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Abstract

For many years polar scientists and offshore engineers have studied the be-
havior of a floating body in the presence of ocean waves. A large floating structure,
such as a floating runway or an ice sheet, is sufficiently thin so that elasticity is im-
portant. The solution of the motion can found by coupling the water and elastic
plate equations. However these solutions have only been calculated when the water
is of constant depth.

In this thesis we shall present a solution for wave scattering by an elastic body
on water of variable depth. Our solution method involves partitioning the problem
domain into finite and semi-infinite regions. In the semi-infinite region the solution
is obtained using an integral equation. A boundary element method together with a
Green’s function for the thin plate is used to solve for the finite region. The separate

solution are then coupled to give the solution for the full problem.
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Chapter 1
Introduction

For many years the study of ocean waves has been of interest in polar and offshore
engineering. The object of the study is to find out how an arbitrary large floating body on
the surface of the water behaves in the presence of an ocean wave. Some researchers are
interested in the motion of the floating body while others study the motion of the water
itself. Our main interest is to study the motion of the water in the presence of a floating
body, by calculating the scattering of the water wave.

The scattering of the wave is influenced by many factors, the most important of which
are the shape and the elasticity of the floating body. For example a round-shaped body
rocks in different way from a flat-shaped body. A body of significant stiffness (such as a
ship) is said to have small elasticity which is not important in determining the scattered
wave, but for a sufficently thin body (such as a thin ice sheet) elasticity becomes important.
We only consider a floating body which is flat, rectangular, and thin, so that elasticity is
important. As well as the shape and elasticity of the floating body, the shape of the seabed
also influences the behaviour of the wave. A constant bed topography (flat seabed) does
not scatter the wave while a non-constant bed topography (varying seabed), such that the
depth of the water is variable, scatters the wave. In this thesis we seek solutions for the
scattering of waves by an elastic floating body on the surface of water with variable depth.

The elastic floating body and the varying seabed are referred to as the scatterers.
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The main reason for our interest is that, to our knowledge, no author has solved
the scattering problem for the elastic floating body with varying seabed. However many
publications have presented a number of solutions for simpler problems. There are two
types of simplified problem, one which considers the elastic floating body only while the
seabed is constant and the other one is to have a varying seabed with the surface of the water
free. The first type of the simplified problem was solved by Meylan (1993) for an ice floe
and by Namba and Ohkusu (1999) for a floating artificial island. Both used linear shallow
water theory (Stoker (1957)). The second type of the simplified problem was solved by
Staziker, Porter and Stirling (1997) for a localized bed topography with uniform depth at
its ends. Their solution method used an integral equation and a Green’s function.

In solving the problem of the wave scattering by an elastic body on water of variable
depth we adopt the method used by Liu and Liggett (1982) and Hazard and Lenoir (1993).
Both publications used artificial boundaries dividing the water domain into a finite and
two semi-infinite domains. These boundaries are located at a sufficient distance from the
scatterers so that the water depth is assumed constant; this method is called the far-field
method, the solution being obtained using eigenfunction expansions. Then the far-field
solution in the semi-infinite domain is matched with the solution in the finite domain. Liu
and Liggett solved this using the boundary element method (BEM) and Hazard and Lenoir
used the finite element method (FEM).

To solve the wave scattering problem by an elastic body floating on water of variable
depth we use the far-field method and the BEM. Our solution technique involves two main

steps. The first is to split the water domain into finite and semi-infinite domains. The
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solution of the wave in the semi-infinite domain is obtained using appropriate separation
of variables (leading to an eigenfunction expansion). From this solution we derive the
coupling operator for the boundary condition at the artificial boundaries joining the finite
and the semi-infinite domains. The solution for the wave in the finite domain cannot be
solved exactly therefore we must solve it numerically. This leads us to the second step,
the BEM, which involves transforming the wave problem into an integral equation together
with the free-space Green’s function.

The solution of the wave scattering problem is presented in terms of the wave po-
tential, the techniques for which will be explained in detail in the first three chapters of
the thesis. The first chapter explains the water domain and the governing equations for the
wave scattering problem, including the derivation of the stationary model for the problem
and the incident wave. The second chapter explains the reduction to finite and semi-infinite
domains. In the first part of this chapter we derive the solution to the wave potential in the
semi-infinite domain using separation of variables and the expression for the coupling op-
erator for the boundary conditions. In the second part of chapter two we describe the BEM
procedure for solving the wave potential in the finite domain. This procedure involves two
integral equations (one is for the boundary condition underneath the elastic floating plate
and one is for the solution of the wave potential) and two Green’s functions (one for the
elastic floating plate and the other the free space Green’s function for the wave potential).
Then in the third chapter we solve the integral equations from the second chapter numer-

ically by solving an equivalent linear equation which involves matrices for the Green’s
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function and for the boundary conditions as well as vectors for the wave potential and the
constant.

The next two chapters present the results of the implementation of the BEM. In the
fourth chapter we define the reflected and the transmitted waves, which are useful for error
checking in the numerical solution. In the fifth chapter we present some relevant results
from the numerical computation of the wave potential. At the beginning of the chapter we
test for convergence. This provide us with an appropriate choice of parameters used. Then
we compare the results with the previous ones of Meylan [5], Staziker, Porter and Stirling

[7], and Namba and Ohkushu [6].



Chapter 2
Introduction To The Wave Scattering Problem

In this chapter we will describe the wave scattering problem and derive the mathe-

matical equation for it.

2.1 The Physical Description

The problem domain consists of a thin plate floating on the water surface above a seabed of
variable depth. This domain is horizontally infinite and is bounded vertically by the water
surface and the seabed. The water is assumed inviscid, incompressible, and its motion is
irrotational. The seabed consists of three parts. Two regions of constant depth connected
by a region of non-uniform depth profile. We call the region of non-uniform depth profile
non-constant seabed. The thin plate that floats on the free surface of the water does not
move horizontally (in other words, the plate only moves up and down). The immersed part
of the thin plate is negligible compared to the depth of the water. We call the plate and the
varying seabed the scatterers. This problem is shown in Figure 2.1. Since the domain is two
dimensional, we use the Cartesian coordinates system with the z axis directed horizontally

and the z axis directed vertically.
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Figure 2.1. Physical description of the domain of the wave scattering problem containing a single
floating thin plate and an arbitrary bed topography.
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2.2 Mathematical Formulation of The Scattered Wave
Problem

2.2.1 Equation of Wave’s Motion

The domain of water in Figure 2.1 is denoted by ) where 2 C R?. The domain €2 is
bounded by the water surface at z = 0 and the seabed at z = d (). On the surface the plate
occupies the region x € [—L, L]. On the bottom the varying seabed occupies the region
@ € [—1,1] and it is described by a continuous function d (x). Away from the varying
seabed (z € (—oc,—1) or x € (l,oc)) the water depth is uniform. Therefore the entire
seabed can be described by the following function
—H, Vo € (—o0,—1).
d(z) = d(z) Vxel-L1], .21
—H, Vz € (I, 00).

An incoming wave of small amplitude travels horizontally from negative infinity to
positive infinity as shown in Figure 2.2. A result from this wave is a small vertical move-
ment of the plate. As well as rocking the plate, the wave is also reflected and transmitted.
This phenomenon can be described mathematically by a set of linearized equations involv-
ing the displacement of the plate w (z) and the velocity potential of the wave ® (z, z;1).
On the surface of the water where the plate is floating, these two quantities are related by
the equation w (x) = —V® (z, z;t) . This lead us to the equations of fluid flow for the

time-dependent problem which are

Ve = 0, in Q, (2.2.2)
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Figure 2.2. Schematic diagram for the wave scattering problem.
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R A T 22.3)

% = 0 atz=d(z), (2.2.4)
2= az=o (2.2.5)

—p (g g‘: ?:f’) = gf( 5t), atz=0, 2.2.6)

where p is the density of the water, p is the pressure on water surface, and ¢ is the gravita-
tional acceleration. Equation (2.2.2) is Laplace’s equation which arises from incompress-
ibility for an irrotational flow. Equation (2.2.3) is the boundary condition at the free surface
deduced from Bernoulli’s law and the fact that water particles stay on the surface. Equation
(2.2.4) is the boundary condition for a physically fixed surface (in this case the seabed).
The term % in equation (2.2.5) denotes the free surface elevation (vertical speed) and is
related to the wave potential as the negative of the normal derivative of ® taken on the wa-
ter surface. Equation (2.2.6) is derived from the linearized Bernoulli equation for pressure,
p(z,2:t) =—p (q w + %—q) (Stoker [8]). Notice that all (’)_tI: is simply = g—‘f)

For any point taken on the free surface away from the plate, i.e. x € (—>,—L) U

; ; G}
(L, o0), the pressure is equal to the constant atmospheric pressure. Hence the term — 0—‘? (@;2;¢)

is zero and so we can write (2.2.6) as

o 0P
p(g%+w) =, Vz € (—oo,—L)U (L,o00) and z = 0.

The pressure and the displacement of the plate are described by the Bernoulli-Euler

model for the plate. Neglecting gravity effects, the equation is

ph— +D =P  Vere[-L L] andz=0, 2.2.7)
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where p' is the density of the plate, A is its thickness, and

Eh?
D=—"1n .
12(1 — v2)

D is called the bending rigidity of the plate per unit length, E is Young’s modulus, and v is

Poisson’s ratio.

Differentiation of (2.2.7) once with respect to time gives

ap Pw Pw
— (g, z:t) = =p'} : D . 2.2.8
g Bat =—Phgs + Dagn @.25)
. od dw . . )
We know from (2.2.5), n = ~ at z = 0, —L < x < L. Using this, equation (2.2.8)
n :
can be written as
dp 7 Pod D P

ot —BH ot20n ¥ Ox'on’
Therefore we can write (2.2.6) as
0, z € (—oo,—L)U(L,0c) and z = 0,

\Jon ") ") B 00
P1 5e2am Axr*on’

The bending moment and shear must vanish at both ends of the plate. Hence this

gives the additional conditions

Fw  Pw
922 95 0, atz =—Landz = L.

By differentiating the equation above with time and applying (2.2.5), we get a condition

specifying the behaviour of the wave potential at the edges of the plate

foRLi P
B B Y  #w=—lLadz=L (2.2.10)
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2.2.2  Single Frequency Wave Problem

We simplify the model of the wave scattering problem by assuming that the plate is station-
ary. The solution to this model is then developed from the time-harmonic wave potential
system with a monochromatic incident wave of frequency w > 0. This problem is relatively

simple because we can write the wave potential as
® (x;t) = ® (x) e, (2.2.11)

and the displacement of the thin plate is

,—twt

w(z) =w(x) e

where x is the position vector denoting the usual pair of (z, z) .

(2.2.3) becomes

g % —w?d =0, (2.2.12)

and equation (2.2.9) becomes

0, Vz € (—oo,—L)U(L,00) and z = 0,

0o .
—ﬂ(ﬂ——w ¢)= o 3
on D i 2(’)(.1) . . o
Dm—ﬂhw B Vz € [-L,L] and 2 = 0.

(2.2.13)

2.2.3 The Incident Wave

The wave potiential function P (x) is decomposed into two parts

d(x) =0 (x)+ ¢ (x), (2.2.14)
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with ¢’ (x) the potential of a single frequency incident wave and ¢ (x) the potential func-
tion of the transient wave. The incident wave is one which enters the domain and the
transient wave emerges from the scattering of this incident wave by the scatterers. We call
P the full wave potential.

