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ABSTRACT

The purpose of this thesis is to develop an infilling algorithm for 24-hour
(daily) rainfall data. An infilling algorithm replaces missing data within
the historical records with sensible estimates. where any appropriate method
(prediction from a fitted model. interpolation between points. or random
sampling) could be used to select and/or produce the required estimates.
The algorithm developed uses simulation data generated using a stochastic
point-process model which has been fitted to historical data. In this thesis.
the spatial-temporal Neyman-Scott rectangular pulse model as presented in
Cowpertwait et al. (2002) is fitted to data provided by Thames Water from
23 sites in the Thames Valley (UK). The model is shown to fit the data
reasonably well: however it fails to fit the proportion of dry sites (which is
not used in the fitting process). Nevertheless. simulated data is generated
using the model and an infilling algorithm is derived. The algorithm is tested
by replacing valid historical data with missing values. infilling these missing
values, and then comparing relevant statistics for the two samples. Three
algorithms are developed in this thesis. of which the final algorithm maintains
the statistical characteristics of the historical data. inclnding the proportion
of dry sites, while infilling values that are similar to the known historical

record.






Preface

In general. only a sample of the plots produced for any given analysis are
included in text within this thesis. This sampling is both for brevity and
clarity. Further plots are generally included within the appendices at the
end of the thesis.

Note for the spatial data analysis. approximately 700 figures were gen-
erated. As only ten plots led to a definite conclusion. only these plots have
been included in the Appendices.

Furthermore. for consistency. and to make comparison easier. the same
months (January and July) were used to represent any seasonal differences
where applicable. However. considerable variation occurs between the sea-
sons and the results for the other months included in the supplementary

appendices should not be overlooked.
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1. INTRODUCTION

The Lord will open the heavens, the storehouse of His bounty, to

send rain on your land in season ...

Deuteronomy 28:12a NIV

1.1 Background

Accurate modelling of rainfall is critical to the successful design of effective urban
drainage and stormwater systems. In order to build such systems, a long historical
record is necessary so that the likelihood of extreme events and their relative
location can be estimated. However, records of sufficient length and fine resolution
are not available. As a result, considerable attention over the last two decades has
been placed on developing a model snitable for simulating rainfall.

A fitted model. however, is only as accurate as the source data that the model
is based on. Furthermore, any hydrodynamical model (eg: for surface runoff or
flood frequency analysis) is heavily dependent on the rainfall modelling component
as any inadequacy is directly incorporated into the pipe flow models (Mark and
Hosner, 2002).

There are two main problems associated with rainfall data. Firstly, the data
are sensitive to recording error, especially at fine aggregation levels (see Section
1.2.1). Secondly, the available historical data are generally sparsely populated with
valid recordings.

The majority of historical source data available are collected at a 24-hour

(daily) resolution. To a lesser extent, 1-hour records are also obtainable. However,



for drainage purposes, it is necessary to have a much finer timescale (for example
1-5 minute resolution). This presents two major hurdles to be overcome before a
realistic parametric model can be produced. The data must be fully populated

and made available at a useful resolution.

1.2  Source data

The data used in this project were collected from rain gauges from twenty-three
sites in the Thames catchment from 1970 to 2003. A map of the site locations is
shown in Figure 1.1. The site names along with corresponding site numbers are
listed in Table 1.1 along with their corresponding Easting/Northing grid coordi-

nates.
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Figure 1.1: Map of site locations in the Thames catchment



Table 1.1: Site location coordinates: Easting, Northing, and Altitude

Thames ID  Site Easting Northing Altitude (m)
number  (0.1)km (0.1)km
TW238097 1 5499 1863 16
TW238605 2 5476 2048 75
TW239258 3 5412 1981 115
TW239315 4 5423 1926 15
TW239320 5 5418 1923 17
TW239374 6 5415 1882 8
TW239578 7 5447 1830 2
TW245176 8 5308 1894 33
TW246213 9 5314 1828 25
TW246424 10 5246 1795 21
TW246627 11 5241 1920 78
TW246847 12 5208 1870 42
TW247119 13 5141 1815 23
TW286392 14 5194 1682 12
TW287141 15 5247 1641 47
TW287283 16 5234 1737 56
TW2RT864 1T 5299 1661 35
TW288020 18 5286 1712 40
TW288749 19 5375 1692 33
TW289022 20 5433 1745 5
TW289102 21 5377 1771 5
TW290007 22 5486 1805 o
TW291467 23 5468 1754 50

In general. a Thames Water site name is preferred to a site number. particularly
when analysing the historical data (Chapter 4). However, if it is not necessary to
be able to immediately identify a particular site. then the sites are referred to by
their corresponding site number.

Two aggregation levels were available for use: a 1-hour record and a 24-hour
(daily) record. The 24-hour record was substantially longer and covered the years
1970 — 2003. The 1-hour record was only available from 1989 — 2003. All sites had
some data, however, for some sites (eg: TW239315, TW289022) the percentage of

valid records after the data were cleaned was quite low (see Section 4.4.1).



1.2.1 DMeasurement error

There are a number of devices for recording rainfall measurements. The oldest
method is to use a collection of rain gauges, however, more recent developments
enable collection of data via radar networks or satellite sensors (Maidment, 1993).

The data used within this project were collected from rain gauges (Section
1.2). Tipping bucket rain gauges. used by the Environment Agency in the United
Kingdom (see Tilford et al., 2003, chap. 2) for real-time monitoring of rainfall,
are affected by a variety of environmental conditions. The primary sources of
measurenient error associated with this collection method are well known and
include wind speed. the height of the gauge above the ground. and snowfall (Tilford
et al.. 2003: Maidment, 1993). Note that the errors associated with measuring

snowfall are usually larger than rainfall (Maidment. 1993).

1.3 Thesis outline

Techniques for fully populating the historical record at the 24-hour aggregation
level will be derived within this thesis. The constructed algorithms will use a
synthetic record generated using a spatial-temporal point process model of rainfall
(see Section 3.1). Once a technique for infilling the historical record at a 24-hour
level is developed., methods for disaggregation from this fully populated record
can be applied (for example Zhiquan and Eltahir. 1994: Glasbey et al.. 1995:
Giintner et al., 2001; Kottegoda et al., 2003; Cowpertwait et al., 2004). Where
disaggregation describes an algorithm to generate data at a finer resolution (eg: 1-
hour) than the available data (eg: 24-hour). Note that generally the total amount
of rainfall at the same site and time interval (24-hour) is expected to match exactly
for the available and disaggregated records.

The remainder of this thesis is organised as follows. The next chapter (Chap-
ter 2) presents a review of the literature for both rainfall models and infilling
algorithms. In Chapter 3, the model is mathematically described along with the
fitting technique. Furthermore, the methods for cleaning the historical data are
presented, the infilling algorithms are proposed. and the implementation of the
algorithms is discussed. The results of the data analysis and cleaning is covered in
Chapter 4. In Chapter 5, the results of the model fitting. validation. and infilling
algorithms are presented. Finally, in Chapter 6 the conclusions and directions for

future research for the model and infilling are derived.



2. LITERATURE REVIEW

I have not all my facts yet. ... Still. it is an error to argue in front
of your data. You find yourself insensibly twisting them round to fit
your theories.

-Sherlock Holmes, The Adventure of Wisteria Lodge

2.1 Stochastic rainfall models

A number of stochastic models for modelling precipitation over time have been pro-
posed and developed in the literature. These models are generally either temporal

or spatial-temporal in nature.

2.1.1 Temporal models

Two temporal models were developed concurrently in the 1960s for modelling
rainfall recorded in discrete time steps (ie daily (24-hour) intervals). One family of
models used Markov chains to describe the change between wet and dry periods (eg:
Feyerherm and Bark, 1964). Rainfall intensity has also been modelled with Markov
chains (eg: Stern and Coe. 1984). Another class of models were based on point-
processes as suggested by Le Cam (1961). Further developments by (Rodriguez-
Iturbe et al.. 1987, 1988) provided the theoretical foundation for models with
storms arriving in a Poisson process with a cluster of associated rectangular pulses
representing rain cells (Olsson and Burlando, 2002).

More recent developments include the modelling of rainfall via raindrop pro-
cesses (Smith, 1993; Smith and DeVaux, 1994) and constructing models based on

the scaling properties of temporal rainfall (see Olsson and Burlando, 2002). The



former raindrop models are likely to be useful at a fine resolution (1 minute or
less), whereas the scaling-based rainfall models, while promising, are still being

developed (Olsson and Burlando, 2002).
Markov models

Models of rainfall data via Markov chains have been conducted in Stern and Coe
(1984); Balaji (1995); Grunwald and Jones (2000); Onof et al. (2002). Most Markov
chain models in the literature are first-order (Srikanthan and McMahon. 2001). Ac-
cording to Dobi-Wantuch et al. (2000). the popularity of the first-order. two-state,
homogeneous Markov chain model is primarily due to the simplicity of the calen-
lations for generating synthetic series of wet and dry days. Although this model is
simple, it usually overestimates the very short dry sequences and underestimates

the very long dry sequences (Dobi-Wantuch et al., 2000).
Point process models

As mentioned previously. the models derived by Rodriguez-Iturbe et al. (1987,
1988) formed the basis for the widespread use of rectangular pulse models for
modelling rainfall. Within these point process models. each storm arrives in a
Poisson process in time. Each storm has a random number of rectangular pulses
(rain cells) of random duration and intensity associated with it. (As the rectangular
pulse model is the most common model formulation. unless noted otherwise the
rain cells are to be assumed to be rectangular pulses.) The amount of rainfall at
the site at any given time is the sum of the intensities of the rain cells at that time
(see also Section 3.1 and Figure 3.1).

The association of the cells with the storms generally follow either a Bartlett-
Lewis (BL) process or a Neyman-Scott (NS) process (Rodriguez-Tturbe et al., 1987;
Olsson and Burlando, 2002). These two models differ slightly in their formulation
in that the relationship between the cell arrival and storm origin are not the same.
In the BL model the times between cell origins are independent whereas in the NS
formulation the times between cell origins and the storm origins are independent
(Cowpertwait et al., 2002). Furthermore, it has been shown analytically (Cow-
pertwait, 1998) that these models are statistically equivalent up to their 2"¢ order

properties. The point-process models are less sensitive to errors than the Markov



models as they use summary statistics in the fitting process rather than fitting

directly to the historical data.

These two models have been investigated extensively over the past fifteen years.
Studies conducted using the BL models include Islam et al. (1990): Kakou (1998):
Cameron et al. (2001): Smithers et al. (2002): Skaugen et al. (2003). The NS models
have also been frequently applied to various data sets (eg: Rodriguez-Iturbe et al..
1986; Cowpertwait, 1994: Cowpertwait et al., 1996: Cowpertwait and O'Connell.
1997; Cowpertwait, 1998). As with any model specification, these models are
limited as they generally fail to meet some characteristic of the historical data (see
Maidment. 1993: Onof et al.. 2000). For example. the reproduction of wet/dry
sequences is often a problem with the Neyman-Scott or Bartlett-Lewis models
(Onof et al., 2000). However, these limitations do not imply that the model cannot

be used in practice.

Note that within these models it is generally assumed that intensity and du-
ration are independent random variables. However. the dependent cell duration
and intensity was investigated for the NS model by Cowpertwait (1994) and. for
the BL model by Kakou (1998). Onof et al. (2000} found the dependent duration-
intensity BL. model improved the reproduction capabilities of the proportion of

dry sites when compared with the original BL and NS models.

Other models

Other rainfall models have also be derived such as those based on Cox processes
(Ramesh, 1998) and renewal processes (Cowpertwait, 2001; Mohapl. 2002). Note
that the renewal process models are applied to real time data rather than discrete
data as in the point-process and Markov Chain models discussed previously. Most
discrete data are recorded at a 1-hour or higher resolution (or aggregated to this
level from a finer resolution). whereas the real time data may be recorded at as

fine a resolution as l-second.



2.1.2  Spatial-reinporal models

In the late 19805, spatinb-tfemporal stochasiic models were developed and nsed
fegs Belll 19870 Cox aud Isham, 19885, Since these preliminary tornmlations.
spatinl-temporal point process models have been the subject of uwny studies {ee:
Cowpertwait. 1945 Northrop, 199%: Favre aud Overney, 18994 Onof of al.. 2000:

Cowpertwait or al. 2002].

Point process miodels

The extewsion of toanporal polut-process imaodels into the spatial domadn was pro-
po=ed by Cox and Ishan (19581, T this model. storns arrive ina spatial-tewporal
Poisson process where each storm consists of a civendar rewion of yain which moves
with o vawdons velocity for a ravdont time alter which it disappears, During the
storm s Hetime. the imtensity of rain over the reglon roluaiile constant, As -
tioned in thix paper {Coxoand Isban, 19a8] 0 the wodel is hiahly idealised mud does
nol incorporaie kuown feainres of vain colr heliviour ifor exainple cetl elnstering).

This =patial-temporal model was then extended to clustered poiut processes,
eniee again for the 3L model [ Northrap, 10987 and for the NS model feas Cowpert-
vt 1995 Cowpertwall ot al, 20027, Comparizons leece alzo beon wade botween
the two models fegr Onof et all, 20005, Nore that Norvthrop (1598) proferred ellip-
tical coellz rather than cirenlar colls as the the atocorrelation plots obrajued fram
the radar data fwhich the model was fivted 1o showed clliptical contours,

In order to fornmlate a clustered polnt-process model thar can be related to the
plavsical process, soute assiauptions aba the process are necessary 1o make fttiug
the windel casiey. Generally, the data ave tfvansformed 1o towporal and spatial
stationarity prior to fitting the wodel (oo Cowpertwait or al.. 20025, Furthennore,
with all reetaunnlar pulse models the cell jofensity iz held constant over e cell
dhiration and the cell area.

The models in the Hteratnre also specify different assiunptions regarding the
cliaraeteristios of the model. For exannpie. the sliape of the raive coll (Onof of al,
2000%, munber of vain cells types {eg Cowpertwait, 19050 mud the lderarehieal

strueture bhetween storn events and rain cell elnsters INorthivep, 14981



The model (Cowpertwait et al., 2002) that is applied within this thesis (see

Sections 2.1.3 and 3.1) also specifies the assumptions as listed below.
(a) each rain cell has a randomly generated constant .y origin

(b) cell intensity. duration. and radius are mutually independent random vari-

ables
(c) cell r.y origins are independent within storms

(d) there is only one type of rain cell (convective and stratiform cells are not

modelled separately)

Some alternative model formulations. as presented in the literature. are discussed

briefly below.

Non-stationary rain cells

The movement of rain cells has been considered previously with the BL type
models (see Northrop. 1998: Onof et al., 2000). The correlation functions (tempo-
ral and spatial) are reproduced by the model (Northrop. 1998). The main problem
with this model is the computational difficulties associated with the fitting proce-

dure.

Spatial storm and cell dependence
As discussed in Northrop (1998). rain cells tend to form in the vicinity of existing
rain cells forming larger-scale structures. Therefore. a spatial-temporal model
where cells were clustered about the storm origin. spatially and temporally. was
proposed (see Northrop. 1998). Due both to the difficulty of specifying a likelihood
function in a useful form and the structure of the cell intensities, model fitting via
maximum likelihood is not an appropriate method. Rather, a generalised method
of moments is preferred (Northrop. 1998).
The structure of storms and clusters within them are explored in De Lannoy
et al. (2004). It was observed that rain cells are clustered within a storm area
(as expected) and that a simple Poisson process model is adequate to capture the

spatial distribution of the cells (De Lannoy et al., 2004 ).
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Multiple cell types
A spatial-temporal Neyman-Scott Rectangular Pulse (NSRP) model containing
more than one cell-type was developed by Cowpertwait (1995), however, if used
then the equations for the third moment derived by Cowpertwait (1998) can not
be used in the model fitting. However, the inclusion of multiple cells is expected
to be particular effective over the summer period where local, intense storms are
more frequent. Again, as with storm movement, this model is considerably more
difficult to fit than the model considered within this thesis.
Multiple cell types at a single site NRSP model have been found to produce
realistic output in terms of extreme values and return period (Cowpertwait and
O’Connell. 1997). but the fit of this model to the proportion of dry periods was

not checked.

Non-constant rain cell intensity

Although the assnmption of constant rain cell intensity is physically unjustifi-
able, this assumption is probably the least important assimption to be corrected.
For a model with spatially clustered cells (see Northrop. 1998; Willems, 2001). the
assumption of constant cell intensity did not appear to be important. Therefore,
random noise could be applied to the simulated records if necessary rather than

accounting for non-constant intensity directly.

Other models

In addition to the models previously listed, the following models have also been
applied to varying aggregation levels in the spatial-temporal domain.

Conditional models using Markov chains have been applied to daily rainfall
data in the spatial-temporal domain (Srikanthan and McMahon, 2001). In addition
to daily rainfall amounts other climate factors such as atmospheric circulation
patterns may also be used as input into the model as in Hughes et al. (1999).

The Modified Turning Bands (MTB) model, was formulated in Mellor (1996).

The main features of frontal rainfall systems (eg: rainbands, clusters of potential

10



regions, and raincells) were to be reproduced by this model. The model is fitted
to radar data in (Mellor and O’Connell, 1996) and future model prospects are
covered further in (Mellor and Metcalfe, 1996).

Spatial-temporal models for rainfall have been proposed within a Bayesian
framework (see De Oliveira et al.. 1997: Sansé and Guenni. 1999: Verlarde et al..
2004 ) for various aggregation levels.

Willems (2001) developed a spatial rainfall generator for use at small spatial
scales (see also Willemis and Luyckx, 1999). The generator described the rainfall
field by distinguishing between differing levels of rainfall scales (ie rain cells. clus-
ters. and larger areas). Good results were found for both rainfall frequency and

for a number of aggregation levels between 20 minutes and 1 day.

2.1.3  Applied model

The results in Cowpertwait et al. (2002) showed that a simple spatial-temporal
NS rectangular pulse model was able to maintain regional extremes. This model
is mathematically tractable and has been shown to maintain extreme value char-
acteristics. This latter point is often a problem for point process models (see Onof
et al.. 2000). Therefore. as the extreme value behaviour is preserved. this model
is applied within this thesis. The complete mathematical description and fitting

method is deseribed in Seetion 3.1.

2.2 Infilling

In the literature there are a number of papers on estimating missing data for
time series, spatial data. or both (eg: Kohn and Ansley. 1986: Carlin et al., 1992:
Kong et al., 1994: Mehrotra and Singh, 1998: Venugopal et al.. 1999; Johns et al..
2003). The methods are either based on a model or are based on the data directly
(Hox, 1999). The methods applied within this thesis are based on a fitted spatial-
temporal stochastic model as described in Cowpertwait et al. (2002).

These infilling methods in the literature may either impute (predict a missing

record) a single value or generate multiple imputation data sets (see for example

11



Haining, 2003, p. 157). Obviously, the advantage of multiple imputation is that
an estimate of the error associated with the predictions is readily available. Fur-
thermore, the model can be refitted to the multiple imputed data sets and the
effect of the imputation on the model can be seen. For this analysis however, only

single imputation methods were applied.

As the data used are both spatial and temporal in nature, the infilling methods
must also be able to predict in space and time. There are two distinet problems
associated with spatial-temporal rainfall data. Firstly, there is the case where
a high aggregation level is known (say a 24-hour total) but lower aggregation
levels (1-hour totals, 15 minute totals) are not known. In this case, disaggregation
algorithms (for example Ormsbee, 1989; Glasbey et al., 1995; Giintner et al., 2001;
Kottegoda et al.. 2003; Cowpertwait et al., 2004) are applicable. While this is
certainly a problem for the data set (see Seetion 1.2), as 1-hour values were only
collected 19 years after the 24-hour values were collected, the focus of this thesis
is on the second problem. That is, missing data occurring at the highest available

ageregation level - in this case the 24-hour data.

For the Thames Water data, there are two approaches that could be applied.
Firstly, all available 24-hour data could be disaggregated using a disaggregation
algorithm (see above) and then infilled at the 1-hour level when, if necessary, these
1-hour values can be aggregated up to 24-hour values. Alternatively the data could
first be infilled at the higher aggregation level (24-hour) and then the infilled data
disaggregated to the lower aggregation levels. Of these. the second method is
more intuitive as for precipitation data higher aggregation levels are more highly
correlated over larger distances than lower aggregation levels - eg: Section 5.2.2.
Furthermore, if overdispersion is an issue at an hourly to daily aggregation level as
it is from a daily to monthly aggregation level (see Katz and Parlange, 1998) then
it is necessary to infill first then disaggregate in order to reduce the effect of this
problem. However, this latter option does not make use of any partial data that
may be recorded at a finer time scale - for example 12 hours of a 24-hour total
may be recorded at the 1-hour level but a missing value recorded at the 24-hour

level.
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2.2.1 Missing data assumptions

Before continuing further, it is important to note that the algorithms described
within this section assume that the missing data mechanism is ignorable (Haining,
2003). That is, the missing data are spatially and temporally ‘missing at random’
(MAR). If the data is not MAR but instead there is some form of missing data bias
(for example, values of high magnitude are more likely to be missing) then any
modelling or imputation method must take this into account if it is to be reliable
(Schafer and Graham. 2002: Haining. 2003).

Of these two assumptions (Spatial MAR and temporal MAR) it is generally
wore important that temporal MAR is maintained and that no data censoring (for
example of extreme values) has occurred. The latter is particularly important for

flood frequency analysis.

2.2.2 Algorithms

Although the data are spatial-temporal. the infilling problem can be reduced to
a spatial prediction problem provided enongh data are available at a given time
point. The justification for this lies in the observation that precipitation data are
more highly correlated spatially than temporally over a ‘small’ area at a ‘high’
aggregation level (eg: 24-hour or higher for the Thames Water data). It is also
obvious that as the area under study increases the necessary aggregation level for
this observation to be true will also increase.

From the first order antocorrelation function (see Table 5.1) and the first order
cross-correlation function (see Figures B.1 to B.G) for the Thames Water data. it
is evident that in general the first order cross-correlation is three times higher
than than the first order antocorrelation at the 24-hour level. Thus an infilling
algorithm that infills spatially at each discrete time step is applicable and the
temporal dimension is not as important as the high cross-correlation is expected
to account indirectly for the autocorrelation. However, given the marked difference
between the two measurements, it is possible that an algorithm which only infilled
spatially will tend to overestimate the first order autocorrelation. For the sake
of simplicity, however. the temporal component will be included only if spatial

prediction fails to reproduce the required characteristics.
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Requirements

Haining (2003) observes that a method estimating values on a spatial surface
should satisfy the following four requirements. Firstly, the spatial structure of
the surface should be utilised. Secondly, as observed values that are spatially close
together duplicate information, regional clusters should be weighted. Thirdly, some
estimate of the error of the prediction should be able to be obtained. Finally, the
method should, when estimating a known value, predict a value as close as possible
to that known value.

These same four requirements also apply directly to any infilling algorithm. In
order to fulfill the first requirement, a spatial-temporal NS point process model is
fitted to the historical data. The model is expected to capture the spatial (and
temporal) characteristics of the rainfall data if the assmmptions for the model
are satisfied. The second and third requirements can easily be incorporated within
the infilling algorithm by weighting site values and imputing missing data multiple
times respectively. The last requirement is used to measure the effectiveness of the

infilling algorithm within this thesis.

Candidates

Markov Chain Monte Carlo (MCMC) (Dellaportas and Roberts, 2002) is an op-
tion for infilling the missing records. While MCMC algorithms are an attractive
alternative to model fitting, the disadvantage of this method is the computation
time for imputation - especially if the sampling method converges slowly (which is
highly probable). Furthermore, the data must be reliable for MCMC to generate
useful results. As Section 1.2.1 highlights, the data are subject to high measure-
ment error, especially over winter. Therefore. a model based approach is preferred
to MCMC methods.

Furthermore, although interpolation methods based on regression or kriging
(see Bennett et al., 1984: Cressie, 1993; Hox, 1999) could be applied to the data
to interpolate between points these methods will not be optimal. The reason for

this lies in the attributes of the rainfall data. namely, the high positive skewness.
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the strictly non-negative values (thus causing residual error to be asymmetric).
and high covariance. Note that with the regression and kriging methods. it would
be assumed that some form of stochastic error would be added to the predicted
values so as to avoid underestimation of the variance (Hox. 1999).

As the model specified in (Cowpertwait et al., 2002) produces sensible char-
acteristics of precipitation data. this model can be used as a foundation for an
infilling algorithm. The model. once fitted. can be used to generate a synthetic
record of rainfall data for the historical sites. An infilling algorithm can then use
these synthetic records to find a sensible prediction for missing values based on the
similarity of the valid data within the historical record and a potential synthetic
one.

If additional information was available, for example circulation model data,
then the inclusion of these records in the infilling method would be desirable (see:

Mehrotra and Singh. 1998: Venugopal et al.. 1999).

2.2.3 Summary

The infilling algorithms applied within this thesis are constructed from the model-
based imputation methods. Firstly, a model is fitted to the valid records. Secondly.
this fitted model is used to generate a synthetic record. Lastly. the synthetic record
is used for infilling. This sequence of steps could be applied multiple times in
order to obtain an estimate of the prediction error (assmming that the algorithm
CONverges).

The first algorithm applied selects values used for infilling from a single row
(where a row corresponds to site data collected /simulated at a particular time -
for instance: January 1%, 2000 for 24-hour data) of best fit. The best fitting row is
found using a least squares fit between any valid historical data and synthetic data
records. The second algorithm also selects values from a single row, but transforms
the historical and simulated data onto a CDF before applying the least squares
function. The third algorithm selects values for infilling from the best fitting rows
using random uniform variates. A full description of the applied algorithis is

given in Sections 3.3 and 5.5.
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3. METHODOLOGY

No matter what the statistical problem may be, it must proceed
according to a plan ... under all circumstances a definite plan provid-
ing for all the detail is an absolute prerequisite.

-August Meitzen, quoted in Gaither and Cavazos-Gaither (1996)

This chapter can be categorised into four broad areas. The first section presents
the spatial-temporal Neyman-Scott Rectangular Pulse (NSRP) model along with
technignes for fitting and verifying the model. Graphical interpretations of the
process underlying the spatial-temporal NSRP model are also presented within
this section. The next section describes the methods and plots for validating the
rainfall data. The third section briefly outlines the three main algorithms used
for infilling the missing data in the historical record for which results are included
in Chapter 5. The techniques used to analyse the performance of the infilling
algorithms are also discussed within this section. The final section describes the

implementation of the algorithms comprising the project.

3.1 Spatial-temporal NSRP model

The model, as presented in Cowpertwait et al. (2002). will be fitted to rainfall
data taken from the Thames catchment, thus providing the modelling component
required by the infilling algorithms. The model has previously been fitted to
precipitation data in the Arno Basin, Italy, where it was shown to preserve the

behaviour of extremes (Cowpertwait et al., 2002). Furthermore, it is conceptually



simple and is easy to fit. Note that the simplifications required by this model
may impact the accuracy of the infilling algorithms: however, these algorithms are
generic and can use data generated by any model.

