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Abstract

This dissertation examines the finiteness of the algebraic invariants n (M) and
64(M). These invariants, based on the ratio of length and multiplicity and the
ratio of Loewy length and multiplicity respectively, are studied in general and under
certain conditions. The finiteness of 64 (M) is established for a large class of algebraic
structures. n4(M) is shown to be finite in the low dimensional case as well as when
we restrict our attention to special sets of ideals. Also considered in this dissertation
are equivalent conditions for the local case to be bounded by the graded case when
evaluating na(M).



1ii

0.1 Dedication

This dissertation is dedicated to the memory of Professor Wolfgang Vogel. Professor
Vogel inspired my leap into the field of mathematics and his constant enthusiasm
and encouragement kept me going. During my three and a half years working with
him, Professor Vogel was always positive and optimistic about mathematics and
life in general. He was always available to talk with me and he introduced me to
people from all over the world. I feel truly lucky to have had the opportunity to
know Professor Vogel and to work with him. His contribution to mathematics and
his ability to inspire his students are just two of the legacies he has left behind.
Wolfgang Vogel was a great mathematician and a truly great man, he will be deeply
missed.



v

0.2 Acknowledgements

I would like to thank the following people who have helped during the completion
of this dissertation:

e Dr. Kee Teo, who has been there for me through the entire process. Thank
you for your help and encouragement.

e Dr. Lé Tuan Hoa, who took over the supervision of my research during a
difficult time and showed me a way of proceeding. My thanks go to you for
pushing me to work harder and for all the help you have given me.

e Professor Jiirgen Stiickrad, who invited me to Germany and gave freely of
his time and hospitality. Many thanks also to the whole Stiickrad family for
making us feel most welcome.

e Shirley Duff, who supported me through the hard times and pretended to be
interested when I tried to explain what I was doing. Thank you for bringing
me such happiness during the last nine years.

e The mathematics departments at Massey University and Universitat Leipzig,
for providing me with a place to work within a friendly atmosphere. Special
thanks go to Tammy, Chris, Mark, Anton and Joo who helped to make the
process more enjoyable.

e Andreas and Dagmar Vogel, who continue to support me with their kindness
and friendship.

e Mum, Dad and Dan, who have always been there for me. Thank you for all
your support both emotionally and finanically.



Contents

0N DEdication . . . . . cosmmnE s aa RS A ER PSS e S

0.2 Acknowledgements . . .. .. ... ... ... ... ...
1 Introduction

1.1 Motivation . . . . . . . . . . e e

o2y DMaingfiesulisy 53 s r v sr F I P AR TR PP B R AT R D

13F ACOMECTITE . o s s o 2% & 5 8 8 LM & S € E o 9w ®nww oo

2 Preliminary Results

2.1 Notation and Key Definitions . . . . ... ... ... ... .....

25k DINEHSION-. . . . . s w s s xcm s g b s nEE RS & T Ea s

2.1.2 Blowing-uprings . . . . . . . ... ...

2008 QUasiTNMIXedNESS = « 5 5 < s =« s e B B s G BLE & v % %
2.2 M NotejonLefighlls . . . s suwv s s v s s s mus s m o % 45 % as
2.3 A Note on Multiplicities . . . ... ... .. ... ... .......
24 na(M)and 0a(M). . . . . ..

3 The graded case

3 OUaSiUNMINCHRESS. w « x « % o & o & wus & 5 % %D ¥ G0E DI W E H
3.2 Initialideals . . . . . . . . . . ...

4 Boundness of n4(M)
4.1 Lowdimensionalcase . . . . . . . . . . . . o
4.2 Parametersideals . . . swswi s ain @i o st 4% 855 a8 4

5 Loewy Length and 64(M)

5.1 The Loewy length . . . s inw s nom v m e v o % o w m e @ mom s 5 & 9
5.2 Necessary conditions . . . . . . . . . ... ...
598 Boundednesg of0a(Ml s 4 s G RERRFE B e m G4 a @RE &

Bibliography



Chapter 1

Introduction

1.1 Motivation

The purpose of this dissertation is to examine the quotient between length and
multiplicity. Both of these algebraic concepts have been known about for a long
time. The study of the relationship between these two basic notions leads to several
interesting theories in Commutative Algebra. For instance, the theory of Cohen-
Macaulay local rings stems from this study as does the theory of Buchsbaum rings.
Cohen-Macaulay local rings are defined to be local rings, A4, such that ¢(A/q) = e(q)
for all parameter ideals q in A.

During the search for a correct intersection multiplicity for use in Bezout’s The-
orem, D. Buchsbaum posed the following problem:

Let A be a local ring and let q be a parameter ideal of A. Is the difference

{(A/q) — e(q)

independent of q?

W. Vogel gave a counter-example to this problem [29] and starting from this
counter-example J. Stiickrad and W. Vogel have founded the theory of Buchsbaum
modules (see the Introduction of [24]) in the seventies. This theory is considered to
be one of the major developments in the field of ring theory in the last 30 years.

Now comes the question of why the study of the quotient between the length and
the multiplicity is of interest. The motivation behind this question comes primar-
ily from [9] by again analysing several of the generalisations of Bezout’s Theorem
given by W. Vogel and his colleagues (Stiickrad, Flenner and others). In [30] W.
Vogel asked whether the degree of the intersection of two projective varieties can
be bounded above using the degree of these varieties. This finally leads to the
consideration of the ratio

¢(A/a)/e(a),

where q is a parameter ideal.
In order to move from the study of a ratio to the study of an algebraic invariant
the authors of [16] made the following definition:

n(A) = sup{la(A/a)/e(q; A)}
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where the supremum is taken over all primary ideals q of A. Some initial steps
towards establishing the finitness of this invariant were made but for the general
case no statement could be made regarding the finiteness.

The next steps in the examination of the above ratio and its corresponding
algebraic invariant appear in [25]. Here the definition is extended to the module case
and the restriction to ideals generated by systems of parameters is also considered.
Theorems 1 and 2 of [25] give strong conditions on the finiteness of the invariant and
its connection to the quasi-unmixedness of the algebraic structure being considered.
It has also been proved that in the graded case the invariant constructed using
homogeneous parameter ideals is always finite. While this answers the question of
finiteness for a large class of algebraic structures the non-parameter cases and the
non-graded parameter case are still open problems. It should be noted here that C.
Lech has already obtained a lower bound for n(A) in the local, non-parameter case
([14)).

This brings the consideration of this ratio to the present day and this disser-
tation. The aim of this piece of work is to answer some of these open problems
and to expand the pool of knowledge about the related invariants. While there are
still open problems in this area a deeper understanding of the structure of these
problems has been attained. This coupled with the introduction and examination
of a new invariant based on the ratio of length and multiplicity forms the basis of
this dissertation.

1.2 Main Results

Before beginning on these results it should be noted that the reference number
for each theorem has the following format: Chapter. Section. Placing within the
section.

The main results in this dissertation can be grouped into two main areas. Those
dealing with the length of an ideal and n4(M), and those dealing with the Loewy
length of an ideal and 64(M ). Both the length and the Loewy length are introduced
and discussed in chapter two.

Before describing the results based on n (M) and 64 (M) there is a more general
result that should be mentioned. This result comes from the attempt to bound
na(M) in the local case by ng,,(4)(Gm(M)), where G, (M) is the associated graded
module of M over the associated graded ring G,(A) of A. We show that under
certain conditions the finitness of these invariants are equivalent. For simplicity we
only give the result in terms of local rings.

Theorem 1.2.1 Let A be a local ring. Then ng < oo if and only if there ezists
agq < 00 such that

e(inym(q); Gm(4)) _ -
e(q; A) B

for all m-primary ideals q of A, and ng,4) < ©
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For the case of a quotient of a polynomial ring R modulo a homogeneous ideal I
we can characterize the finitness of ng/; in terms of boundness of the ratio between
certain multiplicities.

Theorem 1.2.2 Let R = k[X,,...,Xn] and let I C R be a homogeneous quasi-
unmized ideal of R. Let lt(I) denote the leading term ideal of I. Then

(1) mRrir > R,
(i) There is agyr < oo such that
e(lt(q + I); R/U(T))
. < agyr
e(q; R/T)

for all mg-primary ideals q if and only if ng/r < co. In this case

Nnr/r < QR/IMR/I(T)-

Under what conditions is the invariant n 4(M) finite? This question provides the
motivation for the next two results. The first of these looks at the low dimensional
case.

Theorem 1.2.3 Let A be a local ring such that A/m is infinite. Let M be a quasi-
unmized A-module such that dimA = dimM =: d. Now if dimA < 3 then n4(M)is
finite.

When dim A > 4 we still have no answer. However, if we restrict ourselves to
the class of parameter ideals q, then we get a positive solution:

Theorem 1.2.4 Let (A, m) be a local ring. Then
sup{€a(A/a)/e(q; A)la € S} < o0

where S := {q = (z1,...,z4) C m} such thatz3,...,z} form a system of parameters
of Gm(A).

The theta invariant, 6 4(M), is bounded above by n4(M) and strongly connected
to ny(M). Easy examples show that 6,(M) << ns(M). Hence the following result
is stronger than Theorem 2 of [25].

Theorem 1.2.5 When M is a (graded) A-module, where A is a local ring (or a
graded k-algebra), then if 64(M) is finite it follows that M is a quasi-unmized mod-
ule.

The finiteness of §4(M) would strongly support the conjecture that n,(M) is
also finite. The main result of Chapter 5 gives a positive answer for this problem
for a large class of rings.

Theorem 1.2.6 Assume that A is a local ring containing an infinite field. Let M
be a quasi-unmized A-module with dimM = dimA. Then 04(M) is finite.

These results go a long way towards establishing a deeper understanding of the
nature of the invariants n4(M) and 84(M). The proofs of all of the above theorems
are included, in detail, in the following chapters.
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1.3 A conjecture

The motivation for studying this topic stems from trying to prove the following
conjecture (see [25], p. 14):

Conjecture 1.3.1 Let A be a local ring and let M be a quasi-unmized A-module.
Then na(M) is finite.

While this conjecture remains unproven the main results in this dissertation,
as well as earlier work on this topic, have shown that this conjecture is true for a
large class of algebraic structures. That is, strong support for the above claim has
been shown. Consequently we have extended knowledge in this area and provided
motivation for ongoing research on this topic.

Chapter two introduces the notation and definitions we will require. It also
states some of the well-known results that are needed to prove some of the results
in chapters three, four and five.

Chapter three considers the graded case. The quasi-unmixed property is studied
with respect to its preservation when passing to the graded case. We also show
that we can restrict ourselves to the case of integral domains and find conditions for
NGm(4)(Gm(M)) to bound n4(M). Also considered are initial ideals and the Bayer
deformation.

Chapter four looks at n4(M) and its finiteness. We begin with the low dimen-
sional case. Finally we consider the restriction to parameter ideals and obtain a
new proof of Theorem 2 of [25].

Chapter five examines the Loewy length and the invariant 84(M). The finite-
ness of this invariant is considered and some necessary conditions are constructed.
Finally, by inserting additional assumptions, the finiteness of 84(M) is established.



Chapter 2

Preliminary Results

The purpose of this chapter is to establish the notation that will be used in the
rest of this dissertation. As well as this there are a number of well known results
which are referred to quite frequently in the following chapters. These, along with a
reference indicating where a proof may be found, are also included in this chapter.
For the sake of completion definitions of most of the key terms are also stated. The
reader should note that while most of the terminology used is defined here a certain
level of understanding of abstract algebra is assumed. For those interested in the
definitions of terms not stated here please refer to [23], [8] or [15].

It should be noted here that the symbols C ,D , < and > will be used to denote
a strict inclusion or a sharp inequality respectively. When equality can occur the
symbols C ,D ,< and > will be used.

2.1 Notation and Key Definitions

Throughout this document (A4, m) will denote a local ring A (usually Noetherian)
with maximal ideal m and residue class field A/m = k unless stated otherwise.
While we have some results that are concerned only with such local rings, in general
we will be dealing with A-modules which will usually be denoted by M. M will
always be a unitary, finitely generated module over A. The main results of the early
papers on this topic (eg. [25]) and the results in chapters three, four and five tend
to deal with two separate cases: the local case where A is as defined above and the
graded case. In the graded case A will denote a graded k-algebra with the maximal
homogeneous ideal m. Here a graded k-algebra means a standard graded k-algebra,

that is
AZ=A0@A1®AQEB"'
where Ay = k is a field and A is finitely generated by A;. Whenever the graded

case is different to the local case it will be clearly stated. It is also assumed, unless
stated otherwise, that A/m is always an infinite field.
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2.1.1 Dimension

Denote by Spec(A) the set of all prime ideals of A. We now make the following
definition:

Definition 2.1.1 The supremum of the lengths r of all strictly decreasing chains

Po O P12 OPr

where p; € Spec(A) for all i is called the Krull dimension or simply the dimen-
sion of A. It is denoted by dimA.
For p € Spec(A) the supremum of the lengths of strictly decreasing chains of
prime tdeals
P=PoOP12 - DPr
is called the height of p and denoted by htp. Also the supremum of all the lengths
of strictly increasing chains of prime ideals

P=PoCP1C--CPpr
is called the coheight of p and denoted by cohtp.

Note that
(2) htp = dimA,
(12) cohtp = dimA/p
(131) htp + cohtp < dimA.

Also we have that if £ € m and z is a non-zero divisor of (A, m) then
dimA/z- A =dimA -1,

(Proposition 20 in Section 4.9 of [19]). Extending this result somewhat gives:

Result 2.1.2 Let (4, m) be a local ring and let z,,...,24 € m. Then

dimA —d < dimA/(z,,...,z4) < dimA.

Also dimA/(z1,...,z4) = dimA — d if and only if z,,...,z4 are all different and
form a subset of a system of parameters (see the following notes) for A.

See Proposition 15.22 of [23] for a proof.

Denote by Ann M := {z € A|z-M = 0} the annihilator of M. Now dim M :=
dim(A/Ann M).

This leads us to the consideration of m-primary ideals and systems of param-
eters. An ideal q of A is m-primary if m®™ C q for some n € NT. The set of
primary ideals of A will play a major role in the following chapters mainly because
of their connections with lengths (see Section 2). Now suppose that dimA = d. If
T1,...,T4 are d elements of A such that (zy,...,z,) is an m-primary ideal of A
then z1,...,z4 are called a system of parameters of A and the ideal (z,,...,z,)
is called a parameter ideal of A. Note that for any local ring there always exists
a system of parameters.
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2.1.2 Blowing-up rings

We have already introduced the concept of a graded k-algebra but there are other
graded algebraic objects that we will require later on. The first of these is the Rees
algebra of A with respect to an ideal I of A. This is defined to be

R/(A) = T

i>0

for some indeterminate T. R;(A) is a graded A-algebra. If A is a k-algebra then we
can regard R;(A) as a k[T)-algebra.

Another graded structure with ciose links to the Rees algebra is the associated
graded ring of A with respect to I. This is defined as

Gi(A)=A/IeI/’e?/|Pe--.
and if R;(A) is a k[T)-algebra then
R;(A)/T - R;(A) = G1(A)

(Section 6.5 of [8]). Passing from (A,m) to G(A) is a good way of getting from
the local case to the graded case without losing all the properties of the initial ring
A, eg. dimA = dimGp(A) (Theorem 13.9 [15]). This structure can be extended to
the module case by modifying the definition to

Gi(M):=M/I M&I-M/I* M&---.

This is the associated graded module of M with respect to I.

Note that for a graded module M = @ M;, elements in M; are called homogeneous
elements of degree i. M; is also denoted by [M];.

We have already noted that certain properties are preserved when passing to
the associated graded ring but a natural question to ask would be what happens to
ideals in A or M when we pass to G;(A) or G;(M). For this purpose initial forms
and initial ideals are introduced and defined as follows. If f € I* - M\I**! . M,
then

ing(f) = f modulo I'*'-M e I'- M/I"*' - M C G(M)

is the initial form of f. If N C M is a submodule of M then

inf(N) = (ini(f)| f € N)
=(N+I-M)/I-M&(N+I*- M)/I>? M&---

is the initial module of N.
We should note here that in the case where M = A and f,g € A we have

ing(f) +ini(g) = ini(f +g) or ini(f) +ini(g) =0

when in;(f),in(g) € I' - M\I**! - M, and

ing(f) - ins(g) = ins(f - g) or iny(f)-ini(g) = 0.
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This follows as, if we set G; = I' - M\I**! . M, then
Zn[(f) =fa7'n1(g) :g € Gi-

So ins(f) +inr(9) = f + 9 € G; by the definition of a quotient module. Clearly,
f+ g €I M so if we assume that f + g & I'*! - M then

inr(f +9) = f +g=1in(f) +ins(9) € Gi.
Now suppose that f + g € I'*! . M so that

f+g=0€a,;.

