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Abstract

This thesis focuses on employing Bayesian methods for spatiotemporal modeling of various types of
epidemiological or health-related spatial-temporal data. Spatial data types include point pattern data,
point reference (geostatistical) data, and area-level (lattice) data. Different types of spatial data have
different spatial resolution and virtual assumptions. Therefore, the spatial and spatiotemporal
modeling approaches for different data types also differ.

The thesis introduces spatial modeling methods for three types of epidemiological data, including
discrete spatial model, linear geostatistical model, generalized linear geostatistical model, Poisson
point process, and log-gaussian Cox process. Additionally, we elaborate on extending spatial
modeling to spatiotemporal modeling for various data types. This extension is relatively intuitive to
implement due to the flexibility of Bayesian methods and hierarchical Bayesian models. We used two
epidemiological datasets as examples; one is Campylobacteriosis cases in the Manawatu region of
New Zealand during the period Mar 2005-Sep,2016, and another dataset is from the SARS-CoV-2
wastewater surveillance program launched in 2022 in Aotearoa, New Zealand, which is used to
monitor and track potential cases of COVID-19. When modeling COVID-19 using wastewater
epidemiology data in New Zealand, we employ the INLA-SPDE method. This approach, a Bayesian
analysis method for spatial data on intricate grids, represents a new frontier in Bayesian disease
mapping techniques and has practical applications.

Regarding Bayesian computational methods, we introduced the traditional Monte Carlo sampling
method, the Markov chain Monte Carlo (MCMC) method, and the integrated nested Laplace
approximation (INLA), an approximate Bayesian inference method. Compared to commonly used
MCMC methods, INLA has a significant advantage in providing precise parameter estimates in less
time and is user-friendly through the R-INLA package. R-INLA conducted all the Bayesian-related
computations for this thesis. Finally, we discussed the transformation of data types related to the
flexible use of spatial epidemiological data and modeling methods. It's crucial to model flexibly
according to the problem we aim to solve in epidemiological modeling rather than adhering to specific

data formats corresponding to particular models.
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Chapter 1
Introduction

1.1 History of Spatial Statistics and Why Spatial Statistics in

Epidemiology Modeling

Moran (1950) first proposed spatial autocorrelation measures to study the phenomena of multiple
dimensional spatial random distributions in 1950. Next, in 1951, Krige (1951) introduced the
fundamental concepts of spatial statistics. He discussed that people in the mining field needed to
know the difference between samples and blocks and how to use regression to enhance prediction.
Later refined by Matheron (1963,1967), leading to the formulation of geostatistics and kriging
techniques in 1963 and 1967. They are important components of spatial interpolation and spatial
statistics. In 1973, “Spatial Autocorrelation” from Cliff & Ord (1973) was published and it first
elaborated in detail on the problems of identifying spatial correlation, assessing spatial autocorrelation
strength, and the solutions to these issues. This work elevated geographical research to a higher level.
Afterward, this book was expanded and reissued as "Spatial Processes: Models & Applications" in
1981 (Cliff & Ord, 1981). In 1993, Cressie (1993) published "Statistics for Spatial Data," a book that
systematically introduces statistical analysis methods for spatial data. It contributed to the
enhancement of the theoretical framework of spatial statistics. Naturally, when we seek to study
spatial patterns at different time points, spatiotemporal statistical models are then expanded. Cressie
also published "Statistics for Spatio-Temporal Data" in 2015. This book provides a detailed discussion
of statistical analysis methods for spatiotemporal data, including spatiotemporal interpolation, spatial
and temporal correlations, and more (Cressie et al, 2015). In recent years, the significant development
in spatial analysis systems (such as GIS, Geoda, Winbugs, SaTScan, etc) and the growing availability

of modeling packages (such as R-INLA) have also made great progress in health/disease-related



spatial statistics (Beale et al., 2008).

Why Spatial Statistics in Epidemiology Modeling? It is estimated by the Pan American Health
Organization, PAHO (1996) that 80% of epidemiological data related to infectious diseases possess
spatial attributes and factors such as the distribution of hosts or vectors, temperature, humidity,
rainfall, and the incidence of illness in humans or animals are all linked to geographic location. Given
this context, we must consider how to utilize spatial statistical methods in handling public health
disease surveillance data, fully acknowledging its spatial characteristics to ensure more authentic and
reliable analysis results. According to Cressie et al. (2022), spatial statistical methods can be classified
according to spatial data types and specificities into methods based on point data analysis, area data
analysis, continuous data analysis, spatial regression analysis, spatial interpolation, and so on. Their
increasingly widespread application in public health involves primarily sampling disease surveillance
points, estimating and interpolating incidence rates, analyses of disease clustering, exploring risk
factors, determining spatial characteristics of diseases, and forecasting spatiotemporal patterns of
disease (Elliott et al. 2016). This is spatial epidemiology, and it is also known by various other names,
including ecological epidemiology, small-area health study, and disease mapping, among others. But
regardless of its name, Lawson et al. (2016) think it should exhibit two key characteristics. First, the
distribution in space or geographical location holds significant importance as it enables spatial
statistics to function as part of geographic information systems. Second, geo-referenced disease data
influences our analysis of disease indicators, requiring consideration of the spatial distribution of
diseases. In addition to this, naturally, if we can access spatial data across different time points, we

must consider its spatiotemporal distribution.

1.2 History of Bayesian method in Spatial Epidemiology Modeling and

Why the Bayesian method in spatial epidemiology modeling.

Spatial epidemiology, or disease mapping, has a long history. Some of the earliest spatial
epidemiological studies were purely geographical, for example, Snow's map of cholera cases in

London in 1854 (Koch et al., 2009). Later, Haviland's (1871, 1888) mapping observed disease and



cancer incidence and mortality rates for the counties of England, displaying the geographic
distribution of disease and illustrating potential associations between disease and the environment
(Haviland,1871,1888). Since health-related data is typically released based on health administrative
regions, disease mapping originally comes from a topic in spatial statistics for lattice data, which
calculates the crude rates of a rare disease for (small) geographic areas (MacNab,2004). Earlier
statistical research of disease mapping focused on developing empirical Bayes (EB) models and
related estimation procedures for smoothing maps of disease rates or relative risks (Lawson, 2018).
Since the 1990s, there has been a rising trend in Bayesian statistics and Bayesian hierarchical
approaches. Specifically, employing hierarchical Bayesian models to construct complex models,
typically conducting posterior estimation and inference of unknown quantities and parameters
through Markov Chain Monte Carlo (MCMC) simulations. A shift from EB to a fully Bayesian (FB)
approach to disease mapping occurred at that time. It is an analytically natural transition because a
fully Bayesian approach facilitates "data-driven" posterior estimation and inference of the prior
parameters (MacNab,2022). Bayesian scanning methods to detect disease areas with the most
significant excess risk are also down by Kulldorff & Nagarwalla (1995) and Openshaw et al. (1987),
respectively. Besag et al. (1991) introduced Bayesian models fitting random effects through MCMC
for risk estimation and modeling. Since then, Bayesian statistics has gradually gained widespread and

effective application in most areas of disease mapping.

Why the Bayesian method in spatial epidemiology modeling? Various sources of uncertainty exist
in spatiotemporal modeling, requiring a flexible structure to connect them. The hierarchical model
employs conditional probability to link three distinct structures together, inferring process parameters
and hyperparameters upon obtaining observed data. Simultaneously, it addresses various sources of
uncertainty (Lawson et al., 2016). In a Bayesian hierarchical inferential framework, the prior
distribution—Ilike different classes of CAR structures used for spatial information sharing- could be
considered a latent process model for underlying risks leading to the observed disease counts
(Blangiardo and Cameletti, 2015). Then, statistical inference utilizes the Bayesian method to compute
posterior distributions for all unknown quantities and parameters. In a Bayesian hierarchical
framework, exploring thoughtful prior options aids in building models, estimating Bayesian

posteriors, and studying the inference of relative risk and other parameters of interest. This method



helps understand uncertainties around risks and unknown parameters in a systematic and principled
manner (Lawson, 2018), which is a “data-driven” process (MacNab,2022). Another reason is that,
compared to frequentist methods, Bayesian approaches are able to tolerate a certain degree of noise
and data incompleteness when modelling (Carlin and Louis, 2010; McElreath, 2016). This is
particularly important for health-related/disease data, where missing values are quite common due to
various reasons (such as privacy concerns, access restrictions, the need for long-term tracking and
observation, etc.) (Pearce and Merletti, 2006). The Bayesian approach can prevent introducing extra

bias that may arise from interpolating to obtain complete data.

The Bayesian method and hierarchical models have established their unique advantages in
disease mapping and spatial epidemiology. In recent decades, spatial biostatistics or spatial
epidemiological statistics have experienced significant advancements. Bayesian disease mapping is a
prominent topic within spatial statistics; with ongoing explorations in public policy, public health,
and spatial epidemiology, its scope and complexity continue to expand. Now, proposals of the INLA-
SPDE approach (Lindgren et al.,2011) in Bayesian spatial data analysis across high-resolution grids
represent a new innovative frontier in Bayesian disease mapping and its practical applications

(MacNab,2022).

1.3 Thesis Objectives:

This thesis has two main goals to achieve:

1: For the two types of common spatial disease data, namely areal (or lattice) data, and point
referenced (or geostatistical) data, we will introduce their corresponding Bayesian spatial-temporal
epidemiology risk estimation modeling method, specifically involving the creation of different
Gaussian random fields in a hierarchical model. From Besag et al. (1991), different classes of CAR
structures are used in the Bayesian statistical model as spatial information-sharing structures would
be introduced for areal data study. Besides that, we will also explore the ecological regression model,

which is a kind of spatial/spatial-temporal model with covariates. When identifiable factors pose risks,



the research aims to assess how these factors influence the disease incidence or mortality rate
(Blangiardo et al., 2015). We introduce the linear geostatistical model (LGM) and the generalized
linear geostatistical model (GLGM) for point-referenced data. At the same time, we explore an
epidemiological modeling approach based on wastewater as a case study, where virus concentrations
in wastewater typically are sampled from various catchment areas. However, these catchment areas
are often not adjacent to each other. Instead of using the polygons of catchment areas, employing
geometric centroids or population-weighted centroids as substitutes is a good approach for large-scale
epidemic risk modeling. In this context, we will utilize the INLA-SPDE approach (Lindgren et al.,
2011) and apply potential latent Gaussian fields to conduct Bayesian spatial data analysis with high-
dimensional information from many points (areas) distributed over high-resolution grids.

Additionally, the INLA method can provide a relatively accurate and fast approximation.

2. The time resolution of disease data is another focus of our attention. If we can obtain data for the
same target at different time points, then we can study the development trend of the disease, which is
crucial for epidemics. Therefore, our second goal focuses on extending existing spatial disease data
exploration and analysis methods to spatiotemporal disease data modeling. In modeling both types of
data, benefiting from the flexibility of the Bayesian hierarchical framework, we focus on creating
spatiotemporal interaction variables, namely, Gaussian random fields with time components, and

incorporate them into the hierarchical model, thus achieving the goal of spatiotemporal modeling.

1.4 Thesis Outline:

Chapter 1:

First, we introduce the development of spatial statistics and its inseparable relationship with epidemic
statistics modeling. Then, we will discuss research paths related to Bayesian statistics, spatial
epidemiology, or disease mapping. In terms of models, hierarchical models remain the mainstream
choice. In Bayesian methods, there has been a transition from empirical Bayes to full Bayes. In

computational methods, there has been a shift from Markov Chain Monte Carlo (MCMC) to



Integrated Nested Laplace Approximation (INLA).

Chapter 2: Hierarchical model and Computational Bayesian Inference.

We first introduce hierarchical models, including the latent Gaussian model that a hierarchical
structure can represent. In terms of econometric methods, we discusse Monte Carlo (MC), Markov
Chain Monte Carlo (MCMC), and Integrated Nested Laplace Approximation (INLA). In MCMC, we
will discuss the two most commonly used methods, Metropolis-Hastings (MH) and Gibbs sampling.
In INLA, we initially introduce the Laplace approximation, and the Gaussian random fields.
Integrated Nested Laplace Approximation (INLA) is designed specifically for LGMs and especially
focuses on models that can be expressed as latent Gaussian Markov random fields (GMRF) (Rue et
al. 2009). Then, we introduced the properties of Gaussian random fields, the SPDE method for
Gaussian random fields, and spatial autocorrelation functions. Finally, we discuss Bayesian model

comparison method.

Chapter 3: Spatial Discrete Model for Area-level Epidemiological Data

We first introduce the spatial weight matrix used to define spatial relationships. Then, we discusse
spatial sharing structures suitable for lattice data and the models that incorporate them, namely the
Intrinsic Conditional Autoregressive (ICAR) Model, The Proper CAR (pCAR) Model, The Besag,
York, and Molli¢ (BYM) Model. We also introduce the spatial model that includes area-level
covariates, called the ecological model. Finally, we discuss how to establish a spatiotemporal
interaction variable, following the approach outlined by Knorr-Held (2000), to extend spatial

epidemiological modelling to spatiotemporal modelling.

Chapter 4: Case study of the campylobacteriosis in Manawatu, New Zealand

A case study about campylobacteriosis in Manawatu, New Zealand from March 2005 to 2016 by

using spatial and spatial-temporal discrete model.



Chapter 5: Spatial Point Process Models

First, we briefly introduce the point pattern process here. Since it is the data with the highest spatial
resolution and usually has high confidentiality, the development of this type of epidemic modeling
has been limited to a certain extent. We introduce the Poisson process model, which is a frequentist
inference. A Bayesian method, the log-Gaussian Cox process model, used in spatial epidemiology to
analyze the spatial distribution of case events, will also be presented. Next, for the point-referenced
(geostatistical) model, we introduced the linear geostatistical models (LGM) and generalized linear
geostatistical models (GLGM), respectively. In GLGM, we primarily introduced two types of link
functions: binomial, Poisson. In terms of methods, we introduced the principle of SPDE methods to
establish non-stationary and non-isotropic Gaussian random fields and how to use INLA-SPDE to
construct high-resolution grids for spatial modeling. Finally, we also discuss how to extend spatial
models to spatiotemporal models by creating spatiotemporal interaction variables in point-referenced

data.

Chapter 6: Case Study About the Aotearoa SARS-CoV-2 Wastewater Surveillance Programme

A case study about modeling COVID-19 using wastewater epidemiology data by INLA-SPDE is also

attached, and the data is from the SARS-CoV-2 wastewater surveillance program launched in 2022,

which is used to monitor and track potential cases of COVID-19 in Aotearoa New Zealand.

Chapter 7: Discussion.

We discussed the transformation of data types related to the flexible use of spatial epidemiological

data and modeling methods. It's crucial to model flexibly according to the problem we aim to solve

in epidemiological modeling rather than adhering to specific data formats corresponding to models.

Chapter 8: Conclusion

We outline our conclusions here and discuss possible further work.



1.5 Data

In this thesis, we use two epidemic-related datasets, both of which report cases or case-related
indicators in two dimensions (time and space). One is the lattice data about Campylobacteriosis cases
in Manawatu, New Zealand from Mar 2005 to Sep 2016 and the other is a point-referenced data about
the Aotearoa SARS-CoV-2 wastewater surveillance programme to monitor and track potential cases

of COVID-19. They will be discussed in detail in Chapter 4 and Chapter 6 respectively.



Chapter 2  Hierarchical Model and
Computational Bayesian Inference.

In this chapter, we will briefly introduce Bayesian inference. Bayesian inference is easy to understand
in theory, but computing the Bayesian posterior distribution can be challenging, especially when the
model has non-conjugate priors. In Bayesian inference, sampling-based methods are the most
commonly used, including Monte Carlo sampling (MC) and Markov Chain Monte Carlo (MCMC),
among which we also introduce Metropolis-Hastings (MH) and Gibbs algorithms as representatives
of MCMC. We also discuss the Integrated Nested Laplace Approximation (INLA), an approximate
Bayesian posterior estimation method. Then, we move to the hierarchical model. Before introducing
the Gaussian random field (GRF), we first discuss the special form of the hierarchical model, and the
latent Gaussian model (LGM). The Bayesian approach of INLA can provide accurate and fast
inference for LGM models (Rue et al., 2009). Latent Gaussian field and Gaussian random field are
often embedded into certain levels of hierarchical models to handle spatial correlations or other
structural features in the data. At the end of this chapter, we introduce the comparison of the Bayesian
models. For Bayesian inference, please see Gelman et al. (2013) and Carlin & Louis (2010). For
hierarchical models, please see Hoff (2009) and Congdon (2010). For Bayesian computational
inference, please see McElreath (2016), and more details about INLA can be found in Rue et al.

(2016).

2.1 Bayesian Inference

We will briefly introduce the basic concepts of Bayesian statistical inference and decision-making.
We are starting from the Bayesian formula in probability theory. Assuming there is a complete event
group in the sample space D, consisting of a finite number of events By, B, ... By, satisfying the

conditions of being pairwise disjoint and their union forming the complete sample space. So, if A is



an event in the sample space, then the law of total probability is given as follows:

P(4) = ) P(4B) = ) P(4IB)P(B) 1)

Under the conditions of the law of total probability, where B; ;=; , isany eventin the sample space

with a probability greater than 0. The methods for calculating conditional probability are as follows:

P(AIB)P(B;)  P(AI|B)P(B;)

PBIA) =—Fey— = n_ P(A1B;)P(B))

(2.2)

This formula is called Bayes' formula, which is formally just a conditional probability formula. We
know that in statistical models, the task is to make inferences about the population using samples,
and this information is referred to as sampling information. However, Bayes' formula introduces a
new type of information known as prior information, which refers to some information about
unknown parameters in statistical inference before sampling. The basic concept of Bayesian statistics
is to simultaneously utilize sample information and prior information in the inference process. We
can obtain a prior distribution when the prior information is sufficiently rich. Any probability
distribution on the parameter space can be referred to as a prior distribution. w(6) = P(6 = 6;) is
used to represent the probability distribution of a random variable 8 happened attime {6 = 6;}. The
prior distribution represents the understanding of the possible values of the parameter before getting
samplings S. Once the sampling information is obtained, people's understanding of the parameter 6
changes, and the adjusted result is the new understanding of 6, known as the posterior distribution
m(6]s) = P(6 = 6;|S). The posterior distribution can also be considered as the adjustment of the

prior distribution using prior information.

Given § = s, that is, after obtaining sample s, the conditional distribution of 6, which is the

posterior distribution, has a probability density function:
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1(s|0)m(0) B (s | 0)m(0)

n(f1s)= = 2.3
(81s) J n(s|®)m(6)de n(s) 23)

And the posterior is sometimes expressed as:
(0 |s)xn(@)n(s| ) (2.4)

2.2 Bayesian Computing

There are different types of prior distributions in Bayesian statistics, but an important concept is
conjugate prior distributions. If the posterior distribution belongs to the same family as the prior
distribution, then the prior and posterior distributions are termed conjugate distributions. If the prior
distribution is not a conjugate prior distribution, then the posterior distribution is often no longer
standard. More details about the prior could be found at Bolstad et al. (2016). Therefore, the
calculation of the posterior distribution often lacks an explicit expression and faces various integration
computation issues. In this chapter, we will mainly introduce two Bayesian computation methods.
First is the Monte Carlo sampling method, followed by the Markov chain Monte Carlo (MCMC)

method.

2.2.1 Monte Carlo (MC) sampling

Monte Carlo (MC) sampling is the most common method. As we desire numerical characteristics of
the posterior distribution, such as posterior expectation, posterior quantiles, etc., within an integral
expression, to estimate these numerical characteristics of the posterior distribution, we can extract
enough samples from the population and then estimate the population's numerical features based on
the sample's numerical characteristics. Suppose multiple independent observations can be generated
from the posterior distribution when the sample size is sufficiently large. In that case, this estimation
is referred to as Monte Carlo approximation, and this method is known as Monte Carlo sampling

(Gelman et al. 2013). However, this method is seldom directly applicable because, in most cases, the

11



posterior distribution is not a standard distribution, making it difficult to sample from. Monte Carlo

Importance Sampling is one method, but it has some evident shortcomings.

2.2.2 Markov Chain Monte Carlo (MCMC)

The MCMC method uses Markov Chain Monte Carlo integration, with the basic idea being to
construct a Markov chain whose stationary distribution is the posterior distribution of the parameter
to be estimated (Hastings, 1970). Monte Carlo integration is performed using samples from this
Markov chain when it reaches its stationary distribution. The construction of the Markov chain's
transition kernel is crucial in employing the MCMC method, and different methods of constructing
this kernel led to various MCMC techniques (Gelman et al., 2013). Currently, two commonly used

MCMC methods are the Metropolis-Hastings algorithm and Gibbs sampling.

