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Abstract

Conformal energy was introduced to solve minimisation problems concerning the
mean distortion of homeomorphisms of the disk. Interesting new connections
were observed between conformal energy and extremal quasiconformal mappings
associated with quasisymmetric homeomorphisms of the circle.

This thesis outlines the mathematical foundations of quasiconformality and
explores its connection with quasisymmetry further, giving explicit formulae for
lowest energy quasisymmetric mappings, asymptotics for bilipschitz mappings

and other related estimates.
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Chapter 1

Mathematical Motivation of

Quasiconformality

1.1 Introduction

Conservation laws and equations of motion or state in physics and mathematics are
naturally described by divergence-type second-order partial differential equations.

Hamilton’s principle of least action — that a system acts so as to minimise some
action functional — applies quite generally to classical fields and even quantum
fields. We are therefore led to study minima of energy functionals (which typically
satisfy an associate Euler-Lagrange equation that appears in divergence form as a
result of integration by parts in its derivation), regularity of minimisers and other
aspects of the calculus of variations. Similar equations apply to conservation laws,
due to the basic assumption of continuum physics that the gain of a physical
quantity in a domain corresponds to the loss of this quantity across the domain’s
boundary.

It is a remarkable fact that the existence, regularity and singular set structure of
this most important class of PDEs in applications are determined by the mathe-
matics underpinning the geometry, structure and dimension of fractal sets, moduli
spaces of Riemann surfaces and conformal dynamical systems. All of these topics
are inextricably linked in two dimensions by the theory of quasiconformal map-
pings, which is introduced and discussed herewith. In the first two chapters we
introduce definitions, ideas and useful results from the literature. It is not intended
to give a thorough introduction to the area and as such Sobolev theory is not dis-

cussed in any depth, as there are various books which do that - for example Sobolev
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Spaces with Applications to Elliptic Partial Differential Equations by V.G Maz'ya [8].
On the other hand, most of the results of Chapter 3 are new to the literature.

1.2 Conformal Invariance and the Dirichlet Problem
for the Unit Disk

We will first discuss the classical approach of complex analysis, while reviewing
some key results in conformal geometry. Starting with homeomorphisms of the
closed unit disk, we will establish the motivation for the minimisation problems we
consider, as well as the notion of quasiconformality - that can be roughly described
as a homeomorphism between plane domains which takes small circles to small

ellipses of bounded eccentricity.

Problem 1. Given a homeomorphism of the closed unit disk f, : D — D, find the

homeomorphism of minimal energy f : D — D subject to prescribed boundary values

flob = f, (1.1)

We will have to make a priori Sobolev regularity assumptions about f;, and f
of course. The first example is when the energy of a mapping is defined as the

Dirichlet integral, so we are looking to minimise
[ 1pr@iaz 1.2

subject to boundary condition (1.1). Necessarily f,, f € wl2(D).

This is the Dirichlet problem in complex analysis, and it is known that the least
energy map from the unit disk to itself satisfying (1.1) is the harmonic map, which
is obtained through the Poisson integral of f,|0D:

fl2)= d¢

27

1 1-|zl* fo(&)
faumlff—zlz ¢

Proposition 1.2.1. Energy is conformally invariant.

Proof. Suppose ¢ : D — D is a Mobius transformation of the form ¢(z) = (=5
with { = e? and |a| < 1. By fundamental properties of M6bius transformations,

¢ is injective, analytic and hence continuous. Furthermore, ¢ is conformal since



1.2 Conformal Invariance and the Dirichlet Problem for the Unit Disk

r_ 1-laf?
P = 0az?

phism. Given our problem, f o ¢ describes the boundary values of f, o ¢ which

# 0, and has a continuous inverse function ¢, so it is a homeomor-

thus becomes a strong candidate for the minimiser.

By the change of variable formula, we have
fD IDf(2)|I°dz = fD IDf (@)% (2, )ldz (1.3)

For any map, the determinant of the Jacobian is given by J(z, f) = | fz|> = | fz|*. In
particular, for a homeomorphism f, J(z, f) = 0 so | f;| = | fz|. Additionally, if f is
conformal, f; =0 and J(z, f) = | f;|. Subsituting into (1.3) yields:

fD IDf(2)IPdz = fD IDF@ 1219 () dz
_ fD (L@ + @D (2)Pdz
:fD(Ifz(qo)w’|2+Ifz(cp)ci)’lz)dz

=fDIID(f0<p)||2dz

This shows energy is indeed conformally invariant - it does not change via M6bius

transformations, so we conclude that the map f has the same energy as the map
foo. O

Now let’s assume that a function g exists, with the same boundary values but
smaller energy. Then, since ¢! is conformal, the map go¢~! has the same bound-
ary values and energy as f,. As f is assumed to be a minimiser, this contradiction
shows no such g exists.

For the Dirichlet problem, this means that a Mébius transformation which

changes the boundary values of the initial problem will also change the minimiser.

Remark. We have not shown uniqueness - that is if fD ||Df||2 = f[@ ||Dg||2 andg=f
on 0D, then f = g. In the current problem it will follow because both f and g will
be harmonic and thus satisfy the maximum principle. More generally, uniqueness

is quite a challenging question.
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1.3 Least Energy Mappings for the Extended Dirichlet

Problem

Consider deforming the unit disk D to another simply connected domain €2, min-

imising energy. There are no boundary value restrictions.

Problem 2. Given a simply connected domain Q of finite area, find the homeo-
morphism of minimal energy mappingD to Q), and find the minimiser subject to

prescribed boundary values [3]. In other words, find over all homeomorphisms

InmA{[anuanz}
fD—Q (Jb

IDfI? = |f.|? + | f5|, with the possible restriction f|0D = f,.

Using the average value property of harmonic mappings [1] - that the value of
a harmonic function f at the centre of a disk contained in its domain is given by

the average of all values of f on the disk, i.e.

1
ﬂm—;Af@M&

there are two cases to consider:
Case 1: average value is mapped inside the domain Q
Case 2: average value is mapped outside the domain Q
In case 2, if the "centre of mass" weighted with respect to our chosen boundary
values lies outside of the domain Q, the harmonic map is not valued in Q and so

we do not have a candidate for the energy minimiser.

f(D) _ Average value




1.3 Least Energy Mappings for the Extended Dirichlet Problem

We now consider the minimisation problem in case 1, i.e. minimising

/ﬁanﬂzdz
D

for a homeomorphism f:D — Q.
In this case a minimiser always exists - this was proved by Riemann and used
in the approach to his mapping theorem. Using Hadamard’s inequality for 2 x 2

matrices, || A||2 = tr(AT A) = 2det A, for an arbitrary mapping we have
IDfII” = 2)(z, f), (1.4)

which gives a lower bound on the minimum:

fDIIDfIIZ 22[@](z,f) =2|f(D)=2/Q

Consequently, if there is an absolute minimiser f achieving this lower bound,
it must satisfy (1.4) with equality:

IDfII> =2](z, f) (1.5)

Because f, = %(fx —ify) and f; = %(fx +1ify), the factor of 2 in (1.5) can be
dropped to obtain | D f||? = J(z, f), which can be written

1L+ 1P = 1P =1 f?

and only holds if f; =0, i.e. if f is conformal. Such a conformal mapping exists by
the Riemann mapping theorem.

Another approach is to vary a supposed minimiser f by a parametrised family of
homeomorphisms of D that are the identity near the boundary, say ¢, normalised

such that ¢ (z) = z. Since f is a minimiser we must have

d
dt

.L”D“°¢MF:Q

t=0

leading to the second order Euler-Lagrange equation for f,divDf =Af =0.
In the case of the boundary value problem (BVP) the minimum should be a
harmonic mapping, and the problem reduces to whether our prescribed boundary

values f, have a harmonic homeomorphic extension to D.
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Riemann showed there is always a least energy mapping (which is particularly
obvious in physics). Weierstrass proved Riemann’s argument was not generally
valid, but Hilbert later showed that Riemann’s proof can be made to work, ulti-
mately requiring some regularity of 02, and finally gave a complete proof for the

general Riemann mapping problem.