The explicit expression for the velocity potential of the incident wave can be obtained

by solving the following set of linearized equations

Vil = 0, in .

il
%‘: N ST - (2.2.15)
6 1
a_i =0 oenz=-H, (2.2.16)

where v = w?/g (v € R").
This problem can be solved using the separation of variables therefore we can write

the incident wave potential as

where x = (z, z) . We easily obtain the solution for f (x) as
fz)= Ae ® f Be o' =,
where A, B are constants. The use of condition (2.2.16) gives

g (z) = cosh (u((]” (z + H;)) .

(1)
0

Since condition (2.2.15) must also be met then v; ' must satisfy the following condition

u((]” tanh (vg” Hl) =, 2:2.17)
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for the wave number vy € R*. The subscript in uf,” indicates that the wave number
belongs to the wave propagating on the left hand side of the scatterers (similarly a subscript
(2) indicates that the wave number belongs to one on the right hand side of the scatterers
and it also satisfies property (2.2.17) with H, replacing H;). The wave number is related

to the wavelength by the equation
(2.2.18)

It is clear from the expression above that the wave frequency may be expressed in terms of

the wavelength by the equation

5 2m \ | 2m H,
w'=g (W) tanh ( Q) ) : (2.2.19)

and thus the wave period 7' = 27 /w is related to the wavelength by the equation

o.y(1)
i 2 (2.2.20)

g tanh (%%L)

Note that the superscript in the parameters A and v is to distinguish to which wave they
belong. This is because the wavelength and the wave number of the wave to the left of
the scatterers is different from one in the right-hand side since the water depth is different.
However the frequency and hence the period stay the same.

The general solution for the incident wave problem is

(

¢' (z,2) = Acosh (Uél} (z+ Hl)) ¢ivo's + B cosh (U(()l) (z+ Hi)) emio T,

Since the incident wave travels towards the direction of positive = the second term in

the equation above (corresponding to the exponential function) tends to zero as x — oo,
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hence the potential of the incident wave can be expressed as the following
&' (x) = Acosh (u},” (2 + Hl)) e T 2.2.21)

where A € C is the amplitude of the velocity potential (Hazard and Lenoir [3]).



Chapter 3
Methodology for Solving The Wave Scattering
Problem

In this chapter we present a solution for the wave scattering problem of a thin floating
plate on water of variable depth. The method works by dividing the water domain into two
semi-infinite regions connected by a finite region. The solution in the semi-infinite regions
is found by an integral equation and the solution in the finite region is found by a Green’s

function (boundary element method (BEM)).

3.1 Reduction to Finite and Infinite Domain

A pair of vertical lines are located opposite to each other respectively at r = a; and x = a,
in the domain €2, where ¢; < min{—L,—[} and a; > max{L.[}. The length of each
line is equivalent to the depth of the water where it is located (the length of the line on the
left-hand side is H, and the length of the one on the right-hand side is H»). Therefore if
we connect the edges of these lines then we will obtain a ‘rectangular’ area containing the
scatterers. This situation is depicted in Figure 3.1.

The two vertical lines split the domain € into an inner bounded region €2 and two
outer semi-infinite regions, 2, and €. These vertical lines are denoted by ¥, and ¥,. In
each of the semi-infinite domains we solve for the wave travelling in the outward direction
(that is, the wave travelling towards —oc and the wave that travels towards oc). This wave

is the transient wave (this includes the travelling and the decaying waves) and the potential

15
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Figure 3.1. Schematic diagram of the finite and the infinite regions of the reduced water domain.
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is denoted by (})J- (7 = 1,2) (with the full wave potential to be é’j = (:‘):: + q?)j). In the outer
regions we solve for the transient wave. In the bounded region we solve for the transient

wave((_b) plus the incident wave(é)f), and this full wave potential is denoted by d.

3.2 Solution on Unbounded Domain

In this section we solve for the transient waves ¢, and ¢, in the semi-infinite regions €2,
and €2, using the method of separation of variables.
We derive a set of equations for the transient wave potential in the semi-infinite do-

main by substituting (2.2.14) into (2.2.2), (2.2.4) and (2.2.12).

2% _ . i )
Vo, =0, in2;, 1 =1,2,
(jr})Jr L
-— — o, =0, atz=0,,and —c < <aoras << oo,
an J
; (3.2.1)
99,
—L =, at z=—=H;. =1,2
an i d '
g; =9lz), a5, ji=L2 )

where ¢ (x) is a continuous function defined on ;.
To determine the boundary condition at ; and ¥, we define the coupling operator

(;,, by equation

Qiwd(x)=52(x), Vxex; (3.2.2)

Pj . - . — e
3 L is the exterior normal derivative of the potential in domain €2;.
n

To obtain an explicit expression for ), we solve system (3.2.1) using separation of

where x = (z, z) and

variables by writing the wave potential as c?)J = Xj () 7;. (2) . Using this wave potential

function in (3.2.1) gives us a pair of Sturm-Liouville equations, which are to be solved
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separately for functions x; , (x) and 7;, v (2)

Ly [xju (®)] = —nx;0 (@), (3.2.3)

Lr[rjw (2)] = —pTin(2), (3.2.4)
2 a2

where £, and £,, defined by £, = T and £, = pro are second order linear ordinary
az

differential operators. By letting p = ("?;.L ) we obtain the general solutions to (3.2.3)

and (3.2.4) as

XM () = eWHmlEmw) (3.2.5)

i (2) = ol cos (ni) (2 + Hj)) + 80 sin (7 (= + HJ-)) . (32.6)

Jw R

for 7 = 1, 2. Note that all r,r;":i’. m > (), are the eigenvalues arising from the Sturm-Liouville

problem with 7"/

; . as their corresponding eigenfunctions.

~(m)

Thus ¢, (z, z) can be expressed as

~(m) J+1_(m)

@;, (z,2) = A i R [ i”“ oS (ui’f’ (z+ HJ-)) - '}i’:jj sin (?;;if} (z+ HJ,-))} .
(3.2.7)
This leads us to the general solution for the wave potential function in terms of a series

; ~(m) S
expansion of @SI: (z, z) which is

Pl ) = Z c™ ¢ ?;. ;) (a.2) < (3.2.8)

Since v is real, then clearly both Sturm-Liouville operators are self-adjoint [Zwill-
inger [9]], hence the eigenvalues ng:) of £, and L, are real, and the eigenfunctions corre-

sponding to distinct eigenvalues are orthogonal.
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(9
The condition —~ ('?r = 0 on z = —H; implies that B(m} = (0 and (3.2.7) becomes
Tl

~(m) _yitigimie. (m
Piv (,2) = =V (@—a)) (e 34 ' cos (?}'ET ,,) (= + Hj)) :

93
By applying boundary condition —;—L - VO = 0, at z = 0in (3.2.7) we obtain the

oz
relationship between the eigenvalues of (3.2.7) and the frequency of the wave, as well as

an equation for constants r;f,’f] The result is expressed in the equation below
- TI,["T’} tan (I}J y Hj ) (3.2.9)

We call this the dispersion equation and 'q;f:f) the roots. As proven by Fox and Squire
[1] equation (3.2.9) has two pure imaginary roots corresponding to the travelling plane
wave, and countably infinite number of real roots corresponding to the evanescent (decay-
ing) modes of the wave. ugfﬂ] are chosen and ordered in a way such that :,r:::j is complex
with positive imaginary part and r_.r;fz}. m > 1, are negative real numbers of increasing
magnitude. The real roots of the dispersion equation are depicted by the intersections of
the curves of tan (1)) and —r/n in Figure 3.2. For m = 0, we can relate equation (3.2.9) to

(2.2.17) by equation v’ = —i-r‘,*f,-(_}j-

(m )

All eigenfunctions 7, are orthogonal, but they are not necessarily orthonormal. To

achieve orthonormality, we normalize each r usmg the condition

< {ru)’ (T*-)> ] E’TE) (I'Z = 6mn

where 9,,,,, denotes the usual Kronecker delta. This condition can be satisfied if u ) is of

the form

B

. (m)
L _ H; sin (anu Hj)
_‘,l,u ? + 4”(':?1)

(3.2.10)
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Figure 3.2. The real solution of the dispersion equation.
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Finally the constant C'™ is determined by applying the orthogonality of -r ) to the

last boundary condition of (3.2.1). The result is the following equation for C'™

Cm — < ﬂ":) (2) ,'E'f(3)> '

where the inner product term is the usual definite integral taken with respect of z with lower
limit z = —H; and upper limit z = 0.

In conclusion we write the wave potential on domain QJ- as the following

i ! y ’ dHiplm)
ACOEDY <T§.'L)(€)-¢'JJ- (u';-.Z)> T ) gl g (3.2.11)

m

We can derive the equation for the coupling operator by taking the normal derivative
of (3.2.11). The result 1s
2 79 (;JJ- (x) = Z(—l}“' n;"” <T;’:”(:;J> T;r:jj (), Vx € {(aj,2) € £;, j =1,2}.
(3.2.12)
Recall from (3.2.2) our purpose for developing () is to obtain the normal derivative

at the artificial vertical boundaries which couples the outer and the inner regions of domain

(2. Therefore we may apply (3.2.12) to the bounded region to obtain boundary conditions

99,
at these vertical boundaries by taking the opposite sign of the normal derivative 8— This
n

gives

g - ~ ‘
—3(x)=-Qu;(x),  x€{(a;2) €, j =1,2}.

Using this result, we obtain the explicit expression for the coupling operator ();,, in the

domain €2 as

Qv (x Zn“’”( oy o > ™),  Vxe{(a,2) €Ty, j=1,2}. (3:2.13)
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3.3 Non-dimensionalization

All the parameters involved in our discussion so far retain their standard units in SI. To
remove the units we non-dimensionalize them by taking the initial depth of the water on the
left-hand side of the plate as the non-dimensionalization factor for the spatial parameters.

This is shown in the following equations

=1
Il

£ = E,
T IJ
L = ,
H,
; H,
Hy, = —,
2 i,
[ = ot
H,
SN d(x)
diz) = I

The time parameter is non-dimensionalized by multiplying by the factor {% to become
1

g

=1 .
\ H,
and the dimensionless potential is

” 1
b=——F=29
hrl v Hr}(}
where ® = ¢’ + pand & = ¢’ + ¢.
In addition to the above, we define the dimensionless constants

_ph
pH, ;

B D
~ pgHY

B
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With the understanding that all variables have been non-dimensionalized, from now on-

wards we omit the overbar.

3.4 The Boundary Element Method for Laplace’s Equation

In this section we aim to solve for the full wave potential dinQ using the boundary element
method.

The equations for the full wave potential in Q are

Vi = 0, in Q, (3.4.1)
)P :
(0— = vd, atz € [a),—L] orx € [L,as] andz =0, (3.4.2)
n
o - PP ., 0P
= — —w P = JJ)— — W — at.r — L, / 2 =1 i
P (_q o (I) D 0 ph o tr € (—L, L] and )
(3.4.3)
P A
_— = - =0, atz=—Landz =1L, andz=0, (3.44
Ox?0n oxr3on ke ALK 0 { )
(')(i) .
— = 0, atz € [a),as] and z = d (), (3.4.5)
on
P 2 . |
'b—‘ . (JJ'J, P, alz = a; and z € 2;‘. (3.4.6)
I
where 7 = 1,2.

