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ABSTRACT 

This work is a Wittgens tein-based phi l osophical 

a na lysis of ma thema tics education , prima ri ly in the context 

of New Zealand secondary curriculum. 

In Chap t er 1 . 00 the a ims of the Forms I-IV 

$yll abus are examined in detail with respect to the po ssi ­

~ l e meanings of the sta tements contained there-in . The 

tonsequences a nd hi dden assu~ptio ns of these me~nings are 

~lucidated . 

Chap ter 2 . 00 examines eight specific assumptions 

arising from Chapter 1 . 00 a nd from obse rvation of ma th~­

mati cs t eaching . Their consequences for ma thematiis 

education are discussed . Alternatiye assum~tions ~re a l so 

considered . 

Fina lly the history of ma thematics a nd mathema­

· tics educa tion in the Uni ted Kingdom, United States of 

Ame rica and New Zeal and are summa rised a nd th~n used t o 

inve stiga te the origins of the ass~mptions above . 
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1.00 INTRODUCTION 

1. 1 Ou t1 i ne of th f' \Mork 

1. 2 Conte:>: t of ths vJork 

1 . 1 Oukline of the work 

It is easy to justify, in general terrns, mathe­

matics as part of a secondary curriculum in New Z2al2.nd 

society. But the q1...:es tion " Vv'hy this maths to this ch~.ld 

no,.,,.,?" is not to be dismi ssed as cl. nec2ssa.ry evil for the 

whole of a successful mathema tic s educa tion. 

Lc:ck of answers to the q_u ,-::s tion ha.v1.: led th couoh 

the essentially evasive tactics of individua lised i nstruc-­

t i on 1 CL~ntrr1Ct teaching, b e havioi.;::· mocli. f:t.c:>.i.-.ion and other 

strategi(:>S. Fortunately the quest:i.0:1 r •e1 s:i.sb3 . 

Th i s thesis is a step h)':r>.r~ds qdesi:. i.on ing th e 

motives and practices of ma them2tic s educat~o11 at a dc0c~r 

level. As such it exists prim~r ~ly foe the writer, ho~evei.· 

some sections (especially 3.00 ,::'. li C! L; . GO) muy ~).cove t.hci.:~;ht. ­

provoki~g a nd instructive . 

My a i m in thi s work has bePn: 

~:c cx::1.',-.j_ne the philoscphical n2. 1:ure o:: SE'•.:ond,1:r:y 
ma thern:_1 ties (~d uc:o LLon in 1\lew Z.eci 1,-i.n.j b y in vc~ ::; r· J. ~.=1 t:~ 1 J(,'! 

pc::si.i)i li ties 1;1i thin it and 21.ssurr,otions rrude bv 
l~s practitioners. 

b) 

.- ) ~, 

Mor e specifj_cally the object ives c:tr8 : 

to ~nalyse the a ims of the NZ Forms 1-iV 
Sy 11 ai.)G :: "~·i tl: rE'. ,<:,pect t o pos s i.ble m2anir:g s , 
thP L r c·Di-;sequon c:es and i":idd2 r, a S=.u.mpt-1.or,s; 
lo d.Lscu ,3s r ecL:rring c1ssu!Tlpticn:=.; provid Lng 
alh.:r!;at5..ves '·'-'ht:·.::-e pcs ::: i .bJ~; 
to ir·!\;cs tiga te u-.e ori,;:;in.s of U 2 a. ssurr.ptlor~s 
iri b > 

Ch apter 2 ~ 00 .:i. s pr:i.rr;ar.i l y a n e xercise in phi lr_ )­

sophlcal ir,vestig_ct tion in U-1 ,~~ ~'!_;_ t t:q t: nstc. j_ni a n sense. 

·. I 
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a e,roc~ rather th an an _?-nd r~_~l !=-.· It deals with the 

fo rma l a ims of ma thematics educat i on as stated in the 

Forms I-IV Syllabus and the prescriµt i ons to School 

Certifica t e , University Entrance and Bursary examinations . 

Instead of examin ing and argu ing fo r or against positions 

adopted in these documents , I seek to investiga t e what 

poss ib l e meanings t he i r statements contain , and to rev i. ew 

the consequences of th e s e meanings. This is done under 

the Wittgens t einian assump tion that we use l anguage in a 

fluid way rather t han a n exact , def ined way. For example, 

in the statement of a n a i m the word "mathema tics" ma y be 

give n new connotations and denotations appli c a ble only in 

th a t sentence or paragraph. The analysis of t h ese mean ings 

constitute th e c rea ti ve nature of language . 

A philosophical investigation of the aim, 

therefore , should not presuppose what mathematics is, bu t 

look a t what it could be so that th e a im makes sense . 

Rather t h a n l ook at what the words of t he aim mean li terally 

we should be looking a t wh a t thP au thor could be weaning. 

Consequ e ntly this ch a pte r contains few conclu­

sions. 

Chapter 3.00 analyses seve r a l assumpti ons made 

by ma thematics educators . Not a ll the assu1nptions are 

mad e by a ll ma them a tic s tea che rs, b11t ev i dence tha t these 

assumptions ~ common ! y made is pre s ,3 nted . Sev,2ra.l 
/ . 

altern a tive assumpt ions are sugg e sted an d their c onsequences 

examined . Ag a in dogmat ic conclusions a re avoided, but 

c e rtain pos i tions are preferred. 

Th e hi storical development of some philosop h ies 

of math emati cs education are con s idere d in Chapter 4 . 00 . 

Mathematics 2ducation has moved v,:ith t!:e rnaJnstrearr, of 

Western mathem a tical thought a ~d h &s adopted ma ~y philo-

sophic31 positions uncritically. ·-~'his chapter high lic_1h ts 

the reasons for the incorpc.lr a tiC(i c, :f the abov:.:! a.ssumptions 

in our s chools - r ea 1:-on s which 21 ... €: not , it. j E appa.re:i t ; 

based on rctt i ona J. r e :!.'] E.ction, bL:t rathc~r on h i storica l 

circumstances. 



and psychological theory forces on mathematics education 

are considered . This section links the nis torica l develop­

me ~t of chapter 4.00 with the assumptions in chapter 3.00 . 

A summary , bibliog=aphy and appendix follow, the 

l atter being the syllabus and prescription statements 

from which ch apter 2.00 is generated . 

1 . 2 Context of the work 

Any philosophical investiaation into education 

exists within a particular context and rests on higher order 

philosophical positions and assumptions . 

The context of this th esis is education jn th e 

secondary sys tern in New Zeal and. However, I con sidei_- tl-1,2 

l evel or age of students to be relative ly insignificant. 

The ~ssumptions contidered here are r~levant to most formal 

mathema tics education beyond primary school. Th e syll,ib'..is 

an2ly~ed in depth does belong to the Forms I-IV area , but 

a similar exercise could have been done with, say, university 

matherr.a tics. 

The work is specific to New Zeal.and in that this 

c ountry is a consumer-based, high standard of liv~ng , west~rn 

and 15. terate society. The mathema tics education being 

r eferred to is neither highly valued, ncr necessary for 

surviva l or deve lopment - as is the case in many other 

countries. New Zealand seems different from other developed 

nations (e.g. Japan) in that a high level of formal education 

does not car ~y high status . 

One of the higher order philosophical pcsi t ions is 

that I beljeve education to be a process. It is nei t her 

something which h~pp ~ns t0 you, nor somct~i~g you merely 

experience. The learner _£Eea tes 

This idea is develLped b y Freire 

2nd dsvelocs through educ2tion. ·----.----'-
(1972) ir the context of 

3 



cultural revolution. Whil e New Zealand society does h ave 

its 'cultures of silence ' from which educa ticn can be the 

liberator, I am concer~ed here with the more gener a l 

position of liberati on from personal, political and 

cultura l s t agna tion. t:ducation is de~e lopment , j_t is 

not a prepara tion for any thing. Such an assumpt i on is 

not limiti ng in the sense that a ll writers h ave assump tion s 

at this l evel whether they are stated or not. 
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2.00 A LANGUAGE-GAME ANALYSIS OF THE AIMS OF NEW ZEALAND 

SECONDARY MATHEMATICS. 

2.0 Ihtroduction. 

2.1 Aim.1. 

2.2 Aim.2. 

2.3 Aim.3. 

2.4 Aim.4. 

2.5 Aim.5. 

2.6 Forms v, VL and VII. 

2.0 INTRODUCTION 

The bulk of t his section deals with the aims of 

mathematics education as outlined in the Forms I to IV Mathe­

matics Syllabus (Dep t. of Education , 1972 ). Reference will 

also be made to detailed objectives for these aims which 

appear in a 1976 report of an in-service course (Dept of 

Education, 1976), and an earlier British publicat ion along 

the same lines (Blak e ley, 1976). The r e levant port i ons of the 

first two documents appear in Appendices 1 and 2 respectively. 

Sections 2.1 to 2.5 each deal with a s pecific aim , 

using the statement of the aim and the explanatory comments 

from the Syllabus and further explication from the In-Service 

Report. 

Section 2.6 covers material relevant to senior 

mathematics classes, but not considered in 2.1 to 2.5 above. 

Official statements concerning these courses are found in 

The Education Gazette (Department of Education, 1972, 1976, 1977) 

-- see Appendix 3. 

What is meant by a 'language-game analysis' in the 

title of this section? 

The idea of philosophy as an in~estigation of language­

games (hereafter abbreviated to 1-g's) has developed from 

Wittgenstein. A paradigmatic example of the technique can 

be found in the collected writings of Wittgenstein on 
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mathematics (Wittgenstein, 1964). For a fuller description 

than given below see Passmore's work (Passmore, 1957, Chpt 

XVIII). 

Our use of language is such that meanings cannot 

be uniquely or exactly expressed. Words mean different things 

in different contexts, at different times, and to different 

people. Using language is creating language. For example, 

a new idea may be expressed by an old combination of words 

with slightly ch anged meanings. (Cf. the discussion of 

'prime' (sec tion 2.1) and terminology (section 3.3)). 

Stenhouse investigates the notion of Wittgenstein 

philosophy as 'exploring possible language-game5'. It is 

not a mere description of tJe use of language, but an exami­

nation of whether a particul ar string of words 'works' as 

a 1-g. (Nor is it even mere words which are considered·, see 

(Stenhouse b , p44, 45 ).). For example in section 2.3 it is 

seen that 'a liking for math emat ics' and 'success in mathematics' 

can come to mean very similar things in many 1-g's -- a 

situation which, I feel, most people would want to avoid. 

In 1-g analysis (or is it description? (see Passmore, 

1957, p.426 )) it is often useful to consider both a statement 

and its contradiction. This technique is used extensively 

by Wisdom (see Passmore, 1957, p.438). For example the 

statements: 

a) "All pupils need to be able to handle numbers ••• in their 

day-to-day experience" (Dept. Education, 1972, p.5); and 

b) "There is no mathematical knowledge essential for every 

person" 

are both meaningful sentences. It is the job of the 1-g 

analyst to discover what interpretations~ be made, where 

such interpretati6ns conflict, and where they are useful. 

Playing 1-g's could be described as exposing the 

rules for the use of words from the way they make up sentences; 

and also as exposing the meanings of sentences from the way 

they are made up of words. 

To apply 1-g analysis to the philosophy of mathema t ics 

education I shall explore possible meanings of some of the 

· words and phrases used in the aims of the syllabus. This 

includes exposing the ambiguities in, and the consequences of, 

such meanings. I do not expect to arrive at a definitive 

answer as to whether these aims are (or could be) the best 



(or even ah adequate) statement of what a Forms I to IV 
\ 

mathematics syllabus should achieve. Rather I hope to show 

what practical implications follow if we attribute various 

interpretations to the s tatements made. 

Why have I chosen to use 1-g analysis rather than 

any other form? 

Stenhouse has argued in several papers (a, b, e) 

; 

for a Kuhnian par adigm-shift from 'second-order' philosophical 

activity to active, Wittgensteinian, practical philosophy 

(see Stenhouse, a pp. 5 , 6, 8ff). Philosophy has become 

the domain of philosoph e rs only, so that, for example, 

the 1-g concept has been shorn of the practical emphasis 

given to it by Wittgenstein. Ra the r the abstract 'philo­

sophical' aspect became important. Stenhou s e sees the 

language-game approach a s helping facilitate the paradigm­

shift towards practical, crea tive, active attitudes in 

philosophy. He elabora tes an e xample concerning Dewey 

(Stenhouse, a, p8), and section 3.3 argues for a creative use 

of mathematical symboli s m seen a s a 1-g. 

This thesis is intende d to be clarifica tory, but 

also has practical aspec ts. Its value lies in the extent to 

which both myself and t he reader will have a wider range of 

lines of thought when considering the aims of · mathematics 

education (see Stenhouse, e, p. 5 , 6). I do not wish to 

direct the reader towards any pa rticular 1-g (although I may, 

provisionally, adhere to one). Rather, by showing the 

value of even contradictory statements, I hope that the 

analysis will establish the d e siribility of continuing to 

d\scuss aims, raise problems associated with any particular 

1-g and also indicate that such problems areresolvable and 

may be held over, with confidence, in the meantime (see 

Stenhouse, e, p7, 8). That is to say the analysis should 

help dev.elop maturation in thought on mathematical/educational 

issues. 

The analysis may also be creative by indicating 

new 1-g's which have some utility. 



On what basis can we explore 1-g's ? 

We can call on our own experience to discover 

possible 1-g's. This includes not only our experience with 

everyday language, but also our experience as teachers, and 

particularly as teachers of mathematics. It is only 

through these latter experiences that we can validate 

particular 1-g' s, ( see Stenhouse, b, .p49) . 

The only clues we have to the 1-g being employed 

by the syllabus writers are the statements of the aims them­

selves and their brief explanatory paragraphs (hereafter 

ex.para's), (Syllabus pp4- 6) . These are quoted at the beginning 

of each section. In addition the objectives given in the 

In-service Report provide insight into the thinking of those 

involved with syllabus writing in New Zealand . They, also, 

are quoted where appropriate . · 

There is also a general statement given in the 

Syllabus (p4). In summary this statement describes a concep­

tion of mathematics which is eclectic (or ambiguous?): mathe­

matics is seen as a model of the real world and as an 

axiomatic structure. It notes that mathematici ans have been 

motivated to develop ideas for several reasons: their appli­

cations, their aesthetic value, their consistency, or simpJy 

their own sake. The rewards of a study of mathematics are 

seen to ~e threefold: surmounting challenges, experiencing 

the excitement of discovery and application , and appreciating 

economy and elegance. 

The general aims are introduced by the words: 

"Mathematics is playing an increasingly siginificant 
part in many aspects of our culture and is therefore a 
necessary component of the general education of those 
who live in this culture." 

The above should be taken as the context for the 

discussion which follows. (See also Appendix 7.2). 



Sta t emen t : 

"To provi de ma. t:I ,c.::mc: l: i ca l e xperic•nc~ s v;h i e h e n <'lble pup.L 1 s 
t o m· ke ot:crv~.ci.vn,:; , lo d i scov~r 9a ttPrns ,:nu 
re l ationshlrs , t o deve l op concepts ~ t o dr2~ l ogi c a l 
conclus i on~; . t o cx 1)rcs':", ti1')llght.f..; accurc:t~ly , ·a ri d to 
form gen,~rc,li:=:.aLic:-nc-. 11

• ( Sy l l ~,J,u~; , p_.4 ) 

Ex . p c1ra .: 
11 0 rno.l'.'tuni ty h,, s c"\.I re.tdy teen r>rovlt1ed ... to dcve J.op 
a n ur.clecst,.r,dinc1 of sinirle rni:.i t l cmc:!.ic;:1 i th~2s . These 
i deas no\v i orrn t! c bc:i s.i f.; of u VJ i. der r a nge. of study 
l cc1d ing l o t he de:velopmcn L ·of qpncra l princi pl es \Jh i e h 
o pera t e j n 1nc1 t hcri,c1tics. Great< r 0mph2s j s i s p l aced o n 
th e need for refini riq dt:::f i ni tio rts and usin9 more !):-cici se 
l anguage - symbo l ic is w2ll ffi verta l - parlicul a rl y i n 
s ta t em(:-' nts i r om 1:Jhich a l o gj cc1 l deduction ma y b e 
mude ". (S y]l abus , p . 5 ) 

This aim li s l s sever a l a cti vities /sk ill s /llto ughts 

which, lt is clai me d , J eud t o the de velopme nt of g e ne r~l 

mathemc li cc.1 1 pr in c i ples . I sha ll cons i der each o f these 

activities in tur n, a nd then loo k a t the ge nera l quest\ on : 

wh at doe s it mean t o sc.1y ' p.i~ o vide ma the ma ticu l cxpericnl,:t-=:s 

whi ch ena ble pu pil s to ma ke obse rva tions , di;c;cover . pa tt ern s 

etc '? 

The 1-g for ' g e ne r a l principl es ' a l s o needs t o 

be investiga t ed . This i s do ne in s e ction 2 . 2 . 

2 . 11 ... making observations , ••• 

What doe s ma king a n· obserta tfon enta il? 

I s hall assume that ~his -is not the ' ma ki hg a 

statement ' mea ning as in "He observed tCJ> his. mate that 1i t 
. ·, 

was Wednesday". Further ' to observe ' does not ~ean litera ll y 

'to see ' in this context . Seei0g is something we near l y a ll 

do anywa y , and it does ma ke sen~e to sa~ that a blind pe rson 

' observes ' some ma thematica l ide.'a . 

Let us explore the 1-g:of ' observe ' ~sing the 

9 

no t ion of seeing as comparison . . When we see something it is 

not just a resting of one ' s eyes on the object . It a l so 

e mbodies attention , and a consci ou s regi str ation of the object . 



It m,~!.ce~ sen;;,_, to suy 11 Tl:c bnuk I \:,•s locr:ing for· ~·Jc'!S r j yht 

before my eyes bu t l d.idn ' :_ ~,cc, it.". \'.'hen we observe 

s omC?th.ing then! is ,~L_;o c-rn eJ.c ~mr~ nt of co!1:,cious se)ecU.on 

of S0f!t2 ic1Ci..; .,, 
c.. l. po~.;s·i l., lc obs0xvc.i Lions . 

J.t. m2y hcJ.~: to as!< \·:hot is supp(:,sed to be ob.se1·vecl • 

Is it f acl.s .::is \\hen d number l:.heur is i.: ul;:;, rvc:,s 

the c!cns:i ty of prime~; pJ:ior to .s,iy.i.ng U,,~L Lhis de11Ei L·y t ends 

to et particuJ c r lirni L '! (Th.Ls si tuatio11 is sim.i] ur to t he 

scicntif.ic: cycle of llypothcsi.: t:: - test- oL:;orve-revise) . 

The me::i.rninq c f observ0 here j_ s L l kc thct t of I rcco.cd 1 : 

th e student roccrcJ~ct/o, .. servca· L·he in.tr:..,rcopts of the grc_,ph on 

t he x- ax is . \·/h ile it i s pos~;j},lc to leach the sldl1 of 

recor.cE ng , th i. s is don0 nci tiler· l~y prov i. cl.ing ma th rn1u l j ca l 

ex p(:r i ence s 1 nor for the: devclo,,;;v~r1 '. of gcncrc1 l ma t l .ema tical 

princi p le s . This aim , I fcGl, is sayin9 somet hin g mc;re . 

Is it some-thing mt1t·l1cm ,:tic,1l which is to be 

observed? i . e . the f~ct has to be inte r preted in a mathc-

matica l way. For ex2r.:;:,le vie c ,, n obseci.le a cro,vd of peop l e 

in severa l w~ys : as ~n a~sthctic a rr a ngcm0nt of colours or 

sound, as a. sociologicul phc,no:nc,non , c:is ;:_1 subject for 

sta ti stical ana lysis , or ~s 2 m3lhem~tica l collection . The 

moveme nt of such a crowd can l>2 looked 2. l as a pendulur11 of 

given period , 

emotiona lly . 

as a v1ave moli on , or expe:r:i.cnced lyrically or 

The problC'm nov! is th a t one situation can be 

observe d in mc:iny w2.y s :rnd j t usua lly e v en has many 

mathe matical interpretations . So we mu s t admit severa l 

possible obs0rva tions for a p art icul a r event . How do we 

teach a s t udent tq observe , a nd wh a t ma the ma tical 

e x periences s hould we provide to do this? 

I s ther e , in a p~rticular situa tion , a ' r ight ' 

observation t o make ? If so , who decides , · and are a ll the 

other observa tions th e n non-m a th e matical? We seem to be 

defining wh at mathematica l observations a r e -- i s this wh a t an 

aim shou ld do? (See section 2 . 17 for further discuffii. on o n 

th i's point) . The question of what ·is ' right ' is discus~ed at 

l ength in section 3 . 8 , a lso cf ' righ t ' patterns below 

(2 . 12 ) . · 

10 



,, 
2 . 12 ... cliscovcri :i g pat t erns and 1.·elati0nships .•• 

Does thi.s phrase imp l y th at th ere are ' right ' 

patte rns and relationshi~s which ore wait tng to be discovered 

in 0 giv€n situ~t i on ? 

Take the series : 1 , 4 , 9 , 16, 25 , 36 , ~9 , 

Poss ible c]j_ ::;ccveri.e;cl might be : 

0 1 : Th o series incrcaccs . 

D2: Ah ho , I recognis~ tho se numbers , th ey a re s quar es . 

Thi s i s the s er i es of perfect squares. 

D3: Lbok at th e di.ffcrences: 3 , 5 , 7 , 9 , 11 , ..• the seri es 

i s gover ned by s equc n ti a 1 odd--numbere d dj ff erences . 

D4: (Th d t means th a t) ei3.ch number of th e ser i es is the 

sum of a part ii.1 1 ser ies of odd rumbers 1 = 1; 4 = 1 + 3 ; 

9 = 1 + 3 + 5 . 
' 

16 ·- 1 + 3 + 5 + 7 · ' 
DS: Th e ,nth l'1 

t erm i s < (,'h - 1) x." -- <.. 
i.-- i 

D6 : A r e l a (ion;hip: t h e perfect squares a r e the sums of 

p artial series of odd number s . 

D7: Th e mathema ti ca lly expressed rel a tionshi ps i s : 
., 

n.2. - -;.:_ ( 2 ~ - / ) 
(.. =i 

Th ere may we l l be more complex interpretations of 

th e seri e s. Is t h e a im asking for a ll p a tterns to be 

discovered by everyo n e ? If not which step is enoug h? 

Alternat ively wi ll~ p a tte rn discovery fulfil the aim ? 

I f not how do we know which discovery is appropri ate ? Does 

the te acher decide ( see section 3. 8 )? Is th e re a sequence 

of discoveries of inc r eas ing mathematical complexity, the 

aim im p lyin g tha t th e nex t one shou l d be discovered (see 

section 3 . 1 )? Or is there a psychologically or ped ag ogocal ly 

appropriate sequence li ke Pi ag~t ' scognitive development or 

Bruner 's special curriculum? 

Perh aps th e appropriate discovery depends on th e 

previou s ma thematical experiences. For exa mple, assume 

tri ang les had been .the subject of seve r a l l essons, and th e 

next subj ect was th e inter ior a ngles of polygons . Would it 

b e correct fo r a student to diicove2 the· diagona l divis ion 

of any polygon into triangles and thus formu la foi the 

sum of th e interior ang les? And would it be wrong for another 

student to , say, measure the a ngles of a triangle, quadril ateral 
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,irid pc nL c1~1cn c::;ncl a1-r-lv0 c, l~ t-.1 .e formul a th ,d~ v1c1y? Th is is to 

that. Lhc:> mathcrn::.1 tical C'X!X~r-icnces d0fir1e th e pu.ttern s 

aga i n sr0 sect i on 2 . 17 . 

r e:: Lurnj nc; to the r::xarnp l e above. it lv::; l p:, t o ask 

v.'h ilt soi. t of m3 th crn,1t ica J. cxpcri0nces might h e l p 2 student 

t o m 2 k e P. i:1 c h c, f ih~ d i s c CJ v er i c ,- 1 i s l ed : 

D'l : Usin9 Lhc word:' ' scr:ics ' a nd ' ::..ncrr::·ust~s ' corr0.ctly . 

D? : Fr.1mll.L1rity witl 1 numlY'T f u t..::ts . 

D3 : F arn_i.l iclr ily with generd methods of dea li ng v.rith 

sequ(:1 ,cc s cllld ser j_ r__: s . 

D/J : ? 

D5 : Practice in dea li ng wilh ( and ross i b ly crea ting ) 

sym bo lis:-n. 

0 () : ? 

D7 : Pr acl l ce in do~ ling with ( and poss ibly creat in g ) 

symbol _i. :3rn . 

Our li sl of su i tc.1blc exper i e nce s has t wo gap s , 

und they co:ne c1 t th e most c r uc i a l po ints. 

Cert a inl.y fami li a rity with ma th emat ica l t e rms 

and series , and a dispositio n t o per severe with ma them a -

tic a l thoughts arc bo th necessary . Bu t th e se a r e ha rdly 

suffici en t cond i tions to en ab l~ such d iscove ri e s to be made . 

Sev e ra l edu c a tors ha ve a t t~mpted to de scribe 

j ust ivh at is required . For e xamp le Po lya , in his 

discussion of heu ris tics (Po l ya , 1957 ), a nd De Bono ' s 

concep t of l ate r a l thi n king ( De Bono , 1971 ) both a ttempt 

d e scr i ptions of how a person can come t o new ways of 

6 bserving a probl em a nd h6w th ey can thus crea te ne w 

s o lutions . 

A look a t the 1-g for ' discovery ' in a wider 

cqntext may help t o. c l ar ify the discoveries in D4 and D6 

al:love . 

We say th u t Columbus d i scovered Amer ica. Wh en 

di d this ac t of di ccovery t a ke place? It doesn ' t make 

s e nse to say "Afte :c- he had seen l and, theri Columbus 

cli scovered Arner ic a . '' So i s the act 'Of seei ng th e l and 

the discovery ? But many oth ers saw l a nd from Co l umbus ' 

sh i ps-- he wa~ not even th e first . What about t he peo p l e 

r2. 



living thcr,~ ~1n.,-1Jy'? Di d th0y disco·1er 1\iricri,~ \vhcn tht;,y 

\vcrc bori17 Ther, jr; a litcrc.'tl ~-cns8 j1, v1hic-h ,·JC could s,iy 

th1t U1('!.:;l~ ot!lcrs d.i·:.;covc~rc::l f-\~'1"J.t.·ica , L·~l \·:hen we use 

' di5:cov ,_,;-<>r~ ' v,:i U . r,2f( r.·cnc, to Colllm'.:;u!.:; '.·JC..' c1re in c ludirq 

his rr·,c,·,qn.i tion of cl,, signi f icdnce· of th e li:md 1.-;hlch h·?. 

St=.i':i . 

vie:, (i..c. ,s i3 Su.rcjY~cJ.n) , :·,<" li11"! di~cov0ry is ,,ttr.ibutcd 

to hi.rn, nol. his .r;dil,rs, bc·cau::-.- of hLs prior c>nalysis of 

thr- V.".Jrld L)S t'Olll d . Furtrr·r, ::;o:nE. asrnct of hi:3 rcturniriq 

,.rnd r cpoct.Ln9 th e land is al;;o · nvolve;d. Thus ct:Lscovecy 

sc.,cr,,s Lo :involve.:,, point of vie,, . ., , a ~0cognition of 

si.oniiic;.1ncr' a11d poss:ib ly inl:ention o.s well dS lhe actual 

observ<, t'Lon. 

The c:1im above specifics discovery of patterns 

and rcl.ations!iips . \•Je c;:rn lhink of these as a l rc-ady i n 

the mfllhc,m:i lics, as America v1us a lv;:1ys there , bu t vve must 

include a creative 2spect: r:i c:ime ly ' g.iv.Lng significance to '. 

Th e:, prec1mbl e t o the aims sees ma t he:nu ties as 

13 

( 1r.1ong other things) a model of Lhe rcc. l \·1or l d, i.e . aspccls 

of a rc c:, J. s i tuatjon c.1re i solated and dEcalt \vi t h syrr.bo~icul l y, 

the rcsulls being re c~pplicable t o t hP original situati\n . \ 

Mode l s arc creuled , pGrt i cul.ar ones being c~osen ~s more 

0pproprj ate than others . Spherica l geometry \vas always 

applicnble to the earth , but it makes sense t o say t h a~ 

Lobyachcvski ' d i scovered ' the spherica l model. Djd h e 

create i t ? Not in the sen se t hat t he sculptor c r eates 

( a l though Stenhouse in t hi s context tell s about the c hild 

who asked t he scu l ptor "H ow did you k now th e lady ,was· 

inside the stone? " Perhaps crmtion is never a n e n tir ely 

original act) a nd yet it ceriain ly ~as
1

no t . 
I 

all inluilion . Chan ging t he para ll e l ax i o m was t h e r esu l t 
i 

of deduc ti ve a n a l ys i s , and the begin n i r,'g of · a de l i ber a t e 
' I 

synthesis , by Lobyachevski . I' 

Fo r d iscovering p~t t e rn s , then, we mu s t incJ°ud e 

the i dea of con sci ous r ecog nit~ o n of s i g ni f icance . Thi s 

imp l ies a l ack of kno wl ed g e o f thi s s i'gn i fica n ce befor e h and 

( bu t wh a t about di scovery?) on the p~r t- o f the s tude nt a t 

leas t . 



Ccnc•.:")t dcvc:.-1-:.>prnenl l,i.1~. 1,ecn much discussed , 

I shnll ~s sum~ th~t we are 

Li-cl ~1.s try the 1 - g 011 ,, J:l'l ticuL.ii· concept : that 

1'J O ;.' 1 iJ m SU re l h i1 t I h i:i Ve c; \J C h u CO n C e p t • I S i t 

a de{j11iti ~n? ncfinilcly not : 
11

c1 rn.1:-·,l:,cr \.h.i.ch hcJs no :ini..c,gra1 · 1ivi:~01.·s except itself and 

u rd L '; 11 i. s o rv? d e:: f i n i. t i o n , 

is r-rirnc,·· ,(1,< \·~1' :,~ (1'·\ . )'.'<·;1;'i'r,-: .. 1··;;,\ .. (c;-: t))";.'i " i s ano t hC"r . . ,. .. - ~, .. •· ' ... ,- '. ~ .,. ~ ,,. r , 

II /\ :n·j:i1C" is v.1lvlt you get uftcr <',pplyi. n g Eratost h enes sei ve " 

i s a third . I cou l d ~rilP a do7on more and none o f th e m 

vJuuld be es~,enUal to my unders l ,rncJing of r rime , a l t h o u gh 

pcH l: cf iny concept is i n c l uded in each o ne . It d oes make 

sen::c to s,·y : 11 She knows \vhot a ;Jrime i s bul c a n no t g ive 

a def.i..nitic.,n . 11 

14-

Skemn deline . t cs b~twe~n d concept and a defi n it i on 

in thi:::, way : , 
11 Defirdli0n can . .. bc seen c1s a way of adding prec1. sion 
to t he bo und a r i es cf a co ncept , o nce formed ; a nd of 
stating ex:i J i.c i tly i t s r e l ation t o other concep t s . ff 

' I 

( SkGmp , 1971 , p . 26 ) . 

But does it make sen se lo say : " She h as a c on cept 

. of a prime but cannot r ecognise o ne ."? It seems no t unt i l 

I ask her whether 964 , 07 2, (37 , 84 1 i s a prime . So r ecog n it i o n 

i s net th e cr i teri o n . 
, I 

Sh e may r e pl y : ffl k no w h o w to f i nd o ut thou,gh" . 
I \ l f s h e did d emonstrRte th a t sk i l l~ woµld want to s a y 

t hal s h e h 2d th e concept . Ho we ve r t here ar e o th e rs who 

cou l d n o t fi nd o ut wh e ther 964 , 0 72, 437 , 841 wa s prime bµt 
! , I 

s ti ll h ad the conce p t e . g . a fou rt~ fo~m e r who h a d just 
~ • j • 

b egu n t o l earn about th e m ma y h a ve a true (but unsoph i sti-

c ated ) c oncep t of 1 prime 1
• 

I 

What about be ing abli to give a n ex a mp le? I · think 

th a t a ll those with th e concep t cH a prime c o uld give 

e xamp l e s -- but i f I asked someone to give me a prime number .. 
a nd t h e y r eo l i e d ff 13", wo u ld. I kno w ·tha t th e y h a d th e c o ncept? ' 
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It may have heen a l uc 1~y guess . V.1hdl e l:::;c cou ld I do to 

find ou t? "Give me some more ". " 2, 3, 5 , 7 , 11, 1.3 , 17 , 

23 , 29" . I ' d beg in to helieve, bu t they may have memorised 

th e m, ( eas ily oossib lc a~ a r esult o f some third form 

teuching) . " VJ h y a re th cy prime~-. :·" Now rn d ny rep l :i. e s a re 

possible . Of th e r ep li es wh ich wo~ld c onvjnc2 me I ' m sure 

there are a n svJer s which would t)(~ t oo compl ex for, say , the 

fourth former m nlioned abo ve . 

So tv:o people ma y bo th iJe said to he.we this concept 

and yet o ne may not be com;:_)rehensible to U1 e oth e r:- . V.Je an.:c 

now getting into the 1-g of ' prime ' ~- so i s to h c ve a 

concept to b e ab le to play a 1-g ? This conclu s ion i s a rgu ed 

by Stenhouse : 

" Knowing a .:=.oncept i s ~ nov1i ng .the ru 1 e s for th e use of 
a word . Th ese rul e s are earned mainly t a citly: we l earn 
the l anguage-g ame s by he a ring, seei ng , a nd gener~ lly 
by partidpating in them" . (St e nhous e , ( a ) , p . 13 ) . 
( Quotation from draft material by permission of the 
author ) . 

To have an exper·i ence of primes , whether it be a 

d iscovery , intuiti on or generalis a tion , ch a nges in some way 

wh a t we previously though t of as a prime. This enab l es us 

to use ' prime ' in a n extended wa y , to p l ay a different 1-g. 

Th e cumulative exp l oration of such 1-g' s is then our 

un derstanding of ' prime ' when we. hear , see or use it . 

I n thi s interpretation we ~ust then say th a t the 

. person who spou t ed from memory a ll the p~imes up t o 97 when 

asked what a prime was , cou ld be sa id to have a concept of 

a pri me . For him · •prime ' means j us t th at l ist . Th e a im, 

th e n, becomes to develop (.extend) such a concept , a nd c o me 

to som e , no t n ecessari l y complete, a greemen t about the 1-g. 

(N o t e that if a con cep t is judged to be wrong it i s wrong 

only with respect t o th e judge r and a par ticular 1-g). 

2.14 .•• dr awing logica l conclusbns ••• .. 
It is import an t to l ook closely i t what 'logica l' 

means. On th e one hand it could mean the 'common-sense ', 

intuitive logic which we use in e veryday l a ngu ag.e . On the 

IS 



othe1.- h a. ncl it- mc1y r efer to fonnz,l , rnuth emci l:1c a l lo g j_c . 

To take the second case: there is a whol e brc:,nch 

of ma thematics (Foµndati o ns -- see e . g . Hather, 1968, Cp t.2.) 

which deals ~v.i th the contrad.i.ctior.s ~i.:::- i si 11 ~J frc,rn forrnul 

l ogic, and ,vhich has put in doubt th e,. !.:;t,,1 lus of ar.y conclusin 

based on l ogic alo~e . So a. study of proposi t ion,0>1 o r pre--

dicate cal culus does not seem to be implied . 

But if common-s e nse logj c .is wh2.1t is r e:qui.cccJ 

then \•1hy are mathematica l exper ie1·,ces necessary '? 

The middle CJround could be , that ma them 2 Li c s 

symbolis~s and makes conscious wh 2 t j_s essentially 

commo~- sense logi c . This seems rc2son ab l c in the s~~o nd a~y 

school con t ext r1 11d fits the ' mod(~ l ' vie\t-.1 of math cm2,U cs 

mention ed in the a im s . So drawing l og ical conc l usionr 

means using t e mGthematical logi cal symbols (le; . g . , ' j 

• ) •J - · 5 <=::..:> ) in appropri ate p laces. This i dea is 

deve l oped l ater ( see sec tio n 3 . 3). 

Another interpretation is t hat drawing l og ical 

conc lu sion s is th e way mathem a tics is don e -- i. e. if a 

resu lt i s obt ained l ogica lly t h en it i s good math ema tics. 

Th is is one of the assumptions d ei..1 l t vJith in detciil in 

section 3 . 4 

2 . 15 •.• expres s ing thoughts acc urate ly ... 

Th ere are two distinct 1- g ' s which can be p l a y ed 

here. 

/(, 

The first assumes th a t the thoughts a r e ma thema ti ca l 

ones, i.e. the subject of the thoughts being mathem3t ical ~ 

The a im thu~ means th a t t~e student c a n wr it e coh cr·en t 

ma thematics, h as the skili of being ab l e to see 2. mathe­

ma~ica l relation ship and write i t down in a n a c cepted 

form. Section 3 .3 looks at th e 1-g for 1 ·accepteci for ms '. 

This is the 1-g ma ny tea chers play , bu t th e second 1-g 

is more vital in ma thematics educa tion . 



The oth~r 1-g, thE.n, :;_nvol ves thoughts ,Jhout 

anything ) the mathemat ics being the c1ccuratc expression . 

But if th.--: th:inl·er cxpresse[ V.'h:::it. he is thinkln9 then 

th a t, for hjm, is clCcurc:1 te. The misunderstanding comes 

when a rec1dcr tries to obtain the s a me lhought from 1,,\'112.t 

is \·Jril:ten . Thus ' c•xprcssing thoughts 2ccurately 1 is 

'expressing tl1oughtt, so that others 1,r,d 11 knov.r ,.-,hat you at'C 

thinking ' . But ho•., can anyone have exactly th e Senne 

thoughts as someone else? Morr to the point how could you 

eve r find oul? Only by Expressing the thoughts dncl 

comparing them : but the expression is not the thought ! 

