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ABSTRACT

In this thesis we consider two problems, one in Graphy Theory and the
second in Evolutionary Biclogy. The first problem, the Steiner Problem in
Graphs, belongs to the class of problems known as NP-complete. That it belongs
to this class is a measure of its difficulty; if a polynomial solution can
be found for the Steiner Problem in Graphs, then by definition a polynomial
solution will have been found for all other NP problems. For this problem we
present a solution method based upon a branch and bound approach, and we show
that it complements the current methods available for solving this problen,

allowing solutions to the Steiner Problem in Graphs to be calculated for any

graph of size = 30 points in reasonable computing time.

The second problem is associated with evolution, and is an application
of the Steiner Problem in Graphs. In trying to determine the evolutionary
path from some common ancestor to existing species, a tree may be drawn to
show these paths. This tree is called a phylogenetic tree, or phylogeny.
There must be some criterion for deciding which of the many phylogenies that
may be drawn most closely resembles the actual evolutionary changes. The
criterion used in this thesis, used by many researchers in this area, is that
of minimising the total number of changes in the phylogeny. It is shown that
this problem is similar to the Steiner Problem in Graphs, and various solution
methods based on heuristic graph theoretical techniques are discussed.
Subsequent to this, a method of proving a phylogeny optimal is looked at, and
an extension to this method presented which will allow larger phvlogenies

to be analysed.
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CHAPTER 1

INTRODUCTION

1.1 The scope of this thesis

As its name suggests, this thesis examines two problems, one in graph
theory and the other in evolutionary biology.

The Steiner Problem in Graphs (SPG) is a lesser known problem of
combinatorial optimization, and although methods for its solution do exis=:,
the size of the problem that can be solved still remains severely limited. The
problem belongs to that class of problems known as NP-complete; by this we
mean that the problem could be solved in polynomial time on a non—determiniétic
machine, and all other NP problems can be reduced to it in polynomial time.
Thus if any NP-complete problem can be solved with a polynomial algorithm, then
all NP problems are polynomially solvable, hence this class of problems are
very difficult to solve. The thesis discusses two current methods of solving
the problem - one by Hakimi [1971] and the other by Dreyfus and Wagner [1972].
There exists another solution method, that of Levin [1971], but this paper
was discovered too late to be included in this thesis. However, from the
expressions given for algorithm solution time, the method of Levin wili, for
non-trivial problems, always take longer than the method of Dreyfus and Wagner.
The aim of this part of the thesis is to explain the techniques used in solving
the SPG, in order to attempt similar methods to solve the phylogeny problem.
At the same time, it is aimed to present a new algorithm for the SPG, and to

show that this approach compares favourably with existing solution methods.

The concept of phylogeny - the building of a tree in which points represent

species and lines represent evolutionary changes between species - is discussed



in the second part of this thesis. The various methods of building phylogentic
trees are discussed briefly, and then a recent method, due to Foulds, et. al.
[1978] of generating phylogenies using graph theoretical techniques is looked
at in depth, and attempts made to use this and other similar techniques to
allow completely automatic generation of trees. It is not known, at this time,
whether the phylogeny problem is NP-complete. Then the latest approach used
by Hendy et. al. [1979] is examined. This method involves two phases; the
building of the tree, and proving that the tree is optimal. Apart from the
automatic generation of trees, this part of the thests aims to present an
extension to the proof technique. Due to time constraints, this new approach
was not able to be fully implemented and evaluated for inclusion in this

thesis, but preliminary results are discussed.

Although a great deal of computer programming was involved in the
preparation of this thesis, in evaluating and comparing algorithms for both
the SPG and the phylogeny, the only program listing included as part of this
thesis is the SPG branch and bound solution method algorithm program, and that

is given as an appendix.



CHAPTER 2

THE STEINER PROBLEM IN GRAPHS

2.1 The Original Steiner Problem

The Steiner Problem in Graphs is so named due to its similarity to an
existing problem - the Steiner Problem (in geometry). This latter problem can
be stated as follows. Given a set of points in a plane, construct a tree (or
trees) which contain all the points and, optionally, any additional points,
such that the total length of all lines in the tree is a minimum over all such
trees. The interested reader is referred to Cockayne [1970] for further details

\

of the Steiner problem.

A solution to this problem was proposed by Melzak [1961]. Gilbert and
Pollak [1968] discussed the classification of various overall problem areas,
the restrictions imposed in the particular areas leading to a large reduction
in possible solutions. Melzak's method was further developed by Cockayne [1970].
However, the problem can be guaranteed to be solved for a relatively small number

of points.

The Melzak solution to the problem involving three points follows. There

are two and only two possible solution topologies as in Figure 2.1.

(a) For this solution, the tree required by the problem is T = {(al,az,aB),

(53

(b) For this solution, a point, p, inside the triangle must be determined using

the following procedure:
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£3 21
a
3
. | 2 23
2
(a) one angle > %T—T- (b) all angles < —3n-
Figure 2.1
The Three-Point Topologies
(i) Create an equilateral triangle outside the triangle (31,22,23),
with one side being £2.
(ii) Find the circle that passes through points a;saq and the unnamed
point of the equilateral triangle.
(iii) Draw a line from a, to the unnamed point of the equilateral

2

triangle, and form the point, p, where this line intersects the
circle inside the triangle. Connect this point with ay»dy,as- We

now have Figure 2.2.

The point, p, is connected to points a153,,34 by lines which form three

2n/3 angles, say 34'25’26' Then the solution tree to the problem is

T = {(al,az,ayp). (-34,25,26)}.



(a)

(b)

Figure 2.2

The Melzak Solution

For problems with more than three points, Melzak proposes:

Generate all S-trees for the problem, where an S-tree is defined as

having the properties:-

1)
(ii)
(1i1)

(iv)

It has vertices a,....a S,....s, , 0<k<n-2.
1 n 1 k

It is non self-intersecting.

Each point s;....s, connects to three and only three other points.

1 k

Each point ajeeeeal connects to up to three other points.

The solution is the minimum cost S-tree.



This involves the examination of

n-2
r N EHITR 2 soprees

k=0

n+k-1

[ (n+k=-2)! (n+k-3)'!] ( 3

(n-1)! (n-2)!

where N(n,k) < )

Cockayne has developed this procedure into a feasible strategy for n < 30.
His method is as follows:
(a) Form a set of all divisions of the original (necessary) points.

.(b) Discard divisions that do not correspond to a Steiner Minimising Tree over

the set of all points.

(¢) For each division left, construct the set of all trees that are produced

by forming the union of all full Steiner Trees of the component divisions.

(d) The solution is the entry in this set with the minimum total length.

2.2 The Steiner Problem in Graphs

A graph G is an ordered pair (P,L), where P is a non empty set of elements
called points, and L is a set of unordered pairs of points called lines. Each
line £k€L is expressed as {pi,pj}, and is said to be incident with p, and Py
Both Py and pj are said to be adjacent to the line {pi,pj}. A graph may be
weighted, meaning that each line has a weight associated with it, by the function
w:L*R, where R is the set of real numbers. For brevity the weight of the line

{pi,pj} will from now on be denoted w A path between points Py and pj in a

ij”
graph G=(P,L) is a sequence of the form

<Pis{Pi’Pkl}spkls{Pk !pkz})pk ""'pkn){pkn!pj}’pj}

1 2



where Py »q=l...n are all distinct points in P, and the pairs are all distinct

q
lines in L.

A subset SSP of the points in the graph is said to be connected if there
exists at least one path between every pair of points in S. 1If, in a graph

G=(P,L), P is connected, then the graph G is said to be connected.

Now we can state the Steiner Problem in Graphs (SPG).

Given a connected, weighted graph G=(P,L) and a non empty subset S of P,

we must find a subset T of L that has the following properties:

(a) The points in S are conmnected by paths comprising only lines in T.
(b) wij is a minimum among all sets T satisfying (a).
For the purposes of this problem, we will henceforth consider weighted

graphs to have non negative weights.

It can be seen that this problem is similar to the original Steiner problem

and, as will be seen, there are similar solution methods.

During the rest of the SPG discussion, the elements of set S will be called
the essential points, and the elements of set P/S the inessential points. The
subset T which produces the minimum total waight; which is the solution to
the problem, will be called the Steiner Minimal Spanning Tree (SMST). There are

two special cases of the SPG which are as follows:

(a) S consists of only two points from P.

The problem is reduced to that of finding the shortest path between two



points in a graph. An efficient algorithm for this problem is given

by Dijkstra [1959].

(b) S consists of all the points in P.
The problem now becomes that of finding a Minimal Spanning Tree (MST) for
a graph. Algorithms for this problem have been given (Kruskal [1956],
Prim [1957], Dijkstra [1959]). Kevin and Whitney [1971] give an efficien£
implementation of the Dijkstra algorithm. A description of this implementation

is given later when discussing the Hakimi method (see section 2.3).

The general SPG has been studied by Hakimi [1971), producing a solution
similar in concept to the Melzak method for the original Steiner problem.
Levin [1971] and Dreyfus and Wagner [1972] developed similar methods, both
resembling the Cockayne method for solving the original problem. Also a new
method is discussed which uses a branch and bound technique. This is the major

work of this chapter of the thesis.

Z:3 The Hakimi Method

Hakimi proposed that a minimal spanning tree be calculated for each of
the possible subsets of points, from just the set of essential points through
to the complete set of points. The Kevin and Whitney implementation of Dijkstra's

algorithm performs the individual spanning tree calculations. For a graph
m

G=(P,L) with ScP, and n = IPI, m = |s|, then there will be X (:) MST calculations
k=0

The Hakimi algorithm is as follows:



Begin
mint 1= @
For all D*SP/S do
Begin
cost := KEVANDWHIT (SUD%*) ;
If cost < mint then
Begin
mi.nt := cost;
solutiontree := TREE;
End
End
End;

So this method of solving the SPG examines a number of graphs (i.e. the

graph containing only points PyeeP s the graph containing points Ppe+Py and

one pj where j=mt+l...n, the graph containing the points Py Py and two

'pj where pj=m+1...n, the graph ....

. containing all points in P). Then the

graph which yields the least cost MST is selected, and its associated MST becomes

the SMST.

The Dijkstra MST algorithm grows a MST by successively
remaining point to a partially formed tree until all points
included in the tree.
efficient due to its method of dynamically keeping track of

to the current subtree from all points outside the tree.

The Kevin and Whitney implementation

adjoining the nearest
of the graph are
is particularly

the minimum distance

The data structures used in the Kevin and Whitney algorithm are as

follows:

n number of points in the graph.

DM distance matrix between points.

TREE array holding lines currently in partial MST.
NIT array of points not in the tree.

nitp number of entries in NIT.



JE array holding the point in the tree closest to the

point with the same array index in NIT.

Ul length of the line defined by NIT and JI.
kp point last added to the tree.
cost cost of TREE so far.

The algorithm is as follows:

Begin -

initialize;
while 3 point £ tree do
Begin
for i := 1 step 1 until nitp do
if DM(NIT(i) ,kp)<UI(i) then UPDATE-UTI;
min := oo}
for i := 1 step 1 until nitp do
if UI(i)<min then
Begin
min := UI(i);
J = 43
End;
PUTINTOTREE(NIT(j));
UPDATEPOINTSTATUS ;
cost := cost+UI(]j);
KP := NIT(j);
nitp := nitp-1;
End
End;

The expected time for solving a given problem by Hakimis method will be

related to the expression

n 2
of = (E)(n—m+k)
k=0

As (n-m) increases, the method becomes very unwieldy.

10.



Numerical example of the Hakimi Method

DM =

—~wuwn o |

8 o

B woruwu

0O W W

O =

11,

—

3 essential points

5 total points

Step 1 ,
p = {12 3}, min_

step 1.1
kp=3, NIT=[1 2], UI=[5 1], JI=[3 3]
min :=
UI(1)=5 < o, so min := 5
2
UI(2)=1 < 5, so min :
j =2
TREE(1,1) := 2, TREE(2,1) := 3
cost := 1
step 1.2
kp=2, NIT=[1], UI=[5], JI=[3]
DM(1,2) < UI(1), so UL := [4]
JI := [2]

o= |

1

min := o
UI(l)=4 < o, so min := 4

j =1
TREE(1,2) := 1, TREE(2,2) :=1
cost := 14+4=5

Step 2
cost = 5 € @ s0 mint = 5

" solutiontree := [{2,3}, {1,2}]
D =[12 3 4]

step 2.1
kp=4, NIT=l1 2 3] UI=[3 1 3] JI=[4 4 4]
min := e
UI(1)=3 < o so min := 3
j =1
UI(2)=1 < 3 so min :=1
j =2

UI(3)=3 £ 1
TREE(1,1) := 2 TREE(1,2) := 4
cost := 1 .




step 2.2
kp=2 NIT=[1 3] UIl=13 3] JI=[4 4]

DM(1,2) £ UI(1)
DM(3,2)=1 < UL(2)=3 so UL(2)
JI(2)

o
—

min := o
UI(1)=3 < o so min :
i =
UI(2)=1 < 3 so min :
y p=
TREE(I,Z) := 3 TREE(2,2) := 2
cost := 1+1=2
step 2.3
kp=3 NIT=[1] UI=|3] JI=[4]
DM(1,3)=5 £ UI(1)=3
min := oo
UI(1)=3 < so min := 3
j =1
TREE(1,3) := 1 TREE(2,3) := 4
cost := 243=5

3

o= n

1

(p]

Step 3
cost =5 £5

D" = [12 3 .5]

step 3.1
kp=5 NIT=[1 2 3] UI=[1 o «] JI=[5 5 5]
min := o
UI(1)=1 < ® min :=

j =1

UI(2) == £ 1
UI(3) =« £ 1
TREE(1,1) := 1 TREE(2,1) := 5
cost := 1

step 3.2
kp=1 NIT=[3 2] UI=[e =] JI=[5 5
DM(1,3)=5 < UI(l)== so UI(l) :=

'

