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Abstract

Multisymplectic integration is a relatively new addition to the field of geometric integra-
tion, which is a modern approach to the numerical integration of systems of differential
equations. Multisymplectic integration is carried out by numerical integrators known as
multisymplectic integrators, which preserve a discrete analogue of a multisymplectic con-

servation law.

In recent years, it has been shown that various discretisations of a multi-Hamiltonian
PDE satisfy a discrete analogue of a multisymplectic conservation law. In particular,
discretisation in time and space by the popular symplectic Runge-Kutta methods has
been shown to be multisymplectic. However, a multisymplectic integrator not only needs
to satisfy a discrete multisymplectic conservation law, but it must also form a well-defined
numerical method. One of the main questions considered in this thesis is that of when a
multi-Hamiltonian PDE discretised by Runge-Kutta or partitioned Runge-Kutta methods
gives rise to a well-defined multisymplectic integrator. In particular, multisymplectic
integrators that are explicit are sought, since an integrator that is explicit will, in general,

be well defined.

The first class of discretisation methods that I consider are the popular symplectic
Runge-Kutta methods. These have previously been shown to satisfy a discrete analogue
of the multisymplectic conservation law. However, these previous studies typically fail
to consider whether or not the system of equations resulting from such a discretisation
is well defined. By considering the semi-discretisation and the full discretisation of a

multi-Hamiltonian PDE by such methods, I show the following;:

e For Runge-Kutta (and for partitioned Runge-Kutta methods), the active variables
in the spatial discretisation are the stage variables of the method, not the node

variables (as is typical in the time integration of ODEs).

e The equations resulting from a semi-discretisation with periodic boundary conditions
are only well defined when both the number of stages in the Runge-Kutta method
and the number of cells in the spatial discretisation are odd. For other types of

boundary conditions, these equations are not well defined in general.

e For a full discretisation, the numerical method appears to be well defined at first, but
for some boundary conditions, the numerical method fails to accurately represent the
PDE, while for other boundary conditions, the numerical method is highly implicit,
ill-conditioned and impractical for all but the simplest of applications. An exception
to this is the Preissman box scheme, whose simplicity avoids the difficulties of higher

order methods.

e For a multisymplectic integrator, boundary conditions are treated differently in time
and in space. This breaks the symmetry between time and space that is inherent in

multisymplectic geometry.
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The second class of discretisation methods that I consider are partitioned Runge-
Kutta methods. Discretisation of a multi-Hamiltonian PDE by such methods has lead to

the following two major results:

1. There is a simple set of conditions on the coefficients of a general partitioned Runge—
Kutta method (which includes Runge-Kutta methods) such that a general multi-
Hamiltonian PDE, discretised (either fully or partially) by such methods, satisfies
a natural discrete analogue of the multisymplectic conservation law associated with
that multi-Hamiltonian PDE.

2. I have defined a class of multi-Hamiltonian PDEs that, when discretised in space by
a member of the Lobatto ITTA-ITIB class of partitioned Runge-Kutta methods, give
rise to a system of explicit ODEs in time by means of a construction algorithm. These
ODEs are well defined (since they are explicit), local, high order, multisymplectic
and handle boundary conditions in a simple manner without the need for any extra
requirements. Furthermore, by analysing the dispersion relation for these explicit

ODEs, it is found that such spatial discretisations are stable.

From these explicit ODEs in time, well-defined multisymplectic integrators can be con-
structed by applying an explicit discretisation in time that satisfies a fully discrete ana-
logue of the semi-discrete multisymplectic conservation law satisfied by the ODEs. Three
examples of explicit multisymplectic integrators are given for the nonlinear Schrodinger
equation, whereby the explicit ODEs in time are discretised by the 2-stage Lobatto TITA—
ITIB, linear-nonlinear splitting and real-imaginary-nonlinear splitting methods. These
are all shown to satisfy discrete analogues of the multisymplectic conservation law, how-
ever, only the discrete multisymplectic conservation laws satisfied by the first and third

multisymplectic integrators are local.

Since it is the stage variables that are active in a Runge-Kutta or partitioned Runge—
Kutta discretisation in space of a multi-Hamiltonian PDE, the order of such a spatial
discretisation is limited by the order of the stage variables. Moreover, the spatial dis-
cretisation contains an approximation of the spatial derivatives, and thus, the order of
the spatial discretisation may be further limited by the order of this approximation. For
the explicit ODEs resulting from an r-stage Lobatto IITA-IIIB discretisation in space of
an appropriate multi-Hamiltonian PDE, the order of this spatial discretisation is r — 1
for » < 10; this is conjectured to hold for higher values of r. For r = 3, I show that a
modification to the initial conditions improves the order of this spatial discretisation. It
is expected that a similar modification to the initial conditions will improve the order of

such spatial discretisations for higher values of r.
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Chapter 1

Introduction

Multisymplectic integration is a relatively new addition to the field of geometric integra-
tion, which is a modern approach to the numerical integration of systems of differential
equations. Geometric integration is achieved through the use of numerical methods known
as geometric integrators. The defining feature of geometric integrators is that they are de-
rived from the system under consideration in such a way that the numerical solution exactly
preserves one or more properties of the continuous solution. Some of the more desirable
properties that geometric integrators may possess are time-reversibility, the preservation
of symmetries, the conservation of first integrals, such as energy and momentum, and the
conservation of various other properties, such as volume, symplecticity and multisymplec-
ticity. The focus of this thesis is on multisymplectic integration by geometric integrators

that conserve multisymplecticity, otherwise known as multisymplectic integrators.

It is generally accepted that the concepts of symplecticity and multisymplecticity date
back to 1935 with the early, and independent, works of Hermann Weyl [76, 77] and
Théophile De Donder [20] on the calculus of variations for multiple integrals. It was,
however, Weyl who first used the term “symplectic” to describe systems with symplectic

conservation laws [77]:

The name “complex group” formerly advocated by me in allusion to line com-
plexes, ...has become more and more embarrassing through collision with the
word “complex” in the connotation of complex number. I therefore propose to

replace it by the Greek adjective “symplectic.”

For many years after the work of Weyl and De Donder, the concepts of symplecticity
and multisymplecticity received only sporadic attention, which was generally in the context
of Lagrangian field theories [21, 22, 28, 29, 46, 47, 74]. While numerical integrators con-
tinued to be developed during this period, these methods generally focussed on properties
such as improved order, conservation of first integrals and simplicity of implementation;

little attention was given to the concepts of symplecticity and multisymplecticity.
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Symplecticity as a property of numerical integrators became of interest to the numerical
integration community in the late 1980’s, when it was discovered that many of the well-
behaved methods that had been previously constructed, such as the implicit midpoint
and Stormer—Verlet methods, conserved symplecticity. In particular, the conditions for
the popular Runge-Kutta methods (which were first constructed around the turn of the
twentieth century and later characterised by a tableau of coefficients [16]) to conserve
symplecticity were discovered independently in 1988 [48, 67] and 1989 [73]. Nearly a decade
later, the ideas that were being used to construct symplectic integrators for Hamiltonian
ODEs began to be applied to Hamiltonian PDEs. This has led to a dramatic surge in the
amount of interest in the developing field of multisymplectic integration, as is evidenced by
the number of recent publications in this area [2, 3, 5, 6, 7, 8, 10, 11, 13, 14, 15, 18, 27, 30,
37,39, 40, 41, 42, 43, 45, 49, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 62, 63, 64, 65, 66, 71, 75].

Currently, there are two approaches to the field of multisymplectic integration. The
first approach is the traditional Lagrangian approach, which, in the context of multisym-
plecticity, dates back to the work of Weyl and De Donder. This approach is couched in the
language of differential geometry, which is an abstract coordinate free description of calcu-
lus on manifolds (an introduction to this approach is given in Section 1.3). The Lagrangian
approach is based upon the idea that variational principles underlie the fundamental laws
of force balance, i.e., F' = ma. These variational principles allow the equations of motion
of a system to be derived from the Lagrangian, which is a function describing the dynam-
ics of that system. Furthermore, these variational principles have close ties with Noether

theory and, as such, symmetries in the system appear as conservation laws.

To form a multisymplectic integrator from such a variational description, a discrete
approximation of a Lagrangian PDE is considered. Along with this so-called discrete
Lagrangian, a discrete analogue of the apparatus used in the theory of continuous La-
grangians is constructed. In particular, the discrete analogue of Hamilton’s variational
principle gives rise to algorithms known as discrete variational integrators, which conserve

multisymplecticity (see Section 1.4.5).

The second approach is based on an extension of the theory of Hamiltonian ODEs to
Hamiltonian PDEs, whereby the PDE is written in a so-called multi-Hamiltonian form
(see Section 1.2), which was introduced in 1997 by Thomas Bridges [7, 8]. We refer
to a Hamiltonian PDE written this way as a multi-Hamiltonian PDE. This approach is
particularly suited to the study of wave-like PDEs and has led to a deeper understanding

of the properties of wave propagation [8].

Multisymplectic integrators based on this approach are constructed by discretising a
multi-Hamiltonian PDE by methods that preserve the multisymplectic structure of the
PDE. Shortly after the introduction of this multi-Hamiltonian form it was shown that dis-
cretisation by symplectic Runge-Kutta methods preserves the multisymplectic structure

of a multi-Hamiltonian PDE [63]. In particular, the Preissman box scheme, which was in-
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troduced by Preissman in 1960 and is used extensively in fluid dynamics applications (such
as weather prediction), has been shown to be multisymplectic [13]. Since then, various
other discretisation methods have been shown to preserve the multisymplectic structure of
multi-Hamiltonian PDEs [38, 66]. It is this approach that will be considered throughout

most of this thesis.

Since multisymplectic integrators can be constructed via each of these approaches,
a question that naturally arises is whether one approach is more fundamental than the
other. As yet, the answer to this question has not been decided. On the one hand, the
Lagrangian approach may be considered to be more fundamental since it is based on
variational principles, and may be generalised to general relativity more easily than the
Hamiltonian approach. On the other hand, the Hamiltonian approach may be considered
more fundamental since it is based on the concept of energy, which has close ties with
quantum mechanics. Fortunately, in many cases, these two approaches are equivalent and

the question is moot.

1.1 General overview of this thesis

The remainder of this chapter is laid out as follows. In Section 1.2, I give an introduc-
tion to the Hamiltonian approach to the theory of multisymplectic integration, including
a description of the various types of conservation law. In particular, the definition of a
multi-Hamiltonian PDE and its corresponding multisymplectic conservation law are given.
In Section 1.3, I give a description of the Lagrangian approach to the theory of multisym-
plectic integration, including an introduction to the apparatus of differential geometry
that is required for this approach. Following this, I give an overview of several commonly
used symplectic and multisymplectic integrators in Section 1.4. Lastly, in Section 1.5,
I give an overview of the advantages that multisymplectic integrators enjoy over other
types of numerical integrators and list a selection of PDEs that have had multisymplectic

integrators constructed for them.

In Chapter 2, I discuss the discretisation of a multi-Hamiltonian PDE by symplectic
Runge—Kutta methods using the nonlinear wave equation as the primary example. After
showing that the discrete set of equations satisfies a discrete analogue of the multisym-
plectic conservation law in Section 2.1, I proceed to determine the conditions when such
discretisations form well-defined numerical methods. Firstly, in Section 2.2, spatial semi-
discretisations are considered and it is shown that for periodic boundary conditions, a
necessary condition for the discretisation to be well defined is that both the number of
grid points and the number of stages in the Runge-Kutta method must be odd. Further-
more, for other boundary conditions the discretisation fails to be well defined in general.
Secondly, in Section 2.3, full discretisation in time and space is considered and found to be

well defined if boundary conditions are chosen appropriately. However, for some choices
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of boundary conditions the numerical integrator does not represent the PDE, while for

other choices of boundary conditions the numerical integrator is impractical in general.

In Chapter 3, partitioned Runge-Kutta discretisations of a multi-Hamiltonian PDE are
considered. I begin this chapter by giving the general definition of a partitioned Runge—
Kutta method. Following this, I define a simple set of conditions on the coefficients of
these methods such that the discretisation (or semi-discretisation) of a multi-Hamiltonian
PDE by such methods satisfies a discrete analogue of the multisymplectic conservation law.
Then, in Section 3.4, I define a class of multi-Hamiltonian PDEs such that a discretisation
in space by the Lobatto IITA-IIIB class of partitioned Runge-Kutta methods leads to
a system of explicit ODEs it time. This is shown by way of a construction algorithm.
Furthermore, I show that these ODEs handle boundary conditions in a local and simple
manner. In order to demonstrate the necessity of the conditions that define this class
of multi-Hamiltonian PDESs, several examples of multi-Hamiltonian PDEs that lie in this

class are given along with several examples that do not.

In Chapter 4, I describe how explicit multisymplectic integrators may be constructed
from the explicit ODEs in Section 3.4 by an appropriate discretisation in time. The pri-
mary example used in this chapter is the nonlinear Schrodinger (NLS) equation. The
first discretisation method considered is a Lobatto ITTA-IIIB discretisation in time with
coefficients satisfying the conditions for the conservation of multisymplecticity. The sec-
ond and third discretisation methods considered are splitting methods. It is shown that
the first and third multisymplectic integrators satisfy local discrete analogues of the mul-
tisymplectic conservation law, whereas the second multisymplectic integrator satisfies a
non-local discrete analogue of the multisymplectic conservation law. This is followed by a
discussion on the ability of these three multisymplectic integrators to preserve the three
basic conservation laws (energy, momentum and norm) that are possessed by the NLS

equation.

In Chapter 5, I give an analysis of the dispersion relation and the order of Runge-Kutta
and partitioned Runge-Kutta discretisations of a multi-Hamiltonian PDE. In particular,
in Section 5.1, I give the dispersion relation for a 3-stage Lobatto IITA-IIIB discretisation
in space of the nonlinear wave equation. This dispersion relation exhibits more solutions
than the dispersion relation of the continuous PDE, which is typically an indication of an
unstable mode in the solution and limits the step size that may be taken by the integrator.
However, for Runge-Kutta and partitioned Runge-Kutta methods, it is shown that these
extra solutions do not correspond to unstable modes and that these methods are stable.
In Section 5.2, the order of the Lobatto ITIA-IIIB discretisation in space of a multi-
Hamiltonian PDE is considered. It is shown that this discretisation (and the Gaussian
Runge-Kutta discretisations that have previously been considered) only has the order of
the stage variables in the method. However, by a careful selection of the initial conditions,

this order may be increased.
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Lastly, in Chapter 6, I make my concluding remarks, followed by a list of open questions

arising from the results of this thesis.

1.2 Hamiltonian ODEs and PDEs

The Hamiltonian approach to the field of multisymplectic integration is based upon the
concept of energy. That is, for an ODE, a function (the Hamiltonian) representing the
total energy of the system is constructed, from which the equations of motion of the system

can be derived.

The dependent variables ¢ = {¢*,...,q"} (referred to as generalised coordinates) and

p = {p1,...,pn} (referred to as generalised conjugate momenta) are introduced as func-

tions of an independent time-like variable, . Together, the generalised coordinates and

conjugate momenta define the phase space (g, p) € R?™. On this phase space, the Hamil-
tonian is defined as the function

H = H(q,p,t). (1.1)

The equations of motion of a Hamiltonian system are given by Hamilton’s equations,

d¢ OH dp; oH
dg* _ __of 1.2
dt  9dp;’ dt oq*’ (1.2)

which describe the evolution in time of a point in phase space.

Eq. (1.1) is the general form of the Hamiltonian, but in most systems of interest the
Hamiltonian is autonomous, that is, it does not depend explicitly on ¢, and, as a conse-
quence, the energy of the system is constant in time. In many situations, the Hamiltonian
is also separable, meaning that it can be written as the sum of functions on mutually
exclusive sets of variables. For example, in particle mechanics the Hamiltonian can be
written as H(q,p) = T(p) + V(q), where T'(p) and V(q) are kinetic and potential energy,

respectively.

It can be immediately noted from Hamilton’s equations that autonomous Hamiltonian

systems have the property,

dH_i(&Hd_qi 6H%>:0 (1.3)

[ i +
dt P Oqt dt ~ Op; dt
which corresponds to the conservation of energy by solutions of the autonomous Hamil-

tonian system. Unless otherwise stated, the Hamiltonian systems considered throughout

the remainder of this thesis may be assumed to be autonomous.

Hamilton’s equations can be written more concisely by writing the coordinates and

momenta as a single vector z = (¢',...,¢", p1,...,pn), then a point in phase space evolves
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in time according to

zy = J 'V, H(z), (1.4)
where
O'I’L I'I’L
J = ] (1.5)
_In On

and z; is the time-derivative of z. J~! is often referred to as the symplectic matrix since
the Lie algebra of the symplectic group of degree 2n over a field consists of the matrices
A (with elements in the field) satisfying J 1A + ATJ 1 = 0.

Hamiltonian PDEs are the extension of Hamiltonian ODEs to the situation where the
dependent variables, z, are functions of multiple variables (typically 1 time-like variable,
t, and 1 space-like variable, x). In these PDEs, each of the dimensions are treated on an

equal footing.

For a Hamiltonian PDE, the total energy in the system is no longer represented by a
single function. Instead we have two functions, F(z) and F(z), which describe the local
energy density and local energy flux in the system. Together, the energy density and energy
flux describe how the distribution of energy in a PDE varies over time. However, while
the amount of energy in an autonomous Hamiltonian PDE will vary locally in general, the

total amount of energy in the system will remain constant.

The natural generalisation of Hamilton’s equations for a Hamiltonian PDE is to write

the PDE as a system of first order equations in the so-called multi-Hamiltonian form [7, §]
Kz, + Lz, =V,5(z), (1.6)

where z € R", K and L are skew-symmetric matrices in R"*" and S(z) is a smooth
function. Note that S(z) is autonomous here (it has no explicit ¢ or = dependence),
Hamiltonian PDEs written in the form of Eq. (1.6) but with a non-autonomous S(z) have
not been considered in the literature and will not be considered here either. A Hamiltonian
PDE written in the form of Eq. (1.6) is referred to as a multi-Hamiltonian PDE.

As an example, the nonlinear wave equation, uy = uy, — V/(u), can be written as a
multi-Hamiltonian PDE with

U 0 1 0 0 -1
z=| v |, K=|-1 0 ., L=|0 0 (1.7)
w 0 O 1 0
and S(z) = =V (u)+ %(w2 - 1)2). This example has been used extensively in the literature

and is one of a number of multi-Hamiltonian PDEs that are considered in this thesis.
While the multi-Hamiltonian form of many important PDEs are known, there is currently
no systematic method of constructing the multi-Hamiltonian form of a given Hamiltonian

PDE and it is not known whether this is even possible in general.
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An important concept in the study of multisymplectic integration is that of the first

variation of a PDE. For a multi-Hamiltonian PDE, this is given by
Kdz; + Ldz, = D,,S(z)dz, (1.8)

where K and L are the same skew-symmetric matrices as above and D,,S(z) is the
Hessian of S(z).

In higher dimensions, the concept of a multi-Hamiltonian PDE is extended further to
include PDEs of the form N
S Koz, = V.S(=). (1.9)
a=1
where z ,, indicates the partial derivative of z with respect to the variable z,. Eq. (1.9)

reduces to Eq. (1.6) when x, = (¢,x). The first variation of Eq. (1.9) is given by

N
Y K%dz,, = D..S(z)dz. (1.10)
a=1
The focus of this manuscript is, for the main part, restricted to the consideration of
multi-Hamiltonian PDEs of the form of Eq. (1.6) and their associated multisymplectic

conservation laws.

1.2.1 Conservation laws

Conservation laws can be classified into four distinct categories depending on the whether
the system studied is an ODE or a PDE and whether the conservation law is evaluated

on solutions to the system or on solutions to the first variation of the system.

ODE PDE
Conservation Law ;=0 | E+F,=0
Differential

. Wt = 0 Wt + Ry = 0
Conservation Law

Furthermore, these conservation laws, which are described in the sections below, are con-
tinuous and apply to the ODE or PDE under consideration; a numerical integrator is said
to preserve a given property when it satisfies a discrete analogue of the corresponding

continuous conservation law.

ODE conservation laws

ODE conservation laws can be written as

d
—1(u(t)) =0, (1.11)
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where [ is the conserved quantity and u(t) is a solution of the ODE.

In most applications where the ODE is derived from a physical system, the conserved
quantity is energy and the integral is the Hamiltonian. Integrators for such systems are

known (not surprisingly) as energy-preserving integrators.

An example of a numerical method that preserves a discrete analogue of this type of
conservation law is the implicit midpoint method for a rigid body. The kinetic energy of
a rigid body is given by
1 p?

H(p1,p2,p3) = =(

2 2
_2 +&+&)’

1.12
L L I (1.12)

where p; represent the angular momentum in the body frame and I; are the principal
moments of inertia. The kinetic energy is conserved since the implicit midpoint method
belongs to the Gaussian Runge-Kutta class of methods, which conserve all quadratic

invariants [33].

PDE conservation laws

A PDE conservation law consists of two functions evaluated on the solutions, u(x,t), of

the PDE, which together describe a locally conserved quantity, i.e.,

0 0
S B(u(t, ) + o= Flu(t,2)) =0, (1.13)

where the functions F(u(t,z)) and F(u(t,z)) describe the local density and flux of the

conserved quantity, respectively.

As mentioned in Section 1.2, a multi-Hamiltonian PDE (1.6) possesses an energy con-
servation law of this type. However, due to the nature of Eq. (1.6), such a PDE also
possesses a second conservation law of this type where the conserved quantity is momen-

tum. These conservation laws are defined as follows:

e Energy:
OE(z)+ 0, F(z) =0, (1.14)

where E(z) = S(2) + (0,2)T Lz is the energy density and F(z) = —(0,2)7 Lz is the

energy flux.

e Momentum:

0l(z) + 0;G(z) =0, (1.15)

where I(z) = —(0,2)T Kz is the momentum density and G(z) = S(z) + (0;2)" Kz

is the momentum flux.



1.2. HawmirtoNIAN ODEs aNnD PDES 9

A property of PDE conservation laws is that they can be integrated over space (with

suitable boundary conditions) to give an ODE conservation law,

% </ E(u(t,x))dm) — 0, (1.16)

where the globally conserved quantity is the integral [ E(u(t,z))dz.

A class of numerical methods that preserve a discrete analogue of a PDE conservation
law are those known as finite volume methods, where the space-time manifold is broken
into small volume elements and fluxes occur at the boundaries of each element in such a
way that the conservation law is satisfied by each element.

It should be noted, however, that PDE conservation laws are not a property exclusive

2 _

to multi-Hamiltonian PDEs, e.g., Burger’s equation: wu; + (%u Ug)r = 0 possesses a

mass conservation law.

ODE differential conservation laws

In contrast to the above conservation laws, differential conservation laws are not evaluated
on solutions of the system. Instead, along such solutions of the system, the differential

conservation law is evaluated on functions satisfying the first variation of the system.

Along solutions u(t) of an ODE, a differential conservation law can be written as

d
Sw(du(t) =0, (1.17)

where the 2-form w is given by w = A(u)du A du, for some matrix A(u), and du satisfies
the first variation of the ODE. This is illustrated in figure 1.1.

duf(to)

Figure 1.1: Differential conservation laws are evaluated on differentials, du, along a solu-
tion of the ODE. The differentials satisfy the first variation of the ODE.

If the ODE is a Hamiltonian ODE, then A(u) is the constant skew-symmetric matrix
%J , where J is defined by Eq. (1.5). The 2-form w is then given by

1
w= §sz/\dz, (1.18)
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and Eq. (1.17) is called a symplectic conservation law.

The leapfrog integrator (see Section 1.4.3) is an example of a numerical method that
conserves symplecticity, i.e., the value of w is preserved when the variables in the system

are updated from one time level to the next.

PDE differential conservation laws

In a similar manner to PDE conservations laws, the PDE version of a differential conser-

vation law corresponds to the local conservation of some quantity.

Along solutions u(t, ) of a PDE, a differential conservation law is given by

0 0
aw(du(t,x)) + %n(du(t,x)) =0, (1.19)

where the 2-forms w and « are given by w = A(u)du A du and k = B(u)du A du for some
matrices A(u) and B(u) and du satisfies the first variation of the PDE.

If the PDE is a multi-Hamiltonian PDE (1.6) then A(u) and B(u) are the constant
skew-symmetric matrices %K and %L, respectively. The 2-forms w and x are then given
by

w = %K dz Adz,

1 (1.20)
K= §Ldz ANdz,

and Eq. (1.19) is referred to as a multisymplectic conservation law.

Unlike symplectic conservation laws, which describe the conservation of the total
amount of symplecticity in the system, multisymplectic conservation laws describe the
conservation of the amount of multisymplecticity at a point in time and space, i.e., at
each point in time and space, the change in the amount of multisymplecticity in time is

balanced by the change in the amount of multisymplecticity in space.

Multisymplectic conservation laws are often mistakenly identified in the literature as
locally conserving symplecticity [13, 64]. The reason for this is that integration of a
multisymplectic conservation law over space, with suitable boundary conditions, gives a

symplectic conservation law in time, i.e.,

/(wt + Ky )dz = 8, /wdx =0, (1.21)

where the symplectic 2-form is the integral [wdz. Similarly, integration of a multisym-
plectic conservation law over time, with suitable boundary conditions, gives a differential
conservation law in space for the 2-form [ rd¢. However, this pair of ODE differential
conservation laws (one in time and one in space) does not necessarily imply the conser-

vation of multisymplecticity as each of the ODE differential conservation laws are global
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(the first in space and the second in time), whereas the conservation of multisymplecticity

is a property that is local in both time and space.

The Preissman box scheme is an example of a numerical integrator that preserves a
discrete analogue of a multisymplectic conservation law (a so-called discrete multisymplec-
tic conservation law) and is the result of applying finite differences in both time and space.

Applying the Preissman box scheme to Eq. (1.6) on a grid with constant spacing gives

1 1 1 1 1 1
EK(z?jﬁ +2hg -2 -2+ EL(Z;iH + 20 =2l - 2])

1
— sz(Z('z?_:—ll + Z;H_l + ZZT'LJrl + Zzn))’ (122)

where 27" represents the variables at the node at iAx in space and nAt in time.

In higher dimensions a multi-Hamiltonian PDE written in the form of Eq. (1.9) pos-

sesses a multisymplectic conservation law given by

N
> W, =0, (1.23)
a=1

where w® = %Ko‘dz Adz.

1.3 Lagrangian mechanics

The Lagrangian approach to the field of multisymplectic integration is based upon the
idea that variational principles underlie the fundamental laws of force balance. That is,
a function (the Lagrangian) is constructed which describes the dynamics of the system.
The equations of motion of this system may then be derived by considering variations of
the solution that hold the integral of the Lagrangian stationary. This idea is spelled out

in more detail below.

In general, the motion described by an ODE can be formulated on an n-dimensional
configuration manifold @ (with coordinates ¢ = (q', ..., ¢")) together with a 2n-
dimensional tangent bundle 7'Q) (with coordinates (g, ¢), where ¢ indicates the derivative
of g with respect to time). On this tangent bundle, the Lagrangian, L(q,d,t), which is
often of the form kinetic energy minus potential energy, is constructed. Then the action

functional is defined as the definite integral of the Lagrangian, i.e.,
b
S(a() = | Lig.d.0dt. (1.2

Now, the wvariational principle of Hamilton states that taking variations, dq, of the

solution, q(t), with the endpoints fixed, we can find solutions of the ODE which leave the
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action functional stationary. That is, taking variations of the solution gives

b

b (0L d oL oL _,

a

a

and since the only constraint on §¢’ is that the endpoints are fixed, the last term disappears,

which gives the FEuler—Lagrange equations,

d oL 0L
——— = — =0. 1.26
dt 9¢*  0q¢* (1:26)
Associated with the configuration bundle @ is the cotangent bundle T*Q with coordi-
nates (q,p) = (¢*, ..., ¢, p1, ..., pn), which is the phase space constructed in Section

1.2. Under suitable non-degeneracy conditions on L, the Legendre transform defined by
pi = (0L/0q') (1.27)

is a diffeomorphism from 7'Q) to T, which maps the Euler-Lagrange equations to Hamil-
ton’s equations. This allows one to switch between Hamiltonian and Lagrangian settings

via the equation

n
H(g,p,t) = _ pig' — L(q,q,1). (1.28)
i=1

It is the Legendre transform that typically gives physical meaning to the conjugate mo-

menta.

1.3.1 Differential geometry for ODEs

A more concise way of working with Lagrangian and Hamiltonian mechanics is to use
the coordinate free language of differential geometry. A good introduction to differential

geometry is given in [55], with more advanced topics in [30, 52].

In Hamiltonian mechanics, the Hamiltonian is defined on the cotangent bundle, T*(Q.
If the configuration bundle, @, is a manifold, then T%Q together with the symplectic
2-form w = dg’ A dp; define a symplectic manifold (7*Q,w).

We say that a vector field, X, on T*@Q is Hamiltonian if there is a function, H : T*Q
R, such that
ixw = dH, (1.29)

where the notation 2x « indicates the interior product of the vector field X and the k-form
«; it is defined by
ixa(vy, ..., vg) = (X, va,. .., xp). (1.30)

The Hamiltonian vector field is then written as Xy, and Hamilton’s equations for the
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evolution of the system are given by

2= Xp(z). (1.31)

Now, given two symplectic manifolds (P, w;) and (P, ws), a symplectic transformation
(or map) is defined to be a C*°-mapping, ¢ : P; — P, such that ¢*wy = w;. That is, for
each z € P; and for all v,w € T, P;, the identity

wlz(v, w) = (.U2¢(Z) (ngb * v, ngb : w) (132)

holds. Thus the flow, ¢:(2z), of the Hamiltonian vector field Xz above, consists of sym-

plectic transformations from the symplectic manifold to itself,
piw =w. (1.33)

This can be seen from

d
v =eidxw =0, (1.34)

where £xw = 1xdw+ dixw = dixw and 1xw is closed (dixw = ddH = 0). Hence we have
the result that symplecticity is conserved by the flow. A consequence of this is that energy

is also conserved, i.e., H o ¢y = H (where H is defined). This can be seen by noting that
H =1xdH = 1xixw = 0, (1.35)

since a double interior product over the same vector field is identically zero.