The spatial-temporal NSRP model consists of storms where the arrival times
follow a Poisson process. Each storm has a random number of rectangular pulses
(or rain cells) associated with it; where the pulse heights correspond to rainfall
intensity and the pulse widths correspond to rainfall duration. As overlap of
pulses (and storms) is permitted, at any given time, f, the rainfall intensity is
the sum of the active pulse intensities at t (Figure 3.1). Each cell is a circular
rain disc covering a region (Figure 3.2). As the rainfall data are measured at
discrete intervals (1-hour or 24-hour). simulated data are also produced at discrete
intervals. In Figure 3.2, each time step can be considered as an xy-plane over the
region under study. and the shading of the cells is an indication of the intensity of

the rainfall at the (x.y) coordinates.

— ]

P — 1
| rm— ‘
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where:  ovals are storm arrival points

rectangles are rain cells
thick line is the rainfall intensity at time [

Figure 3.1: Temporal Neyman-Scott model

Figure 3.2: Spatial-temporal Neyman-Scott model
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3.1.1  Assumptions

In order to ensure the that model parameters are constant, the model is assumed
to be stationary in time and space (Cowpertwait et al., 2002). The raw data does
not meet this assumption as seasonal patterns exist and site means vary. Thus the
data must be transformed to a stationary series or a stationary subset before the
model can be fitted. Following Cowpertwait et al. (2002). the data are scaled by the
site mean to realise spatial stationarity and. to account for seasonal variation. the
model is fitted to each calendar month separately. Twelve estimates are therefore
obtained for each of the model parameters.

As with Cowpertwait et al. (2002), the cells are assumed to have zero velocity
- that is. they are stationary in space. This assumption ensures the mathematical
derivations (Section 3.1.3) are mathematically tractable. Although this seems a
simplistic approach for modelling the physical process. the aggregation level of
I-hour produces a model that fits well (Cowpertwait et al., 2002).

It is suggested by Northrop (1998) that provided a model assuming such zero
velocity cells is fitted to data with an aggregation level of at least 1-hour, this
assumption is not unjustifiable. Although connter-intuitive, this result is derived
from the observation that over a time period, storm movement tends to be included
within the time intervals. For example. a 15-minute shower at site A may ‘move’
(within the same 1-hour time interval) to site B and shower for (say) another
15-minutes. However as both 15-minute showers are incorporated within the same
1-hour aggregation time interval (and therefore the total rainfall for that hour).
the storm movement does not need to be modelled. It should be obvious there-
fore. as the aggregation level increases the requirement of modelling cell-movement
decreases.

In addition cell origins are assumed to be independent in space. again for
the purpose of simplification. A more complex formulation (see Northrop. 1998)
is required if cells have either non-zero velocity or are associated spatially with
storm origins.

As the primary usage of the model in this thesis is for infilling the historical

record, all seasons are grouped together for the same site across multiple years.
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If climatic change occurs over the time period requiring infilling, then a model
which does not incorporate the changing climate can still be fitted. However, in
order to infill the historical record correctly, the infilling algorithm would have
to be adjusted to only select candidate points from the synthetic record that are
climatically similar. This is particularly important when an infilling algorithm
such as the iterative CDF least squares algorithm, Section 5.5.4, is applied.

If the model was to be used for other purposes, for example climate prediction,
the grouping of all seasons across years would not be correct. Instead, the mod-
elling would have to be adjusted for climate change over the historical period and

not just for seasonal effects.

3.1.2  Model notation

Let T, be the arrival time of the ith storm. The storm arrival times 7} follow
a Poisson process with an arrival rate A per unit time such that T, — T, is
exponentially distributed with mean A~!. The mean number of cells. j.. linked
with a storm is given by a two-dimensional Poisson process with rate p per unit
area.

Let Cj; be the arrival time of the jth cell in the ith storm where Cj; — T,
is the displacement between the jth cell arrival time and the ith storm arrival
time. Let cell displacement times be independent random variables exponentially
distributed with mean 371, As cell displacement times are dependent on the storm
origin and not on the arrival times of adjacent cell origins. cell arrivals C'; form
an Neyman-Scott point process.

Cell duration and cell radius are also random variables modelled by indepen-

L and (:J_I respectively.

dent exponential distributions with means 7~

Cell intensity. X, is taken to be distributed as a two-parameter Weibull random
variable with parameters a and @ for shape and scale. The probability distribution
function for the two-parameter Weibull is given in Equation 3.1. As a result. the

mean of X can be derived (Equation 3.2) and the variance of X as Equation 3.3.

vy [ GIGI, 0> 0020
I =
: 0. <0

20



1
px = 6r'(l+ (—) (3.2)
]
’ : 2 3
o = DI+ == [D(1+1/a)]) (3.3)
where I'(z) denotes the gamma function (Equation 3.4).

0
I'(a) = / r* le=? da (3.4)
Jo

As the lowest non-zero record for the 1-hour aggregation is 0.2 for all sites,
this is assumed to be the tipping bucket size for the rain ganges in the region
(see Tilford et al., 2003, chap. 2). Similarly. the lowest non-zero record for the
24-hour aggregation level is 0.1, It is assumed that the difference between the
two aggregation levels is due to storage gauges being used to gather rainfall data
at a 24-hour aggregation level rather than tipping buckets. Note also that there
are nuierous measurements problems associated with tipping buckets (see Section
1.2.1) and the effect of truncation to 0.2mm will be significant.

The region spans approximately 50km in diameter with rain gauges distributed
as in Figure 1.1. The notation with units for the model can then be specified as
shown in Table 3.1. This notation is identical to that as employed by Cowpertwait

et al. (2002) as the model and units are the same.

Table 3.1: Model notation

mean time (hours) between two adjacent storm origins.

' mean time (hours) between storm origins and cell starting
times.

it mean duration (hours) of a cell.

! shape parameter for cell intensity X.

0 scale parameter (mm/hour) for cell intensity X.

1k mean number of cells per storm per site.

o ! mean cell radius (km).

! mean number of cell origins per km?.
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203 Marhematieal deseriprion

The fivst and zecond order properties of the Spatial-Temporal NSRP mode] have
Leen derived by Cowpertwait {19955, and the thivd order moment Jias been derived
by Cowpertwait (199%%

For convenience., these caquations have been reproduced below:
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In the fitting procedure, equation (3.8) was evalunated numerically - unlike in
Cowpertwait et al. (2002) where an approximation using Simpson’s Rule with
five ordinates was used. The numerical integration algorithm applied split the
intergrand into as many intervals as necessary to reduce the overall error to less
than 1x107%. Thus the calculation of the cross-correlation function (Equation 3.6)

is expected to be more accurate, potentially allowing a better fit to be obtained.

The third moment, as derived by Cowpertwait (1998), is:

E(Y"(x) = m}® = 6AucE(X®)(nh — 2+ nhe ™ + 2¢7") /!
+3\ux E(X?)E{C(C = 1)}f(n. B.h)
/{20! 3(3% - n*)?}
+ A E{C(C = 1)(C —2)}g(n. 3. h)
/{2 3(° = 3)(n - 323+ n)(3+2n)}  (3.9)

where f(7.3.h) is:
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and g(n, 3. h) is:
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3.1.4 Sample statistic calculations

The notation given in Table 3.2 (from Cowpertwait et al., 2002) is used for the
variance. coefficient of variation, skewness, autocorrelation (first lag), and cross-

correlation respectively. The dependent parameters are also shown.

Table 3.2: Statistic notation

Statistic | Dependent Description
parameters

V), A B pe,a coefficient of variation taken over time intervals
of width A.

Kh A B e« skewness coefficient taken over time intervals of
width h.

Ph A B peya first lag temporal autocorrelation taken over
time intervals of width h.

Payh.L . 3. pea, 0 | lag L correlation of rainfall depths between sites
at locations x and y taken over time intervals
of width h.

As the functions coefficient of variation (CV), skewness. and autocorrelation
are dimensionless as they do not depend on the scale parameter f (Table 3.2).
these functions can be fitted to their equivalent dimensionless sample values (see
Cowpertwait et al.. 2002). That is. the mean-scaled sample statistics calculated
by pooling data across multiple sites as follow in equations 3.11 to 3.16. Note that

the notation and equations follow (Cowpertwait et al.. 2002) reasonably closely.

Let N be the number of years on record
M be the number of sites in the region
h be a discrete time interval in hours
i be a season for the historical record (1 = 1,2,....12)

n(h,i) be the number of intervals of width A in season ¢

g be a year within the historical record (j = 1.2...., N)
k be an interval within the month (k =1,2.....n(h,i))
l be a site in the region (I = 1.2,.... M)

(h)

Tiig  be an observed rainfall depth of interval width h. season i.

vear j, interval k., and site [

24



In the equations (3.10 to 3.16) all data are assumed to be valid. In practice, the
total number of values (eg: M x N x n(h.k)) has to be adjusted by subtracting the
number of missing records within the time period examined. Similarly, no missing

. . . h
records are included in any summation of .J'Eﬂ,:l..

In order to calculate the pooled sample statistics, the sample 1-hour mean is

first calculated (Equation 3.10).

N n(l.i) lll

_HJ fJM . .
= Faowss 12 =T A A
M B Tt (3.10)

i=1 k=1

. . ) - - - - -
The mean-scaled statistics for oj, .. 4.0 Un.i. Phoi- Knyi- and ppyp; can then be
obtained by pooling all available data across each site and year (Equations 3.11 to

3.16).
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The pooled sample estimates (vp, kip. pp. and pg oy p.i: Where p, , p i is the lag 1
cross-correlation between r and y for season i) for the three aggregation levels

(h=1.6.24) can be used in the model fitting as follows.

3.1.5 Model fitting

The fitting process is divided into two parts. Firstly, the parameters dependent
on the dimensionless statistics (A, 3.7. e, and «) are fitted. The results from this
first step are used to obtain an estimate for 6. Finally, ¢ is estimated. Furthermore,
by fitting ¢ after the other parameters. the dimensionality of the solution space is
reduced and a fit can be obtained more quickly.

Rather than use the raw estimates obtainable from the data, the pooled sample
statistics were smoothed using forward stepwise harmonic regression on the first

three harmonies as in equation (3.17).

3 s e
. 2mij , 2mij . ) I——
gi = ¢+ E ] [r) - COS ( N ) + s - sin (T)] gy po= 1 &vis b N (3.17)
J=

where N is the number of seasons. g, is a sample statistic for the 7th season. only
significant coefficients (¢;. s;) are included in the final harmonic regression model.
and f; is the corresponding predicted value.

The forward selection of the model coefficients minimised the model’s AIC
(where AIC is the standard Akaike Information Criterion). This method gives
estimates for each aggregation level h of the coefficient of variation, i, skewness,
7. and antocorrelation, p. for each month. 7, that vary smoothly over the seasons.

This smoothing of the statistics before model fitting is less than ideal as it relies
on prior knowledge (see Onof et al.. 2000). However, as an alternative procedure
is beyond the scope of this work, this approach is retained. It should be noted
however that in some cases, for example monsoon climates, this assumption does
not hold (as defined above) as the transition between seasons is not smooth.

The model is fitted using smoothed mean-scaled statistics calenlated for the
1-hour, 6-hour, and 24-hour aggregation levels to the now dimensionless functions:

coefficient of variation, skewness, and lag 1 autocorrelation. A simpler model

26



using only the 1-hour and 24-hour components is also fitted and the two models
compared. The best model is used to sinmlate data which is then used within the

infilling algorithm.

The temporal component of the model is fitted using the mathematical equa-

tions given in Section 3.1.3. by minimising equation 3.18 for each month.

F, 4 =Z[(1- —f.fi)2+(1— %)2 (3.18)

k=1 ik -

such that f,; is a dimensionless Neyman-Scott function and fi is the corresponding

smoothed estimate from the sample data (Equation 3.17).
As the the 1-hour. 6-hour, and 24-hour aggregation levels are used. f; takes
the corresponding ). K. p1. Ug. Kg. Pi- P24. Koy, and. poy functions respectively.
Upon the completion of the minimisations of equation 3.18. the scale parame-

ter, #. can then be estimated for each site, [, month. 7, from equation (3.19):

l/cx;

Ty
/’\r(r“ + Q) fie,

o= Lo 12:0=1,2,.... M (3.19)

f;n' =

where 7 is the 1-hour sample mean calculated for each site-month.
After the temporal components have been fitted (Equations 3.18 and 3.19).

the spatial parameter, o. for the cell radius is fitted using the estimates obtained

for v, k, and p in equation (3.20).

ANM—-1 A P 2 p N2
Fip= {(l - n.r‘y»l.r) + (1 . r.y.l.r) 2
I ,Z::] ygl Py i Pry.d.i

2 : 2
(1 - fi".r.y,'.!-l‘k) % (1 — f’,r.y.?-l,i) ] (3.20)
Pr.y.24.k Pr.y.24.
where M is the number of sites,

It is necessary to fit the l-hour aggregation level in equation (3.20) for two
reasons. Firstly, when a model is used to generate synthetic records, the data are

generated at a 1-hour level and then aggregated up to a 24-hour level. This was
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done so that disaggregation of the 24-hour records to 1-hour records could be read-
ily computed using the synthetic records. Secondly. as mentioned in Section 3.1.2,
the difference between the data collection at the 1-hour and 24-hour aggregation
levels (tipping buckets versus rain storage gauges) will have a discernable effect on
the data characteristics. Therefore, in spite of the limited availability of the 1-hour
data, this aggregation level was included in the fit. The 6-hour cross-correlation is
even more limited in value as it is subject to even greater error. As a result, the
6-hour aggregation level was not included in the fitting function (Equation 3.20).

It was assumed throughout this thesis that a single model was adequate to
compute both infilling and disaggregation. However, due to the accuracy of the
data collection, it may be necessary to fit two models. Where the first model is
fitted to the 24-honr aggregation level for infilling, and the second model is fitted
to the 1-hour (and 6-hour) aggregation level(s) for disaggregation.

The minimisations of F; 4. 0,. and F;  are repeated for each month, i, giving
a total of 12 estimates for \.. 3i. ;. G;, jte,. and O along with 12 x 23 estimates

of 6i; 1=1,2,..., 12and ! =1,2,..., 23.

3.1.6 Verification

In order to verify the model has been fitted correctly it is necessary to show that
a record generated using the fitted model has the same statistical properties as
the historical data. However, it is insufficient, though necessary. to show that the
pooled estimates used to fit the model approximately match between the histor-
ical and simulated records. If the simulation algorithm is accurate. the pooled
and fitted estimates are expected to match within sampling error. Therefore, the
following procedures were used to verify the model is fitting correctly and the

simulation algorithi is working.

(a) Plots of fitted statistics: 35-year simulation and historical by season (Section

5.3.1)

(b) Quantile-Quantile plot of pooled site data by season (Section 5.3.1)
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(¢) Comparison of monthly statistic behavionr: mean, coefficient of variation,

skewness, and lag 1 autocorrelation, by month and site (Section 5.3.2)

In addition, the stability of the statistics for the 300 year simulation was in-
vestigated (Section 5.3.3). The simulation was repeated 30 times and a boxplot
of the fitted statistics was produced for cach season. Obviously a repetition of 30
samples is insufficient to deduce the definitive distribution shape for the sample
statistics. Due to the large sample used to calculate the statistics, however, the
30 samples are expected to provide a reasonable indication of the fitted statistics’

distributions from the Central Limit Theorem.

3.2 Data analysis

As with any investigation. the data must first be shown to be capable of supporting
the research hypotheses. That is. they should be proven. as much as possible. to
be reliable and to have the characteristics required for the desired model to be
fitted. Considerable attention was paid to determining the validity of the data as
the constructed model was to be as reliable as possible for the infilling algorithms.
Also. of equal importance. if invalid historical data are used as input into an
infilling algorithm. then the results will not be as ‘accurate” as theyv could be.
Thus the invalid records would introduce a confounding factor into the algorithm
analysis,

The data analysis is broken into two sections. The first section deals with
the temporal domain and focuses on the internal consistency of the data at each
site. This is the primary analysis for determining the validity of the source data.
The second section examines the spatial component of the historical records. This
latter section is used to confirm whether any discrepancy observed in the temporal
analysis is real or whether it is consistent with the behaviour at other sites. If the
records are consistent across multiple sites then it is assumed that the data are

genuine observations rather than erroneous.
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3.2.1 Exploratory plots: time

There were four primary plots conducted for each aggregation level in order to

validate the historical data temporally for each site.
(a) Data versus time
(b) Monthly summary statistics (mean, median, and maximum) versus time
(¢) Boxplot of data split by season
(d) Proportion of dry days versus time

The above plots allow an understanding of the behaviour of the data at cach site
to be gained. Potential outliers can immediately be seen along with any unusual
behaviour at the site. These plots were conducted for the 24-hour record and the
l-hour record. The latter is more difficult to validate due both to the relatively
short record length and the inherent variability within the data at this aggregation

level.

3.2.2  Exploratory plots: spatial

As the data modelled are spatial and temporal, some understanding of the spatial
characteristics also needs to be ascertained. To investigate the data fully, a pairwise
scatter plot should be completed; however, this would construct 3312 plots per
aggregation level ((23 x 24)/2 x 12). This is an excessive number of plots to view.

Although the 1-hour data should be examined, if the 1-hour data are spurious,
then the 24-hour data will also be spurious. Therefore, the 1-hour data can be
examined indirectly through the 24-hour totals. The number of examinable plots
can therefore be reduced significantly as only the daily data are analysed. Fur-
thermore, a method of sampling these plots is formulated (Figure 3.3) in order to
select only those plots that highlight potential issues with the source data.

The summary statistics were used as input into the regression models (Figure
3.3) rather than the raw data to (partially) resolve the following two issues. Firstly.

using the raw data would require the use of a General Linear Model (GLM) to
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for all scasons (5)
for all sites (X: X =1.2.....N —=1)
for all sites (Y:Y =X+1,...,! V) {
Construct a linear model of the monthly proportion dry
sitex versus the monthly proportion dry sitey for S

Construct a linear model of the monthly maximum sitey
versus the monthly maximum sitey for S

If any absolute residual in either of these models is
greater than 3. then plot siteyx versus sitey. along with
sitey . sitey versus time for the month

Figure 3.3: Scatterplot selection algorithm

satisfy the regression assumptions for the normality of residuals. In theory. the
linear model using the maximums should also use a GLM: however, as a relatively
high linear correlation is expected between monthly maximums, and as the model
is not used for prediction. this requirement was ignored. Secondly., a month where
the summary statistics deviated significantly from other sites at the same time
period would be of more significance than if a single point differed - especially for
the l-hour record where this is expected to oceur frequently.

An r.y scatter plot, a plot of the monthly statistics used to select the site pair
(including the fitted regression line). and a *versus time’ plot for any of the problem
vears causing the selection of this site pair was constructed for each selected site
pair. The regression lines are also plotted as the effects of extreme values on the

fitted line are also important. especially for the monthly maximums.

3.2.3 Data removal

Once a period of data records had been identified as spurious in either Section 3.2.1
or Section 3.2.2, the data was completely replaced as missing over this period. No
attempt was made to make use of the potential information contained within the

period at that site - for example monthly totals given on the last day of the month.
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The recording of invalid data was assumed to be independent - invalid at
random. If the data are dependent (between sites) then it is assumed that the
data records are not spurious. While this assumption is dubious, in the absence
of any further information, it is the most conservative approach.

When searching for spurious data. it is also important to note that it may be
possible to identify data as doubtful or invalid purely because of patterns occurring
at multiple sites which are implausibly consistent. For example, erroneous record-
ing due to a data recording procedure, is expected to be relatively consistent at
multiple sites. Therefore, particular attention was paid to the boundaries of the
currently identified missing periods within each site record - particularly to any

consistent behaviour observable at these boundaries.

3.2.4  Assumptions

The main assumptions required by the Spatial-Temporal NSRP model as fitted
in this thesis, are approximate temporal and spatial stationarity (Section 3.1.1).
Rather than show the source data are approximately stationarity in time and
space, however, the data will be assmmed to have these characteristics. The model
will then be fitted against the historical record and a simulation of 300 years
will be used to determine whether the model accurately captures the variation
in the historical record. That is, each site is examined separately by season for
each monthly sample statistic as follows: mean, coefficient of variation, skewness,
and first lag auntocorrelation. If the assumption of stationarity is approximately
valid, then the monthly statistics should have a similar variation for the model
and the historical data. Note that some leniency is required as the record length
of the historical data may be inadequate, especially at the 1-hour level, to draw a
conclusive match/mismatch.

It is also assumed that missing values in the historical record are missing
at random (MAR) - at least in the temporal domain. In particular, extreme
events must be recorded accurately as otherwise the process will not be able to
be modelled correctly. Althongh for some spatial processes it is important for the

data to be MAR (Haining, 2003) the high cross-correlation for the rainfall data in

32



this example is expected to reduce the necessity for this assumption to be satisfied.
However, if the data were not spatially MAR then this may negatively impact the
spatial component of the model fitting especially if the data record is too short.
In any case. the extreme event recording is of more importance than spatial
correlation of missing values. for the latter should not have as great an effect
provided the length of the valid records is sufficiently long. Unfortunately. the
assumption MAR recording of extreme events can not be tested without recourse

to external information, and. as a result, is left untested.

3.3 Infilling

The initial algorithm for infilling is based on an ordinary least squares fit and
provides the basis from which all subsequent algorithms can be compared. All
infilling algorithms, however. rely on 300-year synthetic record generated nsing a
fitted model (eg: Section 5.2) from which sample rows from the simulation can be
selected to infill missing data in the historical record. Thus. the infilling algorithms

discussed are variants on model based imputation methods (see Haining. 2003).

3.3.1 Algorithm evaluation

First a model was fitted to the historical record and a 300-year record was gen-
erated. Subsequently, 20% of the valid historical data (stratified by site and sea-
son) were replaced with missing values which could then be compared against the
historical records. The infilling algorithms then were tested by comparing the
true historical values for the sampled out records with the corresponding infilled
records. This direct comparison was needed as it is of interest how well the infilling
algorithm predicts the occurrence of extreme values.

Although this replacement could have been done prior to the model fitting so
that the information incorporated in the ‘missing values’ was not included in the
model, this approach was not used for two reasons. Firstly. it was computationally
much faster to apply one model (and therefore generate one 300-year simulation)

as a basis for all samples to be infilled taken from the historical record. Secondly,

33



as the results in Section 4.4.2 show, the effect of erroneons data does not have
a significant effect on the pooled statistics C'V. skewness. and autocorrelation. A
similar result will result for the first order cross-correlation if the replaced records
are replaced at random. Therefore, data that are randomly replaced will not
have a significant effect on the pooled statistics or, as a result, the fitted model
parameters. Thus, a separate model fit per sample was deemed unnecessary.

A set of 100 independent tests are conducted for each algorithm. As the random
number generator was set to the same starting seed for the simulator and for
the selection of historical random samples, all algorithms used the same source
simulation and infilled the same selected points over the 100 samples. Thus a
direct comparison can be made on the performance of the algorithms as the effect
of random samples and simulations are controlled.

From the 100 samples obtained for each algorithm, the true records and the in-
filled records are compared directly via intensity plots and quantile-quantile plots.
Furthermore, the pooled statistics (Equations 3.13 to 3.16): CV, skewness, auto-
correlation (see note below). and cross-correlation used to fit the model are calcu-
lated for the historical and infilled records respectively and compared. Lastly, the
counts of all dry sites. mixed wet /dry sites, and all wet sites within the historical
and infilled record were compared as it was found (Section 5.4.1) that the spatial-
temporal NSRP model did not produce the same regional characteristics as the
historical record.

Note that the first lag autocorrelation was always caleulated by using the pre-
vious historical data (even if the previous row was selected for infilling). Similarly,
any infilling algorithms making use of the previous and next time points (Section
5.5.6) also revert back to using the historical data, not any infilled data.

The testing of the infilling algorithms, therefore, comprises a harder problem
than infilling the missing data in the record. This is obvious as the number of
available records that can be used to fit the historical record accurately has been
reduced by the removal of 20% of the valid data. Therefore, although the accuracy
of the infilling algorithms discussed may not be ideal, the magnitude of the error is
expected to be significantly smaller when just the missing records in the historical

data are infilled.
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3.3.2 Notation

Notation used for the infilling algorithms in Sections 3.3.3 to 3.3.5 is provided in

Table 3.3. If the infilling algorithm is to be useful, the seasons must be equivalent

between the historical and simulated records. Similarly the order of the [ sites

must be equivalent between H and S (Table 3.3). However. interpolation between

sites is possible using an infilling algorithm if the historical record is set to be

missing for this interpolated site [ for all H;jy. For the interpolated site [ to be

sinmlated, an estimate of #; must be specified within the simulation algorithm,

Table 3.3: Infilling notation

Let 1 be the historical record.
S be the simulated record.
i be a season.,
J be a vear within the historical record.
o be a vear within the simulated record.
k be a day within the season.
l be a site in the region.
A be the number of sites in the region.
n(i)  be the munber of days in season i.
N be the number of years in the record (denoted N; and N
for the historical and simulated records respectively).
Fu(r) be the cunulative distribution function for season ¢. site
[ obtained from the simulated record
[(r) be an indicator function (Equation 3.21) to show
whether the current record is valid or missing

_ 1. xisavalid record
(&)= (3.21)
0. otherwise

All infilling algorithms can be specified as a function, G(H;jx. - - .): where the

minimum argument is the record to be infilled. Furthermore. as the infilling algo-

rithms considered make use of a simmlated record. the infilling function take the

form G(H,j;. S.i): where the algorithms are restricted to use only those records

within the ith season to ensure the stationarity of the infilled records is maintained.

A brief outline of the infilling algorithms is given in the following sections.



3.3.3 Best fit least squares

The first infilling algorithm searches the synthetic record for a best fit to the non-
missing data in the historical data minimising the sum of squares between the
observed (H;jx) and the fitted values (Sis) - Figure 3.4. Note this is a strict
definition, the implemented algorithm (see also Section 5.5.2) differs slightly from

the specification in Figure 3.4.

BFLS < — function(H;;x. S, 1) {
let == ‘\‘!UA"
8= 5;
S8™N — o0
for(Jin 1,2;..., Nj) {
for (Kin 1,2,.... n(i){

if (98 < §8™™) {
Sh"mr’n - HH

}
for (1in 1.2..... M) {

if (1(2)) == 0) {

-z = 8S5pn

Figure 3.4: BFLS: infilling algorithm definition

Implemented algorithm

In the implemented algorithm, the record SS™™ is selected, but on the event of a
tie. one of the tied records is chosen with equal probability (in Figure 3.4 the first
minimum record encountered is chosen with probability 1). Whenever an exact
match is found (SS™" == (), the algorithm terminates with a 50% probability.
(This potential quick termination was used to speed up the algorithm.) Further-

more, in order to prevent bias toward the first point(s) encountered, whenever a
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time point is selected for infilling. the order of selection of values in S5; is adjusted
so that the selected point is placed at the end of the K loop.
Note that all the infilled points come from the the same time point in the

simulated record - the row of best fit.

3.3.4 Best fit CDF least squares

The best fit CDF least squares algorithm (Section 5.5.3) uses the simulated record
to obtain an approximate CDF of the rainfall data at each of the sites for each
month - 23 x 12 CDFs in all. Rather than fitting the raw data using least squares
directly. the CDF was used to transform the data. either historical or simulated,

on to a [0. 1] scale according to the CDF for the site being examined (Figure 3.5).

