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This paper proposes a practitioner version of Heston and Nandi’s (2000) (HN) model, which we term the
Practitioner’s Heston Nandi, or PHN model. We compare the option pricing and hedging performance of the PHN
model vis-a-vis the HN model. Instead of using a one-period ahead volatility forecast for all options used in
calibrations at any given time, the PHN model proposes using forward-looking ad-hoc volatilities (implied by
market option prices) for each individual option and maturity in calibration and hedging. Since the proposed

PHN model uses only option price data, it renders historical stock price data redundant, cutting the data
requirement in derivative valuation. We employ options traded at CBOE for the period January 1, 2016 to
December 31, 2018 and show that the proposed PHN model yields quick calibration and significantly improves
pricing and hedging for European-style options.

1. Introduction

Following the work of Engle (1982) and Bollerslev (1986), numerous
studies have developed Generalized Autoregressive Conditional Heter-
oskedasticity (GARCH) models for volatility estimation and forecasting,
as well as option pricing. Many studies have examined the empirical
option pricing performance of specific GARCH models." One of the
benchmark models in many of these studies is that of Heston and Nandi
(2000, HN hereafter). HN presents a closed-form option pricing model
assuming normally distributed returns, a linear risk premium, and the
same GARCH parameters for historical and pricing asset returns. The HN
model provides good in- and short-term out-of-sample performance,
reduces the required calibration time, and eliminates a counterfactual
market price of risk interpretation. Using S&P 500 index options, HN
shows that their GARCH model has smaller out-of-sample valuation
errors than the ad hoc Black-Scholes Practitioner’s Black-Scholes (PBS
hereafter) model based on deterministic volatility functions (DVF)

* Corresponding author.

proposed by Dumas, Fleming, and Whaley (1998). This is a remarkable
result given that the PBS model is updated every period, while the HN-
GARCH model parameters are held constant, and volatility is obtained
from historical data. HN claims that any model outperforming the PBS
model of Dumas et al. (1998) is compelling and rich.? However, it is
unclear why a model with a joint estimation based on historical stock
returns and prospective option price information would consistently
outperform a model with purely implied measures based on prospective
option prices alone. The HN implementation requires the calculation of
volatility using historical return data in each iteration in the GARCH
framework.®> However, this historical volatility estimate is backward-
looking.

In this paper, we propose a Practitioner’s version of the HN model
(PHN hereafter), where using historical return data to compute volatility
becomes redundant. The dynamics of the multi-period ahead density
estimation in our model requires calculating a one-day ahead implied
volatility using DVF mapping (see Dumas et al., 1998). Using implied
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volatilityeliminates one parameter from being estimated, making his-
torical return data redundant and the process more parsimonious. That
parsimony makes our practitioner version more efficient than the
traditional HN model.*

Using S&P 500 index options data from the Chicago Board Options
Exchange (CBOE) from January 1, 2016, to December 31, 2018, we find
that the PHN model calibrated with prospective market information in
option prices significantly outperforms the HN and PBS models, both in-
and out-of-sample. Moreover, the calibration of the PHN model is much
faster than that of the HN model. Although the PBS model occasionally
outperforms the unrestricted version of the HN model,” this only occurs
once for our PHN model. The source of the enhanced performance of the
PHN model, even with fewer data points used in calibrations compared
to the HN model, is that it incorporates option-wise multi-period ahead
market volatilities in calibrations. In contrast, HN use a one-period
ahead stock volatility for all options in calibrations. For the same
reason, the hedging exercises of the PHN model also yield better Delta
and Delta-Gamma hedging for options positions across moneyness and
maturities.

The remainder of the paper is organized as follows. We briefly revisit
the HN and PBS models and introduce our PHN model in Section 2. In
Section 3, we present the data and discuss data cleaning and calibration
issues. We also discuss in- and out-of-sample pricing results. Section 4
outlines our hedging exercises and discusses the hedging results. We
conclude in Section 5.

2. Model
This section revisits the HN and PBS model structure, intuition, and

pricing formulae. We subsequently introduce our PHN model and
discuss its differences from the HN model.

2.1. The Heston and Nandi (2000) model

Following Heston and Nandi (2000), the log spot price, s(t), follows a
GARCH process, with time steps of length A,

log(s(1)) = log(s(t —A) ) +r+ Ah(r) + \/h(1)z(t (€)]
P 0 )
h(t) =w+ > fh(t—pA) +Za,,( (t—q4) -7, h(t—qA)) 2

where r is the continuously compounded interest rate for time interval 4,
and z(t) has a standard normal distribution. h(t) is the conditional
variance of the log return between t — A and t, based on the information
set at t — A and appears in the mean equation as a return premium. This
means the average spot return depends on the risk level, 1. The spot
return is assumed to exceed the risk-free rate by an amount proportional
to the variance, h(t). Since volatility equals the square root of h(t), this
implies that the return premium per unit of risk is proportional to the
square root of h(t). As aq and f3, approach zero, the variance becomes
constant, and the model is equivalent to the Black-Scholes model

4 In the pricing model, HN assume a market price of risk parameter (1) of
—0.5 to characterize the time-varying moment-generating function of the
stock’s return distribution at maturity, while in the estimation, 1 is given
different values even though the GARCH dynamics assume a constant h(t + A).
Empirically, 4 has been found to vary widely. If we consider replacing GARCH
forecast h(t + A) by the DVF of Dumas et al. (1998), we can avoid dual value
assignment of 1 to get a single model price. This also reduces the number of
estimated parameters by one. Moreover, by replacing h(t + A) depending on
maturity as well as strike prices with ad-hoc estimates, we can avoid the con-
stancy of h(t + A) for all options and maturities.

5 The PBS model outperforms the unrestricted version of the HN model and
non-updated version of HN often being outperformed by BS model.
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observed at discrete time intervals.

When P = Q = 1, the process is stationary with finite mean and
variance if #; + a17? < 1. In that model, we can directly observe h(t + 4)
at time ¢, as a function of the spot price as follows:

(log(s(1)) — log(S(t —A)) — r — 2h(1) +7,(h(1))°)
h(r)

h(t+4) = w+B,h(t)+a,

3

where, a; determines the kurtosis of the distribution. @; = 0 implies a
deterministic time-varying variance, and y; captures the asymmetric
impact of shocks, z(t). In general, the conditional variance and spot
return correlate as follows,

Covipn = [R(t+ A) ,log(s(1) )] = —2a17,h(2). “4)

Since a; > 0 and y; > 0 in most estimations, the correlation between
spot returns and variance is negative. Moreover, since y, represents the
skewness of the log return distribution, the distribution becomes sym-
metric if y; and 1 are equal to zero.