In Lagrangian mechanics, we have a Lagrangian defined on the tangent bundle, T'Q). To
show that symplecticity is conserved, a Lagrangian vector field that preserves a symplectic
2-form is sought. The standard method of obtaining a Lagrangian vector field is to define
a canonical 1-form on the cotangent bundle and pull it back to the tangent bundle by a

Legendre transform.

That is, the canonical 1-form 6y on T*(Q is defined by
o (g )Wa, = o - TTQW,,, (1.36)

where ag € T/ Q, wa, € To,T"Q and 7 : T*Q) — () is the canonical projection. Then the
Legendre transformation, FL : T'Q — T7Q), is defined by differentiation of the Lagrangian,

ie.,

d

FL(vg)wg = s

L(vg + ewy). (1.37)
e=0

The Lagrange 1-form can now be defined on T'Q) as

0, = FL*0,, (1.38)
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which, in turn, defines the Lagrange 2-form as

wr, = —dby,. (1.39)

If the Legendre transform is a local diffeomorphism, then wy, is a symplectic 2-form and
there exists a unique vector field (called the Lagrange vector field on T'Q) whose flow, F},

preserves wr,, i.e.,

Flop =wr. (1.40)

It is claimed, in [52], that it is advantageous to stay completely on the Lagrangian
side by obtaining the Lagrange 1-form on T'Q) directly from the variational principle. By
removing the constraint on Eq. (1.25) that the end points are fixed, it is seen that the
term (OL/0¢")dq’ is the Lagrange 1-form on 7'Q. This is formalised in Theorem 2.1 of
[52], which I now quote.

Theorem 2.1 Given a C* Lagrangian L, k > 2, there exists a unique C*~2
mapping DprL : Q) — T*Q, defined on the second order submanifold

Q= {3—2(0)‘ q a C? curve in Q}

of TTQ, and a unique C*~1 1-form 81, on TQ, such that, for all C* variations

qﬁ(t)f
b d?q b
astatt) - oute) = [ Dot () -saae o (52) 8]
where 1 | |
oq(t) = — et, 6A7fE— — (t).
o= 5| _a® aw=g G ab

The 1-form so defined is called the Lagrange 1-form.

As before, the symplectic 2-form is then just the Lagrange 2-form obtained by taking the

exterior derivative of the Lagrange 1-form, i.e.,
wr, = —dby,. (1.41)

The variational principle, when applied to a Lagrangian that is regular, gives coor-
dinate independent second order ODEs, from which a vector field on T'Q is generated.
By considering the flow, F}, of this vector field, one can find that the value of the action
functional at time ¢, when restricted to the space of solutions of the variational principle,

is given by

si- [ ' L(q(s), d(s))ds. (1.42)
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where (q(s),q(s)) = Fs(vy) and vy € TQ.

Applying this to Theorem 2.1 of [52] gives the equation
dSy = F'0r, — 0r. (1.43)
Taking an exterior derivative of the above equation gives
ddS; = —F/wr, +wr, =0, (1.44)

thus we again find that
Flwp = wy, (1.45)

that is, the solutions of the variational principle evolve in a manner that conserves sym-

plecticity.

1.3.2 Differential geometry for PDEs

The introduction to differential geometry given in the previous section is sufficient for
Lagrangian ODEs. However, to work with Lagrangian PDEs we must extend our notation,

in particular we need the concept of jets and jet bundles.

Let X be an oriented manifold of dimension n 4+ 1 with coordinates z*, for p =
0,1,...,n, corresponding to time plus n spatial dimensions. Let wxy : Y — X be a fibre
bundle over X, where Y has fibre dimension N and fibre coordinates y*, for A =1,..., N.

Y is the multisymplectic equivalent of the configuration bundle ) in symplectic geometry.

Next, we can define the first jet bundle J!(Y') over Y to be the affine bundle over Y
whose fibres over y € Y, := ﬂi%,(m) consist of the linear mappings v : T, X — T,Y such
that

Trxy o~ = Identity on T, X. (1.46)

With the above coordinates on X and Y, J(Y) has fibre dimension n x N with coordinates
UAM and the jet bundle is the multisymplectic equivalent of the tangent bundle, T'Q).

Now, if ¢ : X — Y is a section of wxy, then its tangent map 7,¢ is an element of
JHY ) g(z) and the map x — T,¢ defines a section of J'(Y) regarded as a bundle over X.

This section, written as j'(¢), is called the first jet of ¢ and is expressed in coordinates as

7H(@) 2t = (M, ¢ (a"), 0,97 (). (1.47)

As in the case of symplectic geometry, it is possible to obtain the conservation of
multisymplecticity by either pulling back an (n + 1)-form from the Hamiltonian side, or

by staying completely on the Lagrangian side.
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In the symplectic case the canonical 1-form was defined on the cotangent bundle, the
dual of the tangent bundle. Correspondingly, in multisymplectic geometry, we have the
dual jet bundle, J!(Y)*, of fibre dimension n x N + 1. This is defined as a vector bundle
over Y whose fibre at y € Y, is the set of affine maps J*(Y), — A"T1(X),, where A" (X)
is the bundle of (n + 1)-forms on X. Thus, a smooth section of the dual jet bundle is an
affine bundle map of J'(Y)* to A""(X) covering 7xy and takes the form

A A
vl = (At p et )d (1.48)
where d" "1z = dz® Adaz! A -+ Ada™ and (p,p ") are fibre coordinates on J'(Y)*. Here,

p is referred to as the covariant Hamiltonian.

Then, we can define the canonical (n + 1)-form on J'(Y)* by
0= pA“dyA Nd" "z, + pd" g, (1.49)
and the canonical (n + 2)-form on J!(Y)* by
Q=—-de =dy* Adp Ad "z, —dp Ad" e, (1.50)

which is both closed (d©2 = 0) and exact (2 = da for some n + 1-form «).

Now, on the jet bundle J!(Y) we can introduce the Lagrangian L(x“,yA,vAH) with
the Lagrangian density £ : J'(Y) — A"T1(X), which is an (n + 1)-form given by

L(7) = L(z",y*,v? )d" . (1.51)

This Lagrangian density intrinsically defines a covariant Legendre transformation by
vertical differentiation, i.e., the fibre preserving map over Y given by J1(Y) — J1(Y)*.
Let v,7" € JL(Y),, then

FL(y) -~ = L(y) + _OE('V +e(y" =) (1.52)

The result of the Legendre transformation is that the fibre coordinates of J(Y)* are given

by

oL
B _ A
_({“)vAﬂ andp—L—avAﬂv -

P (1.53)

A multisymplectic manifold can then be defined, in some sense [30], as the pairing of
the space Z (which is an appropriate dual of the jet bundle whose fibre over y € Y is given
by

Zy ={z € Ay|nrwz =0, for all v,w € V,)Y'}, (1.54)

where A, is the fibre over y € Y of A"*1(Y) and V)Y = {v € T,Y|T'wxy.v = 0}. Z can be
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roughly interpreted as the covariant cotangent bundle of the bundle Y') with its canonical
(n 4 2)-form, i.e., (Z,Q).

In a similar manner to the symplectic case, the Legendre transform can be used to
define an (n + 1)-form on J!'(Y'), known as the Cartan form, given by the pull-back of ©,
ie.,

O, = (FL)*O. (1.55)

The Cartan (n + 2)-form then results from exterior differentiation,
Qp=—-dO, = (FL)*Q. (1.56)

Expressed in coordinates, these forms are given by

oL . oL .
O = GoA dy? A d"z, + <L o v%) d" (1.57)
I I
and
oL . oL .
QL :dyA/\d (afu—A> Ad .%'M—d [L— W’UAM] Ad +11’. (158)
" "

The alternate method of obtaining the Cartan (n + 1)- and (n + 2)-forms is to avoid
the dual jet bundle altogether and stay completely on the Lagrangian side. I describe the
key steps in this process below; for a more detailed derivation the reader is referred to
[52].

Let U be a smooth manifold with (piecewise) smooth closed boundary. Then, define

the set of smooth maps
C®={¢p:U—Y|rxyoo¢:U— X is an embedding}, (1.59)

where for each ¢ € C*, we set ¢x := mxy o and Ux := wxy o¢(U) so that ¢x : U — Ux
is a diffeomorphism, and let C be the closure of C*°. The authors of [52] remark that Ux

could be extended to the entire manifold X if their proofs were modified to handle the
boundary 0.X.

Let G be a Lie group of mxy-bundle automorphisms 7y, covering diffeomorphisms 7x,
with a Lie algebra g. Let an action ® : G x C +— C be defined by ®(ny, ¢) = ny o ¢. Then,
the tangent space to the manifold C at a point ¢ in the set TyC is defined by

{VeC®X,TY)|ryry oV = ¢, Trxy oV = Vyx is a vector field on X}. (1.60)

The vector field V' on T4C can be extended to the vector field V on C by fixing v € TY
such that V = v o (¢ 0 ") and letting V, = v o (po py'). This gives the flow of V on C
as ®(n3, p), where 13, covering 0%, is the flow of v.
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Now, let the infinitesimal generators V and Vx be given by

d
®(ny,¢) and Vx = —|  nx 0 ¢. (1.61)

d
V=——
A=0 dA =0

dA

Then the action functional S on C is defined as

S(¢) = L5 (po b)), for all ¢ € C, (1.62)
Ux

and has an extremum when

d
dSy-V = —

| S@me) =0 (163

A=0

The next step is to use V' and Vx to write Eq. (1.63) as

d
ds -V:/ —
¢ v dX

which results from splitting V into V¥ + V", where V" = T(¢o¢)_(1) Vxand VV =V -V",

and one application of the Cartan formula.

LG @R 6) + / wr LG (G0 07Y),  (1.64)

A=0 oU x

The Cartan (n + 1)-form is then defined in Theorem 4.4 of [52], which I quote here.

Theorem 4.4. Given a smooth Lagrangian density L : J'(Y) — A"T1(X),
there exist a unique smooth section DppL € C®°(Y" A"THX) @ T*Y) and a
unique differential form Oy € A(JY(Y)) such that for any V € TyC, and any
open subset Ux such that Ux N 0X =0,

dS,-V = DEL(j2(¢o¢§<1))-V+/ 360 6x") * ) Oc).
Ux U x

Furthermore,
DprL((¢odx') -V = jH (¢ o ox") )] in Ux.

In coordinates, the action of the Euler—Lagrange derivative Dgr, on'Y" is given

0%L
835“81#‘“

DprL(5%(¢0 ¢x')) = 55;(%(¢o¢§5) (G (¢ o oxh)

0*’L
ByB(%AM
O’L

_W(Jl(qﬁ 0 pxM) - (¢o oy, [ dy Ad™ e, (1.65)

(' (b0 dx)) - (o)
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while the form © ¢ matches the definition of the Cartan given in (4.9) [in [52]]

and has the coordinate expression

oL | 4 oL 4 41
@L = 67(1:[/ /\dnxu + (L — av—A’U N) dn xZ.
I I
The Cartan (n + 2)-form is, once again, given by minus the exterior derivative of the

Cartan (n + 1)-form, i.e., Qz = —dO.

1.3.3 &-L equations and the multisymplectic form formula

Now that we have the Cartan forms, we can use them to obtain the Euler—Lagrange
equations and show the conservation of multisymplecticity. Using the definition of V'

above, if V is mxy-vertical, then the first jet extension of V is the vector field on J'Y

given by
ovA av4
Ays A B
JjV = <0,V B +—ava u) (1.66)
This allows Eq. (1.63) to be re-written as
dSy -V = / —j' (¢ 0 dx' ) [j1v ] + / i (¢ o dx') (v O], (1.67)
Ux oUx

and using a standard argument of the calculus of variations, the extremums of S occur
when j'(¢ o gb;(l)*[ljlngL] = (0. This can be shown to occur when j'V is replaced by
W € TJL(Y), and so the set of solutions of the Euler-Lagrange equations can be expressed
as

P={oeC|j(podx) wQ]=0 VWeTJ'(Y)}, (1.68)

which in coordinates reads as: (¢ o gb)_(l) is a solution of the Euler—Lagrange equations if

oL

gyt (@0 0x) = 8% <£—’j(jl(¢o ¢X1)>> =0 in Ux. (1.69)
I

Associated with P is the set of solutions of the first variation of the Euler—Lagrange

equations, this consists of

F=A{VeTyC|j (¢po o) Cponlwe] =0, VYWeTJ(Y)}. (1.70)

Now, let ¢ € P, then for all V and W in F we have the multisymplectic form formula

/ ]1(¢ o gb;l)* [Zjl(v)ljl(w)QE] =0, (1.71)
oUx
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which can be written in coordinates as

9 oL 4 Ay, B By A
/aleay—B<av—Auo] ((b))(WV —WV)

0 (a’“ m)) (WAVE — WEVA)

5T | G0 o A"z, =0. (1.72)

The authors of [52] claim that this is a generalisation of the multisymplectic conservation

law (1.19) since it does not rely on the multi-Hamiltonian structure of the PDE.

1.3.4 Particle mechanics example

As an example of the Lagrangian approach, I give here the Cartan forms and Euler—

Lagrange equations for particle mechanics.

Let X = R? describe a single spatial dimension plus time, (z,t), and let Y = R? x Q,
where () has dimension n and describes the configuration of the system. The section
¢ : X — Y is then given by

b (x,t) — (z,t,¢'(x,1)). (1.73)

Also, the first jet bundle over Y is given by J'(Y) = R? x TQ with coordinates
(z,t,q", q%, q}), and the first jet of ¢ is

7H9) « (@, t) = (2,1, (2, 1), 4z (2, 1), ; (2, 1)). (1.74)

Thus the Cartan (n 4 1)- and (n + 2)-forms may be written as

oL | oL _ . oL , OL
O,y = —d¢' ANdt + —dg¢' Ndx + <L— — . — —.ql> dx A dt 1.75
£ o dq; 0g ™" dg )
and
~ oL ~ oL oL . OL .
QO = dgind (—) Adt+dgiAd <—> Adz—d (L S —.q’) AdzAdt. (1.76
- 9, dq} ag.,"" g (1.76)

Plugging the first jet of ¢ into Eq. (1.69), the Euler-Lagrange equations for a PDE

with 1 time and 1 spatial dimension are obtained. They take the form

0 [ OL 0 (0L oL
or (M) "o <a_q§> “og (1.77)

where L = L(x,t,q%,q%,q}), and are related to the multi-Hamiltonian PDE (1.6) though a

Legendre transform.
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1.4 Existing methods

In order to implement a symplectic or multisymplectic integrator, it is necessary to discre-
tise the equations of motion while preserving their symplectic or multisymplectic structure.
That is, a discrete analogue of the continuous symplectic or multisymplectic conservation
law must be satisfied by the discretised equations of motion. There are currently several
possible discretisation schemes which allow this, a selection of the most commonly used

symplectic and multisymplectic discretisation schemes are listed below.

A common feature of all these discretisation schemes is that a grid is laid down on
the independent variables (the independent variables are typically ¢ for Hamiltonian ODEs
and (¢, z) for multi-Hamiltonian PDEs), where the grid points (or nodes) are usually taken
to have equal spacing, although this is generally not required. A cell in this grid is the
region defined by consecutive nodes, e.g., for a typical Hamiltonian ODE, cell i is the
region [iAt, (i + 1)At).

1.4.1 Finite differences

Methods based on finite differences use weighted sums over nearby nodes to approximate
derivatives and to approximate the value of the solution at non-node locations for function
evaluations. These weighted sums are usually written in a shorthand notation as a stencil.
Given sufficient initial data, these stencils allow one to calculate the value of the solution

on the nodes at the next level in time.

The weights used in these stencils are derived by considering Taylor expansions of
a test function at nearby grid points. For example, on an equispaced grid, the Taylor

expansions of the function f(z) at neighbouring nodes are given by

fla — Ax) = f() — Aaf () + 5 (A '(2) + O(A), .
Fla+ Aa) = f() + Aaf () + 5 (A '(z) + O(A).

Taking the difference of these two Taylor expansions gives a second-order centred finite

difference for the first derivative of f(z),
1
f(z) = m(f(x + Az) — f(z — Az)) + O(Az?). (1.79)

This is the most common finite difference method used in the literature, however, other
common variants include one-sided stencils, wider stencils for increased accuracy and

stencils on non-equispaced grids.

When applied in both time and space, finite difference methods typically lead to box
schemes such as [2]
KDiM,z+ LD, Mz =N S(M;M,z), (1.80)
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where D and M are stencils defining finite differences and averages, respectively. These
methods are simple and effective over broad ranges of accuracy requirements and relatively

simple geometries.

1.4.2 Runge—Kutta

Consider an autonomous ODE, 0,z = f(z(t)), where z(t) € R™. Then, on an equispaced
grid (with spacing At), an r-stage Runge-Kutta (RK) discretisation of this ODE is a
system of equations coupling the node values z; and z;11 to the stage values Z;; at r

internal stages given by

T
Z; :zi+AtZajk8tZ,~7k, for j=1,...,r,
k=1

r (1.81)
Zit1 = 2; t+ At Z bjatZiJ‘,
j=1
where the new variables 0, Z; ; satisfy the ODE, i.e.,
0Zij= f(Zij), (1.82)

and the coefficients b; and a;), are chosen to satisfy certain order conditions [16].

The coefficients b; and a;;, can be written succinctly in what is referred to as a Butcher

tableau:
c1|ai - arp
(1.83)
Cr | Ar1 -+ Qpp
‘ by --- b,

where ¢; = > ; @ij [16]. It has been shown [48, 67, 72] that these methods will preserve a

symplectic conservation law when
bl'al']' + bjaji — blbj =0, foralli,j =1,...,r, (1.84)

thus these methods are often referred to as symplectic RK methods.

The simplest example of a symplectic RK method is the implicit midpoint method, for
which the Butcher tableau is given by

(1.85)

[N
— rol—

If the ODE, 0,z = f(z), is a Hamiltonian ODE and is discretised with the implicit

midpoint method, then the stage values can be completely eliminated and the symplectic
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integrator can be written as

Zi+ Z;
zZiv1 = z; + Atf <%> . (1.86)

When a multi-Hamiltonian PDE (1.6) is discretised in time with one RK method and in
space with another RK method, the result is a system of equations that has been shown to
satisfy a discrete multisymplectic conservation law [63]. However, this system of equations
does not, in general, form a well-defined integrator. This will be shown in Chapter 2, where

Runge-Kutta discretisations of multi-Hamiltonian PDEs will be explored in more detail.

An example of when applying RK methods in time and space does result in a well-
defined multisymplectic integrator is given in [2], where the authors apply the implicit
midpoint method in time and space to the multi-Hamiltonian form of the KdV equation.
The resulting method is equivalent to the well-known centred Preissman box scheme, which
was introduced by Preissman in 1960 and is widely used in fluid mechanics. This method

has been directly shown to satisfy a discrete multisymplectic conservation law [13].

1.4.3 Partitioned Runge—Kutta

Partitioned Runge-Kutta (PRK) methods are typically defined in the literature as a pair
of RK discretisations with an equal number of internal stages, where the variables are
partitioned into two partitions and each RK discretisation is applied to one of the parti-
tions. However, this is only a subset of the class of PRK methods; I give a more general
definition of a PRK method in Chapter 3. Nevertheless, I restrict the discussion here to
the commonly used 2-partition PRK methods.

Let the variables z be partitioned into two partitions, g and p. Then a 2-partition

PRK discretisation of the non-autonomous system of ODEs,

g = f(t,q,p),
= i) (1.87)
op=y(t.q.p),
is given by
T
Qi;=aq;+ Atz ajif(ti + ckAt, Q; 1, Pik),
k=1
T
Qi1 = @+ ALY b f(ti+ ¢ AL Q 4, Pij),
7 (1.88)

T
P;;=p;+ At Z ajrg(ti + AL Q; i, Pik),
k=1

T
Pip1 =i + AtY big(ti + AL Q, 5, Pij),
j=1



24 CHAPTER 1. INTRODUCTION

where aji, bj, ¢;, i, bj and ¢; can be written as a pair of Butcher tableaux:

clair - air ¢ |an -+ ai
(1.89)

Cr | Qr1 -~ (78 Cr | Qr1 -~ (78

‘ by --- b by --- b

where ¢; = >, a;; and & = > ;.

The benefits of using a PRK discretisation are not immediately apparent from Eq.
(1.88). Indeed, Eq. (1.88) appears at first to be more complicated than Eq. (1.81).
However, if the function f is independent of g and the function ¢ is independent of p, as

is the case of separable Hamiltonian ODEs, then Eq. (1.88) becomes explicit.

For an autonomous Hamiltonian ODE discretised by a PRK method, the condition
that the resulting system of equations satisfies a discrete symplectic conservation law is
given by [1]

bidi; + bjaj; —bib; =0,  fori,j=1,...,r (1.90)

Such PRK methods are often referred to as symplectic PRK methods.

The simplest example of a symplectic PRK method is the well-known Stérmer—Verlet

integrator, which has coefficients given by the following pair of tableaux

1 (1
00 0 213 0
I 111 0. (1.91)
‘11 ‘11
2 2 2 2

A special feature of the Stérmer—Verlet integrator is that the internal stage variables, P; 1

and P; 2, are equal and can be relabelled as p; 1, Then, for an autonomous, separable
2

Hamiltonian, the surrounding node variables, p;, can be eliminated in favour of the new

variables on a staggered grid. This gives the following integrator:

Pit1/2 = Pi—172 + Atg(q,),

(1.92)
Qit1 = @i + Atf(Pit1)2),

which is often called the leapfrog integrator for obvious reasons.

As with RK methods, PRK methods can be used to discretise a multi-Hamiltonian
PDE in both time and space. It has been shown that discretisation of a multi-Hamiltonian
PDE in time and space by PRK methods (with coefficients satisfying Eq. (1.90) and
the same partitioning of the variables in time and space) gives a system of equations
that formally satisfy a discrete multisymplectic conservation law [38]. However, such
discretisations of multi-Hamiltonian PDEs suffer many of the same problems, with regards

to forming a well-defined integrator, as RK discretisations.
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In Chapter 3, I give a more general definition of a PRK discretisation based on an
arbitrary partitioning of the variables. Furthermore, I give a simple set of conditions
on the coefficients of these methods such that if they are applied independently in each
dimension to a multi-Hamiltonian PDE, then the resulting system of equations satisfies a

discrete multisymplectic conservation law.

1.4.4 Splitting methods

Often the vector field derived from a Hamiltonian contains terms that, while relatively
simple to integrate individually, present difficulties when integrated together. For systems
like this it is often possible to split the vector field into several pieces, where each piece is
chosen to be simpler than the original vector field. These new vector fields may be simpler

in one of the following two ways:

e the structure of the vector fields may be simpler, e.g., they may contain extra sym-

metries that are not in the original system;

e the vector fields may be easier to treat numerically, e.g., a fast Fourier transform

may be applied.

Each part of the split system is then integrated separately and the parts are combined
together in such a way that they preserve the structure of the flow of the original system
[57]. This process is described more precisely for a symplectic splitting in the following

example.

Consider the abstract Hamiltonian system z; = J 'V,H(z), with a time-At flow
given by
2(At) = exp(AtJ 'V, H(2))(2(0)). (1.93)

Suppose, that this vector field can be split into several simpler vector fields,
2 = J*lvz(H(l)(z) —i—---—i—H(N)(z)), (1.94)

where each of the subsystems z; = J 'V, H (j)(z), 7 =1,...,N can be solved exactly.
Let the time-At solution operator of subsystem j be denoted by W) (At), i.e., z(At) =
W) (At)z(0) satisfies the flow of subsystem j. Then, since the flow of each subsystem is a
symplectic map and the composition of symplectic maps is again symplectic, the composite
map

T(AL) := UM (At) o -0 T (AL) (1.95)

is symplectic. Furthermore, by the Baker—Campbell-Hausdorff (BCH) Theorem, it is
a first order approximation of the exact flow map. Therefore, W(At) is a first order

symplectic integrator.
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By varying the lengths of the solution intervals of the subsystems, and introducing
more elaborate compositions, one can obtain symmetric, symplectic maps of arbitrary
accuracy [79]. Moreover, the exact flow of each subsystem does not have to be available,
any consistent symplectic integrator will do. Symplectic splitting methods are the most
effective way of obtaining fast, efficient, explicit symplectic methods. For Poisson systems,
they are often the only hope of constructing Poisson integrators. For a thorough account

of splitting methods, see the review article by McLachlan and Quispel [57].

Until very recently, splitting methods had not been considered for multi-Hamiltonian
PDEs as splitting methods are global constructions (since the PDE along with its bound-
ary conditions are treated as an infinite dimensional ODE), whereas multisymplecticity
is a local property and is independent of boundary conditions. Despite this, splitting
methods for multi-Hamiltonian PDEs may be constructed which do satisfy a discrete mul-
tisymplectic conservation law [66]. This will be discussed in more detail in Section 4.4,

with particular attention being given to the NLS equation.

Note that the question of multisymplecticity of splitting methods may be important
for multisymplectic systems with nonlinear operators K (z) and L(z), since RK methods

do not preserve such structures. This was briefly noted in [26].

1.4.5 Discrete variational integrators

Discrete variational integrators take a different approach from the methods listed above.
Instead of working with a Hamiltonian or multi-Hamiltonian system of equations, a dis-
crete analogue of the Lagrangian is constructed, along with discrete analogues of the appa-
ratus of differential geometry. In particular, a discrete analogue of Hamilton’s variational
principle is constructed, which leads to a discretisation of the Euler—Lagrange equations.
These discrete Euler—Lagrange equations are referred to as a discrete variational integra-

tor.

The discrete Lagrangian is defined by L : @ x @ — R, where (¢1,q0) € Q X Q corre-
sponds to (g1 —qo)/At € T'Q. Similarly, the discrete Euler-Lagrange (DEL) equations are
given by

OL 0L

“Z(q1,q90) + —(q2,q1) = 0. 1.96
aql(m ) aQQ(QQ q1) (1.96)

The discrete action corresponding to the discrete Lagrangian is defined by S =
> p—1L(qksqe—1). By the discrete analogue of Hamilton’s variational principle, taking
variations of the discrete action while holding the end points fixed allows one to calculate
the discrete flow, F': Q x Q — Q x @, such that F(q1,q0) = (g2,¢1). By looking at d.S for

variations dg that do not fix the end points, one can define two discrete 1-forms,

_ 0L
0, = a—%(Q1,QO)5qO, (1.97)
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and 5L
0f = 8—((117 q0)0q1 - (1.98)
q1

The discrete 2-form is then given by
wp, =df; = —do}. (1.99)
Thus, the discrete conservation of symplecticity can be written as

F*wL = Wwy. (1100)

For multisymplectic PDEs, the Lagrangian approach is further complicated by the
extension of the base manifold to higher than one dimension. In the simplest case, the
base manifold is just 1 time and 1 spatial dimension, which is discretised as a rectangular
grid of points, X = (i,j), and the fibres of the configuration space, Y, are given by
Q = (¢°,...,¢"). As in the continuous case, we also have a section, ¢, mapping X (or a
closed subset U) into Y. The situation now becomes complicated as we need to construct

the discrete analogue of the jet bundle and we have a choice as to how we do this.

In [52], the authors label a triplet in X as a triangle, A = ((i,7), (4,7 +1), (i+1,7+1)),
which defines a triplet in the fibres of Y given by (vi;, ¥ij+1,Yi+1,j+1)- The first jet
extension of ¢ is then defined to be the map j'¢ — J'Y given by

Fo(D) = (D, 8(A1), 6(A%), (A7), (1.101)

where A’ is component i of the triangle. The purpose of the triangle notation is that the
discrete analogue of the derivatives, 8V¢A(m“), can be represented by a linear combination

of the components of the triangle.

For example,

0p , « 1
20(8) = 35(0(07) — 9(2)), (1.102)
09(8) = 2=(6(A%) — (8%, (1.103

where A is the centre of the triangle.

However, it should be pointed out that the choice to use triplets is somewhat arbitrary
as other equally valid discretisations can be obtained from different linear combinations of

the components of the triangle or by using other shapes, such as rectangles or hexagons.

Sticking with triangles, a discrete Lagrangian for each /A can be constructed as

LA(yai,yaz,yns), giving the discrete action as

S(¢)= > Lojle(h), (1.104)

A ACU
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where U is regular. From the action, the discrete Euler-Lagrange field (DELF) equations
can be obtained by differentiating the action with respect to each coordinate in Y. That

is, the DELF equations are given by

OLA
Z W@Ahyg%yﬁ) =0, (1.105)
LA (4,5)ent

for all (,5) € U\OU.
Now, taking variations of S, the boundary of U gives rise to the 1-form

oL
ei(yAhyA%yAi%) “(Va1,UpA2,Up8) = 8—y1(yA1=yA27yA3) (vA1,0,0) (1.106)

with @% and @% defined similarly. The discrete Cartan form can then be written as

() - V=) > G ) v OI(A) | - (1.107)

N ANOUAD \1;AledU

Defining QY = —d@lL and noting that ddS = 0 immediately gives the discrete multisym-

plectic form formula,

> > G pvrpw )I(A) | =0, (1.108)

N ANOU#D \I;AledU

which indicates that multisymplecticity is conserved by the integrator. For further details,
the reader is referred to [52].