BFCDFLS < — function(H,;;. S.#) {
let = Hy.
£=.8
's_;b'rm'n =

for (Kinl.2,.... n(i){

A
S5 = Z I(zy) - (Fyl(x)) — Fa(Ssk))?
=1

if ('Q'S é ‘S‘"{":nm) {
‘S'Hmm = g
}

}
}
for (1in 1.2..... M) {
if (I(x1) ==0) {
J-l’ — 'S"Ae";ﬂi”
}

Figure 3.5: BFCDFLS: infilling algorithm definition
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The BFCDFLS algorithm is expected to improve the fitting as:

(a) all fitted records are on the same scale regardless of location,

(b) the transformed values are equally distributed throughout the [0. 1] interval

(unlike the raw data where extreme values are sparse), and

(¢) as adirect result of (b), rainfall of greater magnitude is fitted less stringently
than rainfall of lower magnitude - thus increasing the candidate rows when

extreme rainfall is encountered.

The same adjustments made to the BFLS algorithm (Section 3.3.3) were also

applied to the implementation of the BFCDFLS algorithm.

3.3.5 Iterative least squares

The iterative sampling method (Figure 3.6), while retaining the use of the CDF
fitting method presented in Section 3.3.4. differs greatly from the previous best
fit algorithms discussed. Firstly, each missing element is iteratively fitted and
replaced, one missing value at a time. Secondly. the fits are biased toward the best
fitting row, but. unlike in the best fit algorithms, this bias is not absolute.

Note that the function uniform generates a random uniform variate in the
interval (r,y) specified as arguments to the function. Thus, a uniform random
selection out of the best 5% of the candidate rows is applied. This ensures that it
is possible for infilled records to come from nltiple source rows in the simulation

record, circumventing the problem observed in Section 5.4.1.

3.3.6 Further application

The primary focus of the infilling is for 24-hour data. however, the same technigues
can be used for 1-hour data if valid records are available. For this analysis, however.,
it is shown in Section 5.4.1 that the fitted model does not maintain the same
characteristics as the historical data. Furthermore, as the accuracy of the 1-hour
records is questionable (see Tilford et al., 2003), it is likely to be better to model
the higher aggregation levels and disaggregate from these records than it is to infill

the 1-hour aggregation level directly.
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ISCDFLS < — function(H, ;. S. 1) {
let z= ”ij-
=S
for (1in1,2...., M) {
if (I(z)) == 0) {
for (Jin1.2,....N;) {
for (K in 1.2.....n(i){

M
SSyk =Y _ I(x) - (Fu(a) — Fu(Ssk))?
=1

}

Sortedss = sort(SS;x)

{/ = uniform(1,0.05 x N; x n(i))
.g';b'mm = 50?"!‘.'(155[{;]

I = h'Sllnu'u

Figure 3.6: ISCDFLS: infilling algorithm definition

3.4 Implementation

One of the side products for this thesis is a computer software package capable of
applying the algorithms developed herein to any rainfall data provided it is in an
ASCII text format. This program was intended to be able to read in the source
data, fit a spatial-temporal NSRP model to the pooled statistics. use the fitted
model to generate a synthetic record. then infill any missing data elements in the
historical record.

The programming language. C++. was chosen for the application due to its
portability. versatility, speed. and object-oriented capabilities. The previous soft-
ware written by Paul Cowpertwait was written in a combination of C' and R
(see http://www.r-project.org/) - where R was used for the fitting algorithms,
plotting routines. and statistical tests. The move to C++ in preference to C' was
mainly to implement a more obvious hierarchical structure to be applied allowing

easier maintenance, debugging, and greater reusability of source code.

39



As portable software was an objective without reliance on external products.
the use of I was avoided wherever possible. For this analysis, R was used for the
graphical plots as it was deemed more imperative for the infilling, model fitting,
and simmlation algorithms to be implemented rather than graphical components.

Various statistical libraries are available for C' (and C++), but these were not
used in preference to development of specialised algorithms which are expected to
be more efficient and easier to debug. In addition, no copyright laws are infringed
as each algorithm is either implemented from scratch or the algorithms used are
released under a public license.

As a stand alone package. this program also requires a number of statistical
algorithms to be implemented. Therefore, the following algorithms were coded as
part of the program in order to complete the project with sources annotated where

appropriate:
(a) Random number generator (Matsumoto, 2004).
(b) Numerical integration (based on Gerald and Wheatley, 1984).

(¢) Nelder-Mead simplex algorithm (modified to use parallel searching to reduce
the possibility of optimisation failure). Based on Lagarias et al. (1998) and

Press et al. (2002).

(d) l-dimensional optimisation (specialised). (see Press et al., 2002, Chapter 10,

p405-406).
(e) Approximation to the Incomplete Gamma function (Toth, 2004).

(f) Standard regression algorithms, harmonic regression, and forward stepwise

regression minimising AIC
(g) Two-sample Kolmogorov-Smirnov test and y? test

The random number generator was already available in C code so no major alter-
ations were necessary. The other algorithms were implemented directly in C++

from either a text description or, when available, source code.
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4. DATA INTEGRITY ANALYSIS

If you ean’t have an experiment, do the best you can with whatever
data you can gather. but do be very skeptical of historical data and
subject them to all the logical tests you can think of.

-Robert Hooke, quoted in Gaither and Cavazos-Gaither (1996)

4.1 Introduction

A model should never be naively fitted to data without the data first checked to see
whether the data are reliable. If the data are unreliable then the model estimates
will be untrustworthy. regardless of how well the model fits. In addition. any
infilling algorithm which makes use of the historical record will also be defective if
spurious values are used.

As with any experimental analysis, data are removed very reluctantly. so for
any section of the historical record to be removed the data must be obviously
defective. Alternatively. if the suspect records span ouly a short period and thus
will not affect the overall distribution behaviour, then these are also removed. Any
identifiable untrustworthy records are removed prior to the model fitting.

This chapter is broken into four sections as follows. The first section examines
the integrity of the source data in the temporal domain. Within this section.
sites are identified as containing temporally inconsistent data. Depending on the
severity of the discrepancy, these records are either removed or left for the spatial

analysis to confirm as valid. The second exploratory section analyses the spatial



consistency of the source data with particular attention paid to those data segments
identified previously as questionable. Any points that can be confirmed as spatially
and temporally inconsistent are removed. The next section outlines the changes
in the pooled statistics used as input into the model to determine the effect of the
spurious records on these statistics. The final section within this chapter briefly

summarises the results found in the first three sections.

Within this chapter. as it is only necessary to distingnish between the 1-hour
and 24-hour aggregation levels. the terms "hourly” and ‘daily’ respectively will be

used.

4.1.1 Known issues

A consistent ‘problem’ was the low amount of data at the end of the available
records in 2003 that contributed to a supposed maxinmm of Omm of rainfall and
a proportion dry of 1. These points were not commented on even though they are

unusual as this is due to the sequence of available data ceasing around this time.

In all other cases, any sequence with a proportion dry of 0, or where the
skewness or variance was (), was examined for eredibility (particularly if it is seen
as unusual on any plots). This was important as it was possible that some value

had been imputed over the whole month.

While many of the sites had a long record, two of the sites, TW239315 and
TW289022. had a mch shorter record. After the invalid records were removed
(see Section 4.4). site TW239315 (number 4), had an hourly record with less than
15% valid data over the 34-vear period (Table 4.1). Also for this site. less than
30% of the valid daily data over the 34-year period was available. Similarly. site
TW289022 (number 20) had less than 6% of the possible valid hourly data, and

less than 58% of the possible valid daily data (Table 4.1).

For site TW246424, Thames Water specified that there was a period of three
years (1997-1999) where missing values were coded as zero (Thames Water, per-

sonal communication, September 21, 2004).
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4.2  Exploratory analysis: temporal

The records of daily data were much longer than those at the hourly level for
each site. As these records will be used as input into the infilling algorithms.
it was critical to show the daily records were valid. The hourly record was also
important as these estimates were used to fit the spatial-temporal NSRP model.
but this record was harder to validate due to the shorter recording period (1989
onwards).

Within this section, the time component of the historical data was examined.
The rainfall at time u must be consistent with the rainfall at time v. for all v # w:
where particular attention is paid to the immediate surrounding data, but also the
seasonal characteristics.

For each site (see also Table 1.1; Figure 1.1 for the site locations). the following

four plots per aggregation level were constructed as follows:

(a) Rainfall versus time

(b) Monthly maximum. mean, and median versus time
(¢) Boxplot of rainfall versus season
(d) Monthly proportion dry versus time

Of these four plots, (b) and (d) are the most useful for detecting potential invalid
points. However. (a) or (¢) are important for the detection of any erroneous
negative values.

These plots were grouped for each site (Fignres 4.1,4.2 and A.1 to A.44): where
it is clear that even a cursory examination of these figures reveal that a significant
number of the sites (13/23) have potential recording problems. This is a substantial
portion of the twenty-three sites provided. Each of the potential issues with the

data are discussed in the following sections - partitioned by site.

4.2.1 TW238097

It was apparent from Figures 4.1 and 4.2 that there was an unusual sequence of

recorded data in early 1990 (subsequently found to be April) that immediately
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followed a period of missing data. From the proportion dry plots (Figures 4.1
and 4.2) a value of 1.0 was relatively unusual, and a maximum rainfall of Omm
was also unusual given the subsequent months. Also, as April is the spring rain
season, it was expected that there would be at least some rainfall during this
period. Therefore, it seemed likely that the period of missing rainfall had not been
extended far enough: however the spatial analysis (Section 4.3) must confirm this

conclusion.

4.2.2 TW238605

As shown in three plots in Figure A.1. there was an extremely unusual point in the
month of July 1993. The actual recording was 92.2mm of rainfall, where 50mm
of it fell in a single hour (Figure A.2). While this seemed extremely unusual,
the hourly data that composed this total was not unreasonable so this point was
deemed valid.

In addition. there were two months with a maximum of Omm of rainfall as seen
in the hourly plots (Figure A.2). This was found to be a nine-hour period which
was a consistent issue with other sites. Therefore, this period (along with similar

sequences observed at other sites) was treated as missing.
4.2.3 TW239258

From the boxplot (Figure A.3), there were some outliers, but as they fitted in with

the rainfall versus time plot (Figure A.3) they were assumed to be valid.
4.24 TW239320

Barring one other site. this site had the most significant problem for the rainfall
modelling and infilling algorithms. As shown in the boxplot (Figure A.7), just
about every month had very extreme points. Furthermore, the data from where
these extreme points came were not consistent. The first period of valid data
(1981 — 1989), did not have the same characteristics as the latter period of valid
data (1994 — 2003) - for any of the ‘versus time' plots. Also of major concern
was the high probability of having almost no wet days particularly over the period

1982 — 1985.
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A closer examination of these extreme points showed that they all occurred on
the last day of the month where the other days in the month were all Omm. The
likelihood of this happening for the number of extreme points observed. especially
in winter. was so improbable the data were immediately identified as spurious.

It was more probable that the last day contained the monthly total rather than
this sequence being a valid record for these months. Therefore, for any month in
the period 1981 — 1989 with a strictly positive rainfall value on the last day in
the month and zero everywhere else, all values within the month were recoded as
missing. Although the value on the last day was most likely to be a monthly total.

this information was discarded.

4.2.5 TW239374

There were three months (Figures A.9 and A.10) where a monthly maximum of
Ormin was observed. of which only the first two were of concern. After scanning
through the hourly data, the first unusual month. June 1999. was found to be
due to only the first nine hours of data being recorded. This was also the case in
July 2001 - the second unusual month in the series. As before (Section 4.2.2). the

nine-hour series was treated as missing.

4.2.6 TW239578

The only problem shown in the Figures A.11 and A.12 was that there was a month
with no rainfall. This month was found to be August 1995, but as this result was
consistent with other sites during the same month, no action was taken either for

this site or for any others where this dry period occurred.

4.2.7 TW245176

The only questionable period observed was a problem in the proportion dry versus
time plot (Figure A.14), where the next set of records were missing. As for site
TW239374, this was found to be due to only the first nine hours being recorded
in February 1992 all of which had zero rainfall. Again. the data over this period

were recoded as missing,.



4.2.8 TW246424

Although this was known already, it was clearly evident from Figures A.17 and
A.18, there was a period of data where missing values had been coded as zero (see
Section 4.1.1). The zero values over this 3-year period were recoded as missing
prior to the spatial analysis being computed as it was known that these were

definitely spurious records.

4.2.9 TW246627

There were two potential problems evident in Figures A.19 and A.20. The first was
the obvious case of zeroes immediately following a block of missing data - seen in
both the hourly and daily records. As this was a consistent problem throughout the
dataset, this first block of unlikely data (March 1989) was treated as missing. The
second point seen was in the hourly plots (Figure A.20) in July 2001 where only
the first nine hourly values in the month were available. Therefore, as consistent

with the previous results, this period of nine hours was also recoded as missing.

4.2.10 TW246847

As for site TW246627, July 2001 had only the first nine hourly values recorded - all
of which were zero. There were also some extreme levels of rainfall as shown in the
two Figures A.21 and A.22; however these seemed consistent with the expected
rainfall distribution. In addition, the low maximum oceurring in August 1995,

evident in Figure A.21, was consistent with the other sites over this period.

4.2.11 TW247119

The Figures A.23 and A.24. corresponding to the daily and hourly plots respec-
tively, illustrated only two areas of concern. The consistent nine hour July 2001
problem was seen in the hourly data along with November 1999 with the same
recording pattern. The low maximum in the daily plot corresponded to Aungust
1995 which had been found to be dry with other sites and therefore was of no

concern.
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4.2.12 TW286392

There were several points of interest in Figures A.25 and A.26. There was a
maximum of Omm immediately following a period of missing data. As commented
previously. the data may be valid, but. given the problem with zeroes being nused
to indicate missing values and the consistent problem with boundaries. the data
were assumed to be invalid. Another nine point record was found in August 2000,
corresponding to the second peak in the proportion dry plot (Figure A.26). The

T0mm of rainfall was not untoward and was left as correct.,

4.2.13 TW287141

As with sites TW238097 and TW246627, the only problem with this site, as re-
vealed in Figures A.27 and A.28. was a block of missing values not extending far
enongh. The records were flagged as being potentially spurious. but this result
was to be confirmed with the spatial analysis (Section 4.3) before any action was

taken.

4.2.14 TW287283

The only obviously suspect set of points were those with no wet days in the period
January 1991 to March 1991 as shown by the proportion dry plot in Figure A.29.
This was confirmed as unusual for the hourly data also in Figure A.29. Therefore,

these records were recoded as missing.

4.2.15 TW288020

Although this site had a high proportion dry for March 1993. the maximum hourly
rainfall looks believable at the same point (Figures A.33 and A.34). However. one
point of concern was that the hourly record terminated with a nine hour sequence
before the missing data period begins. By implication. the zeroes recorded immedi-
ately prior to this segment were questionable. However, as no observed discrepancy
was found in the spatial analysis (Section 4.3), the zero sequence was not identified

as spurious and no further action was taken.
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4.2.16 TW289022

This site had the usual problem with zeroes being recorded prior to a missing
period, as shown in the proportion dry plot (Figures A.37 and A.38). Note also
that the boxplot (Figure A.38), showed that December was radically different from
the other months, but this seemed to be primarily due to the short record for this
site. The daily boxplot (Figure A.37) showed that December was more like January

as would be expected.

4.2.17  TW290007

The only point of interest evident in Figures A.41 and A.41 corresponded to August

1995 which was noted previously to be a dry period.

4.2.18 TW291467

Again zeroes recorded after missing periods were a problem for this site (Figure
A.43). The dry August 1995 was consistent with other sites and was not an issue.
The hourly data also showed May 2001 to be a problem with the proportion dry,

which was found to be due to nine hour sequence.

4.3 Exploratory analysis: spatial

Within this section, the spatial consistency of the data was examined. The rainfall
at time u site S must be consistent with the rainfall at time u site T for all
I' # S. For the spatial analysis. particular attention was paid to the monthly
maximums to determine whether the monthly behaviour was consistent. Also,
any periods identified (Section 4.2) as potentially spurious, were examined more
closely. Whenever data were replaced as missing over a period. this replacement
was always applied to the daily record. The hourly record was only adjusted if
data were recorded over this same period.

A complete examination of the spatial consistency of the rainfall data would
require. at the bare minimum. pairwise plots for the site matrix for both agere-

gation levels for each season - a total of 6624 plots as noted previously (Section
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3.2.2). As this was infeasible, the algorithm as discussed in Section 3.2.2 was used
to select time points that may need further investigation from the daily data only.
Note that the obvious problems with site TW239320 and site TW246424, outlined
in Section 4.2, were fixed before the selection of plots was condueted.

The plot selection algorithm (Figure 3.3). reduced the number of plots requiring
examination from above 3000 down to approximately 700. While this was a large
number to view. it was not unmanageable. Upon examination of the plots. it
quickly became evident that sites with ‘problems’ were presented in multiple plots.
As a result, the plots were able to be further reduced to the results in Figures 4.3
to A.52.

There was considerable variation between the differing seasons - especially in
regard to the monthly maximums between sites. The proportion dry was usually
much more consistent and. as a result, should be trusted in preference to the
modelling of the maximums - especially over the summer months.

As in Section 4.2, the plots have been broken down and discussed by site.
However, a site may not be discussed in this section if the only reason for its
identification was due to missing values and/or a short sequence of valid data. In
this case, it was assumed that these potentially spurious records had been identified

as temporally inconsistent (for example the nine-hour sequence).
4.3.1 TW238097

The data recorded during March and April 1990 (eg: Figure 4.3) were not con-
sistent with the records at this time at other sites. This was consistent with the
explanation (Section 4.2.1) that this data should actually be recorded as missing.
As the records have been shown to be temporally and spatially inconsistent. the

zeroes over this period (March-April 1990) were recoded as missing,.

4.3.2 TW246424
Initially data were removed up to December 1999 (Section 4.2.8). However. from
Figure 4.4, it was clear that zeroes were still being recorded as missing values up

through mid December. Therefore. all zeroes up to the first non-zero record were

recoded as missing.
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4.3.3 TW246627

For this site, there were zeroes recorded from March 1989 through to the last week
of April 1989. From the plots for April (Figure A.45), this was unlikely from the
recordings of the other sites over this period. This concurs with the results shown

previously. and the data were treated as missing.

4.3.4 TW247119

The only potential problem shown for this site was in September 1999 (Figure
A.46). While this was not detected in the analysis on internal consistency. it
seemed unusual that the initial half of this month was consistent with all sites
plotted against it and the latter half was dry when the other sites recorded a
reasonable level of rainfall. However, as this site was recording a low level of

rainfall over this period the zeroes were left as valid.

4.3.5 TW287141

For both Jamuary 1990 (and the first week of February 1990). there were only
zeroes recorded for this site (Figure A.47). This was both unlikely for the season
(mid-winter) and location (England). but was also inconsistent with the rainfall
recorded at other sites (Figure A.47). Therefore. the data were recoded as missing

over this period.

4.3.6 TW287283

As in Section 4.2.14, the period of interest for this site was January 1991 - March
1991 (eg: Figure A.48). As with site TW287141. this was seen as additional
evidence that the data should have been recorded as missing. The zeroes within
the period January-March 1991 were replaced with the missing value indicator as

the data was both spatially and temporally suspect.
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4.3.7 TW287864

For this site, November 2000 was selected by the algorithm (Figure A.49). The
initial records are Omm, but the remainder of the month followed other sites during
this month relatively closely. However, as the internal analysis did not detect this
period and as it was not an implausible scenario, the data were assumed to be

valid.

4.3.8 TW289022

According to Figure A.50, November 1990 was unusually dry for this site given
the surrounding rainfall at the other sites. As this record was immediately prior
to an identified missing period (Section 4.2.16), it was likely that the data during
this period should also be identified as missing. Therefore. the data during this

month were recoded as missing.

4.3.9 TW291467

Two months were identified as spatially inconsistent for this site. The first month,
November 1989, was dry for all but one day during the month (Figure A.51). As
this month immediately followed a missing period, the first half of the month was
recoded as missing, but the resnlts were not completely implausible based on the
surrounding site values.

The second period identified. December 2002, was chosen as the monthly max-
imum was not matched. The results in Figure A.52 indicate that the data for this
site probably has been smoothed or interpolated. As the smoothing of one month
would not affect either the pooled statistics or an infilling algorithm. the data were

left unaltered.

4.4  Summary statistics

The summary statistics to be used for the model fitting (1-hour, 6-hour. and 24-
hour) were extracted from both the cleaned data and the uncleaned data. These

statistics were then plotted against each other (Figures A.53 and A.54).
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The scatterplots of the CV, skewness or autocorrelation (Figures A.53) did not
distinguish between the aggregation levels. From the plots (Figure A.53). it was
evident that the C'V. skewness. and autocorrelation were barely affected by the
removal of the spurious data. This was probably due both to the standardisation
by dividing by the appropriate site-month mean in the calculation of these statistics
and the size of the samples - the erroneous data does not comprise a significant
component.

For the cross-correlation plots (Figure A.54). it was clear that both aggregation
levels were affected by the data cleaning - especially the daily aggregation level.
The latter change was particularly due to the removal of the 3-year period of zeroes
for site TW246424 and the removal of the incorrect months in site TW239320 (see
Section 4.2.4).

4.4.1 Valid data

The percentage of valid data remaining in the historical record for both aggregation
levels split by season was shown in Table 4.1. See Table 1.1 for the corresponding
Thames Water identification names.

Particularly for the hourly data. the percentage of usable data for each month
over the 34-year period that will be infilled (Section 5.5) was very low. The max-
innun percentage for the hourly data was less than 45% as hourly data were only
collected after 1989 whereas the daily record was available since 1970.

The temporal statistics, provided the assumption of homogeneity is satisfied.
were not expected to be badly affected by the relative sparseness of the historical
record. The spatial statistics, however, will be affected - especially at the hourly
level for those sites with less than 20% of valid data within a month.

The incorrect recordings would reduce the effectiveness of any infilling routines,
and by implication, any disaggregation algorithms when infilling is computed prior
to disaggregation. Therefore. all records identified as spurious are removed from
the analysis from this point forward. The only exception to this was the possible
smoothing for site TW291467 as this is not expected to affect the performance of

the infilling algorithms significantly.



Table 4.1: Percentage of valid data remaining within the historical record

Tourly percentage ol valld records by season

Muonth Site
1 2 3 A4 5 L] T & 9 10 11 12 14 14 15 16 17 18 19 20 21 22 23
Jan .34 .42 D.41 0.12 0.20 045 038 0.3 0.26 .29 .38 .38 .4 D41 0.38 0.4 .44 0.18 0.44 .06 .44 0,44 0.41
Feb 0.32 .41 0.41 0.12 .29 0,35 0,38 0.29 0.24 0n.a .38 0.4 .41 0.41 041 0.38 0.44 017 0.44 .06 044 044 041
Mar 0.34 0.44 0.41 0.12 .29 .35 0.38 0,26 0.24 0.29 .41 0.41 0.4 0.41 0.41 0.39 0,44 0.14 0.44 .06 0.44 .44 .41
Apr 0.33 0.44 0.41 012 0.29 0.35 0.38 0.28 0.24 .29 0.41 .41 0.39 041 0.39 041 .44 0.12 0.44 0.06 .44 0.43 .41
May 0.38 0.44 0.43 011 0.29 0,35 0.37 0,28 0.24 i3 0.4 4l .4 .44 .41 .41 0.44 013 0.44 .06 .44 .44 0,38
Jun 0.35 0.42 0.44 012 0.29 .35 0.38 0.32 0,24 .32 .41 .41 .39 0.42 (.41 (L38 0.44 .15 0.44 .06 (.44 044 0.4
Jul 0.35 0.43 .44 0.11 0.29 (.35 0.35 0.32 0.24 0.27 0.35 .35 .36 0.38 .41 041 .44 0.15 0.44 0.06 0.44 .44 0.41
Aug 0.3 0.43 0.42 .09 0.29 0.38 0.34 0.32 (.24 {.29 0.38 041 .36 0.4 0.41 041 044 .15 0.44 .06 044 0,44 .41
Sept 0.31 0.43 0.41 0.09 0.31 .38 0.5 0.29 (.3 .24 0.38 (18 1. .48 0.44 0.41 0.41 0.44 0.15 (.44 .06 0.44 (.44 041
Oet 0.3 .38 0.41 0.089 0.3 0.32 .35 024 a.24 .24 1036 .48 0,46 .41 0.38 0.38 .41 .15 .41 (06 m4i .41 .38
Nowv .31 038 0.41 .08 0.29 134 .35 0.26 0.24 0,24 138 .35 0.32 0.39 D.38 .35 .41 0.15 .41 .03 .41 0.41 0.39
Dec 0,33 0.37 0.41 .09 0.28 .34 0.35 0.26 0.24 10:25 0,38 0,35 0.34 0.4 .38 .38 .41 .15 0.41 .03 .41 .41 0.41
Daily percentage of valid records by season
Month Site
1 2 3 4 5 6 7 B L) 10 11 12 13 14 15 16 T 18 19 20 21 22 24
Jan 0.81 0.57 0,71 0.26 0.44 (.76 0,82 0.71 0.76 (.82 0.88 .94 0.57 0.97 0.65 0.9 0.894 0.62 0.76 .56 097 .88 0.94
Feb 0.85 0.5 0.71 .26 0.47 0.76 0.88 L g 0.5 0.82 (.88 0.93 0.59 097 0.67 (.88 0.91 0.73 .76 0.5 1 091 .85
Mar 0.87 0.62 0.71 0,24 0.47 0,82 .85 0.7 (L76 0.9 081 0.7 .58 .97 rL68 0.89 0.94 .67 .76 0.53 : .91 0.85
Apr .86 (.59 0.7 0,26 047 .82 .84 .64 .76 0.79 .88 0.97 .67 0.9 0.65 0.4 0.94 .68 0.76 0.53 I .86 (.88
May 0,94 055 072 026 047 079 08T 069 076 8 0.87 047 0468 1 068 091 094 063 074 0.53 1 4.9 0.85
Jun 0.79 0.53 0.73 0.23 0.44 .82 .91 0.7 0.76 0.79 188 0.97 0.56 0.98 .68 .88 0.94 0.65 0.7 0.53 1 0.94 0.84
Jul 0.85 0.58 0.73 0.23 0.53 0.82 .88 0,73 0.76 0,77 .82 .91 0.52 0.5 0.68 0.91 0.94 0.62 0.7 0.56 1 .94 0.76G
Aug 0.82 0.57 0,74 0.21 0.53 0.82 (.83 0.74 0.79 0.79 ().85 097 .54 0.96 0.68 0,88 0.94 (.65 0.74 0.58 1 0.91 0.76
Sept 0.87 0.54 0.74 0D.21 0.52 0.85 0.85 0.67 0.76 LTl .85 0.93 0.56 1 .68 .88 0.94 0.68 n.74 0. 56 1 0.91 0.88
Oct 0.77 0.5 0.73 0.21 0.5 0.76 0.88 62 .79 074 ).86 0.94 053 0.97 .65 .85 .91 0.59 0.71 .53 0.97 0.80 .85
Nowv 0.75 0.5 0.74 0.2 0.5 078 (.88 064 0T 074 088 09 0.5 0,94 065 0.85 091 0.5 0.71 045 097 088 077
Dec 0.8 0.52 0.74 0.21 .45 0.75 (.88 0G5 0.79 0.75 L. 88 1,88 .51 1,96 0.65 0.85 0.91 .62 0.7 .53 0. 594 .85 0,85
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4.4.2  Temporal stationarity

The assumption of temporal stationarity can be confirmed by plotting the sample
autocorrelation of the regional. deseasonalised monthly mean (here the data was
deseasonalised by subtracting off the overall mean (by site) for each season pooled
by year). Note that the daily data were used to coustruet the means so that a
reasonable record length could be obtained.