In a risk-neutral framework, we can write Egs. (1) and (2) as

log(s(t) ) = log(s(t — A) )+ r + Ah(t) + /h(D)zZ (1) (6]

() =w+ é/}],h(t —pA)+ é(lq (a(t — q4) — YoV h(t — q4) )2

\ . 2 ©)
+a (Z" (t—q4) —7,/h(r—q4) )
with
) =2(0)+ (l +%> 0] @
) 1
HW=ritAts ®

2

where z'(t) is standard normally distributed under risk-neutral proba-
bilities. For 2" (t) to have a standard normal risk-neutral distribution, HN
assume that an option’s value with one period to expiration obeys the
Black-Scholes-Rubinstein formula. We obtain the risk-neutral version in
Egs. (1) and (2) by replacing 1 = —1/2 and y; with y] = y; + 4+ 1/2.
The conditional moment generating function of the asset price to pro-
duce option values, f(¢), for the GARCH process of Egs. (1) and (2) takes
the log-linear form,

() = s(rV’exp{A(r; T.4)+ 3 By (5 T, p)h(t+28 - pa)
©)
0-1 2
+y.¢ (tT(/))<(+2A qA) —7, h(t+2A7qA)) }

where A(t; T, ¢) and B(t; T, ¢) are given by the recursive relations

A(6T,¢) :A(1+A;T7¢)+¢r+Bl(I+A§T~,¢)w7%ln(l72alBl(t+A§T:¢))
(10)
1 o(gp—7,)
B(t;T,$) = dp(A+11) *Eﬁ +pBi(t+A;T, §) +1 — 20(1[(??0 I]A) T.9)
11)

For a single lag, P = Q = 1, the coefficients can be calculated
recursively from the terminal conditions A(T; T,¢) = 0 and B(T; T, ¢) =
0. We obtain the risk-neutral version by substituting 1 = —1/2 and
replacing y; with y; = y;+ 1+ 1/2. Since the moment-generating
function of the spot price is the moment-generating function of the log
spot price, f(i¢) is the characteristic function of the log spot price. To use
the characteristic function, we note that ¢ in Egs. (10) and (11) must be
replaced by ip everywhere. One can calculate risk-neutral probabilities
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following Feller (1971) or Kendall and Stuart (1977) by inverting the
characteristic function.

HN examine the empirical performance of S&P 500 index options for
a GARCH model with a single lag (P = Q = 1). They set A =1 and use
daily index returns to model volatility. There are two versions of the
GARCH model. In the restricted/symmetric GARCH model where the
skewness parameter, y;, is constrained to zero, and the unrestricted/
asymmetric GARCH model, where y, is a free parameter. Rather than
using maximum likelihood estimations (as in Bollerslev, 1986) to esti-
mate model parameters and plugging the estimates into the options
valuation formula to compute option values, HN use a non-linear least
squares (NLS) procedure that minimizes the difference between model
and observed option prices.°

2.2. Practitioner’s Black-Scholes (PBS) model

Dumas et al. (1998) propose the Deterministic Volatility Function
(DVF) framework inspired by the implied binomial trees of Derman and
Kani (1994), Dupire (1994), and Rubinstein (1994), which considers the
local volatilities of the underlying asset’s returns as a deterministic
function of asset price and time to expiration. Dumas et al. (1998)
propose the following DVF:

6" = ay+a K+ aK* +asT + a,T* + asKT 12)

where, 6% is the BS implied volatility, and ay, ..., as are model param-
eters. Implied volatility is a function of the strike price, K, time to
expiration, T, quadratic strike price, K2, quadratic time to expiration, T?
and the interaction between the strike price and time to maturity, KT.
They introduce a threshold of 0.01 to eliminate possible negative values
of fitted volatility in the DVF model:

o :max(O.Ol,ao+a1K+a2K2+a3T+a4T2+a5KT) (13)

Minimizing the sum of squared errors between market and fitted
option prices allows each model parameter to be easily estimated.

Dumas et al. (1998) show that the BS model leads to the largest
valuation error compared to the last three DVF terms since volatility
varies across moneyness and maturity. They find that the volatility
function, including K, K2, T, KT shows much better improvement over
the BS model. There is a minor improvement when squared maturity, T2,
is introduced. Practitioners generally smooth implied volatility across
strike prices and value options using the smoothed volatility to consider
the sneer patterns in BS implied volatilities. Dumas et al. (1998) label
this procedure using the DVF option valuation model as the ad hoc
approach. Christoffersen and Jacobs (2004b) also employ this model
and refer to it as the Practitioner’s Black-Scholes (PBS) model.

2.3. Practitioner’s Heston Nandi (PHN) model

In our proposed Practitioner’s HN (PHN) model, asset returns follow
similar dynamics as in HN over the contract’s life. The DVF coefficients
do not change in the HN model, but the calibration process updates the
structural parameters through optimization iterations. As a result, the
DVF coefficients can be entered ex-ante into the calibration, similar to
how time-to-maturity, strike price, and volatility are provided. The HN
implementation requires the calculation of volatility using historical
252-day return data in each iteration for each week. In our practitioner’s
approach, the calculation of volatility using historical returns becomes
redundant.” The dynamics of the multi-period ahead density estimation

6 Mixing the historical information content of stock returns of 252 previous
days with the forward-looking option information content of up to the longest
maturity option used in calibration convolute both types of information.

7 Thus, there is no mixing of historical asset return information with forward
looking option market information.
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in our proposed model requires the calculation of the one-day ahead
implied volatility by applying Dumas et al. (1998) DVF mapping. Using
DVF to determine implied volatility reduces the number of parameters
that need to be estimated by one. This is the main source of the reduced
time requirement when implementing our proposed practitioner’s
version and gives the practitioner’s version an efficiency edge over the
traditional HN model.

Formally, in the HN model, when P = Q = 1, the conditional moment
generating function (9) becomes:

F(g) = Stexp{A(5 1+ T, ) + Bt + T, @)hs } a4

and the price of a call option with strike price, K, and maturity, T, is
obtained in closed form as:

(U1 e, [Kf (it 1)
o= (3 e[ g o)

a1 1 KT (i)
—Ke™ (-4~ Re|——2|d
‘ (2+ﬂ/u e{ ip ¢

where f* is the risk-neutral version of f, and A(t; t + T, ¢) and B(t; t +
T, ¢) are obtained from the recursive relations (10) and (11) (see HN for
details). Here, h..; is constant with respect to f(¢) as in all GARCH
models. In other words, h;,; is a single number for all options used in
calibration. In contrast, for PHN, h,varies across options used in cali-
bration following Eq. (13). Since h;;; does not come from a GARCH
process, the parameters a1, f3;, and y; can be calibrated with forward-
looking information contained in option prices alone. This makes the
use of stock prices redundant.

