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ABSTR AC T 

Th i s  thes i s  develops algori thms for max imum l i k eli hood est imat ion 

that can be i mpl emented us i ng a sequence of we ighted least squares 

compu tat i on s  and examines the ir proper t i es . 

St andar d l east squares algori thms are f irst descr i bed and the ir 

execut i on t imes , stor age requir ement s and ac curac ies ar e compared.  The 

G i vens QR algor i thm uses l ess s torage than o ther algor i thms of 

compar abl e  accuracy and i n  good impl ementations is v ir tually as f ast as 

them if there are several explanatory var i abl es .  A vers ion that can be 

used f or constr ained least squar es is desc r ibed ; it is  used for l east 

squares calcul ati ons i n  the remai nder of the thes i s . 

In many max imum l i k el i hood probl ems , the l i k el i hood can be wr it ten 

as a sum of f unct i o ns called l og-l ikel ihood components and these of ten 

depend on the unknown par ameters only through one or two quant i t ies 

cal l e d  systemat i c  parts . For these mode l s ,  a class of algor i thms 

call ed NRL algor ithms appro aches the max imum l i k el i hood est imate with a 

s equenc e of least squares calculations . For many common models , the 

Newton-Raphson algor ithm and Fi sher 's scor i ng techn ique ar e par t i c ular 

NRL algor i thms . Implementation of NRL algor i thms i s  descr ibed i n  

det a i l  an d  the r e l at i ve mer its o f  the var ious NRL algor ithms ar e 

d i scuss e d .  If the NR algor i thm i s  i n  the clas s ,  i t  converges bes t  near 

the max imum l i k el i hood est i mate ,  but other NRL algor ithms may perform 

better i n  the f ir s t  few i terat ions . Sev eral exampl es are analy sed to 

i l lu st r at e  the var ious poss ible methods . 

When the max imum l ikelihood est imates of some parame ters c an be 

wr i tten as expl i c i t  functions of the rest , the c onver genc e of the NR 

and NRL algori thms can often be i mpr oved by adjust i ng these paramet ers 

between iter at i ons . The relat i onsh ip of th is techn i que to elim i nat ion 

of thes e parame ters from the l ikel ihood is investigat e d .  In several 

typ es of model , including non l inear l e ast squares , adj ustment can be 



performed wi thout s l ow i ng the NRL i terat i o ns . A rel ate d more general 

method i s  also descr i b ed for improv ing NRL i terat ions wh en some 

parameter s  are l i near and some are non l i near in the systematic  par t s .  

Another general algor ithm call e d  the EM algorithm i s  descr i b e d .  I t  

c a n  be app l i e d  t o  several types of model for wh i ch the NR L algor i thm 

cannot be use d .  I n  some mo dels , i t  can also be implemented using a 

s equenc e  of l east s quares calculat i ons , but f or appl i cations wher e b oth 

EM and NRL algor it hms can be use d ,  the l at t er u sually converge f aster . 

Final ly , i n  two appendices ,  Fortran subr out ines that can be used to 

implement the algor ithms in the the s i s  ar e descr ibed and l i s ted . 
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SECTION 1 . 1  

1 . INTRODUCT ION 

1 . 1 PUR POSE AND SCOPE OF THE THESI S 

Most appl i cat i ons of sta t i st i c s  involve models for a vector of 

obse rved random var i ables 7 in wh i ch i t s  d istribution i s  spec if i ed , 

ap ar t from the values of some unknown par ameters , a. Often max imum 

l i k el i hood is used to est imate 8 from 7, l argely because max imum 

l ik e l ihood es ti mator s  are easi ly def ined,  have desirable asymptot i c  

p roper t i es and ar e used i n  the generalized l ik el ihood rat io test . 

The use of mul t iparameter mode ls has been hi ghly dependent on the 

ease with wh i ch they can be fitted . Ear ly in the his tory of 

s t a t i s t i c s ,  least squar es algori thms were d i scovered for 

l i k el i hood par amet er est imat ion in the normal l i near model , 

2 7 - N (IS , Io ) 

maxi mum 

I t  i s  only more r ec ent l y  that numer i cal me thods have b een developed t o  

app ly max imum l i k el i hood to other models and computers have become 

w i de l y  avai l able  to i mp l ement them at reasonable  cos t .  Howe ver most of 

the effort of develop ing max imum l i k e l i hood algor ithms has b een 

d irected at fairly  nar r ow spec i f i c  types of models and only a f ew 

paper s , such as Nelder and Wedderburn ( 1 972 ) and Dempster et al ( 1 977 ) , 
have developed general algori thms that can be app l i e d  t o  w i de classes 

of models . 

The a im of this the s i s  i s  to describe s ome general algor ithms that 

can be easi l y  used to e ff i c i ently f ind max imum l i kel ihood es timat es i n  

a w i de r ange of mul t i p ar ameter stat ist i ca l  mode ls . The algor ithms 

exam ined in the thes i s  are all based on s equences of least squares 

cal culat ions ; they can be app l i ed t o  most models that ar e common ly 
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used i n  s t at i s t i c s ,  the main ex ceptions b e ing mo dels that ar ise in  

mul tivar i at e  analys i s .  For algori thms in such areas as cluster 

analy s i s , factor analy si s ,  mul t i d imensi onal scal i ng , etc . , di ffer ent 

types of a lgori thms are usual ly needed and the r eader is r eferred for 

deta ils t o  standar d textbooks on mult ivar i ate ana ly si s .  Appli cat i ons 

in mul t i var i at e  analys is wi l l  not be cons i dered i n  this thesi s .  

I t  i s  not c l a imed that the general algori thms described i n  the 

thes i s  w i l l  be the most eff i c i ent me thods for a l l  poss ible models . 

When they are i l lustrated by applying them to spec i f i c  ex amples in the 

t ext , f a s t er algori thms m ay ex ist . H owever the algori thms that �e 

descr i b e  could be incorporated w ithin a s i ng l e  comp uter pack age and 

that a l one woul d make them attractive compar e d  to alternative methods 

invent e d  for spec i f i c  mo dels . 
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1.2 STRUCTURE OF THE THESI S 

The problem of max im i z i ng a log-l ikelihood function i(8) is  clear ly 

a special case of unconstrained op timization . General optimizat i on 

alg orithms can ther efore be used to find max imum l i k elihood est imat es . 

When appl ied to most types of model that are import ant i n  

stat i st i cs ,  many general optim i z at i on algor i thms can be impl emented 

with a sequence of least squar es calculat ions . I n  Chapter 2, l east 

squar e s  algor ithms are ther efore examined in deta il , par t i cular ly with 

regard t o  storage requ iremen t s ,  speed and accuracy of evaluat i ng f i tted 

values. 

In some models , the l og-l ikelihood func t ion i(8) can be exp ressed 

in the form 

wher e ni = ni(8) and K does not dep end on a .  In Chap ter 3 ,  algor i thms 

b ased on l e ast squar es calculat ions are develop ed for models of this  

k i nd . Spec ial cas es wh ich simpl i fy the algori thms are def ined and 

imp lementat ion is  descr ibed in detail . Propert i es of the var ious 

a lgorithms of th is type are compared.  Var i ances of parameter es ti mates 

and t e s t s  of hypotheses abou t  the parameters ar e d iscussed and the 

a l gor i thms are i llustrated w i th a few examples . 

Chap ter � extends the algor i thms to models wher e 

i(8) I ii(n�n.ni2>, • • •  ) + K 

and wher e nl1) 
= n11)(8), nl2) 

= nl2)(8), etc • •  This framework covers 

most ffiult i p ar ameter models that are common in statistics.  Spec ial 

c ases that lead to s i mpl i f i cat ions of the algori thms are ident i f i ed .  

Several t yp es o f  example ar e used t o  ill ustrate the algor ithms . 
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Somet imes the max imum l ik el i hood est imate of a sub set of par ameters 

can be expressed as an expl i c i t func t ion of the rema i n i ng parameter s .  

This c a n  b e  used either to el iminate the first subset from the 

l ikel ihood f unct ion or to adj ust the f i rst subset between j o i nt 

iter a t i ons for all par ameters . I n  Chap ter 5 ,  these str ateg ies are 

compared . They can both result in impr ovements of convergence. A 

maj o r  app l i cat ion i s  in non l i near l east squares ; f or that and some 

other types of model , adj ustmen t can be added to i ter at ions wi thout 

i ncrea s i ng execution time per iter at i on . 

A d i fferent type of algor i thm that can be appl ied to some 

mul t i p ar ameter models is  an algor ithm ca lled the EM algor ithm. The EM 
algor i thm and i ts properties are des cr ibed in Chapter 6 and some 

comp ar i s ons are made between i t  and the algor ithms developed ear l i er i n  

the thesi s .  The EM algor i thm i s  ma inly recommended for models that 

cannot be expressed in the form requ ired for the algor ithms in Chap ters 

3 and 4. 

The methods i n  the thes i s  allow a w i de class of multipar ameter 

models t o  be f i t ted us i ng a s i ngle framework wh i ch is based on a 

sequenc e  of numer ically 

Implemen t i ng the algor i thms 

stable least squares ca lculat ions . 

i n  a s i ngle computer system w ould prov i de 

user s with a system of consi derable flex ib il it y .  The user i nterface of 

such a system is  i nd i cated i n  t he conclus ion.  
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2 .  LEAST SQU AR ES ALGORITHMS 

2 . 1  THE NORMAL LINEAR MOD EL 

The ord inary normal l i near mo del , 

2 .,. - N < xa, I a ) 

5 

( 2 . 1 . 1 ) 

and the assoc i ated method of est imat i ng a by least squar es , have been 

the most w i dely used stat i s t i cal techn iques in th i s  c en tury . 

The f irst descrip tion of the method of l east squar es was g iven by 

Legendre i n  1 805 who treated the model 

i=1 , • • •  n 

wher e e 1 , • • •  , en were called " errors" . He made no d i str ibut ional 

assump t i ons but suggested est imating s 1 , • • •  , Bp to minim i z e  

a s  a n  intui t i vely reasonable met ho d .  

Gauss i n  1 809 first introduced the concept o f  normally d istr i buted 

errors and showed that with un iform pri ors on s1 , • • •  , Bp ' the l east 

squares est i mat es are at the mode of the poster ior d i str ibut i on of 

s1 , • • •  , e p . At  that t ime howev er normal ity was not r egarded as 

impor tant . Between 1 82 1  and 1 826 Gauss showed , using only assump t i ons 

of i ndependence and cons tant var i anc e ,  that the least squares 

est imators o f  s1 , • • •  , Bp ( and l i near funct ions o f  these ) have m i n imum 

v ar i ance amoung unb i ased est i mators that are linear i n  y 1 , • • •  , yn ; th is 

was used as the ma i n  j us t i f i ca t ion for the method . I t  was only l ater , 

aft er the d i str ibutions of the resi dual sum of squares and the 

parameter est imates and t es t s  about the parameter s wer e der i ved and the 
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relat i o nsh i p  of the model t o  the multivar iate normal d i s t r ibution was 

d iscov er ed , that norma l i t y  became a standard assumption of the l i near 

model and l e as t  squar es . The matr ix notat ion ( 2 . 1 . 1 )  was not used 

unt i l  A i t k en ( 1 9 35 ) .  Sea l  ( 1 967 ) and Pl ack ett ( 1 972 ) d iscuss the 

h istor i cal deve lopment of least squares .  

The model ( 2 . 1 . 1 )  i s  less restr i ct ive than i t  m i g ht i n it ially 

appear .  N on-l i near relat ionsh ips between a r esponse and an explanatory 

var i ab l e  can be mode lled by allowing transformat i on s  of e ither 

var i ab l e ,  or by add i ng extra " ex p l anatory var i ables" wh i ch ar e powers 

of the or i g i nal explanatory var i able . A mod ifica t i on of th is is t o  

model the r e l at ionship wi th a d i f f er ent po lynomial i n  d i f ferent r anges 

of expl anat ory values , with constr a ints of cont inu it y  and smoothness of 

the poly nom ials ( wh i ch ar e called spl ines ) at the values of the 

exp lanatory var iable where they meet ( wh i ch ar e cal l ed k nots ) ;  when 

the pos i t ions of these knots are f ixed,  the model c an be a ga in wr it ten 

i n  form ( 2 . 1 . 1 ) . Seasonal tr ends can be i ncorpor ated with either 

s easonal factor s  or s ine and cos ine t e rms in time . The us e of dummy 

0/ 1 var i ab l es allows all f i x ed e ff ect analy si s of var i an c e  mode ls to be 

expr esse d  i n  the form ( 2 . 1 . 1 ) .  The normal model and least squares have 

ther efor e been applied to a w i de var i ety of ar eas . 



SECTI ON 2 .  2 7 

2 . 2  ALGORITHMS BASED ON THE NORMAL EQUAT ION S  

I n  the model y - N ( Xa, Io2 ) wh ich exp l a ins the d i str ibution of a 

vector of n responses , y, in  terms of a vector of p unk nown p ar ameters ,  

a . and an unk nown scalar par ameter o , the max imum l i k el i hood least 

squar es est imator of a i s  easi ly shown to sat i sfy the 

equat i on s  

(I'  I)  a I'y 

and th i s  leads t o  the st andard t ext-book formula 

"normal" 

( 2 . 2 . 1 )  

( I  i s  assumed t o  be full rank ; otherwi se gener al i z ed i nv erses must be 

use d ) .  

Unfor tunately , est imat ing a by solv ing the normal equat ions ( 2 . 2 . 1 )  

i s  numer i cally unstable if  the columns of I ar e mult i coll i near . Th is 

is  easi l y  seen when E[ yi ] c s 1 +s2x i for i c 1 , . • •  , n . The least squar es 

e st imator of s2 must be calculated from the normal equat i ons as 

If the coeff ici en t  of var i at ion of x 1 , • • •  , xn is smal l ,  there can be 

d i sast r ous cancel lat i on error s when evaluat i ng the d enom inator . The 

mathemat i cally equivalent formulae 

or 
r< x cxHycy) 

t( x cx)
2 

pr ov i de an evaluation method that i s  much mor e stable numer i cal ly , but 

wh i ch does not u se the coeff i cients in the normal equa t i ons . 

By analog y  wi th the s i ngle exp l anatory v ar i able cas e ,  when there i s  

a constant term i n  the mode l ( wh i ch w ithout loss o f  general ity  i s  
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assume d  to be the f i rst element of 1), the normal equations ( 2 . 2 . 1 ) are 

often replaced by the equations 

-

wher e ][ is the vector 

is the mat r ix whose 

of 

* * -
( I  'I )12 

-

e, + 12 'i 

( p- 1 ) means 

columns are 

* 
X '7 

( 2 . 2 . 2) -y 

o f  the last ( p- 1 ) columns of 
* 

X, I 

th ese var i abl es w i th the i r  means 

sub tracted , y i s  the mean of 7 and I' = [B1 : 82 '] . The sums of 
* * * 

squares and pro ducts round the mean , I 'X and X '7, can b e  accumulated 

wi th e i ther a 2-pass algori thm ( the f ir s t  pass through the d ata be i ng 

to evaluate i and y) or usi ng a stable 1 -pass algor ithm such as that 

descr i b ed by Cl ar k e ( 1 977 ) . 

equa t i o ns ( 2 . 2 . 2) .  
Some compu ter pack ages f i nd 1 by solv ing 

Wr i t ing the equat ions ( 2 . 2 . 1 ) in the form ( 2.2 . 2) , however , only 

avo i ds the numerical i nst abi l i ty associated wi th one poten t ial 

col l i near ity b etween the columns of I. Any other coll i near i t i es can 

cause s imi lar cancellat ion problems and can s imi l ar l y  r esult i n  

numer i cally i naccurate est imates . In  the nex t sect ion , the i dea in the 

algori thm i mp l ied by equat ions ( 2 . 2 . 2) i s  extended to p r ov i de mor e 

accurate est imates in the p resence of any typ es of coll inear ity  between 

the columns of I. These algor i thms do not u se the coeff i cients of the 

normal equa t i ons , but ar e based on transformations of the columns of 

I and y. 
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2 . 3 QR ALGOR ITHMS 

T he most accurate methods for f i nd ing l e ast squar es e s t i mates ar e 

based on apply ing orthogonal transformat i on s  t o  the rows o f  the nx( p + 1 ) 

matr i x  [X : y] to r educe it t o  upper tr i angular form . These ar e call ed 

QR a l gor ithms because of the correspon d ing factor izat ion of [X : y], 

[x y] ( 2 . 3 . 1 )  

wher e Q i s  an nxn orthogonal matr i x  and R is  ( p +1 ) x( p+ 1 ) upp er 

tr i angu l ar . 

be  obta ined 

The matrix R in  the f actor i z at i on is the matr i x  that woul d  

from a Cholesk i factor i z at ion [I y]'[I: y] = R'R; 
howev er the QR algor ithms do not obta i n  R i n  th is way . Note that the 

l ast ( n-p-1 ) columns of Q ar e not un ique . Once a factor i z at ion o f  th i s  

for m  has been determine d ,  the least squar es est imates can b e  eas i l y  

ca lculat e d .  I f  R i s  partit i oned 

whe r e  R1 is pxp upper triangular , then the normal equat i on s  ( 2 . 2 . 1 ) can 

be wr i t ten as 

When X is of full column r ank , th i s  equa t i on can be rewr i t t en as 

a1 a ( 2 . 3 . 2 ) 

wh i ch can be easi ly and accurately s o lv e d  by back-subst i tution .  Also 

r 3 is the square r oot of the r es i dual sum of squares and the f i tted 

values can b e  found from the formula 

y ( 2 . 3 . 3 )  

where Q1 i s  the ( un ique ) matr ix cons i st ing o f  the f i rst p columns o f  Q. 
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The three Q R  a l gor i thms that wi l l  be d es cr i bed be l ow d i ffer i n  the 

way that R is bu i l t  up , in the last ( n-p- 1 ) columns of Q ( though these 

ar e not usually ex pl i c it ly evaluated ) ,  and in the way that Q1 i s  

represent ed i f  i t  i s  t o  be used later t o  f i nd y from ( 2 . 3 . 3 ) .  

( a ) Modif i ed Gram-Schmidt QR Algori thm 

Th i s  method was suggested by Bj orck ( 1 967 ) .  Us ing the not a t i on Ui 
to denot e the i ' th column of [I : y] , the algor ithm can be exp ressed as 

for i from 1 to ( p +1 ) do 

beg i n  

R i i  : =  / ( Ui ' Ui ) ; 

ui : =  ui I R i i  ; 

for j from ( i + 1 ) to ( p+ 1 ) do 

end 

p er form l east squares fit of Uj a ga inst Ui ; 

Uj :=  vector of r es i duals ; 

R i j  :=  r egress i on coeff i c ient 

Aft er th e algor ithm i s  finished , I i s  overwr i tten by Q1 and y is 
-

overwritten by ( y-y) . ( 2 . 3 . 2 ) i s  then used t o  fi nd a from R. 

The ma in d i sa dvantage wi th the algor i thm i s  that storage f or the 

whole data matr i x  [I : y] is needed and th is storage is not accessed 

sequent i ally . If n and p ar e  lar g e ,  an nx ( p+ 1 )  array of fast r andom 

access memory i s  therefore requir ed ev en when only R i s  want e d .  Also 

the columns of Q1 may not be ex actly or thogonal ;  th i s  however does not 

gener ally cause problems for l east s quar es cal c ulat ions and ,  i f  

nec es sary , the r eor thogonal izat io n  method o f  Daniel e t  al  ( 1 97 6 ) may be 

use d .  

In the fol lowing two QR algor ithms ,  a ser i es o f  orthogonal 

tr ansformations ar e appl i ed to [I : y]  to r educe it  to upper t r i angular 

form ,  so that 
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wher e each mul t i p l i cat i on by an orthogonal Oi i ntroduces certa in z eros . 

Q = o1'02' . . . Ok ' bu t th is matr ix r ar ely ne eds to be evaluate d .  Each 

Oi that i ntroduces b z eros can be char acter i z ed by b values wh i ch can 

be s t or e d  i nst ead of the zeros to all ow the transformat ion to be 

r e cons t r uc t e d .  

( b) Householder Q R  Algor ithm 

Hou seholder tr ansformations ar e p re-mult i p l i cat ions by orthogonal 

m at r ices  of the f orm 

where Ti ' Ti = 2 .  Cho i ce of Ti can be made such that 

01 [I : y] ) 

l eaves the f i rs t  ( i - 1 )  rows and columns of ( Oi _1 . . .  01 [I : y] ) 

unal te re d  and mak es i ts ( j , i ) 'th elements z ero for j =i + 1 ,  • • •  , n . Then 

( Op + 1  • . •  
o1 ) = Q ' .  I f  Ui denotes the ( n-i + 1 ) -vector cont aining the last 

( n- i + 1 ) el ements in the i ' th column of Oi _1 . . .  o1 [I : y] , then Ti can 

be fou .'1d from 

S :""  /( Ui 'Ui ) 

i f  u11 > o then s :"" -s 
R i i  : . s 
ui 1  : •  ui 1  - s 

! 0 j Ti : =  
ui I sqrt ( -ui 1  *S  ) 

L i ke the mo d i f i ed Gram-Schmi dt algor ithm, the Householder algor i thm 

needs stor age for the whole data matr ix [I : y] in f ast r andom-access 

memor y ev en if only R is neede d .  
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( c ) G i vens Q R  Algori thm 

Givens transformat ions are pre-mult iplications by orthogonal 

mat r i ce s  O ij whose on ly non-zero off-d iagonal elements ar e the ( i , j ) th 

and ( j , i ) th .  Orthogonal ity implies that all d iagonal elements ar e 1 . 0 
exc ept the ( i , i ) th and ( j , j ) th .  The cond i t ion that the ( i , j ) th element 
of a par t i c ular matr ix is  transformed to z ero by Oij is enough to 

uniquely determine it . Gi vens transformat ions ar e usually appl i e d  to 

sequent i ally introduce zeros into [I : y] by rows to mak e it upper 

t r i angular , so that 

n min( i-1 , p+1 ) 
Q n n Oj_J· i •2 j .. 1 

Its  main advant age over the Gram-Schmi dt and Householder algor ithms 

i s  that the whole data matr ix [I : y] does not need to be stored si nce 
the only r ows altered when the i ' th row is zeroed are the f irst p rows 
and the ith row ; r ows of [I : y] can be consi der ed one at a t ime then 

z eroed by Gi vens transformat ions . This is  parti cularly useful when 

there are factors in a model whose levels do not then need to be stored 

in  the expanded form of dummy var iables ; similarly ,  with polynomi al 

terms in a model all powers do not need to  be stored .  ( If the matrix 

Q1 must be reconstructed , an nx ( p+1 ) matr ix is however needed t o  k eep 
tr ack of the transformations use d .  However its elements are 

s equenti al l y  acc essed and so do not need to be in random acc ess memory 
and ,  at any rate , Q1 i s  not usually required) . 

The eff i c ient organ ization of the Gi vens method is  not w i dely 

k nown.  It is most  eas i ly descr ibed by cons idering the effect of a 

transformat ion Oj i  wh i ch zeroes the ( j , i ) th element of a matr ix U. If 

the i ' th and j ' th rows 
t ransformed into 

�:�: l J �-: 
wher e c .. uu/l( uii 

2 + uj i ) 

r ows of  U are unaltered. 

of U ar e denoted 

: l �=�: l J 

� cui ' 

CU · ' J 

by U· ' 
1 

+ suj ' l - SU· ' 
1 

and uj ' ,  they ar e 

and s = I 2 2 uj i/ ( uii  + uj i ) and the r ema ining 

Direct appli cation of this formula would  
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involve more than twice  the number of multipl ications that are used in 
the Gram-Schmidt and Householder methods . 

The number of operat ions can however be reduced if a d ifferent 

represe�tation is used  for the rows of U.  If Urn = lwizi wher e wi can be  
thought of  as a weight for the row z i and a s imilar representat ion is  

+ used for ui ( i•1 ,  • • •  , n) ,  then the transformat ion can be expressed as 

� c/(w i/w; ) zi ' + s/(wj/w; ) zj ' � 
t cl ( wj lwj ) zj ' - s/( w ilwj ) zi ' j ( 2 . 3 . 4 ) 

+ + wher e w1 and wj can be  arbi trarily chosen. This  

implies that , on input , [I  : y]  should  be represented  by  V and 

[I
* * : y ] wher e V i s  the diagonal matr ix whose diagonal elements ar e 

the weights of the rows of [I* : y* J and [I y] = v1 1 2[I* : y* J.  This  

is par t i cularly conven i ent for we ighted least squar es problems ; f or 
unw e ighted problems , V =  I. After all Gi vens rotations have been 

comp leted to reduce [I : y] to upper tr i angular , B is  represented by 

D and a* wher e B = D1 1 2a* , a* is  upper tr i angular and D is  a d iagonal 
* matr ix  of  weights for the rows of B . To evaluate 8, we can solve 

i nstead of ( 2 . 3 . 2 ) si nce the weights D do not affect the solut ion to 

( 2. 3 . 2 ) .  

+ 2 + 2 2 Gentleman( 1 97 3 )  suggested wj • wj c and wi • ( wizi i +wj zj i ) i n  

( 2 . 3 . 4 ) whi ch makes one o f  the coeff i c i ents o f  the vectors in the r i ght 

hand s ide  of ( 2 . 3 . 4 )  become unity and reduces the number of 

mul t i p l i cat ions by approx imately a quarter ; it also gives z�i • 1 ( so 
* that a becomes unit upper 

+ Wi l k i nson( 1 97 7 )  suggested ( wi 

tri angular ) .  Hammar ling ( 1 97 4 )  and 
= c2w i , w j ,., c2w j ) if  c>s or 

wh ich mak es two coeffi c ients on the < wi = s2wj , wj = s2wi ) if c�s 
r i ght hand s i de of ( 2 . 3 . 4 )  unity and a pp rox ima te ly halves the 

mul t ipli cat ions ; this results in an algori thm comparable in  sp eed 

with  the Householder and Gram-Schmidt algor ithms .  Since the weights 

may be reduced by up to a half  in  each of Hammarl i ng ' s Givens 
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rotations , there is some danger of underflow ;  however this can b e  
avoided  by per iodic rescal ing o f  rows , wh ich can b e  done with integer 

ari thmet i c  on exponents and is  therefore fast .  

TABLE 2 .  3 . 1  

Floating point multipl icat ions and squar e roots needed t o  f ind 

upper triangular R, where [I : y]'[X : y] - R'R 

First q rows t Each add it ional row 

Mult iplications 

Chol esk i 

�3 + q2 + O( q )  
3 

Modi f i ed Gram-Schmi dt 

q3 + �2 + O( q )  
2 

Householder 

�3 + �2 + O( q )  
3 2 

Gent leman ' s Gi vens 

q3 + �2 + O (q )  
2 

Hammar l i ng ' s  Gi vens 

�3 + 3 q2 + O( q )  
3 

Square roots 

q 

q 

q 

0 

0 

Multipl i c ations 

q ( q + 1 ) 
2 

q2 + 7q - 2 

t q denot es the number of  columns in [I y] 

Square roots 

0 

0 

0 

0 

0 

We next examine the execution times of the Gram-Schmi dt and 
Householder algori thms , the Gentleman and Hammarl ing vers ions of the 

Gi v ens algor ithm and an algor ithm based on the normal equat ions that 

f i nds R from a Cholesk i factorization of [I: y]'[I: y]. Table  2 . 3 . 1 

g i v es formul ae for the number s of float ing po int mult ipl icat ions and 

square roots for determination of R using eff i ciently wr itten vers i ons 

of the f i ve algori thms ; the total operations f or the f irst ( p+ 1 ) r ows 
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of [X : J] 

thereafter . 

i s  reported and also the oper ations per extra row 
It i s  assumed that [X : J] is not sparse and that it is of 

full column rank . For conven i ence we denote the number of columns of  

[I : J] by q•p+1 . The numbers of float ing point add i tions ar e 

approx imately the same as the numbers of fl oating point multipli cations 

and are not reported in the t abl e .  

In problems with  lar ge p and n not much larger than p ,  the 

Householder algori thm , Hammar l i ng ' s Gi vens algori thm and the Cholesk i 

algor ithm ar e f astest si nce the execution t imes ar e dominated by 

operat ions in the f irst q rows . In problems wi th p large and n > >  p ,  

the ex ecution t imes are domi nated by operations i n  rows after the first 

q and so the Chol eski algori thm based on the normal equat ions i s  

fastest and uses half the fl oat ing point mult ipl i cat ions o f  the 
Gram-Schmi dt algori thm , the Householder algori thm and Hammarl i ng ' s 

Gi v ens algorithm; Gentleman ' s  Gi vens algor ithm uses three times the 
float i ng point mul t ipl i cations of the Cholesk i algori thm . In  all types 

of problems with large p ,  the Householder algor ithm and Hammar ling ' s  

Gi vens algori thm are therefore comparably fas t ;  thoug h  they are slower 
than the Cholesk i algor ithm for n >> p, they are numer i cally more  
accurate and so would be preferred .  Hammarl ing ' s  Givens algori thm has 

sever al advantages over the Householder algor ithm :-

( i ) Most of  the us es of least squar es algori thms in later sect ions 

are for we ighted problems. The two Gi vens algor ithms tak e no 

longer for we ighted least squares pr obl ems , whereas the oth er 

algor ithms need  q extra mult ipl i c at io ns and a square root per 

row of [X : J] .  

( i i )  If [X : J] i s  sparse , the operations in  the 
are often substant i ally reduced from the 
2.3.1 . 

Givens algor ithm 
numbers in Table  

( i i i )  As  mentioned above , when only R i s  needed , the Householder 

and Gram-Schmi dt algori thms have cons i derably greater storage 

requirements . This is part i cular ly important if n >> p .  

H owever i n  pr oblems wi t h  large n and smal l p ,  the Householder algori thm 
i s  somewhat faster . 
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I n  v iew of these points , Hammarl i ng ' s  Givens algor i thm seems the 
�$ 

most sati sfactory of the QR algor ithms for general use L:egards speed 

and storage ,  despite i ts relative compl icat ion . Accuracy of all types 

of algor i thms will be compared in the next sect ion . 
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2 . 4  A NUMER ICAL COMPARI SON OF THE ACCURACY OF THE ALGOR ITHMS 

In th is sect ion , we investigate the numer i cal accuracy of the 

modif ied Gram-Schmi dt ( MGS ) , Householder ( HOUS ) and Gi vens ( GIV ) 
algorithms described in  Section 2 . 3 and one algor ithm ( CHOL ) based on 

the normal equations wh ich f inds the factor R in ( 2 . 3 . 1 )  from a 

Cholesk i factor ization of [I : y] ' [X : y] . The v ersions of these 

algori thms used in the i nvesti gat ion were not optimized for execut ion 
speed in any way and no attempt was made to  avoid  squar e roots . 

Modifi cat ions to impr ove ex ecut ion time need not however affect 

accuracy in any substant i al way . 

Our empiri cal compar i son i s  based on apply ing the algor ithms to a 
ser ies of problems based on ones that were used by Wampler ( 1 97 0 )  for a 

study of the accuracy of least squares algor ithms in computer pack ages . 

The problems are least squares f i ts of polynomials of d egree 4 and 5 in 

a var i ate X to 21 "responses" wh ich were  generated from the equat ion 

where the 2 1  valu es of X and E are 

0 
1 
2 

� 
5 
6 

� 
9 

1 0  
1 1  
1 2  

�� 
1 5  
1 6  
1 7  
1 8  
1 9  
20 

and 

759 
-2048 

2048 
-2048 

252 3 
-2 0 4 8 

2048 
-2 0 48 

1 8 38 
-2 0 It8 

2 0 48 
-2048 

1 8 38 
-2 0li8 

2048 
-2048 

252 3 
-204 8 

2048 
-2048 

759 
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respectively . Four scales were used for the error s ,  

E 1  
E2 

�� 
a • 0 
a • 1 
a • 1 00 
a • 1 0 , 000 

1 8  

and for each degree of polynomi al , four sets of par ameters { ei} wer e 

use d ,  as shown in Table 2 . ll . 1 . The coeff i c ients are such that Y c an b e  

exactly stored i n  s ingle prec is ion on the Pri me 750 comput er that was 
used  ( wh i ch was not true with some of Wampl er ' s examples) . Since the 
errors are orthogonal to the explanatory var i ables in all the l east 
squar es problems , the least squares estimates of the parameters should 

be the k nown coeff icients,  and this allows the accuracy of the computed 
solutions obta ined by the var ious algor ithms to be assessed . 

TABLE 2 . ll  0 1 

Par ameters used for generat ion of artif i c ial  polynomial  regressi ons 

eo e 1 e2 e3 ell e5 

Dee;ree l.j 
P1 

P2 1 0000 1 000  1 00 1 0  

P3 1 0000 -1 000 1 00 - 1 0  

pl.j 1 63l.l -2120 506 -llo 

Degree 5 
P5 1 

P6 1 00000 1 0000 1 000 1 00 1 0  

P7 1 00000 -1 0000 1 000 -1 00 1 0  -1 

P8 7230 -1 6523  6 370 -879 50 -1 

For each algori thm and each least squares pr oblem , the average 

number of correct dec imal d igit s  in the par ameter est imates , C ,  was 

calculated as the average of values 
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B· - s i - l og 1 0  i �1-� si 
the approx imate no of dec imal dig its  to  wh ich the 

machine computes 

19 

These are g i ven in  Tabl es 2 . 4 . 2  and 2 . 4 . 3 for both s i ng l e  precis ion and 

double precis ion versions of the algor ithms . The three types of QR 
algor ithm e valuate a with comparable accuracy , confirmi ng the claims in  

Chamb ers ( 1977 , page 1 20 ) and Wi l k inson ( 1 977 , se ction 5 ) .  The 

Cholesk i algori thm based on the normal equations was cons i derably less 
accurate.  However mov ing from si ngle to  double  prec ision had 
cons i derably more effect on accuracy than any differenc es between the 

algorithms . The other main feature of the tables i s  that the accuracy 

of all algori thms decreases when the errors  get bigger . 

In later chapters where l east squar es algor ithms ar e use d ,  we shall 

often be inter ested in determination of fi tted value s ,  rather than 

par ameter est imates . We next compare var ious least squar es algorithms 

for the accuracy of the ir determination of fi tted values in the 
polynomi al problems used abov e .  

Each o f  the QR algorithms can obta in the f i tted values in  two way s - -1 as either y � xa1 r2 or y s Q1r2 where Q 1 , R1 and r2 ar e defined in  

Sect ion 2 . 3 .  We denote these two vers ions of the mod i f ied Gram-Schmidt 

algorithm by MGS-X and MGS-Q , with a simi lar notation for the 
Householder and Givens algorithms . We ar e in part i cular interest e d  in 

the c ircumstances in wh ich the formula ; = JR11 r2 performs well ; i f  it 

p er forms badly compar ed to y = Q1 r2 then a representat ion of Q1 must be 

stored by the algori thms . Even though this storage w oul d be accessed 
sequent ially for the Gi vens algor ithm, the overhead woul d  destroy an 
important aspect of the advantage of the Gi vens algori thm over the 

other QR algorithms . 

For each polynomi al problem and each algorithm, the average number 

of correct decimal d i g i ts in  the f i tted values was obta ined  as 
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TABLE 2 . 4 . 2 

Number of correct dec imal d i g its in computed parameter est imates 

for polynomial problems of degree 4 

S in� le  prec is ion ( 6 . 9  significant decimal d igi t s )  
P1 P2 

E1  E2 E3 E4  E1  E2 E3 E4  

MGS-X 3 . 4 4  2 . 92 1 . 29 -0 . 70 5 . 34 5 . 23 3 .  28 1 . 29 
HOUS-X 3. 2 1  3 . 1 4  0 . 98 - 1  . 01 4 . 59 5 . 59 2 . 98  0 . 99 

GI V-X 4 . 05 3. 00 1 . 4 0  -0 . 63 5 . 24 4 . 83 3 . 4 1  1 . 37 
CHOL-X 0 . 77 1 . 49 0 . 88 - 0 . 6 4  2 . 35 2 . 1 4  3. 28 1 . 98 

P3 P4 
E 1  E2 E3 E4 E1 E2 E3 E4 

MGS-X 5 . 88 5 . 25 3 . 29 1 .  30 5 . 82 5 . 72 3 . 46 1 .  48 
HOUS-X 4 . 79 5 . 36 2 . 98 1 . 00 5.  91 5 . 20 3 . 1 4  1 . 1 7  

GIV-X 5 . 33 5 . 02 3 . 4 1  1 . 39 5 . 00 5 .  21 3. 56  1 . 55 
CHOL-X 3 . 00 3 . 00 2 . 76 1 . 20 3. 09 3 .  09 3 . 00 1 . 53 

Double 2recis ion ( 1 4 .  1 s ignificant decimal d ig it s )  

P1 P2 
E1  E2 E3 E4 E1  E2 E3 E4 

MGS-X 1 0 . 65 1 0 .79  8 . 70 6 . 67 1 2 . 60 1 2 . 45 1 0 . 70 8 . 67 

HOUS-X 1 1  • 0 1  1 0 . 31 8 . 65 7 . 1 0  1 1  . 89 1 1  • 61  1 0 . 60 9 . 1  4 

GI V-X 1 1 . 1 7 1 o .  29 8 . 50 6 . 53 1 3 . 88 1 2 .  00 1 0 . 5 1  8 . 53  

CHOL-X 7 . 81 7 . 81 7 . 8 1 7 . 8 1 9 . 8 1  9 . 81  9 . 81 9 . 8 1 

P3 P4 
E 1  E2 E3 E4 E1 E2 E3 E4 

MGS-X 1 2 . 42 1 3. 05 1 o .  70 8 . 6 1  1 2 . 81 1 3. 27 1 0 . 87 8 . 78  

HOU S-X 1 1 . 91 1 1 .  93 1 1 . 79 8 . 57 1 2 . 08 1 2 . 06 1 1 . 1 5  8 . 78 
GIV-X 1 2 . 5 4  1 2 . 7 1 1 0 . 5 1 8 . 52 1 2 . 20 1 2 . 33 1 0 . 68 8 . 67 

CHOL-X 1 1 . 38 1 1 . 47 1 1 . 47 1 1 . 47 1 o .  98 1 o. 98 1 0 . 98 1 o. 98 

20 
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E IY- Y + aE I 
E I Y-aE I 

2 1  

These values ar e shown in Tab les 2 . � . �  and 2 . � . 5 .  There 'i s not much 

d i f f er enc e between the accurac i es of the f i tted values us i ng the two 
-1 formul ae for 7· The formula 7 c JB1 r2 gave sl i ghtly mor e  accurate 

r esults if Ie i xi could be calc ul ated without large cance llat ion errors 

( sets of par ameters denot ed by P1 , P2 , P3, P5 , P6 and P7 ) ,  wher eas the 

formula 7 = Q1 r2 was slightly mor e  accurate if I ei xi inv olved 

c ancel l at ion err o rs ( sets of parameters P� and P8) . From th i s  resul t ,  

the versi on of the Gi vens algor ithm that does not stor e  Q1 and 

evaluat es 7 from the formula ; = JB1 1 r2 appears sati sfactory for most 

p roblems and the use of double p rec ision real var i ab l es is the b est way 

to get more accuracy in the fi tted val ues . 

In th is sect i on it should fi nally b e  ment i oned that the use o f  

accurat e Q R  algori thms does not mean that no thought needs t o  b e  g i ven 

by the user t o  mult i collineari t y  in his problem . A prior l inear 

t r ansformat ion of the var i ables should always b e  done by the user to 

r educe the mult i co l l inearit y  if that can be done wi thout loss of 

si gni f i cant dig i ts. For examp l e  in p olynomial r egress i on with equally 

spaced explanatory var i ables , the use of orthogonal polynomi als g ives 

more accurate answers than the most accurate al gori thm app l i e d  to 

or d inary powers of the exp l anatory var i ables . I n  many other examp l es , 

a r ough p r i or c enter i ng of the data help s .  
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TABLE 2 . � . �  
\ 

Numb er of correct dec ima l  d ig it s  in computed f i t t e d  va lues 

for polynomial pr oblems of degr ee � 

Sin�le prec is ion ( 6 . 9  s i gnificant dec imal d ig i t s )  

P1 P2 
E1 E2 E3 E� E1 E2 E3 E� 

MGS-Q 6 . �7 6 . 56 5 . 15 3 . 16 6 . 28 6 . �0 5 . 53 3 . 53 
MGS-X 6. 5 6 . 86 5 . 16 3 . 16 6 . 51 6 .  8 5 . 53 3 . 53 

HOUS-Q 5 . 57 5 . 56 �-79 2 . 81 5 . 71 5 . 67 5 . 15 3 . 19 
HO US-X 6 . 53 6 . 5� � .79 2 . 81 6 . �2 6 . 39 5 . 17 3 . 19 

GIV-Q 5 . 8� 5 . 85 5 . 23 3 . 25 5 . 72 5 . 75 5 . 5� 3 . 6� 
GIV-X 6 . 6  6 . 77 5 . 27 3 . 25 6 . �0 6 . �8 5 . 66 3 . 6� 

CHOL-X � . 66 5 . 35 �-73 3 . 26 � . 58 � .  39 5 . 20 � .  21 
P3 p� 

E1 E2 E3 E� E1 E2 E3 E� 
MGS-Q 6 . 20 6 . 26 5 .02 3 . 03 � . 89 � . 88 3 . �7 1 .  �9 
MGS-X 6 . 55 6 .  �1 5 .02 3 .03 5 . 28 �. 99 3 . �7 1 . �9 

HOUS-Q 5 . 55 5 . 58 � . 6� 2 . 68 �-9� � .85 3 . 10 1 .13 
HOUS-X 6 . 13 5 . 88 �-6� 2 . 68 �. 3 �-�9 3 . 10 1 . 13 

GIV-Q 5 . 77 5 .73 5 . 12 3 . 1  3 5 . 15 5 .11 3 . 57 1 . 58 
GIV-X 6 .01 5 . 92 5 . 1  � 3 . 13 � . 25 � .17 3 . 57 1 . 58 

CHOL-X � . 76 � . 76 � . 50 2 . 95 3 . 12 3 . 11 3 . 02 1 . 57 
Double precis ion ( 1 �. 1 s i �nifi cant de c imal  d i git s)  

P1 P2 
E1 E2 E3 E� E1 E2 E3 E� 

MGS-Q 13 . �7 13 .52 1 2 . 5 6  1 o.  �7 13 .7 � 13 . 65 1 2 .  95  1 o .  93 
MGS-X 13 . 55 13 . 71 12 . 56 10 . 5� 13 .95 13 . 67 12 . 97 10 . 93 

HOUS-Q 1 2 .  81 12 . 80 12 . 60 10 . �9 12 .79 1 2 . 8� 12 . 7� 10 . 92 
HOUS- X  13 . 78 13 . 8� 12 . �� 10 . �9 13 . �2 13 . 32 12 . 82 10 . 92 

GIV-Q 1 �. 10 13 .0� 12 . 36 10 . �1 13 . 17 13 . 07 1 2 .  72 1 o. 79 
G IV-X 1 • 1 � 13 . 7  12 . 38 10 . �1 15 . 51 13 . 75 12 . 77 10 .79 

CHOL-X 11 . 69 11 . 69 11 . 69 11 • 69 12 . 07 1 2 .07 12 . 07 12 . 07 
P3 P4  

E1 E2 E3 E� E1 E2 E3 E� 
MGS-Q 13 . �7 13 . 50 12 . �7 10 . �2 12 .0� 1 2. 0� 10 . 81 8 . 88 
MGS-X 13 . �2 13 . �0 12 . 3 10 . 35 11 • 80 11 . 66 10 . 88 8 . 80 

HOU S-Q 12 . 70 12 . 72 12 . �5 1 o .  30 12 .16 12 . 11 10 . 81 8 .78 
HO U S-X 13 .10 13 . 2� 12 . 0 10 . 30 11 • �6 11 • �8 1 o. 74 8 . 78 

GIV-Q 13 . 12 13 . 00 12 . 2 4  10 . 26 1 2 . 36 12 . 38  10 . 70 8 . 70 
G IV-X 13 . 32 13 . 16 12 . 25 10 . 26 11 • 77 11 .77 1 o. 70 8 . 70 

CHOL-X 1 2 .  47 1 2 .  46 12 . 46 12 . 46 10 .�2 10 . 42 10. 42 10 . 42 
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TABLE 2 . 4 . 5  
\ N umb er of corr ect dec imal d i g i t s  in computed f i t t ed values 

for po lynomial problems of degree 5 

S i ngle prec is ion ( 6 . 9  s i gn i f i cant dec i mal d ig i ts)  

P1 P2 
E1 E2 E3 E4 E1 E2 E3 E4 

MGS-Q 6 . 22 6 . 1 5  5 .77 3 .77 6 . 28 6 . 30 6 .  06 4 . 1 4  
MGS-X 6 . 64 6 . 63 5 . 78 3 .77 6 . 76 6 . 70 6 . 1 5 4 . 1 5  

HOUS-Q 5 .  41 5 . �9 4 . 97 2 . 99 5 . 55 5 . 54 5 . 27 3 . 36 
HO US-X 6 . 34 6 .  7 5 .00 2 . 99 6 . 33 6 . 40 5 .  37 3 . 36 

GI V-Q 5 . 85 5 . 84 5 .6 3  3 . 89 5 .76 5 . 82 5 . 78 4 . 25 
GIV-X 6 . 59 6 .71 5 . 87 3 .89 6 . 54 6 . 88 6 . 23 4 . 25 

CHOL-X 3 . 93 3 . 93 3 . 93 4 . 00 3 . 94 4 . 38 4 . 38 4 . 29 
P3 P4 

E1 E2 E3 E4 E1 E2 E3 E4 
MGS-Q 5 . 79 5 . 76 5 . 46 3 . 56 4 . 28 4 .  28 3 . 60 1 . 60 
MGS-X 5. 90 5 . 86 5 . 49 3 . 56 3 . 96 4 . 22 3 . 62 1 .  60 

HOUS-Q 5 . �0 5 . 55 4 .75 2 .  77 4 . 20 4 .  21 2 . 81 0 . 8 1 
HO US-X 5. 0 5. 88 4 . 77 2 .77 4 .  08 4 . 05 2 . 82 0 .  81 

GI V-Q 6 . go 6 . 35 5 . 6 6  3 . 67 4 . 46 4 . 47 3 .  70 1 .  71 
G I V-X 5. 1 5 . 77 5 . 59 3 . 67 3 .74 3 . 6 1 3 . 5 1 1 .  71 

CHOL-X 3 . 40 3 . 40 3 . 40 3 . 32 1 . 23 1 . 23 1 . 23 1 . 2 4  
Double prec ision ( 1 4 .  1 s i �n i f i cant de c im a l  d i � it s )  

P1 P2 
E1 E2 E3 E4 E1 E2 E3 E4 

-

MGS-Q 1 3 . 5 1 1 3 . 47 1 2 .  97 1 1 . 1 3  1 3 . 51 1 3 .  75 1 3 . 3 3  1 1  • 50 
MGS-X 1 3 .79 1 3 . 67 1 3 . 1 2  1 0 . 99 1 3 . 82 1 4 .08 1 3 . 34 1 1 . 37 

HOUS-Q 1 2 .  �� 1 2 . 67 1 2 . 6 3  1 0 . 86 1 2 .  7g 1 2 .  71 1 2. 7 4 1 1 . 73 
HO US-X 1 3 .  1 3 . 66 1 2 . 77 1 0 .75 1 3 . 4  1 3 . 54 1 3 . 20 1 1  • 73 

GI V-Q 1 3 . 06 1 3 . 1 9  1 2 . 72 1 0 . 72 1 �. 1 1  1 �· 1 1  1 2 .  98 1 1 . 09 
G I V-X 1 3 . 66 1 3 . 95 1 2 . 72 1 0 .72 1 • 1 6  1 • 03 1 3 .08 1 1 . 09 

CHOL-X 1 1 .  42 1 1 . 42 1 1 . 42 1 1 . 42 1 0 . 9 6  1 0 . 96 1 0 . 9 6  1 o .  96 
P3 P4 

E1 E2 E3 E4 E1 E2 E3 E4  
MGS-Q 1 2 . 9 6  1 2 . 97 1 2 . �8 1 0 . 92 1 1 . 1 4  1 1 .  1 4 1 0 .  � 1 8 . 95 
MGS-X 1 3 . 04 1 3 .03 1 2 .  0 1 0 . 92 1 1 . 05 1 1 .06 1 0 .  3 8 . 95 

HOUS-Q 1 2 . 70 1 2 .68 1 2 . 65 1 1 . 1 4  1 1 . 4 1  1 1 .  g3 1 0 . 57 8 . 58 
HOUS-X 1 3 . 02 1 2 . 97 1 2 . 50 1 1  • 1 4 1 0 .73 1 o . 9 1 0 . 50 8 . 58 

GI V-Q 1 3 . 43 1 3 . 5 1  1 2 . 5 1  1 0 . 50 1 1 . 90 1 1  . 86 1 0. 54 8 . 54 
GIV- X  1 3 . 1 2 1 3 .08 1 2 . 5 1 1 0 . 50 1 0 . 99 1 1  • 1 1 1 0 . 5 1  8 . 54 

CHOL-X 1 0 . 46 1 0 . 56 1 0 . 57 1 0 . 56 8 . 08 8 . 08 8 . 08 8.08 
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2 . 5  LIN EAR CONSTRAINTS 

We nex t  c o ns i der the problem of we ighted l ea st squar es subject  to q 

l inear cons t ra i nt s  on the paramet er s ,  

m i n im i z e  (y-I'8)'V(y-I'8) subj e c t  to C8xc 

wher e C and c ar e a matr ix and vector r espect i vely , of k nown constants 

and V i s  a d i ag onal matr ix whose d i ag onal elements ar e k nown weights . 

Theor et i ca ll y  the p roblem can b e  solved by using the constra ints t o  

eliminate p ar amet ers in • • ther eby reduc ing the problem to 

unconstra ined l east squar es . I n  p ract i ce ,  however , th is metho d often 

leads t o  nume r i cal i nstab i l i t y .  Ano ther more st abl e  

descr i b ed by Golub ( 1 965 ) .  Usi ng La grange mul t i p l i er s  1, 

can b e  shown t o  be 8 found by success ively so lv ing 

( a ) I'VIb = I'Vy for b 

( b) C(I'VI)-C'1 Cb-c for 

i nv erse of (I'VI) 

( c) I'VI6+C'1 � 0 for 6 
-

( d) 8 � b+6 

1, wher e (I'VX) i s  a 

me thod i s  

the solution 

general i z ed 

S t i r l i ng ( 1 9 8 1 ) however descr ibed a much s impler algor ithm, wh i ch i s  

also numer i c ally stab l e .  If c i s  cons i dered t o  be a p r i or est imate of 

ea that i s  indep endent of y and has var i ance-cov ar i ance matr i x  

var ( c) = ( o2/ k ) I, then the max imum l ik elihood est imate of 8 ( assuming 

norma l i t y )  i s  the we i ghte d least squar es solution u s i ng exp l anat ory and 

respon se var i ab l es , 

* � : l * � y l I and y 
c 

and vect or o f  we ights 

* - � V l ' V 
keq 
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where eq is a vector of q on es and v i s  the d iagonal of V. The p r i or 

est imates ar e therefore included a s  p se udo-ob servations w i th we i ght k .  

I t  is  intu i tively ob v i ous that the ex act constraints c an be i mp osed 

by l et t i ng k �� .  At k=� the est imat e ,  a, can b e  shown t o  sati sfy C8 = c 
* * * 

and the weighted r esi dua l sum of squar es from I , y and v can b e  
- -

shown t o  be (y-I8)'V(y-I8); 
sub j e c t  t o  C8 c c. 

- -a ther efor e mi nimi z es (y-Ia)'V(y-Ia) 

The constr a ined least squar es solution can ther efor e be found by 

add i ng cons traints as extra obse rv at ions wi th inf i ni te we ight s ,  

prov i ded a least squar es algor i t hm can b e  modif i e d  t o  tak e such 

inf ini t e  we ight s .  The G i vens leas t  squares algori thms descr ibed 

ear l i er can b e  easi ly mo d i f i ed to accep t such infinit e we i ghts i f  a 
- 1  . var i anc e vi = w i 1s stored for each row of data and each row of 

R r ather than we ight w i . Constr a i nt s  can b e  imposed by includ ing the 

cor r espond ing row with v i = 0. S t i r l i ng ( 1 98 1 ) show ed that the upda t i ng 

formulae ( 2 . 3 . 4 )  for Gentl eman ' s  Gi vens algor ithm us ing var i ances ar e 

as s i mple as tho se wi th we ights .  Th i s  i s  also true for Hammar l i ng ' s  

Gi v ens algor ithm. 



SECTI ON 2 . 6  27 

2 . 6  D EP END ENCIES BETWEEN EXPLANATORY VAR IABLES 

Up t o  her e it has b een ass umed e ither that I i s  of full column r ank 

or , i f  ther e ar e l i near r elat i on sh i p s  between the columns of I,  that 

i dent i f i ab i l i t y  constra ints have b een imposed to de fine a unique 8. In 

theo r y, if there is an unexpected r andom l ine ar dependency between the 

column s  of I,  ther e will  be a z er o  d iagonal el ement of R ( r if is  the 

resi dual sum of squar es from regress i ng the i ' th var i ab l e  ag ainst the 

f ir s t  ( i - 1 ) var i ab l es) . The correct least squares a nswer shoul d b e  

that t he p ar ameter est imates c orr espond ing t o  the columns o f  I i nv olved 

in the l inear dep endency are not un ique and therefore have inf ini t e  

var i ances  and corr elat ions of ± 1 . 0 .  I n  p ractice howev er , rounding 

errors oft en r esult in  small non-z ero d iagonal elements of R. Bec ause 

of the r o und i ng error s ,  the a lgori thms r eport that there are un ique 

est ima t e s  w i th v ery lar g e  var i ances and cor relat ions . These " unique" 

est i ma t es are themse lves often very large in magni tude and there can b e  

l arge c ance llat ion erors when f i n d ing fi tte d values and r esi duals from 

them . These and the r es i dual sum of squares are nume r i cally unst ab l e  

and cannot b e  use d a s  measur es of the f i t of  the mode l .  

U nf or t unately there i s  no s at i sfactory way to nume r i cal ly detect 

si ngu la r i t y  and d is tingu i sh it from near-s ingular it y .  Because of l ack 

of symmetry of the inclusi on of t he exp lanatory var i ab l es in R, the 

ab solute values of the d i a gona l  elements of R do not themse lves prov i de 

a good cr i t er ion to dec i de o n  whether a s i ngulari ty may ex i s t . T he 

infor mat ion i n  R ab out the mul t i coll inear ity of I i s  mor e  easi l y  

interp r e t ed i f  fur ther or thogonal t ransformations are app l i e d  from the 

l e ft �nd r i g ht to r educe R t o  d iagonal form , say 

* * Q RP D 
This  �nd ( 2 . 3 . 1 )  l ead t o  the f ac t or i z ation 

call e d  the  si ngular value d e c ompos i t ion 

( 2 . 6 . 1 ) 

* * 
I =  (Q1Q ')D P '  wh i ch i s  

( SVD ) of I and the d ia gona l  

e l ements of D are the s i ngular v alues o f  I .  Golub a n d  ·Re inch ( 1 97 0 ) 
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descr ibed an i te r at i ve a l gori thm to f ind the factors in ( 2 . 6 . 1 ) .  I t  i s  

desi rab le t o  s c a l e  the columns o f  I s o  that each has z er o  mean and unit 

sum of squares befor e a SVD i s  attemp ted s i nce the squar es of the 

s i ngular values are then the e i genvalu es of the correlation matrix  of 

the explan atory var i ab l es and are eas i er to interpret as pr inc i pal 

comp onents . 

The s i z e  of the sma l l est si ngul ar value seems to g i ve the most 

easi ly inte rpreted measure of whe ther there m ight be a s i ngulari ty in 
* 

I and the cor r espond ing column o f  P gives the 

r elation sh i p  betwe en the columns of I. Howe ver 

( near- )  l i near 

b ecause of the 

d i ff i culty of f i nd i ng the SVD, i t  is not r out inely us e d  in least 

squares calculation s .  An upper bound on the condit ion numb er ( rat io o f  

lar gest to s ma l l est s i ngular value)  can howeve r be foun d  fr om the upper 

tr i angular matrix  B ( Karasalo ( 1 97 4 ) , Anderson and K ar asalo ( 1 975 ) and 

Leme ir e ( 1 97 5 ) ) . I f  the user can specify the value o f  the condit ion 

number ab ove wh i ch he wi ll acc ept that a s i ngulari ty has occurred, the 

SVD need on ly be ev aluated when the upper bound from B i s  ab ov e th is 

value. 

The f i nal dec is ion ab ou t whether or not to assume that a 

s i ngul ar i ty has o ccurred and that an i denti f i abi l i ty constra i nt is  

needed, i s  howe ver st i l l  subj e ct i v e .  If a singularity i s  accep ted, the 

most sat i sfactory solu t ion is for the user to spec i fy an 
* 

i dent i f i ab il i t y  constra int, a i de d  by the columns of P • I f  the user i s  

unwi l l i ng o r  unab l e  to do th i s, i t  is  poss ible to f i nd the uni que 

soluti on 1 with minimum l eng th ( Kennedy and Gent l e, 1 980, pages 

3 1 8-31 9 ) . 
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2 . 7  A S ET OF FORTRAN SUBROUT INES FOR LEAST SQU AR ES 

The l e as t  squar es calculat ions that ar e p er formed in l at er chap ters 

of th i s  thes is are all done u s i ng the F ortran subr out ines in Append ix 

B. A pp en d ix A g ives det a il s  of the par ameter s  for each sub r outine . 

Sub r out ines GIVEN3 and G IVEN2 in Append ix B per form 

Gent l eman ' s ( 1 97 3 )  and H amm ar l i ng ' s ( 1 97 4 )  ver s i ons , respect i v e ly ,  of the 

Givens algori thm to i ncorpor ate an extra r ow of data into an upp er 

t r iangular matr ix . Both sub r out i nes use var i ances for each row rather 

than we ights and can there for e be used w i th constraints as descr ib ed i n  

Se c t i on 2 . 5 .  Subrout i ne G IVEN 3 was publi shed by S t i r l i ng ( 1 98 1 ) .  

Gentl eman ' s  Giv ens algori thm ensur es that the d iagonal e lemen ts of the 

upp er t r i angular mat r i x  r ema in one and ther efore is ab l e  to use a mor e  

compa c t  s t orage arrangement than Hamma r l i ng ' s  ver s i on .  Subr out in e  

CONV23 conv er t s  from the G IVEN 2 unpack ed format t o  t h e  GIVEN 3 pack ed 

format and subr outine IN ITG r e t ur ns the r epresentat ion of the zero 

matr i x  i n  p ack ed format .  

Two further sub r outines ar e prov ided, b oth of wh i ch ar e mi nor 

chang e s  of subroutin es p ub l i shed by Stir l i ng( 1 9 8 1 ) .  BSUB solves 

( 2 . 3 . 2 )  by back -sub st itution from the GIVEN 3 pack ed r ep r esentat ion of 

B. S ub r ou t in e  VAR S  evaluates ( I ' �) - 1  s B- 1 B-1 ' ,  wh i ch is p roport ional 

to the var i ance-covari ance mat r i x  of the least squares es timates . If 

there ar e p p ar ameters i n  1. the r esi dual sum o f  squar es is  the 

( p+1 ) ( p+2 ) /2 ' th eleme nt in the pack ed r epresentat ion of B, but a 

s ubr ou t i n e  i s  not prov i ded t o  ex tract i t . 

The subrou t i nes m ak e  no a t tempt to detect singu l a r i t y  in I. This i s  

usual ly i nd i cated b y  large values for the parameter es t imates, t he i r  

var i ances  and the ir c orr elati ons . The subroutines l eave it  t o  the user 

to mak e further ana lys�s of the type descr ibed in Sec t i on 2 . 6  i f  a 

sing u l ar i t y  is  thought t o  b e  p ossible . Linear dep endenc ies between the 
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columns of I do not ar i se in  the spec i f i c  app l i c at i ons of the least 

squar e s  subrout i ne s  in th is thesi s .  H owever in a general l e ast squares 

system, another subr outine should be avai l able to ass es s s i ngulari ty ; 

such c subrou t i ne has not b een implement ed i n  th is thes i s . 
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3 . MODELS WITH A SINGLE SYST EMAT IC PART 

3 . 1  G EK ER ALI ZED LINEAR MOD ELS 

Th i s  se c t i on d is cusses a class of mo de ls called Generali z ed Linear 

Models  wh i ch i nc lu des the normal l inear model and many o ther s imi l ar 

mo dels i nv olv ing d i str ibut ions such as the binomial and Po isson 

d i str ibu t i ons . The class of mode ls has been widely use d ,  large ly 

b ecause the computer programs GLIM and GEN STAT mak e it easy to spec ify 

and f i t  t he mode l s .  

standar d  i t er at i ve 

Thi s ,  in tur n ,  has been poss ible because a 

algor i thm for max imum l i k el ihood parameter 

es tima t ion , called F i sher ' s  scor i ng t echn i que ( FS ) , who se i terat ions 

ar e 

t;s 
c an be implement ed w i th a simi l ar ser ies  of weighted l e ast squar es 

cal cu l a t ions for all models in the c l as s .  

T h e  method arose o u t  of one f o r  binom i a l  data that was or i ginated 

by F i nney( 1 9 47 ) . H e  pr oposed model l i ng r esponses whi ch are numbers o f  

successes o u t  of r i tr i als , using 

paramet e rs r i and � i wher e 

b inomi al di str ibut ions with 

� ( · )  i s  the unit normal d istr ibut ion funct ion and xi ' a  is a l inear 

f unc t i on of exp lanatory var i ables and unk nown parameters ; th is i s  

cal l e d  a p r ob i t  model . H e  showed that the cal culations for apply i ng F S  

t o  the prob i t  mo del could be expressed as a ser i es of w e i g hted lea st 

squares calculat ions . Nelder ( 1 96 8 )  found a simi l ar result for normal 

models i nvolv ing inv erse p olynomi als with E [ yi ] s ( xi ' a) - 1
• 
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These models and algorithms were generali z ed by Nelder and 
Wedderbll!'n( 1 972 ) to  a general exponential fami ly of independent 

d istributions wh i ch they called General i z ed Linear Models ( GLM ' s )  and 

wh i ch have l og probab i l i ty dens i ty funct ions of the form 

( 3 . 1 . 1 ) 
where e i and ni 

as the 

.. ][i ' .  . 

binomi a l ,  
These models cover many standard 

distributions such Po isson , gamma and normal 
d istr ibutions and allow the mean E[ yi ] .. g ' ( e i ) to be related to the 

l inear part ni in an ar bitrary way . Nelder and Wedderburn( 1 97 2 )  

descr ibe  sever al appl ications o f  the models ; others ar e described by 

Manly and Crosb i e( 1 977 ) .  

In  t� is se ction we restrict at tent ion to  the spec ial case wher e � 
in ( 3 . 1 . 1 )  is  a known value ( such as in the binomial and Poi sson 

d istr ibu�ion s ) . I n  Chapter 4 we shall describe  how the method can be 
extended to models whi ch have extra unknown aux i l i ary parameters such 

as � ·  ��en � i s  a known constant , FS for • is equivalent to a 

procedure of i terat ively rewe ighted l east squares ( IRLS)  wi th we ights 
* wi , "r espons e" var i able z i and explanatory var iables Ii where 

and 

w1. g ' ' ( e . )  { k ' ( n - ) } 2 
1 1 

,. 

Y i - g ' ( e i ) 
n1· + g " ( e . ) k ' ( n . ) 1 1 

Since g ' ' ( e i ) = var ( yi ) /a( � ) 2 , all weights ar e posit ive . The IRLS 

calc ul at i ons do not involve � and we shall see later that the same 

algor it� can also be used even when � is  unknown , though str i ctly th is 
is  not j o i nt FS  f or • and �·  

The par ameter iz ation was called the " natural" 
parameter i z at i on by Nelder and Wedderburn ( 1 972 ) . Wi th th is 

par ameter i z at ion , and fix ed ,  known �.  the l ik elihood function is  convex 

and does not have multiple local maxima ;  i f  the algor i thm converges ,  
i t  i s  t c  the unique max imum l i k el i hood est imate of • ·  I t  can also b e  
shown that this  F S  algori thm converges quadratically once i t  is  near 
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enough to the max imum l ikel ihood estimate . For other relat ionsh ips 
between ei and ni ( other l ink funct ions in GLIM terminology ) ,  the IRLS 

algor i thm d oes not have these proper t i es . In pract i ce however , the 

algori thm usually s eems to converge and problems wi th mul tiple local 
max i� = seem rare .  

Nelder and Wedderburn( 1 97 2 )  suggested solv ing g ' ( e i ) • yi ( that i s ,  

E [ yi ] = y i ) for e i and usi ng one FS iter at ion with e i replaced by th is 
* i n  the formulae for wi and z i , in order to  get starting values for a .  

B�cause of the simpl i c ity  of the algor ithm and its ease of u se in  

the �IM system ( and also i n  GENSTAT ) ,  much effort has been expended on 

express ing other models that are not GLMs in a form that all ows the 

algori thm to be used .  
describ ed nex t .  

Two import ant examples o f  this  type are 

Mzny mult inomial models can be  fitted by pretend ing that the ce ll 

counts have indep endent Po isson d istr ibut ions .  If  the expected  cell 

counts ar e E [ yi ] = � i = �i ( a) for i= 1 , • • • , n , then the kernel of the 

multinomial log-l ikel ihood i s  

with the constra int ,  I�i = N wher e N is  the known mult inomial total .  