As the assumption of homogeneity has been satisfied. the deseasonalised data
can be pooled together without further adjustment and the pooled mean calculated
for each season by year. The correlogram (Figure 4.5) shows no significant lags at

the seasonal lags (12, 24). Therefore, the seasonal means have been accounted for.

Series Seasonally Adjusted Pooled Monthly Means
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Figure 4.5: Correlogram: Deseasonalised monthly means

The correlogram, if constructed for a single season (eg: January Figure 4.6)
across the 34-yvear period. also shows no significant lags. Therefore. no discern-
able climate change could be observed over the period of data collection, and the

assumption of temporal stationarity could not be rejected.
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Figure 4.6: Correlogram: January deseasonalised monthly means



5. RESULTS

Results! Why, man, I have gotten a lot of results. I know several
thousand things that won't work.

-Thomas A. Edison 1847-1931

5.1 Introduction

This chapter is divided into four divisions. The first section covers the fitting
of the spatial-temporal Neyman-Scott Rectangular Pulse model to the historical
data. The second section validates that the fitted model is producing the charac-
teristics of the rainfall data correctly. In the third section, a heuristic. a general
formulation that serves to guide the solution of a problem. for speeding up the
infilling algorithms is proposed. See Section 6.5.1 for further applicable henris-
tics. In the final section, infilling algorithms are developed which maintain the
characteristies of the source data.

The standards required for the successful fitting of a spatial-temporal NSRP
model are as follows. Firstly. the model must satisfactorily emulate the behaviour
of the historical data at the required 1-hour and 24-hour aggregation levels. Sec-
ondly. the assumption required by the model of the homogeneity of the region
must be supported at least approximately. A model is shown to be fitted which
meets both these criteria (see Sections 5.2 and 5.3).

A heuristic for speeding up the infilling algorithms is discussed briefly (Section
5.4). Two further heuristics are proposed in Section 6.5.1, but were not imple-
mented within this project as all the results had been collected prior to these

latter heuristics being developed. As a result. the time for implementation at this



point was deemed too high compared to the perceived benefits. All heuristics can
be used in combination with each other, and it is expected that in future analyses,
particularly using more complex models, this would be done. However, due to
the nature of the fitted model and the characteristics of the synthetic data pro-
duced, the beneficial component of the third heuristic may be outweighed by the
management costs associated with the heuristic.

Given the fitted model obtained (Section 5.2), the final section is devoted
to development of an infilling algorithm suitable for replacement of missing data
in the historical record. The algorithms used are expected to make use of the
constructed model via simmlation of a synthetic record length of a suitable size.
For this analysis, based on the simulation stability investigation (see Section 5.3.3).
a model simulation period of 300 years was deemed an adequately long resource
for infilling algorithms to use. Many candidate infilling algorithms are considered.
but a candidate algorithm based on iterative sampling is shown to be superior to

the other algorithms considered.

5.2  Model fitting

The purpose of models is not to fit the data but to sharpen the

questions.
-Samuel Karlin, quoted in Gaither and Cavazos-Gaither (1996)

5.2.1 Introduction

The first model considered, hereafter referred to as Model 4. is fitted using the
I-hour, 6-hour. and 24-hour aggregation levels. The second model. henceforth
known as Modelg. is constructed using only the 1-hour and 24-hour aggregation
levels. These two alternative fits are compared against the historical record and
both are shown to satisfactorily emulate the historical data despite the disparate
parameter estimates. Furthermore, the monthly variation in the historical record
can be reproduced by either model. Lastly, the assumption of homogeneity for the

region. required by the spatial-temporal NSRP model, is verified.
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5.2.2 Parameter estimation

In order to fit the spatial-temporal NSRP model. the sample pooled statistics
must be extracted from the historical data at the required aggregation levels. The
1-hour, 6-hour, and 24-hour pooled statistics are necessary in order to compute
Model y: for Modelg only the 1-hour and 24-hour statistics are used. As men-
tioned (Section 3.1.5). the pooled estimates are smoothed using stepwise harmonic
regression so the between season changes are less dramatic. Rather than use all
harmonics and risk overfitting to sample variation, only the first three harmonics
were used (Table 5.1). This overfitting is particularly noticeable at the 1-hour
level and for the 24-hour autocorrelation. The variation in the latter can easily be
seen to be sampling variation (Figure 5.3 - autocorrelation plot): and a straight
line fit is actually the best estimate. If all harmonics are used, however, a har-
monic regression model using 5th order harmonics is significant which does not
seem plausible for the physical process. In any case. the smoothing process does
change the estimates of the statistics considerably (especially January). and. as
noted previously, this procedure is not an ideal solution.

The sample estimates of the 1-hour. 6-hour. and 24-honr coefficient of variation
(CV). skewness, and autocorrelation (1st lag). (see Equations 3.13 to 3.15) along
with their corresponding smoothed estimates. (Table 5.1) shows that the smooth-
ing may substantially alter the raw estimates. For example. the smoothing has
significantly increased the CV and skewness. in January ensuring that this month
is more consistent with December and February. Furthermore. the fluctunations of
the CV and skewness over the summer months are smoothed to a more reasonable
season change (Table 5.1 and Figures 5.1 to 5.3).

The fitting of the 24-hour autocorrelation was retained in the optimisation
procedure as a complete fit to each aggregation level was desired. Furthermore,
the model fitting function (Equation 3.18) gives equal weighting to all estimates
- regardless of their expected accuracy. In this. the procedure is consistent with
Cowpertwait et al. (2002) with the exception that exact fitting for the 1-hour

aggregation level was not required.
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Table 5.1: Historical pooled statistics: raw and smoothed

Aggregation Raw Smoothed
Month Level (hours) | CV skew acor (841 skew acor
Jan 1 4.531 7.749 0.542 4.690 8.350 0.568
Feb 1 4.728 9.193 0.585 4.899  9.069 0.551
Mar 1 5.421 10.374 0.528 4.998 9.533 0.542
Apr 1 4.724 8.054 0.543 5.315 10.980 0.519
May 1 6.882 16.465 0.439 6.120 14.386 0.463
Jun 1 6.621 21.103 0.385 7.196 18.837 0.390
Jul 1 7.784 17.126 0.357 7.902 21.779 0.343
Aug 1 8.325 24.017 0.354 7.693 21.061 0.359
Sept 1 6.327 17.450 0.424 6.626 16.874 0.435
Oct 1 4.987 8.996 0.551 5.541 11.704 0.524
Nov 1 4.905 9.679 0.570 4.536 8.208 0.5380
Dec 1 4.511 8.234 0.584 4.428 7.569 0.587
Jan 6 3.032 4.986 0.253 3.187 5.009 0.256
Feb 6 3.345 6.377 0.237 3.295 5.136 0.243
Mar G 3.547 5.962 0.240 3.386 6.310 0.256
Apr V] 3.202 5.350 0.310 3.563 7.397 0.269
May G 4.369 10.021 0.209 3.906 8.405 0.256
Jun 6 3.986 9.284 0.225 4.324 9.064 0.221
Jul 6 1.568 8.567 0.227 4.576 9.198 0.194
Aug 6 4.758 9.636 0.167 1.468 8.771 0.207
Sept G 3.810 7.682 0.279 4.029 7.897 0.256
Oct G 3.443 5.971 0.346 3.504 6.810 0.304
Nov 6 3.298 5.808 0.266 3.160 5.802 0.317
Dec 6 3.132 5.592 0.312 3.091 5.143 0.291
Jan 24 1.784 2.677 0.218 1.917 3.131 0.164
Feb 24 2.047 3.426 0.155 1.921 3.079 0.164
Mar 24 1.949 3.131 0.165 1.983 3.100 0.164
Apr 24 2.068 3.072 0.187 2.124 3.376 0.164
May 24 2.454 4.314 0.124 2.347 4.022 0.164
Jun 24 2.522 4.824 0.181 2.592 4.863 0.164
Jul 24 2.699 5.352 0.137 2,754 5.488 0.164
Aug 24 2.859  5.383 0.120 2.749 5.540 0.164
Sept 24 2.514 5.480 0.178 2.580 5.005 0.164
Oct 24 2.373 3.968 0.178 2.331 4.215 0.164
Nov 24 2.064 3.430 0.113 2.108 3.570 0.164
Dec 24 2.044 3.572 0.211 1.971 3.242 0.164
where CV is the coefficient of variation,

skew is the skewness coefficient, and

acor is the lag 1 autocorrelation
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Figure 5.1: Nodel fit: 1-hour aggregation level
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Figure 5.2: Model fit: 6-hour aggregation level
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Model A,B 24-hour CV versus Season

-] ]
= | «
a

NoTeing
§ s .
g
A /0 B "
2 s i
L, | H
¥ § L
k- ¥ 3 0
3, g "
3¢ 2
3 P 3
z
4. . o i N o
& e
= v
Rt s
Uj
=7 8
T T T T T T T T T T T T T T T T T T T T
ar Fet My Ar My A W Ag S O N Om o Feb Ma Ay Mmoo kg 56 O v Tec
Semor Seaszr
Mode! A B 24-hour Autocomelation versus Season
[
sl
[
84
-
5 . 4
357 4 I
EI’ ot & - i
i o
£
[
X«
-] -]
- ¢ °
= -
a
T T T T T L] 1

T T
an Feb ME Ap My ar JU Ag S Jo Nov Dec

raw = circles: smooth = solid line: Model g = dashed line: Model 4, = cross

Figure 5.3: Model fit: 24-hour aggregation level

65



Estimates Model 4

The parameters for the spatial-temporal NSRP model for Model 4 are given in
Tables 5.2 and 5.3. Plots of the raw, smoothed, and fitted statistics. for each of
the aggregation levels, 1-hour, 6-hour, and 24-hour. are illustrated as crosses in
Figures 5.1 to 5.3. The plots clearly illustrate that, in general, the model is fitting
against the sample smoothed statistics quite well. Omne point point of interest,
however. is that the behaviour of the 6-hour skewness is different from the 1-hour
and 24-hour skewness. As a least squares fitting function is used, this model
attempts to adjust for this behaviour and, as a direct result, under-estimates the
1-hour and 24-hour skewness and coefficient of variation. This under-estimation
is particularly evident over the summer months where the discrepancy between
the 6-hour aggregation behaviour and the other fitted aggregation levels is the

greatest.

Estimates Model

As the 6-hour aggregation level comparatively relied on less data (compared to the
other two aggregation levels), a second model was constructed, Model g. which was
fitted solely to the 1-hour and 24-hour aggregation levels. The parameter estimates
for this model are presented in Tables 5.4 and 5.5. The estimates for Modelg are
very different from those obtained previously for Model 4 (Tables 5.2 and 5.3). In
particular, Model 4's cells last longer over Spring, but are otherwise are of shorter
duration than Modelg (from n), and Model 4’s cells are generally more intense
(a and #). The number of rain cells per site. j,., is generally higher in Modelp
which will have a direct effect on the time taken for simulation. The magnitude of
the change between Model 4 and Model g implies that the spatial-temporal NSRP

model is not overly robust - at least in terms of the parameter estimates.
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Table 5.2: Model 4 Monthly parameter estimates

Month . A~! fic B, h n.h1 a o, km=!

Jan  0.0137 5.5211 0.0860 1.2035  1.1156  0.0412
Feb  0.0137 5.7554 0.0827 1.2770  1.0171  0.0401
Mar  0.0125 7.5910 0.0877 1.2983  0.8503  0.0547
Apr  0.0105 11.1894  0.0931 1.3920  0.6943  0.0592
May  0.0087 13.8699  0.0919 1.6724  0.6144  0.0852
Jun - 0.0075 12.2686  0.0829 20780  0.6149  0.1255
Jul  0.0070 10.2706  0.0745 23740 0.6405  0.0956
Aug  0.0069 11.1542  0.0794 22806  0.6334  0.1127
Sept  0.0073 15.1041  0.0939 1.8768  0.6032  0.1227
Oct  0.0085 15.9480  0.1027 1.3871  0.6333  0.0630
Nov  0.0108 10.0169  0.1011 1.0666  0.8163  0.0497
Dec  0.0127 6.5589 0.0944 1.0702  1.0606  0.0417

Table 5.3: Model 4 Scale parameter estimate 8, (mm) for each Site-Month

Month ith Site

k 1 2 3 4 5 6 7 8 9 10 11 12

Jan 1.11 1.26 146 098 145 122 109 133 132 122 135 135
Feb 076 1.05 104 076 095 090 085 103 085 096 1.05 1.00
Mar 0.70 0.70 084 080 081 071 067 083 072 081 081 0.84
Apr 052 064 067 058 059 057 050 063 051 062 060 061
May 0.60 058 069 072 067 068 056 067 065 069 069 069
Jun 097 1.11 .23 1.08 1.15 107 09 1.10 1.13 098 1.21 1.16
Jul .26 1.38 1.61 .30 138 117 110 L26 135 133 136 136
Aug 1.36 1.02 139 095 128 1.22 126 144 138 137 140 146
Sept 0.84 .00 086 084 081 090 086 092 079 090 095 091
Oct 052 070 073 055 080 055 053 054 058 057 064 065
Nov 0.63 070 072 060 071 073 063 077 071 0.74 078 075
Dec 0.79 1.00 120 1.01 1.07 1.04 085 109 093 1.11 1.10 1.00

Month | 13 14 15 16 17 18 19 20 21 22 23

Jan 1.25 1.25 144 1.21 1.35 116 136 126 1.16 1.04 1.22
Feb LO8 092 09 091 098 081 113 099 088 082 094
Mar 079 077 077 076 077 080 074 087 069 065 066
Apr 061 058 059 059 059 055 063 052 056 051 056
May 0.61 059 065 063 064 067 060 068 060 056 064
Jun 094 107 112 116 098 113 116 095 105 091 099
Jul 1.23 127 149 130 1.21 149 126 134 122 119 1.28
Aug 132 1.36 142 140 1.26 144 149 1.28 134 132 124
Sept 08 086 091 094 082 078 09 084 083 083 084
Oct 063 065 081 061 066 061 060 059 059 059 057
Nov 0.66 074 077 076 069 066 079 077 069 065 073
Dec 1.12 104 113 106 1.10 100 112 095 100 084 0938
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Table 5.4: Modelg Monthly parameter estimates

Month A\, A7! fic 3. h! nh™'  a o, km™!

Jan  0.0130 8.2073 0.0935 1.1823  0.8585  0.0436
Feb  0.0120 11.0730  0.1009 1.3453  0.7666  0.0455
Mar  0.0108 14.4238  0.1079 1.4579  0.7103  0.0650
Apr  0.0094 18.1970  0.1091 1.5748  0.6329  0.0683
May  0.0081 19.6841  0.1017 17735 0.5662  0.0937
Jun  0.0071 17.6816  0.0898 2.0884  0.5427  0.1339
Jul  0.0067 153983  0.0800 23246  0.5424  0.0995
Aug  0.0069 14.6760  0.0778 2.1543  0.5455  0.1121
Sept  0.0079 14.2285  0.0823 1.6751  0.5641  0.1102
Oct  0.0098 11.1675  0.0866 1.2246  0.6497  0.0549
Nov  0.0122 7.1262 0.0867 09781  0.8591  0.0441
Dec  0.0134 6.3510 0.0882 1.0048 09741  0.0399

Table 5.5: Modelp Scale parameter estimate 0;1.(mm) for each Site-Month

Month ith Site

k 1 2 3 B 5 6 7 8 9 10 11 12

Jan 0.68 078 090 060 090 075 068 082 082 075 084 083
Feb 040 056 055 040 050 047 045 054 047 051 056 053
Mar 042 042 050 048 048 043 040 050 043 049 049 050
Apr 0.37 045 047 041 042 040 036 044 036 041 043 0.4
May 043 042 049 052 048 049 040 048 047 050 050 050
Jun 060 068 076 067 071 066 039 068 070 061 075 071
Jul 068 075 088 071 075 064 060 069 074 072 071 074
Aug 0.79 060 081 055 074 071 073 081 080 080 082 085
Sept 0.66 079 069 067 067 071 069 073 063 072 076 073
Oct 0.59 079 082 062 091 062 060 061 065 065 072 074
Nov 0.74 083 084 070 08 08 074 091 084 087 092 0.88
Dec 0.70  0.88 1.06 089 095 092 076 096 082 098 097 0849

Month | 13 14 15 16 17 18 19 20 21 22 23

Jan 0.77 077 089 075 083 072 084 078 072 064 076
Feb 0.57 049 050 050 052 043 060 052 047 043 0.50
Mar 047 046 046 045 046 048 044 052 041 039 0.39
Apr 043 041 042 041 042 039 045 037 040 036 040
May 041 043 047 045 046 048 043 049 043 040 046
Jun 058 066 069 072 061 070 071 059 065 056 0.61
Jul 0.67 069 081 071 066 081 069 073 066 065 0.70
Aug 077 079 083 082 073 08 087 074 078 077 072
Sept 069 069 073 075 066 062 075 067 066 066 0.67
Oct 0.71 074 092 069 075 069 068 066 067 067 064
Nov 0.78 087 0481 080 080 077 082 091 081 077 085
Dec 099 092 100 09 098 08 1.00 084 0885 074 0.86
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The seasonal variation in the parameters for both Model y and Modelg is
consistent with the knowledge of the underlying physical process being modelled.
For both models. the storm arrival rate, A. varies in accordance with what is
expected - the rate is higher over the winter months and lower over summer (Tables
5.2 and 5.4). The average number of cells per storm is generally higher in Model g
than in Model 4. but. again, reflects the variation consistent with the rainfall
patterns. That is. the winter months are characterised by a low cell count per
storni, but the cells are of longer duration (1/n). are less intense (a). and cover a
wide area (1/¢). The summer months, on the other hand. have a high cell count
per storm, but these storms are localised, are of short duration, and cover only a
small area. The main difference between the parameters of Model y and Model g
is summarised by the observation that M odelz models the rainfall using more rain
cells of a smaller size than Model 4.

The plots for the raw. smoothed. and fitted statistics given for Model 4 (Figures
5.1 to 5.3). incorporate Modelp as a dashed line for easy comparison. The fits
for the G-hour statistics are included to determine the effect of removing these
estimates from the model fitting procedure even thongh these statistics were not
fitted directly. As expected, the model now fits the smoothed statistics very closely
at the 1-hour and 24-hour levels. The 6-hour aggregation level. which was not fitted
directly, is within sampling error for the CV. overestimates the autocorrelation
over spring. but does not match the historical 6-honr skewness - particularly over
summer. For the purpose of this analysis. however. the models were evaluated
based on their respective functional performance (see Section 5.3) and the model

which produnced the better results chosen.
Cross-correlation fit

The cross-correlation (Equation 3.16) versus distance plot was also computed for
both models. However. since the results were extremely similar for both Model 4
and Modelg for all seasons, only the results for Modelg have been included.
As is clear from the plots for January and July (Figure 5.4). the 1-hour cross-
correlation is generally fitting reasonably well regardless of distance. There is
a tendency to overestimate the cross-correlation at the greater distances at the

I-hour aggregation level.
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However, as is clear from both 24-hour cross-correlation versus distance plots,
the model is not fitting as well at the greater distances - especially January (Figure
5.4). Rather, the cross-correlation is tapering off too rapidly at the the 24-hour ag-
gregation level. The problem with the under fitting of the 24-hour cross-correlation
is a general problem that occurs regardless of season - see Figures B.1 to B.6.

It should be noted. though, in spite of this problem noted with the fitting,
the model simulation results also overlaid on these same plots (Figures B.1 to
B.6) shows that the model is usually reproducing the same characteristic ‘versus

distance’ behaviour. The main exceptions to this are October and November.
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5.3  Model validation

In order to validate the fitted model. a simulation of 300 vears was computed for
the two models. A and B. with parameters as presented previously. The analysis
of this 300 year sample is broken into two portions. The first part examines
the overall pooled statistics for both models and compares the distribution of the
pooled simulation data with the pooled historical data for each season. The pooling
is done by dividing each site’s record by the respective site mean for that month.
The second section examines the variation of the monthly statisties in order to
determine whether the assumption of homogeneity is satisfied and whether the
model is producing the correct level of monthly variation.

A valid fitted model may be constructed, but it is necessary to show that a
300-year record is of sufficient length to be used as a basis for infilling. Therefore,
the stability of a 300-year simulation by obtaining the pooled statistics from 30
independent samples. It is shown (Section 5.3.3) that there is still considerable
variation within a 300-year sample. However. as a 300-year simulation uses 460A7h
just for the 1-hour record. which is the aggregation level at which any model is
simulated. the record length was left unchanged. Due to the problems with the
nature of the spatial-temporal NSRP model (see Section 5.4.1), a longer simulation
may be of little effective benefit anyway.

5.3.1 Fitted statistics
The plots of the pooled statistics (Figures 5.5 to 5.7) are based on a synthetic
record generated using the models, A and B. for a 35-yvear period. These plots
were constructed to determine the probability of generating the observed pooled
statistics as seen in the historical data which also spanned an approximate 35
vear period. Therefore, each model was simulated for 35 years 100 times and the
resulting pooled statistics recorded.

The pooled statistics of coefficient of variation. skewness, and lag 1 autocorre-
lation, were plotted for each aggregation level, but instead of a collection of points,
a boxplot for each statistic was given based on the 100 samples (Figures 5.5 to

5.7). The exact historical estimates are also marked on the plots.
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Note that. as consistent with the fitting procedure results (Figures 5.1 to 5.3).
the CV and skewness are generally slightly underestimated. As with A odel 4
the statistics tend to be underestimated for Modelg. however, it is evident that
Model g tends to be closer to the true values at the 1-hour and 24-hour aggregation
levels (Figures 5.5 to 5.7). AModel 4. unsurprisingly. fits more closely to the 6-
hour historical estimates (Figure 5.6). From the simulation results. Modelg is
marginally superior to Model 4 as the pooled statistics from the simulation are

generally closer to the historical values seen in the Thames Valley dataset.

In general. the historical estimates are within the range of the distribution of
the sampled simulations for all the statistics. This is not entirely unexpected, as
the same underlying process is attempted to be modelled by both spatial-temporal
NSRP parameterisations. However. some months, January for example, are mod-
elled differently at every ageregation level. The different estimates for January,
are a direct result of the smoothing algorithm correcting these lower values. This
could be seen as either a problem with the smoothing algorithm or just that the
sample of historical data are unnsual. Given the estimates for December and
February and that underestimation of snowfall is a known problem for rain gauges

(see Maidment, 1993). the latter seems more likely.

Spatial analysis

Based on the spatial component fitting (Section 5.2.2). it was expected that the
cross-correlation analysis would show a similar result. The results for January and
July are shown in Figure 5.8. That is, the discrepancy at the 24-hour aggregation
level between the fitted and historical cross-correlations would increase as the dis-
tance increased. Surprisingly, the synthetic record analysed (one 300-year sample)
only tended to underestimate the 24-hour cross-correlation for September through
November at the 24-hour level. All other months and aggregation levels either

fitted or slightly overestimated the cross-correlation (Figures B.1 to B.6).
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The primary result of interest, especially for the months September-November,
is the difference between the cross-correlation values at the 1-hour and 24-hour
ageregation levels. For these months. compared to the historical record, the 1-hour
record cross-correlation is significantly overestimated while the 24-hour record is

significantly underestimated.
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Figure 5.8: Modelg cross-correlation 1-hour and 24-hour for January and July
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Regional distribution analvsis

The models, A and B, were simulated for 300 years and the distribution of the
values compared to the historical values at the respective 1-hour and 24-hour
aggregation levels, The results (synthetic and historical) were split into months
and standardised (by dividing each site record by its respective site mean) so that
the whole region could be pooled together for comparison purposes. Although it
may be beneficial to compare each site independently, the limited availability of
the historical record at some of the sites would more than negate the benefit of
doing so. Therefore. the results were pooled so that the effectiveness of the models
producing the correct distribution as a whole could be examined.

The quantile-quantile plots (Figures 5.9 and 5.10) have been produced for each
model at the 1-hour and 24-hour aggregation level for January and July respec-
tively. Taking into account the differing scales for the plots, neither model fits
January well - though Model 4 is closer to the historical quantiles. but Modelpg
fits better for July (particularly at the 24-hour level). For the other months (Fig-
ures B.7 to B.16). generally Model 4 is closer to the tail of the distribution than
Modelp. Modelg is still preferred as infilling algorithms can avoid fitting the ex-
treme points if necessary. However, if the simulated data (eg: from Model ) does
not contain extreme points then obviously no infilling algorithm that uses this
data solely can infill with extreme values. The difference between the two models

is really only observable in the tail of the distribution.
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Regional proportion of dry sites

As the proportion of dry sites was not used in the fitting procedure, this was
deemed a useful criteria for determining whether the model is fitting the data
well. The results for the 1-hour and 24-hour proportions by season, aggregation

level, and model are presented in Table 5.6.

Table 5.6: 1-hour and 24-hour: regional proportion dry by season

24-hour aggregation 1-hour aggregation
Month | Historical AModel,y Modelg | Historical Model s,  Modelg
Jan 0.447 (.555 0.544 0.898 0.918 0.906
Feb 0.532 (.558 0.573 0.903 0.923 0.911
Mar 0.518 0.571 0.599 0.926 0.920 0.911
Apr 0.561 0.610 0.630 0.908 0.922 0.915
May 0.594 0.639 0.678 0.939 0.926 0.928
Jun 0.610 0.687 0.682 0.928 0.944 0.935
Jul 0.656 0.692 0.701 0.947 0.951 0.948
Aug 0.654 0.692 0.694 0.948 0.94%8 0.946
Sept 0.590 0.685 0.651 0.915 0.934 0.930
Oct 0.544 0.654 0.618 0.905 0.917 0.919
Nov 0.473 0.610 0.564 0.898 0.906 0.908
Dec 0.472 0.574 0.548 0.890 0.912 0.907

From table 5.6, both AModel 4 and Modelg are not producing the same pro-
portion dry as the historical records over the region for the 24-hour ageregation
level. At the 1-hour level, the 1 —2% difference is statistically significant, given the
sample size it encompasses. At either aggregation level, however, Model usually
gives a better fit.

The discrepancy between the observed proportion dry and the historical pro-
portion dry is an issue commonly found with the NSRP models (see Onof et al.
(2000), Cowpertwait et al. (1996)) at least in the temporal domain. The mismatch
of the proportion dry at the 24-hour level may cause issues when the model is nused
for infilling. However. as the infilling algorithms nse any available valid data, this
is not expected to cause a major problem provided enongh data are available.
However, as with Cowpertwait et al. (1996) it does not follow that the model is
not useful. but rather the model limitations must be taken into account when the

model is applied.
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Conclusion

As it is clear that Model 4y and Modelp are producing similar output (with the
exception of the 6-hour aggregation level). a decision was made to retain the model
fitted using the simpler method, Modelg. rather than Model 4. Therefore, all
subsequent model analysis and results within this thesis relate to Modelp solely.

As noted, there are some potential problems with the lack of fitting at the 24-
hour cross-correlation level as well as with the proportion dry being overestimated.
Provided there is enough valid data at a given time point. however. it is likely that

the fitted NSRP model can still be nsed for infilling (see Section 5.5).

