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We introduce two convergent series expansions (direct
and recursive) in terms of Bessel functions and the
number of representations of an integer as a sum
of squares for N-dimensional Madelung constants,
Mn(s), where s is the exponent of the Madelung
series (usually chosen as s=1/2). The convergence
of the Bessel function expansion is discussed in
detail. Values for My(s) for s:%,%,l’; and 6 for
dimension up to N=20 are presented. This work
extends Zucker’s original analysis on N-dimensional
Madelung constants for even dimensions up to N = 8.

1. Introduction

The classical lattice energy Ej,; of an ionic crystal
M*TX can be obtained from lattice summations of
Coulomb interacting point charges and is usually
presented by the Born-Landé form [1,2],

Ny Z2e?
47‘[60R0

where M, is the Madelung constant for a specific
lattice [3], Nao is Avogadro’s constant and n is the

Ept = — My (1 —n71) (1.1)

Born exponent which corrects for the repulsion energy
V=aR™,a>0 at nearest neighbour distance Ry, Z
is the ionic charge (+1 in the ideal case), ¢ and ¢
are the elementary charge and vacuum permittivity,
respectively. Values for (Z2My,y) and n have been
tabulated for different crystals in the past [4]. For
details on the use of the Born-Landé form, see [5,6].
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Lattice sums like the Madelung constant have played an important role in the solid-state
theory [7] ever since Jones & Ingham [8] introduced fast convergent series for cubic lattices, where
the interactions between the atoms are described by a Lennard—Jones potential (see also an earlier
paper in 1892 by Lord Rayleigh Sec [9]). For a historical account on lattice sums see Borwein ef al.
[10] In this paper, we are concerned with a particular lattice sum, the so-called Madelung constant,
and its extension into N dimensions. For a simple cubic lattice with alternating charges in the
crystal, interacting via a Coulomb potential, the Madelung constant (or function) M(s) = Msc(s) is
given by the three-dimensional alternating lattice sum,

( 1)z+]+k

M(S)_zjkzez EiRTEy (1.2)

where the summation is over all integer values, the prime behind the sum indicates that
i=j=k=0 is omitted, s € R, and s= 2 is chosen for a Coulomb-type of interaction. This sum
is absolutely convergent for s > 5, but only conditionally convergent for smaller s-values [11-
13]. The problem with condltlonally convergent series is that the Riemann Series Theorem states
that one can converge to any desired value or even diverge by a suitable rearrangement of the
terms in the series. This problem is well known for the Madelung constant (s = %) and has been
documented and analysed in great detail by Borwein et al. [10,13,14] and Crandall ef al. [15,16]. For
example, one has to sum over expanding cubes and not spheres to arrive at the correct result of
M(%) = —1.747 564 594 633 182 ... [16] (see also [17] for an M(%) accurate to more than 60 digits).
For different summation techniques see [18-20] and references therein.

It is currently not known if the Madelung constant can be expressed in terms of standard
functions. In fact, very few lattice sums in three dimensions have been evaluated exactly [10,21].
The closest formulae one can get is the one for s = % recently derived by Tyagi [22] following an
approach by Crandall [16],

1 1 In2 47 1 T1/8)I(3/8) (=D)kr3(k)

which is correct to 10 significant figures if the sum is neglected (for more recent work and
improvement of Tyagi’s formula see Zucker [23]). Moreover, the sum converges relatively fast.
Here r3(k) is the number of representations of k as a sum of three squares.

