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ABSTRACT-

Corrosion occurs in response to the availability of water, oxygen and other agents
at metal surfaces. The rate of corrosion depends critically upon the
concentrations of these agents. At a metal surface protected by a paint layer,
these concentrations are governed by diffusion through the paint film and by
adsorption onto the metal surface in competition with polymer molecules of the
adherent paint film. A mathematical model is developed for this problem and its

behaviour and evolution in time is analysed.

The conceptual basis of this model is different from others in that it combines
equations of diffusive processes with equations of paint film adherence
(competitive adsorption) at the metal surface. The corrosion process is
considered to arise through boundary conditions for the diffusion equations with
rates governed by variables described in the competitive adsorption equations.
The nonlinearity of these competitive adsorption equations is the key to
describing long periods of protective action provided by paint films, with
negligible corrosion of the metal substrate, followed by the sudden onset of
rapidly accelerating corrosion and the consequent accumulation of corrosion
product (rust). Concomitant loss of competitive adsorption (adhesion) by the

paint film is a typical end result.

Electrochemical activity of the metal substrate is evaluated as a corrosion current.
This is determined by concentrations of water and oxygen in the internal
environment, and by chemical activity in the adsorbed layer. The mechanism of
corrosion of a painted metal surface is theorised to occur through active sites not

covered by adsorbed polymer, water or oxygen.



Numerical simulations were done using a detailed computer algorithm developed
specifically for this purpose. These simulations give insight into the model's
behaviour and aid determination of simplified constitutive relationships which lead
to a simplified model which allows easy determination of the thresholds for the

onset of rapid corrosion.

[t turns out that the diffusion of water and oxygen through the paint film is
normally very quick. The rate determining step is directly related to the
competition between water, oxygen and coating polymer adherent to the metal
surface, and coating polymer adherent to corrosion product. Once zinc (or any
other metal) ions approach saturation in solution at the metal surface, the coating
polymer approaches saturation with zinc and loses competitive adsorption onto
the metal surface. Crystallinity of the adsorbed polymer declines and chemical
activity coefficients in the adsorbed layer are reduced. Concentrations of water
and oxygen in the adsorbed layer increase and metal active sites are exposed. The
result is a surge in the rate of corrosion leading to the rapid formation of
corrosion product. This in turn leads to enhanced degradation and free corrosion

of the metal surface.
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1. INTRODUCTION

1.1 BACKGROUND

A number of authors have studied corrosion of painted metal surfaces. Mayne
(1957), Cherry and Mayne (1961), Maitland and Mayne (1962 ), Cherry and
Mayne (1965), and Cherry (1974) concluded that ionic resistance rather than
diffusion of water and oxygen was the rate limiting process of corrosion.
Guruviah (1970) challenged Mayne's conclusions, and proposed that oxygen may
be rate determining. Kresse (1973) found that water was rate determining and

not oxygen or ions.

Haagen and Funke (1975) found that in general the water permeability of coatings
was sufficiently great to supply all the water necessary for corrosion to proceed at
the coating metal interface. However this was not always the case for oxygen
where the permeation rate for oxygen may be lower than is needed for the
corrosion process. Experimental data was compared for permeabilities of water,
oxygen and ions which supported their case. They wrote “the permeability of
anions such as CI"and (SO.)* is extremely low, so that underfilm corrosion
caused by them must be due to contamination of the surface prior to coating and
not to their diffusion through the film.” They noted also that “the observation
that cathodic blisters are highly alkaline provides strong evidence that paint films
are impermeable also to hydroxyl ions”. Nguyen et al. (1996) would reason later
that mass diffusion of electrolyte may occur through tortuous transmembrane

pores in a coating represented as an impermeable slab.

Parker and Gerhart (1967), Funke and Haagen (1978), and Funke (1979, 1985)
found that corrosion protection depended upon adhesion. Floyd et al. (1983)
found that water permeabilities and ionic conductance best predicted corrosion
performance of a range of coatings (although oxygen permeability was not

considered and some conflicting results were noted). Leidheiser (1983)



considered eight aspects of coatings corrosion performance, and found that
cathodic delamination was generally the critical factor. Deslouis et al. (1993) and
Hoffmann et al. (1993) found that specific adsorption of organic surfactants and
organophosphates (respectively) inhibited corrosion. Leng et al. (1993)
considered adsorbed electrolyte layers and found that corrosion depended upon

both adsorbed electrolyte layer thickness and organic inhibitor concentration.

Nguyen et al. (1994) used FTIR-MIR (Fourier Transform Infra Red - Multiple
Internal Reflection) spectroscopy to determine water uptake of coated substrates.
They supposed that a substrate surface may consist sorption sites and inferred
that both water and polymer may adsorb onto these sites. They found
experimentally that water entered the interfacial region where typically it
displaced adsorbed polymer resulting in polymer disbondment. For Alkyd and
Epoxy coatings on Germanium and Silicon they found an initial rapid uptake
occurring in a period of about 10 hours, followed by a slow secondary uptake
occurring over periods of hundreds of hours. It was noted that after the
exposures to water the coatings had lost most of their bond strength to the
substrates. They concluded that water sorption at the coating-substrate interface
was the critical factor for coating performance. Exposure to water resulted in
water adsorption at the interface which caused disbondment of the coating which

they argued would then lead to corrosion of metallic substrates.

Wettech (1961) considered oxygen and rusting, and Fitzwater (1981) considered
permeability of coatings to oxygen, water and ions in the rusting process. Katz
and Munk (1969), Anderton (1970), Boxall et al. (1970), Yasheen (1970),
Aithal et al. (1990), Hendricks and Balik (1990), and Xiao et al. (1990) studied
permeability properties of coatings. Ulfvarson and Khullar (1971) and
Fialkiewicz and Szandorowski (1974) studied ion exchange properties and
Rothwell (1969) studied electrical resistance of coatings in relation to their
corrosion protection, and Funke (1967) and Gowers and Scantlebury (1987)

studied adhesion. Burgess et al. (1981) considered paint and polymer design as



factors affecting corrosion, Kumins (1980) considered polymer physics, Thomas
(1992) considered barrier properties, and Sekine et al., (1992) considered
frequency at maximum phase angle, and Bellucci and Nicodemo (1993)

considered water transport in terms of Electrochemical Impedance Spectroscopy.

A number of mathematical models have been proposed to account for aspects of
coatings behaviour. Diffusion of various substances has been studied and
modelled by many authors (Crank, 1979). A good example of this approach is
the work by Perera and Heertjes (1971 a-f) who modelled diffusion through paint
films and water cluster formation. Bagda (1988) modelled water transport in
coatings to obtain diffusion coefficients. The Mathematics in Industry Group
(1984) considered models of diffusion through paint films and blister growth.
Nguyen et al. (1991) considered blister formation to depend on diffusion in the
paint - metal interface on a two dimensional basis. Rosen and Martin (1991)
modelled water uptake of coatings with sorption isotherms, and Ohno et al.
(1992) studied diffusion and adhesion. Barnett et al., (1984) proposed an RC
(Resistance-Capacitance) equivalent circuit to describe diffusion of water, and
Lang et al (1992) discussed a more complex RC equivalent circuit model.
Nguyen et al. (1996) presented a cathodic blistering and delamination model
based on multi-step degradation and mass diffusion of electrolyte through an

impermeable slab punctured by tortuous transmembrane pores.

In contrast to diffusion processes, relatively few attempts have been made to
model corrosion processes and it is only in the last few years that attention has
turned to this problem on a theoretical level. Only a few studies have considered
models combining corrosion processes with diffusion (eg Tang and Song 1993)
and these ideas have not yet been applied to metal surfaces protected by
polymeric coatings. Electrochemical theory and the general chemistry of
corrosion have been known for some time and Boulton and Wright (1979),
Chilton (1969), Evans (1950), and Uhlig (1948) have described the general

principles of corrosion. Evans (1950) proposed a number of semi - empirical



models to account for corrosion of various metals under a variety of conditions.
De Chialvo et al. (1988) studied the corrosion and passivity of copper in

electrolyte solution.

Tang and Song (1993) proposed an adsorption electrochemical system for
organic surfactants to model corrosion potential. They considered organic
inhibitors which adsorb onto metal surfaces to form a protective layer which
retards the action of corrosively active species toward the metal. The adsorption-
desorption reaction was expressed as an equation. From this they used
electrochemical kinetics to infer the adsorption and desorption currents based on
the rate constants of the adsorption and desorption equation. Rate constants for
adsorption and desorption were based on an Arrhenius type law, and they
supposed that the adsorption current included a dependence upon a surface
coverage fraction of the form (1-6). They derived expressions for adsorption and
desorption currents from which was derived an expression for the electrochemical
potential voltage. Experimental results were compared with numerical results
from the mathematical model. They found that their model can “represent well
the Potentiostatic-Galvanostatic response characteristics of passive systems with

adsorption”.

However, most of the work in this area has been to develop empirical models of
coated and uncoated metals which predict corrosion rates or concentrations on
the basis of environmental factors. Ailor (1982) gives a detailed summary of
these models. Spence et al. (1992) develop and evaluate a comprehensive model
of this type for uncoated galvanised steel structures. They use an empirical linear
zinc corrosion function combined with a competing mechanism for dissolution of

corrosion product.

The studies indicated above attempting to determine what limits the rate of
corrosion of painted metal surfaces (eg diffusion of water, of oxygen, of ions, etc)

have typically approached the problem by comparing diffusion fluxes with



corrosion rates. A common technique is to measure the flux of water diffusing
through a prepared free film of the coating under consideration, generally using
high differential partial pressures. Invariably the fluxes of water or oxygen are
found to be greater than required to support observed corrosion rates. In fact it is
usually found that diffusion fluxes are comparable or greater than those required
to support maximum corrosion rates occurring on uncoated metal surfaces.
Variations of the diffusion approach have proposed the presence and diffusion of

ions as empirical factors which control corrosion.

The most consistent result of these studies has been that diffusion alone does not
generally appear to limit corrosion rates. Floyd et al. (1983) considered
multivariate statistical analysis of various parameters and found partial correlation
between diffusion and corrosion resistance. The correlation improved when
coating resistance was included as a second variable in the multivariate analysis.
But while some correlation was found between permeability to water and
corrosion rate, the water vapour transmissions quoted exceeded in all cases the

fluxes involved in freely corroding uncoated steel.

Recent studies have approached the problem by focussing on the substrate surface
and the substrate-coating interface. Some researchers have looked at adsorption of
organic molecules onto the substrate, for example Deslouis et al. (1993), Hu and
Do (1995), Miiller (1995); and others at the quantity of water or electrolyte sorbed
at the substrate-coating interface, for example Nguyen et al. (1994) and Nguyen et
al. (1995). Song and Cao (1990) and Tang and Song (1993) combined organic
molecule adsorption dynamics with electrochemical corrosion theory to model

pitting corrosion processes.

While these approaches provide vital insights into corrosion processes they
address only a part of the problem. We believe that the problem to be addressed
consists of two major parts: diffusion through a polymer (paint) film, and

competitive adsorption of polymer and corrosive species onto a metallic



substrate. We derive corrosion activity from the state of competitive adsorption
on the substrate. Additionally these two parts must be coupled together to

produce a coherent system.

1.2 ADSORPTION AND CORROSION

Painted metal surfaces exhibit interaction between paint and metal substrate. One
aspect of this interaction is the generation of adhesion. The adsorption (ie
physisorption) and in some cases chemical reaction and chemisorption, of paint
film polymer molecules onto a metal creates adhesion (Bikerman, 1967,
Voyutskii and Vakula, 1963; Brewis and Briggs, 1981; Allen, 1993). In practice
even very clean metal substrates contain a certain amount of metal oxide due to
reaction of the metal surface with atmospheric oxygen and moisture. Coating’s
polymers have been shown to adsorb onto various metal oxide surfaces (Franklin
et al., 1970, Hegedus and Kamel, 1993d; Idogawa and Shimizu, 1993; Sato,
1990; Sato, 1993).

Additionally interactions of polymer molecules with substrates produces
modification of the polymer’s natural conformation. Léger et al., 1992 found a
drastic slowing down of the polymer chains in the immediate vicinity of a solid
surface. Deng and Schreiber, 1991, Russell, 1991; and Vogel and Shen, 1991
found that the nature of the interface governed the orientation and conformation
of polymers adjacent to the interface. Hegedus and Kamel, 1993c found that the
adsorbed polymer layer thickness varied with the nature of the interaction. Long
range restriction of polymer segment mobility is also revealed by nuclear magnetic
resonance effects, glass transition changes, alteration in mechanical properties,
and by decrease in capacity for vapour and solvent uptake (Kumins, 1980;
Kumins and Kwei, 1968; Lara and Schreiber, 1991, Kumins et al., 1994).
Boczar et al., 1993 showed that polymer interdiffusion occurs during film

formation and during film aging and annealing, and that polymer composition



plays a large role in controlling rates of interdiffusion and hence in the resultant

interfacial polymer configuration.

The extent and magnitude of segment mobility restriction influences the barrier
resistance to, and diffusion and chemical potential of, diffusant molecules in this
adsorbed polymer layer (Hegedus and Kamel, 1993b,d; Kumins et al., 1994).
Additionally, the presence of diffusant molecules such as water leads to some
desorption of polymer from the metal surface as both compete for adsorption
sites. If previously adsorbed polymer cannot be easily displaced by a water
molecule, the metal (iron, zinc, or whatever) corrosion rate should be less, since
the sites susceptible to corrosion would be better protected by the more strongly

adhering polymer molecules (Kumins, 1980; Tang and Song, 1993).

The corrosion process is treated in electrochemical theory as two chemical half
reactions occurring at anodic and cathodic sites on the metal surface (Boulton and
Wright, 1979). The electrical current associated with the chemical reaction is
carried by electrons and ions. Typically electrons move in the metal while ions
move in an adsorbed electrolyte solution. The result is a circuit connecting
cathodic and anodic sites, with the energy required to maintain the process being
derived from the oxidation of neutral atoms of the substrate metal (Chilton,

1969).

In a corrosion event, the first step is considered to be the production of a free
electron and its transfer to an active cathodic site. Hydrogen and oxygen
dissolved in the adsorbed electrolyte solution are common oxidising agents in
corrosion processes. The cathodic reaction typically involves the formation of an
hydroxyl ion with the consumption of an electron. An hydroxyl ion generated at
an active cathodic site moves through the adsorbed electrolyte solution (under the
influence of an electric field and a chemical potential gradient) to an anodic site

(Evans, 1950).



The hydroxyl ion associates with a metal ion at the anodic site to form a solvated
metal hydroxide molecule and the departing metal ions leave a cavity in the metal
surface (Ailor, 1982). Typically this occurs in a saturated electrolyte solution so
that the metal hydroxide produced will tend to supersaturate the solution and
promote recrystallisation (Tyrrell, 1984). The result is the formation or growth of
corrosion product adjacent to the metal surface or at the margins of the
electrolyte solution (Anderson and Rubin, 1981, Haruyama, 1990, Gvirtzman

and Gorelick, 1991; Hillner et al., 1992; Forcada and Mate, 1993).

The effect of adsorbed polymer molecules is twofold. First, the attachment of a
polymer molecule to an active metal site acts as a physical barrier to water and
oxygen and ions and thus protects the active site from chemical reaction. Second,
the presence of polymer with restricted segment mobility due to adsorption, raises
the chemical potential within the adsorbed layer (Tang and Song, 1993).
Generally, when adsorbed on a surface, polymers achieve a crystalline state
(dependent upon the nature of the polymer and the surface and on the strength of
adsorption) and according to J A Barrie in ‘Water in Polymers’ p264 in ‘Diffusion
in Polymers’ 1968 Crank and Park editors: “It is generally accepted that where
well-defined crystallites are formed these are inaccessible to water”. This leads to
reduced equilibrium concentrations of water, oxygen and ions in the adsorbed
layer, which reduces the rate of formation of hydroxyls and results in a reduced

rate of corrosion (Kumins, 1980).

Typically, polymer molecules compete with water molecules for adsorption onto
a metal surface. In addition, water molecules associate with polymer molecules,
and polymer molecules associate with corrosion product. A common initial state
is one where there is negligible corrosion product, so that initially a painted metal
surface has mainly adsorbed polymer molecules attached, and relatively few
competing water molecules. In consequence, the initial corrosion rate is very
low. As the system evolves and corrosion product accumulates, polymer

attachments to the metal surface are compromised by associations of polymer



molecules with corrosion product. As more active metal sites are exposed and

polymer segment restriction in the adsorbed layer is compromised by desorption
from the metal surface and bonding with corrosion products, more water is able
to diffuse to and accumulate on the metal surface, leading to an accelerating rate

of corrosion (Kumins, 1980).

1.3 DIFFUSION

Paint films consist of polymeric binders together with pigments and various low
molecular weight additives. At temperatures of interest, molecules in a paint film
binder are normally in motion at frequencies of about 1 THz (Kumins, 1980).
Statistical fluctuations in this motion produce decompressions when polymer
segments within a local group move away from each other at the same time.
When polymer segments move toward each other at the same time a compression
occurs. Within a paint film there is some characteristic mean spatial distribution
and density of polymer molecules. Deviations below this concentration are

decompressions and deviations above compressions.

