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Abstract

This thesis presents a theoretical study of ultra-cold gases in, or close to a Bose-
Einstein condensed phase. A system of two coupled Bose-Einstein condensates
shows strong resemblance to Josephson junctions, consisting of two supercon-
ductors linked via a thin insulating barrier. In these systems quantised ring
currents across the barrier (Josephson vortices) have been detected. We con-
centrate on similar macroscopic quantum states in our systems of linear and
annular coupled Bose-Einstein condensates, and test them towards their poten-
tial for showing macroscopic quantum tunnelling.

For the linear system we present a very detailed stability analysis of the station-
ary solutions, the vortex and the soliton, using Bogoliubov-de Gennes theory.
An analytic approximation of the unstable mode is provided. We show that the
transition between vortices rotating in opposite directions is possible and pro-
pose an effective potential separating these two states. For the annular system
of two coupled ring shaped condensates of different radii, we review the param-
eter regimes for finding vortices in the ground state. We show that pinning of
vortices via a repulsive external potential is possible and suggest further steps

towards the detection of macroscopic quantum tunnelling.
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Chapter 1

Introduction & basics

1.1 General overview

The theoretical discovery of Bose-Einstein condensation (BEC) dates back to
1925 when A. Einstein predicted a phase transition in a gas of non-interacting
atoms: due to quantum statistics all particles will end up in the ground state
when cooled to a very low temperature. Although in real systems interactions
are always present to some degree, the formation of a BEC is not restricted
to the particular case of non-interacting particles. Indeed, the connection to
superfluid * He, which is a strongly interacting system, was already made in 1938
by London [1] and today, Bose-Einstein condensation is believed to be one of the
underlying mechanisms of superfluidity. Despite this early discovery, it needed
the invention of laser techniques to sufficiently trap and cool the atom clouds,
in order to experimentally realise a BEC in the lab. This was first achieved in
1995 with a gas of dilute alkali atoms [2]. The study of ultra-cold gases, in
particular Bose-Einstein condensates (BEC) is an interesting topic from various
aspects. Quantum phenomena are usually restricted to the microscopic world
and are therefore hard to detect. Since a BEC confines a macroscopic number of
particles in the same quantum state, it allows us to study quantum phenomena
on a macroscopic scale, such as wave-particle duality and the tunnelling of
macroscopic objects [3].

The substantial progress on magnetic and optical trapping techniques [4, 5]
enables experimentalists nowadays to create condensates of various shapes, in-

cluding lattices and systems of lower dimensionality. Although Bose-Einstein
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condensation is impossible in homogeneous 1D and 2D systems (Hohenberg the-
orem [6]), it can be realised in atom traps where the density of states is altered
by the confining potential. In weakly interacting, finite homogeneous systems,
even if BEC does not strictly occur, the Gross-Pitaevskii mean-field theory of
BECs yields reasonable approximations [7, 8]. We will study this regime and
use the term BEC for low dimensional Bose systems in the sense that its mean
field theory applies. Lower dimensional systems are of particular interest, not
only because the computational effort of theoretical studies is reduced signifi-
cantly, but also because they exhibit additional features, since the properties
of phase transitions and the nature of collective excitations depend on the spa-
tial degree of freedom. Quasi one-dimensional condensates were successfully
realised in a number of experiments [9, 10, 11]. Dividing the condensate into
two regions, by raising a potential barrier along one spatial dimension, allows
the study of coupled BECs. Coherence between coupled BECs has been shown
by Ketterle et al. [12, 13, 14], while a one-dimensional coupled system was
recently realised by Schmiedmayer et al. [15, 16]. These systems show strong
resemblance of Josephson junctions, consisting of two superconductors coupled
via a thin insulating layer, where tunnelling of Cooper pairs (Josephson effect)
is a well known phenomenon [17, 18, 19]. This analogy was pointed out by
Smerzi et al. [20, 21, 22]. Experimental evidence of such tunnelling has been
observed in short coupled BECs [23, 24], revealing features of point-like Joseph-
son junctions. Increasing the ‘contact area’ of the two coupled superconductors
generates long Josephson junctions (LJJ) for which Josephson fluxons are ob-
served. A Josephson fluxon (Josephson vortex) is a ring current located in the
middle of the tunnel barrier, producing a magnetic field with a quantised flux
®,. Similarly, one may also look for analogues of Josephson fluxons in extended
coupled BECs [25, 26, 27]. Whether such effects like self trapping or Josephson
oscillations are still observable in 1D Bose-Josephson junctions is the issue of
an ongoing discussion [28, 29]. A very useful tool for a theoretical description
of BECs is the famous Gross-Pitaevskii (GP) [30, 31] equation, also known as
non-linear Schrédinger equation, which is formulated as a classical field theory
using a mean field approximation for the particle-particle interaction. Interest-
ing properties of the condensate, like the appearance of non-linear waves that
keep their shape while propagating (solitons) and topologically stable quantised

ring currents (vortices), can be studied within this theory as they are particular
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1.2 The Gross-Pitaevskii equation

solutions of the GP equation. Quantised vorticity has been studied in super-
conductors, superfluid helium and Bose-Einstein condensed ultra cold gases [32]
and continues to be a fascinating subject for study. As mentioned, the mean
field GP theory describes the classical features of the BEC, equivalent to the
theory of electrodynamics describing the classical properties of photons in terms
of the electromagnetic field. That means in order to describe quantum effects
e.g. tunnelling, one has to go beyond this approximation. A very fruitful way of
including quantum fluctuations numerically is a c-field technique known as the
truncated Wigner method [33, 34, 35, 36, 37]. It includes quantum fluctuations
in terms of noise by sampling over many trajectories in phase space, starting
with modified initial conditions. In order to end up with meaningful results the
choice of the relevant noise modes appears to be the crucial point in numer-
ical simulations. Taking the modes of the elementary excitations, calculated
by solving the Bogoliubov-de Gennes equations [30, 31|, is the most accurate
description known so far.

In our work we present two promising candidates for the study of macro-
scopic quantum tunnelling. In both cases a vortex is the macroscopic object of
choice. In the first part we study two coupled cigar-shaped condensates where
the strong confinement in the transverse dimensions allows for a one-dimensional
description. We look at the stability of stationary solutions, namely dark soli-
tons and fluxon analogs [38, 27], by solving the Bogoliubov-de Gennes equations.
An analytical approximation for the unstable mode of the soliton is provided.
Real time evolution confirms the existence of the soliton - vortex transition. We
propose and motivate a very simple form of the effective potential of the vortex,
which is crucial for further studies on vortex - antivortex tunnelling. The sec-
ond part of this work deals with coupled ring shaped Bose-Einstein condensates
in a one-dimensional description. We review the parameter regimes for which
vortices appear and show the feasibility of pinning them with repulsive external

potentials.

1.2 The Gross-Pitaevskii equation

In this section we give a derivation of the Gross-Pitaevskii equation (GPE) for

one-dimensional systems. Although the result is the same for higher dimension-
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ality, the argumentation has to be altered.
In order to describe a dilute gas at very low temperatures we aim to simplify
the exact Hamiltonian of the system which, in terms of the field operator @/AJ,

reads
~ h2 o3 I Tt 7 1 RN, Nabi
H=—g— [ degl O+ [ dei'Veth + 5 [ dedyWV (z —2/)yy (11)

with V(z) and Vg (z,t) being the two-body interaction and the external poten-

tial respectively. Using the Bose commutation relations

~

06 0@)] =@ —a). [P, 9@ = [$a),d@)] =0, (12

the Heisenberg equation of motion for the field operator can be deduced to give

~

[@ﬁ(a;, ), H]

(_zh—mamz + ‘/ext($,t) + /‘d:[;’qﬁf(x/’t)v(m i x/)qﬁ(x/,t)) 1&(:[;725)
(1.3)

ihoy(z, 1)

To proceed further we need to make two approximations:

e Bogoliubov approximation
The field operators (z) and ¢(z) can be written in terms of the boson

creation/annihilation operators dj-, a; to give
D) =Y il@)a,  PN) =) vi(x)al, (1.4)

where 1(x), ¥*(z) are the c-number coefficients of the basis transforma-
tion. We continue by treating the ground state, denoted by the index 0,

of the system separately and write the equations of (1.4) in the form

(@) =vo(r)ao+ Y vi(x)a,  PN(x) =yi@)ab+> v (x)al. (1.5)

1>0 >0

The operators @; and @ are defined by their effect on a number state
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|N) = | Ny, N1, Ns...) which reads

(1.6)
al|No...Ni...) = \/N; + 1| Ng...N; + 1..),

with Ny, N1, N>... being the number of particles in the respective state.