The HN model uses Egs. (1) and (2) to describe the complete dy-
namics of stock prices under the physical measure. However, when HN
risk-neutralize their dynamics (Eqgs. 5 and 6), they claim that 4 in Eq. (1)
can be replaced by —1/2, and y; in Eq. (2) by ; =y, + 4+ while

(15)

allowing 1 in y] to vary freely (and not confining 1 to —1/2 in Eq. 2,
unlike what they imposed in Eq. 1). The argument HN present in favor of
doing so is that it allows the asymmetry in risk-neutral dynamics to be
different from the asymmetry in actual dynamics. First, empirically,
A varies widely and keeping 4 = —1/2 in the pricing part is counterin-
tuitive.® Second, allowing A in 71 =11 + A+ 3 to be different from —1/2
implies that y] can be different from y,. Third, this does not align with
their model’s continuous-time version, where risk-neutral and actual
dynamics have the same asymmetry characterization (Heston, 1993).

Our PHN model is a version of HN where 1 is replaced by —1/2 in
Egs. (1) and (2) to get the corresponding risk-neutral version.” This
removes any mathematical inconsistency, brings the discrete and
continuous versions of the HN model in conformity, and reduces the
number of parameters to be estimated, speeding up calibration. This also
helps in interpreting y] = y; more directly: y; =y, = 0 yields a sym-
metric and y] = y; # 0 yields an asymmetric version of the dynamics.
Thus, the generating function given in eq. (14) is changed, and the
function for PHN is given by:

Seun (@) = sf’exp{APHN(l; t+T,) + BPHN (e +T, (p)hﬂvf ae)

where APEN and B,V follow the recursions:

8 See the estimation using NLS and results in Table 2 (page 603) of HN.

9 That leaves us outside HN’s evaluation that ‘although constrained to use the
variance from the history of asset prices, their GARCH model fits better because it
matches the shape of the option prices better’. Their skewness parameter, y;, which
in their model is influenced by y,of log-return distribution is essentially the
same as y; in our PHN but not influenced by log-return and is solely estimated
from forward looking option prices alone.
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Table 1
Maximum likelihood estimation of HN and BS models
2 IR 7 w A " c log-likelihood
3 Years
HN-GARCH (7, # 0) 7.75e-9 0.999 53.580 2.22e-16 2.235 3648.6
(1.06e-7) (3.55e-4) (6.12e-8) (4.79e-3) (3.54e-3)
BS 0.0857 0.1637 (0.0035) 3658.3
(0.0945)
5 Years
HN-GARCH 9.73e-09 0.999 17.0235 2.23e-16 5.190 6079.3
(y1 #0) (0.41e-7) (4.04e-05) (2.6e-8) (4.3e-3) (3.1e-3)
BS 0.1686 (0.0736) 0.1645 (0.0027) 6087.8
7 Years
HN-GARCH 4.78e-8 0.999 —-8.13 2.22e-16 —3.53 8134.5
(1 #0) (1.42e-8) (2.63e-4) (8.88e-9) (0.0010) (0.0024)
BS 0.1596 0.2185 7798.0
(0.0826) (0.0031)
9 Years
HN-GARCH 2.56e-8 0.999 —40.63 2.22e-6 —2.51 10,156
(y1 #0) (1.64e-8) (0.50e-4) (6.09e-9) (0.0022) (0.0055)
BS 0.1011 0.2314 9836.8
(0.0771) (0.0029)

Maximum Likelihood Estimates of the GARCH model with P = Q = 1 and A = 1 (day) using the S&P 500 log-returns of unrestricted HN (y; # 0) and BS model on
December 31, 2018. All the estimations are carried out with the same initial values and optimization criteria. Standard errors, computed by numerically inverting the
Hessian matrix, are reported below each estimate. Panels from top to bottom show estimations based on 3, 5, 7, and 9 years of log-return data.

Density with 3 years return Density with 5 years return
a0 T T T T T T T T T e T T T T T T T T T
! . ! ! : : SandPs0D : ; : : : . : SandP500
BS H BS M
HM L) HN L)
= o - ] P00 LTy M R T RTEL « REIOEE, ot
2
k-] e e e o S | LN S, SRR SR (I W S - UL N
0 H ; | i i i PO i o i o i
005 004 D03 002 001 o 0.01 002 003 004 005 .08 004 003 002 001 o 0.01 0.02 003 004 005
Iog-return log-return
Density with 7 years retum Density with 3 years return
@ . r r : ; : ; @0 T T T T
! : : : SandPs00 : SandP 500
B0 s R R S Feeeeennn BS I - I i e S
: : g ; HN L)
FOLooeeionnens i e Lo SRR L E— Seowndeli e D R A R R T A SR T R

density

density

il i i

o i i e i i j :
01 008 4006 004 H02 u} 0.02 0.04 0.06 0.08 01 .05 u} 0.05 0.1 015
log-return log-return

Fig. 1. Density fits of BS and HN (unrestricted) models with 3-, 5-, 7-, and 9-years log-return using historical (actual) parameter estimates from Table 1.
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Table 2
Non-linear least squares estimation of HN models (Non-updated on the first six months of each year).
ay I 7 @ A [ RMSE Average Observations Time
Price (Sec.)
2016
BS 4.409 10.68
HN-non-updated 3.98e-6 0.926 —116.738 3.7e-19 116.238 0.223 7.187 59.637 1994 661.70
(y; =0) (6.22e-7) (0.012) (16.554) (3.17e-9) (16.554)
Ad hoc BS (PBS) 1.721 59.637 1994 15.24
HN-non-updated 7.91e-7 0.785 508.718 2.12e-9 —14.393 0.138 3.530 59.637 1994 749.18
(2.83e-8) (0.003) (12.993) (3.56e-8) (1.218)
2017
BS 2.967 15.81
HN-non-updated 5.57e-19 0.887 —182.229 2.74-e6 181.729 0.078 3.567 58.790 2231 219.45
(y; =0) (5.34e-6) (0.546) (1343) (9.73e-6) (1343)
Ad hoc BS (PBS) 2.057 58.790 2231 21.32
HN-non-updated 7.52-e6 0.233 249.848 2.48-e16 4.709 0.080 2.722 58.790 2231 893.86
(6.39%¢-7) (0.044) (6.244) (2.18e-7) (4.016)
2018
BS 6.766 16.822
HN-non-updated 1.27e-6 0.966 105.942 9.93e-20 105.442 0.127 8.091 77.034 2758 777.67
(y’l’ =0) (1.65e-7) (0.007) (12.991) (3.69e-11) (12.991)
Ad hoc BS (PBS) 2.423 77.034 2758 25.22
HN-non-updated 8.39%¢-7 0.543 721.637 2.92e-7 —18.443 0.119 4.402 77.034 2758 1607.57
(3.22e-11) (3.5e-5) (0.0003) (5.65e-11) (0.004)

