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Abstract: 

This project has used the analytical infrared reflectance technique of Attenuated Total 

Reflectance Fourier Transform Infrared (ATR-FTIR) spectroscopy, for the prediction 

of chemical components in a range of biological samples. Data collection was carried 

out on 40 hyperaccumulator samples, 56 chicken feed samples, 54 lamb faecal samples 

and 188 forage feed samples. Predictions were made using several different regression 

methods including: Ridge, Least Absolute Shrinkage and Selection Operator 

(LASSO), Elastic Net, Principal Components (PCR) and Partial Least Squares (PLS). 

The best methods were identified as LASSO, Elastic Net and PLS. Several spectral 

data pre-treatments were explored, the best of which combined Standard Normal 

Variant scaling (SNV) with a first-order Savitzky – Golay (SG) spectral derivative and 

smoothing filter. Several of the resulting models illustrated high quality predictions 

(R2 > 0.8, Relative Performance Deviation (RPD) ≥ 2). The SNV and SG pre-

treatment almost completely reduces the contribution of strong water-based signals to 

the regression model, allowing the possibility of in situ prediction of forage feed 

composition with minimal sample preparation. ATR-FTIR spectrometers are available 

in a hand-held form, and the results of this research suggest that in situ forage quality 

analysis could be performed using mid – infrared (MIR) reflectance spectroscopy.   
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Chapter 1.0: Introduction 

 

1.1 Chemometrics 

 

Chemometrics is a dynamic and inherently multidisciplinary subject. [1-3] 

Chemometrics is built around the analysis of chemical systems, using tools 

originating predominantly from the field of applied mathematics, these tools are 

used to extract interesting correlations from data acquired from the chemical 

system being studied. The extracted correlations, allow for the prediction of 

properties of new samples from the same system. Spectroscopic techniques 

represent a very rapid means of accumulating large data sets, and for this reason, 

they are the focus of many research projects. [4-10] 

1.2 Infrared Spectroscopy 

Infrared spectroscopy is one of the more common spectroscopic branches within 

chemometrics, [11-13] as with any spectroscopic technique, the information it 

provides is related to the transitions between different energy states. For infrared 

spectroscopy the transitions are between vibrational and rotational energy levels. 

The spectrum of infrared radiation ranges in totality from 14000  – 10 cm-1 (0.8 

 m).[14] Infrared radiation is further divided into three regions, classifiedߤ 1000 –

according to their proximity to the visible region. These regions are the near-

infrared (NIR), mid-infrared (MIR) and far-infrared (FIR), they encompass the 

spectral regions of 14000 – 4000 cm-1, 4000 – 400 cm-1 and 400 – 10 cm-1
, 

respectively. In order for a molecule to absorb infrared radiation, the incident 

radiation must induce a change in the dipole moment of the molecule. The dipole 
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moment, ࣆ is related simply to the magnitude of the separated charges, ݍ and the 

distance between them, ࢘ as follows. [15]  

ࣆ =  ࢘ݍ

Physically the dipole moment changes manifest as geometry deformations of 

some form. The infrared radiation induces these changes based on the electric 

field component it possesses. The oscillation of the electric field component 

induces molecular oscillations only when its frequency aligns with the natural 

oscillation frequency of a given molecular vibration. 

1.3 Attenuated Total Reflectance Fourier transform infrared 

spectroscopy 

In general, Fourier Transform Infrared (FTIR) spectroscopy is a very efficient 

and rapid means of obtaining an infrared spectrum. However, more traditional 

transmittance-based FTIR techniques were limited in terms of applications by 

sample and substrate requirements, namely, the substrate must transmit infrared 

radiation. For quantitative studies to give transmittances within a useful working 

range, sample thickness is on the order of a few microns.  With reflectance based 

techniques, the strict requirement on sample thickness is avoided and infrared 

analysis is accessible to a wider range of sample types.[16-19] Attenuated Total 

Reflectance Fourier Transform Infrared (ATR-FTIR) spectroscopy is a 

Figure 1.1: Graphical representation of ATR-FTIR sample analysis. Adapted from [16]. 
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reflectance based MIR technique. ATR-FTIR requires the incident infrared 

radiation to be totally internally reflected within a crystal (which also acts as the 

sampling substrate), this requirement is due to the fact that ATR-FTIR probes 

the sample using an evanescent wave established at the sample – crystal 

interface(see Figure 1.1).[20] The evanescent wave occurs as a partial 

transmittance of the electromagnetic radiation, a consequence of solving 

Maxwell’s equations including the relevant boundary conditions. The 

evanescent wave propagates along the interface, but decays exponentially in the 

direction normal to the interface (non-crystal side). The choice of crystal affects 

the penetration (or decay length) of the evanescent wave. Typical ATR – FTIR 

crystal types include diamond, germanium or zinc selenide. Diamond provides 

very long crystal life time, however, it is the most expensive option. As well as 

being expensive, diamond also introduces a dead region at around 2000 cm-1. 

 In recent times ATR-FTIR has been preferred to transmittance-based FTIR 

across a wide range of applications. [21-27] This preference follows from the many 

benefits [28-33] ATR-FTIR provides such as non-destructive analysis, ease of 

application, rapid analysis and relatively low associated cost. Whilst ATR-FTIR 

possesses many benefits, there are still some inherent difficulties associated with 

the interpretation of the results. ATR-FTIR examines the MIR region which 

contains information regarding the fundamental vibration energy level 

transitions. [34, 35] The MIR region is relatively interpretable in the analysis of 

pure simple compounds, [36] however, rapidly becomes uninterpretable when 

more complex[37] samples are analysed. The complexity associated with these 

spectra is one of the main motivations for the employment of statistical 

methods.[38]  
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1.4 Samples 

1.4.1 Forage Feed  

Forage feeds is a term describing a range of plant species used as feed most 

commonly in production animals. Forage feed quality relates directly to the 

animal condition and therefore production. Forage quality may be evaluated 

through the identification of various chemical components such as neutral 

detergent fibre (NDF), protein and gross energy. As further motivation for 

studying these chemical components of forage feeds consider NDF, where high 

NDF values represent a greater contribution to the filling of the animal’s gut. 

Hence, reduced dry matter intake which is undesirable for production animals, 

as the animal is consuming predominantly organic matter it cannot digest. 

However, it is a fine balancing act as low NDF values can result in a greater risk 

of sub-acute ruminal acidosis which will also cause reduced dry matter intake. 

[163] It is suggested the ideal range of forage NDF being 30 – 32 % [163] of the 

total ration although this varies with the introduction of non-forage NDF. [164]  

The forage feed samples in this research may be divided further into an initial 

sample set and an expanded set. The motivation for the division is due to the fact 

that the expanded set includes additional plant samples, yet the variables present 

in these samples are not well accounted for. The initial sample set has far less 

ambiguity in terms of the species of plants present and the location and 

conditions of their growth. The initial sample set includes species that may be 

classified as either pasture or herb mixes. The pasture species include ryegrass 

and white clover. The herb mix species included chicory, plantain, white clover 

and red clover. The expanded sample set contained these species as well as 
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lucerne and unlabelled species. The chemical components identified for further 

analysis in the initial sample set were: metabolisable energy, neutral detergent 

fibre (NDF), acid detergent fibre (ADF), hemicellulose, dry matter (DM), 

digestible organic matter content (DOMD) and protein. For the expanded sample 

set fewer chemical component results were available only: NDF, hemicellulose, 

ADF, metabolisable energy and DM. These chemical components are currently 

determined either by wet chemical analysis or, on occasion, NIR analysis. Wet 

chemical methods are currently the standard in terms of accurate analysis but 

possess drawbacks in terms of time and cost. NIR analysis offers benefits over 

wet chemical methods, in terms of rapid analysis and time constraints, however, 

ATR-FTIR is suggested to offer further distinct benefits over NIR in terms of in 

field use, repeatability, and instrument lifetime.  
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1.4.2 Faecal  

For the faecal sample set the known chemical components were: hemicellulose, 

dry matter, ash, nitrogen, gross energy, organic matter, NDF, ADF and lignin. 

The motivation for the analysis of these chemical components via ATR-FTIR is 

the development of a model to predict animal growth. Such a model would take 

into consideration variation chemical components before and after digestion, 

differences between these values provides a description of nutrient absorption 

by the animal. Successful prediction of chemical components from faecal 

samples would allow for an infield determination of the animal’s current growth 

rate.  

1.4.3 Chicken Feed  

In the chicken feed sample set the known chemical components were: crude 

fibre, starch, fat, nitrogen, ash, dry matter, calcium, phosphorus and gross 

energy. The modelling of chicken feed alongside future chicken faecal models, 

would provide a means of assessing nutrient absorption in chickens. The chicken 

feed samples are made up of varying amounts of ground plant matter and meal. 

The feed portions were: maize, wheat, sorgum, soybean meal, canola meal, meat 

and bone meal, wheat bran, wheat dried distillers grain with solubles (DDGS), 

full fat soybean and palm kernel meal.  
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Table 1.1: Table of chemical components. 

 

 

Chemical component Description 

Neutral Detergent Fibre 

Neutral Detergent Fibre (NDF) represents the total 

fibre in the sample. NDF contains the plant cell wall 

components: cellulose, lignin hemicellulose, crude 

protein and ash. 

Hemicellulose 

 

Hemicellulose is one of the plant cell wall 

polysaccharides. Its chemical structure is that of a 

branched polymer chain of pentose and hexose 

sugars. 

Acid Detergent Fibre 

 

Acid Detergent Fibre (ADF) contains the least 

digestible portion of NDF. ADF contains the plant 

cell wall components: cellulose, lignin, crude protein 

and ash. 

Lignin 

 

Lignin is a bacterial barrier encasing the cellulose – 

hemicellulose structure of plant tissues.  Lignin is 

essentially indigestible by all livestock. Lignin’s 

chemical structure is that of a complex organic 

polymer. Lignins are cross-linked by phenolic 

polymers.[52] 

Gross Energy 
Gross energy is the total energy of the sample 

released as heat during combustion. 
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Table 1.1: Table of chemical components continued. 

Chemical component Description 

Dry Matter 

 

Dry matter is simply the amount of feed weight remaining post 

water removal. Dry matter is usually presented as a percentage 

of the initial sample weight. 

Ash 
Ash contains the total inorganic matter, essentially accounting 

for the mineral content of the feed. 

Organic Matter The difference between dry matter and ash content. 

Nitrogen 

The amount of nitrogen present in the sample. Measures nitrogen 

due to protein and non-protein sources. Evaluated typically 

through the Kjeldahl method.  

In vitro Digestible Organic Matter in 

Dry matter(DOMD) 

Determined using fluid from the rumen of research animals. 

DOMD describes the proportion of the dry matter the animal can 

digest.  

Protein 
Calculated from nitrogen content. With forages typically 

nitrogen content is representative of 16% of the protein content.  

Crude Fibre Accounts for the majority of fibrous components in the sample.  

Fat 
Triglycerides and fatty acids in the sample. Extracted from the 

dry matter using ether.  
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Table 1.1: Table of chemical components continued. 

  

Chemical Component Description 

Calcium 
Calcium content is captured in the ash content. Calcium 

may be explicitly determined in elemental analysis. 

Phosphorus 

Phosphorus content is captured in the ash content. 

Phosphorus may be explicitly determined in elemental 

analysis. 

Metabolisable Energy 

 

Metabolisable energy is the energy utilised by the 

animals. It may be calculated using the digestibility of the 

relevant sample. 

Starch 
A polymeric carbohydrate, provides glucose stores for the 

plant 
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  1.4.4 Hyperaccumulators 

Hyperaccumulators represent a particular evolutionary response adopted by a 

plant species due to a high concentration of heavy metals in the soil [39,40] or 

aquatic [41] environment. As the name suggests hyperaccumulators acquire 

internal concentrations of heavy metals, which exceed those in the surrounding 

soil environment. Depending on the particular heavy metal, the threshold 

concentration required for hyperaccumulator status varies and Table 1.2 

illustrates this.   

Table 1.2: Heavy metals and their concentrations within the plant tissue that warrant 

hyperaccumulator status 

Metal Au Ag Cd Se Ta Cu Co Cr Ni 

mg/kg > 1 > 1 > 100 > 100 > 100 > 1000 > 1000 > 1000 > 1000 

Species 
Count 

- - 1 20 - 34 30 - 320 

Metal Pb U As Mn Zn 
mg/kg > 100 > 1000 > 1000 > 10000 > 10000 
Species 
Count 

14 - 4 10 11 

 

 

Different applications of this interesting classification of plants can be seen 

throughout the literature, ranging from the removal of toxic heavy metals known 

as phytoremediation, [40] to the acquisition of precious heavy metals known as 

phytomining. [42] This research project will focus on nickel analysis in plant 

species such as Alyssum Sp and Berkheya Coddii. Berkheya Coddii is of 

particular interest because of having a relatively large biomass in comparison to 

other hyperaccumulators, whilst possessing an accumulated metal content under 

the right conditions of roughly one percent.[43] Berkheya Coddii uptakes Ni2+ 

through the same pathways as Ca2+ and Mg2+ as the presence of the latter two 
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ions hinder the uptake of the Ni2+ ion.[44] In the case of Alyssum, nickel has been 

found chelated by histidine in the xylem for transportation.[45] The nickel 

eventually becomes sequestrated in the leaf vacuole[46] in a complex form 

chelated by citrate and malate.  Nickel hyperaccumulation is common with 

roughly 320 known plant species. [47] Table 1.2 illustrates the variation in the 

number of known species at this stage.  [47] 

 

Abou Auda et al.[48] in the early 2000s identified the mechanisms by which 

Alyssum Murale tolerate nickel and magnesium accumulation. Shortly 

afterwards Fujimori et al. [49] demonstrated an interesting 24-fold increase in 

relative expression of the AtSDC gene of Arabidopsis thaliana, when Ni was 

introduced. The AtSDC gene is responsible for the generation of serine 

decarboxylase (SDC), which suggests that SDC is involved in the cellular 

response to the presence of metal ions in some fashion. Research has also 

emerged illustrating the increased expression of genes coding for the production 

of metallothioneins in Azolla Filiculoides [50] and Hebeloma Cylindrosporum.[51] 

The gene up regulation follows from the addition of heavy metals, and it appears 

the metallothioneins capture the metal ions via complexation.  

A range of interesting organic compounds have been shown to be able to be 

processed (e.g. by pyrolysis) from plant matter. Unfortunately, the products of 

interest are produced with little selectivity. However, there is reason to believe 

nickel presence in plant matter alters the selectivity ensuring the desired 

synthetic products. The ability for ATR-FTIR to predict nickel content may 

provide a means of infield plant analysis for future agricultural industry.  
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1.5 Mathematical Pre – treatment 
 

Prior to statistical analysis of spectroscopic data, it is necessary to perform 

mathematical pre-treatments (PTs) to remove variations of intensity due to non-

chemical variations. Non – chemical signal variations are introduced by a range 

of causes, such as partial size, chemical interference and methods of acquisition, 

[32,53] these issues manifest as noise or baseline deviations. [30] However, there 

are a range of noise suppression and baseline removal techniques that manage 

to, for the most part, remove these issues. [54,55]  

 1.5.1 Scatter Correction Pre – treatments 

Scatter correction pre-treatments account for signal artefacts generated by flaws 

or limitations inherent to the instrument, such as low signal intensities or 

scattering. These pre-treatments typically include a combination of centring and 

scaling, the two most prevalent methods are known as Multiplicative Scatter 

Correction (MSC) and Standard Normal Variate (SNV). [56] 

1.5.1a Multiplicative Scatter Correction 

Multiplicative scatter correction was introduced first by Martens et al. in 1983. 

[57] The process begins by regressing a reference spectrum onto the spectrum 

being corrected. Typically, this reference spectrum is chosen to be the average 

spectrum. If ࢞࢒ࢇ࢔࢏ࢍ࢏࢘࢕,࢏ represents a column vector containing p elements each 

representing the reflectance at a particular wavenumber. The linear relationship 

between this spectrum and a second reference spectrum may be outlined as 

follows.  
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࢒ࢇ࢔࢏ࢍ࢏࢘࢕,࢏࢞   = ܽ௜ −  (1)  ࢋࢉ࢔ࢋ࢘ࢋࢌࢋ࢘,࢏࢞࢏ܾ

Where ܽ௜ and ܾ௜ are coefficients accounting for offsets and slope deviations. 

Figure 1.3 contains a visual representation of some example transformations. 

The axes in each of the plots represent the reflectance values at a given 

wavenumber. The line A is representative of a constant offset from the reference 

spectrum. Line B represents a linear slope deviation from the reference spectrum. 

However, in reality the intensity values of the original spectrum are not identical 

to the reference spectrum aside from slope or offsets. Line C represents a 

somewhat more realistic scenario where the intensities differ beyond the simple 

transformations discussed. Finally line D demonstrates the corrected form of line 

C, still possessing the undulations of line C which are attributed to useful 

information. The equation for the corrected spectra can be seen below.  

࢘࢘࢕ࢉ,࢏࢞  = ࢍ࢘࢕,࢏࢞ − ܽ௜ܾ௜  (2) 

Figure 1.3: Example of Multiplicative 
Scatter Correction. 
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MSC has been used in the context of spectral pre-treating since as early as 1985, 

[58] and it is still commonly used across applications in NIR and MIR 

chemometrics. [59-61] 

1.5.1b Standard Normal Variate 

Another very common method of scatter correction, standard normal variate, 

SNV formulates an expression for the corrected spectrum that is very similar to 

the MSC. However, SNV has the benefit of not requiring a reference spectrum.  

ࢀ࢘࢘࢕ࢉ,࢏࢞  = ࢀࢍ࢘࢕,࢏࢞ − ௫೚ೝ೒ߪ௫೚ೝ೒ߤ    (3) 

Where ߪ௫೚ೝ೒ and ߤ௫೚ೝ೒ are the standard deviation and mean of the original 

spectrum, respectively. SNV is applied predominantly in the same situations as 

MSC, as such SNV is also very prevalent amongst IR  

literature. [62-64] 
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1.5.2 Savitsky – Golay Filtering 

The Savitsky – Golay filter [65] is a combination of a spectral derivative and 

polynomial convolution smoothing. The smoothing step is included to reduce 

the exaggeration of high frequency terms. The smoothing step provides new data 

points based on a summation of the previous data points, within some user-

defined window. The summation includes coefficients, the values of which vary 

in the same fashion as a polynomial (demonstrated in Figure 1.4) the order of 

which is, again, user-defined, the benefit of smoothing data in this fashion is that 

peak structures are maintained. Other smoothing options such as Norris-

Williams [166] provide no preference to any data point, and suppress peak 

structures as a result.  

௜ᇱݔ  = 1݊ ෍ ܿ௡,௜ݔ௜௝
௜ = 1݊  (4) ࢀ࢞ࢉ

In equation 4, ݔ௜ᇱ represents the smoothed data point ܿ represents the 

corresponding weighting coefficient, and ݊ is the number of points in the 

summation window. A linear algebra version is also included in equation 4, 

where ࢉ is a column vector containing polynomial weights, ࢞ࢀ is a portion of the 

Figure 1.4: Simplified example of three 
polynomial weights. 
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original data to be smoothed. The vectors  ࢉ and ࢞ ݆ contain ࢀ − ݅ elements, where ݅ is the first data point of the smoothing window and ݆ the last. The Savitsky – 

Golay filter has been seen to be useful in combination with either of the scatter 

correction methods [66, 67] mentioned previously.  

1.5.3 Asymmetric Least Squares  

The asymmetric least squares (AsLS) algorithm identifies the baseline by using 

the spectrum itself as a starting point. The AsLS algorithm builds upon the work 

of Whittaker.[68] Consider a spectrum to be represented by a column vector, ࢟ 

with the dimensions ݇ × 1, for ATR-FTIR this vector contains reflectance values 

and, ݇ represents the total number of reflectance values identified, thus, each 

element may be labelled with the appropriate wavenumber.  Asymmetric least 

squares approximates the baseline by finding a second vector ࢠ, of equal 

dimensions, this vector will satisfy the conditions of being similar to ࢟ and being 

smooth. Both the similarity and smoothness of ࢠ can be adjusted in the process 

to generate a satisfactory baseline. These features may be represented in the 

following equation. [69] 

ܨ = ෍(ݕ௜ − ௜)ଶ௜ݖ + ෍(ݖ௜ − ௜ିଵ)ଶ௜ݖ  

In matrix form.  

ࢌ  = ࢟|ࢃ − ૛|ࢠ +  ૛ (5)|ࢠࡰ|ߣ

Where |࢟ −  ૛ is a vector representing the squared differences between the|ࢠ

vectors ࢟ and ࢠ,  this vector contributes to the term representing the similarity of ࢟ and ࢠ. The other portion of the similarity term is ࢃ, a matrix containing 

weights along the diagonal. 
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ࢃ = ൥ݓଵ 0 00 ⋱ 00 0   ௜൩ݓ

The values of the diagonal entries of ࢃ are determined based on the following 

relationship. 

௜ݓ =  ൜݌; ௜ݕ         > ௜1ݖ − ;݌ ௜ݕ <   ௜ݖ
The weighting matrix, ࢃ contains a parameter ݌ which the user can vary, small 

values of ݌ generate baselines below the vector ࢟ and vice versa. Small values 

of ݌ are desirable in the context of Raman spectroscopy and hence it has seen 

relatively frequent use in this field.[70-73] However, for ATR-FTIR reflectance 

spectra, large values of ݌ are required.The second term of ࢌ describes the 

smoothness, by generating a vector which contains in its elements values relating 

to the difference of some element ݖ௜  with some preceding element ݖ௜ିଵ. The 

differences are generated using the following matrix, ࡰ. 

ࡰ  = ቂ−1    1   0    0 −1   1ቃ  

݇ will, in reality, have ࡰ  columns and ݇ − 1 rows. In equation 5,  ߣ is a parameter 

that represents the significance of the smoothness term, if ߣ is large the vector ࢠ 

will have more freedom to undulate.  For some additional detail on the derivation 

of  , see Appendix 1. For a brief graphical representation of the identification of ࢠ see Figure 1.5. 
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1.5.4 Discrete Wavelet Transform 

  

The Discrete Wavelet Transform (DWT) decomposes a given spectrum into 

combinations of scaling and wavelet functions, of varying scale and translation. 

In the context of spectroscopy, the translations are shifts in wavenumber, whilst 

the scale is inverse wavenumber (wavelength).  A typical wavelet transformation 

of an ܰ × 1 vector, ࢌ may be represented in the language of linear algebra as 

below.[165] 

ࢻ  = ࢀࢃࢃ ࢌࢀࢃ = ۷ 

(6) 

Where, ࢻ contains the wavelet coefficients and ࢃ is an ܰ × ܰ matrix containing 

the orthonormal basis vectors (constructed in the same fashion as the example in 

Appendix 2). The Discrete wavelet form of the general wavelet transform is seen 

in Equation 7. 

(a) (b) (c) 

Figure 1.6: An overview of noise removal using the hard threshold approach for DWT. (a) Representation 
of the decomposed function in the scale (n), translation (t) and coefficient value space. (b) The orange 
region represents the noise domain within which components of the original function possess noise-like 
characteristics. (c) The decomposed function now with noise-like terms removed.    
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 ቂࢊࢇቃ = ቂࡰࡿቃ  (7) ࢌ

Where ࢇ and ࢊ contain the approximation and detail coefficients. The matrices ࡿ and ࡰ contain orthogonal discrete basis functions (scaling and wavelet, 

respectively), the rows of the matrices represent shifts of these basis functions. 

The process of decomposition is iterative using the algorithm of Mallat, [74] 

identifying relative coefficients as follows, where ݊ is the level of 

decomposition. 

࢔ࢇ  =   ૚ି࢔ࢇࡿ
ࢀࡿࡿ = ۷ 

࢔ࢊ =  ૚ି࢔ࢇࡰ

ࢀࡰࡰ = ۷ 

(8) 

 

(9) 

The function may now be represented as follows. 

ࢌ  = = ૙ࢇ ૚ࢊࢀ૚ࡰ + = ૚ࢇࢀ૚ࡿ ૚ࢊࢀ૚ࡰ + ૛ࢊࢀ૛ࡰൣࢀ૚ࡿ + = ૛൧ࢇࢀ૛ࡿ ૚ࢊࢀ૚ࡰ + ࢀ૚ࡿ ቂࡰ૛ࢊࢀ૛ + ૜ࢊࢀ૜ࡰൣࢀ૛ࡿ +  ૜൧ቃࢇࢀ૜ࡿ
 

(10) 

The benefit of this method of decomposition over other forms such as the Fourier 

transform (FT), is clear when it is applied to data with localised features, in such 

a scenario DWT provides fewer terms than the FT. There exist many different 

families of wavelets, differing in their geometry, as such wavelets need to be 

selected such that they allow the decomposition and accurate reconstruction of 

the signal. In general wavelet selection is fairly subjective, however,  
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the literature reflects that 

 the Daubechies[75,76] family 

performs well [77] for infrared 

spectra. Noise suppression can 

be achieved through several 

means.[78] The approach 

utilised in this project is known 

as thresholding, specifically 

hard thresholding. Hard thresholding, as used in this research is equivalent to 

identifying expected features of noise contributions, and removing wavelets 

possessing these features (see Figure 1.6).[78] The two features outlined as 

indicative of noise, are low coefficient values and high scaling (low ݊), as 

illustrated in Figure 1.6. The coefficient threshold is important especially if the 

original spectrum is expected to possess high frequency terms of significance (as 

found in derivative plots). For a brief example of identifying scaling and wavelet 

functions, and on the decomposition of a function by discrete wavelets, see 

Appendix 2. [79]  

1.6 Multivariate Regression 
 

Multivariate regression is concerned with identifying relevant information 

within a large set of variates, in order to predict response values. The methods 

of multivariate regression employed in this research are linear regression 

methods. They all build upon the basic principles of ordinary least squares 

regression. [80] Ordinary least squares formulates linear combinations of the 

predictor variates in the following fashion. 

Figure 1.7: Graphical representation of the DWT 
decomposition process. 
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 ෝ࢟  = ࢙࢒࢕ࢼࢄ +  (11) ࢋ

Where ෝ࢟ is an ݊ × 1 column vector containing response values, ࢄ is an ݊ ×  ݌

matrix where each row is an observation and each column is a variable. ࢙࢒࢕ࢼ is 

a ݌ × 1 column vector of regression coefficients and ࢋ is an ݊ × 1 column vector 

of residual terms. In the context of spectroscopy, each row of ࢄ represents a 

spectrum obtained for a given sample. The equivalent row of ෝ࢟ contains some 

chemical component of interest, for instance, protein content, ideally, it should 

be possible to relate the entire spectrum of each sample to each component. 

Practically, however, spectroscopic data possesses several undesirable features 

that make regression analysis by OLS very difficult. The performance of OLS 

decreases drastically if neighbouring columns of the ࢄ matrix vary together 

(multi-collinear), this issue results in ill – conditioning  [81] of the ࢄ matrix, a 

discussion of how this arises and the particular effects that result may be viewed  

hapter 2.2.1. The high dimensionality of the ࢄ matrix is also an issue, this refers 

to the fact  ݌ ≫ ݊, this results in a greater number of unknowns (coefficients) 

than equations, as such no unique solutions. There are two prominent approaches 

to dealing with any issues introduced through high dimensionality, these are 

known as feature selection and feature extraction. 
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1.7 Principal Component Analysis 

 

 

Principal component analysis[82] (PCA) is not a regression method, but rather a 

means of identifying what variables are significant within the ࢄ matrix. Using a 

geometrical interpretation, if we consider each variable as a “direction” in a ݌ −dimensional space, then the principal components align with the direction of 

greatest variance within the initial ݌ − dimensional space. The principal 

components are formed as linear combinations of the initial ݌ variable vectors. 

These components provide great insight into trends already present within the ࢄ 

matrix, such as clustering of observations. The components also provide insight 

into what variables of the original dataset are varying the most between 

observations. Principal component analysis results are often presented as scores 

and loadings plots. The scores plots use the principal components as the axes 

and display observations relative to these new axes, equivalent to a passive 

coordinate transformation. The loading plots reflect how well-aligned each 

original variable vector is with a given principal component, as such the loading 

values are equivalent to inner products.   

Figure 1.8: (a) illustrates the initial variable space (relative to the project) in a reduced form. The dashed axes are the 
mean subtracted axes, the red dashed axes represent the principal components. (b) represents the original data after the 
passive transformation to principal component space.  
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1.8 Regression Methods 

As has been mentioned, issues associated with high dimensional data matrices, 

may be overcome through feature selection or construction. The regression 

methods utilised in this project all fall into one of the two categories. Before 

discussing these methods, the method for identifying the regression vector ࢼ௢௟௦ 

in ordinary least squares will be described. The primary criterion for determining ࢼ௢௟௦ is minimisation of the squared error function (ࢀࢋࢋ): 

ࢀࢋࢋ  = (࢟ − ࢟)ࢀ(ࢼࢄ −  (12) (ࢼࢄ

The vector, ࢼ௢௟௦ that minimises ࢀࢋࢋ is given by the following equation, 

௢௟௦ࢼ  =  (13) ࢟ࢀࢄ૚ି(ࢄࢀࢄ)

The first three regression methods used in this thesis provide additional terms to 

the squared error function, which act to reduce any negative results due to multi-

collinearity. These issues are supressed at the expense of an increased squared 

error associated with the identified regression vector.  The latter two methods 

discussed will construct features, combining them to form a new matrix ࡯ࢄ 

possessing fewer multi-collinearity related issues.  
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1.8.1 Ridge Regression 

Ridge regression was first described in 1970[83] by Hoerl et al., it introduces a 

parameter, ߣ, that shrinks the elements of the regression coefficient vector.[84] 

The parameter is varied until a model with suitable low mean squared error is 

produced. Equations 14 and 15 below present the squared error function with 

Ridge penalty and Ridge regression coefficient vector, respectively. 

(ܴ݁݃݀݅)ࢀࢋࢋ  = (࢟ − ࢟)ࢀ(ࢼࢄ − (ࢼࢄ +     ૛|ࢼ|ଵߣ
ࡾࢼ = ࢄࢀࢄ) +  ࢟ࢀࢄଵ۷)ି૚ߣ

(14) 

(15) 

Shrinkage occurs more significantly as ߣଵ is increased, due to the growth of the 

inverse term in the equation for ࡾࢼ. 

 1.8.2 LASSO Regression 

The Least Absolute Shrinkage and Selection Operator [85] (LASSO), is a fairly 

recent method providing a subtle but significant alteration to the Ridge 

regression method. The penalty imposed by the LASSO method varies only 

slightly to that of the Ridge method. The regression coefficient vector produced 

by the LASSO method will likely contain elements of zero value, this result 

provides the most distinct difference between the Ridge and LASSO methods. 

The Ridge method will shrink the contribution of variables of lesser relevance, 

but, LASSO will remove them entirely. Equations 16 and 17 present the squared 

error function with LASSO penalty and LASSO regression coefficient vector, 

respectively. 

(ܱܵܵܣܮ)ࢀࢋࢋ  = (࢟ − ࢟)ࢀ(ࢼࢄ − (ࢼࢄ +  (16) |ࢼ|ଶߣ
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ࡸࢼ  = − ࢟ࢀࢄ)૚ି(ࢄࢀࢄ) 2ࢃଶߣ ) 
(17) 

(ࢃ)ࢍࢇ࢏ࢊ =  ቄ ௜ߚ 1−1 > ௜ߚ0 < 0 

Now the modification to the typical ࢙࢒࢕ࢼ equation appears as a negative term in 

the parentheses, the effect of which is to set elements of ࡸࢼ to zero as they shrink 

below a limit governed by ߣଶ.   LASSO’s built – in variable selection has led to 

it being utilised in a variety of studies involving high dimensional data. [86-89] 

1.8.3 Elastic Net Regression 
 

The Elastic Net method [90] combines the approaches of Ridge and LASSO in 

order to generate a regression coefficient vector possessing the desirable traits 

of both the LASSO and Ridge equivalents. Equations 18 and 19 below 

demonstrate the Elastic Net penalty and the resulting Elastic Net regression 

coefficient vector, respectively.  

ࢀࢋࢋ  = (࢟ − ࢟)ࢀ(ࢼࢄ − (ࢼࢄ + 1)]ߣ − |ࢼ|(ߙ +  ૛]  (18)|ࢼ|ߙ

ߙ = ଵߣଶߣ +  ଶߣ

࢚ࢋ࢔࢒ࢋࢼ  = ࢄࢀࢄ) + ࢟ࢀࢄ) ૚ି(ࡵߙߣ − 1)ߣ − 2࢝(ߙ ) (19) 

From the equation for ࢚ࢋ࢔࢒ࢋࢼ, it is immediately clear the shrinkage and selection 

characteristic are both present. The Elastic Net also has seen application across 

of wide range of studies, despite its relative recent development. [91-99] 

  



1.0 - Introduction 

28 
 

1.8.4 Principal Component Regression 

This method is the first of two feature construction methods employed in this 

research. Principal component regression constructs a new matrix ࡾ࡯ࡼࢄ for 

regression analysis, this has the dimensions of ݊ × ܿ where ܿ is the number of 

principal components augmented. These principal components are the same as 

previously discussed in the PCA section. These components are orthogonal to 

one another and as such the constructed matrix is devoid of issues associated 

with column linear dependence (i.e. multi – collinearity). Another important 

result of this method is ܿ <  thus this method also achieves dimension ݌

reduction.  

