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Abstract

We consider the convexity properties of distortion functionals, particularly the linear
distortion, defined for homeomorphisms of domains in Euclidean n-spaces, n > 3.
The inner and outer distortion functionals are lower semi-continuous in all dimensions
and so for the curve modulus or analytic definitions of quasiconformality it ifollows
that if { f,}°° | is a sequence of K-quasiconformal mappings (here K depends on the
particular distortion functional but is the same for every element of the sequence)
which converges locally uniformly to a mapping f, then this limit function is also
K-quasiconformal. Despite a widespread belief that this was also true for the geo-
metric definition of quasiconformality (defined through the linear distortion H ( f;,)),
T. Iwaniec gave a specific and surprising example to show that the linear distortion
functional is not always lower-semicontinuous on uniformly converging sequences
of quasiconformal mappings. Here we show that this failure of lower-semicontinuity
is common, perhaps generic in the sense that under mild restrictions on a quasicon-
formal f, there is a sequence {f,}°°, with f;, — f locally uniformly and with
limsup,_, o, H(f2) < H(f). Our main result shows this is true for affine mappings.
Addressing conjectures of Gehring and Iwaniec we show the jump up in the limit can
be arbitrarily large and give conjecturally sharp bounds: for each @ < +/2 there is
fn — f locally uniformly with f affine and

a limsup H(f,) < H(f)

n—o0

We conjecture +/2 to be best possible.
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1 A Few Words

One of us (GJM) was a graduate student at The University of Michigan when he first
meet Peter Duren. Of course my first real interactions with Peter were though his
wonderful books, in particular “The theory of H” spaces” which a small group of us
read as undergraduates in New Zealand. I came to know Peter and Gay quite well over
the years, they stayed with my wife Dianne and I a couple of times in New Zealand
when they came out to do the great walks (https://newzealandtrails.com/news/great-
walks-of-new-zealand/) and in turn Dianne and I had many wonderful evenings with
Peter and Gay in Ann Arbor where we were frequent visitors. Peter was a very good
and widely respected mathematician with an ability to explain things clearly, and I
guess this is why his books are so popular.

2 Introduction

This article is concerned with the convexity properties of the linear distortion functional
and in particular its lowersemicontinuity. We therefore begin with a definition.

Definition 1 Let 2 be a domain in R”?, n > 2, and f : Q — f(2) C R" a homeo-
morphism. Foreachx € Qand 0 < r < d(x, 92) set

Hx, f) = limsup 2¥oyl=rll/@) = I}

- . (D
r—0 mm\xfy\=r{|f(x) - fh

If H(x, f)is bounded in 2, and if H = H(f) = ||H(x, f)|lL=(), then we say f is
H-quasiconformal and H is the linear distortion of f.

If f has a non.singular derivative Df(x) at x €  with singular values Aj(x) <
A2(x) < -+ < Ay(x), then one can see

|An ()]
ySTERln

H(x, f) =

It is a remarkable fact that H(f) bounded in 2 implies Sobolev regularity f €
whn (€2), [3, 9]. Even more remarkable is the result which states lim sup can be
replaced by lim inf in the definition when = R", [5].

Other definitions assume this regularity and define the distortion in terms of the
differential matrix. Two common definitions are the inner distortion and outer distor-
tion, but there are many others, see [7, Ch. 9]. As examples for a homeomorphism of

@ Springer


https://newzealandtrails.com/news/great-walks-of-new-zealand/
https://newzealandtrails.com/news/great-walks-of-new-zealand/

The Generic Failure of Lower-Semicontinuity...

Sobolev cass W () set

IDfI"
J(x, )

IDfII"
J(x, f)

J(x, f)
A

Ko(f) = ‘

,K(f):‘

, Ki(f) = H

Loo(82) Loo(2) Loo(£2)
Each distortion defines the same class of maps, and easy eigenvalue calculations show

that

K(f) < Ko(f) < H(HY", H(f) < Ki(f) < H(f)". 2)

Polyconvexity of the distortion functional (when the distortion is a convex function
of minors of the differential) and the usual compactness properties of quasiconfor-
mal mappings [2] show that each of the distortions K( f), Ko(f) and K;(f) has the
following lower-semicontinuity property.

Theorem 1 Let K = K (f) denote one of the three distortion functionals K( f), Ko(f),
Ki(f), let Koo < 00 and let {fj : Q@ — R"} be a sequence of quasiconformal
mappings with K(f) < Keo. Then there is a subsequence { f, } such that one of the
following holds.

1. The sequence fj, tends locally uniformly in Q to a constant mapping with value
inR".

2. There is xo € K2 for which fj, tends locally uniformly in Q \ {xo} to a constant
mapping with value in R,

3. The sequence fj, tends locally uniformly in Q to a K-quasiconformal mapping
foo : 2= R"and K (foo) < Keo.

Since the very beginning of the multidimensional theory of quasiconformal map-
pings it was widely believed that the class of H-quasiconformal mappings in R”,
defined via the linear distortion, is closed with respect to local uniform convergence.
However this question of lower-semicontinuity was answered negatively by Tadeusz
Iwaniec in response to a query of Curt McMullen. In his paper [6], he gave an explicit
example to prove the following.

Theorem 2 There exists a sequence of H-quasiconformal mappings f; : R" — R"
converging locally uniformly in R" to a linear mapping f : R" — R" with

H(f) > limsup H(f}). A3)

j—o00

As we will see, the reason for this unusual and anomalous behaviour of the linear
distortion function is that it fails to be rank-one convex in dimensions greater than 2.
A natural question is how big the jump up can be here and Gehring and Iwaniec give
the following bounds found through Theorem 1 and (2).

Theorem 3 Suppose that f; : Q@ — R" is a sequence of quasiconformal map-
pings which converges weakly in W (Q2) to a homeomorphism f and suppose that
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H(x, fj)<MinQforj=1,2,.... Then
1 n—1\2/n
H(x,f)SE(M+M ) “4)

When n = 3 and M is large this bound is roughly M*/3/2 while it is M?/2 for n
large. We show the best possible lower bound for the right-hand side of (4) here must
exceed ~/2M for M large, with explicit bounds for all M.

3 Main Results

Our main results are the following which give lower bounds for Gehring and Iwaniec’s
result, and establish the generic nature of the failure of lower-semicontinuity for the
linear distortion — at least among affine mappings.

