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Abstract

This thesis provides a thorough analysis of the theoretical foundations and
properties of the Spectral Warping Transform. The spectral warping trans-
form is defined as a time-domain-to-time-domain digital signal processing
transform that shifts the frequency components of a signal along the fre-
quency axis. The z-transform coefficients of a warped signal correspond to
z-domain ‘samples’ of the original signal that are unevenly spaced along the
unit circle (equivalently, frequency-domain coefficients of the warped signal
correspond to frequency-domain samples of the original signal that are un-
evenly spaced along the frequency axis). The location of these unevenly
spaced frequency-domain samples is determined by a z-domain mapping
function. This function may be arbitrary, except that it must map the unit

circle to the unit circle.

It is shown that, in addition to the frequency location, the bandwidth,
duration and amplitude of each frequency component of a signal are affected
by spectral warping. Specifically, frequency components within bands that
are expanded in frequency have shortened durations and larger amplitudes
(conversely, components in compressed frequency bands become longer with

smaller amplitudes).

A property related to the expansion and compression of the duration of
frequency components is that if a signal is time delayed (its digital sequence
is prepended with zeroes) then each of the frequency components will have
a different delay after warping. This time-domain separation phenomenon

is useful for separating in time the frequency components of a signal. Such
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separation is employed in the generation of spectrally flat chirp signals. Be-
cause spectral warping will generally expand the duration of some frequency
components within a signal, the transform must produce more output sam-
ples than there are (non-zero) input samples in order to avoid time-domain

aliasing. A discussion of the necessary output signal length is presented.

Particular attention is given to spectral warping using all-pass mapping
function, which can be realised as a cascade of all-pass filters. There exists
an efficient hardware implementation for this all-pass SW realisation [1, 2].
A proof-of-concept application-specific integrated circuit that performs the

core operations required by this algorithm was developed.

Another focus of the presented research is spectral warping using a piece-
wise-linear mapping function. This type of spectral warping has the ad-
vantage that the changes in frequency, duration and amplitude between the

non-warped and warped signals are constant factors over fixed frequency
bands.

A matrix formulation of the spectral warping transformation is developed.
It presents the spectral warping transform as a single matrix multiplication.
The transform matrix is the product of the three matrices that represent
three conceptual steps. The first step is to apply a discrete Fourier transform
to the time-domain signal, providing the frequency-domain representation.
Step two is an interpolation to produce the signal content at the desired
new frequency samples. This interpolation effectively provides the frequency
warping. The final step is an inverse DFT to transform the signal back into
the time domain. A special case of the spectral warping transform matrix
has the same result as a linear (finite-impulse-response) filter, showing that
spectral warping is a generalisation of linear filtering. The conditions for the

invertibility of the spectral warping transformation are derived.

Several possible realisation of the SW transform are discussed. These
include two realisation using parallel finite-impulse-response filter banks and

a realisation that uses a cascade of infinite-impulse-response filters.

Finally, examples of applications for the spectral warping transform are
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given. These include: non-uniform spectral analysis (and signal generation),
approximate spectral analysis in the time domain, and filter design.

This thesis concludes that the SW transform is a useful tool for the ma-
nipulation of the frequency content of digital signals, and is particularly
useful when the frequency content of a signal (or the frequency response of
a system) over a limited band is of interest. It is also claimed that the SW

transform may have valuable applications for embedded mixed-signal testing.
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Chapter 1
Introduction and Motivation

Mankind owes its success to its ability to understand and manipulate its
environment. We are able to manipulate our environment to such a large
extent because of the technology we have developed; our ability to develop
technology is a result of having a good understanding of our world. When
studying our world, and when designing technology to change it, it is very
helpful to have standard frameworks with which to describe what we see and
what we design. The power of a framework lies in its ability to describe
realities (albeit approximately) with precise models that can be analysed
mathematically. One such framework is that of signals and systems.

As an example of systems and signals, consider a temperature-controlled
room, where the input for the temperature controller is the air temperature
at the thermometer and the output is the energy released by the heating
units. The temperature input and the energy output are signals and the
controller is a system, according to the definition of signals and systems used
by this text:

e A signal is a function of one or more independent variables that con-

tains information about some phenomenon [3].

e A system is an entity that produces one or more output signals in

response to one or more input signals [3].



2 CHAPTER 1. INTRODUCTION AND MOTIVATION

The study of signal processing operates within the framework of signals
and systems. The tools that are provided by signal processing theory are
powerful enough to be applied to complex systems. One such set of complex
systems, which is of particular concern to this thesis, is that of very-large-
scale integrated circuit (VLSI) systems (with a particular view towards mix-
ed-signal integrated circuits '). These are of interest because of the impor-
tance and challenges of testing such systems. There are three main reasons
that make VLSI testing difficult:

1. VLSI systems are highly complex.

2. The entire surface of the chip (except over the pads) is sealed with
an overglass layer preventing the circuit nodes from being available for

monitoring or excitation.

3. Tt is not possible to modify a circuit during tests to make it work (except

in unusual situations).

Design and fabrication faults in VLSI systems can be very costly, both in
terms of time and money. Therefore test circuitry is often built into the
chip’s architecture. In fact, testability is so important that many designers
are prepared to dedicate over 30% of a chip’s area to this purpose [5]. This
thesis will suggest a technique for testing VLSI systems.

To explain this technique (and other related procedures), the framework
of signals and systems needs to be clearly defined. This is done in the fol-
lowing sections. The concept of signals is discussed, along with descriptions
of important classes of signals. The representation of a signal in the time
and the frequency domains is explained and a brief introduction to sampling
is given. Then important properties of systems are outlined, leading on to

a description of transforms and to an introduction to the spectral warping

LA mixed-signal integrated circuit combines analogue circuits with digital signal pro-
cessing (DSP) circuits on a single semiconductor die. An integrated circuit that includes
both analogue and digital circuitry (but no DSP), like a 555 timer, is generally not con-

sidered a mixed-signal integrated circuit [4].
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transform. This chapter concludes with reasons for further investigation of

the spectral warping transform and an outline of the remaining chapters.

1.1 Signals

Signals are ubiquitous, appearing in a vast plethora of forms. The act of
speaking creates an acoustic signal — compression and expansion of air as a
function of time. A microphone might receive the voice and translate it into
an electrical signal —voltage as a function of time. Ants communicate their
alarm to peers via pheromone signals — chemical concentrations as functions
of time. Of course, the independent variable need not be time. Ants also
communicate the location of food using pheromone trails— chemical con-
centrations as functions of position [6]. Another example is a newspaper: a
newspaper presents a signal that consists of ink intensity as a function of po-
sition on the page. This is actually an example of a two-dimensional signal:
ink intensity by horizontal position and vertical position. For an example
of a higher-dimensional signal, consider a barometer attached to a weather
balloon. It records a signal of four dimensions: air pressure as a function
of latitude, longitude, altitude and time. This thesis is only concerned with
one-dimensional signals. Time and frequency (and complex frequency) ap-
pear as the independent variables in this thesis. The theoretical results that
are presented are still valid if time is substituted with some other independent
variable.

The following sections give an overview of types of single-dimensional

signals, and some operations that can be applied to those signals.

1.2 Continuous-Domain and Discrete-Domain,

Analogue and Digital

A continuous-domain signal is defined for every point over some interval in

the domain. Similarly, the amplitude of a continuous-range signal may as-
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Figure 1.1: Types of signals: continuous and discrete. A signal may be (a)

Continuous
Range

Discrete
Range

continuous in both its domain and its range (analogue), (b) sampled so as to be
in a discrete domain but still have a continuous range, (¢) in a continuous domain
but have a discrete (quantised) range, or (d) a digital signal — discrete in both

domain and range.

sume any value in a continuous range. A signal that has a continuous range
over a continuous domain is an analogue signal. In contrast, a discrete-do-
main signal is defined only for discrete points in the domain (these points are
usually, but not necessarily, evenly spaced). A digital signal can be repre-
sented by a sequence of numbers, so in addition to its domain being discrete,
its range must also be discrete (quantised). That is, its amplitude may only
assume a finite number of values. Figure 1.1 shows four signals: analogue
(continuous-range/continuous-domain) signals, discrete-domain signals with
continuous ranges, quantised continuous-domain signals and quantised dis-
crete-domain (digital) signals.

The theory sections of this thesis deals with analogue signals and continu-

ous-range/discrete-domain signals. For the realisation and implementations



1.3. SINUSOIDS AND COMPLEX EXPONENTIALS )

sections, digital circuitry is used, requiring digital signals. In this text, a
function of a continuous domain is represented using parentheses (for exam-
ple, f(t)) and a function of a discrete domain is represented using square

brackets (for example, f[n]).

1.3 Sinusoids and Complex Exponentials

A very important identity in signal processing is Euler’s equation, as given
below.

e/ = coswt + jsinwt (1.1)

Because e“t? = e¥e for any u and v, we can derive the following trigono-

metric identities:

cos(wt) = 5 (e 4 e7Ih) (1.2)

sin(wt) = & (el — e7941) (1.3)

Hence, sinusoidal signals (which appear everywhere in nature) can be ex-

pressed in terms of the exponential /%,

1.4 Real Exponentials — Decaying Signals

The function
h(t) = e ™ teR, 7>0 (1.4)

represents a decaying signal, whose value approaches zero as time ¢ increases.
T is the time constant — the time it takes for the signal to decay to 36.8% of
its initial value (e7!). If 7 is negative, the signal is unbounded and approaches

infinity as ¢ increases. A simple decaying signal is plotted in figure 1.2.

1.5 Impulses

Impulse signals are another very important group of signals. An impulse in

the continuous domain is defined as a signal which has an amplitude of zero
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amplitude

time

Figure 1.2: A simple decaying signal.

everywhere except for one time instance, at which there is an infinitesimally
short burst of energy such that the total area under the signal is one. An

impulse signal is represented mathematical using the Dirac-delta function, as
defined below [7, §].

5() 1/Ooe_j“tdw (1.5)

:% N

This definition is the inverse Fourier transform of w = 1 for all w. The

Dirac-delta function can also be expressed by the two statements below.

St)=0 t#£0
. (1.6)
/ tdt =1

oo

An impulse at time 7 is represented by §(t — 7).

One pertinent point that can be noted from the first definition is that the
Dirac-delta function is the sum (integral) of the real cosine and imaginary
sine functions of all frequencies (compare (1.5) with (1.1)). This concept will
be referred to when discussing the effects of applying the spectral warping
transform to an impulse signal.

The discrete equivalent of the Dirac-delta function is the unit impulse,
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defined thus:

0 n#0
dn|] = 1.7
@ { R (17)
This can also be expressed as a sum of sinusoids:
= = 3 E (13)
n|=— coswn — jsinwn .
2w = J

For practical applications, a finite-length sequence representing a unit im-
pulse is needed —that is, a sequence for which each sample has an ampli-
tude of zero, except for one sample, which has an amplitude of one. An
N-length unit impulse sequence that has its impulse a sample index Ny can

be expressed using just real cosine terms, as below.

N-1
Sln—Nol = fif[n— No] + fi[n — Ny (1.9)
=0
where
27i(n — N,
FHin — Ng] = cos 2xn = No)
N
— COS 27ri(7;,\[—N0) n > NO (110)

filn— No| = { 0

n<N0

This representation is used to explain the effects of spectrally warping a unit

impulse.

1.6 Impulse Responses

An impulse response is the signal a system produces on its output in response
to an impulse signal being applied to its input. Impulse response signals are
often decaying sinusoids — products of real and complex exponential func-
tions. The equation below is an example of a typical simple impulse response
signal.
gt e~ dwt=to) 4 ejw(t—to)
gt) = e~
2 (1.11)

= cosw(t — to)
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Figure 1.3: An example impulse response signal. The signal plotted is the

tog—t
decaying sinusoid e = cosw(t — to), setting w = 7/ and ty = 7/2.

This signal is plotted in figure 1.3 using w = 7/7 and ¢ty = 7/2. Equation

(1.11) can be rewritten by introducing the complex variable z, where

z = |z| 47 (1.12)

g(t) (1.13)

) { 2] =™
2

A useful feature about the impulse response is that its Fourier transform
is the system (frequency) response of the system that generated it. This is
because an impulse contains all the possible frequency components, all with
the same energy (if the impulse occurred at time ¢t = 0, then all the impulse’s

constituent frequency components have the same phase).

1.7 Sampling and Reconstruction

A band-limited continuous signal can be represented exactly by a discrete se-
quence. The values of the elements of the sequence are obtained by sampling
the value of the continuous signal at certain times. When interpreting the

discrete sequence, it is usually assumed that it represents the signal of the
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lowest frequency that fits to the sampled points. If the samples are taken at
regular intervals, then the duration of the sampling interval T, must be no
longer than half the wavelength of the highest frequency component in the

signal, or
s

T, < (1.14)

Wmax

where T, is in seconds and w,.y is the signal’s highest frequency component
in radians per second [9, 10, 11].

The sampling process effectively multiplies the continuous signal with an
impulse train (a signal that has zero amplitude everywhere except at the
times at which the samples are measured, at these points the impulse train
has a value of one). Multiplying a signal in the time domain with the impulse
train

h(t) = i 5(t — kT)) (1.15)

k=—o00
is equivalent to convolving the signal in the frequency domain with the im-

pulse train
[o.¢]

H(w) = QT—” kzzoo(s (w - kQT—”) (1.16)

This time/frequency correspondence is show symbolically as
g(t) = f()h(t) <= G(w)=F(w)® H(w) (1.17)

where ® is the convolution operator and F(w), G(w) and H(w) are the
respective Fourier transforms of f(t), g(t) and h(t). This convolution of
the signal’s spectrum causes an image of the spectrum to be repeated at
intervals of 27/ Ty along the frequency axis. So if the signal’s bandwidth
is greater than 27/ Ty, the spectral images will overlap and cause aliasing
(to avoid aliasing the highest frequency component must be no higher than
7/ Ts, accounting for the negative and positive sides of the spectrum). This
sampling process is shown in figure 1.4, in both the time and the frequency
domains.

To reconstruct the continuous signal from the sampled signal, the spectral

images need to be removed. This can be done by multiplying the spectrum
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Time Domain Frequency Domain
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Figure 1.4: The sampling process in the time and frequency domains. The
time-domain signal (a) is multiplied by an impulse train (c) to give the sampled
signal (e). In the frequency domain, the signal’s spectrum (b) is convolved with

the impulse train shown in (d) to give the the spectrum of the sampled signal (f).
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Figure 1.5: A sinc signal used for reconstructing continuous signals from

their discrete sequence representation. 7T is the sampling period.

of the sampled signal with a reconstruction filter. A ideal reconstruction
filter has a value of zero for all frequencies of magnitude greater than =/ T
and a value of one for all frequencies from —7 /Ty to 7 /Ts—that is, a
rectangular window of width 27 /Ts, centred on the origin. In the time
domain, this rectangular window equates to a sinc that has a main-lobe
width of 2Ty, like that shown in figure 1.5. Multiplication in the frequency
domain is convolution in the time domain, so to recover the original signal,
the sampled signal is convolved with the sinc. This convolution is described

mathematically below.

f(t) _ il s Sin?:i
T
B s sin (n — Ti> (1.18)
—nz_:oof[n] W(n—%)

where f[n| are the samples of f(¢).
Other functions may be used to interpolate samples to approximately
reconstruct the continuous signal. A thorough review of sampling techniques

can be found in [12].
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1.8 Important Properties of Systems

There are some systems that have certain properties that make them ex-
tremely useful. These properties are stability, linearity, time-invariance and
wnvertibility, as explained below. Another important classification of sys-
tems is whether or not they have a finite-length response to a finite-length
excitation (also explained below). Whenever a system is investigated, it is

important to consider which of these properties apply to that system.

1.8.1 Stability

A system is stable if all its output signals are bounded whenever all input
signals are bounded. The poles of a stable system are always inside of the

unit circle.

1.8.2 Finite and Infinite Response

The impulse response of a finite-impulse-response (FIR) system eventually
settles to zero, whereas an infinite-impulse-response (IIR) system may re-

spond indefinitely to an impulse. Useful features of FIR systems include:

1. They are always stable. All the poles of an FIR system are located at

the origin (inside the unit circle).

2. FIR systems have no feedback. The output is only dependent on the

inputs, not on previous outputs.

An IIR system, on the other hand, has internal feedback, so the output is
determined by the inputs and previous output. The poles of an IIR system

can be anywhere on the z-plane, so they are not guaranteed to be stable.

1.8.3 Linearity and Superposition

A very important class of system is that of linear systems. Linear systems

possess the property of superposition. Superposition states that if the input
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to a system is a weighted sum of two or more signals, then the output of the
system is equal to an equivalently weighted sum of the system’s response to
each of the components of the input. To express this more precisely, consider
a system that produces an output y(t) in response the input z(¢). The system
is linear if the following is true: if y;(¢) and yo(t) are the system’s responses
to x1(t) and z5(t) respectively, and x(t) = Ayxq(t) + Asza(t) (where A; and
A, are any constants), then y(t) = Ajy1(t) + Aays(t).

The superposition condition can also hold for systems that operate in

discrete domains: a discrete system H is linear if

When dealing with discrete sequences, each output sample of a linear system
is a linear combination of some or all of the input samples. This means that

a linear FIR system can be represented by a matrix multiplication.

1.8.4 Time (Shift) Invariance

A system is time invariant if the output to a given input does not depend
on when that input is applied. An example of a physical system that is
not time invariant is a transistor that generates heat while it is used and
whose parameters change with a change in temperature. An input applied
to the transistor when it has just been turned on and is cold may produce
a different output from the same input applied to the transistor when it has
been running a while and is hot.

A continuous-time system H is time invariant if
H(zx(t)=yt)=H(z(t—71))=y(t—1) V 7€R (1.20)

The equivalent of time invariance in discrete-time systems is shift invariance;

a discrete-time system H is shift invariant if

H (z[n]) = y[n] = H (z[n — no)) = y[n — ne| V ngel (1.21)
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1.8.5 Invertibility

A system is invertible if unique inputs always produce the unique outputs.
This implies that there is a one-to-one mapping between the input and the
output. An invertible system has an inverse system: the original signal can

be recovered by applying the output signal to the inverse system.

1.9 Transforms

The useful or interesting information in a signal can often be made more
accessible by rearranging the signal in some manner. This is the core job of
signal processing. An example is transforming a signal so that the frequency
components contained within the signal may be clearly seen. Such informa-
tion, once retrieved, can be used to make decisions — either by a human or
by an automatic control system. These transformations usually take place in
the digital domain, where powerful or specialised computers can be used for
the task. The term transform is given to a system that performs some such
transformation on a signal.

There are many transforms that are commonly applied to signals, each
revealing some particular information of interest. The Fourier transform, for
example, rearranges a signal to show its frequency composition. Examples

of transforms that can be applied to discrete-time signals include

e the discrete-time Fourier transform (which expresses signals in terms

of real frequency components [13]),

e the z-transform (which expresses signals in terms of complex, or de-

caying, frequency components [13]),

e the Hadamard transform (which expresses signals in terms of a sym-

metrical pattern of values of positive and negative one [14]),

e and wavelet transforms (which express signals in terms of shorter sig-

nals of different frequencies [15]).
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Each transform is useful in certain situations, and each has limitations that
can restrict its usefulness at times. For this reason, it is beneficial to investi-
gate transforms to discover what type of information they reveal and in what
circumstances they are superior to other transforms.

Some very common transforms— the continuous and discrete-time Fourier
transforms and the z-transform —are introduced now, followed by the spec-

tral warping transform.

1.10 Time and Frequency Domains and the

Fourier Transform

Any signal can be constructed as a weighted superposition of complex ex-
ponential functions of different frequencies. For a continuous function, this
superposition is given by the following integral, where f(t) is any real signal.

F1) = 5 / Z F(w) @ dw (1.22)
where F'(w) is the function giving the weight of the frequency component at w.
Equation (1.22) can be recognised as the inverse Fourier transform formula
and F'(w) as the Fourier transform, or frequency-domain representation, of
f(t). The (forward) Fourier transform expresses the frequency-domain rep-
resentation of a signal as a weighted superposition of complex exponential

functions of different time values.
F(w) = / ft)e @t dt (1.23)

In this work, the time-domain representation of a signal will be labelled
with a lowercase letter and the frequency-domain representation with the

corresponding uppercase letter. The Fourier transform operation is denoted
by the F {} symbol.

Fw)=F{f()} (w) (1.24)

The inverse Fourier transform is denoted by F~*{}.

ft)=F H{F W)} () (1.25)
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The Fourier transform of a discrete-time signal is referred to as the dis-
crete-time Fourier transform (DTFT). Its definition is similar to that of the

continuous-time Fourier transform, with the integration being replaced by a

summation.
F(w)= Y flnJe " (1.26)
Its inverse is
1 4 .
= — F Jwn 1.2
ol = 5= | Ple)ermas (127

Note that the integral in the inverse DTF'T formula is taken over the interval
(—m, 7). This is because the DTFT is periodic over that interval (that is,
F(w + 2km) = F(w) for any integer k).

1.11 The z-Transform

The sequence g[n] can be expressed in terms of the complex variable z by

calculating its z-transform. The transform equation is
G(z) =) gln]z™" (1.28)

G(z) is the z-transform of g[n] [16]. It is defined as a power series of z~!.
Each 27" can be interpreted as indicating the nth sample of g[n]. Therefore,
multiplying a sequence by z~" shifts the sequence to the right by n samples.

The inverse z-transform equation is

1
27

gln] %F(z)z”_1 dz (1.29)

The value of the z-transform of g[n] for |z] = 1 (the unit circle) is the dis-

crete-time Fourier transform of g[n].



1.12. THE SPECTRAL WARPING TRANSFORM 17
1.12 The Spectral Warping Transform

The spectral warping (SW) transform is another discrete-time transform, first
proposed by Oppenheim, Johnson and Steiglitz [2] and further investigated
in [1, 17, 18].

The SW transform rearranges a signal in such a way that each frequency
component is mapped to a new frequency. Consequentially, the duration and
amplitude of each frequency component are also affected. These properties
potentially make the SW transform a useful tool in signal analysis, especially
for extracting information from a signal about its frequency composition over

a restricted frequency band.

1.13 Motivation for Investigating the Spec-
tral Warping Transform

The hypothesis of this thesis is that the SW transform is indeed a useful
addition to the suite of tools available for digital signal analysis and manipu-
lation, particularly as a technique for system characterisation and high-reso-
lution frequency analysis. To test this hypothesis, an in-depth mathematical
analysis of the transform is presented (chapter 2). The representations de-
rived from the analysis are used to develop implementations of the transform
(chapter 3). Thus equipped with an understanding of the properties of the
SW transform, some applications for it are explored in chapter 4. A more
specific proposition that this thesis addresses is that SW-based techniques are
useful for testing mixed-signal systems (particularly mixed-signal integrated
circuits).

A secondary aim of this thesis is to test the usefulness of implementing a
realisation of a SW transform using an application-specific integrated circuit
(ASIC). The fitness of a such an implementation to digital and mixed-signal
integrated circuit characterisation is evaluated. To this end, a proof-of-con-

cept ASIC was designed, fabricated and tested, the details of which are given
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in appendix A.
For the SW transform to take its place alongside other digital signal

processing transforms, a rigorous mathematical analyses must be provided.

Such an analysis is presented in the next chapter.



Chapter 2

Analysis of the Spectral
Warping Transform

This chapter provides a theoretical underpinning of the spectral warping
(SW) transform, detailing considerations that must be taken into account
when applying the transform.

The transform is first discussed in general terms, described by an arbitrary
frequency-mapping function. Then some specific SW transforms, described
by certain families of frequency-mapping functions, are discussed. Some of
these variations of the transform are useful for practical applications and
some are not, for reasons that will be explained. The various effects of
the transform are covered in section 2.2. Section 2.3 explains how the SW
transform can be viewed as a linear transformation. The implications of the
length of the input and output signals are then discussed. The final section

of this chapter provides an alternative way to calculate the SW transform.

2.1 Digital Spectral Warping

The SW transform is a digital signal processing (DSP) transform that shifts
the frequency content of a signal by manipulating its time samples. It is a

time-domain-to-time-domain transform, wherein the discrete Fourier trans-

19
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form (DFT) of the warped signal is equal to non-uniformly spaced samples
of the Fourier transform of the original signal. This can be considered to be
a warping of the frequency axis. This warping is governed by the frequency

warping function 6(w)

O = 0(w) (2.1)

where w and @ are the original and warped frequencies, respectively.
Spectral warping can also be viewed in the z-domain. In the z-domain,

sinusoids map onto the unit circle. Therefore SW effectively warps the z-

plane such that points on the unit circle are mapped to other points on the

unit circle. Thus, (2.1) can be restated in terms of z.

I
@

(2)
1V |z=1

i (2.2)

1|

where z is the unwarped, and 2 is the warped, complex frequency variable.
A general spectral warping formula can be developed as follows. Begin-

ning with the input sequence f[n], the z-transform is taken:

> flnle
the z-domain is warped according to the warping function ©(z):
> [

n=—oo

and the inverse z-transform is taken to give the output sequence f [m]:
£ 1 - -n _m-—
flm] = %% Z fn]©(z) "2 tdz (2.3)

where C” is the anticlockwise contour of integration defined by |z] = 1 [13].
Although (2.3) describes spectral warping succinctly as a single equation, it

can be difficult to calculate and is not used directly in this thesis. Rather,
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the spectral warping transform is calculated by working out each of the steps
sequentially.

The DFT of a signal consists of samples of the signal’s z-transform evenly
spaced around the unit circle. Because of the warping of the z-domain, evenly
spaced samples around the unit circle in the Z-domain equate to unevenly
spaced samples around the unit circle in the z-domain. Therefore the DFT of
a spectrally-warped signal consists of unevenly spaced samples of the original
signal’s z-transform. A conceptual explanation of the process of spectral

warping, then, is as follows:
1. The z-transform of the original signal is taken.
2. This is sampled at arbitrary points on the unit circle.

3. A frequency warping function is applied that redistributes the arbitrary

samples evenly around the unit circle.

4. Finally, the inverse z-transform is evaluated at the sample locations.
As the samples are now evenly spaced, the inverse z-transform reduces

to an inverse DFT.

Steps 2 and 3 are illustrated in figure 2.1. Note that steps 2 and 3 can be
swapped —it is equally valid to consider the warping of the z-plane hap-
pening first, which is then sampled at evenly spaced locations. It is only a
conceptual difference.

Some key features of the SW transform, aside from the frequency warping

effect, are listed below:

Time domain to time domain. Although the SW transform is largely
characterised by its effect in the frequency domain, it is a time-do-

main-to-time-domain transform.

Not time (shift) invariant. Delaying an input signal to the SW transform
will affect the shape of the output signal. This property is discussed

further in section 2.2.2 and in chapter 4.
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Figure 2.1: The steps involved in spectral warping. The unevenly distributed
z-domain samples (a) are redistributed by the spectral warping function (b) to be
evenly spaced around the unit circle (c). The inverse z-transform now reduces to

an inverse DFT.

Linearity. The SW transform is mathematically linear: each output sample
is a linear combination of the input samples. This is shown in section
2.3. It is not linear, however, in the common engineering sense, in
that it can introduce frequencies in the output that were not present
in the input. The introduction of these new frequencies is a result of
the transform not being shift invariant; this will also be explained in

section 2.4.

Amplitude and duration is affected. The amplitude and the duration
of the signal’s frequency components change as the frequencies are

warped. These effects are discussed in the following sections.

2.1.1 The Frequency Warping Function

As stated by (2.2), the frequency warping function ©(z) maps the unit circle
onto the unit circle (|©(z)] = 1V |z] = 1). Any function that has this
property can be used for spectral warping, although the mapping must have
a one-to-one correspondence if the spectral warping is to be invertible. Some

candidate functions are considered below.
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Zz—plane Z-plane
Figure 2.2: Warping of the z-plane using a real first-order all-pass map-

ping function.

2.1.2 First-Order All-Pass Mapping

A first-order all-pass mapping is described by

£=0(2) = —, la] < 1 (2.4)

where a is a warping factor and a* is the complex conjugate of a. This
function has a pole at (a*)~!, causing the z-plane to warp away from (a*)!
(where z maps to 2 = o0). A value of |a| close to unity gives maximum
warping, and negating a gives the inverse warping. An example of first-or-
der all-pass warping of the z-plane, for which Z has a real pole, is shown in
figure 2.2. In this example the z-plane is warped into the Z-plane using the

first-order warping function

1
Z —_— =
z = 2 2.5
= (25)
The inverse mapping is given by
A + l
=212 (2.6)
1+ 3

which has a pole at 2 = —2. The warping ‘gathers’ the z-plane towards this

pole. A second example of first-order all-pass warping of the z-plane (where
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"} Re

z-plane Z-plane

Figure 2.3: Warping of the z-plane using complex first-order all-pass

mapping.

Z has a complex pole) is shown in figure 2.3. In this case, the z-plane is
warped into the Z-plane using the complex warping parameter a = (i—1)/a,

giving a first-order warping function

z— j—f
zZ= : (2.7)
+1
The inverse mapping
£+ 17
z = . (2.8)
i1
1 =257

has a pole at z = 2(1 — j), towards which the z-plane is ‘gathered’.
To derive the warping of the frequency axis, @ = 0(w), from the warping

of the z-plane, the substitution z = ¢/“ is made.

. . ejw —a
Jw Jwy __
v =0(e") = Ty (2.9)
= Aw)=0=—jln(0(e*
S / n( (e >) , (2.10)
=jln (1 — a*ej“’) —jln (63“’ — a)

The equation (2.10) is simplified observing that the magnitude of (2.9) is
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unity for all frequencies, as proved below.

_ e —af

B 11— a"‘csjw|2
Jw —Jw %
I Gt DN Chind ) (2.11)
(1 —a*ei®) (1 — ae=iv)
1—ae ¥ —a*e +|a]*

Cl—are —ae i@ + |

O(e)[’

1

Therefore the frequency warping is the phase angle of the z-plane warping

function:
O(w) = —jInO(e) = —jIn }@(ejw)’ —jln (ejl@(ejw))

= Z0(e) (2.12)

L Im{6(e™)}

~ Re(e(e)

If the complex part of ©(e’*) is moved to its numerator by multiplying the

numerator and denominator by the denominator’s complex conjugate,
(e —a) (1 — a*e’)”

(1 —a*ei) (1 —a*eiv)”

(e’ —a) (1 — ae %)

|1 — a*ejw]2

O(e?¥) =

(2.13)

then the denominator can be ignored (it is real and will cancel out). Sepa-
rating the numerator into its real and imaginary parts produces
(% —a) (1 —ae ) =¢* —2a+a’e™7™
=cosw + Jsinw — 2ar — j2ar+
(a% + j2ara; — af) (cosw — jsinw)
= (1+ af — aj) cosw + 2ap (arsinw — 1) +
7 ((1—aj + af)sinw + 2as (ag cosw — 1))
(2.14)

where agp = Re{a} and a; = Im {a}.
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Inserting this result into (2.12) gives an expression for the frequency warp-
ing function:

., (1 —a% +a?)sinw + 2a; (ag cosw — 1)

0 =t 2.15
(@) = tan (1+a% —a?)cosw + 2ag (arsinw — 1) (2.15)
An alternative form of this expression is derived here:
: e —a L1 —ae
Q)= ——=e———
(6 ) 1 —a*esw € 1 —a*erw
w1 —ae™?) (1 —ae7¥)
=e . .
(1 —a*ei*) (1 — ae=iv)
e (1— ae*j“’)2
I1— a*ejw|2
AN 2
. . 1 —aqe ¥
Bw) = L6(e) = Lo+ /(L=
|1 — a*el|
A [
=w+2tan"? Im {1 — ae - ;i (2.15b)
Re{l — ae—7v}
4 2tan-! AR SINW — ar Cosw
=w an

1—agpcosw — aysinw
Because a is real for most practical implementations of the SW transform,
the following simplified frequency warping function is normally used, which
is valid for real a.

(1 —a?®)sinw

O(w) = tan™* 1+ a7) cosw — 2 ac€R, Ja| <1 (2.16a)
or .
e@g:w+2mw4Tﬁﬂi— a€R, o<1 (2.16b)
— a4 COS W

where R is the set of all real numbers. Both forms of (2.16) are stated in [1].
The inverse of (2.15) is found by negating a (i.e., warping the signal in

the opposite direction).

(1—a%+a)sinw + 2a; (ag cosw + 1)

0 (w) = tan™" 2.17
(@) = tan (1+ a% — a?) cosw + 2ag (arsinw + 1) (2.17)
The inverse warping for real a, then, is
1 —a?)si
6! (w) =tan™! (1—d))sinw aeR, |a| <1 (2.18)

(1+a?)cosw + 2a
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Figure 2.4: First-order all-pass warping of the frequency axis with a real
warping parameter. The frequency warping curve is given by (2.15), where

a=1/2.

The warping of the frequency axis that is equivalent to the z-plane warp-
ing of figure 2.2 is shown in figure 2.4. Two other first-order frequency
warping functions are plotted in figure 2.5. It can be clearly seen from these
figures that increasing the magnitude of a makes the warping more severe,
and negating a causes warping in the reverse direction.