This approach has lead to a number of high-order multisymplectic integrators with
properties such as discrete conservation of momentum, long-time accuracy of the solution

and energy, and the preservation of statistical quantities [50].

1.5 Advantages and usage

As mentioned earlier, symplectic and multisymplectic integrators have enjoyed a large
amount of attention in recent years. The reason for this attention is due to the many
advantages that symplectic and multisymplectic integrators have over various other types

of geometric integrators.

The defining feature of symplectic and multisymplectic integrators is that the integra-
tor is a diffeomorphism from a symplectic or multisymplectic manifold to itself and thus
the solutions of these integrators lie precisely on the same symplectic or multisymplectic
manifold as the initial conditions. This has a number of important consequences, which I

describe below.
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A generalisation of Liouville’s theorem states that for a Hamiltonian system with a
divergence-free vector field, the flow is volume-preserving. This is a direct result of the
conservation of symplecticity and as such, symplectic and multisymplectic integrators

preserve volume in phase space.

It was shown recently that the preservation of a discrete multisymplectic conservation
law implies the conservation of potential vorticity [39]. The conservation of potential

vorticity is important in applications such as weather prediction.

For the symplectic integration of an integrable or nearly integrable Hamiltonian ODE,
the difference between the numerical solution and the exact solution is exponentially small
in the step size and grows linearly with time [34]. This result is achieved through a
technique known as backward error analysis, whereby the sequence, 2, 21, 22, ... (which
is produced by applying a numerical integrator with step size At to the Hamiltonian ODE,

Oz = f(z)), coincides with the exact solution of a modified Hamiltonian ODE of the form
0z = far(2) = f(2) + Atfo(2) + (AL f3(2) + -+, (1.109)

i.e., z, = Z(nAt). The equivalent result for multi-Hamiltonian PDEs is yet to be proven

in general, however significant steps in this direction have been taken [58, 59, 61].

A consequence of the numerical solution being the exact solution of some nearby Hamil-
tonian ODE or multi-Hamiltonian PDE is that the energy and momentum of the nearby
system, which is close to the energy and momentum of the original system, is exactly
conserved. This has led to the discovery of so-called approximate conservation laws. For
Hamiltonian ODEs, the total energy in the system is approximately conserved by symplec-
tic integrators, while for multi-Hamiltonian PDESs, both the energy and the momentum
are approximately locally conserved by multisymplectic integrators. These approximate

conservation laws have received much attention in the literature [8, 13, 58, 63].

Since the linear error growth in symplectic and multisymplectic integrators is expo-
nentially small in the step size, a large time step (relative to time steps used in other
numerical integrators) may be used while retaining a relatively small error. Furthermore,
due to a lack of spurious non-physical effects, the numerical solution of symplectic and
multisymplectic integrators have excellent long-time stability, which allows very lengthy
simulations to be performed [34]. Moreover, symplectic and multisymplectic integrators
often require fewer function evaluations than other integrators of the same order (in some
cases the integrator may even be explicit) and thus require less processing time for the

same amount of accuracy in the solution as is achievable with other integrators.

As well as the near preservation of invariant tori due to the exponentially small lin-
ear error growth mentioned above, it has been shown [34, 68] that a discrete version of
Kolmogorov-Arnold-Moser (KAM) theory applies to the symplectic integration of inte-
grable or near-integrable Hamiltonian ODEs with KAM tori.
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Lastly, it should be recalled that a multisymplectic conservation law may be reduced
to a symplectic conservation law by integration over space with suitable boundary condi-
tions. Thus, any results for integrators that preserve a symplectic conservation law also
apply in a global sense to integrators that preserve a discrete multisymplectic conservation
law. However, multisymplectic integrators may possess local properties that are, as yet,

unknown and may not correspond to any property of symplectic integrators.

Symplectic integrators have been applied to a vast variety of Hamiltonian ODEs with
extraordinary results. These systems range in complexity from very low degree of freedom
systems, such as the double pendulum or harmonic oscillator, to very high degree of
freedom systems, such as molecular or stellar dynamics (e.g., the authors of [23] used a
symplectic integrator to carry out a one million year simulation of the whole solar system
including the moons and obliquity of Earth and Mars in order to study the climatic
variations of Earth and Mars over the past one million years. Their results showed a very

high correlation between ice ages and the Earth’s orbit over this period).

Multisymplectic integrators have been applied to remarkably fewer multi-Hamiltonian
PDEs. This is due, in part, to the field of multisymplectic integration being relatively new
and to an incomplete classification of the PDEs which can be written as a well-defined

first-order system in the form of a multi-Hamiltonian PDE (1.6).

Some of the equations that have had multisymplectic integrators established for them
are the Benjamin-Bona-Mahony equation [65], the Boussinesq equation [17, 65], the Gross-
Pitaevskii equation [41], the Kadomtsev-Petviashvili equation [51], the KdV equation [2,
65], the Klein-Gordon equation [8], the Landau-Lifshitz equation [26], Maxwell’s equations
[69], the nonlinear Schrodinger equation [60, 63, 18, 41, 65, 66], the nonlinear wave equation
[60, 12, 59, 63, 65|, the Padé-II equation [25, 65] the Sine-Gordon equation [60, 63], and

the Zakharov-Kuznetsov equation [14].
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Chapter 2
Runge—Kutta Discretisations

A Runge-Kutta (RK) method for the discretisation of an ODE was defined in section
1.4.2 as a system of equations coupling adjacent node values to a number of internal
stage values. These equations are given by Eqgs. (1.81) and (1.82), and contain a number
of coefficients that can be written concisely in a Butcher tableau (Eq. (1.83)). These
equations define a map, z; — z;;1, which has an accuracy dependent on the time step,
the number of internal stages and the coefficients in the Butcher tableau. Furthermore, if
the RK method is applied to a Hamiltonian ODE and the coefficients satisfy Eq. (1.84),
then the map is symplectic, i.e., Eqs. (1.81) and (1.82) satisfy the discrete analogue of
the symplectic conservation law for that ODE. Such RK methods are often referred to as

symplectic RK methods.

Many of the higher order RK methods are based on the concept of collocation, whereby
the coefficients in the RK method are determined by a collocation polynomial, which passes
through the node z; and has derivatives matching the ODE at a number of quadrature
points (i.e., the ¢; values) [33]. In order to achieve the highest possible order from a RK
method based on collocation, it is necessary that the quadrature points be distinct. The
three types of quadrature that give rise to the highest order RK methods are Gaussian,
Radau and Lobatto. For an r-stage RK method, they are:

e Gaussian quadrature.
Gaussian RK (GRK) methods have quadrature points that are the zeros of the
shifted Legendre polynomial of degree r,

1 d”
Prlz) = rldg”

(z"(z =1)"), (2.1)
which are in the range (0,1). These methods have order 2r.

e Radau quadrature.

There are two types of RK methods based on Radau quadrature, Radau left and



32 CHAPTER 2. RUNGE-KUTTA DISCRETISATIONS

Radau right, both of which have order 2r — 1. The quadrature points of the Radau

left method are the zeros of

r—1
% (wr(x — 1)“1) , (2.2)

and are in the range [0,1), with ¢; = 0. Whereas, the quadrature points of the
Radau right method are the zeros of

drfl
dxrfl

(z" Nz - 1)), (2.3)
and are in the range (0, 1], with ¢, = 1.

e Lobatto quadrature.
The quadrature points of RK methods based on Lobatto quadrature are the zeros
of -2
ey (337"_1(:6 - 1)7"_1) , (2.4)
and are in the range [0,1], with ¢; = 0 and ¢, = 1. These methods (called Lobatto

IITA methods for historical reasons [34]) are of order 2r — 2, but have an advantage

over the above methods; while the collocation polynomials of each of the above meth-
ods are continuous over a range of cells, only the Lobatto collocation polynomials

are smooth over a range of cells (the others are piecewise smooth).

A different type of collocation is known as discontinuous collocation, where the
collocation polynomial does not, in general, pass through the node z;. It has been
shown that discontinuous collocation with r stages is equivalent to a RK method
with r — 2 stages [34]. Using discontinuous collocation with the Lobatto quadrature
points gives rise to the Lobatto IIIB class of RK methods, which, when combined
with Lobatto ITIA methods, form an important class of PRK methods as shall be

seen in Chapter 3.

For a RK method based on collocation, the coefficients a;; and b; in the method satisfy
the relations [16]:

: 1
B(¢) : ;bicfl = for k <€,
3 1 25)
c(§) : Zaijc;“‘*lzch, fori=1,...,r and k <&,
j=1

for £ = r. Now, the Gaussian and Lobatto quadrature points are symmetric about % This

leads to the following lemmas, which are proven in Appendix A.1 and Appendix A.2.

Lemma 2.0.1. The coefficients, b;, of RK methods based on collocation at Gaussian or

Lobatto quadrature points satisfy b; = byy1—;.
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Lemma 2.0.2. The matriz A of the coefficients a;; in the Runge-Kutta method satisfies

(A7), = (0 e = e/ s 26)

J#i

if the matriz A is invertible.

The focus of this chapter is primarily on the discretisation of multi-Hamiltonian PDEs
by applying Gaussian Runge-Kutta methods in space and time such that a discrete mul-

tisymplectic conservation law is satisfied.

As mentioned in Section 1.2.1, the concatenation of a discretisation conserving w in
time with a discretisation conserving x in space does not necessarily give a multisymplectic
discretisation of the multi-Hamiltonian PDE (1.6) since the conservation of w in time is
global in space and the conservation of k in space is global in time while the discrete
conservation of multisymplecticity is local in both time and space. Fortunately, for RK
discretisations with coefficients satisfying Eq. (1.84), this concatenation does result in
a system of equations that satisfy a discrete multisymplectic conservation law [63], as is
shown in the next section for the nonlinear wave equation. (A general proof for arbitrary
multi-Hamiltonian PDEs and general PRK discretisations (including RK) with coefficients

satisfying a symplecticity condition is given in Section 3.2.)

2.1 The multisymplectic conservation law

It has previously been shown [63] that applying RK discretisations in time and space to a
multi-Hamiltonian PDE results in a system of equations that satisfy a discrete multisym-
plectic conservation law. The example used in [63] was the nonlinear wave equation and
so, in this chapter, I shall also use the nonlinear wave equation as the primary example.

The nonlinear wave equation can be written as a multi-Hamiltonian PDE with

—1

o O O
—~
N
N |
~—

and S(z) = =V (u) + 3(w? —v?).

Consider the nonlinear wave equation discretised by an s-stage GRK discretisation
in time and an r-stage GRK discretisation in space, where the notation of Section 1.4.2
is used for the GRK discretisations, with raised indices for the time discretisation and

lowered indices for the spatial discretisation, as shown in Figure 2.1.

The fully discretised system of equations for the cell with a lower left corner at



34 CHAPTER 2. RUNGE-KUTTA DISCRETISATIONS

n+1 n+1 n+1
%k | | | | %
| | | |
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& Zij Zit1

Figure 2.1: A single cell demonstrating the labelling convention for a Runge—Kutta dis-
cretisation in space and time.

(nAt,iAz) is given by

T
n,m n,m n,m n,m n,m n,m
U" =u,"" +Ax g ajkain,k y Uiy =ug + Az g b0y Ulk ,

Z7]
k=1 k=1
Wiljm =w"" + Ax Z a0 W, wi = w™" + Az Z b0, W™,
k=1 k=1
. (2.8)
7 l
UZ"] —u”—FAtZaml@t ”, uﬁjlzu%—kAthl&gUan,
=1 =1
Vit =v ”+At2am18t m’ UZJJ‘FI_ M+Atzblat m’

where 1 < j <7, 1 <m < s and the terms 8xU;1]’-m, amm”jm, athsz and atv;’”;m satisfy
the PDE, i.e.,
nm __ y,m,m
05" = Vi

azUﬁzm = W."zm (2.9)
n,m n,m __ /
V™ = 0, W = =VI(U™).

From w = %Kdz Adz and kK = %Ldz A dz, it can be seen that the continuous multi-

symplectic conservation law for the nonlinear wave equation is given by

O(du A dv) — 0 (du A dw) =0, (2.10)
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which is satisfied since

O(du A dv) — 0, (du A dw) = du A 9pdv — du A Odw
= —V"(u)du A du (2.11)
=0.

A discrete version of the multisymplectic conservation law is obtained by approximat-
ing the time derivative by 9;(dundv) = i (du"“/\dv"Jrl —du;';Adv}';) and approximating
the spatial derivative by 0, (du A dw) = <= (dul; YA dwT — dul™ A dw;”™), where the
terms duf;, dvf';, du”™ and dw;""™ satisfy the first variation of Eq. (2.8). The result is
[63]:

Abej(du;fjl Aol = du; Adofy) — At Z b (AT A dwl) — du"™ A dw™™) = 0,

(2.12)
which is an approximation to the integral over the region nAt < t < (n + 1)At, iAzx <

x < (i + 1)Az (i.e., one cell) of the continuous multisymplectic conservation law.

Theorem 2.1.1. The system of equations (Eqs. (2.8) and (2.9)) obtained by discretising
the nonlinear wave equation in space by an r-stage symplectic GRK method and in time

by an s-stage symplectic GRK method satisfies the discrete multisymplectic conservation
law given by Eq. (2.12).

Proof. Expanding the portion of Eq. (2.12) that corresponds to the term 0;(du A dv) in
the continuous multisymplectic conservation law gives

n+1 n+1 n n
du; 7" A dog 7 — dug; A dog

= dul; AAE Y bV + AL oAU A dul
m= =1

+ (A Y bib A AU 0,V

=1 m=1

= At by (AU — AtZamlath" A V™

- 2.13
+Athl8th"l/\ dV“l AtZalmﬁt (2.13)

=1

+ (At ZZblb o,d U"l/\(?th"m

=1 m=1
s

= ALY by (AU™ A0 V™ 4 0,dUTS™ A VE™)
m=1
+ (At)2 Z Z (_Bm&ml - Bl&lm + Blgm)athi%l A 8th;~Z~’m.
=1 m=1
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When the coefficients of the GRK discretisation satisfy Eq. (1.84), the last term is zero.
Also, 0,dU™ A AVy™ = dV];™ AdV;S™ = 0 by the first line of Eq. (2.9). This leaves

S
duf PPN ot — dufy A doy = ALY by (AU A 0,dVE™). (2.14)
m=1
Similarly,
T
duf ] A dw = dul™ A dw]™ = Az > b (dU™ A 0, dWE™). (2.15)
j=1

If one multiplies Eq. (2.15) by Atb,, and sums over m, multiplies Eq. (2.14) by Axbj and

sums over j, then subtracts the former from the latter, one finds that

Az bi(duf T AP = duly Advp) — A by (dulyT A dwl = dul™ A dw™)
j=1 m=1
= AtAT D D" byby (AUSS™ A 0 dVS™ — AUS™ A 0, dW]™)
Jj=1m=1
= AtAZ Y N byby (AU A (=V(U™AUT™))
Jj=1m=1
=0.
(2.16)

Thus, the discrete multisymplectic conservation law in Eq. (2.12) is satisfied. 0

More generally, any multi-Hamiltonian PDE discretised in time and space by symplec-
tic RK methods satisfies a discrete multisymplectic conservation law similar to Eq. (2.12).

This will be seen in Section 3.2 as a special case of Theorem 3.2.1.

It can be noted from the proof of Theorem 2.1.1 (and later from Theorem 3.2.1) that the
equations that one obtains by discretising a multi-Hamiltonian PDE in time and space
by symplectic RK or PRK methods satisfy a discrete multisymplectic conservation law
regardless of whether the discrete equations have unique (or any) solutions. The existence
of a discrete multisymplectic conservation law satisfied by the discrete equations is simply

a consequence of formal algebraic manipulation of the discrete equations.

In the past, several authors [13, 38, 60, 63] have given discretisations of Eq. (1.6),

which they have shown to formally satisfy a discrete multisymplectic conservation law.

However, simply having a discretisation of a multi-Hamiltonian PDE that satisfies a
discrete multisymplectic conservation law is insufficient to define a multisymplectic inte-
grator. The system of discretised equations must form a well-defined integrator. A mul-
tisymplectic discretisation of a multi-Hamiltonian PDE may fail to form a well-defined

integrator when one or more of the following problems occur:
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(i) there may be no obvious choice of dependent variables;

(ii) the discrete equations may not be well defined locally (i.e., there may not be one

equation per dependent variable per cell);

(iii) the discrete equations may not be well defined globally (i.e., there may not be one
equation per dependent variable across all spatial grid points when boundary con-

ditions are imposed);

(iv) the discrete equations may not have a solution, may not have a unique solution, may
not have isolated solutions, or may have spurious solutions that are not representative
of the continuous PDE.

Difficulties due to these problems already occur for the most popular multisymplectic
integrator, the Preissman box scheme. With periodic boundary conditions in one spatial
dimension, the discrete equations typically only have solutions with an odd number of
grid points, while with an even number of grid points they have no solution (nonlinear
problems) or an infinite number of solutions (linear problems). With higher order GRK

methods these problems are even worse, as will be shown in the following sections.

2.2 The spatial discretisation

As mentioned above, to form a multisymplectic integrator a system of equations must do
more than simply satisfy a discrete multisymplectic conservation law. In order to be a
multisymplectic integrator, the system of equations must first be a well-defined numerical

integrator.

Now, Egs. (2.8) and (2.9) are obtained by first applying an r-stage symplectic GRK
discretisation in space to the continuous equations to obtain a system of semi-discrete
equations. This is followed by applying an s-stage symplectic GRK discretisation in time

to the semi-discrete equations to obtain a fully discrete system of equations.

For now, let us consider the system of equations obtained from only applying the GRK

discretisation in space. They are:

T
Uij = ui + szajkain,k, forj=1,...,r
k=1

.

Wi j :wi+A$ZajkamWi7k, forj=1,...,m,

5 (2.17)

Ujt1 = Uj + A.%'Zb]8$UZ7J,
=1

.,
wiy1 = w; + Aw Z b;0:Wi.;,
j=1
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where
WU =Vij;
0.Uij = Wi j, (2.18)
Wiy = (0iVij+V'(Uiy))-

Typically, in a RK method, the above equations define a map from (u;,w;) to
(Uit1,wit1), where the stage variables U; ; and W;; are determined from the first two
lines of Eq. (2.17) and from Eq. (2.18). However, it is not possible to uniquely determine
the value of U; ; and W; ; from these equations when only u; and w; are known beforehand
since there are more unknown variables than there are equations, i.e., there are 5r + 2
equations (2r+2in Eq. (2.17) and 3r in Eq. (2.18)) and 7r+2 unknowns (u;41, wit1, U; j,
Wi js Vij, 02Ui 3, 0: Wi 5, 0.U; 4, and 0;V; ;). So the usual interpretation of Eqgs. (2.17) and
(2.18) as a map from (u;, w;) to (uj+1, w;ir1) is not well defined. (If the GRK discretisation
is applied in time instead of space, then a set of equations similar to Egs. (2.17) and (2.18)

are obtained, which are likewise not well defined as a map from (u™,v") to (u"*, v"*1)))

Since Egs. (2.8) and (2.9) are obtained by applying a symplectic GRK discretisation to
Eqgs. (2.17) and (2.18), one might expect the fully discrete system of equations to also fail
to be well defined. This will be considered further in Section 2.3, but for now, a different
interpretation of Eqgs. (2.17) and (2.18) will be considered.

2.2.1 Implicit ODEs

In the previous section it was shown that the RK discretisation in space of the nonlinear
wave equation fails to form a well-defined integrator based on the interpretation of the
discretised equations as a map from (u;, w;) to (u;y1,w;4+1). This was due to an imbalance
in the number of equations and the number of unknown variables, in particular, the

variables causing this imbalance are V; ;, 9;V; ; and 0,U; ;.

If, instead of a map from (u;, w;) to (wi+1,wit+1), Eqs (2.17) and (2.18) are interpreted
as a system of implicit ODEs in time for the variables U; ; and V;; (i.e., the variables w;,
wi, Wi, .U , 0,W; j, 0:U; ; and 0;V; ; are all written in terms of U; ; and V; ;), then
the number of unknown variables per cell does match the number of equations per cell.

In general, for a multi-Hamiltonian PDE (1.6), L may be written in Darboux normal

form and the PDE may then be written as
Lz, =V,5(z) — Kz. (2.19)

Discretising Eq. (2.19) with an r-stage RK method gives a system of implicit differential-
algebraic equations (i.e., Eq. (1.81)) for the node and stage variables in the RK discreti-

sation, where the stage variables satisfy

Ld,Z;;=Vz,,8(Z;;) — KZ;;. (2.20)
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The node variables in this discretisation can be eliminated by applying a forward difference

operator § across cells (i.e., 6vZ; ; = Z;11j — Z; ;) and multiplying by L to get

I8
6"LZ;j=0"Lz; + Az Z a0 L0, Z;
k=1

: (2.21)
= Ax Z(bk + ajk5+)L3xZi7k.
k=1

Substituting the variables L0, Z; ; from Eq. (2.20) into Eq. (2.21) gives

SYLZ;j = Az (b +ajnd™)(Vz,, S(Zir) — KO Zig) (2.22)
k=1
or, in tensor form

6SYLZ; = Az(1b! + AT (V2,5(Z;) — K&, Z)), (2.23)

where Z; is the tensor of the stage variables of z in cell 7, 1 is a vector with all entries set

to 1, b is the row vector of by, values and A is the matrix of aj; values.

These are implicit ODEs in time for the Z; variables. If the operator (1b7 + Ad*) is

non-singular then it may be formally inverted to write

1
Ko Z; + A—(le + ASY) YL Z, =V £,5(Z)). (2.24)
x
Thus the effect of the RK discretisation in space is to approximate the operator 8% by the
finite difference operator ﬁ(le + A§T)~15t, which does not depend on the PDE being
discretised (although it is, in general, implicit). Since this approximation to 8% is linear,
most of its properties can be understood from the behaviour of the RK method applied

to linear differential equations, which is an extremely well-understood subject.

If L is singular in Eq. (2.19), then some of the components of the PDE will contain no
spatial derivatives and it is questionable as to whether these components should be discre-
tised in space. However, it can be seen from Eq. (2.24) that the terms that vanish in the
PDE also vanish in the semi-discretisation, so no harm is done. Similarly, if K is singular,
then some of the components of the PDE correspond to constraints on the Z;. In appli-
cations, these constraints will be eliminated in both the PDE and the semi-discretisation,
leading to r x rank(K) equations per cell. In other words, the RK discretisation in space
does not affect the structure (i.e., K, L, and S(z)) of the multi-Hamiltonian PDE.

While this interpretation of the equations that one obtains by discretising a multi-
Hamiltonian PDE in space with a RK method as a system of implicit ODEs may not be
sufficient to give a well-defined multisymplectic integrator, since the operator (1bT+ AdT)

may be singular, it does, in general, avoid problems (i) and (ii) of Section 2.1.
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2.2.2 0Odd behaviour

As with many other approaches to forming numerical integrators, solving the system of
equations given by Eqs. (2.17) and (2.18) for u;, w;, W; j, 0,U; j, 0:W; 5, 0:U; j and 0;V; ;
requires solving a system of linear equations. Moreover, since Eq. (2.17) is obtained from
a Gaussian RK discretisation and couples together the variables from neighbouring cells

(through lines 3 and 4 of Eq. (2.17)), it is necessary to solve for all cells simultaneously.

For the nonlinear wave equation with periodic boundary conditions, we can substitute
Eq. (2.18) into Eq. (2.17) and then write the first and third lines of Eq. (2.17) as the

following matrix equation:

Az A 1 W, U,
Az A 1 w U
’ N | 2 (2.25)
Axb 1 -1 Uy 0
-1 : :
] Azb | -1 1 uv | | 0

where A is the r X r matrix of a;; values in the GRK method, b is the 1 x r vector of b;
values, 1 is an r x 1 vector with all entries set to 1, W; and U, are the vectors of stage
variables of w and « in cell 4, and all other entries in the large matrix are zero. Solving Eq.
(2.25) for the variables W; and u; requires finding the inverse of the N(r +1) x N(r+1)

matrix.

In general, for a multi-Hamiltonian PDE written in the form of Eq. (2.19) with periodic
boundary conditions and discretised in space with an r-stage GRK discretisation, the

matrix equation equivalent to Eq. (2.25) is given by

AzA 1 [ (V.5(2) - Kd,Z), ] LZ,
Az A 1 (VZS(Z) — K@tZ)N B LZN
Axb e —e Lz, B 0 ’
—e : :
i Azb | —e e || Lzy ] | 0]
(2.26)

where e = [1, 0, ... 0] and (V.S(Z) — K0:Z); is the vector V,S(Z) — K0,Z in cell i.
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The size of the matrix on the left is now Nn(r 4+ 1) x Nn(r + 1).

For a general multi-Hamiltonian PDE, not only does the matrix on the left of Eq.
(2.26) need to be invertible (inverting this matrix is equivalent to finding the operator
ALm(]'bT + A6t)716T), but the variables in the system that do not have time derivatives
need to be eliminated so as to write Eq. (2.26) as a system of (either explicit or implicit)
ODEs in terms of the variables that do have time derivatives. However, for systems
in which the variables without time derivatives appear linearly in V.S(z), this extra
requirement is always satisfied. The conditions such that the matrix on the left of Eq.

(2.26) is invertible are given in the following theorem.

Theorem 2.2.1. The matriz on the left-hand side of Eq. (2.26) is only non-singular when
both the stage order, r, and the number of grid points, N, are odd.

Proof. The determinant of a block matrix,
A|B
C

Since Eq. (2.19) is discretised by a Gaussian RK method, the matrix A in Eq. (2.26)
is of full rank, therefore the upper left block of the matrix in Eq. (2.26) has determinant
(Az)"™N" det(A)N™. Also, the block matrix product CA~!B, where A, B and C are the
blocks in Eq. (2.26) matching those of Eq. (2.27), is the Nn x Nn identity matrix scaled
by bA711.

: (2.27)

is given by det(A)det(D — CA™'B).

Now, the stability function for a RK method is given as [19]
R(z) =1+ 2b"(I —zA)™'1, (2.28)
which, in the limit z — oo, becomes

lim R(z) =1—-bA'1. (2.29)

Z— 00

On the other hand, it has been shown [24] that for an r-stage Gaussian RK method, the

stability function is the diagonal Padé approximation

Ny (2)

R(z) = Py (2) = ma

(2.30)

which approaches (—1)" as z — co. Comparing these two limits gives 1 —bA ™11 = (—1)",

and thus we obtain
0 if r is even,

bA'1 = (2.31)
2 if r is odd.
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Hence if r is even, the block matrix product, D — CA™!'B, is the Nn x Nn matrix

, (2.32)

—e e

which is always singular. But when r is odd, this block matrix product is the Nn x Nn

matrix

—e —e

, (2.33)

—e

—e —e

which is singular when N is even and non-singular (with determinant (—2)") when N is

odd.

Therefore, the matrix on the left-hand side of Eq. (2.26) is only non-singular (with
determinant (—2)"(Az)™¥" det(A)N™) when both r and N are odd. O

This difficulty has been partially recognised before; the commonly used implicit mid-
point method (GRK with r» = 1) has long been known to only work for an odd number of
grid points. A pictorial representation of why Theorem 2.2.1 holds may be seen in Figure
2.2.

From Figure 2.2 we can see that Theorem 2.2.1 should also hold true for a GRK
discretisation in space on a non-uniform grid as the width of each cell does not affect the
amount the collocation polynomial on the right boundary of that cell changes for a given
change on the left boundary of that cell. Indeed, this can also be seen from the above
proof of Theorem 2.2.1 since the block A in Eq. (2.27) is block-diagonal and D — CA™'B
is independent of Ax. The only modification to the determinant resulting from the non-
uniform grid is the (Az)™M" factor becomes [[X, (Axz;)™, where Az; is the width of cell

1.

Theorem 2.2.1 is stated for the case of periodic boundary conditions and it is not obvi-
ous from the above proof that this theorem should hold true for other types of boundary
conditions. Similarly, Figure 2.2 is designed to illustrate Theorem 2.2.1 for the case of
periodic boundary conditions, however, it also indicates the possibilities for other types of

boundary conditions.

Dirichlet and Neumann boundary conditions are each defined by specifying the values
of some of the entries in z on the boundaries. For Dirichlet boundary conditions it is the

variables in the original PDE that are specified, e.g., u for the nonlinear wave equation,
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(a) Odd number of cells and internal stages. (b) Even number of cells and internal stages.

Figure 2.2: Collocation polynomials for periodic boundary conditions. (a) As the value on
the left boundary decreases, the value on the right boundary increases. At some value they
match. (b) As the value on the left boundary decreases, the value on the right boundary
decreases at the same rate.

whereas, for Neumann boundary conditions it is the variables corresponding to the spa-
tial derivatives of the original variables, e.g., w for the nonlinear wave equation. Other
boundary conditions (such as non-reflecting boundaries) may be defined which involve

combinations of Dirichlet or Neumann boundary conditions.

Now, if the value of a variable is specified on the left boundary and all the stage vari-
ables are evolved forwards in time according to the PDE (i.e., the matrix corresponding
to the one in Eq. (2.26) has full rank), then it can be seen from the collocation polyno-
mials that the value of the variables on the right boundary will not, in general, satisfy a
predefined boundary condition. However, it can be seen from the collocation polynomials
in Figure 2.2 that for each of these types of boundary conditions, it is possible to satisfy a
predefined right boundary condition (regardless of whether r and N are odd) by allowing
one of the stage variables to be written as a function of the other stage variables instead
of evolving according to the PDE. This corresponds to the matrix having nullity 1 in all

the cases where it is singular.

If boundary conditions are not specified on the right boundary, then the above ar-
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guments will not apply, however, without boundary conditions on the right boundary,
the discretisation may no longer be an accurate representation of the PDE; this will be

discussed in Section 2.3.1 in the context of a full discretisation.