Chapter 2

Theory of Quasiconformal Mappings

2.1 The Linear Distortion

Given two domains Q and Q" and a homeomorphism f: Q — Q/, we can introduce

a quantity that measures the deviation from f to a conformal mapping.

Consider the disk D(zy, r) € Q, with r < d(z,092). By Taylor’s theorem, an ana-

lytic function f(z) can be expanded locally around zj:

" (z0)

() = fla0) + ['(20) (2= 20) + = (2= 20)" +...
Ifz—zy= rett
f(2) = f(z0) + f'(zo)re'® + r?e*? % +
Since f is conformal at zy, f'(zp) # 0 and then
If (& = fzo)l _ r? (|f"(zO)| )
e G (2.1)
As z gets arbitrarily close to zy, i.e. asr — 0
lim @ = flz)l _ | (z0)]
z=z0 |z — 2z
Hence
lim max|z—zy|=r |f(Z) _f(ZO)l — lim min|z—zy|=r |f(Z) _f(ZO)l _ |f,(zo)| £0

r—0 r r—0 r
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which implies that

MaX|z—z|=r |/ (2) = f(20)] _
r—0 miny;—zo )=, | f(2) — f(20)|

(2.2)

In the image Q' = f(Q), we can define the largest and smallest distance from
f(z0) on the circle |z — zo| = 1 < d(zp,00):
L=L(z f,r)= | mallx | f(2) = f(zp)| (the maximal stretching)
Z—20|=T

and

I=1l(z f,r)= | miP | f(2) = f(zp)| (the minimal stretching)
z—2zo|=r1

With this notation in place, (2.2) shows that if f is conformal in Q, then

L(z, f,1)

erO I fr) =1,forallzeQ

The converse is also true [3], which leads to the next theorem.

Theorem 2.1.1. A homeomorphic map f : Q — C is conformal if and only if

im Lz, f,r)
0 10z, f,1)

Note that not all homeomorphisms satisfy this property.

For example, consider the linear transformation (over R) that maps a circle to
T = ( a b)
\cd

Clearly in this case, the eccentricity of the ellipse % # 1 (where L and [ represent

an ellipse, T : R?> — R? given by

with a, b, c,d € R.

the semi-major and semi-minor axes respectively).

Definition 2.1.1. The linear distortion of a homeomorphism f is the measurable

function

e _max|(:r||f(Z+()—f(Z)|_ . L(Z!f»r)
G = e fGrO— @ PP Tz )



2.1 The Linear Distortion

More generally, if f(z) is differentiable, we can use the complex differential

operators
of 1 .o Of 1 -
& =fz= E(fx_ lfy), & =fz= E(fx‘i' lf)’)
to obtain J(z, f) =1 f;1? — | f:1? and H(z, f) = :}cjgljﬁg:

Let us now consider the linear (homeomorphic) mapping of C, f: Q — Q' given
by f:z— az+ bz, wherea,beC,i.e.

a=ay+ia

b=b1+ib
Then

f@ =@ +ia)(x+iy)+ b1 +ib)(x+1iy)

=(a1+b1)x+ (b2 —ax)y+illax+ b)) x+ (a1 — b1)y]

This can be written in matrix form
(dl + b bg—dz) (x)
ar + bz a) — b1 y
The trace of the operator matrix is 2a; and its determinant is |a|* — |b|?, so the
following cases arise:
Case 1: if |a| > | b|, the map is injective and orientation preserving

Case 2: if |a| = | b|, the image of z under f is aline

Case 3: if |a| < |b|, the map is injective and is orientation reversing

Assuming |a| > |b| and writing L = |a| +|b| and [ = |a| — |b|, we have
H(z, f) =158 = %, J(z, f) = lal* = |b* = ILand | Df|1* = |al® + bI* = I? + I*.

Definition 2.1.2. A homeomorphism [ :Q — Q' is called a quasiconformal mapping
(of bounded distortion) if it is orientation preserving and its linear distortion is
uniformly bounded, sup ,.q H(z, f) < oo.

In our previous example, the geometry of the mapping is bounded since
H(z, f) = % clearly satisfies 1 < H(z, f) < co.
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2.2 Quasiconformal and Quasiregular Maps

Definition 2.2.1. A homeomorphic map f:Q — Q' is called K -quasiconformal if
H(z, f) < K <00 inQ. The constant K = K(f) is called the distortion of the mapping.

If f is differentiable, then

|z
i 1+ 5
+ 1+
— sup |fz| |fz| — sup Izl ||,U||oo

K= = =
zeQ |fz|_|f2| z€Q 1—% 1_||I~t||oo
where
fz(2)
= = — 2-
u(z) = pr(2) . (2.3)

is called the Beltrami coefficient of f, and || - |, is the L*°(Q2) norm.

Therefore a quasiconformal mapping tautologically satisfies the Beltrami equa-
tion f3(z) = u(z) fz(z), which we will discuss in the next section.

Writing k = || 1|l We note the relations K = % and k= %

The definition of a quasiconformal map can also be formulated in terms of

Sobolev spaces.

Definition 2.2.2. A homeomorphism f:Q — Q' is called K -quasiconformal if it is

orientation preserving, if

few (2.4)

loc

and if the directional derivatives satisfy
max |0 f(2)| < Kmin|d, f(2)] (2.5)

for almost every z € Q.

The equivalence of these two definitions of a quasiconformal mapping is a non-
trivial theorem [3]. In particular, a mapping f is 1-quasiconformal if and only if it
is conformal. The requirement f € Wllo’i (Q) implies that f has partial derivatives f
and fy almost everywhere, but being a Sobolev function is not enough for f to be

differentiable almost everywhere. For (2.5) to be meaningful, we only need to set

0q f (2) = cos(a) fx(2) +sin(a) fy(2), 0 < a <27 (2.6)
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Then, for almost all z € Q), condition (2.5) is well defined. The condition ties
together the partial derivatives of f and hence provides geometric information on
the mapping. As all homeomorphic Sobolev functions are differentiable almost

everywhere [3], the directional derivatives thus retain their usual meaning,

flz+ rel®) — f(2)

r

O0af(2) = lin(l)

Now we want to remove the condition that f is injective, in order to be able to
define a wider class of mappings particularly useful in the study of planar elliptic
PDEs.

We will only require that f € Wll’2

OC(Q), that f is orientation preserving, so

J(z, f) = 0 almost everywhere, and that it satisfies conditions (2.5) and (2.6) on
partial derivatives. These maps are called K-quasiregular.

One may wonder about the choice of the Sobolev regularity Wllo’i in the def-
initions of quasiconformal and quasiregular mappings. For the homeomorphic

Wlloi (Q2)-maps, this regularity follows from the distortion inequality (2.5):

|fzl+1f2]

)2
Since 1 < F—77 < K, we can write 1 < Ufel /)
[fz1=1 1z

LI S K, which implies

(fel + D% < K(fol? = | fz15 = KJ(z, f) 2.7)

It is a general fact for Sobolev homeomorphisms that [, J(z, f) < |f(Q)I.

Integrating both sides of (2.7), for any compact subset A c Q,

fAIDfIZSK(f)fA](Z,f)SK(f)If(A)I<oo

since the image of a compact subset is a compact subset (and consequently has

finite area).

However, the last estimate fails for general non-homeomorphic Sobolev map-
pings, and hence the precise regularity f € Wllo'i (Q) is necessary. This condition
guarantees the local integrability of the Jacobian, the key property in the geometric

study of mappings.
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2.3 The Beltrami Equation and the Existence Theorem

for Quasiconformal Mappings

Suppose we are just given a measurable bounded function p: Q — D with

lpllzo @) =k <1

where k = % (which is equavalent to |u(z)| < k < 1 almost everywhere in Q).