It can also be observed from figures 2.4 and 2.5 that the frequency axis is
stretched where 6(w) has a slope greater than 1 and is condensed where the

slope is less than 1. The slope of §(w) is given by

do d , .
d(c:U) =1 (j In (1 — a*e]‘”) —jln (63“’ — a))
a*elv el
1—arel  elv —q
11— |a‘2 (2.19)
e — al*
_ 1-— a% — a%
1 —2agcosw — 2arsinw + a% + a?
do(w) 1—a?
= R <1 2.20
dw 1 —2acosw + a? @ ER, ol (2:20)

This slope has a maximum at w = La (w = 0 for positive, real a) and a
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Figure 2.5: Frequency warping functions for two real values of a.

minimum at w = £—a (w = m for positive, real a). Maximum stretching
, . . .
occurs at the slope’s maximum, and maximum compression occurs at the
slope’s minimum.
A complex warping parameter allows the region of maximum stretching

to be placed at any frequency, but a real signal, which has a spectrum that

is symmetrical about w 0, will be transformed into a complex signal,
for which F'(w) # F*(—w). This is demonstrated by the complex warping
function in figure 2.6. To use complex warping parameters while keeping the
signal real, a higher order system is required in which each complex warping
parameter is matched with its complex conjugate.

Recall that the SW transform samples the unit circle of the z-plane, and
redistributes the samples evenly around the unit circle in the 2-plane. To
calculate where the samples are located in the z-plane, the inverse of (2.4) is
applied to the evenly spaced samples in the Z-plane. By defining a vector of

the output frequency samples

&

(2.21)
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go

Figure 2.6: A complex first-order all-pass frequency warping function.
The warping parameter is a = 3/4(1 — j). A real signal (F (w) = F*(—w)) will
become complex (F (&) # F*(—w)) after warping with a first-order complex all-

pass warping function.

(where M is the number of samples) and defining the special vector/matrix

exponent operations

Y0,0 Yo,1

Y0 T
Y Yi.0

e
ISR (2.22)

for any scalar z, any vector y and any matrix Y, Z-plane sample locations
can be specified as

7 = el® (2.23)
Applying the inverse warping (assuming real a):

-1 2+&

z=0"(2) = T (2.24)
1 —a?)sinw
& w= 67 (@) = tan — 2.25
w (@) = tan (14 a?)cos@ + 2a (2.25)
1 — a?) sin 22
S = 0@ —tan L
(14 a?)cos 7 + 2a (2.26)

me{0,1,...,M—1}
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A first-order all-pass mapping with real poles is of particular interest,
because there exists an IIR (infinite impulse response) implementation of
the SW transform for mapping functions of this form. This will be discussed

in chapter 3.

2.1.3 Higher-Order All-Pass Mapping

More control over how the z-plane is warped can be achieved by adding

additional poles. An N*-order all-pass function of the form

N
Z— Qy
on(z) =[] — lal<1 (2.27)
n=1 n

has N poles at (a)~! and N zeroes at a,. By extension of equations (2.12)
and (2.13), it can be seen that the frequency warping given by N*:-order

functions is

i { L (¢ = a)(1 = ae )}
Re {TIV1 (e — an)(1 = ane*) |

1

Oy = tan™ (2.28)

Figure 2.7 plots a second-order all-pass warping with parameters a; = —3/4
and ay = 3/4. The figure illustrates that, in general, a real signal (F(w) =
F*(—w)) becomes complex (F(w) # F*(—w)) after warping with a second-
order all-pass function. Also note the many-to-one (non-invertible) nature of
the Oy (w).

A real output is achieved from a second-order warping by making the
warping parameters conjugate symmetrical, such as the warping function
plotted in figure 2.8.The warping parameters are a; = (1+9)/2v2 and ay =
(1-4)/2v2. Note how a real signal remains real after warping (F(w) = F*(—w) =
F(w) = F*(—w)).

The z-plane mapping shown in figure 2.9 is equivalent to the frequency
warping of figure 2.8. The warping parameters are a; = (1+3)/2v2 and ay =

(1=7)/2v2. The grid is not shown in this figure because it wraps right around
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Figure 2.7: A second-order all-pass frequency warping function.

m : 2n
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Figure 2.8: A complex-conjugate second-order all-pass frequency
warping function. The two graphs show the same function, plotted on

different scales.
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Figure 2.9: A complex-conjugate second-order all-pass mapping of the

z-domain.

the unit circle and crosses over itself. Instead, arrows are drawn for two com-
plex-conjugate sample pairs in the z-plane, showing where they came from in
the z-plane. These arrows illustrate that although some samples are moved
from negative frequencies to positive, conjugate symmetry is preserved. They
also show that distant z-plane samples can map to the same Z-plane location,
highlighting the aliasing that occurs from this many-to-one mapping.
Figures 2.7 and 2.8 show that there are two possible frequencies w that
could have been transformed to create each warped frequency w. Thus it
is not possible to calculate the original frequency w from a given warped
frequency w, which means second-order warping functions are not invertible.
A consequence of this many-to-one mapping is that © x(z) and 0y (w) are not
generally invertible for N > 1. This makes it difficult to correctly position

the samples in the z-plane to make them evenly spaced in the z-plane.

2.1.4 Piecewise-Linear Mapping

It is possible to choose any arbitrary function 6(w), rather than deriving it
from a known z-domain warping function ©(z). In fact, ©(z) does not need

to be defined for all z—it only needs to be defined on the unit circle. The
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wal |

Figure 2.10: A piecewise-linear frequency warping function.

z-domain warping function O(z) is derived from a given frequency warping

0(w) using the mapping z = e/* at its inverse w = —j In z:
O(z) = W) = (i0(=iIn2) (2.29)

Piecewise-linear functions are useful in that their slope is constant (and,
therefore, the extent of the warping) over frequency bands. Consider the
function

@u-m/f3 —1 <w< -4
O(w) =1 2w —Thh<w< T4 (2.30)
w <

(2w+7r)/3 7r/4 < T

displayed in figure 2.10. Frequencies below |w| = 7 are expanded by a factor

of 2 and frequencies above |w| = 7§ are compressed by a factor of 1.5.

2.2 Bandwidth, Time and Amplitude Distor-
tion Effects

The centre frequency, bandwidth, duration and amplitude of a signal (or

component of a signal) are intimately related to each other — changing one
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of these parameters must affect the other parameters. This section describes

how the SW transform changes a signal with regard to these parameters.

2.2.1 Bandwidth Distortion

As a band-limited signal undergoes SW, its bandwidth is altered accord-
ing to the slope of #(w), as illustrated in figure 2.11. A signal’s bandwidth
B(Wmax, Wmin) 18 defined as the difference between its lowest non-zero fre-

quency component wy, and its highest non-zero frequency component wy.x.
B(wma.xa wmin) = Wmax — Wmin (231)

Similarly, a warped signal bandwidth is given by

B(Gmaxs @min) = Cmax — Prmin (2.:32)
where Wi, and Wy, are the lowest and highest frequency components of the
warped signal, respectively. For a first-order real all-pass warping, Omin =
01 (Wmin) and @max = 01(wmax) (this is not necessarily true for higher-order
warping functions). The ratio of the warped signal’s bandwidth to that of the
original signal, denoted by S(Wmax, Wmins @max, @min ), describes the bandwidth

distortion resulting from the SW.

A

B(wmaxa wmin) o Wmax — Wmin
B(wmaxa wmin) Wmax — Wmin

(2.33)

S(wmaxa Wmin; a)maxa a)min) =

For first-order real warping the bandwidth distortion is a function of only

two frequency variables:

01 (Wmax) - 01 (wmin)

Wmax — Wmin

S(wmam wmin) =

(17a2) sin wmin (234)

(14+a?) cos wmin—2a

1 (17a2)sinwmax
(14+a?) cos wmax —2a

—tan~!

tan

Wmax — Wmin

If a signal’s bandwidth B(wmax, Wmin) is sufficiently narrow, then an ap-

proximation to B(d}max, @min) can be found by multiplying B(wmax, Wimin) With
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Figure 2.11: Distortion of a signal’s bandwidth. An example signal spectrum

is warped using a first-order warping with parameter a = 3/4.

the slope of f(w) at the centre frequency wy. This approximate bandwidth

distortion function is denoted by S(wp).

~ do
S(wp) = dl(w)
w _
w=wo (2.35)
1 —a? S( )
— ~ Wmax; Wmin
1 —2acoswy + a?
é(djmax; djmin) ~ B(wmam wmin) 5"(WO) (236)

The error ratio & <S (Wmaxs Wmin ), S (w0)>, defined as the absolute difference
between the actual and approximate values divided by the actual value, is a

four-dimensional function of wg, Wmin, Wmax and a.
5 <S(wmaxu wmin)a g(w0)>

)S(Mmax, wanin) — S(wo)
- S (Wrnaes Wrain) (2.37)

(wmax —wmin) (1~a?
91 (wmax) - 61 (wmin) - wnllzf(Zau:::)ﬂsljuo(Jra; )

91 (wmax) - 61 (wmin)

As an example, the accuracy of the constant-slope approximation for

f[n], where f[n] is a sinusoid of frequency wy that has been windowed using
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a Hanning window function of length L, beginning at sample Ny, is

Fn] = coswogn X 2 [1+cos2E (n— Ny —L)], |n—N|<E (2.38)
0, otherwise
This signal has the frequency spectrum:
Flo) = e w(m+d) LT 7 ;
(w)=¢e Loy [F(w +wo) + F(w — wo)} (2.39)
where
~ sin(mLw) 1 (sin (7 (Lw+1)) sin(7(Lw —1))
Flw) = -
() Lo +2( Lw+1 Lw—1

The main lobe of this spectrum has a width of Bjanning = 87/ L, spanning the
band wy —47/L to wy+47/L. Note that the value for the bandwidth given here
is not strictly the difference between the maximum and minimum frequencies
(because the side lobes have a finite amplitude), but it is a useful measure of
bandwidth for this example. The warped spectrum, F(w) = F (§~*(w)), has
a main lobe width of
. (1 —a?)sin (wy + 27)
(14 a?)cos (wo + 2T) — 2a

(1 —a?)sin (wo — 27)

(14 a?)cos (wo — ) — 2a

é(djmaxa a)min) = tan
(2.40)

tan™!

A

Figure 2.12 shows bandwidth stretching, B(@max, @min)/ Bhanning, for three
signals of the form of (2.38), each having a different initial bandwidth Bjanning
(resulting from different window lengths L). Figure 2.13 plots the error re-
sulting from the bandwidth stretching approximation S (wp) for each of the
three signals. Three important features of the bandwidth stretching approx-
imation are highlighted by figure 2.13. The first is that the approximation is
exact along the line a = 0. This is sensible, because for a = 0 the function
0, (w) is a straight line, so the slope over the whole band is equal to the slope
at wp. The second feature that can be noted is that the approximation is
very good for

a = cos(wyp) (2.41)
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Figure 2.12: The bandwidth stretching function. The independent-variable

axes are the warping factor a and the centre frequency wy.
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‘B=n/128

-12

Figure 2.13: The error £ resulting from using the approximation S(wp).
The independent-variable axes are the warping factor a and the centre frequency
wp. The logarithm of the error is plotted to more clearly show the features of the
error function, which are: there is no error where a = 0, the error is small when

a = cos(wp) and the error increases with the bandwidth of the signal (B).
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This relates to the “knee” of the curve 6;(w)—the point where the slope
equals unity. Around this point, the error on one side of the centre frequency
is mostly cancelled out by the error on the other side. Finally, the error is
small for narrow-band signals. This is what is expected, because, for a nar-
row-band signal, the slope of ;(w) does not change much over the signal’s

spectrum.

2.2.2 Time Distortion

There is a reciprocal relationship between the time and frequency domains:
the duration of the signal is reduced if the bandwidth is increased, and vice
versa. If the duration of the unwarped signal is T and the duration of the

warped signal is T, then

A

T = T's(Wmin, Wmax) (2.42)

where $(Wmin, Wmax) 1 the duration distortion function, given by

B(wmin, w
$(Wmins Wmax) = M (2.43)
B (Wmina wmax)
By the same argument as that used in the previous section, the approximate
change-of-duration function for a narrow-band signal is the reciprocal of the

derivative of §(wy), and is denoted by 5(wp).

S(wo) = (de(wO))_l (2.44)

da}(]

So, for a real first-order all-pass warping, the function is:

1 — 2a coswy + a?

o acR (2.45)

$1(wo) =

(R being the set of all real numbers). The subscript 1 in the notation §;(wp)
indicates that function relates to a first-order warping. If this subscript is
absent, a first-order warping is assumed.

A discrete sinusoidal input of frequency wy, starting at sample N; and

finishing at Ny, will produce a sinusoidal output of frequency &y = 6(wy),
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Figure 2.14: Different frequency components within a signal are
stretched/compressed and shifted by different amounts. (a) Before warp-

ing. (b) After warping.

spanning the time N; to Ny. Substituting N; and Ny for Ny in (2.46) below
will give approximations to these values.

~

NO(N07 Wmin, wmax) - NOS(wminu wmax)

1 — 2a coswy + a? (2.46)

- a€eR

~ Nog(W()> = N()

where wy is the centre frequency.

Individual frequency components of a signal are shifted in time and al-
tered in duration, as demonstrated in figure 2.14. Figure 2.14(a) shows the
time domain plot and spectrogram of a signal consisting of three frequency
components: w; = 37/8, wy = 67/8 and w3 = 7w/8. The warped signal,
warped using a first-order all-pass function with warping factor a = —1/2,
is shown in figure 2.14(b). This particular spectral warping causes all the

components to have a lower frequency. It also causes the two components
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of frequencies above /2 to be condensed in duration and shifted towards
the origin. The low-frequency component is expanded in duration. If this
component originally had its starting point away from the origin, the warp-
ing would have caused its starting point to be shifted even further from the
origin. Such separation of frequencies can be exploited for useful purposes;
some of these uses will be mentioned in chapter 4.

The change in the starting location of frequency components that do not
start at time zero can be simply explained by decomposing such a component
into two parts: a cosinusoid that begins at the origin and extends to where
the frequency component under consideration ends, and another cosinusoid of
the same frequency but opposite phase that also begins at the origin but ends
where the frequency component under consideration begins. This second sub-
component cancels the first until the start of the frequency component under
consideration. For example, say a signal contained a frequency component

filn] of frequency w; that began at time N; and finished at time N,.

0 n < Nl
filn] = ¢ cosw; Ny >n <N, (2.47)
0 n > Ny

Decomposing into the two sub-components, denoted by f;"[n] and f; [n],

gives

filn] = ff[n] + fi[n]

f-*[n] _ { COS W n < N,

' 0 n> N, (2.48)
_ —cosw; n <N
filn] =
0 n Z N1

The sub-component f;” [n] is subject to the change-of-duration function s(w)
given by (2.43), therefore s(w) also describes the change in starting location.

So, for the above example, the warped frequency component will begin at N
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where

Nl = le(wi)

1 — 2acosw; + a® (2.49)

1—a?

~ N1§(wz) =

Of particular interest is the time separation of the frequency components
that comprise an impulse signal. This is interesting because it produces
a spectrally-flat chirp signal. What is meant by spectrally flat is that the
Fourier transform of the chirp signal is constant. Different frequency com-
ponents in the SW chirp signal have different amplitudes, but they all have
the same energy (low-amplitude components have a longer duration). The
use of such chirp signals will be described in chapter 4.

A unit impulse contains all frequencies, each of which is shifted to a dif-
ferent location in time when the signal is warped (provided that the impulse
does not occur at time zero). An impulse at sample Ny, when warped, will
spread out to range between Ny min (s(w)) and Ny max (s(w)). For real first-

order all-pass warping,

- . 5(0) = 5252 6> 0
min ($(w)) &~ max (§(w)) = { § 1i2a“+a2
S(m) = 5255 <0 (2.50)
_ 1—a
1+ |al
and
max (s(w)) ~ max (§(w)) = 1 i_ ;Z} (2.51)

This means that the first and last non-zero samples will occur at approxi-

mately
. 1 —|al
N rst — N 2.52
frst = 207 4 g (252)
and
- 1
Nlast - NO i ’a‘ (253)

1 —1a
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Figure 2.15: Time domain plot and spectrogram of the result of spec-

trally warping a unit impulse with warp parameter a = 1/2.

One way to understand this result is to consider a unit impulse as the sum
of anti-phase cosinusoid pairs, as described in (2.48). If §[n — Ny| represents

a unit impulse at n = Ny, then

N-1
d[n— No] =Y fi'[n — No] + £ [n — No] (2.54)
i=0
where
2mi(n — N,
fiF[n — Ny = cos M(RTO)
— cos 27ri(7;,\[—N0) n > NO (255)

filn— No| = { 0

n<N0

The spreading of a unit impulse is shown in figure 2.15. The dashed line
indicates the location of the impulse (at sample 512). The input signal was
1024 samples long, but the output was 2048 samples long to avoid time-do-

main aliasing (wrap-around). A positive warp parameter of a = 1/2 was
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used, causing the low frequencies to be compressed in time and moved to the
start of the sequence, and the high frequencies expanded and moved towards
the end. All the frequencies are warped towards the Nyquist frequency. By
applying (2.52) and (2.53), the first and last non-zero samples are found to
occur at approximately sample position 512 x 1/3 ~ 171 and sample position
512 x 3 = 1536, respectively. These sample locations are indicated by the
dotted lines.

2.2.3 Amplitude Distortion

The area under the (absolute value of) the time-domain curve of each fre-
quency component is approximately conserved during a SW transformation
(providing there are enough output samples to ensure that the signal is not
truncated!). Therefore when a frequency component is stretched out in time
it is attenuated. Similarly, it is amplified if it is squashed up in time. The
expression for the magnitude gain response is the reciprocal of the change-

of-duration factor:

1 B
|H(w>| = - 5 = S(wminu wmax)
S(Wmim Wmax) B (256)
_di(w)
T dw
For first-order warping with real a, the expression becomes
1—a?
| Hy(w)| ~ (2.57)

1 —-2acosw + a2

2.3 Matrix Representation

The SW transform can be represented as a matrix multiplication. The fol-
lowing sub-sections contain a derivation of a matrix that performs spectral

warping.

1See section 2.4 for a discussion on required signal lengths
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2.3.1 The z-Transform Matrix

In order to derive the SW matrix, the z-transform matrix must be defined. To
this end, let f[n] be N samples of an input signal, and F(z) the z-transform
of f[n], where n = 0,1,...,N — 1 and z € Z, with Z being the set of all

complex numbers.
F(z) = fin]z™" (2.58)
Now let M be the number of output samples to be generated, indexed by

m=0,1,...,M — 1, and let G[m] be the result of evaluating F'(z) at the M

points on the unit circle given by e=7«Iml

Glm] = F() (2.59)

e—J w[m]

The frequency sample locations w|m] are calculated according to the inverse

of some frequency warping function 6(w):

wim] = 6~ (&[m]) (2.60)
where

. 2mm

wlm] = Ya (2.61)

If the vectors n, fy, wy and Gy, are defined as

n:<0 1 N—l) (2.62)
v = (00 s e g -)) (209
wu = (wl0] w1] - MM—HY (2.64)
and Gy = (G en - G[M—l])T (2.65)

then equations (2.58) and (2.59) can be rewritten as

GM = HM,NfN (266)
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where
1 e_j wo e 6_(N_1)j wo
1 e dwr ...  e~(N-Djw
HM,N = e J@MR — 1 e Jw2 N e*(Nfl)j w2 (267)
1 e dwm—1 ... e~(N=Djwn—

(using the vector /matrix exponent operations of (2.22)).

The elements of the vector w), are the frequencies at which the Fourier
transform of the input signal is sampled, and the M x N matrix Hy y is
the z-transform matriz representing (2.58). The m'™ row of Hys v gives the

weights for determining the m'™ sample in the z-domain.

2.3.2 The Spectral Warping Matrix

The elements of wj; are points that are arbitrarily placed on the unit circle
in the z-plane, but are uniformly-distributed on the unit circle in the z-plane.
The inverse DFT translates the evenly spaced samples in the Z-domain to
the time domain. Spectral warping is implicit when the arbitrarily-placed
z-domain samples are treated as evenly spaced (Z-domain) samples. Taking
an inverse DFT of G[m], then, results in the time-domain samples of the

spectrally warped signal. The inverse DFT of G[m] is given by

1= S R ,
glm] = 57 > GLiW,m = i > P () Wy (2.68)
=0 =0

where

Wy = e 7/ (2.69)
The M-point DFT matrix is defined as

D, = ¢/ &um (2.70)

where
m:<0 1 ... M_l). (2.71)
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The inverse M-point DFT matrix, then, is

D‘l ejGJMm
MM
1 1 1 1
-1 -2 —(M-1)
, 1 Wy Wi, Wy (2.72)
_ _ - —2(M—1
—(M-1 —2(M—1 —(M—-1)?
1 WM( ) W, ( ) WM( )

The vector gj; contains the time-domain output samples. Using the defi-

nition of (2.72), equation (2.68) can be written in matrix notation to find

gM-

Substituting (2.66) into (2.73) gives

gm = DX}HM,N fn

(2.74)
= Suwv
where N is the number of input samples and
Sun =Dy Huyn. (2.75)

S is referred to as the SW transform matriz. Equation (2.74) shows that
each output sample is a linear combination of the input samples— hence the
SW transform is indeed a linear transform.

The n'® column of S is the response of the transform to an impulse at
the n'" input sample location; these N impulse responses are scaled by the
corresponding input samples and added to produce the output sequence.
The fact that the columns of S are not related by simple delays, but are
quite different from each other, indicates that the transform is not shift
invariant — delaying the input signal will change the shape of the output
signal. Figure 2.16 shows the 1%, 6", 11" and 16" columns of an example
32 x 16 SW transform matrix S. This particular matrix is for a first-order

all-pass warping, with a warping parameter a = 1/s.
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Figure 2.16: Some columns of a SW transform matrix.
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2.3.3 The Frequency Interpolation Matrix

Rather than directly using the z-transform matrix, a DFT can be used to
obtain N equally spaced samples. The M unequally spaced samples may be
found by interpolation. This interpolation is made explicit by replacing the
matrix H with a DFT matrix and an interpolation matrix. To explain this

result, consider the conceptual process of spectral warping listed below.

1. A standard DFT of the N input samples is calculated, giving N uni-

formly spaced frequency domain samples.

2. These N frequency samples are interpolated at M arbitrary frequency

locations.
3. The M samples are redistributed to be evenly spaced.

4. Finally, a standard inverse DF'T transforms these M frequency samples

into the M time-domain output samples.

The warping happens in step 3, when the M samples are moved (warped).
The above list is essentially the same as the one on page 21, put into a form

that directly corresponds to the following matrix operations:

step 4 steps 2 & 3 step 1
P P NN

g = D]T/[l CM,N DN fN (276)

where
Cun = HM,ND;V1 (2.77)
— % e JwMn jjwnn (278)

The matrix C is the frequency interpolation matriz for a given SW trans-
form. The basic principle of the frequency interpolation is that, for each out-
put frequency sample G [m]’ , © € m, an interpolation function is centred

m=1
at the frequency location to which G [m]‘ ~corresponds, and the amplitude

m=1
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of the function at the location of each input sample is the contribution that

that sample makes to G[m]

Glm] = C[m,n]F[n] (2.79)
= Gy =CunFy (2.80)

Therefore, each row of C gives one warped frequency sample as a linear
combination of all of the non-warped (evenly spaced) samples given by the
DFT. The type of interpolation performed by C will determine characteristics
of the spectral warping. Some interpolation functions are described in the

following sections.

2.3.4 Spectral Warping a Generalisation of Linear Fil-

tering

If the frequency interpolation matrix C is square and diagonal, each output
frequency sample equals the input sample of the same frequency scaled by
a constant. In this case, SW is the same as filtering the input signal with
an FIR filter whose coefficients are the diagonal elements of C. SW can
therefore be regarded as a generalisation of linear filtering.

A simple MATLAB function to test this is presented here:

function C = interp_matrix_as_filter( h, M, N )
R = M/N;
C = zeros( M, N );
C(1:R:M,:) = diag( fft( h, N ) )/R;
C(:,i) = circoNV( ones( R, 1 ), C(:,i) );
1 i ;

R
C(:,i) = circONV( ones( R,
end

% rotate (first row —> last row)

C = [C(R:end,:); C(1:R—1,:)];
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where the function CIRCONV performs circular convolution (see appendix C).
If M = N then the function returns a diagonal matrix with system response
coefficients on the diagonal. If M > N then the system response coeflicients
are interpolated down the columns to produce an almost diagonal non-square
matrix. Using this function, filtering and up sampling can be performed

together:

S = IDFT_MATRIX( M ) x
interp_matrix_as_filter ( h, M, N ) x
DFT_MATRIX( N );

g = Sxf;

where g is the result of filtering f with h, upsampled by a factor of M/N.

2.3.5 Sinc Interpolation

The Shannon-Whittaker-Kotel'nikov sampling theorem states that a band-
limited signal may be reconstructed completely from time-domain samples of
the signal[12], provided that the time interval between samples is less than
half the period of the highest frequency component contained in the signal.

Sampling a signal causes it to become periodic in the frequency domain
(the spectrum is repeated over an interval of the sample frequency f;). To
reconstruct the signal, the higher frequency images must be filtered out.
To completely filter out the images, without affecting the amplitude of the
primary image, the spectrum is multiplied by a rectangular filter function —
this has the effect of convolving the time-domain samples with a continuous

sinc function. That is,
ft) = fln] @ c(t) (2.81)
where ¢(t) is the interpolation function:

sin 7t
t) = sinct = 2.82
¢(t) = sinc — (2.82)
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Therefore
sin(t — nTy)

— (2.83)

f()=>_fln]

where Ty is the sample period. In words, (2.83) states that the value of the
continuous function at time ¢ is the sum of the value of the sinc interpolation
functions that have been time shifted by nT, (over all n), each evaluated at
time t. If the sampling frequency is too low, such that the criterion for the
sampling theorem is not met, then the spectral images will overlap, making
it impossible to recover the original spectrum.

If the discrete-time signal is to be resampled, and the original continuous-
time signal is not required, then alternative interpolation functions can be

employed —they only need to satisfy

flm] = f(t) (2.84)

t=mT,

That is, the result of the interpolation only needs to equal the original signal
at the output sample locations.

The sinc interpolation function has the necessary property that it has a
value of unity at the origin and zero at all the other sample locations: an
output sample at the same location as an input sample will naturally be the
same as that input sample (100% contribution from that input sample and

no contribution from any of the other input samples).

2.3.6 Interpolation in the Frequency Domain

In this thesis, the Fourier domain of a sampled time-domain signal is referred
to as the discrete-time frequency domain. This distinguishes between the do-
main of the non-periodic Fourier transform of the continuous signal (simply
referred to as the frequency domain) and that of the periodic Fourier trans-
form of the sampled signal. Taking the discrete Fourier transform (DFT) of
a sampled signal produces a sampled representation of the signal’s spectrum;
this is the discrete frequency domain representation. Hence, the DFT opera-
tion is equivalent to a discrete-time Fourier transform, followed by sampling

of the continuous discrete-time frequency domain.
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Sampling and interpolation in the discrete-time frequency domain are
similar to that in the time domain; the difference is that the discrete-time
frequency domain is periodic over 27, so any interpolation function used must
be similarly periodic. The spectrum is sampled by multiplying by an impulse
train of frequency-period 27/n. This multiplication causes the signal to repeat
in time every NT; (to be able to completely reconstruct the spectrum, N7y
needs to be at least the duration of the signal).

To interpolate between the frequency-domain samples, a process similar
to reconstructing a signal from time-domain samples is applied. This interpo-
lation requires a function that, when centred on a frequency-domain sample
(time-domain period), will cause that sample to fully contribute to the out-
put and every other sample have no contribution. This, again, corresponds
to a sinc function (in this case, the function is in the frequency domain),
with the exception that the function must be periodic over 27 (the frequency
domain must still be considered periodic, because the signal is of discrete
nature in the time domain). The interpolation function being periodic over
21 means that the contribution from a sample at a given location will include
the contributions from the corresponding samples at all the periodic images.

For SW, the interpolation is for the purpose of resampling, so the relaxed
constraint (2.84), translated to the frequency domain, applies:

F[m| = F(w) . (2.85)
The sinc-like function that satisfies this constraint for M evenly spaced out-

put samples is

sin 22 1 M 5
Olw)=ePw>"2 _ 2 ° 7€° 2.86
W) =e Dsing D % _ % (2.86)
where D is any common multiple of M and N:
D =ilem{M,N} iel, i>0 (2.87)

I is the set of all integers and lem{M, N} denotes the least common multiple

of M and N. The least common multiple of the two integers M and N is
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Figure 2.17: The modified sinc interpolation function C(w).

MN/ged{M, N}, where gcd{M, N} is the greatest common divisor of M
and N.?

The function (2.87) is plotted in figure 2.17, using ¢ = 1 and with (number
of input samples) N = 3 and (number of output samples) M = 4. The

2The greatest common divisor of the two integers a and b are found using the recursive
Euclidean algorithm[19]:

lal, b=0
ged{a,b} = ¢ b, a=0

ged {min(|al, |b]), ||la] — |||}, otherwise
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(sinw/2)~! term causes the function to be periodic over 2. The phase term,
e?Pv  causes the function to wrap around between samples, ensuring that the
phase is correct at the sample locations. An example of this function used for
resampling a spectrum is given in figure 2.18, where the function e/™*"“2(1+
cosw) is sampled at the three locations w = {—m, /3, 7/3} (indicated by e),

interpolated using the interpolation function

MNw

sin ==
(MNsin¥) (2:88)

C(w) = egMNw

then evaluated at the four locations w = {—m, =7/2,0,7/2} (indicated by ).
The dotted line is the underlying continuous function and the solid line is
the interpolated function F(w) =" F[n]C (w — /).

Any function C'(w) where

: Dw
sin =~ 2
V2 w="" =01, M1 (2.89)

i
C) = s M

is sufficient for resampling the spectrum at the points w = w[m|. So, for a
given M, it may be possible to simplify (2.86). For example, if M = 4 a

suitable interpolation function is
Cr=4(w) = 3 cosw (1 + cosw) (2.90)

which is more simple than (2.89) in the sense that it is of lower frequency. An
example of the use of this simplified function used for resampling a spectrum
is given in figure 2.19. The underlying function (the dotted line) is sampled
at three locations (e), interpolated using the function 3 cosw (1 4 cosw), then
resampled at four locations (). The solid line is the interpolated function
>, FIn]C (w — »7/N). This interpolation is exact for M = 4 and will produce
the same SW as the modified sinc interpolation of (2.86).

To reconstruct a continuous-frequency spectrum, independent of the num-
ber and location of the output samples, a regular sinc interpolation function
is used —the interpolation function no longer needs to be periodic over 27.

This is not the case with the SW transform, which is defined entirely in the
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Magnitude

Phase Angle
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Figure 2.18: The modified sinc interpolation function used to resample a
discrete-time signal. The dots () are the samples of the original sequence (the
dotted line is the underlying function) and stars (%) are the samples of the recon-

structed sequence (the solid line is the underlying function of the reconstructed
signal).
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Figure 2.19: The simplified interpolation function (M = 4) used to re-
sample a discrete-time signal. The dots (e) are the samples of the original
sequence (the dotted line is the underlying function) and stars (%) are the sam-
ples of the reconstructed sequence (the solid line is the underlying function of the

reconstructed signal).
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digital domain: the SW interpolation functions will always be periodic. How-
ever, the integer ¢ in (2.87) can be chosen arbitrarily high to approximate a

continuous spectrum.