2.2.2.1 Metropolis-Hastings Sampling Method

Metropolis-Hastings (MH) Sampling algorithm is one of the most commonly used MCMC sampling
algorithms. Metropolis first proposed it (Metropolis and et al. 1953) and later extended by Hastings
(1970). We use f{.) to represent the target distribution and g(.) to represent the proposal distribution
First, to generate a Markov chain, starting from an initial value x, and specifying a rule for
transitioning from the current value x; to the next value x;,;, thus generating the Markov chain
Xt t=0,,.- More specifically, given the current value x;, a candidate point x‘ is generated from the
proposal distribution g(.|x;). If the candidate point is accepted, it transitions to the next moment,
setting x;,, = x'. If the candidate point is not accepted, the Markov chain remains in the state x;,

setting x;,1 = x;. Whether the candidate point is accepted is referred to as the next value of the chain,

f(x)g(xelx’)

determined by the acceptance probability d(x") = min(1, C), where C = g D"

The selection of the proposal distribution g(.) also has certain conditions. Apart from needing to
ensure that the generated Markov chain satisfies regularity conditions (irreducible, aperiodic, and

possessing a stationary distribution), it should also include:

12



1. Easy sampling from the proposal distribution, often a known and commonly used distribution.

N

The acceptance probability of the proposal distribution should be easily computable.

3. The tails of the proposal distribution should be thicker than those of the target distribution.

N

The frequency of rejecting new candidate points should not be too high, otherwise,

efficiency will be low.

The process of generating a Markov chain satisfying regular conditions using the Metropolis-Hastings

algorithm in a Bayesian framework is as follows:

1. choose a proposal distribution g(.|x;).

2. Generate the initial value 6, from the proposal distribution. Note that x is replaced by the
parameter 6 in the Bayesian model, while the target function is replaced by the posterior
distribution m(0]s).

3. Repeat the following steps for time t=1, 2, 3...

A: Generate a candidate value from the proposal distribution.
B: Generate a random number u from a uniform distribution.

C: Calculate the accept/reject decision for the candidate 6, if

U< (0" 1s)g(6,16")
h (0. 1s)g(@'16,)

Then accept 6’ and set 6., = 6', otherwise set 6., = 0;;

4. t=t+l1; return to step 1.

The selection of the proposal distribution g provides flexibility to the MH Sampling method.
Depending on the different structures of the proposal distribution, the Metropolis-Hastings Sampling
method can also lead to independent sampling methods, Metropolis random walk sampling methods,
and component-wise Metropolis-Hastings Sampling methods, among others. Each of them has its

advantages and disadvantages.
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2.2.2.2 Gibbs Sampling

Gibbs sampling was first proposed and applied to Gibbs lattice distributions by Geman et al. (1984),
hence its name. It's another specific case of MCMC sampling, and its significance lies in transforming

sampling from a multivariate distribution into sampling from a univariate target distribution.

In the Bayesian framework, let the parameters 6 = (6y,..,6;) , and 0_;=
(01, v 01,041, Hk). The target distribution f{.) is represented as the posterior probability m(0 |

x). The algorithm for generating a Markov chain using Gibbs sampling is as follows:
1. Choose an initial value for the parameters.

2. Repeat the following steps fort=1, 2...J

a) Set 04,0, ...,0,=0%"V

b) For each component j = 1 ... k: generate ccandidate point 9} from 7T(9j | @ x) and update

_j,

— -1

Hl(t) | x ~ 7'[(61 | Hz(t—l)'egt—l)'._.’elgt—l)’x)'

Bz(t) | x ~ n(@z | Hl(t)’93(t—1)’._.’915t—1)’x)’

6" | x ~ (016,07, 00, x).

(2.5)

c) Set ) = (91“),"-,9,8))

d) t=t+1; return to step 1.

Gibbs samplers have their unique advantages, but if the parameters 6;,6_; are highly correlated,

the Gibbs sampler will move slowly around the parameter space.
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2.3 INLA

The INLA method, introduced by Rue et al. (2009), stands out as a deterministic approach for
Bayesian inference, distinct from simulation methods like MC and MCMC introduced above. INLA
is especially for latent Gaussian models and focused on approximating Bayesian regression model
posterior estimates, this approach can offer substantial computational benefits compared to the
commonly employed MCMC methods by practitioners. Using the INLA methodology in R-INLA
(Thiago et al., 2012) makes the inference process for latent Gaussian models a valuable practical
resource, offering a user-friendly interface for defining stochastic partial differential equations
(SPDEs) models (Lindgren et al., 2011). We make a brief introduction on the Laplace approximation,

and for more about the INLA algorithm and INLA inference, please see Rue et al. (2009).

2.3.1 From Laplace Approximation

Laplace's method purposed by Tierney et al. (1986) is usually employed as an approximation
estimation of the posterior distribution. When we want to compute the following the integral of

f (x) which is the density function of random variables x, we show it as below:

[ F)dx = exp f (log £ () dx (2.6)

We can represent log f(x) through a Taylor series expansion of the second order evaluated at the

X =X -

dlog f (x) N (x — x9)? 0 log f (x)
ox 2 d0x?

X=Xo X=Xo

(2.7)

log f(x) = log f (x0) + (x — xo)
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Assume we set the x, is equal to the mode of argmax, log( f (x)), then the first derivative of the

equation al%ﬂx) =0 and the approximation going to be :

X=Xo

 (x—=x")%0%log f(x)
log f(x) = log f(x*) + > (2.8)
2 0x .
X=X
So, the approximation of the integral of the f(x) = exp(log f(x)) could be rewrite like:
x —x*)?20%log f(x
[ f(x)dx = expf <logf(x*) + ( 5 ) aif( ) )dx
x=x' 2.
(x — x*)? 0% log f () (29)

exp = (log fGx*Y) exp | ( s

) dx
x=x"

It looks somewhat similar to the form of a Gaussian distribution, so the integrand could be associated
with the pdf of a normal distribution.

We could set:

2= — : (2.10)
© T T Plgf® |
0x? U
And then we get
[ f(x)dx = exp ~ (log f(x*)) expf (— %) dx (2.11)

The integrand above is the kernel of a Gaussian distribution with mean=x", and the variance equal to

a2*. Be more specific, the integral evaluated in the interval (a, ) is approximated by.

B
f f)dx = f(x*)y Znaz*(cb(ﬁ) — CD(a)) (2.12)

Where ® is the cumulative density function of the Gaussian distribution (x*, &2*). It's worth noting

that Laplace’s method could be extended to multiple case. In upcoming sections, latent gaussian and
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how it associated with INLA will be introduced.

2.4 Hierarchical Model and Gaussian Random Field

2.4.1 Introduction to Hierarchical Model

In spatial epidemiological modeling, the data we obtain often possess both spatial and temporal
attributes. These data need a versatile modeling framework capable of integrating complex structures
into both data and model parameters to address different sources of uncertainty (Lawson, 2013).
Hierarchical model is a good choice. It is a statistical model described in multiple levels (hierarchical
form), utilizing Bayesian methods to estimate parameters of the posterior distribution. We could
combine submodels to form a hierarchical model and integrate these submodels with observed data
using the Bayesian theorem to explain all existing uncertainties (Carlin & Louis, 2010). The outcome
of this integration is the posterior distribution, also known as updated probability, as it acquires
additional evidence regarding the prior distribution. The hierarchical model, employing Bayesian
statistics to use prior estimates for posterior inference, offers a flexible model with many applications

in the social, political, and health sciences (Banerjee et al., 2015).

The hierarchical modelling framework formalizes a statistical model into three components: a data
model, a process model, and a parameter model. Each level of the model is designed to establish a
flexible structure for handling the uncertainty associated with the data, the process, and the parameters.
This three-stage hierarchical Bayes model has a joint density that is the product of three stages.

According to Bayesian theory:

Pr( process, parameters | data ) o< Pr( data | process, parameters )
X Pr( process | parameters ) (2.13)
X Pr( parameters )

Written by the phase of observation denoted as y is defined by data conditioned on all latent

parameters ¢ and hyperparameters 0.
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y~n(yl¢,6,)

(2.14)

The phase of latent process denoted as ¢ s defined by latent parameters ¢ given hyperparameters

0,.

¢ ~m(p16;)

and the hyperparameter stage is defined by hyperparameters 8 = (61, 62).

0 ~mn(0)

Then, the joint density of the model is:

n(y, ¢,0) =n(0)n(¢P | 6)n(y| ¢, 0)

With the Bayes theory, the posterior distribution of parameter and hyperparameter is like:

n($,01y) = n(@)n(¢10)n(y|¢,0)
’ f(@,q,) n(@)n(Pp | 0)n(y | ¢, 0)d(¢,0)

And the posteriors of the i;, latent parameter and hyperparameter are like:

(¢ 1y) = [ n(p;16,y)m(6|y)d6
n(0;1y) = n(6|y)do

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

Here, we need the Bayesian computation methods we introduced earlier because integrals are usually

too complex to solve.
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2.4.2 Latent Gaussian Model

Latent Gaussian models, a versatile subset within hierarchical models, have gained widespread
popularity across statistical realms and diverse application fields (Rue & Martino, 2008). More details
about this could be found at Rue & Martino (2008), and Martins et al. (2013). The class of LGM
could be represented by a hierarchical structure containing three hierarchies. We go from the bottom

to the top. The bottom stage is formed by the conditionally independent likelihood function:

n

n(y16,0) =] | G 1:(®),0) (2:20)

i=1

Where y = (y4, V2, ... ¥n) is the observation which is the response vector.

¢ = (¢4, Py, ... ¢,,) is the latent field parameter, which is the vector of all unknown latent parameters
of link function 7;(¢) which serves as a linear predictor.

0 = (64,0,,...6,) is the hyperparameter vector.

n;(¢p) is the i-th linear predictor that connects the data to the latent field.

The middle stage is formed by the latent Gaussian field. where we attribute a Gaussian distribution
with mean u(@) and sparse precision matrix Q(8) to the latent field ¢ is conditional on the

hyperparameters 6, that is:

¢ 16 ~N(u®),07(6)) (2.21)

The top stage is the hyperparameter model (or hyperpriors), which is the prior distribution for the
hyperparameters.

6~ 1(0) (2.22)

Let the response variable y = (y4,V,,...),,) belong to the exponential family (like Gaussian,
Poisson, Binomial distribution and etc), where the mean u; is linked to a structured additive predictor
7; through some link function g(.) such that g (u;)= n;.This predictor accounts for the different

covariates additively and a structured additive regression model is given by:

19



ny ng
ni=a + Z f(L)(uﬂ) + z ﬁkai + €; (223)
=1 k=1

Where:

The a term represents the overall mean.

f«) are unknown functions of the covariates.

B represent linear effects of the known covariates z;

€; are the error terms.

¢ 1is the vector of all unknown parameters, 0 = (a, fw Br €i )

This serves as the overall definition, and if a model aligns with this layered framework, it can be
classified as a Latent Gaussian model (LGM). At times, recognizing whether a specific model
conforms to this hierarchical structure isn't straightforward. The terms can manifest in various ways:
smooth, nonlinear impacts, time trends, seasonal effects, random intercepts, slopes, and temporal or
spatial random influences (Martins et al., 2013). This adaptability renders the latent Gaussian model
category highly versatile and capable of embracing an extensive array of models—from generalized

to dynamic linear models such as spatial and spatiotemporal models (Rue et al., 2009).

2.4.2.1 Computation of LGM

Using the MCMC method to compute complex LGM model posteriori can still be problematic. This
is partly due to the potential strong correlation among latent field components and the
interdependency between hyperparameters and latent parameters, especially when dealing with many
latent parameters (Martins et al., 2013). Integrated Nested Laplace Approximation (INLA) is
specifically designed for LGMs and especially focuses on models that can be expressed as latent
Gaussian Markov random fields (GMRF) (Rue et al., 2009). It operates as a deterministic algorithm,
employing Laplace approximations and a set of carefully chosen points to estimate posterior
distributions. Compared with different MCMC algorithms, the INLA approximation technique for the

latent Gaussian dramatically reduces the computational requirements. More details can be found in
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(Rue et al.,2017).

2.4.3 Gaussian Random Field

As described in the previous section, the latent Gaussian model is used to describe the relationship
between observed data and Gaussian random field. In the latent Gaussian model, observed data are
assumed to be generated by an unknown Gaussian random field, which is then observed through an
observation model. This observation model is typically a linear or nonlinear transformation that maps
the Gaussian random field to the observation space (Haining, 2003b). Therefore, the latent Gaussian
model allows for the consideration of uncertainty in modelling observed data and can describe spatial
correlation structures through parameterization of the Gaussian random field (Adler, 2009). The
Gaussian random field is an essential concept in spatial models, and it is also important for
geostatistics (Cressie, 1993; Diggle & Ribeiro,2006). A Gaussian Random Field (GRF) is a type of
random process characterized by the property that the joint distribution of any finite set of points on
its domain follows a multivariate Gaussian distribution; for instance, geostatistical data or point-
referenced data is the realization of a spatial process guided by a spatial point index. This means that
in a Gaussian Random Field, the joint distribution of the corresponding random variables can be
described by a multivariate Gaussian distribution for any set of locations. Specifically, a random
variable is associated with each point for a Gaussian Random Field defined over a specific domain
(Diggle & Giorgi, 2019). A mean function and a covariance function describe the joint distribution of
these random variables. The mean function represents the average level of the random field at each
point, while the covariance function represents the correlation between different points (Cressie,
1993). Usually, S(x) is used to denote a Gaussian Random Field on a specific domain, where x
represents a location on the domain. The mean function is typically denoted by u(x), and the
covariance function is usually donated by C (x, x'), representing the covariance of random variables

at positions x and x' (Cressie, 1993).

Next, we introduce two essential properties of Gaussian random fields: isotropy and stationarity.

In traditional geostatistics, the spatial process, which is defined by a Gaussian field, is often
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established under the assumption of isotropy and stationarity (Cressie & Moores, 2022). Stationary
means all statistical properties are invariant under translation, which means properties do not change

at any point of the study area, and they are only a function of the relative position of two locations.
That is to say, the covariance function only depends on two relative locations: C (S i Sj) =C (Sj, S l-),

then the GRF is stationary. Isotropy means that the process is invariant under rotation, which means
the statistical properties all depend on the Euclidean distance [[s;-s;||. The direction of the spatial
point does not make an effect. These spatial models are stationary isotropic models. For whom,
moving or rotating the map does not make a change. Specifically, the continuously indexed spatial
process is a Gaussian random field when there is at least one spatial location S; (i = 1) (Haining,

2003b). The vector of all finite collections y(S;,S,, ..., S,) are jointly Gaussian distributed with the
mean function p = u(Si (izl)) and spatial structured variance-covariance matrix X = (C (si, sj)).
Here we consider using the simplest Gaussian random field as example, which is the stationary and

isotropic gaussian random field. So, the covariance between two locations is COV (y(Sl-), y(Sj)) =

C (Si,Sj), meaning the dependence between gaussian random field S (x;) and S (x;) is only

determined by the locations. The assumption of S(x) being stationary and isotropic has the inference

like:

Cov{S(x),S(x")} = o?p(u; $) (2.24)

Where o2 is the variance of the Gaussian random field S. p(u; @) is the spatial correlation function.

2.4.3.1 Gaussian Random Field Defined by Stochastic Partial Differential

Equation (SPDE)

As our need to model complex phenomena increase, the stationary and isotropic assumptions are
frequently impractical due to the effect of regional factors on the correlation pattern in reality. When

using areas such as coastal regions for aquatic species modelling, a stationary isotropic model could
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not be aware of physical barriers like coastlines. Similarly, when studying atmospheric phenomena,
assuming the same spatial correlation across the entire area might not hold due to influences from
topographical factors like altitude, rivers, and lakes altering the spatial dependence structure

(Lindgren, 2011).

We are not content with the limitations of stationary and isotropic spatial models. So, the non-
isotropic model was proposed to overcome the isotropic plane assumption first. Many geographic
models rely on the idea of Euclidean distance, which forms the fundamental basis of the isotropic
plane assumption. Modern Geographic Information Systems possess the capability to challenge the
assumption of an isotropic plane, so non-isotropic models introduce directional influences that affect
the spatial process (Haining, 2003). The SPDE method (Lindgren, 2011) implements a non-isotropic
model by allowing a non-isotropic Laplacian and including a directional derivative term. The second
thing to overcome is to build a non-stationary model. Motivated by the necessity to capture intricate
dependence patterns in environmental occurrences, developing non-stationary spatial modelling
frameworks has been a vigorously researched domain for over twenty years. Many people have
proposed different approaches, but they can be broadly divided into two categories. The first class of
methods is through warping the spatial domain into a space where the process is stationary. For
example, (Paul et al., 1989) use biorthogonal grids from morphometrics to depict the thin-plate spline
mappings. These mappings represent anisotropy and non-stationarity of the sample covariance matrix.
The second class of methods focuses on how to induce the properties of covariance functions
according to the dependence on local covariate information chosen, and SPDE also belongs to this

class.

2.4.3.2 Family of Spatial Correlation Functions

According to Tobler’s first law of geography (Tobler, 1993), “Everything is related to everything else,
but near things are more related than distant things.” This law was proposed by geographer Waldo
Tobler, and it emphasizes the idea that things closer together in geographical space tend to have

stronger relationships or interactions than those farther apart. So, in terms of spatial correlation
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functions to possess, we may want to except it has the following two properties (Diggle, 2013): 1.
When the distance between x and x’ increases, the correlation between C(x) and C(x') is not
expected to increase. 2. Secondly, given the variability in units used to measure distance, the
correlation function must encompass a scaling parameter. In general, the spatial covariance function
needs to satisfy some basic properties, such as positive definiteness and symmetry (C(x,x") =
C(x',x). This is a very important property that ensures the consistency of the probability distribution
of the random field (Haining, 2003). There are several correlation functions commonly used. We

define p(u) is spatial correlation function and u is the distance between x and x'.

1.
The Matern function (Matérn, 2013) has become the most popular family of geostatistical correlation

functions. The (isotropic) Matern -correlation has the inconvenient formula.

1
p(u; K) = W (\/@IuD"Kk(\/ﬁlul)

(2.25)
I'(.) is a gamma function and is a modified Bessel function of the second kind of order k. The
parameter controls the differentiability of the correlation function and GRF, with small x producing

surfaces with sharp spikes and dips and large k given more gently rounded surfaces.

2. Gaussian correlation function

2

p(u; k) = exp <— %) (2.26)

The Gaussian model is also a commonly used spatial correlation function.

3. Exponential correlation function
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p(u; k) = exp (— E) (2.27)
K

The scaling parameter k is the single parameter which is also called range parameter. When there is

a fixed unit of distance, a larger value of ¢ indicates that spatial correlation exists over a longer

range.

2.4.3.3 Bayesian Model Comparison

In Bayesian modeling, we often encounter situations where several possible models are available, and
we want to find the optimal one. These models may involve only minor changes during the modeling
process, such as different variations in the prior of a random variable. Alternatively, they may exhibit
more noticeable differences, such as incorporating different fixed effects (covariates) and random
variables. In addition to validating results through cross-validation tests, model-fitting comparisons
are frequently conducted by evaluating specific indices. Within the Bayesian framework, we compare
different models using the Deviance Information Criterion (DIC) (Spiegelhalter, 2002), which is

expressed as follows:
DIC =D + pD (2.28)

DIC, the deviance information criterion which is a hierarchical modeling generalization of the Akaike
information criterion (AIC) (Akaike, 1974). It is especially useful in Bayesian model selection, and
generally, the smaller the value of the deviation information criterion DIC, the better the model. When
evaluating two models, a general guideline is that if the difference between two DIC values greater
than 5, the model with the smaller DIC value is preferred. A DIC difference of less than 5 implies that
the two models cannot be discerned significantly based on DIC. (Lunn et al., 2012). D is the
posterior mean of the deviance and pD is the effective number of parameters. They are used to
measure the goodness of fit and the complexity of the model respectively. In terms of model
complexity, based on the Occam's razor principle, under the same goodness of fit, we typically opt

for the simplest model.
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Chapter 3
Spatial Discrete Model for Area-level
Epidemiological Data

3.1 Introduction of the Spatial Data

Before we introduce spatial models, let's briefly review the types and characteristics of spatial data,
as they determine the design and application approach of spatial models, as well as the appropriate

methods and techniques we need to adopt when dealing with spatial data.
3.1.1. Spatial Data Type

Spatial data supports decisions in many fields, including the environment, public health, ecology,
agriculture, urban planning, economy, and society. These data come from various sources and are
provided in multiple formats. According to Cressis (1993), spatial data usually could be seen as the

result of an observed stochastic process occurring in space.

{Z(s):s € D c R%}
Where Z(s) denotes the attribution which we observe at generic locations s and where D is a
random set of R2. According to the structure D, there are three main types of spatial data: areal (or

lattice) data, geostatistical data, and point patterns can be distinguished (Cressis, 1993).

For areal or lattice data:

In area or lattice data, the domain D comprises a set number of areal units where variables are
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observed. Aggregating the occurrences of a particular variable over a region is frequently illustrated
using this type of data. For example, in spatial epidemiology, individuals with a specific illness are
often aggregated within administrative areas or say, counts data are spatially aggregated from case
event data. By taking into account the neighbourhood’s configuration structure and other factors
known to affect disease risk, these area or lattice data can be analysed to understand spatial patterns
and identify disease risk factors (Moraga, 2023). In spatial epidemiology, this is the most easily
obtained type of data, and the associated modelling methods have seen the richest development
(Lawson et al. 2016). Because both point-referenced and point-pattern data involve specific
geographic locations and the individuals on maps may be identified, they both require a higher level

of confidentiality (Lawson, 2013).

For point referenced data (Geostatistical data):

In point referenced data, or geostatistical data, D the subset of R?is used to define a continuous
spatial field. We use spatial index s = {s1,s2 ...sn} to define the locations of every record in this
spatial field and {Z(s1),Z(s2)..,Z(sn)} are observed data at known spatial locations s .
Geostatistics in epidemiology is usually confined to modelling environmental exposure at a small
scale. For example, using spatial interpolation to predict relative risks at other locations based on the

relative risks from existing locations.