- JECL) ¢
DM(1,2)=4 < UI(2)=o0 so UI(2) :
JI(2) :
min := o
UI(l)=5 < « so min :
¥ =
UI(2)=4 < 5 so min :
i
TREE(1,2) := 2 TREE(2,2) .:=1
cost := 1+4=5
step 3.3 :
kp=2 NIT=[3] UI=[5] J1=[3]
DM(2,3)=1 < UI(1)=5 so UI(1)=1
JI(1)=2

5

4

B

min := o
UI(1)=1 < so min :=1

5 vam= 11
TREE(1,3) := 3 TREE(2,3) := 2
cost := 5+1=6



Step 4
cost = 6 £5

*
D =[12345]

step 4.1
kp=5 NIT=[1 2 3 4] UI=[1 @ ] JI=[5 5 5 5]
min := o
UI(l)=1 < e so min :=1
j =1
UI(2) = ¢ 1
UI(3) == £ 1
UL(4) == £1
TREE(1,1) := 1 TREE(2,1) := 5
cost := 1
step 4.2

kp=1 NIT=[4 2 3] UI=[1 o ] JI=[5 5 5]

DM(1,2)=4 < o so UI(2) :=4 ~
JT(2) == 1
DM(1,3)=5 < e so UIL(3) := 5
JI(3) =1
min := e
UI(1)=1 < © so min := 1
i =1
UI(2) =4 £1
UI(3) =5 £1
TREE(1,2) := 4 TREE(2,2) := 5
cost := l+1=2
step 4.3

kp=4 NIT=[3 2] UI=[5 4] JI=[1 1]
DM(4,3)=3 < 5 so UI(l) := 3
JI(l) :=
DM(4,2)=1 < 4 so UI(2) :=
JI(2) :=
min := o

UI(1)=3 < «© so min := 3

L% 1
-

J
UI(2)=1 < 3 so min := 1

[T |

J om

TREE(1,3) := 2 TREE(2,3) := 4
cost := 2+41=3

step 4.4
kp=2 NIT=[3) UI=[3] JI=l4])
DM(2,3)=1 < 3 so UI(1l)

non
—

JI(1)
min := o
UI(l)=1l < ®© so min := 1
= 1

TREE(1,4) := 3 TREE(2,4) := 2
cost := 3+1=4

Step 5 .
cost = 4 < 5 so mint = 4

solutiontree := [{1,5}, {4,5}, {2,4}, {3,2}]



The algorithm then terminates, with the SMST as the MST in step 4,

with a cost of 4.

14,
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2.4 The Dreyfus and Wagner Method

The Dreyfus and Wagner solution method breaks the problem down into
subproblems, and each of these subproblems themselves into subproblems etc.,
until the subproblem can be solved directly from a matrix of shortest paths

between points. Consider a typical SMST as in Figure 2.3.

Figure 2.3

A Typical SMST

The solution can be divided into three subproblems, whose union forms this

SMST, by the following method:

*(a) Choose a point, say q
(b) Find a junction point, here p

(c) Split the tree into three subtrees from this point p, one subtree being

the path q to p

So here we have Figure 2.4,



16.

Figure 2.4

Three Subtrees

T, and a shortest path T

20 T3 Now each subproblem

We have two subproblems T

1

is similarly subdivided as in Figure 2.5.

P
n
et T3
P
~— .
{ "
r Tl
=
Figure 2.5

Subproblem Subdivision




and here we have all subproblems as shortest paths.

The above division of the problem into subproblems is called the Optimal

Decomposition Property, and the method of division can be formally stated:-

Let G

(p,L)
ScP, TcL such thHat T is the SMST
q € S

For |S| 23 3 p € P and D © T such that -
D is a proper subset of T-{pq}, and is non empty
T consists of 3 disjoint subsets T, T, T

L7273

T1 connects p q

T2 connects pUD
T3 connects pU(T-D-Tl)

and furthermore T, T, T, are all MSTs over their respective sets of points.

1 "2 73

The Dreyfus and Wagner method calculates the cost of the SMST by taking the
minimum cost of all possible assignments of points to Tl TZ T3, at each level of

decomposition.

A formal description of the Dreyfus and Wagner algorithm is as follows:

A array of shortest path weights between all points
n P
m 8]

cost := DECOMPOSE(1,D)

17.
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INTEGER PROCEDURE DECOMPOSE(q,D);

Begin
if |D| = 1 then min := A [q,D[1]]
else
Begin
min := oo}
for p := 1 step 1 until n do
Begin
junctioncost := JUNCTION(p,D);
if A [q,p] + junctioncost < min then min :=
A [q,p] + junctioncost
End
End; -
DECOMPOSE := min;
End;
INTEGER PROCEDURE JUNCTION(p,D); 2
Begin
if |D| = 2 then min := A [p,D[1]] + A [p,D[2]]
else
Begin
i := STOREINDEX(p,D);
if DECOMPVAL[i] # O then min := DECOMVAL[i]
else
Begin
min := .
for all D <« D do
Begin W
T, := DECOMPOSE(p,D );
T, 1= DECOMPOSE(p,D/D*);
if T2 + T3 < min then min := T2 o T3
End
End;
if DECOMPVAL[i] = O then DECOMPVAL[i] := min
End;

JUNCTION := min
End;

STOREINDEX is some hashing algorithm which, for a point p and subset D, defines
the entry in array DECOMPVAL which corresponds to the cost of the decomposition of

this subset.

So far, then, we have deduced the cost of the SMST. In order to determine
the tree itself, Dreyfus and Wagner propose that the values of p and D that
minimise DECOMPOSE be stored, and the tree constructed by processing this

information in the reverse order of that of the cost algorithm.
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The given timing formula for the Dreyfus and Wagner method is, for a

graph G = (P,L), S © P being a set of essential points, |P| =n, |S| =m :

n3 2, . m-1 m—-1 .m
5 + n (2 -m-1) + n(3 -2"43)

2

and so it can be seen that the algorithm is dependent to a degree on n and, to

a far greater degree, on m. Also, in order to maintain the array DECOMPVAL, and
. -1

thus to be able to use previously calculated results, requires 0(n2m ) storage

elements. Hence there is serious limit on the value of m.

Numerical example of the Dreyfus and Wagner Method

(1)
i i
,—H\ _ ~
( / 0 3 4 2 1
— 4 301 1 2
3 1 5 A 5 1 0 2 3 (shortest paths)

i 2 1 2 0 1
1 L2 1 2 3 1 %
1 L S 1 L_ _J
B 4 essential points

a— “~ {f'___' ]

/ 4 : — N 3 5 total points
3 N o

DECOMPOSE(1,(2 3 4))
|p| > 1
min :=
p :=1
JUNTION(1,(2 3 4))
no stored index so calculate
a) D* = [2], D/D* = [3 4]

T2 := DECOMPOSE(1,(2))
All1,2] =3

T3 := DECOMPOSE(1,(3 4))
[p| > 1
min := o
p:=1

JUNCTION(1, (3 4))
Al1,3] + Al1,4] =6
min := 6 + All,1] =6

p =2



JUNCTION(2,(3 4))
Al2,3] + Al2,4] = 2
2+ Al1,2] =5 © 6, g0 min = 5
p =3
JUNCTION(3,(3 4))
Al3,3] + A[3,4] = 2
2 + Al1,3] = 6 £ min
p := 4
JUNCTION(4,(3 4))
Al4,3] + Al4,4] = 2
2 + A[1,4] = 4 < min, so min :=
p =5
JUNCTION(5,(3 4))
A[5,3] + A[5,4] = &4
4 + A[1,5] = 5 > min
now store DECOMPVAL(1,(3 4)) = 4

So T3 1= 4
T2 + T3 = 7 < min, so min := 7
b) D* = [2 3], D/D* = [4]
T2 := DECOMPOSE(1,(2 3))
[p] > 1
min := o«
p :=1
JUNCTION(1, (2 3))
A[1,2) + AL1,3] = 7
7 + A[1,1] = 7 < min, so min :=
p =2
JUNCTION(2,(2 3))
A[2,2] + A[2,3] =1
1 + A[1,2] = 4 < min, so min :=
p :=3
JUNCTION(3(2 3))
Al3,2] + AlL3,3] = 1
1 + A[1,3] =5 > min
p = 4
JUNCTION(4,(2 3))
Al4,2] + Al4,3] = 3
3 + Al1,4] =5 > min
P :=5
JUNCTION(5,(2 3))
Al5,2] + Al5,3] =5
5 + A[1,5] = 6 > min
so store DECOMPVAL(1,(2 3)) = 4
Hence T2 = 4
T3 := DECOMPOSE(1, (4))
|Ip| = 1
Al1,4] = 2
T2 + T3 = 6 < min, so min := 6

c) Dx = [2 4] D/D* = [3]

Ty

:= DECOMPOSE(1,(2 4))

Ip| > 1
min := o
p :=1
JUNCTION(1,(2 4))

A[1,2] + A[1,4] =5
5+ A[1,1] =5 < min, so min :
p =2

4

20.



21,

JUNCTION(2, (2 4))
Al2,2] + Al2,4] =1
1 + A[1,2] = 4 < min, so min := 4
p :=3
JUNCTION(3, (2 4))
Al3,2] + A[3,4] =3
3+ A[1,3] = 7 > min
P := 4
JUNCTION (4, (2 4))
Al4,2] + Al4,4] = 1
1 + A[1,4] = 3 < min, so min := 3
p =5
JUNCTION(5, (2 4))
Al5,2] + Al5,4] = 3
3 + A[1,5] = 4 > min
so store DECOMPVAL(1,(2 4)) = 3
So T, := 3

T, := DECOMPOSE(1,(3))
[p| =1
Al1,3] = &

T2 + T3 = 7 > min

So JUNCTION(1,(2 3 4)) =6

6 + A[1,1] = 6 < min, so min := 6
p := 6

JUNCTION(2,(2 3 4))

{1 &

3

and so on

P =4
JUNCTION(4,(2 3 4))
no stored index, so calculate
a) D* = [2] D/D* = [3 4]
T2 := DECOMPOSE (4, (2))
Ip| =1
Al4,2] =1
T, := DECOMPOSE(4,(3 4))

3 = 2

T
T2 + T3 = 3 < min, so min := 3

b) D* = [2 3] D/D* = [4]
:= DECOMPOSE (4, (2 3))

So T, := 2

:= DECOMPOSE(4, (4))
Ip| =1
Al4,4] = 0

T2 + T3 = 2 < min, so min := 2

¢) D*x = [2 4] D/D* = [3]
:= DECOMPOSE (4, (2 4))

28]

So T, := 1
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T, := DECOMPOSE(4,(3))
D] =1
Al4,3] = 2
T, + T, = 3 > min

So JUNCTION(4,(2 3 4)) = 2

2 + A[1,4] = 4 < min, so min := 4
p =5

JUNCTION(5,(2 3 4))

So JUNCTION(5,(2 3 4)) =5
5+ Al1,5] = 6 > min

Hence min = 4, and so the cost of the SMST is 4,

This occurred at JUNCTION(4,(2 3 4)), the set (1 2 3 4) therefore being
optimally decomposed into the three subsets (1 4), (4 3 2) and (4). The shortest

path from point 1 to point 4 is < 1, {1,5}, 5, {5,4}, 4 >. So the tree is

(D

1

Q)

DO

2.5 A new approach using Branch and Bound techniques

2.5:1 The Branch and Bound Methodology

The branch and bound methodology was first suggested by Land and Doig [1960]
as a method of solving problems of mixed integer programming. Beale [1968]
states that, properly organised on a powerful computer, the method has proved to

be very effective in solving many problems.
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The method is as follows. The original problem is divided into a number
of subproblems by the use of some constraint(s) on a problem variable. Then a
subproblem is selected, the criteria for this selection depending on the problem,
and examined to see whether it represents a feasible solution to the original
problem. If so, this feasible solution is compared with the best feasible
solution to date (this is called the incumbent solution), and if it represents
a better solution, then it replaces the incumbent solution. If not, then there
is no point in further dividing this subproblem (any further subproblem will
retain the characteristics of this feasible solution and will not bring about a
lower cost feasible solution), and so it has been completely examined, and we
say the subproblem is fathomed. 1If this subproblem does not represent a feasible
solution to the original problem, then a lower bound on the value of any feasible
solution cost that may be discovered within this subproblem is calculated.
If this lower bound is less than the cost of the incumbent solution, then a
feasible solution of lower cost than the incumbent may possibly be produced from
this subproblem, and so it is divided into further subproblems. If the lower
bound on this subproblem is greater than or equal to the cost of the incumbent,
then an improved incumbent solution will not be discovered in this subproblem,
and so the subproblem is considered fathomed, and discarded. Now a new subproblem
is selected from the set of currenﬁ unfathomed subproblems and the process
repeats until .all subproblems have been examined. The incumbent solution then

represents the optimal solution to the original problem.

This method, in the worst case, examines ali combinations of wvariables that
could occur in a solution to the problem; its usefulness lies in being able
to discard large subsets of solutions without having to specifically examine

any solution in the subset.

For use in the SPG, the branch and bound method uses the inclusion/exclusion

of a line in the SMST as its problem variable for dividing a (sub)problem into
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further subproblems. The lower bound on a subproblem represents a value less

than or equal to the cost of any of the feasible solutions available in

that subproblem, the value being the cost of a SMST. .This means, then, that the
branch and bound solution to the SPG may be represented as a binary tree, with

each subordinate node in the tree representing its superior solution but with a

line either included in or excluded from the subset of solutions that it represents.

For an example see Figure 2.6.