Theorem4 Let A : R" — R”" be an affine mapping whose differential has three
distinct singular values. Then there is a sequence of H—quasiconformal mappings
fi :R" — R", H(x, f;) < H, which converge to A uniformly in the spherical metric
and H < H(x, A) = H(A).

We give explicit bounds for the jump here in terms of the singular values of A, though
they are complicated. The next result relates to Theorem 3.

Theorem 5 Let o < +/2. Then there is a sequence of H-quasiconformal mappings
fi :R" — R"with H(x, f;) < H converging locally uniformly to an affine mapping
and

H(A)=H(x,A) >aH. 4)

For our examples H — 00 as & — ~/2 and so we see that the gap H (A) — H(f})can
be arbitrarily large. We give strong numerical evidence to suggest that +/2 is optimal
here, at least in three dimensions.

These two results are based on the following properties of the linear distortion
functional. As an example we recall that the determinant function det : R"*" — R,
in spite of the non-linearity of this polynomial of n? variables, is in fact linear in
the directions of rank-one matrices. More precisely, the function of the real variable
t +> det(A + tB) is linear if rank(B) < 1. The same is true for lower-order minors
and consequently for null-Lagrangians, being linear combinations of the minors of
Df.

A rank-one matrix can be written as the tensor product of two vectors. The key idea
in Iwaniec’s work is that the linear distortion function fails to be rank-one convex in
dimension n > 3. To compute the linear distortion of an affine mapping x — Ax +b
we study the eigenvalues of

A'A € Sym{ ;(R),

@ Springer



The Generic Failure of Lower-Semicontinuity...

the space of symmetric positive definite 3 x 3 matrices. Given such an A the spectral
theorem tells us A is orthogonally diagonalisable. It is an elementary fact thatif U, V
are orthogonal and f is quasiconformal, then H(x, f) = H(UfV, V~lx), and so
we may as well suppose A is diagonal. In this way, we reduce the problem of the
convexity of the linear distortion functional to considering that functional defined on
the space of 3 x 3 diagonal matrices with entries 1 = a1 < az> < az3. Iwaniec gave
an elementary argument to go from three-dimensions to n-dimensions which we later
recall.

To achieve these explicit bounds we study an interesting question of independent
interest and possibly connected with some aspects of materials science: determine the
rank-one direction for which the linear distortion function at A is “most concave”.
These directions might identify the structure of the laminations for the minimisers of
certain stored energy functionals occurring in the calculus of variations, [8]. Thus we
frame our proof through two problems we address.

3.1 Problem 1: Best Rank-One Direction

Let
1 0 O
A=10 a 0| =diag(l,a,b)
0 0 b
be diagonal with 1 < a < b. Determine vectors u and v in R>, |[u|| = ||v|] = 1, so
that with By = u ® v we have
—| H(A+41tBy) =0, 6
Tl H A+ 1By (©)
2 d2
—| HA+tBy) <—| H(A+1tB), 7
dr? li=0 (A+1Bo) = dr? li=0 (A+1B) 7
for every rank-one matrix B = ® v € R¥3, |lii|| = ||¥] = 1 with
—| H(A+tB)=0.
dt 11=0 (A+1B)

The solution to Problem 1 is unique up to sign. It is in this direction we might
expect to find the minimum values of H (A + ¢ B). Next we identify the 7-interval that
H(A +t B) is concave.

3.2 Problem 2: Intervals of Concavity

Let A = diag(1, a, b) with 1 < a < b and suppose By = u®v is a solution to Problem
1. Determine the largest real numbers t; > 0 and t_ < O so that H(A + ¢ Bp) is a
smooth function of ¢ in the interval t_ < ¢t < t;. Then determine H (A + t_ By) and
H(A +tyBy).
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We naturally expect that the values t_ and t; are where the singular values of
A 4+t By cross as t varies—they must cross as H(A +tBy) — 400 ast — +o00. The
values t_ and t will be determined from a (rather challenging) discriminant problem.
We conjecture that for all rank-one matrices B = u ® v, ||u|| = ||v|| = 1 with

2

d d
— H(A B) = — H(A B
at o (A+tB)=0, and e (A+1tB) <0,

we have forall t > 0
H(A+1tB) > max{H(A +t_By), H(A 4+t Bp)}.

This conjecture expresses the hope that the “best rank-one direction” also leads to the
largest gap between H(A) and H (A + ¢ B) and therefore gives us the approximation
to A of least linear distortion. However, it may be that there is another path giving a
better result for larger ¢, though our numerical evidence suggests otherwise.

4 Solving Problem 1

Our problem now is to determine the best rank-one matrix By = ugvg so that (6)
and (7) hold, That is the coefficient of the quadratic term in the series expansion of
H (A + tB) is as negative as possible. Let A = diag(l,a,b), 1l <a < b, and B be a
rank-one matrix, B=u® v = u - v/, where

u = (\/ 1—7r2, rcos(6y),r sin(@l)) , vi= (\/ 1 —s2,scos(8), s sin(@z))

Here 0 < r,s < 1 and 61,6, € [0,2x]. Clearly H(A) = b. Let A1(¢), A2(¢) and
A3(t) be eigenvalues of X = (A +1B)' (A +tB). The functions A; (¢) are locally well
defined and smooth in 7 and A1(0) = 1, 12(0) = a2, A3(0) = b*. Thus for sufficiently
small  we have A1(f) < Ay(t) < A3(¢) and

H(A +1B) = i?g;

A o\ 1, ., , ,
7+B 7+B =t—2AA+?(AB+BA)~|—BB,
if ¢ tends to infinity then

A
lim H(A+tB)= lim H (— + B) — H(B) = oo,
|t|]—+o0 t

[t]—+o0
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as B is rank-one. The matrix B has the form

VI=r2J1=52 J1—=r2scos(2) /1 —r2ssin(6,)
B = | ra/1 —s2cos(01) rscos(01)cos(@2) rscos(f)sin(6z)
ra/1 —s2sin(8;) rscos(0r)sin(@;) rssin(0;) sin(2)

and A + t B has the form

1+1tv/1—7r241 —s2 tsa/1 —r2cos(67) tsa/1 — r2sin(6s)
tra/1 — s2cos(6) a + trs cos(01) cos(6p) trs cos(0y) sin(6>)
tra/1 — s2sin(6) trs cos(6,) sin(6;) b + trs sin(61) sin(6;)
Using a second order Taylor series in + we may find the smallest and the largest

eigenvalues of X to second order. Let I be the identity 3 x 3 matrix. Then the smallest
eigenvalues of X can be found from

det[X — Al] ~ det[A + 1B — (1 +xt + yt>)[]1 =0, )

where A < Ay < A3. Differentiating (8) gives x = 24/1 — r2+/1 — 52 and

(ar«/l Z5Zcos(0)) + sV1 =12 Cos(92))2

_ 2
y=1=s- a?—1
2
(br«/ 1= sZsin(0))sv/T =12 sin(@z))

br—1

Hence

() = 1+2(V1 = r2/1 - s2)
+ <1 » (a1 —s%cos(d) + Sx/mcos(Qz))2

—§° —

a?—1
(br/T—s2sin(0)) + s/T— r2sin(2))7 , 5
— 71 -4 0().