2.3.7 Sampling the Frequency Domain at Arbitrary

Locations

To sample the spectrum at arbitrary locations, the interpolation function is
generated as though it were for uniform sampling, with enough sample points
to ensure that the value of the interpolated function equals the true value of
the spectrum at all the desired output sample locations. To do this, (2.86)
is evaluated while setting

D= zlcm{mw} (2.91)

where ged {w[m]} is the greatest common divisor of all the output sample
locations.?
For example, if a spectrum were initially sampled at intervals of 7/4 and

then were to be resampled at w = {~7/3,~7/s,0,7/5, 7/3}, then

2
D=1 8
o {gcd (=3, /s, 0, 75,7/} }
= lem {120, 8}
120 x 8

— RO 190
ged {120, 8}

and

120 sin &lml=nm/N)

F(wm]) =" fln] /20lml=nm/N) sin 60(w[m] — nx/N)

w[m] = {77r/37 7”/87 0, Tr/57 Tr/3}

3The greatest common divisor of a set of more than two numbers can be reduced using

ged{ag, a1, ...,an}t = ged{ged{ap, a1 },a2,...,a,}
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2.3.8 Constructing the Interpolation Matrix

An interpolation matrix C is constructed by sampling series of frequency-
shifted C'(w) functions at the desired output frequencies. If ¢,,, is the n®

element of the m™ row of C, then

e = C (w— 22 (2.92)
w=&[m)|
Using the interpolation function of (2.86) gives
. D(&[m]—27n/N)
¢, = ID@lml=2mn/N) S5 (2.93)

Dsin @[m] —227rn/N

Each row of C gives one of the warped frequency samples as a linear
combination of the uniformly spaced samples of the standard DFT. As an
example, consider the first-order all-pass warping where

. (1 —a*) sinw[m]
(14 a?)cosw[m| — 2a

w[m] = tan™ (2.94)
Each element of the interpolation matrix can be calculated by substituting
this into (2.93):

(1—(12) sin w[m]

: -1 _27n
JD<tan (1+a2)cosw[m]72a N )
@ =€ X

s [g (tanl § il C;)cfo)ss;n[;][@ 2% %)} < (29

L in F (tan—l : (1—a®)sinwm] @)}1

D 2 14+ a?)cosw[m| —2a N

Figures 2.20 and 2.21 show some rows of the C matrix for the above example.
Figure 2.20 shows the modified sinc function (for @ = 1/8). The markers show
the points at which the interpolation function is evaluated. The solid line
with filled markers shows the real component and the dotted line with hollow
markers shows the imaginary component. In figure 2.21, The 13" row of a
64 x 16 matrix C (for a = 1/3) is plotted, showing the weights applied to each

of the 16 input samples to calculate the 13" output sample.
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Figure 2.20: Two example rows of a 64 x 16 interpolation matrix C. The
modified sinc function for warping factor a = 1/8 is plotted. The markers show the
points at which the interpolation function is evaluated. The solid line with filled
markers shows the real component and the dotted line with hollow markers shows

the imaginary component.
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Figure 2.21: One row of an interpolation matrix.
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The phase term in (2.95) has an interesting effect on the phase of the in-
terpolation samples. It almost completely compensates for the phase reversal
between adjacent nodes of the sinc function, resulting in adjacent coefficients
having similar phase (as can be seen in figure 2.21).

Having constructed the frequency interpolation matrix C, the z-transform

matrix H and the SW matrix S can be computed:

Hy n = CynDn (2.96)
Sy = D3 CyxDy (2.97)

The SW arrived at using the modified sinc interpolation function (all-pass
function) can be generalised by changing the interpolation function/matrix.
One generalisation is achieved by using arbitrarily-placed samples around
the unit circle (giving an arbitrary warp function) to generate the H matrix.

The interpolation coefficients are then found by solving
Cuny = Hy Dy (2.98)

This also generates modified sinc interpolation functions.

An example of this approach is shown in figure 2.22, in which the piece-
wise-linear function of (2.30) is used to construct the C matrix. For the
figure, the all-pass warping matrix has a warping factor of a = /s, and the

piecewise-linear warping uses the mapping

{ 2w-+sign(w)m |w‘ >

~

)
W= 3

2.99
2w lw| < (2.99)

R

The 256 output samples are calculated from 32 input samples.

2.3.9 Other Interpolation Functions

A second way to generalise the SW is to use an interpolation function other
than the modified sinc function. An example of this is given in figure 2.23,

which shows some rows of an interpolation matrix based on the simple linear



2.3. MATRIX REPRESENTATION

Magnitude

Phase Angle

Magnitude

Phase Angle

Row 52 (®=-7717128)

63

Row 103 (&= -131164)

Column Index

1
- % - all-pass (sinc-like) N :
. . { x
« - piece-wise - -
. cL X .
linear X :
x %  Xs
X RO X o ex ..,
Oxxx-xxxmxxx-g-xxx-xxxx:%’-",‘-’f--- oo THxxx X x X x X XX XEBE 0ot XA
0 10 20 30 0 10 20 30
T
X
TV2 xxx-xxx Xx ..'.
Xx x . a2 3739
X‘xxxx e e, x"xx
N TR X %, k ® e . . Xx
0 XX 5.3 bk P SV
.. Xxx X.xx LRI .
S XX g x'x"x'xx'v""-‘-.,
-T2 el Xxxxg
-7t L L L L L L
0 10 20 30 0 10 20 30
Column Index Column Index
N N
Row 154 (w = 2517128) Row 205 (w = 191732)
1
4 b3
. N - - all-pass (sinc-like)
x
% « - piece-wise
Do linear
S Tx -
XX X - %
Lo ‘xx‘«. Xo0 ot X xx
0* XXX XRIXKT "¢ ere o CARY YRR AARK K XXX ExxxX e BN K R XK KNKK KX KKK
0 10 20 30 0 10 20 30
T
T2 xxx"%xx : e
.l X% % 5 XXy, v ‘.
O . ®eg 'xx,Xxxx xx)('xxxxxx ey,
%X x ey .. X%
W2t xxxxxxxxx Treel : xxxx’(x"x
- ‘o .ol X Rxxxxxxx
-7t L L L L L L
0 10 20 30 0 10 20 30

Column Index

Figure 2.22: Rows of the interpolation matrices C for all-pass and piece-

wise-linear SW.
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Figure 2.23: Rows of the modified-sinc and linear interpolation matrices.
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interpolation function

1—Mw+wnl, lwtwn <
o ml> | <% (2.100)
0, otherwise

Clinear(u)) - {

The matrices for the figure interpolate 32 frequency-domain input samples
to evaluate 265 output samples. The crosses show rows of the interpolation
matrix for a first-order all-pass warping with a warp parameter of a = 1/s.
The dots show rows of a matrix that calculates the (magnitude of the) out-
put samples as a linear combination of the two closest input samples. This
interpolation matrix is used to calculate the same output frequency locations
as the first-order all-pass modified sinc interpolation matrix.

An advantage of using the above type of interpolation function is the
small number of calculations required to perform the interpolation. Only
two multiplications and one addition are required to calculate each output
sample. C is almost diagonal (depending on the severity of the warping), so
an efficient implementation using linear filters is possible.

The figures 2.24 and 2.25 show that the three example warpings (all-
pass frequency mapping with modified sinc interpolation, piecewise-linear
frequency mapping with modified sinc interpolation, and approximate all-
pass frequency mapping with linear interpolation) produce signals with sim-
ilar frequency content. The piecewise-linear warping increases the duration
of each frequency component (and the gap between the components) equally,
because the slope of the mapping is the same at the respective frequencies of
the components. For the same reason, the final bandwidth of each component
is identical. Conversely, time separation occurs in the all-pass and approxi-
mate all-pass warpings, also the components change in duration, amplitude
and bandwidth by different amounts from each other.

The four pairs of graphs in figure 2.24 show the results in time and fre-
quency of applying SW to a signal consisting of two components that are
distinct in both time and frequency. The unwarped signal is shown in the
top pair of graphs. The second pair is the signal warped using the inter-

polation matrix that results from a first-order all-pass mapping function for
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Figure 2.24: The result of SW using different interpolation matrices. An
unwarped signal is shown in the top pair of graphs. The second pair of graphs plot
the signal once it has been warped using the interpolation matrix that results from
a first-order all-pass mapping function for which a = 1/8. The third is the warping
given by the type of linear-interpolation shown in figure 2.23. The bottom graphs
show the warping of an interpolation matrix that results from the piecewise-linear

function of figure 2.22.
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Figure 2.25: Spectrograms of warped signals from different interpolation
matrices. (a) shows the unwarped signal, (b) shows the all-pass warped signal,
(c) shows the signal warped with a linear interpolation matrix and (d) shows the

signal warped using a piecewise-linear frequency mapping.
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which a = 1/s. The third is the warping given by the type of linear-inter-
polation shown in figure 2.23. The bottom graphs show the warping of an
interpolation matrix that results from the piecewise-linear function of figure
2.22.

The spectrograms in figure 2.25 show the same signals as figure 2.24.
The four plots are: the unwarped signal, the all-pass warped signal, the sig-
nal warped with a linear interpolation matrix and shows the signal warped
using a piecewise-linear frequency mapping. Because the linear interpola-
tion functions are very short in the frequency domain (only two samples
long), they have a long duration in the time domain, resulting in the tem-
poral leakage seen in plot (c). The term temporal leakage, as used here,
is analogous to the signal processing meaning of spectral leakage. Spectral
leakage is the phenomenon of signal energy being transferred to other fre-
quency components during a time-domain windowing operation. Likewise,
temporal leakage is energy being transferred to other time samples during a
frequency-domain windowing operation (that is, the DFT being multiplied

by a frequency “window” function).

2.3.10 Invertibility

For the spectral warping to be invertible, there must exist an pseudo-inverse
SW matrix S]’V}M (in general, S is not square, so a true inverse will not exist)
for which

Sy Sy =1Ly (2.101)

where Iy is the N x N identity matrix. From (2.75):

S Sat = Hiyly Dy Dy Hin (2.102)
= Syl = Hyly D '
H belongs to the class of matrices known as Vandermonde matrices [20, 21,

22]. As such its determinant can be expressed as

det (Hy )= [ (7 —e ™) (2.103)

1<i<k<N
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The determinant of H, therefore, is non-zero (indicating the existence of an
inverse) if there are at least N distinct warped frequencies w,,. The inverse

frequency interpolation matrix can also be derived from H™:
Cyy = DvHYY, (2.104)

From (2.98) and (2.104):
Cc'C=1y (2.105)

Equation (2.105) implies that C must be of rank N for such an inverse to
exist, which suggests that any additional output frequency samples (M >
N) are redundant. This is true from a mathematical perspective, but, as
explained in section 2.4 and in [23], to completely represent the warped
output signal in the time domain in a useful manner, generally more output
samples than input samples are required. There is a similar effect that occurs
when implementing convolution via the frequency domain [13], for which the
input signal must be zero-padded prior to filtering to prevent aliasing in the

time domain.

2.4 Effects Due to Sequence Length

Because the duration of some of the signals’ frequency components are in-
creased after SW (as discussed in section 2.2.2) the number of output samples
M in general, has to be greater than the number of input samples /N in order
for the output time-domain signal to have a useful physical meaning. The
effect of producing too few output samples is that the signal at frequency
components that would have otherwise extended past M samples will be-
come aliased in the time domain. This is illustrated in figure 2.26, where the
frequencies stretched most in time have wrapped around to the beginning
of the sequence. The plot and spectrogram of figure 2.26 show the same
unit impulse used in figure 2.15 after it has been warped using the same

number of output samples as input samples. While technically this aliasing
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- Amplitude

3n/d

/4

0 300 600 900

Figure 2.26: The result of spectrally warping a unit impulse using too
few output samples. The frequencies stretched most in time wrap around to
the beginning of the sequence. The plot and spectrogram above show the same

unit impulse used in figure 2.15 after it has been warped using the same number

of output samples as input samples.
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can be recovered (since H is invertible — as discussed in section 2.3.10) the
time-domain signal has little meaning.

When C is not square, the inverse is not unique because only N of the M
frequency sample points are linearly independent. When an all-pass mapping
is used for the spectral warping transform, the inverse transform is the same
as the forward transform, except with a negative warping factor a. Since a
transformation with a increases the number of samples from N to M, the
inverse transformation will also have the same time stretching ratio. How-
ever, the time stretching of the inverse transform occurs at frequencies that
were shrunk in time by the forward transform. Since there are N input sam-
ples, provided that M is sufficiently long to represent the entire transformed
sequence without aliasing, then the inverse transform will provide only N

non-zero output samples.

2.5 Spectral Warping using the Non-Uniform

Discrete Fourier Transform

The non-uniform DFT provides a method to evaluate the samples at arbitrary
locations on the z-plane [20]. A non-uniform DFT followed by a regular
inverse DFT is a SW transform.

The non-uniform DFT of an N-length sequence x[n| is defined in [24] as

N-1
X[z] = zn]z " k=0,1,...,N—1 (2.106)
n=0
where 2y, 21, . . ., zy_1 are distinct points anywhere in the z—plane. By defin-

ing a non-uniform DFT matrix U as

1 20_1 20_2 . ZO_(N_I)
1 21_1 21_2 . zl_(N_l)

u=1 . o . (2.107)
2 —(N-1)

1 —
1 2y2y 2821 -+ 2y
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the non-uniform DFT can be expressed in the form

X =Ux
X(20) 1ozt 2 ... ZO_(N_I) x[0]
X(z1) R b L zl_(N_l) x[1]
X(zn-1) 1 o2y, 2, .- z;,(_]\i_l) [N — 1]

(2.108)

The non-uniform DFT is invertible (U is non-singular) if the sampling

points zo, 21, ..., zy_1 are distinct [24]. The inverse transform is given by
x=U"'X (2.109)

The non-uniform DFT is a generalisation of the DFT and reduces to the
DFT when the N points are evenly spaced around the unit circle. In this
case, U equals the DFT matrix D given in (2.70).

A special case of the non-uniform DFT is the Warped Discrete Fourier
Transform [25]. The z—plane sample locations are found by warping evenly

spaced sample location according to
21 = B(3) (2.110)

where B(2) is an M"-order all-pass function. It is all-pass because it maps
points on the unit circle (in the z—plane) to other points on the unit circle
(in the Z-plane).

Warped DFT is achieved by warping the z—plane (i.e., applying the map-
ping of (2.110) to the z—transform of an N-length sequence):

X(z) =Y alz™" — X)) =) " (2.111)

n=0 n=0
and evaluating at evenly spaced locations around the unit circle:

A

X[k] = X(2) (2.112)

5—ej2mk/N
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X(2) can be written as a ratio of two polynomials,

Pe(2)
De(2)

X(3) = (2.113)

where P,(%) and D.(2) are some polynomials of Z that solve the equation.

By defining

N-1 (2.114)

_ E s—n
- penmN z

n=0 [ m>0,n+mN<M(N-1)
where p,, is the i'' coefficient of P,(%), and

D(2) = D,(2) mod 2V
N-1 (2.115)

= 5—n
= E denm Nl 2

n=0 | m>0,n+mN<M(N-1)

A

$—ej2mk/N

X[k] = PO (2.116)

s—ei2mk/N

A warped DFT followed by an inverse DFT is equivalent to the all-pass

SW transform described in previous sections.
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Chapter 3

Realising the Spectral Warping

Transform

The aim of this chapter is to evaluate algorithms that perform SW and
that are suitable for implementing in either hardware or software. These
realisations fall into two broad categories: those that calculate each output
sample as a linear combination of the input samples — that is, performing SW
using FIR filter banks—and, secondly, implementations based on all-pass
IIR filters. A generalised heuristic for designing a SW transform realisation

is also provided, with an example.

3.1 Direct Multiplication Realisation

Spectral Warping can be realised directly by performing the multiplications
and additions implied in the equation g = Sf (see (2.74) on page 47), as

expanded here:

90 50,0 50,1 s So,N—1 fo
an - 51,0 S1,1 s S1,N—1 S
gm-1 SM-10 SmM-11 * SM-1,N-1 frra

75



76 CHAPTER 3. REALISING THE SW TRANSFORM

fosoo +  fison A+ -+ fn_iSon-1
. fosio +  fisin A+ - 4+ fyoisin—a
fosm—10 + fism—11 + - 4+ fnoiSm—1N—1
= g = fosmo+ fisma + -+ fno1SmN—1 (3.1)
where
T
SMn = ( Som Stn c SM-1nm ) (3:2)

A schematic diagram of a parallel realisation of these calculations is presented
in figure 3.1.

As a hardware implementation, this direct multiplication realisation would
be fast (it is highly parallel, with the each path requiring one multiplication

and N additions), but expensive in terms of hardware real estate.

3.2 Spectral Warping Using Filters

The SW transform can be realised by using a filter bank. This can be done
in two ways. The first way is to treat each input sample as an impulse and
pass each impulse through a filter, summing the resulting impulse responses.
The second way is to filter the entire input sequence many times, using
different filters. One sample from each of the filter outputs is selected and
these samples are concatenated to form the output sequence. These methods
correspond to filtering using the rows of the S matrix, and the columns of

the S matrix, respectively. The methods are described in detail below.

3.2.1 Filtering Using Columns of S

It can easily be seen from (3.1) and (3.2) that the output sequence is the
sum of the time-dependent impulse responses (columns of S) scaled by the
corresponding input sample. The realisation in figure 3.2 uses these impulse

responses as filters—a single input sample is fed through each filter. Each
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0]

f[1]

9[0]

fIN-1]

9[1]

g[M-1]

Figure 3.1: SW as matrix multiplication. A SW transform, represented by

the matrix S, can be constructed using combinatorial logic.
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f-n1,0,....04——MHs,, gm]

Byl

SM,N—l

Figure 3.2: SW as a bank of N length-M filters.

column of S (of length M) is scaled by its corresponding input sample. The
output sequence is the sum of these scaled impulse responses. Figure 3.2 is

a serial equivalent of figure 3.1, presented as a signal block diagram.

Because SW operates on a frame of N input samples, producing a frame of
M output samples (M is usually larger than N), each input frame must first
be augmented with M — N zeroes. Without this zero padding, the impulse
responses from one frame will not have died away before the next frame
arrives, causing the output frames to overlap. After the zero padding, the
input sequence frame needs to be time reversed for this SW structure to be
realisable (time advances become time delays). A further M — 1 zeroes must
be appended to the (time reversed) signal (this is not shown in figure 3.2).
These extra zero samples are necessary because the first real output sample
occurs at sample position M of the output sequence. The extra zeroes ensure
the remaining output samples are propagated through the filters. The leading
M —1 samples of the output sequence are zero and should be discarded. The
extra M — 1 zeroes only need to be appended at the end of all the input

frames, not to every frame.

A MATLAB function that performs spectral warping by filtering by columns
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of S is shown in figure 3.3. This is not a very efficient MATLAB implemen-
tation. However, it serves as a proof of concept for the method, and can be

used as a base from which to design hardware or firmware implementations.

3.2.2 Filtering Using Rows of S

The structure of figure 3.2 uses N filters, each of length M. Alternatively, an
equivalent structure that uses M length-N filters can be designed — the entire
input sequence with rows of S is filtered, instead of filtering (multiplying)
single input samples with columns of S. This new scheme selects a single
output sample (the N'*" sample out of every M-sample frame) from each
filter, as opposed to selecting a single input sample to feed into each filter.
This design is illustrated in figure 3.4, in which the input sequence is passed
through M filters, each relating to a row of the S matrix. The input sequence
is time-reversed here, although the same result is achieved by time-reversing
the filters instead. Note that the down sample blocks each select an output
sample on a different clock cycle (they are out of phase from each other).

Mathematically, this process relates to
glm] = gm =f - s, (3.3)
where

A proof-of-concept MATLAB function to perform spectral warping by fil-

tering by rows of S is listed in figure 3.5.

3.3 Designing a SW Realisation

To design a SW realisation, the steps listed here may be followed:

1. Choose the M frequencies w,, that give the locations e™/“m at which

the z-plane is evaluated. These points, which form the Hj; y matrix,
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function g = WARP_BY_COLUMNS_OF_S( S, f_in )

[M,N] = size( S );

len = M/Nxlength( f_in );

% Insert M — N zeroes after each input frame to produce
% the right number of output samples and prevent the

% output frames overlapping

f = zeros( len, 1 );

f(mod( [O:len—1], M ) < N) = f_in;

% Time reverse the input, frame by frame

i = [0:len — 1];

f =fM—-mod( i, M ) 4 M«floor( i/M ));

% Append zeroes to allow time for the signal to propagate
% through the filters

f = [f; zeros( M-1, 1 )];

g = zeros( len + M-1, 1 );
i = mod( [l:len + M—-1]"', M );
for n = 1:N
% Downsample by M
x = f .x i
% Filter by the nth column of S
x = filter( S(:,n), 1, x );
% Add this to the output from the other filters
g =g + X;
% Time delay input
f = [0; f(l:end—1)];
end

g = gM:end); % The first M— 1 samples are always zero

Figure 3.3: Matlab code for spectral warping using columns of S as
filters.
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{f[-nl.0.....0}+— s, ——M*(-;}g[m]

VA
]

SM—l,N

Figure 3.4: SW as a bank of M length-N filters.

define the warping. They may or may not have an underlying function

O(w), but careful selection of #(w) can offer efficient filter designs.
2. Calculate the Sy x matrix by either

(a) solving Sy; v = Hpy yDy for sinc-like (exact) interpolation, or

(b) using a set of some other (approximate) interpolation functions,
such as the linear interpolation function (2.100) on page 65, to gen-
erate the frequency interpolation matrix Cyy n, then solve Sy, n =
D;/CynDy.

3. Design the filters, either from the columns of S, for a realisation of the
form shown in figure 3.2, or from the rows of S, for the form shown in
figure 3.4. Alternatively implement the direct multiplication method
of figure 3.1.

The filters used in a SW realisation may either be FIR or IIR filters. IIR
filter designs have a disadvantage in that, for exact spectral warping, they
have to be reset in between each input frame, otherwise the output of later

frames will be affected by the lingering transients of earlier frames.
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function g = WARP_BY_.ROWS_OF_S( S, f_in )

[M,N] = size( S );

len = M/Nxlength( f_in );

% Insert M — N zeroes after each input frame to produce
% the right number of output samples and prevent the

% output frames overlapping

f = zeros( len, 1 );

f(mod( [O:len—1], M ) < N) = f_in;

% Time reverse the input, frame by frame

i = [0:len — 1];

f = fM—-mod( i, M ) 4 M«floor( i/M ));

% Append zeroes to allow time for the signal to propagate
% through the filters

f = [f; zeros( M-1, 1 )];

g = zeros( len + M-1, 1 );
i = mod( [l:len + M—-1]"', M );
for m = M: —1:1
% Filter by the mth row of S
x = filter ( S(m,:), 1, f );
% Downsample by M
X =X .%x 1;
% Time delay output
g = [0; g(l:end—1)];
% Add this to the output from the other filters
g =g+ x;
end

g = gM:end); % The first M— 1 samples are always zero

Figure 3.5: Matlab code for spectral warping using rows of S as filters.
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3.3.1 An Example SW Realisation Design

To illustrate the above procedure, a SW realisation based on the all-pass

frequency mapping function

(1—a?)sinw
(14 a?)cosw — 2a

O(w) = tan™! —1>a>1 (3.5)

is designed here. For simplicity only warping input frames of length 3 are
considered. This can be extended at a later stage. The maximum slope of
(3.5) is 3 (when |a| approaches unity), so the output frame is set to length
to M = 3 x 3 =9 samples.

& (9’1(0)79’1(29) 07 ()07 (5) .07 ()
S () e () ()

o 2m o =27 T
(O,tan1 ( (1—a?)sin g ...,tan™! (1 - a%)sin =7 )

1+ a?)cos 3 + 2a’ (14 a?) cos =% 4 2a

(3.6)

Setting a = 1/2 gives the following output frequency vector and corresponding

z-transform matrix.

0 11 1
0.2415 1 02415 ,—50.4829
0.5455 1 405455 ,—j1.0909
1.0472 1 e d1.0472  ,—j2.0944

©w = 2.1685 H=| 1 721685 j1.9463 (3.7)
—2.1685 1 i2:1685  —j1.9463
—1.0472 1 ed1.0472  52.0944
—0.5455 1 705455 ,51.0909
—0.2415 1 02415 j0.4829
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The equation S = D}/ H is then solved to give

1 86 708
171  171x19
O 1 —180
171 171x19
0 2 —303
171 171x19
0 L —492
171  171x19
_ 8 —1756
S = 0 171  171x19 (3‘8)
0 16  —1056
171 171x19
0 32 —1200
171  171x19
0 4 —576
171 171x19
0 128 2496
171 171x19

This SW matrix translates into the block diagram shown in figure 3.6 (using
the parameters: N =3, M =9 and a = 1/2). The down sample blocks in the
figure are out of phase from each other (they each select an output sample
on a different clock cycle).

This parallel filter bank can be converted into a cascade of filters by
dividing each filter by the product of all the previous filters. Figure 3.7
illustrates this procedure. This division produces systems that are ratios of
two polynomials. Such systems are easily realised as [IR filters. For example,

the second filter of this cascade is

1 -1 _ 180 -2
SLN 171 171x19 (3 9)

- 86 ,—1 708 -2
son L+ 47727 + wicie”

where s, v is the filter represented by the m'™ row of the S matrix. This

system is illustrated in figure 3.8. The third filter of the cascade is given by

2 1 303 _2)< 86 -1 708 _2)
S2,N (1712 7119 7 14+ 7527 + 7x9?
= 1 .1 180 .9
S1,N — —_
/5o 71~ 171x19 % (3.10)
9 _ 48545 ,—1 _ 24642 -2 _ 214524 -3 :
171x19 171x19 171 (19
. 2
1 — 180 ,-1

19
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1717 86
S |+ 708

19—1 +— -180

-303

- —492

+- -756

16

¢+ —1056

32

¢+ —-1200

F—

64

+— —-576

128

UL LLLLLL

— 2496

Figure 3.6: Block diagram for an FIR implementation of an all-pass SW

transform.



86 CHAPTER 3. REALISING THE SW TRANSFORM

-_— h2
QI =
h,

Figure 3.7: Converting a parallel filter bank into a cascade of filters.

-1
171 ]

Z

86 (4
197"
Z'_l

708 ——— -180

Figure 3.8: Second filter of the cascade implementation of an all-pass

SW transform.

The fourth filter is given by

4 -1 492 _2) (L ~1 180 _2)
S3,NS1,N _ (1712 171x19 ~ 1717 171x19 7
(2 -1 _ _303 72)< 86 -1 708 72)
$2,NS0,N (1712 171x19~ L+ 77270 + i ? 311
4 -1 1212 -2 88560 -3 (3.11)
_ 171 171x19 171x (19)2
= 5 _ 48545 __1 _ 24642 _ o _ 214524 3
2~ Trix19? 171x19~ T71x(19)2 7

3.4 IIR Method Implementation

An all-pass SW transform design using a cascade of all-pass IIR filters is
described in this section. In this scheme all the filters from the third one
on are identical, which enables implementations that are efficient in terms of

hardware.
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f[_n] | 1 - _ (1 - az)i_l _ Z_l_ a.*_l _ Z_l_ a*_l _
1-az [ 1-az { 1-az [ 1-az T
g[o,n] g[1,n] g[2,n] g[3,n]

Figure 3.9: SW using a cascade of all-pass filters.

3.4.1 All-Pass Filter Realisation

A SW network that is an all-pass filter of the form shown in (2.27) can be
realised as a cascade of first-order all-pass filters. Figure 3.9 shows such a
network. A new notation is introduced in this figure: g,,[n] denotes the (time
reversed) length-N signal after it has passed through m + 1 all-pass filters.
In this SW network, a signal is first time reversed, then passed through the
first all-pass filter. The last sample of the filtered sequence becomes the first
output sample (that is g[0] = go[IN—1]). The sequence is then passed through
another all-pass filter. The last sample of the sequence after the second filter
is the second output sample. This process is repeated for each filter in the

network, giving the expression
glm] = gn[N — 1] m=0,1,...,M—1 (3.12)

The number of output samples generated is equal to the number of filters

used. All of the filters are identical apart from the first two [1].

3.4.2 The Oppenhiem-Johnson Implementation

The IIR all-pass filters shown in figure 3.9 can be realised with a combination
of combinatorial logic and an M-word shift register, as shown schematically
in figure 3.10. The algorithm that is applied to the hardware blocks of the

figure is as follows:

1. The time-reversed input samples are fed into the network via block D.
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M-word shift register

Figure 3.10: The SW network hardware implementation.

2. For every (time-reversed) sample that is entered, data passes though
the ALU M times, where M is the length of the output sequence.

3. After N samples have been processed, the shift register contains the

warped output sequence.

In total, O(N, M) ALU calculations are required for the transform. Oppen-

heim and Johnson first suggested this implementation in [1].

3.5 ASIC Implementation

At the heart of the Oppenhiem-Johnson implementation is the ALU, which

is dedicated to executing the function
F=alb—c)+d (3.13)

An application-specific integrated circuit (ASIC) that provides a specialised
arithmetic logic unit (ALU) core to calculate (3.13) was designed and fabri-
cated using very-large-scale integration technology (VLSI).

3.5.1 Motivation

Among new areas of possible applications of the SW transform is the elec-
tronic testing of mixed-signal circuits and systems. In this context, the use
of the SW transform can open up new opportunities in test signal genera-
tion and response analysis for both external testing and built-in self testing
(BIST). Application of the SW transform for external testing would allow

the tester performance to be increased. The use of SW in mixed-signal BIST
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is related to the current trend of using digital test tools and methods for both
digital and analogue components (so-called DSP-based testing), wherein the
test signal generation as well as the test response analysis is realised by dig-
ital means. The speed of DSP-based testing depends heavily on the speed
of the processor. Such dependence is a serious weak point of the method
(due to the limitations of the computing resources inherent in built-in test

resources).

The main objective of the ALU core is to investigate the use of SW as
implemented in CMOS, in particular its use in the characterisation of mixed-
signal ICs. It is a proof-of-concept realisation, from which further designs
can be derived. It is envisaged that SW techniques will be used as tools in
mixed-signal IC characterisation (in fact, characterisation of any unknown
arbitrary system) and high-resolution frequency analysis, plus other yet-to-
be-discovered applications. It is proposed that the use of the SW transform
can significantly increase the speed of DSP-based testing, making it more

efficient.

Secondary objectives of the ALU core include evaluating the usefulness
of the SW transform implemented with five-bit precision, and experimenting
with real-time applications of SW. Five-bit precision was chosen because
that was the largest word-length that would allow the chip to be developed

in reasonable time with the design tools available.

3.5.2 Methods

The circuit was designed using DSCH2 for the gate-level design and Micro-
wind2 as the layout editor.! It was fabricated using 0.18 pym ST CMOS

technology, as one section of a multi-purpose chip.

Details of the chip design are given in appendix A.

'Both DSCH2 and Microwind?2 are written by Etienne Sicard of INSA Toulouse, France.
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3.5.3 Results

Simulation tests were run using Microwind2, which showed the chip design
to produce correct output when clocked at 25 MHz. Section A.8 gives details
of these tests.

A test adapter board for the ProTest chip tester (see section A.9) was
developed to test the SW ALU ASIC. On initial tests, it appeared that the
chip did not work as intended, but further testing is required to verify if this
is the case, and, if so, which part of the chip is faulty.

3.6 Matlab Simulations

The applicability and efficiency of the SW technique in mixed-signal DSP-
based testing was verified experimentally. To evaluate the ability and accu-
racy of the SW technique to find a circuits response, two simple filters were
used as devices-under-test (DUTs).

3.6.1 Experiment Set-Up

The first simulation arrangement was done using MATLAB. A software im-
plementation of the SW network used MATLAB’s filter function to directly
implement the spectral warping network (figure 3.9). Figure 3.11 presents
the MATLAB code for this implementation. A test chirp was generated us-
ing the SW network and fed into the DUT (a band-pass filter). The chirp
response was analysed according to the method described in section 4.3.

In the second experimental set-up, a MATLAB-generated SW chirp signal
was used as the input to a filter designed employing PSPICE [26]. The sim-
ulation was performed using PSPICE and the simulation output was loaded
back into MATLAB for processing. An AC sweep analysis was performed
using PSPICE, providing data for comparison. The DUT was an active
high-frequency boost filter with a maximum gain of two, using an LM324

Op-Amp as the active component. The netlist for the circuit is found in
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function g = swn( f, a, M)
% f: input sequence
% a: warping factor

% M: number of filters
% (= length of output sequence)

N = length( f );
x = zeros( 1, N );
M );

g = zeros( 1,

% time reverse
f = fliple ( f );
% first filter
x = filter( [1 0], [1 -—a], f );
% tap —> 1st output sample
g(1) = x(end);
% second filter
x = filter( [0 1-a"2], [1 —-a], x );
% tap —> 2nd output sample
£(2) = x(end):
% filter and tap for remaining filters
for k = 3:M
x = filter( [—a 1], [1 —a], x );
g(k) = x(end);

end

Figure 3.11: Matlab implementation of an all-pass ITR SW network.
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figure 3.12.

3.6.2 Results

For the first experiment, the SW technique produced a result identical to the
known response of the MATLAB filter DUT (except for the very first and the
very last samples). The response is shown in figure 3.13, where there was no
visible difference between the actual and the calculated frequency response.

When comparing the results from the PSPICE simulation, the magni-
tude of the Fourier transform of the SW chirp response is very close to the
magnitude part of the PSPICE AC sweep analysis, deviating only at the
extremely high and low frequencies. This result is illustrated in figure 3.14,
in which the solid line is from the PSPICE AC sweep analysis, the dotted
line is the Fourier transform of the SW chirp response before phase adjusting
and the broken line is the Fourier transform of the SW chirp response after
phase adjusting. After correcting for the phase (by warping the result us-
ing an inverse warping to that which was used to generate the chirp signal),
the phase response agrees with that of the AC sweep within a few degrees
for 0.0017 < w < 0.27 and within eight degrees up to 0.937. The magni-
tude becomes less accurate (in this case gaining about 1dB over most of the
spectrum) after the phase correction.