/’ original
K\ solution X
; M_,\\
exclude Kl \:include 21
(
\ -
exclude Ez \%nclude 52 include £2
_.exclude
N f/ N o £2
I; { = 7N .‘?u, &Y
etc
Figure 2.6

A Branch and Bound Decision Tree

Obviously, a pendant node in this representation of the solution to the
SPG is fathomed, and denotes either a feasible solution or a class of solutions

which cannot produce an optimal solution and have hence been discarded.



25.

24502 Solving the SPC using Branch and Bound

25201 Introduction

The optimal (least weight) solution to any SPG will be a tree. By
definition, a solution must be connected, and hence any solution that is not a
tree must contain a cycle(s). Now a line in this cycle may be removed without
disconnecting the solution, énd a new solution of lower weight (i.e. less the
weight of the cycle line) is produced - but the optimal solution was least
weight, and hence this would be a contradiction. Braéﬁh and bound enumeration
can be used to identify this optimal solution tree. The procedure, in common
with all branch and bound techniques, examines in a systematic way a serie: of

"partial solutions to the problem. Each such solution is analysed by the use of

lower and upper bounds, to discover whether it can be part of a minimal solutiom.

Let G = (P,L) be a graph in which P is the set of points and L is the set

of lines connecting points in P. Also let S S P be the set of essential points.

Let |P[ =n, |S| = m, and refer to the points in S as Py =++ P and those in

P/S as Py *°° Pp- This ordering of points may be done without any loss of

generality. A matrix of line weights, W = (wij} is forﬁed, where Wij = o
nxn

if i = j or {pipj} ¢ L. At times during the course of the procedure a line
{pipj} may be temporarily excluded from consideration. In this case temporarily
set wij = wji = o,

Each partial solution examined is characterised by having a specified set
of included lines, and another set of excluded lines, where either set may be
empty. The set of included lines for a partial solution forms a set of connected
components; a component being aﬁ essential component if it contains at least
one essential point, and an inessential component otherwise. For a partial
solution to be feasible, there must be only one essential coﬁponent, i.e. all

points in S being connected by the set of included lines. As a line {pipj} is
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added to the set of included lines, the components containing P, and pj will be
merged to form one component. When a line {pipj} is excluded, the components

remain unchanged. However, the wij entry in the weight matrix is set to o,

5 2 2 Node selection in the branch and bound decision tree

The "quickest feasible solution" or "branch to the right" strategy was
adopted. As will be seen later, the branching strategy generates a binary tree.
Of the two nodes created at each decision point, one corresponds to excluding a
line from consideration, the other to adding that line to the set of included
lines for a partial solution. The latter node is always selected first. This
leads to an initial examination of successive partial solutions of accepted
lines which is eventually fathomed. Backtracking then occurs, to either uncover
the optimal solution (which may be the one initially fathomed), or prove no such

solution exists (which could occur if G was disconnected).

2.5.2.3 The branching method

A node is fathomed as follows. A line is selected and two further partial_
solutions are produced. With each line is associated a penalty for not including
it in the set of included lines. The line with the largest penalty is selected
for branching. In the case where there is more than one line with the largest
penalty, then the line that was selected as the penalty line for the essential
point with the minimum point index is chosen. Tﬁis can be formally stated as

follows:

(a) Calculate a penalty vector T = [t1 - tm] by:

(i) w.* = min {wi

i }, and k1 the value of j producing w_ *

3j 1

1<j<n
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- *
(ii) w, = min {wij}

1<j<n

(b) Now let t_ = max {ti}

1<i<m

Then the line to branch on is {pr Py }.
r

As stated previously, two new nodes are created, emanating from this
~current node (say N). One represents the partial solution as for N, but with
the added line {pr pk }, and the two components containing P and pk merged;

r r

the other partial solution is as for N except that {pr Py } is excluded from
r

consideration.

A numerical example of this branching process follows.

& 1 2 1 3
1 = 3 2 3
W = 2 3 o 1 &
1 2 1 = 5
3 3 4 5 e

T = [(1_1)1(2'—1)’(2"1)!(1_1)’(3_3)]
= [0,1,1,0,0]
and K= [2141 1]

Now tr = t2 = 1, and so we branch on {pr pkr} = {p2 pl}

So two new nodes are formed with one adding {p2 pl} to the set of included

lines, the other adding {p2 pl} to the set of excluded lines.



2.5.2.4 The bounding method

In order to produce a bound for a new partial solution, the weight matrix

W must be adjusted.

(a)

(b)

1f the new partial solution was produced by adding a line {px py} to the
set of excluded lines, then temporarily set wxy = wyx = o

If the new partial solution was produced by adding a line to the set of
included lines, then components Cx and C_ to which the points adjacent to
the line {px py} belong are combined. W is then transformed to become a
square matrix W' with one less row and one less column than the square
matrix W, and in which each row/column corresponds once again to a unique’

component.

So for W' = {wi.}
J nxn

w!, = L if 1 & x5y

j#x,y

A z min {w
ix xi x1?

I
£
I

wyi} 1= lowso, 1 4y

1 e ] - . | 4 =
else w w min lwyi’wxi} £= Towwamy T #Z

It is necessary to reduce by one the subscript of entries, in rows below,

and columns to the right of, max(x,y).

Note that in the actual implementation of the algorithm, the weight

matrix W is not reduced in this fashion, because:

(a)

This would lead to a proliferation of matrices, and hence to storage

problems.

28.
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(b) It would be difficult to unravel solutions as the original point labels

would have been lost in component merging.

Instead, one copy of the original weight matrix is retained, and the
components are defined in a component vector C = {ci} 1¥n where ¢ is the

number of the component which holds the point P;-

Let us now return to the problem of calculating a lower bound on a partial
solution. Given a graph G = (P,L), let z* be the cost of the minimal solution,

and let

b o= min {wij}
i=1 j'__lﬂﬁﬁn

& - ( " min {wij }) min {wij}
M j=l...m i=l...m

Then we have:
Theorem 2.1
z* > min(b,c)
Proof
Consider a minimal tree T#* with length z* spanning S. Suppose T* = (P*,L¥)

where SSP*SP and L*SL. Given any P € P*, T* can be represented as the ordered

triple (Pt,L*,pt), where Pt v pt = P*, and there is a one-to-one correspondence



h:Pt+L* such that Py is incident with h(pi) for all piEPt. Now either P*/S#0

or P#*=§,
Case 1

P*/S#0, i.e. 3k, m<k <n || p, € P*/S
= =
Let P, = P SO 8% Pt as pp €5

Thus {h(pi):pi € S} S L*

£ wh(Pi) > mln(wij)
{pipj} €L

where w = weight of line h(pi)

h(pi)

Lz 2T w
h(p

PSR B &R
{pipj} €L

>
i) = X min(wij)

v

z mln(wij)
Py €S
{Pipj} €L

1
" Ma

mln(wij) =b

i=1

j=l...n
Case II

P = §

Given an € P*, {h(p.,):p, € P } = L*
Y Py 1Py = N

Let wgd = min(wij)

i=l...m
j=l...m



Let pt = pg
Now wh(pi) > min(wij) for all Py € Pt
{pipj}€L
) *
o TX I3 wh(pi) p-] z min(wij)
piEPt piEPt
{pipj} €L
= ¥ min(w,.) - wgd )
piES
m
> -E mln(wij) - mln(wi.)
i=1 2 R
j=i...m i=l...m
j=l...m
= ¢

Thus z* > b or z* 2 ¢, and so the theorem is proved.

Two numerical examples of the bounding process follow.

Example T

© 5 o 5 4
5 @ 5 o 4

W = © 5 w 5 4
S @ 5 o 4
4 4 4 4 o

n=5 m=4§

then b = 4 + 4 + 4 + 4
= 16
c=54+5+5+5-35

=15

and in fact here z¥* = 15,

3%,



Example TT

W

n

then b=2+4+ 2+ 2 +
= 8

er3IF3IFIE

=9
thus z* > min(8,9)
= 8

and in fact here z#*

]

8.

Nw g ow g

NEwl w

MWl w g

N 8w g ow

g rormMmN

32.
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2.5.2.5 A numerical example of the branch and bound method

Figure 2.7 shows the decision tree for the branch and bound process, and
each node shows its lower bound in parentheses. Let z' be the cost of the
current incumbent solution. Initially we do not have an incumbent solution,

and hence set z' = o,

)

3
- |
T I . )
L ¥
Ly g 11
5 \ !
. ! 1
I o ! 4 6 \l
| 1 \ -~ a
4; 2 = 3
(7 v~ 3 S
\_\ "
1 s 2 \.r!/"";xf‘\: ﬁj_________ i ‘./;:I‘."-,
; o ,/’"\\H,//
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Node 0O

;303003]_0:
3 o 4 4 o w 1
© 4 o 3 4 3 2

W = @ 4 3 o 1 3 o
3 0 4 1 o 6 4
1l o= 3 3 6 ws 2
o 1 2 o 4 2 il

n=?,—m=t‘-’;

The component vector C = {(1),(2),(3),(4)}

5

Lower bound = min(5,9)
Partial solution is unfathomed
T = penalty vector = {(3-1),(4-1),(3-2),(3-1)} = (2,3,1,2)

Hence we branch on line {pz,p?}

Node 1 {p,,p,} included
w 3 o o 3 ]_—
3 @ 2 4 4 2
W = fo 2 o 3 4 3
® 4 3 o 1 3
3 4 4 1 = 6
1 2 3 3 6 o]

¢ ={(1),(2,7),(3),(4)}

Lower bound = min(6,8) + 1 = 7

Partial solution is unfathomed

T = {(3-1),(2-2),(3,2),(3-1)} = (2,0,1,2)

Hence we branch on one {pl,pﬁ}
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Node 2 {p ,p } included
- 1 6
e 23 3 3
2 o 2 4 4
W = 3 2 o 3 4
3 4 3 o 1
3 4 4 1 o

¢ = {(1,6),(2,7),(3),(4)}

Lower bound = min(7,7) + 2 = 9

Partial solution is unfathomed 2
T = {(3-2),(2-2),(3-2),(3-1)} = (1,0,1,2)

Hence we branch on line {pa,ps}

Node 3 {pd’pS} included

wwmrN g
s~ 8o
w g row
8w w

C = {(1,6),(2,?),(3),(4,5)}
Lower bound = min(9,7) + 3 = 10 *
Partial solution is unfathomed

T = {(3-2),(2-2),(3-2),(3-3)} = (1,0,1,0)

Hence we branch on {pﬁ,p?}

Node 4 {pﬁ’p7} included

=

n
wr g
w 8 M
B ww
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¢ = {(1,2,6,7),(3),(4,5)}

Lower bound = min(7,5) + 5 = 10
Partial solution is unfathomed

T = {(3-2),(3-2),(3-3)} = (1,1,0)

Hence we branch on {p3,p7}

Node 5 {p3,p?} included

¢ = {(1,2,3,6,7),(4,5)}

Lower bound = min(6,3) + 7 = 10
Partial solution is unfathomed
T = {(0-3),(=-3)} = (w,)

Hence we branch on {94’p6}

Node 6 {p4,96} included

The set of included lines forms a feasible solution, hence this partial
solution is fathomed. The cost of this feasible solution is less than the

current incumbent, and so a new incumbent is set.

Node 7 {pq,pﬁ} excluded

Backtrack to node 5

v [22]



G = {(1,2,3,6,7),(4,5)}

Lower bound = min(e,®) + 7 =

k74~

Lower bound 2 z', and hence the partial solution is fathomed as not

containing a better solution and is discarded.

Node 8

Backtrack to node 4

=

1}
w g 8
w g 8
g Lww

¢ = 1(1,2,6,7),(3),(4,5)}

]

Lower bound = min(9,6) + 5 = 11

Lower bound = z', hence discard.

Node 9

Backtrack to node 3

~rn 8 8
wg§ ow
8 u:b-ui

]u:u:a 8

c = {(1,6),(2,7),(3),(4,5)}

min(10,8) + 3 = 11

Lower bound

Lower bound = z', hence discard this partial solution.

{p3,p7} excluded

{p ,p_} excluded
Pg iy o



Node 10

Backtrack to node 2.

=

1
LWwwmn g
B ol SR
~Ww g dw
8§ 8 LWesw
g 8w

¢ = {(1,6),(2,7),(3), (4}

Lower bound = min(9,7) + 2 =9

The partial solution is unfathomed.

T = {(3-2),(2-2),(3-2),(3-3)} = (1,0,1,0)

Hence we branch on {p6,p7}

11

Node

wwn g
S~w g o
g 8 wuw
g 8 pwW

Ci= {£1,2,6,7),€3), )}

Lower bound = min(7,5) + 4 =9

The partial solution is unfathomed.
T = {(3-2),(3-2),(3-3)} = (1,1,0)

Hence we branch on {p3,p?}

Node 12

=

1
ww §
8 8 w
g 8 w

38.

{pa,ps} excluded

{p6’p7} included

{pz,p7} included
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c=1{(1,2,3,6,7),(4)}

Lower bound = min(6,3) + 3 =9

The partial solution is unfathomed.
T = {(3-3),(=3)} = (0,)

Hence we branch on line {pa,ps}
Node 13 ' {p,,p,} included
The set of included lines forms a feasible solution, hence this partial
solution is fathomed. The cost of this feasible solution is less than the
current incumbent, and so a new incumbent is set.

Node 14 {pd’pé} excluded

Backtrack to node 12.

«© 3
® = [3 w]
C = {(1,2,3,6,7),(4)}
Lower bound = min(e,®) + 6 =
Lower bound > z', and hence discard this partial solution.

Node 15 {p3,p7} excluded

Backtrack to node 11

ww§g §
~w g o8
g8 8 ww
8§ 8~ w
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C = {(1,2,6,7),(3),(4)}

Lower bound

min(9,6) + 4 = 10

Lower bound > z', and hence discard this partial solution.

Node 16 ‘ {p3’p7} excluded

Backtrack to node 10.

