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"ABSTRACT

This work is a Wittgenstein-based philosophical
analysis of mathematics education, primarily in the context
of New Zealand secondary curriculum.

In Chapter 1.00 the aims of the Forms I-IV
Syllabus are examined in detail with respect to the possi-
ble meanings of the statements contained there-~in. The
tonsequences and hidden assumptions of these meanings are
glucidated. :

Chapter 2.00 examines eight spec1f1c assumptions
arlslng from Chapter 1.00 and from observation of mathe-
matics teaching. Their consequences for mathematlcs
education are discussed. Alternatiye assumptions are also
considered. .

Finally the history of mathematics and mathema-
‘tics education in the United Kingdom, United States of
America and New Zealand are summarised and then used to

investigate the origins of the assumptions above.
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1.00 INTRODUCTILON

1.1 Outline of the Work
1.2 Contest of the Work

1.1 Outline of ths work

It is easy to justify, in general terms, mathe-
matics as part of a secondary curriculum in New Zealand
society. But the question "Why this maths to this child
now?" is not to be dismissed as a nececssary evil for the
whole of a successful mathematics education.

Lack of answers to the guestion have led throuéh
the essentially evasive tactics of individualised instruc.-
tion, contract teaching, behaviour meodification and other

strategies. Fortunately the guesticn persists.
PN

This thesis is a step townrds quesiioning the

motives and practices of mathematics education at a deepsr

level. As such it exists primarily for the writer, however

some sections (especially 3.00 and 4.00) may prove thoenghi-

provoking and instructive.
My aim in this work has been:

te exawine the philoscphical nature of secondacy
nathematics rmuLLt1on in New Zesland by investiyg
pecesinilities within it and assumntions made b
its practitioners.

}’ !.a

More specifically the objeckives are:

a) to an:]yse the aims of the NZ Forms I-IV
Syliabus with respect to possible meanings,
their consequences and hiddan sssumptlons;

b) to discuss recurring assumptions providing
alternatives where poszible;g

¢} to investigate the origins
in b}

¥

>
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t
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he assumptions
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Chapter 2.00 is primarily an exercise in philo-

scphical investigaticon in the Wibktgensteinian sense. It i

€
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a process rather than an end result. It deals with the

formal aims of mathematics education as stated in the
Forms I-IV Syliabus and the prescriptions to School
Certificate, University Entrance and Bursary examinations.
Instead of examining and arguing for or against positions
adopted in these documents, I seek to investigate what
possible meanings their statements contain, and tc review
the consequences of these meanings. This is done under
the Wittgensteinian assumption that we use language in a
fluid way rather than an exact, defined way. For example,
in the statement of an aim the word "mathematics" may be
given new connotations and denotations applicable only in
that sentence or paragraph. The analysis of these meanings
constitute the creative nature of language.

A philosophical investigation of the aim,
therefore, should not presuppese what mathematics is, but
look at what it could be so that the aim makes sense.
Rather than look at what the words of the aim mean litcrally
we should be looking at what the author could be meaning.

Consequently this chapter contains few conclu-

sions.

Chapter 3.00 analyses several assumptions made
by mathematics educators. Not all the assumptions are
made by all mathematics teachers, but evidence that these
assumptions are commonly made is presented. Several
alternative assumptions are suggested and their consequencés
examined. Again dogmatic conclusions are avoided, but

certain positions are preferred.

The historical developmenl of some philosophies
of mathematics education are conszsidered in Chapter 4.00.
Mathematics education has moved with the mainstream of
Western mathematical thought and has adopted many philo-
sophical positions uncritically. ©This chapter highlights
the reasons for the incorporaticna of the above assumptions
in our schools - reasons which are not, it is apparent,
based on rational reflection, but rather on historical
circumstances.

Finally the historical, social, educctionzi



and psychological theory forces on mathematics education
are considered. This section links the nistorical develop-

ment of chapter 4.00 with the assumptions in chapter 3.00.

A summary, bibliography and appendix follow, the
latter being the syllabus and prescription statements

from whig¢h chapter 2.00 is generated.

1.2 Context of the work

Any philosophical investigation into education
exists within a particular context and rests on higher order

philosophical positions and assumptions.

The context of this thesis is education in the
secondary system in New Zealand. However, I consider the
level or age of students to be relatively insignificant.

The assumptions considered here are relevant to most formal
mathematics education beyond primary school. The syllabus
analysed in depth does belong to the Forms I-1IV area, but

a similar exercise could have been done with, say, university
mathematics.

The work is specific to New Zealand in that this
country is a consumer-based, high standard of living, western
and literate society. The mathematics education being
referred to is neither highly valued, ncr necessary for
survival or development - as is the case in many other
countries. New Zealand seems different from other developed
nations (e.g. Japan) in that a high level of forinel =ducation

does not carry high status.

Cne of the higher order philosophical pesitions 1is
that I believe education to be a proceszz. It is neithsar
something which happens to you, nor somcthning you merely

experience. The learner creates and de
This idea is developed by Freire (1972 in the context of
i o

levelops through education.
e ]



cultural revolution. While New Zealand society does have
its 'cultures of silence' from which educaticn can be the
liberator, I am concerned here with the more general
position cf liberation from personal, political and
cultural stagnation. Bducation is development, it is

not a preparation for anything. Such an assumption is

not limiting in the sense that all writers have assumptions

at this level whether they are stated or not.
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2.00 A LANGUAGE-GAME ANALYSIS OF THE AIMS OF NEW ZEALAND
SECONDARY MATHEMATICS.

Introduction.
Aim.1.
2.2 Aim.2.
2:+3 AIm.3.
Aim.4.
2.5 Aim.5.
2.6 Forms V, VI and VII.

2.0 INTRODUCTION

The bulk of this section deals with the aims of
mathematics education as outlined in the Forms I to IV Mathe-
matics Syllabus (Dept. of Education, 1972). Reference will
also be made to detailed objectives for these aims which
appear in a 1976 report of an in-service course (Dept of
Education, 1976), and an earlier British publication along
the éame lines (Blakeley, 1976). The relevant portions of the

first two documents appear in Appendices 1 and 2 respectively.

Sections 2.1 to 2.5 each deal with a specific aim,
using the statement of the aim and the explanatory comments
from the Syllabus and further explication from the In-Service
Report.

Section 2.6 covers material relevant to senior
mathematics classes, but not considered in 2.1 to 2.5 above.
Official statements concerning these courses are found in
The Education Gazette (Department of Education, 1972, 1976, 1977)
-— see Appendix 3.

What is meant by a 'language-game analysis' in the
title of this section?

The idea of philosophy as an investigation of language-
games (hereafter abbreviated to l-g's) has developed from
Wittgenstein. A paradigmatic example of the technique can

be found in the collected writings of Wittgenstein on



mathematics (Wittgenstein, 1964). For a fuller description
than giveh below see Passmore's work (Passmore, 1957, Chpt
XVIII).

_ Our use of language is such that meanings cannot
be uniquely or exactly expressed. Words mean different things
in different contexts, at different times, and to different
people. Using language is creating language. For example,
a new idea may be exﬁressed by an old combination of words
with slightly changed meanings. (Cf. the discussion of
'prime' (section 2.1) and terminology (section 3.3)).

Stenhouse investigates the notion of Wittgenstein
philosophy as 'exploring possible language-games'. It is
not a mere description of tHe use of language, but an exami-
nation of whether a particular string of words 'works' as
a 1-g. (Nor is it even mere words which are considered, see
(Stenhouse b, p44, 45).). For example in section 2.3 it is
seen that 'a liking for mathematics' and 'success in mathematics'
can come to mean very similar things in many l-g's -- a
situation which, I feel, most people would want to avoid.
In l-g analysis (or is it description? (see Passmore,

1957, p.426)) it is often useful to consider both a statement
and its contradiction. This technique is used extensively

by Wisdom (see Passmore, 1957, p.438). For example the
statements:

a) "All pupils need to be able to handle numbers...in their
. day-to-day experience" (Dept. Education, 1972, p.5); and
b) "There is no mathematical knowledge essential for every
person"

are both meaningful sentences. It is the job of the l-g
analyst to discover what interpretations can be made, where
such interpretations conflict, and where they are useful.

) Playing 1-g's could be described as exposing the
rules for the use of words from the way they make up sentences;
and also as exposing the meanings of sentences from the way
they are made up of words. ‘

To apply 1l-g analysis to the philosophy of mathematics
education I shall explore possible meanings of some of the

"words and phrases used in the aims of the syllabus. This

includes exposing the ambiguities in, and the consequences of,
such meanings. I do not expect to arrive at a definitive

answer as to whether these aims are (or could be) the best

»



(or even an adequate) statement of what a Forms I to IV
mathematics syllabus should achieve. Rather I hope to show
what practical implications follow if we attribute various

interpretations to the statements made.

Why have I chosen to use l-g analysis rather than
any other form?

Stenhouse has argued in several papers (a, b, e)
for a Kuhnian paradigm-shift from 'second-order' philosophical
activity to active, wittgénsteinian, practical philosophy
(see Stenhouse, a pp.5, 6, 8ff). Philosophy has become
the domain of philosophers only, so that, for example,
the 1-g concept has been shorn of the practical emphasis
given to it by Wittgenstein. Rather the abstract 'philo-
sophical' aspect became important. Stenhouse sees the
language-game approach as helping facilitate the paradigm-
shift towards practical, creative, active attitudes in
philosophy. He elaborates an example concerning Dewey
(Stenhouse, a, p8), and section 3.3 argues for a creative use

of mathematical symbolism seen as a l-g.

This thesis is intended to be clarificatory, but
also has practical aspects. Its value lies in the extent to
which both myself and the reader will have a wider range of
lines of thought when considering the aims of mathematics
education (see Stenhouse, e, p.5, 6). I do not wish to
direct the reader towards any particular 1-g (although I may,
provisionally, adhere to one). Rather, by showing the
value of even contradictory statements, I hope that the
analysis will establish the desiribility of continuing to
discuss aims, raiée problems associated with any particular
l-g and also indicate that such problems areresolvable and
may be held over, with confidence, in the meantime (see
Stenhouse, e, p7, 8). That is to say the analysis should
help develop maturation in thought on mathematical/educational
issues.

The analysis may also be creative by indicating
new 1-g's which have some utility.



On what basis can we explore 1—g's?

We can call on our own experience to discover
possible 1-g's. This includes not only our experience with
everyday language, but also our experience as teachers, and
particularly as teachers of mathematics. It is only
through these latter experiences that we can validate
particular 1l-g's, (see Stenhouse, b, .p49).

The only clues we have to the 1l-g being employed
by the syllabus writers are the statements of the aims them-

selves and their brief explanatory paragraphs (hereafter

ex.para's), (Syllabus pp4-6). These are quoted at the beginning

of each section. 1In addition the objectives given in the
In-service Report provide insight into the thinking of those
involved with syllabus writing in New Zealand. They, also,
are quoted where appropriate. )

There is also a general statement given in the
Syllabus (p4). In summary this statement describes a concep-
tion of mathematics which is eclectic (or ambiguous?): mathe-
matics is seen as a model of the real world and as an
axiomaic structure. It notes that mathematicians have been
motivated to develop ideas for several reasons: their appli-
cations, their aesthetic value, their consistency, or simply
their own sake. The rewards of a study of mathematics are
seen to be threefold: surmounting challenges, experiencing
the excitement of discovery and application, and appreciating
economy and elegance.

The general aims are introduced by the words:

"Mathematics is playing an increasingly siginificant
part in many aspects of our culture and is therefore a
necessary component of the general education of those
who live in this culture.”

The above should be taken as the context for the
discussion which follows. (See also Appendix 7.2).




Statement:

"To provide mathematical experiences which enable pupils
to make olkservations, tc discover patterns and
relationships, to develop cencepts, to draw logical
conclusions, to express thoughts acecurately, and to

form generalisaticns". (Syllabus, p.4)

Ex.para.:

"Opportunity has already been provided...to develop

an understanding of simple mathemaical ideas. These
ideas now form the basis of a wider range of study
leading to the development ©f general principles which
operate in mathematics. Greater emphasis is placed on
the need for refining definitiorts and using more precise
language - symbolic as well & verkal - particularly in,
statements from which a logical deduction may be

made". (Syllabus, p.5)

This aim lists several activities/skills/thoughts
which, it is claimed, lead to the development of general
méthemetical principles. I shall consider each of these
activities in turn, and then look at the general quesfion:
what does it mean to say 'provide mathematical experientes
which enable pupils to make observations, di?cover,patterns
etc'? 3
The 1l-g for 'general principles' also needs to
be investigated. This is done in section 2.2.

2.11 ...making observations,...

What does making an’ obseryation entail?

I shall assume that this-is not the 'makihg a
statement' meaning as in "He observed to his mate that'it

e
was Wednesday". Further 'to observe' does not mean literally

‘to see' in this context. Seeing is something we nearly all
do anyway, and it does make senge to sa§ that a blind person
'observes' some mathematical idea. K

Let us explore the 1-g of 'observe' 'using the
notion of seeing as comparison.  When we see something it is

not just a resting of one's eyes on the object. It also

embodies attention, and a conscious registration of the object.



It makes sense to say "The book I was locking for was right
before my eyes but I didn't see it". When we observe

something there is also an element of conscious selection

of scome idea at the expense of othér possible observations.
1t may help to ask what is supposed to be observed.

Is it facts -- as when a number theorist obscrves
the density of primes prior to saying that this density tends
to a particular limit? (This situation is sgimilar to the
scientific cycle of hypothesice-test-observe-revige).

The meaning of observe here is like that of 'record':

the student recorded/observed the intercepts of the graph on
the x-axis. While it is possible to teach the. skill of
recording, this is done neither by providing mathematical
experiences, nor for the devclmhmeng of general mathematical
principles. This aim, I feel, is saying something more.

Is it something mathematical which is to be
observed? i.e. the fact has tc be interpreted in a mathe-
matical way. For example we can observe a crowd of people
in several ways: as an aesthetic arrangement of colours or
sound, as a sociological phenomenon, as a subject for
statistical analysis, or as a mathematical collection. The
movement of such a érowd can be lcocoked at as a pendulum of
given period, as a wave motion, or experienced lyrically or
emotionally. The problem now is that cone situation can be
observed in many ways and it usually even has many
mathematical interpretations. So we must admit several
possible observations for a particular event. How do we
teach a student to observe, and what mathematical
experiences should we provide toc do this?

’ Is there, in a particular situation, a ‘right'
observation to make? If so, who decides, and are all the

other observations then non-mathematical? We seem to be

e

“defining what mathematical observations are -- is this what an

-aim should do? (See section 2.17 for further discusion on
"thi's point). The question of what'is 'right' is discussed at
length in section 3.8, also cf 'right' patterns below
(2.12).. - I




2.12 ...discoveririg patterns and relationships...
Does this phrase imply that there are 'right?
patterns and relationships which are waiting to be discovered

in a-given situation?

Take the series: 1, 44 8, 16, 25, 36, 48, s
Possible discoveried might be:

D41* The series increases. ‘

D2: Ah ha, I recognise those numbers, they are squares.

This is the series of perfect squares.
D3: Look at the differences: 3, 5, 7, 9, 11, ... the series
,
is governed by sequential odd-numbered differences.
D4: (That means that) each number of the series is the
"sum of a partial series of odd mmbers 1 = 1; 4 = 1 + 33
9= 1T+ 3+ 53 16 =1+ 3 + 5 + 7§ s
D5: The nth yorm i o -2 .
Ca = 2 (M_;)
ivd
D6: A relationship: the perfect squares are the sums of
partial series of odd numbhers.

D7: The mathematically expressed relationships is:

There may well be more complex interpretations of
the series. Is the aim asking for all patterns to be
discovered by everyone? If not which step is enough?
Alternatively will awy pattern discovery fulfil the aim?

If not how do we know which discovery is appropriate? Does
the teacher .decide (see section 3.8)? 1Is there a sequence

of discoveriés of increasing mathematical complexity, the

aim implying that the next one should be discovered (see
section 3.1)? Or is there a psychologically or Qédagogocally
appropriate sequence like Piaget's cognitive development or -
Bruner's special curriculum?

Perhaps the appropriate discovery depends on the
previous mathematical exﬁeriences. For example, assume
triangles had been the sdbject of several lessons, and the
next subject was the interior angles of polygons. Would it
be correct for a student to discover the diagonal division
of any polygon into triangles and thus!formula for the
sum of the interior angles? And would it be wrong for ancther

student to, say, measure the angles of a triangle, quadrilateral



and pentagon and arrive at the formula that way? This is to
h 1

say that.lhe mathematical experiences define the patterns
-—- again sce section 2.17.

Returning to the .example above.it helps Lo ask
what sort of mathematical experisnces might help a student

to make each of #e discoveries listed:

D1: Using the words 'series' and 'increases' correctly.

D2: Familiarity with number facts.

D3: Pamiliarity with general methods of dealing with
.SGGNHHEﬁfflauld series.

D4d: 72

D5: Practice in dealing with (and possibly creating)
symbolisam. -

Do 7

D7: Practice in dealing with (and possibly creating)

symbollam.

Our 1list of sulitable expericnces has two gaps,
and they come at the most crucial points.

Certainly.fumiliurity with. mathematical terms
and series, and a aisposition to persevere with mathema-
tical thoughts are both neccessary. But these are hardly
sufficient conditions to enable such discoveries to ke made.

Several educators have attempted to describe
just what is reguired. For example Polya, in his
discussion of heuristics (Polya, 1957), and De Bono's
concept of lateral thinking (De Bono, 1971) both attempt
descriptions of how a person can come to new ways of
observing a problem and how they 'can thus create new
solutions. ;

A look at the 1l-g for 'discovery' 'in a wider
context may help to clarify the discoveries in D4 and D6
above.

We say that Columbus discovered America. When
did this act of discovery take place? It doesn't make
sense to say "After he had seen land, then Columbus
discovered America." So is the act ©of seeing the land
the discovery?. But many others saw land from Columbus'’

ships-- he was not even the first. What about the people
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living there already? Did they discover Americe when they
were born? There is a literal sense in which we could say
that these others discovered America, but when we use
‘discovered' with reference to Columbus we are including
his recognition of the siagnificance "of the land which he
saw. And that significance was dependent on his peint of
view (i.e. as a Buropean), and the discovery is attributed
to him, not his sailors, because of his prior analysis of
the world as round. Further, some aspect of his returning
and reporting the land is alsc “involved. Thus discovery
seems to involve a point of view, a yecognition of
significance and possibly intention as well as the actual
observetion.

The aim above specifies discovery of patterns
and relationships. We can think of these as already in
the mathematics, as America was always there, but we must
include a creative aspect: namely 'giving significance to'.

The preamble to the aims sces mathematics as
(nmong okther things) a model of the real world, i.e. aspecté
of a real situation are isolated and dealt with symboiicallﬁ,
the results being reapplicable tec the original situatign. i
Models are crealed, particular ones being cboéen as more
appropriate than others. Spherical geometry was always
applicable to the earth, but it makes sense to say that
Lobyachevski 'discovered' the spherical model. Did he
create it? Not in the sense that the sculptor creates
(although Stenhouse in this context tells about the child
who asked the sculptor "How did you kﬁow the lady was
inside the stone?" Perhabs crmation is nevep‘an entirély
original act) and yet it certainly Las not i
all intuition. Changing the parallel axiom was the result
of dedUCthE analysis, and the beglnnlng of - d dellberate
synthesis, by Lobyachevski. ) ! L

For discovering patterns, then, we must include
the idea of conscious recognition of significance. This
implies a lack of knowledge of this Significance beforehand
(but what about discovery?) on the part of the student at
least.
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-13  ...developing concepts...
Concept development has been much discussed,
e.g. (Skemp, 1971, Chpt.2.). I .shall zssume that we are

talking about mathematical concepts.

Let us try the l-g on amrticular coricept: that
of a prime number.

Now I am sure that I have such a concept. 1Is it
a definition? Definltely not:
"a number which has no integral’divisors except itself and
unity" is one definition, .
"o is primes ‘!{_H) (('.!‘i-\f{ 'l.}'\ GEE .),\--(e ‘PH“ " is another.
"A prime is what you get after applying Eratosthenes seive"
is a third. I could write a dozen more and none of them
would be essential to my understanding of prime, although
part of my concept is included in each one. It does make
sense to say: "She knows what a prime is but cannot give
a definition." ‘
. Skemp deline-tes béetween a concept and a definition
in this way: 3 ! =]

"Definition can...be seen as a way of adding prec&sioni

to the boundaries cf a concept, once formed; and cof
stating explicitly its relation to other concepts."

(Skemp, 1971, p.26). E
But does it make sense to say: "She has a concept
.of a prime but cannot recognise one."? It seems not until
I ask her whether 964,072,437,841 is a:prime. So recognition
is nct the criterion. o
She may reply: "I know How to find out‘thoﬁgh".
1f she did demonstrate that skill I would want to say‘
that she had the concept. However there are others who
could not find out whether 964,072 437 841 was prime but
still had the concept e.g. a fourtn former who had just
begun to learn about them may have a true (but unsophlstl—
cated) concept of 'prime'. ' _
What about being able to glve an example? "3 thinie
that all those with the cancept\Jf a prime could give
examples -- but if 1 asked someone to give me a prime number
and they replied "13", would I know that they had the concept?!'



It may have been a lucky guess. What else could I do to
find out? "“Give me some more". Y2, 3, 55 T, 11, 134 17,
23, 29", I'd begin to kelieve, but they may have memorised
them, (easily possibkle ag a resuit'of some third form
teaching). "Why are they prlr:i”” Now many replies are
possible. Of the replies which would convince me I'm sure
there are answers which would be too complex for, say, the

fourth former mentioned above.

So two people may both be said to have this concept

and yet one may not be comprehensible to the other. We are

now getting into the l-g of 'prime' =~ so is to have a

concept to be able to play a 1l-g? This conclusion is arqgued

by Stenhouse:

"Knowing a concept is knowing .the rules for the use of

a word. These rules are earned mainly tacitly: we learn

the language-~games by hearing, seeing, and generally
by participating in them". (Stenhouse, (a),n 13) .
(Quotation from draft material by permission of the
author).

To have an experience of primes, whether it be a
discovery, intuition or generalisation, changes in some way
what we previously thought of as a prime. This enables us
to use ‘pfime' in an extended way, to play a different l-g.
The cumulative exploration of such l-g's is then our
understanding of 'prime' when we_hear,.see or use it.

In this interpretation we must then say that the
person who spouted from memory all the primes up to 97 when
asked what a prime was, could be said to have a concept of
a prime. For him 'prime' means just that list. The aim,
then, becomes to develop (extend) such a concept, and come
to some, not necessarily complete; agreement about the 1l-g.
(Note that if a concept is judged to be wrong it is wrong

only with respect to the judger and a parLlcular l-g).

2.14 .;.drawlng logical conclusons...

It is important to look closely at what 'logical’
means. On the one hand it could mean the 'common-sense',
intuitive logic which we use in everyday language. On the

=
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other hand it may refer to formal, mathematical logic.

To take the second case: there is a whole branch

of mathematics (Foundations -- see e.g. Hather, 19268, Cpt.2.)

0

which deals with the contradictions afiuiﬁg from formal
logic, and which has put in doubt Lhe. steltus of any conclusin
based on logic alone. 5o & study of propositional or pre-
dicate calculus does not seem to be implied.

But if common-sense logic is what is reguired

then why are mathematical experiences necessary?

The middle ground could be ,that mathematics
symbolises and makes conscious what is essentially
common-sense logic. This seems reasonable in the secondary
school context and fits the 'model' view of mathematics
mentioned in the aims. So drawing logical conclusions
means using te mathematical logical symbols (e.qg. f;j
—

> s = g <¢é>’ ) in appropriate places. This idea is
developed later (see section 3.3).

Another interpretation is that drawing logical
conclusions is the way mathematics is done -- i.e. if =
result is obtained logically then it is good mathematics.
This is one of the assumptions dealt with in detail in
section 3.4

2.15 ...expréssing thoughts accurately...

There are two distinct lué's whiéh can be played
here. - '
The first assumes that the thoughts are mathematical
ones, i.e. the subject of the thoughts being mathecmatical.
The aim thus means that the student can write coherent
mathematics, has the skill of being able to see a mathe-
matical relationship and write it down in an accepted
form. Section 3.3 looks at the l-g for 'acéeptcd forms'.
This is the 1-g many teachers play, but the second l-g

is more vital in mathematics educaticon.
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The other 1-g, then, involves thoughts about
anything, the mathematics being the accurate expression.
But if ths thinker expresses what he is thinking then
that, for him, is accurate. The misunderstanding comes
when a reader tries to obtain the same thought from what
is written. Thus 'expressing theoughts éccurately' is
'expressing thoughts so that otherswill know what you are
thinking'. But how can anyone have exactly the same
thoughts as someone else? Morc to the point how could you
ever find out? Only by expressing the thoughts and
comparing them: but the expression is not the thought!

The best that can be achieved is perhaps direction
indicators and the hope that the reader will follow.

These indicators will presumably be the points of departure
of this new line of thought from other ones. Such a

.1-g is exactly what the 'model' view of mathematics calls
for. That this is the 1l-g of the writers of the aim is
borne out by the appearance of objective (j) under Aim.1.

in the 1976 In-Service Report (see Appendix 7.2 pts3)

N

Here is a clear example of divergent lfé's with
a phrase which looks, at first, unexceptiogal. The implica—
tions for mathematics education are that the first l-g
makes mathematics teaching introspective and narrow, the
second makes it relavant and outward-looking. This is not
to say that one is better, both views are necessary for a
full mathematical education. But in practice they tend to
be mutually exclusive. For further discussion on woyld \

view (vs) isolation see section 3.12.

| ]

2
2.16 ...forming generalisations...

£

I
One 1-g for this phrase equates with '...developing

concepts...' which has been dealt with in section 2.713.
i

At least two meanings can be identified here.
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On the one hand this could be a factual

knowledge aim. Studente must form specific generalisations

which have already been decided upon. On the other hand
the precess of forming generald .2ations is required,_the

subject of the generalisations being irrelevant, possibly
not even mathematical. These two interpretations

parallel these in section 2.15.

For example, students studying-graphs of linear
functions may make the generalisation that the constant

term gives the intercept eon the dependent axis, but they

should also be learning how to come to that generalisation.

Much argument about discovery learning can be
analysed with respect to these 1l-g's, The orginators
of the method played the second game (or possibly both
games) while the poor exponents of discovery learning,

and many of ‘its critics, played the first l-g.

2.17 ...provide mathematical experiences which wiil enabla...

erd.

Having looked at the various activities listed
in the aim we now wish to know what the relevant 'mathematical
experiences' are.

Questiors which may help us to explore the
appropriate l-g- are:

a) are mathematical experiences necessary .to achieve these

activities, as opposed to other sorts of experiences?
b) are the mathematical experiences referred to common to
all the activities dealt with in section 2.11 - 2.167

A rewording of the aim in the 1976 In-service
Report to read: '

"To provide mathematlcal experlences which can enable..."
(Appendix 7.2, p. )

indicates that the flrsthuestion should. be answered: '"No".
This implies that the aim does not apﬁly in the same way
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Lo all pupils, i.e. the appropriate experiences are

student-relative.