It can be concluded from these results that the Fourier transform of a
system’s SW chirp response is a useful approximation of the true system
response. In particular, if only the magnitude of the system response is of
interest and no phase correction is required, then the Fourier transform the
SW chirp response is essentially equal to the system response over most of the

spectrum, suggesting that the SW chirp method has much practical value.
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x+ high frequency emphasis filter

* power supplies
V1 5 0 dc +12V
V2 6 0 dec —12V

* signal input
Vin 1 0 AC1 0

¥ filter circuit
R1 02 1.2k
Cl 23 33n
R2 3 4 1.2 k
Rload 4 0 10 Meg
XU11356 4 LM324

*

LM324 op—amp subcircuit
* comnnections: non—inverting input
tnverting input
| positive power supply
| negative power supply

* | | output

|
|
I
2 3 4 5

. <op—amp sub—circuit>

|
|
|
|
* |
.subckt LM324 1

.ends

Figure 3.12: High frequency emphasis filter PSPICE netlist.
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Figure 3.13: Band-pass filter used to test SW chirp system technique.
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Chapter 4

Example Applications of the
Spectral Warping Transform

Some proposed new applications of the SW transform are in the area of
Digital Signal Processing (DSP)-based analogue and mixed-signal testing.
They include evaluation of the impulse response of the Device Under Test
(DUT) without the risk of overloading and damaging the system, as might
happen when applying an impulse. A special chirp signal is generated using
SW and applied to the system. The output is fed through two SW networks
to produce the impulse response. If only the magnitude response is required,
then no SW is needed — simply, the Fourier transform of the chirp response is
analysed. Further, a quick estimate of the magnitude response can be found
by observing the envelope of the output. The proposed method is accurate

for all but the very extreme frequencies.

Among the other applications of the SW transform are the characteri-
sation of analogue-to-digital converters using input chirp signals, the gener-
ation of test signals having pre-specified frequency spectra, digital filtering
with good stop-band attenuation, and unequal-resolution frequency analy-
sis. The application of the SW transform to these areas is investigated in the

following sections.
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—>| RAM | DAC l—»analoguein analogueout—>| ADC | RAM li

Device Under Test

—>| Send Memory I—»digital in digital out—>| Receive Memory I—
Synchronisation

Digital Signal Processor
-

Figure 4.1: DSP-based testing of an analogue/digital mixed-signal de-

vice.

4.1 Spectral Warping Applications in Ana-
logue and Mixed-Signal Testing

The importance of analogue and mixed-signal testing has grown increasingly
during the last decades. The topic has been studied intensively, resulting in
a number of techniques and approaches [27, 28, 29, 30, 31, 32, 33, 34]. One
of these approaches is Digital Signal Processing (DSP)-based testing, which
has proved to be one of the most promising, offering excellent potential for
practical use. It involves using digital tools and methods to test both the
digital and the analogue components [27, 32, 34]. The basic structure of
DSP-based testing is presented in figure 4.1, where it can be seen that both
signal generation and output measurement are realised by means of pure

digital circuitry [34].

4.2 Non-Uniform Frequency Resolution Sig-

nal Generation and Analysis

Often in analogue and mixed signal devices, the frequency domain charac-

teristics or transfer function of a device under test are of interest. Usually
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the focus is on a particular region of the frequency spectrum rather than the
complete spectrum, so improved resolution is desired in the region of interest.
Conventional analysis using an FF'T provides equal resolution from DC up to
the Nyquist frequency. However, many of the samples produced by the FFT
are not required, and more detail is often desired around the frequencies of
interest. Improving the resolution requires taking a longer FFT so that the

samples are more closely spaced in the frequency domain.

The frequency-shifting property the SW transform allows it to be used as
a tool for high-resolution spectral analysis by providing higher resolution in
some frequency bands and lower resolution in others. This offers significant
benefits in mass-production testing where high throughput of testing is vitally
important. The use of frequency spectral warping pre-processing to obtain
unequal spectral resolution could reduce total computing times and thus time
to perform testing. This could be especially important in testing high-speed
high-frequency circuits and systems. Indeed, SW enables the Fast Fourier
Transform (FFT) to have unequal resolution along the frequency axis. This
relates to taking samples of the z-transform that are unevenly distributed

around the unit circle, as discussed earlier (see figure 2.1 on page 22).

To perform such analysis, a signal is pre-warped to move frequency com-
ponents away from a band of particular interest. An FFT of the warped
signal is taken and the result can be shifted back in frequency by apply-
ing the inverse of (2.16). The data now reflect the frequency content of the
unwarped signal, with the frequency data being closely spaced where the
slope of the frequency-mapping curve is the steepest. This technique is most
useful in the case when information from one end of the spectrum is impor-
tant, while the other end of the spectrum can be ignored. Using SW in this
manner allows for high-resolution analysis of a limited band requiring sig-
nificantly fewer calculations than conventional methods (if information from
the whole spectrum is required then standard FFT techniques will use fewer

calculations than this method).

For example, if it were desired to analyse a signal’s frequency content
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DAC ADC
forward SW 3 withrecon- 3= Device Under Test I withani- 3 reverse SW
struction filter aliasing filter

T #
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—— H(f) = % ~— FFT
0

o

signal
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Figure 4.2: SW-based testing arrangement.

above 0.97 (and the information about the rest of the spectrum is of no
interest), then the signal could be pre-warped using a = —0.8. An output
sequence of M = N/2 could be used as it would not matter that the lower
frequency signal components would be truncated. The FFT of the warped
signal could then be generated and the result plotted against
(1 —a?)sinw

- 971 ~) — t —1
“ (@) = tan (14 a?)cosw + 2a

(4.1)

where @ = f(w). So if the frequencies of interest lay in this upper band, then
an FFT could be performed on a sequence of half the length, yielding higher
resolution while performing fewer calculations.

It is important that SW can be employed for both test response analysis
and test signal generation when non-uniform frequency resolution ( “focused”
or “stretched”) is required. This is of particular importance in telecommu-
nication or audio/video circuits and systems testing. The test data flow is
shown in figure 4.2. In both the cases (test stimuli generation and response
analysis) the amplitude-frequency characteristics of the network, as presented
earlier in section 2.2.3, have to be taken into account to obtain correct results
from testing.

A signal is applied to the DUT from a signal source of known frequency
spectrum S, (f) and power o7. The signal output from the DUT is converted
from analogue to digital form and transformed by FF'T into frequency spectra

Sy(f). To limit the measurement errors caused by internal noise, ensemble
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averaging can be used, and the transfer function H(f) is found as

H(f)= w (4.2)

90
where () denotes ensemble averaging and S*(f) is the complex conjugate of
Se(f). SW is used for both the generation of unequally spaced frequencies
(with some value of warping parameter a), and for the response analysis (with
the warping parameter equal to —a, as the frequencies have to be placed back
into the uniform mode). Thus the total distortion introduced by the double

warping is
(1—a?)
(14 a?)? — 4a?cos?w

To eliminate the amplitude distortion an appropriate correction has to be

[Hyr(w)] = (4-3)

realised. This can be done, for example, by means of a digital filter that has

amplitude-frequency characteristics inverse to Hys(w).

4.2.1 Alternative Tools for Non-Uniform Resolution

Spectral Analysis

Some other common tools for analysis spectra using non-uniform frequency

resolution are outlined here.

The Non-Uniform Discrete Fourier Transform

The non-uniform discrete Fourier transform, proposed by Bagchi and Mitra
[20, 24, 35], is closely related to the SW transform. Refer to the discussion

in section 2.5 on page 71.

Subband Discrete Fourier Transform

A DFT gives equally spaced samples around the unit circle—i.e., fixed spec-
tral resolution over the whole spectrum. The subband DFT evaluates evenly
spaced samples around selected sections of the unit circle [36].

The basic principle of the subband DFT is that the N-length time-domain

sequence is separated into its low- and high-frequency subbands and a DFT



102 CHAPTER 4. APPLICATIONS OF THE SW TRANSFORM

x[n] } XL @ -2 —>§—poim DFT 3] W; X[Kn]

- k. =0,1,.,3-1
z" L z

T 2 = N -point DFT (- W; —3=X[Kn]

——xu[n]
ky= 5, >+1,..,N-1

Figure 4.3: The subband DFT algorithm. The shaded area shows a single
stage of the algorithm [36].

is performed on each of the subbands. These N/2-length DFTs may or may
not themselves be subband DFTs.
The low- and high-frequency subbands of a sequence z[n] are found by

respectively taking the sum or difference of adjacent sample pairs:

zr[n] = = (z[2n + 1] 4+ z[2n]) (4.4)

zyn| = = (z[2n + 1] — z[2n]) (4.5)

[NSRIE NO R

for

n=01,...,N/2-1

This process is illustrated in figure 4.3.

If N is a power of two, this spectral separation step can be repeated
log, N times, giving N frequency coefficients. This is similar to the decima-
tion-in-frequency FFT.

If log, N stages of the subband DFT are performed, then N evenly spaced
samples around the unit circle are evaluated. However, if information from
only some of the subbands is required, then the DFT of the other subbands
does not need to be calculated. An example of when this is useful is the
case in which a signal’s energy is concentrated in certain frequency bands.
After each spectral separation stage, a decision whether or not to further

decompose each subband, based on its energy content, can be made.
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Goertzel’s Algorithm

A method for computing a DFT is the Goertzel’s algorithm [13, 37]. This
is a recursive algorithm that is efficient for applications requiring just a few
DF'T samples.

Chirp z-Transform

The chirp z-transform is another method to give flexibility of sample locations
in the z-plane [38]. The chirp z-transform samples the z-domain on a spiral

contour on the z-plane. The sampling points are given by
=AW  k=01,...,M—1 (4.6)

where M is the number of samples, A controls the starting location of the

spiral and W controls the shape of the spiral. A and W are given below.

A= Ayed?® (4.7)
W = Wyel (4.8)

If A=Wy =1and ¢9g = 2n/M, then the chirp z-transform reduces to a

DFT. A possible chirp z-transform contour is shown in figure 4.4.

The chirp z-transform can be efficiently calculated with order (N+M) log,(N+
M) operations (N being the length of the pre-transformed signal) [20].

The chirp z-transform is most useful when used to evaluate the z-transform
at evenly spaced locations over part the unit circle (that is, when |A| = 1,
Wy =1 and ¢g < 27/M). In the example in figure 4.5, samples are evalu-
ated only over a quarter of the unit circle. If the frequencies of interest lie
within this band, only one quarter of the operations are required to eval-
uate the chirp z-transform compared with calculating a DFT (using direct

algorithms).
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Figure 4.4: Chirp z—transform sample locations in the z-plane. A = Agel%
gives the position of the first sample and ¢q is the angle between samples. The

chirp z-parameters for this contour are A = 4/5¢/™/6 and W = 9/s e 77/4,

Re

Figure 4.5: z-domain samples from a chirp z-transform equal to the
DFT for frequencies between 7/4 and 37 /4. The chirp z-parameters for this

contour are A = /™4 and W = ¢—97/16,
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4.3 Using SW Chirps to Find a System’s Fre-

quency Response

Another way of testing analogue and mixed-signal circuits is based on the
evaluation of the frequency response of a DUT. To find the frequency response
of a system, one can apply an impulse to the input and measure the response
on the output. To provide good accuracy of the measurement, the generated

impulse has to be of substantial energy.

However, because all the energy in an impulse signal is concentrated in
one point in time (ideally, the pulse has to be infinitesimally short and with
infinitely high magnitude), this method can damage delicate electronic cir-
cuitry. Spectral warping allows this situation to be avoided by converting an
initial pulse into an equivalent chirp signal. Such a signal contains frequen-
cies from the entire spectrum, so the frequency response can also be derived

from its chirp response.

An impulse at sample Ny can be constructed with a linear combination

of cosine functions that add at n = Ny and cancel for n # Nj.

Because superposition holds for the SW transform, the transformation of
an impulse can be analysed by observing the transform of the sinusoids that
make it up. It is useful to consider the sinusoidal components as spanning
the whole sequence, ie., n = N; = 0 from ton = Ny = N — 1. Each
transformed component still begins at the origin (N, = 0s(w)), but lasts
until N, = Nss(w). The phase of each component at the origin is also
unchanged.

The sinusoids no longer add together at one point and cancel each other
at all the other points. However, components of similar frequency do, to some
extent, constructively interfere at a certain time and destructively interfere
at other times. Two illustrate this, consider one of the frequency components
that constitute the impulse, labelling it component A. This component orig-
inally has frequency w4, and moves to frequency w4 under spectral warping.

Time N, is the location of the impulse; this is where component A is in phase
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with every other component and, consequentially, has its maximum power.
The phase angle of component A at time Ny (before warping) is labelled ¢,
(it follows that the phase angle of every frequency component at time Nj is

o). After warping, the component has phase ¢ at time No(w,), as given by

No(wa) = Nod(wa)
1 —2acoswy + a?
1—a?

(4.9)
= N,

Section 2.2.2 contains an explanation of the function §(w). Now consider the
frequency components that have unwarped frequencies close to w,. After
warping, these components will have phase ¢y at a point in time close to
No (wa), and will constructively interfere with the signal from component A.
Because of this constructive interference from its neighbours, component A
will have its maximum power at time Ny(w,). To generalise this result, when
an impulse is spectrally warped, the time in the output sequence at which

each unwarped frequency will have its maximum power is given by

" 1 — 2acosw + a?
N()(u}) :NO 1_a2

(4.10)

The time at which each warped frequency has its maximum power is found
by replacing w with its expression in terms of the distorted frequency @ (from

(2.18)).
. 1—a?
Ny(w) = N,
0(@) %1+ a2+ 2acosw

(4.11)

The result is a signal in which the low frequencies have a maximum at one
end and the high frequencies have a maximum at the other.

Figure 4.6 shows a chirp signal generated by SW. The warping factor is
positive, so the chirp begins with low frequencies and finishes with high fre-
quencies. Towards the end of the chirp only the high-frequency components
are present; these remaining components are close in frequency, modulating
to cause the low-frequency beating that is seen in the figure.

Up to a certain point all the frequency components are present in the

output signal and they cancel each other out. The chirp signal begins when
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Figure 4.6: A chirp signal generated by warping a time-shifted impulse
with a warping factor of a = 0.5. The low-frequency components now occur at
an earlier time (they are also amplified) and the high-frequency components occur

at a later time.
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the first frequency component finishes. This component will be the one
relating to either w = 0 or w = m, depending on the sign of a. If the
appropriate value of w is substituted into (4.11), the start of the chirp, Ny,

can be found as a function of the time of the impulse.

(1 — Ja])”
Ny = Ny X ——— 4.12
1 0o X 1 — &2 ( )
The end of the chirp is found in a similar manner:
1 2
Ny = N, x (A + Ja])” (4.13)

1—a?

To find a system’s frequency response, a test chirp is generated by spec-
trally warping an impulse, using a warping factor a. This signal is then
passed through the system or circuit to be tested. This gives the system’s
chirp response.

The Fourier transform of the chirp response has the same magnitude as
the system’s frequency response. This is because each frequency component
of the chirp has equal energy. The phase information is altered due to the
time shifting. To recover the phase information the chirp response is warped
with —a. This produces a warped impulse response that is time-shifted by
Ny. Shifting this to start at the origin and then warping it (using the original
warping factor a) will make it identical to an impulse response found in the
conventional manner. The system’s frequency response can be found from
the Fourier transform of the impulse response.

It is possible to estimate a system’s magnitude response from its chirp
response without calculating a Fourier transform. Because the time at which
each frequency is dominant in the chirp is known from (4.11), an indication
of the magnitude response can be obtained by comparing the envelope of the
chirp response with that of the chirp signal. Figure 4.7 shows an example of
a chirp response of a band-stop filter with a very narrow stop-band. Only one
section of the chirp responses envelope differs significantly from the envelope
of the original chirp. This occurs at the time when the stop-band frequency

is dominant in the chirp. This frequency can be found by overlaying the
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Figure 4.7: Envelopes of a chirp and chirp response. The envelope of a SW
chirp signal (a) and the resulting chirp response (b) of a band-stop filter. Also
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frequency versus time curve for the particular chirp. (The known stop band
for this example filter is 0.577 to 0.587). This approximation is only valid if

the phase shift introduced by the system is not excessive.

4.4 Accelerated Evaluation of Dependency be-
tween Effective Number of Bits of ADC
and the Input Signal Frequency

In addition to the evaluation of the frequency response function, the SW
transform can benefit testing and characterisation of other parameters of
mixed-signal systems. For example, it can accelerate evaluating the depen-
dence between the Effective Number of Bits (ENOB) of an Analogue-to-
Digital Converter (ADC) and the input signal frequency. The basic idea
of this approach is to bring a full-swing chirp signal to input of the tested
ADC where the frequency sweep of the chirp covers the required range of
the dynamic test, while the length of the chirp is determined by the required
accuracy of the test. The estimation of ENOB with respect to the input
signal frequency is then calculated from the series of ADC output samples
using an algorithm developed in [39, 40].

The approach provides the same accuracy as a sine-fit test (one of the
basic methods for ADC testing as specified by IEEE Standard 1241-2000
[41]). At the same time it requires shorter test time that is a very valuable
advantage in ADC final production testing.

It was noted in [40] that a superior chirp generator is required to imple-
ment the method. This is due to the fact that most Direct Digital Synthesiser
(DDS)-based generators are not suitable for such an application as their fre-
quency sweep is built upon discrete frequency increments, thus degrading
the test results. The required chirp generator can be implemented employ-
ing SW-based techniques that provide the required frequency and amplitude

parameters of the test signal.
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Figure 4.8: A SW chirp compared with a linear chirp. The SW chirp signal
is plotted as the solid line; the linear chirp signal is the dotted line.

4.5 Using Spectral Warping for Filter Design

SW provides a new efficient way of designing FIR filters. A SW chirp can be
upsampled and used as the filter coefficients for a low-pass FIR filter. The
low-pass filter can be transformed to a high-pass, band-pass or band-stop
filter using appropriate spectral transformation techniques [13]. The process
of developing a low-pass filter using the SW procedure is as follows.

A SW chirp is produced using a warping factor a. This chirp is shown
in figure 4.8, along with a linear chirp (multiplied by a Hanning window
function [42]) for comparison. The chirp signals are then up-sampled by a
factor of 32. This produces the filter coefficients. Because the SW chirp is
(almost) zero for most of its length, the leading and trailing zero coefficients
are removed. In this case, the 501 coefficients remain. The linear chirp filter
retains a length of 1892. The SW chirp filter is plotted in figure 4.9. Sharing
the same axes is a plot of a Parks-McClellan FIR filter, designed to have the
same characteristics as the two chirp filters.

Figure 4.10 shows the frequency response of the three filters (SW chirp
filter, linear chirp filter and Parks-McClellan filter). It appears from figure

4.10 that the SW chirp filter can achieve a comparable magnitude response
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Figure 4.9: A SW chirp compared with a Parks-McClellan low-pass filter.
The SW chirp signal is the solid line; the Parks-McClellan low-pass filter is the

broken line.

to a Parks-McClellan filter of four times the order. A SW chirp filter will
give a much better magnitude response than a Parks-McClellan filter of the

same order.

The linear chirp filter has much more ripple in the pass-band and requires
a much larger order to achieve similar stop-band characteristics as the SW
chirp filter. However, that the SW method produces a much greater phase
shift. A related disadvantage is that the SW chirp filter produces a large,

non-constant group delay, as illustrated in figure 4.11.

In summary, the SW chirp filter provides significant advantages where
fast (it can be a smaller order than Parks-McClellan), simple (FIR filters
are simpler to implement than IIR ones) and stable (FIR filters are always

stable) filtering is required.

Spectral warping methods have also been employed to design IIR filters

[43], with particular attention given to their use in audio applications [44].
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Figure 4.11: Group delay of the SW chirp, linear chirp and Parks-Mc-

Clellan filters. Solid line: SW chirp filter; dotted line: linear chirp filter; broken

line: Parks-McClellan filter.
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4.6 Harmonic Distortion Measurement using
Spectral Warping

Appending a sequence of zeroes to a signal before it undergoes spectral warp-
ing causes the various frequency components contained within the signal to
become more separated in time after the warping. This effect has been inves-
tigated for use in the analysis of the harmonic distortion! a system introduces
to a signal in [45]. That study concluded that estimating harmonic distortion
using the SW transform provides an efficient method that gives moderate ac-
curacy, and could, in some applications, provide a viable alternative to more

conventional filtering methods.

4.7 Other Applications

Other authors have investigated applications for SW warping in the areas
of designing of audio equalisers [46], warped wavelet design [47] and speech

analysis [48].

'Harmonic distortion can be defined as the proportion of energy of a sinusoidal signal

transferred to the harmonics.



Chapter 5
Conclusions and Future Work

The major results of this thesis, and the conclusions that can be drawn from

them, are summarised and discussed below.

5.1 The Types of Spectral Warping Trans-

forms

The SW transform has been defined as a time-domain-to-time-domain trans-
form that shifts the frequency components of a signal along the frequency
axis, characterised by a frequency (or z-plane) mapping function. Two im-
portant categories of the SW transform were considered: transforms for which

the z-plane mapping is an all-pass function

N
On(z) = HHI f_‘a‘;; la| < 1 (5.1)
and transforms for which the frequency mapping function is piecewise linear.
All-pass SW can be further categorised into first-order (N = 1) and high-
er-order (N > 1) transforms. It was shown that higher-order all-pass SW
transforms introduced a type of frequency aliasing, making them useless for
most common applications. First-order all-pass SW transforms do not suffer
from this aliasing and were found to be useful, and lent themselves to straight

forward analytical analysis.
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5.2 Matrix Representation

A significant new result from this work is viewing the SW transform as lin-
ear transformation. This view of SW is more general than how the literature
had previously considered SW. It enables the many tools and techniques ap-
plicable to linear transforms to be applied to the SW transform. A linear
transform can be represented as a matrix multiplication. The matrix repre-
sentation of the SW transform that was proposed effectively decomposes the

transformation into three components:

1. a DFT from the original time domain samples into the frequency do-

main,

2. a warping matrix that interpolates the available frequency samples to

give a new set of frequency samples, and
3. an inverse DFT to transform these back into the time domain.

The transformation matrix effectively represents a bank of FIR filters that
can be used to implement the warping. From the matrix representation, it
is shown that the spectral warping transform is not time invariant, although

the impulse responses are readily available from the transformation matrix.

5.3 The Uses of Spectral Warping Transforms

The manipulation of the frequency content of digital signals using SW can be
employed to analyse signals’ frequency content with non-uniform resolution
over the frequency spectrum. This technique is most useful (in the sense that
it can reduce the number of calculations required compared with conventional
methods) in the case when information from one end of the spectrum is
important and the other end of the spectrum can be ignored.

An important consideration that must be accounted for when using the

SW transform is that the transform operates on a finite-length “frame” of
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input samples, producing a finite-length frame of output samples (that gen-
erally has a different length to the input frame). The output frames may be
rejoined by simple concatenation, or by some other method, but, in general,
there is no correct way to rejoin the output frames—the best method to
rejoin the frames (and even whether it is sensible to rejoin the frames at all)
is dependent on the particular application.

Another new technique developed through this thesis is the production of
spectrally-flat frequency chirps using the SW transform, and the use of such
chirps for system characterisation. Although using chirp signals for system
characterisation is a standard technique, the use of SW to develop the chirp
signals is a new result, which has the potential to be useful in practical
situations, due to the nice properties of SW chirp signals. SW chirps were
shown to be successful in characterising a system’s response both exactly and
approximately (by appraising the envelope of the SW chirp response directly
in the time domain, thereby using fewer operations).

The SW transform was also successfully used to generate useful FIR fil-
ters. A SW low-pass filter was shown to have similar magnitude-response
characteristics to a Parks-McClellan filter of four times the order. These
superior magnitude-response characteristics come at the expense of poorer

phase-response characteristics.

5.4 Realisation and Implementation

FIR and IIR realisations of the SW transform were investigated!. There
exists an efficient implementation for an IIR realisation of a first-order all-
pass SW transform that has the benefit of requiring fewer calculations than
a typical FIR implementation.

Both FIR and IIR realisations require that the output sequence be of

sufficient length to represent the entire transformed signal. If the output

!The IIR realisations are so called because they are based on IIR filters, not because

the transform has an infinite response itself.
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sequence is too short in an FIR realisation, the signal represented by the
truncated samples is superimposed on the initial samples (the signal wraps
around to the beginning). If the output sequence is too short in an IIR
realisation, the truncated samples are either lost or added to the start of the

next output frame, depending on the particular implementation.

5.5 Arithmetic Logic Unit Core Application-
Specific Integrated Circuit

Because the SW ALU core ASIC did not seem to function correctly, it is
difficult to draw many conclusions from the exercise of producing the chip.
Although no formal analysis of quantisation noise has been carried out,
it is evident from simulation results that using five-bit precision for the SW
transform results in the quantisation noise to be so large as to almost com-
pletely obscure the signal. Hence, one conclusion that can be made from
the exercise is that any serious evaluation of SW as a component of DSP-
based testing must be done using longer word lengths. An analytical study
of quantisation noise verses word-lengths will reveal how many bits precision

is needed for a given application.

5.6 Future Work

Areas where further study would benefit the understanding of the SW trans-

form, and its practical use, include:
e Modifications to the FIR filter to improve the phase response.
e Further study of I[IR SW filters.

e Analysis of the quantisation noise introduced in various implementa-
tions of the SW transform, including the effect of varying the word-

length used.
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e A comparison of using SW to evaluate a subband with Goertzel’s al-

gorithm.

Further testing of the ASIC is also required. This will fully determine where
the faults, if any, are. Once faults are isolated, they can be fixed and an
improved die fabricated. This is necessary to be able to make statements
about the usefulness of such an implementation, and to aid in the develop-
ment of other implementations using the same algorithm. It could also be
interesting to implement both the IIR and FIR implementations on a field
programmable gate array (FPGA), to see how that technology would suit

using SW for system characterisation.

5.7 Final Conclusions

A wvalid conclusion to draw from the analysis and experimentation reported
in this thesis is that the SW transform is a useful tool for the manipulation
of the frequency content of digital signals. In particular, SW is useful and
efficient for cases where the signal or system under investigation is band-lim-
ited, or where only the frequency content /response over a limited band is of
interest. Under these circumstances, the SW transform may be a valuable

tool for embedded mixed-signal testing.
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Appendix A

SW ALU ASIC Data Sheet

An application-specific integrated circuit (ASIC) that provides a specialised
arithmetic logic unit (ALU) core that performs a calculation central to the
ITR all-pass network implementation of the SW transform was designed and
fabricated using very-large-scale integration technology (VLSI).

The ultimate goal of the core is to investigate the use of SW as imple-
mented in CMOS, in particular its use in the characterisation of mixed-signal
ICs It is a proof-of-concept realisation, from which further designs can be de-
rived. It is envisaged that SW techniques will be used as tools in mixed-signal
IC characterisation (in fact, characterisation of any unknown arbitrary sys-
tem) and high-resolution frequency analysis, plus many applications that are
waiting to be discovered.

The objectives of the ALU core are to:

1. Evaluate the usefulness of the SW transform implemented with five-bit
precision (five-bit precision was chosen because that was the largest
word-length that would allow the chip to be developed in reasonable

time with the design tools available).

2. Develop a prototype for both the ALU core and the surrounding cir-

cuitry, which can be further developed as required.

3. Experiment with real-time applications of SW.
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A.1 Acknowledgements

The circuit was designed using DSCH2 for the gate-level design and Micro-
wind2 as the layout editor.! It was fabricated using 0.18 pm ST CMOS
technology, as one section of a multi-purpose chip.

The development of this core was done in partnership between the In-
stitute of Information Sciences and Technology, Massey University, New

Zealand and Institut National des Sciences Appliques, France.

A.2 SW ALU Core Overview

The function the ALU performs is
F(a,b,c,d) =a(b—c)+d (A1)

All the operands are five bits long (four bits plus a sign bit). The output is
of the same form. An overflow output bit is also provided. This bit indicates
whether an overflow has occurred at any stage of the calculation. Note that
no overflow occurs during the multiplication stage of the calculation because
the product is truncated. The four high-order bits of the product are taken,
while the low-order bits are discarded.

The design takes advantage of the fact that identical operations are per-
formed on the data at different points in the calculation. This means that
circuitry can be reused within the calculation. To do this, intermediate re-
sults are stored in registers. The four input words (a, b, ¢ and d) are loaded
at separate times via the same input pads. This significantly reduces the
number of pads and, hence, the chip’s size.

Because a is a constant, it is loaded into a register at the start of the
transform and the data in that register is reused for the subsequent iterations
of the function. A notLDA (load a) pad is provided to indicate that the data

on the input pads is to be loaded into the a register on the next rising edge

'Both DSCH2 and Microwind2 are written by Etienne Sicard of INSA Toulouse, France.
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of the clock. notLDA also acts as a reset, clearing the output register and
resetting the chip back to the first stage of the calculations. As a result of
the truncation in the multiplication stage, a is inherently scaled by 27*. To
cancel this effect a should be pre-scaled by 2*. This is useful for SW, where
—-l<a<l

A.2.1 ALU Input and Output Nodes

Table A.1 lists the input and output nodes of the ALU. The ALU requires
23 inputs, 6 outputs (plus two power supply inputs).

A.2.2 Top-Level Functional Blocks

The ALU consists of 12 functional blocks. Figure A.1 shows the data flow
through these blocks.
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Table A.1: ASIC I/0 list. Input/output list with internal names. See also Table

15 on page 35.

Node ‘ Type ‘ Description Normal
Vdd Power +1.8V power supply. +2V
Vss Power 0V power supply. ov

Input
in_clk (con- External clock signal. n/a
trol)
in_notLDA Input Not load a: allows the warping | HIGH
(con- factor to be loaded into the a-
trol) register. Also acts as a reset
pin.
in_mem Input mux enable: when this n/a
Input line is HIGH the data is loaded
(con- in parallel, when it is LOW the
trol) data is loaded sequentially via
the A data lines.

in_da4 (most significant bit; sign bit)

in_da3 Input

in_da2 (data) | A input data word. n/a

in_dal

in_da0 (least significant bit)

in_db4 (most significant bit; sign bit)

in_db3 Input

in_db2 (data) | B input data word. n/a

in_dbl

in_db0 (least significant bit)
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Table A.1 (cont): ASIC I/0 list.
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Node ‘ Type ‘ Description ‘ Normal
in_dc4 (most significant bit; sign bit)
in_dc3 Input
in.dc2 | (data) | C input data word. n/a
in_dcl
in_dc0 (least significant bit)
in_dd4 (most significant bit; sign bit)
in_dd3 Input
in.dd2 | (data) | D input data word. n/a
in_dd1
in_dd0 (least significant bit)
oreg_ OV | Output | Is HIGH if an overflow has oc- | LOW
curred during the last calcula-
tion. If this is HIGH, the out-
put data word is set to £15.
oreg_q4 (most significant bit; sign bit)
oreg_q3 | Output
oreg-q2 | (data) | Output data word. n/a
oreg_ql
oreg_q0 (least significant bit)
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Figure A.1: ASIC ALU dataflow. Data flow through the ALU (not including

input multiplexer).

The functions of the 12 blocks are listed in table A.2.

Note that a clock period is considered to start on the rising edge of the
clock signal. Also, the least significant bit of a parallel data line is denoted
by a 0 subscript and, if a sign bit is present, it is denoted by the highest
subscript (i.e., 4).

A.2.3 Operation

Each cycle consists of a single four-period calculation, noting that the cycles
overlap by one stage (clock period). The control unit directs the data flow
through the ALU, according to the current stage. Each stage is considered

to finish when the data is clocked into the sum register. Table 3 shows the
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Table A.2: The functional blocks of the ALU.
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Block Inputs Outputs
Input multiplexer — inmux r.10tLDA
If in_men is HIGH selects between the 'h-men
. . . . muxS :
appropriate input data lines, or, if ADD INnMux_d4_.o
in_men is LOW, always selects the A in- INV
put. )
inmux_dAs_.q

Control Unit — ctrl
Synchronises the calculation performed CLK muxS
to the data currently on the input pads. notLDA ADD
Reset by notLDA. INV
a Register — areg CLK
Stores the 5-bit a constant. Loads in- LDA are
put when notLDA is pulled low. Rising | not §-da—0
edge triggered. INMUX-Q4—0
Pre-adder 2’s Complementor with
Inverter — isb2c
Converts the data bits of the output of INV
the Input multiplexer to their 2’s com- | isb2c_qa_.o
plement if the sign bit (mux_gs) or INV | 'MMtX-da—0
is set (but not both). If iumux = —0
(100005) then the output is 00000,.
Pre-adder multiplexer — mux
Selects the B operand of the Adder

. . muxS
from either the Sum Register (muxS =

S sb2c_gs—o Mux_ga—.
0) or the product of the multiplication,
mult_gs—o

via the 2’s complementor (muxS = 1).
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Table A.2 (cont): The functional blocks of the ALU.

Block

Inputs

Outputs

Pre-multiplexer 2’s Complemen-
tor — sh2c

Converts the data bits of the output
of the Multiplier to their 2’s comple-
ment if the sign bit (mux_qq) is set. If
mult = —0 (10000) then the output is
000005.