Dilute gases at low temperatures confine a macroscopic fraction of particles
in the ground state, e.g. Ny > 1. Again, this is not strictly true but can be
justified for the parameter regime we are looking at [7, 8]. That validates

the Bogoliubov approximation

do‘N@NZ> 4/ N0|N0N,L>,

A (1.7)
CL0|N0NZ> =~ \/ N0|NONz>,

which replaces the creation/annihilation operators EL[T), ag with the c-number

v Ny assuming that a small change in particle number can be neglected,
eg. No+ 1~ Nyand Ny —1 =~ Ny. This is equivalent to treating the

condensed component as a classical field and writing equations (1.5) as

~ ~

D(w) = () + 50(), Ui (x) = (@) + 661 (@), (1.8)

where 1 is the wave function of the condensate and d¢ describes the quan-
tum fluctuations in the system. Neglecting the second part of equation
(1.8) the system behaves like a classical field.

e Pseudo-potential approximation
This approximation replaces the interaction between particles V(z) with

a contact interaction of the form
V(e —2a') = géx — ). (1.9)

While this approach holds in the 1D case, the pseudo-potential looks dif-
ferent in 3D [39].

Applying the above approximations and ignoring quantum and thermal deple-
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tion of the condensate, we end up with the Gross-Pitaevskii equation [30, 40]

2

000(5,0) = (=g + Vool ) 4 g0 OF ) 00200, (110)

with the 1D non-linear interaction parameter g = —2h> /ma, written in terms
of the 1D s-wave scattering length a [41]. The wave function (order parameter)
1 is normalised to the total number of particles in the system [ |¢(z)|*dz = N.
As mentioned before, the GP equation provides a classical description of the
system since no quantum fluctuations are included.

A stationary form of the GP equation can be found by writing the wave

function as a product of a time-dependent and a time-independent part

U(x,t) = w(x)e_i“t/h7 (1.11)

where 11 is the chemical potential, giving the average energy for adding a particle
to the system. Substituting equation (1.11) into equation (1.10) yields the time-

independent Gross-Pitaevskii equation

(- gm0+ V(o) = -+ g 0G0 ) 02) = 0 (112

1.2.1 Continuity equation & velocity

We derive the continuity equation which leads to an expression for the velocity of
the condensate. Multiplying equation (1.10) by ¥* and subtracting the complex

conjugate of the result, only the terms containing derivatives survive and we get

h2
ih (10 + YO) + 5 (6" uth = 00st") = 0
0yl hoo g
g5 T On |5 (W70 —90:Y7) | = 0. (1.13)

Introducing n = ]¢|2 as the number density, the upper equation can be written

as a
n
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which uses the definition of the velocity

_ b (0 — 90.0)
- 2mi [” |

(1.15)

Describing the wave function in terms of the amplitude y/n and phase ¢ as
W(x) = /nexp(ip(x)), equation (1.15) can be written as

h
v= 0.0 (1.16)

Therefore, a spatial variation of the phase of the wave function indicates a flow

in the condensate. Further reading can be found in [31].

1.3 Solitons in repulsive Bose-Einstein conden-

sates

The time-dependent GP equation (1.10) has special solutions called solitons.
For repulsive interaction, a soliton corresponds to a dip in the density (grey
solitons) which moves along the condensate at constant velocity while conserving
the shape of the density depression. This effect is a direct consequence of the
non-linearity of the system. The depth of the dip depends on the velocity of
the soliton, reaching zero density for zero velocity (dark soliton). For that, dark
solitons are stationary solutions and solve equation (1.12). Solitons can also
be characterised by the behaviour of the phase which undergoes a finite change
over the condensate. For dark solitons, the otherwise smooth function ¢(x),
becomes steplike and reaches the value of 7.

The analytic solution for the soliton was first derived by Tsuzuki [42] and reads:

Yoz —vt) = v/n (1% +14/1— Z—ztanh [a:\/—igt 1- Z—j]) . (1.17)

Here v is the velocity of the soliton, ¢ the sound velocity and & the healing
length. The latter is defined as & = h//2mu and we think of the healing length

as the distance over which the condensate returns to its bulk value when subject

to a localized perturbation.
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1.4 The Bogoliubov-de Gennes equations

The GP equation is a purely classical description of the system that doesn’t
include quantum fluctuations. One way of calculating the elementary excitation
spectrum is to start from the GP equation (1.10) and introduce a small deviation
d(z, t) in the condensate wave function of the unperturbed state. Although, we
treat the fluctuations classically, not as field operators, they can be interpreted
in terms of the elementary excitations of the system [30].

We wish to find solutions which are periodic in time apart from an overall

phase factor and therefore make the Bogoliubov ansatz [30, 31]
o (x,t) = e /M [u(z)e ™" + v*(z)e“"] (1.18)

where w is the frequency of the excitation. The additional phase factor e #t/%
cancels the effect of the phase of the initial state and therefore makes sure that
the equations can be satisfied for all times. Substituting ¥ (z,t) — ¥(x) +
d(z,t) in equation (1.10), using the Bogoliubov ansatz (1.18) and linearising
the problem, yields the two coupled equations

2
(= g+ V) 20l = i) ) 4 guo(a) =0
2 (1.19)
(—%&m + V() 429 [0) — p+ hw> v(x) + gi**u(x) = 0.

They are referred to as Bogoliubov equations. Here v (x) is the wave function
of the unperturbed state and the functions u(z), v(x) are the excitation modes.
The above equations can be written in the form of an eigenvalue problem for
the eigenenergies ¢ = hw and the eigenvectors (u,v). The eigenenergies give
information about the stability of the wave function ¢: every complex eigenen-
ergy corresponds to one dynamically unstable mode that leads to the decay of

the initial state ¢ (x). In fact, the condition for dynamical stability reads [43]
Im(e) = 0. (1.20)

An entirely real spectrum denotes a stable solution in a sense, that there
are no linear instabilities. The BdG equations do not account for nonlinear

instabilities. While one can deduce significant information from the eigenvalues,
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the shape of u(x) and v(z) is not unique. Every complex eigenvector can be
multiplied by any c-number without altering the density operator. It can be
chosen such to make the perturbation 0 (z) orthogonal to the unperturbed
initial state i(x) [43].

Note that the sign in equation (1.18) connecting the positive and negative
frequency parts can be chosen arbitrarily. A minus sign changes the sign of the

last term in both equations (1.19).
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Chapter 2

Stability of stationary solutions
in coupled BECs

Figure 2.1: Sketch of two cigar-shaped Bose-Einstein condensates showing a
ring current across the tunnel barrier.

In this section we investigate the stability of special solutions of the time-
independent GP equation. We consider two cigar-shaped BECs which are cou-
pled via tunnelling. The strong radial confinement allows for a one-dimensional
description of the system. For linearly shaped one-dimensional BECs, we can
revert to analytic expressions for the stationary soliton and vortex solutions [25].
Here, we use the term vortex to describe a localized ring current with quantized
angular momentum going across the tunnel barrier region, as sketched in figure
2.1. The elementary excitations, causing the decay of the state, are described
using Bogoliubov-de Gennes theory. Real time evolution shows the transition

from a soliton to a vortex, allowing one to think of the vortex - antivortex tran-

11



2. Stability of stationary solutions in coupled BECs

sition as a valid scenario. We propose and try to justify a particular form of the
effective potential for the vortex which allows for future studies on macroscopic

quantum tunnelling of vortices. All numerical simulations are carried out using

Matlab.

2.1 The coupled system

The Gross-Pitaevskii equations for two coupled, one-dimensional BECs in di-

mensionless units (see section B.1) reads [25, 26]

101, = —%aa::c%’ Py — by — sy, (2.1)

where 1, 7 = 1,2 are the classical fields describing the two BECs and v is the
tunnel coupling. To account for the linear shape of our system we use open
boundaries that allow for arbitrary phases on the edges.

One stationary solution to equation (2.1) corresponds to a stationary dark soli-
ton [25, 27]

12 =V 1+ v tanh(vV1 + vz). (2.2)

The solutions in the two condensates coincide (¢, = 1)3) and the phase difference
¢o — ¢ is therefore zero (see figure 2.2). Although the soliton is stationary, it
is not stable within a certain regime of the tunnel coupling, as we will see in
section 2.2.

Another stationary configuration is the vortex, which can be written in the form
Y12 = V1 + v tanh(2y/vx) +iv1 — 3v sech(2\/vz), (2.3)

satisfying ¢; = 15. It only exists in the regime of ¥ < 1/3 where it turns out to
be stable. The phase is a smooth function describing a flow in both condensates
going in opposite directions. Therefore it can be interpreted as a vortex, e.g.
a ring current going across the tunnel barrier, located at the position of the

density dip. The properties of both solutions are visualised in figure 2.2.