Can we find a homeomorphic quasiconformal map f:Q — Cin Wllo’i (Q) satis-
fying p1r(2) = p(2)?

In other words, we are looking for solutions to the linear partial differential
equation fz(z) = u(z) f;(z), called the Beltrami equation.

Linearity over C is particularly useful and can be easily checked.

Indeed, given a, f € C and two solutions f(z), g(z):

(af +Pgz=af:+pPgz=aui fz+Ppu(2)g: = p2)(af, + fgz) = pR)(af + g2
Note that not all equations are linear over C. For example, the PDE

f=v1(@) fe+va(2) f2 (2.8)

is only linear over R.

If vi(z) + v2(2)| < k < 1, then a homeomorphic solution is quasiconformal as

- Vvo(2) f.
fe=vi@ fz+v2(2) fz = (VI(Z) + %)fz) fz
¥4
and _
_ fZ _ fz
ln@)| === |vi(@+va(2) | = vi(@)| +va(2)| = k<1
fz z
Soif given fz by (2.8), we can solve the Beltrami equation by defining u(z) = L&)

fz (2)
when f,(z) #0, and p(z) = 0 otherwise. We have thus shown the following theorem:
Theorem 2.3.1. Suppose f:Q — Q' is a homeomorphic Wllo’i—mapping. Then f is
K-quasiconformal if and only if fz(z) = u(z) f;(2) for almost every z € Q) where

(called the Beltrami coefficient of f) is a bounded measurable function satisfying

K+1

Itlloo < <1
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Linearity of the Beltrami equation over C implies that if there is one solution
then we can build others by taking linear combinations. But even if two solutions
f(2), g(z) are homeomorphic, a linear combination « f(z) + g (z) will likely not be

(for example we could choose a and f such that a f + fg vanishes twice).

Theorem 2.3.2. Suppose f: = 1u(z) f, almost everywhere in Q) and that f is quasi-
conformal. Let ®: f(Q) — C be a holomorphic map. Then ® o f is a solution to the

Beltrami equation and is quasiconformal if ® is injective, i.e. conformal.

Proof. Since ® is holomorphic, it is infinitely differentiable, so ®o f: Q — C is
differentiable almost everywhere and (®o f),, (® o f); are locally L? functions.

In fact, for w = f(z) we can simply compute

(@o f), :q)w(f)fz+q)w(f)fz

and

@0 )z =Du(Nfz+Pu(f)fz

Since ® is holomorphic, ®; = 0 and then

(®0f)2 :q)w(f)fz :q)w(f)ﬂf(z)fz :llf(z)q)w(f)fz :,Uf(z)(q)of)z

So ® o f solves the Beltrami equation. O

We will now briefly explore a fundamental result in the theory of quasiconfor-
mal mappings, namely the measurable Riemann mapping theorem, which is also

known as the existence theorem for quasiconformal maps.

Theorem 2.3.3. Given a domainQ c C andamap p: Q — D with |u| < k <1 almost
everywhere in Q, there exists a quasiconformal homeomorphism f : D — D solving
the Beltrami equation fz = u(z) f,(z). Additionally, f, and f; are in a higher degree
of integrability, i.e. there exists € = (k) > 0 such that

for fz € LE€(Q) and f € W2 (Q) (2.9)

loc loc

Kari Astala showed that the best choice for € is any number e(k) <1 + % This
result is also known as the higher integrability theorem.
As such, condition (2.9) can be written f, € LI+t (D)and f € whl+tz (D), where

1
1+E>2.
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Recalling that a function f is H6lder continuous (typically with exponent a < 1)
if | f(2) — f(w)| < Clz— w|%, the Sobolev embedding theorems [8] imply that K-
quasiconformal mappings are uniformly Hélder continuous. In fact, all functions

fe Wllo’cp are Holder continuous for p > 2.

2.4 Homeomorphic Extension to the Riemann Sphere

Proposition 2.4.1. Suppose f :D — D is quasiconformal inD. The reflection

f2), iflzl=1

1 .
L iflz] > 1
f(3) /

F(z) = (2.10)

is a quasiconformal homeomorphism of the Riemann sphere C = C U {oo}.

Proof. If |z] =1, |zZ|=1and z= %

Since | f(z)| =1, (11) = ﬁ = f(z) so the extension agrees.

Now define g(z) = f(l ) and ¢(z) = 1.

1
z

~

It is easy to see that ¢p, =0 and ¢z = —é.

On the outside of D (i.e. on C\D), F(z) = ¢po fo¢p. Since Pp(Pp(2)) =z, p= ¢!
and then ¢po F = fo¢.

Differentiating with respect to z gives:

Guw(F)Fz+¢u(F)Fz = fu(@)dz + fu PPz

Differentiating with respect to z gives:

PuwEVFz+¢p(F)F, = fi( @)z + fa (@),

Since ¢, (F) = ¢, =0,

SV fw(é)(;) @11

and

__ipzz_fw(%)(%) 2.12)
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Dividing (2.11) by (2.12), for |z| > 1,

F|_ fal3) (2 1)(2)?
E) fu) (2) —H (2) (2)
Thus
F;  _ (1)\(z)2
wom() () -
and the map F is quasiconformal, since F; = urF, and |up| = |url <k <1. O

Furthermore, we can conclude that F is quasiconformal if and only if f is

quasiconformal, so the distortion does not change:

ko Lrluel 1+ |yl
L—lpupl 11—yl

Remark. f need only be a mapping f : D — D by the quasiconformal boundary
extension theorem [3], which implies that f extends homeomorphically to D — D.
To show this requires significant geometric reasoning using the modulus of curve
families and the modulus of continuity of f and f~.
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2.5 Inverse Quasiconformal Maps

Theorem 2.5.1. The inverse of a surjective homeomorphic quasiconformal map

f:D — D is quasiconformal.
Proof. We omit the long technical details showing f, # 0 almost everywhere. Then
J(z, )= A= luPIfl* #0

almost everywhere and hence, by the inverse function theorem (f~1),, and (f 1)
exist almost everywhere. Differentiating fo f~!(z) = z with respect to z and z we

obtain the system

fz(f_l)(f_l)z+f2(f_1)(f_l)z =1
LEDUE D+ DU D=0

with solutions fz(f_l) U Dz and f(fH= SimeF

Jz.fh ](Zf by
Ifg=f! then ?Eg Kr(g), so g solves the equation gz = —ur(g)g-.

Note that this is not a Beltrami equation, but we can write

g:=-pp( g, 2.13)
8z

and then

N (2.14)
V4 gZ

which makes (2.13) a Beltrami equation. The relation (2.14) between Beltrami

coefficients of f and g implies |ug| = | —,uf(g)%l = |ur(g)l < k <1, which shows

that g = f~! is also quasiconformal. O

We have thus shown that the distortion of g at a point is the same as the
distortion of f at the image point, and have found a formula for the local change

of distortion:
1+|pg(@)|  1+|pp(8)l

1-lpg(2)  1-lpp(g)l

Kg(z2,8) = = Ks(g, )
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2.6 Quasiconformal Extensions for the Dirichlet

Problem

Let us now denote the boundary values of the quasiconformal mapping f : D — D
as f,: S — Swhere S = 0D is the unit circle.

Given a homeomorphism f,: S — S, one should first ask when is there a qua-
siconformal mapping f : D — D with f|S = f,? In other words, we are looking
for a necessary and sufficient condition that f,, should satisfy for a quasiconfor-
mal extension to exist (i.e. that f, should represent the boundary values for a
quasiconformal map).

The above question is difficult to answer because: for example, there exists a
homeomorphism /1 : S — S that is nowhere differentiable but has a quasiconformal
extension. In fact, these homeomorphisms are most common in Teichmiiller
theory.

Let us now observe that a quasiconformal mapping of the unit disk D corre-
sponds to a quasiconformal mapping of the upper half plane H.