The boundary element method aims to transform the problem of solving Laplace’s
equation (3.4.1) with boundary conditions (3.4.2) to (3.4.6) into that of solving an equiva-
lent integral equation. To achieve this integral equation we construct two Green'’s functions,

one for the boundary condition under the plate and another for the potential.
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3.4.1 Green’s Function Solution for A Floating Thin Plate

We aim to express the boundary conditions underneath the plate by an integral equation
involving a Green’s function. This method is particularly useful when we come to discuss
the numerical computation by the boundary element method.

The boundary condition for the plate (3.4.3) may be written as

4 | - -
a(’)f:” —a'd, = %II), atz € [-L,L] and z = 0, (3.4.7)

: 0P
where ®,, = — and o' = (yv — 1) //3, together with the plate’s boundary conditions at

Oon
its edges (3.4.3)

82&?1 — a:;(i)n

T = B 0. ats ==L, %=L, and z=0. (3.4.8)
of Y £IL

<i),,_ (x.0) = (i>: (x.,0) from (3.4.7) and (3.4.8) can be seen as ‘a function of x” instead
of ‘a partial with respect to z'. Therefore we may view equation (3.4.7) as the fourth order
ordinary differential equation for ‘i>,,_ as the dependent variable. Equation (3.4.8) contains
the boundary conditions for P,,. Together equations (3.4.7) and (3.4.8) are to be solved for

®,,. For this purpose, we construct a Green's function that satisfies
ik v

"(}?Gp(u&f (Iv 5) ) QI"GIJ!G.EU. (-&&) =5 . o {.’I? L &) 3
' (3.4.9)
52 o
@-Gwme (l‘,f) = "a;EGP;ﬂm (T&) = (), atzx ==L, =1L,
Then the solution for <i)n can be expressed as
~ |7 L -
b= / Gptae (2,€) & (€) de. (3.4.10)
=7

or, in terms of an operator, it may be written as

(i)n = Gp{aze [‘i’} .
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More details of the method used to determine the solution of G 4. can be found in Ap-

pendix A.

3.4.2 Fundamental Solution of The Free-space Green’s Function

In this section we want to express the wave potential in the bounded domain as an integral
equation involving the Green’s function. This Green'’s function arises from the fundamental
solution for the Laplace differential operator and is expressed as a logarithmic function. We
shall see this in the following explanation.

We redefine the linearized equations for the potential problem in domain €2 to be the

following
Vo =0, inQ, 1
3% S—r atz € [ay,—L] orz € [ay, L], and z =0,
?)—:i: = Gite {t{)} 3 atz € [-L,L] and z = 0, \ (3.4.11)
%;i: =0, atz € [a),ap] and z = d (z),
Oa_f::Qj'”(i) atr =ajand z € X;. )

where operator G, is defined by integral equation (3.4.10).

Then we construct a Green’s function that satisfies
V3G (x,x) =63 (x — %),  inQ. (3.4.12)
By Greenberg the solution of (3.4.12) is the following equation

G (x,x') = % In |x — x|, (3.4.13)
m
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where x € {(z,z)} is the coordinate of the field point and x’ represent the ‘source’ or
‘sink’ point. G (x,x’) in (3.4.13) is commonly known as the free-space Green's function
(Greenberg [2]).

For a ‘rectangular’ curve ¥ encircling the inner bounded domain Q) the Green’s sec-

ond identity in two-dimensions is

; : v Jdu

2"—-" 2 — e ) . e 8.
// (u\_/’ v — oV u) dA ?{ (u n 1 8':’7) ds
Q

x

Hence if we let u = @ (x') and v = G (x.x'), the Green’s second identity formula

for d (x') and G (x,x’) can be written as

/fa:gl;hx') o (x') dA (x) = 5{ (ri) (x') aﬁc;(x.x')—c(x.x') %& (x')) ds (x')
Q Js T 1

(3.4.14)
since VG (x.x') = 85 (x — x') and V*® (x) = 0 for all x. '
Finally the left-hand side of equation (3.4.14) is defined (in Zwillinger) by the fol-

lowing equation

(0, ifx¢Qandx¢ ¥,

[[aa-x)de)aam) ={ Jee), ixes, (3.4.15)
Q

[ P(x), ifxeqQ.

Subsequently we will omit the hat notation. In the next chapter we solve this problem

numerically.

' The combination of equations (2.4.14) and (2.4.15) is sometimes called the direct boundary element
method (Zwillinger [10]).



Chapter 4
Numerical Implementation

The goal of this chapter is to implement the boundary element method using the

results obtained in the previous chapter.

4.1 The Numerical Integration Technique for The Integral
Equations

First we divide X into six boundary segments consisting of: two vertical segments, X
and ¥, two free surface segments, Y3 and 5, one segment under the plate, X, and one
segment for the varying seabed, 4. Figure 4.1 depicts the decomposition of boundary 3..

Then we combine equations (3.4.14) and (3.4.15) to obtain the following equation

1 b 0 e y o .
34’ (x) = Z /‘ ( Y& (x,x') @ (') - G (x,x'Y) %‘D (x"-")) ds (x'V1)
=172

on A

(4.1.1)
where x') is the ‘source/sink” point at boundary ¥; and x is the field point. Our aim is to
solve equation equation (4.1.1) numerically.

To solve this first we discretize the region of integration by dividing it into a finite
number of sufficiently small segments which we call panels. A panel on a straight-line
boundary segment is denoted by Az’ and a panel on the varying seabed is denoted by As;.
Figure 4.2 depicts Az} and As;.

Next we notice that the free-space Green’s function and its normal derivative in

(4.1.1) are rapidly changing functions and have a singularity at x = x’, while the func-

27
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. : . JG
tion @ varies more slowly. Therefore we integrate (G and n exactly and assume ¢ and @,
n

to be constants over each panel. This reduces (4.1.1) to a matrix equation
1
3¢=JHI<1)—G<I>,,. 4.1.2)

where ® and ¢, are vectors of the potential and the normal derivative. G is the matrix with
entries obtained from the exact integration of (3.4.13) and H is the matrix with entries from
exact integration of the normal derivative of (3.4.13). We call G and H the matrix operators

Jor the free-space Green's function. In the next section, we explain (4.1.2) in detail.

4.2 Matrix Operators for The Free-Space Green’s Function

In this section we find explicit expression for the matrix operators introduced in the previ-
ous section.

The purpose of dividing the boundary ¥ into 6 segments is because the results from
integrating the Green’s function and the normal derivative differ at distinct boundary seg-

ments. The numerical integration of each of the integrals in (4.1.1) is

[ G(X xr{j)) %({) (xr{jJ) ds (K:U}) - i:_(p( ) /CC,HG( . X :{J) dc,

/ ——G' x x'“)) P (x'm) ds (x'(j)) = ;‘D (XZU}) ./:”1 %G (X‘X;U}) dc¢,

forj =1,2, and
. 0 b o S §it1
/(3) 1 ¥/ _ (3) 1(3)
/G(xx“)a‘b(xj)ds( M) = Zla—Cq)(xiJ)je. G (x.x7) de,
; €iv :
/ 9.6 (x,x0) @ (x9) ds (x0) = 3@ (x?) f a%c (e, XY e,
i &i
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for j = 3,4, 5, together with

6 v e a 3 E!}—]

16 9 g (56 ey _ 1(6) 1(6)
Lﬁc(x,x ) 5. (@) ds (x'¥) ;:1: 0ﬂ¢(x, )[5 G (x,x?) dh.
d 1(6) W)\ g (M6 S 16) Sit1 9 1(6)

/ —G (x,x%) @ (x'¥) ds (%) = ;:1 <I)(x,- )/ aG (x,xi ) dh,

g n * C:
where m; denotes the maximum number of panels across ¥; and x:m = (€, () is the

midpoint of panel Az} at ;. ¢, and (| are defined in the following way

£l £f+£i+l
o= T
i bt Cia
¢ = 2oL

The variable h and n will be explained in Section 4.3.
Hence for a field point on the boundary (xiﬁ” =X € EJ) the potential is given by

the product of the exact integration of the Green’s function and its normal derivative, and

the potential at the boundary point which is

my my

o (=) = Y 6P (x")| 2¥y - 69 (=) o]
2 o o = 215 b2}
ma - b ) :
F 3560 ()| 99, - 3560 ()| o],
i=1 - i=1
ma m3y
(z) (7) (%) (1) (1) (1)
+) G ("k)z ® 123“20 (xk-)21¢c -
i=1 i=1 ' :
My gy
(1) (7) (i) (i) () (@)
+ G (x ) o\ . — G (x) b
ms ms
(1) { (3) (i) o (1) {(3) (1)
+Y G (xk)zsd) 55,8 (xk)gsq)c -
t=1 =1
me me
i) [ () ( (1) () )
+Y 6§ (xk ) . B9 g (3 ) BB
=1 =1
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where
a2 () = [: iG( 0, (@2,0) dc, 4.22)
Go (xf})’zm = /:H]G(xi.‘”.(a.l__g,g']) dc, (4.23)
@ ()|, = /;(.%G (x.0.6)) ae. (4.2.4)
¢ ()|, = /{ G (x?,(0,8)) e, (4.2.5)
). = /. C,i (x.(h,0)) d, (4.2.6)
2
G (x{")‘“ = /_ JlTl G (x),(h,0)) dh, 4.2.7)
and |

o) , =@ (x:m) o) = jcq,( rm)
- J
(I)(_U = il ( "U}) — (I)( "U)
¢ lg; ¢ % N |> On

. i . - "
with x:“‘ €X;,1<j<6.
If a set of points is taken from the same boundary segment, say X, then we have a set
of equations in terms of equation (4.2.1) defined at different points. This set of & equations

can be written in matrix notation as
1 6 6
§¢(P) — ZI[-]IJEP) o) — ZGE‘P) (I);(q”- (4.2.8)

i=1 i=1

The dummy indices p and j in (4.2.8) indicate the boundary segment where the points lie.