Now, to rephrese the second guestion, are they
also ectivity-relative? - '

Foer making an cbservaticn the mathematical
experience was seen to vary according to which observation
was considered valid.

For discovering patterns a whole series of
experiences were listed and for two particular patterns
no exﬁerience; seemec appropfiat@. ’

For developing concepts the experience became
equated with the activity. Forming a ccncept was the
same as having experiences of the concept.

For drawing logical conclusions either experience
in using logical symbclism or examples of logical
sequences in mathemdaics were seen as appropriate. The
second of these is the l-g of those who espoused Euclid
as ideal mathematical subject-matter.

For each of 'expressing thoughts accurately' and
'forming generalisations' two sorts of experiences were
necessary. The first were mathematical experiences in
a factual sense so that, for example in teaching set
theory, encugh sets were joined so that the student could
write a set using conventional notation and understand
the (preconceived) generalisation of set. union. The
second sort of experiences were examples of mathematically
modelling the real world.

This wide array of experiences (they certainly
are activity-relative!) prompts the question: why were
such diverse aspects lumped together under the same aim?
If the aim is to make sense, rather than lead us to conclude
that its authors were writing impressive but empty verbiage,
.thén there must be a further purpose. '
In keeping with the l-g analysis this further

purpose can be seen as defining what mathematical experiences

are. So the statement of the aim is-not’just saying that
these activities are to be carried out by students, but

also tells us that mathematical experiences (which
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presumably are what teachers should provide) are those things
which lead to the specific activities mentioned.

A consequence is that teachers often will not
know until afterwards whether a particular experience was
mathematically helpful. But this tallies with our
experiences of a classroom interaction amd should not

dismay us.

Nor does it make the aim circular or meaningless.
In fact it emphasises (what we Tnow but often forget)
that a mathematics classroom is a feedback situation where
the results of interaction define whether the experience
was mathematically worthwhile at the same time as the inter-

action creates the result.
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2.2 AIM.2Z

Statement:

"To develop further an understending of thv orinciples
underlying the structure of mathematics, and the
ability to epply these principles to widnr fields".,

EX.para.:

4

"Principles previously acgilred are now extended, ...,
so that pupils may see a unily and a structure within
the subject az @ whole. As pupils are led and
encouraged to usge principles in the solution of
problems, they will realise that an Understanding of
principles adds immensely to power and economy in
learning".

I shall investigate four questions
What is a principle in this context?
What are the principles underlying the structure of mathem:tics?

What constitutes an understanding of the principles?

How are principles applied to wider fields?

2.21 What is a principle?

The idea of a principle carries some connctation
of generalisation - a non-generalising principle does
not make sense. It also includes the idea of 3qfeement - to
say that mathematicians disagreed widely on what was a
mathematical principle also sounds absurd. Although there
certainly have been changes in these principles (see
section 2.22).

The use of the definite article: "the principles
underlying..." indicates that the authors expect mathematics
educators to agree at any one time on the principles, but
allows for changes over time. '

Another clue to the l-g being played is "...an
understanding of principles adds immensely to power and
economy in learning". Now if 'immensely' was left out
then the statement is tautoldgcus since a principle
impiies generalisation. But the writer wishes principles
to include strongly generalising ideas only.

The statement that "pr1nc1p1es 0rev1ously
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acquired are now extended" suggests that either principle
can become increasingly sophisticsted (e.g. bkinary
operations are extended to yroups), or“the game principle
can be seen to apply iﬁ more areas of mathematics

(e.g. Lhe idea of binary operations Aapplying to geometrical

transfcrmatiosns as well as to numbers), or posszillyv Loth.
¥ i d

2.22 What are these particular principles?

First ncte that no such principles are stetoed
in the syllabus. The 1976 In-service Report implics some
in its objectives (see Appendix 7.2), but, for example,
"appreciate malhematical criteria" (Objective i, ibid)
does not help us to decide what these basic mathematical
ideas are.

Two sorts of pzlntiple“ might be distinguished,
dealing with either mathem=tical content or mathematical
processes. An example of the first kind would be
"trigenometric functions are periodic'; and example of the
second kind: 'mathematisation involves abstqaétioq'and
symbolism'. These two kinds of prihciples are "applied
to wider fields" in very differenlt ways: the first as
direct applications like those involved in engineering
the second involves a point of view more aDnrOprlutC to
a practiéing mathematician who is con51der1ng a new

problem.

"

The principles do have t& do’ wlth the stzucturp af
mathematics. . f ;

Is there "a unity and a atructuze wWwithin the
subject as a whole?" It is all called mathematlcs, but why,
or what characteristics are universal vary from Russell's

"Mathematics may be deflned as the subject in which
we never know what we are talking about nor whether
what we are saying is true“

to Hardy's: '

"A mathematician ... is' a maker' of patterns".

No universal structural characteristics are given in the

syllabus, and it is presumably left to the teacher or student
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to develop his/her own - this is consistent with the use
of 'a' not 'the' above.

' However can whatever universal characterlistics
develop in a class be called [fjnbiples?' The element of
agreement has disappeared. Furthermore we could neve:r
be sure that the principles could ke "applied to wider
fields", er iﬂdeéd, that any principles were acquired in
a particular case. .

Another possible l-g is that principles do
refer to an individual's (teacher or student) underlying
understanding of what mathematics ig about. The agreement
compén@nt may be thought to be inevitable in the sense
that mathematics is self-explanatory and anycne studying
mathémaLics successfully is bound to recognise universal
features. Again this can be seen as defining 'successful
mathematics‘ i.e. if the principles gained are not universal,
then it is not really mathematics which is being studied.
This is not necessarily a static view point as new princi-
ples may be formed, argued for, and then accepted. Such
was the case with Cantor's set theoretic notions which
were the subject of debate and necescsitated a Kuhnian
paradigm shift on the part of practising mathematicians

before being accepted.

_ What are the principles of the structure of
mathematics?

The history of mathematical thought is a story
of changing attitudes to this question? Ormell (1972, b)
traces the various answers through ratio (Pythagoreans),
space and number (Middle Ages), sets (Frege, Russell),
structures (Hilbert) and language’ (Sematic School).

At present there is.a great controversy over
these principles: several positions are well-argued and
consistently adhered to. And such arguments bdve
relevance ‘for Form I to IV level mathematics.

The relevance ‘relates to the pupils future
.learning. For exdmple although most secondary schools
teach Transformation Geometry some .institutes of
tertiary education use BEuclidean Geometry and are teaching

their own courses in this from scratch, ignoring the
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knowledge students have already acquired. Thus changes in
the accepted structure of mathematics can be detrimental
if these changes are not universal. The set theory
basis of the hew maths' is seen to be cniy one ‘possikle
basig and cannot be held to be a definitive princiﬁle
of the structure of mathematics.

Ormell 'in his article (ibid) goes further and
says that such principles are internal to mathematics
and have little meaning outside of the discipline.
This implies that it would be a mistake to use them as a
basis for educalting uninitiated matbematicians . He proposes
that mathematics be seen as a science of possibility.-
The article (ikid) is a l-g around this suggestion. Under
this“hyﬁothesis "the ability to apply these principles to
wider flelds" is exactly what mathematics is about.

If principles are thought to be internal,
then only mathematical process principles mentioned
above, (not-the mathematical content ones), are being

considered.
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2.23 What constitutes an understanding?

If just any level of undercstanding is required
then the aim is vecuous since whatever understanding is
achieved by a particular student will fulfill the aim.
Alternatively a complete understanding by all students is
unrealistic.

One apparent area of middle ground is something
like: 'to develop an understanding concomitant with the
capabilities of the individual' - in line with Fraser's
famous statement. Yet this deusnerates to the first case:
an understanding within an individual's capabilities is
decided by what limits to understanding he/she achieves in
fact. It is conceivable that some independent indicator
of understanding potential can be developed, but I doubt
whether the author of the aim intended each student to be
tested to determine how great an understanding is possible
and then teach to that level. Even then the validator of

the testing procedure can only be the level of understanding

éctually achieved by the students. '
A look at the syllabus and curriculum rationales '

indicates that chronological age is taken as a broad imdicaéor

of levels of understanding - yet Piagetian gtddicslgive

only the sequencing, not the achievement ages of certaiﬁ

levels.

The idea of sequencing combined with hierarchies
of principles of increasing sophistication sﬁggest another
area of middle ground. The aim may be asking for the next
level of sophistication to be understood. ihis iﬁpliés not
just universal principles, but a uﬁive}sal hierarchy df

principles and the structure becomes even more rigid.

Mathematics educators may argue that'the.principles
are near universal, but the principles are seen differently
by different individuals. If we accept this, then a pérson's
perception of a principle must be accepted as apbropriate
for that individual. Thus the self-validating circle is
again completed.



Another relevant guestion is how any understanding
comes abkout. If the prjnciple is abstracted by the
student from several mathematical cxampleg then this
suqﬁeStS an individual-relative view. IT the principle
is stated, the terms explained and then examples given,
then this supports the 'one structure' view.

The 1-g conception of the teaching of principles
(cf that of concepts in section 2,13) would involve a
simultaneous illustration of principles by examples and
an abstraction of principles from examples - each defining

the other and with no end-point ever being reached.

F

2.24 How are principles applied to wider fields?

The 1-g for "wider fields" is presumably any
wider field rather than some particular wider fields - a
reference under. this aim to "new situations" (Appendix
7.2, Objective f) confirms this. The applications of
the principle cannot be known in advance arid this leads
to time problems which are dealt with under Aim 5
(section 2.53 and section 3.7).

One consefquence of this is that process
principles rather than content principles are desired,
since the former are more economical and time-~independent.

This fits with the ex.para.

How are the principles applied?

Ahy mathematical principle which fitted wider
fields as well as mathematics would need to be very
general and nearly empty of meanirig, te.gJ Hardy's
statement above). _

The application may be mathemaical, the necessary
ability being the ability to see the mathematical
content in an essentially non-mathematical area. This
is consistent with the "economy of learning" phrase
_wh@ch can be taken to mean that the principles are used
in the same way but in different places. An example

might be the use of Venn diagrams to categorise

26
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.

the people involved in some gituation; set inclusion
and disjunction being applied to a sociological area of

study. . ‘ -

How will the studenls develop this ability?

They must be familiar with the principles, but
also they must be able and willing to apply them. This
three-tier conception of mathematics cducation is
considered in section 3.6. Nobte here that the familiarity
stage is included in Aim.1. (section 2.1); sad that the
ability stage may possibly be achieved Ly using exemples
though not all possible situations can be studied. The
willingness stage raises some ethical guestions.
Assuming that it is known how to make students willing
to see things mathematically, is it correct to do so,
do we want everyone to have this perspective? Possible
reasons for a 'No' answer are that a ﬁathematical point

of view may exclude other, also valuabkle, points of view.

Under the 1l-g conception of learning principles,
applying mathematical brinciples is not separate from
déveloping them. When, say, we do a network analysis of
a factory floor layout, this adds to the ideas we
already have about network analysis as well as resolving
a factory design problem. Thus learning and applying are
simultaneous. The aim suggest that one first learns the

principles and then applies them.
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23 AEM; 3.
Statement: ) .

"To. develop & liking for and a lasting interest in
mathematics." )

Ex.para.:

"The pupil's attitude towards masthemaltics is a critical
factor in determining his success in the subject and
his readinass it ko higher levels. The
pupil who intellectual enjoyment and

1
personal f discovering laws of number
and space, of perceiving palterns and forms, and of

¥
finding the solutioen to proi:lems will be stimulated
to. continue his studss, The teacher's general
approach to the subjeck, together with provision for
individual differences in necds, abilities and
interests, is the key to achievement of this aim".

i

Discussion of this aim is divided into three
overlapping areas, They centre around the answers to the
questions:

What is it that students are asked to develop a liking for
and a lasting interest in?

What does Msuccess" mean in this conltext?

What does it mean to-develop a liking for, a lasting

interest in or a positive attitude towards something?

2.31 What should students like?

Several possibilities suggest themselves:

Is it the content of mathematics; the methods of
mathematics; the whole field of mathematics; or the mathe-
matical way of looking at other fields? '

Is it the mathematics in the syllabus; the mathe-
matics taught in schools (i.e. most of the syllabus plus
other topics dependent on the teacher}; or Ais 1% the
mathematics likely. to be of use in the future?

Is it all of mathematics or just that part which

suits the learner?
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Is the student supposed to develop a likinag
for mathematics as a schoql subject (i.e. competing against
English or Social Studies); or for doing mathematics in

his/her job or leisure?

The eXx.para. specifies some particular experiences
which suggest that students should develep a liking f[or

the process of mathematics within the syllalus. However

the key to playing this particular 1-¢g will he the

consequences of the different interpretations for the
conflict between achieving this awd the olther aims. For

example it may be that a student is fascinaled by games
theory amd cannot be helped te a liking for any other
aspect of mathematics. If the aim is thus fulfil
trying to fulfill the other aim may turn him off
mathematics altogether so that achievement of this aim

is lost. Such conflict 1is often secen in the classroom
where teachefs try to buy the students' attenticn on,

say, geomectrical transformations (i.e. syllabus maeterial)
by allowing a certain time on design-making. In addition
teachers try to include what is liked by students into the
syllabus by a broad interpretation of syllabus aims é.g.
making tessellation patterns are 'experience in basic
geometrical transformations'. These strategiecs are
essentially ways of overcoming the conflict bLetween this

aim and the others.

2.32 What is succéss? ‘

In particular what is the relationship between
success in mathematics and a liking for it?

It is reasonable to say that someone who-likes
mathematics is more likely to be successful in any future
studies, and that successful mathematicians will probably
be found to like the subject. -Research evidence verifies
studies show

this, e.g. Naftel's investigation ofﬂvaricus 8
correlati ns of between 0.2 and 0.4 (Naftel, 1974), between
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attitude and success in mathematics. Nothing in the

above suggests which is the cause and which the effect.

However the ex.para. seems to say more than this:

namely that attitude is a criticasl factor in success.

This does identify attitude as the cause, and as a necessary
condition.

But if school, orf examinalbion, success is meant
here then the statement is emplirically falser I'm sure that
I could find students who had passed School Certificate
University Entrance in mathematics and who hated the
subject.

Successful might mean 'able to apply mathematicail
ideas or concepts'. Here, also, however, it would make
sense to talk of scomeone who applied an idea or concept
successfully but didn't even know that it was a mathematical
idea or concept, let alone enjoyed the subject (i.e. their
perception of the subject, probably gained at school).

We are getting back to the question of section 2,31.

The authors of the aim do want success to involve
a positive éttitude.l They would want to say that someone
who got 80% in UE mathematics but did not enjoy the subject
rad not had a successful mathematical education. In other
words the aim writers are defining success to be something
like 'can, and is willing to, consciously apply mathematical
ideas correctly'.

Similarly "readiness to pursue" further mathem=tical
study is partiy being defined by the ex.para. to include
'because the student likes the subject, not just because

he wants (for example) a science degree'.

2.33 What's it like to like mathematics?
If success involves liking mathematics, what
causes us to have positive attitudes towards, lasting

interest in or a liking for the subject?’
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First let us investigate the 1-g for ‘'persconal
satisfaction'.
We can try it in another context: "I got

satisfaction from trying to fix my bike (even though I

e
]

%

iy
o

d}". Could this make sense? Yes, in that if I
hadn't tried I wouldn't know whether I could have fixed
it or not. But would this satisfaction stimulate me to
continue to try fixing my bike? Surely this depends on
some measure of success. In the same way if personal
satisfaction is to stimulate me further in mathematics

I would need it to involve some degree of success.

Second, what does .'intellectual enjoyment'
mean? '

The bike fixing analogy can be used again.
It seems as though a person could be stimulated tc
continue puddling around with their bike if they enjoyed
it, whether or not they actually achieved anything. So
success does not seem necessary. But is someone wio is
puddling around with their bike ever not achieving?
They may not be fixing the specific fault which initiated
the activity, but they cannot fail to become more
familiar with the bike or gain experience in manipulating
it. This point of view is elaborated’at length in

Persig's book Zen and the Art of Motorcycle Maintenance

(Persig). In mathematics, too, attempting a problem can
be successful although it may not be solved in that
later attempts may be better.

But if either 'personal satisfaction' or
'intellectual enjoyment'.involve success we have,
combining with section 2.32, a circular situation!
success (is part of) personal satisfaction (is part of)

a liking and lasting interest (is the same as) a positive

attitude (determines) success. Not very illuminating.

Continuing to investigate the 1l-g for
‘intellectual enjoyment', we know that enjoyment is something
which 'gives us a good feeling' - intellectual enjoyment
could be a passive thing (i.e. in our heads)which

gives us a good feeling. This good feeling is readily



gnisable in ourselves even though it is difficult

to describe. However can this be 'developed' by someone
else? Can we learn te enjov?
The dm writers' answer to this guestion can

be investigated by looking at the last sentence of the
ex.para.: among other things, the pupil's individual

interests are a key to developing a liking for mathematics.

~
.l’||

This seems to say that a teacher should utilise the

things which interest (give enjoyment to) the pupil.

In other words it ie a case ol wrapping the mathematics
around the enjoyment, rather than the enjoyment around

the mathematics. This fits with a behaviocuristic model

of learning - the teacher should associate mathematics

with things that the student enjoys, in the hope that
conditioning will occur and the enjoyment become associated
with mathematics.

This can lead to.conflicts described in section

2.31, where nothing about, say, the structure of mathe-
matics (aim.2.) links with an interest of the student. %
If this is to be avoided what place do a student's interests
play? Perhaps the use of the word 'provision! effect‘velyi
means that individual needs and interests $hou1d,be catered
for where they do not conflict with other aims, i.e. |
this aim is secondary. This, however, negates the stgté—

ment that'a positive attitude is a critical factor'.

As a final comment on this aim itlis explicitly
recognised that the teaching process is important for
this aim, and it must be asked whether a pafticular ) \
style of teaching which proﬁotes 4 liking for and a
lasting interest in mathematics will in fact be pfactical
with respect o the other aims. |  : k3 |

For example it is often assumed that' school
success is necessary for satisfaction in mathematics
and £hus it is tenet of teaching to afrange for some
success by all pupils by finding the'individual‘level of
each student and making some tasks achievable. This could
interfere with the other aims if the level of achievable

tasks is too low. Further, success alone is not enough



but seme other factors fe.g. challenge) also need to be
present. If all sltudents are to be given sufficient (2?2

success, 15 it possible to cover the syllabus?

23
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2.4. AIM.A.

Statement:

3

"To develop the basic mathematical knowledge, skills and

understanding necessary for everyday living and for
-effective citizenship".

Ex.para.:

"All pupils need to be able to handle numbers and
spatial ideas in their day-to-day experience. 1In
addition, as adolescents and adults, they will need
mathematics to help them to understand the world
they live in and to meet their obligations as
"citizens". ;

The following analysis is divided into four
parts concentrating on, respéctively: everyday livingj; °
effective citizenship; basic mathematical knowledge,

skills and understanding;-and the l-g for 'necessary'.

2.41 What is needed for everyday living?

What is eﬁeryday living?

.'Everyday; has a connotation of ordinariness
about it - it sounds strange to say: "His everyday
activities were Edher Special‘lést Wanésday", rather
'_we would say: "He did not do his everyday activities
on Wednesday". Note dso that some average person is
‘not implied: it is meaningful to say "His everyday
activities were very strage to the rest of us".

Perhaps 'everyday living' encompasses all
activities which could be conceived as routine for some
person. However the mathematics necessary for the
everyday activities of a nuclear physicist are different
" in scope and level from that necessary for a mutton
sldughterman - obvious exceptions granted: a mutton
'sléughterman may do nuclear physics as a -hobby.

: But this aim.isxcomplementary to aim.5., which
specifically mentions vocations and future studies.
So 'everyday living' probably refers: to non—vocational

needs. Such an interpretation is-backed up by the other



reference to 'effective citizenghip', which, in an
egalitarian society such as ‘ours is supposed to be,
should not be vocatioconally dependent. We would then
have to interpret 'day-to-day experience' and
'understand the world they live in' as phrases referring

to things outside of individuals' jobs.

Does such an interpretation specify the
mathematics to be learnt?

If we were to be pedantic then there is no
mathematical need common to all. It .could also be argued
that no single mathematical fact, skill or idea 1is
absolutely necessary for survival in the sense that its
absence would entail death. However, with some vagueness,
we can say that enough familiarity with numbers for

argaining, some ability to predict statistically, being
ble to distinguish left from right and similar numerical
nd spatial ideas could make everyday living con51derably
&ore comfortable. This issue is further dealt with when

the 1l-g for 'necessary' is considered in éection 2.44.

2.42 What is needed for effective citizenship?

_ I shall assume that the statement is made
within a political context, in this casé the New Zealand
democracy.. | '
Who dec1des what an effective c1tlzen 1s~l1ke?

If we ask for a consensuswe will get few common attrlbhtes

and thus our knowledge of mathemat1Lal prerequ151tes w;ll

be scanty. Are the authors of math%matics currlculae the
onec to dec1de? It is difficult t& see;why - for a start
they are likely to have the blés o.rsuccessful 'mathematicians.
But if these authors are workiﬁg frém someone else's
description they do not say 30;3 prher% is an effective

citizen described.
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Well what possibie knowledge, skills and
understanding migh£ be necessary for an effective
citizen? |

Perhaps one merely has to be able to take part
in the New Zealand democratic systeﬁ,-to meet one's
obligations as a citizen, i.e. to vote. 'Neither voting,
nor the knowledge that one should vote, is difficult,
nor are they mathematical. However the understanding of
the effect of one's vote is very complex, as is
comprehending the electorial system. And neither of these

appear in the syllabus. ’

Perhaps an effective citizen must be able to
avoid being conned, be able to make decisions for the
common good - a sort of utilitarian calculus. Some
dgontent of this kind appears in the introduction to
statistics, but no mentionlof this specific aspect is
made. "

Perhaps effective citizens must have:sufficient
mathematics education to contribute to the technological
and social development of the country. But is everzcﬁﬁ
supposed to work at the boundaries of development°
While this sounds unrealistic I believe that 'it has the
most potential for meaning. Educators could try to develop
mathematical skill so that everyone, if put in a situatién
~amenable to improvement by mathematical analysis, mighf
be able to do it - from productivity or labour
improvements on the shop floor, through'increéSed-
efficiency in domestlc or financial management, td manage-
rial technlques. Not everyone can be expected to be
at the same level, and_theré-is the; problem of teaching for
future, known applications. Ihithﬂs‘respect see sectipns
2.24 and 3.6 on applying mathematical kjnowleédge.

None of the above have lea to specific
content areas, so we must ask hpw this aim can have an

effect on mathematics education.




2.43 What are the basic knowledge, skills and under-

standing referred to?

To begin with, unlversallslng 1ncurs severe
limits in that division of labour, technology and
differing activities mean that there are very few skills
that literally everybody needs. For example the ability
to add, subtract, multiply and divide may be suggested.
But calculators do tﬁis, so must éveryone be able to do
long division? Perhaps everyone must then be able to
use a calculator? Maybe, but has our society changed
so much that all people need this skill - ten years ago
very few needed it. |

' This aim, then, is not referring to universal
needs. Nor is it referring to the lowest level of need,
since some have attained this minimum level before
entering Form I. If the aim is to continue to have
meaning for such people, it must be understood within the
'to the best of theéir ability' dictum. In other words
it is not achieved while an individual has potential to
become a better (2).citizen. '

' David Stenhouse Has pointed out that this
contains a hidden assumption, .namely 'that everyone can
continue to develop'. 1In the pfesent context the

~assumption is actually more invidious: 'that everyone
can continue to develop in secondary school mathematics
classes under the ‘methods used by whatever teacher is
present'.

¢

What, in particdlar, is mathematical understanding?

(Section 2.23 has dealt with some ideas which
will now be assumed.)

. ' Do we understand an actlon if we can do it?
_What understanding is necessary to give change correctly
or itell left from right? Can a person be said to have a
: mathematlcal understandlng of Euclidean geometry if they
know that the shortest distance between two points is a
straight line, but do not realise that this is an axiom
of Euclidean geometry? Many’teaéhe:s seem to use a l-g



for 'underétandiné' which includes much more theoretical
knowledge than is necessary for everyday living. For
example, set theory is sometimes justified as being
necessary to be able to categorise effectively. But
this subject includes many concepts not usually explicitly
used in categorising, e.g.” the operation of union
obeying the Commufative and Associative Laws.
Understanding can have a different meaning:
namely, the ability to perceive situations in mathematical
ways. It is possible that the person is not aware that
this is what is happening. Further,, being able to work
through to the end of the problem situation may not
even be needed. Just stating or restating the problem
mathematically has been said (Rolya, 1957, p.6 and 209)

to be indicative of mathematical understanding.

The effects of the aim are still unclear '
although the last suggestion for the 1l-g for 'understanding'
leads to the field of heuristics. This topic is not,

however, mentioned explicitly in the syllabus.

2.44 The 1-g for 'necéssary'.

I have mentioned already (section 2.41) that the
extreme, survival, meaning of 'necessary' is probably
not intended. However it does seem as though the authors
are suggesting a compulsory minimum requirement. This
can be seen as a contradiction of aim.3. - how should
we teach the student who is having.difficulty with this

minimum, or who dislikes this aspect of mathematics?

This aim is often usga by teachers as a

justification for, say, repeated drill of number fécts,
or when other iustifications_fail. There is little
response that can be made to the statement: "You need

to know it" except "What for?". The reply to this second

question sometimes reveals the teacher's l-g.
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Specific answers,‘such as "For your job"
or "For -your University Eﬂtranca exam" are,valid if there
is agreement between teacher and student that these are
WOrtH working for, but rely on the teacher's knowledge of
"what is necessary for, say, boilermaking -- often a
qugstionable situa%ion.

The reply "For everyday life", however, annot be
validated and expresses an opinion (probably based on
experience, admittedly) of .the teacher. Hence it is
dishonest to use the expression as an authoritative

stateﬁent.

Perhaps, however, the real intention of the aim
is to say something about what living and being an
effective citizen should involve. 1In ofher words you
are not truly living, and you are not a truly effective
citizen unless you have mathematical knowledge, skills
and understanding. So it is not the essgential mathematics
which is being described, but life and citizenship.

The problem is that this is interpreted by

teachers to mean that the mathematics in the syllabus

makes for the good life and effective citizéenship. This
is a much narrower conception and again becomes an
unanswerale justification for whatever the teacher wishes
to teach. -
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L AIM.S5.
Statement:

"To help pupils to appreciate the importance of
mathematics in their future studies and vocations"

Ex.para.:

"Increasing demands will be made on the mathematical
competence of all puplls in their future careers.
Mathematics has long been recognised as indispensible
to scientists, engineers, technologists, technicians
and skilled tradesmen. New applications of
mathematics are being found in all fields of thought
and new areas of mathemalical study are being developed
- to meet new needs. Mathematical knowledge is important
to economists and social scientists - in fact, to
almost all who enter professional, administrative

and business careers. These trends have influenced
the development of this syllabus."