Indeed, consider the conformal map ® : H — D and its inverse o l:D—>H,
with ®(1,-1,0) — (0,00,1) and @~ (2) = —i <.

If f is a quasiconformal mapping of I, then F = ®o fo¢~! is a quasiconformal
mapping of the upper half plane, F: H — H.

Because ® and f extend homeomorphically to the closed unit disk D, F extends
homeomorphically to M = HUR U {co} and Fy = F|R extends to R = R U {oo}.

Consequently Fj : R — Ris a real valued function of areal variable, and therefore
the concept of the derivative F'(r) is well defined (¢ € R). In fact, there exists a
homeomorphism Fj : R — R representing the boundary values of a quasiconformal
mapping with F{(¢) = 0 almost everywhere, which cannot be a Sobolev function of
course.

Since Fj is a homeomorphism of R, it is either strictly increasing or strictly
decreasing, so Fy(b) — Fy(a) # 0 when a # b, and then f; F(’)(t)dt # 0 which is a
contradiction since [, F(1)dt = 0.

This arises from the fact that Fy(b) — Fy(a) = |, If F(’)(t)d t does not hold unless Fy
is absolutely continuous.
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2.7 Quasisymmetry

The definition of a quasiconformal mapping assumes the function to be defined
on an open set. However, as we have seen in the previous sections, often we are
dealing with restrictions of quasiconformal mappings to smaller sets or mappings
perhaps defined on sets that might have a quasiconformal extension. This suggests
that we seek a notion of (quasi)conformality applicable in general subsets of the

plane [3].

Definition 2.7.1. Ifz, € C, the cross ratio [zy, z1, 22, 23] is the image of zy under the

unique Mobius transformation which takes z, to 1, z, to 0, and z3 to co.

Proposition 2.7.2. Ifz1, 22, z3 € C are distinct and T is any Mobius transformation
of@, then
(20, 21, 22, 23] = [T (20), T(21), T (22), T (23)]

In other words, the cross ratio is conformally invariant.

Proof. Let S(z) = [z,21,2,23] be a Mobius transformation. Given any Mobius

transformation T we can define M = So T~! (since T is invertible), and then

M(T(z))) =SoT 1 (T(z1)) = S(z1) = 1
M(T(25)) = So T~ (T(22)) = S(z2) =0
M(T(z3)) = So T~ (T(z3)) = S(z3) = 00

So
SoT N (2)=S(T"(2)) = M(2) = [z, T(z1), T (z2), T(z3)]

and
S(T™H(T(2)) = S(z) = [T(2), T(z1), T(z2), T(2z3)]

O

This result for conformal mappings suggests that we "could" expect the cross

ratio to be quasi-invariant for quasiconformal mappings.
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Definition 2.7.3. Let 1 : [0,00) — [0,00) be an increasing homeomorphism and
Q c C (not necessarily open). A map f : Q — C is called n-quasisymmetric if for each

triple zy, z1, 2o € Q we have

|f (z0) — f(z1)] - (|Z0_Zl|)

< 2.15
o=@ = "Niz=2] (2.15)

Should f be defined on an open set, we will assume that it is orientation preserving
and further, we say f is quasisymmetric if there is somen as above for which f is

n-quasisymmetric.

Notice that by definition 1(0) = 0 and n(#) — oo.
As we have seen, it is not at all obvious that the inverse of a quasiconformal
homeomorphism is quasiconformal. However, for quasisymmetric mappings this

is an elementary observation.

Lemma 2.7.1. Let f : Q — Q' be a surjective n-quasisymmetric mapping. Then

f1:Q' — Qs o-quasisymmetric with
o) = ———

n~1(1/1)
Proof. As f is injective and onto, given a triple of points a;, we may write

zi=f Yap, i=0,1,2

Since f is n-quasisymmetric,

ag — a 20 — &
lag 2|S (| 0 2|)
lag — a1 |zo — z1]

and hence

|f (o) — 1 (ay)l <1/ _1(|do—az|)
If~1(ap) — f~Hap)| — lag — a1l

O

Lemma 2.7.2. Every entire quasisymmetric mapping f (that is defined in the whole

complex plane C) is a surjection, f(C) =C.

Proof. The condition (2.15) implies |f(z)| — co when |z| — oo since we may fix
20, z1 and let zy — co. Consequently f extends continuously to € with f(co) = co
and thus f(€) is open and closed in €, that s f(€) =C. O
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It is an immediate consequence of the definition that a quasisymmetric map-
ping is continuous and injective, and by Lemma 2.7.1 above we see that it is a
homeomorphism onto its image. Furthermore, when Q is an open set, zy € Q2 so

with a suitable choice of z; and z,, on the circle {|z — z¢| = r < dist(zg,0Q)} we have

maxz—zy|=r |f(Z) _f(ZO)I _ |f(Zl) _f(ZO)l <
min;—z=r1f(2) — f(z0)|  1f(22) — f(z0)]

(1) (2.16)

The right hand side of (2.16) is independent of r so we may take the limit as r — 0
on the left to see that H(z, f) <n(1), so quasisymmetric mappings defined on open
sets are, in particular, mappings of bounded distortion, i.e. quasiconformal [3].

This suggests a strong relationship between quasiconformality and quasisym-
metry which we explore next.
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2.8 Relationship between Quasiconformality and Qua-
sisymmetry

We previously saw that quasisymmetric mappings defined on open sets are quasi-
conformal. However, the converse - that quasiconformality implies quasisymmetry

- is more difficult to show.

Theorem 2.8.1. If f : C — C is K-quasiconformal, then it is n-quasisymmetric with
n(t) = Ctk for constants C=n(1) = 1.

The proof usually makes use of Mori’s lemma and the modulus of curve families.

We already showed that a quasiconformal map f: D — D extends homeomor-
phically (by reflection) to the map F : € — €, with F|D = f. Since quasiconformality
implies quasisymmetry, F is quasisymmetric so f is quasisymmetric on D, and
fo = f10D is quasisymmetric.

Thus, on the unit circle

| fo(z0) = fo(z1)] - (|Zo - Z1|)

< 2.17
| fo(z0) = fo(z2)] m |zo — 22| @17

which leads to the Ahlfors-Beurling theorem below.

Theorem 2.8.2. If f,:S — S is a homeomorphism which is n-quasisymmetric, then

there is a quasiconformal mapping f : D — D with 10D = f,.

Below we present two theorems that outline the most fundamental properties
of quasiconformal mappings, which are established using the concept of quasisym-

metry.

Theorem 2.8.3. Let f : Q — Q' be a K-quasiconformal mapping from the domain
QeContoQ' €Candletg:Q' — C be a K'-quasiconformal mapping. Then

f1:Q' — Qis K-quasiconformal

go f:Q— C is KK'-quasiconformal

For all measurable sets E € Q, |E| =0 ifand only if | f(E)| =0

The Jacobian determinant J(z, f) > 0 almost everywhere in Q).
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Theorem2.8.4. Let f,: Q — C,v=1,2,..., beabounded sequence of K -quasiconformal

mappings defined on the domain Q2 € C. Then there is a sequence converging locally
uniformly on Q) to a mapping f,

ka_’fr

and f is either a K -quasiconformal mapping or a constant.
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2.9 Extremal Mappings and the Teichmiiller Special

Case

In 1936 a special case arising from quasiconformal maps of a surface in a given
homotopy class led Teichmidiller to look for the "best map" in terms of the distortion

K. Such a map should satisfy
1 <inf{K: f:D — D is quasiconformal with f|0D = f,} < oo

By Theorem 2.8.4, the set of all quasiconformal mappings f:D — D, f10D = f,
is compact, and the limit of K-quasiconformal mappings is K-quasiconformal.

Thus, if {f;} is a minimising sequence, f; — f uniformly on D and f;|0D = f,
implies f|0D = f,, and an extremal mapping therefore exists.