On a microscopic scale the chemical potential of diffusant or wandering molecules
within the paint film medium is related to the local polymer matrix density -
decompressions corresponding to lower chemical potential and compressions to
higher potential. As decompressions and compressions dissipate and regenerate,
diffusant molecules experience fluctuating magnitudes and gradients of chemical
potential. This is a non equilibrium system at microscopic scales which leads to
microscopic random diffusion as diffusant molecules are continually pushed from
compressions and pulled by decompressions from fluctuating regions of higher to
lower chemical potential. The magnitude and extent of this microscopic motion

affects molecular mobilities and bulk diffusivities.

The effect of an external concentration differential across a polymer film is to

create a gradient of chemical potential through the paint film. This gradient



superimposes a drift velocity component onto the microscopic random motion
and leads to macroscopic bulk diffusion or drift of diffusant molecules through
the paint film as they saltate down the chemical potential gradient (Akbar, 1992).
If an external concentration differential is not sustained a new state of
macroscopic thermodynamic equilibrium will eventually be reached, where again

microscopic motion occurs due to microscopic non equilibrium thermodynamics.

Agents or influences which increase the rate, magnitude or extent of statistical
fluctuations of density and energy, or which render polymer segments more
mobile, increase the mobility and therefore increase the capacity for bulk diffusion
of, for example, corrosively active molecules (Hegedus and Kamel, 1993 a, b, d).
Structural entities such as cross links, crystalline domains, or embedded
macroscopic particles (pigments) are associated with reduced diffusant molecule
mobilities and lower rates of diffusion resulting from decreased rates, magnitudes,
or extents of statistical fluctuations or restrictions in polymer segment mobilities

(Crank and Park, 1968; Rowland, 1980, Coughlin et al., 1990).

Additionally, there may be some interaction and temporary binding between
diffusant molecules (primarily ions) and paint films. The holes and voids arising
from statistical fluctuations within the polymer matrix (which constitute free
volume) are not necessarily neutral. Polymer or mineral functional groups
adjacent to some holes may interact with a diffusant molecule and act to capture
or trap the molecule within such erstwhile holes. This interaction may affect both
capture and escape and significantly modify the overall course of diffusion

through a paint film (McNabb and Foster, 1963; Wu et al., 1990).
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2 MODEL DESCRIPTION

2.1 INTRODUCTION

While there is some uncertainty as to whether it 1s oxygen or water which is the
most significant factor in the corrosion process, it is generally accepted that both
are important. In practice ions (such as sulphate, chloride, and sodium) are
usually present, and will also diffuse through the paint film, adsorb onto the metal
surface, and modify the corrosion process and rate. These factors are included in
a comprehensive formulation of the model. However we will omit them initially
and produce a formulation which aims to account for the essential behaviour of a
painted metal surface. The model can be extended to include additional molecular

and ionic species as required.

We will describe our model in terms of a coated zinc substrate where zinc ions
and zinc corrosion product (primarily zinc hydroxides) are produced in the
corrosion reaction. In addition to water and oxygen we include zinc as a diffusing
species (the adaptation of the model to other substrates such as iron is straight
forward). We thus describe the diffusion of three species: water, oxygen, and
zinc with concentrations U(x, 1), W(x, £) mol m>, and Zs(x, f) mol ratio in

water. We suppose that only ionised zinc will diffuse to any significant extent.

The painted metal surface is modelled as a slab bounded by parallel planes at x=0
and x=/. We suppose that the geometry is effectively one dimensional with all
diffusive transport parallel to the x direction. We assume that all diffusing
substances enter and leave the slab through its plane faces. A schematic diagram

is shown in figure /.

11
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Figure 1
External environment
x=1 :
A Paint surface layer
Polymeric coating
x=0 e—— 2dsorbed layer

(coating-metal interface)

Metal substrate

The chemical potential of a substance was first defined by Willard Gibbs in 1928
as the amount by which the capacity of a phase for doing work (other than work
of expansion) is increased per mole of the substance added for an infinitesimal
addition at constant entropy and volume. In general (in the absence of other
potential fields ) any substance tends to pass from regions of higher to regions of
lower chemical potential. Chemical equilibrium between phases of a system
through which each substance can freely pass, results when each substance has
the same value for its chemical potential in each phase. Consequently, differences
in chemical potential may be regarded as the driving force for all diffusion

processes (Denbigh, 1961).

The chemical potential for ideal (ie weakly interacting) substances can be
calculated from statistical thermodynamics. It is found that the chemical potential
uj for the i*" pure substance relative to some standard state of chemical potential
4; * (eg pure substance i) is given by (Reif, 1965)
pi-ui*=RTInX; ;  Xj=mole fraction @915
For real systems (ie non ideal substances) activity coefficients y; are introduced
(Denbigh, 1961; Robinson and Stokes, 1959):
uj- 1 =RT In yX; (2.1.2)
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where the equation is taken as the definition of y; . In general every substance in
each phase has some unique activity coefficient y; depending upon various
factors such as the concentration of itself and other substances, temperature, and

possibly the prior history and geometry of the system (Fava, 1980).

We represent activities as a product of an activity coefficient and the physical
concentration (for example activity a; =y,C, for the " substance). In the external
environment we take the activity as unity so that the activity and the
concentration are equal. In the paint film however the activity coeflicient is
effectively about 50 for a typical paint film. Consequently there are concentration
discontinuities at x=0 and x=/ and additionally we represent the effect of an
adsorbed boundary layer with resistance at x=0 through activity coefficients at
x=0 which may differ from those effective in 0<x</. Crank and Park in
‘Diffusion in Polymers’ 1968 give some discussion of this effect in pages 398 and
352. Crank in ‘The Mathematics of Diffusion’ pp 41, and 195-200 discusses the
effect of a surface skin, and Carslaw and Jaeger in ‘Conduction of Heat in Solids’
p23 discuss the case of transfer between two media of different conductivities.
Rosen and Martin in ‘Sorption of Moisture on Epoxy and Alkyd Free Films and
Coated Panels’ p91 state that “surface resistance contributes significantly to the
movement of moisture in the films” and provide some estimates of the magnitude

of the effect.

In the external environment we represent activities as equal to concentrations
with symbols U°(¢), W'(¢), (mol m?) and Z,’(f) (mol ratio in water) and with
saturation values of Up", Wy, Z," (since the activity coefficients are
approximately unity). Further we take the external environment as the reference
for chemical potential and relate all activities to this frame of reference. In the
paint film, 0<x</, we represent activities as y.U(x, ), nW(x, ), and y.Z,(x, f)
(and physical concentrations as U(x, #), W(x, ), (mol m™) and Z.(x, f) (mol

ratio in water)) and saturation values as }’“(/02(/0‘, 7ng=W0‘ and }/,Zg=Zo'.



At the boundary on x=0 we represent activities as y,,"U' '(t), yw"W' '(t), and
% Z. (f) and saturation values as 3. U =U,, % Wo =Wy and 3 Zo =Zo .

We describe this graphically in figure 2a and 2b for the case of water .

negligible
/‘( thickness Figure 2a

Surface /4 concentrations
density &

of water W =W,
attached

to metal

114
(
! W o ¢
' > X
<=0 paint film o=l
metal adsorbed paint
surface layer surface

negligible Figure 2b
/( thickness activities

Surface Yol
density t
of water v W =W,
attached
to metal
Yu W
B
> X

<=0 \ paint film =
metal adsorbed paint

surface layer surface
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The bulk paint film ( 0<x</) may not be internally in a state of thermodynamic
equilibrium due to capacity effects, transport time lags, and fluxes into and out of
the film. However we assume that the boundary layers at x=/ and x=0 are so thin
that any capacitance effects in these layers are negligible. We assume also that
any fluxes from one side of these boundary layers are instantaneously transmitted

to the other.

Consequently we make the assumption that the boundary layers at x=/ and x=0
are in thermodynamic equilibrium with adjacent environments. So at x=/ we
assume that the top of the paint film is always in thermodynamic equilibrium with
the external environment. We shall assume that morphology of the outer
boundary layer does not change with time, so that the spatial discontinuity in

activity and concentration remains constant.

The surface concentrations of species adsorbed on the metal surface arise out of a
system of adsorption-competition equations we shall describe shortly. We
hypothesise that the adsorbed concentrations arise as a consequence of the
competitive adsorption described in the model, and the concentrations of species
present in the boundary layer described as the adsorbed layer. At x=0 we assume
that species present in the adsorbed layer are always in thermodynamic

equilibrium with species in the adjacent paint film.

We introduce dimensionless variables «, w, and z defined as follows:

U U

1;=—=Z"—: (2.1.1)
U, U,
w

w1V 2.12)
W W
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y W LW
= wa = Zw =
# v W
(2.1.3)
._3 _r3_rZyW _rZyW _ZW
Zo ZO. },zZO},wn/O Zo‘”/o. ZOpVO

Iron (and other metallic) substrates are also of great practical interest. Corrosion
reactions similar to those on zinc occur on iron. However the chemistry is more
complex and corrosion processes on rusty surfaces can occur in the absence of
oxygen, where oxygen is supplied by reduction of y-FeOOH to Fe(OH), and
Fe;O4 (Hoffmann and Stratmann, 1993). Because of this added complexity with
iron chemistry, zinc was chosen as the substrate to demonstrate the essential

behaviour of the model.

Some diffusing molecules may become temporarily bound: removed from the
diffusing population, and added to the population of bound or trapped molecules.
We will develop the model for an ideally simple paint film where polymer traps
are the only significant binding sites. Often minerals (SiO,, CaCO, etc.) are
present in paint films and their surfaces may provide additional binding sites.
Pigment surfaces will also adsorb polymer, water, and oxygen molecules and
influence polymer packing and diffusion in the surrounding polymer matrix
(Dasgupta, 1991; Kobayashi et al., 1992; Hegedus and Kamel, 1993d; Huldén
and Kronberg, 1994; Miiller, 1995). The model formulation can be readily
extended to include these factors and we aim to demonstrate later that there is
qualitative agreement between the simplified model and the more comprehensive
formulation. We suppose that polymer molecules are represented by equivalent
functional units each containing one binding site, and that these functional units
may exist in one of four states: bound to a water molecule, bound to a zinc
molecule, bound to an active site on the metal surface (only at x=0), or free. In
the bulk paint film we consider only three states and set Py(x, {)=0. The three
states in the bulk film are described by concentrations Py(x, f), Pzx, 1), and P(x,

f) mol m™, and represented in dimensionless form as p,, = Pw/Py, p. = P2/Py,



and py = P/P,. In the adsorbed layer we consider four states Pg(f), PA!), Pl),
and P(f) mol m? represented in dimensionless form as g = Pw’ P, q: = P2/ Po,
Gm=Pss/ Py, and ¢;= P/ Po.  Pomol m™ represents the total volume
concentration of polymer functional groups, and 2o mol m™ represents the total
concentration of polymer functional groups available to the metal surface. We

shall assume that these available groups are provided by polymers present in the

adsorbed layer.

A painted metal surface is typically covered with a chemically adsorbed
(chemisorbed) monolayer of water, oxygen and polymer molecules. In the
absence of a paint film additional multiple layers of molecules, principally water,
may become physically adsorbed (physisorbed) onto the chemisorbed layer.
Chemisorption is characterised by enthalpies of adsorption of order 100 kJ mol-1,
while physisorption arises from longer range and weaker interactions (such as
Van der Waals forces) with enthalpies typically up to 20 kJ mol-! (Mittal, 1975;
Gregg and Sing, 1982).

The surface of a metal is believed to consist of terraces, ledges, dislocations, and
other defects on an atomic scale (Atkins, 1978; Crommie et al., 1993). Defect
edges and corners, and surface electric potential anomalies are hypothesised to be
sites of greatest chemical and electrical corrosion activity. It is expected that
there may be anodic and cathodic sites on the metal surface, but we do not
distinguish these in the present version of the model, nor do we allow that some

molecules may adsorb preferentially on one site rather than another.

As outlined above in section 1.3 we model the interface of a painted metal surface
(figure 3) as discrete corrosively active sites with oxygen and water molecules,
and polymer functional units competing for adsorption. Consequently active sites
are modelled to exist in one of four states: attached to an adsorbed water
molecule, or oxygen molecule, or polymer functional unit, or free. The active site

states are described by surface concentrations My(f), Mu(f), Mp(f), and M(1)

17



(mol m™) represented in dimensionless form by m,, = Mg/Mo, m, = MyM, m,
= Mp/Mo, and m; = M;M, respectively. M, mol m™ represents the total

concentration of active sites on the metal surface, which we shall consider

constant.
Figure 3
Model representation

External environment

x=/
Z.n(()l-l):t _
Polymeric coating A
Adsorbed

x=0

adsorbed layer (coating-metal interface

Metal substrate

active site

Independent variables for the model are x and ¢ Paint film thickness / is
typically of order 100 microns (10™ m), with a range usually of about 10 microns
minimum (although specialist primer coatings may be 1 micron or less) to Imm
maximum (and again some specialist coatings may be 10 mm or more). We use
I=5x10"m (50 microns) as a typical film thickness. Coated metal surface
lifetimes vary considerably depending upon the type of coating (and metal) and
upon the service environment. We refer to ‘lifetime’ as the time during which the
metal is protected from significant corrosion. The notion of ‘significant
corrosion’ is potentially a difficult issue to define. In practice coating lifetime is
relatively easy to define because failure occurs rapidly: the transition from
protection to gross failure and free corrosion typically occurs in a time very short
compared to the total useful lifetime of the system. We will find later that the
model produces this behaviour, and a convenient measure is the onset of
accumulation of solid corrosion product. Dimensionless independent variables

are defined as x=x// where 0<x<! for the model and =D.#/FF where 0< <0,
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2.2 MODEL CONCEPTION

The metal surface is modelled as a collection of sorption sites of which some
characteristic proportion are corrosively active. Diffusing species (water and
oxygen), and polymer functional groups, are considered to compete for
adsorption onto these sorption sites. Our motivation for using this approach is to
attempt a formulation which accounts for the chemical activities of species and to
relate activities within the paint film to those in the adsorbed layer (which we
suppose is of molecular dimensions). We speculate that there is some difference
in activity coeflicients between the bulk paint film and the adsorbed layer.
Additionally we expect that the activity coefficients in the adsorbed layer will

change with the state of the adsorbed layer.

Rather than attempting to estimate the activity coefficients directly we instead
attempt to model the state of the adsorbed layer and use the thesis that adsorbed
polymer assumes crystalline properties. We relate the activity coefficients to the
proportion of polymer adsorbed onto the metal surface on the basis that this
provides a simple (albeit crude) estimate of the adsorbed layer’s morphology and

degree of crystallinity. We attempt to depict the appearance of this crystalline

layer concept in figure 4.

Figure 4

External environment

Bulk polymer

Adsorbed layer
x=0

Metal substrate



We theorise that the corrosive activity of the metal substrate is governed by the
quantities of water and oxygen present in the adsorbed layer. We model sorption
sites in states m., m,, m,, and my in a competitive adsorption model in an attempt
to describe the dynamic state of the adsorbed layer. The state of the adsorbed
layer is taken to define the activities of species within the layer, so that we obtain
estimates of the physical concentrations of water and oxygen which we suppose

to be the values determining the rate of corrosion.

As we discuss later, one of the reasons for using this approach is that it allows us
to relate model parameters to experimental corrosion rates. External
concentrations of water and oxygen are typically readily measurable quantities.
We also considered an alternative formulation where the corrosive activity of the
metal substrate was related to expressions involving adsorbed quantities such as
m, and m,.. We shall discuss later the implications and consequences of these

formulations.

The formulations differ in their implied corrosion mechanisms. The implied
mechanism, in the formulation we have adopted, is attack of exposed active sites
my by corrosively active species present in the adsorbed layer. We discuss in
section 2.3 water uptake and corrosion and propose that corrosion is mediated
principally by dissolved oxygen which may undergo cathodic reduction with the
formation of hydroxyl ions (Boulton and Wright, 1979). We speculate that
hydroxyl ions are present in the adsorbed layer in concentration proportional to
the concentrations of water and oxygen, and make an assumption that the paint
film itself regulates the effective pH. Effectively we assume that the hydroxyl ion
mol ratio in water is constant. In a more comprehensive formulation of the
model hydroxyl ions would be included as diffusing and reactive species. But we
aim to show that water and oxygen may account for the basic phenomena we aim

to represent (see figure 5).
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We do not attempt to directly model the atomic and molecular details of the
corrosion process. The main consideration is that there appears to be insufficient
information available from the literature with which to develop a model on such a
fundamental level. Instead we attempt a formulation where concentrations of
reactants are modelled. We deduce expressions for corrosion rates from basic
electrochemical dynamics and relate these expressions to observed corrosion

rates. The logical consequence of this formulation are shown in figure 5.

