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Abstract

In 1997, the first human case of avian influenza infection was reported in Hong
Kong. Since then, avian influenza has become more and more hazardous for
both animal and human health. Scientists believed that it would not take

long until the virus mutates to become contagious from human to human.

In this thesis, we construct avian influenza with possible mutation situations
in bird-human systems. Also, possible control measures for humans are in-
troduced in the systems. We compare the analytical and numerical results

and try to find the most efficient control measures to prevent the disease.
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Chapter 1

Introduction

Avian influenza (Al), commonly called the “bird flu”, is a bird adapted in-
fectious disease caused by the Influenza A strain of virus. At present, there
are 16 H subtypes and 9 N subtypes of avian influenza viruses that have been
recognized, and only some viruses in two subtypes (H5 and H7) were found
that could cause severe disease (death mostly) in poultry. They are known as
high pathogenic avian influenza (HPAI). Other subtypes, usually called low
pathogenic avian influenza (LPAI), cause symptoms such as ruffled feathers

and reduced production of eggs that may be overlooked without testing [10].

Wild waterfowl are considered to be the natural carriers of the disease, mostly
LPAI Circumstantial evidence suggested that some LPAI viruses (in H5
and H7 subtypes) in domestic poultry (e.g. a chicken farm) that have been
transmitted from migratory birds may mutate into HPAI form, which could

cause an outbreak of avian influenza (in that farm). Other poultry farms,



CHAPTER 1. INTRODUCTION 2

could be infected by polluted vehicles, equipment or even shoes and clothing
from humans. The avian influenza virus can live far more than 30 days at
room temperature. The mortality rate due to HPAI can approach 100%
within 48 hours [9].

Most recently, several deaths of chicken in a local farm have been reported
in Hong Kong in December. It is confirmed to be due to H5 HPAI infec-
tion. Two farms have been shut down and around 80000 chickens killed and

disposed off.

Other than infecting birds, avian influenza viruses are also infectious cross
species, to humans for instance. Even though people do not get infected by
eating properly cooked meat and eggs of birds, direct contact, e.g. with blood
and faeces may infect. The HPAI also cause a high mortality rate in humans.
The first human infections with HPAI were reported in Hong Kong in 1997,
resulting in 6 deaths in 18 cases [11]. Since then, the number of cases of
human infections has risen in many countries around the world. Fortunately,
the virus is not transmitted from human to human, but scientists believe
that it is just a matter of time for the virus to mutate so that it may be the

case.

New Zealand is a country with a variety of birds. Therefore, biosecurity
preventing avian influenza entering New Zealand is not only important for
animal health, but also for human health. More over, in the case of an
outbreak of avian influenza in birds or of the “reassorted” virus, with human

from human transmission, what should we do?
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In this thesis, we set up models for the HPAI infection in the bird and the
human system in the case of human from human transmission, as well as for
possible control measures. We compare the numerical and analytical results,
and try to find the most efficient way to minimize the spreading of the disease

based on our models.

1.1 Influenza pandemic history

An influenza pandemic is a worldwide epidemic of influenza viruses that
infects a large number of the human population. Unlike seasonal influenza,
with which it is often confused, pandemics often cause high mortality. The
1918 Spanish flu, which is considered to be the most serious pandemic in

recent history, killed over 50 million people within two years. [13]

Since influenza pandemics are caused by the transmission of a new strain
of virus to humans from other species, such as birds and pigs, they occur
irregularly. Other than the Spanish flu, the most recent two in last century
were the 1957 Asian flu and the 1968 Hong Kong flu. In April 2009, the WHO
officially announced an outbreak of a new reassorted strain, commonly called
“Swine flu”. It originated in Mexico and it is the first pandemic of the 21st

century.

The 1957 Asian flu which originated in China lasted for two years. It was
an outbreak of avian influenza H2N2 that mutated combining with a pre-

existing human strain. The 1968 Hong Kong flu on the other hand, was
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caused by a new virus strain H3N2, which was an antigenic shift from H2N2.

The 1918 Spanish flu and the 2009 Swine flu are both caused by the HIN1
strain of virus with different variants. The unusual feature of an HIN1 pan-
demic (the 1918 Spanish flu) is that most of the victims are healthy young
adults whereas most pandemics only affect children, elderly and patients with
immune systems. Research shows the HIN1 virus kills people with strong
immune system that cause an overreaction of the body’s immune system (cy-
tokine storm). This explains why people with weaker immune system have

fewer death.

The 2009 HIN1 pandemic took authorities by surprise, as they were preparing
to an H5N1 bird flu pandemic. This is still a possibility. In this thesis we

analyse models for bird-human and human-human transmission of H5N1.

1.2 The SIR endemic model

The “SIR” epidemic model is a special case of the Kermack-McKendrick
model with constant rates [7]. The population is split into three compart-
ments: susceptible (S(t)), infected (I(t)) and removed (R(t)). A susceptible
individual (susceptible stage) becomes infected (infectious stage) after in-
fection, and then recovers to enter the removed stage. (Figure 1.1) In the
removed stage, individuals are immune to further infection. The total pop-

ulation size N is the sum of the three:

N(t) = S(t) + I(t) + R(t). (1.1)
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R

L y

>

S(t)

Figure 1.1: Relationships of the three compartments in the SIR model.

In some cases, an epidemic outbreak is much faster than the demographic
time-scale. For example, seasonal influenza take place in a matter of months,
whereas the time-scale of human population is measured in tens of years. In
this model, we assume that the time-scale of the infection to be of the same
order as the demographic time-scale and differential equations for the SIR

endemic model are:

s 1

— = A—pS—p5, (1.2)
dl 1

o = S = (n+ ), (13)
dR

o I — pR, (1.4)

where A (people-time™), i (time™!) and « (time™!) are the birth, death and
recovery rates of the host, respectively. Infected hosts contact and transmit
the virus to susceptible hosts at rate 3 (time™!). The total population N is

a constant number for all ¢.

We assume that the population represents the size in a given area. Hence,

non-integer values are allowed.

This model has no deaths due to infection, where the models we constructed

have an additional death rate due to HPAI.
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1.3 The basic reproduction number

The basic reproduction number R, is defined as “the expected number of
secondary cases produced by a typical infected individual” when everyone
is susceptible [3]. There is a threshold for infection: when Ry is less than
1, there is only a minor epidemic occur and when Ry is greater than 1, an
major epidemic will occur. In the model Equation (1.2)-(1.4), the rate at
which one infected host infects susceptible host is (S %, where S = N if

there is no infection in the system. Since the mean time that an infected

host remains infectious is uTlv’ we have

B

Ry=——.
pty

(1.5)

If the system includes multiple host types, then the value of R, is the dom-
inant eigenvalue of the next generation matrix (K) [6]. The elements (K;;)
in K are similar to Ry where ¢ indicates the host type to be infected and j
indicates the infected source host type. For example, in the models we are
about to present, bird and human are the two hosts of the HPAI viruses. Let

1 stands for bird and 2 stands for human, then K is

K, K
o 11 12 7 (1.6)
Ko Koy
where Ki5 = 0 as there is no transmission from human to bird. Thus,

the basic reproduction number of the bird-human system is equal to the
maximum of Ki; and Ks. An infection free steady state only exists when

the values of K1, and K99 are both less than 1.
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1.4 Control measures

In the situation where an endemic steady state exists in multiple host types
(caused by the same virus strain or one mutate from the other), control
measures should no longer applied to a single species. In bird-human models,
in order to limit the spreading of HPAI in poultry, infected birds need to be
killed in a humane way and disposed off safely (stamping out); or large groups
of susceptible birds (e.g. in a farm) need to be vaccinated against the HPAT
viruses. For humans, vaccination is also an option. The other widely used

control measure is quarantine.

Vaccination The world “vaccination” was first used to describe the use
of cowpox to protect humans again smallpox in the late 1700s [13]. It is
perhaps the most commonly used, effective and cost-effective control measure
to prevent contagious diseases. In New Zealand, children are recommended to
have routine vaccination from age 6 weeks up to 11 years against tuberculosis,

hepatitis B, measles, etc, in order to develop their full immune system [12].

However, vaccines do not ensure 100% immunity. For new diseases, such
as SARS or avian influenza, developing the vaccine and producing sufficient
quantities is a challenge. More over, for diseases like seasonal influenza,
getting a vaccine shot last year may not help to prevent illness this year as

the virus may mutate against the vaccine or to a different form.
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Quarantine When the outbreak of a severe disease becomes out of control
(no vaccine or effective treatment), the infected person is usually quarantined
from other susceptible individuals. This is often established by a law or
an act by the government rather than a recommendation for vaccination
by doctors. Maybe it sounds like in a movie, but quarantine did actually
happen not long ago while SARS emerged initially in mainland China. Not
only infected individuals were quarantined, but also their recently contacted

friends, families and even paramedics who looked after them.

Generally speaking, quarantine is an effective measure, but it may bring un-
necessary tension and panic. People may doubt who needs to be quarantined

and how long will it last.



Chapter 2

The Bird Model

There have been 385 confirmed human cases of HPAI since 2003 [11], but not
a single case to show that HPAI can be transmitted from human to birds.
As long as this stays true, the bird epidemic system is independent from the
human system. Therefore, before analyzing the bird-human system, we can

always look at the bird system separately.

As susceptible birds die quickly after being infected with HPAI in wild and
domestic situations, we assume no bird survives or recovers from the disease.
In other words, HPAI is fatal for all birds in the bird model. Without the
“removed” class, the “SIR” model simply becomes the “SI” model. We use
S1 to represent susceptible birds and I; to represent infected birds. The
relationship between susceptible and infected birds is shown in Figure 2.1

with parameters defined in Table 2.1. The ordinary differential equations
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th+a,

Figure 2.1: Relationship diagram for the bird system.

Parameters Units Definition

t time Time (day)

Ny bird Total population

Sh bird Number susceptible

I bird Number infected

Ay bird-day~! Natural birth rate

1 day ™ Natural death rate

51 day™! Transmission coefficient

o day_1 Additional death rate caused by HPAI
Rg] Basic reproduction number

Table 2.1: Definition of model parameters in the bird system

10



CHAPTER 2. THE BIRD MODEL 11

can then be written as follow:

dsS I

d_tl = A —M151 —ﬁﬁslﬁlla (2'1)
dl I

d_tl = 5151F11 — (1 + a1y, (2.2)

where the total population of birds /Vy is
Nl :Sl+Il. (23)

In [4], there is a similar bird “SI” model for HPALI It is an alternative version
of the “SIR” epidemic model. However, it does not apply to the situation

when the bird population is large.

Remark. If S;(0) > 0 and [;(0) > 0, then the solution of Equation 2.1-2.2

is positive for all ¢.

Proof. Suppose the result is not true, then there exists a t* > 0 where

S1(t*) =0 or I1(t*) = 0. Equation (2.2) can be rearranged to be:

(1) = (ﬁlsl 3~ 0+ a1>) L) (2.4

Thus, we obtain:

1(t) = I, (0)eh (i (prtan) s (2.5)

which implies [;(t) > 0 for all .

Assume S;(t*) = 0. As S1(0) > 0, then S} (t*) < 0. However, from Equation
(2.1) we have S1(t*) = A; > 0. Thus S; > 0 for all ¢. O
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2.1 Steady States

Let bs represents the steady state of the bird system. At the steady state,

S can be rewritten in terms of [y,
Gbs = = o b (2.6)

Substitute Equation 2.6 into Equation 2.2 (or Equation 2.1 similarly) and

simplify, we have a quadratic in the form of

FI) = a(I7*)? + b1y = 0, (2.7)
where

a = (m+a)(=pi+a), (2.8)

b = A1(ﬁl - H1— 041)' (2-9)

Hence, Equation 2.7 has two roots:

s = o, (2.10)
bsy Al(ﬁl — M1 — 041)
e = (1 + 1) (B — ai)’ (2.11)

Other variable values can be obtained from them and hence the system has

two steady states:

Sbsl &
bsy = | = ™ ], (2.12)
Ibs 0

where NPt = 801 — %, represents the situation where HPAI is absent in

the bird system. The second steady state

Si}SQ Al
bsy = = Fr—en , (2.13)
052 A1 (Br—p1—ca)
1 (H1+a1)(Br1—aa)

where Nf” = m, represents the situation where HPAI is present

in birds. Note bsy only exists for £, — pu; — ay > 0.



CHAPTER 2. THE BIRD MODEL 13

2.2 Basic reproduction number

The basic reproduction number for the bird system, R([)l], is defined as the
number of newly infected birds that are infected by a typical infected bird
when all birds are susceptible. The rate at which one infected bird infects

susceptible birds is f,—llSl, where S; = N; when there is no infection of HPAI

in birds. Since the life-time of an infected bird is M_lml, we have
R = b (2.14)
M1+ aq

Thus, the infection free steady state bs; exists for all values of RE] and the

]

infection steady state bsy only exists when Rgl > 1 as it is equivalent to the

condition 3; — 1 — a1 > 0. Note by exist we mean it is non-negative.

2.3 Local Stability

The total number of birds (N;) is not a constant as in the “SI” model.
Therefore, by replacing Ny by Sy + I, the Jacobian matrix for the bird
system (Equation 2.1) and (2.2) is
—uy — Bui — By
J, = = P B1] 7 (2.15)
i frj—pm—o

where
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Note the Jacobian matrices evaluated at each steady state (Jys, and Js,) are
in the same form, where only ¢ and j are evaluated at different values. Terms

¢t and j are non-negative.

2.3.1 Local stability of bs;

At steady state bsq,

1 = 0,
J =1
Hence,
T = | M —h . (2.16)

0 51—/!1—041

The eigenvalues for J,,, are all negative ( —uy and 31 — g —ay ), if the basic

reproduction number Rgl] is less 1. Thus, steady state bs; is locally stable

when R([]l] is less than 1.

2.3.2 Local stability of bsy

At bsy, the trace of Jyg, is

T=—p — i+ Bj — p1 — . (2.17)

where ¢ and j are evaluated at bsy. Equation 2.2 can be developed into

BLSY2 —— = 1 + (2.18)

bso
Nl
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as the number of infected birds is non-zero at bs,. Hence, we have

brj <+ aa. (2.19)

Thus, 7 < 1 and steady state bs, is locally stable when it exists.

2.4 Global Stability

2.4.1 Global stability of bs;

At bsy, we need to construct a trapping region (¢1) which only includes bs;.
If t1 exists, then either bs; is a globally stable steady state or there exists a

periodic solution inside the region.