Similarly the largest eigenvalue to second order is

A3(t) = b> + 2 brssin(6)) sin(62)
201 ) (br«/ 1 —sZsin(0)) + s+ 1 —r? sin(@z))2
+ 5~ ES cos(260) + o

sz(rb cos(6r) sin(61) + ra cos(6r) sin(Gz))2 5
+ el ) 2
b —a
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Therefore for small enough ¢, the linear distortion function H(A + ¢t B) is

b+ (—b\/ 1 —r2y/1 — 52 +rssin(@;) sin(92)) t
2

1 1
+ _(s_ — 52 cos(26y) — 4brsv'1 —r2y/1 — 52 sin(6;) sin(6,)

w\2 2
L (brvT=52sin@) +5VT— 1 sin(62))°
b2 1
s2(rb cos(62)sin(6y) + ra cos(@) sin(62))
+
b2 — 42

- (b\/l — 721 = 52 — rssin(6;) sin(62))2

+b2(— 1+s2 4402 -2 = 1)

2
(ars/l —s2cos(fy) +sv/1 —r2 cos(@z))
a? -1

— 7 —r?si :
, (bryT=325in(0) + 55/ T=sin(5) ))e+ o

+

b —1

We require the first derivative of H(A + ¢ B) to be zero;

b(vV'1 —r2y/1—s2) = rssin(®) sin(6,). 9)

We want to minimise the quadratic coefficient above as a function of the four variables
r, s, 01 and 6, and the two parameters a and b. Let

2

1 1
Or,s,01,60) = % (% — Esz cos(26,) — 4brsv/'1 —r2y/1 — 52 sin(8;) sin(62)

(brv/1 —s%sin(0)) + sv/1 — r? sin(92))2
+
pr—1
s2(rb cos(62) sin(6)) + ra cos(6;) sin(62))
+ b2 _ az

— (b\/l — 21— 52 — rssin(d)) sin(@z))z

+b2(— 1+s2 4402 =12 = 1)

(ar\/l 2 cos(0)) + sVT =12 Cos(92)>2

+
a? -1
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L (rVT=37sin@) +5VT—1 sin(@z))2>
P21 '

Above, we substitute r2s2 using (9) to find that Q(r, s, 61, 62) is equal to

1 <r2 c08(201)( — 2(b* + b*) + s2(=5 4 3b* + 2b*) — (b — 5)s% cos(262))

8 b3 —b
3r2s? +20%(5r* — 4)(s? — 1) + b (r? (14 — 175%) + 125% — 8)
+
b3 —b
N (—4b* + 3(b% — 1)r?)s2 cos(26,)
b3 —b

1—r2  rZsin(6))
2 2
+ 4bs~ cos“(6») <a2 —3 + a2 )

b(1 —s?)  sZsin?(6))
2.2 2
+4a“r” cos (91)< o + 23— a2h

2a(b? — 1)r2s? sin(26) sin(2(92))
- (% = D(a® —b?) '

Itis obvious that the function Q is 7 -periodic, so we assume the values of 61, 6, € [0x].
Put § = r? and n = s2 and write the equation as

0(@8,n,061,02)
1 (5 cos(261) (= 2(b% + b*) + (=5 + 367 + 2b*) — (b* — 5)ncos(262))
8 b3—b
N 3804264 (58 —4) (n— 1)+ (8 (14— 17m) + 121 — 8) +(—4b> +3(b> —1)8)1 cos(262)
b3 —b

1—-8  &§sin?(6))
4by cos> (0
+ n609(2)<a2_1 2

_ .2
+4a28c0s2(91)<b(1 m  nsin (91)>

a?—1 b3 —a2b

a 2a(b? — 1)8nsin(26) sin(292)>
(a® = 1)(a* = b?) '

Now

b*(8+n—1)
b2 — sin?(6) sin®(6,)

én =

by (9) so we can eliminate the non.linear term 17 and the function Q can be simplified
to
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1
" 32(a — 1) (b2 — 1) (b2 — a?) (% — sin?(6)) sin(62))

0@6,n,01,0) =

X b(b4(32 —78 —Tn) 4+ 8b5(8 + 1 —2) — TH*(S + 1)
+2a*(8+1n—4— 466 +n—3))
—a*(8 —8+b*(40 =218 + ) +n +8b* (S + 1)
+ (a® - bz)[(n 8- 2a%(—4+4L2(1 4+ 5 —n) + 1)
+ 5285 — 862 — 1) + n)) cos(20))
+ (1 —2d% + b8 Cos(491)]
+ [ = D(= B2+ 1= 2) + P (=1 + 626 +n — 1)) cos(26))
+(a2—b2)(—8+5+a2(8—25+8b2(5—n— 1
+b*(—8b*(8 — 1) + 8 + 8n)
+Qd® == 1)s cos(491))] cos(265)
—2(a® — b*)(2a® — b* — 1)n cos(46,) sin>(6;)
— 8ab(b* — 1)*(8 + n — 1) sin(26;) sin(292)>.