©o o 3 3 3 R
© w 2 4 4
N - 3 2 o 3 4
3 4 3 o o
3 4 4 o =

C = {(136)’(2:?),(3):(4)}

n

Lower bound min(10,8) + 2 = 10

Lower bound > z', and hence discard this partial solution.
Node 17 {p.,p } excluded
“'““‘"“ 176

Backtrack to node 1.

w8 we g
[ N S A O

NS f oW
w.n-u'ama
g onwwmN §

8 wg 8 ws§

c={(),02,7),(3),4)}
Lower bound = min(8,8) + 1 = 9

Lower bound > z', and hence discard this partial solution.



Node 18 {pZ’p7} included

Backtrack to node 0.

8 88 ~~8w
g wr—§ w8

=
"
[ |
§ —mwg 8 wsh

S~ B =B wWw
N B ovww § o
gros~8 008 8

MWW g 8

c={(1),02),03),%)}

Lower bound = min(7,9) = 7

This partial solution is unfathomed.

T = {(3-1),(4-3),(3-2),(3-1)} = (2,1,1,2)

Hence we branch on line {pl,p6}.

Node 19 {pl'p6} included

U e

« 3 3 3 3 2

3 © 4 4 o =

W o 3 4 = 3 4 2

3 4 3 1 1 =

3 o 4 1 e 4

2 o 2?2 o 4 o

C= {(136)3(2)9(3)a(4)}
Lower bound = min(8,9) + 1 =9

Lower bound = z', and hence discard this partial solution.

41.



Node 20 {pl’pﬁ} excluded

Backtrack to node 18.

hm3mm3woo“
3 o 4 4 o o o
© 4 o 3 4 3 2
W= |w 4 3 © 1 3
3 ©® 4 1 o 6 4
w o 3 3 §f o 2
| @ o 2 o 4 2 0{_

¢ = {(1),(2),(3),(&4}

Lower bound min(9,9) = 9

A

Lower bound 2 z', and hence discard this partial solution.

Thus we end the algorithm, and the incumbent solution becomes the SMST.
This was set at node 13, and the set of included lines at that time was

) ) ) ) ) ] ) ] )}- So the SMST looks like:
{(p2 PY) (pl pﬁ) (p6 p7) (p3 P7) (p4,p6

42,



{pl.pﬁ}

Node{20
()

discard

—

Node\ﬂ
JRRI RS

s

\(7) _ {P1sPg}
{pyepy} {p,sp¢} ;*““’/\H““‘“-~h{g;gg\2
Ty 9
Node 17 \(9), {PQ’PS},H
Node?18 \ 9)/ ~~ Node\3
=’ ‘ (10) .
‘ (?)) discard “*\igélif}
{PzaPul Node 4
{p)»pg} {p,.ps} Pg2Py7 10 }
Node\ 19 Node 9 \‘\\33’p7
Xy A B0 Node 5
\ (9) / \ ] ,
/ ' Ap,y p7f 10
discard discard Node 8 {'IJ_T} {pz‘spé}
.. (11) 476
Node' 10 Node
t(9) J discard ‘Node 7 (10)
S {p.»P } () incumbent
677 i solution
{p.,p,} _ discard soiu
6"7 Nod; 11 cost = 10
Node 16 L (9)
(10) {Pesbst
discard / —
o /Node 12
o e \ fl
1(10) '\.-a(g)
v {p,,p,}
discard {pyspgl, Py sPg
F?:g 1 Node 13
v (9)
discard
incumbent
solution
cost = 9

Figure 2.7 The decision tree for the branch and bound numerical example

"€y
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2.5.3 Other Considerations

Although no initial upper bound was used in the algorithm, one could be
generated as follows. Consider a graph G = (P,L) with S € P the set of essential
points, and T © L the set of lines connecting the points in S. Then the Kevin
and Whitney implementation of Dijkstra's algorithm for the MST could be used
tolgenerate a MST for the graph G* = (S,T). This would then be an upper bound
on the SMST for G. However, it was deemed that the branch and bound algorithm
as implemented found an incumbent solution (thus givimg a very good upper bound
on the SMST) rapidly enough to warrant the non inclusion of an initial upper

bound.

An extension to the upper bounding was considered - that of including as

a lower bound a value

a = max (shortest path <i....j>)
i = lt.lm
j = 1.‘.m

thus giving
z%¥ 2 min(a,b,c)
where b and c are as previously defined for the lower bound.
This is not of much use when a line is added to the set of included lines,
but becomes significant when a line is excluded from consideration. This
shortest path calculation can be performed in one of two ways - either by

complete recalculation (see Floyd [1961]) or, using incremental techniques, by

adjustment of the shortest path matrix.

In the first case, due to the way the branch and bound method was implemented,
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the weight matrix must effectively be condensed to a weight matrix between
components, either by actually calculating a new matrix, or by amending the shortest

path algorithm to reflect the component nature of the problem.

In the second case, an incremental approach would need a calculation time
of less than 0(n3) to be worthwhile (as the total recalculation is 0(n3)).
However the incremental apprﬁach would need to reflect all paths affected by
the removal of any line and this would involve some method of storing ES%:ll

shortest paths. As a path could contain up to n-1 liﬁes, the storage of this

shortest path matrix would involve 0(n3) items.

These two methods of continually producing a shortest path matrix at each
exclusion of a line have not been completely examined, although it is thought
that their implementation would not significantly affect the time taken to
solve the larger (and hence more time consuming) problems. The use of this
maximum shortest path as an initial adjunct to the lower bounding of node 0 was
tested, however the results indicated that there was little to be gained by
this approach, and in fact in the large proportion of the test cases, the cost _
of performing this shortest path calculation was greater than the time saved by
having the value included in the lower bound. Hence this use of the shortest

path matrix was discarded.

2.5.4 Timings

Figure 2.8 shows, in graphical form, the time taken to solve a number of
randomly generated graphs, using the branch and bound method. The time is
mill seconds taken, and the method was implemented in Algol on a Burroughs B6700

computer.



(a)
(b)

(c)
(d)

(e)

46.

The method of generating a random graph is as follows:

Randomly
Randomly
than the
Randomly
Generate
graph.

Randomly

generate the total number of points in the graph.

generate the number of essential points, and if this is greater
total number of points, swap them.

generate a tree connecting all essential points.

a random number of lines connecting any two random points in the

assign weights to each line in the graph.



essential

points

. 62
¢ 42
25 - ' «110
‘ 7 . 68
20 - ' .16
t' /- .8
P 4 *15 = 89
15 - i
* 81
g . 17 w23
Ol #5034 » 93 .
10 - i
\ .1

i .\ ” °2 e2

i Y > . 11 .2 '4 - 2

| . 50

5 o el 0228  » 83

| i 28

| c i 5 13

| : 12

b ; .5
Vo - - e e
5 10 15 20 25 30 35

Figure 2.8 CPU time (mill seconds) for the branch-and~bound method

total points

A
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20D Timing Comparisons with Other SPG Methods

A number of complete graphs were randomly generated, for a fixed number of
total and essential nodes, and used as benchmarks for all three methods described

in this chapter for solving the SPG, i.e.

(a) Hakimi

(b) Dreyfus and Wagner

(¢) Branch and Bound R
Unfortunately it was not possible to obtain a copy of the Drevfus and

Wagner code for their solution method, and a great deal of effort went into

developing the best implementation of the algorithm as possible for this method.

Average time (secs) Range of time (secs)
i G Branch S g Branch
Runs m n Hakimi Dreyfus i~ RaEad Hakimi Dreyfus T
5 3 10 5 <1 3 - - 1-4
5 5 10 1 10 2 1-2 5-6 0-3
5 8 10 <1 100+ 1 - - 1-2
5 5 20 100+ 21 1 - 20-22 9-77
5 10 20 88 100+ 21 82-95 - 12-29
5 15 20 3 100+ 22 - - 9-51
5 5 30 100+ 45 100+ - 45-46 72-100+
5 15 30 100+ 100+ 90 - - 56-100+
5 25 30 6 100+ 80 6-7 - 53-100+
Table 2.1

m number of essential points
n  number of total points

time in mill seconds on a Burroughs B6700, coded in Algol

The results of the comparison are shown graphically, as in Figure 2.9, and
in tabular form in Table 2.1. It is interesting to note the domains over which
the var{ous methods are superior; it can be seen that for
(a) n>>m, the Dreyfus and Wagner solution is superior. .

(b) n = m, the Hakimi solution is superior.

n
(c) 2 = m, the branch and bound solution is superior.
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25,6 Conclusions

It can be seen from the preceding results that the branch and bound technique
provides a good method of solving the SPG, filling in a gap that existed
between the Hakimi method and the Dreyfus and Wagner method. However, the time
taken to solve a problem using the branch and bound method is somewhat
unbredictable; the test graphs generated showed a large range in times taken to
solve the randomly generated problems. The graphs also do not show memory
requirements of the various methods. It was found that the Hakimi method
required less memory than the branch and bound, which in its turn required less
than the Dreyfus and Wagner method. Again, for the branch and bound method this
~memory requirement is unpredictable, as it depends to a large extent on the depth
of recursion that the program has to go to, which is itself dependent upon the
type of graph being analysed. 1In the test graph runs, the memory requirements

for the branch and bound method varied between 3490 and 7870 bytes.
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CHAPTER 3

PHYLOGENY

3.1 Introduction

We now turn our attention to a somewhat different problem to that dealt
with in the last chapter. This new problem is one concerning evolution, and the
links that have existed in the past between existing species. No two members of
a species are exactly the same (except identical twins;); each has slight
modifications from their parents. As environmental conditions change, nature will
favour that branch of a species with some particular modification; as time goes
on another mutation of the basic stock will become dominant. In this way, all
the species are continually evolving, this evolution occurring in a number of
ways at the same time, some to die out and some to become new species in their

own right. We can describe this linking in a diagram which we call a phylogeny,

or phylogenetic tree. For example,

rabbit mouse man

ape pig

Figure 3.1

A phylogeny
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There have been many phylogenies suggested to link both existing species
and organisms in the fossil record. With some groups, particularly the vertebrates,
the information gleaned from fossil records together with comparative information
from existing species allow phylogenies to be determined for which there is a
fair degree of agreement among researchers. But for most species the fossil
record is either inadequate or non-existant and the evolution of the group must
be determined from a knowledée of existing species. There are a number of methods"
used to determine phylogenies by objective methods, and these will be discussed
later. Penny [1976] subdivided the process of determi;ing phylogenies into six

steps as follows:

(a) Collecting data.

(b) Selecting a biological model.
(c) Deciding on optimality criteria.
(d) Generating an optimal network.
(e) Deciding ancestral states.

(f) Determining which point in the tree represents the root.

We are interested only in the second, third and fourth steps in this
process. The biological model chosen is one in which species are represented
by some protein common to the sets of species under study, and the links between
the species being the changes that occur in the proteins between those species.
Although two species may have a common protein, say cytochrome-c, a respiratory
protein, the detailed composition of that protein may differ. In fact two
members of the same species will have a protein which, while on the whole
representing the species, may contain minor differences distinguishing the members.
The criterion we shall use to decide whether a tree is optimal is the minimisation
of these differences between species over the whole tree. In order to simplify

the problem a little, when we consider proteins we only use the parts of the
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protein common to the species, and hence ignore these changes among members

of one species.
Nucleotides

A protein is a sequence of amino acids, each acid being coded for by a
sequence of three nucleic acid bases, or nucleotides. There are four possible
nucleotide codes - ACGU, thus giving rise to 43 or 64 possible amino acid codings.
However only 20 amino acids appear to exist in nature; and hence we find that an
amino acid may be coded for by more than one nucleotide sequence. For further

details on the biochemical aspects, see Watson [1975].

The nucleotides are ordered within the protein, and the relative position
they occupy is called their site. The change of one nucleotide to another, at
a particular site, is called a base change, and the conversion of a protein in
one species to the corresponding protein in another species will involve a number
of these base changes. Researchers cannot always define the exact nucleotide that
occurs at a particular site in a species protein, and so we will use the following

table to map codes given to actual nucleotides:

coding A G CURY M
A G C U A U A
possible G C G
nucleotides c
U

Table 3.1

Nucleotide Codings

A phylogenetic tree, or phylogeny, is shown as a tree consisting of points

which represent species, and lines between points on which we denote the base
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changes in the form r o B, where r is the site number, & is the nucleotide coding
for species 1, and B is the nucleotide coding for species 2. Obviously, as

the tree lines have no direction, the choice of order for the two nucleotide
codings is to an extent arbitrary. As an example of this method of describing

a phylogeny, consider two species, coded as AAGACG and AAGCGA, linked together.

This would be represented as

4AC 5CG 6GA
A B species A A A G A C G
A G C G A

B A

Phylogeny Species Table

Figure 3.2

Representing Phylogenies

We have taken the criterion for optimality of a phylogeny as to minimise
these base changes, and so our problems becomes that of producing a tree with

the minimum number of base changes.

Generating the tree

The problem of generating a phylogeny is not, however, merely a Minimal
Spanning Tree problem. This can be shown with the following example. Consider
three species coded, for some part of a protein, as AAGACU, AAGCCA, AACCCU. The

network joining these species is



Sites

4AC SEG species A| A A G A C U

6UA 4AC B A A G C C

@ ‘ C
36C 6AU

Figure 3.3. (a) -

C|lA A CC C U

An initial network

Thus any tree linking A, B and C would involve 4 base changes. However,

now consider an intermediate species D, coded AAGCCU.

Sites

species A| A A G A C U
B|A A G C C A
cC|A A € € €C U
D|]A A G € € U

O

Figure 3.3 (b)

Generating a Steiner Point

Now a tree is possible which links A, B, C and D with a total cost of

three base changes, i.e.