Hence in;(f) + ins(g) = 0.
We note that in general in;(f + g) # 0.
Now suppose that f € It - M\I**'- M,g € I - M\I’*! M.

ing(f) - ing(g) = F- g € Giy;

by the definition of quotient modules. Clearly, f g € I*+3 *M, so assume that
f-g & I'"*1 M and consequently

ing(f-9)=F-g= ing(f) - inr(9) € Giyj.
Suppose that f - g € I**7*1 . M so that f-g =0 € Gi;; and
ing(f) -inr(g) = 0.

(See Exercise 5.1 of [8].)
So if I, J and K are ideals in A then

ing(J) +ini(K) C inr(J + K)

and

ing(J) -ing(K) Cing(J - K).
The following is well known (see Exercise 5.3 of [8]) however no proof could be
found. Hence a proof is included bere for the sake of completion.

Lemma 2.1.3 Suppose J C I are ideals in A. Then
G1(A]J) = G1(4) fins(J).

Proof: We want to construct a surjection, or an onto map, ¢ between Gr(A) and
Gr(A/J).

Note that G](A/J) = G[/_](A/J)
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Also Gy (A/) = (A+T)/(I+ )& T+ J)/(I*?+J)D---. Define ¢ as follows:
p:Z={c+I™|zel"}yT=x4 (" +J).
It is straightforward to check that ¢ is a surjective homomorphism. We have

kCT‘((p) = {.'i' € In/[n+1 | (p(j) = In+1 + J}
—{ze I g e ™ 4 )
=+ Ie+)/e--
=n;(J).

Therefore, applying isomorphism theory, ¢ is an isomorphism from G(A)/in;(J)
to GI/_](A/J) So
Gr(A/J) = Gr(A)/ing(J).

O

2.1.3 Quasi-unmixedness

The notion of an exact sequence will be used extensively in the proofs in chapters
three, four and five so it is defined here for the convenience of the reader. If M, M’
and M" are A-modules then the sequence of A-modules and homomorphisms

M 2 M M
is said to be exact when Im(v)) = ker(¢). The sequence
0o M L M- M —0
is called a short exact sequence if each pair of consecutive maps is exact. That
is, if 1 is an injection, ¢ is a surjection and Im(y) = ker(y).
As mentioned earlier Spec(A) is the set of all prime ideals of A. We now want

to define some other sets of prime ideals and show how they relate to one-another.
If M is an A-module then

Supp(M) := {p € Spec(A) | Mp # 0}

where M, = {m/p | m € M, p ¢ p} is the localisation of M at p. The notion
of localisation is clearly defined and described in Chapter two of [15]. Supp(M) is
called the support of M. If we have

p=ann(z)={a€ A|a-z =0}

for some z € M then p is called an associated prime ideal of M. The set of
associated prime ideals of M is denoted by Ass(M). Note that if

0M=M1I"1---|’“|Mr
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isan irredundent primary decomposition of 0in M then Ass(M) = {py,...,p-}
where Ass(M/M;) = {pi} (that is, M; is p;-primary) (Theorem 6.8(ii) [15]). Finally
we define

Assh(M) := {p € Ass(M) | dimA/p = dimM}.

From Theorem 6.5(ii) and (iii) of [15] we see that
Assh(M) C Ass(M) C Supp(M) C Spec(A)

and the minimal elements of Ass(M) and Supp(M) coincide. With these definitions

in place we can now define three classes of A-modules. We follow [18] ( pages 124 and
82) for these concepts. An A-module M is said to be equidimensional if dimA/p =
dimM for all minimal prime ideals p € Supp(M). That is, if min.Supp(M) =
Assh(M). M is said to be quasi-unmixed if M is equidimensional. Here M is
used to denote the completion of M with respect to some m. Finally, M is said
to be unmixed if dimA/p = dimM for all prime ideals p € Ass(M). That is, if
Ass(M) = Assh(M).

It turns out that the quasi-unmixed case and the equidimensional case coincide
when A is graded. To show this we need to introduce some further concepts.

Definition 2.1.4 Let A be a ring. A is a catenary local ring if for any two prime
ideals p and p’ of A with p C p', there exists a chain of prime ideals

!

P=poCp1C---CpPn=P

such that:
(1) there is no prime ideal strictly contained between any two consecutive terms;
(i1) all such chains have the same (finite) length.

Lemma 2.1.5 Let A be a catenary domain. Now
htp - cohtp = dimA
for any prime ideal p of A.

Proof: By definition coht(0) = dimA/(0) = dimA and (0) is prime as A is an
integral domain. Let p be any prime ideal of A. Since A is catenary we can
construct chains of primes

0 CcpiC---Cp,CP

PCPr1 C - CPrps =m,

So,
0)CpP1C - CPrCPCPr41C " CPrys =M

and this chain is maximal. Hence

T + s = coht(0) = dimA
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and
T+ s = htp + cohtp

so that
dimA = htp + cohtp.

O

Definition 2.1.6 A Noetherian ring A is universally catenary if every finitely
generated A-algebra is catenary.

Recall the following:

Lemma 2.1.7 (i) A quotient ring of a (universally) catenary ring is again (uni-
versally) catenary. (i1) A complete Noetherian local Ting is the quotient of a regular

local ring. In particular it is universally catenary.

Proof: The first statement follows immediately from Definitions 2.1.4 and 2.1.6.
For the proof of the second one see Theorem 29.4(ii) of [15].

O

Lemma 2.1.8 Let A be a graded k-algebra and let M be a graded A-module. Now
M is quasi-unmized if and only if M is equidimensional.

Proof: Let A be a standard graded k-algebra. Since min.Supp(M) = min.Ass(M)
and AnnaM = Anny M, M is quasi-unmixed if and only if A/Ann 4 M is also quasi-
unmixed. Hence without loss of generality we may assume that M = A. Theorem
18.17 of [11] shows that A is quasi-unmixed if and only if A is equidimensional and
universally catenary (see Definitions 2.1.4 and 2.1.6).

Refering to page 93 of [15] we see that A is the quotient of a polynomial ring.
That is,

ANEK[X,..., X)/I

for some homogeneous ideal I.

Since k[X1, ..., Xp] is universally catenary (by Lemma 2.1.7(ii)) it follows that
A is also universally catenary (Lemma 2.1.7(i)).

Therefore the equidimensional and the quasi-unmixed properties coincide in the
graded case.

O
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2.2 A Note on Lengths

To begin with we need to define what is meant by the length of an ideal in a ring.
Firstly an A-module M is called simple if M # 0 and it has no submodules other
then 0 and itself. It follows that all simple A-modules are isomorphic to A/m. Now

construct a chain
M=MyDM; D---DM,.=0

of submodules of M. This chain is called a composition series of M if M;/M;,
is simple for all z = 0,...,7 — 1. If such a composition series exists then its length
r is an invariant of M. That is, any composition series of M will have length r.

Definition 2.2.1 If M is an A-module with a composition series as above then r is
called the length of M and is denoted by £4(M) = r. If no such composition series
ezists then £4(M) = oo.

In order for M to have finite length it is a necessary and sufficient condition that
M is both Noetherian and Artinian. That is, M satisfies both the ascending and
descending chain conditions for modules (Proposition 7.36 [23]).
In most cases we will only be concerned with the lengths of the quotient modules
M/q- M of M where q is an m-primary ideal of A. In this case £4(M/q- M) < oco.
We now need to know some of the properties of lengths.

Lemma 2.2.2 Suppose My, M,, ..., M, are A-modules of finite length. Then if
0——o M —My,—---— M, —0
s ezact we have "
;(—1)i La(M;) = 0.
Proof: See Theorem 20 of Section 1.12 of [19].
O

This result yields the usually more useful following statement. If M;, M, and
M; are A-modules of finite length and

00— My, — M; — M; —0
is a short exact sequence then
g,{(ﬁv{g) = EA(Ml) + EA(JHVI;;)

The following lemma illustrates another reason why passing to the associated graded
ring of A is a very useful technique.

Lemma 2.2.3 Let (A, m) be a local ring and let Gm(A) be the associated graded
ring of A with respect to m. Let q be an m-primary ideal of A and in(q) the initial
ideal of q in Gp(A). Then

la(A/q- A) = £4(Gm(A)/ina(q) - Gm(A)).
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Proof: Since Gm(A)/ina(q) -Gm(A) =2 Gm(A/q- A) (Lemma 2.1.3) it follows that
lA(Gm(A/q - A)) = £a(Gm(A)/ina(q) - Gm(A)).
Set v:= A/q - A so that
Gm(y)=7/m-y&m-y/m* - y&---@m*!.4/0

for some k >> 0 as m* - v = 0 because < has finite length. This follows from the
fact that q is m-primary in A. Gm(y) is an A/m-vector space so

24(Gm(7)) = Zpoodim(m™ - y/m™ . )

meo EA (mn i ,//mn+1 A ’)’)

=La(y/m-9) + La(m- y/m? ) + -+ + La(m**T - y/0)

=Lla(y) —la(m-v) +La(m-7) = Ly(m? - 7) + - -
+L,(m*Fh ) — £4(0)

= La(y) — €4(0)

=2a(7)

Therefore £4(A/q+ A) = £4(Gm(A)/ina(q) - Gm(A)).

Note that this result is equally true for an A-module M and Gm(M).
In this section we also want to introduce the notion of the Loewy length.

Definition 2.2.4 Let M be an A-module and let q be an m-primary ideal of A. The
Loewy length of M/q-M is the smallest positive integer t such thatm*-M C q-M.
It is denoted by ¢4(M/q - M).

The name Loewy length was first introduced in [27] (page 162) and some of its
properties are examined as well. Applying the definition of m- primary ideals we
see that 24(M/q- M) < oo.

Remark 2.2.5 Note that if £4(M/q- M) = t, then we have a chain
0O=m'-M/q-MCm*™ - M/q-MC---CM/q-M.
Taking a saturation of this chain to get a composition series of M/q- M we see that
e(M/q- M) < {M/q- M).
Also, if N is a quotient module of M then £4(M/q- M) > ¢4(N/q - N).

Example 2.2.6 Suppose A = M = k[[z, y]] and consider m™ for some n € N*.
Clearly
mn-—l g mn
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and

Thus ¢4(A/m™) =n.
The chain

is saturated so £(A/m™) = 2n.
Therefore we can see that

¢4(A/m™) << £(A/m")

ifn>1.

2.3 A Note on Multiplicities

Following the notion of the length of an ideal in a module our next most important
concept is that of the multiplicity of an ideal with respect to a module. Referring to
[24] we introduce the notion of muliiplicity by examining Hilbert-Samuel functions
and their associated polynomials.

Let M be a (graded) Noetherian A-module of dimension ¢t > 0 where A is a
local ring (or a graded k-algebra). Let q be an m-primary ideal of A so that
24(M/q- M) < oo (see section 2). The Hilbert-Samuel function is now denoted
by Pq,m(n) and defined as follows:

Porm(n) = a(M/q** - M)

for all integers n > 0.
It is well known that there exists a polynomial in n, denoted by pq,(n), such
that
Pg,m(n) = pg,m(n)
for all n > 0 (Theorem 11 on page 320 of [19]). The polynomial pqa(n) is the

(characteristic) Hilbert-Samuel polynomial of the ideal q with respect to M.
There exists integers

eg :=eg(q; M) (> 0), e; :=er(q; M),...,e :=e(q; M)

n +t n+ t-—1
pq’M(n):=eo< ¢ >+€1< 4y =] >+"‘+€t

where t = dimM. The leading coefficient eo(q; M) := e(q; M) of pqm(n) is called
the multiplicity of q with respect to M.

When q = m and M = A we have e(q; M) = e(m; A) = e(A) and e(A) is called
the multiplicity of A.

such that



CHAPTER 2. PRELIMINARY RESULTS 15

If A is a graded k-algebra and M is a graded A-module then we define the
degree of M in A as
deg M := degaM = e(ma; M).
With the length and the multiplicity now defined we can use these notions to
classify different types of local rings.

Definition 2.3.1 If A is a Noetherian local ring then A will be called a Cohen-
Macaulay local ring if for every ideal q generated by a system of parameters we
have

£4(A/q) = e(q; A).

Definition 2.3.2 If A is a Noetherian local Ting then A will be called a Buchs-
baum local ring if the difference of £4(A/q) and e(q; A) is an integer, say I(A),
not depending on the choice of parameter ideal q of A. That is,

I(A) = £4(A/q) —e(q; A)
for all parameter ideals q of A.
A will be called a generalized Cohen-Macaulay local ring if the difference

of £4(A/q) and e(q; A) is bounded by an integer, say I(A), not depending on the
choice of parameter ideal q of A. That s,

a(A/q) —e(q; 4) < I(A) < oo,
for all parameter ideals q of A.

Note that if A is a Cohen-Macaulay local ring then I(A) = 0. So the class of
Buchsbaum local rings contains the class of Cohen-Macaulay local rings and the
class of generalized Cohen-Macaulay rings contains the class of Buchsbaum rings.
The theory of these rings has been extensively developed over the last 30 years, see
e.g. the book [24].

We now want to examine some of the properties of multiplicities. The first of
these properties is more of an equivalent definition for the multiplicity and can be
found on page 107 of [15] (Formula 14.1),

! .
e(q; M) = lim — - £4(M/q" - M).

n—oo n

It also follows from the definition that if q and q' are m-primary ideals and q' C q
then

e(q’; M) > e(q; M)
(Formula 14.4 [15]).

Lemma 2.3.3 (Associativity formula for multiplicities) Let {p;,...,p,} be
all the minimal prime ideals of A such that dimA/p; = dimM. Then

r

e(q; M) =3 e(q; A/pi) - La,,(Mp,)

g =1

for an m-primary ideal q of A.
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Proof: See Theorem 14.7 of [15].
O

We already know how the length behaves with respect to exact sequences so we
now wish to know what happens to the multiplicity. In this case we will restrict our
attention to short exact sequences. We first need the following notation:

. , e(q; M"), if dimM' =dimM
el m) ={ &)

0, if dimM' # dimM

Lemma 2.3.4 Let
0O—M —>M-—>M —0

be an ezact sequence of A-modules. Then
e(q; M) =e*(q; M') +€*(q; M").
Proof: See Theorem 14.6 of [15].
O

Note that since the sequence is exact one of the following three cases must hold

(i) dimM =dimM' =dimM",

(i) dimM = dimM' > dimM",

(iii) dimM = dimM" > dimM'.
Note also that it is possible to extend the above result to the case of long exact
sequences (see eg. Corollary 1 to Theorem 5 on page 302 of [19]).

In the graded case we have a similar result that we want to reprove here for the
sake of completion. First we require a lemma.

Lemma 2.3.5 Suppose M is an A-module such that dimM > 0 and N is an A-
module of finite length such that

0 —M—oM-—N—0
is ezact. Then e(q; Gm(M)) = e*(q; Gm(M')) where e* =0 if dimM' # dimM.

Proof: Apply induction on £4(N). Suppose £4(N) = 1 so that it follows that N is
a field. Hence m- N = 0. Since N = M/M’', m-M C M'. Now M' — M induces

.. ! ‘. .
a map @0 - 5 @i a7~ This can be extended to an exact sequence

mi- M'Nm**tt - M m'-M m'- M
0— : —P— 1P ——
;.%' mitl . M g% mi+l - M g mitl . M
m'- M
— 0.

. . —
$ 4 ] i+1 .
i>o M M'+m M
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Hence,
Gam’-M’ﬂm"H-M m1.+1_M
1. [ = 1. N[
>0 m M S>o M M
and ) )
m'- M m'- M

@mi,M/+mi+1,M—i>0mi,M/

i>0

since m*!' M =m*-m-M Cm*- M. .
Let £ := @;50 2% so that £(—1) = B;5o %::—;f, and hence e(q; £) = e(q; L(-1))
as shifts in the degree do not change the multiplicity.

So we have
0 —L(-1) > Gm( M) — Gm (M) —- L —0
Ny /
M
A pN
0 0

for some M.
Now,

e(q; Gm(M')) = e (q; L(-1)) +€"(q; M)
e(q; Gm(M)) = €’ (q; M) +¢e*(q; £)
as dimL = dimL(—1) = 0. This implies that
e*(q; M) = e(q; Gm(M)) — e*(q; £).

Thus,
e(q;Gm(M")) =e*(q;L(-1)) +e(q; Gm(M)) —e*(q; L)
= e(q; Gm(M)).