Nullclines (nl and n2)

L = 0, (2.20)
L = (R —1)s, (2.21)

are determined from Equation 2.2 at steady state. Note the intersection
between the two nullclines (0, 0) is excluded. If RE] < 1, in the area under
nullcline n2 (Equation 2.21), I, is positive and hence the flow is upwards.
Also, in the area above nullcline nl (Equation 2.20), I 1 is negative and hence
the flow is downwards. Thus, the upper boundary of ¢1 could be a horizontal
line above nullcline 2.20 and the lower boundary of the t1 could be another

horizontal line below nullcline 2.21.
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Nullcline (n3)
]1 _ ule — A151
Ay — 1S1 = 515

is determined from Equation 2.1 at steady state. It has an asymptote 57 =

(2.22)

A
u1+p61

(Equation (2.22)), let

which lies on the left hand side of bs;. In the area above the curve

. 1157 — A Sy
17 = +
! A — M151 — G151

(2.23)

where x > 0. Substitute I into Equation 2.1, we have

(152—A1 Sy
dd—‘?([i‘) = A — S — BiS Al_u;f;f__ﬁ;\fiql—{— -
SIS v
— A — S+ P17 — MBSt + BreSi(Ay — (pa + B1)Sh)
B8t — Mz + (p + Br)xSy
=AM+ (a + 1) S)?
 BSE = M (u + B)aS
- —x(—=A1 + (11 + 61)51)2
£157 + (p1 + f1)xSt — Mz
Let

g(S1) = 152 + (p + B1)xS) — Ay, (2.24)

hence ¢ is a quadratic in S; which open upwards. If S; > m[}rlﬂl’ then

g(S1) > 0. Hence S, is negative and the flow is going to the left. The right
boundary of ¢1 could be a vertical line that lies on the right hand side of bs;.

Suppose two roots of g(S7) are s; and sy (51 < 89 < /1«11:’161)' Since ¢(0) < 0,
then s; < 0 and sy > 0. ¢(S;) is negative when S is inside the interval
[s1, $2]. Thus, the left boundary of ¢1 could be another vertical line that lies
in the interval [s, so] where S is positive and the flow is going to the right.

Hence, we have a trapping region which only include bs;. Figure 2.2 (A)

shows the trapping region ¢t1 when R([)l} < 1.



CHAPTER 2. THE BIRD MODEL

(A)

(B)

n3

|
|

t1

n3

17

Figure 2.2: Trapping regions for steady state in the bird system. Figure (A):

steady state bs; (RE] < 1). Figure (B): steady state bsy (Rgl] > 1).
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Then choose a positive function p = ﬁ and denote the right hand side of

the bird system as f(Si, 1), we have

Ay

Dulac’s criterion implies that there is no periodic solution. Thus, we can

conclude that bs; is a globally stable steady state when Réﬂ < 1.

2.4.2 Global stability of bs,

At bsg, we need to construct another trapping region (¢2) which only includes
bss. If such a trapping region exists, then either bss is a globally stable steady
state or there exists a periodic solution inside the region. Note bsy only exists

when Rél] > 1.

Nullclines nl (Equation 2.20) and n2 (Equation 2.21) cut the R? plane into
two parts: I; > 0 when 0 < I; < (R([]l] —1)S; (lower triangle) and I; < 0
when [; > (R[Ol] —1)S; (upper triangle). Thus, the lower boundary of ¢2 could
be a horizontal line in the lower triangle and the upper boundary could be
another horizontal line in the upper triangle. The left and right boundary
of the trapping region are the same as in t1. Hence, we have a trapping ¢2
region which only include bsy. Figure 2.2 (B) shows the trapping region ¢2

when R([Jl] > 1.

Refer to section 2.4.1 Equation 2.25, Dulac’s criterion implies that there is no
periodic solution in R%. Thus, we can conclude that bss is a globally stable

steady state when it exists.
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2.5 Summary

There are two steady states in the bird HPAI system:

Steady state bs; represents the situation where there is no infection of HPAI

} and it is stable when

in the bird system. bs; exists for all values of Rgl
R([)l] is less than the threshold 1. Steady state bs, represents the state where
infection of HPAT is present in the bird system. bs, exists when Réﬂ is greater

than 1 and it is stable when it exists.

2.6 Numerical results

For numerical results, we choose two different values of 3; (9.6/10.6 day™!)
in order to adjust Rgﬂ to be greater or less than 1. Other parameters value

and analytic steady state computed from which are shown in Table 2.2.

Parameters Value 61 =9.6 | B =10.6
Ay 26.5 birds - day~! || S; 5.3 4.7321
1 5 day~! I 0 0.2839
o 5 day~! Ny 5.3 5.0161
3 9.6/10.6 day~* | RS1 | 0.96 1.06

Table 2.2: Parameter values and analytic steady state values in the bird

systems. Parameter values referenced to [4].

We use MATLAB “odelbs” to solve the differential equations to have more

exact results (than “ode45”). The results are shown in Figure 2.3.
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10

bird pepulation
-

10

bird peplation
-

Figure 2.3: Numerical results for the bird HPAI system with initial values
(S1, 1) = (10,2). Figure (A): B = 9.6 where R\ = 0.96 < 1. Figure (B):
B = 10.6 where R} = 1.06 > 1.
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In Figure 2.3 (A) when 5 = 9.6 and R([)l] < 1, the system approaches
(S1,1;) = (5.3,0) which is infection free as the number of infected birds
goes to zero. In Figure 2.3 (B) when ; = 10.6 and R([]I] > 1, the system
approaches (S, [;) = (4.732,0.283) where infections of HPAI are present in
the bird system. Thus, the numerical results are consistent with the analytic

results.

2.7 Phase portrait

Taking the same parameter values as in last section, the diagrams of phase

portrait of the bird HPAI system are shown in Figure 2.4.

In Figure 2.4 (A) where Rél] < 1, the solid circle point indicates the stable
infection free steady state of the bird system since the flows from all directions
are going into the point. In Figure 2.4 (B) where R([)l] > 1, there is one stable
infected steady state indicated by a solid circle and one unstable infection
free steady state indicated by a circle. Notice that the flows between the two

(circle) points are going into the infected steady state (solid circle).

The phase portrait is also evidence supporting the analytic and numerical

results.
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Figure 2.4: The phase portrait of the bird system. Figure (A): 5 = 9.6
where Rl = 0.96 < 1. Figure (B): 1 = 10.6 where R}! = 1.06 > 1. The

arrows show the direction of the flow.
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2.8 Bifurcation

There is a transcritical bifurcation from the infection free to the infected
steady state when R([)H increases through the threshold 1. When Rgﬂ is less
than 1, only the infection free steady state exists and it is stable. When R([)l]
becomes greater than 1, the infection free steady state becomes unstable and

the stable infected steady state exists. The bifurcation diagram is shown in

Figure 2.5.

stable steady state

12 -+ unstable steady state

1]
R

Figure 2.5: Bifurcation diagram of the bird system.






Chapter 3

Bird-Human Systems

For humans, we present two models for HPAI, one derived from the other. We
assume that the viruses inside the human system mutate at a constant rate
¢ (time™!) to become infectious to another susceptible human. That means,
susceptible humans are getting infected from both infected birds with HPAI
and infected humans with mutated HPAI. Thus, the “SIR” model needs to
be extended into a “SIMR” model, where “M” stands for human infected by
mutated HPAI. This is a four dimensional human model. The other simpler
model, represents the situation where € goes to infinity. Hence, class “I” and
“M” are combined so that we just use the “SIR” model (three dimensional).
Both the SIR and the SIMR human (mutated) HPAI model are parts of the
bird-human HPAT system, hence we have one 5-D and one 6-D bird-human
mutated HPAI system. The steady states of the bird-human systems are also

combinations of steady states from both the bird and the human systems.

25
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3.1 The SIR human model

In this simpler model when € = oo, we use Sy, I and Ry to represent human
susceptible, human infected with (mutated) HPAI, and human removed, re-
spectively. Consider the relationship diagram of the human SIR system in

Figure 3.1 with parameters defined in Table (3.1).

i, o,

iy Hy
v
Figure 3.1: Relationship diagram of the human system.
The model equations of the human SIR system are:
% = No— 125 — 5252]<7—11 - 5352]% (3.1)
= BSet+mSil — (et twh (32)
% Yoly — o Rs. (3.3)
The total population of humans (N,) is
Ny = Sy + Ir + Ry. (3.4)

Each human has infectious contact with birds at the rate 5, and a proportion

]{7_11 of birds is infectious. Similarly, each human has infectious contact with

other humans at rate 3, and a proportion J{,—QQ of human is infectious. Hence

the transmission terms in (3.1) and (3.2) are 5252]{,—11 and 6352]{,—22.
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Parameters Units  Definition

t time  Time (day)

Ns people Total population

S people Number of susceptible

I people Number of infected by avian influenza

Ry people Number of removed

A, day™'  Natural birth rate

[4o day™! Natural death rate

0o day™! Transmission coefficient from bird to human
03 day™' Transmission coefficient from human to human
Q9 day™!  Additional death rate caused by the avian influenza
Y2 day™'  Recovery rate from avian influenza

Rg] Basic reproduction number

Table 3.1: Definition of model parameters in the human system

3.1.1 Steady States

Let hs and fs represent the steady state of the “SIR” human and the full

bird-human 5-D systems, respectively. The steady states of the SIR human

system are derived from Equation (3.1)-(3.3) fixed by the steady state values

of the bird system (bs; and bsy). At hs, SE¢ and RES can be rewritten in

terms of 12 and hence fs can be expressed as

fs=

st st
i 1
Séw — A2—(u2+522+72)155 7 (35)
1 1

hs
Rl e

H2
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_ hs
where NJI* = AQ%IQ Substitute the steady state values in Equation 3.5
into Equation (3.2) and simplify it to be a quadratic equation in I2* (or into

Equation (3.1) to get a similar quadratic):
F(I°) = a(I3*)* + 01" + ¢ = 0, (3.6)

where

+ o + Q Ibs
_ &_J_ﬁ(@j_g+% &)
H2 p2 Ny

A + 200 + o 1V
b = 2 (53—M2—042 72—ﬁ2u2 CRE 165),
H2 H2 Ny

A2)2 s
c = — —.
& (N2 Nps

Notice ¢ is always positive and the signs of a and b are determined by the

value of the parameters. Also,

A 2 5\ \°
V' —dac = (Mj <53—,u2—042 _52,“2"' 122+72]\;bs)> (3-7)
1

Lo + g + 7o g I Ap\? 1P
(M (e ) (5( N

M)Z 2 ( M+wlF)
= (— — ps — a2 — ) +
(M2 ((53 f2 — Q2 — 2) B2 NP

_I__ IbS
+20, T h (B3 + p2 + o2 + 72) =5 | >0,
K2 Ny

which shows that the roots of Equation 3.6 are real for all parameter values.
The roots of Equation 3.6 have to be non-negative to be valid steady state

values of I, and so have the Sy and Ry derived from it.
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Steady States fs; and fso

The steady states of the full system fs; and fs, are combinations of the
steady state of the bird system (bs;) and the human system (hs; and hss)
fixed by the value of bs;. At bsy, where I; = 0, the coefficients of Equation
3.6 can be simplified as

+ g +
0 = u(a2_53)7
M2

A
b = —2(53 — M2 — Q2 —72),
2

c = 0,
which gives
s =0,
Thse Az(ﬁs — fg — Q2 — 72)
5?2 =

(B3 — ) (2 + a2 + 72)

Hence, steady state values of Sy and Ry can be derived from them. The first

steady state of the full system is

S A
Ibs 0
_ hs1 — A
f81 = 52 M; , (38)
I 0
Rb 0

where N1 = % It represents the state with an absence of (mutated) HPAI

infection in both the bird and the human system.
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The second steady state,
Sl AL
o 0
— hs - Az (p2+v2)
fs2 S5 Doty , (3.9)
Ihs2 As(Bs—po—as—v2)
2 (B3—az)(p2t+az+72)
Rhs2 Y2 A2 (Bs—pa—aa—72)
2 p2(Bs—oz)(p2+az+72)
where NJ'*2 = Tt ﬂf fgj)(é‘::;; - It represents the situation where there is

no infection of HPAI in birds but infection of mutated HPAI is present in

humans. fsy exists for all RE] values and for B3 — s — ag — 5 > 0.

Steady States fs3

The steady state of the full system fs3 is a combination of steady state of the

bird system bsy (172 > 0) and the steady state of the human system derived

with fixed value of bsy. The roots of Equation 3.6 have two cases depending

on the value of parameters:

Case (1):
(6%)] ]{)S
— — 5 <0
B2 1o NP5 +az — B3
Case (2):
(6%) [{)5
— — B3>0
B2 PNE +az — 3

Under the condition of Case (1), a < 0. Because

A2>2 1P
0) = — | == >0,
f( ) 62 <M2 Nfs

(3.10)

(3.11)

(3.12)
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Equation 3.6 has one positive root and one negative root (which we ignore).

Under the condition of Case (2), a > 0 and b < 0. As v/b> — 4ac < |b| and
b?> > 4ac (Equation 3.7), it implies both roots of Equation 3.6 are positive.

RI* has the same sign as IJ®. However, this is not necessarily true for 5.

Rewrite I]° as

A
e = CHN R - S—— (3.13)
Mo+ o +7v2 o+ Qo+ 72

and subsititute it into Equation 3.6, we have another quadratic equation in

Sy°:

g(SQS) = a*(Sgs)2 + b*Sgs +c =0, (3.14)
where
. f2 oy IP*
= ———— ot — 5,
Mo + o + Y2 (ﬁz 2 Nfs ? BS)
Ay o + 72 [fs
¥ = —— — g+ o+ 70 + ,
1 + 2 + 7 (53 2+ fio + 72 + B2 12 N{’s
o A3(p2 +72)

_Mz(/lz + g +72)
The roots of Equation 3.14 also have two cases depending on the value of

parameters:

Under the condition of Case (1), a* < 0 and b* > 0. As /(b*)? — da*c* < |b*|
and b®> > 4ac (Equation ), this implies both roots of Equation 3.14 are

positive.

Under the condition of Case (2), a* > 0. Because

_ A3 (pa + 72)
pa(phe + a2 + 72)

9(0) = <0, (3.15)
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Equation 3.14 has one positive root and one negative root (which we ignore).

To sum up, there is only one steady state fss that exists in either case and it
is unique. fs3 represents the situation where infection of (mutated) HPAI is

present in both the bird and the human system. It exists only when R([)l] > 1.

3.1.2 Basic reproduction number

The basic reproduction number for the SIR human system, R([)2], is defined as
the expected number of newly infected humans that are infected by a typical
infectious human when all humans are susceptible. The rate at which one
infected human infects susceptible humans is %Sg, where S5 = N if there

is no infection in the system. Since the infectious life-time of an infected

1

ozt We have

human is

Bs

RP=—2
Mo + Qg + o

(3.16)

Hence, fs; exists for all values of R([)l] and R([)z]. Recall one of the conditions

for the existence of fsy is O3 — g — as — 9 > 0, which is equivalent to

R([f] > 1. Thus, we can conclude that fss exist for all R([)l] values and for

R([)Q] > 1. fss exists only when RE] > 1 and for all values of R([)Z].
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3.1.3 Local Stability

The Jacobian matrix of the full bird-human system is given as

Jp 0
Jp = ) (3.17)
J I
where J, is the Jacobian matrix of the bird system shown in section 2.3

(Equation 2.15) and Jj, is the Jacobian matrix of the human system. The

value of j does not effect the stability of the full system so we may ignore it.