12
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............................. opPj

. 2
density |‘V1q2|
phase

density |\|11 2\2
o

o

position position

(a) (b)
Figure 2.2: (a) [lustration of a dark soliton in a linear, coupled Bose-Einstein
condensate. (b) Illustration of the vortex solution in the same configuration.

The full lines show the densities (blue) and the phases (red) along the conden-
sate. The dotted line is the phase difference.

The energy in the system can be calculated from the functional
: 1 1
Blonval =3 [ do (S0, + 3100 = 6 - vive) . @20
j=1

The energy of the homogeneous background ¢? has to be subtracted, in order
to get a quantity independent of the system size. The wavefunctions @D? =/
are calculated separately for the two components keeping the particle number
on its initial value for the state 1;, reading N; = [ dzipii;. The energy of the

soliton and the vortex can be calculated analytically and is given by [25]
. 8 3/2
soliton : E, = §(1 +v) (2.5)
8
vortex : E, = 5\/;(3 —v). (2.6)

For the numerical evaluation of equation (2.4) we use a five-point stencil for
the first derivative. The energy does not depend on the system size as long as the

the wave function reaches its background density at the edges. A typical value

for the system size is L = [—10, 10] with M = 101 grid points, corresponding
to Az = 0.2. Using the notation (x) — a, with = —L + (n — 1)Ax
for n = [1...M], our Neumann boundary conditions read a_y = ay = a; and

aprro = apro1 = apr - The result of both approaches is shown in figure 2.3.

13



2. Stability of stationary solutions in coupled BECs

. . . . . .
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Figure 2.3: The energy of the soliton (blue) and the vortex (red) as a function
of the tunnel coupling. The solid lines show the analytical results of equations
(2.5), (2.6), the crosses are the numerical results calculated via equation (2.4).

2.2 Stability analysis

In order to analyse the stability of the stationary solutions of our coupled system,
we write down the Bogoliubov-de Gennes (BdG) equations introduced in section
1.4. Based on the coupled GP equations (2.1) they read

Dy —¢ P2 —v 0 Uy
42 —Di—e 0
! e y =, (2.7)
—v 0 Dy — € 3 Ug
0 v —’QD;Z —DQ — € (%)

1
2

two condensates with energy e. Before calculating the eigensystem numerically

where Dy = —50,, +2 ]1#172\2 — 1 and wuy 5, v 2 are the excitation modes in the
using Matlab, we need to adjust the analytical solution for the background (2.2)
to our finite size system. Therefore we use Broyden’s method to look for the
roots of the GP equations (2.1), which is capable of finding local minima in the
vicinity of a starting point. Expecting only small deviations from the soliton
solution we start with equation (2.2) as an initial guess. Broyden’s method is
explained in section A.2.

The eigenvalues always come in pairs with opposite signs (+), since the
BdG equation couples d7) and 0¢* (1.18). The spectrum for the soliton strongly
depends on the parameter v. In the regime of 0 < v < 1/3 only one purely imag-

inary eigenvalue appears in the otherwise entirely real spectrum, representing a

14
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m(e))

Max(|

0.4 05

0.2 03
tunnel coupling

Figure 2.4: The non-vanishing imaginary part of one eigenvalue of the BdG
equations indicates an unstable state.

single unstable mode. This is shown in figure 2.4. We spot two special points in
the parameter regime of the tunnel coupling at v =0 and v = 1/3. At v =1/3
the soliton and vortex solution merge, which justifies the term exceptional point.
The second one at v = 0 is special as well since the vortex vanishes and so does
the instability of the soliton. Together we refer to them as critical points.

An imaginary eigenvalue also gives rise to a complex eigenvector. The compo-
nents uy, v; of the unstable mode for various tunnel coupling parameters are
shown in figure 2.5. The modes in the second BEC turn out to be the negative
of the first one, e.g. u; = —uq,v; = —vy and are not shown here. Note that
the shape of the real and imaginary components is not unique, since complex
eigenvectors can always be multiplied by an arbitrary c-number.

The spectrum of the vortex (2.3) turns out to be entirely real, signifying a stable

solution.

2.3 Analytical approximation of the unstable

mode

The imaginary eigenenergy in the Bogoliubov spectrum of the soliton provides
information about the instability of this state. When considering quantum tun-
nelling of vortices one has to specify the potential separating the two vortex
states. It turns out that the curvature of the potential is determined by the

energy of the unstable mode of the soliton. That motivated us to calculate this
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2. Stability of stationary solutions in coupled BECs
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Figure 2.5: The unstable mode of the soliton for different values of the tunnel
coupling constant v. The dotted lines show the imaginary parts of u; (blue)
and vy (green), the full (purple) line shows the real parts of u; and v;. The
parameters are (a) v = 0.04, e = 0.1982 (b) v = 0.165, € = 0.3005 (¢) v = 0.27,
e =0.2343 (d) v = 0.32, e = 01168.

single mode analytically. In this section we present a new way of calculating
analytically the single unstable mode of the soliton described in section 2.2. The
exact solution of the BAG equations of a single BEC given by Sykes [44], has
provided very useful inspiration.

Analysing the components of the unstable mode from our numerical calcula-
tions we find them to be highly symmetric (see figure 2.5). This validates the
ansatz u; = —ug, v3 = —Ug, which reduces equation (2.7) to a 2x2 problem.

Substituting u; = u and v; = v we get

<D +v—c¢ P? > (u) o, 28)
—? —D—-v—¢€) \v

with D = Dy = D,. The tunnel coupling has the effect of shifting the chemical

potential. From figure 2.5 we see that the unstable mode consists of a real and
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2.3 Analytical approximation of the unstable mode

uy || Nocosh™?(v/1 + vix) No || v/3/4V/1+ v
@ e | Meosh TR g N 10T

U Uo
N. 44/3/2
s || Ni(u1ys — Naug) ’ T[4V

Ny || 1/{/1= N2

Table 2.1: (a) Solutions for the modes at the critical points together with their
orthogonalised versions. (b) Normalisation constants used within the analytical
calculation.

an imaginary component, whereof one vanishes at the critical points v = 0,
v = 1/3 respectively. That suggests to write the eigenfunction for arbitrary v
as a linear combination of the solutions at these two points. This is the main

idea of the procedure presented below.

As a first step we describe a way of calculating analytical solutions for v and
v at the critical points. Accounting for additional symmetry features u = v at
v =0and u = —v at v = 1/3, both corresponding to ¢ = 0, transforms equation
(2.8) into two uncoupled Schrédinger equations with two different Rosen-Morse

type potentials

1 3
{_5‘3’“ ~ U R T 2T 2”)} wle) =0 (29)
1 1
{_Qam -1+ cosh?(v/1 + va) i 2y] wigsle) =0 (210)

Here ug, u1/3 are the solutions at the corresponding critical points. Equations
(2.9) and (2.10) can be solved analytically [45] by hypergeometric functions [46]
providing us with the desired basis functions.

The obtained functions are not orthogonal, but because we end up with an
eigenvalue problem, it is necessary to orthonormalise them. This is done by
applying the Gram-Schmidt procedure. The functions ug,u;/3 together with

the orthonormalised versions g, 4;/3 and all constants are given in table 2.1.

Knowing the basis functions, we continue with the procedure of rewriting
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2. Stability of stationary solutions in coupled BECs

equation (2.8). We now define

fr=u+v (2.11)
fo=u—wv, (2.12)

which allows to write equation (2.8) in the simple form

H. fi =ef- (2.13)
H_ f_ =efy (2.14)

with H. = D + v £ 2 Now, we write the modes as a linear combination of

the orthogonalised solutions at the critical points

[+ =ayuo+biuys (2.15)
f_ =a_ugy+ b_ﬂl/g, (216)

where ay, by are complex numbers. This is substituted into equation (2.14).
When projecting onto the basis functions g, i;/3 one has to evaluate overlap
integrals of the form < /3| H+|to1/3 > for all possible combinations. After
straightforward calculations we end up with the following matrix

< u(-1+4v) — a5 N3Ny (1 +v) (120 + N2 (1 +v)) > <a+> 2 <a+) (2 17)
—iNgNs(1+v)v & (120 + NZ(1 +v)) (=54 150+ NZNZ(1+v)) ) \ bt by ) "\

This provides us with the imaginary eigenenergy and the coefficients a, b
defining the eigenmodes u,v. The analytical solution for the imaginary eigen-
value of interest of equation (2.17) reads

€= { - [\/é(u +1) [4050 (3 — 1)7® — 72(3712 — 1020 — 9)7* + 768(18912 — 34v — 15)72 + 2048(3v — 5)2] />

1/2
— 1350(3v — 1)7? 4 24(3731% — 110v — 3)72 — 128(387v2 — 98v — 5) ]/ [15(372 — 32)?] } . (2.18)

This can be approximated by

e = /=W DWVar? $ bt o+ +ev+ |, (2.19)

with the parameters given in table 2.2.
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2.3 Analytical approximation of the unstable mode

a b C d e f
18.5830 | 7.4328 | 0.6750 | 7.3877 | 4.2093 | 0.8216

Table 2.2: Parameters of the analytic solutions for the unstable mode of the
soliton.