Although they overlap, the five subsections

deal with, respectively: . ‘
a) the use of 'appreciate' in this aim; _
b) the universal impoftance of mathematics in all careers;
‘c) .the specific importance of mathematics in different

careers; h _
d) those to whom the aim applies; and
e) other functions of the aim. '

2.51 The use of 'appreciate'.

‘The way this aim is worded implies only that
students realise that mbre mathematical skill and under-
standing is going to be hecessary in their futures,
not that they attain it. Thus it is a ﬁurely motivational
a}m i.e. it asks for an insight into how mathematics will
affect their 1ives. |

; It is difficult to see what part of the syllabus
or what teaching would give this. The objectives under
this aim in the 1976 In- Serv;ce Report (Appendix 7.2, p.7)
are little help. The first does refer to modern applica-

tions buﬁ the examples given (operations research and



linear programming) are usedlby a tiny minority of the
population. The second objective does not have anything
to do witﬁ appreciating mathematics' importance and the
third is as general as the statement of the aim.

‘ ~ Computer administration is a major contemporary
matlematical influence and an awareness of its limitations
and capabilities could be included here. This issue is
imbortant for the future partly because of its moral
content which is often raised in nbn-mathematicé courses
(e.g. social sciences, liberal studies). Is morality a
valid.topic for mathematical'educatiqn? Its exclusion

implies a negative answer, and a pre-judgement.

2.52 The universal importancé of mathematics.

The aim can be read with either the universal or
speéific idea of 'the importance of ma£hematics' in mind.
The first serntence of the ‘ex.para. seems to back up the
universal sense, i.e. that (the same) mathematical

competence will be required at higher levels by all students.

First, however, what evidence.is there for the
. great (and increasing) importance of mathematics learning?
Certainly mathematics is a ‘compulsory subject in

basic education on a world-wide basis. The authority of
nearly all curriculum designers is powerful evidence but
it is'possible that the importance of mathematics is
self—perpetuatin%: many mathematicians mean many matemati-
cally trained educators mean manyifavour compulsory <
mathematics educationj or many people trained in mathematics
~means that the mathematical point of view will dominate
many careers ahd vocations.

1 The counter-evidence is astounding: a large
se6¢ioh of the population. (I estimate 30%) have no grasp
-of Form II mathematics whén théy-leave school. Subsequently
they ma&, howevef, develop a competence in mathematics
appropriate for their needs. Another 30% have some
knowledge of S.C. mathematics buﬁ-are unable or unwilling

to use it in their lives. These people survive quite
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adequately, unless we define adequate survival as involving

mathematics.

What is mathematicallcombetence?

If it is what is measured in mathematics exams,
the ex.para. can be interpreted as 'higher mathematics
qualificatbns will be required in all jobs' -- an
arguable statement. s

If it involves mathematical skills, then
'inc}easing demands' on mathematical competence means
increased syllabus content — again ‘an arguably useful
consequence.

If it involves the.ability to think mathematicaliy,
then the universal interpretation implies that all pupils

should see things in similar ways -- see section 2.11.

] The ex.para. speakg-of 'mathematics' and 'mathe-
matical knowledge' as being indispensible for (for example)’
scientists and economists. Any universally useful
result of matematics education must be very general:
perhaps there is a 'mathematical approach'. 1Is this
deductive or intuitive? Both are facets of mathematics.

Is it the search for order and economy? These attributes
may be learnt in subjeéts other than mathematics. Are
- these important in all future stﬁdies and vocations to

the extent that all students need to appreciate them?

¢

2.53 The specific importance of mathematics.
If we interprete the aim as saying that
. mathematics is important for all careers but in different.

ways then the following questions arise.

; - Does the aim intend that all's£udents should
" see ‘the importance of mathematics to- their own futures?

. If the former, how, in Forms I to IV, are teachers
or students going to know what thgse.futurés are? This
looks like an impossible task. Further it necessitates

one-to-one instruction.
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If the latter, again there is the difficulty

in knowing what the future will be like: what new
studies and jobs will be available in 20 years time?
This problem (raised also in'section 2.24) is detailed in
section 3.7. However it is modified by the realisation
that the mathematics which is learnt ﬁowlcreates the future
hathematical applications, needs and vocations. For
example the Euclidean heritage of Western Mathematics
leading to the dominance of geometry has helped to create
the importance of geometry in, .say, surveying. If
geometry was less important then other methods would be
more dominant, and if fewer geometers were available then
surveying may not have developed so far. A philosophical
example is the Western preoccupation of a flat earth -.

hich is almost certainly related to the dominant influence

f Euclidean geometry. Perception and analysis was done
using planes and lines rather than curves, despite the
fact that the circle was reéafdéd as an ideal figure.
P | Ir the specific Lmportance of mdthemétics is
intended then there is the added problem of covering all
possible jobs and studies - though it could' be that a\
sample coverage would suffice. Which samp1é°' A sample
coverage will affect the job selection whlch then takes\

place, again creating the needs of the future.

2.54 To whom does this aim apply?: : |
If it ‘applies to all students then an assumbtlon \

has been made that all students WIﬂl take up future

studles or vocatons. ThlS 1mp11es!that either the alq

of educatlon is a vocation for evefyong (whic¢h is unreallstlc)
e

or that 'vocation' means whatever students subsequently

occupy themselves doing - 1nc1ud1ng ch%ldrearlng, travelllng,

bumming. around, labourlng, and’ whlte collar and -
! '
profe551onal )obs. 5 ?

The ex.para. mentlons 1ncreased demands for
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mathematical competence in all students' future careers -
i.e. there will be an increased demand for mathematical
Icompétence in whatever anyone does in the futuré?? - This
statement needs justification and amplification.

The alternative is that the aim;applies only
to those students who will have careers defined in some
restricted sense. Specifically mgntioned are scientists,
engineers, technologists, technicians, skilled tradesmen,
economists, social scientists or 'almost all who enter
professional, administrative and business careers'.

Unless the writers think that all Form I to IV
students- will come under one of these headings (I estimate
50% at least do not), then the "aim applies to a .
minofity of students only. Given also that we cannot know
which students will occupy such jobs and thus to whom
exactly the aim applies, its usefulness is severely limited.

One possible interpretation which may escape
this dilemma is that the evidence of the above groups is
used as a basis for generalisation to all occupétions.
This is a large step to take without supporting evidence
when one considers that the categories mentioned are

(with 2 exceptions) all professional.

In line with the previously mentioned defining
function of aims, this aim could be implying that a
vocation is something which needs mathematics. That a
social scientisE, for example, is not a 'real' scientist
unless he or she has a grasp of mathematics. While this
may sound arrogant (coming as it does from: mathematicians)
and is arguable, I suspect there is a meaning for 'grasp
of mathematics' for which the étatement is true - parti-

cularly for the more technical ‘vocations.
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2.6 FORMS V, VI AND VII

This section looks briefly at changes in
emphésis in the official aims for senior Secondéry classes.
-Abpendix 7.3 contains the relevant statements taken
from The Education Gazette 1 April 1972, 1 August 1972
and 30 September 1976.

2.61 Form V ,

The five aims for the School Certificate course
are very similar ‘to the aims for Forms I to IV.

Aim.2. is changed from 'to develop further an
understanding of the principles underlying the structure
of mathematics...' to 'to develop an understanding of the
principles of mathematics...'.. '

It is difficult to see what the difference is
between these two sorts of principles. It could be that the
former is trying to express a developing attitude towards
mathematics and the latter is some sort of culmination and
'final answer'. This would fit with the cdnception of

S.C. as a terminal course for many students.

That such principles are varied has already

been discussed (see section 2.22).

Aim.3g now includes 'to develop mental alertness
and a spirit of inquiry...'

A spirit of inquiry is understandable, -if only
in the behavioural sense of asking more questions, and will -
not be discussed further here. However the 1-g for
'mental alertness' is more comﬁlex.

_ We can agreé that a candidate entering an
examination is_probably more_hentally alert than someone
drowsing in a chair, but is the aim asking for this
stéte to be developed permanently? .This is unlikely.
Pefhaps what is meant is fhat a pérson must be able to be

mentally alert at appropriate.times.
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Is the state of mental alertness active or
passive?- How would a teacher judge whether a student was
mentally alert - if he responded to the cues the teacher
thought appropriate or the cues the student saw himself?

What is an appropriate time to be mentally alert?
In examinations and a'mathématics classroom, yes, but’
should a student, after leaving school, be constantly
alert for mathematical aspects of his environment?

How can a mathematical education promote mental

alertness?

L

Aim.4. now emphasises the computational aspects
of ‘mathematics necessary for'eberyﬁay living. .

Such a narrowing of the aim makes the defining
aspect more explicit: an effectiﬁe citizen can compute
'with understanding and efficiency'. I think that this
isAan'arguable statement. TIts effect; when one considers

that 50% of the population do not pass Schoel Certificate

mathematics, is to say that most people are not effective
citizens. .

Aim.5. states: 'to help pupils appreciate that
mathematics does undeflie the modern technological
- society ...
This makes the assumption that our society is
~ a modern technological one. If the defining function of
the aim is considered it also assumes that this situation

should be perpefuated in. that it must be prepared for.

In general then, the Form V aims are similar
with a slight shift of emphasis towards a narrowing,

prsed conception of mathematics.

2.62 Form VI

‘The study of mathematics now emphasises



a) logical deduetion? '
b) correct use of symbols, and

c¢) understanding of concepts rather than computation.

The assumption has been made that motivation to
iearn and everyday competency have been achieved and that
mathematics is now being studied for its own sake
or as an academic tool for other subjects.

This confirms the defining function of Forms
I-V mathematics, since Form V level is assumed to be
sufficient for effective citizenshie and cultural
appreciation.

Note that at this level Statistics, Computing
nd Mechanics are taught separately, but they, too, are
Zow academically oriented: the preamble to the statistics

Isection of the official syllabus states:

"It is intended that the'subject (statistics) shall
be treated mainly as a mathematical diecibline,..."

(The Education Gazette, 1 August 1972)

2.63 Form VII
The preamble for the University Bursaries
' Examination states: r

"The prescription is seen as forming part of the
continuing deveIOpment of the main stream of
mathematics and, in particular, the 1deas of
function and structure.... 2

(The Education Gazette, 1 Audust 1972)

Thus the academlc emphasis developed in ForT VI
has contlnued and narrowed in that| twoiorganising ideas
(out of many - see section 2. 22) have been defined.

This will certalnly result in the students!'
conceptlon of mathematics belng formed ‘along these lines.

The deflnlng function of the aim iis hére quite strong.

(47
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3.00 ASSUMPTIONS IN THE PHILOSOPHY OF MATHEMATICS EDUCATION

3.0 Introduction
3.1 Sequences and Ceres: How Should Topics Be Ordered?

3.2 The Associative Law: Should Mathematlcs be
Taught in Isolation?

3.3 (2B)v(-(2B)): Symbolism and Terminology
3.4 Quite Effortlessly Deduced: Deduction and Intuition

3.5 Rigor Mortis: The Place of Rigor in Mathematics
Education

Knowledge, Skills and Attitudes

3.7 Range and Variance: How Universal is Mathematics:
Education?

3.8 My Count Right or Wrong: Is Good Mathematics
Correct Answers?

3.0 INTRODUCTION

This chapter discusses eight specific assumptyons
which are commonly made by mathematics teach?rs. Each
assumption is examined for its various interpfetations in
keeping with the language-game analysis in the previous
chapter. The validity and consequences of adopting or'
rejecting the assumptions are also discussed.

The context is that of seéondary education in
New Zealand. However the assumptionsland discussion are
often relevant té primary-and tertiarylmathemétics

education.

3.01 Where have the assumptions come from? )
This chapter links w1ththe erv1ous one in that
the aims discussed there were gmven various lnterpreﬁatnns
depending on the assumptions that werermade. The
assumptlons con51dered here are those which occured most



often (e.g. section 3.7); those which are built into the
conception of mathematics given in the aims (e.g. section
3.4); and others which, depending on their’ acceptance,
change the way in whiéh the aims are applied (e;g. section
3:.3).

The wording for each assumption’'is mine. In
general they are 5verstated to make the point clearer.

Some justification for considering each
particular assumptioh is given at the beginning of each
section.

3.02 Wwhy change assumptions?

Examination, evaluation and, if necessary,
modification of assumptions needs no justification other
than the possibility that existing assﬁmptions may be ,
wrong or now‘indppropriate. However there are other
reasons for such effort.

Oné reason for examining the basic assumptions
of mathematics education would be because academic
standards in the subject are declining and a complete
're-think' is necessary. However this well-used
justification needs some careful examination. The
evidence that academic standards in mathematics are
declining is meagre. The 1974 International Commission
for Mathematical Instruction reported worldwide complaints
by science teachers and industrialists of low standards
of achievemenﬁ ih mathematics (see Mathematical Gazette
59:140 1975). However there are few longitudinal tests
in the literature: the only New Zealand one was done in
Auckland 20 years ago but dd show a significant decrease
in a graded mathematics test for 13 years olds and over a
ten year period (Clarke, 1960, p.74); the second IEA survey
is about to get under way (Education News, 3:2, March 1977)
and will give a more defiﬁite‘picture of the situation.

In America a 1969 report surveyed such tests: the chair-
_ person said: ‘ ' '



"...Pooling all recent reports of mathematics
testing, we found an .unmistakeable trend of declining
scores over the past ten years. It would be foolish
to try to deny that pattern. ...the committee did
not find the performance of American young people

on tests...as discouraging as many critics suggest.
...declines in mathematics performance are almost
uniformly accompanied by low scores in every other
school subject area, suggesting much broader...
explanations for the depressed (sic) performance.”

(The Mathematics Teacher, 1969, 62:6:441)

Also, these longitudinal tests would have to
account for factors such as: shifts in maturity levels
at a given age; different proportions of an age-group

attending school; and shifts in curricular emphasis.

My main reason for examining éssumptions stems
from a more emotional standpoint. Negative student
attitudes towards mathematics are common enough that a
word has been coined to describe the state: mathophobic.

The extent of mathophobia has been recognised
by the authors of Half Our Future in England (Newsom, 1963)

and, in New Zealand, documented in a survey by Coxon
(Coxon, 1972, p.542). i
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Perhaps these attitudes are in fact normal
and mathematical fervour is strange? After all the call
for the acceptance of a comprehensive mathematical
curriculum normally comes from mathematicians: e.q.
Professor A Zulauf of Walkato University said thisin his
Inaugural Addrees

"...He who refuses to learn at least the rudiments
of mathematics is not only denying himself the facility
to acquire and communicate vitally important
knowledge in"virtually every sphere, of human endeavour,
he is also depriving himself of much that is beautiful
and enjoyable."

- (Zulauf, 1972) )
Many such subjett—centred comments can create
an unreal climate of opinion.
Nevertheless I make the assumptlon that negative
- student attitudes towards mathematics can and need to be
improved in secondary education. Such a view is also
argued by Skemp (1971, p.114). .



A second.assumption-l make is that teachers can
affect the attitudes of students. Indeed they do, whether
they 1ntend it or not '

Such effects are partly a result of psychological
theories held by the teachers, but they also result from
Ehe conception of. ‘mathematics and mathematics education
held by the teachers.

I believe that, in generai, the conception
held by many mathematics teachers is at once too wide
and too narrow. It is too wide in the sense that too
much compulsory content is included in present syllabi,
and it is too narrow in that the content which is included
is of a kind which suits only certain kinds of learners
(when other kinds of content are available). For example,
closed, one-answer problems predominate-when mathematics
can be studied equally well with open-ended problems.

‘

The conception of matﬁematics education held

by a teacher is a result of assumptions, generally unstated.

I have chosen to discuss the following common ones:

3.1 The different subject areas of mathematics should be

taught in some locica 1% 5 ERL gt [ ey o Py
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3.2 Mathematics should be taught in isolation from other
subjects since it deals only with the essentials
of a problem.

3.3 A Large part of learning mathematics is learning
symbol manipulation and terminology, or, at kast,
learning translation to and from (and games within)
a mathematical language.

3.4 Deductive method is the paradigm of mathematical
thought and exposition and must be dominant in
mathematics education. :

-

3.5 The maximum eigor possible is the best mathematics.
3.6 Knowledge and skills in mathematics are more important

(or can be taught) than attitudes (which cannot be taught)

3.7 a) Mathematics taught in schools should aim at the
_ general needs of all students.
b) The mathematical needs of everyone are broadly
similar.,

3.8- Correct answers are a large part of mathematical
competence. .
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3.1 SEQUENCES & SERIES: HOW SHOULD TOPICS BE ORDERED?

'The different subject~areas of mathematics should
be taught in some logically ordered fashion.'

_ Note that I am not refering to the 'recurrent
teaching' aspects of mathematics instruction, i.e. that
oﬁe topic must be ordered within itself in abstraction
and generality. Rather I wish to examine the necessary
teaéhing-of one particular skill or subject-area before
anothér skill or subject—areé because it takes some sort
or precedence.

Evidence that this agsumption is made is not.
hard to find. Despite the statement in the syllabus that
"It is not intended to be a teaching sequence". (p.9),
the explanatory paragraph for Aim.2. (p.5) endorses the
statement in the 1976 In-Sefyice Report that:

"Mathematics is uniquely sequential in nature"..
(Appendix 7.2) )
The context indicates that this is ‘the first of the five
types of ‘orderings which I examine below - Sir Percy Nunn
indicates his preference for psychological ordering
(section 3.15) (Educational Studies in Mathematics 1971772
3:322)

Five sorts of ordering will be discussed.

3.11 Structural Ordering

There is no doubt that'mathematics can be
put into a hierarchical or branching structure. Parts of
this picture are very neat and uhéontrovérsial. In thé
Form I-IV syllabus the progression: . -
o sets-—4~—re1ations-—y~-trénsformationn-f-mmatrices
make a logiéaIZprogression of ideas; i.e. within the.

contemporarily-acknowledged'struétu;e of mathematics



the material contained within the topic 'relations!

necessarily precedes that.in the topic 'transformations'.

It has already been said that any structure is
témporary and subjective, (section 2.22). Whether mathe-
matics is subjective 'in reality' is more doubtful.

Gordon Knight in discussion pointed out that, for example,
levels of abstraction are necessarily hierarchical -
e.g. the idea of 'number' precedeé that of 'variable' -

and that triangles consist of lines, so lines come first.
The latter point I dispute, it being possible to start
with the trdangle as the basic unit if that is how space
is perceived: the shifts from 2 to 3 dimensions can go
either way, 1 dimension is not''prior' to 2 or 3 dimensions.
A cultural example of this exists in Australian aboriginal
counting where the basic conceptual units are todd' and
'even', i.e. an.aborigine would notice the difference,
between 23 énd 24 sheep in a flock, but not between 22

and 24.

' Considering the former point, that levels of
abstraction are hierarchical, David Stenhouse linked

this with a paper by Ziedené (Ziedens, 1956). In this
paper the argument is that the fact that we do talk in
material-object language means that the terms 'real object!
'appearance', 'normal observation' have specific meanings
which are not just a matter of convention. A similar
argument can be applied to mathematics: the way in which
we talk about mathematics defines such things as levels
of abstraction ;nd the basic units used (e.g. points, sets,
logical operations): It is possibple that another way of

refering to mathematics would give different meanings

<3

for 'levels of abstraction' aﬁd 'basic units of mathematics' -

Two questions arise from this: first, is there
another way of talking about mathematics? Second; is the
assUmption.that mathematics is something apart from its
-expression, a valid one? |
) The first question is beyond the scope of this
work. On the second David Stenhouse noted that we must

appeal to language-games- in ordinary language to set up



mathematics. As Einstein said, there is no such thing as
a line in object language. It is argued later (section 3.3)
that a large part of mathematics iﬁ_a language-game.
Thus'the structural ordering aﬁopted depends on the language
used, and can only be done by someone who knows most
of tte language-game. 'Its pedagogical use, then, in
téaching a student the language-game itself is not
proven. An alternative is for thé student to form his/her
ownvlanguage—game and then put it into correspondence
with fhe conventional one. That such a correspondence
will exist is the result of the argument above based on
Ziedens' ideas. ‘

To return to the issue - is structural
ordering appropriate for matHematics education? - the
subjectivity of topic-ordering is borne out by looking
at text-books. Kline, talking about traditional

mathematics texts since 1900'says=

"...practically all of the texts on any one of
/arlthmetlc, geometry, algebra and trigonometry/
Contain the same material and presentation; only
the 'ordering of topics is different."

(Kline, 1973,p.13)

Four further points can be. mentioned concerning
structural ordering.

If any structure is temporary and subjective,
then ‘students (who will be practising mathematics in
the future) need not accept, learn or be bound to the
structure of present day mathematicians or mathematics
educators. This is especially importantjsince, to
quote Freudenthal: '

"seeorestructuring mathematics often means that by
'preference its most elenentary ideas are questioned
anew". .

(Freudenthal, 1973, p.165)

Secondly, (cf Kline, 1973, p.82. ), a structural
order 1s only worthwhlle if 1t is recognlsed by students.
So such orderlng has no value for those who do not know
what a. deductlve structure is, or who do not recognlse the

particular one being used.



Kline, while discussing set theory, has also
pointed out (Kline, 1973, p.93) that structural ordering
does not‘guarantee its appropriateness. Two matiematical
ekampies are: a) the establishment of basic language‘
axioms (still disputed in the foundations of mathematics)
is structurally prfor to propositional calculus; and, b)
rigorous limit theory is prior to differential calculus -
though the latter was taught and .applied without it for
80 years.

Freudenthal makes the point‘that, as mathematicians,

"...mathematics teachers tend to teach for the needs
of future mathematicians. Mathematizing mathematics
(i.e. putting it into a deductive structure) is
possibly an end but it is not the start of a mathe-
matical education"

) (Freudenthal, 1973, p.69)

The Bourbaki works (Bourbaki, 1966) perform the function
-of defining 'the' structure of mathematics, but they are
written on tobic§ which have been researched to some sort
of conclusion - nowhere is new or potential work placed
in  the static structure. '

To sum up, then, it seems that structural
ordering has origins and uses of some importance,
but 1its use in teaching and learning mathematics is
doubtful.

3.12 Skills Ordering

This ordering does have a' pedagogical justification.
It arises when some skill (e.g. drawing a linear graph)
is required before another topic (e.g. solving simultaneous

equations graphically) can be taught.

However an assumptioﬁ'has been made that learning
to do something is the same as actually doing that
“thing. For example, graphical solutions of simultaneous

equations cannot be obtained w;thoﬁt graphing the equations.
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But we are not talking about.doing graphical solutions,

we are talking about teaching and learning them. The

ideas in?olved in the graphical solution can be taught,

and understood, without the pupils actually drawing the
graphs: the teacher may draw the graphs so as not to

bé side-tracked from the point of her lessdn. Furthermore
it is conceivable, and often practicable, to teach, say,

a topic needing graphical skills as ﬁotivation for learning

how to graph equations.

There is séme pedagogical use for this sort of
ordering, but it is not universally applicable justification
since feathing and learning mathematics is different from
doing .it. '

3.13 Self-Generating Ordering

This ordering-also has a pedagogical basis. It
is.described by Kline (Kline, 1973, p.74) as arising ‘
from the self-generating nature of mathematics. For
example, after considering triangles (3-sided figures)
one can raise similar questions about quadrilaterals
(4-sided figures) or polygons (many-sided figures); or
after solving simultaneous equations we could ask what
happens if there are many solutions (as a result of
inequality condi%ions) and go on to linear programming.

Like skills ordering however, this ordering is
not universally applicable and has fhe foliowing dis-
advantages. o _

Self-generating ordering can only be done by
someone who knows the full story - it is not necessarily
natural and may seem quite meaningless to someone who
does not see the links which a‘particular teacher may
make. Also there may be several possible orderings:

- for exampie solving pairs bf'sihultaﬁeoué equations may
lead on to: solving series of ‘equations; solving

simultaneous equations in 3 or more variables; or simul-



taneous inequations. The choice made by the teacher may
not be seen as nétural by the student. |

Kline (Kliné, 1975} p.79) argues further that
this type of ordering relies on mathematical reasons
for developing a new topic rather than practical
applications, e.g. linear programming is taught as an
extension of simultaneous equailtens rathef than as a
logistics or accounting problem. Thus motivational
opportunities are lost.

Self-generating ordering, while often useful,
neglects to link learning mathematics with using mathe-
matics - which is also an aim of mathematics education

(Aim.5., section 2.5).

|
3.14 Genetic Ordering

This order is that which occured in the histgrical

deveIOphent of mathematics. It was described in a
document signed by 75 eminent American and C?nadiaﬁ
mathematicians in 1962: A ;

"The best way to guide the menkal development of the
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individual is to let him retrace the mental develop-
ment of thé race - retrace its great lines, of course,
and not the thousand errors of detail. ...This
genetic principle may safeguard us from 'a common
confusion: If A is logically prior to B inh a: certain
system, B may still justifiably precede A in teaching,
especially if B has preceded A in history."

_ (Klineé, 1973, p.12.)
The justification foq useéof this type of :

ordering is made by Kline:

"...the historical order is uspall{y right /Tor
learning mathematics constructivelz? and that the
difficulties which mathematicians experienced are .
just the difficulties our' students;will experience."

. (Kline, 1973, p.156.)



The genetic principle is only a principle
and can only be pedagogically accepted where it proves
practicable. For example compufer logic can be taught
before base two arithmetic, which came first historically.

There are reasons why the principle may be
unsound. Our environment is different froﬁ the one in
which mathematics developed, so that, for example,
children in our society are constanfly exposed to
decimalisation and may be expected not to encounter the
historical difficulty with place notation and decimal
points. Similarly the study of negative numbers
(experienced in freezing temperatures and debt), statis-
tics (in advertising) and graphs (in maps) may receive )
help from our culture which was not present in the past.
Conversely knowledge of logarithms is not as vital as it
once was.

_ ‘

The validity of the principle in mathematics
education rests on two facts. First, motivation can be
afoused from the historical origins of a topic. Second,
mathematics ‘is a cumulative study so that old topics
often need to be understood before historically later
ones can be put into context.

3.15 Psychological Ordering

Developmental psychology provides some evidence
for certain sorts of topics to be ﬁastered.before'we
can expect other topics to be able to be understood.
For example Piaget's studies show that the concept of
conservation can only be learnt at a certain stage.
of development, and any tépics needing this concept
cannot be successfully taﬁght’before that stage is
reached. .

The validity and usefulness of these sorts

of orderings are empirical questions and are not covered



here. It can be exéected that the conclusions reached
will be probabalistic ones réther than yes/no. The
implications are that: a) différent individuals will
1earn_bést under different orderings, b) other sorts

of orderings may be superimposed on the psycholdgical
oné, and c¢) ordering decisions will lie with the teacher

v

and students at the time of learning.

