was concl uded 

that the observed -y- ray came from a n uclear a nd not from a n  electron i c  transit ion 

as orig i n a l ly postu l ated . 

Stat i c  d i po le  polar iza b i l it ies for the 3 P0 ground  state of the neutra l g roup 14 el­

ements C. S i ,  Ge, S n ,  Pb and the e lement with nuc lear charge Z = 1 14 were 

stud ied by ut i l i z i ng a l l-electron relativist ic coup led c l uster theory. A com pari­

son to molecu lar  bea m e lectr ic f ie ld deflect ion exper iments for Sn and  Pb shows 

good agreement with the theoret ica l  va l ues presented here .  The isotrop ic and  

a n isotrop ic components of the po lariza b i l ity i ncrease monoton ica l ly with the n u­

clear charge Z,  except for the sp i n-orb it cou p led J = 0 states, wh ich sta rt to 

decrease from Sn  to P b  a nd even fu rther to e lement Z = 1 14. Hence ,  spi n-orbit 

coup l i ng leads to a s ign if icant reduct ion of the pola rizab i l ity of the superheavy 

e lement with Z = 1 14 ,  i . e . , from 47 . 9  a u  at the sca l a r- relat iv ist ic Doug las- K ro l l  

leve l to 3 1 . 5  a u  at the D i rac-Cou lomb level of  theory, wh ich  is even below the 

va l ue of S i  (37 .3  a u ) . The ca lcu lat ions fu rther demonstrated that relat ivist ic and  

e lectron corre lat ion effects are non-add it ive. 

Relat iv ist ic and  e lectron corre lat ion effects were stud ied for the closed-shel l super­

heavy e lement mono-hydr i des Rg H ,  1 12H+ , 1 13 H ,  1 14H + ,  1 17 H ,  l lSH+ , 1 1 9 H ,  

a n d  120 H + .  I n  part icu l a r ,  the chemica l  bond i ng  of the e lements 1 19 and  120 were 

d iscussed for the fi rst t ime .  Period i c  tre nds were d iscussed by compar ing the ca l­

cu l ated propert ies to the ones for the l i g hter e lements . The size of the relativ ist ic 

effects varied considera b ly between the d i fferent molecu les, with the s-block e l­

ements bei ng  dom i n ated by sca la r  relat ivist ic  effects a nd  the p-block e lements 

by spi n-orbit effects. I n  m ost cases, rel at ivistic effects a re more im portant than  

e lectron corre lat ion effects, a nd  both a re non-add itive as one expects. 120H+  

behaves i n  a cou nteri ntu itive way a s  i t  shows a relativist ic  bond- length expa nsion 

together with a l a rge rel at iv ist i c  decrease i n  the dissociat ion energy. The reason 

beh i nd  th i s  a noma lous behav ior is due  to the relat ivist ica l ly d im i n ished va lence-7 d 

part ic i pat ion i n  the 120- H bond .  

The e lectr ic f ie ld g rad ient i n  l ate t ra ns it ion meta l com pounds i s  i ncorrectly deter­

m i ned by most density fun ct iona ls .  it was shown that the coup l i ng of short- ra nge 

density-fu nct iona l  based with long-ra nge wave-funct ion based methods using a 

reparametrizat ion of the  Cou lomb-atten uated Becke th ree-para meter Lee-Yang-
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Parr approx imat ion g ives re l i ab le  resu lts for the electr ic f ie ld g rad ients of cop­

per and  gold for a series of compou nds. The obta i ned resu lts for the nuc lear 

quadrupole moment of -0 . 208 b for 63C u  and +0 . 526 b for 197 Au are in good 

agreement with experi menta l va l ues of -0 . 220( 15 )  and  +0. 547 ( 16 )  b, respec­

t ively. 

F i n a l ly, the parity v io lat ion energy d i fference i n  the ch i ra l  molecu le bromoch lo­

rof l uoromethane  (C H FC IBr) was i nvest igated by coup led-cl uster theory to pro­

v ide benchmark resu lts for futu re i nvest igat ions in th is  f ie ld it was shown that 

severa l com mon density-funct iona ls do not g ive rel i a b le parity v io lat ion energy 

d i fferences, a nd  post- H art ree- Fock methods are necessary to determ ine  rel i ab le 

va l ues. 