The complete proof was given by Ahlfors in 1953, showing that in this case the
Beltrami coefficient has a special form, which we will look at next.

Consider the LP-norm (p = 1) of functions f satisfying

lsinf{fK(z,f)”dz:f:@—»[lj),flal]]):fo}<oo (2.18)
D

Note that the class of functions satisfying (2.18) can be expanded, since such
maps may not be quasiconformal but could have finite distortion. Also, any ex-
tension of f, which is quasiconformal acts as a barrier (which is required for the
infimum to exist).

Next, using the modulus of continuity and normal families of holomorphic
mappings, Ahlfors proved that the infimum is actually the minimum, which
means there exists a (not necessarily quasiconformal) extremal map f : D — D
that achieves the minimum. No assertion is made that f is a homeomorphism.

We will now consider the case p = 1.

For small |¢], # € R and any test function ¢ € C;°(D) whose support is compactly

contained in D, define f! = f + t¢. Since ¢ = 0 on D,

flon = flop = fo

and [, IDf!||*> < 0o, so f! is a smooth function of ¢ and therefore each value of ¢
yields a corresponding energy E(1) = [ IDf"|%.
When t =0, f° = f and E(0) is a minimum, so E’(0) = 0.
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Then
0=E(0) = 4
B T odt

f IDf!? = f 2Re(fopz + fzp2) (2.19)
1=0JD D
Replacing ¢ with i¢g in the definition of f* gives

0=E0) = 4
dt

f IDf!|? = f 2Im(f,¢, + fzp2) (2.20)
t=0JD D

Adding (2.19) and (2.20)

0= fD (o= + fz02)
- [ (72024 (7). 0]
— [ (Fouz+ Fozs)

:—Zfo_<Pz2

Since this holds for any test function ¢, [, fA¢g = 0 and thus by Weyl's lemma f
is harmonic,so Af =4f,; =0.

Now consider the function @ = f, f;. As f is harmonic, its weak second deriva-

tives are guaranteed and then

O :fzzf‘é"'sz:O»

so @ is holomorphic.

Furthermore,

_Eé_ ) |fz|_|f2|§

Izl _If o
A T A Ty VAT

||

=yl

A similiar approach is taken when p > 1.
For any test function ¢ € C°(D), define g'(z) =z + to, t € (—%, %). When ¢ € 0D,
g' (&) = & so g' is a homeomorphism on the unit circle.

Then g, =1+ tg, and g; = t¢;, 50 J(2,8) = |1 + tg,|* — |tg,|> > 0.

Thus g’ is locally injective and furthermore, it is quasiconformal for small .
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If f is an extremal map, fog’:D —Dand fog'|,, = f, (since g’ is the identity

on the unit circle), so we can define
E(t) = f K(z, foghPdt
D

_EPHfP
TP R
By Fatou’s lemma and writing K, = K(z, g"),

_ 1
where[K—K+?

E(t)st(z,f)”K’;stf K(z, f) <oo
D D

which shows that E(¢) is smooth in t.
In particular, E(0) is a minimum and % o E(t) =0.

Differentiating with respect to ¢ under the integral sign,

7),

Since this holds for every test function ¢ € C;°(D), we obtain a partial differen-

K(z, fogh)|K(z, /)P tdz=0

4
dt|i—

tial equation for f that leads to

where @ : D — C is holomorphic and ® = K(z, )P~ £, f5.
The full details of this computation are in [3]. In fact, one can show that
lurl = k <1is constant and that |u f| — . The Beltrami coefficient in this special

case is thus unique, i.e. constant with holomorphic argument, u ¢ = k%, k<1.






Chapter 3

The Conformal Energy of
Quasisymmetric Maps

3.1 Introduction

The notion of conformal energy was introduced in [4] to solve a minimisation prob-
lem concerning the mean distortion of homeomorphisms of the disk. There (and
in a sequel [2]), interesting new phenomena were observed in these minimisation
problems. There are also connections between conformal energy, which is in a
sense dual to the energy introduced by Douglas [5], and extremal quasiconformal
mappings associated with quasisymmetric homeomorphisms of the circle. Here
we explore this connection further, giving explicit formulae for lowest energy qua-
sisymmetric mappings, asymptotics for bilipschitz mappings and other related

estimates.

Let S denote the unit circle and
£,:S—5

a homeomorphism, which we view as the boundary values of a homeomorphism
of the unit disk, g : D — D. We say g, has finite conformal energy if the real number

1
&(8o) = _ﬁffg §loglgo({) - go(M)dldn < oo

When finite, this integral coverges absolutely for homeomorphisms.
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For linear fractional transformations
z—a
2)=(———,|(|=1
p(a) =l Il
The identity

o@D —pw) _ 1- lal?
|z — w| |z —allw— al

shows the conformal energy of ¢ o g, to be

—2m*E (o goy)
= fL gloglcp(go(()) — (o)l dldn

lgo() — gom)I(1 —al?) i
= 1 dld
ffm 8 oo - allgon —al 2o

= —ZnZé"(go)—ffS §[loglgo(()—a|+log|go(17)—a|] dfdn

= —2m%&(g,)

Conformal energy is conformally invariant. ‘

The energy of the identity is

8lid) :—%ff logl¢ — 7l d{di
27~ JJsxs
1
T on?
1

27 1
:_f log———cos(f)dt=1
7 Jo 2sin(t/2)

& (¢) =1 for every Mobius transformation ‘

2n p21m 1
f log————cos(t—s)dtds
0 0 |ell’_elS|

The main reason for studying the conformal energy of a homeomorphism is
the following: as earlier, define the pointwise distortion of a homeomorphism

g:D—DatapointzeD as

K(z) =

1 )_ 1+ (o)

K -
( A E) T

1
2
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where
_ T+ {u(2)]

= @l
and u(z) = gz/ g is the Beltrami coefficient as introduced earlier. Here we must
assume some regularity of the mapping g and the correct notion is that of mappings
of finite distortion [6]. Namely g is assumed to lie in the Sobolev space Wllo’i(ﬂ]), D) of

mappings that have a weak first derivative which is locally integrable, the Jacobian

1

determinant J(z,8) € L,

(D) and the distortion function K(z) is usually defined
via the distortion inequality || D g(z)II2 <K(2)J(z, g) and is assumed finite almost
everywhere.

The function K has far better convexity properties than K and is better suited
to minimisation problems. Of course K =K + VIKZ-T1is increasing so that ||K||«

and ||K|| have the same minimisers. We have the following theorem of [4]:

Theorem 3.1.1. Let g,:S — S be a homeomorphism. Consider the minimisation

inf{lff [Kg(z)ldzlz}
8§ (mJJp

where the infimum is taken over all homeomorphisms g : D — D of finite distortion

problem

for which g|S = g,. Then there is a unique minimiser if and only if g, has finite

energy. This minimum value is £(g,).

Therefore if g, has a K-quasiconformal extension to the disk,
1=8(gy) =K

Let us say that g, is a highest energy mapif £(g,) = K. Of course the lowest energies
possible are described below.

Corollary 3.1.2. £(g,) =1 if and only if g, represents the boundary values of a

Mobius transformation.

We will give a direct proof of this fact using the calculus of variations. Next, if

g, is bilipschitz, so there is a constant L = 1 such that

1
zl(—nl <180(0) — 8o = LI —nl
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we may compute

2m%(&(g, )—1):[2”f2”10
0 g
0 0

Where cos() is positive and negative we have
-1

2n
f f—n/Z go(el(””)—g(e”)

27 371/2 elf -1
f f ‘go(ei(ﬁs)) _go(eiS)

/2
S4nf logLcos(t)dt =8mlogL
-7/2

. _,is
ez(t+s) e

go(ei(t+s)) _ go(eiS) cos(?) dtds

cos(t)dtds

cos(t)dtds

Theorem 3.1.3. If g, is L-bilipschitz, then

4
1<&(gy) <1+ —loglL
/4

If g, :'S — S is L-bilipschitz, then in general the best we might expect is that an
extension to the disk g : D — D is K = L? quasiconformal. Hence for L-bilipschitz
maps we might expect the estimate &(g,) < (L? + L™2)/2 but we have achieved the
estimate

2 2
E(go) <1+ ;logL

which is generally much better, and definitely better as soon as L>1.771....
Later we will give examples to show this logarithmic estimate is generally as
good as possible. Of course L =1 is an absolute minimum and &(g,) = 1 for

isometries. Thus for L close to 1 we must (at least) expect
E(go) =1+ 0((L-1)?