We employ the least number of reacting species thought viable in formulating this
model Additional species which might be included in a more comprehensive
formulation include hydroxyl, carbonate, hydrogen, sulphate, and chloride ions.
Only water and oxygen, and zinc ions, are modelled on the reasoning that these

could account for the essential corrosion behaviour of coated metal surfaces.

Figure 5
Free oxygen in
bulk paint film Water or oxygen in
adsorbed layer
l"? reacting with

exposed active site
(reaction may be
mediated through
hydroxyl ion)

Adsorbed
oxygen molecule

Adsorbed polymer

Adsorbed
layer

Metal substrate \. Active site

In the alternative formulation, where corrosion is mediated through adsorbed
species (m, and m,), the implied corrosion mechanism is the direct reaction of

adsorbed oxygen or water molecules with active substrate sites. We suppose that



while bound to an active site on the metal surface an adsorbed water or oxygen
molecule might occasionally become reactive and produce a corrosion event. It is

unclear what the trigger for such a corrosion event might be.

Physically however, this version of the formulation seems to lack features
common to chemical kinetics. In particular, chemical reactions generally involve
some initial potential energy barrier which is usually overcome by thermal kinetic
energy. We note that corrosion does not significantly occur at temperatures
below about 0°C, and in general corrosion rates do increase with increasing
temperature (Slunder and Boyd, 1971). Water and oxygen (and hydroxyl)
molecules in the adsorbed layer are in thermal motion and the kinetic energy of a
portion of the population is thought to be sufficient to overcome a potential

energy barrier to reaction.

In a further variation of this formulation we suppose that reaction might occur
promptly upon initial adsorption of water or oxygen. This argument would
overcome the objections raised earlier involving the kinetic energy of reactant
molecules and potential energy barriers. However we realised that this concept is
effectively the same as the first formulation since reaction is mediated through
exposed metal active sites m; With our original theory that the local supply of
water and oxygen is rate limiting, the reaction rate should then be proportional to

the concentrations of available reactants (water and oxygen).

We conclude from this reasoning that the first formulation outlined above is more

plausible, where corrosion occurs in response to the local concentrations of water

and oxygen.
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2.3 WATER UPTAKE AND CORROSION
Water uptake by the film is controlled by free water from the environment

entering the paint film through the outer face.

At the base of the paint film the model proposes an adhesion layer of structured
polymer, forming an interface between the paint film and the metal surface. This
interface is the arena for corrosion reactions. Some water (and oxygen), after
diffusing through the paint film, will accumulate in the adsorbed layer (Nguyen et
al., 1994) and compete with polymer for adsorption onto the metal surface.
Corrosion of the metal substrate occurs in proportion to the concentrations of
adsorbed water and oxygen adjacent to the metal substrate. Some corrosion
product is generated, and a proportional amount of water and oxygen is
consumed in the chemical reaction. We consider the early history of a painted
surface where the paint film is still strongly adherent. corrosion rates are small,
fluxes of water and oxygen involved in the corrosion reaction are small, and the

generation of corrosion product is very slow.

In general terms corrosion is considered to consist of two half reactions which are
supposed to occur at an active site’s anode and cathode (Figure 6). The anodic
process is represented as

ZN(meta) € 20" (aqueons) T 2€
and the cathodic process as

H,0 + 20, + 2¢" © 20H

Figure 6
H,0
Zn(OH),
Adsorbed T A rOH & f< 02
Layer ,‘ AT
g{fl:tlrate Z: ; -ﬂc " Cathode
Zn I g

anode



The corrosion of zinc is believed to consist of two reaction pathways:

Reaction 1

Zn+H,0+ 0,6 Zn"" +2¢ + H,0+ 0, & Zn"" + 20H + O & Zn(OH), + O

Zn+H,0+0 o Zn" +2¢ +H,0+ 0 © Zn"™" + 20H < Zn(OH),
with an associated chemical rate equation R
R([Zn“]) = ;o,’[Zn][}-j'z()][()z]l ’ —p;[Zn”][OH' ]!

where R([Zn*"]) is the net rate of formation of Zn"".

and

Reaction 2

Zn+2H,0 & Zn" + 2¢ +2H,0 & Zn"" + 20H + H,

with associated chemical rate equation R.

R(zn]) = pllznl|1,0] - pif 2 JOu ] [H,]

Both Reaction 1 and Reaction 2, in the absence of external electric potentials and
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(2.3.1)

(23.2)

(2.33)

(2.3.4)

(2.3.5)

competing electrochemical processes, are driven by the electrochemical potential of

zinc oxidation. In theory the reactions are reversible, but in practice the reverse
reaction does not occur. Initially Zn"" generated is largely taken up by polymer
(which maintains low solution Zn"" concentrations) and gradually modifies the
polymer matrix, its morphology and its adsorption to the metal substrate.
Hydrogen generated will rapidly diffuse away. Eventually excess Zn"" generated
when the local electrolyte medium is saturated will cause precipitation of zinc
corrosion product at the margins of the active site, which we expect will impair the
accuracy of our modelled corrosion rates. However we theorise that for the early
history of the modelled system the corrosion rates are dominated by polymer and

competitive adsorption effects so that equation 2.3.5 is effectively
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R(zn**)) = pi[Zn][H,07 (2.3.6)
where we have dropped the term containing hydrogen on the basis that hydrogen
will rapidly disperse and the concentration will be small so that the term is

negligible. Additionally [Zn] is essentially constant so
R(zn*)) = p[H,07 = f3, (2.3.7)

Water (H,0) exists in equilibrium with its dissociation products which we

represent as
H,0 & H + OH (2.3.8)

with rate equation R

R(0H ) = p[H,0]- p,[H J[OH ] (2.3.9)
We suppose that the paint film includes a metal primer with a composition which
incorporates a buffering mechanism (Resene proprietary information) which
maintains pH=10 so

[H]=010"mol I")=10" mol m* (2.3.10)

and R([OH']) is supposed zero so

10" [H
[OH‘]=—%:IO“[HZO] mol m” (2.3.11)
Reaction 1 becomes
R(zn**)) = p[H,01[0,]" = f,, (2.3.12)

where we have again dropped the second term which is considered minor on the
basis that any Zn"~ generated may readily diffuse laterally and precipitate remotely
at the margins of active sites. Additionally [OH] is buffered approximately
constant. Finally we prefer a simpler expression and prefer to overestimate the

actual reaction rate.

We suppose that the corrosion flux f is the sum of these two processes

fr = fa+fz = p[H,010,1" + p,[H,0) (2.3.13)
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Zinc corrodes in distilled water in the absence of oxygen at a rate of about 0.002
inches peryear=1.1x10"° gm?s™ (Uhlig, 1948).

11x10%gm? s
65

Sou0 = P3[H,OF = =17x10" molm™®s'  (23.14)

[H,0] = 5.6x10* mol m™ for liquid water

17x1077

=5 =
P = (56x10")?

=54x10""" mol "' m* s’ (2.3.15)

Zinc corrosion with oxygen and water occurs at a significantly faster rate (Uhlig,
1948) of about 0.04 inches per year = 2x10* gm?s” =3.1x10® mol m? s”'. The

oxygen saturation level in distilled water is about 0.3 mol m™ and

Jz0y = Fruoy + 220y = AL, 010,17 + p,[H,0) =31x10° mol m? s (2.3.16)

- _31x10°-17x10"
A= 5610 x+/03

=96x10" mol"? m*? s (23.17)

In general the first term in eq 2.3.16 dominates; but the second term may become
significant in response to transients and in coating systems where the film is
sufficiently thick and impermeable to act as a partial barrier to oxygen transport
to the metal surface. Additionally oxygen may be rate limiting when some

corrosion occurs, with the result that both terms may be significant.

The concentrations [//,0] and [O;] must now be defined and the model designed
so that these concentrations arise as a consequence of processes occurring in the
model as a whole. We relate [H,0] and [O;] to concentrations of water and
oxygen in the adsorbed layer. With currently available information, this
formulation allows us to relate corrosion rates to concentrations on the basis of
experimental results. Experimental validation of the model is important. Once

the viability of the model is established it is hoped that new experimental data



relating corrosion rates to surface concentrations of water and oxygen underneath
paint films may become available which will allow a more sophisticated

formulation of the model to be tested.

In order to determine the concentrations of water and oxygen at x=0 we must
design an expression relating the concentrations to the chemical activities
(effectively the chemical potentials since we will assume constant temperature).
We have argued previously, on the basis of results reported in the literature, that
the state of the adsorbed layer plays a critical role in determining the chemical
potentials of substances present in each phase. Indeed the basis for this thesis is
the hypothesis that adsorbed polymer of paint films on metal substrates changes
state to become more crystalline. In this change of state we find that physical
concentrations may vary according to the chemical activities of the substances

present.

We shall assume that the polymer changes morphology immediately in response
to dynamic effects arising in the competitive adsorption processes, and we shall
also assume that concentrations mol m™ of water and oxygen in the adsorbed
layer respond immediately to changes in chemical activity so as to maintain
equilibrium of chemical potential between the adsorbed layer and the adjacent
bulk paint film. The basis for these assumptions is that we are primarily
concerned with the initial history of the model. Corrosion rates are initially small
and changes to the adsorbed layer and polymer morphology are small and
gradual. Our thesis is that the time to failure is governed primarily by the initial

state of the adsorbed layer and these gradual processes.

The simplest and most direct method of representing this effect of state upon
chemical activity is to relate the concentration to the proportion of polymer

adsorbed onto the metal surface. We model the dependence of activity between

. 7»" (MO B MP)
the adsorbed layer and the bulk paint film as —& = for water and

M,

w
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y, (M-M,)

- = v; 2~ for oxygen. Next we equate activity in the bulk paint film to
0

activity in the adsorbed layer.
Y [H01=y,"W"(t)=y W(x=0,1)
From this we obtain
(M,-m,)
MO

[H,0]= 771. W(x=0,1)= Wx=0,) mol m® (23.18)

w

Similarly for oxygen
7. [H01=7,"U™()=y U(x =0,1)
and
;Vu (Mo 5 M!’)

0,1="%Ux=0,1)=——U((x=0,t I m? 23.19
[Oy] i (x=0,1) M, (x=0,7) molm ( )

where M, and U(x, ) will arise out of the adsorption - competition equations, and the

diffusion equations respectively, which we will describe later.

Putting eq 2.3.18 and 2.3.19 into 2.3.13 we obtain

f, =96x 10“‘{%;%—@} WMx=0NU"(x=0.1)+54x 10""{(/\4‘%{@]”/2@ =01) (2.3.20)

It is difficult to directly relate experimentally observed corrosion rates (Guruviah,
1970, Haagen and Funke, 1975, Rosen and Martin, 1991; Ailor, 1982; Slunder
and Boyd, 1971, Evans, 1950, and Uhlig, 1948) and reported parameters such
as relative humidity to modelled parameters such as the water and oxygen
concentrations adjacent to the metal surface. In fact this difficulty was recognised
at an early stage and provided some of the stimulus to formulate the model as it
now stands. We incorporate competitive adsorption of polymer, water and
oxygen in a system designed to model the effective concentrations of water and
oxygen at the metal surface. The measurable parameters are the concentrations
of oxygen and water in the bulk medium external to, and in thermodynamic

equilibrium with, the adsorbed polymer layer.
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A test of the adsorption model considers a bare metal surface with oxygen and
water competing for adsorption. In this case there is no discontinuity of activity
since no adsorbed polymer is present. The driving force of adsorption is the
concentrations of water and oxygen in the external bulk medium. From equations

2.3.18 and 2.3.19 we find

[H,01=W"()=W(x =0,t) (2.3.21)
[0,]=U"(t)=U(x =0,1) (2.3.22)
and f.=p WU + p, W? (2.3.23)

Additionally water and oxygen will adsorb onto the metal surface with
concentrations M,, and M,. We calculate these values from the adsorption
competition model we introduce in the next section. See chapter 5.7 for a
discussion of a special case arising from this aspect of the model. The values of
M,, and M, arising from the adsorption competition model correspond to
generalised Langmuir adsorption isotherms. We find reasonable agreement with
experimentally reported sorption isotherms on metal surfaces (Rosen and Martin,
1991, Valenzuela and Myers, 1989). This relates calculated corrosion rates f-
and external bulk media concentrations W “and U/"with experimental corrosion

rates and reported concentrations of water and oxygen.

We suppose that the total zinc corrosion product concentration Zz mol m™ at
x=0 is made up of a component 3~ = Z,W'IW, mol ratio solvated in the

water present in the adsorbed polymer layer, a solid component Z, mol m™ and a

polymer bound component 2. mol m™.
Zi =kig + 7.+ P, (2.3.24)

where £; i1s some characteristic thickness associated with the adsorbed layer.

For zinc corrosion product in solution at x=0 we suppose there is one source term

which represents the creation of corrosion product 2 according to equation
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2.3.20. We suppose there are two sink terms: one arising from the uptake of
corrosion product by polymer to form 2,, and the other resulting from the
diffusion of zinc away from the adsorbed layer at x=0. A conservation equation
(eq 2.3.25)is formulated which equates the rate of change of zinc corrosion
product with its rate of creation f,, its removal to polymer bound zinc 2, mol m”

and loss due to diffusion.

d - cp.
ky 3, =L—7+D:% (2.3.25)

Further we assume

1) that Z. is only created (and exists) when ' = Zw“(_mturalion) and

L1} e
2) Zc = O When Zw < Zw (saturation)-

Equation 2.3.25 can be written as two equations:

- L4 -—-—dg“ a‘p. ég
., ) _, @ 3B 58156
Zu < ZM (saturation)s Zr:‘ 0 kJ dt 'f: dit ¥ I): X x=0 ( )
™ " dZ ‘“ a‘p- @
£, = Zyw (saturation)s ZC 20 k A 'f" T D:__ (2327)
(sat ) odt dt X |-

In non-dimensional form this is:

forz<w, z, =0

1q. E7P) 2
- _Q‘(z +K, %;) +¢54x6[(l —mp) wu'? + as(l —mp) w‘] (2.3.28)

andforz=w, z. >0
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oz
T ox

dz, dq, 3 2
=_Q£h+mﬁﬁg+¢“m_mJ wm”+@0-me1 (2.329)

x=0

where : x =x/I and 7= Dgt/F,
"= U/Uo , W= W/Wg , 2= ZWW/W()Z()= 3/20, Ze = Z‘/ZCO, q-= pz/po, mp = Mp/Mo

_kDy . plU" N

A
A B R, = , = :
Zﬂk:i ‘ ZO ’ ZCO ¢3 IDZ ¢4 DZ ; F’]U(; ’

sz

24 ADSORPTION - COMPETITION

The basic hypothesis of this model is that a metal surface consists of a specific
density of discrete sorption sites of size comparable to molecules considered in
this model (water, oxygen, and polymer). A characteristic proportion of these
sites are supposed corrosively active. When a polymer functional unit is adsorbed
onto an active site, we suppose that the active site is made unreactive. In
particular we consider certain chemical entities present in paint film polymers to
adsorb competitively with oxygen and water onto active sites. Examples of
adsorbable groups are -COOH, -OH, -NH; and a polymer functional unit is an
equivalent mass of polymer containing one adsorbable group. Additionally (and
in explicit detail in a more sophisticated formulation of the model) polymer
functional groups may interact with other species to form more complex
functional groups. For example zinc chromate may complex with polymer
hydroxyl groups. In principle we could model both active sites and polymer
functional groups as distribution functions. However this information is currently
not readily available, and we assume that all active sites are identical and
independent as are all polymer functional units. Finally we assume that each
active site or polymer functional unit has the ability to adsorb only one molecule.

These assumptions describe the basis for Langmuir adsorption isotherms.
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On a plane surface there are approximately 10'® surface atoms per square metre.
We suppose that a fraction G of these are corrosively active; that adsorption
occurs on all sites (10'%); and that all sites have equal adsorption energy. In
actuality there will be a distribution of adsorption types and energies, and the
surface will have some roughness and porosity. But we use as a first
approximation
M, =17x10"mol m? (2.4.1)
For water the rate of increase of adsorbed water is proportional to the collision
rate of water molecules with the surface, the collision cross section, and the
surface remaining uncovered (M;). We estimate these factors in a simplistic

thumb nail sketch fashion based on ideal gas dynamics

[am,, kT NW . (My-M,) W (M, -M,)
—| = M, =10 ————LM . (242
U | N omm, ™ m, / W, M, g (242)

where k is Boltzmann’s constant (1.38x102 J K"), T'is degrees Kelvin (300°K),
m is the molecular mass (18/6x10> g), NW/V'WW, is the water molecule number
density per cubic metre (10°x6x10%*/18 = 3x10%® m™), and md is the collision

cross section (7mx(5x107%)? = 8x10"° m?).