3.16 Conclusions

Does the only partial validity of each of the
orderings considered imply-that an eciectic, pragmatic
ordering of topics be developed‘by each teacher? Surely
it is preferable to teach mathematics in a logical manner

rather than an illogical one? Freudenthal states:

"In principle it is a healthy idea not to teach
isolated pieces but coherent material"
(Freudenthal , 1973, p.74.)

However he adds: "But there is more than one kind of
connection” (ibid)

There is one important consequence of accepting
any sequencing. Students are often absent from class

and the effect of sequencing may be lost.

Again we must beware of confusing 'mathematics'
and 'learning‘abbut mathematics'. Students should come
Eo see logical structures and should use oqderings of all
kinds. But there are other factoré which must be taken
into account whenvbfdering topics: for éxample
a) a more complex problem may be used as motivation for
a learning skill necessary for-its solution; )

b) some other motivation (consideration of a 'real'
mathematical experience - see section 3.2) may call for
some understanding of a topic which is not logically next
on the list; ' |

c) teacher preference - teachers may feel. as though a

specific topic could be next, and such subjective judgement



may have "as much value as an arbitfary, if logical,
seduence; ,

d) students' preferences - .the psychology of learning
provides no doﬁbt that students learn best when they

are interested or want to-learn;

e) individual differences - students are 'set' for learning
by prior experiences and psychological or developmental

factors, none of which are constant, nor universal.

In other words the orderiﬁg of topics should
be evaluated on pedagogical criteria, not dictated by a
universal principle. Thus there are reasons why
mathematics educators may have gooa ideas concerning the
order of topics, but the best final result will be
situation dependant. . ‘
: The consequence of this is that teachers must
not only be‘able to tap wide 'resources of different
topics, but dso be able to teach them. For example
if the situation and pedagogy indicate that, say, network
theory be taught toa class-it is much better mathematics
education (in terms of the official aims) if network
theory is taught, rather than neglected because 'it is
not examinable' or 'it is not in the sfllqbus'.







3.2 " THE ASSOCIATIVE LAW: SHOULD MATHEMATICS BE TAUGHT
IN ISOLATION? '
'Mathematics should.be taught -in isolation from

other subjects since it deals only with the essentials
of a problem.'

_ That this assumption is made is evidenced by the
structure of courses in New Zealand secondary education.
Applied mathematics is a separate subject from Form VI,
and étatistics, numerical analysis and mechanics are
examined separately. However the assumption has dways been
debated, references to it from the early 1900's appear
in the National Council of Teachers of Mathematics 32nd
Yearbook (Jones, 1970). Recently it is beind questioned
again. Articles on the place axd philosophy of applied
mathematics are becoming more”numerous (e.g. Bender, 1973;
Wilder, 1973; Ford & Hall, 1970; Hall & Whitcombe, 1970;
Ormell, 1972a and 1972b). Récent curricular developments
in New Zealand secondary schools include 'Integrated

Studies' experiments.

+There are three areas of analysis in the
consideration of this assumptlon.

a) the method of mathematics teaching =. should it be
problem- or mathematics-centred;

b) applied mathematics -~ should this be a separate course
and where does it overlap with pure mathematics;

c) integrated studies -- how much can mathematics education
aims be satisfied within an integrated curriculum?

¢

Some points to ﬁear in mind in the following
discussion are: '

a) a student trained in mathematics will not necessarily
go into a mathematical job; '

b)ithe criteria on which the assumption must be judged are
.pedagogical -ones: how are the aims of mathematics
reducation best fulfilled; not, what mathematical tralnlng
‘is required by ex1st1ng soc1ety

c) the reason matematics occuples a central position in
curricula is not because it is beautiful or because it is
a self-sufficient body of knowledge: it.is valued because
it helps_man understand and master the physical and
social reality (cf Kline, 1973, p.78).

Gi
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3.21 Should mathematics edﬁcation be problem- or
mathematics-centred?
What is the difference between these approaches?
Bender (1973, p.302.), in an article advocating the

' former approach, distinguighes the traditional aims for

each as:
‘ Mathematics-centred Problem-centred

(i) Learn some useful (1) Learn to use some
mathematics mathematics

(ii) Develop a feel for one (ii) Develop a feel for how to
or more areas of ,apply one or more areas
mathematics of mathematics

(iii)rObtain an idea of what (iii) Obtain an idea of the
mathematics does and of richness of mathematics
the beauty of mathematics as a tool.

He elaborates:

"The first set of goals imply that applications should
be kept-simple so as not to interfere with the business
of learning mathematics. The latter set imply that
the course must try to dig into real problems. In
particular the student must learn how to set up a
model and analyse it."

(ibid, p.303).

The problem-centred approach is Qég just using
problems as a source of mathematical material, which is
then considered in isolation, (for a critique of this see
Kline, 1973, p11 and p.76.). Rather it is a consideration
of a real problem, its model, ti.e solution of the model, and
the problems inherent on a model solution (e.g. assumptions
and approximafi&hs made.). For a good description
of this approach in action see Hayman, 1975, p.149.

The mathematics-centred épproach does nbt negléct
real-world applications either. However such links are
made primarily for motivational. reasons. The aim is to
abstract and thus facilitate analysis. (David Stenhouse
has commented that this pfocess is similar to that of

philosophical analysis).

'How do the two approaches compare?

There are several areas of argument. The first four
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are mentioned by Bender (1973, p.303.):

1« The mathematics—centred’approach enables the students
to see the beauty of mathematicgs. Although 'beauty of
mathematics' could be the subject of an extended language-
game (see section 2.3), there is no doubt that any
intrinsic qualities in mathematics are played down in the
problem-centred approach. It could be argued that a study
of mathematics 'for its own sake' is not part of a universal
curriculum and should therefore-“be reserved for after
specialisation. There is a danger, however, that students
who could get pleasure from pure mathematics will never h
have the opportunity to do so.
2. The problem-centred approach may not include all the
ng¢cessary material. Whether mathematics can be taugh

firom elementary level using this approach is an

¢mpirical question. An implication of the problem-centred
approach is the abandonment of the idea that certain

bits' of material must be taught, since it is not a
process of finding problems to exemplify the mathematigs
but rather a process of learning what mathematics is
present in a particular problem.. The aim 'to understand
the structure of mathematics' would'also have to be sevérly
limited.

3. Setting up appropriate models of real problems involves
‘complex mathematics and extensive background material,

thus many students will be lost. 'Complex' iﬁ this
criticism is defined by whether studeﬁts will get lost or
not and is dependent on the student, the teacher and the
situation. |

4. The mathematics-centred approach will enable more
mathematics to be learnt since éetﬂingfpp modélé'takes time
and thus less content will beltOVeﬁed. 'Bénder101973, p.304)
answers this criticism by notiﬁg that the important variable
is 'mathematics retained in useable forh' not mathematﬂcs
covered', and.under this critergongthe!problemfcéntred
approach will fare better. Freuﬁeﬁthal.(1973; p.77) makes

the same point with reference to mathematics being a language



G4

which must be attached to the 'lived through reality' of
the learner. Unrelated subjects can be taught, but

also forgotten just as quickly.- Another argument is that
the gains in attitude towards mathematicé will offset the
1ost material (see section 3.6).

9. Many applications of mathematics were:discovered in
mathematics first and then applied. Wilder (1973, p.680.)
quotes John von Neumann and Eugine Wigner to describe the
peculiar relationship mathematics has with science —-
mathematical results, initially unrelated to reality,
suddenly take on a physical meaning: for example, w §
the rétio of circumference to diameter, has been found to be
related to population statistics, complex variable

analysis and sound waves. The. problem-centred approach
does-incorporate this aspect when results of analysis are
reapplied to the initial problem. Nevertheless the
historical and major instances are neglected. It can

be argued that this aspect of mathematics is only for
mathematicians who are on the frontiers of the subject.
However mathematical discovery and subsequent application

is both motivating and part of mathematics; therefore it is

a legitimate part of mathematics education,

To summarise the consequences of adopting a
mathematics- or problem-centred approach in .terms of the
aims discussed in section 2.00: the mathematics-centred
approach is appropriate for aims 1, 2, 3 for some students,
and possibly 4; it is inappropriate for aim 5. The
problem-centfedeapproach is appropriate for aims 1, 3, and 5;
and is inappropriate for aims 2 and.4.

3.22 Applied mathematics and pure mathematics.

The image of applied mathematics which las developed
'in New Zealand scheols has been a combination of mechanics,
ététistiqs and, recently, computer science. However there
has been a developing philosophy overseés, spreading to
New Zealand, of applied mathematics as a'creativé, model-

building procedure along the lines of problem-centred teaching
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described above. However it is still argued whether or not
this new image of applied mathematics is part of, or should

be separate from, pure mathematics.

. The separate point of view is expressed by Ford
and Hall (1970). .

Despite acceptance of an applied mathematics aim
'to understand reality mathematically', Ford and Hall
differentiate between everyday applications (e.g. handling
money) and more complex problems where the formulation of
the mathematical entities is crucial. The subsequent mani-
pulation of the model involves the use of mathematical
problém—éolving techniques -- the assumption is that these
techniques have been developed in pure mathematics courses.
Pure mathematics is also seen as important for applied
mathematicians in order that they may be able to communicate
with those who can solve their problems. f

In a further paper (Hall & Whitcombe, 1970) it is
noted that such model-building must be open-ended (i.e.
not leading to students living and developing the subject.
Such a hope is expressly one interpretatioq of aim 4 (see
section 2.4). ‘ -

_ The contrary viewpoint is stated by C.P. Ormell

(1972a). '
Using a philosophy of mathematics attributed to

C.S. Pierce, Ormell makes explicit the suggestion in the

new model—buildﬁng philosophy of applied mathematics that

it is the same as mathematics taught with a problem-centred

approach. He eschews aesthetic and suis géneris answers

to the question 'ﬁhy do we teach mathematics?' (see section

2.3), and gives the Peircean answer: 'to build up a capacity

to understand and handle scientific, technological and

social possibilities. .
In a.subsequent article he says:

.- "...to describe mathematics /as a study of possibilities/
is to make applied mathematics primary...and to relate ~

pure mathematics to this. Byt is it appropriate to

say that we are 'applying' mathematics to anything when

what we are discussing is a mere possibility? If one

tries to define 'applied mathematics' so that all

branches of mathematics which can be used to describe

real objects or things count as 'applied mathematics',
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one finds that most of what has traditionally been

" known as 'pure mathematics' has to be reclassified as
'applied'. ...the pure/applied distinciton is of little
use for -anything but the roughest demarcation of areas
in mathematics. Almost any area of mathematics can
be regarded as 'applied mathematics'. But exactly
‘the same body of results prior to interpretation can
be' regarded as 'pure mathematics'."

' . (Ormell, 1972b)

E. Blaire goes further:

"One looks for applicable mathematical models for the
problem situation and sees which provides the best

. practical solution. What one is not claiming is that
there is a discipline of applied mathematics which is
governed by necessary rules so as to process all
problems of reality with mathematical content. It is
seeing applicable mathematics in this light that leads
to rigid traditional views of applied mathematics.
There is nothing there but pure mathematics, the real
life problem and a way of looking at it and tackling
it. What does not exist in any case is applied
mathematics. One has pure mathematics which is the source
of models for simulating” real-life problems if
interpreted in the right way."

(Blaire, 1973)

What is the boint of this for secondary mafhematiCS
education? .

* There are two asbects: to learn some mattematics
content and to learn what use this is.-_If we reject the latter
of these aspects then we must be able to justify mathematics
of itself (see section 2.2). If we accept: the value of
applied mathematics at all then it must be admitted from
the beginning of the teaching of matlematics, not, as at
present, as a scientific option after specialisation in
form VI or VII. * Considerations of time and organization

would seem to indicate an amalgamation rather than a .division.

3,23 Mathematics and other subjects in the curriculum.
Freudenthal.(1973, p.72) relates the isolation

of mathematics as partly responsible for the demathematicised
science teaching in secondary schools: students who
cannot_usé the mathematics they know in, say, a physics class

are taught physics which requires a minimum of mathemaics.
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But the main question is: can the aims of mathematics
education best be realised by an isolated or integrated
study? '

The answer to this question revolves around the
cultural/scientific orientation of the mathematics teacher.
In recent times the scienfific/technological aspect of
mathematics has predominated. Mathematicians have B.Sc.
degrees rather than B.A.'s, it has been a 'boys' subject
(see Clerk, 1960, p.46.), and taught as necessary for
trades and apprenticeships. - .

Historically this has not ‘always been the case.
Egyptian mathematicians were mystics, and in the Middle
Ages mathematics was linked . .with astrology, music, art‘and
philosophy. This development is traced in section 4.2,

and a full account is presented by Kline (1972).

Whether mathematlcs should be taught independently
from other subjects or not seems initially to be an empirical
question. We should dev1se an experiment and see whether
of not students learn to use and understand mathematics
better when it is taught in isolation. Some evidence that
it is better taught separately might be inferred from
recent research on the hemispheres of .the brain (UNESCO, 1976).
Left and right hemispheres seem to be éssqciated with aes-
thetic and analytical interests respéctively, and, in any

individual, one hemisphere dominates.

Howevgf_a philosophical point arises also. The
purpose ‘of mathématics education is not just to develop
abilities or skills (see section 3.6). So we must be
careful that the other aspects are included in the

evaluation section of the above experiment. Further we must

decide whether or not we want mathematics to be something
separate in the lives of most people. Certainly many do
regard the study of it as separate, but that is begging_
the quéstion. When we come across a problem, or game,
susceptiblé to mathematical analysis or MOdelliné, do we
want people td 'change gear' or do we want mathematics to

become a 'way of looking at things' which is part of each

of us?
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_ To clarify this point let us look at some activities.
Are we copscbus of doing mathematics when we:
(i) work out how many days until next Tuesday?
(ii) position ourselves to catch’'a ball?
(iii) read and. comprehend miléages on signposts?
(iv) éalculate how much change we should get?
(Q) measure up the ‘room for a carpet?
(vi) play noughts and crosses? draughts? chess?
(vii) check our bank statement? '

(viii) do a tax return?

(ix)  calculate the running costs of our car?
(x) do a budget?
(xi) solve a time and motion.problem?

Most people would give some 'yes' and some 'no!
answers. The point at which we become conscious of doing
mathematics is the point at which we 'change gear'. Thus
the aim of mathematics education could be seen as extending
mathematics ability so that doing mathématics becomes part S
of how we look at the world and an automatic activity.

The consequence of this is that if mathematics is
iﬁtended to be an integrated part of'everybody's lives,
then it should be studied within an integrated curriculum.
For this the problem-centred or“applicable' approach would

be especially appropriate.
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3.3 (2B)v(=(2B)): SYMBOLISM AND TERMINOLOGY

'A large part of learning mathematics is learning
‘symbol manipulation and terminglogy, or, at least,
learning translation to and from, and games within,
a mathematical language.'

The roles of symbolism and terminology in
mathematics education have similarities but will be discussed
separately here for convenience- Thus comments in sections

3.31 and 3.32 dso apply in sections 3.33 and 3.34 and vice
versa.

We are concerned with the places of symbolism
and terminology in learning mathematics but in each case

their places in mathematics per se will be discussed first.

3.31 Symbolism in mathematics

Symbolism has many functions, mainly recording
and communication ones, which have been disc¢ussed at 1§ngth
elsewhere (see, for example, Skemp, 1971, Chpt.S.t:p.68.).
Skemp also argues that symbols are a_necesséry paft of our
thought processes, and that we store information using

them (ibid, p.82. and p.70 respectively).
’ In these roles symbolism is qf undoubted value
(Kline, 1973, p.70). For a datistician who fully

understands the signs:

P
~

is a clearer communication than ‘the equivalent english language
form. It can also aid the undefqtﬁndiﬁg of . what is

involved. However pure symbohisationIahd'manipulation'can

give a new mathematical resuit: For example the 'Chain Rule'
in calculus is attributable ih:part tolLiebniz' notqti@n,

and appropriate symbolism was Eésppnsiblﬁ for Maxwell's

'discovery' of electro-magnetic ‘radiation (Kline, 1972, p.350).
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We can go further. . Many breakthroughs in mathe-
matical thought have been a direct result of a new or
different symbolisation of (in many cases) an old problem,
Francois Vieta's introduction of algebraic notation was
alfundamental force in the development of mathematics
(Grabiner, 1974, p5357.) and Descartes' development of
co-ordinate geometry can be seen as an intuitive leap
to a new way of representing a point.in space (Kline, 1972,
p.193.). Skemp (1971; p.85.) gives a simple illustration
of how appropriate symbols Canllead to structural insights.

3.32 Symbolism in learning mathematics.

In secondary level mathematics symbolisation is
often essential to the mathematical idea: We do not
‘alwaYs explain the idea first énd just use symbols to
record or clarify it. For example in the algebraic fkid,
induction and binomial expansion rely on symbol manipulation
(see also Polya, 1957, p.134). '

Thus the assumption ‘stated above seems justified.

However tranélatﬁu; everyday probléms into
mathematical ones is an important part of mathematical
ability (see section 2.43). This translation must be made
into symbols which will enable the problem to be solved.
Existing symbols and methods of translation may not be the
best ones. 1Indeed the skill in translation is often
devising the appropriate symbols. (Note that Chinese
mathematics did not develop or several centuries from the
Middle Ages because its algebraic notation could not deal
with more than three variables)-.

The danger in the above ssumption, therefore, is
that the following further assumption'is also madea

'that the language, terminology and language-games
of present mathematics aré the best or only ones
for students to learn.'

g Tﬁehassumption should be:

'a 1arge part of learning mathemalcs is learning how
to establish an appropriate mathematical language
and to validate translations and manlpulatlons
within it."



There is some conventional symbolism which has
developed over a bhg.perioduand'which is extremely power-
ful. T do not suggest that this be abandoned, but that
it must be seen as an alternative symbolisation game.

For example "dy/dx" is not necessarily the first derivative
of the function y with respect to the variable x. It may
be, and is often used as such, but as a symbol it has the
drawbacks that, for example, "f'(x)" does not have --
namely that "d" may be taken as a variable, or that it
re presents a fraction and thus:

dy , dx _ dy

dx dt dt
is a statement needing no further justification. Any
symbolisation has advantages and disadvantages and these
mbst be explained. Symbols must be adopted because they
fire appropriate for the problems at hand, not because
lthey are conventional -- though they are often both.

Kline (1973, p.69.), in presenting arguments
égainst excessive symbolisation in the 'new ‘math' says:-

"Symbolism can serve three purposes. It can comﬁuni-
cate ideas effectively; it can conceal- 1deas' and it
can conceal the absence of ideas." '

Certainly symbolism can conceal ideas. Newton's
calculus notation held up the develgpment of calculus in
Britain while in France Leibniz' symbols led directly to
.major breakthroughs. Intuitive ideas of space were not
utilised in mathematics because the stddy GE 3 geometry'
was restricted to Euclidean ax1oms, methods and notatlon.
Only when transformatlon geometry ‘was introduced were
students given the tools to make use of the ideas that
they already had. | '

A final point concérning'$Ymbéls and mathematics
education. There is nothing wrong wlth hlghly abstract Qr
obscure symbolism -- but only if 1t is practlcable for . those
who are using it. But we are talklng about students, not
sophlstlcated mathematicians, sé that 'the symbols introduced
or developed must be suited to their- needs.

T
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3.33 Terminology in mathematics.

It does not appear at first as though terminology
is as involved as symbolism with the process of mathematics.
It is often thought that the development of
terminology is é concensual process and does not constitute
doing mathematics. It is seen as a méans to communication,

not part of mathemaics itself.
It is true that terminology aids precision and
brevity. For example, 'average' in layman's terms can
be any measure of central tendenby for a data distribution.
For statisticians the three common measures: mean, mode
and median each have specific uses and need to be distinguishedé
thus the adoption of 'mean' or -'arithmetic average' to

make clear what is being considered.

However terminology éan also be considered as
a language-game in the Wittgensteinian sense. In other
wéras learning terminology becomes part of learning a
concept. (This was‘explained for the term 'prime' in-
section 2.23. For an example using the concept of derivative
see Grabiner (1974, 'p.363.)). This cbnception highlights
the fact that the meanings given to apparently precise
terms are constantly changing.',This applies both to the
- meaning that we as individuals understand a term to have,
and to its concensual meaning. Throughout‘a university
‘mathematics degree, 'function' has had for me a basically
pragmatic meaning. I could recognise a function if I saw
one, c-uld constfﬁct anq use them. It is only in recent
years that I have come to .see a function in set-theoretic
terms at all.

Furthermore the concensual understanding of 'function'
. has changed dramatically over the kst 100 years, and is
still changing, (Freudenthal, 1973, p.21.)

'_ Notice that the earlier meaning I had of 'function'

waé_nof incorrect or useless. As a word in matematical
" terminology it classified a ceftain,group of things I

would otherwise have needed much verbiage to explain.
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Admittedly it was not maximally efficient -- but it

still is not, and never will be.” In fact analytic research
partly consistsof exploring fhe meanings of 'function' -- a
new possibility may yet provide a breakthrough in
matheﬁatical thought. '

3.34 Terminology in learning mathematics

The questions are: how much terminology should
be part of learning mathematics; and what part should

terminology play in this process?

The amount & terminology depends on the content
(see section 3.6). Within each topic area the terminology
pends on: a) the level; b) the lénguage of the teacher;
nd c) the needs of the student (i.e. does he feel the
eed for a word for some idea? This, like symbolisation,
ight be indicated by the student_developinglhfs own
terms). - , o

Terminology is part of learning and must be uced /
as an active means of developing'a goncept,lndt merely as
a name for a concept already developed. The value of {
definitions in this viewpoint is that they work both ways.
- They illuminate the meaning of the definition sentence
and the meaning of the term. The use of terminoiogy in
the classroom is not a simple communiéation, for it is
certain that thg teacher and the learner will havé different
language-games for any one term. ather each use of é
term is a further exaplanation in a never- endlng deflnltlon
of the term, or is part of a langu;ge %ame. For examp;e

.||. x
the statement 'Addition is a blnarY opératlon.' must be !

' \:

seen as helping to define 'addltlonﬂ and 'binary operation’'. :

1]
8y

. ] l. g = =
Freudenthal (1973, p.%@.]igiqeq a similar point
of view, although in different eras.._
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. Terminology, like sfmbolism, should be an aid to
the memory. If merely words are learnt then it is not
performing any educational fpnction, since learning
mathematics consists in learning what terms can mean and
where it is appropriate to Use them. This is a
continuéus process. Consider the teacher's understanding
of a term: it will change as the interaction with the
student develops. For example, a difficulty experienced
by a student may credte a new awareness for the'teacher
of what a term can mean to others. Because of his
experience, the teacher's language is liable to be broader
and more stable than the student's. ‘Thus the 'substance!'
of mathematical knowledge is reflected in the use of

terminology.

-
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3.4 QUITE EFFORTLESSLY DEDUCED: DEDUCTION AND INTUITION

'Deductive method is the paradigm of mathematical
thought and expocsition and must be dominant in
mathematics education.' -

This assumption is such a pervasive one I
shall first comment on the extent of its presence in
New Zealand secondary education. Section 3.42 deals with
deduction in mathematics and section 3.43 with deduction
and logic in mathematics education. Finally alternatives

are considered. ; ¢

3.41 . Basis of the Assumption

Several relevant statements are made in the
- Mathematics: Forms I to IV Syllabus:

"Prograﬁmes of work based on this syllabus will
stress the development of the pupils powers of
ordered and systematic thinking, ..."

(Dept Education, 1972a, p4)

"Mathematics may be regarded as a logical structure
5 - 1 "
built on assumptions (ibid, p.4.)

"Specific Objectives:
...Develop an understanding of the nature of proof "
(ibid, p.6.)

"Children sometimes learn intuitively. Although

mathematics is essentially logical, there are many

occasions when pupils see relationships and form

conclusions through insight before they are able to
. : ;

build the ngce;sary logical StePs"(ibid, p.7)

"The initial steps in the study of geometry are...an
encouragement of intuition, discovery-and inductive
reasoning. A gradual growth of deductive reasoning
follows, to prove apparent truths and to lead to .the
establishing of further properties and relationships...’
The emphasis is on experience leading to thought... ."

(ibid, p.8)
In the last two quotes thé inferior status given to
intuitive over deductive }eaSOﬁing is explicit.
A The first part of thé preamble to the University

- Entrance Examination Prescription states:



76

"The ideas of logical deduction and the correct
use of symbols should be an essential part of the
teaching of this- syllabus. Particular attention
should be paid to the ideas of implication, converse,
equivalence and the use of the counter-example."
(Dept Education, 1972b, p.301.)

The School Certificate Preécription has
similar aims to the Forms I to IV syllabus. In addition
it mentions that the ability to make simple deductions
will be specifically examined. No mention is made of
creative, lateral or‘intuitive thought.

A major secondary texf, the Shape of Mathematics

Bk II, introduction states: ’

"In our view, the important themes are functions,
mathematical structure and the nature of proof. ...
We ... place more emphasis on proof and disproof
than one often finds in modern texts."

Sﬁch statements are notable for their lack of appreciation
df the part played by intuition or creativity.

The arguments against the dominance of deduction
?nd logic. have been well espoused by, among others,
kllne (1973 and 1976). Descriptions of intuitive and
creative thinking in mathematics are alsofcommon ‘
(Polya, 1957 and De Bono 1971). .

3.42 Deduction in Mathematics

The following is a review of triticisms’ from

the above sources, with additional comments and examples.

In the'first place mathematics did not develbp
deductively. In fact deductlve met*od qutside of Eucl;d
has been common only in the 1ast 15b years. Even Eucl%d'
Elements was the final product of: 3b0 ypars of basically
intuitive thinking, and even néw is recognlsed 'to rest
on 1ntu1t1ve assumptions. It 15 difficult to say which
mathematlcal 'discoveries' were.: the reshlt of deduction:
and which 1ntu1t10n, but experlenca indicates that the
major steps were 1ntu1t1ve at flrst -- deduction's place

was confirmation and recording. A major counter-example



pointed out by Gordon Knight is that of non-Euclidean

geometry. Gauss and- Lobachevsky worked from the deduced

independence of axioms to the derived consequences of
using al ternative ones.