The max imum of this function with respect t o  a subject to I� i = N ,  is  

i denti cal to the max imum of 

* 
.2. < a) 

with r espect to  a subj ect to  I�i • N .  I n  some models I�i ( a) = N for 

all 8 and so the constra int i s  unnecessary .  Most other models of 

importance ( such as log-l inear models ) can be reparameter i z ed in the 
* 

form �i ( a) = 6 1 � i < a2 ) and it  can be shown that the unconstrained 

max im� of .2.
*

( 8) then sat i sfies  I�i = N .  In both case s ,  max imum 

l ik el i hood est imates can be found by the unconstrained max imi z at ion of 
* 

.2. ( a) and th is i s  the k ernel  of the log-l ikelihood of a sample of 

independent Poi sson var iables . If a is involved l inearly in �i ( 8) the 

models can be treated as if they wer e Poisson GLMs ( Nelder and 
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Wedderbur n ,  1 97 2  and Nelde r ,  1 9 74 ) .  

A i t k in and Cl ay ton( 1 9 80 ) ingeniously showed that proport ional 

hazards mode ls for c ensore d  s urv ival dat a  wi th hazard funct i on 

have a l og-l i k e l i hood that can be wri tten in  the form 

, �i = H 0 ( y i ) k ( Ii ' • ) and where w i cO if the i ' th 

observat i o n  i s  censored and w i c 1  otherwise . 

i nv o lv e  • and can the r efor e be i gnored ; 

The last term does not 

the k erne l of i { • ) is  then 

i den t i cal to the l og-l i k e l ihood of the GLM where wi is  as sume d to have 

a Po i s son d i str ibution,  s o  that Ne lder an d Wed derbur n ' s  algori thm can 

be ap� l i ed . ( Aux i l i ary p ar ameters in the base-l ine haz ar d  func t ion 

h0 { y ) , however ,  do not usually factor iz e out in the w ay r equ ired f or 

GLM ' s  and alt ernati ve methods must be used t o  estimat e them) . 
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3 . 2  SOME MOD ELS OUTSIDE THE C LASS OF GENERALI ZED LINEAR MOD ELS 

T hough the exponent i a l  f amily of General i z ed Li near Mode ls ( GLM ' s )  

cover s many st andard types o f  mode ls for independent r espons es , o thers 

ou ts i de that c lass ar e s omet imes appropr i at e .  

d escr i b ed in th i s  s ection.  

A f ew examples ar e 

Some mo dels i nv olve d istr ibutions in an expon ential f ami l y , but the ir 

paramet er s  are not i nvo lved in the form required for GLM ' s .  

( a ) An extens i o n  t o  the normal l i near mo del yi - N ( xi ' a) for 

i c1 , • • •  , n , was p r oposed by Box and Cox( 1 96 4 )  for s i tuat ions wher e 

the d is tr ibut i o n  o f  yi i s  skew with its var i ance e ither 

i ncrea s i ng or decrea s i ng with its mean . They s uggested the mo del 

where 
( y�- 1 ) / �  

y ( � ) 
c 

{ 
log ( y) 

( This  i s  a r eparame ter izat ion of an ord i nary power t r ansformat ion 

of the response to m ak e  it  c ont inuous in � and y at �=0 ) .  

Manly( 1 97 6 )  pr opos ed another model wi th s imi lar pr oper t i es 

but that can b e  u se d  even if some y i <O , 

where 

y� �J - N ( xi ' a , o2) 

{ ( ex p( �y) -1 ) / � 

y 

Note that y ( � ) 
c ( log y ) [ �J . In both types of mode l , the unk nown 

par ameter � does not f i t  into the GLM fr amework . 
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( b )  Nonlinear normal models in wh ich E[ yi ] is a non l i near function 

o f  S are often use d .  Wedderburn ( 1 97 4 ) , Jennr i ch and Moore ( 1 975 ) 

and Jorgensen ( 1 9 8 3 ) d i s c us s  ex tens i ons of GLM ' s  t o  non linear 

mode l s . 

( c ) I f  E [ yi ] s xi ' S  and y i i s  normall y d istributed,  the ord inary 

normal l i ne ar model can be modif i ed to exp l a in certain types of 

heteroscedas t i c i t y .  If the vari ance of y i i n cre ases ( or 

d ecreases) with i t s  mean xi ' S , then the mo del 

Y i - N (x i ' S  , o2v ( xi ' S ) )  

c an b e  use d f or some funct i on v ( • ) .  Excep t on the rar e  oc cas ion 

when v ( • )  can b e  fully spec i f i ed prior to coll ec t i ng the data , 

the  f unction v ( • )  must incorporate aux il i ar y  par ame ters , such as 

v ( xi ' t , <f> ) 

or v ( xi ' t , <f> ) 

+ <f> . Xi ' S  

exp { <f> . xi ' S} 

I n  both case s ,  constant var i ance corresponds to <f>=O . 

W i l l i ams( 1 9 59 ) , F i nn ey and Phi ll ips( 1 977 ) and Raab( 1 9 81 ) 

c onsi der ed models of th i s  f orm . 

Another mor e  g ener al assumption suggested by Rutemi l ler and 

Bower s( 1 96 8 )  and Harvey ( 1 97 6 ) , that c an also be used to expla i n  

non-constant var i ance i s  that var ( yi ) dep ends on explanatory 
* 

var i abl es in the vector xi whose components ar e not ne cessar ily  

the same as  thes.e i n  xi . This model i s  

( 3 . 2 . 1 ) 

whe r e  v ( • )  is  common ly e ither the i dent i ty or exp onential 

f unc t i o n .  L inear mode ls wi th random coeff i c i ents can also be 

exp ressed i n  this  heteroscedasti c  form ( H i l dr eth and Houck , 

1 9 68 ) .  

( d ) Many responses that ar e counts have var i ances that ar e l ar ger 

t han expected under the Poi sson d istr ibut i on. The negat i ve 

b i nomi a l  d i str i bution i s  oft en used as an alt ernat ive i n  these 
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c ir cums t anc es . Appl i cat i ons in si ngle-sample s i t ua t i ons include 

acc i dent pronen ess ( Greenwood and Yul e ,  1 92 0 ) ,  consumer 

pur c hasi ng ( Chatf i eld , 1 969 ) ,  med i cal consultat i o ns ( Ki lpatr i ck ,  

1 97 7 ) and measur i ng wi l d l i f e  populat ions ( White  and Eberhardt , 

1 98 0 ) .  Wi th a r andom sample from a single neg ative bi nomial 

d i s t r ibut ion,  the parameter izat ion used i s  unimportant . Howe ver , 

d if f erent par ameter i z at i ons result in d i fferent r egress ion mo dels 

( St ir l i ng ,  1 98 � ) . The mode ls can be motiv ated i n  one of two 

way s  

( 1 ) The indiv i dual count yi has a Po i sson d istr ibuti on with mean 

mi , but m i is also random , mi - ( � i/ � i ) Gamma ( � i ) .  The 

compound d i str ibut ion of yi , wh i ch Johnso n and Kotz( 1 9 6 9 ) 

denote by 

i s  then negat i ve binomial w i th mean �i and var i ance 

� i ( 1 + � i
1 � i ) .  The d istr ibution i s  only i n  Nelder and 

Wedderburn ' s  exp onent i al family if  a ll � i are the same and 

ar e known . I n  practi ce howev er , { � i } ar e r ar ely known and � i 
m ay also depend on � i · 

( 2 )  The measured count yi i s  the sum of counts i n  r i " cluster s "  

wher e r i - Po i sson( A i ) and the number o f  i nd iv i dua ls i n  each 

c luster has an i ndep endent l og ser i es d i str ibution w i th 

p ar ameter e i . The d i stribution of yi , wh i ch Johnson and 

Kotz( 1 969 ) denote by 

i s  negat i v e  b inomial w i th mean vi and var i ance v i ( 1 + � i ) wher e 

and 

T he r easonable assumption of constant � i r esults in a 

d i stribution that i s  not a GLM ; its  var i anc e is  a differ ent 

f unc t ion o f  i t s  mean from the relat ionsh i p  i n  ( 1 ) .  

r elat i onsh ips between �i and � i ar e also p ossi ble . 

Other 
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In prac t i ce ,  the mechan i sm generat i ng the dat a i s  rarely 

k nown well enough t o  allow the r el at i onsh ip between the mean and 

vari anc e to be specif ied be f ore th e dat a are col l ected . I f  

enough data ar e avail able , a mor e  gener al negative b i nomial  model 

could b e  tr i ed wh i ch has ,  as special c ases , the mode l s  w i th 

c o ns t ant �i in ( 1 ) and ( 2 )  abov e  an d wh i ch i s  de f i ne d  by the 

r e l at i o nsh i p  

The two assump t i ons ( 1 ) and ( 2 )  t o ge th er actual ly r esult in  the 

d istr ibut ion 

( Po isson ( mi )� Ganma ( � i , A i / �i ) ) � log ser i es ( e i ) 
mi 

•h ich,  though it i s  not exactly neg at i ve b i nomi al , has the ab ov e 

r e l at io nsh i p  between its mean and vari ance ( Johnson and Kot z , 

1 96 9 , pages 1 25 and 204 ) .  

Another mor e gener al assump tion that was used by Manton and 

ROodbury ( 1 98 1 ) is found by spec ify ing the shap e p ar amet er �i in 

( 1 ) or ( 2 )  as a f unction of ex planatory factors , 

where � ( · )  i s  some s�mple f unct ion such as the i dent i t y  or 
* 

exponent i al f unct i on and Ii may include exp lanatory var i ab les 

that also affect the mean . 

The var ious str ateg i e s  f o r  modell ing the aux i l i ary par ameter 

her e ( constant , 

�odels d i scussed 

d i str ibution.  

depending on �i or depend ing 

in ( c ) f or the v ar i anc e 

* 
on xi ' a) mirror the 

of the normal 

( e) A problem �·hat can ar i s e  w i th regress ion models for b inomi al 

data i s  that someti mes even ext reme values of an explanatory 

var i able r esult in a propor t ion � of respons es with 0 < � < 1 .  
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F i nney ( 1 9 44 ) descr ibed an extens ion of the prob it mo del to 

i nclude such " r es i dual r espons es " ,  

y i binomi al (r i ' 4> + ( 1 -q,)  � (Ii I I) ) . 
S i mi l ar mod i f i cat ions can be made to o ther types of model f or 

b i nomi al data , such as log it mo dels . 

Some c�monly used models i nvol ve d i str ibutions that are not in  an 

exponent i al f ami l y . 

( f )  I f  ther e ar e a few extr eme errors ( outl i ers) , ( y i-xi ' I) that 

w oul d be unl ikely in the normal d istr ibut ion, but the rema i n i ng 

standard assump tions of independence , l inear it y  and constant 

v ar i anc e  a l l  hold , then the assumpt ion of normal i ty c an be 

replaced by another d is tribu t i on with longer , th i ck er ta ils . A 

f r equent l y  us ed class of such th i ck er- tai led alternati ves has l og 

probab i l i t y  densi ty func t i ons of the form 

log f i ( yi ) = - � < l y i-xi ' l l o- 1 ) - l og o 

- l og { t:coex p( -� ( I z I ) )  dz 
( The resu l t i ng max imum l ike l ihood es ti mator s  wer e  cal l ed r obus t  

M-e s t i ma t ors by Huber ( 1 9 6 4 ) ) .  Standar d  distribu t i ons of th is 

f orm are the double exponen t i al d i s tr ibut ion w i th 

� ( u) a: u 

atl d the t-d istribution with � degrees of free dom 

� ( u) 
( q,+ 1 ) 

log ( 1 + u2/q,)  . 
2 

Another e x ample is the d is tr ibution suggested by Hub er with 

� ( u)  
= ! 

Andrews e t  al( 1 97 2 )  compare several such es t i mator s .  Ano ther 

distr i b ut i on wh i ch is mor e robust than the d istr i butions used i n  
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that s tudy , i s  th e l og-t ai l e d  d istr ibut ion w i th 

� ( u) 

wher e � >  1 ( St i r l i ng , 1 9 84 ) . Most mo dels of these t y pes involve 

an extra unk nown par ameter � .  The on ly d i str ibution in the GLM 

c l as s  that i s  symmetr i c for all values of the parameter s  i s  the 

normal d istr ibution , so no robu st mo de ls ar e GLM ' s .  

( g ) A s imi lar pr oblem to that d i scussed in ( d ) for P o is son c ounts 

may also ar ise with the b i nomi al dis tribution ; the actual 

var i an ce i s  someti mes gr e ater than the theore t i cal b i nomial 

var i anc e.  Skellam( 1 9 48 ) der i ved the compound distr ibution 

and showed that it was beta-binomial wi th probab il i t y  function 

B ( ai+ yi • r i+ si-yi ) 

B ( a i , S i ) 

for y i = 0 , 1 ,  • • •  , r i , where B ( • , • )  is  the beta func t i on .  This has 

mean r i n i and var i ance r ini ( 1 -n i ) { 1 + ( r i-1 ) / ( a i + S i + 1 ) } where 

n i = ai / ( a i + Si ) .  Exampl es of i t s  use in a non-r e gr ession sett i ng 

wer e g i ven by I sh i i  and Hayak awa ( 1 960 ) ,  Chat f i e l d  and 

Goo dhardt ( 1 970 ) and Gr i ff i ths( 1 97 3 ) . Crowder( 1 97 8 ) d escr ibed a 

r eg ress i on model of this form with 

and the r easonab le assumption of constant ( ai + Si ) ;  other 

assump tions such as constant S i ar e ,  however , also poss ibl e . 

None of the beta-b inomi al mo dels ar e in  Nelder and Wedderburn ' s  

exponen tial fami l y .  

( h) Another ar ea to wh i ch m u c h  r esearch has r ecently been direct e d  

b u t  where GLMs a r e  not appr opr i ate i s  the analys i s  of surv ival or 

l i f et im e  data . An imp ort ant character istic of this t ype of data 
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i s  that i t  i s  often censore d  so that the exact t ime o f  failur e  or 

de ath , y i , i s  only k nown pr ov i ded y i 
t i me i s  j ust r e corded as " above t . " .  1 
Pr ent i c e ( 1 98 0 ,  Chap ter 2 )  des cr ibe 

otherw i se fai l ur e  

Kalbf l e i sch and 

several parametr i c  

d i stributions that have b een used for survival dat a.  These hav e 

b e en ex t ended i nto r egr es s ion mode ls in two way s .  

( 1 ) Pr oport ional hazards mo de ls wer e  suggest ed by Cox( 1 972 ) .  I f  

the i ' th fai l ur e  time has probabi l i ty densi ty f unct ion 

f i ( y ) and d is tr ibution funct ion F i ( y) , then p roport ional 

hazards mode ls as sume that differ enc es in expl anatory 

var i abl es have the same proportional effect on the haz ar d  

The i ' th 

ind iv i dual ' s  hazar d  f unction can ther efor e b e  wr it ten as 

for some f unct ions h0 ( · ) and k ( • ) .  

( 2 )  Acce lerated f a ilure t i me models assume that the expl anatory 

var i ables act d irectly on the time scal e so that 

for some f unct i ons F0 ( · ) and k ( • ) .  

Models o f  these types hav e been use d both w i t h  a par ametr i c  

b ase l i ne d istribut ion corr esponding t o  h0 ( · ) or F0 ( · ) and also 

non-parametr i cal l y  wher e  the basel ine 

unspec if ied.  Usually k (  • )  � exp ( • ) .  

d i s t r ibut ion i s  

Some models i nvolve cor re l ated r espons es and therefor e a r e  not GLM ' s . 

( i ) Most mo dels for corr elat e d  r espons es ar e based on the mult i var i at e  

normal d istr ibu t ion,  
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The most c ommon s ourc es of th i s  model are in  experi mental d es i gns 

w i th r andom e ff ects and i n  t ime ser ies data . 

r andom e f f ects mode ls can be wri t ten as 

xa + � z . e .  
i .. 1 1 1 

The most gener al 

2 wher e ei - N ( O , I o i ) for i c1 , • • •  , ( k-1 ) ar e v e ctors of r andom 

effects , Zk = I a nd ek i s  the vector of independent errors . Not e 

that the vectors ei ar e usua lly not all of the same length , 

I n  t ime ser i es dat a the observat i o n  yi i s  assumed to b e  

dep endent i n  some way on prev ious values Y ( i- 1 ) , Y ( i -2 ) , • • •  , 
al though o ften c orrelate d w i th Y ( i +1 ) , Y ( i +2 ) , • • •  , i t  is not 

c ausally a f f ected by sub sequent values in the t i m e  ser i es . F i rst 

or der autoregress i ve ( AR )  mo dels ar e such that 

Y = • · ' • + e  i 1 p i 

* 2 wher e { ei } ar e indep endent N ( O , o ) .  First or der mov ing aver ag e 

( MA )  mo dels ar e of the f orm 

2 whe r e  { ei } ar e indep endent N ( O , o ) .  The order s  of AR and MA 
mo de ls can be increase d and they can be comb ined to g i ve ARMA 

mode l s .  

( j )  T h e  ma in non-normal d istribution used in mo dels f o r  corr elated 

r espo nses is the mul t i nomi al d i str ibution.  Thi s  can ar i se when a 

nomi nal r esponse or an or d inal response i s  t o  b e  r elated to 

expl anatory v a r i abl es ( McCul lagh( 1 98 0 )  and Anderson and 

P h i l i p s ( 1 9 8 1 ) ) .  It i s  also used in most mo dels for cont ingency 

t ab l es ; dep end i ng on how the t able was r e co r de d ,  ei ther the 

who l e  t able  i s  usually assumed to be mult i nomi al or each of 

se veral l ayer s  is  assumed to be independently mul t i nomi al ( Bi shop 

et al , 1 97 5 ) .  I n  all cases , we can denot e the data by Y ij for 

i =l , • • • • � and j =1 , • • •  , a  wher e [ yi 1 • · · · · Yi a] f or i z: 1 , • • • •  � are 

i n dep endent mult inomi al vec tors with me ans [ lJi 1  , • •  • • lli a] and 
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Var ious mo dels have b een p r op osed to explain the dependenc e of 

�i j  on explanatory var i ables . In cont i ng ency tabl es , log-l i near 

models with 

a r e  usually appr op r i at e .  B i shop e t  al ( 1 9 75 ) , F i enberg( 1 98 0 ) and 

sever al other b ooks on cont ing ency t ables descr i b e  many 

mean i ngful l og-l inear models . Occasional ly l inear mode ls are 

app r op r i at e ,  as in  tables with m ar g inal homogen eit y ( We dderburn,  

1 97 4 ) ; the hypothes i s  of symme t ry can be expr essed e i ther as a 

l i near or l og-l i near mo del . 

Mul t i nom i al models for ord inal r es ponses ar e usually expressed 

in terms of an as sume d underly i ng unob served quant i t at i ve 

respons e zi with some cumulat ive  distribution funct ion 

� ( z i-xi ' a) ; it i s  ass umed that or dinal r esponse j i s  r e cor ded i f  

K ·  1 ( Z ·  � K
J
· S O that 

J - 1 
llij  ni { � ( Kj -xi ' a) - � ( Kj _ 1 -xi ' a) } .  

In l ater s ec t i o ns of thi s  thes i s ,  algor i thms wi l l  be deve l ope d that can 

be app l i e d  to many of the t ypes of mode l descr ibed ab ov e .  
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3 . 3  G EN ER AL O PT IMI ZAT I ON ALGORI THMS FOR MAXIMUM LIKEL IHOOD 

We shall f irst express l og-l ikelihoods in a part i cular way that 

wi l l  be u seful when max imum l ikel ihood algori thms are cons i dere d  l ater . 

All mult iparameter mo dels that depend on a ve ctor of p unk nown 

par ameters 8 have log-l ikelihoods that can b e  wri t ten in the form 

i ( O) = \� 1 i . ( n . ) + K P L1 • 1 1 ( 3 . 3 . 1 ) 

where ni = ni ( 8) 

syst emat i c  par t  

for i = 1 , • • •  , m  ar e scalar functions cal l e d  the 

of the mo del , K does not depend on 8 and ii ( • ) for 

i =1 , • • •  , m  ar e call e d  log-l i k el ihood comp onent s .  Tr iv ially w e  may 

alway s define m=1 , i1 ( n1 ) = n1 , K=O and n1 ( 8) .. i (  8) , but other 

def i n i t i ons of the l og-like l i hood components wi th m >  ar e o ften mor e 

useful . The r eprese nt at ion of any mo del i n  terms of a syst emat i c  part 

an d l og-l ikel ihood components is not un i q ue .  

W i th independent d iscrete or cont i nuous response s ,  the 

l og-l ike l ihood components woul d usually be t aken to be the ind iv i dual 

log probab i l i ty funct ions or log probab i l i t y  dens i ty functions ; mi xed  

i ndependent d i str ibu t i ons such as c ensor e d  surv ival distr i but ions can 

be sim i l ar ly expresse d .  For example in c ensored d i stribut ions , the 

exact fai lure time y i i s  only known prov i de d  y i <t i otherwi se fai lure 

t i me is j ust r ecor ded as " above t i " ·  If  the probabil i ty dens i t y  

function of Y i i s  f ( yi I n i ) then it corresponds to a log-l i k e l i hood 

component 

l l og f ( y i I ni ) i f  y i < t i ii ( ni ) 

J; . f ( yi l og I n i ) dy i i f  Y i � t i • 1 

Many models for dependent observat i ons also have log-l i k e l i hoods 

that can be wr i t t en as a sum of simple l og-l i k elihood components . For 

exampl e ,  i f  y1 , • • •  , yn are counts wi th a mult inomial or product 
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distribut ion and E [ yi ] c ni ( a) then we 

45 

can defi ne 

ii ( ni ) • y i l og ni . I f  a v ector of n measurements , y, i s  mult i var i at e  

normal w i t h  mean depend ing on a and k nown variance-covar i ance matr i x , 

then the r e  ex i st independent l i near func t ions of y, bi ' Y for i = 1 , • . • , n  

and the l og-l ikeli hood comp onents can be defi ned as the logar i thms of 

the normal probab i l i ty dens i t i es of these ; i f  there a re unk nown 

parameters  in the var i ance- covar i ance matrix then b1 , • . •  , bn i n  the 

log-l i k el i hood components would be functions of these par ameters . 

Many mode ls for t i me ser i es data can be u sefully wr i t t en as a sum 

of l og-l i k elihood components that ar e l og s  of the cond i t ional 

prob ab i l i t y  ( dens i t y )  func t i ons of y i cond i t iona l on y 1 , • • •  , y ( i - 1 )  f or 

i -= 1 , • • •  , n. 

A f i n al ex ample her e i s  the mo del suggest ed by Box and Cox( 1 9 6 4 )  i n  

wh i ch t r ansf ormat ions of n i ndep en dent r esponses ar e as sume d to sat i sfy 

an o r d i nary normal l inear model , but wher e the tr ansformat ions i nvolve 

an unknown parame ter . The l og-l i kel ihood can be wr i t t en as the sum o f  

( n+ 1 ) log-l i k el i hood comp onents where the f irst n ar e l ogari thms of 

normal probab i l i ty dens i ty f unct ions and the l ast i s  the Jacob i an of 

the tr ansformat ion of the r esponse s .  

The problem of 

spec i a l  case o f  

max imiz ing 

general 

a log-l i k el i hood i(a) is 

unconstra ined opt imiz at ion.  

opt i m i z at i on algor i thms can ther efore be used to f ind 

clearly a 

General 

max i mum 

l i k e l i hood est imates . However the special structure of i(a), wh i ch 

al l ows expectat ions to be t ak en ,  somet i mes a lso allow s  o ther a l gor i thms 

to b e  u se d .  We next d i scuss general max imum l ik elihood algor i thms . 

O p t i m i z at i on algor i thms c an be broken into two classe s ,  ( a ) 

algor i thms that evaluate ( or approx imat e )  se cond derivatives of i (a) 
and ( b )  tho se that do not . The l atter me thods i nclude sear ch m ethods 

such as the simplex method ( N e l d er and Mea d , 1 9 65 ) wh ich ar e u se ful for 

d i sco nt inuous f unc t ions , and grad i ent methods such as steep es t  descent 

( Ca uch y , 1 8 47 ) and conj ugate grad i ents ( He s tenes and St i efel , 1 9 52 ) .  

For large problems , they r equ ire much l es s  s torage than seco nd 
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der i v at i ve me thods and they may need to be used for thi s  re ason if many 

parame ters must be est imate d .  Howe ver ,  they ar e oft en very slow to 

conver g e  and therefore second der ivative methods w ould be prefer r ed i n  

appl i c a t i o ns wher e these can b e  easily evaluated.  Since the 

appl i cations that wi l l  be exam i ned later in th i s  thes i s  are of th i s  

typ e ,  w e  now restr i c t  atten t i o n  t o  se cond der ivat ive algor ithms . 

I f  a i s  c lose enough t o  the max imum l i k elihood l i k el i hood estimate 

a for a qua drat i c  approximat i o n  t o  be use d ,  then 

( 3 . 3 . 2 )  

where B = a2 � ( 8) / a 82 and g = a � ( 8 ) / aa.  All se cond der ivative metho ds 

are based on i terations o f  the f orm 

= ( 3 . 3 . 3 ) 

wher e A i s  a matrix close ly related to B .  

Set t ing A=B defines the Newton-Raphson (NR ) algor ithm .  It 

converges q uadr at i cally when a is near a. In mo dels with log-l i k el i hood 

of the f orm ( 3 . 3 . 1 ) , the i t erat i ons can be expr es se d as 

+ a2t < a)  - 1  

�R = a -
[ 

a a2 ] [ a i C 8)  ] a a 
a + (X'VX � B)- 1  I ' Y  

( 3 . 3 . 4 ) 

( 3 . 3 . 5 ) 

wher e I has i ' th row xi ' = a ni/ a a' ,  T is  the vector wi th i ' th element 

i ' th d iagonal element 

The NR algor ithm can have 

two p roblems lead i ng to non- conver gence , so that a mod i f i ed me thod must 

be used in prac t i ce : -

De f in i teness Mod if i cat i ons 

I f  B i s  not negative  definite ,  the full NR i t erat ions will 

l ead t owar ds a min imum or saddlepoint of the l i k el i hood . 

Three typ es of mod i f i cat ion have been sugges te d ,  ea ch o f  

wh i ch entails sub tr acti ng a posi tive definite  matr i x  E from 

B such that A - BrE i s  negative definite.  
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( i ) E • L�c1 max ( £- A i , O )uiui ' where { A i l and { ui } are the 
e igenvalues and correspond ing eigenvectors  of H ,  and £ 
is  a small constant ; this was sug gested by  
Greenstadt ( 1 967 ) .  

( i i )  K = max ( c- A 1 , c- A2 , • • .  , c- AP ' 0 ) 1 was suggest ed by 
Goldfel d ,  et a l ( 1 966 ) .  

( i i i )  Gi l l  and Murray ( 1 97 4 ) described how to f ind a small 

diagonal matr ix  K wh ich is  suff ic ient to mak e A negative 

defi nite .  E i s  found in the course of a Cholesk i 

factor i z at ion of -H and involves l i ttle extra work over 
that necessary to f ind A-1 s.  The method ensures that all 

diagonal elements of the Cholesk i factor i z ation are at 
least c .  Since ( i )  and ( i i ) involve computing 

e igenvalues and e igenv ectors of H ,  method ( i i i )  is 

normally used . 

One undesirable feature of all defi nit eness modifications 

above is that they are affected by the uni ts i n  whi ch the 

paramet ers are measured . In the intr oduction to the E04 
optimization subroutines in the NAG subr out ine  l ibrary ( 1 98 3 )  
the following recommendat ion is  therefore made . 

" Scal i ng ( in a br oadly def ined sense ) often has a 

significant i nfluence on the performance of optimizat ion 

methods . Sinc e convergence toleranc es and other cri t er i a  

are nec essar i l y  based o n  an impl i c it defini tion of " small" 

and " la r ge" , pr oblems wi th unusual or unbal anc ed scal i ng 

may cause d i f f i cult ies for some algorithms . Nonetheless , 
there are currently no scal ing r out ines in  the l ibrary , 

although the pos i t ion i s  under cons tant rev iew. In l ight 

of the pr esent state of the art , i t  i s  cons i dered that 
sensible scaling by the user i s  l ik ely to be 
effective than any automati c  rout ine • • • • • • •  

more 

One method of scaling is to transform the variab les 

from the ir or i g inal r epr esentat ion, wh i ch may reflect the 

physical nature of the problem ,  to var i ables that have 

certain desirable  properties in terms of opt imization .  I t  
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i s  general ly he lpful for the fol lowing cond i t ions to be 

sat i sf ied : 

( a) the var i ables ar e all of simi lar magni tude in the 

r eg ion of i nter est ; 

( b )  a f i x ed chang e in any of the var i ab l es r esults in 

simi lar cha nges in ( the func t ion b e i ng max imize d ) . 

I d eally , a un i t  change in any 

uni t  change i n  ( the function ) ; 

( c ) the var i ables are tr ansformed 

var i ab l e  

so as 

produces a 

to avoi d  

c ance llat ion 

function ) . " 

error in the e valua t ion of ( the 

The requir ement is  not too cr it i cal in  most examples though 

in extreme l y  badly s caled examp l es ,  the ab ove def ini teness 

modif i c at i ons may not r esult in an effective search d ir ection 

or step s i z e .  The user must therefore g i ve scal i ng some 

thoug ht . 

St eps ize mod i f i cat ions 

Even when A i s  negative defi n i t e ,  e;R mi ght actually step too 

far and r educ e the l i ke l ihood . Two modif i cat ions can be 

used . 

( i ) A =  a-
1 (B - E )  where 0 � a � 1 and E i s  a def initeness 

mod i f i cat ion if one is r equ ired . The s i mp l es t  strategy 

i s  to halve a unt i l  8+ has h igher l ik e l i hood than a. 
O ther s ea rch me t hods such as that of Bard( 1 9 7 4 ,  pages 

1 1 0- 1 1 3 ) use quadrat i c  approx imat ions to update a .  
( i i )  A s  ( B - E - di ) where d�O .  This was s u gg ested by 

Mar quardt ( 1 96 3 )  as a mo difi cat ion of the Gauss-Newton 

me thod for non-l i near least squares but i s  equally 

app l i cable h ere ; Marquar dt ' s  algor i thm for u pdating d 

i n  each i terat ion c an be use d .  The m et hod has the 

advantage of app r oaching the steepest descent step 

d i r ec t ion as d i s  i n cr eased. 

Definiten ess and step s i z e  mo d i f i cat ions ar e usually only r equired 

i n  the f irst few i terations s i nc e  the quadrat i c  approx i mation ( 3 . 3 . 2 )  
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b e come s more a c curate as the solut ion i s  approache d .  The mod i f i ed NR 

algor i thm ther e fore becomes i dent i cal to unmo d i f i e d  NR once close 

enough to the max i mum l ikel ihood estimat e .  Although the mod i f i ed NR 

method c onverges to a l o cal max imum of the l i k el i hood, th i s  may not be 

a global max i mum . The only sati sfactory w ay to get some i dea of 

whether a global max i mum has been r eache d seems to b e  to perform the 

i t er at io ns from several start i ng valu es ( unl ess theory c an pr ove that 

there i s  a un i q ue l ocal max imum) . 

Whe n  B i s  d i f f i c ul t  to ev alua t e ,  other def init ions of A can be 

use d .  F i sh er ' s  scor i ng te chn ique ( FS )  uses the approx i mat ion A • E[B] 

so that -A i s  the F i sher ' s  in format ion mat rix and 

+ �s ( 3 . 3 . 6 )  

This de f in i t ion of A does not tend to B as the max i mum l i kelihood 

solution is approached and so has poorer convergence than NR near a; 

howev er i t  has the adv ant age that A i s  alway s negat ive semi -defi nite so 

that def i n it eness mo d i f i cations ar e unnecessary to get conv ergence . 

Mantel and My ers ( 1 9 7 1 ) found F S  mor e l i kely t o  converge than 

unmo d i f i ed NR i n  a problem with c ensored data , but that i f  b oth methods 

conver ge d ,  N R  was fas ter . These r esults may hol d for other problems ; 

further compar isons ar e made in l ater sections . Step si z e  mo dif ications 

ar e s t i l l  neede d  for the FS a l gor i thm to ens ur e  convergence . 

Ano ther def ini tion of A i s  g iv en by the quasi -Newton ( QN )  method 

( Da v i do n ,  1 9 59 ) . T h i s  use s the gradients and funct ion evaluat ions i n  

succ ess i ve i terat i ons to bui l d  up a negat i ve def ini te approximation 

A to B ,  so that A � B as the i t er ations progress . L i k e  the FS 

algor i thm, & is n eg at ive def i n i t e at each i t er at i o n  and therefore 

defi n i t e ness mo dif i c at i ons ar e unnecessary . However we shall be 

r estr i c t i ng at tent ion in later sections of the thes i s  to algor i thms 

that can b e  implement ed with a sequence of l e ast squares calculat i ons . 

S i nc e  the QN algor i thm does not f i t  into that framework ,  i t  i s  not 

examined further i n  this thes i s . 

A f ourth type of definit ion of the matrix  A i n  ( 3 . 3 . 3 )  is 
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described nex t .  * F i r st ni ( · ) is  def ined to  be the first two terms of a 

Taylor ser ies  for ni ( • ) round 1, 
* + ni ( I  ) 

* 
wher e xi is the i ' th r ow of matr ix X in ( 3 . 3 . 5 ) .  If i ( 8) is used to 

* denote the log-l i k el i hood with ni ( • ) replaced by ni ( • ) ,  then 

and 

* Cl 2.  ( I) 
Cl I 

()2 2.* ( 1) 
Cl I -I' IIX  

* If  an iteration of  NR to maximiz e  2. ( I) is used  in each iter at ion 

r ather than NR app l i e d  to £( 1) , we call the algor i thm a NRL algor ithm, 
since it i s  found by apply ing NR to �i near i z ed systemat ic  parts , and 

+ 
�RL ( 3 . 3 . 7 )  

where I, V and T are  as in ( 3 . 3 . 5 ) .  Th is is an extens ion of the 

Gauss-Newt on algor i thm for nonlinear l e ast squares and is of the form 

( 3 . 3 . 3 )  wi th A =  (X ' VI ) . As ment ioned at the start of th is se ction , 

there i s  not a uni que way to spec ify a model in terms of log-l ikelihood 
components and a systemat i c  part .  Whereas the NR and FS algori thms are 
not affected by th i s ,  redefining the sy stematic part leads to a 
different NRL algor i thm, so that there i s  a whole class of NRL 

algor i thms . Both definiteness and st epsi z e  modif ications may be 
needed .  

We shall examine var ious proper t i es o f  NRL algorithms , the ir 

implementat ion and the ir re lationsh i p  to NR and FS in Sect ions 3 . 4  to 

3 . 7 . We end thi s  se ction by descr ib ing one particular type of NRL 

algor i thm that can be used for estimat ion in many models .  The 
log-l i k eli hood components are often bounded above by values ai wh ich 
may dep end on y, but not 1. If  the systematic part ni ( 8) i s  defined to 

be the square root of ( ai minus the i ' th log-l ikelihood component) , 

then 

( 3 . 3 . 8 )  



SECTI ON 3 . 3  51  

The NRL a lgori thm appl i ed t o  this systemat i c  part is then i dent i ca l  to 

the Gau s s-Newton alg or ithm appl ied to th i s  nonli near l e ast sq uar es 

prob l em . Thi s  is the algori thm sug gested by Ross( 1 9 82 ) and sinc e  

(I'VX) i s  posi tive semi -d efi n i t e ,  de finit eness mo d i f i c at ions ar e no t 

nee de d .  
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3 . 4  IMPL EM ENTAT I ON OF UNMO DIFI ED NRL ALGOR I THMS 

The �ain advantage of NRL alg or i thms ov er NR and FS is that their 

i t erat ions c an always be eas i ly and accurately e valuated w i th we i gh t ed 

least squar es calc ulat i o ns .  I t er a t ions of a NR L algor ithm can b e  

expr essec i n  the form of we i ghte d l east squar es cal cul ations in two 

way s si nce 

+ �RL a + (X'WX) -1 I'Vz 
(I'WX) -1 I 'Vz* 

( 3 . 4 . 1 )  
( 3 . 4 . 2 )  

wher e z = v-1 T, z* 
= (Xa+V-1 T) and X, V and T ar e as defi ned i n  

( 3 . 3 . 5 ) . Equat i on ( 3 . 4 . 2 )  i s  in a simil ar form to Nel der and 

Wedderburn ' s  i t e ra t i v ely rewe ighted least squar es iterat ions for GLM ' s .  

H owever ( 3 . 4 . 1 ) i s  s i mpler and w ould be preferred in most appl i cati ons ; 

its  w e i ghted least squares c alculat ions have " e xplanatory" 
2 2 wi = - a  �i ( ni ) / a ni and 

v ar i ab l es 

"r espons es " 

2 2 Whe n  a �i ( ni ) / a ni = 0 ,  wh ich oc curs i f  �i ( n) is  l inear or has a 

point o f  infl e c t i on a t  ni ' the ab ov e formulae cannot b e  use d .  Howev er 

the requ ir ed effect for any such observat ion,  wh ich i s  t o  incr ease 

I'Vz b y  f a �i ( ni ) / a ni } xi b ut t o  leave X'WX unalt ered ,  can b e  found by 

r eplac i ng  it wi t h  two p seudo-obs ervat ions , 

w �  1 )  .. w �2 )  - - 1 1 1 
z �  1 )  .. a �i < ni ) / a ni z �2 )  - 0 ( 3 . 4 . 3 ) 1 1 
I� 1 )  - xi I�2 )  "' xi 1 1 

A l though the basic NRL a lgori thm descr ibe d ab ove conv erges for most 

d i str ibutions and data sets , NRL d oes not gua rantee convergence to a 

max imum of th e l ik eli hood . As  di scussed in Sec t ion 3 . 3 , (X 'WX) shoul d  

b e  pos i t i ve def i n i t e  at each i t erat ion for the a l gori thm t o  converg e .  

Even i f  I'WX i s  posi t ive  definit e ,  an i t er at i on may s tep t o o  f ar and 
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reduc e the l ikelihood . Def ini teness and s t epsize mod i f i cat i ons may 

ther efore be neede d .  

aspects of the b as i c  

I n  .th is se ction , we descr ib e comp ut ational 

unmod if i ed algori thm . Impl ementat ion of 

de f init eness and stepsiz e mod i f ications is descr ibed in det a il i n  

Sec t ion 3 . 7 .  

\I� c.:\ et" 
If the weighted sums of sq uar es matr i x I'tiX andLI ' Vz  ( th e  Hess ian 

and grad i ent ) are formed,  then the NR L i terat ions can be computed w i th 

standar d de f in i teness and step s iz e mo d i f ications us ing ex i st i ng g ener al 

op timiz at i on r ou t i nes for solv i ng ( 3 . 3 . 3 ) , such as tho se in the NAG 

l ib rary . However i t  was shown in Chapter 2 that algor ithms for l east 

squar es based on the sum of squares mat r i x  can be very i nac cur ate when 

I is mult icoll inear . The ma in numer i c al advanta ge in r epresent ing 

i t er at i o ns as weighted least squares calculat ions is that mor e  accurate 

least squares algor i thms based o n  QR factor izat ions c an then b e  u sed . 

For some defi nit ions of the s y st emat i c  parts , a2�i ( ni ) / a ni2 < 0 for 

all ni and i ;  the systematic p ar t  n i is then called conv ex . I n  mo dels 

wi th convex sys temat i c  parts, a l l  we ights are posi tive in the l east 

sq uar es calculat ions , defi niteness mo d i f ications ar e unnec essary and 

the NRL algori thm can be implemente d us i ng the least squares r ou t i nes 

in many ex i st ing stat i s ti cal c omputer pack ages . I n  models wh ose 

sys temat i c  part i s  not convex , s ome we i ghts in the NRL a l g or i thm may be 

negat ive and the standard QR algor i thms must be mo d i f i e d  t o  all ow 

these.  The nec essary mod if i c a t i ons to the Gi vens a lgori thm are 

desc r i b e d  below ; s imi lar mo d i f i c a t i o ns to the other QR a lg or ithms 

could b e  made. 

Prov i d e d  [I : z] ' i(I : z] r emains posit ive semi defi n i t e as new rows 

of [I : z] are incorporate d ,  the Gi vens algor ithm desc r i b ed in Se ction 

2 . 3  can b e  used even with negat i v e  weights.  It  however lose s  numer i c al 

stab il it y  when a new row with negat ive weigh t  changes [I : z] ' i(I : z] 

from b e i ng posi tive def ini te t o  posi t i ve sem i def ini te or indef in i t e .  

( Some indefinite matr i ces do not even have Cholesk i factor i z at i o ns )  • 

This  p r ob l em may ar is e even wh en the f i nal [I z] ' i(I : z] i s  posit ive 

defi n i te ,  dep ending on the order i ng of the rows of [I : z] . 
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The b est s olu t i o n  i s  t o  sep ar ately accumulate the rows of [ X  : z] 

w ith pos i t i v e  and negat ive  weights , so that Ri , R2 , D1 and D2 ar e found 

where 

[I : z] ' V[I : z] 

R 1 and R2 ar e upp er t r i angular and D1 and D2 are d i a gonal w i th 

non-n egative element s .  If [I : z] ' V[ I  : z] i s  not pos i t i ve 

semi-def in i t e ,  a def i n i t en ess mod i f i cation may be nec essary be fore the 

pos i t ive and negat i v e  parts can be combine d ;  a method o f  doing th is i s  

des cr ibed in Sec t i on 3 . 7 .  I n  si tuat ions where a de f i n i t eness 

modifi c at ion is unnecessary , we can f i n d  an upper tri a ng ular matr ix 

R and a d i a gonal matrix D such that 

R ' Dil  

I t  i s  a f a ir ly easy mat ter t o  c alculate R and D s ince R ' DR 

where 

l and »* 

Gi vens r ot at ions can ther efore b e  appl ied  
* 

t o  the r ows of R* ( wi th 

we ights given by D ) t o  r educe it to u pper tr iangular . Subrout i ne 

COMBINE , wh ich is  l i sted in Append ix B ,  determines R and D f r om R1 , R2 , 

I t  r eturns an error code ( I FAULT=2 ) i f  a defi n i t eness 

mo dif i c at i o n  is nee de d .  

Once R has b een evalua t e d ,  the NRL step for the p unk nown 

p ar ameter s  a can b e  found fr om i t  i n  exactly the same way as i n  

or din ary l e ast squar es . In  p art i c ul a r ,  i f  the first p r ows of R are 

[R1 : r2J wi th R1 u n i t  u pp er tri angular,  then the NRL s t ep is given by 

( 3 . l.J . l.J ) 

wh i ch i s  equ ivalent t o  ( 2 . 3 . 2 ) and can a lso be eas i l y  solved by 

back-sub st i tution us ing subr out ine BSU B in A ppend ix B .  

Ther e i s  no general way t o  obt a i n  starting values for the NRL 

algor i thm that c an b e  used for all mo dels , and in s ome types of mo dels , 
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the mo del ler must supply an i n i t i a l  guess at t h e  values of some o r  a l l  

parame t er s .  Th i s  c an h owever be avo i ded i n  mode ls where the paramet ers 

occur l inearly , so that ni = ni ( vi ) where vi c xi ' '  and xi may depend 

on y but not on • for i =1 , • • •  , n. In these mo de ls , the NRL l ea st 

sq uares calculat ion ( 3 . 4 . 2 )  o nly depends on • thr ough the vector v wi th 

components v1 , • • • , vn · S t i r l i ng ( 1 9 8 4 )  suggested using formula ( 3 . 4 . 2 ) 

i n  a prelimi n ary i te rat i on wi th v r eplaced b y  an est imate fr om a 

related model that can be more easi ly f i t t e d ,  in order t o  get a 

star t i ng value for • ·  I n  p arti cular, a saturat ed mo del in  wh i ch each vi 
i s  tr eat ed as a sep ar a t e  p ar ameter , can s omet imes b e  use d ;  s imp l e  

expl i c it max imum l i k el i hood est imates for v c a n  oft en be found for 

satur ated models an d th i s  i s  closely related t o  the method used to g et 

star t i ng values for g ener ali z ed l inear mo dels by Ne lder and We dderburn 

( 1 972 ) .  If  a sequence of models is to be f i t ted,  i t  i s  usual ly an 

improv ement to use the value of v from the las t i t erat ion of the mos t  

s imilar  mo del a lr ea dy f i tt e d .  Other examples o f  th e use of simpl er 

r e lated mode ls to ge t s t ar t i ng values,  are descr ibed for particular 

examples in later se c t i o ns .  

I n  mo dels whose p arame t er s  ar e not inv olve d l inearly , ( 3 . 4 . 2 )  

d ep ends on the value of 1 from the prev ious i t er at ion b oth through q( 8)  

and als o I( ,) , so the ab ov e technique for ob ta ining star t ing values 

cannot be use d ;  a star t i ng value for • mus t  b e  ob taine d  i n  s ome other 

way .  

I f  I can b e  p art i tione d ,  ,, • [ 81 ' : 82 ' ]  and the systematic  par t  

ni can b e  wr i t t en a s  a funct ion o f  •1 and vi c xi ' � only , then the 

least squar es c a lculat i o n  in ( 3 . 4 . 2 )  als o only dep ends on •1 and 

v1 , • • •  , vn . I f  the use r  can g ive a prel im inar y value to •1 with e i ther 

a gu es s ,  any ( poss ibly ineff i c ient )  est i ma t i on me thod or  wi th a f i x e d  

"mo der ate" valu e , then the method ab ov e c ou ld be use d ,  with •1 assume d 

to b e  k nown and f i x ed,  to get star t i ng values for v1 , • • •  , vn ·  These , 

wi th the preliminary value of ,1 , can b e  used i n  ( 3 . 4 . 2 )  to get a 

star t i ng value for all  parame t er s .  

If  1 can b e  par t i tioned a s  ab ov e and the syst ema t i c  part dep ends 



SEC TI ON 3 . 4  56 

only on t1 and vi • xi < t1 ) ' 'z then ,  if ,1 is assumed to b e  k nown and 

f i x e d ,  the par amet er s  tz occ ur l inearly and a star t ing value for e2 c an 

be found from ( 3 . 4 . 2 )  appl i ed to th i s  constrained mode l .  The u s er 

ther efor e ag ain only needs t o  specify a star t ing value for e1 • Th is 

t echn i q ue of obt ain ing star t i ng vaules i s  r e lat ed t o  metho ds that will  

be d i scus sed in Chap ter 5 and in par t i cular Sec t io n  5 . 3 . 

We end th is se ct ion by descr ib ing the c omputations inv olv e d  for a 

Po isson exampl e .  F or some Po i s son dat a ,  the numbe r  of even t s  r e cor ded 

( such as acc idents ) is the total of event s of differ ent types cause d  by 

d i f f er en t  factor s .  The Po i sson mean is then the sum of the unknown 

comp onent means and attemp ting to use exp lanat ory var i ables t o  descr ib e 

these l eads to a l inear mo de l with E [ yi ] = xi ' S. We c o ns i der tw o 

def ini t ions of the systema t i c  parts ,  

and 

X ·  ' 8  1 

D ir ec t  appl i cation of formula ( 3 . 4 . 1 )  t o  implemen t the NRL algori thms 

with these tw o sy stemat i c  par t s  involves sequences of weighted least 

squares ca l culat ions wi th " expl anatory" var i ab l e s ,  

we ight s ,  

( A 1 ) wi c y i ( xi ' 8) -2 

and " r esonses " , 

( A  1 )  

( A 2 ) 

( A 2 )  z . = ( y . / ( x . ' 8 ) - 1 )  1 1 1 

The calculat i ons for ( A 2 ) are s impl if i e d  and compar i so ns wi th ( A 1 ) 

become easi e r  i f  its i ' th explanat ory and r esponse var i ab les ar e 

mul t ipl i e d  by ( xi ' S) and its  i ' th weight i s  d iv ided by ( xi ' 8) 2 . Both 

NRL alg or it hms then use " explanat ory" vari ab l es xi and the "r esponses "  

f o r  b oth a l g or it hms a r e  given by the formula 
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where the we i ghts are 

( A  1 ) ( A 2 )  

For the algor ithm ( A 1 ) b ase d o n  sy stematic  par t  (Ii ' 8) ;  wi s 0 i f  

yi = 0 and any such observation must b e  r eplaced by two 

pse udo-observations as descr i b ed by equation ( 3 . 4 . 3 ) .  Star t ing values 

can be found from s imi lar least squ ares calculat ions wi th r esponses z i * 
replaced by z i • z i+ (Ii ' 8) and ( Ii ' 8) rep laced by max ( y i , 0 . 5 ) ,  th e 

est imate from the saturated mo de l ,  throughout . Syst ema t i c  p art ( A 2 )  i s  

convex and so is  systemat i c  part ( A 1 ) i f  a l l  y i> O .  When a l l  yi> O ,  b oth 

algori thms can therefore be implemented u s i ng th e s t andard we i ghted 

least squar es algor ithms i n  ex i s t i ng stat i s t i cal comp uter pack ages . 

TABLE 3 . 4 . 1  

Art i f i ci al D at a  f or F i tti ng Poi sson M odel 

D at a  S et 1 D at a  S et 2 

Count , Expl ana tor y 

Var i abl e ,  d i 

Count , Expl anatory 

Var i abl e , d i 

1 0  

7 

4 

2 

3 

4 

5 

1 0  

7 

4 

0 

2 

3 

4 

5 

Both NRL a lgor i thms have reasonably good conver genc e for many 

Po i sson data se t s ,  but algori thm ( A2 )  can be p oor at times . For 

examp l e , b oth algori thms were appl ied to f i t  the model w i th 

in Table 3 . 4 . 1  and the ir i t er at ions ar e 

shown in Table 3 . 4 . 2 . Algor i t hm ( A 1 ) conv erges cons iderab ly better 

than ( A 2 ) . A more ext reme example is g i ven by dat a set  2 in T ab l e  
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3 . 4 . 1 . The i terat ions of the two algori thms appl i e d  to th i s  exampl e  

ar e shown in Tab le 3 . 4 . 3 .  Al gor ithm ( A 2 )  h a s  intol e- r ably b ad 

con ver genc e her e and was st i l l  not sati sf actor _d !j c lose t o  the max imum 

l i k el i hood est imate aft er 5 0  it eratio ns ; algor ithm ( A 1 )  would clear ly 

be preferred.  

TABLE 3 . 4 . 2  

I ter at i ons of two N RL A l gori thms Appl i ed t o  D at a  S et 1 i n  T abl e 3 .  4 .  1 

S t ar t i ng Val ues ( I t er at i on 0 )  were Foun d  as De cri bed in  the Text . 

L o g- C onver gence 
I ter at i on 81 8 2 R at e , C t L i k el i hood 

Al go ri t hm  ( A 1 )  - NR 
0 2 . 1 1 61 1  - 0 . 03607 - 1 � . 09459 
1 � . 96726 - 0 . 29548 - . 2 41 95 0 . 70054 
2 • 31 968 -0 . 761 6l -6 . 5 4 386 0 . 4291 1 

� � . 7 8554 - 1 . 0 �09 - 6 . 3053g o .  1 5269 
. 04 4 0 0  -1 . 1 869 -6 . 3000 o. 022 59 

5 8 . 05000 - 1 . 1 5000 - 6. 30008 0 . 00054 
6 8 . 05000 -1 . 1 5000 -6 . 30008 0 . 00000 

Al gori t hm  ( A2 )  - F S  
0 2 . 1 1 61 1  -0 . 0�60 7 - 1 � . 09459 
1 6 . 52 800 - 0 . 6 267 - . 46860 0 . 287 94 
2 7 . 3431 9 -o . 91 4 4o -6 . 33858 0 . 464 �9 

� 7 . �21 45 - 1 . 04048 - 6 .  3086� o .  4 64 3 1 .  9 6 7 6  - 1 . 09892 - 6 . 301 9 0 . 4664� 
5 7 . 9 7 836 - 1 . 1 2 61 2 - 6 . 30050 0 . 4 67 4  
6 8 . 01 6 4 7  -1 . 1 �882 - 6 .  �001 7 0 . 4680 6 

� 8 . 0�4 �0 - 1 . 1  477 - 6 .  001 0 o . 4 6 8H4 
8 . 0 2 4 -1 . 1 4�55 -6 . 30008 0 . 468 8 

9 8 . 04 655 - 1 . 1 4  85 - 6 . 30008 0 . 4 6 854 
1 0  8 . 0 4 8 3 8  -1 . 1 4946 -6 . 30008 0 . 46857 
1 1 8 . 0 4 92 4  - 1 . 1 4975 - 6 . 30008 o.  4 6 859 
1 2  8 . 0 4 9 6 5  - 1 . 1 4988 -6 . 30008 0 . 46859 
1 3  8 . 0 4 9 83 - 1 . 1 4994 - 6 . 30008 0.  4 6 8 60 

t the conver gen ce r at e  i s  def i ned by ( 3 .  5 .  1 )  

D i f ferent NRL alg or i thms can ther efore have very d i fferen t  

convergence proper t i es . I n  Sect ions 3 . 5 and 3 . 7 ,  we therefor e exami ne 

asp ects of the c onvergence of the v arious p oss i ble NRL algor i thms . 
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T ABLE 3 .  4 . 3  

' I ter at i ons of two NRL A l gor i thms Appl i ed to D at a  Set 2 i n T abl e 3 .  4 .  1 

St arting Val ues ( I t er at i on 0 )  wer e  Foun d  as De cri be d i n  the Text . 

Log- Conver gen ce 
I t erat i on B1 8 2 R ate , C t L i kel i hoo d 

Al gori thm ( A 1 ) - NR 
0 1 .  20000 0. 65000 - 1 2 . 792 4 9  
1 5 .  0 1 4 9 1  - 0 . 5 6�58 - 9 . 2 71 4� 0 . 5 9 3 52 
2 8. 70058 - 1 . 59 95 -7 . 82 06 0 . 35756  

� 1 o .  4 8 4 3 1  - 2 . o522L - 7 . 62329 0 . 1 4 63� 
1 0 . 78402 - 2 . 1 285 -7 . 61 92 7  0 . 02 1 5 

5 1 o .  7906� - 2 . 1 3 02 1  - 7 . 61 926 0 . 00047  
6 1 0 . 790 6 -2 . 1 302 1 -7 . 61 92 6 0 . 00000 

Al gori t hm  ( A2)  - FS 
0 2 . 6083 1 -o . 40 4 67 - 1 8 . 21 67 1  
1 8 . 9 4279 - 1 . 51 426 - 7 . 80�05 0 . 2 4 8 6 7  
2 9 . �7642 - 1 . 65 881 -7 . 72 96 0 . 7653� 
� 9 .  61 28 - 1 . p376 - 7 . 6901 6 0 . �9 85 

9 .  8601  0 - 1 . 2 0 0� -1 . 66L81 o .  2 395 
5 1 o .  00562 - 1 . 8685 - 7 . 65 1 2  o. 843 62 
6 1 0 . 1 1 61 � - 1 . 90�40 -7 . 6451 4 0 . 85 9 1 5 

� 1 o .  202 7  - 1 . 9 3 25 - 7 . 63902 0 . 871 6 7  
1 0 . 272 1 6  - 1 . 95739  -7 . 63 469  0 . 881 92 

9 1 o .  32896 _, .  97 632 -7 . 631 53 0. 890 4 5  
1 0  1 o .  �7622 - 1 . 99207 -7 . 6291  � 0 . 89 7 6 4  
1 1  1 o .  1 61 0 - 2 . 00537 - 7 . 6273 o .  9 0 3 7 7  
1 2  1 0 . 4501 6 -2 . 01 672 -7 . 62 598 0 . 90 90 6 

� � 1 0 . 47 956 - 2 . 02652 - 7 . 624 88 0. 9 1 3 6 6  
1 o .  5051 6 -2 . 0�505 -7 . 62 400 0 . 91 7 6� 

1 5  1 o .  52 7 65 - 2 . 0  255 -7 . 62 329 0. 9 2 1 2 
1 6  1 0 . 54 753 -2 . 04 9 1 8 -7 . 62271  0 . 92 4 41 

� �  1 o .  56 522 - 2 . 05507 - 7 . 62223 0 . 92723  
1 0 .  581  05 -2 . 06035 -7 . 62 1 83 0 . 92977 

1 9  1 0 . 59�29 - 2 . 0651 0 - 7 . 621 4 9  0 . 9 32 0 6  
2 0  1 o .  6 0  1 6 -2 . 06939 -7 . 62 1 2 1  0 . 93 4 1 3 

: : 

t the conver gence r ate i s  def ined by ( 3 .  5 . 1 )  
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3 . 5  ASYMPTOTI C PERFOR MAN CE OF N RL AL GO R ITH MS 

The N R  an d NRL al gori thms have i t er at i ons whi ch wer e  s hown i n  

( 3 . 3 . 5 )  and ( 3 . 3 . 7 )  to have t he form 

�R 8 + (X' 11I�B) - 1 X' Y 

�RL 8 + (X' 11I )  - 1 x, y 

where X has i ' th row Cl ni / Cl 8' , V i s  di agonal wi th i ' th di agonal el em ent 

w i = - a2 2.i / C:'l ni
2 , Y is a ve ct or wi th i ' th el ement vi = Cli i / o ni an d 

a 2
n · B = L V 1 

i w 
T he N R  al gor i thm has quadr at i c conver gen ce si nee i t  reaches the m axim um  

l i k el i hood es timat e  i n  one step i f  t h e  l o g- l i kel i hood is  quadr ati c and 

si nce t he l og- l i kel ihoo d i s  appr o xi m at el y  quadr ati c i n  a sm all enough 

nei gh bo ur hoo d of a local maxim um of t he l i kel i hood . I f  we def i ne 
... 

6 (  8) = I I Bi - si I wher e 8 i s  the m aximum l i kel i hood es timat e ,  then t he 

rat e of conver gence can be meas ured by 

c ( 3 . 5 . 1 )  

T he quadr ati c conver gence of NR im pl i es t hat C NR tends to zero as t he 

i t er at i ons pro gr ess . All al gor i thms of the f orm 8+ = 8+A- 1X' y i n  whi eh 

A do es not tend t o  t he s econ d  der i vati ve m atri x as the i ter at i ons 

pro gr ess , have l i near conver gen ce and t herefore C tends to s an e  

non- zero const ant . As ym pt oti c conver gence can be ver y sl ow de pen di n g  

o n  t he diff er ence between A an d t he s econd deri vat i ve m at ri x .  T he 

as ym pt ot i c perf orm ance of N RL al gor i t hms ther ef ore de pends on t he s i ze 

of B at t he m aximun l i kel i hoo d  es t i m at e .  A n  as ympt oti c  conver ge n ce 

rat e above 0 .  5 i s  gener al l y  una c ce pt abl e ,  wher eas an as ym ptot i c  r at e  

l es s  t han 0 . 1 gi ves appro ximat el y one e xtr a si gnifi cant de cimal di gi t 

i n  ever y i t er at i on and i s  f as t  enough f or most pur pos es . Poor 

as ym pt oti c conver gence r at es not onl y  r esul t i n  excessi ve n un bers of 

i ter at i ons , but al so m ake i t  dif f i cul t to det erm i ne t he numer i cal 

accuracy of canputed s ol uti ons w he n  t he i t er ati ons ar e  stopped and , as 
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wil l be shown i n  Se cti on 3 . 9 ,  can r es ul t  in poor es timat es of t he 

var i an ces of the par am et er es t i m at es .  

T he s ys t em ati c part of a model is cal l ed l i near when 

ni ( a) = Ii ' 8 f or i = 1 ,  • • •  , n  wher e t he ve ct ors I1 , • • .  , In m ay depend on 

� but not on a. Many common m ul ti par amet er models have l i near 

s ys t em ati c par ts and N el der an d W edder bur n ( 1 97 2 )  an d S t i rl i ng ( 1 984 ) 

gi ve s ever al exam pl es .  For l i near models B = 0 and so N R  = NRL . I n  

thes e  models , 

whi ch does not change f rom i t er at i on t o  i ter ati on an d t hi s  i s  anot her 

simpl ifi cati o n  t hat makes N RL ( an d  NR ) attra cti ve . 

T he other import ant s peci al cas e  whi ch r es ul ts i n  B = 0 at t he 

maxim um l i kel i hood es tim ate , i s  if vi = 0 for i = 1 , • • •  , n .  T hi s  onl y 

oc curs f or s ets of dat a wher e t he m odel i s  a " perf ect" fi t to t he dat a ,  
-

i n  t he sens e t hat ni ( a) i s  e qual to ni f or all i wher e n 1 , • • •  , T1n ar e 

t he maximum l i k el i hoo d es tim at es f r an  t he s at urated model i n  whi c h  each 

i s  tr eat ed as a separ at e paramet er . This condi ti on i s  a 

gener al i zat i on of the s t andar d r es ul t  f rom nonl i near l eas t s quar es that 

t he Gauss-N ewton al gori thm ( whi c h  i s  a N RL al gori thn ) has qua dr ati c 

conver gence if all resi dual s ar e zero ( f or exam pl e  see C hambers , 1 97 3 ) . 

T hough N RL i s  often not i de nti c al t o  N R  i n  models that f i t  perf e ctly , 

i ts i ter at i ons approach t hose of N R  as the m aximun l i kel i h:>o d  estimat e  

i s  approached . 

I n  m odel s that do not f i t  per f ectl y  and t hat have a nonl i near 

s yst em at i c  part , N RL us ual l y  do es not have quadr ati c convergen ce . 

H owever E[B] "' 0 and t her ef or e as the s am pl e  s i ze n i ncr eas es , s ubj ect 

t o  cert ai n  r egul ar i ty condi ti ons , B be com es negl i gi bl e  when t he dat a do 

com e f rom the model bei ng f i tted . Therefor e i f  an appr o pri ate model i s  

being f i tted  t o  a l ar ge enough s et of dat a ,  NRL conver ges almost as 

f as t as N R . 
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W i t h  smal l er s ets of dat a  or when f i tti ng inappropri at e model s ,  
B can be l ar ge enough t o  s eri ousl y sl ow down convergence . G enerall y 

the si ze of B is  mos tl y  det erm i ne d  by the amount of nonl inear i t y  i n  the 

s ystemat i c  part . Often t he si ze of B can be reduced , and conver gence 

s peeded , by choi ce of a s yst emati c part that i s  as cl ose as possi bl e to 

l i near i t y .  The eff ect of B on the dif f er ence between NR and NRL al so 

depends on the condi t i oni ng of the second deri vati ve m atri x .  I f  the 
s e cond deri vati ve matri x i s  nearl y singul ar , e ven subtracting a smal l  

B can cause a l ar ge change i n  i ts i nvers e ,  l eadi ng to bi g d iff er ences 

in step s i ze and di recti on of NRL from NR . 

We  next illustrat e  the eff e cts of these f actors wi th sane mod el s  i n  
whi ch yi i s  ass uned to be bi nan i al wi th par am et er s r i (the number of 
tri al s )  and 1fi ( t he probabil i t y  of success i n  a s i ngl e tri al )  f or 
i = 1 , . • •  , n .  I n  the mos t  common bi nomi al model s , 

( 3 . 5 .  2)  

wher e 4l ( · ) is the cum ul at i ve di stri buti on functi on of some s t andar d 

distri bution ( us ually  the l ogi sti c or nonnal di stri buti on ) . W e  shall 

i ni ti al l y  cons i der probi t model s f or whi ch 

Jy - 1 /2 
4l( y )  = ( 2n) exp (  - y2/ 2 )  dy 

The t hr ee NRL al gori thms that wi ll be examined ar e defi ne d  f rom 

s yst em ati c parts , 

( A3 )  

( A4 )  
and ( A5 )  

= xi ' 8 
l og ( 4l (xi ' 8) I ( 1 . 0 - �(xi ' S) ) ) 

1fi  4l (Xi ' 8) 

System at i c part ( A3 )  i s  l i near and ( A4 )  i s  nearly  l i near i n  the central 

range of val ues of xi ' s. ( I t woul d have been exactl y l i near i f  � (  • ) had 
been t he cumul at i ve di stri buti on f uncti on of the l ogi sti c di stri but i on 

and the logi sti c and normal di stri butions have 

Systemat i c part ( A5 )  i s  the most  hi ghl y nonl i near . 

simil ar shape . )  

D i re ct appl i cation of ( 3 . 4 . 1 )  to  thes e three s ystemati c parts l eads 
to l east squar es cal cul ati ons wi th " expl anatory" var i abl es ( A3 )  xi , 



SECTI ON 3 . 5  6 3  

nonnal pro babil i t y  densi t y  fun ction .  I n  or der to  make comparisons 

easi er and to avoi d r ecal cul at i ng the expl anator y var i abl es i n  each 

i t er ati on , the " expl anator y" and " respons e" vari abl es can be r es cal e d  

wi th corres pondi ng changes t o  the wei ghts , so that each NRL l east 

squar es cal cul at i on has " expl an at or y" var i abl es xi • 
the thr ee NRL al gori t hin s  ar e then 

( A3 ) 

( A lt )  

( A5 ) 

{ � + 
<r c yi ) } 

'��"i ( 1 - ni )2 

r i <f>( Xi ' 8) 2 

'��"i ( 1- ni ) 

Y ·  1 + -z 
'��"i 

and t he " r es pons es" i n  each c ase are 

(r . - y . ) 1 1 } <f>( X · ' S) I wi ( 1 -ni ) 1 

The wei ghts f or 

Syst em at i c parts  ( A4 )  and ( A5 )  ar e conve x and the corres ponding NRL 

al gori thms can be impl anented  i n  many exi sting st ati s ti cal com put er 

packages . For all NRL al gori thms , a starti ng val ue can be obt ai ned 

from ( 3 . 1t .  2)  wi th 1Ti r epl ace d by i ts estimat e  f rom the s at ur ated model , 

y i/ ri and xi ' S s imi l arly  repl ace d  by 4>- 1 ( y i/ ri ) .  The star t i ng val ue 
for a i s  then t he regress i on coeff i ci ent f rom a l east s quar es 

cal cul at i on whi ch i s  of the same f orm as the ordi nar y NRL iter ati ons 

exce pt t hat the " res ponse" zi i s  repl ace d  by z� = yi/ ri +z i . In thes e 
cal c ul ati ons to get s t arting vaul es ,  y i .. o must be repl aced by y i ""1 / 2  

and y i - ri must b e  r e pl aced by y i•rc1 / 2 t o  avoi d i nf i ni t e w ei ghts . 

