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ABSTRACT

This thesis develops algorithms for maximum 1likelihood estimation
that can be implemented using a sequence of weighted least squares

computations and examines their properties.

Standard least squares algorithms are first described and their
execution times, storage requirements and accuracies are compared. The
Givens QR algorithm uses 1less storage than other algorithms of
comparable accuracy and in good implementations is virtually as fast as
them if there are several explanatory variables. A version that can be
used for constrained least squares is described; it is used for 1least

squares calculations in the remainder of the thesis.

In many maximum likelihood problems, the likelihood can be written
as a sum of functions called log-likelihood components and these often
depend on the unknown parameters only through one or two quantities
called systematic parts. For these models, a class of algorithms
called NRL algorithms approaches the maximum likelihood estimate with a
sequence of least squares calculations. For many common models, the
Newton—-Raphson algorithm and Fisher's scoring technique are particular
NRL algorithms. Implementation of NRL algorithms is described 1in
detail and the relative merits of the various NRL algorithms are
discussed. If the NR algorithm is in the class, it converges best near
the maximum likelihood estimate, but other NRL algorithms may perform
better in the first few iterations. Several examples are analysed to

illustrate the various possible methods.

When the maximum likelihood estimates of some parameters can be
written as explicit functions of the rest, the convergence of the NR
and NRL algorithms can often be improved by adjusting these parameters
between iterations. The relationship of this technique to elimination
of these parameters from the likelihood is investigated. In several

types of model, including nonlinear least squares, adjustment can be



performed without slowing the NRL iterations. A related more general
method is also described for improving NRL iterations when some

parameters are linear and some are nonlinear in the systematic parts.

Another general algorithm called the EM algorithm is described. It
can be applied to several types of model for which the NRL algorithm
cannot be used. In some models, it can also be implemented using a
sequence of least squares calculations, but for applications where both

EM and NRL algorithms can be used, the latter usually converge faster.

Finally, in two appendices, Fortran subroutines that can be used to

implement the algorithms in the thesis are described and listed.
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SECTION 1.1 1

1 .INTRODUCTION

1.1 PURPOSE AND SCOPE OF THE THESIS

Most applications of statistics involve models for a vector of
observed random variables ¥y in which its distribution is specified,
apart from the values of some unknown parameters , Bg. Often maximum
likelihood is wused to estimate @ from y, largely because maximum
likelihood estimators are easily defined, have desirable asymptotic

properties and are used in the generalized likelihood ratio test.

The use of multiparameter models has been highly dependent on the
ease with which they can be fitted. Early in the history of
statistics, least squares algorithms were discovered for maximum

likelihood parameter estimation in the normal linear model,
2
y - N(X8,Ic0°) .

It is only more recently that numerical methods have been developed to
apply maximum likelihood to other models and computers have become
widely available to implement them at reasonable cost. However most of
the effort of developing maximum 1likelihood algorithms has been
directed at fairly narrow specific types of models and only a few
papers, such as Nelder and Wedderburn (1972) and Dempster et al (1977),
have developed general algorithms that can be applied to wide classes

of models.

The aim of this thesis is to describe some general algorithms that
can be easily used to efficiently find maximum likelihood estimates in
a wide range of multiparameter statistical models. The algorithms
examined in the thesis are all based on sequences of least squares

calculations; they can be applied to most models that are commonly
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used in statistics, the main exceptions being models that arise in
multivariate analysis. For algorithms in such areas as cluster
analysis, factor analysis, multidimensional scaling, etc., different
types of algorithms are usually needed and the reader is referred for
details to standard textbooks on multivariate analysis. Applications

in multivariate analysis will not be considered in this thesis.

It is not claimed that the general algorithms described in the
thesis will be the most efficient methods for all possible models.
When they are illustrated by applying them to specific examples in the
text, faster algorithms may exist. However the algorithms that we
describe could be incorporated within a single computer package and
that alone would make them attractive compared to alternative methods

invented for specific models.
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1.2 STRUCTURE OF THE THESIS

The problem of maximizing a log-likelihood function 2(B) is clearly
a special case of unconstrained optimization. General optimization

algorithms can therefore be used to find maximum likelihood estimates.

Wnen applied to most types of model that are important in
statistics, many general optimization algorithms can be implemented
with @ sequence of least squares calculations. In Chapter 2, least
squares algorithms are therefore examined in detail, particularly with

regarc to storage requirements, speed and accuracy of evaluating fitted

values.

Ir. some models, the log-likelihood function 2(B) can be expressed

in the form

2(8) = }&;(ng) + K

where n = ni(s) and K does not depend on g. In Chapter 3, algorithms
based on least squares calculations are developed for models of this
kind. Special cases which simplify the algorithms are defined and
implementation is described 1in detail. Properties of the various
algorithms of this type are compared. Variances of parameter estimates
and tests of hypotheses about the parameters are discussed and the

algorithms are illustrated with a few examples.

Chapter 4 extends the algorithms to models where

2 = T a5(n{",nd3) 0 vk

and where n§1) = n§1)(a), n§2) = n§2)(l). etc.. This framework covers

most cultiparameter models that are common in statistics. Special
cases that lead to simplifications of the algorithms are identified.

Severzl types of example are used to illustrate the algorithms.
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Sometimes the maximum likelihood estimate of a subset of parameters
can be expressed as an explicit function of the remaining parameters.
This can be wused either to eliminate the first subset from the
likelihood function or to adjust the first subset between joint
iterations for all parameters. In Chapter 5, these strategies are
compared. They can both result in improvements of convergence. A
major application 1is in nonlinear 1least squares; for that and some
other types of model, adjustment can be added to iterations without

increasing execution time per iteration.

A different type of algorithm that can be applied to some
multiparameter models 1is an algorithm called the EM algorithm. The EM
algorithm and its properties are described in Chapter 6 and some
comparisons are made between it and the algorithms developed earlier in
the thesis. The EM algorithm 1is mainly recommended for models that

cannot be expressed in the form required for the algorithms in Chapters
3 and 4.

The methods in the thesis allow a wide class of multiparameter
models to be fitted using a single framework which is based on a
sequence of numerically stable least squares calculations.
Implementing the algorithms in a single computer system would provide
users with a system of considerable flexibility. The user interface of

such a system is indicated in the conclusion.
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2. LEAST SQUARES ALGORITHMS

2.1 THE NORMAL LINEAR MODEL

The ordinary normal linear model,

y - N(Xa.lcz) (2.1.1)

and the associated method of estimating B by least squares, have been

the most widely used statistical techniques in this century.

The first description of the method of least squares was given by

Legendre in 1805 who treated the model
yi - z§=1xi‘]5‘] * ei i=1,...n

where €1s+++,€, Were called "errors". He made no distributional

assumptions but suggested estimating 81,...,Bp to minimize
2 2

as an intuitively reasonable method.

Gauss in 1809 first introduced the concept of normally distributed
errors and showed that with wuniform priors on 81,...,Bp, the least
squares estimates are at the mode of the posterior distribution of
81,...,Bp. At that time however normality was not regarded as
important. Between 1821 and 1826 Gauss showed, using only assumptions
of independence and constant variance, that the least squares
estimators of 31,...,8p (and linear functions of these) have minimum
variance amoung unbiased estimators that are linear in Yiseees¥pi this
was used as the main justification for the method. It was only later,
after the distributions of the residual sum of squares and the

parameter estimates and tests about the parameters were derived and the
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relationship of the model to the multivariate normal distribution was
discovered, that normality became a standard assumption of the 1linear
model and 1least squares. The matrix notation (2.1.1) was not used
until Aitken(1935). Seal (1967) and Plackett (1972) discuss the

historical development of least squares.

The model (2.1.1) is 1less restrictive than it might initially
appear. Non-linear relationships between a response and an explanatory
variable can be modelled by allowing transformations of either
variable, or by adding extra "explanatory variables" which are powers
of the original explanatory variable. A modification of this is to
model the relationship with a different polynomial in different ranges
of explanatory values, with constraints of continuity and smoothness of
the polynomials (which are called splines) at the values of the
explanatory variable where they meet (which are called knots); when
the positions of these knots are fixed, the model can be again written
in form (2.1.1). Seasonal trends can be incorporated with either
seasonal factors or sine and cosine terms in time. The use of dummy
0/1 variables allows all fixed effect analysis of variance models to be
expressed in the form (2.1.1). The normal model and least squares have

therefore been applied to a wide variety of areas.
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2.2 ALGORITHMS BASED ON THE NORMAL EQUATIONS

In the model y ~ N(XB8, 102) which explains the distribution of a
vector of n responses, y, in terms of a vector of p unknown parameters,
B8, and an unknown scalar parameter ¢, the maximum likelihood least
squares estimator of B is easily shown to satisfy the "normal"

equations
(X'X); = X'y (2.2.1)
and this leads to the standard text-book formula
g - an’'ry .
(X is assumed to be full rank; otherwise generalized inverses must be

used).

Unfortunately, estimating B by solving the normal equations (2.2.1)
is numerically unstable if the columns of X are multicollinear. This
is easily seen when E[yi] = 81+82xi for i=1,...,n. The least squares

estimator of B, must be calculated from the normal equations as

.
~ Iy -m (zx;)(zy;)
Exf - n;w(ixi)d

If the coefficient of variation of XqseeeyXy is small, there can be

disastrous cancellation errors when evaluating the denominator. The

mathematically equivalent formulae

~ L(x;-X)y4 ~ 2(x;=%)(y4-)
Bp ™ ==—Saosy= OF f3 = =7
z(x3-x) I(x;-x)

provide an evaluation method that is much more stable numerically, but

which does not use the coefficients in the normal equations.

By analogy with the single explanatory variable case, when there is

a constant term in the model (which without 1loss of generality is
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assumed to be the first element of B), the normal equations (2.2.1) are

often replaced by the equations

* * - *
(x 'X )’2 = X ',

- - (2.2.2)
81 + 32'1 = Y

where x is the vector of (p-1) means of the last (p-1) columns of X, x
is the matrix whose columns are these variables with their means
subtracted, § is the mean of y and B8' = [81 : 32']. The sums of
squares and products round the mean, x*'x* and X*'y, can be accumulated
with either a 2-pass algorithm (the first pass through the data being
to evaluate x and ?) or using a stable 1-pass algorithm such as that

described by Clarke(1977). Some computer packages find B by solving
equations (2.2.2).

Writing the equations (2.2.1) in the form (2.2.2), however, only
avoids the numerical instability associated with one potential
collinearity between the columns of X. Any other collinearities can
cause similar cancellation problems and can similarly result in
numerically inaccurate estimates. In the next section, the idea in the
algorithm implied by equations (2.2.2) 1is extended to provide more
accurate estimates in the presence of any types of collinearity between
the columns of X. These algorithms do not use the coefficients of the
normal equations, but are based on transformations of the columns of

X and y.
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2.3 QR ALGORITHMS

Tne most accurate methods for finding least squares estimates are
based on applying orthogonal transformations to the rows of the nx(p+1)
matrix (X : y] to reduce it to upper triangular form. These are called

QR algorithms because of the corresponding factorization of [X : yJ,

[X : y] = Q

» 1 (2.3.1)
o 5550

where Q is an nxn orthogonal matrix and R is (p+1)x(p+1) wupper
triangular. The matrix R in the factorization is the matrix that would
be obtained from a Choleski factorization [X : y]'(X : y] = R'R;
however the QR algorithms do not obtain R in this way. Note that the
last (n-p-1) columns of Q are not unique. Once a factorization of this
form has been determined, the least squares estimates can be easily

calculated. If R is partitioned

R, "21
0 ra

where B1 is pxp upper triangular, then the normal equations (2.2.1) can

be written as
31'H1B=l1'l‘2 .
When X is of full column rank, this equation can be rewritten as
Ri8 = r (2.3.2)

which can be easily and accurately solved by back-substitution. Also
rs is the square root of the residual sum of squares and the fitted
values can be found from the formula

y - X8 = Qr, (2.3.3)

where Q1 is the (unique) matrix consisting of the first p columns of Q.
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The three QR algorithms that will be described below differ in the
way that R is built up, in the last (n-p-1) columns of Q (though these
are not usually explicitly evaluated), and in the way that Q, is

represented if it is to be used later to find y from (2.3.3).

(a) Modified Gram—-Schmidt QR Algorithm

This method was suggested by Bjorck(1967). Using the notation U,

to denote the i'th column of [X : y], the algorithm can be expressed as

for i from 1 to (p+1) do

begin
Rll ¢ = /(ul'ul) H

for j from (i+1) to (p+1) do
perform least squares fit of Uj against Ui;

Uj := vector of residuals;

Rij := regression coefficient

end

After the algorithm is finished, X is overwritten by 01 and y is

overwritten by (y—;). (2.3.2) is then used to find ; from R.

The main disadvantage with the algorithm is that storage for the
whole data matrix [X : y] is needed and this storage is not accessed
sequentially. If n and p are large, an nx(p+1) array of fast random
access memory 1is therefore required even when only R is wanted. Also
the columns of Q1 may not be exactly orthogonal; this however does not
generally cause problems for least squares calculations and, ifi
necessary, the reorthogonalization method of Daniel et al (1976) may be

used.

In the following two QR algorithms, a series of orthogonal

transformations are applied to [X : y] to reduce it to upper triangular

form, so that
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+

where each multiplication by an orthogonal 0i introduces certain zeros.

Q =0,'0,' ... O,' but this matrix rarely needs to be evaluated. Each
0i thzt introduces b zeros can be characterized by b values which can

be stored 1instead of the zeros to allow the transformation to be
reconstructed.

(b) Householder QR Algorithm

Householder transformations are pre-multiplications by orthogonal
matrices of the form

Oi = I - 'i'i'

where 'i"i = 2. Choice of v; can be made such that

Di (01_1 e 01 [X H ’])

leaves the first (i-1) rows and columns of (0;_4 ... 0y [X : y])
unaltered and makes its (j,i)'th elements zero for j=i+1,...,n . Then
(°p+1"'°1) = Q'. If U; denotes the (n-i+1)-vector containing the last
(n-i+1) elements in the i'th column of 0;_4-.-04 (X : y], then v, can

i
be found from

8 = /(Ui'Ui)
if Ui1 >0 then S := -S

Rii := S

Ujg == U3y =S
0

V. =

it e
U / sqrt( Ui1*S )

Like the modified Gram-Schmidt algorithm, the Householder algorithm
needs storage for the whole data matrix [X : y] in fast random-access

memory even if only R is needed.
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(c) Givens QR Algorithm

Givens transformations are pre-multiplications by orthogonal
matrices oij whose only non-zero off-diagonal elements are the (i,j)th
and (j,i)th. Orthogonality implies that all diagonal elements are 1.0
except the (i,i)th and (j,j)th. The condition that the (i,j)th element
of a particular matrix is transformed to zero by 0ij is enough to
uniquely determine it. Givens transformations are usually applied to
sequentially introduce zeros into [X : y] by rows to make it upper

triangular, so that

n  min(i-1,p+1)
2 =1 S

o
"
"=

i

Its main advantage over the Gram-Schmidt and Householder algorithms
is that the whole data matrix [X : y] does not need to be stored since
the only rows altered when the i'th row is zeroed are the first p rows
and the ith row; rows of [X : y] can be considered one at a time then
zeroed by Givens transformations. This 1is particularly useful when
there are factors in a model whose levels do not then need to be stored
in the expanded form of dummy variables; similarly, with polynomial
terms in a model all powers do not need to be stored. (If the matrix
01 must be reconstructed, an nx(p+1) matrix is however needed to Kkeep
track of the transformations used. However its elements are
sequentially accessed and so do not need to be in random access memory

and, at any rate, 01 is not usually required).

The efficient organization of the Givens method is not widely
known. It 1is most easily described by considering the effect of a
transformation 0\]-i which zeroes the (j,i)th element of a matrix U. If
the i'th and j'th rows of U are denoted by ui' and u.', they are

J
transformed into

R I M RN

where ¢ = uii//(ugi + u?i) and s = uji//(ugi + u?i) and the remaining

1

4 — \J
Cllj Slli

' K
cu;' + su; i

rows of U are unaltered. Direct application of this formula would
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involve more than twice the number of multiplications that are used in

the Gram-Schmidt and Householder methods.

The number of operations can however be reduced if a different

representation is used for the rows of U. If u = /wizi where w; can be

thought of as a weight for the row z; and a similar representation is

used for u; (i=1,...,n), then the transformation can be expressed as

{z;'i _ to/(wi/w;)xi' + s/(wj/w;)xj‘f

(2.3.4)
T Yt = W)z
zj c/(wj/wJ)zJ s»/(wl/uJ)zl
where u; and w} can be arbitrarily chosen. This

implies that, on input, [X : y] should be represented by W and
* *
[X : y ] where W is the diagonal matrix whose diagonal elements are
. * * 1/2ro* * .

the weights of the rows of [X :y ] and [X : y] =W/ “[X : y ]J. This
is particularly convenient for weighted least squares problems; for
unweighted problems, W = I. After all Givens rotations have been
completed to reduce [X : y] to upper triangular, R is represented by
D and l* where R = D1/2R*, R* is upper triangular and D is a diagonal

* -
matrix of weights for the rows of R . To evaluate B, we can solve

* *
R8s = 17
instead of (2.3.2) since the weights D do not affect the solution to
(20302)-
+ 2 + 2 2
j = W5 and w; = (wizii+wjzji)
(2.3.4) which makes one of the coefficients of the vectors in the right

Gentleman(1973) suggested w in

hand side of (2.3.4) become unity and reduces the number of

multiplications by approximately a quarter; it also gives in =1 (so
that R becomes unit upper triangular). Hammarling(1974) and
Wilkinson(1977) suggested (wI = 02wi , w} = czwj) if e>s or
(w{ = szwj , w} = szwi) if c¢Ss which makes two coefficients on the

right hand side of (2.3.4) unity and approximately halves the
multiplications ; this results in an algorithm comparable in speed
with the Householder and Gram—-Schmidt algorithms. Since the weights

may be reduced by up to a half in each of Hammarling's Givens
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rotations, there is some danger of underflow; however this can be
avoided by periodic rescaling of rows, which can be done with integer

arithmetic on exponents and is therefore fast.

TABLE 2.3.1
Floating point multiplications and square roots needed to find

upper triangular R, where [X : y]'[X : y] = R'R

1-

First q rows Each additional row

Multiplications Square roots Multiplications Square roots

Choleski (q+1)
2 qlq+
—q3 + 9% + 0(q) q _ 0
3 2
Modified Gram-Schmidt
T
q3+5q2+0(q) q q2 0
Householder :
_q3 + _q2 + 0(q) q q2 0
3 2
Gentleman's Givens 3 9
3 e ol 2 B
—q° + 0(q) 0 —q° + —q - 3 0
. 2 2 2
Hammarling's Givens
€ 3 2 2
§q+3q + 0(q) 0 9~ & fHa=R 0

T q denotes the number of columns in [X : y]

We next examine the execution times of the Gram-Schmidt and
Householder algorithms, the Gentleman and Hammarling versions of the
Givens algorithm and an algorithm based on the normal equations that
finds R from a Choleski factorization of [X : y]'[X : y]. Table 2.3.1
gives formulae for the numbers of floating point multiplications and
square roots for determination of R using efficiently written versions

of the five algorithms; the total operations for the first (p+1) rows
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of [X : y] is reported and also the operations per extra row
thereafter. It is assumed that [X : y] is not sparse and that it is of
full column rank. For convenience we denote the number of columns of
[x : y] by q=p+1. The numbers of floating point additions are
approximately the same as the numbers of floating point multiplications

and are not reported in the table.

In problems with large p and n not much 1larger than p, the
Householder algorithm, Hammarling's Givens algorithm and the Choleski
algorithm are fastest since the execution times are dominated by
operations in the first q rows. In problems with p large and n >> p,
the execution times are dominated by operations in rows after the first
q and so the Choleski algorithm based on the normal equations is
fastest and uses half the floating point multiplications of the
Gram-Schmidt algorithm, the Householder algorithm and Hammarling's
Givens algorithm; Gentleman's Givens algorithm uses three times the
floating point multiplications of the Choleski algorithm. In all types
of problems with large p, the Householder algorithm and Hammarling's
Givens algorithm are therefore comparably fast; though they are slower
than the Choleski algorithm for n >> p, they are numerically more
accurate and so would be preferred. Hammarling's Givens algorithm has
several advantages over the Householder algorithm :-

(i) Most of the uses of least squares algorithms in later sections
are for weighted problems. The two Givens algorithms take no
longer for weighted least squares problems, whereas the other
algorithms need q extra multiplications and a square root per
row of [X : y].

(ii) 1f [X : y] is sparse, the operations in the Givens algorithm
are often substantially reduced from the numbers in Table
2.3.1.

(iii) As mentioned above, when only R is needed, the Householder
and Gram—-Schmidt algorithms have considerably greater storage
requirements. This 1is particularly important if n > p.

However in problems with large n and small p, the Householder algorithm

is somewhat faster.
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In view of these points, Hammarling's Givens algorithm seems the

as
most satisfactory of the QR algorithms for general uset?egards speed
and storage, despite its relative complication. Accuracy of all types

of algorithms will be compared in the next section.
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2.4 A NUMERICAL COMPARISON OF THE ACCURACY OF THE ALGORITHMS

In this section, we 1investigate the numerical accuracy of the
modified Gram-Schmidt (MGS), Householder (HOUS) and Givens (GIV)
algorithms described in Section 2.3 and one algorithm (CHOL) based on
the normal equations which finds the factor R in (2.3.1) from a
Choleski factorization of [X : y]'[X : y]J. The versions of these
algorithms used in the investigation were not optimized for execution
speed in any way and no attempt was made to avoid square roots.
Modifications to 1improve execution time need not however affect

accuracy in any substantial way.

Our empirical comparison is based on applying the algorithms to a
series of problems based on ones that were used by Wampler (1970) for a
study of the accuracy of least squares algorithms in computer packages.
The problems are least squares fits of polynomials of degree 4 and 5 in

a variate X to 21 "responses" which were generated from the equation
Y = By * ByX + BXC + BgX3 4 BX" (+85X7) + oF

where the 21 values of X and E are

OV WN =0V NN =W — O

rmrerT rrrrrryrryrrr R TYORYOYNOA

L& N 8 & & W & & A N % N A _A_A_N_ & _A NI
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respectively. Four scales were used for the errors,

E1

a=0
E2 : a=1
E% : a =100
E : o= 10,000

and for each degree of polynomial, four sets of parameters {Bi] were
used, as shown in Table 2.4.1. The coefficients are such that Y can be
exactly stored in single precision on the Prime 750 computer that was
used (which was not true with some of Wampler's examples). Since the
errors are orthogonal to the explanatory variables in all the 1least
squares problems, the least squares estimates of the parameters should
be the known coefficients, and this allows the accuracy of the computed

solutions obtained by the various algorithms to be assessed.

TABLE 2.4.1
Parameters used for generation of artificial polynomial regressions
Bo B4 B> B3 By Bg
Degree U
P1 : 1 1 1 1 1
P2 : 10000 1000 100 10 1
P3 % 10000 -1000 100 -10 1
Py : 1634 -2120 506 -40 1
Degree 5
PS5} & 1 1 1 1 1 1
P6 : 100000 10000 1000 100 10 1
PT : 100000 -=10000 1000 -100 10 -1
P8 : 7230 -16523 6370 -879 50 -1

For each algorithm and each 1least squares problem, the average

number of correct decimal digits in the parameter estimates, C, was

calculated as the average of values



SECTION 2.4 19

-~

B'_Ei
- togyo | 2|
1

the approximate no of decimal digits to which the

Ci s

machine computes if B; = By

These are given in Tables 2.4.2 and 2.4.3 for both single precision and
double precision versions of the algorithms. The three types of QR
algorithm evaluate ; with comparable accuracy, confirming the claims in
Chambers (1977, page 120) and Wilkinson (1977, section 5). The
Choleski algorithm based on the normal equations was considerably 1less
accurate. However moving from single to double precision had
considerably more effect on accuracy than any differences between the
algorithms. The other main feature of the tables is that the accuracy

of all algorithms decreases when the errors get bigger.

In later chapters where least squares algorithms are used, we shall
often be interested in determination of fitted values, rather than
parameter estimates. We next compare various least squares algorithms
for the accuracy of their determination of fitted values 1in the

polynomial problems used above.

Each of the QR algorithms can obtain the fitted values in two ways
as either ; = xn{1r2 or ; = Q1r2 where Q1, R1 and r, are defined in
Section 2.3. We denote these two versions of the modified Gram-Schmidt
algorithm by MGS-X and MGS-Q, with a similar notation for the
Householder and Givens algorithms. We are in particular interested in
the circumstances in which the formula ; = 1!?1r2 performs well; if it
performs badly compared to ; = Q.r, then a representation of Q, must be
stored by the algorithms. Even though this storage would be accessed
sequentially for the Givens algorithm, the overhead would destroy an
important aspect of the advantage of the Givens algorithm over the

other QR algorithms.

For each polynomial problem and each algorithm, the average number

of correct decimal digits in the fitted values was obtained as
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Number of correct decimal digits in computed parameter estimates

TABLE 2.4.2

for polynomial problems of degree 4

MGS-X
HOUS-X
GIV-X
CHOL-X

MGS-X
HOUS-X
GIV-X
CHOL-X

MGS-X
HOUS-X
GIV-X
CHOL-X

MGS-X
HOUS-X
GIV-X
CHOL-X

Single precision (6.9 significant decimal digits)

P1 P2
E1 E2 E3 E4 E1 E2 E3 E4
3.44 2.92 1.29 -0.70 5.34 523 3.28 1.29
3.21 3.14  0.98 -1.01 4,59 5.59 2.98 0.99
4,05 3.00 1.40 -0.63 5.24 4,83 3.41 1.37
0.77 1.49 0.88 -0.64 2.35 2.14 3,28 1.98
P3 PU
E1 E2 E3 EY4 E1 E2 E3 EY4
5.88 51125 3.29 1.30 5.82 5.72 3.46 1.48
4,79 5.36 2.98 1.00 5.91 5.20 3.14 1.17
5.33 5.02 3.1 1.39 5.00 5.21 3.56 L.355
3.00 3.00 2.76 1.20 3.09 3.09 3.00 12158
Double precision (14.1 significant decimal digits)
P1 p2
E1 E2 E3 EY4 E1 E2 E3 E4
10.65 10.79 8.70 6.67 12.60 12.45 10.70 8.67
11.01 10.31 8.65 7.10 1.89 11.61 10.60 9.14
11.17 10.29 8.50 6.53 13.88 12.00 10.51 8.53
7081 7081 7081 7'81 9.81 9.81 9081 9.81
P3 P4
E1 E2 E3 El E1 E2 E3 E4
12.42 13.05 10.70 8.61 12.81 13.27 10.87 8.78
11.91 11.93 11.79 8.57 12.08 12.06 11.15 8.78
12.54 12.71 10.51 8.52 12.20 12.33 10.68 8.67
11.38 11.47 11,47 11.47 10.98 10.98 10.98 10.98
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These values are shown in Tables 2.4.4 and 2.4.5. There 'is not much
difference between the accuracies of the fitted values wusing the two
formulae for ;. The formula ; = XR;1r2 gave slightly more accurate
results if IBiXi could be calculated without large cancellation errors
(sets of parameters denoted by P1, P2, P3, P5, P6 and P7), whereas the
formula ; = Qr, was slightly more accurate if XBiXi involved
cancellation errors (sets of parameters P4 and P8). From this result,
the version of the Givens algorithm that does not store Q, and
evaluates ; from the formula ; = XRl—1 r, appears satisfactory for most
problems and the use of double precision real variables is the best way

to get more accuracy in the fitted values.

In this section it should finally be mentioned that the wuse of
accurate QR algorithms does not mean that no thought needs to be given
by the user to multicollinearity in his problem. A prior 1linear
transformation of the variables should always be done by the user to

reduce the multicollinearity if that can be done without 1loss of

significant digits. For example in polynomial regression with equally

spaced explanatory variables, the use of orthogonal polynomials gives
more accurate answers than the most accurate algorithm applied to
ordinary powers of the explanatory variables. In many other examples,

a rough prior centering of the data helps.
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TABLE 2.4.3
Number of correct decimal digits in computed parameter estimates

for polynomial problems of degree 5

Single precision (6.9 significant decimal digits)

P1 P2
E1 E2 E3 E4 E1 E2 E3 EY
MGS-X 2.92 2.80 0.80 -1.20 5.15 4.93 3.32 1.29
HOUS-X 2.7 1.70  0.04 -1.96 3.92 4.32 2.55 0.54
GIV-X 2.44 2,46 0.89 -1.10 4,69 4,83 3.36 1.39
CHOL-X -1.02 -1.02 -1.02 -0.98 1.09 1.64 1.64 1.4
P3 P4
E1 E2 E3 ElY E1 E2 E3 EY
MGS-X 4,81 5.26 3.3 1.30 5.17 5.18 3.54 1.55

HOUS-X  4.42 5.35 2.54 0.53 4,38 4.85 2.81 0.79
GIV-X  4.57 L.66 3.43 1.40 4.4 4.43  4.03 1.66
CHOL-X 1.15 1.15 1.15 1.08 1.22  1.22  1.22 1.22

Double precision (14.1 significant decimal digits)

P1 p2
E1 E2 E3 E4 E1 E2 E3 Ed4

MGS-X 9.72 10.03 8.18 6.02 12.27 11.62 10.53 8.52
HOUS-X 9.4 9.86 T7.82 5.80 11.40 11.78 10.37 8.94
GIV-X 9.97 9.79 T7.76 5.76 12.28 11.78 10.26 8.26
CHOL-X 6.54 6.54 6.54 6.54 8.13 8.12 B.12 8.12

P3 P4
E1 E2 E3 EY E1 E2 E3 EY4

MGS-X 11.99 12.09 10.67 8.66 11.99 12.01 10.90 8.91
HOUS-X 11.28 11.25 10.26 8.94 11.74 11.52 10.49 8.56
GIV-X 12.03 12.39 10.27 8.26 12.12 11.91 10.52 8.51
CHOL-X 8,22 8.32 8.33 8.32 8.06 8.06 8.06 8.06
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TABLE 2.4.4

Number of correct decimal digits in computed fitted values

for polynomial problems of degree A4
Single precision (6.9 significant decimal digits)

P2

P1

EU

E3

E2

E1

EY

E3

E2

E1

5.35 4.73 3.26 4,58 4.39 5.20 421

4.66

CHOL-X

EY

E3

P4

E2

E1

E4

E3

P3

E2

E1

4,76 4.50 2.95 3.12 3.1 3.02 1.57

4.76

CHOL-X

Double precision (14.1 significant decimal digits)

P2

P1

EY

E3

E2

E1

E4

E3

E2

E1

11.69 11.69 11.69 12.07 12.07 12.07 12.07

11.69

CHOL-X

EA

E3

PL

E2

E1

E4

E3

P3

E2

E1

12.46 12.46 12.46 10.42 10.42 10.42 10.42

12.47

CHOL-X
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TABLE 2.4.5

Number of correct decimal digits in computed fitted values

for polynomial problems of degree 5

Single precision (6.9 significant decimal digits)

P2

P1

EU

E3

E2

E1

ElU

E3

E2

E1

HOUS-Q
HOUS-X

3.93 3.93 4.00 3.94 4,38 4.38 4.29

3.93

CHOL-X

Py

E4

E3

E2

E1

EU

P3

E3

E2

E1

1.23 1.23 1.24

123

3.32

3.40
Double precision (14.1 significant decimal digits)

3.40

3.40

CHOL-X

P2

P1

E4

E3

E2

E1

E4

E3

E2

E1

11.42 11.42 11.42 10.96 10.96 10.96 10.96

11.42

CHOL-X

EU

P4

E4

P3

E3

E2

E1

E3

E2

E1

10.56 10.57 10.56 8.08 8.08 8.08 8.08

10. 46

CHOL-X
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2.5 LINEAR CONSTRAINTS

We next consider the problem of weighted least squares subject to q

linear constraints on the parameters,
minimize (y-X'8)'W(y-X'B) subject to Cg=c

where C and e are a matrix and vector respectively, of known constants

and W is a diagonal matrix whose diagonal elements are known weights.

Theoretically the problem can be solved by using the constraints to
eliminate parameters in 8, thereby reducing the problem to
unconstrained least squares. In practice, however, this method often
leads to numerical instability. Another more stable me thod is
described by Golub(1965). Using Lagrange multipliers A, the solution

can be shown to be B found by successively solving

(a) X'MXb = X'Wy for b

(b) C(X'MX) C'A = Cb-¢ for A, where (X'WX) is a generalized
inverse of (X'HWX)

(c) X'WX&+C'A = O for &

(d) 8 = b8

Stirling(1981) however described a much simpler algorithm, which is
also numerically stable. If e is considered to be a prior estimate of
Cg8 that 1is independent of y and has variance-covariance matrix
var(e) = (oz/k)I, then the maximum likelihood estimate of B (assuming

normality) is the weighted least squares solution using explanatory and

response variables,

x =

and vector of weights
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where eq is a vector of q ones and w is the diagonal of W. The prior

estimates are therefore included as pseudo-observations with weight k.

It is intuitively obvious that the exact constraints can be imposed
by letting k-+=, At k== the estimate, ;, can be shown to satisfy CE = e
and the weighted residual sum of squares from X*, y* and u* can be
shown to be (y—xi)'u(y—xi); ; therefore minimizes (y-X;)'H(y—X;)
subject to CE = C.

The constrained least squares solution can therefore be found by
adding constraints as extra observations with infinite weights,
provided a least squares algorithm can be modified to take such
infinite weights. The Givens 1least squares algorithms described
earlier can be easily modified to accept such infinite weights if a
variance Vg - wi-1 is stored for each row of data and each row of
R rather than weight Wi Constraints can be imposed by including the
corresponding row with v; = 0. Stirling(1981) showed that the updating
formulae (2.3.4) for Gentleman's Givens algorithm using variances are
as simple as those with weights. This is also true for Hammarling's

Givens algorithm.
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2.6 DEPENDENCIES BETWEEN EXPLANATORY VARIABLES

Up to here it has been assumed either that X is of full column rank
or, if there are linear relationships between the columns of X, that
identifiability constraints have been imposed to define a unique B. In

theory, if there is an unexpected random linear dependency between the
2
i
residual sum of squares from regressing the i'th variable against the

columns of X, there will be a zero diagonal element of R (ri is the
first (i-1) variables). The correct 1least squares answer should be
that the parameter estimates corresponding to the columns of X involved
in the linear dependency are not unique and therefore have infinite
variances and correlations of <+ 1.0. In practice however, rounding
errors often result in small non-zero diagonal elements of R. Because
of the rounding errors, the algorithms report that there are unique
estimates with very large variances and correlations. These "unique"
estimates are themselves often very large in magnitude and there can be
large cancellation erors when finding fitted values and residuals from
them. These and the residual sum of squares are numerically unstable

and cannot be used as measures of the fit of the model.

Unfortunately there is no satisfactory way to numerically detect
singularity and distinguish it from near-singularity. Because of lack
of symetry of the inclusion of the explanatory variables in R, the
absolute values of the diagonal elements of R do not themselves provide
a good criterion to decide on whether a singularity may exist. The
information in R about the multicollinearity of X is more easily
interpreted if further orthogonal transformations are applied from the
left and right to reduce R to diagonal form, say

QdrP -0 . (2.6.1)

* *
This and (2.3.1) lead to the factorization X = (Q,Q ')D P ' which is
called the singular value decomposition (SVD) of X and the diagonal

elements of D are the singular values of X. Golub and Reinch(1970)
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described an iterative algorithm to find the factors in (2.6.1). It is
desirable to scale the columns of X so that each has zero mean and unit
sum of squares before a SVD 1is attempted since the squares of the
singular values are then the eigenvalues of the correlation matrix of

the explanatory variables and are -easier to interpret as principal

components.

The size of the smallest singular value seems to give the most
easily interpreted measure of whether there might be a singularity in
X and the corresponding column of P* gives the (near-)linear
relationship between the columns of X. However because of the
difficulty of finding the SVD, it 1is not routinely used in 1least
squares calculations. An upper bound on the condition number (ratio of
largest to smallest singular value) can however be found from the upper
triangular matrix R (Karasalo(1974), Anderson and Karasalo(1975) and
Lemeire(1975)). If the user can specify the value of the condition
number above which he will accept that a singularity has occurred, the
SVD need only be evaluated when the upper bound from R is above this

value.

The final decision about whether or not to assume that a
singularity has occurred and that an 1identifiability constraint is
needed, is however still subjective. If a singularity is accepted, the
most satisfactory solution is for the user to specify an
identifiability constraint, aided by the columns of P*. If the user is
unwilling or unable to do this, it 1is possible to find the unique
solution ; with minimum length (Kennedy and Gentle, 1980, pages
318-319).
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2.7 A SET OF FORTRAN SUBROUTINES FOR LEAST SQUARES

The least squares calculations that are performed in later chapters
of this thesis are all done using the Fortran subroutines in Appendix

B. Appendix A gives details of the parameters for each subroutine.

Subroutines GIVEN3 and GIVEN2 in Appendix B perform
Gentleman's(1973) and Hammarling's(1974) versions, respectively, of the
Givens algorithm to incorporate an extra row of data into an upper
triangular matrix. Both subroutines use variances for each row rather
than weights and can therefore be used with constraints as described in
Section 2.5. Subroutine GIVEN3 was published by Stirling(1981).
Gentleman's Givens algorithm ensures that the diagonal elements of the
upper triangular matrix remain one and therefore is able to use a more
compact storage arrangement than Hammarling's version. Subroutine
CONV23 converts from the GIVEN2 unpacked format to the GIVEN3 packed
format and subroutine INITG returns the representation of the =zero

matrix in packed format.