For point pattern data:

The D is a set of points in R? where case or event happened. The Domine D is random, representing
the location of the occurrence an event themselves are random. The index set s = {s1,s2...sn}
means the locations of the random case event data, and Z(s) = {Z(s1),Z(s2) ...,Z(sn)} usually
equal to one which means the occurrence of random case or event. Such data is usually described for
events that occur at random. Point patterns emerge when the variable being studied corresponds with
the occurrence locations of events. This type of data used in spatial epidemiology usually is not for
risk modelling or specific features of a particular disease or outcome but focuses on the data analysis
of observed spatial point patterns of events, like the understanding spatial patterns of disease
transmission or assessing the impact of sources of pollution on the health status of communities

(Lawson et al. 2016).
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3.1.2 Spatial Data Property

Then, we introduce two characteristics of spatial data because it poses challenges to traditional
statistical modelling methods and determines the spatial structure in the model. They are spatial

dependence and spatial heterogeneity.

a). Spatial Dependence

For spatial or spatiotemporal data, the spatial observation values must have spatial dependence, which
means that the data in a particular area usually contains some information about the data values of
the same variable in other nearby areas. Characteristics or events in a specific area do not occur
entirely randomly but are affected by neighbouring areas or environments (Haining and Li, 2022).
This means that spatially close locations may show similar characteristics or trends. In contrast,
locations far apart may have different characteristics or trends when there is a positive spatial

dependence.

b). Spatial Heterogeneity

Sometimes, heterogeneity is denoted as the second fundamental characteristic of spatial data,
following spatial dependency. Spatial heterogeneity refers to the nature of differences or different
characteristics between different regions or locations in space. In different spatial regions, there may
be various characteristic structures or attributes (Haining and Li, 2022). These differences lead to

uniqueness between areas.

3.2 Introduction of the Spatial Discrete Model

In this chapter, we focus on the discrete spatial model for areal (lattice) data. Due to the relative
accessibility of regional epidemic data, such models have seen widespread development and
application in epidemiological modeling. Information sharing is the core idea of spatial modeling,

and the dependence of spatial data makes it possible. The information sharing, we consider in spatial
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modeling is based on our prior assumptions about the spatial dependence structure of region-specific
parameters, and the hierarchical model provides a powerful modeling and inference foundation for
discrete spatial modeling, seamlessly combining various parameters and random effects in discrete
spatial models. So, we need to incorporate this spatial dependence structure for estimation purposes
in Bayesian model to realize these information sharing processes. We will first discuss the conditional
autoregressive (CAR) structure introduced by Besag (1974), followed by the intrinsic conditional
autoregressive (ICAR). Before we talk about the famous Besag—York—Molli¢ (BYM) model (Besag,
1991), which is the additive combination of ICAR structure and an exchangeable structure, we also
introduce the Proper CAR (pCAR) structure. Afterward, we will introduce the ecological regression
model, which incorporates the fixed effect into the hierarchical model, as well as the adaptive
conditional autoregressive model, which is a CAR structure with a flexible spatial weight matrix.
Finally, we elaborate the principle on how to construct spatiotemporal non-separable model and the

spatiotemporal interaction variables (Knorr-Hold, 2000).

3.3 Spatial Weight Matrix

First, we need to introduce spatial weight matrices, which are matrices used to describe the spatial
relationships between different geographic units. They are an indispensable component of discrete

spatial models.

3.3.1 Specifying Spatial Relationships by The Weight Matrix.

The W matrix is an essential component in all forms of spatial analysis. Here, we will introduce how
to use the spatial weight matrix W to define the relationships among polygons in space. In spatial data
modeling, the spatial weights matrix, denoted as W, holds significance as it provides information
about the spatial connections among the referenced areas where the observed data are located
geographically. These spatial connections among areas represent a vital aspect of the data, and
generating the W matrix enables us to translate these connections into numerical representations

(Cressie, 1993). The spatial related data, which is the weight matrix W, is often based on our
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assumptions about how the areas are connected to each other. This includes methods for defining
adjacency between different regions and the strength of connections among these regions. These
methods can be based on the geographical layout within administrative boundaries (where most
commonly used polygons are based on different administrative divisions), or they can rely on attribute
variables between the regions of interest to define the strength of connections among areas (Haining
and Li, 2022). For more details about the spatial weight matrix, please see Fischer and Getis (2010)
Haining (2003) and Haining and Li (2022). R package 'spdep' (Bivand, 2022) provides a variety of

methods for generating spatial weight matrix.

3.3.2 How to Define the Spatial Matrix W.

In modelling a spatial dataset with N areas, a spatial weights matrix, denoted as W, is an NxN matrix
that outlines our chosen method for representing the spatial connections between these areas. w;; to
denote the element of W on the ith row and jth column (i=1..., N and j=1..., N). It is used to describe
the spatial relationship between the area represented by the ith row and the area represented by the

jth column.

Wl 1 W12 an Wln

W2 1 W22 an W2n
w=|2 " :

Wn1 Wno . Wnn

We will introduce several commonly used methods for defining elements within the W matrix.
Although different ways of defining the W matrix exist, it should be noted that the most frequently

employed criteria are the contiguity and geographical distance.

3.3.3 Contiguity-Based Spatial Weights

Contiguity refers to the situation where two spatial units share a boundary of non-zero length. There

are two methods under the definition of contiguity. Practically, we can further distinguish between a
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rook and a queen criterion of contiguity, akin to how the respective chess pieces move on a chessboard
(CIiff and Haggett, 1988). The rook criterion establishes neighboring units by having a shared
boundary between them. The queen criterion is broader, considering units as neighbors if they share
either a boundary or a vertex. Consequently, the number of neighbors following the queen criterion
will always be equal to or greater than that under the rook criterion. In these two methods, W is a

symmetric matrix, which means W;; = Wj;.

Figure 3.1 Schematic representation of spatial contiguity definitions. The blue squares are the target
areas, and the light gray ones are the defined neighbors (A) queen criterion of contiguity. B) rook

criterion of contiguity.

For the first method, which is called “rook’s move.” Only common borders of the polygons are
considered to define the neighbour relation (common vertices are ignored). In this method, if areas i
and j share a common border, then w;; # 0. In other words, these two areas are defined as neighbors.
Typically, w;; = 1. If two areas do not share a common boundary, then w;; = 0 and they are not
neighbors. The second method, which is called “queen’s move.” The difference between the rook and
queen criterion to determine neighbors is that the latter also includes common vertices. In this method,
if they share either a common border or a common vertex (two areas touch at just one point).
Otherwise, they are considered as non-neighbors (w;; = 0). This would make the greatest difference
for regular grids (square polygons), where the rook criterion will result in four neighbors (except for

edge cases) and the queen criterion will yield eight. In small areas like census tracts (which are almost
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irregular grids), the distinction between the significance of a "queen's move" versus a "rook's move"
is much less. This is due to their small size and often irregular shapes. Either of methods of defining
Contiguity is reasonable. However, to handle potential inaccuracies in the polygon file, such as
rounding errors, practical advice suggests using the queen criterion (Li and Haining, 2020). In
addition to this binary definition, there is another called proportion of border based spatial weights,
usually used for irregular space areas (polygons). This approach uses common boundary proportions.
It involves refining the spatial contiguity weights matrix by determining each weight (representing

the strength of contiguity) based on the length of the shared border as a fraction of the total border of

Li\*
ij
i (f)

Where [;; is the length of the shared border between i and j and [; is the length of the border of

area i. That is:

spatial unit i.
However, in certain specific geographical contexts, defining a spatial weight matrix based on

contiguity is worth discussing:

1. Ifthe spatial system comprises blocks of areas that are non-contiguous such as an island. For this
kind of spatial unit i, the i;;, row of the W matrix under spatial contiguity would be entirely
zeros. This is not permitted when using spatial weight matrices for modelling, meaning gaps are
not allowed. This is also why lattice data is often suitable for small areas studies. A common
approach involves connecting islands to the closest spatial units on the mainland (Haining, 2003).
Alternatively, population-weighted centroids for each area could be used to calculate the distance
between isolated areas and others. By setting a threshold distance, any distance of the area below

that threshold can be considered a neighbor of the isolated area.

32



Figure 3.2 Schematic representation of the first situation.

For example, Kapiti Island is a small island off the west coast of New Zealand. When conducting
spatial modelling, it may be considered adjacent to certain regions by calculating the geometric

centroid or population weighted centroid.

2. When one area entirely surrounds another area, the surrounded area has only one neighbour which
may be unreasonable (Anselin, 1995). Anselin (1995) pointed out that the boundary geographic
units may have limited connections with external geographic units, necessitating a more careful

construction and analysis of spatial weight matrices.

One approach is to consider a higher-order contiguity, such as setting the k in the k-order neighbour
of the spatial contiguity for this surrounded area to 2; In other words, the neighboring status of this

area extends to the lattices directly connected to its first-order neighbors.
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Figure 3.3 Schematic representation of the second situation.
For example, region A is completely surrounded by region B. Ist-order neighbour of area B are
area C, D, and E. So, in the in the 2-order neighbour of the spatial contiguity for this surrounded

area A, its neighbours are B, C, D, and E.

3.3.4 Specifying a Spatial Weight Matrix by Attached Values.

Specifying attached values as a weight matrix typically refers to defining the elements of the weight
matrix based on certain attached or assigned values, which is a flexible and intuitive method. There
are various approaches commonly used, including: Distance-Based Weights, K-Nearest Neighbor
Weights, Threshold Weights, Attribute Similarity Weights, etc. (Fischer and Getis, 2010; Haining,
2003)

1. Geographical distances based spatial weight matrix.

This method employs a collection of points to represent polygons, referred to as lattice data. Then, it
establishes spatial relationships of areas in space based on the distances between their corresponding
points. Any collection of spatial units in polygonal form could be represented using a set of points.
We can take the geometric centroid or population-weighted centroid of the polygon, where the
population-weighted centroid is more suitable for cases where the population within the polygon is
non-uniformly distributed. So, let d;; be the Euclidean distance. Listed below are two different
functions to defend the weight between those two points:

A). Inverse distance.

wi; = d;'(y > 0) (3.1)

B). Negative exponential.
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2. Attribute values based spatial weight matrix.

Contiguity can be defined in terms of how similar two areas are based on some attribute.
-1

x; and x; are attribute values of area i and j respectively.

3. Network-based spatial weight matrix.

Long-distance interaction has always been a challenge in spatial statistics (Riley et al. 2015). In spatial
statistics modelling based on lattice data, using a spatial weight matrix established on attribute values
of interactions is one of the solutions. Information of interactions, like the movement of goods, people,
or communications, can determine specific values. The core notion is that tangible movements could
indicate the degree of connection or interaction between diverse locations (Bavaud, 1998). This could
assist in clarifying differences in spatial diversity. This method considers the flow paths of people or
goods, using factors such as the size of the flow and distance to determine the spatial connectivity
strength between units. Here we introduce one network-based spatial weight matrix proposed by

Bavaud (1998). It shows two different ways to define the weight matrix:

Export - based weights: w;; = %
i-.
I ioht: — fini
mport - based weight: w;; = 7
-

fi»j measures the export from area i to area ;.
fj—i measures the import from area j to area i.
fi—. 1s the total export from i to all other areas in the study region.

f-i measures the total import from all other areas to i.

The W matrix serves a crucial function by transforming spatial connections among N areas or points
into tangible information. By utilizing models, this type of data supplements traditional geographic
referenced datasets (Bavaud, 1998). This augmentation enables us to enhance estimations at a
localized level, explore how characteristics of one area influence others (such as spatial spillovers),

and derive a more precise understanding of how a known factor impacts an outcome (Haining and Li,
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2022). It is also a good structure used for long distance interaction in spatial epidemiology modelling.

3.4 Spatial Dependence Structure
3.4.1 CAR structure

CARs are commonly motivated for borrowing information and modelling smoothly varying disease
risks as effects of omitted covariates (MacNab,2022). Given a set of observations collected across N
distinct areas within a study area. Let S; represent the parameters specific to each area, labeled from

S1 to Sy, highlighting they are spatially structured.

In this normal condition distribution, each S; follows a conditional normal distribution with mean

equal to the sum of the weighted values of its neighbours and has unknown variance.
n
Si |S,]:/:l,~N z Wl'ij,O'2 (34)
j=1

The joint distribution by the local specification of the conditional distributions of the individual
random variables defines a Gaussian Markov random field (GMRF). Besag (1974) showed that the
corresponding joint specification of S; is a multivariate variable followed by a normal distribution

with 0 mean.

S ~N(0,%)
L =c*D 1y — pW)1 (3.5)

The variance-covariance matrix X, which is a function of W, determines the properties of local
information sharing.

Where:

S + area-specifc parameters excluding §; itself.
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W: the N x N spatial weight matrix. We use the simplest spatial weigh matrix is the binary adjacency
spatial weight matrix as example, and the all diagonal elements {i,i } are zero. If area i and j are
adjacent, the off-diagonal elements {i,j} are 1 otherwise 0.

D: NxN diagonal matrix (all off-diagonal elements equal to zero) and where {i,i} are the number of
neighbors of area i.

p : spatial correlation parameter which controls the amount of spatial autocorrelation; p=0 implies
spatial independence and p=1 implies complete spatial correlation.

Iy: N*N identity matrix
3.4.2 ICAR structure

An Intrinsic Conditional Auto-Regressive (ICAR) model (Besag, 1991) is a CAR model when spatial

correlation parameter a=1, so it assumes complete spatial correlation between areas.

Let's still take the example of defining adjacent structures with a spatial weight matrix W with binary
(0 or 1) entries. The corresponding conditional distribution specification based on binary weight

matrix of ICAR model is:

(3.6)

A S 0'2.
Si1S;,j# i, v,W ~ N(Z—JEA‘ J,—l>

m; m;

m; : is the number of neighbors for region m; .
Ai: set of neighbors of area i as defined in W.

o?; : unknown variance parameter.

The ICAR model requires the introduction of an important constraint, which limits the sum of these
region-specific parameters to zero (sum to zero constraint). [CAR model is also called the improper
CAR model because the joint distribution of ICAR is improper (Guinness and Baak, 2021). Simply,
under the ICAR model, the mean of S is not defined, so it is an improper distribution. Without

constraints, the model may face multiple equivalent solutions, which can make parameter estimates
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ambiguous and unstable (Besag, 1991). This is why the ICAR model is only used as a prior for a set
of area-specific parameters but not as a likelihood function to model the data directly.

Specifically, In the ICAR model, the joint distribution is:

S~ N(0,%)
T=0D1(y-W)1?
So,
S~ N(0,62D7 Iy —W)™) (3.7)

The pairwise difference formulation of the joint distribution is:
, a? 2
p(S|02)  exp —72 (Si—5)) (3.8)
i~j

From the pairwise difference formulation, we could see that the joint distribution is non-identifiable
(Besag, 1991). Adding any constant to all the elements of leaves the joint distribution unchanged.
When the sum of all region-specific parameters is constrained to zero, the model establishes a
reference point or baseline. This means that the model is no longer affected by one overall translation
but focuses more on the relative impact differences between individual regions (Keefe and Franck,
2018). So, the sum to zero constrain is necessary to ensure that the estimation of spatial effects is

valid and interpretable in the analysis of spatial data.

3.4.3 Proper CAR (pCAR) structure

The ICAR (intrinsic conditional autoregressive) model is improper since the precision matrix (1) is
singular. It could be made proper by setting the spatial correlation parameter p not equal to 1 of the
spatial weights (Besag,1991). The pCAR conditional distribution specification based on general

weight matrix is:
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(3.9)

i Si 02
Si1S;,j#i,v,W ~ N<p£,—l>

m; m;

The definitions of parameters are the same as previous. Thus, the pCAR variate joint distribution is:
S ~N(0,0%(D,, — pW)™1) (3.10)

The parameter p is used to manage the degree of spatial correlation. When p>0, it indicates a
positive spatial autocorrelation; conversely, when p<O0, it indicates a negative spatial autocorrelation.

and the closer p to 1 indicates the stronger spatial autocorrelation.

3.4.4 Besag—York—Molli¢ (BYM) model

The Besag—York—Molli¢ (BYM) (Besag et al. 1991) Model is one of the most popular regional data
spatial models used in epidemiology, which takes into account the data in a positive spatially
correlated. The model combines two model components: a spatial random effect that soothes the data
according to the spatial (neighborhood) structure and an unstructured exchangeable component that
models uncorrelated variability. The model can be applied to the response variables are both
continuous and discrete. For example:

For continuous variable
yi ~ N(6;,07)

9i=a+Si+Ui

For discrete variable

y; ~ Possion(4;)
Ai = niei
IOg (91) =a+ Si + Ui (311)

Where i means area i, the excepted number of cases A; which is the mean of Poisson is defined by
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the rate 6; and the population size n;.

Compared with locally similar under various CAR specifications, both globally and locally similar
are considered in BYM model. As we said before, while this [ICAR model is non-generating in that it
cannot be used as a model for the data, it can be used as a prior for part of a hierarchical model, which
is the role it plays in the BYM model. Where S; is a parameter from the spatially structured (ICAR)
component S = (S1, ... Sy) and U; is a parameter from the spatially unstructured component U =
(U1, ... Uy). These two parameters are all area specific. The spatially unstructured component U in
Bayesian hhierarchical model is usually set as an exchangeable structure which follows a zero-mean

normal with unknown variance given a vague prior.

3.5 Ecological Regression: Disease mapping with areal-level covariates

3.5.1 Ecological Regression

When pertinent risk factors like exposures, confounders, or other relevant variables are available,
they can typically be included as fixed effects in the model alongside random effects. This adjustment
means the model would consist of fixed effects combined with random effects, which are specified
as ecological regression models. One of the most important purposes of spatial regression is to
measure disease risk variations attributed to factors that we are interested in and unexplained
attributed to the risk factor (Clayton et al., 1993). It's important to highlight that when incorporating
covariates (fixed effects) into the model, the interpretation of spatiotemporal effects (random effects
like space, time, spatiotemporal interactions, etc.) will be residuals (Blangiardo and Cameletti, 2015).

The discrete ecological regression models can be specified as:

y; ~ Possion(4;)
/1i = niHi
lOg (91) = a+ ﬁimi + Si + Ui (312)
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Where i means area i, the excepted number of cases A; which is the mean of Poisson is defined by

the rate 6; and the population size n;, and f;m; are covariates and covariate parameters.

3.5.2 Challenges in Ecological Regression.

One of the most obvious challenges in ecological regression is spatial confounding. In ecological
regression modelling, it's common to incorporate covariates, and when these covariates vary across
areas or exhibit spatial correlation, spatial confounding is highly likely to occur. Spatial confounding,
that is, collinearity between fixed effects and random effects in a spatial generalized linear mixed
model, can adversely affect estimates of the fixed effects (Zimmerman & Hoef,2021). There are two
main ways to solve this problem: One is de-confound the fixed and random effects. Another is to
formulate transformed GMRF or MGMREF, which is called TGMRF or TMGMRE, so that the fixed

and random effects can be modeled independently (MacNab,2022).

3.6 Adaptive CARs

The adaptive CAR model is a flexible extension of the traditional CAR structure. It is a CAR model
with adaptive weights matrix. The proposal aims to define spatial correlation by creating a stochastic
spatial weights matrix W during the fitting process (Griffith,1996). The GMRFs commonly used in
disease mapping are undirected graphical models commonly defined for a lattice system of nodes and
edges (Rue & Held, 2005). In disease mapping, they hypothesize interactions between neighboring
risks, usually resulting in a smooth change of relative risks in the posterior. However, this model has
a major flaw; they often lack the adaptability to account for variations in risk both within and between
neighborhoods, which are likely to occur in certain areas of the map (MacNab,2022). Therefore, the

adaptive CAR model comes into being.

Until now, adaptive conditional autoregressive models have generally been categorized into two
main parts. One is to hierarchically formulate adaptive CAR(GMRF) with an unknown adjacency

matrix to be modeled and estimated from data. Some people proposed an adaptive CAR model in
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which the non-zero elements of W were modeled as Bernoulli random variates or all elements of an
unknown adjacency matrix W as a Bernoulli random variate. (Rushworth et al.,, 2017;
MacNab,2022). Formulating adaptively parameterized CARs over a given W is the second approach.
In this method, adaptive Conditional Autoregressive models can be employed to represent spatial
dependencies, interactions, and heterogeneities that vary locally. These adaptive CARs might capture
micro-level phenomena, such as locally varying risk dependencies and influences, and
heterogeneities that typically manifest at macro-level phenomena, such as spatial risk heterogeneities
and discontinuity (MacNab,2022). These CAR(GMRF) structures often contain two parameters,
which are spatial and scale parameters, and the CAR(GMREF) structures typically involve either one
of the two or both. According to these two parameters of CAR (GMRF), MacNab (2022) generally

classify them into three main groups, they are:

1. The first category consists of CARs only with adaptive spatial parameters; they were typically

motivated to model locally varying spatial dependencies.

2. The second category involves CARs with adaptive scale or precision parameters acting as spatial
weights. These weights are utilized to model the interactions between pairs of risks with varying

weights, addressing local differences in risk heterogeneity.