INV

mult_q4_.0

sb2c_qg4—0

Adder — add

Adds the A operand to either the B
operand (ADD = 1), which is either the
intermediate result stored in the Sum
Register or the product of the multipli-
cation (via the 2’s complementor), or
adds it to 0 (ADD = 0). An overflow
bit is set if the result of the addition
is greater than 011119 ¢mp Or less than
1000025 ¢mp-

ADD
isb2c_qs4_.0

MUuXx_g4—-0

add_qs .0
add_ov

Pre-multiplier 2’s Complementor
— 2csb

The output of the Adder (stored in
sreg) is in 2’s-complement form. If it
is a negative number then the 2’s com-
plement of the four data bits is taken —
the sign bit is left unchanged. An over-
flow is generated if addq = 100002 cmp-

sreg-qa—o

2csb_q4_.0
2csb_ov

Multiplier — mult
Multiplies two 4-bit numbers and takes

the XOR of the sign bits. The product
is truncated to be four bits long.

areg_gs—0
2csb_q4_.0

mult_q4_.0

Sum Register — sreg
Holds the output of the addition for one
clock period. Rising edge triggered.

CLK
add_q4_.0

sreg_qa—o
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Table A.2 (cont): The functional blocks of the ALU.

Block Inputs Outputs

Overflow Latch — ovfl CLK
If add,v or 2csb,v are set during any notLDA
stage of a complete calculation, then INV
ovflyov will be set for the remainder of ADD ovflqov
the calculation. This unit also provides MULT ovflovclk
the triggering for the data to be latched add _ov
into the Output Register. 2csb_ov

ovfl,vclk
Output Register — oreg add_q4.0
Latches out the final value once the notLDA oreg_da_o
each calculation has completed. The INV -
register is cleared by notLDA. sreg_qs4—.o

ovfl_gov

steps involved in each calculation.

The control unit directs the data flow through the ALU. For the following
explanation of the circuit’s operation, each stage (clock period) finishes when
the data is clocked into the sum register. A cycle consists of a single four-

period calculation.

1. During the first stage of each cycle, the input data (that is the ¢
operand) is converted to two’s-complement form, negated, added to

zero and stored in the sum register.

2. In the second stage, b is applied to the input pads. Its two’s-complement
representation is added to the contents of the sum register (selected by

the multiplexer). Thus, b — c is stored in the sum register.

3. d is applied to the chip’s inputs for the third period. It is converted to
two’s-complement form and presented at one of the inputs to the adder.
The value in the sum register is converted to signed-binary magnitude

representation and multiplied by a. The product is converted to two’s-
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Table A.3: The stages of loading and calculating each expression. The
result of each operation is stored in the sum register. The output data is presented

on the outputs on the falling edge of the third clock period of each iteration.
Stage Input Operation Output

0 a load a
1 C1 —C1
2 bl b1 —C1
3 dl &(bl — Cl) + dl

a(b1 — Cl) -+ dl
1 Co —C9

a(bl — Cl) + d1
2 bg bg — Cy

a(b1 — Cl) -+ dl
3 dg a(bg — Cg) + dg

a(bg — 02) + dg

complement form, passes through the multiplexer and is presented at
the other input to the adder. The sum, a(b — ¢) + d, is stored in the

sum register.

4. The output of the sum register is converted to signed-binary magni-
tude representation and presented to the output register. The output
register latches the data through to the chip’s outputs on the follow-
ing falling edge. This fourth period is also the first period of the next

calculation.

A.2.4 Supply

The ALU core requires a 1.8V Vdd and a 0V Vss (with respect to the sub-
strate) supply. The supply is delivered to the circuitry via the comb routing

scheme shown in figure A.2.
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Vss

Figure A.2: Power supply routing.
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Table A.4: Best order to apply inputs. The order to change input values to
minimise the effect of delays (from capacitance etc.) of the input pads. The new

value should be applied immediately after a rising edge.

Stage Inputs

Number | nottlDA| A | B | C | D
-3 0 load
-2 apply 1 ! load
-1 l ! load l
0 l ready l l load
1 1 l ready !
2 1 ready | load !
3 1 load ! ready
1 1 l l load
2 1 l ready !

A.2.5 Clocking

The clock line enters the layout from the left side (for the chip orientated
as in figure A.2) and runs down the routing channel in the centre of the
design. The latches in the design, with the exception of the output register,
are rising-edge triggered.

The output value changes at most once every three clock cycles. If the
input multiplexer is used, the inputs can also be updated at a third of the
clock speed. If the time taken to change the value on the input pads is
critical, then it may be important to apply the new value to the pad as soon
as possible. In this case the order that the inputs should be updated is shown
in table A.4.

It has not yet been determined how fast the clock can be run.

A.2.6 Reset

The notLDA input also acts as a reset. When notLDA is pulled low the

following occurs:
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1. The control unit will output INV = 1, ADD = 0, MULT = 0 on the
next clock rising edge. It will remain in this state until notLDA returns

high, after which the output will begin its normal cycle (see Table 9).
2. The input multiplexer selects the A input word.
3. The A input word is clocked into the a register.

4. The output clock goes high after a rising edge and a falling edge of the

main clock, after notLDA goes low (see Figure 7).

5. The output register is cleared on the rising edge of the output clock.

A.2.7 Design Tools

MATLAB, DSCH2 and Microwind2 were the principal software tools used to
develop the ASIC design (figure A.4).

A.3 Circuit Components

A.3.1 Basic Blocks

The design is made up of primitive gates (such as NAND, NOR and transmis-
sion gates), and with simple blocks that are combinations of a few primitives.
The blocks used are described below.

Edge-Triggered D-Latch
Standard

An RS-latch (with inverted inputs) can be made from two NAND gates (see
figure A.5) and has the truth table shown in table A.5.

This can be used to make a D-latch by ensuring SET # RESET only when
the data is to be latched through (in this case on a rising clock edge). At
other times SET = RESET = 1. This is illustrated in figure A.6. Table A.6

is the corresponding truth table.
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°Vfl_qvadd A rising and then a falling
i edge will pass before the
i | output clock is pulled high.

The output is set to
] zero on the rising edge [T
of the output clock.

________________________________________________

-----------------------------------------------------

ovfl_ovclk

Figure A.3: Microwind trace showing the effect of setting notLDA = 0 on
the overflow latch and the output register. Note that there are one and a

half clock cycles between notLDA going low and the output being reset.

MATLAB DSCH
Mathematical analysis Logic—-level circuit
of the SW transform. design and simulation.
<
@
=
Q
Microwind

Layout compilation &
editing and simulation.

Figure A.4: CAD tools used in developing the design.
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Table A.5: Truth table for NAND RS-latch.
SET RESET || Q

CLK>

RESET n———

SET )]

i,
D

P!

Figure A.5: RS-latch.
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Figure A.6: Rising edge-triggered D-latch.
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Table A.6: Truth table for rising edge-triggered D-latch.

CLK [ Q Q
0 |Q Q
0—1|(|D D
1 [Q Q
-0 Q Q

> a

v

B

i,
=

CLEAR
D

[a]}

>

Figure A.7: D-latch with clear.

With Clear

The latch can be cleared by ANDing the input with a CLEAR line (this is
done using a three-input NAND gate). This is a synchronous clear—it only

takes effect on a rising clock edge.
Adders

Half Adder

The half adder circuit (as in figure A.8) is a fundamental block that is used
extensively throughout the design.

A half adder with inverted inputs (figure A.9) was also found to be useful.
This is made by simply swapping the AND gate with a NOR gate. A third
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At >}>> .

B .

Figure A.8: Half adder.

A )}» .

Boo—]
o

Figure A.9: Half-adder with inverted inputs.

version of the half adder that has the carry bit inverted (made with a XOR
and a NAND gate) was also used.

Full Adder

To cascade adders, allowing addition of words of an arbitrary bit-length,
provision has to be made to include carry-in bits. This is a full adder, the

schematic for which is illustrated in figure A.10.

4-Bit Adder

In the design of the multiplier it seemed useful to have a 4-bit adder block.
This block can easily be made from five half adders and a NOR gate (figure
A.11). Blocks with two and four inverted inputs were also used (made by
simply swapping one or both, of the input half adders with inverted-input
half adders). A version of the 4-bit adder with an inverted carry-out was
used where appropriate. The reason for using inverted inputs and/or output

is to reduce the number of inverters in the circuit.
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Figure A.10: Full adder with (a) AND, OR and XOR gates and (b) a more
efficient implementation with NAND and XNOR gates (as in the actual imple-

mentation).

Table A.7: Truth table for full Adder.

A B Cin H carry sum
0 0 0 0 0
0 0 1 0 1
0 1 0 0 1
0 1 1 1 0
1 0 0 0 1
1 0 1 1 0
1 1 0 1 0
1 1 1 1 1




A.3. CIRCUIT COMPONENTS 139

Ar————— A C \ / A C

B——— B 5 ><
C>>— o + C / \ o + C . + . r >> i1
o¥———E 8 B 5 | D_>> -

Ar————— A C \ / A C

85— B 5 ><
Com——— A C A Cp— + |_ 7”8

LT T e
03— B 5 B 5

Figure A.11: 4-bit adders with (top) invert and (bottom) non-invert carry-out.

Multiplexers

A multiplexer selects one of several inputs (all the multiplexers in this project
select one of two inputs). The multiplexers are made using transmission
gates. When the control line is high, half of the transmission gates allow
current to flow through them and the other half act as open circuits. This
selects one set of inputs. When the control line goes low the other half of
the transmission gates conduct, selecting the other input. The first lot of
transmission gates is now in a high-impedance mode. Figure A.12 shows an

arbitrary-length multiplexer of this form.

A multiplexer of the form shown in figure A.12 is not an optimal imple-
mentation. Each of the transmission gates is implemented (when complied
in Microwind) as in figure A.13. Every transmission gate inverts the control
line for the gate of the PMOS transistor independently of the others. This
is unnecessary because the inverse of the control line is already available.
A better implementation is achieved by designing the multiplexers in the

transistor level (as in figure A.14), thus saving several inverters.



140

APPENDIX A. SW ALU ASIC DATA SHEET

b i

=

—

o

% n

Figure A.12: multiplexer using transmission gates.
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Figure A.13: Transmission gate.
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Figure A.14: multiplexer designed at the transistor level.
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Table A.8: The outputs of the control unit as a function of the current

stage of calculation.

Stage || INV. ADD MULT

0 1 0 0
1 0 1 0
2 0 1 1
3 1 0 0

Table A.9: Control unit truth table for transition on the rising edge of
the clock.

LDA Current | INV ADD MULT next stage
Stagen |n+1 n+1 n+1 n+1
1 0 0 1 0 1
1 1 0 1 1 2
1 2 1 0 0 3
1 3 0 1 0 1
0 X 1 0 0 0

A.3.2 Control Unit

The control unit sets the various control lines according to the current stage
of the ALU’s calculation cycle (see table A.3). Table A.8 shows the value of
the control lines for each stage and table A.9 is the truth table for the control

unit. The circuit to achieve this is shown in figure A.15.

A.3.3 Multiplier

The multiplier is a 4-bit basic array multiplier. It is based on the “paper-
and-pencil” algorithm illustrated in figure A.16.

Partial products are generated by ANDing the bits of the multiplier and
the multiplicand. The four rows of partial products are then added to gen-

erate the result.
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Figure A.15: Control unit.
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Figure A.16: Array multiplication using the “paper-and-pencil” al-

gorithm.
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The addition of each output bit is dependent on any carries generated
from the addition of the lower order bits. The expression for each output bit

is given by the following equations.

Qo = aobo

@ = aibp + aoh

G2 = asby + aiby + apby + 11

g3 = asby + axby + aiby + Co1

Qs = asb; 4+ agby + ajbs + c31 + coo
QB = asby + agbs + ca1 + c32
46 = agby + c51 + cap
qr = asbs + cg1 + 52

where ¢; ; is the j™ carry bit from calculating g;.

The output of the multiplication is truncated to the four most significant
bits. For the less significant bits, therefore, only the circuitry to calculate
the carry bits was included. The resulting circuit is shown in figure A.17.
The exclusive-or of the sign bits of each of the operands is the sign of the
product. Note that, wherever it is beneficial, gates have been converted to
NAND or NOR gates to reduce the transistor count.

A.3.4 Adder

The adder (as shown in figure A.18) uses the ripple-carry technique. It adds
two 5-bit numbers, generating a 6-bit output (including the overflow bit).
One of the operands is ANDed with a control line. When the control line is
low one operand is added to zero, i.e. it passes through the adder unchanged.
If the operands are in two’s complement form they can be either positive or

negative and the correct sum will be produced.

A.3.5 Two’s Complementors

The chip inputs and outputs are in signed-binary magnitude form. To enable

the adder to be used as a subtractor, and for it to be able to handle negative
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Figure A.17: Multiplier (least significant bits truncated).
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Figure A.18: 5-bit adder with disable-add control line.
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Figure A.19: Two’s complementor.

numbers, the numbers must be in two’s complement form. The multiplier
requires its inputs to be in signed-binary magnitude form. Hence, the data
must be converted between the two representations at various points in the
calculation. Positive numbers are represented identically in the two methods.
To convert a negative number from one representation to the other, the sign
bit (that is the most significant bit) is unchanged and the other bits are
replaced by their two’s complement. The two’s complement of a binary
number is found by adding 1 to the one’s complement of the number.

The circuit in figure A.19 produces the two’s complement of its input.

Pre-adder Two’s Complementor with Inverter

The pre-adder two’s complementor converts a signed-binary magnitude num-
ber into its two’s complement representation, and inverts the number if the
INV control line is high. It works out the two’s complement of the number
and, using a multiplexer, decides whether to output the original number,
or its two’s complement. The decision is based on the sign of the output,
which is the exclusive-or of the input sign and INV. Some circuitry had to
be included to swap an input of negative 0 (100003) to positive 0 (000003).
This was because 10000, would remain unchanged after going the two’s com-

plementor. 100002 ¢cmp = —819 — obviously an erroneous result. The logic
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INV )
i4 jof T > o4

B3 @
B2 Q3 > 03
B1
Q2 > 02
i3 ) i3 03 s Q1 > o1
&
i2 ) 2 o2 |— A > 00
i1 1 o1 MUX
i0 ) i0
2'scmp

Figure A.20: Inverter and signed-binary magnitude to two’s complement

converter.

behind this circuit says that the output sign can only be negative if at least
one of the input data lines is high AND the exclusive-or of the input sign
and the INV line is high. The circuit is illustrated figure A.20.

Pre-multiplexer Two’s Complementor

A block to convert the signed-binary output of the multiplier into two’s-
complement form for the addition is placed immediately before the multi-
plexer. It is identical to the circuit in figure A.20, except that it does not
have the INV input and the XNOR is replaced with a NOT gate.

Pre-Multiplier / Output Two’s Complementor

The two’s complementor before the multiplier and the output latch converts
data from a two’s complement representation to the equivalent signed-binary
magnitude representation. Again the output is the result of a selection be-
tween the original data and it’s two’s complement, depending on the sign
bit. An output of negative 0 (which is really —8;¢) is detected and reported

as an overflow. This is shown in figure A.21.
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Figure A.21: Two’s complement to signed-binary magnitude converter.

A.3.6 Registers

The registers in the ALU are cascades of D-latches. Three registers are
used —one to store the a constant, one to keep intermediate results and one

to hold the final output. These are explained in detail below.

a Register

The a register (figure A.22) is made up of five D-latches. The clock is nor-
mally suppressed by the notLDA control line. Only when notLDA drops lows
can the clock propagate through to latch data into the register. There is no

facility to clear the a register other than clocking in 0.

Sum Register

The sum register (figure A.23) is so named because its input is the output of
the adder. It also is five bits long. It is similar to the a register in all ways

except that it latches data in on every rising edge.

Output Latch and Register

The output register (figure A.24) keeps the result of the last calculation on

the output pads for three clock periods—until the next result arrives. It
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Q a4
a4, D g—X
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Figure A.22: a register.
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Figure A.23: Sum register.
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Figure A.24: Output latch and register.

clocks the data through on the falling edge of the clock during the forth
stage of the calculation. The data is clocked on the falling edge to be allowed
half a clock cycle for the signals to propagate from the sum register, through
the two’s complementor and to the output register. The data is latched
through when the INV pin is high.

An intermediate latch is used to store the overflow. If an overflow occurs
at any stage of the calculation, it will be stored in the intermediate latch and
then latched out at the end of the cycle with the other data. This latch is

cleared at the start of each cycle.

The output latch is reset when notLDA is low.
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A.3.7 multiplexers
Adder multiplexer

The adder multiplexer chooses data from the input word (i.e. from the input
multiplexer) when muxS is low, or the product of the multiplication (muxS

high). It is five bits long and of the form shown in figure A.12 on page 140.

Input multiplexer

The input multiplexer is a five-bit, four-to-one multiplexer that selects the
input word from one of the four sets of input pads. If it is enabled (MEN
high), then it bases its decision as to which set of inputs to select on the
current state of the control unit. Thus it presents the appropriate data for
the current stage of the calculation. If it is disabled (MEN low) then it always
sets the A input lines. In this case the data is loaded sequentially through
the one set of input pads. Also if the notLDA control is low, the A inputs
will be selected. The logic to translate the current state of the INV, ADD,
MULT, MEN and notLDA control lines to the appropriate select control lines
is given by the equations below, and expanded as a truth table in table A.10.

A =MEN x notLDA

B =ADD x INV x MULT x A
C =ADD x INV x MULT x A
D =ADD x INV x MULT x A

A.4 Experimental Set-Up

The SW ALU core is design to be included in a five-bit SW network circuit,

as shown in figure A.25.
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Table A.10: Truth table for input multiplexer select logic.

MEN x notLDA ADD INV MULT||A B C D stage
0 0 0 0 0 0 0 0 illegal
0 0 0 1 0 0 0 0 ilegal
0 0 1 0 0 0 1 0 1
0 0 1 1 0 1 0 0 2
0 1 0 0 0 0 0 0 illegal
0 1 0 1 0 0 0 0 illegal
0 1 1 0 0 0 0 1 3
0 1 1 1 0 0 0 0 illegal
1 0 0 0 1 0 0 0 loada
1 0 0 1 1 0 0 0 loada
1 0 1 0 1 0 0 0 loada
1 0 1 1 1 0 0 0 loada
1 1 0 0 1 0 0 0 loada
1 1 0 1 1 0 0 0 loada
1 1 1 0 1 0 0 0 loada
1 1 1 1 1 0 0 0 loada
- SW Network oureur
shift [ Q
LOAD A—> register
avaep = H— v.
i ALU
By D X
shift delay
\ :I”“"t o register D J
Py

Figure A.25: The ALU in place in a spectral warping network. The ALU
core forms part of an overall system capable of calculating spectral warping trans-

forms. Compare this with figure 3.9 (page 87).
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A.4.1 Elementary Testing

A very elementary test can be performed by holding the notLDA line high and
applying random inputs and observing changes on the outputs. Also, it would
be good to test that the outputs go to zero soon after notLDA is pulled low.
This very simple test will at least show that signals are propagating through

the circuit.

A.4.2 Functional Testing

Table A.11 provides some functional test patterns, which can be used to
verify the chip’s operation. These values can be programmed into a suitable
chip tester. These patterns are based on Table A.15, found in section A.8 on
page 173. Table A.11 also shows the expected values at certain nodes inside
the circuit.

Further functional tests can be performed by emulating the circuit of
figure A.25 with a PC, as illustrated if figure A.26.

A.5 Floorplanning of SW ALU Core

Table A.12 lists the input and output pins required for the SW ALU core
(compare with table A.1 on 124). All the input pins can be shared with other
cores on the same chip (they can be used for other purposes while the SW
core is not in use). The output pins cannot be shared.

The ALU core floorplan is shown in figure A.27.
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Table A.11: Some test patterns for the ALU core. For the latter part of this
table, where all four input data buses are used, it is assumed that it takes three
clock cycles for the inputs to settle once a value has been applied. Also, for the
purposes of this table, it is assumed that the output values appear instantly once
they have been clocked through the output register. Because of the clocking of the
output register, the output values are delayed by an extra half clock cycle from
what is indicated by this table.

in_men in_notLDA in.dA indB indC indD | oregq oreg OV

0 0 00000 X X X - -
0 0 00100 X X X 00000 0
0 1 00011 X X X 00000 0
0 1 00111 X X X 00000 0
0 1 00010 X X X 00000 0
0 1 10110 X X X 00011 0
0 1 10001 X X X 00011 0
0 1 11010 X X X 00011 0
0 1 00000 X X X 11001 0
0 0 00011 X X X 11001 0
0 0 00100 X X X 00000 0
0 1 00101 X X X 00000 0
0 1 10010 X X X 00000 0
0 1 01111 X X X 00000 0
0 1 00000 X X X 01100 0
0 0 00000 X X X 01100 0
0 0 11001 X X X 00000 0
0 1 01100 X X X 00000 0
0 1 00001 X X X 00000 0
0 1 00010 X X X 00000 0
0 1 11101 X X X 01000 0
0 1 00011 X X X 01000 0
0 1 00000 X X X 01000 0
0 1 00110 X X X 01111 1
0 1 11001 X X X 01111 1
0 1 00011 X X X 01111 1
0 1 00001 X X X 01011 0
0 1 00101 X X X 01011 0
0 1 11011 X X X 01011 0
0 1 00000 X X X 11101 0
0 0 00000 X X X 11101 0
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Table A.11 (cont): Some test patterns for the ALU core.

in.men in_notLDA in.dA in.dB in.dC in.dD | oreg.q oreg OV

0 0 01111 X X X 00000 0
00001 X X X 00000 0
11111 X X X 00000 0
00110 X X X 00000 0
01001 X X X 01111 1
00110 X X X 01111 1
10001 X X X 01111 1
00000 X X X 10011 0
00000 X X X 10011 0
00000 X X X 00000 0
00100 X X X — —
00100 X X X — —
00100 X X X — —
00100 X 00011 X 00000

0
00100 00111 00011 X 00000 0
00100 00111 00011 00010 | 00000 0
X 00111 10110 00010 - -
X 10001 10110 00010 -
X 10001 10110 11010 | 00011

X X X|—F R R R R FRFRRFFRFRRFRRFRRRFRRFRRFRRRRFRRRRFRR[|[OOODIOOO O O O O O

OO O OR =R R RO OO OO ORI R R E RO O OO O =R
X

0

10001 00000 11010 | 00011 0

X X 00000 11010 | 00011 0
00000 X 00000 X 11001 0
00000 X X X 11001 0
00000 X X X 11001 0
01000 X X X 00000 0
01000 X X X 00000 0
01000 X X X 00000 0
01000 X 00100 X 00000 0
01000 10010 00100 X 00000 0
01000 10010 00100 01111 [ 00000 0
X 10010 X 01111 — —
X X X 01111 - -
X X X X 01100 0
X X X X 01100 0
X X X X 01100 0
X X X X 00000 0
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Input data

4

Hardware emulation on a PC

i

Interfacing hardware

4
SW ALU core

Figure A.26: The basic concept of using a PC to perform functional
tests. Realistic data is generated and feed into a software programme that
mimics the SW network, except for the ALU. The data for the ALU calcu-
lations and the resulting values are transmitted between the chip and the
computer via custom-built interfacing hardware. The computer would con-
trol the clock signal is the set-up, so the ALU would be running at a much

slower speed than what it could handle.
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Table A.12: List of I/O pins.

Pin No. Name Type Description
1 VDD1 Supply 1.8V logic supply
25 VSS1 Supply 0V logic supply
2 CLK In logic  External clock signal
3 LDA In logic  0-1.8V logic input to internal in_notLDA
4 MEN In logic  0-1.8V logic input to internal in_men
) A4 In logic  0-1.8V logic input to internal in_da4
6 A3 In logic  0-1.8V logic input to internal in_da3
7 A2 In logic ~ 0-1.8V logic input to internal in_da2
8 Al In logic  0-1.8V logic input to internal in_dal
9 A0 In logic  0-1.8V logic input to internal in_da0
10 B4 In logic  0-1.8V logic input to internal in_db4
11 B3 In logic  0-1.8V logic input to internal in_db3
12 B2 In logic  0-1.8V logic input to internal in_db2
13 Bl In logic  0-1.8V logic input to internal in_dbl
14 BO In logic  0-1.8V logic input to internal in_db0
15 Ca In logic  0-1.8V logic input to internal in_dc4
16 C3 In logic  0-1.8V logic input to internal in_dc3
17 C2 In logic  0-1.8V logic input to internal in_dc2
18 C1 In logic  0-1.8V logic input to internal in_dcl
19 Co In logic  0-1.8V logic input to internal in_dc0
20 D4 In logic  0-1.8V logic input to internal in_dd4
21 D3 In logic  0-1.8V logic input to internal in_dd3
22 D2 In logic  0-1.8V logic input to internal in_dd2
23 D1 In logic  0-1.8V logic input to internal in_dd1
24 DO In logic  0-1.8V logic input to internal in_dd0
26 oV Out logic  0-1.8V output of internal oreg_ OV
27 Q4 Out logic 0-1.8V output of internal oreg_q4
28 Q3 Out logic 0-1.8V output of internal oreg_q3
29 Q2 Out logic 0-1.8V output of internal oreg_q2
30 Q1 Out logic 0-1.8V output of internal oreg_q1
31 QO Out logic  0-1.8V output of internal oreg_q0
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A.6 Schematic Diagrams of SW ASIC Com-

ponents

Below is a list of the gate-level schematics used in the ALU. The numbers
assigned to each gate refer to the position of the gate in the layout, from left
to right.

1. Control unit: Figure A.28, page 161

2. Five-bit adder: Figure A.29, page 162

3. Pre-adder two’s complementor with inverter: Figure A.30, page 163
4. Pre-multiplexer two’s complementor: Figure A.32, page 164

5. a register: Figure A.33, page 165

6. Sum register: Figure A.34, page 166

7. Output register: Figure A.35, page 167

8. Output latch: Figure A.36, page 168

9. Select control for input multiplexer: Figure A.37, page 169
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Figure A.27: Layout diagram of the SW ALU ASIC.
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Figure A.28: Control unit (expanded).
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Figure A.29: Five-bit adder (expanded). a represents the top section and b

represents the lower section.
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Figure A.30: Signed binary to two’s complement converter with inverter
(expanded). Note that the transmission gates can be implemented more effi-
ciently if they are designed in the transistor lever (as in figure A.32). A slightly
more optimal version (fewer gates) can be constructed with the two’s complemen-
tor of figure A.31. This method would save five primitive gates (NAND, NOR and
NOT gates are considered primitive, whereas XOR and XNOR gates are considered

to be worth two primitives) —from 14 gates down to 9.
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Figure A.31: Optimised two’s complementor.
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Figure A.32: Signed binary to two’s complement converter without in-

verter (expanded).
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Figure A.33: a register (expanded).
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CLKYy————————

nAle 10 A

n AR 10 A

nAE 1o A

nAe 10

Figure A.34: Sum register (expanded). The inverters on the MSB and LSB
inputs help to keep the propagation delay even.
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Figure A.35: Output register (expanded). If an overflow has occurred the

outputs will be forced high (except for the sign bit).
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Figure A.36: Output latch (expanded).
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Table A.13: Abbreviations used for each functional block for labels in
the Microwind layout.

Block Abbreviation
Control unit ctrl
Signed binary to two’s complement con- isb2c
verted with inverter (pre-adder two’s com-
plementor)
Signed binary to two’s complement con- sb2c

verted without inverter (pre-multiplexer
two’s complementor)

Two’s complement to signed binary con- 2csb
verted (pre-multiplier two’s complementor)

multiplexer mux
Adder add
Multiplier mult
a register areg
Sum register sreg
Output register oreg
Overflow latch ovfl

A.7 Naming Conventions Used in SW ASIC

A.7.1 Labels in Microwind

The labels in the layout files follow the convention of beginning with an
abbreviation to indicate what block the label relates to, followed by an un-
derscore and then a symbol to indicate the particular node. For example,
‘ctrl_clk’ denotes the clock line to the control unit. Table A.13 lists the block
abbreviations.

The naming convention of table A.13 leads to nodes having several aliases.
The output of one block is the input to one or more other blocks. Table A.14

lists all the aliases.
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Table A.14: Aliases for the labels in the Microwind layout.

VDD (supply)
VSS (ground)
in_clk
in_notLDA
ctrl_inv
ctrl_add
ctrl_mult
indd0
indd1
indd?2
indd3
indd4
in_men
inmux_q0
inmux_q1
inmux_q2
inmux_q3
inmux_q4
isb2c_ql
isb2c_q2
isb2c_q3
isb2c_q4
add_q0
add_ql
add_qg2
add_q3
add_q4
add_ov
sreg_q0
sreg_ql
sreg_q2
sreg_q3
sreg_q4
2csb_ql
2csb_q2
2csb_q3
2csb_ov

no alias

no alias
ctrl_clk
ctrl_notLDA
isb2c_inv
add_add

no alias
no alias
no alias
no alias
no alias
no alias

add_a0

add_al
add_a?2
add_a3
add_a4

ovfl_ovadd
2csb_d0
2csb_d1
2csb_d2
2csb_d3
2csb_d4

ovfl_ovmult

ovfl_clk
ovfl_notLDA
ovfl_inv

muxS

areg_d0
areg_dl
areg_d2
areg_d3
areg_d4

mux_b0
mux_b1
mux_b2
mux_b3
mux_b4

sreg_clk

inmux_notLDA  oreg_notLDA
inmux_inv

inmux_add

inmux_mult

isb2c_d4
isb2c_d0 isb2c_q0
isb2c_d1
isb2c_d2
isb2c_d3

sreq_d0
sreq_dl
sreq_d2
sreq_d3
sreq_d4

mult_b0 oreg_d0

mult_b4 oreg_d4
mult_bl oreg_dl
mult_b2 oreg_d?2
mult_b3 oreg_d3

2csb_q0

2csb_q4
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Table A.14 (cont): Aliases for the labels in the Microwind layout.

mult_q0  sb2c.d0 mux_a0 sb2c_q0
mult_.ql  sb2c.dl
mult_.q2  sb2c_d3
mult_.q3  sb2c_d3
mult_.g4  sb2c_d4

sb2c_ql mux_al
sb2c_q2 mux_a2
sb2c_q3 mux_a3
sb2c_q4 mux_a4

mux_q0 add_b0
mux_ql add b1l
mux_q2 add_b2
mux_q3 add_b3
mux_q4 add_b4

areg_q0 mult_a0

areq_ql mult_al

areg_q2 mult_a2

areg_q3 mult_a3

areg_q4 mult_a4

ovfl_qov oreg_ OV
ovfl_ovclk oreg_ovclk

oreg_q0 no alias
oreg_ql no alias
oreg_q?2 no alias
oreg_q3 no alias
oreg_q4 no alias
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A.8 Simulation Tests

A.8.1 Microwind Tests

Table A.15 presents a set of input data, with the expected outputs (ovfl and

oreg) and intermediate values. The following Microwind simulation traces

show that the simulated results agree with the predicted results.

The figures showing the results of simulation test using Microwind are

listed below.

1.

10.