Again we will give an explicit estimate here.

What appears to be happening (as seen in our later examples) with the min-
imisers of mean distortion [the problem introduced in Theorem 3.1.1] is that the
distortion is concentrating at the boundary. Actually the following surprising result
is known [4] which strongly links conformal energy, quasiconformal mappings and
bilipschitz homeomorphisms of the circle.
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Theorem 3.1.4. (AIMO, Martio, Pavlovié) If g, has finite energy, then the unique

minimiser of the mean distortion is quasiconformal if and only if g, is bilipschitz.

In fact what happens is that the distortion "accumulates” at points where there
is no bilipschitz estimate - i.e. those points where there is no finite non-zero

derivative.

It is an interesting problem to quantify this. A sample result might be

Theorem 3.1.5. Suppose that g, is L-bilipschitz at1 € S and of finite energy. Thus

1 — 1 — 1
2 < liminf |go(z) 8ol )l SlimsuplgO(Z) 8ol ) <

z—1,z€S |Z— 1| z—1,z€S IZ— 1|

and &(g,) < oco. Then there is a constant Ky, such that

lim |DK(g, 2) =< Kp

z—1,z€

where g is the unique minimiser of mean distortion with boundary values g,.

This result is more or less contained in the proof of Martio’s result. Perhaps
a direct approach via the Poisson kernel would be OK, however if we have an a-
Holder estimate (a # 1) at 1 we expect that K(z) — oo and we should be able to

describe this rate.

The relationship between quasisymmetric mappings (of the circle) and energy

seems unnatural. We can already see this for M6bius transformations

@) — @I _ [1-avlli¢ -4l
lp@) =W 11-adllg—v|

so the best general estimate we might find is

I¢(C)—<p(€)l<(1+|a|)lc—€l
lp@)—eW)|  \1-lal){-vI|

which depends on the particular transformation when we might hope to get a
uniform bound if we are to use it in an energy estimate.
Therefore the correct notion to use here is that of quasimobius maps introduced

by Viisala.
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3.2 QuasimoObius Maps and Energy

A homeomorphism of the circle is said to be n-quasimdbius (7 : [0,00] — [0,00] is

increasing with 77(0) = 0 and n(co) = oo) if for every quadruple of points

|go(a) _go(b)”go(c) _go(d)| < n(|a_ bl|c— d|)
|go(a)_go(c)”go(b)_go(d)' B la—cl|lb—d|

Writing the cross ratio as

la—Dbllc—d|

’bY ’d:—
labedl = h—al

and recalling the invariance property
gla,b,c,d] = [g(a),g(b), g(c), g(d)]

immediately implies the two sided inequality

1

TUlabod) - S® b,c,dl<n(la,b,c,d])

So1=n(t)n(l/t) and n(1) = 1. We now observe

1 _

&(8o) :—ﬁffgxgloglgo(@—go(f)ld(d«f

= i f f log|go(()—go(—£)|d6dé
a¢dé

2n2f.[§x§ Igo(C) go( Sl

Therefore

4€(g0) =

Igo(C) — 80(=9)1180 (=) — 8o (&) z
“ze ... s
2

§><§ |g0(() go(é)”go(_()_go(_é)l

T 27 . . .
2”2 f logg,le'!, e, —e't, —e'*] cos(t —s) dtds

271 2n . .
=3 f log g,[e!+) e!S, —e!1+S) _elS| cos(t) dtds
1
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Again we observe where cos(?) is positive and negative
[ei(l’+8)’el'5’ _el'(l'+3), _eiS] — [eit’ 1’ _eil" _1] — Cotz(t/Z)

Theorem 3.2.1. Let g,:S — S ben-quasimébius. Then

1 /2
8(go) = — f logn(cot?(t/2) cos(t)dt)
0

This estimate is sharp.

n) =Kt t=1

Since any extension of g, is K-quasiconformal,
1 1
E(8o) =1+ —1ogKk, K|l = §(K+ 1/K)
/4

so for K large the mean distortion minimisers are again far from extremal quasi-

conformal mappings (of "expected" constant distortion).

3.3 Examples

Define a homeomorphism 6 : [0,27] — [0,27] by

t/A, 0=<1tA
0(t) = (3.1
{1+(2n—1)/(2n—/1)t, A<t<2nm

Now define a homeomorphism of the circle as
fo(eit) — eiG(t) (32)

and compute the energy of the map f,.
6(t) : Low energy quasimébius f = ) with &(f,) << # (f,)
Set a = (27 — 1)/ (2m — A) and F(t, s) = log|e®® — 99| cos(t - s)
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With { = e’!,n = e'* we see (using symmetry),

8(f) = ffg 0B O~ ) dedi

2n p2n . .
- f f log|e®? — 99| cos(t—5) dtds
o Jo

A A 2n 27 A pr2n
:f f F(s, t)dtds+f f F(s, t)dtds+2f f F(t,s)dtds
0o Jo A Jda 0 Ja

We will now deal with each of these three integrals in turn.

A pA
f f F(s,t)dtds
o Jo

A pA .
:f f log|1—e’”_s)mlcos(t—s)dtds
0o Jo

A pl-s/iA .
:/lf f log|1—e'*|cos(Au) duds
0 —

s/A
2n
< A? f
0

where we have used the periodicity of the integrand. As log|1 — e’*| € L'[0,27] this

log|1 —e'||du

integral tends to 0 with A:

A pA
f f F(s,t)dtds —0asA1—0 (3.3)
o Jo

Next,

2n P27
f f F(s, t)dtds
A A

2m p2m .
:f f log|1—e’““_s)lcos(t—s)dtds
)

2n pa(2m—s) .
:f f log|1—e'|cos(u/a)dtds
A a(d-s)

Here we can apply the dominated convergence theorem to see

2n p2n 2n pam-s) .
f f F(s, t)dtds—»f f log|1—e'""9|cos(a(t—s)) dtds (3.4)
A A 0 -

as
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as A — 0 and a = 2n/(2n —1). This last number can be computed numerically.

Finally we have to deal with the cross terms, namely

A p2n
f f F(t,s)dtds
0 Ja

A pr2n .
f f log|1— !+ % =5V cos(t - 5) dtds
0 JA

A [l pl+ena ,
s—f f log|1 — '™ V|| dudv
aJo Ji+ad
And so as above we deduce
A p2n
f f F(t,s)dtds —0asA—0 (3.5)
0o Ja

When we deal with the inverse function the analysis is similar. However is it clear

that the behaviour of the integral is dominated by the term

1 1 . .
fflogle’“—e”lslcos(t—s)dtds
0 Jo
1,1 _
:f f logll—e”m_s)lcos(t—s)dtds
0o Jo
1 pl
:f f log|A(t—$s)[1+ h(A(t—s))]|cos(t—s)dtds
0o Jo

Here h is the remainder term in the Taylor series expansion and can be assumed

uniformly small if we choose A small enough. Thus

1 prl ) .
fflogle””—el’“lcos(t—s)dtds
o Jo
1 pl 1 pl
zlog/lf f cos(t—s)dtds+fflogl(t—s)lcos(t—s)dtds+0(1)
0 Jo 0 Jo
=~ (2—-2cos(1))logA+ 0O(1)

which divergees with A. The constants associated with the definition of quasimdébius

are estimated by considering the four points

|1_ei/1||ein_e3in/2| A
11— einlleixl _ e3in/2| 2

iA im 3im/2
[1,e",e",e ]
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The image cross ratio is

|1 _ ei”eiaﬂ _ e3ia7‘[/2|

i Jiar 3iam/27 _ _
[1,e’,e"",e ]_ll—ei“”||ei—e3i“”/2|~0'541”'

So

foll,et e &31m2) = CA[1, e, o', 3712
with C = 1.08....