The factor (My-Mp)/M, relates activity within the adsorbed layer to that outside,
and we assume that the adsorbed layer is in thermodynamic equilibrium with the
adjacent bulk paint film. In reality we expect the adsorbed layer to exhibit a
continuous variation from its ultimate crystalline state on the metal surface to
being almost amorphous at the internal boundary within the paint film at about
x=100 nm. We are interested here only in the state of the adsorbed layer
immediately adjacent to the metal. Our reasoning is that this is where activities of
water and oxygen relevant to the corrosion process are pertinent, rather than
activities at the inner face or some average applicable to the entire adsorbed layer.
Additionally we are unsure how the polymer crystallinity, and hence activities of

water and oxygen in the layer, may vary with position within the layer.
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We suppose that the rate of decrease of adsorbed water follows an Arrhenius type
law of the form ve®® My where vis the molecular thermal vibration rate
(typically around 10" Hz), £ is the energy of adsorption (around 60 kJ mol™),
and R is the gas constant (8.3 J mol’ K™)

am,, .
0 =-10"M,, (243)
giving
dM,, W (M,-M,)
T M, MM (24.4)
where r, = 10", r, = 10* and which we write in nondimensional form as
dm,,
e Gl[a](l—mp)wmj. —mw] (2.4.5)

where: ©=Dut/l’, w=WIWy, my=MiM,, m,=MzlMo, n,=Mp/M,

rl’
0 =2—
1 Du‘ »

In a more precise formulation we should account for the fact that typically multiple layers of
water etc accumulate on the surface. We would accommodate this in a multilayer model
with rate equations governing each layer (and there may be hundreds of layers to account
for: Ailor, 1982). However we adopt a simple monolayer approach on the basis that:

1) the model is designed to account for the early history of a painted metal surface with less
importance placed on the model’s accuracy at late times (when multilayers are expected to
dominate) and

2) adsorbed polymer is believed to inhibit the formation of multiple layers of adsorbed

water.

Similarly for oxygen

dM,, _, U (M,-M,)
a U, M

0

M, -rM, (2.4.6)
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where m=32/6x10* g, and NU/VU, =PUIkTU, = 2x10*UlkTU, = 4.8x10**UIU,,

ry= 107, ry= 104, and which we write as

dm,
T Ozlaz(l—mp)umf—m"] (2.4.7)
r, r?
where  m,=MyM,, u=UlU,, a,==, 6 =——
r-l W

For the rate of increase of adsorbed polymer

[aM, ] kT 10° 2N |
L& | Vzmio 2y ™M (BB

where m = 10°/6x10% g We suppose that a typical polymer functional unit has

equivalent weight about 100 so that there are 10°/100=10" functional units per

molecule in our model polymer (with molecular weight about 10°). ZN/P,V =

10x6x10%/10° = 6x10* molecules m™.

We allow that polymer molecules may vibrate and move within some radius of
gyration related to the polymer size. Some small motion on an atomic scale is
necessary to account for adsorption and desorption dynamics. However we
assume that polymer molecules cannot diffuse within the paint film. Polymer
molecules located initially in the adsorbed layer are assumed to be locked within
the polymer matrix and to remain within the adsorbed layer indefinitely.
Consequently we make no assumption of thermodynamic equilibrium for polymer

species such as 7, in the model.

Concentrations of species such as 2, are instead determined by the coupled
competitive adsorption equations we are describing. We suppose that the
effective pressure of polymer causing adsorption is proportional to the fraction 2
remaining free. Then

dM P,
0

where rs = 10%, rs = 60, and we take £ ~ 70 kJ mol™".
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We write this as
dm

d_: E Hs(asquf - mp) (2.4.10)
75 rl”
where  m,=MplMo, my=MJiMo, q=27P, a,= = 8, = T
6 (12
Finally a conservation relation exists for M p, My, My, and M;
M, +M,+M, +M, =M, (2.4.11)
In dimensionless form this is
m,+m,+m,+m, =1 (2.4.12)

We suppose that for the polymer - water interaction the adsorbed polymer layer
acts like a rigid surface where 10%/10°> = 10 collisions of water molecules from
the bulk paint film onto the adsorbed layer are with polymer functional units. The

rate of increase of Py-is calculated as

[d7, | kT NW ,10° W
& =10 —2, 2.4.13
& ) o™ e 13
and
da, W
Ttn =1, Wpf—rm Dy (2.4.149)
0

where we estimate ro= 10", r;,,=6x10% E ~ 30 kJ mol" and write in

nondimensional form as

dgq.,
dr

= 6(apwq, - q.) (2.4.15)

r r,
where ¢ = PylPo, qr=PiPo, w=WIW,, ag=—", 6 =-"2
Mo Dy,

Similarly for the polymer - zinc ion reaction we model the rate of increase of 2; as

[d?, kT NWZ, 10°

_ P—p 2.4.16
Uat | “Vzmmvwz, ™ 1007 (2.4.16)
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We suppose that it is the initial history of the adsorbed layer and the polymer -
zinc ion interaction which is most important in determining the behaviour of the
model and time to failure. Zinc ion concentrations in the bulk film and the
adsorbed layer will be assumed initially zero. We argue that significant
concentrations of zinc ion only arise after the adsorbed layer has degraded and

reverted to a state equivalent to that of the bulk polymer.

Ideally we might formulate zinc ion and electrolyte mobility according to the
approach used by Nguyen et al. (1996) where they considered mass diffusion of
electrolyte through an impermeable slab (the paint film) punctured by tortuous
transmembrane pores. We might include also lateral diffusion of ions and
electrolyte on the metal surface (for example Nguyen et al., 1991). Instead of
adapting the kinetic theory of gas dynamics to the development of our model we
might properly consider quantum mechanical principles and use Fermi-Dirac and
Bose-Einstein distributions rather than the classical Maxwell distribution
introduced in eq 2.4.2. However with our assumptions of initially low zinc ion
concentrations and thin adsorption boundary layer we suppose that any zinc ions
created will first move to the bulk paint film at x=0. We suppose that there is
initially a large activity gradient forcing this transport, and secondly that if any
collisions should occur along the way, only 107 of them (see eq 2.4.13) are likely
to be with polymer functional units. From there it follows that zinc ions either
diffuse out through the bulk paint film according to a set of diffusion equations
we describe later; or collide with, and become bound to, a polymer functional

group of the polymer in the adsorbed layer according to the ideas described above
for 2y

In dimensional form

7 _ W2,

e o X, 2417
a Wz TR ( )

assuming E ~ 70 kJ mol™, and with r; =10, rs= 10%,

In dimensionless form this is
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dq.
d_z' = 94(“42'(1; = q.-) (Estli)
3 i’
where z=ZyWIWoZo=3/Zo, q4:=P2Po, 4=PiPo, @, = o 6, "o
8 W

We suppose that an adsorbed layer is about 100 nm = 107 m thick, and the

polymer density 10° g m™ which gives

2,=10" mol m™ (2.4.19)
Py and Mp are related by:
Pu=M, (2.4.20)
in dimensionless form: G = K3, (2.4.21)
and
Pyt P.+Py+Pr=P (2.422)
in dimensionless form: Gu+q. +q,+q, =1 (2.4.23)

2.5 DIFFUSION-GENERAL

Suppose diffusant molecules in a paint film exist in two states, free and trapped,
of concentrations CC and kcPc;, where yc is the corresponding activity coefficient,

and yc-the chemical potential.

The net flux of free particles across any surface S is

D.C
Vu.-nd§ 251

where the current density of free particles Jy is given by the product of diffusant
Dy
velocity —?;,V;zc and concentration (' (Robinson and Stokes, 1959; Neogi,

1983 a, b, Thomas and Windle, 1982).
D.C
RT

Expression 2.5.2, is Fick's first equation (J.=-D.VC adapted from Fourier's

J.= Vi, (2.5.2)

equation for heat conduction) incorporating non-ideal solution thermodynamics



(Neogi et al., 1986). The assumption here is that the gradient V. is the driving
force of diffusion - the force experienced by diffusant molecules is proportional to

the gradient of the chemical potential.

We have outlined in the introduction above a plausible scenario accounting for
diffusion in a paint film. To properly quantify this conceptual model, a
formulation of transport mechanisms in terms of thermodynamic influences and
elastic stresses and strains in the film is required. A number of authors have
developed various new transport models using these concepts (Carbonell and
Sarti, 1990, Durning and Tabor, 1986, Herman and Edwards, 1990; Jou et
al.,1991;, Kim and Neogi, 1984, Larché and Cahn, 1973; Larché and Cahn,
1978, Morro et al, 1990; Neogi et al., 1986, Neogi, 1983; Oncone and
Astarita, 1987). Others have adapted and extended existing formulations to
include elements of mechanics or thermodynamics (Camera-Roda and Sarti, 1990,
Durning et al., 1985; Durning and Russel, 1985; Durning, 1985, Gostoli and
Sarti, 1982, Gostoli and Sarti, 1983; Lasky et al., 1988, Petropoulos and

Roussis, 1978, Petropoulos, 1984; Sarti et al., 1986, Thomas and Windle, 1982,
Tsay and McHugh, 1990).

In general terms, the fundamental aspects of all diffusion models are described by
the Maxwell - Cattaneo equation and this can be approximated by Fick's laws.
Some authors have studied the correspondence between Fick's equations and the
more general formulations of diffusion, and found that it is only in special
circumstances that the Fickian formulation is incorrect (Durning and Tabor,
1986, Jou et al, 1991, Kim and Neogi, 1984, Larché and Cahn, 1982; Neogi et
al.,, 1986, Neogi, 1983, Thomas and Windle, 1981, Vrentas and Duda, 1977).
Consequently, we will follow McNabb and Foster (1973) and Wu et al. (1990),
and adopt Fick's laws alluded to above, while at the same time, incorporating
trapping sites to account for delayed uptake and desorption of diffusing ions and
molecules, known to occur in paint films (Boxall et al., 1972; Brown and Park,

1970; Fialkiewicz and Szandorowski, 1974; Funke, 1967, Guruviah, 1970;
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Katz and Munk, 1969, Kresse, 1973; Kumins, 1980, Rosen and Martin, 1991,
Ulfvarson and Khullar, 1971). While our approach may not be
thermodynamically rigorous or account for all the anomalous behaviour that can
arise in paint films; it should provide a starting point for assessing the relative
significance of some aspects of the transport and corrosion phenomena associated

with paint films on metal surfaces.

Fick's second law is essentially the principle of mass conservation, and when a
diffusing substance is interacting with trapped phases, the masses of all phases
must be incorporated in the conservation equation. Consider an element of
volume } enclosed by a surface S. The total mass Q of diffusant and trapped

particles in }” at any time is given by,

0= [[[(c+kep.)av (2.5.3)

If we assume the diffusing molecules are conserved (ie don't take part in chemical
reactions with other diffusing ingredients within the paint film), a conservation
equation is obtained by equating the rate of change of Q to the net flux of

particles across the closed surface S;

a0 D('
ETRt i

(2.5.4)

Using the divergence theorem and equations 253, 254, we find

m[‘“ 2 -mv (2L v (2.5.5)

and since this equation is valid for any volume }’, in the paint film region,

oC 2P, (1)(,(.‘ )
-V. W 256
ot ke ak R7 ' He ( )

RT

A second equation governing these two ingredients describes the rates of
exchange of molecules between the free and bound populations. Suppose there
are two rate constants (assuming one significant bound population): r,

describing the rate of capture of free particles, and: r, describing the rate of
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escape of bound particles back into the diffusing stream. Then the rate of

increase of Pc is given by,

é r,
Y =hCP, -nF, (2.5.7)
where F.+P, =P, (2.5.8)

The derivation of the rate equation 2.5.7 is based on the assumption that the rate
of capture of diffusing molecules at each point of the medium is proportional to
the neighbourhood concentration of diffusing molecules and to the number of
unoccupied trapping sites per unit volume near the point, while the release rate at
the same point is just proportional to the population density or concentration of

the trapped phase.

2.6 DIFFUSION EQUATIONS

We suppose that the paint film is a slab bounded by two parallel planes at x=0 and
x=/ (the base and top of the film respectively). The slab is supposed thin and the
medium homogeneous, so that effectively, the geometry is one dimensional with
diffusive transport exclusively parallel to the x direction, with all diffusing

substances entering and leaving the slab through its plane faces.

Oxygen diffusion is believed to occur essentially independently of any trapping
dynamics. While some trapping probably does exist, Fickian diffusion provides an
adequate representation of oxygen diffusion (Guruviah, 1970, Haagen and
Funke, 1975; Kumins and Kwei, 1968; Xiao et al., 1990). We assume that the
paint film is fully cured and that no further reaction occurs with oxygen. Note
that some polymers cure by oxidative crosslinking, for example alkyd paints, and

the reaction may proceed gradually for months and years. However we shall
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assume that any residual reaction with oxygen from this source is negligible. The

concentration U(x, #) mol m™ of oxygen is described by a linear diffusion equation

(2.6.1)

Unlike atmospheric oxygen, water has a greater interaction with paint films
(Bellucci and Nicodemo, 1993; Boxall et al., 1972; Brown and Park, 1970;
Funke, 1967, Kumins and Kwei, 1968, Kunin, 1972; Perera and Heertjes, a-e
1971, Rowland, 1980; Yasheen and Ashton, 1978). Some of this interaction is
associated with plasticisation and swelling. Additionally certain paint films are
found to accumulate a dispersed water phase near water saturation of the film
(Cherry and Mayne, 1962; Maitland and Mayne, 1962, Perera and Heertjes, a-e
1971). This dispersed water phase (when it exists) is seen microscopically to

consist of discrete unconnected vesicles of water.

Initially some controversy existed as to whether or not ‘pores’ existed in paint
films (below Critical Pigment Volume Concentration). Some early work
concluded that pores did not exist. Krypton gas absorption indicated that pores in
paint films were non existent or of molecular dimensions; and electron
microscope studies failed to detect any evidence of pores. It was theorised that if
pores did exist and if gases were passed through them the diffusion should obey
Graham’s Law of Diffusion. In neither dry nor wet films was Graham’s Law
obeyed and this was considered strong evidence for the absence of pores. Cherry
and Mayne summarised these findings in 1961. However other experiments

employing electrolytic and electroendosmotic techniques concluded that pores did

exist.

Cherry and Mayne, 1961, and Maitland and Mayne, 1962, explained that these
seemingly contradictory results arose from pores of atomic or molecular

dimensions which could swell and become macroscopic under certain conditions.



Typically pores exist in the form of molecular size polymer structures (or polymer
functional groups as discussed above). When the film was dry or saturated with
water these molecular pores remained of molecular dimensions and were too
small to significantly influence the process of diffusion through the bulk polymer
film. Under the influence of electric fields and electrolyte solutions the functional
groups associated with the pores become ionised and may exchange ions with the
electrolyte solution. This combined with the plasticising effect of water on some
polymers, can in certain paints result in inflated pores which in extreme cases

appear as visible electrolyte filled vesicles.

Maitland and Mayne, 1962, discussed “fast” and “slow” changes in electrolytic
resistance of paint films in electrolyte solutions. The fast change was due to
sorption of water from the surrounding solution and resulted in equilibrium in
times of order 10 minutes for the paint films studied. The slow change was due
to ion exchange between ionogenic groups within the polymer matrix (functional
groups such as -COOH) and ions in the external electrolyte. Temperature was
found to have a profound effect on the rates of exchange; at elevated
temperatures such as 60°C equilibrium was attained in the order of 10 hours,

compared to weeks at room temperature.

Kunin, 1972, showed that at low electrolyte concentrations (10~ M) ion exchange
is rate limited by diffusion of ions through the bulk polymer matrix. At high
concentrations (0.1 M) a particle diffusion mechanism is generally accepted. One
version of this is Jenny’s Contact Exchange Theory where it is postulated that
ions in the polymer matrix can oscillate some finite distance and may be
considered as occupying an oscillation volume. lon transfer or exchange will
occur whenever two oscillation volumes overlap. Both bulk diffusion and particle

diffusion processes occur at intermediate concentrations.

Crank and Park, 1968, discuss diffusion of water in a variety of polymer systems

and show that varying polymer chemistry and composition results in a spectrum

42
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of diffusion characteristics. Although most cases are to a good first
approximation represented by Fickian diffusion, anomalous response to transients
can occur. Additionally changes in the polymer matrix itself (resulting from
sorption of ions for example) can produce further anomalous behaviour on longer

time scales.

We suppose that sorption and transport of water in paint films is represented by a
combination of Fickian diffusion and Langmuir sorption dynamics. Diffusing
water is denoted by W(x, f) mol m™, and sorbed water by P(x, ) mol m™.
Polymer functional groups are considered the primary agents for sorbing water
molecules, so total water in the paint film is the sum of W and Py, which satisfy

the system of equations

OT(}:,[W"‘!GPW] = (2.6.2)

2 | DyW uy
ox| RT &x

o, W
ot :r,WPf —rZP,,. (2-63)
0

The units chosen for W and Py (mol m™) make k,=1. We estimate r, =10’ and

r>=6x10° in a similar fashion to the rate constants for Langmuir adsorption onto

the metal surface (equation 2.4.14)

We will ignore for now explicit ion exchange effects as we concentrate on the
films early history, but incorporate the effect of adsorbed zinc which modifies the
polymer matrix with a conservation equation
Py+Pz+Pr=Pyx 1) (2.6.4)

and

Plo(x. ty=Po+ ZyWiWo=Po+ 3 (2.6.5)
where Zy(x, f) is mol ratio in water. Zy has been combined with the total
polymer functional group concentration P, on the basis that zinc has a strong
interaction with polymer functional groups (in fact much stronger than has water)
and will form associations with these groups which result in modified functional

units. From the work of Maitland and Mayne 1962 and Cherry and Mayne 1961
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it is clear that the presence of additional ionogenic material within the polymer

matrix has a strong influence on paint film properties.