N one of the numer i cal exampl es that f oll ow need defi ni teness o.r­

stepsi z e  mo difi cations to get convergence , s o  the ill ustr ati ons bel ow 
ar e al l bas ed on unmodi f i ed NRL algori thms . The thr ee al gori thins were 
f i rst  appl ie d  t o  f i t  the probi t model wi th 

( 3 .  5. 3)  

to  the dat a  i n  Table  3 . 5 . 1  and thei r iter ati ons ar e shown i n  Tabl e  

3. 5 . 2 . Since t he s ystemat i c part ( A3 )  i s  l inear , the corres pondi ng NRL 
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TABLE 3 . 5 . 1  

Artif i ci al D ata f or F i tti ng Probi t Model 

N umber of N um ber of Expl anat ory 

Tri al s ,  r i Successes , Y i Vari abl e ,  d i 

5 -2 

5 0 _ , 
5 0 

5 3 

5 3 2 

5 4 3 

TABLE 3 . 5 . 2  

I ter ati ons of T hr ee NRL Algori thms Appl i ed t o  D at a  i n  T abl e 3. 5 . 1 .  
Starti ng Val ues ( I t er ation 0 )  were  Found as D e cri be d  i n  the Text . 

64 

Log- Conver gen ce 
I ter ati on e, 82 Li kel i hood Rat e ,  C 

Al gori t hm  ( A3 )  - NR 
0 -o . 51 378 o. 42602 - 1 . 60 4 02 0. 04439  
1 -o. 5 4 1  81 0 . 44 1 08 - 1 . 59 722 0 . 01 291  
2 -0 . 5421 7 0 . 441 28  - 1 . 5 9722 0 . 00000 

Al gori thm ( A4 )  - FS  
0 -0 . 52224  0 . 42964 - 1 . 60085 0 . 032 1 0 
1 -0 . 5 4245 0 .  4 41 64 - 1  . 59 722 o. 02020  
2 -0 . 5421 5 0 . 44 1 2� - 1 . 59722 0 . 05442  
3 - 0 . 5 421 7 0 . 4 4 1 2 - 1  . 59722 0 . 04755 

Al gori thm ( A5) 
-o .  4652 1 o .  40522 - 1 . 64266  0 . 1 1 492 0 

1 -0. 5�80� 0 . 4�626 - 1 . 59771 0 . 08074 
2 -0 . 5  09 0 . 4 045 - 1 . 5972 4 0 . 22223 

� -0. 54 1 95 0 . 4 4 1 1 1  - 1 . 59722 0 . 1 9041 
-0 . 5421 � 0 . 44 1 2g - 1 . 59722 0 . 1 9802 

5 -0 . 5 42 1  0 . 4 4 1 2 _ , . 59 722 0 . 1 9 628  
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al gori thm i s  als o  NR and i ts conver gence  r ate , C ,  t ends to zero . ( T he 

estimat e  i n  the s econd NR iterati on w as not improved  on by s ubsequent 

i t er ati ons of the al gori thn . )  The con ver gence r at es of the other two 
NRL al gori thms tend to non- zero val ues . Since s ystemati c part ( A4 )  i s  

nearl y l i near ,  i ts asymptoti c conver gence rate , 0 . 0 5 ,  i s  also good and 

i ts perf orm ance i s  simil ar to that of ( A3) . Systemati c part ( A5 )  i s  

more  hi ghl y nonli near an d i ts convergence rate , 0 . 2 0 ,  i s  ther efor e 

rel at i vel y poor . 

TABLE 3 . 5 . 3  

I ter ati ons of T hr ee N RL Algori thms Appl i ed to a Probi t M odel that 

F i ts Perf ectl y from Star ting Val ues e1 
- 1  • 4> ( 0 . 4 )  and e2 • 0 

Log- Convergence 
I ter ati on e1 B2 Li kel ihoo d Rat e ,  C 

Al gori thm ( A 3 )  - NR 
0 -0 . 25335 0 . 00000 
1 -0. 02796 o .  833 4 1  - o .  33674 0 . 1 5522 
2 -0 . 001 06 0 . 992 1 5 -o . ooo71 0. 04578 
� 0. 00000 0 . 99998 0 . 00000 0. 002 34 

0. 00000 1 .  00000 0. 00000  0. 00000 
Al gori thm ( A 4 )  - FS 

0 -0 . 253�5 0 . 00000 
1 0. 005 9 0 . 861 54 -0 . 2 1 89 6  o .  1 1 486  
2 o. 0003 1  o.  9 9071 -0 . 00096 0 . 06664 
� 0. 00000 0 . 99995 0 . 00000 0 . 00503 

0. 00000 1 .  00000 0 . 00000 0. 00002 
Al gori thn ( A5) 

0 -0 . 25335 0 . 00000 
1 -o.  1 31 35  o .  7 6 40i - 1 . 07 4 80 0 . 29g07 
2 0 . 01 1 75 1 . 0391  -0 . 02003 0 . 1 3  52 
� 0. 00033 1 .  001 3 -0. 00002 0 . 03290 

0 . 00000 1 .  00000 0. 00000 0 . 001 09 
5 0. 00000 1 .  00000 0 . 00000 0 . 00007 

To i l l ustrate  the quadr ati c conver gence of all N RL al gori thms to 

dat a that a model fits perfectl y , the probi t model ( 3 . 5 .  3 )  was f itted 

to  ni ne obser vati ons wi th ri = 1 0 , 

i s 1 , . . •  , 9 .  U nfortunat ely , if  the 

y i ., i and di "" 4>- 1  ( y i/ri ) f or 
starting val ues are chosen as 

des cri bed above f rom the s atur ated model , all NRL al gor i thms conver ge 
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i n  one i ter at i on ,  so  the star t i ng val ues 1Ti • 0 .  4 f or all i wer e  used 

i ns tead to i l l ustrat e  the al gori thms '  convergence r at es . Tabl e 3. 5 . 3 
s hows the i t erati ons of the thr ee N RL al gori thms . Though there are 
s an e  dif f er ences between the al gori thms ,  
conver gence , wi th C approachi ng zero . 

all di spl ay quadr ati c 

We  shall next ill ustrat e t he near- quadr ati c conver gence of all N RL 

al gori thns wi th l ar ge amounts of data. I f  ther e ar e repeated binomi al 

observati ons at any val ue of xi , s ay wi th yij s uc cess es f rom rij tri al s 
for j .. 1 ,  • • •  , n i , then si nce w i an d w izi are both l i near i n  r ij and 

Yij for all N RL al gori thns , the i t erations ar e i denti cal to thos e 
obtai ned from agregat i ng the r epeat ed observat i ons 

bi nomi al obser vati ons wi th yi +  .. LjYij s uccess es out 

tri al s . For the i l l ustr ati on , w e  ther efore us e the 

i nt o  s imil ar 
ot r i + .. I j r i j 

probi t model 
( 3 . 5 . 3 )  wi th di .. -5 , - 4 ,  . . .  , 4 ,  5 , and exam i ne the eff ect of 

incr easi ng the number of tri al s ,  r i 
bi nomi al obs ervat i ons wer e generat ed 

at each d i . Thr er e s ets of 
f rom the model wi th s 1 .. 0 and 

s2 .. 0 . 4 wi th ri s et equal to 1 0 ,  1 00 and 1 000 i n  t ur n .  The star t i ng 
val ues of 1Ti .. 0 . 4 were  us ed i n  all cases rather than those f rom the 
sat ur at ed model , t o  all o.-r  a bett er com pari son of the conver gence r at es . 
Tabl es 3 .  5. 4 to 3 .  5 .  6 show the i t erations of the three N RL al gori thns . 
As expected , the as ymptoti c convergence rat e  of al gori thm ( A3 )  i s  zero 

for all r i , and the asymptoti c conver gence r at es of al gori thms ( A4 )  and 

( A5 )  approach zero as ri i ncr eas es . 

As  a f i nal exam pl e i n  thi s sect i on ,  we cons i der the r es i dual 

r es pons es model i n  whi ch ( 3 . 5 . 2 ) i s  repl aced by 

( 3 . 5 .  4 )  

wher e � (  • ) can be any comul ati ve di stri buti on f un ct i on ,  s uch as thos e 
of the unit nonnal or l ogi s ti c di stributi ons . Thi s  model cannot be 

wri tten with a s i ngl e l i near s ystemati c part and s o  NR  is not 

e qui val ent to any of the N RL al gori thns des cri be d i n  thi s chapt er . W e  

consi der her e the two NRL al gori thms  def i ned f rom the s ystemati c part s  
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TABLE 3 . 5 . 4  
' 

I terati ons of T hr e e  N RL Algori thms F i tti ng a Probi t Model to 1 1  

Randoml y Gener ated Bi nomi al Val ues wi th ri =1 0 .  

Starti ng Val ues - 1  13 1 - 4> ( o .  4 )  and 132 .. o .  

Log- Convergence 
I ter at i on 131 132 Likel i hood R at e ,  C 

Al gori thm ( A3 )  - NR 
0 -0 . 25335 0 . 00000 
1 -0 . 0421 4 0 . 2461 2 - 6 .  2��01 o. 322 88  
2 0 . 03367 0 . 34259 -3 . 4  40 0 . 21 003 
� 0 . 05�2 4  0 . 36646 - 3 . 3 81 72 o .  051  55 

0 . 05 30 0. 36775 -3 . 381 4 4  0 . 00272 
5 0 . 05430  0 . 36776 - 3 . 3 81 4 4 o .  00001 

Al gori thm ( A4 )  - FS  
0 -0 . 2533 5  0 . 00000 
1 0 . 00�1 4  0 . 26 1 1 9  - 5 - �4837 0 . 2 33 53 
2 o . o3 3A 0 . 34089 -3 . 9633 o.  2�1 �5 
� 0 . 05�2 0 . 36527 - 3 .  3 82�5 0 . 0 1 5 

0 . 05 3 4  0 . 36769 -3 . 381 4 0 . 02843  
� 0 . 054�0 0 . �677� -� · �81 4 4  0 . 02292 

0 . 054 0 o.  677 -
• 81 4 4  o .  0 1  976 

Al gori thm ( A5) 
0 -0 . 253 3 5  0 . 00000 
1 - 0 . 1 6952 0 . 2091 4 - 9 . 7 9234 0. 5 6622 
2 o.  091  �0 0 . 45035 -4 . 29472 0. 31 274 
� 0. 074  1 0 . 3 8007 - 3 . 41 399 0 . 2 7 4 42 

0 . 0561 4 o . 3665A -3 . 381 69 0 . 092 1 5 
5 o .  05421 0 . 3 679  - 3 . 381 45  0 . 1 0436 
6 0 . 054 3 2  0 .  36772 -3 . 381 44 o. 1 761 8 A 0 . 05430  0 . 3 6776 -3 . 3 81 4 4  o .  1 7A 92 

0 . 05 4 3 0  0. 36775 -3 . 381 4 4  0 . 1 7  02 



\ 

SECTION 3 .  5 

( A6 ) 1 og ( 'IT i I ( 1 -'IT i ) ) 

( A7 ) 'IT i 
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Bot h can be expressed as I RLS wi th " expl anat or y" var i abl es I whos e i '  th 

r ow i s  

T he w ei ghts are 

( A7 ) 

an d t he " r espons es" 

1-� (Ii 1 82) 

( 1 - e 1) c�><xi ' 82) 

'1Ti ( 1 -'1Ti ) 

yi + � 
'ITi 

r c yi 
( 1 -'!Ti ) 2 

D i vi di ng the i ' th row of I and zi by ( 1 - e 1) cj>( xi ' 82) and m ul ti pl yi ng t he 

corr es pondi ng wei ght by i ts s quar e for i = 1 , • • •  , n , means that onl y  one 

col umn of I needs to be r ecal cul at ed i n  each i terat i on .  

A prel iminar y estimat e  of e1 can of ten be obt ai ned  f rom the 

proporti on of success es i n  a control group wi th  'ITi z e 1 f or thi s t ype 

of model . I f  e1 i s  hel d f i xed at that val ue , t he model has a l i near 

s ystemat i c  part vi .. xi ' 82 . From the sat ur at ed model of thi s type the 
maximun l i kel ihood estimat e  of vi woul d be 

wi th a minor adj ustment of the ar gument of �- 1 ( • ) i f  that woul d be 0 
or 1 .  Thes e val ues of v and e1 can be used i n  the f i rs t  i ter ati on of 
NRL.  

To  illustrat e  t hes e two NRL al gori thms , they  wer e  appl i ed t o  the 

dat a i n  T abl e 3 . 5 . 7 wi th xi ' 82 • e2+ e3di and �(  •)  def i ned  to  be the 
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T ABLE 3 . 5 . 5  

I ter ati ons of T hr e e  N RL Algor i thms F i tti ng a Probi t M odel 

R andoml y Generated Binani al Val ues wi th r i .. 1 00 .  

Starting Val ues 

I terat i on e1 

Al gori ttm ( A3 )  - NR 
0 -0 . 25�35  
1 -0 . 1 0  1 9  
2 -0 . 05 1 ��  

� -0. 03803 
-0 . 037�3 

5 -0 . 037�3 

Al gori thm ( A� )  - FS 
0 -0 . 25335 
1 -0. 061 �� 
2 -o . o�� 7 
� -0. 03 �3 

-0 . 037�5 

g -0 . 0�743 
-o . o 743 

Al gori thrn ( A5)  
0 -0 . 25335 
1 -0 . 23703 
2 0 . 00223 

� -o.  o2991 
-0 . 03765 

5 -0 . 03747 
6 -o . 0374 3 
7 -0 . 03743 

e 1 � �- 1 ( 0. � ) and e2 - o .  

Log-
8 2 Li kel i hoo d 

0 . 00000 
0 . 2 5281  -27. 9 8237 
0 . 3�556 -3 . 58256  
o .  3656 1  - 2. 8209g 
o.  366� 6 -2 . 81 96 
o. 366�6 - 2 . 81 968 

0. 00000 
0 . 2668� -2 0 . 1 �835  
o .  3��39 -3 . 6271 0 
0 . 36502 - 2 . 82�22  
0 . 36645 -2 . 81 68 
0 . �664 6 
o .  6646 

-2 . 81 968 
- 2 . 81 968 

0 . 00000 
0 . 21 9� 1 -60 . 26 9 51 
0 . 427 0 -8 . 64868 
0 . 38047 -3 . 1 3579 
0 . 36709 -2 . 82 02� 
0 . 3 6646 - 2 . 81 96  
0. 3664 6 -2 . 81 968 
0 . 3 6646 - 2 . 81 968  

69 

to 1 1  

Conver gence 

R at e ,  C 

0 . 3 1 320  
0 . 1 91 �8 
0 . 0� 1  1 
0 . 001 73 
0 . 00000 

0 . 2 1 2 1 1 
o. 261 �� 
0 . 075  7 
0 . 01 203 
0 . 00483 o. 00�71  

0 . 5 95 40 
o .  29072 
0 . 21 3 67 
0 . 0�94 3 
0 . 0 3 67 
0 . 0095� 
0. 0595  
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TABLE 3 . 5 . 6  

I ter at i ons of T hr ee NRL Algori thms F i tti ng a Probi t Model to 1 1  

R andoml y Gener ated Bin ani al V alues wi th r i "'1 000. 

Starti ng Val ues - 1  8 1 = � ( 0 . 4 ) and 82 "' 0 . 

Log- Convergen ce 
I ter at i on 81 82 Li kel ihoo d R at e ,  C 

Algorithm ( A3 )  - NR  
0 -0 . 25��5 0 . 00000 
1 -0. 05 6 0 . 25656 -35 3 . 49978 0 . 35�7� 
2 0 . 02579 0 . 3641 2 - 2 0 .  26�97 0 . 24 4 
� o .  0521 5 0 . 39601  - 2 . 68 61  0. 071 75 

0 . 05420 0 . 39844 -2 . 60086 0 . 0052 5 
5 o. 05421 0 . 39845 - 2 . 60086 0 . 00000 

Al gori thm ( A 4 )  - F S  
0 -0 . 25335 0 . 00000 
1 - 0 . 00799 0 . 27209 -253 .  4�235 0 . 2 6709 
2 0 . 030�9 o .  36260 -2 1 . 0  998 0 . 31 648  
� o .  051 0 0 . 39465 - 2 . 80299 0 . 1 1 0 85 

0 . 054 1 8 0 . 39840 -2 . 60089 0. 01 3 2 4  
� o. 05421  0 . 39845 - 2 . 60086 o. 001 61 

0 . 05421  0 . 39845 -2 . 60086 0 . 00332 

Al gori thrn ( A5) 
0 -0 . 253�5 0 . 00000 
1 - 0 . 1 93 4 0 . 2 1 934 -74 3 . 631 97 0 . 60504 
2 o. 1 0271  o. 481  39 -85 . 21 790 0 . 30170 

� 0 . 0721 5 0 . 4231 2 - 1  o .  751 91 0 . 32  1 3  
0 . 0564 1  0. 40088 -2 . 6864l 0 . 1 0863 

5 0 . 05425 0 . 39847 - 2 . 6008 0 . 01 2 5� 
6 0 . 05421  0. 39845  -2 . 60086 0.  002 5 
7 0 . 05421 0 . 39845 - 2 . 60086 o .  00471 

l ogi sti c di stri buti on f un cti on ,  � ( y )  • e xp (y )/ { 1 +exp ( y ) ) ;  the 
i t er ati ons ar e shown i n  Tabl e  3 .  5 .  8 .  The i t erations of the NR 

al gor i thm ar e also shown f or com pari son . On conver gence , 1 1 34 . 789 4 4 0  
1 4 . 900531  

4 4 . 7933 42 

4 . 546459 

1 6 . 637973 65 . 52 01 09 l 
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TABLE 3 . 5 . 7  

Artif i ci al D at a  f or F i tti ng R esi dual R es pons es L ogi t M odel 

N um ber of Num ber of Expl anatory 

Tri al s ,  r i Successes , y i Vari abl e ,  d i 

4 C ontrols 

( A6 ) 8 = 

1 0  

1 0 

1 0  
1 0  
1 0  

! 2 . 1 892 1 4 

-0 . 464569 

-o . 4 1 8784 

3 
2 

5 
8 
8 

0 . 098792 l 
0 . 089321 -0 . 3606 1 0 ! 0 . 00041 2 . 

( A7 )  8 = -0 . 000256 0 . 03822 6 l - 0 . 000300 -0 . 73 3 456 -6 . 1 80223  

2 

3 
4 
5 

( di .. - ao ) 
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N ot e  that f or al gori thm ( A7 )  the s ystemati c part is  l i near in  s 1 an d s o  

t he el ements of B rel at i ng to  s1 ar e sm all ; if the i ter at i ons were 

cont i nued , thes e el ements woul d become exactl y zero . The s ys t em ati c 
part i n  al gori thm ( A6 )  i s  more near l y  l i near i n  s3 than t hat i n  

al gori thm ( A7 ) . Although both matri ces 8 ar e sm all com par ed to  

( I ' 11I"-8) , t he l atter is  nearly si ngul ar , s o  the i nverse  matri ces ar e  

( NR ) (X' 11I-8) - 1  
o. 01 52 69 

-0 . 1 674 67 4 . 947570 

0. 032088 - 1 . 1 41 88 1  o. 283291 l 
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TABLE 3. 5 . 8  

' I terati ons of T wo N RL Algori thms Appl i ed t o  D at a  in  Tabl e 3. 5 . 7 .  

Starting Val ues ( I t er ation 0 )  wer e  Found as D es cri bed i n  the Text . 

Log- Conver gen c 
I ter ati on 81 82 83 Likel i hood R at e ,  C 

Al gorithm ( A6 )  - FS 
0 0 . 1 45 4 6  -2 . 29687 o. 74 91  0 - 1 . 46750 
1 0 . 25874 - 3 . 837s2 1 .  05606 - 1  . 0 7271 0 . 1 5 8 60 
2 o .  204 1 0 -� . 990 0 1 • 1 1  448 -o . 91 757 0 . 275 07 
� 0 . 21 46  -

• 1 0861 1 . 1 4004 -o. 9 1  11 5 o .  53582 
0 . 21 1 02 -4 . 04 1 s� 1 . 1 2 581 -0 . 91 l02 0. 6�657 

5 0. 21 304 - 4 . 0 82 1 . 1 3464 -o.  9 1  97 o .  5 �51 
6 o .  21 1 80 -4 . 0581 5 1 . 1 2939 -0 . 91 695 o. 61 55 
� 0 . 21 254  - 4 . 07� 1 9  1 . 1 3259 -o. 91 695 o .  5 9 6 82 

0 . 21 209 -4 . 06 1 5 1 . 1 3067 -o . 91 694 0 . 607 4 3  
9 0 . 2 1 236  - 4 . 06962 1 . 1 3 1 83 -o .  91 694  o .  6 01 00 

1 0  0. 21 220  -4 . 06633 1 . 1 31 1  3 -o . 91 694 0. 60486 
1 1  0 . 2 1 230 - 4 . 06831  1 • 1 31 55 -o. 91 694  0 .  6 02 5� 
1 2  0. 21 2 2 4  -4 . 0671 1 1 . 1 3 1 �0 -o . 91 694 0 . 6039  

� �  0 . 2 1 227 - 4 . 06784 1 • 1 31  5 -o. 91 694  0 . 6 0308 
0 . 21 225 -4 . 06740 1 . 1 31 �6 -0 . 91 694 0 . 60360 

1 5  0 . 2 1 226 - 4 . 06767 1 . 1 31 2 -0. 91 694  0 . 60329 
Algori thrn ( A7 )  

0 0. 1 4434  -2 . 291 75 0. 74842 - 1 . 47056 
1 0 . 2 1 820 -� .  60561 1 . 01 2 6� -o.  9 6635 0 . 2 6346  
2 0 . 22090 -

• 1 81 46 1 . 1 491 -o . 92og1 0 . 2391 2 

� 0. 20895 -�. 9771 0 1 . 1 1 2 1 8  -o. 9 1 7 6 0 . 80547 
0 . 21 4 1 8 -

• 1 0656 1 . 1 3898 -0 . 91 71 5 0 . 42923 
5 0 . 21 1 36 - 4 .  04� 92 1 . 1 2699 -o. 9 1 700 0 . 55570 
6 0 . 21 273 -4 . 07 1 7  1 . 1 3351 -0 . 91 696 0 . 48958  

� 0 . 2 1 2 02 - 4 . 0 6205 1 . 1 3 028 -0. 91 695 0 .  52001 
0 . 21 238  -4 . 07035 1 .  1 31 95 -0 . 91 694 0 . 504 68 

9 0 . 2 1 220 - 4 . 0661  4 1 . 1 3 1 1 1  -o. 91 694  o .  51 2 21 
1 0  0 . 21 229 -4 . 06829 1 . 1 31 54 -0 . 91 694 0 . 50842 
1 1  0 . 21 224  - 4 . 06720 1 . 1 31 �2 -0. 91 6 9 4  o .  51  0 32 
1 2  0. 21 227 -4 . 06775 1 . 1 31 � -0 . 91 694 0 . 50936 
1 3  0 . 2 1 225 - 4 . 06747 1 . 1 31 3  -o.  91 694  0 . 509 84 

NR Algori thrn 
-3 . 54775 0 0 . 1 9335  1 • 01 1 75 -0 . 94 689 

1 o .  21 1 05 -�. 99564 1 . 1 1 520 -o. 91 7 61 o .  1 35 �0 
2 0. 2 1 220  - . 06550 1 . 1 3094 -0 . 91 694 0 . 02 8  7 

� 0 . 2 1 226 - 4 . 06756 1 • 1 31 �9 -0. 91 694  0 . 00072 
0 . 21 226  -4 . 06757 1 • 1 31 0 -o . 9 1 694 0 . 00000 



( A6 )  (:X'liX)- 1  

( A7 )  (:X 'U)- 1  

SECTION 3 .  5 

t 0 . 02 1 587 

.. -0 . 297550 

0 . 059927 ! 0 . 01 9 1 98 

-0 . 259 4 85 
0 . 050874 

7. 5402 42 

- 1 . 6898 4 1  

6 . 84 5969 
- 1 . 49652 0 

0. 39852 6 l 
0. 3 � � 739  l 
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Both N RL al gori thms consi stentl y take too small a step  and their 

conver gence i s  ver y sl N .  For other sets of dat a that wer e  tri ed , the 

N RL al gori ttlll s took even poorer step  dire ctions and si z es . 

Much car e m us t  ther ef or e  be t aken when usi ng NRL al gori thms f or 

small or poorl y fi tti ng data s ets . I f  the model bei ng f i tted can be 

wr i tten wi th a l inear s ystanati c part , the NRL al gori thm def i ned f rom 

that i s  e qui val ent to NR and has the best asymptoti c conver gen ce r ate . 
I f  the model has no l i near s ystemati c part , then the bes t as ympt ot i c 

conver gen ce i s  found by using  as l i near as possi bl e  a def i ni tion of the 

s ystemati c part . However i n  some models , al l NRL al gor i thms may be 

as ym ptoti cal l y  sl ow to conver ge and another type of al gori thm such as 
NR  or a Quasi-N ewton (QN ) al gori thm may be pref erred . 

T hi s  se ction' s di scussion of the rel ati ve m eri ts of the vari ous N RL 

al gor i thms has been bas ed on as ympt oti c convergence r at es near the 

maxim um l i kel i hood estimate . Cl early , an al gori t hm  t hat e xhi bi ts a 

poor as ymptoti c conver gence r at e  i s  unsati sf act ory . As wil l  be s een i n  
Secti on 3 . 9 , i t  can also l ead to poor estimat es of the vari ances and 

covar i ances of the maxim llll l i kel ih:>od es timators . However , an 

al gori thm wi th near- quadr ati c conver gence may perfonn poorl y until  it  

gets  near the maximum l i kel i oood estimat e .  Performance in  the f i rst  

f ew i t er ati ons is  investi gated in  Section 3 . 7 .  
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3 . 6  THE FS  ALGORITHM AND I TS RELATIONSHI P TO NRL 

The NR and NRL algor i thms ar e not affecte d by how the respons e 

vector y is  involved in the log-l ikelihood . They treat y as a vector 

o f  known constants . The FS algori thm uses the expected second 
der ivat ives of the log-l i k elihood and its practi cality is dependent on 

how eas i ly thi s  expectation can be evaluated and used.  

FS i terat ions cannot usually be computed with least squares 
cal culat ions unl ess the model be i ng f i t ted can be wri tten with a 

systemat ic  part { ni l that does not depend on y .  If  the sy stemat i c  part 

i s  non-random , then I does not then depend on y and 

8 + c x • v*I) - 1 I ' Y  
* - 1  * 8 + ( X ' V  X) I'V z 

* -1 * * ( I ' V  I) I ' V  z 

( 3 . 6 . 1 ) 

( 3 . 6 . 2 )  

( 3 . 6 . 3 )  

* where V = E[V] i s  d iagonal . The formulae ( 3 . 6 . 2 )  and ( 3 . 6 . 3 ) parallel 
( 3 . 4 . 1 )  and ( 3 . 4 . 2 )  for the NRL algorithm. For most definit ions of 

log-l ikel ihood components , such as when they ar e l og probab il i ty 

( dens i ty)  functions or log conditional probab il i ty ( density)  functions , 

the diagonal elements of v* are non-negative and therefore FS can be 

implement ed with the weighted least squar es routines of many ex is ting 
statistical  comput er packages . 

FS i s  eas iest to implement for generalized  l inear models and was 

described by Nel der and Wedderburn ( 1 97 2 )  for these models and by 

Wedderburn ( 1 974 ) and Jennr i ch and Moore ( 1 97 5 )  for the corresponding 
models  wi th nonl ine ar systemat i c  parts . In  thi s  chapter , we shall 
ignore the aux i l i ary ( nu isance ) parameter in these models and therefore 

write  the ir l og-l ikel ihood components as 



SECTION 3 . 6 7 5  

where ei = e ( ni ) and ni • ni ( l) .  The FS algor i thm is then identical t o  

the NRL algor i thm that treats ei as the model ' s  s ystematic part .  Our 

d i scussion of the performance of NRL algor ithms in Section 3 .5 can 

therefor e  be used  to as sess FS . I ts asymptot i c  convergenc e is l ikely  
to  be  good only if  ei i s  near ly l inear , if  the mo del i s  a "perfect" f i t  
t o  the dat a or if  the data are a large random sample from the mo del 

b e ing f i tted .  For example in Po isson models w i th mean E[ yi ] = A i ' F S  

i s  i dentical t o  NRL appli ed t o  the systemat i c  p art ni = log ( Ai ) .  The 

algori thm ( A 2 )  in Se ction 3 . 4 is  therefore identi cal to FS and since ni 
i s  nonl inear in  models with A i z Ii ' l , the asymptotic performance of FS 

c an be poor i n  these models compar ed to NRL based on systemati c  part 

For all mo dels inv olv ing b inomi al  distr ibutions with 
parameter s  ri and �i ' FS is  equivalent to NRL applied  to the systemat i c  
p art l og ( �i/ ( 1 -�i ) ) .  Algor ithms ( A 4 )  and ( A6 )  in Section 3 . 5 are 
therefore i dentical to FS . 

I n  mo dels outsi de the exponential family , FS i s  usually not the 
* same as any NRL algor i thm. Howe ver V = E[V] oft en cannot be easi ly 

evaluated in  these models  and FS is  therefor e often not practical . We  
next descr ibe an example outside the class of  generalized linear 

mode l s , but where FS can be used.  I n  censor ed d i str ibut ions , the ex act 
failure time yi is only known prov ided y i < t i otherwis e  fai lure 
time i s  just  recorded as " ab ove t i " • I f  the probability dens i t y  

function of y i i s  f ( yi ni ) then the log-l ikel ihood component of the 

i ' th i nd ividual can be  wri tten as ! log f ( yi I ni ) 

log J: _ f ( yi I ni ) dyi 1 

I f  the uncensored data has an exponent ial d i str ibution with f ( y i , ni ) 
= exp { ni-y iexp( n1 ) l  and ni = I1 ' a, then the NRL i terations based on 
l inear systemati c  part ni are equivalent to NR and have " explanatory" 

variab les Ii , weights ! yiexp( ni ) 

t 1exp( ni ) 

if  i ' th not censored 

if i ' th censored 
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! exp(  -ni ) ly i - 1 

- 1 

i f  i ' th not censored 

if  i ' th censored 
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In thi s  exampl e wi>O for all i and the systemati c  part i s  therefore  

conv ex .  For  FS , the weights and "r esponses"  ar e 

wi exp( - n · ) 1 ( 1  - exp ( -exp( ni ) ti ) )  

and ! ( 1 - y i exp( ni ) )  I wi i f  i ' th not censored 
z i -t i exp ( ni ) I w i i f  i ' th censored 

respectively . The FS formulae have the d isadvantage that even for 
ind i v i dual s  that were not censored,  the time they would have been 

censor e d  must be known. Thi s  informat ion may not be ava i l abl e and , 

even i f  it i s ,  it  can be argued that it should have no bear ing on the 
NRL also has quadrat i c  convergence  and therefore 

seems the better method to use . The NRL i t erations ar e equivalent to 
those und er ly i ng Aitk in and Cl ayton ' s( 1 98 0 )  me thod wh i ch was descr ibed 

at the end of Section 3 . 1 . 

I n  mo dels that can be expressed with a non-r andom systemat ic  par t  

and that are not in an exponent ial family ,  the r esul ts i n  Section 3 . 5  

cannot be directly used to examine the asymp toti c  conv ergence of the FS 

algori thm . However ,  one s imi lar result holds : the FS algori thm does 

not usually have quadratic  conv ergence , but i ts performance becomes 
clo se to that of NR i f  there i f  a large amount of data that f i ts the 

model . I t  does not alway s however have quadratic  convergence if  
appl i e d  to  a small data set that the mode l f i ts perfectly .  
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3 . 7  I MPLEMENTATI ON OF ITERATIVELY REWEI GHTED LEAST SQUARES 

ALGORITHMS IN THE INITIAL ITE RATIONS 
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I n  Se cti on 3 .  5 ,  i t  was shown that an al gori thm whose performance i s  

cl os e  t o  N R  shoul d be used near the maximum l i kel i hood estimat e  to get 
good asymptoti c convergence . I n  thi s thesi s ,  we are l ar gel y concerned 

wi th al gori thms that can be impl ement ed wi th i ter at i vely  r ewei ght ed 

l e as t  s quar es ( I RLS)  and , of these , a N RL al gori thn based on as l i near 
as poss i bl e  a s ystemat i c part i s  us ually best . I n  the i ni ti al 
i t er at ions however , we  shall show that other I RLS al gori thms can 
perform cons i der abl y better than thi s t ype of al gori thm . 

I n  most probl ems ,  the bes t i t er ation of the f orm 

wher e s i s  the gradi ent at 8, woul d us e a matri x A that i s  i nt erm edi at e  

betwe en the second der i vati ve matri ces of the l og- l i kel ihood at 8 and 
at t he maximum l i kel i hood estimat e  a. In pr obl ems wher e the second 
der i vat i ve matri x  changes mar kedl y when • moves away from '' any NRL 
al gor i thm wher e - (I ' D) i s  cl os e  to  the second der i vati ve matri x at 8 
can t her efore be f ar from optimal i n  the i ni ti al iter ations . The most 

e xtrem e  eff ect of thi s t ype is when the second derivati ve m atri x  is not 

negati ve def i ni te at a, so that the unmodifi ed NRL step woul d not even 
be i n  a des cent directi on .  I n  other cases wher e the cur vat ure i s  m uch 
great er at a than at a, the i ni ti al steps are much too sm al l . 

For exampl e ,  if  yi/ (xi ' 8) has a i di stri buti on wi th de gree of 

freedom f or i = 1 , • • •  , n  then the NR  iter at i ons , whi ch are i dent i cal to 
NRL wi th  s ystemat i c  part ni = xi ' 8 , can be evaluated as l east s quar es 

cal cul at i ons wi th " expl anator y" var i abl es xi , wei ghts 

1 - ) I (x: · ' 8) 2 
2 1 
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and "r es pons es" 
yi ) zi ( - 1 I ( 2wizi ' 8) 

•i ' 8 

78 

S tarti ng val ues can be f ound by an i terat i on with zi ' 8 repl aced by y i , 

the maximum l i kel ihood estimat e  of ni from the satur at ed model , as 

des cr i bed i n  Sect i on 3. 4 . I n  this case , the " r es pons es" woul d be 
* zi = Yi · When appl i ed to  the artif i ci al data wi th zi ' 8 = e 1 + s2di i n  

Table  3 . 7 . 1 , the NR i t er ations are as shown i n  Table  3 . 7 . 2 .  Though the 

as ymptot i c  conver gence r ate  i s  good ,  the i ni ti al iter at i ons ass ume too 

hi gh a c urvature and ar e too short . If the i t erations ar e st arte d from 

t he maximum l i kel i hoo d estimate  i n  the model wi th s2 = 0 ,  s 1 "' LYil n ,  
the s e cond deri vati ve mat ri x  i s  not posi tive d ef i nite  and the 
unmodif i ed NR  al gori thm does not conver ge . 

I n  contr ast , the FS al gori thm , whi ch i s  i denti cal t o  N RL based on 
- 1  s ystemat i c  part ni "' ( xi ' 8) , i s  equi val ent t o  IRLS cal cul ati ons of 

the s am e  form as thos e f or N R ,  but wi th wei ghts 

I ts i t er ations fran the two differ ent st arting values ar e shown i n  

Tabl e 3. 7 . 3 .  Since i ts wei ghts depend on (xi ' 8) -2 rather than 

( xi ' 8) - 3  when (xi ' 8) i s  small , i t  i s  l ess extremely aff ected by poor 
start i ng val ues and i ts i ni ti al i terati ons ar e much bett er than thos e 

of the NR al gori t hm .  Since  i ts s yst emati c part i s  convex , i t  never 

needs def i ni teness modi f i cat i ons . I ts as ymptot i c  conver gence rat e  i s  

also good i n  thi s e xampl e , s o  i t  would be pr eferre d t o  N R . 

The most stabl e I RLS al gori thm i n  the i niti al iter at i ons i s  

therefore one with posi t i ve w ei ghts that do not change too shar pl y  as 

8 moves f rom J. I n  mode l s  that can be wri tten wi th a non- random 

s ystemati c part , the FS wei ghts are often good to use i f  they can be 
easily  eval uated . I n  other circunstances wher e the l o g-l i kel i hood 
components are each bounded above , the N RL al gori thm bas ed on ( 3 . 3 . 8 )  

i s  oft en better than N R  i n  the i ni ti al i t erations since i ts wei ghts are 

always posi ti ve . I f  such an algori thm exi sts , we therefore  recommend a 

canbi n ation of i t  and a N RL al gori tl'ln that behaves l i ke N R ,  with a 
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TABLE 3 .  7 . 1  

Art i f i ci al D ata f or F itti ng Gamma Model 

R es ponse,  

0 . 31 53 

0 . 1 92 3  

5 . 0425 

0. 5692 

3 . 7922 
1 • 1 081 

8 . 1  7 81 

1 1 . 1 1 0  

Expl anatory 

Var i abl e ,  di 

TABLE 3 . 7 . 2  

2 

2 

3 

3 

4 

5 

I ter at i ons of the NR Algori thm Appl i ed to  D ata i n  Tabl e 3. 7 . 1 .  

Starting Val ues ( I teration 0 )  were  Found  from Sat ur ated Model 

I ter at i on 

0 
1 
2 
� 
5 
6 

� 

-0 . 3 5333 
-o . 581 8o 
-0 . 91 704 
- 1 . 30566 
- 1 . 63 808 
- 1 . 81 21  5 
- 1 . 84676 
- 1 . 84 787 
- 1 . 84788 

0. 569 1 2 
0 . 83 1 01  
1 . 1 7564 
1 . 561 78 
1 .  8931 0 
2 . 06693 
2 . 1  01 5 1  
2 . 1 02 63 
2 . 1 02 63 

Log- Convergence 

Likel i hood 

- 1 0 . 22655 
-8 . 42021 
-7. 51  031 
-7 . 1 2938 
- 7 . 02035 
-7 . 00599 
-7 . 00560 
-7 . 00560 
-7 . 005 60 

R at e ,  C 

o .  8380 6  
o .  7 3209 
o .  58297 
0 . 3871 6 
0 . 1 70 3 3  
0 . 031 23 
0 . 00099 
0 . 00000 

79 
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T ABLE 3 . 7 . 3  

I ter at i ons of the FS Algor i ttun Appl i ed t o  D at a  i n  T abl e 3. 7 . 1 

wi th  Starting V alues ( I t er ation 0 )  from Two S impl er Models . 

( Bracketed i terat i ons had stepsi ze modifi cat i ons appl i ed )  

80 

Log- Conver gence 
I ter ation 81 8 2 

Starting val ues fran s at ur ated model 

0 -0 . �53�3 0 . 5691 2 
1 - 1 . 4 1  5 2 . 0 9 81 5  
2 - 1 . 84 782  2 . 1 0258 
3 - 1 . 84788  2 . 1  02 63 

Star t i ng val ues f rom model wi th 82 ., 0 
0 3. 7884 6 0 . 00000 
1 -2 . 85 900 2 . 53237 

2 . 1 2 6 60 0 . 6�309 
2 - 2 . 248�0 2 . 2 747 

1 .  032 7 1 .  04669 
� -2 . 00690 2 .  1 806� 

- 1 . 85029 2 . 1  045 
5 - 1 . 84 789 2 . 1 0264 
6 - 1 . 847 88 2 . 1 02 63 

Li kel i hood 

- 1 0 . 22655 
- 7 . 005 63 
-7 . 00560 
- 7 . 00560 

-9 . 32784 
- Q) ) 
- 8 . 686 94  

- 1  o .  622 68 )  
- 8 .  321 01 
-7 . 08906 
-7 . 005 61 
-7 . 00560 
-7. 00560 

R at e ,  c 

0 . 003 54 
0 . 00990 
0 . 0 0 81 9 

0 . 7034 5  

0 . 723 1 2 
o .  060 2 1  o .  0 1  84 1  
0 . 00748  
0 . 0081 7 

swi t ch bei ng made between the al gori ttuns used i f  the conver gence r at e  
of the one in  use seems sl ow .  Thi s str ategy has the advant age that 

ther e is no overhead i n  appl i cations where both  I RLS al gori thns have 
good conver gence , but i t  reduces the ri sk  of sl ow i ni ti al or as ymptot i c  

convergence and avoi ds the need to appl y  def i ni t eness modifi cations . 

D et ail s of when to  swi t ch between al gori thms ar e d i s cuss ed l at er i n  

thi s  s e ction .  

I f  an IRLS al gori t tun  wi th posi ti ve wei ghts cannot be f ound f or a 
particul ar model , then a standard def i ni t eness mo difi cation m ust be 

used . For exampl e ,  the s ubrouti ne COMBINEM i n  Appendi x B has the same 

effe ct as subroutine COMBINE whi ch w as des cri  be d i n  Se ction 3 .  4 ,  but 

perf orms a Gill and Murr ay ( 1 97 4 )  defi ni teness modi fi cat i on rather than 

ret urni ng an error code if (I' III) i s  not posi t i ve def i ni te . Thi s i s  
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done by addi ng a di agonal matri x E to X'11X to make i ts Chol es ki 

f a ctori zation stable . COMBlNEM us es simil ar Gi vens rot ations to  thos e 
used by COMBINE to f i nd upper tri angul ar B and di agonal D such that 

* * * R' DR = a ' D B where 

* 
and D 

n1 o 
0 -D2 
0 0 

and B1 , a2 , D 1  and D2 ar e as def i ned i n  Secti on 3 .  4 .  a and D ar e  used 

i n  an i dent i cal way to the corres pondi ng matri ces ret urned by COMBIN E .  
Since  COMBI NEM always c al c ul at es the maximun di agonal and off- di a gonal 

el ements of I' D even when X'V.X i s  pos i ti ve defini te ,  this  overhead can 
be avo i de d  i f  COMBINEM i s  onl y call ed after COMBINE ret ur ns an error 

code . 

Even though the modif i ed al gori thm i s  always i n  a des cent 
directi on ,  (I 'U+E) i s  of ten near l y  si ngul ar after a modif i cat i on i s  

made and i t  can ther ef or e  t ake an unr easonabl y l arge step . Thi s can be 
avoi ded by f i nall y  i ncr easi ng the di agonal of (I '11X+E) by ten per cent 

if a d ef i niteness mo difi cati on has been made . Subr outine  DI MULT i n  

Appendi x B can be us ed t o  do thi s .  

Other defi ni teness modif i cat i ons ar e poss i bl e , but ar e not exami ned 

f urther i n  thi s  thes i s .  For exampl e ,  the negati ve wei ghts i n  D2 coul d 

be r educed by a proport i on 6 unt il  R' DR = a1 • n1R 1  - oR2 ' D2ft2 becom es 

posi tive s em i-def i ni t e .  

A l l  NRL an d  FS al gor i thms m ay al so require stepsi ze modi f i cati ons 

i n  t he i ni t i al i t erati ons . Mar quar dt-type mo difi cations invol ve 

addi ti ons to the di agonal of (I'D) unt il  the l og- l i kel i hood i s  
i ncr eas ed . Sti rl i ng ( 1 98 4 )  showed that each addi ti on of a di agonal F to 
(I 'D) i s  equi val ent to p e xtr a rows of dat a [I : 0] wi th wei ghts gi ven 

by the di agonal of F .  G i vens rotati ons can then be used to make the 

appropr i at e  modifi cat i ons to  B and D .  The di agonal of F is  us uall y 
chosen t o  be proporti onal to  the di agonal of I'V.X.  Stirl i ng ( 1 984 ) 

s howe d  that thi s  type of mo dif i cation can also be used  to appl y a 
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def i ni teness modif i cat i on .  I f  G i s  a di agonal matri x wi th pos i ti ve 

di agonal el em ents , then ther e i s  some k>O s uch that (I '8X + kG ) i s  
posi ti ve def i nite  and 

i ncr eas es the l og-l i kel i hood  over that of J. The s cal ar k can be 

i ncr eased until  bot h condi ti ons ar e m et .  Setti ng the di agonal of G to 

the di agonal of (I 'III ) is us uall y s uitabl e if  i ts di agonal el enents ar e  
all pos i ti ve ;  thi s however cannot be guarant eed i f  J i s  not cl ose to 
t he m aximum l i kel i hood estimat e  and ther e is no obvious choi ce of G if 
a di agonal el en ent of (:X ' 11I )  i s  zero . 

ade quat e i n  many probl ems . 
The metho d  however seems 

I n  this  thesi s  however , the simpl er  stepsi ze al gori thm s uggested by 

Bar d  ( 1 97 � ,  pages 1 1 0- 1 1 3 ) will be used . If the NRL step dire cti on 

( w i th def i ni teness modi f i cat i on )  i s  gi ven by ( 3 . � . � ) , then i ter ati ons 

of the form ,  

ar e us ed where the s ca l ar o denotes the steps i ze .  The 1 og-l i kel i hood 

i s  f i rs t  eval uat ed at an i ni ti al tri al stepsi ze (of ten 6=1 ) .  Since 

l og-l i kel i hood evaluati ons wi th new o involve computat i ons of or der 

O (np) whereas full iterat i ons i nvolve computat i ons of order 0 (np2 ) , i t  

i s  cl earl y worth spending s om e  effort i n  im provi ng the i ni ti al stepsi ze 

when p is l ar ge , even if  the i ni ti al 

l o g- l i kel i hood . Since 
st epsi ze i ncr eas es the 

! a�•:o� l o.o -
r2' r2 

and the l og-li kel i hoods at o=O and the i ni ti al tri al steps i ze are 

known , Bar d' s al gori thm estimat es the optimun stepsi ze o to m aximi ze a 
f i tted quadr ati c i n  o def i ned  by thes e thr ee quant i ti es .  I f  the 

i ni ti al stepsi ze reduces the log-l i kel i hood , i nt erpol ation i s  done i n  

thi s way . Otherwi s e ,  a s imilar i nt er pol at i on or extr apol at i on i s  tri ed 

i f  the estimate  of the optimum stepsi ze i s  l ess than a proporti on ( 1 - p )  
or more  than ( 1- p )- 1 diff er ent from the i ni ti al stepsi ze . Setti ng p to 
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0 . 1 i s  usuall y  s ui tabl e .  I f  p •1 . 0 ,  no i nt er pol at i on o r  e xtrapol at i on 

i s  perf ormed unl ess t he i ni ti al stepsi ze reduce d  the l o g-l i kel i hood . 

Subrout i ne STEP in Appen d i x  B per f orms thi s steps i ze modi f i cat i on and 

i ts i nput par amet er PACC def i nes the val ue of p .  The i ni ti al tr i al 

s t e psi ze can be based on the stepsi ze use d  i n  the pre vious i t er at i on , 

but i n  t he num eri cal exam pl es that use STEP i n  t hi s  thes i s ,  an i ni t i al 

uni t s t e psi ze i s  always us ed . 

T hi s  t ype of st epsi ze al gor i thm can al so be used to assess the 

conver gen ce r at e  of t he al gori ttm bei ng use d  and , i n  s i t uati ons where 

ther e ar e two I RLS al gor i t hms avail abl e ,  an i nt er pol at ed or 

ext r apol at ed s t epsi ze of , s ay o<0 . 8 or 6 > 1 . 25 ,  can be us ed t o  tri gger a 

s wi t c h  t o  the other al gori thm . Si nce the e xampl es in l ater s e ctions of 

t hi s  t hes i s  ar e i nt en ded t o  all ow com par i son of di f f a" ent I RLS 

def i ni ti ons of w ei ghts , s wi t c hing between al gori thns i s  not impl ement e d  

her e an d the par am et er p o f  STEP i s  us ually s et t o  1 .  0 .  
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3 . 8  CONST RAINTS 

I n  t h i s  sect i on we cons i der f i tti ng model s subj ect to constra i nt s  

o f  the f orm C(S) "' c where C( • ) i s  a ve ctor f uncti on an d c i s  a ve ctor 

def i ni n g  t he q constrai nts . 

I f  c was a norm al l y  d i s t r i buted pri or es timat e  of C(S) wi th 

var ( c ) ... k- 1 1 ,  then the over all l og- l i kel i hood woul d be Ir:� 2.i ( S) 

wher e 

for i � ( n+ 1 ) ,  • • .  , ( n+ q )  

F S  an d NRL ar e both e qui val ent t o  addi ng " res pons e" an d " expl anat or y" 

vari a bl es , 

and 

! ZQ+ 1  l c - C(S) 

zn+q 

� �+ 1  l .. C'  ( S) 

t In+q 

to t ho s e  us ed f or f i tt i ng the uncons trai ned mode l in ques ti on ,  each 

wi t h  w e i ght k .  T he f ul l y  im posed constr ai nts are e qui val ent t o  l etting 

k�� in each i ter at i on .  

T hi s  m et ho d  i s  equ i val ent t o  l i near i zi ng the cons trai nts 

and a ppl ying t hese exactl y as l ine ar constr ai nts i n  al l i t er ations . A s  

des cr i be d  i n  Sect i on 2 . 5 ,  t he G i vens al gor i thm f or l eas t s quares can be 

e as i l y m o di f i e d  to accept s u ch constr ai nts . 

... 
I f  the al gori thm conver ges , then cl ear l y  C(S) -= c and the 

cons t r a i nt s  ar e s at i sf i ed . Al so by l et t i ng k�� i t  can be shown t hat 
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-

\ n+q n ( ) L i ... n + 1  �i 8 0 an d s o  8 i s  a l ocal maximum of the l og- l i kel i hoo d  

s ubj e ct t o  t he cons trai nts . 

W e  have onl y deal t wi th e qual i t y  constrai nt s  here . San e m o del s 

al so have i ne qual i t y  constr ai nts . T hese occasi onal l y  r el at e to a 

s i ngl e par am et er , such as e 1  >O , but more often ar e cons trai nts on al l 

ni ( 8) .  For exam pl e ,  i n  P oi sson m ode l s  wi th E[ y i ] c ni ( 8) ,  we m ust have 

ni ( 8) � 0 f or al l i .  I f  the m aximum l i kel i hoo d  estimat e  i s  not on a 

boun dar y ,  but i s  at a t ur ni ng poi nt of the l i kel i hood , then s t epsi ze 

modifi c ations can be used af t er the f i rs t  i t eration to kee p t he 

par am et ers i n  a f easi bl e  regi on of the par amet er s pa ce ; we can 

t her ef or e  tr eat i nf easi bl e  val ues as hav i ng a l og- l i kel i hoo d  of - � .  

T her e can however be diff i c ul ti es i n  o bt ai ning a f e asi bl e  s t ar t i ng 

val ue f or t he al gor i thms . I f  thi s probl em i s  enco unter ed or i f  the 

ma ximum l i kel i hood es timat e  may be on a boundary , a co ns tr ai ne d 

opt i mi zat i on al gor i thm must be used . The necess ar y  modif i cat i ons t o  

the I RLS al gori t hms ar e  not pers ue d i n  thi s  t hesi s , but i t  is  not e d  

t hat they i nvol ve appl yi ng e qual i t y  cons trai nt s  i n  i ter at i ons an d t hes e 

can be done as des cri be d above . 
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3 . 9  VAR IAN CE$ AN D TESTS 

The s t an dar d res ul ts about m aximum l i kel i hood es timat ors can be 

a ppl i ed t o  a. I t  as ymptot i call y has a norm al di stri but i on wi th mean a. 
I ts var i an ce- co var i an ce m atri x can be estimat ed by -A- 1 wher e A is an 

approxi m at i on t o  the H essi an ,  B .  The m atri x .& that woul d be us ed i n  

t hi s  f o nn ul a  i s  the appro xim ation use d  i n  the l ast i t er ation of the NR , 

NRL or FS al gor i thm whi ch i s  us ed t o  cal cul at e the es timat e  a. I f  FS i s  

used , -.a- 1 i s  the i nvers e  o f  F i s her ' s i nf ormat i on matri x an d thi s i s  

the mos t  commonl y us ed t ype of es timat e  of the var i an ces of maxim um  

l i kel i ho o d  es timators . H owever Efron an d H i n kley ( 1 97 8 )  gi ve reas o ns 

f or pr ef er r i ng the estimat e  r es ul ti ng from the N R  al gor i thm . The 

m at ri ces can be e xtracted by subroutine VARS i n  Appendix B.  I n  

al gor i thms that conver ge sl ow l y  and wher e the appro ximat i on t o  t he 

s e cond deri vati ve mat r i x  bei n g  use d  i s  poor , this es tim at e  of t he 

var i an ce can al so be ver y poor . For exampl e ,  the i nver s e  m at ri ces , 

.a- 1 , f ound when appl yi ng al gor i t hms ( A6 )  and ( A7 )  to f i t  a resi dual 

re�ns es model to the dat a i n  T abl e 3. 5 . 7 , were gi ve n  i n  S ecti on 3 . 5 . 

T hese both consi derabl y o ver es timat e the vari ance es timat e  f o un d  f r om  

the i nvers e o f  the s econd der i vati ve m atri x i ts elf , whi ch i s  al so gi ven 

i n  Se c t i on 3 .  5 .  S imil arly , t he es timated vari an c es from the FS 

al gor i thm appl i ed t o  the two dat a  s ets i n  T abl e 3 .  4 . 1 ar e  ver y much 

l ower t han t hos e fr om the NR al gor i t hm .  

T es ts about Ill can be bas ed o n  t he as ympt oti c pro per t i es of the 

gener al i ze d  l i kel i hoo d r at i o  t es t . The devi ance of a m odel can be 
,. 

def i ne d  as 2(  L0- ni ( ni ) )  wher e L o i s  the m aximum of L R.i ( ni ) over all 

cho i ces of ni ( t hat i s ,  f rom the s at ur at ed model ) .  A model ' s  de v i an ce 

can be us ed t o  des cr i be i ts f i t , an d can be part i ti oned f or a nes ted 

se quen ce of mo dels and pr es ent e d  i n  a tabl e  anal ogous t o  an anal ysi s of 

var i an ce t abl e .  The diff er en ce i n  devi an ces between diff er ent nes ted 

m odel s wi l l  asympt oti call y have a x2 di str i but i on wi th de grees of 

freedan e qual t o  the n umber of par amet ers i n  one mo del r estri cted by 
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t he ot her . T he r es ul ts and def i ni ti ons here are an extension of those 

of N el der and W edder bur n (  1 97 2 )  f or gener al i zed l i near mode l s . 

T ABLE 3 .  9 . 1  

N um bers of I ns ects Affected by Var i ous C on centrat i ons of 

Two T y pes of D erri s R oots (Mart i n ,  1 9 4 0 )  

Type of Derri s 

R oot U sed 

w .  21 3 

W . 21 4 

Cont rol s 

Dr y R oot N o  

m g . l l . 

1 4 8 0  

1 000 

480 

1 20 

61 9 

458 

31 0 

1 4 9 

37 . 1  

of I ns e cts N un ber 

U sed Aff ect ed 

1 42  1 42  

1 27 1 26 

1 2 8 1 1 5 

1 2 6 58 

1 25 1 25 

1 1 7  1 1 5 

1 27 1 1 4 

51  40 

1 32 37 

1 2 9 2 1  

F or e xampl e , t he d at a  i n  Tabl e 3 .  9 . 1 report the numbers of a gr ai n 

beetl e t hat wer e aff ect ed by d iff er ent concentrat i ons of two derr i s  

r oots W . 21 3 an d W . 21 4 .  T her e were al so 1 2 9 control i ns e cts that wer e  

s pr aye d onl y  wi th t he medi um i n  whi ch t he derr i s was mi xed , but no 

derri s .  A l o gi t r es i d ual r es pons es model w as  used wi t h  
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�i K e 1 + ( 1 - B 1 ) �( B2+ 8 4 ( l og concent rat i on ) )  

f or  i ns ect s gett i ng root W . 21 3 ,  

( 3 . 9 . 1 )  

f or i ns ects get t i ng root W . 21 4 ,  an d 

�i = 8 1 f or i ns ects getti ng no derr i s .  

The cont rol i ns ects ther efore corr es pond t o  zer o concent r ati on .  The 

f un ct i on � ( • ) was taken to be t he l ogi sti c cumul at i ve di stri buti on 

f un cti on ,  c�>( y )  = e xp ( y )/ ( 1 +exp (y ) ) .  The model was f i tted usi ng t he NRL 

al gori t hm  ( A6 )  f r om Se ction 3 . 5 ,  and w as  als o  f i t t e d  wi th t he 

constrai nts , 84 = 8 5 an d wi th t he two cons trai nts , 82 = e 3 and 84 8 5 • 

T ABLE 3 . 9 . 2  

A nal ysi s of D evi ance T abl e f or R es i dual R es ponses L eg i t  Models 

Appl i e d  to D at a  i n  Tabl e  3 . 9 .  1 .  

Model 

( 3. 9 .  1 ) wi th 

e4 .. e5 and e2= 8 3 

( 3. 9 . 1 )  wi th e4 - e5 

( 3. 9 .  1 )  

Sat ur at e d  Model 

Devi ance 

D. F .  

7 28 . 81 

6 1 1 • 66 

5 1 1 . 63 

0 0 

D iff erence D . F . 

i n  D evi ance D es cr i pti on 

Equ i val ence of R oot 
1 7 . 1 5  

Assumi ng Par all el i s  

0 . 03 Par all el i sm 

1 1 • 63 5 R es i dual 

T he devi ances frcm thes e  model s are pr es ent e d  i n  t he anal ysis of 

devi an ce t abl e ,  Tabl e 3. 9 . 2 .  The resi dual de vi ance gi ve s  an i ndi cati on 

of t he a dequac y of t he f ull model and i ts val ue of 1 1 . 6 3 i s  j ust 

s i gnif i ca nt at t he 5 per cent l evel when com par ed to x 2( 5 d . f .)  , g i vi ng 

s ome e vi d ence t hat t he model may not be appro pri at e f or the data . T he 

diff er en ce i n  devi an ces corr es pondi ng t o  the cons trai nt e4 .. 8 5 , 0 . 03 ,  
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i s  not s i gn i f i cant when compar ed t o  l < 1 d . f . ) whi ch gi ves no evi dence 

t hat the two derr i s  roots do not have par all el ef f ect . The d i ff er en ce 

i n  devi an ces corr es pondi ng t o  impos i ng t he cons trai nt e2 "' e 3 , 1 7 . 1 5 , 

i s  hi ghl y s i gnif i cant when com par ed t o  x2 ( 1  d . f . ) , g i vi ng s trong 

e vi dence that t he two r oots have diff er ent pot en ci es . 

( X ' liX )- 1 from the l as t  i t er at i on of the model wi th e4 

T he mat ri x  

e 5 gi ves a 

consistent es t imat e  of t he vari ance- covari an ce mat ri x  of the par amet er 

estimat es an d i s  

� e1 

l 
0 . 000973 ,. 

�2 -o . 01 561 5 1 .  03734  
var ( ( �3 0 . 0 02 388 -o . 1 76 4 67 o .  03 1 231  

� e4 ) 0 . 000090 -0 . 0 67 92 5  0 . 006090 0 . 076065 

S i nce t he as ymptot i c conver gence r at e  when f i tti ng t he model was 0 .  1 5 , 

t hi s  vari an ce es tim at e  i s  l i kel y  t o  be a c ce ptabl y  cl os e t o  that 

expected f rom us i ng t he NR al gor i t hm . 
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4 .  MO DE LS WITH TWO OR MORE SYSTEMATI C PARTS 

4 . 1  F ITTIN G MODE LS WITH I TERAT I VELY REWEI GHTE D LEAST SQUARES 

I n  m any model s , t he l og- l i kel i oo o d  com ponents depend on t he 

par am et ers ess enti al l y  t hrough two f un cti o ns of the par amet e rs and 

t hes e ar e of ten non- random . Tho ugh m any m odel s , s uch as thos e 

i n vol vi ng t he bi nani al , P oi sson , e x ponent i al and mul tinani al 

di stri but i ons , can be wri t ten wi th a si ngl e non- random s yst em ati c par t , 

t her e ar e m any other di s t r i b uti ons s uch as t he normal , Wei bull and 

negat i ve bi nan i al di stri but i ons whi ch de pend on two or more f unct i ons 

of par am et ers and cannot be wri tten wi t h  a s i n gl e  syst emati c par t i n  a 

way t hat l eads t o  a NRL al gori thm wi th r e as onabl e conver gence . M os t  

models des cri be d i n  Se cti on 3 . 2  ar e of t hi s  f orm .  

I n  t hi s  sect i on ,  w e  t her ef or e  cons i der m odel s  wi th two or m or e  

s yst em ati c par ts and de vel o p  a gener al i zat i o n  of the N RL al gori t hm  t hat 

can be impl em ent ed wi th a s equence of wei ght ed l eas t s quar es 

cal cul ati ons . W e  f i rs t  treat mo del s wi t h  tw o s yst em ati c par ts an d 

l og-:- l i kel i ooo d  com po nents of the f orm 

ii ( rJ 1 ) • nF) ) 
w her e n{1) -=  ni1) (8) and nF) -= nF) ( J) f or i •1 , • • •  , n .  I n m any , but 

not al l , model s the s yst em ati c parts ar e non-r andan , an d in many mo del s 

t he s econ d  s ys t em at i c par t wi ll simpl y  be a s i ngl e auxi l i ar y  par amet er 

whi ch i s  di sti nct f rom thos e i nvol ve d  i n  n� 1 ) .  The cl ass however al s o  

i ncl udes m odel s  whi ch e xpl ai n var i at i on i n  two par am et ers o f  the 

r es ponse di s t ri b ut i on usi ng s e par at e  f un ct i ons of expl an a t or y 

var i abl es . F or exam pl e S ti rl i ng ( 1 98 5 )  des cr i bes models wher e t he 

v ari anc e  i n  a normal l i near model de pen ds on a diff erent f un ct i on of 

e xpl anat ory vari abl es f rom that aff ect i ng t he mean . M ant on and 



SECTION 4 . 1  9 1  

Woodbur y ( 1 98 1 ) us ed a negati ve bi nom i al model where the mean and shape 

par am et er were aff e ct ed by diff erent expl anatory vari abl es . 
Gl as er ( 1 98 4 )  used a W ei bull model to des cr i be the l ifet imes of certai n 

i t ems an d  mo delled  the two W ei bul l par ameters wi th diff erent f un cti ons 

of expl anatory vari abl es . 

W e  can def i ne the N RL al gori thm f or model s wi th 2 s yste:nati  c parts  

in  a simil ar way  t o  the def i ni ti on used for that al gori thm in  Se cti on 

3 . 3 , by def ini ng n{ 1 ) * and nf 2 ) * to be the l i near terms of a T ayl or 

s eri es f or ni 1 ) and ni 2)  round a. I f  t *< a) denot es the l og- l i kel i hoo d  
wi th nf 1 ) and nF ) r epl aced by ni 1 ) * and nF ) * ,  then the i ter ati ons of 

the N RL al gori thm can be def i ned to  be N R  i ter ati ons appl i ed to t* < a) . 
* A s  bef or e ,  .2. ( • ) and .2.(  • ) have t he same f irst deri vati ve and s o  

conver ge t o  the same val ue . If  both s yst emati c parts ar e l i near ,  t hen 
N RL = NR . The NRL i terati ons can be e xpressed i n  the f orm !I ( 1 ) l I V ( 1 )  

.;RL = 11 + ( I( 2) 0 

I( 3) 0 

0 

v < 2 ) 

0 

( 4 . 1 . 1 )  
wher e I{j )  has i 1 th row xP ) 1 ,  vU ) is di agonal wi th i 1 th di agonal 

el e:n ent wP ) and Y(j ) is a ve ct or wi th i 1 th el e:nent vp ) f or j =1 , • • •  , 3 
an d i =l ,  • • •  , n ,  wi th 

I �j ) 
1 for j = 1 , 2  

I � 3 )  
1 

w � 3) 
1 

w �j ) 
1 f or j = 1 , 2  

and v�j ) 
1 

a t i 
= � 1 

f or j = 1 , 2 

T hi s  i s  i n  a simi l ar f orm to ( 3 . 3 . 5 )  f or model s wi th a s i ngl e 

s yste:nati c part and can be e val uated as a wei ghted l e ast  s quar es 
cal cul ati on i n  a s imi l ar way , the m ai n  diff erence bei ng that each of 

t he ori gi nal obs er vati ons generat es thr ee r ows of dat a and w ei ghts . 
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The mai n  appl i cat i ons of thi s  al gorithn ar e to  models whi ch cannot 
be wri tten wi th a s i ngl e non- random systemati c part . However , some 
models wi th a singl e  nonl i near systemati c part can be r ewri tten with  
two l i near s ystemati c parts and thi s all ows NR  to be impl ement ed as 

I RLS ,  gi ving faster convergence i n  some exampl es wher e N RL and FS 
appl i ed t o  the s i ngl e nonl inear s ystemati c part ar e sl ow t o  conver ge . 
A n  import ant cl ass of models wi th thi s  type of property i s  the cl ass of 
gener al i zed  l i near models wi th pararnetri c l i nk functi ons ( Pregi bon , 
1 980 and Scal l on et al , 1 984 ) . These ar e of the f orm ( 3 . 1 . 1 )  but wi th 
ei = k ( ni , 81 ) and ni = xi ' s2 . This class of models i ncl udes the 
b i nomi al res i dual responses model ( 3 . 5 . �) as well as other ad hoc 
model s  descri bed by Pregi bon ( 1 9 80 ) and Scal lon et al ( 1 9 8 4) . We  shall 
see l at er i n  thi s  sect i on that the auxil i ary (nui sance ) paramet er 4> can 
be i gnored when estimat i ng e. Either ei can be treat ed as a s i ngl e 
sys temat i c part and NRL or FS used , or ni and e1 can be treated as 
diff erent systemati c parts and ( 4 . 1 . 1 )  used t o  impl ement NR .  T he 
l atter m ethod has quadrati c conver gence as oppos ed t o  the l i near 
convergence of FS and N RL and so  would  be expected to perform better , 
at l east near the m aximun l i kel ioood estimate .  The NR i terati ons i n  
Table  3 . 5. 8  were found usi ng thi s IRLS method and are a cl ear 
improvement over I RLS methods ( A6 ) and (A7 ) .  