The best that can be achieved is perhaps direction 

i ndicators ~nd the hope that the reader wi ll follow . 

These indi cators will presumably be th e points of departure 

of this new line of thought from other ones . Such a 

.1-g is exactly what the ' model ' view of mathema tjcs calls 

f or . Th a t this i s th e 1-g ·of the wr iters of the aj.m is 

borne out by the appcdrance of objective ( j ) . under Aim . '.l . 

in the '.1976 In -Se r vice Report ( see Appendix 7 . 2 p tS3 ) 

Here i s a c l ear example of divergent 1-~ ' s with 
-J ' 

a phrase which looks , at first , unexcept i ona l. The implica-
t 

tions for mathema tics education a r e that the firs t 1-g 

makes mathemat i cs teachi ng introspective a nd n a rrow , t h e 

s econd makes it re l avant and outward-looki ng . This i s not 

to say that one is better , both views are necessary for a 

f ull math e ma tical educat i o n . But in practice they tend to 
' I 

be mutua ll y exc l us i ve . tor fu rthe r d i scuss i o n o n wo~ld \ 

vi ev1 ( vs) isol at i or1 see sec t ion 3 . \2 . ' 
I 

i 

2 -16 . • • forming generalisa tions . ~ . 

One 1-g for this phr~se equates with ~ ••. developing 

concepts . ~ .' which h as been deal t with. in section 2 . 13 . 

At l east two meanings c a n be i dentified h e r e . 



On the one hand this could Le a factual 

knowledge aim . Stud<::nts must form specifj_c generalisations 

which have already been docidPd upon. On ±he other hilnd 

the proce~~ of for·ming gcn c r a lisalion3 is required, the 

subject of the genel'."'c:tJ.isat·i..or.:-; be:i.ng irrc:,lE.vant, pos2.ibly 

not even mathem2tical . These two interpretations 

parallel those in sect i on 2.15. 

For E:xampJ.e , studc"nts studying· graphs of linear 

functions rn a. y make lhe 9encrc1J.isat ion that the constant 

term gi vcs th e in t.<' rcept on the de:pqndent a xis, .out they 

should alco be learning how to come to th a t generalisat i on. 

Much argument about discovery l earning cc.111 be 

analysed with re spec t t o U1<::cse 1-g ' s , Th e or:igin o. tors 

of the m0thod played th e second game ( or possib l y bo th 

games ) while the poor exponents of diicovcry learning , 

a nd many of its· critics, p l a ~ed the fir s t 1-g . 

,i 

2·. 17 .. . provi de mathematical exper i e n ces which will e n able . •. 

etc . 

Hav ing l ooked at th e various ac tivities li sted 

in the aim we n ow wish to know what the rel evant ' mathem a tical 

experiences ' are . 

Questiorswhich may h e l p us to explore th e 

appropri ate 1-g- are : 

a ) are ma th ema tical experiences n~cessary .to ach~eve these 

activiti es , as opposed to other sorts of experiences? 

b ) are th e mathematical experiences referred to common t o 

al l th e ac tiviti e s dealt with in section 2.11 - 2 . 16? 

A rewording of the aim in the 1976 In- service 

Report to re a d·: 

" To provide ma thematical experiences whi ch can enable ••. " 
(Appendix 7.2, p . ) ~ 

indica t es tha t th e first question should.be a n swer ed : "N o ". 

This impl ies that the aim does no t app ly in th e same way 
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to a ll pupil s , i. e. the appropria t e experiences are 

student-relative . 

Nm·,, to r ephr2se th e second question, a.re t h ey 

a l so a ctivity - re l ative? 

For making an observation th e ma th ematica l 

experience \-Ji:1S see11 to vo.ry according to v1h ich obse:rva tion 

was con sidc~cd va li d . 

Fo r discovering patterns a whole series of 

exper i ences were li sted and f or two part i cular pa tte rns 

no exper i ences seemed appropr i ate . 

Fo r deve l oping concepts th e exper i e nce became 

equ ated with th e act ivity . Forming a conce pt was th e 

s a me as h av ing expe ri e nce s of t ile c:o ncept . 

For dravJing logica l conc l us ions e ithe r e xper i e nce 

i n usi ng l og ica l symbo li sm or examp l es of l og ica l 

sequences in ma themalics wer e seen as appropr i a te. Th e 

second of th ese is the 1-g of those wh b espou sed Euclid 

as idea l ma thema ti ca l sub j ect - mat ter. 

For each of ' expr essing thoughts accurate ly' a nd 

' forming gener a li sa ti ons ' t wo sorts of experi e nces wer e 

ne cessary ~ The firs t were ma th e matica l experiences in 

a f ac tu a l sense ~o t hat , for examp l e in teaching set 

th eory, enough sets we re joined . so th a t the s tudent could 

write a set using convention a l notat~on and unders t a nd 

the ( preconceived ) generalisa ti on of set . union. Th e 

s e cond sort of expe ri e nces wer e examples of ma themat ica lly 

modelling the r ea l wor ld. 

This wide array of experiences (they certainly 

a r e activity-relative !) prompts the question: why were 

such dive r se a spect s lumpe d together under the same aim? 

If . the aim is to ma ke sense, father than lead us to conclude 

· th1t its authors were writing impressive but empty verbiage, 

then there must be a further purpose. 

/9 

In keeping with the 1-g a na lysis this further 

purpose can be seen a s defining what ma thematica l experiences 

a re. So the s tatement of the aim is ~not·just saying th a t 

these activities are to be carried out b y students, but 

also tells us that mathematical experiences (which 



prc·surn·.l.il y <1re \·~hat tc2c1Jer~, shrJuJd 1xuvi.c1e) ,1re:: those thin(__fto 

which le~d to the ~~ccific actlvltles menlloned . 

A conscr.;1...:cnc:c is chat. teachc~r-s often \\lil.L not 

I' no1:: un Li. l af te1·\ ·2n:s v,1-.c lhc•r .:i pcJrt i.cuL;J. expci:.i.ence v!<i 5 

mathcrnatlcally hc~1pfuJ. But Ud.s L:2llies ~"ith our 

exper-ic,1ccf', of a clnssroom j n 1_c-ract ion ,rnd shou]d not 

dLsmay tis . 

Nor doe!; it make Lile ;,j_m cir.cul2.r or meuningless. 

In fact it emphdsisc~ (whilt we · now Lut often forget) 

that a rn,li:hcmc1tics clc:,ssroom is a fe<;db,1ek' sj luation \·Jhere 

tile results of inter.action (1cfine \vhether Lhe experience 

\·!as mathema tically worthv!hilc· at the sume time as the inter­

action creates the result . 
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2 . 2 AIM . 2. 

Sta tement: 

"To develop fucthr~ r an undcrstr:1 n d:i.n,J p:f the pr.i11c5.ples 
und,~:ri~1 .ing lh c. struct·.icc of m,d.he;ndt·ic~;, ,::i.nd the 
abi l iLy to rif)rJly the~-; C:: prlnc:i pl.-,.<; to 1,,1idcr fie::Jc.it:; " ., 

Ex . pa r a . : 

" Principles pr-cv.iously ,1cq1 iirr=cl -,re, no'.\· c'xtendec1, ••• , 
so thz1:· pupi 1s ma y sc=e ci u 11i ty i.llld a stn:c:!:ure?. \'J.i thin 
th e c;ub_ject a:_; ,-1 v,Jholo . As pupils ar-c led c1.nc::l 
encour,J.CJcd to U~.:'-C prii1cinJ.c,::; _i, ·, lhe so:tut.ion of 
problcm.s, thc'y 1:-1ill re,:lise th a t ,n1 tm ,1,·r~;t, 11ding of 
princi ples adds irnmensc' ly t ::., po',-Jc.,r c-Jnd economy in 
1 ear n i n CJ " • 

I s h a ll Jnvest i g~te four quest i on s : 

What is a principl e in t h is context? 

ll 

What ar e 'the princip les underlying the struci:ure of m,:3. th c,Tk 'cics? 

What constitutes an und c rst nnd ing of the princi ples? 

HovJ are pri ncipJ. es arp l icd to wider fields? 

2 . 21 · Wh a t i s a principle? 

Th e idea of a principle c arr ies some connot a tio n 

of gener a lisation - a non- genera li sing princi p l e does 

not make s e nse . It a l so in c l udes th e idea of agreement - to 

s a y th a t ma t he ma ti cia ns di sagreed wid e l y on wh a t was a 

ma th e mat i cal principle a l so sounds absurd . Although there 

c e r t a inl y have been changes in t hese principles ( see 

section 2 . 22°). 

The use of t he def inite article : " th e princi p le s 

under l ying . •• " indica t es th at the authors expect ma t hema tics 

educators t o ag r ee at any one t i me on the princ i p l es , but 

a ll ows f or changes over t ime . 

Anoth er c l ue to the 1-g being p l ayed is " • .. an 

un derstanding o f pr incip l es a dds im m~nse l y t o powe t and 

eco nomy in l ea rn i ng " . Now i f ' i mm e nse l y ' was l eft out 

then t he statement is t autologous sinc e a pr inci p l e 

im p li es genera li sat i o n . But the wri~e r wishes pr incip l es 

to inc l ude s trong l y gene r a l ising i dea s only . 

The s tat e me n t t hat " principles· pr e vi ous ly 



ec-.n bccom,~ iricrc,:isingly :_;ophislic ~·l:t::d (e.<J . r ·ina.rv 

operu.ti.ons arc' c::;~i.endcd to yroui.~,), or·u1 e: :,--: '71" q1·.inci~le 

( e.g . lhc idr:a of binory o:,:rcJLior' ~;· ,,p,)ly_:1,c_} tc g'co!'i"iric~•l 

transfoyrruti Jns ;Js 1;1elJ. .~; lo nu;n'. t..i:-...;) , 01· ;;0~:;.; LJ· ly ., oi..h . 

2 . 22 ur i ncio·1 c·3'.' 
' ' ' 

First-. 1 ,otc thc1 t no such rr i nci ! ,1 '-- s are: ~. l, 1 L,:-d 

in thr:- syllabus . The L97G In-s(rvir.e Report irnplic, ~;omr-

in it s objectives ( see Appendix 7 . 2) , but, for CXdffi'. ·1_c,, 
11 appr cc:iatP rnalhcmatical crileria" ( Ob j ective i, iL,ld) 

does not help us to decide~ vihal tllc~se bi-1sic rr:athcm ·I ic,:J. 

idea s arc . 

Two sorts of princlples might lie d.i .-3!:.i119•_:j_: 1,c:\ 

dealing \vj_lh ei ther rnath(•m tica l cor,tcnt oi- iu ;. J.:.herric.:l-icaJ 

processes . An example of the fi1.:-sl kj_n(l \ JOU.l.cl be~ 

' tr ic:3c n :::,me:: lric funct i ons cffC period t c ' ; c.,nd cxc,mpl~ of U1r· 

second '.<ind : ' mathematisel-Lon in volves abstr<ic.tior) ar,d 
! . 

symbolism ' . These t1,,,10 kinds of pr i hci p l l~s t.H·e n1 app l. .Lcd 

to wider f i e 1 d s 11 i n very d i f fer e. n l \v a y s : t h 0 f i r s t ,J s 

direc t app l icatio ns like those invo lved i n cnginccri~g 

t he second invo lves a point of vie\>.' more c1pprop.r i al.c to 

a pr ac ti si ng mathematician who is conside1ing a new 

problem . 

The pr i nci p l es do h a ve td do
1 

with the s truct i.i re c-f 

ma t h emaU cs . 
; 

I s t hPre " a unity and a ~truc1t ur e v.Jlthin the 
. I 

sub j ec t as a whole?" I t is a l l ca l ied mathematics , but why , 

o r wh at char acter i stics are universa l, vary from Russel ] ' s : 

" Mathematics may be defined as the' su b ject in v1l 1 i eh 
vJe never· knov; what \,Je a r e ·t<·ilking, about , nor whether 
'vlha t we are saying i s true n. 

to Ha r dy ' s : 

" A ma t hematicia n is· a mak er- of patterns ". 

No u ni versa l s tructura l characteristics are given i n the 

sy ll abu s , a nd it is pr esumably l eft to t h e teacher or s t udent 



to develop his/he'r own - this is consistent v1ith t!,e use 

of ' a ' not 'th e ' above . 

Howe ver cari whatever universa l ch arRcter istics 

deve1op in a clar~s be called p:cincj_ples? T/1 c clement of 

29reernen t has di sappeaL-ed. Furtherri,orE" we could ne:vcr 

be sure th a t the princip l es coulc! be " app } icd to v;j.c2cr 

fields " , or indec:;d , thc-l.t ~Y- principlec:; wr:::rc acquired j_r-, 

a particular case. 

Another possib l e 1-g is that princirles do 

refer to an i ndivid ua l ' s ( te0cher or student) underlying 

underst anding of what mathem atics is abou t. The agreement 

compon~nt may be thought to be inevitab le in the sense 

that mathema t ics is se l f - expl ana tory and a nyone study i ng 

mathematics successfu ll y i s bound to recognise universal 

f ea t ures. Aga in th is c a n be seen as def i n i ng ' successfu l 

mat h ematics ' i.e. i f th e pr i ncip l es ga i ned are not un i versal , 

the n it i s not r ea ll y ma t hemat i cs which is being s t ud i ed. 

Thi s i s n o t n e c e s sar il y a s t atic view po int as new princi-

pl es may be f ormed , a r gued for , a nd t h0n a c cepted" Such 

wa s th e case with Cantor ' s se t th eoretic no t ions wh ich 

we r e th e subj e ct o f d eba t e and n e c essi t ated a Kuhn i an 

paradi gm s hift on th e part of p r a cti si n g math emat ici a n s 

b e for e bein g a ccepted. 

What are t he princi p l e s of th e structure o f 

ma th e ma tics? 

The history of ma th ema ti ca l though t i s a s tory 

of changing a ttitude s t o t his questio n? Orm e ll (197 2 , b ) 

trace s the various a nswers through r a tio (Pyth a g o rea n s ), 

space and number (Middle Ag e s), s e t s (Frege, Russe ll), 

structures (Hilbert) and language· (S e ma tic Sch ool). 

At present there is a great controve rsy ove r 

these principles: several position s a re we ll-a rgued an d 

consistently adhered to. And such a rguments h ave 

relevance for Fo~m I to IV level ma thematics. 

The relevance rel a t e s to th e pupil s future 

. le.arning. For example although most s e conda ry schools 

teach Transformation Geometry some ~n s titGtes of 

tertiary education use Euclidea n Geome try an d a r e teach i ng 

the i r own courses in this from scra tch, ignoring the 



kn,J1,1l edge stud e nts. have ,J lre ady u.CCJU ired. Thus eh angcs i r, 

th e accepted structure of mathematics can be detrimenta l 

if these chang e s are not universa l. The set theory 

basis of'thc ~ew ma ths ' is seen to be only one possibJc 

basis and canno t be hel d to be a def_i_ni ti ve principle 

of the structure of ma thematics. 

Orrnel l in his ,1rti clc (ibid) goes further and 

say s th a t such principle::; are intc1;nal to mathematics 

and have~ little meaning outside of the discipline . 

Thi s implies that it would be a mistake to use them as a 

basis for educciting uninitiated mat~1ematicians . !-le proposes 

th at math c muti c s b e seen as a science of po ss j_bi li ty. 

Th e ar tj_ c le (i bid ) is a 1--:-g around this su99es tion . Under 

this hy pothesis " the ability to app ly th ese pr inci p l es to 

wid er fields " is exact l y what mathemat i cs i s abou t. 

If princ i p l es are th ought t o be internal, 

then only math e matica l process princi~les mentioned 

above, (not the· mathematical content ones), are being 

considered . 



2 . 23 \I/h at consl:itutes an trnderst,::1'i(!:t.'.1g? 

I f just Gny lev e l of understanding is required 

th en th e: cLLr,1 is v2.cuous since h hatevcr understanding is 

achieved by a part.icular sludcn t v:ill :i':'ulfLLl the aim. 

Altern a ti ve ly a compl ete unclec.,i:c1,·1dinq by all students is 

unrealj_s tic . 

One 2p;:iar0 nt 0.1.-r_"::1 of rnid dlc: groulld i s somet hing 

l ik e : ' t o dev e lop an under stai:ding concorn i tcr: t 1'/i th the 

capabilities of th e i.ndiviclu ,:t l' - i11 LLnE' v!ith Prasec ' s 

fam ous statement. Yet thi s de :· ,n er;_;tes to the first cz.:i.se : 

an underst a nding within an indivi du aJ ' s capab ilities is 

decided by 1vhat l irni ts to undcrstancJ.i ng h e/she z>Chievcs in: 

fact . It is cqnceivable th a t some indepe nd en t indicator 

of under·standing potent ial c an be d Pv e loped, but I doubt 

wh eth e r the author of th e aim intended each s tudent to be 

t ested to determine h ow gre a t an und c rstandlng is possib l e 

~nd th en teach to that level . Even then th e validator of 

th e t esting procedure can on l y b e the level of understanding 

actu a ll y achi eved by the student~ . 

A l ook c1.t th e syllabus and curricul;Jm rationa l es : 

'-S 

\ ' 
indicates that chrono logical age i s taken as a broad i~dicaior 

. . 

of l eve l s of und e r stand in g - yet Pi a9e tian ~t~dies give 

only th e sequencing , not t he achie v~me nt ages of cer tai~ 

l evels . 

Th e idea o f sequencing combined with h i erarchies 

of principl es of increasin g sophistication suggest anot h er 

area of midd l e ground. Th e a im may be asking for , th e· next 

leve l of sophistica ti o n to be und e r stood . Thi s imp l i~s not 

just universal pr i ncip l es , but a u~ ive
0

rsa l hi erarchy o/ 
principl e s and the structure become s even mor~ rig id. 

Mathemati cs educa t ors may argue that · the princi p les 

are near universal, but th e pr~ncipl es are seen diff e renily 

by different indivi dua ls. I f we accept': th is, then a person 's 

percepti o n of a princip l e must be accepted as appropri a t e 

for that individual . Th us th e ie lf- va lidating circ l e is 

again completed . 



Anoth0r. rcl 0v ant quest ion is how cln'/ unclE!r standing 

comes 2hout. If the principle is abstracted by the 

studc~nt from severu l matnernc1tical example~ then this 

sug 10ests 2n incli vidua l- r-elative viev: . I"f the principle 

is stated, the terms explained and then examples given, 

then this supports the ' one structure ' view. 

The 1-~ conception of th e teaching of principles 

( cf that of concepts in section 2.13) would involve a 

sirnult c1ncous illustration of principles by examples and 

an abstraction of princjples from ex0mples - each defining 

th e other and with no end-poi nt ever being reach ed. 

2.24 How are princip l es app l ied to wider fie l ds? 

The 1-g for " wider fields " is presurnably ani 

wider fie l d rather than some part icu l ar wi der fields - a 

r eference under this a im to "n ew sj_tua ti o n s " ( Appendix 

7. 2, Objec tive f) conf i rms t hi s . The appli ca tions of 

th e princip l e cannot be k nown in advance a~d this l eads 

t o time pr oblems which are dealt with und er Aim 5 

( section 2.53 a nd sec ti on 3.7). 

One consequence of this is that process 

principles rather than con t en t princip l es are desired , 

since t he former are more eco nomic a l and time-independent . 

Th is fi t s with th e ex . para . 

How are th e principles app lied? 

Any ma the matica l princi p l e which fitted wider 

fields as well as mathematics wou l d need to be very 

g e ne r a l and near ly e mpt y of meanin g , (e.g~ Ha rdy's 

sta t e me nt above ). 

The applicati on may be ma themaica l, the n e cessary 

ability being the ability to see the mathem a tical 

content in an essent i a lly non-mathematical ~rea . This 

is consist e nt with the " economy of l earning " phrase 

which can be t aken· to mea n th at the principles are used 

in the same way but in different p l aces . An example 

might be the use of Venn diagrams tc; cateoorise . _, 

'-l. 



the peoplP involved in somec' s~ -Luation; ~;et inclusion 

and dis j unct:i_on beinq apr::) i cd to a sociological c11:-ea of 

study. 

l lc,1,J \vill th e stuckn ls develop c.his ubi.li. ty? 

The y must be fcnniliar vJi lh die pd.nc.i.pli2s, but 

a l so they must hci ab le and vJ:i.11:Lng to o pp ly thc.n. This 

t h ree - tier conception of matllcrn 2tic.s cciuc2tt.i_on is 

considered in sect i on 3.G. Noi,c hc:re th0.t the L:miliarity 

stc1gc is included in A:i.m . 1. ( section 2.1); end that the 

ability stage may possib l y be achie~ed by using cx~mples 

though not all possible situations can be studied . The 

w:i. ll ~ngness stage raises some ethical questions. 

Assuming that it i s known h mv to make s l:udents \vi 1 lin(_J 

t o see th i ngs ma t hema tica ll y , i s it correct to do so, 

do we wuri t everyone t.o hc:1ve this pcrsp~cti vc '? Possib l e 

r easo ns for a ' No I a n svJer a r e th at a m2.thematical po i nt 

o f vi ew ma y e xcl ude other , a l so va l uab l e , po i nts of vjew. 

Under t he 1-g concept i on o f l earning princip l es , 

ap p l yi ng ma t hema ti ca l princ i p l es i s not separate fr om 

d~ve l op ing t hem . Whe n, s a y , we do a network ana l ysis of 

a f ac tory f l oor l a yout , th is adds to t he i deas we 

a l r ead y have about ne t work ana l ys i s as we ll 0S r eso l ving 

a f a c t o r y des j_g n pr ob l e m. Thus l earni ng and applying are 

s i mult aneo u s . Th e a im s uggest th a t o ne first l earns the 

pri nc i p l es a nd th e n app lies th e m. 

1.."1 





2.3 AIM.3 . 

St atcmC'r1 t: 

" To develop a. likiiHj for 2rnd a lastinf] interest in 
mathematlc:s. 11 

Ex . para. : 

"The pupiJ.'s .."itLi. l: L,cjc toi-.:;:uds rn;,the:mai-.ics i :3 a C"ritica ] 
fc1clor in detc..'rmi nj.ricJ hi;:.; succc:-.~3 in lhe subject an d 
his rcc3d_i_11csi; lo p1_·1 :.,Ul' it l.o hic:,Jhc:'r l evels . Th e 
pupi l \,:ho cxr,cr:i.cr,~ c:-: the :i.ntollc·cl.ud l enjoyment c1t1cl 

personal s:, tis.C,1cb.oi1 of di sco·.jc ring l::rws of numbei-
and ~~pace, of p<.:'L C(·:i v.i ng pri l_ tern;::; crniJ f orrn.s , and of 
finding tile sc,lutht, to prol:lc1n:.; \·rill be stimul ated 
to c:ontinu~ hi::.; sht(i':c.::s .. Tl;c- t.cc,r..:her ' ::. gc:'nera l 
a_p;-:iroach to l.he sub j eel: , to1 c::t:·t(;->i- with prov i s io n f-or 
indiv1dua1 diffcrc:-ncccs .in needs , abilit ies and 
i nterests, is the 1('-Y to ac.i1 ic vc,me nt of t h i s a i m" . 

Discussion of thJs et:i.m is divided into thr ee~ 

over lappinCJ arec1s.. Th ey centre around the c1 n swers t o the 

question s : 

Wh a t is it th at students 0re asked to deve l op a li k in g for 

and a 1 2.stj_ ng i ntere st i11? 

What does ."su cce ss" mean in t his context? 

Wh ~t does it mean to -develop a li k in g fo r, a l asting 

interest in or a positi ve attitude towards some thing? 

2.3 1 Wh a t sh ou l d stud e nt s li ke? 

Sever a l poss i bilities suggest th emse l ves : 

Is it the conlent of ma thema tic s ; th e me thods of 

math ematics ; th e who l e fi e l d of mc,t:hema tic s ; or the ma th e ­

matic a l way of l ooking at o the r f ieid s ? 

Is it the math emc1t ic s in the iyllabus; the mathe ~ 

matics t a ught in s ch oo l s ( i . e . most o f th e syll abus plus 

other to p ics d epende nt on the t eacher ); or is i t the 

math e ma tics · li ke l y to be o f us e in the future? 

Is ft all of mathema t ics or just t h a t part which 

suits th e learn e r? 



I s th e student !::,upposcd t o d e ve:L o p a lik in <J 

f or mathe ma t i cs as a schocl ~u b jec t (i . e . com pe ting c~q a i nst 

Eng li sh or Soci a l Stud i es) ; o r for doJn g m~ t h cma tics in 

his/h er job o r l eisure ? 

vJ h i c.. h s u ~J'.;J e ~ t t h a l~ stu d en l ::., s ho u 1 d d '-'-'' ,; r" ~op ,, J i 1, i n y .r or 

th e proccr;s of rn c.1 t- hcma tics vJj_ t hi n U 1~ sy llc-, i,·.Js . Hrn.,, -=~v e r 

th e key Lo p l. ay .i. ng this pa rti cu L.i.r l - CJ V! i J. l l •(' the 

c o n set1uence ~3 of t he differ e nt int e r 1-,,--c t2Li on.:.; for· tr: :::~ 

confli.cl. bct\Aieen achi e ving t li is 2nd thr0~ o l1 1c:1.· ,, ims . F'or 

examp l e i t ma y be t ha t a student :L s t 21scin c1LcJ by g ,3.rnes 

th eory and can no t b12 he l ped to a l iking fo r a liy oth c-r 

a s pect of ma th em;::it i cs . I f t he a im is th"ll s ful ti ll ed 1:hen 

trying to fulfill t h e othe r a im may turn him off 

ma thema t ic s a l together so t h a t ach .i ovc,rnent o f th i s a i.rn 

i s l ost. Such conflict i s ofte n s ee n i n th e c l assroom 

where t e a ch e rs t ry t o buy t he stuclcn -Ls ' at t e: 11 L:i on o n, 

say , geometr i ca l tr a n s form c, t.i.on s ( i . e . syl l :, 1 ;u s rn a ter:i.i.1 J.) 

by a ll owing a certa in time on de si gn--mri kir,g. In 0.ddi l.i on 

t eachers try to include wh 2 t i s l ik ed b y s t ude nt s into th e 

syllabus by a bro a d i nterpre t a t icx, of sy l l abus a i ms e .g. 

making t e s sell ation pat t ern s a r e ' exper i enc e: i n ba sic 

geome tri ca l tra n sformation s '. Th ese s tr cit e gi c s a te 

essentia ll y ways of over com i ng th e con f l ic t l 1 e: twe e n thi s 

aim and t he oth ers . 

2 . 32 Wh a t is success? 

In particular what is th e r e lat ionsh i p betwe~n 

success in mathem a t i cs and a lik i n g for it? 

It is r eason~ble to s ay th a t someone who -l ike s 

mathematics is more li kely to be su c c es s ful in a ny future 

studies , and th ~t successful ~ a them ~t i c i a n s wi l l probab l y 

b~ found to lik e th e su b j ect . Re s e a r c h e vi de ~ce verifies 
. ~ . 

this, e .g. Naf t el ' s investigation of va ri ous studies show 

correlat i - ns of between 0. 2 ~nd 0 . 4 ( Naf t e l , 19 74 ), between 



,:1tti_tude c1 n d success ir1 rnathernatir:::s . NoUd ng in the 

above suggests which is the c~usc 0nd which the effect. 

HOvJE,vci- the ex . para . seems to s&y morE~ lh an this : 

n ame l y that utt i tudc is ,.:; cri tic,.11_ f::ictor in success. 

3o 

This do,:::s idcnt:ify attitude as the cause , 3nd as a necessary 

concli tion . 

But if school, or'- exami n a l:ion , success is m0~an t 

h ere then t he statement is empiri~ally false: I'm sure thdt 

I could f in d s tudents who h a d passed Sc hoo l Ce rtifi ca t e 

Uni versi ty 1::11t r;::ince ln mathematics and who h a ted the 

sub j ect. 

Successfu l might mean ' ab l e to apply ma th e ma ti cal 

ideas or concepts '. Here, also , howe ver , it would make 

s ense to t a lk of someone who appl i ed a n idea or concept 

successful l y but d id n ' t even know that it was a math ema tical 

idea or co ncept , let alon e e njoy ed the sub j ect ( i . e . their 

percept ion of t ~e sub j ec t 1 probab l y ga ined at schoo l). 

We a re getting back to th e question of section 2 , 31 . 

Th e a uthors of the aim do want success to involve 

a positive a ttitude . _ Th ey wou l d want to say that s6meone 

who got 80% in UE ma th ema tics but did not enjoy th e subject 

~d not had a successful ma them a tica l education . In other 

word s the aim writers are defining su ccess to be something 

li ke ' can , and is wil l ing to , conscious ly apply math ematical 

ideas correct l y '. 

Simil a rly "readiness to pursue " further ma the me. ti ca l 

study is par tly be i ng defined by the ex . pa r a. to include 

' because the student l ikes the sub j ect , no~ just beca u se 

he wants ( for e x a mple) a science degree '. 

2 . 33 What ' s it l ike t o like mathem a tic$ ? 

If success involves li king mathematics , wh a t 

causes us t o h ave positive attitude s towa rds , l as ting 

interest in or a li k ing forth ~ subf~ct? · 



' I ' 

First let us i nvestigate lh~ 1-g for ! persona l 

s a t i sfact:~on ' . 

We can t r y it i n another con t ext : "I go t 

satisfact.ion frorn t ry i ng to fix my hike ( even thou(_)h I 

failed) " . Cou.lcJ th i s make sense7 Yes , in tha t if I 

h adn ' t tried I wou l dn ' t know ¼hether I could l1ave fixed 

i t or not . But wou l d t h i s satisfaction stimu l ate me to 

co n tinuc-:c to l ry f i xing my bike? Sure l y th is depends on 

s o me measure of s u cce s s . In t he same wa y i f persona l 

s atisfRct i on is t o sti mu l a t e me furt h e r in mat h emat i cs 

I would need it to in vo l ve s o me d eg~ce of s uc c es s . 

Seco nd , wh a t does . ' int e ll ec tu a l e nj o ym e nt ' 

mea n? 

The bi ke fixing a nalogy c a n be use d a g a in. 

It se ems as th oug h a per so n could b e stimu l a t e d to 

continue pudd ling a round with their bike i f they enjoye d 

it, whether or no t they actu a lly achieved a nything . So 

succe s s does no t seem neces sary . But is someo n e ~o is 

puddlin g a round with their bike ever not a chi e ving ? 

They may not be fixing th e specific ·fau 1 t vlhi e h i ni ti a ted 

th e activity, but they c a nnot f a il to becom e more 

f amili a r with t he bike or g a in experience in mani pul a ting 

it. This point of view is e l aborated'a t l ength in 

Persig ' s book Ze n and the Art of Motorcycle Ma in ten a nc e 

(Per s ig). In ma th e matics, too, a tt empti ng a pr ob l em c a n 

be succe ssfu l a lthoug h it may not be so l ved in that 

l a t er at temp t s ma y be be tter . 

But i f e ither ' personal satisfaction ' or 

'i ntellectua l e njoyment' involve success we h ave , 

combinin g with section 2 . 32, a circu l ar .situation! 

succe ss (is p a rt of) persona l s a tisf action (is part of ) 

a . l iking and l as ting interest (is the s a me as) a positive 

a~titude ( determines) success. Not very illuminating. 

Continuing to investig a te the 1-g for 

'3 1 

'inte ll e ctual e~ joyment', we know th a t enjoyment is something 

which 'gives 0s a good feeling' - i~teliectual enjoymen t 

could be a passive thing (i.e. in our heads)which 

gives us a good feeling. This good feeling is readily 



rc;cognLsdble in oursi:-~lves even though it is difficult 

to describe . However can this be ' deve loped' by someone 

else? Cun we lec1rn to enj 0~1 ? 

The~m writers ' Dnswe r lo this question can 

be investigated by looking rlt the iast sentence 6f th e 

ex.pRra.: Qmong other things, the pupi l's individu a l 

inter1:-~sts are a key to developing c1. liking for mathematics. 

This seems to say that a tec1.cher should utilise the 

things v1hich interest (g ive enjoyrne11t to ) the pupil. 

In other words it is a case or · wrapping th e math e ma tics 

around the enjoyment, rather than the enjoyment around 

the mathematics. This fits with a behaviouristic model 

of l earning - the teacher sliould assoc ic::ite math e ma tics 

,1 

with things that the stude nt enjoys , in the hope that 

conditioning will occur a nd the enjoyme nt become associated 

with mathematics. 

This ca n lead to conflicts described in section 

2.31 , wh e re nothing about, say , th e structure of ma th e ­

matics ( aim . 2 .) links with an iriterest of the student . 

If this i s to be avo i ded what place do a student ' s i~terestls 
\ \ 

p l ay? Perhaps the use of the word ' prov i sion ' effect~vely 

means that individual needs a nd in teres ts ~hou l d :be catered 

f or where they do no t con f lict with other aims, i.e . \ 

thi s a im is secondary . This, however, negates th e st~ t~­

ment th a t 'a positive attitude is a critical fac t.or '. 

I , 

As a fin a l comment o n thi s a im it ]
. , .. 
-u e);(p li citly 

recogn i sed th a t th e teaching pr ocess is im portant fdr 

thi s a im, a n d it mu s t be ask~d whether a particu l a r 

s tyl e of teaching which pro~otes ~ li~ing ~or and , a 

l asti ng interest in math ema tics wl.11 in fact' be practica l 

with r espec t to th e o ther a im s . , , . / · 1 

For examp le it i s ~ft~n 1 assu~ed th a t school 

su ccess is necessary for satisfaction in ma th e ma tics 

( 

a nd thus it is tenet of t eaching to airange for some 

success by a l l pupils b y f i ndihg th~ 'ind i vidual l eve l of 

each studen t and mak ing some t~sks achievab l~ . This could 

interfere · with the other aims if t~~ level of ach ievab le 

ta sks is too low . Fu rther , success a lone is not enough 

\ 

\ 
I 

' 

\ · ., 

' 
' ' '· 



but some other fi.lclors (c·.g. challenge) also 11cecl to be 

present. If all sludents are to b~ given sufficient (??) 

success, is it possible to cover the syllabus? 

--- ··---···---------------
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2. 4. AIM . 4 . 

Statement: 

" To develop the basic mathema tical knowledge , sk ill s a nd 
unders tanding necessary for everyday livi ng a nd for 

-effecti ve citi zenship 11 
. • 

Ex. para·. : 
11 All pupi ls need .to be ab l e to handle numbers and 
spa ti a l ideas in their d a y-to -d ay experience . In 
addition , as adolescent s a nd adult s , they wi ll need 
mathema tics to tie lp th e m to L!nderstand th e· world 
they live in and to meet thei r ob l igations as 
citi zen s ". 

Th e fol l owing a naly s is is d ivided into four 

parts conce ntrating on , r e spectively: everyday li ving ; 

effective citizenship ; basic mathematica l knowledge, 

skil l s and understanding ; ·and· the 1-g for 'necessary '. 

2 ~41 What is needed for everyday living? 

Wh a t is everyday li v i ng ? 

. 'Everyday ' has a ·c o nno tation of ordina riness 

about it - it sounds strange t o say: 11!-Iis everyday 

activities were raher speci a l l a st Wednesday", rather 

we wou ld say: " He did no t do hi s· everyda y activities 

o n Wednesd ay ". Note al.so th a t some average person is 

· not imp lied: it is. mea ningful t o say "Hi s everyday 

activities were v~ry strage to the rest of us". 

PerhaP,S ·' every<;Iay 1 i vin·g ' encompasses al 1 

activities which could be ·conceived as rout ine for some 

person. However the ma them a tics nece ssary fo r the 

everyday activities of a nuclear physicist are different 

in .scope and l eve l from that necissary for a mutton 

slaughterman - .obvious exceptions granted : a mutton 

sl~ughterman may do nuclear physic~ as a ·hobby. 
I 

But this aim is ·complemen t a ry to a im. 5 ., wh ich 

specifically mention s vo~~t ions a ~d.iuture s t udies. 

So ' everyday living' probably. refers-to no n-vocationa~ 

needs . Such an interpretation is · backed up by th e o ther 



ref e rence to ' e ffecti ve citi ze n ~hi p ', which, in a n 

egalitari a n s o ci e ty ·s u ch a s :purs i s su p pose d to be, 

should not b e voca tionally d e pe nden t. We would then 

have to inte r pre t 'day-to-day experience ' a nd 

'understand th e wo rl d they li ve in' a s phrases referring 

to things outside of indi v idu a ls' jobs. 

noes s u c h an int erpr e t a tion specify the 

ma the ma tics t o be l earnt? 

If we we r e t o be ~e d a ~tic th e n there is no 

mathe matic a l need commo n to a ll. It ,could also be a rgu e d 

th a t no singl e ma the ma tica l f a ct, sk ill or idea is 

abso lutely neces s a ry for s urvi va l in the s e nse that its 

absence would e nt a il death. Howe ve r, with some vagu e ness, 

can say t hat e nough f amili a rity wi th numbe rs for 

~rgaining, some ability to pr edict stati s tically, be ing 

ble to distingui s h left from ~ight and similar numeri c al 

nd spati a l i deas cou ld ma k e e veryd a y living con:side r ab ly . . . 

ore c omfort ab le. This issue is further de a lt with when 

th'e 1-g for 'n e c e ssary' is conside red in ·s e ction 2. 4 4 . · 

2.42 What is ne e ded for effective citizenship? 

I shall assume that the statement is made 

within a politica l context, in this case the ,~ew Zealand 

democracy. 