£ =32(a> — D(* — D)(b* — a?) and . = (b? — sin®(6)) sin?(62)) are positive. We
rewrite Q with respect to four variables 8, 1, 61 and 6, as below,

ol + Bn+y

5.1, 01, 0y) = .
(. .61.6) 32(a2 — 1)(b? — 1) (B2 — a2) (b2 — sin®(6y) sin’ (6))

(10)
where
a0, 62) = b<a2 —2a* + (7 —21a” + 8a*)b* + (7 + 8a%)b* — 8b°
—8(a? — 1)b? cos(201)( —d+ b+ (a2 —1) cos(292))
— (@ = b)) (140 = 86 +a*( = 2+ 8?) ) cos202)
+2(1 = 267 + b?) cos(46y) sin’(62) |
+ 8ab<b2 - 1)2 sin(26;) sin(292)>,
B61,6,) = b(a2 —2a* + (7 —21a® + 8a*)b* + (7 + 8a%)b* — 8b°
+cos(260)| — (a2 = b?) (14 b2 = 8b* + a* (367 — 2))
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—8(a? - )b2 Cos(292)]
—a?)| = 4(a® = 1) cos(26)
+ ( —24d* + b2> cos(46;) sinz(el)]

5 2
+8ab(b —1) sin(201)sin(202)),

y(61,62) = —b<32b4 — 16b° + 8a*(1 — 5b%) + 8a* (3% — 1)
—8(a® — b?)(a® — b* — 1) cos(261)
+cos(26:)[8(6 — 1) (a? = 1) (1 — @ + b?)
—8(a> = 1)(a> + (4> = 2)b?) cos20)) |
2
+ 8ab<b2 - 1) sin(261) sin(292)>.
The constraint is given at (9), and since the denominator of Q does not vanish, we

may multiply the constraint by this term and clear the multiplicative factor. We then
consider Lagrange multipliers to examine the function.

B
F(8,n, 1) = “Z"% —A(b*(1 =8 —n) + 8nu). (11)

We get the following three equations:

3F

— H2y LA
BF ) B
oF

Solving these gives two sets of solutions for § and 7.

oo (BR) e 5

o = , M= , A==

Jap
be /b2 — 1
b(b+/EVET = 1) oo+ [5vF ) i

& = , M= , A=

1 1 b uy/b>—p

Since 0 < §, n < 1, we must check which is the set of solutions between 0 and
1 that we want. In fact 0 < §; < 1,0 < n; < 1,8, > 1 and n, > 1. We have
p = (b* — sin?(8y) sin®(62)), so

b2 — 1 = +/sin?(6) sin(62) = sin(6;) sin(6,) > 0.
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For 6>, we have

b + b\/E (sin(0y) sin(62)) > b*> > b> — sin’(0)) sin’(62).
o

So,
b2 + b,/ L (sin(6)) sin(6,))
82 = \/;2 )
b? — sin?(6;) sin’(6,)
Similarly
b2+ b \/% (sin(0;) sin(62))
n =

b2 — sin?(0,) sin%(62)
4.1 An Extremal Case

We next claim the minimum of the function Q is negative by examining a special case
which will turn out to be the extremal. Let r = s and 6, = 7w — 6;. Then the vectors
u and v are

u = (/1 —r2 rcos(8y),rsin(d)), v =((/1—r2 —rcos(d)),rsin(®;)).
Thus

1+1(1—r?) —tra/1 —r2cos(0)) tra/1 —r2sin(6;)
A+1tB = |trv1—r2cos(®)) a—tricos*(8))  tr?cos(6;)sin(6)
tr/1 —r2sin(@;)  —tr2cos(6)) sin(0)) b+ tr?sin®(6;)

The smallest and the largest eigenvalues of the matrix (A +¢B)’ (A 4t B) can be found
to second order as before.

() =1+2(1—r)t
N > =D(1+a—b+r>+ab*—1)— (a+b)y? cos(291))t2
(a+ D -1

’

and

A3(t) =b% +2 brsinZ(0)) ¢
r2(b(3r2 b2 =) +a(r2+b(3r2 —4) +(@=b)(b—1) cos201) ) sin 01)
B 2a+b)6-1) "
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The linear distortion function will be

H(A+1tB) = i?—g; =b+L(r,0)t+ Q.01+ 0(%).

The first derivative of the linear distortion function must be zero, L(r, 6) = b(r®> —
1) + r2sin2(@;) = 0, so b(r2 — 1) = —rZsin%(0)). If we put the above equation in
the quadratic coefficient function we see

4@+ D@+b) = (1+a+a®+ @ Db +b?)?)
8(a+ 1)(b—1)(a+b)
r2( — 4(a+1)(a+b) cos20))+ (1+a+a>+(@a—)b+b2)r2 cos(46; ))
8(a+ 1)(b—1)(a+b)

o(r.0) =

+

We first find the critical points,

00 00
—(r,0;) =0 d —(r,0;) =0.
oy (r,01) an 8el(r 1)

The solutions are r € {0,1}, 6y € {0, 7}. If r = 0, then Q = 0. With r = 1 the
function Q is

4@+ D@a+b) — (1+a+a*+@—Db+b?)
8(a+1(b—1)(a+b)
—4(a + 1)(a +b)cos(20;) + (1 +a +a® + (a — 1)b + b*) cos(46))
" 8(a+ Db — D+ b) '

0, 61) =

In this case the partial derivative of Q with respect to 0 is

90 Lo — 8(a+ )(a +b)sin(20) — 4(1 +a + a* + (a — Db + b?) sin(46,)
ag, (0 = 8a+ (b — D(a+b)

=0.
As 8(a +b)(b — 1)(a + 1) > 0 we find five critical points in [0, 7 ].

b4
6=0, 6= > 6 = m, 6) = arctan ﬂ, 61 = m — arctan &,

X1 X1
where
o (a+1)(a+b)
" lYata®—btrab+b?
(b — D1+ 2a+ 242+ 2ab + b2
Y1 =

V1 +2a+3a% +a* —2b + 2a3b + 3b% + 3a2b? — 2b3 + 2ab3 + b+
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The values of function Q; at the critical points are

1
Q=0  o(3)=;—>0  am=0
i\ _ -1’

Ql(amtanx_l) T 4@+ Db +a)(t+atatba—1)+b7) =0

Now we prove that the quadratic function Q is positive on the boundary where 61, 6, €
{0, }. So,

61 =0 and 6, =0, 0y =m and 6, =0,
6y =6 and 6, =0, 01 =0 and 6, = 7.

There are four cases here, and we will prove only the first case as they are entirely
similar. With6; =0and 6, =60

u = (/1-r2,r,0), v =(/1-s2 sc0s(0), ssin(®)).
As —bv/1 —r2J/1 —s2 =0eitherr = lors = 1. If r = 1, then

b(s? +a*(2 — 3s?) +2b%(s*> — 1) + (a* — Ds*(2cos?(9) — 1))
0,s,0) = 4(a2—1)(a2—b2)

_ b(25%(@® — (1 — cos*(8)) 4+ 2(b* — a?) (1 — 57))
- 4(a? — 1)(b? — a?)