Two further subroutines are provided, both of which are minor
changes of subroutines published by Stirling(1981). BSUB solves
(2.3.2) by back-substitution from the GIVEN3 packed representation of
R. Subroutine VARS evaluates (X'MX) ' = R 'R™'', which is proportional
to the variance-covariance matrix of the least squares estimates. If
there are p parameters in @8, the residual sum of squares is the
(p+1)(p+2)/2'th element in the packed representation of R, but a

subroutine is not provided to extract it.

The subroutines make no attempt to detect singularity in X. This is
usually indicated by large values for the parameter estimates, their
variances and their correlations. The subroutines leave it to the user
to make further analyses of the type described in Section 2.6 if a

singularity is thought to be possible. Linear dependencies between the
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colums of X do not arise in the specific applications of the 1least
squares subroutines in this thesis. However in a general least squares
syster, another subroutine should be available to assess singularity;

such & subroutine has not been implemented in this thesis.
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3.MODELS WITH A SINGLE SYSTEMATIC PART

3.1 GENERALIZED LINEAR MODELS

This section discusses a class of models called Generalized Linear
Models which includes the normal linear model and many other similar
models involving distributions such as the binomial and Poisson
distributions. The class of models has been widely used, largely
because the computer programs GLIM and GENSTAT make it easy to specify
and fit the models. This, in turn, has been possible because a
standard iterative algorithm for maximum likelihood parameter
estimation, called Fisher's scoring technique (FS), whose iterations

are

320.(8) ]‘1 2%(8)

98- 38

Brs = 8- Ef

can be implemented with a similar series of weighted 1least squares
calculations for all models in the class.

The method arose out of one for binomial data that was originated
by Finney(1947). He proposed modelling responses which are numbers of
successes out of ry trials, using binomial distributions with
parameters ry and L] where

1Ti = @(!i'l) »

¢(+) is the unit normal distribution function and x;'B is a linear
function of explanatory variables and unknown parameters; this is
called a probit model. He showed that the calculations for applying FS
to the probit model could be expressed as a series of weighted least
squares calculations. Nelder(1968) found a similar result for normal

models involving inverse polynomials with E[y;] = (xi'B)-1.
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These models and algorithms were generalized by Nelder and
Wedderburn(1972) to a general exponential family of independent
distributions which they called Generalized Linear Models (GLM's) and

which have log probability density functions of the form
log f(y; | B:¢) = ale) {y;8; - g(65)} + h(e,y;) (3.1.1)

where ei - k(ni) and n = xi's . These models cover many standard
distributions such as the binomial, Poisson, gamma and normal
distributions and allow the mean E[yi] = g'(ei) to be related to the
linear part n; in an arbitrary way. Nelder and Wedderburn(1972)
describe several applications of the models; others are described by
Manly ang Crosbie(1977).

In tris section we restrict attention to the special case where ¢
in (3.1.1) is a known value (such as in the binomial and Poisson
distributions). In Chapter 4 we shall describe how the method can be
extended to models which have extra unknown auxiliary parameters such
as ¢. Ww=en ¢ is a known constant, FS for B8 is equivalent to a
procedure of iteratively reweighted least squares (IRLS) with weights
*

Wi, "response" variable z;

and explanatory variables x; where

Wi o= g''(e;) {k'(ny))?

and -
g”(ei) k'(ni)

Since g''(8;) = var(yi)/a(¢)2, all weights are positive. The IRLS
calculations do not involve ¢ and we shall see later that the same
algorith= can also be used even when ¢ is unknown, though strictly this

is not jcint FS for B and ¢.

The parameterization B = ny was called the "natural”
parameterization by Nelder and Wedderburn(1972). With this
parameterization, and fixed, known ¢, the likelihood function is convex
and does not have multiple local maxima; if the algorithm converges,
it is tc the unique maximum likelihood estimate of B. It can also be

shown that this FS algorithm converges quadratically once it 1is near
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enough to the maximum 1likelihood estimate. For other relationships
between CH and ny (other link functions in GLIM terminology), the IRLS
algorithm does not have these properties. 1In practice however, the

algorithm usually seems to converge and problems with multiple 1local
maxir= seem rare.

Nelder and Wedderburn(1972) suggested solving g'(ei) E 5 (that is,
E[yil = yi) for 6; and using one FS iteration with 6; replaced by this

in the formulae for LA and z;, in order to get starting values for 8.

Because of the simplicity of the algorithm and its ease of wuse 1in
the G_IM system (and also in GENSTAT), much effort has been expended on
expressing other models that are not GLMs in a form that allows the

algorithm to be used. Two 1important examples of this type are
described next.

Mzny multinomial models can be fitted by pretending that the cell
counts have independent Poisson distributions. If the expected cell

counts are E[yi] = i, = ui(s) for i=1,...,n, then the kernel of the
multinomial log-likelihood is

2(8) = } yjlogluy)

with the constraint, E“i = N where N is the known multinomial total.
The mzximum of this function with respect to B subject to i“i = N, is

identical to the maximum of
*
L (B) = ) yilog(ui) - 19}

with respect to B subject to 2”1 = N. In some models Iui(l) = N for
all @ and so the constraint 1is unnecessary. Most other models of
importance (such as 1log-linear models) can be reparameterized in the
form ;(B) = B1u;(82) and it can be shown that the wunconstrained
maximuxs of 1*(3) then satisfies 2“1 = N. In both cases, maximum
likelihood estimates can be found by the unconstrained maximization of
1*(8) and this 1is the kernel of the log-likelihood of a sample of
independent Poisson variables. If B is involved linearly in ui(B) the

models can be treated as if they were Poisson GLMs (Nelder and



SECTION 3.1 34

Wedderburn, 1972 and Nelder, 1974).

Aitkin and Clayton(1980) ingeniously showed that proportional

hazards models for censored survival data with hazard function
hi(Yi) L ho(yi).k(xi'l)

have @ log-likelihood that can be written in the form
L(p) = E {wilOg Hi ~ Ui} + z {wilOS(hO(yi)/Ho(yi))}

where Hqy(y) = Sho(y)dy , My = Ho(yi)k(xi'n) and where w;=0 if the i'th
observation is censored and wi=1 otherwise. The 1last term does not
involve @ and can therefore be ignored; the kernel of %(B) is then
identical to the log-likelihood of the GLM where Wi is assumed to have
a Poisson distribution, so that Nelder and Wedderburn's algorithm can
be aprlied. (Auxiliary parameters in the base-line hazard function
ho(y), however, do not wusually factorize out in the way required for

GLM's and alternative methods must be used to estimate them).
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3.2 SOME MODELS OUTSIDE THE CLASS OF GENERALIZED LINEAR MODELS

Though the exponential family of Generalized Linear Models (GLM's)
covers many standard types of models for independent responses, others
outside that class are sometimes appropriate. A few examples are

described in this section.

Some models involve distributions in an exponential family, but their

parameters are not involved in the form required for GLM's.

(a) An extension to the normal 1linear model Yi - N(Xi'ﬂ) for
i=1,...,n, was proposed by Box and Cox(1964) for situations where
the distribution of Yy is skew with 1its variance either

increasing or decreasing with its mean. They suggested the model

y$® - Nxy'e . o)

where 6
(¢) _ (y¥-1)/¢ ¢ = 0

log(y) ¢ =0

Vi

(This is a reparameterization of an ordinary power transformation

of the response to make it continuous in ¢ and y at ¢=0).

Manly(1976) proposed another model with similar properties

but that can be used even if some yi<0,

yg¢] ~ N(x;'B, 02)

where
(exp(ey)=1)/¢ ¢ =0

y ¢ =0 .

(el _ {

y

Note that y(¢) = (log y)[¢]. In both types of model, the unknown

parameter ¢ does not fit into the GLM framework.
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(b) Nonlinear normal models in which E[yi] is a nonlinear function
of B are often used. Wedderburn(1974), Jennrich and Moore(1975)

and Jorgensen(1983) discuss extensions of GLM's to nonlinear

models.

(e) If E[yi] = xi's and y; is normally distributed, the ordinary
normal linear model can be modified to explain certain types of
heteroscedasticity. If the variance of ¥ increases (or

decreases) with its mean xi'n, then the model

Yy - N(xi'ﬂ ’ OZV(xi"))

can be wused for some function v(¢). Except on the rare occasion
when v(+) can be fully specified prior to collecting the data,

the function v(-+) must incorporate auxiliary parameters, such as

vix;'8,¢) = 1+ ¢.x;'B

or v(x;'8,¢) = exp{¢.x;'B}

In both cases, constant variance corresponds to ¢=0.
Williams(1959), Finney and Phillips(1977) and Raab(1981)

considered models of this form.

Another more general assumption suggested by Rutemiller and
Bowers(1968) and Harvey(1976), that can also be used to explain
non-constant variance 1is that var(yi) depends on explanatory
variables in the vector x: whose components are not necessarily

the same as these in X;. This model is

y; - N(x;'8 , v(x;'8")) (3.2.1)

where v(e¢) 1is commonly either the 1identity or exponential
function. Linear models with random coefficients can also be

expressed in this heteroscedastic form (Hildreth and Houck,
1968).

(d) Many responses that are counts have variances that are 1larger
than expected wunder the Poisson distribution. The negative

binomial distribution is often used as an alternative in these
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circumstances. Applications 1in single—sample situations include
accident proneness (Greenwood and Yule, 1920), consumer
purchasing (Chatfield, 1969), medical consultations (Kilpatrick,
1977) and measuring wildlife populations (White and Eberhardt,
1980). With a random sample from a single negative binomial
distribution, the parameterization used is unimportant. However,
cifferent parameterizations result in different regression models

(Stirling, 1984). The models can be motivated in one of two

ways :—

(1) The individual count ¥i has a Poisson distribution with mean
my, but m; is also random, m; - (ui/¢i)Gamma(¢i). The
compound distribution of y;, which Johnson and Kotz(1969)

denote by

Poisson(mi)/’“\\ Gamma(¢; » wu;/¢;) ,
m.
i
is then negative binomial with mean ¥y and variance

u;(1+u;/¢;). The distribution is only in Nelder and
Wedderburn's exponential family if all ¢; are the same and

are known. In practice however, {¢i} are rarely known and o5

may also depend on My -

(2) The measured count ¥3 is the sum of counts in Iy "clusters"
where r; -~ Poisson(xi) and the number of individuals in each
cluster has an 1independent 1log series distribution with
parameter 6;. The distribution of Yi» which Johnson and

Kotz(1969) denote by
Poisson(A;) ™\~ logseries(8;) ,
is negative binomial with mean y; and variance ui(1+¢i) where
uj = -[log(1-8;)171; and  ¢; = 8;/(6;-1)

The reasonable assumption of constant h results in a
distribution that 1is not a GLM; its variance is a different
function of its mean from the relationship in (1). Other

relationships between o5 and uj are also possible.
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In practice, the mechanism generating the data 1is rarely
known well enough to allow the relationship between the mean and
variance to be specified before the data are collected. If
enough data are available, a more general negative binomial model
could be tried which has, as special cases, the models with

constant ¢; in (1) and (2) above and which is defined by the

relationship

var(yg) = wiloy + ou;)

The two assumptions (1) and (2) together actually result in the

distribution

( Poisson(mi)//\\\Gamna(¢i . xi/¢i) )‘\v//logseries(ei)
m.
i

which, though it is not exactly negative binomial, has the above
relationship between its mean and variance (Johnson and Kotz,
1969, pages 125 and 204).

Another more general assumption that was used by Manton and
woodbury(1981) is found by specifying the shape parameter ¢; in

(1) or (2) as a function of explanatory factors,
¥ %
¢i = ¢(xi" )

where ¢(+) is some simple function such as the identity or
*
exponential function and x; may include explanatory variables

that also affect the mean.

The various strategies for modelling the auxiliary parameter

*
here (constant, depending on u; or depending on xi'a) mirror the
rodels discussed in (c¢) for the variance of the normal

Cistribution.

(e) A problem that can arise with regression models for binomial
data is that sometimes even extreme values of an explanatory

variable result in a proportion ¢ of responses with 0 < ¢ < 1.
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Finney(1944) described an extension of the probit model to

include such "residual responses",
y; -~ binomial [ri s 0+ (1-9¢) ¢(xi'3) j.

Similar modifications can be made to other types of model for

binomial data, such as logit models.

Some co—monly used models involve distributions that are not in an

exponential family.

(f) If there are a few extreme errors (outliers), (yi—xi'c) that
would be unlikely in the normal distribution, but the remaining
standard assumptions of independence, 1linearity and constant
veriance all hold, then the assumption of normality can be
replaced by another distribution with longer, thicker tails. A
frequently used class of such thicker—-tailed alternatives has log

probability density functions of the form
log fi(yi) = —w(lyi-xi'8|0_1) - log o
- log{sZ exp(-y(|z]|))dz }
(The resulting maximum 1likelihood estimators were called robust

M-estimators by Huber(1964) ). Standard distributions of this

form are the double exponential distribution with
y(u) « u
and the t-distribution with ¢ degrees of freedom

(p+1)
ylu) = ¢2 . log(1 + u2/¢) s

Ar.other example is the distribution suggested by Huber with

u2/2 u<¢

(u) =
v o|u| - ¢2/2 uzg .

Andrews et al(1972) compare several such estimators. Another

distribution which is more robust than the distributions used in
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that study, is the log-tailed distribution with

u2/2 u<¢

v(u) =
¢2log(u/¢) ¥ ¢2/2 uzé

where ¢ > 1 (Stirling,1984). Most models of these types involve
ar: extra unknown parameter ¢. The only distribution in the GLM
class that 1is symmetric for all values of the parameters is the

normal distribution, so no robust models are GLM's.

(g) & similar problem to that discussed in (d) for Poisson counts
may also arise with the binomial distribution; the actual
variance is sometimes greater than the theoretical binomial
variance. Skellam(1948) derived the compound distribution

binomial(ry, p;)~"\ betala;, 8;)
Py

and showed that it was beta-binomial with probability function

B(Gi+yi ’ Pi+Bi—yi)

Yi B(Gi ’ Bi)

p(Yi | Oy Bi) = (

for g5 & 0,1,...,ri, where B(e+,+) is the beta function. This has
mean r;m; and variance rini(1—ni){1+(ri—1)/(ui+Bi+1)} where
ni=ai/(ai+Bi). Examples of its use in a non-regression setting
were given by 1Ishii and Hayakawa(1960), Chatfield and
Goodhardt(1970) and Griffiths(1973). Crowder(1978) described a

regression model of this form with
LI exp(xi'n) / (1 + exp(xi'l))

and the reasonable assumption of constant (ai+Bi); other
assumptions such as constant Bi are, however, also possible.

None of the beta-binomial models are in Nelder and Wedderburn's
exponential family.

(h) Another area to which much research has recently been directed
but where GLMs are not appropriate is the analysis of survival or

lifetime data. An important characteristic of this type of data
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is that it is often censored so that the exact time of failure or

death, Yi» is only known provided A < ti; otherwise failure
time is Jjust recorded as "above ti". Kalbfleisch and
Prentice(1980, Chapter 2) describe several parametric

distributions that have been used for survival data. These have

been extended into regression models in two ways.

(1) Proportional hazards models were suggested by Cox(1972). 1If
the i'th failure time has probability density function
fi(y) and distribution function Fi(y), then proportional
hazards models assume that differences in explanatory
variables have the same proportional effect on the hazard
function hy(y) = f;(y)/(1-F;(y)) for all y. The 1i'th

individual's hazard function can therefore be written as
= L
hi(yi) ho(yi) 5 k(xi 8)

for some functions ho(-) and k().

(2) Accelerated failure time models assume that the explanatory
variables act directly on the time scale so that
Fi(y;) = Fol yq.k(x;'8) )

for some functions FO(-) and k().

Models of these types have been used both with a parametric
baseline distribution corresponding to hy(+) or Fo(+) and also
non-parametrically where the baseline distribution is

unspecified. Usually k(+) = exp(-).

Some models involve correlated responses and therefore are not GLM's.

(i) Most models for correlated responses are based on the multivariate

normal distribution,

y ~ N(XB , ¥(¢) ¢°)
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The most common sources of this model are in experimental designs
with random effects and in time series data. The most general

random effects models can be written as

y = X+ 121ziei
2
where e; - N(O,Ioi )

effects, Zk = I and e, is the vector of independent errors. Note

for i=1,...,(k-1) are vectors of random

that the vectors e; are usually not all of the same length,

In time series data the observation Yy is assumed to be
dependent in some way on previous values Y(i-1)» Y(i-2)» +++3
although often correlated with Y(i+1)r Y(i+2)® *-*» it is not
causally affected by subsequent values in the time series. First

order autoregressive (AR) models are such that

*
q = . + . i , = - + =
¥i x;'B = with €3 bej_ 1t ey

*
where {ei} are 1independent N(O,oz). First order moving average
(MA) models are of the form

i = X;'B*oe; + ¢y

where {e;} are independent N(O,oz). The orders of AR and MA
models can be increased and they can be combined to give ARMA

models.

(j) The main non-normal distribution used in models for correlated
responses is the multinomial distribution. This can arise when a
nominal response or an ordinal response is to be related to
explanatory variables (McCullagh(1980) and  Anderson and
Philips(1981)). It is also used in most models for contingency
tables; depending on how the table was recorded, either the
whole table 1is wusually assumed to be multinomial or each of
several layers is assumed to be independently multinomial (Bishop
et al, 1975). 1In all cases, we can denote the data by yij for
i=1,...,2 and j=1,...,a where [yi1""’yia] for i=1,...,% are

independent multinomial vectors with means [“11""’“ia] and
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Lyuig = Dy

Various models have been proposed to explain the dependence of
M1 5 on explanatory variables. 1In contingency tables, 1log-linear

models with

Miy - exp(xij's)

are usually appropriate. Bishop et al(1975), Fienberg(1980) and
several other booOks on contingency tables describe many
meaningful log—-linear models. Occasionally 1linear models are
appropriate, as in tables with marginal homogeneity (Wedderburn,
1974); the hypothesis of symmetry can be expressed either as a

linear or log-linear model.

Multinomial models for ordinal responses are usually expressed
in terms of an assumed wunderlying unobserved quantitative
response z4 with some cumulative distribution function
¢(zi-xi'3); it is assumed that ordinal response j is recorded if
-1 < zy £ Kj so that

Mg = ny { ¢(Kj-xi'ﬂ) = ¢(Kj_1-xi'p) }.

%j

In later sections of this thesis, algorithms will be developed that can

be applied to many of the types of model described above.
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3.3 GENERAL OPTIMIZATION ALGORITHMS FOR MAXIMUM LIKELIHOOD

We shall first express log-likelihoods in a particular way that
will be useful when maximum likelihood algorithms are considered later.
All multiparameter models that depend on a vector of p unknown

parameters B have log-likelihoods that can be written in the form

1(3) = zlj{l'19‘1(nl) + K (3.3-1)

where ny = ni(B) for 1i=1,...,m are scalar functions called the

systematic part of the model, K does not depend on B and li(-) for

i=1,...,m are called 1log-likelihood components. Trivially we may

always define m=1, %,(ny) = ny, K=0 and n,(B) = 2(B), but other
definitions of the log-likelihood components with m > 1 are often more
useful. The representation of any model in terms of a systematic part

and log-likelihood components is not unique.

With independent discrete or continuous responses, the
log-likelihood components would wusually be taken to be the individual
log probability functions or log probability density functions; mixed
independent distributions such as censored survival distributions can
be similarly expressed. For example in censored distributions, the
exact failure time yj 1is only known provided yi<ti ; otherwise failure
time is just recorded as "above ti". If the probability density
function of gl is f(yi | “i) then it corresponds to a 1log-likelihood

component

log £(y; | n;) if y; <t
b(ng) = i §

(-2

log jtir(yi | nj)dy; if y; 2t .

Many models for dependent observations also have 1log-likelihoods
that can be written as a sum of simple log-likelihood components. For

example, if Yys++2¥, are counts with a multinomial or product
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multinomial distribution and E[yi] = ni(p) then we can define
li(ni) = yilog nj- If a vector of n measurements, y, is multivariate
normal with mean depending on @ and known variance-covariance matrix,
then there exist independent linear functions of y, bi'y for i=1,...,n
and the 1log-likelihood components can be defined as the logarithms of
the normal probability densities of these; if there are unknown
parameters in the variance—covariance matrix then b1,...,b in the

n
log—-liikelihood components would be functions of these parameters.

Many models for time series data can be usefully written as a sum
of log-likelihood components that are 1logs of the conditional
probability (density) functions of y; conditional on Yyseees¥(j-q) for

il wexe sl e

A final example here is the model suggested by Box and Cox(1964) in
which transformations of n independent responses are assumed to satisfy
an ordinary normal linear model, but where the transformations involve
an unknown parameter. The log—-likelihood can be written as the sum of
(n+1) log-likelihood components where the first n are 1logarithms of
normal probability density functions and the last is the Jacobian of

the transformation of the responses.

The problem of maximizing a log-likelihood %(B) 1is clearly a
special case of general unconstrained optimization. General
optimization algorithms can therefore be used to find maximum
likelihood estimates. However the special structure of 2(B8), which
allows expectations to be taken, sometimes also allows other algorithms

to be used. We next discuss general maximum likelihood algorithms.

Optimization algorithms can be broken into two classes, (a)
algorithms that evaluate (or approximate) second derivatives of 2(B)
and (b) those that do not. The latter methods include search methods
such as the simplex method (Nelder and Mead, 1965) which are useful for
discontinuous functions, and gradient methods such as steepest descent
(Cauchy, 18U47) and conjugate gradients (Hestenes and Stiefel, 1952).

For 1large problems, they require much 1less storage than second
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derivative methods and they may need to be used for this reason if many
parameters must be estimated. However, they are often very slow to
converge and therefore second derivative methods would be preferred in
applications where these can be easily evaluated. Since the
applications that will be examined 1later in this thesis are of this

type, we now restrict attention to second derivative algorithms.

If B is close enough to the maximum likelihood likelihood estimate

B for a quadratic approximation to be used, then
= -1
8 = B-H g (3.3.2)

where H = 821(8)/382 and g = 9 %(B)/3B. All second derivative methods

are based on iterations of the form

+

g8 - s-a'g (3.3.3)
where A is a matrix closely related to H.
Setting A=H defines the Newton-Raphson (NR) algorithm. It

converges quadratically when B is near B. In models with log-likelihood

of the form (3.3.1), the iterations can be expressed as

2 -1
2°(8) 2 2(B)
+
= ’ - ——e (3.3.“)
BNR [ =82 ] T ]
-8+ (XWX - B)" ! X'v (3.3.5)
where X has 1i'th row xi' = Bni/an', v is the vector with i'th element

¥y = Bli(ni)/ani. W is a diagonal matrix with 1i'th diagonal element
Wy o= —a2gi(ni)/an12 and B = Evi(azni/asz). The NR algorithm can have
two problems leading to non-convergence, so that a modified method must

be used in practice :-

Definiteness Modifications

If H is not negative definite, the full NR iterations will
lead towards a minimum or saddlepoint of the likelihood.
Three types of modification have been suggested, each of
which entails subtracting a positive definite matrix E from

H such that A = B-E is negative definite.
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(i) E = Z?=1max(e—xi,0)uiui' where {1;} and {ui} are the
eigenvalues and corresponding eigenvectors of H, and ¢
is a small constant; this was suggested by
Greenstadt(1967).

(ii) E = max(E'A1, E"Apy eeey ETA
Goldfeld, et al(1966).

D’ 0)I was suggested Dby
(iii) Gill and Murray(1974) described how to find a small
diagonal matrix E which is sufficient to make A negative
definite. E is found in the course of a Choleski
factorization of -H and involves little extra work over
that necessary to find A—1g. The method ensures that all
diagonal elements of the Choleski factorization are at
least €. Since (i) and (ii) involve  computing
eigenvalues and eigenvectors of H, method (iii) is

normally used.

One undesirable feature of all definiteness modifications
above is that they are affected by the units in which the
parameters are measured. In the introduction to the EOA
optimization subroutines in the NAG subroutine library (1983)
the following recommendation is therefore made.
"Scaling (in a broadly defined sense) often has a
significant influence on the performance of optimization
methods. Since convergence tolerances and other criteria
are necessarily based on an implicit definition of "small"
and "large", problems with unusual or unbalanced scaling
may cause difficulties for some algorithms. Nonetheless,
there are currently no scaling routines in the library,
although the position is under constant review. In 1light
of the present state of the art, it is considered that
sensible scaling by the user 1is 1likely to be more
effective than any automatic routine.......
«+++ One method of scaling is to transform the variables
from their original representation, which may reflect the
physical nature of the problem, to variables that have

certain desirable properties in terms of optimization. It
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is generally helpful for the following conditions to be

satisfied:

(a) the variables are all of similar magnitude in the
region of interest;

(b) a fixed change in any of the variables results in
similar changes in (the function being maximized).
Ideally, a unit change in any variable produces a
unit change in (the function);

(c) the variables are transformed so as to avoid
cancellation error in the evaluation of (the
function). "

The requirement is not too critical in most examples though
in extremely badly scaled examples, the above definiteness
modifications may not result in an effective search direction
or step size. The user must therefore give scaling some
thought.

Stepsize modifications

Even when A is negative definite, aﬁR might actually step too
far and reduce the 1likelihood. Two modifications can be
used.

(1) A= o '(H-E) where 0 S a £ 1 and E is a definiteness
modification if one is required. The simplest strategy
is to halve a until 3+ has higher 1likelihood than 8.
Other search methods such as that of Bard(1974, pages
110-113) use quadratic approximations to update a.

(ii) A = (H - E - dI) where d20. This was suggested by
Marquardt(1963) as a modification of the Gauss—-Newton
method for non-linear 1least squares but 1is equally
applicable here; Marquardt's algorithm for updating d
in each iteration can be used. The method has the
advantage of approaching the steepest descent step

direction as d is increased.

Definiteness and stepsize modifications are usually only required

in the first few iterations since the quadratic approximation (3.3.2)
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becomes more accurate as the solution is approached. The modified NR
algorithm therefore becomes identical to wunmodified NR once close
enough to the maximum likelihood estimate. Although the modified NR
method converges to a local maximum of the likelihood, this may not be
a globel maximum. The only satisfactory way to get some idea of
whether a global maximum has been reached seems to be to perform the
iterations from several starting values (unless theory can prove that

there is a unique local maximum).

When H is difficult to evaluate, other definitions of A can be
used. Fisher's scoring technique (FS) uses the approximation A = E[H]

so that —A is the Fisher's information matrix and
B - 8+ ( Elx'wxB] )' x'v (3.3.6)

This definition of A does not tend to H as the maximum 1likelihood
solution is approached and so has poorer convergence than NR near ;;
however it has the advantage that A is always negative semi-definite so
that definiteness modifications are wunnecessary to get convergence.
Mantel and Myers (1971) found FS more 1likely to converge than
unmodified NR in a problem with censored data, but that if both methods
converged, NR was faster. These results may hold for other problems;
further comparisons are made in later sections. Stepsize modifications

are still needed for the FS algorithm to ensure convergence.

Another definition of A is given by the quasi-Newton (QN) method
(Davidon, 1959). This uses the gradients and function evaluations in
successive iterations to build up a negative definite approximation
A toH, so that A » H as the iterations progress. Like the FS
algorithm, A is negative definite at each iteration and therefore
definiteness modifications are unnecessary. However we shall be
restricting attention in later sections of the thesis to algorithms
that can be implemented with a sequence of least squares calculations.
Since the QN algorithm does not fit into that framework, it 1is not

examined further in this thesis.

A fourth type of definition of the matrix A in (3.3.3) is
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*
described next. First ni(') is defined to be the first two terms of a

Taylor series for ni(-) round B8,
*
n () = ni(B) + x;"(8" - B

*
where x; is the i'th row of matrix X in (3.3.5). If % (B) is wused to

denote the log-likelihood with ni(-) replaced by n:(-), then

32" (8) 3 2(8)
5 o8 oB
an
322*(3)
_ = -XI'NX
o8

*
If an iteration of NR to maximize & (B) is used in each iteration
rather than NR applied to %(B), we call the algorithm a NRL algorithm,

since it is found by applying NR to Linearized systematic parts, and
Bip, = B+ (XM X'y (3.3.7)

where X, W and v are as in (3.3.5). This 1is an extension of the
Gauss—-Newton algorithm for nonlinear least squares and is of the form
(3.3.3) with A = (X'HX). As mentioned at the start of this section,
there is not a unique way to specify a model in terms of log-likelihood
components and a systematic part. Whereas the NR and FS algorithms are
not affected by this, redefining the systematic part 1leads to a
different NRL algorithm, so that there is a whole class of NRL

algorithms. Both definiteness and stepsize modifications may be
needed.

We shall examine various properties of NRL algorithms, their
implementation and their relationship to NR and FS in Sections 3.4 to
3.7. We end this section by describing one particular type of NRL
algorithm that can be used for estimation in many models. The
log-likelihood components are often bounded above by values aj which
may depend on y, but not B. If the systematic part ni(B) is defined to
be the square root of (ai minus the i'th 1log-likelihood component),
then

2 = - n(BZ+k (3.3.8)
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The NRL algorithm applied to this systematic part is then identical to

the Gauss—Newton algorithm applied to this nonlinear 1least squares

problez. This is the algorithm suggested by Ross(1982) and since
(X'MX) is positive semi-definite, definiteness modifications
needed.

are not



SECTION 3.4 52

3.4 IMPLEMENTATION OF UNMODIFIED NRL ALGORITHMS

The main advantage of NRL algorithms over NR and FS is that their
iterations can always be easily and accurately evaluated with weighted
least squares calculations. Iterations of a NRL algorithm can be
expressec in the form of weighted least squares calculations in two

ways since

+

Bnr, = B (xun ! X' (3.4.1)
= (xwn ! xwt (3L 2)

- * -
where =z = W 1 v, z = (Xp+W 1v) and X, W and v are as defined in

(3.3.5). Equation (3.4.2) 1is in a similar form to Nelder and
Wedderburn's iteratively reweighted least squares iterations for GLM's.
However (3.4.1) is simpler and would be preferred in most applications;
its weighted least squares calculations have "explanatory" variables
x; = ani(n)/aa, weights  w; = —azli(ni)/ani2 and "responses"

2, = HETEQi(ni)/ani for i=1,...,n.

When azli(ni)/ani2 = 0, which occurs if Ei(n) is linear or has a
point of inflection at N the above formulae cannot be used. However
the required effect for any such observation, which is to increase
X'¥z by {aki(ni)/ani}xi but to 1leave X'WX unaltered, can be found by

replacing it with two pseudo-observations,

wil = 1 W@ - o
Z§1) = ali(ni)/ani ZSLZ) = 0 (3.4.3)

Although the basic NRL algorithm described above converges for most
distributions and data sets, NRL does not guarantee convergence to a
maximum of the likelihood. As discussed in Section 3.3, (X'WX) should
be positive definite at each iteration for the algorithm to converge.

Even if X'WX is positive definite, an iteration may step too far and
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reduce the likelihood. Definiteness and stepsize modifications may
therefore be needed. In this section, we describe computational
aspects of the basic unmodified algorithm. Implementation of
definiteness and stepsize modifications is described in detail in
Section 3.7.
\Rd otvr

If the weighted sums of squares matrix X'WX andL}'Hz (the Hessian
and gradient) are formed, then the NRL iterations can be computed with
standard definiteness and stepsize modifications using existing general
optimization routines for solving (3.3.3), such as those in the NAG
library. However it was shown in Chapter 2 that algorithms for 1least
squares based on the sum of squares matrix can be very inaccurate when
X is multicollinear. The main numerical advantage in representing
iterations as weighted least squares calculations is that more accurate
least squares algorithms based on QR factorizations can then be used.
2 < 0 for

all ny and i; the systematic part nj is then called convex. In models

For some definitions of the systematic parts, azai(ni)/ani

with convex systematic parts, all weights are positive in the 1least
squares calculations, definiteness modifications are unnecessary and
the NRL algorithm can be implemented using the least squares routines
in many existing statistical computer packages. In models whose
systematic part is not convex, some weights in the NRL algorithm may be
negative and the standard QR algorithms must be modified to allow
these. The necessary modifications to the Givens algorithm are
described below; similar modifications to the other QR algorithms

could be made.

Provided [X : z]'W[X : z] remains positive semidefinite as new rows
of [X : z] are incorporated, the Givens algorithm described in Section
2.3 can be used even with negative weights. It however loses numerical
stability when a new row with negative weight changes [X : z]'W[(X : z]
from being positive definite to positive semidefinite or indefinite.
(Some indefinite matrices do not even have Choleski factorizations).
This problem may arise even when the final [X : z]'W[X : z] is positive

definite, depending on the ordering of the rows of [X : z].
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The best solution is to separately accumulate the rows of [X : z]

with positive and negative weights, so that Ri, 82, D1 and 02 are found

where

[x H Z]'“Ex H Z] - n1 'D1R1 s R2‘D2R2

R1 and 32 are upper triangular and D1 and 02 are diagonal with
non-negative elements. If (X : z]'W(X : z] is not positive
semi—-definite, a definiteness modification may be necessary before the
positive and negative parts can be combined; a method of doing this is
described in Section 3.7. In situations where a definiteness

modification is unnecessary, we can find an upper triangular matrix

R and a diagonal matrix D such that
B'Dﬂ . B1|D1n1 = Rz'Dzﬂz

It is a fairly easy matter to calculate R and D since R'DR = B*‘D*B*

where
R,
R,

D, 0
0 _DZ

*
and D = t

-

Givens rotations can therefore be applied to the rows of R* (with
weights given by D*) to reduce it to upper triangular. Subroutine
COMBINE, which is listed in Appendix B, determines R and D from R1, R,,
D, and D,. It returns an error code (IFAULT=2) if a definiteness

modification is needed.

Once R has been evaluated, the NRL step for the p unknown
parameters @ can be found from it 1in exactly the same way as in
ordinary least squares. In particular, if the first p rows of R are

[ll1 : r2] with R, unit upper triangular, then the NRL step is given by

R, (Byg, ~ B) = T» (3.4.4)

which is equivalent to (2.3.2) and can also be easily solved by

back-substitution using subroutine BSUB in Appendix B.

There is no general way to obtain starting values for the NRL

algorithm that can be used for all models, and in some types of models,



SECTION 3.4 55

the modeller must supply an initial guess at the values of some or all

parameters. This can however be avoided in models where the parameters

i
ony but not on B8 for i=1,...,n. In these models, the NRL least

occur linearly, so that n; = ni(vi) where v; = x;'B and x; may depend

squares calculation (3.4.2) only depends on B through the vector w with
components vy,...,v,. Stirling (1984) suggested using formula (3.4.2)
in a preliminary iteration with w replaced by an estimate from a
related model that can be more easily fitted, in order to get a
starting value for B. In particular, a saturated model in which each vy
is treated as a separate parameter, can sometimes be used; simple
explicit maximum likelihood estimates for w can often be found for
saturated models and this is closely related to the method used to get
starting values for generalized linear models by Nelder and Wedderburn
(1972). 1f a sequence of models 1is to be fitted, it is usually an
improvement to use the value of w from the last iteration of the most
similar model already fitted. Other examples of the use of simpler
related models to get starting values, are described for particular

examples in later sections.

In models whose parameters are not involved 1linearly, (3.4.2)
depends on the value of @ from the previous iteration both through n(g)
and also X(B), so the above technique for obtaining starting values
cannot be used; a starting value for B must be obtained in some other

way.

If @ can be partitioned, 8' = [31' g 32'] and the systematic part
n; can be written as a function of 31 and vy = xi'ce only, then the
least squares calculation in (3.4.2) also only depends on B, and
Viseees Ve If the user can give a preliminary value to 31 with either
a guess, any (possibly inefficient) estimation method or with a fixed
"moderate" value, then the method above could be used, with 31 assumed

to be known and fixed, to get starting values for ViseeerV These,

n.
with the preliminary value of 8,, can be used in (3.4.2) to get a

starting value for all parameters.

If @ can be partitioned as above and the systematic part depends
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only on 31 and vy = xi(s1)'82 then, if 81 is assumed to be known and
fixed, the parameters 32 occur linearly and a starting value for 32 can
be found from (3.4.2) applied to this constrained model. The wuser
therefore again only needs to specify a starting value for 8- This
techniqus of obtaining starting vaules is related to methods that will

be discussed in Chapter 5 and in particular Section 5.3.

We end this section by describing the computations involved for a
Poisson example. For some Poisson data, the number of events recorded
(such as accidents) is the total of events of different types caused by
different factors. The Poisson mean is then the sum of the unknown
component means and attempting to use explanatory variables to describe
these leads to a 1linear model with E[yi] = x;'B. We consider two

definiticns of the systematic parts,

(A1) n; = x;'8 24(n;) = yjlo8(ng) = ng
and

(A2) n; = log(xi's) 2;(ny) = yyn; - exp(n;) .