Apart from the methodolog ica l deve lopments presented in  th is thesis ,  fu rther 

deve lopments on the proper treatment of QED effects inc lud ing the var iat iona l  

treatment of the freq uency dependent Breit i nteract ion for molecu les are re­

q u i red i n  the future . it wou l d  a lso be des i ra b le to obta i n  the fi rst-order density 

matrix at the coup led-cl uster level to obta i n  ana lyt ica l  va l ues for pa rity v io lat ion 

effects. Concern ing more funda menta l  physics, futu re d i rect ions cou ld  mcl ude 

C P-vio lat ion i n  molecu les and the var iat ion of fundamenta l consta nts i n  space­

t ime .  As a f i na l  note, a var iat ion of the f i ne-structu re consta nt a i n  t ime wou ld  

make rel ativist ic  effects an  observa b le a lthough we are l iv ing i n  a re l at iv ist ic wor ld . 
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Appendix A 

Opt im ized a l l-electron basis set for E l l 9 :  

s-function 

5 . 0 9 1 668956E+07 1 . 3478 3 1 724 E+ 07 4 . 53074093 3 E + 0 6  1 . 66550786 3 E + 0 6  

6 . 60784 7 1 34E+05 2 .  7370 1 9 9 1 2 E+05 1 . 1 7655766 0 E + 0 5  5 . 1 642879 1 2 E + 04 

2 . 3 0 1 056890 E+04 1 . 0 3755942 1 E+04 4 . 747374580E+03 2 . 2 1 5375000E+03 

1 . 0421 65304E+03 5 . 1 2 3914361  E + 0 2  2 . 620383859 E+02 1 . 3 7 1 848 9 5 5 E + 02 

7 . 648605902E+01 3 . 542020946 E + 0 1  2 . 03 8 1 34279 E + 0 1  1 .  032790533 E + 0  1 

5 . 69499 1 3 3 1 E+00 2 . 546 1 1 3509 E+OO 1 . 350338309E+OO 5 . 0 5 1 67 1 6 6 9 E-0 1 

2 . 3 2 1 1 1 5096E-01 7 . 1 80576 9 1 7 E-02 3 . 3 2 1 066380E-02 1 . 658290237E-02 

p-functions 

5 . 0 3 1 897077 E+07 1 . 523337693 E+07 4. 9038284 1 4 E + 0 6  1 . 669357228E+06 

5 . 9293686 1 5 E+05 2 . 1 83325340 E+05 8 . 3070 1 2 20 7 E + 04 3 . 2 6 2 1 3 2975E +04 

1 . 324032464E+04 5 . 5755652 65 E+03 2 . 44483 6 9 1 4 E + 0 3  1 . 1 1 6 1 5 5971 E+03 

5 . 2 9 1 243799E+02 2 .  588492993 E +02 1 . 305792752E+02 6 . 74305606 6 E + 0 1  

3 . 42 1 889384 E + 0 1  1 . 8 292 2 1 0 0 6 E + 0 1  9 . 067189643 E + 0 0  4. 6 54906999E+00 

2 . 078539763E+00 9 . 508 1 848 1 3 E-01  3 .  680 1 8 2730E-O 1 1 . 2 729045 1 6 E- 0 1  

1 .  658290237 E-02 

cl-functions 

1 . 54244 1 37 7 E+05 3 . 866202542 E+04 1 . 2 1 7 6 1 47 1 7 E+04 4 . 4 6 1 979426E+03 

1 . 8 9 1 3 9 5079E+03 8 . 77434 1 485 E+02 4 . 3334557 1 6 E+ 0 2  2 . 238953375E+02 

1 . 20440 6 1 79E+02 6 . 66603246 1 E+01 3 . 7 1 633988 9 E + 0 1  2 . 1 1 8 2 3 1 7 3 4 E + 0 1  

1 .  2070 24238E + 0 1  6 . 655835950 E +OO 3 . 66446 5 5 1 9 E+ O O  1 . 996186902E+OO 

1 .  056798873E +00 3 . 396845605 E- 0 1  6 . 07646 2852 E- 0 1 6 . 204466083 E-03 

f-functions 

4. 1 2030 9094E+03 1 . 3 1 657697 1 E+03 5 . 358876458 E + 0 2  2 . 497599 1 1 4 E + 0 2  

1 . 27 1 1 2 559 1 E+ 0 2  6 .  7 9 2 9 5 2 6 9 1  E + 0 1  3 . 67205365 7 E + 0 1  2 . 0 1 1 846380 E + 0 1  

1 . 0 9 1 1 1 6838E+ 0 1  5 . 8 1 682398 6 E+OO 2 .  993907297E+OO 1 . 387 1 76783 E + 0 0  

g-functions 

4. 289594660E+OO 1 . 966077054E+00 8 . 3 1 7942084 E- 0 1  
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Optim ized a l l-e lectron basis set for E 1 20 :  