A second point is that, ihcreasingly over the

last 100 years, we do not ‘agree on what is a correct

proof. Until the 19th century the correctness of
mathematics was linked to a belief in God and the perfec-
tion of the universeg subsequently axiomatics were
developed, but recently the foundations of mathematics
is a subject of considerable controversy. School level
deductions are certainly not rigorous in a contemporary
sense (see section 3.5) and rest on consensus/intuitive
ideas of implication eéc (like our everyday use of logic)
ather than formal/mathematical ones. Logic is very much

language-game: in a classroom the statement:

3 + 4 = 10 & . 3x =6 y

is not based on a formalised seﬁse of "«=>'" but rather

| shows an example of how "<=" can be used for confirms

its use in similar situations) as well as5being a stepx
in the solution of an equation. ? v \
This leads to a third -point: the arbitrériness
of deductive method. Deductive probfs are ndt unique -+
many theorems have been proven in several different waysE
there are many -proofs of Pythagoras' Theorem and no '
'agreement as to the 'best' one. Also defin?tions are
determined by utility and then deduct;vely justified and

not vice versa. Addition of fractions was defined as:

¢

a  c® ad + cb : a . c_a+c I"
E+E————————bd andnot\-s-l-.-a——b+d
I

because it worked that" way. _-F : /

Not only are proofs and Fesults arbltrary, but
so also are the axioms. The garadigmaélc example is the
parallel axiom in geometry. It was about 2000 years | :
after Euclid that it was discckered that the parallql_l
axiom (that there is only one iﬁnélpaqaLlel to a-given

line through a given point) was*independent of the other

17
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axioms, and therefore that alternative consistent
geometries could be formed by making alternative assumptions.
The subsequent developments opened vast new areas of
mathematical thought and ultimately led to a new meaning
for geometry. .

Such a 'thought-shift!' corresponds closely
to Kuhn's concept of 3 scientific revolution (Kuhn, 1968)
whereby advances in science are made when previous
conventional wisdom is doubted and new paradigms are
formed. In mathematics this could be interpreted as
saying that advances result exactly when deductive
methods are in some way suspended. This idea originated
in a paper by David Stenhouse ( d ). See also in
this regard Grabiner (1974)..

A further point is that much mathematics either
rests on, or has been insbired by, ﬁnproven results.
Goldbérg's conjecture and Fermat's Last Theorem are
ekamples. More importantly the foundations of calculus
were not estéblished until 150 years after calculus
was used constructively. Mathematicians using calculus
knew the problems ahd relied on faith rather than reason. The
use and fbrmalisation of negative numbers have a similar
history. There is a point of 'view that' work using
concepts which have not been formalised is not mathematics.
Philosophically this is difficult to sustain since

identical work done after formalisation is mathematics.

_ Final%y;_although it sounds paradoxical,

deductive methoé is nof always convincing, nor is it
the basis of our belief in mathematical results.

! As an example of the first case: if a proof
of an.intuitively strange result-is given, we doubt the
pfpof first, not our intuition. Relativity theory is a
¥ gé@d example: many people doubted it on intuitive grounds
even when they could follow the steps in its derivation.

As an example -of the latter situation: recently

the Four Colour Theoremlwas claimed_to have been ‘finally

proven (after 130 years of génjeqture) in a 900 page



deductive exposition. Now even if this is agreed by
eminent topologists to be without flaw, my belief in the
theorem will be little changed. It will confirm my
belief, but it will not be the_basis of it. If the proof
is shown to be in error my belief in the fheorem will
remain. b

To say that deductive proof is needed to finally
convince could be circular. It does make sense_ to say
that we were convinced of something that is deductively
false, so what is happening is that we are redefining
'convince' to mean something like 'believe and also be
able to deductively show'. Thus deductive proofs are
only part of the reason for a helief - the rest is
acceptance of authority, intﬁitivejfeeling etc. A
language-game perspective on this point is that what a
deductive proof of an intuiti@ely odd result achieves is
not a change in belief. Rather the meanings of the
wads alter so that intuition,does agrée with the proof.
'Space' and 'speed of light' will mean different things
to somecone after that person has-accepted relativity
theory, i.e. the words will be used in different ways
which will now accomodate the results of relativity.

In other words, the .relationship between deduction
and belief is not a one-way, neéessary'connection, but

rather is a mutual accomodation.

The above points have attempted to show the
placé of deductivée method in mathematics. Deduction
often comeé after intuitiye or creative thinking as a
confirmation and formalisation. Sometimes deductive
proofs need to be doubted before advances are possible
and sometimes they create }truths' in combination with

lapguége and intuition.

3.43 Deduction and logic in mathematics education
The above comments are not reasons why'dedqctive
method should be relegated in the teaching and learning
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of mathematics. We must also examine the pedagogical

characteristics.

Kline has suggested.(19?6, p.452.) that the
human mind does not come to an understanding of ideas
through deduction, but rather through intpition and thus
ideas should be taught this way. I do not wish to enter
the psychological learning theory debéte here, but
something can be said about the nature of deductive,
jntuitive and creative thought. -

I shall assume that the deductive method is
epitomized by a sequence of statemengs connected by
allowable rules and based on axioms. We do not usually
consciously think using such a method.

Creative thinking and modern heuristics (as
efined in Polya, 1957, p.129.) have aspects which are
irectly contrary to the deductive method. Characteristics
f deductive method which aﬁpedr'as the opposite in

ﬁhtuition.or creative thinking are: 6

a) deduction is linear and usually forward looklng,

b) deduction is usually conscious, has set rules and w\ll
therefore tend to be universal rather thanllnd1v1dua1
in methods and results;

c) deduction takes atomic steps;

d) deduction has no place for error as part of its method.

There are three further pedagqgicalf@eaéons
which make deductive method sometimes‘inappropriaée.

Firstg it can lead to coﬁfusion over whét aqe
axioms and what are laws. It is nqt clear whether commu—
tativity of addition is a law or o ax1om. Given the ’
language-game functions of a teach}ng qltuat;on it 1s'
probably both. - [ : "

Second, if deduction is the sole method presented
to students they can come to belleve that mathematlcs :
is harder than it actually is. \If the next step .is not
obvious the student may well ask “How did anyone ever
think to do that?". In fact, of course, the deductive



sequence was often found after the result.

Finally the deductive approach is often more
complicated than the untuitive dne. (See also the dis-
cu551on of rigor - section 3. 5). A topic may be learn-
able and useable while its Justlflcatlon remains too
complex to attempt. For example infants can know that
-5° is colder that 5° ‘without understanding inverses.
Another example is embodied in the history of calculus

mentioned earlier.

What part, then, does deductive method play?
Polya (1957) considers that deductive reasoning needs to
be learnt since:
a) it is the method by which eviderrce is evaluated;
b) it gives the idea of the existence of a logical system;
c) it gives connections between bits of information,

therefore making them easiér to learn;

d) it provides a check on errors. '

Fréudenthal feels that to teach logic as a
sgparate subject is-unnecessary:.

- "Rather than teaching logic, the mathematics teacher
shall use logic and he shall make conscious to the

. 2 i = L
learner tha% logic the learner is u51ng.‘(1973’p.661.)

The arguments above have generally shown that

making the assumption that the deductive method is dominant

~in mathematics education can lead to bad learning. That
deduction and logic are part of mathematics is not
being questioned, rather the nature of that part is being
examined and its limitations exposed. Deductive method
is certainly vaiuable, but its importance is devalued
if its relationship with heurlstlcs and intuition
is, not recognised.

@ Deductive method may be paradlgm of mathematical
exéosition, it is; however, only a constituent part of
. mathematical thought and hence‘also only part of a mathe-

matical educatlon.

<
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3.44 Alternatives

_ A case has been-made, as parf of the argument
againsE deductive 'reasoning, for intuitive.thinking. How
this-is to be taught is a difficult question which will
not be considered here. However, if it is going to be
Eaught, it shoud be taught'consciously. éolya makes
the same point about heuristics (1957, p.13.).

Deductive method and intuition are both part
of mathematics. It seems reasonable to assume that
they can be taught togethef. If deduction is given
the specific roles mentioned above, and intuition/
heuristics/creativity are also taught or used in
appropriate places, then the synthesis will be nearer
to mathemtics than if deduction is make central. A con-
sequénce of this is that students would®also need to
be taught where and when each method is appropriate.
It may be that at times the methods will need to be separated -
it has already been mentioned (secton 3.42) that creativity
at least involves the contradiction of 1ogically deduced
results.

Kline attempfs a combination in his explication
of discovery approach (1975, p.154.). This is not the
only way they can be combined.
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3.5 RIGOUR MORTIS

'The maximum figour pogsible is the best mathematics.'

3.51 . What is rigour?

Rigour can be seen as the level of analysis.
Generally associated with the deductive ﬁode, it involves
both the size of the steps made and the detail of the stated
assumptions or axioms. Thus greater rigour can only be
seen with respect to existing rigour; more detailed steps
can only be made between existing ones. To the extent that
rigour is associated with deduction the caveates of section
3.4 apply here.
Whether the above assumption is correct or not 1is
really a matter for mathematicians -- I think that in the
:énse of mathematics as a field it is largely true. Certainly
any mathematicians have spent much time investigating
xiomatics (e.q. Freg;, Godel,” Russell, Quine); “-and have
ade interesting discoveries about hidden ax1omo, the

1nterdependence of axioms and the level of rlgour p0551b1e.

|
3.52 Rigour and mathematics education
The problem is that the assumptioh is made b?
"mathematics educators, and they slip easily into .the very

different assumption:

"Mathematlcs should be learnt. w1th the max1mqm rigour
possible." ,

This is pedagogical, not & mathematical stateéement
and is criticised at length by Kline (1§73, p,51).1 The
following criticisms are mentiénédi b ' .

1. The level of rigour accepteblé-ambﬁg maﬁhe@gticians
changes. Thus Euclid, for 2000 years accepted as the
paradigm of rigour, is now recdgnlsed gs defective in
that many 'intuitive' axioms (e;g.“the '1ntersect10n"and
'between' ax1oms) were not stated. Two pedagogical

questlons arise from this: flrst, if. such axioms were so
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intuitively obvious that they were overlooked for so

long can we expect beginning mathematicians to appreciate
them? Second, if rigour is time-relative then one
particular level of rigour is not any better per se than
any other level ‘—=- it must be justified on some other
grounds. ' ‘
2. Rigour developed in response to faults in what was
previously thought to be a rigourous presentation. Thus
in tgaching a rigourous development we must ensdre that
the student perceives the need for it, e.g. teaching
fractions as number pairs safisfying}certain operations
needs further explanation to a child who intuitively
understands fractions on a physical level.

i ‘SQme axioms are more complex or, difficult to under-.
stand than the theorems which are proved from them.

Thus it must also be explained why some propositions are
axioms (starting points) and. some are theorems (results).
Since this disctinction is lafgely arbitrary, to explain
rigour adequately needs some sophistication.

4. To develop rigour in any depth many trivial theorems
must be proved before significant ones can be studied.

*The inclusion of'computer programming in mathe-

matics does provide an argument for riéqurous_treatment
in that computers have'clearly defined 1limits within which
-they will operate effectively. ﬁowever-the level of
rigour is variable -- between computers,. between computer
languages and between computer logics. This is a prime
example for pointing out the relativity of rigour, and

the necessity for adherence to it within suitable limits.

3.53 ‘Teaching rigour.
1

, What place can we give to rigour in mathematics
amﬂmaéhematics eduction? - ‘ l .

. Kline assigns.rigouf a place: solely the concern
of professional mathemdicians’ who wish to ensure .that the

deductive 'structures are sound.
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We can never know, however, an ultimate rigour;
it is a response to perceived flaws. But we can be
satisfied with a pafficularllevel of rigour. 1In mathe-
matics education it is the student who must be thus
satisfied, not the teacher. So the .level of rigour
should be determined by the questions ~ asked or
insecurity felt by the student about some (deductive )
sequence. The teacher is in a position to generate the
dissatisfaction of the student, but his/her own dis-
satisfaction is not sufficient justification. Rigour
is part of mathematics so learning mathematics does
involve learning rigour -- but learning about rigour
rather than learning the most rigourous development in
whatever topic is under study.

The teaching of logic is often justified as

mabling students to attain greater rigour. On the
bove analysis this justification must be limited in
alue to those students who perceive the need for logic
tudies. Freudenthal's quote in section 3.43-fs apt here,
. Perhaps it would be clearer to.reétate the
assumption as: : \
'Mathematics should be learnt with enough rigdur
to satisfy the student.' '
with the additional comment that pért of teaching mathe-
matics involves generating dissatisfaction with implicit
-assumptions. '
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3.6 KNOWLEDGE, SKILLS AND ATTITUDES

'Knowledge and skills in mathematics are more
important (or can be taught) than attitudes (which
cannot be taught).'

This assumption is an unstated one. However
it can be deduced'from the nature of mathematics education:
my feeling is that little is done in schools to promote
positive attitudes towards mathematics apart from super-
ficial motivating 'cons'. 'Less subjectively, the Syllabus
in its aims, expresses a need for the development of
positive attitudes, but in the subject matter and the
examination prescriptions creativity, opportunities for
individual interests and aids for the teacher in this
direction are notably absent. Teaching .positive attitudes
is one of the most difficult aims to fulfill, partly because
. it conflicts with other aims and partlf because it is pot
'mathematical'. The lack of guidance for teachers has

the same effect as the above asSumption.

The language-game for 'learn' is one of the most
varied in tﬁe philosophy of education. For. this analysis
it is convenient to identify three levels of learning
corresponding to the three areas in the title of this
section. Each shall be considered in turn, followed

by a section locking at the consequences for mathematics
education. .

3.61 Learning that.

. The first level is learning facts, as in "I
learnt that the sine graph is periodic.".

This seems straightforward until we remember
the discussion on terminology in section 3.3. Learning
the *'fact' of, say, _ the perioditity of sine graphs

constitutes learning one of the dfining characteristics
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of sine graphs. . Could we be said to know what a sine-
graph was if we didn'‘t knowlthai it was periodic? (See
the discussion of primes in 2.13). It is also learning
what is meant by 'periodic'. Even if we take the simple
fact 2 + 2 = 4 we are really learniﬁg.about the numbers
and what they represent, rather than a unit of information.

Thus fact learning can be seen as a language-game.
Consider how it is evaluated: reading-level and vocabulary
are now accepted as important variables in examination
papers. This is not only because students do not
understand the questions, but also because vocabulary
and the way in which words can be used are exactly
what is being tested. Take these two test items from
the Mathematics Level 6 Item Bank (Dept Education, 1973):

"6-3/39 A vertical plane is at right angles to...
A. a horizontal plane B. an oblique plane
C. a parallel plane D. none of these"

[The meanings for several words are required, but, in
!partiCular, an objective meaning for the Wo;d,iverticalﬁ
Jis needed. But 'vertical' cannot be understood without
its orthogonal relationship to 'horizontal!': "verticaly
means 'straight up and down', but what is 'up and dow;\?
Sooner or later an explanation invo}ving 'sideways' or 8
'across' or 'horizontal' will be necessary. So the E
question is really about the way in_which the two words®
.relate, or the way in which we use them, not about the

‘fact' of what is a vertical lige. . s

16-7/17 The product of two prime humbers-is’always...
A. another prime number -, B. ' a composite number
C. a square number . D an‘irration?l numhFr.'

Again the meanings for several worqs are requlred. Bu£
to identify the correct answer, mor? than a knowledge of
the word 'composite' is needed. The eXamlnee must be 1
able to identify a 51tuat10n qn which éhe word, is approprlatei

1
i

i.e. 'composite' may not have been used in this context
before, it is the relatlonshlp between"product' and: - :
'comp051te' which is crucial, nbthung'to do w1th prime

numbers. The" 'fact' of what is a comp031te number is



really the use of the words“product' and 'composite'.

3.62 Learning to.

The second level is skills learning, as in "I
learnt to sclve linear equations of one variable".

The behaviqural understanding of 'to learn'
is especially relevant here. Léarhing can be evaluated
by performance: some behaviour appears which was not
exhibited prior to learning. It is likely, however, that
behavioural theorists were initially playing a much
broader language-game with the word 'behaviour' than
'activity or performance'. Rather they interpreted the
word as a complex of activities and dispositions.

Skills learning can be confused with fact or
- terminology learning. For example, paft of the skill ,
of drawing a liner graph is understanding what 'draw
a graph' means. There are many fourth formers who can
accurately "graph y = 3x + 2" but would not be able
to "represent graphically the linear function G given
by 6 ={(x,6(x)): (xcR) A (G(X)¢R) A (G(x) = 3x + 2},
and, thanks to new maths, there may be some who can do
the latter but not the former. Skill learning could
be redefined to overcome this problem as: 'learning to
exhibit some performance when the cue appropriate to the
learner is given'.

However the problem is not solved. Consider
an infant learniag additon (assume that he can count
to ten). Asked what 5 + 3 is the child can count things
and arrive at the answer 8. At this point adding is a
skill -- it involves several sﬁeps and probably some
physical activity. However eventually such knowledge
becomes a fact or a language-game. Does this transition
take place when the addition is removed from the physical
things? This is plausable until we consider repeated
addition. Is 1+ 1+ 1 = 3 a fact or a skill? What
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about 3+541 = 92 Could a child who 'knew' that 5 + 3 =8

and 8 + 1 =9 nécessgrily do this sum? Such an example

points up one relationship betwgen fact and skill learning:

the latter can be generalisation of many 'facts', or the

undefstanding of a language-game involving many words.

3.63 Learning to feel.

The third level is attitude learning as in "I
hate mathematics". s

Sentences which exhibit this type of learning

often do not contain the word 'learn'. However attitudes

are learnt and . positive attitudes towards mathematics are
part of the explicit aims of mathematics teachers.

What is meant by a 'positive attitude'? We
ust be careful to avoid the success &--—--- » positive
attitude circle described in sectlon 2.33

The behavioural answer is that a pOSltlve attltude
is shown by a higher pobability (as medsured by observatlom
of behaviour) that the student will, say, smile on 5

A

{
entering a mathematics classroom. AlLernatlvely . \ !

psychological criteria (e.qg. anx1ety as meagured by pulse—

rate) can be used. While there is 'some value in this \
view -- the use of 'probability' especially -- it is not

the whole story.
| Attitude can only be gauged'after its'adoption
whereas,; if we take notice of subjective accounts. of the

learner, an attitude can be indicated
formed.

as it is being _
The effect of the behav1oural view is to neghte \

subjectivity. But attitudes are nécessarlly subjectlve.
The behavioural evaluatlon can onl& be 'checked ultlmately
by correlating physiological or behavlﬁural consequences 3_
with accounts of how people_féel. { . %
." ’ ; '
What cbntributes tolgositiveLattitudes in% - s
mathematics? -

T

I shall only consider ehvironmental variables,
inherent ones are not malleable by education, though they
can, and should, be allowed.for. .

i e o



) Success is often séid to be important for a
liking of the subject. Would the average fifth former
increase his liking for mathemafics by successfully doing
100 sums like 7 + 4 = 2 - It is not the actual succeeding

as the other things which go with it: social prestige,
worthwhileness, meeting a challenge. This is borne out
by some people who seém to hate mathematics merely because
it is trendy to hate it: some important people'in our
society seem proud of their lack of ability in mathematics.

l Interest is another factor. It does not make
sense.to say that someone beéan to léke something while
it was boring them.

Worthwhileness incorporates some of the
behaviouiral post-formation difficulties. If, after we have
completed an activity, we look back and judge it to have '
been worth the effort, then a similar activity is more
likely to be embarked upon than otherwise.

Relevance may seem to be a factor, but it does
make sense to say, -for exampie, "I enjoyed an article on
catastrophe theory I happened to come across in the |
Listener, and would start to read other articles if I
saw them..". ' _

Skemp (1971) mentions two otﬁgr possible factors:
anxiety level and destructiveness. In general he approaches
tte problem from the opposite direction: he assumes a
positive attitude and tries to see what .turns students
- off. 'Insults to.their intelligence' are one of his

major destructive. influences.

L}
w

3;64 Consequences in mathematics education.

All three types of learning are necessary: it is
difficult to conceive how type 2 or 3 could be achieved

. wi%hout some of type 1. The difference is that types .

1 and 2 have many referents -- there are a myriad of

possibIe‘facts and skilié, but typé.B has only one referent:

To

we want a goéitive attitude, not a negative one, to be learnt.’
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Type 1 and 2 referents can be conceptually divided
into two classes: those facts aﬁd skills necessary for every-
one (of age 15 say) and those.not. However it is not just
a question of argquing which class each fact or skill goes
into. The contents of the eclasses chamge with time, place,
culture and the aims of education. The dilemma is stated
by.Beberman (quoted in Kline, 1973, p.134) that the question
as to whether a particular mathematics topic can be taught
is an empirical mattef, not a philosophical onej; the
gquestion is: who is best able td decide what mathematics
is appropriate? Are we to ignore tihe mathematicians'
advice (he thinks that they have not been too wrong in the :
past), and, if so, is a teacher or student better able to

know what mathematics is important?

Furthermore the necessary content may change

ith the degree to which'type 3 learning takes place.
discussion with E.L. Archer enabled me to express this
Qea. He. suggested that 'transfer', while" commOnly thought
of with respect to a body of contéent, or, at a higher o
level, a process or skill, should be with respect to -1 i
success feeling. Thus what is transfered is a time-sawing h
when it comesto relearning or new learning Qn-the same area.‘
For example it does not matter that'I have fofgotten most

of my form VII biology, if I do need the information my ,
positive feelings towards the subject will mean that &) T

will be prepared to make the effort, and b) that the relearning
will be quicker. ‘ ;

The subJect— and student=- centred approaches to
teaching can be analysed in these terms: the subject- dentred\
approach emphasises type . and 2 legrnlng in that not all
factors for type 3 learning are meu Success can be

arranged or interests generated foy soqe of 'the students )

some of the time only. In othbr wArds the assumption stated 1

at the beginning of this secthn is' made. ; '

I
The student-centred approach beglns with type 3

factors; toplcs w hich. interest the students, but suffers
from the danger that the necessary c}ass of facts and skills

may not be covered. The assumption is replaced with: i

™ s =
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a).mathematical knowledge can be transfered only if the
student has a predisposition to learn and b) knowledge and
skills in mathematics willlautomatically follow if a
p081t1ve attitude has been generated. -

If Skemp (1971, p.116) is right, then the student
centred approach is unnecessary: facts and:skills can be
téught so long as Ehey are done in such a way that the
assumed positive attitudes are not destroyed.







72

3.7 RANGE, VARIANCE & MEASURES OF CENTRAL TENDENCY

'The mathematlcal needs of everyone are broadly
similar.'

'Mathematics taught in schools should aim at the general
needs of all students'.

This section continues the discussion raised in

section 2.24 and 2.53.

The assumptions have four levels of analysis:

a) that broadly similar mathemaiical needs exist;

b) if

¢) AE
d} if
These

ofr i |
Ja
exist.

there

statistical concepts used in advertising and monetary

a), then these needs can be discovered;

a) and b), then such mathematics can be taughtj
a), b) and c), then such mathematics should be taught.
will be discussed in turn.

Do similar needs exist? . :
: _ 3

" Similarities within mathematical content undoubtedly
Within the context of symbolism and terminology E

] ; b |
is a common cultural content of mathematics. FoX example
\

mathematics. But also the way in which we Yalk about numbers

and ou

r concepts of mathematical ideas are culturally _a

dependent, (e.g. ideas of the infinite, geometry and

-Mmeagsur

discus

a simp
compar
in per
1977,

differences. It is reasonable to qnfeﬂ subtle changes in
tion and thinking w1th1n the " evolutlon of any one | i

culture (and hence a common base w1&1n one culture at a

percep

specific time). And the naturé of mathematlcal thought

has, and 9111";5, changing. W1th the advent of computers,

ement). This is clearly seen in the historical
sion in sections 4.1 and 4.2. | I |

‘Culture also affects pergepﬁidn_and Ehiﬁking. on
le level the evidence for this is wéll—docuﬁenta@:
ative studies between African and EurOpean childfen
ceiving colour (Bornsteln, 19173) ; pattepns (Bentley,

drawings (Deregowski, 1968)lshow significant [

flow-chart logic and algorithmic progedures are becoming

T

g e B
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commonplace in our society.

Common factofs in the psychology of learning
are not ev1dence,br a common mathematical education.
If everyone thlnks along SLmllar lines there is no
need to be taught to think like that -- though
possibly patterns of human thought can be allowed for
in teaching methods.

But children in our society are subject to
similar environmental factors,-TV being the obvious
example. Peer-group organisation of schools exaggerates
thise. )
When considering common needs we should
also look at the known differences.

The level of sophistication and amount of

content needed by different studenté will be different.
-Capabilities differ and pbst—school lives will be ‘
widely diverse. Our society contains many cultures
and not all of any culture is necessary for everyone
within that culture. However there is &ill the

logical possibility of a common base of the minimum
étandards type.

Individual differences in ways of thinking,
readiness for learning, interest, present environment,
past learning and inherent capabilities are all well-
documented. But none of them logically rules out the
possibility of there being a common, necessary body
of coﬁtent and/or mathematical thinking process.

: t ,

Given a common culture and mathematics' pace id
it, it is necessary that there be some common mathematical
material: to say that two -people live in the same. culture
but will have NO common mathematical experiences
does not make sense. And . therefore some common
mathematical ways of ‘dealing with these experiences
are needed. : .

This hlghllghts the rec1procal aspect of
culture and (in this case) mathematics. Common



mathematics is derived from a shared culture, but also a
common culture is partly created by similaries in
mathematics among a group of people. This is not circular:

education creates culture as much as it transmits it.

3.72 Can common needs be discovered?

i The educational time-problem presents the
main difficulty. Given the context of, say, New Zealand
secondary education, we are téaching‘for an unknown future.

There are purported ways around this.

First it can be argqued that the content
does not change as fast as all that. Decimal notation
( and its use in monetary systems. for example) has been
around for several hundred years and looks as though it will
last our students' lifetimes.at least.

; A second argument has déveloped in response
to changing content: we shoula teach/learn procedures of
perceiving and thinking, rather than subject material.

For example the deductlve method of mathematics seems
constant. ' However it is changlng also.bmathematlcs in

the 18th century was result orjiented, in the 1% century
it was rigour and axiom oriented.(Grabiner, 1974) and now
we are seeing shifts (due to coméuters and ‘calls for
relevance) towards algorithmic and applicable mathematics.
Furthermore some of the changes in thought are quicker
than the content changes: calculus has gone through all
three stages mentioned above. Ceftainly they can change
within a life-time. ' |

It may be arqgued that there is still a

pervading mathematical method -- but it must be rather
.general and a small part of the whole field of mathematicé
XE 1t is to encompass even the three changes mentloned.

2 ' A third way out of the time- problem is to
-follow trends to dlscover, or make 1nte111gent guesses
about, the future common needs. As an example computer
technology.and:its ramifications weré predicted many years

ago. Many mathematicians and eddéators have made what turn
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out to be extremely accurate forecasts of the impact of
mathematical trends. However these may be self-fufilling and
many have also been wrong. We tend to remember accurate
forecasts and forget the many wrong ones._ _

| One further attempt to solve this time-problem is
to educate for a positive attitude towards mathematics
making theassumption that someone who likes mathematics will
be prepared to learn that which is necessary at any time.
This has been discussed in section 3.64.

_ None of these pollings of the horns of our
dilemma really solw the problem, though in combination they
are enough to convincemost educators- that there is
enough material to make compulsory education worthwhile.
For & contrary view see Holt (1977). And to he extent
that we educate for the present we can find out our

mathematical needs.

Another difficulty in determining needs is that
the perception of culture differs between groups in our
society, particularly between older and younger people.