3. The third category is CARs, which incorporate both adaptive spatial and scale parameters.

3.7 Spatio-Temporal Models

The spatial data modelling of hierarchical models has been discussed. In this section, we will turn to
the exploratory modelling method of spatiotemporal data. Compared with spatial data, spatiotemporal
data has an additional time dimension, which is not only an increase in the amount of data but also a
more complex data structure in space and time. Dependence and heterogeneity are two significant
characteristics of spatial data. Now, we also need to deal with these two characteristics in the temporal

or space-time interaction dimensions (Cressie, 2015). This means that the observations at a particular
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place and time may differ from the observations at other points in time, space, or space-time. In
addition, we also need to capture autocorrelated dependence patterns in time, space, and
spatiotemporal interactions. Combining these two properties creates the need for modelling to
understand complex patterns in spatiotemporal data. Relying on hierarchical modelling, this seems
quite clear. The hierarchical model framework allows us to view complex structures in a modular way
(Lawson, 2013). It seems that the simplest and the most straightforward way is to incorporate the
spatial and the temporal main effect independently, along with the spatial-temporal interaction
(Lawson, 2018). Just as we introduced in the previous section, class of CAR structures are used for
spatial information sharing in hierarchical modelling. Now we need to explore different structures for
information sharing in temporal and spatiotemporal dimension. But before we talk about them

specifically, we first have to decide how to add them in to a hierarchical model by a modular way.

3.7.1 Additively or Multiplicatively

Before delving deeper into understanding the Bayesian spatiotemporal model, we need to consider a
question: we should combine the space and time components additively or multiplicatively? This
topic has been discussed by many people, please see Hastie & Friedman (2009), Gelman et al. (2013),
Haining &L1 (2020) and Cressie & Wikle (2015) for detail.

Consider expressing the above formula as a matrix model:
For addition structure:
Yie=a+S5;+T;

Written in matrix form:

Yir o V1T S$1+T, ... S;+Tr

T, .. T.
y21 yZT = (ZleT + SZ + 1 . SZ + T (313)
YN1 - YNT Sy+T;, ... Sy+Tr

For multiplicative structure:
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Yie =a+ 5 +T;

Written in matrix form:

Yir e VT S1*Ty ... S1*Tp
)’?1 y?T = alyyr + S, * T; S, >|:<TT (3.14)
le yNT SN * Tl SN * TT

In an additive model, overall spatial effect and overall spatial effect are combined by addition, so the
trend of response variable y could be specific and differ by level. But we can observe, from top to
bottom, the spatial pattern represented by the spatial main effects, S = (S5, ... Sy), stays consistent
across different time points. That is to say, the spatial effects S; are parallel to the trend of each area
rather than intersect. Similarly, the temporal trends of each area mirror the overall temporal pattern
outlined by the general (overall) temporal component, T=(T;..., T;). In a space-time separable model,
the temporal progression of the response variable y for each area is achieved by either raising or
lowering the entire collective trend. Each regional trend runs in parallel with one another, aligning to

the same pattern as the overall trend T relatively.

However, the situation will become somewhat different when using the multiplication structure.
Think about the scenario where you're modelling a collection of continuous outcome data by

employing a normal distribution as the probability model.

Yie ~ N, 0%)
tie = a+ (S; X Ty) (3.15)

The implication on the time trends in small areas would be complex, as it is influenced by the product
of S and T. The time trend in each area could either compress (for 0<S<1) or elongate (for S > 1) the
general overall pattern of change along the response variable positioned on the y-axis. And when S =
1, that specific area precisely follows the overall trend. However, when S< 0, the resulting trend in
that area diverges from the overall pattern in the opposite direction. So, using an additive structure

will result in a decrease in the model's interpretability. Another reason is that, when modelling count
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data, it is easier to interpret the two components with the additive structure either on the log scale (for
Poisson likelihood) or the logit scale (for binomial likelihood). They are interpreted differently in two

scales.

Additive refers to the process of combining both components on the logarithmic or logit scale by
addition (Hastie & Friedman, 2009). Combining the two components on the logarithmic scale through

addition is the same as merging the two components multiplicatively on the exponential scale. Like

0;c = exp(a) xexp (S;) xexp (Ty).

When Poisson likelihood is used

Yt ~ Poisson(4;;)
Aie =10y
log(0;t) =a+S; +T; (3.16)

The interpretations of exp (S;) and exp (T;) could be considered as the rate ratio or relative risk. If
exp (S;)>1 is greater than 1, it implies a higher rate (or risk) in area 1 when compared to the overall

average.

When Binomial likelihood is used

Yit ~ Binomial (n;, 6;;)

logit(@it) =a+ Si + Tt (317)

The interpretation of exp (S;) could be considered as the odds ratios. For instance, exp (S;)>1 indicates
that the likelihood of an event occurring in area i is higher compared to the likelihood for the entire
study region. In fact, the multiplicative formulation of (Si *Tt) could be seen as an interaction
structure between space and time, but it is not for spatial and temporal main effects. According to this,
it is not recommended to involve only a spatial-temporal interaction structure but without spatial and

temporal main effects, respectively (Haining &Li, 2020). That is to say, when you want to include
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both spatial and temporal interaction effects in the model, you should also include the main effects

simultaneously. Taking the Poisson likelihood as an example, it should be:

lOg(Bit) =a+ Si + Tt + (Sl * Tt)
However
log(0;r) = a+ (S; *T;)

This is not recommended.

In summary, the additive model will serve as a consistent form of hierarchical Bayesian
spatiotemporal models to combine the space and time structure (Gelman et al., 2013). This would be
consistently utilized in this thesis. At the same time, this is also the most mainstream approach. But
here's what we should note: the constraint of this model is that it is based on the strict assumption of
separability of time and space. The spatial pattern at all time points is the same, and all spatial
observations in different regions share the same time trend pattern (Haining and Li, 2020). Of course,
such an assumption is strict and unreasonable, which brings us to the spatio-temporal interaction

variables we will introduce next.

3.7.2 The Space-Time Separable Modelling Framework

There are two frameworks in the hierarchical model used for spatiotemporal modelling. They could
be divided into separable and inseparable models according to whether they contain a spatiotemporal
interaction structure (Knorr-Held, 2000). In the separable model, there are two sets of terms: one is
for capturing spatial structure, and another is for temporal structure. Naturally, there is an additional

spatial-temporal interaction in the non-separable model.

For Space-Time Separable Modelling, it is like
vt ~ Poisson(4;;)
Ait = NP

log(pit) = Nt
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N =a+S; +T; (3.18)
Si=U;+V;
Ti=ve+ ¢
Where:
a 1is the intercept.
S;=81,5,,...Sy is for spatial component. U; and V; are spatially structured and unstructured
component respectively.
T,=T,,T,,..Tr is for temporal component. y, and ¢, are temporally structured effect and

unstructured effect respectively.

For temporally structured effect, we can set it followed by random walk or autoregressive with order
1 or 2 respectively.

For random walk:

Ve | Ye—1 ~ Normal(y;_4,0?)

Ve | Ye-1,Ye—2 ~ Normal(2y,_1 + ¥¢—2,07)

For autoregressive:
Ye | Y¢e—1 ~ Normal(c + myy;_4, %)

Ye | Ye—1,Ve—2 ~ Normal(c + myy,_; + myy;_,, 02)

The spatially and temporally unstructured random effect V; and ¢, are often given by a zero mean
gaussian with exchangeable (vague) prior ¢,~N (0, a?). The advantage of using vague priors is that
the data dominates the inference process and form a data-driven estimation (Carlin and Louis, 2000;
MacNab, 2022), allowing the data to have a stronger influence on the estimation of the variance

parameter.
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3.7.3 The Space-Time Inseparable Modelling Framework --Space—time

interactions

In hierarchical models, it's easy to add a structure & to describe the spatiotemporal interaction term,
transforming the model into a spatiotemporally inseparable model. This can eliminate the previously

stringent assumptions, and the model could be used in a flexible way. It is like:

Nie=a+S;+y.+ ¢+ (3.19)
Where:

8;; spatiotemporal interaction term of area i and time point j.

The definition of other variables does not change.

The spatial-temporal interaction which is used to explain the different temporal trend for different
areas or the different spatial trend for different time point. Knorr-Held (2000) propose a way on
establishing the space-time interaction. There are four different definition of space-time dependence
structures matrix for modelling the N X T (N areas and T time points) parameters in the space-time
interaction component, 6 = (&811,...,, 017, Oy1,. Oyr). The interaction matrix Mg is the
spatiotemporal structure matrix which could be factorized by Kronecker product into the structure
matrix of the main effects that interact with one another, which identifying the type of temporal and/or
spatial dependence between the elements of §. & here follows a Gaussian distribution with a

precision matrix given by TsMg,where Tg is an unknown scalar (Knorr-Held, 2000).

Type It
In Type I, all parameters &;; of dependence structures are similar wherever from any spatial-

temporal point. The interaction parameter 6 is consist of two unstructured effects: S; spatially

unstructured and ¢, temporally unstructured effects. So, the structured matrix is:
M 5= M v ® M ¢-

Type I space-time interaction is the simplest of the four, it indicates that different configurations of
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spatiotemporal parameters don't influence the determination of spatiotemporal dependency structures.
In other words, regardless of whether spatiotemporal units (i, t) are close in time to (i, t+1) or (i, t-1),

or are adjacent in space to (j, t), they do not participate in determining the spatiotemporal dependency

structure. In this model, space-time interaction in type 1 assumes that after factoring in the main

spatial and temporal effects, the residual variations in space-time don't display smooth changes across
either space or time. Alternatively, if this spatiotemporal effect is used to capture residuals, the

residual does not have any spatiotemporal structure.

Type II:

The dependence structure 6 under type I, the temporal parameters in each area 1, 8;,.7=8;; 6;r,are
assumed to be temporally structured. But the time trends in different regions (even adjacent regions)
are independent. The interaction parameter 6 is consist of temporally unstructured effects and a
spatially unstructured effect. So, the structured matrix Ms= M, Q@ My.

Spatial-temporal interaction in type 2 assumes that spatial effects are localised, i.e., each area is
not associated with any other area. When information regarding these localized risk factors is
unavailable, the space-time interaction parameters could serve as substitute measures for these effects.
This is because The Type 11 dependence structure is well-suited for capturing unique and specific time
trends in local areas that stem from highly localized risk factors without spatial spread (Haining and

Li, 2020).

Type 111

The dependence structure 6 under type III, the area-specific parameters in each time point t,
81.1:=61¢ Oy, are assumed to be spatially structured. But the spatial patterns at different time points
(even adjacent time points) like §;; and &;;,1/8;;_; are independent. The interaction parameter &

is consist of an unstructured temporal effect ¢, and a spatially structured main effect U;. So, the
structured matrix Ms=My; & M

Consequently, within this model, after considering both main temporal and spatial effects, each
time point exhibits a distinct spatial pattern. In other words, the spatiotemporal interaction used to

capture the residual in the model, representing unobserved risk factors, still demonstrates a spatial
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structure. However, there is no predetermined temporal pattern. For instance, at a specific time point,
't,' departures from the overall spatial main effect often occur within nearby geographical regions, and
this spatial structure does not persist into the subsequent time point. Therefore, models including type
IIT are generally suitable for a broader time span, as modelling demands less precision in time (only

involving global temporal effects (Haining and Li, 2020)).

TypeIV:

The dependence structure for  is no longer just over time (as in II) or just over space (as in III)
but is fully dependent on space and time. The interaction parameter 6 is consist of two structured
effects: S; spatially and ¢, temporally structured effects respectively. So, the structured matrix
Ms= M, & M,

Under this structure, each spatial-temporal interaction &;; is not only rely on its spatial neighbour
8j; (areaj is assumed to be adjacent to area i.) also rely on its temporal neighbour 8;¢41/8;;—1. This
can basically be understood as ttemporal dependency structure for each area is not independent from
all the other areas anymore but depends on the temporal pattern of the neighboring areas as well.
Spatial dependency structure at each time point is not independent from all periods anymore but

depends on the spatial pattern at the adjacent time points.
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Chapter 4
Case study of the Campylobacteriosis in
Manawatu, New Zealand

4.1 Introduction

Campylobacteriosis stands out as the most frequently reported notifiable infectious disease in New
Zealand, happened in numerous other nations (SPENCER et al, 2012). This study focuses on
Campylobacteriosis cases using more than ten years of recent data from March 2005 to 2016 across
1834 mesh blocks within 36 subregions in the Manawatu region of New Zealand. The original
epidemiological data have high precision regarding geographic location but typically come with high
confidentiality. Therefore, when they are disclosed, they are aggregated to a larger geographic level.
Here, the Campylobacteriosis data are recorded at the mesh block level, and we aggregate mesh

blocks into regions (larger geographic units), totaling 36 regions.
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Figure 4.1 A) Records by the mesh blocks. B) Records by the regions
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Then, spatial/spatio-temporal statistical models are used for smoothing. We will use the INLA method
for Bayesian computing of the original BYM (the Besag, York, Molli¢) model, the spatial-temporal
model with ICAR structure, and the ecological model. The rough expected number of cases is the
number of cases that would occur in a community if the disease rate in a more extensive reference
population (usually the state or country) happened in that community. So, n;, the population size of

people at risk of each region is calculated by:

iz1 0
ng =m; 36 (41)

i=1 My

Where m; is the number of people of region i and O; is the number of observed cases. This is a
coarse one, and ideally, is to use the age-sex-standardised group to calculate the expected number.
The comparison of the risk of the regions is done by relative risk (RR). The relative risk (RR) is

calculated by using observed cases divided by the expected cases.
Relative Risk (RR)=0Observed / Expected cases

In addition, we also consider some covariates in the model, which are typically believed to be
related to the response variable (here, it is the relative risk of Campylobacteriosis). Since
campylobacter can colonize farm animals (cattle and sheep), it is widely present in most warm-
blooded animals (Hoque et al., 2021). In this study, we added the per capita farm numbers, sheep
density, and Social Deprivation Index (SDI) values for 36 regions as covariates. This study serves as

a study of the quantifying risk of environmental exposures.
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Figure 4.2 Dairy Cattle Density

2.577586 - 3.596154
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. 315288 - 8.928105

Figure 4.3 Social Deprivation Index (SDI)
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Figure 4.4 Sheep Density

The three covariates all exhibit a clear spatial pattern. In terms of per capita farm quantity, the number
of farms per capita in urban areas is generally low, while it is relatively high in other areas. The Social
Deprivation Index (SDI) values in urban areas are relatively high and relatively low in places farther
from urban areas. Some distinct features can also be observed in the per capita sheep ownership. The
per capita sheep quantity in urban areas is relatively low. At the same time, it can be observed that in
the southwest direction of this region, the per capita sheep quantity is also relatively low. It can be
seen that these three covariates all exhibit distinct urban/rural characteristics. So, we suspect that most
of the other effects are probably just an urban/rural effect. We will also consider the urban/rural

indicator.
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Figure 4.5 Urban/Rural Indicator

4.2 Spatial Modelling

4.2.1 BYM Modelling

First, let's consider the most basic BYM model. Bayesian models like the Besag-York-Mollie (BYM)
model for small-area spatiotemporal modelling can effectively investigate regions of high risk for

Campylobacteriosis and evaluate the joint role of sociodemographics.

55



y; ~ Possion(4;)
Ai = Tligi
log (6;)) = a+u; +v; (4.3)

Where a quantifies the average incidence rate of all study areas. u is the spatially structured
residual, modelled using the ICAR specification and v is the unstructured residual modelled using
exchangeability among the 32 boroughs. The excepted number of cases A; which is the mean of

Poisson is defined by the rate 6; and the population size n;.

Figure 4.6 Posterior mean of the relative risks (RR=exp (u; + v;)) of each subregion compared with

the whole Manawatu.
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0.0027

Figure 4.7 Posterior probability for the relative risk shown in figure 3.5 larger than 1:

p(RR; > 11y)

4.2.2 Ecological Model

Then, we consider incorporating explanatory variables into the model, transforming it into ecological

regression. All covariates have been standardized before being added to the model.

The ecological regression models can be specified as

y; ~ Possion(4;)
/11' = ni9i
lOg (91) = a+ ﬁimi + Uu; + v; (44)
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Figure 4.8 Posterior mean for the areas specific relative risk (RR=exp (S; + U;)) compared with the

whole Manawatu in ecological regression.
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Figure 4.9 Posterior probability for the relative risk shown in figure 3.5 larger than 1 in ecological

regression: p(RR; > 11y)

Table 4.1 Summary statistics of the ecological regression model, there are posterior mean, posterior

standard deviation (SD) and the 95% confidence interval for the explanatory variables.

Mean Sd 0.025 0.5 0.975

Intercept -0.0641 0.0456 -0.1541 -0.0641 0.0257

SHEEP -0.2682 0.0783 -0.4236 -0.2678 -0.1151
DAIRY -0.0158 0.0418 -0.0985 -0.0158 0.0667
SDI -0.0707 0.0517 -0.1727 -0.0707 | 0.0317

Urban/Rural | -0.0493 0.0647 -0.1774 -0.0491 0.0778

The fixed effects estimated by INLA are shown in the table above. We can see that covariate SHEEP
is significant at a 95% confidence level because the sign doesn't change. All covariates were
negatively correlated with the risk of infection with Campylobacter, where the number of sheep in
the region is strongly associated with the risk of infection with Campylobacter. The posterior mean
of the corresponding regression coefficient is -0.2682. At the standardized scale, the number of sheep
is related to a reduction of 23.52% in the risk of infection with Campylobacter. DAIRY, which is the
number of dairies, SDI (Socioeconomic Deprivation Indexes), and Urban-Rural indicators, have a

weak association with the risk of infection with Campylobacter.

4.2.3 Model Comparison

Recall the Bayesian model comparison introduced in 2.4.2. We compare the following models
according to the indicators shown in the table 3.1.

Ecological model 1: B;m;= Intercept+ Sheep Density + Dairy Cattle Density + SDI

Ecological model 2: f;m;= Intercept+ Sheep Density + Dairy Cattle Density + SDI+ Urban/Rural
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Table 4.2 A Comparison of the original and ecological model using DIC, and WAIC

Model D pD DIC WAIC pWAIC
BYM model 234.93 22.11 257.04 258.97 18.27
Ecological 237.96 17.08 255.04 257.71 15.82
model 1

Ecological 231.9 20.91 252.81 253.79 16.62
model 2

DIC is the deviance information criterion, a hierarchical modeling generalization of the Akaike
information criterion (AIC). It is especially useful in Bayesian model selection, and generally, the
smaller the value of the deviation information criterion DIC, the better the model. WAIC is short for
Widely Applicable (or Watanabe-Akaike) Information Criterion (Watanabe and Opper 2010), as DIC,
the smaller the WAIC value, the better the model. pD and pWAIC values are the effective number
of parameters which are used to measure the model complexity. Compared to the original BY M model,
smaller DIC and WAIC values and smaller pD and pWAIC values are all observed in the ecological
model. Considering both the goodness of fit and the level of model complexity suggests that the
observed data more strongly supports the ecological model. This reaffirms the necessity of including
covariates (explanatory variables). However, the differences in the DIC and WAIC values between
the two models are less than 5, and the difference in the goodness of fit between them is also

insignificant.

When we incorporate another covariate, the Urban/Rural indicator, into the model, which is
ecological model 2, both DIC and WAIC values decrease significantly. Compared to the original
model, the difference is close to 5, indicating that the goodness of fit is significant. So, incorporating
Urban/Rural is essential. Since the number of covariates added in this model is small, they possess
relatively pronounced spatial characteristics, especially the SDI and Dairy covariates, which exhibit
apparent and correlated spatial features. We need to be cautious of the decline in model performance

due to spatial confounding. Therefore, we attempt to do a variable selection on the covariates in the
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model. These are potential models:

For single covariate

Model 1: SDI
Model 2: Dairy Cattle Density

Model 3: Sheep Density

Model 4: Urban/Rural Indicator

Due to the significant influence of Urban/Rural, it seems explain most of the spatial patterns.

Therefore, we consider the following models with two covariates:

Model 5: SDI+ Urban/Rural Indicator
Model 6: Dairy Cattle Density + Urban/Rural Indicator

Model 7: Sheep Density + Urban/Rural Indicator

Table 4.3 A Comparison of the model 1-7 using DIC, and WAIC

Model D pD DIC WAIC pWAIC
Model 1 233.72 23 256.72 258.04 18.36
Model 2 234.6 22.80 257.40 258.98 18.47
Model 3 232.45 19.48 251.93 252.79 15.98
Model 4 233.8 21.98 255.78 257.54 17.99
Model 5 233.18 22.78 255.96 257.47 18.29
Model 6 233.37 22.73 256.10 257.50 18.20
Model 7 231.65 20.17 251.82 252.98 16.26

We know that the full model (ecological model 2 (with four covariates)) has a significant performance

improvement compared to the original model. Among the models mentioned above, Model 3 and
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Model 7 have the lowest DIC values. Compared to the full model, the DIC values of these two models
all show a little decrease, indicating better model performance. This suggests that confounding in the
covariates does affect model performance. Especially SDI, Urban/Rural indicator, and dairy cattle
density. When our goal is to estimate the effects of covariates, or when the covariates vary over time,
meaning they are not fixed in the study, we should be more cautious when adding covariates to the

model.