Vector 1) is

ol — [cb (x)|zj] , (4.2.9)



4.2 Matrix Operators for The Free-Space Green’s Function 33

with dimension %, and vector ®\ is given by

e) = |®(x)lg,|, forj=lorj=2,
®)) = |®(x)lg |, forj=3, j=40rj=5,
‘I’if) = | Py (x)|§;J ) for j = 6, 4.2.10)

where the length of the vectors {‘I’E (x)] } . [41).; (x)|£J] , and [(I),, (x)|33} are respec-

X

tively my + mo, mg + my + ms, and mg. G?’) is the matrix containing entries of the kind
of equations (4.2.3), (4.2.5), and (4.2.7). II-H_(?-”) is the matrix with entries of the kind of equa-
tions (4.2.2), (4.2.4), and (4.2.6). The full expression for Gﬂp} at each boundary segment is

given by
] . for 1 < j,p <6, (4.2.11)

&= o (),

and the full expression for !HIE-”) is given by

]1-}1;”’ = |&; (xi_‘”]) s forj=1,2and1 < p <6,

Hfﬁm = |G, (xi”)) | forj =3.4,5and 1 < p <6,

HY = |Gu(x)| |, fori<p<é (4.2.12)
- 6-

Both G“Em and ]I-I[;p) have the dimension of k x m;.
Therefore for a set of points taken on all six boundary segments we have six equations

(4.2.8) for six distinct p and we write this as the matrix equation

%‘I)z]HI(I)—G(I’n,



4.3 Discretization Technique for Non-uniform Depth Profile 34

where
- o) T Ki%a
i) il
) ¥,
P = RORE b, = (I)E:” (4.2.13)
2 2
| 99 | $©
r G{ll} Gg—}] G(l:ﬂ G(I’U G{lj) GEIG} g
G{zl) G(f) Gé’” GS” Gg)} ng)
(1) (2) (3) (4) (5) 6)
G: Gi GZ G:i Gi Gi G:i (4*) 14)
G[l} G{z} G(:i} G(d} G{)} G((i) ’ e
4 9 4 4 1 4
LG G G Gy G Gy
and
. H{l-l_} H(l-_n H(l:n H(l.n H(l;.} H_H.If;} -
I[-Hi,” ng] E-Hé‘” IHI;'” E-Eg” E-H.g‘}
(1) (2) (3) (4) (5 (6)
H = H:i ]H[SJ Hi‘lt ]H[.'i H."s Hii (4 o] I:,}
= (: . (1 5 (6 . Bt
H" HY HY H" HY HY
|5 B HY B HY B

The components of @ are given by (4.2.9) and the components of ®,, are given by (4.2.10).

The entries of G are defined by (4.2.11) and the entries of H are defined by (4.2.12). G
6

and H are square matrices with dimension Z m;. The solution of (4.2.2) to (4.2.7) is

=1
discussed in the next two sections.

4.3 Discretization Technique for Non-uniform Depth Profile

In this section we present a new coordinate system for the varying seabed. This will be
used in the next section to integrate exactly the free-space Green’s function and the normal

derivative on the varying seabed.
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From (3.4.13) the free-space Green’s function depends only on the distance between
points x and x’. For the straight-line boundary segments the integral of this Green’s func-
tion and the integral of its normal derivative can be done in a straightforward manner. For
the varying seabed, the integration of the Green’s function and its normal derivative is done
with the help of a localized coordinate system which varies as we traverse the varying
seabed.

The varying seabed, described by function z = d (z) , is divided into a finite number
of equally spaced panels As;. We set up the axes & and n in a way such that the origin
coincides with the midpoint of As; which is denoted by (£, (}) (see Figure 4.3). The h axis
is tangential to the curve and n axis is pointing downward in the normal direction to the
curve. The coordinate system /. and » is at an angle ¢, to the Cartesian coordinate system.
The Cartesian coordinate system (., z) is related to (h,n) by the following equations for

panel j:

h = (z—¢&)cosb; + (z — ) sinb;, 4.3.1)

n = (z—¢)sinf; — (z — () cosb;. (4.3.2)

Hence the coordinate system changes for each As; of the varying seabed. See Figure

4.3 for the direction of the A" and n” axes.
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Figure 4.3. Schematic diagram of the localized coordinate system for node As; taken on a seabed

of arbitrary shape.
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4.4 The Solution of The Free-space Green’s Function

44.1 On Flat Boundary Segments

In this section we determine the analytic solutions of the integrals of the free-space Green’s
function and its normal derivative on flat boundary segments using the Cartesian coordinate
system.

Since the Green’s function and its normal derivative are singular at x = x', we present
the solution for several cases. First we consider the case for points which lie on ¥, or ¥
(the two lines are located respectively at a; and a,) which have coordinate (a;,() ., j = 1,2,
where H; < ( < 0.

1

a . . . v - .
— on vertical segments is equivalent to GG¢ which is
m

1 s
Gy = el R (44.1)
27 (z — £’ + (2 - ¢)°
Since (4.4.1) is zero when x = £ the solution of (4.2.2) is
0, if z = a,
(:!{1
[ eel@a @y =4 i ST |
G (—1) [31; (arctan ( : ))] . if ¢ a;.
T —ay 5
(4.4.2)

When z = £ (3.4.13) becomes

—Ln &y
G=-In(z-¢)),
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therefore the value of (4.2.3) is determined by the following formula

. 1 ’
_E[C]EHI if 2 =(;0rz= ¢y,
L e-0mE-0+a,  ifz=g
- o (.:. ll(-;, C e, o nr=ajy,
[ e @amna={ _z 2
G ~%= [(: — () In ((:r —a;)" +(z2— C) )
+2 (z — a;) tan™! ( | ) +2C] | ;
€Tr—a; ¢
3 ifz #a; z# (;and z % (5.

(4.4.3)

Next we consider the case where the integrals are taken over the free surface and the
contact surface between the floating plate and the water. All the points in this region are
denoted by (£.0) , where € € [a;.a,]. e for the horizontal boundary segment is equivalent

n
o G'L;

y Z
(7(:——_ 2

(4.4.4)

Equation (4.4.4) is zero when z = ( for x # £ and hence this gives us the value of the

integral (4.2.4) to be

0, if z=10,
it
GC ((z,2), (£.0)) d§ = 1 z—¢& SE8! (4.4.5)
JE [— (t.an_l ( ))] . if 2 #£0.
27 z—C ¢

When z = ( equation (3.4.13) simplifies to

1
G=4—Wln((:c—£)2),
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therefore the value of (4.2.5) is determined by the following formula

(

1 iy :
T e [‘f]g,- L ifz =&, ore=¢;,
2m

“1 3 ;

wh = z—E€) In(z = T B 2=
/ G ((z.2),(£,0)) de = ¢ 1 (& =&) In(z = &)+ 6], i

JE;

1 2 2 —1 T *é‘ . Siv1
in [(.1: —&)In ((z—€)° + 2°) + 2z tan (_:__) % zgl ‘
> ifz # &y, T#E;, andz;é{g.i
(4.4.6)

4.4.2  On The Varying Seabed

In this section we use the localized coordinate system for the exact integration of the
Green'’s function and the normal derivative on each panel As;.

We write (3.4.13) in parameters /i and n to be
G(x X )= 1—1 (':‘{—})2+(\'— }2)
7 (X, = 1N 2 INT—=T .
e ( ) 0

and its integrals are written as

1s] =
2 N =
/ Y i) i = / W=m) a5 a4
h=— 101 on 21 Jp=—tl (H—h)*+ (N —n)

2

g i _
f G(x,x) dh = —/ In((H — h)*+ (N —n)*) dh, (4.4.7)
_Lf;_L i o LY
L3}
2

where x = (H, N) and X’ = (h,n).
From Figure 4.3 it is clear that the coordinate system is set up in a way such that n is

zero anywhere on the varying seabed. This simplifies (4.4.7) and (4.4.8) to

s 1 [
! _ 4 _ el -
/_%ﬂG(x,X) dh = ym f_u In ((H — h)" + N?) dh, (4.4.9)
T 3

h
2
o
/ LTI B £ it dh. (4.4.10)
—_1n On 21 Jp=-181 (H — h)" + N2
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Formulas to determine the values of (4.4.9) and (4.4.10) then are as follows

[ i . 1 i
—Qlﬁ[h.]jm._ 1fH=L§'iorH=—‘~.j—|.
2
1 LTS S5 e
Jnl —E[(H—h)In(H-h)+2h %, . ifN=0,
/ " G(xx) dh= :
s H—1 B
<) .) = 1 — 3
31; (H —h)ln ((H —h)*+ N“) + 2N tan~! (T) d. 2!1] i
if H# 2l H# B and N #£0.
L (4.4.11)
and
il 0 if N =0,

I’—:' d I ! 4 il
/___J 5-G (x.x) dh = L_L (m“_l (H\—'h.))w T gnwp @41
; : )]

4.5 Matrix Operator for Boundary Conditions

In this section we discuss a matrix operator A relating the potential to its normal derivative.

We examine the boundary condition defined at ¥,. Recall from Chapter 3 that the
boundary condition on vertical segments may be deduced from the coupling operator @);
in (3.2.13). Since the boundary condition at ¥, is defined by —(%qb = Q1,0 =0C1,P—

Glin qb’ , where ¢ is the transient wave and ¢)’ is the incident wave, we have

(bn (ai- Z) = (b;; (als 3) Tt QI,U(I) (a’l! z) = Ql,uéf (a'l'- 3) ¥
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Q1.0 (ay. z) is referred to as the driving force due to the incident wave. This driving

force can be calculated exactly using ¢!, = Q,,¢' (a,, z) and it is

(1)

Qv ¢! = —iv,y cosh (uén (z+ l)) e a1
and hence the boundary condition at ¥, is
®, (ay,z) = Q1,P (ay, z) — 2ivy cosh (u,(_}” (z+ 1)) eivo a1 (4.5.1)
From (3.2.13) the coupling operator @), ,, is

Q1_,¢(ﬂ],3) = Z”(l?:,)]< (m) q,) (m) (Z},

where 71\" are the roots of dispersion equation (3.2.9). 7" (z) are orthogonal functions

(m)

defined by equation (3.2.7), with 3;", = 0, and flr'lT,) is derived from (3.2.10). By writing

1,0

the inner product as an integral, we find an explicit expansion of the integral equation
(3.2.13) which is

0
QP (a.2) = Zrh“:,} a(l";} cos (n(ln: (z+ 1)) / ﬂ(i”;}u)q (?;l“:,) (z+ 1)) ® (ay, 2) dz.

m

(4.5.2)

Numerical integration of (4.5.2) gives

0 ide Cit1
/d( )cos (nl”;) (z+ 1)) ® (ay,2) dz = Z ® (ay, z:)/ cos (7?(1":) (z+ 1)) dz
z i=1 ¢

where the term fcc_‘“ cos (?;(1”;) (z+ 1)) dz is the weight function which can be found

1 o Cit1 h
analytically to obtain e [Sill (n(l‘y) (z+ 1))] "', Therefore the coupling operator for
N ¢
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boundary segment X; can be expressed as

L 51

Q1,P(ay,z)= Z (a(l':t))gms (11(1’_':,) (z + 1]) Z P (ay, z)) [sin ("?{111:,) (z+ 1))}5*1 :

m i:]

(4.5.3)
For the normal derivative of the potential taken at a set of £ points on X,, where each
is represented by (ay, z;), we obtain a set of k equations in terms of (4.5.3). This reduces

(45.3)t0

(I)(l} = @l.uq)(” e 2i1’[1 (I)I(l}! (4'5'4)

n

where @4 is defined in (4.2.10), () is the vector containing ¢’ (ay, zx) (1 <k < my),

and @, is a matrix composed from the two other matrices, S, , and R, ,,, defined by

Qv =Siv Ry, (45.5)
where the components of these matrices are expressed as
Sm = o8 (n‘l’l’;’ (2x + 1)) . (4.5.6)
(:I +
RS = of) [sin ({7 (c+1)] . (4.5.7)
i

S, has dimension m; x m and R, , has dimension m x m; where m is the number of
modes used. Therefore @, ,, is square matrix with dimension m,;.
By applying the same techniques to the normal derivative of the potential at 3, we

obtain a linear matrix equation for the boundary condition at ¥, which is

32 = Q,,0?, (4.5.8)
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where (@3, is the square matrix operator composed by matrices S, , and R,, which are

defined by the equations

S = cos () (e + H2)) 459)
Rﬁ) — ag“:) [sin (?}-(gtt) (C+ Hz))]m.l ’ (4.5.10)

v

and H, is the non-dimensionalized height of the water on the right-hand side of the plate.
The dimension of @ ,, is m. Notice that there is no driving force from the right-hand since
the incident wave travels from —oc. Hence the incident wave term is zero ((22.,, g‘)f = O).