5.3.2  Monthly statistics

In this section. the model assnmptions of approximate stationarity, both in time
and in space. are checked against the historical record. The unpooled monthly
sample statisties: mean. CV. skewness. and autocorrelation. are computed for
each site. month. and vear. The monthly variation of the sample statistics was
compared between the historical record. 24-hour and 1-hour, and a 300-year model
simulation record for the equivalent aggregation levels. Obviously. if the model.
for which stationarity is assumed. can produce the same sample characteristics as
seen in the historical record. then the assumption is valid - at least at the level
required by the model.

Each statistic listed is examined in a separate subsection, where the analysis
is split into 24-hour and 1-hour levels and by season. This gives a total of 48 plots
for the 24-hour level and 36 plots for the 1-hour aggregation level (as an analysis
of the means is not necessary). The full list of plots is given in Appendix C Figures
C.1 to C.24, but the results for January and July are given in text.

In order to compare the monthly distributions obtained from the historical and
simulation records a two-sample Kolmogorov-Smirnov (K-S) test was computed by
site and season. This test is of limited value due to equal weighting being placed
on the historical data values regardless of the number of data points contributing

to that value, but. nevertheless, is able to give some indication of the likelihood
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of the distributions matching. A table is produced for each statistic examined

(Tables 5.7 to 5.10) of the P-Values for each of the Kolmogorov-Smirnov tests.

Monthly means

For the two seasons included (January and July) it is clear that the distributions of
the means are similar for all sites for the synthetic and the historical record (Figure
5.11). Furthermore, the results for the K-S tests for the monthly means (Table
5.7) are indicative that, particularly for the 24-hour data, the distributions of the
monthly means can not be rejected from coming from the same distribution (at
the 5% significance level). These results are as expected as the mean is matched

exactly via # in the model fitting.

24-hour mean versus site for January 24-hour mean versus site for July

Z4-hour Mean
T4-haur Maan

White = Historical: Shaded = Modelg

Figure 5.11: Monthly 24-hour means: historical versus 300 year simulation -
Jan,July

Monthly coefficient of variation

From the boxplots of the monthly variation for January (Figure 5.12). it is clear
that for the 24-hour record. the CV tends to be overestimated. At the 1-hour level.
this would also seem to be the case. The P-Values obtained from the corresponding

two-sample K-S tests (Table 5.8). only the season of January shows up as having
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Table 5.7: Kolmogorov-Smirnov test p-values: monthly mean simulated versus his-
torical

24-hour comparison by season-site
Month 1 2 3 4 5 (8] 7 8 9 10 11 12
Jan 084 067 039 08 095 067 058 063 079 065 045 050
Feb 016 028 033 09 025 0.0 009 055 071 044 012 0437
Mar 0.62 0.35 0.48 0.95 0.71 0.39 0.38 .48 0.44 0.73 0.16 0.33
Apr 0.33 0.36 0.39 0.74 0.33 0.29 0.56 0.28 0.59 0.63 0.50 0.68
May 0.39 047 0.73 0.28 0.91 0.22 032 0.4 0.58 0.69 0.43 0.23
Jun 049 066 030 049 013 027 013 069 0328 016 059 0.25
Jul 058 079 026 099 098 093 075 093 084 076 082 097
Aug (.80 0.70 097 0.97 0.77 0.64 0.26 0.21 0.84 0.67 0.70 057
Sept 0.28 0.86 0.04 0.95 0.75 0.38 0,41 0.23 0.29 011 0.22 0.24
Oct 0.11 0.62 079 067 048 0.11 0249 0.24 0.23 0.11 0.15  0.41
Nov 0.14 040 0.06 0.99 0.37 0.56 0.45 0.38 0.42 0.15 0.12 0.14
Dec 0.47 0.52 0.54 0.90 0.36 0.56 0.53 0.23 0.65 0.83 0.93 0.62
Month 13 14 15 16 L 18 19 20 21 22 23
Jan 0.36 0.32 0.45 0.66 0.38 0.84 0.19 0.78 0.53 0.90 0.76
Feb 044 038 066 045 074 079 074 097 023 027 031
Mar 026 037 071 035 064 046 050 081 040 031 0.22
Apr 0.79 035 031 0.42 0.11 0.7T8 0.38 0.61 0.46 0.39 0.22
May 0.50  0.63 0.85 0.36 0.39 0.11 0.61 0.32 0.258 0.15 0.73
Jun 019 068 039 015 012 034 0656 053 032 0.54 0.28
Jul 0.70 0.74 0.50 0.98 0.94 0.38 0.70 1.00 0.55 0.83 0.91
Aug 0.81 0.45 0.51 0.83 (=6 0.75 .89 0.79 0.68 0.84 0.66
Sept 008 010 041 009 012 020 007 039 011 012 056
Ot 0.50 0.26 0.76 034 0.47 040 0.55 0.59 0.16 0.56 0.26
Nov 0.62 0.11 0.08 0.15 028 0.51 0.14 0.27 0.52 0.30 0.12
Dec 053 059 039 062 060 075 069 074 (.81 025 043

NB: 1-hour mean not included as this is the same as 24-hour mean / 24.

any major issues - and then only at the 24-hour level. This overestimation of
January fits with what was observed previously (Section 5.2.2) where it was noted
that the smoothing had significantly altered the estimates for the pooled statistics.
Furthermore in the previous section (Section 5.3.1) it was seen that, again, January
was not modelled well at any aggregation level for any statistic when compared to

the historical estimates.
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24-hour Coefficient of Variation versus site for January 1-hour Coefficient of Variation versus site for January

24-hour Coefficient of Variation versus site for July 1-hour Coefficient of Variation versus site for July

i i

24-rour Soethcient of Variation
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White = Historical; Shaded = Modelg

Figure 5.12: Monthly CV: historical versus 300 year simulation - Jan.July
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Table 5.8: Kolmogorov-Smirnov test p-values: monthly CV simulated versus historical

I-hour comparison by scason-site

Month 1 2 3 4 i 6 T 8 i) 10 i1 12 13 14 15 115 17 15 1 20 21 22 23
Jan 0.66 0.94 0.27 0.42 0.90 .53 .58 13 0.74 0.53 .29 0.34 .25 .69 0.16 .74 .60 .33 0.40 0.97 026 0.74 .31
Feh 0.79 0.41 .13 0.99 .04 (.68 (L85 .56 .96 0.44 .62 0.09 (128 (N1 .62 0.67 .86 0. 56 0.24 0. 26 .98 .90 .41
Mar 0.09 0.11 .12 0.27 (L28 .14 .G 0.13 009 11.62 43 [N 0.47 0,22 0n.13 .35 .25 013 .59 005 .01 .01
Apr 0,60 .44 (.58 0,92 0.34 066 .63 a1 168 (.29 i 012 011 1,20 0.55 10,26 0.96 0.37 .74 077 075 0,45
May .08 0.48 0.33 0.09 0.43 0.26 .ol 012 0n.73 0.55 0.04 009 .96 0.22 018 68 0.09 013 0.00 013 0.03 .33
Jun 0.35 .29 .58 0.63 0.28 0.44 .21 0.39 0.45 .64 0.51 0.55 .81 0.81 (.80 0.07 .60 (.46 0.73 0.75 0.62
Jul 0.99 0.92 0.94 0,97 (.60 Q.97 0.49 .83 0.18 .6l 043 .45 .55 .48 0.7 (.98 077 0.20 0.49 0.49 0.98
Aug 0,53 61 .30 .98 0:29 .55 .87 (L. ] (INiY 1LA0 .96 0.57 1859 19 .27 [1.88 0.23 (1.55 .53 (04 (.05
Sept .30 0,05 0.54 26 .14 {1.26 .43 (LR .36 0.27 {11 .33 1o L. 86 .12 .02 .01 0.19 0.44 .og
Oet 0.98 0,22 011 0.30 0.05 012 2 0.90 (18 & .49 .05 0.04 0.62 0.10 0,01 0.95 0.03 .93 0.12 .09 010
Nov 0.75 0.22 0.32 0.13 1.593 .50 0.%3 0.47 .76 .55 n.73 0.75 0.70 0,49 .53 1,68 0,47 0.70 0,06 .94 0.25 (.63
Dec 0.76 .16 0.10 0.85 0.09 036 .25 0.6l .65 0.10 (.63 .41 0n.81 0.52 0.27 0.15 0.4l .25 057 (.66 0.44 .55

24-hour compartson by season-site

Meonth 1 2 3 R 5 {0 T ] 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
Jan 0.00 0.0%5 0.08 [IE.TH 0.19 0.43 1.0 (.00 0.03 0.08 .03 0.1 .24 104 .38 (.01 .33 (.03 0.22 0.11 .06 0.07 0.01
Feb 0.57 (.66 1.00 .59 0.87 .64 1160 067 .47 0.73 (N Y .74 .42 134 (.83 11,90} (.59 010 .34 0.74 0,29 (.58 .64
Mar (.19 0,24 1.03 .10 0.35 073 162 0.79 74 0.21 003 LER1S .20 009 n.12 .42 .21 .04 .55 026 (L55 (.65 .36
Apr (.15 0.21 014 0.10 0,29 .05 0.1 0,30 0,13 0.31 019 030 038 (.18  0.15 0,19 0.3 0,20 (.30 0.28 (.16 017 0,21
May 0.47 0.35 0,02 0.86 0.00 .28 0.79 0.55 0.36 0.26 0.06 0.05 .06 .20 0.19 0.19 0.14 0.7T1 .91 .85 0.61 0.79 0.51
Jun 0.29 .16 0.08 0.53 037 0.09 n.65 a.97 n.22 0.60 0.94 .56 0.68 .96 0.56 0,94 .78 0.78 0.92 .63 (.69 0.69 0.93
Jul 0.76 0.85 .56 .60 n.42 0.53 LT3 .96 .94 .58 0.97 .61 .96 3,92 L08 .99 .85 .54 0.72 .95 (128 0.71 022
Aug 0.70 0.29 (.47 0.54 (.58 .12 .47 .08 0.l (03 0.57 IT 44 156 .23 .25 195 .63 (L48 .87 .26 .80 69
Sept 0.11 0,05 0.74 0.75 003 0. 16 .11 0.54 0,94 0.35 0.37 0.2l 0.55 0,40 0,23 0,65 0.17 (.86 0.16 0,60 .59 0.18 0,02
Ot 0,09 0.95 0.79 1.00 0.03 0.72 0.91 0.47 .45 0.66 0.83 n.78 0.50 0.75 0.15 .38 .46 0.44 0.19 0.91 0n.71 044 0.39
Nav 0.36 0.21 .18 (RRGTH 0.649 n.a7 .20 (.86 0.44 {1.82 42 .51 0.75 31 .48 78 .64 .65 .84 (11 14] .29 0.53 44
Dee 0,14 0.89 .12 .65 L46 0.73 (.25 .30 0.07 (1.57 .98 077 .47 (.51 (.99 0,74 0.15 .39 0.69 0,33 .38 0.13 .31




Monthly skewness

The skewness generally seems to be matching satisfactorily for all the sites (Figure
5.13 and Table 5.9). Note that site number 20. (TW289022), has a low number of
months at an 1-hour level - thus the apparent discrepancy in the plot. As expected,
the K-S test does not pick this sample (July site 20) up as significantly different
from the model.

The results in Table 5.9 from the K-S tests. indicate that. in general. there
is no difference between the monthly variation in skewness between the simulated
and historical records. However. in December the number of significantly different
sites at the 24-hour aggregation level seems a little too high (Figure B.16), and
similarly for October at the 1-hour aggregation level (Figure B.14). From these
plots (Figures B.14 and B.16). it can be seen that the synthetic 1-hour skewness for
October is generally higher than the historical skewness and the 24-hour skewness

for December is generally slightly lower than for the historical skewness.

Monthly autocorrelation

Given the variation of the autocorrelation, particularly in the 24-hour record. this
was deemed the least useful out of these three analyses. The boxplots (Figure 5.14)
show that there is considerable variation within the historical data which is not -
being captured by the simulated record - particularly at the 1-hour aggregation
level. For the most part, the 24-hour aggregation level seems to be matching (at
January and July at least).

The results for the Kolmogorov-Smirnov tests (Table 5.10) indicate that the 1-
hour correlation is generally matched - including for January observed previously.
However, the 24-hour autocorrelation for the months June through November tend
to have far too many significantly different sites within the respective months. This
problem may result from the assumption that the variation seen in the 24-hour

autocorrelation is constant across all seasons being incorrect (Section 5.2.2).
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Table 5.9: Kolmogorov-Smiirnov test p-values: monthly skewness sinmlated versus historical

I-hour comparison by season-site

Maonth 1 2 3 4 5 i 7 = 2 10 11 12 13 14 15 16 1T 15 19 20 21 22 23
Jan 0.02 0.7! .40 0.92 0.43 .50 013 0. 160 11 .03 .14 0.25 Q.25 (1.3 0. 26 0.72 1.04) 0.11 0,58 0.71 0.42 0.71 0.12
Feb 0.63 0n.71 .83 0.59 0.07 0,64 .01 0.44 1005 0.74 045 (THIE ] .87 .55 .09 0.47 .92 .20 .19 (.43 1,99 0.44 .62
Mar (.25 .o 0.23 0,29 0,34 16 .16 019 0.52 .53 .52 L8 .32 145 (L2 42 (.12 33 L 16 .81 (.22 .04 o4
Apr .21 0.37 0,20 .01 0,80 (1,45 .57 016G (66 i3 .04 (.01 0.2 1l (.84 0089 0.10 .44 .28 .43 (.08 1.00 .57
May 0.41 .46 0.52 0.68 0.31 0.1y .20 063 .85 .16 18 56 0.69 (IR .16 i (1,494 0.73 .83 [ERLE] 1,08 017 048
Jun 1.00 0.14 018 0,20 0,54 .58 TR 5 JURH] (.26 (.61 188 0.27 .25 .62 0.50 .56 0.003 0.23 0. 0.71 (.96 .94 o
Jul .63 0,49 [ER ) .96 063 0.97 .95 062 (.42 007 10,32 0.25 LG7 045 .08 0:21 047 1198 (IR .38 .14 0.78 [ERE]
Aug 0.67 0.51 0.21 0.62 040 (48 080 097 0,43 0.82 (.98 093 0l .05 0.49  0.58 .46 .92 070 0.79 08T 0.21 .31
Sept (1.8 0.21 0,34 0.59 0,14 0.79 .72 .52 .54 (.37 a4 Q.77 (68 11,25 1.5 156 0.87 .01 0.29 001 44 .62 .10
Oct (.55 0.1 0,07 0.67 02 .01 .08 0.72 .14 0.32 .02 (IR (.05 .25 0.10 0.00 0.19 (.42 0.07 0.75 0.02 0,02 (LO8
Nuow 0.78 0.58 .33 .09 0,93 0.37 0741 .66 0n.7a .05 0,50 (418 B 0,96 75 0.85 0.23 0n.17 0,20 .27 [EREL] 10,92 014 0.41
Liec 0.29 0.24 0.30 1,95 0,79 0.24 11 (1.8 0n.18 (.83 0.22 (L8111 (.68 a3l 0.52 00,958 044 (.84 .29 .35 0.43 0.08 0.47

249-howr comparison by season-site

Month 1 2 4 a4 i L] T B f 10 Il 12 13 14 15 16 17 18 14 20 21 a2 23
Jan 0.12 0,15 .16 0.71 0.86 0,64 017 012 .33 012 16 015 .51 (.57 0.33  0.26  0.65 NI 0,35 (.30 o8 077 .24
Feb 0.44 0.72 0.40 .25 0,28 0.756 (L4t 0.70 10500 (.80 (40 .85 0,34 (149 .03 0.42 .14 [ ] A6 (156 .19 .43 .15
Mar 0.38 0,12 L98  0.BR (LG9 0.56 0.49 .53 067 (L8L .81 .55 070 0,79 0.41 0.79 0,16 0.61 0.21 050 095 0.25 0.26
Apr .31 .55 .18 (.45 (.59 (.16 oo (O8R5 066 0017 0AT 017 15 0.38 .08 0.45 0,24 0.47 033 0,03 (14 0.62
May 0.85 071 (LOR 0.79  0.01 0,71 056  0.20 097 0.82 (.62 008 .14 .63 0,58 0.23 041 0.27  0.86 oo 005 024 0.54
Jun 0,76 .85 0.38 .16 .50 .84 .84 .98 0.69 0.97 (LG5 1.00 0.34 .58 0.67 0.93 0.65 .96 0.65 0.72 0.44 0,66 .91
Jul 0.:39 0.72 .57 .82 .85 0.77 (.28 0.73 2 0.9 .94 [N (.51 67 (106 .43 097 0.38 (65 .42 .27 (L15 0.24
Aug 0.94 0.31 0.65 .32 0.88 .44 (.68 [{HIH] 101 .13 L8 10 0.25 .11 .15 (.30 .54 0.72 0,28 .14 .07 (L.87 (.90
Sept 0.72 0.26 (.08 .64 (.08 (.84 0.59 (.54 014 047 0,72 .38 .31 .14 .83 0,05 A6 G2 18 .15 .13 .25 087
Oct 0.25 0.93 (1.6l 09 .11 71 1.5 (LG0 0,40 0.94 .87 .67 0,47 0.74 .09 0.24 (.53 (.58 .70 0.74 0,47 .41 0.74
Now .85 .33 T 0.29 (.67 0.8B7 .45 0.78 .28 (.68 0.45 L77 0.85 .94 .80 (.80 0,80 044 .67 0.67 0.35 (.93 1084
Dec 0.04 (.60 0,36 0.37 0.33 0.01 .06 0.l .00 .23 N.48 0.07 0:22 018 0,01 0.19 0,000 .00 010 0.18 .02 Nn.n2 0.6




Table 5.10: Kolmogorov-Smirnov test p-values: monthly autocorrelation simulated versus historical

I-hour comparison by scason-site

Month 1 2 3 4 ) L 7 8 9 10 11 12 13 14 15 16 17 15 19 20 21 22 23
Jan 0.15 0,90 .16 0.12 0.97 0.81 0.ov .56 0,14 Q0,82 24 0,41 .57 0.74 0,53 .82 [ R .03 0.37 .22 0.71 A6 017
Feh .48 0.18 0.03 0.15 0.07 0.73 0.22 .ol 24 0,06 (.03 0.02 0.1n 0.01 0.10 0.99 .06 0,12 0.1 11,12 0.07 .05 (LOT
Mar 0.45 0.95 0.49 0.50 0.53 0.78 .56 .54 .94 0.42 .44 0.91 .30 .19 (.36 .03 01l .38 0.16 (.40 (1 g | 0.256 0,22
Apr 0.10 0.77 1.00 0.02 0.83 0.12 051 0.38 0.20 0,001 0.02 .03 001 0.43 0.72 0,15 0.19 0.00 0.48 0.12 .83 0,21 .36
May 1. 65 .33 0.81 0.7t 0.13 0.29 0,32 .12 .01 038 0.0 0,26 0.24 0.71 0.37 0.57 0.62 .13 0.21 0.45 0.26 0.29 0.20
Jun 0.28 0.10 0.10 0.01 .30 0.22 0.92 0.15 (.33 021 .43 .88 .15 018 0.95 .06 0.09 0.12 0.58 .93 0.44 0.03 .31
Jul .56 0.12 0.24 0.73 0.74 0.77 0.73 0.24 D.22 0.71 .29 0.36 0.21 0.68 0.02 (1,35 0.22 .88 0.32 .77 0.03 0.80 .62
Aug 0.50 0.10 0.62 0.29 .58 .67 047 1,89 0.28 (I L .63 057 0.43 0,01 075 0.12 0.37 LRl 1158 (i.B8 153 .51 .11
Sept 0.29 0,99 0.02 008 .40 (.65 0,83 .33 0,73 0.91 0.21 0.57 .43 0.91 .66 (.82 0,12 0.64 .62 .oy 0.08 .86 047
et 0.02 0.21 .46 0.87 0.45 0.11 0.62 028 0.29 0.53 0,30 0.65 06d 48 1.01 .54 .66 014 0.95 0.99 0.90 0.75 0.36
Now 0.25 0.00 .64 .06 0.44 011 0.10 0.72 0.23 0.94 0.99 0.95 0.58 0.05 0.86 .03 0.23 0.78 0,23 001 0.05 0.04 0.11
Dee 0.34 0.40 0.56 (.95 .25 (.98 0.08  0.54 0.94 .23 0,17 IR (.46 (.78 .12 0.99 0.73 014 0,06 0.76 0.76 .40 Q.75

24-hour companson by scason-site

Muonth 1 2 3 4 5 ﬁ 7 8 £ 1 11 12 13 14 15 16 17 18 19 20 21 22 23
Jan 0.22 046 0.44 .46 0.79 0.56 015 0.99 (.60 D.24 .98 Al 0,14 (.64 012 0.50 0.40 0.52 0.26 0.08 045 0.19 .45
Fel .64 0.a7 0.14 0.97 0.29 0.09 0.29 .48 0.49 017 0.22 070 018 0.7 0.14 0.62 0.37 0.90 0.18 0.52 017 0.09 0.24
Mar 0.93 0.88 0.95 0.10 07 064 0.92 .81 63 .54 .70 099  0.20 0.79 097 078 0.31 0.31 0.62 0.77 0.44 0.92 0.45
Apr 0.29 0.91 0.93 0.72 0.26 092 0.36 0.57 0.54 .62 045 0,81 0.46 0.45 0.72 0.89 0.49 0,53 0.29 048 0.32 0.14 0,42
May 0.02 0.38 0.4 0.28 .06 0.14 0.04 0.27 011 0.28 .33 0.31 072 (.60 n.11 0.49 0.74 0.72 .58 0n.7o 0.0 0. 66 0.42
Jun 0.05 0.13 0.04 018 (1.6 0.08 0.04 006 086 0.76 (L4 0.03 0.10 0.07 0,02 0,08 0,02 0.74 0.0 090 0.05 0.16 0.03
Jul .60 0.58 0.24 0.51 .51 0.38 0.85 0.47 0.7 0.01 a4 0.37 013 0.15 .87 .26 0.00 022 0.20 0.14 0.49 .99 0.93
Aug 0.03 0.04 0.70 043 0.28 0.00 0,01 0.19 Ll 0.00 0.19 0.12 048 0.09 0.15 0.12 0.26 0,00 0.03 .60 0.01 .00 0.00
Sept 0.93 0.55 0.11 0.09 0.87 (.84 0.58 (.65 0.35 0.69 0.68 0.54 .51 .46 0.58 0.38 0.24 .82 0.43 0.28 0.89 0.73 0.5
Oct 0.01 0.14 0.38 0.12 0.19 0.8 0,00 0.03 0.15 0,20 0.17 .21 0.26 0.47 0.39 0.25 048 0.12 0.77 0.65 0.15 0.00 0.76
Nowv 0.01 n.0s 0.02 (.85 0,03 .01 a0 .01 0.01 .01 0.03 0n.03 0.21 0,00 0.03 0.01 n.al .00 Q.01 0.01 0.00 0.00 (LR 1]
Dec 0.22 0.78  0.58 0.23 0.7TH .80 0.74 .34 0.60 0.52 0.77 1.00 (.88 0.19 .46 0.21 0.12 .26 0.40 0.96 0. 60 .65 0.79
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Homogeneity of region

The consistency between the statistical variation across the sites between the his-
torical record and the simulated data for the CV, skewness, and 1st lag autocorre-
lation, shows that the assumption of homogeneity in the region has been satisfied.
Furthermore, with the exception of where the data record is short. there is no
site that has a different distribution of the statistics from the other sites within
the historical data. The transformation to spatial stationarity by dividing each

site-month by its respective mean (Section 3.1.1) has been successful.

5.3.3 Stability

The purpose of the stability analysis is to determine the stability of a 300 vear
period as a synthetic record of this length was to be used for the infilling of the
historical records. If a 300 vear period is not sufficiently stable. then, for useful
infilling, a longer record may be necessary. Obviously. a shorter record is desirable
as it is less demanding on physical resources and. in this example, the maximum
record length able to be handled comfortably is approximately 100 vears. For 100
vears. the memory usage is around 65010/b for the simulated rainfall records alone.

Therefore, Model g was simulated for 300 years 30 times and the pooled statis-
ties recorded after each run. As before, the results are split by aggregation level
(Figures 5.15 to 5.17). The historical and smoothed estimates are overlaid on the
plot as indicative measures only as the inereased sample size is expected to reduce
the variation to centre round the fitted values not the historical estimates. For an
analysis of the probability of observing the historical record given the model see
Section 5.3.1. While 30 simulations are hardly enough to get an accurate picture
of the sampling variation for the pooled statistics. they are adequate. given the
large sample size (300 months). to give an approximate distribution.

The CV for the 1-hour and 24-hour values (Figure 5.15) shows that, for both
these aggregation levels. the pooled CV is well centered. There is slightly more
variation over the summer months compared to the winter months - particularly

at the 1-hour aggregation level.
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It is evident from the skewness plots (Figure 5.16) that, while the simulations
are relatively centered around the smoothed value, the potential for ‘outliers’ for
an overall pooled statistic. even for a 300 year simulation. is quite high. Grauted.
this is only a sample size of 30 simulations. but a pooled skewness of 16 at the
24-hour level and 40 at the 1-hour level when the expected value is half that. is
a considerable difference given that the statistic is based on 23 sites over approxi-
mately 30 days for 300 years (for 24 hours at the 1-hour aggregation level). This
crtreme fitting is a feature of the independent processes that forms the simulation

algorithm.

The autocorrelation plots (Figure 5.17) shows no problems with the centrality
of the fitting. From the 24-hour autocorrelation. the sample historical values.
are actually included within the 300 year variation for 6 of the months. Thus
the assnmption that the variation seen in the 24-hour autocorrelation was due to

sampling variation alone is vindicated.

Based on the results (Figures 5.15 to 5.17). the simulations are sufficiently
stable to be used for infilling. As with any sampling with independent processes.
there is a possibility of extreme fitting occurring relative to the central fit. but.
with a sample size of 300 months per model parameterisation, it is clear that the
tendency to the exact fit is quite high (even for skewness). Obviously, with a
larger sample size. this tendency will be even more apparent. For the purpose of
the analysis. however, a 300 vear sample size is adequate to use as a source for
infilling. This is important as hardware limitations (particularly memory space)

become influential once the simulation size is increased.
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5.3.4 Summary

Either model, A or B. is suitable for simulating rainfall data (Section 5.3.1). The
cross-correlation (Section 5.3.1) is generally overestimated at higher distances, and
this is expected to have an impact on infilling accuracy. Furthermore, the variation
in the sample estimates, particularly skewness, is considerable for either model -
even over a 300 year sampling period. Thus. it is expected that any difference in
the infilling results is most likely to be a result of simulation variation rather than
a beneficial model change. As Modelg is a simpler model. this is the model that

is used to produce the simulation data for the infilling algorithms (Section 5.5).

5.4 Fitting algorithm heuristics

In the original algorithm development, a fit was generated for every available
simulated record in order to select the best possible fit (Figure 5.19). However,
this is not the most efficient way of selecting candidate rows when valid historical
data are present. Heuristics making further use of the data can restrict the search
for a good fit to directions where this is more likely. Therefore, such a heuristic
for reducing the search time was investigated.