The missing coefficients are determined by

)
NN
| —

a- = —ay, bo=—(2v+ Nj(1+v)/6)b,. (2.20)

€
It turns out that a, b, contribute to the real part of the solution, while a_,b_
account for the imaginary part only. The original modes u, v can be calculated
rearranging equations (2.12) and (2.16) to

u == [(ay +a_)ag + (by + b_)ty3) (2.21)

[(CL+ - CL_)Q_LO -+ (b+ — b_>l_L1/3] . (222)

v =

N =N =

The results for the unstable mode show very good agreement with the numerical

calculation of section 2.2. This is shown in figure 2.6.
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Figure 2.6: Comparison of the analytical results (lines) with the numerical re-
sults (circles). (a) The imaginary eigenvalue of the BdG equation as a function
of the tunnel coupling. Numerical results as in figure 2.4 (b) Real and imaginary
parts of the unstable mode at v = 0.167, with the numerical result and colour
allocation identical to figure 2.5.
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Figure 2.7: The phase of the two condensates during real time evolution, showing
the transition from a soliton to a vortex. Tunnel coupling v = 0.31. (a) t = 0,
(b) t=106 (c) t = 212, (d) t= 230.

2.4 Real time dynamics

In this section we study the behaviour of the system in real time. We solve the
time-dependent GP equation (2.1) using the Matlab routine 'ode45’, which is a
Runge-Kutta method of order four. Starting from the stationary dark soliton we
expect decay of the state, due to the existing unstable mode. This is discussed
in detail in sections 2.2 and 2.3. We show that a continuous soliton-vortex and
vortex-antivortex transition is possible [47], even within our classical model.
The phase, as the identifying feature of the state, changes from a step function
(soliton) to a smooth function (vortex), linking 0 and 4m. This is shown in
figure 2.7.

Because the shape of a function is hard to analyse, we look for a more
convenient indicator. Therefore, we choose the momentum difference in the two

condensates
AP = /(pl — po) dux, (2.23)
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2.4 Real time dynamics

10

momentum difference

1% 0.1 02 03 0.4
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Figure 2.8: The momentum difference for the vortex and the soliton state in
dimensionless units as a function of the tunnel coupling. The crosses show the
numerical result for the vortex, the solid blue line gives the analytical results
using (2.25). The soliton is represented by the dashed zero line.

with p; = —i/2 (@D}‘V@Dj — %Vzﬁ;‘f) being the momentum density in dimension-
less units (see section B.1). This quantity is zero for the soliton state where
both wave functions are the same and has a non-zero value for the existing ring
current of the vortex state. We allot AP > 0 to the vortex and AP < 0 to the
anti-vortex. The value of the momentum difference for the vortex depends on
the tunnel coupling constant.

It is possible to find an analytical expression for the momentum difference of
the vortex as a function of v. For the vortex, equation (2.23) can be simplified

to

o0

Using the known expressions of equation (2.3) for the vortex state, we find
APy = 271 +vyv1 —3v, (2.25)

where the 4 sign corresponds to the vortex and the — sign to the antivortex.

The numerical and analytical results are shown in figure 2.8.

The time evolution of this quantity is shown in figure 2.9 where, starting

21



2. Stability of stationary solutions in coupled BECs

with the soliton configuration, we see oscillations around the vortex state. The
behaviour of the system is sensitive to its size and to the accuracy of the Runge-
Kutta algorithm. The change from the vortex to the anti-vortex state is only
encountered for a small system combined with low accuracy.

Looking at the density distribution in the condensate during the time evolu-
tion helps explain this finding. When performing the soliton-vortex transition,
particles have to be shovelled into the region of the density regression. This
happens by stimulating elementary excitations in form of phonons, which move
through the condensate with constant velocity until they are reflected on the
boundaries of the computational box. This can be seen in figure 2.10.

In the smaller system it is more likely to find the energy recombined in the
area of interest, which helps to overcome the soliton barrier and end up with
the antivortex state, while in the larger system it spreads over a wider region.
The local energy along with the total energy for a large system is shown in
figure 2.11. Nevertheless, a vortex-antivortex oscillation is only encountered
for low accuracy of the Runge-Kutta method where particle number and total
energy are not sufficiently conserved. Since such imperfections are always part
of the experimental reality (finite temperature, trap noise...), oscillations may
occur readily in experiments. As mentioned, the above simulations are purely
classical, since no quantum fluctuations are included.

For the purpose of simulating quantum tunnelling of vortices in an infinite
system we want to avoid reflected phonons from the edges. Therefore the simula-
tion can only be run until the time the first phonons reach the area of the vortex
again. This problem may be overcome by implementing absorbing boundaries

conditions.

2.5 Modelling the potential

In order to study vortex - antivortex tunnelling, it is crucial to parametrize the
effective potential separating these two states. The potential we are looking for,
should show minima for the vortex and antivortex and a saddle point for the
soliton. The shape of a potential separating two macroscopic quantum states

can often be pictured as a double well as shown in figure 2.12, and written in
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2.5 Modelling the potential
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Figure 2.9: The momentum difference as a function of time, starting with a
dark soliton for different box sizes L and tolerances of ode45 (low: rel.tol:107,
abs.tol:107%; high: rel.tol:1071%, abs.tol:107!?). The dotted line shows the lo-
cation of the vortex (v = 1/3). (a) L = 10, low (b) L = 30, low (¢) L = 10,
high (d) L = 30, high (e) L = 60, high (f) L = 120, high. From plots (e) & (f)

one can see damping of the oscillations up to the time when the first phonons

return.
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2. Stability of stationary solutions in coupled BECs

time

time

Figure 2.10: ‘Density distribution’ in the condensate during time propagation,
ode4b rel.tol: 10719 abs.tol:1072. Plotted is n®° to enhance the visibility of the
phonon fringes. (a) L=60 (b) L=120.

the form

Vig) = 5" (¢ —a®)". (2.26)

The parameter m* corresponds to the effective mass, the variable ¢, given by

the momentum difference AP, corresponds to "distance” in a classical picture,
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2.5 Modelling the potential

Figure 2.11: Total
energy of the sys-
tem (red line) and
local energy in the
area [58,62] of the
soliton  (blue line).
L = 120, v = 0.31,
R ode45  rel.tol:10710,
100 200 300 400 tisr%oe 600 700 800 900 1000 abs . tol: 1 07 12 '

and the frequency w, can be interpreted as the curvature of the potential at the

minima ¢ = +a. Our potential has to fulfil the following requirements:

1.

The height of the potential is determined by the energy difference of the
(anti-)vortex and soliton. It can be calculated using equations (2.5) and
(2.6).

The parameter a is given by the value of AP of the vortex. Its dependence

on v is shown in figure 2.8.

The curvature of the potential at ¢ = 0 is expected to be harmonic,
with a frequency wy given by the imaginary eigenvalue of the Bogoliubov

spectrum of the soliton.

Expanding the potential (2.26) in a Taylor series around the points +a

and 0 up to second order gives

1
V(ta+e) = §m*w262, (2.27)
*, 42 1
Vi(e) = mgwa a’ — Zm*wgeQ (2.28)

and reveals harmonic behaviour in the vicinity of these points.

Combining constraints 3 and 4 results in the following relation of the two
frequencies
wa = V2w (2.29)

The frequency w, should appear in the Bogoliubov spectrum of the vortex.
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2. Stability of stationary solutions in coupled BECs

Figure 2.12: Scheme of the double well potential of equation (2.26).