Wh o de c ides what an effective citi zen is, l i ke? 
I\\ ' •, . 

If we ask for a cons01sus we will get few con:imon attribGtes 

and thus our kn owledge oi m~;hematiba1
1

p;erequisites wi11 

be s canty. Are the authors of·m~t~bmatics cufricu;ae th e 
I . i I . l 

one !: to decide? It is difficu.lt td se~; why ·- for a .start 

they are likely to have the bi1s ~~ suc~essful . ~athemaficians. 

But if these authors are working from someone else's 

description they do not say so •. \ Nowher1e is an effectiv,e 

citi zen described. 



Well what possible kn?wledg e , ski lls and 

unde rstanding might be necessary for an effective 

citize n? 

Perhaps one me rely has to be abl e to take part 

in the New Zealand democratic s y s tem, -to meet one ' s 

obliga tions as a citi zen, i .e. to vote. · Neithe r voting , 

nor the knowledge that one should vote, is difficult, 

nor are they mathematical. Howe ver the understanding of 

the e ffect of one ' s vote is very complex , as is 

comprehendi ng th e e l ector i a l sy·s t e m. An d neithe r of these 

appear in the syl l abus . 

Perh ap s an effective citizen must be ab l e to 

avoid being conned , be abl e t o make decisions for the 

common good - a sort of utilita rian calcu lus. Some 

qontent of this kind appears in the introduction to 

~tatistics, bu t no mention of this specific aspect is 

tnade . 

Pe rhaps effe ctive citize ns must have ~sufficient · 

mathe matics education to co~trib.ute to the -t e chnologica l 

and social development of the country . But is · everyori~ 

supposed to work at th e boundaries of deve l ~pm~nt? : 

Whil e this sounds unreal isti c I · be lieve thqt ·it has the 
I 

most potential for meaning. Educators could try to deve~op 
\ 

mathema tica l skil£ so that everyone, if put in a situation 

amenable to improvement by mathematical ana lysis, might 

be able to do it - from productivity or l aboµ~ 

improvements on the shop floor, throu9h ·increa~ed : 

efficiency in domestic or financia1· manag~ment, td manage-• . . 
rial techniques: Not everyone' can be expected to be 

• • • I ' 

at the same l evel, and there is the! pro}?lem of tea(?hing for 

future, known applications. I~ :thi~ _re~pect see s~ctipns 

2.24 and 3 . 6 on applying mathema ti'qa·l .kjnowl edge. 

None of the above hav.e lea to specific 

content areas, so we must ask h~w this aim can have an 

effect . on mathematics education . 



2.43 What are the basic knowledge , ski lls and under­

standing referred to? 

To b e gin wi t~ 0niver~alising incurs severe 

l imits in that ~ i vision of l abour, tech nology a nd 

differing acti vities mean th a t th e re are very few sk ill s 

fu ~ t lite rally everybody needs . For examp l e th e a bility 

t o add, subtract, mu lti p ly a nd d i vide may be suggested . 

But calculators do this , so must everyone be able to do 

l ong divi sion? Perhap s everyon~ must th e n be ab l e to 

use a calculato r? Maybe, but has our society changed 

so much th a~ a ll peop l e n eed this ski l l - t en years ago 

very f ew needed it. 

This aim , then , is not referring to universa l · 

needs . Nor is fr r e ferring t o the lowest leve l of need, 

since some have at t a ined this' minimum l e v e l before 

entering Form I . I f the aim is to continue t o h a ve 

meaning for such people, it mu s t be understood with in the 

' to the best·of th ~ir abi lity ' dict~m . · In other words 

it i s not achieved wh ile an individual has pote ntia l to 

become a better(?) . c it i zen . 

· David Stenho use has pointed o ut that this 

contains a hidden assumpti o n, .n amel y ' t(lat everyone can 

continue to deve l op '. In the present context the 

assump tion is actual 1 y more invidious: ' tha t everyone 

ea~ con ti nue t o develop in seco ndary schoo l mathematics 

c l asses under t he ·methods used by whatever teach er is 

p r ese·n t'. 

3; 

What, .in parti c ular , is ma th ematica l understanding? 

(Se ction 2 . 23 has dealt with some ideas whi c h 

will n ow be assumed .) 

Do we understand a n action if we can do it? 
I 

What understanding is necessary to give change corr ect ~y 

o r (tell l eft from right? Can a ~erson- b~ said t o have a 

mathemat ica l u nders t andi0~ of Euclidean geometry if they 

know th~t th e sh6rtest d i stance bet ween two poi nt~ is a 

straight line, ·but do not r eali se th~t t~is is an axiom 

of Euc l idean geometry? Many teachers seem to use a 1-g 



for 'under~tandin~ ' which iricludes much more theoretical 

knowledge than is necessa~y fdr everyd~y living . For 

example·, set theory is sometimes justifie& as being 

neceisary to be able to categorise effectivel y . But 

this subject includes many concepts not usually explicitly 

used in categori s~ng, e .g. · the operation of union 

opeying th e Commutative and Associative Laws . 

Understanding can have a different meaning : 

n amely, the ability to perceive · situat i orrs in mathematical 

ways. It is possible that·the person is not aware th at 

this is what is happening . Further, , being able to work 

through to the end of the prob l em situation may not 

even ~e needed. Just stating or restating the prob l em 

mathemati cal ly h as been said (P.olya, 1957 , p . 6 and 209)· 

to be indicative of mathematical understanding . 

Th e effects of the aim are sti ll unclear 

although the last suggestion for the 1-g for ' understanding ' 

l eads to th e field of heuristics • . This topic is not, 

h owever , mentioned explicitly in the syl l abus . 

2 . 44 The 1-g for 'necessary'. 

I h ave mentioned a lready ( section 2 . 41) that the 

extreme, survival, meaning of ' necessary ' is probably 

not intended . However it does seem as though th e authors 

are suggesting a compulsory minimum requirement . This 

' can be seen as a contradiction of aim . 3 . - how should 

we teach the student who is h aving.di ff i cu l ty witn this 

minimum, or who dislikes this aspect of mathematics? 

This aim i s often used by teachers as a 

just_ificati-on for, . say, repeated dril l of number facts, 

or when other j_ustificati"ons _fai l. There is l ittle 

r:.esponse that can be made to the statement : " You n eed 

to . know it" except "What for? ". The reply · to this second 

question sometimes reveals the teach er ' s 1-g. 



Specific .answers , suc h as " For your job " 

or " For:- .· your_ Uni ve;Lsi ty Entran c e. exam" a r e .valid if there 

is agreeme nt be twe en ~each e r a nd stude nt t hat these a r e 

~orth working for , b u t rely on t h e tea ch e r's k nowl edge of 

· w~at is necessary f o r , s a y, bo ilermak ing -- o ften a 

questionabl e situa~io n . 

Th e r ep ly "For everyday li. f e 1
', however, ca nnot be 

v a lidated and e x pre sses a n o p i n i o ~ ( p r obably based o n 

experience, a dmittedly) of .the tea che r . Hence it i s 

disho nest t o u s e th~ expr e ssio n a s a n a uthoritative 

state me nt . 

Pe rhaps, howe ver , th~ real intention o f the a im 

is to say some thing a bout wh a t living a nd be ing a n 

effective c iti zen shou ld invol ve. In other wo r ds you 

are not ~uly living, a nd you a r e not a· truly ef f ective 

citi zen unl e ss ybu h~ve ma the ma tica l knowl edg e , sk ill ; 

and understa nding . So it is no t the essenti a l mathema tics 

which is be ing describe d , but life and ci ti zen ship . 

The prob l em is that this is inte r p r eted b y 

teachers to mean that the mctthe matics in th e syll abus 

makes for the good l ife and e f f ective citi zenshi p . This 

i s a much narrower conception a nd again become s an 

unansweratile justifica tion for whatever the tea che r wishes 

to teach . 

3.9 
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2 . 5 AIM . 5 . 

Statement: 

" To help pupils to apprecia t e the importance of 
mathematics in their future .studies and vocations " 

Ex . para .: 

"Increasing demands ~i ll be made on the mathema tica l 
competence of a ll pupils in their future careers . 
Mathemati cs has. l ong been r ecognised as indispensible 
to scientists , engineers, techno logists, technici ans 
and sk ill ed tradesmen . New applications of 

40 

ma thematics ar~ being found.in al l fields of thought 
and new areas of math ematica l study are being developed 
to meet new needs . Ma t hematical knowl edge is importa nt 
t o economists and social scientists - in fac t, to 
almost a ll who enter professional , administrative 
and business career s . These tre nds have influenced 
the devel opment of this ?Yll abus ." 

Although they overlap , the five subsections 

rj~a l with, respective l y : 

a) the use o f ' appreciate ' in this ai m; 

b) the universal importance of ~athema tics in a ll careers; 

c ) . the specifi c importance of mathematics in different 

caree·r s ; 

d) those to whom the aim applies; and 

e ) other func tions of th e aim . 

2 . 51 The use of. ' appreciate '. 

The ~ay. this. a im is worded implies on l y th a t 

s tuden t s realise that more mathematical sk ill and unde r­

standing is going to be necessary in th e ir futures, 

not that they attain it. Thu s it is a purely motivational 

aim i .• e . it asks for an insight · into how mathematics will 

~ffect their lives. 

It is difficult to see what part of the syll abus 
I 

or . what teaching wou l d give t _h~s . The objecti ves under 

this a im in the - 19 76 Iri-Service Re~or t ( Appendix 7. 2 , p .7) 

are lit~le · he l p . The first does refer t o modern applica­

tions but the : examples given (oper ations research and 



lin~a r pr ogramming ) are used by a tiny minori t y of the 

population. The second objective does not have anything 

to do with apprecia ting mathematics ' importance and the 

thi rd is as gener a l as the statement of the aim . 

compu t e r administra tion is a major contemporary 

ma ti~matica l inf l uence·and a n awareness of its limitations 

and capabi l i ti es could. be included he r e . This issue is 

importan t for the future par tly because of its mora l 

content which is often r a i sed in non- mathematics courses 

(e.g . social sciences, li bera l s tudies). I s morality a 

valid topic fo r mathematical educa ti ~n ? Its exclusion 

i mplies a negati ve answer, and a pre-judgement • 

. 
2 . 52 The universal i mportance of mathematics . 

Th e aim c a n be reao·with eithe r the universa l o r 

spec ific idea o f ' th e impo rtance of ma th ema tics ' in mi nd . 
Th e first s en tence of the ·ex . para . seems to back up tjl e 
universa l sense, i . e .• th a t (the same) mathematical 

competence wi ll be require~ at high~r· l eve l s by a ll students. 

First, however, what eiidence. is there for t he 

. great (and increasing) importance of mathematics lea rning? 

Certain ly ma the matics is a ·compu lso ry subject in 

basic educa tion o n a wor l d - wide basis . The authority of 

nearly all curricu1um designers is powerful evidence bu t 

it i s possible that t he importa nce of ma thematics is 
. ~ . 

s~lf~perpetuating: many·m~thematicians mean many ma tiemati-

cally trained educators mean many favour compulsory - .:.. 

mathematics education ; or ~any people trained in mathematics 

means that the mathematical point of view will dominate 

many_ careers and vocations . 
I 

The counter-evidence is ~stounding : a large 
. . 

seC.tion of the popu l ation . ( I e stimate 30%) have no grasp_ 

· of Form II ma thematics w~en th ~y le~ve school . Sub sequently 

they may, however, deve l op .a competence in mathematics 

appropriate fo~ their needs. · Another 30% have some 

knowledge of s~c. mathematics bu t ar.e unable or unwi l ling 

to use it in their lives. These peopl e survive.quite 

c.; ( 



adequa t e l y , un l ess we def ine adequate su r viva l as involving 

ma th~ma tic s . 

What is mathe~atical c ompetence? 

If it is wh a t is measured in mathe matics exams , 

the ex .para. c a n be inte r pr e t ed as 'higher ma th ema tics 

qualificatbns wi ll be requ ired in a ll j obs ' a n 

arguable sta tement. 

I f it involves mathe matica l sk ills, then 

'increas in g demands' on mathematical competence means 

increased sy ll abus content -- again·pn a rgu ably useful 

c o n sequence . 

If it invo l ves the a~i lity to think ma thematica liy, 

th~n the uni versa l interpre i a tion implies that all pupi~ s 

should see things in similar ways s ee section · 2.11 . 

Th e ex.para. speaks of 'ma thematics' and ~ a th e ­

ma tical knowledge' as being indispensible for (for example) ~ 

scientists a nd economists, Any universally usefu l 

result of ma tm:matics education must be very general: 

~erhaps th ere is a ~m a thematica l ap~roa ch'. Is this 

deductive· or intuitive ? Both are f acets of math ematics. 

Is it the search .for order a nd economy?_ Th e se a ttributes 

may be learnt in subjects other than ma thematics. Are 

these importan t in all future studi e s and voca tions to 

th~ extent that all students need to appreciate them? 

2.53 The specific importahce of mathema tics. 

If we interprete . the aim as saying that 

mathematics is important for all .careers but in different . 

ways. then the following questions arise. 

Does the aim intend that all students should 

see ·the importa nce of mathematics to th~ir own futures? 

. If the former, how, ·in Forms I_to IV, are teachers 
. . 

or students going to know wha~ those futures are? This 

looks like an _impossible task. Further it necessitates 

one-to-one· instruction. 



If the latter, again there is the di.fficul ty 

in knowing what the ~uture will be like: what new 

studies and jobs will be av~ilable in 20 years time? 

This problem (raised also in section 2.24 ) is de t ailed in 

section 3 .7. However it is modified by the realisation 

that the mathemat ics which is learnt now creates the future 

mathem a tical applications, needs and vocations. For 

example the Euclidean heritage of Western Math e matics 

leading to th e dominance of geometry has helped to create 

the importance of geometry in, .say, surveying. If 

geometry was less important then other methods would be 
I 

more dominant, and if fewe r geometers were availab l e the n 

surveying may not h ave developed so far. A philosophica l 

example is the Western preoccupation of a flat earth - . 

l
hich is almost certainly related to the dominant influence 

f Euclidean geometry. Perception and analysis was done 

sing p l anes and lines rather than curves, despite the 

/~act that the circle was regarded as an ideal figure. 

I If the speci fie .i.111µuL tctr1ce of ma theiu a ties is 

intended then there is the added problem : of c 6vering ~ 11 

possible jobs and studies - though it could ~be tha~ a\ 

sample coverage would suffice. · Which sampl~? · A ~;"ample 

coverage wi 11 affect the job select1ion which ·then takes 
\ place, again crea ting the needs of the future. 

2.54 To whom does this aim apply? , 

If ittapplies to alt students th~n an assum£~ion \ 

has been made that all stude~ts wi~l t
1

ak~ up future . 

studies or vocatbns. This imp1.ies J;thab. eithe'r the ··· aim 
I • / I . I 

of education is a vocation fo~ ev~tyon~ (which is unr~alisticj 
\ ' ! I ' 

or that 'vocation' means whateyer ~tudents subsequently ! 
; 

occupy themselves doing - incl~ding ch\ldrearing, travelling, 

bumming . around, labouring, and ·'white collar and -· · · 
i 

professional )abs. · 
. . . 

The ex.para. mentions ·inc~eased demands for 



ma thematical com pe t e nce i~ a ll studen ts' futur e c a reers -

i.e. there will be a n increased . demand fa~ ma th e ma tica l 

compe t e nce in wh a t e ve r anyone do e s in the futu r e ?? · This 

stateme nt need s j us tifica ti o n a nd amp lifica ti o n. 

The a lte rn a tive i s th a t th e a im .appli e s only 

to thos e s tudent s who will h ave c a ree rs define d in some 

restricted se nse . Specifica lly me ntione d a r e s ci e ntists, 

e ngineer s , t e chno l og ists, t e c~nicians, skill e d tr a desme n, 

e conomi sts , soci a l s ci enti i ts or 'almos t all wh o e nte r 

professiona l, a dmini s trative a nd business c aree r s '. 

Unl es s the write r s t hink th a t all Fo r m I to IV 

stude nt s · will come u nder ohe of theie he ad i ngs (I estima te 

50% at l eas t do not), the n the'aim appli es to a 

minority of students only. Given also that we c a nnot kn o w 

which stude nts will occupy such jobs and thus t o whom 

exactly the a im _a ppli e s, its use fuln ess is s e ve r e ly l:Lmite d. 

One po ss i b l e inte r pr ~ t a tion which ma y e sca pe 

this dil emma is th a t the e vide nce of · the abo ve g roups i s 

uied as a b a si s for g e neralis a tion to a ll occupa tions. 

This is a l a rge s t ep to tak~ without su pporting e vide nce 

when on e conside rs that the c a tegori e s menti o ne d a re 

(with 2 e xce ptions) a ll professional. 

In line with tre previously menti o ne d de fining 

function of aims, this aim could be implying tha t a 

vocation is something which needs mathem a tics. That a 

social scienttst, for example, is not a 'real' scientist 
~ 

unless h e or she has a grasp of mathematics. While this 

may sound a rrogant (coming as it does from . ma thempticians) 

and is arguable, I suspect there is a meaning for 'grasp 

of mathematics' for which the statement is true - parti­

cularly for the more technical Vocations. 



2.6 FORMS V, VI AND VII 

This section looks briefly at ~Hanges in 

emphas is in the official a ims for senior secondary classes. 

Append ix 7.3 contains th e relevant statements t aken 

from The Educa tion Gaze tt~ 1 April 1972, i August 1972 

and 30 September 1976. 

2.61 Form V 

The five aims for the School Certificate course 

are very similar to the aims for Fo~ms I to IV. 

Aim.2. is changed from 'to deye lop further an 

unde rst a nding of the principles underlying the structure 

of mathematics •.• ' to ' to develop an 0nderstanding of the 

principles 0£ m~thematics ••• 1 • . 

It is difficult to see what the difference is 

between these two sorts of principles . It could be t h a t the 

former is trying to express a developing att itude towar ds 

mathema tics and the latter is some sort of culmination and 

'final answer'. This would fit with the conception of 

S.C. as a terminal course for many students. 

That such principles are varied has already 

been discussed (see section 2.22). 

Aim.3. now includes 'to develop mental a lertness 
" 

and a spirit of inquiry ••• ' 

A spirit of inquiry is underst an'dable, ·if only 

in the behavioural ·sense of as.king more questions, and will · 

not be discussed further here. However the 1-g for 

'mental alertness' is _more co~~lex~ 

We can agree that a candidate ente·ring an 

examination is probably more mentally alert than someone 

-~rowsing in a chait, but is the aim a~king for this 

state to be developed permanently? .Thi~ is unlikely. 

Perhaps what is meant is that a p~rson must be able to be 

mentally alert at appropriate times. 



Is the state of mental a lertness acti ve or 

passive? How would a t eacher judge whether a student was 

mentally aler t - if he r esponded tp the cues the teacher 

thought appropri a t e or th e .cues the stud~nt saw himself? 

What is an appropriate time to be mentally a l ert? 

In examinations and a .ma th~ma tics c l assroom, yes, bu t · 

shou l d a student, after l eaving school, be constantly 

a l e rt for ma thema_tic?l aspects of. his e nvironment? 

How can a mathematica l education promote men t a l 

a l e rtness? 

Aim . 4 . now emphasi ses th e computational aspects 

of ·mathematics necessary for everyd a y living . 

Such a narrowi ng of the a im makes the defining 

aspect mor e expl icit : a n effecti ve citizen can compute 
. . 

'with understanding and eff~~iency •. I think that this 

i ;s. an arguab l e statement. r ·t s effect ; whe n o ne considers 

tha t 50% of the nnrn 1l Mti nn ' ,. - - ~ . 

ma the mati cs , is to say that most - peop l e are not effecti ve 

ci tizens . 

Aim.5 • . states : • t o belp pupil~ appreci a te that 

ma themati cs does under lie the modern ·technologi cal 

society 

This makes the assumptio n tha t our socie ty is 

a modern t echnologica l one . If the defining function of 

the ~im is considered it a l so assumes that thi s situation 

should be perpe~u~ted in. tha t it mus t be prepared for . 

In general the n,. the Form V ai~s are simil a r 

with a slight . shift of emphasis towards a na rrowing, 

cl'psed conception of ma thema tics . 

2 . 62 Form VI 

The s tudy. of ma themat i cs now e mphasises 

4l 

, , 



a) log ica l deduction 7 

b) corre ct use of symbols, ~ nd 

c) understand ing of concepts r at he r th a n com puta t i on. 

Th e a s sump tion h as been made th a t motiva tion to 

learn a nd e veryd a y c ompete ncy h a ve b e en a chieved and th a t 

ma th e ma t ics is now be ing s t ud i e d for its own s ake 

or as a n academi c tob l for othe t su b j ec ts. 

This con f i r ms the defi ning f unction of Forms 

I-V math emc1 tics, s i nce For m V l e vel i s a ssumed to be 

s uffi c i e nt for e f fec tive citi ze n s hip a nd cultura l 

a p pre ci a tio n. 

Note th a t a t this leve l St a tistics, Computing 

~nd Me ch a n i cs are t aught s epa r a tely, but they, 

how a c a d e mically ori e nted: th e preamb l e to the 

/section of th e official s yll abus sta t es : 

too, are 

st a tistics 

"It is in t e nded that th e · subject ( sta ti sti·cs) shal 1 
be tr ea t e d ma inly a s a ma the ma ti ca l discj_p line~· ··" 

(The Education Gazette , 1 August 1972) · 

2.63 Form VII 

The preamble for the University Bursaries 

Examin a ti o n states: 

"The prescription is seen as forming pa·rt of the 
continuing development of the ma iri stream of 
mathematics and, in particular, the ideas of 
function and structure . 11 

(The Education Gazette~ 1 Au~use _197j) 
. - . . !' . I 

!hus the academic emphas~~ developed in For~ VI 

has .continued and narrowed in . that / tw<;}/ organising ideas 

(out of many - see section 2.~2)
0

· h~~e ~een defihed. 
; 

This will certainly re~ult iri the students' 
I • 

conception of mathematics bei~~ f6rmed 1·along these lines. 

The defining .. function of the ai\n i :s here quite strong. 

4-1 





3.00 ASSUMPTIONS I N THE PHILOSO.PHY OF MATHEMATICS EDUCATION 

3 . 0 Introduction 

3.1 Sequences and Ceres : How Shou l d Topics Be Orde r ed? 

3.2 The As soci a tive ~aw: Shou l d Mathematics be 
Taught in I solation? 

3.3 ( 2B )v(-(28)): Symbol ism and Te rminology 

3.4 Quite Effor tl ess l y Deduced : Deduction and Intuiti on 

3.5 Rigor Mortis: The Pla ce of Rigor in Math ematics 
Education 

3.6 Knowledge, Skills a nd Attitudes 

3 . 7 Ra nge and Var iance: How Universa l is Mathematics · 
Education? 

3 . 8 My Count Right or Wrong : Is Good Mathem a tics 
Correct Answers? 

*~O INTRODUCTION 

This chapter discusses e ight specific assµmpt\ons 

which are commonly made by mathema tics teach~rs. ~ach 

assumption is examined for its varidus interpretations in 
I 

keeping with the language-game analysis in the previou~ 

chapter . The Vctlidity a nd consequences of adop ting or 
rejecting the assumptions are a l so disc~ssed. 

I ' 

The context is that of secondary edticatipn in 

New Zealand. However the assumptions and discussion ·are 
• often relevant to primary and tertiary math~ma tics 

education. 

3.01 Where have the assumptio~s come from? 
' This chapter links withthe previous one in th'at 

. ,. 
the aims. discussed there were g:i:ven various interprefatbns 

,. . \ .i . ! I • 

depending on t~e assumptions that ~ere made. The 

assumptions considered here are those which occured most 



often (e.g·. sec tion 3 . 7); those which are bui lt i nto the 

conc ep tion of mathem a tics _given in th e a im s ( e . g. section 

3 . 4 ); ~nd others whi ch , depending on the~r acceptance , 

change the way in which th e aims are appl ied ( e . g . s ec tion 

3 ~ 3) • 

Th e wor~ing fo r ~ach assumption i s mine . I n 

g ~neral they are overstated to make the point c l earer . 

Some justi f ica t ion for cons idering each 

par ti cu l a r assumpt ion is given a t . the beginn ing of each 

section . 

3.02 Why change a s sumptions? 

Ex a mina tion, eva lua tion a nd, if necessary , 

modification of as s umptions n~eds no justification other 

than the possibi lity that exis ting assumptions ma y be 

wrong or now.in~ppr opriate . However there a r e other 

reasons for such effort . 

One reason for examining the basic assumptions 

of ma the ma tics educ a tion would be because a c ademic 

standards i n th e subject ar~ d cciining and~ complete 

' re-think' i s necessary. However this we ll - used 

j ustification needs some c a reful examination . The 

evidence that academic standards in mathematics a re 

decl ining is meagre . The 1974 Inte rnationa l Commi ss i o n 

for Ma thematica l Instruction r eported worldwide complaints 

by sci ence teachers a nd industri a li sts of low standa rds 
.. 

of achieve me nt in ma thematics (see Mathematica l Gazette 

59 : 140 1975 ) . However there are f~w longitudinal. tests 

in the litera ture : the on l y New Zealand one wa s done in 

Auckland 20 years ago bu tdd show a significant decre a~e 

in a graded mathematics test for 13 years olds and over a 

ten year period (Clarke, 1960 , · p . 74)~ the second IEA survey 

is abou t to· get under wa y (Education News, 3 : 2 , March 1977) 

i3- nd will give a· mor~ definite· picture of the situation·. 

In America a 1969 r eport surveyed such test_s : the chair­

person s aid : 



" ••• Pooling all recent reports of mathematics 
t esting, we found an .unmistakeable trend of declining 
scores over the past ten years . It w0uld be foolish 
t o try to deny that pattern ..•• the committee did 

.not find the performance of American young people 
on tests ••• as discouraging as many critics suggest • 
••• declines in mathem?tics performance are a lmost 
uniformly acqompanied by low scores in every other 
schoJl subject area , suggesting much broader • •• 
explanations for the depressed (sic) performance ." 

(The Mathernatics Teacher', 1969 , · 62 : 6 : 441 ) 

Also , these longitudina l tests would have to 

account for factors ·such as : shifts in maturity leve ls 

at a given age ; different proportions of an age-group 

attending school; a nd shif t s in curricular emphasis . 

My main reason for examining assumptions stems 

from a more emotional standpoi~t . Negative student 

at titudes towards mathematics are common enough that a 

word has been coined to describe the state : mathophobic . 

The extent of mathophobia ~as been recognised 

by the authors of Ha lf Our Future in England (Newsom, 1963) 

a nd, in New Zea l and , docume~ted in a survey b y Coxon 

(Coxon , !972, p.542 ) ~ 

Perhaps these attitudes are in fac t normal 

and mathematical fervour is strange? After a l l the call 

for the acceptance·of a comprehensive mathematical 

curriculum n~rmally comes from mathematicians : e . g . 

Professor A Zulauf of Waikato U~iversity said tnsin his 

In augural Address: 

" ••• He who refuses to l earn at l east the rudiments 
of mathematics is not only denying himself t~e facility 
to acqui r e and communicate v ita lly important 
knowledge in .Virtually every sphe r e , of human endeavouri 
he is a lso depriving himse l f of much that is beautifu l 
and enjoyable ." 

(Zulauf·, 1972 ) 

Ma ny such subject-c~ntred comments can create 

an unreal c lima t e of opi~ion~ 

Never the l ess I make the assumption th a t negative 

student attitudes towards .math~matic~ can and need to be 

improved in secondary education . Such a view is a lso 

argued by Skemp ( 1971 , p . 114) . 



A second.assumption I make is that teachers can 

affect the attitudes of students. Indeed ~hey do, whether 

fuey intend it or not.· 

Such ef fects are partly ·a result of psychological 

th eories hel d by the tea ch~rs, but they also result from 

the conception of=mathematics and mathematics education 

held by the t eachers. 

I believe that , in geDeral , the conception 

hel d by many mathematics teachers is a t once too wide 

and too narrow. It is too wide in the sense that too 

much ~ompulsory content is included in present sy l labi, 

and it is t oo narrow in that the content which is included 

is o( a kind which suits only certa in kinds of lea rner& 

(wh en other kinds of content are avai l ab l e). For examp l e , 

closed, one- answer problems predominate when mathematics 

can be studied equally well with open~ended problems. 

The conception of mathematics educa tion he ld 

by a teache r is a result of assum p tions, generally unstated . 

I have chosen to discu~s the following common ones: 

3.1 

3.2 

3 . 3 

3.4 

3.5 

The different subject a reas of mathematics shou l d be 
J- ..... 1, ..... i...J.. ~ ....... r,,..."'"":.... , __ .; _....,,, •• --.-1-V"'-,...J .r: .... ,,...i-..; --
\., U.\,,..,ll.::;jll L.. .1-,1 ...:>VJllt ..LV'j.J..\.-0..L..Lt V.LUC:.Lt:::u .1.uaLJ..LV!l • 

Mathem a tics shou ld be taught in isolation from other 
subjects since it deals only with the essentials 
of a problef!! . 

A Large part of learning mathema tics is learning 
symbol manipulation and terminology , or , a t :east, 
l earning translation to and from ( and games within) 
a mathematical language • .. 

Deductive method is the paradigm of mathema tical 
thought a nd exposition and must be dominant in 
mathema tics education . 

The maximum r-igor possibl~ is the .best mathematics . 

-SI 

3 . 6 · Knowl edge and skills in mathema tics are more impor t an t 
· cor can be taught) than attitudes (which cannot be taught) 

3.7 a) Math emat ics taught in· schools should aim ~t the 
·general needs of all students . · 

b) The mathematica l needs of everyone are broadly 
similar . 

3·. 8· · Correct a nswers are a large part of mathematical 
competence . 



! 
.l 

I 

. 
"' ,-o' 

,1> 
' b• 
• Q 

,, 1) •• .. . . 
. '1 . 

• ·• • /, 0 1, : ' ~ . : . . , 
0 

• I 



3 . 1· SEQUENCES & SERIES : HOW SHOULD TOPI CS BE ORDERED? 

' Th e different subject~area s of mathematics should 
be t a ught in some l o gically _oide r ed f ashion .' 

No te th a t I am not r e ferin g to the 're curre nt 

tea ching ' aspects of ma the ma tics in s truction, i . e . th a t 

one t opi c mu s t be o r dered wi thin itse l f in abstr action 

and gene r a lity . Raiher I wi s h to ·examine th e ne ce ssa ry 

tea ching· o f o ne par t icu l ar s kill or s ub j e ct- a r ea be f o r e 

a nother s k i ll or sub ject- area beca use it t akes some sort 
I 

or prece dence . 

Evidence tha t thi s a ssump ti o n is made is not . 

h ard to find . De spite the s t a tement in t he syll a bus tha t 

"It is not intende d to be a t eachin.g sequ e nce ". ( p . 9 ), 

the expl an atory par a gra p~ for Aim . 2 . ( p . 5 ) e ndorse s the 

s t atement in the 1976 In-Se rvice Re poit that : 

" Mathem·a tics is uniquely ·seque ~-1:: ia l in na ture " • . 
(Appendix 7 . 2 ) · 

The context indica tes tha t this is ·th e fir s t o f the five 

types of ·orderings which I examine be low - Sir Percy Nunn 

indicate s his pr~ference f o r psycholog ~ca l or~ering 

( section 3 . 15 ) (Educa tional Stu~ies in ~athema tics 1971/72 

3 : 322) 

Five sorts of orde ring will be discussed . 

3.11 Structura l Ordering 

There is no doubt t ha t mat h~ma tics can be 

pu't · into a hie.r a rchical or branching s tructure . Part s of 

th}s picture a r e very _neat and u ncontroversi a l. In the 

Form I-I V syllabus the progression : 

sets--~--relations--~--tra nsforma tion- - :--matrices 

make a logical · progressi on of ideas; i . e~ within the . 

contemporaril y· acknowl edged · structure of ma thematics 



the material contained within the topic 'relation s ' 

necessari ly preced~s th at .in th e topic 'tra nsformat ions'. 

It h as already been said that any structure is 

temporary and sub j ect ive, (section 2 .2 2 ). Wheth er ma the­

matics is subjecq.ve 'in r ·eality' i s more ' doubtful. 

Gordon Knight in discussion pointed out th a t, for examp l e, 

level s of abstract ion are necessarily hier a rchica l -

e.g. the idea of 'number ' precedes that cif ' variable ' -

and th at triangles consist of l ines , so lines come firs t. 

The l atter point I dispute , it be ing possible to s t art 

with the tr:iangle as the basic unit if th a t is how spa ce 

is perceived: the shifts from 2 to 3 dimen s i on s c an go 

either way, 1 dimension is not· ' prior' to 2 or 3 dimeniions. 

A cultural exam p le of this exists in Austr a l ian abor iginal 

counting wher e the basic conceptua l units a r e 1 o dd 1 a nd 

'even', i.e. a n aborigine would notice the differe nce, 

betwe e n 23 and 24 sheep in a flock, bu t no t be twee n 22 

and 24. 

Con sider ing the form e r point , that leve ls of 

abstraction are hierar~hical, Da vid Stenhouse link ed 

this with a p aper by Ziedens ( Ziedens , 195 G). In this 

paper the argument is that the fact th at we do talk in 

material-object language means th a t the t erms 'rea l object' 

'appearance', 'normal observation' have specific meanings 

which are not just a matter of convention. A simil ar 

argument can be applied to math e ma tics: the way in which 

we talk aboa~ ma thematics defin~s such thing s as l e ve ls 
• 

of abstraction ~nd the basic units used ( e .g. points, sets, 

logical operations): It is possi~le th a t ano th~ r way of 

refering to mathematics would give diffe r e nt me a nings 

for 'levels of abstraction' and 'basic units of mathe~ a tics ' 

Two questions arise £ram this: first, is there 

another way of talking about ma thematics? Second 1 is the 

ass0mption that m~thematics Ls something apart from its 

- expression, a valid one? 

The first question is beyond the_ scope of this 

work. On the second David StenhOJJSe noted that we must 

appeal td language-games in ordinary ~angu a ge to s e t up 



mathematics . As Einstein said, there is no such thing as 

a line in object l anguage . _It is a rgued l ater (section 3 . 3 ) 

that a l a rge part of mathematics i's a l anguage- game . 

Thus t~e str uctural o r deririg adopted dep~nds on the l anguage 

~sect , and can on l y be done by someone who knows most 

of th!: l a ngu age- game . 'Its pedagogical use, then, i n 

teaching a student th e l anguage- game i tself is _not 

proven . An a lter~a ti ve is forth ~ student to fo r m his/her 

own l anguage- game and then pu t it into c orrespondence 

wi th the conven tion a l one . Tha t suer a correspondence 

wi ll exist is the result of the argument above based o n 

Ziedens ' ideas. 

To r eturn to th e issue - is struc tural 

ordering appropriate f o r ma t~ema ti cs educa tion? - the 

subjectivity of topic-ordering is borne out by looking 

~t·text- books . Kline, talking about fr aditiona l 

mathema tics ·texts Since 1900 says : 

" ••• practical ly a ll of the texts on any one of 
/arithmetic, geometry , a lgebra ~nd trigonometry ? 
contain the same ma t e~i a l a nd presentation ; only 
the ·ordering of topics is different ." 

(Kl}ne, 1973 , p . 13 ) 

Four further points can be.mentioned conce rning 

structura l ordering ; 

If any structure is temporary a nd subjective , 

then ·students ( who wi ll be practis ing mathematics in 

the futur e ) nE=ed not acc.ep t, ·1earn or be bound to the . . . 
structure of present day mathematici a ns or mathematics 

educators. This is especially import a nt : since , to 

quote Freudenthal: 

''~ •• restrGcturing ma th ematics often means that by 
·preference its most elementary ideas are questioned 
anew". 

(Freuden that, 1973, p . 1is ) 

Second l y, (cf Kline; 1973, . p . 82 .), a structural 

order is only w6rthwhile if it i s recognised by stude nts . 

So such o~deri hg has no va lue for those ~ho do no t know 

what a . deductive structure is , ot who do not recognise the 

p~rticular one being used. 



Kline, while discu ss ing set theory, has a l so 

pointed.out (_Kline , . 19 73, p.93) that structvr a l ordering 

does not guaran t ee its appropriaten~ss . T~o mat~matical 

e~amples a re: a) the establishment of bas ic l anguage 

~xj_oms ( still disputed in th e foundations qf ma thematics ) 

is structur a lly prior to proposit i onal calculus; and , b ) 

rigorous limit theory is prior to di~ferentinl c a lculus 

though the l atter was taught and .applied without it for 

80 y ears. 

Freudenthal makes the point . that , as ma them a ticians , 
11 

••• ma thematic s t eachers t e nd to teach for the needs 
of future mathematicians . Ma thema tizing mathematics 
(~. e . put ti ng it into a deductive structure ) is 
possibly an end bu t it is ~ot the star t of a mathe-. 
mati ca l education " 

(Freudenthal, 1973 , p.69) 

The Bourbaki works ( Bourbaki , 1966 ) perform th e fu nction 

· of defining I the I s tru c ture of mathematics , but they ar,e 

written on topics which have been r esearched to some sort 

of conclu sion - nowhere is new or potentia l work placed 

in · the static structure . 

To sum up, then, it seems that stLuctural 

ordering has origins a nd uses of some importance , 

but its use in teachi ng and l earni ng math ematics ·i s 

doubtful. 

3.12 Skills Orde ring 

This ordering does have a·pedagogica l ju~tificati6n. 

It arises when som~ ~kill (e.g. · drawing a linear graph) 

is required before another topi~ (e.g. solving simultaneous 

equations graphically) can be taught. 