This table reports parameter estimates and in-sample valuation errors from minimizing the sum of squared errors between model option values and market option
prices in the first half of each year. Asymptotic standard errors are in parentheses. Two versions of the GARCH model are estimated, one in which y] is unrestricted, and

another in whichy] = 0. BS is the Black-Scholes model in which a single implied volatility is estimated across all strikes and maturities on a given day, while the ad hoc
BS (practitioner’s BS) is an ad hoc version of the Black-Scholes model with strike and maturity-specific implied volatilities. Both BS and the ad hoc BS are calibrated
weekly while the parameters of the HN (GARCH) model are held constant over the estimation period. 0 is the annualized long-run standard deviation under the GARCH
whiley] = y; +A + 1/2 measures the skewness of the risk-neutral distribution. If y; =0, theny; = — (A + 1/2). RMSE is the root mean squared pricing error. Average

price is the average option price in the sample.

AT, ) = A1+ T )+

1 17)
BN (- AT, ) 75111(1 2B (1+ AT, )

BN (T, ¢) = p(—1/2+7,) *%ﬁ +5B N (1 4+ AT, )

1/2(¢ - }’1)2
"1 = 20BN (1 + AT, )

(18)

The call option price in the PHN model is obtained as follows:

U1 e [K oy (i 4 1
o = 5, <,+,f0 Re {w}da
2z igfeun (1)
Lol (K fpyy (i
—Ke'T (— + —/ Re {M} d(/))
2wy ip
where h2YT in fpun () is obtained through Eq. (13) using all the cleanup
options on day t to estimate the regression coefficients ay,...,as. Once the
regression coefficients on day t are estimated, the price of each option,
cern, is calculated using distinet h?YT corresponding to the options’ (K,
T) capitalizing DVF relation in Eq. (13). This is the fundamental differ-
ence between our PHN with HN, as all options calibrated in ccpg have a
constant h; .

19

3. Data and estimation results

This section discusses the data, in-sample calibration, and out-of-
sample validation results for the BS, PBS, HN, and PHN models. The
analysis of pricing performance is followed by a hedging analysis for the
four models.

3.1. Data and sample

We use weekly data (sampled on Wednesdays) of S&P 500 index
options traded on the CBOE from January 1, 2016 to December 31,

2018, where the in-sample period for non-updated calibrations is the
first six months of each year, and for the updated calibration it is the last
six months of each year. The out-of-sample validations resort to the
subsequent Thursday option contracts of each week. We sample data on
Wednesdays because Wednesdays are less likely to be a holiday or
affected by a day-of-the-week effect. Two versions of the GARCH model
are estimated, one for which yi is unrestricted, and another in which
n =0.

Several filters are applied to avoid noise in parameter estimation.
First, we exclude options with <10 days to expiration due to very small
time-value and inaccuracy of implied volatilities due to sensitivity to
market micro-structure problems and measurement errors (Hentschel &
Kothari, 2001). Second, options with >180 days to maturity are
excluded as the high trading premiums make trading unpopular. Third,
we exclude options with moneyness (S/K) <0.90 and >1.10. Finally, to
mitigate the impact of price discreteness on option valuation, price
quotes lower than 3/8th of a dollar are excluded.

Although options data are weekly, the S&P 500 index returns are
daily to calculate the conditional variance relevant to option values. We
compute the in-sample variance estimate for the first six months of each
year using daily logarithmic returns.

3.2. Return dynamics from the GARCH process

Following HN, the empirical analysis focuses on a GARCH model
with a single lag. We set A = 1 and use daily index returns to model the
evolution of volatility. To illustrate the importance of the skewness
parameter y1, we estimate a restricted and unrestricted GARCH model.
In Table 1, we report the volatility dynamics with parameter estimates
from the history of index prices on December 31, 2018, using maximum
likelihood estimation for the unrestricted HN-GARCH model. We
perform all estimations with the same initial values and optimization
criteria and numerically compute standard errors, reported below each
estimate, by inverting the Hessian matrix. Panels from top to bottom
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Table 3
Non-linear least squares estimation of the Practitioners’ HN models (Non-updated on the first six months of each year)
2 IR 7 0] persistence 4 RMSE Average Observations Time
price (Sec.)
2016
PHN-non-updated 3.9e-20 0.999 8.59¢-9 0.999 0.170 1.636 59.637 1994 210.73
o =0) (1.26-€8) (1.18e-6) (5.24e-9)
PHN-non-updated 1.5e-7 0.982 332.264 1.4e-17 0.998 0.144 1.558 59.637 1994 329.99
(1.88e-8) (1.1e-6) (21.629) (1.55e-8)
2017
PHN-non-updated 1.01le-6 0.962 2.1e-20 0.962 0.082 2.683 58.790 2231 264.73
(y; =0) (5.563-8) (0.002) (9.53e-11)
PHN-non-updated 3.16e-7 0.935 412.806 1.57e-9 0.989 0.086 1.624 58.790 2231 660.09
(3.6%e-8) (0.002) (31.567) (2.58e-8)
2018
PHN-non-updated 3.93e-7 0.980 5.37e-7 0.980 0.108 4.582 77.034 2758 132.24
(y; =0) (1.5%-10) (7.61e-5) (1.42e-10)
PHN-non-updated 9.97e-7 0.921 243.802 4.1e-21 0.980 0.112 3.600 77.034 2758 1253.27
(2.08e-6) (1.120) (606.766) (1.1e-11)

This table reports the parameter estimates and in-sample valuation errors in the first half of each year (2016, 2017, and 2018) from minimizing the sum of squared
errors between model option values and market option prices. Standard errors (asymptotic) appear in parentheses. Versions of GARCH models are: one in which y; is
unrestricted and another in which y; = 0. PHN model is the practitioner’s version of HN with strike and maturity specific implied volatilities across options for which
DVF parameters (as in eq. 12) are calibrated every week (Wednesday) while the parameters of the GARCH model are held constant over the estimation period. 0 is the
annualized long run standard deviation under the GARCH. Ify; =0, theny; = — (A + 1/2). RMSE is the root mean squared pricing error (in $). Average price is the $

average price of the options in the sample.