࢏࢖  =  (20)  ࢏ࢽࢄ

݊ ܾ݃݊݅݁ ࢏࢖ × 1 

= ࡾ࡯ࡼࢄ ૚࢖] ૛࢖ ⋯   [ࢉ࢖
 ෝ࢟ = ࢼࡾ࡯ࡼࢄ +   ࢋ

ࡾ࡯ࡼࢼ = ൫ࢀࡾ࡯ࡼࢄ ࢀࡾ࡯ࡼࢄ൯ି૚ࡾ࡯ࡼࢄ ࢟ 

(21) 

(22) 

Where ࢏࢖ is the ݅௧௛ principal component, and ࢏ࢽ is the ݅௧௛ eigenvector of ࢄࢀࢄ.  

As is clear from the equations above, PCR proceeds in the usual fashion to derive ࡾ࡯ࡼࢼ. Whilst PCR has existed in some capacity for a relatively long time, it still 

sees application across a range of disciplines. [100-103]  
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1.8.5 Partial Least Squares  
 

Partial Least squares was developed in the mid 1970’s to early 1980’s, through 

the joint efforts of father and son Herman and Svante Wold,[104-106] two 

prominent figures in the field of chemometrics. Partial least squares defines 

several vectors, the vectors may be grouped in the following fashion. The vectors ࢝ and ࢉ are referred to as weight vectors, they assign weights to the variables 

(columns) of ࢄ and ࢅ, respectively. Weighting is allocated based on the 

relevance of the column to either the ࢚ or ࢛ vector.  The vectors, ࢚ and ࢛  are 

referred to as scores vectors, representing how significant an observation is to 

the corresponding weight vectors. Finally ࢖ and ࢗ are referred to as loading 

vectors, the phrase carries a similar meaning as it does in the context of principal 

components analysis, the loadings reflect variable significance to the scores 

vectors.  

࢛ = ࢟ 

 ࢝ =  ࢛ࢀࢄ

࢝ = ࢝|࢝| ,  ࢝ ࢌ࢕ ࢔࢕࢏࢚ࢇ࢙࢏࢒ࢇ࢓࢘࢕࢔

(22) 

(23) 

 ࢚ =  ࢝ࢄ

ࢉ = ࢚ࢀ࢚࢚ࢀࢅ  

(24) 

(25) 

ࢉ  = |ࢉ|ࢉ ,  ࢉ ࢌ࢕ ࢔࢕࢏࢚ࢇ࢙࢏࢒ࢇ࢓࢘࢕࢔

࢛ =  ࢉࢅ

(26) 

(27) 
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Equations 22 – 27 are carried out iteratively in the order presented, until the 

vector, ࢛ stabilises, at which point the algorithm identifies two further vectors, ࢖ and ࢗ.  

࢖  = ࢚ࢀ࢚࢚ࢀࢄ  

ࢗ =  ࢛ࢀ࢛࢛ࢀࢅ

(28) 

(29) 

Some of these vectors may be combined to form a matrix, which may then be 

subtracted from the original ࢄ and ࢅ matrices.  

࢏ࢄ  = − ૚ି࢏ࢄ  ࢀ࢖࢚

࢏ࢅ = − ૚ି࢏ࢅ  ࢀࢉ࢚

(30) 

(31) 

 

At which point the process begins again, inserting these matrices back into the 

previous. The matrices ࢏ࢄ and ࢏ࢅ are reduced in dimension and represent so-

called deflation matrices, ݅  refers to the iteration. The matrices subtracted at each 

deflation may be combined to form matrices of all the constructed information. 

This constructed matrix may be used for further regression analysis as was seen 

for PCR. PLS has seen incorporation in a wide variety of research projects, [107-

113] including an assortment of FTIR based studies. [114-120] 
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1.9 Chemometrics: Infrared Spectroscopy of Forage Feeds 
 

Mention of infrared-based chemometric analysis of lamb faecal samples, 

chicken feed and hyperaccumulator plants is limited. However, amongst the 

literature the use of infrared spectroscopy based techniques in the prediction of 

agriculturally relevant chemical compositions is quite common. [121-127] In this 

field NIR techniques are the most widespread.  In terms of forage quality 

predictions, NIR has been prevalent since 1976. [128] In 2016 a communication 

paper was published by Berzaghi et al. [129] summarising the predictive 

performance of a portable NIR instrument for farm forage analysis, they 

developed prediction models from a sample set of more than 300 samples. 

Berzaghi et al. identified with moderate accuracy NDF and DM in new samples 

(ܴଶ: 0.82, 0.86). It is worth noting that the instrument outlined as “portable” in 

this research was not ergonomic and its dimensions seem quite cumbersome. [130]  

NDF determination via NIR predictions [131] was also carried out in the work of 

Monrroy et al., where they also predicted ADF, cellulose and CP. In their 

research they utilised a smaller sample set than Berzaghi, however, they looked 

exclusively at the species Brachiaria spp. Their external validation results 

produced a variety of model qualities; NDF and ADF were modelled rather well 

(ܴଶ: 0.86, 0.90), whilst cellulose and crude protein were poorly accounted for 

(ܴଶ: 0.73, 0.53). 

 Asekova et al. investigated the potential of NIR – models to predict NDF, ADF, 

CP and crude fat in soybeans. Their findings were based on models developed 

using over 300 samples, and employing a modified version of PLS. They tested 

the developed models on ~ 90 external validation samples and recorded large R2 

for CP and crude fat (0.91,0.93). [167] However, ADF and NDF were predicted 
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with less accuracy than has been seen in the previously mentioned literature, now 

with R2 of 0.77 and 0.75. Despite the abundant use of NIR in the literature, in 

terms of real world applications its most valuable form is with hand held 

instruments. There is reason to believe hand-held NIR devices, such as diffuse 

reflectance based devices, are very susceptible to a variety of environmental 

factors. [132] Such sensitivity brings into question the ability of NIR –models to 

be transferred to hand held devices for in situ analysis. [132]  

The work of Pierna et al. [133] claims to demonstrate the simple transfer of a large 

NIR calibration database from one instrument to another. The transfer process 

re-calculated the models on a combined sample set incorporating a portion of the 

new samples.  The results are somewhat debatable based on the tremendous 

difference of sample sizes. The research of Santos et al. demonstrated explicitly 

that for classification and quantification of milk product adulteration, hand-held 

MIR (ATR-FTIR) out performs hand-held NIR.[134] Some authors have also 

suggested models derived from the MIR region possess greater predictive 

ability, although their suggestions are in a slightly different context.[135,136]  

ATR-FTIR has been used as a technique for the analysis and differentiation of 

natural fibres, [137] with cellulosic components. Cellulosic fibres are also found 

in a variety of the chemical components investigated in the research of this 

thesis, suggesting ATR – FTIR may perform well in this context. 
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1.10 Project aims 

Outlined in the literature are numerous predictions of chemical compositions by 

infrared spectroscopy, the agricultural domain seeing common employment of 

NIR. This project aims to explore the potential links between ATR-FTIR spectra, 

and a variety of chemical components relevant to agricultural based science. The 

project will employ several different methods in order to establish whether or 

not the link exists. The project aims to compare the ability of different 

combinations of mathematical pre-treatments and regression methods, 

comparisons will be made based on relevant statistical metrics. The project aims 

to provide a technique capable of introducing a new form of chemical 

composition analysis of biological samples from agricultural and environmental 

systems. The use of ATR-FTIR for chemical composition analysis is suggested 

to be an additional tool rather than one intended to supersede current methods.  
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Chapter 2.0: Methodology and Technical Background 

2.1: Methodology 

2.1.1 Initial Forage Feed Samples 

A total of 140 herbage samples were used for analysis, consisting of 84 ryegrass - 

white clover samples and 56 herb-clover mix samples including chicory, plantain , 

white clover and red clover. The samples were  collected in 2012, 2013, 2015 and 2016 

on Massey University farms close to Palmerston North in New Zealand (40o38’S and 

175o37’ E). The samples were frozen (-20 oC) and then freeze dried before chemical 

analysis. 

2.1.2 Expanded Forage Feed Samples 

A total of 188 samples were used for analysis. The samples were collected in 2012, 

2013, 2015 and 2016 on Massey University farms close to Palmerston North in New 

Zealand (40o38’S and 175o37’ E). The samples were frozen (-20 oC) and then freeze 

dried before chemical analysis. Samples contained a mix of herb, pasture, lucerne and 

unknown sample species.  

 2.1.3 Chicken Feed Samples  

A total of 56 feed samples were used for analysis. The feed samples were provided 

courtesy of Dr Fifi Zaefarian. They comprised 56 mixtures of 10 feed ingredients, 

including maize, wheat, sorghum, soybean meal, canola meal, meat and bone meal, 

wheat bran, wheat DDGS, full fat soybean and palm kernel meal. All 10 ingredients 

have been included in each feed mixture with either of three different inclusion levels 

(2, 42 or 82%).  
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2.1.4 Faecal Samples 

A total of 54 lamb faecal samples were used for analysis. The faecal samples were 

collected in 2015, and provided for this research project by Antoinette Danso, a PhD 

student under the supervision of Professor Patrick Morel of the Insitute of Veterinary, 

Animal and Biological Sciences, Massey University.  

 2.1.5 Hyperaccumulators 

A total of 40 hyperaccumulator plant samples were used for analysis. The samples 

consisted of ground leaf matter from Alyssum sp and Bherkeya coddii species, kindly 

provided by Associate Professor Chris Anderson.  

2.1.6 Wet Chemical Analysis 

Aside from nickel content in the hyperaccumulators, all chemical compositions were 

determined at the Massey University Nutrition Laboratory. The samples were analysed 

for N using the Dumas total combustion method (AOAC method 968.06),[138] and dry 

matter (DM) using a convection oven at 105 OC (AOAC methods 930.15 and 

925.10).[138] Neutral detergent fibre (NDF), Lignin and acid detergent fibre (ADF) 

were determined using the Tecator Fibretec System following the method described 

by Robertson and Van Soest[139] (1981) (AOAC method 2002.04).[138] The in vitro 

digestible organic matter content  (DOMD) and metabolisable energy (ME = 0.16 × 

DOMD) were determined by the method of Roughan and Holland.[140] Ash was 

determined in a furnace at 550 °C (AOAC method 942.05) [138] and OM (AOAC 

method 942.05).[138] Gross energy was determined using a bomb calorimeter (Leco, 

AC 350, Leco Corporation, St. Joseph, MI). Fat was determined by the Soxtec 

extraction method (AOAC method 991.36). [138] Nickel content of hyperaccumulator 

samples was determined using a microwave plasma-atomic emission spectrometer 
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(MP-AES). The chemical compositions not mentioned were carried out using standard 

methods at the Massey University Nutrition Laboratory, all of the determined 

compositions were of the expected range (see Appendix 8). [173-177]   

2.1.7 ATR-FTIR Spectra Collection 
 

Infrared spectra were recorded in reflectance mode using a Thermofisher Scientific 

Nicolet 5700 equipped with a germanium crystal Smart iTRTM Attenuated total 

reflectance sampling accessory and OMNICTM series software. Dried samples were 

ground prior to analysis in order to distribute the organic components as 

homogeneously as possible. Reflectance data was recorded over the wavenumber 

range of 675 − 4000 cm-1 with 64 scans per spectrum and a spectral resolution of 4 

cm-1. The acquisition time for a single spectrum was 66 seconds.  Background spectra 

were collected with no samples present on the crystal, and under the same experimental 

conditions. Fresh background spectra were acquired periodically for data collection 

sessions longer than one hour. Beam alignment was checked before collection. For 

every sample three spectra were collected, an average was evaluated from these in 

order to further account for inhomogeneity. Repeatability was determined by 

collecting spectral information of one particular sample over a day, at regular intervals. 

Comparing these results to those of other samples demonstrated consistent clustering 

based on the sample, rather than the session of data collection (demonstrated using 

PCA, see Appendix 7). The files were exported as comma separated value (csv) files 

and imported into the R environment for analysis (all spectra are stored online, and 

available at request).  
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2.1.8 Statistical Analysis 

From a total of 969 initial spectra, averaging generated 323 spectra, with each averaged 

spectrum representing a different sample (from within one of the four distinct sample 

types).   

Pre-treatment of the averaged spectra was required to eliminate random effects due to 

sample presentation on the ATR crystal.[53] Six pre-treatments (PT) were investigated, 

the first (PT1) was a scatter correction technique, Multiplicative Scatter Correction 

(MSC). The second (PT2) consisted of another scatter correction technique, Standard 

Normal Variate (SNV) scaling. [128] PT3 applied a Savitzky-Golay (SG) derivative[65] 

after SNV to remove slowly varying components unrelated to changes in chemical 

composition. This research utilised a first – order derivative followed by smoothing 

using a polynomial weighting. Here, the smoothing polynomial was third-order and 

the window of smoothing was 11 units. A Discrete Wavelet Transform (DWT)[141] 

filter was utilised for PT4 and applied post-SNV. The mother wavelet for the transform 

was a Daubechies-8 wavelet, and the noise was reduced by suppression of non-signal 

high frequency terms using a wavelet-coefficient threshold approach. [142] PT5 was a 

product of PT3 followed by DWT-filtering with a Daubechies-12 mother wavelet. PT6 

was AsLS applied post-SNV, with a weighting of 0.9999 and ߣ of 106.  

 A preliminary analysis of the both the whole dataset, and each different sample set, 

was carried out using Principal Component Analysis [82] (PCA). For the forage sample 

sets, the samples were divided into calibration and external validation sets (insufficient 

samples to allow for this in the other sample sets), with ~75% of the sample set used 

for model formulation and the remainder used as an external validation data set. A 

modification was made in the algorithms, allowing one initial model calibration to 
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identify and remove prediction outliers (with errors of prediction further than 2.5 

standard deviations away from the average value), after which the model was 

recalibrated on the reduced calibration subset. During model formulation, a ݇-fold 

cross-validation[143] approach was incorporated to refine and identify the best model, 

with ݇ = 10.  

The optimum number of components (PCR and PLS) or variables (Ridge, LASSO or 

Elastic Net) in the regression model was determined based on the values of root-mean-

squared error of cross-validation (RMSECV). The optimum number of components 

(or variables) was the smallest value that gave a RMSECV within one standard error 

of the lowest RMSECV value. [144] RMSECV was calculated using the following 

equation.[145] 

= ܄۳۱܁ۻ܀    ඨ∑ ൫࢟࢏,࢚࢙ࢋ − ࢏൯૛࢏,࢔࢝࢕࢔࢑࢟ ࢔  
  

Where ݊ is the number of values, and with the square root the numerator contains the 

total squared difference between estimated and known values. The selected model’s 

performance was determined for the calibration, cross-validation and external 

validation datasets. A robust PCR or PLS model will possess a lower number of 

components, ݊௖,[146,147] as this reflects a lower risk of overfitting.[148] 

The following metrics were used for the evaluation of prediction quality, root-mean-

square error of prediction (RMSEP), standard error of prediction (SEPc),[149] the 

coefficient of determination, R2 and relative performance deviation (RPDc). 
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Note that for each metric the acronym and equation vary slightly based on the context, 

therefore for clarity the equations used in this work are given below. The equations for 

SEP, bias[149] and RPD are:  

 SEP =  ඨ∑ ൫ݕ௘௦௧,௜ − ௞௡௢௪௡,௜ݕ − bias൯ଶ ୧ ݊ − 1   

 bias = ∑ ௘௦௧,௜ݕ) − ௞௡௢௪௡,௜)௜ݕ ݊   

 RPD = σSEPୡ  

   

 

Where σ is the standard deviation. 
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2.2.0 Technical Background: Regression Methods 

 

This section is designed to provide an additional level of detail relating to the 

regression methods employed in this research. The information discussed in this 

section allows for further intuition regarding the motivation for the methods, and the 

geometric relationships between the mathematical objects of each method. The 

motivation will be developed by highlighting the short comings of the original 

ordinary least squares method, each method employs a slightly different approach to 

dealing with these short comings. The different approaches of each method will be 

discussed and explained, some additional information has been included in the 

appendices and is referenced when appropriate. The level of detail this section 

provides is beyond the level required to interpret the upcoming results and discussion 

sections, however, as mentioned it will enhance the reader’s intuition and familiarity 

with the concepts.  
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2.2.1 Introduction 

Regression is the process of relating two variable spaces. A linear regression equation 

appears as follows  

 
௡ݕ = ܾ଴ + ෍ ܾ௜ݔ௜

௡

௜ୀଵ

+ ෍ ߳௜

௡

௜ୀ଴

 

 

 

Or the equivalent matrix form. 

 ࢟ = ࢼࢄ + ࣕ (1) 

Where in this equation and for the remainder of the chapter the following notation will 

be used: 

- bold capital letter implies a matrix 

- bold lowercase letter implies a column vector  

- bold lowercase letter with superscript T implies a row vector or in general the 

transpose of an object 

- regular lowercase letter implies a scalar quantity 

Hence the matrix equation provided illustrates the column vector of responses, ࢟  being 

equal to the product of a matrix ࢄ with a column vector of regression coefficients ࢼ, 

and an additional disturbances term denoted as ࣕ. 

The equation above shows a single response variable, for some of this chapter the 

general case of ࢄ being of ݊ × ݊ of ࢅ dimensions and ݌ × ݉ dimensions will also be 

used. For this research ݊ is the number of observations (samples in ࢄ, corresponding 

chemical composition in ݌ ,(ࢅ is the number of predictor variables (reflectance at a 

wavenumber) and ݉ is the number of response variables.  
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Equation 1 includes the disturbance term ࣕ, where ࣕ captures the difference between 

the measured value and the true value. The term ࣕ is, by its very nature, unobservable. 

Section 2 will begin with a description of the ordinary least squares (OLS) model, the 

description will lead to a motivation for more advanced regression methods. Two 

classes of regression methods utilised in this research are. 

(i) Feature extraction methods 

(ii) Feature construction methods.  

In this work, the feature extraction methods employed are Ridge, LASSO and Elastic 

Net regression. The feature construction methods are principal components regression 

and partial least squares regression. 
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2.2.2 Ordinary Least Squares regression 
 

The OLS model contains a residual term ࢋ in place of the disturbances term. The 

residual is observable and represents the difference between an observed and estimated 

value. The ordinary least squares model is. 

 ࢟ = ࢙࢒࢕ࢼࢄ +  (2) ࢋ

Equation 2 can be easily expanded to a multiple response version with the following 

modifications. 

 

࢟ →  ࢅ 

࢙࢒࢕ࢼ →  ࢙࢒࢕࡮

ࢋ → ણ 

 

 

The matrices ࢄ and ࢅ are mean centred. Having at this stage identified a general 

relationship between two variable spaces, the next step is to find an expression for ࢙࢒࢕ࢼ 

under the condition of 

 

ࢋࢀࢋ߲
ࢀࢼ߲ = 0 

 

 

where ࢋࢀࢋ = หࢋ૛ห or the squared error. The motivation for minimising ࢋࢀࢋ is it 

ensures |ࢋ| ≅ 0. The procedure for identifing ࢙࢒࢕ࢼ in this fashion is as follows 

ࢋࢀࢋ = (࢟ − ࢟)ࢀ(࢙࢒࢕ࢼࢄ −  (࢙࢒࢕ࢼࢄ

              = ൫࢟ࢀ − ࢙࢒࢕ࢼ
࢟)൯ࢀࢄࢀ −  (࢙࢒࢕ࢼࢄ

                                             = ࢟ࢀ࢟ − ࢙࢒࢕ࢼࢄࢀ࢟ − ࢙࢒࢕ࢼ
࢟ࢀࢄࢀ + ࢙࢒࢕ࢼ

 ࢙࢒࢕ࢼࢄࢀࢄࢀ
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Where     ࢙࢟࢒࢕ࢼࢄࢀ = ݃ 

ࢀ(࢙࢒࢕ࢼࢄࢀ࢟) = ࢙࢒࢕ࢼ
࢟ࢀࢄࢀ = ்݃ = ݃ 

 .ݎ݈ܽܽܿݏ ݁݉݋ݏ ܾ݃݊݅݁ ݃

Therefore 

ࢋࢀࢋ = ࢟ࢀ࢟ − ࢙࢒࢕ࢼ2
࢟ࢀࢄࢀ + ࢙࢒࢕ࢼ

  ࢙࢒࢕ࢼࢄࢀࢄࢀ

ࢋࢀࢋ߲ 
࢙࢒࢕ࢼ߲

ࢀ = ࢟ࢀࢄ2−  + ૛࢙࢒࢕ࢼࢄࢀࢄ = 0 (3) 

Rearranging 

 
࢟ࢀࢄ =  ࢙࢒࢕ࢼ(ࢄࢀࢄ)

࢙࢒࢕ࢼ =  (4) ࢟ࢀࢄ૚ି(ࢄࢀࢄ)

The subscript OLS refers to ordinary least squares. [150] The previous assumption that 

the condition of 

 

்߲݁݁
࢙࢒࢕ࢼ߲

=  0 

 

 

would provide a solution for minimised squared error is true because the second 

derivative will be positive. Looking at the linear regression equation with the 

substitution of the relation for ࢙࢒࢕ࢼ the equation becomes  

 ෝ࢟ࡿࡸࡻ = ࢙࢒࢕ࢼࢄ = ࢟(ࢀࢄ૚ି(ࢄࢀࢄ)ࢄ) = ᅼ(5) ࢟ ࢙࢒࢕ 

The Gauss- Markov theorem [151] follows from the Markov – Gauss assumptions 

(appendix 3). The Gauss- Markov theorem asserts that if these are to hold, then the 
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ordinary least squares estimator ࢙࢒࢕ࢼ is the best linear, unbiased and efficient 

estimator, however, this is not the case if violations to the Markov – Gauss assumptions 

(Appendix 3) occur. The second Markov – Gauss assumption states the ࢄ matrix must 

be of column full rank, this assumption suggests that every column of the predictor 

dataset will have no relation to its adjacent columns. Experimental spectroscopic data 

clearly violates the second Markov – Gauss assumption, which is the reason that 

models different to OLS will be required to accurately generate regression models in 

the context of spectroscopy. In order to obtain clear mathematical motivation for the 

introduction of some of the upcoming regression techniques, some analysis of the 

properties of the OLS regression vector will be explored. The first point of interest is 

the unbiased nature of the estimator, which is to say there will be no differences 

between [࢙࢒࢕ࢼ]ࡱ and [ࢼ]ࡱ. Note as ࢼ is non-stochastic [ࢼ]ࡱ =  .ࢼ

࢙࢒࢕ࢼ = ࢟ࢀࢄ૚ି(ࢄࢀࢄ) = ࢼࢄ)ࢀࢄ૚ି(ࢄࢀࢄ) + ࣕ) = ࢼ +  ࣕࢀࢄ૚ି(ࢄࢀࢄ)

Taking the expectation value 

 
(࢙࢒࢕ࢼ)ࡱ = (ࢼ)ࡱ +  (ࣕࢀࢄ૚ି(ࢄࢀࢄ))ࡱ

 

(6) 

Because ࢄ and ࢼ are non-stochastic and using the third Markov – Gauss assumption 

(Appendix 3) states ࡱ(ࣕ) = 0. 

(࢙࢒࢕ࢼ)ࡱ = (ࢼ)ࡱ + (ࣕࢀࢄ૚ି(ࢄࢀࢄ))ࡱ = ࢼ + (ࣕ)ࡱࢀࢄ૚ି(ࢄࢀࢄ) =  ࢼ

As such  

(࢙࢒࢕ࢼ)ࡱ =  ࢼ
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This reflects that the average regression estimator vector, equates to the ideal 

regression estimator vector. This result will be used to gain insight into how the ideal, 

  .differ ࢙࢒࢕ࢼ ,and estimated vectors ࢼ

The next derivation is regarding the variance – covariance matrix of the OLS estimator.  

 
(࢙࢒࢕ࢼ)ݒ݋ܥ = ࡱ ቂ൫࢙࢒࢕ࢼ − ࢙࢒࢕ࢼ൯൫(࢙࢒࢕ࢼ)ࡱ − ൯(࢙࢒࢕ࢼ)ࡱ

ࢀ
ቃ 

 

(7) 

From the previous result we see  

࢙࢒࢕ࢼ − (࢙࢒࢕ࢼ)ࡱ = ࢙࢒࢕ࢼ − ࢼ =  ࣕࢀࢄ૚ି(ࢄࢀࢄ)

So 

(࢙࢒࢕ࢼ)ݒ݋ܥ = ࢙࢒࢕ࢼ࢙࢒࢕ࢼൣࡱ
ࢀ ൧ 

=  [ࢀ(ࣕࢀࢄ૚ି(ࢄࢀࢄ))ࣕࢀࢄ૚ି(ࢄࢀࢄ)]ࡱ

=  [૚ି(ࢄࢀࢄ)ࢄࢀࣕࣕࢀࢄ૚ି(ࢄࢀࢄ)]ࡱ

Due to the fact ࢄ is non-stochastic. 

(࢙࢒࢕ࢼ)ݒ݋ܥ  =  ૚ (8)ି(ࢄࢀࢄ)ࢄ(ࢀࣕࣕ)ࡱࢀࢄ૚ି(ࢄࢀࢄ)

Assuming the disturbances, ߳௜ and ௝߳ when ݅ ≠ ݆ are independent, but they are 

homoscedastic.  

(௜߳)ݎܽݒ = )ݎܽݒ ௝߳) 
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We then have.  

(ࢀࣕࣕ)ࡱ = ൦

߳ଵ߳ଵ 0 … 0
0 ⋱ 0 ⋮
⋮ 0 ⋱ 0
0 … 0 ߳௜߳௜

൪ 

 ߳ଵ߳ଵ = ߳௜߳௜ = (ࣕ)݁ܿ݊ܽ݅ݎܽݒ =    ଶߪ

,൫߳௜ݒ݋ܥ ௝߳൯ = 0 , ݅ ≠ ݆ 

Which is the fourth Markov – Gauss assumption. 

[ࢀࣕࣕ]ࡱ =  ଶ۷ߪ

We then see  

(࢙࢒࢕ࢼ) ݒ݋ܥ =  ૚ି(ࢄࢀࢄ)ࢄ(ଶ۷ߪ)ࢀࢄ૚ି(ࢄࢀࢄ)

= ૚ି(ࢄࢀࢄ)ࢄࢀࢄ૚ି(ࢄࢀࢄ)(ଶ۷ߪ) =  ૚ି(ࢄࢀࢄ)ଶߪ

The diagonal entries in (࢙࢒࢕ࢼ)ݒ݋ܥ are the expected values of the differences between 

 .because ࢼ and ࢙࢒࢕ࢼ

[࢙࢒࢕ࢼ]ࡱ  =  ࢼ

Defining a vector ࢼઢ whose components are the diagonal entries of (࢙࢒࢕ࢼ)ݒ݋ܥ we can 

then derive an expected value for the magnitude of this vector. 

 
ઢࢼൣࡱ

ઢ൧ࢼࢀ =   ૚ି(ࢄࢀࢄ)࢘ࢀଶߪ 

 

(9) 
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To provide more insight as to the significance of this relationship we utilise an Eigen-

decomposition of ࢄࢀࢄ, achieved as follows. 

ࢂ(ࢄࢀࢄ) = ܄(۷ࣅ) = (۷ૃ)܄ =  ઩ࢂ

ࢄࢀࢄ =  ࢀࢂ઩ࢂ

Where ࢂ is an orthogonal matrix. Using this expression of ࢄ ࢀࢄ and cyclic permeation 

of the trace, it can be shown that the distance between an estimated regression 

coefficient vectors, ࢙࢒࢕ࢼ and the true vector, ࢼ depends on the nature of the eigenvalues 

of ࢄࢀࢄ. 

(ࢄࢀࢄ)࢘ࢀ = (ࢀࢂ઩ࢂ)࢘ࢀ = ෍(ࢂ઩ࢀࢂ)
௜

= ෍ ෍(ࢂ)௜௝
௝

(઩ࢀࢂ)௝௜
௜

 

= ෍ ෍(઩ࢀࢂ)௝௜(ࢂ)௜௝
௜

= (ࢂࢀࢂ઩)࢘ࢀ = (઩)࢘ࢀ
௝

 

Therefore  

 
૚ି(ࢄࢀࢄ)࢘ࢀ = ଵି(઩)࢘ࢀ = ෍

1
௜௜ߣ

 

 

(10) 

Now the length of the vector defining the difference between estimated and true 

regression coefficient vectors can be expressed as. 

ઢࢼൣࡱ 
ઢ൧ࢼࢀ = ଶߪ  ෍

1
௜௜ߣ

 (11) 

And ࢙࢒࢕ࢼൣࡱ
ࢀ  .൧ may be expressed as࢙࢒࢕ࢼ

࢙࢒࢕ࢼൣࡱ 
ࢀ ൧࢙࢒࢕ࢼ = [ࢼࢀࢼ]ࡱ + ઢࢼൣࡱ

ઢ൧ࢼࢀ = ࢼࢀࢼ + ଶߪ ෍
1
௜௜ߣ

 (12) 
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It is a known result [151]  that as a matrix deviates away from the unit matrix, towards 

an ill-conditioned matrix, the spread of eigenvalues deviates away from a single 

eigenvalue of 1 to a spread of many large and many very small eigenvalues. An ill-

conditioned matrix is equivalent to a matrix whose columns are not perfectly linearly-

independent.[151] The lack of linear independence of the columns of ࢄࢀࢄ can be 

introduced by linearly dependent columns in ࢄ. In ATR-FTIR spectroscopy (or 

spectroscopy in general) this is inevitable, due to the fact neighbouring wavenumber 

reflectance values are covariant. Small eigenvalues generate large ࢼઢ in terms of 

length, which reflects poor estimates of the parameters of the system and is 

undesirable. Several approaches exist to combat this result. The present research will 

consider two approaches, the first aims to constrain the growth of the vector ࢙࢒࢕ࢼ, 

whilst the second reduces the linearly-dependence of the columns of ࢄࢀࢄ.   

2.2.3 Ridge Regression 

Ridge regression[83,84] utilises the first approach to dealing with the undesirable 

inflation of the ࢙࢒࢕ࢼ due to the ill condition of ࢄࢀࢄ. The derivation of the OLS 

regression coefficient vector follows from identifying a vector ࢙࢒࢕ࢼ which minimises 

the squared error of the OLS relationship. Ridge regression identifies a vector which 

minimises the following relationship. 

ࢋࢀࢋ  +  (13) ࢼࢀࢼߣ

 Where ߣ is introduced as a parameter to control the length of ࢼ, as such the second 

term is a penalty based on the Euclidean or l2-norm of ࢼ. The derivation of ࢋࢍࢊ࢏࢘ࢼ is 

as follows, where ࡾ represents the Ridge squared error. 
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ࡾ = (࢟ − ࢟)ࢀ(ࢼࢄ − (ࢼࢄ +  ࢼࢀࢼߣ

 

(14) 

ࡾ߲
ࢀࢼ߲ =

߲
ࢀࢼ߲ ࢟ࢀ࢟] − ࢼࢄࢀ࢟ − ࢟ࢀࢄࢀࢼ + ࢼࢄࢀࢄࢀࢼ +  [ࢼࢀࢼߣ

= −૛࢟ࢀࢄ + ૛ࢼࢄࢀࢄ + ૛ࢼߣ = ૙ 

࢟ࢀࢄ = ࢼࢄࢀࢄ + ࢼߣ = ࢄࢀࢄ) +  ࢼ(۷ߣ

ࢋࢍࢊ࢏࢘ࢼ  = ࢄࢀࢄ) +  (15) ࢟ࢀࢄ૚ି(۷ߣ

Whilst this estimator will not experience the same length deformation as the OLS 

estimator, in the scenario that ࢄࢀࢄ is ill conditioned. The Ridge estimator achieves 

this at the cost of some bias. The larger ߣ is, the smaller the Euclidean length of the 

resulting estimator vector. A simplified interpretation of the process of Ridge 

regression can be seen in Figure 

2.2.1. 

In the figure, the OLS error function 

is depicted as a simple parabola. 

Figure 2.2.1 shows how the penalty 

term affects a very simple squared 

error function. Adding the squared 

term to the function shifts its 

minimum value closer to the origin 

along the ࢼ axis than the original 

function, as a consequence of 

controlling the ࢼ length, the 

Figure 2.2.1: Simplified example of how the Ridge penalty 
would influence the squared error function. 

Figure 2.2.2: Illustration of how the Ridge penalty effects elements 
of ࢼ. 
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squared error has increased. Figure 2.2.2 shows the projections of the squared error 

parabolas onto a two dimensional space that represents two elements of the ࢼ vector. 

The arc that connects ࢼଵ and ࢼଶ represents another approach to formulating this 

problem. Rather than finding the minimum value of the Ridge parabola (or the central 

point of the ridge contours), an equivalent approach is minimisation of squared error 

subject to the Euclidean length of the ࢼ vector being restricted to lie within the arc 

illustrated. This second approach identifies a vector that lies on the edge of the arc and 

touches the inner most contour of the OLS squared error function. Both approaches 

yield the same solution, however, they go about it in slightly different ways. It is worth 

noting at this stage that a down side of Ridge regression is that it is very unlikely to 

produce sparse solutions. A sparse solution is one possessing zero contribution from 

many of the components. This can be interpreted visually in Figure 2.2.2, because of 

the smooth nature of the constraint region, there is a far greater likelihood that the 

Ridge vector will occur at a location not exactly overlapping one of the element vectors 

or axes. Mention has been made of the ݈ଶ – norm, generally an ݈௡ norm is defined by 

the following equation. 

 

௡|ݔ|  = ඥ∑|ݔ௜|௡೙    (16) 

 
  ݊ is an integer > 0  

 

 



2.0 - Methodology and Technical Background 

 

53 
 

 

Whilst the variation of ݊ in equation 16 will still generate the same absolute value of 

 the various norms differ in their mathematical properties. The difference between ,ݔ

the geometry of the l2 and l1 norms may be seen in Figure 2.2.3. The key difference 

between the two is that the l1-norm possesses corners whilst the l2-norm does not, it 

will become apparent shortly as to why this is important.  