Sincel <a <b,0<s<1,and0 <6 < m,then Q(1,s,0) > 0. Thecases = 1is
entirely similar.

We now have shown that Q, the quadratic term, is positive on its boundary with
an absolute minimum at é; and 5. Note that the equations defining §; and n; include
the expressions »/B/a and /o /B, respectively. Illustrated by Fig. 1, there are com-
putational issues associated with the choice of square roots coming from the way we
present the algebraic solution in our formula (which we resolved to present the graphs
of the function Q in Fig. 2) so we must be a little careful to account of the ranges of
B and « in our calculations.

Substituting our expressions for §; and i and simplifying we find

a(b2 - b\/g sin(6)) sin(92)> + ,3(192 —b \/% sin(6)) sin(92)> fyu

2

0(6,6) =

s

The function Q has various properties, for instance:

Q(01,02) = Q(62,01), Q01,02 = Q(=01, —02),
Q(01,00) = Q(r — 01, —0), Q01,62) = Q2 — 62,2 — 01),
Q(01,02) = Q(r — 02, 1 — 0).
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Fig. 1 The functions @ and 8 if A = (1,2, 4). The functions o and B are the blue and the green graphs,
respectively

Fig.2 The quadratic function Q if A = (1,2, 10), A = (1,2, 105), A = (1,99, 154) (left to right)

Some of these are obvious and so we only prove Q(01,62) = Q(w — 61,7 — 6)
establishing the symmetry for the functions «, 8, y and u.

(T — 61,7 — 602)
= b(a® = 2a* + (7= 214> + 8a*)b? + (7 + 8a?)b* — 8b°
—8(a? = 1)b? cos@(r — 00— a® + b + (a® = 1) cos(2( — 6)))
— (a® = b?) [(1 + b2 —8b* +a?(—2+ 8b2)> cos2( — 62))
+ 2(1 —2d? bz) cos(4(r — 01)) sin®(r — 92)]
+ 8ab<b2 - 1)2 Sin(2(r — 01)) sin(2( — 92)))

= b(a® = 2a* + (7= 210> + 8a*)b? + (7 + 8a?)b* — 8b°
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— (a2 — 1)p? cos(291)( —a+ b+ (a®—1) cos(292)>
— (a® = b)) (1 + 6% = 8" + a*(— 2+ 8%) ) cos202)
" 2(1 —2d? b2> cos(46)) sinz(ez)]
+ 8ab(b2 - 1)2 sin(26)) sin(292)>
— a(0), 02).

Similarly we see

B — 61, —02) = B(61,62),

(12)
y(@ — 61, m—0) =y, 0).

Also,

w(r — 01, —6) = (b* —sin®(r — ) sin’ (7w — 6,))
= (b* — (—sin(0)))*(— sin(62))?) (13)
(b* — sin?(6)) sin®(62)) = w(61. 6)

It now follows that Q has the desired symmetries.
Next, the function Q is positive on the boundary of our region because

b sin?(6,) bsin?(6;)
0,6,) = ,0) = ————, 01,00 =00, 1) = ————-.
0(0.602) = Q(m.0) = 57—, Q01.0) = 001 m) = 50—
To determine the extremes of Q we must solve
a0 90
—(01,62) =0, —(61,62) = 0. 14
891(1 2) 802(1 2) (14)

However these equations are very difficult to solve analytically because they are of
eighth degree and trigonometric. Fortunately, it can be proved that the extremes of
the function Q are on the lines of symmetry. For this purpose, we must prove that the
contour maps of the partial derivatives of Q intersect each other on lines of symmetry,
illustrated below in Fig. 3.

First, the partial derivatives of Q are symmetric with respect to the line 6; = 6,.

90 I
8—91(91,92) =%, (62, 61). (15)

The point (r/2, 7w /2) is the intersection point of the lines of symmetry 6; = 6, and
01 + 6, = . If the origin (0, 0) is transferred to the point (;r/2, 7 /2), then the two
partial derivatives of the function Q are symmetric with respect to the line ) = 6.
That is one of these two functions can be considered as f and the other as f~!. Asa
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3.0F

251

g

05}

0.0}~ . - )
0.0 05 1.0 15 20 25 3.0

Fig.3 The contour maps of %(el, 6,) and %(91, 0,),if A = (1,2, 86)

Cy
Q C
04 g
0.25
03
0.20
02 0.15
0.10
0.1
0.05
. . . . . o1 61
05 10 15 20 25 30 1.0 15 20 25 20
(a) The cross-section of @ with re- (b) The cross-section of @ with re-
spect to line 61 = 62. spect to line 61 + 02 = .

Fig.4 Cross-sections of Q

consequence, the solutions of the simultaneous equations on [0, 7] x [0, ] are located
on the lines of symmetry 6; = 6, and 6; + 6, = . Hence, the critical points of Q lie
on lines of symmetry as illustrated in Fig.3 and Fig. 4.

4.2 Case 1: (01 = 6,)

In this case the functions «, 8, y and u are as follows:

(@) =b(a? = 2a* + (7 = 2107 + 8a*)b? + (7 + 8a?)b* - 85°
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+c0s(20)) (@ — b>)(—1 + 2a*> — 9b* + 8b™)
— 8(a® — 1)?b* cos?(20)) + 2(a* — b*)(2a*> — b* — 1) cos(46;) sin?(0;)

+ 8ab(b* — 1) sin2(201)>,
BO1) = b(a2 —2a* + (7 - 21a® + 8a*)b* + (7 + 8a*)b* — 8b°

+ cos(201)(a® — b*) (=1 + 2a%> — 9b* + 8b™)
— 8(a® — 1)%b? cos>(261) + 2(a® — b*)(2a®> — b* — 1) cos(46,) sin*(61)

+ 8ab(h? — 1)? sin2(201)>,
y(6) = — 8b<a2(1 —5hY) —2b (B —2) +a*(3b2 — 1)
—2(6% = DH(B? — a®)(1 — a® + b*) cos(26})
— (a* = 1)(a® + (@® — 2)b?) cos*(20) + ab(h* — 1)? sin2(201)).
Also, for the function u and constant £, we have
w®) = B> —sin* (@), & =32(a> — (b — DB —ad). (16)

These show that if 6] = 6, then « (1) = B(61). Finding the maximum and minimum
points of Q is straight forward. Set