I f  a model ' s two s ystematic parts are non-randan , t hen the FS 
iterat i ons can be simil arl y wri tten as 

( " ) * w�J. ) * where V J i s  di agonal wi th i ' th el ement 1 and 

wf3l * • -
E ! a nf;�

1
�nf2l j 

wij ) * • -E ! a
n�;�12 j - wf 3l * for J •1 , 2 

( 4 . 1 . 2 )  

T hi s  can agai n be impl emented wi th weighted l east squar es cal cul at i ons . 
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T he F S  al gori t hm  can b e  s i m pl if i ed i n  t hr ee s pe ci al cas es . 

Separabl e s ys t anati c parts 

I f  

then t he two s ys t anat i c parts ar e  call ed s epar abl e .  Then 

+ 'Fs "' 
11 + < 

'Y ( 1 )  � 
y ( 2) j 

( 4 . 1 . 3 ) 

w her e wP ) * - -E[ a2 ii < nf 1 ) , nF) ) / a nP ) 2 J for j -=1 , 2  and i = 1 , • • •  , n . 

T he FS al gori t hm  i s  t her ef or e i n  a s imil ar form t o  the FS al gori thm 

wi th a s i ngl e s ys t an at i c par t an d ,  if impl an ent ed wi th I RLS , t he 

w ei ghts are us ual l y  posi ti ve . 

D et a che d s ys t em at i c par ts 

In t he comm on s pe ci al cas e wher e nl 1 ) ( 11) an d nf 2) ( 8) ar e 

and i nvol ve com pl et el y d i f f er ent s ubsets of 8, s ay 

8( 2) r es pe ct i vel y ,  t her e i s  a f urt her simpl if i cati on s i nce 

s epar abl e 

8( 1 ) and 

( 4 . 1 . 4 ) 

wher e I ( j ) i s  def i ned her e t o  have i th r ow x�j ) "' anP ) / a8(j ) f or j = 1 , 2  

an d i = 1 , • • •  , n .  T he FS al gori t hn  can ther ef or e be im pr oved u pon by 

al ter nat i n g  between FS f or 11( 1 ) wi th 8( 2) hel d f i xed and FS for 

8( 2) wi t h  11( 1 ) hel d f i xed . T he two s ystanat i c parts ar e t hen call ed 

det ached and t he al gor i thm is cal l ed FS-al ter nat i on .  
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Syst emati c parts that can be factori zed out 

A f i nal simpl ifi cati on ari s es when two detached  s yst emati c parts  

ar e s uch that n� 1 )  "' n ( 1 )  for all i and l 
( 4 . 1 . 5 ) 

W e  then s ay t hat the s ys temati c part n{ 1 )  can be f act or i zed  out . The 
auxil i ar y  par am et er i n  N el der and Wedder bur n' s general i ze d  1 inear 

models , whi ch i ncl ude the norm al an d gamm a di stri buti ons , ar e of thi s 

f orm ,  as ar e the auxil i ary par amet ers i n  J orgens en' s (  1 983 ) , 
Pregi bon' s ( 1 980 ) and Scall on et al ' s ( 1 98 4 ) gener al i zati ons . Cl earl y 

t he maximun l i kel i ooo d  estimat e  of a< 2) f or f i xed a< 1 )  does not de pend 

on the val ue of a< 1 )  and i s  the over all maximun l i kel i hood estimate  of 

a< 2 ) . I n  gener al i zed  l i near model s ,  the FS iterati ons f or a< 2) wi th 

a< 1 )  f i xe d  do not depend on a< 1 )  and so t he i ter ati ons f or a < 2) can all 
be perf ormed bef ore the i terati ons f or a< 1 )  ar e start ed . Often , 

estimat es of the auxil i ary par amet ers are not required an d the 
i ter ati ons f or a ( 1 )  ar e om i tted.  I n  general however , the FS iterati ons 

f or a< 2) wi th a< 1 )  f ixe d may depend on a ( 1 )  ( Jorgensen , 1 98 3 ) , but an 

ar bi trar y  s e quence of val ues f or a< 1 )  may be used i n  the i t erati ons . 

The conce pts of separ abl e and detached s ys tanati c par ts ar e not 

dire ctl y appl i cabl e to the N RL  al gori thm since N RL  do es not simpl i f y  as 

i n  ( 4 . 1 . 3) or ( 4 . 1 . 4 ) unl ess a 2ii ( nl 1 ) · nf 2) ) / a ni 1 ) anf 2)  "' o and thi s 

r are! y hol ds i n  mo del s .  However i n  moder at e  to  1 ar ge sampl es ,  the 

observe d and e xpe ct ed s econd deri vati ve m atri ces ar e us uall y  simil ar 
and simpl ifi cati ons of the forms ( 4 . 1 . 3 ) and ( 4 . 1 . 4 ) will then be 

almos t as f as t  as j oi nt N RL .  ( At any r at e  i f  the observed and expect ed 
H essi ans are ver y  diff erent , FS i ts elf  will not be an effi ci ent 

al gori t hm  to us e . )  If the f i rs t  s ystanati c part can be f actori zed out , 

the NRL i ter ati ons f or a< 2) wi th a< 1 )  f i xed never depend on a < 1 )  and 
ther ef or e  t he i ter ati ons f or a< 2) can always be done f i rs t . 

I f  a model has two s ys temat i c part s  that ar e random or ar e not 

separabl e ,  the n  simpl ifi cati ons of types ( 4 . 1 . 3 ) or ( 4 . 1 . 4 ) to the FS 

and N RL al gori thms can s till  be us ed , but the impl i ci t  approximation to  
the H essi an can be  poor and so  they can s anetimes be  ver y  sl ow to  



SECTION 4 . 1 95 

conver ge . C onver gen ce i s  mor e sati sfa ctor y  i f  

a 2 ii < rJ 1 ) , nf 2) ) / a n{ 1 ) a nf 2) ( or i ts expe ct ed val ue )  i s  us ed , as i n  t he 

I RLS formul ae ( 4 . 1 . 1 ) and ( 4 . 1 . 2) . 

T he  conce pt s an d m etho ds  des cr i be d above can be extende d t o  m o de l s  

wi th 3 or mor e  s ys t an ati c parts.  F or exampl e ,  ( 4 . 1 . 1 ) woul d  be 

exten de d  wi t h  3 s ys t em at i c parts i nt o  I RLS c al cul at i ons wher e each 

ori gi nal o bs er vati on gener at es si x r ows of dat a .  T he " e x pl an at or y" 

v ari abl es woul d be � 1 ) . x1� 2) , x � 3 ) , ( x � 1 ) +x� 2) ) , ( xi( 1 ) +x� 3 ) ) an d J. l l 1 l 
(:x1� 2) +:x1� 3 ) ) , an d t he " res pons es " woul d be w � 1 ) - 1 v� 1 ) w � 2 ) - 1 vP) 

1 1 ' 1 l ' 
w{ 3) - 1 vi 3 ) , 0 ,  0 and 0 ;  the " wei ghts" woul d be 

a 2i · 
w � 4 ) 1 1 a n{ I ) a ni 2) 

simil ar f o rm ul a e  for w � 5) an d w � 6) 1 1 ' 

w � 1 ) 1 

an d s im i l ar formul ae for w � 2) 1 

I f  a s ys t em at i c part i s  l i ne ar ,  x �j ) does not need 1 t o  be 

recal cul at ed i n  each i terat i on .  C onve xi t y  of a s ys tan ati c part i s  onl y 

hel pf ul i f  t he s yst an ati c parts ar e s e par a bl e  or detached; the I RLS 

wei ghts f or N RL ar e t hen always pos i ti ve .  In ( 4 . 1 . 1 ) an d ( 4 . 1 . 2 ) , the 

wei ght s m ay be negati ve even if the s ys t anati c parts ar e i n di vi dual l y  

conve x .  

An al ternat i ve approach t o  impl an ent i ng N RL i s  sanetimes conveni ent 

if t her e  ar e two s ys t anati c parts an d t he se cond i s  a si ngl e  par am et er 

n{ 2) = cf> .  T he N RL i t erat i on ( 4 . 1 . 1 ) f or •' = [ •( 1 ) , :  cf> ]  has t he f orm 

.+ 8 + (I'11I) - 1X'Vz 

wher e z '"' 11- l y and I , V and Y ar e t he par t i ti oned m at ri ces i n  ( 4 . 1 . 1 ) . 
T hi s  i s  us ual l y  e val uat ed f rom the C hol es ki f act ors R and D as 

des cri be d earl i er ,  where 



SECTION 4 . 1 96 

R ' lll . i I' U I' llz l z'llz z' III 
and R an d D can be f ound i n  a numeri call y s t abl e way usi ng a QR 

al gor i th:n on I ,V and z. H owever , we can al so wri te 

x< n '11 x< n a 2 .2. 
:x< n ,ll z. <n  1 a,c '' a <P  1 

a2 .2. a2 .2. a.2. 
R' lll a•C '' ' a<P a;z d<jl 

z< 1 )  '11 x < 1 )  a.2. 
z( 1 ) ,11 z. ( 1 )  

1 a cp  1 

T he C hol es ki fact ori zat i on can al so be foun d  i n  a n uneri c al l y  st abl e  

way by augment i ng t he C hol es ki f act ori zat i on 

t h at can be found usi ng the met ho ds i n  C hapt er 3 f or a N RL  i t er ati on 

wi t h  4> hel d f i xed and t her ef or e one s yst an at i c  part . The f i rs t  s t ep i s  

t o  f i n d  t he C hol es ki f a ct ori zati on 

II' FM 

a 2 .2. 

a• a <P  
a .2. 

d<jl 
a2 .2. 

� 
T he cal cul at i ons ar e  t hos e t o  f i nd a new row of a C hol es ki 

f a ctori zati on . Cl ar ke (  1 9 8 1 ) gave an al gori t hn  t o  i nt er change two rows 

of a C h::>l es ki f act or i zat i on and t hi s  met ho d  can be us ed on t he l as t two 
+ 

rows of 11 and F to gi ve R and D .  T he s t ep ( �RL -s) woul d t hen be 

e val uat e d  i n  the same way as bef or e .  

I f  I' III i s  not posi ti ve def i ni t e , def i ni t eness modi f i cat i ons m ay be 

neede d  both when · R ( 1 )  and D ( 1 )  are f ound and al so when M and F ar e 

f o und . The former can be appl i e d  wi t h  t he al gori thm COMBI NEM whi e h  w as 

des cr i  be d  i n  S ecti on 3 . 7 ;  the l atter can al so be f oun d a ccordi ng t o  
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Gill and Murr ay' s ( 1 97 ll ) r ecomm endat i ons . Su brout i ne NUISNC i n  

Appen dix B perf orms t hes e o per ati ons to augment t he C hol es ki 

f act ori z at i on of the NRL al gori t hm  wi th � f i xed i nt o  that of the NRL 
al gori thm wi th � not f i xe d .  F ur t her call s of N UISNC can be us ed t o  

i n cor por ate addi t i on al auxil i ar y  paramet ers . T hi s  te chni que c an al s o  

be us ed f or the F S  algori t hm i f  the s e cond deri vati ves ar e r epl ace d  by 

t hei r e x pe cted v al ues t hrougho ut . 

I n  m odel s wi th two s ys t em at i c par t s , n{ 1 ) and nF) wher e n� 1 ) can 

be f actori ze d o ut , n{ 1 ) can be f i xed at an ar bi trary val ue and N RL  or 

F S  can be appl i ed t o  the r em ai ni ng s ystemat i c part . As thi s reduces 

t he mo del to a singl e  s ys t emati c part , st ar ti ng val ues can be o bt ai ne d 

as des cr i bed i n  Sect i on 3 . ll . 

T o  f i nd s t ar t i ng val ue s  i n  ot her model s wi th two s ys t em at i c parts , 

( lJ .  1 • 1 ) can be r ewri t t en as 

r
l )n j ti( 1 )  l + :xC 2) :z:C 2) - 1 

i�NRL == 
V ) 

x< 3) x< 3 ) 

w her e V denot es the di agonal 
z. (j ) * "" cvU )- 1 •(j ) +I(j ) ' 8) f or j =1 , 2 

r ( l )rt I( 2) V 

x< 3) 

matri x of 

l z( l ) * l 
( 2) * z 
( 3 ) * z 

( ll . 1 . 6 ) 

and z( 3) * "' :xC 3 ) ' 8 · 
wei ght s , 

The FS 

i t er at i on ( ll . 1 . 2 ) can be expr essed  in a simil ar fot'.:m . If t he two 

s ys t em at i c par ts ar e l i near , t hen t he l east s quar es cal cul at i ons 

e xpr ess e d  i n  t hi s  form onl y us e the estimat e f r an  the previ o us 

i ter at i on through { ni 1 ) } and { n{ 2 ) } .  If  simil ar model s have already 

been f i tted to t he dat a ,  t he s ys t em ati c part s  from the m os t  s i mi l ar 

pre vi o us mo del can be us e d  i n  t he cal cul ations t o  get s t arti ng v al ues . 

I f  no s i m i l ar  m odel has been f i tted or i f  the s ys t em at i c part s  ar e  

nonl i ne ar , t hen t he us er m ust pro vi de a guess or an al t ernati ve 

es timat e  f or s om e  of the par am et ers . 

i nt o  two s ubs et s , a1 and a2 an d t he 

If  the par amet ers can be s pl i t 

two s ystemat i c parts n� 1 ) and 

ni 2 )  depend onl y on a1 and ( 82 'llj_ ) , then s o  do es the l eas t  s quar es 

c al cul at i on ( ll . 1 . 6 ) . T he us er nee d  t hen onl y  s pe cif y  an i ni ti al v al ue 

f or s1 and < s2 'llj_ )  c an be r epl ace d i n  ( 11 . 1 . 6) wi th t he m aximun 
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l i kel i hoo d  es t i m at e  f rom a simil ar model of thi s t ype wi t h  f i xed a1 , 
s uch as a s at ur at ed m o del . I f  the s ys t em at i c par ts de pend on a1 and 

( � '� ( t1 ) )  t hen af ter t1 has been s pe ci f i ed ,  an i ter at i on of the 

cons trai ne d model wi th f i xe d  a1 ( an d  a s i ngl e l i near s ys t em ati c par t ) 

can be us ed t o  get a s t arti ng val ue f or � · Thes e s trat egi es mi rror 

t hos e  des cr i bed f or o bt ai ni ng s t arti ng val ues f or model s wi th a s i ngl e 

s ys t em ati c par t i n  Se cti on 3 .  4 .  

S im i l ar i ssues aff ect conver gence and cho i ce of al gor i thms t o  t hos e 

di s cus s e d  i n  C hapter 3 .  T o  get goo d as ympt oti c conv er gence , an 

al gori t hm  that behaves simi l ar l y  t o  NR must be us ed . For goo d 

perf o nn an c e  i n  t he f i rs t  f ew i t er ations , the I RLS w ei ghts s houl d  not be 

aff ect ed t oo s har pl y  by chan ges i n  a. I f  one s ystemat i c part can be 

f a ctori ze d o ut , then t he mo del can be tr eated as havi ng onl y one 

syst em at i c par t and t he recomm endati ons i n  C hapter 3 d i r e ctl y appl y .  

I f  the s yst em ati c parts ar e separabl e , the FS w ei ghts ar e posi ti ve and 

FS of ten perf orms wel l in t he f i rs t  f ew  i t er at i ons ; i t  can be us ed i n  

canbination wi th a N RL al gori t hm  that performs 1 i k e  N R .  I f  t he 

s yst em at i c parts ar e not s epar abl e ,  s om e  FS wei ghts can be negat i ve ,  

but (I 'U) is always pos i ti ve def i ni te ,  s o  t hat def ini teness 

modif i cat i ons ar e never needed and FS can al ways be us ed i n  t he f i rs t  

f ew i t er ati o ns .  The N RL al gori t tm  bas e d  on ( 3 .  3 .  8 )  oft en cannot be 

impl em ent ed to get an I RLS al gori thm wi th pos i ti ve wei ghts if one 

s yst em at i c part cannot be f a ctori ze d o ut , since t h e  l o g-l i kel i hoo d 

com ponent s ar e of ten not boun de d  above . 
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4 . 2  VARIAN CES AN D TESTS 

In model s wi th a si ngl e s ystemat i c  part , t he var i an ces of maxi m um  

l i kel i hood par am et er es timat ors ar e  es timat e d  b y  the invers e of t he 

appr oximat i on t o  the H essi an i n  the i ter at i ve al gori thm us ed , an d t h i s  

i s  t he matri x i nver t e d  i n  t he l as t I RLS iter at i on .  A simil ar r es ul t  

can also be appl i e d  t o  models wi t h  two ( or mor e ) s yst em ati c parts . F or 

model s wi th two ( or m or e )  s ystem at i c parts , the var i  an ces of the 

maximum l i k el i hood es t imators can be es timat e d  by the i nverse m at ri ces 

i n  ( 4 . 1 . 1 )  or ( 4 . 1 . 2 ) whi ch ar e o btai ned f rom the l as t I RLS i ter at i on ,  

or t heir e xt ensi ons t o  3 or mor e s yst em ati c parts . For se parabl e or 

det ache d s ys t em at i c par ts , t he i nvers e  m at r i ce s  i n  ( 4 . 1 . 3 ) or ( 4 . 1 . 4 ) ,  

or t he corr es ponding N RL formul ae ,  can be used . I f  the s yst em ati c 

parts ar e det ache d ,  t he es timat ors of the two s ubsets of 8 ar e 

asymptot i cal l y  i nde pendent . In models wi t h  a s ystemat i c part nl 1 )  t hat 

can be f act or i zed out , the IRLS i ter at i ons us ed f or a
< 2 )  usually do not 

i nvol ve a( 1 )  and t her ef or e  t he i nvers e  m atri x i n  t he l as t  i ter at i on 

m ust be di vi ded by an estimat e  of n( 1 )  to gi ve an estimat e  of 

var <i( 2 ) ) .  I n  norm al l i near models , t hi s  corres ponds to mul ti pl y i ng 

( I ' I) - 1  by an es timat e  of o2 to estimat e  t he var i an ce of the l east 

s quar es es timat ors . 

I f  a mode l  does not have det ache d s ys t em ati c parts , but nl 1 )  ( Ill) and 

nF) ( IIl) i nvol ve diff er ent s ubset s of Ill, s ay 1( 1 ) and a< 2 )  r es pe ct i ve l y ,  

and the al t er nat i on al gor i thm gi ven by ( 4 . 1 . 4) i s  us ed , cons i stent 

es timat es of the vari ances and covari an c es of t he es timators can s t il l  

be f oun d . A i t k i n  an d C l ayton ( 1 980 ) s how ed t hat t hey coul d be estimat ed 

by 

var <i< 1 ) ) 

cov ( i< 2) 
'
;< 1 ) ) 

var <i( 2 ) ) 

A- 1  + A- 1 B ( C-B ' A- 1 B) - 1 B 'A- 1  

-A- 1 B( C-B ' A- 1B) - 1  

( C-B'  A- 1 B) - 1  

MASSEY U NIVeRSITY 
jJaRARY 

( 4 . 2 . 1 )  
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wher e & - 1 "" ( X( 1 ) '11( 1 ) X( 1 ) )- 1 i s  cal cul ated i n  t he 1 as t  I RLS i t er at i on 

f or ,e n c s< 2 ) f i xe d ) ,  and 

B -E � ./� • •  (2) ! and C • 
-
E ! .:��) 2 ! 

bot h e va l uated at i< 1 ) an d i< 2) . Often s< 2) has no more t han two 

par am et ers an d so no m atri ces l ar ger t han 2x2 need to be i nver t ed i n  

t hi s  c al c ul ation . 

T he de f i ni t i on of de vi an ces gi ven i n  S ect i on 3 . 9  cannot be used 

when t h er e  is mor e than one s yst emati c par t since the maximum of t he 

l i kel i oo o d  i n  t he " sat ur at ed" mode l  wi th all  { ni 1 ) } and { nF) } all o.�ed 

compl et e f reedom is of ten i nf i ni t e .  For exampl e ,  if Yi - N ( n� 1 ) . nf 2) ) 
t hen t he s atur at e d  model es ti mat es ar e �f 1 ) .. y i and �F) .. o ,  res ul ti ng i n  

i nf i ni t e  l i kel i hood . 

I n  m odel s  wi th a s ystemat i c  part n{ 1 ) that can be f actor i ze d out , 

i t  i s  po s s i bl e  t o  t est hypot hes es about s <2 ) wi thout es timat i ng 8 ( 1 ) or 

usi n g  i t  in the t est s t at isti cs .  

pro por t i onal devi an ce o f  a m odel t o  be 

pro por t i onal devi an ce 

T hi s  can be done by def i ni n g  t he 

wher e i� i s  the m aximum of t ki ( nF) ) o ver all possi bl e  nF) and t he 

f un ct i ons ki ( · ) ar e def i ned i n  ( 4 . 1 . 5 ) ; .R.* c i< 2) ) i s  i ts val ue at 

n� 2) c i< 2 ) ) , and i< 2) i s  the maximum l i kel i hoo d  estimat e  f or the mode l  

i n  ques t i on .  W i th thi s  def i ni t i on ,  

de vi an ces between nested m odel s  does 

t he di ff erence i n  pro port i onal 

not as ym pt oti call y have a x2 
di stri buti on a s  i n  Se ction 3 . 9 , but i t  i s  as ym pt oti cal l y  pro port i on al 

t o  a x2 var i at e  w i th degr ees of f reedom e qual to t he number of 

r est r i cted par am et ers . An anal ysis of pro portion al de vi an ce t a bl e  

formed as i n  Sect i on 3 . 9  t hen has entr i es  whi ch are pro port i onal to x2  
vari at es and r ati os of propor tion al devi an c es can be ccxnpared t o  F 

di str i but i ons i n  an i dent i cal way t o  stan dar d anal ysi s  of var i an ce . 

T hi s  w as  des cri bed by N el der and Wedder burn (  1 972 ) an d J or gensen (  1 9 83 ) . 
T he y  us ed the t erm devi ance i ns t ead of pro por t i onal devi ance , but t he 

l at t er t erm i s  gi ven a more general def i ni ti on bel ow . 
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I f  one systanati c part cannot be factori zed out , proportional 
devi ances cannot be def ined as above . However we can def i ne devi ances 
to  be t he differences between -2l og L ( 11( 1 ) , a< 2 ) ) f or the models i n  
questi on and any conveni ent constant , and their diff erences can be 
inter preted as i n  Secti on 3 . 9 ,  though the magnitudes of the devi ances 
themsel ves are no l onger meaningful . I t  shoul d be noted that this 
def i ni t i on of devi ance in the presence of nui sance parameters i s  
diff erent fran that of proporti onal devi ances since our def i ni tion of 
deviance i nvol ves 11( 1 ) as well as a< 2 ) ; diff erences i n  devi ance ar e 
al ways directly compared to  l cr i ti cal val ues . Since 8( 1 ) and 
a< 2 ) ar e treated more symmetri call y  wi th this def ini ti on ,  the devi ances 
can be used for t ests on 8( 2 ) as well as a< 1 ) . 
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4 .  3 EXAMPLES NORMAL t-DDELS WITH VARIANCE A FUNCTI ON OF MEAN 

One assumpt i on of the standar d normal l inear model that i s  
s anetimes vi ol ated i s  t he assumption of constant vari ance . A f ew 
approaches ar e possi bl e s uch as transformi ng t he response or maxi mi zi ng 
quasi-l i kel i hoo ds (Wedderburn , 1 9 7 4) . I n  thi s  section we use a 
d iff er ent approach and try  t o  expl i ci tl y  model  the changes i n  vari ance . 
O ur most  general model i s  therefore one for n i ndependent normal r andan 
var i abl es y1 , • • •  , yn wher e yi has mean lli ( 8) and vari ance oi 2 ( 8) . The 
model t her efore  has log-l i kel i hood canponents of the form , 

( y . - ll . ) 2 
- { log ( oi 2 ) + 1 1  } / 2 

oi 
The model has ,two non-random systemati c 
any functi on of oi 2 such as l og ( oi 2) or 

parts lli and 2 oi ' 
-2 ) oi • Since 

0 

(or 

the s ystemati c parts are separabl e ,  the FS al gori thm f or 

lli and 

8 can be 
e xpressed as IRLS usi ng ( 4 . 1 . 3 ) . Since the FS al gori thm wi th lli f i xed 
i s  equ i val ent to the N RL al gorithm wi th lli f i xed and s ystemati c part 
oi2 , and the FS algori thm wi th oi fixed i s  equi val ent to  NRL wi th oi 
f i xed and s ys tanati c part lli • i t  woul d also be expect ed that the 
as ymptot i c  performence of the j oi nt FS al gori thm woul d depend on the 
l i neari t y  of the specif i cati ons f or lli and oi2 in t he model bei ng 
f itted .  

We f i rs t  consi der models  wher e the response vari ance i s  modell ed as 
a funct i on of the r es ponse mean , oi 2 • v ( lJi ) . F inney and Phi l ips 
( 1 977 ) and R aab ( 1 9 8 1 ) consi dered simil ar models  i n  r adi oimmunoassay , 
but the ir  m et hods were r estri cted t o  a si ngl e expl anatory f actor with 
r epl i cates at each of i ts l evels . W e  assume ini ti all y that v ( • ) i s  
fully  spe ci f i ed .  Then the model can be written wi th a singl e  
systemat i c part and t he m ethods of C hapter  3 can be used . For exampl e ,  
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i f  �i • xi ' S and oi2 * �i ro2 wi th l and o2 known constants ,  then the FS 
al gori thm can be impl emented as I RLS wi th " explanatory" var i abl es xi , 
and wei ghts and " responses" 

-2 + r2 I 2 wi oi ( 2�i ) ( 4 . 3 . 1 ) 
and 2 - r o? zi ( r( y i- � i ) + 2 �i ( y i-� i ) 1 ) �i 

I n  practi ce , however , unl ess the di stri bution of yi i s  known to be 
for e xa-npl e  Poisson , i t  is r ar ely possi bl e to f ul l y  specify i ts 
var i ance i n  terms of i ts mean , so that auxil i ary parameters m ust 
usual l y  be incor porated i n  i ts form . The simpl est general i zati on of 
thi s  type of model is to specify v ( · ) up  to  a constant of 

. Proporti onal i ty ,  v ( �) = v0 ( �) o2 • If the s ystemati c parts are taken to 
be �i and i, then o2 can be f actori zed out , r educing t he problem to 
one wi th a si ngl e s ystemat i c  part . However i n  most practi cal 
situati ons even t hi s  i s  mor e than can be specif i ed wi th conf i dence . 
O ften all that i s  known ,  or s uspected , i s  that the r esponse var i ance 
increas es (or decreas es ) wi t h  i ts mean , i n  whi ch case specifi cations 
such as 

or 

2 oi a + l�i 
of ( a  + l�i ) 2 

( 4 . 3 . 2) 

may be more appropri at e ,  where a and r are unknown parameters . I n  each 
case constant vari ance corresponds to  the parametri c hypothesi s that 
r=o . 

W e  now examine i n  detai l the al gori thms 
m aximun l i kel ihood estimat i on i n  the model 
gi ven by ( 4 . 3 . 2 ) . W ri ti ng 1( 2) ,  • [ a :  r] 

that can be used f or 
wi th �i = Ii ' 8 ( 1 ) and oi 2 

and I' • [ 1( 1 ) , : a < 2 ) • ] , 
the FS iterations can be dire ctl y expressed as wei ghted l east s quares 
cal cul at i ons us i ng ( 4 . 1 . 3 ) . These have a 2n xp matri x of " expl anatory" 
var i abl es I ,  a vector of 2n " responses" z and wei ghts w 1 , • • •  , w2n , where 
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z '  J 0 0 

: : : 
� ·  0 0 

X 
( "YIJJ � ):z: , ' l og � JJ 1 ) 

( "YIJJ� )In ' l og ( J..ln) 
and -2 l wi oi 

wn+ i "' 0 . 5  

- 1  Since oi i s  cl ear l y  nonl inear 
t hat uses a more  l inear funct ion 
Whil e stil l  not l i near , the 
l i near i t y  than oi2 and , if we 

z "' 

-2 (y 1-JJ 1 ) ?1 lw1 
= -2 (yn-J..In) 0n lwn 

( ( y 1- JJ 1 ) 21 o J
2_ 1 ) 1 ( 2wn+ 1 ) 

2 : 2 ( ( y n - J..In ) I on - 1 ) I ( 2w 2n )  

f or i .. 1 , • • •  , n  

her e ,  we next examine an NRL algor i thm 
of oi 2 as the second s ystemati c part . 

s ystemat i c part l og ( oi 2) is cl os er to  
i gnore a2 2.i l o1Ji d (l og oi 2 ) si nce the 

s ystemati c parts are separable ,  the r esul ti ng NRL al gorithm has 
" explanatory" var i abl es I and " responses" z defined by 
e quations as for FS , but with wei ghts 

the same 

= l f or i .. 1 , • • •  , n 

As wi th FS , thi s al gori thm has posi ti ve wei ghts si nce J..li and l og ( oi 2) 
are both convex , and can be impl emented  wi th the l east s quares 
procedures i n  most  exi sti ng stati sti cal computer packages . The NRL 

2 2 al gori thm of thi s form whi ch does not treat a 2.i i ()JJi c (l og oi ) as zero , 
adds an e xtra n rows of " dat a" t o  the l e as t  s quar es cal cul ations 

I ( Ylv
, T"l ' 1 

x< 3) 
( "Y I J..ln + 1 ) In' 

and has w ei ghts def ined by 

wi o'? < 1 - (YCJJi ) ) 

l og (  � 1 )  

l og (�) 

wn+ i a"? < ( y i-J..I i ) 2l 2 - (yi-J..I i ) ) 
w2n+ i = 0i 2 ( Y i-J..I i ) 

1 z ( 3) .. 0 

for i .. 1 , • • •  , n .  

wi th 

We s hall next compare t he performance of these three al gori thms 
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(whi ch will be denoted by FS , NRL-0 and NRL ) and a fourth  al gori thm 
suggested by St irl i ng ( 1 985) , called FS-alt ernat ion ,  whi ch alt ernat es 
between the FS i terati ons ( 4 . 3 . 1 ) f or 1( 1 ) wi th a< 2 ) hel d f ixed and the 
FS i terati ons f or a< 2 ) wi th 1( 1 ) hel d f i xe d ,  whi ch ar e also simpl e  
l east squar es cal cul ati ons . In  each cas e ,  the star ti ng values used 
were  y .. 0 and the ordinar y l east squares estimat es for the remai ni ng 
parameters • 

TABLE 4 . 3 . 1 
Artifi ci al D at a  for Fi tting Normal Model wi th 

Vari ance - e xp ( a + Y . l og (Mean ) ) 

Res ponse ,  

3 

6 

2 
9 

Explanatory 
Vari abl e ,  di 

2 
3 
4 
5 

The f our al gori thms were f i rs t  appl i ed to  f it  the model wi th 
Vi ., e 1 + e2di t o  the ar tif i ci al data i n  T abl e 4 .  3 . 1 . Their i ter at i ons 
are  shown i n  T abl es 4 . 3 . 2 and 4 . 3 . 3 . No swi t ching between al gori thms 
was  all owed. To all ow bett er canparison between the al gori thns , 
stepsi zes wer e onl y modif i ed when a uni t stepsi ze reduced the 
l i kel i hood ( i . e .  the input parameter PACC t o  subroutine STEP w as s et 
as p=1 . 0 ) . I n  t hi s  exampl e ,  FS-alternati on i s  i ntol erabl y sl o.� to 
converge and FS and N RL-0 are not much better .  The al gori thm N RL is 
t he onl y one t hat performs acceptabl y .  If i nt erpol at i on and 
e xtrapol ati on ar e all owed i n  the stepsi ze al gor i thm ( p .. 0 . 1 ) , all 
methods ar e sanewhat improved . For exampl e ,  Table 4. 3 . 4 shows the 
i terati ons of the FS algorithm; the other algori thms ar e s imil arl y 
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improve d ,  but the r el at i ve perf orm ance of the al gori thms i s  unal ter ed . 

The al gori tt111 s w er e  next appl i e d  t o  an exampl e  gi ven by Eze ki el and 

Fox ( 1 959 )  whi ch r el at ed the stoppi ng d i stance of cars to their  s peed . 

A pl ot of the dat a i s  gi ven i n  Fi gure 4 .  3 . 1 showi ng both curvat ur e  and 

incr easi ng vari ance . Ezeki el and F ox us ed the 
2 lli "' e 1s i + e2s i to r el ate mean stoppi ng d i st ance 

fi tted this  by unwei ghted  l e as t  s quar es . R ut em ill er 

quadr at i c model 

to s pee d ,  s i , and 
and Bow ers ( 1 968 ) 

r eanal ysed the dat a ass uming of - a +Y . s i . The anal ys i s  bel ow ass umes 
that res ponse vari ance i s  proporti onal t o  a power of the r es pons e mean , 

a model that behaves bett er when expe ct ed  stoppi ng d i stance i s  sm all . 
Tabl e 4 . 3 . 5 shows the i ter ati ons of FS and N RL (wi th P"'1 . 0 ) f or thi s 

example . As di s cus s e d  i n  Se cti on 3 . 5 , all N RL al gori thns , and als o  FS , 

have perf orm ance whi ch approaches that of NR  if ther e i s  a l ar ge amount 

of data and if  the model f i ts the data wel l . I n  thi s exampl e  
ther ef ore , FS and NRL bot h conver ge acce pt abl y well , t hough NRL i s  

mar kedl y  bett er . Al gori thm N RL-0 had a n  asymptoti c conver gen ce r at e  

sl i ghtly bett er than that of FS , wher eas FS-alternat i on perf orm ed 

sl i ghtl y worse . 

Tabl e 4 .  3 .  5 al so  shows the l og-l i kel i ooods f or the s uccess i ve 

i t erati ons . Twi ce the difference between the over al l maximum (on 

conver gence ) and t he maxim um  for Y=O ( i ter ati on 0) , 38 . 08 ,  can be 
com par ed to  t he x 2 di stri buti on wi th one degree of f reedom to test  f or 

het eros cedasti ci t y  and i s  hi ghl y si gnifi cant . 

Asympt ot i c f orm ul ae f or vari ances and covari ances of the estimates 

ar e gi ven by (I'&X)- 1  from the l as t  i terat i on .  From the FS al gori thm , 
the estimated  vari ances are 

( l -2 e1 1 . 41 5 x 1 0  

� ,.. -l.j 3 . 41 8 x 1 0-5 !2 -6 . 1 53 x 1 0  
var ( 

-2 . 574 x 1 0-2 1 . 1 02 x 1 0-3  - 1  ( a 4 . 779 x 1 0  

� y � 6. 63 4 x 1 0-3 -3 . 1 4 4x 1 0  -4 - 1 . 331 x 1 0- 1  3 . 990 x 1 0  -2 

fran whi ch approximate confi dence i nt ervals can be found.  The 
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TABLE 4 .  3 . 2 

FS and N RL-0 Al gori ttuns Appl i ed t o  D at a  i n  T abl e 4 . 3 . 1 .  
Starting V al ues ( I t er ation 0 )  wer e  Found  as De  cri be d in  the Text . 

I ter at i on e1 82 

FS Al gori thm 
0 0 . 30000 1 .  30000 
1 0 . 30000 1 . 30000 
2 1 .  0��3 5  1 .  06094 � 1 .  0 �9 1 . 0 41 00 

1 . 334  1 0 . 93 1 98 
5 1 . �91 3 4  o .  �02 92 
6 1 .  9252 o .  5608 

� 1 .  529 71 0 . 83660 
1 .  5689 5 o .  81 702 

9 1 . 58879 0 .  80651  
1 0  1 .  604 92 0 . 7981 4 

2 1  1 .  63475 o. 78226 
22 1 .  63 488  0 . 782 1 9  
�� 1 • 63496  0 . 782 1 5 

1 .  63 501 0 . 782 1 2 
2 5  1 • 63505 0 . 7 821 0 

NRL-0 Al gori thm 
0 0. 30000 1 .  30000 
1 0 . �0000 1 .  30000 
2 1 .  0 93 6  0 . 91 590 
� 1 . 1 1 1 5 1 1 .  0 1 765 

1 .  66671 0 - ��9 4 4  
5 1 .  41 922 o. 40� 
6 1 • 68230 0 . �6�7 

� 1 .  5��33  o .  2 7� 
1 . 6 1 � 0 . �679 

9 1 .  5889 o .  0408  
1 0  1 .  65490 0 . 77330 

2 4  1 .  63537 0 . 78 1 94 
2 5  1 . 63494  0 . 7 82 1 4 
26  1 .  63525 o .  782 00 

�� 1 .  63503 0 . 7 82 1 0 
1 . 63 51 9 0 . 78203 

1 • 644 81 
0. 58572 

-0 . 074 1 4 
-o.  892l2 
-1 . 459 4 
- 1 . 91 7 41 
-2 . 25071 
- 2 .  4839l 
-2 . 652 0 
- 2 . �655� 
-2 . 4 4 8  

-3. 00691 
-3 . 00�5� 
- 3 . 00 0 
-3 . 00834 
-3. 00854 

1 .  64 481 
-o.  37385 
-0 . 71 792 
- 2 . 0 6626 
-2 . 2g92 4 
-2 . 6  205 
- 2 . p885 
-2 . 9458 
- 2 . 90929 
-2 . 96933 
- 2 . 9707 9 

-3 . 00885 
-3. 0089 8 
-3 . 00891 
-3 . 00897  
-3 . 00893 

0 . 00000 
0 . 8 03�7 
1 .  1 89 7 
1 . 74 942 
2 .  1 4 1  2 
2 . 4 7 5 63 
2 . 72530  
2 . 903�5 
3 . 033  2 
3 . 1 22 1 0 
3 . 1 84 4 1  

3 . 3 1 247 
3.  3 1  30 1  
3 .  3 1  3�7 
3 .  31 3 1 
3 . 3 1 317 

0 . 00000 
1 .  �21 1 0  
1 .  1 6 60 
2 .  53 1  1 7  
2 . 72835 
3 . 02 9p 
3 . 1 1 3  7 
3 . 20926 
3 . 2 43 35 
3 - 2���5 
3 . 2  5 

3 . 31 1t06 
3. 31  lt08 
3 .  31 408 
3.  3 1  409 
3 - 31 409 

Log- Convergence 

Li kel ihood Rat e ,  C 

-6 . 61 201 
-6 . 35360 o .  81 03 6 
-6 . 2�52 6 0 . 74 63 4  
- 6 . 1 �06 0 . 75 93 5  
- 6 .  1 1 95 0 . 70332  
-6 .  0�6�5 o . l23�1 
-6 . 0  8 l o .  8 1  4 
-6 .0846  o . l0 0 12 
- 6 . 08297 0 .  7 4 01 
- 6. 0 8220 0 . 68545  
- 6 . 081 85 0 .  67 1 85 

-6 . 0 81 56 0 . 6 70 1 1 
- 6 . 081 56 0 . 6701 6 
-6 . 0 81 56 o .  6703� 
- 6 . 081 56 0 . 6705  
-6 . 0 81 56 0. 670 93 

-6 . 61 201 
-6. 39675 0 . 65 9 9 4  
-6 . 201 1 1 0. 670 89 
-6 . 1 6597  0. 5 7 1 47 
-6 . 1 1 1 87 0 . 5592 6 
-6 . 0�996 0 . 66858 
-6 . 0 97 9 0. 5 7 665 
-6 . 0861 6 o .  6788 1  
-6 . 08378 0 . 598 1 3 
-6 . 082 75 0 . 67375  
-6 . 0 821 5 0 . 63000 

-6 . 081 56 o .  81 4 45 
-6 . 0 81 56  0 . 6300 9  
-6 . 081 56 0 . 79967  
- 6. 0 81 56 0 . 642�2 
-6 . 081 56  0 . 794  8 



\ 
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corres pondi ng estimat es fran the N RL iter ations ar e 

� � -2 a, 1 . l.!32 x 1 0  ,. -l.j 3. l.!67 x 1 0-5 ( !2 � - 6 . 2l.J5 x 1 0  
var ( -2 1 . 591 x 1 0-3 - 1  

� a � - 3 . 576 x 1 0  5. l.J1 5 x 1 0  

9 . 6 6l.! x 1 0-3 -l.j - 1 . 5 1 7 x 1 0- l  -2 y -l.J . 622 x 1 0  l.! . 537 x 1 0  

I n  thes e exampl es ,  NRL bas ed on s ystemati c parts  lli and l og ( o/ ) i s  

better than the FS al gori thm . However , si nce (I 'IIX) may not be 

posi ti ve def i ni t e  f or the f ormer al gori thm , but i s  always pos i ti ve 

def i ni te f or the l at t er , FS may perf orm bett er i n  the i ni ti al 

i t er ati ons for s ane exampl es . The saf est al gori thn woul d all ow 

swi t chi ng between thes e two al gori thms , dependi ng on the r at e  of 

conver gen ce , as des cri bed i n  Secti on 3. 7 .  



' 
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T ABLE � . 3 . 3  

NRL and FS-al ternati on A l gori thms Appl i ed to D at a  i n  T abl e � - 3 . 1 .  

Starting Val ues ( I t er ati on 0 )  were  Found as De cri bed  i n  the Text . 
( Bracket ed  I ter ati ons 

I ter ati on e1 B 2 

N RL Al gori t hm  
0 0 . 30000 1 .  �0000 
1 3 . 2001 1 o .  30g0 

1 .  � �0�0 o .  �57  6 
2 1 .  �02 0 o .  � 9 8 1  
� 1 .  603 3 5  0 . 7851 7 

1 .  62 7 95 0. 78�7�  
5 1 .  63 52 6 0 . 78 1 9 �  
6 1 . 63505 0. 7 82 1 0 

� 1 . 63 51 � o .  782 05 
1 . 635 1 2 o .  7 8206 

FS-alternat ion Al�or i thm 0 0 . 3 0 0 0 0  . 30 0 0 0  1 0 . 7 37 9 9  1 . 1 3 4 1 9  2 1 . 00 0 2 0  1 . 04 3 8 6  3 1 . 1 86 7 7  0 . 97 6 6 6  4 1 . 30 8 8 7  0 . 9 3 05 9  5 1 . 39 2 4 7  0 . 8 9 7 5 0  6 1 . 45 0 6 5  0 . 87 32 1  7 1 . 49 2 2 9  0 . 8 5 4 9 0  8 1 . 52 2 8 1 0 . 8 4 0 8 3  9 1 . 54 5 69 0 . 8 2 9 8 3  1 0  1 . 5 6 3 1 8  0 . 82 1 1 3  
: : . . 

27 1 . 6 3202 0 . 7 8 3 8 5  
28 1 . 63252 0 . 7 8 357  29  1 . 6 3 2 9 4  0 . 7 8 3 33 

: : 

had Stepsi ze Modi f i cati ons Appl i ed )  

Log- Conver gence 
(l '( 

Li kel ihood R at e ,  C 

1 • 6�� 81 0 . 00000 -6 . 61 201 
- 2 . 5 �1 02 2 . 739�9 -6 . 001 20 )  
-o . oo1 89 1 .  07 7 7 - . 3 3729 0 . 571 59 
- 2 . 8785� 3 . 0350 1  -6 . 2291 9 o .  1 2 6 �1 
-3 . 091 �8 3 . 35462 -6 . 08550 0 . 2296� 
- 2 .  997�0  3 . 30 23  -6. 0 81 58 o .  1 91 4 
-3 . 01 075 3 . 31 553 -6 . 081 56 0 . 1 1 1  8 
- 3 . 00861 3 . 31 a82 -6. 0 81 56 0 . 21 1 02 
-3 . 00901 3. 31 1 � -6 . 081 56 0 . 1 7077 
-3 . 00894  3 . 31 �08 -6. 0 81 56 0 . 225 70 

1 . 64 4 8 1 0 . 00 0 0 0  -6 . 6 1 2 0 1  0 . 5 8 5 7 2  0 . 80 3 3 7  -6 . 3 5 3 6 0  -6 . 3 3226 0 . 7 4 8 8 8  -0 . 2 3 3 7 6  1 . 324 4 8  -6 . 2 1 7 6 6  -6 . 2 0 9 4 3  0 . 7 6 9 7 9  -0 . 8 9 5 6 9  1 . 76 7 0 7  -6 . 1 5 285 -6 . 1 47 6 5  0 . 7 6 0 0 8  - 1 . 4 1 1 8 0 2 . 1 22 6 9  -6 . 1 1 87 0  -6 . 1 1 5 9 7  0 . 7 5 8 3 4  - 1 . 7 9 1 1 6  2 . 3 9 0 3 4  -6 . 1 0 1 8 6 -6 . 1 0034  0 . 7 6 5 9 7  -2 . 06 9 1 5  2 . 5 9 0 8 1  -6 . 09 3 1 7  -6 . 0 9 2 3 0  0 .  7 7 5 6 0  -2 . 27 3 8 5  2 . 1 4 1 4 1  -6 . 0 8 8 5 0  -6 . 0 8 7 9 8  0 . 7 8 5 8 2  -2 . 4 2 6 7 9  2 . 8 5 5 9 8  -6 . 0 8 5 8 6  - -
-6 . 0 8 5 5 4  0 .  7 9 5 1 3  -2 . 5 4 2 9 4  2 . 9 4 4 35 -6 . 08 4 3 1 -6 . 084 1 0  0 . 8 0 3 2 0  -2 . 6 3 2 5 4  3 . 0 1 3 4 5 -6 . 0 83�5 -6 . 08 3  1 0 . 80 9 9 6  

: . 
-2 . 9 9 2 4 2  3 . 3 0 0 5 2  -6 . 08 1 5 6 -6 . 0 8 1 5 6 0 . 8 3 9 5 0  -2 . 99 5 07 3 . 3 0 2 7 0  -6 . 08 1 5 6 -6 . 08 1 5 6 0 . 8 3 9 7 0  -2 . 9 9 7 3 0  3 . 3 0 4 5 2  - 6 . 08 1 5 6 -6 . 0 8 1 5 6 0 . 8 3 9 8 8  

: 
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TABLE 4 . 3 . 4 

' FS Algori thm wi th Stepsi ze improvement Appl ied  to  Dat a  i n  T abl e 4 .  3 . 1 .  
Starting Val ues ( I t eration 0 )  were  Found as De cri be d i n  the T e xt . 

( Bracketed I terat i ons had S teps i ze Modi f i cat i ons Appl i ed )  

Log- Conver gence 
I ter at i on B1 B 2 Likel ihoo d R at e ,  C 

0 0 . 30000 1 .  3 0000 1 .  644 81 0 . 00000 - 6 . 61 201 
1 0 . 30000 1 .  30000 0. 58572 o .  80§37 -6 . 35360 ) 

0 . 30000 1 .  3 0000 0 . 27466  1 • 03 33  -6 . 341 4 8  0 . 754 6 6  
2 ( 1 .  21 294 0 . 9 94 30 -0 . 31 99� 1 .  3553� -6 . 21 992 

1 . 1 087 2 1 .  02 91 9 -0. 2 520  1 .  � 1 92 - 6 . 21 605 0 . 74550  
3 ( 1 . 1 0903 1 .  02�01 - 1 . 04394 1 .  5532 -6 . 1 3862 

1 • 1 0921  1 .  0 1  �� - 1 . 5099 1  2 . 1 7075 - 6 . 1 3054 o. 61 637 
4 ( 1 .  �05�� 0 . 85� - 1 . 8984 6  2 .  4661 5 -6 . 1 0378 ) 

1 .  1 1  o. 89 67 - 1 . 805 92 2 . 3 9579 - 6 . 1 0059 0 . 7 21 64  
5 1 . 45�34  o. 873 6� -2 . 1  6�60 2 . 66409 -6 . 089�� ) 

1 . 49  55 0 . 8520 - 2 . 54 5 7  2 . 9407 1  -6. 085 0 . 42575 
6 1 .  5�990 0 .  80273 -2 . l07�5 3 . 07486 -6 . 08300 ) 

1 . 5 2g2 0 . 8 1 1 1 2 - 2 .  79  6 3 . 05 54 - 6 . 0 8288 o .  641 0 2  
7 ( 1 . 587 7 o .  80 667 -2 . 77825 3 . 1 31 91 -6 . 082 1 3 ) 

1 . 5 9250  o .  80295 - 2 . 860�9 3 - 1 �638 - 6. 0 81 �2 0 . 4 91 70 
8 . ( 1 .  62 532 0 . 787�5 -2 . 92 1  7 3 . 2  52 5 -6 . 081 8 ) 

1 .  6 1 996  0 . 790  0 - 2 . 91 1 50 3 .  2�727 -6. 0 81 67 0 . 59975  
9 1 .  62 1 �2 0 . 78�20  -2 . 94 1  1 � 3 . 2  0�0 -6 . 081 60 ) 

1 .  622 4 0 . 78 20 - 2 . 9 660 3 . 279 3 -6. 0 81 59  o .  4 8439 
1 0  ( 1 .  632�7 0 . 78�73 -2 . 9840� 3 . 294 45  -6 . 081 57 ) 

1 .  630 3 0 . 78 45 - 2 . 9 81 1 3 . 29207 -6. 0 81 57  0 . 5900 4 
1 1 ( 1 .  63 1 25  0 . 784 1 0 -2 . 98954  3 . 29867 -6 . 081 56 ) 

1 . 631 6 1  0 . 78380 - 2 . 99662 3 . 30424 -6 . 0 81 56  o .  4 8552 
1 2  1 . 63 43 5  0 . 782 53 -3 . 001 90 3 . 3085� -6 . 081 56 ) 

1 .  63�9 1  0 . 78273 -3 . 001 05 3 .  3078 -6. 0 81 56  o. 5 8 4 58 
1 3  ( 1 • 63 03  0 . 782 63 -3 . 00345 3 . 3097 2 -6 . 081 56 ) 

1 . 634 1 3 0 . 78255 - 3 . 0054 7 3 . 31 1 30 -6. 0 81 56  o .  4 83 9 4  
1 4 ( 1 .  63 491  0 . 782 1 9 -� . 00696 � - �1 252 -6 . 081 56 ) 

1 .  63478  0 . 7 8225 - . 00672 • 1 2�� -6. 0 81 56  0 . 5 8429 
1 5  ( 1 .  63 4 82 0 . 78222 -3 . 00740 3 .  31 2 -6 . 081 56 ) 

1 • 63484  0. 78220 -3 . 00�9 7  3 . 31 3�0 -6. 0 81 5 6  0 . 4 84 7 6  
1 6  ( 1 .  63506 0 . 78209 -3 . 00 3 9  3 .  3 1  3 5 -6 . 081 56 ) 

1 .  6350� 0 . 7 82 1 1 -3 . 00832  3 . 31 359 -6. 0 81 5 6  o .  5842 1  
1 7  ( 1 .  63 50 0 . 7821 0 -3 . 00851 3 . 31 3�4 -6 . 081 56 ) 

1 .  63505 0 . 7 821 0 - 3 . 00867  3 . 3 1 3 7 - 6. 0 81 5 6  0 . 4 8570 
1 8  1 . 63 51 1 0 . 78207 -3 . 0 087 9 3 .  31 397 -6 . 081 56 ) 

1 • 6351 0 0 . 7 8207 - 3 . 00877 3 . 31 395 -6. 0 81 5 6  0 . 58638  
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- F I GURE 4 . 3 . 1  Data for Stoppi ng Di stance Exampl e 
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TABLE � . 3 . 5  

FS and NRL Algori thms Appl i ed t o  Stoppi ng D i stance Exam pl e 

St arting V al ues ( I t eration 0 )  wer e  Found as De cri bed i n  the Text . 

( Bracketed I ter ati ons had Steps i ze M odi f i cat i ons Appl i ed )  

I ter ati on e1 

FS Al gori thrn 
o.  5552 6  0 

1 0 . 5552 6  
2 o. 6 1  39� 
� 0 . 6291 2 

0. 64226  
5 0 . 64676 
6 0 . 64745  
7 0 . 64756 
8 0 . 64758 
9 o .  6475 8 

NRL Algori thm 
0 o.  5552 6  
1 ( o . l66�4 

0 .  5 1 
2 0 . 6455 1  
� 0 . 64 692 

o. 6475 1  
5 0 . 64758 
6 o .  64 75 8 

82 

0 . 06269 
o. 0 6269 
0 . 06050 
o .  059 85 
0 . 0592 5 
0 .  05903 
0 . 05900 
0 . 05899 
0 . 05899 
0 . 05899 

0 . 06269 
0 . 05644 
0 . 06095 
o .  05 927 
0 . 05904 
0 . 05 900 
0 . 05899 
0 . 05899 

Log- Conver gence 

Li kel i hood R at e ,  C 

� - 5�67� 0 . 00000 - 1 74 . �0727 
1 .  7 0� 8 0 . 8�734  -1  6 1 . 91 077 0 . � 53 9 7  
0 . 50868 1 . 1 04 1 5 - 1 56. 73 63 4 0 . 4790 4 

-o.  3061 o 1 • 2 9953 - 1 55. 47225 0 . 28909 
-o . 572 92 1 .  36�2 1  - 1 55 . 37461 0 . 1 653 1  
-0 . 61 5 4 1  1 .  37  83 - 1 55 . 372 1 8 0 . 1 4 7 0 4  
-0 . 62 1 53 1 .  380 62 - 1 55. 3721 2 o .  1 4876 
- 0 . 6224 3  1 .  3 8088 - 1 55. 372 1 2  0 . 1 5 020 
-0 . 622 57 1 . 38093 - 1 55. 372 1 2  0 . 1 4983 
-0 . 6225 9 1 .  3 80 93 - 1  55. 372 1 2 0 . 1 5 01 7 

4 . 53 67 4  0 . 00000 - 1 74 . 40727 
- 4 . 85355  2 . � 1 495 -2 1 9 .  �9�1 4 ) 

1 . 91 52 3  o .  4627  - 1 61 • 3 67 0 .  499b 1 
- 1 . 24 4 7 5  1 .  500 83 - 1 56 . 47864  0 . 224  7 
-o . 73873 1 .  40759 - 1 55 . 394 65 0 . 1 9277 
-0 . 6261 2 1 .  3 81 80 - 1 55. 3 721 4 0 . 0 3 1 1 5  
-0 . 622 59  1 .  380 93 - 1 55 . 372 1 2 o .  00061 
-o. 6225 9 1 .  3 80 93 - 1 55 . 372 1 2 0 . 001 57 
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4 .  4 EXAMPLES NOR MAL MODELS WITH VARIAN CE A F UNCTI ON OF 

EXPLANATOR Y VARI ABLES 

W e  next consi der a different ki nd of model f or 

i n  normal model s ,  wi th \.li = lJi ( a ( 1 ) ) and oi
2 

r estri et att ent i on t o  models wi th l inear s ystemat i c  

het eros cedasti city 

oi 2< a< 2) ) ' an d we 
parts , 

( 4 . 4 . 1 )  

w her e the e xpl anat or y vari abl es i n  the ve ctors 

r el ated to thos e i n  xf 1 ) . Models of thi s f orm 
R ut emill er and Bowers ( 1 968)  and H arve y ( 1 97 6 )  

x{ 2) may possi bl y  be 

have been consi dered by 
and i ncl ude random 

coeffi ci ent s mo dels ( H il dreth and Houck , 1 968 ) an d models where the 
m eas ured res pons e yi i s  a total over a group of ni rel at ed 

between group vari ance o� and wi thi n group vari an ce 

2 2 2 2 oi .. ni ow+ni ob . 

uni ts wi th 

2 ow , so t hat 

Thi s model has two l i near s ystanati  c parts that ar e det ached .  

Whether of not the s yst emati c parts are convex depen ds on  the f un cti ons 

m ( · ) and v ( • ) . F or exam pl e <x{ 1 ) , 6( 1 ) ) i s  convex if m ( n) = n and 

(IF) , 8( 2) ) i s  conve x i f  v ( n) = exp ( n) or v ( n) .. n- 1 • 

As  i n  t he model s i n  Sect i on -4 . 3, the as ympt oti c perf orm ance of the 

FS al gori thm i s  expect ed to depend on the l i neari t y  of lli and o'?.  The 

NRL al gori thm appl i ed to s yst em ati c part s  x{ 1 ) , 6( 1 )  and IF) , 6( 2) i s  

equi val ent t o  N R  and has quadrat i c  conver gence . Since the two 
s ystemati c parts ar e detached , FS can be sl i ghtl y improve d on by 
FS-al ternati on whi ch al ternat es between FS iter at i ons f or a< 1 ) wi th 
a( 2) hel d f i xe d  and FS i ter ati ons f or a( 2) wi th a( 1 )  hel d f ixed .  When 

1.1 . ..  :z:� 1 ) , 6 ( 1 )  and o · 2 • x� 2) , 8 ( 2) , both FS and NR i ter at i ons f or a< 1 )  1 1 1 1 
wi th a< 2) hel d f i xe d  ar e i denti cal and ar e equi val ent t o  the e xpl i ci t  
maximun l i kel i hood s ol uti ons f ound by l eas t s quar es wi th res ponses 

{ yi } ,  e xpl anat or y  vari abl es Ix{ 1 ) } and w ei ghts { <x{ 2) , 6( 2) ) - 1  } .  The 
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FS iterati ons f or a< 2 ) with a< 1 ) f i xed have " expl anatory" vari ables 
x� 2) , " responses" 

and wei ghts 

w� 2) l 

The j oi nt NR al gori thm has 3n xp matri x of " expl anatory var i abl es I , 
vector of 3n " responses" :z and wei ghts wi , • • •  ,w3n where 

z< 1 ) ' 1 . 
�i ) , 

0 
X 

0 
z< 1 ) ' 1 : �i ) , 

and 

0 ( y 1 - v1 ) �  ( o1 2w1 ) 

0 (yn- IJn) f ( On �n) 
x< 2) ' 1 : z = 

2 2 4 ( ( y 1- 1J 1 ) - � 1  ) 1 ( 2 o 1 wn+1 ) 

��) , 2 
: 

2 4 ( ( yn- IJn ) - on ) I ( 2 on w2n ) 
z(2 ) ' 1 . 0 

�2) , : 
0 

2 4 ( oi - (YCIJi ) )  I o i 
( (y i-IJ i ) 2 - (y i-IJCO · 5 )  oi 2 ) I 
( y i-IJ i ) I o i4 l f or i .. 1 ,  • • •  , n  

S tarti ng val ues can be f ound by noti ng that ( 4 . 1 . 6 ) depends on t he 
val ue of a i n  the previ ous i terati ons onl y through the two s ystemati c 
parts . a< 1 )  can be started from its  unw ei ght ed least squares estimat e  
and (x� 2) , 8 ( 2) ) can be r epl aced by i ts maximun l ikel ioood estimat e  from l 
the s aturat ed model wi th f ixed a< 1 ) , ( ycz{ 1 ) , 8( 1 ) ) 2 •  

are asymptoti cal l y  independent The maximum l i kel i hood estimat ors 
and var (a( 1 ) ) and var (s( 1 ) ) can be cons i stentl y estimat ed by the 
i nverse m atri ces used i n  the l ast FS iterat i ons f or a< 1 ) wi th a< 2 ) 
f i xed  and f or a< 2 ) wi th a< 1 ) f ixed , respecti vel y .  Alternat i vel y ,  
(I'U)- 1 from the f i nal j oi nt NRL iterati on can be used . 

We  next consi der the detail s of appl yi ng the al gori thm to normal 
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model s wi th r an dom bl ock eff ects , whi ch will be s hown to  be cl os el y  

r el at e d  t o  het eros cedasti c models . W e  deal her e wi th obs er vati ons that 

sati sf y  t he model 

i =1 , • • •  , a ; j= 1 , • • •  , r i ( 4 . 4 . 2) 

wher e ei j  - N(  0 ,  <Pe) ,  b i - N (  0 ,  <j>b) ,  all { e i j } and {bi } ar e i nde pendent , 

a i s  a vector of \IDknown par amet ers and <Pe and <Pb ar e \ID knowm s cal ar 

par am et ers .  I n  an obvi ous matri x notation the model can be wri tten as 

7 .. IS + Zb + e 

wher e 1t i s  the ve ctor of random eff ects . 

H ar vill e ( 1 97 7 )  des cr i bes several al gori thms f or maximun l i kel ioood 

estimat i on of par am et ers in random eff ects model s ,  the f as ter ones 

bei ng  base d  on expr essi ons he gi ves for the parti al deri vati ves of the 

l og- l i kel i hoo d .  We  next show how model ( 4 . 4 .  2) can be r e- express ed as 
a het eros cedasti c model to all ow us e of the I Rl.S al gori thns that were 

des cr i be d  at the begi nni ng of thi s sect i on .  The al gori thms , bei ng 
bas e d  o n  FS or N R ,  are canpeti ti ve wi th the ot hers d es cri bed by 
H ar vi l l e i n  i ter at i ons to conver gence , and ar e rel at i vely  eas y to  

im pl ement . Also es timat es of vari ances and covari ances 
par am et er es timat es ar e immedi at el y avail abl e .  

A n  o rthogonal transf orm ati on can be appl i ed t o  [Z 

( n-a )  Gi vens rotati ons such that 

Q1 [ Z : I : 7 ] � D * * l t 0 : I : 7 

I 

of the 

7] wi th 

wher e D is an a xa di agonal matri x wi th di agonal el ements /r 1 , • • •  , /ra . 
The condi ti onal di stri buti on of 7* gi ven b i s  ther ef or e  norm al wi th 
mean 
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.. 
* + I ll 

and vari ance 14>e · Ther efor e  uncondi ti onall y * y i s  a 

1 1  6 

( 4 .  4 .  3 )  

vector of 
i ndependent normal observati ons wi th mean I

* 
ll and vari ances ( 4>e +ri 4>b) 

for i = 1 , • • •  , n  where r a+ 1 , • • •  ,rn are defined for conveni ence to be zero . 
* I n  t erms of y the model is theref ore het eros cedasti c and the 

al gori thms above can be appl i ed .  

Matri ces Q1 , Z and D are not expl i citl y  requi red . x* and y* can be 
generat ed by the f ollowi ng al gori thm :  

( i = 1 , • • •  , a ) 

f or each response  Yij , present ed i n  any order do 
ri : = ri +1 
if r - '"' 1 then 1 --

* * [Ii 1 : yi ] : = [Ii j Yij ] 
else 

k : = k +1 
s : =  

* [Ik l 
* [I · I 1 

end if 
end for 

/ri c : "'  
* yk ] : =C [Ii J  
* * yi ] : =C [Ii I 

/( 1 - 1 /ri ) 
* * Yij ]-s[Ii l : yi ] 

* Y i J +s[Iij : Y ij ] 
} ( 4 . 4 . 4 ) 

l 

The bas i c al gorithm can be m ade more eff i ci ent i n  several ways . 

( 1 ) X i s  often sparse ;  storage i s  onl y r equi red for a si ngl e row if  
Ii j  i s  generat ed insi de the l oop . Alternati vely  the al gori thm 
can be easil y  modif i ed t o  overwri te I and y with x* and y

*
. 

( 2) Execution time during  the i t erati ve part of the al gori thn , and 
storage , can be saved if sane further prel imi nar y  r educti on to  
t he data is done . Ortho gonal transformations can be appl i ed to 
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* the l as t  ( n- a )  r ows of [I .. * J � s uch t hat 

1 1 7 

wher e I0 i s  a ( p +a ) xp m atri x wi th i ts l ast p rows upper 
tri angul ar , y0 i s  a ve ctor of ( p +a )  el en ents , S i s  a s cal ar and 

Q2 i s  an n xn ortho gonal matri x .  The most  eff i ci ent way of doi ng 

thi s i s  wi th Gi vens rot ati on on the rows [x: ' : y: ] as soon as 
the y  ar e formed in  ( 4 . 4 . 4 ) ;  the rows do not then nee d to be 

stor e d .  If  GI VEN3 i s  us ed to  f orm the l as t p r ows of [I0 : y0] 
f r om  them , only (p+ 1 ) (a+p/2 + 1 ) stora ge l ocati ons ar e needed . 