Again unlike oxygen, zinc has a strong interaction with polymer films (Kunin,
1972). As with water, we suppose that the sorption and transport of water in
paint films is described by a combination of Fickian diffusion and Langmuir
sorption dynamics. Diffusing zinc is denoted by Zy(x, f) mol ratio in water and
adsorbed zinc by P;(x, £) mol m™, so total zinc is the sum of Zy-and Pz zinc is

assumed to satisfy the system of equations

é 2D, au,
_92\| D39 2.6.6
ot 5+ kP é‘x[ RT ox (¥0'0)
or, W Z
=y ——=2Pp _p P 2i6.7
o w7 frhb (361)

We have supposed that unlike the paint-metal interface the bulk polymer does not
allow significant corrosion product Z, mol m™ to accumulate, and that whatever
zinc corrosion product exceeds the solubility level is taken up by polymer or by
zinc modified polymer functional groups according to expressions 2.6.7 and
2.6.8. The units chosen for g = ZyW/W, (mol ratio in water) and Pz (mol m™)
make k> = 1. As before we estimate 3 = 10’ and 4 = 10% in a similar fashion to

the rate constants for equation 2.4.17

2.7 BOUNDARY CONDITIONS

We suppose that the painted metal surface modelled is subject to constant oxygen

concentration at x =/

Ulx=11)=U, (2.7.1)

which in dimensionless form is



u(x=1,7=1
and that the water concentration at x =/ is some function of time such as may
correspond to typical atmospheric weather conditions

W(x =1,1) =W,(1)
which in dimensionless form is

w(x=1,7) =w(7)

Typically zinc corrosion product diffusing to the surface will be removed by
conversion to other species such as zinc carbonate or be washed away by rain

water so that

Z(x=1,1)=0
which in dimensionless form is

g8=1,9=0

At the base of the paint film (x=0) we suppose that gradient conditions apply such

that the fluxes of zinc, water and oxygen involved in the corrosion reaction are

related to the gradients at x=0. We now develop the equations in non

dimensional form.

Fromeq. 2.3.28

forz<w, z. =0
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(2.7.2)

(2.7.3)

(2.7.4)

(2.7.5)

(2.7.6)

oz 1z 1. 302 R 2
- = —Q‘[:{—r + K, Efr_j + Q&‘G[(l - mp) wi'? + @ (1 - mp) u'z] (2.7.4)
x=0

and
forz=w, z. >0
oz
ox

dz,

x=0

Fromeq2.3.2,2.3.4 and 2.3.20 we find

v d . 3/ 2
= _@(dr +K, d‘—Ir) +¢4/<(,[(1—mp) “yut? +a,(l —mp) wZ] (2.7.5)
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ow 32 2
— - ¢,[(1—mp) wu +20,(1-m,) w2] (2.7.6)
x=0
ou
and = = ¢z(1—m,,)3/2wu"’ (2.7.7)
x=0

where we assume for eq 2.7.6 that the corrosion flux (eq 2.3.13) results in the consumption
of one mole water and one half mole oxygen (according to eq 2.3.2) plus 2 moles water
(according to eq 2.3.4) for each mole of zinc. For eq2.7.7 we assume only reaction 1
(equation 2.3.2) is operative and equate the gradient of oxygen at x=0 to the flux of oxygen

due to the corrosion reaction f;;.

2.8 DISCUSSION OF DIFFUSION AND ADSORPTION EQUATIONS

In general, the diffusion coefficients [ are functions of the local diffusant
concentrations (Fava, 1980), and in more sophisticated formulations of diffusion
theory may be multicomponent, have geometric dependence and be functions of
other state variables describing the paint film (Cussler, 1976; Shi and Vincent,
1993). Similarly, in formulations involving activity coefficients, the y may be

taken as functions of local diffusant concentrations and other variables.

Some tabulated values of D and y exist (Valenzuela and Myers, 1989), as do
some published experimental results (Perera and Heertjes, 1971 a-e; Bode,
1990), showing a dependence on concentration. However, if we assume as a first
approximation that both D and y are constants then expressions 2.6.1, 2.6.2 and
2.6.7 become

cu o

E:I)U’y (28])



74 Va4
§[W+k,1)w] = D",W

i &
5[5*‘ kzpz] =D, é‘xg

in nondimensional form these are

@—D Su
or ! ox?

Fw

c
E(W t Klpw) = o

cp.,
51,); = 96(a6wpf _p,.)
; &
and é(: +l<‘2p:) =D, i
ep.
e =0 (a,zpf -p )
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(2.8.2)

(2.8.3)

(2.84)

(2.8.5)

(2.8.6)

(2.8.7)

(2.8.8)

kT, M ral*
I):’:DZ}’D”W [)f=Pf/PGv ])“':I)”JPGv I’-_=;)‘?‘f})ﬂ’ Kl = S 3 aﬁ:-——-‘ ’ 6;3: Y
% r]z D”'
ky Ly " Rl
K. = — g o — .
=g T 5T,

1f we consider primarily the early history of the painted metal surface so that the
polymer matrix is unaffected by ion any exchange and no zinc corrosion product
has accumulated, and suppose that only slowly varying functions w(x=1, 7) on the
paint film surface are considered then the transport of water through the film

becomes effectively a Fickian diffusion process where effects of trapping become
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negligible. In a simplified version of the model we might ignore eq 2.6.3 and

write for transport of w

ow  Fw (28.9)
dr ~ ox’ o
and eq 2.6.5 becomes
P:+Pf: 1 (2810)
In general we expect that diffusion will not much limit the entry of water and
oxygen, so that in a further simplification expressions 2.7.6 and 2.7.7 might be
approximated by zero gradient conditions on x = 0 when we consider the early
history of the system (when corrosive fluxes are very small) so
ow
— =0 28.11
= (28.11)
ou
—| =0 2812
Ox ( )

X=

Following this speculation that the paint film does not provide an effective barrier
to oxygen (or water) we might make a further simplification and suppose that in

general f;; of expression 2.3.13 dominates and

3/2
fo= g (1-m,) wa (2.8.13)
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2.8 INITIAL CONDITIONS

A typical starting point of the model is, at T = 0:

I)W=O’ 1)z=0
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3 MODEL SUMMARY

Independent variables are taken as; x =x// and 7= Dyt/l’ (3.1)

The dependent variables are defined by: "« = U/U,, w=W/W,,

z=ZyWIWolo=23/Zo, pr=PdPo, p.=PulPo, p:=PiPy (3.2)
G=P/Po, qQu=PulPo, qu=PuPo, ¢:=PdPo, {mn=7PulPo,

my=MgMo, m,=MdM,, m,=MM,, m,=MpiM,, z.=ZsZc (3.3)

Dimensionless parameters are defined by: D, = Dy/Dy, D= Dz/Dy

S R SN U /N N TR, R - 1/
A ' m B R & B, | Ry pIU(:/Z
p A g ol 5 rl’ 5 U S P 9 R
: I)Ii" : ])li ¢ D”" & DH ? Dl!' - Dll ’ Dil'
)()'I'(('}i;lIrz plim kBDil'r' -?C’I]('];’lz ch]Dil'
= 9 = Py = Py = Ps = (3.4)
= Dy T apulRtetT pp. "™ p. " 2D,
Atx=0, >0
dm,
T Hl[a,(l—mp)wmf—m“] (3.5)
dm,
= :OZ[aZ(I—mp)umf—mu] (3.6)
dm
drI = @(a,qu,. ~mp) 3.7)
m,+m, +m,+m, =1 (3.8)
dq.
4 94(0142(1, - (1_-) (3.9)
dq.,
) = 95(0'5“’(11* —qw) (3.10)
qm = K3mp (31 l)

o tq. ¢, +tq, =1 (3.12)



In 0<x<1, >0

or 'ox’
%( +rp,)= f,::
% = aﬁ(aawpf = P..-)
%(2 +5,p,)= D, j:z
% g 9?(a7:p,- -p.)

p.tp,tp, =1+ k2

Boundary conditions:

x=0, 7>0

forz<w, z.=0

Atx=1,7>0

Initial conditions:

At7=0 m,

P

=0, my=0, my=1

x=0

dz d n 2
= ‘¢s(—+!€, %) +¢4x6[(1 —mp) wu'? +cr,(l —mp) wz]

dart

dz dq. 3 2
= “@(c " K, d—i) + ¢4K6[(l - mp) wu'? + a,(l —mp) WZ]

:0: p2=0’ “=O’ W=O’ Z=Oa ZC=O

S

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)



NOMENCLATURE

X
x=—
/
Dyt
= '[—J
U
u(x.7) = U,
w
w(x.7) = Wo
W, (1)
w,(7) = ;Vu 5
Z W
z(x. 7)==
W7,
Z.
z(7) = =

x 1s distance outward from the metal surface through the coating in

metres and / is the coating thickness.

Dy is the diffusion coefficient m’s™ for water and ¢ is time (seconds).

U is the oxygen concentration in mol m™ and Uy is the internal
saturation oxygen content. {/(¢) is the external oxygen concentration
(taken as atmospheric oxygen, Us) and U""(f) is the oxygen

concentration in the adsorbed layer.

W is the water concentration in mol m™ and W, is the internal saturation
water content. W (¢) is the external water concentration (taken as liquid
water W, , or some wetting function W, (¢)) and W’ (1) is the

concentration of water in the adsorbed layer.

wp is the internal non dimensional wetting function at x=1 driven by

some external wetting function W, (¢)

Z, 1s the zinc ion (zinc is used in this application but the model may
readily be adapted to other metals) concentration in mol ratio of
water (i.e. relative to the water content of the coating), Z, is the
saturation zinc ion concentration. Z, (t) is the external concentration of
zinc ion, which we shall take as zero, and Zo is the saturation
concentration of zinc hydroxide in water. Z,” (t) is the concentration of

zinc ion in the adsorbed layer, and Z," is the saturation value.

Zc 1s the solid zinc corrosion product (initially zinc Hydroxide) at the
coating-metal interface in mol m?2 Zco is an arbitrary reference

concentration in mol m? intended to represent a state of light corrosion.



D"’y DU; DZ
P
pf(x.r)z—f-
0
P
p(er)=="
0
L,
p:(X.T)— Po
(7) at
g 7)==
£ A
Ay
V= =
A
&
q.(7) = 2
q,(7) ==+
A
M
m.(7) = —=
s M,
M,
m(7r) =—"*
MO
M.,
m,(7) = —2
MO
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. . . . . . 2 _-1
Diffusion coefficients for water, oxygen, and zinc ion respectively m“s™.

Pr is the concentration of free (unassociated) polymer functional groups

in mol m™ and Py is the total concentration of polymer functional groups.

Py is the concentration of polymer functional groups associated with

. 3
water in mol m™.

P is the concentration of polymer functional groups associated with

. . . 3
zinc ions in mol m™,

2 is the concentration of free polymer functional groups on the metal
surface in mol m™ and 2, is the total surface concentration of free

polymer functional groups.

P 1s the surface concentration of polymer functional groups associated

with water in mol m?.

P2 1s the surface concentration of polymer functional groups associated

. . . . 22
with zinc ions in mol m™.

P\ 1s the surface concentration of polymer functional groups associated

with metal active sites on the metal surface in mol m>.

M is the surface concentration of free (unassociated) metal active sites
on the metal in mol m? and M, is the total concentration of metal active

sites.

M, is the surface concentration of metal active sites associated with

water on the metal in mol m™.

My is the surface concentration of metal active sites associated with

oxygen on the metal in mol m™.



X

My is the surface concentration of metal active sites associated with

m(7) = v
°  water on the metal in mol m™,

m (7) = M, M is the surface concentration of metal active sites associated with

: M, polymer functional groups on the metal in mol m?.
Table of parameters: Table 1
a;=10° 6,=10’ $=2.7x10"  k=18x102 D)=l
=10 6,=10 $:=9.5 k=10° D=10"
a=1.67x10°  G=6x10" $=10 Ki=8.5x1072
=10’ 0,=10° $4=27 k=107
as=1.7x107  6=6x10" #s=10° Ks=2x10°
a=1.7x107  G=6x10" Ks=5.6x10°
=10’ 6=10° K=2x107
a5=8.9x 107
Table of constants: Table 2
r;=10" r=10" 0] Zo =10 mol m™
r=10* re=10° =102 Z«=10? mol m?
r=10 r=10" P=2x10" mol m™ Po=10" mol m™
re~10* r1=6x10° My=1.7x10"° mol m™ D=10" m? s
rs=10° r1=10 Wy=56x10"mol m®  Dy=10""m’s"
rs=60 r17=6x10% Uy =8 mol m™ D=10" m’s"
0=9.6x10™""  p=54x10" k=1 k=1
k=107 =10 m
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4. REVIEW OF MODEL DEVELOPMENT

4.1 PREFACE

While there was some confusion in the literature as to whether it was diffusion of
oxygen, or of water, or of various ions, or some combination that was most
important, the common feature of all models and theories was that diffusion was
the controlling factor in corrosion protection provided by coatings. It was
unknown whether or not trapping and absorption within the film had much effect
on diffusive processes in paint films, but it was well known, for example, that this
process has a dramatic effect on diffusion of hydrogen in steel (McNabb and
Foster, 1963). There has been speculation that boundary layer effects might also
account for some of the observed protective action of coatings, but again the
evidence was largely speculative and limited to particular coatings or experimental

methods (eg Rosen and Martin, 1991).

Following this background only diftusion was considered in the initial development
of the model. The paint film was modelled as a thin slab with specified
concentrations of water, oxygen, and metal corrosion products (eg. zinc hydroxide
etc) at the outer boundary. The boundary conditions at the metal surface posed
some difficulty. We quickly eliminated simple diffusion with zero gradient
conditions because if this applied the concentrations of water and oxygen within
the film should reach saturation in times of order 1 hour. The metal substrate
should corrode fieely as concentrations of water and oxygen approached the levels

of the external environment.

Possibly diffusion of water or oxygen was rate limiting. If this were the case some
gradient must exist within the paint film and be related to the diffusion coefficient
of water or oxygen. It seemed that diffusion of oxygen might be rate limiting in
some special cases (polymers with very small diffusion coefficients) but this

couldn’t be a general explanation. Many coatings with relative large diffusion
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coefficients are known to effectively inhibit corrosion, and diffusion in these cases

cannot explain the observed low corrosion rates.

A succession of increasingly complex diffusion models was considered. Properties
such as boundary layers, trapping, and discontinuous activity functions were
modelled. Eventually it was concluded that none of these diffusion models was
capable of describing the general corrosion protective action of paint films.
However one preliminary model, based on activity step functions, appeared to have
the potential to provide a general explanation. Development of this model led to
the concept of competitively adsorbed polymer competing for adsorption onto

corrosively active sites on the metal surface.

Preliminary analysis of the diffusion-adsorption type of model confirmed that it
could potentially account for the corrosion protection of paint films observed in
practice. The model was developed further and reformulated several times. A
major revision and re-derivation was made following a reformulation of the

estimated and calculated parameters.

4.2 OXYGEN DIFFUSION RATE LIMITING
We supposed that oxygen diffusion is rate limiting. The flux of oxygen is

F,=- )U%:SXIO’7 mol s m™ (4.2.1)
where we use Uy = 8 mol m™, Dy= 10" m* s and suppose the film thickness is
10 m.
Assuming that the dominant corrosion reaction is

Z, + H,0 + 120, 2 Z.(OH), (4.2.2)
then the rate of corrosion is
4x107 mol s* m?=3x10" g s' m?=0.1 mm per year.

This rate of corrosion is physically possible but it corresponds to about 10% of the

maximum possible rate of corrosion of bare metal immersed in oxygenated water.
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While this represents some protective action it does not account for protection
provided by the majority of coatings (which have diffusion constants around the

value used in this calculation).

In practice many coatings achieve a useful service lifetime of several years which
requires that the rate of corrosion be less than 107 g s' m™. In this case the flux of
oxygen consumed in the corrosion reaction must be so small that it generates
negligible gradient which in turn results in oxygen levels at the interface near their
saturation values. But this would create maximum corrosion. Consequently this
model can at best apply only to special cases where the diffusion constant is small

and the coating offers only poor protection.

4.3 WATER DIFFUSION RATE LIMITING
We next supposed that diffusion of water was rate determining. The flux of water
is
ow
Py =D e 56x107 mol s m™ (4.3.1)

where we use W=5.6x10* mol m’, Dy=10"" m’ s* and suppose the film thickness as
before is 10™ m. From this we calculate the flux of corrosion product as

F,=56x102 molm? s =036 gm* 5™ (4.3.2)
But this exceeds even the maximum rate of corrosion of uncoated metal so this

model also cannot generally explain observed corrosion rates.