show estimations based on 3, 5, 7, and 9 years of log-return data. The
skewness parameter y1, is positive, indicating that shocks to returns and
volatility are negatively correlated. In the restricted/symmetric model,
the skewness parameter has an important effect on the behavior of the
variance process. Thus, the high significance of the parameter estimates
confirms that returns follow a GARCH process, and the GARCH model
becomes superior over the BS model with an increase of information
used in estimation as indicated by the log-likelihood ratio.°

3.3. In-sample valuation errors across models

Following DFW, HN construct a PBS model in which volatility enters
the BS option formula as a function of strike price and time to maturity,
as shown in Egs. (12) and (13). The coefficients of the PBS model are
estimated weekly on Wednesdays for the first six months of the year
using OLS that minimizes the sum of squared errors between the BS
implied volatilities across different strikes (and maturities) and the DFW
model’s functional form of the implied volatility. Following HN, we use
NLS to estimate the parameters for the first six months of 2016, 2017,
and 2018. The conditional variance, h(t + 1), is drawn from the daily
evolution of index returns. We compute the variance for the first six
months from daily returns in the non-updating estimation. In the
updating estimation, the GARCH parameters are updated weekly.

The estimation results of the non-updated HN model for both actual
and risk-neutral skewness (y; and y;) assumptions where y; = 0 and
71 = —(4+1/2) are reported in Table 2, along with those of the BS and
PBS models. The RMSE of the BS model ranges from 2.967 in 2017 to
6.766 in 2018. The RMSE for the HN model (symmetric GARCH with
y; = 0) is as high as 8.091 in 2018. In most cases, the symmetric HN
model has a worse in-sample fit than the BS model. The RMSEs for the
HN model with non-zero yl are 3.530, 2.722, and 4.402 in 2016, 2017,
and 2018, respectively. This result confirms that the full GARCH model
that allows for skewness effects provides a better in-sample fit than the

10 Likelihoods very similar to that of the BS model. BS likelihood remains
better, for estimations with 3 and 5 years of log-return data (as shown in
Table 1 and Fig. 1), than HN likelihoods which is not a big surprise as the BS
model is often found outperforming the HN model. For example, for pricing
options using OMXS30 (see Ekstorm et al. (2014)).

symmetric model. In comparison, the PBS model shows the best in-
sample fit to options prices. The in-sample RMSEs for the PBS model
are 1.721, 2.057, and 2.432 for 2016, 2017, and 2018, respectively.

The estimation results of practitioner non-updated HN models with
and without asymmetry are presented in Table 3. The RMSEs for the
non-updated PHN model with y; = 01in 2016, 2017, and 2018 are 1.636,
2.683, and 4.582, respectively. The symmetric PHN model has a better
in-sample fit than the symmetric HN model. The RMSEs for the non-
updated model without restriction on y] are 1.558, 1.624, and 3.60 in
2016, 2017, and 2018, respectively. The non-updated PHN model
without any restriction on y; performs better in-sample than the sym-
metric HN model. (The non-updated PHN model, with and without re-
striction on y,, performs significantly better in-sample than the non-
updated HN model, with and without restriction on y;, respectively).
Overall, the PHN model performs better than the PBS model in most
cases.

To compare the PBS model with the model using the GARCH process,
HN estimate an updated GARCH model by minimizing the RMSEs be-
tween the model and market option prices, allowing parameters to
change weekly.'! In the HN model, the parameters change weekly, but
at time t, the conditional variance, h(t + 1), is drawn from the time series
of returns from the previous 252 days. Instead of calculating volatility
using historical return data in each iteration every week separately, our
model calculates the one-day ahead implied volatility by applying
Dumas et al. (1998) DVF mapping.

Table 4 presents the in-sample valuation errors from the weekly
estimation using option prices in the second half of each year for the
PBS, the updated HN-GARCH (restricted and unrestricted), and the
updated PHN (restricted and unrestricted) models. Both the PBS and (P)
HN models are estimated weekly using OLS and NLS, respectively. The
parameter estimates are the averages of the weekly estimates. The
RMSEs of the restricted PHN model are 0.929, 1.044, and 1.227
compared to 2.271, 2.161, and 3.80 for the restricted HN model in 2016,
2017, and 2018 respectively. Similarly, the RMSEs of the unrestricted
PHN model (unrestricted HN model) are 0.558, 0.753, and 0.919 (0.631,

11 HN (2000) argue that the improved in-sample fit of the PBS model might
stems from a more flexible functional form of Dumas et al. (1998) or from the
instability of the functional form of the GARCH process.
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Table 4
In-sample comparison of the BS, PBS, the updated HN, and updated PHN models.
RMSE a h 7 ® A Average Price Observations Time (Sec.)
2016 BS 2.300 9.47
Ad hoc BS (PBS) 1.228 11.83
HN-updated 2.271 7.5e-07 0.823 154.231 4.9¢-06 ~154.731 14.59 1415 24,791.82
¢ =0 (4.1e-08) (0.008) (0.617) (3.82e-07) (0.617)
HN-updated 0.631 1.3e-06 0.667 484.772 2.2e-07 —129.794 14.59 1415 59,129.71
(2.3e-08) (0.004) (5.846) (6.5e-09) (8.167)
Practitioner HN-updated 0.929 7.8e-08 0.979 - 5.1e-07 14.59 1415 693.21
i =0) (4.7€-09) (4.5e-05) (5.6e-09)
Practitioner HN-updated 0.558 6.8e-07 0.844 424.244 4.2e-07 14.59 1415 12,766.38
(1.4e-08) (0.004) (8.485) (1.4e-08)
2017 BS 2.193 9.47
Ad hoc BS (PBS) 1.162 13.06
HN-updated 2.161 2.0e-06 0.700 147.693 3.2e-06 —148.194 12.88 1469 5659.32
(r; =0) (1.4e-07) (0.010) (0.382) (1.6e-07) (0.382)
HN-updated 0.826 7.2e-07 0.683 619.139 2.1e07 —328.013 12.88 1469 57,044.06
(8.4e-09) (0.004) (6.114) (5.2e-09) (14.121)
Practitioner HN-updated 1.044 6.8e-08 0.979 - 2.7e-07 12.88 1469 688.80
G =0) (3.3-09) (0.4¢-05) (4.8¢-09)
Practitioner HN-updated 0.753 5.7e-07 0.796 525.667 2.4e-07 12.88 1469 9504.91
(9.5-09) (0.004) (5.190) (7.2e-09)
2018 BS 3.534 9.79
Ad hoc BS (PBS) 1.173 14.63
HN-updated 3.800 3.1e-06 0.764 150.380 4.6e-06 —150.880 18.147 1643 33,629.79
r; =0) (2.1e-07) (0.011) (0.441) (2.2e-07) (0.441)
HN-updated 0.870 2.6-06 0.619 379.623 3.0e-07 —122.829 18.147 1643 68,174.42
(8.7¢-08) (0.009) (4.320) (9.5e-09) (7.074)
Practitioner HN-updated 1.227 8.2e-08 0.979 - 7.9e-07 18.147 1643 686.09
i =0) (6.1e-09) (7.9¢-05) (2.0e-08)
Practitioner HN-updated 0.919 6.4e-07 0.876 399.719 7.2e-07 18.147 1643 7752.03
(1.4e-08) (0.003) (4.242) (2.0e-08)