The steady states of the full system are combinations of the steady states
in birds and humans, therefore, they are only stable if the steady states of
both the bird and the human systems are stable as determined by J, and Jj,,
respectively. The stability of bs; and bsy are already determined in section

2.3. Thus, we need to check the steady state stability of the human system.

The Jacobian matrix of the human system Jj, is

—pi2 — Pagk — Osi —s5 Bk
I = Bai + Bai Bs) —pe —a2 —y2 —0sk | (3.18)
0 V2 —H2
where
i _ IQ<]2 + Rg)
N
o So(Sa + Ry)
=T
3
Sals
k = —-.
N3

Terms i, j and k are non-negative.



CHAPTER 3. BIRD-HUMAN SYSTEMS 34

Stability of hs;

At hsy, where I, =0,

1 = 0,
J =1
E = 0,
and hence
— 2 —0s 0
Jns, = 0 f[Bz—pp—as—"7 0 . (3.19)
0 72 —H2

The eigenvalues of Jys, are —po, B3 — o — ag — 72 and —pe. They are all
negative if R([]Z] < 1. Hence, we can conclude that hs; is locally stable when

RY < 1.

Stability of hss

The Jacobian matrix evaluated at hsy (I' = 0 and I # 0) is

— o — B3t — 337 Bk
Jhsy = Bsi B3] — po — g —v2  —[sk ) (3-20)
0 2 — M2

with ¢, 7 and k evaluated at hs,. The characteristic equation of Jjs, is
N4 agA? + a )+ az =0 (3.21)
where

ag = 2po+ B31+ py + oo + 2 — B,
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ar = (2uo+ B3i)(pe + ag + 72 — B3)) + (p2 + B3i) o + Bskye + G55 051,

as = (po+ B3i)(pe + o + 72 — Bs)) e + B35 05t 02 + p2B3kys.

Also,

apar — ay = (2p2 + B3i + po + a2 + 72 — B37) ((2p2 + B37) (2 + a2 + 72 — B35)
+ (2 + Bsi)pz + Bskya + B3 Bsi) — ((p2 + B3i) (2 + o2 + 72 — B3 p2
+03jB5ipte + p2Bsk2)
= (p2 + Bi) ((2u2 + B3i)(p2 + ag +v2 — B37) + (k2 + Bsi) iz
+03kv2 + B35 031) + (2 + a2 + v2 — B37) ((2p2 + Bsi) (12 + a2
+Y2 = B34) + Bskyz + B35051) + p2 ((2p2 + B31) (42 + a2 + 72

—B37) + (p2 + B3i)p12)

Equation 3.2 can be rearranged at hs, where I'* = 0 and I2*2 # 0 into

S.
fig + Qg + Yo = ﬂgﬁ? (3.22)
2
Hence, we can conclude that
B3] — 2 —ag — 72 <0 (3.23)

at steady state hs,. Hence, ag, a1, as and aga; — as are all positive. Refer to

Routh-Hurwitz criteria [8], steady state hs, is locally stable when it exists.

Stability of hs;

The characteristic equation of Jpg, is similar to that of J}}L‘SZ, only If” is

non-zero at hsz and i, j and k evaluated at different steady states. Hence,

A 4 bgAZ + by A + by = 0 (3.24)
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where
Ib% , .
by = 2u2+ﬁ2W+532+M2+042+’72—53J,
1
Ii)sz . . [b52 .
by = |22+ 52W + B3t | (o + o + 72 — B3)) + | 12 + ﬁQNb” + P51 | po
1 1
bsz
+03kye + B3 (52 NG + 532') ;
bso b52
by = (/Lz + o Nlbsz + ﬁzﬂ') (p2 + a2+ v2 — B5)) 12 + Bs] <52 NI + 53i> 2
1

+p2,83ks.

Also,

bsa

I . . 0=
bobr — by = (2M2 + 2 ]Vlbsg + O3t + pa +as + 72 — 53]) <(2M2 + 2 NleQ + 532)

1 1

bs
(2 + a2 + 72 — Bs)) + (Mz + 02 ]iflf; + ﬁ:si) p2 + O3k + Gsj
]—b32 ]’bSQ
(ﬁQ NbSQ - ﬁ3i>) o ((“2 + P Nbs + ﬁ3i> (2 + g + v2 — B3) 112
052
+537 (52 NG + 5373) pa + Mzﬁgk%)

]bsz ' ]bSQ ' .
= (Mz + 621—1,82 + 531) (<2M2 + 521—1,82 + 531) (2 + a2 + 72 — B37)
Ny Ny

bsa

(et

- . ]bSQ -
NG + 531) o + Bskrys + B3] (52 N + ﬁgZ))

bsa

+ (p2 + g + 72 — f39) ((QMQ + Bp——

oz + 53i) (p2 + ag + v2 — B37)
1

' Ibsg . Ibsg .
+B3ky2 + B3] (52 N + ﬁ:ﬂ)) + o ((2M2 + 52@ + 53@)

. L2
(2 + az + 72 — B37) + (Mz + B2 lem + 531) M2)
1

At hss, where 172 2 0 and 1% + 0, Equation 3.2 can be developed into

S
U + Qo + 72 > ﬁsﬁ, (3.25)
2
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hence
ﬁgj — g — Qg — Yo < 0. (326)

Thus, by, by, by and byb; — by are all positive. According to Routh-Hurwitz

criteria [8], steady state hsg is locally stable.

3.1.4 Summary

Over all, there are three steady states in the bird-human 5-D mutated HPAI

system:

Steady state hs; represents the situation where there is no infection of (mu-
tated) HPAI in the human system. It exists for all values of Réﬂ and REQ],

but it is stable only when REQ]

is less than the threshold 1. Hence, combining
this with the stability of bs;, we can conclude that the steady state of the full
bird-human system fs; represents the situation where there is no infection
of (mutated) HPAT in both the bird and the human system. It exists for all
values of Réﬂ and Rg], but it is stable only when both Rél] and REQ] are less

than the threshold 1.

Steady state hss represents the situation where infection of mutated HPAI

is present in humans. It exists for all R([)l] values and when RBQ}

is greater
than 1. It is stable when it exists. Hence, combining this with the stability
of bsi, we can conclude that the steady state of the full bird-human system
fso represents the situation where there is no infection of HPAI in birds, but
infection of mutated HPAI is present in humans. It exists for all R([]” values

and R([)Z] > 1. fsy is stable when R[[)l] is less than 1 and R([)Q] is greater than
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Zero.

Steady state hss represents the situation where infection of mutated HPAI
is present in humans. It exists when R([)l] > 1 and all values of R([)Z]. It is
stable when it exists. Hence, combining this with the stability of bs,, we can
conclude that the steady state of the full bird-human system fss represents
the situation where infection of (mutated) HPAI is present in both birds and
humans. It exists when R([)l] > 1 and all values of R([)Q] and it is stable when

1t exists.

3.1.5 Numerical results

Choose different values of 3; (9.6/10.6 day™') and 35 (0.1/1.2 day~!) in order
to adjust RE] and RE} to be less and greater than the threshold 1. Parameter
values of the bird system are in Table 2.2. Parameters values and analytic

steady states of the human system are shown in Table 3.2.

Value G =9.6 61 =10.6
As | 3 people - day—! Bs=01|pP3=12|F3=01]3=1.2
s | 0.015 day~? S, | 200 5 30.6711 | 4.4621
as 0.2 day I 0 13 11.2886 | 13.0359
B | 1.06 day~! R, 0 8.6667 | 7.5257 | 8.6906
v | 0.01 day™ N, | 200 | 26.6667 | 49.4854 | 26.1886
Bs | 01/1.2day' || R | 04444 | 53333 | 04444 | 5.3333

Table 3.2: Parameter values and analytic steady states of the SIR human

systems. Values referenced to [4].
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We use Matlab “odelbs” to solve for steady states. The results are shown in

Figure 3.2 and 3.3.

In Figure 3.2 (A) when 8, = 9.6 and 3 = 0.1 (Rgl] < 1 and R([)z] < 1), the
system approaches (Sq, I, Ry) = (200, 0,0) which is the infection free steady
state for the human system (I; = 0). In Figure 3.2 (B) where 5, = 9.6
and O3 = 1.2 (R([)l] < 1 and R([)Q} > 1), the system approaches (Sq, I2, R2) =
(4.997,13,8.664) where infection is present in the human system (I # 0).

In Figure 3.3 (A) where 5 = 10.6 (R([Jl] > 1) and #3 = 0.1 (RE?] < 1),
the system approaches (S, I, Re) = (30.67,11.29,7.523). In Figure 3.3 (B)
where (3 = 10.6 (Rél] > 1) and 3 = 1.2 (REQ] > 1), the system approaches
(S2, Iy, Ry) = (4.463,8.688,13.04). Hence, a stable steady state is always
present when Rg] is greater than 1 whatever R(?] is. It represents the state
where infection of mutated HPAI is present in humans. We can conclude

that the numerical results are consistent with the analytic results.

3.1.6 Bifurcation

There is a transcritical bifurcation in the human system when REZ] increases
through the threshold 1 while R([)l] is less than 1. When R([)l] < 1and R([f] <1,
there is only one stable steady state (infection free) and when RE] < 1 and
Rgz} > 1, another stable steady state (infected) appears and the infection free
steady state become unstable. The bifurcation diagram is shown in Figure

3.4.
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Figure 3.2: Numerical results for the human SIR system with initial values
of (82, I, Ry) = (100,0,0) when 3 = 9.6 (R = 0.96 < 1) up to day
500. Figure (A): 5 = 0.1 (RY = 04444 < 1). Figure (B): 5 = 1.2
(RP =5.3333 > 1).
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Figure 3.4: Bifurcation diagram of the bird system.

3.2 The SIMR human model

In this SIMR human model where € does not go to infinity, we use Sy, I, M>
and Ry to represent human susceptible, human infected with HPAI, human
infected with mutated HPAI and human removed, respectively. Consider the
relationship diagram for humans (Figure 3.5) with the definition of variables

in Table 3.3.

The model equations of the human 4-D system are:

dS I M.
d_t2 = Ay — 125 — 5252F11 - 5352F22 (3-27)
dl I
d—; = ﬁQSQFZ — (2 +ag + v +e€)ls (3.28)
dM. M.
2 = 5352—2 -+ 6]2 — (/JJQ -+ (0% + ’73)M2 (329)

dt No
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Figure 3.5: At each time step, avian influenza inside the human body mutate,
become the mutated avian influenza at a constant rate e.

dRy

I Yol + 3 My — p1oRs. (3.30)

The total population of humans (N,) is

Ny = Sy + Iy + My + Rs. (3.31)

There is a bird-human model with the presence of (mutated) HPAI in [4].
Similar to the bird model in that paper, the human to human model is also
an alternative version of the “SIR” epidemic. However, it does not reflect
the situation when the human population is large as the transmission term
depends on the number infected rather than the proportion infected. For
example, in a crowded population, even if the population size doubles, an
individual human will always contact other individuals at a constant number.

Hence, our model is more suited when the human population is big.
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Parameters Units  Definition

t day Time

Ns people Total population

S people Number of susceptible

I people Number of infected by avian influenza

M, people Number of infected by mutated avian influenza

Ry people Number of removed

Ay day™! Natural birth rate

[bo day™' Natural death rate

0o day™'  Transmission coefficient from bird to human

03 day™!  Transmission coefficient from human to human

Q9 day™'  Additional death rate caused by the avian influenza
Qs day™'  Additional death rate caused by the mutated avian influenza
Y2 day™'  Recovery rate from avian influenza

Y3 day™'  Recovery rate from mutated avian influenza

€ day™'  Mutation rate

REQ] Basic reproduction number

Table 3.3: Definition of model parameters in the 4-D human system

Also, in [4], there is no recovery rate for infected humans of HPAI In contrast,

our model has two recovery rates for humans infected with HPAI and mutated

HPAT (v and ~3).
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3.2.1 Steady States

Let hms and fms represent the steady states of the SIMR human and the full
bird-human 6-D systems, respectively. The steady states of the SIMR human
system (hms) are derived from Equation (3.1)-(3.3) fixed by the steady state

values in the bird system (bs; and bss).

Steady States fms; and fmss

Steady States fms; and fmsy are combinations of the steady state of the
bird system bs; and the steady states of the human system hms; and hms,
derived with fixed value of bs;. At bs;, where I fsl = 0, from Equation 3.28,

we have

jme = Jm2 =, (3.32)

Hence, Sy and Ry can be rewritten in terms of M, and the steady state of

the full system is:

bs bs
ST ST
bs bs
[1 Il
Ghms Ao—(po+az+y3) MG™*
2
fms = = He , (3.33)
[hms 0
Mpms Mpms
Rhms ’Y3]V[2hmS
2

w2

_ hms
where NJjms = % Substitute the steady state values into Equation

(3.28) and simplify it to be a quadratic equation in M2™* (or substitute into
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Equation (3.27) to get a similar quadratic):

FM5™) = a(Mg™*)? + bMy™ = 0, (3.34)
where
+ o3+
_ M2 (a5 — f35)
M2

A
b = —2(53—M2—043—73)«

H2

Hence, Equation 3.34 has two roots

My™ =0,
Aphms2 Ao(B3 — po — a3 — 3) '
2 (p2 4 as +72)(Bs — ag)

Hence, steady state values of Sy and Ry can be derived from them. The first

steady state of the full system is

Sbs1 Ay

1 m

Ibs 0

Shm31 As

fmsi=| = » (3.35)

[hms: 0

Mpms 0

Rhms1 0

where Ny = % It represents the state where there is no infection of HPAI

in both birds and humans.
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The second steady state is

S =
T 0
ngsg Ao (p2+73)
fmsy = = pa(famas) (3.36)
[gmsz 0
Nphms: A2 (B3—p2—a3—73)
2 (B3—as)(u2+asz+vs)
Rhm32 v3A2(B3—p2—az—7s3)
2 p2(Bs—as)(p2+as+ys)

B3A2(p2+7s)
u2(B3—as)(u2+as+ys)

where Ny = It represents the state where there is no

infection of HPAI in birds but infections of mutated HPAI exist in humans.

Steady state fms; exists for all R([)l] and R([)g} values and steady state fmss

exists for all Rgﬂ values and 3 — ps — a3 — y3 > 0.