There are many expansions available leading to an accurate determination of the Madelung
constant [16]. Perhaps the most prominent formulae are the ones by Benson & Mackenzie [24,25]

M (%) =127} sech? [%\/(Zi 124 Q- 1)2] (1.3)

ijeN

and by Hautot [26] (in modified form by Crandall [16])

/(—1)i cosech (n,/i2 +j2>

T
Mt)y=-=+3 1.4
(Q)=-75+ Z — (14)
ijeZ N
The Madelung constant can easily be extended to an N dimensional series (N >0),
(_1)i1+~--+i;\1 ( 1)1'-1
MNG) = Y. 5 — = Z — (1.5)
e (11 5+ + ZN)S i |i]%s
and the prime after the sum denotes that the term corresponding to i; =iy = - - - = iy = 0 is omitted

(in the shorter notation on the right 1=(1,1,. .., ). The sum is absolutely convergent for
exponents s > (N/2) [27]. The Madelung series is a special case of the more general Epstein zeta
function [11,28].
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Zucker has found analytical expressions in terms of standard functions for even dimensions
up to N =81[29],

Mi(s) = —21(2s) (1.6)
Mp(s) = —4B(s)n(s) (1.7)
My(s) = —8n(s — D)n(s) (1.8)
Mg(s) = —16n(s — 2)B(s) + 4n(s)B(s — 2) (1.9)
and Mg(s) = —16n(s — 3)¢(s). (1.10)

Here (s) is the Dirichlet eta function, B(s) the Dirichlet beta function, and ¢ (s) the Riemann zeta
function [29]. These standard functions are defined in appendix A together with their analytical
continuations to the whole range of real (or complex) numbers, s € R (or C).

By analogy with the three-dimensional case, an N-dimensional lattice can easily be constructed
from its N linearly independent basis lattice vectors (or transformations of it). Higher dimensional
lattices, e.g. the Leech lattice, have applications in coding theory. Interest in sphere packings
in higher dimensions has been piqued by recent work of Viazovska et al. [30,31], for which
Viazovska was subsequently awarded the Fields Medal. Higher dimensional lattices and their
properties have been catalogued (up to certain dimensions) by Nebe & Sloane [32]. The simple
cubic N-dimensional lattice can be drawn as an infinite graph with atoms (vertices) and edges
connecting the nearest neighbour atoms (adjacent vertices). If we walk around the edges we
alternate the charges (4/— sign or red/blue colour of the vertices in the graph) in the ionic lattice
corresponding to the alternating series for the Madelung constant. We can also derive the lattice
from tiling the N-dimensional space with N-cubes by implying translational symmetry. Figure 1
shows the graphs for such N-cubes up to N =5 together with the alternating colour scheme.
We note that for dimensions N > 3 the graphs are not planar anymore. The number of nearest
neighbour vertices for an N-dimensional cubic lattice is 2N and corresponds to the limit,

lim My(s) = —2N (1.11)
S—>00

For example, Crandall reports M3(50) = —5.999 999 999 999 989 341 ... [16]

A general and relatively fast converging series expansion for the N-dimensional Madelung
constant has been elusive for a very long time. For example, a recent suggestion was made by
Mamode to use the Hadamard finite part of the integral representation of the underlying potential
(e.g. a Coulomb potential) within the N-dimensional crystal [33], but computations are quite
involved and results presented were only up to three dimensions. For the N-dimensional case
one can explore expansions known for example for the Epstein zeta function [15,34,35] or similar
techniques [36]. In this work, we introduce a general formula for the N-dimensional Madelung
constant for a simple cubic crystal in terms of a fast convergent Bessel function expansion
allowing for analytical continuation, which gives deep insight into the functional behaviour of the
N-dimensional Madelung constant. The derivation is given in the next section. The convergence
of My(s) with increasing dimension N is discussed in detail in the results section.