35
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4AC

6UA 3GC
o | C

Figure 3.3 (c)

The Final Phylogeny

This process is called coalescing, and the species D is called a Steiner
point, as it is not essential to the problem, but may be generated in order to
minimise the number of base changes in the tree. The species A, B and C we call
original species. So the problem then is one of linking together original species,
with the possible formation of Steiner points, to produce a spanning tree that is

of minimal total cost. Thus the problem can be considered as the Steiner Problem

in Graphs, with two important differences:

(a) The Steiner points are not given, but must be generated from the original

data.

(b) The triangular inequality holds - i.e. in a triangle ABC of species, each

link ({A,B}, {A,c}, {B,C}) is less than or equal to the sum of the other

two.

When generating a Steiner point, we have to decide what the nucleotide
coding is to be for each site. Now this point when generated will connect to

three species already existing in the tree, and so the coding at any particular
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site in the Steiner point will be the same as the coding at that site for one

or more of the original species. If at a site, a code appears in more than

one of the original species, then that code is used for the Steiner point at that
site. If the three codes for the original species at that site are distinct,
then the code that appears most often throughout all the species in the data

set at that site is used.

Cycles

Another problem encountered when generating a phylogeny is that of the
existence of cycles. If we consider a typical species graph, as in Figure 3.4,
we can define a path as an alternating sequence of points representing species,

and lines connecting points.

Figure 3.4

A typical species graph
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For example, <P;» ? L £ > is a path. Now if we have a

1* Pg» %2 Pys 4 Py
path <pi, £ Sty pj> such that pi = pj, then we call that path a cycle,.

In the case of a phylogeny, it is easy to see why a cycle is undesirable

it would cause an increasec in cost. For example

Figure 3.5 (a)

Phylogeny cost with a cycle

This graph contains the cycle {(A B), (B C), (C A)} and is of weight 6 in
total. We can remove one of the cycle lines, say (B C) and produce a tree of

weight 4 in total as below:
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1AG 2CA

4UA

4UG gk

)

Figure 3.5 (b)

Phylogenv cost without the cycle

Connectivity

The problem of checking for connectivity of the tree at intermediate
stages during tree building was looked at in depth and the method most suited to
this application was found to be that of comporent merging. This method involves
considering each original point in the tree as belonging to a connected component

(i.e. a subset of points which are connected by lines in the tree).

The tree is thus disconnected whilst there exists more than one component,
and vice versa when there is only one component then the tree must be connected.
Other methods of connectivity checking looked at were breadth first search, depth

first search and the method of transitive closure.
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Methods of solving the problem

Camin and Sokal [1965] assign a variable (e.g. number of limbs, for animals)
to each species, and for each variable an ordered set of values. They assume
that mutation takes place only from a lower value to a higher value. Estabrook
[1968] extends this structure on the values of the variable to be a partial order
with tree structure. In both cases the final tree topology is given. Cavalli-
Sforza and Edwards [1967] consider the problem using continuous variables which,
for a given tree, is equivalent to the SPG. Farris [1970] considers the final
tree as binary, as does Fitch [1971]. However Fitch also specifies rules for
constructing a general tree, and proves that the minimal tree does occur.
Hartigan [1973] gives the mathematical proof of the Fitch [1971] method. Fitch
[1977] presents procedures for discovering the tree with minimum changes (he
calls this the most parsimonious tree) by minimising the number of discordancies
(similar changes occurring in parallel or a change that is changed back later).
He does this by a process based on discordancy diagrams. An alternative approach
is also presented; constructing a spanning tree of unavoidable distances. A
relationship between the minimal spanning tree and the phylogenetic tree is alsq
stated. This method has been tested on small sets of data, and has been shown to

produce an optimal tree for up to eight species.

Foulds, Hendy and Penny [1978, 1979] have developed a simple heuristic
process for constructing phylogenetic trees, and a method for proving a phylogenetic
tree optimal. This approach will be described in detail in the following sections
of this chapter. Also presented in the rest of this chapter are various computer
programs which automatically generate phylogenies, and the comparison of their
phylogenies to optimal phylogenies discussed. Also an extension to the method

of proving phylogenies optimal is discussed.
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3.2 Building phylogenetic trees

3.2.1 Introduction

In section 3.2 we will look at the Foulds, Hendy and Penny [1978]
original method of tree building, at three computer programs using heuristic
tree building methods, and finally at the current Penny, Hendy and Foulds [1979]
interactive method of generating phylogenies. Appendix II contains data sets
representing the partial nucleotide codings for ten species (man, ape, monkey,
rabbit, mouse, dog, horse, pig, cow and ewe) for a number of proteins. A large
number of the sites have been excluded in these data sets, either because the
species have a common nucleotide coding at that site, or because the nucleotide
at that site cannot be determined with enough confidence to be worthy of inclusion
in the data set. The sites have then been renumbered so the sites in the data
set are numbered in sequence starting at 1. The appendix then goes on to list
the best tree obtained by the interactive tree building method, and the three
trees obtained from the computer programs. After the description of all the tree
building methods mentioned above, there is a section discussing the computer

programs and what we can deduce from the results of the tree building comparison.

3.2.2 The original Foulds, Hendy and Penny method

In this original method of tree construction, Foulds et. al. suggest the
use of a procedure based on the Kruskal [1956] method of solving the Minimal
Spanning Tree problem. This method involves entering into the tree being
constructed each line joining two points, in non-decreasing order of line weight
(in the phylogeny problem this is number of base changes between species), with
the restriction that a line is not entered if it would then make a cycle with
other lines in the tree. The méthod would terminate when all points are connected

by n-1 lines, for n points. However Foulds et. al. extend this method to cater
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for the possibility of coalescing to form Steiner points when adjacent lines

contain common base changes for a given site.

The method is as follows:

Step 1 swwes swwn as Create a table of difference between species, where an entry
d(i,j) in this table is the weight of the line connecting
species i and j, i.e. the number of base changes between

the species.

SEED 2 cwwmumimomaimes Order the entries in this table into non-decreasing order
of weight.
SLED B wmismmwsiwines ue Perform steps 3a to 3c until all species are connected in

a single tree.

Step 3a ..... .+.. Enter the next (starting with the one with least weight) of
the ordered set of lines into the tree, if so doing does not
create a cycle.

Step 3b ......... Check whether it is possible to coalesce this new line with
an adjacent line already in the tree, to form a Steiner point.

Step: 3¢ wwaseaa i If a Steiner point was created at step 3b, enter the Steiner
point into the set of species, and enter the lines from this
new species to all other species (bar the three lines already
in the tree due to coalescing) into the ordered set of lines

not yet entered into the tree.

A characteristic of the Kruskal method of building a tree is that during the
process a number of intermediate, unconnected trees may exist, which will be

connected together at a later stage in the building process.



Numerical example of the original Foulds et. al. method

Sites
1 2 3 4 5 6
S1 A G C G C G
52 G ¢ € G € ¢
species 83 G G A G C G
S4 G G G C A G
S G G G C A C
5
Species Table
Sl 82 83 S4 S5
S1 g 2 2 4 5
S2 2 0 2 4 5
S3 2 2 0 3 4
54 4 4 3 0 1
S5 5 5 4 1 0

Difference Table

The first line to be entered into the tree is {8455}. No coalescing is

possible at this point, and the tree looks like:

® ® & O=6

63.
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Next the lines {5152} and {5183} are entered, giving

1AG 1AG
2CG 3CA

6GC 5
e ® s

6CG

e AR Sg

Now the difference table is updated with the S, entry, i.e.

6

The next line to consider is {5253}. However, entering this line would
cause a cycle and hence we leave it out. So the next line to be entered is

{8354}. The tree then is



65,

3AG z;ccf\‘ 6CC @
SCA @ - ’

The graph now connects all original points, and so the algorithm terminates with

a PST cost of 7.
3.2.3 PsTl

This program is based on the original Foulds, Hendy and Penny algorithm
for tree construction, which uses, as stated before, a Kruskal type approach.
The actual algorithm implemented follows their suggested method closely, with

a few minor procedural alterations. The algorithm is as follows:
8tep I suvimemiom wmme Generate the difference tabie between all species.

Step 2 .....esv0... The following steps are performed until the generated tree
is one connected component, incrementing a link length
inclusion variable at each iteration.

Step 2a +......... Enter all links (not previously entered into the tree) into

the tree if their associated weight is less than or equal to
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the current value of the link length inclusion variable.

Step 2D cowewss .+. Check the tree for cycles. This involves following cvery
path in the tree, maintaining a list of points found on that
path to date, and at each new point in the path checking
whether that point already exists in this list. If a cycle
is found, then the weights of all lines making up the cycle
are examined, and the uniquely highest weight line removed.
If there is no unique greatest weight line, then the cycle
is left in the tree for the moment.

SLep: 26 =5 sanle .. Check each adjacent pair of links in the tree for common
changes, and on the first occurrence coalesce to form a
Steiner point, and enter the Steiner point into the set of
species and the difference table.

Step 2d ceveeseen If coalescing took place in step 2c¢ then there may now be
the possibility of a hitherto unbreakable cycle becoming
breakable (this would occur if the coalescement used one of
the highest weight lines in the cycle), and so go on to step
2b. If no coalescement took place go back to step 2 for the

next increment of the link length inclusion variable.

Now the resulting graph has been produced as far as the program is concerned,
and it is printed. This graph may contain cycles which cannot be broken by the
program, and they are left in for the user to break using some other biological

knowledge.
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Numerical example of the PST] method

Sites

1 2 3 & 5 6

S1 A€ € G ¢ ¢

52 G € € G ¢ 6

species 53 G G A G C G

SQ G G G C A G

S G 6 &G € A €

5
The difference table is calculated as

S1 S2 53 S4 85
S1 0 2 2 4 5
52 2 0 2 4 5
S3 2 2 0 3 4
S4 4 4 3 0 1
55 5 5 4 1 0

The graph is initially five disconnected points.

OO ONNORNO

Set the link length inclusion variable, £, to 1. Then by including in

the graph all lines with a weight of less than or equal to 1, the graph becomes

| | /TN 66e
Gy (® & O

There are no cycles and no coalescing is possible. The component vector is

(1 2 3 4 4) and so the graph is disconnected.
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Now set £ = 2. By including all lines with a weight < 2, the graph becomes

(+)

\

1AG \. 1AG e 66C
26C \\ 3CA (iz)-——————-ﬂ" Sy
(s,)
>/

S3
2CG  3CA N

Now there is a cycle in the graph, but it has no uniquely greatest weight line,
and so it is left as it is. However, the lines {SISZ} {5183} have a change in

common - lAG. Thus we coalesce.

The sites for the Steiner point are decided as follows

Site S1 52 83 Steiner
1 A G G G most common code
2 G C G G most common code
3 c (& A C most common code
4 G G G G most common code
5 C C C C most common code
6 G G G G most common code

and so the graph becomes
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The Steiner point S, is included in the species table as GGCGCG and in the

6

difference table as

Now we must check for cycles again. One is found when considering the path
<{8156}’ {5652}, {8253}, {5386}>, and the line {5283}_13 found to be of uniquely

greatest weight. Thus it is removed, and the graph becomes

1AG

2GC 3CA

No more coalescing is possible, and the component vector is (1 1 1 4 4). Hence
the graph is disconnected and processing continues. So set £ = 3. The graph

becomes

3CG 4GC

6GC @

2GC 3CA

4GC
3AG
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The cycle <S§ > is found, but as there is no uniquely greatest weight

625325475
line in the cycle, so it is left unbroken. Coalescing occurs on the lines

{5486} and {8483}. The graph becomes

1
1AG
s, 3CG Qacc 5CA e 6GC e
i 3CA 3AG
S3

Checking for cycles again, the cycle <S,,S S?’S > is found, but cannot be broken.

Cae 6
No more coalescing is possible, and the component vector is (1 1 1 1 1). Hence

the program terminates. Three distinct PSTs are possible, and the choice between

them must be made by the program user.

3.2.4 PST2

This program uses similar techniques to those used in PSTl but processes
in somewhat of a reverse fashion. Initially, all possible lines are included
in the graph, and the program examines the graph repeatedly, searching for and
breaking those cycles with a uniquely highest cost line, and coalescing adjacent

lines that have common changes. The algorithm is as follows:

Step 1l ...¢cveveee. Create the difference table between species.

SEEp! 2! vesenn s ++esses Set up the graph to contain lines from every point to every
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other point.

Step 3 ....c0e00... Examine the graph for cycles, removing (if there exists one)

the uniquely highest cost line.

Step: & i weseees Examine the graph to find a pair of lines that are adjacent
| and also have a common change. If such a pair of lines is
found, then the program will coalesce to form a Steiner point,
and enter lines from this point to all other points in the
graph. Then the program proceeds to step 3. If no pair of
lines suitable for coalescing were found, then the proziram

terminates.
The graph that results from this program will probably contain one or more
cycles, and again some other specific knowledge of the data set processed must

be used to determine which lines should be removed.

Numerical example of the PST2 method

Sites
I 2 3 4 5 b6
S1 A G C G C G
S2 G C C G C G
species S3 G G A G C G
S4 G G G C A G
S5 G G G C A C

and we calculate the difference table to be:



S1 32 53 54 55
54 0 2 2 4 5
S, 2 g 2 4 5
S3 2 2 0 3 4
S4 4 4 3 0 1
85 5 5 4 1 O

The graph initially is set to:

(changes not shown on lines)

Now the graph is examined and all possible lines within cycles that may

be removed are.