Output pads:

(a) Figure A.38, page 177
(b) Figure A.39, page 178

(c) Figure A.40, page 179

(d) Figure A.41, page 180
Control unit: Figure A.42, page 181

Signed binary to two’s complement converter with inverter: Figure

A.43, page 182

Signed binary to two’s complement converter without inverter: Figure
A.44, page 183

. Two’s complement to signed binary converter: Figure A.45, page 184
. multiplexer: Figure A.46, page 185

. Adder: Figure A .47, page 186

Multiplier: Figure A.48, page 187

. a register: Figure A.49, page 188

Sum register: Figure A.50, page 189
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Table A.15: Test data and expected results. The left-hand columns are the

inputs, the central columns are the internal nodes and the right-hand columns are

the outputs. The output register oreg and latch ovfl are delayed by half a clock

period.
|_

-

- 1 =

2 IN 888 areg isb2c add sreg 2csb  mult sb2c  mux oreg 3

0 00000 || xxx x 00000 00000  x X X X X - -
0 (a) 0 0

0 00100 || 1 0 0 00000 11100 11100 00000 00000 00000 OOOOO 00000 || OOOOO 0O
4 (a) 0 -4 -4 0 0 0 0 0 0

1 00011 | 100 00100 11101 11101 11100 10100 10001 11111 11100 || 00000 O
3 (c) 1/4 -3 -3 -4 -4 -1 -1 -4 0

1 00111 || 0 1 0 00100 00111 00100 11101 10011 10000 00000 11101 || 00000 O
7 (b) 1/4 7 4 -3 -3 -0 0 -3 0

1 00010 || 01 1 00100 00010 00011 00100 00100 00001 00001 00001 || OOOOO O
2 (d) 1/4 2 3 4 4 1 1 1 0

1 10110 || 1 0 0 00100 00110 00110 00011 00011 00000 00000 00011 || 00011 O
-6 (c) 1/4 6 6 3 3 0 0 3 3

1 10001 || 0 1 0 00100 10001 00101 00110 00110 00001 00001 00110 || 00011 O
-1 (b) /4 -1 5 6 6 1 1 6 3

1 11010 || 0 1 1 00100 11010 10111 00101 00101 00001 00001 00001 || 00011 O
-10(d) 1/4  -10 -9 5 5 1 1 1 3

1 00000 || 1 0 0 00100 00000 00000 10111 11001 10001 11111 10111 || 11001 O
0 (c) 1/4 0 0 -9 -9 -1 -1 -9 -9

0 00000 || 01 0 00000 00000 00000 OOOOO OOOOO OOOOO OOOOO 00000 || 11001 O

0 0 0 0 0 0 0 0 0 -9

0 01000 || 1 0 0 00000 11000 11000 00000 00000 00000 OOOOO 0OOOO || OOOOO O
8 (a) 0 -8 -8 0 0 0 0 0 0

1 00100 || 100 01000 11100 11100 11000 11000 10100 11100 11000 || 00000 0
4 (c) 1/2 -4 -4 -8 -8 -4 -4 -8 0

1 10010 | 01 0 01000 11110 11010 11100 10100 10010 11110 11100 || 00000 0
-2 (b) /2 -2 -6 -4 -4 -2 -2 -4 0

1 01111 | 01 1 01000 01111 01100 11010 10110 10011 11101 11101 || 00000 O
15 (d) /2 15 12 -6 -6 -3 -3 -3 0

1 00000 || 10 0 01000 00000 00000 01100 01100 00110 00110 01100 || 01100 O
0 (c) 1/2 0 0 12 12 6 6 12 12

0 00000 || 010 01000 00000 00000 OOOOO OOOOO OOOOO OOOOO 00000 || 01100 0
0 (c) 1/2 0 0 0 0 0 0 0 12
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Table A.15 (cont): Test data and expected results.
|_

s =

- 13 =

2 IN 888 areg isb2c add sreg 2csb mult sb2c  mux oreg 3

0 11001 | 100 00000 01001 01001 00000 00000 00000 OOOOO 00000 || VOO0 0
-9 (a) 0 9 9 0 0 0 0 0 0

1 01100 | 100 11001 10100 10100 01001 01001 10101 11011 01001 || 00000 O
12 (a) -9/16 -12  -12 9 9 -5 -5 9 0

1 00001 || 010 11001 00001 10101 10100 11100 00110 00110 10100 | 00000 O
1 (b) -9/16 1 -1 -12 -12 6 6 -12 0

1 00010 || 011 11001 00010 01000 10101 11011 00110 00110 00110 || 00000 O
2 (d) -9/16 2 8 -11 -11 6 6 6 0

1 11101 || 100 11001 01101 01101 01000 01000 10100 11100 01000 || 01000 O
-13(c) -9/16 13 13 8 8 -4 -4 8 8

1 00011 || 010 11001 00011 00000 01101 01101 10111 11000 01101 || 01000 O
3 (b) -9/16 3 ovil 13 13 -7 -7 13 8

1 00000 {| 011 11001 00000 00000 00000 00000 10000 00000 00000 || 01000 O
0 (d) -9/16 0 0 0 0 -0 0 0 8

1 00110 || 100 11001 11010 11010 00000 00000 10000 00000 00000 | 01111 1
6 (c) -9/16 -6 -6 0 0 -0 0 0 overflow

1 11001 || 010 11001 10111 10001 11010 10110 00011 00011 11010 || 01111 1
-9 (b) -9/16 -9 -15 -6 -6 3 3 -6 overflow

1 00011 || 011 11001 00011 01011 10001 11111 01000 01000 01000 || 01111 1
3 (d) -9/16 3 11 -15  -15 8 8 8 overflow

1 00001 || 100 11001 11111 11111 01011 01011 10110 11010 01011 | 01011 O
1 (c) -9/16 -1 -1 11 11 -6 -6 11 11

1 00101 | 010 11001 00101 00100 11111 10001 00000 00000 11111 | 01011 O
5 (b) -9/16 5 4 -1 -1 0 0 -1 11

1 11011 | 011 11001 11011 10011 00100 00100 10010 11110 11110 || 01011 O
-11(d) -9/16 -11  -13 4 4 -2 -2 -2 11

1 00000 | 100 11001 00000 00000 10011 11101 00111 00111 10011 | 11101 O
0 (c) -9/16 0 0 -13 -13 7 7 -13 -13

0 00000 | 010 11001 00000 00000 00000 00000 10000 00000 00000 || 11101 0
0 (a) -9/16 0 0 0 0 -0 0 0 -13

0 01111 | 100 00000 10001 10001 00000 00000 00000 OOOOO 00000 || VOO0 O
15 (a) 0 -15 -15 0 0 0 0 0 0

1 00001 || 100 01111 11111 11111 10001 11111 11110 10010 10001 || 00000 O
1 (c) 15/16 -1 -1 -5 -15  -14 -14 -15 0

1 11111 || 010 01111 10001 10000 11111 10001 10000 00000 11111 || 00000 O
-15(b) 15/16 -15 -16 -1 -1 -0 0 -1 0
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Table A.15 (cont): Test data and expected results.
|_
=
= 7 =
2 IN 888 areg isb2c add sreg 2csb mult sb2c  mux oreg 3
1 00110 || 011 01111 00110 00110 10000 10000 10000 00000 00000 | 00000 O
6 (d) 15/16 6 6 -16 ovfl -0 0 0 0
1 01001 || 100 01111 10111 10111 00110 00110 00101 00101 00110 || 01111 1
9 (c) 15/16 -9 -9 6 6 ) 5 6 overflow
1 00110 ] 010 01111 00110 11101 10111 11001 11000 11000 10111 || 01111 1
6 (b) 15/16 6 -3 -9 -9 -8 -8 -9 overflow
1 10001{ 011 01111 11111 11101 11101 10011 10010 11110 11110 || 01111 1
-1 (d) 15/16 -1 -3 -3 -3 -2 -2 -2 overflow
1 00000 || 100 01111 00000 00000 11101 10011 10010 11110 11101 || 10011 O
0 15/16 0 0 -3 -3 -2 -2 -3 -3
0 00000 || 010 01111 00000 00000 00000 00000 OO000 00000 00000 || 10011 O
0 15/16 0 0 0 0 0 0 0 -3

11. Output register: Figure A.51, page 190

12. Overflow latch: Figure A.52, page 191
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0.0 500 1000 1800 2000 25800 300.0 3500 400.0 450.0

Figure A.38: Simulation trace of inputs and outputs (a).
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Figure A.39: Simulation trace of inputs and outputs (b).
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1000.0 1050.0 1100.0 1150.0 1200.0 1250.0 13000 13500 1400.0 14500 ns

Figure A.40: Simulation trace of inputs and outputs (c).
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19500

Figure A.41: Simulation trace of inputs and outputs (d).
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00 500 100.0 150.0 200.0 260.0 300.0 350.0 400.0 450.0 g

Figure A.42: Simulation trace of control unit outputs.
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Figure A.43: Simulation trace of pre-adder two’s complementor outputs.
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_______  nlellodntolslutuisdtaisl Hetetsteteleleteleleleistei istsislstistel

Powar 0.1 5umwl‘

she gt

oo éD.D 1‘00.0 1‘50.0 éDU.D ﬁ5D.D éDU.D éSU.D 4‘100.0 :150.0 ns

Figure A.44: Simulation trace of pre-multiplexer two’s complementor

outputs.
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Figure A.45: Simulation trace of pre-multiplier two’s complementor out-

puts.
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Figure A.46: Simulation trace of multiplexer outputs.
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Figure A.47: Simulation trace of adder outputs.
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2000 2500

Figure A.48: Simulation trace of multiplier outputs.
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Figure A.49: Simulation trace of a register outputs.
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2000 2500

Figure A.50: Simulation trace of sum register outputs.
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0.0C

0.0 500 1000 150.0 2000 2500 2000 3500 000 4500

Figure A.51: Simulation trace of output register outputs.
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00 500 100.0 150.0 200.0 260.0 300.0 350.0 400.0 wsnpg 00

Figure A.52: Simulation trace of overflow latch outputs.
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vCC VLO
L2 MAX8512
1 5 SR1 SR2 2R3
IN OUT 3k 3k 3k
3| = 4
¢— SHDN FB
d*cs _1*co
T 10uF a 3R4 T 10uF
1 z > K
cs & RS

10nF
o 1K

Figure A.53: Interface circuit — power supply. The MAX8512 chip is an
ultra-low-noise, low-dropout linear regulator, designed to deliver up to 120mA

continuous output current.

A.9 Test Board Design

A.9.1 Interface Circuit Design

The circuit to interface between the SW ALU and the ProTest chip tester is
illustrated in figures A.53 to A.56.

A.9.2 PCB Layout

To PCB layout for the adaptor board is shown on page 196.
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Figure A.54: Interface c

data transfer in a multi-voltage system. This is necessary to convert the 5V signals

of the tester to the 1.8V level of the ASIC.
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Figure A.55: Interface circuit — connectors to ProTest tester.
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Figure A.56: Interface circuit — SW ALU ASIC.
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Appendix B

List of Abbreviations

AC Alternating Current

ADC  Analogue-to-Digital Converter

ALU  Arithmetic Logic Unit

ASIC Application-Specific Integrated Circuit
BIST  Built-In Self Test

CMOS Complementary Metal-Oxide Semiconductor
DDS  Direct Digital Synthesiser

DAC Digital-to-Analogue Converter

DFT  Discrete Fourier Transform

DSP  Digital Signal Processing

DUT  Device Under Test

ENOB Effective Number Of Bits

FFT Fast Fourier Transform

FPGA Field Programmable Gate Array
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FIR
IC
IR
I/0
SW

VLSI

APPENDIX B. LIST OF ABBREVIATIONS

Finite Impulse Response
Integrated Circuit
Infinite Impulse Response
Input / Output

Spectral Warping

Very-Large-Scale Integration technology



Appendix C

Matlab Scripts to Produce

Figures

The MATLAB m-files used to generate the figures in this document are listed

here.

Helper Functions

function ¢ = cconv( a, b )

FCCONV Circular convolution .

C = CCONV( A, B ) advances B by floor( length( B ) )
samples then convolves A with B. The result is wraped
around on itself , such that size( C ) = size( A ).
Works for omne or two dimensions.

RN X X N

% do the full convolution

¢ = conv2( full( a ), full( b ) );

% wrap the ends around to the start, in both dimensions
sizA = size( a );
sizB = size( b );
¢ = [c(1:sizB(1)—1,:) + c(sizA(1)+1:end,:); c(sizB(1):sizA (1) ,:)];
c = [c(:,1:81z2B(2)—=1) + c(:,sizA(2)+1:end), c(:,sizB(2):sizA (2))];
% realign the matriz so that it looks like B has time=0 in the

% middle

mid = ceil ( sizB/2 );

if mid(1) ¢ = [¢(mid(1):end,:); c(1:mid(1)—1,:)]; end

if mid(2) ¢ = [¢(:,mid(2):end), c(:,1:mid(2)—1)]; end

199
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function g = circonv( h, f )

function D = DFT_MATRIX( M )

D = ZTRANSFORM_MATRIX( —pi*[-M:2:M—1]/M, M );

function quotant = pDIv( dividend, divisor )
quotant = Infxones( size( dividend ) );

i = find( divisor );
i

quotant (i) = dividend(i)./divisor (i);

function [] = DRAWARROW (pos)
ha = axes(
'Box', 'off!',
"NextPlot', 'add',
'"Position ', pos,
'XColor', 'w',
'"XTick ", [],
'"YColor', 'w',
"YTick', ],
'Visible', 'on'
);
ht = text( 0.55, 0.68, '\rightarrow' );
set( ht, .
"FontSize', 30,
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"FontWeight ', 'bold',

"HorizontalAlignment ', 'center'

function h = prawzproT( fid, z, Z, origin, N, M, side, varargin )
step = 20;

aspectratio = 1.25;

do_axis = 1; do_grid = 1; do_vert = 1; do_horz = 1;

do_circle = 1; do-.samples = 1;do_origin = 1;

for i = 1l:length( varargin )
eval( [varargin{i} ';'] );
end

if do_axis
h.axis = zrPLANEAX( fid, side, aspectratio );

end
if do_grid
if do_vert
h.grid.vert = plot( Z(:,1:step:end), 'k:' );
end
if do_horz
h.grid.horz = plot( Z(1l:step:end,:)."', 'k:' );
end
end

if do_circle
h.circle = plot( z, 'b—', 'LineWidth', 0.5 );
end
if do_samples
h.samples = plot( z(round( 1:N/M:end )), '.',
"MarkerSize', 8 );
end

if isreal( origin ) origin = complex( origin ); end
if do_origin
h.origin = plot( origin, 'o—' );

end



202 APPENDIX C. MATLAB SCRIPTS TO PRODUCE FIGURES

function domega_hat = DTHETA( omega, a, warp-type )

% for a matriz, do column at a time
if prod( size( omega ) ) > length( omega )

domega_hat = zeros( size ( omega ) );
for i = 1:size( z, 2 )
domega_hat (:,i) = DTHETA( domega(:,i), a, warp-type );
end
return

end

switch warp_type
case 'all—pass'
l_.omega = length( omega );
l_.a = length( a );
omega = diag( omega )xones( l_omega, l_.a );
a = ones( l.omega, l_a )xdiag( a );
domega_hat = (1 — abs( a )."2)./abs( exp( jxomega ) — a ). 2;
domega_hat = prod( domega_hat, 2 );

otherwise

error( ['Type.”' warp_type '".is.unrecognised.'] );

end

function varargout = FLOATING_LEGEND( pos, labels, varargin )

h = axes( 'Position', pos, 'Box', 'on', 'NextPlot', 'add',
'XLim', [0 1], 'XTick', [],
"YLim', [0 1], 'YTick', [], varargin{:} );
n = size( labels, 1 );
for i = 1:n
plot( [0.06 0.2], (1 — i/(n+ 1)).x[1 1], labels{i,1}{:},
"Marker', 'none' )
plot( 0.13, 1 — i/(n + 1), labels{i,1}{:},
'LineStyle', 'none' )

text( 0.25, 1 — i/(n + 1), labels{i,2} )
end
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if nargout varargout = {h}; end

function d = ged( a )
JGCD Greatest common divisor (Fuclidian algorithm ).

RECURSION_LIMIT = get( 0, 'RecursionLimit' );
set( 0, 'RecursionLimit', 5000 );
TOLERENCE = le—14;

a = abs( a(:) );
if length( a ) > 2
d = ged( [ged( a(1:2) ); a(3:end)] );

else
if a(1)<=TOLERENCE
d =a(2);
elseif a(2)<=TOLERENCE
d =a(l);
else
d = ged( [min( a ); abs( diff( a ) )] );
end
end

set( 0, 'RecursionLimit', RECURSIONLIMIT );

function iD = IDFT_MATRIX( M )

iD = ZTRANSFORM_MATRIX( —pix[-M:2:M-1]/M, M )'/M;

function a = lem( a )

FLCM Least common multiple .

a=af(:);
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end

function C = LINEAR_INTERP_MATRIX( omega.m, N );

R = length( omega_m )/N;

omegam = [omega_m (:); 2xpi + omegam (1:R)];

M = length( omega.m );

omega n = pix[—N:2:N—1]/N;

d = N/(2xpi) = abs( ones( M, N )xdiag( omegan ) +
diag( omega.m )xomnes( M, N ) );

C=(1-4d).x(d < 1);

% wrap—around
C(1:R,:) = C(1:R,:) + C(end-R+1:end,:);
C=C(l:end—R,:);

function h = OMEGA_OMEGAHAT_AXIS( hf, varargin )

real_quad = 0;
for i = 1:nargin-1
if length( varargin{i} ) = 9
if varargin{i}=='real_quad'
real_quad = 1;
end
end

end

figure( hf );
h. Flgure = hf;
axis( pix[—-1 1 =1 1] );
h.Axis = gca
set( gca,

'Box', 'on',



"NextPlot', 'add',

'XGrid', 'on', ...
'XTick', pix[—1:1/4:1],
'XTickLabel', [],
'"YGrid', 'on', ...
'"YTick', pix[—1:1/4:1],
"YTickLabel', T[]

)E

axis square;

h.XAxis = line( 2xpix[—1 1], [0 0], 'Color', 'k' );
h.YAxis = line( [0 0], 2xpix[—1 1], 'Color', 'k' );
labels = {'=\pi' '=\pi/2' '0" "\pi/2"'" "\pi'};
if real_quad
axis( pi*[0 1 0 1] );
for i = 3:5
x = (1—=3)*pi/2;
h.XTickLabel(i—2) = text( x, —0.03xpi,
"HorizontalAlignment ', ' !
h.YTickLabel(i—2) = text( —0.08xpi, x,
"HorizontalAlignment ', 'center', 'FontSize', 8 );

end

h.XLabel = text( pi/2, —0.1xpi, '\omega',

'"HorizontalAlignment ', 'center' );

h.YLabel = [text( —0.18+pi, pi/2, '\omega',
"HorizontalAlignment ", 'center' )

!\"!

text( —0.20%pi, pi/2+0.11,
else
for i = 1:5
x = (1—-3)xpi/2;

h.XTickLabel(i) = text( x, —1.07«pi, labels{i},

'"HorizontalAlignment ', 'center', 'FontSize', 8 );
h.YTickLabel(i) = text( —1.17xpi, x, labels{i},
"HorizontalAlignment ', 'center', 'FontSize', 8 );
end
h.XLabel = text( 0, —1.2%xpi, '\omega',
'"HorizontalAlignment ', 'center' );

h.YLabel = [text( —1.37«pi, 0, '\omega',
"HorizontalAlignment ', 'center' )

)

text( —1.41xpi, 0.11, '"\"'
end

labels{i},
center', 'FontSize', 8 );
labels{i},

205



206 APPENDIX C. MATLAB SCRIPTS TO PRODUCE FIGURES

function [varargout] = PLOT_-WRAPPED( x, y, varargin )
% plots jumps of 2 pi as dotted lines

= x(:);

y(:);

length( y );

Where there is a jump of 2 pi in the wunderlying function

the actual difference between the samples will be less

than 2 pi if the slope is the same on both sides of the

% discontinuity (which is the common case). We can get a

% good idea of how big the jump will be by looking at the

% slope on each side.

dy = diff( y );

i = find( abs( dy ) > pi ); % possible 2 pi jumps

if length( i )

if i(1) =1
i(2:end);

XN KR 2= "

% ignore jumps at the ends

i =
end
end
if length( i )
if i(end) = length( dy )
i=1i(l:end—1);
end
end
left_slope = dy(i — 1);
right_slope = dy(i + 1);
min_jump = 2xpi — abs( left_slope + right_slope );
jump_indices = i(abs( dy(i) ) >= min_jump );
njumps = length( jump_indices );
for i = njumps:—1:1
jump = jump-indices (i);
x = [x(1:jump); x(jump); x(jump:end)];
y = [y(1:jump)
NaN
y (jump)—sign( y(jump) )*2xpi
y (jump+1:end)];
end
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hold_status = get( gca, 'NextPlot' );
h = plot( x, vy );
if njumps
hold on;
i = find( isnan( y ) );
x = x(1);
h = [h; plot( ones( 2, length( x ) )xdiag( x ),
[y(i=1) y(i+1)]." )I];
set( h(2:end), 'Color', 'b', 'LineStyle', '——' )
end
if length( varargin )
for i = 1l:length( h )
set( h(i), varargin{:} );
end
end
set( gca, 'NextPlot', hold_status )

if nargout
varargout = {h};
end

function v = SELECT_EVERY( u, n )

% SELECT_EVERY Select elements in a vector

%  SELECT-EVERY(U,N) sets every element in U, excepl every Nth
%  element, to NaN.

% Created: Warwick Allen 30 Sep 2003

% Last modified: 7 30 Sep 2008

v = zeros( size( u ) );

warningstate = warning( 'off' );

v(:) =u(:) + 0./7mod( [0:length( u(:) ) — 1]."', n );

warning ( warningstate );

function y = siNc( x )
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= ones( size( x ) );
i = find (x);
y(i) = sin(x(i))./x(i);

<<:
|

function varargout = sPECGRAM( f, R )

f=1(:);
N = length(  );
t = [0:N=1]";
S = zeros( N );
for n = 1:N
S(:,n) = fft( f.«wwpow( t — n, R, 'hanning' ) );
end

colormap gray
h = pcolor( 1 — abs( S(1:N/2,:) ) );
set( h, 'LineStyle', 'none' )
set( gca, 'YTick', [0:N/8:N/2], 'YTickLabels', [] )
yticklabels = {'0", "\pi/4', '"\pi/2', "'"3\pi/4', "\pi'};
y = [0:N/8:N/2];
for i = 1:5
text( —0.02xN, y(i), yticklabels{i},
"HorizontalAlignment ', 'right' )
end
text ( —0.25%N, N/4, "\omega' )

if nargout
varargout = {S};
end

function g = sw( f, omega )

N = length( f );
M = length( omega );
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H = ZTRANSFORM_MATRIX( omega, N );
Dinv = IDFT_-MATRIX( M );
g = Dinv x H % f;

function [] = THESIS_FIGURE( hf, name, varargin )

height = 1;

if length( varargin )
height = varargin{1l};

end

figure ( hf )

clf

siz = 138;

set( hf, ...
"Color', [1 1 1],
'"Name', name,
"Position', [600 80 2.5%siz sizxheight],
'"MenuBar ', 'figure',
'"ToolBar', 'none',
"PaperOrientation', 'portrait',
"PaperUnits', 'points',
"PaperPosition', [0 0 2.5xsiz sizxheight],

"PaperSize', [2.5%siz siz]

function omega_hat = THETA( omega, a, warp-type )

% to warp a matriz, warp one column at a time
if prod( size( omega ) ) > length( omega )
omega_hat = zeros( size ( omega ) );
for i = 1:size( z, 2 )
omega_hat (:,i) = THETA( omega(:,i), a, warp_type );
end
return

end
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switch warp_type

case 'all—pass'

l_.omega = length( omega );
l.a = length( a );
omega = diag( omega )xones( l_omega, l_.a );
a = ones( l_omega, l_a )xdiag( a );
factors = (exp(j*omega) — a).x(1 — a.xexp(—j*xomega));
numerator = prod( factors, 2 );
omega_hat = atan2( imag( numerator ), real( numerator ) );
case 'piecewise_linear'
omega_hat = zeros( size( omega ) );
for segment = a.'

i = omega >= segment{2}(1) & omega <= segment{2}(2);
x = eval( segment{l} );
omega_hat(i) = x(1i);

end

otherwise

error( ['Type.”' warp_type '".is.unrecognised.'] );

end

function z_hat = THETA_( 2z, a, type )

% to map a matriz, map one column at a time
if prod( size( z ) ) > length( z )

z_hat = zeros( size (z ) );
for i = 1:size( z, 2 )
z_hat (:,i) = THETA_( z(:,1i), a, type );

end

return
end
z = z(:); % make sure this is a column wvector
a=a(:)."s % make sure this is a row wvector
l.z = length( z );
l_a = length( a );

switch type

case 'all—pass'
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rod( diag( z )xones( l.z, l_a ) —

( 1.z, l.a )xdiag( a ), 2 );

prod( 1 —

diag( z )*omnes( l.z, l_a )xdiag( conj( a ) ), 2 );

numerator = p
ones

denominator

z_hat = DIV( numerator, denominator );

otherwise
1

error( ['Type.”' type '"_is.unrecognised.'] );

end

function g = upsamMPLE( f, p )
% UPSAMPLE Sinc Interpolation
% G = UPSAMPLE(F,P) resamples F at P times the original sample

% rate using sinc interpolation .

% Created: Warwick Allen 30 Sep 2003
% Last modified: 7 30 Sep 2008
isrow = size( {, 1 )==1;

if isrow f = f.'; end

siz = size( f );

len = siz (1);

siz (1) = lenxp;

g = zeros( siz );

for i = 1:s8iz(2)

— ff6( f(:,i) );

F = [F(1:floor( len/2 ))
zeros( lenx(p — 1), 1)
F(floor( len/2 )+1l:end)];

g(:,i) = pxifft( F );

e
|

end
if isrow g =g.'; end
% remove imaginary part generated by round—off errors

if isreal( f ) g = real( g ); end

function g = WARP_BY_COLUMNS_.OF_S( S, f_in )
[M,N] = size( S );
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len = M/Nxlength( f_in );

% Insert M— N zeroes after each input frame to produce
% the right number of output samples and prevent the

% output frames overlapping

f = zeros( len, 1 );

f(mod( [0:len—1], M ) < N) = f_in;
% Time reverse the input, frame by frame

i =1[0:len — 1];

f=fM-mod( i, M) + Mxfloor( i/M ));

% Append zeroes to allow time for the signal to propagate
% through the filters

f = [f; zeros( M-1, 1 )];

g = zeros( len + M-1, 1 );
i = mod( [l:len + M—1]', M );
for n = 1:N
% Downsample by M
x =f .x 1i;
% Filter by the nth column of S
x = filter( S(:,n), 1, x );
% Add this to the output from the other filters
g =g + xj
% Time delay input
f =10; f(l:end—1)];
end

g =gM:end); % The first M— 1 samples are always zero

function g = WARP_.BY_.ROWS_OF_S( S, f_in )

[M,N] = size( S );

len = M/Nxlength( f_in );

% Insert M— N zeroes after each input frame to produce
% the right number of output samples and prevent the
% output frames owverlapping

f = zeros( len, 1 );

f(mod( [0:len—1], M ) < N) = f_in;

% Time reverse the input, frame by frame

i =[0:len — 1];

f=fM-mod( i, M) + Mxfloor( i/M ));



% Append zeroes to allow time for the signal to propagate
% through the filters
f = [f; zeros( M-1, 1 )];

g = zeros( len + M-1, 1 );
i = mod( [l:len + M-1]", M );
for m = M: —1:1
% Filter by the mth row of S
x = filter( S(m,:), 1, f );
% Downsample by M
X = X .k i;
% Time delay output
g = [0; g(l:end—1)];
% Add this to the output from the other filters
g =g + X
end

g =gM:end); % The first M— 1 samples are always zero
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function w = winbow( t, R, type )
switch type
case 'hanning'
w = (1 + cos( 2xpi/Rxt ))/2;
w(abs( t ) > R/2) = 0;
otherwise

error( ['Unknown.type.”' type '7'] );

end

function ha = zpLANEAX( hf, side, aspectratio )
figure ( hf )

if side(1l) = '1' % left side
pos = [0 0.1 0.45 0.9];

elseif side (1) = 'vr' % right side
pos = [0.55 0.1 0.45 0.9];

else % middle

pos = [0.275 0.1 0.45 0.9];
end
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ha = axes(

'Box', 'off"',
"NextPlot', 'add',
'"Position', pos,

'XColor', [1 1 1],

'XLim', aspectratiox[—1.15 1.3],
'XTick', [],

'"YColor', [1 1 1],

"YLim', [-1.15 1.3],

'"YTick', [],

'Visible', 'on'

);
len = 0.1;
ticks = | —1,—len -1,0
1,—len 1,0
—len,—1 0,—1
—len, 1 0, 1 l;

line( ticks (:,[1 3])", ticks (:,[2 4])',
"Color', 'k', 'LineWidth', 1 );
xlims = get( ha, 'XLim' )/aspectratiox1.25;
ylims = get( ha, 'YLim' );
line( xlims, [0 0], 'Color', 'k', 'LineWidth', 1 );
line( [0 0], ylims, 'Color', 'k', 'LineWidth', 1 );
patch( [xlims(2) 0.96%xlims(2)*[1 1]],
[0 0.02xylims(2)x[1 —1]], 'k' )
patch( [0 0.02%xlims (2)x[1 —1]],
[ylims (2) 0.96xylims(2)%[1 1]], 'k' )
2, —0.15, 'Re' )
1, 1.15, 'Im' )

text( 1.
text( 0.

function H = ZTRANSFORM_MATRIX ( omega, N )

H = exp( j*omega (:)*[0:N—1] );

Figure 1.1
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function [] = types_of_signals( NN )

t = [0:NN—-1];

omegal = 4 % 2xpi/NN;

omega2 = 13 % 2xpi/NN;

f = (3xsin( omegalxt ) + sin( omega2xt ))/4;
T = NN/64; % Sampling period

Q = 4; % Number of discrete levels in the range [0,1)

set( gcf,
"Position ', get( gcf, 'Position’ ).x[1 1 1 1.5],
"PaperSize ', get( gcf, 'PaperSize' ).x[1 1.5],
'"PaperPosition', get( gecf, 'PaperPosition' ).x[1 1 1 1.5] );

subplot( 2, 2, 1 )

plot( t, f, 'LineWidth', 1 )

adjust_graph( 1, NN )

title ( 'Continuous_.Domain' )

h = ylabel( ['Continuous' char( 10 ) 'Range'], 'Color'
set( h, 'Position', get( h, 'Position' ) — [NN/4 0 0] )

subplot( 2, 2, 2 )
plot( t(1:T:end), f(1:T:end), '.' )
adjust_graph( 2, NN )

title( 'Discrete_.Domain' )

subplot( 2, 2, 3 )

plot( [0:1/64:NN—1/64], round( QxupsamMpPLE( f, 64 ) )/Q, '-'
'LineWidth', 1 )

adjust_graph( 3, NN )

h = ylabel( ['Discrete' char( 10 ) 'Range'], 'Color', 'k' );

set( h, 'Position', get( h, 'Position' ) — [NN/4 0 0] )

3

subplot( 2, 2, 4 )
plot( t(1:T:end), round( Q*f(1:T:end) )/Q, '.' )
adjust_graph( 4, NN )

function [] = adjust_graph( i, NN )
labels = {'(a)' '(b)' '(c)' '(d)'};
axis( [0 NN -1 1.2] )

line( [0 NN], [0 0], 'Color', 'k' )



216 APPENDIX C. MATLAB SCRIPTS TO PRODUCE FIGURES

set( gca,
'XTick', [], 'YTick', [], ...
'XColor', 'w', 'YColor', 'w',
'Box', 'off' )

xlabel ( labels{i}, 'Color', 'k' )

Figure 1.2

function [] = decaying._signal( NN )
t = [0:NN—1];
tau = NN/8;

f = exp( —t/tau );

plot( t, f, 'LineWidth', 1 )

axis( [0 NN 0 1] )

xlabel ( "time' )

h = ylabel( 'amplitude' );

pos = get( h, 'Position' );

set( h, 'Position', [pos(1)%0.8 pos(2:3)] )

set( gca,
'XTick', tau, 'XTickLabel', [],
'"YTick', [0 exp( —1 ) 1], 'YTickLabel', ['0";'.";"'1"] )

ylim = get( gca, 'YLim' );

xlabelheight = ylim (2) — 67/64«diff( ylim );

text ( tau, xlabelheight , '\tau',
"HorizontalAlignment ', 'center' )

text( -NN/16, exp( -1 ), 'e"{-1}' )

line( [0 tau tau tau], [exp( —1 ) exp( -1 ) 0 0],

"Color', 'k', 'LineStyle', ":" )
set( gca, 'Box', 'off' )
text( tau, exp( —1/2 ), 'e {—t/\tau}',
"HorizontalAlignment ', 'center' )

Figure 1.3



function [] = impulse_response_example( NN )

t = [0:NN-1].";
tau = NN/5;
omega = pi/tau;
t0 = tau/2;
g = exp( (t0 — t)/tau ) .x
(exp( jxomegax(t0—t) ) + exp( jxomegax(t — t0)))/2;

plot( t, g, 'LineWidth', 1 )

line( [0 NN], [0 0], 'Color', 'k' )

h = xlabel( 'time' );

h = ylabel( 'amplitude' );

pos = get( h, 'Position' );

set( h, 'Position', [pos(1)x0.8 pos(2:3)] )

set( gca, 'Box', 'off', 'XLim', [0 NN], 'YLim', [-0.5 1.1],
'"XTick', tau.x[1:6], 'XTickLabel', [] )

ylim = get( gca, 'YLim' );
ylabelheight = ylim (2) — 67/64xdiff( ylim );

text( 0, ylabelheight, '0O', 'HorizontalAlignment', 'center' )
text( tau, ylabelheight , '\tau',
"HorizontalAlignment ', 'center' )

for i = 2:floor( NN/tau )
text( ixtau, ylabelheight , [num2str( i ) '\tau'],
"HorizontalAlignment ', 'center' )

end
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Figure 1.4

function [] = sampling( NN )
t = [0:NN—-1];
Ts = 24;

omega = 2xpi/Ts.x[—4:8/NN:4—1/NN]J;

f = siNc( 10%2%pi/NNx(t-NN/2) ).xwiNDOW( t-NN/2, NN, 'hanning'
F = fftshift ( fft( £ ) );

h = "mod( t, Ts );

H = zeros( 1, NN );

)E
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H(round( [1:( NN/Ts ):end] )) = 1;
g = f.xh;

G = fftshift ( fft( g ) );

set ( gcf,
'"Position ', get( gcf, 'Position' ).x[1 1 1 3],
'"PaperSize ', get( gecf, 'PaperSize' ).x[1 3],
"PaperPosition', get( gef, 'PaperPosition' ).x[1 1 1 3] );

subplot( 3, 2, 1)
plot( t, f, 'LineWidth', 1 )
setTimePlot( 'a', NN )

title( 'Time.Domain' )

subplot( 3, 2, 2 )
plot( omega, abs( F ), 'LineWidth', 1 )
setFreqPlot ( 'b' )

title( 'Frequency.Domain' )

subplot( 3, 2, 3 )
plot( t, h, 'LineWidth', 1 )
setTimePlot( 'c', NN )

subplot( 3, 2, 4 )
plot ( omega, H, 'LineWidth', 1 )
setFreqPlot ( 'd' )

subplot( 3, 2, 5 )
plot( t, g, 'LineWidth', 1 )
setTimePlot( 'e', NN )

subplot( 3, 2, 6 )
plot( omega, abs( G ), 'LineWidth', 1 )
setFreqPlot ( "f' )

function setTimePlot( label, NN )

set( gca, 'Position', [1 1 1 0.9].xget( gca, 'Position' ),
'XLim', [0 NN], 'Box', 'off' )

xlabel ( ['(' label ')'] )

hy = ylabel( 'Amplitude' );
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pos = get( hy, 'Position' );
set( hy, 'Position', [—0.23%«NN pos(2:3)] )

function setFreqPlot( label )

Xlim = [~0.3 0.3];

axis tight

set( gca, 'Position', [1 1 1 0.9].xget( gca, 'Position' ),
'XLim', Xlim, 'Box', 'off' )

xlabel ( ['(' label '")'] )

hy = ylabel( 'Magnitude' );

pos = get( hy, 'Position' );

set( hy, 'Position', [—0.41 pos(2:3)] )

Figure 1.5
function [] = sinc.signal( NN )

t = [-NN/2:NN/2-1];

Ts = NN/8;

s = sINC( pix(t/Ts) );

plot( t, s, 'LineWidth', 1 )
set( geca, 'Box', 'off',

'XLim', [-NN NN]/2, 'XTick', Tsx[—4:4],

'XTickLabel', [], .