Steady State fmss

Steady State fmss is a combination of steady states of the bird system (bss)

and the human system (hmss) derived with fixed value of bsy. As I? £ 0,

from Equation 3.28, SJ™ can be expressed in terms of I]™*

Sfmss — g fmss, (3.37)

where

x_M2+042+72+6Nf”

3 T (3.38)
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Hence, the steady state of the full system fmss becomes

bso bso
SY SY
bsa bsa
I I
hmss hmss
B S5 B xl 330
fm53 = Jimss - hmss ’ ( : )
I I
N fhmss Ao—(pa (x4 1)+ +y2) I, ™3
2 potaz+y3 .
Rlmss a3 Mo+ (oo (pa+v3)—as(pe(z+1)+72) I3
2 p2(pu2+as+v3)
: _ _Ao(potys) _ co(petys)—as(pe(z+l)+y2) rhmss ;
with Ny = s - 157 Substitute the steady

state value into Equation 3.29 (or Equation 3.27 for similar result), I3 is

determined from a quadratic:
FU™3) = a(I)™2)? + bI)™ 4 ¢ = 0 (3.40)

with
-1
a = T r+1)+ay+ + z4+1)+ay+v +¢€
p2(p2 + as +73) (hafoz{yi )+ o2 72) o (pal JFaztrte

X (a(pa + 3) — as(pa(z + 1) 4+ 72))),
b = Iug(lug +A;3 " 73) (N’?ﬁSI + E(,UQ + /73) + O(Q(/,Lg + 73) — a3(u2(l- + ]_) + 72)
(2 + 73) (22 + 1) + a2 + 72)),

A%(/vbz +73)

c — )
po(pe + as + y3)
Also,
) A3
b* —dac = Tr+e€ + + « +
12(112 + a3 + 73)? (1233 (p2 +3) 2(f12 + 73)

—ag(pa( + 1) +72) + (2 +73) (2 + 1) + a2 + 72))?
—4(p2 B3 (p2(x + 1) + az + 72) + (p2(z + 1) + a2 + 72 + ¢

x (ag(pg +v3) — az(pa(z + 1) +92))) (12 + 73))
A3
= M%(MQ + as + 73>2 ((M2ﬁ3x - aQ(MZ + 73)

+as(po(@ + 1) + 72) + (k2 + 73) (H2(z + 1) + a2 + 72 + €))?)




CHAPTER 3. BIRD-HUMAN SYSTEMS 49

Hence, the roots of Equation 3.40 are real. Similar to the SIR human sys-
tem, the roots of Equation 3.40 have two cases depending on the value of

parameters:

Case (1):

(B (po(z+1)+a+72)+ (2 (x41)+as+vy2+e) (o (po+7ys) —as (p2(x4+1)+72)) <0
(3.41)
Case (2):

1B (pa(241)+o+72) 4 (p2(2+1)+as+yate) (aa(patys) —as(pa(z+1)+72)) > 0
(3.42)
Under the condition of Case (1), a > 0. As f(0) = ¢ < 0, then Equation 3.40

has one positive and one negative root (which we ignore).

Under the condition of Case (2), a < 0 and b > 0. Equation 3.40 has two

positive roots.

However, by substituting parameter values, we can find that under the con-
dition of Case (1), there are two positive roots of Mj™* and under the
condition of Case (2), it has one positive and one negative root of M™.
Hence, overall, only one steady state fmss exists under bsy and it is unique.
fmss represents the state where infection of (mutated) HPALI is present in the

bird system and infection of both Al and mutated Al in the human system.
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3.2.2 Basic reproduction number

The basic reproduction number for the human SIMR system, R([)?’}, is defined
as the number of humans that are infected by a typical infected human with

the mutated virus when all humans are susceptible. The rate at which one

infected human infects susceptible humans is %52, where Sy = Ny if all

humans are susceptible. Since the life-time of an infected human is ————
p2taz+y3
we have
RY = _ B (3.43)
p2 + a3+ 73

Recall one of the conditions of existence of fmsy, B3 — s — ag —v3 > 0 is

equivalent to Rgﬂ > 1, thus fmsg exists for all values of R([)l] and for R([)S] > 1.

3.2.3 Local Stability

Refer to section 3.1.3, we need to determined the stability of each steady
state of the human SIMR system. The Jacobian matrix for the human SIMR

system is:
—piz = Pagk — Osi B3] —Dsk B3]
5o - Bag —p2 — Qg — Y2 — € 0 0
Bsi —0s) + € Pk — po — a3 — 3 —[s]
0 V2 73 — 2
(3.44)
where

o Myt Myt Ry)

N3
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C SoM,

] - N22 ’

SQ(SQ + .[2 + Rg)
N2 '

Terms i, j and k are non-negative.

Steady state of hms;

At hmsy, where I/"™2 = 0 and M2 = 0,

1 = 0,
J =0
E =1

hence the Jacobian matrix becomes

— o 0 —0s 0
T ! Cl s
0 € B3 — po — a3 — 3 0
0 V2 Vs — 2

The eigenvalues are —pio, —fts — avg — Yo — €, O3 — jto — g — y3 and —po. They
are all negative when R([)?’] < 1. Therefore, hms; is a locally stable steady

state when R([)?’} <1
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Steady state of hms,

At hms,, where 10 = 0 and M} + 0, the Jacobian matrix becomes

— o — Bi B3] — B3k B3]
Thmes = 0 —ly — Qg — Yo — € 0 0 |
31 —[f3] + € Psk — pp —az — 3 —33]
0 Y2 3 —He2
(3.46)

where 7, 7 and k are determined at hmsy. Let A = uy + (31, B = [37... etc.

Hence the Jacobian matrix becomes
-A B —-C B
0 —-D 0 0
Thmsy = ) (3.47)
FE F -G -B

o H I —J

The stability of hms, is determined from the characteristic equation

g(N) = (a0 + X)X’ + ar1\* + ag\ + ay), (3.48)
where

ag = D,

a = A+G+J,

a, = AG+AJ+GJ+ BI+CE,

a3 = AGJ+ BI(A-FE).
Also,

aa —ay = (A+G+J)(AG+AJ+GJ+ BI+CFE)— (AGJ + ABI — BEI)
= A(AG+AJ+CE)+ (G+ J)(AG+ AJ +GJ + BI + CE) + BEI.
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At hms,, Equation 3.29 can be developed into

S
53F2 — p2 — a3 — 3 <0, (3.49)
2
which leads to
B3j — p2 — ag — 3 < 0. (3.50)

Thus, aq, as, az and aga; — a are positive. According to the Routh-Hurwitz

criteria [8], steady state hms, is locally stable when it exists.

Steady state of hmss

We have not been able to derive the stability criteria for hmss in general.
However, when we substitute parameter values into Jj,,s,, we find that that
all four eigenvalues derived are either negative or have negative real parts.

Thus, we conjecture that hmss is locally stable when it exists.

3.2.4 Summary

To sum up, there are three steady states in the bird-human 6-D (mutated)

HPAI model, which exist under different conditions.

Steady state hms; represents the state where infection of (mutated) HPAI is
absent in the human system. Steady state hms; exists for all values of R([)S}
and it is only stable when Rg)’] is less than 1. Hence, combine this with the
stability of bsy, we can conclude that the steady state of the full bird-human

system fms;, which represents the state where infection of (mutated) HPAI
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is absent in birds and humans, exists for all values of R([)l] and R([)g], but it is

only stable when R([)” and R([)B] are both under the threshold 1.

Steady state hmss represents the state where infections of mutated HPAI are
present in humans. hms, exists when RE?’] is greater than 1 and it is stable
when it exists. Hence, combine this with the stability of bs;, we can conclude
that the steady state of the full bird-human system fmssy, which represents
the state where there is no infection of HPAI in birds, but infections of
mutated HPAI are present in humans, exists for all values of R([)l] and when

R([)g} is greater than 1. It is stable when R([)l] is less than 1 and RE}] is greater

than 1.

Steady state hmss represents the state where infection of (mutated) HPAI is
present in the humans system. It exists when R([)H > 1 and it is stable when
it exists. Hence, combine this with the stability of bsy, we can conclude
that the steady state of the full bird-human system fmssz, which represents
the state where infections of (mutated) HPAI are present in both birds and

humans, exists when R([)H is greater than 1 and it is stable when it exists.

3.2.5 Numerical Results

Choose different values of £y (9.6/10.6 day™') and 35 (s5/3 day ') in order
to adjust Rg] and Rgﬂ to be less and greater than the threshold 1. Parameter
values for birds and humans are shown in Table 2.2 and Table 3.2. Other
parameters value and the analytic steady states values calculated from them

are shown in Table 3.4.
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Value 61 =9.6 6y =10.6
az | 0.06 day™! Bs=15| Bs=3 |Bs=15 | Os=3%
vs | 0.05day' | Sy | 200 | 21.4286 | 39.9379 | 16.0142
¢ | 0.001 day™! || I 0 0 10.6030 | 4.2515
M, 0 21.4286 | 0.1221 | 14.4255
R, 0 71.4286 | 7.4757 | 50.9194
Ny | 200 | 114.2857 | 58.1386 | 85.6107
REV| 04444 | 5.3333 | 0.4444 | 5.3333

95

Table 3.4: Parameter values and analytic steady state values of the SIMR

human systems. Values referenced to [4].

Use Matlab “odelbs” to solve for steady states. The results are shown in

Figure 3.6 and 3.7.
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In Figure 3.6 (A) when 8; = 9.6 and 35 = & (RE‘] < 1 and R([)S] < 1), the
system approaches (Ss, I, Ms, Ry) = (200, 0,0,0) which is the infection free
steady state for the human system. In Figure 3.6 (B) when when (3; = 9.6
and 3 = % (R([)l] < 1and Rg)’] > 1), the system approaches (S, Iy, Ms, Rsy) =
(21.43,0,21.43,71.41) where only the infection of mutated HPAI is present

in the human system.

In Figure 3.7 (A) where §; = 10.6 (R([]l] > 1) and 33 = 5 (RE?} < 1),
the system approaches (S, I, Ms, Re) = (39.94,10.6,0.1221,7.473). Notice
that the number of infected humans with mutated HPAI is 0.1221, which
is less than 1. As we mentioned earlier (section 1.2), it presents the mean
population in a given area. Since R([]?’] is less than 1, most of the humans
infected with mutated HPAI comes from the mutation for HPAI. When R([)S] <
1, by the definition of the basic reproduction number, there should be no
infection of mutated HPAI in the human system, thus, the small number of
infected humans comes from the mutation of the HPAI viruses. In Figure
3.7 (B) where 8, = 10.6 (R} > 1) and 85 = 2 (R¥ > 1), the system
approaches (S, Iy, My, Re) = (16.01,4.251,14.43,50.92) where the infection
of (mutated) HPAI is present in both birds and humans. We can conclude

that the numerical results are consistent with the analytic results.

3.2.6 Bifurcation

Similar to the SIR human model, there is a transcritical bifurcation in the

human system while R([)?’] increases through the threshold 1 when Rg] is less

than 1. When RQ] and R([)S] are both less than 1, there is only one stable
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steady state (infection free) exists and when RE] is less than 1 but R([)g} is
greater than 1, another stable steady state appears and the infection free
steady state become unstable. The bifurcation diagram is shown in Figure

3.8.

12

stable steady state
--------- unstable steady state

Figure 3.8: Bifurcation diagram of the human SIMR system.






Chapter 4

Vaccination

Vaccination against HPAI may not be efficient as the HPAT virus has a high
mutation rate. In fact, vaccination is normally not very effective against
influenza. However, as we described in the introduction, vaccination is per-
haps the most commonly used, effective and cost-effective control measure to
prevent contagious diseases. Hence, in this section, we introduce vaccination
of humans into the Human (mutated) HPAI system (SIR and SIMR) and
keep the bird system unchange. Note that it is not usual for new borns to be
vaccinated against flu. Both the SIR and the SIMR human (mutated) HPAI
system with vaccination are combined with the bird HPAI system (Equation
(2.1) and (2.2)), hence we have one 5-D and one 6-D bird-human (mutated)
HPAI system with vaccination. The steady states of the full bird-human
systems with vaccination are combinations of steady states in both the bird

and the human systems.

61
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There are two situations of vaccination in the human system: vaccination
of immigrants and vaccination of susceptibles. We use BHVI and BHMVI
to represents the 5-D and 6-D bird-human models with vaccination of immi-

grants, and BHVS and BHMVS to represents the 5-D and 6-D bird-human

models with vaccination of susceptibles.

4.1 Vaccination of immigrants BHVI

In this section, we assume the population classes (susceptible, infected and
removed) describe the local population in a city or a country, and the birth
rate is taken to mean when a person enters that population. A proportion
v of the immigrant population is vaccinated against either HPAI or mutated
HPAI and becomes immune (entering the removed class). Only 1 — v of
the immigrant population are susceptible to the viruses. The model of the

human part can be expressed as

ds 1 1

d_tQ = A1 —0v)— pS — ﬁzszﬁll - 5352F22 (4.1)
dl. I I

d_t2 = ﬁ252ﬁll + 53S2F22 — (h2 + a2 +2) 12 (4.2)
dR

d_752 = VA +y2ls — po R, (4.3)

where Ny = S5 4+ I + Ry and other variables and parameters are the same

as in section 3.1. We refer to this as the BHVI system.
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4.1.1 Steady States

We use vihs and vifs to represents the steady state of the human part of the
BHVT system and the full BHVI system, respectively. vifs is derived from
Equations (4.1)-(4.3) fixed by the steady states values in the bird system
(bsy and bsy). At vifs, Sy and R%™* can be rewritten in terms of 3% and

hence the steady state of the full system is

st st
i It
vz'fs — Sgihs — A2(1—U)—(M2:2-a2+72)]§1ih5 , (44)
]’gihs I;)ihs
Rgihs vAz+y2 I3Hhe
w2

. _ vihs
where NYhs = /\2‘2—2212 for different steady state values of the bird system.

Substitute the steady state values into Equation (4.2) and simplify it to
obtain a quadratic equation of I3*** (or substitute into Equation (4.1) to get

a similar quadratic) as:

fI3™) = a(ly")? + bIy™ + ¢ =0, (4.5)
where
+ g + oy 1%
" - u<52_2%+a2_53)7
H2 pr2 Ny
A +(2—v)ag + vy 1%
b = —2(53(1—1’)—%—@2—72—52“2 ( Jos 17 11,8),
o H2 Ny
Ap\? Ibs
= — 1—v).
‘ v (M2) Nfs( v)

Note ¢ is always positive and the signs of a and b are determined by the

values of parameters. Also,

b2 —dac = (& <53(1—U)—M2—Oé2—72—52

H2

pi2 + (2 — v)og + 7o 178 ))2
2 NP
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Ho + o + o ( g TP )) (A2)2 I
4| V= fo— +ay — — ) =1 -vw
( i pa NP 7 & ’ i N{’S( )

A 2 Jbs 2
= (—2) <(53 — pip — p —72)° + (52&1\[#{,8) ((p2 +72)?

2

+ 72 +va
Has(vas + 2z + 0 + 7)) + 28 22T ER (B (1 — )

M2

Ibs
g + g + ’Yz)]\flbs) >0,
1

which shows that the roots of Equation (4.5) are real for all parameter values.