4.4 BOUNDARY LAYER RESISTANCE

Having eliminated the basic diffusion based models from contention as a basis for
our model of painted metal surfaces we next considered boundary layer resistance
effects. In this variation of the preceding models we supposed that there were very

thin layers (less than 10 m) on either side of the paint film; one at the air interface
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and the other at the paint-metal interface. The diffusion coefficients in these thin

layers may be one or two orders of magnitude greater than in the bulk paint film.

2

)

Using analogous reasoning to that applied above, and supposing Dy=10" m
interfacial layer thickness Ax=10m, and that the two interfacial layers account for
all the diffusive resistance then

o, 8molm™ : =
F, =10 XWZSXIO_ mol s& m” “4.4.1)
X

So that the same conclusions as arrived at above apply here: this variation of the
model is also incapable of accounting for general corrosion behaviour of painted

metal surfaces.

4.5 ACTIVITY STEP FUNCTIONS

Next we considered thermodynamic potentials and began development of a two
stage paint film. The bulk of the paint film was modelled along the lines described
above and we included trapping of some species to account for diffusive delays on
short time scales. We supposed that there was an interfacial layer between the
paint film and the metal surface where the polymer was adsorbed onto the metal
surface. From reports in the literature we recognised that this relatively thin
interfacial layer could have physical properties quite different from the bulk film,;
Tang and Song (1993) and Nguyen et al. (1994). When strongly adherent the
adsorbed layer may act as a crystalline solid where the thermodynamic activity
coefficients of water and oxygen may be much larger than in the bulk paint film.
As the thermodynamic potentials are generally in equilibrium between paint film
and adsorbed layer, the discontinuity in activity coefficients could lead to
discontinuities in physical concentrations (mol m™) of water and oxygen. It was
realised that physical concentrations of water and oxygen could be sufficiently low
in a crystalline polymer structure to account for the observed corrosion rates of
coated metal surfaces. Even when the bulk paint film had reached saturation in

oxygen and water, the adsorbed polymer layer could maintain lower physical



concentrations on the metal surface - providing that the adsorbed layer remained

tightly adherent and substantially crystalline.

It was found experimentally that an initially crystalline adsorbed layer will degrade
upon exposure to water and corrosion product. The experimental manifestation of
this degradation is loss of adhesion, blistering, accumulation of corrosion product,

and changes in polymer conformation. Accompanying degradation are changes in

activity coefficients.

Initial attempts to calculate and model the activity coefficients in the adsorbed layer
proved problematic and led to a profusion of variables, constants and equations.
To simplify the model we supposed that the activity coefficients might be
approximated by step functions which took initially some large constant value, and
then at some critical state in the adsorbed layer’s evolution, would swing to values
near 1 to represent the degraded layer. The problem was to determine at which
point in the system’s evolution the activity coefficients changed from one value to
the other. The initial values corresponded to extremely low rates of corrosion
(metal effectively protected by a paint film), while the subsequent value
corresponded to high rates of corrosion with minimal protection of the metal

surface (comparable to the situation in 4.2 above).

We then explored various models of activity coefficients but found that great
complexity resulted from even the simplest models and additionally the physical
basis for these models was difficult to substantiate. The step function concept
remained attractive and further work was done on trying to derive a plausible step
time from the state of existing variables. The best measure seemed to be the
concentration or quantity of corrosion product accumulated. When the
concentration of corrosion product reached some critical value we set the step
functions to their alternative values. The problem remaining was that we could not
readily justify the model. We could choose step conditions which produced the
sorts of time scales for corrosion that were expected from experiment but there

was an element of having externally fixed the result by the choice of step
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conditions. The worry was that the model did not itself produce a mechanism to

determine the step time and step condition.

4.6 COMPETITIVE ADSORPTION

Our initial research had shown that in steady state conditions (such as immersion)
diffusion was not the corrosion rate limiting mechanism. Diffusion times through
paint films are usually in the range of one minute to one hour. Consequently
trapping effects and diffusive time lags in non-linear diffusion will only have
significant effect on these relatively short time scales. Painted metal surfaces
typically display resistance to corrosion on time scales of days to years. In
intermittent wetting the periods of wetness are generally longer than one hour, yet
the rate of corrosion is typically kept at very low values even when the film is

saturated with water and oxygen.

Experiments have been conducted on steel coupons enclosed in free standing, non
adherent, paint film pockets which were stored in a humidity chamber and
subsequently tested for corrosion; Rosen and Martin (1991), and unpublished
Resene Paints Ltd experimental results) More corrosion was found to occur with

detached films than with adherent films where the coupons are painted directly.

One explanation for these results depends on the polymer layer adjacent to the
metal surface being crystalline. When adsorbed onto the rigid metal surface,
normally mobile polymer molecules become “frozen’ and exhibit significantly
different physical properties compared to polymer in the bulk paint film. Léger et
al (1992) showed that polymers in an adsorbed layer on a solid surface were
significantly slowed down compared to polymer molecules in the surrounding
solution. Thermodynamic activity coefficients in crystalline solids are typically
greater than in solutions or rubbery-amorphous polymers. Consequently it is
arguable that concentrations of reactive molecules in a crystalline layer immediately

adjacent to a metal surface may be substantially lower than the concentrations in
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the adjoining bulk polymer (refer Figure 2). Lower concentrations of reactants at
the metal surface will directly lower the rate of corrosion, reduce the ionic
conductivity of the layer adsorbed onto the metal, and lower initial corrosion rates
will reduce the rate of degradation of the adsorbed crystalline layer and prolong the

systems time in a low corrosion regime.

A second (related) explanation arises from a novel conception of a metal surface.
Traditionally it is conceived that a plane metal surface is more or less uniformly
reactive to corrosively active species. In an attempt to account for the observed
distribution of corrosion cells and pits in real corroding metal surfaces we
proposed that the metal surface was not uniformly reactive. Instead we envisaged
the surface composed of a more or less random distribution of discrete highly
reactive sites of roughly atomic dimensions. In fact the size and degree of
reactivity are almost certainly not constants but distributions which are
characteristic of each particular piece of metal. We assumed as a first approach
that we could describe a corrosively active surface as randomly scattered ‘mean
activity’ ‘mean size’ active sites. When corrosion occurs it is believed to occur at
an active site while the adjacent surface is passive. The passivity of the
surrounding surface is speculated to arise from both inherent low reactivity, and
from a shielding effect produced by intense activity at a nearby active site. This
shielding is supposed to occur through diffusive depletion of corrosively active
species in the vicinity of an active site, and possibly also through changes in the
local electric potentials due to electrochemical processes at the active site. We
speculated that the surfaces atomic topography (impurities, grain boundaries,
dislocations, etc.) would govern a location’s activity. Crommie et al. (1993)

suggest some insight into the possible origins of active sites.

During the course of research into waterborne metal primers at Resene Paints
Limited it was noticed in 1989 that freshly painted metal surfaces (mild steel,
Aluminium and galvanised steel) exhibited unusual activity at discree sites.
Polymer was found to adsorb rapidly at specific sites on particular pieces of metal.

When the process was interrupted before complete film formation had occurred,
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and the panel gently cleaned, it was found that discrete, localised, areas of
adsorbed polymer remained. When the panels were cured and recoated it was
found that very little further activity remained. We hypothesised first that the
original active sites corresponded to corrosively active sites. Second we
hypothesised that the presence of bound (adsorbed) polymer on and around the
active site inhibited ionic conduction and corrosion at the metal-polymer interface.
Additionally we expect the strongly adsorbed polymer to possess significant
crystallinity which results in low concentrations of reactants (water and oxygen) in
contact with the metal active site. When the treated panels were subjected to more
severe cleaning (scraping and scrubbing) it was found that a) more activity
remained and b) additional sites appeared. We speculated from this that layers of
adsorbed polymer could be physically removed, and that mechanical damage and

change to the metal surface could alter reactivity.

From these observations (and the failure to otherwise explain observed corrosion
rates) we formed the concept of competitive adsorption onto corrosively active
sites. Basically, when polymer is adsorbed onto an active site, the site is passivated
and inactivated. But when the site is unprotected by adsorbed polymer it is
corrosively active. The competition equations were set up on the principles of
multicomponent Langmuir adsorption isotherms. Initially we considered multilayer
multicomponent adsorption. Multiple layers of water readily form on bare metal
surfaces and adsorption isotherms are well documented. However little is reported
concerning the adsorption isotherms of water etc. where it competes for adsorption
with other species and in the presence of adsorbed polymer. We expect that up to
the onset of rapid corrosion the metal surface is dominated by adsorbed polymer
and hence there must be less than a mono-layer of adsorbed water. In the region
of interest an assumption of single layers of adsorbed species should be

satisfactory.

To account for the effects of the adsorbed layer’s crystallinity on the
thermodynamic activities of water and oxygen within the layer we made two

assumptions. First that water and oxygen inside the layer were in thermodynamic
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equilibrium with concentrations outside the layer. This is reasonable providing the
bulk paint film effectively dominates the diffusion behaviour of the system, and that
the adsorbed layer is thin so that it’s physical capacity is small compared to that of
the adjacent paint film and metal surface. Secondly we supposed that the layer’s
crystallinity was related to the value of M, (the quantity of metal surface covered
by adsorbed polymer). When M, is large the crystallinity is also high, and the
volume concentrations of water and oxygen are smaller than those in equilibrium

outside the layer. We modelled this as

M,-M
LA @
M,
. M, - Mﬁ]
_ P 462
U U[ M, (4.6.2)

Where W " and U™ are the molar volume concentrations of water and oxygen
inside the adsorbed layer and W and U are the concentrations outside the layer, and
M is the total metal adsorption capacity. We selected this model over other
variations because it displayed two desirable features. When polymer adsorption
approaches M, we expect maximal crystallinity, and W™ and U"" should become
smaller than W and U. When M, becomes small W and U™ should approach the

values for W and U.

4.7 CORROSION FLUX FORMULATION

The original aim was to calculate electrochemical processes directly and model
the corrosion flux on electrochemical current density. From the corrosion
reaction equations (eq 2.3.2, 2.3.4) and tables of standard electrode potentials we

calculated an electrochemical potential for the corrosion cell depicted in figure 6.
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Then using the Nernst equation

RT  |a
T o MO [l e
BB — h{a ] (4.7.1)

m,

and Butler-Volmer equation

J'(—> M ner) = je*{ex_z{_—z#}—ex;{%]} (4.7.2)
(Atkins, Physical Chemistry, 1978) we calculated current densities for the
corrosion reaction related to the concentrations of the reactants. This is a common
approach for electrodes in solution. But in the case of a painted metal surface the
presence of the adsorbed polymer added a complication which seemed difficult to
deal with. Specifically, adherent polymer added a resistance component to the
electrochemical calculations. As discussed above there were difficulties and
uncertainties in determining what the physical concentrations of water and oxygen
were at the metal surface under an adsorbed polymer layer, particularly in the
systems’ early life when water concentrations were surmised to be low. With the
electrochemical calculations the additional uncertainties of accounting for the effect
of surface resistance in the adsorbed layer seemed insurmountable. The resistance
presumably varies with water and dissolved ion content, and concentration of
corrosion product; we expected also that the resistance would vary with the

proportion of polymer remaining adherent as corrosion progressed. Some models

were constructed but they could not be satisfactorily justified.

Next we reviewed the literature on modelling of corrosion fluxes. From a selection
of sources - Spence (1992), Ailor (1982), Chilton (1969), Evans (1950) we found
only empirical approaches which were based typically on either linear models
(constant corrosionrate) or Poisson models (logarithmic corrosion rate). The
main aim of the reported models was to predict corrosion rates for various

exposure conditions of bare metal surface.



Finally a direct chemical kinetics approach was attempted. Basic chemical
reactions were written (for example eqns. 2.3.2, 2.3.4) and from the molecular
ratios of reactants we derived a series of chemical rate equations. Using these rate
equations we could relate rates of corrosion to physical concentrations of reactants
on the metal surface (ie. in the adsorbed polymer layer). Additionally we could
relate these rates of corrosion to fluxes of reactants consumed in the corrosion
reaction. It still remained to determine what the physical concentrations were but
we could demonstrate reasonable agreement with calculated corrosion rates and

available published and experimental information.

4.8 CORROSION RATE EQUATIONS

Initially we formulated the corrosion rate equations as a system of ordinary
differential equations which attempted to account independently for the rates of
formation and removal of every species present (Zn"", Zn(OH)", OH’, O, H,0, Ha,
H", COs7, etc.). This led to some dubious assumptions and it was realised that we
did not have sufficient information available to create a model on this level. The
specific details of atomic reactions and molecular processes involved in the

corrosion process were not sufficiently well understood - or even known.

Eventually we adopted a more pragmatic approach to the treatment of reaction
rates and formulated rate equations based on the overall chemical reactions (Frost
and Pearson, 1960). In general there is no guarantee that this will yield the correct
form of rate equation; however some justification is found when the theoretical
rates agree reasonably well with the reported rates at various concentrations of
reactants. While we do not know what the detailed atomic and molecular steps in
the corrosion process are, the agreement found with this rate model indicates it is a
satisfactory starting point. One of the desirable features of directly modelling the
corrosion reaction kinetics is that we relate corrosion flux directly to physical

concentrations of reactants in the (crystalline) adsorbed layer.
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One assumption made was that the pH at the interface remained constant. Some
stretching of the concept of pH is required: In a solution pH has obvious meaning;
but in surface systems which are substantially solid state (adsorbed polymer) the
notion of pH applies only to the extent that water is present. After some trial and
error we adopted a system where pH is calculated on a scale based on the physical

concentration of water.

4.9 BOUNDARY CONDITIONS

Various boundary conditions have been used during the course of development.
The outer boundary has generally been set at specified fixed concentrations or
specified functions of time. The intention is to ultimately specify external
concentrations as functions of time which represent mean weather conditions and

times of wetness found in real atmospheric exposures.

The metal-paint film boundary was originally set with gradient conditions. First we
used zero gradient conditions for water and oxygen, then for zinc various fixed
concentrations and later flux conservation equations. When a two layer paint film
model was adopted the governing equations for the layer adjacent to the metal
became ordinary differential equations, and the focus on boundary conditions

moved to the interface between the adsorbed layer and the bulk paint film.

Boundary conditions between the bulk paint film and adsorbed layer have mostly
been gradient types based on conservation of water, oxygen and corroding species
(zinc) molecules. We assumed that the adsorbed layer did not have significant
capacitance and that fluxes of water and oxygen across the boundary were related
to their consumption in the corrosion reaction based on equations 2.3.2 and 2.3.4.
The form of the flux equations has varied as the modelling of the corrosion flux has

developed. Ultimately rather awkward boundary equations have developed in an
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attempt to better account for physical processes. It is likely however that simpler
conditions (eg. zero gradients for water and oxygen) will be found to provide
satisfactory approximations for certain stages of the modelled systems evolution.
[t is anticipated that the numerical solutions of the model will confirm this and
allow simplifications which will aid the analytical analysis of the model. The case
for the zinc boundary conditions is more complex since zinc corrosion product is
generated on the metal surface and a gradient condition including a source term
seems natural. There is however a possibility that the zinc corrosion product
concentration rapidly rises to saturation on the metal surface. In which case
further simplification could be made. Some analytical work was done on this (see
later) and again it is anticipated that the numerical calculations will help clarify the

type of boundary condition required, and the conditions under which they apply.

4.10 PARAMETER ESTIMATION

Estimation of parameters has been particularly difficult. In the early stages of
model development the qualitative behaviour of the model was sufficient to
determine that a particular model could not account for observed paint film
behaviour. The parameters were of secondary importance, and their approximate

values were easily accessible from the literature and from experiment.

The model has progressed through a number of generations in the pursuit of model
behaviour which agrees with experimental observation. Parts of the model have
remained substantially intact from the first stages along with associated parameters
eg. Diffusion equations and coefficients. In developing the model to describe
competitive adsorption we found that relevant experimental data was very hard to

come by and at best only comparative data was available.
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In the construction of the competitive adsorption portion of the model we have
used parameter concepts such as rates of adsorption and desorption in a semi solid
state system. While these have an immediate physical and conceptual significance

they are not readily amenable to experimental determination and measurement.

The parameters involved in the corrosion flux equations have similarly been
difficult to quantify. But reported experimental corrosion rates under various
conditions have allowed parameters to be estimated for the corrosion equations we
derived. Where reported or experimental data has not been available we have
resorted to estimation from physical principles. These parameters in particular
require further experimental investigation. Further, it is believed that variation of
the parameters through optimisation of polymer and paint film physical properties

will allow improvement in paint film performance over metal surfaces.