Because the potential of equation (2.26) is somehow a wild guess, we under-
take a few investigations to prove its validity. First of all we check the harmonic
behaviour in the vicinity of the vortex and determine the frequency. Adding a
dissipative term to parts of the time evolution serves the purpose of taking out
additional energy and getting close to the vortex solution. It is introduced for
technical reasons at this point and has no physical meaning here. The mixed

time evolution reads
10, = (1 —ia) (—%&mwj + 17y — by — mpg_j) . (2.30)
The frequency can then be calculated from the period of oscillation 7 via
w, = 2m/T. (2.31)

This procedure is shown in figure 2.13. While this process works well in the
vicinity of the critical point v = 0.31, it can only be used as a rough estimate
further away. The reason for that is the increasing energy difference between
soliton and vortex state as one goes further away from the critical point (see
figure 2.8). As can be seen from figure 2.10, phonons are emitted from the region
of the density depression throughout the real time evolution and get reflected at
the edges. In case of large v the energy difference (and therefore the energy of
the phonons) is small and the amplitude of harmonic oscillations is large. That
makes it possible to take out the additional energy and simultaneously conserve

the harmonic oscillations. For a smaller coupling constant the potential wells
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2.5 Modelling the potential

0 100 200 | 300 400
time

Figure 2.13: Time evolution of the soliton state (solid line) for v = 0.31. 1.
Real time evolution shows the decay of a soliton into a vortex. 2. A damping
term is switched on, taking out additional energy. 3. Real time evolution shows
small harmonic oscillations around the vortex state. The dashed line gives the
location of the vortex state. The frequency w, = 0.21.

become narrower, resulting in smaller oscillation amplitudes. Simultaneously,
the additional energy in the system increases. As a result we cannot avoid
the effect of emitted and reflected phonons completely, since further damping
reduces the amplitude of the harmonic oscillations as well. That means, when
applying equation (2.30) to the regime of small v we end up with a superposition
of several oscillations. We relate the main frequency to the frequency of small
oscillations around the vortex and identify the envelope with the return-time of
phonons reflected from the boundaries of the computational box. For a system
with L = 60 the traveling time of phonons from the location of the vortex and
back, can be read off figure 2.10a and is approximately ¢ = 125. This value
matches with the frequency of the harmonic oscillation of the envelope in figure
2.14 showing the result for v = 0.1.

From table 2.3 we deduce the validity of the potential with respect to the
constraint of equation (2.29). Although this relation is not perfectly fulfilled, it
shows a sufficient agreement to hold on to the potential of equation (2.26).

A further supporting hint is the appearance of the frequency w, in the Bo-
goliubov spectrum of the vortex in the vicinity of the critical point v = 1/3.
Further away from the critical point the frequency w, is not determined ade-

quately enough to allow for this statement.
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Figure 2.14: Mixed time evolution of the soliton state (solid line) for v = 0.1.
The system size L = [—60, 60], o = 0.04. The times for real - mixed - real time
propagation are t; = 130, to = 130, t3 = 600. The dashed line in the subplots
gives the location of the vortex state. The frequency is found to be w, = 0.44.

L v |7 o [ & [ @ [ Vo [ a | m | B | B

0.31 || 29.9 | 0.21 | 0.15 | 0.1522 | 0.0044 | 1.8777 | 0.2155 | 0.1189 | 0.4351

0.15 || 13.4 | 0.47 | 0.33 | 0.2994 | 0.3452 | 4.9941 | 0.6176 | 0.1803 | 0.2028

0.1 || 14.3 044 | 0.31 | 0.2771 | 0.6310 | 5.5118 | 1.0820 | 0.1872 | 0.1878

0.05 || 18.0 | 0.35 | 0.25 | 0.2174 | 1.1101 | 5.9355 | 2.6668 | 0.1509 | 0.1509

Table 2.3: Parameters of the double well potential for different values of the
tunnel coupling v. From mixed time propagation we obtain: the periodicity of
harmonic oscillations in the vicinity of the vortex 7, the corresponding frequency
we = 27/7 and @y = w,/v/2. From analytics we obtain: the curvature at the
location of the soliton wy obtained from the Bogoliubov spectrum (see fig 2.6a),
the potential height V; (equation 2.35), the position of the vortex a (equation
2.25), the effective mass of the vortex m* = 4V} /w2a?, the zero point energy Ej
and the energy of the first excited state E; (eigenvalues of the Hamiltonian of
equation 2.36). The simulation parameters are L = 60, o = 0.4.
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2.5 Modelling the potential

All investigations so far describe a classical particle in a double well potential,
but with the aim of studying quantum tunnelling through the barrier we need to
take quantum properties into account. In quantum mechanics the energy levels
are quantised and the two lowest provide information about the tunnelling time.
In a first approach we might approximate the two wells by a purely harmonic

potential. In that case the zero point energy reads
E,="="2 (2.32)

and the tunnelling time can be estimated via the WKB method (see section
2.6). In order to obtain a more accurate estimate of tunnelling times we want
to take a closer look at the exact energy levels in the double well potential of

equation (2.26). Substituting the effective mass
m* = 4Vy/wia?, (2.33)
in equation (2.26), the effective potential can be written in the form
V(g) = — (¢ —a?)?, (2.34)

where Vj is the energy difference between the soliton and the vortex. It can be

calculated using equations (2.5) and (2.6) to give

‘/():

w| oo

(Vv(3—v) — (1 +v)*?). (2.35)

The parameter a is given by the positive sign solution of expression (2.25). The

energies are now given by the eigenvalues of the Hamiltonian

1 Vo

2
H= =50+ (¢ —a®)". (2.36)

We solve the problem numerically using the exact expressions for m* and Vj,
and a five point stencil for the second derivative. A comparison of the two
lowest levels with the height of the potential is shown in figure 2.15. We find
the upper /lower energy level performing a crossover with the potential at a value
around v = 0.18/v = 0.22. Below these values we expect quantum tunnelling

from the vortex to the antivortex. In case the two energy levels exceed the
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2. Stability of stationary solutions in coupled BECs

Figure 2.15: Energies of the double well potential. The potential barrier V
of the double well potential of equation (2.34) is given by the blue line. The
ground state energy Fy and first excited state energy FE; of the double well
potential obtained by solving equation (2.36) are given by the orange and red
line respectively.

potential barrier one can still look for a vortex/antivortex transition, although
no tunnelling is involved here. Figure 2.16 shows the comparison of the harmonic
potential ground state energy of equation (2.32) with the exact values. We find
them matching in a regime of low tunnel coupling up to about v < 0.1. In this
regime we expect the WKB method to give accurate results for the tunnelling
time (see section 2.6). The energies Ey, F; together with the potential height V;
are listed in table 2.3. The expected frequency of vortex - antivortex oscillations
is given by

Q= (E — Ey)/2, (2.37)

which is shown in figure 2.17 as a function of v. In figure 2.18 we sketch
the energy levels in the double well potential together with the corresponding
wave functions. Figure 2.19 shows the probability density of the symmetric/an-
tisymmetric combination of the two eigenstates which locate the system at the

position of the vortex/antivortex.
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2.5 Modelling the potential

0.35

Figure 2.16: Comparison of the actual ground/first excited state energies Ey/FE;
(orange/red line) of the Hamiltonian of equation (2.36) with the harmonic ap-
proximation £, = wy/v/2 (dotted blue line), as a function of the tunnel coupling.
A strong deviation shows for v > 0.1.
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Figure 2.17: The expected frequency of vortex-antivortex oscillation given by
equation (2.37) as a function of the tunnel coupling v. Calculations are based on
the double well potential of equation (2.34). The inset shows the same data on a
logarithmic scale. For v < 0.026 numerical accuracy limits a precise statement.
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Figure 2.18: Sketch of the double well potential of equation (2.34) (blue line)
together with its ground- and first excited state energies Ey/F; (dotted blue
lines) and the corresponding wave functions (full/dotted red line). The energies
and wave functions are obtained from the Hamiltonian of equation (2.36) using
a fife point stencil for the second derivative and applying the Matlab routine
‘eigs’. While the ground state is symmetric with respect to the soliton solution
of AP = 0, the first excited state is antisymmetric. Here, a tunnel coupling of
v = (.16 is used.
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Figure 2.19: Probability density of the symmetric/antisymmetric combination
of the two lowest eigenstates of the Hamiltonian of equation (2.36). We find the
system localised around the vortex/antivortex state, which is indicated by the
dashed line. To allow for comparison with figure 2.18 the tunnel coupling is set
to v = 0.16.

2.6 Outlook

A very common method of calculating tunnelling times in a quasi-classical situ-
ation is known as WKB method. It approximates the energy splitting of the two
lowest levels under the conditions of a slowly varying potential barrier. Since
this method is based on a quasi-classical assumption, the energy of the states
has to be sufficiently high to ensure classical motion. Comparing the WKB tun-
nelling times with the ones obtained in chapter 2.5 provides information about
the semiclassical regime.

A more advanced way of studying quantum tunnelling is by the use of phase
space techniques, such as the Wigner-, P- or positive-P method. Tunnelling
is induced by quantum fluctuations which are explicitly included in the initial
state as noise. Expectation values are obtained by sampling over many trajec-
tories in phase space. As mentioned in the introduction, it is very important for
each of these methods to choose the correct distribution of initial functions and
therefore adequate noise modes. A reasonable choice is the elementary excita-

tions spectrum (phonons) which we calculated in section 2.2 & 2.3 by solving
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2. Stability of stationary solutions in coupled BECs

the Bogoliubov de-Gennes equations. This can now be used to implement e.g.
the truncated Wigner method.