2. Theory

In this section, we derive two useful expansions for the N-dimensional Madelung constant.
Consider Mp+1(s) and change the last summation index to k, and write

, (—1)i+int
MnN+1(s) = Z = > . (2.1)
ooy, (i k2)s
kel

Now separate the sum into the two cases k=0 and k # 0 to get

Mn41(5) = MN(s) + 2F(s) (2.2)
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Figure 1. Graphs derived from orthogonal two-dimensional projections of N-cubes (1 < N < 5) showing the alternating
colours for the vertices (4-1charges for the atoms). Starting with the 4-cube (tesseract) the orthogonal projection shows vertices
overlapping and we use lighter colours to highlight the two overlapping vertices (orange for two red vertices and light blue for
the two blue vertices). (Online version in colour.)

where

F(s)= Z ( Z (=1)ir+-Fintk ) . 23)

202,042 2\s
kent \iyy ez, U1+ iy oo A i +K)

By the gamma function integral in the form (R; = {x e R[x > 0})

1 LJ tle # dt (2.4)
z8 I'(s) Jr,

we have

7 SI(s)F(s) = JR #1

+ keN i1,...INEZ

(Z<—nke—nk2f) ( T (ayitetiv <>) a

keN jeZ

N
ZJ -1 (Z(_l)k enkzt) (Z(_l)] e”jzt) dt. (2.5)
Ry

By using the modular transformation for the theta function [37],

) ot 2ming _ % 3 o (1)t (2.6)

nez nez

we get

N

N
~S[(s)E(s) =JR g1 (Z(—nk e—”sz) («}E 3> e—”<f+<1/2>>2/f) dt. 2.7)

keN jEZ
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This can be rearranged further to give

JT_SF(S)F(S):LR p=1=(N/2) (Z( 1)k —Jrkz)

keN

meNy

x ( > 4@m+N) e”<8’"+N>/4f) dt 2.8)

where Ny denotes the natural numbers including zero, and r?\,dd(m) is the number of

representations of m as a sum of N odd squares. That is, r;’\,dd(m) is the number of solutions of

Q1 +12+Qa+12+- +Qin+1)2=m (2.9)

in integers. The integral in (2.8) can be evaluated in terms of Bessel functions by means of the
formula

v/2
J pleat=b/t gy — o (é) K, (2@) (2.10)
R, a

to give

8m + N)(ZSN)/4

TETEFE) =2 Y (—D)fMEm + N) < e

keN meNy

x Ks-nya (wkv/Bm +N) . 2.11)

On using this result back in (2.1) we obtain the recursion relation for the Madelung constant in
terms of the dimension N,

8m + N)(zs—N)/4

Myt 9= M)+ 1 3 3 (158 m + 3 (2

keN meNy

X stN/Z (ﬂkm)

=MnGE) + Y ridBm + N)cgn(m) (212)

meNy

with

s (2s—N)/4
Cs,N(m) = % Z(_l)k (871”1 i N) KS,N/g (ﬂk«/W) . (2.13)

4K2
keN

For fixed N, the term r}’\]dd (8m + N) can become very large for larger m and N values, but is more
than compensated for by the exponentially decreasing Bessel function, which we discuss in detail
in the next section. The rOdd(m) values can be determined recursively which is described in the
appendix.

While the recursion relation (2.12) is useful if the Madelung constant of lower dimension is
known, we seek for a second formula where the recursion relation has been resolved. Here, we
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proceed as above and separate the sum for My 1(s) into two cases according to whether i; =iy =
=iy=0oriy, iy, ..., iy are not all zero. This gives

(1)

My (=23 =

keN

, (_1)i1+-~~+i1\1+k
s0=2| X @2 k2 |

+ g(s) (2.14)

where

keZ il,...,iNGZ (ll + 12 + a

Applying the integral formula for the gamma function and then the modular transformation for
the theta function we obtain

7SI (5)g(s) ZJ =1 Z /(_1)i1+~~+iN efrr(i%+--<+i§,)t Z(_l)k efnkzt dt

+ il,...,iNEZ kez
:J p2 3 ()it g R 3 o H(1/2P/t 4y
R+ it in€T keZ
_ 2J 5=3/2 Z ’(_1)i1+~~+z’N o T (i) Z e k—=(1/2)7/t dt, (2.15)
Ry itynin €l keN

where the last step follows by noting
Z o (k+(1/2P/t _ o Z okt (1/2)7/t _ 9 Z o mk—(1/2)?/t (2.16)
keZ keNy keN