2.2.4 Least Absolute Shrinkage and Selection Operator  

The second method to incorporate regression vector length control is known as least 

absolute shrinkage and selection operator [85] (LASSO). LASSO controls the length 

of the regression vector in a fashion very similar to Ridge with the key difference being 

that the length is accounted for using the l1-norm rather than the l2-norm.  This is a 

subtle but important difference, as will be illustrated. It has been mentioned that Ridge 

does not successfully induce sparse solutions, as a consequence all elements of the 

estimator vector are retained in the penalised solution, but they are all scaled to fit. The 

scaling affects large magnitude elements more than the smaller counter parts, the result 

of which is a smoothing out of the contributions of the variables and reduced 

interpretability of the final solution. Alongside reduced interpretability it may also 

outright reduce the performance of the solution. The LASSO squared error function, 

Figure 2.2.3: Difference between ࢒૚ and ࢒૛ norm 
geometries in two dimensions.  
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 may be seen below followed by the derivation of the regression coefficient vector ࡸ

 .࢕࢙࢙ࢇ࢒ࢼ

 
ࡸ = ࢅ) − ࢅ)ࢀ(ࢼࢄ − (ࢼࢄ +  |ࢼ|ߣ

 

(17) 

ࡸ߲
ࢀࢼ߲ = −૛࢟ࢀࢄ + ૛ࢼࢄࢀࢄ +

(|ࢼ|ߣ)߲
ࢀࢼ߲  

ࡸ߲
ࢀࢼ߲ = −૛࢟ࢀࢄ + ૛ࢼࢄࢀࢄ + ࢝ߣ = ૙ 

࢝ = ൜ −1
1

 ݂݅ ܾ௜ < 0
݂݅ ܾ௜ > 0  ൠ 

 
࢕࢙࢙ࢇ࢒ࢼ = ࢟ࢀࢄ) ૚ି(ࢄࢀࢄ) −

࢝ߣ
2

) 

 

(18) 

As ߣ increases the LASSO estimator vector shrinks, and if 

|ܾ௜| <
ߣ
2

 

the coefficient will shrink to zero, larger coefficients will be more resistant and will be 

retained longer. It was mentioned earlier that the geometry of the l1-norm is such that 

it possesses corners. These corners increase the likelihood of a sparse solution, as a 

contour of the squared error function has a greater chance of touching a corner than a 

straight edge of the region. Visually this may be seen in the simple example of the 

Figure 2.2.4. 
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The sparsity of the LASSO estimator is a desirable trait as it allows for the 

identification and retention of important features of the data set, whilst removing those 

of little contribution. The results of the LASSO regression method then provide greater 

insight into the relevant information of the initial data set. However, the LASSO 

algorithm selects single variables [90] within a highly correlated region of variables, 

and does so indiscriminately. The indiscriminate nature of the variable selection in 

LASSO is undesirable as it reduces the insight one can gain upon inspecting the 

selected variables, and may lead to poor selection within a correlated group. 

 

  

a b 

Figure 2.2.4: Influence of norm geometry (a: ࢒૛-norm, b: ࢒૚-norm) upon solution selection, showing 
greater likelihood of a sparse solution for ࢒૚-norm. 
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2.2.5 Elastic Net 

Somewhat recently a combination of Ridge regression and LASSO has been 

suggested, combining the two in a linear fashion. This technique is known as Elastic 

Net[90] and combines LASSO and Ridge introducing a tuning parameter, ߙ which 

ranges from 0 (Ridge) to 1 (LASSO). Elastic Net boasts the retention of desirable 

features of both models, incorporating shrinkage, selection and smoother variable 

selection process than the discrete – indiscriminate process LASSO utilises. The 

Elastic Net squared error, ࡺࡱ and estimator vector ࢚ࢋ࢔࢒ࢋࢼ may be seen below. 

ࡺࡱ  = ࢅ) − ࢅ)ࢀ(ࢼࢄ − (ࢼࢄ + [(1 − |ࢼ|(ߙ +  (19)  [ࢼࢀࢼߙ

 

 
࢚ࢋ࢔࢒ࢋࢼ = ࢄࢀࢄ) + ࢟ࢀࢄ) ૚ି(ࡵߙ −

(1 − ࢝(ߙ
2

) 

 

(20) 

Whilst Elastic Net possesses several desirable properties, there is no guarantee that it 

will perform the best of the three methods mentioned. 
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2.2.6 Geometry Background [152]   

This section will introduce several concepts which will allow for a geometric 

interpretation of the feature construction regression methods that will be used in this 

work, that is principal component analysis and partial least squares regression.  

2.2.6.1 Oblique Projections 

In general, projections are named by the geometry by which the projection occurs. 

Such projections are given names such as oblique or orthogonal to provide this 

geometrical insight. The PLS projection matrix will be shown to not be symmetric and 

as such its projections are oblique. The aim of this section is to briefly discuss oblique 

projections. For an oblique projection the line connecting the initial vector (a) to its 

projection (b) is not at a right angle (as with orthogonal projections) to the projected 

vector (dashed line connecting vectors below). As such contained within the projection 

there needs to be a reference to along which axis the projection occurs.   

Figure 2.2.5 illustrates, on the left hand side, a two dimensional example, of the 

projection of ࢇ onto ࢉ along ࢋ. Similarly, ࢊ is the oblique projection of ࢇ onto ࢋ along 

Figure 2.2.5 Examples of oblique projections. Adapted from [152.  
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 from the ࢈ The right hand side depicts the extension into three dimensions, vector .ࢉ

two-dimensional example lies in the plane ࢃ. Note that ࢇ cannot project onto ࢌ, this 

is a consequence of ࢌ not lying in the plane defined by ࢈ and ࢊ, another way of stating 

this is to say ࢌ is linearly independent from vectors ࢈ ,ࢇ and ࢊ. The direction of the 

projection and the projection subspace should span the entire space, which would be 

satisfied in the projection of ࢇ onto ࢋ along the plane ࢃ. The projection direction may 

not be contained in the projection subspace, using the current example this would be 

equivalent to a projection of a along W onto b. In general terms, for a space ξn with 

subspaces γm and ρp the projection onto γm along ρp is only possible if the dimensions 

of the subspaces sum to the dimensions of the space, or rather that the subspaces span 

the space entirely. They should also be disjoint such that the only shared vector 

between the spaces is the null vector. Consider the case of a projection onto γm along 

ρp⊥ with ߩp⊥ and γm disjoint and ݉ + = ݌   ݊. If some matrices ࢔) ࡭ ×  and(࢖

࢔) ࡮ ×  span γm and ρp respectively then the equation of the projector can be (࢖

expressed as.[153]  

 
Ħ஺.஻఼ =  ்ܤଵି(ܣ்ܤ)ܣ

 

(21) 

This can be verified by first noting that Ħ஺.஻఼ is idempotent and hence is a projector. 

Consequently, any vector in the range of A is left unchanged. The columns of ୄ࡮ 

represent the null space of ࢀ࡮, any vector in the subspace ୄ࡮ will generate a matrix 

product ୄ࡮ࢀ࡮ , the resulting matrix will have elements that represent products of the 

row vectors of ࢀ࡮,  with the Null vectors of ࢀ࡮, and as such the elements will not exist 

and the vectors will be annihilated. This result indicates the oblique projection is along 

 .span the same subspace, γm the projector equation becomes ࡮ and ࡭ If . ୄ࡮
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Ħ஺.஺఼ = ்ܣଵି(ܣ்ܣ)ܣ = Ħ஺ 

 

(22) 

Which is equivalent to an orthogonal projection onto the subspace γm. 

2.2.6.2 Geometry of Ellipsoids 

If ݌) ࡭ ×  .satisfying ࢠ vectors ݌ then the set of ,݌ is a symmetric matrix of rank (݌ 

ࢠ࡭ࢀࢠ = ݐ݊ܽݐݏ݊݋ܿ = ܿ  

Which is an expression stating that the vector formed by ࢠ࡭ alters the inner product 

 in a constant fashion. The result of this process is the generation of an ellipsoidal ࢠࢀࢠ

hypersurface in ݌ −dimensional space. Ellipses and ellipsoids (3 ≤ ݌) defined by the 

above equation will be denoted by, Ă௖
ି. 

 
Ăࢉ

ି  ≡ ࢠ࡭்ࢠ|ࢠ} = ܿ} 

 

(23) 

The shape of the ellipsoid is determined by the relative lengths of its principal axes 

and it is easy to show these are related to the eigenvalues of ࡭ as follows. 

࢜࡭ = ࢜ߣ =  ߣ࢜

ࢂ࡭ =  ࢫࢂ

ࢀࢂࢂ ,and is orthogonal ࡭ is a matrix of the eigenvectors of ࢂ = ۷ 

Which means  

ࢀࢂࢂ࡭ = ࢀࢂࢫࢂ =  ࡭

The ellipse equation then becomes. 
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(ࢠࢀࢂ)ࢫ(ࢂࢀࢠ) = ᇱࢠࢫࢀᇱࢠ = ܿ 

As an example if ࢫ was a 2 × 2 matrix and ܿ =  1  

 

ࢫ = ൤ߣଵ 0
0 ଶߣ

൨ 

ᇱࢠࢫࢀᇱࢠ = ܿ 

= ଵݖ]
ᇱ ᇱݖ

ଶ] ൤ߣଵ ૙
૙ ଶߣ

൨ ൤
ଵݖ

ᇱ

 ଶ′൨ݖ

= ଵݖ]
ᇱ ᇱݖ

ଶ] ൤
ଵݖଵߣ

ᇱ

 ଶ′൨ݖଶߣ

= ଵݖ
ᇱ ଵݖଵߣ

ᇱ + ᇱݖ
ଶߣଶݖଶ

ᇱ  

= 1 

If we take ݖଵ
ᇱ  to be ݔ and ݖଶ

ᇱ  to be ݕ. 

ᇱࢠࢫࢀᇱࢠ = ଶݔଵߣ  + ଶݕଶߣ = 1 

Which is the equation of an ellipse with principal axes equal in length to  

ଵ
ඥఒభ 

 and ଵ
ඥఒమ 

. 

which shows that in general for an ݅ × ݅ diagonalisable matrix, ࡭ the principal axes 

will have lengths ቀ ௖
ఒ೔

ቁ
భ
మ .  
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For any exponent m, the relationship is 

࢓࡭ =  ࢀࢂ ࢓ࢫࢂ

 

 
Ăࢉ

(࢓)࢔ࢍ࢏࢙ି (ࢠࢀࢂ )࢓ࢫ (ࢂ்ࢠ)|ࢠ }≡  = ܿ } 

 

(24) 

Equation 24 illustrates nicely the fact that the eigenvectors do not change upon the 

consideration of different ݉. For example ݉ =  −1 describes the inverse of ࡭, which 

generates an ellipsoid, Ăࢉ with equivalent eigenvectors, however, now the eigenvalues 

are inverted in the diagonal of ିࢫ૚. For a simple two dimensional example, with ܿ =

 1 this amounts to a rotation and scaling of the ellipse and can be seen in Figure 2.2.6.  

There is a preference to work with ݉ =  −1 because the length of the principal axes 

of the resulting ellipse are now proportional to the size of the eigenvalues of ࡭. 

However, as has been shown above this is not the case for ݉ = 1. The motivation for 

Figure 2.2.6: Example of the effects of eigenvalue inversion. Adapted 
from [152]. 
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discussing ellipse geometry, is that it will provide a means for geometrical intuition in 

the upcoming discussion of various feature construction methods.  

2.2.6.3 Planes of Tangency 

The proceeding discussion will involve the ellipsoid Ăࢉ. We will build towards 

identifying the nature of tangent rotations beginning first with a discussion of the 

algebraic operations of 25 and 26.   

 

ࢇ࡭ =  ࢈

ࢇ =  ࢈૚ି࡭

 

(25) 

(26) 

A being a ݌ ×  ࢈ vectors. We begin with the assumption ݌ are both ࢇ and ࢈ ,matrix ݌ 

lies on the surface of Ăࢉ, such that we can write. 

 
࢈૚ି࡭ࢀ࢈ = ܿ 

 

(27) 

Consider now a selection of vectors equivalent to ࢈ + ࢾ as ࢾ → ૙ the vectors will 

describe an infinitesimally small element around the set of vectors ࢈. This region may 

be regarded as a surface element around ࢈ on Ăࢉ. As such these vectors satisfy  

࢈) + ࢈)૚ି࡭ࢀ(ࢾ + (ࢾ = ܿ 

= ࢀࢾ) + ࢈૚ି࡭)(ࢀ࢈ +  (ࢾ૚ି࡭

= ࢈૚ି࡭ࢀࢾ + ࢾ૚ି࡭ࢀࢾ + ࢈૚ି࡭ࢀ࢈ +  ࢾ૚ି࡭ࢀ࢈

=  ࢈૚ି࡭ࢀ࢈

= ܿ 

Discarding second order term in ࢾ and simplifying 
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࢈૚ି࡭ࢀࢾ + ࢾ૚ି࡭ࢀ࢈ = ૛ ∗ ࢈૚ି࡭ࢀࢾ = ૙ 

 
࢈૚ି࡭ࢀࢾ = ૙ 

 

(28) 

Remembering that the above is the inner product of ି࡭૚࢈ and ࢾ it can be quickly 

recognised they must be orthogonal to one another. So the set of vectors ࢾ as  

ࢾ → 0 constitute a surface element around the origin of which the direction of the 

normal is ି࡭૚࢈. Because ି࡭૚࢈ is orthogonal to ࢾ the addition of ࢈ simply translates 

the element to the surface of the ellipsoid without altering the direction, as the ellipsoid 

has been shown to be unaltered. The implication of this is that the hyperplane tangent 

to the ellipsoid at ࢈ has ࢇ =  as it’s normal. We can now interpret ࢈૚ି࡭

࢈ =  ࢇ࡭

as follows, given ݌) ࡭ × × ݌) ࢇ and (݌   1), the point of tangency between the 

ellipsoid Ăࢉ and the (݌ –  1) dimensional hyperplane that is orthogonal to ࢇ gives a 

vector that is a scalar multiple of ࢇ࡭ (where ࢇ࡭ =  A transformation of this type is .(࢈

known as a tangent rotation of the vector ࢇ on the ellipsoid Ăࢉ. 

As a simple example consider the scenario depicted in figure 2.2.7. Where ݌ =  2, the 

vector ࢇ is shown alongside a family of perpendicular lines, these lines span the space 

of ࢾ. The member of the orthogonal vector family that is tangent to the ellipse Ăࢉ will 

be equal to ݇ࢇ࡭ at the point of tangency. Equivalently it will be a scalar multiple of 

the vector ࢈ of which spans the surface of the ellipse. This approach can be extended 

to higher dimensions but quickly becomes difficult to visualise. Reverse Tangent 

Rotations can be carried out by constructing a line tangent to the ellipse at the point 

where ݇࢈ intersects the ellipse. Then the vector that is orthogonal to this tangent line 
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will be a scalar multiple of the vector previously identified as being tangent to ࢾ 

namely ି࡭૚࢈. 

 

 

  

Figure 2.2.7: The tangent rotation of a vector ࢇ. Adapted from [152]. 
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2.2.6.4 The Power Method [154]  

The power method is an approach to finding eigenvalues and eigenvectors for a 

symmetric matrix, it is based upon an iterative tangent rotation of a vector. The process 

itself starts with a vector ࢠ૙, which will then be tangentially rotated onto the surface 

of the above ellipse. The process appears as follows 

૚ࢠ = ݇ଵࢠ࡭૙ 

૛ࢠ = ݇ଶ࡭૛ࢠ૙ = ݇ଶ
ᇱ  ૚ࢠ࡭

૜ࢠ =  ݇ଷ࡭૜ࢠ૙  =  ݇ଷ
ᇱ  ૛ࢠ࡭

⋮ 

࢏ࢠ = ݇௜ࢠ࢏࡭૙ = ݇௜
ᇱି࢏ࢠ࡭૚ 

In the context of this chapter it’s sufficient to select scalars ݇ and ݇ᇱ such that  

(࢏)ࢠ૚ି࡭ࢀ(࢏)ࢠ = 1 

Figure 2.2.8: The iterative power method illustrated 
with a selection of vectors calculated as tangent 
rotations of the previous. Adapted from [152]. 
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The sequence will converge on the first Eigen pair (ߣଵ, ࢜૚) and Figure 2.2.8 illustrates 

why. In order to identify the second eigenvector, we need to change the direction of 

vector generation, this is achieved using the reverse tangent rotation that has been 

discussed previously. To find subsequent eigenvectors and eigenvalues it is necessary 

to deflate the space as follows 

௜ܣ = ܣ − ෍ ௝࢜࢐࢜࢐ߣ
ࢀ

௜

௝ୀଵ

, ݅ = 1,2, … , ݌ − 1  

Geometrically deflation, after the i eigenvectors are obtained, can be visualized as 

slicing a (݌ − (݅ + 1)) −dimensional ellipsoid along the (݌ −  ݅) −dimensional 

hyperplane orthogonal to the ith eigenvector. Deflation is used in PCR and PLS to 

remove the constructed features from the original matrix.  
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2.2.7 Principal Component Regression 

Principal Component Regression [155] (PCR) is the first technique (of two) we will look 

at to resolve the ill condition issues (discussed at the end of section 2.2.1), by 

restructuring the ࢄࢀࢄ matrix. Principal component regression generates principal 

components by identifying the eigenvectors of the ࢄࢀࢄ matrix (variance covariance 

matrix) and pre-multiplying these eigenvectors by ࢄ. A principal component is 

effectively the projection of the original data set onto the eigenvectors of the 

covariance-variance matrix. As such these principal components capture the variations 

of the original data set. This technique reduces the ill condition of the original ࢄࢀࢄ 

matrix due to the fact each principal component is a projection onto a different and 

orthogonal eigenvector.   

࡯ࡼ  = ࢏ࢽࢄ =  (29) ࢏࢖

The principal components are used as the predictor variables. The dimensions of the 

principal component matrix, च will be ݊ ×  ݇ where ݇ is the number of eigenvectors 

 which are extracted for projection. The eigenvectors are selected based on the ࢽ

corresponding eigenvalues, selecting them based on eigenvalue size, as this reflects 

the degree of variance along the direction of the eigenvector. Because eigenvectors 

are chosen in this fashion the result is ݇ <  and the eigenvalues are fewer in number ݌ 

with the smallest ߣ௞  > ௞ߣ ௣ and typicallyߣ ≥  1. Constructing the predictor matrix in 

this fashion avoids small eigenvalues and hence dramatic estimator vector growth. The 

predicted response values can be expressed based on their orthogonal projections onto 

the principal components analogous to the OLS result. 
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 ෝ࢟ = च(चࢀच)ି૚च(30) ࢟ࢀ 

 

चࢀच = ડࢄࢀࢄࢀડ = ડࢀ(࢑ࣅડ) = ડࢀડࣅ =  ࣅ

࢑ࣅ = ,ଵߣ}݃ܽ݅ܦ ,ଶߣ … ,   {௞ߣ

ଵߣ > ଶߣ >  ௞ߣ 

∴ ෝ࢟ =  ࢟ࢀࢄࢀ૚ડି(࢑ࣅ)ડࢄ

ડ = ,ଵߛ] ,ଶߛ …  [ ௞ߛ

 
࢘ࢉ࢖ࢼ = ડ(࢑ࣅ)ି૚ડ࢟ࢀࢄࢀ 

 

(31) 

Inserting (ࢄࢀࢄ)ࢄࢀࢄି૚ into equation 31 we can derive a relation between ࢘ࢉ࢖ࢼ and 

  .as follows ࢙࢒࢕ࢼ

࢘ࢉ࢖ࢼ = ડ(࢑ࣅ)ି૚ડࢀ((ࢄࢀࢄ)ࢄࢀࢄି૚ ) ࢟ࢀࢄ 

= ડ(࢑ࣅ)ି૚ડ࢙࢒࢕ࢼࢄࢀࢄࢀ 

= ડ(࢑ࣅ)ି૚ડࢀ(ડૃܓડ܂)࢙࢒࢕ࢼ 

= ડડ࢙࢒࢕ࢼࢀ 

Since ડࢀ ડ =  ۷ we can write the final equality as 

 
࢘ࢉ࢖ࢼ = ડ(ડࢀડ)ି૚ડ࢙࢒࢕ࢼࢀ 

 

(32) 

Which is nothing more than an orthogonal projection of the OLS result onto the 

subspace spanned by the principal components.  
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This method results in  

 
൯࢘ࢉ࢖ࢼ൫ݒ݋ܿ =  ૚ି(चࢀच)ଶߪ

 
(33) 

And 

 
ઢࢼ൫ࡱ

ઢ൯ࢼࢀ = (चࢀच)࢘ࢀଶߪ = ଶߪ ෍
1
௜ߣ

࢑

ୀ૚࢏

 

 

(34) 

This vector is far more stable now as a result of the following inequality. 

 
෍

1
௜ߣ

࢑

ୀ૚࢏

< ෍
1
௜ߣ

࢖

ୀ૚࢏

 

 

(35) 

Hence the expected size of the difference vector is smaller.  
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2.2.8 Principal Component Regression Geometry 

The geometry of PCR[152] is fairly straightforward, as we now know the technique 

works by projecting observation vectors from ࢄ onto the eigenvectors of ࢄࢀࢄ. Each 

principal component may also be expressed in terms of the eigenvectors of ࢀࢄࢄ as 

follows. The singular value decomposition of X is  

ࢄ =  ࢀࢂ઱ࢁ

Thus each principal component may be expanded, remembering that the right singular 

vector, ࢜ is equivalent to the ࢄࢀࢄ eigenvector,  .ࢽ

ࢽࢄ = ࢜ࢄ = ࢜ࢀ࢜ߪ࢛ =  ߪ࢛

The left singular vector of ࢄ, ࢛ is an eigenvector of ࢀࢄࢄ . The square – symmetric 

matrix ࢀࢄࢄ may be used to generate an ellipsoid, ⅅ governed by the following 

equation. 

ࢠࢀࢄࢄࢀࢠ = ࢠࡰࢀࢠ =  ࢉ

Figure 2.2.9 illustrates the decomposition of variable vectors ࣇ, onto the unit norm 

eigenvectors ࢛ in the process of constructing the principal components ࡼ. It has 

already been identified that the PCR response prediction vector may be found by 

projecting orthogonally the OLS response prediction vector onto the hyperplane 

constructed with the principal components, this may be seen in Figure 2.2.10. 
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Figure 2.2.10: Orthogonal projection of OLS response estimations when two principal 
components are utilised. Adapted from [152]. 

Figure 2.2.9: Geometric relation between variable vectors ν, principal 
components ܲܲ and the ellipse ⅅ in two dimensions. Adapted from [152]. 
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2.2.9 Partial Least Squares  

Partial least squares[104,156] implicitly links ࢅ and ࢄ by identifying a set of new 

variables which capture the important variance and covariance between ࢄ and ࢅ. The 

discussion will continue for the time being, considering a matrix of responses, ࢅ. The 

initial step of the process involves extracting the first column of ࢅ, which will be 

denoted as ࢛, the elements of which contain responses for every ݊ observation of ࢄ 

(or every row). The next stage of the process is to identify another column vector, ࢝ 

which will shed light on how to weight the variables of ࢄ. 

 
࢝ =

࢛ࢀࢄ
 ࢛ࢀ࢛

 

 

(36) 

The elements of ࢝ are large if the sums ∑ ࢏࢖ࢄ
ࢀ ࢏࢛

௡
௜  representing them are large. Each 

element of ࢝ is equal to the inner product of a column vector of ࢄ and the vector ࢛, 

where the inner product is then scaled based on the length of ࢛. After obtaining the 

weight vector, it is scaled to unit norm. This weights vector is used to generate a 

weighted version, of the observations in ࢄ as follows. 

 
࢚ =

࢝ࢄ
࢝ࢀ࢝

=  ;࢝ࢄ

 

(37) 

as ࢝࢝ࢀ = 1  due to unit norm scaling  

Where ࢚ is a column vector containing elements which represent a weighted form of 

the information contained within each observation of ࢄ .  
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Since w is a unit norm vector, each element of ࢚ may be thought of as the w-component 

of the corresponding observation or row of ࢄ. The w-components capture the most 

important information in ࢄ. Similarly for ࢅ, we define a column vector ࢉ such that. 

 
ࢉ =

࢚ࢀࢅ
࢚ࢀ࢚

 

 

(38) 

The vector ࢉ is also scaled to be unit norm. Now, ࢛ is recalculated using ࢉ.  

 
࢛ =

ࢉࢅ
ࢉࢀࢉ

=  ࢉࢅ

 

(39) 

This equation has an equivalent interpretation as that for ࢚, in that it extracts the c-

component of the observations in ࢅ. At this stage of the process we have identified a 

new vector ࢛ which can be used to recalculate the vectors that have been defined thus 

far, this iterative process repeats until the following convergence condition is achieved. 

ା૚࢔࢛  ≅  ࢔࢛

The next portion of the algorithm deals with identifying the appropriate loadings for 

both the ࢄ and ࢅ data sets. The vectors ࢚ and ࢛ are referred to as scores vectors, we 

now define the loadings vectors ࢖ and ࢗ for ࢄ and ࢅ respectively. The loading vectors 

will provide a scaled summary of how well each column of ࢄ or ࢅ aligns with ࢚ or ࢛. 

 

 
࢖ =

࢚ࢀࢄ
࢚ࢀ࢚

 

ࢗ =
࢛ࢀࢅ
࢛ࢀ࢛

 

(40) 

 

(41) 
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We can now calculate residual matrices by removing a matrix constructed from the 

relevant scores and loadings vectors.  

 

࢘ࢄ = ࢄ −  ࢀ࢖࢚

࢘ࢅ = ࢅ −  ࢀࢉ࢚

 

(42) 

(43) 

The relations above for formulating residual matrices are commonly referred to as 

deflations (akin to those defined in 2.2.6.4). The inclusion of the ࢄ scores vector, ࢚ in 

the deflation process for ࢅ is because ࢅ is being decomposed based on its relation to 

 The result of this style of deflation is that the most relevant information is removed .ࢄ

at each cycle of the algorithm. The process then begins once more, calculating the 

relevant vectors using these residual matrices. The iterations stop when some 

predetermined criteria is met. From the relationships outlined it is possible to derive 

eigenvalue equations (see appendix 4). The eigenvalue equations at convergence 

(vectors between iterations vary by a negligible amount) are.  

 

࢛ ࢀࢄࢄࢀࢅࢅ = ࢛ܽ 

ࢉ ࢅࢀࢄࢄࢀࢅ =  ࢉܽ

࢚ࢀࢅࢅࢀࢄࢄ = ࢚ܽ 

࢝ࢄࢀࢅࢅࢀࢄ = ܽ࢝ 

 

(44) 

(45) 

(46) 

(47) 

Where ܽ = ࢔ࢉ)
࢔࢚)(࢔ࢉࢀ

࢔࢝)(࢔࢚ࢀ
࢔࢛)(࢔࢝ࢀ

 (࢔࢛ࢀ

This iterative approach is analogous to the power method, due to this relationship we 

observe that ܽ is in fact the maximum eigenvalue for the above eigenvalue equations. 

The vectors ࢛, ,ࢉ ࢚ and ࢝ are the eigenvectors for the corresponding matrix products 

on the left hand side. Thus the iterative process discussed so far is nothing more than 
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the identification of the above eigenvectors at each stage of deflation, and then using 

them to further deflate the matrices. It turns out that in fact for computations it is 

sufficient to identify the eigenvector ࢝ and the other vectors can be calculated from it. 

The approach of identifying the eigenvector ࢝ as the starting point for the process, is 

used in an algorithm known as the PLSR Kernel[105,157-159] algorithm.  

The matrix ࢄࢀࢅࢅࢀࢄ may be thought of as a weighted covariance-variance matrix for 

 is ࢀࢅࢅ Where .ࢄࢀࢄ between ࢀࢅࢅ The weighting is implemented by the insertion of .ࢄ

a matrix containing information about the size of the row vectors of ࢅ on the diagonal, 

and information about the alignment of different row vectors in the remaining 

elements. So the vector ࢝ may be thought of as an eigenvector of a covariance – 

variance matrix capturing covariance between ࢄ and ࢅ matrices. The scores vectors 

࢚ are the weighted form of the principal components identified in PCR. 

ࢅ = ൝
࢟૚
⋮

࢔࢟

ൡ 

࢟૚ →   ࢅ ࢌ࢕ ࢙࢘࢕࢚ࢉࢋ࢜ ࢝࢕࢘ ࢘࢕ ࢔࢕࢏࢚ࢇ࢜࢘ࢋ࢙࢈࢕ ࢋࢎ࢚ ࢍ࢔࢏ࢋ࢈ ࢔࢟

ࢀࢅࢅ = ቎
|࢟૚|૛ ⋯ ࢟૚࢟࢔

ࢀ

⋮ ⋱ ⋮
૚࢟࢔࢟

ࢀ ⋯ ૛|࢔࢟|
቏ 
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2.2.9.1 Residual Matrices 

The residual matrices and the ࢏ࢄା૚
ࢀ  ା૚ residual product can be written in the࢏ࢄ

following way. For the full set of residual matrix products, see Appendix 6, products 

of these matrices are involved in the convergence eigenvalue equations mentioned 

previously. 

ା૚࢏ࢄ = ࢏ࢄ − ࢏࢖࢏࢚
 ࢀ

ା૚࢏ࢅ = ࢏ࢅ − ࢏ࢉ࢏࢚
 ࢀ

ା૚࢏ࢄ
ࢀ ା૚࢏ࢄ = ൫࢏ࢄ − ࢏࢖࢏࢚

൯ࢀ
ࢀ

൫࢏ࢄ − ࢏࢖࢏࢚
 ൯ࢀ

= ࢏ࢄ
࢏ࢄࢀ − ࢏ࢄ

࢏࢖࢏࢚ࢀ
ࢀ − ࢏࢚࢏࢖

࢏ࢄࢀ + ࢏൫࢚࢏࢖
࢏࢖൯࢏࢚ࢀ

 ࢀ

where 

࢏࢚
࢏ࢄࢀ = ൫࢚࢏

࢏࢖൯࢏࢚ࢀ
  ;ࢀ

therefore 

 

ା૚࢏ࢄ
ࢀ ା૚࢏ࢄ = ࢏ࢄ

࢏ࢄࢀ − ࢏ࢄ
࢏࢖࢏࢚ࢀ

ࢀ − ࢏൫࢚࢏࢖
࢏࢖൯࢏࢚ࢀ

ࢀ + ࢏൫࢚࢏࢖
࢏࢖൯࢏࢚ࢀ

 ࢀ

= ࢏ࢄ
࢏ࢄࢀ − ࢏ࢄ

࢏࢖࢏࢚ࢀ
 ࢀ

= ࢏ࢄ
࢏ࢄࢀ − ൫࢚࢏

൯࢏ࢄࢀ
ࢀ

࢏࢖
ࢀ = ࢏ࢄ

࢏ࢄࢀ − ࢏൫࢚࢏࢖
࢏࢖൯࢏࢚ࢀ

 ࢀ

 
= ࢏ࢄ

࢏ࢄࢀ − ࢏࢖࢏࢖
࢏࢚)ࢀ

 (࢏࢚ࢀ

 

(48) 

Appendix 6 shows that the product of the deflation of both ࢄ and ࢅ residuals is 

equivalent to the product of the deflation of just one. At this point in time we have 

identified the structure of the new predictor covariance – variance matrix, which we 
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may denote as ࡯ࢄ
 alludes to the fact this information has been constructed ࡯ the ࡯ࢄࢀ

from the original full predictor covariance variance matrix. The construction has 

already been expressed above and can be rewritten as follows.  

 

 

ࢄࢀࢄ = ࡯ࢄ
࡯ࢄࢀ + ࡾࢄ

ࢀ  ࡾࢄ

 

(49) 

The subscript ܴ will refer to the residual matrix. The original discussion regarding 

these regression methods began by identifying the issues present in the OLS estimate 

as a consequence of the ill-conditioned nature of ࢄࢀࢄ. The fact that ࢄࢀࢄ was ill 

conditioned lead to it possessing many large and more importantly many very small 

eigenvalues,[151] which we identified as leading to undesirable growth of the vector ࢼઢ. 

Using equation 49 it can be shown the undesirable growth is reduced. 

ࢄࢀࢄ = ࡯ࢄ
࡯ࢄࢀ + ࡾࢄ

 ࡾࢄࢀ

(ࢄࢀࢄ)࢚࢘ = ࢚࢘൫࡯ࢄ
࡯ࢄࢀ + ࡾࢄ

ࢀ ൯ࡾࢄ = ࡯ࢄ)࢚࢘
(࡯ࢄࢀ + ࡾࢄ)࢚࢘

 (ࡾࢄࢀ

(ࢄࢀࢄ)࢚࢘ − ࢚࢘൫ࡾࢄ
൯ࡾࢄࢀ = ࡯ࢄ)࢚࢘

 (࡯ࢄࢀ

࢚࢘(ડ઱ડࢀ) − ࢚࢘൫ડࡾ઱ࡾડࡾ
൯ࢀ = ࢚࢘(ડ࡯઱۱ડ࡯

 (ࢀ

෍ ቌ ෍(ડࢀ)࢐࢏(ડ઱)࢏࢐
࢐

ቍ
࢏

− ෍ ቌ෍൫ડ܀
൯ࢀ

࢐࢏
(ડ܀઱܀)࢏࢐

࢐

 ቍ
࢏

= ෍ ቌ෍൫ડ۱
൯ࢀ

࢐࢏
(ડ۱઱۱)࢏࢐

࢐

 ቍ
࢏

 

 
࢚࢘(઱ − ઱ࡾ) = ࢚࢘(઱࡯) 

 

(50) 
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if ߣோ௜ > 0 

෍
1
௜ߣ

࢖

ୀ૚࢏

> ෍
1

௜,࡯ߣ

࢖

ୀ૚࢏

 

ࡿࡸࡻࢼ|  − |ࢼ > ห࢙࢒࢖ࢼ −  ห (51)ࢼ

Which demonstrates the PLS regression vector is closer to the true parameter estimator 

vector than the OLS counterpart.   