'"YLim', [1.1smin( s ) 1], 'YTick', [0 1] )
line( [-NN O;NN 0], [0 min( s );0 1], 'Color', 'k' )
xticklabels = {'-4T.s' '-3T_s' '-2T_s' '-Ts' '0'

'"Ts' '2T.s' '3T.s' '"4T.s'};
for i = 1:9
text( (i—5)xTs, 1.1xmin( s ), xticklabels{i},
"HorizontalAlignment ', 'center',
"VerticalAlignment ', 'top' )
end
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Figure 2.1

function [] =

graphical_representation_of_steps_involved_in_sw ( M, NN )

w = 2xpi*[0:NN-1]/(NN—1);

a =1/2;

2 = exp( j#w );

gridlines = [—1:0.01:1];

Z = gridlines (ones( length( gridlines ), 1 ),:);
Z =17+ jxZ.";

zhat = DIv( (z + a), (1 + a'xz) );

Zhat = p1v( (Z — a), (1 — a'xZ) );

set( gcf,
"Position ', get( gcf, 'Position' ).x[1 1 1.25 1],
"PaperSize ', get( gecf, 'PaperSize' ).x[1.25 1], ...
'"PaperPosition' get( gef, 'PaperPosition' ).x[1 1 1.25 1] );

DRAWZPLOT ( gcf, zhat, Z, 0, NN, M, 'left', 'do_grid=0",
"do-origin=0"', 'aspectratio=1.5625"' );

set( gca, 'Position', get( gca, 'Position' )—[0.04 0 0 0] )

xlabel( '(a)', 'Position', [0 —1.18 0], 'Color', 'k' )

DRAWZPLOT ( gcf, z, Zhat, —a, NN, M | 'right', 'do_grid=0",
"do-origin=0"', 'aspectratio=1.5625"' );

set( gca, 'Position', get( gca, 'Position' )+[0.05 0 0 0] )

xlabel( '(c)', 'Position', [0 —1.18 0], 'Color', 'k' )

axes( 'Position', [0.425 0.15 0.15 0.8] )
omega_hat = pix[-M:2:M—1]./M;

omega = atan2( (1 — a”"2)xsin( omega_hat ),

(1 + a"2)xcos( omega_hat ) + 2xa );
plot( [omega; unwrap( omega_hat )], 'b' )
xlabel( '(b)', 'Position', [1.5 —-3.6 0] )
yticks = [—pi:pi/2:pi];
ylabels = {'=\pi', '=\pi/2', '0"', "\pi/2', "\pi'};
set( gca, 'XTick', [], 'YGrid', 'on', ...

'"YLim', [—pi pi], 'YTick', yticks, 'YTickLabel', [] );

for i = 1:5
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text( 0.9, yticks(i), ylabels{i},

'"HorizontalAlignment ', 'right' )
text( 2.1, yticks(i), ylabels{i},
"HorizontalAlignment ', 'left ' )

end

Figure 2.2

function [] = orderl_zplane_warping( M, NN )

w = 2%pi*[0:NN—1]/(NN-1);

a = 1/2;

zhat = exp( jxw ); % evenly spaced samples in warped plane
gridlines = [—1:0.01:1];

Z = gridlines (ones( length( gridlines ), 1 ), :);

Z =17+ j*7.";

z = THETA_( zhat, —a, 'all—pass' ); % inverse warp the samples

Zhat = THETA_( Z, a, 'all—-pass' ); % forward warp the grid

DRAWZPLOT( gcf, z, Z, 0, NN, M, 'left' );

xlabel ( '\itz\rm—plane', 'Position', [0 —-1.2 0], 'Color', 'k' )
DRAWZPLOT ( gcf, zhat, Zhat, —a, NN, M, 'right' );
xlabel ( '\itz\rm—plane', 'Position', [0 —1.2 0], 'Color', 'k' )

text( —0.33, —1.22, '\"' )
DRAWARROW( [0.47 0.49 0.06 0.08] )
ahat = THETA_(a,a, 'all —pass');

Figure 2.3

function [] = orderl_zplane_warping__complex_( M, NN )

w = 2xpi*[0:NN—1]/(NN—1);

a = 1/4.x(j — 1);

zhat = exp( jxw ); % evenly spaced samples in warped plane
[

gridlines = [—1:0.01:1];
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Z = gridlines (ones( length( gridlines ), 1 ),:);
7 =7 + jxZ.";

z = THETA_( zhat, —a, 'all—pass' ); % inverse warp the samples
Zhat = THETA_( Z, a, 'all—-pass' ); % forward warp the grid

DRAWZPLOT( gcf, z, Z, 0, NN, M, 'left' );
xlabel ( '"\itz\rm—plane', 'Position', [0 —1.2 0],
DRAWZPLOT ( gcf, zhat, Zhat, —a, NN, M, 'right' );
xlabel ( '\itz\rm—plane', 'Position', [0 —1.2 0], 'Color', 'k' )
text( —0.33, —1.22, '"\"' )

DRAWARROW ( [0.47 0.49 0.06 0.08] )

"Color', 'k' )

Figure 2.4

function [] = orderl_freq_warping( NN )

omega = 2xpi/NN«x[—-NN/2:NN/2 —1];
OMEGA_OMEGAHAT_AXIS( gcf );

omegahat = THETA( omega, 1/2, 'all—pass' );
plot ( omega, omegahat, 'LineWidth', 1 )

Figure 2.5

function [] = orderl_freq_-warping2( NN )

omega = 2xpi/NNx[—NN/2:NN/2 —1];
OMEGA_OMEGAHAT_AXIS( gcf );

omegahat = THETA( omega, 3/4, 'all—pass' );

plot ( omega, omegahat, 'LineWidth', 1 )

text( —bxpi/8, 5xpi/8, '\ita\rm.=.3/4"', 'FontSize', 8 )
line( [-2 1]xpi/16, [5 5]xpi/8, 'Color', 'k' )

omegahat = THETA( omega, —1/4, 'all—pass' );
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plot ( omega, omegahat, 'LineWidth', 1 )
text( —7xpi/8, —1xpi/8, '\ita\rm.=_—1/4"', 'FontSize', 8 )
line( —[11 10]xpi/16, —[2 3]xpi/8, 'Color', 'k' )

Figure 2.6

function [] = orderl_freq_warping( NN )

omega = 2xpi/NNx[-NN/2:NN/2 —1];
OMEGA_OMEGAHAT_AXIS( gcf );

omegahat = THETA( omega, 3%(1 — j)/4, 'all—pass' );
PLOT_-WRAPPED ( omega, omegahat, 'LineWidth', 1 )

Figure 2.9

function [] = order2_zplane_warping__complex_conj_( M, NN )

a = [14+j 1-j]./(2*xsqrt (2));

omega = 2xpi*x[0:NN—-1]'/(NN—1);

z = exp( j*xomega );

zhat = THETA_( z, a, 'all—-pass' );

hzplot {1} = prawzpLoT( gcf, z, [], O,
NN, M, 'left', 'do_grid=0" );

xlabel ( '\itz\rm—plane', 'Position', [0 —1.2 0],
"Color', 'k' )

hzplot{2} = prawzpLOT( gcf, zhat, [], prod(a),

NN, M, 'right', "do_grid=0" );

% draw arrows

omega_start = omega(NN/Mx*[1 11 15 5] + 1);
omega_end = THETA( omega_start, a, 'all—pass' );
omega_end = mod( omega_end, 2xpi );

domega = (omega_end — omega_start)./NN;

for i = 1:length(omega_end)
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omega = [omega_start(i):domega(i):omega_end(i)].";
phi = exp( j*omega );
dist_from_end = omega — omega_end (1i);
dist_from_start = omega_start(i) — omega;

s = (dist_from_start.xdist_from_end). " (1/2);
s = (=1)"(xor(i>2,mod(i,2))) * s/max( s )/3;
plot( (3/2)."s.«phi, 'k', 'LineWidth', 0.25 )
k = find (sign( domega(i) ) x
omega > sign( domega(i) )xomega_end(i) — pi/32);
arrowhead = .
( [(3/2)."s(k(ceil(end/3))).xphi(k(ceil(end/3)))
(9/5)."s(k).*phi(k)
flipud( (5/4)."s(k).*phi(k))] );
patch( real( arrowhead ), imag( arrowhead ),
'k', 'LineStyle', 'none' )
end

xlabel ( '"\itz\rm—plane', 'Position', [0 —1.2 0],
"Color', 'k' )

text( —0.33, —1.22, '"\"' )

DRAWARROW ( [0.47 0.49 0.06 0.08] )

Figure 2.7

function [] = order2_freq_warping( NN )

omega = 2xpi/NN«x[—-NN/2:NN/2 —1];
OMEGA_OMEGAHAT_AXIS( gcf );

omegahat = THETA( omega, [—3/4 3/4], 'all-pass' );
PLOT-WRAPPED ( omega, omegahat, 'LineWidth', 1 )

Figure 2.8(a)

function h = order2_freqwarp__cmplxcnj_a( NN )
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omega = 2xpi/NNx[-NN/2:NN/2—1];
h = OMEGA_OMEGAHAT_AXIS( gcf );

a = [1+] 1-j]/(2*sqrt (2));
omegahat = THETA( omega, a, 'all—pass' );
h.Plot = PLOT-WRAPPED( omega, omegahat, 'LineWidth', 1 );

Figure 2.8(b)

function h = order2_freqwarp-_cmplxcnj_b( NN )

h = order2_freqwarp__cmplxcnj_a( NN );
omega = get( h.Plot(1), 'XData' ).';
omegahat = get( h.Plot(1), 'YData' ).';
set( h.Plot(2), 'Visible', 'off' )

set( h.Plot(3), 'Visible', 'off' )

axis( 2*pix[—-1 1 -1 1] )
labels = {'=2\pi' '=\pi' '0" "\pi' '2\pi'};
set( h.Axis, 'XTick', pix[—2:1/2:2], 'YTick', pix[—2:1/2:2] )
for i = 1:length( h.XTickLabel )
set( h.XTickLabel(i),
"Position', 2xget( h.XTickLabel(i), 'Position' ),
"String ', labels{i} );
set( h.YTickLabel(i),
"Position', 2xget( h.YTickLabel(i), 'Position' ),
"String ', labels{i} );
end
set( h.XLabel, 'Position', 2xget( h.XLabel, 'Position' ) )
set( h.YLabel (1),
'"Position', 2xget( h.YLabel(1l), 'Position' ) )
set( h.YLabel(2),
!

'"Position', 2xget( h.YLabel(2), 'Position' ) )
for omegahat_offset = —2xpix[—2:2]
for omega_offset = —2xpix[—2:2]

plot ( omegatomega_offset ,
unwrap( omegahat )+omegahat_offset ,
'LineWidth', 0.5 )
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end
end

Figure 2.10

function [] = pwlinear_freq_warping( NN )

omega = 2xpi/NNx[—NN/2:NN/2 —1];
OMEGA_OMEGAHAT_AXIS( gcf );

omegahat = THETA( omega, {
"(2xomega.—.pi)/3"' [-pi —pi/4]

"2xomega ' [-pi/4 pi/4]
"(2xomega_+.pi)/3"' [pi/4 pi]
}, 'piecewise.linear' );

plot ( omega, omegahat, 'LineWidth', 1 )

Figure 2.11

function [] = distortion_of_bandwidth( NN )

omega = 2xpi/NN«x[—NN/2:NN/2 —1];
OMEGA_OMEGAHAT_AXIS( gcf, 'real.quad' );

a = —3/4;
omegahat = THETA( omega, a, 'all—pass' );
plot ( omega, omegahat, 'LineWidth', 1 )

L = 48; % window length
omegal = 7xpi/8; % centre frequency
N1 = 100; % start of window
F = 8x«NN/Lx(

1/2 % hanning_spectrum ( omega — omega0O, L, N1 ) +
1/2 % hanning_spectrum ( omega + omegalO, L, N1 )

)
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plot( omega, abs( F )/2, 'LineWidth', 1 )
plot( abs( F )/2, omegahat, 'LineWidth', 1 )

% find the indices of the points of interest
i = round( find( omega—omegal )+[—2«NN/L 0 2«NN/L] );

% draw tangent

s = inline( '(1-2xaxcos(omega)+a”2)/(1—-a"2)"', 'a', 'omega' );
m= 1/s( a, omegal );

¢ = omegahat(i(2)) — mxomega0;

plot( omega ([l end]), mxomega ([l end])+c, 'k—." )

% draw lines

line( omega(i(1)).%[1;1;0], omegahat(l( )).x[0;1;1],
"Color', 'k', "LineStyle' ")

line( omega(i(2))."[1;1;0], omegahat(l( ))."[0;1517,
"Color', 'k', 'LineStyle', '——" )

line( omega(i(3)).%[1;1;0], omegahat(l( )).x[0;1;1],
"Color', 'k', 'LineStyle', '—' )

text( 0.8, 0.6, ['constant.slope';'_approximation'],
'"FontSize', 6 )
line( [1.92 2.4], [0.58 0.46], 'Color', 'k' )

function U = hanning_spectrum ( omega, L, N1 );
% Returns the spectrum of a hanning widow of length L,
% starting at sample NI
N = length( omega );
U = exp( —j*omegax(N1 + L/2) ).x(L/N).x(...
SINC( L/2xomega ) +
sINC( L/2xomega + pi )/2 +
sINC( L/2xomega — pi )/2)/2;

Figure 2.12

function [] = bw_stretching_S( NN )

set( gcf,
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"Position ', get( gcf, 'Position' ).x[1 1 1 2],
"PaperSize ', get( gecf, 'PaperSize' ).x[1 2],
"PaperPosition', get( gef, 'PaperPosition' ).x[1 1 1 2] );

colormap gray

xlabels = {'0',"\pi/4"',"\pi/2","'3\pi/4"',"\pi'};

zlabels = {'=3','0",'_3"','6"',"'\geq.9"};

omega = pix[—NN:2:NN—1]'/NN;

L=2"[10 7 4];

for i = 1l:length(L)

B = 8xpi/L(i); % The bandwidth

phi = B/2;

a=[—T7/87/NN:7/8]; % The range of warping factors
omega_0 = omega; % The centre freq.

omega_0 = omega ((omega>phi) & (omega<pi—phi));% Max/min freqs

a = ones(size(omega_0,1),size(a,2))=xdiag(a);
omega_0 = diag(omega_0)xones(size(omega_0,1),size(a,2));
U= {(1 — a."2).xsin(omega_0 + phi)
(1 + a.”2).xcos(omega0 + phi) — 2xa};
V={(1 - a."2).«xsin(omega_0 — phi)
(1 + a.”2).%cos(omega_0 — phi) — 2xa};
% The warped bandwidth
Bhat = abs( atan2( U{:} ) — atan2( V{:} ) );
% Bandwidth stretching factor
S = Bhat./B;
Stilde = p1iv( 1 — a."2,
1 — 2%a.xcos(omega0) + a.”2 );

h.Axis(i) = axes( 'Position', [0.35 1-0.3%xi 0.34 0.22] );
h.Surf(i) = surf( omega.0, a, S,

'"LineStyle', 'none' );
set( h.Axis(i),

'XLim', [0 pi],

'XTick', [0:pi/8:pi],

'XTickLabel', [],
'"YLim', [-0.8 0.8],
'ZLim', [0 4],

'"FontSize', 8

)



for k = 1:length( xlabels )
h.XTickLabel(i, k) =
text( pi/4x(k—1), —1.1, 0, xlabels{k},
"HorizontalAlignment ', 'center',
'"FontSize', 8 );
end
h.XLabel (i) = text( pi/2, —1.7, 0,
"\omega_0', 'HorizontalAlignment', 'center' );
h.YLabel(i) = ylabel( 'a', 'Position',
[-0.25 0.2 —3/4],
"FontSize', 10 );
h.ZLabel(i) = text( —pi/3, 4/3, 2, 'S' );

pos = get( gca, 'Position' );
h. Title (i) = axes(
'"Position', [pos(1l:2)+[-0.2 0.2] 0.15 0.05],
'"XTick', [], 'YTick', [], 'Box' ,'off',
'XColor', 'w', 'YColor', 'w' );
text( 0.1, 0.5, ['Bo=_\pi-/' num2str( L(i)/8 )] )
end
axes( h.Title(l) ) % bring to front
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Figure 2.13

function [] = bw_stretching_InE( NN )

set( gcf,
"Position ', get( gcf, 'Position' ).x[1 1 1 2],
"PaperSize ', get( gcf, 'PaperSize' ).x[1 2],

"PaperPosition', get( gcf, 'PaperPosition' ).x[1 1 1 2]
colormap gray
xlabels = {'0","\pi/4"',"\pi/2','3\pi/4"',"\pi'};
zlabels = {'=3','0"','_.3"','6"',"'\geq-9"'};
omega = pix[—NN:2:NN—1]'/NN;
L=2"[10 7 4];
for i = 1:length(L)
B = 8xpi/L(i); % The bandwidth
phi = B/2;
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a = [—T7/8T7/NN:7/8]; % The range of warping factors
omega_0 = omega; % The centre freq.
omega_0 = omega((omega>phi) & (omega<pi—phi));% Max/min freqs

a = ones(size(omega_0,1),size(a,2))xdiag(a);
omega_0 = diag(omega_0)xones(size (omega_0,1),size(a,2));
U= {(1 — a."2).xsin(omega_0 + phi)
(1 + a.”2).xcos(omega 0 + phi) — 2xa};
V={(1- a."2).«sin(omega_0 — phi)
(1 + a.”2).xcos(omega_0 — phi) — 2xa};
% The warped bandwidth
Bhat = abs( atan2( U{:} ) — atan2( V{:} ) );
% Bandwidth stretching factor
S = Bhat./B;
Stilde = p1iv( 1 — a."2,
1 — 2%a.xcos(omega0) + a.”2 );
E = abs(Stilde — S)./S;
InE = log( E ); InE(InE < —20) = NaN;

h.Axis(i) = axes( 'Position', [0.35 1-0.3%xi 0.34 0.26] );
h.Surf(i) = surf( omega 0, a, InE,

"LineStyle', 'none' );
set( h.Axis (i),

'XLim', [0 pi],

'XTick', [0:pi/8:pi],

'XTickLabel', [],
'"YLim', [-0.8 0.8],
'ZLim', [-12 0], 'ZTick', [—12:6:0],

"FontSize ', 8,
"CameraPosition', [12 3 109] )
ZLim = get( gca, 'ZLim' );
for k = 1:length( xlabels )
h.XTickLabel(i,k) = ...
text( pi/4x(k—1), 1.1, —12, xlabels{k},
"HorizontalAlignment ', 'center',
'"FontSize', 8 );
end
h.XLabel (i) = text( pi/2, 3/2, —12,
"\omega_0', 'HorizontalAlignment', 'center' );
h.YLabel(i) = ylabel( 'a', 'Position',
[9xpi/8 0 —16],



'"FontSize', 10 );
h.ZLabel(i) = text( 5xpi/4, —3/2, —6, '"In_E' );

pos = get( gca, 'Position' );
h. Title (i) = axes(
'"Position', [pos(1l:2)+[—-0.2 0.2] 0.15 0.05],
'"XTick"', [], 'YTick', [], 'Box' ,'off',
'XColor', 'w', 'YColor', 'w' );
text( 0.1, 0.5, ['Bu=.\pi./' num2str( L(i)/8 )] )
end
axes( h.Title(1) ) % bring to front
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Figure 2.14

function [] = sw_of_three_sinusiods( NN )

set( gcf,
"Position ', get( gcf, 'Position’ ).x[1
"PaperSize ', get( gcf, 'PaperSize' ).x[1
'"PaperPosition', get( gcf, 'PaperPosition' ).x[1

!
3

[0.1 0.7 0.33 0.3

plot2 = axes ( [0.6 0.7 0.33 0.3

spectrol = axes( 'Position', [0.1 0.15 0.33 0.55
( [

"Position', [0.6 0.15 0.33 0.55

plotl = axes( 'Position

"Position ",

spectro2 = axes

t = [0:NN/2-1]";
omega = pix[—NN:2:NN—1]/NN;

omega_l = 3xpi/8;
omega_2 = 6xpi/8;
omega_3 = 7xpi/8;

h_window = (1 — cos( 4xpi/NNxt ))/2;

f = [cos( omega_lxt ).xh_window
(cos( omega_2xt )

b= [t; (NN/2 + t)];

+ cos( omega 3xt )).xh_window |;

axes( plotl )
plot( t, f )

11 1.5],
1.5],
11 1.5]

E
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axis( [0 NN —2.4 2.4] )
ylabel ( "Amplitude' )
axes( spectrol )
SPECGRAM ( f, 256 )
xlabel ( '(a)' )

a = —1/2;
fhat = sw( f, THETA( omega, —a, 'all—pass' ) );

axes( plot2 )

plot( t, fhat )

axis( [0 NN —-2.4 2.4] )
ylabel ( "Amplitude' )
axes( spectro2 )
SPECGRAM ( fhat.', 256 )
xlabel( "(b)' )

step = 100xceil ( NN/500 );
set( plotl, 'XTick', [1:step:NN], 'XTickLabel', [],
'"YTickLabel', [], 'Box', 'off' );
set( plot2, 'XTick', [1:step:NN], 'XTickLabel', [],
"YTickLabel', [], 'Box', 'off' );
set( spectrol, 'XTick', [1l:step:NN], 'XTickLabel', [0:step:NN] );
set( spectro2, 'XTick', [1l:step:NN], 'XTickLabel', [0:step:NN] );

Figure 2.15

function [] = ...

time_domain_plot_spectrogram_of _SWing_unit_impulse ( NN, MM )

set( gcf,
"Position ', get( gcf, 'Position' ).x[1 1 1 1.5],
'"PaperSize ', get( gecf, 'PaperSize' ).x[1 1.5],
'"PaperPosition' ,get( gecf, 'PaperPosition' ).x[1 1 1 1.5] );

plotl = axes( 'Position', [0.3 0.7 0.43 0.3 ] );

spectrol = axes( 'Position', [0.3 0.15 0.43 0.55] );

t = [0:MM-1]";
omegahat = pix[-MM:2:MM-1]/MM;



a= 1/2;
omega = THETA( omegahat, —a, 'all—pass' );
NO = NN/2;

s.min = (1 — abs(a))/(1 + abs(a));
s.max = (1 + abs(a))/(1 — abs(a));
N _first = floor( NOxs_min );
N_last = ceil( NOxs_max );

f = t==No0;

fhat = flipud( sw( f, omega ) );
axes( plotl )

t, fhat )

[0 MM —1/4 1/4] )

% this line is where the orininal impulse is

line( [NO NO], [-1 1], 'LineStyle', '——', 'Color', 'k' )

% this line is approximately at the first non—zero sample

(
(

axis (

plot

line( [N_first N_first], [-1 1], 'LineStyle', ':', 'Color"',

% this line is approxzimately at the last non—zero sample

line( [N_last N_last |, [-1 1], 'LineStyle', ':', 'Color"',

ylabel ( '"Amplitude' )

axes( spectrol )
SPECGRAM ( fhat , 128 )

step = 100xceil ( MM/500 );
set( plotl, 'XTick', [1:step:MM], 'XTickLabel', [],
'"YTickLabel', [], 'Box', 'off' );

set( spectrol, 'XTick', [1:step:MM],
'XTickLabel', [0:step:MM], 'XLim', [0 MM] );
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r' )

m' )

Figure 2.16

function hf = columns_of SW_matrix( N, M, MM )

% M = length of each column
% N = number of columns
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¢c =MM/M; % interpolate columns by a factor of c
d = 5; % plot every dth column

m= [0:M-1];

n= [0:N=-1]";

a = 1/8;

omegahat-m = pix[-M:2:M—1]"'/M;

omega_m = THETA( omegahat.m, —a, 'all—-pass' );

H = ZTRANSFORM_MATRIX( omegam, N );
Dinv = IDFT_MATRIX( M );

S = DinvxH;

SS = UPSAMPLE( S, ¢ );

set ( gcf,
'"Position ', get( gcf, 'Position' ).x[1 1 1 2],
"PaperSize ', get( gcf, 'PaperSize' ).x[1 2],

'"PaperPosition', get( gef, 'PaperPosition' ).x[1 1 1 2] );
axis( [0 NOMO 1] )
set( gca, 'NextPlot', 'add',

'Position', [0.13 0.195 0.775 0.733] )
patch( [NN -1 -1 N

NN N N N|', MM M M M
MM 0 0 M', [01 1 0 0
01 1 0 0]', ...
reshape( [0.8 1]'x[1 1 0.6], 1, 2, 3 ), 'FaceAlpha', 0.4 )

set( gca,
'XGrid"', 'off"',
'XLim', [-1 NJ,
'"XTick', [0:d:N—1],
"YLim', [0 M],

'"YTick ', [mod(M,4):round(M/4):M],
'"YTickLabel', M—[mod(M,4):round (M/4):M],
'ZLim', [0 1]

)

xlabel ( 'column._index',
'"Position', [N/2 0 —0.15] )

ylabel ( 'output\newlinesample_index ',
'"Position', [0 M/2 —0.05] )

zlabel( 'value.of_matrix.element' )
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mM = diag( ( [0:1/c¢:M-1/c] ) )xones( MM, N );
nN = ones( MM, N )xdiag( SELECT_-EVERY( n, d ) );
plot3( nN, M — mM, SS, '-', 'LineWidth', 0.25 )
mM = diag( ( m ) )xomnes( M, N );

nN = ones( M, N )xdiag( SELECT_-EVERY( n, d ) );
plot3( aN, M —mM, S, '.', "MarkerSize', 10 )

Figure 2.17

function [] =

phase_corrected_modified_sinc_interp_in_freq-dom ( M, N, NN )

NN = lem( [NNMN] ); % NN must be a multiple of both M and N
% the input sample locations

sN = sparse( "mod( [0:NN—-1].', NN/N ) );

% the output sample locations

sM = sparse( “mod( [0:NN—1].', NN/M ) );

xtick = [-pi:pi/4:pi];

xticklabel = {'=\pi','=3\pi/4','=\pi/2','=\pi/4','0",
"\pi/4',"\pi/2.","3\pi/4", "\pi'};

ytick = [—-pi:pi/2:pi];

yticklabel = {'—\pi','=\pi/2','0"',"\pi/2"',"\pi'};

omega = pix[-NN:2:NN—1].'./NN; % the continuous frequency wector
f = F( omega ); % the continuous time input signal

H = sinc_interp( omega, N, M ); % the interpolation function

set( gcf,
"Position ', get( gcf, 'Position' ).x[1 1 1 2],
"PaperSize ', get( gcf, 'PaperSize' ).x[1 2],

'"PaperPosition', get( gecf, 'PaperPosition' ).x[1 1 1 2] );
axes( 'Position', [0.13 0.6 0.775 0.385] )

plot( omega, abs( H ), 'LineWidth', 1 );
set( gca,

'Box', 'off',
'XGrid', 'on',
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'XLim', [-pi pi],
'XTick', xtick,
'XTickLabel', [],

'"YLim', [0 1.01],
"YTick', [0 1]

)
set ( xlabel( '\omega' ), 'Position', [0 —0.144 0] )
ylabel ( '"Magnitude', 'Position', [—-3.8 0.505 0] )

for i = 1l:length( xtick )
text( xtick(i), —0.1, xticklabel{i},
"HorizontalAlignment ', 'center' )
end

axes( 'Position', [0.13 0.1 0.775 0.385] )

PLOT_-WRAPPED ( omega, angle( H ), 'LineWidth', 1 );

set( gca,
'Box', 'off!',
'XGrid', 'on',
'XLim', [-pi pi],
'XTick', xtick,
'XTickLabel', [],
'"YGrid', 'on',
'"YLim', [-pi pi],
'"YTick', ytick,
'"YTickLabel', []
)
set( xlabel( '\omega' ), 'Position', [0 —4 0] )
ylabel ( 'Phase.Angle', 'Position', [-3.8 0 0] )

for i = 1l:length( xtick )
text ( xtick(i), —pi—0.5, xticklabel{i},
"HorizontalAlignment ', 'center' )
end
for i = 1l:length( ytick )
text( —pi—0.3, ytick(i), yticklabel{i},
"HorizontalAlignment ', 'center' )
end

% the original spectrum that was sampled
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function F = F( omega );
F = exp(j.+xpi*sin( omega )).x(1 + cos( omega ))/2;

% the phase—corrected modified sinc interpolation function
% (periodic in freq domain)
function H = sinc_interp( omega, N, M );
NN = length( omega );
H = ones( NN, 1 );
i = find ( Nxomega );
D =lem( [MN] );
H(i) = exp(j*Dxomega(i)) .x
sin( Dxomega(i)/2 )./ (Dxsin( omega(i)/2 ));

Figure 2.18

function [] =
construct_op_samples_using_sinc_interp_in_freq_dom ( M, N, NN )

NN = lem( [NNMN] ); % NN must be a multiple of both M and N
% the input sample locations:

sN = sparse( "mod( [0:NN—-1].', NN/N ) );

% the output sample locations:

sM = sparse( “mod( [0:NN—1].', NN/M ) );

xtick = [-pi:pi/4:pi];

xticklabel = {'—\pi','=3\pi/4','=\pi/2"','=\pi/4','0",
"\pi/4',"\pi/2.", "3\ pi/4", "\pi'};

ytick = [—-pi:pi/2:pi];

yticklabel = {'=\pi','=\pi/2','0","\pi/2"',"\pi'};

omega = pix[—NN:2:NN—1].'./NN; % the continuous frequency wvector
f = F( omega ); % the continuous time input signal
H = sinc_interp( omega, N, M ); % the interpolation function

G = cconv( H, f.xsM ); % the interpolated function

G = [G(2:end); G(1)]; % we're one sample out

set( gcf,
"Position ', get( gcf, 'Position' ).x[1 1 1 2],
"PaperSize ', get( gcf, 'PaperSize' ).x[1 2],
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'"PaperPosition', get( gcf, 'PaperPosition' ).x[1 1 1 2] );
axes( 'Position', [0.13 0.6 0.775 0.385] )

hold on
plot( omega, abs( f ), 'b:', 'LineWidth', 1 )
plot( omega(sN), abs( f(sN) ), 'b.', "MarkerSize', 12 )
plot ( omega, abs( G ), 'r—', 'LineWidth', 1 )
plot( omega(sM), abs( G(sM) ), 'rx', 'MarkerSize', 6 )
set( gca,

'Box', 'off"',

'XGrid', 'on',

'XLim', [-pi pi],

'XTick', xtick,

'XTickLabel', [],

"YLim', [0 1.01],

"YTick', [0 1]
)
set ( xlabel( '\omega' ), 'Position', [0 —0.144 0] )
ylabel ( '"Magnitude', 'Position', [-3.8 0.505 0] )

for i = 1l:length( xtick )
text ( xtick(i), —0.1, xticklabel{i},
"HorizontalAlignment ', 'center' )
end

axes( 'Position', [0.13 0.1 0.775 0.385] )

hold on

plot( omega, angle( f ), 'b:', 'LineWidth', 1 )

plot( omega(sN), angle( f(sN) ), 'b.', "MarkerSize', 12 )
PLOT-WRAPPED( omega, angle( G ), 'Color', 'r', 'LineWidth', 1 )

plot( omega(sM), angle( G(sM) ), 'rx', "MarkerSize', 6 )

set( gca,

'XGrid', 'on',
'XLim', [-pi pi],
'XTick', xtick,
'XTickLabel', [],
'"YGrid', 'on',
"YLim', [—-pi pi],
'"YTick', ytick,
'"YTickLabel', []
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set( xlabel( '\omega' ), 'Position', [0 —4 0] )
ylabel ( 'Phase_Angle', 'Position', [-3.8 0 0] )
for i = 1:length( xtick )
text ( xtick (i), —pi—0.5, xticklabel{i},
"HorizontalAlignment ', 'center' )
end
for i = 1:length( ytick )
text ( —pi—0.3, ytick(i), yticklabel{i},
"HorizontalAlignment ', 'center' )

end

% the original spectrum that was sampled
function F = F( omega );
F = exp(j.*pixsin( omega )).*(1 + cos( omega ))/2;