In-sample valuation errors from the weekly estimation using option prices in the second half of each year (2016, 2017, and 2018) for the PBS, the updated HN-GARCH
(restricted and unrestricted), and the updated PHN-GARCH (restricted and unrestricted) models. The PBS and the GARCH models are estimated each week using OLS
and NLS, respectively. For the GARCH model, h(t + 1) is computed from daily historical (last 252 days) S&P 500 returns. The parameter estimates are the average of the

weekly estimates. Standard errors are in parenthesis.
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Fig. 2. Variation of A between HN and PHN models for updated weekly calibrations over July to December 2018 (every Wednesday) on the top. On the bottom, the
corresponding weekly RMSE of HN and PHN (and PBS) models over the same period.

0.826, and 0.870) in 2016, 2017, and 2018, respectively. In other words,
the updated PHN model shows the best in-sample fit to options prices
compared to the HN model in most cases.

HN argue in favor of the empirical stability of the parameters, a; (the
volatility of volatility) and y; (the skewness of returns) compared to the
other parameters, as the GARCH model fits the data well even with
constant parameters. However, 4, the market price of risk, varies widely
over time, as shown in Tables 2 and 3. Fig. 2 (top) also shows the

variation of 1 between the HN and PHN models for updated weekly
calibrations from July to December 2018 (every Wednesday). While 4 is
fixed at —1/2 in the PHN model, 4 in the HN model fluctuates widely
over time. We also plot (bottom) the corresponding weekly RMSEs of HN
and PHN (and PBS) models for the same period. In the HN model, the
GARCH dynamics assume a constant h(t + A), while 1 has been assigned
values different from —1/2 (even though 4 = —1/2 in the pricing part).
We replace the GARCH forecast h(t + A) by DVF mapping of Dumas
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Table 5
Out-of-sample valuation errors.
RMSE Average  Observations
(next Thursday of each weekly Price
Wednesday in-sample
calibration)
2016 BS 8.161 14.34 1426
PBS 1.762 14.34 1426
HN- 2.762 14.34 1426
updated
(r; =0)
HN- 1.837 14.34 1426
updated
PHN- 1.651 14.34 1426
updated
(n =0)
PHN- 1.429 14.34 1426
updated
2017 BS 8.348 13.06 1478
PBS 1.924 13.06 1478
HN- 3.096 13.06 1478
updated
(7 =0)
HN- 2.438 13.06 1478
updated
PHN- 1.819 13.06 1478
updated
(n =0)
PHN- 1.678 13.06 1478
updated
2018 BS 10.431 18.08 1640
PBS 3.298 18.08 1640
HN- 11.605 18.08 1640
updated
(1 =0
HN- 5.005 18.08 1640
updated
PHN- 3.380 18.08 1640
updated
(n =0)
PHN- 3.404 18.08 1640
updated

This table reports the average $ out-of-sample valuation errors year by year
(2016, 2017 and 2018). While the option values are computed every Thursday
(not the immediate next day of every Wednesday updated calibration but the
Thursday following the immediate next Thursday of each Wednesday (This is
fundamentally different from HN who considered consecutive Wednesdays for
in-sample and out-sample assessments. However most of the researchers in
finance prefer using Wednesday's for in sample and the next day’s (Thursday’s)
for out sample assessment. We avoid the immediate next Thursdays and consider
the following Thursdays, exactly a week later, for our out-sample assessment;
which is reflected in relatively higher RMSE’s out-sample compared to those
presented in Heston and Nandi (2000).)) in the second half of each year, the
GARCH (updated) model parameters are estimated in the previous week and
variance is computed using historical daily S&P 500 levels. For BS model a single
implied volatility is estimated across all strikes and maturities on every
Wednesday, while PBS is an ad hoc version of the Black-Scholes model with
strike and maturity specific implied volatilities. Same holds true for HN and our
PHN models. Like BS and PBS models, HN and PHN models are estimated every
week and then used to value options in the following week.

et al. (1998). This enables us to avoid dual value assignment of 1 to get a
single model price. Moreover, unlike keeping tomorrow’s volatility
forecast constant for all options over all maturities in the future, we
replace h(t + A) by option-wise (depending on maturity and strike) ad-
hoc estimates h2'T following Dumas et al. (1998). This process provides
more consistent pricing and reduces the calibration time significantly.
Thus, the PHN model is parsimonious, as the table’s last column shows.

3.4. Out-of-sample model comparison

Even though our proposed PHN model dominates in-sample, it is
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Fig. 3. Simulated Delta-Gamma hedging performance of different models for a
deep OTM call option. Models are calibrated on Wednesdays over July — Dec
2018; for hedging, the mean of the weekly estimates is used on January 3, 2019.
The spot was 2447.9. For this illustration, 1000 simulations are used for dy-
namic delta-gamma hedging error calculation. As a secondary instrument, a call
option with same maturity and K, = K; + 1 has been considered, where K; is
the strike of the option being hedged.

important to examine the predictive power of the model for out-of-
sample option prices. We examine the out-of-sample valuation perfor-
mance of all updated models and the BS and PBS models for the next six
months of each of the three years. The updated HN and PHN models,
including the BS and PBS models, are estimated weekly in the second
half of each year. For the PBS and updated HN models, the estimated
parameters from the current week are used to value options for the
following week. At each time, ¢, h(t + 1) is drawn from the daily history
of the index, including up to the first day in the index’s history used for
obtaining the in-sample estimates in the previous week. The BS, PBS,
and updated HN models only predict one week ahead. For the PHN
model, we obtain the aggregate out-of-sample pricing errors by aggre-
gating each Thursday’s out-of-sample valuation errors obtained using
each Wednesday’s in-sample estimates (obtained solely using options
traded on that Wednesday).