Steady States vifs; and vifsy

The steady states of the BHVI system vifs; and vifs, are combinations of
the steady state of birds bs; and the human part vihs; and vihs, derived with
fixed value of bs;. At bsy, where [ fsl = 0, the coefficients of the quadratic

equation a, b and ¢ can be simplified to

Mo + Qg + 7

a = T(Q2 - ﬁS)y
A
b = _2(@3(1—1’)—/@—042—72)7
K2
c = 0,
which gives
[;}ihsl — O

Juihsy Ap(B5(1 —v) — pig — ag — )
? (B3 —ao)(pa + as +72)
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Thus, the first steady state of the BHVI system is

Sbsl Ay
1 1
I 0
; _ ih _ Ao (1—
vifsi= | syt | = | At | (4.6)
[;nhsl 0
Rvihsl Aosv
2 Mo

where N3t = % It represents the absence of (mutated) HPAT in the BHVI

system.

The second steady state is

Sbsl &
1 T
e 0
: — vihsa — Ao (p2+y2+a2v)
UZfSQ SQ N2(53_0‘2) 9
Juihs2 A2 (B3(1—v)—p2—az—v2)
2 (B3—a2)(pa+aa+72)
RUihs2 Ao ((Bs—a2)(patas+y2)v+y2(B3(1—v) —po—as—v2))
2 p2(Bs—az)(p2taz+72)
(4.7)
where Ny#s2 — m?gﬁf(a’; 2)3722:5223{2). It represents the situation where there is

no infection in birds but infections of mutated HPAI are present in humans

with vaccination.

Steady state vifs; exists for all values of R([]l]. Steady state vifs, exists for

all Rg] values and when [3(1 — v) — ps — ag — 72 > 0.
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Steady State vifss

The steady state of the full BHVI system vifs3 is a combination of steady
states of birds bsy and humans vihs; derived with a fixed value of bsy. Similar
to the original bird-human system, the roots of Equation 4.5 also have two

cases depending on the value of parameters:

Case (1)
6, @2 —Ifs + s < 3 (4.8)
a :
2 o NP 2 °
Case (2)
15 oz It +ay >3 (4.9)
a :
2l Nbs TR

Under the condition of Case (1), a < 0. As

1(0) = 6, (A) " 1), (4.10)

Equation 4.5 has one positive root and one negative roots (which we ignore).

Under the condition of Case (2), a > 0 and b < 0. As vb? — 4ac < |b|, this

implies both roots of Equation 3.6 are positive.

Similar to the original human SIR system (refer to section 3.1.1 Steady State
hss), there are two positive values of S5** in Case (1) and one positive and
one negative root of Sy in Case (2). Thus, only one steady state vihss
exists when RE] > 1 and it is unique. Steady state wvifss represents the
situation where infection of (mutated) HPAI is present in both the bird and

the human system.
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4.1.2 Basic reproduction number

The basic reproduction number for the human system with vaccination of
immigrants, RLQ], is defined as

R — Bs(1 —v)

2 = . (4.11)
M2 + Qg + 77

as Sy = A2(;2_”) in the absence of HPAIL

Hence, steady state vihs; exists for all values of R([)” and R, Steady state

vihss exists for all values of R([)l] and when R is greater than 1.

Compare R with RBQ}, we have
R = (1-v)RZ. (4.12)

The aim of vaccination is to lower the basic reproduction number RL% to be
under the threshold 1. Thus,

1

v>1——
Ry

(4.13)

so that Rq[?] < 1.

4.1.3 Local Stability

Refer to section 3.1.3, we need to determine the stability at each steady state
of the human system in BHVI. The Jacobian matrix of the human system

in BHVI J,;;, is the same in the human system of the original bird-human
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system, that

— o — 521% — Bt —[33
Jvih = ﬁgfv—ll + B3t B3] — po — g — Y2
0 V2
where
. L(Iy + Rs)
N2 ’
. So(S2 + Ry)
] N22 ?
Sols
k = .
N3

Terms i, j and k are all non-negative.

Stability of vihs;

At vihsy, where I and I;”hsl are both zero,

1 = 0,
j = 1=v,
E =0
Thus,
—H2 —fB5(1 —v)
Jvihs, = 0 B5(1—v)—pr—ar—"
0 72

68
Bsk
—H2
0
0 , (4.15)
—H2

and the eigenvalues are — g, f3(1—v)— po— s —" and —ps. The eigenvalues

(2]

are negative if Ry is less than 1. Therefore, vihs; is a locally stable steady

state when RLQ} is smaller than 1.
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Stability of vihs,

The Jacobian matrix Jy;s, is in the same form as Jps, of the SIR human
system (section 3.1.3 Stability of hss), except 4, j and k. Hence, two systems
share the same form of the characteristic equation except 7, j and k. However,
terms ¢, 7 and k£ do not effect the stability of the steady state. Thus, refer to
section 3.1.3 (Stability of hss), vihss is a locally stable steady state when it

exists.

Stability of vihss

Same as vihsy, the Jacobian matrix evaluated at vihss (Jyins,) is in the same
form as evaluated at fss (Jps,) except i, j and k. Hence, two systems share
the same form of the characteristic equation except ¢, 7 and k. However, refer
to section 3.1.3 (Stability of fs3), i, j and k do not effect the stability of the

steady state. Thus, vihss is a locally stable steady state when it exists.

4.1.4 Summary

Over all, there are three steady states in the BHVI system:

Steady state wvihs; represents the situation where there is no infection of

(1]
0

(mutated) HPAI in the human system. It exists for all values of R, and

7[)2}, but it is only stable when R is less than 1. Hence, combine this with
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the stability of bs;, we can conclude that the steady state of the BHVI system
vifsy, which represents the situation where there is no infection of mutated
HPAT in both the bird and the human system, exists for all values of R([)”
and R, Tt is only stable when Rél] and R are both less than 1.

Steady state vihsy represents the situation where infection of (mutated)
HPALI is present in humans. It exists for all R([)” and RY > 1. wvihs, is
stable when it exists. Hence, combine this with the stability of bs;, we can
conclude that the steady state of BHVI vifs,, which represents the situation
where there is no infection of HPAT in birds but infections of (mutated) HPAT
are present in humans, exists for all R([)l] values and when R is greater than

1. vifsy is stable when R([)l] is less than 1 and R is greater than 1.

Steady state vihsg represents the situation where infection of mutated HPAI
is present in humans. It exists when R([]” is greater than 1 and for all values of
R vihss is stable when it exists. Hence, combine this with the stability of
bss, we can conclude that the steady state of the BHVI system wvifs3, which
represents the situation where infection of (mutated) HPAI presents in both

birds and humans, exists when R([)” is greater than 1 and for all values of

RLz]. It is stable when it exists.

4.1.5 Numerical results

Similar to the original bird-human SIR system, choose different values of
B (9.6/10.6 day™ ') in order to adjust R([)”. Vaccination only needs to be

introduced when there is a chance of an endemic situation, therefore, choose
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B3 to be 1.2 day~! so that R([)z] > 1. As Equation 4.12, choose v to be 0.2
(RLz] > 1) and 0.85 (RLz] < 1). For other parameters values refer to Tables
2.2 and 3.2.

The analytic steady state values of the BHVI system are shown in Table 4.1.

fr=9.6 B =10.6
v=02]v=08|v=02|v=085
S (people) 13 30 9.3217 | 5.2243
I, (people) 9.8 0 10.0452 | 1.652

465333 | 170 | 46.6968 | 171.1011
69.3333 | 200 | 66.0637 | 177.9771
R 4.2667 0.8 4.2667 0.8

Table 4.1: Analytic steady state of the BHVI system with parameter values.

We use Matlab “odel5s” to solve the system for steady states. The results

are shown in Figures 4.1 and 4.2.
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Figure 4.1: Numerical results for the human part of the BHVI system with
initial values of (Sz, Iz, Ry) = (100, 0,0) when 8; = 9.6 in the first 500 days.
Figure (A): v = 0.2 (R = 4.2667 > 1). Figure (B): v = 0.85 (R = 0.8 <
1).
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Figure 4.2: Numerical results for the human part of the BHVI system with
initial values of (S, I, Ry) = (100,0,0) when §; = 10.6 in the first 500
days. Figure (A): v = 0.2 (RY = 4.2667 > 1). Figure (B): v = 0.85
(RY =08 <1).
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In Figure 4.1 (B) when 5 = 9.6 and v = 0.85 (Réﬂ < 1and R < 1), the
system approaches (S, I, Ry) = (29.98,0,169.9) which is the infection free
steady state of the BHVI system. In Figure 4.1 (A) when 3; = 9.6 and v = 0.2
(R([)” <1and R > 1), the system approaches (Sz, I, Ry) = (13,9.8,46.51)
where there is no infection of HPAI in birds but infection of (mutated) HPAI

is present in humans.

In Figure 4.2 (B) when 8; = 10.6 and v = 0.85 (R} > 1 and R < 1),
the system approaches (S, s, Ry) = (5.224,1.652,171). In Figure 4.1 (A)
when ) = 10.6 and v = 0.2 (Rg] > 1 and R > 1), the system approaches
(S2, I, Ry) = (9.319,10.05,46.67). Infection of (mutated) HPAI is always

present in birds and humans when RE] <1

4.1.6 Comparison

Compare the numerical results in BHVI with the original bird-human system:
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Figure 4.3: The number of infected humans in the bird-human and BHVI
system. Figure (A) represents the situation when 3; = 9.6, §3 = 1.2 and
v = 0.2. Figure (B) represents the situation when 3; = 10.6, §3 = 1.2 and
v = 0.85.
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In Figure 4.8, we can see that there are reductions in the number of infected
humans in both cases ((A) and (B)). The gaps are not only appear at the
peak of the curves, there are even more at the steady state. The higher
percentage of immigrants vaccinated, the lower number of infected people we

will get.

4.2 Vaccination of immigrants BHMVI

Similar to the BHVI system, we assume the population classes (susceptible,
infected with HPAI, infected with mutated HPAT and removed) describe the
local population in a city or a country, and the birth rate is taken to mean
when a person enters that population. A proportion v of the immigrant popu-
lation are vaccinated against (mutated) HPAT and become immune (entering
the removed class). Only 1 — v of the immigrant population are susceptible

to the viruses. The model equations of the human part are:

dSQ [1 M2
— = MAy(1—v) — p2Sy — B9S5— — [35,— 4.16
dt 2( U) S — o 2N1 3 2N2 ( )
dl 1
d—; = ﬁQSQFll - (/Jg + a9 + 72)]2 — 6[2 (417)
dM. M-
- 5352—2 +ely — (/.LQ + a3 + ")/3)M2 (418)
dt Ny
dR
d—tz = AQU + ’}/2]2 -+ ’73M2 — IMQRQ. (419)

The total number of humans is

Ny =S+ Iy + Ms + Rs. (4.20)
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4.2.1 Basic reproduction number

The basic reproduction number for the human system with vaccination, RE}’],

is defined as

g _B1-v)

M2 + a3+ 73

as Sy = % in the absence of (mutated) HPAI.
Compare R with Rg)’], we have

RP = (1—v)R¥. (4.22)
If the vaccination rate

1
v>1—-—: (4.23)
RB]

then RLS} is less the threshold 1.

4.2.2 Numerical results

Similar to the BHVI system, choose different values of 8; (9.6/10.6 day™!)
in order to adjust R([)”. Vaccination only needs to be introduced when there
is a chance of an endemic situation, therefore, choose 33 to be 0.6133 day !
so that RE’} > 1; as Equation 4.12, choose v to be 0.2 (RE’] > 1) and 0.85
(RLB} < 1). Use all other parameter values in Tables 2.2 and 3.4.

We use Matlab “odelbs” to solve for steady states. The results are shown in

Figures 4.4 and 4.5.



CHAPTER 4. VACCINATION 78

100
a0 b s S o i
(A) o 5,
7
B0t 7 R L H
/ s
Tt Y. .
: / —
.% BOL i
= /
S 80} U
5 J
E 40} l}
2 i
0 L

L L 1 1 L L 1 L 1
0 50 100 150 200 250 300 350 400 450 500

time (day)
200
180 +
52
________ I2
5 == Mo
s e B
o
o i
=2
o
hod
=
=
AT
i} - [ I s, L W} L L W i
0 a0 100 150 200 250 300 350 400 450 500

time (day)

Figure 4.4: Numerical results for the human part of the BHMVI system with
initial values of (Ss, Iy, Ms, Ry) = (100,0,0,0) when ; = 9.6 in the first
500 days. Figure (A): v = 0.2 (R = 4.2667 > 1). Figure (B): v = 0.85
(R¥Y =08 < 1).
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Figure 4.5: Numerical results for the human part of the BHMVI system with
initial values of (Ss, Iy, Ms, Ry) = (100,0,0,0) when (3; = 10.6 in the first
500 days. Figure (A): v = 0.2 (R = 4.2667 > 1). Figure (B): v = 0.85
(R¥Y =08 < 1).
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In Figure 4.4 (B) when R([)l] <1 and R¥ < 1, the numerical results reach to
an infection free steady state for the human part of the BHMVI system. In
Figure 4.4 (A) when when Rgl] <1and RY > 1, the system approaches to

the steady state where infection of mutated HPAI is present in humans.

In Figure 4.5 when R([)H > 1, in both cases of RE’], the system approaches non-
zero steady state which represent the infection of (mutated) HPAI is present
in bird and humans. When Rg] > 1 and RY < 1, the numerical result shows
that the number of infected human with mutated HPAI is greater than 0 but
less than 1, where most of infected human with mutated HPAI comes from

the mutation of the HPAI viruses.

4.3 Vaccination of susceptibles BHVS

Instead of vaccinating the immigrants, vaccinating the susceptible population
at a constant rate v day~! is also an option. The equations of the human

part can be expressed as:

S 1 I

d_t2 = Ny —vSy — 125y — ﬁzSQﬁ - 5352ﬁ22 (4.24)
dl. I 1.