Another open question is, if or to what amount, the phonons suppress the
vortex-antivortex tunnelling. The Caldeira-Leggett model [48] describes dissi-
pation via coupling to a bath of harmonic oscillators, which is in the case of
a two-level system known as Spin-Boson model. This might be a good way of
treating our system. In order to avoid the unphysical reflections of phonons
from the edges of the finite computational box, one might also think of intro-
ducing absorbing boundaries. This topic has been discussed in the context of

non-linear Schrodinger equations in a variety of papers [49, 50, 51].
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Chapter 3

Ground state calculation of
annular BECs

In this chapter we propose a system consisting of two coupled, one-dimensional
Bose-Einstein condensates as a promising candidate for the study of macroscopic
quantum tunnelling of vortices. For a single ring we find the angular momentum
of the ground state of the rotating system dependent on the radius of the trap.
In a coupled system of two rings with different radii two effects determine the
behaviour of the ground state: the tunnel coupling prefers to align the phases in
the two rings, while rotation in general prefers different phases. As a compromise
the phase difference is accumulated over a small area, resulting in the occurrence
of vortices. We show that vortices can be pinned by external potentials. Raising
a second potential may lead to tunnelling of the vortex from one potential to
the other. Most of the performed calculations are similar to an earlier work of
Brand et al. [52]. We review them using the program package Xmds2 for the

numerics concerning partial differential equations.

3.1 Single annular Bose-Einstein condensate

We start with determining the ground state properties of a single rotating an-
nular condensate. We are particularly interested in the radius dependence of
the solution. The system is sketched in figure 3.1. Because of the rotational
symmetry it is convenient to choose the angle 6 as our parameter. We account

for the rotation by switching to the rotating frame of reference. Although the
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3. Ground state calculation of annular BECs

Figure 3.1: Sketch of a one-dimensional annu-
lar condensate rotating with trap frequency 2.

Hamiltonian does not contain a corresponding term explicitly, we assume an
equilibrating process to be present, e.g. irregularities in the trap geometry,
which allows the system to evolve to its ground state in the rotating frame.
The new absolute energy minimum is shifted to a state rotating at a frequency
close to the one of the trap. The equation of motion in the rotating frame is
obtained by adding the term —(2L, to the Hamiltonian, where €2 is the angu-
lar velocity of the trap and L, = —ihdy the angular momentum operator. The
Gross-Pitaevskii equation therefore acquires an extra term and, in dimensionless

units (see appendix B), reads

1

—2—R2399¢(¢9, 1)+ |00, )2 (0,t) — (0, 1) +iQ0p0(6,1), (3.1)

i&ﬂp(@, t) =

R denoting the radius of the trap. The ground state of a condensate in a
resting trap is a stationary solution with constant density. It is known, that
the condensate in a rotating trap moves with the trap at a frequency as close
as possible to the trap frequency €. Since the phase, which determines the
velocity of the condensate (see section 1.2.1), has to be a continuous function,
the phase difference over the condensate is always a multiple of 27. Therefore,
the frequency of the condensate cannot always match the frequency of the trap.
We calculate the ground state of the rotating system using imaginary time
evolution. The idea of this procedure is explained in appendix A.1. After
substituting ¢ — 7 = it, the Gross-Pitaevskii equation (3.2) in imaginary time
reads
1

SO (6,7) = [(0, )P (60, 7) + (0, 7) — Q0 6, 7). (3.2)

d,0(0,7) =
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Figure 3.2: The angular momentum of the ground state of an annular condensate
depends on the trap frequency as well as on the radius of the ring. The red line
corresponds to R = 2.5, the blue one to R = 3. The propagation time is t = 100.

As the initial state we take a linear combination of plane waves that is normalised
to [ |1/1\2 df = 27. Since the procedure of imaginary time propagation does not
conserve the norm, we normalise the wave function after each time step. After
propagating the system to the ground state, we calculate the angular momentum

of the condensate. It reads in dimensionless units (see appendix B)

(L) =5 [ v owva. (3.3)

As expected, the angular momentum plotted against the trap frequency is a
step function. From figure 3.2 we see that the angular momentum depends on

the trap radius.

3.2 Coupled annular Bose-Einstein condensates

We now investigate properties of the ground state of two coupled one-dimensional
annular Bose-Einstein condensates, rotating at a trap frequency 2. In general
the two rings have different radii, which is sketched in figure 3.4. As can be
seen from figure 3.2, at a given trap frequency, the condensate in the outer ring

will favour a higher angular momentum than the one in the inner ring. Since
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3. Ground state calculation of annular BECs
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Figure 3.3:  (a) The phase of the condensate wave function for
a single ring of radius R = 2.5 and trap frequencies 2 =

[0,0.15,0.3,0.45,0.6,0.75,0.9,1.05,1.2,1.35]. (b) The density of the conden-
sate wave function for Q = [0,0.2,0.4,0.6,0.8,1,1.2,1.4] after imaginary time
propagation. The ground state density reaches a constant value (blue line).
Longer propagation times are needed in the vicinity of a saltus of the angular
momentum (see figure 3.2). Here the wave function at ¢t = 43 for = 0.4 (red
line) and © = 1.2 (orange line) has not yet converged.

the two rings are linked via tunnelling they cannot evolve independently from
each other. The effect of the coupling is to seek alignment of the phases. As a
compromise of these two ambitions, the ground state appears to have the same
phase for the two rings almost everywhere, except for some areas where a phase
difference of 27 is accumulated. Since a phase difference indicates a flow in
the system we associate these spots with a circular flow going over the tunnel
barrier region. The core of this vortex is located in the middle of the tunnel
barrier region between the two condensates. The number of vortices depends

on the difference in angular momentum of the two uncoupled rings (see figure

Figure 3.4: Sketch  of coupled one-
dimensional annular condensates rotating
with trap frequency €.
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3.2 Coupled annular Bose-Einstein condensates

(a) (b)

Figure 3.5: Schematic illustration of the parabolic potential across the two rings.
(a) Tilted configuration without external potential (6 = 0.) (b) The external
potential § restores the symmetry.

3.2), as well as the magnitude of the tunnel coupling.
The Gross-Pitaevskii equations in dimensionless units (see appendix B) for

the inner and outer ring wave functions ;, ¥, read

1
O = — gl + (Wil s — i — 00 + 100t — vy (34)
) 1 )
104, — 50t + ol 1o — o + 50 + 100910y — vl (3.5)

Here, v is the tunnel coupling constant given in units of the chemical potential
and ¢ is an external potential. The latter has the effect of lowering/raising the
energy in the inner/outer ring. This can be used to counteract the centrifugal
force which pushes the atoms into the outer ring. Ideally, the two effects com-
pensate each other ensuring the same number of particles in the inner and outer
ring. The effect of § on the potential across the uncoupled rings, is shown in
figure 3.5. In order to find an estimate for 9§, we calculate the energy difference

AFE = E,— Ej of the ground states of the inner and outer ring 1;/, = exp(ifm; /o)

5o |BE| L (me _miy
T2 T e\ R) Ve

with m; /, being the quantum number of the angular momentum of the uncoupled

That gives
: (3.6)

condensates, taking only integer values. According to reference [52] it can be
calculated using

mise = Int[R},,Q +1/2], (3.7)
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3. Ground state calculation of annular BECs

which, for larger values of m;/, can be approximated by m;, ~ R?/OQ, allowing
to write the energy difference as
§ = %2 (R:—R}). (3.8)
Again, we calculate the ground state by propagating in imaginary time. In
order to end up with a vortex in the ground state, one has to find a proper
value for the tunnel coupling v. A larger tunnel coupling constant favours the
alignment of the phases repressing vortices. For the parameters used in figure
3.6a a single fluxon appears. Here, the outer ring favours m, = 5 and the inner
ring m; = 4 which can be seen from figure 3.2 or calculated using equation (3.7).
The number of fluxons in the ground state can take any integer value between
zero and m, — m;, depending on the tunnel coupling constant. The number of
fluxons can be reduced by raising v. Figure 3.7 shows solutions for different

tunnel coupling constants but otherwise same parameters.

3.3 Pinning of vortices

In this section we investigate the influence of additional external potentials on
the condensate wave function of two coupled annular Bose-Einstein condensates.
In the case of a repulsive potential the particles try to avoid this region in order
to minimise the energy. A vortex always shows a density dip in both rings and
therefore it is energetically favourable for the system to shift the centre of the
vortex to the position of the potential. As a results we find the possibility of

pinning vortices by repulsive external potentials.