Table 5 reports the out-of-sample valuation errors for all models
across three out-of-sample periods. Similar to the in-sample results, the
BS formula fits worst out-of-sample. In contrast to HN, we find the PBS
model outperforming both the restricted and unrestricted HN models.
The RMSEs for the restricted HN model are 2.762, 3.096, and 11.605 in
2016, 2017, and 2018, respectively. The corresponding RMSEs for the
restricted PHN model are 1.651, 1.891, and 3.380, which are substan-
tially lower than the restricted HN model. The RMSEs for the unre-
stricted HN model are far lower than the restricted version, ranging from
1.837 in 2016 to 5.005 in 2018. However, the unrestricted PHN model
substantially outperforms the HN model out-of-sample. The RMSEs for
the unrestricted PHN model are 1.429, 1.678, and 3.404 in 2016, 2017,
and 2018, respectively. Thus, our findings show that the PBS is superior
to the HN models each year, but, out-of-sample, our proposed PHN
model outperforms the PBS model.

We stress an obvious downside of the PHN model, unreported, to
save space.'” As a non-structural approach, the PHN model is not robust
in its long-term out-of-sample forecast performance. Calibrating the
most used benchmark models using Wednesday option (market) prices
in-sample and assessing the out-of-sample performance next Wednesday

12 These results are available on request.
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Fig. 5. Delta and Delta-Gamma hedging performance of market options on January 3, 2019, of various strikes with increasingly out-of-the-money features. All the
options have 43 days to maturity. Models are calibrated on Wednesdays over July — Dec 2018; for hedging, the mean of the weekly estimates is used on January 3,
2019. The spot was 2447.9. For each option, we used 10,000 simulations in both dynamic Delta and dynamic Delta-Gamma hedging error calculation. In Gamma
hedging, as a secondary instrument, a call option with the same maturity and K, = K; + 1 has been considered, where K; is the strike of the option being hedged.

using Thursday option (market) prices show a clear dominance of PHN
over HN and PBS. Similarly, calibrating over a six-month window of
Wednesdays and then assessing the results over the next six-month
window of Wednesdays shows the average performance of the non-
structural PHN model compared to the HN model. Nonetheless, the
out-of-sample performance of the purely non-structural PBS model
assessed after a week is significantly improved when implemented with
the HN approach (i.e., the PHN model). In that sense, we could see the
PHN model as an improvement of the PBS model. Moreover, given its
dominating in-sample and short-term out-of-sample performance over
the HN and PBS models, the PHN model could become an attractive
model updated daily to establish its appeal in actual market valuation.
Indeed, people do not use even week-old estimates to determine the fair
prices of derivatives in day-to-day business.

4. Hedging with HN and PHN

Hedging analysis often provides another benchmark to assess rela-
tive model stability. An option with a particular strike price and matu-
rity can be hedged under different models using the model’s Delta and
Gamma, with the support of a secondary instrument, to obtain dynamic
hedging errors under that particular model. Hedging various market
options with increasingly out-of-the-money features for a particular
maturity and repeating the process for several different maturities re-
veals the relative robustness of market-based hedging. This section
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Fig. 6. Delta and Delta-Gamma hedging performance of market options on January 3, 2019, of various strikes with increasingly out-of-the-money features. All the
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2019. The spot was 2447.9. For each option, we used 10,000 simulations in both dynamic Delta and dynamic Delta-Gamma hedging error calculation. In Gamma
hedging, as a secondary instrument, a call option with the same maturity and K, = K; + 1 has been considered, where K; is the strike of the option being hedged.

conducts hedging experiments that confirm the PHN model’s usefulness
compared to the HN, BS, and PBS models.'®
HN argue that the call and put Delta in their model are given by

Acall = Pl and Aput = P1 - 1.
where P; is given by
1 e 'T [ K—id) (7 1
g [ R g 20)
St Jo i}

The Gamma for both calls and puts can be obtained by differentiating
Eq. (14) with respect to S:

_dp e [ “f (i + 1)
== [ gy
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In the case of PHN, unlike keeping tomorrow’s volatility forecast
h(t+ A) constant for all options over all maturities in the future (as in
HN), we replace h(t + A) in f(p) option-wise (depending on maturity
and strike) ad-hoc estimates of Dumas et al. (1998).'% The same applies
in the case of PBS and BS hedge factor computations. It is worth noting
that the practitioner’s approach for PHN and PBS fundamentally differs
from the original approach for HN and BS. In the practitioners’ approach
to hedging, every option considered for hedging on a given day will have
its maturity- and strike-wise option implied volatility used in delta and
gamma calculations to price it. However, in the non-practitioner’s
approach, all options considered for hedging have a common asset
volatility used in Delta, Gamma computations, and pricing. This leaves
the hedging performances of practitioner’s and non-practitioner’s ap-
proaches significantly different, despite applying the same evolution of
risky or statistical dynamics for simulating underlylng prices under the
practitioner’s and non-practitioner’s approaches.'”

The rationale for the practitioner’s approach to hedging is that the
day the hedging analysis takes place, it takes place after all derivative
trades are completed. So h(t + A) is attainable following the method of
Dumas et al. (1998) as hﬂVZ, with all derivative contracts traded on day
t. We further assume that the GARCH simulation of volatility, including
the price evolution until the maturity day of the option being hedged,

13 It uses naive Monte Carlo simulations to hedge using options of various
maturities and moneyness.

14 We then call it fpun (@) which is defined by Eq.16.

!5 With different starting values in simulations as explained in next paragraph.

10

starts with the initial h(0) = h'% in the PHN approach, and h(0) is the

daily volatility forecast (from Table 1) that corresponds to nine years of
return data in HN hedging (i.e., in the non-practitioners approach). In
other words, the simulation starts with the assumption that right from
day one, HN h(t) and PHN h(t) are different. We assume the same for
both BS and PBS models.

Our hedging experiments consider two sets of market calibrations.
One set from Table 1 describes the price evolution of risky assets, the
other is the risk-neutral one, as in Table 4, used in pricing derivatives
and computing hedge factors. However, there are substantial differences
in hedging experiments between HN and our PHN models. From the day
of hedging up to the day of maturity of the option being hedged, HN
hedging considers the daily evolution of stock price and volatility ac-
cording to the risk dynamics described by the parameters in Table 1.'°
Still, the rebalancing process through Delta-Gamma and option prices
are based on the risk-neutral parameters in Table 4. However, in the case
of PHN hedging, the stock prices evolve as in HN, but the rebalancing
process through Delta-Gamma and option prices takes place with risk-
neutral parameters in Table 4 together with h(t), which specifically
evolves for the options in hedging (with adjusted time remaining until
maturity on each day) according to the Dumas et al. (1998) formula.
This process uses regression coefficients from fitting all traded options
on the hedging day.