2.3 The full discretisation

It is possible to consider whether the full discretisation (Egs. (2.8) and (2.9)) forms a well-
defined numerical integrator irrespective of it being derived from a spatial discretisation

that may not be well defined.

The system of equations that will be considered throughout this section are those
obtained by substituting Eq. (2.9) into Eq. (2.8). They are

T
n,m __ _n,m ) n,m
Um =, —i—AwZa]kWi7k,
k=1

T
k=1

S
nm __ n ~ n,l
UR™ = ully + Ay amVy,
=1

n,m

S
~ n,l
Vi = ol ALY amd Vi

= (2.34)

T
nm __  n,m n,m
Wiy =ug + Amz kai’k ,
k=1
T
nm __  nm Irrn,m n,m
wi = wg "+ ACEZ b (VAU ™) + 0 V2™),
k=1

s

n+l _  n 7 1 ml

up =+ ALYy bV
=1

0]

S
1 7 N
o = vy + At E blat‘/;?j ,
=1

where 1 <j<r, 1 <m<s.

This system of equations couples 4rs + 4r + 4s variables (U;" ]?m, Wln]m, Vznjm7 8,5‘/7;’7”,

n n+1 n,m n,m n,m n,m n n+1 .
iy Wi s Uy Uiy, W, Wiy Vg U ) through 4rs + 2r 4+ 2s equations per cell.

Therefore, in order to have a chance of being well defined, it is necessary that precisely

u

2r + 2s variables be given as boundary conditions. Since we want to have an integrator
that steps forward in time, the 2r variables that will be chosen as boundary conditions
will be the variables w;'; and v;!; for some value of n (usually n = 0). The 2s variables can
be chosen in several different ways and in the following sections I will consider whether

the integrator formed by these choices of boundary conditions give rise to well-defined
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numerical integrators and, if so, whether the integrator is practical.

An important point to be considered here is that the choice of boundary conditions
will, in general, break the space-time symmetry that is inherent in multisymplectic theory.
That is, in a multi-Hamiltonian PDE (and in the discretised system of equations), the time
and spatial dimensions are treated on an equal footing, however, when boundary conditions
are applied to the PDE (or the discrete equations), the boundary conditions in space are,

in general, treated differently from the boundary conditions in time.

2.3.1 Local integrators

The first choice of variables to specify the 2s boundary conditions on are the variables

ug™ and w)™, i.e., on the left boundary. Specifying the boundary conditions on these

variables allows one to form an integrator that can be solved locally (i.e., within a single

cell) to provide the value of the variables u;’ for the cell to the right and the

n+1 n+1
1,7

integrator to propagate forwards throughout time and space from a lower boundary in

i1 "7 and wz+1

value of the variables «; " and v; for the cell above. Thus allowing the solution of the

time and a left boundary in space.

Since the matrix formed by the a;; coefficients of the GRK discretisation in time (A)
has full rank, the first four lines of Eq. (2.34) can be rearranged as follows:

S

n,m 1 71 n,l n
Aty _AtZ(A Jmi(Vij" = vij),

—1
W?]m: "m—l—A:UZa]kV At Za]kz i ( v —Ugfk),
k=1 k=1 =1
1< 1
nm _ 1 n,l
Vi = A ;(A Jmt (U7 =50 (2.35)

T s
n,m __ _nm ) n,m 17 Tn,m
U5" =u "+ Ax g ajr | w4+ Ax g arp V' (U ")
k=1 p=1

s

_ACE - - 11 1 A n n n
+ap 2 DA m (At > (A (Ul =) ”z;p)
1

These equations may be solved (in the reverse order as presented), with the equation for

U g being implicit while the rest are explicit. The values of U" ]?m, VVZnJ’m, V@m and
7] Vlnjm may then be substituted into the last four lines of Eq. (2.34) to obtain the values
n+1
i

n,m n,m n+1
of u; 'y, Wiy, Uy and v;

Now, in order to calculate the value of the variables at the corners of a cell (i.e., at

the nodes of the grid) a further set of equations are required as Eq. (2.34) only gives the
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value of the variables along the edge of each cell. These extra equations are given by

s s
ui; =ui + Az Z ajEW; ks ui = u; + Ax Z brw; ks
k=1 k=1

T T
wiy = wi + Ax > ap(V(uh) + 0wy), wiy = wi + Ax > be(V(uly) + 0vfy),

k=1 k=1
S S
u™ = up + At Z dmlvin’l, ultt = ul + At Z blv?’l,
=1 =1
S S
R e AY Z GO0, ot = + At Z b,
I=1 =1
(2.36)
where u.""" and u;; are known from Eq. (2.34) and extra boundary conditions need to be

n

specified for u},

wi' and vj'. These equations are also required if one wishes to calculate
the value of various properties of the solution. For example, the energy density and energy

flux functions, which make up the energy conservation law, depend on the w!; and v,

J
variables.

Since the matrices of the a@;; and a;; coefficients in the GRK methods in time and

space are of full rank, we can calculate the value of wy';, v, atv;fj and Jpv;"™ from
the equations in the left column of Eq. (2.36). The value of these variables can then be

n n+1

substituted into the right column of Eq. (2.36) to get wh g, wiy g, g and S

AL
This method seems promising at first as it can solve for each cell based on the values
of the neighbouring cells. However, on closer inspection it is revealed that the method

contains some critical flaws. Specifically,

e v for a given cell can be found from the cell to the left by the first line of the right
column of Eq. (2.36) or from the cell below by the third line of the right column of
Eq. (2.36) and there is no guarantee that these equations are consistent, so while
Eq. (2.36) is locally well defined within a cell, it is overdetermined when coupled to

neighbouring cells. This is an example of problem (iii) in Section 2.1.

e More importantly, the Cauchy data for the numerical integrator formed by Eq. (2.34)
and this choice of boundary conditions doubly intersects the characteristics of the

PDE.

That is, one solution to the wave equation is a travelling wave that is moving to the
left, which is represented in phase space by a characteristic with negative slope. This
characteristic crosses both t = 0 and x = 0, where we have specified both Dirichlet
and Neumann boundary conditions. This abundance of boundary conditions means

that this solution is overdetermined and, in general, will not exist.

Thus, the solution obtained from the numerical integrator does not represent a so-

lution of the continuous PDE. This is an example of problem (iv) in Section 2.1.
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The other choice of the 2s variables to be used to specify the boundary conditions while
retaining local solvability are the variables u™ and vy, where N is the number of cells
in space, i.e., both on the right boundary. The only difference between this choice and the
previous one is that the solution propagates left from a right boundary in space. Hence,

the integrator formed from this choice suffers the same flaws as the previous integrator.

2.3.2 Global integrators

Another choice of variables to specify the 2s boundary conditions on are the variables u;™"™
and uy", i.e., one on each of the left and right boundaries. Since the boundary conditions
are not local to a single cell, the integrator formed by this choice of boundary conditions

needs to be solved globally in space to advance from one time level to the next.

The integrator formed by this choice of boundary conditions may be written as

k=1 p=1
T i—1

W;?;%wg’mwi( > (A + VIO ) e {0V + VU >>),
k=1 p=1

S
nm __ .n § :~ n,l
U~ - —u%]—}—At aml‘/;] B
=1

Vit = 2J+Atzamlat w’
=1

r N-—1
e B E)
w%m:wg,m+AxZ < Z ( —i—V’(U;’,:l))),

k=1

ui =+ Ath v,

7’7]

o = vy + At Z l;lﬁtVZ"l
=1
(2.37)

The first five lines of Eq. (2.37) can be written in the form of a matrix equation

similar to Eq. (2.25), but with the variables uy™, uf';, v}';,

and the variables U;" ]im, V;;’m, I/Vlnj’m, (9tVinj’m, and wy™ on the left being multiplied by a

(4Nrs+s)x (ANrs+s) matrix. Using this integrator requires solving this matrix equation

for Uﬂim, V@’m, ﬂ?m O Vn?m and w(™™" then using the last two lines of Eq. (2.37) to

advance the values of u;! and vf'; to the next time level. The sixth line of Eq. (2.37) may

and (uiy™ —uy™) on the right

be used to find wi™, although thls is not required to step the system forwards in time.
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Unlike the matrix on the left of Eq. (2.25), this (4Nrs + s) x (4Nrs + s) matrix
requires neither r, s, nor N to be odd in order to be non-singular. However, when the
term V'(u) in the PDE is nonlinear, the matrix equation is also nonlinear and must be
solved implicitly. In contrast to the local integrator in the previous section, this global
integrator does appear to be well defined in the sense that the implicit matrix equation
can be solved and the characteristics of the PDE meet the appropriate amount of Cauchy
data at the boundaries. Nevertheless, this approach is impractical for the following two

reasons.

Firstly, since we have to solve for an entire time level simultaneously, this large im-
plicit matrix equation must be solved repeatedly for each step forwards in time. For any
reasonable simulation, this will be a very expensive exercise in terms of data storage and

computational time.

Secondly, this large matrix is very poorly conditioned and rapidly becomes worse as
the order of the GRK discretisations in time and space are increased. Thus, a significant
amount of error is introduced at each time step that may be much larger than the error

expected from a high order GRK discretisation.

Similar choices of the 2s variables on which the boundary conditions are to be specified
(wg ™ and wx;m, ug’m and wx;m, or wg " and u"Nm) result in the same set of equations as
Eq. (2.37). While the implicit matrix equation is modified slightly depending on which
variables are known and which are to be solved for, each of these choices of boundary

conditions is impractical for the same reasons as mentioned above.

The last choice of variables for the 2s boundary conditions is to avoid specifying the
value on the boundary, but rather to define periodic boundary conditions in space, i.e.,
n,m n,m

upg™ = uy™ and wy™ = wy™. Once again, this results in an implicit matrix equation

that is similar to the previous ones and is impractical for the same reasons.

2.3.3 The box scheme

The box scheme (sometimes known as the Preissman box scheme) is a concatenation of
the implicit midpoint method in both time and space and, for simplicity, is often imple-
mented with periodic boundary conditions. The implicit midpoint method is a symplectic
Runge-Kutta method with » = 1 and, when suitable boundary conditions are chosen,
is an example of when concatenating symplectic Runge—Kutta methods does result in a

practical, well defined, multisymplectic integrator.

For the boundary conditions in Section 2.3.2, the box scheme requires inverting only a
(Nn+1) x (Nn+ 1) matrix since the implicit midpoint method has only 1 internal stage.
This matrix has a much simpler structure than the matrix obtained from a higher order
discretisation in time or space and, for reasonable values of N, is not too badly conditioned.

Moreover, the stage variables can be eliminated leaving just the node variables (this cannot
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be done for RK methods with more than 1 internal stage), thus the box scheme typically
avoids the problems that plagued the methods in Section 2.3.2. These problems may be
further reduced by eliminating most of the variables in the multi-Hamiltonian PDE and
writing the PDE in terms of as few variables as possible, as is demonstrated in the KdV

example below.

The usual method of constructing a box scheme is to first apply the following finite
difference and average operators (which are equivalent to applying the implicit midpoint

method then eliminating the stage variables) to the multi-Hamiltonian PDE (1.6):

1 n+1 1
Dyuiy = o (uiy™ —uiy) = =

1 1
My = S (it +uiy) = 5011 Jufy,

[ =1 1 Juy,

(2.38)
where stencil notation has been used. The result is
1 1 1 -1 1 111 1
—K z= V.S |- z|. 2.39
24t [—1 -1 ~1 1] z<4[11 ) (2:39)

Next, the variables that were introduced to write the PDE as a multi-Hamiltonian PDE

1
—L
Z 2Ax

are eliminated to get a stencil in terms of the variables in the original PDE (typically, only

a single variable remains). For example, the box scheme applied to the KdV equation,
up = V'(u)y + Vgze, (2.40)
results in the 12-pt stencil [80]

1 3 3 1
L O I U = SN N N R
16AL YSIAz | 21 0 1 a1 1"

-1 -3 -3 -1

~1 3 -3 1
1%
— | - - (241
 IAeE | 2O 6 2 |u (241
~1 3 -3 1

2.3.4 The box scheme in higher dimensions

The generalisation of the box scheme to higher dimensions is to simply apply the implicit

midpoint method in each dimension.

As an example, consider the nonlinear wave equation in two spatial dimensions,

Ut — Uy — Uyy = V' (). (2.42)



50 CHAPTER 2. RUNGE-KUTTA DISCRETISATIONS

This PDE has the following multi-Hamiltonian form when written as a first order system,

0 10 0 00 —1 0 000 -1
100 0 00 0 0 000 0

zi + zZ.+ z, =V.5(z 2.43
0o 00o0|" 10 0 0/ " Jooo o y=VaSlz)  (243)
0 00 0 0 0 0 100 0

where 2 = [u, v, w, §]T and §(2) = —V(u) + J(—v? +w? + ).

Applying the finite difference and average operators then eliminating the variables v,

w and ¢ gives

D MZM i, — D2MEMpu}; — Dy MEMZup; = MMMV’ (MM Myul;).  (2.44)

Writing the x and y directions in stencil form gives

1 1 21
TGAZ | 2 4 2 (uf 7 = 2ul T+ ufy)

1 21

) 1 -2 1

+2 +1
1 -2 1
1 1 2 1
2 1

1 2 1

(i + uz%fl)) +V (

AL

11
] o)

(2.45)
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Chapter 3

Partitioned Runge—Kutta

Discretisations

A brief description of two-partition partitioned Runge-Kutta (PRK) discretisations, which
are typically used in the literature, was given in Section 1.4.3. In the following section I
will give a more comprehensive description of a PRK discretisation. Following this I will
show that, under a simple set of conditions, discretisation of a multi-Hamiltonian PDE
in N time and spatial dimensions by independent PRK methods with an arbitrary num-
ber of partitions results in a system of equations that satisfy a discrete multisymplectic
conservation law. This result both simplifies and generalises similar results on the mul-
tisymplecticity of PRK applied to multi-Hamiltonian PDEs that appear in the literature
(38, 65].

The remainder of this chapter is concerned with the construction of explicit multi-
symplectic integrators based on the Lobatto ITTA-IIIB class of PRK discretisation. After
introducing the Lobatto IIIA-IIIB class of methods, I will proceed to show how the dis-
cretisation in space of a class of multi-Hamiltonian PDEs by such methods leads to a
system of explicit ODEs in time. This is done by way of a construction algorithm, which
may be reduced to a simple two-step procedure. Several examples of multi-Hamiltonian
PDEs are given to demonstrate how this construction algorithm may give explicit ODEs
and also, how it may fail to do so. For each multi-Hamiltonian PDE that the construction
algorithm fails to give a system of explicit ODEs, a 2-stage Lobatto IITTA-IIIB discretisa-
tion in space is applied and the equations are reduced to a single implicit ODE. Lastly, I
will consider how these explicit ODEs handle periodic, Dirichlet and Neumann boundary

conditions.

Much of the content of this chapter is contained in the paper “On multisymplecticity
of partitioned Runge-Kutta methods” by myself and Robert McLachlan, which has been
submitted to the SIAM Journal on Scientific Computing (SISC) [65].
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3.1 Partitioned Runge—-Kutta discretisation

When a non-autonomous ODE,

zZt = f(t’z(t))’ (31)

is discretised with a PRK discretisation the vector of dependent variables, z € R", is
partitioned into several partitions, z(?) € R, with Zv n~, = n. As before, a grid is then
introduced where the grid points (or nodes) are taken (for convenience only) to have equal

spacing At and the notation of Section 1.4.2 is extended as follows:

let 27 be the entry v in z,

()

e let z;"” € R™ be the vector of variables in partition 7 at the node in cell ¢,

let ZZ(A’;) € R™ be the vector of variables in partition ~ at stage j in cell ¢,

let the lack of a raised, parenthesised index, (), indicate the unpartitioned variable.

Then for an r-stage PRK discretisation of Eq. (3.1) one obtains a set of equations

coupling the node values z; to the stage values Z; ; at r internal stages given by

ZE:;) —}—AtZa &gZZ(’Z, j=1,...,m
(3.2)
204 S 0,20,
j=1
for each 7, where the new variables, 0,Z; ;, satisfy Eq. (3.1), i.e
O Zij = f((i+¢;)At, Zi;), (3.3)

()

and the coefficients bj

()

and a i are chosen to satisfy certain order conditions.

When the number of partitions in the PRK method is one, ie., 2) = z € R", Eq.
(3.2) reduces to Eq. (1.81), thus Runge-Kutta is a special case of partitioned Runge-Kutta
in which there is only one partition. Consequently, the result in the following section on

the multisymplecticity of PRK methods also applies, in general, to RK methods.

For the multi-Hamiltonian PDE (1.6), discretisation in space with an r-stage PRK

method gives the following set of equations:

ZE:;) —{—AazZa zk’ ji=1,...,m7
(3.4)

20 = =0 4 Ar' 100,20,
j=1
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for each v, where the new variables 0, Z; ; satisfy Eq. (1.6), i.e.,
K&tzm + LamZi,j = sz(ZZ,J) (35)

Egs. (3.4) and (3.5) form a differential-algebraic equation (DAE) for Z; ; and z;. However,
in this DAE there are no ODEs for the node values and the constraints only apply to LZ; ;,
not Z; ;. Furthermore, L may not have full rank, which may prevent one from obtaining

a system of explicit ODEs for the Z; ;. This is explored in more detail in Section 3.3.

3.2 Multisymplecticity of PRK

Previous studies of the multi-Hamiltonian PDE (1.6) discretised in space and time with
PRK methods have concluded that such discretisations satisfy a natural discrete approxi-
mation of the multisymplectic conservation law in Eq. (1.19) [38]. However, these studies
use the same partitioning of the variables for both the spatial and time discretisations,
which leads to a large number of cases to be considered, each with its own set of conditions
to be satisfied. This choice of partitioning in each dimension is important as the condi-
tions for the discretised equations to satisfy the discrete multisymplectic conservation law

depend upon K and L.

For example, given a multi-Hamiltonian PDE and a two-partition PRK discretisation
in time with coefficients satisfying Eq. (1.90), if the PDE has no time derivatives of the
variables in the second partition, then the discretisation is in fact a RK discretisation with
the same coefficients as the first of the PRK pair, which will not, in general, satisfy Eq.
(1.84).

To consider the most general case, we will now assume the finest possible partitioning
of the variables, namely n partitions where, for each entry - in z we have that n, = 1 and

the partition z(?) consists simply of the variable z7.

Furthermore, we will consider the N-dimensional multi-Hamiltonian PDE (1.9). Be-
cause of this, we will require a slight extension of the notation in order to manage the
indices in the following theorem and proof. To this end, for the following theorem, proof
and corollary only, let sz’j‘s be the variable Z7 located at the node i, in the dimension

o and at the internal stage js in each other dimension x;.

The following theorem gives a much simpler set of conditions on the coefficients of the
PRK methods such that the discretisation of a multi-Hamiltonian PDE by these meth-
ods results in a system of equations that satisfy a discrete multisymplectic conservation
law. Since it immediately applies to any other partitioning of the variables by simply
M)
J

equating the bg-v) and a,’ coefficients of the appropriate partitions, this set of conditions

encompasses all of the cases considered in previous studies.
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Theorem 3.2.1. A general multi-Hamiltonian PDE (1.9) discretised independently in
each dimension, xo, by an ro-stage PRK method has a discrete multisymplectic conserva-
tion law that is the natural discrete approximation of Eq. (1.23) when, for each dimension

Tq, the coefficients of the PRK method in that dimension satisfy the conditions

B\ = b,
(D58 _ ) o o ) _ (36)
—a b — )+ o

for all j,k and pairs (3,7) such that K(B?y) # 0.

The discrete multisymplectic conservation law is then given by

N

2. Z i I awed ( i —w?j“) =0, (3.7)

a=1 |\ =1, js=1e=1,
57504 e;éoz
ajs 1 o V>Js B.3s € . o : :
where w; 7 = 3 zﬁ;\/ 3,dZ 70 NdZ; 70 and b5, is the coefficient bj; in the dimension

Te.

a,Js

Proof. For each dimension z,, the difference in the 2-form w; ”* between two adjacent

grid points is given by

. 1 . :
(Wil =) = 537 (K5,d20%, nazZlP — Kzl ndz)»)
By
Z K5, ((a2)7% + Aw, Z b 0,,dZ)97) A (AZ27 + Az Y 0)70,,4207)
ﬁm/ k
_ dema A dZﬁJa)

Z K3, (Aza(dZ]7% A Z 00,4205 + 3 000,429 A az05)
ﬁ ¥ J

+ (Azy) Zb 00,425 A 0, dZﬁ’“)

= 5 ﬁz K%{ﬂ/ (Ama ; (dZ“ﬁ](S Az, Z akj 8 dz%Jé) b/(cﬁ)amadzi’f}i
Y

+ Az Z 00,4278 A (az2% — A:ca Z a0, dz%) (3.8)
Z b0, 4295 A @CadZﬁ’“)

~ Y K3, (A% Z b AZ9 N Oy, 209+ 3 600,427 n dzZ)
/3 v J

Ama 2 Z (’Y) bg v) (5) b(’Y)b(ﬁ))agCa dz%Jé A 8a:a dZB’J6>
7.k
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= Azg Y BVKS 0,,dZ]70 Nz
B,

L1 a 8 E J J
+ 5(Aa) ZKB,YZ( a0~ v0al) + b6 0,,a2) % no,,az%.

When K %7 is non-zero, the (Ax,)? term above is zero if

—a,(%)b;ﬁﬁ) b§ ) (B) + b( )b( ) _ 0, for all j, k. (3.9)

Now, writing Eq. (1.10) in components and taking its wedge product with dz? gives

N

Z (Z K3, 0;,dz" A dzﬁ> =0, for all 3, (3.10)
S

a=1

since D,,S(z) is symmetric. Thus, in general, multiplying the Az, term in the last line

of Eq. (3.8) by Azeb§, for all € # «, then summing over js < 75, 6 # o and «, gives

N T
: Ax Azg S WK 89,4277 AdZ2e ) | =0, (3.11)
5 By~

a=1 | 0=1, js=1e=1, Byv.d
Fa e;éa

when by) = b; for all j and ~.

Therefore, if Eq. (3.6) holds then we can see from Egs. (3.8) and (3.11) that the
discrete multisymplectic conservation law (Eq. (3.7)) holds. O

For the multi-Hamiltonian PDE (1.6) in one time and one spatial dimension, Eq. (1.23)

reduces to

Abe P — +AtZB R — KT =0, (3.12)
where b; are the coefficients of the PRK method in space and B,, are the coefficients of
the PRK method in time.

The discrete multisymplectic conservation law (Eq. (3.12)) is an approximation to the

integral
(i+1)Az
/ (w(zx, (n + 1)At) — w(x,nAt)) dz
iAx

+ /(n+1) (w((@ + 1)Ax,t) — w(iAx,t))dt =0, (3.13)
nAt

which is the integral of Eq. (1.19) over the cell with lower left corner at (iAz, nAt).

The multisymplecticity of a multi-Hamiltonian PDE discretised by a GRK method in
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each dimension is a special case of Theorem 3.2.1, where the coefficients bg.ﬂ/) and az(}) in

each dimension are equal for all the partitions z().
Often, a multi-Hamiltonian PDE is only discretised by PRK methods in a subset of

the dimensions. This leads to the following corollary.

Corollary 3.2.2. A general multi-Hamiltonian PDE (1.9) discretised independently in a
subset, ¥ C {1,..., N}, of the dimensions of the PDE by PRK methods has a semi-discrete
multisymplectic conservation law when, for each dimension xo, o € X, the coefficients of
the PRK method in that dimension satisfy Eq. (3.6) for all j,k and pairs (3,7) such that

K(;:/) % 0. This semi-discrete multisymplectic conservation law is given by

s

N
S DT T Aweds, (29) | =o, (3.14)

a=1 | €Y, js=1e€X,

0Fa eFa
where
Qos _ Wil —wi? ifa ey, (3.15)
O, w5 ifa#X,

Wil = L5 K dZ)T N dZ) weds = LS KG dZ0s A dZ%9s and b5, s the

o

coefficient bjs in the dimension ..

The proof follows directly from the proof of Theorem 3.2.1 with the product and

summation in the last step restricted to the dimensions that are discretised.

3.2.1 The importance of partitioning

For a given multi-Hamiltonian PDE, the choice of partitioning can be critical as to whether

or not discretisation by a PRK method will give rise to a multisymplectic integrator.

For example, consider a multi-Hamiltonian PDE (1.6), discretised in space by a two-
partition PRK method with coefficients satisfying Eq. (1.90). In general, the coefficients
in each partition of the PRK method will not satisfy Eq. (1.84). Thus, in order to satisfy a
discrete multisymplectic conservation law, the partitioning of the variables must be chosen

such that the two-form x contains no terms of the form dz) A dz® or dz® A dz®.

For the canonical form (or Darboux normal form) of L, given by

0 -I, 0
L=|1, 0o o], (3.16)
0 0 O

where I; is the d x d identity matrix, the obvious choice of partitioning is to let z7 € 2
fory =1,...,d, 27 € z® for y = d+1,...,2d and 27 € 2 for v > 2d. While there
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are 3 partitions in this partitioning, only 2 sets of RK coefficients are required for a PRK
discretisation in space of the multi-Hamiltonian PDE as there are no spatial derivatives
of the variables in 2(®) and the zero rows of L correspond to ODEs in time at each point

in space.

In general, it is only possible to put one of K and L into its canonical form. So, if K
is put into its canonical form, then the form of L will, in general, be more complicated
and the choice of partitioning will also be more complicated. In this case, it may not be
possible to partition the variables in space into less than n partitions in such a way that

a PRK discretisation in space satisfies a multisymplectic conservation law.

Theorem 3.2.1 shows that if the partitioning of the variables in each dimension is cho-
sen appropriately, then a PRK discretisation in each of these dimensions with coefficients
satisfying Eq. (3.6) will result in a numerical integrator that formally satisfies a multi-
symplectic conservation law given by Eq. (3.7). However, this does not guarantee that

the numerical integrator is well defined.

Such a discretisation may fail to form a well-defined multisymplectic integrator for the
reasons labelled (i)—(iv) in Section 2.1. I have demonstrated, in Sections 2.2 and 2.3, how
Gaussian RK discretisations of a multi-Hamiltonian PDE may suffer from these problems.
However, in general, problems (iii) and (iv), which typically occur once boundary condi-
tions are imposed, can be avoided by the use of discretisation methods that give rise to

an explicit multisymplectic integrator.

In order to construct an explicit multisymplectic integrator, it is necessary (but not
sufficient, as pointed out in Section 1.2.1) for the discretisation in each dimension to be
both symplectic and explicit. For PDEs in one time and one spatial dimension, this
condition means that a symplectic spatial discretisation must give rise to explicit ODEs

in time (or vice-versa since time and space are treated on an equal footing).

This rules out discretisation by symplectic RK methods, such as GRK, since Eq. (1.84)
implies that, for non-zero values of b;, the values of a;; are non-zero and thus such meth-
ods are necessarily implicit. However, no such restriction applies to PRK methods, and
since the discretisation of a multi-Hamiltonian PDE by PRK methods with coefficients
satisfying Eq. (3.6) gives a system of equations that satisfy a discrete multisymplectic
conservation law, it is possible to construct an explicit (and hence, well-defined) multi-
symplectic integrator by discretising with such methods. For example, the well-known

5-point method obtained by applying leapfrog in space and time to the nonlinear wave

equation, uy — Uz, = —V'(u), gives the explicit multisymplectic integrator [13]:
1
! 2 ! (1 -2 1] V' (u) (3.17)
— u — - u = — u .
(At)? . (Az)? ’

where we have used the notation of centred stencils. This approach will be explored in
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Section 3.4 for the Lobatto IITA-IIIB class of PRK methods, which I describe in the next

section.

3.3 Lobatto IITA-IIIB

The Lobatto IITA-IIIB class of PRK methods are a collection of two-partition PRK dis-
cretisations whose coefficients are based upon Lobatto quadrature. For these methods,
the coefficients o'V, a!? and btV = b§2) = b; are determined by [16]:

i+ % j
: 1
B(¢) : D bt = o for k < ¢,
i=1
: 1
c(g): Zag)c?*l = %cf, fori=1,...,r and k <&, (3.18)
j=1

. 1
D(§): Zbicfflag) = Ebj(l - c;“‘), for j=1,...,r and k <&,
i=1

for £ = r, where the ¢; are the zeros of the Lobatto quadrature polynomial,

(2" Nz —1)" ). (3.19)

Lobatto IIIA is the class of RK methods whose coefficients, b; and ag;), are determined
by Eq. (3.19), B(§) and C(§), whereas Lobatto IIIB is the class of RK methods whose
coefficients, b; and az(?), are determined by Eq. (3.19), B(¢) and D(§). When combined,
they form the Lobatto ITIA-IIIB class of PRK methods, where Lobatto IITA is applied
to the variables in the first partition and Lobatto I1IB is applied to the variables in the

second partition.

While the Lobatto ITIA and Lobatto IIIB classes of RK methods have each been
known since the mid 1960s, their coefficients do not satisfy Eq. (1.84) and hence do
not form symplectic or multisymplectic integrators when applied to Hamiltonian ODEs
or multi-Hamiltonian PDEs. It was only discovered relatively recently that the Lobatto
IITA-TIIB class of PRK methods has coefficients that satisfy Eq. (1.90) [44, 70]. Thus,
for a discretisation of Eq. (1.6) by Lobatto IITA-IIIB methods, if the partitioning of
the variables in each dimension can be chosen such that Eq. (3.6) is satisfied, then the
resulting integrator will satisfy the discrete multisymplectic conservation law given by Eq.
(3.12).