Suppose now that £4(N) = n. Take N such that N C N and €4(N) =n — 1. Let
M denote the preimage of M in N. This produces the diagram

0 0
Lo

00— M M— N—0
| N N

00— M <—> M— N—0

Note that N = M/M' so if N C N then N & (N’ + M')/M' where N' C M. Hence
M/M' = N so that M =2 N’ + M’ and thus M' C M.
By the induction assumption

e(q; Gm(M")) = e(q; Gm(M)).
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Also, . _
0— N— N— N/N—0

oot
0— M M— M/M—0

and £4(N/N) = 1. = N _
This implies that £4(M/M)=1as N/N =2 M/N'+ M'= M /M and therefore,
from the length one step, we have

e(q; Gm(M)) = €*(q; Gm(M)).

Thus,
e(q; Gm(M)) = e(q; Gm(M")).

We now give a proof of a theorem found in [10]:

Theorem 2.3.6 If
00— M —M-—>M —0

is an eczact sequence of A-modules where (A, m) is a local ring, then for any m-
primary ideal q of A we have

e(q; Gm(M)) = €*(q; Gm(M')) + €"(q; Gm(M")).

Proof: Suppose dimM = 0 so that dimM' = dimM" = 0 (see eg. Exercise 12.11(a)
[8]). Then
e(q; Gm(M)) = e(q; Gm(M')) + e(q; Gm(M")).

Now suppose that dimM > 0. Assume that M' C M and M" = M /M’ so that
00— M —>M-— M/M —0

is exact. This can be done without loss of generality as M’ = Im(M' — M) =
ker(M — M") and by the first isomorphism theorem

M/ker(M — M") 2 Im(M — M") = ker(M" — 0) = M"

so that M" = M/M'.
From the above sequence we get the exact sequence

0 — G* — Gm(M) — Gu(M") — 0,

where .
Gm(M) = @igo ;E‘?Sr'fy’g

Gen(M") % Gua(M/M') = Bio miuriy
= @y MMM
120 (m™F .M+ M')/M’
=3 @520 n:r‘lﬂM—m
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G = ker(Gm(M) = Gea(M"))
- mi-MN(mitl. M4 M)
- @1.20 m+tl. M .

Now,

m-MN(m*t-M+M) =m-MNm*t- M)+ (mt-Mn M)
=m* - M+ (m'- M N M)

SO

(% = @')0 mitL M+ (mi-MNM')
= ®Di>

= Dizo (m*-MNM)Nm 1M
b @ m'-MnNM’'
— Wi20 mFTLMnM

By the Artin-Rees Lemma (see eg. Lemma 5.1 [8]) we know that there exists a
number s such that

m-MNM=m""(m’-MnM)

for all i > s. Hence, if (—s) denotes a shift in degrees, then

¢ =@

i<s

m'- MNOM
MAoM @Gm’-MﬂM’('—S)-

mitl .
Now if q is an m-primary ideal of A then

e(q; Gm(M)) = €'(q; Gm(M")) +€*(q; G7).
Also from the exact sequence

m-MnM
00— Gm’.MnM’(“S) - G — : — 0
. i.ém““-MﬁM’

we have

e’ (q;G*) = e*(q; Grms.MM7)
since dim (@i'(s ;’“ﬁ"f\—f{%‘;—,) = 0. This follows as @, f‘%"% has only a finite
number of degrees and consequently satisfies the descending chain condition. That

is, it is Artinian. That the dimension is zero now follows from Corollary 9.1 on page
227 of [8].
The sequence

0—m’ MNM —>M —M/m* MNM —0
is exact and
M>m-MNnM-o>m?> MAM'>--->m* - MnM

shows that M'/m?®- M N M' has finite length. So applying the previous lemma we
have

e(q;Gm(M')) = €*(q; Gm.mnmr)
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and therefore we can conclude that
e(q; Gm(M)) = e*(q; Gm(M')) + €*(q; Gm(M")).

O

If we now let q be a parameter ideal of A then we can state the following property
of the multiplicity.

Lemma 2.3.7 Let A be a d-dimensional Noetherian local ring and let x,,...,zq4 be
a system of parameters of A. Set q = (z1,...,%4). Then

ta(A/q) 2 e(q; A)
and if z; € m® for all i then
£4(A/q) > a® -e(m; A).
Proof: See Theorem 14.10 of [15].
O

The following notion is important in the study of multiplicities and other subjects
in commutative algebra

Definition 2.3.8 Let A be a Noetherian ring and I be an ideal of A. The ideal
J C I is called a reduction of I if I'** = J-I" for all T > 0. If J does not
properly contain a reduction of I, then it is called minimal reduction.

If A is a local ring with an infinite residue field then every ideal of A has a
minimal reduction. A minimal reduction of an m-primary ideal is a parameter
ideal.

Lemma 2.3.9 Let A be a Noetherian local Ting and let q be an m-primary ideal
of A. Let @ be a minimal reduction of q. Then Q is also m-primary and for any
finite A-module M we have

e(q; M) =e(Q; M).

Proof: See Theorem 14.13 of [15].

Note that if q is a minimal reduction of m in A then
e(q; A) = e(m; A) = e(A).

There are many other interesting results based on the multiplicity and the reader
is referred to [19] for these.
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2.4 ny(M) and 04(M).

We now have the tools required to introduce the invariants that will be examined
in the following chapters. The first pair of invariants were introduced in [16] and
then elaborated upon in [25].

Let A be a local ring (or a graded k-algebra) and let M be a (graded) A-module.
Then we define the following two invariants:

na(M) :=sup{la(M/q- M)/e(q; M)} € R" U {00}
where the supremum is taken over all (homogeneous) m-primary ideals q in A;
na(M) := sup{la(M/q-M)/e(q; M)} € Rt U {c0}

where the supremum is taken over all (homogeneous) parameter ideals q of M.
When M = A we also denote these invariants simply as n4 and n4.
It should be noted that only homogeneous ideals are considered in the case where
A is a graded k-algebra and M is a graded A-module.
Below are some basic properties of these invariants (see [25]):
(i) 1 < 7a(M) < na(M);
(i1) na(M) = na(M) if A is local and A/m is an infinite field;
(iii) na(M) =na(M) =1 if and only if M is a (graded) Cohen-Macaulay
module.
Stiickrad and Vogel gave the following necessary condition for the finiteness of
these invariants:

Theorem 2.4.1 (Theorem 1 of [25]) (1) Let A be a local ring (or a graded k
-algebra) and let M be an (graded) A-module. If na(M) < oo then M is quasi-
unmized.
(2) The following conditions are equivalent

(i) For every local ring A (or graded k-algebra) and every quasi-unmized (graded)
A-module M we have na(M) < co.

(i) For every complete regular local ring R with infinite residue class field (or
for every polynomial ring R = k[Xo,...,X,] over an infinite field k) we have
nr(R/p) < oo for all (homogeneous) prime ideals p of R.

For the graded case Stiickrad and Vogel provided a case where 714 (M) is always
finite.

Theorem 2.4.2 (Theorem 2 of [25]) Let A be a graded k-algebra. Then we have
na(M) < oo for all graded A-modules M.

Besides the above theorem, some other positive results were obtained in [16] and
[25]. Namely, if A is a generalized Cohen-Macaulay local ring, or a monomial ring
then n4 (M) is finite. These results led to Conjecture 1.3.1 stating that the converse
of Theorem 2.4.1 (1) is true. This problem is discussed in Chapters 3, 4 and 5.
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We now want to introduce a new invariant and relate it to n4(M). Let A be a
ring and let M be an A-module. Then define

0a(M) := sup{€(M/q- M)/e(q; M)},

where the supremum is taken over all m-primary ideals q of A. In general we will
only be concerned with the case where dim M = dim A.
If we let J be a minimal reduction of q in A then

(M/J-M)>(M/q-M)
and J is a parameter ideal (Remark 2.2.5). By applying Lemma 2.3.9 we see that

eeM/J - M)

e(M/q- M)
e(J; M) ’

e(q; M)

2

Hence in order to obtain an upper bound for §,4(M) we can restrict our attention
to the set of parameter ideals q of M. By Remark 2.2.5 it follows that

0a(M) < na(M).

Very often it happens that 6,(M) << ns(M) since it is often the case that
00(A/q) << £(A/q) (see Example 2.2.6). Nevertheless it will be shown in Chapter
5 that the finiteness of §4(M) also implies that M satisfies the same conditions as in
Theorem 2.4.1 (1). Hence the finiteness of (M) would be a further step towards
establishing the validity of Conjecture 1.3.1. The study of this invariant will be
carried out in Chapter 5.
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Chapter 3

Connections with the graded case

This chapter studies the graded case with regards to the invariant n 4(M). We begin
by studying the quasi-unmixed property and show that it is preserved when passing
to the associated graded ring of a module. The final results in the first section deal
with an attempt to bound n (M) by ng,.(m)(Gm(M)). A general result is, at this
stage, still not possible but we do establish some equivalent conditions.

The second section introduces the notion of Bayer deformation (see [8]). This
technique is used to study quasi-unmixedness in the case of polynomial rings mod-
ulo an initial ideal. In the end of the chapter the relationship between ng(R/I)
and ng(R/It(I)) is studied. An equivalent condition for ngr(R/I) to be finite is
constructed using this relationship.

3.1 Quasi-unmixedness

We begin this section studying the behaviour of the quasi-unmixedness of algebraic
structures. The purpose of this section is to examine the possibility of bounding
na(A) by ng,.(4)(Gm(A)). First of all note that the quasi-unmixedness property is
preserved by passing to the graded case:

Lemma 3.1.1 Let (A, m) be a d-dimensional local ring. If A is complete then A
and Ry, (A) are catenary.

Proof: The first statement is Lemma 2.1.7(ii)
Further, if m = (my,...,m,) - A then

Rm(A) = @mi T = A[yl" --7y#]/Ja

i>0

for an ideal J of A[y1,...,¥,). Since A is universally catenary and Afyy,...,y,] and
Aly1, .. .,yu)/J are finite A-algebras it follows that Ry (A) is catenary (Corollary
18.10 [8]).

O
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The following theorem requires the assertion that the dimension of the Rees
algebra of A equals the dimension of A plus one. This is set out in Theorem 15.7
of [15].

Theorem 3.1.2 Let (A,m) be a d-dimensional local ring and let M be an A-module
such that dimM > 0. Now if M is quasi-unmized then Gm(M) is quasi-unmized.

Proof: We can assume without loss of generality that A = 4 as Gmx(ﬁ) = Gm(A)
(Theorem 7.1(b) [8]).

Let Rm(A) := @;>om’ - T* be the Rees algebra of A with respect to m. Take
any p € min.SuppGm(M) C SpecRm(A). Note that all primes lie in SpecRm(A)
since Gm(M) is an Ry(A)-module and also note that [pJo = m. All the elements of
As5Gm(M) are homogeneous and hence so are all the elements of min.SuppGm (M)
(see eg. page 201 [24]). So p is homogeneous.

Suppose [p)i = m - T where [p}; = pN[Rm(M)) = pNm-T. Then p =
m ;59 m‘T"? is maximal. This contradicts the minimality of p and the fact that
dimGm (M) = dimM > 0. Hence [p]; # m - T. So there exists z € m such that
z-T ¢p.

From page 17 of [8] the sequence

0 — R(M)p/(0: 2)p =+ Ren(M)p — Ren(M)p/z - Re(M)p — 0

is exact and (0 : ), = 0 as z is a non-zero divisor of Rm(M), since 2T ¢ p. By
Theorem 4.2 of [15] we have

Ren(M)p/z - Ra(M)p & (Ba(M)/z - Rn(M))p.

Let y € m be an arbitrary element. Then y = z.yT/zT in Rm(M),. Hence
(mRm(M))p = 2Rm(M),. Since Rm(M)/m - Rn(M) = Gm(M), we get the fol-
lowing exact sequence

00— Rl M)y =5 Ren(M)s —> G (M) —5 0.

Note that Rm(M), # 0 by Corollary IV.1.8 [24].

As p € min.SuppGm(M) it follows that p € min.AssGm(M) (Theorem 6.5(iii)
[15]). Therefore by the definition of dimension, dimGm(M), = 0, since a mini-
mal prime of Gm(M) is becoming maximal in Gm(M), and there is a one-to-one
correspondence in the two sets of primes. So, by Theorem 15.7 [15], we get

dimRm(M)p = dimGu(M)p +1=1.

Since p € SuppRm(M) it follows that there exists P € min.SuppM such that
P C p where P := @;5o(m'N P) - T% and m C [p)o (Lemma IV.1.7 [24]).

Now the degree 0 part of p is m and [P]y = P which is minimal and hence not
m. This implies that P C p.
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Since dimRm(M)p = 1 there cannot exist any prime ¢ such that P C g C p. As
M is quasi-unmixed dimA/P = dimM for all P € min.SuppM. So dimRn(A)s =
dimA/P + 1 (Theorem 15.7 [15]).

From the definition of dimension and the fact that A, and hence R.,(A), are
catenary (Lemma 3.1.1) it follows that

dimBRm(A)/p = dimRn(A)/P -1
= dimA/P
= dimM
= dimGn(M).

Therefore Gi,(M) is equidimensional and hence quasi-unmixed, as these coincide in
the graded case (Lemma 2.1.8).

O

The following theorem gives & situation where we can bound n4(M) by
NG m(4)(Gm(M))-

Theorem 3.1.3 Let (A, m) be a local ring and let M be an A-module. Let G (M)
denote the associated graded ring of M with respect to m. Then

(1) na(M) 2 nGom(a)(Gm(M))-
(i) Assume that

inf
Q homogeneous, m—primary

bA(Gm(M)]Q - Gm(M))
{ e(Q; Gm(M)) } >0

If na(M) < oo then there ezists ap < 0o such that

e(inm(q); Gm(M))
e(q; M)

< am

for all m-primary ideals q of A.
(i3) If there ezists ap < 0o such that

e(inar (q); Gm(M))
e(q; M) = e

for all m-primary ideals q of A, then ng,,4)(Gm(M)) < oo implies that na(M) <
00. In this case na(M) < an - NG a) (Gm(M))- :

Proof:(i) By Lemma 2.2.3 £4(M/q - M) = LA(Gm(M)/inpm(q) - Gm(M)). Further,
using the fact ina(q)® C ina(q”), we have

e(q; A) =lim, ',%:I a(A/q"- A)
= limn—ym ,‘f‘? eA(Gm( )/ZnA(qn) Gm( ))
S limn—»oo % b eA(Gm( )/ZnA(q)n Gm(A))
= e(ina(q); Gm(A))-
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From this it follows immediately that (i) holds.
(ii) Suppose that

La(Gm(M)/inpy(q) - Gm(M))
e(inp(q); Gm(M))

>p>0

for all m-primary ideals q of A. Then

£A(Gm(M)/inm(q) - Gm(M))
e(q; M)

By Lemma 2.2.3 we have

fA(M/(I‘M)
e(q; M)

Since n4(M) < co by assumption, we get

e(inp(q); Gm(M)) £a(M/q- M)
e(q; M) e(q; M)

e(inp(q); Gm(M)) |

2 e(q; M)

<(1/8)- < (1/B)na(M) =: ay < co.

(iii) Suppose that

e(ina(a); Gm(M))
e(q; M)

Then, since 4(M/q- M) = £A(Gm(M)/inpm(q) ~Gm(M)) (Lemma 2.2.3), we have

taM/a-M) _  La(Gm(M)/inu(q) - Gm(M))
e M) ~ e(innm(q); Gm(M) '

Hence ns(M) < aum - nep(m)(Gm(M)) < oo.

< ap < 00.

O

If nGn(m)(Gm(M)) < oo and apr of Theorem 3.1.3 (iii) exists, then n4 (M) < oo
if M = A because of the following result by C. Lech.

Theorem 3.1.4 Let q be an m-primary ideal in a local ring (A, m) of dimension

d. Then
£4(A/q) 5 1
e(q;A) ~ d'-e(A)

Proof: See Theorem 3 of [14].

As a consequence of the above two theorems we get
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Theorem 3.1.5 Let A be a local ring. Then ngy < oo tf and only if there ezists

ag < 0o such that
e(ina(q); Gm(4)) _
e(q; A) =0
for all m-primary ideals q of A, and ng,a) < 00

Proof: Assume that ny < oco. By Theorem 3.1.3(i), ngn,(4) < oco. Hence by
Theorem 3.1.4 and Theorem 3.1.3(ii) there exists a4 < 0o such that

e(ina(q); Gm(A))
e(q; A)

for all m-primary ideals q of A. The converse follows from Theorem 3.1.3(iii).

<ay

O

The following example relies on an exercise given in [8] (Exercise 5.2). This
exercise shows that, for a domain G,(A), a principal ideal a A is such that in4(a -
A) =ins(a) ~Gm(A).