 

2.2.9.2 Properties of the Partial Least Squares Algorithm 

An interesting feature of the PLS algorithm is that whilst it began as purely an 

algorithm, several mathematical and geometrical interpretations have since been 

identified. We have mentioned briefly before the weighted covariance interpretation 

for finding ࢝. We will now build towards another interpretation beginning first by 

considering a rotation denoted as a right multiplication of matrix, ࢄ by a rotation 

matrix ࢞ࡻ whereby ࢞ࡻ࢞ࡻ
ࢀ = ۷ so the rotation is orthogonal.  

Define 

 
ࡿ = ࢞ࡻࢄ = {࢙૚, ࢙૛, … , ࢙࢑} 

 

(52) 
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With 

 
෍ ࢏࢙

૛

࢏

= (ࡿࢀࡿ)࢘ࢀ = ࢞ࡻ)࢘ࢀ
 (࢞ࡻࢄࢀࢄࢀ

 

(53) 

 

= ෍(࢞ࡻ
࢏࢏(࢞ࡻࢄࢀࢄࢀ = ෍ ෍(࢞ࡻ

࢏࢐(࢞ࡻࢄࢀࢄ)࢐࢏(ࢀ =
࢏࢏࢐

෍ ෍(࢞ࡻࢄࢀࢄ)࢏࢐
࢐࢏

࢞ࡻ)
 ࢐࢏(ࢀ

= ࢞ࡻ࢞ࡻࢄࢀࢄ)࢘ࢀ 
 (ࢀ

=  (ࢄࢀࢄ)࢘ࢀ

Now let’s define an analogous rotation for ࢅ. 

 
ࡶ =  ࢟ࡻࢅ

 
(54) 

Matrices ࡿ and ࡶ contain columns of vectors ࢙࢏ and ࢏࢐. Remember because ࢅ and ࢄ are 

centred matrices, the matrix products ࢄࢀࢄ and ࢅࢀࢅ are nothing more than covariance 

– variance matrices for the variables of each space. The traces of which represent the 

total variation for the space. Thinking of the vectors ࢙࢏ and ࢏࢐ we could ask, for given 

rotations how close can we get to ࢙࢏  =  The relationship for the magnitude of the .࢏࢐ 

total difference between the vectors is. 

 
෍|࢙࢏ − ૛|࢏࢐

࢓

ୀ૚࢏

+ ෍ ૛|࢏࢙|
࢑

ା૚࢓

= ห࢐࢙ࢤห
૛

  

 

(55) 
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The latter summation reflects the fact that the number of ࢙  vectors exceeds the number ࢏

of ࢏࢐ based on the differences in the dimensions of ࢄ and ࢅ.  

 

ห࢐࢙ࢤห
૛

= ෍|࢙࢏|૛ −
࢓

ୀ૚࢏

૛ ෍|࢙࢏࢐࢏| +
࢓

ୀ૚࢏

෍|࢏࢐|૛
࢓

ୀ૚࢏

+ ෍ ૛|࢏࢙|
࢑

ା૚࢓

 

= ෍|࢙࢏|૛ −
࢑

ୀ૚࢏

૛ ෍|࢙࢏࢐࢏| +
࢓

ୀ૚࢏

෍|࢏࢐|૛
࢓

ୀ૚࢏

 

 

= (ࡿࢀࡿ)࢘ࢀ − ૛(ࡶࢀࡿ)࢘ࢀ +                  (ࡶࢀࡶ)࢘ࢀ

 

= (ࢄࢀࢄ)࢘ࢀ − ૛࢘ࢀ൫࢞ࡻ
൯࢟ࡻࢅࢀࢄࢀ +  ;(ࢅࢀࢅ)࢘ࢀ

 ห࢐࢙ࢤห
૛

= (ࢄࢀࢄ)࢚࢘ + (ࢅࢀࢅ)࢚࢘ − ૛࢚࢘൫࢞ࡻ
 ൯ (56)࢟ࡻࢅࢀࢄࢀ

 

Equation 56 defines the magnitude of a vector which is equal to the difference in 

lengths of two vectors ࢙࢏ and ࢏࢐. It can be seen that if one aims to reduce the difference 

between the two vectors it is necessary to increase the magnitude of the final term 

−૛࢚࢘൫࢞ࡻ
࢞ࡻ and ࢟ࡻ ൯, the question then becomes what rotation matrices࢟ࡻࢅࢀࢄࢀ

 ࢀ

would maximise this term. Well if ࢞ࡻ
 is a diagonal matrix then the above term ࢟ࡻࢅࢀࢄࢀ

is maximised. 

࢞ࡻ 
࢟ࡻࢅࢀࢄࢀ =  ;ࡰ

(57) 



2.0 - Methodology and Technical Background 

 

81 
 

,being some matrix with only diagonal entries ࡰ ordered by size. 

࢟ࡻࢅࢀࢄ =  ࡰ࢞ࡻ

ࢅࢀࢄ  = ࢟ࡻࡰ࢞ࡻ
 (58) ࢀ

 

So to find ࢞ࡻ and ࢟ࡻ
  ;we proceed as follows ࢀ

 

ࢄࢀࢅࢅࢀࢄ = ࢟ࡻࡰ࢞ࡻ
࢞ࡻࡰ࢟ࡻࢀ

ࢀ = ࢞ࡻ૛ࡰ࢞ࡻ
 ࢀ

ࢅࢀࢄࢄࢀࢅ = ࢞ࡻࡰ࢟ࡻ
࢟ࡻࡰ࢞ࡻࢀ

ࢀ = ࢟ࡻ૛ࡰ࢟ࡻ
 ࢀ

 

(59) 

(60) 

So we see ࢞ࡻ is a matrix containing the eigenvectors of ࢄࢀࢅࢅࢀࢄ which we know to 

be ࢝ thus ࢞ࡻ contains as its columns the vectors ࢝.  is a matrix which contains the ࢟ࡻ

eigenvectors of ࢅࢀࢄࢄࢀࢅ which we know to be ࢉ, and as such the columns of ࢟ࡻ are 

the vectors ࢉ. It now becomes clear that the rotation matrices are nothing more than 

matrices containing the weight vectors ࢝ and ࢉ, so then the matrices ࡿ and ࡶ contain 

as their columns the vectors ࢚ and ࢛ respectively. So under the requirement of 

minimised vector differences for ࢙ and ࢐, the result follows that the rotation matrices 

become ࢃ and ࡯ and the rotated matrices become ࢀ and ࢁ. So next we look to identify 

the covariance of these two vectors, because ideally this should be as large as possible. 

The covariance of two components is defined in general as. 

 
,ࢌ)ݒ݋ܿ (ࢍ =

ࢍ ࢀࢌ
ࡺ

 

 

(61) 

So for ࢚ and ࢛ we have;  
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,࢚)ݒ݋ܥ] ࢛)]ଶ = ,࢝ࢄ)ݒ݋ܥ] ଶ[(ࢉࢅ =   ;ଶ[ࢉࢅࢀࢄࢀ࢝]

ଵଵܦ > ଶଶܦ > ଷଷܦ > ⋯ >  ௜௜ܦ

 max[࢝ࢉࢅࢀࢄࢀ]ଶ =  ଵଵ (62)ܦ

 

Hence the vectors have maximal covariance when ࢝ =  ࢝૚ and ࢉ =  ૚ . It turns outࢉ 

that the second eigenvalue diagonal entry of ࡰ is actually less than the first diagonal 

entry of the matrix for the second iteration, so PLS identifies ࢚ and ࢛ as a single pair 

for each iteration.  

2.2.9.3 Partial Least Squares for Linear Regression 

As before the regression equation can be written adopting ࢄ =  will ࡯ࢄ as before , ࡯ࢄ 

be the information the PLS algorithm has constructed. 

 
ࢅ = ࡮ࢄ +  ࡱ

 
(63) 

ࢄ = ࢀࡼࢀ = ෍ ࢏࢖࢏࢚
ࢀ

࢏

 

Let ࢀ = ࢃࢄ =  ࢃࢀࡼࢀ

 

ࢃࢄ =  (ࢃࢀࡼ)ࢀ

ࢀ = ૚ି(ࢃࢀࡼ)ࢃࢄ =  ࡾࢄ

૚ି(ࢃࢀࡼ)ࢃ =  ࡾ 

ࡾࢀࡼ = ۷ 

(64) 

(65) 

(66) 

The weighting matrices ࡾ and ࢃ contain weight vectors which span the same space. 
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Equation 63 becomes 

 
ࢅ = ࡮ࢀࡼࢀ + ࡱ = ࡮ࢀࡼࡾࢄ +  ࡱ

 

(67) 

 

The decomposition of ࢅ using scores and weights can be seen below, 

ࢅ  = ࢀ࡯ࢁ +  (68) ࡱ

On occasion reference is made to a regression vector which links vectors ࢚ and ࢛, in 

fact these vectors are inherently related as may be shown below.   

࢚ࢀ࢛ =
(࢚ࢀࢅ)ࢀࢉ

ࢉࢀࢉ
=

((࢚ࢀ࢚ )ࢉ)ࢀࢉ
ࢉࢀࢉ

 =  ࢚ࢀ࢚

࢛ ≅  ࢚ 

This is the result of convergence under the outlined constraints, and ࡱ ≅  0. The mixed 

relationship between ࢅ and ࢄ is illustrated by taking advantage of vector inner product 

result.  

ࢅ = ࢀ࡯ࢀ + ࡱ = ࡮ࢀࡼࢀ +   ࡱ

ࢀ࡯ =  ࡮ࢀࡼ
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2.2.9.4 Derivation of PLS Regression Coefficient Vector  

The regression model of ࢅ and ࢀ is ࢅ = ઠࢀ + ;ࡱ and ࢟ = + ઺ࢀ  .ࢋ

ࢋ = ࢟ −  ઺ࢀ

ࢋࢀࢋ  = (࢟ − ࢟)ࢀ(઺ࢀ −  (઺ࢀ

= ࢀ࢟) − ઺ࢀࢀࢀ)(࢟ −  (઺ࢀ

= ࢟ࢀ࢟ − ࢈ࢀࢀ࢟ − ઺࢟ࢀࢀࢀ + ઺ࢀࢀࢀࢀ઺ 

ࢀ(઺ࢀࢀ࢟) ઺ is a scalar andࢀࢀ࢟ = ઺࢟ࢀࢀࢀ 

ࢋࢀࢋ = ࢟ࢀ࢟ − ૛ ઺࢟ࢀࢀ + ઺ࢀࢀࢀࢀ઺; 

 

Minimised when
ࢋࢀࢋࣔ

ࣔ઺
= ૙ and

ࣔ૛ࢋࢀࢋ
ࣔ઺૛ > ૙ 

 

ࢋࢀࢋࣔ
ࣔ઺

= −૛࢟ࢀࢀ + ૛ࢀࢀࢀ઺ = ૙ 

઺ =  ࢟ࢀࢀ૚ି(ࢀࢀࢀ)

so 

ŷ࢙࢒࢖ =  ;࢟ࢀࢀ૚ି(ࢀࢀࢀ)ࡾࢄ

since  

 ઺࢙࢒࢕ = ,࢟ࢀࢄ૚ି(ࢄࢀࢄ) ࢟ࢀࢄ              =   ࢙࢒࢕઺(ࢄࢀࢄ)

ŷ࢙࢒࢖ = ࢟ࢀ(ࡾࢄ)૚ି(ࢀࢀࢀ)ࡾࢄ =  ࢟ࢀࢄࢀࡾ૚ି(ࢀࢀࢀ)ࡾࢄ

= ࢙࢒࢕઺(ࢄࢀࢄ)ࢀࡾ૚ି(ࢀࢀࢀ)ࡾࢄ =  ࢙࢒࢕઺ࢄࢀ(ࡾࢄ)૚ି(ࢀࢀࢀ)ࡾࢄ

=  ࢙࢒࢕઺ࢄࢀࢀ૚ି(ࢀࢀࢀ)ࡾࢄ
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࢖ =
࢚ࢀࢄ
࢚ࢀ࢚

ࡼ ݋ݏ  =  ૚ andି(ࢀࢀࢀ)ࢀࢀࢄ

ࢀࡼ  =  ࢄࢀࢀ૚ି(ࢀࢀࢀ)

 

ŷ࢙࢒࢖ = ࢙࢒࢕઺ࢄࢀࢀ૚ି(ࢀࢀࢀ)ࡾࢄ = ܛܔܗ઺ࢀࡼࡾࢄ =  ࢙࢒࢖઺ࢄ

 
઺࢙࢒࢖ =  ࢙࢒࢕઺ࢀࡼࡾ

 

(69) 

The above result illustrates the connection between the ordinary least squares 

coefficients and the partial least squares coefficients. Another interesting observation 

can be made as follows.  

 

ŷ࢙࢒࢖ = ࢟ࢀࢄ૚ି(ࢄࢀࢄ)ࢄࢀࢀ૚ି(ࢀࢀࢀ)ࢀ =  ࢙࢟࢒࢖ࢶ

࢙࢒࢖ࢶ =  ࢀࢄ૚ି(ࢄࢀࢄ)ࢄࢀࢀ૚ି(ࢀࢀࢀ)ࢀ

 

(70) 

(71) 

Where ࢙࢒࢖ࢶ is the PLS projection matrix projecting ࢟ onto the column space of ࢄ then 

the column space of ࢀ to generate ࢟ estimates, ŷ. The Projection matrix ࢀࡼࡾ is 

idempotent but not symmetric, therefore it generates oblique projections. 
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2.2.10 Geometry of the PLS Algorithm [152] 

The projection matrix for the regression coefficient matrices, found in the PLS 

algorithm can be represented as follows. 

࢙࢒࢕઺ࢀࡼࡾ = ઺࢙࢒࢖ 

ࡾ =  ૚ି(ࢃࢀࡼ)ࢃ

ࢀࡼ૚ି(ࢃࢀࡼ)ࢃ = Ħ఼ࢀࡼ.ࢃ 

  

The column vectors of ࡾ and ࢃ span the same space and as such projections onto this 

space are equivalent, that is  

Ħ఼ࢀࡼ.ࡾ = ࢀࡼ૚ି(ࡾࢀࡼ)ࡾ = ࢀࡼ૚ି(۷)ࡾ = ࢀࡼࡾ = ࢀࡼ૚ି(ࢃࢀࡼ)ࢃ = Ħ఼ࢀࡼ.ࢃ 

These projections occur along the space perpendicular to ࢀࡼ onto the space spanned 

by ࡾ and ࢃ. 

 

2.2.10.1 Single Response, Two Predictor Variables 

For the situation of a single response variable and two predictor variables the problem 

is simplified greatly, that is because the only criterion of interest is the maximisation 

of the squared covariance of ࢚࢏ with ࢟ itself. As such the weights can be determined 

explicitly. 
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2.2.10.2 The Object Space 

In the object space it is sufficient to work only with ŷࡿࡸࡻ, because  

࢏࢚
ࡿࡸࡻŷࢀ = ࢏࢘

ࡿࡸࡻŷࢀࢄࢀ = ࢏࢘
࢟ࢀࢄି(ࢄࢀࢄ)ࢄࢀࢄࢀ = ࢏࢘

 ࢟ ࢀࢄࢀ

The weights vectors ࢘࢏ satisfy ࢘࢏
࢏࢘ࢀ = 1, which in this instance is simply the equation 

of a circle of radius one in two-dimensional variable space. The negative symbol 

represents the use of the Moore-Penrose pseudoinverse or generalised inverse. [18] The 

image of this circle in ݊ −dimensional object space is an ellipse. 

 

ି(ࢀࢄࢄ) = ିࢄିࢀࢄ =  ିࡰ

࢏࢘
࢏࢘ࢀ = ࢏࢘

࢏࢘ࢄିࢄିࢀࢄࢀࢄࢀ = ࢏࢘
࢏࢘ࢄି(ࢀࢄࢄ)ࢀࢄࢀ = ࢏࢚

࢏࢚ିࡰࢀ = 1 

Because ࢀࢄis the conjugate transpose of (ࢀࢄࢄ) ,ࢄ can be expanded as ିࢄିࢀࢄ. 

࢏࢚ 
࢏࢚ିࡰࢀ = 1 (72) 

Is an equation representing the ellipse ⅅ1 of which the vectors ࢚૚ and ࢚૛ lie on, 

orthogonal to one another, as proven in appendix 5.  

This ellipse occupies a subspace of the n-dimensional object space of which the row 

vectors of ࢄ, ࢞૚ and ࢞૛ occupy. The principal axes of ⅅ1 are the eigenvectors of ିࡰ 

as can be visualised in Figure 2.2.11.  
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In Figure 2.2.11 it can be seen that the OLS vector lies in this object space, and the 

objective of PLS is to determine the vectors ࢚૚ and ࢚૛. First, the optimal weight vector 

࢘૚ that maximises ൫ŷࡿࡸࡻ
ࢀ ૚൯࢘ࢄ

૛
 which is the squared inner product of ࢚૚ with ŷࡿࡸࡻ.  

 
࢚૚ = ૚࢘ࢄ = (ࡿࡸࡻŷࢀࢄ݇)ࢄ =  ࡿࡸࡻŷࡰ݇

 
(73) 

Which is the familiar tangent rotation of ŷࡿࡸࡻ. After identifying ࢚૚, ࢚૛ is found as the 

vector directly orthogonal and lying on the ellipse.  

 

 

  

Figure 2.2.11 Two dimensional demonstration of OLS response vector and ࢚ vectors from 
the NIPALS algorithm 
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2.2.10.3 The Variable space 

Within the variable space the response vector ࢟ is contained in the direction of ઺࢙࢒࢕. 

The first PLS weight vector ࢘૚ = ࢝૚ can easily be constructed by a tangent rotation 

of ࡿࡸࡻࢼ onto ࢄࢀࢄ where we will define an ellipse  

ࡿ =  ି(ࢄࢀࢄ)

To see this remember 

࢘૚ = ࡿࡸࡻŷࢀࢄ݇ = ࡿࡸࡻ઺ࢄࢀࢄ݇ =  ࢙࢒࢕઺ିࡿ݇

If the weight vectors are further restricted to unit norm, they will occupy a circle with 

a radius of 1. With ࢘૚ we can identify the corresponding loading vector ࢖૚ using the 

relationship 

૚࢖ =
૚࢚ࢀࢄ

࢚૚
૚࢚ࢀ

= ቆ
1

࢚૚
૚࢚ࢀ

ቇ ૚࢘ࢄࢀࢄ =  ૚࢘ିࡿ݇

Which once again is a tangent rotation. The length can be identified utilising the fact 

that 

૚࢖
૚࢘ࢀ =

࢚૚
૚࢘ࢄࢀ

࢚૚
૚࢚ࢀ

=
࢚૚

૚࢚ࢀ

࢚૚
૚࢚ࢀ

= 1 

As such the length of ࢖૚ can be found by dropping a perpendicular line from the point 

of ࢖૚ on to ࢘૚. After finding ࢝૚ the algorithm defines ࢝૛ as the unit norm vector 

orthogonal to ࢝૚. 
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The construction of the PLS model will be finished once the ࢙࢒࢖ࢼ regression vector is 

created, this vector can be found using the oblique projection matrix identified earlier 

as.  

ࢀࡼ૚ି(ࢃࢀࡼ)ࢃ =  ࢀࡼࡾ

 in the above image represents the regression coefficient vector obtained after one ࢙࢒࢖ࢼ

iteration of its determination as an oblique projection of ࡿࡸࡻࢼ onto ࢘ ૚ along a direction 

perpendicular to ࢖૚ i.e ࢘૛. The ࢙࢒࢖ࢼvector becomes the ࡿࡸࡻࢼ vector if the iterative 

process is fully completed, which is equivalent to a full deflation of the X matrix. 

However, practically this may not be necessary as successive residual matrices contain 

less useful information than their predecessors as such often the process may stop with 

࢘ࢄ ≠ ૙ which results in ࡿࡸࡻࢼ  ≠  ࢙࢒࢖ࢼ

Figure 2.2.12: A selection of vectors occupying the variable space, generated from the NIPALS 
algorithm. Adapted from [152]. 
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Chapter 3.0: Spectral Pre-treatment 

and Principal Components Analysis Results. 

Prior to regression analysis, several different mathematical pretreatments were 

employed, these pretreatments ensured variations between spectra were due to 

only chemical variations. Figures 3.1 and 3.2 contain visual representations of 

the raw spectra as well as plots of spectra after three of the more visually distinct 

pre-treatments. SNV and SG methods produce noticeable changes but the 

methods that introduce noise suppression introduce subtler changes. These steps 

generate changes apparent in statistical analysis but unnoticeable upon simple 

inspection. 

Examining the raw spectra, it is clear that the baselines of each spectrum differ. 

This difference in baseline values is one of the more important issues to resolve, 

as it induces differences in intensity values that are certainly not of chemical 

origin. The three remaining figures all display significantly reduced baseline 

drift. Noise reduction steps were also employed during this research, however, 

their effects are often not discernable upon visual inspection. The low impact of 

noise removal is suggested to be partially due to the high signal-to-noise ratio 

of the raw data, a result of the new germanium crystal used for this research. It 

is worth noting that germanium ATR crystals do eventually wear over time 

leading to significant degradation in signal. As mentioned the data collected in 

this work was obtained with a new germanium ATR crystal which showed no 

signs of degradation over the duration of the project (hours of use > 150).  
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a 

b 

Figure 3.1: (a) The full raw infrared reflectance data set. (b) The full data set, post – SNV. 
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a 

b 

Figure 3.2: (a) Full data set post – PT4. (b) Full Data set post PT3. 



3.0 - Spectral Pre-treatment and Principal Components Analysis Results 

 

94 
 

Principal component analysis is the first form of analysis carried out in this 

project. The intention of the technique is to provide insight into trends present 

in the dataset prior to further analysis. These trends are identified by expressing 

the results in terms of the data set’s principal components, rather than the 

unwieldy initial variables. In this instance each variable corresponds to the 

reflectance at a given wavenumber, thus each spectrum may be considered a 

point in an observation space with 1618 dimensions (not orthogonal).  Each 

principal component is a linear combination of the prior variables, such that the 

principal components capture the directions of the greatest variance in the 

dataset. The method of obtaining the principal components also ensures they are 

orthogonal, i.e. linearly independent.   

In Figures 3.3 – 3.5 are the results of principal components analysis on the full 

data set. The figures contain plots of the spectra relative to the first three 

principal components. The plots follow from PT2, PT6 and PT3, respectively. 

These three pre-treatments offer the most distinctive differences at this stage of 

the analysis.  Displayed also in the figures are the variable vectors (labelled by 

wavenumber) possessing the largest loadings. The loadings refer to how aligned 

a variable vector is with a principal component. From the figure it is clear that 

the PT3 model provides three wavenumber variables which align well with the 

first three principal components.  This figure also demonstrates rather distinct 

clustering, suggesting that these wavenumber regions contain relevant 

information to general structural variations between the sample types.   
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Figure 3.3: PT2 PCA plot for the first three principal components. 
 Orange arrows reflect variable vectors with the largest loadings to a particular PC. 
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Figure 3.4: PT6 PCA plot for the first three principal components.  
Orange arrows reflect variable vectors with the largest loadings to a particular PC. 
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Figure 3.5: PT3 PCA plot for the first three principal components. 
 Orange arrows reflect variable vectors with the largest loadings to a particular PC. 
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The other plots generally identify the same 

wavenumbers as more significant, but not to 

the same extent. The faecal sample set cluster 

is the most separated in the plots, followed by 

the chicken feed samples and lastly the forage 

and hyperaccumlators. This pattern is sensible 

given that the chicken feed, forage and 

hyperaccumulator samples all contain plant 

matter prior to digestion.   

Figure 3.6 contains two dimensional plots 

from the PT3 PCA results. The PC2 and PC3 

plot demonstrates separation based on sample 

type as either plant matter, chicken feed or 

faecal matter.  Upon further inspection of 

figure 3.6 (b), it is apparent that within the 

region stated as containing plant matter further 

division is possible. Splitting the 

hyperaccumulator samples into leaves or 

ground plant matter, demonstrates that the 

ground forage feed plant matter and 

hyperaccumulators cluster well, while the leaf 

samples show tremendous variation in PC3. 

PC3 possesses the most significant loading from 

the 1027 cm-1 region. The 1027 cm-1 region contains contributions from the O – 

H and C – OH stretch associated in the literature as due to cell wall 

PC2 

a 

b

c 

PC1 

PC2 

PC
2 

PC
3 

PC
3 

Figure 3.6: (a) PC1 vs PC2 for the PT3 spectra. (b) PC2 vs 
PC3 for the PT3 spectra. (c) PC2vs PC3 for the PT3, now 
with separate coloring for hyperaccumulator sample type. 
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polysaccharides.[162] The distinct variation in peak intensity for the leaf 

hyperaccumulator samples is suggested to be due to the variation of plant 

structures the infrared radiation was interacting with during analysis.  

By contrast, the faecal samples contain a tremendous amount of variation 

relative to PC 2, which possesses a large loading from the 1535 cm-1 region. 

This region is associated with the amide II band, [160,162] suggesting variations in 

protein content are most distinct in the initial faecal spectral data set.   

Performing PCA on each sample set provided interesting results only for the 

forage feed samples. Within this sample set, clustering was only observed in the 

PC1 verse PC2 scores plots, for PT3 and PT5 (see Figure 3.7 for illustration). 

 The remaining pre-treatments failed to induce this effect in the principal 

component analysis. The key difference between these particular pre-treatments 

a b 

Figure 3.7: (a) PC1 vs PC2 for the PT2 spectra. (b) PC1 vs PC2 for the PT3 spectra.  
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was the use of the Savitsky-Golay derivative filter, this result follows from the 

previous example of derivative plots producing better clustering in the principal 

component space. The separation is induced predominantly by the scores values 

for the first component.  

Figure 3.8 contains the loadings for the first two components of the PT2 and 

PT3 principal components. Comparing the loadings of the first components of 

each, the PT3 component has greater loadings from the 1030 cm-1 region as well 

as the 2800 – 3000 cm-1 region. The 3200 – 3500 cm-1 region is suppressed in 

the PT3 plot, demonstrating the suppression of water contribution. The 1030 cm-

1 region still possesses significant loading in the PT2 first component plot, 

however, there is more significance distributed to the 1600 cm-1 and 3200 – 

3500 cm-1.  Because the first component of the PT3 generates clustering based 

on the type of forage feed (herb mix or pasture), the regions of 1030 cm-1 and 

2800 – 3000 cm-1 must contain information relative to forage types.   The region 

of 1030 cm-1 was discussed previously as containing information relating to cell 

wall polysaccharides, whilst the 2800 – 3000 cm-1 region is the aliphatic C – H 

stretch region.[162]  Therefore, both regions contain information that may have 

been expected to vary based on species’ classifications. 
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Chapter 4.0: Results and Discussion I 

Feature Extraction Regression Methods 

 

This section will present the results and subsequent discussion for the Ridge, LASSO 

and Elastic Net regression methods. These methods are grouped together as they may 

all be considered feature extraction techniques. The discussion will present 

information relating to model performance in cross – validation or external validation 

context, the latter is only available for the forage based sample sets. For all of this 

chapter and the following, calibration data is available but not discussed. The 

motivation for excluding calibration data, is as follows, if the calibration results are 

high quality and the model is reliable, then the cross – validation (or external 

validation) data should also be high quality. If the calibration results are high quality 

and the cross – validation (or external – validation) results are poor, then the model is 

over – fitting the calibration data. A model’s true worth is identified in its ability to 

predict new observations, for these reasons calibration data is omitted. Literature 

thresholds for high quality models have been noted as ܴܲܦ > 2 and ܴଶ > 0.8. [171,172] 

The present results and discussion section is divided into the three logical divisions 

based on the methods, the methods are arranged in chronological order based on their 

development.   



4.0 - Results and Discussion I: Feature Extraction Regression Methods  

 

104 
 

4.1 Ridge Regression  

 

Because the field of chemometrics is so closely tied to analytical chemistry it is 

important to maintain an ability to provide a chemical interpretation of the results at 

hand. Ridge Regression provides perhaps the least interpretable results of the methods 

this research employs, a direct consequence of the non – sparse nature of the solutions 

it generates. However, the results are not completely uninterpretable, the insight is just 

far less obvious. Despite the condition that all coefficients are non – zero (or all zero 

in the extreme), model parameter selection still needs to occur, whilst the number of 

coefficients is constant, their position in terms of significance to the model alters as 

the ߣ parameter is tuned. Model parameter selection is, as usual, achieved by taking 

the parameter that produces a RMSECV one standard error above the minimum value. 

An example plot of the process may be seen in Figure 4.1.1. The figure shows the 

paths of coefficient values, each path corresponding to a variable (wavenumber 

reflectance). It is clear in this image as ߣ increases, the degree of importance of a 

variable can be seen to change, this change manifests as pathways crossing. Groups of 

paths indicate high correlation between the reflectance values of neighbouring 

wavenumbers within the same band. 

Figure 4.1.1 : Coefficent trace resulting from the Ridge method  
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(a) (b) 

Figure 4.1.2: (a) Hemicellulose PT3 model coefficient plot. (b) Hemicellulose PT4 model coefficient 
plot. (c) Hemicellulose predicted vs measured values for the PT3 model. (d) Hemicellulose predicted vs 
measured values for the Pt4 model. Metabolisable energy predicted vs measured plots for PT3 (e) and 

PT4 (f). 
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This discussion begins by examining the performance of Ridge regression in the 

prediction of the chemical compositions of interest for the initial forage feed samples. 

As will be seen to be a trend for the forage feed samples, hemicellulose and neutral 

detergent fibre were the best predicted with large R2 values (0.95 [ܲܶ3] ,0.90[ܲܶ3]) 
and large RPD (4.03,3.16). Hemicellulose and NDF were predicted equally well by 

Ridge regression models utilising either PT3, PT4 or PT5. What is of particular interest 

is the contrast in the coefficients each different PT – model has selected. For example, 

the hemicellulose PT3 model epitomises a lack of interpretability as seen in Figure 

4.1.2, the noise is likely the result of the small reflectance values post – SNV and SG. 

Looking at the RPD it is clear PT3 provides higher quality predictions, specifically in 

terms of errors and bias. PT4 and PT5 differ only by the presence of a derivative – 

smoothing step in the pre – processing, examining the NDF and hemicellulose RPD 

values between these two PT’s demonstrates the importance this step plays in 

removing bias. The PT4 model is relatively more interpretable than PT3 (and PT5), as 

seen in Figure 4.1.2, for example in terms of magnitude more significance is placed on 

the C – H type stretching band[162] just below 3000 cm-1 followed by bands from the 

fingerprint region. While chemical interpretability is desirable from a confidence stand 

point, it is not entirely correct to dismiss a model solely based on poor interpretability, 

in this instance the predictions of PT3 are more reliable than PT4, despite PT3’s poor 

interpretability. This predictive ability is demonstrated subtly in figure 4.1.2. ME was 

modelled well by PT4 in terms of ܴଶ (0.77), yet the same model possesses the second 

lowest RPD (1.57). The small RPD is a consequence of larger bias and prediction error 

in the model. 
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 Comparing the prediction plots of PT3 

and PT4 (Figure 4.1.2) it is apparent 

that the predictions are less accurate for 

the latter, these two models once again 

have quite contrasting coefficient plots. 

The PT3 model contains a somewhat 

distinct contribution occurring around 

3200 – 3500 cm-1, but interpretation 

beyond this is difficult. The PT4 plot 

again allows for simpler chemical 

interpretation, and it is immediately 

clear that the C – H stretch[162] 

(aliphatic) is significant to the model. 

There is also a prominent contribution 

occurring at around 1550 – 1650 cm-1, 

a region containing C = C and C = O 

stretches and aromatic stretches, 

respectively.[162]  DOMD is modelled 

well with an R2 of 0.78, for PT3, PT4 

and PT5 models. The PT4 model possessed the smallest RPD of these three models, 

which supports the previous suggestion of derivative – smoothing reducing bias. The 

coefficient plots of both DOMD PT4 and ME PT4 are virtually identical, this result is 

expected as DOMD and ME are nothing more than scaled forms of one another. ADF 

was predicted with an R2 of 0.75 by the PT3 model, the relatively low R2 is surprising 

as hemicellulose and NDF were both modelled quite well, and ADF may be calculated 

(a) 

(b) 

Figure 4.1.3: Coefficient plots of ME for the PT3 (a) and PT4 (b) 
models. 
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as the difference between NDF and hemicellulose. However, as NDF contains both 

ADF and hemicellulose, perhaps the presence of hemicellulose accounts for the well 

modelled nature of NDF. Protein and DM content represent the worst predicted 

chemical compositions of the initial forage feed samples with R2 values of 0.68 (PT4) 

and 0.44(PT4). The RPD values of the protein models, are low but comparable to ME 

models, of which have much larger R2 values. The comparable RPD values imply that 

although variation in protein content is somewhat poorly accounted for, the bias and 

errors are relatively low, the same is not seen for DM where low R2 values are matched 

by low RPD values.  DM describes how much of the plant matter is not water, the 

difficulties in predicting this chemical composition are suggested to originate, in part, 

from the fact the samples analysed were freeze dried and as such possessed rather low 

water content when analysed. Not only was water removed for the most part, but the 

initial variation in water content may have been due to reasons not related to variations 

in the chemical structure of the forage sample but rather conditions it was exposed to 

prior to collection. Overall it appears as though PT3 has produced the best models in 

terms of R2 and RPD values, in the context of this sample set. At the other end of the 

performance spectrum is PT6 which seems to routinely perform poorly, it is possible 

this is due to improper parameters, allowing some useful information to be distorted.  
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Table 4.1.2: Ridge regression results for the expanded forage feed samples 

 

When the initial forage feed sample set was expanded to include a greater variety of 

species, the general trend of prediction quality was down. Hemicellulose possessed the 

largest overall R2 values but relative to the previous sample set was still low (ܴଶ ∶  0.76, ܲܶ4). NDF was the second best predicted chemical composition of the 

expanded sample set, this result supports the previous observation of NDF and 

hemicellulose being the best predicted chemical compositions. The general decline of 

predictions may result from the introduction of new species or sample growth 

conditions, development of future models in this context with single species may be 

more successful.  