While the Lobatto ITTA-IIIB class of PRK methods have a lower order than PRK
methods based on Gaussian or Radau quadrature, they have advantages that we will
make use of in order to construct a well-defined multisymplectic integrator. In particular,
the features of Lobatto IIIA-IIIB that will be seen to be important in the following section
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are that the coefficients are related in the following way:

aﬁ) =0, af,? = bj, for all 7, (3.20)
a? =0, @ =b, foralli, (3.21)

and the (r — 2) x (r — 2) matrix C with entries
Ci1j_ 1_2% —ow)ay)),  for2<ij<r—1, (3.22)

is invertible. The relations given in Egs. (3.20) and (3.21) are a direct consequence of Egs.
(3.18) and (3.19) and give us three properties which will be required in our algorithm for
constructing explicit ODEs in the next section. Firstly, from Eq. (3.20) we can see that
for variables in the first partition, a node value is equal to the first stage value associated
with that node and also equal to the last stage value associated with the previous node.
Secondly, Eq. (3.21) gives us that both >, bjaﬁ) and by — 3, bjaggl) are zero. Lastly, Egs.
(3.20) and (3.21) together give

Zagi)(bl - 5kl)al(]2) =0 if either i € {1,7} or j € {1,r}, (3.23)

where Jy; is the Kronecker delta. The invertibility of C' can then be shown via the Frobe-

nius inequality and will be used directly in the construction algorithm in the next section.

The coefficients for Lobatto IITA-IIIB methods can be written succinctly as pairs of
Butcher tableaux, which I give below for » = 2, 3 and 4.

r=2: ITTA: 1 , IIB: 1 (3.24)

== O
== O
N [ D] N[
N O O

Second order Lobatto ITTA-IIIB is often referred to as generalised leapfrog and, with the
exception of the ¢; values, is identical to Stérmer—Verlet (Eq. (1.91)).

1 1
0|0 O 0 0 5 % 0
105 1 _ 1 L1 1 9
_ 9. . 2124 3 24 . 216 3
r=3: IITA: o2 [ I11B: 1l 5 o (3.25)
6 3 6 6 6
1 2 1 1 2 1
6 3 6 6 3 6
0 0 0 0 0
5—/5 | 11+5 25—/5 25—13v5 —14+v5
5 | o5 25413v5  25ivE  —1ov/B
. . 5 — 1
r=4: IIIA: Jio 120 120 120 120 (3'26)
1 1 5 5 1
12 12 12 12
1 5 5 1
12 12 12 12
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0 1 1-v6 —1Vs

12 24 24
5-v5 | 1 254+vV5  25—13V5 0

1(\)/_ 12 120\/_ 12?/3
A . 56 | 1 25413VF 25—
r=4: I11B: X 5 50 o0 0 .

1 1 115 n+vs

12 24 24
1 5 5 1
12 1 12 12

(3.27)

For higher values of r, the tableaux become more complicated, but retain the properties
given in Egs. (3.20), (3.21) and (3.22). They can be easily computed from Egs. (3.18)

and (3.19).

The following derivation shows how Eq. (3.17) is obtained from a 2-stage Lobatto

ITTA-IIIB discretisation in time and space of the nonlinear wave equation (with z, K, L

and S(z) given by Eq. (1.7)). For the spatial discretisation, the variables are partitioned

into 2(1) = {u, v} and z® = {w}, which gives

A
Wiit=Wio=W,1 =w; + Tx(V/(Ui,l +0:Vi1))

by
Ax
= Wiyl — T(V/(Ui,Q + 0:Vi2)),

U1 = u,
Ax
Uig = tir1 = ui + — Wiy + Wi2) = ui + AW, 1,
V%,l = V4,
Vi = vig1.

Eliminating w;, w;41, Wz}%’ U;j and V; ; gives

Wiro — 2uiq1 + u;) = V' (wig1) + Ovigr.

1
a2

Discretising this in time with the partitioning 2(!) = {u,w} and 2®) = {v} gives

1 2 n,: At 1 1 1 1 1
Vﬁrl = Vﬁrl = Vi+12 = in+1 + 7((Ax)2(U;12 B QUﬁrl + Uz'n )) - V,(Uﬁu)
At 1 2 2 2 2
vinJ:rll - 7((AZ’)2 (Uﬁﬁz - QUZE;I + Uln, )) - V,(Uz?il)’
1
Uﬁu = u?+17

Un,2 _ . n+l _ n + g(vn,l + Vn,2) _.n + Atv?h%
itl = Uipr = Ui 5 Wit it1) = Wit il -

1
3 : 3 n 'I’LJrl n7§ n,m :
Eliminating v, ¢, v;}'1", V;,{ and U;}" gives

1
(A1)? (Uﬁf - 2“?;? +uitg) —

1
w(u?ﬁl —2ul ) = =V (),

which is Eq. (3.17) written with indices.

(3.28)

(3.29)

(3.30)

(3.31)
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3.4 Explicit Discretisation

We define an explicit discretisation in space as a discretisation for which the time deriva-
tives of the dependent variables may be written explicitly in terms of the dependent
variables. Their derivation may involve solving linear systems, but these must be inde-
pendent of the PDE. An explicit local discretisation is an explicit discretisation for which

these ODEs depend only on nearby values of the dependent variables.

In the one dimensional situation (i.e., time integration of a Hamiltonian ODE), the
dependent variables in a PRK discretisation are the z;; Eq. (3.2) determines the value
of the stage variables Z; ; and defines a map from z; to z;41. In contrast, for situations
where the dimension is greater than one (e.g., for PDEs of the form of Eq. (1.6)), if
one applies a PRK discretisation in space, then the dependent variables will typically be
the stage variables Z; ;j, while the node variables z; and the new variables 0, Z; ; will be
eliminated using the PDE to yield a set of ODEs in time for the Z; ;. As we shall see in
the following theorem, this elimination depends upon the structure of not only K and L,

but also of S(z).

Theorem 3.4.1. Consider a multi-Hamiltonian PDE (1.6) where the K and L matrices

have the following structure:

_I%(d1+d2) Idl
K = I%(d1+d2) R L = Od2 (3.32)

Od1 _Id1

where dy = n —rank(K), do = n —2dy < dy, I4 is the d x d identity matriz, 04 is the

d x d zero matrix.

Let the variables z be partitioned into two partitions z) € Ratd2 gnd 2(2) ¢ Rh
where we denote the first di components of z1) by q, the last do components of zV) by v
and the components of z2) by p such that the PDE may be written as

114 1ar) a;
Ty 4dz) v | T
04, L Pt
[ 1, q; VqS(z)
04, v, | = | VuS(2) |- (3.33)
e y 2 VpS(2)

If the function S(z) can be written in the form

S(z)=T(p)+V(q) + V(v), (3.34)
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where T (p) = 3p'Bp and Vv) = 2vTav such that B and o are matrices with |3| # 0 and
la] # 0, then applying an r-stage Lobatto IITA-IIIB PRK discretisation in space to the
PDE leads to a set of explicit local ODEs in time in the stage variables associated with q.

Proof. Due to the form of S(z), the central dy rows of Eq. (3.33) allow us to write entry

2 in v as ]
2
Vi = Z(ail)iyjatqﬂ%(dr@)a (3.35)
j=1
and hence
d2
8ﬂ%::j{:ﬁyfthéfg%%%mlfdﬂ. (3.36)
j=1

Substituting Eq. (3.36) into Eq. (3.33), we can eliminate the v variables in favour of

higher order derivatives in time of the g variables. This lets us write Eq. (3.33) as
Kz + Lz, — Ezy = V,5(z), (3.37)
where z, K, L, £ and S(z) are the new vectors, matrices and functions given below:

Ty (4 —a)

04
' (3.38)

and S(z) =T(p) + V(q).

Note that if dy = 0, then Eq. (3.33) and Eq. (3.37) are identical, i.e., V(v) =0 and &

is a d; X d; matrix of zeros.

In order to complete the proof of this theorem, I shall now give a five step algorithm
for constructing explicit local ODEs in time from an r-stage Lobatto IITA-IIIB PRK
discretisation of Eq. (3.37). However, before we begin, it is necessary to introduce the

following notation, which extends the notation of Section 1.4.2:

e let 2 be the node variable in cell i for the entry n in z,
o let Zi"j be the stage variable at stage j in cell ¢ for the entry n in z,

e let Z be the vector of stage variables in cell i for the entry 7 in z,
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e let Z; be the tensor of stage variables for all values of 7 in cell 7,

o let 07 Z]! ; be the variable representing the first (n = 1) and second (n = 2) time

derivatives of Z i

e let 0.nS(Z;) be the vector of stage values at cell ¢ obtained by taking the derivative
of the function S(z) with respect to the entry n in z,

e let A®Y be the r x r matrix of a;j values for Lobatto IIIA,
e let A® be the 7 x r matrix of a;; values for Lobatto II1IB,
e let b be the vector of length 7 of common b; values for Lobatto IITA and IIIB,

e let 1 be a vector of length r with all entries equal to 1.

Now, Eq. (3.37) discretised in space by an r-stage Lobatto IITA-IIIB PRK discretisa-

tion results in the following system of implicit ODEs:

Q] = g1+ Az AV (=0 T(Py)), (3.39a)
@'y = ¢ + Azb" (=0T (Py)), (3.39b)
P! =p"1 + Az AP0,V (Q;) + g)), (3.39¢)
piiy = b + Axb (82V(Q;) + g}, (3.39d)
for 1 <n < d;, where
1
QTN 1 <9< L(di—dy),
_1
gl = —g,Q ) Ydi+dy) <n<dy, (340)
_ 0+ (d1—do)
i1 (a 1)n7%(d17d2),9 7Q; 3(th=ds), 5(di —da) < < 5(di + da)

It should be noted that for the simpler case where dy = 0, the third option for ¢! vanishes.

Construction Algorithm:

Step 1:
Recall from Eq. (3.20) that, for the Lobatto IIIA discretisation, the first row of the

coefficient matrix A is zero and the last row of AM) is bL.

Due to this property, we can see that the first row of Eq. (3.39a) gives ¢ = QZI and
comparing the last row of Eq. (3.39a) with Eq. (3.39b) gives q?H = QZT Furthermore,
from these two identities we can conclude that QZT = Q?Jrl,l’ atQZT = &gQ?JrLl and
8252@27" = 8t2QZ+1,1-

Step 2:

Since T'(p) = 1p” Bp and |B| # 0 we have that P; = 371V,T(P;). Also, from B(€) we
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can see that all RK or PRK methods based on collocation have bY1 = 1. Therefore, we
can substitute P} from Eq. (3.39¢) into Eq. (3.39b) and rearrange to get

dy

P} = “Ar Z ((571)7]7((@%1,1 - Q; 1)) Azb" AP (0 V (Q;) + 97)- (3.41)
=1

Note that this rearrangement is possible since the matrix § operates on the index 7, while

b and A® operate on the index j.

Step 3:
Substituting P! from Eq. (3.39¢) into Eq. (3.39a) and then substituting p] from Eq.

(3.41) into the resulting equation gives
Q! =Q!1 - AzA Zﬁnc PY)

— Q)1 - AzAl Zﬂng 1+ A2AP(0,V(Q) + ¢5))

(3.42)
dy
=1 =
— Acb" AP (0, V(Q) +97) |1+ Ar AP (9, V(@) + g >)> :
Rearranging and applying 8! gives
1 &
A 20 ne Q6 - @it - AV @, - Q]
¢=1
— AM [ pT A2 _ —A® .
= A [0 AP 0,V(Q) + g1~ AP (0, V(Q) + )] )

= AW BT - DA (0, V(Q;) + g7).

Now, the first and last rows of the left-hand side of Eq. (3.43) are zero, as are the
first and last rows and columns of AM (167 — I'A®) due to Eqs. (3.20) and (3.21).
Therefore, we denote rows 2 to r— 1 of [Qf — lel — A(l)(Qgr — Qg’l)l} by dg, the block
of AM(1bT —1)A® from (2,2) to (r—1,r—1) by C and rows 2 to 7 — 1 of 9,1V (Q;) +g]
by e]. Then, noting from Eq. (3.22) that C has full rank, we can write

1 &
(An)? Y (B7nCTlds = el (3.44)
¢=1

Recalling the definition of g}, Eq. (3.44) immediately allows us to write down explicit



3.4. EXPLICIT DISCRETISATION 65

formulas for 9,Q7, in terms of Q; for 1 < k <r and 1 <n < 1(dy —dy) or L(di + do) <
n < dy, and for 97Q], in terms of Q; for 1 < k < r and §(di —da) <1 < 5(d1 + da).

Step 4:
Substituting p; from Eq. (3.41) into Eq. (3.39d) for both p; and p], | gives

1 &

- (Az)? Z(ﬁ_l)n,C(ngrz,l - 2Q§+1,1 + Q§,1) =
¢=1

b" AP (0 V(Qy41) + 9141) + (b7 =0T AP)(0,0V(Q;) + g7)  (3.45)

for each n.

Of importance here, is that Eq. (3.45) does not involve the variables 0,Q or

n

i+1,r
Q?Q?_H , since the last entry of b" A® is zero. Neither does it involve the variables Q7
or 92Q7, since the first entry of b7 — b7 A®) is also zero. Both of these statements are a

consequence of Eq. (3.21).

Step 5:
Substituting the formulas for 8,5sz and Q?sz found in Step 3 into Eq. (3.45) and
recalling that atQZT = atQ?_HJ and (9t2QZT = 8?@;74_171, we can obtain explicit formulas
for 8tQ§7+1’1 in terms of @Q; and @, for 1 <n < %(dl —dg) and %(dl +ds) <n<d; and
for 8?@;74_171 in terms of Q; and Q. for 3(di —da) <n < 1(dy + do).

Thus, for each cell 7 in our grid, we have a system of explicit ODEs for either the first

or second time derivatives of the stage variables @, in terms of local values of Q,. O

While the conditions on K, L and S(z) in the above theorem may at first appear
restrictive, they allow several important equations such as the nonlinear wave and non-
linear Schrédinger equations. A notable exception is the Korteweg-de Vries equation for
which S(z) is not separable, i.e., it cannot be written in the form of Eq. (3.34). (The
application of this theorem to a selection of PDEs, including the nonlinear wave, NLS and
KdV equations, is explored in more detail in the next section.) It is also worth noting that
the conditions on K, L and S(z) are the same as those required for the continuous system
to be written as a system of PDEs in the variables g and are similar to those required for

a separable Hamiltonian system to be written as a system of second order ODEs.

In the above theorem, K is canonical and, as mentioned in Section 3.2.1, writing any
skew-symmetric K this way will, in general, complicate the structure of L. However, if,

after writing K this way, L has the following structure,

A
L= 04, , (3.46)
_AT
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for some d; x dy matrix A with |A| # 0, then the following change of coordinates in the p
variables can put L in the form given in Eq. (3.32).

Let
p=Ap (3.47)
and
T(p) = T(A'p) = T(p), (3.48)
then
VpS(z) = VpT(p) = AV,T(p) = ABp = ABA™'p. (3.49)

The function S(z) still has the desired structure,
L “1ya
S(z) = V(g) + 55" (ABA™)p. (3.50)

The upper left (dy + d2) x (di + d2) block of L being all zeros is fulfilled for PDEs
that, when written as a first order system with a canonical K, have no equations involving
derivatives in both time and space of the same variable, i.e., z;/ +2; = f(2) does not appear

for any 7. This is a feature that occurs frequently in “real world” multi-Hamiltonian PDEs.

3.4.1 Examples

Here I give several examples of common multi-Hamiltonian PDEs. For the PDEs that
satisfy the requirements of Theorem 3.4.1, I give the ODEs that one obtains by applying
the construction algorithm to those PDEs. For PDEs that do not satisfy the requirements
of Theorem 3.4.1, I show why they fail and where the construction algorithm breaks down.
I also give a PDE constructed so as to be as general as possible whilst still satisfying the

conditions of Theorem 3.4.1.

Nonlinear wave equation
The first example is the nonlinear wave equation,
Uy = Ugz — V' (1), (3.51)

which can be written as a multi-Hamiltonian PDE in the form of Eq. (3.33) with z, K,
L and S(z) given by [8]

u 0 -1 0 0 0 1
z=| v |, K=|1 0 ., L=| 0 00 (3.52)
w 0 0 0 -10 0



3.4. EXPLICIT DISCRETISATION 67

Here, di = dy = 1 with 2() = {u,v} and 2 = {w}. We also have a = - = 1,
thus we can see that K, L and S(z) satisfy the requirements of Theorem 3.4.1. Upon
eliminating the variable v, we obtain the PDE (3.37) with

S E R IS S O
w 0 0 -1 0 0 0

and S =V (u) — sw?.

Applying the construction algorithm for r = 2 gives the following pair of ODEs for
each cell 7,
U1 = ﬁ((]j—m —2U;1 + Uit11) = V'(Uin), (3.5
OfUio = 0fUis11.
Recalling from Step 1 that q; = @, and noting that the last ODE is simply the first
ODE of the next cell, it is convenient to drop the second ODE and rewrite the first ODE

in terms of the node variable u;, i.e.,

1
2

Applying the construction algorithm for » = 3 gives the following triplet of ODEs for

each cell 7,
1
U1 = )2 (=Ui—11 +8Ui—12 — 14U; 1 + 8U; 2 — Uiy11) — V'(Uin),
1
2 _ / 3.56
i2 = g (4Ui1 — 8Ui 2 + 4U; - i (3.56)
0y Uiz (Ax)g( Uin — 8Uiz2 + 4Uit1,1) — V' (Ui2),

2 2
0;U; 3= 0;Uiq11,

which cannot be written in terms of the node variables alone.

NLS equation

The second example is the famous cubic-potential nonlinear Schrodinger (NLS) equation,

where ¢ € C.

The NLS equation may be written as a multi-Hamiltonian PDE by first writing

1) = p + ig and separating the real and imaginary components of the equation to get

2 2
Pt = —qzx — 2(p° +q7)q,
! se = X ) (3.58)

Gt = pax + 2(p* + ¢)p.
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Then, these equations can be written in the form of Eq. (3.33) with z, K, L and S(z)
given by [42]

(3.59)

E a3
o o~ o
o o o o
o o o o
|

[S—

o
o o O =
o o~ o

and S = —3(p* + ¢*)% — $(v* + w?).

Here we have d; = 2 and dy = 0 with the variables partitioned into z() = {p,q} and
2 = {v,w}. The function S(z) can be written as Eq. (3.34) with V(q) = —1(»* + ¢?)
and T'(p) = %pTﬁp where

-1 0 v
B:[ 0 _1] andp:[w], (3.60)

thus the NLS equation also satisfies the requirements of Theorem 3.4.1.

Applying the construction algorithm for an r-stage discretisation gives r ODEs for
each element of z() at cell i. As with the nonlinear wave equation, if we use the 2-stage
discretisation then for each element of z() at cell i we can drop the ODE for the second
stage variable and write the ODE for the first stage variable in terms of the node variables.
The resulting ODEs are

1
Opi = _ﬁ(%’—l — 2gi + qit1) — 2(0} + ¢})ai,
(1 7) (3.61)
Orq; = W(Pi—l = 2pi + piv1) + 2(07 + ¢)pi-

These are precisely the ODEs one obtains by applying second order finite differences
in space to Eq. (3.58). The same statement applies for other PDEs that satisfy the
conditions of Theorem 3.4.1, thus we note that 2-stage Lobatto IIIA-IIIB discretisation in
space is equivalent to second order finite differences in space up to second order differences
when applied to such a PDE. This similarity of the ODEs one obtains from applying a
Lobatto IITA-IIIB discretisation in space and the ODEs one obtains from applying finite

differences in space to the multi-Hamiltonian PDE will be expanded upon in Section 3.4.2.

For r = 3 we obtain the following triplet of ODEs for each element of z(1) at cell 4,

0P = — XSE (—Qi-11 +8Qi—12 — 14Qi1 +8Qi2 — Qit11) — 2(P7 + Q7 1)Qin,
1
Oy P; 2 = —W(‘le,l —8Qi2 +4Qiy1,1) — Q(Pfg + Q?,Q)Qi,z,

O b3 = 0P, (3.62)
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1

Qi = Ba)? (=P;—11+8P_12—14P;1 + 8P, 2 — Piy11) + 2(131‘2,1 + sz,l)Pi,h
1

01Qi2 = W(ﬁlpm — 8P, 2+ 4P11) + 2(P% + Q) Py 2,

01Qi3 = 0;Qiy1,1-

Boussinesq equation

The third example is the “good” Boussinesq equation,

Pt = (5pa:x + V/(p))azara (363)

which, when written as a multi-Hamiltonian PDE, shares the same z, z(1), 22, K and L
as the NLS equation above [17]. The only difference is the function S(z) which is given by
S(z) ==V (p) + 3(w? — %02). (The class of Boussinesq equations includes a broad range
of PDEs, some of which satisfy the conditions of Theorem 3.4.1.)

As before, the requirements of Theorem 3.4.1 are satisfied and applying the construc-
tion algorithm gives » ODEs for each element of z(1) at cell i. For r = 2, we once again
drop the ODEs for the second stage variables and write the first ODEs in terms of the
node variables as

1
i = 5 (Gi-1 — 2¢; + qit1),
Oip (Am)Q(q 1= 2¢i + Git1)

! (3.64)
/
0q; = W(pi—l —2p; + piv1) + V' (p).
For r = 3 we get
1
0P = W(_Qi—l,l +8Qi—12 —14Q;1 +8Qi2 — Qiv1,1),
1
0P o = W@Qi,l —8Qi2 +4Qiy1,1),
O P; 3 = 0P,
t44,3 t €Z+1,13 (365)
0iQi1 = W(—Pi—u +8P_12—14P 1 + 8P, 2 — Piy11) + V'(Pi1),
£
0Qi2 = W(‘lpz,l — 8P, 2 +4Pi111) + V' (Pi2),

01Qi3 = 0 Qiy1,1-

Korteweg-de Vries (KdV) equation

The fourth example is the KdV equation,

w = V' (u)g + Viggs, (3.66)
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which can be written in the form of Eq. (3.33) with [9]

U 0 -1 0 0 0 0 1 0
1 0 0 0 0 01
= | 2| K= L= (3.67)
v 0 0 0 -1 0 0 0
w 0 0 0 0 -1 0 0
and with S(z) = —3uw — V(u) — 502 Here, d; = 2, dy = 0 and z is partitioned into

2z = {u, ¢} and 2z = {v, w}.

While the K and L matrices have the required structure for Theorem 3.4.1, the
function S(z) does not. Specifically, the —uw term in S(z) prevents us from writing

T(p) = %pTﬁp and so Step 2 of the construction algorithm cannot be carried out.

For example, discretising the KdV equation with 2-stage Lobatto ITIA-IIIB gives

1
Vgl = ;1 + Az (0 i — V’(ui) — Z(w”% +w,;_

);

1
2

Wil =w; 1 — Axdyu;,

(3.68)

1
—Uir1 = —U; — Am;vH%,
1
—Qit1 = —¢; — Aﬂ?z(uz‘ + Uit1),

where u; = Uj 1, uip1 = Us 2, ¢; = @51, ¢iy1 = i, Uiyl = Vip = Vi2 and Wiyl = Wi1=
Wia.

Introducing the operators D and M, where Du; = A%c(ul”rl —u;) and Mu; = %(uzﬂ +

u;), allows us to write this system as

1
D’l}i_% = 8,5(% — V/(’LLZ) — §M’U}Z~_%,
Dw, 1 = =0,
’ 1 (3.69)
_Duz = __vi+l,
v 2
1
_D¢z = —§MU,Z

Then, eliminating all the variables other than the original variable u gives the implicit
ODE
Mdyu; = DV’ (u;) + vD3u;_1. (3.70)

In general, M is not invertible, thus further conditions are required (e.g., periodic boundary
conditions with an odd number of grid points) to form a well-defined integrator from this
implicit ODE.

This is none other than the narrow box scheme, introduced in [2] and derived as a

finite volume scheme (and shown to be more accurate than the box scheme) in [3]. Thus,
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the narrow box scheme is shown to be multisymplectic.

Benjamin-Bona-Mahony (BBM) equation

The fifth example is the BBM equation [4],

U — Uz = V' (1) 4. (3.71)
Writing this equation in the form of Eq. (1.6) with z = [u, 0, ¢, w, p|T gives
[0 2 -3 0 0] [0 00 0 ¢]
-3 0 0 00 0 0 0 0
K=| 3% 0 0 00|, L={ 0 00 -1 0 (3.72)
0O 0O 0 00 0 0 1 0
0 0 0 0 0| -2 0 0 0 |

and S(z) = vw — V(u) — §0p. The multi-Hamiltonian structure of the BBM equation

presented here appears to be the first such occurrence in the literature.

Putting K into its Darboux normal form results in an L of the form

0; A

L p—
—AT 0,

: (3.73)

where A is a 3 x 2 matrix. The matrix L does not have the form of Eq. (3.46) and so it
cannot be written in the form of Eq. (3.32) by applying a change of variables. Thus, the
BBM equation does not satisfy the requirements of Theorem 3.4.1. However, partitioning
z into 20 = {u,0, ¢} and 2 = {w, p}, then discretising the BBM equation with 2-stage
Lobatto IITA-IIIB using the D and M notation gives

« a 1
PPy =Muw,_ - V/(ui) — 500 + 50udi,

0= —%Mpi_% + %8tu,~,
—Dw, 1 = —%Btui, (3.74)
D¢; = Mu;,
—%Dui - —%M@i.
Eliminating 6, ¢, w and p gives the implicit ODE
(M? — aD?*)dyu; = MDV'(uy). (3.75)

As with the KdV equation, the operator on the left-hand side cannot be locally inverted,
although it is at least typically invertible.
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Padé—I1 equation
The sixth example is the equation,
Ut — QUggt = V/(u)x + VUgra, (376)

which contains a mixture of the third order derivatives found in the KdV and BBM

equations. This equation is referred to as the Padé-II equation in [25] when v = 1%,
a = 12 and V(u) = —1u® — tud. It can be written in the form of Eq. (1.6) with
z = [u? 9’ ¢a w’ p’ U]T’
_ . - _ -
0 § -5 000 0o 00 0 § v
-5 0 0 000 0O 00 O 0 O
1
s 0 0 000 0 00 -1 0 O
0O 0 0 00O 0 01 0 0 O
0O 0 0O 00O -5 00 0 0 0
| 00 0 0 0 0 | —» 00 0 0 0]

and S(z) = uw — V(u) — §v? — $60p. This multi-Hamiltonian formulation of the Padé-II

equation is, to the best of my knowledge, the first occurrence of such in the literature.

Putting K into its Darboux normal form results in an L of the form

0; A

L =
—AT 04

, (3.78)

where A is a 3 x 3 matrix with rank(A) = 2. Thus, we cannot write L in the form of Eq.

(3.32) and so the Padé-II equation does not satisfy the requirements of Theorem 3.4.1.

However, partitioning z into z(!) = {u, 6, ¢} and z® = {w, p, v}, then discretising the
Padé-1I equation with 2-stage Lobatto IITA-IIIB using the D and M notation gives

0" o' 1
§Dpi_% + VDUi_% = Mwi_% — V' (uy) — 5@6@ + 5@@',
«

«
0= —§Mpi_% + §3tui,

1
—Duw,_y = =50, (3.79)
DQSZ — Muia
(6% (6%

—vDu; = —vv,_1.
2
Eliminating 0, ¢, w, p and v gives the implicit ODE

(M? — aD?)dpu; = MDV' (u;) + vMD3u;_. (3.80)
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As in the previous two examples, the operator on the left-hand side of Eq. (3.80) cannot

be locally inverted.

A made-up example

The last example is contrived to satisfy the requirements of Theorem 3.4.1 and demon-
strates the case when do # dy and dy # 0. I have chosen dy = 3, ds = 1 and a multi-
Hamiltonian PDE (1.6) with z = [¢', ¢%, ¢3, v, p', p?, p*]7,

00 -1 0 0 00 0 0 0 01 00
00 0O —-1 0 00 0 0 0 00 10
1 0 0 0 0 0 0 0 0 0 0 0 01
K=(01 0 0 o0O0O0O]|, L= 0 0 0 0WOPVOUW (3.81)
0 0 O 0 0 0 0 -1 0 0 0 0 00
0 0 O 0 0 0 0 0 -1 0 0 0 0 0
(00 0 0 00 0] 0 0 -1000 0]
and S(z) =V(q) + %pTﬁp + 4 (v)?, where « is a constant and
11 -3
B=11 1 0o |. (3.82)
1
10 1
This corresponds to the PDE
04" = ~24z, + 243, + 03V (a),
1
—~07¢" = 44z, + 343, — 203, — 02V (q), (3.83)

g’ =4qy, — 443, + 245, — 0V (q).

Eliminating the variable v in favour of higher derivatives in time of ¢ gives Eq. (3.37)
with

o O O = O O
o O O o o o
o O O o O
o O O o o o
o O O o o o
o O O o o o
~
I
o O O O
o O O o O
o O O o o =
o O O o~ O
o O O = O O

0 -1

- ] ] ] (3.84)

1
<

S(z)=V(q)+ %pTﬁp, and the only non-zero entry of £ given by &9 =

If we apply the construction algorithm for » = 2 then once again we can drop the
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ODEs for the second stage variables and write the ODEs for the first stage variables in

terms of the node variables giving the following ODEs at cell i,

1
q; = e (—2¢;_1 +2¢7 1 +4q; —4q7 — 2q}11 +2q7,1) + 0,5V (ay),
(0]
Ota; = (Ar)? (—4qi 1 +3¢] 1 —2¢] 1 +8q} — 6q7 + 4} — g1 + 3q711 — 2q},1)
1
g = (Aa)? (4g) 1 —4q? | +24} | — 8¢} +8¢7 — 4¢3 +4q}y, —Aq7,, +2¢34)

— 0V (q;).