Suppose that  =a-y € a- A, then if

inA(a) =0
or

ina(y) =0
it follows that a € m"™ or y € m" for all n.

Hence in4(z) =0, as a - y € m™ for all n, and
ing(z) =1inala) - ina(y).
If ins(a),ina(y) # 0 then
inala) -ina(y) #0
as Gm(A) is a domain. Now
ina(a) - ina(y) = inala-y)

so it follows that ins(z) is a multiple of in4(a). Therefore in(a - A) is generated
by in(a).

Example 3.1.6 Let A be a 1-dimensional local integral domain such that Gm(A)
is also an integral domain. Let q = a -A be a parameter ideal of A. Now ins(q) =
ina(a)-Gm(A) (Exercise 5.2 [8]). Since Gm(A) is an integral domain, by Subsection
2.1.2 Blowing-up rings, ina(a") - Gm(A) = ina(a)® - Gm(A). Then we have

4(Gm(A)/ina(Q)" - Gm(A)) = £a(Gm(A)/ina(q") - Gm(A))-

Hence
e(ina(q); Gm(4))

e(q; A)

=1l=ayu

and nyg = NGm(A)-
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Thus, if there exists a4 satisfying Theorem 3.1.5, then the finitness of n4 and
NGm(4) are equivalent. In the rest of this section we provide some conditions for the
existence of such an ay4.

Lemma 3.1.7
e(ina(q); Gm(A))

?
b}

e(q; A

< 1+sup{ls (
) neN

ina (qn) g Gm(A)
(@) Gm(A))} ‘

Proof: Applying Lemma 2.2.3 and the properties of multiplicities, we have

e(q;A) = limn—oo £7-¢4(A/q™-A)

limn 00 £7-64(Gm(A4)/ina(q)"-Gm(A))
limn— oo f};-EA(Gm(A'}fim(q")-Gm(A))
=1+ limp_o0 £4 (2ALG=(A)) /e(q; A)

< 1+ suppen{la (alddg=ld))}.

O

The following theorem shows that in order to show the existence of such an a4 ,
we need only consider integral domains.

Theorem 3.1.8 Let (A, m) be a local ring and let (Gm(A), m*) be the associated
graded ring of A with respect to m. Let q be an m-primary tdeal of A and in4(q)
the initial ideal of q in G(A). Then we have

e(ina(q); Gm(A)) ax {e(ina(q); Gm(A/pi))}
e(q; A) ~ pi€Assh A e(q; A/p:) i

Proof: By Theorem 14.7 of [15] we have

e@GA) = S el A/pi) - LalAp).
pi€Assh A

Set L(A) := Y p,cassh afa(Ap;). Take p € Ass(A) such that dimA/p = dimA and
consider the following exact sequence

0— A/lp—A— AJa-A—0 (3.1)

where a € A such that p = Ann(a) by the definition of Ass(A). This sequence is
exact as p = Ann(a) = 0 :4 a (see eg. 2 on page 17 of [8]). From here we get the
exact sequence

0 — (A/p)y — Ap — (A/a- A)py — 0
for any p’ € SpecA such that dim(A/p') = dimA (Theorem 4.5 [15]). Hence

€A (Ap’) = gA((A/p)p") + EA((A/G ; A)p’)-
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Now if (A/p)y # 0 then p C Ann(A/p) C p’ (see the notes on the support of
a module at the top of page 26 of [15]). So \/p = p C p’' (page 3 [15]). Now
(A/p)p = Ap/p - Ap (Theorem 4.2 [15]) and p ~Ap is maximal so (A/p), is a field.

Therefore —
_J 0, ifp'#p
exl(afpl) ={ 2P
Hence L(A/a +=A) = L(A) — 1 and we can apply induction on L(A).
Set L(A) = 1 so that L(A/a- A) = 0. This implies that there are no primes
p € Spec(A/a-A) such that dim(A/a-A)/p = dim(A/a-A) and hence dim(A/a-A) <
dimA. By the Theorem 2.3.6 and the above exact sequence (1) we have
e(ina(q); Gm(A)) = €*(ina(q); Gm(A/p)) + € (ina(a); Gm(A/a - A)).

So e(ina(q); Gm(A4)) < L(A) - e(ina(q); Gm(A/p)) as dim(A/a - A) < dimA and
L(A)=1.

Now suppose L(A) > 1. Again by applying Theorem 2.3.6 and the sequence (1)
we get

e(ina(q); Gm(A)) = €*(1na(q); Gm(A/P)) + €' (ina(q); Gm(A/a - A)).
Since L(A/a- A) < L(A) the induction assumption gives
e*(ina(q); Gm(A/a -A)) < L(A/a- A) - €' (ina(q); Gm(A/p + a - A)).
Now, the sequence
0—(p+a-A)/p— Alp— A/(p+a-A) —0

is exact so applying Theorem 2.3.6 again we have

e(in4a(q); Gm(A/p)) = € (ina(q); Gm((p+a-A)/p))+e* (ina(q); Gm(A/(p+a- A))).

So e(ina(q); Gm(A/p)) 2 €*(ina(q); Gm(A/(p + a- A))) and
e"(ina(a);Gm(A4/a - A)) < L(A/a- A) - € (ina(q); Gm(4/p));

and hence

e(ina(q);Gm(4)) <e'(inalq ))G (A/pZ)+L(A/a A) - € (ina(q); Gm(A/p))

(L(A/a- 1) - €*(ina(q); Gm(A/p))-

Hence
e(ina(q); Gm(A)) £ L(A) - € (ina(q); Gm(4/p))-
Now choose p = p; such that e(q; A/p;) > e(q; A/p;) for all p; € Assh A. Then

e(in 4(q);Gm(A)) < L(A)-e*(ina(q); Gm(A/p ))
e(q;A) = L(A)-e*(q;A/p;)

iGm(A/p;
< MaXp;cAssh A {E(_RA(?ci A/p(,)fp ))}
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3.2 Initial ideals

In this section we are concerned with the graded case, namely with the case M =
R/I where R = k[Xj, ..., Xs) and I is a homogeneous ideal. If I is a monomial
ideal, Stiickrad and Vogel [25] have already shown that n4(A) < oco. In the general
case it is known that with each I one can associate monomial ideals, called initial
ideals, and denote them by [t(/). These ideals usually have very close connections
with each other. Hence in this section we want to study Problem 2 given in [25]:

Problem 3.2.1 Describe a relationship between ngr(R/I) and nr(R/lt(I)).

The exact definition of [¢t() is as follows (see (8], Chapter 15):

Set R := k[X\,..., Xn] where k is a field. Note that by a monomial we will
mean a product of the variables X;,..., X,. The degree of a monomial m will just
be the number of factors, counting repeats, in this product and denoted by deg(m).
A monomial order on R is a total well order > on the monomials of R such that
if my, mo, m # 1 are monomials of R then m; > m, implies mym > mom > ms.
Usually we consider graded (or homogeneous) monomial orders, i.e. if deg(m;) >
deg(ms) then my > m,.

If > is a monomial order, then the initial term of f € I is the greatest term
of f with respect to >. It is denoted by It (f) or {¢(f) (when there is no danger of
confusion). The initial ideal of I is

() = ({i()lf € I}).

Note: Initial ideals of homogeneous polynomial ideals and the ideals in local
rings given in Chapter 2 have a lot of common properties. Therefore [¢(I) is often
denoted by in(I) as well. However, in order to avoid confusion we will use, in this
dissertation, the notation (t(I).

A very important property of [¢(]) is the following result given by Macaulay (see
eg. Theorem 15.26 of [8]):

Lemma 3.2.2 R/I and R/It(I) have the same Hilbert function.

There is a connection between this construction and the weight function. Recall
that a weight function A on R is a linear function R® — R. This function is said
to be integral if it comes from a linear map Z" — Z. It is easiest now to think of
A as a function on monomials. That is, if m = z° we would write A(m) € Z not
A(a). For example the degree defines a weight function: deg(z?) = a; + - -- + a,.
The weight order >, associated to A on the monomials of R is defined by the rule
m >, n if and only if A(m) > A(n). This is a partial order. We say that A is
compatible with a given monomial order > if m >, n implies m > n. For example
the weight function deg is compatible with graded monomial orders. There are
always compatible orders, in fact, it can be shown that every monomial order is the
so-called lexicographic product of weight orders (see [20]). The connection is clearly
set out in Proposition 15.16 of [8].
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Now if g € R then the initial term, [t)(g), of g is the sum of all the terms of g
that are maximal with respect to >,. Also let

itx(I) == ({lta(9)lg € I}) C R

be the initial ideal of I with respect to >,.

With these tools we can now construct the Bayer deformation of an ideal I in
R.

Take I C R = k[Xy, ..., X,] ahomogeneous ideal. Let >, be a weight order that
is compatable with the degree where, for any ¢t € k\{0}, there is an automorphism
of R carrying X; to t 23X,

Now for f € R we write

fzzui‘mi

where m; is monomial and u; € k\{0}. Map
fr— o=t fX A X AR
where b = max{A(m;)}, so that f* € R[t]. Set
I* = {f*If € I} C Rl

and call this the Bayer deformation of I. It is clear that f* is {¢,(f) plus ¢ times
a polynomial in ¢ and X1,..., X,,.

We now need to define two more properties of algebraic structures:

A finitely generated A-module is said to be free if it is isomorphic to a direct
sum of n copies of A.

An A-module F is flat if for every monomorphism M' — M of A-modules, the
induced map

FO M — FsM

is again a monomorphism.
With these definitions and the above construction we get the following result:

Theorem 3.2.3 For any ideal I C R = k[X,,...,X,], the k[t]-algebra R[t)/I* is
free, and thus flat, as a k[t]-module. Furthermore

(RE/T7)e = (R/D)]E]e

and

R/ltA(I) = R[t)/(I* +t - R[t]).
Proof: See Theorem 15.17 of (8].

We can now proceed with our investigation of equidimensionality.



CHAPTER 3. THE GRADED CASE 32

Lemma 3.2.4 Let (A, m) be a local ring and let M be a finitely generated A-module.
Suppose t € p for all p € min.SuppM. Then M is quasi-unmized if and only if M,
1S quast-unmized.

Proof: Since t ¢ p for all p € min.SuppM it follows that there is a one-to-one
correspondence between these primes and the primes p := p - A; € min.SuppM,
(Theorem 4.1 [15]). If M is quasi-unmixed, then by Theorem 18.17 (iii) and Lemma
19.4 of [11] we see that

dim(A/p): = dim(A/p) — 1.

Hence dim(A;/pA:) = dim(A/p): = dimM,. Now assume that dimA;/p = dimM,
for all p € min.SuppM; so it follows, again from Theorem 4.2 of [15], that

dim(A/p): = dim(A¢/p- Ap)
= dim(A,/p)

It now follows that
dim(A/p) = dimM.

O

The following may already be known but we cannot find it in the literature, so we
include the full proof here. In the paper [13] this theorem was proved for unmixed
ideals (Corollary 1). This theorem shows that by passing to initial ideals the quasi-
unmixedness condition is preserved. Again we refer the reader to Proposition 15.16
of [8] for the connection between monomial term orders and weight orders (see the
notes after Lemma 3.2.2).

Theorem 3.2.5 Set R := k[Xi,...,X,] where k is a field. Let I C R be a homo-
geneous ideal. Then if R/I is quasi-unmized so is R/1t(I).

Proof: Since ¢t ¢ p for all p € min.Supp((R/I)[t]) and R/I is quasi- unmixed if
and only if (R/I)[t] is quasi-unmixed it follows that by applying Theorem 3.2.4 we
can show that if R/I is quasi-unmixed it follows that (R/I)[t]; is quasi-unmixed
also.

Hence (R[t]/I*); is quasi-unmixed by the properties of the Bayer deformation.

Since R[t]/I* is a free k[t]-module (Theorem 15.17 [8]) it follows that R[t]/I*
has no ¢-torsion. This then implies that ¢ is a non-zero divisor on R[t]/I*.

Suppose t" € p for some p € min.Supp(R[t]/I*). Then t would be an element
of p also as p is prime. This contradicts the fact that ¢ is a non-zero divisor on
R[t]/I*. Hence {1,t,t%,...} € p for all p € min.Supp(R[t]/I*).
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Theorem 3.2.4 shows that R[t]/I* is quasi-unmixed and from Theorem 3.2.3 it
now follows that R[t]/I* + ¢ - R[t] is quasi-unmixed. Hence applying the Bayer
deformation we get that R/It(I) is quasi-unmixed.

O

Thus, by the above theorem, passing to the initial ideal the quasi-unmixedness
in the necessary condition in Theorem 2.4.1 is preserved. Now we will provide an
equivalent condition for the boundness of ng/;, and thus, provide a partial answer
to Problem 3.2.1 posed above.

Theorem 3.2.6 Let R = k[X,...,X,) and let I C R be a homogeneous quasi-
unmized ideal of R. Let lt(I) dencte the leading term ideal of I. Then
(i) nrir = NRpuy),
(ii) There is ag/ < oo such that
e(it(q + 1); R/1t(1))
e(q; R/T)

for all mg-primary ideals q if and only if ng/r < co. In this case

< ag/r

Nr/r < ORJIMR/I(I)-
Proof: (i) For an mg-primary ideal q we have, by Lemma 3.2.2,
¢r(R/q+I) =¢(R/lt(q+ 1)) = ¢R/lt(q+ I) + it(I)).

In particular (t(q+ I) is an mg/r)-primary ideal of R/It(I). Since it(J)™+1t(I) C
[t(J™ + I) for any ideals I,J C R, by Lemma 3.2.2 we also have

e(q; R/I) = limp 00 % -Lr(R/q* + 1)

= limy o0 & - £r(R/(a + )" +1)

— limy g & - €a(RY((q + I} + 1)

< limnoo & - Cr(R/UE((q + I)™) + 1E(1))

=e(lt(q + 1); R/It(I)).

Hence

_ tr(R/I+q) Lr(R/lt(q+ 1) + (1), _
e =GR ) 2 P el I 7))

(ii) Assume that
e(it(a + 1 B/1(D))
e(q; R/I)
Then the arguments in (i) show that

br(R/a+1) - Ce(R/l(a+]T)+14(]))
e(@R/T) — ' Te(t(a + I); R/(D))

< ag/r < oo.
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by applying the assumption I is quasi-unmixed. Hence by Theorem 3.2.5 R/it(I)
is quasi-unmixed as well. By [25], Theorem 4 we have

Lr(R/lt(q+ I) + 1t(I))
e(lt(q + I); R/1t(1))

S MRy < O0.

Therefore

nRr/r < QR/IMR/u(1) < OO-

Conversely, let I be a homogeneous ideal with ng/; < co. By Theorem 3.1.4 we
have

ver(R/1t(q + 1)) = ver(R/lt(q+ I) + 1t(I)) > e(lt(a + I); R/1t(1)),
where v = dle(R/It(I)) = d'e(R/I). Again by Lemma 3.2.2 we have

eguqug;Rgugm < fggRgItjgh'”
e(aR/1T) =7 (g /1)
£r(R/q+1

e(q;R/I)
< gy < Q.

O

In the proof of Theorem 3.2.6 it was observed that e(q; R/I) < e(lt(q+1); R/It()).
To show that equality does not always occur in this situation we will consider the
following example.

Example 3.2.7 Let R = k[X,Y] where £ is an infinite field. Also let f = (X +
Y)? € R. Note that f is homogeneous of degree 2 and neither X or Y divides f. Set

I:=f-Rand R/I =k[X,Y]/f- R. Define q := (f,Y3). Since \/(¥3) = (Y) and
VY3 = (X,Y), a5 (£,Y) = (X%, Y) so that /(£,Y3) = /(X2 Y) = (X,Y), it
follows that q is a parameter ideal of R.

Applying Formula 14.3 of [15] and properties of the multiplicity contained in [19]
we have,

e(q; R/T)

e((Y®), f-R)/f - R;k[X,Y]/f - R)
3-e(((Y).f-R)/f- R R/I)
2-e((Y,X+Y)/(X+Y) - R,R/(X+Y)-R)

-e((Y); k[Y])

[l
w

Il
o o

Assume that Y > X. Then lt(I) = t(f)-R =Y?-R and

lt(q+1) t(X +Y)%Y3)

It
(X4, X2Y,Y?)R.
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Hence an analogous calculation gives

e(lt(a+1); R/IE(I) = e((X*,X2Y,Y?);R/Y® - R)
= 3-6((X*);R/Y - R)
= 3-e((X*); RIX))
= 3-4-&(X) RX)
=] [}

Therefore
e(lt(q + I); R/1t(I)) =12 > 6 = e(q; R/I).