In particular, for any function n for which f, is n-quasimobius we have

>~ —

n2) =

Clearly the bilipshitz constant is 1/A. The map f, has finite energy independent
of A while its inverse has energy = logA. This is aligned with our more general

calculations earlier and shows those estimates to be of the correct orders.

3.4 AMap and Inverse of Finite Energy but not Quasimobius

A quasimdébius map always has finite energy and since the inverse of a quasimobius
map is again quasimdbius, the inverse will also have finite energy. We next give an
example to show this does not characterise quasimobius maps. Consider the map
0:10,2n] — [0,27] by

2, 0<t<l
0(r) = (3.6)
t, 1<t<2nmn

and define a homeomorphism of the circle as

gole'h) =0t 3.7)

As in the calculations above, to see that g, and g,! have finite energy, we first

examine the integrals

1 pl
.2 .2
f f ‘loglel[ _elS |
0 JO

1,1 , ,
dtdsandf f ‘logle“ﬁ—e"/gl dtds
0o Jo
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As above we consider the power series expansion of the exponential function to

1 pl
2 :2 F 2
f f ‘loglell’ _elS |
0 JO

1,1
:f f log|t* — s*|| dtds+ O(1)

0 Jo

1 p1 1,1
sff|log|t—s||dtds+ff|log|t+sl|dtds+0(l)

0 Jo 0o Jo

1 1
52] f lloglt—sl|dtds+O(1)
0 Jo

see

dtds

and this last integral is finite. Further

1 1 . .
f f ‘loglel\/—t—elﬁ|
0 JO

1 pl
sf f llog |Vt —V/sl|dtds+O(1)
0 JO

dtds

1 pl
sf f llog|t—sl|drds+O(1)
0 JO

is again finite. A typical cross term

INg

and |£ - s| < |£? - s| < 27. So this integral is dominated by those above.

.2 .
loglelt _elsl

1 p2n
dtds:f f llog|#% - sl| dtds + O(1)
0 J1

3.5 Highest Energy Quasisymmetric and Quasimobius
Mappings

Given an n-quasimoébius map g, : S — S we can define the number

1 1
K (8o) = min{K = 3 (K+ E) :g:D — Dis K-quasiconformal and g[S = go}

We have already observed
6 (80) = K (8o)

and defined maps where equality holds to be of highest energy. We can now

completely describe all the highest energy maps.
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Theorem 3.5.1. Let g,:S — S be a highest energy quasisymmetric map. Then g, is
the sewing map of an ellipse. Thus, up to a Mdobius transformation, thereis a € C,

la| < 1 and real constants k and K determined by a such that

|7 vk a
8o(2) = sm(§<F(1 yp (z— ;)))

where

F(2) (3.8)

_fz dz
0 vV(1-22)(1-k222)

Proof. For a highest energy quasisymmetric map g, we consider the quasiconfor-

mal extension minimising the mean distortion and obtain the equality

1
1K (8) oo = — f K(g) 3.9)
T JD

which immediately implies that the distortion function K is constant. At this point
we are also aware by Theorem 3.1.4 that g, is bilipshitz. Now (3.9) quickly implies
the modulus of the complex dilatation 4 is constant. Let f = g7': D — D. Then f
is harmonic [4] and also has constant distortion since |u¢(g)| = [ugl, [7]. We can

write the harmonic function f in the form

f@=¢@)+v(z)

for analytic functions ¢ and ¥ defined on the disk. We compute the complex

distortion of the map f to be

v'(2)
¢ (2)

and since this has constant modulus |y (z)| = k|¢'(2)| we find the analytic func-

pr(z) =

tions ¥’ and ¢’ to be proportional. Thus for constants a € C, |a| < 1 and 8 € C we

have

f(2) =¢p(2) + ad(z) + B (3.10)

We can absorb the constant § into ¢ (as |@| < 1) and so ignore it. Notice that

f(D) =D and f is a homeomorphism. We can solve for ¢ using (3.10):

1 _
$(2) = 1——|a|2(f(Z) —-af(z2) 3.11)
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which we can recognise as
$p=Lqgof

where

is a linear endomorphism of C. It follows that ¢ is a conformal homeomorphism
from the disk to the ellipse Ly (D). The map ¢ is uniquely determined up to a
Mobius transformation of the disk. The conformal homeomorphism

1 (s N N
=—(z——):C\D—->C\L,(D
9@ =T EE ) o (D)

agrees with L, on the circle (all maps here extend homeomorphically to the bound-
ary). Thus

go=flS=( " oLy)IS=(p oS

If Q = Ly(D) is the ellipse, then ¢ : D — Q and ¢ : €\D — €\ Q are Riemann
mappings and so g, is a sewing map as claimed. We have an explicit formula for
¢ which can be found in Nehari’s book [9] pp 296 & 300. For suitable choice of

(elliptic) constants,

P(z) = Vksn (%( arcsin(z))

Therefore, for { € S there is a constant « € C such that

e -9)

where F(z) given by (3.8) is the inverse of the elliptic sn function. The constants k

/4
—F

go(() = Sin 5K

and K are determined by a. O
The following problems immediately suggest themselves:

* Describe a more general relationship between conformal energy and proper-
ties of sewing maps (or more reasonably the associated Jordan domains). A
sample result might be that if g, has finite energy and is a sewing map, then

the associated domain is a John domain.

* Give an example of a map of finite energy which admits no conformal sewing
(presumably the standard examples of sewing maps which are not quasisym-

metric have finite energy?)
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e Show that if £(g,) << £ (g,), (a low energy mapping) then the Hausdorff
dimension of the boundary if the sewing domain associated with g, is close
to 1.

3.6 Critical Points

Here we consider the critical points of the energy functional and associated varia-

tional problems. A homeomorphism g, : S — S can be written in the form
gole') = "W, x € [0,27]

After some normalisations, 0 : [0,27] — [0,27] may be assumed to be an increasing
continuous function 6(0) = 0, 8(27) = 2n. A variation of g, can be obtained by
considering a smooth function ¢ : [0,27] — R with ¢(0) = ¢p(27) = 0. Notice that

ei(G(x)+i(/>(x))’ x€ [0,27.[]

need not be a homeomorphism of the circle, though itis amap S — S and one
can still speak of its conformal energy. For simplicity we will write & (0 + t¢) for

&(e9*19). Further, we extend 6 and ¢ periodically to the real line and consider

d
—- 80+ 1)

d 2n p2m
=— |
dl‘{fo fo o8

1d 2n p2n
=5 {fo fo log[2 —2cos(0(x) + tp(x) — (O(y) + tp(y)))] cos(x — y) dxdy}
2n p2n _ _
_ 1[ f Cot(G(x) 0(y) + tp(x) — tp(y)
2Jo Jo 2

el 0 +19(0) _ 10 +1h(y) ‘ cos(x—y) dxdy}

) (p(x) —p(y)) cos(x—y)dxdy
At t =0 this gives

d
— 80+ 1)

1 [2r r2n 0 )
= 5[0 fo cot(w) (p(x) —p(y)) cos(x— y)dxdy
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Here we must discuss the convergence of this integral. The function ¢ is smooth

and so near the diagonal {x = y} where the singularity occurs we have

GxX)=Pp(y) =P (s)(x—y)

for some s € [x, y]. As we may assume that ¢’ is bounded, we must consider if

fZT[ fZT[
0 0

Notice that we are already assuming that foz 4 02 "|log[1 — cos(@(x) —O(y)]|dxdy

XYy

00 -00) dxdy < oo (3.12)

converges in our assumption that g, has finite energy. Equivalently

2n 21
f f [logl0(x) —6(y)]|dxdy < oo (3.13)
0 0

Of course (3.13) will not in general imply (3.12). To move forward, we therefore

make the assumption that there are constants a and p < 2 such that
10(x)-0())| = alx—yl” (3.14)

Now at least we can discuss convergent integrals. Using 27-periodicity and a linear

change of variables (x — x + y):

d8w+t)
dat ¢ =0

_lfz”fz” sin(@(x+y) —6(y)
2Jo Jo 1-cos@x+y)—6(y)

(p(x+y)—¢p(y))cos(x)dxdy

Now for each x € [0, 2] the integral

271 : _
F(x) = fo SO+ N =0W)_ () — gy

1—cos(@(x+y)—0()

converges and with our assumptions defines a continuous bounded function of x.