During the implementation of the infilling algorithms, the first heuristic pro-
posed used partitioning of the simulation data based on the number of wet days
in the record. This heuristic resulted in a significant speed increase and no fur-
ther developments were analysed at that point. However, as the project was being
written up. two additional heuristics were proposed and are discussed in Section

6.5.1.

5.4.1 Partitioning of wet/dry days

When a historical data point is present, it was observed that the following informa-
tion can instantly be obtained - whether it is wet (4ve) or dry (0) at the available
site. Also, which sites have non-zero rainfall can also be obtained. however. for
the model of the region this was found to not be overly useful information as there

are few records with a mixture of wet and dry sites (see Section 5.4.1), For a large
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simulation (say 1000 years). however, this may be a useful further partitioning

option - especially if the model is more complex (see Section 2.1.2).

Let W Dbe the total number of wet sites at time t,
D be the total number of dry sites at time ¢,
w, be the number of observed wet sites.
d, be the number of observed dry sites, and

N be the number of sites in the region.

Then. given w, and d,. it is evident that the W is bounded by (5.1) and (5.2)

and D is bounded by (5.3) and (5.4).

max(W) = N —d, (5.1)
min(W) = w, (5.2)
max(D) = N —uw, (5.3)
min(D) = d, (5.4)

To illustrate, let Figure 5.18 represent a sample historical record at some time
point for 15 sites. In this example. the number of observed wet records (w,) is 3.
the number of observed dry records (d,) is 5. Therefore, as N = 15. the maximum

5—5 = 10) and the minimum possible W is 3 (the number of

possible W is (1
observed wet sites). Similarly, the maximmum possible D is (15 — 3 = 12) and
the mininmun possible D is 5 (the number of observed dry sites). Thus. for this
example, the search for potential records to use for infilling would be restricted to

those synthetic records where at least 3 sites are wet and at most 10 sites are wet.

Site 112|13|4|5(6|7|8|9(10|11]|12]13 |14/ 15
Indicator |1 |- |0 |O|-|{2|2|-|-{O]-[O]-|-10
where: 1 represents a wet site

0  represents a dry site
- represents a missing record

Figure 5.18: Example historical record with wet/dry indicators
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In order to make use of this heuristic effectively. the simulated records were
stratified by the total number of wet sites in the region. For any record requiring
infilling where historical data were available, w, and d, were obtained. The search
for the a suitable record was then restricted to the sample within in the strati-
fication levels: N —d,,N —d, —1,...,d,. The order was important as the vast
number of records in the simulation were either either all Wet or all Dry but, as
it was more connnon that there was at least one dry site. preference was given to
starting at the maximum number of wet sites. This does not affect the output of
the algorithm. but did increase the speed of each algorithm examined by a factor
of at least 4. The investigation was deemed to be successful and investigation time

was reallocated back into algorithm development.

Analysis of partitions of wet/dry regions

An example partition with the number of records split by season is shown in Table
5.11. Note that one record has been removed from Jannary and similarly with
December so that the surrounding data (next and previous) is always available
should this be used by the fitting algorithm. This was to prevent out of bounds
errors should next or previous time points be considered in the fitting algorithm.

The results (Table 5.11) clearly highlight the benefit obtainable as soon as in-
formation is available about the magnitude of rainfall at sites within the region.
In fact, just by knowing one site's value the searching can be reduced by approxi-
mately 30% if the site is dry or approximately 50% if the site is wet. Furthermore,
the proportion of records where there is one dry site and one wet site is less than
15% during winter/spring and less than 20% over summer / autumn (see also
Table 5.12).

The next guestion to answer is whether the simulated record. given above,
matches the regional characteristics of the historical data. The historical 24-hour
data were examined. and the records counted where more than one valid record
was available and the results split into the categories: all dry, some dry, and all
wet. The resulting table over the 35 year period of historical data is shown in Table
5.12 as proportions of all dry, some dry, and all wet - along with the corresponding

proportions from the synthetic data (300-year record) for easy comparison.
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Table 5.11: Example partitioning on number of wet sites: 24-hour aggregation level

Number of

Proportion in each category by season

Wet Sites | Jan | Feb | Mar | Apr | May | Jun | Jul Aug | Sept | Oct | Nov | Dec
0 0.480 | 0.531 | 0.540 | 0.573 | 0.614 | 0.596 | 0.622 | 0.611 | 0.561 | 0.555 | 0.499 | 0.480
1 0.010 | 0.009 | 0.010 | 0.009 | 0.012 | 0.016 | 0.016 | 0.014 | 0.016 | 0.010 | 0.012 | 0.011
2 0.008 | 0.006 | 0.007 | 0.008 | 0.009 | 0.011 | 0.010 | 0.012 | 0.012 | 0.007 | 0.008 | 0.008
3 0.007 | 0.005 | 0.006 | 0.005 | 0.006 [ 0.009 | 0.009 | 0.008 | 0.010 | 0.006 | 0.006 | 0.005
4 0.005 | 0.004 | 0.003 | 0.005 | 0.005 | 0.007 | 0.007 | 0.007 | 0.008 | 0.005 | 0.003 | 0.004
! 0.004 | 0.003 | 0.005 | 0.003 | 0.004 | 0.007 | 0.006 | 0.007 | 0.008 | 0.006 | 0.005 | 0.004
6 0.005 | 0.005 | 0.005 | 0.004 | 0.005 | 0.006 | 0.007 | 0.007 | 0.005 | 0.005 | 0.004 | 0.005
7 0.004 | 0.004 | 0.005 | 0.003 | 0.004 | 0.007 | 0.005 | 0.007 | 0.006 | 0.005 | 0.006 | 0.005
8 0.005 | 0.004 | 0.005 | 0.005 | 0.006 | 0.008 | 0.005 | 0.005 | 0.007 | 0.006 | 0.006 | 0.007
9 0.005 | 0.004 | 0.003 | 0.004 | 0.004 | 0.006 | 0.005 | 0.006 | 0.006 | 0.004 | 0.004 | 0.005
10 0.004 | 0.005 | 0.006 | 0.005 | 0.005 | 0.006 | 0.005 | 0.006 | 0.006 | 0.004 | 0.004 | 0.005
11 0.006 | 0.005 | 0.005 | 0.004 | 0.004 | 0.006 | 0.005 | 0.005 | 0.006 | 0.005 | 0.004 | 0.007
12 0.005 | 0.004 | 0.003 | 0.003 | 0.004 | 0.005 | 0.005 | 0.004 | 0.006 | 0.005 | 0.005 | 0.006
13 0.004 | 0.006 | 0.005 | 0.006 | 0.004 | 0.005 | 0.005 | 0.006 | 0.008 | 0.006 | 0.005 | 0.004
14 0.005 | 0.004 | 0.004 | 0.004 | 0.005 | 0.005 | 0.006 | 0.005 | 0.006 | 0.004 | 0.005 | 0.006
15 0.006 | 0.005 | 0.005 | 0.004 | 0.005 { 0.005 | 0.005 | 0.005 | 0.007 { 0.004 | 0.006 | 0.005
16 0.006 | 0.004 | 0.005 | 0.004 | 0.005 | 0.006 | 0.004 | 0.006 | 0.006 | 0.004 | 0.006 | 0.005
17 0.005 | 0.003 | 0.004 | 0.006 | 0.006 | 0.007 | 0.005 | 0.006 | 0.007 | 0.004 | 0.006 | 0.006
18 0.006 | 0.005 | 0.004 | 0.005 | 0.006 | 0.006 | 0.008 | 0.007 | 0.006 | 0.006 | 0.005 | 0.008
19 0.006 | 0.004 | 0.005 | 0.005 | 0.005 | 0.007 | 0.007 | 0.008 | 0.008 | 0.007 | 0.006 | 0.007
20 0.008 | 0.008 | 0.007 | 0.005 | 0.006 | 0.010 | 0.010 | 0.007 | 0.009 | 0.006 | 0.008 | 0.007
21 0.011 | 0.008 | 0.006 | 0.008 | 0.008 | 0.010 | 0.010 | 0.011 | 0.013 | 0.009 | 0.009 | 0.011
22 0.014 | 0.012 | 0.013 | 0.012 | 0.013 | 0.019 | 0.018 | 0.022 | 0.018 | 0.014 | 0.015 | 0.016
23 0.383 | 0.375 | 0.339 | 0.310 | 0.256 | 0.231 | 0.217 [ 0.216 | 0.256 | 0.314 | 0.364 | 0.374

Total 0299 | 8273 [ 9300 | 9000 | 9300 | 9000 | 9300 [ 9300 | 9000 | 9300 | 9000 | 9299




The proportions underscore a major difference between the simulated and his-
torical records (Table 5.12) - a result which was not found in the previous chapter
as a comparison of the proportion of dry records between the historical and sim-
ulated data was not examined. The simulated 24-hour records do not have the
right mixture of dry and wet regions - they are practically dichotomous as all dry
or all wet, whereas the historical records are obviously not so. The \? statistic
for comparing the counts, one for each season, has a probability of occurrence of
0 for all of them. Note also, because of the incompleteness of the data record, the
counts for all wet and all dry may be accentuated beyond their true proportion.
This would only further increase the discrepancy seen between the historical and

simulated record.

As the model fits the data (Sections 5.2 and 5.3), the cutoff point of 0.1mm for a
wet site was changed to determine the effect of this classification on the mismatch
between the synthetic and historical record (Table 5.12). In order to obtain a
measure of the difference between the two datasets (simulated and historical), a
\? test was bootstrapped 1000 times based on a sample size of 1000 records (1000
records is equivalent to 35 months of values recorded at a 24-hour aggregation
level). (The counts in each record were set based on the proportions observed in
Table 5.12). The bootstrapped \? test produced results with a median p-value of
less than 0.002 for the 1.0mm cutoff level. The other two levels were even more

significantly different with a maximum p-value observed of 1 x 10~ ',

The results from this analysis, however, give further incentive to move away
from the usage of the ‘best fit" approach in infilling (Section 5.5). The reason
for this is obvious, as any best fit algorithm requires the model to be accurately
representing the underlying process. As seen above, the model does not emulate
the true process behaviour adequately in the regional mix of wet and dry sites.
Therefore, it is logical to deduce that any infilling algorithm making use of this
model ‘as is” is bound to be less effective than an algorithm that is able to account,

in some way, for the potential discrepancy of the fitted model.
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Table 5.12: 24-hour historical and simulated: Dry, Some Dry, and Wet

dry cutoff = 0.05mm dry cutofl = 0.Lmm dry cutoll = LOmm
Month | Data | D D+W W Px*? D DWW Px? D D+W W Py
Jan H | 0172 0479  0.349 0172 0479 0.349 0479 0277 0.244
S 0471 0128 0401  7.1e76 | 0.48 0138 0382 9.2e-T1 | 0568 0199 0.232  2.0e-05
Feb H | 0261 046  0.278 0.261 046 0.278 0543 029 0.168
S | 0507 0106 0387 41e-70 | 0518 0115 0366 3.2e-67 | 0.609 0177 0214 5.2e-00
Mar H | 0277 0441 0.282 0.277 0442 0.251 0.522 0305  0.174
S | 0531 0115 0354 Lle6l | 054 0121 0339 13660 | 0616 0.181  0.203  3.6e-10
Apr H | 0328 0428 0243 0.328 0428 0.243 0.553  0.291 0156
S | 0561 0115 0324 57e56 | 0573 0118 031 Ale55 | 0651 015 0.2 1.7e-13
May H 0.356 0.42 0.224 0.356 042 0.224 05146 0.306 0.147
S 0.605  0.127 0.268  3.9e-50 | 0.614  0.131 0.256  5.7e-49 [ 0.677  0.158 0.165  2.0e-14
Jun H | 0372 0425  0.203 0.372 0425 0.203 0.565 0.3 0.125
8 0.587 0168  0.240  6.7e-37 | 0.596 0173 0.231  4.7e-36 | 0.650  0.21 013 1.0e-06
Jul H | 0398 0425 0.177 0.398 0425 0177 0.605 0280 0.105
S 0.612 0156  0.232  18e-30 | 0.622 0.6 0217 2235 | 0692 0196 0.112  3.de-06
Aug H | 0415 0422  0.163 0415 0422 0,163 061 0287 0103
S 0.6 0.168 0232 19e-34 | 0611 0074 0216 4.0e-33 | 0674 0217 0.109  9.6e-04
Sep I 0.375  0.389  0.236 0,375 0389 0.236 0573 0.273  0.155
S | 0551 0178 0271 Tle26 | 0561 0183 0256 46e-25 | 0.629 0226 0146 1.5e-02
Oct H | 027 046  0.271 0.27 046 0.271 0536 0283 0.181
S | 0545 0126 0329 Lle63 | 0.555 0.131 0314 27e-63 | 0.625 0177 0.198  8.0e-08
Nov H 0.176  0.517  0.307 0176 0517 0.307 0506 0287  0.207
S | 0480 0131 038  L7e-84 | 0499 01385 0364 LGe-83 | 0576 0193  0.231  3.de-06
Dec H 0176 0524 0.3 0176 0524 0.3 0.505  0.286  0.208
S | 0473 0134 0393 19e83 | 048  0.0146 0371 21e79 | 0562 0202 0.235  3.6e-05
where Data  represents either historical (H) or simulated (5) records
Px? is the median p-value of the bootstrapped \* statistic
D is proportion of times that all sites were dry
D+W s proportion of times that some sites were dry
W is the proportion of times that all sites were wet




5.5 Infilling

Man can learn nothing unless he proceeds from the known to the
unknown.

- Claude Bernard (1813 - 1878)

5.5.1 Introduction

In this section, infilling algorithms for estimating the missing values in the his-
torical record are presented and discussed. The algorithms are ordered such that
each algorithm is a logical extension of the previous one. Furthermore, the results
discussed are not intended to provide a definitive list of algorithms examined, but
rather illustrate any improvements made. Attempted derivations that did not
improve the results are briefly discussed in Section 5.5.6.

The algorithms herein make use of a simulation of a spatial-temporal NSRP
model, Modelg, as fitted (Section 5.2). The model has been shown to fit the
data (Section 5.3.1) and satisfies the assumptions of the model fitting (Section
5.3.2). The fitted model provides a specification of the whole region including
the missing data provided the unobserved data follows a similar pattern to the
observable values. Therefore, the fitted model is likely to be more beneficial than
(for example) infilling with either stochastic linear regression or stochastic kriging.

The observed difference between the spatial characteristics of the spread of
mixed wet and dry days (Section 5.4.1) is a potential problem for the infilling al-
gorithms. However, as historical values are taken into account whenever available,
it is possible that this problem may be negated by the selection of similar time
points to the current mixture of wet/dry sites. Therefore, the assumption of the
spatial-temporal NSRP model being representative enough for infilling is not un-
reasonable, and the fitted model, Model;, can used to interpolate between points

- both spatially and temporally.
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The emphasis within this chapter is on the infilling results for the 24-hour
record, but technically the algorithm could be applied to any aggregation level
where there is data - for example the 1-hour record. However, prediction of 24-hour
values is substantially easier than prediction of the 1-hour records as the variability
between the rainfall values is significantly less than at the 1-hour aggregation level.
This is inherently apparent as variability within discrete time steps is less evident
as the aggregation level increases.

As the fitted model generates zero velocity rain cells (Section 3.1.1), the ex-
pected result is that any algorithm making use of this model for infilling will be
more accurate at a high ageregation level (eg: 24-hour) as this assumption is more
readily satisfied. Furthermore, while the results derived are acceptable at a 24-
hour level, it is evident that there are still problems with the algorithm that will
only be exacerbated at a lower aggregation level (Section 5.4.1). Therefore, no
attempt is made to use the current infilling algorithims as methods for infilling the

1-hour record.

Requirements

In order to demonstrate that an infilling algorithm is acceptable for missing data.
the algorithm must first accurately predict data which are known. This prediction
is made more difficult in that missing values abound in the 24-hiour historical
record (see Table 4.1). As a result, it is likely that infilling solely the missing data
is easier as more information about rainfall in the region is available. Nevertheless,
if a method cannot accurately prediet what is already known, then it cannot be
trusted to sensibly predict that which is unknown.

A stratified random sample of 20% of the valid historical data for each site
and season, was infilled and the results compared with the known records. This
sampling is repeated 100 times so that a reasonable evaluation of the algorithims
behaviour can be made - especially with regard to flaws in the methodology.

The algorithms are analysed based on three criteria as discussed in Section 3.3.
Firstly, the raw infilled and historical records are compared both directly and via

quantile-gquantile plots. Secondly, the mix of wet and dry sites in the region are
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checked for equivalence as this was an area in which the spatial-temporal NSRP
model was not matching correctly (Section 5.4.1). Finally, the pooled statistics
and the distribution of these statistics across the 100 samples are examined. Note
that these plots and/or tests may not be produced if it is already known that the

algorithm will not produce the required results.

5.5.2 Best fit least squares

A simple algorithm to select a suitable best fitting row in the simulation record
is to minimise the sum of squares between the observed historical data and the
simulation records (Figure 5.19). If any values in the historical data are missing
then they are imputed with the values from the best fitting row. As the algorithm
is fitted to the 24-hour record, only the points from the current time point are

likely to be needed within the fitting function.

Analysis

The analysis of the best fit least squares (BFLS) infilling algorithm is broken
down into two sections. The first section analyses the accuracy of the infilled
data as it relates to known historical data both directly (intensity plots). from
a distributional perspective (quantile-quantile plots), and spatially (proportion of
dry. mixed wet /dry. and wet sites) in the infilled region. Although high accuracy
of the algorithm is desirable, the distribution of the infilled data must match the
distribution of the historical data for any inference to be reliable. Therefore, in
the second section, the pooled statistics are compared between the infilled and
historical estimates. Again, from the perspective of inference, the behaviour of the
statistics must match between the infilled and historical records. Furthermore, the
distribution of the pooled statistics should be equivalent between the two datasets

if the infilling algorithm is optimal.
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for all seasons. s
{
let M be the historical records during s,
S be the 300-month simulation record for s.
{ be the historical time,
i be the simulation time,
j be a site in the region. and
n be the total number of sites in the region
for all rows in H containing missing data
{

if (the entire row is missing)

randomly select a row. i. from S
}else {
set S =h(S):
where h is some heuristical function (Section 5.4)
minimise
SSi = Z::.:; I; % (Hy; — Siy)?

where [; is 1 if H, ; is a valid point and 0 otherwise
select the record with index, i. given by min(SS;) [#]
for all missing records at [, set:
H,; = 5, : where j is the site index

}

[%] If a fit of 0 is found then the algorithm terminates with this index, 7.
with 50% probability and does not continue to examine other fits,

Figure 5.19: Best fit least squares: algorithm
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Infilling accuracy

An intensity plot of error versus historical estimates was constructed for each
season based on the 100 samples obtained from the infilling algorithm runs. The
results for January and July are shown in Figure 5.20. Note that the lower diagonal
line corresponds to the lower error bound - that is error given the predicted value
was Omm. For the purpose of clarity and interpretability the error plotted is
restricted to (—50mm., 50mm) and the historical range restricted to (Omm, T0mm).
These plot dimensions are maintained regardless of season (and infilling algorithm)
so comparisons between seasons and algorithms can easily be made.

As expected, the dry rainfall values are well predicted as their occurrence is
very high. The ability to predict wet (+wve) amounts of rainfall deteriorates as the
magnitude increases, however, the rate of deterioration varies considerably with
the season. The winter months (Figures D.1 and D.6) indicate that, while far from
perfect, the algorithm performs reasonably well for the first 20mm then begins to
underestimate the total rainfall with increasing regularity. The summer months
(Figures D.3 to D.4) illustrate the problems with the variation of rainfall intensity
and the difficulty of predicting when intense precipitation occurs.

Note also that the characteristics of the BFLS algorithm are such that there
is little scatter in the selection of infilled points (Figure 5.20). This is due to the
selection of the exact best fit from the simulation data. Some scatter is present,
however, as when a fit of 0 is found the algorithm terminates with 50% probability
at that point (Figure 5.19).

While infilling accuracy is important, for the purpose of extreme value fre-
quency analysis, it is even more imperative that the distribution of the rainfall be-
tween the historical values and the infilled values correspond. Therefore, quantile-
quantile plots (eg: Figure 5.21) of each season have been plotted comparing the
distribution of the infilled rainfall and the true historical records based on the 100
samples of the infilling runs. Where, rather than plotting 100 lines on the plot,
the median of the infilled quantiles for the 100 samples was plotted against the
corresponding historical quantile along with a vertical error bar corresponding to
the interquartile range. The maximum and minimum quantiles observed are also

plotted as dots.
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Best Fit Least Squares : January . Error (mm) versus Historical Value (mm)

Intensity
<
104 -
39 —
1
e
Best Fit Least Squares : July . Error (mm) versus Historical Value {(mm)
Intensity
2
447414
381
104

Figure 5.20: BFLS intensity plots: January and July
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Figure 5.21: BFLS regional QQ plots: January and July
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The plots for January and July (Figure 5.21) indicate that overall the distribu-
tion of the infilled and historical correspond reasonably well. There is a tendency.
for both months. for the quantiles of the historical data to be underestimated at
the tail end of the distribution - that is, the infilling is avoiding fitting extreme
points. The other months (Figures D.7 to D.12). especially the summer months.
also show a similar problem to some degree.

The results of the y? tests for the record counts of all dry. some dry. and all
wet for the infilled and historical records are shown in Figure 5.22. The tests show
that only the winter months (November through February) do not always reject
(at the 5% threshold) the null hypothesis that the proportion of counts in the
historical and infilled record are the same. For all other months, nearly all of the
test results were significant at the 5% level (marked on the plot). Clearly, the best
fit least squares algorithm has maintained the characteristics of the simulation in

regard to the excessive infilling of either all wet or all dry rows.

BFLS: P-Value of }(3 tests by season
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Figure 5.22: BFLS \? tests: infilled versus historical
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Pooled statistics

The previous section highlighted the problem with the infilling algorithm un-
derestimating the historical records as the true historical record increased. The
overall impact on the pooled statistics is not immediately obvious, as the error of
the infilling algorithm is bounded by the minimum amount of rainfall being Omm.
That is. overestimation of the true value is unbounded, but underestimation is
limited by the true value. However, as likelihood of extreme values is consistently
underestimated, this underestimation will have a significant effect on the skewness
and CV. As the cross-correlation was maintained between the historical and the
simulated records (Section 5.3.1). the cross-correlation is expected to match re-
gardless of the accuracy of the infilling algorithm due to the missing data being

replaced from a single row.

The pooled statistics used to fit the data (Section 5.2.2) were calculated both
for the true historical data and for the infilled data. These statistics were then
plotted in a scatter plot (Figure 5.23). As suspected, the underestimation of the
historical data has resulted in a general underestimation of the CV and skewness.
The antocorrelation, on the other hand, is usually slightly overestimated. The first
point is of more import and indicates the extent of the problem with the infilling
algorithm. Not only is the algorithm not sufficiently accurate, but the pooled

statistics are not maintained between the historical and infilled records.

The distributions of the samples - infilled and historical - are not equivalent
(Figure 5.24). This result was expected given the problem with the continual
underestimation of the raw data and the pooled statistics. The cross-correlation
distributions (Figure 5.25 and CD: Figures D.13 to D.18) shows that generally the
cross-correlation is matched reasonably well across the seasons, however, there is

a tendency to underestimate the low cross-correlations.
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BFLS: Infilled versus Historical: Pooled Coetficient of Variation
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Figure 5.23: BFLS pooled statistics: CV, skew. and acor
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BFLS Quantile-Quantile Plot: Infilled CoV versus Historical CoV
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Figure 5.24: BFLS pooled statistics QQ plots: CV, skew, and acor
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Summary

The best fit least squares algorithm has been shown to be deficient both for infilling
accuracy and for the maintenance of the pooled statistics over the region being
infilled. The historical records are usually underestimated especially as the true
values increases. This latter point is independent of season although the apparent
severity of the problem may vary.

It is known that the model is not producing the correct characteristics for the
rainfall distribution across the region (Section 5.4.1). Furthermore. the results
in Section 5.5.2. have shown that the infilling algorithm, as it uses the row of
best fit. also is deficient in this regard. However, the problem demonstrated in
Section 5.5.2 with the underestimation of the tail of the historical quantiles is
easier to address by adjusting the least squares matching. Therefore, this is the
first issue addressed (Section 5.5.3), whereas the incorrect regional characteristics

are postponed till Section 5.5.4.

5.5.3 Best fit CDF least squares

The next fitting algorithm presented only differs from the BFLS algorithm in
that, instead of using the raw data as input into the least squares minimisation,
a transformed value is used. In particular, the CDF(X;), where the CDF is
calenlated from the simulated record for each site, i, for each month. Thus all
data inputted into the least squares minimisation are transformed to an interval
of [0.1] regardless of the scale of the raw rainfall data. This is the only difference
implemented within this thesis between this algorithm and the previous best fit
algorithm (Section 5.5.2). Henceforth, this algorithm is abbreviated to BFCDF
where. if not given, it is assumed that this is fitted by least squares.

This algorithm was derived as an alternative to the least squares fitting as it was
noted that one disadvantage of the ordinary least squares fitting on the raw data is
that the distribution of the data is expected to be roughly symmetrical about the
point being fitted. Additionally. and more importantly, extreme distributions with

(x >=0) require weighting to ensure that more weight is given to the correctness
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of the smaller values than the larger ones. These two issues. if left unresolved.
bias the fitting toward less extreme points. This bias is seen through the problems
that have been seen with the algorithm - particularly the under fitting of skewness
and variance. Furthermore, the frequency of infilled extreme points will not be
correct and, as such, the algorithm will fail to achieve its purpose - to accurately
infill missing records so that decisions can be made regarding the occurrence and
distribution of extreme rainfall events.

One such function satisfying at least the requirement of equal weighting regard-
less of magnitude is the CDF(X). The CDF takes all possible inputs of X and
transforms them on to the scale [0. 1] where elements within the interval are uni-
formly distributed. The transformed values are symmetric about 0.5 with variance
1/12.

In addition. the difference between CDF(X) — CDF(Y) where X is the his-
torical data and Y is the simulated data is also symmetrical with the probability

function (Equation 5.5) from Weisstein (2003b).

1 pl

Px,-x,(u) = /] o(r —y) —u)dr dy
o Jo

= 1—wu+2uH(-u), (5.

(why }
T
—

where X;. Xy distributed Uniform [0. 1]. § is a delta function. and H(r) is a Heav-
iside step function (Equation 5.6 as obtained from Weisstein (2003a)). This dis-

tribution is expected to have a mean of 0 and a variance of 1/6.

0, ==l
H(z)=( 1. 2=0 (5.6)
1, 2>0

In this case, the probability of observing a discrepancy is given by Equation 5.5.
Therefore, a further infilling heuristic would be to cease evaluation of a record if
the probability of an observed discrepancy between the two records was too large.
This could either be a strict condition (eg: records with a probability of observance

of less than 0.025 are discounted), or could be applied with some probability, p.
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If the fitting is computed via the CDF, then the second point raised is resolved.,
and the asymmetry of the extreme value distribution is then correctly handled.
The simulated records can be used to obtain the sample CDF as an estimate of
the population CDF - provided the length of the simulation is sufficient. In this
example, the simulation period of 300 months is assumed to be adequate for an

approximation to the population CDF.

for all seasons. s
{
let  H be the historical records during s.
S be the 300-month simulation record for s,
{ be the historical time,
¢ be the simulation time.
j be a site in the region. and
n be the total number of sites in the region
for all rows in H containing missing data

{

if (the entire row is missing)

randomly select a row. i, from S
} else {
set S =h(5):
where h is some heuristical function (Section 5.4)
minimise

$S, =Y, I *(CDF(Hy;) - CDF(S;))?

where [; is 1 if H,; is a valid point and 0 otherwise
select the record with index. ¢, given by min(SS;) [*]
for all missing records at I, set:
H,;; = S, ;: where j is the site index
[¥] If a fit of 0 is found then the algorithm terminates with this index. 7.
with 50% probability and does not continue to examine other fits.