 Expanded forage feed results    

 NDF Hemicellulose    

PT ܴଶ RMSEP 
(%) RPD(P) ܴଶ RMSEP 

(%) RPD(P)    

1 0.63 6.81 1.60 0.73 3.61 1.90    

2 0.62 6.92 1.46 0.73 3.70 1.78    

3 0.67 6.69 1.46 0.75 3.20 1.79    

4 0.72 6.83 1.49 0.75 3.53 1.74    

5 0.67 6.60 1.49 0.76 3.15 1.87    

6 0.57 7.23 1.43 0.69 3.83 1.79    

 ADF Metabolisable Energy Dry Matter 

PT ܴଶ RMSEP 
(%) RPD(P) ܴଶ RMSEP 

(MJ/kg) RPD(P) ܴଶ RMSEP 
(%) RPD(P) 

1 0.42 4.25 1.30 0.46 0.48 1.41 0.10 1.55 1.02 
2 0.42 4.28 1.17 0.47 0.47 1.34 0.09 1.56 0.89 
3 0.50 4.06 1.18 0.52 0.47 1.28 0.30 1.37 1.01 
4 0.43 4.24 1.19 0.25 0.48 1.31 0.30 1.56 0.89 
5 0.51 4.06 1.18 0.53 0.46 1.33 0.29 1.39 0.99 
6 0.39 4.37 1.14 0.47 0.47 1.33 0.13 1.55 0.90 
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Table 4.1.3: Ridge regression results for the chicken feed samples 

 

 

 Chicken feed results 

 Crude Fibre Starch Fat 

PT R2 RMSECV 
(%) RPD R2 RMSECV 

(%) RPD R2 RMSECV 
(%) RPD 

1 0.72 1.29 1.99 0.90 4.58 3.15 0.56 2.35 1.51 

2 0.72 1.29 1.99 0.89 4.91 2.94 0.55 2.38 1.49 

3 0.84 1.04 2.47 0.90 4.66 3.09 0.52 2.47 1.43 

4 0.84 1.11 2.31 0.89 4.99 2.89 0.47 2.62 1.35 

5 0.84 1.04 2.49 0.88 5.08 2.84 0.46 2.63 1.34 

6 0.73 1.28 2.02 0.89 4.79 3.02 0.31 2.94 1.20 

 Nitrogen Ash Dry Matter 

PT R2 RMSECV 
(%) RPD R2 RMSECV 

(%) RPD R2 RMSECV 
(%) RPD 

1 0.87 0.49 2.77 0.93 1.23 4.13 0.69 0.83 1.80 

2 0.88 0.45 2.99 0.92 1.27 3.98 0.70 0.82 1.80 

3 0.87 0.51 2.68 0.94 1.15 4.42 0.73 0.76 1.95 

4 0.88 0.50 2.74 0.94 1.11 4.57 0.73 0.76 1.95 

5 0.88 0.50 2.74 0.94 1.11 4.59 0.75 0.74 2.01 

6 0.88 0.48 2.83 0.93 1.16 4.39 0.66 0.84 1.78 

 Calcium Phosphorus Gross Energy 

PT R2 RMSECV 
(mg/g) RPD R2 RMSECV 

(mg/g) RPD R2 RMSECV 
(kJ/g) RPD 

1 0.93 4.72 4.20 0.92 2.01 4.00 0.64 0.61 1.56 

2 0.92 4.92 4.04 0.93 1.88 4.31 0.58 0.64 1.48 

3 0.94 4.25 4.69 0.94 1.77 4.56 0.75 0.49 1.96 

4 0.95 4.04 4.92 0.94 1.71 4.72 0.76 0.48 1.99 

5 0.95 3.99 4.99 0.95 1.67 4.83 0.75 0.49 1.95 

6 0.93 4.43 4.50 0.93 1.84 4.38 0.64 0.60 1.60 
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Figure 4.1.4: Predicted vs measured plots of Ash (a), calcium (b) and phosphorus (c). (b) also includes an 

illustration of the high variability of predictions. 
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Examining the ܴଶ values for the various chemical component models relating to the 

chicken feed samples, it is obvious that ash possesses one of the largest ܴଶ values  (0.94, ܲܶ3). However, in this instance it is only upon examining the corresponding 

graph (figure 4.1.4) of measured and predicted values that it becomes clear these 

predictions may in fact not be as good as the ܴଶ or even RPD implies.  The issue is 

that there are distinct clusters of values, each cluster could be considered as a pseudo 

– point on a plot whereby the ܴଶ corresponds to that of a line passing close to both 

pseudo – points. Such a scenario is referred to as having high leverage, inducing 

homoscedastic clusters (equal variance about the centroid of the cluster). This leverage 

effect in this example is not as large as will be seen in later results. The prediction of 

calcium content in the chicken feed represents a second, and more distinct example of 

leverage related issues. Whilst the ܴଶ value is large (ܴଶ: 0. 95, ܲܶ4) it is undeniable 

that if one was to isolate any one of the clusters there would be little useful prediction 

information available, as figure 4.1.4 indicates. The figure explicitly demonstrates that 

the variation in the predicted axes is far larger than that of the measured. Phosphorus 

content was the third and final chemical composition to demonstrate large ܴଶ (0.95, ܲܶ5), as a result of leveraging as seen in figure 4.1.4 .The impact of the 

leveraging is not quite as significant as seen in the calcium example. Leveraging issues 

demonstrate the benefit of visual inspection of the prediction plots. Examining the 

results of PT3, PT4 and PT5 for calcium and phosphorus they demonstrate higher RPD 

for PT4 relative to the other two. This increase in RPD is the opposite trend to what 

was observed in the previous two sample sets, and may be another subtler consequence 

of the issues outlined for these chemical compositions.  
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(b) 

(a) 

(c) 

Figure 4.1.5: (a) coefficient plot of the PT5 DM model. Coefficient plots of the DM PT1 models for 
the chicken feed samples (b) and the initial forage feed (c) 
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 Crude fibre was predicted rather well (ܴଶ ∶0.84, ܲܶ3) and devoid of any of the issues 

encountered with the previous two models. DM was 

predicted better than in any previous attempt (ܴଶ: 0.75, ܲܶ5). To gain some insight as to why DM 

is predicted more accurately here compared to the 

forage samples, the first avenue of exploration would 

be the coefficient plots. Unfortunately, PT5 is a 

derivative based model and interpretation of the 

contributions is difficult as seen in figure 4.1.5. 

However, at the price of a decrease in model quality 

we can utilise the coefficient plots of a more 

interpretable model, for example the PT1 model 

(ܴଶ: 0.69, ). Comparing the coefficient plot of PT1 

from the grass model to the chicken feed model they 

appear relatively similar in terms of the largest 

absolute value regions. Beyond the location of strong 

contributions at ~3000 cm-1 and 3500 cm-1 to both 

models, it is difficult to single out any particular 

absorption contributions. The geometry of the 

chicken feed DM model aliphatic C – H stretch 

contribution appears sharper than the somewhat 

broad peak in the grass coefficient plot. The fact that 

the plots are so similar makes it difficult to assert 

differences in performance are originating from the differences in the model, it is 

(b) 

(a) 

(c) 

(%) 

(%
) 

Figure 4.1.6: The coefficient plots for nitrogen (a) 
and starch (b) PT1 – models. (c) Illustration of 

collimation in predicted vs measure plot for starch. 
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possible that some of the apparent superior performance arises from the fact that the 

chicken feed data is cross – validation data whilst the grass is external validation. 

Nitrogen was modelled well by all models (ܴଶ ≅ 0.88), examining the coefficient plot 

of PT1 in figure 4.1.6 it can be seen than there is more similarity between the 

magnitude of coefficients around the amide I and II regions, and the C – H aliphatic 

stretch. This is a logical result as it is expected that the importance of the amide regions 

would increase when predicting compositions of which should absorb in the amide I 

and II bands. Starch was modelled well (ܴଶ: 0.90, :ܦܴܲ 3.15 ܲܶ1), the coefficient plot 

(figure 4.1.6)  has the most prominent contribution once again from the aliphatic C – 

H stretching[162] at 3000 cm-1, subsequent significant contributions seem to originate 

from the fingerprint region. The prediction plot for starch (figure 4.1.6) possesses 

columns of data with narrow variation in the measured value and large prediction 

variation, these regions are clearly a weakness of this particular model. Gross energy 

is predicted quite well by PT3, PT4 and PT5 all of which possess ܴଶ ≅ 0.75  and 

RPD≅ 1.96. The Gross Energy results demonstrate the need for combinations of pre 

– processing methods beyond purely scatter correction, this can be observed by 

examining the increase in prediction quality when comparing PT1 or PT2 to any of 

PT3, PT4 and PT5.  Fat stands out in this sample set as the worst predicted chemical 

composition (ܴଶ: 0.44, ܲܶ2)
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Table 4.1.4: Ridge regression results for the faecal samples 

 Faecal results 

 Hemicellulose Dry Matter Ash 

PT R2 RMSECV 
(%) RPD R2 RMSECV 

(%) RPD R2 RMSECV 
(%) RPD 

1 0.81 2.92 2.23 0.44 0.46 1.00 0.88 2.32 2.81 

2 0.78 3.17 2.05 0.44 0.46 0.99 0.84 2.67 2.31 

3 0.86 2.67 2.54 0.48 0.45 1.07 0.88 2.45 2.78 

4 0.85 2.74 2.07 0.52 0.43 1.07 0.88 2.41 2.81 

5 0.85 2.71 2.56 0.51 0.44 1.07 0.88 2.42 2.79 

6 0.79 3.09 2.11 0.47 0.44 1.03 0.88 2.33 2.76 

 Nitrogen Gross Energy Organic Matter 

PT R2 RMSECV 
(%) RPD R2 RMSECV 

(%) RPD R2 RMSECV 
(%) RPD 

1 0.84 0.40 2.37 0.94 0.50 3.98 0.88 2.20 2.85 

2 0.84 0.41 2.34 0.92 0.52 3.88 0.83 2.62 2.38 

3 0.87 0.37 2.56 0.93 0.52 3.87 0.87 2.31 2.71 

4 0.87 0.36 2.66 0.93 0.51 3.88 0.88 2.26 2.77 

5 0.87 0.37 2.58 0.93 0.52 3.85 0.88 2.27 2.75 

6 0.83 0.41 2.33 0.92 0.52 3.82 0.88 2.22 2.82 

 NDF ADF Lignin 

PT R2 RMSECV 
(%) RPD R2 RMSECV 

(%) RPD R2 RMSECV 
(%) RPD 

1 0.84 4.71 2.45 0.82 2.21 2.36 0.80 0.47 2.34 

2 0.82 4.97 2.32 0.81 2.30 2.27 0.78 0.50 2.21 

3 0.88 4.38 2.64 0.83 2.25 2.33 0.80 0.49 2.23 

4 0.87 4.48 2.58 0.82 2.30 2.27 0.79 0.51 2.14 

5 0.88 4.42 2.61 0.83 2.26 2.31 0.80 0.50 2.22 

6 0.80 5.30 2.18 0.79 2.46 2.13 0.80 0.48 2.27 
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(a) (b) 

(c) (d) 

Figure 4.1.7: (a) the predicted vs measured plot for gross – energy. (b) coefficient plot for gross – energy PT1 
model. Coefficient plots for Ash (c) and OM (d) PT1 – models. 
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Examining the Ridge regression results for the 

faecal samples, GE represents the best predicted 

chemical composition. GE was modelled with the 

largest R2 (0.94) and RPD (3.98) in the PT1 based 

model, although all PT – models are high quality. 

The prediction plot in figure 4.1.7, illustrates no 

presence of leveraging in this chemical 

component and the coefficient plot illustrates the 

importance of C – H stretching to the model. The 

PT1 based models for ash and OM exhibited the 

largest ܴଶ (0.88, 0.88), their coefficient plots are 

interesting as they are nearly identical to one 

another aside from a change in sign. This 

highlights a fundamental negative relationship 

between the two, as OM increases ash decreases 

which follows from the fact ash is proportional to 

inorganic matter content. The faecal sample set is 

the first to contain predictions of near equivalent 

quality for both NDF and ADF 

(ܴଶ: 0.87,0.82, ܲܶ4). Since NDF includes ADF it 

is reasonable to have expected to see this trend 

occur among the other sample sets, however, that 

has not been the case. As to why this has not been 

the case it has previously been speculated that the portion of NDF not contained in 

(a) 

(b) 

(c) 

Figure 4.1.8: Coefficient plots of NDF (a), 
hemicellulose (b) and ADF (c). 
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ADF was accounting for NDF’s 

high quality modelling. Upon first 

examination of the figure 4.1.8, 

which displays the coefficient plots 

of NDF, hemicellulose and ADF for 

PT2, they all appear very similar. 

The dashed blue lines represent the 

approximate region where most of 

the changes between plots occurs. 

The changes in this region occur 

predominantly at ~3000 cm-1
, the 

aliphatic C – H stretch region, implying this region provides useful information for the 

model to differentiate between hemicellulose, ADF and NDF.  Nitrogen was predicted 

most accurately using a PT4 based model. Again the coefficient plot of a nitrogen 

content model demonstrated the logical shift of importance towards the region of 

amide I and II absorption bands, as seen in figure 4.1.9. Lignin was predicted to quite 

a high standard by all PT’s, all of which produced very similar R2 and RPD values. 

Ridge was unable to successfully predict nickel content in hyperaccumulators using 

infrared reflectance information, with any pre – treatment based model. Of the 

different models, PT2 stands out in terms of R2 as being substantially lower than the 

others. 

 

 

 

Figure 4.1.9: Coefficient plot for the PT4 – model of nitrogen. 
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Table 4.1.5: Ridge regression results for the hyperaccumulator samples 

 Hyperaccumulators results 

PT R2 RMSECV 
(%) RPD 

1 0.30 0.31 1.21 
2 0.08 0.36 0.92 
3 0.34 0.30 1.24 
4 0.34 0.30 1.24 
5 0.35 0.29 1.25 
6 0.35 0.29 1.25 
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4.2 Least Absolute Shrinkage and Selection Operator (LASSO) 

LASSO regression will generate models 

possessing far fewer variable contributions 

than the Ridge method, which allows for 

easier chemical interpretation. The coefficient 

value traces also become more interesting as 

pathways will rapidly tend to zero if they are 

non – essential to the prediction. One of the 

short comings of this technique is that the 

selection of coefficients is carried out indiscriminately, in practice this results in 

the selection of a coefficient from a highly correlated cluster without preference. 

For infrared spectroscopy this may manifest as selection of one wavenumber 

within a band, or the selection of one wavenumber within two highly correlated 

bands. The risk of either scenario is the misplacement of importance on a 

Figure 4.2.1: Example of difference 
between variance at wavenumber ࢇ vs ࢈. 

Figure 4.2.2: Coefficient trace resulting from using the LASSO algorithm. 
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variable which is less sensitive to chemical change. An example of the 

consequence of indiscriminate variable selection from within a band may be 

seen in Figure 4.2.1, where it is clear if wavenumber ܽ was selected it would 

possess less variation between samples than wavenumber ܾ. In the trace plot of 

coefficients (figure 4.2.2), the selection process is seen to force values to zero if 

they are unimportant to the model. The importance of a variable refers to 

whether or not its inclusion assists in reducing the error of prediction for the 

model. Likewise, any line that resists trending towards zero is associated with a 

wavenumber of which is deemed important to the model.
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Table 4.2.1 shows the LASSO results for the 

initial forage feed samples. In the intial 

forage feed sample set analysis, NDF and 

hemicellulose were predicted most 

accurately (ܴଶ: 0.89, 0.95 ) with PT2 and 

PT4 models respectively. ADF was once 

again predicted with less accuracy 

(ܴଶ: 0.66 ܲܶ1) than NDF or ADF, as seen 

for the equivalent Ridge results. Using the 

PT1 models for each of the three, ADF 

contains the fewest coefficients (14) whilst 

NDF contains the most (27), figure 4.2.3 

displays the variables associated with these 

coefficients. The hemicellulose plot (figure 

4.2.3) has three distinct peaks outside of the 

fingerprint region. The two peaks around 

2700 – 2900 cm-1 are clearly of C – H 

stretching origin, and the peaks at ~3500 cm-

1 originate from the O – H band.[161] The C – 

H and O – H stretching peaks are present to 

some extent in all models.  However, the O – 

H peak is most prominent in the NDF and 

ADF models. Annotated in the figures are 

several peaks of which possess relatively 

larger coefficient values. The peaks at ~1750 cm-1 are significant in both the 

(a) 

(b) 

(c) 

Figure 4.2.3: (a) NDF coefficient plot for PT1. 
(b) Hemicellulose coefficient plot for PT1. (c) 

ADF coefficient plot for PT1 
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NDF and ADF models, as well as the peak at 1500 cm-1, which appears also in 

the hemicellulose model. The peak at 1750 cm-1 may originate from the C = O 

stretch of a saturated ester.[162] Amongst the literature referenced as due to 

several potential sources[162]  one of which is lignin, since lignin is a constituent 

of ADF, this result is sensible. The peak at ~1500 cm-1 is present in all models, 

cited in the literature as due to C = C aromatic stretching, as such this is a 

sensible inclusion across all models. The hemicellulose model shares peaks with 

NDF at 1135 cm-1 and a cluster between 1050 – 1200 cm-1. The peak at 1135 

cm-1 is likely due to C – O – C  asymmetric stretching[162] associated with ߚ – 

1.4 glucan, which is a component of hemicellulose. Most of the shared peaks 

within the 1050 – 1200 cm-1 range (excluding the 1135 cm-1) lie around 1075 – 

1100 cm-1. This region contains contributions from xyloglucan and cutin, the 

former of which is explicitly related to hemicellulose content.  

The expanded forage feed sample set (table 4.2.2) again shows a general decline 

of prediction accuracy across all the chemical components. The PT4 performs 

well in both NDF and hemicellulose predictions relative to other PT – models. 

For the sake of comparison, the NDF and hemicellulose PT1 model coefficient 

plots for the present sample set (bottom) and previous forage feed sample set 

(top) are displayed in figure 4.2.4. The O – H and aliphatic C – H stretching 

regions are present in the NDF and hemicellulose models of the expanded 

sample set. The NDF model lacks either of the 1135 cm-1 or 1750 cm-1 

contributions present in the equivalent model of the previous sample set. The 

1500cm-1 peak and peaks between 1050 – 1150 cm-1 are more exaggerated in 

the NDF model of the expanded forage feed sample set. The hemicellulose 

model contains more similarities with its previous sample set model. The 
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significant peaks of the previous model are still present, however, reduced in 

size relative to the aliphatic C – H and O – H stretching regions. Hemicellulose 

was modelled with greater accuracy than NDF, which may be the reason why 

its coefficient plot aligns better to that of the previous sample set.   
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(a) (b) 

(c) (d) 

Figure 4.2.4: (a) and (b) are the coefficient plots of NDF and Hemicellulose in the initial forage 
sample set. (c) and (d) NDF and Hemicellulose models for the expanded sample set. All plots are 

for PT1 models. 
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Table 4.2.3: LASSO regression results for the chicken feed samples 

 

 Chicken feed results 

 Crude Fibre Starch Fat 

PT ݊ R2 RMSECV 
(%) RPD ݊ R2 RMSECV 

(%) RPD ݊ R2 RMSECV 
(%) RPD 

1 9 0.81 1.06 2.43 9 0.93 3.80 3.79 13 0.62 2.19 1.61 

2 6 0.77 1.16 2.23 9 0.93 3.92 3.68 18 0.59 2.27 1.55 

3 15 0.87 0.90 2.86 17 0.91 4.28 3.37 15 0.49 2.53 1.40 

4 18 0.82 0.87 2.49 15 0.92 4.11 3.51 7 0.42 2.77 1.28 

5 16 0.85 1.00 2.57 15 0.91 4.29 3.36 9 0.45 2.66 1.33 

6 8 0.78 1.15 2.23 10 0.94 3.66 3.94 13 0.46 2.58 1.37 

 Nitrogen Ash Dry Matter 

PT ݊ R2 RMSECV 
(%) RPD ݊ R2 RMSECV 

(%) RPD ݊ R2 RMSECV 
(%) RPD 

1 9 0.90 0.43 3.20 19 0.96 0.86 5.91 8 0.74 0.77 1.92 

2 5 0.91 0.44 3.10 22 0.96 0.87 5.86 5 0.73 0.78 1.90 

3 12 0.91 0.43 3.16 11 0.97 0.74 6.86 10 0.73 0.79 1.89 

4 19 0.91 0.41 3.31 18 0.98 0.65 7.81 8 0.71 0.83 1.78 

5 11 0.90 0.45 2.99 10 0.98 0.68 7.47 10 0.73 0.77 1.94 

6 4 0.91 0.45 3.01 30 0.97 0.76 6.72 10 0.74 0.75 1.98 

 Calcium Phosphorus Gross Energy 

PT ݊ R2 RMSECV 
(mg/g) RPD ݊ R2 RMSECV 

(mg/g) RPD ݊ R2 RMSECV 
(kJ/g) RPD 

1 20 0.97 3.18 6.26 15 0.96 1.37 5.90 6 0.72 0.52 1.84 

2 18 0.97 3.22 6.20 17 0.97 1.09 7.42 7 0.68 0.55 1.73 

3 21 0.99 2.06 9.67 13 0.97 1.11 7.28 18 0.71 0.53 1.78 

4 14 0.98 2.39 8.34 12 0.98 1.06 7.62 13 0.75 0.50 1.92 

5 12 0.98 2.31 8.65 9 0.98 1.06 7.64 11 0.74 0.51 1.87 

6 22 0.97 2.70 7.38 22 0.97 1.13 7.16 8 0.76 0.47 2.02 
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The chemical compositions of ash, calcium and phosphorus were predicted with 

exceptionally large ܴଶ values for the chicken feed sample set. Previously it has 

been noted that these three chemical compositions are at risk of artificially large ܴଶ values, based on the distinct clustering of the response values. LASSO has, 

however, managed to perform better than Ridge regression in terms of reducing 

the size of the predicted value variation for ash and phosphorus. Ash and 

phosphorus are much more reliably described  by the ܴଶ value associated with 

them, than calcium is, this is supported by the fact calcium has relatively large 

RMSECV. The starch model also generated a large ܴଶ value (0.93, PT1). Starch 

was modelled more accurately using LASSO when compared with Ridge, with 

increases in both RPD and R2. Unfortunately, as can be seen in figure 4.2.5 this 

model still has distinct regions where measured variation is far lower than the 

variation in prediction. Nitrogen was modelled well with a large ܴଶ (0.90) and 

moderate RPD, and like the starch models, demonstrated improved prediction 

compared with the Ridge results. The PT2 model utilised only 5 variables in 

building this model, which is a strikingly low number. The coefficient plot of 

these variables may be seen in figure 4.2.5. It is interesting to note the lack of 

any variable input from outside the fingerprint region. Previously tentative 

connections have been made with Ridge nitrogen models and amide I and II 

absorption bands, for this particularly sparse model, the connection is more 

distinct. The majority of the variables this model uses lie between the 

approximate region of 1400 – 1700 cm-1, with most of the variables closer to the 

1400 cm-1 side and hence amide II band[162] (C – N stretch and N – H bend). 
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Crude fibre was most accurately predicted in 

the PT3 model, as it possessed the largest R2 

(0.87) and RPD (2.86). The coefficient plot 

for the crude fibre PT3 model (figure 4.2.5) 

reveals significant contributions with the 

region of 3700 – 3900 cm-1 as well as a 

prominent peak at 1335 cm-1. The peak at 

1335 cm-1 is likely due to C – H bending, 

associated with cellulose.[162] The region of 

3700 – 3900 cm-1 contains some peaks which 

perhaps may be associated with the tail end of 

the O – H stretch region.[160] 

 

(a) 

(b) ܴଶ = 0.938 

(c) 

(%) 

(%
) 

Figure 4.2.5: (a) PT2 Nitrogen model coefficient plot. 
(b)  Predicted vs measured value plot, for starch (PT1). 
(c) Coefficient plot of the crude fibre model (PT3). 
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In the faecal sample set, as was 

apparent in the Ridge results, gross 

energy is the most accurately 

predicted composition. Gross 

energy was predicted with slightly 

larger R2 than the Ridge analysis 

generated, and larger RPD, with all 

models possessing RPD > 4. 

Organic matter and ash also 

demonstrated marginal increases in 

R2 values, in comparison to the 

Ridge results. This perhaps 

indicates that LASSO has 

successfully removed variable 

contributions to the model, which 

were obscuring the link between 

organic matter and MIR reflectance 

values.  Interestingly the Ridge 

results for both OM and ash 

demonstrated PT2 to possess the 

lowest R2 and RPD. Whilst the LASSO results position PT2 as one of the better 

pre – treatments, the PT1 based model provided the highest quality predictions 

of ash and organic matter with the highest R2 and RPD values. Hemicellulose, 

ADF and NDF were all predicted with respectable accuracy by most PT’s with 

PT1 possessing the largest values of R2 and RPD.  Previously it has been 

Figure 4.2.6: (a) NDF coefficient plot for PT1. (b) 
Hemicellulose coefficient plot for PT1. Blue and orange 
arrows highlight the differences between the two plots. 

(a) 

(b) 
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mentioned that it may be the 

hemicellulose fraction of NDF 

that is accounting for the well 

modelled nature of NDF 

relative to ADF. Whilst in this 

instance ADF is quite well 

predicted, examining the 

coefficient plots in figure 4.2.7 

of hemicellulose and NDF 

shows they are very similar. 

They differ only subtly as 

indicted by the arrows in the 

figure. The similarity between 

these plots is evidence to 

support the suggestion 

hemicellulose plays a key role 

in the modelling of NDF. 

Overlaying one of these plots with the PT1 processed spectra allows for the 

interpretation of the chemical significance of these coefficients. The peaks at 

roughly 1900 cm-1 and 3700 cm-1 appear to originate from spectral regions of no 

chemical significance. Their inclusion is only to ensure the linear combination 

of reflectance values sum to the response value, however, this may impact the 

models sensitivity to chemical changes. Peaks 1 and 2 seem to be from the O – 

H stretch band. Peak 3 occupies the wavenumber range of 1350 – 1400 cm-1 this 

region contains the CH2  bend attributed in the literature to cellulose and 

(a) 

(b) 

Figure 4.2.7: (a) PT1 spectra. (b) NDF coefficient 
plots for PT1, with significant regions number 1 – 5. 
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hemicellulose.[162]  Peak 4 lies 

between 1400 – 1500 cm-1 a region 

containing O – H  bending (cell 

wall polysaccharide), CH2  

asymmetric bending and the amide 

III band.[162] Peak 5 lies between 

1560 – 1625 cm-1 which may be a 

result of the amide II band or the 

aromatic C = O stretch.[160,162] The 

majority of these regions are 

therefore reasonable for inclusion 

in either NDF or hemicellulose 

models. Nitrogen was predicted 

accurately by all PT – models, with 

PT4 providing the highest quality 

prediction by a small margin. The 

coefficient plot for the PT4 model 

may be seen in 4.2.8. There are 

three significant peaks indicated at 

1365 cm-1, 3060 cm-1 and 3500 cm-1, the two latter peaks are due to aliphatic C 

– H stretching and O – H stretching respectively.[162] The peak at 1365 cm-1 is 

suggested to be due to the C – H symmetric bending of CH2 and CH3 attributed 

in the literature to protein content.[162]   

The PT2 model provided modest predictions for lignin, the coefficient plot for 

this model may be seen in figure 4.2.8, there are three more distinct peaks 

(a) 

(b) 

Figure 4.2.8: (a) Nitrogen coefficient plot for the PT4 model. (b) 
Lignin coefficient plot for the PT2 model. 
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identified at 1250 cm-1, 1320 cm-1 and 1500 cm-1. All of these regions are 

demonstrated in the literature to contain information regarding lignin 

presence.[162] The peak at 1250 cm-1 is associated with the C = O stretch of 

lignin, whilst the peak at 1320 cm-1 is assigned to the presence of the syringyl 

units of lignin in the literature.[161,162] The peak at 1500 cm-1 corresponds to the 

region associated with the C = C aromatic stretching of lignin ring 

structures.[162]  

Unfortunately, the modelling of nickel content in hyperaccumulators was no 

more successful using the LASSO algorithm than observed using the Ridge as 

seen in Table 4.2.5.   

Table 4.2.5: LASSO regression results for the hyperaccumulator samples 

Hyperaccumulators results ݊ R2 RMSECV (%) RPD 

16 0.30 0.32 1.16 

6 0.15 0.34 0.91 

23 0.26 0.32 1.15 

13 0.20 0.33 1.13 

12 0.23 0.32 1.15 

12 0.23 0.32 1.15 
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4.3 Elastic Net 

The Elastic Net method is the third and final feature extraction regression method. 

Elastic Net models possess fewer variables than Ridge models, but typically more 

than the LASSO models. The Elastic Net method does not indiscriminately select 

variables from within highly correlated regions, because of the nature of the 

variable selection Elastic Net may be touted (in this thesis) as possessing the most 

interpretable solutions thus far. As well as possessing the already encountered 

tuning parameter ߣ the Elastic Net algorithm also utilises a parameter ߙ ∈ [ 0,1]. 
The ߙ parameter tunes the Ridge (ߙ = 0) and LASSO (ߙ = 1.0) characters. The ߙ 

parameter in this research was varied by increments of 0.1 over its range, selected 

based on the lowest RMSECV of the associated model.
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Figure 4.3.1: Three coefficient trace plots generated using the Elastic Net 
method. The values of ࢻ are provided in the title in square brackets.  
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Amongst the initial forage feed Elastic 

Net results, hemicellulose was 

predicted with the greatest degree of 

accuracy. For hemicellulose three 

models demonstrated very large R2 

values of 0.94, of these the PT3 model 

possessed the largest RPD (3.57). 

These three models also differ in terms 

of the ߙ parameter selected. Figure 

4.3.2 displays the coefficient plots of 

the PT3, PT4 and PT5 hemicellulose 

models. The coefficient plots of the 

PT3 and PT5 models have several 

values associated with wavenumbers 

close to the 4000 cm-1 region, those 

above 3800 cm-1 are very likely to be 

not of chemical significance. Ignoring 

this region, all three models are seen to 

possess contributions from the region 

around 3500 cm-1 which may be 

allocated to O – H stretching. [162] The 

PT3 model is the only model of the 

three to contain no contributions from 

the C – H stretching region at 2800 – 

3000 cm-1. [162] The fingerprint region of the PT5 model contains no relatively large 

(b) 

(c) 

(a) 

Figure 4.3.2: The coefficient plots for hemicellulose 
PT3 (a), PT4 (b) and PT5 (c) models. 
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peaks. For the PT5 model most of the 

significant contributions in terms of 

coefficient values lie above 2000 cm-1. 

For both the PT3 and PT4 models, the 

fingerprint region contains some 

particularly distinct contributions.  The 

peaks are indicated in Figure 4.3.2, the 

peaks occurring at ~935 cm-1 and ~1500 

cm-1 are present in both models. The third 

distinct peak occurs in the PT3 and PT4 

models at 1260 cm-1 and 1130 cm-1, 

respectively. The peaks at ~935 cm-1 may 

be a result of C – O – H or C – O – C 

deformations associated with the 

presence of xyloglucan (hemicellulose). 

The peak at ~1500 cm-1 may be assigned 

to phenolic ring modes, which have been 

observed in literature as being associated 

with arabinoxylan phenolic cross – 

linking. [160-162] The peaks at 1260 cm-1 

and 1130 cm-1 may in fact, originate from 

the same absorption band, the separation 

of them may be an unfortunate 

consequence of the differing degree of 

variable selection. 

(b) 

(c) 

Figure 4.3.3: Displays the coefficient plots of the PT4 
model for hemicellulose (a), NDF (b) and ADF (c). 

(a) 
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 The approximate region of 1130 – 1260 cm-1 contains contributions from several 

different sources, including C – O stretching of xylan and C = O stretching of 

hemicellulose.[162] It is clear from these assignments that the peaks identified are 

closely associated with hemicellulose structure. As such, their larger significance is 

expected. The PT4 model performs relatively well in the prediction of NDF and 

ADF as well. Due to the relationship between NDF, hemicellulose and ADF, and 

the fact that the ߙ values are all rather similar, inspection of the coefficient plots is 

of particular interest. Figure 4.3.3 displays the coefficient plots of these PT4 

models, indicating peaks of interest. It follows nicely that the NDF coefficient plot 

indicates the presence of peaks significant to either hemicellulose or ADF models. 