4.3 Spatial-Temporal Modelling
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Figure 4.10 Time series plots of the RR (relative risk) of the 36 regions in Manawatu of 10 time

periods.

It can be seen that each region exhibits different patterns of change, and the magnitude of change
varies. Therefore, it is necessary to expand the original spatial model into a spatiotemporal model in

order to achieve modelling at a higher temporal resolution.

We will use the four spatiotemporal interaction dependency modes (Knorr-Hold, 2000) to create

spatiotemporal interaction variables &;; and apply them to spatial-temporal modeling of

ij
Campylobacteriosis cases in the Manawatu region of New Zealand during the period Mar 2005-
Sep,2016. We divide the entire research time into ten equal parts, and each period is about a year and
a half long. The spatio-temporal interactions are plotted in the following figures. In this study, the

temporal structure is set by RW2. From left to right, the first row, represents periods 1-5 respectively,

and the second row represents periods 6-10 respectively. The function is shown in Eq 3.21.

Type ]
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-0.01-0.01
0.01-1

63



Figure 4.11 Posterior mean of the spatio-temporal interaction &;; for Campylobacteriosis cases at

each period in the Manawatu under the type I
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Figure 4.12 Posterior mean of the spatio-temporal interaction 6;; for Campylobacteriosis cases in

the Manawatu under the type 11
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Figure 4.13 Posterior mean of the spatio-temporal interaction 6;; for Campylobacteriosis cases in

the Manawatu under the type I11
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Figure 4.14 Posterior mean of the spatio-temporal interaction §;; for Campylobacteriosis cases in
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the Manawatu under the type IV.

The model in pattern 1 has the least clear spatial-temporal pattern. We cannot observe any apparent
differences, which clearly demonstrates that the assumption that different configurations of
spatiotemporal parameters don't influence the determination of spatiotemporal dependency structures
is unreasonable here. Compared to Pattern 1, Patterns 2, 3, and 4 have clear spatial patterns. Patterns

2 and 3 are very similar, while Pattern 4 is slightly different.

We calculate the mean of the above results by region and year according to four spatiotemporal

interaction variables respectively.
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Figure 4.15 Bar plots of the averaged spatio-temporal interaction by year.

By region:
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Figure 4.16 The averaged spatio-temporal interaction value by region.
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From the years, it can be seen that except for type I, in types I, III, and IV, the spatiotemporal
alternation variable reaches its peak in the 9th period and its lowest point in the 4th period. From the
regions, it can be observed that the darker the colour, the higher the value of the spatiotemporal
interaction variable. Except for type I, types II, III, and IV shared similar spatial patterns for the
spatiotemporal interaction variables and only slight differences in values. We should pay more

attention to these regions with high values, which means they have high relative risk.
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Chapter 5
Spatial Point Process Models

In this chapter, we focus on introducing Bayesian statistical models applied to spatial point processes.
Spatial point data can be classified into point pattern data and point reference data (Cressie,1993). In
point pattern data, we introduced the log-Gaussian Cox model, which is used in spatial epidemiology
to analyze the spatial distribution of case events. It is an extension of the Cox proportional hazards
model, often used for survival analysis (Simpson et al., 2016). Point reference data could follow a
continuous distribution, such as the Gaussian distribution. It can also follow a discrete distribution,
such as the Poisson or binomial distribution. We first introduced the linear spatial geostatistical model,
suitable for response variables mutually independent of Gaussian conditional distributions. Then,
with the help of the generalized linear model, we expand the linear geostatistical models to the
generalized linear geostatistical model, which is used to model independent non-Gaussian
measurements at different locations. We extensively discussed the Poisson and binomial distributions,
which are very practical in spatial epidemiological research. Finally, we introduced using SPDE
methods to establish Gaussian random fields for continuous fields. SPDE methods represent Gaussian
random fields as solutions to stochastic partial differential equations, allowing for flexible modeling
of Gaussian random fields and simultaneously using INLA for Bayesian posterior inference, offering
computational advantages. In the next chapter, we present a non-stationary linear geostatistical model
in a case study involving the creation of a non-stationary Gaussian spatial field using the SPDE
method. More details about the spatial point process in epidemiology can be found in Diggle (2013a),
Diggle (2019), and Lawson et al. (2016). More details about the INLA-SPDE method can be found
in Krainski et al. (2018).
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5.1 Epidemiological Data with Specific Location

In recent years, there have been significant improvements in applying Bayesian models to small area
(lattice) count data. This is partly due to the availability and accessibility of such data and its ready
application (Lawson et al., 2016), as we described in the previous chapter. However, there has yet to
be much progress in creating equivalent or similar models specifically for point pattern data. Point
pattern data in epidemiology, also known as case event data, is found where a point location represents
the residential address of a case of disease (Cressie, 1993). Conventionally, epidemiological studies
typically focused on spatial risk factors at broader geographic levels, like comparing disease risk
estimates across various countries or within administratively defined regions. If the information
available for cases is limited to a postal code, zip code, or other arbitrary area, typically, only the
disease count within that specific area can be analyzed. This is because, in general, the scale of postal
or census regions is relatively large, and the point-referenced or point pattern data are found where

studies focus on relatively small spatial windows (Diggle, 2013).

However, with the emergence of more precise postal code systems and the incorporation of postal
code details regarding the place of birthplace, residence, or death into disease registries and census
data, it became possible to account for much more detailed spatial variations patterns in disease risk
(Diggle, 2013). For example, in the UK, they have Lower Super Output Areas (LSOAs), which are
geographic hierarchies designed by the Office for National Statistics (ONS) to improve the reporting
of small area statistics in England and Wales. In urban areas, the code system is theoretically precise
enough to designate a specific street (Pearce et al., 2007). Therefore, individual studies focusing on
case-event data and applying spatial point process concepts in epidemiological data analysis have
been carried out, particularly in examining the observed disease pattern concerning potential
environmental risks. However, it still faces some challenges, including the following: 1. Assigning
individuals to a specific location is just a convenient mathematical assumption. 2. When ecological
regression involving covariates is performed, covariates with the same high spatial resolution cannot
be obtained, because demographic factors are only accessible at a broader geographic level, such as

administrative regions. (Diggle, 2014).
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In addition to the point pattern data applied to individual studies, there is also a kind of count
data with specific location, which is the point reference data. Recalling how Cressie (1993) defined
point pattern data and point-referenced (geostatistical) data, as we introduced earlier in Chapter Three.
Both have specific geographic locations, and the difference lies in their observed attribution. We use
Z(s) which denotes the attribution that we observe at generic locations s. In point referenced data
(Geostatistical data), Z(s) could be any kind of observed data, in each site s;, Z(s;) could be a
continuous distribution, such as a Gaussian distribution. It can also be a discrete distribution, like the
Poisson distribution, suitable for rare events, and binomial distribution is available for non-rare events.
They are practical in epidemiological research. However, in point pattern data, Z(s) takes a simpler
form and usually the value equal to one, which means the occurrence of random case or event. Case
event data has higher spatial resolution than count data; simply put, count data are a spatially

aggregated form of case event data.

In Bayesian modeling of count data, defining spatial contiguity by employing a spatial weight
matrix is often necessary. However, when point locations are available, an entirely different form of
analysis method must be performed (Diggle, 2019). So, in this chapter, we will introduce the Bayesian
approaches for spatial epidemic modeling methods based on point pattern data and point-referenced

data, respectively.

5.2 Point Pattern Data

5.2.1 Frequentist Approaches for Point Pattern Data

Here briefly introduce a frequentist method for point pattern data analysis, the most representative of
which is the HEPP model. Heterogeneous Poisson Process (HEPP) techniques proposed by Lawson
(1993) provide a way of modeling the spatial distribution of point events. Based on the
Epidemiological research, the HEPP model is restricted to three assumptions (Pfeiffer et al., 2008):
1. Case events are distinctive as they happen as single, spatially separate events.

2. Individuals in a defined study population exhibit independent behavior regarding their disease

susceptibility.
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3. From which cases emerge, the population at risk demonstrates a continuous spatial distribution.

Point pattern data models aim to measure how a group of explanatory factors impacts the presence of
events across a study area, considering the spatial interdependence involved. Usually, these methods
have been used in scenarios involving potential hazard sources, where the count of disease
occurrences within a specified period and the spatial distribution of cases concerning a presumed

hazard are examined in a study area (Lawson, 2018).

5.2.1.1 Computational Method

“splancs” (Bivand et al., 2017) from the R library in software R provides computation for the hybrid
model of Lawson and Williams (1994) and the binary regression model of Diggle and Rowlingson
(1994) by direct maximum likelihood methods. SpatStat from the R library in software R provides
computation for a variety of point process models (Baddeley and Turner, 2000, 2003) by a novel
integral approximation method proposed by Berman and Turner (1992), which involves using the
Dirichlet tile areas or associated Delauney triangle areas of data points as weights in the
approximation. The computation of most of these kinds of likelihood parameter estimations is done

by using MCMC.

5.2.2 Bayesian Approaches for Point Pattern Data

The Bayesian approach can also be applied in point pattern process modelling. There is an approach
to apply geostatistical modelling methods to point pattern data. As discussed earlier, the definitions
of these two types of spatial data are very similar, with the only distinction being that point pattern
data has a simpler observed attribution (Cressie, 1993). Therefore, applying geostatistical modelling
methods (to be introduced in the next chapter) to point pattern data is also natural. We will also discuss
the Log-Gaussian Cox Processes (Moller, Syversveen, and Waagepetersen, 1998), a commonly used

Bayesian model for analyzing spatial point pattern data.
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5.2.2.1 Log-Gaussian Cox Process Approaches

The log-Cox point process model refers to the log intensity of a Cox process, which is characterized
by a Gaussian linear predictor. When the log-Cox process is specifically modeled with a Gaussian
linear predictor, it is recognized as a log-Gaussian Cox process (LGCP) (Mgller et al. in 1998). A Cox
process is just a name for a Poisson process with varying intensity, and it is still followed by a Poisson
likelihood. It is a hierarchical combination of a Poisson process at the first level and a Gaussian

Process at the second level.
The Cox process is a Poisson process with intensity A(s) that varies in space. Given some area A, the

probability of observing a certain number of points in that area follows a Poisson distribution with

intensity:
Ay = f A(s)ds (5.1)
A
The intensity of the LGCP could be modeled as:

log(A(s)) = a + X(s)B + S(s) (5.2)

Where a serves as the intercept and can be seen as a global average value, like the basic intensity
on the spatial process. S(s) a spatially structured random effect. X(s) is the covariates vector at

position s and £ is the regression coefficient vector.

An alternative Cox process model is short-noise cox process (SNCPs) (Mgller, 2003). S(s) which

is a Gaussian spatial process with Matérn covariance and zero mean like:

Cov[S(s),S(s + h)] = 02 Matérn <%,v> (5.3)

73



where ¢,and v are the range and roughness parameters respectively. |h| is the Euclidean distance
between two points on the ground. In SNCPs, (s) is the sum of basic functions with random centers.
This is a rich class of Cox process models which includes Neyman-Scoot process, Poisson-Gamma

process, and short noise Cox process as special case (Mgller, 2003).

Discrete spatial models are typically constructed using aggregated data, assuming a constant risk
within census areas and overlooking the specific locations of individual cases. One of the principles
of disease modeling is that when particular locations are known, the use of aggregated data should be
avoided. The log-Gaussian process is the natural extension of the Besag-York-Molli’e (BYM) model,
commonly employed in discrete spatial modeling. Therefore, when precise geographic locations are
available, modeling with LGCP becomes more natural. Considering this characteristic, a series of
articles have discussed this approach. Li et al. (2012) presented an example of modeling rare disease
data by the log-Gaussian Cox model in the scenario of the population census areas that keep changing
during the study period. Diggle et al. (2019) described the log-Gaussian Cox processes (LGCPs) as
frameworks for representing spatial and spatiotemporal point process data. They modeled a set of
data using discrete spatial models and LGCP models, respectively. Konstantinoudis et al. (2020)
employed actual residential locations to mimic the incidence rate and found that, in terms of

recovering risk surfaces and identifying high-risk areas, LGCPs models outperformed BYM models.

5.2.2.2 Computational Method

Log-Gaussian Cox processes fit naturally within the hierarchical modelling framework and are latent
Gaussian models. So, it is natural to perform the computation of LGCP by integrated nested Laplace
approximation (INLA) for fast approximate inference. Simpson et al. (2016) proposed a method in
their paper, "Going off-grid: computationally efficient inference for log-Gaussian Cox processes,"
which directly utilizes the Stochastic Partial Differential Equation (SPDE) for modeling log-Gaussian
Cox processes. With the ability to define a mesh flexibly, observations could be represented by
considering their precise locations rather than grouping them into cells. Meanwhile, this approach

could consider direct approximation with a good theoretical inference. The modelling could be done
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by R package “inlabru” (Yuan et al. 2017).

5.3 Point-Referenced (Geostatistical) Model

5.3.1 The linear Geostatistical Model

Each point within a study area could be considered as a mathematical function for set of individual
areas. The model for the response variable observed at each point can vary depending on its
characteristics (Pfeiffer et al., 2008). Meanwhile, the purpose of modeling is typically to describe data
and explain the variance present in the model. Usually, we choose mixture models for modeling,
which include both fixed variables and random variables. In spatial modeling, Gaussian random fields
are commonly added to the model as random variables with spatial structure. Consider the simplest

and most mainstream linear regression model:

Where:

Y; is the i-th response variable at location X;.

a is the overall intercept.

d(x;) is the value of explanatory variable associated with location x; ,and S is the corresponding
coefficient.

S(x;) and U; are spatially structured and unstructured random effects respectively. For S(x;), itis
Gaussian random fields. For Uj, it is mutually independent random variable followed by a zero mean

Gaussian distribution with the variance o?.

For a mixed effects model, what we need to do is specify the joint probability distribution of the
random variables. In the linear geostatistical model, it could be obtained by assuming conditional on
location X, and the corresponding variable Y; are mutually independent with Gaussian conditional

distributions and the multivariate Normal distribution is fully characterized by its mean vector and
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covariance matrix. In the model introduction stage, we uniformly consider using the simplest
stationary and isotropic Gaussian random field for S(x;). At the same time, we tend to assume that
the mean of each spatial random variable S(x;) is 0, because we are using a mixture model, and non-
zero mean is contributed by the fixed effects in the model. So, by defining the covariance function is
sufficient to fully specify any Gaussian process. So, The LGM (linear geostatistical model) obtained
conditional on location S with variable Y; are mutually independent with Gaussian conditional

distribution could be rewritten as (Lawson et al., 2016; Pfeiffer et al., 2008):

Yi | S(xl)lg ~ N[u(si)rrz]
u(s) = pd(s)" +SCx) + U;

cov[S(x;),S(x)] = a%p(w; P) (5.5)

We already know that the variance of the spatially structured component S, a stationary and isotropic
Gaussian random field, is only defined by the distance u. Additionally, we need to discuss the
variance of the spatially unstructured component U;, which follows a zero-mean Gaussian
distribution. Due to the uncertainty about the unstructured component, they are often assigned an

exchangeable prior during the modeling phase.

First, the residual component S(x;) + U; captures the variation in Y; which is not explained by
the explanatory variables X (s;)T. The variation in residuals is split into two parts: one displaying
spatial correlation, while the other does not exhibit such correlation. When the explanatory variables
we add lack spatial structure, the spatial structure of the response variable Y is entirely captured by
S(x;). Conversely, when all covariates explain the spatial structure of the response variable Y, the
spatial correlation S(x;) appears as a redundant component. Next, let's explain the random variable
U;, people refer to this unstructured random variable as nugget effect and provides two explanations
for its uncertain (Diggle, 2019; Cressie,1993), either as spatial variation at a level smaller than the
shortest observed distance or as intrinsic random variation caused by measurement error. Intrinsic
random variation caused by measurement error is easy to understand. It is a kind of inevitable error.

In terms of spatial variation, describing spatial variation on a scale smaller than the minimum
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observed distance be clarified by defining U as a spatial process U(x), so

T2 Nx—=x'=0

?2ab(u) :llx—x'l >0

CovilU(x), U(x')} = { (5.6)

Where &(u) is a correlation function, and 0 < a < 1. u is the Euclidean distance between locations
x and x’, and

6(u) =0 Whenu > u,

If the smallest distance between any two data points location x; and x; is larger or equal to u,, the
correlation between any two values U(x;) and U(x;) is zero. So, when Z is uncorrelated Gaussian
noise with no spatial structure, the likelihood of this model would not change. It can also be
understood that at this point, due to a sufficiently large spatial distance, the variation is captured by
the Gaussian random field S(x;). As Diggle (2019) said, it's impossible to identify the parameter «
and the correlation function unless the data includes pairs of sampling locations whose Euclidean
distance u is smaller than u, or multiple separate measurements at the same location. This is called
nugget effect, which indicates the variable being analyzed has short scale variability that is random
and unpredictable (Stein, 2012; Diggle, 2019; Cressie,1993). In traditional geostatistics,
understanding the nugget effect is crucial for determining the optimal sampling points (Stein, 2012;
Cressie,1993). Therefore, U; is involved in the model to capture the unstructured variation which is
caused by the effects of unmeasured explanatory variables that either have no spatial structure or have

spatial structure but could not be identified because of the nugget effect (Diggle, 2019).

5.3.2 Generalized Linear Model

The Generalized Linear Model (GLM) was initially introduced and developed by John Nelder and
Robert Wedderburn in the 1972 (Nelder and Wedderburn, 1972). GLM extends traditional linear
regression models by utilizing a linear predictor (composed of a linear combination of predictors) and
mapping this linear predictor to the range of the response variable through a link function, providing

a framework for modeling and analyzing data where the distribution of the response variable could
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be different probability distributions, such as Poisson distribution, binomial distribution, etc., and
does not need to follow a normal distribution. These types of distribution is useful in epidemic

modeling.

Aregression that has a binary response variable is one of many generalized linear models and is called
a logistic regression or a logit model. Recall a generalized linear model is made of a linear predictor

and link function:

gu) = Bo + P1 X1 + -+ B X, (5.7)
The left g(.) is link function, and the right is linear component.

We first move the probabilities p; to the odds. And then take logarithms, calculating the logit or log-

odds, we get:

For Binomial:

gu) = logit(u;) = log (f%ﬂ) (5.8)

For Poisson:

g () = log(uy) (5.9)

So, the generalized linear model for Binomial and Poisson distribution could be written like:

log{1 fipi} = d(x;)

Y ~ Binomial(n, p;) (5.10)
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log {A;} = d(x;)
Y; ~ Poisson(A;) (5.11)

5.3.3 Generalized Linear Geostatistical Model

We have obtained binomial and Poisson link functions in generalized linear models. Naturally, we
can apply them to replace the identity link function of the linear Geostatistical Model, then we get

generalized linear geostatistical models with Possion and binomial likelihood.

1) Binomial likelihood

In epidemiology, the binomial distribution is often used to model the outcome of events with a fixed
probability (e.g., infection rate) following exposure or transmission in a population (e.g., number of

infected individuals).

Diggle and Giorgi (2019) illustrate a common scenario, in low-to-middle-income-countries (LMICs)
where disease registries are either absent or lacking in geographic completeness, household surveys
are a practical and valuable method for tracking the impact of infectious diseases. The format of the
data sets produced in such studies can be represented as follows: x represents the position of a
selected community or village within the population being studied. n; represents the count of
individuals who are chosen and examined to ascertain the presence or absence of the disease under
the survey. Y; represents the number of people whose result of testing are positive. A suitable model
for the distribution of Y; getting from sampling is a Binomial distribution with n; attempts with a
positive test probability p(x;). The Y; form a collection of independent Bernoulli trials and random
variables are a binary variable with only two values: 1 or 0. ¥; = 1 when the i-th individual tests

positive for the disease, and 0 for negative.
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log {13(—:;8(1)} =d(x)"B+S(x) + U; (5.12)

i=1,..,n

2) Poisson likelihood

In epidemiology, the Poisson distribution is commonly used to describe the distribution of rare events
(e.g., disease incidence) within a given time or space unit, such as describing the occurrence rate of
a disease in a specific area. The Poisson linear geostatistical model assumes that the random variables

Y; referenced to the location x; represent a collection of independent Poisson random variables.

log{A(x)} = d(x;)TB + S(x;) + U; (5.13)

i=1,..,n

5.4 INLA (Integrated Nested Laplace Approximation) with SPDE

(Stochastic partial differential equation) for geostatistics modelling.

Over the past decade, one of the most significant advancements in spatial statistics is the stochastic
partial differential equation (SPDE) method applied to Gaussian fields (GFs). The SPDE method in
geostatistics modelling is proposed by Lindgren et al. (2011). The main idea is to represent GFs with
the Matérn covariance function as finite element solutions to SPDEs by an explicit link between GFs
and GMRFs for r any triangulation of R%. This method reduces the computational cost of Bayesian
inference and sampling by a Gaussian Markov random field (GMRF) approximation. The explicit
construction of the GMRF representation involves utilizing a particular stochastic partial differential
equation (SPDE). This SPDE equation has GFs with Matérn covariance functions as solutions when
driven by Gaussian white noise. Approximation of the solution of the SPDE using a finite element
method (FEM), a numerical tool for solving partial differential equations. This method yields a
computationally efficient solution for inference by substituting a GRF with a dense covariance matrix

with a GMREF that operates with a sparse precision matrix. Based on this method, it is easy to extant
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a non-stationary model, which is for the covariates to be added to the model. Moreover, it can create
separable and non-separable spatial-temporal interaction structures to achieve spatial-temporal
modeling (Lindgren et al., 2022). More details could be found at Lindgren et al (2011) and Blangiardo,
M., & Cameletti, M. (2015).