0161 = b>(a(61) + B(61)) — 2b Ja(01)/B(O)) sin>(61) + y (61 (61) )

RGNS
where 61 € [0, 7r]. Then
2 2 _ 2\ o
@(91):2}72[(2“’)17 +4a*(b+ 1) —4dab+1) )sm(2«931)+
doy (@ —b)(b — 1)(a—1)(1 +2b — cos(26)))

(—1-2a%b+1) +2a(b+ D%+ b(=2+ b —2b%)) sin(491)]
(a—b)(b— )(a— D)(1+2b—cos(261))’

(18)

There are five critical points on [0, 7],

T
01 € 10, —, m, arctan & 7T — arctan A
2 X1 X1

where

_ b —1vb
V1 —2a +2a% +2b — dab + 2a%b — b2 — 2ab? + 2b3

X1
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B Vb + 11 —2a + 24> — 2ab + b?
V1 =24+ 2a% +2b — 4ab + 2a%b — b% — 2ab> + 2b3

V1

The values of function Q at the critical points are

b
Q=0  o(3)=m—=>0  Cm=0
and as
01 (arctan ﬂ) = Q0 (7‘[ — arctan E) ,
X1 X1
0 (arctan ﬂ) = b — 1)’
: x1)  4a-Db-ayb+ D1 +a+bb—1)—ab+1)

these values are all non-negative.
4.3 Case2: (6, = — 6,)
This is the case we worked out explicitly earlier at Sect. 4.1.

4.4 The Best Rank-One Direction

We have found the best rank-one direction, that which maximises the negative of the
second derivative. We know that in the best direction, 6, = & —0; and «(0;) = B(61).
We have § = r2 and = s2. Then

o EF) e B
= ) m= .

I I

)

Since a(6;) = B(01), r> = 52, and r = +s. Without loss of generality we may assume
that r = s, so,

o b(b - \/gx/bz - u) _ (p?—bsin’(0))
TEEE w 2 —sint0)
b(b —sin?(6)))

" (b—sin2(@) (b + sin>(@)))

Hence,

b
f§ = ———
(b + sin(6))
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and
. [V2bsin@y) +sin®(@1)  bcos(6r) bsin(6;)
u = - ) - , - , (19)
(b + sin®(6))) (b +sin?(©01))" (b+sin?(0)))
. [V/2bsin@y) + sin?(6)) bcos(6) bsin(6;)
Vo= - , = - , - , (20)
(b + sin®(6))) (b+sin©1) (b+sin®(6)))

and with our previously computed values u and v can be written with respect to a and
basu = (uy,uz,u3),v = (uy, —uz, u3), where

u = b-1 ’
V20 + D)(14+a+a?+ba—1)+b2)

_ 14242 4+ b2 4+ 2a(1 + b) 1)
*TV20+a+a+ba—1)+b
(b— b
usz = .
V2 + 1)1 +a+a2+bla—1)+b?)
The minimum of the function Q is
o —b(b —1)°
min(diag(1, a, b)) = (22)

4a+ Db+ D@+b(d+a+a?+ab—b+0b%)

4.5 An Example: A = diag(1, 2, 4)

Then
5 % 1 \/3 [2 1 \/? [2
=u v, u= T ) T e , V= T "1\ = .
0 30 V6 1 V30 6 15
I+5 —6 1
A+tBy=| Lt 2-3% ¢
2
Eoob A

If C = (A +tBy)' (A + t By), then the characteristic equation is

11 112172 224t 196¢2

3 2 2

3 (21— = +2) 22+ -84+ 50 — A+ 64— =5 4 =0.
< 5 ’) ( 84430 = =50 ) ( 5 25 )

Using Taylor’s series the first three terms of the eigenvalues (on an interval around
0) of the matrix K are equal to

A(t)—1+1t+1t2+0(t3)
=715 T 60 ’
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H
6 oo
Linear Distortion
5t Max singular value
3
Mid singular value
\/ Min singular value
- t
-2 2 4

-1

Fig.5 The eigenvalues of the matrix C = (A +¢Bg)’ (A +tBp), when A = (1,2, 4) and By is the optimal
direction

10 29
M) =4— =1+ =>4+ 0@,

3 36

16 8
() = 16+ —t + —1% + O(F),
3(1) +15 +45 + 0(t)

The linear distortion is H (A + tBg) = /A3(t)/A1(2).

16t 812
H(A +1By) = 13“) (O ErE Loy op,
1(0) I+ &£+ 5 90
—‘ H(A+tB)=0, and L HA+1B) = — -
dt lr=0 ’ de2 lr=0 90

Figure 5 also illustrates the loss of smoothness and concavity precisely where the
eigenvalues cross.

5 Solving Problem 2

Let A = diag(1, a, b) with 1 < a < b and suppose uand vinR> have |[u|| = |v|| = 1
so that By = u ® v is a solution to Problem 1. We want to find;

1. ty > 0and t_ < O of largest magnitude so that H(A + ¢ Bp) is a smooth function
of ¢ in the interval t_ < ¢t < t, and that
2. for all rank-one matrices B with

2

d d
— H(A B) = — H(A B
atli—o (A+1tB)=0, and 32 lizo (A+1tB) <0,
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we have forallt > 0
H(A+1tB) > max{H(A +t_By), H(A +t By)}.

The values t_ and t; we find are where the singular values of A + 7By cross. Thus
we identify the discriminant of the eigenvalue equation for H(A + ¢ By) as it is the
transverse crossing of the eigenvalues which implies H loses smoothness. The two
vectors u and v are given at (21). The characteristic equation det((A + ¢ Bg)' (A +
tBg) — Al) =0is:

det(K — A1)

2
b2(2a3(b + D) +2a2b+ Db —t4+1)+2aB> —4bt + 1) — (B3 + b2+ b + 1)z)

4b+1)2(a +ab+a+b2—b+1)
1
A+ )22 +abta+ b —b+ 1)2[
+8a°(b+ D1+ b2 (A + b — 1) + 8b°(t — 2)1 + 1> + 4bt?
+4b71(t +2) — 431 (3t + 4) + 2b*1 (151 + 4) + 4b> (1 + 21 + 2%)

4a%(b + D21 + b3

082+ 4) 332 — 2 —2) +dat (b + 1)(3 £36° — 34— 1)
— 30+ 12 4 b2 = 100 +3) + b2 — 100 +7) + b2 (1 —6t+7))
—2a(b + 1)(2b7z —(t =)t — 3b*(t —2) — 8br% + b3 (—8¢2 + 61 — 4)
G+ 4) — 42+ 1) — 23 + 4))
+4a3 (b + 1)(2+2b6+b5(2—4t) — 4+ 2+ -8+ 4)
+ 207212 — 61 4 2) + 26> (312 — 61 + 4) + b(61> — 81 + 2))
+d>(b+ 1)(4 +4b7 — 81 + 517 — 4b%(21 + 1) + b (51 — 281 + 20)
+ 263 (1112 — 361 + 6) + b(211% — 281 — 4)
+pY(12 + 81+ 211%) + b0 + 81 + 22:2))] A

1
+
(b4 1)1 +a+a2—b+ab+b?)
+ @b+ D0 +b =20 +b3t — D2+t —2bt + b +12
+ 021 +2b) +a(l + b)Y+ b+ b> +b> —t — b*t + 1> + bt?)