Relative to the hemicellulose model, the NDF model demonstrates the presence of 

a new peak at 1750 cm-1, alongside the growth of the C – H  stretch peak at ~3000 

cm-1. The peak at 1750 cm-1 is again present in the ADF model, where it is 

demonstrated as being even more distinct. The chemical origin of this peak is 

outlined in the literature as the C = O stretch of a saturated ester, which may be due 

to several plant components including lignin.[162]  The other chemical components 

were modelled with moderate accuracy with the exception of dry matter. 
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The expansion of the initial forage sample 

set (Table 4.3.2) once again led to the 

general decline in model quality, the 

prediction of hemicellulose was least 

affected. As before, near identical model 

quality was provided by PT3, PT4 and 

PT5 models in terms of both R2 (~0.77) 

and RPD (~1.92). Inspecting one of the 

sparser solutions (PT4, ݊ = 30) as seen at 

the bottom of figure 4.3.4, we see the 

occurrence of the same peaks identified as 

significant to hemicellulose prediction 

(for the initial forage feed samples).  The 

PT4 model, however, places more 

significance on the C – H stretch and O –

H stretching regions than the equivalent 

model in the initial forage feed setting.  

This result may be due to the fact there are 

fewer coefficients included in this model. 

 

  

(a) 

(b) 

Figure 4.3.4: (a) hemicellulose PT4 model for initial forage 
sample set. (b) hemicellulose PT4 model for the expanded 

forage sample set. 
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Figure 4.3.5: Comparison of Ash predicted vs measured plots for the PT5 model 
using Ridge (a) and Elastic Net (b). 

(b) (a) 

(a) 

(b) 

Figure 4.3.6: PT1 models of Starch (a) and Nitrogen (b). 

(%
) (%

) 

(%) (%) 
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The Elastic Net procedure reduces leveraging issues, the best of any method thus 

far. The phosphorus and ash predictions have improved from the Ridge and LASSO 

counter parts. Figure 4.3.6 displays the lower cluster of the ash prediction plots, for 

both Ridge and Elastic Net. The illustrated orange and blue oval represent the 

variance ellipses, the reduction in size is demonstrated by overlaying the Ridge 

ellipse on the Elastic Net plot. What is of interest is that Elastic Net has superior 

performance to LASSO in this sense, and it has done so by incorporating Ridge 

penalty character into the Elastic Net penalty. Starch and nitrogen were both 

modelled accurately using Elastic Net based models, both also demonstrated a 

tendency to have the majority of PT models selecting the same value of 0.2) ߙ and 

0.5 respectively). Figure 4.3.6 contains the coefficients of both the starch and 

nitrogen PT1 models. The starch model contains contributions only within the 

fingerprint region. Within this region there is one distinctive peak, at 1375 cm-1 it 

is likely this is due to the presence of CH2 bending, of cellulose or 

hemicellulose.[162] Given the fact cellulose and starch are so similar in structure, the 

importance of this region is clear.  The nitrogen model has three more prominent 

peaks between 1250 – 2000 cm-1. The peak at 1438 cm-1 likely originates from the 

absorption due to C – H symmetric bending of CH2 and CH3 from cell wall 

polysaccharides, lipids and most relevantly, proteins.[162] The two prominent peaks 

at 1720 cm-1 and 1780 cm-1 are suggested to be portions of the saturated ester C = 

O stretch band, present in a variety of plant components.[162] There is a third cluster 

of peaks at ~1560 – 1590 cm-1 this region represents the incorporation of the amide 

II band (C = N and N – H) into the model.[160] Aside from the three peaks indicated 

in the figure and those at ~1560 – 1590 cm-1 there are significant contributions 

around 3500 – 3600 cm-1 which is the tail end of the O – H and N – H stretching 
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region.[162] The coefficient plots for the nitrogen and starch PT1 models, indicate 

the allocation of importance to appropriate wavenumber regions given the nature 

of the chemical composition being modelled. Crude fibre and gross energy were 

both predicted with the greatest accuracy in the derivative based pre – treatment 

models, the accuracy of prediction is demonstrated by the larger R2 and RPD values 

observed. The accurate modelling of crude fibre and gross energy with PT3 and 

PT5 has been observed in both Ridge and LASSO results.  
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Figure 4.3.7: Left column contains predicted vs measured value plots for gross energy (a), organic matter (c) 
and ash (e). Right column contains coefficient plots of gross energy (b), organic matter (d) and ash (f). 
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Table 4.3.4 contains the Elastic Net results for the prediction of chemical 

compositions for the faecal samples. Figure 4.3.7 contains the prediction plots 

and coefficient plots for the PT1 models of gross energy, organic matter and ash. 

These chemical compositions are predicted with the highest accuracy among all 

chemical compositions in the faecal sample set. Inspection of the coefficient 

plots reveals that the organic matter and ash models identify effectively the same 

spectral regions of significance. The models also select the same values of ߙ. 

The relationship between these models is appropriate given the mutually 

exclusive relationship between ash (inorganic content) and organic matter. 

The coefficient plots for gross energy and organic matter both are labelled with 

peaks of interest. Assignment will be carried out in reference to gross energy and 

organic matter, however, clearly assignments to the latter are also present in the 

ash plot. The organic matter plot contains a significant, but unlabelled peak at ~3600 cm-1 which may be from the tail end of the O – H stretch band, and a 

cluster of peaks between the vertical dashed lines, 1625 – 1875 cm-1.[162] Both 

the gross energy and organic matter models, have selected variables within 2800 

– 3000 cm-1 containing wavenumbers associated with C – H stretch information. 

The peak at 1312 cm-1 is also present in both models, it is suggested to be a 

portion of the amide III band or also assigned in the literature to absorption due 

to the syringyl units of lignin.[161,162] The 1250 cm-1 peak of the organic matter 

plot is suggested to originate from the C = O stretch present in a variety of plant 

matter components.[162] The final peak of interest for the gross energy coefficient 

plot, lies at 1375 cm-1 a region observed in the literature to contain CH2 bend 

information, originating from cellulose or hemicellulose.[162] 

The region of 1625 – 1875 cm-1 was mentioned previously, as it contains a cluster 
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of peaks in the coefficient plot of organic matter, this region captures information 

on several bond vibrations including C = O aromatic stretch, C = C stretch, C = O stretch (amide I) and the C = O stretch of saturated esters.[162] All of these 

bonds are found within the molecular structures of several plant components 

such as lignin, phospholipid, pectin and cutin esters, and phenolic 

compounds.[162] The bonds within this region (1625 – 1875 cm-1) are clearly 

relevant to organic matter content, so the presence of significant peaks here is 

appropriate. Lignin was predicted with quite reasonable accuracy by the PT1 

model (R2: 0.84, RPD: 2.60). Amongst the literature lignin is noted as possessing 

Figure 4.3.8: Coefficient plot for PT1 lignin model.  
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several mid – infrared absorption regions, 

at 1270 cm-1, 1330 cm-1 and 

 1500 – 1600 cm-1.[162]  In figure 4.3.8 the 

coefficients utilised by the PT1 model of 

lignin content may be seen. The figure 

shows other significant variables. Those 

above 3000  cm-1 are attributed to the C – H 

stretch (3080 cm-1), and the O – H stretch 

(3500 cm-1, 3900 cm-1), although the peak 

at 3900 cm-1 is perhaps unlikely to be a 

variable selection from within the O – H  

stretch band.[160,162] The three other peaks 

indicated align well to those identified in 

the literature as due to lignin presence. The 

peaks at ~1270 cm-1 and ~1330 cm-1 are 

described in the literature to originate from 

the syringyl and guaiacyl units of lignin, 

whilst the peak at 1525 cm-1 is likely due to 

the aromatic backbone of lignin.[161,162]   

The hemicellulose, NDF and ADF 

predictions are all fairly equivalent in the 

Elastic Net results. The PT1 model 

coefficients are displayed in figure 4.3.9 

with peaks of interest numbered. The 

numbered regions outlined are of interest because of their relationship to the 

ADF and hemicellulose models. Peaks at region 4 are present amongst all 

(a) 

(b) 

(c) 

Figure 4.3.9: The PT1 models of NDF (a), hemicellulose (b) and 
ADF (c). 
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models. This result is expected as O – H stretching absorptions would be present 

for each composition. Peaks 1, 2 and 3 are either completely absent or 

significantly reduced in either ADF or hemicellulose, of these peaks, peak 2 is 

the only one present in the hemicellulose model. Peak 2 occurs at 1313 cm-1 very 

close to the literature values of 1316 – 1317 cm-1 associated with the presence of 

xyloglucan, a hemicellulose. Peaks 1 and 3 of the ADF model are larger than in 

the NDF model, these peaks occur at 1250 cm-1 and 2800 cm-1, respectively. The 

peak at 1250 cm-1 may correspond to absorptions of the guaiacyl units of lignin, 

listed in the literature as occurring at 1270 cm-1.[161] 2800 cm-1 is the familiar C-

H stretching region, evidently this region offers more insight into ADF content 

than hemicellulose content, as suggested by the complete lack of contribution 

from this region to the hemicellulose model.  

Unfortunately, nickel content in the hyperaccumulators was poorly modelled. 

The PT1 model produced the best quality predictions, however, they are still 

quite poor.  

Table 4.3.5: Elastic Net regression results for the hyperaccumulator samples 

Hyperaccumulators ݊ ߙ R2 RMSECV (%) RPD 
100 0.60 0.50 0.31 1.39 
46 0.10 0.15 0.36 0.91 
31 0.70 0.27 0.30 1.15 
71 0.20 0.27 0.30 1.18 
18 0.70 0.27 0.29 1.18 
18 0.70 0.27 0.29 1.18 
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Chapter 5.0: Results and Discussion II 

Feature Construction Regression Methods 

 

This section will present the results and discussion for PCR and PLS, grouped in 

this chapter as they are both feature construction methods. The same logic is applied 

regarding the exclusion of calibration results as described in section 4.0. Likewise, 

this chapter contains two subsections based on whether the results relate to PCR or 

PLS, these subsections once again are organised chronologically based on the 

development of the method.   
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5.1 Principal Component Regression 

This technique generates principal components as linear combinations of the 

original variables. The components are extracted using the eigenvectors of the 

covariance – variance matrix of the initial predictor variable space, the same 

components used in PCA.  The number of components is selected based on how the 

inclusion of the component affects the RMSECV of the resulting model. Plotting 

RMSECV as a function of the number of components in the model, the number 

chosen is the first to produce an RMSECV within one standard error of the 

minimum value generated. This selection method is suggested to provide a model 

which has the lowest number of components and still produce relatively low error, 

hence is less at risk of overfitting. Figure 5.1.1 displays the RMSECV plot on the 

left and the RMSEP on the right, RMSECV is most widely used in this project to 

select for components as RMSEP is not always available. The use of RMSECV 

should, however, provide insight into the number of components that would also 

perform well in the prediction of truly new observations (RMSEP).  Figure 5.1.1 

illustrates that 3 components is the optimal choice based on RMSECV. Figure 5.1.1 

illustrates the RMSEP supports the use of three components, as the RMSEP for the 

three component model is very close to the minimum RMSEP.  Figure 5.1.2 

displays the loading plots of the first two components of some PCR model. Loading 

plots describe the importance of each variable to the relevant component.  
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Figure 5.1.1: (a) Plot of RMSECV vs number of components. (b) Plot of RMSEP vs number of 
components for the same model as (a). 

(a) (b) 

Figure 5.1.2: Example loading value plots for the first two components of a 
model. The legend contains the component number and explained variance, 

the latter is in parentheses. 
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In the legend the brackets contain the variance accounted for by the 

component (predictor variance). The loadings are a representation of how 

important each variable of the original data set is to a particular 

component. Specifically, the value is the inner product of each variable 

vector with the corresponding left singular vector of the ࢄ matrix. Table 

5.1.1 displays the PCR results for the initial forage feed samples, 

hemicellulose was again modelled very accurately. There is one distinct 

outlier amongst the hemicellulose results which is the PT6 model, where 

the RPD is far smaller than any other hemicellulose model. The PT3 model 

performed best within hemicellulose prediction, and likewise in the 

prediction of both NDF and ADF. The chemical compositions of NDF and 

ADF were predicted with large differences in model quality. The PT3 

model selected a large number of components, (݊ = 10) in both NDF and 

ADF prediction, in stark contrast to the selections by other models 

especially in NDF prediction where no other model used greater than 5 

components.  
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Both PT3 and PT5 incorporate a Savitsky–Golay filter in their  

pre–processing steps. The present results suggest PCR gives superior 

performance in the analysis of 1st order derivative spectra relative to the 

other pre–processing utilised in this project. In fact, this trend extends to 

the other chemical compositions within the forage feed sample set, PT2 

and PT3 differ only in this SG – filter step, yet differ quite substantially in 

terms of prediction quality. Figure 5.1.3 displays the first two components 

for each model in the prediction of NDF. The first component of the PT2 

model possesses two contributions which are absent in the PT3 model, 

these are located at 880 – 1360 cm-1 and 3000 – 3500 cm-1.  The fingerprint 

regions, aside from geometry differences as a consequence of the 

derivative process, appear somewhat similar in the second components. 

The most obvious differences of the PT2 and PT3 loadings (figure 5.1.3) 

occur in the reduction of aliphatic C – H  stretching in the PT3 model, as 

indicated in the reduced magnitude of the loadings of the two bands at ~3000 cm-1. The broad O – H stretch makes an appearance again in the 

second component of the PT2 model, but appears absent in the PT3 

model.[162] The accounted variances in the first two components are quite 

different, with the PT2 model possessing 72% and the PT3 95%. This 

results suggests that very little variance is associated with the remaining 

components of the PT3 model. Because we have access in this instance to 

true prediction performance metrics, the relatively large number of 

components with small variance is not tremendously concerning. The 

metabolisable energy, DOMD and protein content were all predicted 

modestly by PT3 with R2 ~0.7  and RPD 1.70, 170 and 1.97, respectively. 
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Table 5.1.2: Principal components  regression results for the expanded forage feed 
samples 

  

Table 5.1.2 contains the results of the PCR analysis on the expanded 

forage feed sample set. The PT3 models, and to a lesser extend the PT5 

models continue the trend of superior performance relative to non – 

derivative containing PT’s. Again PCR failed to generate any high quality 

predictions in the expanded sample set, which has been the case for 

previously discussed methods as well.  

 Expanded forage feed results     

 NDF Hemicellulose     

PT ݊ ܴଶ RMSEP 
(%) RPD(P) ݊ ܴଶ RMSEP 

(%) RPD(P)     

1 3 0.51 7.84 1.27 3 0.63 4.25 1.59     

2 3 0.52 7.81 1.27 3 0.63 4.22 1.60     

3 10 0.71 6.09 1.58 5 0.77 3.44 1.84     

4 3 0.52 7.81 1.27 3 0.63 4.21 1.60     

5 1 0.51 7.90 1.24 1 0.70 3.86 1.70     

6 1 0.49 19.30 0.30 3 0.70 12.96 0.27     

 ADF Metabolisable Energy Dry Matter 

PT ݊ ܴଶ RMSEP 
(%) RPD(P) ݊ ܴଶ RMSEP 

(MJ/kg) RPD(P) ݊ ܴଶ RMSEP 
(%) RPD(P) 

1 5 0.29 4.78 0.96 1 0.41 0.50 1.14 2 0.09 1.61 0.82 

2 5 0.29 4.79 0.96 1 0.42 0.50 1.14 2 0.09 1.61 0.82 

3 10 0.55 3.78 1.24 9 0.62 0.41 1.37 5 0.11 1.52 0.91 

4 5 0.29 4.79 0.96 1 0.42 0.50 1.12 2 0.09 1.60 0.82 

5 6 0.40 4.38 1.08 6 0.52 0.46 1.22 6 0.06 1.64 0.83 

6 5 0.24 20.63 0.13 6 0.32 1.51 0.22 8 0.24 7.18 0.11 
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Table 5.1.3 contains the chicken feed 

results, the large R2 and RPD values of PT1 

in the predictions of ash, calcium and 

phosphorus are unfortunately once again 

misleading. Visual inspection of figure 

5.1.4 reveals the clustering and presence of 

leveraging that has caused issues 

previously. Unlike in some prior methods, 

PCR has been unable to successfully 

predict values within each cluster, as 

demonstrated by the spherical or column 

geometry of the clusters. The calcium 

content is the clearest example of this lack 

of prediction ability. Again the variance of 

prediction values and measured values 

within the clusters is very different. The 

PT3 and PT5 models predicted nitrogen 

content equally accurately, and more 

accurately than any other PT – model in 

terms of R2 and RPD.  In figure 5.1.5 the 

first two component loadings are displayed 

for both the PT2 model and the PT3, the 

vertical dashed green lines of represent the 

more significant contributions to both 

(a) 

(b) 

(c) 

Figure 5.1.4: Predicted vs measured plots of ash 
(a) , calcium (b) and phosphorus (c). 

Calcium 

Phosphorus 

Ash 

(%
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(%) 
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components one and two of the PT3 model. These regions are numbered in the top 

left graph as 1, 2 and 3 they cover the wavenumbers ranges of 1000 – 1120  cm-1, 

1700 – 1820 cm-1 and 2830 – 2950 cm-1
, respectively. Region 1 is likely originating 

from cutin C – O – C symmetric stretching.[162] Region 2 is likely the C = O stretch 

of a saturated ester, which may originate from a variety of plant components.[162] 

Region 3 is considered to contain CH3  symmetric stretching and CH2 symmetric 

and asymmetric stretching,[162] originating from protein and lipid content 

predominantly. PT2 demonstrates a large reduction in regions 2 and 3 for the first 

component, with perhaps an increase at the amide I band slightly below region 2. 

The second component demonstrates more parity to the PT3 model within regions 

1, 2 and 3, however, the N-H stretching region at 3200 cm-1 possess significant 

contribution in this model.  It may be interpreted that the increase of the presence 

of the amide I band in the first component of the PT4 model, accompanied by the 

reduction of regions 2 and 3 may account for some of the observed prediction 

quality reduction. Starch and crude fibre were predicted most accurately by the PT4 

Figure 5.1.5: Left column contains loadings of the nitrogen PT3 models. 
Right column contains loadings of the nitrogen PT2 model. 
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model, interestingly the starch PT3 model utilized only one component. The use of 

only one component in the starch PT3 model allows for great insight into which 

spectral regions are important to the model. Figure 5.1.6 displays the loadings of 

the component in the PT4 starch model, once again the dashed green lines indicate 

prominent contributions to the model. Region 1 spans 1000 – 1060 cm-1 and likely 

absorptions in this region originate from the stretching of O – H and C – OH in cell 

wall polysaccharides.[162] Region 2 lies between 1420 – 1540 cm-1 this region 

contains a range of absorptions including C = C aromatic stretching, amide III, C 

– H asymmetric bending of CH2 and CH3 as well as O – H bending.[162] The plant 

components containing these groups are lignin, protein, lipid and cell wall 

polysaccharides, [162] aside from the amide III band, it is logical to see these 

contributions as important in a model predicting starch content.

Figure 5.1.6: Loadings of the first component for the starch PT4 model. 
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Table 5.1.4 contains the results of PCR prediction of chemical compositions within 

the faecal sample set, these results are noticeably worse than those of the feature 

extraction based methods. The highest quality predictions of this sample set occur 

for the PT2 models of gross energy and organic matter. The PT3 model achieves 

near equivalent prediction quality amongst NDF, ADF and hemicellulose 

predictions. The loadings of the first two components are identical in all three PT3 

models, however, hemicellulose and NDF incorporate a third component. The use 

of the third component in the NDF and hemicellulose models suggests this 

component contains contributions that are significant to both NDF and 

hemicellulose. This component contains three regions of distinct variable 

contribution, these regions occupy the wavenumber ranges of 1018 – 1194 cm-1, 

1355 – 1739 cm-1 and 2805 – 3760 cm-1. The third region contains three peaks, the 

two on the 2800 cm-1 side of this region are C – H stretches whilst the third may be 

a combination of O – H and N – H stretching.[162] Its bandshape is closer to that of 

Figure 5.1.7: Loadings of the third component of the hemicellulose PT3 model.  
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a primary amide band at this wavenumber location. The two other regions deemed 

significant contain an assortment of bond contributions. The first region contains 

two clear peaks located at 1060 cm-1 the second at 1148 cm-1. The prior of these two 

may be due to arabinan O – H and C – OH stretching, the latter a result of C – O – 

C  asymmetric stretching of 1.4 – ߚ glucan.[162] Both peaks therefore may originate 

from cellulose or hemicellulose structures, their inclusion in models of 

hemicellulose suggests the latter. The region of 1355 – 1739 cm-1 contains five 

peaks located at 1448 cm-1, 1530 cm-1, 1570 cm-1, 1580 cm-1 and 1670 cm-1. The 

first is likely due to cell wall polysaccharide C – H  asymmetric bending, the 

following three peaks are in the approximate location of the amide II band (C = N 

and N – H ) as such likely originating from plant proteins. [162] The final peak in this 

region is suggested to be due to C = O stretching (amide I band) suggested in the 

literature to be potentially due to cellulose. [162] The peaks that have been assigned 

from this component support the suggestion that the component may contain 

information of particular relevance to hemicellulose. All nitrogen models selected 

the optimal number of components to be two. The PT4 model performed amongst 

the best in terms of R2 and the best in terms of RPD, the loading of components one 

and two may be seen in figure 5.1.8. The two components both possess 

Figure 5.1.8: Loadings of components one and two for the nitrogen PT4 model.  
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contributions from C – H aliphatic stretching, however, the majority of the 

contributions originate between 860 – 1700 cm-1 (dashed blue lines). Within this 

region of the first component, there are four significant peaks, the first of these 

occurs at 1070 cm-1 most likely due to C – O ring stretching from 

rhamnogalactorunan or ܾ-galactan. [162] The three other peaks span the spectral 

region where absorptions due to lignin (C = C and C = O aromatic stretches) and 

protein (C = N and N – H stretches). [162] The most significant peak within this 

region is the peak at 1550 cm-1, which is very likely due to the amide II band and 

aforementioned C = N and N – H stretches. [162]  The two peaks of the second 

component are likely portions of the C – O ring stretching band due to 

rhamnogalctorunan or ܾ – galactan. [162] Inspection of the lignin and ash models 

illustrates PT3 to provide relatively accurate models in both instances. The lignin 

PT3 model possesses sign-inverted loadings when compared to the loadings of 

nitrogen, indicating inverted correlation of the peaks to lignin content. Nickel 

content within hyperaccumulator plants was predicted most accurately by the PT1 

model, however, the model quality is still clearly poor.  

     Table 5.1.5: Principal components regression results for the hyperaccumulator samples 

 

Hyperaccumulators ݊ R2 RMSECV (%) RPD(CV) 

10 0.41 0.28 1.28 

5 0.06 0.37 0.98 

6 0.27 0.31 1.17 

6 0.27 0.31 1.17 

6 0.27 0.31 1.17 

6 0.34 0.30 1.23 
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5.2 Partial Least Squares 

Partial least squares is the second of two methods based around the construction of 

features from the original predictor variables. Partial least squares is an iterative 

method, identifying the most relevant information to the response variables from 

within the predictor variables. Each iteration generates several vectors, two of these, 

namely the scores and loadings vectors, are combined to form a component. The 

iterative process begins again identifying subsequent components. These 

components are summed to give a constructed matrix, on which ordinary least 

squares may be performed. The number of components utilised is selected in the 

same fashion as the PCR components. The nature of the PLS process allows for a 

new level of insight upon inspection of the loading plots. The PCR loadings 

describe the proportion of variance ascribed to each variable within the predictor 

matrix. The PLS loadings describe how important a variable is to the response 

value, as such the connection between IR reflectance values and the nature of the 

chemical composition is more explicit. Figure 5.2.2 compares the first two 

components of a PT3 model, for the PLS and PCR methods. In figure 5.2.1 there 

are three approximate regions where distinct change occurs (aside from sign 

changes). Region 1 reduces whilst regions 2 and 3 grow, this result indicates that 

even though regions 2 and 3 account for less of the variance, they are in fact more 

significant to the variance of the responses than region 1.  
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Figure 5.2.1: (a) RMSECV vs number of components for a PT2 – 
model. RMSEP vs Number of components for the same PT2 model.  

Figure 5.2.2: Loading values for the first two components of a PLS PT3 – model (left column). Loading values 
for the equivalent PCR PT3 model (right column). 
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Table 5.2.1 displays the results of PLS analysis for the initial forage feed samples. 

Hemicellulose and NDF have been predicted once again with high accuracy. The 

PT3 model demonstrates high quality predictions for hemicellulose and NDF and 

relatively high for ADF, in terms of both R2 and RPD. Not only did the derivative 

based models perform well in terms of R2 and RPD they also possessed the fewest 

components in the modelling of all chemical compositions aside from 

hemicellulose and dry matter. Hemicellulose requires very few components in its 

modelling relative to other chemical compositions. A visual comparison of the 

PT1 models for hemicellulose generated by both PCR and PLS can be seen in 

figure 5.2.3. The process of generating loadings for PLS can easily generate 

vastly different loadings from PCR, as mentioned previously, this is because PLS 

places importance on predictor variances that align well with the response 

variances. In the present example PLS identifies very similar components to the 

components identified by PCR, the main changes are the sign inversion of PCR 

components one and two, and the exchange of the order of PCR components two 

and three. This result illustrates hemicellulose content is well correlated to 

variances already present in the predictor matrix, it also demonstrates that whilst 

PCR component three accounts for around 7% of the variance, it is more relevant 

to the variance in hemicellulose content than PCR component two. Previously it 

has been common to see PT6 perform significantly worse than the other pre – 

treatments, in table 5.2.1 this is seen to no longer be the case, as aside from the 

prediction of protein content, PT6 is on par with the others. This result illustrates 

the ability of PLS to extract relevant information. 
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The expanded forage feed sample set was once again poorly predicted (Table 5.2.2). 

For hemicellulose and NDF the PT3 model generated relatively good quality results 

(R2: 0.75,0.73 RPD: 1.91, 1.68). The number of components required for the 

modelling of hemicellulose is quite low, by comparison NDF requires several more. 

A comparison between the first two components of the PCR and PLS PT1 models 

may be seen in figure 5.2.4. The PLS model utilises only these two components 

whilst the PCR model requires all three. The PLS model places less significance on 

the O – H stretching region and more on the fingerprint region, contrary to the PCR 

model.  

Figure 5.2.4: loadings of the two components in the PLS hemicellulose PT1 
model (left column). Loadings of three components of the equivalent PCR PT1 

model (right column). 
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Table 5.2.3: Partial least squares regression results for the chicken feed samples 

 

 Chicken feed results 

 Crude Fibre Starch Fat 

PT ݊ R2 RMSECV 
(%) RPD ݊ R2 RMSECV 

(%) RPD ݊ R2 RMSECV 
(%) RPD 

1 6 0.88 0.84 2.86 3 0.91 4.43 3.24 9 0.72 1.88 1.87 

2 6 0.87 0.87 2.75 3 0.92 4.20 3.44 9 0.69 1.98 1.78 

3 5 0.88 0.87 2.80 1 0.90 4.68 3.06 5 0.57 2.33 1.51 

4 6 0.92 0.74 3.48 1 0.91 4.36 3.31 5 0.51 2.50 1.39 

5 5 0.87 0.87 2.77 1 0.91 4.36 3.31 5 0.51 2.49 1.40 

6 5 0.87 0.87 2.77 1 0.91 4.36 3.31 5 0.51 2.49 1.40 

 Nitrogen Ash Dry Matter 

PT ݊ R2 RMSECV 
(%) RPD ݊ R2 RMSECV 

(%) RPD ݊ R2 RMSECV 
(%) RPD 

1 3 0.89 0.44 3.05 4 0.95 0.98 4.47 4 0.74 0.76 1.94 

2 3 0.88 0.45 2.84 4 0.95 0.98 4.44 4 0.73 0.77 1.92 

3 5 0.91 0.42 3.27 5 0.98 0.66 6.46 4 0.72 0.75 1.89 

4 5 0.90 0.44 3.10 5 0.98 0.66 6.46 4 0.72 0.77 1.86 

5 5 0.90 0.44 3.10 5 0.98 0.66 6.45 4 0.72 0.75 1.89 

6 5 0.90 0.44 3.10 5 0.98 0.66 6.45 4 0.72 0.75 1.89 

 Calcium Phosphorus Gross Energy 

PT ݊ R2 RMSECV 
(mg/g) RPD ݊ R2 RMSECV 

(mg/g) RPD ݊ R2 RMSECV 
(kJ/g) RPD 

1 5 0.96 3.59 4.71 4 0.95 1.62 4.26 7 0.71 0.52 1.85 

2 5 0.95 3.67 4.61 4 0.95 1.52 4.39 8 0.69 0.53 1.80 

3 5 0.98 2.29 7.10 5 0.98 1.03 6.52 7 0.76 0.48 1.99 

4 5 0.98 2.32 7.02 5 0.98 1.03 6.51 7 0.77 0.47 2.02 

5 5 0.98 2.31 7.05 5 0.98 1.03 6.51 7 0.76 0.48 2.01 

6 5 0.98 2.31 7.05 5 0.98 1.03 6.51 7 0.76 0.48 2.01 
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There are three more distinct peaks within the fingerprint region of the second 

component of the PLS model. These occur at 1000 cm-1 ,1480 cm-1 and 1600 cm-1. 

The first of these peaks is likely to have originated from an O – H and C – OH  

stretch of arabinans.[162] The second and third peaks may be attributed to the amide 

III and C = O aromatic stretch. Hence, all three peaks are clearly related to the 

structure of hemicellulose and as such their preferential inclusion is not surprising. 

[162] The derivative based pre – treatments provided the most accurate models in 

general, although often only by a small margin.  

Upon inspection of the PLS results for the chicken feed samples, seen in Table 

5.2.3, the ash, calcium and phosphorus results stand out immediately as very well 

modelled. Unfortunately, again the distribution of the response values of these 

chemical compositions has introduced extremely high leverage. Examining figure 

5.2.5 the issues are clear, two distinct clusters may be seen within which prediction 

and measured values align poorly. Starch, 

crude fibre, and nitrogen content, are all 

modelled with considerable accuracy with 

the majority of PT’s generating R2 ≅ 0.9  

and RPD values > 2.7. Previously the 

PCR results for these components 

reflected greater variation in model 

quality dependent on the PT utilised. The 

PLS results demonstrate far greater 

consistency between PT models, again a 

consequence of PLS’s superior extraction 

of relevant information from the predictor 

matrix. 

Figure 5.2.5: Predicted vs measured value plot for the calcium 
PT4 model. 

(mg/g) 

(m
g/

g)
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Figure 5.2.6: The loadings of the first two components of the PLS PT1 model for 
starch (left). Loadings of the first three components of the equivalent PCR model 

(right). 
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The PT1 models of starch and nitrogen both possess a similar or identical number 

of components when compared with their PCR counterparts, of these two chemical 

compositions the starch model demonstrates a fair improvement in model quality 

in the PLS results. Starch consists of a large number of glucose molecules 

assembled into a polysaccharide structure, as such it is expected that the superior 

PLS model will have placed more significance on bands common to polysaccharide 

molecular structures. Figure 5.2.6 contains the two components the PCR model 

utilises on the left hand side, and the three components utilised by the PLS model 

on the right. Indicated in Figure 5.2.6 are two regions of interest, one defined by the 

dashed blue circle the other by two sets of two vertical dashed blue lines. The former 

is included to indicate the only discernible difference between the two first 

components of each model, and that is the growth of the significance of the C – H 

stretch region.[160] The vertical lines enclose the spectral region of 1480 – 1720 cm-

1, this region represents the second most notable difference between the loading 

plots of each. Examining the PCR components there is a clear reduction in the 

loadings for this region when comparing components one and two.  
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Figure 5.2.7: Loadings of the first three components of the PLS (left) and PCR (right) PT1 – models for nitrogen in 
chicken feed 
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This trend is not present in the PLS figure, where it is demonstrated that this region 

maintains significance across all three components. The PLS model has identified 

this region as significant to the starch content of the sample, and examination of the 

absorptions occurring in this region will shed light as to whether this is reasonable 

or not. The region of 1480 – 1720 cm-1 contains C = C aromatic stretching, the 

amide II band (C = N and N – H stretch), C = O aromatic stretch, and the amide I 

band (C = O stretch).[162] Aside from the amide II band, these absorptions are for 

the most part very reasonable to be of importance to a starch model. In the 

modelling of nitrogen content, the PT1 models for both PCR and PLS utilise three 

components, which allows for useful comparisons between the two. Figure 5.2.7 

contains the loadings of the three components of each model, PCR on the right and 

PLS the left. The most distinct differences occur in the loadings of the third 

component, where greater loading is placed on the C – H (aliphatic) stretching and 

what appears to be the N – H stretching band (~3290 cm-1).[160,162] Of these two 

changes, the dependence on the N – H stretch is expected based on the chemical 

composition being predicted. Fat, dry matter and gross energy are also predicted 

with improved accuracy using the PLS method, relative to the PCR results. 
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Figure 5.2.8: NDF, gross energy and ash PCR (left column) and PLS (right 
column) results. 
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Figure 5.2.9: Top left is the coefficient plot of the gross energy PT1 – model identified using the Elastic Net method. Bottom 
left is the LASSO gross energy PT1 – model coefficient plot. Right column contains the loadings of the first four PLS 

components for the gross energy PT1 – model. 
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In the faecal sample set (Table 5.2.4) some tremendous improvements may be seen 

relative to the performance of the PCR method. This indicates that for the chemical 

compositions of this sample set, the information is less explicitly contained in the 

variances within the spectra. In figure 5.2.8 there are the specific comparisons of 

prediction plots of NDF, gross energy and ash with the left hand column the PCR 

results and the right hand column the PLS results. In order to find comparable 

prediction evaluation metrics, it is necessary to examine the results of the feature 

extraction methods.  The feature extraction methods also possess an ability to sort 

through the predictor matrix to identify the variables most necessary for successful 

modelling. Figure 5.2.9 contains information relating to the PT1 models of gross 

energy content as constructed using LASSO, Elastic Net or PLS. The figure 

displays the coefficients selected by Elastic Net and LASSO on the left hand side. 