<Sl,52,83,81> cannotlbreak
<51,52,53.S&151> cannot break
<8155,55458,,5,> remove {S,S,}
<Sl,52,53,54,55,51> remove {SSSI}
<81585554,8,,5:,5,> remove {S_S,}
<8155,554,8,,55,8,> remove {S.S,}
<51,S3,82,51> cannot break

<S1354:5,,5,> remove {5451}



That completes all possible cycle breaking, and the graph now looks like:

3AG 4GC 5CA 83

Now we coalesce. Lines {8133} and {5152} have the change 1AG in common. Thus
we generate a Steiner point (as in PST1) and link the point to all other points,

removing the two lines used for coalescing. Thus our graph looks like:

3CG 4GC 5CA 6GC

6GC

2GC

3CA

3CA
CG

Now we go back and examine this graph for cycles

<51,S6,52,S3,56> remove {5253}
{SI’SG'S&’SS’56> remove {8556}
<Sl’86's3’54’56> cannot break

No more cycle removal is possible. Hence we coalesce again in this case using

lines {5486} and {S&SJ}. Hence we get



Again we go back to the cycle checking stage, and find

<5155¢:5,55,,8.> remove {5237}
{51,86,53,8?,S6> cannot break
<Sl’56’57’51> remove {SIS?}
<S],S?,SA,SS,S?> remove {8557}

We then check for any more lines to coalesce, and find none. Hence the

program terminates, printing the graph:

)

6GC

4GC 5CA

(o)
Y Al

3AG
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One of the three lines {8687}’ {5653}, {5753} must be removed by the user.

Thus the program has produced threce possible MPSTs each with the optimal

total weight of 7.
3.2.5 PST3

This program uses a tree building method similar to that of the Prim [1957]
method of generating MSTs, an implementation of the tree building part of the
interactive method described in the next section. The method basically chooses
a line to enter into the tree initially, and from then on chooses a point Irom
the set of points not yet connected to the tree, and links that point into the
tree by the smallest weight line possible. In general, this means that the method
wili link a point onto an existing line rather than an existing point (the latter
is a special case of linking onto a line) and this means that it will generate a

Steiner point at the position in the tree line that the external point is linked.
The algorithm is as follows:
Stepl ............ Generate the difference table between species.

Step 2 .6 aes sesse.. By scanning this table, find the line with the greatest weight,

and enter that line into the tree initially.

Step 3 ....cev0u... Repeat the following steps while there are points not connected
into the tree:
SEEP A e wmne ... Calculate the distance to the tree from every point not yet
in the tree. The method of doing this is described below.
Step 3b ......... Select the nearest of these distances (1.?. the one with

lease base changes) and enter that species into the tree.
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If required, generate a Steiner point and update the species
and difference tables.
Step 3¢ +......... Go back to step 3 in order to put the next point into the

tree.

In order to calculate the number of changes necessary to link an external
point into the tree, (loosely referred to as the distance of the point from the
tree), the program considers the point in conjunction with every line in the tree,.
For each of these lines, the two points incident at that line are compared, site
by site, with the external point. The number of changes required to link the

external point onto that line will then be equal to the number of sites at which

the nucleotide for the external point is different from both other points codings.

For example, consider linking the point AGCUA onto the line which connects
points GUAUA and GAUUG. Now at the first three sites the external point has
differing codes from either of the two connected points. Hence the cost of linking

this point onto that line is 3 changes, and this would be:

2UA 3AU 5AG @

Figure 3.6

Linking onto a line




P 2

In this case, the point would link onto the existing tree point GUAUA.

So, to reiterate, this calculation is performed for each line in the tree,

and the lecast number of changes obtained represents the distance to the tree from

this external point.

Numerical example of the PST3 method

Sites _
1 2 3 4 5 6
S1 A G C G C G
52 G C C G C G
species S3 G G A G C G
S4 G G G C A G
S5 G G G C A C
and the difference table is calculated as
8, 5 55 § 55
S1 0 2 2 4 5
S2 2 0 2 4 5
S3 2 2 0 3 4
S& 4 4 3 0 1
85 5 5 4 1 0

Initially the tree is:

1AG 3CG

@ e (%,
5 U S
2 [ 8y
66C @ \




78.

2,83 and S4 into the tree need only be calculated for the

line {5155}, and the distances are:

The cost of linking S

52 - 1
53 . 1
S& iss B

and hence we choose S, as the nearest to the tree, and enter it.

4

-

3 6GC /S\‘ 1AG 3CG : 4
5 4 { S 2 3
U 4GC 5CA

Now we again calculate the distances to the tree for all external points, in this

case 82 and 53.

The cost of linking both points onto the line {8184} is as follows:

Hence we choose 52 to be entered into the tree on line {5154}° The tree then

becomes:



T~ ~
6GC \ 3€G 46C /7 T\ 1AG / 7N\
[ :) isf// 5CA \:ﬁi/ \si (f3 )

2GC

Sy

Now we look at the possible lines that the remaining point 53 can be linked to,

and calculate the distances involved.

For line {SSSA}’ the cost of linking is 3
For line {3456}, the cost of linking is 1
For line {5256}, the cost of linking is 1

For line {8186}, the cost of linking is 1

So we link point S, to line {5436} giving the final tree:

3AG
6GC 3GC 4GC 5AC/ 1AG
Ss S4 ) [ S¢ ) (:EE:)
W
26¢ |

and this MPST has a total weight of 7.

19
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3.2.6 An interactive method of tree building

Penny, Hendy and Foulds [1979] have described a method they currently use
to generate phylogenies, using a suite of computer programs interactively. They
have called the method the ni approach to generating MPSTs. One of the greatest
problems they encountered when generating phylogenies was the analysis of the
constructed tree in order to'prove minimality. In order to ease this problem,
they developed a strategy of growing the tree, one species at a time, and at each

growth stage proving that tree is minimal before continuing on to the next stage.

The overall algorithm for their method is as follows:

Step: 1 cown s Choose a pair of species, and enter the line connecting them

into the tree.

SEeD. 2 ;5 wvenw erpaias Select a species not yet in the tree, and link it into

the tree (this will be described in detail below).

Step: 3" wuws eaaeniaite Using the results of the previous iteration, now prove that

this tree is optimal.

Step 4 ......c0.... If there are more species to connect to the tree go to

step 2; if there are none, then terminate.

They use a naming convention for each of the intermediate trees, 'and the
associated subgroups of sites used to prove that tree minimal (to be described
later). At the stage where the treec contains i species, the tree connecting

these species is called T, and the subgroups of sites m,, hence the naming of

i p i

the strategy.
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We shall leave the analysis of the tree (for proof of optimality) until
section 3.3, and continue now to describe in detail the tree construction
algorithm. This algorithm is based on the Prim [1957] method of constructing

Minimal Spanning Trees for graphs.
The algorithm is as follows:

Step 1 .....0u0.... Select the line most likely to represent the central path
(see below) in the final phylogeny, and use this line as the

initial line in the tree.

S 2 & vewnin s While there are species outside the tree, repeat the
following steps:
Step’ 28 cvesvese . For each species not in the tree (Si) calculate the increase
in cost of the tree resulting from linking Si into the tree.
This calculation is done by repeating the following steps for

each species in the tree (Sj):

(i) Add the line {SiSj} into the tree.
(ii) Coalesce if possible.
(iii) Record the increase in tree cost.
(iv) Remove the line (or new lines resulting from any

coalescing as in step (iii)).

Step 2b sawesesae Permanently add into the tree the species S, that gave rise

5 2
to the least increase in tree cost.

Step 2¢ ¢.vevue.. Coalesce if possible.

Thus a tree is produced which may now be analysed to test optimality.
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The problem of selecting the initial 'central path' to enter as the first

line is not a well defined procedure, but relies heavily on intuition and

examination of phylogenies for the same set of species but a different protein.

Numerical example of the interactive method

Sites

1 2 3 & .5 6

S1 A G C G C G

S2 G C C G C G

species S3 G G A G C G

S& G G G C A G

55 G G G C A C
S1 52 83 S4 S5
S1 0 2 2 % 5
S2 2 9 2 4 5
53 2 2 0 3 4
S4 4 4 3 0 1
55 5 5 4% 1 0

We must select a line we think will be most central. Here, in the

absence of any data to help us choose, we arbitrarily select {53,54}.
3AG 4GC 5AC

By looking at each of the species Sl, 52 and 55’ we find the increase in

costs of linking these species into the tree are

wn
. e

19, ]
s
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Thus 55 is entered, giving

/ 3AG 4GC SAC 6GC /’\
T T el ‘@/

Again, the cost increase incurred in linking the two species S, and S

1 2
into the tree is calculated to be:

So we choose Sl' The tree then becomes:

@ 1AG 3cA /< "\ 346 4cc BAC/S_\, 6GC
1 i

JOM << O ¢
% 34 \ A X2

Then, finally, the species S2 is entered, giving

sy 1AG 3CA /S\\_m; 4CG s, 6CG
\ ' S5AC

fo S

1AG
2CG

For the first time, coalescing is possible, and a new point is created,

linking the species Sl' 52 and 83. The tree then is



1AG

3CA

"« \3AG 4CG 5AC 6CG
l:‘ S 3 ;: —@ @
i “-__..4-/

-

and the algorithm terminates with a PST of cost 7.
3.2.7 Conclusions
The three programs developed - PST1, PST2 and PST3 - were run on two sets

of live data, for which there were PST's available from the Foulds et. al.

interactive tree building method. The results are summarised in the following

table.
Tree Costs
Data
PST1 PST2 PST3 Foulds et. al.
Haemoglobin-a 84 91 80 78
Fibrinopeptide-f 32 33 34 32

Comparative Phvlogeny Costs

As can be seen, the PST's produced by each of the four methods are somewhat
inconsistent, in both total cost and topology. This latter inconsistency,

especially, seems to be a serious drawback to any practical use of the programs,

84.
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even though the PST's produced, although not minimal, are of relatively low
cost. However, this is not to say that the methods used in the programs are
not viable - they are merely incomplete. For example, in PST2 a MPST may
potentially be produced, as all interspecies links exist initially. That one
was not produced indicates that the choice of lines to coalesce at each stage,
and the lines to delete, is'not as simple as currently programmed, and a method
of correctly ordering these operations must be produced. There are similar

arbitrary decisions in the other methods modelled by PST1 and PST3.
To sum up, then, the programs do not generate MPST's, and further
development of the programs to produce MPST's will require a more complete

theoretical base for their algorithms.

3.3 Proving the phylogeny optimal

The method used to prove the tree optimal in effect involves finding a
lower bound on the tree which is equal to the total weight of the built tree.
Then, by the definition of a lower bound, the tree must be optimal. However,
using this approach it is interesting to note that the tree cannot be proved
non-optimal, as a lower bound less than the cost of the tree will mean one of
two things - either there is a tree with less total weight than the one currently
under examination, or that the lower bound itself is less than the cost of the
least weight tree. An initial lower bound can be found as follows. For each
site in the data set, count the number of different nucleotide codings that
appear. The lower bound is then the sum of these figures, less the number of
sites. This lower bound represents the cost of an ideal phylogeny, in which there

are no duplicated changes, and this can be shown in the following example.



Site
1 2 3
S1 A G U
species 52 G G U
53 G U U
S4 A U U
A G U
g U (codings at each site)
Table 3.3 i

An initial lower bound for a phylogeny

Hence the lower bound produced by this initial approach is

lower bound = 2 + 2 4+ 1 - 3 = 2

However we cannot produce a phylogeny for this data set with a cost of 2,

and the least cost phylogeny possible is shown below, with a cost of 3.

<E§;:> 1AG (:Eij)
53// 1AG <:E;:)

Figure 3.7

The actual phylogeny

86.
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The assumption that there will be no duplicated changes in the phylogeny is
valid only for the simplest of data sets, and for the purposes of proving
phylogenies optimal we neced a more sophisticated approach which will take this

condition into account.

3.3.1 Partitioning

Hence, a sophisticated lower bounding method has been developed by
Hendy, Foulds and Penny [1979], which develops very good bounds, and we now

look at this method in detail.

We have been using a table to represent the nucleotide codings at each
site, for each species. Let us formally define P as a set of nucleotide sequences,
where a nucleotide sequence defines a species, and is an ordered set of nucleotide

codes. So

P = {q} where Qi is a nucleotide sequence,

Now let I be the index set for the nucleotide sequences P, i.e.

I=1{1,2, ... t} where |Q] = t.

A Phylogentic Spanning Tree (PST) of P is any tree T < G = (P,L) which
spans P. We can define the length of this tree as £, and is the sum of the
costs of each Ei € L. If we construct all possible trees T, then the tree(s)
with minimum length among all spanning trees will be called a Minimal Phylogenetic
Spanning Tree (MPST), and the length of this MPST is obviously a function of

the set P. This will be referred to as m(P); the measure of P.
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The Partition Theorem

Suppose the index set of sites I is partitioned into r subsets
r r
I.,I, .... I with cardinalities |I [ =t so that X t, = t. Then m(P) 2 X m(Pi)
ks d X £ i=1 " i=1
where Pi is the subset P consisting of sites only ty -

This theorem, then, states that a given set of species P can be partitioned
into a number of subsets, each containing an entry for each species but having
only a disjoint subset of the set of sites, and then the cost of an MPST on the
set P will have a lower bound given by the sum of the costs of the MPSTs of the
subsets. The proof for this theorem may be found in Hendy et. al. [1979].

- This theorem can be shown in the following example.

Let P ={{AcAG}, {ccau}, {ccuG}} = {pl,pz,p3}. Then the MPST will be

3AU

Figure 3.8
A MPST

Now I = {1,2,3,4}, 1let I1 = {1,2}, 12 = {3}, 13 = {4}. Then the homomorphic

copies of the MPST of P will be:



3
O :
1AC -
1
& ()

P1 = {{ac}, {cc}, {cc}} P - {{a}, {a}, {u}} P3 = {{c}, {1}, {G}

and so £1 + 22 + £3 =141+1=3=4¢

Figure 3.9

Homomorphic copies of a MPST

Of special interest is the complete partition, where r = t I, =1 V i.

In this case we obtain the following lemma.
Lemma 3.1

If there are n

i
then

m(P) > I n,-1

This is the initial bound stated informally at the beginning of this section.

different nucleotide codes at site j among the Pi = Py

89.