However an assumption has been made tha t l earning 

to dp something is the same as ·actual 1 y doing that 

. thing. For example, graphj.cal solutions of simul tane ous 

equations cannot be obtained w~tho~t graphing the e qu a tions. 



But we are not t a l k ing about doi ng graphi ca l solution s , 

we are ~a lking about teaching an~ l earning ~hem . The 

ideas in vo lved in the graphica l so l ution Cci n be taught , 

a nd understood, wi thout the pupi l s actually drawing the 

graphs : the t eacher may dra~ the graph s so ,as not t o 

be s i de-tracked from th e poi nt of h e r lesson . Furthermore 

it is conceivable, a nd ofte n pr acticable , to t each , say , 

a topic needin g graphica l ski lls as motiva tion f o r l earning 

how to graph equations . 

There is some pedagog i cnl use for this sor t of 

ordering , but it is no t universally appli cabl e justifica tion 

since i ea~hing and l earning mathe ma tics i s different f r om 

doing .it. 

3.13 Se l f -Ge ne r a ting Ordering 

Thi s ordering ·a l so h as a pedagogica l basis . It 

is . described by Kline (Kli ne ; 19 73 , p . 74) a~ a rising 

from the se l f - generating nature of ma th ema tics . For 

exampl e , after considering triangles (3-side d f i gures) 

one c a n r a ise simi l ~r questions about quadril a tera l s 

( 4 -sided fi gures ) or po lygons (ma ny-si ded figures ); or 

afte r so l ving simultaneous equations we c ould ask wha t 

happens if the re a re many so l utions (as a result of 
f: 

inequa lity cond itions) a nd go on to linear progr amming . 
Like skills ordering however, thi s o r dering i s 

not uni vers a lly applicabl e arid has the following dis­

advantages. 

Self-generating ordering c a n only be done by 

someone who knows the ful~ stoiy - it is not necessa rily 

natura l and ma y seem quit~ meaningless to someone who 

doe.s not see the links which a· particular tea cher may 

make~ Also there may be severa l possibl e orderings: 

foi example solving pairs ~f ·simu ltaneous equations may 

lead on to: solving series of ~quation~; solving 

simultaneous equa tions in 3 or more variables; or simul-



t a neou s i nequ a ti ons . The cho i ce made by the t ea~h e r may 

not be s een a s n a tura l by the studen t . 

Kline (Kl ine , 197 j \ p.79 ) a rg ues furth e r th a t 

this t ype of o r dering relies on ma th emat i ca l r eason s 

for deve l opi ng a new t o pic r a the r th a n pr a ctica l 

app lications , e . g . l i near p_rogramming is t aught a s an 

ex t e nsi on of simu lta ne ou s equaito ns r a ther th a n as a 

logisti cs o r a c cou n t i ng _ prob l e m. Thus motiva tiona l 

o ppo r tunities a r e l ost. 

Se lf-genera t i ng o r dering, while ofte n use ful, 

neg lec t s to li nk l e a rn i ng ma th emati c i with us ing ma the ­

ma tics - wh ich i s a l so a n a im of ma thema tics e duca tion 

(Aim. 5 ., s ec tion 2. 5 ). 

1. 

~.14 Ge ne tic Orde ring 

This orde r is tha t which occure.d in the hist'1ri ca l 

developme n t of ma the ma tics. It was de s cri bed in a 

document si g ned by 75 e minent America n a nd c~ri~d i a ~ 
I : 

mathematici a ns in 196 2: . I 

"The b e st wa y to guide the mertal development of the , 
individua l is to let him retrace the mental d e velop~ 
ment o f the r a ce - r e tr a c e its grea t line s, of course , 
and not the thousand errors of d e t ~il •••• This 
genetic princi p l e ma y sa f e guard us from 'a common 
confusion: If A is logically pripr to B ih a : certa in 
system, B ma y still justifi a bly p recede A in ~eaching, 
especially ~f B has pre ce9ed A in history." 

~Kl.ine, 1973, p. j'.2.) 

The justification for u_se
1
jof t'his tY,pe of· 

ordering is made by Kline: 
. 'I '. ' r • 

" ••• the historical order 's uspa-lly r ight ~fo r · 
learning mathematics constructively? and that the 
difficulties which mathem~ticians ~xperienced are. 
just the difficulties our · students 1_will experie~_c_e·:·" 

· (Kline, 1973~- p.156.) 
., ! ' 



The genetic principle is only a principle 

and can _only be pedagogicctlly accepted where it proves 

practicable. For ~xample computer logic c a n be _taught 

before base two arithmetic , which came first historically. 

There are reasons why the principl e ma y be . 
unsound. Our environment is different from the one in 

wh~ch mathematics developed, so that, fo r examp l e, 

children in our society are con stantly exposed to 
decimali sation a nd may be expected not to encounter the 

historical difficulty with place nota tion and decima l 

points. Similarly the study of negafive numbers 

( experienced in freezing temperature~ and debt ), statis­
tics (in .adverti sing ) and graphs (in maps ) may receive 

help from our culture which was not present in the past. 

Conve~e ly knowledge of l ogarithms is no€ as vital as it 

once was . 

The validity of the principle in mathe ma tics 

education rests on two facts. Fir~t; motivation can be 

aroused from the historica l origins of a topic . Second, 

mathematics · is a cumu l ative study so that old topics 

often need to be understood before historic~lly later 

ones can be put into context . 

3 .15 Psycho~ogical Ordering 

Developmenta l psychology provides some evide nce 

for certain sorts of topics to be mas tered before·we 

can expect other topics to be able to be understood . 

For exampl e Piaget 1 s studies sh9w that the concept of 

conservation can only be l earnt at a .certain stage . 

of -development, and any topics needing this concept 
. . 

cannot be successful l y taught before that stage is 

reached. 

The validity and usefulness of these sorts 

of orderings are empirical questions a nd are not covered 



he·re. It can be e?<pected th a t the conclusions reached 

will be probabalistic on~s rather th a n ·yes/no. The 

implications are t~at: a) <liff~rent individuals will 

learn Best Uhder different ordeiings, b ) ofher sorts 

of orderings may be superimposed on th e psychologica l 

one, and c) ordering decisions will li e wi th th e teacher 

and studen t s a t th~ time of lea rning. 

3.16 Conclusions 

Does th e only partial vali~i ty of each of the 

orderings considered imply th a t an eclectic, pragma tic . 

order~ng of topics be developed by each t eacher? Surely 

it is preferab le to t each mathematics in a logi cal mann e r 

rather than an illogica l one? Freuden tha l states: 

"In principle it is a healthy id ea not to tea ch 
isol c1ted pieces but coherent ma t er i a l" 

(Freuden th a l , 1973, p .74. ) 

However he a dds: " But there is more th a n one kind of 

connection;: (ibid) 

There is one important consequence of accepting 

any sequencing . Students are often absent from class 

and the effect of sequencing ma y be lost. 

Again we must beware of confusing 'mathemat ics' 

and 'learning ·abbut mathem a tics' • . Students should come 

to see logical structures and should use orderings of all 

kinds. But there are othe r factors which must be taken 

into account when ordering topics: for example 

a) a mor~ complex problem may be used as motivation for 

a learning skill necessary for·its sqlution; 

b) some oth~r motivation (con~ideration of a 'real' 

mathematica l experi~nce - see· s·ection 3.2) may call for 

some understanding of a topic which is not logically next 

on .the list; 

c) teacher preference - teacher s may feel.as though a 

specific topic could be next, and such subjective judgement 

S9 



may have ·as much value as an arbi trary , if l ogica l, 

sequence ; 

d ) students ' preferences - .the psychology of l earning 

provides no doubt th~ t stude nts l earn best when they 

are interested or want to l earn ; 

e ) individual differe nces - students are 'se t' for l earning 

by prior e xper iences and psychologica l or developmental 

factors , none of which are constan t, nor universal . 

In other words the orderin'g of t opics shou l d 

be eva l uated on pedagog i ca l criteria , not dictated by a 

universa l pri ncip l e . Thus there are r easons why 

ma thematics educators may have good ideas concerning th e 

order of topics , but the best fina l resul t will be 

situation dependant . 

The consequence of this is that teachers must 

not on l y be able t 9 t ap wide .· resources of different 

t opics , but ~so be abl e to teach. them . For example 

i f the situation a nd pedagogy indi½a~e that , say , network 

theory be t augh t to' a class· it is much better mathematics 

education (i n terms of the official aims ) if network 

theor y is t a ught ·, r a ther tha n neg l ecteq ·because 'it is 

not examinabl e ' or 'it is not in the syllabus '. 
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3 . 2 THE ASSOCIATIVE LAW : SHOULD MATHEMATICS BE TAUGHT 

IN I SOLAT I ON? 

' Mathematic s shou l d.be taught ·in iso l ation from 
o t her subjects since it deals only wi th t he essen t ials 
of . a problem .' 

Tha t t his aisumptio n is made is evidenced by the 

s t ructure of courses in New Zea l and secondary e~uca t ion. 

App l ied mathema ti~s is a separate ~ubject from Form VI , 

a nd s t atistics, numer ica l anal ysi s and mechanics a r e 

examined separately . However t he assumption has ~ways been 
' 

debated , references to it from the ear l y 1900 1 s appear 

in th e National Cou nc i l of Teachers of Mathematics 32nd 

Year book (Jones , 1970) . Recen tl y it is bei ng questioned 

ag a in . Articles on t h e place~d philosophy of app l ied 

ma th e ma tics are becomi ng more· numerous (e . g . Be nder, 1973 ; 

Wi l de~ , 1973 ; Ford & Ha l l , 1970 ; Hall & Wh itcombe , 1970 ; 

Or~e l l , 1972a and 1972b) . Recent curricu l ar deve l opme nts 

i n New Zealand secondary sch6ols inc lude ' Integrated 

St ud i es ' experimen t s . 

· Th ere are t hree areas of ana ly s i s in t he 

co n s i deration of _thi s assump t ~on~ 

a ) the method of ma t h ematics teach i ng ~ -shou l d it be 
pr oblem- o r mathematics-centred ; 

b ) app l ied mathemat i cs -- s hould t h is be a separ ate course 
a nd where does i t overlap with pure mathema tics ; 

c ) in tegrated studies -- how much can ma them~t i cs education 
a ims be satisfied wthi n an i n t egrat e d c ur r i cul um? 

Some poi n ts t o bear iD ~i nd in the fo l l owing 

discussion a r e : 

a } a s tudent trai ne d i n ma ~h e ma ti cs will no t · neces sarily 
go Jnto a mathema ti ca l job ; 

b ~, the c rite ri a o n wh ich t he assumpt io~ mu s t be judged a r e 
pedagogical · o nes : how a r e the a ~m s o f ma the ma ti cs 
e ducat ion best fu l ~i lled ; no t ,· wha t ma the mati ca l . tra ining 
is required by exi s ti n·g soc_i e ty? ; 
. . 

c) the r e a s o n matlema t ic~ occup i es a· tentra l posi tio n in 
curricul a i s not because i t i s beau ti fu l o r bec a u se it is 
a self~su fficien t body of -knowl edge : it -i s va lue d becau se 
it he l ps _ma~ understand ~nd mas ter th e phy s i cal and 
socia l ~eal ity (cf Kl ine , 1973 , p . 78 ) . 



3.21 Should mathematics education be problem- or 
mathematics-centred~ 

Wh at is the difference between these approaches? 

Bender (1973, p.302.), in an article advocating the 

former approach, distingui$hes the traditipnal aims for 

each as: 

Mathematics-centred 

(i) Learn some usefu l 
mathematics 

(ii) Develop a feel for one 
or more are as of 
·mathema tics 

(iii) Obtain an idea of what 
mathematics does a nd o f 
the beauty of mathematici 

He e l aborates : 

Problem-centred 

(i) . Lea rn to use some 
mathematics 

(ii) Develop a feel for how to 
,apply one or more a reas 
of mathematics 

(iii) · Obtain an idea of t he 
richness of mathemptics 
as a tool. 

"Th e first se t of goals imply that appl icat.i.ons shou ld 
be kept· simp l e so as not · to interfere with the bu·s iness 
of learning mathematics. The latter set imply that 
th e cour se must try to dig into .real problems . In 
particul a r the student must l earn how to set up a 
model and ana lyse it." 

(ibid, p.303). 

The problem-centred approach is not just using 

problems as a source of mathematical material, which is 

then considered in.isolation, (for a critique of this see 

Kline, 1973, p11 and p .76.). Rather it is a consider a tion 

of a real problem, its model, b ,e solution of the model, and 

the problems inhe rent on a model solution (e.g. assumptions .. 
and approximations made .). For a good description 

of tbis approach in action See Hay~an, 197~, p.149 . 

The mat0_ematics-centred approach does not neglect 

real-world applicaticins either: However such links are 

made primarily for motivational. reasons. The aim is to 

abstract and thus facilitate ahalyiis. (David Stenhouse 

haS ~ommented that this process is similar to that of 

philosophical ~nalysis). 

. . 
How do the two apptoach~s compare? 

There are several areas of argument. The first four 



are me ntioned by Bender ( 19 7 3 , p . 303.): 

1. Th e ma th em a tics- c e ntred appr qach e n~b l es the stude nts 

to s ee th e beau ty of mathem a t ics . Althoug h ' beauty of 

ma th em a ti c s' c o u ld be t he s u b j e c t o{ a r ex t ended l a ng uag e ­

gam e ( see sect i on 2 . 3 ), the r e is no d oubt th a t a ny 

intri nsic qu a l it i e s i n ma the ma ti cs are p l ayed down in th e 

prob l e m-centred ap pro a c h . It c ou l d be argu e d th a t a study 

of ma t h e ma ti cs ' fo r it s own sake ' is not p art of a unive r sa l 

curri cu l um and s hou l d t he r e fo r e · be rese r ved f or a fter 

spec i a li sa ti o n. There i s a danger, ~oweve r , th a t stude nts 

who cou ld g e t p l e a s ur e from pure ma th e ma ti cs will neve r h 

have t he opport~n ity to do s o. 

2. The p rob l e m-ce ntr e d a ppr o ach ma y not include all the 

nfce s sary ma t e r i a l. Whe t h e r ma th e ma tic s ca n b e t a ugh 

fftom e l e me ntary l e ve l us in g th is ipproa ch is a n 

$mpirica l que s tion. An i mp l~c~ti o n of the problem-ce ntre d 

~ppro a ch is th e aba nd onme nt of th e idea th a t certain 

bit s ' of ma t e r i a l mu st b e taught~ since it ii not a 

proce ss of f in d ing pr ob l e ms to exe mplify :t he ma them a tics 

but r a ther a p r o c ess of l e a rning what ma th e ~~tic$ is 

prese nt in a particul ar pr ob lem . . The a im 'to ~ndeist a nd 
. \ 

the structure o f mathe ma tics' would 1also h a ve to be sever ly 

limited. 

3. Setting u p a p pro pri a t e models of real problems inv6lves 

complex math e ma tics and e xtensive backgrou nd ma terial, 
I ' 

thus many stude nts wi 11 b e lost. 'Comple x' in -thi.s 
; . 

criticism is def ined by whether stupents will get 1lost or 

not and is depe n3ent on the student, th e tea~her and t~e 

situation. 

4. The mathema tics-cen.tr e d approaq'h wiil enable more 

mathematici to be lear~~ since ;ettjing ;~p mod~ls takes time 

and thus less content will be toVe rled. Bender ,f1973, ~.304) 

answers this criticism by notirlg th~t the important variable 
I 

is 'm~thematics ietaine d in uie?ble for~' not ~athem~t~cs 

covered i' and . u nde r: t h i s c ri t e r :t,o n· ·: th e r pr ob l e m.,..centred 
• . ! 

approach will f a re ~et~ e r. Freude~thal. (1973i p.77) makes 

the same point with refe re0c~ to matrematics being a language 



which must be attached to the 'l ived through reality ' of 

the learner . Unrelated subjects can be taught, but 

a l so ~drgotten ju$t as quickly •. Another argument is that 

the ~ains in attitude towards mathematics will bffset the 

16st material (see section 3 . 6) . 

5. Many applications of mathematics were , discovered in 

mathematics first and then applied. Wilder (1973 , p . 680 .) 

quotes John von Neumann and Eugine Wigner to describe the 

peculiar relationship math ematics·has wi t h science -­

mathematical results , initially unrelated to reality, 

suddenly take on a physical meaning~ for example , ~ 

the ratio of circumference to diameter , has been found to be 

rela~ed .to popu l ation statistics , complex variable 

ana lysis and sound waves . The.problem-centred appro~ch 

does ·i ncorporate this aspect when results of a nalysis are 

r eapp l ied to the initial problem . Nevertheless the 

hi s tor ical and ma jor instances are neglected . It can 

be argued that £his aspect of mathematics is only for 

mathematicians who are on the frontiers of the subject . 

However mathematical discovery and subsequent application 

i s both motivating and·part · of mathematics ; t herefore it i s 

a . l egi timate par t of mathematics education ! 

To summarise the consequences of adopting a 

mathematics- or pr?blem-centred approach in .terms of the 

aims discussed in section 2 . 00 : the mathematics - centred 

approach is appropriate for aims 1 , 2 , 3 for some students, 

and possibly 4 ; i t is inappropriate for a i m 5 . The 
• problem-cen tred·approach i s appropriate for aims 1 , 3 , and 5 ; . 

a nd i s.inappropri a t e for a im s 2 and 4 . 

3 . 22 Applied ma them a ties a nd · pure m.a thematics . 

The image o f applied mathemat i cs whichras developed 

· in New Zeal and .. schcols has been a combination of mechanics , 

statisti~s and, r ecentl~ computer science . . However there 

hai been a developing phi1 osophy QVerseas , spreadi ng to 

New Zea l a nd, of app l ied mathematics as a·creative , model ­

building procedure a long the lines . of problem- centred teaching 



descri bed above . However i t i s sti ll argued whether or not 

this n~w image of appl i ed ma t hematics is part of, o r shou l d 

be separate from, pur~ mat~ematici. 

Th e separate poi nt of view is expressed by Ford 

a nd Ha ll (1970) . · 

Despite accept ance of an ~pp l ied mathematics aim 

'to under stand reality mathema tically ', Ford and Hall 

differentiate between everyday applicat i o ns ( e . g. h and li ng 

money ) and more comp l ex problems where th e formul ation of 

the mathematica l en tities is crucia l. The subsequent mani ­

pul a t ion of the model involves the use of mathema tica l 

problem- so l ving tech niques -- the assumpti on is th a t these 

techni ques h ave been developed in pure ~athemati cs courses . 

Pure ma thematics i s a lso seen as importan t for applied 
. . 

math e ma ticians in order th a t they may b e abl e to communicate 

with those who can so l ve thei r . prob l e ms . 

In a further paper (H a ll & Whitcombe , 1970 ) it i s 

noted that s u ch mode l-building must be open- ended (i. e . 

not l ~ading t o students l ivi ng a nd developing th e subject . 

Such a hope is expressly on~ interpr e t a t io~ of aim 4 (see 

section 2 . 4 ). 

The contr a ry viewpoint is stated by C.P . Ormell 

( 1972a) . 

v s ing a philosophy of ma th ema tics a ttri bu ted t o 

C.S. Pierce ,. Ormell makes _exp l icit the suggestion in the 

new model-bui ld?.ng philosophy of appli ed math ema t ics t hat 

it is the s ame as mathema tics taught with a probl e m-centred 

approa ch . He eschews aesthetic a nd suis gener i s a nswe rs 

to the question 'Why do we teach mathema tics?' (see section 

2 .3), and gives the Peircean an~wer: 'to build up a capacity 

to understand a nd hand.le scien-ti fie, . technological. a nd 

social posiibilities . 

In a .su bsequent a rticle he says : 

" ••• to de~cribe mathematics /as a study · 0f possi b il ities/ 
is tp make app lied mathema ti~s ~rim? ry ••• and to rel ate -
pure mathematics to this. B4t is it appr opria te to 
say that we a re ' app l ying ' mathemat~cs to anything wh e n 
what we are discussing is a mere possibility? If one 
tries to define ' applied mathematics' so that all 
branches of mathema tics which c an be used to describe 
real o bje·cts or things count a~applied mathema_tics', 



one fi nds th a t mos t o f wha t has tradi t iona l ly been 
known a s ' pu r e ma t hemat ics ' has to be rec l assified as 
' appli ed ' •.. • the · pure / applied dis tinciton is of l i tt l e 
use for ,a ny t hing bu t the r oughest demarcaticn o f a r eas 
in ma t hematics . Almost any a ~ea of mathema t ics can 
be r egarded as ' applied mathematics '. But exactly 
·the same body of r esu l ts ~rior to inter preta t ion can 
be · r egar ded as . ' pur e mathemat ics '." 

· (Ormell, 1972~ ) 

E. Bl a i re goes furth e r: 

"One l ooks for appli cabl e mathematica l mode l s f o r t he 
pr oblem si t uat i on and sees which pr ovides the best 

.pra cti c a l s o l ution. What o ne i s no t clai ming i s t ha t 
t her e is a discipline of applied mathemat i cs which i s 
~overned by necessar y rD l e s so .as t o process a ll 
prob l ems of r eali ty with ma t hem~t i ca l conten t . It is 
s e ei ng app l icabl e ma t hemati cs i n t h i s light t ha t l eads 
to r igid tradi t ion a l views of applied ma t hemat i cs . · 
There is no thi ng t her e but pure ma themati cs , t he r eal 
life pr ob l e m a nd a way of l ooking a t it and t ack ling 

ll 

it. Wh a t does no t e xi s t in a ny case is applied 
math e matics . One h as pure ma t hema tics wh ich is t he sour ce 
of model s for s i mul a ti ng· r eal-life pr ob l ems i f 
interpr e ted in th e ri ght way ." 

( Bl·a ire, 1973 ) 

Wha t is the point of thi s f o r seco ndary mathema tics 

education? 

· There a re t wo a s pect s : to l earn s ome mathema tics 

content and to l~arn wh a t u se . t his i s . If we. r e j e ct t he l a tter 

of these a spects then we must be a ble t o j usti f y ma th ema tics 

· of itse l f (see sect ion 2 . 2) . If we acce pt · the val ue o f 

ap~lied ma thema tics a t all then it mus t b e admitted f r om 

the beginning of the teaching o f ma them a tics, no t, a s a t 

prese·nt, a s a scientific option after speci a lisa t i on in 

form VI or .VIl . t Considera tions of time a nd orga niza tion 

would seem to indica te an .amalgamation rather than a .divi sion • 

. 3~Q3 Mathematics and other su b jects in the curriculum. 

Freudenthal (1~73, p . 72) r elates the isolatioh 
. . 

of mathematics as part l f .responsibli for the demathema tic ised 

science ~eathing in second~ry school$ : students ~ho 

cannot use the:mathematics they know in, say, a physics class 

are taught physics wh ich requires a minimum of mathemaics . 



But. the main question is : can the aims of mathematics 

education best be rea l ised by an isolated or integrated 

sb.1dy? 

The answer to this question revolves around t he 

cultural/scient i fic orientation of t he mathematics teacher . 

In recent times th e scien ti fic/technological aspect of 

mcithematics has predomina t ed . Ma thematicians h ave B. Sc . 

degrees rather than B. A. ' s, it has been a ' boy~ ' sub j e ct 

( see Clerk , 1960 , p . 46 .), and taught as necessary for 

t rades and apprenticesh ips . 

Hi storically this h as not ~lways been th e case . 

Egyptian mathematicians were mystics, and in the Midd l e 

Ages mathematics was linked .with astrology , music, a rt a nd 

philosophy. This development is traced in sectio n 4 . 2 , 

and a full account is presented by Kline (1972 ). 

L7 

Whether mathema tics shou ld be taught independently 

from other ~ubject~ or no t seems initi a lly to be a n empiri c a l 

ques tion . We should devi se an experime nt and see whether 

or not students l earn to use and u0d~rstand mathematics 

better w~en it is taught in isol ation . Some evidence that 

it i s bette r taught separate ly m~ght be infe r red from 

r ecent research on the hemisph e res of .the brain (UNESCO , 1976 ). 

Lef t and right hemispheres seem · to be associated with aes­

thet i c a nd analyti cal inter ests respective ly, a nd, in any 

individu a l, one hemisphe re dominates . 

Howev~r .a ph~ losophica l point arise s a l so . Th e 

purpose ·of ma.the matics educati on .is not ju s t to develop 

abilities or skills ( see section · 3 . 6) . So we must be 

careful th a t t he othe r aspect s a r e included . in the 

evaluation section of the above experiment . Further we must 

decide whethe r or not we want ma the ma ti cs to be something 

se"t::>arate i n the li ves_ of. most peopl e • . Certainly ma ny do 

reg_a rd the s tudy of it as· sepaqi.te, bu t that i s begging 

t he question . When we come across a problem, or game , 

susceptib~e t d mathematical analysis o r ~ode lling, do we 

wa nt people to 'ch a nge gear ' or do we want mathemati cs to 

b~come a ! wa y of looking a t th ings ' wh ich i s P?rt of each 

of us? 



To c l arify this point l et us look at some activities . 

Are we conscbus of doing mathematic.s when we : 

( i) 

(ii) 

(ii if 

(iv) 

(v) 

( vi) 

( vii) 

work out how many days until next Tuesday? 
position ourselves to catch·a ball? 

read and· comprehend mileages on si·gnposts? 

calculate ho~ much change we should get? 

measure up the ·room for a carpet? 

play noughts and crosses? draughts? chess? 

check our bank statement? 

( viii) do a t ax return? 

(ix) calculate the running costs of our car? 

(x) do a budget? 

(xi) solve a time and motion.prob l e m? 

Most peopl e would give some ' yes ' and some 'nb ' 

answers . The point at which we become conscious of doing 

ma th ematics is the point a t which we ' change gear' . Thus 

the aim of mathematics education could be seen as extending 

m~ihematics ability so th a t doing mathematics becomes part 

of how we l ook at the world and an ·au tomatic activity,. 

The consequence of this i s that if mathematics is 

intended to be a n i ntegrated part of ·everybody ' s l ives, 

then it should be studied within an integrated curriculum . 

For this the prob l em- c~ntr ed or i applicab l e ' approach would 

be especially appropriate . 
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3.3 (2B)v(-(2B)): SYMBOLISM AND TERMINOLOGY 

'A l arge part of learnihg mathematics is l earning 
· symbol manipulation and terminology, or, at ~east, 
l earning t r a nslat i on to and from, and games within, 
a math e ma tical langu age.' 

69 

The roles of symbolism and terminology in 

mathematics education have similarities but wi ll be discussed 

separately here for convenience~ Thus comme nts in sections 

3.31 and 3.32 illso apply in sections ~.33 and 3.34 and vice 

versa. 

We are concerned with the places of symbolism 

and terminolog y in learn ing mathematics but in each case 

their places in mathematics per se will be discussed first. 

'1.31 Symbolism in mathem a tics 

Symbolism has many functions, mainly , record\ng 

and communication ones, which h a ve been discussed at l~ngth 

elsewhere (see, for example, Sk~mp, 1971, Chpt.S., : p.68.}. 
I : 

Skemp also argues that symbols are a necessarj p~rt of oµr 

thought processes, and that . we store information using 

them (ibid, p.~2. and p.70 respectively). 

In these roles symbolism is qf undoubted value 

(Kline, 1973, p.70). For a satistician who 
1

fu lly 

understands the signs: 

S ·/ :t { ,(:l'..~ -if 
:; ---·-'· '--------.-. . . . n I 

· ~ 

is a clearer communication than th~ eq~ivalenk english langua·ge 
• • •. • : f • • • • 

form. It can also aid the under 9t~ndiDg of . what is 

involved. However pure symbo~isatloh ,ahd manipulation can 

give a new mathematical result· • . Fo'.r example the 'Chairi Rule' 
I ' 

in calculus is attributable in .part t o lLiebni z' notation, 
I , ' • 1 . ' . 

and apptopri~te symbolism was r~s~pns~b~e for Ma~well's 

'disco~ery' of electro~magnetic ira~iation (Kline, 1972, p.350). 



We can go fur ther . Many breakthroughs in mathe­

mati cal thought hav~ been~ dir~ct result of a new or 

differen~ symboli sation of (in many cases) an old problem. 

Francois Vieta's introduction of algebraic notat ion was 

a fundamental force in the deve l opment of mathematics · 

(Grabiner , 1974 , p~357 . ) and Descartes ' deVelopment of 

co~ordinate geometry can be seen as an intuitive l eap 

to a new way of representing a point.in space (Kline, 1972, 

p . 193.) . Skemp (1971, p.85 . ) gives a simple il l ustration 

of how appropriate symbols can lead to structural insights . 

3.32 Symbolism in l earning mathematics . 

In secondary level ma thematics symbolisation is 

often essential to the mathema tical idea . We do not 

always explain t he idea first a nd just use symbols to 

record or clarify it . For examp l e in t h e algebraic f:iel.d, 

induction and binomial expansion rely on symbol manipulation 

(see a l so Polya , 1957 , p . 134) . 

Thu~ the as sumption ·stated above seems justified . 

However tra nslat~g everyday problems into 

mathematical ones is an important part of mathematical 

abil ity (see section 2 . 43) . This translation must be made 

into symbols which wi ll enable the problem to be so l ved . 

Existing symbols and methods of transl a ti on ma y not be the 

best ones . Indeed the skill in ~anslation is often 

devising the app~opriate symbols . (Note that Chinese 

mathematics did not devel op or several centuries from the 

Middle Ages because its a l gebraic notation could not deal · 

with more than thr~~ variables) ~ 

The danger in the above,a:;sumpt i on , therefore , is 

that the following further assumption is a l so made : 

. 'that the language, termino l ogy and l anguage- games 
of present mathematics are . the best or only ones 
for students t~ learn.' 

The assumption shou l d be : 
. . . 

'a large part of l earning matQema:ics is l earning how 
to establish an appropriate mathematical language 
and to val idate translati ons and manipulations 
within it.' 

10 



There is some conv·entional symbolism which has 

deve loped over a bhg. period-_and which is extr eme ly power­

ful . I do no t suggest that this be abandoned , but that 

it mu st be s een as a n a lternati ve symboli sation game . 

For example '' dy / dx " is not necessar:f. l Y. the f irst deri va ti ve 

Qf th e function y with r espect to t h e variable x . I t may 

b~, and is often used as such, but a~ a symbol it has the 

drawbacks that , for exampl e , " f ' ( x) " does not have - ­

name ly th at " d " may be t aken as a variab l e , or that it 

re presents a fr action and thus~ 

~ X dx = -9.Y_ 
dx d t dt 

is a state ment .needing no fu rther justification . Any 

symboli sa tion has advantages a nd disadvantages a nd these 

rr/ust be exp l ained . Symbol s must be adop t ed because they 

i/3.re appropriate for th e probl ems at ha nd , not b.e c ause 

~hey a r e conventio nal -- thqugh they are often bo th . 
. . 

.Klin e ( 1973 , p . 69 . ), in presenting a r guments 

against e xcessive s ymbo l isation in the ' new :math ' says : 

" Symboli sm can serve three purposes ~ It can communi ­
cate ideas effectively ; it can concea l \ i deas ; and it 
c a n conceal the absence of ideas . " 

Certai nl y symboli sm cari concea l i dea~ . Ne wto n ' s 
I 

calculus no t a t ion held up the devel opment of ca l culus in 

Britain whil e in France Le i b ni z ' symbo l s l ed direct l y td 

. major breakthroughs . Intui tive ideas of space were not 
I • 

utili sed in mathematics because the s t udy of, geometry 

was r estricted to Euclidean axioms , m~thods and n0tatio n . 

Only whe n trans format i on geome try ·~as int~od~ced ~er~ . . 

student s given ihe tools t o ~ ~ke use ~ f the i deas t ha f · 

they a l r eady h a d. 

A fi n a l point conc~r~inrj '$j~bd~s . a~d ma thematics 
I• 

education . The r e is noth i ng· wrong·with highly abstract qr . . . 
obscu.re symbolism but only , i f ·it' is .Practicable for '. those 

' ' 
who are . using it. But we a re t'p.lking abou t students~ · no t 

\ ', . I I . 

sophistica t ed ma th~~at~c i ans , s6 tha t ' the symbols introduced 

or developed must be suited to the ir , needs . 

lf 



3.33 Termino logy in mathematics . 

It does not appear at first as though t e rminology 

i s as involved as symboli sm wi th the process of mathematics. 

It is often thought that t he development of 

t erminology is a concensual process and does not constitute 

doing mathematics. I~ is seen as a means to communication , 

not part of ma thema:i.cs itself. 

It is true ~hat terminology aids precision and 

brevity . For example, ' average ' in layman's terms can 

be any mea sure of central t endency for a data distribution. 

For stati sticians the three common measures: mean, mode 

and median each have specific uses and need t o be distingu i shed; 

thus t h e adoption of ' mean ' o~ · ' arithmetic average ' to 

make clear what is being con sidered. 

However terminoldgy can al~o be considered as 

a langu age-game in the Wittgensteinian _ sense . In other 

words l earning terminology becomes part of learning a 

concept. (This was· explained for the term 'prime ' in · 

s ~cti on 2 . 23 . For an example us ing the concept of derivative 

see Gr abi ner ( 19 7 4 , · p . 36 3 . ).) . Thi s concep tion high lights 

the fact th at the meanings given to apparent l y precise 

terms are constan'tl y changing.· .This applies both to the 

meaning that we as indivi duals underst and a t erm to have, 

and to its concensual meaning. Throu~hou t a university 

ma thematics degree, 'functi on ' has had for me a basicall y 

pragmatic meaning. I could recognise a functim if I saw 

one, c ~uld construct and use them. It is only in recent 
. . 

years that I h a v~ come t ci .see a function in set-theoretic 

terms at all. 

Furthermore the concensual under·standing of 'function' 

has changed dramatically over _the.~st 100 years, and is 

still changing, (Fr~udenthal, 1973, p.21.) 
I . 

Notice that the earlier meaning I had of 'function ' 

was'. not incorrect or useless. As a word in mawma tical 

· termino~ogy it classified a ceit~in.group of things I 

would otherwise have needed much verbiage to explain. 

I 



Admittedly it was not maximally efficient -- but it 

still is not, and nev~r will. be.· In fact analytic research 

partly consis~of exploring the meanings of 'function ' -- a 

new possibility may yet provide a breakthrough in 

mathematical thought. 

3.34 Terminology in learning mathematics 

Th e questions are : how_much terminology should 

be part of learning mathematics; and what par t should 

termino logy p l ay in this process? 

The amount c£ terminology depends on the content 

~

ee section 3. 6 ). Within each topic area the terminology 

d pends on: a) the level; b) the language of the t eacher ; 

d c) the needs of the student (i.e. does he feel the 

/eed for a word for some icte·a?· This, like symbolisation, 

right be indicated by the student developing ~~sown 

terms). 

I 

I 

\ 

\ 
\ 

Terminology is par t of , leaining and mµst be u s~d 

as an active means of developing . a <roncept' inot me'rel y as 

a name for a concept already developed. The value of \ 

definitions in this viewpoint is that they work both w~vs. 

· They illuminate the meaning of the definition sentence 
J • 

and the meaning of the term. The use of terrninolbgy in 
. . . 

the classroom is not a simple communi~ati on , for ±t is 

\ 
I 

certain that th~ teacher and the l~arner ~ill havJ diiferent 

language-games ;or any one te~. jather .each use of j ; \ 
term is a further exapl~nat~o~ in~ nev~;-ending d~fi~~tion 

of the term, or is part of a l~nguJge-~ame.· : 
1

For . e;ampp.e 
• ·, I I . ,. . / ' 

the statement 'Addition is a ~in~rr ope~ation.: . must be 

seen as helping to define 'additio~' and 'binary oper~~idn'. 

/. 
·.,.,. i 

Freqdenthal (1973, p~i~.) , gi~es a simil~r point 
1 I . I 

' of view, although iri d1fferent ~ords • . 

. 
I, I 

\ : 

\,' 

' 
I · 

l 
\ 

. ~ • I 
1 ; 



Terminology , like symbol ism, shou l d b~ an aid to 

the memory. If merely· words are l e.arnt then it is not 

performing arry educational function , since ~~rning 

mathema tics consists in l earning what terms can mean and 

wher~ it is appropriate to ~se them. Thi~ is a 

continuous process . consider the teacher ' s understan~ing 

of a term : it wil l chctnge as the interact ion with the 

student develop s . For example , a difficulty experienced 

by a student may creAte a new awareness for the t eacher 

of what a term can mean to others . Because of his 

experience , the teacher ' s l a nguage iB li ab le to be broader 

and more stable than the student ' s . Thus the ' substance ' 

of mathema tical knowledge is reflected in t he use of 

terminology. 
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3.4 QUITE "EFFORTLESSLY DEDUCED: DEDUCTION AND INTUITION 

'Qeductive method is the paradigm of mathematical 
thought a nd exposition and mu s t be dominant in 
mathema tic s education.' 

Thi s assumption is such a pervasive one I 

sh a ll first comment on the extent of its presence in 

New Zealand secondary educat i on . Section 3.42 deals with 

deduction in mathematics and section 3.43 -with deduction 

and logic in mathematics ed0ca tion. Fina lly a ltern at ives 

are considered. 

3.41 . Basis of the Assumption 

Severa l relevant statements are made in the 

Mathematics: Forms I to IV Syll abus : 

"Programmes of work based on th1s syllabus will 
stress the development of the pupils powers of 
ordered and systematic thinking, " 

(Dept Education, 1972a, p4) 

"Ma thema tics may be regarded as a logical structure 
built on assumptions"(ibid, p . 4 .) 

"Specific Objectives: 
••• Develop an understanding of the nature of proof" 

(ibid, p.6 .) 