The Ridge method also generated high quality predictions but due to the sparsity of 

the Elastic Net and LASSO their coefficients are more readily identified. 

Interestingly there appears to be some discrepancy between the wavenumber 

intensities deemed significant by the Elastic Net and LASSO methods and the 

loading values of the regions in the PLS loading plots. The 925 cm-1 peak appears 

of no substantial importance to any of the four components in the PLS model. The 

peaks at 1312 cm-1 and 1375 cm-1 are of some significance to the fourth component. 

The peak at 1520 cm-1 is distinctly present in the loadings plot of the first 

component likely either a portion of the amide II band or a C = C aromatic 

stretch.[162] 
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The figure 5.2.10 contains loading plots for both the hemicellulose and ADF PT4 

models, as well as numbered regions bounded by dashed vertical lines. These 

regions are highlighted as they represent regions of more significant loading values, 

equivalent regions are numbered the same. Hemicellulose and ADF contain very 

similar loading values for the majority of regions, specifically those associated with 

components one and two. For the third component, values start to differ more 

noticeably, there are two clear differences occurring in region 6 and 7. These are 

the reduction of the peak near the lower wavenumber side of region six and the 

enlargement of all contributions in region 7 for the ADF model. Region 6 covers 

1350 – 1710 cm-1 the peak of interest occupies 1350 – 1410 cm-1. This region 

contains CH2 bending absorptions at ~1370 cm-1 due to cellulose and 

hemicellulose, and CH2 symmetric bending at ~1380 cm-1 due to cell wall 

polysaccharides.[162] The second region to observe change was region 7 which 

represents the wavenumber range of 2750 – 3470 cm-1, the C – H stretching portion 

of this region is not particularly insightful. However, it is likely the N – H stretching 

occurring at 3200 – 3500 cm-1 is providing useful information for ADF content, as 

ADF contains insoluble forms of nitrogen.  
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Figure 5.2.11: Loadings of the first three components of the PLS PT4 nitrogen model.  
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The PT4 model also produced high quality predictions of nitrogen content with 

relatively few components utilised. The low number of components again allows 

for great insight into the important spectral regions identified in the modelling. 

Figure 5.2.11 displays the first three loadings, utilising the same labelling scheme 

as before. Interestingly the loading values of each component for this model, aside 

from component 1, differ more substantially than what was observed between 

hemicellulose and ADF. This observation is logical, due to the fact hemicellulose 

and ADF are more inherently related to each other, than either is to nitrogen content. 

In the second component of the nitrogen content model, the loading values of region 

two appear to have reduce slightly. However, the peak within region 8 is larger than 

in the models of hemicellulose and ADF. Region 8 covers the wavenumber range 

of 890 – 1070 cm-1 this region contains O – H and C – OH stretches as well as C – 

O ring stretches, [162] so it appears to contain no explicit information regarding 

nitrogen content. The contributions from region 9 are likely to have been C – O ring 

stretching, again not explicitly related to nitrogen content.[162] Regions 6 and 7 

appear to contain loading values that match very closely to those of regions 6 and 

7 in the ADF model. Previously it was suggested that growth around 3200 – 3500 

cm-1 in region 7 for the ADF model, may have been capturing variation in the 

insoluble nitrogen portion of ADF. The occurrence of this region in the nitrogen 

model appears to support that claim. The fact that region 6 also appears very similar 

in both the nitrogen and ADF models suggests this region may also be utilised to 

model the nitrogen portion of ADF. 
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Table 5.2.5: Partial least squares regression results for the hyperaccumulator samples 

Hyperaccumulators ݊ R2 RMSECV RPD(CV) 

7 0.48 0.26 1.37 
6 0.32 0.30 1.14 
5 0.54 0.25 1.46 
5 0.54 0.25 1.46 
5 0.54 0.25 1.46 
5 0.54 0.25 1.46 

 

Unfortunately, as table 5.2.5 demonstrates, the hyperaccumulators were poorly 

modelled. It is perhaps worth noting the far more even distribution of R2 and RPD 

values relative to any previous regression method. The metrics are generally better 

than have been produced in any other method. Calibration results demonstrated R2 

values as large as 0.7, yet without the support of cross – validation results this means 

little.  
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Chapter 6.0: Conclusions and Future work 

6.1 Conclusions 

Overall the impact of pre-treatment selection had the least impact in the context of PLS 

models. Amongst the remaining models, AsLS seemed to perform poorly. The poor 

performance of AsLS may be due to the subjective nature of the parameter selection 

process. As selection is manual this leads to potential for incorrect baseline evaluation 

in some spectra, which may have negatively impacted the results. Overall the most 

accurately modelled chemical component was faecal gross energy, using the Elastic 

Net PT1 model (ܴଶ: 0.97, :ܦܴܲ 5.55). Across all models, a wide variety of chemical 

components were modelled with a fair degree of accuracy (R2 >0.80, RPD ≥2.5). 

Ridge and PCR seemed to generate the lowest quality results of all five regression 

methods. The LASSO, Elastic Net and PLS methods all performed very well. Amongst 

LASSO, Elastic Net and PLS the use of SNV and Savitsky – Golay filtering (PT3) 

seems to most frequently produce the best results.  

This thesis has demonstrated that MIR reflectance methods along with appropriate data 

pre-treatment gives performance as good as, or better than, existing techniques such 

as NIR (in the context of forages[168,169]), specifically in terms of interpretability and 

model robustness. It is suggested these are the most important advantages of MIR over 

NIR reflectance for predicting sample chemical components. MIR reflectance 

spectroscopy combines the low cost and efficiency of NIR spectroscopic methods with 

better prediction of sample chemical components due to the rich spectral features of 

the MIR region. Existing handheld MIR spectrometers offer the potential for in situ 

sample analysis using hand-held MIR devices with appropriate data pre-treatments 

such as PT3.   
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6.2 Future work 

It would be a useful venture to expand the chicken feed, faecal and hyperaccumulator 

sample sets in order to allow for the generation of an external validation subset. The 

external validation data would provide a more reliable representation of the prediction 

of unknown samples. There is reason to believe there may be other interesting response 

values to attempt to model in the hyperaccumulator samples. This avenue may prove 

more fruitful than the prediction of nickel content.  The use of a diamond crystal rather 

than the germanium crystal may also provide an opportunity for the formulation of 

more accurate models. This is suggested due to the lower refractive index of diamond 

allowing for greater penetration of the evanescent wave into the sample. [170] Exploring 

the performance of ATR – FTIR based predictions of fresh pasture samples or samples 

prepared using in situ methods would be useful. The expanded forage feed samples 

possessed relatively poor predictions, as such, further investigation of factors that 

might influence model transferability such as soil types and growing conditions is 

required. The analysis of samples using a hand – held ATR-FTIR instrument would be 

useful as a means of truly identifying the potential of this technique for in situ analysis.  

The regression models utilised in this research project may be classed as linear 

regression models. As such it is suggested that the investigation of other methods such 

as the Genetic Algorithm and Support Vector Machine, may offer in some instances 

superior performance. Likewise, the inclusion of variable selection in the PLS analysis 

may bolster its prediction performance in the external validation setting. It may be 

possible to implement a built – in variable selection feature using loading vector l1 - 

norm constraints. A large variety of variable selection methods currently exist in the 

context of PLS, and they warrant investigation. 
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Chapter 7.0: Appendices 

 

Appendix 1:  Asymmetric Least Squares Process  
 

ࢌ  = ࢟|ࢃ − ૛|ࢠ +  ૛ (1)|ࢠࡰ|ߣ

 

 

The first term of ࢌ is a product of a squared difference vector and a weight matrix, 

which is a weighted squared difference vector, ࢜. The second term of ࢌ describes the 

smoothness, it does so by generating a vector which contains in its elements values 

relating to the difference of some element ݖ௜  with some preceding element ݖ௜ିଵ. This 

is achieved using the following matrix, ࡰ. 

ࡰ  = ቂ−1    1   0    0 −1   1ቃ (2) 

 

݇ will, in reality, have ݇ columns and ࡰ − 1 rows, ߣ is a parameter that represents the 

significance of the smoothness term. If ߣ is large the vector ࢠ will have more freedom 

to undulate. So the second term will generate a second vector ࢊ which describes the 

squared difference between elements in ࢠ as multiplied by ߣ.  

So ࢌ is now, 

ࢌ  = ࢜ +  (3) ࢊ
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One key observation is that both terms depend on the vector ࢠ, and that we would like 

to identify a vector ࢠ which is close to y as possible (small ࢜) but also as smooth as 

possible (small ࢊ). Hence, the determination of ࢠ is nothing more than a question of 

solving the first order derivative 

ࢀࢠࣔࢌࣔ = 0 

for ࢠ. 

ࢀࢠࣔࢌࣔ  = ࢀࢠࣔࣔ ൫ࢃ|࢟ − ૛|ࢠ +  ૛൯|ࢠࡰ|ߣ

= ࢀࢠࣔࣔ ൫ࢃ൫࢟ࢀ − ࢟)൯ࢀࢠ − (ࢠ +  ൯ࢠࡰࢀࢠࢀࡰߣ

= ࢃ ࢀࢠࣔࣔ ൫࢟࢟ࢀ − ࢠࢀ࢟ − ࢟ࢀࢠ + ൯ࢠࢀࢠ + ࢀࢠࣔࣔ  ࢠࡰࢀࢠࢀࡰߣ

= ࢟ࢃ2− + ࢠࢃ2 + = ࢠࡰ∗ࡰߣ2 ૙ 

Yields,  

࢟ࢃ          = ࢃ) +  (4) ࢠ(ࡰࢀࡰߣ

 

A vector ࢠ satisfying the above equation will be a vector that minimises the balance 

between similarity to ࢟ and smoothness. 

ࢠ          = ࢃ) +  (5) ࢟ࢃ૚ି(ࡰ∗ࡰߣ
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The process begins with an estimate of ࢠ, typically an evenly weighted function with 

some restriction on the smoothness. 

ࢠ  = ࡵ) +  ૚࢟ (6)ି(ࡰ∗ࡰߣ

 

The corresponding weights are then calculated, then using these weights and equation 

(7.5)  we can identify a new ࢠ. This process repeats until the calculated weights match 

those of the preceding iteration, this typically occurs in under 10 iterations.  
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Appendix 2: Discrete Wavelet Transform – Brief Example 

A brief example of generating basis wavelet and scaling functions using the Gram – 

Schmidt method will be developed now in the context of Haar[165] wavelets. The 

process begins first with the scaling function, ࣘ࢔ defined as follows.  

࢖ࣘ = [1 1 1 1]் 

Where 2௡ denotes the window size, in this instance ݊ = where 2௣ ݌ = ܰ . The ݊  .may be seen below, it is clear ݊ defines the extent of scaling 2/݌=

૛/࢖ࣘ = [1 1 0 0]் 

The Gram-Schmidt process sets the first basis vector as follows. 

ࣘ૙ᇱ =  ቚ࢖ቚࣘᇱ࢖′ࣘ
The second is identified as  

ࣘ૚ᇱ = ૛/࢖ࣘ − ࢀ૛/࢖ࣘ ࣘ૙ᇱࣘᇱ૙ࣘࢀᇱ૙ ࣘ૙ᇱ  

ࣘ૚ᇱ = ࣘ૚ᇱ|ࣘᇱ૚| 
This results in the following orthonormal vectors. Combining to form the relevant ࢃ 

yields,  

ࢃ = ൤ࣘ૙ᇱࣘ૚ᇱ ൨ = ቂ1 11 −1ቃ 12  
 The first row of ࢃ above contains positive terms only whilst the second contains 

alternating signs. In fact this trend extends to any general ܰ × ܰ matrix ࢃ where the 

first row will always contain all positive terms. In the discrete wavelet transform this 
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row is referred to as the scaling function. The other row is referred to as the detail 

function or mother wavelet. The DWT decomposes a function, ࢌ by projecting it onto 

the orthogonal basis as it is shifted along ேଶ೙ times. The function is decomposed 

iteratively, using the algorithm of Mallat. There is a total of ݊ decompositions 

calculated. Each, ݊ is referred to as a decomposition level. The scaling function for a 

given decomposition level, accounts for low frequency trends in the function. Whilst 

the detail vector accounts for higher frequency trends. The process of decomposition 

is outlined below in equation form. [79]   

࢔ࢇ =   ૚ି࢔ࢇࡿ
ࢀࡿࡿ = ۷ 

࢔ࢊ =  ૚ି࢔ࢇࡰ

ࢀࡰࡰ = ۷ 
Where ࢇ and ࢊ are the scaling and detail coefficients respectively. The matrices ࡿ and ࡰ contain the scaling and detail functions, these matrices are ேଶ೙ × ܰ. Each row of ࡿ 

or ࡰ corresponds to a shift of the scaling of detail function by one interval relative to 

the above row. The general wavelet transform equation can then be rewritten as 

follows. 

ቂࢊࢇቃ = ቂࡰࡿቃ  ࢌ
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Scaling and Wavelet Shift Matrices Example 

Considering ܰ = 8 the ࡿ and ࡰ matrices of the Haar system would be. 

૚ࡿ = 1√2 ൦1 1 0 0 0 0 0 00 0 1 1 0 0 0 00 0 0 0 1 1 0 00 0 0 0 0 0 1 1൪ 

૚ࡰ = 1√2 ൦1 −1 0 0 0 0 0 00 0 1 −1 0 0 0 00 0 0 0 1 −1 0 00 0 0 0 0 0 1 −1൪ 

૛ࡿ = 1√2 ቂ1 1 0 00 0 1 1ቃ 

૛ࡰ = 1√2 ቂ1 −1 0 00 0 1 −1ቃ 

૜ࡿ = 1√2 [1 1] 
૜ࡰ = 1√2 [1 −1] 
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Appendix 3: Properties of OLS residuals and Markov – Gauss 

assumptions.  

There is a selection of interesting properties and assumptions regarding the residuals 

and disturbances of the OLS model and true model respectively. These properties will 

now be outlined. Firstly, the expression derived during the minimisation of the squared 

residual term may be expanded as follows 

࢙࢒࢕ࢼ(ࢄࢀࢄ) = ࢟ࢀࢄ = ࢙࢒࢕ࢼࢄ)ࢀࢄ +  (ࢋ

࢙࢒࢕ࢼ(ࢄࢀࢄ) = ࢙࢒࢕ࢼ(ࢄࢀࢄ) + ࢋࢀࢄ =  ࢙࢒࢕ࢼ(ࢄࢀࢄ)

Which implies  

ࢋࢀࢄ =  0 

 

This result provides several insights regarding the residuals  

 

1. The inner product of the variables of ࢄ and the residuals is 0. This implies the 

variables themselves are uncorrelated to the residuals. 

 

 

2. If there is a constant term, ࢼ૙   the first column of ࢄ will be all 1’s. This implies ∑࢏ࢋ = 0.  
 

 

3. If the sum of the residuals is zero, then the mean must be zero also.  
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Since ࢍ࢜ࢇࢋ = ௡࢏ࢋ∑ = ଴௡ = 0 

 

 

4. If the mean residual is zero then the regression hyperplane will pass perfectly 

through the means of ࢄ and ࢟, as 

ࢍ࢜ࢇ࢟  = + ࢙࢒࢕ࢼࢍ࢜ࢇࢄ ࢍ࢜ࢇࢋ =   ࢙࢒࢕ࢼࢍ࢜ࢇࢄ
 

 

5. The predicted values of ࢟ are equal to ࢙࢒࢕ࢼࢄ and as such, 

= ࢋࢀ࢟  ൫ࢀࢄ ࢀ࢙࢒࢕ࢼ൯ࢋ =  0 

 

Which implies the predicted values are uncorrelated to the residuals.  
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Markov-Gauss assumptions 

These assumptions pertain predominantly to the nature of the disturbances of the true 

model.  

1. ࢟ = ࢼࢄ + ࣕ 

 

The first of the Markov - Gauss assumptions, and simply put it is the assumption 

there is in fact a linear relationship between response and predictor values.  

 

݊ is a ࢄ .2 ×  ݇ matrix of full column rank 

 

[ ࢄ| ࣕ]ࡱ .3 = ૙ 

 

This assumption asserts that the average effect of the disturbances will be zero for 

observations of ࢄ, or equally that the observations of the predictor variables 

provide no insight regarding the disturbances. This assumption leads to the fact 

that the average response value will be modelled with no disturbance. 

 

[ࢄ|ᇱࣕࣕ]ࡱ .4 =  ଶ۷ߪ
 

This result illustrates that disturbances have equal variance at any predictor 

variable, and are entirely uncorrelated to one another therefore only have entries 

on the diagonal. 

 

 ࣕ may be fixed or random, so long as it’s generation does not relate to ࢄ .5
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Appendix 4: Derivation of the Eigenvalue Equations for PLS 

The numerical properties of these vectors become clearer when the relations are 

expanded relative to the vectors of the preceding iteration, denoted as ݊ − 1. We see: 

࢔࢛ =  ࢔ࢉࢀ࢔ࢉ࢔ࢉࢅ
= ࢉࢀ࢔ࢉࢅ ቆ࢔࢚ࢀ࢔࢚࢔࢚ࢀࢅ ቇ = ൯࢔࢚ࢀ࢔൯൫࢚࢔ࢉࢀ࢔ࢉ൫ࢀࢅࢅ ቆ ቇ࢔࢝ࢀ࢔࢝࢔࢝ࢄ  = ൯࢔࢝ࢀ࢔൯൫࢝࢔࢚ࢀ࢔൯൫࢚࢔ࢉࢀ࢔ࢉ൫ࢄࢀࢅࢅ ቆ ࢀ૚ି࢔૚࢛ି࢔࢛ࢀࢄ  ૚ ቇି࢔࢛

࢔ࢉ = ࢔࢚ࢀ࢔࢚࢔࢚ࢀࢅ    
= ࢔࢚ࢀ࢔࢚ࢀࢅ ቆ ቇ࢔࢝ࢀ࢔࢝࢔࢝ࢄ = ࢔࢝ࢀ࢔࢝࢔࢚ࢀ࢔࢚ࢀࢅ ቆ൫࢛ࢀࢄࢄ൯࢛࢔࢛ࢀ࢔ ቇ = (࢔࢝ࢀ࢔࢝)(࢔࢛ࢀ࢔࢛)(࢔࢚ࢀ࢔࢚)ࢀࢄࢄࢀࢅ  ቆ ࢀ૚ି࢔ࢉ૚൫ି࢔ࢉࢅ  ૚൯ቇି࢔ࢉ

࢔࢚ =  ࢔࢝ࢀ࢔࢝࢔࢝ࢄ

= ࢔࢝ࢀ࢔࢝ࢄ ቆ࢔࢛ࢀ࢔࢛ ࢔࢛ࢀࢄ ቇ = (࢔࢝ࢀ࢔࢝)(࢔࢛ࢀ࢔࢛)ࢀࢄࢄ ቆ ቇ࢔ࢉࢀ࢔ࢉ࢔ࢉࢅ = (࢔࢝ࢀ࢔࢝)൯࢔ࢉࢀ࢔ࢉ൯൫࢔࢛ࢀ࢔൫࢛ࢅࢀࢄࢄ ቆ ࢀ૚ି࢔૚࢚ି࢔࢚ࢀࢅ  ૚ቇି࢔࢚

࢔࢝ =  ࢔࢛ࢀ࢔࢛࢛ࢀࢄ
= ࢔࢛ࢀ࢔࢛ࢀࢄ ቆ ቇ࢔ࢉࢀ࢔ࢉ࢔ࢉࢅ = ൯࢔ࢉࢀ࢔ࢉ൯൫࢔࢛ࢀ࢔൫࢛ࢅࢀࢄ ቆ࢔࢚ࢀ࢔࢚࢔࢚ࢀࢅ ቇ = (࢔࢚ࢀ࢔࢚)൯࢔ࢉࢀ࢔ࢉ൯൫࢔࢛ࢀ࢔൫࢛ࢀࢅࢅࢀࢄ ቆ ࢀ ૚ି࢔૚࢝ି࢔࢝ࢄ      ૚ቇି࢔࢝

 

The factor of ૚࢝࢔ష૚ࢀ  ష૚ occurs as result of the required normalisation for the previous࢔࢝

iteration. The above relationships become eigenvalue equations at the point of 

convergence, where for some vector ࢜ 

࢔࢜ =  ૚ି࢔࢜
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The numerators are various matrices and the denominators are scalars all of which are 

equal via the associativity of scalars.  We then acquire the following eigenvalue 

equations at convergence;  
࢛ ࢀࢄࢄࢀࢅࢅ = ࢛ܽ 

ࢉ ࢅࢀࢄࢄࢀࢅ =  ࢉܽ
࢚ࢀࢅࢅࢀࢄࢄ = ࢚ܽ 

࢝ࢄࢀࢅࢅࢀࢄ = ܽ࢝ 

Where ܽ =  (࢔࢛ࢀ࢔࢛)(࢔࢝ࢀ࢔࢝)(࢔࢚ࢀ࢔࢚)(࢔ࢉࢀ࢔ࢉ)
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Appendix 5: Geometric Properties of the PLS Vectors [11] 

The residual matrix ࢏ࢄ is related to the previous residual matrix ି࢏ࢄ૚  as follows; 

࢏ࢄ = ૚ି࢏ࢄ  − ࢀ૚ି࢏࢖૚ି࢏࢚  

Which can be expanded as;  

࢏ࢄ = ૚ି࢏ࢄ − ૚ି࢏࢚ ቆି࢏ࢄ૚ࢀ ࢀ૚ି࢏૚࢚ି࢏࢚ ૚ି࢏࢚ ቇࢀ
 

= ૚ି࢏ࢄ − ࢀ૚ି࢏૚࢚ି࢏࢚ ࢀ૚ି࢏૚࢚ି࢏ࢄ ૚ି࢏࢚  

= ቈ۷ − ࢀ૚ି࢏࢚ࢀ૚ି࢏૚࢚ିܑܜ ૚቉ି࢏࢚  ૚ି࢏ࢄ

= ቈ۷ − ࢀ૚ି࢏࢚ࢀ૚ି࢏૚࢚ିܑܜ ૚቉ି࢏࢚ ቈି࢏ࢄ૛ − ࢀ૛ି࢏૛࢚ି࢏࢚ ࢀ૛ି࢏૛࢚ି࢏ࢄ ૛ି࢏࢚ ቉  
The result generalises to  ࢏ࢄ =  .is some matrix ࢆ where ࢔ି࢏ࢄ ࢆ
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Property 1 

The vectors ࢝࢏ and ࢝࢐ are orthogonal when ݅ and ݆ are different iterative steps.  

࢐࢝ࢀ࢏࢝ = ૙, ࢏ ≠ ࢐  
 Proof 

If   ݅ <   ݆  

We have 

࢐ࢄ  = ࢆ ൤࢏ࢄ − ࢏࢚ࢀ࢏࢚࢏ࢄࢀ࢏࢚࢏࢚ ൨ 

Let’s first show that 0 =  ࢏࢝ ࢐ࢄ, because if this holds then we can see that via 

rearranging the previous eigenvalue equation for ࢝ and substituting into ࢝࢐࢝ ࢀ࢏ we 

will arrive at a product of ࢐ࢄ  and ࢝࢏ which if equal to zero will imply ࢝࢐࢝ࢀ࢏  =  ૙ and 

hence weight vectors of different iterations are orthogonal.  

Using the above relation for ࢐ࢄ 
࢏࢐࢝ࢄ = ࢆ ቈ࢏ࢄ − ࢏࢚ࢀ࢏࢚࢏ࢄࢀ࢏࢚࢏࢚ ቉  ࢏࢝

= ࢆ ቈ࢏࢝࢏ࢄ − ࢏࢚ࢀ࢏࢚࢏࢝࢏ࢄࢀ࢏࢚࢏࢚ ቉ ; ࢏࢚   =  ࢏࢝࢏ࢄ
 

Hence  

࢏࢐࢝ࢄ = ࢆ ቈ࢚࢏ − ࢏࢚ࢀ࢏൯࢚࢏࢚ࢀ࢏൫࢚࢏࢚ ቉ = ࢏࢚]ࢆ − [࢏࢚ = 0 
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As has already been alluded to, the following result can be found. Using the 

convergence relation and taking the transpose we find; 

࢐࢝࢐ࢄࢀ࢐ࢅ࢐ࢅࢀ࢐ࢄ = ௝ܽ࢝࢐ 
࢐ࢄࢀ࢐ࢅ࢐ࢅࢀ࢐ࢄࢀ࢐࢝   = ௝ܽ࢝ࢀ࢐ 

࢐௝ܽࢄࢀ࢐ࢅ࢐ࢅࢀ࢐ࢄࢀ࢐࢝   =  ࢀ࢐࢝

 

We can show that the inner product of ࢝࢐ and ࢝࢏ will be zero as;  

࢏࢝ࢀ࢐࢝ = ௝ܽ࢏࢐࢝ࢄࢀ࢐ࢅ࢐ࢅࢀ࢐ࢄࢀ࢐࢝ = 0; ࢏࢐࢝ࢄ  ݏܽ = 0 

This proves the orthogonality of weight vectors from different iterations. 
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Property 2 

࢐࢚ࢀ࢏࢚ = 0 for ࢏ ≠ ࢐ 

 Proof  

If  ࢏ < ࢐  
࢐ࢄ = ࢐ି૚ࢄ − ࢚࢐ି૚ ࢚࢐ି૚ࢀ ࢀ࢐ି૚࢚࢐ି૚ࢄ ࢚࢐ି૚ = ࢐ି૚ࢄ − ࢀ࢐ି૚࢚(࢐ି૚࢝࢐ି૚ࢄ) ࢀ࢐ି૚࢚࢐ି૚ࢄ ࢚࢐ି૚  

= ࢐ି૚ࢄ ቈ۷ − ࢝࢐ି૚࢚࢐ି૚ࢀ ࢀ࢐ି૚࢚࢐ି૚ࢄ ࢚࢐ି૚ ቉ 

= ࢐ି૛ࢄ ቈ۷ − ࢝࢐ି૛࢚࢐ି૛ࢀ ࢀ࢐ି૛࢚࢐ି૛ࢄ ࢚࢐ି૛ ቉ ቈ۷ − ࢝࢐ି૚࢚࢐ି૚ࢀ ࢀ࢐ି૚࢚࢐ି૚ࢄ ࢚࢐ି૚ ቉ 

= ࢔࢐ିࢄ ෑ ቈ۷ − ࢀ(࢒ି࢔)࢐ି࢚(࢒ି࢔)࢐ି࢝ ࢀ(࢒ି࢔)࢐ି࢚(࢒ି࢔)࢐ିࢄ (࢒ି࢔)࢐ି࢚ ቉ ࢔ା૚
ୀ૙࢒  

Which becomes after ࢏࢔ = ࢐ − ࢏) + ૚)  steps. 

ା૚࢏ࢄ ෑ ቈ۷ − ࢀ(࢒ି࢏࢔)࢐ି࢚(࢒ି࢏࢔)࢐ି࢝ ࢀ(࢒ି࢏࢔)࢐ି࢚(࢒ି࢏࢔)࢐ିࢄ (࢒ି࢏࢔)࢐ି࢚ ቉࢏࢔ା૚
ୀ૙࢒  =  ࡴା૚࢏ࢄ

 

࢐࢚ࢀ࢏࢚  =  ;࢐࢝࢐ࢄࢀ࢏࢚
࢐ࢄࢀ࢏࢚ = ࡴା૚࢏ࢄࢀ࢏࢚ = ࢀ࢏࢚ ቈ࢏ࢄ − ࢏࢚ࢀ࢏࢚࢏ࢄࢀ࢏࢚࢏࢚ ቉  ࡴ
= ቈ࢚࢏ࢄࢀ࢏ − ࢏࢚ࢀ࢏࢚࢏ࢄࢀ࢏࢚࢏࢚ࢀ࢏࢚  ቉ ࡴ = ࢏ ݎ݋݂ 0 < ࢐  

 

࢐࢚ࢀ࢏࢚ ݏ݁ݒ݋ݎ݌ ℎ݅ܿℎݓ  = 0, ݅ ≠ ݆     
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Property 3  

࢐࢖ࢀ࢏࢝ = 0, ݅ < ݆ 

Proof 

࢐࢖ = ࢐࢚ࢀ࢐࢚࢐࢚ࢀ࢐ࢄ  

࢐࢖ = ࢐࢚ࢀ࢐࢚࢐࢚ࢀ[ା૚࢏ࢄࢆ] = ࢀା૚࢏ࢄ ࢐࢚ࢀ࢐࢚࢐࢚ࢀࢆ  

࢐࢖ࢀ࢏࢝ = ࢀା૚࢏ࢄࢀ࢏࢝ ࢐࢚ࢀ࢐࢚࢐࢚ࢀࢆ = ࢐࢚ࢀ࢐࢚࢐࢚ࢀࢆࢀ(࢏ା૚࢝࢏ࢄ)  

࢏ < ࢏ + ૚ < ࢐  
࢏ା૚࢝࢏ࢄ = ቈ࢏ࢄ − ࢏࢚ࢀ࢏࢚࢏ࢄࢀ࢏࢚࢏࢚ ቉ ࢏࢝ = ቈ࢏࢝࢏ࢄ − ࢏࢚ࢀ࢏࢚࢏࢝࢏ࢄࢀ࢏࢚࢏࢚ ቉ = ቈ࢚࢏ − ࢏࢚ࢀ࢏൯࢚࢏࢚ࢀ࢏൫࢚࢏࢚ ቉ = 0 

Therefore 

࢐࢖ࢀ࢏࢝ = [૙]࢏࢚ࢀ࢏࢐࢚࢚ࢀࢆ ࢀ = 0 
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Appendix 6: Residual Matrices Derivations. ࢏ࢄା૚ࢀ ା૚࢏ࢄ = ൫࢏ࢄ − ࢏ࢄ൫ࢀ൯ࢀ࢏࢖࢏࢚ − = ൯ࢀ࢏࢖࢏࢚ ࢏ࢄࢀ࢏ࢄ − ࢀ࢏࢖࢏࢚ࢀ࢏ࢄ − ࢏ࢄࢀ࢏࢚࢏࢖ + ࢏ࢄࢀ࢏࢚ ࢀ࢏࢖൯࢏࢚ࢀ࢏൫࢚࢏࢖ = ൫࢚࢏࢚ࢀ࢏൯࢏ࢄ  ;ࢀ࢏࢖ା૚ࢀ ା૚࢏ࢄ = ࢏ࢄࢀ࢏ࢄ − ࢀ࢏࢖࢏࢚ࢀ࢏ࢄ − ࢀ࢏࢖൯࢏࢚ࢀ࢏൫࢚࢏࢖ + = ࢀ࢏࢖൯࢏࢚ࢀ࢏൫࢚࢏࢖ ࢏ࢄࢀ࢏ࢄ − = ࢀ࢏࢖࢏࢚ࢀ࢏ࢄ ࢏ࢄࢀ࢏ࢄ − ൫࢚࢏ࢄࢀ࢏൯ࢀ࢏࢖ࢀ = ࢏ࢄࢀ࢏ࢄ − ࢀ࢏࢖൯࢏࢚ࢀ࢏൫࢚࢏࢖ = ࢏ࢄࢀ࢏ࢄ −  (࢏࢚ࢀ࢏࢚)ࢀ࢏࢖࢏࢖

ࢀା૚࢏ࢅ  = ା૚࢏ࢅ ൫࢏ࢅ − ࢏ࢅ൫ࢀ൯ࢀ࢏ࢉ࢏࢚ − = ൯ࢀ࢏ࢉ࢏࢚ ࢏ࢅࢀ࢏ࢅ − ࢀ࢏ࢉ࢏࢚ࢀ࢏ࢅ − ࢏ࢅࢀ࢏࢚࢏ࢉ + ࢏࢚ࢀ࢏ࢅ ࢀ࢏ࢉ࢏࢚ࢀ࢏࢚࢏ࢉ = ൫࢚࢏࢚ࢀ࢏൯࢏ࢅࢀ࢏ࢅ ;࢏ࢉ = ࢏ࢅࢀ࢏ࢅ − ൫࢏ࢉ൫࢚࢏࢚ࢀ࢏൯ࢀ࢏ࢉ൯ − ࢏ࢉ ቀ࢏ࢉ൫࢚࢏࢚ࢀ࢏൯ቁࢀ + = ࢀ࢏ࢉ࢏࢚ࢀ࢏࢚࢏ࢉ ࢏ࢅࢀ࢏ࢅ −  ൯࢏࢚ࢀ࢏൫࢚ࢀ࢏ࢉ࢏ࢉ
ࢀା૚࢏ࢅ  ା૚࢏ࢄ = ൫࢏ࢅ − ࢏ࢄ൫ࢀ൯ࢀ࢏ࢉ࢏࢚ − = ൯ࢀ࢏࢖࢏࢚ ࢏ࢄ࢏ࢅ − ࢀ࢏࢖࢏࢚ࢀ࢏ࢅ − ࢏ࢄࢀ࢏࢚࢏ࢉ + ࢀ࢏࢖ ࢀ࢏࢖࢏࢚ࢀ࢏࢚࢏ࢉ = ࢏࢚ࢀ࢏࢚࢏ࢄࢀ࢏࢚ ; ࢏ࢄࢀ࢏࢚ = ൫࢚࢏࢚ࢀ࢏൯࢏ࢅ ࢀ࢏࢖ା૚ࢀ ା૚࢏ࢄ = ࢏ࢄ࢏ࢅ − ࢀ࢏࢖࢏࢚ࢀ࢏ࢅ − ࢀ࢏࢖൯࢏࢚ࢀ࢏൫࢚࢏ࢉ + =  ࢀ࢏࢖࢏࢚ࢀ࢏࢚࢏ࢉ ࢏ࢄࢀ࢏ࢅ − ࢀ࢏࢖࢏࢚ࢀ࢏ࢅ = ࢏ࢄ൫ࢀ࢏ࢅ − ൯ࢀ࢏࢖࢏࢚ =  ା૚࢏ࢄࢀ࢏ࢅ
ࢀା૚࢏ࢄ  ା૚࢏ࢅ = ൫࢏ࢄ − ࢏ࢅ ൫ࢀ൯ࢀ࢏࢖࢏࢚ − = ൯ࢀ࢏ࢉ࢏࢚ ࢏ࢅࢀ࢏ࢄ − ࢀ࢏ࢉ࢏࢚ࢀ࢏ࢄ − ࢏ࢅࢀ࢏࢚࢏࢖ + = ࢀ࢏ࢉ࢏࢚ࢀ࢏࢚࢏࢖ ࢏ࢅࢀ࢏ࢄ − ࢀ࢏ࢉ࢏࢚ࢀ࢏ࢄ − ࢏࢖ ቀࢀ࢏ࢉ൫࢚࢏࢚ࢀ࢏൯ቁ + = ࢀ࢏ࢉ࢏࢚ࢀ࢏࢚࢏࢖ ࢏ࢅࢀ࢏ࢄ − = ࢀ࢏ࢉ࢏࢚ࢀ࢏ࢄ ࢏ࢅ൫ࢀ࢏ࢄ − ൯ࢀ࢏ࢉ࢏࢚ =  ା૚࢏ࢅࢀ࢏ࢄ
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Appendix 7: Demonstration of repeatability of ATR-FTIR 

 

 

Figure 8.1: Demonstration of close clustering of spectral measurements made over a day (green dots). Distinctly 
different from other species displayed. 
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Appendix 8: Tables of Wet Chemistry Results 

 

Table 8.1: Forage feed wet chemistry results. 