Figure 5.26: Best fit CDF least squares: algorithm
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[t should be noted that the C'DF(X;) was calculated for each site-month inde-
pendently and. just as importantly. the calculations were stored in 0.1mm incre-
ments as this was the historical. 24-hour data’s granularity. This storage method

was used for two reasons.

Firstly. as the historical data does not distinguish between records of a gran-
ularity of less than 0.1mm, realistically. the infilling algorithm should not either
when selecting records from the simulated data. If such records are distinguished
between. then the selection algorithm automatically becomes biased toward val-
nes that are close to the 0.1mm boundaries (0.0mm, 0.1mm, 0.2mm, ...). Since
a CDF is applied, truncation was applied to the simulated records rather than

rounding.

Secondly. the 0.1mm increments was convenient for precalculation of the CDF
values. By precalculating the CDF(X;) for each site for all values of X;: (X =
0.0.0.1. ....max(X;)) and storing these results in a look up table, there is no heavy
penalty for using this method. Furthermore. it is not strictly necessary to compute
the CDF(X;) up to max(X;). although this was done for this implementation.
Instead. some storage space could be saved by only computing the CDF(X;) up
to some specified maximum - for example 0.999. As the algorithm was to run as
quickly as possible. it was decided that it was better to ‘waste’ space so that the
look-up table could be used directly without having to checking whether the X;'s
were within the boundaries of the table. The amount of memory that could be
saved, say 200D for 23 sites. is miniscule compared with the amount of memory

used by the simulation record.

Analysis

The main change in the fitting results from the BFLS algorithm results (Section
5.5.2) is that fitting via the CDF allows more extreme predictions to be fitted
more readily. As a result, it is expected that this algorithm will match up the
quantiles better at the tail end of the distribution and the dropping away observed

in the BFLS algorithm will be fixed. Note the problem seen with the incorrect
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regional partitioning will not be fixed as all missing values are infilled from the
same simulated record. Therefore, the results from the y? test are not presented

within this section as they are very similar to the BFLS output seen previously.

Infilling accuracy

The intensity plots of the error of the algorithm are, in general, little different
from the results for the BFLS algorithm. The plots January and July (Figure
5.27) are nearly identical to those for the BFLS algorithm (Figure 5.20). As such,
only the results for January and July have been included.

The distributional plots for the analysis are also quite similar (and therefore
have not been included). with the exception of June and September (Figure 5.28).
For June especially, it is evident that the BFCDF algorithm is definitely including
extreme fits more often as the median of the quantiles is closer to the expected

historical quantile.

Pooled statistics

The scatter plots for the pooled statistics (CV, skewness, and autocorrelation)
are shown in Figure 5.29. The algorithm is still underestimating the pooled statis-
tics. but it is also evident that an improvement has been made from the BFLS
algorithm (Figure 5.23). The quantile-quantile plots of the distributions of the
statistics (Fignres 5.30) show a significant improvement over the previous plots
(Figure 5.24) - once the changes of scale has been taken into account. As predicted,
the most affected statistic is the skewness where the extreme overestimation is for
June.

The guantile-quantile plots for the cross-correlation for January and July (Fig-
ure 5.31), shows a slight improvement for both these seasons over the BFLS plots
(see also Figures D.19 to D.24). However, the quantile-quantile plots are still far
from ideal. The spread of the cross-correlation is significantly more in the infilled
record for the lower tails. This would be accounted for if 0's were fitted too readily

within the infilled data.
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Figure 5.27: BFCDF intensity plots: January and July
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Figure 5.28: BFCDF regional QQ plots: June and September
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BFCDF: Infilled versus Historical: Pooled Coefficient of Variation
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BFCDF Quantile-Quantile Plot: Infilled CoV versus Historical CoV
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Figure 5.30: BFCDF pooled statistics QQ plots: CV, skew, and acor
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Figure 5.31: BFCDF cross-correlation QQ plots: January and July



Summary

Overall, the use of the C DF(X;) within the fitting procedure has not improved the
algorithm as much as expected. There are still significant problems with under
estimation of the pooled statistics. and the regional analysis of the infilled and
historical data have generally not been improved. However, the use of the CDF
has resulted in a more frequent inclusion of extreme fits - especially noted with
June. This is beneficial as the algorithm must be able to infill using these values,

therefore, the use of the CDF is retained in the next infilling algorithm analysed.

5.5.4 Iterative sampling CDF least squares

This last algorithm discussed uses single imputation from the synthetic record by
sampling values for infilling from a set of best fitting rows (eg: the best 5%). The
algorithm is not to be confused with multiple imputation methods which may also
be referred to as iterative methods. The term iterative within this context refers
to the iterative replacing of missing data at the sites at the same historical time
point not iterative replacing of the same missing value (say until convergence).
The previous two algorithms used an expectation-maximisation technique in
that the row of best fit from the synthetic data was used directly without further
modification. This algorithm differs from the former two as infilled values are
permitted (and indeed expected) to come from different rows in the synthetic
record. The advantage of this is inherently apparent. If the model is not fitting
the spatial characteristics of the data (see Section 5.4.1). then the effects of this
discrepancy can be minimised by sampling from multiple rows. Therefore, the
iterative sampling algorithm (ISCDF) was developed as listed in Figure 5.32.
The permmtation of the fitting order (Figure 5.32) is conducted so the fitting
results are not biased by the order in which missing values are replaced. The
sampling of the best fits is always completed out of the best 5% of the fits. This
threshold is not necessarily optimal. however, an optimal threshold is likely to
be both data and simulation dependent. Thresholds at 1% and 10% were tried
but neither adjustment improved the results of the infilling but instead greatly
worsened the fit. In any case, as the algorithm worked such adjustments were not

high priority.
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for all seasons, s
{
let  H be the historical records during s.
S be the 300-month simulation record for s.
t be the historical time.
i be the simulation time,
J be a site in the region,
n be the total number of sites in the region, and
(' be the cut off percentage to sample from (eg: 5%)
for all rows in H containing missing data {
if (the entire row is missing) {
randomly select a row. i. from S
} else {
let P be a random permutation of the sites of missing records in H,
for all sites. j, in P {

set S = h(S):
where h is some heuristical function (Section 5.4)
minimise

58, = Z;JZI ]_; * f('DF(Hr;} _ C'D}.{SJJJ}‘)

where I; is 1if H; ; is a valid point and 0 otherwise
sort 55
let N be the number of potential fits
generate a random integer. U, distributed Uniform(1. ' = N)
set ¢ = simulation time of SS;-
set H,; =5, ,: where j is the site index

Figure 5.32: ISCDF least squares: algorithm

Analysis

Once again the analysis divides neatly into two sections dealing with the raw data

and pooled statistics respectively. As expected, considerably more variation was

seen in the intensity plots as, rather than just a few candidates for infilling, missing

values could be infilled from multiple rows thus greatly widening the possible points

used for infilling. Similarly, the gunantile-quantile plots were expected to be closer

to the historical regional distributions, and, if anything. to overestimate rather

than underestimate the quantiles.
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Infilling accuracy

The \? test results for the wet/dry site counts are shown in Figure 5.33. It is
evident that the sampling has fixed the problem with the incorrect site mixture
at least at the levels examined. A deeper investigation could not be conducted
using the current historical data, however, due to the sparseness of valid data
within the historical record (Table 4.1). In any case, the infilling algorithm is a

great improvement over the previous algorithms - at least in terms of the this test

result.
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Figure 5.33: ISCDF x? tests: infilled versus historical

The intensity plots for January and July (Figure 5.34 and Figures D.25 to D.30)
show that there is more variation than seen in the earlier plots. It is evident that
within the 100 samples, different points within the infilling algorithm are selected
to infill the missing data. This implies that by sampling from the simulated record
the sample size has effectively been increased while using the same amount of

physical memory within the computer.
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Figure 5.34: ISCDF intensity plots: January and July
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Figure 5.35: ISCDF regional QQ plots: January and July



The quantile-gquantile plots for January and July (Figure 5.35) show similar
results to the BFLS algorithm. Note that January is slightly overestimated (as
predicted) and, as such, lies more in accordance with the predicted smoothed es-
timates rather than the historical sample. There was no consistent pattern with
over /underestimation of quantiles (Figures D.31 to D.36). however, underestima-

tion was still more common.

Pooled statistics

The scatter plot of the pooled statistics (CV. skewness, and antocorrelation)
in Figure 5.36. indicates that all the statistics have ‘improved’ over the previous
distribution (see Section 5.5.5). Certainly there are more points above the expected
line than previously for the CV and Skewness. As evident from the plot clustering.
however, some of the months are still not being estimated well - this confirms some

of the results from the quantile-quantile analysis of the raw results.

The guantile-quantile plots of the statistics (Figure 5.37) show that estimates
of the skewness and CV tend to be overestimated compared to their historical
conuterparts. As before, the tendency is for either the whole month to be under
estimated or overestimated. The main difference between this algorithm and the
previous algorithims is that overestimation is now more common than underesti-

mation.

The results for the cross-correlation are slightly worse than the other algo-
rithms. for all months. In particular. the results for July do not lie on the expected
quantile-quantile line at all (Figure 5.38). In general, the cross-correlation is under
estimated (Figures D.37 to D.42). This is hardly a surprising result as any sam-
pling method where results are taken from multiple source rows will tend to reduce
the cross-correlation by default. Since the mixture of wet and dry days has been
improved, it follows that the linear cross-correlation must have been worsened to

some degree in order to get that improvement.
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ISCOF: Infilled versus Historical: Pooled Coefficient of Variation
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Figure 5.36: ISCDF pooled statistics: CV, skew. and acor
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ISCDF Quantile-Quantile Plot: Infilled CoV versus Historical CoV
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Figure 5.37: ISCDF pooled statistics QQ plots: CV, skew, and acor
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5.5.5 Comparison of algorithms

Of the infilling algorithms considered, the iterative sampling algorithm (ISCDF)
produces infilled records that are spatially more consistent with the historical
record - in terms of the mixture of wet/dry sites (Section 5.5.4). However, it is
also evident that the cross-correlation (see Section 5.5.4) has been reduced. Nev-
ertheless, after taking into account the second observation, this infilling algorithm

is definitely superior spatially.

Temporally, the results are not as clear. It was stated (Section 5.5.4) with-
out numerical proof, that the ISCDF infilled statistics had a greater proportion of
values above the historical estimates than either the BFLS algorithm or the BFCD-
FLS algorithm. A proportion test (z-test) was then conducted for each statistic
by season (Table 5.13) comparing the ISCDF algorithm against the BFLS and the
BFCDF algorithm. The proportion examined is the proportion of infilled statistics
that are greater than their respective historical counterparts. A two-tailed test is
conducted where the null hypothesis (H) is that the two proportions are equal.

Note that in this table (Table 5.13). the following notation is used.

Notataion in Table 5.13 and 5.14

Historical

proportion of BFLS statistics >= H statistics
p{BFC >= H} proportion of BFCDF statistics >= H statistics
plis 5= H} proportion of ISCDF statistics >= H statistics
Py = P-Value: Hy = p{BF >= H} == p{IS >= H}
Py = P-Value: Hy = p{BFC >= H} == p{IS >= H}

H
p{BF >= I}

Il

I

Il

Il

From Table 5.13. it is clear that the proportion of ISCDF statistics that are
greater than the corresponding historical estimates is generally larger than the
BFLS or BFCDF algorithms. The proportions BFLS versus ISCDF or BFCDF
versus ISCDF are almost all significantly different. Note that all the infilling

algorithms underestimate the autumn season (September to December).

From these results in Table 5.13, the tendency for the ISCDF algorithm in

particular is for the historical estimates to be overestimated. Therefore, while
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the algorithm gives a better spatial result, temporally one biased algorithm may
just have been exchanged for another. Therefore, a Kolmogorov-Smirnov test is
conducted to determine whether the bias is less for the ISCDF algorithm than the
other two algorithms.

As the Kolmogorov-Smirnov test requires the two samples being compared to
be independent, each distribution was separately sampled with repeats. Further-
more, the test was bootstrapped for each month 2000 times. The p-value for the
test given in Table 5.14 is the median of p-values obtained from the bootstrap.
Note that the first and third columns correspond to the median p-value for a one-
sided test while the second and fourth columns correspond to the median p-value
for a two-sided test.

The results in Table 5.14 show that, in general, the ISCDF algorithm is superior
to the other two algorithms. Note, the blue results indicate that the ISCDF
algorithm outperformed the alternative algorithm. a black result indicates neither
algorithm is superior. whereas a red results implies the ISCDF algorithm was
outperformed.

The only statistic where the ISCDF algorithm is less likely to be closer to the
true historical statistics is for the coefficient of variation. For the skewness and
autocorrelation, the ISCDF algorithm results are better (or indistinguishable) in

all but one case (Skewness for June).

5.5.6  Other infilling derivations

Variations of the infilling algorithms discussed previously are presented briefly
within this section. In all cases covered, the results did not improve on the base
algorithm. The notation used within this section is as follows:
notation: H is historical records.

S is the 300-month simulation record,

t is the historical time,

i is the simulation time,

J is a site in the region,

n is the total number of sites in the region, and

I; is 1 if the record H; ; is a valid record and 0 otherwise.
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Season [| pipF>=n) | pl1s>=n) | P | wiBres=ny | piis>=n) [ Pu
Coefficient of Variation
Jan 0.08 0.89 0.000 0.20 0.89 0.000
Feb 0.05 0.21 0.002 0.07 0.21 0.008
Mar 0.06 .81 0.000 0.25 0.81 0.000
Apr 0.15 0.99 0.000 0.25 0.99 0.000
May 0.03 0.46 0.000 0.10 0.16 0.000
Jun 0.07 0.55 0.000 0.80 0.55 0.000
Jul 0.22 0.55 0.000 0.46 0.55 0.258
Aug 0.05 0.52 0.000 0.08 0.52 0.000
Sept 0.06 (.10 0.434 0.09 0.10 1.000
Oct 0.01 0.19 0.000 0.03 0.19 0.001
Nov 0.02 0.10 0.037 0.00 0.10 0.004
Dee 0.02 0.00 0477 0.06 0.00 0.038
Skewness
Jan 0.23 0.82 0.000 0.44 0.82 0,000
Feb 0.55 0.24 0.000 0.44 0.24 0.005
Mar 0.206 (.40 0.051 0.40 0.40 1.000
Apr 0,10 0.97 0.000 0.35 0.97 0.060
May 0.26 0.27 1.000 0.38 0.27 0.131
Jun 0.13 0.35 0.001 0.82 0.35 0.000
Jul 0.33 0.41 0.305 0.66 0.41 0.001
Aug 0.21 0.57 0.000 0.20 0.57 0.000
Sept 0.10 0.07 0.612 0.19 0.07 0.021
Oct 0.09 0.36 0.000 0.27 0.36 0.223
Nov 0.15 0.30 0.018 0.09 0.30 0.000
Dec 0.10 0.04 0.166 0.29 0.04 0.000
Autocorrelation

Jan 0.55 0.11 0.000 0.38 0.11 0.000
Feb 0.52 0.61 0.254 0.51 0.61 0.200
Mar 0.63 0.69 0.455 0.46 0.69 0.002
Apr 0.59 0.11 0.000 0.52 0.11 0.000
May 0.40 0.45 0.567 0.42 0.45 0.775
Jun 0.68 0.30 0.000 0.47 0.30 0.020
Jul 0.54 0.73 0.008 0.53 0.73 0.005
Aug 0.70 0.33 0.000 0.49 0.33 0.031
Sept 0.70 0.92 0.000 0.80 0.92 0.025
Oct 0.83 0.52 0.000 0.46 0.52 0.479
Nov 0.45 0.01 0.000 0.34 0.01 0.000
Dec 0.87 0.67 0.001 0.26 0.67 0.000

Table 5.13: ISCDF. BFLS, BFCDF: proportion test on the overestimation of his-
torical, H, statistics



BF vs IS BFC vs IS
Hy = {|IBF — H| < |{|BF — Hl = | {|BFC - H| < | {|BFC — H| =
IS — H|} IS — H|} IS — H|} IS — H|}

Season Coefficient of Variation

Jan 0.002 0.004 0.000) 0.000
Feb 0.018 0.037 ().298 .281
Mar 0.852 0.037 0.001 0.001
Apr 0.000 0.000 0.000 0.000
May 0.914 0.000 0.779 0.016
Jun 0.990 0.000 0.852 0.024
Jul 0.018 0.037 0,008 0.016
Aug 0.961 0.000 0.990 {.000
Sep 0.613 0.111 0.613 0.054
Oct 0.852 0.000 0.779 0.010
Nov 0.237 0.037 0.613 0.010
Dec 0.000 0.000 0.000 0.000

Skewness
Jan 0.000 (.000 0.000 0.000
Feb 0).000 (.000) 0,001 0.001
Mar 0.027 0.054 (.005 0.016
Apr 0.000) 0.000 (.000 0.000
May 0,000 0.000 0.000 0.000)
Jun 0. 115 00.281 0.961 L0000
Jul 0.001 0.001 0.105 0.211
Ang 0.002 0.004 0.056 (.054
Sep 0.000 0.000 0.000 0.000
Oct 0.039 0.054 0.039 0.078
Nov 0.018 0.024 0.077 0.054
Dec 0,000 0.000 0,000 0.000
Autocorrelation

Jan 0.000 0.000 01,000 0.000
Ieb 0.005 0.016 0.056 0.155
Mar (.000 0.001 (.005 0.006
Apr 0.000 0.000 (.000 0.000
May 0.298 0.367 0.077 0.155
Jun 0.018 0.054 0.039 0.078
Jul ().000 0.000 0.005 0.010
Aug 0.298 0.246 0.527 0.367
Sep 00.000 0.000 0.001 0.002
Oct 0.961 0.078 0.018 0.037
Nov 0.000 0.000 ().000 0.000
Dec 0.105 0.078 0.298 0.281

Blue numbers = ISCDF algorithm superior
Red numbers = BFLS/BFCDF algorithm superior

Table 5.14: ISCDF, BFLS., BFCDEF: P-Values for KS test
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The variations are discussed within three sections. The first section covers some
alternatives to the use of least squares within the fitting summation to find the
row(s) of best fit. The second section briefly outlines the results of including the
surrounding time points within the fitting equations. The final section outlines the
results of giving historical records different weights depending on their proximity
to the to-be-infilled sites. The use of the linear cross-correlation is also suggested

within this section as an alternative weighting measure.

Alternatives to the least squares summation

As an alternative fitting procedure to the least squares minimisation in Figures
5.19 to 5.32. the following functions were attempted. First. a scaled version of the
least squares fitting was fitted (Equation 5.7) followed by the use of a minimum

absolute difference caleulation (Egnation 5.8).

L B TX® o i T

S8 = I 1- =L 1 — 41— 5.7
ZJ* ( HU%—I) +( 5‘,.1+1) (J‘}
j=1

S8y = Y Iy»|He;—Sijl (5.8)
F=1

Neither of these alternative fitting functions (Equations 5.7 or 5.8) significantly
improved the algorithm’s performance. In addition, a further attempt using a

formmla similar to the 2 formula (Equation 5.9) also failed to improve the fit.

— H,;)?
=Y g e 0T ) 5.
§8; = Z (H,,+1) (5.9)

-

In equations 5.7 and 5.9 the addition of 1 in the denominator is to prevent a

divide-by-zero occurring in the caleulation of the fits.

Including surrounding data values

Also. for the above algorithms, the inclusion of the previous (and next) values were
included in the fitting procedure. However, the inclusion of these points within
the fitting procedure (when available) did not improve the effectiveness of the fit-
ting significantly, but only markedly increased the infilling time for the algorithm.

Therefore the subsequent algorithms did not make use of these surrounding values
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but only concentrated on the current time points. The inclusion of surrounding
values in the fit was expected to be of limited use anyway due to the low first lag

autocorrelation (and even lower first lag cross-correlation).

Alternatives to equal weighting

The algorithms used give equal weighting to the valid historical data regardless of
the distance between the observed data and the to-be-infilled point. As suggested
in Haining (2003). the inclusion of spatial characteristics within a spatial process
is desirable whenever possible. Therefore two attempted weighings of the fits were
attempted as follows.

Firstly, a weighting of one over the Euclidean distance (km) between the sites
was used. However, as for the inclusion of the surrounding values. all this accom-
plished was to slow the infilling algorithms down significantly without producing
any observable benefit. Secondly. the cross-correlation was used as weights for the
site values, however. this also did not procure any benefit.

A better weighting measure may be obtained from to use an exponential form
of the inverse distance. to restrict the mumnber of sites nused in the selection of best
points to the N closest sites, or to use all the sites but account for clustering (see

Haining, 2003, pages 166-177).
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6. CONCLUSIONS

I may not have gone where 1 intended to go. but I think I have

ended up where I intended to be.

- Douglas Noel Adams, “Hitchhiker’s Guide to the Galaxy”

6.1 Data analysis

The analysis of the historical records (Chapter 4) successfully identified many
spurious periods within the historical record. While the erroneous data did not
have an effect on the temporal statistics, the spatial statistics (especially the 24-
hour cross-correlation) were significantly affected. All records identified as spurious

were removed from the analysis.

6.2 Model

The spatial-temporal NSRP model is shown (Section 5.3.1) to fit the characteristics
of the historical data for the pooled statistics (CV. skewness, first lag autocorre-
lation. and first order cross-correlation). The cross-correlation. although fitting
reasonably, does not fit well at the higher distances - at the 24-hour level in par-
ticular, the higher distances are generally overestimated (Section 5.3.1). Overall.

however. the fitted model reproduces the historical statistics used for fitting.



6.2.1 Issues

The proportion of dry sites, which is not used in the model fitting, does not match
at the 24-hour level (Section 5.3.1). The 1-hour data. however. matches relatively
closely over the region regardless of season (see Table 5.6).

The fitted model does not reproduce the correct spatial characteristics of the
mixture of wet and dry sites at the 24-hour level (Section 5.4.1). Though it is
not included herein, the 1-hour aggregation level also fails to produce the required
behaviour.

The incorrect spatial characteristics described above are a result of the prob-
lems with the fitting as seen in Section 5.2.2. The overestimation of the cross-
correlation at the 1-hour level at the greater distances is reflected in the over-
estimation of the proportion of all wet sites. The overestimation of the cross-
correlation at the higher distances at the 24-hour level seems more of a reflection
on the overestimation at the l-hour aggregation level rather than a result of the
model fitting at the 24-hour level. According to the fitted cross-correlation, as
noted previously (Section 5.2.2), the 24-hour cross-correlation should tend to be

underestimated not overestimated.

Underlying assumptions

The reason the model is not fitting the proportion dry adequately. will be due
to one or more critical assumptions not being satisfied. Note that the criticality
of the assumption will depend on how the model is to be used. Different model
requirements may allow some assumptions to be ‘invalid’ as a fitted model, for
that application, is able to produce satisfactory results.

The assumptions (Section 3.1.1) required are listed below for convenience:
(a) rainfall data are temporally stationary
(b) rainfall data are spatially stationary
(¢) rain cells have zero-velocity

(d) cell intensity. duration. and radins are mutually independent
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(e) cell r.y origins are independent within storms
(f) one cell type

(g) constant cell intensity over the cell area

In order to address the issues found with the model. the violated assumption(s)
must be correctly identified and accounted for. It has been shown (Section 5.3.2)
that, once standardised by dividing by the site-mean for each month. the data are
spatially homogeneous. That is, the assmmption of spatial stationarity can not be
rejected.

The assumption of temporal stationarity has been shown to be satisfied (Sec-
tion 4.4.2). The 34-year period shows no significant evidence of climate change.

The next four assumptions can not directly be confirmed as statistically vi-
olated. However. from the understanding of the physical process. none of these
assumptions will be met. In addition, the model fitting is not mathematically
tractable once these later assmmptions (c)-(g) are relaxed. Therefore an alter-
native method of fitting like generalised maximum likelihood would have to be

applied rather than the method of moments nsed here.

6.2.2 Simulation movie

In order to further clarify any problems with the spatial-temporal NSRP model.
a movie of a sample l-year simulation was constructed. As the model was used
for infilling at the 24-hour aggregation level, the movie also used this aggregation
level. Furthermore. the use of 24-hour data ensures the hard-drive usage was
reasonable (a l-yvear movie at a 1-hour aggregation level would use approximately

1.5GH uncompressed) and the time for construction was feasible.

Description

Modelz was used to generate synthetic, 24-hour data over an artificial 64 x 64km
region. Site locations were placed at 4km intervals and a scale parameter for each

site by season was generated by using a random normal variates from a normal

141



distribution with mean, juy7 , and standard deviation oy s: where juyy s is the mean
historical scale estimate for season S and oy s is the standard deviation of the
historical scale estimates for season S.

Each 24-hour total was printed out on a log-scale to a 272 x 272 pixel bitmap file
(16 pixels per site) for a full year (the bitmap production code was kindly provided
by Bruce Mills). These images were then joined into an AVI file (CD:Movie/
RainMovie.avi) at two frames per second so the transitional behaviour between
24-hour periods can be examined. The program, MakeAVI (see http://makeavi.
sourceforge.net/), was used to join the bitmap files so they could be viewed as
a movie.

The rainfall is such that dark pixels correspond to heavy rainfall and light
pixels correspond to 0 or little rainfall. A log scale is used so it is easy to distinguish

between no rainfall and light rainfall (see also CD:Movie/README. txt).

Discussion

From this movie of the synthetic record, some problems with the 24-hour record
are evident. As expected, the majority of time points are either all wet or all
dry (especially the latter). There is a more critical problem from the perspective
of realistic rainfall simulation, however. A closer examination of the 24-hour time
steps reveals that there are few (if any) storms that continue over a 24-hour period.
Rather, each storm tends to begin and end within a 24-hour block. This is not
characteristic of ‘real’ rainfall - especially over winter months. The lack of ‘long’
duration storms indicates a further point where the spatial-temporal NSRP model

is failing to capture the behaviour of the historical rainfall data.

6.3 Infilling

The infilling algorithms use a 300-year simulated record to select suitable points
for replacing missing values, as described in Section 3.3. The record is generated
using the model fitted in Section 5.2. As discussed above, this model is deficient

and does not reproduce all the characteristics of the historical data (for example,
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the proportion dry). Nevertheless. the synthetic record is used as input into the
infilling algorithms and an algorithm which avoids the model deficiencies while

infilling sensible results is derived.

6.3.1 DBest fit algorithms

The results from Sections 5.5.2 and 5.5.3 show that infilling using a best fit ap-
proach from synthetic data generated by the spatial-temporal NSRP model (Sec-
tion 5.2) is not an appropriate method. Although the algorithm generally pre-
dicted historical values that were close to the true values, the pooled statistics are
underestimated (eg: Section 5.5.2).