Then y0 - N (I0a, di ag ( �e +ri �b) )  and s2 - �e x2 < n- a- b )  ar e (p +a+ 1 ) 
s uff i ci ent stat i sti cs . The i terati ons f or a wi th �e and �b fi xed 

can be bas ed on f i tti ng a norm al di stri buti on to y0 wher eas the 

i ter at i ons f or �e and �b wi th ll f i xed ar e bas ed on f i tting gamm a 

di stri buti ons to  the ( p +a )  s quar ed r esi dual s and s 2 • 

( 3) The Gi vens rot ations in ( 4 . 4 . 4 ) and ( 2 ) above can be repl aced by 

the f as ter versi ons of the Gi vens rot at i ons des cr i be d  i n  Sect i on 
2 . 3 ;  these are can peti ti ve i n  s pee d wi t h  metho ds based on 

Hous ehol der transf orm at i ons . 

To  i l l ustrat e  the met ho d ,  i t  was appl i ed t o  an ar tif i ci al data s et 

gi ven by C unni nghan and Hen derson( 1 968 )  and s hown i n  Tabl e 4 .  4 . 1 . 
* * Tabl e 4 . 4 . 2  shows the mat ri ces Z and y and t he val ues r 1 , • • •  , rn f or 

the r andom eff ects model wi th mean J.li f or t reatment i ( i • 1 , 2 ) . Tabl e 

4 . 4 . 3 s hows the FS-al ternat i on an d NR i terat i ons appl i ed to  T abl e 
4 .  4 .  2. Both al gori Urns use d  i nt er olation or extrapol ation to get 

impr oved s t ep si zes ( p�0 . 1 )  i n  each i terat i on .  Star t i ng val ues were 
found as des cri bed at the beginni n g  of thi s  s e ction .  The NR al gori th:n 

has rel at i vel y poor i ni ti al conver gence . Since FS  also has a good  
asympt oti c conver gence r at e  i n  thi s  exampl e ,  it  woul d  be pr ef erred .  

However , swi tchi ng between the two al gori thms  woul d avoi d NR ' s poor 
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i ni ti al conver gence and woul d gi ve a s af eguar d agai ns t  the chance of 

poor asymptoti c conver gen ce wi th  FS. 

T he vari ance- covari ance m atri x of the estimat es i s  es timat ed f rom 

the FS al gori thn as 

ll1 1 . 1 7l! 0 . 822 0 0 
A 

ll2 0. 822 1 . 089 0 0 
var A 

<Pe 0 0 0 . 13 1 -0 . 1 30 
A 

<Pt 0 0 -0 . 1 30 5. 709 

The corres pondi ng es timat e  f rom the NR al gori thm i s  

ll1 1 . 1 90 o .  822 O. Oll 3 -o . 276 
A 

�2 0. 822 1 .  089 -o . oo2 o. 01 0 
var 

<Pe o .  Oll 3 -o . oo2 0 . 73 6  -0 . 1 20 
A 

cpb -0 . 276 0. 01 0 -0 . 1 20 5 . 6l!2 

The l og-l i kel ioood  f or thi s  model i s  -36. 1 9ll5 ( 1 l!  d .f • ) wher eas thos e 
f or the two model s wi th cons trai nts ll1 "'ll2 and <Pb "'

o ar e - 3 8 . ll579 
( 1 5  d .f . )  and -39 . 6662  ( 1 5  d .f . )  r es pe cti vel y .  T wi ce the diff erences 

between thes e and t he unconstr.ai ned model ' s  de vi an ce ar e ll .  52 7 and 

6 . 9 ll 3 , both wi th 1 d .f .  s o  that treatment and block  effe cts ar e 

si gni f i cant at 5 and 1 per cent si gnif i cance l evel s  res pe ct i vel y .  
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T ABLE 4 .  4 . 2  
' Dat a  i n  Tabl e 4 .  4 . 1 Transf orm ed to  i ndependence 

* x* y ri 

-o. 1011 06781 0 . 000000000 0 . 000000000 0 

-0 . 4082 48290 -o .  81 64 96581 o. 81 6496581 0 

0 . 577350269 -0 . 577350269 o. 577350269 0 

o. 7071  06781 0 . 000000000 0 . 000000000 0 

2 .  0 41 2 4 1 4 52 0 . 000000000 0 . 000000000 0 

2 . 309401 077 0 . 000000000 0. 000000000 0 
2 .  6 8 32 81 573 0 . 000000000 0 . 000000000 0 

3 .  1 03761 1 59 -o . 91 2 870929 o. 91 287 0929 0 

2 . 6231 56949 -o . 771  51 6750 o .  771  51 6750 0 

3 . 207 1 34903  -0 . 668 1 53 1 05 0 . 6681 531 05 0 

0 . 707 1 06781  -0 . 707 1 067 81 o. 70 71 06781 0 

o .  4082 48290 -o . 4082 48290 0 .  4082 482 90 0 

-0 . 577350269 -0 . 2 886751 35  0 . 28867 51 35 0 

- 1 . 341  64 0786 -o .  223 606798 0 . 22360 6798 0 

1 .  643 1 67673 - 0 .  1 82 5 741  8 6 o .  1 8257 4 1 86 0 

5 . 000000000 1 . 000 000000 1 • 000000000 4 

1 6 .  970562 748  1 . 767766953 1 . 06066 01 72 8 

8 .  573 2 1 41  00 0 . 408248290 2. 0 4 1  241 452 6 
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A rel ated method was des cri bed by Patt erson and T hanps on ( 1 97 1 ) ,  
' who s howed that 1 t i s  possi bl e  t o  f i nd a (n- p )  xn m atri x P such that the 

el an ents of Py ar e i ndepen dent wi th zero means an d var i ances that ar e 

1 i near i n  ��>e and 4>b· 
the l i kel i hoo d of 

They propos ed es timat i ng ��>e and <Pb to  m aximi ze 

these ( n-p )  error contr asts; the method , cal l ed 

restri cted m aximun l i kel iooo d ,  i s  uni que s i nce all such Py wi th 

diff er ent P ar e l i near transf orm at i ons of each other . Ther e has been 

recently  s ane di scuss i on about whet her thi s shoul d be pr ef erred to ful l  

maxim um l i kel i hood ( e . g .  H ar ville ( 1 977 ) an d the di s cussion  f ol l owi ng  

i t  and Swall ow and M odahan ( 1 984 ) ) . A suitabl e Py cannot however be 
easil y found i n  pra cti ce and r estri cted  maxim um l i kel i hood al gori thms 

ar e us uall y  bas ed on ot her com putat i onal appr oaches . 



\ 
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T ABLE 4 . 4 . 3  

FS- al ternat i on an d NR Algori thm s  Appl i ed t o  D at a  i n  T abl e 4 . 4 . 2 
St arting V al ues ( I t er ation 0 )  were Found as De cri be d i n  the Text . 

( Bracket ed I terati ons 

I ter at i on �1 

FS- al t ernation 
0 3 .  87500 
1 2 . 84 843 

2 2 . 98893 
3 2 . 98645  

4 2 . 98648 

5 2 . 98648  
NR  Al gori ttm 

0 3 . 20428 
1 ( 3 . 04 757 

2 . 97784 
2 ( 2 . �075� 

2.  725 
3 ( 2 . 86296 

2. 85 81 7 
4 ( 2 . 8524 6 

2 . 84 960 
5 2 . 8501 9 

2 .  85 048 
6 2. 85025 

7 ( 
2 .  85 01 4 
2 . 851 36  
2 .  851 97 

8 ( 2 . 85�5 4  
2 . 85 32 

9 2 . 85��4 
2 . 85 4 

1 0  ( 2 . 8 6�84 
2 . 86 28 

1 1  ( 2 . 87466 
2 . 87866 

1 2  ( 2 . 89 1 9 4  
2 . 89806 

1 3 2 . 91 745 
2 .  92569 

1 4 ( 2. 949�0 
2 . 957 2 

1 5 2 . 9�64 6 
2 . 9 05 

1 6  2 .  9 8599 
� �  2 . 98648 

2. 98648 

�2 

4 .  80000 
4 . 87078 

4 .  86652 

4 .  86661 

4 .  86661 

4. 86661 

4 . 20�70 
4 .  61 66 
4 . 797 7 
4 . 82�04 
4 .  84 65 
4 . 86005 
4 .  86775 
4 . 86 81 1 
4 .  86829 
4 . 8701 0 
4 .  87 1 00 
4 . 87058 
4. 870�8 
4 . 870 8 
4 .  87083 
4 . 87066 
4 . 87058 
4 . 87058 
4 .  87058 
4 . 8704t 
4 .  8703 
4 . 8701 � 
4 .  8700 
4 . 86972 
4 .  8695 6 
4 . 86900 
4 .  8687 6 
4 .  867 99 
4. 86771  
4.  86601 
4 .  86 86 
4 . 86663 
4 . 8666 1 
4 . 86661 

had S tepsi ze Modi f i cat ions Appl i ed )  

<Pe 

0 . 001 27  

2 . 3554 � 
1 . 1 789  

2 .  3 51 9 8  

2. 3 520 7 

2 . 3 5207 

0 . 001 27 
0 . 001 8� 
0 . 002 0 
0 . 0031 2 
0 . 00364 
0 . 00545  
0 . 006 3 6  
0 . 00953  
0 .  0 1  1 1 2 
0 . 01 667  
o. 01 944  
0 . 0291 2 
0 . 03 394 
0 . 05079 
0. 0591 8 
0 . 08840  
o .  1 02 89 
0 . 1 5� 1 9  
0 . 1 7  00 
0 . 2 6350  
0 . �0522 
o. 4 7 2 6  
0 .  5 1  51 � 
0 . �4 1 1 
o .  4 5 1 2 
1 . 1 7 5 1 9 
1 • 31 5�7 
1 .  �1 7  4 
1 .  5 972 
2 . 1 81 6J 
2 . 2509 
2 . 34374  
2 .  �52 01 
2 .  5207 

Log- Conver gence 
<Pb L i kel i hood 

1 . 78929 - 1 5648. 2770 
- 1 3887. 33�4 

2 . 4563 1 - 1 9 . 672 7 
2 . 1 2298 -2 1 . 99355  

- 1 9 . 65379  
2. 50378 - 1 9 . 65359 

- 1 9 . 65359  
2. 5031 9 - 1 9 . 6 5359 

- 1 9 . 65359  
2 . 50320 - 1 9 . 65359 

- 1 9 . 65 3 59 

1 . 78929 - 1 �4 1 7 . 4 4 �61 
2 . 2 6�39 -9 09 . 71 0 � )  
2 . 47 �4 -8 4 75. 652 5 
2 .  7 62 4 -563 0. 5�200 ) 
2 . 9061 3 -4823 . 4 1 2 6 
2. 86871  -320 7. 03�72 ) 
2 . 85002 -2�4 5 . 69 27  
2. 87685 - 1  23. 5 8 61 3 ) 
2 . 8902 6 - 1 560. 4 4861 
2 . 8781 3 - 1 0� 4 . 82787 ) 
2 . 87207 -8 4 . 96 65 9  
2 .  87671  -585. 90054 ) 
2 . 8790 3  -500. 76 81 2 
2 . 8734 1  -3�1 . 1 5 77 1  
2 .  87061 -2 3 . 01 1 1 8  
2 . 86746 - 1 87. 36868  ) 
2 . 86590 - 1 60 . 35�3 3  
2 . 8571 5 - 1 0 6. 96  32  ) 
2 .  85284 -92 . 01 954 
2. 83958 -62. 757 5 ) 
2 . 8331 1 -54 . 69581 
2 .  81 026 -39. 1 820 5 ) 
2 . 79933 -35. 03 4 4 3  
2 .  7 6�27 -27. 30 9 4 5  ) 
2 . 64 67 -25. 36200 
2.  93 63 - 2 1 . 9 6 5 4 4  ) 
2 . 671 1 0  -2 1 . 209�3 
2 . 6061 5 -20. 066 7 ) 
2 . 583 25  - 1 9 . 878 1  9 
2 . 5r096 - 1 9 . 6l 5�9 ) 
2 . 5  970 - 1 9 . 6 0 5 
2. 50456 - 1 9 . 65363  
2 . 50321 - 1 9 . 65 3 5 9  
2 . 50320 - 1 9 . 6535 9  

R at e ,  C 

o. 5 51 93 

0 . 01 64 6  

o .  01 349 

0 . 01 343  
o .  0 1  304 

o .  622 60 
1 . 1 7539  

o .  97739  

1 .  0 1  580 

0 . 991 39 

o. 997 2 4  

0 . 98764 

o. 981 77 

0 .  96 627 

0. 9 4 1 77 

0 . 897 4 6  
o. 82 066 

0 . 68822 

0 . 4752 3 
0 . 20546  
0 . 082 40 
0 . 00705 
0 . 00000 
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4 . 5  EXAMPLES NEGATIVE BINOMIAL MODELS 

In thi s  sect i on we consi der par amet er estimation f or models  i n  

whi ch yi , • . •  , yn ar e inde pendent ne gati ve bi nani al variabl es wi th  means 

E[ yi ] -= � i -= � < nf 1 ) ) and vari ances var ( y i ) -= � i ( 1 +nf2) ) wher e nf 1 )  
c 

xi ' �  and nF ) "" ( cp 1 +cp2�i ) f or i -= 1 , • • •  , n .  The probabil i t y  f liD ct i on of 
yi is ther efor e 

I ( 1 )  ( 2 ) ) _ [Yi +�i 1n{ 2 )
_ 1. l ( ( 2 )  )

-�i / nF ) 
( 

nF ) 
)Y i p ( y i n · , n · - 1 +n · ( ) l l Y ·  l 1 +n . c. 

l l 
f or yi -= 0 , 1 , . . . .  and i ts l og- l i kel i hood  com ponents can be wri tten as 

wher e � (  • ) -= log r( • ) . I t  i s  well known that the negat i ve bi nomi al 

di stri bution approaches the P oi ss on di stri bution as i ts vari ance 

becomes near i ts mean < nl2 )  = 0 ) . T o  deal wi th nF ) n e ar  zero stabil y ,  

i t  i s  conveni ent t o  reexpr ess the l o g-l i kel i hood canponents as 

wher e 

A ( a ,b )  

and 

B( a )  

b- 1  
-= L l og ( 1 + j a )  

j -=0 

I a 

l og ( 1 +a )  

( 4 . 5 . 1 )  

if a .. o 

if a=O 

The two s pe ci al cas es of thi s model wher e cp1 • 0 and wher e cp2 = 0 
corres pond t o  the models  ( d ) ( 1 )  and ( d ) ( 2 ) r es pe cti vel y i n  Se ction 3 . 2 .  
The hypot hesi s  of cp 1 -= 0 can ther efor e  be treat ed as a t es t  f or whet her 

the counts yi ar e com pos ed of cl ust ers and the hypot hes i s  of cp 2 = 0 
t ests whet her ther e ar e s yst em at i c changes between t he e xper iment al 
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uni ts that ar e  not expl ai ned by the pro pos ed ftmcti on lli ( I) . 
� 1 • 0 and �2 � 0 then t he distri but i on i s  Poi sson . 

1 2 3 

I f  both 

If � 1 = 0 and �2 i s  known , the di stri but i on i s  i n  N el der and 

Wedder burn' s ( 1 972 )  exponent i al f ami l y  of G ener al i zed L i near Models  and 

FS i s  e qui val ent to  N RL based  on the singl e  s ystemati c part 

l og ( �2+lli 1 ) .  However i n  all ot her cases , the expe ct ed second 

der i vati ves cannot be eas i l y  f ound and FS is ther ef or e not pr acti cal . 
We  ther efor e onl y  consi der N RL al gori thms for thi s pro bl em . 

I f  � 1 or �2 are f i xe d ,  then the model can be express ed wi th two 

l i near s ystemat i c  parts , nl l ) and the ot her un known �i ' and NRL appl i ed 
to the s e  i s  equi val ent to NR . If  bot h �1 and �2 mus t  be estimated , 

t hen NR  is equi val ent to  NRL bas ed on the thr ee s ystemat i c  parts nf 1 ) , 

� , and q,2 • Si nce i t  i s  more  diff i cul t to appl y NRL bas ed on three 

s yst em ati c parts , we  shall instead des cri  be the N RL al gori thm bas ed on 
the two s yst emati c parts n{ 1 )  and nF) . Thi s al gori thm can be expressed 

as IRLS usi ng ( 4 .  1 . 1 ) .  It  de pends on the deri vat i ves 

o ii o ( I) ni 

O ii o n{2' 
o2t .  1 o n� I) 2 

1 

+ { 

o n{ 2) 2 

wher e 

= 

( 2 )  ( 2 ) Y i n ·  n ·  B ( n �2 ) ) + } -A ' (-1- y i ) . -1- -
lli lli2 lli 

n � 2) 
A '  (-1- 1 ( 2 ) Y i ) .- - ll i B ' ( ni ) 

Y i 
�) J.li lli 1 

n� 2) n � 2) B ( n�2) ) y i } -A ' (-1- y i ) .� - + -
lli lli ll i 

( 2) 2  

ll i 

ll i 

n� 2) n � 2) 2n� 2) n · 
A "  (-1- yi ) .� + A '  (-1- ) 1 -Yi ·-:-:-r lli 

n� 2) 
A " (-1-

lli 

A ' ( a ,b )  

ll i lli lli 

j 
( 1 +j a )  

' 

' ' 

Y i 
--z ll i 
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A '  ' ( a ,b )  -= - l 1 j 2 

j •O ( 1 +j a )2 

l a - ( 1 +a ) l og ( 1 +a ) 
if a � 0 

B '  ( a )  a ( 1 +a ) 

-1 /2 if a "' 0 
and 

l 2 ( 1 +a ) 21 og ( 1 +a ) - a ( 3a+2 ) 
a3 ( 1 +a )2 if a � 0 

B " ( a )  = 
2/3 if a .. 0 

I n  practi ce ,  f or numeri cal stabil ity , B (a ) and i ts deri vati ves 

shoul d be eval uat ed wi th T ayl or s er i es round a = 0 when a i s  near 0 ,  

B ( a )  

B '  ( a )  "' 

B '  ' ( a )  = 

1 2 - -a + -a 
2 3 

2 

1 3 -a. + • • • •  
4 

- - + -a -
3 2 � + 

4 3 -a 
2 3 4 5 

2 2 x 3  3 x 4  2 4x5  3 - � +  --a --a 
3 4 5 6 

+ • • •  

If  b i s  l ar ge t hen A ( a ,b ) , A ' ( a , b )  and A " ( a , b )  can be e val uated using 

the f orm ul ae 

wher e � ( · )  = log r(  · )  and � · ( • ) and � ' ' ( · )  ar e the di gamm a and tri gamm a 
f un ctions . F ast al gorithns have been wri tten to eval uate these 
functi ons by Bernar do ( 1 97 6 )  and Schnei der ( 1 97 8 ) . 

S i n ce ther e i s  no obvious alt ernati ve I RLS al gori t hm  that ens ur es 
that (I'U) wil l  be posi ti ve defi ni te i n  this t ype of model , a 
defi ni teness modifi cati on s uch as that impl em ent ed by COMBINEM in  
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Appendix B m ust  be availabl e .  

Good start i ng val ues cannot be eas i l y obtai ned . I f  w e  use �1 • 0 

and �2 = 0 and repl ace n� 1 )  i n  ( 4 . 1 . 6 ) by i ts maxim um l i kel i hood  
estim at e  f rom the s at ur ated model wi th �1 and �2 fi xed at t hes e val ues , 
( 1 ) - 1 ( ) ni = � yi , t hen the start i ng val ues  of � 1 and �2 ar e often 

negati ve , whi ch do es not corres pond to a val i d  di stri bution . The 

reas on f or this  s e ems to be that the s at ur at ed model f i ts per f ectl y ,  
and t her e i s  ther efore no i nformation fran the fit  of the s at urated 

model to di sti ngui sh between diff erent s pecif i cat i ons of the var (yi ) .  
In  or der to  get start i ng val ues s uch t hat nl 2 )  � 0 f or all i ,  we can 

constrai n  �1 = �2 - 0 i ni ti ally and get starti ng val ues f or  a f rom thi s 

P oisson model . 

T o  ill ustrat e  the al gori thm , i t  was appl i ed to s om e  artifi ci al 

data . T he dat a  are ass uned to be fr an an i nse cti ci dal experiment i n  

whi ch 50 pl ots wer e  used , ten of whi ch w er e  all ocat ed at r andom to each 
of 5 dos es of the i nsecti ci de .  T he numbers of i nsects found in each 

pl ot ar e ass umed t o  have m eans 

E[ yi ] 

where di i s  the dos e of i nse cti ci de  for i =1 , • • •  , 50 ;  the data ar e s hown 

i n T a bl e 4 • 5 • 1 • 

T he  NRL al gor i thm des cr i bed above was appl i ed to the dat a and i ts 

i t er at ions ar e s hown i n  Table 4 .  5 . 2 .  I f  the i nse cts ar e r andoml y 
di stri buted as a Poi sson process wi thi n al l pl ots , then �1 • 0 and 

�2 = 0 .  In  vi ew of the two moti vati ons f or negat i ve bi nomi al models  
g i ven by ( d ) ( i )  and ( d ) ( i i ) in  S ecti on 3 . 2 ,  we woul d expe ct �1 >0 if the 

i ns e cts occur i n  cl usters , whereas we woul d e xpe ct �2>0 i f  ther e ar e 

s ystemat i c d iff erences i n  the r at e  between the pl ots that have not been 
des cri bed by the model f or E[yi ] .  These constr ai ne d  models  wer e  f i tt ed 
usi ng the sam e  NRL al gor i thm that was us ed f or f i tti ng t he 
unconstr ai ne d  mod el , but wi th t he constr ai nts appl i e d  i n  each iter ati on 
as extra obs er vat i ons wi th i nf i ni te wei ghts , as des cr i bed  i n  Secti on 
3 . 8 .  For exampl e ,  the i ter ati ons wi th t he constrai nt �2 - 0 ,  whi ch ar e 
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TABLE 4 .  5 . 1 
Art i f i ci al D at a  f or F i tti ng N egat i ve Binom i al Model wi th 

Vari ance .. Mean . ( <1> 1 + <j>2 .Mean ) 

Count of D ose of 
Ins ects , yi I ns ect i ci de , di 

47 0 
27 0 
�4 0 
3� 0 0 
35 
�� 30 39 
22 2 2 1 2 20 2 3 7  2 25 2 
1 1  3 9 3 1 0 3 28 3 1 3 3 
1 4 

1 0 4 
� 4 4 7 4 

Count of Dose  of 
Insects , yi I nsecti ci de ,  di 

32 0 
2 3  0 
�� 0 0 45 0 
23 
�6 1 8  34 
21 2 1 3 2 23 2 1 3 2 31 2 
1 4 3 1 9  3 22 3 1 2  3 1 2  3 
1 4 
7 4 
t 4 4 7 4 

als o  NR i terations , are als o  shown i n  Table 4 . 5 . 2 . 

1 2 6 

The devi ances whi ch are defi ned as mi nus twi ce the kernel of the 
l og-l i kel iroods , - 2 Lii , f or the f our models are 

unconstr ained 
<1>1 - 0 
<1>2 c 0 

<1>, ., <1>2 .. 0 

4989 . 57 
4986 . 81 
4989 . 35 
4975 . 80 
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TABLE 4 .  5 . 2  

I ter ati ons of the N RL A l gor i thm Appl i ed t o  D at a  in  T abl e 4 . 5 . 1 .  
St arting Val ues ( I t erati on 0 )  w er e  F o und as De cri be d i n  the T e xt . 

I ter at i on B1 

Un constr ai ned 
0 3 . 60288 0 . 0 1 566 -0 . 1 0940 
1 3 . 58283 0 . 026 8 1  -0 . 1 1 904 
2 3 . 57836 0 . 02 892 -0 . 1 2 1 77 3 3 . 57909 0 . 02 677 -0 . 1 21 1 7  4 3. 57975 0 . 02481  -0 . 1 2026 
5
6 

3 . 579 85 0 . 02443  -0. 1 2008 
3 . 57986 0 . 02 4 42 -0 . 1 2008 1 3 . 57986 0 . 02 4 42 -0 . 1 2008 

Constrai ned q,2=0 
0 3 . 60288 0 . 01 566 -0 . 1 0940 
1 3 . 5 8275 0 . 027 82 -0 . 1 1 9 41 
2 3 . 57762 0 . 03274 -0 . 1 2 305 3 3 . 57795 0 . 03365 -0 . 1 2354 4 3 . 57858 0 . 03 3 59 -0 . 1 2342 
5 3 . 57865 0 . 03357 -0. 1 2340 
6 3 . 57865 0 . 03 357 -0 . 1 2340 

Log- Conver gence 

Li kel ihood R at e ,  C 

0 . 00000 0 . 00000 
0 . 3 41 1 8  -0. 000 95 
0 . 75 450  -0 . 005 3 1  
1 . 1 23 82 -0. 0 1 21 2 
1 . 3 1 54 8  -0 . 0 1 703 
1 . 34767 -0 . 01 7 9 7  
1 . 34832  -0 . 01 799 
1 . 34 832  -0 . 01 79 9  

0 . 00000 
0 . 32035 o. 64 1  04  
0 . 86 1 4 8  o. 9363 7 
0 . 9lJ29 8 
0 . 94303  

0 . 00000 
0 . 00000 
0 . 00000 
0 . 00000 
0 . 00000 
0 . 00000 
0 . 00000 

2486 . 0021 9 
2492. 522 24  0 . 731 56 
2494 . 36883 0 . 59596 
249 4 . 74 91 7 0 . 3 81 96 
2494 . 78 4 1 5 0 . 1 4708 
249 4 . 784 7 4  0 . 02024 
2 494 . 784 74 0 . 001 1 6  
249 4. 784 7 4  0 . 00000 

2486 . 002 1 9  
2492 . 50 6 4 0  0 . 63 704 
2494 . 31 2 40 0 . 47792 
249 4 . 6535 1  0 . 2 71 08  
2494 . 67565  0 . 08203 
249 4 . 675 7 9  0 . 00698 
2494 . 67579  0 . 00005 

Si nce the diff er ence i n  devi ance caus ed by constraini ng one par amet er 

s houM have approxim atel y  a x 2 di stri buti on wi th one degr ee of f reedom , 
the concl usion wi th thi s  artif i ci al exampl e would  be that ther e was 

strong evi dence that the Poi sson di stri buti on di d not f i t  the dat a ,  but 

that ther e was i nsuffi ci ent dat a  to di s ti ngui sh between whether that 

has been caused by cl usteri ng al one ( q,2 .. 0 )  or by une xpl ai ned 

s yst emati c diff er ences between the m eans i n  the pl ots , or a m i xtur e  of 
thes e eff ects . The devi ance f or the model wi th B3 • 0 but q,1 and q,2 
unconstr aine d  i s  4 9 7 3 . 3 4 ,  s o  that a l o g- l i near model for E[y i ] wi thout 

a quadr ati c t erm i s  clearl y inade quat e i n  thi s  example . 
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4 . 6  E XAMPLES ROBUST ESTI MATI ON I N  LI NEAR MODELS 

I n  thi s  sect i on ,  we consi der m axi mum l i kel ihood estimat i on i n  

model s wi th l og probabil ity  densi t y  f un ctions 

2 �i C ni , o ) 
Y· - n· 

-4> ( -1--1 ) - l og o - l og { J:.,exp (-4> ( z ) ) dz } 
0 

( 4 . 6 . 1 )  

wher e ni = :xi 1 S , 4> (  · ) i s  a s ymm etri c f un ct i on and the distri buti on i s  
1 onger- tail e d  t han the norm al di stri buti on .  Several such model s  wer e 

des cri be d i n  Se ct i on 3 .  2 ( f ) . Mos t  mo dels have an extr a shape par am et er 

<P · I n  practi ce ,  thi s  i s  us ua.ll y f i xed  by the user to  gi ve the desi red 

degr e e  of ro bust ness and we shall i ni ti all y  treat any such <P as a known 

const ant . L at er i n  the se cti on ,  w e  shal l  also consi der estimati on 

of <P · 

The two s ys t an ati c parts � 1 S and l og o ( or lit 1 s and any ot her 

f un ct i on of o2 ) ar e detached provi de d  4> (  · ) i s  symm etri c .  Alternati on 

between FS f or 8 wi th o2 fixed and FS for l og o wi th 8 hel d f i xed , i s  

t her efore a mi nor improvanent over j oi nt FS. N RL i s  e qui val ent to  N R  
and NRL-al ternat i on woul d al so be e xpect ed t o  be r easonabl y eff i ci ent . 

T he vari ous metho ds  

di stri buti on wi th 

4> ( u )  

For t he N RL-al ternat i on 

are ill ustr at ed 

al gori thm , the I RLS 

usi ng the l o g-t ailed 

( 4 . 6 . 2 ) 

form ul ae f or 8 wi th f i xe d  

i have " expl anat ory" vari abl es � , wei ghts 

1 - 2  · l Y e� I s i l o < � 0 
w i �2 

l Y e� I s i l o 
C ye� I s)2 � � 

and r es pons es 

I ( yi-� I S) l Y e� I s i l o  < � 
z i - eye� I s) l Y e� 1 s i l o  � � 
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The s ystemati c part Ii ' 8 i s  ther ef ore not convex and a def i ni teness 

modi f i cati on m ay be needed . The NR  s tep f or ( l og o) wi th ll ass umed 

f i xed can be wri tten as a leas t  s quar es cal cul ation , but i t  i s  more 

conveni ent l y  expressed as 

+ I ai - n 
l og 0 l og o + I bi 

I < Ye� ,  8) 2 
I y i -� ' 8 1 I 0 < et> wher e ai 0 

<1>2 l Ye� ' 8 l l o  � et> 

! 2 < Ye� , 8) 2 
l Ye� ' 8 1 1 o < et> b i 0 

0 l Ye� ' 8 l l o � et> 
I f  FS- al t ernat i on is  used  rather than N RL-alt ernation ,  the I RLS 

ar e 

"' 0 

-2 J:m � ' ' ( u )  exp { -� ( u ) } du 
0 

J:m exp { -� ( u ) } du 

-2 

( 4 . 6 . 3 )  

w ei ghts 

/( 21T) ( �( cj>)-0 . 5 ) 
( cj>2+2 )  _

<1>212 - ( cj>2+1 ) I ( cf>2+1 ) -2 et> e et> 
0 

/( 21T) ( �( cj>)-0 . 5 ) + 

-2 /( 21T)  ( �( cj>)-0 . 5 )  
0 

/( 21T) ( �( cj>)-0 . 5 ) + 

and t he " r es pons es" are 

et> et> 

et> 

et> 

_
<1>212 

e I 
- et> 12 

e I 

+1 I ( cf>2_ 1 ) 

( <1>2 +1 ) 

( <1>2- 1 ) 
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T o  obtai n  t he FS step f or l og o wi th Ill f i xed , all bi i n  ( 1.! . 6 . 3 ) 
m ust be replaced by t heir expe cted val ue ,  

b 
J : 2 u2 e 

- u212  
du 

- u212 r �2 -�2 -�212 
e du + � � u e du 

/( 2'IT) ( 4> ( �) -0 . 5 ) 

wher e  t he m.mer ator i s  an incompl ete gamma function and c an be 

eval ua t ed by al gori thms such as M oore ( 1 982 ) . When � = 1 .  3 ,  
* -2 wi = O . llll1 2562 4 o  and b = 0 . 4969792 8 .  

T he f ull NRL al gori thm bas ed on s ys t an ati  c parts ][i ' 8 and l og o , 
whi ch i s  al so NR for Ill and l og o, can be expressed as a wei ght ed l east 

s quar es cal cul at i on usi ng ( 1.! . 1 . 1 ) . Since some wei ghts f or that 
cal cul ati on ar e zero i f  any I YC� ' 8 l / o > � . the corr es pondi ng rows of 
dat a m ust be repl aced by two pseudo- obs ervati ons , as des cri bed by 

( 3 . 4 . 3) .  I t  i s  e asier t o  impl anent N RL by eval uati ng the deri vati ves 

Cl i 
I ai - n "' 

Cl l og o 
a2 i 

-I bi Cl ( l og o) 2 
and 

a 2i 
- I CfZ:i Cl Ill Cl ( l og o) 
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where 

2 < Yc� I 8) 
l Ye� 1 8 l l o  < 4> c i 0 

0 l Ye� 1 8 l l o  � 4> 
and to  us e s ubrout i ne NUISNC to i ncor porat e  par ameter (l og o) i nt o  the 

NR iterati on f or 111 wi th i fixed . 

T ABLE � . 6 . 1  

Dat a F ran Dani el and Wood ( 1 97 1 , Chapter 5) 

�2  80 27 89 
31 80 27 88 

�� 75 25 90 
62 2 �  87 

1 8  62 22 87 
1 8  62 �� 87 
1 9  62 93 
20 62 2 �  �1 1 5  58  f� 1 � 58 80 
1 4  58  1 8  89  
1 3  58 n 88 
1 1  58  82 
1 2  58 1 9  93 

8 50 1 8  89 

� 50 1 8  86 
50 1 9  72 

8 50 1 9  �6 9 50 20 
1 5  56 20 82 
1 5  70  20 91 

Andr ews ( 1 97� ) showed that robust es timat i on of the par am et ers i n  

an exampl e  wi th 

E[ yi ] i - 1 , • • •  , 21 

s howed up four o utl i ers that had onl y  been found aft er det ail ed 

anal ysi s by D ani el and Wood ( 1 97 1 , chapter 5 ) . The dat a ar e gi ven i n  
Tabl e  � .  6 . 1 .  Andr ews estimat e d  the par amet ers t o  maximi ze a f un cti on 

that does not corres pond to any l og- l i kel i hoo d .  Sti rl i ng ( 1 98 � )  showed 
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l i kel i hood es timat i on of 8 and ,.. "' 

2 0 in  the 
"' 

1 32 

l og- tail 
d i stri but i on ( 4 . 6 . 2) wi th cj>=1 . 3  gi ves 80 .. -37 . 73 ,  81 •0 . 8529 ,  82"'0 .  461 0 ,  

"' 

83 .. -0 . 07372 an d o•0 . 7796 . Thi s res ul ts i n  r esi  duals whi eh s how up the 
f our outl i ers i n  ess ent i all y the sam e  way as Andr ews ' met ho d .  Tabl es 
4 .  6 .  2 and 4 .  6. 3 show the successi ve i t er ati ons of the N RL-al t ernati on , 

FS-al ternat i on and NR al gori thms des cr i be d  above , .. 
the l east squar es es tim at e  8o of 8 and 
( Al ter nat i ve star t i ng values woul d have been the 

each starti ng f rom 
" 2  - 2 o0 = L (yi-zi ' Bo) I n .  

� ( u )  = I  u I es ti m at es f or 

whi ch ther e i s  a l i near progr amming s ol ution ) . I n  i t erati ons 2 to  5 of 

the N R  al gori thm (I' III) was f ound t o  be not pos i ti ve def i ni te and a 
G ill and Murray ( 1 974 ) def ini teness modif i cati on was appl i ed wi th the 

di a gonal of the s e cond deri vati ve mat ri x  subse quentl y increas ed b y  t en 

per cent ; i n  i ter ati ons 1 and 6 ,  a s t epsi ze modi f i cation was needed to  

i n creas e  the l i kel i hood . Stepsi zes w er e  not otherwi se  improved by  

i nt er pol ati on or extrapol at i on i n  any i ter ations . I n  the 

N RL- al t ernation al gori thm , def i niteness mo difi cations were  nee ded i n  
i ter at i ons 2 and 3. The FS-al ternat i on al gori thm had extrem el y  poor 

conver gence , but needed no stepsize or def i ni t eness mo difi cations . 

I f  the N RL-al ternat i on or FS-al ter nati on al gori thms ar e us ed , the 

var i ance- covari ance matri x of a can be estimat ed by (I' III) - 1  f rom the 
l as t  I RLS i t erat i on f or 8· Log o i s  as ympt oti cal l y  independent and i ts 

vari ance can be estimat ed as < I  bi ) - 1  or ( nb)- 1  f or the two al gor i thms . 

The var i an ces can al so be consi stent l y  estimat ed wi th (I' III)- 1  f rom the 

l as t i t er ation of the NR al gori thm . 

We next extend the methods to permi t maximum l i kel i hood estim ati on 

of an additi onal par ameter cj> whi ch aff ect s the amount of robustness i n  
t he estimator . Suc h  es timators are cal l e d  adapti ve . W e  ther efor e now 

consi d er mo dels of the form 

w her e � (  . ,  • ) i s  s ymmetri c round zero i n  i ts f i rst  par amet er . The 
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TABLE 4 .  6 . 2  

Iterati ons of NR and N RL-alternat i on Appl i ed t o  F it L og- tai l 

M odel wi th 4> oc 1 . 3  to Data i n  T abl e 4 . 6 . 1 .  Star t i ng 

V al ues ( I t erati on 0 )  were  Found from Or di nar y  Leas t  Squar es . 

I ter at i on Bo e 1 

NR al gori thm 
0 -39 . 91 967 0 . 71 564 1 . 2952 9 -0 . 1 52 1 2 
1 ( -58 . 1 2 60 8 5 . 1 1 83 1 - 1 4 . 551 71 0 . 83 600 

(-4 4 . 471 28 1 . 81 63 1  -2 . 66646 0 . 094 9 1  
- 4 1 . 05757 0. 990 81 0 . 30485 -0 .09036 

2 -40 . 73566 0 . 982 43 0 . 31 085 -0 . 0892 8  
3 -40 . 39209 0. 97290 0. 31 506 -0. 0884 6 
� -40 . 04462 0 . 96303 0 . 31 89 1 -0 . 087 4 4  
5 -39 . 734 46  0. 95466 0. 32224 -0. 08628 
6 (-2 4 . 3280 7 -0 . 361 84 1 . 24220 0 . 393 1 3 

(-3 5. 88287 0 . 62553 0 . 55223 0 . 03358 
-38 . 73468  0 . 86923  0 . 381 94 -0 . 0551 7 

7 -3 7 . 2961 4 0 . 84300 0 . 46858 -0. 07348 
8 -3 7 . 75755 0 . 853 84 0 . 4601 5 -0 . 073 9 1  
9 -3 7 . 73323 0. 852 91 0 . 46099 -0 . 073 73 

1 0  -37. 73281 0 . 852 88 0 . 461 01 -0 . 07372 
1 1  -3 7 . 73281 0 . 85288 0 . 461 0 1  -0 . 07372 
NRL-al ternati on 

0 -�9 . 91 96� 0 .  71 564 1 .  29529 -o .  1 52 1 2 
1 - 2 . 267 1  0 . 90546 0 . 72347 -0 . 1 1 5 8 1  

2 - 4 1 . 801 67 0. 89806 0 . 69554 -0 . 1 1 300 

3 -4 1 . 07095 o. 886 82 0 . 66209 - 0 . 1 077 1  

4 -3 6 . 804 1 4 0 . 83546 0 .  51 096 -0 . 08528 

5 -3 7 . 5 9693 0 . 84997 0 . 46890 -0 . 07 527 

6 -3 7 . 74077 0 . 85303 0 . 46058 -o. 073 62 

7 -3 7 . 733 1 9 0 . 85289  0 . 4 6099 -o. 07372 

8 -3 7 . 73283 0. 85288 o. 461 0 1  -o. 073 72 

Log- Conver gen ce 
l og o 

Li kel ihood R at e , C 

1 . 07096 -31 . 41 31 0  
-8 . 3 6399 -22 4 . 42999 ) 
- 1 . 28778  -7 6 . 68553 ) 

0 . 4 81 27 -2 6 . 801 3� 0 . 95809  
0 . 34271 -2 6 . 23380 0 . 89099  
0 . 2501 6 -25 . 83 965 0 . 884 1 4 o. 1 5 481 - -2 5 .  44973 o. 86696 
0 . 06338 -2 5 . 1 2 4 3� 0 . 8 61 00 

-6 . 31 030 - 1 46 . 6580 4  ) 
- 1 . 53004 -3 4 . 37 459 ) 
-0 . 3502 3 -2 3 . 46064 0 . 47409 - o .  2351 2 -23 . 052 1 1 o. 384 75 
-0 . 260 33  -2 3 . 00667 0 . 081 25  
- 0 . 24 922 - 2 3 . 00570 0 . 0 1 7 64 
-0 . 2 4902 -2 3 . 00570 0 . 0003 1 
-0 . 24902 -23 . 00570 0 . 00000 

1 . 07096 -3 1 . 41 31 0  
-30 . 4 31 66 

0 . 35054 -26 . 9�374 1 • 20504 
-2 6 . 3  550 

0 . 321 2 3  -2 6 . �9089 0 . 90294  
-2  5 .  01 02 o. 21 41 9 -2 5 . 7051 6 0 .  82 095 
- 2 3 . 9 71 02 

-0 . 1 375 5  -2 3 . 1 471 7 0 . 27494  
- 2 3 . 0694� 

-0 . 25533 -2 3 . 0098 o. 1 3 80 9  
-23 . 00593 

-0 . 24934  -2 3 . 00571  0 . 05788  

-0 . 2490 4 
- 2 3 . 00570 
-2 3 .  00570 0 . 04770 
-23 . 00570 

-0 . 24902 -2 3 . 00570 0 . 04 349  
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s ys temat i c  part (xi 1 8) i s  det ache d f rom the pai r  of systenati  c parts 

( o , $) i n  thi s type of model si nce 

E [ a 2 �i ( ni ' a '  $) 
] a ni a o  

.. E .. 0 

so that al ternat i on between i t erati ons f or 8 wi th ( o , $) f i xe d  and 

i ter at i ons f or ( o, $) wi th 8 f i xe d  coul d be used . For exampl e ,  i n  the 

t- di stri but i on ,  whi ch has � (  • ,  • ) def i ned by 

4> ( U , $) ( $ + 1 ) I 2 • 1 og ( 1 + u 2 I $ ) 

the w ei ghts and " res pons es" f or the N RL IRLS iter ati ons f or 11 wi th 

f i xed ( o , $) ar e 

and 

$+1  ( $ - (y c� I 8) 21 02) 

7 < $ + < Y c� I 8) 2 I a2) 2 

< Yc� � 8) . ( �  + < Yc� � 8) 21 o2) 
( $ - (y c� I 8) 21 02) 

res pe cti vel y .  The NR  iterati ons f or the two s ystenati  c parts , l og o 

and � .  wi th f i xe d  8, can be expres s ed as l east squar es cal cul ati ons 
usi ng ( 4 . 1 . 1 )  and the deri vati ves , 

dl og o 

and 

d$ al og 0 

� ( ef - 1 )  

( ef + �)  

e . 2 
- 2 $( $� ) � 2 ( ei + � )  

1 e? 1 ( e ?- 1 )  �j>+1 $ 
- l og ( 1 +2. ) + - 1: + -

2 
( 1jJ � (-

2
- ) - 1jJ � (-

2
) )  

2 � 2 ( ef+ � )  

ef < ef - 1 )  

< ef + �j> )2 

wher e ei .. ( yi-� 1 8) 1 o , 1jJ( · )  .. l og r (  · ) and 1jJ 1 ( · )  and 1jJ 1 1 (  • ) ar e i ts 
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TABLE 4 .  6 .  3 

I ter at i ons of FS-alternat ion Appl i ed to  F i t L og- tai l 

Model wi th <1> = 1 . 3 to  D at a  i n  T abl e 4 . 6 . 1 .  Starti ng 

1 35 

V al ues ( I t er ation 0 )  were Found from Or di nary Leas t  Squar es . 

Log- Con ver gen ce 
I ter at i on So 81 82 8 3 l og o 

Li kel i hoo d R at e ,  C 

FS- alt ernati on 
0 -�9 . 91 967 o. 71 564 1 . 29529 -0 . 1 52 1 2 1 .  070 96 -3 1 . 4 1 �1 0  
1 - 1 . 6 81 71 0 .  94 721 0 . 50367 -0 . 09949 -30. 64  1 6  

0 . 04896 -2 6 .  �62 1 1 0 . 96772 
2 -34 . 84 1 87  0. 91 549 0 . 47756 -0 . 1 51 60 - 2 4 .  421 5 o. 06620 -2 4 . 64 1 30 0 . 76269 
3 -39 . 1 809 8 0 . 86384 0 . 49573 -0 . 07282 - 2 3 . 65608 

-0 . 1 6544 -2 3 .  3085� 0 . 46929 
4 -3 6 . 31 665 o. 85 928 0 . 4557 1  -0 . 0 9294 -23 . 1 2 43 

-0 . 2 2450 -2 3 . 1 067 3 0 . 93239 
5 -3 8 . 7021 1 0 . 851 91 0 . 47044 -0 . 06438 -23 . 0 6377 

6 _:3 6 . 92860 
-0 . 24680 -2 3 . 061  38 0 . 67359  

0. 8541 7 o .  45 639 -0 . 0 8260 -2 3. 0 4 0�4 

0. 851 86 0 . 46570 -0 . 06732 
-o . 2361 4 -2 3 . 03 9 2 0 .  83 921  

7 -38 . 33739 -23 . 02735 -o . 25034 -2 3 .  02639 0 . 74289 
8 -3 7 . 2471 5 0. 85352 o .  45807 -o. 07895 -23 .  01 875 

-o . 24251 -2 3 . 01 847 0 . 81 067 
9 -38 . 1 0493  0 . 85227 0. 46370 - 0 . 06975 -23 .  01 3 80 

-0 . 25079 -23 . 01 3 48 0 . 76079 
1 0  -3 7 . 43697 0 . 85328 0 . 4591 6 -0 . 07690 -23 .  01 061 

-0 . 24558 -2 3 . 01 049  0 . 799 4 4  
: : : 

: : 
27 -37 . 73738 0. 85287 o. 461 04 -0. 07367 -23 . 00571 

-0 . 07376 
-0 . 24906 -2 3 .  00571 0 . 782 53 

28 -3 7 . 7292 4  o .  85289 0 . 46099 -23 . 00571 
-0 . 24899 -23 .  00571 0 . 782 99  

29  -3 7 . 73561  0 . 85288 0 . 4 61 03 -0 . 07369 -23 . 00570 
-0 . 2490 5 -2 3 . 00570 0 . 782 63 

: : : 
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firs t and s econd der i vat i ves . In  thi s  exam pl e however , ther e i s  l i ttl e 

advant age i n  impl anent i ng the NR iter at i on f or l og o and � usi ng l east 

s quar es with ( 4 . 1 . 1 )  over dir e ct eval uation of the NR step f r an  t he 

deri vati ves by d i r ectl y  i nverti ng the s e cond der i vati ve matri x .  

I n  thi s probl em ,  the expect ed second deri vati ves onl y depend on � ·  
They cannot however be expl i ci tl y  found , s o  that the three e x pected 
second der i vat i ves must  be reeval uat ed by a numeri cal int egr at i on i n  

each i t er at i on.  FS do es not ther efor e seen a practi cal al gori thm here . 

Starti ng val ues f or a and o2 can be f ound as des cri be d  earl i er f or 

model s wi th f i xe d  � ·  A star t i ng val ue f or q, i s  har der to obt ai n .  A 

moder at e val ue s uch as q, "" 5 . 0  i s  of ten s ui tabl e ,  though an i ni ti al 

estimat e f r an  the k urt osi s of the leas t  s quar es r esi duals woul d also be 

possi bl e .  

T ABLE 4 . 6 . 4  

Art i f i ci al D ata Gener ated f rom a T-di stri buti on 

With 3 D e grees of Freedan (D empster et al . ,  1 9 80 ) 

-o . 1 41 0 . 678 

-o . 036 -o . 350 

-5 . 005 0 . 886 
o.  485 -4 . 1 54  
1 • 41 5 1 .  5 46  

To  i l l ustrat e  the N RL-al ternati on al gor i thm ,  i t  was appl i e d  t o  an 
artifi ci al dat a  s et that was gener ate d  f r an  the t- distri bution with 3 
degrees of f reedom and m ean zero .  The dat a ar e shown i n  T abl e 4 .  6 .  4 

and were used  by D em pster et al . ( 1 9 8 0 )  t o  ill ustr ate another type of 

m aximun l i kel i hoo d  al gori thm call ed the EM al gori thm;  thi s l at t er 
al gori thm i s  di scussed  i n  det ail i n  Chapt er 6 .  The i t er ati ons of the 

N RL-al ternat i on al gor i thm ar e gi ven i n  T abl e 4 . 6 . 5 .  It  converges well 
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apart f rom a s tepsi ze modi f i cati on that i n  needed i n  i ter ati on 2 .  

T ABLE 4 .  6 . 5  

I ter at i ons of NRL-al ternat i on Appl i ed to  F i t  a T-di stri buti on 

t o  D at a  i n  Table  4 . 6 . 1 .  Starting Values ( I t er ati on 0 )  w ere 

� � 5 . 0 and the Ordi nar y L eas t Squar es Estimat es of � an d o2 

Log- Conver gence 
I ter at i on Mean , J..l log o 

0 
1 

2 

3 
4 
5 

6 

7 

8 

-0 . 4 6760 
-0 . 06923 

0 . 29996 

0 . 3671 4 

0 . 76450 

0. 361 87 

( -2 . 23081 
(-0 . 28630  

0 . 1 9983 
-o.  351 71 o. 4 4956 
-0. 29287  

0 . 4 3705 -o. 26778 
0 . 4 331 7 

-0 . 263 71 
0 . 4 3257 

-0 . 26355 
0 . 4 3254 

-0 . 26355 

5 . 00000 

2 . 49408 

-9 . 54 92 6 -o . 51 675 
1 .  7 41 38 
o. 96687 

1 • 1 6734 

1 .  25944 

1 .  27450 
1 .  274 94 

1 .  27495 

Li kel i hood  R at e ,  C 

-1 6 .  37 61 1 
- 1 6 . 23665 
- 1  5 .  57 60 9 
- 1 5 . 33955 
-(X) ) 
-(X) ) 
- 1  4 .  985 77  
- 1 4 .  97385  
- 1 4 . 62 523  
- 1 4 . 59898 
- 1 4 . 4 9 4 32 
- 1  4 .  493 o6 
- 1 4 . 48237 
- 1 4 . 482 3 1  
- 1 4 . 4 8209 
- 1 4 .  482 0 9  
- 1 4 .  4 8209  
- 1 4 . 48209  
- 1 4 . 482 09 

0 . 4 1 504 

o .  4 5279 

0 . 4 3 4 53 
0 . 33345 

0 . 1 5753 

o .  0 51 2 6  
0 . 02 239  

o .  01 298 



SECTION 5 . 1 1 38 

5 .  ELIMINATION AND A DJUSTMENT OF PARAMETERS 

5 . 1 GENERAL DESCRI PTION OF ELIMINATION AND ADJ USTMENT 

If ther e ar e m any un known paramet ers 8 i n  a model , optimi zat i on 

al gori thms such as N R ,  NRL and FS can be very sl ow and may have 
diff i cul ty conver gi ng .  If the par amet ers ar e part i ti oned 8' = [ 81 82] 

.... 

and if  s1 < 82) can eas i l y  be  f ound to maximi ze the l og-l i kel i hood 

1( ., , 82 ) wi th r es pect to 81 f or f i xed 82 , then s1 can be eliminat ed 

f r om  the l o g- l i k el i hoo d function , aft er whi ch the optimi zati on can be 
.... 

r e pl aced by the l ow er- dimensi oned probl an of maximi zi ng 1( 81 ( 82) , 82) .  
Thi s  reducti on  i n  dimension us ually means that s t andar d  i t erati ve 

optimi zat i on al gor i thms are l ess l i kel y to  di verge , modif i cati ons to 

ensure convergen ce are easi er to apply , and consi derably f ewer 
i ter at i ons ar e  often r e quired . Golub an d Pereyra ( 1 97 3 ) , Kaufman 

( 1 9 7 5 )  and Spi t zer ( 1 9 8 2 )  gi ve numeri cal ill ustrations of the potenti al 

improvements .  El im i nat i on was f i rst proposed i n  thi s gener al form by 

R i char ds ( 1 9 6 1 ) ,  but w as  also suggested for the spe ci al probl an of 

nonl i near l east s quar es estimat i on by Koopmans and H ood ( 1 95 3 ) , Lawton 

an d Syl vestre ( 1 97 1 ) and Guttman et al ( 1 9 73) , all apparentl y 

i nde pendent l y .  I n  thi s chapter w e  i nvesti gate the techni que of 
el imination and a r el at e d  techni que called adj us tment . 

I f  ther e ar e onl y one or two parameters i n  � then t he easi est  way 
.... 

to make use of the el imi nat ed l i kel i hood i s  to eval uat e 1( 81 ( 82) , 82) 
f or vari ous � and pl ot thes e val ues aga i nst a2 . For e xampl e ,  Box and 
Cox ( 1 9 6 4 )  

res pons es , 

pro posed  

y P , ) f or 1 

a model wher e transformations 

i .. 1 ,  • • •  , n ,  sat i sf y  or di nar y 

of the meas ured 

l inear model 

ass umpti ons . The y  el imi nat ed the l i near parameters and the error 
var i ance and used a pl ot of the el imi nat ed l og-l i kel i hood  against A to 

obt ai n  a conf i den ce i nt erval f or A .  Clayton ( 1 983 ) s uggested a simil ar 
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graphi cal approach f or a cl ass of two sampl e  s ur vi val data models .  I n  

the r es t  of thi s chapt er , w e  consi der numeri c al optimi zation methods . 

Ther e are two ways i n  whi ch general optimi zat i on al gori thms can be 
... ... 

modif i ed to make use of the r el at i onshi p ,  81 = s1 < 82 ) . The algori thms 
can ei ther be 

... 

.2.( S, ( 82 ) , ,2 ) or 
... 

81 to 81 ( 82) 

appl i e d  
the y  

between 

di re ctly to the el iminated log-l i kel i hood 
can be appl i ed to i ( ,1 , ,2 ) wi th an adj ustment of 

i ter at i ons ; we call  these el iminat i on and 
adj ustment al gori t hms , r es pe cti vely . Cl early adj us tment always 
improves an i ter at i on si nce it  i ncr eases the l i kel i hood . 

I n  Section 5 . 2 w e  i nves ti gate  the r el ationship between el imination 

and adj ustm ent when thes e are appl i ed to the NR , NRL and FS al gori thms . 
El imination and adj us tment are parti cul arl y hel pf ul for nonl inear l e ast 

squar es and S ecti on 5 . 3 d i s cusses thi s appl i cat i on . A nonl inear l east 

s quares exampl e  i s  use d  to gi ve a numeri cal comparison of the methods 
i n Sect i on 5 . 4 .  Other appl i cati ons where el imi nati on and adj ustm ent 
can be used are di s c usse d i n  Se ction 5 .  5 .  Final ly , r el ated methods of 
improvi ng the N RL and FS al gori thms f or models  whos e s ystemati c parts  
cont ai n l inear and  nonl i ne ar parameters are inves ti gated i n  Se ction 

5 . 6 .  
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5 . 2 ELI MINATI ON AND ADJUSTMENT APPLIED TO THE N R ,  NRL 

AND FS  ALGORITHMS 

I n  a f ull N ewton-R aphson (NR ) i ter ati on the value of 8 is updat ed  
to 

2 - 1  
+ ( a t< 8) ) 

8 "" 8 -
o8

2 ( aH 8) ) 
a a 

S imi l ar l y  a NR- el imi nati on i terat i on f or 8z i s  defined to be 

A 

( 5 . 2 . 1 )  

( 5 . 2 . 2 )  

The el imi nat ed l og- l i kel irood 2.( 81 ( 8z ) , a2) is  us uall y  a compl ex 
f un ct i on  of 8z ·  How ever i ts der i vati ves can be easil y found usi ng t he 

f oll o..ri ng res ul ts f rom R i char ds ( 1 96 1 ) .  

Theor em 5 .  2 . 1  

and 

A 

Once 81 < a2 ) has been eval uated , the cal cul at i ons requi red t o  

eval ua t e � usi ng ( 5 . 2 . 2 )  and the Theorem i nvol ve the same deri vati ves 
as thos e needed f or a j oi nt NR iter ati on on a, and 82 and sm all er 
m at ri ces nee d to  be inverted . A NR el imination step will be as f ast as 

a j oi nt NR st ep provi ded the addi ti onal time requi red to  eval uat e 
A 

81 ( 82 ) i s  sm al l . 



SECTION 5 .  2 1 41 

... 
I f ., i s  adj us ted to  a1 < a2 ) befor e  a j oi nt NR iter at i on ,  so  t hat 

aH S) I o., .. 0, and the second deri vati ve matri x i n  ( 5 . 2 . 1 ) i s  

part i ti oned , i t  can be shown usi ng T heorem 5. 2 . 1 that the r es ul ti ng 

step  f or  � i s  i denti cal to that gi ven by ( 5 .  2 .  2) . Ther ef ore  the NR 

el imi nat i on and NR  adj ustm ent m et hods ar e 1 denti cal . 

2 2 - 1 The mat ri x [ a  i< a1 , a2) 1 aa1 J i s  us uall y not eval uated e xpl i ci tl y .  

I f  the Chol es ki f a ctori zat i on 

= ., 1 • • , 1 

i s  f oun d ,  where B1 1  is  upper tri angul ar , then 

can be s ol ved f or U and 

( 5 . 2 . 3 ) 

T hi s  � etho d  i s  simil ar to one d es cri bed by Spitzer ( 1 982 ) . 

E l imi nat i on and adj ustment can al so be appl i ed t o  the NRL 

al gorithm . We f i rst examine model s  wi th a singl e  s yst ematic  part and 
l og- l i kel i hood components 2.1 ( ni )  wher e ni = ni < a1 , �) . Then , wri ti ng 

( 5. 2 . 4 ) 

diagonal mat ri x  wi th i ' th diagonal el ement and denoting the 

( - a 2 i i I a ni 2) as V, the N RL-al t ernati on al gori thm has the s ame f orm as 
2 NR-al ter nat i on ,  but wi th a i< a1 , a2) 1 al8i al8j repl aced 

i .. 1 , 2 and j =1 , 2 .  The N RL-adj us tment iteration 
by . (Ii '11Xj ) f or 

can be e val uate d 

accur at el y usi ng simil ar cal cul at i ons to thos e f or j oi nt NRL . The 

j oi nt NRL iterati on i s  usuall y f ound by appl yi ng a QR al gor i thm to 
[I1 : I2 : z] wi th wei ghts V wher e z i s  def i ned i n  ( 3 . 4 . 1 ) .  If the 
associ at ed C hol es ki f actor R is parti ti oned , 
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t :, , R 1 2  r21 l • '"' 822 r22 
0 r3 

( 5 . 2 . 5 ) 

+ then � i s  f ound by sol vi ng 

822 < a; - 82) r22 

by back-substitution and then s ol vi ng 

( 5. 2 . 6 ) 

by back- substi tuti on .  The NRL -adj ustm ent al gor i thm f i nds s; i n  exact l y  
+ + - + the s am e  way , but eval uat es a, from s1 = s1 ( a2) . NRL-adj ustm ent wi ll  

-

be as f as t  as j oi nt NRL if evaluati ng s1 < s2) i s  as f as t as solving 

( 5 . 2 . 6 ) . In  some t ypes of model such as nonl inear l east s quar es 
-

model s ,  e val uat i on of a, ( a2) can be i ncor por ated i nto the evaluati on of 

R in t he next i ter ati on and N RL -adj ustm ent i s  f as ter than j oi nt NRL . 

I n  model s  wi th two (or mor e )  s ystemati c parts , NRL-adj ustment can be 
impl em ent ed i n  a s i mi l ar w ay , but wi th I1 and I2 
parti tioni ng the " expl anator y11 vari abl es in ( 4 . 1 . 1 ) . 

T he  N RL-el imi nat i on i ter ati ons ar e based on 
-

defi ned by 

rewri ti ng the 

s ys t em ati c part as ni "' ni ( 11 ( a2 ) , a2) and can be expressed as IRLS 
cal cul ations wi th the s ame w ei ghts and r esponses as f or j oi nt N RL ,  but 

expl anat or y  var i abl es 
-

a ni < s1 < �) , a2) 1 aa2 

I n  m any probl ems ,  thi s xi cannot be eas i l y  eval uated 
ar e  therefore us uall y sl o..rer 

( 5. 2 . 7 ) 

and 

than N RL -el imi nati on i ter at i ons 

NRL-adj us tment i ter at i ons . When the s ystemati c part ni i s  nonl i near , 

N RL-el imi nat i on and NRL-adj ustment are usuall y not equi val ent . I n  
models wi th two or mor e s yst ematic parts , N RL- el imination can be 
def i ned  i n  a simil ar way . 

Another commonl y us ed al ternati ve to NR is  F isher ' s scori ng 
techni que ( FS)  i n  whi ch the second deri vati ve matrix  in ( 5 . 2 . 1 ) i s  

repl aced by i ts expected val ue . The FS-adj ustment i ter at i ons have t he 
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same f orm as NR-el imi nat i on/ aclj ustm ent i ter at i ons , but wi th all second 

deri vat i v es r e placed by their expe cted values . L i ke j oi nt FS 
i ter at i ons , they  ar e al ways i n  an as cent direct i on .  FS-el imi nati on i s  

usuall y di stinct fr om FS-a clj ustment and i s  rar ely pra cti c al since ther e 

ar e no gener al form ul ae corres ponding to thos e i n  Theor em 5. 2 . 1 f or 
2 .. 2 eval uat i ng E[ a i( 81 < s2) , a2 ) 1 aa2 J ,  and al so the expectat i on us ually  

i nvol ves a, as well as s2 • 

Si nce adj ustm ent i ncr eas es the l i kel i hood in  an i ter at i on ,  
NR- el imi nation!adj us tment i s  l ess  l i kely  to di ver ge than j oi nt NR and , 

when bot h al gori thms conver ge , cons i derabl y f e..r er i ter at i ons ar e often 

required . N RL-adj us tment and FS-adj ustment have simil ar advanta ges 

over j oi nt NRL and j oi nt FS . However conver gence probl an s  ar e often 
encount ere d  wi th all al gori thns , es pe ci ally  if poor starting  val ues are 

used . F irs tl y ,  i n  NR al gori thms the matri x of second der i vati ves may 

not be negati ve def i ni t e  an d the i t er ati ons may then approach a mi nim um 

or s addl e 

negat i ve 

probl em 

poi nt of the l i kel i roo d .  

def i nite  whenever a2 i ( 8) I as2 
i s  more canmon wi th  

2 .. 2 Since a i( 81 ( 82 ) , � ) / ola2 
i s  negat i ve 

j oi nt NR 

def i ni te ,  

than 

NR- el imi nati on/ adj ustment . A simi l ar  result  hol ds  f or the 

i s  

thi s 

with 

NRL 
al gori t hn s .  If the probl an ari s es ,  a def i ni t enes s  mo difi cation must be 
used . Thi s t ype of modifi cat i on i s  easi er and f ast er for NR 
el imi nation/ adj ustment than f or j oi nt NR since the second deri vati ve 

matri x i s  sm al l er  i n  t he f ormer i ter at i ons . For exampl e ,  if � is a 

si ngl e parameter , the s econd der i vati ve of the elimi nat ed 
log-l i kel i hood can be r e placed  by  minus i ts absol ute val ue to get an 

as cent di recti on . Simi l arl y ,  f or NRL-adj ustm ent , a def i ni teness 

modif i cat i on need onl y be appl i ed to  B22 in ( 5 . 2 . 5 ) rather t hen to  

a, 

and i s  theref ore easi er to appl y .  This  t ype of probl an does not ar i se 
wi th j oi nt FS or FS-aclj us tment . 

A second probl an that m ay be encount ered wi th all al gori thms i s  
I that an  i t er ation may take  too bi g a step whi ch reduces the l i kel i hood . 
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I f  t hi s  happens , a stepsi ze mo difi cation must be used . T he probl em i s  

less l i kel y f or adj ustm ent al gori thms than f or t he corres ponding j oi nt 

al gori ttms since adj us tment increas es  the l i kel i hood .  H owever -
adj us tm ent and el imi nat i on al gor i thms mus t  reeval uat e a1 ( 82 ) each time  

a new s tep f or � i s  tri ed so  that step r educt i on i s  us uall y sl ow er  

than i n  the corres pondi ng j oi nt al gori thm s .  

T he choi ce of whether or not t o  us e  el imination or a dj us tment woul d  

be bas ed on whether the reduct i on i n  the number of i terat i ons i s  -
outw ei ghed by the extr a time requi red t o  eval uat e a, ( 82) i n  each 
i ter at i on .  The al gori thms ar e compar ed i n  more  det ail f or the pro bl em 

of nonl i near l e as t  s quar es i n  Se ction 5 . 3 .  