35
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Chapter 4

Boundness of n 4(M)

This chapter further develops the theory surrounding ns(M). Specifically, the finite-
ness of n4(M) is studied. While a general result is still not possible several positive
steps have been taken in that direction.

The first result concerns the low dimensional case. By introducing some well
known concepts (see eg. [24] and [4]) we are able to produce a positive result for
the case of dimension less than or equal to three.

The next case focuses on parameter ideals. When passing to the associated
graded ring certain parameter ideals are preserved. It is these ideals we wish to
examine here. We show that if parameter ideals q run over this subset of m-primary
ideals in the definition of 714(M) then we get a bounded quantity. Following this a
new proof of Theorem 2.4.2 is produced which gives a better bound for 72 4(M) than
the one obtained in [25]. We conclude the chapter with two examples that show
that this new bound is sharp.

4.1 Low dimensional case
The main purpose of this section is to prove the following theorem:

Theorem 4.1.1 Let A be a local ring such that A/m is infinite. Let M be a quasi-
unmized A-module such that dimA = dimM =: d. Now if dimA < 3 then na(M)
s finite.

To prove this theorem we first need some preparation.
If M is an A-module and I is an ideal of A then we define

F;(M) =10 M (I) = U;";l(o M Ik)

If i > 0 is an integer then we denote by Hi(M) the i** local cohomology module
of M with respect to I. Now H}(M) is obtained by applying the right derived
functor of I'; to an injective resolution of M. Note that

H}(M) = T(M).
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If we now consider the local ring (4, m) then
H: (M) =0

for all i > dim M and the depth of M is the least integer i such that H: (M) #
0. With this definition in place we can characterize generalized Cohen-Macaulay
modules as follows:

Lemma 4.1.2 (see Appendix in [24]) If A is a local ring and M is an A-module
then M is a generalized Cohen-Macaulay module if and only if

La(Hp(M)) < 00
for all 2.

Further we introduce the notion of a canonical module as given in [4]. If A is
a d-dimensional local ring then an A-module K is a canonical module of A if

K ®4 A= Homy(HS (A), E4(A/m))

where E4(A/m) is the injective envelope of A/m (for the definition of an injective
envelope see [8]).

It is known that, when A is complete then the canonical module of A exists. It
is noted in [4] that if

hy : M — Homa(Homa(M, K), K)
is the natural map then if dim M =d
Ker(hy) =NQ

where the @Q’s are primary components of 0 in M such that dim M/Q = dim M.
Finally for a ring A and z;,...,z, € A the Koszul complex is a complex K
which is defined as

Ko = A

K, =0ifpisnotintherange0<p<n

KP - ®Aeil---ip7
where e, ..., e; form a basis for K} which has rank j. The differential d : K, = K,_,
is defined as ’

d(ei1'~~ip) = Z(—l)r_l *Ti, € iy
=1
The Koszul complex of M w.r.t. zy,..,z, is written as K.(z1,...,7,). For an
A-module M
Ho(Zyy .. T M) 2 M/(21,...,25) - M

and if

0—M —>M-—M —0
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is exact then so is

(xl,'“:xn;M) _>H2(xla"'axn;M”)—)
Hi(z1,...,20; M') — Hy(zy,...,20; M) —
Hi(z1,...,20s M") — M'/(21,...,25) - M' —
M/(zy,...,2zn) - M — M"/(21,...,2Zq) - M" — 0.

Also (z1,...,2,) - Hp(z1,...,20; M) =0 for all p > 0.
We now need an extension of Lech’s result (Theorem 3.1.4). A proof of the

general extension of Lech’s result could not be established but the following lemma
restricted to the one-dimensional case is sufficient for our purposes.

Lemma 4.1.3 Let M be a 1-dimensional module over a local ring (A,m). Then
there is a positive number B4 (M) such that

£a(M/q- M)

el 00 > fa(M)

for all m-primary ideals q of A.

Proof: We may assume without loss of generality that dimA = 1. Let {p1,...,p;}
be all the minimal primes of A such that dimM = dimA/p;, i =1,...,r. That is,
{p1,-..,pPr} = AsshM.
Theorem 14.7 [15] gives
;
e(q; M) = e(a; A/pi) - La,, (Mp,)

i1

-

where q is considered to be the image of q in A/p; (Proposition 11 on page 341 of

(19)).

Now,

e(q; M) <

> ta, (Mp.-)] Szl D) -

Set 7 := Y_i_; £a,,(Mp,) which depends only on A and M. We note here that since
AsshM C AssM and AssM is finite (Theorem 6.5(i) [15]) it follows that v < oo.
Let p* € {p1,-..,P-} such that

maz; {e(q; A/p:)} = e(q; 4/p%).
So we have
talM/a- M) _ ta(M/q- M)
e(q; M) = v-e(q;A/p*)
Take a primary decomposition 0y = M; N +--N M, of 0p; in M. It follows that

AssM = {P,,..., P,} where M; is P;-primary and that AsshM C AssM (Theorem
6.8(ii) of [15]).
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Note that p* € {Pi,..., Py} asp* € AsshM. So thereexists M* € {My,..., M,}
such that
Ass(M/M*) = {p"}

by the definition of primary decomposition and Theorem 6.8(ii) of [15].
Set M := M/M*.
0— M —-M-—M-—0

is exact so

a(M/q-M) > La(M/q- M)

by using the exact sequence of Koszul homology modules given before this lemma
and properties of the length of a module.
Take a composition series

M=M>MD>---DM =0

such that
Mi/Mi+l = A/Pj
for some p; € SpecA (Theorem 1 on page 265 of [5]).
Since p* C p; and dimA =1 it follows that either p* = p; or p* = m. We will
show that
La(M/q- M) > La(A/a+p") - (e — 1) -e(A).

If Mo/M, = A/p* then

CaM/aq-M) > 4((Mo/Mi)/q- (Mo/M))
={a(A/q +p*)
> €4(A/q+p") — (€ —1) -e(A).

If My/M; = A/m = k we have an exact sequence
0— M —M—k—0.
Let A=A/Ann M and @ =q-A. Now

Ann M =0:4 M = {a € Ala- M C 0}
={a€Ala-M cC M*}

and _ _
AssA = Ass(A/Ann M)
= {p € SpecA|p - (a) C Ann M for some a € A}
= {p € SpecAlp - (a) - M C M* for some a € A}
= AssM/M*
={p'}.

So AssA = Assh M and the heights of all the associated primes of A are equal.
Thus, as dim A < dim A = 1, it follows that the unmixedness theorem holds for A.
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That is, for all ideals I of A generated by r elements the heights of the elements of
Ass(A/I) are equal. i
In particular, by Theorem 17.6 of [15], A is a one-dimensional Cohen-Macaulay

ring. By [21] Theorem 1.2, q is generated by at most e(A) elements, say yy,...,¥n
where n < e(A). Applying Koszul homology to the above exact sequence of modules
over A we get the exact sequence

Hi(y1,-..,yn; k) — My/q- My — M/q- M.
So it now follows that
Ca(M/q-M) >€4(Mi/q-M)—n

> 04(M1/q- M) - e(A)
> 04(Mi/a- M) — e(A)

since the exact sequence

00— Ann M — A— A —0

produces e(A) > e(A).
Since M; C M it follows that AssM; C AssM (Theorem 6.1(ii) of [15]). From
the exact sequence
0— M, —M—k—0

we have _ _
AssM C AssM,; U Assk

= ASSM1

(Theorem 6.3 of [15]). So AssM; = {p*}.
Using induction on € we then get

Ca(M/q- M) >La(Mi/q- M) — e(A)
> la(A/q+p") — (e — 1) -e(A)
Hence
ta(M/q-M) _ max{la(A/q+p") = (e —1)-e(A), 1}
e(GM) ~ v-e(q; A/p*)
Applying Lech’s result (Theorem 3.1.4) to the ring A/p* we get

ta(M/q- M)

(. 3) > 6(p*),

for a positive number §(p*) depending only on A, M and p*.

O

We are now able to prove Theorem 4.1.1. This requires the equivalent conditions
on the finiteness of £4(HE,(M)) set out in Proposition 16 of the appendix of [24].
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Proof of Theorem 4.1.1: Since we are assuming that A/m is infinite we have
na(M) = fig(M), so we can let q be any parameter ideal of A.
a) If M is a generalized Cohen-Macaulay module then

d=1/7 41 _
/e 30) - el M) < 3 (471 ) i on)

i=0

(Lemma 15 of the appendix of [24]) and ¢4(H: (M)) is finite for alli = 0,...,d — 1.
So

ta(M/q- M) “1g-1 ;

and hence n4 (M) < oo. This fact was first observed in [16]. Now if dimM < 1 then
na(M) < oo, as £4(HS(M)) = £4(M/m - M) < oo, and if d = 0 then A is a field
and the theorem is trivially true.

b) Now let d > 2. By Theorem 2.4.1(2) it suffices to prove the statement for the
case M = A = S/p, where S is a complete regular ring and p is a prime ideal of S
such that dimS/p < 3. If d = 2 then A is a generalized Cohen-Macaulay module
(applying Theorem 7(iv) and Proposition 16 of the appendix of [24]), and we are
done by a) above. Assume that d = 3. Since A is complete it has the canonical
module K. A also has the A- module B = Hom4(K, K). Consider the natural map

h:A— B = Homs(Homu(A, K), K).

As was noted earlier ker h is the intersection of all the primary components @
of 0 in A such that dimA/Q = dimA. That is, ker h = 0 in this case. It now
follows that the only minimal prime ideal in SuppsB is 0 as h is one-to-one and
A is an integral domain. Applying Theorem 3.2(3) of [4] we see that B satisfies
Serre’s condition (S;). That is, depth(Bp) > min{2,dimB,} for all p € SuppaB.
Hence depth(Bp) = dimBy, (see eg. the proof of Theorem 17.3(iii) in [15]) and, by
definition, By, is a Cohen-Macaulay module for all p € SuppsB. As dimB < 3 it
follows from Proposition 16 in the appendix of [24] that B is a generalized Cohen-
Macaulay module. Hence n4(B) < oo.

Let C = Coker h .= B/Im h = B/A, as h is one-to-one. Since A is quasi-
unmixed we can apply (1.11.2) of [4] to show that dimC < 1. So, we have the exact
sequence

0—A—>B—>C—0

and from Lemma 2.3.4, e(q; A) = e(q; B). Let q + (z,y, z) be a parameter ideal of
A. Then there is an exact sequence coming from the Koszul homology

Hy(z,y,2,C) — A/q-A— B/q-B — C/q-C — 0. (4.1)
Lemma 2.2.2 now shows that

€a(A/q- A) < La(B/q- B)+ La(Hi(z,y, 2 C)). (4.2)
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If dimC = 0 then
Ca((Hi(z,y,2 C)) = 3€4(C),

by properties of the Koszul homology. Hence
a(A/q-4) _ €a(B/a- B) +364(C)
e(q; 4) ~ e(q; B)

If dimC = 1, we consider C as a module over the one-dimensional ring A =
A/Ann C. Denote by § = (Z,7,2) the image of q in A. Now q has a minimal
reduction, say (z,), in A. If 1; = aZ + by + cZ then at least one element, say a,
among a, b, c must be a unit in A. This is because z,y, z are a system of param-
eters of A, and hence are analytically independent, so if z; = aZ + by + cZ then
0 # 2} = az + by + cz, where 2, = 2] + Ann C. This implies that at least one of
a,b, c is a unit of A and hence of A. Therefore § = (z,, T2,Z3) where 7, = § and
r3 = Z. We have

< na(B) + 3£4(C).

e(q; C) = e((21); C)
(Lemma 2.3.9) and

Ca(Hi(2,Y,2;C)) = La(Hi (21,22, 23; C)).
Consider the following exact sequences of Koszul homology modules:
Hi(z1,29;C) — Hy(z1,%2,23;C) — Ho(z1,22;C),
Hy(z1;C) — Hi(21,22;C) — Ho(z1;C)

and
Hy(z1;C) — Hy(z1,22;C) — 0.

These imply that

Ca(Hy (21, 22, 23;C)) z1,22; C)) + La(Ho(z1,22; C))
.’El;C))+€A(H0(.’E1;C))+€A(H0(1L‘1,.’L‘2;C))
ZL‘1,C))+2€A(H0(IL‘1,C))

( /(Il)'C)+€A(02AI1)

(C/(z1) - C) + La(Hp(C)),

ININININIA
[N I R e SUNS IR
N
REE

(4.3)
as Hl(xl;C’) = {f € CII]_ . f e 0} =10 c T and

Hy(z;C) — H°(C) — 0

is exact.
Since dimA = 1 it follows from case a) above that n4(C) < co. Hence by the
definition of n4(C) and by Lemma 4.1.3 we have

£a(C/(z1) - C) < na(C)-e((:1); C)
nz(C)-e(g; C)
nz(C)-€a(C/a-C)/Ba(C)
u-€4(C/q-C)
u-¢a(B/q- B)

IAIIA I
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from sequence (2). This, together with (2), (3) and (4) implies that

Ca(A/a-A) < €a(B/q- B) +2u-£a(B/q- B) + £a(Hgy(C)).

Hence
UHEA < (1+2u)- AP 4 ¢,(HL,(C))
< (14 2u) -na(B) + La(Hp,(C))
< 0.
Therefore
na(M) < co.

4.2 Restriction to parameter ideals

While section 4.1 considered low dimensional local rings this section examines a
special class of parameter ideals. We know that the result we are looking for holds
for low dimensional local rings (Theorem 4.1.1) and the key result in this section
shows that, if we restrict ourselves to certain parameter ideals, then we also get a
positive solution.

To begin with we need to establish these special parameter ideals and prove some
essential properties of them. To do this we must refer back to Chapter two and the
concept of the associated graded ring of a local ring A. Recall that if (4, m) is a
local ring then

Gm(A] = A/m@ r,n;/rn_2 @---

is the associated graded ring of A with respect to m. The maximal homogeneous
ideal m* of Gm(A) is given by

*

m' =m/m’@®m?’/m*®---.
Now if £ € A then we will denote the initial form of £ in Gm(A) by z*. That is,
a* ==wgle).
We now make the following definition:

Definition 4.2.1 For an ideal I in (A, m) we will write u(I) for the minimal
number of generators of I. Also s(I) will denote the analytic spread of I.
This is defined to be dimG(A) ® , k where k =2 A/m.

Note that if q is an m-primary ideal of A then s(q) = dimA and if q' is a
minimal reduction of q then u(q’) = s(q) (Remark 10.11 and Corollary 10.19 of
(11)).

With this notation established we can begin with two lemmas.
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Lemma 4.2.2 Let Gi(A) be the associated graded ring of A andlet yi,...,yq be a
system of parameters of Gm(A). Now, deg (y;) =n foralli =1,...,d if and only
if (1,---,%a) is a minimal reduction of (m*)".

Proof: First assume that deg (y;) =n foralli=1,...,d so that
(1, -»va) S (m)*
asy; € m* foralli=1,...,d. Now for any r > 0 we have
(Y1 - - -»¥a) - (M*)")" C ((m")")"*
We want to show that
((m*)™)™' C (y1,. .-, 9a) - (m*)")"

for some r > 0. Since (y1,...,yq4) is a parameter ideal of G, (A) we have

(m*)p g (yh .. 'syd)

for some p > 0. Take r such that n(r + 1) > p. Now

((m*)™)™* C (y1,- -+ Ya)-
Let a be a homogeneous element of ((m*)*)"*! so that
d
a =Y by where b; € G(A).
i=1

We can assume that the b; are homogeneous and that deg(b; - y;) = deg(a) for all
= lr... ,d
deg(b; -y;) = deg(b;) + deg(y;)
= deg(b;) + n.

So deg(a) = deg(b;) + n and as a € ((m*)")"*! it follows that
deg(a) > n(r +1).
That is, deg(b;) + n > n(r + 1) and hence deg(b;) > nr. So b; € ((m*)*)" and

(m*)™)™ C (y,..,9a) - (m*)")".

Therefore
¥1,---»¥a) - (m*)")" = ((m*)")™!
and (yi, -..,Yq) is a minimal reduction of (m*)™ since s((m*)") = s(m*) = d.
Now assume that (yy,. .., ¥q) is @ minimal reduction of (m*)™. So for some r > 0
we have

(91,9 - (00" = (0"
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and (mt)ﬂ. — mn/mn+1 & mn+l/mn+2 . R Then

(Y1y.-+y940) -(m*/m*"*' @ m/mrt2g ...\
= (mnr+n/mnr+n+1 Pasy mnr+n+l/mnr+n+2 ®-- )

Suppose deg(y;) # n, for some 1 < i < d, so that deg(y;) > n. Take a €
m"™ " /m" "+l 50 we can write

d
a= Zyi‘ai
t=1

where ¢; € m™/m™ ! @ m"*! /m™*2 @ - - . is homogeneous. Note that, deg(a) =
n(r +1). Since deg(a;) > nr and deg(y;) > n + 1 it follows that

deg(yi-a;) > nr+n+ 1.