There are two possible sources considered for this underestimation. Firstly, it
is observed that the method of least squares fit on the raw historical and synthetic
data may be biasing the fit away from the extreme events. Secondly. as the model
was not producing the correct ‘mixture’ of wet and dry sites any aggregation level,
this is also a likely cause of the underestimation.

In order to address the first issue, the best fit least squares algorithm was
modified to use CDFs to transform data prior to applying the summation. A
CDF for each season and site was caleulated from the synthetic data. In the least
squares fit, the CDF(r) and CDF (y) were used as input (where r is the historical
data some at time f. and y is a candidate record for infilling for the equivalent
site). Therefore. points are fitted based on the distance between the probabilities
of observing the points rather than based on their magnitude. This is advantageous
as the records, particularly of the extreme values, are sparse. By transforming the
data to a [0, 1] scale. the effect of the magnitude of these extreme records on the
fit has been significantly reduced.

The result of this algorithim adjustment was that the infilling algorithm is no
longer as biased away from ‘extreme’ fitting. Indeed from some of the plots (eg:
Figure 5.28), the algorithm has over compensated and the algorithm overestimated
the quantiles. In general. however, there is still a tendency to under fit the true his-
torical values. Furthermore, the pooled statistics are still underestimated (Section

5.5.3).
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As the adjustment to use the CDFs does not fix the problem observed, it was
concluded that if a fitted model does not produce the correct spatial-temporal
characteristics (particularly relating to the proportion dry), then a method using
a best fit algorithm will always be inadequate. Note also that other ‘best fit” fitting

functions and/or modifications (Section 5.5.6) also do not improve the algorithm.

6.3.2 Iterative sampling algorithms

The last algorithm considered, is derived from a sampling based method. Firstly,
rather than infilling from an exact match, a ‘best fitting row’ is selected from the
best 5% of the candidate rows. Secondly. each missing value is replaced iteratively,
in a random site order, and the algorithm reapplied. Thus for this algorithm.
infilled values within a record in the historical data. may be in different source
rows in the simulated record. This is important as it enables the spatial deficiency
of the fitted model to be mitigated.

Section 5.5.4 shows that the iterative sampling approach enables the infilled
data to capture both the temporal and spatial characteristics reasonably well.
The algorithm is not as ‘accurate’ as the best fit infilling algorithms discussed
previously, however it is less biased (see Section 5.5.5). In general, considerably
more variation in the predictions is evident in results obtained for the sampling
algorithm (see for example, Figure 5.34).

This algorithm is superior to the best fit alternatives both spatially and tempo-
rally. However as the results for the coefficient of variation show (Table 5.14). the
algorithm does not always infill results that are closer to the historical estimates
than the best fit alternatives. For the months were this is the case (principally
May through August), a hybrid approach could be taken that mixed the BFCDF

algorithm and the ISCDF algorithm.
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6.4 Conclusions

The derived infilling algorithm is likely to be adequate for the purpose for which it
was designed even though the fitted model was shown to be spatially deficient. The
iterative sampling infilling algorithm maintains the characteristics of the known
historical data. The spatial mixture of wet and dry sites is not significantly differ-
ent from the historical records for most cases. Nevertheless, the infilled values are

close to the true historical values.

The developed algorithm is superior to the best fit least squares algorithm that
is currently being used to select records for infilling. The sampling from more than
one time point reduces the cross-correlation of the records. however the mixture
of wet and dry sites is more likely to be maintained. Furthermore, the use of the
CDF within the record selection procedure ensures that the algorithm is not biased
away from infilling extreme points.

An extreme value frequency analysis also mayv need to be performed to com-
pare the respective performance of the BFLS algorithm and the ISCDF algorithm
against the historical values. This would be particularly useful if the record is to
be used as a basis for flood frequency analysis where extreme event prediction is
critical. In any case, it is expected that the ISCDF algorithm will be more effective
than the BFLS algorithm purely due to the use of the CDFs in the record selec-
tion process. Similarly further tests. for example routing infilled data through a

rainfall-runoff model. may be necessary before the algorithm is applied in practice.

Although some improvements could be made with the algorithm (see Section
6.5.2), it is likely that a better fitted model of the rainfall data is necessary to
generate accurate infilled records. Nevertheless. as mentioned previously in Section
3.3.1. the infilling analysis described in this thesis is a harder task than infilling
the missing data in the historical record. All the information that is removed for
the testing of the algorithis, is available for the infilling of ordinary missing data.
Therefore, it is likely that a better estimate of these missing records would be
obtained relative to the ‘missing values’ predicted by the infilling algorithms in

the testing results.
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6.5 Future research

The results of the model fitting, heuristic analysis, and infilling algorithms have
highlighted some areas where further development is necessary. This section is
divided into two subsections. The first subsection examines further implementation
specific directives for the applied algorithms. The second subsection is not related

to this implementation, but rather discusses areas needing further investigation.

6.5.1 Internal algorithms
Simulation

The algorithm for generating the simulated records could be made more efficient.
In order to generate a homogeneous point process, a sufficiently large region needs
to be simulated over. In this case. a square region of length equal to the observed
area plus four times the maximum cell width for each season was used. This
is known to be excessive. but the simulation is designed to be conservative and
as homogeneity is necessary requirement, the region size should be overestimated
rather than underestimated. However, one side effect from generating rainfall over
such a large region is that the number of rejected cells is over 99% for either fitted
model.

Also, from Section 5.3.2 it is evident that even a 300-year simulation may not
be completely adequate for infilling. Therefore, for the purpose of infilling, and
as a by-product disaggregation, it may be better to simulate records that match
with the observed monthly statistics rather than an independent set from the
historical record. This approach would tend to oversample the observed monthly
patterns, and thus is expected to be more beneficial for infilling and disaggregation

algorithms.

Model fitting

The algorithm used to find the optimal model parameters used a Nelder-Mead
simplex algorithm. This algorithm is known to be inefficient and may not con-

verge. Although a parallel search seemed to increase the probability of finding the

146



optimal solution, this approach needs further confirmation. Furthermore. a recent
modification of the Nelder-Mead algorithm which used bases and frames provides

a provably convergent algorithm (see Price et al.. 2002).

Further heuristics

Two further heuristics that may speed up the infilling algorithms are the reducing
fit recalculation and the partitioning on total regional rainfall. The first heuristic
does not require any additional resource allocation and. as a result, is the cheap-
est heuristic to implement. Both partitioning systems (wet/dry days and total
rainfall) require additional memory to manage the segments. In particular, the
proposed partitioning based on total rainfall. if used independently of the other
heuristics, requires a sensible partitioning algorithm to balance the cost of man-

agement memory usage with the potential speed increase.

Reducing fit recalculation

This heuristic is based on the observed primary segmentation into all wet and
all dry segments. However, unlike the first heuristic, it is heavily dependent on
the cutoff point for wet/dry sites and may affect the fitting resnlts.

Firstly it was observed. that the all wet days can still have considerable varia-
tion within what is considered wet (in this project an observation with a value of
at least 0.1mm was considered wet as this was minimum recorded non-zero value
in the 24-hour record). but the majority of the all dry days are 0.0mm for all sites.
Therefore, the fit could be computed once as a difference from 0 at all valid sites,

and this fit assigned to all records within the dry segment without recomputation.

For the historical record. this measurement will be exact, but, if an iterative
fitting method is used. then it is possible for a missing datum to be infilled with
a non-zero rainfall amount that is less than 0.1mm and therefore considered dry.
Provided the number of sites is small, however, the total amount of error introduced

into the fitting computation is not significantly high.
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An equation for the maximum error can be obtained (Equation 6.1).

N
N x (0.1)2 + ) (02 x Xi) (6.1)
i=1
where X, is the maximum rainfall value at the ith site and N is number of
ralid sites in the record.
This is obvious from the least squares equation, (O — E)?, where the error is

introduced by assuming that E is 0. Remembering that the fit is proportional

-2
!'u

to X2, it is clear that the relative error is high only as the historical estimate,
O, tends to 0. This argument particularly applies if the raw data are used in
the least squares fit. However, if the CDF(z) is used in the fitting equation. as
used in Section 5.5.3 and following. then no error is accumulated as CDF(0) and
CDF(0.1 — €) (where 0.1 can be substituted by the granularity of the historical
data) produces the same output.

A further observation derived from the behaviour of this heuristic is that the
nmumber of records of 0.0mm at each site in the simulated record could be reduced
to one record of 0's (if, in fact, it was stored at all). Care has to be taken with this
approach if data at the surrounding times are to be used in the fitting algorithm
along with the current time. However, is expected that considerable storage space
can be saved by making use of the sparseness of the rainfall data matrix even when

accounting for surrounding records thus allowing for a longer simulation record to

be generated if required.

Partitioning on total regional rainfall

A further heuristic, which could be considered, is to use the total amount of
rainfall seen over the region from the currently valid data. The simulated record
could be partitioned based on the total amount of rainfall seen according to a
sensible partitioning system - so that the partitions are approximately equal in
size. As with the wet/dry heuristic, memory overhead is added for each partition,
and a careful analysis has to be done to find an optimal balance between memory

usage and speed increase.
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If this heuristic is implemented concurrently with the successful partitioning
of the wet/dry sequences with this fitted model. then it would only make sense
to partition the all wet partition. This is intrinsically obvious from the split of
the partitions of the munber of wet/dry days in the region (Table 5.11). From
Table 5.11. it is evident that the only useful speed increase would be obtained
from this all wet segment as the other records are not of a significant enough size
and “partitioning’ an all zero sequence (the only other segment of a significant size)

would be nonsensical.

If a more accurate model is fitted in which the mixture of wet and dry days
are in the majority. then it may be beneficial to group the partitions given by
the wet /dry heuristic and then repartition each group based on the total regional
rainfall. In this case. it is expected that the speed increase originally generated
by the wet /dry heuristic, could be maintained even when the matching of wet and

dry sequences is distributed more evenly.

Infilling

It has so far been assumed that an entire synthetic record is generated prior to
infilling. This assumption allows the model to be simulated once then stored as
a complete simulation record in a single file. However, this limits the number of
years that can be simulated due to the memory storage space necessary to hold the

records. Therefore. in order to get around this issue, the simulation and infilling

algorithms should be integrated.

When the simulation and infilling algorithms are integrated. then the simulated
record can be obtained only for the season currently being infilled. This wonld
effectively allow a simulation record of (say) 1000 years to be generated while using
the same amount of memory that a full 300-year simulation record would use. This

is obviously advantageous particularly when CDFs are to be calculated accurately.
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6.5.2 General improvements
Data analysis

The algorithm used to select spatial plots could be further improved as outlined

below,

Firstly. months where the problems are caused purely because of a short avail-
able record should generally not be plotted (though should be noted for subsequent
checking especially if the mean and variance is 0). For example, in the spatial anal-
ysis, a series of plots may indicate a problem with a short record when it would

have been more useful to have a table of results detailing these issues.

Secondly, the selection algorithm should also filter plots selected by site and
year. For example, 10+ plots similar to Figure A.27, showing that for January 1990
site TW287141 had all values recorded as 0 and was in conflict with other sites,
is superfluous. A random sample of these plots would be more useful especially

when a large number sites are being analysed.

Thirdly. the regression analysis of the monthly maximums should be replaced
with a more optimal method. The assumptions for the regression model are not
satisfied and. as such, this is not the best way to determine whether months are

spatially inconsistent.

There are several alternatives that avoid the problem with the regression anal-

ysis while producing the same results.

(a) An analysis of the distribution of the difference between monthly maxi-
mums. Any outliers within this distribution are points requiring further

investigation.

(b) Further to (a), all site data could be first transformed to a CDF. This would
prevent differences in scale from unduly influencing the selection of plots.
Furthermore, this method is particularly applicable when the region analysed

is non-homogeneous.



(¢) While (a).(b), and the proportion dry selection methods examine overall
monthly resnlts, a method where a sequential integrity of the spatial data
would also be useful. For example, a vector AR model could be constructed
to model short-term and long-term deviance between two sites. From this
model, an estimate of the probability of observing a discrepancy within a
month could be obtained. As this model is for cross-validation, the month

currently being examined would not be included in the model construction.

Note that if (¢) were available. then this method would be the most useful as
it gives a probability of observing the discrepancy between the sites. From this
probability. a statistically justifiable decision can be made to either include or

discard the records.

Model fitting procedure

The model fitting equations (Section 3.1.5) gave equal weight to all aggregation
levels. This was done as the model was intended both for infilling and disagarega-
tion so a close match is needed at both the 1-hour and 24-hour aggregation levels.
However. a better model may be obtained by weighting each fit proportionally to
the error associated with the statistic. For example, the 24-hour autocorrelation

should not be given the same weight as the 1-hour autocorrelation.

Model improvements

As the proportion of dry sites is not matched well by the fitted model this could
be included in the model fitting procedure. The overall proportion of dry sites
could be used (that is, pooled across the region). however a more useful measure
is likely to be the proportion of dry sites conditioned on the observed site values.

There are two assumptions that, once relaxed, may lead to a better fit to
the historical record. Firstly, the inclusion of multiple rain cell types is likely to
improve the fitting ability of the model. Secondly, a model where cell intensity.
duration, and radius are not mutually independent is also expected to be beneficial.

Note that it may be necessary to correct one of the assumptions listed above as the
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inclusion of multiple cells, especially if duration and intensity were not assumed
to be independent, may account for a relationship between duration, intensity,
and cell radius. Alternatively, a dependence between cell intensity, duration, and

radius, may negate the necessity for including multiple cell types.

Multiple rain cells

Multiple cell-types may help fix the cross-correlation problems seen in Section
5.2.2 - particularly with the apparent mismatch between the 1-hour and 24-hour
cross-correlations. It is also possible that fitting multiple cells may allow one of the
cell-types to be of longer duration, thus reducing the problem seen in the movie
(Section 6.2.2). Furthermore, the discrepancy between the mixture of wet/dry
days in the region would be expected to be at least partially alleviated by this
model specification. If duration and intensity are permitted to be dependent and
multiple cells types are modelled, then it is possible that this would account for

any relationship between duration, intensity. and cell radius.

Dependent cell intensity, duration, and radius

The likelihood of cell radius. duration, and intensity being independent is un-
reasonable given the nature of the underlying physical process. As a temporal
model assuming a relationship between duration and intensity was found to be
beneficial (Kakou, 1998: Onof et al., 2000). it is expected that a model where cell
radius, duration, and intensity are not assumed to be mutually independent would
also improve the equivalent spatial-temporal model. Essentially, the model would

change to modelling rainfall vohume rather than just magnitude.

The advantage of including multiple cells is that the formmlation of the model
has already been derived (sce Cowpertwait, 1995). Therefore. this would be the
suggested next model to apply in the short term. However. a derivation of a model
where cell intensity, cell duration, and cell radius are not mutually independent is

highly likely to be an area worth investigating.
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Infilling

The iterative sampling algorithm does not directly include a weighting for distance
between historical sites and rainfall. Although a direct weighting via linear cross-
correlation and weighting via distance (km) was not found to be useful (see Section
5.5.6), an algorithm that makes use of the regional information is likely to be better
than an algorithm which does not.

The weighting was an attempt to obtain an evaluation over the whole region
where the sites which were further away had less influence that sites that were
closer. A better approach may be to cluster the results based on similarity and to
filter out the candidate simulation records that do not maintain the same regional
characteristics prior to the fitting. This would also increase the speed of the infilling
algorithms if the computation cost of filtering is less than the cost of fitting. As
the number of sites increases. this is likely to be true. A further advantage of
this approach is that the effect of duplicated regional information is reduced (see
Haining., 2003).

Another approach to infilling which was not considered, is to choose the infilled
records based on how closely the pooled infilled monthly statistics matches the
observed pooled historical monthly statistic. As the recalculation of statistics is
expensive. this is probably best implemented via nmltiple imputation.

The algorithm would then be as follows. First, the month is infilled using
iterative sampling (or some modified variant). Second. the pooled statistics are
calculated both for the historical record and the infilled record. If the difference
between any two equivalent statistics is too large (for example they are significantly
different at the 5% threshold) then the infilled data are to be rejected and the
algorithm is reapplied. Otherwise, if another month needs to be infilled then the
algorithm operates on that month.

The direct benefit of this approach is that any seasonal fluctnation (for example
dry / wet seasons) is correctly accounted for. If the original methods for infilling
were applied, then this would not necessarily be the case as there is no split of the

candidate records into wet /dry seasons.
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A. DATA INTEGRITY ANALYSIS: PLOTS AND TABLES

A.1 Temporal plots
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Figure A.11: Site TW239578 daily plots



GLT

Rainfall (mm)

wve) Faintall (mm)

TW238578 : Hourly Rainfall (mm) versus Time

TW239578 : Summary Log(Hourly Rainfallimm)+1) versus Time

a | |
“ i oy | ‘ TRy
. % 1| AN ke b L !"iA-”--
: 1Nm A B i!‘qf'* -.“1
ol D t}‘t byl o
] I i [ t! l't' | ] ” l f
Lottt ’IHMIU e “
=] I = j' — T —_—
TW239578 Boxplot: +ve Hourly Rainfall (mm) versus Season TW239578 : Proportion Dry Hours in Month versus Time
¢ ‘ = — .
P A PIE A A g
Rt ”u ki
@ g "
o ; . : ; g ; ; i i c%g |
i1 i I |
g YA RN R L - = l

Figure A.12: Site TW239578 hourly plots



TW245176 : Daily Rainfall (mm) versus Time TW245176 : Log Monthly Rainfall Stats (Max, Mean, Med) versus Time

—
T ——
—_--"_‘_#-_
_-_"E
i
—_—
e
% o
o ———
—
—
—_—
——
%

LogiRaintall (mmjs1
———

Raintall (mm)

d =3 ooy |
T T — T T—— e ——— ]
1970 1975 1980 1985 LEE 1 Al 1985 1900 139! 2000
Time Time
Sk Line = Manihly Masimum Dashed Line = Morinyy Median, Deotaa Link « Wonshiy Maean
TW245176 Boxplot: Daily Rainfall (mm) versus Season TW245176 : Monthly Proportion dry versus Time

176

~
= scteo e e o8
Z | fr— - e s
s
-
|} —- e e e
r'||
) e ——
Prop Dty Days in Mantt
4
———
—
A
———
———
——

L]
L]
3
!
l '
=4 l
D |
Jun

T
Jul 1370 1975 80 1885 1830 1945 #000

Season (Manth) Time

Figure A.13: Site TW245176 daily plots
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Figure A.18: Site TW246424 hourly plots
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Figure A.20: Site TW246627 hourly plots
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Figure A.21: Site TW246817 daily plots
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Figure A.26: Site TW286392 hourly plots
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Figure A.28: Site TW287141 hourly plots
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Figure A.42: Site TW290007 hourly plots
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April : TW287283 versus TW246627
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Figure A.45: Daily data. April. site TW287283 versus site TW246627
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Figure A.46: Daily data. September, site TW287874 versus site TW247119
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January : TW287864 versus TW287141
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Figure A.47: Daily data, Janunary, site TW287874 versus site TW287141

February : TW290007 versus TW287283
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Figure A.48: Daily data. February, site TW290007 versus site TW287283
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November : TW288742 versus TWZ287864
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Figure A.49: Daily data. February. site TW288749 versus site TW287864
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Figure A.50: Daily data, November, site TW289022 versus site TW287283
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Figure A.51: Daily data, November. site TW291467 versus site TW290007
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Figure A.52: Daily data, December, site TW291467 versus site TW290007
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Figure A.53: Pooled statistics: cleaned data versus uncleaned data (CV, skewness,
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24-hour Cross—Correlation: Cleaned Data versus Uncleaned Data
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B. MODEL FITTING: PLOTS
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The curved line is the fitted value under the model.
the x's are the 300-year sample simulation cross-correlation.
the black o's are the historical cross-correlation.

Figure B.1: Modelp cross-correlation versus distance - January., February
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the x’s are the 300-year sample simulation cross-correlation,
the black o’s are the historical cross-correlation.

Figure B.2: Modelg cross-correlation versus distance - March, April
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The curved line is the fitted value under the model.
the x’s are the 300-year sample simulation cross-correlation.
the black o's are the historical cross-correlation.

Figure B.3: Modelg cross-correlation versus distance - May, June
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The curved line is the fitted value under the model,
the x’s are the 300-vear sample simulation cross-correlation.
the black o's are the historical cross-correlation.

Figure B.4: Modelp cross-correlation versus distance - July. August
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The curved line is the fitted value under the model.
the x’s are the 300-year sample simulation cross-correlation.
the black o's are the historical cross-correlation.

Figure B.5: Modelpg cross-correlation versus distance - Se tember. October
B
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Nowember 24-hour Cross-Correlation versus Distance Navember 1-hour Cross-Comeiation versus Destance

o 4
= i & £ L]
. i ; %.' et A
. iy ¥ A i L T
. bl - - N .
c * Ve »éi"‘ s '12 i M L '
| e . h '
_f * _!- - q‘g N i
' ' LI ¥ § ﬁ i .
b S g e M "
i: . 1 he
b g :
i } '
- b .
LI E .
& o
i
| »
i = . s
t * x [} = ¥ ©
Cmtance Tearce e
December 24-hour Cross-Correlation versus Distance December 1-hour Cress-Carreiation verses Distance
3!
.-
P ¢
i . i
i " E3
P e i
¢ E.3 P )2 . ;
i AT " I
v g LAY i.'r" Yo * '
4™ . o * H !
- 3 i 3
L - ¢ '3 ¥ |
il . : : s 1 0
e e
' :
| .
£4
o | » L]
1 n ® & n % [
Datarce am Tetaren i

The curved line is the fitted value under the model,
the x's are the 300-year sample simulation cross-correlation,
the black o’s are the historical cross-correlation.

Figure B.6: Modelp cross-correlation versus distance - November, December
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C. MODEL VALIDATION: PLOTS

24-hour mean versus site for January

24-hour mean versus site for February

Fa-hour Mean

T S ENET e e N e R Tk

White = Historical: Shaded = Model

Figure C.1: Monthly Means by site - Janmary and February




24-hour mean versus site for March
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Figure C.2: Monthly Means by site - March and April
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Figure C.3: Monthly Means by site - May and June
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24-hour mean versus site for July
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Figure C.4: Monthly Means by site - July and August
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Figure C.5: Monthly Means by site - September and October
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Figure C.6: Monthly Means by site - November and December
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Figure C.7: Monthly Coefficient of Variation by site - January and February
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Figure C.8: Monthly Coeflicient of Variation by site - March and April
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Figure C.9: Monthly Coefficient of Variation by site - May and June
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Figure C.10: Monthly Coefficient of Variation by site - July and Augnst.
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Figure C.12: Monthly Coeflicient of Variation by site - November and December
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Figure C.13: Monthly Skewness by site - January and February
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Figure C.14: Monthly Skewness by site - March and April
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Figure C.15: Monthly Skewness by site - NMay and June
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Figure C.16: Monthly Skewness by site - July and August
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Figure C.17: Mouthly Skewness by site - September and October
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Figure C.18: Monthly Skewness by site - November and December
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D. INFILLING PLOTS
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Figure D.1: BFLS Intensity plots: Janunary and February




el (i

E

nfliec-

T (mm

Best Fit Least Squares : March , Error (mm) versus Historical Value (mm)

Intensity
2
It
104
43
2
Hist i1 f
Best Fit Least Squares : April , Error (mm) versus Historical Value (mm)
Intensity
=
T
=1}
10 -
A04
453 -

Historical 24-nour rainfall (mm)

Figure D.2: BFLS Intensity plots: March and April
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Figure D.3: BFLS Intensity plots: May and June
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Figure D.6: BFLS Intensity plots: November and December
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BFLS January : QQ plot Infilled versus Historical
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Figure D.7: BFLS Regional QQ plots: January and February
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BFLS March : QQ plot Infilled versus Historical
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Figure D.8: BFLS Regional QQ) plots: March and April
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Figure D.9: BFLS Regional QQ plots: May and June
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BFLS July : QQ plot Infilled versus Historical
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Figure D.10: BFLS Regional QQ plots: July and August
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Figure D.11: BFLS Regional QQ plots: September and October
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BFLS November : QQ plot Infilled versus Historical
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o
=t
' . At
L *ﬁ' .
=] e -
(4] L -
fias ] E s
S -
T g By
E ___.-/. T &
-"’ =
P
& ool -
o
T T T T 1
0 10 20 30 40

Historical Quantiles
cross=median; vertical line = IQR error bar: dots = minima or maxima

Figure D.12: BFLS Regional QQ plots: November and December
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Figure D.13: BFLS cross-correlation QQ) plots: January and February
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Figure D.14: BFLS cross-correlation QQ) plots: March and April
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Figure D.15: BFLS cross-correlation QQ plots: May and June
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Figure D.16: BFLS cross-correlation QQQ) plots: July and August
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Infilled Cross-Correlation
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Figure D.17: BFLS cross-correlation QQ plots: September and October
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Figure D.18: BFLS cross-correlation QQ plots: November and December
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Figure D.19: BFCDF cross-correlation QQ) plots: January and February
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Figure D.20: BFCDF cross-correlation QQ plots: March and April
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Figure D.21: BFCDF cross-correlation QQ) plots: May and June
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Figure D.22: BFCDF cross-correlation QQ plots: July and August
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Figure D.23: BFCDF cross-correlation QQ) plots: September and October

278



BFCDF November QQ-Plot: Cross-Correlation Historical versus Infilled
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Figure D.24: BFCDF cross-correlation QQ plots: November and December
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Figure D.25: ISCDF Intensity plots: January and February
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Figure D.26: ISCDF Intensity plots: March and April
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Figure D.27: ISCDF Intensity plots: May and June
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Figure D.29: ISCDF Intensity plots: September and October
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ISCDF Least Squares : November , Error (mm) versus Historical Value (mm)
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Figure D.30: ISCDF Iutensity plots: November and December
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ISCDF January : QQ plot Infilled versus Historical
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Figure D.31: ISCDF Regional QQ plots: January and Febrnary
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ISCDF March : QQ plot Infilled versus Historical
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Figure D.32: ISCDF Regional QQ plots: March and April
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Figure D.33: ISCDF Regional QQ plots: May and June
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ISCDF July : QQ plot Infilled versus Historical
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Figure D.34: ISCDF Regional QQ plots: July and August
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ISCDF September : QQ plot Infilled versus Historical
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Figure D.35: ISCDF Regional QQ plots: September and October
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ISCDF November : QQ plot Infilled versus Historical

60

50

40

Infilled Quantiles
30

10

1 I I I

20 30 40 50 60

Historical Quantiles

ISCDF December : QQ plot Infilled versus Historical

50

Infilled Quantiles
20

10

10

(’1'0552111(‘(“!:'11'12 vertical line =

T T

20 30 40 50

Historical Quantiles

IQR error bar; dots = minima or maxima

Figure D.36: ISCDF Regional QQ plots: November and December
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Figure D.37: ISCDF cross-correlation QQ plots: January and February
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Figure D.38: ISCDF cross-correlation QQ plots: March and April
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Figure D.39: ISCDF cross-correlation QQ plots: May and June
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Figure D.40: ISCDF cross-correlation QQ plots: July and Augnst
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Figure D.41: ISCDF cross-correlation QQ plots: September and October
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ISCDF November QQ-Plot: Cross-Correlation Historical versus Infilled
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Figure D.42: ISCDF cross-correlation QQ plots: November and December
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