To  concl ude thi s sect i on ,  we  not e that the i nvers e o f  - a2H 8) / a82 

can be use d  to consistentl y es timat e  the vari ance of the ma ximum -
l i kel i oood  es timat e  8 of 8 ( Secti ons 3. 8 and 4. 3) • I f  
NR-el iminati on/ adj ustm ent i s  used , thi s corres ponds to estimat i ng - 2 - 2 - 1 
var ( � ) wi th v22  -[ a H 81 < a2 ) , a2 ) 1 a82J f rom the l as t  i ter at i on of 

the al gor i thm . The covar i ance between a, and and the -
var i an ce- covar i an ce matri x of a, can be es timat ed by Y1 2  .. AY22 and 

w1 1 .. - [ a2H 81 , a2 ) 1 aa�r 1 -v1 �' , res pe cti vel y ,  where 

A = ( a2H 81 , a2 ) )
_ , 

( a 22.< s, .  � ) ) 
a 8f a s, a� 

A i s  al so cal cul at ed i n  the l ast i ter at i on .  I f  FS-adj us tment i s  us ed , 

simi l ar var i an ce estimat es can be f ound , whi eh are bas ed  on expe cted 
s e cond deri vat i ves . I f  NRL-adj us tment is used , then the vari ances can 

be estimat ed by (R1 1 &1 )-
1 i n  the us ual way , wher eas f or NRL-el imi nat i on -

(I 'IIX)- 1 can be used to  es timat e  var ( 82) wher e I is  def i ned here t o  

have r ows Ii ' from ( 5. 2 . 7 ) . 
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5 . 3 N ONLI NEAR LEAST SQUARES 

In nonl inear 1 east s quar es , t he l og-l i kel i hood I S  

Since o2 can be f actori zed out , i t  can be treat ed as a constant , say 

i = 1 ,  f or t he pur pose of estimat i ng 8. A maj or appl i cat i on of 

el imination and a dj ustment i s  i n  

s om e  par amet ers occur l i nearl y 

where t he ve ctor 11 wi th el ements 

11 = 

nonl i near 

i n  ni ( 8) .  

ni ( 8) can 

I1 ( 82 ) 81 

leas t  s quar es probl ems where 

W e  t heref ore  exam i ne mode l s  
be wri tten as 

For e as e  of exposition , we restri et o ur attention to the most canmon 

cas e ,  w hi eh i s  wher e each of the p2 e l em ents of � i s  i nvol ve d i n  onl y 

one of the p1 col umns of I1 ( 82 ) . R es ul ts simil ar to thos e di scuss ed 
bel o.,r al so hol d f or the mor e  gener al case .  Suppos e t hat t he i ' th 

el ement of � , s2 i , i s  used i n  t he c ( i )th column of I1 < 82) ,  Ic ( i ) ( 82 ) .  
We  def i ne t he m atri x Y( � )  t o  have i th column ( oxc ( i ) < 82) 1 o B2i ) f or 
i = 1 , • • •  , p2 and t he p2 xp1 m atri x K to have a one i n  i ts ( i , c ( i ) )th  

pos i ti on f or i .. 1 ,  • • •  , p2 , and zeros el sewher e .  The not at i on di ag (z)  i s  

used t o  denot e a p2xp2 di agonal matri x whos e di agonal el ements ar e 

gi ven by t he p2- vector z. 

The NR-el imi nati on/ adj ustm ent al gor i thm is  parti cul arl y  attracti ve 

when compar e d  wi th j oi nt NR here , s i n ce  

whi ch i s  needed i n  T heor em 5 . 2 . 1 ,  i s  al so used i n  t he f orm ul a 

s 1 C 82) = [:X1 ( 82 ) 'I1 ( 82 ) J- 1I1 ( 82 ) • y . T he C hol es ki f actori zat i on ( 5 . 2 . 3 )  

i s  oft en f ound dur i ng t he eval uat i on of thi s l east squares f orm ul a (see  

· Se ction 2 .  3) . A NR- el imination/ a dj  ustment i t er ation i s  as f ast  as 

j oi nt N R ,  and conver gence i s  us ua l l y  bett er . 



SECTION 5 .  3 1 4 6 

The most wi dely  used al gorithm for nonl inear least s quares i s  t he 
NRL al gor i thm whi ch , i n  the cont ext of nonl inear l east s quar es , i s  
c alled t h e  Gauss-Newton ( GN ) al gori thn .  A j oi nt GN i t er ation consists 
of the l inear l east squares probl em of mi nimi zi ng 
S ( 8� . t; ) = £ ( 1� . 1;) ' £ ( 8; , a; ) wi th r espect to a; and a; , wher e 

( 5 . 3 . 1 ) 

i s  a Tayl or s er i es for ('J' - I1 ( 8; ) a; ) around the previ ous estimat e ,  
< t, . �) . The matri ces I1 an d  I2 i n  ( 5. 2 . 4 ) are equi va l ent t o  I1 C 82 ) 
and Y ( � ) . di ag (E81 ) respecti ve ly . Not e  that the l at t er i s  j ust a 
r es cal i ng of the columns of V( � ) . Joi nt GN is i dent i cal to j oi nt FS . 

GN-el imi nati on i terati ons are bas ed on a simil ar T ayl or ser i es f or 
+ ... + ( y - X, ( 82 ) 11 ( a2) )  around 12 and can also be e xpressed as 1 east s quares 

cal cul at i ons . Lawton and Syl vestre ( 1 97 1 ) implement ed GN-el imi nat i on 
usi ng numeri cal deri vati ves bas e d  on differences . Guttman et al ( 1 9 73 ) 
and Gol ub and Pereyra ( 1 97 3 ) der i ved  f ormulae for the deri vati ves of 

-

I1 ( 82 ) a, ( 12) and implement ed t he al gori thm usi ng these .  Barham and 
Drane ( 1 97 2 ) f irst used the GN-adj ustment method .  Kaufman ( 1 975 ) 
redi scovered it when attempt i ng t o  simpl ify the GN-el iminati on 
cal cul ati ons . Though GN-adj ustment i s  i dent ical to FS-adj ustment , 
GN- el imin ation is not the same as FS-el imination whi ch , for reas ons 
gi ven i n  Sect i on 5. 2 , is impract i cal . 

The j oi nt GN , GN-adj ustment and GN-el imi nati on i ter at i ons f or a2 
can be e xpressed as 

.; = 82 + di ag (E81 ) - 1  [Y( I2 ) ' PxY( 82) J- 1 YC 82) 'e 

8; 82 + di ag (ES1 C a2 ) ) - 1  [YC 82) ' PxY( 82) J- 1 YC 82) 'e ,  and 

.; = 82 + di ag (ES1 < a2) ) - 1 [YC I2 ) ' PxY< a2) + 

F( 82 )E[X1 ( 82 ) 'I1 ( 82 ) J- 1 E'FC 82) J- 1 YC 82 ) 'e , 

r espect i vely , where 
... 

e = y-I1 ( 82 ) 81 ( 82 ) , 
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Px • I-I1 ( J2 ) [I1 ( 82 ) 'I, ( 82 ) J-1x1 ( 82 ) ,  and 

F( � )  • d i ag (Y( 82 ) •e ) . d i ag (EB1 < 82) ) - 1 • 

The cal cul ations are e qui val ent to  least squar es regressions of 
e against PxY< a2) , 
( PxY( J2) + I1 ( 82 ) [X 1 ( 82 ) 'I1 ( 82 ) J- 1

E' F ( 82) ) , 
formulae can be used  to 
F( � ) E[X1 ( 82 ) 'I1 < a2 ) J- 1 E' F( J2 ) 

canpare the 
i s  pos i ti ve 

PXY( 82) 
res pecti vel y .  

and 
These 

al gori thns .  S ince 
semi - def i ni te ,  the 

e l imi nat i on step i s  usuall y more  cons er vati ve than adj ustment . I f  
ther e is  onl y a si ngl e par amet er in  � ·  the step is always at l east as 
small  as the adj ustment s t ep . Since o 2. ( 81 , 82) 1 oa2 -= 0 at the l east 
s quares es timat e ,  e i s  ortho gonal to Y( � ) , and so 
F( � ) E[X1 ( 82 ) •:x1 ( �) J- 1 E' F( J2) "' 0  there . Ther efore ther e is ver y 
l ittl e dif f er ence between GN-adj ustm ent and GN-el imi nat i on near the 
s ol uti on . Since the rat i o of the GN-adj ustment step for e2i t o  i ts ,.. 
j oi nt GN step i s  e1 , c ( i /8 1 , c ( i ) ( l'2 ) , there i s  also ver y l i ttl e 
d iff erence between the i ter at i ons f or � i n  thes e al gori thms when they 
a pproach the 1 east s quares estimat es . Therefore all three  GN 
al gori thns have the same asymptoti c conver gence . Ruhe and We din ( 1 9 80) 
des cribe rel at ed theoret i cal res ul ts about asympt oti c 
r at es .  

conver gence 

The m ain  diff erences between t he behavi our of the GN al gori thins ar e 
i n  the i ni ti al i t erations . Kaufman ( 1 97 5 ) showed  in nuneri cal exampl es 
that GN-el imi nati on and GN-adj ustment took simil ar numbers of 
i t er ations and , as di scussed i n  Se ction 5. 2 above , GN-adj us tment 
usuall y takes fewer i ter ati ons than j oi nt GN . 

We next can par e the s peed per i ter ation of the GN al gori thms .  The 
adj ustment and el imi nat i on impl anent ati ons des cri bed bel ow are s imi lar 
t o  the nuneri cal l y  soun d  methods des cri bed b y  Golub and Pereyra ( 1 9 7 3 ) 
and Kaufman ( 1 975 ) , and a standard QR al gori thm is used for j oi nt GN . 
D et ail s of colunn i nt er changes that may be required if  I1 ( 82 ) i s  
si ngul ar are omi tted f or simpl i ci t y .  Firs t , an ortho gonal matri x Q i s  
found such that 
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( 5 . 3 . 2 )  

w her e a 1 1  i s  upper tri an gul ar .  a 1 1  an d  r21 ar e  as i n  ( 5 . 2 . 4 ) an d t he 

com unns of s1 ar e pr opor t i onal to t hos e of R21 • Q can be a pro duct of 

H o us ehol der mat ri c es or a produ ct of Gi ve ns mat ri ces and does not need 

to be s t ored . I n  

d i ag (£11 ) ( a;-a2 ) an d 

t he j oi nt GN an d 
. .... + 

d l ag( Ea1 < a2 ) ) < a2-a2 ) 

GN-adj ustm ent 

ar e each gi ven 

al gor i thms , 

by t he 

r egr essi on coeff i ci ents of s2 aga i ns t  w ( f ound usi ng a QR al gor i thm ) . 

F or GN- el im i nati on ,  di ag (Ee1 < a2 ) ) ( a�-a2 ) i s  the ve ct or of regr es s i on 

co effi ci ents of 

a ga i ns t  

wher e s; = P . d i ag ( S2 ' w) di ag (Ea 1 < a2 ) ) -1  and t he colunns of P ar e  f oun d 

by f orw ar d  s ubs t i t uti on 
... 

f rom B1 1  ' P=E' .  

el imi nat i on al gor i thms , a1 ( a2 ) i s  f oun d 

I n  

by 

the adj ustm ent an d 

s olvi ng R 1 1 a1 = r21 by 

back- s ubst i t uti on and has res i dual s un  of s quar es w' v .  I n  t he j oi nt 

al gori thm , a7 i s  f oun d by s ol vi ng R1 1 a; = r21 -s1 di ag(q1 ) ( a;-a2 ) and 

t he r esi dual s un  of s quar es m ust be eval uated expl i ci tl y .  T her ef or e 

t he adj us tm ent al gor i t hm  i s  f as ter t han t he other s , altho ugh t he 

diff er en c es are us u al l y  sl i ght . Golub and P er e yr a  ( 1 9 7 3 )  des cri be t he 

impl an ent at i on of a L even ber g-Mar quar dt s t eps i ze modif i cat i on t hat 

ens ur es  conver gen ce f or al l al gori thns . As di s c usse d i n  Se cti on 5 . 2 ,  

t hi s  us uall y t akes l on ger f or GN - el imi nat i on and GN- adj ustm ent t han f or 

j oi nt GN . 

I t  s houl d be noted t hat i n  t he GN - el imi nat i on and GN-adj us tm ent 

al gori t hns , t he canput at i on a bove consi s t s  of t he en d of one i t er at i o n  
.... 

( eval uat i on of a1 < a2) ) and t he star t  of the next i ter at i on (eval ua t i on 

of �) . I f  the need f or a s t epsi ze modi f i cat i on i s  det ect ed af t er 
.... 

a1 < a2 ) i s  eval ua t e d , t he s t eps i ze pr evi ousl y t a ken t o  eval uat e  a2 m us t  

b e  mo dif i ed .  I t  i s  t her efor e mor e  eff i ci ent t o  perf o nn  t he 

com putat i ons as des cr i bed above r at her t han i ni ti all y  eval uat i ng B in 

( 5 . 2 . � )  and bas i ng t he com putati ons on B si nce arr angi ng t he 

canput ati ons as a bove means t hat no unne ces s ary cal cul at i o ns  ar e 
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perf onne d if a s t e ps i  ze mo di f i cation is nee ded an d t her efore ( 5 .  3 .  2) 
m ust be r ecal cul at ed .  

The al gori thm as des cr i bed a bove however needs m uch mor e  s t or age 

than al gori thns that us e  Gi vens r ot ations t o  i ni ti al l y  red uce 

{I1 ( t�2 ) : V( J2) : y] to upper tri angul ar f orm . Si nce t hi s  i s  as f as t 

f or  i t er at i ons i n  whi ch no stepsi ze modif i cat i on i s  needed , i t  woul d 

oft en be pr ef erred , des pi t e  i ts r el ati ve i n effi ci enc y i n  i t er ati ons i n  

whi ch s t eps i ze modi f i cati ons ar e neede d .  

A s  not ed by H ar vil l e ( 1 97 3 ) , often s om e  col tm1ns of I1 < a2 ) do not 

i nvol ve � · say I1 ( t�2) "' [I1 1  : I1 2 < t�2 ) J .  All GN al gor i thms can m ake 

us e of t hi s  f a ct to i n creas e  t he s peed per i t er ation. S i n ce t he 

i ni ti al H ousehol der t r ansf orm at i ons to reduce x 1 1  to upper tri an gul ar 

ar e t he s am e  i n  each i t er at i on ,  t hese transf orm at i ons can be s ave d and 

af t er t he f i rs t i ter at i on t he y  onl y need t o  be appl i ed t o  I1 2 (� )  and 

Y( a2) , b ut not x1 1 • 

GN -adj us tm ent woul d us ual l y  be pr ef erred t o  j oi nt GN . Si nce i t  i s  

al s o  s im pl er t han GN - el imi n ati on , i t  i s  pro babl y the mos t sati sf a ct or y  

GN al gor i thm . U nf or t unat el y ,  com par i sons between t he N R  an d  GN 

al gor i t trns cannot be made so e asily . T he NR al gori ttins , in gener al , 

s eem t o  need m or e  corr ect i ve acti on t han GN i n  t he f i rs t  f ew  i ter at i ons 

t o  get conver gen ce; but on c e  t hey ar e near enou gh t o  the s ol ut i on , the 

NR met ho ds conver ge f as ter . The NR met ho ds us ual l y  need l onger an d  

more c an pl ex pro gr ams , but can oft en make us e of any s pars eness 

exi st i ng i n  I1 ( 82) and can be f as ter i n  executi on t ime per i ter at i on ,  

i f  t he s econd der i vati ves of I1 < a2 ) ar e not t oo di f f i cul t to eval uat e .  

I t  woul d be e xpect ed t hat t he GN al gor i thms woul d det ermi ne the o pt i m un  

a m or e  a c cur at el y  than t he N R  al gori thms , si nee numer i cal l y  accur at e Q R  

m etho ds ar e us ed i n  each i t er at i on ( t hi s  i s  partl y why t he GN 

i t er at i o ns ar e oft e n  sl ower ) .  Final l y  i t  i s  not e d  t hat Denni s et 

al ( 1 981 ) propos ed a new nonl i near l east s quar es al gor i thm whi ch has 

s ane of t he benef i ts of bot h NR and GN ;  the appl i cat ion of el iminati on 

an d adj us tm ent to t he i r  al gor i thm is an ar ea f or f urt her s t udy . 
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5 . ll A NONL I NEAR LEAST S QUARES EXAMPLE 

In thi s sect i on the nonl i near l east s quar es al gori ttuns des cr i be d  i n  

Section 5 .  3 are compared util i zing a numeri cal exampl e whi ch ari s es i n  

b i oass ay . The dat a i n  T abl e 5. ll . 1 ,  whi ch wer e  publ i shed by R os s  

( 1 9 7 0 ) , ar e ass ume d  t o  sati sf y  t h e  mo del . 

C ont rol gro up 

Substan ce 

Subs t an ce 2 

E [ y ]  = a5 
E [ y ]  = a5 + a6F( a1 +a2x )  

E [ y ]  • a5 + a7F ( a3 +al.jx )  

( 5. ll . 1 )  

wher e F ( z )  E exp ( z ) / ( 1 + exp ( z ) )  i s  the si gmoi d l ogi sti c c urve , x i s  t he 

l og dos e of the s ubst ance and the r es pons e y i s  ass umed t o  be norm all y 

di stri but e d  wi th constant vari ance . 

Contr ol 

Subst an ce 

Subs t an ce 2 

TABLE 5 . ll . 1 

D at a  from R os s  ( 1 97 0 )  

L o g  D ose , x R es pons e , y 

8 7 . 08 

1 . 59 9� ll 98 . 60 
1 . 90 9  0 1 0 9 . 22 
2 .  077�3 1 27 . 07 
2 .  31 1 0 1 ll 5 . 27 
2 . 52957 1 61 • 83 

1 . 3 6�98 
1 • 91 llO 

9 1 . 1 3  
1 1 1  • 57 

2 . 0 81 23 1 1  J.j. 75 
2 .  32 5�3 1 30 . 68 
2 . 56 9  9 1 2 8 .  ll 8  

T o  get i ni ti al est i mat es , t he as ymptot es of the r es pons e cur ves 

wer e  f i rs t es timat ed by 

= [ a5 a6 a7 J = [ 80 1 20 70 ] .  

eye f rom pl ots of y agai ns t  x t o  gi ve •1 ' 

Next F- 1 ( ( y-a5 ) 1 a6 ) was pl ott ed aga i ns t  x 
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for subs t ance 1 and a str ai ght l i ne w as f i tted by eye .  F r om  that and a 

corres pondi ng pl ot f or s ubstance 2, i ni ti al es timat es f or the nonl i near 

par am et ers wer e  t aken as � �  • [ a1 a2 a3 a4 J .. [ -6 . 29 2 . 78 -4 . 94 2 . 38 ] .  

The f i ve al gori t hms used t o  f i n d  the l e ast s quar es es timat e  of 

Ill ' = [ a1 a2 J wer e  j oi nt NR , NR el imi nat i on/ adj ustm ent , j oi nt GN , GN 

a dj ustment and GN el imi nat i on .  I n  al l cas es the s parseness of I ( a2 ) 

w as used t o  reduce t he number of fl oat i ng poi nt oper at i ons . Both NR 

al gori thms use d  C hol es ki factori zations , wher eas the GN al gori thms use d  

H ousehol der t r ansf orm at i ons . 

T ABLE 5 . 4 . 2  

R es i dual Sum of Squar es After E ach I t er at i on of F i ve Algor i thms f or 

Fi tti n g  Mo del ( 5 .  4 . 1 )  t o  t he D at a  i n  Tabl e  5 .  4 . 1 by L e as t  Squar es . 

Al go ri t hrn  

I t er atio�-----------------------------------------------------

0 
1 
2 

� 
5 
6 

� 
9 

1 0  
1 1  

J oi nt 

N R  

1 3 9 .  92�62 74 
1 20 . g8 7 2 94 

7 4 .  1 5 9456 
55 . 6485499 
5 3 . 02678�3 
52 . 92 1 20 5 
5 2 . 921  01 54 
52 . 92 1  01 54 

NR E l im i nat i on/ J oi nt 

A dj us tment GN 

1 0 6. 0399378 1 3 9 . 92362 7 4  
1 00 . 90 95 2 36 l5 .  g71 263 5 

5 4 . 7496�06 8. 379077 
5 2 . 9890 95 53 . 276�3 62 
5 2 . 921 2025 5 2 . 9 3 4  1 97 
52 . 92 1 01 54 52 . 921 862� 
5 2 .  921  01 54 5 2 . 921 0 82 

52 . 92 1 02 0 8  
5 2 . 921  01 5 9  
52 . 92 1 01 5� 
52.  921 01 5 
52 . 92 1  01 54 

GN GN 

A dj ustment El imi n ati o n  

1 0 6 .  0�99378 1 0 6 . 039 9378 
6 9 . 1 00370 68 . �61 9778 
5 3 . 4596291 5 3 .  1 69 6 85 
52 . 94 900 63 52 . 94 5 6 1  72 
5 2 . 9227 832 52 . 922 4 9 7 0  
52 . 92 1 1 471 52 . 92 1 1 2 5 5  
52 . 921 025 9  52 . 92 1  02 42 
52 . 92 1 01 63 52 . 92 1  01 61 
52 . 921 01 55 5 2 . 921  01 5 5  
52 . 92 1 01 5� 
5 2 .  921 01 5 

52 . 92 1  01 5� 
5 2 . 921 0 1 5 

52 . 92 1 01 54 52 . 92 1 01 54 

Tabl e 5 . 4 . 2 s hows t he conver gence of the resi dual sum of s quar es 

f or all al gori t hms . The second deri vati ve mat ri x  stayed posi ti ve 

def i ni te f or both N R  al gori thms , but each needed a l ine sear ch i n  one 

i t er ation to get a reduction i n  t he r esi dual sum of s quar es ( t he 

stepsi ze al gor i thm of Bar d ( 1 97 4 , pages 1 1 9 - 1 1 3) was us ed ) .  S teps i ze 
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modifi cat i ons wer e not neede d  f or any of the GN al gor i thms . All 

al gori thms s uccessf ul l y  conver ge d to the l eas t s quar es es timat e  of I' 
• [ 8 7 . 7383 9 5 . 0949  4 4 . 9589 -8. 2 41 7 6  3 . 75679 -8 . 7371 7 4 . 54506 ] .  T he GN 

al gor i thms wer e all simil ar ,  wi th j oi nt GN about one i t er at i on beh i nd 

t he ot her metho ds . Once the NR al gori thms got cl ose t o  the s ol ut i on , 

they bot h r api dl y conver ged wi th NR-el imi nat i on/ adj ustment t a ki ng f ew er 

i t erations . 

T ABLE 5. 4 . 3  

Ntm�ber of Fl oat i ng Poi nt O per at i ons per I ter at i on of F i ve A l gori thms 

for F i tting Model ( 5 . 4 . 1 )  t o  the D at a  i n  Tabl e  5 . 4 . 1 . T he A d di ti on al 

O per at i ons that woul d be N eeded f or  an Extr a  O bs er vat i on wi t h  E i ther 

Subst ance ar e Gi ven in Brackets . 

Al gori t hm 

O per atio�n-----------------------------------------------------------

* , 1 

+ -' 

Squar e r oot , l 
Exponenti al 

J oi nt 

N R  

3 4 7 (  22)  

33 6 ( 2 3 )  

1 0 (  1 )  

NR  Elimi nat i on/ J oi nt 

A dj us tment GN 

332( 2 3) 

333( 25)  

1 0 (  1 )  

8 3 1 ( 76)  

73 7 (  69 ) 

24 ( 1 )  

GN GN 

A dj us tment El imi n ati o 

81 7 ( 75)  

702 (  67)  

24( 1 )  

9 1 7 ( 7 7 )  

777 (  69 ) 

24(  1 )  

T he numbers of fl oat i ng poi nt o per at i ons per i ter at i on w er e  al so 

recor de d and ar e s how n in Tabl e  5. 4 . 3 ;  the f i g ur es in brackets ar e t he 

extr a number of o per at i ons per i ter at i on that woul d be r e qu i red f or 

each addi t i onal o bs er vation getting substan ce or 2 .  T he NR 

i ter at i ons wer e  cons i der abl y f as ter t han GN , but t her e w as l i ttl e 

vari at ion wi t hi n each grouping . I t  w as ex pe cted that the N R  al gor i t hms 

woul d det ermi ne t he l eas t s quar es sol ut i ons rel ati vel y i naccur at el y ,  

compar e d  wi th GN , but no diff er en ces i n  accuracy were noti ced b etween 
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32- bi t si ngl e  pre ci sion versi ons , when they were compar e d  t o  the doubl e  

preci si on sol ut i ons . 



SECTION 5.  5 1 54 

5 . 5  OTHER AP PLI CATI ONS OF ELIMINAT I ON AND ADJ USTMENT 

In t hi s  sect i on ,  we des cr i be s an e  appl i cati ons of el imi nati on an d 

a dj us tment t o  models ot her than l e as t  s quar es .  As poi nt e d  out by R oss 

( 1 98 2 ) , el imi nat i on can be us ed i n  models wher e y 1 , • • •  , yn ar e 

i ndependent o bs er vati ons fr om P oi sson or gamma di s t ri buti ons wi th me ans 

ll i = 8 1 f i ( �'2) • 
of y 1 ' • • •  ' y n . 

t he el imi nat i on 

vari ance of � .  

Then t he s cal ar s1 can be el imi nat ed as a wei ght ed m ean 

Not e  t hat e2 i s  us ual l y  t he par amet er of i nt er es t  and 

an d adj ustment al gori thms immedi at el y  provi de t he 

A si mi l ar t ype of el imi nati on and a dj ustment can be 

used i n  s om e  het er os ce dasti c norm al models f rom S ect i on 4.  3 .  For 

exam pl e ,  in models wher e t he var i ance is s pe ci f i ed by ( 4 . 3 . 2 ) , a can be 

el iminate d  as 

T he NRL-adj ustm ent an d FS-adj ustm ent al gor i thm s can t her ef or e  be 

i m pl em ented eas i l y by a dj usti ng a af ter each i ter at i on of j oi nt NRL or 

j oi nt FS wi t h  

T he 

+ +  Cl 

s unm at i on on t he ri ght i s  requ i red f or eval ua t i ng the 

l o g-l i kel i hood aft er each i t er at i on an d t he a dj us tment al gori thms are 

ther ef or e  as f as t  as the i r  unadj usted versi ons . For exam pl e ,  

N RL-adj us tment an d FS- a dj us tment w er e  appl i e d  t o  the sto ppi ng dist an ce 

exam pl e i n  F i gur e 4. 3 . 1 .  The i t er at i ons ar e gi ven i n  T abl e 5 . 5 . 1 and 

both al gori trms ar e  sl i ghtly bett er than their una dj usted versions 

( Tabl e  4 . 3. 5 ) . 

I n  norm al mode l s  wher e E [ yi ] � xi ' B 1 and var ( y i ) = v ( S2) ,  e1 can be 

e xpressed as a f un ct i on of � wi th a s t andar d wei ght ed l eas t s quar es 

cal cul at i on . FS- adj us tment i s  i dent i cal to t he FS-al t er nati on 



\ 
FS- an d  NRL-adj ustment 

I ter at i on e1 82 

FS- a dj  us trnent Al gori t hm  
0 0 . 5552 6 0 . 062 69 
1 0 . 55526  0 .  06269 
2 o. 61 396 0 . 06050 
� 0 . 64006 0 . 05935 o. 64 650 o .  0590 5 
5 o .  64741  0 . 05�00 
6 o .  64755 0 . 05 99 
� 0 . 6475� 0 . 05899 

0 . 6475 0 . 05899 
N RL-adj us tment Al gori t hn  

0 0 . 5552 6 0 . 062 69 
1 o .  7�634 0 . 05644 
2 0 . 6 539  0 . 05�70 
� 0 . 64739 0 .  05 92 o .  6475 9 0 . 05899 
5 0 . 64758 0 . 05899 
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TABLE 5 . 5 . 1 

Al gor i thms Appl i ed t o  S t oppi ng D i st an ce Exam pl e 

Log- Conver gen ce a 
Li kel i hoo d R at e ,  C 

4 . 53 674 0 . 00000 - 1 74 . 40�2 7  
1 .  2551 1 0 . 84734  - 1 5 8 . 48 30 o .  377 82 -o . 21 765 1 .  2621 0 - 1 55 . 531 05 0 . 22290 

-0. 56076 1 . 3 62 7 1  - 1 5 5 . 37635 o.  1 5 7 32 -o . 61 301 1 . 3�809 - 1 55. 37222 0 . 1 �406  
-0. 621 1 � 1 . 3 0� 1 - 1 5 5. 3721 2 o .  1 869  -o . 622 3 1 . 380 7 - 1 55 . 372 1 2 0.  1 �1 1 5 -o.  62256  1 . 3 80 92 - 1 5 5 . 3721 2 o.  1 93 3 -o . 62259  1 . 38093  - 1 5 5 . 372 1 2 0.  1 505 3  

4 . 53 674  0 . 00000 - 1 74 . 4072 7 
-3 . 439�2 2 . 31 495  - 1 6 5 . 871 50 o .  57 8 95 
-0 . 422 0 1 . 32 7� 4 - 1 5 5 . 71 696 0 . 0�670 
-0. 60404 1 . 3�5 7 - 1 5 5 . 3 7298 0. 0 1 67 -o . 622 60 1 . 3  0 9 4  - 1 55 . 372 1 2 0 . 001 2 6  -o. 62259 1 . 3 80 93 - 1 55 . 3721 2 0 . 00323 

al gor i thm des cr i bed in Sect i on 4 . 4 . The NRL al gor i thm i s  i dent i cal to 

N R ,  an d N RL-a dj  us tment is  ther efor e  i denti c al t o  N RL- el iminati on . T o  

im pl em ent thes e eff i ci entl y ,  not e t hat t he cal cul ati ons to eval uat e 
-

81 ( 82 ) immedi at el y gi ve R1 1  i n  ( 5 . 2 . 4 ) . However t he r em ai ni ng m atri ces 

i n  ( 5 .  2 . 4 )  cannot be eas i l y  f ound usi ng 1 eas t  s quar es cal cul at i ons by 

t he m et ho d  i n  ( 4 . 1 .  1 )  wi tho ut ree val uat i ng a1 1 • I f  ther e ar e onl y one 

or two components i n � · t hen t he parti al deri vati ves wi th r es pe ct t o  

� can be eval uated and i ncor por at ed i n  R1 1  t o  f orm R i n  ( 5 . 2 . 4 )  usi ng 

s u bro uti n e  NUISNC i n  Appendix B. If the c al c ul at ions are done i n  t hi s  

way , an i ter at i on of NRL -el imi nat i on/ adj us tm ent i s  as f as t  as one of 

j oi nt N RL .  

I n  s om e  model s where no si ngl e par am et er can be el imi nat ed or 

a dj usted , a group of par ameters can be sim ul t aneousl y a dj usted . F or 

e xam pl e ,  i n  t he P oi sson model wi th E [ yi ] ., xi ' 8 , no par anet er can be 

e x pl i ci tl y  el imi n ated . H owe ver if the mod el i s  r ewri t t en i n  t he 
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equi val ent f orm E [ y i ] • a (  xi 1 8) ,  t hen 

I Yi a 
L ( xi 1 8 ) 

1 56 

T her ef or e  i t  i s  poss i bl e  to adj ust a after a NR or FS i t er at i on wi th 

L Yl· 
8+ ( ) X 

L ( :xi I 8 +) 
As bot h s unrn at i ons on t he r i ght ar e r e qu i red t o  eval ua t e  t he 

log-l i kel i hood , t he adj us tment al gori t hn s  ar e as f ast as the una dj  ust e d  

al gori thms . U nf or t un atel y ,  adj ustm ent has no ef f ect on t he FS 

al gori thm since t he " r es pons es" ar e not aff e ct ed and the w ei ghts ar e  

all chan ge d by t he s am e  pro porti on .  H ow ever , adj us tm ent does have an 

effect o n  the NR i t er ations .  For e x am pl e ,  NR- adj us tment w as  appl i e d to 

dat a s ets 1 and 2 i n  T abl e  3. 4 . 1 ,  and i ts i t er ati ons are s hown i n  T abl e 

5. 5. 2 .  When canpar e d  wi th Tabl es 3 . 4 . 2 and 3. 4 . 3 ,  i t  can be seen that 

adj ustm ent off ers an improvem ent f or dat a set 1 ;  how ever , f or dat a s et 

2 NR-adj us tment nee ds ste psi ze mo di f i cati ons i n  the i ni ti al i t er ations 

and i s  sl ower t han j oi nt NR . Adj us tm ent and el imi nat i on do not al ways 

r es ul t  i n  f ewer i t er ati ons . 

I n  a simi l ar way , f or norm al models an d 

... 
Adj ustm ent i s  even poss i bl e  when a1 ( a2) cannot be e xpl i ci tl y  f ound . 

For exampl e ,  i f  a model has two s ys t em at i c parts nf 1 ) < a1 ) an d n{ 2) < 82) ,  ... 
then s, ( a2) can be numeri call y f oun d 

cal cul ati o ns of C ha pt er 3.  T heor em 

f or f i xe d  

5 . 2 . 1 can 

a2 wi th 

t hen be 
t he I RLS 

us e d  f or 

NR- adj us tm ent i ter at i ons on llz an d N RL - and FS-adj us tment i ter at i ons 

can be impl em ent ed i n  a simi l ar  way . ( Not e t hat [ a2u aa, 2 J- l ( or 

E[ a2 .u aa, Zr 1 ) i s  f ound i n  the l as t  I RLS i t er at i on ) .  Thes e al gori thms 

have t he advant age of simpl i ci t y  over t he corres pendi ng j oi nt al gori thm 

since def i ni t eness and stepsi ze mo dif i cati ons ar e  l ess oft en nee ded , 

but t he y  us ual l y  t ake l onger t o  conver ge s i nce each i ter at i on m ay ... 
i nvol ve s ever al I RLS sub- i ter at i ons to f i nd s1 ( 82) . Ther e does not 
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T ABLE 5 .  5 . 2  

I ter at i ons of NR- adj ustm ent Appl i ed t o  D at a  S ets 1 and 2 in T abl e 3. !1 .  1 

S t ar t i ng V al ues ( I t er at i on 0 ) w er e  Foun d  as D e cri be d  i n  the T e xt . 

Log- C onver gen ce 
I ter at i on 81 8 2 Li kel i hood R at e ,  C 

D at a  S et 
0 !1 . 8!1 790 -o . 082 63 -6 . 98886 
1 8 . 8 9 957 - 1 . !1 3� 1 9  -6.  3 657� o .  2 6 5 32 
2 8 . 1 82 30 - 1 . 1 9 1 0  -6 . 301 5 0 .  1 557� 
� 8 . 05275 - 1 . 1 50 92 - 6 . 30008 0 . 02 07 

8. 05000 -1 . 1 5000 -6 . 30008 0 . 000!12 
5 8 . 05000 - 1 . 1 5000 -6. 30008 0 . 00000 

D at a  Set 2 
0 1 . 67 6 1 9 o .  90 7 9 !1  - 1 1 .  6900!1 
1 ( 1 2 . !12 5�2 -2 . 6L5 1 7 -eo ) 

3 . 6 6� lj o. 2 5 52 - 1  0. 0 72 !11 0 . 7 81 9 7  
2 ( 1 3 . 28 3 !1  -2 . 96 1 !15 -eo ) 

5 . 626 96 -0. !1089 9  - 8 .  92801 o. 72 !1 5 0  
3 ( 1 2 . 51 020 -2 . 703 !10 -eo ) 

7 . 1 71 3!1 - o. 92 378 - 8 . 2 8336 0 . 700 9 1  lj ( 1 1 . 75022 -2 . !1500 7 -eo ) 
8 . 25688 - 1 . 2 8� 63 :r · r55 85 0 . 1 00 0 1  

5 ( 1 1 .  29676 -2 . 29 �2 
8 .  99738 - 1 . 532 6 -7 . 7 9275 0. 70 7 7 5  

6 ( 1 1 . 0562!1  -2 . 21 815 -eo ) 
9 . 505!15 -1 . 7 01 2 - 7 . 71 0!10  0. 71 6 6 8  

1 1 0 . 93 1 �5 -2 . 1 77 1 2 -7 . 62 0!15 0 . 1 09 !1 9  
8 1 0 . 7 92 1 - 2 . 1 3082 - 7 . 61 926 0 . 01 306 
9 1 0 .  7906!1 -2 . 1 302 1 -7 . 61 92 6 0 . 0001 7 

1 0 1 0 . 7 90 6!1 - 2 . 1 3 0 2 1  -7 . 61 926 0 . 00000 

seem to be m uch t o  be ga i ned f rom usi ng adj us tm ent or el imi nat i on i n  

t hi s  way . 

A s  a f i nal exam pl e wher e n um eri cal el imi nat i on can be hel pf ul , 

consi d er p po pul ations w her e t he i th ( i  .. 1 ,  • • •  , p )  

Yi j  an d l og- l i kel i hood com ponents of the f orm 

has o bs er vati o ns 

.2.ij ( ai , 'Yi ) f or 

j = 1 , • • •  , ni . To obt ai n par amet er es timat es wi th comm on ai = a ,  we can 
A 

consi der el imi nat i on of a by a( 'Y1 , • • •  , 'Yp ) whi ch can be numer i call y 

e v al uat ed by a uni dimensi on al o ptimi zati on . A N R  el imination step f or 

r1 , • • •  , 'Yp bas ed on T heor em 5. 2 . 1 can t hen be s how n to be 



+ 
"Yi "' "Yi - - 1  di 

wher e bi 

di 

ai 

c 

f or i =  1 ,  • • • , p . 
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b i ( E dj aj bj + a i c- rd-:- 1a? 
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E 
i 
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a2. 1j ( a, "Y i ) I a-y i 

2 2 a 2.ij ( a, "Y i ) I ay i 

2 a 2.ij ( a, Yi ) l aaaYi 

E j 
2 2 a 2.ij ( a, Yi ) l aa 

1 58 

) } ( 5 . 5 . 1 )  

' and 

Whi t e  an d Eber har dt ( 1 980 ) cons i der ed f i tt i ng nega t i ve bi nan i al 

mo dels to el k pell et- group co unts w hi ch w er e  coll e ct e d  f r an  vari ous 

si tes at p 5 d i ff er ent times . The y  wer e  abl e to i nt er pr et t he f our 

models whi ch had ( a ) dif f er ent mean an d sha pe par am et er at each tim e , 

(b ) diff erent m eans , comm on sha pe , ( c )  common m ean , d i ff er ent s ha pe , 

and ( d )  canmon mean an d shape . I n  all models ot her than ( c ) , the me ans 

can be expl i ci tl y  el imi nat ed an d r epl ace d by e i ther t he po pul at i on or 

over al l mean , r educi ng t he pro bl em to ei ther or p uni vari at e 

optimi zat i ons . I n  model ( c )  the comm on m ean can be el imi nat ed 

n un eri cal l y  an d e quat i on ( 5 . 5 . 1 )  can t hen be use d  to updat e the shape 

par amet ers . 
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5 . 6  SYSTEMATI C PARTS WITH L I NEAR AND NONLINEAR PARAMETERS 

I n  thi s secti on ,  a techni que i s  des cr i be d  f or improvi ng NRL 

i ter at i ons f or models wi th a s yst emati c part whi ch has bot h l i near an d 

nonl inear par am et ers . T hi s is cl osel y r el at e d  t o  the GN-adj us tm ent 

al gor i thm for nonl i near l east s quares . 

We f i rst consi der a gen er al model wi th a s i n gl e  s yst anati c part and 

l og- l i kel i hood components 2.i ( ni ) .  If we denot e t he T ayl or s er i es 
+ * + appro ximat i on of 2.i ( ni ) round the val ue ni by 2.i ( ni ) , then 

wi th r es pe ct to a+ i s  theref or e  i denti cal to 

maximi zi ng t he sum of s quar es , 

( 5 . 6 . 1 )  

wi th r es pect to a+ . One i ter at i on of the GN al gor i thm appl i ed to thi s 

non l i near l eas t s quar es probl em i s  i dent i cal to an i t er at i on of the NRL 

al gor i thm appl i ed to 2.( a) . Simil arl y ,  if the s ystem ati c part ni i s  

non- r andom an i ter at i on of GN appl i ed to the s i mi l ar appr oximat i on wi th 

2.I.' ( ni ) repl aced by i ts expe cted val ue is  i dent i ca l  to the FS al gor i thm 

appl i ed to 2. (  a) . I n  mode l s  wher e the s yst em at i c part has a struct ur e  

l i ke t hat cons i dered i n  S ect i on 5 . 3 ,  wi th q = I1 < a2 ) • a1 , i t  i s  

t her efor e t empti n g  to try  to improve on the N RL al gori t hm  by usi n g  an 

i t er at i on of GN -adj ustm ent f or thi s s ub- pr o blem . Unf ort unat e l y  

however , as di scussed i n  Se ction 5 .  3 ,  a singl e  GN-adj us tment i t er at i on 

s pans t he cal cul at i ons that woul d be i nvol ved i n  two j oi nt GN 

i t er ations , the a dj ustment bei ng performed as t h e  ini ti al part of t h e  

second j oi nt GN iter at i on .  A si ngl e GN- adj ustm ent i ter at i on ther efor e  

takes consi derabl y  l onger than a singl e  j oi nt GN i t er ation an d i t  i s  

unl i kely that the benef i ts i n  t erms of impr ove d conver gence woul d 

o utw ei gh t hi s  i n creased e xec uti on time per i t er at i on .  
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However a singl e  j oi nt GN i teration can be improved sl i ghtl y wi th 
l i ttl e overhead . A QR al gori thm can be appl i ed to [I1 < a2 ) : V( S2 ) : z] 
wi th wei ghts gi ven by { 2.{ ' ( ni ) } where Y( a2) is as def i ned i n  Sect i on 
5 . 3 and z has i ' th el ement zi = ti ' ( ni ) / 2- l ' ( ni ) , to  
t ri angul ar m atri x  

gi ve upper 

+ + Then the j o i nt GN al gor i thm def i nes a1 and a2 by the equat i ons 
* + + *-1 S2di ag (Ea1 ) . C a2-a2 ) = r22 and R1 1 C a1 -a1 ) "' r21 -s1 s2 r22 • However , i f  

+ s1 was s et at a1 before  thi s  j oi nt GN iterat i on on the nonl i near l east 
s quares s ub- probl em ,  the i ter at i on for � woul d have been def i ned by 
* . + + +  s2dl ag (ES1 ) . ( 82 -a2) = r22 and this woul d be expe cted to be an 

improvement over � ·  Thi s improvement can be implement ed after a j oi nt 
NRL iter at i on by mul ti pl yi ng � by d iag{E8�) . di ag (ES1 ) - 1 , whi ch can be 
done with l i ttl e  overhead on the e xecution time for the i t eration . We 
call  the techni que the NRL al gori thm wi th improvement of 
improvement of � can be simi larly  appl i ed to the FS al gor i thm . 

As an appl i cat i on of thi s algor i thm , i t  was appl i ed to  the probi t  
resi dual res ponses model def i ned by ( 3 . 5 . 4 ) . The improvement f or � 
after i terat i ons of the j oi nt NRL algor i thm (A7 ) and the FS al gor i thm 
( A6 ) can be wri tten as 

The al gor i thms were appl i ed to  the data i n  Tabl e 3 . 5 . 7  and the i r  
i t erations are shown i n  Table  5 . 6 . 1 .  The al gori thms wit h  improvement 
of � perform consi der abl y bett er than ordinar y NRL and FS , whose 
i terat i ons were shown i n  Tabl e 3 . 5 . 8 . 
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T ABLE 5 . 6 . 1  

I ter at i ons of the NRL and FS Al gori thms wi th I mprovement of e2 an d e3 
Appl i e d  t o  F i t  R esid ual R es pons es Mo del t o  D at a  i n  Tabl e  3 .  5 .  7 .  

I ter at i on e, 8 2 e 3 

FS Al gori t tin  wi t h  Improvem ent 
0 0 . 1 4546 -2 . 29687 0.  749 1  0 

NRL 

1 0. 25874 -�. 32 866 0. 91 608 
2 0. 221 60 - . 35�7� 1 .  1 99�4 

� 0 . 2055� -� . 97 3 1 . 1 1 6 � 
o.  21 56 - . 07876 1 . 1 304 

5 0 . 2 1 1 27 - 4 . 06 851 1 . 1 3298 
6 0 . 21 2 4 7  -4 . 06627 1 . 1 3076 

� 0. 2 1 223 - 4 . 0 6 81 3 1 . 1 31 59 
0 . 21 225  -4 . 06740 1 . 1 31 �5 

9 0 . 2 1 2 2 6  - 4 . 06760 1 • 1 31 0 

A l gor i thm ( A7 4 wi th Improvement 
0 0 . 1 4  34 - 2 . 291 75 0 . 74842 
1 0. 21 82 0 -� . 29438 0 . 92 522 
2 0 . 227 6 1  - . 1 6397 1 . 1 3 736 � 0. 20773 -4 . 04 1 85 1 . 1 31 95 

0 . 21 34� - 4 . 0631 6 1 . 1 31 3 1 
5 0 . 21 1 9  -4 . 0  721  1 . 1 3 1 70 
6 0. 2 1 2 3 1  - 4 . 06761 1 . 1 31 �4 
7 0 . 21 225 -4 . 06760 1 . 1 31 2 

. 8 0 . 2 1 22 6  - 4 . 06756 1 . 1 31 39 

Log- Con ver gen ce 

L i ke l i ooo d  R at e ,  C 

- 1 . 46750 
- 1 . 234 9 8  o. 4 5 0 81 
-0 . 92 4 99 0 . 3631 9 
-o.  91 9 02 0.  3 0�52 
-0 . 91 75 1 0. 1 3  4 2  
-o.  91 7 01 o .  2 2 5 52 
-o . 91 695 0 . 61 005 
-o.  91 6 9 4  0 . 3 63 54 
-0 . 91 694 0. 27739 
-0. 91 6 94 0 .  22067 

- 1 . 4 705 6 
- 1 . 04 787 o .  4 42 4� 
-o.  92�4� o .  1 1  94 
-o . 91 2 0 . 261 5 8  
-o.  91 lo2 0 . 22�67 
-o .  91 9� 0 . 1 � 62 
-0. 91 6 9  o .  1 3 4 6  
-0 . 91 694 o .  41 1 68 
-o.  91 694  0 . 2 4 5 92 
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5 . 7  CON CLUDIN G REMAR KS ABOUT ELI MINAT I ON AND A DJ USTMENT 

... 

Wi t h  all t ypes of al gor i thm ,  adj ustm ent of a1 t o  a1 ( a2 ) between 

j oi nt i ter at i ons f or a1 and a2 i ncr eas es the l i kel i hoo d .  C onver gence 

woul d be e xpected wi th f ew er i t er at i ons than when usi ng j oi nt 

i t er at i ons wi t ho ut a dj us tment . Also f ew er s t ar t i ng val ues ar e 

requi red , modi f i cati ons to the basi c a l gori thm t o  ens ur e  conver gen ce 

are us ual l y  needed l ess oft en ,  an d t hes e mo dif i cat ions ar e e asi er t o  

appl y .  

I n  nonl i ne ar l eas t s quar es an i t er at i on of the adj ustment versi ons 

of NR an d GN i s  as f as t  as an i t er ation of t he corr es pon di ng j oi nt 

al gor i thm provi de d  a s tepsi ze modif i cat i on i s  not neede d . However i f  a 

f ul l  a dj us tment s t e p  reduces the l i kel i hood , e xtr a eval uati ons of 
... 

s1 c a2 ) will  be neede d t o  r eevalua t e  t he l i kel i hood w i th r educ e d  

s t e ps i ze ,  s o  t hat s uch s t ep r educti ons ar e s l ow er f or adj ustm ent 

i t er a t i ons t han for j oi nt i t er ations .  Se v er al other ty pes of model 

wer e i de nt i f i ed wher e adj ustment can be done wi th l i ttl e over head on 

j oi nt N R ,  N RL or FS i t er ati ons . 

A dj ustment do es not al ways gi ve f as t er conver gence t han t he 

cor r es pon di n g  j oi nt al gori  t hn .  Publ i she d  numeri c al r es ults  f or vari ous 

nonl i ne ar l eas t s quar es pr o bl ems var y f rom j oi nt al gori thms be i ng 

m ar gi n al l y  f as t er t han a dj us tment al gori t hms t o  t he a dj us tment 

al gor i thms be i ng consi der abl y f as t er . I n  vi ew of the cons i der abl e 

pot enti al gai n an d sl i ght possi bl e l oss , adj us tment wo ul d  t her efo r e  

s eem gener all y  advi s abl e ,  a t  l east f or nonl i near l east s quar es 

pro bl ems . I n  other mod el s  w her e ther e is no o verhea d  to eval uat i n g  
... 

s1 C a2) ,  s uch as i n  s om e  of the exam pl es i n  S e ct i on 3. 5 ,  adj ustment i s  

al so hel pf ul . 

El imi nat i on i s  i dent i cal to adj ustment when appl i ed t o  the NR 

al gor i t hm ,  FS el imi n at i on cannot us uall y  be impl emented ,  an d GN 



SECTION 5 .  7 1 63 

el imination i s  more canpl e x  t han FS a dj us tment wi t h  exis t i ng publ i shed 

r es ul ts no f as t er . Ther efor e  t her e i s  currentl y  no reason to recomm end 

el imi n at i o n  r at her than a dj us tment . 

I n  mode l s  wi th a s ys t em at i c  part t hat has l i near an d non- l i near 

par am eters , the N RL an d FS al gori thms ar e of t en s peeded by appl yi ng a 

r el at ed t ype of improvem ent af ter each i ter at i on , as des cr i bed i n  

Secti on 5 .  6 .  
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6 .  THE EM ALGORI THM 

6 . 1  G � ERAL DESCRI PT ION OF THE EM ALGOR I THM 

I n  th i s  the si s ,  we are l argely concerned with gene ral algor ithms 

that c� be i mplemen ted us i ng a s equence of we ighte d l eas t squares 

calcu l c t ions ( I RLS algor i thms) . The algor ithms descr i b ed in ear l i er 

chapters have all been bas e d  o n  the Newton-Raphs on ( NR )  algori thm or 

mo d if i ca t i ons of i t  such as Fi sher ' s  scor i ng techn ique ( FS )  and the NRL 

algor i L�m . In th i s  chapter,  we cons ider a different type of algor i thm 

ca ll e d  the EM algor i thm .  Str i ctly speak ing , the EM algor i thm i s  a 

me thod of t r ansform i ng the pr ob l em of maximiz i ng a l ikel ihood funct ion 

i nt o  a sequence of max im i z at ions of related func tions . These 

s ub-max i m izat ions c an b e  per forme d  us i ng any s t andar d al gori thm such as 

NR , FS or NRL , but the b enefits o f  the method ar e usually f ound in 

p r oblecs where there are expl i c i t  solut ions to the sub-pr oblems . I n  

s ome a� p l i cation s ,  the sub-max im i z at ions can b e  per formed us ing least 

square s  calculat ions . 

I n  th i s  sect ion , we defi ne the EM algor ithm and examine i t s  

pr opert i es .  In later s ect ions , w e  cons i der var ious appl i cat ion ar eas 

of the algor ithm ; for each, we examine whethe r the algor i thm can b e  

i mplemc�ted wi th IRLS and mak e s ome compar i sons wi th the NR , FS and NRL 

algor ithms . 

T he EM algor ithm has b een used for many years in par t i cular typ es 

of model such as in exper iment al des i gns that hav e been unbalanced by 

m i ss i ng ob servat i ons . I t  was f i r s t  descr ibed in a gener al form by 

Dempster et al ( 1 977 ) for mode ls in wh i ch the probabi li ty density  

func t i c �  o f  a vector of observed data 7 can b e  wr i tten in the form 
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f <Y I a ) ( 6 . 1 . 1 )  

where Y c ( y) is some subset of the values o f  Ye and fc( Yc l a ) �O for all 
Ye and a . Models can be most read il y wr itten in th is way if the 
d istr ibution of y can be generated from some random vector Ye wh i ch can 
be  thought of as the " complete" data and i f  y=y( yc) can be treated as 
observed " incomplete" data . I n  some appl icat ions , the "complete" data 
may have some phys i cal mean ing ;  for example ,  the " incomplete" data may 
be recorded because of mi ssi ng observat ions or grouping i n  some 
" complete" dat a .  I n  other applicat ions , the "complete" data does not 
correspond to any aspect of the real system being modelled , and i s  j ust 
a conceptual dev i ce to express the d istr ibut ion in the required form . 
This will  become clear er when applicat ions of the algor ithm ar e 
d i scussed in later s ect ions . 

We shall extend the class of models to wh ich the EM algor i thm can 
be appl i ed by relax i ng sli ghtly the requirement of Dempster et al 
( 1 977 ) that fc ( Yc l a ) � 0 for all Ye and a .  We shall ins tead treat all 
models for wh ich fc < Yc l a ) . k( yc ) � 0 for all Ye and a and some f unction 
k ( • ) . A class of models of th is more general type will be used in 
Sect ion 6 . 6 .  

I n  its most general form , each i t erat ion of the EM algor ithm can be 
express ed as 

max imi ze  wi th r espect to a+ the function 

I { I + } fc< Yc l a ) l og fc ( Yc a ) . k ( yc) • dye f (y l a ) 
( 6 . 1 . 2 )  

where a i s  the value from the prev ious iteration .  When Ye and y can be 
int erpreted as complete and i ncomplete data , ( 6 . 1 . 2 ) can be wr itten as 

max imi z e  with r espect to a+ the funct ion 
E [ log fc<Yc i B+ ) I y, a ( 6 .  1 . 3 )  

Each EM i terat i o n  therefore involves an optimization of the same s ize  
as  the or ig inal opt imizat ion pr oblem . Clearly , there cannot be  any 
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ga in unless ( 6 . 1 . 3 )  is considerably s impler than the or iginal 
optimiz ati on of log f ( 7 l 8 ) . The ma in case wher e th is happens is when 
the coffiplete dens i t y  is in the exponent ial fam i ly 

so that ( 6 . 1 . 3 )  is equ ivalent to 

maximize with r espect to 8+ the function 
E [  t C 7c ) I y , 8 ] ' 8+ - log a ( a+ ) 

Here each i terat ion of the algor ithm consi sts of two steps ,  

E step 
M step 

* Evaluat e t (7 , 8 ) = E[ t( yc ) I 7. 8] 
Max im i ze  with respect to 8+ the function 

* + + t (y , 8 ) ' 8  - log a ( 8 ) 

( 6 . 1 . 4 )  

( 6 . 1 . 5 )  

( 6 . 1 . 6 )  

wh i ch g ives r i se to the algori thm ' s  name . I n  pract ice ,  the algor i thm 
i s  ma inly used for problems where the "complete" dens ity can be wr it ten 
in the form ( 6 . 1 . 4 ) .  

We shall now prove convergence of the general algor ithm. If the 
algor i thm converges to some 8 and if the max imization in the f inal 
i terat ion is to a turning point , then 

i . e . 

i . e . 

so that  

�:+ r l og { fc <7c l l+ ) . k ( yc ) } . fc( 7c l 8 ) dye ] 
+ -= 0 

o p Yc E�c ( y) 8 =8=a 

8 

[ I af c< 7c l a ) 
-�__;__- d7 c a a 

a f <7 1 1 ) ] 
3 8  a=8 

] 

is a local max imum 

0 s=a 

0 

of the l ikelihood .  Dempster et al (  1 977 ) 

also show that if 8+ max imi zes ( 6 . 1 . 2 ) , then 

l og r <7 1 8+ ) = l og J fc <Yc l a ) dye 

l og i fc <7c l 8+ ) . f (y l 8 ) r c <Yc l a ) d7c 7c £  c < 7) fc( Yc l 8 ) f (7 l 8 ) 
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l og f CY I 8 ) 

w i th ev erywher e .  

There for e the EM a lgori thm s teadi ly i ncre ases the l ikelihood and ,  

p rov ided the l i k el i hood i s  bounded and ther e i s  only one local max imum 

of the l ik e l ihood ,  the algori thm must converge to i t .  

Even when the c omplete density is i n  the exp onent ial fami ly ( 6 . 1 . 4 )  

the opt i m i z at ion i n  the M-s tep of ( 6 . 1 . 6 )  i s  of the same s iz e  as the 

orig inal op timi z at ion . I f  th is has no e x pl i c i t  solut ion , an iter a t i v e  

s ub-algor i thm mus t  b e  used. Th is is avo i de d  in ano th er algori thm 

c losely r elated t o  the EM algor i thm. I n  the EM algor ithm, a+ 
is chosen 

i n  each i terat ion t o  maximize the funct ions ( 6 . 1 . 2 ) , ( 6 . 1 . 3 ) , ( 6 . 1 .5 ) 

or ( 6 . 1 . 6 ) .  However the conv ergence p roof ab ov e i s  val i d  even if 8+ is 

j ust chos en to i ncrease the funct ion r a ther than to maximize i t , 

prov ided that a+ 
i s  c hosen in s uch a way that i t  max imi z es the f unction 

on conv er gence . I f  the max im i z ation in each i t eration is r eplaced by a 

s i ng l e  s t ep of the NR , NRL or FS algori thms , the algori thm there fore 

reta ins the c onvergence p roper t i es of the EM algori thm. Demp ster et al 

( 1 977 ) c a l l e d  th i s  a GEM algori thm. Boy l es ( 1 98 3 )  fur ther d i scus ses 

conve rgence for GEM algori thms . 

The guarant eed c onvergence of the EM and GEM algor i t hms i s  offset 

by the rate of c onvergenc e wh i ch i s  l inear as oppos e d  to the qua dr at i c  

conv er gence o f  the NR algorithm ( Dempster e t  a l ,  1 97 7 )  and i n  some 

appl i ca t ions i t  has b een found to be extreme ly slow. The ma i n  

advant age of t h e  EM and G EM  alg or ithms l i es i n  appl i cations wher e they 

are s ub s t ant ial l y  e as i er to implement then NR . 
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A d i sadvantage of the EM and GEM algori thms as oppo sed to NR , NRL 

or FS , is that they do not lead d ir ectly to est imates of the var iances 
and covar iances of the max imum l i k el ihood est imator 8 of a . Lou is 
( 1 9 8 2 )  however found an expression for a21og f ( Y I 8) / a 82 base d on the 
" complete" probab i l ity dens i ty fc< · l a ) .  

a log f < Y I 8 )  
a a 

a21og f (y l  a )  
a a 

E
[ a log fc< Yc l a ) 

] I Y , a a a 

E
[ a2f c< Yc l a ) 

I I ] aa2 I f c<Yc a )  Y , 8 

a log f C y l a )  
• 

a log f(y l a ) 
aa  aa '  

a21 og fc ( Yc l a )  ()log fc(Yc l 8 ) alog fc ( Yc l a ) 
E [ + • I Y . aJ aa aa aa '  

a log f ( y l  a ) 
a a 

a log f (y l a ) 
a 8' ( 6 . 1 . 7 )  

At 8 = 8 ,  a l og f ( y l a ) l aa  = 0 and so the second term ab ov e  d isappears 

a log fc< Yc l a ) a log fc <Yc l a ) 
I + • y, 8] aa aa '  

( 6 . 1 . 8 )  

If Fi sher ' s  informat i on matr ix i s  r equ ired, the expectat ion must be 
made before a is subst ituted for 8 and so the last term i n  ( 6 . 1 . 7 )  

cannot be i gnored ; 
formulae .  

ther e i s  therefore no advantage over the standard 

I f  Ye is in the exp onent i al fami ly ( 6 . 1 . 4 ) , 

a2log a ( a )  
aa2 

a log a ( a) 
+ E

[ (t( yc ) - ) (t(yc ) -
----aa 

( 6 . 1 . 9 )  
a log a ( a)

) ' I y,  a J a a 

The only add it ional q uanti ty needed ,  in addit ion to those used in the 
EM algor ithm , i s  E[ t( yc )t (yc ) '  I y] . 
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As wi th the EM algori thm i tsel f ,  bas i ng the evaluat ion of 
a2 1og f Cy l S) / 0 82 on the "complete" data is  only better than d ir ect 
evaluation if fc ( Yc l a ) i s  "suffic ient ly simpler " in form than f ( Y I B ) . 

In  the following sections we examine several applicat ion ar eas of 
the EM algori thm that were ident i f ied by Dempster et al ( 1 977 ) and, 
wher e possible , mak e comparisons with the algorithms developed in 
ear l i er chapters . 
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6 .  2 EXJ._V.PLES MISSING DATA 

For the examples in th is sect ion , the "complete" data Ye is assumed 
to have i ndependent components y? , • . •  , yg whi ch have log pr obabi l i ty 
( dens i ty ) funct ions of the form 

( 6 . 2 . 1 ) 

where E i = e i ( 8 ) . Th is i s  the class of General ized Linear Models 
(Nelder and Wedderburn , 1 9 7 2 )  and the ir nonlinear extensions . I t  is 
assumed here that some of the observat ions are incompletely known 
because of grouping of some yf so that it is only known that its value 
l i es within a certain range ,  say ai < y i < b i , or by complete loss of 
some such observat ions . The former includes probi t models ,  in which an 
under ly i ng normal response can be assumed ( Finney , 1 9 4 4 )  and models for 
censore d surv ival data .  

In th is type of mode l , the " complete" and " incomplete" probab il ity 
densi ty  functions both have two systemat ic parts  e i and � ·  The NR , NRL 
and FS algorithms developed in Chapters 3 and 4 can therefore be 
app l i ed d irectly to the " incomplete" model . The i terat ions of the EM 
algor i thm take the form , 

E step 

M step 

For each YI whose value is  
expected value condit ional 
available abou t  it and us ing 
previous iter at i on . I f  y� 1 

incompletely known , find 
on any information that 

the values of ei and � from 
is completely miss ing , then 

expectation is g ' ( e i ) ;  
E [y{ I a i < YI < bi ] . 

otherwi se , it is of the 

its 
i s  

the 
the 

form 

Max im ize  the complete-data log-l ikelihood with the incomplete 
observat ions replaced by the ir expected values from the 
E-step . Since � can be factor ized out ,  it can somet imes be 
ignored ; however , i t  i s  often needed in the E-step .  
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I f  the " complete" model does not have an expl icit max imum 
l i kel ihood est imate then , rather than complet ing the max i�ization in 
the M-s tep , a GEM algori thm could be used , wi th the M-step be ing 
replaced by one i terat ion of NR , NRL or FS . These iterations of NRL 
and F S  can always be performed as we ighted l east squares calculat ions ; 
iterat i ons of NR can also be evaluated as weighted least squares 
calculati ons if the parameters a ar e involved linear ly in e i . In these 
cases , the GEM algor ithm is also an IRLS algor ithm. 

There is only any point in includ ing values YI ab out wh ich noth ing 
i s  kno�n i f  add ing these extra observat ions makes the M-step easi er . 
There are two ma in  si tuat ions where thi s  occur s .  If extra unrecorded 
observat ions can be included in an unbalanced experimental desi gn to 
make the " complete" des ign balanced ,  much simpler formulae can be used 
for the M-step than the least squar es calculations wh ich are necessary 
for the unbalanced dat a .  Simi larly ,  exp l ici t parameter estimates can 
be easi l y  found for many log-l inear models for cont ingency tables wh ich 
are conplete cross-class if i cations of counts .  If there are missing 
cells i n  a table , restor ing the balance with unrecorded Po isson values 
avoi ds the lengthy calculat ions needed to apply NR to the recorded 
cells only . 

The EM algor ithm for grouped data i s  i l lustrated us ing probit 
models i n  which the obs erved response y i i s  assumed ini t ial ly to  be a 
Bernou l i  var i able with probab il i ty o f  success for 
i =1 , • • • , n  where � ( · ) is the unit normal cumulat ive d istr ibution 
funct ion . These Bernoull i  d istr ibut ions can be generated from 
"complete" responses 
YI - N (I i ' a , 1 ) if y i 
otherwi s e .  

c c 
Y 1 , • • •  , Y n 
is defined 

wh ich are independent normal var i ables 
to be one when y? > 0 and zero 1 

The EM algor ithm therefore f i nds a+ in each iteration with a least 
squares calculat i on which has 
w . = 1 and "responses" 1 

" explanatory" var1" ables x i . we ights 
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* l E [ y? y? < 0 J if y i = 0 yi 1 1 
E [ y C: y ? � 0 J if y i 1 1 

l ][ . I 8 - <j> (Ii I 8) I ( 1 -4> (Ii 1 8) )  if y i 0 1 
][ .  ' 8  + <j> (Ii 1 8 ) I 4> (Ii 1 8 ) if y i 1 

wher e 4 ( • )  is the unit normal probab il ity density function .  

If the observed response y i i s  a b inomial count of successes i n  r i 
trials where the probab i l i ty of success i s  g iven by the same prob it  
function ,  the same l east squares calculation could be  done with r i 
observat ions generated corresponding to each y i us ing the above method .  
These can however be comb ined i nto a single observation wi th 
" explanatory" var iables xi , we ight  wi = r i and "response" 

ri-yi 

The EM algori thm is therefore of s imi lar complexi ty to the NR and FS 
algor ithms described in Section 3 . 5 .  Starting values can be found in a 
s imi lar way to the method descr ibed for the algori thms in Sect ion 3 . 5  

si nce the iterat ions only depend on the prev ious value of 8 through the 
systemat i c  par t  xi 1 8 . An iteration of the algorithm with xi ' S  replaced 
by 4>- l ( y i lr i ) can be used ,  with minor adjustments when y i = 0 or 
Y i = r i . 

The EM algor ithm was appl ied to the art i f i c ial data in Table 3 . 5 . 1 , 

and i ts i terat ions are shown in Table 6 . 2 . 1 . The EM algori thm performs 
consi derably worse than the NR and FS algorithm which were appl i ed to 
the same data in Sect ion 3 . 5  and whose i terat ions are g iven in Table 
3 . 5 . 2 .  

I n  most si tuat ions where data i s  grouped , iterations of the EM and 
G EM algori thms are not s igni f ic antly s impler than i terat ions of the NR 
or NRL algor ithm . I n  v iew of the super ior convergence of the NR and 
usually also NRL algori thms these would usual ly be preferred to the EM 

algor ithm for th is type of probl em. 
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TABLE 6 . 2 . 1  

I terations of EM Algor ithm Appl ied to  Data in  Table 3 . 5 . 1 . 

Start ing Values ( I terat ion 0 )  were Found as Decribed in the Tex t .  