"Children sometimes learn intuitively. Although 
mathematics is essentially logical, there are many 
occasio ns when pupils see relationships and form 
conclusions through insight before they are able to 
build the n,t=cessary l"ogical steps."(·b·d ?) 

• . . l l ' p. 

"The initial steps in the study of geometry are ••• an 
encouragement of intuition, d1scovery·and inductive . 
reasoning. A_ gradual growth of deductive reasoning 
follows, to pr6ve apparent truths ~nd to lead to .the 
establishing of further pr~perties and relationships •••• 
The emphasis is on experience leading to thought •••• " 

(ibid, p .8) 

In the last two quotes the inferior status given to 

intuitive over ~eductive rea~oning is explicit. 

The first part of the preamble to the University 

Entrance Examination Prescription .states: 



"The ideas of l og i cal d educ tion and the correct 
use of symbols should be a n essential part of the 
teaching of thi s · syl l a b.us . Pa rticul a r a ttention 
shou l d be paid t o the idea s of implicatio n, converse , 
equ iva l ence and the use of ·th e c ou nte r - examp l e ." 

7(, 

(Dept Educa tion, 1972b , p . 301 . ) 

The School Cer ti fi cate Pre script ion has 

similar a ims to the Forms I to IV sy ll abus . In addit i o n 

it . menti ons th a t the ability to make sim p l e deductions 

will be specifically examined . No men t ion is ma de of 

creative , l atera l o r intuitive though t . 

A major secondary texf, the Shape of Ma th emati cs 

Bk II, introduct ion states : 

"In our vi ew , the importa nt themes a r e functions , 
ma thema tica l structure and th e n a ture of proof •.• • 
We .•• p l ace more e mphasi s on proof and disproof 
than one often find s in modern texts ." 

S~ch statements a re no tabl e for their l ack of apprecia tion 

qf the part pl a yed by intuition o r creativity . 

Th e arguments against th e dominance of d e duction 

t~d l ogic . have been well e spou sed by , a mo ng ot~.er s , 

line (197 3 a nd 1976) . Desciipt i 6ns of intuiti ve a nd 

crea tive thinki ng in ma th e matics a re a l s6 common 

(Polya , 1957 a nd De Bono 1971) . 

3 . 42 Deduction i n Ma thema t ics 

Th e following i s a r eview o f triticisms· f r om 
I • 

the above .sources, with additiona l comments arid· examples . 

In the !first pl a ce ma thematics diq not deve lb.p 

deductive l y . In fact deducii~~ met~od
1

qu tside of Buclid 

has been common only in . the l ast :·1S~ _y e~r s . tven E0cl id's 

Elements .wa~ the final ~rodu~t. 0~ 13bo y~ars o~ basi~al~y 

intuiti ve thinking, and even n6w 
0

is/ . r .ec~gnised 't:'0 rest 

on intuitive assumpt ions . It i~ diific0lt to s ay which 

1 /. 
mathematica ' discoveries ' were.\ t he result of deduct ion· 

and wh ich intt:1i t ion, but experie'nc~ l°ndi c:a t es th a t t h e 
. . ·• : 

maj o r steps we~e i ntuitive at first~- d~duction's p l a ce 

was co'nf irrna tion and recording . . A major counter- example 



pointed out by Gordon Knight i s that of non-Euclidean 

geometry. Gauss and· Lobach~vsky worked from the deduced 

independence of axioms to th e derived ~onsequences of 

using al. tern at i ve ones. 

A second point is that , increas ingly over the 

last 100 years, we do not ~gree on what is a correct 

proof. Until the 19th century the correctness of 

mathematics wa s linked to a belief in God a nd the perfec­

tion of the universe; subsequently axiomatics were 

developed, but rece ntly the f oJndations of mathematics 

is a su b ject of consider ab le con trov€rsy. School l evel 

deductions are certa inly not rigorous in a contemporary 

sense ( see section 3 . 5 ) a nd rest on con sens us/intuitive 

ideas of implication Ek:: (like our everyday use of logic) 

f
ather than formal/mat hematica l ones . Logic is very much 

language-g ame : in a cl a ssroom the sta t e ment: 

3x + 4 = 10 ~. 3x = 6 

/is not bq.secl on a form a lised sense of " ~~ " bu.t r a th er 

I ~hows an ex ample of how " <:---::> " can be used (or confirms 

its use in similar situ a tion s ) as wel l as · being a step ·,\ 

in the solution of an equa tion. , 

This leads to a third ·po int: the ?rbitrq1riness · 
' . I 

of deductive method. 
. • I 

Deductive proofs are not unique -·\ 

many theorems have been proven in severa l different w~ys : 

there are many·proofs of Pythagoras • Theorem and no 

agreement as to the 'best' one. Also defin~tions are 
I ' 

determined by utility and then deduct~vely juitified and 

not vice versa. Addition of fracho ns was definecl as: 
~ a c ad + cb ' a c 

b + ~ = bd aod not\b ~ d · = 

because it worked that · way. · . · /: 

Not only are . proofs a~d .t~sujts 
' I I ' / , 

so also a~e the axioms. The Rarad~gmatic 

.a + C 

b + d 

. I 

( 
. • j 

arlDitrary, ~ut 

example is the 

parallel axiom in geometry. 1t wai about 2000 years 
I 

after · Euclid that it was disc6~ered th~t the parall~l 

axiom ·(that ~here is only one i~n~ pa~a~lel to i.given 

line t~rough a given p·oint) was ···indep~~dent o.f the other 
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axioms , and therefore that alternative consistent 

geo~etries could be formed by making alternative assumptions . 

The subseque0t developments opened vast new areas of 

mathematical thought and _ ultimately l ed to a new mea ning 

for geometry . 

Such a ' thoµght -shift ' corresponds closely 

to Kuhn ' s concept of c:J. scientific revolution (Kuhn , 1968) 

whereby advances in science are made when previous 

conventional wisdom is doubted anq new paradigms are 

formed. I n mathematics this could be interpreted as 

saying that advances result exa ctly when deductive 

methods are in some way suspended . This idea originated 

in a paper by David Stenhouse ( 

this regard Grabiner (1974 ) . . 

d ) • See also in 

A further point is ~hat much mathematics either 

rests on, or has been inspired by , unprove n results . 

G6~db~rg ' s conjecture and Fermat ' s Last Theorem are 

examples . More importantly the foundations of calculus 

were not established until 150 y~ars after calculus 

was used con~tructi~ely . Mathematici ans using ca l culu s 

kne~ the problems ahd relied on faith r a th e r than rea son . The 

use and formalisation of negative numbers have a similar 

history . There is a point of'vi ew tha~· work us ing 

concepts which have not been formalised is not mathema tics . 

Ph ~l osophically this is difficult to . sustain s ince 

identical work done after formalisatio n is mathematics . 

fin a ll y , although it sounds paradoxical , .. . . 
deductive method i s not a lways co0vincing, nor i s it 

the basis of our belief in mathe matical results . 

As a n examp l e of the first cas~: if a proof 

of an intui tively strange resu lt -is g i ven , we doubt the 

p~pof first, not our intuition. Rel a tivity theory is a 

go?d ~xample : ~any people doubted it o n ~ntuitive grounds _ 

even when they cou l d foll9w t~e steps in its derivation . 

As a n ~xampl e ·of th~ l attei situation : recently 

t he Four Colour Theorem was claimed to have been ·final l y 

proven (after 130 years of ~onje~ture ) in a 900 page 



deductive exposi ti on . Now even if this is agreed by 

eminent topologists t o be wi t hou_t f l aw , my belief in th e 

theorem wi ll be little changed . It will confirm my 

be lief , but it will not be the basis of it. I f the proof 

is shown to be i n err or my bel i e f in the theorem will 

remain. 

To say that deductive proof is needed to finally 

convince could be circu l ar . It does make sense .to s ay 

th at.we were convi n ced of some t h ing that i s deductively 

fa l se,. so what is happening i_s that we are redefining 

'convince ' to mean something like ' b~lieve a nd a l so be 

able to deductively show '. Thus deductive proofs a r e 

only par t of t he reason for a belief - the rest is 

acceptance of authority, intuitive·feeling etc . A 

l anguage-game perspective on thi s poin t is that what a 

deductive proof of an intuitively odd resu l t achieves is 

not a -change in belief. Rattier the me a ning s of the 

w~;ds a lter so that intuition_ does agr~e with the proof . 

'Space' and I speed ·of ligh t ' wi ll m·ean different thin_gs 

to someone af t er that person has accepted r e l at ivity 

theory, i. e . the wor ds wil~ be used · in diffe r e nt ways 

which wi ll now accomoda te the r e sults of r e l a ti vity. 

In other wor~s, the .reiationship between deductio n 

and belief is not a one-way , necessary connection, but 

· rather is a mutual accomodation . 

The above points have attempted to show the 

place of deductive method in mathematics . Deduction 
• often comes afte'r intui'ti -y-e or creative thinking a s a 

confirmation and form alisation . Sometimes deductive 

proofs need to be doubted before ~dvanc~s are possible 

and sometimes they create 'truths' in combi~ation with 

la·nguage and intuition. 
I 

3.43 Deduction ·and logic in matherri'atics education 

The above comments .are nob reasons why ded~ctive 

method should be relegated in th~ teaching and learning 



of ma thematics . We must a l so examine t he pedagogica l 

charact eristics . 

Kline h as suggested ( 1976 , p . 452 . ) that the 

human mind does not c ome to a n unders~an ding of i deas 

t~ rough deduction , but r a th€r through int~ition a nd thus 

i deas should be taught this way . I do not wish t o enter 

the psych ological l earning theory debate here , but 

something can be said about the nature of deductive, 

intuitive and creative t hought .~ 

I s h a ll assume that the deducti ve me thod is 

epi tomized by a sequence of statements connected by 

a llowab l e rul es and based on ax i oms . We do not usu a lly 

consciously think using s uch a me thod . 

f: 
Creat ive thinking and modern heuris t ics ( as 

e fined in Po l ya , 1957 , p . 129 . ) have aspects whi ch a r e 

irectly co ntrary to the deductive method . Ch aiact e ristics 

p~ dedu ct~ ve method which appear·as the o pposi~~ in 

~ ntuit i on o r creati ve thinking are : 

a) deducti o n is linear a nd u s u a ll y f o r ward-looking ; 
I 

b) deduction is usually conscious , has se t ~ules and w\11 

therefore tend to be univer sa l rather th a n individu~l 

in methods and r esu lt s ; 

c) deduction takes atomi c steps ; 

d) deduction has no p l ace fo r error as part of its method . 

There are three furth e r pedagogicai : reaso ns 

which make deductive method someti.mes · inappropriate. 
' ' I 

First; it can lead t.o confusion over wha:t a1'F 
axioms and what are laws. It ·is n~t c'lfa r whether , commu­

tativity of addi t ion is a law 9r _ a-7, axi
1

bm. Gii ven the ·· 

l ariguag~-g~me functions o f a te~~~Jn~ ~ituat~on· it is t 
• I ' / • , 

probably both . \ , I · · ,. · 
Second, if deduction' is t '.he sole method presented 

to st~dents they · can come to b~lieve t~at mathema ti~s · 

is hard·er th ~n it actua l 1 y is.·\ If. th~ next step .is -~~t 
. . l ; . ' 

obvious the student· may well ask _ "l-iow. ~id anyone ever 

think to do that?". In. fact, of course, the deductive 



sequence was often found after th e result. 

Fin a lly the deductive approach is often more 

complicated than the untuitive one . (See alio the dis­

cussion of rigor - section 3 . 5) . A topic may be l earn­

able and useable while its Justification remains too 

complex to a ttemp t . For example infants can know that 

- 5 ° is colder that 5 ° ·without understanding inverses . 

Another exa mp l e is embodied in the history o f calculus 

me ntioned earlier. 

What part, then, does dedu·cti ve method play ? 

Polya (19 57) considers that deductive reasoning needs t o 

be learnt since : 

a ) it is th e method by which eviderrce is eva luated ; 

b) it gives the idea of the existence of a logica l system; . 
c) it gives connections between bit s o f info rmation , 

therefore making them easier to l earn ; 

d) it provides a che ck on errors . 

Fr~udenth~ l feels th a t to t each l ogic as a . 

separate sub ject is unnecessary: 

" Rath e r than t~ach ing logic, the· ma them a ties teacher 
shall use logi c and he shall make conscious to the 
l earner that l og ic the learner is ·using . "_c 1973 , p . 661.) 

The arguments above have g~nerall y shown that 

maki ng the assumption that the deductive. me thod is dominant 

in mathematics education can lead to bad l earning . That 

d eduction and l ogic are part of mathematics is not 

bei ng ques t ione~, r a ther.the nat0re of th at part is being 

exami ned · and its l imitat i ons exposed. Deductive method 

is certainly val uable, but its importance is deva l ued 

if it s relati onship with heuristics a nd intuition 

is, not. recognised . 

Deducti ve method may be par ad igm of mathemat ica l 

exposition, it is, however , on l y ·a· constituent part of· 
I • . 

ma£hematica l t hought and henc~ a l so ~n l y part of a math ~-

matical education . 



3 . 44 Alte rnati ves 

A case has been·made, as part of t he argument 

again_st deductive ·reasoning, for i .ntui ti ve thinking . How 

.this · is to be taught is a diff icult ·question wh ich will 

not be considered here. However, if it is going to be 
' taught, it shoukl be taught consciously . Polya makes 

the same point about heuristics (19 5 7, p . 13 . ) . 

Deductive method and intuition are both part 

of mathematics. It seems reasonable to assume that 

they can be taught together . If deduction is given 

the specific rol e s mentioned above , and intuition/ 

heuristics/creativity are a l so taught or used in 

apprd~ri~te places, then the synthesis will be nearer 
to mathemtics than if deduction is make central . A con -

sequence of this is that students would ' a l so need to 

be taught where and when each ·method is appropri ate . 

It may be that qt times th e methods wil l need to be separated -

it has a lready been mentioned <.sectbn 3 . 42) th a t crea ti vi ty 

at l e a s t invo l ves the contra dict ion of l ogically deduced 

results. 

Kline a ttempts a ~ombination in hi s explication 

of discovery approach ( 19 75 , p . 154.) . This. is not the 

o nly way they can be combined . 



3.5 RIGOUR MORTIS 

' The maximum rigour po~sib le is the best mathema t ics.' 

3 . 51 What is rigour? 

Rigour can be seen as the l e·vel of anal ysis . 

Ge neral ly associated with the deduct i ve ~ode , it involves 

b6th the size of t he steps made and t he detai l o f the stated 

assumptions or axioms . Thus greater rigour can only be 

seen with r espect t o existing rtgour; more de t ai l ed steps 

can on l y be made between existing ones . To t he extent th a t 

rigour i s associated with deduction fhe caveates of s e c tio n 

3 . 4 apply he r e . 

Wh ether t he above assump tion i s correct or not is 

E
ally a matter for ma the ma ti cians I think that in th e 

nse of mathemati cs as a fie l d it is l argely true . Certa inly 

ny ma th ema ti cians h a ve spent much time investigating 

i oma ti cs (e . g. Frege , Gode l ,· Russe ll, Quine ); . and h ave 

~ade fnteiesting discoveri e s .about hidden ~~io~s, the · 

interdependence of axioms a nd the l eve l of iigour possib l e . 

I 

3 . 52 Rigour a nd mathemat ics educati6n 

The problem is t ha t the as sump t ion is made by 

mathe ma tics educators, and they slip eaisily into .th e very 

differe nt assumption : 
I ' 

" Mathema tics should be learnt. ,with the maximym rigour 
possible ." ~ 

This is pedagogica l, not a mathema tical stai~ment 
• I 

and is criti cised at length by Kl ine (1973 , Pr51) . · .. Th~ 

f o llowing criticisms are mentioned ~ 
1 

1. The l eve l of rigour acceptfb~e :a morlg mathe~~ticians 

cha nges . Thus Eucl id , for 2000 ye~rs a~cepted as the 

par adigm of rigour , i s now r eeognise d 9~ defective ~n 

that ma ny ' intui t ive ' axioms (~\g ~_tb~ ' inte rsection ' and 
.. . . \ 

\ . 
' between ' axio ms) were- not sta t ed . T~o. pedag9gical 

q u estio·ns a r ise from this : fi rst" , if.· such axioms were so 



intuitively obvious that they were overlooked for so 

l o n g can we expect beginning mathema t icians to appreciate 

them? Second~ if rigour is time-relative then one 

particular l evel of rigour is not a·ny better per se than 

a ny oth~r l evel· -- it must be justified on some other 

grounds . 

2 . Rigour developed in response to fau lt s in what was 

previously thought to be a rigourous presentat ion . Thus 

in teaching a rigouro·us development we must ensure tha t 

th e student perceives the need fo r it, e . g . teaching 

fr actions as number pairs satisfying· ,certain operations 

needs further exp l anation to a child who i ntu itivel y 

underst a nds fr actions on a phy~ical l evel. 

3 . s ome axioms are more com~lex o~ di f f i cult to under- . 

stand than the theorems which are_ proved from them . 

Thu s it must also be exp l ained~ some propositions a re 

axioms (starting points) and. some are theorems (results) . 

Sin·ce this disctinction is l argely arbi l:.r ary , to explain 

rigour adequate l y needs some sophistication. 

4 .· To develop rigour in any depth many trivial theorems 

must be proved before significant ones c a n be studied . 

·The i ncl usion of computer programming in mathe­

matics does provide an a rgume~t for rigourou s _treatment 
. . . 

in that computers have c learly defined· limi ts within whi c h 

· they wi ll opera te effective l y . Howe~er -the level of 

rigour is variabl e - ~ between computers,. be t ween computer 

l anguages and be t ween compu t er l ogics . This is a prime 

examp1e for poin ting out the r e l ativity of rigour, and 

t he nece·ssity . for adherence t o it within suitable limits . 

3 . 53 ~eachin~ rigour . 

Wha t · place can we gi ve tp rigour in mathemattcs 

end '.ma thematics educa:ion? 

Kl ine ~ssigns .rigou~ a place : solely the concern 

o f professiona l mathemaicians·who wish to ensure .th a t the 

deductive ·· structures are sourict; 



We can never know, however , a n u ltimat~ rigo ur; 

it i s a res ponse to percei ved flaws . But we can be 

satisfied with a particular ··1eve l of rigour . In mathe­

ma tics educa tion i t i s t he st~d~nt who mus t be thus 

sat i sfied, not th e teacher . So the .leve l of rigot.,1 r 

should be determined by th~ ques tion s a sked or 

i nsecurity fe lt by the student about some ( deductive 

sequence . The teacher is in a position to gen e r a te the 

dissati sfaction of the student , but his/her o wn dis­

satisfaction is not sufficient j ustifica tion . Rigour 

is part of ma thematics so l earning mathematics does 

invol ve l earning rigour -- but l earning abou t rigour 

r a the r th an l earnin g the most ri gourous devel opment in 

wh a teve r topic is under study . 

The teachi ng of l ogic is often justifie d as 

students to attain grea t e r rigo ur . On the 

bove analysis thi s justifica t ion must be limited in 

a lue to t hose students who ·pe.:rcei ve the need for l ogic 

ftudi~s . Fre udenth a l ' s quote in section 3 . ~3 .is ap t here 

Perhaps it wou l d be c lea rer to .reitate th e 

assumption as : 

' Math e ma tics should be learnt with enough . rigou r 

to satisfy the stude nt .' 

with t he addit i onal comment that part of teaching mathe­

matics involves ge ner a ting dissatisfaction with implicit 

.· assumptions . 
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3 . 6 KNOWLEDGE, SKILLS AND ATTITUDES 

' Knowledge and skills in mathematics ?re more 
i~portant (or can be taught) than attitudes ( which 
cannot be taught) .' 

Thi s as~umption is an unstated one . However 

it can be deduced from the nature of mathematics education: 

my feeling is that l ittle is done in schools to promote 

positive attitudes towards mathematics apart from super­

ficial motivati ng ' cons '. ·Less subjectively , t he Syll abus 

in its aims , expresses a need forth~ development of 

positive attitudes , but in the subject matter and the 

examination prescript i ons creativity~ opportunities for .· . 

individua l inte r ests a nd aids f0r the teach e r in this 

direction are notably absen t . Teaching .positi ve a ttitudes 

is one of the most difficu l t a jms to fu l fill , part l y because 

i t conflicts with other aims and partly because it is rot 

' ma the ma tica l' . The l ack of guidance for teachers has 

the same effect as the above assumption . 

The l anguage- game for 'lear n ' i s one of the most 

varied in th e philos~phy of educa t ion . For. this ana l ysis 

it is convenient to identify three l evels of l earning 

corre spondi ng to the three areas in the title of this 

s ection . Each shall be considered in turn , followed 

by a s e ction l ook ing a t t he c onsequences fo r mathematics 

educa tion • . 

3.61 Learning tha t . 

The f irst leve l is learning facts , as in "I . 

l earnt that the sine graph is p~riodic.". 

Thi s seems s traightforward ~ntil we r emember 

the discussion on termi no l ogy in section 3 . 3 . Learning 

the ' fact ' of , say, .the periodicity of . sine graph s 

constitutes l ear ning one of the c:tfining cha racteristics 



of sine graphs . Could we be said to know what a sine · 

graph was if we didn ~t know· th a t it was period ic? (See 

the discussion of primes in 2 . 13 ). It is a l so l earning 

what .is meant by ' periodic '. Even if we take the simple 

fact 2 + 2 = 4 we are rea lly l earning .about the numbers 

and what they represent, ra the r than a unit of informat ion . 

Thu s fact learning can be seen as a l anguage- game . 

Consider how it is eva l uated : reading -level and vocabulary 

are now accepted as impor tant variabl es in examination 

papers . This is not only because stude nts do not 

understand the questions , but also because vocabulary 

and the way in which words can be used are exactly 

what is being tested . Take these t wo test items from 

t he Mathematics Level 6 Item Bank (Dept Education, 1973) : 

" 6- 3/39 A vertica l plane is a t right ang l es to ••• 
A. a horizontal p l ane B. an oblique plane 
C. a parallel p l ane D. non e of these " 

~he meanings for several wor ds are required , but , in 

~arti~ular , an objective me aning .for th e word. i ver tical ' 

i s needed . But ' vertical' cannot be understood withoµt 
. . '• 

its orthogonal rel ationsh ip to ' horizontal ' ~ 've rtica l\ 

means ' straight up and down ', but wha t is ' up .and .down ? 

Sooner or l a ter an explanation involving ' sid~way~ ' or · 
. I ,, 

' across ' or 'hori zonta l' wi ll be nec·essary . So the \ 

question i s really about the way in which th e two word~ ! 

.· relate, or the way in which we use them , no t about the 

' fact' of wha t is a ver tica l lioe . I : 

116-7/17 The product of two prime numbers.is ; a l ways •• ~ 
A. another prime numbe r B. · a compo$i te number 
C. a sqt.ta re number D. a.n · irration'f:~ num~er. ' 

Aga in ~he meani ngs for several wor4s ~r~ required . B~t 

to i dentify the correct a nswer. m~r, th ~'n a kn~wledge ~f 

the word ' composite' is needed . · 
1
'I;'~e· e~amin~e must be 1 

1 
able to identify a situa tion ~n wh~ch · f he word, is a 'ppropriate '. 

i.e. 'composi t e ' may not h ave be~n ~sect· in this context 
. . \ . 

before, it is the relationship.\be~ween 1·•pr oduct' . and·- , 

'compo~ite ' which is crucial, n~thtn~ 1to do wi th .pr ime 

numbers. The · • fact ' of what is _a c:oi:npos'ite n"umbe r i s 



really the use of the words . {product' and 'composite '. 

3. 62 Learning t o . 

The s eco,nd level . is ski ll s l earn'i ng , a s in "I 

l earnt t o so l ve linear equations of one variable". 

Th e behavioural understanding of ' to l earn' 

i s especially r e l evan t here . L~arning can be eva luated 

by performance : some behavi6ur appears which was not 

exhibited prior t o l earning. It is li ke ly, however, th at 

b e haviour a l theorists were initi a ll y p laying a much 

broad~r l an guage-g ame with the word ' behaviour' th a n 

' ac tivity or pe rform ance '. Rather th ey interpreted the 

word as a com p l ex of activit ies and dispositions. 

Skills l earning can be confused with f ac t or 

t erminology l earning . For example , par t of the skill 

of drawing a line r gr aph i s underst and ing what ' draw 

a graph' means. There a re ma ny fourth formers who c an 

accur a t e ly " graph y = 3x + 2" bu t wou l d not be able 

to "represent graphica lly the li near function G given 

by. G = {< x ,G( x )): (x ( R) ;, . (G(~) c R) l\ (G( x ) = ~x + 2~", 

and, thanks to new maths, th e re may be some who c a n do 

the l atter bu t not the former. Ski ll lea rning co Uld 

be redefined to ov~rcome this problem a s: 'learning to 

exhibit some performance when the cue appropri a te to the 

learner i s given'. 

However the problem is not solved . Conside r ,. 
an infant learning addi tio n ( a ssume t h at he c a n count 

to ten). Asked what 5 + 3 is the child c an count .things 

and arrive at the answer 8. At this point adding is a 

skill -- it involves ~everal steps and probably some 

physical activity. However eventually such knowledge 

becomes a fact or a language-game. · Does this transition 

take place when the additi o n is removed from the physical 

things? This is plausable until we consider repeated 

add~tion. Is 1 + 1 + 1 = 3 a fact or a skill? What 



\ 

about 3+ 5+ 1 - 9 ? Could a child who ' kn ew' th a t 5 + 3 = 8 

a nd 8 + 1 = 9 neces_s?-ri 1 y do tliis sum? Such an examp l e 

poi nts u p one rel a tionsh i p be tween f a ct a nd s ki ll l earning : 

the l a tter can be genera li sat ion of ma ny ' facts ', or th e 

underst andi ng of a l anguage-g a me involving ma ny words . 

3 .63 Learning t o fee l. 

The third level is a ttitude l earn ing as in "I 

h a te math ematics". 

Sentences which exhibit this type of l earning 

often do no t cont a in th e word 'l earn '. Howeve r att itudes 

are learnt a nd . positive attitudes towa rds ma th e ma ti cs are 

par t of th e explicit aims of mathematics teach e rs. 

What is me a nt by a ' posi ti ve a tt i tude '? We 
I ust be careful to avoi d th e /4i;: ------.,. . positive s uccess 

circle descr i bed in section 2.33. 
\ 

Th e behavioural a nswer is th a t ~ posi tive a ttitude 
I 

shown by a high e r pnba bi lity ( a s measured by obser vation\ 

of behaviour) that t he student will, say, smile on • ' 
\ i 

.Al t er n a ti ve l y , \ entering a mathem a tics cl a ssroom. 

psychologi ca l criteria ( e . g . a nxi e ty as mea~ured ~y pul.se­

rate) can be used. While there is 
1
some value in this \ 

view -- the u se of ' probabi1ity' especially -- it is ~ot 

the whole story. 

Attitude can only be gauged' after ,its · adoption 

whereas; .if we take notice of subject,i ve a ccounts : of the 

learner, a n attitude can be indic~t ed ai it is bein~ 

formed. Th e efiect of the behavioural vie~ ~s to neg~~e 

subjectivity. But atti~ud~s· are n~ce~ia~ily subjecti~e. 

The behavioural evaluation can ~:mi ~ _be i checkJd _ul t
0

imately 
. . . - •. . . I - . I 

by correlating physiological or lDehav;i.'~ural' tonsequence s . I ,.- . . 
with accounts of how people f~el

0

• : • • 
1 

• 

I 

What contributes to · pos.itive1'attitudes in ', .· 

\ 

mathematics? ·· . I shall only cons\ider ·environmental variables, 

inherent ones · are not malleable '. by· e.duca.tion; t h ough the y 

can, and should, be allowed.for4 

. 
\ 
\ : 
i ! 

' i 
\ 
.\ • ·1 

1 

' 
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Success is of t en said to be important for a 

liking of t >e subject~ Would the average fifth former 

increase his ' liking for mathema tics by successfully doing 

100 sums like 7 + 4 =? · It is not the actual succeeding 

as the other things which ·go with it: scicial prestige, 

worthwhileness, me~t~ng a challenge. This is borne out 

by some people who se~m to hate mathema tics merely because 

it i s trendy t o hate it: some important people in our 

society seem proud of th e ir l a ck 6f abil ity in mathema tics. 

Interest is another factor. It does not make 

sense t o say that someone beg a n to lfke some t h ing whi l e 

it was boring th e m. 

Worthwhileness incorporates some of the 

behavioural pos t-formation difficulties. If, af ter we have 

completed an activity, we l ook back and judge it to have 

been worth the effort, then~ simil a r a ctivity is more 

likely to be embarked upon than oth e rwise. 
. . . . 

Relevance may see m to be a factor, but it does 

make sense to say, · for example, "I enjoyed an article on 

catastrophe theory I ~appened to come across in t he 

Listener, and would start to read other articles if I 

saw them.·". 

Skemp (1971) mehtions two other pos~ible factors: 

anxiety l eve l and destructiveness. In· general he approaches 

tte problem from the opposite direction: . he- assumes a 

positive attitude and tries to see what .turns students 

off. 'Insults to.their intelligence' are one of his 

major destructive . influences. 

9o 

, · 3~64 Consequences in mathematics education •. 

All · three types of learning are necessary: it is 

difficult to conceive how type 2 or 3 could be achieved 

without some of type 1. The difference is t hat types 
I . 

1 and 2 have many referents-~ th e re are a myriad of 

possible facts and skills, but type 3 ha~ only one referent: 

we want a positive attitude, not a ne-ga ti ve . one, to be learnt.· 



Type 1.and 2 referents can be conceptually divided 

into two c l asses : those fact~ and skills necessary for every­

one (of age 15 say ) and those.not. How~ver it is not just 

. a question of argu i ng which cl ass each fact or skill goes 

into. Th e contents of the classes chaoge with ti~e, place, 

culture and the aims of ed0~ation. The dilemma is stated 

by .Beberman (quo ted in Kli ne, 1973 , p . 134 ) that the question 

as to whether a particular math emat ic s topic~ be taught 

is an empirical matter , not a ph ilosophica l one ; t h e 

question is: who is bes t ab l e t o decide what mathematics 

is appropriate? Are we to ignore t he mathematicians' 

advice ( he thinks that they have no t been too wrong in t he 

past), and , if so , i s a teach e r or student better ab l e to 

know what ma thematics is importan t? 

Furthermore th e necessary conten t may ch ange 

~th the degree to which type 3 l earnin g takes p l ace . 

di scussi on with E.L~ Archer enab l ed me to express this 

dea. He. sugges ted that ' t r ansfer', wh ilecomrnonl y thought' 
I 

f with r espect to a body of cont~nt, or, a t '. ~ high e r \ 

1~vel, a process or ski ll, should be with respect to~ 1 
\ i 

success feeling. Thus what is t~ans f ered i i a tim~- sa~ng \ 

when it comesto relearning or new l earning ~n ·the ~ame 4rea . 

For ex ample it does not matfer that
1
I have forgott e n mos t 

of my form VII b iology , if I do need the informat i on my ~
1 

_positive feelings towar ds the subject .will mean th a t a) I : 

will be prepared to make the effor t, and b ) that the r e l earning 
I ' 

will be quicker. 

The subject- and studen t~centrecl approaohes to 

teaching c an b e ~nal ysed in these terms: the ·subj ec t-d~n tred\ _ 

approach emphasises type 1 a~d : 2 le~rnir;ig i~ that J'i\ot :~11 

factors for type 3 lear.ning are met( • . S0ccess 1 can be .. 
. . . · 1. . l 

arranged 01: interests generat~d for/ so,m/e of . the . students 

some of the time only. In othkr 'wdrds ~he ass~~ptio~ stated 
'· 

at the beginning of this sectiqn ls'mad~. 
/. 

The student-centred a~proach begins with t~~~ 3 
l . . , • 

factors; topics w hich . interest \th ~ students' but suffers 

from the danger tha t the necessary cJass · of facts and skills 

may not be covered. The a~s~mption · ls replaced with: 

. 
\, I 

' : 
I · 

i 
\ 

l , 
1 
1 

' 



a) mathematica l knowledge c an be transfered on ly if the 

student h as a predisposition to learn a nd b) knowledge and 

skills in mathematics will automatically foll ow if a 

posi tive attitude has been generated •. 

If Skemp (1971 , p . 116) is right , then the student 

centred approach is unnecessary : facts and ,skills can be 

t augh t so long as fhey are done in such a way that the 

assumed positive att itudes are not d~stroyed . 
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3.7 RANGE, VARIANCE & MEASURES OF CENTRAL TENDENCY 

'The mathematical needs of everyone are broadly 
simil ar .' 

'Mathematics t aught in schoo ls should aim at the general 
needs of al l students '. 

This section continues the discussion raised in 

section 2.24 and 2.53 . 

Th e assumptions have four levels of analysis : 

a) that broad ly similar mathemat ical needs exist; 

b) if a ), then these needs can be discove r ed ; 

c) if a ) and b), then such ma th ematics can be taught; 

d) if a), b) and c), then such mathematics should be taught. 

These will be discussed i0 turn • 

• 71 Do similar needs exist? 

· Similariti es within ma thematical ~onfent undoubtecl ly 
. I 

exist. Within the context of symbo lism and ·t~rminology I 

th e re is a common cultural content of mathe~atics. Fo~ examrle 

statistical concepts used in advertising and monetary ' 

mathematics. But also the way i~ which we ~aik a8out ri0mbers 
. . I ', 

and our concepts of mathematical ide~s are culturally 

dependent, (e.g. ideas of t he infinite, geometry and 

. mea~urement). This is clearly seen in the historical 

discussion in sections 4.1 and 4.2. 1 , 

\ 

culture also affects perception and thirikin9. On . 
• , , · I . 

a simple level t:J1 .. e evidence for. thi's is well-documente,d: 
1: 

comparative studies between . African\ and. ~uropean 

in perceiving colour (Bornstein, 1~?3), ! patterns 

children 
I 

(Rentley, 
• . I• ' 

197.?), drawings (Deregowski ., 196'8) ,, show1 sig~i/icant 
·, I . •. . 

diff~rences. It is reasonabl~ tq ~nfeJ.subtle
1
~hariges in 

perception and thinking within , the ' evolution of any one 
• i • 

culture ( and hence a common base wi ihi.n 
1
one culture at a 

specific time). And the natur~\o f mathematical thou~~~ 
\ .i 1 i . 

has, and sill . is, changing. With the advent of computers, 

flow-chart logic and algorithmi~ pro~edures are becoming 

.\ 
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commonpl ace in our society . 

Comm.on factors in the psychology of learning 

are not evidence :fbr a' commo_n ma themattcal education . 

If everyone think's along similar lines there is no 

·need to be taught to think like tha t -- though 

possibly pa tterns of human thought car be a llowed for 

i n teach ing m~thods . 

sut children in our society are subject to 

simi l a r environmental facto_rs-, TV being the obvious 

example. Peer-group organisation of schools exaggerates 

this. 

When considering common needs we should 

a l so look at t he known differences . 

The level of sophistication and amount of 

content needed by different students will be different . 

Capabi lities differ a nd post- school li ves will be 

wide ly diverse . Our societ y contains many cu ltur~s 

and not a ll of any culture is necessary for everyone 

within tha t culture . However there is ~ill the 

l ogical possibility of a common base of the minimum 

standards type . 

Ind i v{dual differences in ways of thinking, 

ieadiness for l earhing , in ter est, present environment , 

past l earning and inherent capabi li ties are a ll well­

documented. But none of t hem l ogically rules out the 

possibility of th ere being a common , necessary body 

of content and/or mathematical thinking process . 

Given a common culture and ma thematics ' psce in 

it, it is necessary that t her~ besom~ comma~ mathematica l 

material: to ·say that two -people li ve in t he s ame. cultur·e 

but will have NO common mathematical experiences 

does not make sense. And . therefor e some common 

_mathematical ways of·dealing with these experien ces 

are needed. 

This.highlights -the reciprocal aspect of 

culture and (in this ~ase) · mathema tici. Common 



mathe matics is d eri ved f rom a shared culture, but a l so a 

commoh culture i s partly created by -s imilarie s in 

mathematics among a group of .peopl e . This is not c ircular : 

education creates cu l ture· as much .as it transmit s it . 

3 .7 2 Ca n common needs be discovered? 

The · ed~ca t iona l time - probl em presents the 

main difficu lty. Given the context of , say , New Zeal a nd 

seconda ry educ a tion , we are teach i ng·for a n unknown future. 

There a re pur ported ways a round t h is . 

Fi rst it can be ? rgued that th e content 

does not change as fast a s a ll t hat ~ Decimal no tation 

( and its u s e in monetary systems f o r exampl e ) h a s been 

around for severa l hundred- years a nd looks as though it will 

l as t our students ' lifetimes -at l east . 

A second argument has developed in respon se 

to changing conten t: we shou ld teach/learn procedures of 

perceiving and thinking, r ather than subject ma t e ri a l. 

For example the dedu.cti ve method of ·mathematics seems 

constant. · However it is changing also: mathematics in 

the 18th century was r~sult oriented, i~ the 19h century 

it was rigour a nd axiom orie nted (Grabfner, 1974) and now 

·we are see ing s hifts (due to computers a nd ·c a lls for 

relevance) towa rds a lgorithmic and applicabl e mathe ma tics . 

Furthermo re some of the changes in thought are quicker 

than the content changes: calculus h a s gone through a ll 

three stages mentioned above . Ce~tainly they can change 

within a life-ti~e. 

It may be argued th a t th e r .e is stil l a 

pervading mathematica l method -- but it must . be rather 
. . 

gener a l and a small part of the whole fie ld of mathematics 
I . 

ir it is to encompass even the three changes mentioned. 