The boundary conditions on the free water surface at 35 and 35 is derived from
P, + @:: =v®(z2,0)+ vo!.

Since ¢! = vo' the incident wave potential term may be cancelled. Therefore the boundary

condition at Y3 and Y5 is written in vectorial form as
QL) =y @', (4.5.11)

forj = 3, 8.

At 32, the boundary condition is defined by (3.4.10)

L
q)n (150) — %f} Gp!atr-' ('I"E) @(6) d£~

where G pqe 1 explained in Appendix A.
The integral j_[L Ghplate (2,6) ® (&) dE is done numerically by integrating Gpiase
exactly and holding ® constant over each panel to give

g Ein1

@, (z,0) = g > (.0 | Gotae(@:6) .
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For a set of @,, taken over all points at ¥;, we have a vector @Y that is
o) = GHlate oW, (4.5.12)

where G”'“‘¢ is the square matrix of dimension m, and is composed of all the integrals of

prﬂfe

ate ¥ Wi £y
GPI = || =5 / (J’p.*rt!f‘ (Ii“ E) d& *
g JE;

On the bottom boundary segment the condition is
') — 0. (4.5.13)

Finally we substitute (4.5.4), (4.5.8),(4.5.11),(4.5.12), and (4.5.13) into ®,, in (4.2.13).

This gives us

)

(I)F.'z-} i @l‘v (I)l - 2?’-1/”@{ 1
LI)”_- Qs o
o — o _ vy
T (I)Eld} Gpim’.w ¢,4
‘D,Ef')) v oy
£ ! :

We write this in matrix equation form as

&, =AD - F,

where

f Ql.u g
QQ,U
4 P (4.5.14)

vl
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is the block-diagonal matrix called the matrix operator for the boundary conditions, and

the constant vector F is defined by
[ 2ivg D]
0

F= ) : (4.5.15)

We call F' the driving vector.

Hence equation (4.1.2) becomes
1
(?[—]H[-!—GA) b =—F,

where [ is the identity matrix, H is defined by (4.2.15), G is defined by (4.2.14) and F'is
6
defined by (4.5.15). The dimension of ® is equal to Z m;.

i=1



Chapter 5
The Reflected and Transmitted Waves

The scattering of wave occurs when the incident wave meets the floating plate on the
water surface and the varying seabed on the bottom (recall that the plate and the varying
seabed are called the scatterers). After the impact the wave is split into two parts; one will
rebound to travel in the opposite direction and the other will continue travelling in the same
direction. We call them, respectively, the reflected and transmitted waves. Provided that |z|
is large, i.e. away from the influence of scatterers, both waves can be written in the form

_:‘(ruff’m-—;r)

Ac , where A is the amplitude and j = 1,2. The reflection and transmission of
the wave is depicted by Figure 5.1. Bear in mind that we impose the condition on incident
wave to be of unit amplitude (A = 1).

In this chapter we derive the scattered wave by solving for the reflection and the trans-
mission amplitude using the result for ®. Then we relate the amplitude of the transmitted
and reflected waves to the amplitude of the incident wave by the energy flux equation. This
1s a check on the correctness of the numerical computation. Finally we relate the reflected
and transmitted wave in the mirror image domains using the theory of Stokes time reversal
(this is used in optics). The mirror image domains are domains that behave as if one is a
‘mirror image’of the other. The result of the time reversal is particularly interesting and it

is useful to check the solution for @.
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Transmitted wave (A=|T])

Figure 5.1. Schematic diagram of the scattered wave.
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5.1 Determination of X and T’

In this section our goal is to obtain explicit formulations for R and 7" from the result of
Chapter 3.

On the left-hand side of the scatterers (£2;) the wave (of potential ) that travels in
the direction towards —oc is called the reflected wave (it is directed away from ¥;). On
the right-hand side of the scatterers (Qg) the wave that travels in the direction towards oc is
called the transmitted wave (it is directed away from X,). Figure 5.1 depicts the reflected
and the transmitted waves.

First we solve for the reflected wave. In €, there are two types of waves travelling in
different direction, one is the incident wave (from —~c) and the other is the transient wave
(towards —oc). Since the reflected wave is travelling towards —oc, then its potential ® is
equal to r:‘)]. From Chapter 3 ":31 can be expressed using (3.2.11) as

= - (m) :
3 )=y =3 < 8 (01-2}> Ty (2) e lEen), (5.1.1)

m

where 71" is defined by (3.2.6).
To obtain the explicit expression for the reflected coefficient R we solve the transient

wave potential ¢,. ¢, is related to the incident wave potential and the full wave potential

by equation (3.2.11). Hence we may write (5.1.1) as

61 (x,2) = Z( In;)’(q) (ar,2) — ¢’ (alsz))> T(l"t) (z) ey (z=a1)
3 m (m),
5 [0 9) - (2 )] 2 e

>:1.2)
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From (2.2.21) we notice that ¢’ is orthogonal to TE'._':) and their inner product is equal to
zero for all m # 0. This reduces (5.1.2) to

-~ () (1) (0)
di(2,2) =3 (17, B(01,2) ) i) (2) S i 1) () Minieen)
m
(5.1.3)
We separate the term corresponding to m = () from the series on the right-hand side

of (5.1.3) to give us

- (l} (m)
¢ (2,2) = <rﬂ{_’,’, ‘1’(”1-3)) ri(z) eeirenl 4 %7 <T§’j’;’ @ (ay, ~)> 7™ (z) e @=a)
m=>1

T i | 3 ) \
Vs ‘g T{U} (Z) Pr;t]'i_(.r--u”. (514)

The first term on the left-hand side of (5.1.4) is the travelling plane wave and the terms in
the series are the evanescent modes. These evanescent modes decay as the wave moves
further away from the scatterers (or ¥;). Hence as @ — —oc the series form > 1in (5.1.4)

vanishes, reducing (5.1.4) to
)= [(ih @ (ar,20) - o] D ) e (5.1.5)
Equation (5.1.5) may be written as
b (z,2) = R7i% (2) e,
where R is the reflection coefficient (or reflection amplitude) and is of the form

IV“}I
Tlu, {Ll —en "

In practice the reflection amplitude is measured right at the « = a, and this implies

- Kr‘l‘); @ (a1,2)) — ewé"“i] . (5.1.6)
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The inner product term in (5.1.6) can be replaced by an integral which gives us

R = (a&oi)z jo cos (?;1 L (C+ )) ® (ay, () d¢ — o @ (5.1.7)
=1

We numerically integrate the integral in (5.1.7) by integrating I cos (??(1[2 (4 1)) dz
exactly and holding ® constant over a panel Az, (the definition of Az, is given in Chapter

4). The result 1s

o= [l

Next we solve the transmitted wave. In €, the incident wave and the transient wave

- q’(“h(:):[ - e, (5.1.8)

|l

travel in the same direction (towards o). Hence the transmitted wave is the incident wave
plus the transient wave, and therefore the potential is equal to that of the full wave which is

given by

B (z,2) = 3 (i, @ (az, 2)) i) erile—w), 5.1.9)

L

where @ is the full wave potential function.
To obtain the transmission coefficient we solve for @7, By separating the term corre-
sponding to m = (), equation (3.2.11) becomes
07 (3,2) = (T8, @ (a2, 2)) 75 (2) oD ({0 @ (a5, 2)) 77 (2) €700,
" (5.1.10)
where 73" is defined by (3.2.6).
The first term on the left hand side of (5.1.10) is the travelling plane wave and the

term in the series are the evanescent modes which decays as the wave moves further away

from the scatterers (or ¥5). Therefore as + — oo the evanescent modes in (5.1.10) vanish
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and (5.1.10) becomes
97 (z,2) = (780, @ (a2, 2) ) 75 (2) e7awl=e), (5.1.11)
As in the case of finding the reflection coefficient above, we may write (5.1.11) into

- - ©)
(I—)[ (.If‘ Z) = T T'[Zi.ljr (:] (._.,—FI‘_J.‘,(J'—Q';;)‘

where 7' is the transmission coefficient (or transmission amplitude) and has the form of

1%

T= <r.f_,‘_”.¢)(a.3.z)>. (5.1.12)

By replacing the inner product term in (5.1.12) with an integral and integrating it

numerically we obtain

L1

5 M2 -. -
T = (n'_{:i) Z [sin (':;.i,{"; (€ + HZ)JT D (ay, (), (5.1.13a)

=

since cosh (u{{,'“” (z + Hg)) = (08 (I;S‘]l (z + 1'.{3)) . where H, is the non-dimensionalized

water height on the right hand-side of the plate and the varying seabed.

5.2 Energy Transfer Across The Boundary

The reflection and the transmission coefficients must satisfy the energy flux equation, that
is

|R)® + |T)? =1,
for water of constant depth. Our goal in this section is to reach similar conclusion for water
of variable depth by relating the amplitudes of the reflected wave, the transmitted wave,
and the the incident wave by energy equation. This will provide us a strategy to check the

solution for the reflection and the transmission coefficient.
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We give a general expression for the time-dependent potential of the reflected, the

transmitted, and the incident waves. These are, respectively

¢ (z,z) = R cosh (ué” (z+ l)) e ("'t‘”‘r_““"), (5.2.14)
6" (z.2) = T cosh (1 (2 +2)) s et (5.2.15)
 (2,2) = cosh (v (2 +1)) e S it (5.2.16)

For energy stored in €2, bounded by ¥, the energy flux across the boundary is given

by the equation (Stoker [8])

tot+tfinal
E:p'/ (f “ @—dS) dt, (5.2.17)
Ji b " an

where ¢ is one of (5.2.14), (5.2.15). or (5.2.16).
It is assumed that there is no energy transfer across X3, ¥;. X5, and ¥;. Energy
transfer only occurs across 1 and ¥,. Therefore solving equation (5.2.17) using the spatial

integrals taken at ¥, and X, gives us Egr, E'r, and E; which are

rto+E final 0(4)!"
p'/ (/ o 15) (5.2.18)
A Jx, % on
to +rfnlul' . B
p’/ f ! %" 1) ar. (5.2.19)
Ji o 8

to+tfinat
E, = @ / ( ¢ = 0("’ )a‘.t. (5.2.20)
t ‘

Using definition (5.2.14) equation (5.2.18) becomes

Eg

Il

Ep

I

Er= szp"u“} +

sinh (21/(1)) to+2r/w
0 /0 BE 621(03”1‘—.:.:5) dt,

1
2 4.V(()1} to

which is the energy flux per unit length across the boundary segment £; in time # o =

V{u J:|: wt

27 /w. Notice that the function e ( )i is periodic with period 27 /w. Thus the average
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flux per unit time is given by the following equation

. (1)
R2w o vV sinh (2vn )
e i O A

Ep=
4 QVE}I)

(5.2.21)

Using definition (5.2.15) and by the same method as above, we may express (5.2.19)

as equation

. IT" o “1 sinh (2.'/32} H-z) 5255
r=—=1"wp v g [1+ . ks
and equation (5.2.20) becomes
i L (1)
1 sinh (QVU )
B = St J.eurl) I e
1=7 g ¥y —QVE,”

By virtue of energy conservation, the incoming energy into the domain Q) must total

the outgoing energy (in other words E; = Ep + Er). Hence this gives us the equation
C(Hy) = |R C(H) +|T[* C(Hy), (5.2.23)

where the constant function C' (H;) is defined by the equation

sinh (2:/5{1 HJ-)
21’((}2} H;

I L,
C’(HJ-)zzwpuff}Hj 1+

where H;, j = 1,2, is the dimensionless constant (H; = 1) .
If we take the dimensionless constants H, = H, (= 1) the constant function C (H3)

is equal to C (H,). This simplifies (5.2.23) to
IRI* +|T|* =1, (5.2.24)

which agrees with Meylan [5].
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5.3 Reversed Time

In this section we shall show an interesting result about the reflected and the transmitted
coefficients which is useful as another strategy to verify the solution to the reflection and the
transmission amplitudes. We use Stoke’s time reversal theory to relate the wave scattering
problem in two mirror image domains. Two domains are called mirror images if one can
be ‘reflected’ by a vertical line (or a mirror) to depict the other.