In terms of the modified Bessel function this becomes, by (2.10),

s—(1/2)
TUrEgE =4 Y D (-1 (f—ﬂﬂ))
i+

i1,...,iN€Z keN R iIZ\]

x Ks—a,2) (ZJT(k— (1/2)) i% T 12N>

(1/2)
=43 Y (-I)"ry (m)< \/(1/2)>

meN keN
x Ks_12) (Zn(k — (1/2))Jn_1) . (2.17)
On using this back in (2.14) we obtain

— (/2
Mys1(6) = ~20(25) + m > 1)mm<m)2( )
keN

X Ks—(l/Z) (JT(Zk - 1)\/%) . (218)

For the case of N =0 the sum of the right-hand side is zero (ro(m) =0 for m € N) and we have
M (s) = —2n(2s) in agreement with Zucker’s formula (1.7). We can conveniently write the sum in
the form,

Mn1(s) = =2n(25) + Y (—1)"rn(m)cs(m) (2.19)
meN
with
5—(1/2)
s = 1m0 (k= 2) T K (k= 1) 2.20)
keN

Note that the coefficients cs(11) are independent of the dimension N. The sum in (2.20) converges
fast because of the exponential asymptotic decay of the Bessel function. The more problematic
part is the convergence with respect to the first sum (see equation (2.19)) over m as we shall see.
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As a special case we evaluate My(1/2). Letting s — 1/2 in (2.18) gives a formula for the N + 1
dimensional Madelung constant

Mn31(1/2)=—=2In2+4 > > " (=1)"rn(m)Ko (7 (2k — 1)v/m) (2.21)
meN keN

where 7y () is the number of representations of 7 as a sum of N squares. The coefficient ¢y (1m)

becomes
c1/2(m) =4 Ko (w(2k — 1)v/m) zzj

keN R

1

—— dt 2.22
. sinh(zr/m cosht) 2.22)

where the integral is obtained using the formula [38]

Ko(z) = LR e =7 cosh() gy (2.23)

n
and summing the resulting geometric series. For example, taking N =2 gives
M3(1/2)=—-2In2+4 > Y (=1)"rp(m)Kp (7 (2k — 1)v/m) . (2.24)
meN keN

On the other hand, using (2.12) and Zucker’s equation (1.6) we get

1 1 1 e \*
Ms (E) = (§> ! (5) +4>0 D DR HEm+2) (4m + 1)

keN meNy

x Kuz (wko/Bm +2) (2.25)

3. Results

The coefficients cq/2(m) are listed in table 1 together with a few selected rn(m) values. The
Madelung constants My(s) for selected s values up to dimension N = 20 are listed in table 2 and
are depicted in figures 2 and 3. The coefficients cs(M) are all positive for s > 0, which implies
through (2.12) that My(s) > Mn41(s) for s >0. For N=3 and s=1/2 the Madelung constant
is readily evaluated to computer precision, summing 1 <m <117 to reach 14 significant digits
(we chose 1 <k <200), as M3(1/2) = —1.74756459463318 in agreement with the known value of
Madelung’s constant [16]. For larger exponents the series converges much faster, i.e. for M3(6)
(table 2) we need to sum only over 1 < m < 51 to reach convergence to 14 significant digits behind
the decimal point. Note that we used backwards summation as small numbers add up. We also
checked our values for the even dimensions up to N =8 with the values obtained from the
analytical function in (1.6) by Zucker [29], and they are in perfect agreement.