% the phase—corrected modified sinc interpolation function
% (periodic in freq domain)
function H = sinc_interp( omega, N, M );
NN = length( omega );
H = ones( NN, 1 );
i = find ( Nxomega );
D =lem( [MN] );
H(i) = exp(j*Dxomega(i)) .x ...
sin( Dxomega(i)/2 )./ (Dxsin( omega(i)/2 ));

Figure 2.19

function [] =
construct_op_samples_with_simple_interp_-in_freq_.dom ( M, N, NN )

NN = lem( [NNMN] ); % NN must be a multiple of both M and N
% the input sample locations:

sN = sparse( "mod( [0:NN—-1].', NN/N ) );

% the output sample locations:

sM = sparse( “mod( [0:NN—1].', NN/M ) );

xtick = [—-pi:pi/4:pi];
xticklabel = {'—\pi','-3\pi/4','-\pi/2"','=\pi/4','0",
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"\pi/4',"\pi/2.", "3\pi/4", "\pi'};
ytick = [-pi:pi/2:pi];
yticklabel = {'—\pi','=\pi/2','0","\pi/2"',"\pi'};

omega = pix[—NN:2:NN—1].'./NN; % the continuous frequency wvector

f = F( omega ); % the continuous time input signal
H = interp-M4( omega, N ); % the interpolation function

G = cconv( H, f.xsM ); % the interpolated function

G = [G(2:end); G(1)]; % we're one sample out

G(sM(1)) = G(sM(1))*exp( —j*2xpi ); % makes the graph prettier

set( gcf,
'"Position ', get( gcf, 'Position' ).x[1 11 2],
"PaperSize ', get( gecf, 'PaperSize' ).x[1 2],

'"PaperPosition', get( gcf, 'PaperPosition' ).x[1 1 1 2] );
axes( 'Position', [0.13 0.6 0.775 0.385] )

hold on
plot( omega, abs( f ), 'b:', 'LineWidth', 1 )
plot( omega(sN), abs( f(sN) ), 'b.', "MarkerSize', 12 )
plot ( omega, abs( G ), 'r—', 'LineWidth', 1 )
plot( omega(sM), abs( G(sM) ), 'rx', '"MarkerSize', 6 )
set( gca,

'Box', 'off"',

'XGrid', 'on',

'XLim', [-pi pi],

'XTick', xtick,

'XTickLabel', [],

'"YLim', [0 1.01],
"YTick', [0 1]

)
set ( xlabel( '\omega' ), 'Position', [0 —0.144 0] )
ylabel ( '"Magnitude', 'Position', [-3.8 0.505 0] )

for i = 1l:length( xtick )
text ( xtick(i), —0.1, xticklabel{i},
"HorizontalAlignment ', 'center' )

end

axes( 'Position', [0.13 0.1 0.775 0.385] )
hold on
plot ( omega, angle( f ), 'b:', 'LineWidth', 1 )
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plot( omega(sN), angle( f(sN) ), 'b.', 'MarkerSize', 12 )
PLOT_-WRAPPED( omega, angle( G ), 'Color', 'r', 'LineWidth', 1 )
plot( omega(sM), angle( G(sM) ), 'rx', 'MarkerSize', 6 )

set( gca,

'XGrid"', 'on',
'XLim', [—-pi pi],
'XTick', xtick,
'XTickLabel', [],
'"YGrid', 'on',
"YLim', [-pi pi],
'"YTick', ytick,
'"YTickLabel', []

)
set( xlabel( '\omega' ), 'Position', [0 —4 0] )
ylabel ( 'Phase_.Angle', 'Position', [-3.8 0 0] )
for i = 1l:length( xtick )
text ( xtick (i), —pi—0.5, xticklabel{i},
"HorizontalAlignment ', 'center' )
end
for i = 1l:length( ytick )
text ( —pi—0.3, ytick(i), yticklabel{i},
"HorizontalAlignment ', 'center' )

end

% the original spectrum that was sampled
function F = F( omega );
F = exp(j.*pixsin( omega )).*(1 + cos( omega ))/2;

% the phase—corrected modified sinc interpolation function
% (periodic in freq domain)

function H = interp_-M4( omega, N );

H = cos( omega ).x(1 + cos( omega ))/2;

Figure 2.20

function [] = example_rows_of_interp_matrix( N, M, NN )
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% N = length of each row

% M = number of rows

¢ =NN/N; % interpolte rows by a factor of c
d = 18; % plot every dth row

m= [0:M-1];

n= [0:N=-1]";

a = 1/8;

omegahat_. m = pix[-M:2:M—1]"'/M;
omega_m = THETA( omegahat-m, —a, 'all—-pass' );
omegahat.n = pix[-N:2:N—1]'/N;

H = ZTRANSFORM_MATRIX( omegam, N );
Dinv = IDFT_-MATRIX( N );

C = HxDinv;

CC = upsaMPLE( C.', ¢ ).";

set( gcf,
"Position ', get( gcf, 'Position' ).x[1 1 1 2],
"PaperSize ', get( gecf, 'PaperSize' ).x[1 2],

'"PaperPosition', get( gef, 'PaperPosition' ).x[1 1 1 2] );
axis( [0 NOMO 1] )
set( gca, 'NextPlot', 'add', 'Position', [0.16 0.195 0.775 0.733]
patch( [NN -1 -1 N

NN N N N|', MM M M M
MM 0 0 M', [01 1 0 0
01 1 0 0]', ...
reshape( [0.8 1]'«x[1 1 0.6], 1, 2, 3 ), 'FaceAlpha', 0.4 )

set( gca,
'XGrid ", 'off',
'XLim', [~1 NJ,
"YLim', [0 M],

'"YTick', [mod( M, d ):d:M], ...
"YTickLabel', M—[mod( M, d ):d:M],
'ZLim', [0 1]
)
xlabel ( ['index.of._.sample\newline'
"in.unwarped\newline'
"freq.domain\newline'

"(column.index) '],



"Position', [N/2 0 —0.08] )
ylabel ( ['index._of_sample\newline'
"in.warped.freq.domain\newline'
"(row.index) '],
'"Position', [-1 M/4 —0.05] )

nN = ones( M, NN )xdiag( ( [0:1/c:N-1/c] ) );
nM = diag( SELECT_EVERY( m, d ) )xones( M, NN );
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plot3( nN.', M — oM. ", real( CC.' ), '=', 'LineWidth', 0.25 )
plot3( nN.', M — nM.', imag( CC.' ), ':', 'LineWidth', 0.25 )
nN = ones( M, N )xdiag( ( n ) );
nM = diag( SELECT_EVERY( m, d ) )xones( M, N );
plot3( nN.', M — oM. "', real( C.' ), '.', "MarkerSize', 10 )
plot3( nN.', M — mM. "', imag( C.' ), 'o', '"MarkerSize', 3 )
h = zlabel( ['contribution.of.input.sample' 10
"towards_output.sample '],
'"Position', [—81.7 =155 5] );
get( h )
Figure 2.21
function [] = one_row_of_interp_matrix( N, M, NN )

% N = length of each row

% M = number of rows

¢ =NN/N; % interpolte rows by a factor of c
d = 13; % plot the dth row

a = 1/8;

omegahat . m = pix[-M:2:M—1]'/M;
omega_m = THETA( omegahat_m, —a, 'all—-pass' );
omegahat.n = pix[-N:2:N—1]'/N;

H = ZTRANSFORM_MATRIX( omegam, N );
Dinv = IDFT_MATRIX( N );

C = HxDinv;

CC = uvpsaMPLE( C.', ¢ ).";
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ytick = [-pi:pi/2:pi];

yticklabel = {'=\pi','=\pi/2','0","\pi/2"',"\pi'};

set ( gcf,
'"Position ', get( gcf, 'Position' ).x[1 1 1 2],
"PaperSize ', get( gecf, 'PaperSize' ).x[1 2],

'"PaperPosition', get( gcf, 'PaperPosition' ).x[1 1 1 2] );

axes( 'Position', [0.13 0.6 0.775 0.385] )
set( gca,

'XLim', [0 NJ,

"YLim', [0 1.01],

'"YTick', [0 1]

)

ylabel ( '"Magnitude', 'Position', [-0.102«N 0.505 0] )

hold on

plot( [0:NN—1]/c, abs( CC(d,:) ), ':', 'LineWidth', 0.5 )
plot( [0:N-1], abs( CC(d,l:c:end) ), '.', "MarkerSize', 12 )

axes( 'Position', [0.13 0.1 0.775 0.385] )

set( gca,
'XLim', [0 NJ,
'"YGrid', 'on',

"YLim', [—-pi pi],

'"YTick', ytick,

'"YTickLabel', []
)
ylabel ( 'Phase_Angle', 'Position', [-0.102«N 0 0] )
for i = 1l:length( ytick )

text( —0.046xN, ytick(i), yticklabel{i},

"HorizontalAlignment ', 'center' )
end
xlabel ( 'Column._Index' )
hold on
plot( [0:NN-1]/c, angle( CC(d,:) ), ':', 'LineWidth', 0.5 )

plot( [0:N—1], angle( CC(d,1l:c:end) ), '.', '"MarkerSize', 12 )

3




Figure 2.22

function [] = comparing_interp_filtersl ( N, M )
N = 32;

M = 256;

n= [0:N-1];

a = 1/8;

rows = ceil( [1:4]/5+M );

% prepare azes
ax_width = 0.42; ax_height = 0.16;

ax.x = [0.1 0.56]; ax_.y = [0.8 0.58 0.3 0.08];

ytick = [—-pi:pi/2:pi];
ylim_mag = [0 1.01];

yticklabel = {'=\pi','=\pi/2','0","\pi/2", "\pi'};

set( gcf,
"Position ', get ( gcf, 'Position' ).x[1 1 1.25 4],
"PaperSize ', get( gcf, 'PaperSize' ).x[1.25 4],
'"PaperPosition',get( gecf, 'PaperPosition' ).x[1 1 1.25 4]
h(1,1).axis = axes( 'Position',
[ax_x (1) ax_ y(l) ax_width ax_height] );
set( gca, 'XLim', [0 N], 'YLim', ylim_mag, 'YTick', [0 1] )
ylabel ( 'Magnitude', 'Position', [—4 0.505 0] )
hold on
h(1,2).axis = axes( 'Position',

[ax_x(2) ax_y (1) ax_width ax_height] );
set( gca, 'XLim', [0 N], 'YLim', ylim_mag,

'"YTick', [0 1], 'YTickLabel', [] )
hold on
h(2,1).axis = axes( 'Position',

[ax_x (1) ax_y(2) ax_width ax_height] );
set( gca, 'XLim', [0 NJ,

'YGrid', 'on', 'YLim', [—-pi pi],
'"YTick', ytick, 'YTickLabel', [] )
ylabel ( 'Phase_Angle', 'Position', [-4 0 0] )

for i = 1:length( ytick )
text( —2, ytick(i), yticklabel{i},
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"HorizontalAlignment ', 'center' )
end
hold on
h(2,2).axis = axes( 'Position"',

[ax-x(2) ax_y(2) ax_width ax_height] );
set( gca, 'XLim', [0 NJ,

'"YGrid', 'on', 'YLim', [-pi pi],
'"YTick', ytick, 'YTickLabel', [] )
hold on
h(3,1).axis = "Position ",

ax-width ax_height] );

)
0 N], '"YLim', ylim_mag, 'YTick', [0 1] )

xes (
[ax-x (1) ax_ y(3
set( gca, 'XLim', |

ylabel ( '"Magnitude', 'Position', [-4 0.505 0] )
hold on
h(3,2).axis = axes( 'Position"',

[ax-x(2) ax_y(3) ax_width ax_height] );
set( gca, 'XLim', [0 N], 'YLim', ylim_mag,

"YTick', [0 1], 'YTickLabel', [] )
hold on
h(4,1).axis = axes( 'Position',

[ax_x (1) ax_y(4) ax_width ax_height] );
set( gca, 'XLim', [0 NJ,

'"YGrid', 'on', 'YLim', [-pi pi],
'"YTick ', ytick, 'YTickLabel', [] )
ylabel ( 'Phase_.Angle', 'Position', [-4 0 0] )

for i = 1l:length( ytick )
text( —2, ytick(i), yticklabel{i},

"HorizontalAlignment ', 'center' )
end
hold on
h(4,2).axis = axes( 'Position"',

[ax-x(2) ax_y(4) ax_width ax_height] );
set( gca, 'XLim', [0 NJ,

'"YGrid', 'on', 'YLim', [-pi pi],

'"YTick ', ytick, 'YTickLabel', [] )



hold on

% calculate matrices
omegahat . m = pix[-M:2:M—1]'/M;
omegahat.n = pix[-N:2:N—1]'/N;
Dinv = IDFT_-MATRIX( N );

omega_m = THETA( omegahat.m, —a, 'all—-pass' );
H = ZTRANSFORM_MATRIX( omegam, N );
C.sinclike = HxDinv;

omega.m = THETA( omegahat_-m, {
"(2xomega.—.pi)/3"' [-pi —pi/4]

'2xomega’ [-pi/4 pi/4]
"(2xomega_+.pi)/3"' [pi/4 pi]
}, 'piecewise_linear' );

H = ZTRANSFORM_MATRIX( omegam, N );

C.linear = HxDinv;

% plot rows of C
for k = [0 2]

for i = 1:2
axes( h(k+1,i).axis )
h(k+1,i).sinclike = plot( n, abs( C.sinclike (rows(k+i),:)) );
h(k+1,i).linear = plot( n, abs( C.linear (rows(k+i),:) ) );
[num,den] = rat( omegahat_-m(rows(k+i))/pi );
title ( ['Row.' num2str( rows(k+i) ) 'cocoooooaaaaaaooon "1 )
text( 16, 1.15, ['(\omega.=_' num2str( num )

"\pi/' num2str( den ) ')'] )

text( 16.8, 1.18, '"\"' )
axes( h(k+2,i).axis )
h(k+2,i).sinclike =

PLOT-WRAPPED( n, angle( C.sinclike (rows(k+i),:)) );
% avoid plotting phase where the amplitude is negligible
1 = ones( size( C.linear (rows(k+i),:) ) );
1(abs( C.linear (rows(k+i),:) )<le—6 ) = NaN;
h(k+2,i).linear = ...

PLOT-WRAPPED( n, angle( C.linear (rows(k+i),:) ).x1 );

end
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end
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% set plot attributes

for

end

i=1:8

set( h(i).sinclike (1), 'LineStyle', ":', ...
'LineWidth', 1, 'Marker', 'x', 'MarkerSize', 5 )

set( h(i).linear(1), "LineStyle', ':',
'LineWidth', 1, 'Marker', '." )

axes( h(i).axis )

if 'mod( i, 2 ) xlabel( 'Column.Index' ); end

% draw legends

lege
for

nd_positions = {[0.11 0.87 0.25 0.1], [0.74 0.36 0.25 0.1]};
i=1:2

hl = FLOATING_LEGEND ( legend_positions{i},

{{":x'} 'all—pass._(sinc—like)'

{':.'} '"_\newlinepiece —wise\newlinelinear '},

'XColor', 'w', 'YColor', 'w' );

hlec = get( hl, 'Children' );

set( hlc(l), 'FontSize', 8 )
set( hlc(4), 'FontSize', 8 )
end
Figure 2.23
function [] = comparing_interp_filters2( N, M )
N = 32
M = 256;
n = [0:N-1];
a = 1/8;

rows = ceil( [1:4]/5xM );

% prepare azes
ax_width = 0.42; ax_height = 0.16;

ax_X

= [0.1 0.56]; ax.y = [0.8 0.58 0.3 0.08];

ytick = [-pi:pi/2:pi];
ylim_mag = [0 1.01]; ytick.mag = [0 1];
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yticklabel = {'=\pi','=\pi/2','0","\pi/2"',"\pi'};

set( gcf,
'"Position ', get ( gcf, 'Position' ).x[1 1 1.25 4],
"PaperSize ', get( gcf, 'PaperSize' ).x[1.25 4],

'"PaperPosition',get( gcf, 'PaperPosition' ).x[1 1 1.25 4] );

h(1l,1).axis =

axes( 'Position', [ax_x(1) ax_y (1) ax_width ax_height] );
set( gca, 'XLim', [0 N], 'YLim', ylim_mag, 'YTick', ytick.mag )
ylabel ( 'Magnitude', 'Position', [—4 0.505 0] )
hold on

h(1l,2).axis =
axes( 'Position', [ax_x(2) ax.y(l) ax_width ax_height] );
set( gca, 'XLim', [0 N], 'YLim', ylim_mag, 'YTick', ytick.mag,
'"YTickLabel', [] )
hold on

h(2,1).axis =
axes( 'Position', [ax_.x(1) ax.y(2) ax_width ax_height] );
set( gca, 'XLim', [0 N], 'YGrid', 'on', 'YLim', [—pi pi],
'"YTick', ytick, 'YTickLabel', [] )
ylabel ( 'Phase_Angle', 'Position', [-4 0 0] )
for i = 1:length( ytick )
text( —2, ytick(i), yticklabel{i},
"HorizontalAlignment ', 'center' )

end
hold on

h(2,2).axis =
axes( 'Position', [ax_x(2) ax_y(2) ax_width ax_height] );
set( gca, 'XLim', [0 N], 'YGrid', 'on', 'YLim', [—-pi pi],
'"YTick', ytick, 'YTickLabel', [] )
hold on

h(3,1).axis =

axes( 'Position', [ax_.x(1) ax.y(3) ax_width ax_height] );
set( gca, 'XLim', [0 N], 'YLim', ylim_mag, 'YTick', ytick.mag )
ylabel ( 'Magnitude', 'Position', [—4 0.505 0] )
hold on
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h(3,2).axis =

axes( 'Position', [ax.x(2) ax_y(3) ax_width ax_height] );
set( gca, 'XLim', [0 N], 'YLim', ylim_mag, 'YTick', ytick.mag,
'"YTickLabel', [] )
hold on
h(4,1).axis =
axes( 'Position', [ax_x(1) ax_y(4) ax_width ax_height] );
set( gca, 'XLim', [0 N], 'YGrid', 'on', 'YLim', [—-pi pi],
'"YTick ', ytick, 'YTickLabel', [] )
ylabel ( 'Phase.Angle', 'Position', [-4 0 0] )

for i = 1l:length( ytick )
text( —2, ytick(i), yticklabel{i},
"HorizontalAlignment ', 'center' )
end
hold on

h(4,2).axis =

axes( 'Position', [ax_x(2) ax.y(4) ax.-width ax_height] );
set( gca, 'XLim', [0 N], 'YGrid', 'on', 'YLim', [-pi pi],
'"YTick', ytick, 'YTickLabel', [] )
hold on

% calculate matrices
omegahat_.m = pix[-M:2:M—1]"'/M;
omegahat n = pix[—-N:2:N—1]'/N;
Dinv = IDFT_-MATRIX( N );

omega_m = THETA( omegahat.m, —a, 'all—-pass' );
H = ZTRANSFORM_MATRIX( omegam, N );
C.sinclike = HxDinv;

C.linear = LINEAR_INTERP_MATRIX( omegam, N );
% plot rows of C
for k = [0 2]

for 1 = 1:2

axes( h(k+1,i).axis )
h(k+1,i).sinclike = plot( n, abs( C.sinclike (rows(k+i),:)) );
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h(k+1,i).linear = plot( n, abs( C.linear (rows(k+i),:) ) );
[num,den] = rat( omegahat.m(rows(k+i))/pi );
title( ['Row.' num2str( rows(k+i) ) 'cocooooaaaaanaooon "1 )
text( 16, 1.15, ['(\omega.=.' num2str( num )
"\pi/' num2str( den ) ')'] )

text( 16.8, 1.18, '\"' )
axes( h(k+2,i).axis )
h(k+2,i).sinclike = ...

PLOT-WRAPPED( n, angle( C.sinclike (rows(k+i),:)) );
h(k+2,i).linear = ...

PLOT-WRAPPED ( n, angle( C.linear (rows(k+i),:) ) );

end
end

% set plot attributes

for i = 1:8
set( h(i).sinclike (1), 'LineStyle', ':', 'LineWidth', 1,
"Marker', 'x', 'MarkerSize', 5 )
set( h(i).linear (1), "LineStyle', ':', 'LineWidth', 1,
"Marker', '.' )

axes( h(i).axis )
if 'mod( i, 2 ) xlabel( 'Column.Index' ); end
end

% draw legends
legend_positions = {[0.11 0.92 0.25 0.05 |
[0.68 0.425 0.25 0.045]};
for i = 1:2
hl = FLOATING_LEGEND ( legend_positions{i},
{{":x'} 'sinc—like.(all—pass)'
{':.'} 'linear'},
'XColor', 'w', 'YColor', 'w' );
hlc = get( hl, 'Children' );
set( hlc(1l), 'FontSize', 8 )
set( hlc(4), 'FontSize', 8 )

end
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Figure 2.24

function [] = comparing.interp_filters3( N, M)

a = 1/4;

% prepare azes

set ( gcf,
'"Position ', get( gcf, 'Position' ).x[1 1 1.25 3],
"PaperSize ', get( gcf, 'PaperSize' ).x[1.25 3],

'"PaperPosition' get( gef, 'PaperPosition' ).x[1 1 1.25 3] );
ax_width = 0.35;
ax_height = 0.21;
ax.x = [0.13 0.55];
ax.y = [0.75 0.52 0.28 0.04];
xtick = [0:pi/4:pi];
xticklabel = {'0", "\pi/4',"\pi/2.",'3\pi/4"','"\pi'};

for i = 1:4
h(i,1).axis = axes( 'Position"',
[ax_x (1) ax_y(i) ax_width ax_height] );
set( gca, 'XLim', [0 M], 'XTickLabel', [],

"YLim', [—-1.2 1.2], 'YTick', [—1:1:1] )
hold on

end

set( gca, 'XTickLabel', get( gca, 'XTick' ) )

for i = 1:4
h(i,2).axis = axes( 'Position"',
[ax_x(2) ax_y(i) ax_width ax_height] );
set( gca, 'XLim', [0 pi], 'XTick', xtick,
'XTickLabel', [], 'YLim', [0 M/16],
"YTick ', [0:M/64:M/16—1] )
hold on

end

for i = 1l:length( xtick )
text ( xtick(i), -M/128, xticklabel{i},
"HorizontalAlignment ', 'center' )

end

% calculate matrices
omegahat_. m = pix[-M:2:M—1]'/M;



omegahat.n = pix[-N:2:N—1]'/N;
Dinv.M = IDFT_-MATRIX( M );
DN = pFT_MATRIX( N );

omega.m = THETA( omegahat-m, —a, 'all-—pass' );

H = ZTRANSFORM_MATRIX( omegam, N );

S.sinclike = real( Dinv.MxH );

omega_m = THETA( omegahat_m, {
"(3xomega_+.pi)/2' [-pi —pi/2]

'omega /2" [-pi/2 pi/2]
"(3xomega.—_pi)/2' [ pi/4 pi ]
}, 'piecewise.linear' );
% the inverse funcin is: (2¥omega — pi)/3 [—pi
% 2xomega [—pi/4
% (2xomega + pi)/38 [ pi/4

H = ZTRANSFORM_MATRIX( omegam, N );
S.linear_warp = real( Dinv.Ms«H );
omega_m = THETA( omegahat.m, —a, 'all—-pass' );

S.linear_interp =

real ( Dinv_M#LINEAR_INTERP_MATRIX( omega.m, N )xDN );

% generate test signal and warp
t = [0:N/2-1]";

omega_l = 3xpi/8;

omega_2 = 6xpi/8;

WINDOW = (1 — cos( 4xpi/Nxt ))/2;

f = [cos( omega_lxt ).*WINDOW; cos( omega_2%t ).xWINDOW |;

t=[t; (N/2+t)];

g.sinclike = S.sinclikexf;

g.linear_warp S.linear_warpxf;

g.linear_interp = S.linear_interpxf;

% plot

axes( h(1,1).axis )

plot( t, f )

hlab = ylabel( 'unwarped' );

pos = get( hlab, 'Position' );

set( hlab, 'Position', pos.x[1.3 1 1] )
title ( 'Time—Domain.Representation' )
axes( h(1,2).axis )

—pi/4]
pi/4]

pi

/
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plot( omegahat.n, fftshift( abs( fft( f ) ) ) )

title ( 'Frequency—Domain._Representation' )

axes( h(2,1).axis )

plot( [0:M—-1], g.sinclike )

hlab = ylabel( 'all—pass_.warp\newlinefunction' );

pos = get( hlab, 'Position' );

set( hlab, 'Position', pos.x[1.6 1 1] )

axes( h(2,2).axis )

plot( omegahat.m, fftshift( abs( fft( g.sinclike ) ) ) )

axes( h(3,1).axis)
plot( |
hlab = ylabel( 'linear.interp.\newlinefunction' );

0:M—1], g.linear_interp )

pos = get( hlab, 'Position' );

set( hlab, 'Position', pos.x[1.6 1 1] )

axes( h(3,2).axis )

plot ( omegahat-m, fftshift( abs( fft( g.linear_interp ) ) ) )

axes( h(4,1).axis )
plot ( |

hlab = ylabel( 'piecewise—linear\newlinewarp.function' );

0:M—1], g.linear_warp )

pos = get( hlab, 'Position' );

set( hlab, 'Position', pos.x[1.6 1 1] )

axes( h(4,2).axis )

plot ( omegahat-m, fftshift( abs( fft( g.linear_warp ) ) ) )

% the enery of all the signals is approzimately equal

disp( ['Energy.of_original._..... signal ="
num2str( sum( abs( f ) ) )] )
disp( ['Energy.of.sinc—like..... signal _=_"

num?2str( sum( abs( g.sinclike ) ) )] )
disp( ['Energy.of_linear_warp...signal._=."

num2str( sum( abs( g.linear_warp ) ) )] )
disp( ['Energy.of_linear_interp.signal. —=."

num?2str ( sum( abs( g.linear_interp ) ) )] )




255
Figure 2.25
function [] = comparing_interp_filters4 ( N, M )
a = 1/4;

% prepare azes

set( gcf,
"Position ', get( gcf, 'Position' ).x[1 1 1.25 3],
"PaperSize ', get( gcf, 'PaperSize' ).x[1.25 3],

'"PaperPosition',get( gef, 'PaperPosition' ).x[1 1 1.25 3] );

% calculate matrices
omegahat.m = pix[-M:2:M—1]'/M;
omegahat n = pix[-N:2:N—1]'/N;
Dinv.M = IDFT_MATRIX( M );
DN = DFT_MATRIX( N );

omega_m = THETA( omegahat_m, —a, 'all—-pass' );

H = ZTRANSFORM_MATRIX( omegam, N );

S.sinclike = real( Dinv.MxH );

omega.m = THETA( omegahat.-m, {
"(3xomega_+.pi)/2' [-pi —pi/2]

"omega /2" [-pi/2 pi/2]

"(3xomega.—_pi)/2' [ pi/4 pi ]
}, 'piecewise_linear' );
% the inverse functn is: (2xomega — pi)/3 [—pi —pi/4]
% 2xomega [-pi/d pi/d]
% (2«omega + pi)/8 [ pi/4 pi ]

H = ZTRANSFORM_MATRIX( omegam, N );
S.linear_warp = real( Dinv.MxH );
omega.m = THETA( omegahat-m, —a, 'all-—pass' );
S.linear_interp =
real ( Dinv_M*LINEAR_INTERP_MATRIX ( omega.m, N )xD.N );

% generate test signal and warp

t = [0:N/2-1]";

omega_l = 3xpi/8;

omega_2 = 6xpi/8;

WINDOW = (1 — cos( 4xpi/Nxt ))/2;

f = [cos( omega_lxt ).*WINDOW; cos( omega_2%t ).xWINDOW |;
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t=[t; (N/2 4+ ¢)];

g.sinclike = S.sinclikexf;

g.linear_warp S.linear_warpxf;

g.linear_interp = S.linear_interpxf;

% plot

plot_title = {'(a)"' "(b)' '"(c¢)' '"(d)'};

func = {f g.sinclike g.linear_interp g.linear_warp };
for i = 1:4

subplot( 2, 2, i );

SPECGRAM ( func{i}, M/8 )

xlabel ( plot_title{i} )
end

Figure 2.26

function [] = ...

result_of_SWing_unit_impulse_using_few_op_samples( NN )

MM = NN;

set( gcf,
"Position ', get( gcf, 'Position' ).x[1 1 1 1.5],
'"PaperSize ', get( gecf, 'PaperSize' ).x[1 1.5],
'"PaperPosition', get( gecf, 'PaperPosition' ).x[1 1 1 1.5] );

plotl = axes( 'Position', [0.3 0.7 0.43 0.3 ] );

spectrol = axes( 'Position', [0.3 0.15 0.43 0.55] );

t = [0:MM-1]";

omegahat = pix[-MM:2:MM-1]/MM;

a = 1/2;

omega = THETA( omegahat, —a, 'all—pass' );

f = t=NN/2;
fhat = flipud( sw( f, omega ) );

axes( plotl )
plot( t, fhat )
axis( [0 MM —1/4 1/4] )
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ylabel ( 'Amplitude' )
axes( spectrol )
SPECGRAM ( fhat , 128 )

step = 100xceil ( MM/500 );

set( plotl, 'XTick', [1l:step:MM], 'XTickLabel', [],
'"YTickLabel', [], 'Box', 'off' );

set( spectrol, 'XTick', [1:step:MM],
'"XTickLabel', [0:step:MM], 'XLim', [0 MM] );

Figure 4.4

function [] = chirp_z( NN )

ha = zZPLANEAX( gcf, 'middle', 1.25 );
omega = 2xpix[—NN:2:NN—1]/NN;

z = exp( j*omega );

plot( z, 'k' )

omega_0 = pi/6;
A0 = 4/5;

phi_0 = —pi/4;
W0 =1+ 1/8;

A = A Oxexp( jxomega 0 );
W= WJOxexp( j*xphi_0 );

M= §;

k = [0:M-1];

z_k = A sW."(=k);
n = [0:NN-1]";

phi_0 = phi_0«M/NN;

WO =1+ (W0 — 1)M/NN;
W= WOxexp( j*xphi_0 );
z = A xW."(—n);
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plot( z, 'b:' )

plot( z_.k, 'b.', '"MarkerSize', 12 )

line( [0 real( z.k(1) )], [0 imag( z_k(1) )],
"Color', 'k', 'LineStyle', '=' )

line( [0 real( z.k(2) )], [0 imag( z.-k(2) )],
"Color', 'k', 'LineStyle', '-' )

% draw arrow
z = (3/5xexp( j*pi/6 )) .x exp( —j*pi/4 ). omega;
plot( z(angle( z ) <= angle( z.k(2) ) & ...
angle( z ) >= angle( z.k(1) )), 'k' )
z = (3/bxexp( j*xb5xpi/12 )) . (9/8xexp( —j*pi/4 ))." omega;
plot( z(angle( z ) >= angle( z.k(2) ) — pi/l12 & ...
angle( z ) <= angle( z.k(2) )), 'k' )
z = (3/5xexp( j*bxpi/12 )) .x (7/8xexp( —jxpi/4 )). omega;
plot( z(angle( z ) >= angle( z_k(2) ) — pi/l12 &
angle( z ) <= angle( z.k(2) )), 'k' )
= 4/9xexp( j*3xpi/8 );
text( real( z ), imag( z ), '"\phi.0', 'FontSize', 8 )

% draw arrow
z = (2/3xexp( j*pi/6 )) .x exp( j*pi/4 ). omega;
plot( z(angle( z ) <= angle( z.k(1) ) & ...

angle( z ) >= 0), 'k' )
z = (2/3xexp( j*pi/6 )) .*x (9/8xexp( —jxpi/4 )). omega;
plot( z(angle( z ) >= angle( z_k(1) ) — pi/l12 &

angle( z ) <= angle( z.k(1) )), 'k' )
z = (2/3xexp( jxpi/6 )) .= (7/8*exp( —j*pi/4 ))." omega;
plot( z(angle( z ) >= angle( z_.k(1) ) — pi/l12 &

(

angle( z ) <= angle( z.k(1) )), 'k' )
7z = 1/2xexp( j*pi/l12 );

text( real( z ), imag( z ), '\theta_ 0', 'FontSize', 8 )

Figure 4.5

function [] = chirp_z_on_unit_circle( NN )

ha = zPLANEAX( gcf, 'middle', 1.25 );
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omega = 2xpix[—NN:2:NN—1]/NN;
z = exp( j*omega );
plot( z, 'k' )

omega_ 0 = pi/4;
A0 = 1;

phi_ 0 = —pi/16;
W.0 = 1;

A = A Oxexp( jxomega 0 );
W= WJOxexp( j*xphi 0 );

M= §;

k = [0:M-1];

z_k = A sW."(=k);
n = [0:NN-1]";

phi_0 = phi_0«M/NN;

WO =1 + (W0 — 1)#M/NN;
W= WJOxexp( j*xphi 0 );
z = A xW."(—n);

plot( z, 'b:' )
plot( z_.k, 'b.', "MarkerSize', 12 )
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