3.4.2 A shortcut

An interesting feature of the system of explicit ODEs obtained in each of the examples
above where Theorem 3.4.1 applies, is that the discretisation in space by Lobatto ITIA-TTIB
only modifies the linear component of the multi-Hamiltonian PDE, that is, the discrete
approximation of Lz,. The reason for this is that throughout the construction algorithm,
the nonlinear components of the multi-Hamiltonian PDE always appear coupled to the

time derivatives as the expression 9;nV(Q;) + g, -

Furthermore, in the examples above, the same pattern of coefficients arises from dis-
cretising different PDEs with the same order Lobatto IITA-IIIB method. For example,
with » = 2 the coefficients in the approximation of g,, can be written as the centred
stencil

[ 1 -2 1 } , (3.86)

while for r = 3 these coefficients can be written as the centred stencil
[ 108 —14 8 -1 } (3.87)

for the first ODE and the stencil
(4 -8 4] (3.88)
over a single cell for the second ODE.

This behaviour continues for higher values of r, e.g., for r = 4, the approximation of

q,, in the first ODE has coefficients that can be written as the centred stencil

|1 35 -15/05) 325+15/05) —52 3(25+15\/(5) 1(25-15/05) 1],
(3.89)

while the second and third ODEs have coefficients that can be written as the stencils

[5+3y/0) ~20 10 5-3,/5) | (3.90)
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and
{ 5-3/(5) 10 —20 5+3./(5) } (3.91)

over a single cell, respectively. As r increases, these patterns of the coefficients in the
approximation of g,, become increasingly complicated, yet for a given value of r, these

patterns remain the same regardless of the PDE under consideration.

The reason these patterns of coefficients occur for different PDEs is due to Eqgs. (3.44)
and (3.45). For a given value of r, C' and dg are fixed regardless of the PDE. Similarly,
the coefficients b” A and b — b" A? in Eq. (3.45) are completely determined by r
and Eqgs. (3.18) and (3.19). Thus, when solving Eqs. (3.44) and (3.45) for g/, the same
weighting of the nearby stage variables occurs for g, for different PDEs.

For an r-stage discretisation, the approximation to q:?:;,; at stage j (for 2 < j <r—1)
is given by

qgm((z +¢)Az) = — (Atc)Q

(C'dp);
(3.92)

r—1
1 _
a7 2-(C i (L= )@y = Qe+ @i,
k=2

where C' is given by Eq. (3.22) and the ¢ are the zeros of the Lobatto quadrature

polynomial (Eq. (3.19)). For j = 1, the approximation to qgm is given by

r—1
( (" AP (C7r S, k1 + (BT — bTA(Q))k(C_ldf)kq)
=2

Eal(i+1)80) ~ g

+ (Qz§+271 - 2Q§+1,1 + ng,l))’ (3.93)

where by is the first entry in b.

This suggests the following shortcut:

1. Write the PDE with only terms of the form z,, (i.e., no z, terms).

2. Replace the z,, terms with the PRK finite difference approximation of the desired

order.

3.4.3 Boundary conditions

For many integrators, when various boundary conditions are applied to the system, the
integrator either fails to remain well defined or it requires extra conditions to be so. This
is referred to as problem (iii) in Section 2.1. Some examples of integrators that suffer from
this problem are the implicit midpoint method [2] and higher order Gaussian Runge-Kutta

methods as can be seen in Section 2.3. However, for integrators formed from the ODEs
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obtained by application of the construction algorithm in Section 3.3, the introduction
of periodic, Dirichlet or Neumann boundary conditions presents no difficulties and the

integrator remains well defined without any further restrictions, as is seen below.

Since the ODEs for the stage variables that are internal to each cell (i.e., 0, Z;; or
0?Z; ; for 2 < j <r —1) do not couple together variables from outside the cell, each of
the types of boundary conditions mentioned above has no impact on these ODEs. Thus,
the only ODEs that need to be considered are those on the boundaries, i.e., on a spatial
grid with N cells, the ODEs 0,Z; or 8t2Z0,1 and 0, Z 1 or (9t2ZN,1. For these ODEs, the

various types of boundary conditions are handled as follows:

e For periodic boundary conditions, the spatial index is treated periodically with Z

and its derivatives in time set equal to Z1 1 and its derivatives in time.

e For Dirichlet boundary conditions (gq(t, z) = constant on the boundaries), the values
of @, ; and Q , are simply given by the boundary conditions and hence, their time
derivatives are zero. That is, 9,Qy; = 8,52620,1 =0 QN1 = 8,52QN71 =0.

e For Neumann boundary conditions (0,q(t,z) = —V,pT(p(t,x)) = —Pp(t,x) =
constant on the boundaries), the points outside the domain may be treated as phan-

tom points.

This can be seen by comparing Eq. (3.41) to Eq. (3.93). If pp = 0, then from Eq.
(3.41) we have

1 &
B 2 ne(@ — @5) = ~8"AY @ V(Q) + )
(=1
1 r—1 dy
T (Az)? (6" A®), Z(Bil)nﬁ(cfldg)kfl =10 V(Qo1) +901), (3.94)
k=2 ¢=1
and so,

OV (Qo1) + 98,1 =

dy 1 r—1
= 2 ey Ay <Q§,1 - Qb+ Z(bTA@))k(cldé)m) . (3.95)
¢=1 k=2

that is, qgm is approximated by

r—1
45,(0) ~ m (Qil — Q6+ Z(bTA(Z))k(C_ldg)k—l> : (3.96)
k=2

Now, recall that in Step 4 of the construction algorithm we made use of the last
entry of b A® and the first entry of b — b'A® being zero. This can be further
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strengthened into the following lemma, which is proven in Appendix A.3.

Lemma 3.4.2. The coefficients of the Lobatto IIIA-IIIB class of PRK methods
satisfy

S 0A? = b - > 0AL (3.97)
i=1 i=1

If we make the phantom points ansatz that Q_11 = Q11 and Q_1; = Qo41—; for
j=2,...,7r =1, then we can see from Lemma 3.4.2 that, for i + 1 = 0, Eq. (3.93)
reduces to Eq. (3.96).

For example, 3-stage Lobatto IITTA-IIIB applied to the NLS equation with Neumann
boundary conditions, 1, = 0, applied to the left boundary as v; = w; = 0 leads to
the following ODEs:

0P =— —14Q1,1 + 16Q1,2 — 2Q21) — 2(PE) + Q1 1)Q1,1,

i
(Az)?
(=14P11 +16P1 2 — 2P 1) + 2(Pﬁ1 + Qil)Pl,la

(3.98)
0Q1,1 =

(Az)?

which are equivalent to the first and fourth lines of Eq. (3.62), where the points

outside the domain are treated as phantom points, i.e., Qo1 = Q2,1 and Qg2 = Q1 2.

It is worth mentioning that in this section I have only considered whether the system of
explicit ODEs that one obtains from applying the construction algorithm in Section 3.3
to an appropriate PDE remains well defined when various types of boundary conditions
are imposed. A full treatment of boundary conditions would require considerations such
as how the stability of the method is affected, the existence of unwanted reflections from

the boundaries, etc., which is beyond the scope of the thesis.

3.4.4 Other PRK discretisations

Finally, in this chapter, I would like to point out that although Theorem 3.4.1 is stated
for the Lobatto IITA-IIIB class of PRK discretisations, it applies equally well to any PRK
discretisation satisfying Egs. (3.20), (3.21) and (3.22). It remains an open question as
to whether there are any other symplectic PRK discretisations with coefficients satisfying
Egs. (3.20), (3.21) and (3.22).
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Chapter 4
Time Integration

In Section 3.2, it is shown that the discretisation of a multi-Hamiltonian PDE in space
and time by PRK methods satisfying the conditions of Theorem 3.2.1 satisfies a discrete
multisymplectic conservation law. In Section 3.4, it is shown that a Lobatto ITIA-ITIB
discretisation in space of an appropriate multi-Hamiltonian PDE leads to explicit ODEs
in time. Thus if an appropriate explicit PRK discretisation in time can be applied to these
ODEs, one would obtain an explicit (and hence well-defined) multisymplectic integrator.
An example of such an explicit multisymplectic integrator will be given in Section 4.3 for
the NLS equation.

However, some multi-Hamiltonian PDEs lead to explicit ODEs that cannot be dis-
cretised in time by an appropriate PRK method to give an explicit multisymplectic inte-
grator. Fortunately, there are other discretisation methods that may be applied in time
to construct an explicit multisymplectic integrator from these ODEs. One such class of
discretisation methods are known as symplectic splitting methods and will be discussed

in Section 4.4 using the NLS equation as an example.

Much of the content of this chapter is contained in the recent paper “On multisymplec-
ticity of partitioned Runge-Kutta and splitting methods” by myself, Robert McLachlan
and Jason Frank [66], which was published in the Taylor and Francis journal Int. J.
Comput. Math..

4.1 Hamiltonian systems and explicit integration

A useful feature of the system of ODEs that one obtains from applying Theorem 3.4.1
to an appropriate multi-Hamiltonian PDE is that they may be written as a Hamiltonian
system. E.g., for the Boussinesq equation and r = 2, the system of ODEs at node ¢ can
be written as

Orzy = J IV, H; (4.1)
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where

- 0 1
: J1:[_10] (4.2)

1
H; = w(—qiqq@- + ¢ — Giqit1 + EPi—1Pi — €P? + Epipiv1) + V(pi). (4.3)

and

This can be done in general due to the form of the multi-Hamiltonian PDEs satisfying
Theorem 3.4.1, i.e., Eq. (3.33). Writing such PDEs as

Kz =V.S(z) — Lz,, (4.4)

then discretising in space with Lobatto IITA-IIIB and eliminating the p variables via

Theorem 3.4.1 gives the Hamiltonian system of Eq. (4.1) for some function H;.

In order to write such a system of ODEs as a Hamiltonian system, it is necessary that
all of the ODEs that are second order in time be rewritten as pairs of first order ODEs.
For example, in the made-up example in Section 3.4.1, the second line of Eq. (3.85) can

be rewritten as
2
(915(11‘ = vy,

O = —4%'1_1 + 3%‘2—1 - 2(]13_1 + 8%'1 — 6%'2 + 4%3 - 4%'1-1-1 + 3%‘2—1-1 - 2q?+1) (4.5)

1
By
- aan V(a),

and the system can be written as Eq. (4.1) with 2z; = [¢}, ¢7, ¢}, v;] and

1
Hi = (5, ((—2aly + 247, + 4q! — 467 — 24}, +2%))d}

+(—4g_y +4q] — 240, +4q] —8¢7 — gty + 47, — 260,)a;

+ (dg}y = 3q2y + 201y +3a + Al - 3ak + 268)a})

+5(0)? + V(g ata). (46)
If the partitioning of the variables in the Hamiltonian, (g, p), is such that the Hamil-
tonian function is separable (i.e., it can be written as H(z) = T(p) + V(q)) then one can
apply an explicit symplectic PRK discretisation (such as 2-stage Lobatto ITTA-IIIB) in
time to obtain an explicit (and hence well-defined) multisymplectic integrator that is local
and high order in space. Furthermore, explicit multisymplectic integrators that are also
of high order in time may be obtained from such a Hamiltonian system by composition of
2-stage Lobatto IITA-IIIB in time.

In the examples in Section 3.4.1, the systems of ODEs arising from the nonlinear wave
equation and the Boussinesq equation both have separable Hamiltonians. Thus, explicit

multisymplectic integrators that are local and of high order in space can be formed for



4.2. SEMI-DISCRETE MULTISYMPLECTIC CONSERVATION LAwW FOR NLS 81

these systems by applying an r-stage Lobatto IIIA-IIIB in space and a 2-stage Lobatto
IITA-IIIB in time.

If the Hamiltonian is not separable then other explicit time integrators may be applied,
such as symplectic splitting methods [66], which may give superior performance (in terms of
speed and stability) over implicit integrators. In Section 4.4, I will show how a symplectic
splitting method in time may be applied to a multi-Hamiltonian PDE that has been
appropriately discretised in space (such as with Lobatto IITA-IIIB for PDEs satisfying

Theorem 3.4.1) to construct an explicit multisymplectic integrator.

While the Hamiltonian of the explicit ODEs for NLS is non-separable, this non-
separability only manifests as a scalar quadratic nonlinearity in the ODEs. For a 2-stage
Lobatto ITTA-IIIB discretisation of these ODEs one obtains a pair of scalar quadratic
equations which can be solved explicitly. Thus, for NLS, an explicit multisymplectic in-
tegrator can be formed by discretising these ODEs in time by 2-stage Lobatto ITIA-IIIB.
The details of this will be given in Section 4.3.

Even if no explicit time integrator can be applied to the Hamiltonian system, there
may be some benefits to having a spatial discretisation that gives rise to explicit ODEs,

e.g., the ODEs may be less stiff than those obtained from an implicit discretisation.

4.2 Semi-discrete Multisymplectic Conservation Law for
NLS

In the following sections I will describe several multisymplectic integrators based on the
explicit ODEs obtained from a Lobatto IIIA-IIIB discretisation in space of an appropri-
ate multi-Hamiltonian PDE. Throughout these sections I will be using the ODEs obtained
from a 2-stage Lobatto ITTA-IIIB discretisation of the NLS equation as the primary ex-
ample. Thus, let us first consider the semi-discrete multisymplectic conservation law that
is satisfied by these ODEs.

The ODESs obtained from applying the construction algorithm in the proof of Theorem
3.4.1 to the NLS equation for a 2-stage Lobatto ITTA-IIIB discretisation in space are given

in Eq. (3.61), which, for convenience, I restate here:

1
Opi = — A 5 (gim1 — 2ai + gim1) — 2(07 + @7 )i,
(1 z) (4.7)
i = i—1 — 2pi + i 2(p; + 4} )pi-
diq (Ax)Q(p 1= 2pi + piv1) + 2(p; +q;)p

This can be written in the form of a Hamiltonian system (Eq. (4.1)) with 2z = [p;, ¢;]”

and

1

1
H; = _w((%‘—l — @i + 4i+1)q + (pi—1 — i + Dix1)Di) — 5(19@2 +q2)% (4.8)
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The semi-discrete multisymplectic conservation law for this discretisation of the NLS
equation in space is found (in terms of the full set of variables in the multi-Hamiltonian
PDE) from Eq. (3.14) with w! = dp A dg, w? = dv A dp + dw A dg and discretisation in

the spatial dimension, x5. That is,

2
1
sz 5835(4)@'7]‘ + Kiy1 — K = 0, (4.9)
7j=1
where w; ; = dP;; A dQ;; and k; = dv; A dp; + dw; A dg;. However, since the ODEs
(4.7) are written in terms of a subset of the variables, it is desirable to write the semi-

discrete multisymplectic conservation law in these variables too. This is accomplished by

the following theorem:

Theorem 4.2.1. The ODEs (4.7) satisfy the semi-discrete multisymplectic conservation

law

1
(Ba)? ((dpz‘ﬂ +dpi—1) Adp; + (dgip1 + dgi—1) A d(h’) =0. (4.10)

O(dpi N dg;) +
This theorem may be directly verified by substituting Eq. (4.7) into Eq. (4.10),
however I give a proof in Appendix A.4 showing how Eq. (4.10) may be derived from the

general form of the semi-discrete multisymplectic conservation law (Eq. (3.14)).

4.3 Integration by 2-stage Lobatto IITA-IIIB

The first explicit multisymplectic integrator based on the ODEs (4.7) that I will consider
is found by applying a 2-stage Lobatto IIIA-IIIB discretisation in time to these ODEs. Let
the full set of variables in the multi-Hamiltonian form of the NLS equation be partitioned

2) = {¢,w} for the time discretisation. This partitioning of

into 2 = {p,v} and 2z
the variables satisfies the conditions of Theorem 3.2.1 and thus the resulting system of

equations will formally satisfy a discrete multisymplectic conservation law.

In the ODEs (4.7) the variables v and w have been eliminated, so we are left with
a standard p—q partitioning of the variables. With this partitioning of the variables, 2-
stage Lobatto IIIA-IIIB is commonly known as generalized leapfrog, which, for an ODE
qt = f(q,p), p+ = g(q,p), is second order and takes the form [49]

1 At 1
"2 =q"+ 7f(q”+27p”)7
n+1 n At n—l—l n n—l—l n+1
P =p —7<g(q 2,p")+9(¢""2,p )), (4.11)

1 1
anrl — qn+§ + —f(anrE,anrl)-
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In general it is an implicit method. Applying this to (4.7), one obtains the integrator that

maps (p}',q') to (p?“7 qf“) in the following way:
n—l—l At 1 n—l—l
6 P =q + 5 x il = 207 + P + A7)+ ()l

+3 n+3i +3 +31 +3
Pt =g = Ab(g — 267 + g ?) — AN + (v "“) +2( 7)), (412)

+1 At 1
G =q 7+ S 2T ) + ALY 4 (i) pot,

As mentioned above, the non-separable terms of the Hamiltonian enter into the inte-
grator as scalar quadratic equations which can be solved explicitly. Furthermore, one of
the solutions to the quadratic is O(1) while the other is of O(At™!), so the first solution

is always taken.

As was noted in Section 3.4.2, applying a higher order Lobatto IITA-IIIB discretisation
in space to a multi-Hamiltonian PDE only modifies the approximation of the spatial
derivative. Thus, with the above partitioning of the variables, a local, r-stage in space
and second order in time, explicit multisymplectic integrator for NLS can be constructed
by applying an r-stage Lobatto IITA-IIIB discretisation in space and generalized leap-frog

in time.

However, applying a higher order Lobatto IITA-IIIB discretisation in time to Eq. (4.7)
with this partitioning of the variables couples together the nonlinear terms and the result-
ing method is fully implicit. Instead, a higher order explicit integrator can be obtained

by composition.

As with the semi-discrete multisymplectic conservation law in Theorem 4.2.1, it is de-
sirable to write the fully discrete multisymplectic conservation law in terms of the variables
in the integrator. The following theorem gives the discrete multisymplectic conservation

law in the reduced set of variables.

Theorem 4.3.1. For second order Lobatto IITA-IIIB with partitioning {(p,q), (v,w)} in
space and {(p,v), (¢,w)} in time applied to the cubic NLS equation (it +1ze+2[1|?y = 0)
the discrete multisymplectic conservation law given in Eq. (8.7) can be written in terms

of the local values of p and q as

(E +op n+1 )dpn+1 A dq;%L <At + 2p C]Z >dp1z‘1 N dq;‘lié (4.13)

1 5 nti n+2
A ~3 <(dpz+1 +dpiy) Adp} + (in+12 +dg;_1*) A dg; 2) =0.
While, this theorem may also be directly verified by substituting Eq. (4.12) into Eq.
(4.13), I give a proof in Appendix A.5 showing how Eq. (4.13) may be derived from the

general form of the discrete multisymplectic conservation law (Eq. (3.7)).
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4.4 Integration by symplectic splitting

Splitting methods for Hamiltonian ODEs were briefly introduced in Section 1.4.4. Here,
I give an introduction to the use of splitting methods for multi-Hamiltonian PDEs in the

construction of multisymplectic integrators.

Consider a multi-Hamiltonian PDE (1.6) where the vector field V,S(z) may be written
more simply as a sum of vector fields, i.e.,
N .
S(z) =Y _SU(2). (4.14)

Jj=1

Corresponding to this splitting of the vector field, introduce a splitting of the matrix L,
N .
L=> 1Y, (4.15)
j=1

such that each pair forms a multi-Hamiltonian PDE, i.e.,
Kz + LYz, =v,8UV(z), forj=1,...,N. (4.16)

If these subsystems are self-consistent, then the flow of each subsystem satisfies a different

multisymplectic conservation law, i.e.,
wy + k9 =0, (4.17)

where k) = %L(j )dzAdz. Since the density, w, is the same in each conservation law, total
symplecticity is conserved by the composition of the flows, which is the defining property

of a symplectic splitting.

Suppose we can solve each of the subsystems over an interval At. Then the change in

the 2-form, w, for subsystem j is given by
wl) — W= = _ / kD) (29 (z, 1)) dt, (4.18)
0

where w(® = w0 is the value of w at the beginning of the interval. Combining the subsys-

tems together gives

At N
wh =W =™ -0 = —/ ng)(z(j)(x,t))dt, (4.19)
0o “
7j=1

which is of the same form as Eq. (1.19) but with the 2-forms in the integrals evaluated

along different trajectories in phase space.

If the matrix K is degenerate, the projection of Lz, = V,S(z) upon the null space of
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K will amount to constraints when the PDE is viewed as an infinite dimensional ODE.
Often these constraints are removable by substitution as has been shown in Section 3.4.
Nonetheless, it would appear necessary to preserve these constraints for each split subsys-
tem. Furthermore, the part of S(z) which defines the constraint should not be split apart
from Lz,, since that can lead to strange relations like 0,27 = 0 for some components ~,
that do not in general satisfy the initial conditions. It is necessary to check that the PDEs
(4.16) are self-consistent for any proposed splitting.

In the following sections, two examples of multisymplectic integrators are given which

are formed by applying splitting methods in time to the ODEs (4.7).

4.4.1 2-term (linear—nonlinear) splitting

The standard splitting of the cubic NLS equation is to separate the linear and nonlinear
parts [36]. In terms of the original multi-Hamiltonian PDE, this splitting corresponds to
taking LY = L, SM(z) = —2(v? + w?) for the first part, giving the linear PDE

and taking L® =0, 5@ = —%(p2 + ¢?)? for the second part, giving the nonlinear PDE

iy + 2|9|%1p = 0. (4.21)

Note that since L?) is empty, the variables v and w drop out of this equation entirely and
are undetermined; it is possible for the split subsystems to be singular in this way without

destroying the method, as long as each subsystem is self-consistent.

After discretising in space, 1., becomes L1 for some operator L. (In the original
Fourier split-step method, L is the discrete Fourier derivative.) The time-At flow map of
Eq. (4.20) is given by

1 — exp(1AtL)y, (4.22)

while the time-At map of Eq. (4.21) is given by

Y — exp(iAt|y]?)y. (4.23)

For the 2-stage Lobatto IITA-IIIB discretisation in space, this splitting corresponds to
the splitting H; = Hy; + Ha,; of the Hamiltonian Eq. (4.8), where

1

Hy; = _w((%‘—l —2¢; + Gi+1)qi + (Pi—1 — 2pi + Piy1)Di),

1
Hy; = —5(1?22 + ).

(4.24)
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The operator L for the linear PDE (4.20) is represented by the centred stencil

(Alx)2 [ 1 -2 1 } (4.25)

and thus the ODEs are given by

1
i = — 5 (Gi-1 — 2¢i + ¢it1),
Ip (Ax)Q(q 1—2¢i + qit1)

h (4.26)

Ong; = w(mﬂ — 2p; + Piy1)-
These ODEs are multisymplectic with conservation law Eq. (4.10); the only difference
from Eq. (4.7) is that the nonlinear term, which only appears in S(z), has been dropped.
Therefore, the flow of the first part of the splitting satisfies Eq. (4.10) as well, although
the differential forms are evaluated on solutions of Eq. (4.26) instead of (4.7).

One can derive a fully discrete multisymplectic conservation law for this part of the
splitting, however there seems to be no unique or natural way to do this. For example,

integrating Eq. (4.10) over one time step gives

to+At
wh —wW? + / Kit1(t) — ki(t)dt =0, (4.27)
t

0

where w; = dp; A dg; and k; = @(dpi Adpi—1 + dg; A dg;—1). The explicit solution in

terms of the initial conditions z° can now be substituted into #;(t) to give a fully discrete
multisymplectic conservation law. However, one could equally well express the solution
in terms of the final state 2!, or some combination of 2" and z!, giving different discrete

multisymplectic conservation laws.

Although (4.27) is local in space, the solution to Eq. (4.26) is not local in space,
and therefore the resulting discrete multisymplectic conservation laws cannot be expected
to be local, even though they are the exact solution of the local ODEs (4.10). (Note
that for the PDE (4.20), the solution is local in space by an argument from the method
of characteristics and thus, so is the multisymplectic conservation law; but after spatial
discretisation the solution is no longer local in space and hence, neither is the discrete

multisymplectic conservation law.)

The ODEs for the nonlinear PDE (4.21) are

opi = =207 + ¢ ai,

) (4.28)
Orq; = 2(pi + q; )pi-

Since these ODEs are purely local in space and have a Hamiltonian given by the second line

of Eq. (4.24), their flow satisfies Oyw; = 0, and their time-At flow map satisfies wil = w?.

The composition of the two parts of the splitting method therefore satisfies a non-local



4.4. INTEGRATION BY SYMPLECTIC SPLITTING 87

fully discrete multisymplectic conservation law. This conservation law is not a discrete
analogue of the original semi-discrete multisymplectic conservation law (4.10), because
during the second part, the 2-forms k;(t) are changing in accordance with the solution
of (4.28) instead of remaining fixed (as would be required to satisfy Eq. (4.10)). It will,
however, be consistent with the original semi-discrete multisymplectic conservation law
up to the order of the method.

As was observed in Section 3.4.2; applying a higher order Lobatto ITTA-IIIB discreti-
sation in space only modifies the linear terms of the ODEs. The effect this has on the
linear—nonlinear splitting is to modify the operator L such that more stage values are
coupled together. While the details of Egs. (4.26) and (4.28) and the semi-discrete mul-
tisymplectic conservation law change, their structure remains the same and the above
splitting method applied to these ODEs will also satisfy a non-local discrete multisym-
plectic conservation law, however the details of evaluating the time-At flow map becomes

more complicated.

4.4.2 3-term (real-imaginary—nonlinear) splitting

This splitting (which has been used for the linear Schrodinger equation [31]) differs from
the one above in that the linear part of the above splitting is further split into real and

imaginary parts. In this splitting the LY) matrices and corresponding S )(z) potentials

are
0O 0 1 0 0O 0 0 0
Lo = 01 8 88 R 1C) 8 0 8(1) L I®—0, (429
0O 0 0 O 0O -1 0 O

SW(2) = =112, S@(2) = —iw? and SO (2) = -1 (p? + ¢*).

For the 2-stage Lobatto IITA-IIIB discretisation in space, this splitting corresponds to
the splitting H; = Hy; + Ha; + Hs,; of the Hamiltonian Eq. (4.8), where

1
Hy; = —w(pi—l — 2p; + Dit1)Pi,
1
Hs,; = _W(Qi—l — 2q; + Gi+1)4i> (4.30)

1
Hs; = —5(1%2 +q7)°.

In the solution to the first part, the value of p; remains constant, as does the value of ¢; in
the solution to the second part. Therefore, the above splitting yields the following three

time-At flow maps.
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e Flow map 1:

(1 (0)

b, =P
4.31)
m_ o, A m (
4 =q + W(pi_l —2p;7 + i),
for which the exact time-At flow map satisfies
At
dp{" A dgf = dp{” A dgf” + W(dpgl) A (dpiYy + dp). (4.32)
e Flow map 2:
@ _ 0 _ At 1) 5 1) (1)
Pt =P~ (4,1 = 2¢; " + 4;51),
(Az)2 i1 i (4.33)
)
for which the exact time-At flow map satisfies
At
0 10 = a? e~ B0, B . ane

e Flow map 3:

¢”
p? ) (4.35)

qlgg) | cosaiAt  sino; At
pf’) | —sin o; At cos a; At
o =207 + (0,

for which the exact time-At flow map satisfies

3 3 2 2
dpz( )A dqg ) = dpz( N qu( ), (4.36)
Substituting (4.32) into (4.34) and the result into (4.36), we can see that the compo-
sition of the three parts exactly satisfies
1

3 3 0 0 1 1 1 1 1 1 1
7 (dp Y Adgl —dp” ndg”) + s (dp 2 +dplh) Adpl Y+ (dgg ) +dgiy ) Adgf) =,

i i i (Az) i i
(4.37)
which is a fully discrete, local version of the semi-discrete multi-symplectic conservation
law, Eq. (4.10). Unlike the solution to Eq. (4.26), the solutions to Egs. (4.31) and (4.33)
are both local since in Eq. (4.31) the value of p; remains constant and in Eq. (4.33) the
value of ¢; remains constant. Furthermore, since the solution to Eq. (4.35) is also local

and all three parts of the method are explicit, the overall method is explicit and local.

By the BCH theorem, this method is first order in time. As with the 2-term splitting
in the previous section, this 3-term splitting may be applied to the Hamiltonian system
obtained by applying a higher order Lobatto IITA-IIIB discretisation in space. Doing so
only modifies the update to the ¢; component of the first flow map and the update to
the p; component of the second flow map, thus the method remains explicit and local,

however it will satisfy a different discrete multisymplectic conservation law. Similarly, a



4.5. CONSERVATION LAWS 89

higher-order method in time is attainable by using a more complicated composition of
these three flow maps, but again, the resulting method will satisfy a different discrete

multisymplectic conservation law.

The two multisymplectic integrators in this section and the previous one demonstrate
how a well-defined explicit multisymplectic integrator may be constructed from the ODEs
that one obtains by applying a Lobatto IIIA-IIIB discretisation in space and a splitting
method in time to the NLS equation. For other multi-Hamiltonian PDEs that satisfy
the conditions of Theorem 3.4.1, well-defined explicit multisymplectic integrators may be
formed by an appropriate splitting of the Hamiltonian ODEs. These multisymplectic in-
tegrators will be local if each part of the splitting method can be solved locally and the
discrete multisymplectic conservation laws that they satisfy may or may not be a dis-
crete analogue of the semi-discrete multisymplectic conservation law that the Hamiltonian
ODEs satisfy, however, they will, at least, agree with the semi-discrete multisymplectic

conservation law up to the order of the splitting method.