3.3.1 The double well potential

We start with a configuration of a single vortex in the ground state, which we
find by evolving in imaginary time. This initial configuration is shown in figure
3.8a. Then slowly, we raise a potential on one side of the vortex. After a time
Ty the potential remains at its maximum value. During all steps we continue

with the imaginary time propagation. The differential equations in imaginary
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Figure 3.6: The ground state of the rotating, coupled, annular system showing
fluxons. The density of the inner/outer ring is given by the blue dashed/full
line. The green line gives the relative phase between the two condensates. The
parameters are (a) R, =3, R; = 2.5, v = 0.08, 6 = 0.23, Q@ = 0.58(b) R, = 11,
R; =10.5, v =0.08, § = 0.107, 2 = 0.2.

time 7 read

1 .
- Waee%/o - ‘¢i/o‘2 Vio + (1 £ 6)ij0 — Q205030
ifo (3.9)

_f(T)%xt¢i/o + quzjo/iv

aﬂ'qu)i/o
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Figure 3.7: The ground state of the rotating, coupled, annular system for differ-
ent values of the tunnel coupling constant. The density of the inner/outer ring
is given by the blue dashed/full line. The green line gives the relative phase
between the two condensates. The parameters are R, = 11, R; = 10, 6 = 0.84,
Q=04 (a) »=10.140 (b) » = 0.18.

where the function f(7) is given by

T/TV if 7 < T\/
f(r) = (3.10)
1 if 7> Ty

The increase of the potential is performed adiabatically, meaning the system

has enough time to adjust to the new situation and never makes it far from the
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3.3 Pinning of vortices

ground state. We choose a Gauss distribution for the potential of the form

9= )2

Vet (0) = Ae 3057, (3.11)
where A is the maximum peak value, o the width and 6, the peak position of
the potential. Raising the repulsive potential creates a dip in the density of
the wave function which attracts the vortex in case it is close enough. Figure
3.8b shows the result where the vortex ends up at the location of the external
potential.

We now want to investigate the behaviour of a vortex under the influence of

two pinning potentials. The external potential takes the form

6—6g

Vext(e):A(e%( ) p e >2>. (3.12)

We choose the peak positions 6y and 6], such that the vortex is initially located in
between the two potentials. For large separation we find the vortex attracted by
the potential closer to it. Figure 3.9 shows the ground state of the system with
the fluxon pinned by one of the external potentials. The initial configuration
coincides with the one given in figure 3.8a. When the distance undercuts a
certain value, the vortex stays pinned in the middle. That happens at the point
where the two Gauss functions start to overlap. A similar behaviour of a vortex
in a 2D Bose gas was found by Fialko et al. [3]. Figure 3.10 shows the position of
the vortex as a function of the separation of the external potentials. From these
calculations one can estimate the minimum separation of the two potentials for

which quantum tunnelling is possible.
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Figure 3.8: (a) Ground state of two coupled annular condensates with the pa-
rameters R, = 11, R; = 10.5, § = 0.0605, 2 = 0.15, v = 0.05. (b) Ground
state under the influence of an external potential with the parameters o = 0.25,
A = 0.2. The blue full/dotted line is the density of the outer/inner ring, the
green line is the phase difference of the inner and outer wave function and the
dotted brown line shows the position of the external potential.

3.4 Outlook

A vortex pinned by external potentials is a promising candidate for the detection
of macroscopic quantum tunnelling. As already mentioned in section 2.6, tun-
nelling times can be estimated using the semiclassical WKB method. For that
one will have to write down the effective potential separating the two degenerate

states where the vortex is pinned by the left or right potential. The potential
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Figure 3.9: Ground state of two coupled annular condensates under the influence
of two pinning potentials. The parameters of the trap are R; = 10.5, R, = 11.0,
Q) = 0.15, 6 = 0.0605, v = 0.05. The parameters of the pinning potentials are
c=0.25 A=02,d=0..
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Figure 3.10: Displacement of the vortex from the centre between the two pinning
potentials as a function of the separation d of the two external potentials in
units of 6/27. The parameters of the trap are R; = 10.5, R, = 11.0, Q = 0.15,
0 = 0.0605, ¥ = 0.05. The parameters of the pinning potentials are o = 0.25,
A=0.2.
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3. Ground state calculation of annular BECs

barrier can be adjusted by changing the amplitude of the external potentials or
the distance of the two Gauss potentials (see figure 3.10). One might try an
ansatz the form of equation (2.26) and undertake similar steps as in section 2.5
to validate it.

This should be compared to a truncated Wigner simulation, which includes

quantum fluctuations triggering the transition.
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Chapter 4
Conclusion

In this work we presented two different realisations of coupled one-dimensional
Bose-Einstein condensates, which are both promising candidates for the study
of macroscopic quantum tunnelling.

In case of the linear system, the two distinct macroscopic states are given by
Josephson vortices, rotating in opposite directions. Starting with known ana-
lytic expressions for the soliton and the vortex, we calculated the corresponding
Bogoliubov spectrum, finding the soliton to be unstable in a certain parame-
ter regime of the tunnel coupling constant. An analytic result for the unstable
eigenenergies and corresponding modes was presented. Propagating the soli-
ton in real time showed the decay into a vortex. We presented a very simple
form of the effective potential the vortex experiences and calculated the regime
where quantum tunnelling can be detected. This, together with the Bogoliubov
spectrum allows for future studies using the semiclassical WKB method or the

numerical truncated Wigner method.

The second configuration consists of two ring shaped condensates, where vor-
tices appear in the ground state of the rotating system. We revisited the radius
dependence of the angular momentum of a single ring, as well as the conditions
for the parameters in order to end up with a certain number of vortices. It
was found that a repulsive external potential attracts and pins the vortex. We
proposed a configuration of two external potentials as a promising system to

study macroscopic quantum tunnelling.
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Appendix A

Methods calculating stationary

solutions

A.1 The imaginary time propagation method
(ITP)

The I'TP method is a tool to approximate the ground state wave function to arbi-
trary accuracy. One substitutes the real time in the time-dependent Schrodinger
equation with imaginary time, which leads to an exponential decay of all com-
ponents but the ground state. In order to explain the idea of this method we
write down the time-dependent Schrodinger equation and start with an arbitrary

guess for the wave function (t)
0
1h§¢(t) = H(t). (A1)
Rewriting this equation into imaginary time reads
0 :
a—w(T) = —H(1), T =it/h. (A.2)
-

The wave function ¥ can be written as a sum of eigenfunctions of the Hamil-
tonian (1) = Y. ¢;1;(7). For each component the solution to equation (A.1)

is an exponent of the form ;(7) = e~F74;(0), and for the total wave function
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A. Methods calculating stationary solutions

we get

W(r) = Z cie Py (0). (A.3)

Thus, all scattering components will vanish exponentially, while all bound states
grow exponentially in time. For sufficient long propagation time 7 we find
only the lowest energy state surviving - all others dying out. The probability
of finding the system in the ground state reaches 1 for infinite time because
E; > Ej
lim (W (7)lecotho(T)) coe 2
POl e T de

The only constraint to this procedure is, that the initial wave functions needs

~ 1. (A4)

to contain a non-zero component of the ground state.

In the case of the non-linear GPE, the energy of the system depends on the
norm |¢|2 Since the imaginary time propagation doesn’t conserve the norm
a priori, the wave function has to be renormalised during the procedure. Al-
ternatively one might introduce a chemical potential which fixes the number of

particles in the system.

A.2 Broyden’s method

Broyden’s method [53] is a generalisation of the Newton-Raphson method which
allows us to calculate the roots of a system of equations in an iterative way.
The idea behind this method becomes clear for a single function. Starting with
an initial guess, which is reasonable close to the real root, one calculates the

derivative at this point to find a better approximation using

n

(A.5)
This procedure is repeated until the difference in the solution reaches a critical

value. For a system of equations F'(z) = 0, the derivative in equation (A.5) is

replaced by the Jacobian matrix J, reading

Tpy1 = T — J; T F(2,). (A.6)
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A.2 Broyden’s method

Since the Jacobian is highly expensive to calculate, Broyden suggested to cal-

culate the Jacobian only once and take an estimate for all following steps using

Ay = Ju1B8n p 1 (A.7)

A T
! |A|?

The inverse of the Jacobian, needed to evaluate equation (A.6), can be calculated

using
Az, — J L AF,

Jh =T+
" L ARTITL AR,

(Azp J b)) . (A.8)

The main advantage of Broyden’s method compared to imaginary time propa-
gation is the ability to find all roots to the equations - not only the lowest energy

state. That allows us to look for local minima, maxima and saddle points.
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Appendix B

Dimensionless units

For simplicity we write our equations in dimensionless units. In this section we

review the reference parameters for the quantities used.