Now a = 3°,~; y; - a; because we can delete any summand which has degree different
to the degree of a. So

mnr+n/mnr+n+1 C Zyz N mnr/mnr+l.
j#i

Since m’/m**! generates (m*)* we have
((m*)*)™ € (yeo vy o s ba) - ()™,

As (y1, el gi, ooy yd) Q (m")” it follows that

N

(U1, » G- > ¥a) - ()™ C ((m"))+

and hence
(@150~ v0 Big o o ya) - (@™ = ((m*)")"+1.

Therefore (y1,...,%i-..,Y4) is a reduction of (m*)" and it is strictly contained in
(y1,--.,y4). This contradicts the minimality of (yi,...,yq4). Hence

deg(y;) = n
foralle=1,...,d.
O
Lemma 4.2.3 Let (A, m) be a d-dimensional local ring. (zi,...,Tq) is a minimal
reduction of m™ for some n > 1, if and only if (z3,...,z}) is a minimal reduction

of (m*)™ in Gu(A).
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Proof: First assume that z;,...,Z4 is a minimal reduction of m™. So, for some
r > 0, we have

(z1,....7q) - (m™)" = (m")"*.

By Lemma 4.2.2 we want to show that:
(i) deg(z¥) =nforalli=1,...,d;

(ii) 231, ...,z is a system of parameters of G, (A).
(i) deg(z}) = n if and only if z; € m™\m™*'. By the reduction assumption
(z1,...,24) € m™ and hence z; € m™ for all : = 1,...,d. Suppose, without loss of

generality, that z, € m™*!. Take a € (m")"*! so that

d
a= )Y z;-b; where b; € (m")".
=1

Now, it follows that z;b; € m™*+"*! and

Toby + -+ + Taby € (22,...,74) - (m")".

So
(mn)r+1 g 1,nn1-+n-}-1 e (1:2, . ,xd) . (mn)r)
asa € mVt 4 (z,,...,24) - (m")" for all a € (m™)"+!. Now
(mn)r+1 s mnr+n+1 S ($2’ . -:-'L'd) - (mn)r.
Fix an r. Take the quotient modulo (zy,...,z4) - (m™)". That is,
B = A/(&'Jg, vine :xd) ’ (mﬂ)r
so that .
mm‘+n+ . (232, .. '7Id) : (mn)r — mnr+n+1
(z2,...,Z4) - (m™)7 B ’
(mn)r+1 + ("I:?! nsiey xd) ) (mn)r . (mn )r-!»l
n\r - B :
(z2,...,Zq) - (m")
Since (m%)™*! = myt"*! + (z2,...,24) - (mB)" it follows that
(m%)”"‘l — mg‘+n+1

= (mp) - (m})™.
Therefore by Nakayama’s Lemma (Theorem 2.2 of [15]) we get
(m3)* = 0.
So

(m™)™! + (z3,...,24) - (M)

(zg,...,24) - (mn)7 =0
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and
(mn)r+l.
(mn)r+1 N (32: v ,.'I?d) & (mn)r B
Since (23, ...,24) - (m™)" C (m")™*,
(mn)r+1 =
(z2,...,Zq) - (m™)"
and hence
(mn)r+1 ey (‘r27 s ,.Td) * (mn)r

which contradicts the assumption that z,, ... z4 is a minimal reduction of m”. Thus
deg(z})=nforalli=1,...,d.

(ii) z3,...,z5 is a system of parameters of Gp,(A) if and only if (m*)P C
(z3,...,z}) for some p > 0. Now,

(m*)P = mp/mp+1 @ mp+1/mp+2 @---.

Take p > n(r + 1) and let a be a homogeneous element of (m*)?. Now

+1 _

a:—m+m’c T

where £ € m¥\m**! and k > p. So deg(a) = k and from the reduction assumption

we have
(m*)*! = (z,...,24) - (m")".

Since k£ > p it follows that £k > n(r + 1) and

mk — (mn)T-H . m/c—n(r+1)
= (271, 0 o .’L'd) 0 (m")’ ‘ mk'"(’“)
= (‘Tlv 00 a) .'Ed) ' mk—n'

Therefore z = Zf=1 T; - ¢; where ¢; € m*". Now

d
* = 7 + mF+! :in.qi+mk+1
i=1

so if weset y 1= — ;.. cmb+1 T; - ¢j then, without loss of generality we can write

[
y=13 i 4
g=1

where 6 < d since z; € m", ¢; € m*""\m* ™! and deg(q}) = k — n. In fact

_—d k+1

& =Yi zi'¢+mT
— 0 . . k+1
—ijlmj.QJ+m
:y"‘,
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From (i) deg(z}) = n and we know that deg(q}) = k —n so
deg(zjq;) = deg(z}) + deg(g;)
=n+k—-n
= k.

By the choice of j z;¢; € m*\m**! and so

z q} (xJQJ) .
Now ;
Tt = (Z q})
= (o} a
J 1:r qJ
= Z:-_l ‘T
Hence a = z* € (z},...,z}) and so
(m*)P C (1,...,73).
Therefore z7,. .., z} is a system of parameters of G(A) and hence by Lemma 4.2.2
it follows that zj,...,z} is a minimal reduction of (m*)* in G(A).
Now we will assume that z},...,z} is a minimal reduction of (m*)" in G(A).
That is, for some 7 > 0 we have

(z3,---,23) - (m")™)" = ((m*)™)™*".
Now, by applying Lemma 4.2.2, we know that deg(z}) = n for all 1 < ¢ < d. That
is z} = z; + m™*! and z; € m™\m"*!. Hence

(155 00507) € M"

and
(z1,...,Za) - (m")° C (m"*)**

for all s > 0. Set s =7 and take z € (m™)"*!. Assume that £ € m?\mP*! so that
p>n(r+1) and z* = z + mP*l. Now

I“E mp/mp+1 g ((mt)n)r+1
and it follows that, by the reduction assumption, we have
z* € (2,..., 73 - ((m")")".

So
$- _Z 1'7"1.

= (Z,‘=1 T g:)'
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where g; € ((m*)")" and applying the same process used earlier in the proof. We
can conclude that

d
r+mP ="z, g; + mP*!
i=1

and by the factor module property we get
d
T €Y T gi+mPth

i=1

With regards to the degree we get

deg(z}g;) =deg(z}) + deg(yg;)
=n + deg(g;)
=p
2 n(r+1).

So deg(9;) =p~—n >nr and g; € (m")".
Since z € %, z; - g; + mP*! it follows that

T € (z1,...,24) - (m")" + mP*!
and, as p > n(r + 1),
(mn)r—H c (371, S 655 :Ed) . (m“)" + mnrintl

Therefore
(m™)™! = (z4,...,74) - (M")" + m" !

and applying Nakayama’s Lemma (Theorem 2.2 of [15]) in the same way as before
we get

(m™)™* = (z,...,24) - (m")".
Hence z,,...,z4 is a reduction of m™. Since s(m) = s(m") = d it follows that
Zj....,Zq is a minimal reduction of m™.
O

With these lemmas in place we can set up the following equivalent conditions:
Lemma 4.2.4 Let (A,m) be a d-dimensional local ring. Also let z,....,24 € m
and let n be a positive integer. The following conditions are equivalent:

(i) (z1,...,Z4) is @ minimal reduction of m";

(i) (z3,...,z3) is a minimal reduction of (m*)";

(i) z3,...,z) have the same degree n and form a system of parameters of

Gum(A).
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Proof: Lemma 4.2.3 shows that (i) holds if and only if (ii) holds.

Applying Lemma 4.2.2 it follows that (ii) implies that deg(z}) = n for all ¢ =
1,...,d. It also follows that (iii) implies (ii).

All that remains is to show that (ii) implies that z3},...,z} form a system of
parameters of G,(A). However, this is clear as dimGm(A) = d and (z3},...,1}) is
m*-primary.

O

We now give some notation to our special class of parameter ideals. Set

S:= {q=(z1,...,24) C m|
z},...,z; form a system of parameters of Gm(A4)}.

Thus, this subset of parameter ideals of A contains all of the minimal reductions of
powers of the maximal ideal m.

We need one more lemma before stating and proving the main result in this
section.

Lemma 4.2.5 With A and Gm(A) as above we have e(mP; A) = e((m*)?; Gm(A))
for any p > 1.

Proof: Since
((m*)?)™! = mP"*? /mP" 7+l g ML e g
it follows that
Gm(A)/((m*)?)"! = A/m® m/m? @ - -- & mP*?~1 /mP"*?,

Hence

£a(Gm(A)/(m*P)**1) =£4(A/m @ -- - & mP™ P~ /mP"+P)
= TP L4 (m* /mk )
— 0a(A) = La(m) + - - - + La(mPP-1) — £, (mPm7)
= L4(A) — L4(mP"FP)
= £4(A/mP™*P).

Therefore we have
A(Gm(A)/((m*)?)™*1) = £4(A/(m?)™H)

and so, by definition,
e(m”; 4) = e((m")”; Gm(A))

for any p > 1.
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In order to prove the main result of this section we need to use Theorem 2.4.2.
The proof of part (2) of this theorem, as given in [25], gives an upper bound for
na(M) based on the local cohomology modules H: (M) of M. The following proof
of this result appears in [1] and is somewhat simpler. It also provides, in general, a
much better bound for 714(M). Part (2) of Theorem 2.4.2 is restated here for the
convenience of the reader.

Theorem 4.2.6 (Theorem 2.4.2) Let A be a graded k-algebra and let M be a
graded A-module with dimM = dimA. Then 7 a(M) is finite.

Proof: A can be written in the form A = S/I where S = k[X;,...,X;] and Iis a
homogeneous ideal of S (see, eg. page 93 of [15]). Assume that I has a minimal sys-
tem of homogeneous generators f, ..., fu whose degrees are ordered in a decreasing
sequence, &, > d > -+ > §,. Let q be a homogeneous parameter ideal of A. Let
91, .. -,94 be homogeneous polynomials in S such that their images in S/I generate
q and n; =deg g; > -+ > ng = deg gq. Now consider fi,..., fu,91,.-.,94 and ap-
ply Theorem 1 of [6]. This implies that there is a regular sequence of homogeneous
polynomials of k[X,...,Xy)], say hi,..., hn, in (1, 91,...,94)- Also we have

deg hy---deg hp < 61+ 0p—gqny - Ng.
Now, since (hy,...,hs) € I + q, it follows that

€a(A/q) =¢€a(S/I+q)
< 24(S/(hyy - ha))
= deg hy---deg h,
<61+ -0pgni---ny,

as the h; are homogeneous. Note that the equality in the third line above is a
consequence of a Bezout-type theorem (see, e.g., [22]). If M is generated by sy
elements then we can write M = a,, <A+ ---a;,, - A Now

aM/q-M) =L4((as; - A+ a5, A)/q-(as, - A+ ---as,, - A))
< gA(aﬂ : A/q' (a31 : A)) +-+ eA(aSM/q ! (aSM A))
<Ssm- maX1§i§M{£A(as.-/Q' o A))}
<sm-€a(A/q)

as £4(A/q) > La(as, - A/q - (as; - A)) (see also Corollary 23.4 of [18]).
Hence
a(M/q-M) < spby -+ Opeany -+ ng. (4.4)
Let p € AsshM so that q is also a parameter ideal of A/p. By Theorem 14.9 of
[15] we have
e(q; A/p) > n1---nq-e(A/p).
By Lemma 2.3.3 we obtain

e(q; M) = ZpeAsshM EAP(MP) ) e(q; A/p)

[Zeessnar £ap (Mp) - e(A/p)] - m -+ -y
07 VAR £ RN (W R

v
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Since ayy is independent of q, applying equation (4), we get
na(M) < sp - 01+ -6n-g/ap < 00.

O

In order to show that the above bound for 714(M) is sharp we consider the
following examples.

Example 4.2.7 Let R = k[z,y,2] and set [ := 2 ~-RN(y™,2) - R an ideal of R.
Consider the graded k-algebra A := R/I = k[z,y,2]/z - RN (y™, z) - R.We have
dim A = 2. Now, applying Lemma 2.3.3 to e(A), we get

Qy = ZpeAsshA ZAP(AP) : e(A/p)
=e(m;A) =e(A) =1,

(Corollary 3 to Theorem 5 on page 303 of [19]).
Further, §; = deg (zy™) = m+1,d=2and n—d = 1. Since sy =1, as A is
generated by exactly one element as an A-module, it follows from Theorem 4.2.6
that

fa(A) <m+1.

Set q = (r+y,2) - Aso that q is a parameter ideal of A. We have
£a(Alq- A)

oz +y, 2z zy™ z2)

KA(I+ Y, xym, Z)
a(z™1,2)asc+y=0givesz =y
=m + 1,

and by Lemma 2.3.3,
e(q; 4) =e(q + (z,y,2); A/(z,y,2) - A) = e(0;k) = 1.

So we get
ﬁA(A) =m+1
and the bound in Theorem 4.2.6 is sharp.
Example 4.2.8 Let B = k[z,y,u,v]/(z% y? zu — yv) and let q = (u,v). Also

sg=1and
6, = deg (z%) = 2, 6y =deg (y?) =2

and we have n—d = 2 with regards to the proof of Theorem 4.2.6. Since (22, y?, zu—
yv) is (z,y)-primary ideal, we have

So by Theorem 4.2.6
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Now,

o(klz,y,u,v]/(u,v,2%,y2 zu — yv))
g(k[xa ya U, ’U]/(U, 'U, xz’ y2))
4

EB(B/Q’B)

(1

By Lemma 2.3.3we have

e(q; B) = e(q+ (v,v); B/(u,v) - B) = e(0; k[z,y]/(«?,y?)) = 2.

Therefore
np(B) = 2.

So the new proof of Theorem 2.4.2 not only gives us a bound for 74(A) that is
easier to calculate, it also provides a bound that is sharp. That is, it gives us the
best possible bound for 72 4(A).

The main result of this section is now the following:

Theorem 4.2.9 Let (A, m) be a local Ting. Then

sup{€a(A/q)/e(q; A)|lq € S} < .

Proof: Let q = (z;,...,24) € S§. Denote by q* the initial ideal of q. It is clear
that

*

(z1,---,7a) S Q-
By Lemma 2.2.3,

EA(A/CI) = gA(Gm(A)/q* : Gm(A))
< éA(Gm(A)/(xI’ SRD ,III;) : Gm(A))

Since z7, ...,z is a system of parameters in Gm(A), by Theorem 4.2.6, we have

EA(Gm(A)/(:EIr sy Ié) ! Gm(A))
(@1, - - 7); Gl A))

for a fixed o which does not depend on q. So it suffices to show that

e((z1,- ., 2a); A) = e((z1,. - -, 23); Gm(A)).

< a < oo,

Fori=1,...,d assume that z; € m™\m"*! for some positive integers r;. Set
r=lemdry,...,rq}. Alsoset s; =r/r;. Let
Y1 =2, .., Y4 = TP

Now y; = zj* € (m™)%, as z; € m™. So
yi € (m™)/" = m".
Suppose y; € m"*!. By definition z; € m™/m"*! and if y; € m™*! then

v = .’C:" em't! = mnr/r)+l — parisi+l
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Hence z* € m™* and z;* € m"**! so, as (z;)% € m"% /m"**1 it follows that

in Gm(A). This contradicts the assumption that z}, and hence (z})% (see eg. (b)
on page 297 of [19]), is a parameter element of G,(A). Thus

Vi € mr\mr+1

for alli =1,...,d. So it now follows that the y; = (z})* have the same degree r
for each i =1,...,d, and yj,...y) form a system of parameters of G, (A).
By Lemma 4.2.4 (y}, ...y} is a minimal reduction of (m*)” and (y1,...,yq) is a

minimal reduction of m". We have

e((m*)";Gm(A)) =e((y1,---43) Gm(A))
=e(((z7)*,- .., (23)*®); Gm(A))
s1---sq-e((z},--.,75);Gm(A))

by Lemma 2.3.9 and Corollary 1 on page 311 of [19].
On the other hand by Lemma 4.2.5, again by Lemma 2.3.9 and Corollary 1 on
page 311 of [19], we get

e((m*)";Gm(A)) =e(m"; A)
= e((yl,---,yd) A)
=e(($1 v T )i A)
=81 84" e((a:l, .., Zq); A).
So
e((x];,s ++ s Z3); Gml(A)) = e((Z1, .y 52); A)
and hence

sup{e( /“”[ es} Pigen() (Gim(4)) < 00.
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Chapter 5

Loewy Length and 6 4(M)

The final chapter in this dissertation is devoted to the Loewy length and 64(M).