[1 ++atb+1)

+a®(b+1)(2+2b =20+ 12— b(1 + 21))} -3 =o.
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While degree three in A, this polynomial is only quadratic in ¢ — a consequence of
the Jacobi identity for determinants. This characteristic equation must have three
non.negative real roots. To avoid solving these equations we use an algebraic trick: A
root in ¢ to the above equations implies a repeated root of the characteristic equation.

Theorem 6 The characteristic polynomial
det((A +1Bo) (A +1tBy) — A1) =0

has exactly two real roots as a polynomial in t.

We write out this equation in 7. Remarkably the discriminant equation of degree 8§ in
t has a simple repeated quadratic factor

P(t)=(—1—a—2a*—4b—Tab — 4a’b
+2b% — Tab* — 2a°b* — 4b> — ab’ — b*) 1*
+ (= 1+42a+a*+4a® — 6b — 4ab + Ta*b
+8a’b — b? — 12ab* + Ta*b* + 4a’b*
— b’ —4dab® + a’b® — 6b* + 2ab* — b°) 1
—2(—a+a*+b—ab—2a* +2a*b + b* + 2ab*
—4a’b? + a*b? + 2ab® — 2a°b® + b* — ab* + b° — ab’)

The quartic remainder has discriminant in ¢ equal to

256(a+1)2(b—1)2bb+1) (a+b)> (a2+ab+a+b2—b+l)6 (2a2+2a(b+1)+b2+1)

x <27a6 (b3 +0 b+ 1) +54a5 (b + 1)2 (b2 +b+ 1)
+9a* (7b5 +276% 4 56b° + 56b% + 27 + 7) + 342
+4a’ (b2 +h+ 1)2 (11b2 + 385 + 11)
+ <7b7 +46b° + 99b° + 118b* + 1185° + 99b7 + 46b + 7)
+6a(b + 1) (b6 +6b% +3b% +76% +3b% + 6b + 1)
+5° 4 6b% + 18b7 + 860 + 2167 + 216* + 86> + 18b> + 6b + 1)3

This is term is strictly positive. The discriminant of the second derivative is negative,

so has no real roots, and it follows that this quartic does not have four real roots and
so it has none.

Corollary 1 The regular branches of the eigenvalues of (A + tBy)' (A + tBy) cross
twice.
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In fact these crossings are transverse and so H (A + ¢ Bg) will lose smoothness there.
We do not need this result, but it can be proved by a lengthy calculation from what
follows as we calculate these crossing points. We have

P(t)2R(1)

Disc.[det((A + tBg)' (A +tBg) — AI)] = ,
[det(( 0) ( 0) )] 160+ )31 +ata®—btabt by

with R(t) > 0. The discriminant of P(t) is

A=~ 1)2[1 +4b + 6b° 4+ 4b° + b° + da(b + 1)(b* + 3% +3b + 1)
+4a* (b + 1) (3+ 2+ 3b)) +2a*(L + b+ b*)(5 + b(6 + 5b))
+a*(9+b0b -2)].

which is obviously positive. Thus P () has two real roots and examining the coeffi-
cients shows they have different signs. Let us denote these roots ast; > Oandt_ < O.
We calculate that

B Gi(a,b) — (b* = )T (@.b)
T 2(—1—a —24a% — 4b — Tab — 4a%b + 2b% — Tab? — 2a2b — 4b3 — ab3 — b*)’

_ Gi(a,b) + (b* — 1)/ T (@, b)
T 2(=1—a—2d% —4b — Tab — 4a%b + 2b% — Tab? — 2a2b? — 4b3 — ab3 — b*)’

ty

t_

where

Gi(a,b) =1—2a —a® — 4a> + 6b + dab — 7a’b — 8a’b + b* + 12ab* — Ta>b*
—4a3b% + b + 4ab® — a®b® + 6b* — 2ab* + 1,

Ji(a,b) =1 +4a + 10a® + 124> + 9a* + 4b + 16ab + 22ab + 20a°b — 2a*b
+ 12ab* + 32ab* + 20a°b? + 9a*b? + 66> + 12ab> + 224%b> + 124°1°
+ 16ab* + 10ab* + 4b° + 4ab> + b°.

Write the characteristic equation as
DA 4+ C1A2 4+ Bia+ A =0, (23)
where

Di=—4b+1*(1+a+a’+@— Db+,
Ci=4b+D(1+a+a*+(a—1b+b)
x (1+b2+b3+b5+a4(b+ D) +ab+ 1)1 +b—21)
+ (b= DB+ Dt + 0 + Dr?
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+a*(b+1)(2—b+2b" —2(b+ Dt + 1)
+Mb+DO+b+b?+#—aﬁ+nwub+nﬂo,
By = —4a®(b+ D*B% + 1) — 40" + b)’
—8a°(1+ 52> + (1 + b — 1) — 86*(b — D*(B* + D)t
— 1+ b(4+B[8+b(— 12+ bB0+b(~12+ b8 + 44+ b)))]) |
+ 4a*(b + 1)( — (b + D@ +T76* +3b") + (b +3)3b + (b* + Dt
— b+ DG+ DY)
+ad3 (b + 1)( —2(1+b+b2(b+ Q2 +2b+ b))
+40b+ DB+ DA +b+bH1 — B> + 1)1 +b(6 + b))fz)
+ @b+ D[ =46+ D@+ D(1+b6(= 2+ b6 + (-2 +b)b) )
+ 4(2 + b(7 T b[ 2+ b<18 +b(—24b(7+ 2b)))])>t
— 0+ 5)(5+b(16 4 b(9+ (16 +5b)) ) )]
+2a(b+ D] =407 + 57 + 5% +5%) +20(1 +5° 3+ 3b + b))
_ (1 + b(8 n b(3 +b(8+b(3+bB + b)))>>>t2],
Al =b2(2a3(b+ 1) +2a*b+ D1 +b—1)

2
— b+ DD+ 1t +2a(l + b3 — 4bt)> .