B.1 The Gross-Pitaevskii equation in dimen-

sionless units

Following the example of Kaurov&Kuklov [25] we write the Gross-Pitaevskii

equation in a convenient dimensionless form. Starting from the original version

2

B0 (1) = 3 0ut(w, 1) + g [0l OF Yl 0) — plet) (B

we renormalise the parameters: order parameter 1) = 1 /+/T, spatial coordinate
T = x/x¢ and time { = t/ty, with ny being the background density of the one-
dimensional system. Substituting that into equation (B.1) and dividing by pu,

we get
h T~ N h2 ~ o~ gn0~~~2~~~ ~ o~
mafw<x7t>——Wé‘ﬁwx,twﬂwx,w\ O — 0 1. (B2)

Because the chemical potential can be written in the form u = gng, the factor

in front of the non-linear term always takes the value of 1. Using the general
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B. Dimensionless units

expression for the healing length &

h2
€=\ 5o (B.3)

we define our units in terms of the healing length and the chemical potential as

2
2o = TZ—H = V2 (B.4)
ko 28m
== (B.5)

Energy is therefore measured in units of p. Substituting £ — ¢, & — 2 and

1/3(:%, t) — 9 (z,t), the dimensionless Gross-Pitaevskii equation reads

0 (,1) = — 300t 0) + 00w, OF 00w 0) = 0w 1), (B6)

The non-linear coupling and the chemical potential always take the value of 1.

The number of particles in the system is given by
N = x0n0/|¢|2dx. (B.7)

Rotation term

We account for rotation by adding the term
ihﬂaglﬁ(l’, Zf) (BS)

to the equation of motion (B.1). Renormalising as above and dividing by p, we
get
ih -

;QaM:E, £) = itoQpt) (2, 1) (B.9)

Renormalising the frequency by ©Q = Q/Qy = ¢,2 and substituting back
D(2, 1) = P(x,t), Q — Q we get

Q010 (x, t) (B.10)
Therefore, frequency is measured in units of Qg = 1/tg = u/h.
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B.2 Observables in dimensionless units

B.2 Observables in dimensionless units

B.2.1 Dimensionless momentum density
The momentum density in one dimension is given by

ih
p= =5 (0 — YO.u"). (B.11)

Renormalising the parameter p using p = p/p and rewriting the equation using
the dimensionless parameters 1; and T, gives
ihno
2x0po

B= =g (05— 00" ) (B.12)

We define the renormalisation constant py = hng/z, which in terms of the

healing length and respectively chemical potential reads

hno

po = NGT: = ng\/m. (B.13)

Substituting p — p, the momentum density in dimensionless units is given by

i

p:2

The total momentum P in the system is given by

pP= /pdx, (B.15)

and is therefore measured in units of Py = hny.

B.2.2 Dimensionless angular momentum

The expectation value of the angular momentum is calculated by

(L) = —ih / Oy (B.16)

Assuming an annular trap we can also integrate over the angle rather than space
by substituting dr = Rdf, with R being the radius of the trap. Rewriting the
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B. Dimensionless units

upper equation using the dimensionless quantities we get

(L) = —ihRny / )* Ogt)dd. (B.17)
By defining Ly = 2nhRny = hN, the dimensionless angular momentum is
calculated by ‘
i
Ly=—— *Ogrhdb. B.1
)= [ vow (B.13)

B.3 Dimensionality aspects

While, in three dimensions, the healing length can be written in terms of the

s-wave scattering length a as

¢ 1 . 4hla
= , usin =
v 8manyg & g m

this expression does not make sense in lower dimensions [30]. Considering the

(B.19)

case of a one-dimensional gas, confined in a cylinder, radially trapped by the

harmonic potential V' (r) = (m/2)w? r?, the healing length takes the form

2

ay
— B.20
¢ S8ang’ ( )

where a; = /h/mw, is the radial oscillator length.
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Appendix C

The program XMDS2

XMDS2 is the acronym for eXtensible Multi Dimensional Simulator. It was
developed for the purpose of solving non-linear differential equations by formu-
lating the problem using a high level description written in XML. This code is
then converted to C language code and compiled with a C/C++ compiler. That
reduces the time of implementing and debugging the code and simultaneously
ensures short run times.

The idea of solving differential equations is based on a Fast-Fourier transfor-
mation. The original equation is written in Fourier space, solved, and converted
back. This method provides a major advantage when solving partial differential
equations, since the derivatives are substituted by vectors in k-space and do not
have to be calculated explicitly. The underlying principle is explained in the
following.

The first order derivative of a function ¢ (x) can be written as

where F'T" means the Fourier transformation into k-space and I F'T" the inverse

Fourier transformation. Carrying out F'7T'(¢(x)), yields
b . . b .
IFT ( / d:celkzﬁww(x)> = [FT (1/1(:5)@"“|Z+ik’ / d:celkzz/}(:c)) (C.2)

The first term on the right hand side of the upper equation vanishes because of
the periodic boundary conditions while the second one can be identified as the

Fourier transformation of the function ¢ (z). Therefore equation (C.1) can be
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C. The program XMDS2

written as

Oph(x) = IFT (ikFT(¢(2))). (C.3)

That means that the Fourier transform of an arbitrary n'* order derivative can

be written as
FT (07¢(x)) = (ik)"FT (¢(z)) . (C.4)

Practically that means, every differential operator L = 0/0x has to be replaced
by L =ik.

To give the reader an impression of what the coding looks like in Xmds2 we
include the following piece of code. We calculate the ground state of a rotating,
ring shaped condensate within Gross-Pitaevskii theory using imaginary time

propagation. The wave function is renormalised after each time step.

<?xml version="1.0” encoding="UTF-8”7>
<simulation xmds—version="2">
<name>ring</name>
<author>Gabriele Jaritz</author>

<features>
<auto_vectorise />
<benchmark />
<bing />
<fftw plan="exhaustive” />

<!— Defining some global variables —>
<globals>
<! [CDATA|
const real Omega = 0.4, R = 2.5, Nparticles =6.2832;
const int Cl = 512;
11>
</globals>
</features>

<!— Defining the propagation dimension and the transverse dimension —>
<geometry>
<propagation_dimension> t </propagation_dimension>
<transverse_dimensions>
<dimension name="theta” lattice="512” domain="(0,6.2832)” />
</transverse_dimensions>

</geometry>

<!— Here we initialising the wave function —>

<vector name="wavefunctions” initial_space="theta” type="complex”>
<components> psi</components>
<initialisation>
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<! [CDATA|
psi = 0.0;
for (int n=1; n <= Cl; n++)

{

psi = psi + exp(i*xthetax(n—1));

I1>
</initialisation>
</vector>
<!— We calculating the current nmormalisation of the wave function
using the ”"computed_vector”

element —>
<computed_vector name="normalisation”

<components> Ncalc</components>
<evaluation>

dimensions="" type="real”>

<dependencies basis="theta”>wavefunctions</dependencies>
<! [CDATA|

Ncalc = mod2(psi);
11>
</evaluation>
</computed_vector>

<sequence>

<!— Normalising the wave function wusing a ”filter” element —>
<filter>

<dependencies>normalisation wavefunctions</dependencies>
<! [CDATA|

psi %= sqrt(Nparticles/Ncalc);

J1>

</filter>
<!— Choosing the algorithm and the propagation time. The number in
the ”sample”

element defines the
<integrate algorithm="ARK45”
<samples>1600</samples>

<filters where="step _end”>
<filter>

length of the

output vector —>
interval="100.0"

tolerance="1e—12">

<dependencies>wavefunctions normalisation</dependencies>
<! [CDATA|

psi %= sqrt(Nparticles/Ncalc);
J1>

</filter>
</filters>

<!— Defining the

operators and differential
to solve.

The transverse wvariable
by ktheta. The

equation we want

in Fourier space is addressed

derivative along the propagation dimension t has
to be written as dpsi_dt —>

<operators>

<operator kind="ex” constant="yes”>

<operator_names>T I</operator_names>



C. The program XMDS2

<! [CDATA|
double k2 = —kthetaxktheta*x0.5;
T = 1/pow(R,2)*k2;
L = ixktheta;
J1>
</operator>

<integration_vectors>wavefunctions</integration_vectors>
<! [CDATA|

dpsi_dt = T[psi] — i*Omega*L|[psi] — mod2(psi)*psi + psi;
11>
</operators>
</integrate>
</sequence>

<!— Defining the output formatlt and wvariables
<output format="hdf5”

<group>

that are stored —>
filename="ring . xsil ">

<sampling basis="theta”
<moments>real_psi

initial_sample="yes”>
imag_psi</moments>

<dependencies>wavefunctions</dependencies>
<! [CDATA|

real_psi = Re(psi);
imag_psi = Im(psi);
>
</sampling>
</group>

</output>
</simulation>

Further useful information about the program package together with a lot

of very helpful examples can be found on the web page of reference [54].
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