Direct application of formula (3.4.1) to implement the NRL algorithms
with these two systematic parts involves sequences of weighted least

squares calculations with "explanatory" variables,

(A1) x (A2) (x;'®) 'x;
weights,
(A1) Wy =y (x B2 (A2) wy = x;'8

and "resonses",

The calculations for (A2) are simplified and comparisons with (A1)
become eesier if its 1i'th explanatory and response variables are
multiplied by (xi's) and its i'th weight is divided by (xi's)z. Both
NRL algorithms then use "explanatory" variables x. and the "responses"

i
for both algorithms are given by the formula

z; = (yil(xi'ﬂ) = A 7 Wi
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where the weights are
Tas—e s axv=1

For the algorithm (A1) based on systematic part (xi's); Wi =0 if
Yy = 0 and any such observation must be replaced by two
pseudo-observations as described by equation (3.4.3). Starting values
can be found from similar least squares calculations with responses z3
replaced by z; = z;+(x;'8) and (x;'8) replaced by max(yi,0.5), the
estimate from the saturated model, throughout. Systematic part (A2) is
convex and so is systematic part (A1) if all y;>0. When all ¥;{>0, both
algorithms can therefore be implemented using the standard weighted

least squares algorithms in existing statistical computer packages.

TABLE 3.4.1
Artificial Data for Fitting Poisson Model
Data Set 1 Data Set 2
Count, Explanatory Count, Explanatory
¥i Variable, dg ¥i Variable, di
1 1 1 1
10 2 10 2
3 3
y y
1 5 0 5

Both NRL algorithms have reasonably good convergence for many
Poisson data sets, but algorithm (A2) can be poor at times. For
example, both algorithms were applied to fit the model with
x;'B = By*Bpd; to Data Set 1 in Table 3.4.1 and their iterations are
shown in Table 3.4.2. Algorithm (A1) converges considerably better

than (A2). A more extreme example is given by data set 2 in Table
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3.4.1. The iterations of the two algorithms applied to this example
are shown in Table 3.4.3. Algorithm (A2) has intol@ rably bad
convergence here and was still not satisfactorilg close to the maximum

likelihood estimate after 50 iterations; algorithm (A1) would clearly

be preferred.

TABLE 3.4.2
Iterations of two NRL Algorithms Applied to Data Set 1 in Table 3.4.1
Starting Values (Iteration 0) were Found as Decribed in the Text.
Log- Convergence
Iteration B4 32 +
Likelihood Rate, C
Algorithm (A1) - NR
0 2.11611 -0.03607 —1%.09“59
1 2.96726 -0.29548 -8.24195 0.70054
2 .31968 -0.7616 -6.54386 0.42911
% g.7855“ -1.0909 -6.30533 0.15269
.04l400 -1.14869 -6.3000 0. 02259
o) 8.05000 =1.15000 -6.30008 0.00054
6 8.05000 -1.15000 -6.30008 0.00000
Algorithm (A2) - FS
0 2.11611 -0.03607 -12.09"59
1 6.52800 -0.64267 -6.46860 0.28794
2 7.34319 -0.91440 -6.33858 0.N6Mg9
% 7.52145 -1.04048 -6.3086 0.46483
7.89676 -1.09892 -6.3019 0.N66M3
5 7.97836 -1.12612 -6.30050 0.4674
6 8.01647 -1.13882 -6.%0017 0. 46806
g 8.03“20 -1.10477 -6.30010 0.4683&
8.0L264 -1.14755 -6.30008 0.46848
9 8.0L4655 -1.14885 -6.30008 0.46854
10 8.04838 -1.14946 -6.30008 0.46857
1 8.04924 -1.14975 -6.30008 0.46859
il2 8.04965 -1.14988 -6.30008 0.46859
13 8.04983 -1.1499Y -6.30008 0. 46860
1 the convergence rate is defined by (3.5.1)

Different NRL algorithms can therefore have very different
convergence properties. In Sections 3.5 and 3.7, we therefore examine

aspects of the convergence of the various possible NRL algorithms.
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TABLE 3.4.3
Iterations of two NRL Algorithms Applied to Data Set 2 in Table 3.4.1

Starting Values (Iteration 0) were Found as Decribed in the Text.

Log-

Likelihood

Iteration

Convergence
Rate, C T
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Algorithm (A1) - NR
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Algorithm (A2) - FS

1 the convergence rate is defined by (3.5.1)
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3.5 ASYMPTOTIC PERFORMANCE OF NRL ALGORITHMS

The NR and NRL algorithms have iterations which were shown 1in

(3.3.5) and (3.3.7) to have the form

B - B+ (X'NX-B) 'X'v
q.;RL = B8 + (X"X)—1X"

where X has 1i'th row Bni/as', W is diagonal with i'th diagonal element

Wi = —azzi/aniz, v is a vector with i'th element v; = azi/ani and
2
9°n;
B = J v, 3
bl ‘5;2

The NR algorithm has quadratic convergence since it reaches the maximum
likelihood estimate in one step if the log-likelihood is quadratic and
since the 1log-likelihood 1is approximately quadratic in a small enough
neighbourhood of a local maximum of the 1likelihood. If we define
s(g) =) |Bi-ai| where ; is the maximum likelihood estimate, then the

rate of convergence can be measured by

c = &)/ s(8 . (3.5.1)

The quadratic convergence of NR implies that CNR tends to zero as the
iterations progress. All algorithms of the form 8+ = s+A_1X'v in which
A does not tend to the second derivative matrix as the iterations
progress, have 1linear convergence and therefore C tends to some
nomr-zero constant. Asymptotic convergence can be very slow depending
on the difference between A and the second derivative matrix. The
asymptotic performance of NRL algorithms therefore depends on the size
of B at the maximum likelihood estimate. An asymptotic convergence
rate above 0.5 1is generally unacceptable, whereas an asymptotic rate
less than 0.1 gives approximately one extra significant decimal digit
in every iteration and is fast enough for most purposes. Poor
asymptotic convergence rates not only result in excessive numbers of
iterations, but also make it difficult to determine the numerical

accuracy of computed solutions when the iterations are stopped and, as
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will be shown in Section 3.9, can result in poor estimates of the

variances of the parameter estimates.

The systematic part of a model is called linear when

ni(s) = xi's for i=1,...,n where the vectors Xi,...,X, may depend on

n
y but not on 8. Many common multiparameter models have linear
systematic parts and Nelder and Wedderburn (1972) and Stirling(1984)
give several examples. For linear models B = 0 and so NR = NRL. In
these models,

L]

1

X = H

x
which does not change from iteration to iteration and this is another

simplification that makes NRL (and NR) attractive.

The other important special case which results in B =0 at the
maximum likelihood estimate, 1is if Viy = 0 for i=1,...,n. This only

occurs for sets of data where the model is a "perfect" fit to the data,
in the sense that ni(;) is equal to ;i for all i where %1"“';n are
the maximum likelihood estimates from the saturated model in which each
ny is treated as a separate parameter. This condition is a
generalization of the standard result from nonlinear least squares that
the Gauss-Newton algorithm (which is a NRL algorithm) has quadratic
convergence if all residuals are zero (for example see Chambers, 1973).
Though NRL is often not identical to NR in models that fit perfectly,
its iterations approach those of NR as the maximum likelihood estimate

is approached.

In models that do not fit perfectly and that have a nonlinear
systematic part, NRL wusually does not have quadratic convergence.
However E[B] = 0 and therefore as the sample size n increases, subject
to certain regularity conditions, B becomes negligible when the data do
come from the model being fitted. Therefore if an appropriate model is
being fitted to a large enough set of data, NRL converges almost as
fast as NR.
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With smaller sets of data or when fitting inappropriate models,
B can be large enough to seriously slow down convergence. Generally
the size of B is mostly determined by the amount of nonlinearity in the
systematic part. Often the size of B can be reduced, and convergence
speeded, by choice of a systematic part that is as close as possible to
linearity. The effect of B on the difference between NR and NRL also
depends on the conditioning of the second derivative matrix. If the
second derivative matrix 1is nearly singular, even subtracting a small
B can cause a large change in its inverse, leading to big differences

in step size and direction of NRL from NR.

We next illustrate the effects of these factors with some models in
which y; is assumed to be binamial with parameters ry (the number of
trials) and n; (the probability of success in a single trial) for

i=1,...,n. In the most common binomial models,

g - ¢(xi'B) (3.5.2)

where ¢(+) is the cumulative distribution function of some standard
distribution (usually the 1logistic or normal distribution). We shall
initially consider probit models for which

[y -1/2 5
o(y) = (2w) exp( -y</2) dy .

The three NRL algorithms that will be examined are defined from

systematic parts,

(A3) n§
(AL) u't
and (A5) ny

x'B
log ( o(x;'8) / (1.0 - &(x;'B)) )

Systematic part (A3) is linear and (A4) is nearly linear in the central
range of values of x;'B. (It would have been exactly linear if ¢(.) had
been the cumulative distribution function of the logistic distribution
and the 1logistic and normal distributions have similar shape.)

Systematic part (A5) is the most highly nonlinear.

Direct application of (3.4.1) to these three systematic parts leads

to least squares calculations with "explanatory" variables (A3) x5,
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(AL) ¢(xi's)/{ni(1—ni)}xi and (A5) ¢(xi‘s)xi where ¢(+) is the unit
normal probability density function. In order to make camparisons
easier and to avoid recalculating the explanatory variables in each
iteration, the "explanatory" and "response" variables can be rescaled
with corresponding changes to the weights, so that each NRL least
squares calculation has "explanatory" variables x;. The weights for
the three NRL algorithms are then

Y | [ 2 _ (Vi _ (rimyy)
(A3) wy = + (x;'B)° = { — = ——— '(x;'B)
1 {;iz G2 b o(x;'s {111 T bo'(x;'s
ri ¢(x;')?
(A4) wy = e WL
‘ﬂ’i (1'1T1)
Yi ri~¥j 2
(A5) w; = + (x;'B)
i { _"id (1_“i)£ } ¢ i
and the "responses" in each case are
yi _ (rymyy) ;
2 = { = - ——— } o(x;"8) / wy

LP (1=73)
Systematic parts (A4) and (A5) are convex and the corresponding NRL
algorithms can be implemented in many existing statistical camputer
packages. For all NRL algorithms, a starting value can be obtained
from (3.4.2) with m; replaced by its estimate from the saturated model,
yj/r;j and x;'g similarly replaced by 0_1(yi/ri). The starting value
for B is then the regression coefficient from a least squares
calculation which is of the same form as the ordinary NRL iterations
i i
calculations to get starting vaules, yiso must be replaced by yi=1/2

except that the "response" z; is replaced by z In these

= yi/ri“‘z
and Yi=ry must be replaced by yi-ri—1/2 to avoid infinite weights.

None of the numerical examples that follow need definiteness or
stepsize modifications to get convergence, so the illustrations below
are all based on unmodified NRL algorithms. The three algorithms were
first applied to fit the probit model with

Ii'ﬂ - B1+82di (3-5-3)

to the data in Table 3.5.1 and their iterations are shown in Table

3.5.2. Since the systematic part (A3) is linear, the corresponding NRL
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TABLE 3.5.1
Artificial Data for Fitting Probit Model
Number of Number of Explanatory
Trials, ry Successes, ¥ Variable, di
5 1 =2
5 0 -1
5 1 0
5 3 1
5 3 2
5 4 3
TABLE 3.5.2
Iterations of Three NRL Algorithms Applied to Data in Table 3.5.1.
Starting Values (Iteration 0) were Found as Decribed in the Text.
Log- Convergence
Iteration 81 82
Likelihood Rate, C
Algorithm (A3) - NR
0 -0.51378 0. 42602 -1.60402 0.04439
1 -0.54181 0. 44108 -1.59722 0.01291
2 -0.54217 0.44128 -1.59722 0.00000
Algorithm (A4) - FS
0 -0.52224 0. 42964 -1.60085 0.03210
1 -0.54245 0. 4k164 -1.59722 0.02020
2 -0.54215 o.uu1zg -1.59722 0.05442
3 -0.54217 0.4412 -1.59722 0.04755
Algorithm (A5)
0 -0. 46521 0. 40522 -1.64266 0.11492
1 -0.5380& 0.&3626 -1.5977 0.08074
2 -0.5409 0. 4hous =-1.59724 0.22223
2 -0.54195 0.44111 -1.59722 0.1901
-0.5421 O.MN1Zg -1.59722 0.19802
5 -0.5421 0.4412 -1.59722 0.19628
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algorithm is also NR and its convergence rate, C, tends to zero. (The

estimate in the second NR iteration was not improved on by subsequent

iterations of the algorithm.)

NRL algorithms tend to non—-zero values.

The convergence rates of the other two

Since systematic part (Ad4) is

nearly linear, its asymptotic convergence rate, 0.05, is also good and

its performance 1is similar

more highly nonlinear and its

relatively poor.

to that of (A3).

Systematic part (A5) is

convergence rate, 0.20,

is therefore

TABLE 3.5.3

Iterations of Three NRL Algorithms Applied to a Probit Model that

Fits Perfectly from Starting Values B, = ¢_1(O.M) and B, =0

Log- Convergence
Iteration B4 Bo
Likelihood Rate, C
Algorithm (A3) - NR
0 -0.25335 0.00000
1 -0.02796 0.833M -0.33674 0.15522
2 -0.00106 0.99215 -0.00071 0.04578
2 0.00000 0.99998 0.00000 0. 00234
0.00000 1.00000 0.00000 0.00000
Algorithm (AY4) - FS
0 -0.25335 0.00000
1 0.00549 0.86154 -0.21896 0.11486
2 0.00031 0.99071 -0.00096 0.06664
2 0.00000 0.99995 0.00000 0.00503
0.00000 1.00000 0.00000 0.00002
Algorithm (AS)
0 -0.25335 0.00000
1 -0.13135 0.7640 -1.07480 0.29307
2 0.01175 1.0391 -0.02003 0.13852
z 0.00033 1.0013 -0.00002 0.03290
0.00000 1.00000 0.00000 0.00109
5 0.00000 1.00000 0.00000 0.00007
To illustrate the quadratic convergence of all NRL algorithms to

data that a model fits perfectly, the probit model (3.5.3) was fitted

to nine observations with r.

1-1,--0990

described above from the saturated model, all NRL

Unfortunately,

=10, ¥y =1 and d; = ¢ "(y;/ry) for

if the starting values

are chosen as

algorithms converge



SECTION 3.5 66

in one 1iteration, so the starting values ;i = 0.4 for all i were used
instead to illustrate the algorithms' convergence rates. Table 3.5.3
shows the iterations of the three NRL algorithms. Though there are
some differences between the algorithms, all display quadratic

convergence, with C approaching zero.

We shall next illustrate the near—quadratic convergence of all NRL
algorithms with 1large amounts of data. If there are repeated binomial

observations at any value of x;, say with yij successes from r trials

for j=1,...,ni, then since Wy and wiz; are both 1linear in liij and
yij for all NRL algorithms, the 1iterations are identical to those
obtained from agregating the repeated observations into similar
binomial observations with y;, = zjyij successes out ot r;, = Ejrij
trials. For the illustration, we therefore use the probit model
(3.5.3) with d; =-5, -4, ..., 4, 5, and examine the effect of
increasing the number of trials, ry at each di' Threre sets of
binomial observations were generated from the model with 81 = 0 and
By = 0.4 with Ig set equal to 10, 100 and 1000 in turn. The starting
values of ;i = 0.4 were wused in all cases rather than those from the
saturated model, to allow a better comparison of the convergence rates.
Tables 3.5.4 to 3.5.6 show the iterations of the three NRL algorithms.
As expected, the asymptotic convergence rate of algorithm (A3) is zero
for all T, and the asymptotic convergence rates of algorithms (AY4) and
(A5) approach zero as | increases.

As a final example in this section, we consider the residual

responses model in which (3.5.2) is replaced by
Tfi = B" i (1-31) ¢(xi‘82) ] : (3.5.“)

where &(+) can be any comulaﬁive distribution function, such as those
of the unit normal or logistic distributions. This model cannot be
written with a single 1linear systematic part and so NR 1is not
equivalent to any of the NRL algorithms described in this chapter. We

consider here the two NRL algorithms defined from the systematic parts
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TABLE 3.5.4

Iterations of Three NRL Algorithms Fitting a Probit Model to 11

Randomly Generated Binomial Values with ri=10.

Starting Values B4 = ¢_1(0.H) and B, = O.

Convergence

Log-

Likelihood

Iteration

Rate, C
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Both can be expressed as IRLS with "explanatory" variables X whose i'th

row is
3 1'(1
31 =
] '2 (1-81) ¢(xi'82) Ii
The weights are
r.
ﬂi(1-ﬂi)
. =V,
@Y % = ok, i
2 = 2
'ﬂ'l (1 ﬂi)
and the "responses"
Y g
g = 12 - L2 Loy
b1 1=%

i i

Dividing the i'th row of X and z; by (1—31)¢(xi'32) and multiplying the
corresponding weight by its square for i=1,...,n, means that only one

column of X needs to be recalculated in each iteration.

A preliminary estimate of B4 can often be obtained from the
proportion of successes 1in a control group with T = B4 for this type
of model. 1If B1 is held fixed at that value, the model has a 1linear
systematic part wv; = x;'B,. From the saturated model of this type the

maximum likelihood estimate of vy would be
o 1( max( 0, (y;/r;=8,)/(1-84) ) )

with a minor adjustment of the argument of ¢_1(-) if that would be O
or 1. These values of w and B4 can be used in the first iteration of
NRL.

To illustrate these two NRL algorithms, they were applied to the
data in Table 3.5.7 with x;'8, = 32+B3di and &( +) defined to be the
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TABLE 3.5.5

Iterations of Three NRL Algorithms Fitting a Probit Model to 11

Randomly Generated Binomial Values with ri-100.

Starting Values B4 = ¢ 1(0.4) and B, = O.

Convergence

Log-
Likelihood

Rate, C

By

Iteration

-0
-0
-0
-0
-0
-0

O—ANMT N

Algorithm (A3) - NR

(Al) - FS

O~ ANMT WO

Algorithm

Algorithm (A5)

= O b= =0~
LNMO A ENONM
ANNOOCOOOO

O~ ANMT N0~
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TABLE 3.5.6

Iterations of Three NRL Algorithms Fitting a Probit Model to 11

Randomly Generated Binomial Values with ri=1000.

Starting Values 8, = ¢ '(0.4) and g, = 0.

Convergence

Log-

Likelihood

Rate, C

B1

Iteration

Algorithm (A3) - NR

-0

-0
0.
0.
0.
0

O— AN MIT N

NONOD +——
MNMoOYNT — NN
N~-Ov—aT a3
NO MunnnnN
NOOOOOO
e o L] e o o o
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(B}
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Algorithm (A4) - FS

Algorithm (A5)
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o(y) = exp(y)/(1+exp(y)); the
3.5.8.

function,
algorithm are also shown for comparison.

in Table

logistic distribution

of the NR

iterations

The

iterations are shown

On convergence,

14.900531 4. 546459
44,793342  16.637973  65.520109

134.789440

(X'uX-B) = l
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TABLE 3.5.7
Artificial Data for Fitting Residual Responses Logit Model

Number of Number of Explanatory

Trials, ry Successes, ¥i Variable, di

y 1 Controls (d; = -=)
10 1

10
10
10
10

co oo U N W

2
3
y
5

2.189214
(A6) B = [-0.464569 0.098792
-0.418784 0.089321 -0.360610

0.000412
(A7) B = [-0.000256 0.038226
-0.000300 -0.733456 -6.180223

Note that for algorithm (A7) the systematic part is linear in Bq and so
the elements of B relating to By are small; if the 1iterations were
continued, these elements would become exactly zero. The systematic
part in algorithm (A6) is more nearly linear 1in B3 than that 1in
algorithm (A7). Although both matrices B are small compared to

(X'WX+-B), the latter is nearly singular, so the inverse matrices are

0.015269
(NR) (X'WX-B)” ' = [-0.167467 4. 947570
0.032088 -1.141881 0.283291
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TABLE 3.5.8
Iterations of Two NRL Algorithms Applied to Data in Table 3.5.7.

Starting Values (Iteration 0) were Found as Described in the Text.

Convergence

Log-

Likelihood

Rate, C
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0.021587
(A6) (x'EX)~' = [-0.297550  7.540242
0.059927  -1.689841 0.398526

0.019198
(A7) (x'wx)”' = |-0.259485  6.845969
0.050874  -1.496520  0.344739

Both NRL algorithms consistently take too small a step and their
convergence is very slow. For other sets of data that were tried, the

NRL algorithms took even poorer step directions and sizes.

Much care must therefore be taken when wusing NRL algorithms for
small or poorly fitting data sets. If the model being fitted can be
written with a linear systematic part, the NRL algorithm defined from
that is equivalent to NR and has the best asymptotic convergence rate.
If the model has no linear systematic part, then the best asymptotic
convergence is found by using as linear as possible a definition of the
systematic part. However in some models, all NRL algorithms may be
asymptotically slow to converge and another type of algorithm such as

NR or a Quasi-Newton (QN) algorithm may be preferred.

This section's discussion of the relative merits of the various NRL
algorithms has been based on asymptotic convergence rates near the
maximum likelihood estimate. Clearly, an algorithm that exhibits a
poor asymptotic convergence rate is unsatisfactory. As will be seen in
Section 3.9, it can also lead to poor estimates of the variances and
covariances of the maximum 1likelihood estimators. However, an
algorithm with near—quadratic convergence may perform poorly until it
gets near the maximum 1likelihood estimate. Performance in the first

few iterations is investigated in Section 3.7.
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3.6 THE FS ALGORITHM AND ITS RELATIONSHIP TO NRL

The NR and NRL algorithms are not affected by how the response
vector y is involved in the log-likelihood. They treat y as a vector
of known constants. The FS algorithm uses the expected second
derivatives of the log-likelihood and its practicality is dependent on

how easily this expectation can be evaluated and used.

FS iterations cannot usually be computed with 1least squares
calculations unless the model being fitted can be written with a
systematic part {ni} that does not depend on y. If the systematic part

is non-random, then X does not then depend on y and

Bic = B+ (XWX X'y (3.6.1)
= 8+ (XWX 'xwz (3.6.2)
= (xwn 'y (3.6.3)

where W' = E[W] is diagonal. The formulae (3.6.2) and (3.6.3) parallel
(3.4.1) and (3.4.2) for the NRL algorithm. For most definitions of
log-likelihood components, such as when they are 1log probability
(density) functions or log conditional probability (density) functions,
the diagonal elements of H* are non-negative and therefore FS can be
implemented with the weighted least squares routines of many existing

statistical computer packages.

FS is easiest to implement for generalized linear models and was
described by Nelder and Wedderburn (1972) for these models and by
Wedderburn (1974) and Jennrich and Moore (1975) for the corresponding
models with nonlinear systematic parts. In this chapter, we shall
ignore the auxiliary (nuisance) parameter in these models and therefore

write their log-likelihood components as
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where 6; = e(ni) and n; = ni(s). The FS algorithm is then identical to
the NRL algorithm that treats 8; as the model's systematic part. Our
discussion of the performance of NRL algorithms in Section 3.5 can
therefore be used to assess FS. 1Its asymptotic convergence 1is 1likely
to be good only if CH is nearly linear, if the model is a "perfect" fit
to the data or if the data are a large random sample from the model
being fitted. For example in Poisson models with mean E[yi] = Ai» FS
is identical to NRL applied to the systematic part nj = log(ki). The
algorithm (A2) in Section 3.4 is therefore identical to FS and since uf
is nonlinear in models with Aj = xi'a, the asymptotic performance of FS
can be poor in these models compared to NRL based on systematic part
Ny = Ay For all models involving binomial distributions with

parameters ry and Ty

part log(m;/(1-m;)). Algorithms (A4) and (A6) in Section 3.5 are
therefore identical to FS.

FS is equivalent to NRL applied to the systematic

In models outside the exponential family, FS is wusually not the
same as any NRL algorithm. However H* = E[W] often cannot be easily
evaluated in these models and FS is therefore often not practical. We
next describe an example outside the class of generalized linear
models, but where FS can be used. In censored distributions, the exact
failure time ¥i is only known provided Yi & ti . otherwise failure
time is Jjust recorded as "above ti". If the probability density
function of ¥i is f(yi | ni) then the log-likelihood component of the

i'th individual can be written as

log f(y; | n;) if y; <ty

@

Ll(nl)
log [t.f(yi | ni)dyi if Yi 2 ti
i

If the uncensored data has an exponential distribution with f(yi,ni)
= exp{ni-yiexp(ni)} and n; = x;'B, then the NRL iterations based on
linear systematic part n; are equivalent to NR and have "explanatory"

variables X, weights

yjexp(n;) if i'th not censored

tiexp(ng) if i'th censored
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and "responses",
exp( -ni)/yi - il if i'th not censored
T l -1 if i'th censored
In this example w;>0 for all i and the systematic part 1is therefore

convex., For FS, the weights and "responses" are

w; = exp( -n;) (1 - exp( -exp(ni)ti))

and
l (1 - yjexp(ng)) / wy if i'th not censored
z; =

-tiexp(ng) / wy if i'th censored

respectively. The FS formulae have the disadvantage that even for

individuals that were not censored, the time they would have been

censored must be known. This information may not be available and,
even if it is, it can be argued that it should have no bearing on the
m\%c?.¥¥nnx use A, NRL also has quadratic convergence and therefore
seems the better method to use. The NRL iterations are equivalent to
those underlying Aitkin and Clayton's(1980) method which was described
at the end of Section 3.1.

In models that can be expressed with a non—random systematic part
and that are not in an exponential family, the results in Section 3.5
cannot be directly used to examine the asymptotic convergence of the FS
algorithm. However, one similar result holds: the FS algorithm does
not usually have quadratic convergence, but its performance becomes
close to that of NR if there if a large amount of data that fits the
model. It does not always however have quadratic convergence if
applied to a small data set that the model fits perfectly.
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3.7 IMPLEMENTATION OF ITERATIVELY REWEIGHTED LEAST SQUARES
ALGORITHMS IN THE INITIAL ITERATIONS

In Section 3.5, it was shown that an algorithm whose performance is
close to NR should be used near the maximum likelihood estimate to get
good asymptotic convergence. In this thesis, we are largely concerned
with algorithms that can be implemented with iteratively reweighted
least squares (IRLS) and, of these, a NRL algorithm based on as linear
as possible a systematic part 1is wusually best. In the initial
iterations however, we shall show that other IRLS algorithms can

perform considerably better than this type of algorithm.

In most problems, the best iteration of the form

8 - B-A'g
where g is the gradient at B, would use a matrix A that is intermediate
between the second derivative matrices of the log-likelihood at g and
at the maximum 1likelihood estimate ;. In problems where the second
derivative matrix changes markedly when g moves away from ;, any NRL
algorithm where -(X'WX) is close to the second derivative matrix at 8
can therefore be far from optimal in the initial iterations. The most
extreme effect of this type is when the second derivative matrix is not
negative definite at B, so that the unmodified NRL step would not even
be in a descent direction. 1In other cases where the curvature is much
greater at g than at ;, the initial steps are much too small.

2

For example, if yi/(xi's) has a y“ distribution with 1 degree of

freedom for i=1,...,n then the NR iterations, which are identical to
NRL with systematic part o= xi's, can be evaluated as 1least squares

calculations with "explanatory" variables x:, weights

i
y

1
— ] / (xl'B)z
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and "responses"
Yi
!
x; (]

Starting values can be found by an iteration with xi'a replaced by Yi»

Z: = ( = il ]/ (2Wix"8)

i

the maximum likelihood estimate of Ny from the saturated model, as
described in Section 3.4, In this case, the "responses" would be
z; =Y. When applied to the artificial data with xi's = B1+32di in
Table 3.7.1, the NR iterations are as shown in Table 3.7.2. Though the
asymptotic convergence rate is good, the initial iterations assume too
high a curvature and are too short. 1If the iterations are started from
the maximum likelihood estimate in the model with By = o, 31 = Zyi/n,
the second derivative matrix is not positive definite and the

unmodified NR algorithm does not converge.

In contrast, the FS algorithm, which is identical to NRL based on

systematic part n = (xi's)—1, is equivalent to IRLS calculations of
the same form as those for NR, but with weights

w, = (x e

Its iterations from the two different starting values are shown 1in
Table 4T3 Since 1its weights depend on (xi's)_2 rather than
(xi'B)-3 when (xi'B) is small, it is less extremely affected by poor
starting values and 1its initial iterations are much better than those
of the NR algorithm. Since its systematic part 1is convex, it never
needs definiteness modifications. Its asymptotic convergence rate is

also good in this example, so it would be preferred to NR.

The most stable IRLS algorithm in the initial iterations |is
therefore one with positive weights that do not change too sharply as
g moves from ;. In models that can be written with a non-random
systematic part, the FS weights are often good to use if they can be
easily evaluated. In other circunstances where the 1log-likelihood
components are each bounded above, the NRL algorithm based on (3.3.8)
is often better than NR in the initial iterations since its weights are
always positive. 1If such an algorithm exists, we therefore recommend a

combination of it and a NRL algorithm that behaves 1like NR, with a
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TABLE 3.7.1
Artificial Data for Fitting Gamma Model

Response, Explanatory

¥y Variable, di

0.3153 1
0.1923
5.0425
0.5692
3.7922
1.1081
8.1781
11.110

-l

U = w w NN

TABLE 3.7.2
Iterations of the NR Algorithm Applied to Data in Table 3.7.1.

Starting Values (Iteration 0) were Found from Saturated Model

Log- Convergence
Iteration B4 Bo

Likelihood Rate, C

0 -0.35333 0.56912 -10.22655
1 -0.58180 0.83101 -8.42021 0.83806
2 —0.9170M 1.17564 =7.51031 0.?8209
3 . 30566 1.56178 -7.12938 0.58297
.63808 1.89210 -7.02035 0.38716
5 -1.8 1215 2.06693 -7.00599 0.17033
6 *1.8&6%6 2.10151 -7.00560 0.03123
g -1.847 g 2.10263 -7.00560 0.00099
-1.8478 2.10263 -7.00560 0.00000
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TABLE 3.7.3
Iterations of the FS Algorithm Applied to Data in Table 3.7.1
with Starting Values (Iteration 0) from Two Simpler Models.
(Bracketed iterations had stepsize modifications applied)
Lo Convergence
Iteration B4 Bo & g
Likelihood Rate, C
Starting values from saturated model

0 -0.35323 0.56912 -10.22655
1 -1.84165 2.09815 -7.00563 0.00354
2 -1.84782 2.10258 -7.00560 0.00990
3 -1.84788 2.10263 =7.00560 0.00819

Starting values from model with 32 =0
0 3. 78846 0.00000 -9.32784
1 ( -2.85900 2.53237 i (2

2.12660 0.63309 -8.68694 0.70345

2 ( -2.24830 2.28T47 -10.62268)
1.03287 1.04669 -8.32101 0.72312
3 -2.00690 2.1806 -7.08906 0.06021
-1.85029 2.1045 =7.00561 0.01841
5) -1.84789 2.10264 -7.00560 0.00748
6 -1.84788 2.10263 =7.00560 0.00817

switch being made between the algorithms used if the convergence rate
of the one in use seems slow. This strategy has the advantage that
there is no overhead in applications where both IRLS algorithms have
good convergence, but it reduces the risk of slow initial or asymptotic
convergence and avoids the need to apply definiteness modifications.
Details of when to switch between algorithms are discussed later in

this section.

If an IRLS algorithm with positive weights cannot be found for a
particular model, then a standard definiteness modification must be
used. For example, the subroutine COMBINEM in Appendix B has the same
effect as subroutine COMBINE which was described in Section 3.4, but
performs a Gill and Murray (1974) definiteness modification rather than

returning an error code if (X'WIX) is not positive definite. This 1is
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done by adding a diagonal matrix E to X'BX to make 1its Choleski
factorization stable. COMBINEM uses similar Givens rotations to those
used by COMBINE to find wupper triangular R and diagonal D such that
R'DR = l*'D*R* where

R1 D1 00
¥ *
R = R2 and D = 0 -D2 0 .
I : O 0 0 E

and R1. I2, D1 and D2 are as defined in Section 3.4. R and D are wused
in an 1identical way to the corresponding matrices returned by COMBINE.
Since COMBINEM always calculates the maximum diagonal and off-diagonal
elements of X'MX even when X'WX is positive definite, this overhead can
be avoided if COMBINEM 1is only called after COMBINE returns an error
code.

Even though the modified algorithm 1is always in a descent
direction, (X'WX+E) is often nearly singular after a modification is
made and it can therefore take an unreasonably large step. This can be
avoided by finally increasing the diagonal of (X'WX+E) by ten percent
if a definiteness modification has been made. Subroutine DIMULT in

Appendix B can be used to do this.

Other definiteness modifications are possible, but are not examined
further in this thesis. For example, the negative weights in D2 could
be reduced by a proportion § until R'DR = BR,'DR, - 6!2'02R2 becomes

positive semi-definite.

A1l NRL and FS algorithms may also require stepsize modifications
in the initial 1iterations. Marquardt-type modifications involve
additions to the diagonal of (X'WX) until the 1log-likelihood 1is
increased. Stirling(1984) showed that each addition of a diagonal F to
(X'WX) is equivalent to p extra rows of data [I : 0] with weights given
by the diagonal of F. Givens rotations can then be used to make the
appropriate modifications to R and D. The diagonal of F is wusually
chosen to be proportional to the diagonal of X'WX. Stirling(1984)

showed that this type of modification can also be used to apply a
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definiteness modification. If G is a diagonal matrix with positive
diagonal elements, then there is some k>0 such that (X'WX + kG) is

positive definite and

g = B+ (XWX + kG) 'X'Mz

increases the 1log-likelihood over that of 8. The scalar k can be
increased until both conditions are met. Setting the diagonal of G to
the diagonal of (X'WX) is usually suitable if its diagonal elements are
all positive; this however cannot be guaranteed if B is not close to
the maximum likelihood estimate and there is no obvious choice of G if
a diagonal element of (X'WX) is zero. The method however seems

adequate in many problems.

In this thesis however, the simpler stepsize algorithm suggested by
Bard (1974, pages 110-113) will be used. If the NRL step direction
(with definiteness modification) 1is given by (3.4.4), then iterations

of the form,
+ =1

are used where the scalar § denotes the stepsize. The 1log-likelihood
is first evaluated at an initial trial stepsize (often §=1). Since
log-likelihood evaluations with new § involve computations of order
O(np) whereas full iterations involve computations of order 0(np2), it
is clearly worth spending some effort in improving the initial stepsize
when p 1is 1large, even if the 1initial stepsize increases the
log-likelihood. Since

E 208" () 1

e s
96 g0

and the 1log-likelihoods at 6=0 and the 1initial trial stepsize are
known, Bard's algorithm estimates the optimum stepsize § to maximize a
fitted quadratic in & defined by these three quantities. If the
initial stepsize reduces the log-likelihood, interpolation is done in
this way. Otherwise, a similar interpolation or extrapolation is tried
if the estimate of the optimum stepsize is less than a proportion (1-p)

or more than (1’p)—1 different from the initial stepsize. Setting p to
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0.1 is usually suitable. If p=1.0, no interpolation or extrapolation
is performed unless the initial stepsize reduced the 1log-likelihood.
Subroutine STEP in Appendix B performs this stepsize modification and
its input parameter PACC defines the value of p. The initial ¢trial
stepsize can be based on the stepsize used in the previous iteration,
but in the numerical examples that use STEP in this thesis, an initial

unit stepsize is always used.

This type of stepsize algorithm can also be used to assess the
convergence rate of the algorithm being used and, in situations where
there are two 1IRLS algorithms available, an interpolated or
extrapolated stepsize of, say 6<0.8 or §>1.25, can be used to trigger a
switch to the other algorithm. Since the examples in later sections of
this thesis are intended to allow comparison of different IRLS
definitions of weights, switching between algorithms is not implemented

here and the parameter p of STEP is usually set to 1.0.
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3.8 CONSTRAINTS

In this section we consider fitting models subject to constraints
of the form C(B) = e where C(-) is a vector function and e is a vector

defining the q constraints.

If e was a normally distributed prior estimate of C(B) with
var(e) = k_1I, then the overall 1log-likelihood would be E?:? li(B)

where

k (c;=C.(8))?
Li(B) = - ! 21 . for i=(n+1), ..., (n+q)

FS and NRL are both equivalent to adding "response" and "explanatory"

variables,

gt
: = ¢ - C(B)
zr'Hq
and
: = C'(8)
[} xn+q

to those wused for fitting the unconstrained model in question, each
with weight k. The fully imposed constraints are equivalent to letting

k+= in each iteration.
This method is equivalent to linearizing the constraints

c = C(g') = c(p) + (8'-B) C'(B)

and applying these exactly as linear constraints in all iterations. As
described in Section 2.5, the Givens algorithm for least squares can be

easily modified to accept such constraints.

If the algorithm converges, then clearly C(B) = ¢ and the

constraints are satisfied. Also by letting k+= it can be shown that
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?:g+1 zi(s) = 0 and so B is a local maximun of the 1log-likelihood

subject to the constraints.