The roots of (23) are

213 x Y(a,b, 1) X(a,b,t)
3x X(a,b,t) 3x21/3x Dy’

=3 013  y@a,b.t) Y3 5 X(a.b. 1)

M =Z(a,b,t) —

A= Z(a,b,t 2 2 , 24
2= 2@ b0+ 3x X(a, b, 1) 3 %2153 x D,
e L3 3 213 % Y(a, b, 1) =3 5 X(a, b, 1)
= t f—
3=2@bn+ 3% X(a, b, 1) 3% 2153 x D,
where
X(a,b,t) = ( —2C3 +9B,C1 Dy — 27A Dy
1/3

+/—4(C2 = 3B,D;)’ + (2C3 —9B,C,D; +27A,D%)* | .
1 1 1
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? E 2 ‘ s
1/ i 1/

Fig.6 The saw-tooth function

C?+3B\D
Y@, b, 1) = —1 el
Dy
c
Z(a,b,t) = ——~.
3D,

The linear distortion of the matrix A + ¢ By is:

H(A+tBy) = /;\:? 25)

We are now in a position to solve our problem. Given 1 < a < b we find By, as
at (21) and calculate H(A + t+ Bp) and H (A + t_By). Both of these are less than
b= H(A).

Following on from our earlier example for A = diag(1, 2, 4), we compute that

H(A) =4, t.=119219, t_=—2.04584,

H(A +1t,By) =3.97539,  H(A +t_By) = 3.97539.

So, for all t € (—2.04484, 1.19219), we have H(A + tBy) < H(A). This example
is remarkable in that H(A + t; Bg) = H(A + t_Byp). In general this is not true, but
appear to be the case in the situation we believe is extremal.

6 lwaniec’s Construction

Here we briefly sketch this construction. We have B = u ® v. Consider Ty (x) = Ax,
and forv = 1,2, ..., we define a sequence {TV}S‘; | by equation

1
T,(x) = Ax—h (vu-x)v
%
where £ is a periodic piecewise linear function on the real line illustrated in Fig. 6.
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Given t_ < 0 and t; > 0 of the lemma we define

t_r,
h(r) = {

t+r,

-l <y <

E -

i

t_
i
_t,SFS t

F -

for any integer i. Then we can extend 4 to the entire line (saw-tooth function). The
function % is a bounded Lipschitz function whose derivative assumes only the two
values t_ and t . The sequence {T,};° | converges uniformly to Ty. The derivative of
T, also assumes only two values, which are independent of v, apart from countable
set of points where it is not defined.

DT, =A+h(vu-x)u®@v=A+h(vux)Bec{A—t_B, A+t.B}.
In either case, the linear distortion of DT, (x) is equal to H,
H = max{H(A +t_By), H(A +t; By)}

Iwaniec’s argument now proves our first theorem. We remark that the sequence
{h'(v{u, x))}32 | converges weakly in L®(R3) to 0 as v — o0, but not pointwise
almost everywhere.

6.1 Higher Dimensions

It is very hard to identify an optimal rank-one direction in n-dimensions, because the
characteristic equations of A+t B is so complicated. However it is clear that the above
arguments work in higher dimensions when we extend the matrices A and B by the
rules (see [6])

1 0 0 O 0
0 a 0 O 0 By O 0
0 0 b O 0 0 O 0
A=10 0 0 a 0 and B = .
: 0 0 0
10 0 0 O a |

7 The Bounds

For A = diag(l, a, b) we have everything written explicitly in terms of a and b,
however complicated, and so we may explore where the largest jump and the number
/2 comes from. We consider A = diag(1, c, g(c)), identify the best direction and
maximal jump as functions of c¢. These are illustrated for a variety of choices of g
below in Fig.7. These calculations led directly to the conjecture that this jump is
largest when A = diag(l, ¢, ¢?) and c is large, remarkably the example that Iwaniec
considered even though he did not have the optimal direction.
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S \ e (1,%,x+10)
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ass] 092
e (A My (Lxx00)
‘ TR J— (1,%,x+100)
; \\ N T (1,x, x+200)
onf] \ ><
l \ / X
osf| ) \ / \
2.1 \
»\ (1,%,x%1) IR \ (1,%,x+1000)
N 19 \\\
N (1,x,x%°) =
(Lxo?) : S (1,%x+10000)

Fig.7 The jump: 1 << a << b (left) and the jump |a — b| (right)

The optimal direction is

(1), et !

2/t D2(e=De+D(e2+1)

1

_ 1 (c=1)*Ve?
241 2(c—Dc+2

2((c=De+ 1 (cZ+1)

By = (0271)” e ! __ \/72(6271)\/ e t!
2\/(c+1)2((c—1)c+])(62+1) He=De+2 2\/(cz+l)(c4+c3+c+1)
2(-2_
(=122 [(‘ l)v =Tyerr T (c—1)2c?

2e=DetD(+1) 2/t D2 Der (1) 2eDeth(+)

(c — 1)(cz+l) (*C6+2657SC4+5C2+(C+])2\/(C2+])((C(C3+7C*8)+7)C2+])726+])
2((c5+6¢3+c2+c+6)c2+1)

=D (A+1) (S =25 +5¢ =52+ e+ D2/ @+ 1) (e (P +7e=8) +7) 2 +1) +2c — 1)
2((>+6c3+c2+c+6)c2+1)

With these values one can compute the singular values of A + t+ By explicitly, and
then H(A + t4 Bp). The formula for H (A + t+ By) runs over a few pages and we do
not reproduce it here. However it involves only Laurent polynomials in ¢ of modest
degree at most 18 and the square roots of polynomials of degree 8 along with a cube
root. As such the limit as ¢ — oo can be directly computed using the usual bag of
tricks, we checked our results also with Mathematica which returns the limit in a few
minutes. With A, By and t4+ as above we found

. H(A+tLBy)
lim —s =

c—>00 c

(26)

Sl -

and this is our second theorem.
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