= BSaE e AS - (e ta kw429
dR

d_t2 = vSy +Y2ls — 12 Rs. (4.26)

The total population of humans (Ns) is

N2 = SQ+IQ+R2. (427)
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4.3.1 Steady States

We use vshs and vs fs to represents the steady state of the human part of the
BHVS system and the full BHVS system, respectively. vshs are derived from
Equation (4.24)-(4.26) fixed by the steady state values in the bird system (bs;
and bsy). At the steady state of the BHVS system, S and RY*"* can be

rewritten in terms of I2"* and hence the steady state of the whole system is

bs bs
ST Sy
bs bs
I3 I3
= = Ag—(po+on+y2)Iyshs
vsfs=| Syhs | = ( ot )3 7 (4.28)
vshs vshs
I3 13
R’Ushs VAQ*(V(}L2+Q2+72)772 (M2+V))I§)Shs
2 p2(p2+v)

Ag—apIgshs

where NVshs —
2 2

. Substitute the steady state values in terms of 3"
into Equation (4.25) and simplify, it becomes a quadratic equation in I¥*"*

or substitute into Equation (4. to get a similar quadratic):
bsti i E I 4.24 imil drati
FUF") = a(I3°"*)? + bI3*" 4+ ¢ = 0, (4.29)

where

Qo [fs Qo s )
a = + g+ (ﬁ +— - ;
(112 2 2) 2M2(M2 TONE T i

b = A ( B M2 + Qo + 72 pa + 200 + 72 [%s)
- 2 - - M2 )
fio + v 12 po(pie +v) NP
A2 Ibs
c = [ 2 1

pia(p2 +v) Ny*°
Note ¢ is always positive and the signs of a and b are determined by the value
of the parameters. Also,

2 Ibs 2
D dge — (Ag( Bs _M2+042+72_B2,u2+ Qg + Va2 1b))
M2 + v 2 po(p +v) Ny*
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%) ]fs (&%) B3 )>
—4 + g + +— =
((M2 2+ 7) (62,“2(#2 + V)N oy pe v
(3 I )
pa(p2 + v) Np°

_ A%(( B3 _M2+Oé2+72)2+(52 2 + 72 I{)S)Q

M2 +V H2 pio(p2 4 v) N
+ + s + Iy

125, M2 72 ( B3 +,U2 2 ’72) 1bs> 0,
pa(piz +v) \pi2 +v H2 Ny

which shows that the roots of Equation (4.29) are real for all parameter

values.

Steady States vsfs; and vsfs,

The steady states of the full system vsfs; and vsfsy are combinations of
the steady states of the bird bs; and human in the BHVS (vshs; and vshss)
system derived with fixed values of bsy. At bsy, where I'*' = 0, the coefficients

of the quadratic equation a, b and ¢ can be simplified as

o (2t as+ ) (pa(as — B5) + vas)

pa(p2 + 1)
by o Ay (pafBs — (p2 +v)(p2 + g +72))
pa(p2 +v) ’
c = 0,
which gives
I;Jshsl = 0
Jushsz No(pafs — (2 + v) (2 + az + 72))
: —

(2(Bs — ag) — vag)(pa + a2 +72)



CHAPTER 4. VACCINATION 83

Thus, steady state values of Sy and Ry can be derived from them. The first
steady state of the BHVS system is

bs1 A1
Sl I
i 0
_ h _ A
vsfsy= | St | = e , (4.30)
];shsl 0
vshsi vAo
Ry p2(p2+v)

where Nyt — % It is the infection free steady state.

The second steady state is

Sbs1 Ay
1 1458
Ibs 0
— vshso — Ao (p2+72)
vSfso Sy R : (4.31)
Jushsa Ao (p2B3—(p2+v) (Hatas+v2))
2 (p2(Bs—az)—vas)(p2taz+v2)
Rushs2 Ao (v2(B3—p2—aa—y2)+v(pataz+7v2))
2 (p2taz+72) (p2(B3—az)—vaz)
where NP2 — A5zt 72) There is no infection in birds but

T (p2tazty2)(p2(B3—az)—vaz) "
there are infections of mutated HPAI in humans.

Steady state vsfs; exists for all R([)H values. Steady state vsfsy exists for all

Réﬂ and when psf3 — (g2 + v) (2 + ag + y2) > 0.

Steady States vsfs;

The steady state of the BHVS system vsfs3 is a combination of the steady
state of birds bsy and humans in BHVS (vshss) fixed by the value of bsy. The

roots of Equation 4.29 have two cases depending on the value of parameters:
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Case (1) .
’ MQ(M(;Q‘I' V) J{fllbs % uzﬁj— v (4.32)
Case (2) N 5
62#2(121 V) Jifl{” * % - —i v (4.33)
Under the condition of Case (1), a < 0. Because
f(0) =5 AR I 0, (4.34)

po(piz 4+ v) N*

Equation 4.29 has one positive root and one negative root (which we ignore).

Under the condition of Case (2), a > 0 and b < 0. Thus, vb? —4ac < |b],

which implies two roots of Equation 4.29 are positive.

However, similar to section 3.2.1 (Steady state fss3), in Case (1), there are
two positive real roots of S&*"** and in Case (2), there is one positive and
one negative real root of S¥"*. Thus, we can conclude that only one steady
state vshss exists for bsy and it is unique.

vsfs3 represents the situation where infection of (mutated) HPAI is present

in both the bird and the human systems. It exists when Rgﬂ > 1.

4.3.2 Basic reproduction number

The basic reproduction number for the human system, R ], is defined as

R2 = Hafs (4.35)

Y (2 + 1) (p2 + g +72)
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Compare it with the basic reproduction number in the original human system
RBQ}, we have

R = 2 g (4.36)
Mo TV

In order to keep R under the threshold 1, we need
v > ua(RE —1). (4.37)

Recall one of the conditions for the existence of vsfsg is o3 — (2 + ) (o +
]

as+72) > 0, which is equivalent to RA>1.7T hus, vs fss exists for all values

of R([)l] and when R\ is greater than 1.

4.3.3 Local Stability

Refer to section 3.1.3, we need to determined the stability at each steady
state of the human system in BHVS in order to determine the stability of

the whole system. The Jacobian matrix of the human system .J,, is

—ly —V — 52]{711 — Bt — 337 Bk
Josh = Baxt + By Osj —pa —ag =7 —fsk |, (4.38)
v Y2 — 2
where
i = I (I + Ry)
N2 ’
o 55(5: + Ry)
=T
P
Sols
k = —=.
N3

Terms i, j and k are non-negative.
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Stability of vshs;

At vshsy, where IP*' and I7%"1,

1 = 0,
j=
po + v’
kE = 0,
and
—po —V —Bst 0
vahsl = 0 53 ng_l’ — Mo — Qg — Vo 0 . (439)
v Y2 —H2
Thus, the eigenvalues of J,ss, are —po — v, 5 uﬁv — lg — Qg — Yo and —po.

They are all negative if R is less than 1. Thus, vshs; is locally stable when
R < 1.

Stability of vsfs

The Jacobian matrix evaluated at vshsy (1" = 0 and I3*"%2 £ 0) is

—pg — v — B3t —33J Bk
vahsg = ﬂg’l ﬁg] — Uy — Qg — Yo —/63k . (440)
v Y2 — 2

The characteristic equation then becomes

)\3 -+ CLO}\2 + CL1/\ + a9 = 0 (441)
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where

ag = 2p + v+ Psi+ po + oo+ y2 — P37,
ar = (o + v+ Bsi)pa + (2 + ag + 7o — B35) (22 + B3i) + Bskya + B3ij
+v(pe + as +v2 — B5(j + k),

as = (,M2 + V)(ﬁ?)k’% + (M2 + g+ 72 — ﬁ:’)j)l@) + (MQ + g + 72)(#253i - VﬁSk?)-

Also,

apay —az = (2uo+ v+ Bsi + po + aa + 2 — F37) (12 + v + Bs1) o
(2 + 2 + 2 — B37) (202 + Osi) + Bskya + B3i) + v(p2 + 2
+72 = B5(5 + k) — (12 + v)(Bskv2 + (2 + a2 + 72 — B3) p12)
+(p2 + a2 4+ 72) (12351 — v3k))
= (p2+v) (2 + v+ Bsi)pz + (2 + a2 + 72 — B37) (202 + Bsi)
+331 + v(pe + az + 72 — Bs(j + k))) + (2 + 2 + 72 — B35)
(Bsipia + (g2 + o2 + 72 — B55) (202 + Bsi) + Bskyz + B3
+v(pe + a2 +72 = B3 +F))) + 2 ((p2 + v + Bai) e
+24a(p2 + g + 2 — Bsd) + Bskya + v(p2 + aa + 2 — B5(5 + K)))

+(p2 + g + y2)v B3k

At the steady state, Equation 4.26 can be rearranged to

1/52 + ’}/212 = [LQRQ, (442)
which gives
vSs MQRz
— < . 4.43
N, <N, (4.43)

Thus,

MQ(RQ + Ig) > VSQ
Ny Ny
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= ot > vk

at steady state. Thus, refer to section 3.1.3 Steady state of fss, terms ag, aq,
as and aga; —ag > 0 are all positive. Therefore, steady state vshsy is locally

stable when it exists.

Stability of vshss

The Jacobian matrix Jysps, is in the same form as J,qps,, apart from i, j, k
and ]fSQ # 0. Thus, the characteristic equation of J,sps, is similar to the one

of Jyshs, and steady state vsfss is locally stable when it exists.

4.3.4 Summary

Over all, there are three steady states in the BHVS system:

Steady state vshs; represents the situation where there is no infection of
mutated HPAI in the human system. It exists for all values of R([)” and RY ],
but it is stable only when R <1. Hence, combining this with the stability
of bs;, we can conclude that the steady state of the BHVS system vsfsy,
[2]

which is the infection free steady state, exists for all values of R([)l] and R,

It is stable only when R([)l] and R are both less than 1.

Steady state vshsy represents the situation where there are infections of
(mutated) HPAI present in humans. It exists for all RE] values and when

R is greater than 1. vshs,y is stable when it exists. Hence, combining this
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with the stability of bs;, we can conclude that the steady state of the BHVS
system wvsfsy, which represents the situation where there is no infection of
HPALI infection in birds but infections of (mutated) HPAI are present in
humans, exists for all R([)l] values and when R is greater than 1. vsfssy is

stable when Rl < 1 and R} > 1.

Steady state vshss represents the situation where infections of (mutated)
HPAI are present in humans. It exists when R([)H is greater than 1 and for
all values of R, It is stable when it exists. Hence, combining this with the
stability of bsy, we can conclude that the steady state of the BHVS system
vsfs3, which represents the situation where infections of (mutated) HPAI
are present in both birds and humans, exists when R([)H > 1 and for all values

of Rl[? I Tt is stable when it exists.

4.3.5 Numerical results

In order to check the analytic results with the numerical results, choose
different values of 3; (9.6/10.6 day™!') to adjust Rgl]. Vaccination only needs
to be introduced when there is a chance of an endemic situation, therefore,
choose 33 to be 1.2 day™! for R([JQ] > 1. Also, choose v to be 0.01 ( P> 1)

and 0.1 ( P < 1). other parameters values are in Table 2.2 and 3.2.
The analytic steady states values of BHVS are shown in Table 5.1.

Matlab “odelbs” was used to solve for steady states. The results are shown

in Figure 4.6 and 4.7.
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Figure 4.6: Numerical results for the BHVS system with initial values of
(S2, Iy, Ry) = (100,0,0) for B, = 9.6 (R} < 1) in the first 500 days. Figure
(A): v =0.01 (R =3.2 > 1). Figure (B): v = 0.1 (R} = 0.6957 < 1).
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Figure 4.7: Numerical results for the BHVS system with initial values of
(S2, Iy, Ry) = (100,0,0) for 8, = 10.6 (R < 1) in the first 500 days. Figure
(A): v =0.01 (R =3.2 > 1). Figure (B): v = 0.1 (R} = 0.6957 < 1).
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fi =96 B =10.6
vyr=001l|v=01]|v=001|rv=0.1
Sy (people) | 5.7692 | 26.087 | 4.9723 | 11.2182
I, (people) | 12.6923 0 12.7809 | 7.5996
R, (people) | 12.3077 | 173.913 | 11.8354 | 79.8546
N, (people) | 30.7692 | 200 | 29.5886 | 98.6724
Rl 32 | 06957 | 32 | 0.6957

92

Table 4.2: Analytic steady state of the BHVS system with parameter values.
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In Figure 4.6 (B) when ; = 9.6 and v = 0.1 (RE] < 1and R < 1), the
system approaches (Sa, I, Ry) = (26.09,0,173.4) which is the infection free
steady state. In Figure 4.6 (A) when when ; = 9.6 and v = 0.01 (RE] <
1 and R > 1), the system approaches (Sz, 2, Ry) = (5.767,12.69,12.3)
where there is no infection of HPAI in birds but infection of (mutated) HPAI

presents in humans.

In Figure 4.7 (B) when ; = 10.6 and v = 0.1 (R([)l] > 1 and R < 1),
the system approaches (S, Is, Ry) = (11.17,7.621,79.08). In Figure 4.7 (A)
when when #; = 10.6 and v = 0.01 (Rgl] > 1 and RY > 1), the system
approaches (S, I, Ry) = (4.971,12.78,11.83). In either case, the system
alway reach the steady state where infections of (mutated) HPAI are present

in both birds and humans.

4.3.6 Comparison

Compare the numerical results in this model with the original bird-human

system:
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Figure 4.8: The number of infected humans in the original bird-human and

the BHVS system. Figure (A) represents the situation when 5, = 9.6, 5 =

1.2 and v = 0.01.
B3 =1.2and v =0.1.

Figure (B) represents the situation when (; = 10.6,
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In Figure 4.8, we can see that there are reductions in the number of infected
humans in both cases ((A) and (B)). The higher percentage of susceptibles

vaccinated, the lower number of infected people we will get.

4.4 Vaccination of susceptibles BHMVS

Similar to the BHVS model, susceptible humans are vaccinated at a constant

rate v day~! in this BHMVS system. The model equations of the human part

are:
ds I M.
d_t2 = No— (v +p2)S: — ﬁm%ﬁll - 5352F22 (4.44)
dl. I
d_t2 - ﬁ252ﬁ11 — (p2+ oz + )Ly — €l (4.45)
dM. M.
2 = ﬁ352—2 +ely — (,u2 + Qg+ /73)M2 (446)
dt Ny
dR
d_tz = vSy + Yols + y3My — o Rs. (4.47)

The total number of humans is

NQ — SQ+IQ+M2+R2. (448)

4.4.1 Basic reproduction number

The basic reproduction number for the human system, RY ], is defined as

RB! = Ha/s (4.49)

Y (o +v) (2 + as +73)
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Compare it with the basic reproduction number in the original human system
Rg)’}, we have

RS = 2 gl (4.50)
Mo TV

In order to keep RY under the threshold 1, we need

v > ua(RE - 1). (4.51)

4.4.2 Numerical results

Similar to the BHVI system, choose different values of 51 (9.6/10.6 day™!)
in order to adjust R([)”. Vaccination only needs to be introduced when there
is a chance of an endemic situation, therefore, choose (33 to be % day~! so
that R([)?’] > 1. Also, choose v to be 0.01 (RZ[,?’] > 1) and 0.1 (R,[,S] < 1). Use

all other parameter values in Tables 2.2 and 3.4.

Use MATLAB “odel5s” to solve for steady states. The results are shown in
Figures 4.4 and 4.5.
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Figure 4.9: Numerical results for the human system in BHMVI with initial
values of (Sa, I, My, Ry) = (100,0,0,0,0) when 8; = 9.6 in the first 500
days. Figure (A): v = 0.2 ( Bl = 4.2667 > 1). Figure (B): v = 0.85
(R¥ =08 <1).
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Figure 4.10: Numerical results for the human system in BHMVI with initial
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In Figure 4.9 (B) when ; = 9.6 and v = 0.85 (R([)l} < 1and RY < 1),
the system reaches an infection free steady state of the BHMVI system. In
Figure 4.9 (A) when 31 = 9.6 and v = 0.2 (R}’ < 1 and R > 1), there is
no infection of HPAI in birds, but infections of mutated HPAI are present in

humans.