, A third. way ou t of · the time-problem is to 

. foll.ow trends to discove~ ., or make intelligent guesses 
. . 

about, t~e ~uture common n~eds . As an example co~puter 

technology . and _its ramifications wer~ pr~dicted many yea rs 

ago. Many : mathematf cians and edu~ators have ma de what turn 
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out to be extremely accurate for~casts of the impact of 

mathematical trends . However these may be se l f - fufilling and 

many have also been wrong . We tend to remember accurate 

forecasts and forget the many wrong ones . 

On e fupther attempt to so lve this time-problem i s 

to educat~ for a positive attitude towards mathematics 

making t he ~sumption that someone who likes mathematics will 

be prepared to learn that wh ich is necessary at any time. 

Thi s has been discussed in sectiori 3 . 64 . -

None of these pollings of t he horns of our 

dilemma rea lly so l ~ the problem , though in combination they 

are e0ough to convincemost edu c a tors · that there i s 

enough material to make compulsory educa ti on worthwhi l e ~ 

For a contrary view see Holt ( 19 77). A0d to be extent 

that we educate for the present we can find out our 

math em a tical needs. 

Another difficu lty in determining needs is tha t 

the perception of culture differs be tween groups in our 

society , parti cu l a rly between older a nd younger people. 

The way students in secondary schools pe rceive math~ma tics 

is di fferent from th at of adu lts. Older teachers wi ll 

have difficulty knowing t he common needs of the younger 

students . 

It ma y a lso be difficult to percei ve th e mathe­

matical needs of a culture from within that culture. If we 

are in it then these need s may be satisfied unconsciously and 
~ 

recognition may be difficult. Also how will we know when 

we have discovered all the common ma t hematica l need s ? 

The reciprocal nature of culture and math e matics 

implies that identified common material crea tes the 

needs for it. The idea that our society needs 

to deal with advanced technology and . increased complexity 

leads to t~e education necessijry to create computers when 

pther solution s (e.g. de-industrialisation) may be possible. 



3 . 73 Can common material be t aught? 

Part of this question is an empfrical one , to be 
. . 

investiga t ed in the psychology of· mathematics lea rning. 

I shall not consider this aspect . 

Another part i s. related to the ,individual 

differe nces in r~adiness, psychology , physio l ogy , interests, 

environments and inherent capabilities of the students. 

Such considerations · h ave led tq diverse teaching method s : 

maste ry learning, programmed learning, contract teaching 

group teaching, options , open schoo~s and so on. Again 

the ~bility of these methods to c ope with the above 

factors is l a rge l y an empirica l ma tter . 

However there is one phi l osophical poblem to. 

be c.onsidered . 

Culture, including the ma thematica l part , is 

created by the interaction of the peop l e within it, both 

among themselves, and with the_present culture . Thu ; th e 

commo n mathematical nee ds are created and solved by groups 

and individuals themse lves. This may be dealt .with by 

teac h ing, not mathematics directly, bu t rather an awareness 

of, and techniques for, creating a nd dealing with the 

math e matica l aspects of our culture . This.is very differeot 

from th e math e matics taught in our schools now. For 

example, rather than teaching about computers or how to 

programme them, we should teach how to find out about ( and 

deve lop ) new uses for the computer. The two a r eas do over l ap , 

but the l a tter part is neglected at present. 

An6th:e r difficulty with teaching common material 

arises from the time-problem . Given tha t the time-problem 

can be partly overcome by discovering general method s and trends , 

it is necessary fhc3.t the school system· can adapt quickly 

to these. To the extent that it does not, the advartage 

i s l ost . For exampl e_ ca l culus is stil l t aught using 

the_ ways 0£ thinking of pre-Cauchy times . Now pedago-

gically this m.ay be good" (i •. e .· the intuitive non-rigo.rous 

.~Pl?.roach may be valuable - - see sections 3 . 4 and 3. 5 ) 

but if m0dern concepts in mathematics ~ ·part of our 

culture, then they are being lost on our students . 



3.74 Should common needs be taught? 

Accepting the evolution of culture, may we not 
. ' 

be doing a disservice to st~dents by pre-setting· them 

to. the present or (given the conservative nature of change) 

past culture? 

Secondly ~ perhaps responses to mathematical 

needs should come from the people wh~n they arise rather 

than be taught in a compulsory system before they are 

perceived by the learner? This view is extensively 

discussed by John Holt (1977). 

Finally, perhaps society should change so that som e 

needs become less neede d. This is .possible given the 

reci procality of culture and mathematics mentioned above . 

It would make sense to use this power of education 

especially for those needs th at are , in practice, not 

being coped with by a significant propcirtion of the 

population. The·chang~ to decimal currency can be seen in 

this light. 
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3.8 MY COUNT: RIGHT OR WRONG? 

'Correct answers are a l arge part of ma thematica l 
co~petence . ' 

'Ge tting t h e r ight answer ' has been worshipped 

as· the prime a im of mathematics edu c a tion . 

On the one hand emp l oyers and others for whom 

accuracy is important have berated schools for turning 

out stude nts who cannot perform ca l~ul a t i ons a t whatever 

l e ve l th ey r e quire . ·on the other hand stories of ma th e ­

matici ans who can never give correct ch a nge are cl a ss i c . 

3. 81 What is a 'ri ght' a nswer ?. 

Getting the 'right' a nswer i s -l a rgely a l a ngu age-

_g ame . 

This seems a n exaggerated sta tement especia lJy 

if we consider a n example lik e 6 x 5 =? But 6 x 5 does 

not necess a ri l y equal 30 . It ma y be e qua l to 26 i f a 

duodecima l s y stem i s u sed , 36 in octal ar ithmet i c , 2 in 

arithmetic modulo 7, 30~ if ' x ' stands fo r a variable, or 

some t h ing e l se i f 'x' has been defined as some operation 

other than multiplication. Und e rs tanding what i s required 

is at l eas t as important as knowing multi plica tio~ tabl es . 

Correct answers a l so depend on the question. 

'30' woul d b e marked wrong by many teachers as an a nswer 

to the question: "How far wou ld you go if you tr a ve ll ed 

at 5 km/hr for 6 hours?". Units would be required. 
. ., 

Metho~, units, statemen ts of error factors, 

accompanying diagram, speed of calGulation.and ev~n setting 

out can be f a c tors_ in determining whethe.r a n answer is 

cor~ect or not . Thus the teacher defines what is coriect 

out of many clternatives. As well as performing the 

calculation, the stude nt ~ust underst and what l a ngu a ge-g ame 

is being p l ayed in· a give_n situation. In this respect 

classrooms are _·different frorri 'life' where the correctness 

6£ ~n answer is defined by the person doing the calculation. . . 
De Bone's discu~si6n of Jater a l thinking 

MASSEY UNIVERSITY· . 
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me ntions thi s area when he a rgues fo r specific instruction 

in variation of techni ques and acceptable responses to 

s ome problem ~ 

3.82 How importan t is it to be right? 

What does a t eacher mean when he/she says : 

"Don't worry abou t · the a nswer, it ' s the method t ha t counts", 

or "Show. your working , you can get nearly a ll the ma rks for 

an exam question even though · your answer is wr ong".? 
I 

I s th e tea cher saying tha t the an s wer is a l way s 

less important that th e method , th a t it i s mathema tically 

speak ing less important, or ·th a t on this occasio n i t is 

less important? 

The first a lte rnati.ve, th a t the answer is a lways 

less important , is simply no~ true. Giving change in a shop 

is.a simple examp l e -- bei ng· correct is more impor t ant 

in practi<IE _than whether ~a lc:ula:or, fingers , tables, 

T~achenburg metho d or ~uess was used. 

The objection may be raisec;I: "Yes , that's true 

in pr act~ce , but it is not · how we think of someone's 

mathematical ability. Surely you must · agree that someone 

who b lindly guessed t he correct · answe~ ~snot as good at 

mathematics as someone who performed the correct calcu latio ns 

but mistaken ly said 6 x 3 = 24 at the end?'~ I think I'd 

want to know a little more about how the guess was made, 

and whether the one who calculated did a check and 

estimation · and so on . .But it is · true that we could 

cbnstruct an example where we would want to call the person 

who got t he wrong answer the bett~r mathematician. Our 

examinations are full of such cases. 

so, · sometimes at least~ mathematically speaking 
I . 

answers are less important than method. The question 
~: 

no~ atises: if answers are not of prime importance in 

mathematics, what is? Several answers could be offered: 

a) Met~od: it ii generally agreed that the elega0ce, 

sophistic~t i on~ abstraction, ·generaiity ~nd speed with which 

an answer ·is produc·ed has someth:i.'ng to do with mathematics. 

b) Thinking·: was the problem laboriously or economi~ally 

100 



solved? Were intuitive leaps followed by confirmation, 

or how was it · thought out? 

c) Verificat ion : were rough approxi~ations or rigourous 

deductive proofs made? Wer~ e rrdr s a nd probabilities 

estimated? 

All of these·can be important depending on 

what the teach e r/employer/user means when asking for 

mathematical competente . All can be taught, or at least 

demonstrated, and all shou ld make up part of a mathematical 

education . 

The third possible l!)eaning for " Don ' t worry about 

the answer" is that it is not important on this occa sion. 

This answer may be valid because , a lthough the ultima te aim 

is to get correct answers,. at ·the mo[nent the teacher is 

considering only one aspect Qf getting the answer. 

There are also pedagogical reasons why a teacher 

(Of 

may not consLder a nswers i~pottant . Part of teaching/learn ing 

is . the development of propitious conditions for l earning . 

Gaining a positive a ttitude to the ma teria l (or avoiding 

negative ones) may·be part of thi s . If success or f a ilure 

is a variable (see section 2 . 3) then de-emphas ising 

correctness may be valuable . Thi s is different from 

_saying that the answer is no t importa rt in . the long run , 

and ·must be recognised a s such by both th e teacher and the 

· 1earner . 
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4 . 00 HISTORICAL DSVELOPMENT OF PHILOSOPHIES OF Iv'!ATHEMATICS 
EDUCATION 

4.0 Intr-oduction 

4 . 1 Philosophica l Conside.::-ations in the History 
of Mati--1ematics 

4.2 Mathemati.cs Education in the United Kingdom 

4 . 3 Mathematics Education in the United States 
of America 

4 . 4 Mathematics Education in New Zealand 

4,5 Forces in Mathematics Education 

4.0 INTRODUCTION 

This chapter traces some of the mc1jor influences in 

tne development of existing philosophies of mathematics 

education. This i s done in order to put into perspec tive some 

of the assumptions mentioned in section 3.00, ta see how they 

c,!-;.c:;ina ted: and also to identify some of the prchlems which 

will have to be overcome if they are to be changed. 

The development of dttitucies towards mathematics 

educa tion in New Zealand has been l arge ly dependent or: tho;::;2 

in the United Kingdom and USA , ,:rnd all three countries h ave 

reflected changes in educational and psychological theories as 

well a s in mathematics itself . 

Section 4 . 1 is a brief overview of the main 

philosophical notions behind Western mathematics as a subject. 

Ou r mathematics education is base d almost solely on Western 

tho~ght. This has been predominant in our mathematical 

development also . (For example Chinese mathematics virtualJ.y 

halted abo ut the 13th century because of notational difficul tie s 

j n dealinq wi th more th ,::i.n four variables in a.lgebraJc 

manlpulatlons) . The matn reference fo r this section has been 

l\1=•th-·,·n~t i· ,-•c: .; r~ 1•Test-ern C• 1 ! +-•:;-c. 1.'Kl i· n<'- 197r,) 
.. ........ "~ ....... ._ J.. ~ 1/\: I~ -- ..... - ._,\__ , - - ' L • 

The next two sections tr&ce the histo~y of mathe ­

matics education in the United Kingdom and USA respectively, 

noting changes in soclal, psychological <lnd 0ducational 

factors. For 

32nd Year.beck --~-----
section 4.3 the mai.n l'.'°-fere nce ha.s been 

(Jones : 1970). 

NCTM 



Next the deve l opment of New Zea land ma themati c s 

education i s rev i e wed . Here A.E . E. Clarke ' s thesis (1960) 

has proved valuable. The effects of developments in th e 

United Ki ng dom and the USA on New Zealand ma thematics 

educa tion a re specifica lly note d. 

The final s e cti o n brings together the influences 

as discusse d in this chapte r a nd th e a ssumptions me ntioned 

in chapter 3.00 . The influences are grouped under the 

h eadi~gs : ma th e ma tical forces, soci a l forces , educational 

forces, psycho logical for c es and administr a tive forces . 

The contribu tions of the se forces towards the form a tion 

of p a rticul a r a ssumptions is discu s sed . 

/oJ 
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4 .1 PHILOSOPHICAL co;.;s:CDCt<A"i,~O:JS :i::-1 THE HISTORY OF 
MATHEl½ATICS 

This section traces the d eve lopment of attitudes 

towards mathema tics itself. The aim is to find the origins 

o f some of the a ttitudes common in the teaching of mathematics. 

4 . 11 B.C. - The Dark Ages 

Mathema tics prior to the Greek period was predomi­

nantly utilita ri a n, a lthoug h founded on astronomy . Egyptian 

mathematicians (4000 - 1000 BC) were also the priests, who 

depended foi their power an d status on a~curate predictions 

o f , for example , the i'Jile flood. This mo.thematical knowledge 

was restricted in distribution and as sociated with mysticism. 

This is reflected in, for example, the building of t emp l es to 

be sunlit on particula.L· days , 2.nd the signi fi c ance o f n1...m1b2rs 

such as 3 and 7. The pr~ctical uses of ma thcmalic~ in 

agriculture (we ights and measures ) a nd cngtneer ir. g (measurement 

and surveying) are r ef l ected in the ricords which do exist 

( Eves , 1964, p.31). Argumen t or demonstration of r esults 

are absent, rather W8 find practical .instructions and 

a l gorithms. Generalisation also is missing, multiple examoles 

being norm. Results w~re a ll established empiri c2 lly 

( Kl ine, 1976, Chpt. 2). 

Babylonian ma thematics was more 2dvanced than 

Egyptian , p ar ticul a rly in arithmetic and a lgebra (which was 

linked with geometry). 

Greek mathema tics developed from Babylonia a nd can 

be said to have started about 600 BC with Thales. Rational, 

deductive argument and proofs became the mo~us OQE:.r-andi of 

a culture which had outgrown the solely u tili tarian i'unc tions 

o f ma thematics in that the uppc~ stratum of socielj ~a ~ 

leisure- tj.me in which to follow up phi lo sophical ideds. 

Coming under the i,:il ·12t"1ce of the µhilosophers 

( Plato , Aristotle, etc) mathemdti.cs was considered an 0r-t, 

and, as such~ became sorne th in~J 0reater than its i:::.:xr1mercial 

usefulness. In eschewi ng empir.ic.1.sm the Greeks c:lso .ini ti.ateci 
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abstr action , arithmetic b~coming merely a n i nfecior skill . 

Geome try _rec e ived mo s t attention, probably through astronomy, 

but also because it lent i tsel f to th e i~ methods. The 

reso l ution of irra tional numbers was ma d e by a geometrical 

interpre t at ion , and algebra was i<Jnored pr.obably because of 

inadequa t e symbolism. Postulational think ing (deduction s 

from expl icit assumptions) developed prior to Euclid (300 BC ). 

This , ,and the investiga tion of number properties a re probably 

largely due to the Pyth a goreans , a group which main t ained 

the mysti ca l elem~nt in ma thematics, r esults being kept 

s ecret and member ship of the society ritualised. Another 

deve lopment in Greek mathematics was concern· for the 

infini t esimal , as evidenced in Zeno ' s paradoxes. 

The Greek influence is summed up in Kline, 1976 

at the end of Chpt. 3: 

,:Because the Greeks converted arithmetical ide2.s into 
geometrical ones and because they devoted themselves 
to th e s tu dy of geometry) thct sub j ect dorn.i,!at2d 
mathematics until the nineteenth c en tury, .• • ••• • •• 
Th e Greeks •.. f ai led t o deve lop the number sys t e m 
and algebra which indu stry, commerce , f in ance, and 
sci ence must h ave .• . • " 

By 300 BC the Greek sta tes hn.d fal l e n ar,d Alexandria 

be c a me the centre of l earning. The university there was the 

focal poi n t for ma thematica l development for . 700 years . 

Euclid wa s one of the first members -- his Elements being 

the collected work of the Greek mathemat icians pu t into 

postulational form. 

Th i s work was a major f orce in ma themati cs: it 

contained geometry, number theory a nd (geome trical ) a lgebra , 

and became the mod e l for a ll ma thematica l e xposition despite 

the fact that Euclid probably used inductive, analytical and 

i ntuitive thinking in its forma tion . The identification 

of mathema tical thi nk ing with deduction and the importance 

of defining lerras and stating axioms undoubted l y originates 

from triis 1,;1ork. 

In Al exandria scho 1 arship flourished, a nd r enewed 

an j_ntegra t ion of mathe!112ti:::.:s with corm,1erce , engineering and 

navigation. Archime des, [:;J'.'r,tosthenes and Hipparchus were 

f a mous for thei r app lied mathematics before the birth of 

Christ. After 1 AD Heron in enqinee.!'.·~.ng anc Pt·:>lemy in 



ast.ronomy c urri erl on th is trend . 

Dioph a ntus initi a t ed t he second sta g e in the 

development of algebra ( Eves, 1.964, p."158) by a dopting 

symbols for common quantities, al thoug h this did not 2,ppear 

in Europe unti l the 15 th century. Mathematics by now 

( 300 AD ) had become a mear1s of mak i n q :.::ense of the uni. vers r= 

its potenti a l for unifying di v ei:-Se e U';rn ent s was rec;gni secl. 

For ex ample astronorn.i.ca l theories a ssumed circul a ,_- motion 

purely because it wa s the simpl e st . In a sense , then, 

ma thematics had begun to determine man's thoughts. 

The rise of the Roman Empire heralded a decline 

in European mathematics -- their practica l philosophies did 

not allow for much ma thema tical developme nt (cf their 

number syste m) although their engineering was quite 

sophisticate d . 

Th e Dark Ag e s descende d on Europe 2nd such 

math e ma tic s a s e xisted wa s preserved in the monastrics. Th e 

fo c us o f ma th e ma tica l d e ve lopme nt shifte d to India and the 

Islamic Empire . 

4.12 The Da rk Ages - Mo dern Ma the ma ti c.s 

Prior to 500 AD Indi a n mathema tics wa s base d on 

r e ligion, sub sequently this base shifte d to astronomy . The 

influence of the Far Ea st is debated , but was probably 

significant. The Hindus made two importa nt advances: they 

adapted th e Babyloni a n place-value sy s t e m to base 10 , and 

they develo ped negative numbers. Th e ir algebra was well 

advanced but geometry was weak and l a rg e ly empirical . 

After 1100 AD Hindu mathematics rema ined static until modern 

tin,e s. 

The Islami c Empi re v a lued l earning a nd both Greek 

and Hindu works w2 r e tr~nslated. The i r own c~ntributions 

wer e mctinl y in astro nom '_,' ( t. r i goncJme t:ry ) und algebra , b ut they 

represent t he link which p re. s erve d t he g eometry of the Greeks 

and the no t a t ion, a rithmetic ci :-1:4 c;lge br,~ of the Eincl u / t\r a b 

schol a rs . Through t hen the c:: ,ir ly t~urc)l)ean schoJ.3.cs received 

their he r .L t;-39e . 

/O(, 



This r etransla t ion was cion8 Le~woen 1000 and 1200 

by scholars who tr ave lled to Moorish centres in Spain and 

North Africa. The establishment of trade between Italy and 

the East played an important part ir. the dissemination cf 

the Hindu/Arab numera tion system. 
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Ti1e rise of Christi an i. ty in Europe over the Med ieval 

period accepted math ematical learning as a preparation for 

the ~tudy of theology. Justification of f aith and th e Glory 

of God were accepte d as the reason for studying mathema tics 

an influence which lasted until Newton. One prime 

impetus was as trology. Me dicine was studied by watching th e 

stars and medical students were t aught mathemat ics for this 

purpose. Despite its conflict with the church, this practice 

extended to the 16th century. The European universities 

taught the quadrivium of arithmetic, geometry, music an d 

astronomy. Text s began to appear in th e l ate 15th century . 

'I'r1ere were both cl assica l works for scholars and ver.n2.cular 

ari t hme tics intended t o educate for commercial careers. 

By the 15th century a renaissance in ma th emat i cal 

thou ght occured throu gh the rediscovery of GrePk mathematics 

combined with the rise of the merchants and artisan classes, 

the invention of gunpowder and the printing pr~ss, ;:,_nd a 

rejection of religious and my stica l dogma. Beqinnin g wi th 

Cardano a nd Tartagli a (in a lgebra) ~nd Copernicus (in 

astronomy) there was a renewed in terest i ~ th e physical world 

and the prob l ems of nature. The conflict between Copernicus, 

Kepler, Galileo and the church epitomizes the emancipation 

of science from theology (Kline , 19 72, Chpt. 9). Greek 

rationality provided the basis and Descartes, Galil eo, 

Bacon and Kepler among others used mathematics to describe 

a world view. 

However, r a ther th an destroying religion, 

mathemat i cs became a celebration of God and His work. Their 

pictu1-e of the world was of a mathematical image which had 

to be dicovered . Un l i ke th e Greeks 1 wh o depended on object s 

and shapes , Descarte s' fund a mentaJ s vrert~ extension ard 

motion. Its aim was to build a model of the unive r s2 from 

these beginni ng s. 



A change was made from explaining why things 

happened (and giving theological answers) to describing 

phenomena, isolating their fundamental properties and 

finalJ.y deriving the 'Laws of J\Jature' from basic p:cinciples 

in the m~nner of Euclid. Descartes' dynamics was the 

basis of Newton 's Laws of Motion and together they set the 

stage for physical science . Newton stilJ. needed God to 

explain the irregularities in, for example, orbits, but 

IO'i 

by the 18th century Lagrange and Laplace had applied Newton 's 

Laws to the solar system so well that the hypothesis of a 

God was unnecessary. 

4~13 Modern mathematics 

Modern matherna U_cs is said to have dev,2loped from 

the 17th century: modern notation had become standard.1.sc-cl ~ 

decimals and negative numbers were being used , algeb~a and 

the theory of equations were advanced and tables were 

being produced. Napier (logarithms), Oughtred ( algebra) , 

Galil eo (dynamics ), Kepler (planetary motion), Descarte s 

(coordinate geometry ), and Fermat, Pascal and Huygens 

(number theory and probability) were all responding to the 

needs of the times and ma thema ties becarite more applied . 

The political climate in France and Eng land was more favourable 

than that in Italy and mathematica l development moved north. 

Mathematics owed some of its status to philosophy: 

Hobbes a nd then Locke elevated ma thematical knowledge as 

opposed to experience. Berke l ey attacked what re saw as a 

threat to religion and Hume further challenged the existence 

of materj_al objects or mathematical truths. By 1800 Kant 

was using mathernu tica l knowledge to j us ti fy -~--2r .iori 

synthetic statements . Thus mathematical tr0ths were central 

to each of the philosophers mentioned and became widely 

di scussed. 

Although its origins c an be traced to Greek times, 

the Newton/Leibniz deve lopment of infinitesima l calculus 

tested the basis on which mathema tical thought rested. 
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Neither development was rigorous e nough to survi ve cr iticism 

of th e concept of the inf i nj_tely small . However calculus was 

o bviousl y useful and mathem a tically interesting and developed 

solely on faith for over a hundred years before Cau chy and 

Rl erean n rigori sed analysis . 

The Newton / Leibniz confrontation produced a sp lit 

..... . - _, ... 

in Ens lish and European mathemat ics on t wo levels. English 

mathematicians esch ewed advances in analysis made in France due 

to Le i bniz' more flexi b le no t ation . Also , on th e philosophical 

level , th e conse rvative Chri s ti an e thic, in Engl a nd, preserved 

the idea of mathematics being the too l of God , whereas the 

French thinkers d ispensed with theologj_cal considera tions 

entirely . 

The 19 th c entury saw sever a l n ew developments . 

Algebra , previ ously considered as symbol ised 

arithmetic , became liberated through the ne-w a l gebf' a s of , 

for example, Cay ley and Ha milton. Combined with the 

development of se t theory (Cantor ) and logic (Boo1- e , De Morgan ) 

the a bstr a ction of ma thematics began . Th e unifying influence 

of s e t theory created new areas (e . g . topology) and thu~ 

it c a me to h ave its high status as the basis of mathemat ic s 

leading to the ' New Math ' revolution i~ education. 

A second development was the discovery of consistent 

non-Euclidean geometr·.1.es by Lob a chevsky , Gauss and Bolya :i . • 

This led to the increased importance of ax iomatics initiated 

b y Klein's 'Erl anger Programme ' and , with set the ory, 

contr ibuted to the grea t advances men tioned above. 

The ar i thmet.i sation of analysis (Ca.u ch y , We i erstrauss) 

was a third development and led to much work on the 

foun dation of real numbers. 

Ot her 19th ce:1tury advan ces occured i n mathemati cal 

physics ( Maxwell, Ta.i t) and stati.,U.cs ( Graunt, Quete l e t and 

Gc:: l ton ). 

By the turn of the century philosoph.:i.es of mathe­

matics had developed b~sed on questi0ns raised by t he abcve 

advances : Can mathematics be constructec on c.n axi.1..)rn .::..t.i. c 

b asis ? (Peano ), What structures are possible? And what can 

the se structures achieve ? (Gcedel) . Answers t o the question 

of the nature of mathema tics vari2d fror;1 .lcgic (Russell), to 

structure (Hilbert), to intuition (Brouwer ). 



The t wo c on t empora ry mathe ma tica l deve lopments 

which have had t i me to be r e fl e cte d in e d ucational changes are 

computers and applied mathematics. 

The astonishing t echnological a dvances in handling 

mathematical operations has led to the increa sing importa nce 

of algorithmic procedures as well as making avail a ble new 

results and r a ising some mor a l questions on the t1se s to which 

computers should be put. 

The explosive increase in mathema tica l knowledge 

(resulting from the unification of geome try and a lgebra 

through set theory and the arithmetisaticn of analysis ) h a s 

been followed by increa sed applica tions. No long e r is it 

possible to know enough mathe ma tics to be able to bring all 

relevant ma the ma tics to bear on a probl e m: any prob l e m may b e 

able to be solve d using topology , analysis, numer ica l an a l ysis 

or some other field. Thus peopl e must h a ve an a war e ne ss o f 

many different areas a nd be abl e to then find th e n e c e ssar y 

information in that area, rather th a n b e come profici e nt in 

' ma thematics' a nd a pply wh a t th e y alre a d y know. 

A further conse quence o f increas e d a ppli cation s 

is th a t most a rea s of huma n e ndedvour i r1vo lve s ome ma themati c s : 

art, science , social sciences, commerce, ma na gemen t a nd 

everyday unive rsal activities (ta x forms, recrea tio n) as 

well as acade mic scientific occupa tions. 
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4.2 MATHEMATICS EDUCAT ION IN THE UNITED KINGDOM 

This s ection examines the development of attitudes 

towards mathematics education i n the Unite d Kingdom . These 

attitudes are a source of New Zea l a 11 d positions (see section 

4.4) 2nd of the assumptions men ti oned in chapter 3. 

4.21 Up to 1700 

Math ematics educa tion in the United Kingdom began 

1<( 

in the monastries durinc the Dark Ag es . Then, during the 

period 1300-1500 , the forces of c ommerce init ia t ed s y stematic , 

utilit arian mathematics t each ing. By the l ate 16th certury 

arithme tic, g eometry and trigonometry were b e ing t aught for 

use in n avigat ion , gunnery, s urveying , rninj_ng, fortification, 

astrology and astronomy . Such t eaching was done on a priv3tA 

tutor basis, th e first institutional ma thematics t eachin g 

being at Gresh a m Co ll ege in the e ar ly 17th century , follo wed 

by ch a i rs at Cambr i dge and Oxford in the mi dd l e of that . century. 

The importance of the n avy resulted in several mathematical 

establishments be ing set up to t each navigation. 

Mathe matics t each ing was not widely a ccepted at this 

time because it was still associated with sorcery : th e main 

English mathemc:iticians h ad been trained in medicine in 

Europe (e.g. Recorde) . 

Despite utili tar i a n origin s , e ducation was a gentle­

man's occupation, a nd a means to social not scholar ly 

advance. Thus th e applied justi f i cation for lea rning was 

not valid. 

Newton' s controversy with Le ibniz had severe 

repercu ssions for Br i tisi1 mathematica l education star ting 

from abou t 1680. The dispu t e l ed to a loyal t y reaction from 

Briti sh matrwmaticians who cut themselves off from the advances 

education by th e beginning of th e 18th centur y was becoming 

more acceptab l e to t he public, it was not unt:L l 1800 \vhen 



Peacock introduced continental notation in the Cambridge 

mathematical Tripos that the standard of mathematics recovered. 

Newton epitomizes ano ther g eneral educational 

influence -- that of religion. His avowed intention in 

studying mathematics and science was to show how wonderful 

God 1 s creat1on was . This attitude prevailed into the 20th 

century. 

4 .2 2 The period 1700- 1900 

Private schools from 1760 onwards responded to 

commercial needs, but public a nd grammer schools did not 

teach mather.wtics unti 1 the 19th century ( see Howson, 19 7 4 ). 

The indL:strial revolution demonstrated the need for mathem a t.L:s 

educatlon so that it begar to be accepted. However seconJRry 

educat ion was still exclusively private and upper class, 

and mathematics was r egarded as 'common '. For example~ 

Harrow ' s first mathematics teacher was not considered schol a rly 

enough to wear academic dress . Mathematics education was 

ancillary to the fundamentals of the classics. In keepi n g 

with this her j_ tage, i::ucl id was studied exclusively al tho:..ig h 

other texts were available , e .g. those by Legend re and v,101 f. 

Little else was taught: arithmetic , decimals , proportion. 

By 1873 algebra and plane trigonometry had been included. 

In 1871 the first mathematics teacher organisation 

was formed: the Association for the Improvemen t of Geometrica l 

Teaching, l a ter to become the Mathematical Association. 

During the 19th century two genera l forces became 

dominant in mathematics education. 

The first was examin a tion fervour. The Tripo s in 

Cambridge was a very rigjd affair, leaving little room for 

imagi na tion and r esulting in a strict hiera chy of candidates . 

It was not until 1888 that Oxford and Cambridge allowed 

proofs otber than Euclid's, a lthough his orde r was mai ntai~ed 

until 1903. The r emaining examination system then became 

jeopardised by a lack of uniformity in the school syllabus. 

It has been sug,;iested (Gr.if ft hs, 19 7J) that 



examinations were developed originalJ.y for t wo reasons: to 

relieve th e boredom of the clever/ric~ by compe tition, and 

to defeat patronage. Whatever its origins, the tradition was 

adopted by the secondary schools, p a rtly because of the 

university entr a nce re c;uirernents. The exam system was used t o 

improve element a ry education, but by 1870 reforms were 

desp ara tel y needed to escape from its restrictiveness. 

The second influence wa s the widening availability of 

education. The first college admitting girls opened during 

the 1840 1 s and in 1870 the Forster Act provided for universal 

elementary educatlon. 

However, to follow an analysi~ of H.B. Griffths, 

(1971), education now began to deve lop in to three classes: 

Oxbridge and the public schools for the leisured cl a ss, 

private a~d grammar schools for the petit bourgoi s i e, a nd 

eleme ntary schools for t h e work e rs. ~athematic s for the 

leisured classes consi s ted of Euclid, arithmetic c1rid alge:Ora 

to the negl ect of other areas . This cl a ss bor e t he brunt of 

th e examination system. The pet.i t bourgoisie mathematic2l 

education was science a nd tech no logy ori e nted, partly b eca11se 

of military needs. Although the gr a mmar and s econdary sc~ool 

orga nisation was conservative, competitio n with Curope at the 

turn of the century led to strong growth in science a nd 

technology. The working classes received only basic arithmetic, 

vocationally oriented. Their exams were origin a lly oral t ests . 

All three types of education were planne d by the leisured cl a ss. 

A further trad ition in British mathem a tics had b een 

firmly established by 1900: the pre-emine nc2 of ma them a tica l 

physics. Kelvin, Newton, Maxwell, Tait and Hamilton established 

a trend broken notably only by Cayley and Russell a mong 

British mathematicians. Wh ile no direct link to mathema tics 

education can be susta ined, it seems l ikely tha t their 

influence contributed to the technological / aµplied mathem a t ic s 

emphasis in Brit ish mathematics compared with t he structure/ 

abstract emphasis in Ainecica 2nd Europr~. 



4.23 The Twentieth Century 

Reform, both i~ exominations and Euclidean rigor, 

began with the 20th century. The famous "Letter of the 23 

Schoolmastersn (Howson , 1973) called for the arithrnetisc1.tion 

of geometry and a lgebra and an experimental (drawing) emphasis 

in geometry. Following a period of intense communication 

with E~rope around 1912, (unequalled until the 1960 1 s (see 

Howson, 1974)), schools started teaching descriptive and 

experimental geometry, statistics and c a lculus. However 

the 1st Wor ld War slowed reform (rigor in the universities 

increased over this period) and in 1919 the Mathematical 

Association felt obliged to stress the utility of ma thematics , 

the linking of mathematics and science and rnath er,1:::1'.::ics as a 

liberal art. 

But school mathematics remained form a l and rigorous, 

primarily because the examination system was still strong , 

but also because the teachers had generally h a d a con serva t ive, 

rigorous education themselves. 

It was about thi s time (the 1920 1 s) that Godfrey, 

a mainstay of th e reforms, began to t a lk of symmetry geometry 

the approach now used. 

Despite th e scientific stimulus of World War II, 

the notation of functions was the only important new idea to 

enter the curriculum. With the exception of an interest in 

practical mathemat ics in prim a ry schools during the 1950's, 

mathematics educa tion remained conservative. For example, 

even today, technical education does not feature in the A-level 

GCE mathematics. Furthermore it had lost some importance in 

1944 when it was made an optional (not compulsory) subject 

for leaving certificate. 

The prevailing attitude of education as a status­

changer continu ,d to hinder reform . Th e Butler Act in 1944 

introduced secondary modern and comprehensive schools. The 

11-plus system, instit0ted soon after WW II, channelled 20% 

of the pupils to grammar sc~ools, 20% to technical schools 

and the res t to secondary-moderns, thus maintaining the 

traditional divi sions. The GCE w~s begun in 1951 and 

followed the cl assica l tradition. 



Li ber a l views about equa l opportunity for all found 

realisation a s th e same opportunity for all -- and th a t based 

"s 

on a grammar educat i on. For example the School Ma th ematics 

Project (v,1hich began in 1961) had a very academic base a l though 

it did, fin a lly, replace Euclidea n geome try with mGtion geometcy. 

Other efforts included the Nuffield Mathematics Projec~ 

(prim ary), the Midlands Mathematical Experime nt and Mat hema ti c s 

in Eduoation and Industry. 

It was not until th e late 1960 ' s that the Certificate 

of Se condary Education examin a tion attempted to fill the need 

for a non-academic syll abus. Bu t uniformity of syllabi in 

schoo l s and sequential teaching remain, despite the l a ck of 

centralised contro l of the curriculum. And beca use o f this 

lack examin ations h ave a greater effect. 

Recen t influences i nc lude compreh en sivisation. 

This h as re s ulted in tea ching to a wider r ange of pupils, 

with the d anger of direct ing t each ing to the more able 

sect ions . However th e public schoo l s ' mo nopo ly o f ngood!l 

education i s diminishing. A further aspect is th a t indus try 

and commerce a re again becoming concerned . This is evj.denced 

by t.h,:: outcry over th e mathematica l standards o:f schoo l- · 

leave::cs , (H ayman , 1975). More than this, th e currer. t debate 

in education is public : accountability to society is a 

developing theme (Kerr, 1977). 

Between 1945 a nd 197 5 there h as been an 80 % increase 

in school population brought abou t by a higher leaving age 

as well as popu lation growth . This has l ed to difficulty 

in adopting new syll abi, as well as slow improvement in 

educat ional standards. However the contemporary f alling 

birthrate ma y create new opportunities: tea cher supply in 

mathe ma tics improved to 1372 but has declined since then 

( HMI , 19 7 7) • 

Th e promoters of rnoocrn mathematics had difficulty 

o vercom:Lng t he c:onserv:::1 c i s;n of th e exarnin at ion system , the 

chaos resulting from schoo l r ~organisation , tea cher t raini n g 

problems and ut ility-based mathemat ics educat i o n in the 

t echnical and secondary-modern schoo ls. The Newsom Report 

of 196 3 (Newsom , 196 3) approached the topic cautiously : 



"Even the ' new m::i.them a ti cs ' ma y have someth i ng to offer 
for some of our puplis where th e r e is a well-qual ified 
and well-versed enthusiast on the staff". 

Th e syllabi have been changed slowly and the texts we re net 

widespread until the l ate 1960 1 s. Modern math<=matics i n 

UK h a s been more practical than elsewh 2re. The concurren t 

chang e in t eaching methods h a s also met with c onservatism . 

''" 

The slow recognition of ma thematics as impor t a nt 

in educa tion in the United Kingdom in the 19th century, and 

the recent conserva tism towards overseas mathematical trends 

fi t a hypothesis put forwa rd by H. B. Williams (1971) that 

in England mathematics is a means to an end (or different 

ends at differen t times) and rare ly is ·the end of creat ing 

mathematician s , a nd hence ma themat ics, one of the m. 
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4 .3 MATHEMATICS EDUCATION IN THE U.S.A. 

4. 3'1 Beginnings 

From its beginnins1s in the 17th century mathematical 

education in America has stressed the pr-actical applications 

of settlement: exploration, commerce a~d surveying. 