The way students in secondafy schools perceive mathematics
is different from that of adults. Older teéchers will
have difficulty knowing the common needs of the younger
students. )

It may also be difficult to perceive the mathe-
matical needs of a culture from within that culture. If we
are in it then these needs may be satisfied unconsciously and
recognition méytbe difficult. Also how will we know when
we have discovered all the common mathematical needs?

The reciprocal nature of.culture and mathematics

implies that identified common materiél creates the
needs for it. The idea that our society needs

to deal with advanced technology and.increased complexity
leads to the education nebessary to create computers when

other solutions (e.g. deQindustrialisation) may be possible.
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3.73 Can common material be taught?

Part of this questlon is an empirical one, to be
1nvost1gated in the psychology of mathematlcs learnlng.
“L shall not consider this aspect.

Another part is. related to the .individual
Idifferences in réadiness, psychology, physiology, interests,
environments and inherent capabilities of the students.

Such considerations have led to di&erse teaching methods:
mastery learning, programmed learning, contract teaching
group teaching, options, open schoo}s and so on. Again
the ability of these methods to cope with the above
factors is largely an empirical matter.

" However there is one philosophical poblem to
be considered.

Culture, including the mathematical part, is
created by the interaction of the people within it, both
among themselves, and with the present culture. Thus the
common mathematical needs are created and solved by groups
and individuals themselves. This may be dealt with by
teaching, not mathematics directly, but rather an awareness
of, and techniques for, creating and deallng with the
mathematlcal aspects of our culture. This is very dlfferent
from the mathematics taught in our schools now. For
example, rather than teaching about computers or how to
prbgramme them, we should teach how to find out about (and
develop) new uses for the computer. The two areas do overlap,
but the létﬁer part is neglected at present.

Another difficulty with teaching common material
‘arises from the tiﬁe—problem. Given that the time-problem
can be partly overcome by discovering general methods and trends,
it is necessary that the school system can adapt quickly
to these. To the extent that it does not, the advanage
..is lost. For example calculus is still taught using
'the_ways of thinking of pre-Cauchy éimes. Now peaago—
gically this may be good‘(imé; the intuitive non-rigorous
approach may be valuable -- see sections 3.4 and 3.5)
but if modern concepts in mathematics are part of our

culture, then they are being lost on our students.
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3.74 Should common needs be taught?

Accepting the evblution of cultﬁre, may we not
be doing a disservice to students by_pre—éetting‘thgm
to. the present or (given the conservative nature of change)
past culture ?

Secondly; perhaps responses to mathematical
needs should come from the people when they arise rather
than be taught in a compulsory system before they are
perceived by the learner? This view is extensively
discussed by John Holt (1977). )

' Finally, perhaps society should change so that some

needs become less needed. This is possible given the
recipfbcélity of culture and mathematics mentioned above.
It would make sense to use this power of education
especially for those needs that are, in practice, not
_being coped with by a significént proportion of the
population. The change to decimal currency can be seeé in
this light.







3.8 MY COUNT: RIGHT OR WRONG?

'Correct answers are a large part of mathematical
competence.' ’ '

'Getting the right answer' has been worshipped
és-tﬁe prime aim of mathematics education.

On the one hand employers and others for whom
accuracy is importént have berated schools for turning
out students who cannot perform calculations at whatever
level they require. On the other hand stories of mathe-

maticians who can never give correct change are classic.

3.81 What is a 'right' answer?z,

Getting the 'right' answer is :‘largely a language-
game. .

This seems an exaggerated statement especially
if we consider an example like 6 x 5 = 2?2 But 6 x 5 does
not necessarily equal 30. It may be equal to 26 if a
duodecimal system is used, 36 in octal arithmetic, 2 in
arithmetic modulo 7, 30x if 'x' stands for a variable, or
something else if 'x' has beén defined as some operation
other than multiplication. Understanding what is required
is at least as important as knowing multiplication tables.

Correct answers also depend on the question.

'30"' would be marked wrong by many teachers as an answer
to the question: "How far would you go if you travelled
at 5 km/hr for 6 hours?". Units would be required.

Methodz units, statements of error factors,
accompanying diagram, speed of calgulation.and even setting
out can be factors in determning whether an answer is
correct or not. Thus the teacher defines what is correct
out of many aternatives. As well as performing the
calculation, the student must understand what language-game
is being pléyed in a given situation. In this respect
classrooms are different from 'life' where the correctness
of an answer is defined by the person doing the calculation.

De Bono's discussion of .lateral thinking (1971)

MASSEY UNIVERSITY
LIBRARY



mentions this area when he argues for specific instruction
in variation of techniques and acceptable responbes to
some problem.

3.82 How important is it to be right?

What does a teacher mean when he/she says:

"Don't worry about the answer, it's the method that counts",
or "Show your working, you can get nearly all the marks for
an exam question even though your answer is wrong".?

Is the teacher saying that the answer is always
less important that the method, that it is mathematically
speaking less important, orvfhét on this occasion it is
less important?

The first alternatiue,-that the answer is always
less important, is simply not true.' Giving change in a shop
is.a Simple example -- being correct is more important
in practiae than whether calculdor, fingers, tables,
Trachenburg method or guess was used.

‘ The objecﬁion may be raised: "Yes, that's true
in practige, but it is not how we think of someone's
mathematical ability. Surely you must agree that someone
who blindly gueséed the correét‘answer.is not as good at
mathematics as someone who performed the correct calculations
but mistakenly said 6 x 3 = 24 at the end?. I think I'd
want to know a little more about how the guess was made,
and whether the one who calculated did a check and
estimation and so on. But it is true that we could
construct an éxample whefe we would want to call the person
who got the wrong answer the better mathematician. Our
eﬁaminations are full of such cases. ‘

So, sometimes at least, mathematically speaking

.

) anSwers are less important than method. The question

now arises: if answers are not of prlme importance in '_

" mathematlcs, what 1is? Several answers could be offered:

a) Metﬁod: it is generally agreed Ehat the elegance,
sophistication, abstraction, generality and speed with which
an answer ‘is produced has something to do with mathematics.
b) Thinking: was the problem laboriously or economically



solved? Were intuitive leaps followed by confirmation,
or how was 1t thought out?
c) Verification: were rough approximations or rigourous
deductive proofs made? Were errors and probabilities
estimated?

‘ All of these'can be important depending on
what the teacher/employer/user means when asking for
mathematical competence. All can be taught, or at least
demonétrated, and all should make up part of a mathematical

education.

The third possible meaning for "Don't worry about

the answer"™ is that it is not important on this occasion.

This answer may be valid because, although the ultimate aim’

is to get correct answers, at -the moment the teacher is
considering only one aspect of getting the answer.

There are also pedagogical réasons why a teacher

(of

may not consider answers important. Part of teaching/learning

is. the development of propitious conditions for learning.
Gaining a positive attitude to the material (or avoiding
negative ones) may'ﬁe part of this. If success or failure
is a variable (see section 2.3) then de-emphasising
correctness may be valuable. This is different from
1saying that the answer is not important in .the long run,

and must be recognised as such by both the teacher and the
learner.
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4.00 HISTORICAL DEVELOPMENT OF PHILOSOPHIES OF MATHEMATICS

EDUCATION
4.0 Introduction
4.1 Philosophical Considerations in the History

of Mathematics

4.2 Mathematics Education in the United Kingdom
4.3 Mathematics Education in the United States
. of America

4.4 Mathematics Education in New Zealand

4.5 Forces in Mathematics Education

4.0 INTRODUCTION

This chapter traces some of the major influences in
the development of existing philosophies of mathemstics
ecducation. This is done in order to put into perspective some
of the assumptions mentioned in section 3.00, to see how they
originated, and also to identify some of the prchlems which

will have tc be overcome if they are to be changed.

The development of attitudes towards mathematics
ediication in New Zealand has been largely dependent on those
in the United Kingdom and USA, and all three countries have
reflected changes in educational and psycholecgical theories as
well as in mathematics itself.

Section 4.1 is a brief overview of the main
philosophical notions behind Western mathematics as a subject.
Our matnematics education is based almost solely on Western
thought. This has been predominant in our mathematical
development also. (For example Chinese mathematics virtually
halted about the 13th century because of notational difficulties
in dealing with more than four variables in algebraic
manipulations). The main reference for this section has been
Mathomatics in Western Culture {Kline, 1972).

The next two sections trace the history of mathe-~
matics education in the United Kingdom and USA respectively,
noting changes in social, psychclogical and educational
factors. For section 4.3 the main reference has been NCTM
32nd Yearbcck (Jones. 1970).
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Next the development of New Zealand mathematics
education is reviewed. Here A.E.E. Clarke's thesis (1960)
has proved valuable. The effects of developments in the
United Kingdom and the USA on New Zealand mathematics
education are specifically noted.

The final section brings together the influences
as discussed in this chapter and the assumptions mentioned
in chapter 3.00. The influences are grouped under the
headings: mathematical forces, social forces, educational
forces, psychological forces and administrative forces.
The contributions of these forces towards the formation

of particular assumptions is discussed.
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4.1 PHILOSOPHICAL CONSIDERATIONS XL¥ THE HISTORY OF
MATHEMATICS

This section traces the development of attitudes
towards mathematics itself. The aim is to find the origins

of some of the attitudes common in the teaching of mathematics.

4.11 B.C. - The Dark Ages

Mathematics prior to the Greek period was predomi-
nantly utilitarian, although founded on astronomy. Egyptian
mathematicians (4000 - 1000 BC) were also the priests, who
depended for their power and status on atcurate predictions
of, for example, the Nile flood. This mathematical knowledge
was restricted in distribution and associated with mysticism.
This is reflected in, for example, the building of temples to
be sunlit on particular days, and the significance of numbersg
such as 3 and 7. The practical uses of mathematics in
agriculture (weights and measures)and engineering (measurement
and surveying) are reflected in the records which do exist
(Eves, 1964, p.31). Argument or demonstration of results
are absent, rather we find practical instructions and
algorithms. Generalisation also is missing, multiple examples
being norm. Results were all established empirically
(Kline, 1976, Chpt. 2).

Babylonian mathematics was more advanced than
Egyptian, particularly in arithmetic and algebra (which was

linked with geometry).

Greek mathematics developed from Babylonia and can
be said to have started about 600 BC with Thales. Rational,

deductive argument and proofs became the modus operandi of

a culture which had outgreown the solely utilitarian functions
of mathematics in that the upper stratum of scocielty had _
leisure-time in which to follow up philosophical ideas.
Coming under the inilusnce of the philosophers
(Plato, Aristotle, etc) mathematics was considered an art,
and, as such, became something greater than its commercial

usefulness. In eschewing empiricism the Greeks also initiated
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abstraction, arithmetic becoming merely an inferior skill.
Ceometry received most attention, probably through astronomy,
but also because it lent itself to their methods. The
resolution of irrational numbers was made by a geometrical
interpretation, andalgebra was ignored probably because of
inadequate symbolism. Postulational thinking (deductions
from explicit assumptions) developed prior to Euclid (300 BC).
This,.and the investigation of number properties are probably
largely due to the Pythagoreans, a group which maintained

the mystical element in mathematics, results being kept
secret and membership of the society ritualised. Another
development in Greek mathematics was concern for the
infinitesimal, as evidenced in Zeno's paradoxes.

The Greek influence is summed up in Kline, 1976
at the end of Chpt. 3:

"Because the Greeks converted arithmetical ideas into
geometrical ones and because they devoted themselves
to the study of geometry, that subject dominated
mathematics until the nineteenth century,scceccces
The Greeks ...failed to develep the number system

and algebra which industry, commerce, finance, and
science must have...."

By 300 BC the Greek states had fallen and Alexandria
became the centre of learning. The university there was the
focal point for mathematical development for 700 years.
Euclid was one of the first members -- his Elements being
the collected work of the Greek mathematicians put into
postulational form.

This work was a major force in mathematics: it
contained geometry, number thecry and (geometrical) algebra,
and became the model for all mathematical exposition despite
the fact that Euclid probably used inductive, analytical and
intuitive thinking in its formation. The identification
of mathematical thinking with deduction and the importance
of defining terms and stating axioms undoubtedly originates
from this werk.

In Alexandria scholarship flouriched, and renewad
an integration of mathematics with commerce, engineering and
navigation. Archimedes, GLratosthenes and Hipparchus were
famous for their applied mathematics before the birth of

Christ. After 1 AD Heron in engineering and Ptolemy in
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astronomy carried on this trend.

Diophantus initiated the second stage in the
development of algebra (Eves, 1964, p.158) by adopting
symbols for common quantities, although this did not aprear
in Europe until the 15th century. Mathematics by now
(300 AD) had become a means of makirg cense of the universe -
its potential for unifying diverse elements was recognisead.
For example astronomical thecries assumed circular moticn
purely because it was the simplest. In a sense, then,

matheﬁatics had begun to determine man's thoughts.

The rise of the Roman Empire heralded a decline
in Eurcopean mathematics -- their practical philosophies did
not allow for much mathematical development (c¢f their
number system) although their engineering was quite
sophisticated.

The Dark Ages descended on Europe and such
mathemallics as existed was preserved in the monastries. The
focus of mathematical development shifted to India ancg the

Islamic Empire.

4.12 The Dark Ages - Medern Mathematics

Prior to 500 AD Indian mathematics was based on
religion, éubsequently this base shifted to astronomy. The
influence of the Far East is debated, but was probabkly
significant. The Hindus made two important advances: they
adapted the Babylonian place-value system to base 10, and
they developed negative numbers. Their algebra was well
advanced but geometry was weak and largely empirical.

After 1100 AD Hindu mathematics remained static until modern
times.

The Islamic Empire valued learning and both Greek
and Hindu works were translated. Their own contributicons
were mainly in astronomy (trigoncmetry) and algebra, but they
represent the link which preserved the geometry of the Greeks
and the notation, arithmetic and algebra of the Hindu/Arab
scholars. Through them the early kEurcopean scholars received

their heritage.
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This retranslation was dong Latween 1000 and 1200
by scholars who travelled to Moorish centres in Spain and
North Africa. The establishment of trade between Italy and
the East played an important part in the dissemination cf

the Hindu/Arabk numeration system.

The rise of Christianity in Europe over the Madieval
period accepted mathematical learning as a preparation for
the study of theology. Justification of faith and the Glory
of God were accepted as the reason for studying mathematics
-~ an influence which lasted until Newton. One prime
impetus was astrology. Medicine was studied by watching the
stars and medical students were taught mathematics for this
purpose. Despite its conflict with the church, this practice
extended to the 16th century. The Buropean universities
taught the quadrivium of arithmetic, geometry, music and
astronomy. Texts began to appear in the late 15th century.
There were both classical works for scholars and vernacular

arithmetics iritended to educate for commercial careers.

By the 15th century a renaissance in mathematical
thought occured through the rediscovery of Greek mathematics

combined with the rise of the merchants and artisan classe

U

)
the invention of gunpowder and the printing press, and a
rejection of religious and mystical dogma. Beginning with
Cardano and Tartaglia (in algebra) and Copernicus (in
astronomy) there was a renewed interest in the physical world
and the problems of nature. The conflict between Copernicus,
Kepler, Galileo and the church epitomizes the emancipation

of science from theology (Xline, 1972, Chpt. 9). Greek
rationality provided the basis and Descartes, Galileo,

Bacon and Kepler among others used mathematics to describe

a world view.

However, rather than destrcying religion,
mathematics became a celebration of God and His work. Their
picture of the world was of a mathematical image which had
to be dicovered. Unlike the Creeks, who depended on objects
and shapes, Descartes' fundamentals were extension and
motion. Its aim was to build a model of the universz from
these beginnings.
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A change was made from explaining why things
happened (and giving theological answers) to describing
phenomena, isolating their fundamental properties and
finally deriving the 'Laws of Nature' from basic principles
in the manner of EBuclid. Descartes' dynamics was the
basis of Newten's Laws of Moticon and together they set the
stage for physical science. Newton still needed God to
explain the irreqularities in, for example, orbits, but
by the 18th century Lagrange and Laplace had applied Newton's
Laws to the solar system so well that the hypothesgis of a

God was unnecessary.

4.13% iModern mathematics

Modern mathematics is said to have deva=loped from
the 17th century: modern notation had become standardised,
decimals and negative numbers were being used, algebra and
the theory of eguations were advanced and tabkles were
being produced. Napier (logarithms}, Oughtred (algebral,
Galileo (dynamics), Kepler (planetary motion), Descartes
(coordinate geometry), and Fermat, Pascal and Huygens
(number theory and probability) were all responding to the
needs of the times and mathematics became more applied.

The political climate in France and England was more favourable
than that in Italy and mathematical development moved north.

Mathematics owed some of its status to philoscphy:
Hobbes and then Ilocke elevated mathematical knowledge as
opposed to experience. Berkeley attacked what he saw as a
threat to religion and Hume further challenged the existence
of material objects or mathematical truths. By 1800 Kant
was using mathematical knowledge to justify a priori
synthetic stztements. Thus mathematical truths were central
to each of the philosophers mentioned and became widely
discussed.

Although its origins can be traced to Greek times,
the Newton/Leibniz development of infinitesimal calculus

tested the basis on which mathematical thought rested.
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Neither development was rigorous enough to survive criticism
of the concept of the infinitely small. However calculus was
obviously useful and mathematically interesting and develcped
solely on faith for over a hundred years before Cauchy and
Riemann rigorised analysis.

The Newton/leibniz confrontation produced a split
in English and European mathematics on two levels. English
mathematicians eschewed advances in analysis made in France due
to Leibniz' more flexible notation. Alsoc, on the philosophical
level, the conservative Christian ethic, in England, preserved
the idea of mathematics being the tool of God, whereas the
French thinkers dispensed with theological considerations
entirely.

The 19th century saw several new developmentis.

Algebra, previously considered as symbolised
arithmetic, became liberated through the new algebras of,
for example, Cayley and Hamilton. Combined with the
development of éet theory (Canter) and logic (Boole, De Morgan)
the abstraction of mathematics began. The unifying influence
of set theory created new areas (e.g. topology) and thus
it came to have its high status as the basis of mathematics --
leading to the 'New Math' revolution in educaticn.

A second development was the discovery of ccnsistent
non-Euclidean geometries by Lobachevgky, Gauss and Bolyai.

This led to the increased importance of axiomatics initiated
by Klein's 'Erlahger Programme' and, with set theory,
contributed to the great advances mentioned above.

The arithmetisation of analysis (Cauchy, Weierstrauss)
was a third development and led to much work on the
foundation of real numbers.

Other 19th century advances occured in mathematical
physics (Maxwell, Tait) and statistics (Graunt, Quectelet and
Galton).

By the turn of the century philoscophies of mathe-
matics had developed based on questionz raised by the above
advances: Can mathematics pe constructed on an axiomatic
basis? (Peano), What structures are possible? And what can
these structures achieve? (Ccedel). Answers to the question
of the nature of mathematics varied from lcgic (Russell), to

structure (Hilbert), to intuition (Brouwer).
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The two contemporary mathematical developments
which have had time to be reflected in educational changes are
computers and applied mathematics.

The astonishing technological advances in handling
mathematical operations has led to the increasing importance
of algorithmic procedures as well as making available new
results and raising some moral questions on the uses to which
computers should be put.

' The explosive increase in mathematical knowledge
(resulting from the unification of geometry and algebra
through set theory and the arithmetisaticn of analysis) has
been followed by increased applications. No lenger is it
possible to know enough mathematics to be able to bring all
relevant mathematics to bear on a problem: any problem may ke
able to be solved using topology, analysis, numerical analyecis
or some other field. Thus people must have an awareness of
many different areas and be able to then find the necessary
information in that area, rather than become proficient in
'‘mathematics' and apply what they already know.

A further consequence of increased applications
is that most areas of human endeavour involve scme mathematics:
art, science, social sciences, commerce, management and
everyday universal activities (tax forms, recreation) as

well as academic scientific occupations.
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4.2 MATHEMATICS EDUCATION IN THE UNITED KINGDOM

Thic section examines the development of attitudes
towards mathematics education in the United Kingdom. These
attitudes are a source of New Zealand positions (see section

4.4) and of the assumptions menticoned in chapter 3.

4.21 Up to 1700

Mathematics education in the United Kingdom began
in the monastries durinc¢ the Dark Agas. Then, during the
period 1300-1500, the forces of commerce initiated systematic,
utilitarian mathematics teaching. By the late 16th certury
arithmetic, geometry and trigonometry were being taught for
use in navigation, gunnery, surveying, mining, fortification,
astrology and astronomy. Such teaching was done on a private
tutor basis, the first institutional mathematics teaching
being at Gresham College in the early 17th century, followed
by chairs at Cambridge and Oxford in the middle of that century.
The importance of the navy resulted in several mathematical
establishments being set up to teach navigation. .

Mathematics teaching was not widely accepted at this
time because it was still associated with sorcery: the main
English mathematicians had been trained in medicine in

Eurcpe (e.g. Recorde).

Despite utilitarian origins, education was a gentls-
man's occupation, and a means to social not scholarly
advance. Thus the applied justification for learning was

not valid.

Newton's controversy with Leibniz had severe
repercussions for British mathematical education starting
from about 1680. The dispute led to a loyalty reaction from
British mathematicians wno cut themselves off from the advances
being made in European mathematics. Thus while mathematics
education by the beginning of %the 18%th century was becoming

more acceptable to the public, it was not until 1800 when
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Peacock introduced continental notation in the Cambridge
mathematical Tripos that the standard of mathematlcs recovered.
Newtcn epitomizes another general educational
influence -- that of religion. His avowed intention in
studying mathematics and science was to show how wonderful
God's creation was. This attitude prevailed into the 20th

century.

4.22 The pericd 1700-1900

Private schcols from 1760 onwards responded Lo
ccmmercial needs, but public and grammer schools did not
teach mathematics until the 19th century (see Howson, 1574).
The industrial revolution demonstrated the need for mathematics
education so that it begar to be accepted. However secondary
education was still exclusively private and upper class,
and mathematics was regarded as 'common'. For example,
Haerrow's first mathematics teacher was not considered scholarly
enough to wear academic dress. Mathematics education was
ancillary to the fundamentals of the classics. 1In keeping
with this heritage, Fuclid was studied exclusively although
other texts were available, e.g. those by Legendre and Wolf.
Little else was taught: arithmetic, decimals, proportion.
By 1873 algebra and plane trigonometry had been included.

In 1871 the first mathematics teacher organisation
was formed: the Association for the Improvement of Geometrical

Teaching, later to become the Mathematical Association.

During the 19th century two general forces became
dominant in mathematics education.

The first was examination fervour. The Tripos in
Cambridge was a very rigid affair, leaving little room for
imagination and resulting in a strict hierachy of candidates.
It was not until 1888 that COxford and Cambridge allowed
proofs other than Euclid's, although his order was maintained
until 1903. The remaining examination system then became
jeopardised by a lack of uniformity in the school syllabus.

It has been suggested (Griffths, 1971) that
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examinations were developed originally for two reascons: ©O
relieve the boredom of the clever/rich by competition, and
to defeat patronage. Whatever its origins, the tradition was
adopted by the secondary schools, partly because of the
university entrance recuirements. The exam system was used to
improve elementary education, but by 1870 reforms were
desparately needed to escape from its restrictiveness.
" The second influence was the widening availability of

education. The first college admitting girls opened during
the 41840's and in 1870 the Forster Act provided for universal
elementary education.

However, to follow an analysis of H.B. CGriffths,
(1971), education now began tc develop into three classes:
Oxbridge and the public schools for the leisured class,
private and grammar schools for the petit bourgoisie, and
elementary schools for the workers. Mathemgtics for the
leisured classes consisted of Euclid, arithmetic and algebra
to the neglect of other areas. This class beore the brunt of
the examination system. The petit bourgoisie mathematical
education was science and technology oriented, partly because
of military needs. Although the grammar and secondary scrool
organisation was conservative, competition with Curope at the
turn of the century led to strong growth in science and
technology. The working classes received only basic arithmetic,
vocationally oriented. Their exams were criginally oral tests.
All three types of education were planned by the leisured class.

A further tradition in British mathematics had been
firmly established by 1S00: the pre-eminence of mathematical
physics. Kelvin, Newton, Maxwell, Tait and Hamilton established
a trend broken notably only by Cayley and Russell among
British mathematicians. While no direct link to mathematics
education can be sustained, it seems likely that their
influence contributed to the technological/applied mathematics
emphasis in British mathematics compared with the structure/

abstract emphasis in America and Europe.
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4.23 The Twentieth Century

Reform, both in examinations and Euclidean rigor,
began with the 20th century. The famous "Letter of the 23
Schoolmasters' (Howson, 1573) called for the arithmetisation
of geometry and algebra and an experimental (Jdrawing) emphasis
in geometry. Following a period of intense communication
with Europe around 1912, (unequalled until the 1960's (see
Howson, 1974)), schools started teaching descriptive and
experimental geometry, statistics and calculus. However
the 1st World War slowed reform (rigor in the universities
increased over this period) and in 1919 the Mathematical
Association felt obliged to stress the utility of mathematics,
the linking of mathematics and science and mathematics as a
liberal art.

But school mathematics remained formal and rigorous,
primarily because the examination system was still strong,
but also because the teachers had generally had a conservative,
rigorous education themselves.

It was about this time (the 1920's) that Godfrey,
a mainstay of the reforms, began to talk of symmetry geometry -—-

the approach now used.

Despite the scientific stimulus of World War II,
the notation of functions was the only important new idea to
enter the curriculum. With the exception of an interest in
practical mathematics in primary schools during the 1950's,
mathematics education remained conservative. For example,
even today, technical education does not feature in the A-level
GCE mathematics. Furthermore it had lost some importance in
1944 when it was made an optional (not compulsory) subject
for leaving certificate.

The prevailing attitude of education as a status-
changer continued to hinder reform. The Butler Act in 1%44
introduced secondary modern and comprehensive schools. The
11-plus system, instituted scon after WW II, channelled 20%
of the pupils to grammar schools, 2C% to technical schools
and the rest to secondary-moderns, thus maintaining the
traditional divisions. The GCE was begun in 1951 and

followed the classical tradition.
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Liberal views about equal opportunity for all found
realisation as the same opportunity for all -- and that based
on a grammar education. For example the School Mathematics
Project (which began in 1961) had a very academic base although
it did, finally, replace Euclidean geometry with moction geometry.
Other efforts included the Nuffield Mathematics Project
(primary), the Midlands Mathematical Experiment and Mathematics
in Edugation and Industry.

It was not until the late 1960's that the Certificate
of Secondary Education examination attempted to fill the need
for a non-academic syllabus. But uniformity of syllabi in
schools and seaguential teaching remain, despite the lack of
centralised control of the curriculum. And because of this

lack examinztions have a greater effect.

Recent influences include comprehensivisation.
This has resulted in teaching to a wider range of pupils,
with the danger of directing teaching to the more able
sections. However the public schools' monopoly of "gcod"
education is diminishing. A further aspect is that industry
and commerce are again becoming concerned. This is evidenced
by the outcry over the mathematical standards of school.-
leavers, (Hayman, 1975). More than this, the current debate
in education is public: accountability to society is a
developing theme (Kerr, 1977).