4.11 CORROSION PRODUCT SATURATION ON THE METAL SURFACE

It was believed from an early stage that the time for corrosion product to reach
saturation on the painted metal surface must represent a significant milestone in the
model’s (and the painted metal surface’s) evolution. We reasoned that if the levels
of corrosion product remained low on the metal surface then they must also remain
low throughout the entire paint film. The diffusion coefficient for corrosion
product is typically small and we deduced that the rate of corrosion must also
remain low while concentrations throughout the film were low. A corollary is that
the time for corrosion product to reach saturation serves as a measure of the paint
film’s performance: the longer it takes for saturation to occur the “better” the
paint film. While a painted surface may still perform satisfactorily with corrosion
product at saturation on the metal surface we expect that low corrosion product

levels guarantee good performance. Consequently we looked for surface
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saturation times and hoped to demonstrate that the model could accommodate

saturation times ranging from seconds to months.

At an intermediate stage in the model’s development we determined the time for

corrosion product saturation as follows:

Exploratory Model equations:

Note that the nomenclature, variables and parameters used in this section are not

exactly the same as those derived earlier, and then analysed later.

0<x<I i,ftj =0 ”::{ (4.11.1)
%(WJ, B} D,,.% (4.112)
g(mf’z): D, fxf (4.113)
i_f: = WP, -1,P, (4.11.4)
‘i]i' =r,ZP, -r,P, (4.11.5)
B +P+B+P =] (x>0 P, =0) (4.11.6)
=0. U=0, W=0. Z=0. P.=0. P,=0. M,=0 M,=0 M,=M, =]
>0, x=I U=l W=fW=1 Z=0
>0, x=0: J)U%x:o =01M,M, (4.11.7)
1)%% =01 MyM, (4.11.8)
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2V
for Z <1 - DZE =01 M, M, (4.11.9)
x=0
dM,
At x=0, >0: d!“ =r, WM, -r, M, (4.11.10)
dM,
2 =h UM, —ry M, (4.11.11)
dM,
— =ty BM 1y M (4.11.12)
M, +M, +M,+M, =1 (4.11.13)
P,=nM, (4.11.14)

We have omitted activity coefficients and the derivation of this preliminary version
of the model. Equation 4.11.9 is shown in simplified form; in the original version
of the model we considered that the equation took one of two forms depending
upon the value of Z. For Z=1 we used an alternate form of eq 4.11.9 and
introduced another variable to describe the thickness of an accumulated corrosion
product layer at x=0 between the metal surface and the adsorbed layer of paint
film. A number of constants and parameters have been omitted or absorbed into

simplified parameters, approximated, or omitted altogether.

Non-dimensionalised formulation:

Set 7= 10"t and x = 10*°x. We will use original estimates of parameters, and where
appropriate adapt the current estimates of parameters to this earlier version of the
model. In the process some weak links of definition and derivation will arise, but
we believe this exercise demonstrates a useful conclusion derived from the model

during the process of its formulation. We use the following parameter estimates



(which in some cases differ dimensionally and quantitatively from those derived

later):
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Table 3
Dy=10"m?s! r =10 r9=10'4
Dy=10"m?s" ry=10° rq= 10°
Dz=10" m?s rs=10" rig=10"
/[=10"m ¥y = 10" ri= 10
n=102 r,=10° ri2=107
U o'U
0t —=—+ 4.11.15
ér Ox? ( )
} ow
10*—T(W+P,,.)= o (4.11.16)
é 2%z
E(Z+Pz): s (4.11.17)
~16 1:;’ -2
107" —==10"WP, - B, (4.11.18)
cT
AP,
-1 zZ _ 3
107" —==10°ZP, - P, (4.11.19)
AU
&1 = 10°M,, M,, (4.11.20)
x=0
W
v 10°M M, (4.11.21)
x=0
¥/
= 10" M M, (4.11.22)
x=0
dM,,
107 d_: =10"WM, - M, (4.11.23)
dM,
10°— C=10°UM, - M, (4.11.24)
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My _105p,M, - M,
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MU+M,,.+M,,+Mf:1
By 405 + iR
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Model Approximation:

Next we produced an approximation of the model. From eqns 4.11.15 and .16 we
deduced that U/ and W obey constant gradient conditions. Equations 4.11.18, 19,
23, and 24 are assumed to be approximated by algebraic expressions. We suppose

that equation 4.11.25 is the ‘governing equation’ on the basis that estimates of the

derivative magnitude indicate dM,/dt is typically greater than the other derivatives.

B E10ER

P, =10°ZP,
M, =10"WM, =10" M,
M, =100UM, =10°M,

fromeq 4.11.26 (107 +10°+1)M, =1-M,
and M, ~10"(1- M,)
aM,
from eq 4.11.25 =10 P(1-M,)- M,
fromeq4.11.27 (14102 +10°Z)P, = 1-n M,
1= M,
7 101+10°Z

amt, 103(1— MP)(I—U M,,)
dr LO1-0"Z -

and M,
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(4.11.25)

(4.11.26)
(4.11.27)
(4.11.28)

(4.11.29)
(4.11.30)
(4.11.31)
(4.11.32)

(4.1133)

(4.11.34)

(4.11.35)

(4.11.36)

(4.11.37)

(4.11.38)



oz . 2
from eq 4.11.22 - =10"M, M, =10"(1-M,)

x=0
Write 1 -Mp=¢ and suppose &<< 10 then

dM, de 10°(0.99+7ne)e |
dr  dr . 10Z+1 ¢

To a first approximation, and assuming 7 << 1,
de
dr

= 1-M, =1

and -—1 =107

from eqns 4.11.30 and 37

):1032(1-77M,,)~ Z
e L1010 Z Z+107

fromeq4.11.17

8 _a( 7 ] Py
&(Z+PZ)_0’H‘ 2+ 0 T e

Equations 4.11.43 and 45 together with Z(x=1) =0 form an approximation of

the model on scalesof t=10"s and x=10"m:

5(2 Z J &z

o \“ T 75107/ T ax
oz
- = 0! 2
i . 10° 7

Uk

(4.11.39)

(4.11.40)

(4.11.41)

(4.11.42)

(4.11.43)

(4.11.44)

(4.11.45)

(4.11.46)

(4.11.47)

(4.11.48)
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Corrosion Saturation Times:

Our aim is to find an expression for Z at x=0 and determine the time required for
Z to rise from zero to unity (saturation). Two cases are of immediate interest:
First where Z < 10® and we look for the time for Z to reach 10, and second

where Z> 10" and we look for the time for Z to reach 1 (saturation).

Casel: Z<10?

o1 &z
g 4.11.49
or = ox’ ( )
put ag=Z, fy=x, =17, and £=10"
oz é &
- L = g? f = Bl=gy
gr y ot B oy
oz a Cy
—-—=———"=10%% = =10°By?
Ox B oy 4 * Pr
Set y=1, then B=¢"” =10 and a=10°8 giving
ﬁ: éﬂ—{ (4.11.50)
oty
2
o (4.11.51)
C‘}’ »=0
#y—>x)=0 (4.11.52)
where we use a modified condition of g =0 as y — .
Setting 0=y v andg = r?v(6) wefinda similarity solution:
v"+19v'—2v:0 (41153)
2 2
v'(0) = -1 (4.11.54)
v(x)=0 (4.11.55)

We wish to find v(0). Using Laplace Transforms eq 4.11.53 becomes
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F'(p)+[%—2p]v(p)=%—2vo (4.11.56)

with integrating factor
ehg_”}d’ = pbe” (4.11.57)
and p‘e"’:ff(p) = Zj'p’e'*’:dp—2vojpée'*":dp+(f (4.11.58)
J‘:q6e'q:dq = ——21—[)’@‘”2 - :51-;)3e“"2 - %Spe“’: 15 Jr erfd p) (4.11.59)
..‘:(feh“!dq = —lpﬂ.’"’: ~pte? —e? (4.11.60)

2
C=0 ineq4.11.58.

15 15 15Jme” 1 21_ 2
d  wp)=v,— g = 4.11.61
an V(I)) ‘o{p 5 3+4p5+ 8p° e’ffc([))} l)z+l)4+p6} ( )
4 S
SL JS‘FL‘1 e e’f“ e”erfelp) | _ +y—j (4.11.62)
60
4 15(_}/5 ’:J ( ya ys]
Z w7 |\ _ Al 4.11.63
{ gl ° A B "a ( :
Y. 2 _ 1p s g VEfO) oo pr, B
- e"'—sf_[o(y—r)e d{-sfg[r]y‘ oy f et (4.11.64)
and

s

—yj—,-"'e‘!‘2r =${y’\/; erf(%)— 10y4(1—e4) - 10(2ye'4 Nl erf(%))y3
+10[(2y2+8)e-4—8]y2—5[(2y312y)  _12Vm erf(%)] (4.11.35)
~[-2y* +16y? +64]e-%i —64}

5 3 s
v(y) = 64[fe:f F)»* +20)° +60y) +(25* +36)" +64)e” *f] [y+%—+£0] (4.11.66)

As y —>x, v(y) > 0 provided

3 s

Yoz (5* +20y° A/ 4.11.67
64\/5()/ +20y° +60y) = g+ ( )
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16
= ~ 0. 4.11.68
Y = 1sdx s ( )
Py 9y2 y4 ]6 y3 yS
_ % 2y | r . z 2
and v(y)_e (1+ 16 +32 lsﬁ—erfc(z) y+ 3 +60 (4.11.69)
At x=0 Z=10%5=10%1 2 (4.11.70)
157
Therefore time for Z to reach 107 is
Mo I
t=(10‘3-10-f- f} =(529t=19x10"
T=19x10" seconds = 30 minutes.
Case2: Z>10"
a—Z-zéJZZ 4.11.71)
ér  Oxt
put =2 = =10 and
9 _25 (4.11.72)
ot ey’
7
. (4.11.73)
cy
»=0
sy —>0)=0 (4.11.74)

with similarity solution as before.

16 ) )
57 and time for Z to reach 1 1s

1837 )
:=(1.1o‘- ‘/;j =77x10"

At x=0 Z=10"g=10%*

16
T=7.7 x 10 seconds = 2 hours.



We deduce from these results that, under these conditions, corrosion product

reaches saturation at the metal-paint film interface in relatively short time.

Ricatti Equation:

Next we return to equation 4.11.38 and employ the result found above that

Z — 1, so that we obtain a Ricatti equation:

‘%" =099(1- M,)(1- M, ) - M,
=a,+a,Mp, +a,Mp?

=a,M,? ~a,(p,+ o) M, +a, p,
= (M, - p)(M, - p,)

-a, . Ja, - 4aa,

2a

1

p:

p1=0.4965 0.5 p>=201.4

Suppose that p, = 0.5 is a particular solution of eq 4.11.75 then a more general

solution is
M,=p +a"
dM, Ldo % i
——w'—=a,w —-p, +@
s el (P =P, )

dw

T az(pz — P, )(O —d,

dr

r
@ = ce™ P A 4 g% ""”’J; —a,e” P Agy
ax(pr-pr
_c(p=p ) #1
P~ A

-l P (pz "pl)e"l“’:-pl)g +p,
c(p, —p)e= M +1

M,=p+w

At 7=0 Mp=Mp0 and
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(4.11.75)

(4.11.76)

(4.11.77)

(4.11.78)

(4.11.79)

(4.11.80)

(4.11.81)
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-M
c=—— 2 —p0 (4.11.82)
(P, — ) Mpy— p)
Mpy — 1 s0
M =pl(p2_l)e“I‘PI'Pl)'+p2(1_pl) (41183)
8 (P, —l)e""”"””’+(]—p|)
To a reasonable approximation ¢ =2 and
M, =051+e7) (4.11.84)

Consequently Mp has a decay time of order 7=0.5

T =5 x 10° seconds = 60 days.

Mean Action Time

We supposed that a painted metal surface was considered to have failed when a
substantial portion of the originally adsorbed polymer had become detached. The
measure of adsorbed polymer is Mp , where Mp = 1 represents complete coverage
of the metal surface with adsorbed polymer, and Mp = O represents total

detachment.

Define the mean action time for a dynamical process f{¢) as:

TN
T:'[’i.f i (4.11.85)
Iof (1)dt

(See McNabb and Wake, 1991)

From equation 4.11.75
dM

7 E=a,(M,-p)M;-p,) (4.11.86)
-
substitute u=M,-p, k=p,-p,

@=ﬂ'z?l("—f() (4]187)
dr
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with 2(t=0) = 1y

Ilif dt
0

= (4.11.88)
Joz'l dt

Mean Action Time 7;2—.» =

tulf,' - Lu dt

ul,
1 ro
=—Judl
1, 70

1 = ]

!
1, "0 a,(u—k)

1
a,u,

In(u— k)}:'

(4.11.89)

1 —
50 T, @ —=fpf b (4.11.90)
U@y ==

giving T=057 =5x10° seconds = 60 days, which is consistent with the result

obtained from the Ricatti equation.

Conclusions:

The results obtained above from equations 4.11.1 to 4.11.14, and parameter

values in Table 3, suggested that the model was capable of representing real



painted metal surfaces. With our original estimates of parameter values we found
times for failure which corresponded to real life scenarios, and with variations in

parameter values both shorter and longer times could be accommodated.

We then reviewed the model formulation and in particular re-derived our
parameter estimates and reorganised the arguments and assumptions. Following
this review the definitions of some parameters changed greatly, dimensionality
changed, associated equations changed, and some values were revised by orders
of magnitude. Two areas of the model were significantly altered. The equations
describing the adsorbed layer were expanded to accommodate the effect of
association between polymer functional groups and either water, corrosion
product, or the metal surface. The belief is that initially there is typically some
excess of polymer functional groups which remain unassociated (and provide the
driving “pressure” for polymer attachment), while a minority associated with
water molecules or adsorb onto the metal surface. As the corrosion process
proceeds (slowly at first) there is gradual creation of corrosion product, which is
taken up by polymer functional groups. Initially this has no significant effect on
the state of the system, but eventually the polymer becomes saturated and a
surplus of corrosion product arises. Our hypothesis is that this leads to a rapid
desorption of polymer from the metal surface and an attendant large increase in

the rate of generation of corrosion product.

The other area of revision was in the boundary conditions between the adsorbed
layer and the bulk paint film. In reviewing the chemical processes involved (as far
as they are known) we believed a more complex gradient condition was a better
representation of the physical processes involved. While simpler conditions may
also be satisfactory approximations, we aim to show that these arise as

approximations of the general model.

80
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S. SPECIAL CASES

S.1 INTRODUCTION

In certain cases the model exhibits steady state, or almost steady state, behaviour.
While the special cases may not correspond to situations of much physical

interest, they do allow us to isolate essential elements of the model’s behaviour.

Additionally these steady and quasi-steady states allow calculation of limiting
values. These values are useful for comparison with numeric calculations, and
also give us some idea of how quickly certain processes might occur.

5.2 DRY FILM

In this case we suppose that water concentration is everywhere zero. The main
consequence of this is that no corrosion can occur (equations 3.21 and 3.22).

Additionally certain variables become fixed quantities:

w=0, m,=0

and ¢~=0, ¢,=0, p,=0, p~0, z=0, z=0

We suppose that diffusive equilibrium has been reached within the paint film so
that concentrations of oxygen are constant: #=1 in 0<x<l

Concentrations of adsorbed species on the metal surface must also be constant.
In fact we notice that there are only two species competing for adsorption onto
the metal surface: polymer, as m, (and ¢,), and oxygen as m,,.

m, = az[l—mp]mf (5.2.1)
q4,=1-q,=1-Kk;m, (5.2.2)
m, = ayq;m, = a3(1 —KJmP)mf (5.2.3)

l—m, =m,+m, =[a2(l—mp)+1]mf (5.2.4)
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1-m
m. = P

7l = a1 xgm,)(1-m,) (5.2.6)
T lvay(l-m)

l1+a, +a3(1+rc3) a,
- m_+

P
a, +aK, a, + ak,

2
mP

=0 (5.2.7)

m,=0.999999357=1-6.432x107,  m=6.428x107, m,=4.13x10"°

From this we see that essentially all the metal surface is covered with adsorbed
polymer, and that only a small proportion of the surface interacts with oxygen.

5.3 CORROSIONLESS SUBSTRATE

£=0

and z=0, ¢.=0, p.~0, and we suppose u=1, w=1 in 0<x<I|

b

We suppose here that the substrate is inert so that no corrosion can occur. In
equations 3.19, 3.20, 3.21, and 3.22 the parameters @,, ¢,, s, @4, and @5 are all
zero, so that the boundary conditions are zero gradient conditions. Consequently

2(x)=0; and p.=0 from eq 3.17 and ¢.=0 from eq 3.9.

We suppose that water and oxygen have diffused through the film and reached
equilibrium within the paint film. Additionally we suppose that competitive

adsorption has reached equilibrium in the adsorbed layer at x=0.

m, =a(1=m,)m, (5.3.1)
m, = a,(1-m,)m, (53.2)

m, = aq,m, (5.3.3)



9. = asq,

qm = K3m,
1—;(3mp

= 1+ a,

l-m,=m +m,+m, :[al(l—mp)+az(l—mp)+l]mf
1-m,

1+(a, +a,)(1-m,)

mf=

i

"= (l +a5)[1 +(a, +az)(l —mp)]

mpz_a,(1+x3)+(1+a,)(1+al+az)m . a; -0
a3K3+(1+a5)(a,+a2) i a3/c3+(1+a5)(a,+a2)
m,=0.999998092=1-1.908x10°, m=6.557x10", m,=1.25x10",

4~0.897, ¢.=0.0179, pyix-0/=0.98, Pux-0,=0.0196

As with the dry film case we see that effectively all the metal surface is covered
with adsorbed polymer. We notice however that m, is about three times larger

and that m, contributes to most of the reduction in m,.