As Fed Basis 

sample DM % Protein % Hemicellulose % NDF % ADF % In vitro DOMD% ME MJ/kg 

4A-7-2013 93.98 13.62 20.54 47.92 27.37 55.09 8.81 

5A-8-2013 94.13 12.71 24.05 47.87 23.81 56.44 9.03 

7A-1-2013 93.90 9.29 25.45 52.96 27.50 53.02 8.48 

8A-2-2013 94.08 7.73 25.59 53.27 27.68 54.25 8.68 

10A-11-2013 93.42 16.17 8.78 27.18 18.40 65.55 10.48 

11A-12-2013 93.62 18.22 9.65 31.56 21.91 63.88 10.22 

12A-5-2013 92.98 14.83 7.73 25.25 17.52 65.30 10.44 

14A-6-2013 93.24 15.04 5.97 24.99 19.01 59.44 9.51 

20A-9-2013 92.76 16.06 13.20 38.20 24.99 60.86 9.73 

21A-10-2013 93.50 19.80 12.26 37.76 25.49 62.59 10.01 

26A-3-2013 92.52 16.50 11.87 36.47 24.59 60.29 9.64 

27A-4-2013 93.37 17.78 10.40 32.83 22.43 67.90 10.86 

TN12-139-1-12-Sep 91.78 23.21 18.93 39.25 20.31 58.36 9.33 

TN12-139-1A-10-Nov 93.61 14.86 19.44 47.21 27.77 56.18 8.99 

TN12-139-1A-11-Jun 92.57 24.04 17.69 41.20 23.50 57.90 9.26 

TN12-139-2-12-Sep 92.13 22.28 19.90 39.77 19.86 58.57 9.37 

TN12-139-2A-11-Jun 92.73 25.27 17.46 38.61 21.15 58.47 9.35 

TN12-139-4A-25-Jul 91.79 22.61 19.00 39.90 20.90 58.24 9.31 

TN12-139-6A-25-Jul 92.27 25.37 19.25 39.89 20.64 56.44 9.03 

TN12-139-10-12-Sep 92.05 17.86 8.74 25.65 16.90 63.71 10.19 

TN12-139-13-12-Sep 92.12 15.09 7.78 23.83 16.05 64.64 10.34 

TN12-139-20-12-Sep 91.41 21.41 12.86 26.25 13.38 62.17 9.94 

TN12-139-22-12-Sep 91.50 16.79 9.59 26.25 16.66 62.26 9.96 

TN12-139-1-12-Sep  0.00     

TN12-139-1A-10-Nov 92.47 13.96 23.58 44.32 20.73 57.39 9.18 

TN12-139-1A-11-Jun 93.44 13.56 18.36 42.46 24.10 58.94 9.43 

TN12-139-2-12-Sep 92.84 19.51 7.77 21.89 14.11 65.70 10.51 

TN12-139-2A-11-Jun 92.75 17.43 7.86 23.74 15.88 63.95 10.23 

TN12-139-4A-25-Jul 91.51 17.90 6.96 23.40 16.44 63.29 10.12 

TN12-139-6A-25-Jul 93.34 13.75 9.46 29.84 20.37 62.91 10.06 

TN12-139-10-12-Sep 92.27 17.01 12.07 33.71 21.64 59.65 9.54 

TN12-139-13-12-Sep 92.58 19.61 8.61 26.07 17.45 63.99 10.23 
 

TN12-139-20-12-Sep 92.05 13.82 12.52 29.47 16.95 63.47 10.15 

TN15-98-01 96.04  20.16 54.16 34.00 51.73 8.27 

TN15-98-02 96.13  20.04 52.08 32.04 55.52 8.88 

TN15-98-03 93.68  15.35 36.79 21.44 61.11 9.77 

TN15-98-04 95.64  17.26 39.73 22.46 62.06 9.93 

TN15-98-05 95.86  19.43 40.38 20.94 61.35 9.81 
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Table 8.1: Forage feed wet chemistry results (continued). 

sample DM % Protein % Hemicellulose % NDF % ADF % In vitro DOMD % ME MJ/kg 

TN15-98-06 95.34  20.20 46.68 26.47 58.05 9.28 

TN15-98-07 95.43  21.79 40.58 18.79 62.16 9.94 

TN15-98-08 96.51  20.16 50.10 29.94 56.31 9.01 

TN15-98-09 95.04  21.55 45.15 23.59 57.83 9.25 

TN15-98-10 94.59  23.50 48.93 25.42 55.57 8.89 

TN15-98-11 94.59  19.78 39.02 19.23 60.30 9.64 

TN15-99-01 94.51  17.82 47.48 29.65 53.87 8.61 

TN15-99-02 95.16  16.31 48.53 32.21 55.69 8.91 

TN15-99-03 94.05  21.19 41.00 19.80 58.66 9.38 

TN15-99-04 94.04  18.59 37.76 19.16 59.21 9.47 

TN15-99-05 92.92  4.13 15.82 11.69 67.03 10.72 

TN15-99-06 94.09  3.82 15.51 11.68 68.53 10.96 

TN15-99-07 92.93  4.11 15.73 11.62 67.43 10.78 

TN15-99-08 92.72  3.87 17.46 13.59 66.07 10.57 

TN15-99-09 94.46  5.00 19.25 14.25 67.39 10.78 

TN15-99-10 94.75  7.73 22.69 14.96 66.63 10.66 

TN15-99-11 94.29  6.92 21.47 14.54 66.46 10.63 

TN15-99-12 94.33  8.54 23.42 14.88 65.85 10.53 

TN15-99-13 95.76  18.62 53.92 35.29 52.40 8.38 

TN15-99-14 95.64  18.86 49.22 30.36 56.12 8.98 

TN15-99-15 95.08  20.58 43.73 23.14 58.46 9.35 

TN15-99-16 94.44  19.93 40.54 20.60 60.89 9.74 

TN15-99-17 96.49  8.16 26.00 17.83 66.68 10.66 

TN15-99-18_2 96.94  9.64 30.36 20.72 64.27 10.28 

TN15-99-19_2 96.59  6.00 24.19 18.19 66.80 10.68 

TN15-99-20 96.72  7.09 25.14 18.04 67.15 10.74 

TN15-99-21 95.66  5.19 28.16 22.97 64.86 10.37 

TN15-99-22 95.54  6.98 27.42 20.44 65.16 10.42 

TN15-99-23 96.13  11.50 45.35 33.85 57.82 9.25 

TN15-99-24 95.31  7.16 28.68 21.51 63.53 10.16 

TN15-99-25 96.00  23.62 49.24 25.61 56.44 9.03 

TN15-99-26 96.32  21.69 49.20 27.51 57.16 9.14 

TN15-99-27 94.85  19.97 43.21 23.24 59.36 9.49 

TN15-99-28 95.45  19.86 50.08 30.21 55.48 8.87 

TN15-104-01 96.31  17.67 39.70 22.03 62.22 9.95 

TN15-104-02 96.46  17.39 40.77 23.38 61.86 9.89 

TN15-104-03 96.65  19.18 42.55 23.37 61.91 9.90 

TN15-104-04 96.54  17.07 40.16 23.09 61.98 9.91 

TN15-104-05 96.79  19.31 46.30 26.98 59.04 9.44 
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Table 8.1: Forage feed wet chemistry results (continued). 

sample DM % Protein % Hemicellulose % NDF % ADF % In vitro DOMD % ME MJ/kg 

TN15-104-06 93.98  18.53 41.61 23.08 60.61 9.69 

TN15-104-07 94.48  20.77 42.65 21.88 59.33 9.49 

TN15-104-08 94.63  22.07 45.06 22.98 58.15 9.30 

TN15-104-09 93.96  21.47 46.77 25.30 56.54 9.04 

TN15-104-10 96.43  22.01 44.33 22.32 60.01 9.60 

TN15-246-01 97.26  20.33 41.12 20.79 65.94 10.55 

TN15-246-02 97.36  24.27 54.55 30.27 55.75 8.92 

TN15-246-03 97.21  22.72 46.16 23.44 60.98 9.75 

TN15-246-04 96.55  15.25 37.76 22.50 63.18 10.10 

TN15-246-05 96.98  17.67 38.74 21.06 66.51 10.64 

TN15-246-06 97.40  22.03 46.94 24.90 59.47 9.51 

TN15-96-01 94.35  24.74 47.92 23.17 56.89 9.10 

TN15-96-02 94.92  23.51 49.50 25.99 56.73 9.07 

TN15-96-03 94.89  21.56 52.67 31.11 54.60 8.73 

TN15-96-04 94.57  22.91 49.27 26.36 55.37 8.85 

TN15-96-05 93.75  6.03 22.41 16.38 64.69 10.35 

TN15-96-06 94.13  6.32 24.12 17.80 64.67 10.34 

TN15-96-07 95.04  -6.64 23.12 29.77 65.70 10.51 

TN15-96-08 94.86  6.45 22.15 15.69 65.58 10.49 

TN15-96-09 95.75  23.39 54.71 31.31 54.74 8.75 

TN15-96-10 96.17  24.27 51.20 26.92 56.86 9.09 

TN15-96-11 95.65  27.12 54.36 27.24 55.30 8.84 

TN15-96-12 96.07  27.76 55.10 27.34 56.00 8.96 

TN15-96-13 96.10  7.96 31.15 23.19 63.28 10.12 

TN15-96-14 96.05  8.62 31.45 22.82 63.16 10.10 

TN15-96-15 96.58  7.14 28.15 21.01 63.50 10.16 

TN15-96-16 95.24  7.67 28.62 20.94 63.21 10.11 

TN15-96-17 97.72  26.00 57.32 31.32 55.82 8.93 

TN15-96-18 98.13  27.79 61.75 33.95 54.16 8.66 

TN15-96-19 98.18  28.20 59.07 30.87 55.70 8.91 

TN15-96-20 98.08  26.63 59.72 33.09 55.82 8.93 

TN15-96-21 95.74  9.08 31.56 22.48 62.83 10.05 

TN15-96-22 95.38  5.72 27.01 21.28 65.26 10.44 

TN15-96-23 95.76  7.66 35.09 27.42 61.15 9.78 

TN15-96-24 97.62  7.71 36.05 28.34 62.42 9.98 

TN15-96-25 92.47  19.28 36.23 16.95 60.42 9.66 

TN15-96-26 92.70  18.74 36.30 17.56 61.15 9.78 

TN16-565-11 92.90 18.70 19.89 43.95 24.06 56.12 8.98 

TN16-565-12 94.40 18.88 20.79 44.08 23.29 56.51 9.04 
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Table 8.1: Forage feed wet chemistry results (continued). 

sample DM % Protein % Hemicellulose % NDF % ADF % In vitro DOMD % ME MJ/kg 

TN16-565-13 95.90 13.23 11.28 47.46 36.18 55.74 8.91 

TN16-565-14 96.40 12.88 16.82 54.01 37.19 54.64 8.74 

TN16-565-15 95.60 14.23 10.93 41.68 30.75 59.14 9.46 

TN16-565-16 93.60 14.29 8.71 42.31 33.60 57.19 9.15 

TN16-565-17 93.80 13.77 24.48 54.57 30.08 51.68 8.27 

TN16-565-21 94.70 14.66 11.34 49.98 38.63 53.51 8.56 

TN16-565-22 93.50 20.69 6.46 33.05 26.58 61.41 9.82 

TN16-565-23 94.20 21.47 10.86 43.89 33.02 55.42 8.86 

TN16-565-02 92.40 18.46 21.95 47.85 25.89 54.70 8.75 

TN16-565-24 93.90 16.60 8.87 42.45 33.58 57.97 9.27 

TN16-566-01 94.70 19.66 22.50 48.69 26.19 59.64 9.54 

TN16-566-02 93.40 16.48 21.58 46.24 24.65 58.32 9.33 

TN16-566-03 94.90 17.20 22.52 49.77 27.24 57.99 9.27 

TN16-566-04 95.10 16.10 24.57 53.54 28.97 57.01 9.12 

TN16-566-05 93.50 15.90 7.26 33.72 26.46 67.24 10.75 

TN16-566-06 93.10 16.26 6.95 35.16 28.21 66.17 10.58 

TN16-566-07 93.50 14.89 7.36 36.55 29.18 64.70 10.35 

TN16-566-08 89.60 19.35 6.03 32.27 26.23 64.03 10.24 

TN16-565-09 93.70 15.68 21.62 49.53 27.91 54.63 8.74 

TN16-565-10 94.30 20.07 19.77 44.51 24.73 56.46 9.03 

TN16-565-06 92.05 15.92 9.25 32.35 23.10 61.28 9.80 

TN16-565-07 92.31 14.48 10.57 35.98 25.40 59.54 9.52 

TN16-565-08 92.42 14.40 8.76 30.20 21.44 62.84 10.05 

TN16-565-01 91.76 18.35 20.35 43.68 23.32 55.71 8.91 

TN16-565-03 91.67 18.70 19.88 43.95 24.06 56.12 8.98 

TN16-565-18 93.73 18.36 20.35 48.11 27.75 54.83 8.77 

TN16-565-19 94.68 17.33 20.54 46.69 26.14 55.58 8.89 
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Table 8.2: Table of wet chemistry results for the additional samples present in the expanded forage 
feed set. 

  As Fed Basis   

Sample DM % Hemicellulose % ME % ADF % NDF% 

TN15-623-01 95.79 16.48 9.63 28.37 44.85 

TN15-623-02 95.52 18.73 9.81 24.17 42.90 

TN15-623-03 95.07 19.02 9.84 22.61 41.64 

TN15-623-04 95.45 16.64 9.75 21.68 38.33 

TN15-623-09 96.35 21.12 9.79 25.35 46.47 

TN15-623-10 96.16 21.82 9.39 29.83 51.66 

TN15-623-11 96.22 20.57 9.71 25.85 46.43 

TN15-623-12 96.21 21.95 9.68 25.46 47.41 

TN15-624-01 95.16 21.14 10.02 24.81 45.96 

TN15-624-02 95.23 18.72 10.31 22.99 41.71 

TN15-624-03 94.18 23.14 9.78 26.25 49.39 

TN15-624-04 95.14 18.98 10.43 22.43 41.41 

TN15-624-05 93.45 8.64 10.78 18.95 27.59 

TN15-624-06 93.67 8.72 10.80 18.36 27.08 

TN15-624-07 94.37 9.28 10.69 18.49 27.78 

TN15-624-08 94.77 7.92 10.68 19.11 27.03 

TN15-624-09 93.81 6.82 10.87 17.39 24.21 

TN15-624-10 93.65 9.09 10.66 18.76 27.85 

TN15-624-11 94.00 9.66 10.73 17.74 27.40 

TN15-624-12 94.72 7.86 10.85 17.54 25.41 

TN15-625-02 94.61 21.94 10.15 23.75 45.70 

TN15-625-03 94.66 22.46 9.98 23.93 46.40 

TN15-625-05 94.24 9.29 10.61 20.72 30.01 

TN15-625-06 94.43 9.17 10.67 19.73 28.90 

TN15-625-07 94.32 12.03 10.69 18.87 30.90 

TN15-625-08 94.42 9.95 10.55 20.14 30.09 

TN15-626-02 92.02 19.26 10.2 23.90 43.17 

TN15-626-05 91.46 25.29 9.69 31.62 56.92 

TN15-626-08 93.54 21.62 9.36 30.29 51.91 

TN15-626-11 94.08 24.56 9.95 28.38 52.95 
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Table 8.2: Table of wet chemistry results for the additional samples present in the expanded forage 
feed set (continued). 

Sample DM % Hemicellulose % ME % ADF % NDF % 

TN15-626-14 94.20 22.79 9.06 31.08 53.88 

TN15-626-17 92.56 15.35 10.49 22.94 38.29 

TN15-626-20 94.09 15.98 10.01 24.30 40.28 

TN15-626-23 94.02 21.61 9.74 26.78 48.40 

TN15-626-25 95.56 26.28 8.83 32.51 58.79 

TN15-626-26 94.33 28.10 8.9 30.85 58.96 

TN15-626-27 94.72 27.43 8.8 35.51 62.95 

TN15-626-28 93.26 27.72 8.98 30.84 58.57 

TN15-626-29 95.70 28.87 8.77 33.45 62.33 

TN15-626-30 95.22 24.84 8.84 31.50 56.35 

TN15-626-31 92.30 18.45 10.04 20.58 39.04 

TN15-626-32 91.68 21.24 9.75 26.20 47.44 

TN15-626-33 90.80 21.71 9.25 26.52 48.24 

TN15-626-34 95.01 28.53 8.75 33.21 61.74 

TN15-626-35 94.18 20.58 9.63 22.88 43.47 

TN15-626-36 93.52 25.37 9.15 28.80 54.18 

TN16-565-01 91.76 22.18 9.71 25.41 47.60 

TN16-565-03 91.67 21.69 9.8 26.24 47.94 

TN16-565-04 92.35 22.52 9.79 25.21 47.73 

TN16-565-05 93.28 16.51 9.98 28.39 44.91 

TN16-565-06 92.05 10.05 10.65 25.09 35.14 

TN16-565-07 92.31 11.45 10.32 27.51 38.97 

TN16-565-18 93.73 21.71 9.36 29.60 51.32 

TN16-565-19 94.68 21.69 9.39 27.61 49.31 

TN16-565-20 93.69 18.48 9.56 29.60 48.08 
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Table 8.3: Wet chemistry results for the lamb faeces samples. 

As Fed Basis 

sample name Hemicellulose 
% 

Dry 
matter % Ash % Nitroge

n % GE % Organic 
matter % NDF % ADF % Lignin 

% 

TN15-44-
128 1.35 98.18 31.97 4.46 19.59 66.21 2.41 1.05 0.53 

TN15-44-
130 3.64 98.35 24.36 4.14 21.83 73.99 6.81 3.17 1.05 

TN15-44-
131 6.83 98.65 33.35 4.87 15.17 65.29 17.80 10.96 4.32 

TN15-44-
133 4.40 98.61 20.29 4.51 22.33 78.32 9.59 5.19 1.82 

TN15-44-
134 4.92 98.37 24.71 4.16 20.50 73.65 10.96 6.04 1.65 

TN15-44-
137 1.11 98.73 35.48 4.82 16.49 63.24 2.34 1.22 0.93 

TN15-44-
140 7.29 98.02 22.17 5.32 18.21 75.85 14.35 7.06 1.59 

TN15-44-
141 5.22 98.94 30.44 4.51 16.66 68.49 11.52 6.30 1.78 

TN15-44-
145 4.29 98.49 20.67 4.03 22.51 77.81 9.43 5.13 1.59 

TN15-44-
149 1.38 98.43 31.64 5.98 17.31 66.79 2.62 1.23 0.80 

TN15-44-
152 1.21 98.52 29.42 5.37 19.39 69.10 2.66 1.45 0.74 

TN15-44-
153 2.80 98.00 22.87 4.09 21.70 75.12 6.59 3.78 1.03 

TN15-44-
154 5.40 98.51 22.24 4.04 20.60 76.26 11.85 6.45 1.44 

TN15-44-
155 4.83 98.54 21.77 3.84 22.05 76.76 10.85 6.02 1.42 

TN15-44-
797a-9kg 5.19 96.54 20.33 7.93 19.52 76.21 6.76 1.57 0.76 

TN15-44-
797b-16kg 15.16 97.19 21.60 4.32 17.20 75.58 24.30 9.14 2.47 

TN15-44-
798a-9kg 21.16 97.04 11.11 4.28 19.03 85.92 37.48 16.31 3.78 

TN15-44-
798b-16kg 23.43 98.19 9.74 4.06 20.32 88.45 39.83 16.40 4.36 

TN15-44-
799a-9kg 15.33 96.84 13.40 4.23 20.07 83.44 28.20 12.86 3.03 

TN15-44-
799b-16kg 18.14 97.15 11.30 3.37 22.76 85.85 32.56 14.41 3.27 

TN15-44-
800a-9kg 7.04 96.77 19.14 5.39 20.71 77.63 12.83 5.78 1.43 

TN15-44-
800b-16kg 9.45 96.75 16.99 4.02 21.89 79.76 18.03 8.57 1.99 

TN15-44-
802a-9kg 12.83 97.38 17.15 5.25 19.60 80.22 22.11 9.28 3.03 

TN15-44-
802b-16kg 21.94 97.97 10.29 3.54 20.52 87.68 39.40 17.45 3.95 
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Table 8.3: Wet chemistry results for the lamb faeces samples (continued). 

sample name Hemicellulose % Dry matter % Ash % Nitrogen % GE % Organic matter % NDF % ADF % Lignin 
% 

TN15-44-803a-9kg 7.79 97.51 19.17 4.49 21.83 78.33 12.43 4.64 1.51 

TN15-44-803b-16kg 14.70 97.68 15.46 3.40 21.81 82.22 25.73 11.02 2.86 

TN15-44-804a-9kg 11.13 97.08 16.09 4.48 19.66 80.98 19.59 8.46 2.33 

TN15-44-804b-16kg 16.49 97.40 12.18 4.28 20.75 85.21 26.96 10.47 2.84 

TN15-44-805a-16kg 7.75 97.09 22.44 7.04 18.64 74.65 11.26 3.51 0.99 

TN15-44-805b-16kg 17.33 97.42 13.44 3.91 20.62 83.98 29.67 12.33 3.41 

TN15-44-806a-9kg 20.45 97.41 11.99 4.32 18.56 85.41 36.54 16.08 3.39 

TN15-44-806b-16kg 16.42 97.12 15.11 4.24 18.07 82.00 31.94 15.52 3.05 

TN15-44-807a-9kg 14.93 97.72 15.37 4.47 19.36 82.34 28.18 13.24 3.46 

TN15-44-807b-16kg 22.36 98.12 8.99 3.35 21.04 89.12 39.78 17.42 4.15 

TN15-44-808a-16kg 14.11 96.96 20.58 4.17 21.39 76.38 19.58 5.47 1.51 

TN15-44-808b-16kg 11.25 97.63 11.65 2.79 27.41 85.97 18.26 7.01 1.90 

TN15-44-809a-9kg 12.76 97.46 19.89 5.03 17.87 77.57 25.31 12.54 3.23 

TN15-44-809b-16kg 19.85 97.95 10.39 3.86 19.92 87.56 36.94 17.08 3.65 

TN15-44-810a-9kg 14.16 96.80 17.71 4.69 18.44 79.09 24.35 10.18 2.33 

TN15-44-810b-16kg 15.27 97.62 11.43 3.25 22.69 86.18 28.56 13.29 2.69 

TN15-44-811a-9kg 13.22 97.35 16.63 5.72 19.06 80.72 25.15 11.93 2.87 

TN15-44-811b-16kg 14.97 98.04 12.47 3.41 21.98 85.57 29.24 14.27 3.15 

TN15-44-816a-9kg 5.65 97.17 24.34 6.75 19.01 72.83 8.09 2.43 0.54 

TN15-44-816b-16kg 18.88 97.82 17.79 3.84 19.40 80.02 32.88 14.00 3.41 

TN15-44-817a-9kg 16.01 97.53 12.83 3.92 19.76 84.70 30.64 14.63 3.29 

TN15-44-817b-16kg 15.05 96.75 11.90 3.39 23.03 84.85 27.91 12.86 2.84 

TN15-44-818a-9kg 12.12 97.52 18.02 4.52 20.22 79.49 20.38 8.25 2.02 
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Table 8.3: Wet chemistry results for the lamb faeces samples (continued). 

sample name Hemicellulos
e % 

Dry matter 
% Ash % Nitroge

n % GE % Organic 
matter % NDF % ADF % Lignin 

% 

TN15-44-818b-
16kg 21.67 98.20 11.29 3.35 21.49 86.90 38.51 16.84 3.77 

TN15-44-819a-
9kg 16.77 97.97 15.97 4.69 17.81 81.99 31.23 14.46 3.07 

TN15-44-819b-
16kg 20.91 97.71 14.13 3.83 18.99 83.58 39.12 18.20 3.90 

TN15-44-820a-
9kg 6.95 97.43 20.13 5.34 21.12 77.30 10.36 3.41 1.44 

TN15-44-820b-
9kg 21.44 97.90 11.10 3.63 19.68 86.79 38.28 16.83 3.59 

TN15-44-825a-
9kg 12.26 96.95 17.25 5.00 19.21 79.69 20.04 7.78 1.91 

TN15-44-825b-
16kg 19.58 98.02 13.76 4.06 19.27 84.26 37.09 17.50 3.97 
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Table 8.4: Wet chemistry results for the Chicken Feed samples. 

As Fed Basis 
 

 DM% Ash % N % Fat % Starch 
% CF % Ca mg/g P mg/g GE kJ/g 

AA 86.15 6.62 6.14 5.8 4.87 6.87 6.5 8.55 17.55 

AB 85.27 6.6 6.76 5.17 5.44 3.97 5.52 7.48 17.42 

AC 87.59 3.82 2.54 6.39 25.21 8.2 4.6 5.43 17.37 

AD 86.29 3.76 3.93 13.19 25.37 3.51 3.74 4.91 18.71 

AE 86.85 3.9 2.71 6.48 28.89 5.24 3.33 6.01 17.26 

AF 85.82 3.76 2.48 6.11 31.86 6.54 3.33 6.01 16.86 

AG 89.22 14.87 4.44 9.11 25.19 2.89 49.04 23.46 16.4 

AH 85.63 4.61 3.84 5.87 25.3 6.57 5.16 7 17.15 

AI 85.5 4.58 4.46 5.24 25.87 3.67 4.17 5.93 17.01 

AJ 85.36 2.57 2.16 5.3 46.3 3.38 2.83 4.37 16.61 

AK 87.21 3.83 2.58 5.98 25.91 8.13 4.74 5.22 17.23 

AL 86.74 3.78 3.97 12.77 26.06 3.45 3.89 4.7 18.57 

AM 87.06 3.91 2.75 6.06 29.59 5.17 3.48 5.8 17.12 

AN 86.52 3.77 2.52 5.69 32.55 6.47 3.47 5.8 16.71 

AO 88.55 14.88 4.48 8.69 25.88 2.83 49.19 23.25 16.25 

AP 87.34 4.62 3.88 5.45 25.99 6.51 5.3 6.79 17 

AQ 86.5 4.6 4.5 4.82 26.56 3.61 4.32 5.72 16.87 

AR 86.28 2.58 2.2 4.88 46.99 3.31 2.97 4.17 16.47 

AS 86.19 2.59 2.24 4.46 47.69 3.25 3.12 3.96 16.32 

AT 87.67 3.69 2.39 6.39 28.98 8.04 4.76 5.01 17.23 

AU 86.86 3.63 3.78 13.19 29.14 3.36 3.9 4.49 18.58 

AV 87.35 3.77 2.57 6.47 32.66 5.09 3.49 5.59 17.13 

AW 86.5 3.63 2.33 6.1 35.63 6.38 3.49 5.59 16.72 

AX 90.1 14.74 4.29 9.1 28.96 2.74 49.2 23.04 16.26 

AY 85.68 4.48 3.69 5.86 29.07 6.42 5.32 6.58 17.01 

AZ 85.01 4.45 4.31 5.23 29.64 3.52 4.33 5.51 16.88 

BA 84.78 2.44 2.01 5.3 50.07 3.22 2.99 3.96 16.48 

BB 84.7 2.45 2.05 4.88 50.76 3.16 3.13 3.75 16.33 

BC 84.62 2.31 1.87 5.29 53.84 3.07 3.15 3.54 16.34 

BD 85.65 6.81 3.99 8.27 19.91 5.93 13.61 9.87 17.45 

U 86.79 6.64 5.52 6.43 4.29 9.77 7.49 9.62 17.68 

V 88.17 5.84 4.84 6.33 4.78 8.49 5.95 6.98 17.77 

W 86.36 5.78 6.23 13.12 4.94 3.81 5.09 6.46 19.12 

X 87.51 5.92 5.01 6.41 8.46 5.53 4.68 7.56 17.66 

Y 85.61 5.77 4.78 6.04 11.43 6.83 4.68 7.57 17.26 

Z 87.93 16.89 6.74 9.04 4.76 3.19 50.39 25.01 16.8 

A 89.94 5.07 2.92 7.49 4.12 13.02 6.37 6.48 18.13 

B 87.38 5.02 4.31 14.28 4.28 8.33 5.52 5.96 19.47 

C 86.61 4.96 5.69 21.08 4.44 3.65 4.66 5.44 20.81 

D 88.16 5.15 3.09 7.57 7.8 10.06 5.11 7.06 18.02 

E 86.02 5.1 4.48 14.36 7.96 5.38 4.25 6.54 19.36 
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Table 8.4: Wet chemistry results for the Chicken Feed samples (continued). 

ID DM% Ash % N % Fat % Starch 
% CF % Ca mg/g P mg/g GE kJ/g 

F 86.42 5.23 3.27 7.65 11.49 7.1 3.84 7.64 17.91 

G 87.09 5.01 2.86 7.2 10.77 11.36 5.1 7.06 17.62 

H 84.78 4.96 4.25 13.99 10.93 6.67 4.25 6.54 18.96 

I 86.64 5.09 3.03 7.28 14.45 8.4 3.84 7.64 17.51 

J 85.64 4.95 2.8 6.91 17.42 9.7 3.83 7.65 17.1 

K 90.25 16.12 4.82 10.2 4.1 7.71 50.82 24.51 17.16 

L 88.8 16.07 6.21 16.99 4.25 3.03 49.96 23.99 18.5 

M 89.18 16.2 4.99 10.28 7.78 4.76 49.55 25.09 17.05 

N 88.71 16.06 4.76 9.91 10.74 6.05 49.55 25.09 16.64 

O 90.58 27.17 6.72 12.91 4.07 2.41 95.26 42.54 16.18 

P 87.62 5.86 4.22 6.96 4.21 11.39 6.93 8.05 17.9 

Q 86.51 5.8 5.61 13.75 4.36 6.71 6.07 7.53 19.25 

R 87.15 5.94 4.39 7.04 7.89 8.44 5.66 8.63 17.8 

S 86.65 5.8 4.16 6.67 10.85 9.73 5.66 8.64 17.39 

T 90.01 16.91 6.12 9.67 4.18 6.09 51.37 26.08 16.93 

 

Table 8.5: Nickel content of hyperaccumulator plant samples. 

sample name Ni % sample name Ni % 
song 2 -1 1.52 BC-2-2-1 1.62 

am1-1 1.60 BC-2-2a-1 1.62 
song 2- 2 1.92 BC-2-3-1 1.13 
am1 -2 1.74 BC-2-3a-1 1.13 

song 3 -2 0.67 BC-2-4-1 1.42 
am1 - 3 1.43 BC-2-4a-1 1.42 

song 2 - 3 1.85 BC-2-5-1 1.28 
song 3- 3 0.74 BC-2-5a-1 1.28 
am1- 4 1.76 BC-2-6-1 1.44 

song 3 - 4 0.80 BC-2-6a-1 1.44 
song 2 -5 1.57 BC-2-7-1 1.40 
song 3 - 5 0.61 BC-2-7a-1 1.40 
song 2- 6 1.60 BC-2-8-1 1.04 
am1 -7 2.09 BC-2-8a-1 1.04 

song 2 -7 1.10 BC-2-9-1 1.84 
song 2 - 8 1.31 BC-2-9a-1 1.84 

am1-8 1.29 BC-3-10-1 1.60 
am1 - 9 1.84 BC-3-10a-1 1.60 
am1- 10 1.93   
am1 -5 1.49   

song 3 -1 0.57   
BC-2-1-1 1.50   
BC-2-1a-1 1.50   
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