Between 1945 and 1975 there has been an 80% increase
in school population brought about by a higher leaving age
as well as population growth. This has led to difficulty
in adopting new syllabi, as well as slow improvement in
educational standards. However the contemporary falling
birthrate may create new opportunities: teacher supply in
mathematics improved to 1372 but has declined since then
(HMI, 1977).

The promoters of moderin mathematics had difficulty
overcoming the conservatism of the examination system, the
chaos resulting from school reorganisation, teacher training
problems and utility-based mathematics education in the
technical and secondary-modern schools. The Newsom Report

of 1963 (Newsom, 1963) approached the topic cautiouslv:
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"Even the 'new mathematics' may have something to offer
for scme of our puplis where there is a well-qualified
and well-versed enthusiast on the staff'.

The syllabi have been changed slowly and the texts were nct
widespread until the late 1960's. Modern mathematics in
UK has been more practical than elsewhere. The concurrent

change in teaching methods has also met with conservatism.

. The slow recognition of mathematics as important
in education in the United Kingdom in the 19th century, and
the recent conservatism towards overseas mathematical trends
fit a hypothesis put forward by H.B. Williams (1971) that
in England mathematics is a means to an end (or different
ends at different times) and rarely is *‘the end of creating

mathematicians, and hence mathematics, one of them.
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4.3 MATHEMATICS EDUCATION IN THE U.S5.A.

4.31 PBeginnings

From its beginnings in the 17th century mathematical
education in America has stressed the practical applicaticns
of settlement: exploration, commerce and surveying.

However, even then, the belief in universal education
was emerging -- although mathematics was not initially
considered an integral part of such education. Arithmetic
was first made an entrance requirement to a college in
1745 (Yale), but geometry was not necessary until after the
Civil War.

In the 18th century surveying and astronomy were
included amongst the mathematics courses offered in the
universities. Part of the reason was practical but the
scientific rise in Eurcpe had been transmitted quickly, and
mathematics became the tool of science as well as comnerce.

Teaching was primarily by rule and example,
althcugh Pestalozzi's 'mental discipline' theories had some

effects.

4,32 1800 to the 1930's

By the beginning of the 19th century the influence
of Europe was being felt. For example Legendre's geometry
text was used from 1819 onwards. French mathematics
continued to be a strong influence in America. Mathematics
now spread tc the elementary schools.

Grammar schools declined {(as did the academies
in the 1850's) to be replaced by high schools. By midway
through the century the principles of teacher training and
free compulsory education for all had been established. A
rapid growth in the school population khegan now and
continued into the 1930's.

Initially algcbra and geometry were taught
at high school in response to three forces: the rise in the
scientific need for mathematics felt in the universities;

the continuing needs of technology and communicabtions; and
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the rise of faculty psychology where both subjects were
regarded as good training. However in both universities and
high schools, academic and moral justificaticns gave way

te vocational, social and practical ones -~ thus special
courses and electives became established.

Teacher training was first established in 1832 and
the next 50 years saw a gradual change from rule/practice
methods to inductive reasoning and understanding. Concern
for the pedagogical problems of a large school population
with varying aims led to the setting up of several investigating
committees by the end of the century.

The recommendations of these committees were more
oriented to college requirements than school needs. These
committees did not give adequate notice to the varied '
needs of the enlarged school population and, although junior
high schools were common by 1920, little was done for non-
college bcound students.

However the calls for psycholegising mathematics
instruction and reforming geometry were responded to.
Psychologising moved through Spencer's rational theories,
Dewey's experience/measurement views and David Eugine Smith's
eclectisism. Later, up to World War II, Thorndike's
connectionism came into vogue, mental discipline theory
having been discredited. Thorndike's theory led to the
fragmentation of courses together with much drilling and
rote learning. Gesell's readiness theories had some effect
in countering this trend. Testing of intelligence and
achievement began during the early part of the 20th century,
as did the idea of spiral curriculae.

In mathematics itself the German influence of
Klein (functions and structure in mathematics) and Hilbert
(axiomatisation of geometry) took effect. Veblen and,
later, BRirkoff made axiomatisation a major American interest.
Such ideas quickly entered universities, teachers colleges
and high schools.

In 1911 the Cellege Entrance Examination Board

was set up, providing a unifying influence on syllabi.

The establishment of junior highs led toc a

reorganisation of mathematics curricula towards general,
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non~compartmentalised courses for grades 7 and 8. Senior
highs remained traditional, however, and decreasing college
attendance (because of the depression) and the elective
principle led to declining mathematics enrclments as well as
lowered college entrance requirements. A general, compulsory,
1-year course developed which has continued to the present
day and is characterised by unimaginative teaching and low
interest. The Colleges; in response to a questicning of the
utility of mathematics, began to develop general courses for
non-mathematical specialists in the 1930's. There were three
types: functional, cultural and ‘'modern'. This latter fore-
shadowed the modern reforms and dealt with such topics as

set theory and non-Euclidean geometry.

4.33 The last 50 years

The depression in America inhibited mathematical
reform. While student numbers continued to rise, lack of
finance resulted in declining conditions and few innovations.

World War II at once highlighted the failure of
classical mathematics education (i.e. draftees were seen to he
below the standard expected) and raised mathematics and
science to a new status (i.e. accentuated the uses and potential
of advanced mathematics). Thus the post-war enrolment boom was
strongest in these subjects. This put a strain on teacher
resources, especially as the industrial demand for mathematicians
was also boosted. For mathematics education the result was
that, in the immediate post-war period, there was a backlog
of reforms from the 1920's and 1930's, a manpower problem, and
a heightened public interest in mathematics.

The mathematically %trained man-pcwer shortage by
the pust-war scientific/technological development focussed
attention on outdated curricula. Industrial development and
new applications stimulated problem-solving and created a
demand for 'basic structure' education so that the varied
fields might be accommodated. Meaning and understanding
became vital in mathematics education.

Piaget's influence was ielt in the 41950's, and
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Gagne's heirarchical concepts, Bruner's structures of learning

and Ausubel's meaningful learning thecries all had exponents.

Tn the early 1950's several committees investigated
mathematics education, one of which, the University of
Illinois Committee on School Mathematics (1952) was looked
upon as the initiator of 'new math!

The Commission on Mathematics in 1955 consisting
of teachers, teacher trainers and mathematicians recommended
emphasising concepts, deductive reasoning, structure,
inequalities, unifying ideas such as set and function, anrd
motion geometry. These ideas were put into practice by
groups such as the Schnol Mathematics Study Group (SMSG)
(Jones, 1970, p76). After ihec 'Sputnik' educational rethink
money for research, development and application of the
'new math' was available through many sources (e.g. the National
Defense Education Act 1958). Between 1950 and 1966 there
were 24 national projects (8 pre-Sputnik and 5 resulting from
the 1965 Elemsntary and Secondary Education Act) (see Crespu,
1969). The reforms emphasised understanding rather than
learning content or calcuiating efficiency, but little content
matter wag in fact changed. The method of teaching also
altered, reform being based on dicovery learning and precision
in language (see Crespy, 1969).

The result was a cemplete reform of elementary
mathematics, and secondary mathanatics attempted to respond
to calls for modern topics, for mere advanced topics and for
relevance. Teacher training and retraining became important,
but despite massive efforts, failed to sustain the revclution
that was occuring. In fact most projects badly underestimated
the time needed to retrain teachers and develop materials.

Reaction began by the early 1960's. Kline and
Elicher challenged the curriculum and the untested way in
which reforms were adopted and spread. This reaction continues
with charges of incompetence and falling interest among
school-leavers. This can partly be explained by an anti-
technology movement in society a2nd seems to deny the general
agreement that some aspects of the reform have been valuable.
Reliable evidence on the value of the reforms is, however,

lacking. Partly this is because the aims of mathematics
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education have changed, thus it is misleading to evaluate
reforms on mathematical proficiency. However most compariscn
stuwdies show no significant difference con proficiency and
indicate increased understanding (Crespy, 1969). There has
been a shift in puhiic attitude back towards valueing
proficiency rather than nderstanding (see Frand, 1976). This,
together with the criticism mentioned, has led to less

axiomatic programmes.

The tremendous growth in pure mathematics itself
emphasised both the need for organising the structure of
mathematics and for generalisation. In addition mathematicians
demanded that more mathematics must be learnt in schools.

One result is that professional mathematicians have beccme
heavily involved in education.

The high level of development in mathematics has led
to an excess of specialised mathematics graduates and, now,
to compensate, a call has gone cut for a broader-based (but

still larger) mathematical education.
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4.4  MATHEMATICS EDUCATION IN NEW ZEALAND

4.41 Initial influences

Mathematics educatiocn in New Zealand has always been
strongly influenced by events in the U.K., for example the
influence of Percy and Nunn at the turn of the century. At
that time the value of mathematics was still seen as 'training
the mind' in ordered thinking and appreciating the utility
of mathematics. However compartmentalisabtion in mathematics
was being broken down and the beginnings of psycholeogy-based
developmental approach developed early this century.

)

The primary system worked independently -~ the new
syllabus introduced in 1928 had little effect in post-primary
schools. -

School Certificate was introduced in 1934, and the
proficiency examination was abolished in 1937. However S.C.
failed to provide a more realistic goal than University
Entrance examination, which it was supposed to do.

At. this time schools

"had ceased to be the preserve of the intellectual elite...
Post-primary education was becoming the birth-right of
virtually all NZ children." (Clarke, 1960, p5)

Thus a wider range and greater numbers of children had to be
catered for. .

A second major influence was World War IT which, with
its reveolutionary technological advances, increased the felt
need for a good mathematics education. Technology was no
longer a specialist field, but encroached on everyone's way
of life.

| In 1942 the Canterburry Institute for Educational
Research issued a 'Report on the Teaching of Mathematics at
Various Stages in the School System with .Suggestions for
- Improvement'. Basically it asked that mathematics become

unified, that it be taught by experts and that it should not
;béitoo mechanical. It alcso recommended practical rather than
formal geometry. The schemes it presentéd were dry and
mechanical in algebra and arithmetic, but practical and informal
in geométry. There were different schemes for Trades classes
(boys) and Non-examination classes tgiris} in which “'easy

examples' were recommended. Finally a practical mathematics
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course was outlined - a simple version of the full mathematics.
The practical emphases of the report, especially in
geometry and the 4;way differentiation of the syllabus, were

important innovations.

4.42 The Thomas Report

The Thomas Report was coméleted in November, 1943,
but its writers were aware of two impending changes: accrediting
for U.E. arrived in 1944 with the aim of making S$.C., not U.E.,
the qualification for post-primary eéucation. This de-
emphasised academic coursesg, and english was made the sole
Compuisofy subject. The other change (in 1944) was the
raising of the school leaving age to 15.

.In its recommendations the Thomas Report attempted
to de—emphasise the narrowing effect of examinations by -
introducing a core curriculum which would enable the widely
divergent pupil population to better prepare for life in the
community. The core would not be examined externally, and was
also aimed at reducing early specialisation.

The Report saw S.C. as an endpoint, not a preparation
for U.E., and as within mach of most secondary pupils. The
Committee envisaged 20% of pupils going on to U.E. and 40%
studying S.C. mathematics, both doing the full mathematics
course; the other 40% studying an elementary mathematics course.
Clarke reports that by 1958 this latter elementary mathematics
was taken by 31% of boys and 76% of girls.

With reference to mathematics teaching the Report
emphasised utility of mathematics, concrete to abstract
development, many simple examples, not so much mechanical
manipulation in algebra, more aids to calculation and an
informal approach to geometry.

The Thomas Report recommendations were incorporated

into the Education Regulations by 1945.

4,43 1945 to the 1960's

In 1946 a new primary syllabus in mathematics was.
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introduced. However it essentially only updated existing
syllabi.

In the period to 1949 mathematics teaching declined.
Although satisfactory achievement in core subjects was (and
still is) a prerequisite to the award of 8.C., in fact evidence
suggests that Lhis was not enforced in mathematics where
substantial numbers failed to reach minimal standards and
received S.C. in other subjects. Core mathematics did not lead
to other examination options, no suitable text-bocks were
available, a shortage of mathem-tics teachers developed and
no refresher courses were provided. ,This grave situation was
outlined in a remit presented to the NZSSA 1948 Annual
Conference (Clarke, 1960, p23).

An Arithmetic Committee was set up in 1948 which
criticised testing and bkrought down recommendations for using
standardised tests. It became a national committee in 1949
and repcrted on the aims, texts, teacher training, organisation
and refresher courses of elementary mathematics. '

‘ 1950 saw the first refresher course. Core mathematics
was causing serious concern and traditional methods were blamed
for much of the decline. The Auckland course recommenggd a !
standard for Core mathematics, more encouraggment (especially
for boys!i?) to take full mathematids, modern teaching m?thods,
more refresher courses and the production of a text-book by
the Education Department. | :

' J.H. Murdoch's book on mathematics teaching outlining

'new' methods was published later that year.l It emphasised
algebra as a language, classification'of spatial ideas in
geometry, and graphs as an important pictorial tool. (This |
book reflected the prevailing opini#n Ehat the educational
aims of mathematics were an appreciation of its social and

technological utility, and awareness of;the-value of ordered -

systems. \ ! j A \

In 1954 J.F. Sharkey produced the asked-for text- }
book, but the accompanying handﬁook was vetoed through lack ;
of funds. Thus the book was badly misused whatever its

actual value may have been.

—— ,,_...

Despite a 1956.Review_Committee which endorsed the
recommendations of the Thomas Report and firmly recommended

the continuance of the common core, there was a growing reaction.



against core mathematics. Too little time had been spent on
its development, it led nowhere, toco few teachers (most
with too low gqualifications) gave it a 1ow.s;atus and falling
standards developed. 'This spread to the full mathematics.
In 1956 an internaticnal study showed NZ to have one of the
lowest mathematical educations in terms of compulsory
mathematics and percentage of school time for its study. 1In
addition Trades Certificates had increased markedly and the
weaknesses of apprentices in mathematics was causing wide
concern.

Public pressure finally led to the setting up of a
Working Committee in 1958. Recommended were: age promotion
(but not for gifted children), diagnhostic tests and teachers
handbooks for all texts. It also recommended a common minimal
syllabus for forms I to IV to mend the break between forms IT
and III, and put forward the spiral curriculum idea. Weaknesses
in basic skills, setting out, correct units and rigor were
pointed out. . ITt-was widely felt that the time spent on

mathematics was too small.

Probably the greatest single influence on mathematics
education was (and still is) the teacher shortage which developed
in the 1950's (see Clarke, 1960, pp93-95). Mathematics was
the subject affected most. It led, not only to larger classes
and poor courses offered, but also to inadequate qualifications
of many mathematics teachers. Furthermore, since the introduction
of core mathematics, increasing numbers of primary teachers
had no mathematics qualifications (from 20% in 1947 to 64% in
1957). Thus.intermediate teachers were sometimes on a par
with their pubils in mathematical ability and sophistication.

NZ teacher training at that time was very narrow.
Little mathematics training was givén, and in-service training
was poorly attended. Thus a vicious circle was set up whereby.
insecure primary teachers were unable to meet pupils'
difficulties. The pupil then developed an aversion to the
subject for his/her post-primary studies, and thus few

prospective mathematics teachers result.




4.44 Modern mathematics and recent trends

In the 1960's NZ begén to receive text-bocks from
the U.S.A. (and later Britain) incorposating new mzathematics
topics. After a period of delay alternative S.C. and U.E
syilabi were written and introduced from 19€5/1966. ESet
theory, transformakion geometry, functions and siructure

197¢ the

became accepted emphases in the sylliabus. DBy
change-over had been completed at all levels (see diagram

below).

* The content changes were produced partly to aid
understanding, but also, as a result «of wider applications
of mathematics. Statistics, probability and compilting are
now covered within the mathematics syllabi.

Another result has been the formation of a
continuous programme from infants to senior classes, and
evolving rather than static syllabi. _

Comparison ig difficult, but a major primary
evaluation in 19?4 showed a decline in multiplication and
division skills, but gains in attitude, understanding,
discussion and recording. (See also Offenberger, 197€ who
offers further subjective evidence for better attitudes but
suggests that some useful content has been omitted). The
article by Gordon and Couch also suggests that the standard
of teaching has increased. The proportion of students
opting for mathematics at 5th, 6th and 7th form levels has
increased (McGill, 1976) but this could be due to other
factors (e.g. mathematics requirements for jobs or poor
mathematicians not sitting S.C.).

The teacher shortage continues and, despite refresher
courses, must add to the difficulty of upgrading teaching
methods.

School Certificate is still a 50% fail examination
although it is accepted as a realistic goal for secondary
education. 'This anomaly has resulted in recent years in the
development of local certificates, based on syllabi which
are, in general, more practically based. I 1975 experimental

schemes in 5th form mathematics were implemented in two
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regions. They allow fer a variety of (internally assessed)

grades at different levels of mathematics (sbstract or

practical), ratherlthan tﬁe assffail iR dme exam as in S.C.
Other changes in recent years include the

development of texts written in MNew Zealand (notably "The

i

Shape of Mathematics); the establishmenl of the Curriculum
Development Unitj %nd (especially on a local level) the rise
of the mathematical associations. This last has led to the
local certificates mentioned above, magarines and mathematics
competitions.

*(The following diraws heavily from an optimistic
account of the introduction of the new svllabi by the

Mathematics Curriculum Officers (Gordon & Couch, 1976).)




2%

Year School Certificate University Entrance Bursary/Scholarship
1964 Mathemetics A & B Mathematics A & B Additional Mathematics
1965 Mathematics A & B
Pilot Scheme A & B
L)
1966 Mathematics A & B Mechanics
Pilot Scheme A, B & C Mathematics A & B
(Transf. Geometry) Interim Option A & B
. Mechanics .
’ Mathematics (1 paper)
Alternative Maths
1368 Applied Maths
(Mechanics & Stats)
Pure Mathematics
| Alternative Mathematics
1269 Mathematics
Pilot Scheme A & B
(C combined with B)
1978 .F Ordinary Mathematics
| , =
Alternative Mathematics
(A & B =
1971 Crd. Maths A & B
Alt. Maths A & B
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Year School Certificate _ University Entrance Bursary/Scholarship
1
!
1972 % Crd. Maths A & B Applied Mathematics
Alternative Maths
Fure Mathematics
973 Mathematics (Applied
f & Alternative combined)
Traditional Maths
1974 Mathematics Pure Mathematics
Traditicnal Maths ; Applied Mathematics
1975 Mathematics Pure Mathematics
Traditional Maths Applied Mathematics
1976 & f££ Mathematics Mathematics : Pure Mathematics
Applied Mathematics
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4.5  FORCES IN MATHEMATICS EDUCATION

This section attempts to link some cof the influences
mentioned in section 4.1 - 4.4 to the assumptiocns made about
mathematics education in chapter 3;00. The connections are
neither necessary nor sufficient, rather they are suggested as
possible contributing factors and should be taken as
hypotheses on which further research could be based.

Four types of forces are distinguished (although
exclusive divizions are nob intended): those due to mathematical
developments; those due to soclal changes; those relating to
general educational influences and thpse due te psychological

theories.

4.51 Mathematical forces

Some aspects of mathematical education are directly
attributable to episodes in the history of mathematics.
Buclid's Elements undoubtedly shaped classical

education in Eritain and Burcpe. -Its effect on the content
of geometry courses has gradually decreased, but the
'mathematics improves the mind / teaches you to think
logically ) disciplines the child' rationales are directly
attributable to it. Why should Euclid have had such a
great effect? Partly because it was a definitive work: a
section of mathematical knowledge in completed and ordered
form. Partly, also, because it was, for hundreds of years,
the total knowledge available - thus, because it remained
definitive over timé, some extra credit was attached to it.
Part of the reason that it did remain the last word in geometry
was because it defined the bounds of geometry to be just
this work: it was not until Bolyai and Lobéchevsky investigated
alternative axioms for geometry in the 419th century that new
boun@s were accepted.

. These characteristics of the Elements are being
repeated today in Bourbaki's works. It is difficult to
estimate the influence of these works but there seems to

be some link between Bourbaki and the 'new math' where the
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structure of mathematics is= taught. Bourbakl writes only

on mathematical topics which have been largely completed and

on which it is possible to be definitive. One wonders,

thercfore, whether the inclusion of some piece of mathematics

in Bourbaki acts towards maﬁinq it definitive and closes

further avenues of development, as Euclid did with geometry.
Deductive method has been valued since Greeck times

and its prominence in mathematics education may have been

boosted by Descartes and agaln by modern foundationalists.

However, it is not true that all famous mathematicians

have made the deductive method their explicit modus operandi

(see Poincare's account of his own thinking (Newman, 1956,
Vol IV, p 2041)). '

The development of rigor is attributed to three

influences: the long-fulfilled desire to put calculus
on a sound basis (and hence the increased importance of
doing so); the unresolved paradoxes of the infinite and
Cantor's theories; and the increasing importance of the
foundation debates. These have brought rigor to the
forefront of mathematicians' concern and thence into
mathematics education.

The ‘history of mathematics is inextricably linked
with applications. It is surprising, therefore, that
mathematics as a discipline is not more integrated. An
explanation is that pure mathemétics.as studied in the
universities has (in recent times) gained a very high
academic status. The reasons are not clear but may be linked
with social ones: the upper classes in Britain for example
had time and money to indulge in pure research compared
with the bourgeois, practical origins of applied mathematics:
compare Newton (calculus, upper class) with Napier
(logarithms, lower class). It is only recently (the last
50 years) that Centres of Applied Mathematics have been
éétablished and accepted. Thus the feel ing has developed
tﬁat 'pure' mathematics is of a higher order than 'apﬁlied'
mathematics and this 'class consciousness' has been
transmitted to education. | .

This explanation would also acc¢ount for the importance
of rigor, an aspect of mathematics which has only been

important in pure, abstract research.
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1

Computer development is undoubtedly affecting
mathematics education. Not only has a new vocakbulary develepad
(e.g. algorithm, flow-chart), but so also have new ways of
doing mathematics (e.g. iterative solutions) and new ways of

thinking (e.g. flow-chart decision making).

4.52 Social forces

The predominant social factor in education in the
countries considered has been the dramatically lincreasing
school population.

This is not simply a matter of more pupils, but
also a matter of different sorts of pupils. In Britain inl
particular girls' rights to education were recognised long
after boys', and in New Zealand the introduction of education
for all meant catering for those with poorer attitudes and
enviroments. Diverging extremes of standards and larger
numbers affected teaching methods in general, but what effect
did they have on mathematics education in particular?

In recent times the slow, but continuing, de-empaois
on examinatlions has been one result. (The slow speed ?f thL
change may be partly attributable to a class need to retain
elites and partly to the growing competitiveness of society).
This in turn has opened the way for a broader curriculum
towards vocational or motivating topics. i

The vocational futures of students have changed so
that, for example, the Victorian era of mathematics education
for clerks is giving way to computer orlented JObS- (It has
been estimated that, by 1980, 1 in 10 of the workforc? in

\
Britain will be associated with coqputers).

Large school populations have contributed toltwo
assumptions in chapter 3.00. .,-a .{ w1 i Vo

The acceptance by teachers of the uniformity \
assumption (that students can all be taught the same way - !
section 3.7) has been largely a pragmatic reaction to a 51tuatlon
where the alternative has been impossible. 1

Also the increasing awareness of the need to teach %

positive attitudes has been.the_resql of increasing
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manifestations of the dissatisfaction with mathematics.

Another social factor has been the increasing
awareness of education as a national asset. Coupled with the
technological boom, the industrial and scientific need for
a good mathematical education is well accepted (cf the low
status origins of applied mathematics education in Britain).
The Sputnilk boost to American mathematics has become a cliche.
Such feelings coupled with increased rescarch and funding
have contributed towards the importance of pure mathematics
in education through the myth of abstraction leading to
generality. A myth which is plausible but false because transfer

and application are not automatic.

Increased mobility of the population may be having
a small effect on mathematics education, not just by requiring
curricula in different areas to be able to be matched, but
also by teachers and practitioners spreading their knowledge.

The end result tends to uniformity and reinforces assumption 3.7.

The power of education in general (and mathematicg
education in particular) has increased because of the *
increasing complexity of society. This is evidenced bﬁ\the
ability to exploit and dominate people merely by wiﬁhdréwing
adequate education. For example in 'South Affica w%ere Bantu
Education has become the focus of protest, being correctiy
identified as one of the most powerful weapons of apartheid.
‘As far as mathematics is concerned, the mathematisation of
society has put the focus on the knowledge/skills/attitudes
assumption (3.6). More mathematical skills are pe?ceived as
necessary for people to function in our technical citigs -- e.g.
maps, tables and statistical judgeménts all need to be

understood. Thus skills learning becomes more important.

{
Another influence 1is the Effeét of Unemployment for |\

pure mathematics graduates. After the World War II boom i
mathematical vocations have increasingly been taken by applied
mathematicians (engineers, computer scientists, etc) with the l
result that pure mathematicians are unemployed. In 1972 the 3
Mathematics Magazine issued a statement warning intending %
pure mathematics majors of their uncértain futures (Vol 45 p.165).

Most find jobs in teaching and increasingly higher qualified
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mathematiclang are *;tchiuq at lower levels and becoming
involved with curriculum change. The level of rigor, medern

mathematics and symbolism have all been affected by this.

Finally society, significantly over the last
century, has been undargoing an increasing rate of change.
The (perhaps unconscious) need for stability may be reflected in
the search for foundations of m;thcmatics.and in curriculum

changes toward structure, rigor and uniformity.

4.53 Educational forces

’

L.

The strongest influence arising from Lhe practice
of education in the countries ceonsidered has becen examinations.
National examinations impose not only fixed curricula
and content (assumptions 3.3 and 3.7) but also fixed sequences
of ingtruction over a long period (assumption 3.1). Furthcrmore!
they determine what constitutes good mathematics (assumptions '
3.4, 3.6 and 3.8). _ -
Mathematics eppears to be simple to evaluate and
hence its wide use in psychological testing and educaﬁionall
research. However the danger is thalt only the easily Evalugted
aspects of mathematics will be tested. For ,example deduction
rather than intuition or creativity; correct answers rather
than elegant methods, facts and skills rather than attitudes.
_Because these are what are tested they become what 1is faught.
Since, as yet, it is impossible to effectively evaluate "thinking"

national exams are still exerting this power.

As mentioned above, the épparenf ease with which
mathematics ability may be anquseq and each separately

evaluated has led to this Loch being the subject of most
|

i JI o U ¢ )
This has had two effects. First the diversity of “'

educational research.

research has led to a diversiﬁy of 'new', 'experimental' or

'pilot' programmes which have peen'suffered by students and 1
teachers alike. This has added to the generally-poor teaching g
already present (see below). Secondly, ‘the nature of the i
research has created the nature of the teachlng because 1

mathematics can be analysed, it is accepted that such analysis
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reveals the true 'nature' of mathematics. 1 believe that
mathematical ability is an overall 'point of view' rather than
a sum of .discrete skills. A clear example of analysis
becoming the teaching mode is given by the Behavioural

Objective school and its conseqguences in the classroom.