The Loewy length will be used to find stronger versions of some of the results
found in [25] and in fact a key part of the proof of Corollary 2.1 in [25] is to bound
the Loewy length of M/q-M in the graded case where q is a homogeneous parameter
ideal. In [27] the Loewy length was used to estimate the index of nilpotency for
m-primary ideals. In [7] and its references it is shown to be related to a certain
invariant of Gorenstein local rings. In the graded case the Loewy length is related
to the reduction number.

We begin by examining properties of the Loewy length and studying its con-
nection with other algebraic invariants. Following this we consider the finiteness of
64(M) and give an example to show that 64(M) is not always finite. Necessary
conditions for 64 (M) to be finite are examined and some positive progress is made
in this direction.

Finally, an attempt to bound 64(M) is made. This attempt employs a technique
of W. Vasconcelos’ based on characteristic polynomials. A positive result is achieved
by restricting ourselves to the case of local rings containing an infinite field.

5.1 Properties of the Loewy length

This section recalls the notions of Loewy length and §4(M). We also give some
introductory properties of the theta invariant and its connection to the reduction
number.

We begin by recalling the definition of the Loewy length. If M is an A-module
and q is an m-primary ideal of A then the Loewy length, £4(M/q-M), of M/q- M
is the smallest positive integer ¢ such that m*- M C q- M.

Two basic properties of the Loewy length are given in the following lemmas.

Lemma 5.1.1 Ifﬁ is the completion of M with respect to m then

e(M /q - M) = 24(M/q - M).
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Proof: From Theorem 5 on page 256 of [31] (Vol. II) we see that M = A - M.

Applying this we see that

I“M I-M
I (A-M)

M

I
RCNES

for any ideal I of A. Suppose £¢(M/q- M) = n so that

m"-MCq-M.
Now A e

m’f-M =m"-M

qQ-M =§-M
and = .

m'-MCq-M
Hence

n> 0(M/q-M).
Now suppose that ! - M C - M, for some t, so that

m-MNnMCq§-MnM.

This implies that
m'-MCq-M

(Corollary 1 on page 257 of Volume II of [31]) so that
t>lU(M/q- M).
Therefore ¢4(M/q- M) = €6(M/q ~-M).

Lemma 5.1.2 If M, M' and M" are A-modules such that
0—M —>M-—M —0
is ezact, then
(i) e6(M/q- M) > e(M"/q- M"),
(it) e6(M/q M) < Le(M'/q-M'") + e4(M"/q - M").
Proof: Applying Koszul homology we get the exact sequence
Mq-M - M/q-M -2 M"/q- M" — 0.
Suppose ¢4(M/q- M) =n so that m"- M C q- M. Now
m"-MCO0
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in M/q - M. Since ¢ is an homomorphism it follows that
$(m"- M) =m"- (M) Cq- M".
That is, m" - M" C q-M", as v is an epimorphism. Hence ¢¢(M"/q-M") < n and
06(M/q - M) > 06(M" [q -M").
Now let n = n’ + n” where
n'=0M/q-M), 0" =M"/q-M").
Take any £ € M/q-M and a € m™, b € m™'. We have
P(b-1) = b-h(z) =0.
Hence
b-z=(y)
for some y € M'/q- M'. Now
a-b-z=a-9(y) =yl y) =¢0)=0.

Since each element of m™ is a sum of elements of the type ab, a € m™, b € m"’, it
follows that
m"Cq-M.

That is, n > €¢(M/q - M) so that

2W(M/q- M) <M /q-M")+e(M"/q- M").

Recall that, if M is an A-module such that dim M = dim A, then
0a(M) = sup{€l(M/q- M)/e(q; M)}

where the supremum is taken over all m-primary ideals q of A.
We can now extend Lemma 5.1.1 to the invariant 6 4(M).

Lemma 5.1.3 If M is an A-module and M is the completion of M with respect to
m then =
0a(M) =60;(M).

Proof: We note that by applying the notes in Section 3 of Chapter 2 we have

e(q; M) = limp 00 ,%'! : e(M/qn N M)
= limp00 & - (S0 g’ - M/q* - M)
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(see page 97 of [15]). Also

— dl n-1 . A .
1=0

n—o00 nd

as dimM = dimM (Theorem 30 on page 433 of [19]).
0—qgt'"M—q-M—q-M/q"'- M — 0
is exact so = . o -
0— ¢t "M —§ - M—g M/GH"H-M—0
is exact (Theorem 20 on page 419 of [19]). So
Uq'- M/q'* - M) = (g - M) - &g - M),

oG- M/g*t - M) = £(g' - M) - (g - M).
Now
£q'-M)=1Lq' - M)
for all ¢ as if

Q- MODMDM;D---DM,=0

is a composition series then so is
& Mo>M>My>---DM,=0

(see, eg. the notes on page 424 of [19]). Therefore

—

e(q; M) = e(q; M)

(see also Exercise 3 on page 439 of [19]).

So we now have P
ee(M/a- M) _ ee(5 /4 B)

—

el M) — e(q; M)

by Lemma 5.1.1, and thus

—

GA(M) < 9A(M)

as there may be parameter ideals of A not accounted for when passing from q to .
Let ' = (z},...,z) C rh be a parameter ideal of A such that ¢¢(4/q’ - A) = n.
If we consider the chain
ADmDOm*Oomd>.-..

then we can define M as follows:

M:={g={31,0,...) EHM/mi-M}
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where g; = g; (mod m*- M) for all j > ¢ (see, eg. page 181 of [8]). So, by applying
this definition we can choose z1,...,z4 € m such that

T — $i & m“"’l
foreachi=1,...,d. Set q = (z1,...,2Zq) --A. ~
_ Since z; — z} € m™*! it follows that z; € m? for some p > n. Now, as ¢/(A/q" -
A) = n, we have m™ C q' and hence z; € q". Soq C q' and q C q' as q' is complete.
As q can be defined similarly to the definition given above for M, to show that
z; € q it will be sufficient to show that for k large enough there is y;, € q such that
k
T, — y;, € m".
We will proceed by induction on k.
For k =n+ 1 let z; = z; so that we can take y;, = z; to get

T; —I. €Em

n+l
% .

Now let k > n +1. Assume that y;, € q such that z} — y;, € m*.
zi—y;, Em*=m" -mF"Cq - -m ™

Hence
! ! !
xi_yik—$1a1+...+xdad

where a; € m*™. So
T, =y, = (z1+ 21)a1 + -+ + (24 + 24)aq
where z; € m™*!| as z} € z; — m™*!. Thus

z; — ¥i, = (z101 + - - - + T4aq) + (2101 + - - - + 24a4).

Set
View, = ¥i, + (T101+ -+ 2404) €Eq
so that ,
Ty ~ Yy — (2101 + -+ + 2q4a4)
€ m*t! . m*
—

Therefore for k large enough we have y;, € q such that zj — y;, € m* for each
=1, cnds
Thus z! € q and q = q'. From this it follows that

eo(M/q' - M) = e¢(M/q- M),

and
ee(M/q- M) =te(M/q - M)

by Lemma 5.1.1.



CHAPTER 5. LOEWY LENGTH AND 04(M) 60

So we have . .
e(M/q-M) eM/q - M)

e(g; M) —  e(q M)

—

and so 04(M) > 0 4(M) as there may be parameter ideals in A not accounted for
by the above construction.
Combining this with the earlier part of the proof we see that

—

64(M) = 0;(3).

O

As we have seen in Chapter 2, this invariant is closely related to the invariant
na(M). The following results show its connection with the reduction number.

Definition 5.1.4 Let J be a minimal reduction of I. The number r;(I) := min{r >
0; there ezists a minimal reduction J such that I"*' = J-I"} is called the reduction
number of I.

Let A be a graded k-algebra with maximal ideal m and let q be a minimal
reduction of m.
Referring to the notation introduced above we get the following result:

Proposition 5.1.5 With A, m and q as above we have
rq(m) = l(A/q) — 1.

Proof: First suppose that 7q(m) = r so that

r+l

mT=q-m".

Now m™™! C qas q-m" C q so we have
2(A/q) <r+1.
Therefore
rq(m) > €(a/q) - 1.

Now suppose that m” C q where m"*! = q-m" and rq(m) = r. In the graded
case we have
mr=(A1®A2@...)T=Ar@Ar+1®___.

Let £ € m" so T = yag + Ta1 + -+ € q where va; € A,4; foreach i = 0,1,....
That is,
Yoo € Ay, 110G € Aryy, .-

Now
Y € Qr, 7101 € Qry1; ---
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and
Yoao = dobo
maer =da + a0

where ; € qi, b € A,_14i, % €42, ¢ € A;—24i, ... a5z € m" C q. Hence

T €EqQq-AOqAD P A 1Dq A D
=q'Ar—l®q'Ar®"'
—q- (A1 @A, @)
:q.(Al@A2@...)T“1
:q_mr—l

and

mT g q . mf—l.

Som” =q-m""}, asm” O q-m". This contradicts the minimality of r4(m) so
m’ Z q. Hence
t(A/q) > +1=rq(m)+ 1.

Therefore
t(A/q) — 1 =rq(m).

O

An interesting application of Proposition 5.1.5 is the following (see [12], [26], [28]
for other bounds for rq(m)):

Proposition 5.1.6 Let A be a graded k-algebra with mazimal ideal m. For all
minimal reductions q of m we have

rq(m) < 64(A) - e(m; A).
Proof: By the notes following Lemma 2.3.9 e(q; A) = e(m; A) so we have

t(A/q) _ 2(A/q)
e(q;A)  e(m;A)

< 04(A).

By Proposition 5.1.5, we have
tU(A/q) — 1 =rq(m).
Hence

rq(m)
e(m; A)

< 6a(A),

which implies
Tq(m) < 64(A) - e(m; A).
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This result is interesting because W. Vasconcelos recently proved that
Tq(m) < adeg(A)

where the adeg(A) is the arithmetic degree of A (see eg. [17], [27] and the
references contained within). It is also known that

adeg(A) > e(m; A).

5.2 Necessary conditions

An interesting question to ask here is, is 84(M) < oo for any A and any M? This
section examines this question and gives some necessary conditions for it to hold.
We begin with the following example which shows that 64(M) is not always finite.

Example 5.2.1 Let A = k[z,y,2]. Set ] =z - AN (y,2)- A to be an ideal of A.
Consider the graded k-algebra A/I.
Let n be an integer such that n > 1. Set q, = (z",y,2) - A/I. Now

A/l = k[z,y, 2]/(zy, z2) - A.
We have dimA/I =2 and

n-1 __ n-1 _n-1 _n-2

mA;’I —(xn_lty y 2 1y z,...,yz“Fz)-A/f,

m},, = (¢% 3" 2%y e, 92" ) - AT C qn.
If m’}ﬁ} C q, then 2"~ ! € q,. This is clearly not possible so m’/‘g} ¢ q,. Hence
UA/I+q,)=n
Now, by Lemma 2.3.3, we have
e(an; 4/1) = e(an + (2)I; A/(I+ (2)I)) = e((y,2); kly,2]) = 1.
Therefore
C(A/I +q,)
e{qn; A/I)

So
04(A/I) = 0.

This example shows that 64(M) is not always finite for any local (or graded)
A-module M.

So a natural question to ask now is what properties does M have when 64(M)
is finite? In the following theorem we show that if 84(M) is finite then M also
satisfies the conclusion of Theorem 2.4.1(1). It was mentioned in Section 2.4 that
6a(M) < na(M), and very often 84(M) << na(M). Hence this result is stronger
than Theorem 2.4.1(1).
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Theorem 5.2.2 Let M be a (graded) A-module, where A is a local ring (or a graded
k-algebra). If 04(M) is finite then M is a quasi-unmized module.

The proof of Theorem 5.2.2 is essentially the same as the proof of Theorem
2.4.1(1) given in [25]). However there are obviously some differences and for the sake
of completion the full proof is given here (see also Proposition 4.4 of [1]).

Before beginning we need some lemmas. Throughout these lemmas let M be an
A-module such that there is a minimal prime p € Ass M with d' := dimA/p <
dimM =:d. Let

OM=MlﬂMgﬂﬁMr

be a primary decomposition of 0 in M where M; is p;-primary for : =1,...,r. Set

N =n{M;|M; is p'-primary,p’ € AssM,p C p'}
= ﬂ{Mi|p - pi}a
U =n{Mlp € p;}.

Lemma 5.2.3 U =0 :p pt fort >> 0.
Proof:

0:mpt =(MiNn---NM,) :p pt
= (M PY) NN (M, iy PY).

Fori=1,...,r we have

M, if p C p;
. t__ ’ = P
Mz L _{ Mia lfpgpn

for t >> 0. Therefore we can conclude that
0:mp'=n{M;lpZpi}=U

fort >> 0.

Lemma 5.2.4 Assh M C Ass(M/U).
Proof: First we consider the exact sequence
0—U—>M—M/U—DO.
From this it follows that
Ass M C Ass UU Ass(M/U).

Let p’ € Ass U so that p’ = Ann(y) for some y € U. Now U = 0 :ps pt so,

y-p'=0.
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p' C Ann(y) =p’sop C p’ as p’ is prime.
dimA/p’ < dimA/p =d’ < d, so dimA/p’' < d. Hence p' ¢ Assh M and thus
Ass UN Assh M = ¢.

Therefore
Assh M C Ass(MJU).

O

Lemma 5.2.5 dimM/N =d'.

Proof: By assumption dim(A/p) = d’' so we want to show that dim(M/N) =
dim(A/p). By definition,

dim(M/N) =dim(A/Ann(M/N))
= max;{coht(p;)},

where p; is any prime ideal belonging to the zero submodule (see eg. page 249 of
[19]). In this case the zero submodule is

N =n{M;|p C p:}.

Hence
dim(M/N) = rr%:ax{coht(pi)} = coht(p) = d'.
pCP;

O
Lemma 5.2.6 Ann(M/U) < p.

Proof: For each ¢ such that p;  p choose a; € p;\ p. Since d’ < d, the set of such
indices is not empty. Let a be the product of all of the a;. Then a € N;p; \ p. For
t > 0 we then obviously get

a'M Cn;M; =U'
Thus a* € Ann(M/U), but a* & p.
O

Lemma 5.2.7 Ann(M/N) € p for all p € Ass(M/U).

Proof: Since p C p; for all p; € Ass(M/N) it follows that p is the only minimal
element of Ass(M/N). Therefore /Ann(M/N) = p (see eg. page 3 of [15]). So if

Ann(M/N) C p € Ass(M/U)

then p C p, which contradicts the definition of U.
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Thus by Lemma 5.2.6 there exists z € Ann(M/U)\p and by Lemma 5.2.7 there
exists y € Ann(M/N)\ U{p| p € Ass(M/U)}.

O

The following is a well known fact (see eg. Exercise 9.19 of [23]):
If J C I then the exact sequence

0—J —>I—I/J—0

gives us
Supp(I) = Supp(J) U Supp(I/J).

So Supp(I) 2 Supp(J).
Lemma 5.2.8 Choose ,y € m as above. Then

Supp(M/(z +y) - M) = Supp(M/(z,y)- M)
= Supp(M/(z",y) - M)
= Supp(M/(z" +y) - M),

for all positive integers n.

Proof: Note that if N C M, then Supp(N), Supp(M/N) C Supp(M). Since each
module in the following range can be considered as a factor module of the successor,
we have

Supp(M/(z,y) - M) C Supp(M/(z",y) - M) C Supp(M/(z" +y)- M)
C Supp(M/(z +y) - M).

Now we show that
Supp(M/(z + y) - M) C Supp(M/(z,y) - M).
Let a € Ann(M/(z,y) - M). For any m € M we can write
am = zmy + yme = (z + y)m1 + y(me — my),
where m;, my € M. Analogously,
a(mg — my) = zmz + ymy = z(mz — my) + (T + y)my,
where m3, mgq € M. Hence

a’m = a(z +y)m, +ya(my — m,)
=a(z +y)mi +y(z + y)mg + zy(mz — my).

Since zM C U and yM C N, zyM C U N N = 0. Therefore the above equation
implies a?m € (z + y)M, i.e.

Ann(M/(z,y)M) C \/Ann(M/(z + y)M).
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As Supp(N) is equal to the set of prime ideals that contain Ann(N) for any
finite A-module N, we have

Supp(M/(z +y) - M) C Supp(M/(z,y) - M).
O

Lemma 5.2.9 Set q;, = (2" + ¥, f1,..., fa-1) <A where z,y € m such that - M C
U,z é¢pandy-M C N,y ¢ p for all p € Ass(M/U). Also fi,..., fq_1 are
homogeneous elements such that q;, is a parameter ideal of M. Then

e(an; M) = e((y, f1s-- -, fa-1); M/U).