s-function 

5 . 1 62 6 1 8437 E+07 1 . 370909772E+07 4 . 644059340 E + 0 6  1 . 73 1442084 E+06 

7 . 00702 1 2 6 3 E + 0 5  2 . 95 1 775330E+05 1 . 2 7 1 902 1 1 8E + 0 5  5 . 47 9045503E+04 

2 . 358607440 E+04 1 . 022285093E+04 4 . 500247349 E + 0 3  2 .  030244380 E + 0 3  

9 . 27750009 1 E+02 4 . 4463447 1 0 E+02 2 . 2 1 538 1 1 1 5 E + 0 2  1 . 1 38341954 E + 0 2  

5 . 9281 36973 E+ 0 1  3 . 1 06605433 E + 0 1  1 . 6 5 1 074746 E + 0 1  8 . 526 1 38493E+OO 

4 . 3 1 0842507 E+OO 2 . 000679334E+00 9 . 045727573E- 0 1 3 .  6 0 1 002333 E-0 1 

1 .  36407227 4 E-0 1 5 . 508453754E-02 2 . 374576348 E-02 1 . 03 5348933E-02 

p-function 

4 . 407272658 E+07 1 . 23 0 1 00536E+07 3 . 730589360 E + 0 6  1 . 207666545E+06 

4 . 1 1 0495924 E + 0 5  1 . 45 90 07846 E+05 5 . 37 92 1 37 94E+04 2 . 05907655 5 E + 04 

8 . 2 054277 1 1  E+03 3 . 4 1 8 1 259 1 3 E+03 1 . 4903760 1 7 E + 0 3  6 .  787826028 E+02 

3 . 20741 2860E+02 1 .  556393871 E+02 7 .  777038082 E + 0 1  3 . 935273324 E + 0 1  

2 . 0 1 875755 3 E + 0 1  1 . 0 1 639 1 2 1 1 E + 0 1  4 .  972996091 E + 0 0  2 . 320541 5 1 5 E+OO 

1 . 0 14299392 E+OO 3 . 289355306E- 0 1  1 .  007678935E-O 1 5 . 023479845 E-02 

d-function 

5 . 479045 5 0 3 E + 04 2 358607440 E +04 1 . 0 22285093E+04 4 . 50024 7349 E+03 

2 . 0 3024438 0 E + 0 3  9 .  277 5 0 0 0 9 1  E + 0 2  4 . 4463447 1 0 E + 0 2  2 . 2 1 538 1 1 1 5 E + 0 2  

1 . 1 3834 1 954E+02 5 . 92 8 1 36973E+ 0 1  3 . 1 0660543 3 E + 0 1  1 . 65 1 074746 E + 0 1  

8 . 5 2 6 1 3849 3 E + O O  4 . 3 1 0842507E+00 2 . 000679334E + O O  9 . 04572757 3 E- 0 1  

3 . 60 1 002333 E- 0 1  1 . 364076777 E- 0 1  5 . 509376426E-02 2 . 372309746 E-0 2  

g-function 

3 . 4 1 8 1 2 5 9 1 3 E+ 0 3  1 . 49 0 3760 1 7 E+03 6 .  787826028 E + 0 2  3 . 20741 2860 E+02 

1 .  556393871 E+02 7 .  7 7 703808 2 E + 0 1  3 . 935273324 E + 0 1  2 . 0 1 875755 3 E + 0 1  

1 . 0 1 639 1 2 1 1 E + 0 1  4 .  972996091 E+OO 2 . 32054 1 5 1 5 E + 0 0  1 . 0 1429939 2 E + O O  

h-function 

4 . 972993223 E+00 2 . 32 0 545345 E+00 8 . 563543 1 1 0 E- 0 1  
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