We have only dealt with equality constraints here. Same models
also hzve 1inequality constraints. These occasionally relate to a
single parameter, such as B1>O, but more often are constraints on all
n;(B). For example, in Poisson models with E[yi] = n;(B), we must have
ni(s) 2 0 for all i. If the maximum likelihood estimate is not on a
boundary, but is at a turning point of the 1likelihood, then stepsize
modifications can be wused after the first iteration to keep the
parameters in a feasible region of the parameter space; we can

therefore treat infeasible values as having a log-likelihood of -=,

There can however be difficulties in obtaining a feasible starting
value for the algorithms. If this problem is encountered or if the
maximuz likelihood estimate may be on a boundary, a constrained
optimization algorithm must be wused. The necessary modifications to
the IRLS algorithms are not persued in this thesis, but it 1is noted

that they involve applying equality constraints in iterations and these

can be done as described above.
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3.9 VARIANCES AND TESTS

The standard results about maximum 1likelihood estimators can be
applied to ;. It asymptotically has a normal distribution with mean 8.
Its variance-covariance matrix can be estimated by -A—1 where A is an
approximation to the Hessian, H. The matrix A that would be used in
this formula is the approximation used in the last iteration of the NR,
NRL or FS algorithm which is used to calculate the estimate ;. If FS is
used, —1_1 is the inverse of Fisher's information matrix and this 1is
the most commonly vused type of estimate of the variances of maximum
likelihood estimators. However Efron and Hinkley (1978) give reasons
for preferring the estimate resulting from the NR algorithm. The
matrices can be extracted by subroutine VARS in Appendix B. In
algorithms that converge slowly and where the approximation to the
second derivative matrix being used 1is poor, this estimate of the
variance can also be very poor. For example, the inverse matrices,
171, found when applying algorithms (A6) and (A7) to fit a residual
respnses model to the data in Table 3.5.7, were given in Section 3.5.
These both considerably overestimate the variance estimate found from
the inverse of the second derivative matrix itself, which is also given
in Section 3.5. Similarly, the -estimated variances from the FS
algorithm applied to the two data sets in Table 3.4.1are very much

lower than those from the NR algorithm.

Tests about B can be based on the asymptotic properties of the
generalized likelihood ratio test. The deviance of a model can be
defined as 2(L0'21i(;i)) where Ly is the maximum of If;(n;) over all
choices of ny (that is, from the saturated model). A model's deviance
can be used to describe its fit, and can be partitioned for a nested
sequence of models and presented in a table analogous to an analysis of
variance table. The difference in deviances between different nested
models will asymptotically have a X2 distribution with degrees of

freedom equal to the number of parameters in one model restricted by
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the other. The results and definitions here are an extension of those

of Nelder and Wedderburn(1972) for generalized linear models.

TABLE 3.9.1
Numbers of Insects Affected by Various Concentrations of
Two Types of Derris Roots (Martin, 1940)
Type of Derris Dry Root No of Insects Number
Root Used mg./1. Used Affected
W.213 1480 142 142
1000 127 126
480 128 115
120 126 58
W.214 619 125 125
458 17 115
310 127 114
149 51 4o
37.1 132 37
Controls === 129 21

For example, the data in Table 3.9.1 report the numbers of a grain
beetle that were affected by different concentrations of two derris
roots W.213 and W.214. There were also 129 control insects that were
sprayed only with the medium in which the derris was mixed, but no

derris. A logit residual responses model was used with
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=
L}

i B1+(1—81)¢(82+8u(log concentration))

for insects getting root W.213,

=
n

i = Bq*+(1-84) 8 B3+35(log concentration)) (3.9.1)

for insects getting root W.21l4, and

T 81 for insects getting no derris.

The control insects therefore correspond to zero concentration. The
function () was taken to be the logistic cumulative distribution
function, ¢(y) = exp(y)/ (1+exp(y)). The model was fitted using the NRL
algorithm (A6) from Section 3.5, and was also fitted with the

constraints, Bu = 85 and with the two constraints, 32 = 83 and Bu = 85-

TABLE 3.9.2
Analysis of Deviance Table for Residual Responses Logit Models

Applied to Data in Table 3.9.1.

Model Deviance Difference D.F.

D.iE-« in Deviance Description

(3.9.1) with

g T 28.81 S —
B,=B= and B,=B quivalence o ootsl
Ll 2”3 17.15 1
Assuming Parallelis

(3.9.1) with gy=gs 6  11.66 i

0.03 1 Parallelism
(3.9.1) 5 11.63

11.63 5 Residual
Saturated Model 0 0

The deviances from these models are presented in the analysis of
deviance table, Table 3.9.2. The residual deviance gives an indication
of the adequacy of the full model and its value of 11.63 is just
significantat the 5 per cent level when compared to X2(5 d.f.), giving
some evidence that the model may not be appropriate for the data. The

difference in deviances corresponding to the constraint By = 85, 0.03,
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is not significant when compared to x2(1 d.f.) which gives no evidence
that the two derris roots do not have parallel effect. The difference
in deviances corresponding to imposing the constraint By = 83, 7S,
is highly significant when compared to x2(1 d.f.), giving strong
evidence that the two roots have different potencies. The matrix
(X'HX)—1 from the 1last iteration of the model with By = 65 gives a
consistent estimate of the variance-covariance matrix of the parameter

estimates and is

B, 0.000973
- 8 | _ [0.015615  1.03734
( B 0.002388  -0.176467  0.031231
ﬁéu) 0.000090  -0.067925  0.006090  0.076065

Since the asymptotic convergence rate when fitting the model was 0.15,
this variance estimate is 1likely to ©be acceptably close to that

expected from using the NR algorithm.
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4, MODELS WITH TWO OR MORE SYSTEMATIC PARTS

4,1 FITTING MODELS WITH ITERATIVELY REWEIGHTED LEAST SQUARES

In many models, the 1log-likelihood components depend on the
parameters essentially through two functions of the parameters and
these are often non-random. Though many models, such as those
involving the binamial, Poisson, exponential and multinamial
distributions, can be written with a single non-random systematic part,
there are many other distributions such as the normmal, Weibull and
negative binaomial distributions which depend on two or more functions
of parameters and cannot be written with a single systematic part in a
way that leads to a NRL algorithm with reasonable convergence. Most

models described in Section 3.2 are of this form.

In this section, we therefore consider models with two or more
systematic parts and develop a generalization of the NRL algorithm that
can be implemented with a sequence of weighted 1least squares
calculations. We first treat models with two systematic parts and

log-likelihood components of the form

where n§1) = n§1)(3) and n£2) = néz)(a) for i=1,...,n. In many, but

not all, models the systematic parts are nomrrandam, and in many models
the second systematic part will simply be a single auxiliary parameter
which is distinct from those involved in n§1). The class however also
includes models which explain variation in two parameters of the
r es ponse distribution wusing separate functions of explanatory
variables. For example Stirling(1985) describes models where the
variance in a normal 1linear model depends on a different function of

explanatory variables from that affecting the mean. Mant on and
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Woodbury(1981) used a negative binomial model where the mean and shape
parameter were affected by different expl anatory variables.
Glaser(1984) used a Weibull model to describe the lifetimes of certain
items and modelled the two Weibull parameters with different functions

of explanatory variables.

We can define the NRL algorithm for models with 2 systematic parts

in a similar way to the definition used for that algorithm in Section

3.3, by defining n£1)* and n§2)* to be the linear terms of a Taylor

series for n§1) and néz) round g. If l*(n) denotes the log-likelihood
with n§1) and n§2) replaced by n§1)* and n§2)*, then the iterations of
the NRL algorithm can be defined to be NR iterations applied to l*(s).
As before, 2*(-) and %(e¢) have the same first derivative and so
converge to the same value. If both systematic parts are linear, then

NRL = NR. The NRL iterations can be expressed in the form

D o & 7D 1 (D e[
@1 H 0 o wtEr] pelE) ¥31 t o

(4.1.1)
where X9 has ivth row x{9), W) is diagonal with i'th diagonal
elenent w§j) and v(j) is a vector with i'th elanent véj) for j=1,...,3

and i=1,...,n, with

(3)
: ans
x£3) = :1 for j=1,2
B
x§3) - x£1) i xi(2)
2
w(3) - = 3 El
ST atey
s Bni anl
2
(i (e ) -
wiJ) = - §;§T7£2 = w£3 for j=1,2
. o9 -
and V§J) = ——T§7 for j=1,2 .
Bni

This is in a similar form to (3.3.5) for models with a single
systematic part and can be evaluated as a weighted least squares
calculation in a similar way, the main difference being that each of

the original observations generates three rows of data and weights.
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The main applications of this algorithm are to models which cannot
be written with a single non-random systematic part. However, some
models with a single nonlinear systematic part can be rewritten with
two linear systematic parts and this allows NR to be impl emented as
IRLS, giving faster convergence in some examples where NRL and FS
applied to the single nonlinear systematic part are slow to converge.
An important class of models with this type of property is the class of
generalized linear models with parametric 1link functions (Pregibon,

1980 and Scallon et al, 1984)., These are of the form (3.1.1) but with

8; = k(ni,81) and n; = x;'B,. This class of models includes the
binomial residual responses model (3.5.f) as well as other ad hoc
models described by Pregibon (1980) and Scallon et al (1984). We shall
see later in this section that the auxiliary (nuisance) parameter ¢ can
be ignored when estimating 8. Either B; can be treated as a single
systematic part and NRL or FS used, or ny and 31 can be treated as
different systematic parts and (4.1.1) wused to implement NR. The
latter method has quadratic convergence as opposed to the linear
convergence of FS and NRL and so would be expected to perform better,
at least near the maximum likelihood estimate. The NR iterations in
Table 3.5.8 were found using this IRLS method and are a clear

improvement over IRLS methods (A6) and (AT).

If a model's two systematic parts are nomrandom, then the FS

iterations can be similarly written as

iDEl* ¢ 8 (D 2(D 1e[4(D)
6 -e+ (X0 W@ o 1217 g1 [
3¥1te o w®* 3 231 | o

(4.1.2)

where H(j)* is diagonal with i'th element ng)* and

2
) L I i 98y }
. Bﬂi Elni

2
w§3)* = -E i S_gjglz i - w§3)* for j=1,2
nj

This can again be implemented with weighted least squares calculations.
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The FS algorithm can be simplified in three special cases :-

Separable systematic parts
If

el o{)

aﬂi]} 3n;dj

= 0

then the two systematic parts are called separable. Then

. 1(1) ' '(1)* 0 x(1) =4 x(‘) ' '(1)
Brs = 8+ ( Ex(z) i E 0 ,(2)*} E x(2) 1 ) E x(2) 1 E (2 ]
(4.1.3)

where u§j)* = -E[azli(n§1).n§2))/an§j) 2] for j=1,2 and i=1,...,n .
The FS algorithm is therefore in a similar form to the FS algorithm

with a single systematic part and, if implemented with IRLS, the
weights are usually positive.

Detached systematic parts

In the common special case where n§1)(a) and n§2)(3) are separable
and involve completely different subsets of B8, say 3(1) and

3(2) respectively, there is a futher simplification since

é‘%)'* = B(J) + [ x(j)|'(3) x(J) ]—1 x(J)t'(J) (4,1.4)

where X(j) is defined here to have ith row xij) = an§j)/as(j) for j=1,2
and i=1,...,n. The FS algorithm can therefore be improved upon by
alternating between FS for 3(1) with 3(2) held fixed and FS for
3(2) with 3(1) held fixed. The two systematic parts are then called
detached and the algorithm is called FS—-alternation.
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Systematic parts that can be factorized out

A final simplification arises when two detached systematic parts

(1)

are such that n{ = n(1) for all i and

(i, nf2) = 2k (n{®) 4 b () (4.1.5)

We then say that the systematic part n§1) can be factorized out. The

auxiliary parameter in Nelder and Wedderburn's generalized 1linear
models, which include the normal and gamma distributions, are of this
form, as are the auxiliary paramet ers in Jorgensen's(1983),
Pregibon's(1980) and Scallon et al's(1984) generalizations. Clearly
the maximun 1likelihood estimate of 3(2) for fixed 3(1) does not depend
(1)

on the value of g8
g2,

and is the overall maximum likelihood estimate of
In generalized 1linear models, the FS iterations for 3(2) with

3(1) fixed do not depend on 3(1)

and so the iterations for 3(2) can all
be performed before the iterations for 3(1) are started. Often,
estimates of the auxiliary parameters are not required and the
iterations for 3(1) are omitted. In general however, the FS iterations
for 3(2) with ;(1) fixed may depend on 3(1) (Jorgensen, 1983), but an

arbitrary sequence of values for 3(1) may be used in the iterations.

The concepts of separable and detached systematic parts are not
directly applicable to the NRL algorithm since NRL does not simplify as
in (4.1.3) or (4.1.4) unless 32;(n{'?,n{?)/an{"3n{?) = 0 and this
rarely holds in models. However in moderate to large samples, the
observed and expected second derivative matrices are usually similar
and simplifications of the forms (4.1.3) and (4.1.4) will then be
almost as fast as joint NRL. (At any rate if the observed and expected
Hessians are very different, FS itself will not be an efficient
algorithm to use.) If the first systematic part can be factorized out,
the NRL iterations for g2 with g1 fixed never depend on g{!) and

therefore the iterations for 3(2) can always be done first.

If a model has two systematic parts that are random or are not
separable, then simplifications of types (4.1.3) or (4.1.4) to the FS
and NRL algorithms can still be used, but the implicit approximation to

the Hessian can be poor and so they can sometimes be very slow to
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converege. Convergence is more satisfactory if

2 (1) _(2) (1) 4. (2) . . .
3°%4(mg " "yni®")/0n; ‘03n{ (or its expected value) is used, as in the
IRLS formulae (4.1.1) and (4.1.2).

The concepts and methods described above can be extended to models
with 3 or more systematic parts. For example, (4.1.1) would be
extended with 3 systematic parts into IRLS calculations where each
originzl observation generates six rows of data. The "explanatory"
variables would be §1), x§2), x§3), (x§1)+x§2)), (x§1)+x§3)) and
(x§2)+x§3)), and the '"responses" would be w§1)-1v§1), wéz)-1v§2),
w£3)_1v§3), 0, 0 and 0; the "weights" would be

2

(W - _ %%
e W Tty o

aT'Ii 3Tli

similer formulae for w§5) and w§6),

(1 2°4, N (5)
W, = - 1 - Wg ) i w-5
i 3 i i

N

and similar formulae for w§2) and w£3>.

If a systematic part 1is 1linear, x%j) does not need to be
recalculated in each iteration. Convexity of a systematic part is only
helpful if the systematic parts are separable or detached; the IRLS
weights for NRL are then always positive. In (4.1.1) and (4.1.2), the
weights may be negative even if the systematic parts are individually

convex.

An alternative approach to implementing NRL is sometimes convenient
if there are two systematic parts and the second is a single parameter

n£2) = ¢. The NRL iteration (4.1.1) for B' = [3(1)' : ¢] has the form

+

g8 = g+ (X'EHX) 'X'Wz

1

where = =W 'wand X, W and v are the partitioned matrices in (4.1.1).

This is wusually evaluated from the Choleski factors R and D as

described earlier, where
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XI'iX X'¥z

SRl st

and R and D can be found in a numerically stable way using a QR
algorithm on X,W and z. However, we can also write

2
WO . (D) g. 41
'ex ) Sl |
! 8 ae 1

) P ) L

RDR = |- - -
- e 20° 3¢
[

oL
o¢
The Choleski factorization can also be found in a numerically stable

z(”'u1x(‘) z(1)..12(1)

way by augmenting the Choleski factorization
(1) g x(1) (D) vg. 5(1)
2N x(M z(Deg 5 (1)

that can be found using the methods in Chapter 3 for a NRL iteration
with ¢ held fixed and therefore one systematic part. The first step is

to find the Choleski factorization

2°%

38 o

a{ 1 ptDg(1) B o

. )

MFM - | i
3 9¢

) PY) 22

38 20 % 20°

The calculations are those to find a new row of a Choleski
factorization. Clarke(1981) gave an algorithm to interchange two rows
of a Choleski factorization and this method can be used on the last two
rows of M and F to give R and D. The step ('&RL—‘) would then be

evaluated in the same way as before.

If X'WX is not positive definite, definiteness modifications may be
needed both when R(1) and D(1) are found and also when M and F are
found. The former can be applied with the algorithm COMBINEM which was

described in Section 3.7; the latter can also be found according to
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Gill and Murray's (1974) recommendations. Subroutine NUISNC in
Appendix B performs these operations to augment the Choleski
factorization of the NRL algorithm with ¢ fixed into that of the NRL
algorithm with ¢ not fixed. Further calls of NUISNC can be used to
incorporate additional auxiliary parameters. This technique can also
be used for the FS algorithm if the second derivatives are replaced by

their expected values throughout.

In models with two systematic parts, n§1) and n§2) where n£1) can
be factorized out, n§1) can be fixed at an arbitrary value and NRL or
FS can be applied to the remaining systematic part. As this reduces

the model to a single systematic part, starting values can be obtained

as described in Section 3.4,

To find starting values in other models with two systematic parts,

(4.1.1) can be rewritten as

x(1 x(M (1, 2(1)*
Bn - (|2 - g1 7V 15 v Z(2)*
23 x(3 e 2(3)*

(4.1.6)

where W denotes the diagonal matrix of weights,

zU)*=(HU%q#jLXULB)fw j=1,2 and zB)*=XBLB. The FS
iteration (4.1.2) can be expressed in a similar form. If the two
systematic parts are 1linear, then the least squares calculations
expressed in this form only use the estimate from the previous
iteration through {n§1)} and {n§2)}. If similar models have already
been fitted to the data, the systematic parts from the most similar
previous model can be used in the calculations to get starting values.
If no similar model has been fitted or if the systematic parts are
nonlinear, then the user must provide a guess or an alternative
estimate for some of the parameters. If the parameters can be split
into two subsets, 8, and 32 and the two systematic parts n§1) and
niz) depend only on 8, and (Bz'xi)’ then so does the least squares
calculation (4,1.6). The user need then only specify an initial value

for g, and (sz'xi) can be replaced in (4.1.6) with the maximum
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likelihood estimate from a similar model of this type with fixed 31,
such as a saturated model. If the systematic parts depend on 8, and
(32'11(51)) then after @, has been specified, an iteration of the
constrained model with fixed 31 (and a single linear systematic part)
can be used to get a starting value for B>. These strategies mirror
those described for obtaining starting values for models with a single

systematic part in Section 3. 4.

Similar issues affect convergence and choice of algorithms to those
discussed in Chapter 3. To get good asymptotic convergence, an
algorithm that behaves similarly to NR must be used. For good
performance in the first few iterations, the IRLS weights should not be
aff ected too sharply by changes in 8. If one systematic part can be
factorized out, then the model can be treated as having only one
systematic part and the recommendations in Chapter 3 directly apply.
If the systematic parts are separable, the FS weights are positive and
FS often performs well in the first few iterations; it can be used 1in
combination with a NRL algorithm that performs 1like NR. If the
systematic parts are not separable, some FS weights can be negative,
but (X'WX) is always positive definite, so that definiteness
modifications are never needed and FS can always be used in the first
few iterations. The NRL algorithm based on (3.3.8) often cannot be
implemented to get an IRLS algorithm with positive weights if one
systematic part cannot be factorized out, since the log-likelihood

components are often not bounded above.
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4.2 VARIANCES AND TESTS

In models with a single systematic part, the variances of maximum
likelihood parameter estimators are estimated by the inverse of the
approximation to the Hessian in the iterative algorithm used, and this
is the matrix inverted in the last IRLS iteration. A similar result
can also be applied to models with two (or more) systematic parts. For
models with two (or more) systematic parts, the variances of the
maximum likelihood estimators can be estimated by the inverse matrices
in (4.1.1) or (4.1.2) which are obtained from the last IRLS iteration,
or their extensions to 3 or more systematic parts. For separable or
detached systematic parts, the inverse matrices in (4.1.3) or (4.1.4),
or the corresponding NRL formulae, can be used. If the systematic
parts are detached, the estimators of the ¢two subsets of 8 are
asymptotically independent. In models with a systematic part n§1) that
can be factorized out, the IRLS iterations used for 3(2) usually do not

(1)

involve 8 and therefore the 1inverse matrix in the last iteration
must be divided by an estimate of n(1) to give an estimate of
var(;(z)). In normal 1linear models, this corresponds to multiplying
(X'x)-1 by an estimate of 02 to estimate the variance of the 1least

squares estimators.

If a model does not have detached systematic parts, but n§1)(;) and
n§2)(s) involve different subsets of B, say 3(1) and 5(2) respectively,
and the alternation algorithm given by (U4.1.4) 1is used, consistent
estimates of the variances and covariances of the estimators can still
be found. Aitkin and Clayton(1980) showed that they could be estimated
by

var (g(1) = A + A 'B(c-B'A"'B) 'BA”!
cov (i( 2).3(”) = -A'B(c-B'A B)7! (4.2.1)
var (;(2)) = (c-B'A"'B)”!

MASSEY UNIVERSITY
LIBRARY
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where &~ 1 = (XM (M x(1y=1 45 catlculated in the last IRLS iteration

for 8" (82) fixed), and
2

i E -] 1 k )
B = Ea—.(—r-)—a-;-m and C = -E s;m—di
both evaluated at ;(1) and ;(2). Often 3(2) has no more than two
parameters and so no matrices larger than 2x2 need to be inverted 1in

this calculation.

The definition of deviances given in Section 3.9 cannot be used
when there 1is more than one systematic part since the maximum of the
likelihood in the "saturated" model with all {nf1)} and {n§2)} all owed
complete freedom 1is often infinite. For example, if y; - N(n§1),n§2))

then the saturated model estimates are n§1)=y- and n§2)=0, resulting in

i
infinite likelihood.

In models with a systematic part n§1) that can be factorized out,
it is possible to test hypotheses about 3(2) without estimating 3(1) or
using it in the test statistics. This can be done by defining the

proportional deviance of a model to be

proportional deviance = 2( &; - E*(;(2)) )

where 1; is the maximum of T ki(”£2)) over all possible n§2) and the
functions ki(') are defined in (4.1.5); 2*(;(2)) is its value at
n§2)(;(2)). and ;(2) is the maximum likelihood estimate for the model
in question. With this definition, the difference in proportional
deviances between nested models does not asymptotically have a X2

distribution as in Section 3.9, but it is asymptotically proportional
2

to a x© variate with degrees of freedom equal to the number of
restricted parameters. An analysis of proportional deviance table
formed as in Section 3.9 then has entries which are proportional to X2
variates and ratios of proportional deviances can be compared to F
distributions in an identical way to standard analysis “of variance.
This was described by Nelder and Wedderburn(1972) and Jorgensen(1983).
They used the term deviance instead of proportional deviance, but the

latter term is given a more general definition below.
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If one systematic part cannot be factorized out, proportional
deviances cannot be defined as above. However we can define deviances
to be the differences between -2log L(a(1),3(2)) for the models in
question and any convenient constant, and their differences can be
interpreted as in Section 3.9, though the magnitudes of the deviances
themselves are no 1longer meaningful. It should be noted that this
definition of deviance 1in the presence of nuisance parameters 1is
different fram that of proportional deviances since our definition of
deviance involves 3(1) as well as 3(2); differences in deviance are
always directly compared to X2 critical valvues. Since 3(1) and
3(2) are treated more symmetrically with this definition, the deviances

(2)

can be used for tests on B8 as well as 3(1).
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4,3 EXAMPLES : NORMAL MODELS WITH VARIANCE A FUNCTION OF MEAN

One assumption of the standard normal 1linear model that is
sametimes violated is the assumption of constant variance. A few
approaches are possible such as transforming the response or maximizing
quasi-likelihoods (Wedderburn, 1974). In this section we use a
different approach and try to explicitly model the changes in variance.
Our most general model is therefore one for n independent normal random
variables y,,...,y, where y; has mean ui(s) and variance 012(8). The

model therefore has log-likelihood camponents of the form,

2
(yi-uy)
ﬂ.i(uigﬁiz) 5 B 108(012) + —221——} U2
i
The model has two non-random systematic parts y; and 012, (or yj and

2

any function of ¢;° such as log(oiz) or 012]. Since

2
%y

E [

the systematic parts are separable, the FS algorithm for B can be
expressed as IRLS using (4.1.3). Since the FS algorithm with p; fixed
is equivalent to the NRL algorithm with 11 fixed and systematic part
022, and the FS algorithm with 0 fixed is equivalent to NRL with 0i
fixed and systematic part i it would also be expected that the
asymptotic performence of the Jjoint FS algorithm would depend on the
linearity of the specifications for pj and 022 in the model being

fitted.

We first consider models where the response variance is modelled as
a function of the response mean, 012 = V(ui)- Finney and Philips
(1977) and Raab (1981) considered similar models in radioimmunoassay,
but their methods were restricted to a single explanatory factor with
replicates at each of 1its 1levels. We assume initially that v(.) is
fully specified. Then the model can be written with a single

systematic part and the methods of Chapter 3 can be used. For example,
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Y 2

if y; = x;'p and 0;° = u; Vo® with Y and o

known constants, then the FS
algorithm can be implemented as IRLS with "explanatory" variables x;,
and weights and "responses"
wi = 01-2 + Y2 / (2].112)
(4.3.1)
and 2 2
Y(yi-ui) H 2ui(yi'ui) = Yoi

z
TR

) .

i = 111[

In practice, however, unless the distribution of Yi is known to be
for exanple Poisson, it 1is rarely possible to fully specify its
variance in terms of its mean, so that auxiliary parameters must
usually be incorporated in its form. The simplest generalization of
this type of model 1is to specify v(.) up to a constant of
~proportionality, v(u) = Vo(u)cz. If the systematic parts are taken to

be p; and 02, then 02

can be factorized out, reducing the problem to
one with a single systematic part. However in most practical
situations even this is more than can be specified with confidence.
Often all that 1is known, or suspected, is that the response variance

increases (or decreases) with its mean, in which case specifications

such as
0]'? - a + Yui »
o% = (a + Yui)2
or
o2 = u ® = expla + Y.log y4} (4.3.2)

may be more appropriate, where a and Y are unknown parameters. 1In each
case constant variance corresponds to the parametric hypothesis that
Y=0.

We now examine in detail the algorithms that can be used for
maximur likelihood estimation in the model with ) 11‘3(1) and 012
given by (4.3.2). Writing 3(2)' = [a: Y] and g' = [0(1)' : 3(2)'],
the FS iterations can be directly expressed as weighted least squares
calculations using (4.1.3). These have a 2nxp matrix of "explanatory"

variables X, a vector of 2n "responses" z and weights WiseoorWors where
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! x' 0 C ] é (y1'u1)972/w1
b = 5 1 ;
[ : : : ] { e
x -] x,' 0 0 ] 5 | (Yp~up) 0n /vy
(Vuy)xy' 1 logluy) ] NCTEDEZIES VICTNe
. Ll $ ﬂ [ N2, 2.
(Yu)x,' 1 Loglu) [ () %/ 0,2=1)7 (2w )
and -
for i=1,...,n .
wn+i = 0.5

Since 011 is clearly nonlinear here, we next examine an NRL algorithm

2

that uses a more linear function of 0~ as the second systematic part.

While still not 1linear, the systematic part log(oiz) is closer to

2 and, if we ignore azli/auia(log 012) since the

linearity than o
systematic parts are separable, the resulting NRL algorithm has
"explanatory" variables X and '"responses" =z defined by the same

equations as for FS, but with weights

g = 022 :
- flor =1 ;50 ee s
(yi=u;) 2072/

¥nei = YyTwgl)iogt/2

As with FS, this algorithm has positive weights since ¥i and log(oiz)
are both convex, and can be implemented with the 1least squares
procedures in most existing statistical computer packages. The NRL
algorithm of this form which does not treat azli/auia(logoiz) as zero,

adds an extra n rows of "data" to the least squares calculations with

(Y/u1+])x1' 1_ 103(91)

08 : L .3 .o

(W #Dx ' 1 logluy)

and has weights defined by

-2
wioooo= oo C1 = (yymug) )
Ynsei = 012( (Yi'ui)2/2 = (yy-uy) ) for i=1,...,n.
2
Wonei = 03 (¥iTuy)

We shall next compare the performance of these three algorithms
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(which will be denoted by FS, NRL-O0 and NRL) and a fourth algorithm
suggested by Stirling(1985), called FS-alternation, which alternates
between the FS iterations (4.3.1) for 3(1) with 3(2) held fixed and the
FS iterations for 3(2) with 3(1) held fixed, which are also simple
least squares calculations. In each case, the starting values used
were Y = 0 and the ordinary least squares estimates for the remaining

parameters.

TABLE 4. 3.1
Artificial Data for Fitting Normal Model with

Variance = exp( o + Y.log(Mean) )

Response, Explanatory

Yi Variable, di

o D o = W
N = W NN =

The four algorithms were first applied to fit the model with
u = B1+82di to the artificial data in Table 4.3.1. Their iterations
are shown in Tables U4.3.2 and 4.3.3. No switching between algorithms
was allowed. To allow better camparison between the algorithms,
stepsizes were only modified when a unit stepsize reduced the
likelihood (i.e. the input parameter PACC to subroutine STEP was set
as p=1.0). In this example, FS-alternation is intolerably slow to
converge and FS and NRL-0 are not much better. The algorithm NRL is
the only one that performs acceptably. If interpolation and
extrapolation are allowed in the stepsize algorithm (p=0.1), all
methods are samewhat improved. For example, Table U4.3.4 shows the

iterations of the FS algorithm; the other algorithms are similarly
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improved, but the relative performance of the algorithms is wunaltered.

The algorithms were next applied to an example given by Ezekiel and
Fox (1959) which related the stopping distance of cars to their speed.
A plot of the data is given in Figure 4.3.1 showing both curvature and
increasing variance. Ezekiel and Fox wused the quadratic model
¥ = B1si+gzs§ to relate mean stopping distance to speed, S;, and
fitted this by unweighted least squares. Rutemiller and Bowers(1968)
reanalysed the data assuming of = a+Y.s;. The analysis below assumes
that response variance is proportional to a power of the response mean,
a model that behaves better when expected stopping distance 1is small.
Table 4.3.5 shows the iterations of FS and NRL (with p=1.0) for this
example. As discussed in Section 3.5, all NRL algorithms, and also FS,
have performance which approaches that of NR if there is a large amount
of data and if the model fits the data well. In this example
therefore, FS and NRL both converge acceptably well, though NRL is
markedly better. Algorithm NRL-O had an asymptotic convergence rate
slightly better than that of FS, whereas FS-alternation performed
slightly worse.

Table U4.3.5 also shows the log-likelihoods for the successive
iterations. Twice the difference between the overall maximum (on
convergence) and the maximum for Y=0 (iteration 0), 38.08, can be

2

compared to the y“© distribution with one degree of freedom to test for

heteroscedasticity and is highly significant.

Asymptotic formulae for variances and covariances of the estimates
are given by (X'IK)-1 from the last iteration. From the FS algorithm,

the estimated variances are

(B 1.415x1072
§ 8, -6.153x10""  3.418x107°
var (- = - =3 -1
( o -2.57T4x10 1.102x10 4,779x10
i Y 6.63Ux1073 -3.144x107 Y -1.331x10""  3.990x1072

fram which approximate confidence intervals can be found. The
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Convergence
Rate, C

Log-
Likelihood

TABLE 4.3.2

SECTION 4.3
FS and NRL-0 Algorithms Applied to Data in Table 4.3.1.

Starting Values (Iteration 0) were Found as Decribed in the Text.
Bq

Iteration
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corresponding estimates fram the NRL iterations are

2
4

1.432x10"
-6.2U5x10"  3.L467x10 >
-3.576x10 2 1.591x1073 5.415x10" "

9.664x1073 -1, 622x10™" -1.517x10"1  4.537x1072

w ) ™)
N —
'~

<?*R>

<

[V

=3
e T L T T

In these examples, NRL based on systematic parts Ui and 103(012) is
better than the FS algorithm. However, since (X'WX) may not be
positive definite for the former algorithm, but is always positive
definite for the 1latter, FS may perform better in the initial
iterations for same examples. The safest algorithm would allow
switching between these two algorithms, depending on the rate of

convergence, as described in Section 3.7.
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TABLE 4.3.3
NRL and FS-alternation Algorithms Applied to Data in Table 4.3.1.
Starting Values (Iteration 0) were Found as Decribed in the Text.

(Bracketed Iterations had Stepsize Modifications Applied)

Log- Convergence
Iteration B4 B> o Y
Likelihood Rate, C
NRL Algorithm
0 0.30000 1.30000 1.64481 0.00000 -6.61201
1 ( 3.20011 0.43030 -2.54102 2.73939 -7.00120)
1.44090 0.357 6 -0.00189 1.07767 -0.33729 051159
2 1.40280 0.84981 -2.87854 3,03501 -6.22919 0.1261
3 1.60335 0.78517 -3.09148 3.35262 -6.08550 0.2296%
1.62795 0.78474 -2.99740 3.30423 -6.08158 0.1912
5 1.63526 0.78194 =3.:01.075' ' 8. 31553 -6.08156 0.11148
6 1.63505 0.78210 -3.00861 3.31382 -6.08156 0.21102
g 1.63514 0.78205 -3.00901 3.31414 -6.08156 0.17077
1.63512 0.78206 -3.00894 3,31408 -6.08156 0.22570
FS-alternation Algorithm
0 0.30000 %.30000 1.64481 0.00000 -6.61201
1 0.58572 0.80337 -6.35360
0.73799 1.13419 -6.33226 0.7u4888
2 -0.23376 1.32448 -6.21766
1.00020 1.04386 -6.20943 0.76979
3 -0.89569 1.76707 -6.15285
1.18677 0.97666 -6.14765 0.76008
4 -1.41180 2.12269 -6.11870
1.30887 0.93059 -6.11597 0.75834
5 -1.79116 2.39034 -6.10186
1.39247 0.89750 -6.10034 0.76597
6 -2.06915 2.59081 -6.09317
1.45065 0.87321 -6.09230 0.77560
{f -2.27385 2.74141 -6.08850
1.49229 0.85490 - -6.08798 0.78582
8 -2.42679 2.85598 -6.08586
1.52281 0.84083 -6.08554 09518
9 =2.54294 2,94435 -6.08431
1.54569 0.82983 -6.08410 0.80320
10 -2.63254 3,01345 —6.083%5
1.56318 0.82113 -6.08321 0.80996
27 -2.99242 3.,30052 -6.08156
1.63202 0.78385 -6.08156 0.83950
28 -2.99507 3.30270 -6.08156
1.63252 0.78357 -6.08156 0.83970
29 -2.99730 3.30452 -6.08156
1.63294 0.78333 -6.08156 0.83988

s =n
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TABLE 4.3.4

FS Algorithm with Stepsize improvement Applied to Data in Table 4,.3.1.

Starting Values (Iteration 0) were Found as Decribed in the Text.

(Bracketed Iterations had Stepsize Modifications Applied)

Convergence

Log-

Likelihood

Rate, C

B1

Iteration
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FIGURE 4.3.1 Data for Stopping Distance Example
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TABLE 4.3.5

and NRL Algorithms Applied to Stopping Distance Exampl e

FS

Starting Values (Iteration 0) were Found as Decribed in the Text.

(Bracketed Iterations had Stepsize Modifications Applied)

Convergence

Log-

Likelihood

Rate, C

Bq

Iteration
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4,4 EXAMPLES : NORMAL MODELS WITH VARIANCE A FUNCTION OF
EXPLANATORY VARIABLES

We next consider a different kind of model for heteroscedasticity
in normal models, with y; = ui(a(1)) and 012 = 012(3(2)), and we

restrict attention to models with linear systematic parts,

(1)5 010
{ ARy
(4.4.1)

Hi = m(x

012 = v(x

where the explanatory variables in the vectors x£2) may possibly be
related to those 1in x§1). Models of this form have been considered by
Rutemiller and Bowers(1968) and Harvey(1976) and 1include random
coefficients models (Hildreth and Houck, 1968) and models where the
measured response ¥i is a total over a group of n related units with
between group variance og and within group variance 2 sO that

Ow,
2 2,.2.2
o = niow+niob.

This model has two 1linear systematic parts that are detached.
Whether of not the systematic parts are convex depends on the functions
m(s) and v(.). For example (x§1)'8(1)) is convex if m(n) = n and

(x£2)‘8(2)) is convex if v(n) = exp(n) or v(n) =n I.