5.4.1 SPDE

The Matérn covariance function is commonly used in diverse scientific domains, especially as a
widely used spatial covariance function. However, the key connection we will discuss is that a
Gaussian random field (GFs) featuring the Matérn covariance serves as a solution to the linear
fractional stochastic partial differential equation (SPDE). This is the work of Whittle (1954, 1963),

which is also the original idea of SPDE comes from:

(k2 — AZ(X(s) = W(s)
(5.14)

It a Gaussian random field with Matérn covariance function, where s € R%, t controls the variance,

k is a positive scale parameter,
. : ]
A is the Laplacian, where A = Y% | Fyt
i
W(s) is a Gaussian spatial white noise process.

a
(k? — A)z is a pseudodifferential operator, using Fourier transform definition of the fractional

Laplacian in RY, it is like:
(F(e? - )70} () = (2 +HI k IDZ(FP®) (5.15)

And the marginal variance is:

o2 = re) (5.16)

[+ d/2)(4m)ZK?
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We shall name any solution to the equation above a Matérn field, and The Matérn fields are the only
stationary solutions to the SPDE. It's worth highlighting that as « or v approaches 0, the solutions to
the SPDE do not exhibit Matérn covariance functions. Despite this, the SPDE still admits solutions
when « or v equals to 0, resulting in well-defined random measures. More detail about this can be
seen in Appendix C.3 of Lindgren, (2011). The implicit assumption here involves having suitable
boundary conditions for the SPDE. This is because, for a.> 2, the null space of the differential operator

is non-trivial. The solution of this SPDE is the stationary GFs with Matérn covariance function given

by

2

o
C(u,v) = Z)LTF(V)

kllu—v DKk llu—vl)

(5.17)

where lu — vl is the spatial Euclidean distance between two generic locations u, and v € R%.
02 is the marginal variance.
K, denotes the modified Bessel function of the second kind and order A > 0 which is used to

describe the degree of smoothness.

The relationship between the model smoothness parameter A and the marginal variance o2 is

defined by here when for R? d=2 which is a two-dimensional plane.

A=a-—-1

2

W
" I'(a)(4m)K?A12

(5.18)

In R-INLA the default value for the smoothness parameter is a@ = 2, back to the marginal variance
function, d is equal to 2 and corresponding smoothness parameter A equal to 1. The default
representation for the SPDE parameters internally is log(t) = 8, and log(x) = 6,, where 6; and

0, are assigned a joint Normal independent distribution. More detail about prior specification can be
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found in Lindgren et al. (2011). r is the range of the Matérn covariance function, which is defined by

the smoothness parameter and the scale parameter r:

r(s) = @ (5.19)

and the covariance which is valid in stationary case is:
1

70) = I )

(5.20)

Afterward, given an SPDE, Lindgren et al. (2011) show how to examine the approach to estimate the
solution of the stochastic partial differential equation (SPDE) presented in the equation by employing
a finite element method (FEM). This numerical technique relies on a basis function representation
defined over a triangulated grid in three dimensions, serving as a computational tool for addressing
partial differential equations in the given domain. Here is the approximation way for the stationary

and isotropic Matérn GF &(s ) which represented as the solution of the SPDE:

G
) =D 9y (5.21)
g=1

G 1s the total number of vertices (nodes) of the triangulation (non-intersecting triangles).
& g Weights vector distributed by zero mean Gaussian.

@4 1s the set of basic functions defined on a triangulation of the domain. To obtain a Markov structure,

the basic functions are chosen to have a local support and to be piecewise linear in each triangle.

Using Neumann boundary conditions, the precision matrix Q for the weights vector g distributed

by zero mean Gaussian is given by:

Q = t2(k*C + 2xk*G + GC™16) (5.22)
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Where:

C is diagonal matrix C;; = [ ®g4(s)d(s), and G is sparse positive semi-definite matrix with G;; =

S Ve ()pg(s)d(s).
The precision matrix Q here depends on the parameters 7 and k.
The approximated solution to the SPDE &(s) is a GMRF followed by zero mean gaussian

distribution with precision matrix Q.

5.4.2 Non-stationary SPDE

Just as we mentioned earlier, there is a demand for modeling non-stationary models to deal with more
complex situations. A particularly remarkable expansion within the SPDE framework is its capacity
to model non-stationarity. Numerous practical applications demand the incorporation of non-
stationarity in the correlation function. One significant benefit of employing the SPDE approach lies
in its adaptability. Instead of relying on a covariance function, the characteristics of the random field
are described by an SPDE. This flexibility allows us to adjust the SPDE itself, rather than the
covariance function, facilitating the creation of Gaussian Random Fields (GRFs) with dependence
structures different from the stationary Matérn covariance. Another benefit is that the resulting non-
stationary Gaussian field becomes a Gaussian Markov random field (GMRF), which benefits more

flexibility, structure, and computational efficiency.

In geostatistical models, we typically tend to associate the variation in parameters, specifically

those related to non-stationarity, with spatial coordinates or positions. This way, we can incorporate
demographic variables that vary by region into the model. In the previous equation stationary SPDE,

the scale parameter k and the error variance 7 are constant in space (Eq. 5.19). Non-stationarity is
achieved when one or both parameters are not constant. This is a crucial part of implementing non-
stationary models. Generally, we have the flexibility to enable both parameters to depend on the

coordinate, which represents the continuous spatial field 's'. Therefore, we express Eq. 5.17 in this

context (Lindgren et al. 2011).
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a
(k*(s) = D)Z(2()X(s)) = W(s)
(5.23)
Especially noteworthy is when their variation with 's' occurs gradually. In a low dimensional

representation, it is like this:
2 2
loglk?(8)} = 5 BB (s),

log{z(s)} = Z BB (s) (5.24)

l

Where:

Bi(') (s) is the deterministic spatial smoothness basis functions over the study region.

By incorporating slowly varying parameters k2(s) and 7(s), the fundamental concept of equation
as a Matérn field remains consistent. However, the specific form of the non-stationary correlation
function achieved in a non-constant state is still being determined. This is because The SPDE
automatically handles the task of ‘combining all local Matérn fields into a consistent global field
(Lindgren,2011). Technically, introducing space-dependent T and k alters only the components of
the precision matrix @ in the Markov representation of the Gaussian Random Field (GRF). Rewrite

the formular 5.22, It should look like:

Q = T(K2CK? + K2G + GK? + GC™1G)T 5.25

Where T = diag(z(s;)), and K =diag(x(s;)). T is a diagonal matrix with elements

corresponding to 7 at the locations s;; K is a diagonal matrix with elements corresponding to k

at the locations s;. Each s; is a vertex in the mesh.

The relationship between the model parameters and the marginal variance given by (Eq 5.19) is
valid in the stationary case but not in the non-stationary case. By disregarding the spatial interaction
between the non-stationary parameter fields, we obtain nominal approximations. The relationship
between the model parameters and the marginal variance, as outlined in equation above, holds true

under stationary conditions but not in the non-stationary scenario. However, it is possible to achieve
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rough approximate values for the marginal variance and range by ignoring the spatial correlation
interaction among the non-stationary parameter fields. When a = 2, which is by default setting in

R-INLA, the approximation is like:

0% (s) ® ———— (5.26)

These approximations are valid for slowly varying x(s) and can be used for straightforward

interpretation of the parameters.

5.4.3 Space-Time Inseparable Framework

The space-time inseparable framework of geostatistical spatial-temporal modelling is still achieved
through an additive hierarchical model, as we talked about before, but it's worth noting that there are
two categories of spatiotemporal interaction variables. They fall into two categories according to

whether they are separable.

5.4.3.1 The First Category

As the spatial-temporal interaction structure in discrete spatial models was discussed earlier (Knorr-
Held 2000), we could still create a space-time inseparable modeling framework for point-referenced
data to be applied in hierarchical models. According to whether the spatial-temporal covariance
function of this interaction structure could be separable or not, they could be divided into two
categories. The first category is a separable space—time interaction structure, usually constructed as
Kronecker products, resulting in separable structures, where the space-time covariance function is a

product of a spatial and a temporal covariance function.
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In this kind of separable structure model, as illustrated by Cameletti et al. (2011), they modeled the
temporal dynamics as a spatially constant latent process. It can be expressed as the production of a

distinctly spatial and a distinctly temporal covariance function:
Sij = aSig-1) + $ij

0.2
lal < 1,S;; ~ Normal (0,@) (5.27)

¢ij is a zero-mean Gaussian field, assumed to be temporally independent and characterized by the

following spatial-temporal covariance function.

0 it 1+ 2
Cov(§ier, jez) = {Cov(fi, &) it -2 (5.28)
Where:
2
Cov(§, &) = W Gells; — ;102K (ells; — 5,10 (5.29)

It is the solution to SPDE with Matern covariance function as we mentioned previously.

In addition to the covariance function defined above, Cameletti et al. (2011) also introduced another

method:

COV(Eitl’fjtz) = Cov(|t1 — t2[)Cov(lls; — s;1I) (5.30)

Where:
|t1 — t2|, which is the temporal lag between time point t1 and t2.
The space-time correlation function factors into a purely temporal component and a purely spatial

component.
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5.4.3.2 The Second Category

The second category is inseparable (for covariance function) space—time interaction structure.
Although it is challenging to construct non-separable non-stationary covariance functions explicitly,
non-separable SPDE models can be obtained with relative ease using locally specified parameters.
The simplest non-separable Stochastic Partial Differential Equation (SPDE) suitable for the Gaussian

Markov Random Field (GMRF) method is the diffusion equation (Lindgren,2011).

d
{a_t +®*+m-V-V- HV)}x(s, t) = E(u,t) (5.31)
Where:

x(u, t) is Gaussian random field at location s and time t.

m is a transport direction vector

H is a positive definite diffusion matrix

E(u, t) is a stochastic space—time noise field.

It is evident that even with this stationary formulation, non-separable fields are generated, as

evidenced by the spatiotemporal power spectrum of the solution:

R,(K,w) = Re(K, ){(w + m-K)? + (x? + k- Hk)?}? (5.32)
Where:
R is a kind of covariance function, and w could be written as w(s, t), which is space-time white
noise. A Gaussian Markov Random Field (GMRF) representation can be derived by initially
employing the standard spatial approach and subsequently discretizing the interconnected system of
temporal stochastic differential equations, using methods such as Euler's method, for instance.
Allowing all the parameters to vary with location in space (and possibly in time) generates a large

class of non-separable nonstationary models (Lindgren, 2011).

More details about this method can be found in (Lindgren et al., 2020) and (Lindgren, 2011). They
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released a new R package, "INLAspacetime," which is friendly for users to create inseparable spatial-
temporal interaction based on the diffusion function. A non-separable space-time interaction can be
established using the Diffusion-based Extension of the Matern Field (DEMF). This involves Gaussian
Matern fields derived from a fractional and stochastic version of the physical diffusion equation
originally studied by Whittle (1954, 1963). There are two kinds of models based on the different
parameters of DEMF, and they are critical diffusion DEMF (1,2,1) and iterated diffusion DEMF
(2,2,0).
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Chapter 6
Case Study About the Aotearoa SARS-CoV-2

Wastewater Surveillance Programme

A case study, “A Bayesian spatio-temporal model for misaligned catchment wastewater

concentrations data of SARS-CoV-2 for community level surveillance.”
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A Bayesian Spatio-Temporal Model for Misaligned Catchment
Wastewater Concentrations Data of SARS-CoV-2 for Community Level

Surveillance

6.1 Introduction

Wastewater based epidemiology (WBE) monitoring, or sewer monitoring, refers to analyzing
wastewater to identify biological or chemical substances of interest to public health monitoring (Phil
M et al., 2018). Since the outbreak of COVID-19 in 2020, people have been exploring the possibility
of using wastewater viral concentration to monitor and predict the COVID-19 epidemic. This is
because COVID-19 is caused by SARS-CoV-2 (World Health Organization, 2021). The SARS-CoV-
2 RNA could be detected in the wastewater through bodily fluids (such as feces and urine) and
respiratory excretions from individuals who have contracted the COVID-19 virus, whether they are
symptomatic or asymptomatic (Jones et al., 2020; Wolfel et al., 2020). WBE has been acknowledged
as a cost-effective method for monitoring disease surveillance, implemented in many countries during
the COVID-19 pandemic (Manuel et al., 2022). Meanwhile, compared to traditional community
nucleic acid testing, WBE surveillance avoids its inherent selection bias (L1 et al., 2023). This means
that wastewater-based epidemiology (WBE) can be used as an effective tool to monitor COVID-19
infections at the community scale. The most important thing is that using wastewater data can help
the public health system predict a surge of COVID-19 cases in advance, which makes it more
significant (Hewitt et al., 2022; Medema et al., 2020). To assist public health responses to COVID-
19, wastewater-based epidemiology (WBE) is being utilized internationally to monitor SARS-Co V-
2 infections at the community level (Sims et al., 2020). Medema et al. (2020) from Kaderrichtlijn
Water (KRW) in the Netherlands reported the detection of SARS-CoV-2 in sewage on February 20,
3 weeks before the first Dutch case was reported. They proved that, even when COVID-19 prevalence
is low, viral RNA could be detected in sewage, and they show that monitoring the virus's spread in
the population through wastewater surveillance is a sensitive approach and could serve as an early

warning tool of (re)emergence of COVID-19 in cities. Later, others quantified the timeliness between
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wastewater signals and traditional epidemiological indicators. Peccia et al. (2020) used a linear model
to show that wastewater concentration can provide a warning for the potential outbreak of cases 4 to
7 days in advance. This demonstrated the effectiveness of wastewater as an early warning tool for
outbreaks. Nelson et al. (2022) came up with similar results but also found different lags in time
between wastewater loading and case reports across different areas. This may be related to the

different socio-demographic characteristics across the areas.

In Aotearoa, in 2020, the SARS-CoV-2 wastewater surveillance program was launched by the
Institute of Environmental Science and Research (ESR) to monitor and track potential cases of
COVID-19. This has aided Aotearoa's ability to identify potential outbreaks and is now being used to
track viral load in communities and monitor variants. Hewitt et al. (2022) estimated the total number
of COVID-19 cases required for the detection of SARS-CoV-2 RNA in wastewater and showed that
SARS-CoV-2 RNA detections at the wastewater treatment plants were associated with increasing
COVID-19 cases in corresponding regions of New Zealand. They also showed that predictions can
be made with wastewater even at low prevalence. Nicoll et al. (2022) used Auckland as an example
to discuss the feasibility and challenges of using wastewater epidemiology to monitor SARS-CoV-2
and predict potential outbreaks at a community scale. Some of the significant challenges are
population mobility and sampling design. Some people have done statistical modelling of wastewater
SARS-CoV-2 concentrations for prediction. Regarding temporal modelling, Vaughan et al. (2023) use
machine learning methods for time series forecasting the wastewater-based epidemiological data at
the community level. The results show that using time series to predict the virus concentration of
wastewater in the next period seems unreliable, and there are still many challenges. In terms of spatial-
temporal modelling, Li et al. (2023) established a spatial-temporal model that predicts wastewater
concentration at an acceptable spatial-temporal resolution covering the United Kingdom by R-INLA.
They also studied the relationship between changes in the wastewater viral concentration and the
prevalence rate, and they found that using weekly averaged data to assess leads or lags between the
signals from wastewater and traditional epidemiological metrics is inappropriate and that daily
reported data is more suitable for this. As nucleic acid tests became increasingly costly and hard to
implement, simultaneously, reported cases were likely to become less reliable as a measure of actual

case rate through time, and potential cases may be challenging to investigate, having a rigorous model
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with an appropriate resolution of a known good source (wastewater) will become increasingly
important. We propose a dynamic spatial-temporal statistical model of wastewater viral concentration
that can be applied in Aotearoa, New Zealand. The purpose is to use the proposed spatial-temporal
model to predict wastewater viral concentration, thus achieving community-level (Statistics Area

level 2 (SA2): 1000-4000 people) surveillance and forecasting of the whole Aotearoa, New Zealand.

6.2 Data and Method

6.2.1 Data

The data we use in this study is from the SARS-CoV-2 wastewater surveillance program undertaken
by Environmental Science and Research (ESR) in Aotearoa. The methods used for the identification
of SARS-CoV-2 in wastewater are described in Hewitt et al (2022). In this wastewater surveillance
program, a total of 134 sampling points have been used between June 2020 and August 2023. It is
worth noting that new sampling sites may be added over time, and sampling may reduce in frequency
or cease for other sites. Thus, the data are non-uniform in space and time, caused by irregular sampling
patterns in locations and frequency. The location and sampling frequency of sampling points is shown
in Figure 6.1. However, the sampling location is not where the wastewater is generated. Each
sampling point represents a wider catchment corresponding to the wastewater network upstream of

each sampling location. Part of the catchment areas are presented in Figure 6.2.
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Figure 6.2: Parts of the catchment areas polygons in Aotearoa wastewater surveillance program.

The wastewater sampling is irregular because of economic advantages. Wastewater sites are

chosen considering various factors such as population and geographic coverage. The sampling

frequency also varies at different catchment areas; typically, larger wastewater catchments are
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sampled twice a week, while smaller towns and communities are sampled once a week, which is also
subject to change. The temporal resolution of virus concentration in wastewater data is weekly
averaged. Meanwhile, we also use the unit flow concentration, genetic copies per liter (GC/L). So, in
this study, the virus concentration unit is weekly-averaged GC/L. The raw data contains many zeros,
and most are concentrated at the beginning of the surveillance project, which was in the early stages
of the epidemic. Incorporating sparse data from the epidemic's early stages into the model would be
meaningless for future prediction, so we restrict our study period from "2022.02.27" to "2023.08.27".
Zero has two meanings: first, the virus does not exist, and second, the virus concentration is below
the lower detection limit. For ease of handling, any zero records in the study period are replaced with

the lowest detection limitation which is 200 GC/L (Hewitt et al., 2022).

We also introduced some covariates into the spatiotemporal model. The basic spatial unit of
spatial and spatio-temporal covariates we used is Statistical Area 2 (SA2), consisting of 1000-4000
individuals, for which a range of demographic information is available.

These covariates are:

® [ og Population Density: from STAT NZ census 2018.
® Age structure variable: Age proportion below 65 and age proportion above 15 from STAT NZ
census 2018.
® Ethnic proportion: Proportion of Non- European from STAT NZ census 2018.
® SDI: Socioeconomic Deprivation Indexes (SDI) 2018.
There is also a temporal variable:
® School terms: school terms and holiday terms for state and integrated schools from ministry of

New Zealand.

The primary spatial unit of observation (wastewater catchments) typically spans more than one SA2
area, and thus, we recalculate the population density, age structure, and ethnic proportion of
wastewater catchments based on the SA2 and the population grid. The SDI from SA2 was

reaggregated to wastewater catchments and weighted by population where appropriate.
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6.2.2 Modelling framework

Our aim is to achieve wastewater virus concentration surveillance at the community level and
prediction at the catchment level, both from a national perspective using existing catchment
wastewater SARS-CoV-2 concentration data. In the sampling scheme, only some catchment areas
will be sampled at every point in time due to economic efficiency. Additionally, because of the
concentrated distribution of population, catchment areas are not necessarily geographically
contiguous. One of our objectives is to model the catchment areas within the wastewater sampling
framework nationwide during the study period. Therefore, our main challenges will be dealing with
misaligned data caused by irregular sampling and defining spatial correlation among non-contiguous
polygons (catchment areas). We prefer Bayesian modeling methods for misaligned data caused by
irregular sampling because they have a good tolerance for missing values in the data. For modelling

discontinuous areas, several potential modelling frameworks could be utilized:

1. Traditional small area (lattice) studies.

When there are gaps between catchment areas, this makes traditional lattice small-area studies
impractical. There is an adaptive CAR model that allows the spatial weight matrix W to be modelled
as binary random variates within CAR formulation. They could be used for modelling risk for
nonadjacent areas. Although they are not flexible in modelling locally varying spatial dependencies
and lack interpretability of the final weight matrix W, they offer an adaptive spatial dependence
parameterization process. Initially, these models were motivated for adjacency modelling and

boundary detection and were shown to be effective (MacNab, 2022).

2. Point-referenced data modelling.

Another method involves converting polygons into points, thus transforming lattice data modelling

into point-referenced data modelling. One drawback of this approach is the loss of information

regarding the shape and size of polygons, namely the catchment areas in this study, during this
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conversion process. However, the benefit is that linear geostatistical models can flexibly handle fixed
and random variables (including spatiotemporal interaction variables) after converting them into
points. Additionally, using SPDE, non-stationary and non-isotropic Gaussian random fields and high-

precision grids can be created easily to represent the continuous spatial field.