To discuss the convergence behaviour of the series (2.19) we observe that the coefficients
c1y2(m) are rapidly decreasing with increasing m. However, at the same time the ry(m)
values increase also rapidly with increasing m (and increasing N) shown in figure 4. The
asymptotic behaviour of the Bessel functions is well known, i.e. they decrease exponentially with

increasing m, Ks(x) ~ (7/ Zx)% €. On the other hand, the sum of squares representation increases
polynomially for fixed N [39—41], e.g. we know from Ramanujan’s work that ron(m) = O@mN)
(derived from equation (14) in [42]). This is also seen in the logarithmic behaviour of log;, 7n/(1m)
in figure 4. This implies that the Madelung series expansion in terms of Bessel functions is
converging, but very slowly for higher dimensions because of a very large dimensional prefactor.
This can be clearly seen from the mmax values for My(1/2) in table 2. For My(s),s >1/2 we
approximately have mmax < nint(1.16N? + 11.5N + 73), where nint represents the nearest integer
function.

Perhaps more problematic is the appearance of large numbers due to the ry(m) values in the
sum over m in equation (2.19) where one soon reaches the limit with double precision arithmetic at
large N values. This is clearly seen in figure 5 for the case of dimension 16 and s = 1/2 which shows
for the individual terms a strong oscillating behaviour and poynomial increase up to rather large
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Table 1. Coefficients ; ,(m) for exponent s = 1/2 and representations ry(m) for a number of m and N values.

m Gy2(m) r(m) r3(m) r4(m) rs(m) r3(m) ro(m)
1 1.18165052269629 x 10~ 4 6 8 12 16 20

values around m = 14 followed by an exponential decay. For higher dimensions this maximum
shifts to higher m values before the exponential decay sets in. However, if we add pairs of positive
and negative terms in the oscillating series to obtain new coefficients b(2m) = a(2m) + a(2m — 1),
we experience a far smoother and better convergence behaviour.

By using the recursive formula (2.12) instead we obtain much faster convergence as we reach
the exponential decay far earlier because of the argument 8m + N in the Bessel function, see
figure 6. Here, we avoid such large values and the strong oscillating behaviour as the sign change
appears in the summation over k in (2.19) rather than in (2.12). Hence, for accuracy reasons
equation (2.12) is preferred, and we used this equation instead for the values in table 2.
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Table 2. Calculated Madelung constants My(s) up to dimension N = 20 for selected s values. The last digit has not been
rounded. My is the maximum integer value in the sum over m in equation (2.19), where the remainder Ry, 1) < 10"
for My(1/2).

N Mnax Mu(1/2) Mv3/2) My(3) My (6)
1 0 —1.38629436111989  —1.80308535473939  —1.97110218259487 —1.99951537028771

Epstein has already shown from the Eisenstein series that his zeta function can analytically
be continued [11]. More specifically, all standard functions used including the Bessel function,
gamma function and the Dirichlet eta function can be analytically continued (see appendix) as
shown in figure 7. Moreover, the Madelung constants My (s) are all smooth functions without any
singularities for all s € R. For example, from Zucker’s formula of Mg(s) = —16n(s — 3)¢(s) we see
that for s =1 we have ¢(1) = oo and n(—2) = 0. However, it can easily be shown that the product
of the two functions gives a finite value for s =1.

Equations (2.12) and (2.18) allow for some interesting analysis. The gamma function I"(x) has
poles at x=0,—1, -2, ... for which the Bessel sum in (2.12) and (2.18) vanishes. In this case, we
get

Mn(s) = —2n(2s) ifs=0,—1,-2,... 3.1)

which is independent of the dimension N. This implies that all Madelung curves cross at these
critical points. Moreover, from the Dirichlet eta function we know that n(2s) =0 fors=—-1,-2,....
This behaviour is nicely seen in figure 7. Comparing with Zucker’s formulae we see that this is
easily fulfilled for the specific dimensions given. Concerning the usual Madelung constant at
s =1/2 we see that they lie close to the crossing point at s =0 which explains their rather slow
decrease with increasing dimension N.
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Figure 2. Madelung constants, My (s), as a function of the dimension N. (Online version in colour.)
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Figure 3. Madelung constants, My(1/2), as a function of the dimension N up to N = 100. (Online version in colour.)