In Figure 4.10 when Réﬂ > 1, in both cases of RE’], the system approaches the
non-zero steady state which represents the infections of (mutated) HPAT are
present in bird and humans. When R([)l] > 1 and R < 1, by the definition
of the basic reproduction number, there is no infection of mutated HPAI in
humans. However, the numerical result shows that the number of infected
human with mutated HPAI is greater than O but less than 1. Hence, this
small amount of infected human with mutated HPAI can be seen as zero and

it comes from the mutation of the HPAI viruses.

4.5 Vaccine immigrants vs Vaccine suscepti-

bles BHVI vs BHVS

In order to compare two strategies, firstly, we fix the basic reproduction
numbers (R and RY) to be equal. Choose v = 0.8208 in BHVI where
82.08% of the immigrants are going to be vaccinated and v = 0.0692 day !
in BHVS where 6.92% of the susceptible population is going to be vaccinated
each day, so that RQ[?} ~ R ~ 0.95, the numerical results are shown in

Figures 4.11 and 4.12.
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(A) shows when Réﬂ = 0.96 < 1 and Figure (B) shows when R([]l] =1.06 > 1.
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Under the condition of the same value of the basic reproduction number
(RLQ} and R,[,Q]), as they are less than the threshold value 1, both systems
(BHVI and BHVS) reach the infection free steady state where the number
of infected humans is zero when R[Ol] < 1 (Figure 4.11 (A) and Figure 4.12
(A)). Infection is present in both systems when R([)l] > 1 ((Figure 4.11 (B)
and Figure 4.12 (B))). The results are consistent with the results we have

before.

The numerical results show that when RE] < 1, an average of 2.65% the
whole population (117 people in total) have to be vaccinated each day (3.1
people) so that the system could reach the infection free steady state (R»E,z] ~
R ~ 0.95) in the BHVI system, where only an average of 1.48% (101 people
in total) in the BHVS system (1.49 people per day). When RE] > 1, 2.97%
of the whole population (99 in total) need to be vaccinated each day (2.94
people) so that R ~ R ~ 0.95 in BHVI and 1.97% (69 people in) in
BHVS (1.35 people per day). (Refer to Table 4.3)

bird-human 5-D | BHVI v = 0.8208 | BHVS v = 0.0692
RY <1 0 2.65% 1.48%
RY > 1 0 2.97% 1.97%

Table 4.3: The mean percentage vaccinated in the population to achieve
R ~ R ~ 0.95 in both vaccine systems. In the numerical results that
produced by “odelbs” in MATLAB, at each time step, we first calculate the
percentage of vaccinated susceptibles in the population, and then find the

average percentage.

However, when Rgl] < 1, even though the systems reach the infection free

steady state, it takes around 300 to 400 days in the BHVI system and more
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than 1000 days in the BHVS to do so. In this case, the strategy of vaccination

of immigrants has the advantage over the other.

In controlling of the maximum number of infecteds, the strategy of vaccina-
tion of susceptibles (BHVS) has 28.4091 when Rgﬂ < 1 and 33.1262 when
Rgﬂ > 1. That is almost half the number as in the BHVI system (Table 4.4).

bird-human 5-D | BHVI v = 0.8208 | BHVS v = 0.0692
RY <1 61.564 55.6951 28.4091
RY > 1 63.3308 58.0504 33.1262

Table 4.4: The maximum number of infected humans of the original bird-

human 5-D system, the BHVI system and the BHVS system.






Chapter 5

Quarantine & Treatment

When a contagious, severe and previously unknown (or partially known) dis-
ease becomes endemic or epidemic, the most usual and effective prevention
is quarantine. Keeping infected people together or in isolation from suscepti-
bles is able to lower the contact rate between infected and susceptible people

and it is more convenient for the infected people getting medication.

In this chapter, we introduce quarantine of infected humans at a fixed rate p
at each time step in the bird-human 5-D and 6-D (mutated) HPAI system,
named BHQT and BHMQT, respectively. We form a new compartment
group () of those quarantined people, so that the two systems are of “SIQR”
and “SIMQR” type.

Under normal circumstance, people under quarantine with treatment would

have a lower additional death rate and higher recovery rate than the in-

105
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fected people without quarantine. Therefore, in the model of bird-human-
quarantine-treatment (BHQT) system, we have a lower additional death rate

(a3 < ap) and a higher recovery rate (73 > 72) than in the infected class.

The bird-human system under quarantine without treatment (BHQ) is a

special case of BHQT, where ag = ay and v3 = 7.

5.1 The BHQT system

There are four compartments of the population in this BHQT system: hu-
man susceptible (S3), human infected with (mutated) HPAI (I3), human

quarantined (Q2)and human removed (R3). The model equations are:

dSQ [1 [2

9o A, oSy — BoSyrl — B.S,-2 1
o 9 — [2S9 — 259 N, 3355 N’ (5 )
dl I 1

d_; —_ 5252ﬁ11 -+ 5352?2 — (,LLQ -+ (6%) -+ 72 + p)127 (52)

d

—CéQtQ = p[z - (HQ + asz + 73)6227 (53)

dR

d_tz = Yol +73Q2 — paRo. (5.4)

where the total population of humans (Ny) is

N2 :SQ+[2—|—Q2+R2. (55)
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5.1.1 Steady States

Let gths and gt f s represents the steady state of the human part of the BHQT
and the full BHQT system. g¢ths is derived from Equation (5.1)-(5.4) fixed
by the steady state values in the bird system (bs; and bss). At the steady
state of the full system, SI* and RJ"® can be rewritten in terms of I and

hence the steady state of the full system is

bs bs
ST ST
bs bs
[1 Il
Sqths A2—(M2+a2+’72+p)lgths
2
_ — H2
qth o Iqths B ]qths ’ (56)
2 2
thhs p qths
2 po+az+yz 2
qths 1 P qths
Ry i SE R L

)I$*. Substitute the steady state

qgths __ 1 .
where N2 T ope (AQ ap + a3 M2+Oé3+73

values into Equation (5.2) and simplify to obtain a quadratic equation in Igts

(or substitute into Equation (5.1) to get a similar quadratic):

FUFS) = a(I3")? + 0I5 + ¢ =0, (5.7)
where
a = :u2+052+72+)0((6 [bS 1 1)( Oégp +CY) 6)
- o _ 2) — P3|,
2 Nfsﬂ M2 + a3+ 73

A2 [bs 1 asp
b = 228y — gy — 2 T

o (ﬁg fo — Qi — Yo — p — ﬁQNbSM <u2+ a2+72+p+u2+a3+73

A2)2 It
c = — .
o (Mz Nf’s

Note c¢ is non-negative and the signs of a and b are determined by the values

of the parameters. Also,

A\’ +yntp I
b2—4CLC — <_2> ((63_,“2—042—72—@2-1—(5 M2 V2 P )

) ) Nps

)
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+20, LT (B + pa + an + Y2 + p) bs
H2 N

o + 7o + L2 1 )
>0,

which shows that the roots of Equation (5.7) are real for all parameters

values.

Steady States ¢tfs; and gt fss

The steady states of the full system ¢tfs; and gtfsy are combinations of
the steady state of the bird system bs; and the steady states of the human
system in HBQT (qths; and qthsy) derived with fixed value of bs;. At bs,
where Ifsl = 0, the coefficients of the quadratic equation a, b and ¢ can be

simplified to

N e e azp
a = ay + —— = 3|,
H2 M2 + a3 + 73
A
b o= (B3 —p2— 02— 72— p),
2
c = 0,

which gives

I =0
Az(ﬁ?, — U — Qg — Y2 — P)
((Bs — ag)(p2 + a3 +73) — aszp) (2 + az + 72 + p)

qltss
1-2 -
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Thus, the steady state values can be developed as:

qtfsi =

where NJ**' = % It is the

bs1
S1

bs1
‘[1

ths
Sq 1
2

qthsy
IQ

th
Q3

ths
Rq 1
2

109

: (5.8)

infection free steady state. The other steady

state
bs1 Ay
S 4
]fsl 0
Gathsz Ao ((p2t+72) (p2tas+ys)+p(u2+73))
qtfsy = 2 _ 112((B3—02) (Hz-+as+73)—asp)
Jaths2 A2 (B3—p2—ao—y2—p)(p2+as+ys)
2 ((Bz—a2)(p2+asz+v3)—aszp)(p2t+as+y2+p)
thhSQ A2 (B3—po2—as—y2—p)p
? ((Bs—02) (n2+as+vs)—asp) (u2+azty2+p)
qths: Az (B3 —p2—az—v2—p) (v2 (2 t+as+73) +73p)
R
2 2 ((Bz—az)(petas+vy3)—asp)(pet+az+y2+p)
qthsy __ B3Aa((p2+72) (B2 +as+73)+p(p2+73))
where N T p2((Bz—az)(uetaz+ys)—asp) (etazt+y2+p)

. There is no infection of

HPAI in birds but there are infections of mutated HPAI in humans.

Steady state qtfs; exists for all values of Rgl] and R([)Q]. Steady state qt fss

exists for all Rgﬂ and O3 — g —ag — 72 — p > 0.

Steady States gt fs3

The steady state of the full system ¢t fs3 is a combination of the steady state

of birds bsy and the steady state of the human system in BHQT derived with
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a fixed value of bsy. It represents the situation where infections are present
in both the bird and human systems. The roots of Equation 5.7 depend on

the values of parameters a, b and c. There are two cases:

Case (1)
I 1 asp
+1 —_— + < 5.10
(62Nbs ) (M2+Oé3+73 a2> Pa (5.10)
Case (2)
I 1 aszp
+1 —_— + > 5.11
(ﬁQNbS 2 ) (M2+043+73 OQ) b (5:11)

Under the condition of Case (1), a < 0. Because

A 2 Ibs
f(0) = 5 (?) >0 (5.12)

Equation 5.7 has one positive root and one negative root (which we ignore).

Under the condition of Case (2), a > 0 and b < 0. Thus, vb? — 4ac < |b),

which implies two roots of Equation 5.7 are positive.

However, numerical results shows that, in Case (1), there are two positive
real roots of Sgth” and in Case (2), there is one positive and one negative real
root of Sgt"53. Thus, we conjecture that only one steady state ¢t fs3 exist for

bss and it is unique. Steady state gt fs3 only exists when RE] greater than 1.

5.1.2 Basic reproduction number

The basic reproduction number for the human system, RE], is defined as

RA = B .
I P2 tas+v+p

(5.13)
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Recall one of the conditions for the existence of ¢t f sy is B3 — o — g —y2—p >
0, which is equivalent to R([IQ] > 1. Thus, we can conclude that gt fsy exist

for all R([)l] values and R([f] > 1.

Compare it with the basic reproduction number in the original bird-human
system (Rg]), we have

R — Ho + Qa2 + 72 R[2].

— 5.14
¢ po+as+ya+p ° ( )

The basic reproduction number R([f] is under the threshold 1 when
p> (2 + oz + ) (RE — 1). (5.15)

5.1.3 Local Stability

Refer to section 3.1.3, we need to determined the stability at each steady

state of the human system. The Jacobian matrix of the human system Jj is

—Hz = ot — s —0sJ Bk Bk
Jun = 52]<7_11+537: B3f — g — Qg — Yo — p —Bak Byl
0 P —p2—ag—73 0
0 Y2 Y3 — s
(5.16)
where

I(I, + Q2+ Ry)

N2 ’
i = So(S2 + Q2 + R»)
N2 ’
Sl
k = NZ

The terms i, j and k£ are non-negative.
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Stability of gths;

At gthsy,
1 = 0,
J =1
k= 0,
and
—H2 —[s 0 0
0 [B3—po—as—"72—p 0 0
Jaths: = . (5.17)
0 p —p2—az—73 0
0 Y2 V3 —[42

Thus, the eigenvalues of Jgsl are —flo, 33 — flg — Qg — Yo — P, —fba — Q3 — V3
and —puo. They are all negative if R([IQ] < 1. Thus, we can conclude that gths;
is locally stable when Rt[f} less than 1.

Stability of qthss

The Jacobian matrix at gthss is

— o — Bt — 333 Bk Bsk
Bsi B3] — o — g — Y2 — ¢ — B3k — B3k
thhSQ == s
0 q —p2—az—7v3 0
0 2 V3 — 2

(5.18)
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where i, 7 and k are evaluated at qthsy. Let A = —JgZ£S2(1,1), B =

th th :
—Jdn 2(1,3), ... ete., J1,™ can be rewritten as

-A -B C C

D —-FE —-C —-C
Jgthsy = . (5.19)
o F -G 0

o H I -J

The characteristic equation is
/\4 + (10)\3 + G1A2 + ag)\ +as = 0 (520)
where

a = A+E+G+J,

@y = AE+GJ+ (A+E)(G+J)+CF+CH + BD,

as = (G+J)(AE+BD)+GJ(A+E)+CF(A+I+J—-D)+CHA+G—-D)
a3 = GJ(AE+BD)+C(F(J+1)+GH)(A—- D).

Since A= D + J,

as = (G+J)(AE+BD+CH)+GJ(A+E)+ CF(I+2J),
a3 = J(G(AE + BD)+ C(F(J + 1)+ GH)).

Thus, ag, a1, as and ag are all positive. We need to check the sign of agaias —

a3 —aza? in order to determine the stability of gtsy. Firstly, evaluate aga;as —
a3 that
apaias — ar = ag(aga; — ap)

= a((A+E+G+ J)(AE+GJ+ (A+E)(G+J)+CF+CH
+BD) — (AE(G+J)+GJ(A+ E)+2CFJ+ CH(G+ J) +
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BD(G+ J)+ CF1I))
= a((A+ E)AE+(A+E)(G+J)+CF+CH + BD) +
(G+ I)(GT+(A+ E)G+J)+CF(G —J—1)).

Since G = J+I+as, apaias—a3 is positive. Then, check the whole expression
apaias — as — aza?. Note az has a common factor J and hence aza? can be

rewrite as

azag = az(A+E+ G+ J)?