Proof: Since 0 = N]_,M; = NNU we can construct the following exact sequence:
0— M/NNU -2 M/U® M/N -2 M/N+U — 0.
Applying Lemma 2.3.4 we get
e(dn; M/U® M/N) = €’ (an; M/N NU) +€*(qp; M/N + U).
So,
e(qn; M/U) + € (dn; M/N) = *(ap; M/N NU) + €’ (qp; M/N + V).

We know that dimM/N =d' < d , so

e*(dn; M/N +U) = e*(qp; M/N) =0.
Also NNU =0so M/NNU = M and we have

e(an; M/U) = e(gn; M)
Since z - M C U it follows that - M/U = 0 and we get

e(qn; M) = e((y, f1, ..., fa-1); M/U).

We can now begin the proof of Theorem 5.2.2.

Proof of Theorem 5.2.2: Let 64(M) be finite.

Assume that M is not quasi-unmixed and look for a contradiction. By Lemma
5.1.3 we may assume without loss of generality that A is complete. Now, by the
Cohen structure theorem (Theorem 29.4(ii) of [15]), A = R/I where R is a complete
regular local ring. Since M is a A-module we can consider the canonical homomor-
phism f: R — R/I. The mapping R x M — M given by (r,m) — f(r)-m e M
implies that M has R-module structure. Therefore we can assume, without loss of
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generality, that A is a complete regular local ring or a polynomial ring in finitely
many indeterminates over a field k.
By assumption we can consider a minimal prime ideal p € Ass M such that

d' .= dimA/p < dimM =: d.

Let 0py = M; N MsN -~ -N M, be a primary decomposition of 0 in M where M;
is p;-primary for i =1,...,r. Set

N =n{M,|M; is p'-primary,p’ € AssM,p C p'}
=n{Mi|p C pi},
U =n{Mlp € pi}.

We now have the following:

U =0:pt, fort>>0;

Assh M C Ass(M/U);

dimM/N = d';

Ann(M/U) € p;

Ann(M/N) € p, forall p € Ass(M/U);

(Lemma 5.2.3 - Lemma 5.2.8). The last two statements allow us to take (homoge-
neous) elements z,y € m such that

z-MCU z¢p,

y-MCN, y¢pforallp e Ass(M/U).
As (z + y) - M reduces the dimension of M by one we have

dim(M/(z" + y) - M) = dim(M/(z",y) - M) = d — 1,

for all positive integers n. We have /Ann(M/N) = p and z € p. Since p + (z) C
Ann(M/pM + (z,y)M), dim(M/pM +(z,y)M) < dim(A/p+(z)) = d'—1. Hence

we can take (homogeneous) elements f1, ..., fo_¢r € Ann(M/N) which form part of
a system of parameters for M/(z,y) - M.
Consider (homogeneous) elements fy4_g+1,..., fa—1 such that fi,..., fs_; is a

system of parameters for M/(z,y)M. Then by Lemma 5.2.9, fi,..., fa_; is a system
of parameters for M/(z",y)M and for M/(z™ + y)M) for all positive integers n.
Now set

qn = (xnay,fla"'afd—l)'Aa
q;: (xn+yaf1a---afd—1)'Aa

for all positive integers n.
Clearly q;, C g, so that

ee(M/an - M) 2 £e(M/qn - M).
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Suppose £4(M/q, - M) = t so that m* C q,. Now z € m by construction so
zt € qu. Also y, fi,..., fa_1 € aQn for all positive integers n so

qt‘:(ztay,fla"-afd—l) qun

Suppose t < n, then ¢t *M = z™ - M and we have z* - M = z"¢(z* - M), where
M= M/(y, fi,..., fsz1) M. By Nakayama’s lemma (Theorem 2.2 of [15]) we get
zt- M =0. So

0 =dim(M/q, M)
> dim(M/(zt, 2"y, fi,. .., fa-1) - M)
as t < n. Now
M/th :M/(mt7y_1f17'-'afd—1)'M
=M/zt-M
=M,

aszt-M =0. So
dzmM =dlm(M/(y1flyafd-l)M)
= il

as fi,..., fa—1 is part of a system of parameters and (y, f1,..., fa—1) - M is not a
parameter ideal of M. Hence

1 =dimM < dim(M/q, - M)

which is a contradiction.
Therefore
UM/q, - M) > (M/q, - M) > n.

With regards to the multiplicity we have

e(an; M) = e(qy; M/U)
= e((y, fl’ e C ,fd—l); M/U)

(Lemma 5.2.9). Hence the multiplicity of q/, is independent of n. So,
lim,, o, LOL-M)

: n
@i 2 iMnose grr—r 7w,
= OQ.

Hence, by definition, we have
QA(M) =00

which is a contradiction. Thus M must be quasi-unmixed.

O

The final result for this section is analogous to Theorem 2.4.1(2) but it is given
in terms of 8,(M). The proof is essentially the same as the one given for Theorem
1(2) in [25] but it is given in full here for the sake of completion.
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Theorem 5.2.10 Given a positive integer d the following conditions are equivalent:
(i) For every local (or graded) ring A of dimension at most d and every quasi-
unmized (graded) A-module M we have 04(M) < oo,
(ii) For every complete reqular local ring R with infinite residue class field (or for
every polynomial ring R = k[X1, . ... Xn] over an infinite field k) we have 0g(R/p) <
oo for all (homogeneous) prime ideals p of R such that dim(R/p) < d.

In order to prove the above result we first need a lemma.

Lemma 5.2.11 Let A be a local ring (or a graded k-algebra) and let M be an
(graded) A-module. Suppose

O=MyCM,C---CM, =M
s a composition series of M such that
M;/M;, = A/p;

(up to shift of degrees) for some (homogeneous) prime ideals p; of A, i=1,...,r,
then

o(M/q-M) < 3" 6(Afa + ),

=1

for any (homogeneous) m-primary ideal q.
Proof: As A/p; & M;/M;_, it follows that

te(A/a+ pi) = C((Mi/M;1)/q - (M;/M;_y)).
Applying Lemma 5.1.2(ii) we then get

ee(M/pM) = ee(Mr/er)
< 0(M,_1/PM,_1) + £{(A/q+ p:)
< lU(Mr_2/PM,_3) + €L(A/q +Pr-1) + ¢6(A/q + Pr)

< YT, 0e(Afq+ py).

O

Proof of Theorem 5.2.10: (i) = (ii) is trivial. For (ii) = (i), we can apply the
same method used in the proof of Theorem 5.2.2 so that we can assume, without
loss of generality, that A is either a complete regular local ring or a polynomial ring
in finitely many indeterminates over a field k.

Let M be a quasi-unmixed (graded) A-module of dim(M) < d. By Theorem 1
on page 265 of [5] there exists a ccmposition series

O=MyCcM,C---CM,=M
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of M consisting of (graded) submodules My, ..., M, of M such that
M;/M;—) & A/p;

(up to shifts of degree) for some (homogeneous) prime ideals p; of A, fori =1,...,7.
By Theorem 2 on page 265 of [5] it follows that {p;,...,p,} C Supp M.
If p; is not a minimal prime then there exists a minimal prime p C p; such that

p € min.Supp M = Assh M,

since M is quasi-unmixed (see Section 1 of Chapter 2). So there exists a prime ideal
p € Assh M such that p C p; for all i =1,...,r. Note that dim(A4/p) < d.
Let q be a (homogeneous) m-primary ideal of A. From Lemma 5.2.11 we have

e(M/a- M) < 3 U(4/a+p)

considering A/p; as an A-module. Now
Z”(A/Q'Fpi) < Z < Z C(A/q+ Pi))
g= pEAssh M \1<i<r, pCp;

as for each p; there exists p € Assh M such that p C p; so each ¢¢4(A/q + p;) is
included on the right hand side at least once.

> < X, EE(A/Q+pi)) < Y B tl(Ala+p)
pEAssh M \1<i<r, pCp; pEAssh M
considering A/p as an A-module and where
ﬂp:= ﬁ{lll Sisra pgpl}

This inequality follows from Lemma 5.1.2(i) as A/p; & (A/p)/(pi/p) is a factor

module of A/p.
Therefore
@M/q-M)< > B,-tA/q+p).
pPEAssh M
Define
ap = €, (Mp)

for all p € Assh M. It follows by Remark 1 on page 275 of [5] that 1 < ap < B,
for all p € Assh M. Set

p = max{fp/ap|p € Assh M} > 1,

so that we have

L(M/q-M) < ¥peassh mBp - ll(A/a+p)
= Ypessn m () - ap - £6(A/q + p)
< p- ZpeAssh M Qp - Ef(A/q &= p)'
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Applying Lemma 2.3.3 we obtain

e(@M)= ) op-e(qA/p)
PEAssh M

Hence
wuMjaM) < . 2 pedssh ar O Ll(A/a+P)
e(a;M) - peassh ur @ €(qGA/P)

<p- ma.x{{si(%ﬁ‘;“—;)’l‘p € Assh M

< p-max{04(A/p)|p € Assh M}
<0

by assumption. Therefore
GA(M) < 0.

5.3 Boundedness of §4(M)

The final section in this chapter is concerned with a final result on the Loewy length.
In order to prove this result a technique of W. Vasconcelos’ (see [27] and [28)) is
employed. This technique will be briefly outlined before the main result is proved.
We begin with Vasconcelos’ technique. Given a finitely generated standard
graded algebra
A=A0@A1@A2@"‘

over a field Ag = k£ we can use the following construction. Suppose dimA = d.
There are homogeneous elements z,...,z4 € A; such that

R=k[z1,...,z4) = k[z) > A= S/I

where S = k[zy,...,%T4,Td+1,--.,Zs] and I is chosen so that A = S/I. This is a
Noether normalization of A. That is, the z; are algebraically independent over k
and A is a finite R-module. If by, ..., b, is a minimal set of homogeneous generators

of A as an R-module then
A= Z R-b

1<i<s

and deg(b;) = ;.
We now need some definitions:

Definition 5.3.1 Let M be an A-module. Define a finite free resolution of M
to be an exact sequence

O=F,— —=F—=>FR->M->0

of finite length n such that each F; is a finite free A-module. That is, each F; is
finitely generated and F; = A™ for some positive integer m;, 0 < i < n.
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Definition 5.3.2 The rank of a module M over an integral domain A is the mazx-
imal number of elements of M linearly independent over A. The rank is also equal
to the dimension of the L-vector space M ®4 L where L is the field of fractions of
A. It is denoted by [M : A].

With these definitions in place we can construct the following polynomial. Fix
a Noether normalization R = k[z] — A = S/I. Take an endomorphism f of an
A-module M,
f:M— M.

Map a free graded module F' over M and lift f to the following:

F = M
vl lf
F s M

Set
P,(t) =det(t-I+¢)
=t"+---+an

where [ is the identity matrix and ¢ is an indeterminate over A. This is the char-
acteristic polynomial of ¢ and n is equal to the rank of F'.

If we now apply a technique of [3] we can lift f to a mapping from a free resolution
of M onto itself,

0—=F —=-2F 5F M -0

s 4 ord ol fl

0>F, =»--—>F oF -M -0

Define
Py(t) = [1(Pa ()
1=0

which is now a polynomial in R[t]. We note that if M is graded and f is homogeneous
then Py(t) is a homogeneous polynomial with deg Py(t) = e(M).

With this construction in place it is possible to apply the Cayley-Hamilton The-
orem (see [27] or [28]) to get some useful properties of this polynomial. Before
restating this theorem we need two more definitions.

Definition 5.3.3 If P is a non-zero polynomial of degree n in R then P is said to
be monic precisely when its n-th coefficient is 1.

Definition 5.3.4 Let A be an integral domain with field of fractions L. An A-
module M 1is torsion-free if every non-zero element of A is a non-zero divisor on
M. Equivalently, M is torsion-free if the map M — L ® o M is a monomorphism.

Recall that [M : A] = dim (L @4 M).
The Cayley-Hamilton Theorem is now as follows:
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Theorem 5.3.5 (Cayley-Hamilton) Let M be a graded module over a ring of
polynomials, say R, and let f be an endomorphism of M. If the rank of M over R
is n, then Pf(t) is a monic polynomial of degree n. Moreover, if M is torsion-free
over R then

Ps(f)- M =0.

We now come to the main result in this section, which also appears in [1] (The-
orem 4.6).

Theorem 5.3.6 Assume that A is a local ring containing an infinite field. Let M
be a quasi-unmized A-module with dimM = dimA. Then 04(M) is finite.

Proof: By Theorem 5.2.10 we may assume that M = A = k[[Xy,..., X,]]/p, a
power series ring modulo p, where p is a prime ideal. Let q = (y1,...,vq) be a
parameter ideal of A. By Theorem 14.5 of [15] we know that the elements y,. .., y4
are analytically independent over A. That is, if F(Y},...,Yy) is a homogeneous
form with coefficients in A, then if F(y1,...,yas) = 0 it follows that the coefficients
of F are in m. So, the subring S = k[[y1,...,aq]] of A is a regular ring (Theorem
17.10 of [15]). We can consider A as a finite module over S. Hence A has a finite
free resolution over S.

Fix an arbitrary element z € A. Define an S-homomorphism f : A — A by
f(y) = z ~y. Lift f to a mapping from a free resolution of A into itself:

0— F _)_)Fl —)Fg —A >0

s 4 od wd fl

0O>F, »--->F -F A =0
For each homomorphism ¢; of the free module F; let
Py (t) = det(t - I + ),

where I is an identity matrix, be the characteristic polynomial of ;. Define

S

Py(t) = J](Py,(£))Y".

1=0

By [2] Section 5 and [3], which set out results on the characteristic polynomial,
we know that Py(t) is a monic polynomial in S[t]. Let L be the field of fractions of
S. Since A is an integral domain the characteristic polynomial of the vector space
mapping

fOL:AQL — AQL

is precisely Py(t) (Corollary 5.13 of [2]). Hence deg Py(t) equals the rank of A over
S (see Section 3 of [28]), which is given by dim(A ® L) by definition.

Again using the fact that A is an integral domain, Corollary 2 on page 300 of
Volume II of [31] shows that

(A K[y, .., vall] = e(as A) - [(A/m) : K.
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That is
[A:S]=e(q; A) -[k: k] =e(q; A).

So the rank of A over S is given by e := e(q; A). Also, since A is an integral domain,
by the Cayley-Hamilton Theorem (Theorem 5.3.5) we get

(P/(#))-A=0.
Hence there are ¢y, ..., ce € S such that
84zt 4+ -+ =0.

If no ¢; is a unit of S, ie. ¢; € (y1,...,¥q) - S foralli =1,...,¢, then z° € q. This
follows easily as
SE = —(6118-1 o 000 +Ce) €q.

Otherwise, assume that p < e is the largest integer such that ¢, is a unit of S.
Then
2P (cp + o1z + - + 1P +2°77) € (yy,-.., %) S
Cq
as
(o + CporT+ -+ 1z P +257P) = —(cpzPT + -+ )

€ (y1,-.-,%4) - S-
Since
Cp1T+ -+ 1z P+ P €m
it follows that
Cp + Cp-1T + .-+ C1.’L’e_p“1 + z°7P

is a unit of A, and hence of S. Therefore 2P € q which also implies that z¢ € q. So
in both cases we have z°¢ € q.
Let z{* - - - 2%~ be a monomial of degree u =n(e —1)+ 1 in A. So

aj+-t+a,=n(le-1)+1=ne—n+1

which implies that o; > e for at least one 1 < 7 < n. Thus any such monomial

z7t -+ - 2% will belong to q. Therefore m* C q and
¢(A/q) < u.

We now have

£6(A/q) & n(e—-1)+1

e(7:A) e
_ =1
=n— =
<n
and this is independent of q. Hence
QA(M) < 00.
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Letting 6,(M) be defined in exactly the same way in the graded case as it was
in the local case we obtain the following corollary to Theorem 5.3.6.

Corollary 5.3.7 Let A be a graded k-algebra and let M be a graded quasi-unmized
A-module with dimA = dimM. Then 0,(M) is finite,

Proof: Since A is a graded k-algebra it follows that
A=k A A ®:--

where k is an infinite field. Hence A contains an infinite field and so, by applying a
process similar to the proof of Theorem 5.3.6, we have

BA(M) < Q.

O

We think that Theorem 5.3.6 will hold for any local ring. Theorem 5.3.6 and
Corollary 5.3.7 provide strong support for Conjecture 1.3.1.
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