First, for delta hedging, the hedging portfolio at time t composed of a
short position in an option, long in A#9(t) number of shares, and an
amount in a risk-free bank account. The hedge is rebalanced at times t +
At by purchasing (AHO(t + At) — (AFO(t)) shares. Thus, the dynamic
delta hedging profit loss (PL) is calculated as (see Forsyth (2022),
Armstrong (2017), Joshi (2003), Taleb (1997))17:

16 Risk neutralization in particular, and through the Girsanov transformation
in general, is a mean correction and is assumed to leave volatilities under both
measures same.

17 The hedging literature is very advanced, especially including the studies on
option portfolios instead of individual option positions. However, as we focus
on the practitioner’s version of hedging, we need to demonstrate the difference
by running the hedging experiments option-wise with various maturities and
moneyness for which Dumas et al. (1998) volatilities can be extracted indi-
vidually. Instead of designing an option portfolio hedging experiment, we
hedge all market options (ATM, ITM and OTM) on a given day, 3RD Jan’ 2019,
separately for three different maturities (15, 43 and 71 DTM’s) in the market.
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PL(t+ Ar) instruments, we use options with similar characteristics as the primary

= PL(t)e"™ — stock purchase cost for next hedging period of length/ Al (22) options being hedged (HO). Still, the strike of the secondary instrument
=PL(1)e" — ((A"(t+ A1) — (A"°(1)) S(t+ A1) option (K2) is considered one more than the strike of the primary option

being hedged (K;), i.e., Kz = K; + 1. The hedged option, HO, has

where HO stands for hedged option. For each simulation or each final maturity T, and the secondary instrument used in hedging, SI, is the call
PL(T) we obtain the market value of the delta-hedged portfolio at option with the same maturity, T. Fig. 3 shows the relative hedging er-
maturity T as: rors of delta-gamma hedging for 1000 simulations corresponding to an

OTM option. Models are calibrated on Wednesdays over July — Dec
M(T) = Bank balance(i.e.PL(T) ) + asset — liability 2018. For hedging, the mean of the weekly estimates is used on January
= P(T) + A"O(T — Af)S(T) — max{S(T) — K ,0} (23) 3, 2019. The spot was 2447.9. We find excellent hedging performance of

the PHN model in simulation.

Figures 4-6 show the RMSE of delta and delta-gamma hedging errors
for various market options on January 3, 2019, corresponding to options
with 15 (Fig. 4), 43 (Fig. 5), and 71 (Fig. 6) days to maturity. Models are
calibrated on Wednesdays over July — Dec 2018. For hedging, the mean
of the weekly estimates is used on January 3, 2019. The spot was 2447.9.

Second, for delta-gamma hedging, we further need long position in a
secondary derivative instrument (SI). This secondary instrument has
different strike with the same maturity or higher than HO. The delta and
gamma of HO and SI are denoted by A™°, I'"°, and I'". Thus, the dynamic
delta-gamma hedging profit loss is calculated as follows'®:

PL(t+ At) = PL(t)e"™ — stock purchase cost for next hedging period of length At

—secondary instrument purchase cost for next hedging period of length At = PL(t)e™ 24)
—( [ A"O (¢ + A1) — max( min I+ an 100 ), — 100 ) AS (¢4 Ar) ) — | A7O() — max( min rw 100 ), —100) A% (1)) |S(z+ A1)
FSI(I + At) ’ ’ FSI(t) ’ ’
70t + At ot
—( max( min % 100 ), — 100 | — max( min g,—() 100 ), — 100) ) SI(t + Af)
(¢ + Ar) (r)

Hedging errors increase as the contracts become increasingly out-of-the-

where SI stands for the secondary instrument used in hedging, which money (OTM) in all three cases with three different maturities. Overall,
could be an option'® with a different strike with the same maturity or delta hedging is much worse than delta-gamma hedging in all cases. The
higher than HO. Now we are ready to simulate M possible profits or wide variations of A (the market price of risk) can be so large that the
losses arising from hedging any option with maturity T, ie., average estimates for updated unrestricted versions of HN offer poor
{ PLi(T) i=1... M}. For each simulation, i.e., for each final PL(T), we forecasting performance, as evidenced by the hedging graphs (Figs. 3, 4,
obtain the market value of the delta-gamma hedged portfolio at matu- 5, and 6); and PHN provides a solution.

rity T as

HO

M(T) = Bank balance(i.e.PL(T) ) + asset — liability = P(T) + [AHO(T — At) — max <min (H, 100> ) — 100> AS(T — Af) ]S(T)

(T — Ar) (25)
+ [max (mm (m , 100) , - 100> } SI(T) — max{S(T) — K ,0}
5. Conclusions

We compute the relative hedging error (RHE) for each simulation as The Practitioner’s Black and Scholes model of Dumas et al. (1998)
follows: and the closed-form GARCH option pricing model of Heston and Nandi
o (2000) remain two popular approaches in the derivatives literature.
RHE = L(T)_ (26) Their complementary strengths are combined in this article to offer
market price of HO another model for obtaining more accurate prices. Better prices for the
The RMSE of hedging is then obtained as: PHN model are obtained much faster than with the HN model, and PHN
reduces the data requirement of implementing the HN model by half.
RMSE — Zfi \RHE? @7 PHN most often outperforms both HN and PBS models, both in- and out-
- V M of-sample. The main reason behind the improved performance for PHN

is its flexibility to incorporate option-wise future multi-period ahead
market volatilities into current pricing instead of using a single one-
period ahead asset volatility for all options. Such option-wise volatility
yields better hedging performance for the PHN model, as hedging
market options show that the PHN hedge factors ‘delta’ and ‘gamma’
'8 Use of ‘max’ and ‘min’ operators are simply to avoid possible blow ups due yield lower delta and delta-gamma hedging errors for options positions

to possible small gamma values. irrespective of moneyness and maturity. The PHN model is essentially
19 Or possibly other instruments.

We use 10,000 (M = 10,000) simulations in the RMSE calculation for
each option. In the case of delta-gamma hedging as secondary hedging

11
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the practitioner’s version of the HN model, but it also offers a way to
improve the performance of the PBS model. Since any model that out-
performs PBS sets a new benchmark, the PHN model offers a new
challenging benchmark for future researchers.

Data availability
Data will be made available on request.
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