However, even then, the belief in universal education 

was emerging -- although mathematics was not initi a lly 

considered an integra l part of such educa tion. Ari t.hrnetic 

was first made an entrance require ment to a college in 

1745 (Yale), but geometry was not necessary until af ter the 

Civil \rJar. 

In the 18th century surveying and astronomy were 

included amongst th e mathematics courses offered in the 

universities. Part of the reason was practical but the 

scientific rise in Europe had been transmitted quickly, and 

mathemati cs became the tool of science as well as c ommerce. 

Teaching was p rirnarily by rule and exa:11ple, 

dl though Pestalozzi ' s ' mental discipline' theories had som€. 

effects. 

4.32 1800 to the 1930's 

By the beginning of the 19th century th e influe~ce 

of Europe was being felt. For example Legendre's geometry 

text was used from 1819 onwards. French mathematics 

continued to be a strong influence in Ar.Jerica. Ma thematics 

now spread to the elementary schools. 

Gr a mmar schools declined (as did the academies 

in the 1850 1 s) to be replaced by high schools. By midway 

through the century the pri nciples of teacher trai ning and 

fr ee compulsory education fo r a ll h ad been established. A 

rapi~ growth in the school population teg~n now and 

continued into the 1930 's. 

Initially alg~bra and geometry were taught 

at high school in response t o three forces: the rise in the 

scienti fic need for mathematics felt in the universities; 

the continuing need s of technology and ~.ommunicfit5.ons; and 



the rise of faculty psychology where both sub jects were 

r egarded as good training. However in both universities and 

high schools, academi c and moral justific a tions gave wa y 

to vocational , social and pr a ctical ones -- thus special 

courses and electives became establi s hed . 

Teacher training was first estab l ished in 1832 and 

th e next 50 years s aw a gradu a l change from rul e /practice 

method~ to inductive reasoning and under standing. Concern 

for the pedagogical problems of a large school population 

with varyi ng aims led to the se tting up of several i nve stig a ting 

committees by the e nd of th e century. 

Th e recommendat ion s of these committees were more 

orien ted to college r equirements th an schoo l needs. These 

committees did not give adequate notice to the varied 

needs of the en l arged schoo l popu l ation and , a lthough junior 

high schools were common by 1920 , little was don e fo r non­

college bound students. 

However th e calls for psychologising mathematics 

instruction and reforming geometry were responded to. 

Psychologising moved through Spencer ' s rational theories, 

Dewe y's experience/ measurement views and David Eugine Smith's 

eclectisism. Later, up to World War II, Thorndike ' s 

connectionism came into vogue, men t a l disc i p line theory 

h aving been discredited. Thornd:i_ke's theory l ed to the 

fragmentation of courses together wi th much dr illi ng a nd 

rote learni ng . Gesell's r eadiness theori es h ad some e ff ect 

in counteri ng thi s trend . Testing of intell igence a nd 

achievement began during th e early part of the 20th century, 

as did the idea of spi ra l curriculae. 

In mathematics itself the German influence of 

Klein (functions and structure in mathemati cs) and Hilbert 

(axiom a tisation of geome try) took effect. Vebl e n and , 

l ater , Bi r koff ma de axiomatisation a major American interest. 

Such ideGi qu ickly en t2red universities , teachers colleges 

and high schools. 

In 1?11 t h e College S:1trance Examination Board 

was set up , provid ing a unifying in flue~ce en syllabi. 

The establishment o f ju:1ior highs led tc a 

reorganisation of mathematics curri cula towards general, 

I 
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non-compartmentalised courses for grades 7 and 8 . Senior 

highs remai ned trRditional, however , and decreasing college 

attendance (because of the depression) and the elective 

principle led to declining ma thematics enrolments as well as 

lower ed college en trance requirements. A general, compulsory, 

1-year co~rse developed which has continued to the present 

day and is characterised by unimaginative teach ing and low 

-1· interest. The Colleges, in response to a questioning of the 

utility of mathematics, began to develop general courses for 

non-mathemat ical specialists in the 1930 1 s. There were three 

types: functional, cultural and 'modern'. This latter fore­

shadrnved the modern reforms and dealt with such topics as 

set theory and non-Euclidean geometry. 

4.33 The last 50 years 

reform. 

The depression in America inhibited mathem atical 

While student numbers continued to rise., lack of 

finance resulted in declining conditions and few innova tior1s . 

World War II a.t once highlighted the f a:Llure of 

classical math emat ics education (i.e. draftees were ~een to he 

below the standard expected ) and raised mathematics an d 

science to a new status (i.e. acce ntuated the uses and potential 

of advanced mathematics). Thus the post-war enrolment boom was 

stronges t in these subjects. Thi s put a strain on teacher 

resources, especially as the industrial demand for mathematicians 

was also boosted. For mathematics edu c ation the result was 

that, in the immediate post-war period, th ere was a backlog 

of re forms from the 19 20 's and 1930's, a manpower problem, and 

a heightened public interes t in mathematics. 

Th e mathematj.cally trained man-power shortage ~y 

the post-wac scientific/technologica l development focussed 

attention on outdated curricula. Industrial development and 

new ~pplications stimulated problem-solving and cre~ted a 

demand for 'basi c structure' education so that the varied 

fields might be accor11modated. iv:eaning and understancli ng 

became vital in mathema t i cs education. 

Piage t's influence was felt in the 1950 1 s, and 
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Gag1-,e 's h ej_ r ar chica l c oncepts , !~rL,r ie r ' s structures of" learning 

and Ausubel ' s meanin<Jful learning theories all had exponents. 

In th e early 1950 1 s s evera l committees investigated 

mathematic s education, one of whici1, the University of 

Illinois Commit tee on School Mathematics (1952) was looked 

upon as the initiator of 'new math~ 

The Commission on Ma thematics in 1955 consisting 

of teachers , t eacher trai ners and mathematicians recommended 

emphasising concepts, deductive reasoning, structure, 

inequ al ities, unifying ideas such as set and function, ar.d 

motj_on geometry . These ideas were put into practice by 

groups such as the School Mathematics Study Group (SMSG) 

(Jones, 1970, p76) . After lhe ' Sputnik ' educational rethink 

money fo r research, development and appl ication of t he 

' new mai:h I i.,1as available through m2y1y sources (e .g. the Na tion a l 

Defense Education Act 1958). Between 1950 and 1966 there 

were 24 nat ional pro j ects (8 pre-Sputnik and 5 resulting from 

th e 1965 t:lem:=nb:iry c.ild .S0.c0!"1car:{ Education Act) (see C.r.espu 1 

1969)" Tl..,E· ceforms empn.:::...;; i :-:.ed unde .:::: · s t :'.nd ing rather th,rn 

l ~c.Jrr::Lng co,!tent or c 2 1c.ui.::;ting efficiency, but little conten t 

rn2.~ter wa.s in f act changed. Thr:= mctlwd of teaching a] so 

altered , reform being b ased on dicovery learn i ng and precisi~n 

in language (see Cresµy , 1969 ). 

The resu lt was a ccmpl e te reform of elementary 

ma th ematics, 2nd secDndary ma i_·hErn ,:iti cs a l.::l Pmp ted to r espond 

to call s for modern top ics , :for morf! ,3.dva1 1<>:d topics c.nd for 

relevc1nce. Teacher training and relr cLinir.c:; becarr.e important, 

but despite i11as s i ve efforts, fail ed to sustain the revolution 

that w~s occuring. In fact most p ~o jects badly underestimated 

the time needed to retrain teachers and deve lop materials. 

Reaction began by the early 1960 1 s. Kline and 

Elicher challenged the curriculum and the u ntes t ed way in 

which reforms were adopted and spread. Thi s reac tion continues 

with charges of incompetence and falling interes t among 

school-leavers. 'J'his can par tly bs explained by an ant i­

technology movement in society and seems to deny the general 

agreement that some aspects of the reform h2ve been valuable. 

Reli able evidence on th e value of the reforms is, however 5 

lacking. Partly this is because the aims o f mathematics 
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education have changed, thus it is misleading to evaluate 

reforms on mathemat ical proficiency . However most comparison 

s :-11dies show no significant difference on proficiency and 

indicate incre~sed underst a nding (Cre spy ; 1969 ). There h as 

been a shift in pL.hlic: attitude back towards valueing 

proficiency rather than 1,nderstanding (see Frand, 1976) . This, 

together with the criticism n,ent i.oned, has led to less 

axioma~ic programmes . 

The tremendous growth in pure mathenatics itself 

emphasised both the need for organising the structure of 

mathemat ics an d for generalisation . In addit ion ~athematj_ci a ns 

i:emanded that more mathemc1tics must be learnt in schools. 

On e result is that professional mathematicians have become 

heavily in volved in education. 

The high l eve l of development in mathematics h as l ed 

to an excess of specialised mathemat ics graduates and, now, 

to compensate , a cal 1 h as gone out for a broader-based (bi., t 

still larger) mathem a tical education . 
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4.4 MATHCMATICS EDUCATION IN NSW ZCALAND 

4 . 41 Initial influences 

~fiathc~matj_cs educc.1LLon in· l'JevJ '.~e2land h as aJ.vJays bc,en 

strongly influenced hy evcn~3 in the ll. K.; for example th e 

i nfJ.uenc0- of P•2r.cy 2nd ~Junn at t he 't.:Grn of the century. At 

th a t tim e: th0. value of mathematics VJc1S sti ll seen c'\S 'training 

th e mind ' in ordered thinkiny and appreciat ing th e utllity 

of mathematics. Ho\·Jever cor1p2r tment::-il i sa lion :in rn a them a ties 

was being brokt:=n down and the: beginnings of psychology-based 

d eve lopment.J.J a p proach developed early this century . 
I 

Th e prim ,· 1-- y systcc:m worked inck::pendentl y -- the n cv; 

syl l abus in troduced in 1928 hc.1d little ef fect in pos t-ptimary 

schools. 

School Cer tificate was i ntroduced in 1934, a nd th e 

proficiency e x a min a tion was abo lished in 193 7. Howeve r S.C . 

failed t o provide a more r ea listic goa l th a n Univers ity 

Entr a nce examination, wh ich it was supposed to do . 

At this time schoo l s 

"h ad ce2sed to be the preserve of the i ntellectual e lit e •.. 
Post- pci.mary educa tion \J.J.S becoming the birth-righ t of 
virtu a 11 y all NZ children ." (Clar ke , 1960 , p 5 ) 

Thus a wider r ange c1nd greatt; r n umbers of childr en h a d to b e 

c atered for. 

A second mc:1jor influe nce was \rJorld Wa r II which, vii th 

it s revolu tionary techno log ical advances , increased the felt 

need for a good mathematic s educa tion . Technology 1..vas no 

longer a spe ciali st field, bllt encroached on everyone ' s wa y 

of life. 

In 1942 th e C~nterburry In st itute for Educational 

Research i ssued a ' Repor t on the Teach in g of Ma thema tics at 

1'- Various Sb:tges in the Schoo l System with Suggestions for 

Improvement'. Basi ca lly it asked th a t ma the matics become 

unifi ed , th a t it b e taught by experts and th a t it should not 
I 

be too mech an ical. It also recommended practical rather than 

foimal geometry . Th e schemes it presented were dry and 

mech a nical in algebra and arithmetic, but practical and informal 

in geometry . There were differen t scheme s for Tr~des classes 

(boys ) and . ;,ron-examination cl a sses ·(gir ls) in which ·'easy 

examples' were recommended. Final ly a practical mathematics 
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course was outlined - a simple version of the full mathematics. 

The practical emphases of the report, especia lly in 

geometry and the 4-way differentiation of the syllabus , were 

important frinovati6ns. 

4 . 42 Th e Thomas Report 

Th e Thom as Report was completed.in November, 1943, 

but its w1:-i ters were aware of two impending ch a nges: accrediting 

for U.E. arrived i n 1944 with the aim of mak ing S.C ., not U.E., 
' 

the qualification for post - primary education . This de-

emphasised a c ademic courses , and english was made the sole 

compulsory subject . The other change (in 1944) was the 

raising of th e school leav ing age to 15. 

,In its recommendations the Thomas Re por t attempted 

to de- emphasise th e nar rowing effect of examinations by 

introducing a core curricu lum which would enabl e the wid e ly 

divergent pupil popuJ.ation to better prepare for li fe in t~ 

commun ity . Th e core wou l d not be examined externally , and was 

also aimed a t r educing ear ly specialisation . 

The Report saw S.C. as an endpo int, not a prepara tion 

for U. E., and as within reach of most seconda ry pupils . Th e 

Committee envisaged 20% of pupils going on to U.E. and 40% 

studying S.C. math ematics, both do ing the full math ematics 

course ; the other 40% studying an elementary mathem atics course . 

Clarke repor ts tha t by 1958 this latter elementary mathem a tics 

was taken by 31% of boys and 76 % of girls. 

With reference to mathemat ics teaching the Report 

emphasised utility of mathematics, concrete to abstrac t 

development, many simple examples, ~ot so ~uch mech an ical 

manipulation in algebra , more aids to c~lculation and an 

informal approach to geometry. 

The Thomas Report recommendations were i ncorporated 

into th e Education Regulat ions by 1945. 

4.43 1945 to the 1960 1 s 

In 1946 a new primary syllabus in mathematics was . 



introduced. 

syll ab i. 

! L 
j_ I.. 

)U 

ess~ntially only upd~ted ex i sti ng 

In the period to 1949 mathematics teaching decl ined . 

Although satisfactory achieveme ~t in core sub j ects was (and 

still is) a prerequisite to th e avaid of S.C., in fact evidence 

suggests th2t this w2s not enforced in mathematics where 

substantial numbers failed to rco.ch r.-iinimal. standards and 

rece i ved S . C. i.n other subjects . Core mathematics did not lead 

to other examination opt ions , no suitable t ext-books were 

available , a shortage of mathem·~ics tea chers developed an d 

no refresher courses were provided. ,This grave situation was 

outlined in a remit presented to th e NZSSA 1948 Annu a l 

Conference (Clarke , 1960 , p23) . 

An Arithmetic Committee was set up in 1948 which 

criticised t es ting and brought down recommendations for using 

standa rdised tests . It became a na tional committe e in 1949 

an d repor t ed on the aims, t e_xt s , teach e r tra ining, org a nisat i on 

and refresh er courses of e l ementary mathematics. 

1950 s a w the firs t r efr esher c our se . Core mathem ~t ics 

was causing serious concern and tradi tion a l me th ods w~~e bl a ~ed 
\ I 

for much of t he d e clin e . The Auckl a nd cour se recommenc:ted a '. 
I I 

standard for Core mathematics, more en couragfment / especi a lly 

fo r boys !!?) to t ake full math emati~s, moder n te a ching method s , 
\ 

more r efresher courses and th e product ion of a t ext-book , ·by 

th e Edu c a ti o n Departmen t. 

J.H. Murdoch ' s book on ma thematics t eaching outlining 
I ' 

' new ' methods was pub lished later th a t yea r. Lt emphasised 

a l gebra as a l anguage , classificati ,on of spatial i 1deas in 

geome try, and gr aph s as a~ important pictori ai tool. ~his \ 

book reflected the prevailini ~pinibn lhat ~he educati6nal 
I ' • 

aim s of ma thematics we re an appreciation of 

t echnologica l utility, a nd awaren~ss of l the 
I 

system s. 

its soc'ial and 
( 

.val Lie of ordered 

I ' 

In 1954 J.F. Sharkey produced the asked-for text­

book, but the accompanying handbook wasl vetoed through lack 

of funds . Thus the book was badJy misused wha tever its 

actu a l value may have been. 

Despite a 1956. Review Committee which endorsed the 

recommendations of the Thomas Report and firmly recommended 

, . . , 

the continuance of the common core, there was a growing r eaction . 



against core mathematics. Too little time h:id been spent Oi--. 

its development, it led nowhere, too few t eachers (most 

l?S 

with too low qualificatio~s) gave it a low status and falling 

standards developed. This spread to t~e full mathematics . 

In 1956 an intern~ticnal study showed NZ to have one of the 

lowest mathematical educations in terms of compulsory 

mathematics and r~rcentage of school time for its study. In 

addition Trades Certificates hild increased markedJ.y and t~ 

weaknesses of apprentices in mathematics was causing wide 

concern . 

Public pressure finally l ed to th e setting up of a 
, 

Worki~g Committee in 1958 . Recommended were : age promotion 

(but not for gifted chi l dren), diagnostic t ests and t eachers 

handb6oks for al l texts. It also recommend ed a common minimal 

syll abus for forms I to IV to mend the break be t ween forms I I 

and I II , a nd put forward th e spir a l curriculum idea. Weaknesse s 

in b as ic skills, se tting out , correct units a nd rigor were 

pointed out. It · was widely felt that the time spe nt on 

math ema tic s was too sma ll. 

Probab ly the grea t es t s ing l e influence on ma thematics 

education was (and still i s ) the t eacher short age which developed 

in_ th e 1950 1 s (see Cl a rke, 1960 , pp93-95 ). Mathematic s wa s 

the subject affected most. It led, not only to l a rger classes 

and poor courses offered , but a l so to inadequate qualifications 

of many ma thematic s t eachers. Fur thermore , since the introduct ion 

of core ma thematics , increasi ng numb e rs of primary teachers 

had no ma thematics qualifications (from 20% in 1947 to 64% in 

1957) . Thus . intermediate teachers were sometimes on a par 

with their pupils in mathema tical ability and sophistication. 

NZ t eacher training at that time ~ as very narrow . 

Little mathematics training was given, and in-service tr a ining 

was poorly attended . Thus a v~cious circle was set up whereby. 

insecure primary te a chers were unable to meet pupils ' 

difficulties. The pupil then developed an aversion to the 

subject for .his/her post-prima~~ studies, and thus few 

prospective ma thematics tea chers result. 



4 . 11.4 Moder n muthema.tic:::; c1ncl rc::cen t t rc..nd:; 

In the 1960 1 s NZ began to receive t ext-books from 

th e U.S.A. (and l a t er Br ituin ) i nco.cpo.;::;--,tir'ig n0.w rn~::.d.--.11 1 ',!kti:i..cs 

topics. After a period of de l ay alternative S.C. and U.E 

syll abi were written and introduced from 1965/196G. Set 

theory, tran sf. onria J: ion g~ome:try, funct i ons iJnd s true tL,r-e 

became accepted emphases in th e syl J.. abu~; . Gy ".!.976 the 

ch ange-over h ad been comple ted at al'l l eve l s ( see d.iciqr.am 

below ). 

• TI1 c content ch o ng es were produced parlly to aid 

understanding, but a lso, as a result ,of wider appl icat i ons 

of ma th ema tics • .Stati s tics, probability ,rnd compuU.ng arc:: 

n ow covered within the mathematics syllabi. 

Ano the r r e sult h as b ee n the formatio n of a 

con tinuo us progr amme from inf a nts to s en ior classes , a n d 

e vol v ing r ather th a n sta t ic syll abi . 

Comparison i s difficult, bu t a major primc1ry 

eva lu a tion i n 1974 showed a d ecli ne in multi p lica ti o n and 

divi sion skills, but g 6 ins in at titude , understandin9 , 

discussion and r e cording . ( See a l so Offenberg e r , 19 76 vJho 

offers furth e r~bjectiv~ evide nce for b e tt er atti t ude s but 

sug gests that some useful conten t h as b een omitted ). Th e 

ar ti cle by Gordon a nd Couch a l so suggesl-s th at th e st a ndard 

of t eaching h a s increased . The proport i on of s t u den t s 

opti ng for ma thema tics a t 5th, 6th a nd 7th form l evel s h as 

incre a sed ( McGil l , 19 76 ) but this could b e du e t o o t h e r 

factors ( e .g. ma th ema tics requireme nts for j obs or poor 

mathe ma tici ans not sitting S.C.). 

l'l6 

Th e te a cher shortage c on tinues and, despit e r efresher 

courses , must add to the difficulty. of u pgrading t eachi n g 

methods. 

School Certi fica te is still a 50% fail exami n a tion 

although it is accepted as a re a listic go a l for s e cond a ry 

education. · This anomaly h a s r esu lted in recent years in the 

developmen t of local certifica t es , based on s yllabi which 

are~ in general, more practically based. rn 19 75 exp~rime nt a l 

schemes in 5th form mathema tics were ~mpl emen t e d in t wo 



reg.ions. They allow foe a v c,r:i cty of (interna lly dsc::essed ) 

grades a t d i fferent lev e ls of rnathcrna ties C:1.bstr o.c t or 

p r actica l ) , rather_ th an the pa ss/fail in ooe exam as i n S.C. 

Othe1~ changcf; in rcu::-1d::. S1e:1r t, 1ncludt~ -the 

development of tcx ts vvr it ten in lkc1:, ZeaLrnJ ( notably 'Thc. 

Sh ape of Matl·v,:matics
1
); tlle estabL shrnenl·. of the OJ.l'.T i culum 

Developmen t Unit; ~nd (especi~lly on a local lev~l) the rise 

of t h0. ma t hematical association:_;. This l as t h2s led to the 

12 '1 

l oca l cert i f i cates mc~ntioned aLo\1 1c 5 ma~F17:. i.ne:~ and rnCJ.t~hematics 

competitio ns . 

* (The fol l owing draws hcav~ly from an optimistic 

account of th e i n troduction of the new sylldb.i by the 

Ma thematics Curr i c ul um Office1-s ( Gordon & Couch, 19 76). ) 

--~----------
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196( j Ma t !-'.em2tics A & B I Mathema tics A & B Additional Ma th ematic,s 

Q~hool Ce rtificate Unive rsity Entrance Bu r sary / Scho l ar sh l-12_ 

1965 Mathematics A & B 
Pilo t Scheme A & B 

I 

196 6 I Mathemacics A & B Mechani cs 
Pilo t Scheme A, B & C Ma th ema tics A & B 
(Transf . Geometry) I n terim Opt ion A & B 

' Mechan ics 
(1 paper) 

.. 
Mat hematic s 

I Alterr.ative Ma ths 

1968 

I 
App lied Ma ths 

I 
(Mechan ics & Stats) 
Pure Ma thematics 

I 
Alternative Ma the~atics 

;1.969 I 
I Ma them ,3 t ies 

Pilot Scheme A & B I .. (C combined with B) 

197J I Ord i:-,2 .::- y Mathemat ics I 

I ( _i\_ & s) 

I Al ternat ive Ma thematics 
c::o.. & 3) 

I 
·19 71 I Crd iV:2th$ A & B I 

I 
Alt . i'-13 t i1 s A & s · I 
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Ye 2.:::- School Certificate 

·~ -----
197 2 

: 
Or-d. >iaths A & t3 

'J9 73 I f'-~a t1'-:e;1:2 ti cs (: pa:::,e r) I 
! Ord . J\Jc. t 1--j s ( 1 pa~)er) 

I 
1974 ! 

'"12 t j-i e!Tl ::3. t i CS I C~c1 i. n a:.-:.--y ~:2 tf-: S 

I -:_9 75 r1iathema tics 

I :Jrdinary rr:a ths 
-------j--

1976 & ff I 
I 

Mathematics I 
I 

I 

Univers i ty Entran c e 

App lied Ma themat ic s 
lternative Math s 

-

Ma the~atics (Aoplied 
& Alte r native combined) 
Traditiona l r:1aths 

~'12 the:112 ti CS 

Tr adit i cna l Math s 

Ma them a tics 
Traditional Maths 

Ma th emat ics 

Bu r sary/Sc hol a rship 

I 

Pure Mathematics 

I 
Appl i ed Mathemat i c s 

Pure Mathema t ics 
App li ed Mathematic s 

Pure Ma t hematics 
Applied Mathematics 
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4. 5 F'OF;Cf-'S IN MATH Sf·'iATICS EDUC//TI Ot'J 

This section attempts to li:,k some of the influc,n c es 

mentioneJ in section 4.1 - 1.4 to th s cJssumpt i or,3 made about 

ma thematics education in ch0pter 3.00. The co~rnc:ction s arc 

ne i thcr ncce ss ,-,cy nor sufficient, r at her they arc> sug g estc.:cl as 

possible con tributing f c:tctors and sboLild be t o.ken as 

hy pothese:3 on vJi"!ich further research could be lx:ised . 

Four types of f orces are dist:i_ngui:c;hed ( 0 1 though 

excl usi vc d i v i sions are no l: intended ) : those cl ue to mathema ti caJ_ 

developments ; those due t o social ch ange s; tho se r e l ating to 

general cduca tion~ l influences a nd th9 se due to psychological 

theor i es. 

4 . 51 Math e maticcJ l forces 

Some aspects of mathemat i cal edu c ation are direc tly 

attributable t o episodes in the hi s to ry · of mathematics . 

Suclid's El emen t::; undoub t edly shaped c l as sical 

educa tion in Britain and Europe . It s effect on the content 

of geome try courses h as gradua l 1 y decl-eased, but the 

'm athematics improve~ th e mind/ teaches you to think 

logically/ disciplines th e child ' r at ionale s are directly 

attributable t o it. Why should Euclid h ave h ad such a 

grea t e f fect? Partly because it 0as a definitive work : a 

i ec tion of mathem a tica l knowledge in comp l e ted and ordered 

fo rm . Par tly, also , because it was , for hundreds of years, 

the total knowledge avail ab l e - thus, because it r e mained 

definitive ove r time, some extra credit wa s atta che d to it. 

Part of th e rea son th a t it did r emain th e last word in g eometry 

was b e c a use it d e fin ed th e bounds of _ g e ometry to be just 

this work: .it was not until Bolyai and Lobachevsky investig ated 

alterna tive axioms fo r geometry in the 19th century that new 

bounds were accepted . 
I 

These ch a r a cteristics of the Elements are being 

repea ted tod a y in B0urbak i 1 s work s . It is difficult to 

estima t e th e influe nce of these works but there seems to 

be some link between Bourbaki and the ' new math ' where the .. . --

'1 

11 

f 
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structure of mathematics is t~ught. Bourbaki writ0s only 

on ma them.a ti ea 1 topics v:hi eh h ave been 1 arge l y corn:-1leted and 

on which it is poss i ble to be definit ive. One wonders , 

therefore , whether the 1·nclusion. of some f'iece of mathematics 

in Bourbaki acts towards making it definitive and closes 

furth er avenues of development, as Euclid did ~ith geometry. 

Deductive: method hc1s been va l u2d since Grec.k t..ime.s 

and its prominence in mathematics education muy have been 

boosted by Descartes and again by modern foundationa li sts. 

However , · it is no t true that al l famous mathematicians 

h ave made th e deduct i ve method their, P-xplic l t modu s operandi 

( see Poincare ' s a ccount of hj_ s own thinking (Newm a n, 1956, 

Vol IV, p 2041)). 

The deve lopment of rigor i s at tributed to three 

infl uences : the long- fu l f illed desire t o put c a lculus 

on a s ound basis ( a nd hence the in creased importance of 

doing so); th e unresolved paradoxes of the infinite an d 

Ca~tor ' s theories ; and the increas ing im por tance of t he 

found a tion debates . Th ese h ave b rought rigor t o th e 

for efront of mathematicians ' con~crn and then c e in to 

mathematics educa t~on. 

The'history of ma th e matics is inextricab ly li nked 

with app lica tions. It is surprising, th erefore , that 

math e matics a s a discipline is not mor e integrated . An 

expl a n a tion is that pure math ematics. as stud i ed in t he 

universities has (in r ecent times ) gain ed a very hi g h 

academic status. Th e reasons are not clear bu t may be li nked 

with social ones:· the upper cl a sses in Britain for exampl e 

h ad time and money to indu lge in pure research com pared 

with the bourgeois , practica l origins of applied ma thematics: 

~ompare Newton (calculus, upper class ) with Napi er 

(logarithms, lower class). It is only recently ( th e l ast 

50 years) that Centres of Appli ed Mathematics have been 
I 

~stablished and accepted. Thus the feeling h as d eve loped 

that 'pure' mathematics is of a higher drder than ' app lied ' 

mathema tics and this 'cl a ss consciousness ' has been 

transmitted to education . 

This . explanation wou ld also account for th e 1mportance 

of rigor, an aspect of mathematics which has only been 

important in pure , abstrac t research. 
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Computer development is undoubtedly af fecting 

ma them a tic s education . Not only h Qs A new vocabu l a ry dcvclop~d 

(e.g. a l gorithm , fiow-ch ar t), but so a lso h ave new ways of 

doing ma themat i cs (e .g. i t era t:i ve solutions) and ne\v ways of 

thinking (B. g . flow-ch a rt decision mdking ) . 

4.52 Soc i a l fo rces 

The predominant socia l f a ctor in education in the 

countries considered h a s been i]1e dr c=1 1n a tically increas in g 

school popul a tion. 

This i s not simply a matte r· of more pupi l s I but 

a l so a ma tter of different sorts of pupils. In Britain in 

part i cul a r g i rls ' righ t s to education were r ecognised long 

afte r boys ' , and in New Zea l an d th e i ntroduc,t ion of education 

f or a ll me a n t c a t er i ng for those with poorer a t t i tudes and 

envi rome n ts . Dive rg i ng extremes o f standards and l arge r 

n umber s a f fec t ed teach i ng methods in gener a l , but wh a t effect 

d id th e y h ave on ma them a tics educati on in par ti cu l a r? 

In r ecent times the s l ow , but cont i nu i ng , d ~- emp a si s 

on examin ation s h as bee n one resul t. ( The s l ow speed \;)f t h i',s 
. \ ·, 

ch a nge may b e par tl y a t t ri butab l e to a c l a s s need t o r e t a i n 

e lite s an d part l y t o th e growi ng compe ti t iv~ness df socie t y ). 

This i n turn h a s opened t he way fo r a b r oade r c ur riculu~ . 

t owards voca tion a l o r mo t iva ti ng t op i cs . 

Th e vocat iona l f u tures o f students h ave c h a nged so 

that , for e xampl e , th e Vi c t or i a n era o f ma t h e ma tics educat i on 

fo r clerks i s givin g wa y to c ompu ~e r o r i e nted j obs . (It h a s 
, I 

b een es t im a t e d t h a t , by 19 80 , .1 i n 10 of t he ·work f orce i n 
I 

Brita i n wil l be a s s oc i a ted with co~pu t e r s ). · 
I ' 

La rge school popul a tions /h a ve contribu t e~ t o t wo 

\ 

as sumption s i n ch a pter 3 . 00 . ' 'i I 
' 'i 

, I 
\ I 

I 

Th e a cce pta nc e by t each e rs o f · the u n i formity 

a ssumption (tha t studen t s c a n a ll be t aught t h e same wa y 
I 

s e ction 3.7) has b ee n l a rg e ly a p r a gma t ic r eaction t o a si t ua t i o n 
\, 

where th e a l t e rnat ive h a s been tmpo s s ibl~ . \ 
~ 

"-
Al s o t h e i ncrea s ing awa r e ness of the need to t each 

positive a ttitud e s h a s been t h e r e s u1 t o f increasing 



m,rnifestations of th e dissaU.sfaction wj th mu.themat ic s . 

Another social factor has been the increasing 

aw areness of educa tion as a n~tion a l asset . Cou pled wi t h th e 

t echno logl cal boom, the indu s tri a l and scjentific n eed for 

cl good math e::ma tica l eclucatio11 is \v e ll accep t ed (cf the low 

status origins of 3pplied rn a th cmc:.-;.t ics educat i on in Bri t a in). 

Th e Spu t nik boos t to American ma thoma tic s h as become a clich e . 

.Sucl1 feeli11 gs coupl e d 1vi th i nc reased re search a nd fi.Jnd i ng 

h ave contributed to \\1ards the importance of pure math e mc1tics 

i n education through th e myth o { abstrac tion l ead ing to 

genera li ty. A myth whi. eh is p l a u sib1e but false bec a use tro.nsfcr 

and app lica ti o n are not a utomat ic . 

Increased mobility of t he popul a tion may be having 

a sm a ll effec t o n ma th ema t ics education , not j ust by requirj_ng 

c urr i cu l a in different area s t o be able to be ma t c hed , bu t 

a l so by t eacher s and practit ioners s pread ing the i r knowledg e . 

The end r esult t ends to un i fbr mity a nd re i nforc es assumpt i on 3 .7. 

The power of educati on i n ge nera l ( ahd mathematic~ 

education in p a r ti cu l ar ) has i ncreased beca u se of the· 

increas ing comp l exi t y of s o c i e ty. This i s evi de nced b~ t h e 
. \ 

abil ity t o exp l o it a nd domin a t e ~e opl e merely b y wi thdrawi ng 
! 

adequa t e educat i o n. For example in ,s outh Afr i ca wh ere Bantu 
\ 

Educa tion has become the f ocu s o f pr o t est , being correc t ly 

iden t if i ed as o ne of the mo s t power f ul weap6 n s of a p a rih e i d . 

As far as ma thema tic s is conce r ned, th e _math e ma ti$a t ion of 

socie ty h a s put th e focus on the k now l edge/ sk i1;t.s/a t t itudes 

a s s umptio n ( 3 .6). Mo r e ma th e ma tica l skills a re p e rce ive d a s 
' , I 

ne c es s a ry f or peopl e t o function in our technical titi r s -- ~ ·9· 

maps , tabl es a nd sta ti s tical j0d g e m~nt~ a ll ·need to b e · 
I ' • 

und e rstood. Thus skills learni_ng b~come s more import a nt. 

' I ! 
Anoth e r influence is the ·effect of· 6nemployment for 1 

I ' I . 

pure ma the ma tics graduates. After the World War· II boom 

ma the ma tica l vocations have inc~ea sfngly been taken by ap~li ed 

math e matici a ns (engine ers, compµter sci~ntists, etc) with the 

result tha t pure ma the ma tici a ns ~ r e uhemp loyed. In 1972 th e 

I 

' ' \. 
~ 
': 
~ 

Ma th e ma tics Ma gazine issued a st~tement warning intending ) 

pure mathema tics majors of their unc~rtain futures (Val 45 p.1~5). 

Most find jobs in teaching and increasingly higher qual"ified 



mathematicians arc teaching at lower l evels and becoming 

involved \Jith cur.ciculurn Chcrnge. The level of rigor , modern 

mathematics and symbolism have all been affected by this. 

Fina lly society, :c:;i0ni.LLcar1tl\1 ove r the lc1st 

century, h::.::; been und2rgoin,;i c:111 i nci;casing rate o:F chenge. 

The (perh c1ps unconsc::.ouc:;) llE-~<::d for slc:,.bil ity mciy be reflected in 

t~search for found2tions of m2thematics and in curriculum 

ch a nges to\vcird structu ce , r igor cH,d u11i :Cormi ty. 

4.53 Edu c~tional forces 

The strongest influence arising from the practice 

of education in the countries considered has been examinations . 

National exami nat ions impose not only fixed curricul a 

and content ( assun:ptions 3. 3 and 3. 7) but also fixed sequences 

of instruction over a long period (assumpt ion }.1). Furthe rmore 

they determine wh a t ~onstitutes good mathematics ( assumpti ons 

~. 4 , 3.6 and 3.8). 

Mathematics appears to be s i mp l e to e va l uate and 

hence it s wide use in psychologica l testing and educa~ional: 
' \ \ 

r esearch . Howe ver the dang e::r is th at on 1 y the eas ily ~val u,::/L:ed 

aspects of mathematics will be tested. For 1example deduction 
I 

rath e r th an intuition or creativity, correct answers rat~ er 

th a n e legant methods, f a cts a nd skil l s r a the r than a tt~tudes . 

Because these a r e wha t are t ested they become what is taught. 

Since , as y e t, it i s impossible to eff ecti ve,l y evaluate "thi nk ing" 

nation a l exams a r e still exerting thi~ power. 

As mention ed above, the ~pparen t ease wfth which 
. I 

ma the matic s ability may b e ana lyse9 a~d each separ~tely 

eva luated h a s led to this top ic bei'. ng the subject of most 
I educational research. 

'i 
This has h ad two effects. 

', , I 
First the diversity of 

I • 

research h as led to a diver sity of 'n ew ', 'experimenta l' . or 

'pilot' programmes whi ch h ave been suffered by students and 
. I 

\ 

t eachers alike. This h as added, to th~ genera ll y _poor teaching) 

already prese nt (see below). Secondly , 'the nature of the \ 

research ~ a s created the nature ·of the teaching: because ) 
•. 

mathematic s can be ana ly sed ,· it . is iccepted that such analysis 1 
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reveals th e true 1 nature 1 of mathemati cs. I believe that 

mathernt1ticc..1l 2bil ity is an ove1·all 'point of view ' 1·ather th em 

a sun1 of .cJ.Lscrete sk ills . A clear example of anulysis 

becoming the teaching mode is giv~n by the Behavioural 

Objective school and its consequences in the classroom. 

Partly because of it .s superf:i.ci a l simplicity, 

partly because of tradit ion a l examp le/exercise instructional 

method s , and p2rtly because of many students ' fear of 

mathemat i cs, it was pos- ibl e to teach math ema tics badly and 

get awa y with it as a teacher. (TI1is is l ess so now with large 

classes and different controls on students ). Teacher training 

in s titutions have always been und e r ~ressure to train many 

teachers quickly, and thus teachers are trained to a minimum 

l eve l of competence. For ma~h~matics thi s minimum level is 

very low and thus, compared with other subjects , mathematics 

i s taught badly. Some e lements 6f this type of teaching are 

re flected in the assumptions st0ted : r ote learning (3. 6 ), 

simplistic evaluation (3. 8 ), t eaching from the book ( 3 . 1 and 

3.7) and uncritical use of words an d symbols ( 3.3 ). 

There is another con sequence of poor t eacher 

training : the vicio0 s circ l e of poor mathem a tics education 

l e ads to poor math c·matics education l eads t o poor ma th e matici ans 

entering t eachers coll ege l eads to poor ma the matic s t each e rs 

l eads to poor mathemotics education . This h a s been a n 

identified problem in mathematics i n New Zea l and ( see section 

4 . 4.3 ) and England (see Bel l is , 1972, p180 ). 