As in the models in Section 4.3, the asymptotic performance of the
FS algorithm 1is expected to depend on the linearity of ¥i and 012. The
NRL algorithm applied to systematic parts x£1)'8(1) and x§2)'8(2) is
equivalent to NR and has quadratic convergence. Since the two
systematic parts are detached, FS <can be slightly improved on by
FS—-alternation which alternates between FS iterations for 3(1) with
8(2) held fixed and FS iterations for g8¢2) with g{!) held fixed. When
Y = x§1)'s(1) and 012 = x§2)'s(2), both FS and NR iterations for 3(1)
with 3(2) held fixed are identical and are equivalent to the explicit
maximum likelihood solutions found by 1least squares with responses

{y;), explanatory variables {x§1)} and weights { (152).8(2))-1 }. The
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FS iterations for 3(2) with 3(1) fixed have "explanatory" variables

x§2), "responses"

= 2l = 2
L2 _ D) - ooy
i > Uid “kd)
and weights
wgz) = ._._._n.‘l
¢ 2 Gi

The joint NR algorithm has 3nxp matrix of "explanatory variables X,

vector of 3n "responses" z and weights WiseeesWap where

'%:)' 0 (Y1‘U1){(°12”1)
£ b ] (¥~ ug)/ (o, 2m)
= o x{@r ] . (1) %0757 (207 M)
o x(P ] (¥ ug) - 0,2)/ (20, o)
xg1)' x%?)' ; 0
x511). xéz). 0 ]

and

2
wi o= (0% = (yymw)) /oyt

6

Wpei = (Omup? = 04m3-0.5)05%) 7 oy for i=1,...,n

Wonsei = (Yi7wy) / o4

Starting values can be found by noting that (4.1.6) depends on the
value of @8 in the previous iterations only through the two systematic
parts. 3(1) can be started from its unweighted least squares estimate
and (xgz)'s(z)) can be replaced by its maximum likelihood estimate from
the saturated model with fixed 3(1), (yi-x§1)'3(1))2.

The maximum likelihood estimators are asymptotically independent
and var(;(1)) and var(;(1)) can be consistently estimated by the
inverse matrices used in the last FS iterations for 3(1) with 5(2)
fixed and for 3(2) with 3(1) fixed, respectively. Alternatively,
(X'Hl)_1 from the final joint NRL iteration can be used.

We next consider the details of applying the algorithm to normal
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models with random block effects, which will be shown to be closely
related to heteroscedastic models. We deal here with observations that

satisfy the model
Yij = xij's + bj. + eij i=1’ooo’a; j=1,---,ri (u.u.z)

where ey ~ N(O,¢e), b; - N(0,¢b), all {eij} and {bi} are independent,
B is a vector of unknown parameters and be and ¢p are unknowm scalar

parameters. In an obvious matrix notation the model can be written as

y = Xg +7Zb + e

where B is the vector of random effects.

Harville(1977) describes several algorithms for maximum 1likelihood
estimation of parameters in random effects models, the faster ones
being based on expressions he gives for the partial derivatives of the
log-likelihood. We next show how model (4.4.2) can be re-expressed as
a heteroscedastic model to allow use of the IRLS algorithms that were
described at the beginning of this section. The algorithms, being
based on FS or NR, are campetitive with the others described by
Harville in iterations to convergence, and are relatively easy to
implement. Also estimates of variances and covariances of the

parameter estimates are immediately available.

An orthogonal transformation can be applied to [Z : X : y] with

(nmra) Givens rotations such that

where D is an axa diagonal matrix with diagonal elements /r1,...,/ba.

Q[z:x:y] = iD=X*=’*%

*
The conditional distribution of y given b is therefore normal with
mean



SECTION 4.4 116

/r, b,
/rob,
Ely | b] = S B o (4.1.3)

yrob, ]
0

) *
and variance I¢,. Therefore unconditionally y is a vector of

independent normal observations with mean X*p and variances (¢e+ri¢b)
for i=1,...,n where P a419ee Iy are defined for convenience to be zero.
In terms of y* the model 1is therefore heteroscedastic and the

algorithms above can be applied.

Matrices 01, Z and D are not explicitly required. x* and y* can be

generated by the following algorithm:

l"i:=0 (i=1,...’a)
K := a

for each response Yijo presented in any order do

s o= : +
ry = rj 1

it ri=1 then

[x;' : y;0 o= (Y s vy )

else
kK := k+1
s :=vry ; c¢:=Y(1-1/ry) }
[x,' @ ypldi=clxyy : yyid-slxi' ¢ yi) j G-
xk . yk +=C x]-ij . Yi*J S xi . yi } o e

¥ *

[x]' & yidi=clx)" : yi]+s[x13 : yij] }

end if

end for

The basic algorithm can be made more efficient in several ways.

(1) X is often sparse; storage is only required for a single row if
xij is generated inside the 1loop. Alternatively the algorithm

can be easily modified to overwrite X and y with X* and y*.

(2) Execution time during the iterative part of the algorithm, and
storage, can be saved if same further preliminary reduction to

the data is done. Orthogonal transformations can be applied to
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*
the last (n—a) rows of [X* : ¥y ] such that

xO ’0
* *
o O

where X° is a (p+a)xp matrix with its last p rows upper

triangular, yo is a vector of (p+a) elements, S is a scalar and
02 is an nxn orthogonal matrix. The most efficient way of doing
this is with Givens rotation on the rows [x:' 3 y:] as soon as
they are formed in (4.4.4); the rows do not then need to be
stored. If GIVEN3 is used to form the last p rows of [XO 3 yoj
from them, only (p+1)(a+p/2+1) storage locations are needed.

TMnyo

-~ N(xoa, diag(¢g*rj¢,)) and s@ - ¢ex2(n-a-b) are (p+a+1)
sufficient statistics. The iterations for g with ¢, and ¢, fixed
can be based on fitting a normal distribution to ’0 whereas the
iterations for de and op with g fixed are based on fitting gamma

distributions to the (p+a) squared residuals and s2,

(3) The Givens rotations in (4.4.4) and (2) above can be replaced by
the faster versions of the Givens rotations described in Section
2.3; these are caompetitive in speed with methods based on

Householder transformations.

To illustrate the method, it was applied to an artificial data set
given by Cunningham and Henderson(1968) and shown in Table 4.4.1.

*
Table U4.4.2 shows the matrices Z and y* and the values rq,...,r for

n
the random effects model with mean y; for treatment i (i=1,2). Table

4. 4,3 shows the FS-alternation and NR 1iterations applied to Table
4, 4,2, Both algorithms used interolation or extrapolation to get
improved step sizes (p=0.1) in each iteration. Starting values were
found as described at the beginning of this section. The NR algorithm
has relatively poor initial convergence. Since FS also has a good
asymptotic convergence rate in this example, it would be preferred.

However, switching between the two algorithms would avoid NR's poor
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TABLE 4,4.1
Artificial data from Cunningham and Henderson(1968)

Treatment
Block
1 2
1 352 2,3
2 2i3,5,6,7T 8,8,9
3 5 4,14,3,2,5

initial convergence and would give a safeguard against the chance of

poor asymptotic convergence with FS.

The variance-covariance matrix of the estimates is estimated from

the FS algorithm as

" 1174 0.822 0 0
" 0.822  1.089 0 0
var -~ -
b 0 0 0.737  -0.130
o 0 0  -0.130  5.709

The corresponding estimate from the NR algorithm is

10 1.190 0.822 0.043 0N 276

U 0.822 1.089 -0.002 0.010
var ~ =

be 0.043 -0.002 0.736 -0.120

ép ~015276 0.010 -0.120 5.642

The log-likelihood for this model is -36.1945 (14 d.f.) whereas those
for the two models with constraints yy=u, and ¢,=0 are -38.4579
(15 d.f.) and -39.6662 (15 d.f.) respectively. Twice the differences
between these and the wunconstrained model's deviance are 4.527 and
6.943, both with 1 d.f. so that treatment and block effects are

significant at 5 and 1 per cent significance levels respectively.
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Data in Table 4.

TABLE 4.4.2

4.1 Transformed to independence

y X r,
-0.707106781 0.000000000  0.000000000
-0. 408248290 -0.816496581 0.816496581

0.577350269
0.707106781
2.041241452
2.309401077
2.683281573
3.103761159
2.623156949
3.207134903
0.707106781
0.408248290
-0.577350269
-1.341640786
1.643167673
5.000000000
16.970562748
8.573214100

-0.577350269

0.000000000
0.000000000
0.000000000
0.000000000

-0.912870929
=-0.771516750
-0.668153105
-0.707106781
-0. 408248290
-0.288675135
-0.223606798
-0.182574186

1.000000000
1.767766953
0.408248290

0.577350269
0.000000000
0.000000000
0.000000000
0.000000000
0.912870929
0.771516750
0.668153105
0.707106781
0.408248290
0.288675135
0.223606798
0.182574186
1.000000000
1.060660172
2.041241 452

OO ® O O O O O O O O o o o o o o ©o
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A related method was described by Patterson and Thampson (1971),
who showed that it is possible to find a (n-p)xn matrix P such that the
elements of Py are independent with zero means and variances that are
linear in ¢, and ¢y,. They proposed estimating ¢, and ¢, to maximize
the likelihood of these (mrp) error contrasts; the method, called
restricted maximum 1likelihood, 1is wunique since all such Py with
different P are 1linear transformations of each other. There has been
recently sane discussion about whether this should be preferred to full
maximum likelihood (e.g. Harville (1977) and the discussion following
it and Swallow and Modahan (1984)). A suitable Py cannot however be
easily found in practice and restricted maximum 1likelihood algorithms

are usually based on other computational approaches.
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TABLE 4.4.3
FS-alternation and NR Algorithms Applied to Data in Table 4.4.2

Starting Values (Iteration 0) were Found as Decribed in the Text.

(Bracketed Iterations had Stepsize Modifications Applied)

Convergence

Log-

Likelihood

Rate, C
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4,5 EXAMPLES : NEGATIVE BINOMIAL MODELS

In this section we consider parameter estimation for models in

which YiseeerYy are independent negative binamial variables with means

Ely;j) = nj = u(n§1)) and variances var(y;) = ui(1+n§2)) where n§1) =

(2)
i
Yi is therefore

x;'B and n = (¢1+¢2ui) for i=1,...,n. The probability function of

(2)_y ) (2) )

Yi *+us /n 1 V. ( v

P(yy | n§1)’“§2)) } t 1 UIY : } (1+n§2)] H17T 132(27 i
1 i

for ¥y = 0,1,.... and its log-likelihood components can be written as

(2)

(12 €2)x _ Lo T oo B s | (2) ni
24(n{ 7 yn{<’) = ‘\U[yi";i(‘zj'] ‘l’[;‘fz')-) ;{2‘)’108(1*111 )"'Yilog[;:}-gzj-)

where y( ) = log T(-). It 1is well known that the negative binomial
distribution approaches the Poisson distribution as its variance
becomes near its mean (n§2) =0). To deal with n§2) near zero stabily,

it is convenient to reexpress the log-likelihood camponents as

(2) .
2 (n{M, 0y = A(E—,y;) - ugB(n{®) « yilos[H—“lm] (4.5.1)
Hi L
where
b-1
A(a,b) = ) 1log (1+ja)
j=0
and
log(1+a)
ol e if a=0
B(a) = a
1 if a=0 . ’

The two special cases of this model where ¢, = 0 and where ¢, =0
correspond to the models (d)(1) and (d)(2) respectively in Section 3.2.
The hypothesis of ¢, = O can therefore be treated as a test for whether
the counts y; are composed of clusters and the hypothesis of 6o =0

tests whether there are systematic changes between the experimental
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units that are not explained by the proposed function ui(l). If both

¢1 = 0 and ¢, = 0 then the distribution is Poisson.

If ¢ = 0 and 6o is known, the distribution is in Nelder and
Wedderburn's (1972) exponential family of Generalized Linear Models and
FS is equivalent to NRL based on the single systematic part
log(¢2+u;1). However in all other cases, the expected second
derivatives cannot be easily found and FS is therefore not practical.

We therefore only consider NRL algorithms for this problem.

If ¢q or ¢, are fixed, then the model can be expressed with two
linear systematic parts, n§1) and the other unknown ¢;, and NRL applied
to these 1is equivalent to NR. If both ¢4 and ¢, must be estimated,
then NR is equivalent to NRL based on the three systematic parts n§1),
61 and bp- Since it 1is more difficult to apply NRL based on three
systematic parts, we shall instead describe the NRL algorithm based on
the two systematic parts n§1) and n(2). This algorithm can be expressed

i
as IRLS using (4.1.1). It depends on the derivatives

(2) (2)
0%4 nj nj (2) Yi
—r = | Ar(=— . yy)e=—= - Bni) + =}y
on{ Mi Vg2 ' wpoo
(2)
9L nj 1 y
oy = A(—=— ., vi)—- uiB'(ngz)) - —7)
ony By 151 T+n{
2 (2) (2)
9, n; ny Y
5:;7%2 = { i ; Yi)-—i-z - B(n§2)) + ;i } ug'!
i i i i
(2) (2)2 (2) (2)
A ns; ns 2]’]' Y;
cla (= ) (S, ) - 5 Gy
My g i g i &

2 (2) (2)2 (2)

! i i nj (2)
—trr—tzr = A (——yy). - A (=—yy)e— - B () |yt
ang 9y oo w3 TR . ;

829, n{2) 1 y

- AH( 1 , ¥ ]. -y B"(ngz)] + i

Bn£232 1% 1 . b (14n§°7)

where

b= j
A'(a,b) = ) -
J=0 (1+ja)
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j2
A''(a,b) = - ——
JZO (1+ja)
a- (1+a)log(1+a)
- if a = 0
B'(a) = a“(1+a)
-1/2 if a=0
and
2(1+a)210g(1+a) - a(3a+2)
if a =« 0
B''(a) = aj(l+a)d
2/3 if a=0 &

In practice, for numerical stability, B(a) and its derivatives

should be evaluated with Taylor series round a = O when a is near O,

1 1 1
B(a) = 1- —a+ a2 - a3 + ..
2 3 Y
1 2 3 y
B'(a) = - —+ _a- a2 + a3 - ...
2 B3 h 5)
2 2x3 x Y 4x5
va(a)___ - - xa+3_42-_43+...
3 y 5 6

If b is large then A(a,b), A'(a,b) and A''(a,b) can be evaluated using
the formul ae

A(a,b) = b log(a) + w(a_1+b) = w(a_1)

. _ 1
A'(a,b) = -{ v'(a Lip) - y'(a 1y } e

o p| O

1 a a1 T it 2 K =1 _ =1 1
A''(a,b) = - — + {y'(a” "+b)-y'(a )]._3 + {yrr @@ 4p)-yrr(a ) Loy
a a a

where y(+) = log Ir(-) and y'(+) and y''(.) are the digamma and trigamma
functions. Fast algorithms have been written to evaluate these
functions by Bernardo(1976) and Schneider (1978).

Since there is no obvious alternative IRLS algorithm that ensures
that (X'WX) will be positive definite in this type of model, a

definiteness modification such as that implemented by COMBINEM in
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Appendix B must be available.

Good starting values cannot be easily obtained. If we use 6 = 0]
and ¢, = 0 and replace ng1) in (4.1.6) by its maximum likelihood
estimate from the saturated model with ¢, and ¢, fixed at these values,
n§1) = u-1(yi), then the starting values of ¢4 and ¢, are often
negative, which does not correspond to a valid distribution. The
reason for this seems to be that the saturated model fits perfectly,
and there is therefore no information from the fit of the saturated
model to distinguish between different specifications of the var(yi).
In order to get starting values such that n§2) 2 0 for all i, we can
constrain ¢ = ¢ = 0 initially and get starting values for B from this

Poisson model.

To illustrate the algorithm, it was applied to some artificial
data. The data are assumed to be fram an insecticidal experiment in
which 50 plots were used, ten of which were allocated at random to each
of 5 doses of the insecticide. The numbers of insects found in each
plot are assumed to have means

E[yi] = €eXp { 31 + BZdi + B3dj_2 l'
where di is the dose of insecticide for i=1,...,50; the data are shown
in Table 4.5.1.

The NRL algorithm described above was applied to the data and its
iterations are shown in Table 4.5.2. If the insects are randomly
distributed as a Poisson process within all plots, then ¢ = 0 and
¢ = 0. In view of the two motivations for negative binomial models
given by (d)(i) and (d)(ii) in Section 3.2, we would expect $4>0 if the
insects occur in clusters, whereas we would expect ¢,>0 if there are
systematic differences in the rate between the plots that have not been
described by the model for E[y;]. These constrained models were fitted
using the same NRL algorithm that was wused for fitting the
unconstrained model, but with the constraints applied in each iteration
as extra observations with infinite weights, as described in Section

3.8. For example, the iterations with the constraint ¢o = 0, which are
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TABLE 4.5.1
Artificial Data for Fitting Negative Binomial Model with
Variance = Mean . ( ¢, + ¢,.Mean )
Count of Dose of Count of Dose of
Insects, ¥i Insecticide, di Insects, Yi Insecticide, di
y7 0 32 0
27 0 23 0
3& 0 3 0
ﬁ 0 5 0
3 0 45 0
35 1 23 1
2 1 5 1
3 1 0 1
30 1 18 1
39 1 34 1
22 2 21 2
21 2 13 2
20 2 23 2
7 2 1? 2
5 2 3 2
1 3 14 3
9 3 19 3
10 3 22 3
28 3 12 3
13 3 12 3
1 y 1 4
10 y il y
3 i : i
y 4
7 y 7 y
also NR iterations, are also shown in Table 4.5.2.
The deviances which are defined as minus twice the kernel of the

log-likelihoods, - 2 }%;, for

unconstrained :
¢1 = 0 .
¢2 = 0 H

the four models are

4989.57
4986, 81
4989. 35
4975. 80
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TABLE 4.5.2
Iterations of the NRL Algorithm Applied to Data in Table U4.5.1.

Starting Values (Iteration 0) were Found as Decribed in the Text.

Log- Convergence
Iteration B8 B B
1 2 3 % %2 likelihood Rate, C

Unconstrained

0 3.60288 0.01566 -0.10940 0.00000 0.00000 2u86.00219

1 3.58282 0.02681 -0.11904 0.34118 -0.00095 2492,.52224 0.73156

2 3.5783 0.02892 -0.12177 0.75450 -0.00531 2494,36883 0.59596

E 3.57909 0.026%7 -0.1211 1.12382 -0.01212 2494,74917 0.38196

3.57975 0.02481 -0.1202 1.31548 -0.01703 2494,78415 0.14708

5 3.57985 0.02443 -0.12008 1.34%67 -0.01797 2494,7847L4 0.02024

6 3.57986 0.02u442 -0.12008 1.34832 -0.01799 2494,78L474 0.00116

7 3.57986 0.02442 -0.12008 1.34832 -0.01799 2u494,78474 0.00000
Constrained ¢,=

0 3.60288 “0.01566 -0.10940 0.00000 0.00000 2u486.00219

1 3.58275 0.02782 -0.119M 0'2203E 0.00000 2492.50640 0.63704

2 3.57762 0.03274 -0.12305 0.6410 0.00000 2h9ﬂ.g12h0 0.47792

E 3.57795 0.03365 -0.12354 0.86148 0.00000 2494,65351 0.27108

3.57858 0.03359 -0.12342 0.9%63% 0.00000 2L494.67565 0.0820%
) 3.57865 0.03357 -0.12340 0.9429 0.00000 2494.67579 0.0069
6 3.57865 0.03357 -0.12340 0.94303 0.00000 2u494,67579 0.00005

Since the difference 1in deviance caused by constraining one parameter

should have approximately a X2

distribution with one degree of freedom,
the conclusion with this artificial example would be that there was
strong evidence that the Poisson distribution did not fit the data, but
that there was insufficient data to distinguish between whether that
has been caused by clustering alone (¢2 = 0) or by unexplained
systematic differences between the means in the plots, or a mixture of
these effects. The deviance for the model with By = 0 but ¢, and ¢,
unconstrained is 4973.34, so that a log-linear model for E[yi] without

a quadratic term is clearly inadequate in this example.
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4,6 EXAMPLES : ROBUST ESTIMATION IN LINEAR MODELS

In this section, we consider maximun 1likelihood estimation in
models with log probability density functions
YiT

2y = -9

2i(nj,o0 ) - log o - log{ sZ_exp(-o(z))dz} (4.6.1)

o

where n o= xi's, $(+) is a symmetric function and the distribution is
longer—-tailed than the normal distribution. Several such models were
described in Section 3.2(f). Most models have an extra shape parameter
¢. In practice, this is usually fixed by the user to give the desired
degree of robustness and we shall initially treat any such ¢ as a known
constant. Later in the section, we shall also consider estimation

of ¢.

The two systematic parts xi's and log ¢ (or xi's and any other
function of 02) are detached provided ¢(+) is symmetric. Alternation
between FS for 8 with 02 fixed and FS for log o with g held fixed, is
therefore a minor improvement over joint FS. NRL is equivalent to NR

and NRL-alternation would also be expected to be reasonably efficient.

The various methods are illustrated using the log-tailed

distribution with
ul /2 u<é

o (u)
021log(|u|/¢) + ¢2 /2 u2¢

(4.6.2)

For the NRL-alternation algorithm, the IRLS formulae for 8 with fixed

02 have "explanatory" variables x, welights

0 2 yix'8l/0 <o
2
wi = ¢ l
= yi'%'8|/020¢
(yi=x;'8) i
and responses
(yi=%;'8) lyi-xi'8l/0 < ¢

-(yi~%;'8) |Yi"j'3|/0 2¢ .
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The systematic part X;'B is therefore not convex and a definiteness
modification may be needed. The NR step for (log ¢) with g assumed
fixed can be written as a least squares calculation, but it 1is more

conveniently expressed as

L a - n
log ¢ = log g + = (4.6.3)
I b
(Yi'xi'B)z
~X:."B|/0 <
where a; = o2 lyi=x;"8[/0 < ¢
| o° ly;x;'8l/0 2 ¢
2
| 2(y;—x;'8)
i e 1A ly3x;"8l/0 < ¢
bi = (0]
0 |Yi"j'3|/° 2 ¢

If FS-alternation is used rather than NRL-alternation, the IRLS weights

are

* .2 12, 0" (u) exp{-¢(u)} du
/2 exp{-¢(u)} du

¢ -u?/2 ¥ 2 -2 -¢%12
— JO e du - ]¢ $u"2 ¢¢ u ¥ e 5 du
J‘*’ -u¢/2 r’ ¢ =6, —¢°/2
o€ du + J¢ ¢ u e du
(62+2) -¢2/2 [© -(¢°+2)
L, Y(2m (a(9)-0.5) - ¢ © e ? |
o o272 [ .
v(21) (#(¢)-0.5) + ¢ e ¢ u du
(62+2) -92/2 -($2+1)
o /w005 - o et 0T (6P
- R e 5
/(2m) (#(¢)-0.5) + ¢ e ¢ / (¢°-1)

-¢°/2

¢ e y f (¢2+1)
-¢</2

¢ e ¢ // (¢2-1)

-p v(2m) (e(¢)-0.5)
0

+

v(2m) (9(¢)-0.5)

and the "responses" are
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(yi"xi' B)
i ¢2

wi(y{-%;'B)

ly;==;'8[/0 < ¢

lYi_xj_'Bl/U 2 ¢ .

To obtain the FS step for log ¢ with g fixed, all b; in (4.6.3)
must be replaced by their expected value,

¢ 2 -u2/2
0 2 u- e du

b = E{bi] ol
| a5 | o ¥ oY

2
/2 .
2/2 Jg 2 5
7 é__
Y(27) (8(¢)-0.5) + ¢ e I £47=1)

where the numerator is an incomplete gamma function and can be
evaluated by algorithms such as Moore (1982). When ¢ = 1.3,
Wi = 0.44125624672 and b = 0..9697928.

The full NRL algorithm based on systematic parts xi's and log o,
which is also NR for g and 1log o, can be expressed as a weighted least
squares calculation wusing (4.1.1). Since some weights for that
calculation are zero if any |y;-x;'8|/c > ¢, the corresponding rows of
data must be replaced by two pseudo-observations, as described by

(3.4.3). It is easier to implement NRL by evaluating the derivatives

9 %

n

————— da: - n
09 1log o 21

2y
ses 92 - LU
and
32y

comsne g - C: X
98 9(log o) ! ol
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where
2(y;~x;'8)
e N P A RY
1
0 lyi-=;'8]/0 2 ¢

and to use subroutine NUISNC to incorporate parameter (log o) into the

NR iteration for g with ¢° fixed.

TABLE U4.6.1
Data From Daniel and Wood (1971, Chapter 5)

Vi 12 53 Xy
42 80 27 89
37 80 27 88
3% 75 25 90
2 62 21 87
18 62 22 87
18 62 2 87
19 62 2 93
20 62 24 83
15 58 28 T
14 58 1 80
14 58 18 89
13 58 1g 88
11 58 1 82
12 58 19 93
8 50 18 89
g 50 18 86
50 19 72
8 50 19 9
9 50 20 0
15 56 20 82
15 70 20 91

Andrews (1974) showed that robust estimation of the parameters 1in

an example with

ELy;] = Bg * ByXyq * BpXjp * BgXjg 1=1, ooisi®

showed up four outliers that had only been found after detailed
analysis by Daniel and Wood(1971, chapter 5). The data are given in
Table 4.6.1. Andrews estimated the parameters to maximize a function

that does not correspond to any log-likelihood. Stirling(1984) showed
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that maximum 1likelihood estimation of @ and 02 in the 1log-tail
distribution (4.6.2) with ¢=1.3 gives §0=-37.73. 31-0.8529, §2=0.u610,
§3=-O.07372 and ;-0.7796. This results in residuals which show up the
four outliers in essentially the same way as Andrews' method. Tabl es
4,6.2 and U.6.3 show the successive iterations of the NRL-alternation,
FS—-alternation and NR algorithms described above, each starting from
the least squares estimate ;0 of 8 and ;% = Z(yi-xi'ao)z/n.
(Alternative starting values would have been the ¢(u)=|u| estimates for
which there is a linear programming solution). In iterations 2 to 5 of
the NR algorithm (X'WX) was found to be not positive definite and a
Gill and Murray (1974) definiteness modification was applied with the
diagonal of the second derivative matrix subsequently increased by ten
percent; in iterations 1 and 6, a stepsize modification was needed to
increase the likelihood. Stepsizes were not otherwise improved by
interpolation or extrapolation in any iterations. In the
NRL-alternation algorithm, definiteness modifications were needed 1in
iterations 2 and 3. The FS-alternation algorithm had extremely poor

convergence, but needed no stepsize or definiteness modifications.

If the NRL-alternation or FS—alternation algorithms are used, the
variance-covariance matrix of ; can be estimated by (X'il)—1 from the
last IRLS iteration for @. Log ; is asymptotically independent and 1its
variance can be estimated as () bi)_1 or (nb)”~! for the two algorithms.
The variances can also be consistently estimated with (X'Il)-1 from the

last iteration of the NR algorithm.

We next extend the methods to permit maximum likelihood estimation
of an additional parameter ¢ which affects the amount of robustness in
the estimator. Such estimators are called adaptive. We therefore now
consider models of the form
Yi™n

o

24(ng, 02,0 = o +¢) = log o - log(/Z, exp{-o(z,¢)}dz)
(4.6.4)

where ¢(.,+) 1is symmetric round zero in its first parameter. The
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TABLE 4.6.2

Iterations of NR and NRL-alternation Applied to Fit Log-tail

Starting

.3 to Data in Table 4.6.1.
Values (Iteration 0) were Found from Ordinary Least Squares.

Model with ¢ = 1

Convergence

Log-
Likel ihood

Rate, C

log o

B2

Bo By

Iteration
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0
9
L
{
7
7
T
7

O = =1 25 =5 OO0 NeNN oNeNON T
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i
[V Isa =TelVel ~0O OO —
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NR algorithm

0-3

1(
(

02

00570
00570

00570 0.04349

0.
0

39.9196%

1 -42.2671
2 -41.80167 0.89806 0.69554 -0.11300

NRL-alternation

0-

3 -41.07095 0.88682 0.66209 -0.10771

4 -36.80414 0.83546 0.51096 -0.08528
5 -37.59693 0.84997 0.46890 -0.07527

-0.13755
-0.25533

6 -37.74077 0.85303 0.46058 -0.07362

-0.24904
-0.24902

7 -37.73319 0.85289 0.46099 -0.07372
8 -37.73283 0.85288 0.46101 -0.07372

-23
-23
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systematic part (xi'a) is detached from the pair of systematic parts

(0,4) in this type of model since

2 2
E [ 0 li(ni.0.¢) ] - E [ 0 ii(n1.0.¢) ] < 6 '

aﬂi o0 aﬂi 3¢

so that alternation between iterations for @ with (g,¢) fixed and
iterations for (o,¢) with g fixed could be used. For example, in the

t-distribution, which has ¢(., ) defined by
o(u,6) = (¢ +1)/2 . log(1 + u%/¢) ,

the weights and "responses" for the NRL IRLS iterations for g with

fixed (g,¢) are
o+ (¢ = (yy=x;'8) %/ 0%
r4

W =
. o (¢ + (yi—x;,'8) /0

d)d
and

(yi—x;'8).(¢ + (yi-xi'a)‘?/oz)
(¢ = (yi~—x;'8)/0°)

respectively. The NR iterations for the two systematic parts, log o
and ¢, with fixed @, can be expressed as least squares calculations

using (4.1.1) and the deriVatives,

3 E’i - ¢ (ef . 1)
3log o (ef + ¢)
____.___z_azii -2 ¢(oh )——-2—-—2e12
3(log o) (ej “+¢)
2 2
3 24 1 ef 1 (ei-1) 1 ¢+ )
_— = = _ logl|l+—] + — + — ' - | [
3% > g( - ) > ?E?:gy > (v ( > )= v (2))
2 y
a 21 1 (ei+¢) 1 L ] ¢+1 1t ¢
SEZ‘ = > ;‘f;?:;yz * ' (v [—E-] Y [E] )
and
3211 ef (ef =)
9¢ olog o (ef + )¢

where e; = (y;-x;'8)/0, ¥(+) =1log r(-) and y'(+) and ¢''(+) are its



SECTION 4.6 135
TABLE 4.6.3
Iterations of FS—-alternation Applied to Fit Log-tail
Model with ¢ = 1.3 to Data in Table 4.6.1. Starting
Values (Iteration 0) were Found from Ordinary Least Squares.
Log- Convergence
Iteration Bo Bq Bo 83 log o
Likelihood Rate, C
FS-alternation
0 —39.91967 0.71564 1.29529 -0.15212 1.07096 -31.“1%10
1 -41.68171 0.94721 0.50367 -0.09949 -30.64816
0.0L4896 -26.%6211 0.96772
2 -34.84187 0.91549 0.47756 -0.15160 -24.64215
0.06620 -24.64130 0.76269
3 -39.18098 0.86384 0.49573 -0.07282 -23.65608
-0.16544 —23.30852 0.46929
4 -36.31665 0.85928 0.45571 -0.09294 -23.1243
-0.22450 -23.10673 0.93239
5 -38.70211 0.85191 0.47044 -0.06438 -23.06377
-0.24680 -23.06138 0.67359
6 -36.92860 0.85417 0.45639 -0.08260 -23.0“03&
-0.23614 -23.03982 0.83921
7 -38.33739 0.85186 0.46570 -0.06732 -23.02735
-0.25034 -23.02639 0.74289
8 -37.24715 0.85352 0.45807 -0.07895 -23. 01875
-0.24251 -23.01847 0.81067
9 -38.10493 0.85227 0.u46370 -0.06975 -23.01380
-0.25079 -23.01348 0.76079
10 -37.43697 0.85328 0.45916 -0.07690 -23.01061
-0.24558 -23.01049 0.79944
27 -37.73738 0.85287 0.46104 -0.07367 -23.00571
-0.24906 -23.00571 0.78253
28 -37.72924 0.85289 0.46099 -0.07376 -23.00571
-0.24899 -23.00571 0.78299
29 —-37.73561 0.85288 0.46103 -0.07369 -23.00570
. 24905 . 78263

-23.00570
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first and second derivatives., In this example however, there is little
advantage in implementing the NR iteration for log ¢ and ¢ using least
squares with (4.1.1) over direct evaluation of the NR step from the

derivatives by directly inverting the second derivative matrix.

In this problem, the expected second derivatives only depend on ¢.
They cannot however be explicitly found, so that the three expected
second derivatives must be reevaluated by a numerical integration 1in
each iteration. FS does not therefore seem a practical algorithm here.

Starting values for @8 and 02

can be found as described earlier for
models with fixed ¢. A starting value for ¢ is harder to obtain. A
moderate value such as ¢ = 5.0 is often suitable, though an initial
estimate fram the kurtosis of the least squares residuals would also be

possible.

TABLE 4.6.4
Artificial Data Generated from a T—-distribution

With 3 Degrees of Freedom (Dempster et al., 1980)

-0.14 0.678
-0.036 -0.350
-5.005 0.886
0. 485 -4.154
1.45 1.5U46

To illustrate the NRL-alternation algorithm, it was applied to an
artificial data set that was generated fram the t-distribution with 3
degrees of freedom and mean zero. The data are shown in Table 4.6.4
and were used by Dempster et al.(1980) to illustrate another type of
maximun likelihood algorithm called the EM algorithm; this 1latter
algorithm is discussed in detail in Chapter 6. The iterations of the

NRL-alternation algorithm are given in Table 4.6.5. It converges well
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apart from a stepsize modification that in needed in iteration 2.

TABLE 4.6.5

Iterations of NRL-alternation Applied to Fit a T—-distribution
to Data in Table U4.6.1. Starting Values (Iteration 0) were

¢ = 5.0 and the Ordinary Least Squares Estimates of py and 02

Log- Convergence
Iteration Mean,y log o ¢ . .
Likelihood Rate, C
0 -0.46760 0.76450 5.00000 -16.37611
1 -0.06923 -16.23665
0.36187 2.49408 =-15.57609 0.41504

2 0.29996 =-15.33955

E-2.2 081 -9.54926 —o ;

=042 6%0 -0.51675 —%

0.19983 1.78138 -1”.985%7 0.45279

3 0.36714 -14.97385

035K 0. 96687 -14.62523 0.43453
Y 0. 44956 -14,5989

-0.29287 1.16734 -1&.&9“%2 0.33345
5 0. 43705 -1k, 49366

-0.26778 1.25944 -14,48237 0.15753
6 0.43317 -1L4,48231

-0.26371 1.27450 -14,48209 0.05126
7 0. 43257 -14,48209

-0.26355 1.27494 -14,.48209 0.02239
8 0. 43254 -1L4,48209

-0.26355 1.27495 -14,48209 0.01298
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5. ELIMINATION AND ADJUSTMENT OF PARAMETERS

5.1 GENERAL DESCRIPTION OF ELIMINATION AND ADJUSTMENT

If there are many unknown parameters @ in a model, optimization
algorithms such as NR, NRL and FS <can be very slow and may have
difficulty converging. If the parameters are partitioned g' = [;{ Bé]
and if ;1(32) can easily be found to maximize the log-likelihood
2(31,52) with respect to B, for fixed 32, then B, can be eliminated
from the 1log-likelihood function, after which the optimization can be
replaced by the lower—-dimensioned problem of maximizing 1(31(32),32).
This reduction 1in dimension wusually means that standard iterative
optimization algorithms are less likely to diverge, modifications to
ensure convergence are easier to apply, and considerably fewer
iterations are often required. Golub and Pereyra (1973), Kaufman
(1975) and Spitzer (1982) give numerical illustrations of the potential
improvements. Elimination was first proposed in this general form by
Richards (1961), but was also suggested for the special problem of
nonlinear least squares estimation by Koopmans and Hood (1953), Lawton
and Sylvestre (1971) and Guttman et al (1973), all apparently
independently. In this chapter we investigate the technique of

elimination and a related technique called adjustment.

If there are only one or two parameters in 8 then the easiest way
to make use of the eliminated likelihood is to evaluate l(;1(82),32)
for various 32 and plot these values against 32. For example, Box and
Cox (1964) proposed a model where transformations of the measured
responses, y§A) for i=1,...,n, satisfy ordinary linear model
assumptions. They eliminated the 1linear parameters and the error
variance and used a plot of the eliminated log-likelihood against A to

obtain a confidence interval for A. Clayton (1983) suggested a similar
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graphical approach for a class of two sample survival data models. 1In

the rest of this chapter, we consider numerical optimization methods.

There are two ways in which general optimization algorithms can be
modified to make use of the relationship, ;1 = 21(32). The algorithms
can either be applied directly to the eliminated log-likelihood
2(;1(82),32) or they can be applied to 2(81,32) with an adjustment of
B, to ;1(32) between iterations; we call these elimination and
adjustment algorithms, respectively. Clearly adj us tment always

improves an iteration since it increases the likelihood.

In Section 5.2 we investigate the relationship between elimination
and adjustment when these are applied to the NR, NRL and FS algorithms.
Elimination and adjustment are particularly helpful for nonlinear least
squares and Section 5.3 discusses this application. A nonlinear 1least
squares example is used to give a numerical comparison of the methods
in Section 5.4, Other applications where elimination and adjustment
can be used are discussed in Section 5.5. Finally, related methods of
improving the NRL and FS algorithms for models whose systematic parts
contain linear and nonlinear parameters are investigated in Section
Stabrs
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5.2 ELIMINATION AND ADJUSTMENT APPLIED TO THE NR, NRL
AND FS ALGORITHMS

In 2 full Newton-Raphson (NR) iteration the value of @ is updated

to
2 -1
& °(s) o%(8)
= - . (S eni
8 B - ( —5;2—— ) ( 38 ) )

Similarly a NR-elimination iteration for 8 is defined to be

225( 8, (8,),8,) )“‘( 3L(8;(8,).8,)

385 38,

The eliminated 1log-likelihood 1(31(32),32) is usually a complex

B = B~ ( | (5.2.2)

function of 8. However its derivatives can be easily found using the

following results from Richards (1961).