The seabed is of arbitrary shape. Then an incident wave of amplitude 1 travels from
left to right of the scatterers (the plate and the varying seabed). This is depicted by the
Figure 5.2 (a). We call this problem 1.

Problem 2 is when the same plane wave travels in the same direction but in the do-
main which is the mirror image of the water domain in Problem [ (it means that if we
‘reflect” the domain in problem 2 over a vertical line then we will obtain the domain in
problem ). This is depicted by Figure 5.2 (b).

To relate quantities R, and 77 to R, and 75, we apply Stokes time reversal, used in
optics, to problem 1. The time reversal results in the ‘reversed” wave functions involving
P , where A" is the complex conjugate of amplitude A. We call this system 1.
Then we notice that the reversed reflection amplitude can also be obtained by multiplying
the amplitude of the incident wave in problem 1 by R;. This give rise to system 2 where
RYT) is the amplitude for the transmitted wave and | R, |* is the amplitude of the reflected

wave. In order for this system to agree with system | we take the negative of all amplitudes

in system 2 and add them to system 1. This gives us system 3 where the reflection coeffi-
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(a)
Elastic Plate

ed Bottom

(b)
Elastic Plate

|
E

Figure 5.2. The distribution of amplitudes of the wave before and after the impact with the scat-
terers where the domain in (b) is the mirror image of the domain in (a).
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RT; o o IR P
L1 and the transmission coefficient is ——|—1|

* *

1 1

cient is — . The process of time reversal
is summarized by a chart in Figure 5.3.

By comparing the result in system 3 to problem 2 clearly R; and 75 must satisfy the

relationships
BT
|Ry| = ]L;l = Ry, (5.3.1)
1—|R|*
2| = |—=71- 53.2
|T5| T ( )

Hence regardless of the direction of the incident wave the resulting amplitudes of the re-
flected waves on both sides of the scatterers are equal by equation (5.3.1), and the ampli-
tudes of the transmitted waves on both sides of the scatterers must satisfy equation (5.3.2).

This property applies to any arbitrary seabed shape.
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System | System 2

| |
E E System 3
R €—i e— T (= System | — System2)
I
I

/

Figure 5.3. Flowchart showing mathematical technique derived from Stokes time reversal theory
to relate the reflection and the transmission coefficients in two mirror image domains.



Chapter 6
Numerical Results

In this chapter we use numerical methods to solve the problems from previous chap-
ters. These codes are tested against the known results from Meylan [5] and Staziker, Porter;
and Stirling [7]. Meylan presented the result for the wave scattering by an ice sheet on
water of constant depth, whereas Staziker presented the result for the wave scattering by a
varying seabed (of uniform ends, i.e. H; = H,). Notice that both problems have a simpler
domain than ours because our water domain has both the plate and the varying seabed with
possibly different depth at its ends.

For the first experiment we shall use the problem in Meylan. There are four tasks in
this experiment. The first task is to show convergence for different numbers of the evanes-
cent modes of the wave. The second task is to show convergence for different discretization
step sizes (this is done with respect to the depth of the water). The third task is to repro-
duce the result presented by Meylan. The last task is to present the solution of the same
problem for a different wavelengths.

In the second experiment we shall reproduce the results for two of Staziker’s prob-
lems and compare them. We also present the solution for a depth profile with non-uniform
ends (the height of the water before and after the varying seabed is different).

Finally in the last experiment we combine the problem from Meylan and Staziker by
solving the potential with a plate and a varying seabed. The result is classified according

to the material of the plate. There are two types of material of the plate. One is the ice
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in Meylan’s problem and the other is an artificial island (in the form of a floating runway)
which was used in Namba and Ohkusu [6]. Under each material the result is further clas-
sified according to the shape of the varying seabed. One is the Staziker’s depth profile and
the other is one with non-uniform ends.

The plate is € [—L, L] (the length of the plate is 2L). The shape of the varying
seabed is described by a function d () and x € [—[,[] (the length of the varying seabed is
20). The boundary segments ¥, (x = a;) and ¥, (z = as) are located right at both ends of
the varying seabed and their position is symmetric (a; = —a). The water is assumed to
be inviscid and incompressible, and the motion is irrotational. The incident wave of unit

amplitude (with respect to the height of the water) always travels from —oc.

6.1 Single Ice Sheet on Water of Constant Depth

The aim of this experiment is to check our solution by solving the problem in Meylan [5]
and comparing the result. The problem domain consists of an ice sheet floating on the
surface of water of constant depth. There are four sections representing four tasks of this
experiment. The first section shows the convergence of the solution for different number of
evanescent modes of the wave. The second section shows the convergence of the solution
for various magnitude of the discretization step size. The third section reproduces the result
given in Meylan. The fourth section shows the result for Meylan’s problem under various
wavelengths.

The parameters for the ice sheet are: Young’s modulus £ = 6 G Pa, the sea ice

density p' = 922.5kg/m®, Poisson’s ratio » = 0.3, and the thickness of the ice sheet is



6.1 Single Ice Sheet on Water of Constant Depth 60

h = 1 m. The bending rigidity for sea ice is D = 5 Eh®/ (1 — v/*). The density of sea

water is p = 1025.0 kg/m?. Since the water is of uniform depth then H; = H,.

6.1.1  Convergence Test for The Evanescent Modes of The Wave

In this section we show the convergence of the solution for different number of evanes-
cent modes of the wave. The test will be carried out using an inelastic (stiff) and immov-
able plate and an ice sheet. This helps us choosing the appropriate number of evanescent
modes for later tests. The parameters used are: L = 100 m (length of plate is 200 m),
the wavelengths A = 50 mand A = 100 m, and | m discretization step size (we assume
this is sufficiently accurate and later we will show this true in the convergence test for the
discretization step size). The result is presented in the following table which shows the ab-
solute magnitude of the reflection amplitudes for different number of evanescent modes at
H, = Hy=5mand H, = Hy = 20 m, h = 1 m for stiff and immovable plate (¥,, = 0 at

x € [—L, L]). The recorded results are rounded to 5 digits accuracy.

Table 6.1.1. Convergence of Evanescent Modes for a stiff and immovable plate of

thickness h = 1 m.at H; = Hy = 5 m and 20 m.

number of
evanescent modes Sm 20 m
A=50m | A=100m A=50m | A=100m
0 0.9968 0.9875 0.9950 0.9868
1 0.9968 0.9875 0.9969 0.9877
2 0.9968 0.9875 0.9969 0.9877
5 0.9968 0.9875 0.9969 0.9877
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For a stiff and immovable plate on shallow water (5 m) we see that the number of
evanescent modes does not influence the solution. For the same plate on water of 20 m
depth we see that the result requires more than one mode to achieve convergent. Note that
zero evanescent mode means there is only the travelling wave in the solution.

A similar table is also presented for the case of a non-rigid ice sheet at H, = Hy =5

m and H; = H, = 20 m Bending rigidity constant for sea ice is D = 5.4945 x 10* Pa.m®.

Table 6.1.2. Convergence of Evanescent Modes for a non-rigid ice sheet with bending

rigidity constant of D = 5.4945 x 10® Pa.m® at H, = H, = 5 m and 20 m.

number of
evanescent modes Sm 20m
A=50m | A=100m A=50m | A=100m
0 0.2752 0.1871 0.6345 0.2592
1 0.2746 0.1871 0.6455 0.2610
2 0.2745 0.1871 0.6469 0.2611
5 0.2747 0.1872 0.6474 0.2612
10 0.6476 0.2613
15 0.6478 0.2613

For H, = H, = 5 m we see that 5 is the required number of the evanescent modes
and for H, = H, = 20 m the required number of the evanescent modes is 15.

Note that the number of evanescent modes is proportional to the number of panels
we use to discretize the vertical boundary segments (result from experiments). For dis-
cretization step size | m and H, = 5 m, 5 evanescent modes gives a sufficiently accurate

result.
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6.1.2  Convergence Test for The Magnitude of The Discretization Step
Size

In this section we show the convergence of the solution for different magnitudes of the
discretization step size. The parameters used are: wavelength A = 100 m, H; = 5 m,
and 5 evanescent modes. The result is presented in Figure 6.1 as a plot for the reflection
coefficient versus the length of the plate at thickness i = 1 m. We can see that use of a step
size too large leads to an incorrect result.

From the convergence test it is clear that the accuracy of the solution is determined
by the discretization step size. The step size is related to the water depth so if the water is
shallow then the step size must be relatively small (for example, water of depth 2 m will not
be discretized using a | m step size) because a large step size can lead to the result being
inaccurate. This is shown in Figure 6.1.

We see from Figure 6.1 that discretization step size of 1 m is sufficient to produce
accurate result for the depths used here. Subsequently we shall use | m discretization step
size unless H; and H, are not of multiple | m (for example, 2.3 m if divided by 1 m yields

0.3 m remainder).

6.1.3  Reflection Amplitude

In this section we reproduce the result presented in Meylan [5]. The parameters used are:
wavelength A = 100 m, H; = 5 m, and 5 evanescent modes with mixed discretization steps

of 0.05 m, 0.1 m, and 0.5 m. The result is shown in Figure 6.2 as a plot for the reflection
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Figure 6.1. The reflection amplitude | R| versus the length of the ice sheet 2L for the convergence
test of discretization step size with H; = Hs = 5 m, A = 100 m and, 5 evanescent modes.
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amplitude versus the length of the ice sheet. This result is identical to the result by Meylan
and validates our numerical method.

Perfect resonance (transmission) occurs when the wave is only transmitted without
being reflected. This is explained in great detail by Mevlan [5]. The interval of perfect
resonance is half the wavelength in the bounded region (£2).

In Figure 6.2 the perfect resonance is represented by points where | R| = 0. The first
pointis at 2L = 27.2 m and the next is at 2 = 105 m. Then for every 60 m increase in the

length we have |R| = 0.

6.1.4 Wavelength

In this section we present the solution to Meylan’s problem for various magnitudes of the
wavelength . The parameters used are: H; = 5 m, L = 100 m, 5 evanescent modes, and
I m discretization. The result is shown in Figure 6.3 as a plot of the reflection amplitude
versus the wavelength.