Compared with the adaptive CAR model, we prefer to use a point-referenced model because we
value the interpretability of the model more. In terms of the point-referenced data, we need to consider
that our wastewater virus concentration model needs to be based on a nonstationary spatial model.
Because wastewater virus concentrations may reveal true COVID-19 prevalence, traditional
geostatistical stationary models cannot capture epidemics or outbreaks of infectious diseases. At the
same time, we need a high time resolution, which is critical for infectious diseases. We are also
interested in fixed effects, or covariates, that may explain the underlying level of risk that existed
before the outbreak. For the above, SPDE proposed by Lindgren et al. (2011) is a good choice. First,
the modelling can be done in a continuous space of a nonstationary environment. Second, a random
field could be characterized by an SPDE rather than a covariance function, enabling us to modify the
SPDE to obtain GRFs with the dependence structures we want. Since we need a high time resolution,
we can let the dependence structure of the spatial field depend on the time index. In other words, we
can create a spatiotemporal interaction variable to capture local departures at different time points.
This spatial random variable is used to smooth factors such as population mobility and outbreaks in
specific catchment areas. Third, a study on spatial field effects using this method using Bayesian
posterior inference has a good tolerance for misaligned and sparse data. Even if there are a large
number of missing values in the data, modelling can still be performed without interpolation, thus
avoiding introducing extra biases. So, we will use Bayesian method for point-referenced modelling.
To better illustrate the spatial location of the catchment (Figure 6.2), we utilize the population-
weighted centroid of the corresponding catchment polygons to reflect where wastewater is generated.
Since people produce viruses and populations are not uniformly distributed in the catchment areas, it
is reasonable to use mathematical function such as population-weighted centroid to represent
catchment polygons. This is important because the sampling points (Figure 6.1), that is, wastewater
treatment plants, are usually in sparsely populated places far away from the city center, so the

characteristics of these sampling areas are generally not representative of the ‘average’ attributes. The
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size, shape, and population density of catchment areas vary, and doing so can reduce the bias caused

by data transformation to some extent.

6.2.3 Bayesian statistical model based on the Stochastic Partial Differential

Equations (SPDE)

The log-transformed number of weekly averaged genetic copies per liter at each catchment area i
(i=1...134) and week t (j=1...) follows a Gaussian distribution. n is the number of catchment areas.

We consider the model in this form:

X;; ~ Gaussian (u;;, o)

Wij = bg + X5=1 BaMin + Sij+Li+T;

b, : Intercept which is the average base viral concentration gc/L of the whole country.
X;j: Log GC/L at location i and time j.

Bn and m;,: Covariates and its coefficients based on n which is the number of catchment areas.

In term of three random effect:

L;: random effect (IID likelihood) for catchments areas index.

T;: random effect (IID likelihood) for time points index.

S;j: The latent spatial-temporal process at catchment area i and time j which is unobserved level of
wastewater viral concentration. Here we set the spatial filed which depend on the week followed by

ARI. This is originally introduced by Cameletti et al. (2011)

Sij = aSii-n +$ij

la] <1, Sy ~ Normal (0,0,2/(1 — a?))

¢ij 1s a zero-mean Gaussian field, assumed to be temporally independent and characterized by the
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following spatial-temporal covariance function.
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ls; = s;ll is the Euclidean distance between two generic locations s;,s; € R? and o2 is the

marginal variance. K; denotes the modified Bessel function of the second kind and order 4 > 0
which measures the degree of smoothness of the process and is usually kept fixed due to poor
identifiability. More details on the SPDE approach and SPDE with dependence structure are available
at Lindgren et al. (2011) and Rikke et al. (2014)

6.2.4 Implementation and prior specification

All the models above were implemented using the R-INLA package (Rue et al., 2009) (available at
“www.r-inla.org”). The INLA method for approximate Bayesian inference on latent Gaussian models

has been shown to quickly and accurately estimate posterior margins.
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Figure 6.3: The mesh is created by R-INLA for model fitting, and the points are the population

weighted centroid of the total 128 catchment areas in the sampling frame.

Like other situations where SPDE is applied, in complex scenarios, the solution to the equation is
complicated to express using explicit formulas. Therefore, this method also resorts to numerical
calculations. Generally, a grid is needed to approximate the definition space of partial differential
equations. The finer the grid, the more accurate the solution obtained. But correspondingly, finer
meshes require higher computational costs and larger storage space. The accuracy of the
approximations depends only on the numerical integration scheme. New Zealand's South and North
Islands are geographically isolated, but population movement is frequent and convenient, so they are

not modelled separately or based on a non-isotropic Gaussian random field.

We set a penalised complexity prior (Fuglstad et al., 2019) on the spatial-temporal interaction
part. That depends on the mesh. The a priori setting relies on experience and comparison with similar
studies. According to the data, the wastewater virus concentration is between 5-15 GC/L. In term of

standard deviation of the spatial field. The variation in the model may be caused by the covariates
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and spatial variation. We believe that the standard deviation of the spatial effect should be less than

8, so we set sigma0 = 8 and Psigma = 0.05. As for spatial range of the random field, since we are

modelling on a national scale, the distance between sampling points even in the same city (e.g.,
Auckland) is approximately 10 kilometers. From a practical point of view, it is advisable not to favor
ranges that are smaller than the resolution of the mesh. We believe that correlation range in the Matérn
covariance is large than 10km, so we set sigmal = 10 and Psigma=0.05. At the same time, we set the
space field pattern followed by AR1 likelihood, and we set the prior of a in §;; equal to 0.8 or 0.9,
and this will be discussed in next section. All covariates have been standardized, so give them a very

weak prior by default. Error precision 1/a, is also give a weakly prior by log Gamma (1, 0.00005)

6.2.5 Model comparison and selection

When so many factors are included in the model as fixed effects, confounding will inevitably arise.
However, random effects created based on SPDE exhibit high flexibility. Variable selection for fixed
effects (covariates) does not necessarily lead to a significant improvement in the model. Therefore,
we will not delve into extensive discussion regarding the selection of covariates here. Let's consider
several possible models that contain the same fixed effects (covariates) but with different random
effects and their prior parameters. The fitting and prediction results were each conducted ten times

and then averaged.

Xij ~ Gaussian (ul-]-,ae)

Model 1: u;; = by + ¥8 1 Bnamin + S;j with the prior of the AR1 parameter p=0.9

Model 2: u;; = by + Y8 BaMmin + S ; with the prior of the AR1 parameter p=0.8

Model 3: u;; = by + ¥8 1 Bamin + S;j+L; + T; with the prior of the ARI parameter p=0.8
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Model 4: u;; = by + Y8 . BaMmin + S;j + T; with the prior of the AR1 parameter p=0.8

Model 5: u;; = by + Xo-1 BuMin + Si;+L; with the prior of the AR parameter p=0.8

Fitting result
Pierce correlation Mean absolute Root means square
coefficient percentage error error (RMSE)
(MAPE)
Model 1 0.796 0.091 1.057
Model 2 0.797 0.091 1.056
Model 3 0.866 0.077 0.882
Model 4 0.806 0.088 1.035
Model 5 0.836 0.084 0.961

Table 6.1: Summary of the Pierce correlation coefficient, Mean absolute percentage error

(MAPE) , the Root means square error (RMSE) and the 95% coverage of the fitting by the five

potential models
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Prediction result

Pierce correlation Mean absolute Root means square
coefficient percentage error error (RMSE)
(MAPE))
Model 1 0.516 0.099 1.023
Model 2 0.519 0.098 1.020
Model 3 0.559 0.163 1.469
Model 4 0.559 0.137 1.270
Model 5 0.519 0.101 1.041

Table 6.2: Summary of the Pierce correlation coefficient, Mean absolute percentage error
(MAPE) , the Root means square error (RMSE) and the 95% coverage of the prediction by the

five potential models.
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Posterior mean and its 95% CI
Model 1 Model 2 | Model 3 Model 4 Model 5
Residual 79.926 79.854 103.856 82.886 92.862
precision (76.660, (76.611, | (98.396, (79.418, (88.604,
83.300) 83.249 109.292) 86.484) 97.54)
Correlation | 361.1166918 | 360.015 45.577 36.110 262.997
range (km) km km km Km km
in the (277.057, (274.466, | (37.172, (29.150, (206.4206,
Matérn 457.194) 455.073) | 55.203) 44.151) 330.196)
covariance
Standard 0.745 0.747 0.080 0.142 0.124
deviation (0.548, (0.534, (0.072, (0.128, (0.108,
in the 0.979) 0.982) 0.087) 0.158) 0.142)
Matérn
covariance
ARI 0.9979518 0.998 0.828 0.980 0.908
coefficient (0.997, (0.996, (0.779, (0.974, (0.879,
0.999) 0.999) 0.870) 0.986) 0.934)

Table 6.3: Posterior estimates of parameter associated with the spatial temporal random effect for

five potential models.

Naturally, incorporating two random variables into the model can improve its fitting. However, our
intention is to better capture sudden outbreaks of prevalence (i.e., virus concentration in wastewater)
at specific spatial locations or time points with the spatial random variable L; and the temporal
random variable T; respectively. As the spatiotemporal alternating variables based on SPDE are
highly flexible, the posterior variance of these two random variables, which follow an IID distribution,

always remains small, close to 0. See this in table 6.4.
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Model 3 Model 4 Model 5
Variance of spatial 0.00962 0.00982
only random effect (0.01335, (0.01351,
0.00719) 0.00737)
Variance of 0.0052 0.00351
temporal only (0.00766, (0.00544,
random effect 0.00353) 0.0023)

Table 6.4: The posterior mean and its 95% CI for the variance of the spatial only and temporal only

random effect in model3, 4, 5 respectively.

To address this, we attempt to impose a restriction on the prior variance of the spatial random variable
L; and the temporal random variable T;, to make them follow a uniform distribution whose lower

limit is at least 1.

Model 6: uij = bO + 2%:1 ﬁnmin + Sij+Li+T]'

The prior variance of the unstructured random effect is set like this:

hyper =list (prec = list (prior = "loggamma", param = ¢(2.252, 6.698))))

For example, through this setup, we enforce the standard deviation of the random variable prior to
follow a uniform distribution U[1,3], which is not vague prior. But the results are very poor (we do
not show it here); this method is not feasible. This may be because the 'outbreak' occurring only at
specific time or space points are not significant or it may be the spatial-temporal interaction created

by SPDE is so flexible to capture most changes, includes unstructured variance.

6.2.5.1 Discussion about the model.

Here we primarily observe two outcomes: one is the correlation range (km) in the Matérn covariance,
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and the other is the correlation parameter p of the autoregression. Firstly, a correlation range (km)
in the Matérn covariance that is too small is not desirable; typically, it is a result of overfitting. From
Model 3 and Model 4, we can observe that they both exhibit a relatively high fitting rate but an
obviously low predictive rate. At the same time, we can note that the posterior mean of the correlation
range (km) in the Matérn covariance for Model 3 and Model 4 is significantly low, at 45.577 km and
36.110 km respectively. It is worth noting that we are modeling from a national perspective, and such

values are evidently not appropriate.

Next, we consider the correlation parameter p of the autoregression. Here, we can observe that
regardless of whether its prior is 0.8 or 0.9, the posterior mean of the correlation parameter p for the
models without spatial-only random effects (models 1, 2, 4) is basically 1 (0.99). This indicates that
that there may be a structure difference in the wastewater viral concentration across the space. Why?
The reason for the correlation parameter of AR1 of spatial-temporal interaction is so high when we
do not include the spatial only random effect is that the region i and the region j have the differing
viral concentration. So, the inevitable way to get a good fitting of the potential differences in space
when the model includes a spatial-temporal interaction effect is that if the temporal correlation is
super high which forces the within-spatial unit viral concentration of wastewater risk to be similar to
other time points within the same spatial unit. So, the spatial only random effect is essential to be

included in the model. Combine discussed correlation range (km) in the Matérn covariance,

model 5: U = by + Zgzl Bnm, + Si]'+Li

with the prior of the AR1 (autoregressive with order 1) parameter p=0.8.

It is the optimal model, and we will use this model for later spatial-temporal interpolation and

forecasting.
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6.3 Result of the model and model evaluation

6.3.1 Result of the model

We first look at the posterior estimates of parameters associated with the spatial-temporal random

effects. Then is the result of fixed effects.

Posterior mean and its 95% CI
Model 5
Residual 92.862
precision (88.604,
97.54)
Correlation 262.997km
range (km) in (206.426, 330.196)
the Matérn
covariance
Standard 0.124
deviation in (0.108, 0.142)
the Matérn
covariance
ARI1 0.908
coefficient (0.879, 0.934)

Table 6.5: Posterior estimates of parameter associated with the spatial temporal random effect for

model 5.
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Predictors Mean SD Q0.025 Q0.5 Q0.975
Intercept 0.422 0.010 0.403 0.423 0.442
SDI -0.062 0.022 -0.106 -0.062 -0.018
Log population density 0.041 0.013 0.016 0.041 0.065
Prop 65 0.020 0.016 -0.012 0.020 0.053
Prop 15 0.003 0.017 -0.030 0.003 0.037
Ethnic proportion 0.058 0.024 0.011 0.058 0.104
School term 1 0.013 0.007 -0.0009 0.013 0.026
School term 2 0.010 0.007 -0.003 0.010 0.023
School term 3 0.00008 0.007 -0.013 0.0008 0.013

Table 6.6: Posterior estimates of the fixed effects (Mean, SD, and 95% quantile).

6.3.2 Model evaluation

In terms of model performance, it is evaluated by fitting accuracy, prediction accuracy and cross-
validation. Both fitting and prediction were performed 10 times and then averaged. In the case of
prediction, this refers to the ability to predict the next period. We performed fitting for periods Week
1-70, Week 1-71, Week 1-72, ..., and Week 1-79 respectively, and used the above model to predict
its next period, which is the Week 71, Week 72, Week 73..., Week 80.

We also used cross-validation. As mentioned before due to the irregular sampling scheme, the
number of sampling records at different sampling locations varies during the study period. So, we
perform two types of 10-folds cross-validation respectively. One is to perform cross-validation on all
records no matter where or when it was collected, and the other is to perform cross-validation from

the perspective of 134 sampling locations.

1. CV by records: Divide all records (regardless of sampling time and location) into 10 parts, 9 of

which are used for fitting and 1 for verification, repeated 10 times.
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2. CV by catchments: Some sampling catchments have too few records, which may bias the results if
they are selected into the validation group. So, the sampling catchments with the number of missing
records greater than half of all study periods are always placed in the fitting group. Then, divide the
remaining sampling catchments into 10 parts, 9 of which serve as the fitting group together with the
previously selected catchments with too few records, and one of which serves as the validation group.
All records from the fitting group are used for fitting, and from the validation group are used for

prediction and validation.

For: Model 5: w;; = by + Bpymy, + Si+L;

Pierce correlation Mean absolute Root means square
coefficient percentage error error (RMSE)
(MAPE)
Fitting 0.836 0.084 0.961
CV by records 0.766 0.097 1.140
CV by catchments 0.513 0.123 1.324
Prediction 0.519 0.101 1.041

Table 6.7: Summary of the Pierce correlation coefficient, mean absolute percentage error

(MAPE) , and the root means square error (RMSE).

The prediction accuracy is affected by the quality of data in the nearby catchment area—the more
regular the sampling frequency, the higher the accuracy. We do not do cross-validation by region (one
region usually has multiple catchments), and it may not make much sense here since irregular

sampling occurs at different frequencies in different areas.
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6.4. Prediction

6.4.1 Potential wastewater concentration

The predicted value of sa2 wastewater virus concentration is divided into two parts; one is the fixed
effects, that is, the covariate (shown in table 6.6). The other part is the random effect (shown in table
6.5). The fixed effects explain the likely potential wastewater viral concentration level before any
catchment sampling data is available. We plotted maps for each Sa2 area based on the covariates
(Figure 6.4), which could be used to explain the potential risk of virus concentration in wastewater

before obtaining any sampling data.
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Figure 6.4: Potential wastewater concentration based on the corvariates of each sa2 areas with zoom

in of Auckland, Wellington, and Christchurch councils.

While conducting spatiotemporal interpolation of the model and predicting the next period, we also

pay attention to demographic covariates (fixed effects) and their impact on the representation of
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COVID-19 prevalence rates in wastewater virus concentration. In our results, regarding all fixed
effects, we note that three fixed effects are significant, namely SDI (Sustainable Development Index),
population density, and ethnic proportion. The result shows a positive relationship between the
population density (number of people/km?) and the wastewater virus concentration (GC/L) between
0.016-0.065, and the posterior mean of the corresponding regression coefficient is 0.041. Similarly,
the result demonstrates that the proportion of ethnic people is strongly associated with wastewater
virus concentration (GC/L) with a posterior mean of 0.058 and a 95% posterior CI (0.011-0.104). A
negative correlation was also identified between the SDI values and the virus concentration in
wastewater, with the posterior mean of -0.065 and 95%CI (-1.031, -0.027). For the remaining
covariates, the evidence of association with viral concentrations is weaker but still worth discussing.
There are two population age structures and three time indicators related to school terms. The
posterior mean for both age structures, Prop65 (proportion of people over 65) and Prop15 (proportion
of people under 15) is positive. The value for Prop 65 is 0.021, whereas the value for Prop 15 is only
0.0002.

About the variable "school term." For epidemics, non-pharmaceutical interventions are
effective measures when effective treatments are lacking. They include schools, nonessential
businesses, restaurants, bar closures, etc. Kids frequently play a crucial role in spreading viral
epidemics such as influenza, mainly due to their extended periods of close interaction with other
children at school. So, we have incorporated three fixed effects related to the school term into the
model. They are all binary variables, where 0 represents holidays, and 1 represents the school term.
These are defined as lag periods of one week, two weeks, and three weeks, respectively. Auger et al.
(2020) conducted a study on the closure of schools in the United States and the incidence and
mortality rates of COVID-19. They found that school closure in the US was temporally associated
with decreased COVID-19 incidence and mortality. In states where schools were closed earlier when
the cumulative incidence of COVID-19 was lower, the relative reduction in both incidence and
mortality was most significant. In our model, school terms with three different lag periods also exhibit
a positive correlation with virus concentration in wastewater, meaning that virus concentration in
wastewater decreases during holidays (school closure periods). Notably, their correlation is strongest

with a one-week lag and weakest with a three-week lag. For population density some studies have
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shown a strong correlation between population density and COVID prevalence. Iderus et al. (2022)
study the Correlation between Population Density and COVID-19 Cases in Malaysia. Considering
absolute population and population density, and they find more populous and densely populated
districts have a higher risk of transmission of COVID-19. However, some studies have found that the
relationship between population density and COVID-19 prevalence is complex and related to
accounting for other confounding factors such as income, health insurance, etc. (Carozzi, 2020). For
SDI, some studies suggest a positive correlation between the SDI value and the prevalence of
COVID-19. Ossimetha et al. (2021) conducted research on counties in the United States with at least
one SARS-CoV-2 case and found that counties with higher social deprivation scores experienced
more significant growth in SARS-CoV-2 cases and deaths. In our model, however, SDI presents an
opposite result, indicating that areas with lower SDI have higher concentrations of viruses in
wastewater. This may be because, in New Zealand, high SDI values typically occur in sparsely
populated areas, where the prevalence is relatively low. Of course, this does not rule out spatial

confounding caused by multiple covariates.

6.4.2 Spatial interpolation based on SA2.

In order to achieve community-level monitoring, we will predict the wastewater viral concentration
in each SA2 area (2018). SA2 areas are usually suburbs or part-suburbs with 2,000 to 4,000 residents.
In rural districts, many SA2 areas have populations of fewer than 1,000 residents. In the same way as
the catchment area, the prediction points are the population weighted centroid of each sa2 area
calculated based on the New Zealand 2018 Estimated Resident Population Statistical Grid (Figure
6.5). The value at this point will represent the wastewater concentration of the entire sa2 area. Since
we're looking at the concentration of viruses in wastewater, and viruses are produced by people, it is
reasonable to use population-weighted centroid. There are (1=1:2253),2253 sa2 areas, at 79 weeks

(3=1:79) to be predicted and they followed by:

SAZU = bO +ﬁnml +Sil + Li + T]
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Where the covariates are the same as described above.

The spatiotemporal interactions at each time index of each location are projected to each SA2 area

through the existing catchment sampling data and the mesh. That is to say, predict each sa2 value by

computing their predictive distribution:

T (ySAzlj | ycatChJ') =[n (ymSAzlj’ 0 | ycatch,-) deo

= fT[ (YmSAZU | YCatChj' 0)77:(0 | YCatchj)de

To achieve community-level surveillance, we predict the virus concentration in wastewater in each

SA2 area. The community-level surveillance result every 10 weeks is shown in Figure 6.6. Spatial

interpolation prediction for each week could be found in attachment file.
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Figure 6.5: Population weighted centroid of each sa2 areas.
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Figure 6.6: Posterior mean of spatial interpolation predictions for each SA2 area every 10 weeks.
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The figures of the posterior mean of spatial interpolation predictions of each SA2 areas for each week

during the study period could be got in the attachment.

6.4.3 Prediction on next period

Our study period is from “2022.02.27” to “2023.08.27”, there are total 79 weeks. Based on the model

proposed, We fit the model using data from the weeks 1-79, and predict the virus concentration of

wastewater at each catchment area in the next following period which is the 80th week. The
evaluation of the model's performance in predicting the next period can be seen in Table 6.7. The
wastewater catchment sampling is irregularly motivated by economic benefit, so there are missing
values in the catchment data. There are 44 out of 134 sampling catchments have records on the 80th

week (2023.9.07).
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Figure 6.7: The real and the model fitted virus SARS-CoV-2 concentration (GC/L) in wastewater of
some catchment areas during the 79 weeks study period, and the prediction for the next time point
(week 80). (The blue is for the real records. The black is for the posterior mean of fitting and
prediction and the shadow is its posterior standard deviation. The point at the end is the value for the

week 80. Graphs of all catchment areas are in supplementary material.)
There are 16 big regions in NZ, and we reaggregate virus concentration from the catchments into

regions by population. Due to the irregular sampling of catchment areas, the real values of regions

here are only displayed when all catchment areas of the region have sampling records. We also show
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values of a dominant catchment in the region, which is usually the catchment with the largest

population and the most frequently sampled.