Theorem 5.2.1

2108, (8,).8,) t 3(8;,8,) 1 i g
38, B, B, =8, (B,)
32208, (8,) ,8,) 322(8,,8,)
o8 ) i 282 i
(32E(B1..2)]'[321(']!’2) '1[329.(31.32)
3’1352 3'? 3‘13l2 31‘;1(.2)

Once ;1(32) has been evaluated, the calculations required to
evaluate 35 using (5.2.2) and the Theorem involve the same derivatives
as those needed for a joint NR iteration on 8 and 8> and smaller
matrices need to be inverted. A NR elimination step will be as fast as
a joint NR step provided the additional time required to evaluate

31(82) is small.
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If & is adjusted to ;1(32) before a joint NR iteration, so that
az(s)/a;1 =0, and the second derivative matrix in (5.2.1) is
partitioned, it can be shown using Theorem 5.2.1 that the resulting
step for @, is identical to that given by (5.2.2). Therefore the NR

eliminztion and NR adjustment methods are identical.

The matrix [321(31,32)/83$]_1 is usually not evaluated explicitly.
If the Choleski factorization

2
9°2(8,8B5)
——7-----——---a . -11‘l11 (5-2-3)

By

is found, where 811 is upper triangular, then

Ri1'U = [3°0(8,,8,)/28,38,]

can be solved for U and

2008 (8,).8,) [321(51.32) i
385 332 §1=l1('2)

1

This method is similar to one described by Spitzer (1982).

Elimination and adjustment can also be applied to the NRL
algorithm. We first examine models with a single systematic part and

log-likelihood components li(ni) where n; = “1(31"2)' Then, writing

and denoting the diagonal matrix with i'th diagonal el ement
(—azzi/aniz) as W, the NRL-alternation algorithm has the same form as
NR-alternation, but with 322(81.82)/8513Qj replaced by (Xi'IRj) for
i=1,2 and j=1,2. The NRL-adjustment iteration can be evaluated
accurately using similar calculations to those for joint NRL. The
Joint NRL iteration 1is wusually found by applying a QR algorithm to
[21 : X, z] with weights W where z is defined in (3.4.1). If the

associated Choleski factor R is partitioned,
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R,y Ry Ty
. =) 0 R22 r22 (5- 2-5)
0 o r3

then B; is found by solving

+
Boo(By ~ Bp) = Fy

by back-substitution and then solving

l11(s; - 31) b l‘21 - R12('-‘2" - ﬁ2) (5.2.6)

by back-substitution. The NRL-adjustment algorithm finds 35 in exactly
the same way, but evaluates B; from B; = ;1(35). NRL-adjustment will
be as fast as joint NRL if evaluating ;1(32) is as fast as solving
(5.2.6). In some types of model such as nonlinear least squares
models, evaluation of ;1(32) can be incorporated into the evaluation of
R in the next iteration and NRL-adjustment is faster than Jjoinl NRL.
In models with two (or more) systematic parts, NRL-adjustment can be
implemented in a similar way, but with 11 and 12 defined by

partitioning the "explanatory" variables in (4.1.1).

The NRL-elimination iterations are based on rewriting the
systematic part as n; = ni(s1(32),32) and can be expressed as IRLS
calculations with the same weights and responses as for joint NRL, but

explanatory variables

x; = on;(8,(8,).8,) / 8, (5.2.7)

In many problems, this x; cannot be easily evaluated and
NRL-elimination iterations are therefore usually slower than
NRL-adjustment iterations. When the systematic part ny is nonlinear,
NRL-elimination and NRL-adjustment are wusually not equivalent. In

models with two or more systematic parts, NRL-elimination can be

defined in a similar way.

Another commonly wused alternative to NR 1is Fisher's scoring
technique (FS) in which the second derivative matrix in (5.2.1) is

replaced by its expected value. The FS—adjustment iterations have the




SECTION 5.2 143

same form as NR-elimination/adjustment iterations, but with all second
derivatives replaced by their expected values. Like joint FS
iterations, they are always in an ascent direction. FS-elimination is
usually distinct from FS—-adjustment and is rarely practical since there
are no general formulae corresponding to those in Theorem 5.2.1 for
evaluating E[822(31(Bz).32)/88§], and also the expectation wusually
involves 31 as well as 32.

Since adjustment increases the 1likelihood in an iteration,
NR-elimination/adjustment is 1less likely to diverge than joint NR and,
when both algorithms converge, considerably fewer iterations are often
required. NRL-adjustment and FS—-adjustment have similar advantages
over joint NRL and joint FS. However convergence problems are often
encountered with all algorithms, especially if poor starting values are
used. Firstly, in NR algorithms the matrix of second derivatives may
not be negative definite and the iterations may then approach a minimum
or saddle point of the 1likelihood. Since 321(31(32),32)/335 is
negative definite whenever 9°%(B)/38° is negative definite, this
probl ex is more common with joint NR than with
NR-elimination/adjustment. A similar result holds for the NRL
algorithms. If the problem arises, a definiteness modification must be
used. This type of modification is easier and faster for NR
elimination/adjustment than for joint NR since the second derivative
matrix is smaller in the former iterations. For example, if 32 is a
single parameter, the second derivative of the eliminated
log-likelihood can be replaced by minus its absolute value to get an
ascent direction. Similarly, for NRL-adjustment, a definiteness

modification need only be applied to B,, in (5.2.5) rather then to

R,, R
B, - t 11 12}
o B,

and is therefore easier to apply. This type of problem does not arise

with joint FS or FS-adjustment.

A second problem that may be encountered with all algorithms is

that an iteration may take too big a step which reduces the likelihood.
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If this happens, a stepsize modification must be used. The problem is
less likely for adjustment algorithms than for the corresponding Jjoint
algorithms since adjustment 1increases the likelihood. However
adjustment and elimination algorithms must reevaluate ;1(32) each time
a new step for 8 is tried so that step reduction is usually slower

than in the corresponding joint algorithms.

The choice of whether or not to use elimination or adjustment would
be based on whether the reduction in the number of iterations is
outweighed by the extra time required to evaluate ;1(32) in each
iteration. The algorithms are compared in more detail for the problem

of nonlinear least squares in Section 5.3.

To conclude this section, we note that the inverse of -822(8)/332
can be wused to consistently estimate the variance of the maximum
likelihood estimate g of B8 (Sections 3.8 and 4, 3). If
NR-elimination/adjustment is wused, this corresponds to estimating
var(sz) with ¥y, = —[322(31(32),32)/3531_1 from the last 1iteration of
the algorithm. The covariance between 8 and B8, and the
variance-covariance matrix of 8, can be estimated by V12 = AV22 and
v, = -[322(31,82)/38$]_1 VA", respectively, where

220(8y,8,) |

o ] (321(31.32))
) 387 38,38,

A is also calculated in the last iteration. If FS—-adjustment is used,
similar variance estimates can be found, which are based on expected
second derivatives. If NRL-adjustment is used, then the variances can
be estimated by (81'I1)-1 in the usual way, whereas for NRL-elimination
(X'Il)_‘I can be used to estimate var(iz) where X is defined here to

have rows x;' from (5.2.7).
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5.3 NONLINEAR LEAST SQUARES

Ir. nonlinear least squares, the log-likelihood 1%

l -
L (B) ==30° I(y; - n(8)Z - log
Since 02 can be factorized out, it can be treated as a constant, say
02 =1, for the purpose of estimating 8. A major application of
elimination and adjustment is in nonlinear least squares problems where
some parameters occur linearly in ni(s). We therefore examine models

where the vector @ with elements ni(p) can be written as
n = 11(52)’1 .

For ease of exposition, we restrict our attention to the most common
case, which 1is where each of the Py elements of [ is involved in only
one of the Py columns of 11(32). Results similar to those discussed
belos also hold for the more general case. Suppose that the i'th
element of B,, Byj, is used in the c(i)th column of X,(8,), X, (1) (8p).
We define the matrix W(B,) to have ith column (3x,(;y(B,)/3B,;) for
i=1,...,p, and the p,xp, matrix E to have a one in its (i,c(i))th
position for i=1,...,p,, and zeros elsewhere. The notation diag(z) is
used to denote a Poxpy diagonal matrix whose diagonal elements are

given by the p2—vector z.

The NR-elimination/adjustment algorithm is particularly attractive
when compared with joint NR here, since
2 =]
9°%(8:,85) =1
[ —512—-2— ] ==[ 11 (32)'11(82) ] ]
B8
1
which is needed in Theorem 5.2.1, 1is also used in the formula
B1(B) = [X1(82)'11(52)]_111(32)'1. The Choleski factorization (5.2.3)
is often found during the evaluation of this least squares formula (see
"Section 2.3). A NR-elimination/adjustment iteration is as fast as

Jjoint NR, and convergence is usually better.
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The most widely used algorithm for nonlinear least squares 1is the
NRL algorithm which, in the context of nonlinear least squares, is
called the Gauss-Newton (GN) algorithm. A joint GN iteration consists
of the 1linear least squares probl em of minimizing

S(B?,S%) = E(B;,BE)'E(BT,BE) with respect to QT and 35, where
e(8,83) =y - X;(B,)8; - X;(B,)(8]-B,) - V(B,)diag(EB;) (B -B)  (5.3.1)

is a Teylor series for (y - 11(35)3;) around the previous estimate,
(By,B8,). The matrices X; and X, in (5.2.4) are equivalent to 11(32)
and V(sz).diag(Ep1) respectively. Note that the 1latter is Jjust a
rescaling of the columns of V(pz). Joint GN is identical to joint FS.

GN-elimination iterations are based on a similar Taylor series for
(y - 11(35);1(35)) around B, and can also be expressed as least squares
calculations. Lawton and Sylvestre (1971) implemented GN-elimination
using numerical derivatives based on differences. Guttman et al (1973)
and Golub and Pereyra (1973) derived formulae for the derivatives of
11(52);1(32) and implemented the algorithm using these. Barham and
Drane (1972) first used the GN-adjustment method. Kaufman (1975)
rediscovered it when attempting to simplify the N-elimination
calculations. Though GN-adjustment is identical to FS-adjustment,
GN-elimination is not the same as FS-elimination which, for reasons

given in Section 5.2, is impractical.

The joint GN, GN-adjustment and GN-elimination iterations for B,

can be expressed as

B, + diag(Eg;) ' [V(B,) 'P, V(8,1 ' V(B))'e

A
n

B, + diag(EB(B,)) ' [V(B,) 'P,V(B,) 1 'W(B,)'e , and

-]
N+
[

B, + diag(EB,(8,)) ' [V(8,) 'P¥(B,) +
F(B,)E[X, (B,) 'X, (8,) 1T 'E'F(8,)17'¥(8,) e

s
n

respectively, where

e = y—x1 (52);1(’2) ’
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P, = I-X,(8,) (X, (8,) 'K, (8,)17'X, (8,), and
F(p,) = diag(V(B,) 'e).diag(Ep,(8,) .

The calculations are equivalent to 1least squares regressioné of

e against P.V(B,), P.V(8,) and
(P, V(B,) + 11(32)[X1(32)'X1(32)]_1E'F(32)), respectively. These
formulae can be used to campare the algorithms. Since

F(GQ)EIX1(32)'11(32)]_1E'F(32) is positive semi-definite, the
elimination step is usually more conservative than adjustment. If
there is only a single parameter in 32, the step is always at least as
small as the adjustment step. Since 31(31,32)/332 =0 at the 1least
squares estimate, e is orthogonal to V(32), and SO
F(32)E£X1(32)'11(32)]-1E'F(32) = 0 there. Therefore there is  very
little difference between GN-adjustment and GN-elimination near the
solution. Since the ratio of the GN-adjustment step for 821 to 1its
joint GN step is 81'0(1)/51,0(1)(52), there 1is also very 1little
diff erence between the iterations for B> in these algorithms when they
approach the least squares estimates. Therefore all three GN
algorithms have the same asymptotic convergence. Ruhe and Wedin (1980)
describe related theoretical results about asymptotic convergence

rates.

The main differences between the behaviour of the GN algorithms are
in the initial iterations. Kaufman (1975) showed in numerical examples
that GN-elimination and GN-adjustment took similar numbers of
iterations and, as discussed in Section 5.2 above, N-adjustment

usually takes fewer iterations than joint GN.

We next compare the speed per iteration of the GN algorithms,. The
adjustment and elimination implementations described below are similar
to the numerically sound methods described by Golub and Pereyra (1973)
and Kaufman (1975), and a standard QR algorithm is used for joint GN.
Details of column interchanges that may be required if 11(32) is
singular are omitted for simplicity. First, an orthogonal matrix Q is
found such that
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Q [x,(8,) : V(B : ¥] = P” > "211 (5.3.2)
0 S, w
where R, is upper triangular. R,, and r,; are as in (5.2.4) and the
comunns of 31 are proportional to those of R21. Q can be a product of
Householder matrices or a product of Givens matrices and does not need
to be stored. In the joint GN and GN-adjustment algorithms,
diag(EB1)(B£-32) and diag(é;1(32))(§£-32) are each given by the
regression coefficients of S, against w (found using a QR algorithm).

For GN-elimination, diag(E81(32))(55-32) is the vector of regression

coefficients of

5. 0
against
32 W

where sf = P.diag(sz'u)diag(E§1(32))_1 and the columns of P are found
by forward substitution from B11'P=E'. In the adjustment and
elimination algorithms, ;1(32) is found by solving R,{B; = F,; by
back-substitution and has residual sum of squares w'w. In the joint
algorithm, g] is found by solving Ry;B] = F,—S,diag(Eg;)(85-8,) and
the residual sum of squares must be evaluated explicitly. Therefore
the adjustment algorithm is faster than the others, although the
differences are usually slight. Golub and Pereyra (1973) describe the
implementation of a Levenberg-Marquardt stepsize modification that
ensures convergence for all algorithms. As discussed in Section 5.2,
this usually takes longer for GN-elimination and GN-adjustment than for
joint GN.

It should be noted that in the GN-elimination and GN-adjustment
algorithms, the computation above consists of the end of one iteration
(evaluation of ;1(32) ) and the start of the next iteration (evaluation
of 35). If the need for a stepsize modification is detected after
31(32) is evaluated, the stepsize previously taken to evaluate B8, must
be modified. It 1is therefore more efficient to perform the
computations as described above rather than initially evaluating R in
(5.2.4) and basing the computations on R since arranging the

caomputations as above means that no unnecessary calculations are
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performed if a stepsize modification is needed and therefore (5.3.2)

must be recalculated.

The algorithm as described above however needs much more storage
than algorithms that wuse Givens rotations to initially reduce
{11(32) : V(Bg) : yJ] to upper triangular form. Since this is as fast
for iterations in which no stepsize modification is needed, it would
often be preferred, despite its relative inefficiency in iterations 1in

which stepsize modifications are needed.

As noted by Harville (1973), often some columns of X,(B,) do not
involve B,, say 11(32) = [111 : 112(32)]. All GN algorithms can make
use of this fact to increase the speed per iteration. Since the
initial Householder transformations to reduce 111 to upper triangular
are the same in each iteration, these transformations can be saved and
after the first iteration they only need to be applied to 112(32) and
¥(B,), but not X,,.

GN-adjustment would usually be preferred to joint GN. Since it 1is
also simpler than GN-elimination, it is probably the most satisfactory
GN algorithm. Unfortunately, comparisons between the NR and GN
algorithms cannot be made so easily. The NR algorithms, in general,
seem to need more corrective action than GN in the first few iterations
to get convergence; but once they are near enough to the solution, the
NR methods converge faster. The NR methods wusually need 1longer and
more complex programs, but can often make use of any sparseness
existing in 11(32) and can be faster in execution time per iteration,
if the second derivatives of 11(32) are not too difficult to evaluate.
It would be expected that the GN algorithms would determine the optimum
@ more accurately than the NR algorithms, since numerically accurate QR
methods are used in each iteration (this is partly why the GN
iterations are often slower). Finally it 1is noted that Dennis et
al (1981) proposed a new nonlinear least squares algorithm which has
some of the benefits of both NR and GN; the application of elimination

and adjustment to their algorithm is an area for further study.
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5.4 A NONLINEAR LEAST SQUARES EXAMPLE

In this section the nonlinear least squares algorithms described in
Section 5.3 are compared utilizing a numerical example which arises in
bioassay. The data in Table 5.4.1, which were published by Ross

(1970), are assumed to satisfy the model.

Control group : E[y]

a
5
Substance 1 : Ely] ag + a6F(a1+a2x) (5.4.1)

Substance 2 : Ely]

(!5 + Q7F( (!3"'(1“)()

where F(z) = exp(z)/(1+exp(z)) is the sigmoid logistic curve, x is the
log dose of the substance and the response y is assumed to be normally

distributed with constant variance.

TABLE 5.4.1
Data from Ross (1970)
Log Dose, x Response, y
Control - 87.08
Substance 1 1.59934 98. 60
1.90940 109.22
2.07733 127.07
2.31160 145.27
2.52957 161.83
Substance 2 1.36398 91.13
1.91840 111.57
£
2256939 128.48

To get initial estimates, the asymptotes of the response curves
were first estimated by eye from plots of y against x to give 31'

= [a5 ag a7] = [80 120 70]. Next F_1((y-a5)/a6) was plotted against x
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for substance 1 and a straight line was fitted by eye. From that and a
corresponding plot for substance 2, initial estimates for the nonlinear

parameters were taken as B,' = [a1 ap o3 ayl = [-6.29 2.78 -L4.94 2,38].

The five algorithms used to find the 1least squares estimate of
g' = [31 32] were joint NR, NR elimination/adjustment, joint GN, GN
adjustment and GN elimination. In all cases the sparseness of 1(32)
was used to reduce the number of floating point operations. Both NR
algorithms used Choleski factorizations, whereas the GN algorithms used

Householder transformations.

TABLE 5.4.2
Residual Sum of Squares After Each Iteration of Five Algorithms for

Fitting Model (5.4.1) to the Data in Table 5.4.1 by Least Squares.

Algorithm
Iteration
Joint NR Elimination/ Joint GN GN

NR Adjustment GN Adjustment Elimination

0 139.92%627& 106.0399378 139.9236274 106.0399378 106.0399378
1 120.28 7294 100.9095236 5.3712635 69.1800370 68.3619778
2 T4.6159456 5“.7“96506 8.6379077 53.14596291 53.4169685
B 55.6485499 52.9890895 53.2762362 52.9490063 52.9456172
53.0267833 52.9212025 52.9344197 52.9227832 52.9224970

5 52.9212045 52.9210154 52.921862g 52.9211471 52.9211255
6 52.9210154 52.9210154 52.921082 52.9210259 52.9210242
g 52.9210154 52.9210208 52.9210163 52.92101 61
52.9210159 52.9210155 52.9210155

9 52.9210153 52.921015 52.921015
10 52.921015 52.921015 52.921015
1 52.9210154 52.9210154 52.9210154

Table 5.4.2 shows the convergence of the residual sum of squares
for all algorithms. The second derivative matrix stayed positive
definite for both NR algorithms, but each needed a line search in one
iteration to get a reduction in the residual sum of squares (the

stepsize algorithm of Bard (1974, pages 119-113) was used). Stepsize
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modifications were not needed for any of the GN algorithms. All
algorithms successfully converged to the least squares estimate of @'
= [87.7383 95.0949 44,9589 -8.24176 3.75679 -8.73717 u4.54506]. The GN
algorithms were all similar, with joint GN about one 1iteration behind
the other methods. Once the NR algorithms got close to the solution,
they both rapidly converged with NR—elimination/adjustment taking fewer

iterations.

TABLE 5.4.3
Number of Floating Point Operations per Iteration of Five Algorithms
for Fitting Model (5.4.1) to the Data in Table 5.4.1. The Additional
Operations that would be Needed for an Extra Observation with Either

Substance are Given in Brackets.

Algorithm
Operation
Joint NR Elimination/ Joint GN GN
NR Adjustment GN Adjustment Elimination
*,/ 347(22) 332(23) 831(76) 817(75) 917(77)
*- 336(23) 333(25) 737(69) 702(67) T77(69)
Square root,
no@ ) 10( 1) 24( 1) 24( 1) 2u( 1)

Exponential

The numbers of floating point operations per iteration were also
recorded and are shown in Table 5.4.3; the figures in brackets are the
extra number of operations per iteration that would be required for
each additional observation getting substance 1 or 2. The NR
iterations were considerably faster than GN, but there was little
variation within each grouping. It was expected that the NR algorithms
would determine the least squares solutions relatively 1inaccurately,

compared with GN, but no differences in accuracy were noticed between
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32-bit single precision versions, when they were compared to the double

precision solutions.
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5.5 OTHER APPLICATIONS OF ELIMINATION AND ADJUSTMENT

In this section, we describe some applications of elimination and
adjustment to models other than least squares. As pointed out by Ross
(1982), elimination can be used in models where Yiseees¥p are
independent observations from Poisson or gamma distributions with means
uy = B1fi(32). Then the scalar g, can be eliminated as a weighted mean
of Yyreees¥p- Note that 8, is usually the parameter of interest and
the elimination and adjustment algorithms immediately provide the
variance of ;2. A similar type of elimination and adjustment can be
used in some heteroscedastic normal models from Section U4.3. For
example, in models where the variance is specified by (4.3.2), a can be
eliminated as

- -1 (Yi = Ui)e

= 1o n .
% e EeXp(Y.log(ui)) )

The NRL-adjustment and FS-adjustment algorithms can therefore be

implemented easily by adjusting o after each iteration of joint NRL or
joint FS with

2
" (yy = u3)
. _ o +1log (n 1 ) __1__2_£__ ] =
93
The summation on the right 1is required for evaluating the

log-likelihood after each iteration and the adjustment algorithms are
therefore as fast as their wunadjusted versions. For example,
NRL-adjustment and FS-adjustment were applied to the stopping distance
example in Figure 4.3.1. The iterations are given in Table 5.5.1 and

both algorithms are slightly better than their wunadjusted versions
(Table 4.3.5).

In normal models where E[yi] = x;'8, and var(yi) = v(sz), 8, can be
expressed as a function of 32 with a standard weighted 1least squares

calculation. FS-adjustment is identical to the FS-alternation
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TABLE 5.5.1
FS- and NRL-adjustment Algorithms Applied to Stopping Distance Example

Log- Convergence

Iteration By B> a . )
Likelihood Rate, C

FS—-adjustment Algorithm

0 0.55526 0.06269 4,53674 0.00000 -174.40727

1 0.55526 0.06269 1.25511 0.84734 -158.48830 0.37782

2 0.61396 0.06050 -0.21765 1.26210 -155.53105 0.22290

% 0.64006 0.05935 -0.56076 1.36271 -155.37635 0.15732
0.64650 0.05905 -0.61301 1.33809 -155.37222 O.1ENO6

5 0.64741 0.05900 -0.6211 Toe] Og1 -155.37212 0.14869

6 0.64755 0.05899 -0.6223 1.38087 -155.37212 0.13115

g 0.6“75g 0.05899 -0.62256 1.38092 -155.37212 0.14933
0.6475 0.05899 -0.62259 1.38093 -155.37212 0.15053

NRL-adjustment Algorithm

0 0.55526 0.06269 4.,53674 0.00000 -174.40727

1 0.7%63& 0.05644 -3.43932 2.31495 -165.87150 0.57895

2 0.68539 0.05570 -0. 42260 1.32734 -155.71696 0.07670

% 0.64739 0.05892 -0.60404 1.335 7 -155.37298 0.08167
0.64759 0.05899 -0.62260 1.38094 -155.37212 0.00126

5 0.64758 0.05899 -0.62259 1.38093 -155.37212 0.00323

algorithm described in Section 4.4, The NRL algorithm is identical to
NR, and NRL-adjustment is therefore identical to NRL-elimination. To
implement these efficiently, note that the calculations to evaluate
;1(32) immediately give Rqq in (5.2.4). However the remaining matrices
in (5.2.4) cannot be easily found using least squares calculations by
the method in (4.1.1) without reevaluating B,,. If there are only one
or two components in B, then the partial derivatives with respect to
8, can be evaluated and incorporated in R11 to form R in (5.2.4) using
subroutine NUISNC in Appendix B. If the calculations are done in this
way, an iteration of NRL-elimination/adjustment is as fast as one of
joint NRL.

In some models where no single parameter can be eliminated or
adjusted, a group of parameters can be simultaneously adjusted. For
example, in the Poisson model with E[yi] = xi's, no paraneter can be

explicitly eliminated. However if the model 1is rewritten in the
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equivalent form E[y;] = a(xi's), then

& ) Yi
a = :
2 (xi 8)
Therefore it is possible to adjust B after a NR or FS iteration with
++ + 2 yi
B - 8 x T 7
2 (xi'B )

As both summations on the right are required to evaluate the
log-likelihood, the adjustment algorithms are as fast as the unadjusted
algorithms. Unfortunately, adjustment has no effect on the FS
algorithm since the "responses" are not affected and the weights are
all changed by the same proportion. However, adjustment does have an
effect on the NR iterations. For example, NR-adjustment was applied to
data sets 1 and 2 in Table 3.4.1, and its iterations are shown in Table
5.5.2. When compared with Tables 3.4.2 and 3.4.3, it can be seen that
adjustment offers an improvement for data set 1; however, for data set
2 NR-adjustment needs stepsize modifications in the initial iterations

and is slower than joint NR. Adjustment and elimination do not always

result in fewer iterations.

Ina similar way, for normal models with E[y;] =y; and

var(yi) = X;'B,, B, can be adjusted with

+
52+ = 32+ . n

Adjustment is even possible when 31(32) cannot be explicitly found.

For example, if a model has two systematic parts n§1)(31) and n§2)(32),
then 31(32) can be numerically found for fixed 8> with the 1IRLS
calculations of Chapter 3. Theorem 5.2.1 can then be wused for
NR-adjustment iterations on 32 and NRL- and FS-adjustment iterations
can be implemented in a similar way. (Note that [822/8312]—1 (or
E[321/3312]_1) is found in the last IRLS iteration). These algorithms
have the advantage of simplicity over the corresponding joint algorithm
since definiteness and stepsize modifications are less often needed,
but they usually take longer to converge since each iteration may

involve several IRLS sub-iterations to find 31(32). There does not
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TABLE 5.5.2
Iterations of NR-adjustment Applied to Data Sets 1 and 2 in Table 3. 4.1

Starting Values (Iteration 0) were Found as Decribed in the Text.

Log- Convergence
Iteration B Bo
Likelihood Rate, C
Data Set 1
0 4,84790 -0.08263 -6.98886
1 8.89957 -1.“3319 -6.3657 0.26532
2 8.18230 =-1.19410 -6.3015 0.1557
2 8.05275 -1.15092 -6.30008 0.0207
8.05000 =1.15000 -6.30008 0.00042
5 8.05000 -1.15000 -6.30008 0.00000
Data Set 2
1.67619 0.90794 -11.69004
1 (12.&2532 -2.67517 o )
3.663 y 0.24552 -10.0721 0.78197
2 (13.28434 -2.96145 -o
5.62696 -0.40899 -8.92801 0.72450
3 (12.51020 -2.70340 ~o )
T.17134 -0.92378 -8.28336 0.70091
4 (11.75022 -2.45007 —o
.25688 -1.28563 -7.95585 0.70007
5 (11.29676 -2.29892 ~o
8.99738 -1.53246 =7.79275 0.70775
6 (11.05624 -2.21875 ~o )
9.50545 -1.70182 -7.71040 0.71668
7 10.93135 -2.17712 -7.620L5 0.10949
8 10.79247 -2.13082 -7.61926 0.01306
9 10.79064 -2.13021 -7.61926 0.00017
10 10.79064 -2.13021 -7.61926 0.00000

seem to be much to be gained from using adjustment or elimination in

this way.

As a final example where numerical elimination can be helpful,
consider p populations where the ith (i=1,...,p) has observations
Vi 3 and log-likelihood components of the form lij(ai,Yi) for
j=1,...,ni. To obtain parameter estimates with common aj = a, we can
consider elimination of o by ;(Y1,...,Yp) which can be numerically
evaluated by a unidimensional optimization. A NR elimination step for

Y1,...,Y based on Theorem 5.2.1 can then be shown to be

P
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-1
Y =¥y - di { by +ay (;,;Tfﬁjz } (5.5.1)
a5
where b = § Blij(a,Yi)/BYi ’
4 - T 228 (e )/ Y2
g = I 3°2;5(a,7;)/33Y; , and
C = % § leij(a.Yi)/Baz

for i = 1,...,P.

White and Eberhardt (1980) considered fitting negative binomial
models to elk pellet—-group counts which were collected from various
sites at p = 5 different times. They were able to interpret the four
models which had (a) different mean and shape parameter at each time,
(b) different means, common shape, (c) common mean, different shape,
and (d) common mean and shape. In all models other than (c), the means
can be explicitly eliminated and replaced by either the population or
overall mean, reducing the problem to either 1 or p univariate
optimizations. In model (c) the common mean can be eliminated
nunerically and equation (5.5.1) can then be used to update the shape

parameters.
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5.6 SYSTEMATIC PARTS WITH LINEAR AND NONLINEAR PARAMETERS

In this section, a technique 1is described for improving NRL
iterations for models with a systematic part which has both linear and
nonlinear parameters. This is closely related to the GN-adjustment

algorithm for nonlinear least squares.

We first consider a general model with a single systematic part and
log-likelihood components li(ni). If we denote the Taylor series

approximation of Ei(nI) round the value n; by l;(n;), then
25 (n) Bilm) + (nt=m) 2:°Cmg) + (=) 208 (mg) 7 2
i\ng? = Ain4 TN AN n—njl A\

%
Maximizing Eki(n;) with respect to 3+ is therefore identical to

maximizing the sum of squares,

Ri'(“i)

1

* 4+
ol R, F O
° 7L 2" (ng)

- n (82 2" (ny) (5.6.1)
with respect to 3+. One iteration of the GN algorithm applied to this
nonlinear least squares problem is identical to an iteration of the NRL
algorithm applied to (B). Similarly, if the systematic part n; is
non-random an iteration of GN applied to the similar approximation with
2{'(ni) replaced by its expected value is identical to the FS algorithm
applied to 2(B8). In models where the systematic part has a structure
like that considered in Section 5.3, with nqn = 11(32)'31, it is
therefore tempting to try to improve on the NRL algorithm by using an
iteration of GN-adjustment for this sub—-problem. Unfortunately
however, as discussed in Section 5.3, a single GN-adjustment iteration
spans the calculations that would be 1involved in two joint GN
iterations, the adjustment being performed as the initial part of the
second joint GN iteration. A single GN-adjustment iteration therefore
takes considerably longer than a single joint GN iteration and it is
unlikely that the benefits in terms of improved convergence would

outweigh this increased execution time per iteration.
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However a single joint GN iteration can be improved slightly with
little overhead. A QR algorithm can be applied to [11(52) : V(32) o 3|
with weights given by {2{'(ni)} where '(32) is as defined in Section
5.3 and =z has i'th element z; = £;'(n;)/8{'(n;), to give upper
triangular matrix

Ry 5; ro
0 0 r3

Then the joint GN algorithm defines B; and B; by the equations
Sydiag(EB,) .(85-B,) = Fp, and R;;(B]-B;) = Fp~S;S, 'r,,. However, if
By was set at B; before this joint GN iteration on the nonlinear least
squares sub—problem, the iteration for 8 would have been defined by
S;diag(EB:).(B£+-82) =r,, and this would be expected to be an
improvement over 35. This improvement can be implemented after a joint
NRL iteration by multiplying 85 by diag(EB;).diag(EB1)_1, which can be
done with 1little overhead on the execution time for the iteration. We
call the technique the NRL algorithm with improvement of B
improvement of 8, can be similarly applied to the FS algorithm.

As an application of this algorithm, it was applied to the probit
residual responses model defined by (3.5.4). The improvement for B>
after iterations of the joint NRL algorithm (A7) and the FS algorithm

(A6) can be written as

++ 1‘3; +
(&2 - 82) B — (’2 - 52)
1_61

The algorithms were applied to the data in Table 3.5.7 and their
iterations are shown in Table 5.6.1. The algorithms with improvement
of 8> perform considerably better than ordinary NRL and FS, whose

iterations were shown in Table 3.5.8.
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TABLE 5.6.1

Iterations of the NRL and FS Algorithms with Improvement of B> and 33

Applied to Fit Residual Responses Model to Data in Table 3.5.7.

Convergence

Log-

Likelihood

Rate, C

By

Iteration
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5.7 CONCLUDING REMARKS ABOUT ELIMINATION AND ADJUSTMENT

With all types of algorithm, adjustment of 31 to ;1(32) between
joint iterations for 8, and 8> increases the likelihood. Convergence
would be expected with fewer 1iterations than when using joint
iterations without adjustment. Also fewer starting values are
required, modifications to the basic algorithm to ensure convergence
are usually needed 1less often, and these modifications are easier to

apply.

In nonlinear least squares an iteration of the adjustment versions
of NR and GN 1is as fast as an iteration of the corresponding joint
algorithm provided a stepsize modification is not needed. However if a
full adjustment step reduces the 1likelihood, extra evaluations of
31(32) will be needed to reevaluate the 1likelihood with reduced
stepsize, so that such step reductions are slower for adjustment
iterations than for joint iterations. Several other types of model
were identified where adjustment can be done with 1little overhead on

joint NR, NRL or FS iterations.

Adjustment does not always give faster convergence than the
corresponding joint algorithm. Published numerical results for various
nonlinear least squares problems vary from Jjoint algorithms being
marginally faster than adjustment algorithms to the adjustment
algorithms being considerably faster. In view of the considerable
potential gain and slight possible loss, adjustment would therefore
seem generally advisable, at 1least for nonlinear 1least squares
problems. In other models where there is no overhead to evaluating

31(32), such as 1in some of the examples in Section 3.5, adjustment is
also helpful.

Elimination is identical to adjustment when applied to the NR

algorithm, FS elimination cannot wusually be implemented, and GN
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elimination is more complex than FS adjustment with existing published
results no faster. Therefore there is currently no reason to recommend
elimination rather than adjustment.

In models with a systematic part that has 1linear and non-linear
parameters, the NRL and FS algorithms are often speeded by applying a

related type of improvement after each iteration, as described in
Section 5.6.
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6. THE EM ALGORITHM

6.1 GENZIRAL DESCRIPTION OF THE EM ALGORITHM

In this thesis, we are largely concerned with general algorithms
that can be implemented using a sequence of weighted least squares
calculztions (IRLS algorithms). The algorithms described in earlier
chapters have all been based on the Newton-Raphson (NR) algorithm or
modifications of it such as Fisher's scoring technique (FS) and the NRL
algoritam. In this chapter, we consider a different type of algorithm
called the EM algorithm. Strictly speaking, the EM algorithm is a
method of transforming the problem of maximizing a likelihood function
into a sequence of maximizations of related functions. These
sub—-maximizations can be performed using any standard algorithm such as
NR, FS or NRL, but the benefits of the method are wusually found in
problecs where there are explicit solutions to the sub-problems. In
some applications, the sub-maximizations can be performed using 1least

squares calculations.

In this section, we define the EM algorithm and examine its
properties. In 1later sections, we consider various application areas
of the algorithm; for each, we examine whether the algorithm can be
implemented with IRLS and make some comparisons with the NR, FS and NRL

algorithms.

The EM algorithm has been used for many years in particular types
of model such as in experimental designs that have been unbalanced by
missing observations. It was first described in a general form by
Dempster et al (1977) for models in which the probability density

functicn of a vector of observed data y can be written in the form
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fiy | &) = l f.(y, | 8 dy, (6.1.1)
¥oe¥ (y)
where Yc(y) is some subset of the values of y, and fc(yc|ﬁ)20 for all
Y5 and @8. Models can be most readily written in this way if the
distribution of y can be generated from some random vector Yo which can
be thought of as the "complete" data and if y=y(yc) can be treated as
observed "incomplete" data. 1In some applications, the "complete" data
may have some physical meaning; for example, the "incomplete" data may
be recorded because of missing observations or grouping in some
"complete" data. In other applications, the "complete" data does not
correspond to any aspect of the real system being modelled, and is just
a conceptual device to express the distribution in the required form.
This will become clearer when applications of the algorithm are

discussed in later sections.

We shall extend the class of models to which the EM algorithm can
be applied by relaxing slightly the requirement of Dempster et al
(1977) that fc(yc|s) 2 0 for all y, and B. We shall instead treat all
models for which fc(yc|3).k(yc) 2 0 for all y, and B and some function
k(+). A class of models of this more general type will be used in
Section 6.6.

In its most general form, each iteration of the EM algorithm can be

expressed as

maximize with respect to B+ the function
fo(¥.|8)

1 f k(y) |2 g
J og { fo(y.|8 y.) | e e

(6.1.2)

where B is the value from the previous iteration. When Y. and y can be

interpreted as complete and incomplete data, (6.1.2) can be written as

maximize with respect to B+ the function

E[ 1og £ (y,[8") | v.8 ] (6.1.3)

Each EM iteration therefore involves an optimization of the same size

as the original optimization problem. Clearly, there cannot be any
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gain unless (6.1.3) 1is considerably simpler than the original
optimization of log f(y|3). The main case where this happens 1is when

the complete density is in the exponential family
f.(y.|8) = bly,).exp(t(y,)'8) / a(B) (6.1.4)
so that (6.1.3) is equivalent to

maximize with respect to 3+ the function

EL t(y,) | ¥y, 818" - 1og a(8”) (6.1.5)

Here each iteration of the algorithm consists of two steps,

*
E step : Evaluate t (y,8) = E[ t(y,) | v,8)]
M step : Maximize with respect to 3+ the function
*
t (y,8)'8" - 1og a(g") (6.1.6)

which gives rise to the algorithm's name. 1In practice, the algorithm

is mainly used for problems where the "complete" density can be written
in the form (6.1.4).