Log- Convergence I terat ion 8 1 8 2 Lik elihood Rate , c 

0 - 0 . 5 1 1 9 3 0 . 42002 -1 . 60771  
1 - 0 . 523 89 0 . 42899 -1 . 60082 0. 59 359 
2 - 0 . 5 3 1 1 5  0 . 43 4 1 1 -1 . 598 47 0 . 5 9 5 1 9  

� -0 . 53 554 o . 4 3A07 -1 . 59 766 0 . 5 95 9 4  
- 0 . 53 8 1 9  0 . 4 3 8 0  -1 . 597 38 0 . 5 9 6 24 

5 -0 . 5�978 0 . 4�9 8 1  -1 . 59728 0 . 5 9 6 3 3  
6 - 0 . 5  07 4 0 . 4  04 1 -1 . 59724 0 . 59 6 3 1  
7 - 0 . 54 1 �2 0 . 4407 7 -1 . 597 23 0. 59 6 24 
8 - 0 . 5 4 1  6 0 . 4 4097 -1 . 59722 0 . 5 96 1 5 
9 -0 . 5 4 1 87 0 . 44 1 1 0  -1 . 5 9722 0 .  5 96 0 6  

1 0  - 0 . 54 1 99 0 . 4 4 1 1 7  -1 . 59722 0 . 5 9 59 6  
1 1  - 0 . 5 4 206 0 . 4 4 1 22 -1 . 59722 0 . 5 9 5 8 6  
1 2  -0 . 5421 1 0 . 44 1 2 4  -1 . 59722 0 . 5 9 572 
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6 .  3 EXAMPLES MIXTURES AND TOTALS 

In th is sect ion we firs t  consi der examples where the i ' th of n 
independent responses , y i , has a distribution wi th probabi l i ty 
( densi ty )  funct ion of the form 

= � 'IT .  f . .  < Y . I 8) 
j = 1  J lJ 1 

and where f ij < · l 8) are probabil ity ( densi ty) functions and L'ITj = 1 .  

Thi s  type of model usually ar is es when i t  i s  uncertain which of q 

d is tributions the response yi came from . An important application of 
these mixture models is in d iscr im inat ion problems wher e there are some 
responses that are class if ied into one of q populat ions and others that 
are unclass if ied ,  with unknown p roportions { 'ITj } from the q populat ions . 

This type of model usually cannot be wr itten with a small number of 
systeffiat i c  parts and so the NRL algori thms in Chapter 4 are usually 
impract ical .  Dempster et al ( 1 977 ) suggested defining the complete 
data f or yi to be ( y i , zi ) wher e zi is a vector of q 0/ 1 ind icator 
var iables which denote the component of the mixture from wh ich y i was 
sampled . Then ( yi , zi ) has a j o int distribut ion with log joint 
probab i l i ty funct ion that can be wr itten as 

The E s tep of the EM ( or GEM) algori thm therefore evaluates 

and the M step max imiz es ( or takes a NR , NRL or FS step to increase) 
* the " complete" log-l ikel i hood ( 6 . 3 . 1 )  wi th { z ij } replaced by { z ij } . 

The " complete" l og-l ikel ihood is the sum of two parts ,  the f irst of 
wh ich depends only on 8 and the second only on w ,  so that both can be 
s eparately max imized. The f irst part can often be wri tten wi th one or 
two syst emati c  parts which allows the M-step to be performed with least 
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squares calculat ions us ing the methods of Chapters 3 and 4 .  Max imiz i ng 
+ \ * the second part leads to  Tij = L i zij /n. 

A related k ind of mix ing occurs when two or more Po isson counts ar e 
comb ined ( such as when 2 or more cel ls in a cont ingency table are 
collapsed together ) . The count yi is then Po isson with par ameter 
A i  = Lj A ij wh ich is the sum of the rates of the component counts . I f  
many cells are collap sed together and a l og-l inear model for the 
component counts is used ,  the model cannot be wr i tten wi th a small 
number of systemat ic parts . The "complete" data can be  defined by 
rep lac i ng yi wi th a vector zi wh ich holds the component Poisson counts . 
The E-step of the El1 or GEM algorithm evaluates 
E[ zij i Y i ] = yi >. ij / Lj >. i j  and the M- step i s  p erformed as though the 
component counts { zij } were k nown . If the complete data is a balanced 
cont ingence table ,  expl i c i t  solutions may be ava i lable .  Otherwi se an 
i terat ion of NR , NRL or FS can usually be i mplemented wi th the I R LS 

algor ithms of Chapters 3 and 4 .  A similar method can be used whenever 
an observed yi i s  the t otal of unobserved value s ,  y i = Ij zij ' and where 
{ z ij } sat isfy a model of the form ( 6 . 2 . 1 ) . 
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6 .  4 EXA.MPLES VARIANCE COMPON ENTS 

In th is section we consi der normal mixed linear models with both 
random and f ixed effects .  Dempster et a l  ( 1 977 ) showed that the EM 
algor i thm could be easi ly appl ied to th is type of model if the random 
effects and the observed dat a are together denoted the " complete" data. 
The method is illustrated below us ing models w ith a single random 
effec t ,  wh i ch can be wr itten in the form ( 4 . 4 . 1 ) . We def ine 
Ye ' = [y ' : b ' ] .  Then the elements of b given y are i ndependent with 

where Y i and Xi are the totals of the responses and explanatory 
var iables from the observations in block i .  Since 

- { n . log �e + a. log �b + II < Y i j-bi-xij ' 8) 2/ �e 
+ Ibf I �b } / 2 + const 

+ + + ( 6 . 1 . 2 ) is equ ivalent to  max imi z ing with respect to 8 , �e and �b the 
funct i on 

+ L 
ri �e� 
ri�b+ �e 

8+ car. be found with an unweighted least squares calculation and �; and 
+ �b car. be found by d iv id ing the two terms i n  braces by n and a 

respect ively . The EM calculat i ons can be cons iderably speeded up i f  
y i s  in it ially transformed t o  y0 as described i n  Sect ion 4 . 4  s ince each 
block effect bi i s  only involved in one element of y0 in the model for 
the transformed data .  

Start ing values for th is algor ithm are har der to  obtain than for 
the NF.L  algori thms in Sect ion 4 . 4 .  The most "obv i ous" start ing value 
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of � = 0 with �e and • set from unweighted least squares cannot be 
used si nce the EM iterat ions can never move �b away from zero. ( The 
convergence proof in Section 6 . 1  fa ils because �b = 0 ,  which i s  the 
max imurr i n  the M-step , is not at a turning point of the function be ing 
max im ized ) . A f ixed effects analysis of var iance can however be 
performed and �b can be set equal to the mean sum of squares of the 
f ixed block effects to get starting values . This can however be 
expens ive i f  there are many blocks in the model . Iterat ions of the EM 
algor ithm are comparable in complex ity to those of the FS-alternation 
algori t�m described in Sect ion 4 . 4 .  

TABLE 6 .  4 . 1  

I t er at ions of the EM Algorithm Appl ied to Data i n  Table 4 . 4 . 2  

Start ing Values ( Iterat ion 0 )  were Those Used as St art ing Values 
for the FS-alternat ion Algorithm in Table 4 . 4 . 3 .  

I terat ion v1 

0 
1 
2 
� 
5 
6 

� 
9 

1 0  
1 1  

�� 
25 
26 

2 . 8 48 4 3  
2.  8 4 8 43 
2 . 9 031 2 
2 . 92808 
2 . 9 404 0 
2 .  9 4 80 4  
2 . 9 5 366  
2. 95820 
2 . 96 203 
2 . 9653 1 
2 . 968 1 4 
2 .  970 60 

2 : 9836 4 
2 . 98 4 02 
2 . 9 8 4 35 
2 .  9 8 463  

4 . 87078 
4 . 87078 
4 . 83 489 
4 . 8259 1 
4 . 82700 
4 . 8 3085 
4 . 835 1 3 
4 . 839 1 7  
4 . 84277 
4 . 8459 3 
4 . 8 4868 
4 . 85 1 06 

4 : 86382 
4 . 861120 
4 . 86452 
4 . 86 480 

0 . 001 27 
1 . 96307 
2 . 28052 
2 . 33549 
2 . 34698 
2 . 34996 
2 . 35090 
2 . 35 1 27 
2 . 35 1 45 
2 . 35 1 55 
2 . 351 6 3  
2 . 35 1 69 

2 . 35200 
2 . 35201  
2 . 35202 
2 . 35203 

Log- Convergence �b Li k elihood Rate , C 

1 . 7 8 9 29 -1 3887 . 333  
2 . 88 1 07 - 1 9 . 80374 
2 . 6 7 1 4 0  - 1 9 . 66 1 78 
2 . 57 1 6 3  - 1 9 . 65539 
2 . 5 32 37 - 1 9 . 65458 
2 . 5 1 759 - 1 9 . 65429 
2 . 5 1 1 8 0 - 1 9 . 6541 1 
2 . 509 25 - 1 9 . 6539 8 
2 . 507 89 -1 9 . 65388 
2 . 5 0703 - 1 9 . 65381  
2 . 506 39 - 1 9 . 6 5375 
2 . 50590 - 1 9 . 6537 1 

2 : 50362 
2 . 50356 
2 . 5035 1  
2 . 503 47 

-1 9 : 65359 
- 1 9 . 65 359 
-1 9 . 65359 
- 1 9 . 65359 

o .  28 348 
0 . 39032 
0 . 5 1 890 
0 . 65 1 5 1  
0 . 75625  
0 . 8 1 6 5 4  
0 . 84479  
0 . 856 79 
0 . 861 7 3  
0 . 86 379 
0 . 86 4 69 

o : 866 1 4 
0 . 86 6 1 7  
0 . 86620 
0 . 86622  

To il lustrate the algorithm , it was appl ied to the data in Table 
4 . 4 . 1 .  Since the intent ion was to compare the EM algori thm wi th the 
algor it�ms presented i n  Section 4 . 4 ,  the star ting values found for the 
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FS-alternat ion algor ithm i n  Table 4 . 4 . 3 were again used .  The 
i terat ions are shown in Table 6 . 4 . 1 . The EM algori thm performed 
consi derably worse than any of the algor ithms examined in Sect ion 4 . 4 .  

The EM algori thm can be appl ied in a similar way to any 
heteroscedast ic model wher e y1 , • . .  

, yn are independent with 
y i - N (I� 1 > • a< 1 > , I�2 > • a< 2 > ) . The "complete" data can then be defi ned 
to be Ye ' [y '  : B] where y = I� 1 ) • a < 1 ) + \ ··lx�? > s  . .  , all elements of 1 Lt lJ  l J  
the matr ix B are independent and B ij - N ( 0 , 8j 2 l ) .  The EM algor ithm 
then has a simi lar form to the EM algor i thm above for var iance 
components . 

The EM algorithm i s  not recommended for the appli cations ab ove due 
to the d iff iculty in f ind ing start i ng values ,  poor convergence and the 
proble�s in find ing estimates of the var iances of the max imum 
l ikel i hood estimates . However i t  can be appl ied to other problems for 
which �nL algorithms cannot be so easi l y  used .  For example , the EM 
algori thm can be appl i ed to models wi th two or more bl ock effects and a 
var iat i on can be used to find REML est imators ( Dempster et al , 1 977 and 
Dempster et al , 1 984 ) . However see Harv i l le  ( 1 977 ) for implement at ion 
details of FS algor ithms in these types of model ; they would be 
expecte d to have better convergence pr opert ies than the EM algor i thm . 
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6 . 5  EXAMPLES HYPER PARAMETER ESTIMAT ION 

The d istr ibution of some r esponses yi can be generated as a 
compound distr ibution , with a known cond it ional d istr ibution for y i 
g iven a "hyperparameter 11 pi and a k nown marg inal d istribution for the 
11 hyperpar ameter 11 p . wh ich depends on the unknown parameters a .  Common 1 
examples that can be ex pressed i n  th is form ar e the negative binomial  
and beta-binomial d istr ibut ions , whi ch can be expressed us i ng the 
not at i on of Johnson and Kotz ( 1 9 69 ) as 

( 6 . 5 . 1 ) 

and 
( 6 . 5 . 2 )  

respec t i vely . Dempster et a l  ( 1 977 ) suggested applying the EM 
algori thm to th is type of problem by includ i ng the "hpyerparameters 11 
p with y to g ive the 11 complete11 data . 

We shall use the negat i ve binomial d istribution ( 6 . 5 . 1 ) 

i l lustrate the method . The " complete11 d istr ibut ion i s  then 

n 
n i =1  

Y · 
m .  1 

1 
exp ( -mi <P i/ JJi ) 

f ( <P i ) mi 

to 

The conditional d istributions of m1 , • • •  , mn g iven y are independent with 

jJ · 
Gamma ( y . + <P . , -1- ) 1 1 JJ · + <P . 1 1 

and ( 6 . 1  . 2 )  i s  equivalent t o  max imiz ing with respect to p+ and ++ the 
funct ion 

( 6 . 5 . 3 )  
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wher e E[ log mi Y i ' t , p ] lj! ' ( y 0 + cp i ) + l og ( �i 
1 �i + cpi 
( yi + cpi ) E [  mi I Y i ' t , p ] �i · ( � i  + cp i ) 

and lj! ' ( x )  is the d igamma function a log r ( x ) / (lx . However for any 
paramet er ization ,  such as lJ o = exp ( ][ o I a)  1 1 and cp i= cp , the max im i zat ion at 
each s t ep in ( 6 . 5 . 3 )  is not s igni f i cantly s impl er than the whole 
or ig incl negat ive binomial optimi zat ion . A NR or FS algor ithm would 
have tc be used at each EM s tep and th i s  would also involve d igamma and 
tr igamca functions .  Cl ear ly the EM algor ithm offers no  advantage over 
d irect use of NR , NRL or FS in negat ive binomial models .  

A s imilar result holds when the beta-binomial d istr ibution i s  
express ed as the compound d istr ibut ion ( 6 . 5 . 2 ) . Each i terat ion of  the 
EM algor ithm involves an optimizat ion for wh ich NR ,  NRL or FS must be 
used and each of these sub-i terat ions requ ires evaluat ion of digamma 
and tr i gamma functions . Again there is no advantage in us ing the EM 

algor i thm over direct appl icat ion of the NR , NRL or FS algori thms to 
the beta-binomial log-l ik elihood .  

Thcugh the EM algor ithm may have benef i ts i n  some problems 
involv ing hyperparameter s ,  in models where the methods of Chapters 3 

and � can be appli ed ,  the latter are usually to  be preferred . 
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6 .  6 EXJ._"1PLES ROBUST ESTIMAT ION IN LINEAR MOD ELS 

In th is sect ion we start by recons ider i ng max imum l ik elihood 
estimat ion in models where the independent r esponses y1 , • • •  , yn have l og 
probab il ity dens i ty functi ons 

where ni = Ii ' ll , � ( · )  is a symmetr ic  function and the d istribution i s  
longer-tailed than the normal d istr ibution . 

Subj ect to m i nor r egulari ty condi t ions any such 
probab il i ty dens ity  funct i on can be expressed i n  the form 

JQ) t q j ( y . -• .  ' ll ) 2 f i ( yi l ll , o2 ) 0 I �  exp ( -qi 1 1 ) m( q i ) dq i 2no 2 o  

symmetr i c  

( 6 . 6 . 1 ) 

for so�e m ( • ) . Note that the function f i ( • ) is  closely related to a 
Laplace transform of the function m( • ) .  By integrat ing both si des of 
( 6 . 6 . 1 ) with r espect to y i i t  can be easily s e en that fo m( q i ) dq i = 1 .  
If m ( q1 ) �0 for all q i then the d istribution of y i can be generated as 
the rat io of a N (Ii ' ll , o2 ) variable to the squar e root of an independent 
var iab le with probab i l i t y  densi ty function m ( q i ) . These latter 
d istr ibutions were called N/ I distributions by Dempster et al ( 1 980 ) ;  
Andrews and Mall ows( 1 97 � ) showed that they c overed many commonly used 
long-ta i led alternat i ves to the normal d is tribution such as the 
Student ' s  t, Cauchy , double exponent ial and l og ist i c  d istribut ions . 

We can however apply the EM algor ithm to  f i ( yi l a , o2 ) usi ng ( 6 . 6 . 1 ) 
whether or not m( • ) is non-negat ive si nce i t  can be wr itten in form 
( 6 . 1 . 1 ) with Ye ' = [ y ' : q' ] , 

-n/2 n -1 / 2 
ll , o ) ( 2 n o2 ) TI qi exp ( 

and k ( yc) TI 
+ respect to ll 

i = 1 
-1 m ( qi ) • Then ( 6 . 1 . 2 )  is equivalent 

and o+ the function 
to max imiz ing w ith 



where w i ( a . 0 )  

0 
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w I ( < Y cxi I a )  I o ) 
( y 0 -x 0 1 la) 1 1 
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( 6 . 6 . 2 ) 

I t  sho�d be  noted that the algor ithm do es not need m ( • )  to be 
exp li c it ly found . Once the we i ghts w i ( la , o ) have been evaluated , the 
optim iz at i on of ( 6 . 6 . 2 )  is a simple ex pl i c it least squar es calculat i on 
and the EM a lgori thm is therefore an IRLS algori thm . 

The f ormulae are illustrated with the log-ta il ed distribution 
( 4 . 5 . 2 ) . For the EM algori thm the we ights are 

... 0 1 cp2i 
c y 0 -x 0 1 111 ) 2 

1 1 

I YCXi 1 111 l l o < 4> 

I y C][i I a I I a ;;: 4> 

The NR- alter nation and FS-alternat ion IRLS formulae g iven in Section 
4 . 6 are s imi lar in complexi ty to the EM formulae but the NR-alternat i on 
algor i thm i nvolves negat ive we ights . 

The EM algor ithm was appl i ed to  the data i n  Table 4 . 6 . 1 and its 
i terat i ons are shown in Table 6 . 6 . 1 . The EM algori thm converges 
extremely s lowly . The NRL-alternat ion and NR algor ithms , whose 
i terat ions are g iven in Table 4 . 6 . 2 , perform much better . 

If NR ,  NRL or FS algor ithms are used , the var iance-covar iance 
matr ix of 111 can be est imated by ( X 1VX) -1 from the last IRLS iterat ion  
for a. Log o i s  asymptot i cally independent and i ts variance can also be 
est imate d  from quant ities used in the last iter at ion for these 
algor i thms ,  as described in Sect ion 4 . 6 .  The EM v ariance formulae 
( 6 . 1 . 8 }  wh i ch were der ived by Lou i s ( 1 982 ) do not p rov ide a simpler 



\ 
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TABLE 6 . 6 . 1  

I er at ions of EM Al gor ithm App l i ed to Fit Log-t ail Model w i th 

� = 1 . 3 to Data in Table 4 . 6 . 1 . Star t ing Values ( I t eration 0 )  

were Found fr om Ord i nary Least Squares . 

I t er at ion s0 

0 -39 . 9 1 967 
1 -41 . 1 6 9 4 3  
2 -4 1 . 1 2496  
3 - 39 .774 49 
4 -38 . 31 2 31 
5 - 37 . 34 3 04 
6 - 36 . 98684 
7 - 36 . 89 1 1 6  
8 - 36 . 9 9 481 
9 -37 . 1 4 1 77 

1 0  -37 . 28021 
1 1  -37 . 396 52 
1 2  - 37 . 487 81 

. . 

3 3 -37 : 7 3245 
31:! - 37 . 7 3 254 
35  - 37 . 7 3 26 1  
36  - 37 . 73266 
37 -37 . 7 3 270 

s , 

0 . 7 1 564  
0 . 84744  
0 . 88827 
0 . 8789 2  
0 . 86008 
0 . 84767 
0 . 84331  
0 . 84 29 3  
0 . 8 4497 
0 . 84697 
0 . 8 4850 
0 . 84960 
0 . 85040 

o : 85287 
0 . 85288 
0 . 85 288 
0 . 85288 
0 . 85 288 

1 . 295 29 - 0 . 1 521 2 
0 . 86200 - 0 . 1 2 307 
0 . 69 1 9 6  - 0 . 1 1 1 27 
0 . 6 1 888 - 0 . 1 0387 
0 . 57 220 -0 . 09763 
0 . 54 1 31  -0 . 09 358 
0 . 52058 - 0 . 090 1 8  
0 . 50822 - 0 . 08839 
0 . 49722 - 0 . 08606 
0 .  48859 - 0 . 08361  
0 . 481 7 4  - 0 . 08 1 31 
0 .  47638  - 0 . 07 934 
0 .  47230  - 0 . 07777 

0 � 46 1 03 - 0 � 07 37 3  
0 . 46 1 03 - 0 . 07373 
0 . 46 1 0 2 - 0 . 07 372 
0 . 46 1 02 -0 . 07372 
0 . 46 1 0 2  - 0 . 07 372 

log o 
Log- Convergenc e 

Li k e l i hood Rat e ,  C 

1 .  0709 6  
o .  79857 
0 . 6 1 0 6 1  
0 . 46930 
0 . 3 26 25 
0 . 200 45 
0 . 1 04 5 3  
0 . 0 3598 

-0 . 0 1 9 55  
-0 . 066 1 6  
- 0 . 1 0495  
-0 .  1 3677 
-0 . 1 6244  

-0 : 2 488 4 
- 0 . 24889 
-0 . 2 4892  
-0 . 2 489 5 
- 0 . 2 4897 

- 3 1 . 4 1 31 0  
- 28 . 23576 
-26 . 87757 
-25 . 7 495 1 
-2 4 . 6 4 9 32 
-23 . 9 3669 
-23 . 56842  
- 2 3 . 3 82 1 6 
-2 3 . 26077 
-23 . 17 4 6 4  
-23 . 1 1 4 04 
-23 . 0 7 297 
-2 3 . 0 46 32 

-23 . 005 70 
- 23 . 00570 
-2 3 . 0 0570 
- 2 3 . 00570  
-2 3 . 00570 

1 . 084 1 0 
0 . 92220 
0 . 6528 3 
0 . 436 1 2  
0 .  72827 
1 . 25 4 6 1  
1 • 01 1 28 
0 . 85435 
0 . 79 8 1 7 
0 . 77009 
0 . 75 1 2 4  
0 .  7 3900 

0 :7 4 1 86 
0 . 7 4 1 89 
0 . 7 4 1 9 1  
0 . 74 1 9 3  
0 .7 4 1 9I! 

method of calculating the se cond der ivati ves of the log-l i k el i hood i n  

th is example so that i f  var iances are r equ ired ,  comput at ions s imi l ar t o  

those o f  a s i ngle NR ,  NRL or FS i t e rat ion mus t  be done even for the EM 

a lgorithm .  Ther e se ems ther efore l i t t l e  t o  commend the EM algor ithm 

for th i s  typ e  of mode l .  

Usually the mo dels used for robust f i t t i ng of l inear mo de ls have a 

f urther p ar ameter � wh i ch can be adj usted t o  g ive var y ing amounts of 

r obustnes s .  We n ex t  cons i der a d aptive mode ls of the f orm 

2 y . -x . ' a 
l og f i ( Yi l a , o . � )  = - 1jJ ( 1 1 . � ) - l og o - log ( J_:(I) ex p { - 1jJ ( z , � ) } dz ) 

0 
( 6 . 6 . 3 )  
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wher e 8 ,  o and � ar e all treated as unk nown p ar ameters . As b efor e i t  

i s  pos si ble  t o  wr ite  

f Oao 2 -1  I 2 1 I 2 - q . ( y . -I . ' 8)  2 

( 2 n o ) q .  ex p( 1 1 1 ) m ( q . , � ) dq 1 2 0 1 '+' i 

For a gener al symmet r i c  distribution , it i s  not 

alway s pos s ible to f i nd k ( q i ) such that rn ( q i , � ) . k ( q i ) � 0 for all q i 
and � ·  We ther efor e restr i ct att ent ion to Ni l d istributions ( Andre ws 

and Ma llows , 1 9 7 4 ) wher e m(q i , � ) � 0 .  A step of the EM algor ithm can 

be expres sed as 

( 1 )  max imi z e  with r espect to 8+ and o + the f unct ion 

-n l og o+ - I w i ( 8 , o , � ) . ( y i-Ii ' 8+ ) 2 I ( 2 o+2 ) 

( 2 )  max im i z e  with r espect to � + the f unct ion 

where 

JCI) 1 1 2 -q . ( y . -][ .  ' 8 ) 2 

0 l og m( q i ' �+ ) qi exp { l l l } m( q i , � ) dq i - I 2 o 

f i ( Yi l 8 , o . � )  

o $ ' ( ( y i-Ii ' 8 ) 1 o , � )  

( y .  -][ . ' 8) l 1 

Though ea ch EM i t erat ion for 8 and o2 i s  an ordinary w e i g hted least 

squar es calculat i on , the iter at ion for � i s  now consi der ab ly more 

comp lex and ca nnot be d one unless the f unc tion m( • ,  • )  i s  k nown .  In 

d i str ibut ions such as the log-t a i l ed d istr ibut ion us ed ab ove ,  the EM 

algor ithm cannot ther efore b e  u sed for adap ti ve est imation . 

We therefor e  conc ent rate here on o ne particular examp l e  where 

m ( • ,  • )  is k nown , wh ich i s  where ( y i-Ii ' 8) 1 o  has a t-d istr i bu ti on with � 

degrees of fr e edom so that m( · , � ) is a gamma prob ab il i ty dens i ty 

funct ion.  I t  c an then b e  shown that 

�+ 1 

and st ep ( 2 )  for � can b e  expresse d as 



( 2 )  max im i z e  
+ cp - 1  

2 

w here 
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with r espect t o  cp + the function 
+ + + cp cp cp + 1  Iui ( 8 , o , cp ) - - Iwi ( 8 , o , cp ) -n {1v (-) +--log2-

2 2 2 

cp+ 1 cp + ( y . -x . ' 8 ) 2 ; i 1jJ '  (-) - 1 0  g ( 1 1 
2 2 

+ cp 
-l og cp } 

2 
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and ljJ( • )  is the log gamm a f unc tion . This clear ly cannot be ex pl i c it ly 

solved so that a separate i terat ive univar i ate optimizat ion i s  needed.  

NR appl ied to th is sub-p roblem l eads  to sub-i t er at ions of the f orm 

+ U - W - log 2 - ljJ ' ( cp/ 2 )  + 1 + log cp 
cp cp + 1jJ '  I ( cp/ 2 )  I 2 - cp 

where U and W ar e the aver ages of ui ( 8 , o , cp )  and w i ( 8 , o , cp ) . The 

comp lex ity of the EM i t er at i on for cp clear ly detracts from the 

s implic ity of the iter at ion for 8 and o2 • A GEM algor ithm would only 

t ak e  a single NR sub-i t er at i on for cp here.  

I t erat ions of the EM and GEM algori thms,  app l i ed t o  th e art i f ic ial 

data i n  Tab le 4 . 6 . 4 ,  ar e shown in Tab le 6 . 6 . 2 . The NRL-alt ernat ion 

a lgori thm, whose i terat ions are g iven in T able 4 . 6 . 5 ,  co nv erges 

consi der ably faster and has the advant age that i t  can e as i l y  p rov i de 

est i mates of the var ian ces and covar ianc es of the maxi mum l ikel ihood 

est imators . 
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TABLE 6 . 6 . 2  

I ter ati ons of EM an d GEM Al gor ithms App l i ed to Fit a T-d is tribu t i on 

to Dat a in Tab l e  4 . 6 . 1 . Star t i ng Va lue s  ( I terat ion 0 )  w ere 

q, 5 . 0  and the Or dinar y Least Squar es Es t imat es of ).J and o 2 

Log- Co nvergenc e 
I ter at ion Mean , ).J  log o 

Lik eli hood Rat e , C 

EM Algor i thm 
0 -0. 46760  0 . 76450 5 . 00000 -1 6 . 37 6 1 1 
1 -0 . 1 5 1 1 1  0 .6 2690 5 . 4 1 1 09 -1 5 .9 5800 0 . 992�9 
2 -0 . 05 1 75 0 . 56074 5 . 396 1 8  - 1 5 .87200 0 . 967  4 

� -0 . 004 1 9  0 . 52404 5 . 1 7665 -1 5 . 8g 0�9 0 . 9 4g50 
0 . 02973 0 . 49677 4 . 86 49 - 1 5 . 7 8 2 0 . 9 2 1 0  

5 0 . 0 6 095 o . 44o4g 4 . 52 7 1 9 -1 5 .z3822 0 . 9 1 6 60 
6 0 . 0 9 296 0 . 4  2 4 . 1 77 4 8  -1 5 .  7692  o . �059g 
� o .  1 2677 0 . 4 1 039  3 . 82794  -1 5 . 60228 o .  9 47 

0 . 1 6236  0 . 37 352 3 . 48581  -1 5 . � 1 25 1  0 . 88264 
9 0 . 1 99 0� 0 . 3g 1 38 3 . 1 5766  - 1 5 .  0693  0 . 86947 

1 0  0 . 2357 0 . 2  395 2 . 85008 - 1 5 . 2870 1 0 . 8555 1  
1 1  0 . 2 7 1 03 0 . 23 1 87 2 . 56966 -1 5 . 1 57 25 0 .8 4 1 6 1 
1 2  0 . 30332 0 . 1 7 656 2 . 320 6 -1 5 .0252 4 o .  8 27 6 

48 0 . 4 3251  -0. 263 34  1 .  27 52 1  -1 4 : 48209 o: 80 1 1 � 
49 0 . 4 325 2 -0 . 26 3�8 1 . 275 1 6 - 1 4 . 48209 0 . 8 0 1 1 
50 0 . 4 3252 -0 . 263 2 1 .  275 1 2  -1 4 . 48 209 0 . 80 1 1 4  
5 1  0 .  4 325 3 -0 . 26344  1 .  27508 - 1 4 . 48209 0 . 80 1 1 5  
52 0 . 43253 - 0 . 26 346 1 .  27505 -1 4 . 48209 0 . 80 1 1 5  

GEM Al�ori thm 
-0 . 4 67 60 0 . 76450 5 . 00000 -1 6 . 37 6 1 1 

1 - 0 . 1 5 1 1 1 0 .6 2690 5 .  37 829 - 1 5 .957 9 1  0 . 98659 
2 - 0 . 05047  0 . 5599 4 5 . 366 4 4  -1 5 . 86990 0 . 96782  

� - 0 . 00241  0 . 522�6 5 . 1 35 1 � -1 5 . 82683 0 . 94 1 66 
0 . 06223  0 .  49  4 3 4 . 8095 - 1 5 . 782 1 1 0 . 9 23 2 

5 0 . 0  47@ 0 . 46759 4 . 4 48 1 9  -1 5 . 7 275 1  0 . 9 1 027 
6 0 . 09 85 0 . 437 4 6  4 . 07558 - 1 5 . 65982 0 . 8�481  

� 0 . 1 3 l.J65 0 . 40271 3 . 7 04 1 0  -1 5 . 5764g 0 . 8  68 
o .  1 7 27 1  0 . 362�3 3. 34280 -1 5 . 4754  o . 870 l.J1 

9 0 . 2 1 1 7 8  0 . 3 1 5  0 3 . 0004l.J - 1 5 . 35 697 0 . 8 55 1 6 
1 0  0 . 2503l.J 0 . 26�6l.j 2 . 68578  -1 5 . 22 420 o.  8 39 4 
1 1  0 . 2 8 652  0 . 20 7� 2 . 40654  - 1 5 . 08 460 0 . 8 2 4 40 
1 2  0 . 31 857 0 . 1 473 2 . 1 6790  -1 4 . 9 4875 0 . 8 1 1 1 5  

47 o : l.J325 1 -0 . 2633g 1 .  27522 -1 4 . 48209 o: 80 1 1 � 
48 0 .  4 3 25 2  -0 . 263� 1 .  2751  7 - 1 4 . 48209 0 . 80 1 1 
49 o . l.J3252 -0. 26 3 1 1 . 275 1 2 -1 4 . 48209 0 . 80 1 1 4  
�? 0 . 4�25 � -0 .  26�4� 1 . 2750� - 1 4 . 4�20§ 0 .�0 1 1 5  

0 . 4 25 -0. 26 4 1 .  2750 -1 4 . 4  20 o.  0 1 1 5  
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6 . 7 CONC LUDI NG R EMARKS A BOUT THE EM A LGORI THM 

The EM algor i thm can b e  app l i ed t o  many d i fferent t ypes of p roblem , 

but i t  has the d i sadvant a ge that i ts conve rgenc e can s ome t i mes be 

extreme ly slow . This  in turn can lead t o  the algor ithm be ing 

prematurely s t opped be for e  the max imum l ikel ihood esti mat e  has been 

reache d .  W i th a s i ng l e  unk nown p ar ameter , Aitken ' s  acce l e r at i on 

me thod might be us ed t o  i mpr ove convergenc e .  However the NR algor i thm 

( and usua lly the NRL and FS algor ithms ) conv e rges much faster  near the 

maxi mum l ik e l ihood esti mat e and ,  where i t  can be eas i ly impl emen t e d ,  it 

would usually b e  preferred to the EM ( or GEM ) a lgorithm. 

Ano ther d i sadvantage of the EM algori thm i s  that i t  does no t e a s i ly 

lead to consi st ent est imates of the var i a nc es of the max imum l i k el ihood 

es t imator s ,  whereas these can be eas i ly found when NR , NRL or FS are 

use d .  

However i n  Sec t i o ns 6 . 2  to 6 . 6 , sever al t y pes o f  mo dels hav e  been 

i denti f i ed where the ca lculat ions for an EM i t er at i on a re c onsi derab ly 

e as i er to i mplement than thos e for NR ( or NRL or FS) . In these 

examples , the EM algori thm prov i des a conv eni ent est imat ion method .  
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7 .  CONCLU SION 

I n  mode ls wi th one ,  two or three sys tema t i c  parts , there are o ften 

several algor ithms f or max imum l i k eli hood parameter est imat ion that can 

b e  implemented wi th s equences of leas t squar es comput at ions ; these are 

call ed iter at i vely r ew e i ghted l e ast squar es ( IRLS ) a lgor i thms . The 

class of NR L algor i thms descr ibed in Chap ter s 3 and 4 cont a ins 

algor ithms of th i s  form and often i ncludes the Newton-Raphson ( NR )  

algori thm and F i sher ' s  scor ing t echn ique ( FS ) . Different algori thms i n  

the NRL class often hav e  d i ffer ent proper t i es and the requirement s of 

fast asymptot ic convergence and good ini t i al i terat ions are not always 

shared by the same a l g or ithm. NRL alg or i thms that behave l i k e  FS ar e 

often best in the i n i t ial i terat ions , whereas ones that behave l ik e  NR 

ar e b est near the max imum l i k e l i hood est imat e .  

For some model s ,  the F S  algori thm i s  not i n  the NRL class , but c an 

st ill  be implemented as an I RLS algor ithm. The EM algor i thm wh i ch was 

descr ibed in Sect ion 6 . 1 , can be used for some mode ls and i s  rarely in 

the NRL c lass ; i t  can somet imes also be implement ed as an IRLS 

algori thm . The F S  and EM algor i thms o ften have slow asympt ot i c  

conv er gence rates a n d  the EM algor ithm i n  p ar t i cular can somet imes be 

extremely slow to converge.  

A thorough i nv es t i gat ion 

var i ous I RLS algori thms has 

each par t i cular type of model 

of the r e lative  performances of the 

not been undert aken in th i s  thes i s .  For 

exami ne d i n  the thes i s ,  on ly a few 

i l lustrat ive dat a  sets have been analy se d ,  but an extens i ve set of 

examples would b e  needed befor e any f i rm r ecommendat ions c ould be mad e .  

There are two 

implemented as a 

a dv anta ges in us i ng al gori thms that 

se quence of least squar es calculati ons . 

can be 

First ly , QR 
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algor i t hms can b e  used for the l e ast s quar es calculations and this 

a l l ows the maximum l ik e l ihood es t i mat e to be more accurate ly de termined 

in ex amp les wher e the max imum l i k eli hood est imators ar e h igh ly 

c orre l a te d .  Secondly , a w i de range of mode ls can be estimated by 

algor i t �ms wh i ch f i t  into the same fr amework , al lowi ng them all t o  be 

i mplemented wi th i n  one compu ter packa g e .  For exampl e ,  all 3 1  I RLS 

algor i t hms that have been used to p ro duce the var i ou s  tables i n  this 

thes is have a l l  been i mplemented wi th a s i ngle Fortran pr ogram i n  wh i ch 

only a f ew subrou t i ne s  had to be changed for d i fferent models . 

To show the amount of work needed from the user of such a general 

s y st em to implement a new IRLS algor i t hm for a different mo de l , the 

n ecessary s ubr out ines in the author ' s  pr ogram are desc� ibed nex t .  The 

s ub rou t i ne s  all have access to the f o l l owing var iables in a common 

b l oc k .  

N numb er of log-l i k e l i hood component s 

Y ( N )  array ho ld i ng r esp onses 

X ( N , NX )  array hold ing other informa t i on ab out the l og-l i k el i hood 

components , s uch as the explanatory v ar i abl es or 

the numb er of bi nomi a l  t r i als 

BETA1 ( . )  

BETA2 ( . ) 

P ( 2 )  

L P 1 ( N )  I 
LP2 ( N )  1 
l t�G 

Pt�T 

{ array s  of s ize P ( 1 )  and P ( 2 )  ho ld i ng two subsets 

1 o f  t he parame ters 

arr ay g iv i ng s iz e s  of two subsets of  parame ters . 

P ( 2 )  = 0 unless an alt ernat ion algori thm i s  u sed 

arr ay s that the u ser may u se to hold systemat i c  p ar t s  

integer ind ica t i ng wh i ch a l g or i thm t o  use i f  sever al 

ar e poss ible 

in alter nat ion algor i thms , PART i ndicates wh ich p ar t  of 

the i terat ion is b e i ng performed ( 1  or 2 )  

N ,  Y ,  �� . X and I ALG ar e set up interactive ly by commands read b y  the 

core of the pr ogram s i nce they ar e not spec i f i c  t o  any algori thm or 

mode l .  All algor i thms r equire the f ollow i ng f our subroutines to be 

wr i t te� by the user : --
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SU BROUT I N E  GETXWZ ( ROW , N PARAM , W ,  Z ,  I ,  PSEUDO ) 

1 90 

Sets up array ROW ( N PARAM ) , W ,  and Z as the explanat ory var iabl es , 

we i ghts and r esponse for the I ' th l og-l ikel ihood componen t .  The 

�e i gh t  and respon se ar e u sua lly funct ions of the I ' th element s i n  

t � e  arrays L P 1  and LP2 . The explanatory var i ables a r e  usual ly 

s e t  up from the I ' th row of ar r ay X .  If  pseudo-observat i ons ar e 

needed for the I ' th l og-l ikel ihood component , parame ter PSEUDO , 

�� i ch i s  norma lly z er o ,  i s  set t o  one or two and GETXWZ will  be 

cclled  aga in w i th the same I .  

R EAL FUNCT ION ALLIKE ( PARAMS , I P ) 

Returns the log-l i k el ihood corr es pon d ing to par ameters i n  the 

ar r ay s  PARAMS and BETA2 if PART = 1  or corr espond i ng to BETA 1 and 

PhR AMS if PART=2.  I t  also sets up va lues of LP1 and LP2 if these 

�i l l  be u sed by GETXWZ . If an adj ustment algori thm is used , 

ftLLIKE i n i ti ally adj usts PARAMS . 

SU BROUTINE IN ITP  

Sets up star t i ng values for 

ei ther by ini t ial i z i ng all 

par ameters and systemat i c  parts 

parame ter s and cal l i ng ALLIKE or by 

i n i t i a l i z ing s ome p ar ameters and the s ystemati c par t s .  

SU BROUTINE AUGM ENT ( R , IR , N PARAM , DIMAX , ODMAX , IFAULT ) 

I f  subrout ine NU I SNC i s  to be used t o  inc lude an extra nu isance 

pcr ameter , th i s  is done by AU GMENT . In  that case,  GETXWZ sh oul d 

set Z= O . O  and the last element of ROW to the response . 

O therwis e ,  AUGMENT shoul d re tur n  wi thout effect . 

I f  alte�n a t i on algor ithms ar e u sed , two extra subroutines GETXWZ 2  and 

AUGMENT2 mus t be prov ided t o  per form the same funct ions as GETXWZ and 

AUGMENT f or the second set of par amet ers BETA2 . 

The intent ion here i s  not t o  recommend the actual pr ogram that has 

b een use d ,  but t o  ind icate the amount o f  p rogramming requir ed for each 

type of algori thm in a general IRLS system . Clearly more would be 

requir ed o f  the user to implement an algor ithm for a new type of mo de l 

t han i n  p a ckages such as GLIM where a few macros in the command 
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l a nguage are all that i s  neede d ,  but a much wider c l as s  of mode l s  and 

algor i thms could be implemented w i thin s uch a syst em. 

F i�ally , i t  i s  noted that the IRLS al gori thms deve l oped i n  the 

thesi s :o not treat fully the problem of inequali ty const r a ints . 

Constra ints of th is k i nd are very common .  F or exampl e Po isson means , 

normal var iance s ,  degrees of fr eedom for t-d istributions and negat ive 

b i nomial aux i l iary parame t ers must all b e  non-ne gat i v e .  I n  many 

models , the se constra ints ar e relatively un impor t ant si nc e  the max imum 

l ikel it0od es timate w i l l  not sat i s fy the constra ints as equal i t i es . 

Howev er , in other mo de ls , it  i s  possible for the max imum l i k el i hood 

estimat e t o  be on a boundary of the set of feas ible values of the 

p ar amet ers . Development of mod i f i ed IRLS a lgori thms for use with th is 

type of problem is an area for fur ther r e search.  
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APPEN DI X A FORTRAN SUBROUTI NES FOR MODEL F ITT IN G -- PARAMETER S 

I n  Appendix B ,  el even F ortran subroutines ar e  li sted that can be 

us ed t o  impl em ent the i t er at i vel y r ewei ghted 1 east s quar es ( IRLS ) 

al gor i thms d es cri be d  i n  t he body of thi s thesi s .  I n  Appendix A ,  t he 

par am et ers of thes e s ubrout i nes ar e des cr i bed i n  det ail . The 

al gor i t hms used by t he s ubrout i n es an d the us es t o  whi ch they can be 

put , ar e des cr i bed i n  t he f ol l owi ng s ecti ons of the thesi s : --

GIVEN3 1 
GIVEN2 l CON V2 3 

INITG 
Sect i on 2 . 7 

BSUB l VARS 

COMBINE Sect i on 3. 4 

COMBINEM l DI MULT 

STEP 

Secti on 3. 7 

NUI SNC S e ct i on 4 .  1 

M an y  of the s u brouti n es us e C hol es ki factori zat i ons of s ums of s quar es 

mat r i ce s  as paramet ers . The s e  cons i st of an upper t r i angul ar m at r i x  

R and d i agonal mat r i x D s uch that R ' DR i s  the s um  of s quar es m at r i x .  

I n  all s ubrout i nes except GI VEN2 and CONV2 3 ,  the rows of B ar e s cal ed 

s uch t hat B has un i t  d i agonal el ements . The el em ents of B and D ar e  

then s t or ed i n  " packed" f orm at ; the col umns of B on and above t he 

di a gon al ar e stor e d  i n  or der i n  a l i near array wi t h  the uni t diagonal 

el em ents be i ng r epl ace d by e i ther the i nvers es of the di agonal el em ent s 

of D if thes e ar e non- zer o or mi nus one otherwi s e .  Subrout i ne GI VEN2 

us es a C hol es ki f actor i zat i on i n  whi ch the d i agonal el em ents of B ar e 

not one . The C hol es ki f actor i zat i on i s  then stor ed i n  " un packed" 
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form at wi th t he col umns of R on an d above t he d i agonal stor ed i n  or der 

i n  a l i near arr ay and  t he i nver s es of the d i agonal el an ent s of D st or ed 

in a s e par at e l i near arr ay . 

SUBROU: INE GI VEN 3 ( R , I R ,  NVAR S , X ,  V ,  I FAULT ) 

R 

I R  

N VARS 

X 

V 

I FAULT 

Real ar r ay ( IR )  

I nteger 

I nteger 

i nput : Chol es ki f act ori zat i on in packed 

format 

out put : Chol es ki f act ori zat i on updat ed 

with n ew row of dat a or 

constr a i nt 

i n put : si ze of R 

i nput :  number of var i abl es i n  row of dat a  

or cons t r ai nt 

R e al arr ay ( NVAR S )  i n put : new row of dat a or constr ai nt 

out pu t :  al tered 

R eal inpu t :  var i an ce f or r ow ( i nverse of 

w ei ght ) ;  zero for constrai nt 

I nte ger o ut put: faul t  i n di cat or , e qual to 

- 1  if constrai nt imposed i s  

l i ne arl y dependent on previ ous 

cons t r ai nt s ;  R is  unal tered 

0 if no f a ul t  

i f  arr ay R is  too sm all 

( IR <NVARS * ( NVARS+ 1 ) / 2  

2 if  negat i ve var i an ce f or row 

3 i f  i nconsi stent constr ai nts ar e 

used 
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SUBROUT I NE GIVEN2 ( R ,  I R ,  DM , NVAR S , X ,  V,  I FAULT) 

R R eal array ( IR )  i nput :  arr ays R an d DM ar e  C hol es ki 

I R  

DM 

NVARS 

X 

V 

I FAULT 

f a ctori zation i n  unpacked f ormat 

out put : arr ays R and DM ar e C hol es ki 

factori zation wi th new row of 

dat a  or constr a i nt 

I nt e ger i n put:  si ze of R 

R eal arr ay ( NVARS ) i nput : see des cr i pti on f or R 

I nt eger 

o ut put:  see d es cri ption f or R 

i nput : number of var i abl es i n  row of dat a  

or constrai nt 

R e al array ( NVAR S )  i n put:  new r ow of dat a  or co nstrai nt ; 

res pons e i s  l as t var i abl e 

out put:  al t ered 

R eal i nput : var i an ce f or row ( i nvers e of 

wei ght ) ;  zer o f or constr ai nt 

I nt e ger o ut put : faul t  i ndi cator , e qual t o  

- 1  if cons tr ai nt impos ed i s  

l i nearl y dependent o n  pre vi ous 

cons trai nts ; R i s  unal ter e d  

0 if n o  faul t 

if arr ay R is too sm al l 

I R <NVARS * ( NVARS + 1 ) / 2 ) 

2 if negati ve var i an ce f or r ow 

3 if i nco nsistent constr ai nts ar e 

used 
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SUBROUT I NE CONV2 3 ( R ,  I R , DM , NVA R S ,  I FAULT ) 

R 

I R  

DM 

NVARS 

IFA ULT 

R eal array ( IR )  i nput : ar r ays R and DM ar e C ho l es ki 

factori zation in unpacked f orm at 

out put : C hol es ki f actori zat i on i n  packed 

f ormat 

I nte ger input : s i ze of R 

R eal arr ay ( NVARS ) i nput : see des cr i pt i on f or R 

I nt e ger input : nt.nn ber of vari abl es i n  s s p  matri x 

I nt eger out put :  f aul t i ndi cat or , e qual to 

if array R i s  t oo smal l 

( IR <NVARS* ( NVARS + 1 ) / 2  

0 otherwi se 

SUBROUT I NE IN ITG ( R ,  I R ,  NVARS ,  I FAULT ) 

R 

I R  

NVARS 

I FAULT 

R eal array ( IR )  

I nte ger 

I nt eger 

I nte ger 

out put : C hol es ki f actori zat i on of zero 

m atri x in  pa cke d f o nn at 

input:  si ze of R 

i nput : number of var i abl es i n  zer o  m atr i x  

out put:  f aul t  indi cat or , e qual to 

1 if array R is too sm all 

( IR <NVARS * ( NVAR S+ 1 ) / 2  

0 otherwise 

SUBRO UT I N E  BSUB ( R ,  I R ,  I DE P , COEFF , I C ,  IFAULT) 

R R eal arr ay ( IR ) i nput : C hol es ki f act ori zat i on of sum of 

I R  

I DEP 

COEFF 

I nte ger 

I nt e ger 

R e al array ( IC )  

s quar es mat ri x i n  pac ke d  f o rm at 

i nput:  si ze of R 

i nput : i nde x of dependent var i abl e 

out put : estimat es of the r e gr ession 

oo eff i ci ents of I DEP ' th var i abl e 

on f i rst ( I DEP- 1 )  
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! FAULT 

I nt e ger 

I nt eger 

APPEND! X A 1 96 

i n put: s i ze of COEFF 

out put : faul t i ndi cator , e qual to 

<O when ( -I FAULT ) i dent ifi abil i t y  

cons traints were needed 

( non-f at al ) 

if arr ays R or CO EFF ar e too 

sm al l ( I R <I DEP * ( I DEP + 1  ) / 2  

or I C<I DEP- 1 

0 ot her wi se 

S UBRO UT INE VARS ( R ,  I R ,  S, I S ,  N PA R ,  SCALE , ! FAULT ) 

R 

I R  

s 

I S  

N PAR 

SCALE 

I FAULT 

Real arr ay ( IR )  

I nte ger 

Real array ( I S )  

I nte ger 

I nt eger 

Real 

I nt e ger 

i nput : Chol es ki f act ori zat i on of -H ess i an 

( packed format ) e . g . array R 

used by STEP 

i n put: size of R 

out put : invers e  of -H ess i an ,  m ul ti pl i ed 

by SCALE , (lower t ri an gle 

stored by rows ) .  C an be same 

arr ay as R 

i nput:  si ze of S 

i nput : number of par amet ers i n  H ess i an 

input : factor by whi ch (-H ess i an )- 1  s ho ul d 

be s c aled . Usual l y  1 . 0 unl ess 

nui s ance par am et ers have been 

f a ctori zed out . 

out put: faul t  i n di cator , e qual t o  

if I R <N PAR* ( NPAR+ 1 ) / 2  or 

IS <NPAR*( NPAR + 1 ) / 2  

0 ot herwi se 
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SUBROUT INE COMBIN E ( RP LUS , IR 1 , RMIN US , IR2 , N ,  WORKSP , I FA ULT ) 

RP LUS R eal arr ay ( IR 1 ) i nput : C hol es ki f actori zat i on f or rows 

wi th var i ance � 0 ( pa cked 

f orm at ) 

1 97 

out pu t :  C hol es ki f actor i zat i on of com bi ne d 

I R1 I nt e ger 

RMIN US Real ar r ay ( IR2 ) 

I R2 I nt e ger 

N I nt eger 

WOR KSP R e al arr ay ( N )  

I FAULT I nt e ger 

posi t i ve and negati ve par ts 

i nput : s i ze of RPLUS 

i nput :  C hol es ki f act or i zat i on f or rows 

wi th vari an ce < 0 ( packed 

f orm at ) 

out put: al t ered 

i nput: si ze of RMINUS 

i nput :  number of var i abl es i n  s ums of 

s quar es m atri ces 

wor ks pa ce:  hol ds r ows to be pass e d  t o  

GIVEN 3  

out put: faul t i n di cat or , e qual t o  

i f  N < 2  o r  IR 1 <N ( N + 1 ) / 2 or 

I R 2<N( N + 1 ) / 2  

2 i f  the H ess i an w as not 

negati ve s em i - d ef i ni t e 

0 ot herwi se 

SUBROUT INE COMB I NEM ( S, I S ,  R ,  I R ,  N ,  DIMAX , ODMAX , WOR KSP ,  I FAUL T )  

S R eal arr ay ( IS )  i nput : C hol es ki f actori zat i on f or rows 

wi th var i ance � 0 ( pa cked 

f o rm at )  

I S  I nt e ger 

R R eal arr ay ( IR )  

out put : Chol es ki f actor i zat i on of combi ned 

posi t i ve and negati ve par ts 

wi th de f i ni teness m od i f i cat i on 

( packe d f o rm at ) 

i n put:  si ze of S 

i nput : C hol es ki f act ori zat i on f or rows 



I R  

N 

DI MAX 

OD MAX 

WORKSP 

IFAULT 

I nt e ger 

I nt eger 

R e al 

R e al 

R e al arr ay (  N )  

I nte ger 

APPENDI X  A 

wi t h  var i an ce < 0 ( packed 

f o nn at ) 

o ut pu t :  al t er e d  

input:  si ze o f  R 

i nput : number of var i abl es i n  s um  of 

s quar es m at ri c es 

1 9 8 

out put:  maximum absol ute val ue of di a gonal 

el an ent s of H ess i an 

out put: maximum abs ol ute v al ue of 

off- di agonal el an ents of H ess i an 

wor ks pa c e :  hol ds r ows to be pas s e d  to 

GI VEN 3  

o ut pu t :  f a ul t  i n di cat or , e qual to 

- 1  i f  de f i ni t eness m o d i f i cat i on 

w as neede d t o  make H essi an 

negat i ve de f i ni t e ( no n- f at al ) 

i f  N < 2  or IS < N ( N + 1 ) / 2  or 

IR <N ( N+1  ) / 2 

2 i f  constraint s  wer e  impos ed 

on R 

0 otherwi se 

SUBROUTINE DI MULT ( S , I S ,  NPARAM , WORKSP,  I W ,  I FAULT) 

S R eal ar r ay ( IS )  i nput : C hol es ki f act ori zat i on i n  

IS I nt e ger 

N PARAM i nt eger 

WOR KSP R e al arr ay ( IW )  

I W  I nt e ger 

pac ke d  f ormat 

out put : Chol es ki f actor i zat i on of 

s ame mat r i x  wi t h  di a gonal 

i ncr eased by t en per cent 

input:  si ze of S 

i nput : number of par am et er s  

wor ks pa ce: hol ds rows to be pas se d  t o  

GI VEN3 

i nput: si ze of W 
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o ut put : f a ul t i n di cat or , e qual t o  

i f  N PARAM< 1 or I W< N PARAM+ 1 or 

I S< ( NPARAM+ 1 ) ( NPARAM + 2 ) / 2  

0 o t herwi se 

SUBROUT I NE STEP ( R ,  IR, NPARAM , F O ,  BETAO , STEPO,  F 1 , BETA 1 , 

STEP 1 , PACC 1 , DBETA , IFA ULT ) 

R 

I R  

N P ARAM 

FO 

BETAO 

STE PO 

F 1  

BETA1 

STEP1  

PACC 

D B ETA 

R e al arr ay ( IR )  

I nte ger 

I nt eger 

R e al 

i nput : C hol es ki f a ctori zation of 

deri vat i ves as out put by 

COMBI NE , COMBINEM or N U I SN C  

input:  s i ze of R 

i npu t :  number of par amet ers 

input:  l o g- l i kel i hood cor r es pon d i n g  t o  

BETA O 

R e al arr ay ( NPARAM ) input:  par am et er es timat es f r an  pre v i ous 

R e al 

R eal 

i t er at i on 

i nput: i ni ti al s t e psi ze - us us al l y  one 

out put :  l og- l i kel i hood corr es pondi ng to 

BETA1  

R e al arr ay ( NPARAM ) out put:  par am et er es timat es that i n cr e as e  

the 1 i kel ihood 

R e al 

R eal 

o ut put : s t epsi ze cor r es pond i n g  to BETA 1  

inpu t :  cr i t er i on p f or whether 

i nt er pol ation an d e xtrapol at i on 

ar e used 

Real arr ay ( NPARAM ) wor ks pa ce : hol ds changes i n  par amet er 

es tim at es fr om BSUB 
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o ut put:  f a ul t  i n di cator , e qual t o  

i f  N PARAM�O or 

I R < ( NPARAM+ 1 ) ( N PARAM + 2 ) / 2  

2 00 

2 i f  no hi gher l i kel i hoo d  co ul d 

b e  f o und . C he c k  deri vati v es 

and t r y  anot her s t art i ng 

v al ue . 

3 i f  cons traints ar e us ed but 

uni t stepsi ze do es not w or k  

0 ot herwi s e  

This s ubr o ut i ne c al l s subro uti ne B S U B  d es cri bed above and al s o  a r e al 

f un ct i o:� ALL I KE ( PARAMS , I P )  whi ch m ust be s uppl i ed by t he user t o  

eval uat e the l o g-l i kel i hood at the par am et er val ues i n  the r e al arr a y  

P ARAMS ( I P ) . 

SUBROUT I NE N U I SNC ( R ,  I R ,  NPARAM , DBDC , I DBDC , DC , DCDC , DI MAX , 

ODMA X ,  WOR KSP , IFA ULT ) 

R R e al arr ay (  I R ) 

NPARAM I nt e ger 

i nput : C hol es ki f actori zation of 

der i vat i ves wi th r es pe ct t o  

s ome par am et ers 

out put : C ho l es ki f actor i zat i on a ugm ent ed 

b y  deri vati ves wi t h  r es pe ct 

t o  aux i l iar y  par am et er 

i nput : n umber of param et ers i n cl u di ng 

aux i l i ar y  par amet er 

DBDC R e al arr ay (  I DBDC ) i nput : s e con d deri vati v es wi t h  

I DBDC 

DC 

I nte ger 

R eal 

r es pe ct to m ai n and auxi l i ar y  

par am et ers 

i nput: s i ze of DBDC 

i nput : DC an d DCDC ar e f i rs t  an d s e cond 

deri vati ves wi t h  r es pe ct to 

auxil i ar y  par am et er s  



DCDC 

D I MA X  

O D  MAX 

WOR KSP 

I F A ULT 

Real 

R eal 

R e al 
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i n put:  see un der D C  

i nput : maxim um abs ol ut e val ue on di agonal 

of H essi an on i n put 

out put : as on i nput , but updat ed wi th new 

r ow on H es si an 

i nput: maxim um abs ol ute v al ue off 

di agonal of H es s i an on i nput 

o ut put : as on i nput , but updat e d  wi t h  n ew 

row on H es s i an 

Real arr ay ( NPARAM ) w or ks pace:  stor es r ows pas se d  t o  GIVEN 3 

I nt eger out put : f aul t i ndi cator ,  e qual to 

- 1  i f  d ef i ni t enes s mo d i f i cati on 

was nee ded 

i f  N PARAM�O or 

I R < ( NPARAM+ 1 ) ( NPARAM+2 ) / 2  

or I DBDC < ( NPARAM- 1 )  

0 otherwi se 
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APPENDI X B FORTRAN SUBROUT I NES FOR MODEL F ITTING -- COD E 

SUBROUT I NE GIVEN 3 ( R , I R , NVARS , X , V , IFAULT ) c 
C A SLI GHT M)DI F I CAT ION OF ALGORITHM AS 1 64 BY 
C STI RL IN G  I N  APP L .  STAT IST . ( 1 9 8 1 ) VOL . 3 0 ,  N 0 . 2 c 
C APP LI ES GI VENS TRANSFOR MS TO IN CLUD E  A NEW ROW OF DATA 
C OR CONST RA INT WITH 3- MULT I PL I CATI ON METHOD c 

c 
R SAL R ( IR ) , X ( NVARS) 
D.L.T A ZER0 / 0 . 0 /  

C CHECK FOR VALID P ARAMETERS c 

c 

IFAULT =O 
I RU SED= NVAR S * ( NVARS+ 1 ) / 2  
I F ( I R . LT . I R USED ) GOTO 1 0 0 1  
I F ( V . LT . ZERO ) GOT O  1 002 
VLO CAL= V 

C FOR E ACH ROW OF UPPER TRIANGULAR R c 

c 

I l =O 
00 60 I = 1 , NVARS 
I l = I I + I  
XI = X ( I )  
XI 2 = XI * XI 
I F ( XI 2 . EQ . Z ERO ) GOT O  60 
CTEMP=R ( I  I )  
I J = I I  
IPLUS= I  + 1  

C I F  Z ERO WE I GHT ON ROW OF R ,  SIMPLE P IVOT c 

c 

I F ( CTEMP . GE . ZERO ) GOTO 2 0  
R ( I I ) =VLOCAL/ XI2 
I F ( I . EQ . NVARS ) GOTO 7 0  
DO 1 0  J = I PL U S , NVARS 
I J = IJ + J - 1  

1 0  R ( I J ) =X ( J ) / XI 
RETURN 

C I F  INFIN ITE WE I GHT ON ROW OF R ,  SIMPLE P IVOT c 

c 

20 IF ( CTEMP . GT . ZERO ) GOTO 4 0  
D O  30 J = I PL U S , NVARS 
I J  = IJ + J - 1  

3 0  X ( J ) =X ( J )- XI * R ( IJ )  
GJTO 6 0  

C OTHERWI SE ORDINARY GI V ENS ROTATION c 

c 

4 0  ��W= VLOCAL+ CTEMP * XI 2  
C a VLOCA L /VNEW 
S = CTEMP *XI / V NEW 
VLOCA L=VNEW 
R (  I I ) =CTEMP * C  
I F ( I . EQ . NVAR S )  GOT O 70 DO 50 J = I P LUS , NVARS 
I J= IJ+J-1  
R�EMP= C* R ( IJ ) +S* X ( J )  
X ( J ) =X ( J )- XI * R ( IJ )  

5 0  R � IJ ) =RTEMP 

202 
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60 CONT IN U E  c 
C CHECK F OR I N CON S I STENT OR DU PLI CAT E D  CON STRAINTS c 

c 

70 IF ( R ( I R USED ) . EQ . ZERO ) GOTO 1 003 
I F ( VLO CA L . EQ . ZERO ) I FAULT= - 1  
RETUR N  

C ERROR FLA G  SET c 
1 003 IF A ULT = IFAULT + 1  
1 002 I FA ULT= I FA ULT+1  
1 001 IFA ULT = IFAULT + 1  

RETURN 
END 

SUBROUT I NE GIVEN 2 ( R , I R , DM , NVAR S , X , V , I FAULT ) c 
C MODI F I E D  UN PACKE D  VERS ION OF ALGOR ITHM AS 1 64 BY 
C STI RL IN G  I N  APP L .  STAT IST . ( 1 9 8 1 ) VOL. 3 0 ,  N 0 . 2 c 
C APPLIES GI VENS TRANSFOR MS TO IN CLUDE A NEW ROW OF DATA 
C OR C ONSTRAINT WITH 2-MULT IPLI CAT I ON METHO D c 
c 

R EAL R ( IR ) , D M ( NVARS ) , X ( NVARS ) 
LO GI CAL RSC X , RSCR 

C MA CH I N E  DEP ENDENT DECLARAT I ONS TO ALLOW INTEGE R  ARI THMETI C  ON 
C E XPONENTS OF 64-BIT HEALS ON THE PRI ME 750 c 

c 
c 

INTEGE R * 2  IVLOCAL ( 4 ) , I CTEMP ( 4 ) , IRI J ( 4 ) , I XJ ( 4 ) , IXI ( 4 ) , IRI I ( 4 ) ,  
* MA XEXP , MA XEX 2 

E QU I VALEN CE ( IVLOCAL ( 1 )  VLOCAL ) , ( I CTEMP ( 1 ) , CTEMP ) , 
* ( I R I J ( 1 ) , R I J ) , { I XJ ( 1 ) , XJ ) , ( I XI ( 1 ) , XI ) , ( I R I I ( 1 ) , RI I )  

DATA MAXEXP / 3 2 63 8 S/ , MAXEX2/ 1 63 1 9S/ 

D AT A  Z E R0 / 0 . 0 / 

C CHECK F OR VAL I D  PARAMETERS c 

c 

I F A ULT=O 
I R USED= NV ARS* ( NVARS+ 1 ) / 2  
I F ( I R . LT . I R USED ) GOTO 1 00 1  
IF ( V . LT . Z ERO ) GOT O  1 002 
VLO CAL=V 

C F OR EACH ROW OF UPPER TRIAN GULAR R c 

c 

I I =O 
DO 60 1 = 1 , NVARS 
I I = I I + I 
XI = X ( I )  
IF ( XI . EQ . Z ERO ) GOT O  60 
C TEMP=DM ( I )  
I J = II 
I P L U S= l +1 

C I F  Z ERO WE IGHT ON ROW OF R ,  SIMPLE P IVOT c 

c 

I F ( CTEMP . GE . ZERO ) GOTO 2 0  
D� ( I ) = VLOCAL 
DO 1 0  J= I

(
NVARS 

R ( I J ) = X ( J J  
1 0  IJ = IJ + J 

IF ( I . EQ . NV ARS ) GOTO 7 0  
RETURN 

203 



c c c 

c c c 

c c c c c c c 

c c c 

APP ENDI X B 204 

IF R ( I I )  E QUALS ZERO� SWAP ROW WITH X .  (THIS WILL NEVER HAPPEN 
IF R I S  BUILT UP BY ui VEN 2 ) . 

20 F-: I =R ( I I )  

1 20 

1 1  0 

30 

40 

1 30 

I? ( RI I . NE . ZERO ) 
D� ( I ) = VLOCAL 
'r_,OCAL=CTEMP r: ::- 1 20 J= I , NVARS 
T�MP= X ( J )  
x ; J ) =R ( I J )  
R :  IJ ) =TEMP 
I J = I J + J  
X� = X ( I )  
I J = I l  
C":'EMP=DM ( I )  

GOTO 1 1  0 

IF  INF INITE WEI GHT ON ROW OF R ,  SIMPLE P IVOT 

I? ( CTEMP . GT . ZERO ) GOT O  40 
D J  30 J= I PLUS, NVARS 
I J = IJ + J- 1 
X ( J ) =X ( J ) - XI * R ( IJ ) /R I I  
GJTO 60 

IF WE I GHT S COULD UNDERFLOW , RESCALE ROWS . THI S  IS DONE WITH 
I NTEGE R  AR ITHMET I C  ON EXPONENTS ( LAST 1 6  BITS OF 64-BIT REALS 
ON P RI ME )  AND I S  V ERY MACHINE DEP ENDENT . FOR MACHINES THAT 
R EPRES ENT REALS DI FFERENTLY , THIS MUST BE CODED IN ASSEMBLER TO 
TAKE A DVANT A GE OF INTEGE R  ARITHMET I C . 