Wellington Southland

7 :
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Figure 6.8: Reaggregated virus SARS-CoV-2 concentration (GC/L) in wastewater from catchment
areas to regions. (The aggregated true value is in blue, and the red is the true record of one of the
catchment areas in the region. The black is the aggregated posterior mean, and the grey is the

aggregated posterior standard deviation. They are aggregated by population of catchment areas.

From here, it can be seen that regardless of whether it is from the perspective of the catchment area
or a more extensive regional perspective, it appears that different regions share a similar time-series
pattern in virus concentration in wastewater. Take the catchment area, for example; there is a

noticeable increase in virus concentration in wastewater in the 20th and 45th weeks, followed by a
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rapid decline in the 50th week. These changes within catchment areas belonging to the same region
are more similar. From a regional perspective, although not as pronounced as in catchment areas,
similar temporal patterns could still be observed. From a particular perspective, this may suggest the
possibility of using time series to forecast virus concentration and explain the rationality of using

irregular sampling for wastewater sampling schemes.

6.5 Discussion:

This study uses Bayesian approach to model the wastewater SARS-CoV-2 concentration from a
national perspective using the irregular sampling data from all wastewater catchment areas in NZ.
While considering the fixed effects, which are covariates, we also add a spatial random field, which
depends on the time index, into the model to capture local departures used to smooth factors such as
population mobility. To study from a national perspective, we use population-weighted centroids to
convert catchment polygon data into point estimates for study. Similarly, to achieve the prediction of
community level, which is sa2 areas, each sa2 area is also replaced by the population-weighted
centroid. Then, the fitting and prediction of the model could be done in a continuous spatial field. At
the same time, the Bayesian point-referenced model can be used for misaligned data, which is caused
by an irregular sampling plan of catchment areas. Naturally, the fewer the sampling points and the
farther away they are from the sampling points, the greater the standard deviation of its posterior

value will be.

Many discussions have occurred regarding the relationship between virus concentration in
wastewater and disease prevalence in its corresponding catchment areas. This study does not discuss
the relationship between wastewater concentration and epidemiological indicators and their time lag.
This is because the maximum time resolution we can obtain for wastewater virus concentration is
weekly averaged, and due to irregular sampling, there are a large number of missing values in the
original data. In another study, Li G et al. (2023) attempted to use weekly data to assess the lead or
lag between wastewater signals and traditional epidemiological indicators from all catchment areas

but realized that daily data is more suitable than weekly data. Some studies to evaluate the lead and
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lag between daily wastewater concentration data and epidemiological indicators have been performed
on small scales (specific areas, isolated buildings) (Hewitt et al., 2022). However, there are still many
challenges in conducting this type of study on a national scale using data from all catchments, like
potential weekly periodicity, irregular sampling patterns, and significant variability in the lag between
the times of infection and detection (Li et al.,2023). There are also still numerous confounding factors
to consider. For example, variations in disease reporting methods, population demography in different
catchment areas, and differences in detection equipment. When conducting research on a large scale,
one must also consider the impacts of spatial heterogeneity and different aggregation levels. The study
by Faraway et al. (2022) focused on utilizing wastewater-based epidemiology (WBE) to
quantitatively detect or predict disease prevalence. However, this remains challenging, especially
when wastewater data is discontinuous. They found that the spatiotemporal relationship between
wastewater and prevalence is dynamically changing. Therefore, this paper only addresses the spatial-
temporal interpolation and prediction of wastewater concentration. How to accurately translate
wastewater virus concentration data into intuitive information, such as potential prevalence, remains
a future endeavor. Similar time series patterns of wastewater virus concentrations in different
catchments appear to be noteworthy. A region often has multiple catchments, and its wastewater viral
concentration is usually dominated by one or two main catchments (Figure 6.8). The population size
of these main catchment areas is relatively large, which is natural. But across the country, we also
find that different catchments, even though they are far apart, appear to share the same temporal trends.
In Figure 6.7, they are in the plot with different y-axis. Whether the expansion or compression of the
time series plots is related to population density, population size, or something else needs to be
explored. This inspires us to study the relationship between wastewater viral concentrations of
different catchments and the national level, and to consider the possibility of using wastewater virus
concentrations from some representative catchment areas to extrapolate its concentrations at national
level. The design of wastewater sampling scheme may also be improved from similar studies so that

they are both cost-effective and produce high-quality data.

The wastewater sampling plan needs economic advantages, so not all catchment areas are included
in the sampling framework. The catchment areas within the sampling framework are typically those

with a more concentrated population distribution and are representative. There may be certain biases

120



when applying the fixed effects from the resulting fitted model for spatial interpolation predictions in
other regions. For example, in areas with very low population density, the interpolated prediction of
wastewater concentration may also be very low (catchment areas with low population density are not
included in the fitting dataset). But is that true? We do not know. The estimation bias introduced by
sampling also needs to be considered. Spatial confounding, often discussed as collinearity between
fixed and random effects, also needs to be considered. When covariates vary across areas or exhibit
spatial correlation, spatial confounding is highly likely to occur. The most significant impact of spatial
confounding is on the fixed effects estimation. However, since this paper primarily focuses on spatial
interpolation and predicting for the next period, the influence of spatial confounding is relatively
minor, thanks to the flexibility of random effects in SPDE-based modeling. Therefore, we did not
discuss the issue of spatial confounding in this paper. Another problem is that spatial dependency
random filed based on geographical location may not truly express the pattern of population mobility.
The way people travel is changing. It is easy for people to commute long distances without stopping
through cars, planes, and other kinds of transportation, and this may become the norm. This may
cause spatial fields based on geographical location not to work. Modelling long-distance interactions
is one of the challenges in spatial epidemic models (Riley S et al. 2015). In future research, we may
consider using population flow data to establish a spatial random field instead of a geographical
location. In wastewater-based Epidemiology (WBE), we should also pay attention to rainfall or
weather data. Combined sewers, which are stormwater + sewerage, present challenges, and the
weather effect will also be an issue for catchment areas in cities (Phil et al., 2018). These are the kinds

of things that we expect to be addressed in the data collection or modelling.

6.6 Conclusion:

This study used a Bayesian approach to model the wastewater SARS-CoV-2 concentration from a
national perspective using the irregular sampling data from all wastewater catchment areas in NZ.

According to the results of cross-validation and prediction, the spatial-temporal Bayesian linear
model based on SPDE performs well, so we can spatially interpolate wastewater concentrations over

small areas at a good temporal resolution while also predicting catchment wastewater concentrations
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at the next period with relative accuracy. Although there is a more considerable variance in predicted
values where there are fewer sampling locations, irregular sampling is economically beneficial. The
model overcomes irregular sampling and maps wastewater SARS-CoV-2 concentrations from a
national perspective that will be helpful to public health personnel. Meanwhile, we fitted and
predicted the virus concentration in wastewater from two perspectives: catchment area and region.
The graphs indicate similar temporal patterns, which provides the basis for using time series to
forecast virus concentration in the future. This model can flexibly deal with the changes in sampling
locations, meeting the demand for surveillance and prediction of COVID-19 epidemic levels in

populations using wastewater virus concentration over long periods and within smaller areas.

Data availability :

The wastewater data is from Aotearoa Wastewater Surveillance Programme (https://github.com/ESR-
NZ/covid in_wastewater).

The catchment polygons are not publicly available. They are the intellectual property of the individual
regional and city councils that operate the treatment plants where the samples from.

Sa2 areas polygons are from Statistical Area 2 2018

Population grid we use is New Zealand 2018 Estimated Resident Population Statistical Grid.
Population density, age structure and ethnic proportion are from census 2018 NZ. They all are

available at STATNZ (https://www.stats.govt.nz/)

Socioeconomic Deprivation Indexes (SDI) is available from
(https://www.otago.ac.nz/wellington/departments/publichealth/research-groups-in-the-department-
of-public-health/hirp/socioeconomic-deprivation-indexes-nzdep-and-nzidep-department-of-public-
health#2018).

All maps are based on New Zealand Transverse Mercator 2000 (NZTM) (EPSG:2193)
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Figure 6.4 Potential wastewater concentration based on the corvariates of each
sa2 areas with zoom in of Auckland, Wellington, and Christchurch councils.
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Chapter 7: Discussion

In this chapter, we discussed the transformation of data types related to the flexible use of spatial
epidemiological data and modeling methods. It is crucial to model flexibly according to the problem
we aim to solve in epidemiological modeling rather than adhering to specific data formats

corresponding to models.

7.1 Flexibility of Spatial Data Type Conversion

Data regarding human health outcomes are commonly accessible in spatially discrete scales, often
represented as counts of cases within small areas like administrative regions. Due to the accessibility
and low confidentiality concerns associated with areal data, discrete spatial models in epidemiology
have seen widespread and innovative development (Lawson et al., 2016). On the contrary, point
pattern data, due to the difficulty in obtaining highly precise geographical locations, issues related to
high confidentiality, and controversies surrounding the use of point processes to simulate disease
spatial patterns, have been decreasingly utilized in spatial epidemiology and related disease modeling
(Diggle,2013a). As for another type of data with precise geographical locations, geostatistical data
(point-reference data), although similarly constrained by confidentiality concerns in the health
science or epidemiology field, holds a lower priority in usage compared to spatial area discrete models.
However, with the application of mobile technology in health science and advanced epidemiological
surveillance technology, the use of data with georeferencing to point locations would be more

common (Diggle, 2019).

Before introducing the spatial data transformations, let us start with a basic introduction to data
with spatial properties. In the spatial models, every response, Y, is linked to a spatial location; it could

be a polygon or a point. However, in numerous uses of geostatistical models, the observed response

124



represents a characteristic of a finite region where it is merely a convenient reference point. For
example, each Y refers to a village community that extends over a finite area and serves as a somewhat
arbitrary reference location within the village's boundary (Diggle, 2019). Usually, we are interested
in information related to people, or in cases where the population is not evenly distributed within this
area, we use the population-weighted centroid to represent this point. In traditional geostatistics, the
defined area where this information originates from is termed the support of Y (Rossi et al., 1993).
Informally, ignoring the support of each response is equivalent to assuming that for all quantities of
interest, the variation within the extent of each single support is negligible compared with the
variation between different supports (Lawson et al., 2016). This implies that the larger the
geographical range of each support, the greater the degree of aggregation and the less believable this

assumption becomes.

Regarding spatial resolution, point pattern data has the highest spatial accuracy, followed by point-
referenced (geostatistical data) and areal-level data (lattice data). Typically, we aggregate higher-
resolution data types into lower-resolution ones, and this process may be completed before the data
is available due to confidentiality. At the same time, it is worth our attention to three kinds of spatial
data modeling theories for areal-level data (lattice) data, point-referenced (geostatistical data), and
spatial point process (point pattern) data. In modeling areal-level data (lattice data) and point-
referenced (geostatistical data), both utilize spatial relationships to share information for spatial
modeling purposes. In modeling areal-level data (lattice data), spatial modeling is achieved by
defining spatial weight matrices W and discrete Markov random fields (CAR structures). However,
in point-referenced (geostatistical data) modeling, spatial modeling is achieved through spatial
correlation functions to provide a spatially continuous interpretation. In SPDE method (Lindgren et
al., 2011), it needs to depend on the mesh. Linear statistical models and discrete spatial models both
rely on Gaussian random fields for modelling, while the spatial point process, a statistical model used
to analyse the positions of events within a spatial area, its methods and models have developed
separately from geostatistics and discrete spatial models, along with their respective methodologies.
Diggle et al. (2013b) show several examples of using various spatial modelling methods that do not
match their corresponding data types, aiming to better understand situations in modelling that might

be misleading. Next, we discuss some specific cases of spatial data transformation and modelling:
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1. Transform data from high resolution to a lower resolution.

A) Transformation from point pattern data to point-referenced (geostatistical) data and area-

level data.

This is the simplest form of aggregation, as individual health data often requires high confidentiality
due to exact geographic locations or needs modeling on a larger spatial scale. Typically, point-pattern
data is aggregated to a representative point or area. For instance, within a village, assigning a common
location for all cases could be the town's geometric centroid or population-weighted centroid (Diggle,
2019). Alternatively, within small administrative units, simply summing up all the records. Whether
aggregating point pattern data to point or region, the responses Y represent case-count data, but they

have different supports X.

B) Transformation from point-referenced (geostatistical) data to area-level data.

This method is also quite straightforward, aggregating all point-referenced data located within the
same region into an area-level dataset. However, based on the characteristics of the data we discussed
earlier, the larger the geographical range of each support, the less believable this assumption becomes.
However, geostatistical models should be considered the default option when point locations are

available, and fitting area-level models to aggregated points can be avoided. (Lawson, et al., 2016)

C) Without aggregation.

One way is to transform the spatial point study into an area-level data study with a discrete spatial
model. Every point within a study area can be seen as a collection of individual subregions, and we
could assign a subregion to each point. Discrete spatial modeling requires the definition of a spatial
weight matrix. While this kind of directly similar to the use of discrete spatial models for modeling
areal-level data is easy to understand, a significant drawback with it is that the spatial weight matrix
can become extremely large and complex as the number of point locations in the dataset increases

(Pfeiffer et al., 2008). If we construct the spatial correlation matrix W for the lattice on the right side
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of Figure 7.1, it will be huge (653 x 653 matrix). If more complex definitions of spatial matrix W are

adopted, such as boundary proportions, W will also be very complex.
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Figure 7.1 Schematic representation of the method C) using the example of mesh blocks of the

Palmerston North

2. Transform data from lower resolution to a high resolution.

Transformation from lattice data to point-referenced data.

Usually, this process occurs prior to the disclosure of data due to the high confidentiality of health or
disease-related data. Additionally, as lattice data is typically employed for analyzing small-area data
and modeled using discrete spatial models, using the same model for spatial modeling of nonadjacent
lattice data across large regions is not feasible due to gaps between lattices. There is a kind of adaptive
CAR model that allows the spatial weight matrix W to be modeled as binary random variates within

CAR formulation (Lee & Mitchell, 2012) that could be used for nonadjacent areas modeling, but the
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result is often difficult to interpret. Another viable approach is substituting appropriate points for
lattices, thereby enabling geostatistical modeling over larger regions. For instance, in the conclusion
of this paper, we presented an example of spatial modeling of COVID-19 prevalence using
wastewater epidemiology. Given the gaps between catchment areas or the lack of wastewater
sampling in all catchment areas, traditional discrete spatial models cannot be applied. Thus, we use
population-weighted centroids of each catchment area instead of the polygons themselves for
geostatistical modeling. However, there are some issues to consider: 1) Ignoring the shape and size
of the lattice. 2) If adjacent polygons (lattices) share boundaries, should their spatial relationships be
redefined when transformed into point-reference data? It is also related to the size and shape of the

lattice. These are worthy of consideration.
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Chapter 8: Conclusion

8.1 Conclusion

This thesis introduces three modeling approaches for spatial epidemiological data, primarily focusing
on regional and point-referenced data. For areal data modeling, we discuss various discrete spatial
models based on Conditional Autoregressive (CAR) processes and how to extend spatial modeling to
spatiotemporal modeling. Regarding point-referenced data, we cover linear spatial statistical models
and generalized linear spatial statistical models. We describe the process of modeling non-stationary
statistical models using the INLA-SPDE (Integrated Nested Laplace Approximation - Stochastic
Partial Differential Equation) method (Lindgren et al., 2011) and how to create spatial-temporal
interaction based on SPDE to extend the spatial model to spatiotemporal model. We apply this method
in a case study related to wastewater epidemiological monitoring for potential COVID-19 in New
Zealand. In this study, the spatial-temporal Bayesian INLA-SPDE model performs well. We can
spatially interpolate wastewater concentrations over small areas at an appropriate temporal resolution
while predicting catchment wastewater concentrations in the next period. The model overcomes
irregular sampling and maps wastewater SARS-CoV-2 concentrations from a national perspective
that will be helpful to public health personnel. Through case studies, we realize that when dealing
with spatial epidemiological data, it is essential to flexibly employ modeling methods and transform
data types based on the nature of the problem at hand or the desired objectives and should not be

restricted by the corresponding methods of data format.

8.2 Current Research and Looking into the Future

Due to the relative accessibility and low confidentiality of areal-level data, discrete spatial models

have experienced significant development (Lawson, 2018). From disease mapping, disease mapping
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has traditionally focused on identifying patterns of high-risk areas and disease incidence and mortality
rates. Apart from mapping diseases and illnesses, some new disease maps have been developed,
including but not limited to spatial mapping for rates of healthcare utilization (Nathoo and Ghosh.,
2012), for vaccination coverage (Utazi et al., 2018), for gene frequency and the rates of health care
utilization and child growth. Extensions have been developed in Conditional Autoregressive (CAR)
models, including Multivariate GMRFs, which are MCAR structures for multidimensional disease
mapping. For more details about multivariate GMRFs, please see MacNab (2016), Martinez-Beneito
(2019), MacNab (2018), and Greco and Trivisano (2019). Another noteworthy development is
Adaptive CARs, a spatial statistical modeling technique that incorporates adaptability in capturing
spatial dependencies in data. For more detail about Adaptive CARs, please see Gao and Bradley
(2019), Rushworth et al. (2017), Lee and Mitchell (2012), and Corpas-Burgos et al. (2020). They
represent the latest developments in modeling area-level spatial epidemiology. In the future, the
modeling direction will advance further into complex models involving spatial and spatiotemporal,
with multivariable aspects and multiple arrays, which may act as covariates. In terms of multivariable
aspects, they may include infection, mortality, hospitalization, and vaccination rates. In terms of
multiple arrays, multivariable outcomes and dimensions may include age, gender, race, country, and
risk factors, which may relate to different health intervention public policies and vaccine accessibility

(MacNab, 2022).

In the context of point-referenced data, the INLA-SPDE approach to Bayesian spatial data analysis
over high-resolution grids marks a new frontier of Bayesian disease mapping and its applications
(MacNab,2011). INLA-SPDE provides the possibility of high-resolution, large-dimensional
modeling for linear geostatistical models. Another part of the research focuses on how to create
spatial-temporal interactions. Creating distinct spatiotemporal interaction random variables allows us
to achieve spatiotemporal modeling with a flexible hierarchical model. A new R package,
“INLAspacetime”, provides a way to create a non-separable spatiotemporal interaction random
variable based on the diffusion function (Lindgren et al.,2020). Compared to the spatiotemporal
separable version, the non-separable one exhibits higher forecasting accuracy and relatively the same

interpolation accuracy.
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In addition to the latest developments, spatiotemporal epidemiological modeling faces these

challenges:

A) large dimension

The advancements in data science and big data initiatives are sparking innovative concepts in
Bayesian disease mapping approaches, particularly for managing high-dimensional datasets (MacNab,
2022)—for example, area data or point-referenced data with a large number of observations or time
points. One recent example comes from (Orozco-Acosta et al., 2021), which introduces a scalable
Bayesian modelling approach for smoothing mortality (or incidence) risks in high-dimensional data
when the number of small areas is huge. This approach is based on the idea of 'divide and conquer.’
The development of hardware and the emergence of computing methods such as INLA have made

Bayesian computations for large datasets easy to implement.

B) Spatial confounding and the scale of the covariates.

Spatial confounding is collinearity between fixed effects (covariates) and random effects in a spatial
generalized linear mixed model. It could adversely affect estimates of the fixed effects. As discussed
earlier in Chapter 3, there have already been some methods proposed to address and improve such
issues; a recent study from Dupont (2022) illustrates a novel method called “spatial+,” which reduces
the sensitivity of the estimates to smoothing by replacing the covariates by their residuals after spatial
dependence has been regressed away. This is regarded as a potentially innovative approach to spatial

confounding.

At the same time, another issue related to modeling with covariates is encountered when
conducting ecological modeling-disease mapping involving covariates. Different spatial scales of
covariates may have varying impacts on the model. The performance of spatial priors for random
effects differs when covariates operate at different spatial scales (MacNab, 2022). For instance, areal-
level covariates are typically released based on administrative regions, while point-level covariates,

such as most environmental monitoring data, are always based on specific locations. Caution should
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be exercised when dealing with diverse modeling objectives. The covariate scale can influence the
accuracy and confounding of spatial models, and the quantification of their effects and making

optimal choices deserve discussion.

C) Long distance interaction modelling.

Existing geographic-based spatial sharing patterns may not accurately depict spatial interactions.
Long-distance interaction has consistently been a challenge in spatial modeling (Riley et al., 2015),
especially in studies related to epidemiology, as people's travel patterns evolve. Exploring how to rely
on population mobility data to establish relatively accurate models for long-distance interaction in

epidemics and comprehensively capture spatial correlations in spatial data is a direction worthy of

further research in the future.

Supplementary Material

Code, parts of the data, and attachment files have been uploaded to GitHub but are set private.
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