4.5 Conservation laws

NLS has three basic conservation laws that can be derived in a unified way from a multi-
symplectic form of Noether’s theorem: energy from the symmetry ¢ — ¢ 4+ ¢, momentum
from the symmetry z — z + ¢, and norm from the phase symmetry 1) — ¢%). Discrete
versions of these can be preserved if the symmetry is preserved. Spatial discretisation by a
fixed grid destroys the spatial translation symmetry but not the time or phase symmetries,
hence the semi-discrete system (Eq. (4.7)) has semi-discrete conservation laws for energy
and norm but not for momentum. Time discretisation destroys the time symmetry, thus

no method will have a fully discrete energy conservation law.

That leaves the norm conservation law, which for the PDE (3.58) is

(@* +p*)e + (pgz — qpz)e = 0, (4.38)

with associated conserved quantity (subject to suitable boundary conditions) [(¢*+p?)dx

(= []%]|3). The semi-discrete conservation law associated with Eq. (4.7) is

1
(a7 +p?)e + W(Pi%‘—i—l — @iDi+1 — Di—1¢i + ¢i—1p;) =0 (4.39)

with conserved quantity Y,(¢7 + p?).

Time discretisation by the Lobatto IITA-IIIB method (Section 4.3) and the real-
imaginary splitting (Section 4.4.2) do not preserve the phase symmetry because of the
splitting across the p—q variables. Those methods therefore do not have a discrete norm

conservation law and do not conserve Y,;(¢? +p?). Time discretisation by linear-nonlinear
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splitting (Section 4.4.1) does preserve the phase symmetry. The first (linear) step obeys
Eq. (4.39) exactly, while the second (nonlinear) step obeys (¢? + p?); = 0. Therefore
this method has a discrete norm conservation law in the same sense in which it has a
discrete multisymplectic conservation law: integrating Eq. (4.39) and substituting the

solution gives a non-local conservation law. Such a law is, however, sufficient to conserve
2 2
>ila; +p7).

Finally, time discretisation of Eq. (4.7) by the well-known implicit midpoint method
also preserves the phase symmetry. This method is well known to preserve the total norm;

here, we show that it also satisfies a discrete conservation law:

(@) + ) ~((a")? + 1))
= (g7 =g (g™ +a) + 0T = P (0T + )
= At(2qi(D*pi + 2(G; + §7)pi) + 20i(= DG — 27 + p7)ai)
= 2A4(GiPi—1 — Qi1Di + GiPi+1 — Gi—1Di),
(4.40)
where q; = %(qf“ +q"), pi = %(p;”rl +p?) and D? is the central difference approximation

of 0,,. Hence, the midpoint rule conserves Zz(qf +P12).

It is striking that the non-local and implicit methods have a discrete norm conservation

law, while the local and explicit methods do not.
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Chapter 5
Dispersion and Order

Many of the important properties of a numerical integrator (such as the stability and the
sign of the group velocity) may be determined by considering the discrete dispersion rela-
tion for that integrator. Thus, in the first part of this chapter, I will discuss the dispersion
relation for a multi-Hamiltonian PDE, paying particular attention to the explicit ODEs
obtained in Chapter 3 from a Lobatto ITTA-IIIB discretisation in space of an appropriate
PDE. In the second part of this chapter, I consider the order of these explicit ODEs and

how this order may be increased by an appropriate choice of initial conditions.

5.1 Dispersion Relations

A dispersion relation describes how the frequencies w in time of a plane wave solution to
a linearised PDE are related to the wave numbers £ in space of that solution. While the
behaviour of a nonlinear PDE will only be determined by the dispersion relation in regions
where the linearised PDE is a valid approximation to the nonlinear PDE (such as near

fixed points), it is often these regions that are of interest.

For numerical integrators a discrete dispersion relation may also be calculated which is
an approximation to the continuous dispersion relation over a finite set of wave numbers.
Properties of the numerical solution of PDEs, such as the stability, conservation of the
sign of the wave group velocity, and the existence of spurious waves, may be determined
by comparing the dispersion relation of the continuous PDE with that of the numerical

integrator. See, for example, [2, 3, 15, 27].

The dispersion relation for a multi-Hamiltonian PDE (1.6) is calculated by first lin-
earising the PDE to get
Kz + Lz, =Sz, (5.1)

where S is a symmetric matrix such that Sz is the linear component of V_.5(z).
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Next, one assumes a periodic, plane wave solution to the PDE that is a pure exponential

int and z, i.e.,

z = Witen) 3 (5.2)
where Z is a constant vector. Substituting Eq. (5.2) into Eq. (5.1) gives
(iwK +iL - S)z =0, (5.3)
which is satisfied when w and & satisfy the dispersion relation [8]
det (iwK +i(L — S) = 0. (5.4)

In general, this dispersion relation is a polynomial of degree n (since z € R") in both w

and k, which can have different numbers of solutions, w(§), depending on the value of &.

To obtain the discrete dispersion relation for a numerical method, the travelling wave
solution is substituted into the discretised form of Eq. (5.1). This typically results in
more complicated functions of w and k in Eq. (5.4), which may have a different number

of solutions, w(§), than the continuous dispersion relation for a given value of &.

As an example, consider the linearised wave equation, us = gz, — pu, which takes the

form
0 -1 0 Ut 0 01 Ug p 0 0 U
0 ve |+ 0 0 O vy | =10 1 0 v (5.5)
0 Wy -1 0 O Wy 0 0 -1 w
and has a continuous dispersion relation given by
w? =€+ p. (5.6)

Discretising Eq. (5.5) with the Preissman box scheme, which is obtained by applying
1-stage Gaussian RK in space and time (and hence is multisymplectic by Theorem 3.2.1)

and assuming a solution of the form

2 = ei(nwAtnLi{A:r)%’ (57)
gives the dispersion relation
det (2 tan(EwA)K + 1= tan(:¢A2)L - §) = 0 (5.8)
et | i tan(gw i, tan(5€A =0, .

which can be written as

(étan(%wAt)f - (étan@m@f 9. (5.9)
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The Preissman box scheme has received a lot of attention in the past due to its ability
to avoid developing instabilities in the numerical solution, a feature indicative of parasitic
waves. This property has been attributed to the qualitative preservation of the disper-
sion relation, i.e., the continuous set of frequencies on the positive real line are mapped

diffeomorphically onto the domain (—,7) in both space and time.

On the other hand, discretising Eq. (5.5) in space with 3-stage Lobatto IITA-IIIB and

assuming a solution of the form
Zi,j _ ei(wt+(i+c]~)£Am) ZO,]’ (510)

for each of the stage variables Z; ; gives the following dispersion relation

det ([ (Az)%(w? — p) — 14 — 2cos(EAx) 16 cos(3£AT) ]) 0 (5.11)

8 cos(3¢AT) (Az)?(w? —p) — 8

after eliminating the V; ; and W; ; variables. Solving this dispersion relation for wAx gives

N

wAx =+ (p(Am)2 + 11 + cos(§Az) £ (73 4 70 cos(EAx) + cos®(EAx)) %) . (5.12)

For each value of £, Eq. (5.12) admits four values of w, two of which closely approximate
the value of w in the continuous dispersion relation for small values of £&. A comparison of
the discrete and continuous dispersion relations from Eqgs. (5.12) and (5.6) respectively is

shown in Figure 5.1.

Generally, such extra solutions to the discrete dispersion relation indicates that the
numerical integrator supports spurious modes, which appear as unwanted parasitic waves
in the numerical solution to the PDE. However, as will be shown below, for RK and
PRK methods applied to multi-Hamiltonian PDEs that satisfy the conditions of Theorem
3.4.1, these extra solutions to the discrete dispersion relation have relevance and do not

correspond to parasitic waves.

5.1.1 Stability

It was noted in Section 3.4.2 that for the class of multi-Hamiltonian PDEs satisfying the
conditions of Theorem 3.4.1, the variables p can be eliminated and the multi-Hamiltonian

PDE can be written in the form
Qoo = (2, q1), (5.13)

where g € Rk(K)  Now, if a periodic plane wave solution of the form of Eq. (5.2)
is assumed, then q, = iwg and discretising Eq. (5.13) in space is equivalent to finding
periodic solutions of the ODEs

4 = /() (5.14)
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o)Ax:i(p(Ax)2+11+cos(EAx)J_r(73+7Ocos(EAx)+cos‘2(EAx))1/ 2)1/2

Figure 5.1: A comparison between the discrete dispersion relation (solid line) for p(Az)? =
1 and the continuous dispersion relation (dashed line) for p = 1.

Furthermore, if f(q) is linear then Eq. (5.14) can be decoupled into a set of harmonic

oscillators with frequencies w? for v = 1,...,rank(K). This gives a dispersion relation,
—£2 =W, (5.15)

for each harmonic oscillator subsystem labelled by ~, while the discrete dispersion relation
for each harmonic oscillator subsystem is that of the PRK discretisation applied to a

harmonic oscillator of frequency w?.

Suppose that such a PRK discretisation applied to a harmonic oscillator of frequency
w7 gives a linear map
q" — R(Azw™)q7. (5.16)

If the coefficients of the RK or PRK method satisfies the symplecticity condition (Eq.
(3.6)), then R has determinant 1. Furthermore, if the trace of R is at most 2 in absolute
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value, then the map (5.16) is conjugate to a rotation by angle £ where tr(R) = 2cos(§).
(R is known as the stability function and, for an RK method, takes the form [19]

R(z) =1+ 20" (I — 2A)7'1. (5.17)

For Gaussian RK methods, it is an approximation to e* with an error of O((Ax)? *1).)

The stability of such a RK or PRK discretisation as a time integrator can be determined
as the largest value of the time step At such that |tr(R)| < 2, i.e., the largest value of
At such that the map (5.16) remains conjugate to a rotation. Similarly, the stability of
such a RK or PRK discretisation in space can also be determined from tr(R). For a given
wave number, £, in space, the values of w7 such that tr(R(Azw?)) = 2cos({) determine
the dispersion relation. If the RK or PRK method has r stages at r distinct quadrature
points and the modes of each harmonic oscillator subsystem are to be periodic, then there
must be r distinct values of w. If there are fewer than r distinct values of w then the

method will, in general, be unstable.

For an r-stage Gaussian RK discretisation in space there are precisely r modes for each
value of £, thus, if the method is well defined, it will be stable. Furthermore, for these
methods the stability function is invertible, in general, and |tr(R)| < 2 for all values of
w?. Therefore, for this class of multi-Hamiltonian PDESs, the discrete dispersion relation is

conjugate to the continuous dispersion relation. Moreover, it is monotonic and continuous.

For an r-stage Lobatto IITA-ITIB PRK discretisation in space there are precisely r — 1
modes for each value of £ (as is hinted at in Figure 5.1, the dispersion relation for the 3-
stage method has twice as many modes as the continuous dispersion relation), however the
last mode is not unstable as the last quadrature point coincides with the first quadrature
point of the next cell and there is effectively only » — 1 active variables per cell. Thus the
explicit ODEs formed by applying a Lobatto IITA-IIIB discretisation in space to a multi-

Hamiltonian PDE satisfying the conditions of Theorem 3.4.1 is a stable discretisation.

Furthermore, the regions where |tr(R)| > 2 do not correspond to instability (as they
would do in a time discretisation), but rather to jumps in the value of w in the dispersion
relation. Therefore, for this class of multi-Hamiltonian PDEs, the discrete dispersion
relation is conjugate to a portion of the continuous dispersion relation. This conjugacy is

monotonic but no longer necessarily continuous, as it was for Gaussian RK discretisations.

A numerical demonstration of the stability of the Lobatto IIIA-IIIB discretisation in
space is given in Figures 5.2, 5.3 and 5.4. To obtain these figures, the NLS equation
is discretised in space with 3-stage Lobatto IIIA-IIIB and in time with 2-stage Lobatto
IITA-TIIB. The spatial domain is periodic on [0, L], where L = 4,/(2), and divided into
256 equally spaced nodes. The initial conditions are given by P;; = f(iAz), Py =
f((i+1)Az) and Qi1 = Qi2 = 0, where f(z) = 1.5(1 — 0.1 cos(2mz/L)). This integrator
is then stepped forwards in time for 107 steps with a step size of 107*. (This step size
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Norm (p2+q2) - Energy error
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Figure 5.2: A waterfall plot of the norm (p? + ¢?) and the energy error for the NLS
equation.

is chosen such that the quadratic equations in Eq. (4.12) can be solved. For many
discretisations in time, the step size will also be restricted by At < C(Az)? in order for

the integrator to remain stable.)

In Figure 5.2, a waterfall plot of the norm (p? + ¢?) is shown on the left, while a plot
of the error in the total energy is shown on the right. The energy behaviour is what
one would expect from a symplectic integrator, that is, the total energy is approximately
conserved by the integrator. Remarkably, for symmetric initial conditions this integrator
appears to preserve the symmetry of the solution exactly. In figure 5.3, the solution (p
and q) at t = 1000 (i.e., after 107 steps) is given. This solution appears to be smooth,
i.e., there appears to be no high frequency oscillations in space, which is an indication
of the stability of the integrator. The Fourier transform of p at ¢ = 1000 in Figure 5.4
(the Fourier transform of ¢ is almost identical) confirms the lack of any high frequency

oscillations in space.

5.2 Order

In [33], it is shown that a RK or PRK method is equivalent to a collocation or discontinuous

collocation method where the node and stage values of the RK or PRK method match
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p and g at t=1000 (107 steps)

Figure 5.3: The values of p (solid line) and ¢ (dashed line) after 107 steps of size 1074
showing a lack of any high frequency wiggles in the solution.

the collocation polynomial at the quadrature points. Moreover, by a series of theorems
and lemmas, the order of these methods and their collocation polynomials are determined.
Thus, the order of the node and stage values of the RK or PRK method are determined by
the order of the collocation polynomial at the quadrature points. For the convenience of the
reader, I have given a direct quote of these theorems and lemmas (with only adjustments

to the equation numbers for readability) in Appendix B.

These theorems and lemmas show that the order of a collocation or discontinuous
collocation method is given by the largest value of ¢ such that B(&) holds, and that
if B(¢) holds for some £ > r, then the method has the same order as the underlying
quadrature formula. They also show that the order of the collocation polynomial is given
by the largest value of £ such that C(&) holds, which is £ = r for an r-stage collocation

method and £ = r — 2 for a discontinuous collocation method.

These conditions (B(§) and C(§)) for determining the order of a RK or PRK method
can also be seen by considering Taylor expansions of the collocation polynomial around the
first node of the RK or PRK method. Consider an ODE, 0,y(z) = f(x,y), discretised by
an r-stage RK or PRK method. Let u(x) be the collocation polynomial of the equivalent
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FFT of p at t=1000 (107 steps)
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Figure 5.4: The log of the fast Fourier transform of p after 107 steps of size 10~% showing
that the high frequency components are exponentially small. The log of the fast Fourier
transform of g after 107 steps is almost identical.

collocation method where

u(0) = y(0) = yo,

(5.18)
Opu(c;Ax) = f(e; Az, u(c;Ax)).
Now, a Taylor expansion of the actual solution at x = ¢; Ax is given by
= (Ax)F
yleta) = 304 k,) y™(0), (5.19)
k=0 '

where y¥)(z) is the kth derivative of y(z). Similarly, a Taylor expansion of the function

fleiAz,u(c;Ax)) about x = 0 is given by

fleiAz,u(c;Ax)) = Z (Ak!) F5(0,u(0))
P (B (5.20)
=D (k—1)! 0
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Therefore, a Taylor expansion of the collocation polynomial for the RK or PRK method
at x = Az (i.e., the node y; of the RK or PRK method) is given by

y1 = u(Az) = u(0) + Az Z bif(ciAx,u(c;Ax))

i=1
0)+ Az ) b (0)
DL 2

+Zk2b =1 Am y®)(0)
= y(Azx) + (0)((A96)“1),

where ¢ is the largest integer such that B(€) is satisfied.

Similarly, a Taylor expansion of the collocation polynomial for the RK or PRK method
at the quadrature point ¢;Az (i.e., the stage Yy ; of the RK or PRK method) is given by

Yo = u(e;Ax) = u(0) + Az Z a;j f(cjAz,u(c;Ax))
jfl

= +ACCZCLUZ CJA:U k)(O)
7j=1

+Zk2 @ijc J

= y(ciAx) + (0)((&6)“1),

(5.22)

y)()

where £ is the largest integer such that C(€) is satisfied.

If an ODE is integrated over the domain [0, L] then the total error incurred by the
RK or PRK method is of the order of the error per step, O((Axz)*!), multiplied by the
number of steps, L/Ax, which gives the order of the RK or PRK method as O((Az)%).

As has been mentioned earlier, for multi-Hamiltonian PDEs discretised by RK or PRK
methods in space, it is not the nodes but rather the stage variables that are the active
variables. Thus, for a RK or PRK discretisation in space of a multi-Hamiltonian PDE it is
the order of the stage variables that is important, not the order of the nodes. Furthermore,
the initial conditions for such a discretisation are typically chosen to exactly match the
initial conditions of the PDE at the nodes, so the above accumulation of the errors does
not occur. Thus the order of the stage variables in the spatial discretisation is £+ 1 instead
of £, where ¢ is the largest integer such that C'(&) is satisfied.

For r-stage RK methods based on collocation, B(£) and C(§) are satisfied for £ < r
(since that is how they are constructed) but not £ = r + 1, in general, therefore the stage
variables in these methods are all at least of order » + 1. Whereas r-stage RK methods

based on discontinuous collocation (which are constructed from B(§) and D(§) for £ = r)
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are equivalent to r — 2 stage RK methods based on collocation and thus the stage variables

are at least of order r — 1.

An important consequence of this observation is that the multisymplectic integrators
considered in [27, 38, 63|, which are formed by discretising a multi-Hamiltonian PDE in
time and space with RK or PRK methods, are (when they are well defined) not of the
order of the RK or PRK method (e.g., 2r for GRK methods), but of the order of the stage
variables instead (e.g., 7 + 1 for GRK methods).

The Lobatto IITA-IIIB class of PRK methods, which are of particular interest in this
thesis, can be considered to be a discontinuous collocation method (as given in the proof
of Theorem 2.2 of [33], which is quoted in Appendix B). The stage variables of an r-stage
Lobatto IIIA-IIIB discretisation in space of a PDE are at least of order r for the variables
that Lobatto IITA is applied to and at least of order r — 1 for the variables that Lobatto
IIIB is applied to, which can be seen from the order of the collocation polynomial in Eq.

(B.28).

An important point to consider when determining the order of a discretisation of a
PDE in space by a RK or PRK method is that the ODEs one obtains (whether explicit or
implicit) contain an approximation of the spatial derivatives in the PDE. The order of this
approximation of the spatial derivatives may be less than the order of the stage variables,
in which case, the order of the discretisation in space of the PDE is the minimum of the

order of each of the spatial derivatives.

For example, for a multi-Hamiltonian PDE satisfying the conditions of Theorem 3.4.1,
the ODEs that one obtains from discretising in space with an r-stage Lobatto IITA-ITIB
method contain an approximation to the second derivative in space of the q variables.
Direct calculation of the Taylor expansion of this approximation, for r < 10, shows that
this approximation to the second derivative is of order r — 1 at each of the quadrature
points (an example for r = 3 is given in the next section) and of order r at the first
quadrature point when 7 is even (due to the symmetry of the approximation). Thus we

have the following conjecture:

Conjecture 5.2.1. The explicit ODFEs obtained by applying an r-stage Lobatto IITA-IIIB
discretisation in space to a multi-Hamiltonian PDE satisfying the conditions of Theorem
8.4.1 are an approximation to the PDE of order r — 1. For r = 2, the ODFEs are an
approzimation to the PDE of order 2.

In the following section, I show how the order of these ODEs (for » > 2) may be

increased by an appropriate choice of the initial conditions.

5.2.1 Initial Conditions

Generally, when one specifies a set of initial conditions for a PDE that has been discretised

on a grid, one specifies those initial conditions on the variables located at the nodes of
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the grid. However, as mentioned in the previous section, it is the stage variables that are
the active variables in the spatial discretisation (except for when r = 2 where the node
variables and the stage variables coincide). Therefore, it is necessary to specify the initial
conditions on the stage variables, not the node variables. But this assignment of the initial
conditions such that it matches the initial conditions of the continuous PDE at the nodes
of the grid is not unique for » > 2 and furthermore, may affect the order of the numerical

integrator.

For example, given the initial condition 27(x) = f(z) for a continuous PDE, a naive
way of assigning this initial condition to the stage variables of the discretised system is
to simply let sz = f((i + ¢;)Ax) for all stages j. The accuracy of the approximation
to the second derivative, z7., in the discrete ODEs is then found by considering Taylor

expansions of the initial conditions about each stage variable.

For a discretisation with r» = 3, a Taylor expansion of the initial conditions about the

first stage variable gives

Az)? Az)? Az)*
aiz;jl:—@(f—mf“u%f@—%f@u%ﬂ“)—---)
8 Brogy (B2) o) (A2 g (Aot
+(A:c)2(f_2f+ s LT S e )
14
S
(Az)? (5.23)
8 Az oy, (B2) o) (A2) oy (Do)t
+(A:c)2f+2f+8f+48f+384f+>
2 3 4
_ (Ai)? f+Axf<1>+(A;) f<2>+(Ag) f<3>+%f<4>+...>

where £ is the nth derivative of f(z) evaluated at z = iAz.

Similarly, a Taylor expansion of the initial conditions about the second stage variable

gives

Ax Ax)? Azx)3 Az)t
g2 _ A <f__f(1)+%f(2)_(48) o )f<4>_...)

T2 (Ax)? 2 384
N (Ai)Q‘f (5.24)
4 Az (Ax)? (Ax)? (Az)*
AT L) 2) @) L \B%) ey
+(A)2(f+2f1+ SO eV e /)

where (™ is now evaluated at (1 + %)ACE Thus, with this naive assignment of the initial
conditions, the approximation to zj, for r = 3 is only second order, in accordance with

Conjecture 5.2.1.
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This order may be sufficient for some applications, but a higher order discretisation in
space is desirable in general. Since the stage variables at the ends of a cell are equal to the
node variables, it is desirable that the first and last stage variables be specified as if they
were node variables, i.e., unmodified. However, it may be possible to specify the initial
conditions on the other stage variables as a modified function of the initial conditions for
the continuous PDE such that the order of the approximation of the second derivatives in

space is increased.

For example, for r = 3, the following modification to the initial conditions on the
second stage variable increases the order of the spatial discretisation from second order to

fourth order. Let the initial conditions be specified as

Zzl = f(iAz),

. 1 1 Ax)t 1
Zly = (i + 5)Az) = f((i + 5)Az) + (354) FO((i + 5)Aa), (5.25)
Zly=Z}1 1 = f((i + 1)Ax).
Then Eq. (5.23) becomes
1 Ax)? Azx)? Ax)?
2 3 4
. (Ai)Q (f— %ng N (Ag) o (Ajé) O %;4) 7@ _>
14
" e/ 2 3 ) (5.26)
P B S G
2 3 4
O e e N A

where £ is evaluated at iAz.

Similarly, Eq. (5.24) becomes

2z — 4 <f _ %f(l) 4 (A;;)Q @ (A;c)3f(3) + (Ax)4f(4) _. )

L2 (Ag)? 48 384
- (Ai)Qf
(0 s B G0 g0 ) B
= [®+0((An)")
= f® +0((a2)")

where f(™ and f(® are evaluated at (i + $)Az.
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To numerically demonstrate this increase in order, consider the sine-Gordon wave
equation
Ut = Uy — sin(u), (5.28)

which is the nonlinear wave equation with the potential V(u) = — cos(u). This is discre-
tised in space with 3-stage Lobatto IITA-IIIB to give the explicit ODEs in Eq. (3.56),
which are then discretised in time by 2-stage Lobatto IIIA-IIIB to create an explicit

multisymplectic integrator. The initial conditions are given by

Ui (0) = f(iAz),
Ui(0) = F((i + 5)A2), (529)
0:U; 1(0) = 0,U; 2(0) = 0,
where f(z) = exp(cos(2mz/L)) and L = 4v/27, and one step forwards in time, of size
At = 1072, is taken for the three cases, Ax = L/64, Ax = L/128 and Az = L/256.

The order of the method can then be found by calculating

‘U64(At) — Ulzg(At)’
1o <\U128(At) - U256(At)!> ’ (5:50)

where Ugy is the solution for Az = L/64, etc. For these unmodified initial conditions,
the order is shown in Figure 5.5, while for the modified initial conditions (U;2(0) =
(Az)!

f(E+HAz) + Wf(‘l)((i + 3)Az)) the order is shown in Figure 5.6.

For higher values of r, the appropriate modification to the initial conditions for the
inner stage variables is not yet known. However, it is expected that an expression for the
appropriate modification to the initial conditions does exist and that this will, in general,
increase the order in space of an integrator formed from such a system of ODEs by 1, i.e.,

to the order of the stage variables in the spatial discretisation.
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Figure 5.5: The integrator for the sine-Gordon equation given by 3-stage Lobatto IITA—
IIIB discretisation in space and 2-stage Lobatto IIIA-IIIB discretisation in time, with
unmodified initial conditions, has order 2. The dashed line gives the order at iAx, the
solid line gives the order at (i + 3)Axz.
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Figure 5.6: The integrator for the sine-Gordon equation given by 3-stage Lobatto ITIA—
IIIB discretisation in space and 2-stage Lobatto IITA-IIIB discretisation in time, with
modified initial conditions, has order 4. The dashed line gives the order at ¢Ax, the solid
line gives the order at (i + 3)Aux.

Due to the small value of At, the order of the stage 2 variables appear unusually high
since |Ujsg — Uasg| is near round-off error. As At is increased, the order of the stage 2
variables reduces to 4, but the integrator becomes unstable due to At >> Ax.
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Chapter 6

Conclusion

6.1 Summary and closing remarks

Throughout this thesis, I have considered the topic of multisymplectic integration by
numerical integrators that preserve a discrete analogue of a multisymplectic conservation

law, otherwise known as multisymplectic integrators.

Much of the focus of this thesis has been on multisymplectic integrators constructed
from Runge-Kutta (RK) or partitioned Runge-Kutta (PRK) discretisations of a multi-
Hamiltonian PDE. I have shown that, for a general PRK discretisation (which includes
RK discretisations) of a general multi-Hamiltonian PDE, the resulting system of equations
will satisfy a natural discrete analogue of the continuous multisymplectic conservation law
associated with that multi-Hamiltonian PDE when the coefficients of the PRK method
satisfy a simple set of conditions. However, simply satisfying a discrete multisymplectic
conservation law is not sufficient for a system of equations to be labelled as a multisym-
plectic integrator; the system of equations must also form a well-defined numerical method
and remain well defined when boundary conditions are applied. Thus, a question that has
driven much of this research, and has been an underlying theme of Chapters 2, 3 and 4, is

whether or not such discretisations give rise to well-defined multisymplectic integrators.

In Chapter 2, I have shown that discretisation by Gaussian RK methods gives rise,
in general, to a system of equations that is not well defined as a numerical method. In
particular, for periodic boundary conditions, Theorem 2.2.1 gives the requirements for
a semi-discretisation of a multi-Hamiltonian PDE by a Gaussian RK method to be well
defined as being that both the number of stages in the method and the number of cells in
the grid must be odd. For other types of boundary conditions, I have argued, based on the
collocation polynomials that interpolate each cell of the semi-discretisation, that the spatial
discretisation is not well defined in general. For a full discretisation of a multi-Hamiltonian
PDE by Gaussian RK methods, the question of whether the discretisation is well defined

depends on how the boundary conditions are applied. For many choices of how to apply
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the boundary conditions, the numerical integrator does not give an accurate representation
of the PDE, while for other choices of boundary conditions, the numerical integrator is
highly implicit, ill-conditioned and of little use, except in the simplest of applications. One
exception to this is the Preissman box scheme, which is the lowest order multisymplectic
integrator that can be constructed from Gaussian RK discretisation in time and space.
The simplicity of the Preissman box scheme allows many of the difficulties associated with

higher order Gaussian RK discretisations to be avoided.

In contrast to the ill-defined methods formed in Chapter 2 by RK discretisation, in
Chapter 3, I have defined a class of multi-Hamiltonian PDEs that, when discretised in space
by a method from the Lobatto IITA-ITIB class of PRK methods, give rise to a system of
explicit (and hence, well-defined) ODEs in time that are local, of high order in space and
satisfy a local semi-discrete multisymplectic conservation law. Moreover, these explicit
ODEs handle various types of boundary conditions in a simple (in some cases, trivial)
and local manner, without the need for any further restrictions, as is often the case for
other discretisations (e.g., the implicit midpoint method with periodic boundary conditions
requires an odd number of grid points). This is a great boon for the implementation of
these integrators, as boundary conditions can be applied at a boundary without the need
to consider how they might affect other boundaries. This class of multi-Hamiltonian
PDEs includes such famous equations as the nonlinear Schrodinger (NLS) equation, the
nonlinear wave equation (including the Klein-Gordon and sine-Gordon equations) and
the Boussinesq equation. Furthermore, I have given a construction algorithm that allows
one to construct these explicit ODEs from the multi-Hamiltonian form of a PDE in this

class.

Explicit (and hence, well-defined) multisymplectic integrators that are of high order
in space may be formed from these explicit ODEs by applying an appropriate explicit dis-
cretisation in time. In Chapter 4, I have shown that for some PDESs, such as the nonlinear
wave equation and the Boussinesq equation, applying a 2-stage Lobatto IITA-IIIB dis-
cretisation in time to the explicit ODEs gives an explicit multisymplectic integrator that
is local and of high order in space. Furthermore, the order in time of such integrators may
be increased by composition. For other PDEs, such a discretisation in time is not explicit
in general due to non-separable terms in the Hamiltonian. Nevertheless, if the nonlinear
terms in the explicit ODEs resulting from these non-separable terms in the Hamiltonian
appear quadratically, as is the case for the NLS equation, then such a discretisation may
still be explicit. However, it will require solving scalar quadratic equations, which may
impose further restrictions on the step size used in the time direction. I have used the
NLS equation discretised thus as the first of three examples demonstrating how an explicit
multisymplectic integrator may be formed from the explicit ODEs obtained in Chapter 3.
The second and third examples of time discretisations are splitting methods for the NLS
equation, the former being the standard linear—nonlinear splitting and the latter being a

real-imaginary—nonlinear splitting. The multisymplectic integrators in the first and third
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examples are shown to satisfy a local multisymplectic conservation law, while the second
is shown to satisfy a non-local multisymplectic conservation law. Interestingly, only the

second method preserves the norm conservation law that is possessed by the NLS equation.