Zucker was able to evaluate the Madelung series analytically for even dimensions up to
N =8 [29] based on previous work of Glasser [43,44]. He further conjectured that Mz(s) may
be expressed in terms of a yet unknown Dirichlet series (for a recent analysis of lattice sums
arising from the Poisson equation see [45]). Of considerable help for future investigations will be
the condition that My(0) = —1 and My(—n) =0 for all n € N. At these critical points we have the
following properties
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Figure 4. Representations for number of squares, ry(m), for dimensions 4 < N < 10. (Online version in colour.)
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Figure 5. Convergence behaviour for the Madelung constant with s =1/2 and N = 16. Shown are the coefficients a(m) =
(=1)"rs(m)cs(m) of equation (2.23) (in blue) and the corresponding coefficients by adding the odd and even terms, b(2m) =

a2m) 4 a@2m — 1) (in red). The sum of these values converges against the Bessel sum value of —0.866153773918593. (Online
version in colour.)
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log,q [—rNOdd(Sm + N)C_Y,N(m)]

Figure 6. Convergence behaviour for the Madelung constants with s = 1/2. Shown are the numbers log,,[—d(m)] with the
coefficients d(m) = r3™(8m + N)c,(m) from equation (2.12). For N = 2 the missing points have zero value for r{(8m +- ).

(Online version in colour.)
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Figure 7. The Madelung constant M;(s), My (s), Ms(s), My(s), Me(s) and Mg(s) for s € [—9, 9]. (Online version in colour.)

where B, and E; are the Bernoulli and Euler numbers, respectively, [37]. For example, from
Zucker’s formulae (1.9) and (1.10) it follows immediately that Mg(0)=E; = —1 and Mg(0) =
2(24 — 1)B4 = —1. Further, because of lims_, o 7(s) =1, lims— o0 B(s) =1, lims_, 0 £(s) =1 we see
that the coefficients in front of the functions in equations (1.6)—(1.10) add up to exactly —2N. It
is, however, incorrect to assume that analytical formulae in terms of these standard functions can
be obtained for higher even dimensions. For a detailed discussion we refer to appendix B. In this
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sense, our expansions in terms of Bessel functions is perhaps the closest general form for a fast
convergent series we can get for the N-dimensional Madelung constant.

4. Conclusion

We presented fast convergent expressions for the Madelung constant in terms of Bessel function
expansions which allow for an asymptotic exponential decay of the series. Even for higher
dimensions the Madelung constants can be evaluated efficiently and accurately through the
recursive expression or by using computer algebra to work with the generating functions. The
number of representations of the N sum of squares can also be efficiently handled through
recursive relations. The Madelung constants and their analytical continuations can be calculated
easily by standard mathematical software packages to any precision. These numbers may be
useful for future explorations of analytical formulae in higher dimensions. For s > 1/2 a Fortran
program with double precision accuracy is available from our CTCP website [46].
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Appendix A. Special functions

We give a brief overview of the special functions used in this work. More details can be found
in the book by Andrews et al. [37]. The Dirichlet (or L-) series (Riemann zeta, Dirichlet eta and
Dirichlet beta functions) are defined as

()= i (A1)
ieN
n(s) =Y (1)1 =(1-2"7)¢(s) (A2)
ieN
and Bls) =Y (-1 @i-1)"" (A3)
ieN

Their analytic continuations to L-functions into the negative real part (or the whole complex
plane) are given by Glasser [43]