= a3(A+EP+(A+E)G+ ) +as((G+ J)?+ (A+ E) G+ J)).
Then,

—  (G+J)YAE+BD+CH)+GJ(A+E)+CF(I+2J))(((A+E)
(AE+ (A+ E)(G+J)+CF+CH + BD)+ (G+ J)(GJ + (A+ E)(G +.J))
+CF(G —J—1))) = (J(G(AE+ BD)+ C(F(J+ 1)+ GH)))((A+ E)?
+HG+ )P +2A+E)G+J))

= GAE+BD)(A+E)AE+ (A+E)G+J)+CF+CH+ BD)
+(A+ E)(G>+ J*+ GJ)+ CF(G — J — I))J(AE + BD)((A+ E)
(AE+ (A+E)(G+J)+CF+CH+ BD) + (A+E)J?
+CF(G—-J—-1)+CHG+J)((A+E)AE+CF+CH+ BD)
+A+E)YAT+GA -+ E(G+ )+ (A+ E)(G*+ J* +GJ)
+CF(G—J—-1)+GJA+EY(A+E*G+J)+(G+J)
(GI+(A+E)G+J)+CF(G—-J—-1)+CFJ(A+E)

(AE+ (A+E) G+ J)+CF+CH+BD)+ (G+ J)(GJ+ (A+ E)
(G+J)+CFG—-J-1)+CFI+J)((A+E)AE+ (A+ E—2J)
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(G+J)+CF+CH+BD)+ (G+ J)(GJ)+ (G+ J)*(A+E—J)
+CF(G—J-1)).

Hence, the term aga;as — a3 —asa? is positive. By the Routh-Hurwitz criteria

[4], steady state gths, is locally stable when it exists.

Stability of qthss

At gthss, the Jacobian matrix is of the same form as Jyys,, only with 4, 7,
k evaluated at different steady state and [ i’” # 0. Hence, the results of the
characteristic equation at gthss are the same as at qths, and thus, we can

conclude that steady state qthss is also locally stable when it exists.

5.1.4 Summary

Over all, there are three steady states in the BHQT system:

Steady state qths; represents the situation where there is no infection of
mutated HPAI in the human system. It exists for all values of Rgﬂ and R([f],
but it is stable only when R([IQ] < 1. Hence, combine this with the stability of
bs1, we can conclude that the steady state of BHQT ¢t fs;, which represents
the situation where there is no infection of (mutated) HPAI in both the bird
and the human system, exists for all values of RE] and Rt[f}. It is stable only

when R([)l] <1 and R,[IZ] < 1.
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Steady state qths, represents the situation where there is infection of mutated
HPAI presents in humans. It exists for all Rg” and R[qQ] > 1. qthsy is
stable when it exists. Hence, combining this with the stability of bs;, we can
conclude that the steady state of BHQT gt fso, which represents the situation
where there is no infection of HPAT in birds and infections of (mutated) HPAT
are present in humans, exists for all R([)l] and REQ] > 1. It is stable when

RYY < 1and RP > 1.

Steady state gthss represents the situation where infections of (mutated)
HPAI are present in humans. It exists when Réﬂ > 1 and is stable when
it exists. Hence, combine this with the stability of bs,, we can conclude
that the steady state of BHQT ¢t fs3, which represents the situation where
infections of (mutated) HPAI are present in both birds and humans, exists
]

when R([]” > 1 and all values of R([Z2 . It is stable when it exists.

5.1.5 Numerical results

In order to check the analytic results with numerical results, choose different
values of 3; (9.6/10.6 day ™) to adjust R([]l]. Assume quarantine is only needed
when there is a chance of an endemic in the human system, therefore, choose
Bs to be 1.2 day~! for R([)Q] > 1; as R([f] = %Réﬂ, choose p to be 0.03
(RY' > 1) and 1 (R < 1); let the additional death rate and recovery rate

to be 0.15 day~! and 0.04 day !, respectively; other parameters value refer

to Table 2.2 and 3.2.

The analytic steady states (section 5.1.1) values are shown in Table 5.1.
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f1 =196 B =10.6
p=003] p=1|p=003| p=1
Sy (people) | 6.7581 | 200 | 5.7946 | 26.7048
I, (people) | 11.3672 | 0 | 11.4238 | 2.122
Q)2 (people) | 1.6635 0 1.6718 | 10.3511
R, (people) | 12.0141 | 0 12.074 | 29.0177
N, (people) | 31.8028 | 200 | 30.9642 | 68.1956
R 4.7059 | 0.9796 | 4.7059 | 0.9796

Table 5.1: Analytic steady state of the BHVI system with parameter values.

Use MATLAB “odel5s” to solve for steady states. The results are shown in
Figures 5.1 and 5.2.
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Figure 5.1: Numerical results for the BHQT system with initial values of
(S2, I, Q2, R2) = (100,0,0,0) for £; = 9.6 in the first 500 days. Figure (A):
p =003 (R = 47059 > 1). Figure (B): p=1 (R =0.9796 < 1).
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Figure 5.2: Numerical results for the BHQT system with initial values of
(S2, I, Q2, R2) = (100,0,0,0) for 51 = 10.6 in the first 500 days. Figure (A):
p=0.03 (R =4.7059 > 1). Figure (B): p =1 (R =0.9796 < 1).
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In Figure 5.1 (B) when 8, = 9.6 and p = 1 (Rgl] < 1 and R([IQ] < 1), the
system approaches (Sa, I, Q2, R2) = (200,0,0,0) which is the infection free
steady state for the BHVS system. In Figure 5.1 (A) when when 3; = 9.6 and
p = 0.03 (R([]l] < 1 and R([IQ] > 1), the system approaches (S, Iy, Q2, Ry) =
(6.757,11.37,1.663,12.01) where there is no infection of HPAI in bird but

infection of (mutated) HPAI in humans.

In Figure 5.2 (B) when 8; = 10.6 and p = 1 (RY > 1 and R < 1), the
system approaches (Ss, I, Q2, Ry) = (26.7,2.122,10.35,29.01). In Figure 5.1
(A) when when 5 = 9.6 and p = 0.03 (R([)l] < 1and R > 1), the sys-
tem approaches (Ss, Is, Q2, Ry) = (5.795,11.42,1.672,12.07). In both case,
infection of (mutated) HPAI is always present in the bird and the human

system.

5.2 The BHMQT system

Similar to the BHQI model, another population compartment () is introduced
into the SIMR, human model. Infected humans with (mutated) HPAI are
quarantined and treated at rate p; and py each day. Since there are two types
of influenza (HPAI or mutated HPAT), there might be different symptoms in
the population. Hence, p; and p; may not be equal to each other. Note that
we also quarantine the people who are infected with HPAI even they are
not contagious to other susceptible humans, because they may be difficult to

distinguish. The model equations are:

dSs

M,
dt

N, (5.21)

1
= Ny — (125 — ﬁQSQﬁ — (352
1
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dl, I
— = So— — I 5.22
a Bo 2N1 (,u2+042+72+p1+€)2 ( )
dM M.
2 == ﬁ352—2 + EIQ — (,LLQ + (6% + Y3 + pQ)MQ (523)
dt N,
@ _ M. 4
o = bt M- (p2 + ay + 74)Q2, (5.24)
dR
d_z€2 = volo + y3My + 14Q2 — paRs. (5.25)

The total number of humans is

NQ == SQ + [2 + M2 + QQ + RQ. (526)

5.2.1 Basic reproduction number

The basic reproduction number for the human system, R([;’], is defined as

RE = Gy .
I 2 + a3+ vz + po

(5.27)

Compare it with the basic reproduction number in the original human system

R([jg} , we have

R — _F2 T pby (5.28)
T petazt+ 3t
Rt[f} is under the threshold 1 when
p2 > (p2 + az + 73)(R([)3] - 1). (5.29)

5.2.2 Numerical results

Similar to the BHQT system, choose different values of 3; (9.6/10.6 day™!)

to adjust Rél}. Assume quarantine is only needed when there is a chance
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of an endemic in the human system, therefore, choose (33 to be % day~! for
RE)’} > 1. Choose p; to be 0.01. In order to keep RE)’} the same as R([f] (to
compare), choose ps to be g (Rt[zg] > 1) and 0.555498 (RE’} < 1). Let the ay
and 74 to be 0.15 day ! and 0.04 day*, respectively; other parameter values

remain the same as before.

Use MATLAB “odelbs” solve for steady states. The results are shown in
Figures 5.3 and 5.4.
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Figure 5.3: Numerical results for the BHMQT system with initial values
of (Sa, In, Ms, Q2, Rs) = (100,0,0,0,0) for 3 = 9.6 in the first 500 days.
Figure (A): po = & (R} = 4.7059 > 1). Figure (B): p, = 0.5555498
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In Figure 5.3 (B) when R([)l] < 1and Rc[zg} < 1, the system reaches an infection
free steady state for the BHMQT system. In Figure 5.3 (A) when when
Réﬂ < 1and R([]?’] > 1, there is no infection of HPAI in birds but infections of
mutated HPAI are present in humans. The quarantined class, hence is not

empty at steady state.

In Figure 5.4 when Réﬂ > 1, in both cases of RE’], the system approaches
the non-zero steady state which represents infections of (mutated) HPAT are
present in birds and humans. When R[[)l] > 1 and RE’] < 1, the numerical re-
sults show that the number of infected human with mutated HPAI is greater
than 0 but less than 1. Most of this small amount infected human with mu-
tated HPAI comes from the mutation of the HPAI viruses. The quarantined

class is also non-empty in both cases.

5.3 Quarantine for limited times BHQT

The analytical and numerical results we have for the BHQT system are cal-
culated in the situation where quarantine exists for all time t. However, in
real world, quarantine can not be brought into effect forever. Therefore, in
this section, we first simulate the endemic situation for a short period of
time without quarantine, and then add quarantine into the system (quaran-
tine rate is non-zero) for a limited time (e.g. 14 days). Using all parameter
values as before and the quarantine rate p = 1, we have the results in Figures

5.5 and 5.6.
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Figure 5.5: Numerical results for the BHQT system when quarantine is intro-
duced for limited times when R([)l] < 1 and R([f] < 1. Figure (A): quarantine
starts when the endemic just begins (on day 2). Figure (B): quarantine starts

when the number of infected humans reach the peak (on day 4).
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Figure 5.6: Numerical results for the BHQT system when quarantine is intro-
duced for limited times when R([)l] < 1 and R([f] < 1. Figure (A): quarantine
starts when the number of infected humans starts climbing down the hill (on
day 7). Figure (B): quarantine starts when the system reaches the steady

state (on day 12).
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In all figures, after quarantine is launched, the number of infected humans
decreases sharply till it reaches nearly zero and holds for a small amount of
time (approximate 14 days which equals the quarantine time). The number
of susceptible humans, in the meanwhile, increases dramatically. After quar-
antine has been stopped, the number of infected humans starts to rise again
and reaches another peak in about 10 days, just a little bit lower than the

first one. The systems reaches a steady state after the second peak.

Theoretically, in the case of the quarantine rate p = 1, R?] < 1, which means
the system should reach to the infection free steady state when the system
is quarantined for all £. In our numerical results, shortly after quarantine
launches, the number of infected humans decreases and reaches to nearly
zero (<< 1). Even though it is a small number, we can not assume that the

infection is stopped, it is only in controlled.

More over, the numerical results also suggest that this steady state is not
stable after quarantine stopped. That is because the number of infected
humans is not exactly zero. The large number of susceptible humans in the
population results the number of infected human rises to the second peak.

The infection free steady state under quarantine is not a stable steady state.

To prevent this situation, we have to abate the number of susceptible humans
to a reasonable value so that an infected human may not contact and transmit
the virus in the same rate. Consider the models we present so far, vaccination
is a useful strategy of transferring susceptible individuals into the removed
class and it has no time limitation. Hence, we consider adding vaccination

with quarantine in our model.
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Compare two strategies of vaccination (section 4.5), vaccination of suscep-
tibles requires less numbers of vaccinated to lower the basic reproduction
number, but it takes a longer time to reach steady state. However, in our
case, the number of infected humans is already small. Hence, vaccination of

susceptibles is a better choice. The model becomes:

dS. I I

= A ()5 - @Sﬁ - 6352ﬁ22, (5.30)
dl I I

d_t2 = 5252ﬁ11 + ﬂ352F22 — (p2 + g + 2 + p) Iy, (5.31)
d

% = ply — (po + as + 73)Q2, (5.32)
dR

d_752 = VS + Yols + 13Q2 — palRs. (5.33)

where the total population of humans (V) is
Ny =S5+ Ir + Q2 + Rs. (5.34)

The basic reproduction number of this system is

R[g] _ M2ﬂ3
qu :
(2 +v) (2 + az + 72 + p)

(5.35)

Choose v = 0.1, the numerical results are shown in Figures 5.7 and 5.8.

As in the figures, after we introduce vaccination into the BHQT system, the
number of infected humans does not rise again. It approaches the infection

free steady state.

To sum up, in the situation where endemic influenza occurs in the human
system but not in the bird system, control by quarantine of infecteds for a
limited time may stop the infection. But it is not stable. Other strategies

such as vaccination of susceptibles could insure safety.
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Figure 5.7: Numerical results for the BHQT system with vaccination of sus-
ceptibles when quarantine is introduced for limited times and vaccination is
introduced for all the time (R([)l] < 1 and Rt[ﬁl < 1). Figure (A): quarantine
starts when the endemic just begins (on day 2). Figure (B): quarantine starts

when the number of infected humans reach the peak (on day 4).
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Figure 5.8: Numerical results for the BHQT system with vaccination of sus-
ceptibles when quarantine is introduced for limited times and vaccination is
introduced for all the time (R([)l] < 1 and Rt[ﬁl < 1). Figure (A): quarantine
starts when the number of infected humans climbing down the hill (on day
7). Figure (B): quarantine starts when the system reach the steady state (on

day 12)






Chapter 6

Conclusion

In this thesis, we have constructed bird-human models of high pathogenic
avian influenza and its mutated form. We have also introduced possible

control measures into the systems.

We have found analytically and numerically that in both the bird-human 5-D
and 6-D models, when the bird system has no infection, the human system
could either be infection free if the basic reproduction number in humans
(RBQ} and R([)?’]) is less than 1, or endemic if R([f] / R([?] is greater than 1. When
there is an endemic infection in birds, an endemic infection is always present

in humans.

In both vaccination of immigrants and susceptibles, vaccinating an appropri-
ate number of susceptible humans could bring down the basic reproduction

number (R, and R,) so that the system is infection free in the long term
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when there is no infection in birds. But if there is infection in birds, an

endemic infection is always present in humans.

When comparing two vaccination strategies that lower the basic reproduction
number to the same value, the strategy of vaccination of susceptibles results
in fewer people to vaccinated, but vaccination of immigrants approaches the

steady state much faster and has the advantage in time.

Under quarantine, the systems have similar outcomes as under vaccination.
However, when quarantine is time-limited, numerical results show that the
infection free steady state is not stable as the quarantine cannot last for all
time. A hybrid of the model with quarantine and vaccination of susceptibles

is able to prevent this situation.

For further research and studies, we could look at the models (BHMVI, BH-
MVS and BHMQT) analytically to compare with their numerically results.
Also, more practical numbers could be gathered for numerical results in the
vaccination and quarantine parts. A more precise comparison of hybrids
between quarantine with vaccination of immigration and quarantine with

vaccination of susceptibles could be looked at.
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