In Chapter 5, I have considered the stability of RK and PRK discretisations in space
by analysing the dispersion relation for such discretisations. Of importance is that, for
Gaussian RK methods, the dispersion relation exhibits the same number of solutions for
the frequency as a function of the wave number as the number of stages in the Gaussian
RK method. Similarly, for Lobatto IITA-IIIB methods, the dispersion relation exhibits one
less solution for the frequency as a function of wave number than the number of stages
in the Lobatto IIIA-IIIB method. Generally, this is an indication that the numerical
integrator supports spurious modes, which tend to destabilise the solution. However, for
Gaussian RK and Lobatto ITTA-ITIB methods, these extra solutions correspond to higher
frequency regions of the continuous dispersion relation and indicate that the discretisations
are stable. Lastly, in Section 5.2, I have analysed the order in space of the explicit ODEs
obtained in Chapter 3. An important consideration to be made when discretising a multi-
Hamiltonian PDE in space by RK or PRK methods is that the active variables in the
discretisation are the stage variables of the method, not the node variables (as is usually
the case in the time integration of ODEs). The consequence of this is that the order of
such a discretisation is restricted to the order of the stage variables in the RK or PRK
method. For r-stage Gaussian RK methods, this order is r + 1, while for a Lobatto
IITA-IIIB method, the variables that Lobatto IIIA is applied to have order r. However,
the ODEs that one obtains by discretising in space with an RK or PRK method contain
approximations to the spatial derivatives, which, if they are not of the order of the stage
variables, will restrict the order of the discretisation even further. For the explicit ODEs
obtained in Chapter 3 from a Lobatto IITA-IIIB discretisation in space of an appropriate
multi-Hamiltonian PDE, T have shown that, for » < 10, the order of the approximation
to the second derivatives (which are the only spatial derivatives that appear) is r — 1.
I have conjectured that for higher values of r, the order of this approximation is also
r — 1. Furthermore, I have shown that, for » = 3, there is a modification to the initial
conditions that increases the order of the approximation to the second derivative. For
higher values of 7, similar modifications to the initial conditions that increase the order of

this approximation are expected to exist.

6.2 Open questions

As with all research, the discovery of answers to old questions invariably leads to the
discovery of new questions. Accordingly, from the research carried out during the tenure
of my PhD and in the writing of this thesis comes a collection of new questions, a selection

of which, I give below.
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e As mentioned above, one of the themes that underlies much of this thesis is whether

or not a multisymplectic discretisation of a multi-Hamiltonian PDE is well defined.
In Chapter 2, it was shown that RK discretisations do not form well-defined mul-
tisymplectic integrators in general. In contrast, in Chapter 3, I have demonstrated
that for a class of multi-Hamiltonian PDEs, discretisation in space by a Lobatto
IITA-ITIB method leads to explicit ODEs that do give a well-defined multisymplec-
tic integrator (the integrator is explicit if the time discretisation is explicit). The
properties of the Lobatto IIIA-IIIB methods that were required to demonstrate this
are given in Eqgs. (3.20), (3.21) and (3.22). This leads to the following questions:

(i) What other symplectic PRK discretisations satisfy these three properties and
how do the ODEs that they give compare with the ODEs from Lobatto ITTA—
ITIB discretisations?

(ii) What other PDEs can be written in multi-Hamiltonian form such that they
satisfy the conditions of Theorem 3.4.17

(iii) For PRK discretisations that do not satisfy these three properties, can explicit

ODEs in time be obtained by some other construction algorithm?

A further requirement for a multisymplectic discretisation of a multi-Hamiltonian
PDE to be well defined, which has been overlooked until now, is that the continuous
PDE must be well posed to begin with. Therefore, it is necessary to ask, “What are
the conditions on K, L and S(z) such that a multi-Hamiltonian PDE (1.6) (or its
higher dimensional analogue, Zgil K%0,,z=V_5(z)) is well posed?”

In Section 3.4.1, several examples of multi-Hamiltonian PDEs that do not satisfy
the conditions of Theorem 3.4.1 are given. For these multi-Hamiltonian PDEs, mul-
tisymplectic box schemes may still be constructed in terms of the original variables
in the PDE (see, for example, Eq. (3.70)). However, in these integrators, it is not
possible to determine the value of all the variables that make up the multisym-
plectic conservation law. It is not clear what the implications of this are for the

multisymplectic conservation law.

The multisymplectic integrator formed for the NLS equation by a 2-stage Lobatto
IIIA-IIIB discretisation in space and a linear-nonlinear splitting in time is shown
to satisfy a non-local multisymplectic conservation law, since the numerical solution
is non-local. However, for continuous multi-Hamiltonian PDEs, the conservation of
multisymplecticity is a property that is local. This raises the question, “What role

does locality play in the definition a multisymplectic conservation law?”

The multi-Hamiltonian form of the BBM and Padé equations (given in Section 3.4.1)
are new. Currently, there is no algorithm for determining the multi-Hamiltonian

form of a PDE, or even whether such a multi-Hamiltonian form exists for a given
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PDE. Thus, it is natural to ask, “What are the conditions on a PDE such that it

may be written in multi-Hamiltonian form?”

The order of the ODEs obtained in Chapter 3 is given by the minimum of the order
of the stage variables and the order of the approximation to the second derivative.
Conjecture 5.2.1 states that for an r-stage Lobatto IIIA-IIIB discretisation in space,

this order is » — 1. A proof of this conjecture would require showing that

r—1 o . " " 1, forn =2,
> €k a((T=cr)(=¢))" = (cr—c))"+ex(1—c))") =
k=2 0, for2<n<r+1,

(6.1)
for j =2,...,7—1 (from Eq. (3.92)) and similarly for j = 1 (from Eq. (3.93)). (For
n =0 and n = 1, the left-hand side of Eq. (6.1) is identically zero.)

It was shown, in Section 5.2.1, that the order of the ODEs obtained from a 3-
stage Lobatto IIIA-IIIB discretisation in space may be increased by an appropriate
modification to the initial conditions. The exact form of this modification for Lobatto
IIIA-IIIB methods with a different number of stages has not yet been determined.
Furthermore, this leads to the question, “Does there exist a different modification

to the initial conditions that would increase the order of the method even further?”
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Appendix A

Proofs of various lemmas and

theorems

A.1 Proof of Lemma 2.0.1

Proof. Since the Gaussian and Lobatto quadrature points are symmetric about %, they

satisfy ¢; = 1 — ¢,41—4. Now, B(r) gives the relation
d 1
Zbicffl = fork=1,...,m, (A1)
i=1
which is an expression, in terms of the standard polynomial basis, that the relation
r 1
> biote) = [ ows (A2)
i=1 0

holds for all polynomials ¢(x) of degree less than r.

Let ¢(z — %) be any odd polynomial (i.e., ¢(1 —z) = —¢(x)) of degree less than r.
Then,

1
/ ¢(z)der =0 (A.3)
0
and Eq. (A.2) becomes
lr/2]
> (bi = bry1-i)d(ci) = 0. (A.4)
i=1
Therefore, we can conclude that b; = b,11_;. O

A.2 Proof of Lemma 2.0.2

Unless otherwise noted, the indices in summations and products range from 1 to 7.
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Proof. First, Eq. (2.6) is rewritten as

ZAWH — Ck) 1)”71ch, fori=1,...,r
J k] J
Then, expanding the product on the left gives

ZAin(Cj_Ck):ZAij(C§ L= 2ch+...

J k#j J k#j

-1
”_i_(_l)lflc?]j—l Z H Ckm+"'+Hck)'

ki,....ki—1, m=1 k#j
ki—1>>k1

-1 -1
0t Y T =D >0 T v

kl,...,kl_h m=1 k17"'7kl—17 m=1
km#jVm, ky_1>-->k1
kj—1>->k1

1—2
+ (—1)l_205_(l_1) Z H Chyy + 0 — c’;-_z chl + c;_l.
k1

k1,....k_o, m=1
y_o>->ky

So,

Z Ajj H — ck) Z Aij(Tc;_l —(r— 1)6;_2 Z Cr+ -
J k

J k#j

r—1
=0y T ewn)-

ki,..kr—1, m=1

kr_1>-->k1
But GRK discretisations satisfy the simplifying assumption
1
ZAZ“ =, foralll<k<r
Thus,
r—1
ZA”H i —Cp) =C¢; —c 1ch+ (—1)" e Z Hckm
J k#j k1, kr—1, m=1
kp—1>>k

= ()" ] e
k

Therefore, if A is invertible, then Eq. (2.6) holds.

(A.5)

(A.6)

(A7)

(A.9)

(A.10)
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A.3 Proof of Lemma 3.4.2
Proof. From D(§) with k = 1 we have

Zb AP =b;(1 - ¢)). (A.11)

Since the Lobatto quadrature points satisfy ¢; = 1 — ¢,41—; and b; = b,41—; by Lemma
2.0.1, we have

bZAE%,) s = br+1, (1 — Cp41— )
; e ! ! (A.12)

= bjCj.

Combining Egs. (A.11) and (A.12) gives Eq. (3.97). O

A.4 Proof of Theorem 4.2.1

Proof. Eq. (3.14) for the NLS equation discretised in space by the 2-stage Lobatto IITA-

IIIB PRK discretisation with the partitioning z(Y = {p,¢} and 2 = {v,w} is given
by
2
Az Z bj&gwm + Kip1 — kK = 0, (A13)
j=1

where w; j = dP; ; AdQ; ; and k; = dv; A dp; + dw; A dg;.

The first term in Eq. (A.13) as

2 2
Az
Ax E bjﬁtwm = 7 g at(dpi,j A in,j)
=1 j=1

_ar 5 (G(dPia A Qi) + 94 (dPi2 A dQy2)) (A-14)

A
=5 (O¢(dpi A dg;) + O(dpiy1 A dgiyr))

Thus, we can write Eq. (A.13) as

(Oy(dp; A dgi) + O¢(dpit1 A dgiy1))

N | =

1
+ A_ (dvi-i-l Adpis1 + dwip1 Adgipr — dv; Adp; — dw; A dqi) =0. (A.15)
X

Now,

Ax
dVi1 =dV;o =dv; + —(5tsz 1— (6(Pi1)? +2(Qi1)*)dP; 1 — 4P;1Q;1dQ; 1)  (A.16)
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and

A
dpiy1 = dp; + Tx(dvm + dV2), (A.17)

SO

Ax
dviq1 = dv; + - Z(atin,j — (6(Pi;)? +2(Qi;)*)dAP,; — 4P, ;Q; ;dQ; ;)
J

Ax
=dVi1 + T(Btd%‘ﬂ — (6(pit1)* + 2(qi+1)H)dpis1 — 4piy1¢i+1dgis1) (A.18)

1 Ax
= A—x(dpiﬂ —dp;) + 7(3tdq@'+1 — (6(pi+1)* + 2(qit1)?)dpit1 — 4pit1Gi+1dgis1)

and similarly for dw;y1.

Substituting for dv;;1, dv;, dw;+1 and dw; in Eq. (A.15) gives

(0(dp; A dg;) + 0¢(dpis1 A dgit))

1 1
+ 5 <(A—x(dpi+1 —dp;)

DN | =

Ax
+ 7(3tdqz‘+1 — (6(pit1)? + 2(qi+1)*)dpis1 — 4pi+1Gi+1dgiv1)) A dpita

1
- (E(d%’-i-l —dg;) (A.19)

Ax
+ 7(—atdpi+1 — 4pi1gi1dpipr — (2(pit1)” + 6(¢i41))dgit1)) A dgia

1 Ax
(E(dpi —dpi—1) + _(atin — (6(pi)* + 2(q:)*)dpi — 4piqidq;)) A dp;

1 A
— (A—x(dql dgi—1) + 7( Ordp; — 4pigidp; — (2(ps)? + 6(qi)2)dqi)) A dqi) =0

Since dp; A dp; = 0 and dg¢; A dp; = —dp; A dg;, this simplifies to

1

3 (0¢(dpi A dgi) + O¢(dpis1 A dgirr))
1
( ) (dpz-i-l A dpl + d%-‘,—l A d% - dpz A dpz 1— dQZ A d% 1) (A20)
1
5 (=dpiy1 A Ordgip1 — Opdpig1 A dgigr + dps A Oydg; + Opdp; A dg;) = 0,

which further simplifies to Eq. (4.10). O
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A.5 Proof of Theorem 4.3.1

Proof. Eq. (3.7) for the NLS equation discretised in space and time by the 2-stage Lobatto
IITA-IIIB PRK discretisation with partitioning {(p, ¢), (v,w)} in space and {(p,v), (¢, w)}

in time is given by

1 n n 1 m m
A7 2 b — W) 2o Bk — A1) =0, (A.21)
] m
where
Wi = dP AdQY,
“i Qi (A.22)
K= AV AP 4 AW A dQTT

Expanding the components of Eq. (A.21) gives

1 n n
LS he - -

Sx (dPZ"le AdQIT AP A QTS — APl AdQY — dPfy A dQ;fQ) (A.23)
and
AI’ Z B Z+1 ) =
1 n,1 n,1 n,1 n,1 n,1
e <dVZ+1 AP + WS A QT — avt AdP 4+ amt AdQt)  (A24)
+ e 2A (avit n P+ AW A dQIE = AV AdP + aw™ A dQ)?).

Now, since

n,m __ nm __, n,m
dViim =dVi3" =dV i,
’2

n,m n,m Ax n,m
dv;'y de‘,% + Taggd%2 , (A.25)

AP = dP" + AzdV])"

we can write

AVET = (AP — AP

A
= (2dQE" = (6(P3")* +2(Q5")")dPE"™ — AP3"Q5"dQ15"). (A.26)

Similarly, we can write

n,m 1 n,m n,m
sz+1 = —(sz‘H - dQ@' )

A
S (COdP" — AP QAP — (AP + 6(Q)3")A)AQ]"). (A.27)
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Noting that
n,1 n,2 n,%
dQ,” =dQ;" =:dQ,"?,

1 1
dQy =dQ;:2, (A.28)
dPjy" = dBYT,

we find that Eq. (A.24) becomes

1 1 1 1 2 2 1 1
R 3 Bty = k) = gz (APIE AP QP AP - ap ary
m

1
n,§

nl .l n.l
— P AP+ 2(dQ)TE A QT — QT A Q)
1 n n n n
+ 1 (2@, A AP + 0@ A dPT (A.29)
— 0, dQ" A AP — 9,dQ* A AP

— (Bth"’

i+

n, i n n n,3
L+ 0P AAQ)T + (9, AP + 9, dP?) A dQ; 2))

after cancelling terms of the form dZ AdZ and dP A dQ + dQ A dP.

Furthermore,
2 n,1
A = = (dQ;"? — QY
2,4Q)" = = (dQ}"™ — dqy),
2 n,1
Q" = - (dQIT —dQ;™), (A.30)

2

9, dP™ 1+ 9,dP™?) =
(t i + 0 i ) At

(APt —dpy),

so the last part of Eq. (A.29) becomes

L4 0,dQTE AP — 9,dQT AAP™ — 9,dQ™ A AP

1
Z(atdQn’l AdPy i+1 i+1

i+1 i+

n.1 n.L
— (DdP} + 0dPY) A QI + (AP + 9 dP?) A dQ)? )

i+1
1 n,i . . . 1 .
= o ((0QU — aQi) APy + (4QI - Q) Aapy! (A31)
1 nd
—(dQ["? —dQ) AP — (dQ) T — dQ;"?) AdPy !
n,x n.1
— (AP — dPS,) A QLT + (AP — AP A Q)Y )

1
= 57 (4Pn QR —APIE A AQIE — AP 2 dQ7 +APIT naQrY).

which gives

1 1
N > Bu(kfiy — r]") = BN (dPﬁl NP +dPIR AP — dP A AP
m
— AP AP 4 2(dQE AdQ)E — Q2 AdQ)?) (A.32)
i i1 i+l i i i1 :

1
+ 55 (AP A Qi — dPEET A QI — dPP A dQ) +d P A dQit).
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Combining Egs. (A.23) and (A.32) we obtain
= Z bi(With —wh) + L Z B (kM — kM) = ! (AP A QI —dP! A dQY)
At £ Az ML T A ' '

1
+ 57 (dP[fH NP +dPPAE A PP —dPP AP, (A33)

1 nd
— APt aapt + 2(le2+1 AdQ; E —dQ;"% A inf’l)).
Now, the variational equivalent of the last line of Eq. (4.12) is
At ( 1

1
dQ;H—l dQ L2} +_ —(dPn+1—2dPn+1+dP:ril)

” 1 1 (A.34)
+ (6(Pin+1)2 +2(Q?7§)2)dpin+1 _|_4Pin+1Q:L,§dQ:L,§>‘

Substituting this into Eq. (A.33) and eliminating terms of the form dZ A dZ and dP A
dQ +dQ A dP gives

27 S0 =) 4 3y 3 Bt — ) =
J

1
(— +2P"HQY ’Q)dP”“ AdQ; 3 (— +2P"Q; ’Q)dP”“ AdQ! T2 (A.35)

At At
1 il
g (P + AP A AR + (dQ)] +dQ1E) AdQ).
1
Recalling that dp' = dP"; 1 = dP* and defining dql = dQ?’Q, we can finally write
1 n+1l n
At Zb (w] ’ Z B (w1 — i) =
(L 4 oprtiy %)dpﬂ“ Adg T (e Lo ) Adg” T (A36)
At ! ! At v ! ! ’

1 ntl ntl
A N2 <(dpz+1 +dpi4) Adp} + (dqi+12 +dg;_,*) Ndg; 2)7

thus proving Theorem 4.3.1. O
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Appendix B

Theorems and lemmas of [33]

The following definitions, theorems, lemmas and their proofs are quoted directly from
[33] (with only adjustments to the equation numbers for readability). They show the
relationship between collocation, discontinuous collocation and RK methods. Moreover,
they give the order of the collocation and discontinuous collocation methods and the order
of the collocation polynomial. While these results have a long history predating [33], for
compactness and consistency of notation, it is convenient to present them as they are

presented in [33].

The system under consideration in this Appendix is the non-autonomous system of
first order ODEs

y=f(t,y)  ylto) =yo. (B.1)

Definition 1.1. Let b;, a;; (i,j = 1,...,s) be real numbers and let ¢; = Z;ﬁ:l aij. An
s-stage Runge—Kutta method is given by
S
ki:f(t0+cih7y0+hzaijkj), 1=1,...,s
o (B.2)

y1=1yo+ hzbiki-
i—1

Definition 1.3. Let ¢p,...,cs be distinct real numbers (usually 0 < ¢; < 1). The
collocation polynomial u(t) is a polynomial of degree s satisfying

u(to) = yo
u(to + ¢ih) = f(to + cih,u(ty + ¢;ih)), 1=1,...,s,

and the numerical solution of the collocation method is defined by y1 = u(to + h).
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Theorem 1.4 (Guillou & Soulé 1969, Wright 1970). [32, 78] The collocation method
of Definition 1.3 is equivalent to the s-stage Runge—Kutta method (B.2) with coefficients

aij = /0 Ul b= /0 'y (B.4)
where £;(7) is the Lagrange polynomial £;(1) =[], .;(T — a)/(c;i — a).
Proof. Let u(t) be the collocation polynomial and define
ki == u(to + cih). (B.5)

By the Lagrange interpolation formula we have u(tg + ¢;h) = 2;21 k; - £;(T), and by

integration we get

u(to +cih) =yo+h Z k; / @j(T)dT. (B.6)
=1 70

Inserted into (B.3) this gives the first formula of the Runge-Kutta equation (B.2). Inte-

gration from 0 to 1 yields the second one. U

The above proof can also be read in reverse order. This shows that a Runge-Kutta
method with coefficients given by (B.4) can be interpreted as a collocation method. Since
Tkl = > i—1 c?_lfj(T) for kK = 1,...,s, the relations (B.4) are equivalent to the linear
systems

5 k
C(q) : Zaijc;“‘*l:%, k=1,...,q, alli
j=1

> 1
B(p) : Zbicf_1:E, k=1,...,p,
i=1

with ¢ = s and p = s.

(Note that B(q) and C(p) are precisely the relations in Eq. (2.5) and Eq. (3.18) for
s=rand g=p=¢.)

Theorem 1.5 (Superconvergence). If the condition B(p) holds for some p > s,
then the collocation method (Definition 1.3) has order p. This means that the collocation

method has the same order as the underlying quadrature formula.

Proof. We consider the collocation polynomial u(t) as the solution of a perturbed differ-
ential equation
= f(t,u) +4(t) (B.8)

with defect 0(t) := u(t) — f(¢,u(t)). Subtracting (B.1) from (B.8) we get after linearization

that
a(t) —y(t) = g—g (t,y(@)) (u(t) —y(t)) +6(t) + r(0), (B.9)
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where, for tg <t <t + h, the remainder 7(t) is O(||lu(t) — y(t)||*) = O(h?***2) by Lemma
1.6 below. The variation of constants formula (see Hairer, Norsett & Wanner (1993), p.
66 [35]) then yields

to+h
y1 —y(to+h) =u(to+h) —y(to + h) = /t " R(to+ h,s) (6(s) +r(s))ds,  (B.10)

where R(t, s) is the resolvent of the homogeneous part of the differential equation (B.9), i.e.,
the solution of the matrix differential equation OR(t,s)/0t = A(t)R(t,s), R(s,s) = I, with
A(t) = 0f JOy(t,y(t)). The integral over R(to + h,s)r(s) gives a O(h?**T3) contribution.
The main idea now is to apply the quadrature formula (b;,¢;);_; to the integral over
g(s) = R(to + h, s)(s); because the defect §(s) vanishes at the collocation points tg + c;h
fori =1,...,s, this gives zero as the numerical result. Thus, the integral is equal to the
quadrature error, which is bounded by hP*! times a bound of the pth derivative of the
function g(s). This derivative is bounded independently of h, because by Lemma 1.6 all

derivatives of the collocation polynomial are bounded uniformly as h — 0. Since, anyway,
p < 2s, we get y1 — y(to + h) = O(RPT) from (B.10). O

Lemma 1.6. The collocation polynomial u(t) is an approximation of order s to the exact

solution of (B.1) on the whole interval, i.e.,
u(t) —y@)|| < C-hTL fort e [to,to + h) (B.11)

and for sufficiently small h.

Moreover, the derivatives of u(t) satisfy for t € [to,to + h]

[u®(t —y® @) < C-hTF fork=0,...,s. (B.12)

Proof. The collocation polynomial satisfies

(to +7h) =Y f (to+ cshyulto + cih)) 4(7), (B.13)
i=1
while the exact solution of (B.1) satisfies
glto +7h) = > f(to + cih,y(to + cih)) &i(r) + h*E(7, h), (B.14)

i=1

where the interpolation error E(7,h) is bounded by max,c(y, 1] |y (1)]|/s! and its
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derivatives satisfy

SOl
EFD(r B < Ny 2l B.15
| (r, W) < et s~k D) (B.15)

This follows from the fact that, by Rolle’s theorem, the differential polynomial
S f (to + cihy y(to 4 ¢;h)) £571(7) can be interpreted as the interpolation polynomial
of W*=1y(®)(ty 4+ 7h) at s — k + 1 points lying in [tg, o + h]. Integrating the difference of

the above two equations gives
y(to+7h) —u(to +7h) = h Z Af; / ti(o)do + ! / E(o,h)do (B.16)
i=1 0 0
with Af; = f (to + cih, y(to + c;h)) — f (to + cih,u(to + ¢;h)). Using a Lipschitz condition

for f(t,y), this relation yields

t) — u(t)|| < hCL £) — u(t Const - h*H1 B.17
teﬁgﬁh}\\y() u(t)|| < te[gl,?o}ith]”y() u(t)|| + Cons 7 (B.17)

implying the statement (B.11) for sufficiently small h > 0.
The proof of the second statement follows from
B (5Ot +7h) — u®(to + 7)) = 0D ARETN ) + RHECD (nR) (BAS)
i=1

by using a Lipschitz condition for f(¢,y) and the estimate (B.11). O

Definition 1.7. Let ¢s,...,cs—1 be distinct real numbers (usually 0 < ¢; < 1), and let by,
bs be two arbitrary real numbers. The corresponding discontinuous collocation method is

then defined via a polynomial of degree s — 2 satisfying

u(to) = yo — hb1 (u(to) — f(to, u(to)))
’ll(t() + Cih) = f(t0|cih, u(to + Cz‘h)), 1= 2, ey S — 1, (B.19)

y1 = u(ty) — hbs (a(t1) — f(t1,u(tr))) -

and the numerical solution of the collocation method is defined by y1 = u(to + h).

Theorem 1.8. The discontinuous collocation method of Definition 1.7 is equivalent to

an s-stage Runge—Kutta method (B.2) with coefficients determined by ¢1 =0, ¢s =1, and

a;1 = by, ais =0 fori=1,...,s,

(B.20)
C(s—2) and B(s —2),

with conditions C(q) and B(p) of Eq. (B.7).
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Proof. As in the proof of Theorem 1.4 we put k; := u(tp+c;h) (this time fori = 2,...,s-1),
so that u(tp + 7h) = Zj;; k; - £;(T) by the Lagrange interpolation formula. Here, ¢;(7)
corresponds to c¢a,...,cs—1 and is a polynomial of degree s — 3. By integration and using

the definition of u(ty) we get

s—1

ulto + cih) = ulto) +h Yk /0 0(7)dr
= (B.21)

=1Yo + hblk‘l + hz k‘j </ fj(T)dT — blfj(O))
0

Jj=2

with k1 = f(yo). Inserted into (B.19) this gives the first formula of the Runge-Kutta
equation (B.2) with a;; = [;* ¢;(T)dT — b1£;(0). As for collocation methods, one checks
that the a;; are uniquely determined by the condition C(s — 2). The formula for y; is

obtained similarly. O

Theorem 1.9 (Superconvergence). The discontinuous collocation method of Defini-

tion 1.7 has the same order as the underlying quadrature formula.

Proof. We follow the same lines of Theorem 1.5. With the polynomial u(t) of Definition
1.7, and with the defect

8(t) = alt) — F(t,u(t)) (B.22)
we get (B.9) after linearization. The variation of constants formula then yields
to+h
u(to-+h) —y(to+h) = R(to-+h, to)(ulto) — o)+ / Rlto+h,s) (5(s) + r(s)) ds, (B.23)
to

which corresponds to (B.10) if u(tg) = yo. As a consequence of Lemma 1.10 below (with
k = 0), the integral over R(to + h,s)r(s) gives a O(h**~!) contribution. Since the defect
0(to + ¢;h) vanishes only for i = 2,...,s — 1, an application of the quadrature formula to
R(ty + h,s)d(s) yields hbiR(ty + h,t9)d(to) + hbsd(to + h) in addition to the quadrature

error, which is O(hP*1). Collecting terms suitably, we obtain
u(ty) = hbsd(t) = y(t1) = R(tr,to) (u(to) + hbid(to) — yo) + O(AF*) + O(h* ™), (B.24)

which, after using the definitions of u(to) and u(t;), proves y1 —y(t1) = O(hRPT)+O(h2571).
U

Lemma 1.10. The polynomial u(t) of the discontinuous collocation method (B.19)
satisfies for t € [tg,to + h| and for sufficiently small h

[u® @) —y® @) < C-hF fork=0,...,5—2. (B.25)
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Proof. The proof is essentially the same as that for Lemma 1.6. In the formulas for
U(to +7h) and §(tg + 7h), the sum has to be taken from i = 2 to i = s — 1. Moreover, all

h* become h*~2. In (B.16) one has an additional term

Yo — u(to) = hby (u(to) — f(to, u(to))) (B.26)

which, however, is just an interpolation error of size O(h*~!) and can be included in
Const - h51. O

Theorem 2.2.  The partitioned Runge—Kutta method composed of the s-stage Lobatto
IITA and the s-stage Lobatto IIIB method, is of order 2s — 2.

Proof. Let ¢ = 0, ¢3,...,¢5-1, ¢s = 1 and by,...,bs be the nodes and weights of the
Lobatto quadrature. The partitioned Runge-Kutta method based on the Lobatto TITA—

ITIB pair can be interpreted as the discontinuous collocation method

u(to) = Yo

v(to) = 20 — hb1 (0(to) — g(u(to), v(to)))

’[L(to + Clh) = f (u(to + Cih), U(to + Clh)) , 1=1,...,s (BQ?)
O(to + c;h) = g (u(to + c;h),v(to + ¢;h)), i=2,...,s—1

where u(t) and v(t) are polynomials of degree s and s — 2, respectively. This is seen as
in the proofs of Theorem 1.4 and Theorem 1.8. The superconvergence (order 2s — 2) is
obtained with exactly the same proof as for Theorem 1.9, where the functions u(t) and
y(t) have to be replaced with (u(t),v(t))” and (y(t),z(t))", etc. Instead of Lemma 1.10
we use the estimates (for ¢ € [tg, to + h])

Hu(k)(t) _ y(k)(t)H <c-hk for k=0,...,s,

(B.28)
[v® () — 2B @) < - sk for k=0,...,5s —2,

which can be proved by following the lines of the proofs of Lemma 1.6 and Lemma 1.10. [
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