We shall now prove convergence of the general algorithm. If the
algorithm converges to some @B and if the maximization in the final

iteration is to a turning point, then

) +
log {f.( ). k(y,)}.f ( ) @ ~= 0
: 8" rcﬁlc(y)og LR R UL ]s*=s=s

of )
j (¥ 8 r:

i.e. | -
o8 B=8

3 f(y|8) ]

-~ =0
o8 8=8

i.e. [
so that B is a local maximum of the likelihood. Dempster et al(1977)
also show that if @' maximizes (6.1.2), then

log f(y|3+) =1log [ fc(ycls) dy,

f.(y,|8).£(y|8) £ (3,|8)
= 108 i e C| | . € C| ’C
Yoel (3 1 (y.|8) f(y|8)
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2 J {r08(f (¥, |8").k(y,)) - log(f (v |8).k(y,))
f.(y.|8)
+log f(y|B) | . —dE—!El— dy, using Jensen's inequality
f(y|8)
£ .(y.|8)
2 ¥ 1o tly]®) ~—=—""__ ¢
v| f(y|8) Yo

fo(¥,|8)

% + o e +
since B maximizes S log(f .(y.|B8 ).k(y.)) . ——— dy
c C‘l C f(!lﬂ) c

= log f(y|B)

with equality only when fc(yc|n+) = fc(yC|B) almost  everywhere.
Therefore the EM algorithm steadily increases the 1likelihood and,
provided the 1likelihood is bounded and there is only one local maximum

of the likelihood, the algorithm must converge to it.

Even when the complete density is in the exponential family (6.1.4)
the optimization in the M-step of (6.1.6) is of the same size as the
original optimization. If this has no explicit solution, an iterative
sub—algorithm must be used. This 1is avoided in another algorithm
closely related to the EM algorithm. In the EM algorithm, 3+ is chosen
in each iteration to maximize the functions (6.1.2), (6.1.3), (6.1.5)
or (6.1.6). However the convergence proof above is valid even if B+ is
just chosen to increase the function rather than to maximize 1it,
provided that 3+ is chosen in such a way that it maximizes the function
on convergence. If the maximization in each iteration is replaced by a
single step of the NR, NRL or FS algorithms, the algorithm therefore
retains the convergence properties of the EM algorithm. Dempster et al

(1977) called this a GEM algorithm. Boyles (1983) further discusses

convergence for GEM algorithms.

The guaranteed convergence of the EM and GEM algorithms 1is offset
by the rate of convergence which is linear as opposed to the quadratic
convergence of the NR algorithm (Dempster et al, 1977) and in some
applications it has been found to be extremely slow. The main
advantage of the EM and GEM algorithms lies in applications where they

are substantially easier to implement then NR.
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A disadvantage of the EM and GEM algorithms as opposed to NR, NRL
or FS, 1is that they do not lead directly to estimates of the variances
and covariances of the maximum 1likelihood estimator ; of B. Louis
(1982) however found an expression for 3210g r(yla)/aaz based on the
"complete" probability density fc(-lﬂ).

9 log f(y|s) o log £ _(y,.|B)
‘ :E[ CC| |’sB]
o8 o8
2 2
9log f(y|8) °f (y.|B)
== [ E[ ___gizEl__ / fo(yel8) | ¥, 8]

3 log f(y|#) _ 3 log f(y|8)

38 3
] E[a2log foly|8)  8log £.(¥,|8) 3l0g £ (y.|8) -
7id i y,
B o8 38
3 log f(y|8) 3 log f(y|B)
- : (6.1.7)
o8 3 B

[}

At 8 = B, 0 1log f(y|8)/33 0 and so the second term above disappears

3°10g f(y|8) - 2%log £,(¥,|8) 3 log fo(y|8) 3 log £ (yc|8) i3, 81
o8° oB° o8 38" ’

(6.1.8)

If Fisher's information matrix is required, the expectation must be
made before B is substituted for B and so the 1last term 1in (6.1.7)

cannot be ignored; there is therefore no advantage over the standard
formulae.

If y, is in the exponential family (6.1.4),

3%10g f(y|®) _ 3%1og a(B)
08" 28 (6.1.9)
3 log a(B) 5 log a(B) o
L E[(t‘(’c)- —_—][t(’c)— ——T)' | ’pB J

The only additional quantity needed, in addition to those used in the
EM algorithm, is E[ t(y,)t(y,)' | yl.
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As with the EM algorithm itself, basing the evaluation of
leog f‘(le)/aB2 on the T"complete" data is only better than direct

evaluation if fc(ycls) is "sufficiently simpler" in form than f(y|8).

In the following sections we examine several application areas of
the EM algorithm that were identified by Dempster et al (1977) and,
where possible, make comparisons with the algorithms developed in

earlier chapters.
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6.2 EXAMPLES : MISSING DATA

For the examples in this section, the "complete" data is assumed
to have independent components y?,...,yg which have 1log probability

(density) functions of the form

log £7(y$ | 05,4) = ale) (ySe; + g(8;)) + h(e,yD)  (6.2.1)

where €; = ei(s). This 1is the <class of Generalized Linear Models
(Nelder and Wedderburn, 1972) and their nonlinear extensions. It is
assumec here that some of the observations are incompletely known
because of grouping of some yg so that it is only known that its value
lies within a certain range, say aj < ¥ < bi' or by complete loss of
some such observations. The former includes probit models, in which an
underlying normal response can be assumed (Finney, 1944) and models for

censored survival data.

In this type of model, the "complete" and "incomplete" probability
density functions both have two systematic parts ei and ¢. The NR, NRL
and FS algorithms developed in Chapters 3 and 4 can therefore be
appliec directly to the "incomplete" model. The iterations of the EM

algorithm take the form,

E step : For each yg whose value 1is incompletely known, find its
expected value conditional on any information that is
available about it and using the values of CH and ¢ from the
previous iteration. If yf is completely missing, then the
expectation is g'(ei); otherwise, it |is of the form

ELyS | a; < y§ < byl

M step

Maximize the complete-data log—likelihood with the incomplete
observations replaced by their expected values from the
E-step. Since ¢ <can Dbe factorized out, it can sometimes be

ignored; however, it is often needed in the E-step.
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If the '"complete" model does not have an explicit max imum
likelihood estimate then, rather than completing the maximization in
the M-step, a GEM algorithm could be used, with the M-step being
replaced by one iteration of NR, NRL or FS. These iterations of NRL
and FS can always be performed as weighted least squares calculations;
iterations of NR <can also be evaluated as weighted least squares
calculzstions if the parameters B are involved linearly in 0. In these

cases, the GEM algorithm is also an IRLS algorithm.

There is only any point in including values yg about which nothing
is known if adding these extra observations makes the M-step easier.
There ere two main situations where this occurs. If extra unrecorded
observetions can be included in an unbalanced experimental design to
make the "complete" design balanced, much simpler formulae can be used
for the M-step than the least squares calculations which are necessary
for the unbalanced data. Similarly, explicit parameter estimates can
be easily found for many log-linear models for contingency tables which
are cocplete cross-classifications of counts. If there are missing
cells in a table, restoring the balance with unrecorded Poisson values
avoids the 1lengthy calculations needed to apply NR to the recorded

cells only.

The EM algorithm for grouped data 1is illustrated using probit
models in which the observed response Y is assumed initially to be a
Bernoulli variable with probability of success o= ¢(xi'3) for
i=1,...,n where &(+) is the unit normal cumulative distribution
function. These Bernoulli distributions can be generated from
"complete" responses y?,...,yg which are independent normal variables
yg - N(!i'8,1) if y; is defined to be one when y? >0 and zero

otherwise.

The EM algorithm therefore finds B+ in each iteration with a 1least

squares calculation which has "explanatory" variables x;, weights

Wy = 1 and "responses"
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p B [ y? | yg €0 1 if y; =0
BInE; [wEzad if y; =1

n
o

x;'8 - ¢(x;'8) / (1-¢(x;'8)) if vy
x;'8 + ¢(x;'B) / o(x;'B) if y; =

|
—

where ¢(+) is the unit normal probability density function.

If the observed response ¥4 is a binomial count of successes in ri
trials where the probability of success is given by the same probit
function, the same least squares calculation could be done with ry
observations generated corresponding to each ¥j using the above method.
These can however be combined into a single observation with

"explanatory" variables X, weight Wy =1y and "response"

* Vi ri-y;
2 = X.! + (x.' ) 1 - 1 1
! g s ri¢(xi's) ri(1—¢(xi'ﬁ))

The EM algorithm is therefore of similar complexity to the NR and FS
algorithms described in Section 3.5. Starting values can be found in a
similar way to the method described for the algorithms in Section 3.5
since the iterations only depend on the previous value of B through the
systematic part xi'a. An iteration of the algorithm with xi's replaced
by ¢_1(yi/ri) can be used, with minor adjustments when y; = 0 or

Yy =Ny

The EM algorithm was applied to the artificial data in Table 3.5.1,
and its iterations are shown in Table 6.2.1. The EM algorithm performs
considerably worse than the NR and FS algorithm which were applied to
the same data in Section 3.5 and whose iterations are given in Table
3.5.2.

In most situations where data is grouped, iterations of the EM and
GEM algorithms are not significantly simpler than iterations of the NR
or NRL algorithm. In view of the superior convergence of the NR and
usually also NRL algorithms these would usually be preferred to the EM
algorithm for this type of problem.
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TABLE 6.2.1
Iterations of EM Algorithm Applied to Data in Table 3.5.1.

Starting Values (Iteration 0) were Found as Decribed in the Text.

Convergence
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6.3 EXAMPLES : MIXTURES AND TOTALS

In this section we first consider examples where the i'th of n
independent responses, Yj, has a distribution with probability

(density) function of the form

fi(y; | B,w) = 321“3 fy5(v; | 8)
and where fij(-ls) are probability (density) functions and an = 1.
This type of model wusually arises when it is uncertain which of q
distributions the response y; came from. An important application of
these mixture models is in discrimination problems where there are some
responses that are classified into one of q populations and others that

are unclassified, with unknown proportions {nj} from the q populations.

This type of model usually cannot be written with a small number of
systematic parts and so the NRL algorithms in Chapter 4 are wusually
impractical. Dempster et al (1977) suggested defining the complete
data for y; to be (yi,zi) where z; is a vector of q 0/1 indicator
variables which denote the component of the mixture from which yj was
sampled. Then (yi,zi) has a Jjoint distribution with 1log Jjoint
probability function that can be written as

log ff(yi,xi ] Bg,x) = EJ{ 25 log fij(yi | g) + Z43 log Le } (6.3.1)

The E step of the EM (or GEM) algorithm therefore evaluates
*
z235 = E[zij | yi.8l = fij(yilﬁ)/(ijfij(Yilﬂ)
and the M step maximizes (or takes a NR, NRL or FS step to increase)
the "complete" log-likelihood (6.3.1) with {zij} replaced by {z;j}.
The "complete" 1log-likelihood 1is the sum of two parts, the first of
which depends only on B and the second only on ®, so that both can be
separetely maximized. The first part can often be written with one or

two systematic parts which allows the M-step to be performed with least
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squares calculations using the methods of Chapters 3 and 4. Maximizing
*
the second part leads to w} = [izij/n.

A related kind of mixing occurs when two or more Poisson counts are
combined (such as when 2 or more cells in a contingency table are
collapsed together). The count Yi is then Poisson with parameter
Ny = ijij which is the sum of the rates of the component counts. BL5]
many cells are collapsed together and a 1log-linear model for the
component counts is used, the model cannot be written with a small
number of systematic parts. The "complete" data can be defined by
replacing ¥i with a vector z; which holds the component Poisson counts.
The E-step of the M or GEM algorithm evaluates
E[zijlyi] = yixij/ijxij and the M-step is performed as though the
component counts {zij} were known. If the complete data is a balanced
contingence table, explicit solutions may be available. Otherwise an
iteration of NR, NRL or FS can usually be implemented with the IRLS
algorithms of Chapters 3 and 4. A similar method can be used whenever

an observed ¥y is the total of unobserved values, Y = and where

JeT e
{Zij} satisfy a model of the form (6.2.1).
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6.4 EXAMALES : VARIANCE COMPONENTS

In this section we consider normal mixed linear models with both
randomr and fixed effects. Dempster et al (1977) showed that the EM
algorithm could be easily applied to this type of model if the random
effects and the observed data are together denoted the "complete" data.

The method 1is 1illustrated below using models with a single random

effect, which can be written in the form (4.4.1). We define
’c' = [y' : b']. Then the elements of b given y are independent with
¢ oy ¢
B lw = B = 2
ri%p * %¢ be * Fidp

where Yi and Xi are the totals of the responses and explanatory

variables from the observations in block i. Since

£ (¥,|8:0000,) = - { n.log ¢, + a.log ¢ + Ei(yij-bi-xi3'8)2/¢e
+ Zb§ / ¢p }/2 + const

(6.1.2) is equivalent to maximizing with respect to pte. ¢; and ¢E the

function
-1 ¢, (Y.-X.'B) r.¢
neton o - o 01 Gy - BT -y e ) TR
b e i1k e
> 2
gt gt g SR Al g
= (rjop*ee)” ridp*de

3+ car. be found with an unweighted least squares calculation and ¢; and
¢B carr be found by dividing the ¢two terms in braces by n and a

respectively. The EM calculations can be considerably speeded up if

y is initially transformed to ’O

as described in Section 4.4 since each
block effect bi is only involved in one element of ’O in the model for

the transformed data.

tarting values for this algorithm are harder to obtain than for

the NEL algorithms in Section 4.4. The most "obvious" starting value
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of by = 0 with be and B set from unweighted 1least squares cannot be
used since the EM iterations can never move ¢, away from zero. (The
convergence proof in Section 6.1 fails because op = 0, which 1is the
maximur in the M-step, is not at a turning point of the function being
maximized). A fixed effects analysis of variance can however be
performed and ¢p can be set equal to the mean sum of squares of the
fixed block effects to get starting values. This can however be
expensive if there are many blocks in the model. Iterations of the EM
algorithm are comparable in complexity to those of the FS—alternation

algoritnhm described in Section 4.U,

TABLE 6.4,1
Iterations of the EM Algorithm Applied to Data in Table U4.4.2
Starting Values (Iteration 0) were Those Used as Starting Values
for the FS-alternation Algorithm in Table 4.4.3.
Log— Convergence
Iteration

S H2 be %o Likelihood Rate, C

0 2.84843 4,87078 0.00127 1.78929 -13887.333
1 2.8u4843 4,87078 1.96307 2.88107 -19.80374 0.28348
2 2.90312 4,83u89 2.28052 2.67140 -19.66178 0.39032
% 2.92808 L4,82591 2.325&9 2.57163 -19.65539 0.51890
2.9L4040 4.82700 2.34698 2.53237 -19.65458 0.65151
5) 2.94804 4.83085 2.34996 2.51759 -19.65429 0.75625
6 2.95366 4,.83513 2.35090 2.51180 =-19.65411 0.81654
g 2.95820 H.8ﬁ917 2.35127 2.50925 -19.65398 0.84479
2.96203 4.84277 2.35145 2.50789 -19.65388 0.85679
9 2.96531 H.BUSQE 2.835155 2.50203 -19.65381 0.86173
10 2.96814 4,8u86 2.35163 2.50639 -19.65375 0.86379
11 2.97060 L4.85106 2.35169 2.50590 -19.65371 0.86469
23 2f9836u 4. 86382 2:35200 2.50362 -19.65359  0.86614
2 2.98L02 4.86L420 2.35201 2.50356 -19.65359 0.86617
25 2.98&85 4, 86u52 2.35202 2.50351 -19.65359 0.86620
26 2.98463 L4.86480 2.35203 2.50347 -19.65359 0.86622

To illustrate the algorithm, it was applied to the data in Table
4. 4,1, Since the intention was to compare the EM algorithm with the

algorithms presented in Section 4.4, the starting values found for the
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FS-alternation algorithm in Table 4.4.3 were again wused. The
iterations are shown in Table 6.4.1. The EM algorithm performed

considerably worse than any of the algorithms examined in Section 4.4.

Tre EM algorithm can be applied in a similar way to any
heteroscedastic model where Yisee=s¥p are independent with
Yi - N(x§1)'3(1),x§2)'3(2)). The "complete" data can then be defined
to be y.' = [y' : B] where y = x§1)'3(1) + E-/x§§)Bij, all elements of
the matrix B are independent and Bij ~ N(O,Bgz)). The EM algorithm
then has a similar form to the EM algorithm above for variance

components.

The EM algorithm is not recommended for the applications above due
to the difficulty in finding starting values, poor convergence and the
problers in finding estimates of the variances of the max imum
likelihood estimates. However it can be applied to other problems for
which NRL algorithms cannot be so easily used. For example, the EM
algorithm can be applied to models with two or more block effects and a
variation can be used to find REML estimators (Dempster et al, 1977 and
Dempster et al, 1984). However see Harville (1977) for implementation
details of FS algorithms in these types of model; they would be

expected to have better convergence properties than the EM algorithm.
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6.5 EXAMPLES : HYPERPARAMETER ESTIMATION

The distribution of some responses y; can be generated as a
compound distribution, with a known conditional distribution for i
given a "hyperparameter" Pj and a known marginal distribution for the
"hyperpar ameter" P which depends on the unknown parameters g. Common
examples that can be expressed in this form are the negative binomial
and beta-binomial distributions, which can be expressed using the

notation of Johnson and Kotz (1969) as

Poisson(m;).”” >\ Gamma(¢; , uy/¢;) (6.5.1)
ms
1
and
binomial(ri, pi)//’“\\beta(ai, Bi) (6.5.2)
51

respectively. Dempster et al (1977) suggested applying the EM
algorithm to this type of problem by including the "hpyerparameters"
P with y to give the "complete" data.

We shall use the negative binomial distribution (6.5.1) to
illustrate the method. The "complete" distribution is then
¥i exp(—mi) N exp(—mi¢i/ui)

n
f ( '] ) - H m; —— (m-¢-/l1') .
c(¥el®m j=1 1 vy 1vy Py T(oy) m;

The conditional distributions of My eeesMy given y are independent with

u.
my | ¥y ~ Gamma ( y;+¢; , S )
+
Mitog
and (6.1.2) 1is equivalent to maximizing with respect to u+ and ¢+ the
function
n

i=1 { ¢; E[log mil)’i!’s"] - ¢;/U; E{milyi!.vl‘]
- log r(¢I) = ¢; 1og(u;/¢;} } (6.5.3)
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u.
where E[ log my | Yiré:m ] = v'(y; + ¢3) * log ( : }

Uity
(y; + ¢5)
ECmy | ypewd = w1 i
(ui ¢i)
and y'{x) is the digamma function 3 log rI(x)/3x. However for any

parameterization, such as pi=exp(xi'3) and ¢;=¢, the maximization at
each step in (6.5.3) 1is not significantly simpler than the whole
originel negative binomial optimization. A NR or FS algorithm would
have tc be used at each EM step and this would also involve digamma and
trigamz functions. Clearly the EM algorithm offers no advantage over

direct use of NR, NRL or FS in negative binomial models.

A similar result holds when the beta-binomial distribution is
expressed as the compound distribution (6.5.2). Each iteration of the
EM algecrithm involves an optimization for which NR, NRL or FS must be
used arrd each of these sub-iterations requires evaluation of digamma
and trigamma functions. Again there is no advantage in using the EM
algorithm over direct application of the NR, NRL or FS algorithms to

the beta-binomial log-likelihood.

Thcugh the EM algorithm may have benefits in some problems
involving hyperparameters, in models where the methods of Chapters 3

and 4 can be applied, the latter are usually to be preferred.



SECTION 6.6 181

6.6 EXAMPLES : ROBUST ESTIMATION IN LINEAR MODELS

In this section we start by reconsidering maximum 1likelihood
estimation in models where the independent responses Yiseees¥p have 1log
probability density functions
ey

o

log f(yy | ni.cz) = -0 - log o - log{ ST exp(-y(z))dz}

where n; = xi's, Y(+) 1is a symmetric function and the distribution is

longer-tailed than the normal distribution.

Sutject to minor regularity conditions any such symmetric

probability density function can be expressed in the form

® [ ay (y;-x; '8)°
fi(yi|8.02) = JO /[Egizj exp( -q ——lggé——— ) m(q;) dg;  (6.6.1)

for soze m(-). Note that the function f;(-) is closely related to a
Laplace transform of the function m(.). By integrating both sides of
(6.6.1) with respect to y; it can be easily seen that IS m(q;) dq; = 1.
If m(qi)zo for all q; then the distribution of y; can be generated as
the ratio of a N(xi's,oz) variable to the square root of an independent
variable with probability density function m(qi). These 1latter
distributions were called N/I distributions by Dempster et al(1980);
Andrews and Mallows(1974) showed that they covered many commonly used
long-tailed alternatives to the normal distribution such as the

Student's t, Cauchy, double exponential and logistic distributions.

We can however apply the EM algorithm to fi(yi|3,02) using (6.6.1)
whether or not m(e) is non-negative since it can be written in form
(6.1.1) with y.' = (y':q'],

-n/2n  -1/2 (y;-x;'8)°
£y, | 8,0) = (2169 89 exel —ay—S—5— ] mlqy)

and k(y,) = 1T m(qi)_1. Then (6.1.2) is equivalent to maximizing with

respect to B+ and ¢’ the function
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1
-n.log o - b 2 ig1 wi(s,o).(yi-xi'n+)2 (6.6.2)
G =
@ e 2
Q3 -q'(yi_xi'.) )
where wi(s’o) n 4[0 /{;n)a exp[ 1 2Ud )m(qi) in / fi(yllala )

2 2
o £1(y; | 8,0)
(Yi—xi'ﬂ) fi(yl | S;Ud}

= -

v' ((y;~=x;'8)/0)
(yi—xi'“)
It should be noted that the algorithm does not need m(-) to be

o 0

explicitly found. Once the weights wi(s,o) have been evaluated, the
optimization of (6.6.2) is a simple explicit least squares calculation

and the EM algorithm is therefore an IRLS algorithm.

The formulae are 1illustrated with the 1log-tailed distribution

(4.5.2). For the EM algorithm the weights are

1 ly;-x;'8]/70 < ¢
2 2
‘-i = d ¢0 .
— Y;~X.'B|/0 2
(yi_xi") l 11 | ¢

The NR-alternation and FS-alternation IRLS formulae given in Section
4.6 are similar in complexity to the EM formulae but the NR-alternation

algorithm involves negative weights.

The EM algorithm was applied to the data in Table 4.6.1 and its
iterations are shown in Table 6.6.1. The EM algorithm converges
extremely slowly. The NRL-alternation and NR algorithms, whose

iterations are given in Table 4.6.2, perform much better.

If NR, NRL or FS algorithms are wused, the variance-covariance
matrix of ; can be estimated by (X'Hx)_1 from the last IRLS iteration
for B. Log ; is asymptotically independent and its variance can also be
estimated from quantities wused in the 1last iteration for these
algorithms, as described in Section 4.6. The EM variance formulae

(6.1.8, which were derived by Louis(1982) do not provide a simpler
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Convergence
Rate,

Log-
Likelihood

Starting Values (Iteration 0)
log o

TABLE 6.6.1

SECTION 6.6
lerations of EM Algorithm Applied to Fit Log-tail Model with

were Found from Ordinary Least Squares.
B

1.3 to Data in Table 4.6.1.
Bo

¢=

Iteration
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therefore 1little to commend the EM algorithm
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We next consider adaptive models of the form

calculating the second derivatives of the log-likelihood in
There seems

911987&66677??
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Usually the models used for robust fitting of linear models have

this example so that if variances are required, computations similar to
2 -
log £i(y;|B,0%,¢) = -y

O ANMT IO~ NO — N =5 »

———

those of a single NR, NRL or FS iteration must be done even for the

method of

algorithm.

for this type of model.
further parameter
robustness.
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where B, o and ¢ are all treated as unknown parameters. As before it

is possible to write

® 2
-1/2 1/2 -q.;(y;-x.'B)
2
fi(yi|n,02,¢) = JO (2m0%) Q exp[ L ;odl

) m(qis¢') dqi

for some m(qi,¢). For a general symmetric distribution, it is not
always possible to find k(g;) such that m(qj,¢).k(q;) 2 0 for all gq;
and ¢. We therefore restrict attention to N/I distributions (Andrews

and Mallows, 1974) where m(qi,¢) 2 0. A step of the EM algorithm can
be expressed as

(1) maximize with respect to 8" and ¢’ the function
-n log o* - J wi(B,0,6).(y;-x;'8)° / (26"%)

(2) maximize with respect to ¢+ the function

o 2
W2 -q;(y; x;'8)
Jo log m(q;,6") q;  exp{—= zid 1 —) m(ay,¢) da;

fi(Yi|‘!02!¢)
where
o v ((y;=x;'8)/0 , ¢)

'( 10y ) -
wl el (yi‘!i'B)

Though each EM 1iteration for @8 and 02

is an ordinary weighted least
squares calculation, the iteration for ¢ is now considerably more
complex and cannot be done unless the function m(.,+) is known. 1In
distributions such as the log-tailed distribution used above, the EM

algorithm cannot therefore be used for adaptive estimation.

We therefore concentrate here on one particular example where
m(+,+) is known, which is where (yi-xi's)/c has a t-distribution with ¢
degrees of freedom so that m(-,¢) 1is a gamma probability density

function. It can then be shown that

¢+1
¢ + (Yi"xi'l)d/ﬁd

“1(3,0.¢) =

and step (2) for ¢ can be expressed as
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(2) maximize with respect to ¢+ the function
+ + + +

-1 ¢ ¢ +1 ¢
__E_ Eui(3’01¢)— E Ewi(5909¢)-n{w(—5)+ > log2- _%og ¢}

where

2, 2
¢+ ¢ + (y;-x.'8) /0
Ui(BsU:¢) - w'( 2 ) - lOg( . 21 ]

and y(+) is the log gamma function. This clearly cannot be explicitly

solved so that a separate iterative univariate optimization is needed.
NR applied to this sub-problem leads to sub-iterations of the form
i U-W-1og 2 - y'(¢/2) + 1 + log ¢
¢ = ¢+ =T
v''(¢/2)/2 - ¢

where U and W are the averages of ui(s,c,¢) and wi(a,c,¢). The

complexity of the M iteration for ¢ clearly detracts from the
simplicity of the iteration for B and 02. A GEM algorithm would only

take a single NR sub-iteration for ¢ here.

Iterations of the EM and GEM algorithms, applied to the artificial
data in Table U4.6.4, are shown in Table 6.6.2. The NRL-alternation
algorithm, whose iterations are given in Table 4.6.5, converges
considerably faster and has the advantage that it can easily provide

estimates of the variances and covariances of the maximum 1likelihood

estimators.
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SECTION 6.6
TABLE 6.6.2
Iterations of EM and GEM Algorithms Applied to Fit a T-distribution

Starting Values (Iteration 0) were

to Data in Table 4.6.1.

¢ = 5.0 and the Ordinary Least Squares Estimates of y and 02
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6.7 CONCLUDING REMARKS ABOUT THE EM ALGORITHM

The EM algorithm can be applied to many different types of problem,
but it has the disadvantage that its convergence can sometimes be
extremely slow. This in turn can 1lead to the algorithm being
prematurely stopped before the maximum 1likelihood estimate has been
reached. With a single unknown parameter, Aitken's accel@ration
method might be used to improve convergence. However the NR algorithm
(and usually the NRL and FS algorithms) converges much faster near the
maximum likelihood estimate and, where it can be easily implemented, it

would usually be preferred to the EM (or GEM) algorithm.

Another disadvantage of the EM algorithm is that it does not easily
lead to consistent estimates of the variances of the maximum likelihood
estimators, whereas these can be easily found when NR, NRL or FS are

used.

However in Sections 6.2 to 6.6, several types of models have been
identified where the calculations for an EM iteration are considerably
easier to implement than those for NR (or NRL or FS). In these

examples, the EM algorithm provides a convenient estimation method.
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7. CONCLUSION

In models with one, two or three systematic parts, there are often
several algorithms for maximum likelihood parameter estimation that can
be implemented with sequences of least squares computations; these are
called iteratively reweighted 1least squares (IRLS) algorithms. The
class of NRL algorithms described in Chapters 3 and 4 contains
algorithms of this form and often includes the Newton—-Raphson (NR)
algorithm and Fisher's scoring technique (FS). Different algorithms in
the NRL class often have different properties and the requirements of
fast asymptotic convergence and good initial iterations are not always
shared by the same algorithm. NRL algorithms that behave like FS are
often best 1in the initial iterations, whereas ones that behave like NR

are best near the maximum likelihood estimate.

For some models, the FS algorithm is not in the NRL class, but can
still be implemented as an IRLS algorithm. The EM algorithm which was
described in Section 6.1, can be used for some models and is rarely in
the NRL class; it can sometimes also be implemented as an IRLS
algorithm. The FS and EM algorithms often have slow asymptotic
convergence rates and the EM algorithm in particular can sometimes be

extremely slow to converge.

A thorough 1investigation of the relative performances of the
various IRLS algorithms has not been undertaken in this thesis. For
each particular type of model examined 1in the thesis, only a few
illustrative data sets have been analysed, but an extensive set of

examples would be needed before any firm recommendations could be made.

There are two advantages in wusing algorithms that can be

implemented as a sequence of least squares calculations. Firstly, QR
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algorithms can be used for the 1least squares calculations and this
allows the maximum likelihood estimate to be more accurately determined
in exzamples where the maximum 1likelihood estimators are highly
correleted. Secondly, a wide range of models can be estimated by
algoritnms which fit into the same framework, allowing them all to be
implemented within one computer package. For example, all 31 1IRLS
algorithms that have been used to produce the various tables in this
thesis have all been implemented with a single Fortran program in which

only a few subroutines had to be changed for different models.

To show the amount of work needed from the user of such a general
system to 1implement a new IRLS algorithm for a different model, the
necessery subroutines in the author's program are described next. The
subroutines all have access to the following variables in a common
block.

N number of log-likelihood components

Y(N) array holding responses

X(N,NX) array holding other information about the log-likelihood
components, such as the explanatory variables or
the number of binomial trials

BETA1(.) arrays of size P(1) and P(2) holding two subsets

BETA2(.) % of the parameters

P(2) array giving sizes of two subsets of parameters.

P(2) = 0 unless an alternation algorithm is used

ti;E:; i arrays that the user may use to hold systematic parts

ILLG integer indicating which algorithm to use if several
are possible

PLRT in alternation algorithms, PART indicates which part of

the iteration is being performed (1 or 2)

N, Y, NX, X and IALG are set up interactively by commands read by the
core of the program since they are not specific to any algorithm or
model. All algorithms require the following four subroutines to be

writter. by the user:--
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SUBROUTINE GETXWZ (ROW, NPARAM, W, Z, I, PSEUDO)
Sets up array ROW(NPARAM), W, and Z as the explanatory variables,

weights and response for the I'th log-likelihood component. The
weight and response are usually functions of the I'th elements in
tre arrays LP1 and LP2. The explanatory variables are usually
set up from the I'th row of array X. If pseudo-observations are
needed for the 1I'th log-likelihood component, parameter PSEUDO,
wich is normally zero, is set to one or two and GETXWZ will be

czlled again with the same I.

REAL FUNCTION ALLIKE (PARAMS, IP)

Returns the log-likelihood corresponding to parameters in the
arrays PARAMS and BETA2 if PART=1 or corresponding to BETA1 and
PLRAMS if PART=2. It also sets up values of LP1 and LP2 if these
will be used by GETXWZ. If an adjustment algorithm 1is used,
A LIKE initially adjusts PARAMS.

SUBROUTINE INITP

Sets up starting values for parameters and systematic parts

either by 1initializing all parameters and calling ALLIKE or by

initializing some parameters and the systematic parts.

SUBROUTINE AUGMENT (R, IR, NPARAM, DIMAX, ODMAX, IFAULT)

If subroutine NUISNC is to be used to include an extra nuisance
perameter, this 1is done by AUGMENT. 1In that case, GETXWZ should
set Z=0.0 and the 1last element of ROW to the response.
Otherwise, AUGMENT should return without effect.
If alternation algorithms are used, two extra subroutines GETXWZ2 and
AUGMENTZ2 must be provided to perform the same functions as GETXWZ and
AUGMENT for the second set of parameters BETAZ2.

The intention here is not to recommend the actual program that has
been used, but to indicate the amount of programming required for each
type of algorithm in a general IRLS system. Clearly more would be
required of the user to implement an algorithm for a new type of model

than ir. packages such as GLIM where a few macros in the command
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language are all that is needed, but a much wider class of models and

algorithms could be implemented within such a system.

Firzlly, it is noted that the 1IRLS algorithms developed 1in the
thesis o not treat fully the problem of inequality constraints.
Constreints of this kind are very common. For example Poisson means,
normal variances, degrees of freedom for t-distributions and negative
binomiz: auxiliary parameters must all be non-negative. In many
models, these constraints are relatively unimportant since the maximum
likelir.ood estimate will not satisfy the constraints as equalities.
However, in other models, it 1is possible for the maximum likelihood
estimate to be on a boundary of the set of feasible values of the
parameters. Development of modified IRLS algorithms for use with this

type of problem is an area for further research.
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APPENDIX A : FORTRAN SUBROUTINES FOR MODEL FITTING —-- PARAMETERS

In Appendix B, eleven Fortran subroutines are listed that can be
used to implement the iteratively reweighted 1least squares (IRLS)
algorithms described in the body of this thesis. In Appendix A, the
parameters of these subroutines are described in detail. The
algorithms used by the subroutines and the uses to which they can be

put, are described in the following sections of the thesis:--

GIVEN3 %

GIVEN2

CONV23

INITG

BSUB

VARS

COMBINE Section 3.4
COMBINEM

DIMULT Section 3.7
STEP

NUISNC Section 4.1

Section 2.7

Many of the subroutines use Choleski factorizations of sums of squares
matrices as parameters. These consist of an upper triangular matrix
R and diagonal matrix D such that R'DR is the sum of squares matrix.
In all subroutines except GIVEN2 and CONV23, the rows of R are scaled
such that R has wunit diagonal elements. The elements of R and D are
then stored in "packed" format; the colunns of R on and above the
diagonal are stored in order in a linear array with the unit diagonal
elements being replaced by either the inverses of the diagonal elements
of D if these are non-zero or minus one otherwise. Subroutine GIVEN2
uses a Choleski factorization in which the diagonal elements of R are

not one. The Choleski factorization 1is then stored in "unpacked"
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format with the columns of R on and above the diagonal stored in order

in a linear array and the inverses of the diagonal elements of D stored

in a separate linear array.