From Figure 6.3 we see that points of || = 0 no longer occur at uniform intervals
as in Figure 6.2. For a sufficiently short wavelength (A < 100 m) the ice sheet affects the
reflected wave. For a sufficiently large wavelength (A > 500 m) the reflected amplitude
converges to zero which means all the wave is transmitted, and therefore the ice sheet on

the surface is no longer important.
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Figure 6.2. The reflection amplitude | R| versus the length of the ice sheet 2L with H, = Hy = 5
m, i = 1 m, A = 100 m, and 5 evanescent modes. Perfect transmission occurs when |R| = 0.
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Figure 6.3. The reflection amplitude | R| versus the wavelength A for an ice sheet on water of con-
stant depth with H; = Hy = 5m, h = 1 m, 2L = 200 m, 5 evanescent modes, and discretization

step size of 1 m.
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6.2 Water of Free Surface and Variable Depth

In this experiment we aim to check our solution by solving the problem in Staziker, Porter,
and Stirling [7] and comparing the results. The problem domain consists of a varying
region on the bottom without any plate on the surface. The varying seabed is described by
equation d (). We consider two profiles which are taken from Staziker and we call them
the Staziker’s humps. As well as the Staziker’s humps, we also have a depth profile whose
heights are different at its ends. We call this the simple sloping plane.

For the Staziker’s humps we use H/; = H, = 5 m and the wavelength is A = 26.1870
m (accurate to 5 digits). This is chosen so that » = 1 (this number arises because we first
non-dimensionalize H; = 1 then let vH; = 1). We do this because we want to draw the

same figure as their paper and compare them.

6.2.1  First Staziker’s Hump

The first Staziker’s hump is described by the following equation

a+1\* z+l
d(z)=—-H, (% (f_;_ ) ~%+1). Vz € [ay, a2, (6.2.1)

where H, = H, = 5 m.

The first test uses 5 evanescent modes and 0.05 m discretization step size. The result
is shown in Figure 6.4 as the plot of the reflected amplitude versus the length of the hump.
This is identical to Staziker [7] and hence, again, indicates our numerical method is correct.

Next we test the same hump using parameters [ = 101 (the length of the hump is 202

m), 5 evanescent modes, and 1 m discretization step size. We do this test because the result
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Figure 6.4. The reflection amplitude | R| versus the length of the first Staziker's hump 2/ with
Hy = Hy; =5m,v =1, A= 26.1870 m, 5 evanescent modes, and discretization step size of 0.05
m.
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is useful for comparison with a later problem which uses the same hump plus a plate on the
water surface. The result is shown in Figure 6.5 as a plot of the reflected amplitude versus

the wavelength.

6.2.2  Second Staziker’s Hump

The second Staziker’s hump is described by the following equation

d(z) = H, (% 4 i cos (w (‘“ j g))) . Vze€[-aa. (6.2.2)

where H, = H, = 5 m. We use 5 evanescent modes and 0.05 m discretization step size.
The result is shown in Figure 6.6 as a plot of the reflected amplitude versus the length of
the hump.

From Figures 6.4 and 6.6 the reflected amplitude decreases as the hump becomes
longer which means that a less steep hump reflects less wave. From Figure 6.5 we see that
the hump reflects more when the wave is sufficiently long. There is no perfect resonance
point (|R| = 0) after A = 400 m. The next |R| = 0 occurs outside the range of the plot.

Therefore the hump is important for a large wavelength.

6.2.3  Simple Sloping Plane

The purpose for this experiment is to help us analyze the later result for problem involving
the same sloping plane plus the plate on the water surface. The simple sloping plane is a

plane on the seabed which is inclined at a slope of 1/2. It goes from the depth H, to the
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Figure 6.5. The reflection amplitude |R| versus the wavelength A for the first Staziker’s hump
with Hy = Hy = 5m, h = 1 m, 2L = 200 m, 5 evanescent modes, and discretization step size of
I m.
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depth %Hl. It is defined by the following equation

I —a

d(l") — H] (m = ].) ) Vr € [I.’J'.],(I--z]. (62.3)

We notice that the plane is sloping upwards from H; = 5 mto H, = 2.5 m. The parameters
used are: wavelength A = 100 m, [ = 101 m (the length of the sloping plane is 202 m), 5
evanescent modes, and 1 m discretization step size. The result is shown in Figure 6.7 as a
plot of the reflection amplitude versus the wavelength.

From Figure 6.7 we notice that the tilted seabed reflects a large proportion of the
wave, due to the different depth of the water.

In Figure 6.7 there is no point of perfect resonance (|/?| = 0). Some points may ap-
pear to have reached zero however they are not zero. The lowest magnitude of the reflected
amplitude from Figure 6.7 is 4.2564 x 10~7 (accurate to 5 digits) at A = 61 m. As the wave
becomes longer (A > 500 m) the reflected amplitude curves increases.

We believe that the reason why the resonance in Figure 6.7 does not behave as well as
Figure 6.3 and Figure 6.5 is because the water domain in this case is not symmetric, while
previous ones are. We say that water domain is symmetric if the domain can be split into
half, and the half part on the left-hand side is the mirror reflection of the right-hand side

and vice versa.

6.3 Single Ice Sheet on Water of Variable Depth

In this section we present the result of the experiment where both the plate and the varying

seabed exist in the problem domain. The plate is a thin sea ice sheet. It is floating on
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Figure 6.7. The reflection amplitude |R| versus the wavelength A for the simple sloping plane
with Hy = 5m, Hy = 2.5 m, [ = 101 m, 5 evanescent modes, and discretization step size of 0.5
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the surface of water with depth described by a function d (z). The relevant parameters
are: Young’s modulus for sea ice £ = 6 G Pa, sea ice density p' = 922.5 kg/m?, density
of sea water p = 1025.0 kg/m?, Poisson’s ratio » = 0.3, and the bending rigidity D =
55 Eh*/ (1 — v?), where h is the thickness of the ice sheet. For sea ice D = 5.4945 x 10°
Pa.m®. The wavelength is A = 100 m.

The first test uses the first Staziker’s first hump which is defined by (6.2.1) and the
second uses the simple sloping plane defined by (6.2.3). In both tests the parameters are
h =1m, Hy = 5, 2L = 200 m, 5 evanescent modes, and the dimensionless constants are
3 ~ 87.5183 and v =~ 0.1800 (/3 and y are defined in Chapter 3). For the first test the water
depths are H, = H, = 5 m and the discretization step size is | m. For the second test the

water depths are [} = 5 m, Hy = 2.5 m, and discretization step size is 0.5 m.

6.3.1 Staziker’s Hump

For the first test we use the Staziker’s hump which is defined by (6.2.1). The result is shown
in Figure 6.8 as a plot of the reflection amplitude versus the wavelength at H, = H, = 5
m and discretization step size | m.

From Figure 6.8 we see that the separation of A-coordinate of points where |R| = 0
(perfect resonance) increases with respect to wavelength. The reflection curve increases
after passing A = 342 m and it starts to decrease after A = 700 m. From the behaviour of

the data we conclude that there will be other points of |?| = 0 outside the presented range.
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Figure 6.8. The reflection amplitude |R| versus the wavelength A for an ice sheet floating on
water with the first Staziker’s hump with Hy = Hy = 5m, h = 1m, 2L = 200 m, 2/ = 202 m,
A = 100 m, 5 evanescent modes, and discretization step size of 1 m.
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The comparison between the results for water domain with the ice sheet only, the first
Staziker’s hump only, and both the ice sheet and the Staziker’s first hump can be seen in
Figure 6.9 as a superimposed plot between Figure 6.3, Figure 6.5, and Figure 6.8.

By comparing the reflection amplitude curves in Figure 6.9 we see that for a short
wavelength the reflected wave is caused by the ice sheet on the water surface. As the
wave becomes longer the reflecting effect by the ice sheet becomes less and the reflecting
effect by the varying seabed becomes significant. For wavelength A > 300 m the reflection
amplitude curves produced by the hump only and by both the hump and the ice sheet
coincide. Therefore for a sufficiently long wave the ice sheet has very little or no effect at
all on the reflected wave compared to the hump. We also notice that for A > 300 m the
reflection amplitude for the system with both the hump and the ice sheet may be deduced

from the result for the hump only case.

6.3.2  Simple Sloping Plane

For the second test we use the simple sloping plane which is defined by (6.2.3). The result
is presented in Figure 6.10 as a plot of the reflection amplitude versus the wavelength at
H, = 5 m, Hy = 2.5 m, and discretization step size of 0.5 m.

Figure 6.10 shows that there is no point of perfect resonance (| ?| = 0) because the
domain is not symmetric. After passing A = 470 m the reflection amplitude curve increases
in an unbounded manner (it never goes down again like in the case of Staziker’s hump in
Figure 6.8). This is because for large wavelength the reflection is mainly due to the varying

seabed, therefore it behaves like Figure 6.7.
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Figure 6.9. The superimposed plot of the reflection amplitude versus the wave length for water
domain with the ice sheet only, the first Staziker’s hump only, and both the ice sheet and the hump
with Hy = Hy =5m,h=1m, 2L = 200 m, 2] = 202 m, 5 evanescent modes, and discretization
step size of | m.
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Figure 6.10. The reflection amplitude |R| versus the wavelength A for an ice sheet floating on
water with the simple sloping plane with H; =5m, Ho = 2.5m, h=1m, 2L = 200 m, 2! = 202
m, A = 100 m, 5 evanescent modes, and discretization step size of 1 m.
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The comparison between the results for water domain with the ice sheet only, the
sloping plane only, and both the ice sheet and the sloping plane can be seen in Figure 6.11
as a superimposed plot between Figure 6.3, Figure 6.7, and Figure 6.10.

The same analysis as previous section applies for Figure 6.11. For A > 250 m the
reflection amplitudes for both the ice sheet and the sloping plane may be deduced from the

result for the sloping plane only case.

6.4 A Floating Runway on Water of Variable Depth

In this section we present the result for the floating runway plus the varying seabed. The
parameters for the floating runway were taken from Namba and Ohkusu [6]. The bending
rigidity parameter D is defined by D/pg (2L)* = 2.404 x 10~ (this is dimensionless).
Since D contains all the information needed for the floating runway, we omit the parameters
E, v, and p'. The water density is p = 1025.0 kg/m®, the water depth is H = 5 m. The
length of plate 1s 2L = 200 m and the length of the varying seabed is 2] = 202 m. For
a floating runway on sea water, the bending rigidity is approximately D ~ 2.4148 x 10®
Pa.m” and the dimensionless constant 3 = 38.4640. Following Namba and Ohkusu the
dimensionless constant ~ is relatively small therefore we will neglect 7.

The experiment is done using the first Staziker’s hump in Section 6.2.1 and the simple
sloping plane in Section 6.2.3. The result is presented as a plot of the reflection coefficient

versus the wavelength.
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Figure 6.11. The superimposed plot of the reflection amplitude versus the wavelength for water
domain with the ice sheet only, the simple sloping plane only, and both the ice sheet and the sloping
plane with H; =5 m, Hy =2.5m, h = 1 m, 2L = 200 m, 2! = 202 m, 5 evanescent modes, and
discretization step size of 0.5 m.
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6.4.1 Staziker’s Hump

For the first test we use the first Staziker’s hump which is described by (6.2.1). There are 5
evanescent modes and the discretization step size is | m. The result is shown in Figure 6.12
as a plot of the reflection amplitude versus the length of the wavelength at discretization
step size 1 m.