Partly because of its superficial simplicity,
partly because of traditional example/exercise instructional
methods, and pzartly because of many students! fear of

mathematics, it was possible to teach mathematics badly and

=t

get away with it as a teacher. (This is less so now with large
classes and different controls on students). Teacher training
institutions have always been under pressure to train many
teachers quickly, and thus teachers are trained to a minimum
level of compctence. For mathematics this minimum level is
very low and thus, compared with other subjects, mathematics

is taught badly. Some elements of this type of teaching are
reflected in the assumptions stated: rote learning (3.6),
simplistic evaluation (3.8), teaching from the book (3.1 and
3.7) and uncritical uge of words and symbols (3.3).

Tﬁere is another consequence of poor teacher
training: the vicious circle of poor mathematics education
leadz to poor mathematics education leads to poor mathematicians
entering teachers college leads to poor mathematics teachers
leads to poor mathematics education. This has been an
identified problem in mathematics in New Zealand (see section
4.43) and England (see Bellis, 1972,'p1801.

4.54 Psycholegical forces

It is not the pﬁrpose of this section to detail the
implications to mathematics education of.each learning and
instructional theory. First some general effects of psycho-
logical theories will be mentioned and secondly some
hybothetical relationships between some theories and the
aséumptions in chapter 3.00 will Be put forward. This latter
section further illustrates the divergent sources of the

above assumptions.
‘It has already been noted that mathematics is the
subject which lends itself to analysis and experimentation

most easily. In addition the rise of psychological theories
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over the last century has led to an overconfidence that
educational problems are solvable -~ if only the correct
theory is.applied in the correct way. The hasty introduction

1

of 'new math' (sece section 4.33) can partly be attributed to
these attitudes: having found better content it was assumed
that it could be taught adegualely if it was designed

cory with minimal teacher

(8]

according to an appropriate tl

-

t
retraining. The importance of psycholegical theories has

o]

also generated a confidence in the possibility of all students
succeeding in school: that if the correct theory is applied
everyone will learn mathematics (assumption 3.7).

The way in which psychological theories have propagated
is also significant. A theory is often manifest as a school '
(in the academic sense) and even as schools (in the physical szense).
Thus education is often pursﬁed uncdier the influence of only
one theory: examples are the influence of Dewey in America,
Piaget in the New Zealand primary system, Steiner schools and
Skinnerian schools (or even communities). The eclectisism
of, for example, New Zealand state secondary schools is a
haphazard one rather than an organised selection of the useful
aspects of each theory. Thus several different (but fixed)
sequences are psychalogically justified (assumption 3.1);
attitude learning may be neglected if an instructional method
is thought to be psychologically valid (assumption 3.6); and
sometimes what constitutes learning is defined by the theory,
e.g. specific 'behaviour' over 'understanding' in some

Skinnerian-based theories (assumption 3.8).

Some specific hypotheses about particular theories
and their effects in creating the assumptions mentioned are
as follows: |

Thorndike's Connectionism codified the 'practice
makes perfect!' idea in the Law of Exercisé. This strengthened
. the educational practice of many examples as a substitute for
teéphing, thus specific knowledge and skills were emphasised
-(aésumption 3.6). )

The behaviour modification practices arising from
Skinner's work gave rise to programmed learning where sequences
are fixed (assumption 3.1). Béhavioq; is, discrete and using

it in an instructional process emphasises the discrete aspects
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of the subject (assumptions 3.3 and 3.8).

' Bruner, Ausubel and Gagne's theories all place
emphasis ¢n correct sequencing (assumption 3.1) and the
structure of knowledge. This latter emphasis partly influenced
the rise of 'new math', the content of which is based on
structural assumptions. Structural ideas also relate more
closely to deduction than intuition (assumption 3.4).

The current questioning of assumpticn 3.6 (on
attitute learning) may be linked to the general rise of
humanistic psychology of the Rogerian type.

Detailed influences of psychological theorles on
mathematics education in America areugiven in sections
throughout the NCTM book on the history of_mathematics educafioh
(Jones, 1970).
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5.00 SUMMARY

There are no conclusions, or rather, every sentence
is a conclusion. It is baetter to describe this thesis as
a process. ~A process whereby a philosophital analysis of
syllabus aims has developed into an'&xaminutioﬁlox alternative
méanings for the aims, an expositicon of hidden assumptions

and an investigation of the origings of the assumptions.

5.1 Philosophical Analysis

11

In the introduction to Chapter 2.00 the Wittgens-
teinian analysis on which the thesis is modelled is described:
analysis based on the language-game conception where any
statement i1s seen as a source of several possible meanings. The
value of the analysis rests in the exploration of thege

meanings by examining their consequences in different contexts.

ms of the

0]

Thus in the sd?eeding sections the a:
New Zealand Forms I - IV mathematics syllabus are discussed for
possible meanings and the consequences examined.

The first section focuses on the meanings of
‘observe', 'discover', tconcept'; t'logical' 'generalisations'
and 'mathematical experiences' in the context of mathematics
education. The secohd section deals in detail with the
'principles underlying the structure of mathematics'. 1In
particular the degree of universality is seen as important in
determining the consequences of the aim.

The third section highlights the difficulties
surrounding the independent definition of 'liking' mathematics
and 'being successful' in mathematics. The fourth section
examines the utility of mathematics for a general education
Again the universality criterion is seen to be important, as
is the way in which teachers use the word 'necessary' when
applied to mathematics.

Section five considers the value of mathematics
and the role of applied mathematics. There is argﬁment about
how to evaluate the importance of mathematics, let alone what
that importance is. The effects of the applications of mathe-
matics depend on the student population considered.

Section six looks at differences between the syllabus
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for Forms I-IV and that for higher forms. Specifically
examined are the narrowing of the aims (in response to
examination pressuresg) and the increasing importance of

.

mathematics as an academic discipline.

5.2  Assumptions

The introduction te Chapvter 3.00 details the discovery
of the assumptions to be examined in later sections. It then
presents an argument for the nced for challenging assumptions
in mathematicg education based on posr academic results and
negativé attitudes towzrds mathematics.

: . The first assumption examined is the need for
sequencing in mathematics instruction. Five types of ordering
are described. The types are based on: the structure of
mathematics, the skills necessary for mathematics, the self-
generation of mathematics, the history of mathematics and the
psycheclogy of JQarning. Their advantages and drawbacks are
discussed, along with the issues to be examined when
constructing a teaching sequecnce.

The second scction deals with the isolation vs
integration of mathematics with other subjects as epitomised
by the problem--centred and mathematics-centred appfoaches to
instruction. Comparison of these is related to how they
fulfil the aims of Chapter 2.00. Applied and pure mathematics
are also discussed, and an argument presented for combining
them as 'applicable mathematics'.

Section 3.3 deals with the function of terminology
and symbolism in mathematics and mathematics education. The
case is made for the use of them as 'Wittgensteinian' tools
whereby terms and symbols are recognised as haviné changing
and developing referents. This can be used by teachers and
students to enhance their learning.

Deduction and intuition are next considered, the
dominance of the deductive mode examined and its usefulness
questioned. Finally a cése is presented for less reliance on
deduction and more on intuition to achieve a more balanced and
realistic mathematics education. .

“The fourth assumption is that maximum rigor is the

best mathematics. The confusion between doing mathematics
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and learning mathematics is important here and rigor is seen
as a method of teaching rather than a subject of it.

Section 3.6 describes the different levels of
mathematics education: knowledge, skills, and attitudes. The
importance of each is obgerved and student and subject-centred
teaching evaiuated using these as criteria.

The universallty of mnthcm;ticé education raised
in sectiong 2.2 and 2.5 is subject to detailed examination in
the seventh soction. The existence, identification, teachability
and value of universal aspects of mathematics are considered
in turn. The reciprocal nature of mathematics and culture
(parallel to that of language and its use in Wittgensteinian
philosophy) is an important consideration. The time-problem
of teaching for an unknown future is also discussed. |

Finally the concept of 'good mathematics' is
examined. This includes a description of mathematics as a

language-game.

5.3 Historical Origins \ :
|

The fourth chapter examines the history of mgthem;tics,

and mathematics education in the United Kingdom, USA and

New Zealand for the origins of the assumptions discussed in

the previous chapters. s
In the history of mathematics the influence of

Euclid, the applied mathematics inspiration, the ‘increasing

desire for rigor and solid foundations, the tec¢hnological

advances and the explosion of knowledge are among 'the most

important influences with contemporary effects. | \

In the United Kingdom thg class basis of education,

\

the influence of Newton and mathematical phy51c15Ls and the
overwhelming influence of examlnatlonb;have all serlously }
affected mathematics education. The world-widé’ increase in
school populations and the need for' popular education haﬁe y
also been important. i
American mathematics education was iniﬁially
practically oriented and accepted as necessary for all. The
European rather than English. influence predominated and the

effects of the depression, World War II and competition as a
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super-power have all been significant. The ‘'‘new math' movement
originated here and its rise and reaction have been felt most
severely 'in the USA. |

Section 4.4 deals with New Zealand mathematics educatio:
the effects of America and Britain belng most important. Most
changes centred around education for all and the need for non-

academic ccurses which would be effective. The teacher

-

shortage is isolated ag an important restriction on development.
The gradual introduction of modern mathematics is detailed and
recent trends of locally develcped schemes noted.

The final section of the thesis reorganises the
above information under the different sorts of forces which have
shaped the assumptions mentioned: namely histdrical, social

educational and psychological forces. The role of Buclid's

Elements, applications of mathematics and computer developmant

in developing the assumptions is detailed in the first part.
The social forces of education for all and of education as a
national asset or power source are considered as having
important influences. Increasing population mobility,
unemployment.of mathematicians and the increasing rate of
change of society are also mentioned.

The educational forces noted are examinations, the
adaptabilﬁty of mathematics to research, the nature of
mathematics teaching as opposed, to that of other subjects, and

teacher training. Psychological theories have had two general

effects: overconfidence in the ability to solve educational

problems and the rise of theory-oriented schools rather than
the eclectic use of the results of research. Specific effects
of particular theories are finally hypothesised.

Thus some assumptions in mathematics education have

been uncovered, discussed and their origins identified.

00000000000
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1 TO IV

ps4.: Mathematics: Forms 1 to 1V

"..ee Programmes of work based on this syllabus will

stress the development of the pupil's powers of
ordered and systematic thinking, precision in

expression of ideas by word and symbol, skill and
accuracy in the manipulation of symbols; and they

will seek to relate these powers and skills to
situations the pupil will encounter in the world
in which he lives.

The Nature of Mathematics

Mathematics may be thought of as an idealisation of
the real world; a model that can be used to represent

relevant objects and events, and to investigate
s

relationships between them. It may also be regarded

as a logical structure built on assumptions.
Some mathematicians have pursued ideas and

developed theories and methods that have been applied
successfully to a wide range of problems. Some have

re-examined the basic assumptions and logical
structure, and clarified them until they formed
a more consistent and general system. Other

mathematicians have followed challenging lines of

thought for their own sake, and by so doing they
have experienced the excitement of discovering
patterns and relationships, of perceiving and

applying basic principles, and of appreciating the

economy and elegence of logic. .
Mathematics is an activity. It has been

constructed and developed by man and is continually

evolving. This syllabus endeavours to relate the

teaching of mathematics from Form I to Form 4 to this

conception of the nature of the subject.

General Aims of the'Syllabus

Mathematics is playing an increasingly s?gnificant
part in many aspects of our culture and is therefore

a necessary com ;
those who live in this culture,

ponent of the general education of



The gcnéral aims of this syllabus are:

1. To provide mathematical experiences which enable pupils to
make observations, to discever patterns and relationg Hlpu, to
develop concepts, to draw logical conclusions, to expres
thoughts accurately, and to form generalisations.

Opportunity has already been provided in all classes up
to Standard 4 for children to develop an understanding of simple
mathematical ideas: These ideas now form the basis of a wider
range of study leading to the development of general principles

which operate in mathematics. Greater emphasis is placed on the
need for refining definitions and using more precise language -

symbolic as well as verbal - particularly in statements from
which logical deductions may be made.

2. To develop further an understanding of the principles
underlying the structure of mathematics, and the ability to
apply these principles to wider fields.

This aim is closely allied to the first. The Infants to
Standard 4 syllabus provides for the early introduction of
basic mathematical principles and for their systematic extension
and refinement. The process is continued through this syllabus.
Principles previously acquired are now extended, not only to the
set of whole numbers, but to other sets of numbers and to other
branches of mathematics, such as algebra, geometry and trigono-
metry, so that pupils may see a unity and structure within the
subject as a whole. As puplls are led and encouraged to use
principles in the solution of problems, they realise that an
understanding of panCLplea adds immensely to power and economy
of learning.

3. To develop a liking for and a ksting interest in mathematics.

The pupil's attitude towards mathematics is a critical
factor in determining his success in the subject and his
readiness to pursue it to higher levels. The pupil who experiences
the intellectual enjoyment and personal satisfaction of
discovering laws of number and space, of perceiving patterns and
forms, and of finding the solution to problems will be stimulated
to continue his studies. The teacher's general approach to the
subject, together with provision for individual differences in
needs, abilities and interests, is the key to achievement of this
aim.

4. To develop the basic mathematical knowledge, skills and
understanding necessary for everyday living and for effective:
citizenship. '

All pupils need to be able to handle numbers and spatial ideas
in their day-today experience. In addition, as adolescents and
adults, they will need mathematics to help them understand the
world they live in and to meet their obligations as citizens.

5. . To help pupils apprec1ate the 1mportance of mathematics in
thelr future studies and vocations. |

Increasing demands will be made on the mathematical
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competence of all pupils in their future careers. Mathemalbics
has long been recognised as indispensible to scientists,
engineers, technolepgists, technicians and skilled tradesmen.
New applications of mathematics are being found in all fields
of thought, and new areas of mathematical .study are being
developed to meet new needs. Mathematical knowledge is
important to economists and social scientist -- in fact, to
almost all who enter professional, administrative and business
careers. These trends have influenced the development of

this syllabus.

Specific Objectives
P J

The general aims of the syllabus éxpress our mathematical
aspirations in terms of the neceds of pupils and society. If
they are to be achieved, it i1s necessary to state the specific
objectives towards which the performance of pupils should be
directed. These objectives determine the content that is
selected and the learning procedures that are used.

It is desirable that pupils should:

Know and understand mathematical facts, processes and
principles.

Develop an understanding of the logical structure of
mathematics and the nature of proof.

Perform computations with understanding, accuracy and
efficiency.

Develop systematically their ability to solve problems.

"Develop an attitude of inquiry.

Become interested in and enjoy the study of mathematics.

Develop an appreciation of the grace, economy and breadth
of application of mathematics.

Develop an awarenessaof the importance of mathematics in
daily life.

Develop sound metheds of learning and habits of independent
study.

* . a0

Emphasis on Structure

The organisation of the content of this syllabus is based on

the study of mathematical systems which make up the strucure
of the subject.

1. The nature of the elements of ‘a system and relations among
them examined. These elements may be numbers, po;nts,
lines, statements, arrays.

2. Relations between dlfferent sets and elements of different
sets are studied.

3. The operatlons on elements of the given set are studied
in relation to, their properties and to each other.

4. Operations on sets themselves are considered.
5. By generalisation, the principles involved in the operations

are discovered, and the part they play in the structure of
of the subject is realised.
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6. The principles are applied to mathematical problems and
extended to new situations.

The Study of Geometry
The initial steps in the study of geometry are practical,
being based on constant employrmient of keen observation,
handling of materials and apparatus, and encouragement of
intuition, discovery and inductive reasoning. A gradual
growth of deductive reasoning follows, to prove apparent
truths and to lead to the establishing of further properties
and relationships among these. The emphasis i1s on experience
leading to thought and verbal expression. Various techniques
are then mastered and applied to geometric problems. This
culminates in a 'feeling for space', and a critical understanding
and appreciation of the nature of geometry as a mathematical
abstraction developed from a physicamodel.

Two alternative approaches to the study of geometry in
Forms 3 and 4 are given in the syllabus: the traditional
development derived from Euclid, and an approach through
transformations of the plane. Either one may be taught, and
it is appreciated that while the assumptions made and the
sequence of development of the traditional approach at this
elementary level are generally established, this is not so
true of the alternative transformation geometry. Whichever
approach is used, the treatment should be consistent and
systematic. '

1"
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EXTRACTS FROM TEACHING OF MATHEMATICS

paZs 3
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HOGHEN HOUSE COURSE:
i Major Recommendations of the Course
3 That the syllabus should be a concise, coherent

and meaningful statement of the aims, oblectives and
content recommended for all children in Forms 3
This implies that teachers, on reading it, know as
precisely as possible what is intended with respect
to aims, content, emphasis, priority, level and
interdependence.

4. That the provision ¢6f alternative syllabuses in
Forms 3 and 4 Geometry be discontinued and LhdL one
geometry syllabus bﬂ included.

5 That the second paragraph of "The Study of
Geometry", p 8, be replaced by:

Intuitive understandings of spatial relations,
similarity and congruence are readily extended and
refined through a study of geometry based on
transformations of the plane. Understandings in
some topics such as circle geometry, on the other
hand, are more readily acquired when tcaching is
based on the traditional Euclidean approach. It is
desirable that a course in geometry based on this
syllabus be a consistent one in which the elements
are chosen to allow learning to proceed most casily
and effectively. For this reason it is considered
no longer hecessary to have alternative courses in
geométry in the syllabus.

"

" THE SYLLABUS
A Aims and Content

It was agreed.that a statement was required on "The
Role of Mathematics in the Curriculum" to be inserted
in the syllabus after the section "The Nature of
Mathematics". The purpose of such a statement was

to emphasise that mathematics is not just a utility
subject but one which stands in its own right and
even underpins others.

A statement along the following lines was required
"The Role of Mathematics in the Curriculum",.

"It is recognised that mathematics holds a unique
position in the School Curriculum. The uniqueness
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is based on the hope that it; study will result in a
mind trained to think in abstract terms. This task for
the teacher 1is -an Cxtremg¢} difficult and demanding one
and must be conducted with patience, sympathy for the
growing child, and a good measure of enthusiasm.

Notwithstanding the abstract nalture of much of mathematics
every possible opportunity should be taken to relate it
to the outside enviroment and even to allow for its
integration with other school subjects where appropriate.
By doing this, the utilitarian aspects of mathematics
will be made more meaningful to all children, but
especially to those who have had limited success in the
subject. If carefully taught, mathematics should have
repercussions on the spokei’ and written English of the
children, for the training they get in orderly thinking
should be extended to an orderly presentation of facts
and ideas in speech and writing.

Other unigque qualities include:-

5 It provides techniques to solve problems.
i3 It gives an opportunity to develop deductive
and inductive reasoning.
iii It demands precision.
iv It gives an appreciation of the nature of
a disciplines
v It can give an immediate measure of satisfaction.
vi It provides opportunities for convergent and

i

divergent thought patterns.
vii It underpins many practical aspects of.other:
subjects. ;
viii It gives pupils one component which: wideéns !
their physical and social enviroment.
Mathematics is uniquely sequential in nature. It is often
within the period of Forms 1-4 that the skills, abilities
and attitudes of earlier years are confirmed. Teachers
of the subject therefore must acknowledge this fact and ensure
that the pDSSlbllltlES of future study in the subject are
enhanced.

It was agreed that a revision -of the Aims was required. It
was felt that, while the nature of the subject had not
changed, the requ1rements of society and the need$ of the
Chlldren had. It was also agrded that specific objectives
would be more relevant if they were associated with
parents' aims. We therefore have redesigned (and added
1 further aim) the section "Generar Aims 'of the Syilabus"\
pages 2-6, to include:
a Aim ' _
b Statement of Elaboration ' ¥
& Specific goals apprqpriate to the Aim. '

[ = \

"General Aims of the Syllabus"

.-‘“a_i.nl"" o

"Mathematics is playing an increasingly significant part
in many aspects of our culture and is therefore a
necessary component of the general education of those who
live in this culture.



The general aims on which this syllabus is based are:-

Aim.7l.

To provide mathems {ngl experiences which can enable pupils teo

describe observations, discover. patterns and L']LL'OH‘ ', <

develop concepts, to draw logical conclusions, to cemnunicate
accurately, and to form gene rLLL¢sL1thu1, at the uqu.OQL.LJtﬁ: lavel.

Statc_mar]L '

Para 1 IT’&'I(]E’ 5

Objectives

To develop in pupils the ability to:

a detect patterns in sete of numbers, shapes and ideas;
b identify mathematical data in thelr observations;
¢ distinguish between an observation and an inference;
d welgh evidence and be preparsd to change thelr peint of
view according to this evidcnce;
e order and process facts to lead to the solution of a problem;
f supply appropriate criteria to original data in order to

organize and evaluate the material, and to draw conclusions;
g use appropriate language in recognition, description and
classification: use the symbols and notation of mathematics
to show it is a language with rules and vocabulary;
h distinguish facts and their interrelationships; :
i apply the intellectual skills necessary to suggest hypotheses;
based on original dataj
J understand the idea of a mathematical model.

Aim.2. _ . |
To foster an understanding of the principles underlying the, ' l
structure of mathematics, and the ability to apply these ! )

principles to woder fields. : : |
Statement - \ \ |
Para 3 Page 5 |

Objectives

To develop in pupils the ability to"

anop

think flexibly and approach new situations with confidenca;
understand the fundamental number relationships;
know and implement laws of mathematical operations;
carry out normal mathematical procedures bascd on an
understandlng of their developments;
e appreciate the normal algorithmic processes . and use them
with understanding in the solution of problems;
f apply mathematical principles to new situations'
g relate mathematics to other disciplines ln the curriculum;
h collect original data; : '
i appreciate mathematical criteria)
j analyse and evaluate new data. f
' _ t
Aim.3. | f A b,
To encourage positive attitudes towards mathematics. \
Statement . ; x
Para 5 Page 5 . ' ' ;
Objectives | ‘

To develop in pupils the ability to: \

a organize their own work and learnlng,»l e. hav1ng learned Y
how to learn; }

b be creative - to pose their own questlons, 1nvent their own |
methods and symbols, '‘and use ‘their imaginationj :

¢ enjoy and be interested in mathematics and have a good
attitude towards the subject;
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d have confidence and resourcefulness when working at
mathematic =9

e parti”'puLu willingly in mathematical activities;

f Dbe creative and imaginative 1in their attitudes towards
mathematicsg

g gain intellectual stimulus from the study of mathematics;

h derive satisfaction from achieving conclusions to mathematical
procasse '

i apprecis

5 =
Py
c

;
¢ the aesthetlic appeal of mathematics.

Aim.4.

To develop the basic mathematical knowledge, skills and

understanding necessary for everyday living and for effective

citizenship.

Statement .

Para 7 Page 5 - but to include "confidently" after the words

"spatial ideas" i

Objectives

To enable pupils to:

a relate mathematical technlques to everyday life, and apply
certain concepts and skills in realistic problems and
investigations;

b develop the confidence to analyse and evaluale new data;j :

¢ develop an attitude of critical awareness; :

d develop a conviction of the generel validity of mathematics;

e develop physical skills in the use of mathematical
instruments and alds;

f develop familiarity and confldonce with measurement and

estimation. :
Aim.5. (New Aim) -.
To rpovide a pool of mathematical skills, knowledge agﬁ undér-
standing which will be a sound base for future study.
Statement !
This aim is clearly directed at future study and empha8121ng
the sequential nature of the subject. |
Objectives . oo
To train pupils to: '
a work with enthusiasm, determination and concentration on
the subject and be well motivated to continue;
b develop sound methoeds of learning and habits of independent
study. )
! 4 |
Aim.6. ' ' ' | \
To help pupils to appreciate- the importance of mathematlcs 1n
their future studies and vocations.
Statement : [ * :
Last para Page 5 S | . | .
Objectives N ' LS
To train pupils to: Yo b K \
a be aware of some modern appllcatlons e.g. operations research,
linear programming; %
b develop .the physical control to make precise drawlngs- ;
c see the subject as relevant and useful to everyday experlenc?
and appreciate the value and contribution of mathematics to }
present and past societies." , : a
n * . C i
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7.32

EXTRACTS FROM THE EDUCATLION GAZETTE —- EXAMLINATION
PRESCRIPTIONS

1 April 1972

"S.C. Mathematics Pre JCILPLLQH 1973
(One Three-hour Paper) :
Objective
To develop the pupil's capacity to live effectively in
a culture that is being shaped in many of its signinicant

aspects by mathematics.

This fundamental objective is expressed in the following
particular aims.

(a) To provide mathematical experiences which enable

' pupils to make observaticns, to dlSCOV :r patterns
and relationships, to develop concepts, to draw
logical conclusions, to express thoughts accurately,
and to form generalisations.

(b) To develop an understanding of the principles of
mathematics, so that pupils may acquire an ability
,to apply these principles to unfamiliar or new
situations. _

(c) To develop mental alertness and a spirit of inquiry,

a liking for and a lasting interest in mathematics.

(d) To develop the basic mathematical knowledge and skills
(including the ability to perform mathematical
computations with understanding and efficiency)
necessary for everyday living and effective citizenship.

.(e) To help pupils appreciate that mathematics does
underlie the modern technological society and that
mathematics will affect increasingly every vocation.

The examination will measure:

(a) a knowledge and understanding of the principles of
mathematics at the level indicated by the prescription;

(b) a knowledge and understanding of techniques, and a
satisfactory degree of competence in computation;

(c) a knowledge of facts and terms, and

(d) an ability to apply these principles, techniques, and
facts to new situations, and to make simple deductions.

n
s .

30 September 1976

"Examinations - ;
University Entrance Examination
Mathematics

The prescription in University Entrance mathematics
below will come into force in 1977
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Preamble

1. The ideas of logical deduction and correct use of
symbols should be an essential part of the teaching of
this syllabus. Particular attentlon should be paid to
the ideas of implication, corverse, equivalence and the
use of the counter-example.

2. In teaching the syllabus, applications from the
physical, social and commercial enviroments should be
sought.

3. The main aim will be to establish understending of
concepts. The ability to perform intricate manipulative
problems, for example on co-ordinate geometry or variation,

will not be expected.
4. .An approved published book of tables and standard

‘formulae will be supplied to candidates.

’
n

- 0 ¢ 0

1 August 1972

"University Bursaries Examination
Pure Mathematics (One Paper)

Preamble
(1) This prescription is seen as forming part of the
continuing development of the main stream of mathematics
and, in particular, the ideas of function and structure.
(2) The syllabus which follows is to be read in conjunction
with the explanatory notes which form, with this preamble
an integral part of the prescription.
(3) While manipulation of algebraic expressions is
implicit, it is not examinable as such.
(4) An approved published book of tables and standard
formulae will be supplied to candidates. The use of
mathematical instruments, including a slide rule, will
be permitted. '
(5) A choice of questions will be available to candidates
in the examinaiton.

"