Similarly

27 sin(0 -0
GUOzﬁ; sin(©(x + y) (w)(¢W+y%ﬂmwﬂmﬁmdx

1-cos(@(x+y)—0(y))
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defines a continuous and bounded function of y. Set

2n : _
Alx) = f sin(@(x+y)—0(y)
0

1-cos@(x+y) — t9(y))¢>(JCJr ndy

2m 3 —
Blx) = _f sin(@(x+y)—0(y)
0

1—cos@(x+y) — H(y))(p(y)dy

So that for x € (0,27) we have F(x) = A(x) + B(x). Of course as x — 0, both A(x) and

B(x) tend to oo (mod 27). Using periodicity again we have

2m : _
B :_fo sin(@(2x+y)—-0(x+y)) oG+ )dy

1-cos(@2x+y)—0(x+y))

Putting these back together gives

F(x)
_[#( sin(@(x+y)-0(y) sin(@Rx+y)—0(x+y))
_fo (—cos(@(x+y) -0(y) S —cos(@(2x+y) —9(x+y)))¢(x+y)dy
_fzn( sin@(w) -0(w—-x)  sin@u+x) -0(w) ) (wdu
“Jo \=cos@(w)-0(u—x) 1-cos@u+ x)—06(u) ¢
Then
21
f F(x)cos(x)dx
0
27 2n _ _ —
:f f (cote(u) Z("‘ x)—cote(u+x2) e(u))gb(u)du cos(x)dx
0 0

Fubini’s theorem allows us to change the order of integration here provided

O(u)—0(u—x) O(u+x)—0(w
cot—— — —cot——————

> > (3.15)

is integrable. Let us assume this for now and discuss the conditions later. This

leads us to the formula

d
—&0O+t
dat o (P)t:o

2m p2m — — -
zlf f (cote(y) OG0 _ o 00 -00) cos(x)dx¢p(y)dy
2Jo Jo 2 2
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It further follows from Fubini’s theorem together with the fact that ¢ is an essen-
tially arbitrary function and so we see that at a critical point of the conformal

energy (homeomorphism ey we must have

oo+ tp)

=0
dt

t=0

and thus for every y € [0,27] the integral

27 _ — —
f (cote(y) 0y —x) —cotg(y+x2) e(y))cos(x)dx: 0 (3.16)
0

The convergence of this integral will negate our postponed discussion of the con-
vergence of the integral at (3.15). If 6 is C1%(S) for any « > 0 then this integral is

finite.

Conjecture 1. If0 is a sufficiently regular homeomorphism [0,2n] — [0,2n], with

0(n) = m, and if for every y € [0,27] the integral

2n _ _ —
f (CotH(y) 0y —x) _CotH(y+x; 0(y)
0

5 )cos(x)dx:O (3.17)

then there is a > 0 such that

— 42) Qi
0(t) = arctan (1 - a7)sin(?) )

(1+a?) cos(t)-2a

We note that if f(z) = (z—a)/(1 — az) = €'Y, a € R is a M6bius transformation

fixing +1, the formula for 0 is

0(r) =arg((e'' —a)/ (1 - ae'"))
=arg(e'' —2a+a’e”'")
= arg((1+ a®) cos(t) —2a+ i(1 — a®) sin(1))

(1 - a®)sin(f)
(1+a?) cos(t)—2a

= arctan

Conjecture 2. Mébius transformations are the only homeomorphic critical points

of the conformal energy functional & : Hom(S) — [1,00).

Next, going back to the calculation of the derivative, we would like to calculate

the second derivative at the critical point 6(x) = x (which we now know is a critical
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point):

2n P27 gj -y- —
1d f f sin(x + 1p(x) — y — () (P(x) — () cos(x—y)dxdy
o Jo

2dt 1—-cos(x+ tp(x) —y—td(y))
__lfznfzn L cos(x — 1) () — b(y)2dxd
~2Jo Jo 1-cos(x+tpx)—y—tdp(y) Y Y Y

which for ¢ = 0 gives

1 r2n p2n COS(x—y) )
_Efo fo T—cos—y) PO 90 dxdy

At this point we need

Lemma 3.6.1. Let g,:S — S be a normalised L-bilipschitz homeomorphism with
g€ =e"? 9(0)=0,0/2)=n/2,0(n) =n

with @ monotone increasing. Then

T 06()-1
<

2L L-1

v/
< —
2

and
0x)-0(y)—(x—y)

L-1

=7

Proof. The map g, fixes £1 and i. Each of these three sectors are mapped onto
themselves. As g, is L-bilipschitz 0 is absolutely continuous, % <60’ < Landso (in

one of the largest sectors ¢ € [-7/2,0])
1 t
(z—l)tSH(t)—t:f [0'(H)-1]dt<(L-Dt
0

We can make similar estimates in other sectors changing the intervals of integration
to be based at the closest fixed point. This shows that all estimates are worst when

t = —7. Similarly,

‘mm—ewr4x—w _ 1

y
!
< —1ldt<|x—yl<
) L—lfz 0'(n)-1ldr<|x-yl<n

where of course all distances are mod 2. O
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Notice that in fact we could improve this estimate because (0(¢) — t)/(L—1) is

controlled by the angular distance between e'’ and +1, i.

Now we consider a family of normalised L-bilipschitz mappings g1:S — S
with L — 1. We write

gL(eix) — eiHL(x) — ei[x+9L(x)—x] — ei[x+(L—1)(9L(x)—x)/(L—1)]
and set 0,0
LX)—X
() = —/——
oL L-1

We have the uniform estimates of Lemma 3.6.1,

b3 < 1 )<7'[
—_— — x —_—
oL ~ 'k 2

Because of this uniformity we may use the functions ¢, in our Taylor expansion
with ¢ = (L—1) to get the expansion

&(gr) = & (%) = & (e +L-DOLD-D/(L-1)] :éo(ei[xHL—l)(/)L(x)])

(L 1)2 f2n fZ]I cos(x y) 2 3
=1+ - dxdy+O(L-1
= cosx—y) (Pr(x) =pr(y) dxdy+O(L-1)7)
Now we have to account for the change of sign in cosine in this integral when

making an estimate. Using 2r-periodicity,

2n 21
fo Uo e (pr(u+y) - 1) du

1—cos(u)

21 /2
S/O U M(QDL(U‘FJ/)—(PL(J’))ZdU

—x/2 1 —cos(u)
27 /2 cos(u
sf [f #uzdu
0 —nr2 1 —cos(u)

/2
cos(u
:271] —()uzdu

—nr2 1 —cos(u)

dy

dy

dy

7T
—2n (8c - 6 1210g4)) ~26.1647...
where c is the Catalan number. Hence

&g <1+a(l-1)*+0IL-1)° (3.18)
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where 2
2c m 7w 1
a="-=-"+logV2< -
n 8 48 & 3
converges uniformly as L — 1. Possibly a more rigorous approach (we could use
Taylor’s formula with error bound) would give an explicit estimate with no O(L—1)3

term.
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