Figure 6.13 is a superimposed plot comparing the reflection amplitude for the case of

the ice sheet and the runway.

6.4.2  Simple Sloping Plane

For the second test we use the simple sloping plane which is described by (6.2.3). There
are 5 evanescent modes and the discretization step size is 0.5 m. The result is shown in
Figure 6.14 as a plot of the reflection amplitude versus the wavelength.

Figure 6.15 is a superimposed plot of the reflection coefficient produced by the ice
plate and the runway plate.

The runway has smaller bending rigidity constant (1)) than the ice sheet by a factor
of 2. Therefore from Figure 6.13 and Figure 6.15 we see that the runway reflects relatively
less than the ice sheet. However for large wavelength (A > 300 m) the elasticity of the
plate does not have any effect to the solution curve (the curve produced by the ice sheet
coincides with one by the runway) because the wave only ‘notices’ the varying seabed and

not the plate.
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Figure 6.12. The reflection amplitude |R| versus the wavelength A for a floating runway
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Figure 6.13. The superimposed plot of the reflection amplitude versus the wavelength for the ice

sheet and the floating runway on water with the first Staziker’s hump.
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Figure 6.14. The reflection amplitude |R| versus the wavelength A for a floating runway on
water with the simple sloping plane with H; = 5 m, Hy = 2.5 m, 2L = 200 m, 2/ = 201 m,
D/4pgL* = 2.404 x 1071, 5 evanescent modes, discretization step size of 0.5 m.
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Chapter 7
Summary and Conclusion

We recall that our aim for this thesis was to model the motion of the wave with an
elastic floating body and varying seabed by calculating the scattered wave.

In the first chapter we introduced the problem of wave scattering by a thin plate on
water with a varying seabed on the bottom. Then this is reduced to a single frequency
problem. From the single frequency model we obtained the incident wave and the transient
wave. We solved the incident wave and imposed that it only had one direction.

The focus of the second chapter was to solve the wave scattering problem for finite
and semi-infinite domains. In the first half of this chapter the water domain was divided
into finite and semi-infinite regions by a pair of artificial (vertical) boundaries. In the semi
infinite domains the solution was obtained by separation of variables. This gave rise to the
coupling operator which defined the boundary condition on the artificial (vertical) bound-
aries. In the second half of this chapter we solved the problem in the finite domain using
the boundary element method (BEM). The BEM transformed the Laplace’s equation and
the boundary conditions into equivalent integral equations involving the free-space Green’s
function and the Green’s function for the plate.

In the third chapter the integral equation from the second chapter was solved nu-
merically. This was done by dividing the boundary encircling the finite domain into six

segments. Then we solved the integral equation for each individual segment. This gave us

86
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a linear equation involving matrices of exact integration of the free-space Green’s function

and the normal derivative, and the vectors of the wave potential and the constants.

The fourth chapter provided a method to interpret the solution from the preceeding
three chapters. In this chapter we defined two forms of the scattered wave, one was the
reflected wave and the other was the transmitted one. From the two quantities we derived
the energy flux equation and Stoker’s time-reversal model, both of which were useful for
checking the numerical solution.

The numerical solution was presented in the last chapter. At the beginning of this
chapter we tested our numerical method by comparing it with the known results from Mey-
lan [5] and Staziker, Porter, and Stirling [7]. Both publications have simpler problem do-
main than ours (Meylan solved for the thin plate only and Staziker, Porter, and Stirling
solved for the varying seabed only). We saw that our numerical solutions were in perfect
agreement with those known results. Then we presented the solution for the wave scat-
tering problem with the thin plate as well as the varying seabed. The accuracy of these
solutions depend on many factors such as the number of evanescent modes of the wave and
the discretization step size.

In conclusion we have solved a problem which has never been solved by anyone
before; that is the scattering of wave by both an elastic floating plate and a varying seabed.
So far no one has ever considered the problem of wave scattering by two scatterers (the
plate and the varying seabed) and hence the presented solution method is one original work.

We also have shown that this method is reliable and robust for any plate and any arbitrary
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seabed shape. This can be seen from the comparison with the known result. Therefore this

method is capable of solving real-life problems.



Appendix A
Green’s Function for A Floating Thin Plate

For a Green’s function to be the solution of (3.4.9) it must satisfy

adc late ¢ |7
8':-4 te Q1Gpmre =3 6(x—§).

1

By the definition of the delta function : Gtate (2,.€) ~ (1-40.1,1{1“. (z,€) = 0 except at

x = £. Hence we seek a solution

A16"%% 4 Bie = 4 e 4 Die™2, xz<E,

Gp:'uh* ('f:~£) — { -42(..-.-'(1;:‘ _|_ B-g."*‘” + C_z(,nu' + D._,(_*_“'r‘ > if (Al)

We impose the condition that (A.1), its first, and its second derivative must be con-

tinuous at x = &. This gives us

€% (A — Ag) + 7% (B, — By) + e* (C, — Cy) +e ¢ (D; — Dy) = 0,

(A.2)

iae® (A) — Ay) —iae ™ (B — By) + ae™ (Cy, — Cy) —ae ™ (D, — Dy) = 0,
(A.3)

—a’ € (A} — Ay) —a® e (B — By) + @ €** (C1 — Cy) +a?e™* (D1 — Dy) = 0.

(A4)

We must also have

=¢" 131G
plate 4 v
— " Gplate | do = —. (A.5)
/xsr ( dz! . r) B
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- . . . L=, + .
Since the function Gase is continuous at z = & then ot f;f— Gptate = 0. This reduces

(A.5)to

z=£+ o4
/ 8 g;;‘ = ’—; (A.6)
Jar=g- - /

Substituting (A.1) into (A.6) and solving gives us

ia® ' (A; — Ag) —iaPe ™ (B — By) —a? e® (CL — Cy) + o’ e (D) — D3) = %
(A7)

Equations (A.2), (A.3), (A.4), and (A.7) provide a set of relationships between the unknown

constants, which can be represented as a set of linear equation, which is

] 1 11 (A; — Ap) et g

i —ila a —a (By— By) e |
—(1'2 __(.t‘.? “2 n'). (Cl o (‘r_)) e - :‘3 . (AS)
ia? —ia® - o (D; — Dy) e ¢ 3

If we let

e —1iy fa —
A= .
—a? —a? a® o
i —ia® —a® ob
then the inverse of A is,
i _ts 13 1%
k3 3
; i 4 _13 ¢
- . 2 3
LA A B il o
|
S T o I s
1 1a 102 1a?

(A1 — Ay) i R
(Bi—By) e | _ | 3%
(Ci-Cyet | T | -4 | E
(Dy—Dg) e i
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where constants with index 2 are related to ones with index | by equations

1 w . )
As—= A - 0L
. 1% 4033 ¢ '
| I VA
Bis— By == piof
% 1 4(]53}'3(’ )
\ \ (A.10)
v
Gy =1C! e
& 1 4(_13,@f
) N 7
Ds = Dy — =——e*,
2 ' 4a38° " )

Next we substitute (A.10) into (A.1) to obtain
. ‘4162'(11 g Bl(,~icr.7: e Cle{u‘ e D](,’-QI. r < E!

. 1 iv . . L dw - :
Giptate (2, ) = ¢ (Al - f) eier + (81 - f)
a’f 4o’

1 v 1 v
4 C desiiat .-—af T T e - _ﬂE y T > E.
\ ( : 4(1-3;39 )P +( : 403?’)9 )£ ' il
(A.11)

Equation (A.11) must satisfy the boundary conditions of system (3.4.9) which are

s i3 7 o
_.GT;u e \ Ly = —,G e Wy — -_'("1 e \Ty 3 — _(; ale #€
B2 plat ( E) - 52 plat ( g) i o3 plat ( S) o 913 plat ( S) i
(A.12)
By substituting (A.11) into (A.12) we obtain
—Ajale ek — Bia?e*t + Ciafe*F + DyaPe™t =0,
_Z-Aiai‘}e—iaf, + ?:Blu:‘]eiaf. 4 Claﬂc_an - D}O':}{?GL e 0,
__Ala‘leinL . Bla_?c—zui, i Cla‘leah 4 DI(IQG—QL
1iv 5., 1 v - 1 i I %
oy R (b=8). =2t eda=dall=g) = 0 L doellbeg) o o 2 sal(lE)
= ~ 5 e e = e 2 el e .
4 a3 4a3(3 4a33 4033

—iAja’e™L + iBia’e L + Ciale®l — Diale L

- _1 v 38;'&(.5-5)_’_1 v ase—m(L-g)ase-ma_l v aaea(a-e)_l ¥oog —a(L—€)

4303 4 a3 40303 40303
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Then we can write these equations as a linear equation

—ale—ial —aleieL 0‘28_0L azﬁ al Al
_,ul'%(J —ial IC}'}("QL O:SE—QL (1’3(’QL Bl
_(}zf,mL (tZC—mL azeal 026'_“"‘ Cl
_zademL 'Z(.l*.?e 1L adem' aie-—al Dl
0
v 0
= _4&'3,3 —i a2eia(L—E) +’ZC‘£ e—ia(L—§) & ale®(L=§) _ {125,—1'1{[,—6)

em:{f —-£) _ o (,—mr(L E)ﬂd(, tnL+ 039(.&(1 E)+ 0_ e —a(L=E)
(A.13)

Let matrix M be the inverse of the matrix on the left-hand side of (A.13)

_az( —iaL  _g2¢iaL  o20—al 2oL -1
- —".-'(l. f_, —ial ?:(,‘:3(310 L (Iiiﬁ—(u'. —a 3(,&!
= 2 I 92 —ic 2 =
—p?eiel —ple—ial. yleol.  nde—al
__?:0.3 anL .i(_l"j(f ~1x L “.'i(,uL —ffl:i{" —al

By applying M to the right-hand side of (A.13) gives us an explicit equations for A;, By, (',

and D which are

A = 4 myz (—i a?e’*(E=%) 4 ga 2p—ia(L—€) | o2pa(L—€) _ o2p—alL 5) 4
b _40!3ﬁ ! e+ My (ai ta(L=€) _ 3o—ta(L—E),3,—ial 4 ade(L—§) + ade—all- l
- - g I m?i( i a2ete(L—8) 4- ,(1‘2(}—10(! ~£) 4 q2ec(L -6 _ o (’_a” f)) z
b= _40:3ﬁ [ - -+ Moy (Cl‘ ia(L-§) _ a e —ic(L f)a e—ial + o en(L £) + (1 e T E)
C, = v [ ma3 ( i a2eie(L=6) 4 j q2e—ie(L—€) 4 (200(L—€) _ o2p—a(L—E )2 1
! B _4a’3ﬁ | .-.+?’Tl34( ta““ &) 8% e"'-‘l” f)aic'iaL 4 a?ea(,[, £) + o C‘_a s E) I
D = v | maz (—i a?e’(L=9) -+-za e—ia(L—€) 4 q2ea(L—€) _ 2¢—all- g})
1 w'_4053.‘6 | g (Cl’ eia(L—€) _ o3eo—ia(L—€)nde—ial 4 o3ca(L-€) 4 3c—a(l— 5)

where m;,, 1 < i,a, < 4, are the entries of matrix M.
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