F3CX= I VLOCAL ( 4 ) .GT . MAXEXP 
I ? ( . N OT . R SCX ) GOTO 1 3 0 
I VLOCAL ( 4 ) = IVLOCAL ( 4) -MAXEXP 
I XI ( 4 )  =I XI ( 4 )-MAXEX2 
F3CR= ICTEMP ( 4 ) .GT . MA XEXP 
I ? ( . N O T . R SCR ) GOT O 1 4 0 
I :TEMP ( 4 ) =ICTEMP ( 4 ) -MAXEXP 
I � I I ( 4 ) =I RI I ( 4 )-MAXEX2 

OTHERWISE ORDINARY GI V ENS ROTAT ION 

1 40 R1 =VLOCAL /CTEMP 
R2= Xl / R I I  
R22=R2 *R2 
I? ( R 22 . GE . R 1 ) GOTO 80 
N2 = 1 . 0+ R2 2 / R 1  
D �-1 ( I )  =CTEMP *CM 2 
R '  I l ) =RI I *CM 2 
l? ( I . EQ . NVAR S )  GOTO 7 0  
r�OCAL=VLOCAL*CM2 
R3 =R2 /R 1 
DO 90 J= I P LUS , NVARS 
IJ= I J+J - 1  
X.J = X ( J )  
R:J=R ( I J )  

C MACHINE DEP ENDENT SCALIN G OF ROWS 

c 

c 

I F ( RSCX )  I XJ ( 4 ) =I XJ ( 4 )-MAXEX2 
I ? ( RSCR ) IRI J ( 4 ) =IRI J ( 4 ) -MAXEX2 

X ( J )  =XJ -R I J * R2 
90 R � I J ) =RI J+XJ*R3 

GJTO 60 

8 0  8-12=1 . O+R1 /R22 
D�� ( I ) =  VLOCAL *SM2 
R : I I ) =XI *SM2 
I ? ( I . EQ . NVA R S )  GOTO 70 
\-�OCAL=CTEMP *SM2 
F.3=R1 / R 2  DJ 1 00 J = IPLUS , NVARS 



I J= I J+J- 1 
XJ = X ( J )  
R IJ=R ( I J )  
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C MACHINE DEPENDENT SCAL IN G  OF ROWS 

c 

c 
c 

I F ( R SCX ) I XJ ( 4 ) =I XJ ( 4 )-MAXEX2 
I F ( R SCR ) I RI J ( 4 ) = IRIJ ( 4 ) -MAXEX2 

X ( J )  =XJ /R2-RIJ 
1 00 R ( � J ) =XJ+R I J * R3 

60 CONT IN UE 

C CHECK FOR I N CONSISTENT OR DU P LI CATED CON STRAINTS c 

c 
70 IF ( ABS ( R ( IRUSED ) ) . LE . Z ERO ) GOT O  1 003 

I F ( VLOCAL . LE . Z ERO ) I FAULT= - 1  
R ET URN 

C E RROR FLAG SET c 
1 003 IFA ULT= IFAULT+ 1 
1 002 I FA ULT= I FAULT +1  
1 001 IFAULT = IFAULT + 1  

c 

RETURN 
END 

S UBROUT I NE CONV2 3 ( R , I R , DM , NVA R S , I FAULT) 

C CON VERTS FROM GIVEN2 UN PACKED F OR MAT TO GI VEN3 PACKE D  FOR MAT c 
c 
c 

R EAL R ( IR ) , DM ( NVARS ) 

D ATA Z ER0/ 0 . 0/ ,  ONE / 1 . 0 / 

C CHECK F OR V ALID PARAMETERS c 

c 

c 

c 

c 

I FAULT = 1  
I R USED=NVARS* ( NVARS+ 1 ) / 2  
I F ( NVARS . LE . ZERO . OR . I R . LT . I RUSED ) RETURN 
I F A ULT =O 

1 1 = 0  
DO 1 0 I = 1  , NVARS 
I I = I I + I  
IF ( DM ( I ) . GE . ZERO ) GOTO 20 
R (  I I ) =  -ONE 
GOTO 1 0  

20 RI I =R (  I I )  
IF ( RI I . EQ . ZERO ) GOTO 1 000 
R ( I I ) =DM ( I ) / ( RI I* R I I ) 
D� ( I ) =ON E 
IF ( I . EQ . NV ARS ) RETURN 
I J = I I  
I P LUS= I + 1  
DO 3 0  J= I PLUS , NVARS 
I J = I J+J- 1 

30 R ( IJ ) =R ( IJ ) /R I I  

1 0  CO!n iNUE 
R ETURN 

C SET FA ULT INDI CATOR c 
1 00 0  IFAULT=2 

RETURN 
ENJ 
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SUBROUT INE I N I T G (R , IR , NVARS , IFA ULT ) c 
C SETS R T O  THE P ACKED R EPRES ENTATI ON OF THE Z ERO MATRI X c 

R ::::.AL R ( IR )  c 
C CHECK FOR VALI D  PARAMETERS c 

c 

c 

I RUSED=NVARS* ( NVARS+ 1 ) / 2  
I FA ULT=O 
I F ( NVARS . LE . O . OR . I RUSED . GT . IR )  GOTO 1 000 
I J =O 

D Q  1 0  I = 1 , NVARS 
DO 1 5  J = 1 , I 
I J = IJ + 1 

1 5  R ( I J ) =O . O 
1 0 R ( IJ ) = - 1  • 0 

RETURN 

1 000 I FAULT=1 
RETURN 
END 

SUBROUT I NE BSUB ( R , I R , I DE P , COEFF , I C , IFAULT ) c 
C AL GORITHM AS 1 64 . 1  APP L .  STATIST . ( 1 98 1 ) VOL . 30 ,  N0 . 2  c 
C PERFOR MS BACK SUBSTIT UTI ON T O  GET PARAMETER EST I MATES c 
c 

R EAL R ( IR ) , CO E FF ( I C )  
DAT A ZER0 / 0 . 0/ 

C CHECK FOR VALID P ARAMETERS c 

c 

I FA ULT =O 
I I = IDEP * ( IDEP + 1 ) / 2  
N XVARS= I DEP- 1 
I F ( IR . LT . I I . OR . I C . LT . NXVARS ) GOTO 1 001 
I F ( N XVARS . LT . 1 )  RETURN 

C B ACK SUBSTITUT I ON c 

c 

K= I I  
N X= I DEP DO 30 I = 1  , NXVARS 
I I = I I -N X  
K=K- 1 
TEMP=R ( K )  
I F ( R ( I I ) . LT . ZERO ) IFA ULT= IFAULT- 1 
I F ( I . EQ . 1 )  GOTO 2 0  
IJ = I I  DO 1 0  J=NX , N XVARS 
I J = I J+J- 1 

1 0  TEMP= TEMP-R ( IJ ) *CO EFF ( J ) 
20 N X=N X- 1  
30 COEFF ( NX ) =TEMP 

RETURN 

1 001 IFAULT= l  
RET UR N  
END 

206 



A P PENDI X B 207 

SUBROUTINE VARS ( R , IR , S , IS , NPAR , SCALE , IFA ULT ) c 
C A MODI F I E D  VERS ION OF ALGOR ITHM AS 1 64 . 3  APP L .  STATIST . ( 1 98 1 ) 
C VOL . 3 0 ,  N O .  2 c 
C FINDS ESTI MATE OF VAR/ COVAR MATRI X OF EST IMATES US IN G SCALE 
C PARAMETER PROV I DED c 

c 
REAL R ( IR )  , S( I S )  
DATA ZER0 / 0 . 0/ 

C CHECK F OR V AL I D  PARAMETERS c 

c 

I F A ULT = 1  
IRUSED=NPAR* ( NPAR + 1 ) / 2  
I F ( I R . LT . I R USED . O R . I S . LT . I R USED ) RETURN 
IFAULT =O 

C INVERT UN IT UPPER TRI A N GULAR MATRI X c 

c 

IJ = O  00 50 I = 1 , NPAR 
J J =O 
J=O 

1 0  J = J + 1  
IJ = IJ + 1  
JJ=JJ+J 
IF ( J . GE . I )  GOT O  5 0  
STEMP= -R ( I J )  
I K= IJ 
KJ=JJ 
KMAX= I- 1  
KMIN=J + 1  
I F ( KMA X . LT . KMI N )  GOTO 40 
D O  30 K=KMI N , KMAX 
I K= I K+ 1 
KJ= KJ + K- 1  

30
0 

STEMP=STEMP-R ( I K ) *S ( KJ )  4 S ( I J ) = STEMP 
GOT O  1 0  

50 CONTINUE 

C APPLY I DENT IF IABILITY CONSTRAINTS c 

c 

I l = O  
00 60 l = 1 , N PA R  
I l = I I+ I  
S ( I I ) �SCALE* R ( I I )  
I F ( R ( I I ) . LT . ZERO ) S( I I ) =ZERO 

60 CONT INUE 

C MULTI PLY MATRI CES TOGETHER T O  FORM EST OF VAR c 
I I =O 
I J =O 
00 80 I = 1 , NPAR 
I l = I I + I  
00 8 0  J=1 , I 
KK= I I  
IJ = IJ + 1  
KI = I J  
KJ = I I  
STEMP= S ( KK )  
IF ( I . NE . J ) STEMP =STEMP *S ( IJ )  
K= l 

70 K = K+ 1  



c 

I F ( K . GT . N PAR ) GOTO 80 
KK= KK+ K 
KI = KI + K- 1  
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KJ = KJ + K- 1  
STEMP=STEMP + S ( KI ) *S ( KJ ) *S ( KK )  
GOT O 7 0  

80 S (  IJ ) =STEMP 
RETURN 
END 

SUBROUTINE COMBINE( RPLUS , I R 1 , RMINUS , I R 2 , N , WOR KSP , I FAULT ) c 
C COMBINES THE CHOLESKI FACTORI SATION$ OF OBSERVATIONS WITH 
C POS IT IVE WEI GHTS ( RPLUS )  AND NEGAT IVE WEI GHTS ( RMIN US) 
C -- RETURN S  E RROR CODE IF X' WX I S  NOT POSITIVE DEFINITE --
C 

c 
R EAL RPLUS ( IR 1 ) , RMINUS ( IR2 ) , WOR KSP ( N )  
REAL ZERO , V , CTEM P , VNEW , C , S  
DATA Z ER0 / 0 . 0 / 

C CHECK FOR VALID  PARAMETE RS c 

c 

c 

IFAULT=1  
NNP1 = N * ( N + 1  ) / 2  
IF ( N . LT . 2 . 0R . IR 1 . LT . NN P 1 . 0R . IR2 . LT . NNP1 ) RETURN 
IFA ULT=O 
N PARAM=N- 1 

I I = O  
NM1 =N- 1 
D0 1 30 I = 1 , NM1 

C CHECK FOR Z ERO OR INFINITE WEI GHTS ON THE I ' TH ROWS c 

c 

I I = I I + I  
IF ( R MINUS ( I I ) . LT . ZERO ) GOTO 1 30 
I F ( RMIN U S ( I I ) . EQ . ZERO . OR . RPLUS( I I ) . LT . ZERO ) GOTO 20 
V= -RMI N U S (  I I )  
CTEMP= RPLUS( I I )  
VNEW=V+ CTEMP 
IF ( VNEW . GE . ZERO ) GOTO 20 

C ROTATE I ' TH ROWS OF RMINUS AND R PLUS c 

c 

C=V/VNEW 
S=CTEMP /VNEW 
V= -VNEW 
R P LUS ( I I ) =CTEMP * C  
I F ( I . EQ . N )  RETURN 
DO 60 J = 1  , I 

6 0  WOR KSP ( J ) =ZERO 
IJ = I I  
IPLUS= I + 1  
DO 5 0  J = I PLUS , N  
IJ=I J+J- 1 
WOR KSP ( J ) =RMINUS ( IJ ) -R P LUS ( IJ )  

50 RPLUS( I J ) =C* RPLUS( I J ) +S*RMINUS( I J )  

C THEN IN CORPOR ATE REMAINDER OF I ' TH ROW OF RMINUS INTO R MINUS c 

c 
CALL GI V EN 3 ( RMINUS , IR 2 , N , WOR KSP , V , IFAIL ) 

1 30 CONT INUE 
RETURN 

C X ' WX NOT POSIT IVE DEFINITE c 
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20 I FAULT"' 2 
RETURN 
�; D 
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SC3ROUT I NE COMBINEM ( S , I S , R , I R , N , DI MAX , ODMAX , WORKSP , IFAULT ) c 
C COMBINES THE CHOLES KI FACTORI SATIONS OF OBSERVAT IONS WITH 
C POSITIVE WEI GHTS ( S) AND NEGATIVE WEI GHTS ( R ) 
C -- MA KES GILL-MURRAY DEFIN ITENESS MODI F I CATION --
C 

c 

R �AL S ( IS ) , R ( IR ) , WORKSP ( N ) , ODMAX , D I MAX 
REA L ZERO , EP S , ELEM , BETA2 , SI I M , RIIM , CMAX , S I I NEW , E I , A , V  
D�TA Z ERO/ O . O / , ONE / 1 . 0/ , EPS/1 . 0E-8 / 

C CHECK FOR VALID PARAMETERS c 

c c c c 

c 

c c c 

c 

I F  A ULT=1  
NKP1 = N * ( N + 1 ) / 2  
I F ( N . LT . 2 . 0R . I S . LT . NNP1 . 0R . IR . LT . NN P 1 ) R ET URN 
I FAULT =O 
N F ARAM=N- 1 

APPLY CON STRAINTS TO R AND ELI MINATE CON STRAINED PARAMETERS 
FROM S AND R 

I l =O 
DO 1 40 I=1  , NPARAM 
I l = I l+I  
If ( R ( I I ) . EQ . ZERO ) GOTO 200 
I F ( ABS( S ( I I ) ) . GT . ZERO ) GOT O 1 40 
DC 1 60 J=1 , I 

1 6 0 WGR KSP ( J ) =ZERO 
Wu :=t KSP ( I ) =ONE 
IFLUS= I +1 
IJ = I I  OC 1 70 J = IPLUS , N  
I J = I J+J-1 

1 70 W0:=t KSP ( J ) =S ( IJ )  
C��L GI VEN3 ( R , IR , N , WOR KSP , ZERO , IFAIL ) 

I F ( I . EQ . 1 ) GOTO 1 40 
J I = I l  
J = I  

1 90 J I =J I - 1  
JK= JI 
I K= I l  
SJ I =S ( JI )  RJ I .. R ( J I ) 
S (  JI ) =ZERO 
R ( J I ) .. ZERO 
DO 1 80 K= IPLUS , N  
JK=JK+K- 1  
I K= IK+K- 1  
S ( JK ) =S ( JK )-SJI*S ( IK )  

1 80 R ( J K ) =R ( JK ) -RJ I*R ( IK ) 
J=J- 1 
IF ( J . GE . 2 ) GOTO 1 90 

1 40 CCUTINUE 

FIND MAXI MUM DIAG AND OFF -DI AG ELEMENTS 

OC MA X=Z ERO 
DI MAX=ZERO 
IJ = NNP1 -N 

C LOOP FOR I = N- 1 DOWN T O  1 c 
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IcNPARAM c 
C LOOP FOR J = I DOWN T O  1 c 

1 0  J : I  
JJ:IJ 

20  IF ( J . LE . O ) GOTO 50 
SJJM=ZERO 
I F ( S( JJ ) . GT . ZERO ) SJJM=ON E /S ( JJ )  
RJ JM=ZERO 
IF ( R ( JJ ) . GT . ZERO ) RJJM=ON E /R ( JJ )  
I F ( I . EQ . J )  ELEM=SJJM-RJJM 
I F ( I . NE . J ) ELEM= S( IJ ) *SJJM-R ( IJ ) *RJJM c 

C LOO P FOR K = 1 UP  TO ( J - 1 ) c 

c 

c 
c c c 

c 

I F ( J . EQ . 1 )  GOTO 4 0  
KK=O 
I K=I*  ( I- 1  ) / 2  
J MINUS=J- 1 
J K=J* JMINUS/2 
DO 30 K=1 , JMINUS 
KK=KK+K 
I K= I K + 1  
J K=JK+ 1 
S KKM=ZERO 
IF ( S( KK ) .GT .  ZERO ) SKKM =ON E / S (  KK ) 
R KKM=ZERO 
I F ( R ( KK ) . GT . ZERO ) R KKM=ON E /R ( KK )  

3 0  E LEM=ELEM+ S ( IK) *S( JK) *SKKM-R ( I K ) *R ( JK ) *RKKM 

40 

5 0  

CONT INUE 
I F ( I . EQ . J � 
I F (  I .  NE . J 

DIMAX=AMAX1 �D I MA X , ABS � ELEM � �  
ODMAX=AMAX 1 ODMAX , AB S  ELEM 

I J = IJ - 1  
J J=JJ-J 
J = J- 1 
GOTO 20 

I = I- 1  
IF ( I . GT .  0 )  GOTO 1 0  

COMB INE POSIT IVE DEFINIT E  AND NEGATIVE DEFINITE 

BETA2 =AMAX1 ( DI MAX , ODMAX/FLOAT ( NPARAM ) , EP S )  
I I =O 00 1 30 I=1 , N 

C ALTER ITH ROW OF CHOLESKI S ,  c 
I l = I l + I  
IF ( ABS( S( II ) ) . EQ . ZERO ) GOT O  1 30 
S I I M=ZER O 
IF ( S( I I ) . GT . ZERO ) SI IM= ON E /S ( I I )  
I F ( R ( I I ) . LT . ZERO ) GOTO 1 3 0 
RII  M=ONE /R ( I I )  
I F ( I . LT . N )  GOTO 6 0  
TEMP= SI I M-RI I M 
S ( I I ) =  -ONE 
IF ( TEMP . GT . ZERO ) S( I I ) =ON E /TEMP 
RETURN 

60 CONT INUE 
DO 70 J = 1 , I 

10 �ORKSP ( J ) =ZERO 
I J = I l  
CMAX=Z ERO 
IPLUS= I +1 
D) 80 J=I PLUS , N  
I J = IJ+J- 1 
�JR KSP ( J )  =S( IJ ) 

2 1  0 
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c 
c c c c 

c c c 

c 
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S ( I J ) cS( IJ ) *SI IM-R ( IJ ) *RIIM 
IF ( J . LT . N . AND . S ( IJ ) . GT . CMAX )  CMAX=S ( IJ )  

80 CONTINUE 
S IINEW=AMAX1 ( CMAX*CMAX/BETA2 , ABS( SIIM-RI I M ) , EPS)  
S ( I I )  =ONE/SI INEW 

IF GILL-MURRAY MODIFI CATION IS NEEDED UPDATE 
REST OF S 

E I =SIINEW-SIIM+RI IM  
A=SI I M/ ( SIIM+EI ) 
IJ = I I  00 9 0  J=IPLUS , N  
IJ= IJ+J-1  
R ( IJ ) =R ( IJ ) -A*WOR KSP ( J ) 

90 S ( I J ) =S( I J ) /SIINEW 
IF ( EI . LE . ZERO ) GOTO 1 00 
I FAULT= - 1  
IF ( EI *A . EQ . ZERO ) GOTO 1 00 
V=ONE/ ( EI*A) 
CALL GI VEN3 ( S , IS , N , WOR KSP , V , IFAIL ) 

THEN UPDATE REST OF R 

1 00 V=SI INEW/RIIMI ( SIIM+EI ) 
DO 1 1 0 J= 1 , I  

1 1  0 W:::lR KSP(  J )  =Z ERO 
IJ=I l DO 1 20 J= IPLUS , N  
I J= I J+J-1 

1 20 WORKSP ( J ) =R( IJ )  
CALL GIVEN3( R , IR , N , WOR KSP , V , IFAIL ) 

1 30 CONTINUE 

200 IFAULT=2 
RETURN 
END 

SUBROUTINE DIMULT( S , I S , NPARAM , WORKSP , IW )  c 
C INCREASES DI AGONAL OF HESS IAN BY TENTH c 

c 
REAL S ( IS) WORKSP ( IW )  
REAL ZER0 , 6NE , TEN , ELEM , V 
DATA ZER0/ 0 . 0/ , 0NE/ 1 . 0/ , TEN/ 1 0 . 0/ 

C CHECK FOR VALID PARAMETERS c 

c 

N =NPARAM+ 1 
I FAULT=1 
IF ( NPARAM . LT . 1 . 0R . I W . LT . N . OR . IS . LT . N* ( N+1 ) / 2 )  RETURN 
IFAULT=O 

C FIND DIAGONAL ELEMENT c 
I I =O D:::l 30 I=1 , NPARAM 
IJ=II  
I l = I l + I  
IF ( S( II ) . EQ . ZERO ) GOTO 30 
ELEM=ZERO 
IF ( S( II ) .GT . ZERO ) ELEM=ONE/S( I I )  
I F ( I . EQ . 1 )  GOTO 1 0  
JJ =O 
IMINUS= I-1  
DO  50  Jc1 , I MINUS 
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JJ=JJ+J 
IJ = I J + 1  
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IF ( S ( JJ ) . GT . Z ERO ) ELEM=ELEM+ S ( IJ ) *S ( IJ ) / S ( JJ )  
5 0  CONT INUE c 

C AND ADD A TENTH OF ITS VALUE TO IT c 

c 

1 0  DO 20 J=1  , N  
20  WORKSP( J ) =ZERO 

WOR KSP ( I ) =ONE 
V=TEN /ELEM 
CALL GI VEN 3 ( S , IS , N , WORKSP , V , IFA IL ) 

30 CONTINUE 
RETURN 
EN D 

SUBROUT I NE STEP( R , I R , N PARAM , FO , BETAO , STEPO , F 1 , BETA1 , ST E P 1 , 
* PACC , DBETA , IFAULT ) 

C PERF OR MS BARD ' S STEP SIZE ALGOR ITHM . AN EXTERNAL FUN CTION 
C ALLI KE IS ASSUMED TO BE PROVI DED BY THE USER TO EVALUATE 
C THE LOG-LI KELIHOOD c 

c 

R EAL R ( IR ) , BETAO ( NPARAM ) , BETA1 ( N PARAM ) , DBETA ( NPARAM ) 
LO GI CAL STEPONE 
DATA ON E / 1 . 0 / , ZER0/ 0 . 0 / , HALF /0 . 5 / , TW0/ 2 . 0/ , QUART /0 . 25 /  
DATA SMAX/1 . 0 E3/ , EPS/ 1 . 0E- 1 3 / 

C CHECK F OR VALID PARAMETERS c 

c 

IFAULT = 1  
NPPLUS=NPARAM+1  
NRUSED=N PPLUS* ( NPPLUS+ 1 ) / 2  
IF ( NPARAM . LE . O . OR . IR . LT . NRUSED . OR . PACC . LT . ZERO . OR . PACC .GT . ONE ) 

* RETURN 
IFAULT =O 

C EVALUATE INITIAL STEP c 

c 

CALL BSUB ( R , IR , NPPLUS , DBETA , NPARAM , IFAIL ) 
GO =ZERO 
NN =NPARAM*NPPLUS /2 
STEPON E = . FALS E .  
I I =O DO 30 I = 1 , N PARAM 
I I = I I+I  
IF ( R ( I I ) . EQ . ZERO . AND . R ( NN + I ) . NE . ZERO ) STEPONE= . TRUE . 

30 I F �R ( I I ) . GT . ZERO ) GO=GO+R ( NN + I ) *R ( NN+ I ) /R ( I I )  
I F  STE P ONE . AND . STEPO . NE . ON E )  GOTO 50 
I F  GO . EQ . ZER O ) GOTO 20 
SMI N=EPS*ABS ( FO/GO) 
STEP1 =STEPO 
F1 =EVAL ( BETAO , DBETA , STEP 1 , BETA1 , NPARAM ) 
DENOM=( STEP1 * GO+FO-F 1 ) 
SNEXT=TWO*STEP1  
IF ( DENOM . NE . ZERO ) SNE XT=HALF* GO*STE P 1 *STEP 1 /DENOM 

C I F  L I KELIHOOD I N CR EASES , TRY INTERPOLATI ON OR E XTRAPOLATION c 
I F ( F1 . LE . FO ) GOTO 40 
I F ( STEPONE ) RETURN 
IF ( SNEXT . LE . ZERO ) SNEXT=TWO*STE P 1  
SNEXT=AMI N 1 ( SNEXT , SMAX ) 
IF ( ( ONE-PACC ) *STEP1  . LE . SNE XT . AND . ( ON E-PACC ) *SNEXT . LE . STEP 1 ) 

* RETURN 
F2 =EVAL ( BETAO , DBETA , SNEXT , DBETA , NPARAM ) 
I F ( F 2 . LE . F 1 ) RETURN 

2 1 2 



c 

S T EP1 =SNEXT 
F 1 =F2 DO 1 0  I = 1 , NPARAM 

1 0  BSTA 1 ( I ) =DBETA ( I )  
RSTURN 
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C OTHERWI SE , INTERPOLATE UNT IL L I KELIHOOD I N CR E ASES c 

c 

40 I? ( STEPONE ) GOTO 50 
STEP1 =AMAX 1 ( QUART*STEP 1 , SNEXT ) 
I � ( STE P 1 . LE . SMI N )  GOTO 2 0  
F 1 = EVA L ( BETAO , DBET A , STEP 1 , BETA 1 , NPARAM ) 
IF ( F 1 . GT . FO )  RETURN 
S!\E XT=HALF* GO*STEP1  *STE P 1  I ( STEP1 *GO + FO-F 1 ) 
GJTO 4 0  

C I F  NO B I GGER LI KELIHOOD CAN BE FOUND , ERROR 
20 I FAULT =2 

R'E.:TURN c 
C UNIT STEP S I Z E  NEEDED , ERROR c 

c c c 

50 E A ULT=3 
RST URN 
E?;D 

R �AL FUN CT I ON EVAL ( BETAO , DBETA , STEP , BETA 1 , N PARAM ) c 
C EVALUATES LOG-LI KELIHOOD FOR GI VEN STE P SI Z E  c 

c 

R �AL BETAO ( NPARAM ) , DBETA ( NPARAM ) , BETA 1 ( N PARAM ) 
D J  1 0  I = 1 , NPARAM 

1 0  E�TA 1 ( I ) =BETAO ( I ) +STEP *DBETA ( I ) 
EVAL=ALLI KE( BETA 1 , NPARAM ) 
RETURN 
E?m 

S UBROUT I NE NUISNC ( R , I R , N PARAM , DBDC , I DBDC ,DC ,DCDC , DI MAX , ODMAX , 
* WOR KSP , I FAULT ) 

2 1 3 

C I N COR PORATES DERI VAT I VES WITH RESPECT TO AN AUXI L IARY PARAMETE R  
C I NTO A CHOLESKI FACTOR I SATI ON WHI CH H OLDS THE HESSI AN AND 
C GRADI ENT FOR OTHER PARAMETERS -- MAKES GILL-MURRAY DEFINITENES s 
C MODIF I CATI ON TO GET A NEGATI VE DEFIN ITE HESS IAN c 

c 

REAL R ( IR ) , DBDC ( IDBDC ) ,WOR KSP ( NPARAM ) , DC , DCDC , DI MAX , ODMAX 
REAL ZERO , EPS, ONE, BETA2 , W , A , TEMP , B  
D�TA Z ERO/ O . O/ , EP S / 1 . 0E-7 / , 0NE / 1 . 0 / 

C CHECK FOR VALID PARAMETERS c 

c 

N ? P LUS=NPARAM+ 1 
N?LESS=NPARAM- 1 
L O = NPARAM* N PPLUS /2 
I FA ULT=1 
IF ( NPARAM . LE . 1 . 0R . LO +NPPLUS . GT . IR . OR . IDBDC . LT . NPLES S )  R ETURN 
I ?A ULT=O 

C CO PY DERI VAT I V ES  INTO R AFTER ELEMENTS OF KDK '  AND UPDATE 
C DI MAX AND ODMAX c 

L :i = LO 
DJ 1 0  I = 1  , NPLESS 
L l =L I +1 



c 

APP ENDI X B 

ODMAX=AMAX 1 ( 0DMAX , AB S ( DBDC ( I ) ) )  
1 0  R ( LI ) =  -DBDC ( I )  

R ( L I + 1 ) =  DC 
DI MA X= AMAX1 ( DI MAX , ABS( DCDC ) )  
BSTA2=AMAX 1 ( DI MAX , ODMAX/NPARAM , EP S )  

C R EP LA CE EACH DERI VATIVE BY THE APP RO PRI ATE ELEMENT FROM THE 
C REPRESENTAT I ON OF MFM '  c 

c 

L I = LO 
I J =O 
DO 50 I = 1 , NPARAM 
L I =L I  +1 
IF ( I . EQ . 1 ) GOTO 30 
H 'JNUS= I - 1  
LJ =LO DO 2 0  J=1 , I MINUS 
LJ=L J + 1  
I J  = IJ + 1  

2 0  R ( LI ) =R ( LI ) -R ( IJ ) *R( LJ )  
30 I J = I J + 1  

C A DD TO DI AGONAL OF HESSIAN T O  MAKE IT POSIT IVE DEFIN ITE , 
C IF NESSECARY c 

I F ( I . EQ . NPARAM . OR . ABS ( R ( IJ ) ) . LE . Z ERO ) GOTO 50 
R I I M=ZERO 
I F ( R ( IJ ) . GT . ZERO ) RI I M=ONE /R ( IJ )  
W=AMAX 1 ( R ( L l ) *R ( L I ) /BETA 2 ,  RI I M ,  EP S )  - RIIM 
I F ( W . LE . ZERO ) GOTO 50 
V=ONE/W 
I F A ULT= - 1  
D O  4 0  J = 1 , NPARAM 

40 WOR KSP ( J) =Z ERO 
WOR KS P ( I ) =ONE 
CALL GI VEN 3 ( R , IR , NPARAM ,WOR KS P , V , IFAULT ) 

50 CONTINUE c 
C I NT ERCHANGE LAST TWO ROWS AND COLS OF MFM' c 

c 

c 

A =  -DCDC 
L I = LO 
KI = LO-N P ARAM 
I I =O DO 60 I = 1 , NPLESS 
L I =L I  +1 
KI = KI + 1  
I I= I I+ I  
T EMP=R ( LI )  
R ( L I ) =R ( KI )  
R ( KI ) =TEMP * R (  I I ) 

60 A=A-R ( KI ) *TEMP 

KI =KI + 1  
B = ONE/R ( KI )  
I F ( A . LT . EP S )  IFAULT= - 1  
R ( KI ) = ONE / AMAX 1 ( ABS( A) , EP S )  
L I = LI + 1  
TEMP=R ( L I )  
R ( LI ) =TEMP * R ( KI )  
TEMP=B-TEMP*R ( L I )  
R ( LI + 1  ) =  -QNE 
I F ( TEMP . GT . ZERO ) R ( LI + 1 ) =0NE /TEMP 

R ETURN 
EN D 

2 1  4 



REFERENCES 21 5 

REFEREN CES 

A IT KEN,  A . C .  ( 1 93 5 )  "On L e as t  Squar es and L i ne ar C om binat i on of 

O bs er vat i ons" , Proce e d i ngs of the R oyal S oc i et y  of E di nbur gh , 62 , 

1 3 8- 1 4 6 .  

AIT KIN , M .  an d CLAYT ON , D .  ( 1 980 ) ,  " T he F i t t i ng o f  Exponent i al ,  

W ei b ull an d Ext r em e  V al ue D i st r i but i o ns t o  C om pl e x  C e ns or red 

S ur v i val D at a  U si ng GL I M'' , Appl i ed S tat i sti cs , 29 , 1 56- 1 63 .  

ANDERS OO , J , A ,  and PHI L I P S ,  P . R .  ( 1 98 1 ) ,  " R egr ess i on ,  D is cr im i nat i on 

an d  Meas ur ement Model s f or Or der e d  C at e go ri c al Vari abl es" , Appl i e d  

S t ati s ti cs , 3 0 ,  2 2 - 3 1 . 

ANDERSON , N ,  and KARASAL O ,  I .  ( 1 97 5 ) ,  " O n  C om puti ng Bounds f or t he 

S i ngul ar V al ues of a T ri ang ul ar Mat ri x" , B I T ,  1 5 , 1 - 4 .  

ANDREWS , D . F .  ( 1 9 7 4 ) , " A  R o bus t  M et ho d  f or M ul t i pl e  L i ne ar 

R egr es s i on" , Technom etr i  cs , 1 6 , 523-53 1 . 

ANDR EWS , D . F . , BI CKEL , P . J . , HAMPEL , F . R . , HUBER , P . J . , RO GERS , W . H .  

AND TU KEY , J .W .  ( 1 9 7 2 ) , R obus t  Esti mat es of Locat i o n :  S urvey and 

A dv ances , P ri n ceto n :  P r i n ceton U ni versi t y  Pr ess . 

ANDR EWS , D . F . and MALLOWS , C . L .  ( 1 97 4 ) , " Scal e M i xtur es of N orm al 

D i st ri buti ons" , J o urn al of the R o yal S t ati sti c al So ci ety , B ,  3 6 ,  

9 9- 1 0 2 .  

BAKER , R . J . and NELDER , J . A . ( 1 97 8 ) , G ener al l i near i nt er act i ve 

m o d ell i ng ( GLIM ) , R el e as e  3 ,  O xfor d :  N umeri cal A l gori t hm s  Gr oup . 

BARD , Y .  ( 1 97 4 ) , N onl i near P ar amet er E st i m at i on ,  N ew Y or k :  A ca demi c 

P r ess . 

BARHAM , R . H . and DRANE , W .  ( 1 97 2 ) , " A n  A l gor i thm f or L east Squar es 

E s t imation of N onl i ne ar Par am et ers W hen S an e  of t he Par am et ers ar e 

L i near" , Technom et r i  cs , 1 4 , 7 5 7-7 65 . 

B EALL , G .  ( 1 94 2 ) , " T he T ransf orm at i on of D at a  f rom E nt omol ogi cal F i el d  

Ex periments s o  that t he A n al ys i s  of V ari an ce Be com es Appl i cabl e" " , 

B i om etr i ka ,  32 , 2 4 3 - 2 6 2 . 



REFE RENCES 21 6 

BERNAR DO , J .M .  ( 1 97 6 ) , " A l gori t hm AS1 0 3 : P si (D i gamma ) F un ct i o n" , 

App l i ed Stat i st i cs ,  2 5 , 3 1 5-31 7 .  

B I SHOP , Y .M .M . ,  FI ENBERG , S . E .  an d HOLLAND , P . W . ( 1 97 5 ) , D is cr et e 

M ul t i vari at e A n al ys i s ,  C am bri d ge ,  M as s :  The M I T  Pr es s . 

BJOR C K , A .  ( 1 96 7 ) , " S ol vi ng L eas t Squar es P robl an s  by Gram-Schmi dt 

O r t ho gonal i s at i o n" , B I T ,  7 ,  1 - 2 1  • 

BOX , G . E . P . an d CO X ,  D . R .  ( 1 96 4 ) , " A n  A nal ysi s of T ransf orm at i ons " , 

J o urnal of the R o yal S t at i s ti cal Soci ety B, 2 6 ,  2 1 1 - 2 5 2 .  

BO YLE S ,  R .  A .  ( 1 9 8 3 ) , " O n  t h e  C onver gen ce of the EM Al gori thm" , J o urnal 

of the Ro yal S t ati s ti cal Soci ety , B, 4 5 ,  4 7 - 5 0 .  

CAUCHY , A .  ( 1 84 7 )  , " M ethode G en er al e  pour l a  R es ol ut i on d es Sys t em s  

d ' E quat i ons S im ul t an es" , C an pt es R endu de l ' A cademi e des Sc i en ce 

de Pari s ,  2 5 , 536-53 8 .  

CHAMBERS , J .  M .  ( 1 97 3 )  , " F i tti ng N onl i near Model s :  N um er i cal 

T e chni ques" , Bi om et ri ka ,  6 0 ,  1 - 1 3 .  

-------- ( 1 977 ) , C an put at i onal M et ho ds f or D at a  A nal ys i s ,  N ew Y or k : 

J o hn W il ey .  

CHAT F I ELD , C .  ( 1 96 9 ) , " D i s cr et e  D istri buti ons on M ar ket R es ear ch" , i n  

R an dom C o unt s i n  S c i entif i c  Wor k , vol . 3 , ed . G . P . Pat i l , 

1 63- 1 8 1 . 

CHATFI ELD , C .  AND GOODH ARDT , G . J .  ( 1 97 0 ) ,  " T he Bet a- bi nomi al M ode l 

f or C ons umer P ur chas i ng Behavio ur" , Appl i e d  Stati s ti cs ,  1 9 ,  

2 4 0- 2 5 0 .  

CLAR KE , M . R . B . ( 1 97 1 ) ,  " Al gor i thm AS41 : U pd at i ng t he S am pl e  M ean and 

D i s pers i o n  Mari x" , Appl i e d  S t at i s ti cs , 2 0 , 206-20 9 .  

------- ( 1 9 8 1 ) , "Al gori t hm AS1 63 : A Gi vens Al gori t hm f o r  Movi n g  fr om 

O ne L i near M odel t o  A nother W i t ho ut G oi ng Back t o  the D at a" , 

Appl i e d  St ati s ti cs , 3 0 , 1 98- 2 0 3 . 

CLA YT ON , D . G .  ( 1 98 3 ) , " F i tti ng a G ener al F ami l y  of F ail ur e- ti m e  

D i st ri buti ons usi n g  GLI M" , Appl i e d  Stati s ti cs ,  3 2 ,  1 02- 1 0 9 . 

COX , C . ( 1 9 8 4 ) , " G ener al i ze d  l i n e ar mo del s - t he mi s s i n g  l i nk" , Appl i e d  

St ati s t i cs ,  3 3 ,  1 8- 2 4 .  

CO X ,  D . R .  ( 1 97 2 ) , " R egr es s i on M odel s  and L if e T abl es " , J ournal of the 

R o yal St ati sti c al S o c i ety , B ,  3 4 ,  1 87-2 2 0 .  

CROWDER , M . J .  ( 1 97 8 ) , " Be t a- bi nomi al A nova f or P ro por t i ons " , App l i ed 

S t a t i s t i cs ,  2 7 ,  3 4- 3 7 .  



REFEREN CES 21 7 

CUNN IN GHAM , E .  P .  and HEN DERSON , C .  R .  ( 1 96 8 ) , " A n  I t er ati ve Pro ced ur e  

f or E s t i m at i ng F i xed Eff e ct s  and Var i an ce C an ponents i n  M i xed 

�odel S i t uat i o ns" , B i an et ri cs , 2 4 , 1 3-2 5 .  

DANIEL , C .  and WOOD , F . S .  ( 1 97 1 ) ,  F i t t i ng Equat i ons t o  D at a ,  N ew 

Y or k :  J ohn W il ey .  

DAN I E L , J . W . ,  GRA GG , W . B . , KAUFMAN , L .  AND STEWART , G .W .  ( 1 97 6 )  ' 

"R eor t ho gonal i s at i on an d Stabl e  Al go ri t hm s  f or U pdati ng t he 

Gram-Schm i dt QR F actor i s at i on" , Mat hem at i cs of C an put at i on ,  30 , 

7 7 2- 2 9 5 .  

DAV IDO�\ , W .C .  ( 1 95 9 ) , " V ar i abl e M etri c Met ho d  f or M i nimi sat i on" , 

A .  E .C . R es e ar ch an d D e vel o pm e nt R e port , ANL -5 99 0 ,  C hi ca go: Ar gonne 

N at i onal L a bor at or y .  

DEMPST� R ,  A . P . , LAIRD , N . M . and RUBIN , D .  B. ( 1 97 7 ) ' "Maximum 

L i k el i ho o d  fr om I n canpl et e D at a  Via the EM Al go ri t hm" , Journo al of 

t he R o yal St ati s ti cal Soci ety , B ,  39 , 1 -3 8 .  

-------- ( 1 98 0 ) , " I ter at i vel y R ewi eght ed L eas t Squar es f or L i near 

R e gr es si o n  When Errors ar e  N orm al / I n de pendent D i st ri but e d" , 

�ul ti var i at e A nal ys i s ,  5 ,  35-57 . 

DEMP STE R , A . P . , SELWY N , M . R . , PATEL , C .M .  an d ROTH , A . J .  ( 1 98 4 ) ' 

" S t at i s ti cal an d C anp ut at i onal As pe cts of M i xe d  Model Anal ysi s" , 

Appl i ed S tat i s t i cs ,  3 3 ,  203-41 2 .  

DENN I S , J . E . , GAY , D . M . a n d  WELSCH , R . E . ( 1 98 1 ) ,  " A n  A dapt i ve 

N o nl i ne ar L e as t  S qu ar e s  Al gori thm" , ACM T r ansa cti ons on 

Mathemati c al S oftw ar e ,  7 ,  3 48-368.  

EFFRON , B.  and HINKLE Y , D . V . ( 1 97 8 ) , " A ss ess i ng t he A ccur acy of the 

Maximum L i k el i ho o d  E s t i m at or :  O bs er ved Vers us Expe cted F i s her 

I nf orm at i on" , B i an et r i ka , 65 , 457-487 . 

EZ EKI EL ,  M .  an d FOX , K . A .  ( 1 95 9 ) , M et ho ds of C orrel at i on and 

R e gr es s i o n  A n al ys i s ,  N ew Y or k :  John W il ey .  

F I ENBE?. G ,  S . E .  ( 1 980 ) , T he A nal ysi s  of C ross- cl as s i f i ed C at egor i cal 

D at a , C am bri d ge , M as s :  T he MIT Press . 

FINN E Y , D . J .  ( 1 94 4 ) , " T he Appl i cat i on of the P ro bi t M et ho d  t o  T oxi c i t y  

T es t  D at a  A dj us t e d  f or M ort al i t y  i n  t h e  C o nt r ol s" , Annals of 

A?pl i ed B i ol ogy , 3 1 , 6 8-7 4 .  

-------- ( 1 94 7 ) , Pro bi t A nal ys i s ,  C ambri dge : Cam bri dge U ni ver s i t y  

P r es s .  



REFEREN C ES 21 8 

F INNEY , D . J .  and PHILL I P S ,  P .  ( 1 9 7 7 ) , " T he F o nn  an d Es timation of a 

V ar- i ance F un ct i on ,  wi th Par t i cul ar R ef er ence to R adi oimm 1.11oass ay" , 

Ap pl i e d  S t at i s ti cs ,  2 6 ,  31 2-32 0 .  

GENTLE�Jl.N , W .M . ( 1 97 3 ) , " L east Squar es C an put at i ons by G i  vens 

T r ansf orm at i o ns W i thout Squar e R oots" , J o urnal of the I ns ti t ute of 

M c:.t h em at i  cs an d i ts Appl i cati o ns , 1 2 ,  329-3 3 6 .  

GILL , F . E .  and MURRAY , W .  ( 1 9 7 4 ) , "N ewt o n- t y pe M etho ds f or 

U r:cons t r ai ned an d L i near l y  C ons t r ai ned O ptimi zat i on" , M at hem at i cal 

P r o gr amm i ng , 7 ,  3 1 1 -3 5 0 .  

GLASE R ,  R . E .  ( 1 98 4 ) , " E st i m at i on f or a W ei bul l A cce l er at ed L i f e 

T es t i n g  Model" , N a v al R es e ar ch L o gi s ti cs Q uart erl y ,  3 1 , 5 5 9 -5 7 0 . 

GOLDFEL D , S .M . , QUANDT , R . E .  an d TROTTER , H . F .  ( 1 9 6 6 ) , " Maximai ati on 

by Q ua dr at i c H ill C l imbi ng" , E conom et r i ca , 3 4 ,  5 4 1 - 55 1 . 

GOLUB , G . H .  ( 1 96 5 ) , " N um er i ca l  M et ho ds f or S ol vi ng L i near L eas t 

Squar e s  P r o bl em s" ,  N umeri s che Mathemat i k , 7 ,  206- 2 1 6 .  

GOL U B , G .  H .  and PEREYRA,  V .  ( 1 9 7 3 ) , "The D i f f erent i at i on of 

P s eudo- i nver s es an d N onl i near L eas t S quar es Probl ems whos e 

V ari abl es S e par at e" , S IAM J o ur n al of N umeri cal Anal ysi s ,  1 0 , 

41 3 - 4 3 2 .  

GOLUB , G . H .  a n d  REIN SCH , C ,  ( 1 97 0 ) ,  " S i ngul ar V al ue D ecom pos i t i ons and 

L e as t  Squar es Sol uti ons" , N umeri s che M athematik , 1 5 ,  403-42 0 . 

GOL U B , G .  and VAN LOAN , C . F . ( 1 9 8 3) , Mat ri x  C an put at i o ns ,  Bal timor e :  

J o hn H op k i ns U ni versi ty P r es s . 

GREEN , P . J .  ( 1 98 4 ) , " I ter at i ve l y  r ewei ght ed l eas t s quar es f or m axim um 

l i kel i ho o d  es timat i on ,  and s ome r obust an d r esi s t ant 

al ter nat i ves" , Jour nal of the R oyal S t at i sti cal S oci et y ,  B, 46 , 

1 49 - 1 92 .  

GR EENSTADT , J .  ( 1 96 7 ) , " O n  t he R el at i ve E ff i ci en ci es of Gradi ent 

M e t ho ds" , Mathemati cs of C omput ation,  2 1 ,  3 60-3 6 7 .  

GREENWOJ D , M .  an d YULE , G .U .  ( �  92 0) , " A n  I n quir y  i nt o  the N at ur e  of 

F re quen c y  D istri but i ons R epr es ent at i ve of Mul ti pl e  H appeni ngs wi th 

Pc:' t i c ul ar R ef er en ce to t he O c c ur r en ce of M ul ti pl e  Attacks of 

D i s eas e of or R epeat ed A cci dents" , J ournal of the R oyal 

St ati s t i cal S o ci ety , 8 3 ,  2 5 5-27 9 .  

GRI FFITn S ,  D .  A .  ( 1 97 3 ) , " Maximum L i ke l i hood E s t i m at i on f or t he 

Bet a- bi nomi al D i st ri b ut i on and an Appl i cat i o n  t o  the H ouse hol d 



REFE REN CES 2 1  9 

D i s tr i but i on of t he T ot al N um ber of C as es of a D i s eas e" , 

B i an et ri cs , 2 9 ,  637-64 8 .  

GUTT MAK , I . , PEREYRA , V .  and SCOLN I K , H . D . ( 1 97 3 ) , " L east Squar es 

Es tim at i o n f or a Cl ass of N o nl i ne a r  Model s" , Technanet ri cs ,  1 5 , 

2C 9- 2 1 8 .  

HAMMARL IN G ,  S .  ( 1 97 4 ) , " A  Not e  on M odif i cat i ons t o  the G i vens P l ane 

R ot at i o n" , J o ur n al of t he I ns ti t ut e  of Mathem ati cs and i ts 

Appl i c at i o ns ,  1 3 , 21 5- 21 8 .  

HARVEY , A . C . ( 1 97 6 ) , " E stimat i ng R egr es s i on M ode ls wi th M ul ti pl i cat i ve 

H e� er os ce d as ti ci t y" , E conanet ri ea , 4 4 ,  4 6 1 -4 6 5 .  

HARV ILLE , D . A . ( 1 97 3) , "F i tt i ng P ar ti al l y  L i ne ar Models b y  W ei ght e d  

L east Squar es " , Technom etr i  cs , 1 5 ,  50 9-5 1 5 .  

-------- ( 1 97 7 ) , "Maximll!l L i kel i oo o d  Appr oaches to Var i an ce C an ponent 

E s t im a t i on and to R el ated Probl em s" , J o urnal of the Ameri can 

S t a t i s ti cal Associ ati on , 7 2 ,  320-33 8 .  

HESTENES , M . R .  an d STI EFEL , E .  ( 1 95 2 ) , "Met hods of C onj ugat e 

Gra di e nt s  f or S ol ving L i ne ar Syst em s" , J o urnal of R esear ch of the 

N at i on al Bur eau of Standar ds , 4 9 ,  4 0 9 - 4 3 6 .  

HIL DR ETH , C .  a n d  HOUCK , J . P .  ( 1 96 8 ) , " San e  E sti mators f or a L i ne ar 

Mo d el wi t h  R andom C o eff i ci ents" , J o urnal of the Ameri c an 

St ati s ti c al Associ ati on , 7 2 ,  320-33 8 .  

HUBER , P . J .  ( 1 96 4 ) , "R obust E st i mat i on o f  a L ocat i on Par am et er " , 

Ann als of M at hanati cal St at i s ti cs ,  3 5 ,  7 3- 1  0 1 . 

ISHI I ,  G .  an d HAYAKAWA , R .  ( 1 9 6 0 ) , " O n  the C an  pound B i nomi al 

D i s tr i buti on" , Annal s of the I ns t i t ut e  of S tat i st i cal M at hem at i cs ,  

1 1 ,  6 9 - 8 0 .  

JENNRI CH , R . I .  a n d  MOORE , R . H . ( 1 97 5 ) , " M aximum 

by me ans of nonl i near l e as t  s quar es" , 

S t at i s ti c al C omputing Se c t i on of the 

Asso c i ati on , 57-65.  

l i kel i ho o d  estimat i on 

Pro ce e di n gs of t he 

Ameri can St at i s ti cal 

JOHN S Ot-l , N . L . and KOTZ , S. ( 1 96 9 ) , D i stri bu t i ons i n  S t at i sti cs :  

D i s cr r et e  D i stri buti o ns ,  N ew Y or k :  John W il ey .  

JOR GENSEN , B . ( 1 98 3 ) , "Maximum l i ke l i hood estimat i on an d l ar ge- sampl e 

i re' er ence f or gener al i ze d  l i ne ar an d non-l i ne ar r e gr essi on 

mode l s" , B i om etri ka , 70 , 1 9-2 8 .  

KALBFL E I SCH , J . D .  and PRENT I CE , R . L .  ( 1 98 0 ) , The Stat i st i cal A nal ysi s  



REFERENCES 

of F ai l ur e  Time D at a ,  N ew Y or k :  J ohn W il ey .  

KARAS AL O ,  I .  ( 1 97 4 ) , " A  Cri t er i on f or T runcat i on 

220 

of the QR 

D e c om posi t i on Al gori thm f o r  the S i ngul ar L e as t  Squar es Probl em" , 

B I T , 1 4 , 1 56- 1 6 6 .  

KAUFM.t...\ ,  L .  ( 1 97 5 ) , " A  V ar i abl e P roj ect i on Metho d  f or S ol v i ng 

S e  par a bl e Nonl i near L e as t  S quar es Probl ems" , BIT , 1 5 ,  4 9 -5 7 . 

KENNEDY , W . J . , and GENTLE, J . E .  ( 1 9 80 ) , Stati s t i c al C anputi ng , N ew 

Y or k :  M ar cel De kker . 

KIL PAT r.I CK , S . J .  ( 1 97 7 ) , " A n  E mpi ri cal S tud y of the D is tri buti on of 

Epi s o d es of I l l ness R e cor de d in t he 1 9 70-71 N at i on al Mor bi di t y  

Sur ve y" , Appl i ed Stat i st i cs ,  2 6 , 26-33 . 

KOO PMAK S ,  T . C . and HOOD W .C .  ( 1 95 3 ) , " T he Estimat i on of S imul taneous 

L i ne ar E conomi c R el at i o ns hi ps" , i n  Studi es i n  E conanet ri c Met hod , 

e ds .  W . C .  H ood an d T . C .  Koopmans , N ew Y or k :  John W i l ey ,  

1 1 2- 1 99 .  

LAWT ON , W . H .  an d SYLVESTRE , E . A . ( 1 97 1 ) ,  " El im i nat i on of L i near 

Param et er s  i n  Nonl i n e ar R e gr es s i o n" , Te chnanet ri cs , 1 3 ,  4 6 1 -4 6 7 .  

LEME I R E ,  F .  ( 1 97 5 ) , "Boun ds f or C on di t i o n  N umbers of T ri angul ar an d 

T rape zoi d M at ri ces" , BIT , 1 5 , 58-6 4 . 

LOUI S ,  T . A . ( 1 98 2 ) , " F i ndi ng t he O bs er ve d  I nform at i on M atri x W hen 

U s i ng the EM Al gori t hm" , J o ur n al of t he R o yal St ati s t i c al Soci et y , 

B ,  4 4 ,  226- 2 3 3 .  

MANL Y , B . F . J .  ( 1 97 6 ) , " Exponent i al D at a  T ransf orm at i ons" , The 

S t a t i s t i ci an ,  2 5 ,  3 7 - 4 2 .  

MANL Y , B . F . J .  and CROSB I E , E . D .  ( 1 97 7 ) , " Exampl es of the U se o f  

GI ... I M" ,  N ew Ze al an d S t at i s ti c i an ,  1 2 , 26- 4 2 .  

MANTE L ,  N .  and MYER S ,  M .  ( 1 9 7 1 ) , "Probl ems of Conver gen ce of Maxim um 

L i kel i hoo d  I ter at i ve P ro ce d ur es i n  Mul ti par am et er S i tuat i ons " , 

J o urnal of the Ameri can St ati s t i c al Asso ci ati on , 6 6 ,  4 84-4 9 1 . 

MANTON , K . G .  an d WOODBUR Y , M . A . ( 1 9 8 1 ) , "A v ari ance c an ponents approa ch 

to cat egor i cal dat a m o de l s  w i th het erogeneous ce ll popul at i ons : 

�. al ysi s of s pa ci al gr a di ents i n  l ung can c er mort al i t y  r at es i n  

N or t h  C ar ol ina count i es " , B i om et r i cs , 37 , 259-2 6 9 .  

MAR QUAF.DT , D . W .  ( 1 96 3 ) , " A n A l gor i thm f or L east Squares Estimat i on of 

N o nl i ne ar Par am et ers" , J o ur n al of the Soci et y  f o r  I nd us t ri al and 

A p pl i e d  M athemati cs , 1 1 , 4 3 1 - 4 4 1 . 



MART I N ,  J . T .  ( 1 9 4 0 ) . 

R ot enone- cont ai ni ng 

REFERENCES 

" T he probl an 
Pl ant s . V. 

of 

The 

the · E v al uati on 

R el at i ve T oxi ci ti es 

2 2 1  

of 

of 

D if f er ent Spe ci es of D erri s" , Ann al s  of Appl i ed B i ol ogy , 2 7 ,  

2 7 4- 29 4 .  

MCCULLAGH , P .  ( 1 98 0 ) , " R egress i on M odels f or O r d i nal D at a" , Jour nal of 

the R o yal St at i s ti c al Soci ety , B, 4 2 ,  1 09-1 4 2 .  

MOOR E ,  R .  J .  ( 1 98 2 ) , " A l gor i thm AS1 87 : D er i vat i ves of t he I ncom pl et e 

G amm a  I nt e gr al" , Appl i e d  St ati s ti cs ,  3 1 , 330-3 3 5 .  

NATI ONAL ALGO R ITHMS GROU P  ( 1 9 8 3 ) , NAG F ortr an L i br ar y  Man ual , M ar k  1 0 , 

V ol . 3 ,  O xf or d :  N un eri cal A l gori t hm s  Group . 

NELDER , J . A .  ( 1 96 8 ) , " Wei ghted R egres s i on ,  Q uant al R es pons e D at a  and 

I nverse P ol ynomi al s" , Bi anetri cs , 2 4 , 979-9 8 5 .  

-------- ( 1 9 7 4) , "Log L i near Models f or Cont i ngenc y Tabl es : A 

Gener al i sat i on of C l assi cal L eas t S quar es " , Appl i ed S tat i st i cs ,  

2 3 .  323-32 9 .  

NELDER , J . A . and MEAD , R .  ( 1 96 5 ) , " A  S impl ex M et ho d  f or F un cti on 

M i nimi s at i o n" , C omp ut er J o urnal , 7 ,  308-31 3 .  

NELDE R ,  J . A .  and WEDDERBURN , R .W .M .  ( 1 9 7 2) , "G ener al i ze d  L i near 

Mode l s" , Journal of the R oyal S tat i st i cal S oci et y A ,  1 35 ,  370-384 . 

P ATTERSON , H . D .  

I nf o rm at i on 

5 4 5-55 4 .  

and THOMP SON , R .  ( 1 97 1 ) • 
when Bl ock S i zes ar e 

"R ecove r y  

Une qual" , 

of I nt er- bl ock 

Bi an et ri ka ,  5 8 ,  

PLACKETT , R . L .  ( 1 97 2 ) , " T he D i s co ver y of the Met ho d  of L eas t Squar es " , 

B i amet r i ka ,  5 9 ,  239-251 . 

PREGI B ON , D .  ( 1 980 ) , " Goodness of L i nk T ests f or G ener al i sed L i near 

Mod el s" , Appl i e d  S t ati s t i cs ,  2 9 ,  1 5- 2 4 .  

RAA B ,  G .M .  ( 1 98 1 ) ,  " E sti m at i on o f  a V ar i ance F un ct i on ,  wi th 

A p pl i cat i on to Imm uno as sa y" , Appl i e d  St ati s ti cs ,  3 0 ,  32-4 0 .  

RI CHAR D S ,  F .  S . G .  ( 1 9 6 1 ) ,  " A  Metho d  of Maximurn-L i kel i hoo d Estimati on" , 

J ournal of the R oyal S t at i st i cal S oci et y  B, 21 , 469- 4 75 . 

ROSS , G . J . S . ( 1 97 0 ) , " T he E f f i ci ent U se of Funct i on M i nimi zat i on i n  

N o nl i ne ar Maximum L i k el i hoo d E s t imati on" , Appl i e d  St ati s t i cs ,  1 9 , 

2 0 5 - 2 2 1 . 

ROSS , G . J . S . ( 1 98 2 ) , " L eas t  Squar es O ptimi s at i on of G ener al 

L o g-L i k el i hoo d  F un ct i ons an d Estim ation of S e para bl e L i ne ar 

P ar am et ers " , COMPSTAT 1 98 2 , V i enna :  Physi ca-V er l ag ,  406-41 1 .  



REFERENCES 222 

R UH E ,  A .  an d WEDI N ,  P . A .  ( 1 9 80 ) , "Al gori t hm s  for Se parabl e N o nl ine ar 

L eas t Squar es P robl ans" , SIAM R evi ew ,  22,  31 8-33 7 .  

RUTEMILLE R ,  H . C .  an d BOWERS , D . A . ( 1 96 8 ) , " E stimat i on i n  a 

H et er o s ce d as ti c R e gr ession Model" , Journal of the Ameri can 

St ati s ti c al Asso ci at i o n ,  6 3 ,  552-22 7 .  

SCALI...O, K ,  A . , GIL CHRI ST , R .  an d GR EEN , M .  ( 1 98 4 ) ,  " F i t t i ng Par ametri c 

L i n k F un ct i ons i n  Gen er al i ze d  L i ne ar Model s" , C anput ati onal 

St ati s t i cs an d D at a  Anal ysi s ,  2 ,  37-4 9 .  

SCHN E I DER , B . E .  ( 1 97 8 ) , " A l gor i t hm  AS1 21 : T ri gamma F un ct i on" , Appl i ed 

St ati s ti cs ,  2 7 ,  97- 9 9 .  

SEAL , H . L .  ( 1 96 7 ) , " The H i stor i cal D evel opm ent o f  the G auss L i near 

M o del" , Bi an et r i  ka , 5 4 ,  1 -2 4 .  

SKELLA� , J . G . ( 1 94 8 ) , " A  P ro babil i t y  D is tri buti on D er i ve d  f rom the 

B i nrnomi al D i st r i but i on by R e gar ding the Probabi l i t y  of Success as 

Var i abl e Betw een t he S et s  of Tri al s" , J our nal of the R oyal 

St a t i s ti cal Soci ety , B ,  1 0 , 2 57-2 6 1 . 

SP IT Z ER ,  J . J .  ( 1 98 2 ) , " A  F as t  an d Eff i ci ent A l gor i thm f or the 

E s t im at i on of P ar ameters i n  Models wi th t he Box- an d-Co x  

T r ansform at i on" , J our nal of the Amer i can Stat i st i cal A ssoci at i on ,  

7 7 . 7 60-7 6 6 .  

STI RL IK G ,  W .D .  ( 1 98 1 ) " A l gor i thm AS 1 64 : L eas t Squar es Subj e ct t o  

L i ne ar C o nstr ai nt s" , Appl i e d  Statis ti cs , 3 0 , 2 0 4- 2 1 2 .  

-------- ( 1 9 8 4) , " I t er at i v el y R ew ei ghted L e as t  Squar es for Mo dels wi th 

a L i ne ar Part " , Appl i ed S t at i sti cs ,  33, 7 - 1 7 .  

------- ( 1 98 5 ) ,  "H et eros ce das t i c models an d an appl i cat i on t o  bl ock 

d e s i gns" , Appl i e d  St ati s ti cs ,  3 4, ? ? ? -? ? ? . 

------- ( 1 9 ? ? ) , " Al gor i t hm AS? ? ? : F i tti ng mode l s  wi t h  a l i near part 

an d n ui s an ce par am et ers" , Appl i e d  St ati s t i cs ,  ? ?  , ? ? ? -? ? ? . 

S WALLOfl , W . H .  an d MONAHA N ,  J . F .  ( 1 9 8 4) , "Mont e C arl o C an pari sons of 

A..� OVA , MI VQU E ,  REML and ML E st i m at ors of V ar i an ce C an ponents" , 

T e chnomet ri cs ,  2 6 ,  4 7 - 5 7 .  

THOMPSON , R .  and BAKER , R . J . ( 1 98 1 ) ,  " C an pos i te l i nk f un ct i ons i n  

gener al i ze d  l i ne ar mo d el s" , Appl i ed S t ati s ti cs ,  3 0 , 1 25- 1 3 1 . 

WAMP LE R , R . H .  ( 1 9 7 0) , " A  R eport on the Acc ur a c y  of S an e  Wi d el y  U s e d  

L eas t Squar es C an puter Programs" , J our nal o f  the Amer i can 

S t ati s ti cal A ss o ci ati on, 6 5 ,  549-5 6 5 .  



REFERENCES 22 3 

WEDDERBURN , R .W .M .  ( 1 9 7 4a ) , " Q uas i-l i kel i hoo d f un ct i ons , gener al i zed 

l i near m odel s ,  and t he G auss-N ewt on m et ho d" , B i om etri ka , 61 , 

4 3 9 - 4 4 7 .  

-------- ( 1 97 4 b ) , " G en er al i zed L i near M ode l s  Spe c i f i ed i n  T erms of 

C o ns t r ai nts" , J o urnal of t he R o yal S t ati s ti c al So ci ety , B ,  3 6 ,  

4 4 9 - 4 5 4 .  

WHITE , G .C .  and EB ERHARDT , L . E .  ( 1 98 0 ) . " S tat i sti cal A nal ysi s of 

D e er an d E l k  P el l et- group D at a" , J o ur n al of W il dl i f e  Mana gement , 

4 4 ,  1 2 1 - 1 3 1 . 

W I L KIN SON , J . H .  ( 1 97 7 ) , " S an e  R ece nt A dvan ces i n  N umer i cal L i near 

Al ge br a" , i n  T h e  St at e  of the A r t  i n  N t.ml eri c al Anal ysi s ,  ed . 

D . J a co bs , L on do n :  A cademi c Pr es s ,  3 - 5 3 .  

WILLIAf-'.S ,  E . J .  ( 1 95 9 ) , R egr es s i on A nal ys i s ,  N ew Y or k : J ohn Wil ey . 


	10001
	10002
	10003
	10004
	10005
	10006
	10007
	10008
	10009
	10010
	10011
	10012
	10013
	10014
	10015
	10016
	10017
	10018
	10019
	10020
	10021
	10022
	10023
	10024
	10025
	10026
	10027
	10028
	10029
	10030
	10031
	10032
	10033
	10034
	10035
	10036
	10037
	10038
	10039
	10040
	10041
	10042
	10043
	10044
	10045
	10046
	10047
	10048
	10049
	10050
	10051
	10052
	10053
	10054
	10055
	10056
	10057
	10058
	10059
	10060
	10061
	10062
	10063
	10064
	10065
	10066
	10067
	10068
	10069
	10070
	10071
	10072
	10073
	10074
	10075
	10076
	10077
	10078
	10079
	10080
	10081
	10082
	10083
	10084
	10085
	10086
	10087
	10088
	10089
	10090
	10091
	10092
	10093
	10094
	10095
	10096
	10097
	10098
	10099
	10100
	10101
	10102
	10103
	10104
	10105
	10106
	10107
	10108
	10109
	10110
	10111
	10112
	10113
	10114
	10115
	10116
	10117
	10118
	10119
	10120
	10121
	10122
	10123
	10124
	10125
	10126
	10127
	10128
	10129
	10130
	10131
	10132
	10133
	10134
	10135
	10136
	10137
	10138
	10139
	10140
	10141
	10142
	10143
	10144
	10145
	10146
	10147
	10148
	10149
	10150
	10151
	10152
	10153
	10154
	10155
	10156
	10157
	10158
	10159
	10160
	10161
	10162
	10163
	10164
	10165
	10166
	10167
	10168
	10169
	10170
	10171
	10172
	10173
	10174
	10175
	10176
	10177
	10178
	10179
	10180
	10181
	10182
	10183
	10184
	10185
	10186
	10187
	10188
	10189
	10190
	10191
	10192
	10193
	10194
	10195
	10196
	10197
	10198
	10199
	10200
	10201
	10202
	10203
	10204
	10205
	10206
	10207
	10208
	10209
	10210
	10211
	10212
	10213
	10214
	10215
	10216
	10217
	10218
	10219
	10220
	10221
	10222
	10223
	10224
	10225
	10226
	10227
	10228
	10229
	10230