(=) =s(2 — 2=~ Lsin (%s) rE)es+1) (A4)
T\ —s—1 T
B(—s)=s (E) cos (§s> rE)ps+1) (A5)
and t(—s) = —2-57 5 sin (%s) s+1)¢(s +1). (A6)
Here, the gamma function is usually defined for real positive numbers as
Ir(s)= J ¥ le ™ dx (A7)
Ry

and when s =n € N we have I'(n) = (n — 1)!. The gamma function on the whole real axis is then
defined as the analytic continuation of this integral function to a meromorphic function by the
simple recursion relation I"(x) = I"(x + 1)/x with 1/I"(—n) =0 for n € Ny [47].
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The modified Bessel function of the second kind is defined as

K,(x)= % JR it exp{—x(u + w12} du. (A8)

+

The higher-order Bessel functions can be successively reduced to lower order Bessel functions by

K, (x) = 2=

val(x) + vaz(x) (A 9)

and we use the symmetry K_, (x) = K, (x) for its analytical continuation.
The representations of the sum of squares is obtained from the recursive formula

N (m) =rN(m) +2 ) rn(m — i) (A10)
ieN

keeping in mind that ry(0) = 1. One requires only r1(m) for the initial condition. Equation (A 10)
can easily be derived from its generating function,

N
> r(m) = (quz) : (A11)

meNy kel
In a similar fashion one obtains a recursive formula for the sum of odd squares,
=2 " hm - i 1)%) (A12)
ieN
Qi—12<m

keeping in mind that rg]dd(O):O and we do not include this term in our summation. For

completeness we mention that the sum of even squares is trivially related to the sum of squares
even

by /" (4m) = rn(m) and r{/*"(m) = 0 if m is not divisible by 4.
Appendix B. Why Zucker's analytical formulae do not continue into higher
dimensions

Zucker’s formulae (1.7)—(1.11) are equivalent to Jacobi’s formulae for sums of 2, 4, 6 and 8 squares
(e.g. see [48, pp. 177, 202, 238]):

2
P n
S| =1-4Y (B1)
, +q
JEZ neN
4 .
. i(—ag)
Y| =148 0 (B2)
jez jen 144
6 2 i 2 i
| 7 N o (=qy
S| =144 () 16 (B3)
jeZ jeN 1+¢q jeN L+q7
8 5 )
and S vig | =14+163 1 (_qil (B4)
jez jen 14

respectively, where
1 ifn=1 (mod 4)
xa(n) = sin ”7” ={-1 ifn=3 (mod 4) (B5)

0 otherwise.
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For example, the formula (B 4) can be written in the form

/
Z (_1)i1+l‘z+"'+l‘3ql‘%+l‘§+"'+i§

i1,i2,...,i8€Z

=16 > F(-1)g" (B6)
jeN keN
Put g = e™*, multiply both sides by u°~! and integrate, to obtain

/

L . 1 a2 2
Z (_1)11+12+.~+18J us 1e u(if+is+--+ig) du

.. . R
i1,ip,...,is€Z +

=16 Y (- 1)/J w1l e Wk . (B7)

jeN keN

The integrals can be evaluated using equation (A7) to give

Py
1622 iy ®9

jeN keN

/

2

il,iz,...,iSEZ

(—1)itiattis

@B+B+-+2p

where the common factor I'(s) has been cancelled from each side. In other words, we have

obtained
.3 5
My =16 (Z] (Z”) (Z kls)
jeN I keN

——16 ( (1 ) (Z kls) = —16n(s — 3)(s). (B9)
jeN ] keN

Thus we have obtained Zucker’s formula (1.11) from the sum of squares formula (B 4). The process

is reversible, so (1.11) is equivalent to (B4). By similar calculations, each of Zucker’s formulae
(1.8)—(1.11) is equivalent to the respective formula in (B 1)—(B 4).

By analogy with Mg(s) in equation (1.11), it is tempting to speculate that there might be
expressions for Mjp(s) and Mja(s) as finite sums of the forms

Mig(s) =) _fils — Hgi(s)

(B10)
and Mia(s) =) Fils — 5)Gi(s)

for certain L-functions f;(s), gi(s), Fi(s) and G;(s). However, this is unlikely to be true for reasons
that we shall now explain.