SUBROUTINE GIVEN3 (R, IR, NVARS, X,

R

IR
NVARS

IFAULT

Real array(IR)

Integer

Integer

Real array(NVARS)

Real

Integer

input:

out put:

input:

input:

input:

output:

input:

out put:

V, IFAULT)
Choleski factorization in packed
format
Choleski factorization updated
with new row of data or
constraint
size of R
number of variables in row of data
or constraint
new row of data or constraint
al tered
variance for row (inverse of
weight); zero for constraint
fault indicator, equal to
-1 if constraint imposed is
linearly dependent on previous
constraints; R is unaltered
0 if no fault
1 if array R is too small
( IRKNVARS*(NVARS+1)/2 )
2 if negative variance for row
3 if inconsistent constraints are

used
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SUBROUTINE GIVEN2 (R, IR, DM, NVARS, X, V, IFAULT)

R

IR
DM

NVARS

IFAULT

Real array(IR)

Integer
Real array(NVARS)

Integer

Real array(NVARS)

Real

Integer

input:

out put:

input:

input:

out put:

input:

input:

out put:

input:

out put:

arrays R and DM are Choleski
factorization in unpacked format
arrays R and DM are Choleski
factorization with new row of
data or constraint
size of R
see description for R
see description for R
number of variables in row of data
or constraint
new row of data or constraint;
response is last variable
altered
variance for row (inverse of
weight); zero for constraint
fault indicator, equal to
-1 if constraint imposed is
linearly dependent on previous
constraints; R is unaltered
0 if no fault
1 if array R is too small
( IR<KNVARS*(NVARS+1)/2 )
2 if negative variance for row
3 if inconsistent constraints are

used
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SUBROUTINE CONV23 (R, IR, DM, NVARS, IFAULT)

R Real array(IR) input: arrays R and DM are Choleski
factorization in unpacked format

output: Choleski factorization in packed

format
IR Integer input: size of R
DM Real array(NVARS) input: see description for R
NVARS Integer input: nunber of variables in ssp matrix
IFAULT Integer output: fault indicator, equal to

1 if array R is too small
( IR<NVARS*(NVARS+1)/2 )

0 otherwise

SUBROUTINE INITG (R, IR, NVARS, IFAULT)

R Real array(IR) output: Choleski factorization of zero

matrix in packed format

IR Integer input: size of R
NVARS Integer input: number of variables in zero matrix
IFAULT Integer output: fault indicator, equal to

1 if array R is too small
( IR<KNVARS*(NVARS+1)/2 )

0 otherwise

SUBROUTINE BSUB (R, IR, IDEP, COEFF, IC, IFAULT)

R Real array(IR) input: Choleski factorization of sum of

squares matrix in packed format

IR Integer input: size of R
IDEP Integer input: index of dependent variable
COEFF Real array(IC) output: estimates of the regression

coefficients of IDEP'th variable
on first (IDEP-1)



IC
IFAULT

Integer

Integer
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input: size of COEFF
output: fault indicator, equal to
<0 when (-IFAULT)identifiability
constraints were needed
(non-fatal)
1 if arrays R or COEFF are too

small ( IRCIDEP*(IDEP+1)/2
or IC<KIDEP-1 )

0 otherwise

SUBROUTINE VARS (R, IR, S, IS, NPAR, SCALE, IFAULT)

R

IS
NPAR
SCALE

IFAULT

Real array(IR)

Integer

Real array(IS)

Integer
Integer
Real

Integer

input: Choleski factorization of -Hessian
(packed format) e.g. array R
used by STEP

input: size of R

output: inverse of -Hessian, multiplied
by SCALE, (lower triangle
stored by rows). Can be same
array as R

input: size of S

input: number of parameters in Hessian

input: factor by which (-Hessian)_1 should
be scaled. Usually 1.0 unless
nuisance parameters have been
factorized out.

output: fault indicator, equal to

1 if IR<NPAR*(NPAR+1)/2 or

IS<KNPAR¥(NPAR+1)/2

0 otherwise




SUBROUTINE COMBINE (RPLUS,

RPLUS

IR
RMINUS

IR2

WORKSP

IFAULT

Real array(IR1)

Integer

Real array(IR2)

Integer

Integer

Real array(N)

Integer
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IR1, RMINUS, IR2, N, WORKSP, IFAULT)

input: Choleski factorization for rows
with variance 2 0 (packed
format)

output: Choleski factorization of combined
positive and negative parts

input: size of RPLUS

input: Choleski factorization for rows
with variance < 0 (packed
format)

output: altered

input: size of RMINUS

input: number of variables in sums of
squares matrices

workspace: holds rows to be passed to
GIVEN3

output: fault indicator, equal to

1 if N<2 or IR1<N(N+1)/2 or
IR2<N(N+1)/2
2 if the Hessian was not

negative semi-definite

0 otherwise

SUBROUTINE COMBINEM (S, IS, R, IR, N, DIMAX, ODMAX, WORKSP, IFAULT)

S

IS

Real array(IS)

Integer

Real array(IR)

input: Choleski factorization for rows
with variance 2 0 (packed
format)

output: Choleski factorization of combined
positive and negative parts
with definiteness modification
(packed format)

input: size of S

input: Choleski factorization for rows



IR

DIMAX

ODMAX

WORKSP

IFAULT

Integer

Integer

Real

Real

Real array(N)

Integer
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with variance < 0 (packed
format)
output: altered
input: size of R
input: number of variables in sum of
squares matrices
output: maximum absolute value of diagonal
elements of Hessian
output: maximum absolute value of
off-diagonal elements of Hessian
workspace: holds rows to be passed to
GIVEN3
output: fault indicator, equal to
-1 if definiteness modification
was needed to make Hessian
negative definite (nomfatal)
1 if N<2 or ISKN(N+1)/2 or
IR<KN(N+1)/2
2 if constraints were imposed
on R

0 otherwise

SUBROUTINE DIMULT (S, IS,

S

IS
NPARAM
WORKSP

IW

Real array(IS)

Integer
integer

Real array(IW)

Integer

NPARAM, WORKSP, IW, IFAULT)

input: Choleski factorization in
packed format

output: Choleski factorization of
same matrix with diagonal
increased by ten percent

input: size of S

input: number of parameters

workspace: holds rows to be passed to
GIVEN3

input: size of W



IFAULT

Integer
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output: fault indicator, equal to
1 if NPARAMK1 or IWKNPARAM+1 or
IS<(NPARAM+1) (NPARAM+2)/2

0 otherwise

SUBROUTINE STEP (R, IR, NPARAM, FO, BETAO, STEPO, F1, BETA1,

IR

NPARAM

FO

BETAO

STEPO
F1

BETA1

STEP1
PACC

DBETA

Real array(IR)

Integer

Integer

Real

Real

Real
Real

Real

Real
Real

Real

array (NPARAM)

array (NPARAM)

STEP1, PACC1, DBETA, IFAULT)

input: Choleski factorization of
derivatives as output by
COMBINE, COMBINEM or NUISNC

input: size of R

input: number of parameters

input: log-likelihood corresponding to
BETAO

input: parameter estimates from previous
iteration

input: initial stepsize - ususally one

out put: log-likelihood corresponding to
BETA1

output: parameter estimates that increase
the likelihood

output: stepsize corresponding to BETA1

input: criterion p for whether
interpolation and extrapolation

are used

array(NPARAM) workspace: holds changes in parameter

estimates from BSUB
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IFAULT Integer output: fault indicator, equal to

1 if NPARAMSO or
IR<(NPARAM+1) (NPARAM+2)/2

2 if no higher likelihood could
be found. Check derivatives
and try another starting
value.

3 if constraints are used but
unit stepsize does not work

0 otherwise

This subroutine calls subroutine BSUB described above and also a real
function ALLIKE(PARAMS, 1IP) which must be supplied by the user to

evaluate the log-likelihood at the parameter values in the real array
PARAMS(IP).

SUBROUTINE NUISNC (R, IR, NPARAM, DBDC, IDBDC, DC, DCDC, DIMAX,
ODMAX, WORKSP, IFAULT)

R Real array(IR) input: Choleski factorization of

derivatives with respect to
some parameters
output: Choleski factorization augmented
by derivatives with respect
to auxiliary parameter
NPARAM Integer input: number of parameters including

auxiliary parameter

DBDC Real array(IDBDC) input: second derivatives with
respect to main and auxiliary
parameters

I1DBDC Integer input: size of DBDC

DC Real input: DC and DCDC are first and second

derivatives with respect to

auxiliary parameters



DCDC
DIMAX

ODMAX

WORKSP
IFAULT

Real
Real

Real

Real array(NPARAM)

Integer
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input: see under DC

input: maximum absolute value on diagonal

output:

input:

output:

of Hessian on input

as on input, but updated with new
row on Hessian

maximum absolute value off
diagonal of Hessian on input

as on input, but updated with new

row on Hessian

workspace: stores rows passed to GIVEN3

output:

fault indicator, equal to
-1 if definiteness modification
was needed
1 if NPARAM:SO or
IR<(NPARAM+1) (NPARAM+2)/2
or IDBDC<(NPARAM-1)

0 otherwise
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APPENDIX B : FORTRAN SUBROUTINES FOR MODEL FITTING -- CODE

SUBROUTINE GIVEN3(R,IR,NVARS,X,V,IFAULT)

A SLIGHT MODIFICATION OF ALGORITHM AS 164 BY
STIRLING IN APPL. STATIST. (1981) VOL.30, NO.2

APPLIES GIVENS TRANSFORMS TO INCLUDE A NEW ROW OF DATA
OR CONSTRAINT WITH 3-MULTIPLICATION METHOD

REAL R(IR),X(NVARS)
DLTA ZER0O/0.0/

CHECK FOR VALID PARAMETERS

IFAULT=0
IRUSED=NVARS¥(NVARS+1)/2
IF(IR.LT.IRUSED) GOTO 1001
IF(V.LT.ZERO) GOTO 1002
VLOCAL=V

elelelelelele!

elele]

FOR EACH ROW OF UPPER TRIANGULAR R

11=0

DO 60 I=1,NVARS

I1=I1+1

XI=X(I)

XI2=XI*XI
IF(XI2.EQ.ZERO) GOTO 60
CTEMP=R(II)

1J=11

IPLUS=I+1

[elele]

[elele!

IF ZERO WEIGHT ON ROW OF R, SIMPLE PIVOT

CTEMP.GE.ZERO) GOTO 20
1)=VLOCAL/XI2

% EQ.NVARS) GOTO 70

1J

Jd

0 J=IPLUS,NVARS
+J-1

10 ) X(J)/XI

oOHOHIOH

(
F
O
J=
(I
ETUR
IF INFINITE WEIGHT ON ROW OF R, SIMPLE PIVOT

20 IF(CTEMP.GT.ZERO) GOTO 40
DO 30 J=IPLUS,NVARS
I1J=1J+J-1

30 X(J)=X(J)-XI*R(IJ)

G2TO 60

OTHERWISE ORDINARY GIVENS ROTATION

4O VNEW=VLOCAL+CTEMP*XI2
C=VLOCAL/VNEW
S=CTEMP¥*XI/VNEW
VLOCAL=VNEW
R{II1)=CTEMP¥*C
IF(I.EQ.NVARS) GOTO 70
DC 50 J=IPLUS,NVARS

[elele)

elele]

1J=1J+J-1
RTEMP=C*R(1J)+S*X(J)
X(J)=X(J)-XI*R(1J)
50 R{IJ)=RTEMP
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60 CONTINUE

C
C CHECK FOR INCONSISTENT OR DUPLICATED CONSTRAINTS
C
70 IF(R(IRUSED).EQ.ZERO) GOTO 1003
IF(VLOCAL.EQ.ZERO) IFAULT=
. RETURN
8 ERROR FLAG SET

1003 IFAULT=IFAULT+1
1002 IFAULT=IFAULTH
1001 IFAULT=IFAULT+1
RETURN
END

SUBROUTINE GIVEN2(R,IR,DM,NVARS,X,V,IFAULT)

MODIFIED UNPACKED VERSION OF ALGORITHM AS 164 BY
STIRLING IN APPL. STATIST. (1981) VOL.30, NO.2

APPLIES GIVENS TRANSFORMS TO INCLUDE A NEW ROW OF DATA
OR CONSTRAINT WITH 2-MULTIPLICATION METHOD

REAL R(IR),DM(NVARS),X(NVARS)
LOGICAL RSCX,RSCR

elelelelelele]

MACHINE DEPENDENT DECLARATIONS TO ALLOW INTEGER ARITHMETIC ON
EXPONENTS OF 64-BIT REALS ON THE PRIME 750

L INTEGER*2 IVLOCAL(4),ICTEMP(4),IRIJ(4),IXJ(4),IXI(4),IRII(4),
MAXEXP ,MA XEX 2
EQJIVALENCE (IVLOCAL(1) VLOCAL), (ICTEMPE1% ,CTEMP) ,
é % Y, IX3(1), %), (TXL(1) .XI), (IRIZ(1),RIT)
DATA MAXEXP/32 385/ MAXEX2/163f95/

DATA ZERO/0.0/

CHECK FOR VALID PARAMETERS

IFAULT=0

IRUSED=NVARS* (NVARS+1)/2
IF(IR.LT.IRUSED) GOTO 1001
IF(V.LT.ZERO) GOTO 1002
VLOCAL=V

elelele]

oo O

FOR EACH ROW OF UPPER TRIANGULAR R

11=

DO 60 I=1,NVARS
II=II+1

XI=X(I)

IF(XI.EQ.ZERO) GOTO 60
CTEMP=DM(1I)

1J=1I

IPLUS=1+1

IF ZERO WEIGHT ON ROW OF R, SIMPLE PIVOT

IFECTEMP .GE.ZERO) GOTO 20
DM(1)=VLOCAL
DO 10 J=I,NVARS
R(1J) -X(JS
110 T=1J%
1?(1 Q NVARS) GOTO 70

[elelel

anon



[elele!

elelel

elelelolelelel

[@lele]

20

120

110

w
o

=
o

130

140

90

80
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IF R(II) EQUALS ZERO, SWAP ROW WITH X. (THIS WILL NEVER HAPPEN
IF R IS BUILT UP BY GIVEN2).

EZI=R(II)

I?ERII.NE.ZERO) GOTO 110

DV (1)=VLOCAL

V_OCAL=CTEMP

L> 120 J=I,NVARS

TIMP=X(J)

X.J)=R(1J)

E . 1J)=TEMP

Tt )

XZI=X(I)

=T

CTEMP=DM(I)

IF INFINITE WEIGHT ON ROW OF R, SIMPLE PIVOT

= (CTEMP.GT. ZERO) GOTO 40
53 30 J-1PLUS, NVARS

% 3) X(J) XI*R(1J)/RII
GITO

IF WEIGHTS COULD UNDERFLOW, RESCALE ROWS. THIS IS DONE WITH
INTEGER ARITHMETIC ON EXPONENTS (LAST 16 BITS OF 64-BIT REALS
ON PRIME) AND IS VERY MACHINE DEPENDENT. FOR MACHINES THAT
REPRESENT REALS DIFFERENTLY, THIS MUST BE CODED IN ASSEMBLER TO
TAKE ADVANTAGE OF INTEGER ARITHMETIC.

ESCX= IVLOCAL(4) .GT .MAXEXP
=(.NOT.RSCX) GOTO 130

I.LOCAL(H) IVLOCAL ( 4)-MAXEXP
IXI(Y4)=IXI(4)-MAXEX2
FSCR= ICTEMP(Y4).GT.MAXEXP
I=(.NOT.RSCR) GOTO 140
I-TEMP (L) =ICTEMP (4)-MAXEXP
ISII(4)=IRII(Y4)-MAXEX2

OTHERWISE ORDINARY GIVENS ROTATION
E1=VLOCAL/CTEMP

E2=XI/RII
E22=R2*R2
I=(R22.GE.R1) GOTO 80
C™2=1.0+R22/R1
DM(I}=CTEMP*CM2
E[II)=RII*CM2
I=(I.EQ.NVARS) GOTO 70
V_OCAL=VLOCAL¥*CM2
E3=R2/R1
D3 90 J=IPLUS,NVARS
1J=1J+J-1
XI=X(J)
EZJ=R(1J)
MACHINE DEPENDENT SCALING OF ROWS
I?Eﬁscx; IXJ(L4)=IXJ(4)-MAXEX?2
“(RSCR) IRIJ(U4)=IRIJ(L)-MAXEX2

X{J)=XJ-RIJ*R2
E.IJ)=RIJ+XJ*R3
GIOTO 60

SM2=1.0+R1/R22

D”(I) VLOCAL*SM2

E(II)=XI*SM2

I (I.EQ.NVARS) GOTO 70
\V_OCAL=CTEMP *¥SM2

E3=R1/R2

DO 100 J=IPLUS,NVARS
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1J=1J+J-
XJ=X(J)
RIJ=R(IJ)
c MACHINE DEPENDENT SCALING OF ROWS
IF(RSCX ; IXJ(HL:IXJ(H)"MAXEX2
. IF(RSCR) IRIJ(4)=IRIJ(U)-MAXEX2
X(J)=XJ/R2-R1J
100 R(IJ)=XJ+RIJ*R3
c
60 CONTINUE
C
8 CHECK FOR INCONSISTENT OR DUPLICATED CONSTRAINTS
70 IF(ABS(R(IRUSED)).LE.ZERO) GOTO 1003
IF(VLOCAL.LE.ZERO) IFAULT= -1
. RETURN
% ERROR FLAG SET

1003 IFAULT=IFAULT+1
1002 IFAULT=IFAULTH
1001 IFAULT=IFAULT+1
RETURN
END

SUBROUTINE CONV23(R,IR,DM,NVARS,IFAULT)

CONVERTS FROM GIVEN2 UNPACKED FORMAT TO GIVEN3 PACKED FORMAT
REAL R(IR),DM(NVARS)
DATA ZERO/0.0/, ONE/1.0/

CHECK FOR VALID PARAMETERS

IFAULT=1

IRUSED=NVARS* (NVARS+1)/2
IF(NVARS.LE.ZERO.OR.IR.LT.IRUSED) RETURN
IFAULT=0

II=0

DO 10 I=1,NVARS

I11=1I+1

IF(DM(I).GE.ZERO) GOTO 20
R(II)= -ONE

GOTO 10

20 RII=R(II)
IF(RII.EQ.ZERO) GOTO 1000
R(II%aDM(I)/(RII*RII)
DM (I)=ONE
IF(I.EQ.NVARS) RETURN
1J=11
IPLUS=1+1
DO 30 J=IPLUS,NVARS

1J=IJ+J-1
30 R(1IJ)=R(I1J)/RII
10 CONTINUE
RETURN
SET FAULT INDICATOR

1000 IFAULT=2
RETURN
END

a0 0O 000

elelel
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o0 000

—_—
owum

C
1000

SUBROUTINE INITG(R,IR,NVARS,IFAULT)
SETS R TO THE PACKED REPRESENTATION OF THE ZERO MATRIX
2Z4L R(IR)
CHECK FOR VALID PARAMETERS
IRUSED=NVARS*(NVARS+1)/2
IFAULT=0

%S(gVARS.LE.0.0R.IRUSED.GT.IR) GOTO 1000

IFAULT=1
RETURN
END

eleieiele!

elele]

10
20
30

C
1001

SUBROUTINE BSUB(R,IR,IDEP,COEFF,IC,IFAULT)
ALGORITHM AS 164.1 APPL. STATIST. (1981) VOL.30, NO.2
PERFORMS BACK SUBSTITUTION TO GET PARAMETER ESTIMATES

REAL R(IR),COEFF(IC)
DATA ZERO/0.0/

CHECK FOR VALID PARAMETERS

IFAULT=0

II=IDEP*(IDEP+1)/2

NXVARS=IDEP-1
IF(IR.LT.II.OR,IC.LT.NXVARS) GOTO 1001
IF(NXVARS.LT.1) RETURN

BACK SUBSTITUTION

[

.LT.ZERO) IFAULT=IFAULT-1
1) GOTO 20

=NX,NXVARS
1J=1J+J-1
TEMP=TEMP-R (1J ) *COEFF (J)
N X=NX-1

COEFF (NX)=TEMP

RETURN

IFAULT=1
RETURN
ERD

N ~—~XXxXI
=SHHXY | HWHH
¢ — X X
N

8HHHHxH82x
CmmE g HOM N
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elelel elelolelelell

[elele]

elelel

[elele)

10

0
0]

50

60

70

SUBROUTINE VARS(R,IR,S,IS,NPAR,SCALE,IFAULT)

A MODIFIED VERSION OF ALGORITHM AS 164.3 APPL. STATIST. (1981)
VOL.30, NO.2

FINDS ESTIMATE OF VAR/COVAR MATRIX OF ESTIMATES USING SCALE
PARAMETER PROVIDED

REAL R(IR),S(IS)
DATA ZERO/0.0/

CHECK FOR VALID PARAMETERS
IFAULT=1
IRUSED=NPAR¥* (NPAR+1)/2
IF(IR.LT.IRUSED.OR.IS.LT.IRUSED) RETURN
IFAULT=0

INVERT UNIT UPPER TRIANGULAR MATRIX

[
[
]

0
50 I=1,NPAR
=0
0

J

IF(J.GE.I) GOTO 50
STEMP= -R(1J)

IK=1J

KJ=JJ

KMAX=I-1

KMIN=J+1

IF (KMAX.LT.KMIN) GOTO 40
DO 30 K=KMIN,KMAX
IK=TIK+1

KJ=KJ+K-1
STEMP=STEMP-R ( IK)*S(KJ)
S(1J)=STEMP

GOTO 10

CONTINUE

APPLY IDENTIFIABILITY CONSTRAINTS

—

I=
DO

3 % 1, NPAR
S SCALE*R(II)

I I11).LT.ZERO) S(II)=ZERO
C

INUE

0
60
I=1I+
(I1)=
F(R(
ONT

MULTIPLY MATRICES TOGETHER TO FORM EST OF VAR

STEMP=S(KK)
%F(I .NE.J) STEMP=STEMP*S(1J)

K=K+1



80
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IF(K.GT.NPAR) GOTO 80
KK=KK+K

KI=KI+K-1

KJ=KJ+K-1
STEMP=STEMP+S(KI) *¥*S(KJ) *S(KK)
GOTO 70

S(1J)=STEMP
RETURN
END

208

elelelele!

[elele]

elelel

elelel

[elele!

[elelel

60

50

130

SUBROUTINE COMBINE(RPLUS,IR1,RMINUS,IR2,N,WORKSP,IFAULT)

COMBINES THE CHOLESKI FACTORISATIONS OF OBSERVATIONS WITH
POSITIVE WEIGHTS (RPLUS) AND NEGATIVE WEIGHTS (RMINUS)
—— RETURNS ERROR CODE IF X'WX IS NOT POSITIVE DEFINITE --

REAL RPLUS(IR1),RMINUS(IR2),WORKSP(N)
REAL ZERO, V,CTEMP, VNEW,C,S
DATA ZERO/0.0/

CHECK FOR VALID PARAMETERS

IFAULT=1

NNP1=N¥(N+1)/2
IF(N.LT.2.0R.IR1.LT.NNP1.0R.IR2.LT.NNP1) RETURN
IFAULT=0

NPARAM=N-1

11=0
NM1=N-1
DO 130 I=1,NM1

CHECK FOR ZERO OR INFINITE WEIGHTS ON THE I'TH ROWS

II=11+1

IF(RMINUS§II;.LT.ZEHO) GOTO 130
IF(RMINUS(II).EQ.ZERO.OR.RPLUS(II).LT.ZERO) GOTO 20
V= -RMINUS(II)

CTEMP= RPLUS(II)

VNEW=V+CTEMP

IF ( VWNEW.GE.ZERO) GOTO 20

ROTATE I'TH ROWS OF RMINUS AND RPLUS

C=V/VNEW
S=CTEMP/VNEW

= —VNEW

RPLUS(II)=CTEMP*C

IF(I.EQ.N) RETURN

DO 60 J=1,1I

WORKSP(J)=ZERO

1J=11

IPLUS=I+1

DO 50 J=IPLUS,N

1J=1J+J-1
HORKSP(J}-HMINUS(IJ)—RPLUS(IJ)
RPLUS(IJ)=C*RPLUS(IJ)+S*RMINUS(IJ)

THEN INCORPORATE REMAINDER OF I'TH ROW OF RMINUS INTO RMINUS
CALL GIVEN3(RMINUS,IR2,N,WORKSP,V,IFAIL)
CONTINUE
RETURN

X'"WX NOT POSITIVE DEFINITE
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IFLULT= 2
RETURN
B3

[elelelele]

elelel

[elelele

elelel
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160

170

190

180

140

ST3ROUTINE COMBINEM(S,IS,R,IR,N,DIMAX,ODMAX,WORKSP,IFAULT)

COMBINES THE CHOLESKI FACTORISATIONS OF OBSERVATIONS WITH
POSITIVE WEIGHTS (S) AND NEGATIVE WEIGHTS (R)
—— MAKES GILL-MURRAY DEFINITENESS MODIFICATION --

RELL S(IS),R(IR),WORKSP(N),ODMAX,DIMAX
R=Z4L ZERO, EPS ELEM BETAZ2, SIIM RIIM CMAX,SIINEW,EI,A,V
DZTA ZERO/O. 0/ ONE/1. 0/, EPS/1.0E-8/

CHECK FOR VALID PARAMETERS

IFAULT=1

NNP1=N¥(N+1)/2
IF(N.LT.2.0R.IS.LT.NNP1.0R.IR.LT.NNP1) RETURN
IFAULT=0

NFARAM=N-1

APPLY CONSTRAINTS TO R AND ELIMINATE CONSTRAINED PARAMETERS
FROM S AND R

I1I=0

DC 140 I=1,NPARAM

II1=11+1

IF (R(II).EQ.ZERO) GOTO 200
IF(ABS(S(II)).GT.ZERO) GOTO 140
DC 160 J=1,1

WCRKSPEJ;=ZERO

WORKSP(I)=ONE

IF_US=I+1

J=I1

DC 170 J=IPLUS,N

IJ=1J+J-1

WCRKSP(J)=S(1J)

CALL GIVEN3(R,IR,N,WORKSP,ZERO,IFAIL)

IF{I.EQ.1) GOTO 140
Ji=I1

J=1
JI=JI-1
Jh=JI
IK=II
SJI=SEJI;
RJI=R(JI
S(JI)=ZERO
R(JI)=ZERO

DC 0 K=IPLUS,N
Jh=JK+K-1

IK=IK+K-1
S(JK)=SEJK;-SJI*SEIK;
gﬁgK%uﬂ JK)=RJI*R(IK
IF (J.GE.2) GOTO 190
CCNTINUE

FIND MAXIMUM DIAG AND OFF-DIAG ELEMENTS
OCMAX=ZERO
DIMAX=ZERO
IJ=NNP1-N

LOOP FOR I = N-1 DOWN TO 1
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I=NPARAM
LOOP FOR J = I DOWN TO 1

10 J=I
JJ=1J
20 IF(J.LE.O) GOTO 50
SJJM=ZERO
1F(S(JJ).GT.ZERO) SJJIM=ONE/S(JJ)
RJJM=ZERO

IF(R(JJ).GT.ZERO) RJJM=ONE/R(JJ)
IFEI.EQ.Jg ELEM=SJJM-RJJM
IF(I.NE.J) ELEM=S(IJ)*SJJM-R(IJ)*RJJM

LOOP FOR K = 1 UP TO (J-1)
IF(J.EQ.1) GOTO 40
KK=

IK=I*(I-1)/2

JMINUS=J-1

JK=J¥JMINUS/?2

DO 30 K=1,JMINUS

KK=KK+K

IK=IK+1

JK=JK+1

SKKM=ZERO

I*(S(KK).GT.ZERO) SKKM=ONE/S(KK)

RKKM=ZERO

IF(R(KK).GT.ZERO) RKKM=ONE/R (KK)
30 ELEM=ELEM+S(IK)*S(JK)*SKKM-R(IK)*R(JK)*RKKM

4O CONTINUE
IF(I.EQ.J% DIMAX=AMAX1(DIMAX,ABSéELEMgg
IF(I.NE.J) ODMAX=AMAX1(ODMAX, ABS(ELEM
I1J=1J-1
JJd=JJ-J
J=J-1
GOTO 20

50 I=I-1
IF(I.GT.0) GOTO 10

COMBINE POSITIVE DEFINITE AND NEGATIVE DEFINITE COMPONENTS

?%T82=AMAX1(DIMAX,ODMAX/FLOAT(NPARAM),EPS)
DO 130 I=1,N

ALTER ITH ROW OF CHOLESKI S, ....

II=II+1
IF(ABS(S(II)).EQ.ZERO) GOTO 130
SIIM=ZERO
IFES&II;.GT.ZEﬂog SIIM=ONE/S(II)
IF(R(II).LT.ZERO) GOTO 130
RIIM=ONE/R(II)
IF(I.LT.N) GOTO 60
TEMP=SIIM-RIIM
S(II)= -ONE
IF(TEMP.GT.ZERO) S(II)=ONE/TEMP
RETURN
60 CONTINUE
DO 70 J=1,I
70 WORKSP(J)=ZERO
1J=11
CMAX=ZERO
IPLUS=I+1
DD 80 J=IPLUS,N
I1J=I1J+J-1
WORKSP(J)=S(1J)

210
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S(IJ)=S(1J)*SIIM-R(IJ)*RIIM
IF(J.LT.N.AND.S(IJ).GT.CMAX) CMAX=S(1J)
CONTINUE

SIINEW=AMAX1(CMAX*CMAX/BETA2, ABS(SIIM-RIIM), EPS)
S(II1)=0ONE/SIINEW

«+ss IF GILL-MURRAY MODIFICATION IS NEEDED UPDATE
REST 0B 1S) snveiio

EI=SIINEW-SIIM+RIIM
A=SIIM/(SIIM+EI)

1J=11

DO 90 J=IPLUS,N

1J=1J+J-1
H(IJ%=REIJ%—&*WORKSP(J)
S(I1J)=S(IJ)/SIINEW
IF(EI.LE.ZERO) GOTO 100
IFAULT= -
IF(EI*A.EQ.ZERO) GOTO 100
V=ONE/(EI¥*A)

CALL GIVEN3(S,IS,N,WORKSP,V,IFAIL)

ceee THEN UPDATE REST OF R

V= SIINEW/RIIM/(SIIM+EI)
DO 110 J=1,
WORKSP(J)—ZERO
1J=11
DO 120 J=IPLUS,N
I1J=1J+J-1
WORKSP(J)=R(1J)
CALL GIVEN3(R,IR,N,WORKSP,V,IFAIL)
CONTINUE

IFAULT=2
RETURN
END

elelel elele]

elele

SUBROUTINE DIMULT(S,IS,NPARAM,WORKSP,IW)
INCREASES DIAGONAL OF HESSIAN BY TENTH

REAL S(IS),WORKSP(IW)
REAL ZERO,ONE,TEN,ELEM,V
DATA ZER0/0.0/,0NE/1.0/,TEN/10.0/

CHECK FOR VALID PARAMETERS

N=NPARAM+1
IFAULT=1

IF (NPARAM.LT.1.0R.IW.LT.N.OR.IS.LT.N¥(N+1)/2) RETURN
IFAULT=0

FIND DIAGONAL ELEMENT

11=0

DO 30 I=1,NPARAM

1J=11

I1=II+1

IF(S(II).EQ.ZERO) GOTO 30
ELEM=ZERO
IF(S(II).GT.ZERO) ELEM=ONE/S(II)
IF(I.EQ.1) GOTO 10

JJ=0

IMINUS=I-1

DO 50 J=1,IMINUS
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43

+
IF(S(JJ) GT.ZERO) ELEM=ELEM+S(I1J)*S(1J)/S(JJ)
CONTINUE

AND ADD A TENTH OF ITS VALUE TO IT

DO 20 J=1,N

HORKSPEJ;=ZEHO

WORKSP(1)=0NE

V=TEN/ELEM

CALL GIVEN3(S,IS,N,WORKSP,V,IFAIL)
CONTINUE

RETURN

END

[elele] elolelele]

[elelel
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30

SUBROUTINE STEP(R,IR,NPARAM, FO,BETAO,STEPO,F1,BETA1, STEP1,
PACC DBETA, IFAULT)

PERFORMS BARD'S STEPSIZE ALGORITHM. AN EXTERNAL FUNCTION
ALLIKE IS ASSUMED TO BE PROVIDED BY THE USER TO EVALUATE
THE LOG-LIKELIHOOD

REAL R(IR), BETAO(NPARAM) BETA1(NPARAM),DBETA (NPARAM)
LOGICAL STEPON

DATA ONE/1.0/, ZERO/O 0/,HALF/0.5/,TW0/2.0/,QUART/0.25/
DATA SMAX/1.0E3/,EPS/1.0E—13/

CHECK FOR VALID PARAMETERS

IFAULT=1

NPPLUS=NPARAM+1

NRUSED=NPPLUS¥* (NPPLUS+1)/2
IF(NPARAM.LE.0.0R.IR.LT.NRUSED.OR.PACC.LT.ZERO.g%iSQﬁC.GT.ONE)

IFAULT=0
EVALUATE INITIAL STEP

CALL BSUB(R,IR,NPPLUS,DBETA,NPARAM,IFAIL)

GO=ZERO

NN=NPARAM*NPPLUS/2

STEPONE=.FALSE.

11=0

DO 30 I=1,NPARAM

11=T11+1

IF R{II; .EQ.ZERO,AND.R(NN+1I) .NE.ZERO) STEPONE=.TRUE.
IF(R(II).GT.ZERO) GO=GO+R(NN+I)*R(NN+I)/R(II)
IF(STEPONE. AND.STEPO.NE.ONE) GOTO 50
IF(GO.EQ.ZERO) GOTO 20

SMIN=EPS*ABS(F0/GO)

STEP1=STEPO

F1=EVAL(BETAO,DBETA, STEP1, BETA1,NPARAM)

DENOM=( STEP1*G0+F0-F1)

SNEXT=TWO*STEP1

IF (DENOM.NE.ZERO) SNEXT=HALF*GO*STEP1 *STEP1/DENOM

IF LIKELIHOOD INCREASES, TRY INTERPOLATION OR EXTRAPOLATION

IF§F1.LE.FO) GOTO 40
IF(STEPONE) RETURN

IF (SNEXT.LE,ZERO) SNEXT=TWO*STEP1

SNEXT= AMIN1(SNEXT SMAX)

IF ((ONE-PACC)*STEP1.LE.SNEXT.AND. (ONE- PACC)*SNE%E .LE.STEP1)

F2=EVAL(BETAO,DBETA, SNEXT,DBETA,NPARAM)
IF(F2.LE.F1) RETURN’

*

*
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STEP1=SNEXT
F1=F2

DO 10 I=1,NPARAM
BETA1(I)=DBETA(I)
R=TURN

OTHERWISE, INTERPOLATE UNTIL LIKELIHOOD INCREASES

17 (STEPONE) GOTO 50

STEP1= AMAX1(QUART*STEP1 SNEXT)

I“(STEP1 LE.SMIN) GOTO 20

F EVAL(BETAO DBETA, STEP1,BETA1,NPARAM)

17 (F1.GT.FO) RETURN

%ﬁ:éTuHALF*GO*STEP1*STEP1/(STEP1*GO+F0-F1)
S 0

IF NO BIGGER LIKELIHOOD CAN BE FOUND, ERROR
IZAULT=2
REZTURN

UNIT STEP SIZE NEEDED, ERROR

ITAULT=3
RETURN
EXD

RZAL FUNCTION EVAL(BETAO,DBETA, STEP,BETA1,NPARAM)
EVALUATES LOG-LIKELIHOOD FOR GIVEN STEPSIZE

RZAL BETAO(NPARAM),DBETA(NPARAM), BETA1(NPARAM)

D2 10 I=1,NPARAM

E“TA1(I)’BETAO(I)+STEP*DBETA(I)
VAL=ALLIKE(BETA1,NPARAM)

RSTURN

END

elelielelele]

[elele]
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S 'BROUTINE NUISNC(R,IR,NPARAM,DBDC,IDBDC,DC,DCDC,DIMAX,ODMAX,
WORKSP IFAULT)

INCORPORATES DERIVATIVES WITH RESPECT TO AN AUXILIARY PARAMETER
INTO A CHOLESKI FACTORISATION WHICH HOLDS THE HESSIAN AND
GRADIENT FOR OTHER PARAMETERS -- MAKES GILL-MURRAY DEFINITENES

MODIFICATION TO GET A NEGATIVE DEFINITE HESSIAN

REAL R(IR),DBDC(IDBDC),WORKSP(NPARAM),DC,DCDC,DIMAX,ODMAX
REAL ZERO,EPS,ONE,BETA2,W, A, TEMP,B
D.TA ZERO/0.0/,EPS/1.0E-7/,0NE/1.0/

CHECK FOR VALID PARAMETERS

NPPLUS=NPARAM+1

N2LESS=NPARAM-1

LO=NPARAM*NPPLUS/2

IZAULT=1
%EggE%RéM.LE.1.0R.LO+NPPLUS.GT.IR.OR.IDBDC.LT.NPLESS) RETURN

COPY DERIVATIVES INTO R AFTER ELEMENTS OF KDK' AND UPDATE
DIMAX AND ODMAX

LI=L0
D 10 I=1,NPLESS
LI=LI+
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ODMAX=AMAX1(ODMAX, ABS(DBDC(I1)))
R(LI)= -DBDC(I)

R(LI+1)= DC
DIMAX=AMAX1(DIMAX,ABS(DCDC))
BETA2=AMAX1(DIMAX,ODMAX/NPARAM, EPS)

REPLACE EACH DERIVATIVE BY THE APPROPRIATE ELEMENT FROM THE
REPRESENTATION OF MFM'

LI=LO

1J=0

DC 50 I=1,NPARAM
LI=LIH+

IF(I.EQ.1) GOTO 30
IMINUS=I-1

LJ=L0

DC 20 J=1,IMINUS
LJ=LJ+1

1J=1J+1

R(LI) R(LI) -R(IJ)*R(LJ)
IJ=I1J+1

ADD TO DIAGONAL OF HESSIAN TO MAKE IT POSITIVE DEFINITE,
IF NESSECARY

IF(I.EQ.NPARAM.OR.ABS(R(IJ)).LE.ZERO) GOTO 50
RIIM=ZERO

IF(R(IJ).GT.ZERO) RIIM=ONE/R(IJ)

W= AMAX1(R(LI;*R(LI)/BETA2 RIIM, EPS) - RIIM
IF(W.LE.ZERO) GOTO 50

V=ONE/W

IFAULT= -1

DO 40 J=1,NPARAM

hORKSPEJ)=ZERO

WORKSP(I)=0NE

CALL GIVEN3(R, IR, NPARAM,WORKSP,V,IFAULT)
CONTINUE

INTERCHANGE LAST TWO ROWS AND COLS OF MFM!

A= -DCDC

LI=LO
KI=LO-NPARAM
I1I=0

DO 60 I=1,NPLESS
LI=LI#

(

(KI)=TEMP*R(II)

=A-R (KI)*TEMP
I+

=KI+1

ONE/R(KI)

(A.LT.EPS) IFAULT= -1
KI)=ONE/AMAX1(ABS(A), EPS)

=LI+1

MP=R(LI)

LI)=TEMP*R(KI)

MP=B-TEMP*R(LI)

LI+1)= -ONE

IF (TEMP.GT.ZERO) R(LI+1)=0ONE/TEMP

RETURN
END

:U'—l:U'—]L":UHmﬁ
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