4. 54 Psych olog ica l forces 

It i s not th e purpose of this section to d e tail th e 

i mplication s t o mathemat ics educa tion of : each learn ing a nd 

in structional theory . Firit some general effects of psycho­

logica l th eor i es wi ll be me ntione d and secondly some 
' h y'pothetic a l re l a tionsh ips between some theories a nd the 

assumption s in chapter 3 .00 will be put torward. This latter 

section fu rther il l ustra t es the divergen t sources of the 

above assumptio~s . 

It has already been note d that mathematics ·is the 

subject which lends itsel f to ana lysis and experimentatio n 

most easi ly. I n addition the rise of psychological theories 



over the l as t century h as l ed to o. n overconfidence that 

e du c u t ional prob18m :3 c1re solvable - -· if only th e correct: 

theory is .app li ed in th e correct way . The hu.sty intJ:-ociuct ion 

of ' new muth' (see section 4.33) c an p a rtl y be attr ibuted to 

these a ttitudes : havi ng found be tter content it \v as 2,s.su rr. c d 

th a t it could be t uught adcquale ly i f it was designed 

accord ing to a i1 appropri c1tc th eory with rnin:i r:10. l teacher 

retr ain ing. Th e i mportc1n ce of psycholcgicc.11 theoric s h 3.S 

a l so generated a conf idence in th e possibility of alJ. students 

succeeding in schoo l : th a t if the correct th eo1:-y is c:1pp li c d 

everyone will l earn ma th ema tics (assump tion 3. 7). 

The wo.y in which psychol ocJical theories h ave propag,J.tc ,: 

is a l so sign i fjcan t. A th e ory is often manifeit as a schoo l 

( i n th e acudemic s e nse ) u.nd even us schoo l s (in the physica l ~,r.:nse) .I 
Thus educat i on i s of t en pu r sued u nd~ r th e influe nce of only 

one the ory : examples a r e the j_n:fluence of D12v1ey in Am e ric a , 

Piag e t in th e New Zea l and primary sys t em , Stein e r schools a nd 

Skinne rian s choo l s (or even communities) . Th e e clectisism 

of, for example , New Zealand state secondary schoo l s is a 

h a ph azard on~ rather th an ~ n org a nised se l ection of t he useful 

aspects of each th e o ry. Thus seve r a l different (but fix e d ) 

sequences are psychologically justified ( assumption 3.1); 

attitude learning ma y be neg lected i f a n i nstruction a l method 

is thought to b e p s ycholog ica lly 0al i d ( a ssumption 3. 6 ); a nd 

sometimes wha t constitutes l earning is defined by th e theory, 

e.g. specific ' b e h aviour ' over ' und e rstanding ' in som e 

Skinne ri a n-base d the ories ( a ssumption 3.8). 

Some specific hypotheses about p articu lar th e ories 

and their effects in crea ting th e assump tions mentione d are 

as, follows: 

Thorndike 's Con nectionism codified th e ' pra ctice 

makes perfect ' idea in th e Law of Exercise. This strengthened 

the educa tional pr a ctice o f many examples as a substitute for 

te~~hing, thus specific knowledge and skills were emphasised 

· (as sumption 3.6). 

The behaviour modification practices arising from 

Skinner's work g a ve rise to progr ammed learning wher e sequences 

are fixed (assumption 3.1). Beh a viour is discrete and using 

it in an instructional process emphasises th e discrete aspects 
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of the subject (assumptions 3.3 and 3.8). 

Bruner, Ausubel and Gagne's theories all pl~ce 

emphasis en correct sequencing ( ass0mp tj_on 3.1) and the 

structure of knov1ledge. This latt<:;r emph c1 sis partly influenc i~ d 

t he rise of 'new math ', the.content of which is based on 

structural as3umptions. Structural ideas also relatP more 

closely to deduction than intuition (assumption 3.4}. 

Th e current questioning of assumptio n 3 . 6 (on 

a tti tute J. eurn ing) rnay be linked to the general rise of 

humanistic psychology of th e Rogerian type. 

Detailed influences of psycholog:Lcul theor ies ori 

ma th ematics educa tion i n America arc•given in section s 

throughout the NCTM book: on the history of mathematics education 

(Jones, 19 70) • 



5.00 SUMMARY 

There are no conc..~lusions, or rat!: c.c ~ every :.;ent.:r~nce 

is a conclus ion. It is bG:tte r to describe this thesis as 

a proces s.· · A process vihcr e:hy r.1 philo ::;oph.ic c1 l onaly~; j_ s of 

sy l labus a ims h as developed into an examinatj_on of 0 lte rnative 

mean i ngs for the aims, an expos ition of hi dden as sumptions 

and an in vc stigat.i;.on of the orig.in s of th e ,:L<::surn;:) t .i.ons. 

---·-------

5 .1 Philo sophica l Ana lysis 

In t h e introduction to Ch ao t e r 2.00 th e Wittoens-
, J 

tei n ian ·analys i s on wh i ch the thesis is model l e d is d escr ibed : 

ana l y_sis_ b used on t he l angu a ge-game conception where any 

sta t ement is seen as a source of sever a l pos sible meanings . The 

v a lue of the a n alys i s r ests in t he explor a tion ~f t h ese 

meanin gs by exam i n i ng their consequence s in diffe r ent contexts . 

Thus in th e sl.(ceed ing sections the a i ms of t h e , 
Ne w Zea l and Forms I - I V mathomatic s syllabu s are d i scus s ed f o r 

po s sibl e mean ing s and t h e conseque nc2s examined . 

The fi rs t section focuses on the meanings of 

' obs e _r ve ' , 'd iscover ' , 'concep t' , 'logica l ' ' genera 1 i sa ti on s 1 

and ' ma t hema tica l exper i ences ' in t he co n text o f ma them a tics 

education. Th e second s ect i on dea l s i n detail with th e 

' princi p l e s und e rlying th e structure of mathemati cs '. I n 

p a rticul a r the degree of unive r sa l ity i s seen as i mpor t a n t i n 

d e termi ning the c o n sequences o f th e a im . 

Th e third s e cti on hi ghli ghts th e d i ff iculti es 

surroundi ng _the inde p e nd e nt de finiti on of 'lik ing ' ma the ma t i c s 

and ' b e ing succes sful' in ma the ma ti cs . Th e fou rth s ec tion 

examine s the utility of ma the ma tics f or a gener a l e d u ca tion . 

Again th e unive r sality crite rion i s seen to be im~orta nt~ a s 

is the way in which teache rs use th e word 'n ecess a ry' .wh e ri 

applied to mathematics. 

Section five con s i ders th e valu e of m~thematics 

and th e role of applied m~ the matics. There is argum e nt about 

how to e valu a te the impoi t ance of ma th emati c s, let alone wh a t 

th a.t importance is. Th e effects of the applica tions o f ma th e ­

matics depend on the studen t popul a tion con s i de red. 

Section six l ooks at dif fer ences b e t ween th e syll a bu s 



fo r F'o1-ms I-IV and. thut for h1ghcr forms. Specci f ical l y 

exami.ned are the narr0\vi.11g of the aims (in response to 

examination prr,; ssures) and the increasing j_mportance of 

ma them a tie s · a i__; an ·acadc;-ni_c di ~,clpl ii-1e. 

5. 2 AssumpU ons 

Th e j_ ntroduc-L -Lon to Ch 2pt<:.~r 3 . 00 de ta i 1 s the d:i. scovcr·y 

of th e assumplions to be examin e d in l ~ter sections. It t hen 

p1~esc n ts a n c1rgumen t tor the nr .,""d for clvd. J :?ng ing assump tions 

in mathematic s education based on po0r academic r esu lts and 

negative a tt itudes tow~rds mathematics . 

Th e :first as~:un-•p ci on examined i s the need for 

s equen cing in ma thernalics in struction . Fi ve types of ord~ring 

are d e scribed. Th e t yj'8S arc b i.l sed on : the str ucture of 

mathemati~s , the skills necessa ry for mathem a tics , the se l f­

generat ion of ma thematics , th e hi story of ma th e ma ti c s an d th e 

psyc hol og y of ] earnin g . Th e ir adva ntag es and dr awback s a r e 

di scussed, a l ong with the i ssues to be examined when 

c onstructing a t eaching sequence . 

Th e second s~c tion deals with th e isol a tion vs 

integra tion of mathema tics wi th other sub j ec ts as epitomised 

by th_e prob l em--centred and mathema tics-cen t red a pproaches to 

in s t ruc tion. Comparison of these is r e l a ted to how they 

fulfil th e a i ms of Ch ap t e r 2 . 00 . App li ed a nd pure ma the mat ic s 

are a lso discu ssed , and a n argume nt presented for cou.bining 

th em as ' app li c a ble ma thematics '. 

Section 3.3 deal s with the funct i o n of t e rminology 

and symbo li sm in math ematics a nd mathemat ics educa tion. The 

case is made for the u se of th e m as 'Wittgens teinian' tools 

whereby t erms and symbol s are recognised a s h aving changing 

and developing referents. Thi s c a n be used by t eachers and 

studen ts to e nh a nce the ir l earn ing. 

Deduction and intuj_tion a re nex t considered, the 

domi n a nce of th e de d uctive mode examin e d and its usefulness 

qu~stioned . Finally a case is pre sen t ed for l ess reli a nce on 

deduction and mor e on intuition to achieve a more balanced and 
• 

realistic mathema tics edu c a ti on. 

· Th e fou rth assumption is th a t ma ximum rigor is the 

best mathem a t ics . Th e confus i on between doing ma th e ma tics . 



2nrl. 1 earning ma tile:. , ties is i rnportan t he re and rigo.i:- is seer 

as a meth od of t cachj ng r ct 'che1~ th2rn u subject of it . 

Section 3 . 6 describes the different l eve ls of 

I"-<) 

ma thernc1 l:. Les Pduc, ti on : k:.nov1ledgo, ski 11 :3 , a nd 2 U:i tucies . The 

importan ce of each is observed and stude nt and subject-cen tred 

t eaching evaluated us2.ng the s,~ a s criteria . 

Th 2 unj vej-s u l i ty of m:::. thcm 2 t.i cs educ a 'ci.on raised 

in sections 2.2 and 2.5 is sub j e ct lo de tailed cxomination in 

the s even th s e ction. The existence , id0ntif ication, teach a~ility 

and va lue of univers a l aspects ~f ma thema t ics arc considered 

in turn. The reciprocal nature of mathema tics und culture 

(p aral lel to th ut of l anguage and its use in \./\]ittgenste in ian 

philosophy) is an importa nt consideration. Th e tirne-prob l em 

of teaching for nn unknown future is also discus sed . 

Fina ll y the concept of ' good mathemut i cs ' is 

examined . This i nc l ude s a descr iption of ma t h e ma tics as a 

languag e - g a me. 

5 . 3 Historica l Orig ins 
\ \ 

Th e fourth chapter examines th e history o f ma.th ema;tics, 

a nd mathemat ics educat ion in the United Kingdom , USA a nd 
I 

New Ze a l and for th e or igins of the assump tions discussed\ in 
' 

th e prev i ous ch ap t ers . 

In t he hi s tory of ma th ema t J.cs the influen c e of 

Cuclid, th e app li ed ma the mat ics inspirat ion, , th e · increas i ng 

des.ire for rigor and so lid found a tions, the t ~chnological 

a dvan c es and th e exp losion of kno0ledg e are among 1th i most 

importa nt influences with confemporary effe~ts . . \ 

In the United King dom the\ cl~ss basis of edu_cation, 
, I ' 

th e in f l ue n ce of Ne wton a nd mathem~tica l physicists anp the 
I 

overwhe lmi0 g influe nce of e~ a minations ihave · ~11 s e riously 

af f e cted ma them a tics educa tio~. T~e world-wid~ ' increase in 

school populations and the neetj for · popular educa tion h a ve 

a lso been import a nt. 

Am e rican ma thematics ~du~a~ion' was initi a lly 

prac tica lly ori e nted and acc e pte~ as_nec~ssary for a ll. The 

Europea n rather tha n English. influen:ce predominate d and the 

effects of the depression, World War II and compe tition as a 



14/ 

super-po'.,..'er have all been s.L9rd.ficc1nt. ' The ' new rnc.th ' movemccnt 

originated lle:re and its d.Sl: a nd r0:c.1ction hG.ve been felt most 

Sect.ion I.J..Ll deals 1::ith l':e 1,,1 Ze,-'lL.i.nd mc1thematic:; educa.t io: . 

the effcct:.5 of America and Britain being most important. Most 

ch ans3es cen Lred around educ;.1U.on for al l and the need for n:;n­

accJdemic cc 1.1 !-se s v!hl.ch v,oulrl bs:~ ef fc:cti ve . The teacher 

shortc::tg e is isolat.c·d a:_; an .:irnporl:ant restriction on devsJ.oprncnl:. 

Th e gradu.::.d introduction of modern mathematics is detail ed and 

r ecen t trends of locally developed schemes noted . 

The f i nal section of the thesis reorganises th e 

above in format i on undc~r t h e different sorts of forces which hc.;VE: 

shaped th e assumpt i ons mentioned : nam e l y hi s t or i cal , soci a l 

education a l a nd psychologica l fo r ces . The ro l e of Eucl5.d ' s 

El ements, app licaL ions of mathematics and compute r deve l opmen t 

in de ve l oping the assumptions i s det a iled in the f ir s t p ar t. 

Th e soc i a l forces of educ at i o n f or al l a nd of education as a 

n at i ona l asse t or power source are c ons i de red as h avi ng 

impor t an t influences . Increas ing popu l a tion mobility, 

u nemp l oyment of ma thematici ans a nd th e i ncreasi n g r a te of 

ch a nge of soci ety are a l so mentioned . 

Th e e du cational forces noted a re examin ations, th e 

adap t abili ty of mathematics to research, the n a ture of 

ma th emati cs teaching as oppo sed. to th a t of other subjects, a nd 

t eacher tr a ining. P s ychological th eories have h a d two gene r a l 

effects : o verconfi dence in the abili£y to so lve educa tion a l 

problems and the rise of theory-oriented schools r a ther th a n 

the ec l ectic use of the re s ults of r esearch . Specific effects 

of particul a r theories a re fin a lly hypothesised . 

Thus some a ssumptions in math e matics education h ave 

bee n un covered , discu ssed and the ir origins ide ntified. 

00 000000000 
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11 
••• • Programmes of work based on this syllabus will 

stress the deve lopment of the pupil's powers of 
ordered and systematic thinking , precision in 
expressio n of i deas by word and symbol, skill a nd 
accuracy in th e manipul ation of symbols ; and the y 
will seek to r e l ate the se powe rs and skills to 
si tu atlons the pup j_l will encounter in th e world 
in whi c h he l i ves . 

Th e Nature of Ma themat ics 

Mathematics may be thought of as a n ideali sat i on of 
t he re a l world; a model that can be use d to represent 
relevant obj~cts a nd events, and to i nves tigate 
i e l ationships between them. It ma y a l s o be r egarded 
as a logical stru cture buil t on assumptions. 

Some ma th ema ticians have pur s ued ideas and 
developed t heor i e s a nd methods th a t h aye b een app l ied 
successfully to a wide r a nge of problems . Some have 
r e - ex a mined th e basic assump tions a nd logica l 
structure, and clari fi e d them until th ey formed 
a more consisten t and g e nera l syste m. Other 
mathe ma tici a n s h a ve followed chall e nging lines of 
thought for t h e ir own sake , and b y s o doing th e y 
h a ve experienced th e excitement of discovering 
p a tterns and r e l a tionship s , of percei ving and 
applying b asic principles , and of appreci a ting the 
economy a nd elegance of l ogi c. 

Ma thematic s is an ac tivity . It has b een 
· construc ted and dev e l oped by man a nd is continually 
evolvi ng . Thi s sy ll abus endeavours to relat~ the 
t eaching of math ematics from Form I to Form 4 to this 
conception of the nature of the sub ject. 

General Aims of the Syllabus 

Ma thema tics is playing a n increasingly significan t 
p art in many aspects o f our culture and is ~h e refore 
a necessary compo nent of the gener a l education of 
those who live in this culture, 
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The general a ims of this sylldbus are: 

1 . To provide mathematical experiences which enable pupils to 
make observations, to disc~ver p a tte rns and relationships, to 
develop concepts, to draw logical conclusions, to express 
thotHJht s accurately , and to form g<::fncralisa tions. 

Opportuni.ty has already been provided in all classes up 
to Standard 4 for children to deve J.op an understanding of si~p le 
math ematic a l ideas ; These ideas nmv form the bas i s of a \videc 
range of study leoding to the development of genera l principles 
which operate in ma thematics . Grea ter emphasis is placed on th e 
need for refining definitions and using n1ore precise l anguage -
symbolic as well as verbal - particularly in statements from 
which logical deductions may be made . 

2 . To develop further a n understanding of th e principles 
un d e rl~ing the structure of mathematics , and the ability to 
apply these principles to wider fie l ds . 

T~is aim is close l y a llied to the first. The Infants to 
Standard 4 syll abus provides for the ear ly introduction of 
basic mathematica l princi p l es a nd for their systematic ex tensi on 
a nd refinement. The process is continued th roug h this syl l abus. 
Prin ciples previous ly acquired are now ex t ended , not only t o t he 
s e t of who l e numbers, but to other sets of numbers and to other 
br anches of mathemutics, such as a lg ebra , geometry a nd trigono­
metry , so tha t pupil s may see a unity and structure wi thin t he 
sub j ec t as a whole . As pupils are l ed and encouraged to use 
pri ncip l es in t he so lution of problems, they r ea lise th a t an 
understand in g of principles adds i mmense ly to power and economy 
of l earning . 

3. To develop a liking for a nd a bsting interes t in mathematics. 

Th e pupil' s a ttitude towards ma thema tic s is a critica l 
factor in determining his success in the subj ect and his 
readiness to pursue it to higher l evels. The pupil who experiences 
th e inte llectu a l e njoymen t a nd p e rson a l satisfa ction of 
discovering l aws of numbe r a nd space , of perceiving patterns and 
forms, a nd of finding the solution to probl ems will be stimul ated 
to continue his stud i es . The t eacher 's general approach to th e 
subj e ct, tog e ther with provision for individua l diffe r ence s i n 
needs, abi liti es a nd interests, is the key to achieveme nt of this 
aim. 

4 . To develop the basic mathematical knowledge, skills and 
und e rstanding necessary for everyd a y living and for effective . 
citi zensh ip. 

All pupils need to be able to handle numbers and spatial idea s 
in their day-tod a y exp~rience . · In addition , as adolescents and 
adults, thej will need mathematics to help them understand the 
world they live in and to meet their obligations as citizens. 

5.. . To help pupils appreciate the importance of mathematics in 
their future studies and vocations. 

Increasing demands will be made on the mathematical 
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c6mpetence of all . pupils in their future careers. Mathematics 
hus long been recognised as indispensj_ble to scientists, 
engineer::.; i techr.ologi sts, tech1Li.c:Lrn s and ski J.l ed tradesmen. 
New applic~tions of mathematics are being found in all fields. 
of thought, and new areas of ma therna tical -study are being 
developed l-:o meet nev! needs. !VJ.:::i.th2m:1t:Lc,.ll knowledge is 
important to economj_sts and social scic~ntist -- in .fac t, to 
almost all who enter professional, admjnistrat i ve and business 
careers. These trends have in fluenced the development of 
thi s syllabus. 

Speci fic Obj ectives 

The genernl aims of the syllabus ~xpress our mathematica l 
aspirations in term s of the needs of pupils and society. If 
t hey are lo be achieved , it is necessary to state the specific 
objectives towards which the performance of pupils should be 
direc~ed. These objectives determi~e the content that is 
selected Qnd the learn ing procedures that are used. 

It i s desirable that pupils should: 
Know a nd understand math ema tical facts, processes and 

principles. 
Deve lop a n unders t and ing of the logica l structure of 

ma themat i cs and the nature of proof. 
Perform comput a tions with understanding , a ccura cy and 

efficiency. 
Deve l op s ystemati c a lly th e ir abi lity to solve problems. 

"Deve lop a n at titude of inquiry. 
Become interested in and en joy the study of mathem a tics. 
Deve l op an appreci a tion of the grace , economy and breadth 

of application of mathematics. 
Deve lop a n awareness of th e importa nce of mathema tics in 

d a ily li fe . 
Deve lop sound methods of lea rning and habits of independent 

study. 

Emph as is on Structure 

The organisa tion of the content of this syllabus is based on 
the study of mathema tica l systems which make up the strucure 
of the subject. 

1. The n a ture of the elements of a system and relations among 
them examined. These elements may be numbers, points, 
lines , statements , arrays~ 

2. Relations between differeht sets and eleme nts of different 
sets are studied. 

3. Th e operations on e l emen t s of the given set are studied 
in rel ation to. the ir properties a .nd to each other . 

4 . Operations on sets themselves are considered • .. 
5 . By generalisa tion, the principles involved in the o perations 

are discovered , and the part they . pl~y in the structure of 
of the subject is realised. 
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6. The principles are appl i Eid to ma them a ticc1l problE:ms and 
extended to new situations. 

Th e Study of Geometry 

The initial steps in the study of ~eometry are practical, 
being based on constant employment of keen observation, 
h andling of material~ c1nd apparatus , and encouragement of 
intuition , di~:covery und induct.i ve reasoning. A gradual 
gro\•Jth of declucti ve reasoning follov1s , to prove apparent 
tru l:h~ and to lead to the establishing of further properties 

ISO 

and relation::.;hips among these. Th e emph asis is on expecicnce 
leading to thought and verbal expression. Various techniques 
are then mastered and appl ied to geometric problems. This 
culmin ates in a 'feeling for space ', and a critical understanding 
and appreci at i on of the nature of g~9metry as a mathematical 
abstraction df"veloped from a physic,_{mode l. 

Two alternative approache s to th e sludy of geometry in 
Forms 3 and 4 are given in the syllabus: the traditional 
development derived from Euclid, and an appro a ch through 
tr a nsformations of the plane~ Eith~r one may be taught, and 
it is appreciated that while the assumptions made and the 
sequence of development of the tradition a l approach a t thi s 
elemen tary l evel are generally established , this is not so 
true of the alternative transformation geometry. 'v'Jhichever 
appro ach is used, the treatment should be consistent a nd 
systema tic. 

11 
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7. 2 EXTRACT S FROM TL~AC!·llNG OF' J\'lATHSMATICS IN _.f.OJ_~l!.S_ -:1-4_ . .:.. 

p. 2 . : 

1-lOGJ:,LN HOU SC COURSE: i1JC;VEJ0:GEH _i 9 76 

" Ma j or Recommend 0. tions o f the CourE_;e 

3. Th at the sy lJ. abus should be a c ond_se , c ohe1-r2n t 
and meanin gfu l s t atement of the aims, o bjectj_vEs and 
c onten t r ecommend ed for a ll chi l dren in Porms 1 Lo 4 . 
This impli~s th at teachers, on r ead ing it , know as 
precisely a s possi b l e wh at is intended with re spPct 
to o. ims, content, emphasis, priori ty, l eve l and 
i nterdependence . 

4. That the provi sion 6f alternative sy ll abuses in 
Forms 3 and 4 Geometry beillscon tinued a nd that on e 
geometry syll abus be included . 

5. Th a t the secon d p 2,ragrap h of nTh e .S tudy of 
Geome tryn, p 8, be r eplaced by : 
Intuitive understandings of sp a tial r e l a tions, 
simil ar ity and congruence are readily ex tende d and 
refined th rough a study of g e ome try b ased on 
t ransform at ions of th e plane. Understandi ng s in 
some topi cs such as circle g e om e try, on the other 
h and , a re more readily acquired when t each i ng is 
b ased on th e tradition a l Eucli dean approach . It is 
desirable th a t a course in g eome try b Qsed on this 
syll a bus be a consi s t ent .one in which the elemen ts 
are chosen to allow lear ning to proceed most easi ly 
and effectively. For this r eason it i s conside r ~d 
no longer necessary to have a lternative courses in 
g eome try in the syll abus . 

!I 

p.5.: n TH E SYLLABUS 

A Aims and Conte nt 

It was agreed .that a s t atement was required on 11 The 
Rol e of Ma th ema ties in the Curriculum n to be inser t ed 
in the syll abus after the s ection "Th e Na ture of 
Mathematics 11

• Th e purpose of such a statement wa s 
to emph asi se tha t mathematics is not j ust a utility 
subject but one which stands i n its o wn right and 
even underpins others . 

A statement a long the following lines was requir ed 

11 The Role of Math ematics in th e Curr i culumn . 

nrt is recognised . th a t math ematics holds a un ique 
position in · th e Schoo l Curricu lum. The uniquenes s 



.is based on the hope that its study wi ll result i n a 
mind tr a i ned to think i n abstract terms. Tld_s task for 
th e teacher i~ an e xtremely difficu lt and d ema nd i ng one 
and mu st be conducted w:\. th p u tience , sympathy for the 
growing child , and a good me Qsure of enthus i asm . 

Not d. th standing th e abstrac t nci: ture of much of ma themu lies 
every possible opportuni y shoul d be t aken to rel a t e it 
to the outside e nviromen t and even to allow for its 
integra tion with other school subjects where appropriate . 
By doing thi s , the utilit a rian aspec ts of ma thematics 
will be mad e more meani ngful t o a J. l childre n, but 
espec i a lly to those who have h ad limited success in tl~ 
subj e ct. If carefully taug ht, ma thema tics s hould have 
repercuss i ons on th e spo ke i: and writ t en Eng li s h of the 
chil dren, for the training they g e t in orderly thinking 
should be extended to an order ly presenta tion of facts 
and ideas in speech and writi ng. 

Other un i que qualiti es include :-
i I t provides techniques to sol ve problems. 
ii It gives an opportunity to de ve l op deductive 

and inductive r easoni ng . 
iii It d e mands precision. 
iv It gives an appr e ci ation of the n a ture of 

a disciplin e ·. 
v It c an give a n immed i a t e measure of s at i sfa~tion . 
vi It provides opportunities for conver gen t and '. 

diverge nt thought patterns . 
vii It und e rpin s many prac tica l aspects o( \ othe r \ 

subjects . . \ \ 
viii It gives pupi ls one component which - wid e ns 

th e ir physical a nd socia l enyirome9 t. 
! 

Math em a tics is uniqu e l y sequenti a l in na ture . It i s ofte n 
within the period of Forms 1- 4 that th e sk ills, abil ities 
and a ttitud e s of e arlier yea r s are confirmed . Te~chers 
of th e subj e ct th e r efore must acknow l edge this f ac t and ensure 
that the possibilities of futur e study in the subj ec t a r e 
enhanced." 1 • • 

It wa s agreed th a t a revision -qf the Aims was , required. It 
was f e lt th a t, while the ~ature of the subject had not \ 
ch~nged , the r equirements of soci~ty and the need~ of th~ 
children h ad. It was al~o agrded th a t specific obj ectives 
would be more releva nt if they .were · associ a ted · wifh 
parents' aims. We therefore h a ve redesigned (and pdded 
1 further aim) th e section "Genera]_/ Aims 1of the sy'l l abus " ,, 
pages 2-6 , to include: · I 

a 
b 
C 

Aim 
Statemen t of Elabora tion 
Specific goals appropriate 

• J 

I. 

to the Aim. 

"General Aim~ of the Syll abus " 

"Ma.thematics is playing an increasingl·y significant part 
in many aspects of our culture and is therefore a 
necessary component of the gener·a1 education of those who i 

live in this culture. 



The general aims on which this syl l abus is b0seJ Qro: ­

Airn . 1. 
To provide mathemaiica l experiences which can enable pupils to 
describe observations , discover patterns and rclatior1sh.Lp2, to 
deve lop ccmc~pts, to draw logical conclusionr:., to ccm:nunic2.,te 
accurately, c:nd to form gen erc1 lisation~; u.t th e appropj_-L.d.e level. 
Statement · 
Para ·1 Page 5 
Objectives 
To develop i n pupils the ability to: 
a detect patterns in sets of numbers, shape, s und ideas; 
b identify mathematica l data in thei r observations; 
c distinguish between an obssrvution and a n inference; 
d weigh evidence und be prep2 r/'d to change their point of 

view according to this evidence ; 
e orde r and process fac ts to l eud t o th<:: solution of a probleiTt; 
f suppl y appropr i ate criteria to original data in order to 

org a ni ze a nd evalua t e th e ma t e rial, a nd to draw conclusions; 
g use appropr i ate l angu age in r e cognition , description and 

cl assifica t ion : use the symbols and notation of mathematics 
t o show i t i s a l angu age with r u l es a nd vocabulary ; 

h d i stinguish facts a nd the ir in terrel a tionshi ps ; 
i app l y th e in t e l l ectua l ski ll s n e c essary t o suggest hypotheses\ 

b a s ed on or i gin a l data ; 
j und e r stand t he i d ea of a math e ma tica l mode l . 

Aim. 2 . 
1o f os t er a n u nd e rsta nding of 
s t ructure of mathematics , a nd 
principles t o w~der f i e lds. 
St a t e me n t 
Para 3 Page 5 
Obj ec tives 

t he pr incip l es 0nderlying the \ 
th e a b i l ity to app l y these ' 

' 
\ 

\ 

To de ve l op i n pupil s the ab ility to ': 
a thi n k f l ex i b ly a n d appr oach new situ a t i o ns with confidence ; 
b unde r s t a nd the fu nd a ment a l number rela tionships ; 
c know a n d imp l e men t l aws of ma thema ti ca l operation s ; · 
d c a rry o u t no rm a l ma th e ma tica l p rocedures based on an 

und e r st a nd ing o f t h e ir deve lopme nt s ; , . 
e apprec i a t e the norma l a l gorithmic proc es s es a nd use the m 

with under sta n d ing in the so lution o f prob l e ms ; 
f 
g 
h 

apply mat h e matica l pri nci p l es to n ew s itua t ion s ; 
rel a t e ma th e ma tics to othe r discipli ne s iri th e c u r ~icu l u~; 
collect origina l d a t a ; . · \ · 

1 

i appreci a t e ma th e ma tica l crite ri a ; 
j analyse and e v a lua te new d a t a . 

i I Aim.3. . / . 
To encourag e positive attitudes towards mathe ma tics. 
Statement 
Para 5 Page 5 
Objectives 
To develop in pupils the ability to: 
a organi ze their o wn work a nd iearnin~ , · i.e. h a ~ing l earned 

how to learn; 
b be crea tive - to pose their own q~estions, inve nt th e i r own 

methods and symbols, and use .theii ima gina tion; 
c enjoy a nd be interested in mathematics and h a v e a good 

attitude towards the subject; 



d have confidc.;nce: ,1nd re.sourccfu.lncss ':Jhen v1ork .i.n9 a t 
m cl t h Cii u t.. i C S i . 

e par t iclpate vJLLlingly in mothe1naticu l a cti v iti es; 
f be creative and imag i native in their attitudes towards 

ma th ern.::,, t.i. c s ; 
g gain j_nte11ectu;,l st i mul t..1s fror.1 ·tl'l2 study of m;:; themaU_c.:::; 
h d e.c i ve satis faction from ,y;h i evi_ng concl us i onE3 to mati ;0;rna tica l 

proce:_;sc.,s; 
i apprcci ::J.te th e i..le::.;the tic appea l o f mathematics. 

Airn . tl . 
To dev2lop the bi':tsic rn2thc:r:1d ticol kno\.1 ledgc , skills a n d 
understanding necessary for evRryday li v i ng and for effect i ve 
ci t i zenship. 
Statement 
Para 7 P2.1ge 5 - b u t to include "confidently " af t er the \,JOrds 
"spa tial i deas " 
Ob jectives 
To e ~abl e pupils to : 
a relate mathematical techni q u e s to ever yday li fe , and apply 

certa in concepts an d skills in r ea li stic problems and 
investig a tion s ; 

b develop the con fidence to ana l yse and eva l u a te ne\rJ data ; 
c deve l op an at ti tude of critical awarene ss ; 
d develo p a convict ion of th e general va l idity of ma thematics ; 
e d eve l op physic a l ski ll s in t h e use of ma th emati ca l 

i ns t rume nts and aids; 
f d eve l op f amiliar ity and confidence wi th measurement and 

es timc1 tion. 

Ai m. 5 . ( New Aim ) \ 
To rpovid e a poo l of ma th ema tica l skills , know l edge a n'd uncl~r­
s t a nd i ng which will be a sound base for future s t udy . 
Sta tement 
Thi s a i m i s c l earl y dire c t ed a t fu~ure stu dy and emphasi z i ng 
the s equentia l n a ture of th e sub j ect. \ 
Ob j e cti ves 
To tr a in pupils to : 
a work with enthusiasm , d e termina tion a nd c on cen tra tion on 

th e subject and be we ll motiva t ed t6 c on tinue i 
b d eve l op sound methods of l earn i ng and h ab i ts of independen t 

study. 

Aim.6. ( \ 
To help p up i ls to app r e ci ate· the i ~port an c ~ of ma the ma tic s in 
the ir fu t u re s tudi e s and vo c a tion s ~ , 
Sta t e me nt 
La st p a r a Page 5 
Objecti ves 

I 
"i 

To train pupils t o : , · 
a be awa r e of s o me modern app lications e . g . ope rations resea r~h , 

linea r programm i ng; 
b develop .the p h ysica l con tro l to mak e pr e cise dra wings ; 
c see th e sub j ect as r e l evan t .pond u seful to e ve ryda y exper i e nc? , 

and apprecia t e the v a lue and · contribu tion of ma the matics to ~ 
prese nt a nd p as t soci e ti es ." · ) 

" 



7 ."3 EXTRACTS FROM. THC EDUC1\T ION GAZETTE~ 

PRESCRIPTIONS 

7 . 31 1 April 1972 

CXAf1'llUATION 

"S.C. Mathern aU_cs Prescription, 1973 
( One Th rGe- hour Paper ) 

Ob j e ctive 

To develop the pupi l' s cc.1pa.ci ty l:.o live ef f ~·cti ve l y in 
a culture that is being shaped in many of its signinicant 
aspects by math e ma tics. 

This fund amenta l objective is expressed in the foJ.10\·Jing 
particular aims. 

( a ) To provide ma them a tic c:i l experiences which enable 
pupils to make observa tions, t o discover patterns 
and r e l a tionships, t o deve lop concept s , to draw 
l ogical conclusions, to express thoughts accurately, 
and to form generali sa tions. 

(b) To develop an understundlng of the principl e s af 
ma t h e mat i cs, so that pupils may acqu ire an ability 

, to apply these principles to unfami li ar o r n ew 
situ a tions. 

Cc ) To deve lop mental alertness and a spirit o f inquiry , 
a liking for and a l a sting i nte res t i n mathematics. 

(d ) To develop the basic ma themati ca l knowledge and skills 
( includ ing the ability to per form mathema tical 
computa tions wi t h und e rs t andin g and efficiency ) 
necessary for ever yd a y l iving and effective citi zen sh i p • 

. (e ) To h e l p pupil s appreciate tha t ma them a tics does 
u nder lie th e mod e rn technological soci e ty and that 
ma thematics will affe ct increasing ly every vocation . 

The examination will measure : 
( a ) a knowl edge and understand i ng of the principles of 

ma thema tics a t th e l eve l indica ted by the prescription; 
(b ) a knowledge a nd understanding of t echni ques , and a 

satisfa ctory degree of competence in computation; 
(c} a knowl edge of f a ct s a nd t erms, and 
(d ) an ability to app ly t hese principles, t ech n i ques , and 

f acts to new situation s , a nd t o make simple deductions . 

" 

7.32 30 September 19 76 

" Examin a tions 
Un i versity Entrance Examin a t i on 

Math e matics 

The prescri p tion in Uni vcirsity Entr a nce ma th ematic s 
below will come into f orce in 19 77 



7 .33 

Preambl e 
1. The ideas of logica l d2duction 2nd correct use of 
symbols shou l d be a n est,ential p urt of the teaching or 
t h i s syllabus . Par ticula r attention should be paid to 
the idea.s of irn tJlicat i.on, cc)rive1:-sl~, ec.1u.ivalc~nc.{:; and tl1e 
use of the counter-exa mple. 
2 . In teaching th e syllabus, applications from the 
physica l, social a nd c ommercial enviromerits should be 
sought. 
3. The ma in aim will be to es t a bli sh understanding of 
concepb;. The abLLity to perform inl::.r lcatci rr:an.ipu.L1ti.ve 
problen1s , for ex a mple on co-ordindte geometry o r v ariation , 
will not be expected . 
4 . -An approved published book of tables and standard 
f o r mul ae wi ll be supp l ied to candid ates. 

ff 

1 August 19 72 

Preambl e 

"Unive rs i t y Bursarie s Exami n ation 
Pure Ma th ema tic s ( On e Paper) 

( 1 ) 1hi s p rescript i o n is seen as fo rming par t o f th e 
continuing deve lopment o f th e ma in stream of mathem a tics 
and, in p a rticul ur, th e i dea s of fun c tio n and structure . 
( 2 ) Th e syll a ~u s whi c h f ol lows is t o b e read i n c o n j unct i on 
wi th th e expl a n atory notes which fo rm , with t his preamb l e 
an integ r a l part of the prescription. 
( 3 ) Whil e ma nipul a tion o f a l gebraic expr e ssion s i s 
imp l icit, it is not exa mi n able a s su c h. 
( 4 ) An a pproved pu b li s h e d b o o k of t ab l e s a n d s t and ard 
formul ae will b e s u ppli e d t o c a ndi da t es . The use o f 
mathe ma tic a l instruments, including a slide rule , wil l 
be permitted. 
( 5 ) A choice of questions wi ll be a v a il a bl e to c andidate s 
in th e e xam i naiton. 

ff 