There are formulae for sums of 10, 12, 14, . .. squares that are similar to Jacobi’s (B 1)-(B4), but
they involve other more complicated terms called cusp forms [49]. Glaisher found the formulae
for 10, 12, 14, 16 and 18 squares, and a general formula for any even number of squares was
obtained by Ramanujan. The formulae for sums of 10 and 12 squares are

10
, j
(Z(—l)/qf ) —1- iy B0, o Zfl(ﬂj 20 ®11)

je€Z jeN
and

12
(Z(—W’Z) —1+8 Z] i ‘Z]) — 16E12() (B12)

jE€Z jeN
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where
)14

1)4

Eo) =a[ ] o 4=

]eN

and En(g)=q] [a-¢)"™ (B13)
jeN
For a statement of the general formula, see [48, p. 214]. A proof of the general formula and
references to other proofs can be found in [50].
There is no simple formula for the coefficients in the expansions of E1g(q) or Ej2(q), but they
satisfy some remarkable properties. For example, if we write

En(q)=Y_ enn(n)y" (B14)
neN
then it is known that
e1z(mn) = eyp(me12(n) (B15)
if m and n are relatively prime. For prime powers, there is the three-term recurrence
e ) =en(plen(p*) — pPPen@* ). (B16)
Furthermore, Ramanujan proved that
le1a(n)] = O(>*€) asn— oo (B17)
and conjectured that
ler2(n)] < n™d(n) (B18)

where d(n) is the number of divisors of n. In fact Ramanujan had a conjecture for a sum of 2k
squares (k > 5), and that conjecture was proved by Deligne about 50 years later [51,52] (as part of
work for which he subsequently received the Fields medal).

To complete the example for the 12-dimensional lattice, if we put g =e™" in (B 12), multiply by
w5 1and integrate, the result is

Ma(s) = —8n(s — 5)n(s) — 16y elz(sn)

neN

(B19)

where the coefficients e15 (1) are as above. It was known to Ramanujan that the Dirichlet series can
be factored, and hence we obtain the formula

1
— (e12(p)/p*) + (1/p*s79))

where the product is over the odd prime values of p. The first few values are as follows:

Mia(s) = —8n(s —5)n(s) = 16| | a (B20)
p

812(3) =-12, 812(5) =54, 612(7) =88, 612(11) =540, 612(13) = —418, 812(17) =594, 612(19) = 836,
12(23) = —4104, e15(29) = —594.

The formula (B20) is the analogue of Zucker’s formulae for the 12-dimensional lattice. Similar
formulae can be given for sums of 2k squares for any positive integer k. The number of cusp
forms is | (k — 1)/4]. In particular, there are no cusp forms for 1 <k <4 corresponding to Zucker’s
formulae for the lattice sums in 2, 4, 6 or 8 dimensions; there is one cusp form for 5<k <8
corresponding to the lattice sums in 10, 12, 14 or 16 dimensions; and there are two cusp forms
for 9 <k <12 corresponding to the lattice sums in 18, 20, 22 or 24 dimensions.

As a consequence of Ramanujan’s conjectures and Deligne’s proofs, we now know that the
number of representations of N as a sum of an even number 2k squares is given by a dominant
term that involves a sum of the (k — 1)th powers of the divisors of N, plus a correction term (the
coefficient in a cusp form) that is roughly the square root in magnitude of the dominant term.
When the number of squares is 2, 4, 6 or 8 there is no cusp form, and the divisor sum formula
is exact, and that is the reason the formulae of Zucker exist. When the number of squares is
10,12,14, . .., there is an increasing number of cusp forms, and there is no easy formula for the
coefficients in their power series expansions. That is the reason why Zucker’s formulae stop at
eight dimensions, and why there are no similar formulae for dimensions 10,12, 14, ... ..
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