When using this theorem in practice, we will not generally know the
topology of the MPST and so will need to use the values m(Pl), m(Pz) etc. So
we need to be able to find the cost of the MPST of a set of species Pi. These
costs are ncw classified for up to five species. Further classification is

possible, but with an obvious proliferation of possible tree topologies.

Case I, |p| =1

Trivially, one species requires no linking, and- so m(P) = O.

case II, |p| = 2

Let P = {X,Y}. Then m(P) = d(X,Y) where d(X,Y) is the cost of the

line connecting X and Y.

Case III, |P| = 3

Any MPST will be a homomorphic copy of the following tree (where A is a

Steiner point), for P = {X,Y,Z}.

(+) :

Figure 3.10

The 3 species MPST :

90.



One of these lines may have a cost of zero, (i.e. A=X or Y or Z). Suppose

at t. sites the nucleotide of X, Y and Z are all distinct.
t2 sites there are two distinct nucleotides for X Y Z

t3 sites all nucleotides are equal.

Sot, +t,+t,=¢t. By lemma 3.2.3.1 m(P) = 2t, + t,. We can construct

1 2 3 1 2

a simple PST T, for P, seleéting the nucleotides for A so that A, = Xi when

i
Yi 4 Zi’ and Ai = Yi otherwise. Thus T will have length d(A,X) + d(A,Y) +

I

2t + tos

£ > m(P). Hence m(P) 1 2

]

d(A,Z) = 2t1 +t,

Il
I

If we let a d(X,Y), b = d(X,2), ¢ d(Y,Z) then

d(A,X) =%(a+b - c - tl)
d(A,Y) = %(a - b + c + tl)
d(A,Z) = %(-a+ b +c + tl)

£=1(a+b+c+rt)

Example T

P = {AAGCU, AGCGG, GGcccl = {pl,pz,p3}

There are five sites:

=}
~~
")
S
I}
(X
+
S
]
o



2AG
3GC

4CG 1AG
5UG 5UC

s

Also the difference table is:

Py Py Py
Py 4
Py
Py 4

mP) =L(4+4+3+1) =6

Example II

P = {AUC, GAC, GUC} = {pl,pz.p31

There are three sites:

1
N = N O

1AG 20A
\

p, = {acceul

92.



Case IV, |P| = 4

93.

Let P = {W,X,Y,Z}. Then any MPST of P will be a homomorphic copy of one

of the following trees:

)
O,

o
o

~(c)

(b)

Figure 3.11

The three 4 species MPST's

Suppose that the nucleotide codes at

t, sites, are all distinct. (Type I)

Vi ¥ Y1 %

sites, two of w

1

) 1 ¥ %1%

rt

= Z

]
#

sites, w (Type III)

i!
(Type IV)

rt

sites, w

fad
[
]
[
(=
kg
[
|
N
’-.-.

sites, w, = z, X, = Yy (Type V)

are equal, the other two distinct.

(Type IT)



ts sites, three of w, Xy, 2z, are equal. (Type VI)

t. sites, all four codes are equal. (Type VII)

7

By lemma 3.1, m(P) =2 3t1 + 2t2 + t3 - t4 + t5 - t6.

This can be improved. Order W X Y Z so that t3 < t4 < ts. If we collect

together the first code of type III, with the first of type IV and the first of

type V then we obtain a set of sequences

L' = {W' X' ¥' 2} with
W' = AAA
X' = ABB
Y' = BAB
Z' = BBA

There are t3 such partitions, with a MPST as follows:

@
3AB

2BA 2AB

3BA

giving m(P') = 5.

Figure 3.12

t3 type Partitions

94.



For the t4-t3 partitions of type IV and type V, we can form

P'' = {W'' X'' Y'' 2''} = {AA AB BA BB}.

This obviously can be spanned by an MPST of cost 3. So we can now find
that:

each of the tlsitcs of type I have an MPST of length 3.

each of the ty sites of type II have an MPST of length 2.

each of the sites of type IIL, IV, V have an MPST of length 5.

kg

each of the t,-t, subsets of types IV, V have an MPST of length 3.

4 73

each of the sites of type V have an MPST of length 1.

t5—t4
each of the te sites of type VI have an MPST of length 1.

each of the t

7 sites of type VII have an MPST of length O.

Hence by the partition theorem,

m(P)

v

3t1 “+ 2t2 + 5t + 3(t4 - t3) + t_ + t

3 5 6

3t, + 2(t2 + t. + ta) + t_+t

1 3 5 6

We can now construct a PST of P equivalent to that of Figure 3.11 (c) by

choosing codes for A, B as follows:

For sites of type I, IV, V A, = Bi =W

i i

For sites of types II, VI, VII A B, = common values

i i

For sites of type III Ai = Wi, Bi = Xi

This tree has length 3t, + 2(t2 + t, * t&) +t. Ft

1
So that this is an MPST and

3

m(P) = 3t +2(t2+t3+t4)+t +t

1 5 6

95.



Example

P = {AAGCU AGAGU GGCAU Geuuc} = {p1 P, Py p&}

There are five sites and

Reorganising to make t, <= t, < t

m(P) =3 * 2 + 2(0

The MPST being

1AG

{AAGCU, GGCAU, GGUUC, AGAGU}

0+0)+1+2=29

96.
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Case V |P| = 5

Let P = {V,W,X,Y,Z}. Then the MPST will be a homomorphic copy of the

following tree:

(::::y/
Figure 3.13
The 5 species MPST

For any assignation of species, V, W, X, Y, Z to the five pendant points, we can
assign codes to the three Steiner species to minimise the length of the tree.
Hence for each of the 15 non-equivalent simple PST's obtained by the different
permutations of symbols we can calculate this length. The smallest length will

obviously be m(P).

We will use the notation {f/AABBC to mean that for some permutation of the
species V, W, X, Y, Z the codes at the site in question (say site i) are such
that Vi = Wi, Xi = Yi and Vi’ Xi, Zi distinct. Then it can be shown that

m(L) = 4 #ABCDE + 3[#AABCD + #AABBC] + 2[#AAABC + #AAABB] + #AAAAB—gmax

where Bie is the largest g, g being defined for each permutation

)
(Cl, ' Ca, Cd, C5) of (V, W, X, Y, Z2) as follows:



1

g = #[c;

1

+ #[C]
Example

|
lo]

I
o]

[

C

s

for each site i where the pattern of

nucleotides can be permuted to AAABB

for each site i where the pattern of

nucleotides can be permuted to AABBC

P = {AGGUC GGGGC CAGGC AGUGC CGUGA} = {p; p, 93'94 ps}

* site 1
site 2
* site 3
site 4

site 5

can

can

can

can

can

be

be

be

be

be

Thus m(P) - 4 =*

* Now the g values

permuted to

permuted to

permuted to

permuted to

permuted to

0+ 3 1[0

{p,p,p,p,pc} =8 =

{p,pypqpcp,} = 8 =

{pyp,p,pqpst = 8 =

{p;pyp,Pspy} = 8

{pspyPypory} = 8

i

-

—_

for the

I+0

1+0

AACCG

GGGGA

GGGUU

GGGGU

CCCCA

+1]+2[0+1] +3 - B

combinations of pl--p5 are

n

giving a as of 1, and so

m(P) = 7

The MPST corresponding to this solution is:

98.



and here P =P

and Py = p8 and Py = AGGGC

6

3.3.2 A2-clusters

This approach, analysing the possible MPST topologies and calculating
a cost formula could be extended further, but with an obvious proliferation of
topologically distinct trees and hence terms in the equation for m(P). A method
of avoiding this problem has been given by Hendy et. al. [1979], and uses the
concept of clustering species together to form a connected component, and then

using the partition theorem to connect these clusters.

We define an f-cluster as a connected component, connecting those species

whose distance apart is < £. For example

99..
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1AG  2GA

Figure 3.14

A 3-cluster

Then {pl,pz,ps} forms a l-cluster, as the points can be connected into

a single connected component using two lines of cost 1,

i.e. {plp3}, {p2p3}.

{pl,pz,pB,pA} forms a 2-cluster, as the points may be connected at best

by lines [p1p3}, {pzps} and {p3p4} with line costs all < 2.

This concept of clustering may now be used to calculate the cost of a MPST
over larger sets of species. The only cluster of interest is the l-cluster,
as a l-cluster contains no Steiner points, and can hence be shown to exist in

a MPST as the cluster.
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The Cluster Theorem

Given a set of nucleotide sequences, C, that can be partitioned into r

l-clusters Cl “wn Cr then there exists a MPST in which all l-clusters appear.

Proof

Consider two species S S, belonging to the same l-cluster. Now suppose

1> =2

that the MPST does not contain the line {5182}. Then™ S,, or a subtree whose

1
root is Sl’ is connected to the MPST by a line {5151} where Si does not belong
to the same l-cluster as S;. But the cost of the line {Slsi} > cost of lime

- 8,8, = 1. Then the line {slsi} may be removed and the line {3152} may be
introduced into the MPST. Now by definition, the MPST will still be a tree, and
cannot be of greater cost than the original MPST. But now the two species exist

as a l-cluster within the MPST. Obviously this procedure can be repeated for all

members of l-clusters within the MPST.

Using clustering

Any point not belonging to a l-cluster can itself be considered as a l-cluster
(it is connected to itself by a line of cost 0, which is £ 1), and the cost of the
MPST calculated by linking together all l-clusters. This is done as follows.
Firstly, consider all ways of linking the clusters without using Steiner points.
This will give a cost for a PST of this type. Then consider all ways of linking the
points together with the use of just one Steiner point. This will give another
cost for the PST, which will replace the previous cost if it is less. Then
consider all ways of linking the points together using two Steiner points. Again
if this cost is the least found so far, it becomes the current smallest PST cost.

This procedure will continue until the all possible tree topblogies have been
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considered. The following table states the maximum number of Steiner points

to consider when looking at a set of l-clusters.

no of l-clusters I 1 2 3 4 5 6 7 8
max no Steiner points l g ¢ 1 2 3 & 5 @6

Number of Steiner points

This approach as it has been stated will still cause a large number of possible
trees to be considered, and in the actual implementation by Foulds et. al. a lower
bounding procedure is used to discard some classes of solutions from consideration,

and hence reduce the time taken to produce a cost.

The method can be seen in the following example.

Numerical example

Consider the following set of five species

Sites
1 223 4 5
S1 G A U U A
82 G A G U R
S3 A G G U R
S4 A A G U A
S5 G G G U R



103.

and the associated difference table

S1 S2 S3 S& S5
S1 0 2 4 2 3
82 2. 0 2 2 1
83 4 2 0 2 1
84‘ AR 2 0 3
85 3 1 1 3 0

Thus giving three l-clusters {Sl}’ {525385}, {54}.

These will be denoted Cl’ C2, C3.
Consider their difference table with the distance between Ci and Cj
being defined as:

d(Ci,Cj) = min (d(Si,Sj))

VSiECi

VS .€C,
JJ

and d(Si,Sj) being the cost of the line {sisj}.

So
C, G €4
C1 0 2
C2 0
03 2 2 0

So any connection of these three clusters without a Steiner point will involve
at least two lines of cost 2 each, the total PST cost then being the sum of the
internal cluster lines plus the sum of the costs of the lines required to link

these clusters.
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So the cost without Steiner points =0+ 2 + 0+ 2 + 2 = 6.

Now we consider inserting a Steiner point. There are three possible MPST

topologies:

HONEINC

() OENONO

Using the previous partition theorem and subsequent classifications the

cost of these three trees can be quickly calculated:

tree (a) cost is 2 * 0+ 3 =3
(b) cost is 2 * 0+ 4 =4
(c) cost is 2 * 0+ 4 =4

Hence the minimal topology using a Steiner point will produce a PST of

cost 0 +2 + 0+ 3 =5.

For three clusters we do not need to consider any more Steiner points,

and so this cost of 5 is the cost of the MPST. The MPST in fact is
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1GA 5AR

S4
2AG

1GA

with the Steiner point S, as GAGUA.

6

3.3.3 A new approach

The classification of a partition in a data set as described in section
3.3.1 can be extended, with difficulty, to six species. However, as we
extend the partition size, the number of possible MPST's that have to be
considered by the classification process socars. Researchers at Massey University
have found that, using the methods of section 3.3.1, any extension beyond
six species in a partition to be out of the question, due to the computing
time involved. Hence we now suggest a new approach to this classification

process which will allow larger partitions to be handled.

The method, in general terms, examines all possible MPST topologies for
the given number of species in the partition, and then generates all possible

trees that are homomorphic copies of one of these general trees. Given an
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assignment of species to the points in a possible tree, the actual tree cost

and Steiner point coding is worked out by considering the tree to be a number

of connected minimal subtrees. This makes it relatively easy to build the

tree; however, more importantly, we have a good lower bounding facility. For
example, suppose in our examination of possible trees we have a tree with a

cost of 15 as the best tree found to date, and we are currently examining a tree
that is split into two subtrees of costs 8 and 9. Then no matter how we

connect these subtrees we cannot produce a final tree with a cost of less than
17. Hence we do not need to bother considering any of the ways of connecting

the subtrees.

To give an idea of the work involved in this process, Table 3.5 indicates
the number of trees conforming to an MPST topology, for a given number of
species in the partition. Obviously, a percentage of these will be discarded

by any lower bounding process.

#f original points 1 2 3 4 5 6 7 8

# trees 1 1 1 3 15 [105 |945 |10395

Table 3.5 {MPST Candidate Trees

This method is currently being implementedlat Massey University by
Drs Hendy and Penny, and preliminary results indicate that the method will
extend the classification process to ten species. A more complete description
of the method and the results obtained is to be produced by Drs Hendy and

Penny.
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CHAPTER 4

CONCLUSIONS AND FUTURE RESEARCH

4.1 Conclusions

The aims of the thesis were as follows:

(a) To examine the SPG and, if feasible, develop a new solution strategy.
(b) To examine the problem of constructing MPST's arid, if feasible, develop

a new solution strategy also, using the techniques developed in (a).

The thesis achieved the first aim well, producing a new method of solving
the problem that complemented, rather than replaced, existing techniques.
The second aim of the thesis was not achieved exactly as initially expected;
the emphasis moved from developing an automatic method of constructing trees
to an expansion of the method for proving trees optimal. However, as will
be appreciated, by increasing the size of a partition the cverall effect is
to allow larger sets of data to be analysed. Hence progress has been made in

both areas considered within the scope of this thesis.

4,2 Future research

Polynomial solution algorithms were not produced for either of the
problems considered and the results presented merely push the threshold of
practical use of solution mcthods a little further away. So there is scope for
dramatic improvements in both areas, however it is difficult to see exactly
how this can be done. One of the main problems with the SIG method as presented
is that the lower bounding is t;ght for only a small number of Steiner points.
However, as the problem increases in size, the lower bound increasingly drops

below the actual cost of the MST, and thus far more possible solutions have to
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fathomed. If this lower bounding could be developed to maintain its tightness
as the size of the problem increases, then the branch and bound method could

be used on far larger graphs.

As noted before, the Hakimi and Dreyfus and Wagner solutions to the SPG
have a resemblance to two of the solutions to the Steiner Problem in Geometry.
So, is there a method similar to the Branch and Bound Method developed here
that would be applicable to the original Steiner Problem? This, however, is

outside the scope of this thesis. -

As for the Phylogeny problem, the implicit restrictions on any PST (for
example, the triangular inequality holds true) reduce the generality of the
problem, and should thus ease the development of a solution. It is not known
whether the phylogeny problem is NP-complete, and this knowledge could be
useful. Perhaps another approach to the phylogeny problem using matrix
operations on the original data could be developed? Thus there is much work

to be done in this area still.
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binary tree

base change

branch and bound

. £-=cluster

coalescing

code

connected component

cycle

data set

decision tree

decomposition

GLOSSARY

points P; and pj are said to be adjacent if the line

{Pi pj} is present.

a tree structure in which a point may have at most two

descendant points.

the change in nucleotide coding between two species, at

a given site.

a method of solving integer programming problems by
dividing the problem into a number of subproblems by

the use of constraints on problem variables.

an f-cluster is a connected set of points in which all

line costs < £.

the act of generating a Steiner point to link three

species with the aim of reducing overall cost.

the character representing the nucleic acid base for

a site.

a tree connecting a number of points, that may be
considered to be a single point in the branch and

bound process.

a path <Py e pj> such that p; = pj are the only

non distinct points.

the nucleotide code sequences for a set of species which

forms the data to be used to generate a phylogeny.

a graphical representation of the branching decisions

made during the branch and bound process.

in relation to the Dreyfus and Wagner SPG solution method,

the process of breaking a tree into three subtrees.



difference table

essential point

fathom

feasible

graph

hashing algorithm

incident

incumbent

inessential point

lower bound

minimal

MPST

a table in which rows and columns represent species,
and entries in the table represent the cost of a direct

link between the two species.

a point which must appear in any solution to the SPG

for a given graph.

in relation to the branch and bound process fathoming
a subproblem mecans examining it until a solution is
found or it is obvious that no solution better than
the current incumbent can be produced from this

subproblem.

a solution is feasible if it contains all essential

points in a single component.
a graph G is an ordered pair (P,L), where P is a non
empty set of elements called points, and L is a set of

unordered pairs of points called lines.

a computation on a given data item which will produce

an address for storage.

a line is incident to the two points it connects and

vice versa.

the best feasible solution found to date.

a point which may possibly occur in a solution to the

SPG.

a value less than or equal to the cost of the problem

solution.

in the context of this thesis, the least cost.

Minimal Phylogenetic Spanning Tree - the least cost

phylogenetic spanning trce for the given data set.



MST

NP-complete

nucleotide

original point

partial solution

partition

path

pendant point

phylogeny

PST

S-tree

shortest path

Minimal Spanning Tree - the least cost spanning tree

for the given graph.

a problem is NP-complete if it

(a) can be solved in polynomial time on a non
deterministic machine

(b) every other NP problem can be polynomially reduced
to dt.

or nucleic acid base, is the building block for amino

acids.

a point representing one of the species which must be

spanned by any PST (see essential point).
the set of included lines.

a subset of the data set for a phylogeny representing

a number of the sites of the data set.

the ordered set <p_, {pi,kl}, pkl, S {pkn, pj}, pj>
of alternating points and lines, where all points are

distinct.

a point in a graph incident with one and only one line.

a tree in which points represent species and lines

represent evolutionary paths.
Phylogenetic Spanning Tree - a phylogeny.

a Steiner tree in the plane consisting of four points
arranged as three outer points and one internal point,
with three lines connecting the internal point to each

outer point, these lines being at 120° to each other.

the path between two points in which the sum of the

line costs in the path is a minimum.



SMST

SPG

Steiner point

tree

upper bound

weight

the relative position of a nucleotide in a protein.
Generally relative to only those other nucleotides

under examination.

the Steiner Minimal Spanning Tree.

the Steiner Problem in Graphs.

a point generated to represent an intermediate species

in the phylogeny, which allows for a lower overall

phylogeny cost. Also see inessential point.

-

a connected graph which contains no cycles.

a value greater than or equal to the cost of the

minimal solution.

the cost associated with a line.
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APPENDIX I THE BRANCH AND BOUND SPG PROGRAM
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APPENDIX IT ACTUAL PHYLOGENY DATA AND RESULTS

This appendix contains the nucleotide codings for a set of ten species,

for two proteins.

The species are

S1 man

S2 ape )
S, monkey (mky)

S4 rabbit(rab)

Sg mouse (mus)

Sg dog

S7 horse(hos)

Sg pig

S9 cow

S10 ewve

The two proteins from which the data sets have been taken are

haemoglobin-a and fibrinopeptide-B.

For each of the data sets this appendix gives the actual data set used,
the tree as generated by PSTl, the tree as generated by PST2, the tree as
generated by PST3 and the tree as given by Foulds et. al. using the interactive

tree building process in the m, approach.

i



Haemoglobin-a nucleotide codings

Site
1 2 3 4
12345678901234567890123456789012345678901

CACGGCGCCGRUUACGGAAAAAYCGAAAGGCRGCUGCRGAG
CACGGCGCCCYUUACGGAAAAAYCGAAAGCCRGCUGCRGAG
CAGCGCGGCGRUUACGGAAACURGGAAAGGCRGCUGCRGAG
GAGAGGACGGCRUCACGGAAGAAYCCCGGGGCRUCAGCYGAG
CACAAAAGCGYCAACGCAAAACRCCCGGGGCRUGAACRGGC
GACGGGGGCGRUUGCGCAAACURGCCGGGGAY GUUAAYGAG
GGCCGGGCCCRUUGAGCCAAAARGCAGGGGCRIICUAAYAAA
GGGGGGGGCCRUUACGGGCAAARACCGGGGARUCUUCY GAA
GACGGGGGCCRUUACGGGCAAARGCCGGAGAYUGUAAYACA
CACAGAAGGGRUUGAACAAAAARGCCGGGACRAAUUCRGAA



O=C

8CG 21AC

22AU 23YR
24CG

15

3GC

1GC 14GA 17CG

25CG 26CA 27GA
28GA 31AC 32YR
36AG 37AC 38YR

14

34UC

21AC 22AU

33UG 41AG

@

<
1GC 4GA 6GA
<:EE:> <:EE/>
7GA 37AC 38YR

2GA
8CG
18CA
26AC
39AG

iz )
)

14AG

o’/-_‘\
o C
15CA 22CA 26A
31AC 24AG
32YR 36UA
3GC 106G 14AG -
17GC 18GA 19CA (18AG  31CA
4GA N_19AC 35AU
JAG 20GA 36CGA
9GC \_23YR 41GA
13U\ 24CC
!/_h\
[ &
L

Haemoglobin-a as per PSTI

COST = 84



11RY 3GC

i8CA 7GA

8CG AC 1GC 2GA 4GA 6GA (/I;\
4 ~21CA 22UA 336@ 12 \FGA 8CG 1539
. { 11 1GC 146A 1-7-CG /6\ \ 7 L

( ’ 26AC 31cA | ‘
\\1_/ 22AU 23YR 25CG 26CA 276A N\’ 34UC 39cA 41cA sce  32RY N 2g§ulgm 26AC
zce | B s 1408 37AC 38YR 39AG
34U0C 36AG 37AC t 19AC tGA E

17¢G
= 18AG

15 "-}29AG 34GC ( 9 )
'40GA

32RY
36GA
7CA
39GA '

\
14 )

., 19ac
2GA GAG  900a
24AG 7AG  23yp

36UG 9GC 24ce
3CU 31cA
i 8AG 354y

Q/ ( 4341% Haemoglobin-0 as per PST2
' N COST = 91




22UA 24CG 9GC
35AU 13cu

5 ) LIRY mxc 8CG 12 ) _1lcG 25GC m 10CG 33U {14 186G 19€4 (45 "\ 204 264G
L i \__~ 31AC 41AG ' 36UG

23YR 24C6 \_ ./ 26AC 27AG

3 /
20GA | 4AG
21CA 23YR | 7AG
14

28AG 38RY 37AC | 3GC 37Ac | 29AG .
1 39AG | 32yR
| 36GA 40GA | 34GC
- 36AG
@2_1(:1\ 2208 7o }_ .
_/31AC 32¥R\___
34UC 15CA .
IAIGA

7 _ZGA 8CG_4 17
18CA 26AC\
= 33UG 39AG 1GC

37AC | 4GA
38YR| 6GA
7GA

5AG 11YR /

12cu 13AU\\_J/' Haemoglobin-0 as per PST3
14AG 15CA |QGC 36UA COST = 80

330G 34GC 30AC
35AU 40GA 33AC
41CA 34AC

| 10 )
. Y,



'\\

9
) >
S 37AC | 29AG
39AG | 32YR
21CA 13CU | 4AG 40GA | 34G
29UA %ﬁiﬁ 20GA | 7AG 10GC HHEA | SHEC

_ 77 N\ 22GA 24AG

, 10GC 18GA | 22GA 26AC [ g

1 )3CG 8cG [ 15 )1CG 25GC 26AC {13 .EAG___"MG—-«:@ \\lv 36UA __/

} 19CA 31cA
23YR 24CY-

)

27AG 28AG 33UG \___ \1
38RY 3GC

14AG
17GC

31AC

37CA 17 21CA 22U
16 32YR 33UG
34UC 41AG

( ﬁém@ s

\

]

_Al2cu 13a0 -/
14GA 22AC | g9gc  33AU

24CG 34CG 15AC 34AC
35AU 40AG 16AG 36UA
41AC 30AC Haemoglobin-¢ as per Foulds et. al.

COST = 78
%



Fibrinopeptide-B nucleotide codings

sites
1

1234567890123
MAN GAGAGGUUUUAGC
APE. GAGAGGUUUUAGC
MKY GAGAAGCCUUAGG
RAB GAGAGUCUCCCAC
MUS AAGUGAAUCUAGC )
DOG AUGUAGACGUGAC
HOS ACAAGUACUUGAC
PIG CCAAGUCAGUGAC
COW CCAAGUGGCUGGC
EWE GCAACUCCCUGAC




= 7UC 6UG " 11GA 12AG /" 7\ 2ca 3¢ m 16C
2 ( 3 15 )— ———( 14, 13 )
G 9cu y \\5,// 8CU \\T’/

5AG - 4UA 10cu

8Cu 1AG 6AU
13GC 7AC

5CG
NG YO
s

Fibrinopeptide-f as per PSTI1

COST = 32



F
AN

i2uc

3GA
96U |4UA
5AG
J| 6GU
(L )
" 8AC \
LS
1AG 9Ge
| : 7AC
9uC
= N _7uc _ggu_auc__¢_;(/;;\\ 2AC 36A (15 }—
2 1 11 ) 1146 1264 \__/ 8uc o/
: P y
1G4 5AG 10cU 5¢C
4AU 8cy
6GA 13GC
7UA
9uC

O ONENONENO |

Fibrinopeptide-B as per PST2
COST = 33




6GU 9uC [ 13 )_2CA 34AG (1
11AG 12GA

' 1CG

5AG | 8UC 5cc//// \\6Ac

136C 10cU p
3 4 ‘III'; [ 8 )
N L

6AG/

Fibrinopeptide-f as per PST3
COST = 34




@__—_ﬂ \_Tue

/1-5\; 6GA 9UC @

LN

scu 4LAU
136C 7 A
5AG 18

o

2

ucC 2
3AG
e
7~
@ 9ce
146 @
7AC " SCA_‘/;“-
CG —
12AG A
11GA 2AC 3CA 11
Pt 13 \
8UC \\M 7CG
8CG
l10cu 5GC 12AG
Ny
> )

Fibrinopeptide-B as per Foulds et. al.
COST = 32




\_7uC

DG

8CU
13GC
5AG

1AG

|

4AU
7CA

oG

12AG

quC

6UA 11GA 2AC 3GA

//:;\\_ggé_ggg,_ [ 14 }— 13 =

\m1 3 Y 8uC
— ~

10CU

O

Fibrinopeptide-f as per Foulds et. al.

COST = 32



APPENDIX III MPST TOPOLOGIES

This appendix catalogues the possible MPST topologies for a given number
of original species. The circles represent original species, the dots

Steiner species.



MPST topology .... 1l species




MPST topology .... 2 species




MPST topology .... 3 species
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e
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MPST topology

..

4 species




Q

MPST topology ....

5 species




A




MPST topology .... 7 species