5.4 CORROSIONLESS SUBSTRATE WITHOUT OXYGEN

In a variation of the preceding case we suppose that oxygen is everywhere zero,

and use the same assumptions of equilibrium.

=0, #=0, m=0

and z=0, ¢.=0, p.=0, and we suppose w=1

m=1.25x10"
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(5.3.4)

(5.3.5)

(5.3.6)

(5.3.7)

(5.3.8)

(5.3.9)

(5.3.10)

(5.4.1)



mp :aaquf
9. =asq,
qm = K3m,
1-K;m,

9 +tqntq,=1 = 9, = 1+a,

l-m,=m_ +m, :[al(l—mp)+1]mf

B 1-m,
" lra1-m)
. a3(l—/c3mp)(l—mp)
(1+a,)[1+e,(1-m,)|
a3(1+K3)+(1+a,)(1+a1) a,

2
mP

- a3/c3+al(l+a_,) mp+a3/c3+al(l+a_,) =0

m,=0.999998095=1-1.9048x10°, m~6.557x10", m,=1.249x10°®
q~0.897, ¢,=0.0179, p=0.98, p,=0.0196

The removal of oxygen has little effect on the equilibrium values of adsorbed
polymer and water. The metal surface remains substantially covered with

adsorbed polymer.

5.5 POLYMERLESS SYSTEM

In this case we suppose that there is no available polymer for adsorption onto the
substrate, and no available polymer for interacting with either water molecules or

zinc corrosion product (either at x=0 or in 0<x<I):

m,=0, ¢~0, ¢.=0, ¢.=0, ¢~0, p~=0, p.=0, p~0, p-=0

We are particularly interested in determining how quickly z rises from zero at =0

to reach saturation at z=1. To best demonstrate this limiting case we suppose that
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(5.4.2)
(5.4.3)

(5.4.4)

(5.4.5)

(5.4.6)

(5.4.7)

(5.4.8)

(5.4.9)
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diffusion of water and oxygen has occurred and that the corrosion process is
initially inhibited. So we first consider only water and oxygen and determine their
concentrations with the boundary condition set at values which will apply when

COrrosion occurs.

62
&;lzo = wu=ax+b (551)
ux=0V=1 = w=1-a(l-x (5.52)

#(0)=1-a, and we require 0<a<

2
0;: =0 o> w=cr+d (5.5.3)
wix=1D=1 = w=I1-c(l1-x) (5.54)
w(0) = 1-c¢, and we require 0 <c <1
o
| R g,wu'? = ¢,(1-c)1-a)"” (5.5.5)
&. x=0
aw 1/2 2 12 2
=] =c= ¢l(wu +2a,w ): ¢l[(l—c)(1—a)' +2a,(l-¢) ] (5.5.6)
& x=0

c=2.7x10" [(1-c)(1-a)'* + 0.02 (1-¢)?] 2 2.7x107 (1-c)(1-a)"* =2.7x10" a
a= ¢(1-c)(1-a)'? < $(1-2.7x10™* a)(1-a)"? < ¢,(1-a)"?

a+dla+ $’<0 = a<0.990195 and ¢ ~2.7x10™

Numeric calculation gives @ =0.990189 and ¢ =3.2x10™

and #(0)=1-a=9.3811x10"  w(0) = 1-c = 0.99968

w hich suggests that diffusion of oxygen to the substrate may be the limiting
process in this special case. Further, in coating systems where the adsorption of
polymer is weak but the paint film may offer some barrier properties, we see that
restriction of oxygen diffusion (and possibly water with appropriate parameter

values) is probably the main mechanism of paint film protection.

m, = a,wn, (5.5.7)
m, = a,um, (5.5.8)

m,+m, +m, =1 (5.5.9)
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m, =——————=1000309x10°, m, =0999989=1-108x10"°, m, =981x10°

aw+a,u+l

We next suppose that generation of corrosion product begins and that initially z=0.

We seek to determine how long it takes for z to reach saturation under these

conditions.
oz &'z
0,11_:}'32(3{2 i z=0atx=1
oz d= ,
&l " ¢3d + gk [ W + ayw ]——IOd—+l6x10

set £=6.25x10"z and ¢=1/D,=10"1¢
& 3¢

At &

dg

—_10-3
=<2 de

+1

Use Laplace Transforms

¢ = Ae™ — Be™™
fromeq5.5.14 B= de¥ = (¢ = de™ - de?le™®

fromeq 5.5.13

_déT _ qx q(2-x) 10732 B iR _1_
dx =0 B Aq(e e ).\-=o =-10"¢ A(e e? ).\‘:o +qz
2 -3 2 2 1 —10_3(3'2(!
~Aq(1+e) =-10"4¢*(1-e")+— = 4=
' 710’ +¢) 1+(10 ~4) -h;)
Ut (107+g)

(5.5.10)

(5.5.11)

(5.5.12)

(5.5.13)

(5.5.14)

(5.5.15)

(5.5.16)
(5.5.17)

(5.5.18)

(5.5.19)
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&= 10%e* 10°e7 7>
- g (103—0’) N ( (103—Q) )
Cy . B 10° (e h
710 +Q)U+(1os+q)e ‘*) (10 +Q)L1+(ma+q)e J (5.5.20)
‘ (10 q)"
@ _ ,q(2-%) ( 1 n anq
q (103+q) e e }z : ( +‘?)

first term (2=0):

[ 2 x [¢ 2= (1+10°2-x)) _(2-x)
=2.0—e % —10(1+103x)erfe—=—2.|—e 2 .o (5521
& = 023(1+10°x)er i = + 57 erfc WP ( )

C(x=0.2) > 2\/%—10“%... (5.5.22)

¢—6.25x10? in =(107+6.25x10°)?xn/4 = 7.85x10” whichisz—1 in7=8

seconds.

We note that the metal surface is effectively covered with water. While the chosen
conditions and assumptions may be artificial it seems clear that z rapidly increases
and reaches saturation in very short time. In comparison with the previous special
cases we see that the state of the adsorbed layer is also radically different. Where
polymer is available it initially dominates the metal surface. Consequently we
expect from equations 3.19 to 3.22 that the initial rate of corrosion will be
exceedingly small, and that z will only very slowly increase initially.

Clearly when the polymer is either absent, or becomes bound up with corrosion
product, the reactivity of the metal substrate is significantly greater. Where
polymer is initially present the factor (1-m,) is of the order 10°°, but without
polymer this factor approaches unity. Consequently the fluxes of corrosion

product and reactants are expected to change by roughly six orders of magnitude
during the degradation process.

We believe that various paint film polymers differ significantly in both their
effectiveness of competitive adsorption (relative to water and oxygen) and in their
initial (substrate) surface density 2,. This together with a wide range of diffusion
coefficients for water, oxygen, and ions helps to explain the diversity of paint film
behaviour noted in the literature (section 1.1).
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5.6 ADSORBED POLYMER AND THIN PAINT FILM

We suppose the paint film so thin that its trapping capacity is negligible, that
transport across the film occurs instantaneously, and that water, oxygen and zinc
are in diffusive equilibrium. Effectively the system consists of adsorbed polymer
on a metal substrate with a thin film of paint offering some static barrier resistance
resulting in constant fluxes of water, oxygen and zinc ions. We suppose external

concentrations of water and oxygen are given by u#(x=1)=1, and w(x=1)=1.

Our interest here is to determine what the ultimate corrosion rate is after initial
processes have occurred and the metal surface has lost all protection from
adsorbed polymer. We allow that the paint film may offer some barrier

properties.

We suppose that the film is in a state of equilibrium. Consequently equations

5.5.2and 5.5.4 apply.

w=1-a(l-x) w=1-c(l-x) (5.6.1)

Additionally we suppose that z has reached saturation at x=0.

0%
2 - 0 > z=ex+f (5.6.2)
Zix=1)=0 = z=e(l-x) (5.6.3)
Ax=0)=1 = e=1-x (5.6.4)
From 3.22
dz 1
'L}?:%(I—C)[(I—G)”Z +a’s(l-C)]—;‘_ (565)
which gives an actual corrosion rate of
az, =28x10°% mol s' m? (5.6.6)

dt



For equations 3.5 to 3.12 we have:
m, = al(l —mp)(l -m,
m, = a, (1 —mp)(l —-a)m,
My =y,
m,+m,+m,+m, =1
q. =azq, =a,q,
qu' = aﬁq;(l o c)
o = K'3.P?Ip

qw +q: +qm +q_!' :1

1
" 1+¢, +a(1-c) +xym,

qr

A=1+q(1-)+a,(l1-a)
B=1+aq, +a,(l-c)

Axym? +(a, Kk, + AB)m, — B =0

2
—\a, -k, + AB)+4\a; -k, + AB) +4AB«x
my = (o D) (e ) > 99998 x 107"
2 Ak,
4/~9.99989x10°, m,~1.7x10°, m,~0.99998, m,=~981x10°, ¢0.99998,
¢w=1.7x107

As with the case without polymer the metal surface is practically covered with
adsorbed water. Some residual polymer attachment remains but it is too little to
have any effect on the corrosion rate. We note that the values for m,, and m, are

similar to the case without polymer.

In equation 5.6.6 the rate of corrosion is about 17% of the free and unrestricted
rate. The paint film does provide some protection but not enough to usefully

protect the metal. We note also that the predicted rate is a constant.
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(5.6.7)

(5.6.8)
(5.6.9)
(5.5.10)
(5.6.11)
(5.6.12)
(5.6.13)

(5.6.14)

(5.6.15)

(5.6.16)
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5.7 BARE METAL SUBSTRATE

In this case we suppose that polymer is absent altogether. We ignore diffusive

processes and consider only substrate competition between water and oxygen.
m,=0, ¢.=0, 4,0, ¢,=0, ¢~0, p=0, p,=0, and p=0

We are interested in determining equilibrium surface adsorbed concentrations m,,

and m, and in determining the resultant rate of corrosion.
From equations 3.5, 3.6, and 3.8 we find

m, =am; (5.7.1)

S

m, = a,m;, (5.7.2)

m,+m,+m, =1 (5.7.3)

We suppose that this special case represents a metal surface immersed in
oxygenated distilled water. We further suppose that z has reached saturation at
x=0 and that corrosion product z; accumulates at x=0 and is unable to diffuse
away. These assumptions are somewhat artificial but are believed to approximate
the basic corrosion experiment of measuring corrosion of a metal coupon

immersed in a container of oxygenated water.

u =1 where Uy = 0.3 mol m™ is the saturation concentration of oxygen in water,
and w =1 where W, is liquid water where we use these expressions because there

is no paint film and hence no internal concentrations.

We obtain

m, =————— (5.7.4)
l+a,+ @,

m =—-:— (5.7.5)
l+a, +a,
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; % (5.7.6)
l+a,+a,
and
m,=9.99x10", m,=0.999, m=9.99x107
From eq 3.22 we find
dz, @K .,
o =—‘;@° [wu” +a,w2] (5.7.7)
which in dimensional form gives
dz
—< = E51"(—“‘[14»“" ? +a,wz] x10%x102=32x10"° mol m?* s (5.7.8)
dr ¢

If the model conditions are varied to allow oxygen at atmospheric concentrations,
such as may occur in a humidity cabinet, we find that the corrosion rate becomes

1.7x10° molm™?s™.
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6. NUMERICAL MODELLING

6.1 PREFACE

One of the aims of this project was to use the model to identify physical properties
of paint films which might be varied by polymer chemical engineering or paint
formulation design to produce paints which provided better corrosion protection to
metal substrates. To achieve this we need to determine how the model behaves
and which parameters particularly affect the protective lifetime 7. of a coating.
With this information it is intended that model polymers be developed and
synthesised which embody these design parameters and perform better than

existing polymers.

While some special cases could be determined, and the effects of some parameters
gauged, we have not found a general analytic solution for the complete model. It
was expected that the model should have various simplified or reduced forms
which might apply to particular regimes. It was further expected that these
reduced models would allow exact solution which would allow some estimation of
parameter values to best achieve large 7. values. It was clear that some model
differential equations were dispensable, for example eq 3.6 and 3.10. It was also
clear that diffusion was not generally the rate controlling process so eq 3.13-3.18
could be approximated by steady state expressions. But there remained several
competitive adsorption equations (eq 3.5, 3.7, 3.9) and the boundary conditions
3.19 - 3.22 which have so far resisted explicit solution. It was hoped that
significant simplification of the model could also be made, but again it has been

difficult to determine what elements are minor and to justify omissions.

A computer programme (see appendix) was written by Dr Stephen White to
numerically solve the diffusion-adsorption model. The aim was twofold: First the
full model could be explored in all it’s complexity, including variable external water

concentrations. From this it is intended to fine tune polymer design properties to
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maximise 7,. Additionally the numerical solutions could be used to test various
modifications to the model, and to assist in the determination of simplified

constitutive relationships.

6.2 NUMERICAL METHODS

(Adapted from “A Diffusion-Reaction Model for Corrosion of Metal Substrates
Protected by Polymeric Coatings” Van Dyk, et al. Article to be submitted
January 1997 for proposed publication in “Maths and Computer Modelling™)

Equations (3.13) to (3.18) together with the boundary conditions given in
equations (3.19) to (3.22) are a set of coupled ODEs (2), PDEs (3) and (possibly
non-linear) algebraic equations (#). In order to solve this system we define a
regular finite difference grid in x with N points and a corresponding

dimensionless gridsize A=1/(N-1).

A finite difference approximation to equations (3.13), (3.14) and (3.16) is

obtained by replacing x derivatives by a central difference approximation

u_. —2u +u
= e i+1 21 i-1 (621)
& h

This reduces the numerical problem to the solution of a mixture of ODEs and

algebraic equations.
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Let u; = u(x;), w; =w(x;), z; =2(x;) and p,, = p,(x;),and p, = p.(x,).
Define the components of vector Y to be

Y(1) =, ()

Y(2) = w,(6) -k, p, (1)
Y(3) = z,(6) -k, p. (1)
Y(4) = p,, (1)

Y(5) = p,(1)

Y(6) = u,(2)

Y(5(N -1) +4) = p,..(2)

Y(5(N -1 +5)=p.,(1)
Y(SN +1)=m, ()
Y(SN +2)=m,(¢)
Y(SN +3) =m, (1)

L Y(SN+4)=2z,()

which we summarise as:

Y(5G-1+1) =u,
Y(5G-1D+2)= (w,. - K, p,,)

Y(5(-1)+3) = (z, —sz_,) |
Y(5G-1)+4)=p,, T\
Y(5G -1)+5) = p., ’
YN +1)=m,
Y(SN +2)=m,
Y(S5N +3)=m,
Y(SN +4) ==z,

PR T—— e T P |

(6.2.2)

The system of equations to be integrated can now be written as

dyY
y = f(Y) ( )

where the elements of the vector f(Y) are defined as:
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f D, (Yﬂf-l)—d =2Yg pa t+ YS(:'—IJ-G) .
SG-1)41 h? ¥ i gV
((YS‘i-l)—3 —2Y5(i—l)+" s(, |)+7) K( %(: -1 2Y5(i-1)+4 + Ys(: 1»9)) .
fsive = . i=1
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Boundary conditions given in equations (3.19) to (3.22) can be written in a
similar fashion.
We can now use the Crank-Nicholson scheme to discretise equation (6.2.3) 1n
time as

Y:-.\: - YI l
Y = ) (v 624)

Equation (6.2.4) is a non-linear system of equations and is solved using a

Newton-Raphson iteration.



NUMERICAL RESULTS

6.3.1 COMPARISON WITH SPECIAL CASES

The first issue to explore is the correspondence of the numerical model results

with special case results. We compare the results of section 5 with numerically

calculated results. In table &the calculated results from section 5.2 for a dry film

are compared with numerically calculated results.

Table d (dry film)
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analytic numerical
m,=0.999999357=1-6.43x107 m,=1-6.54x107
m=6.43x10" m=6.54x10"
m,=4.13x10"° m,=4.27x10"°

Next we compare the results of the case of a corrosionless substrate (section 5.3)

with the numeric results in table 5.

Table 5 (corrosionless substrate)

analytic numerical
mp=0.999998092=1-1.908x1 0¢ m,=1-1.98x1 0°
m=6.56x10" n=6.65x10"

m,=1.25x10° m,=132x10"°
m=125x10" m=1.32x10?
4~=0.897 q~0.90
¢,=0.0179 ¢,~=0.015
Pf(x=0)=0-98 pﬂ,\-=o;=0.984
p“'r_c_0j=0‘0196 pw,_,;_o;zo.Ol 6




Next the case of a corrosionless substrate without oxygen is compared. The

results of section 5.4 are compared with numeric results in table .

Table 6 (corrosionless substrate without oxygen)
analytic - numerical
m,=0.999998092=1-1.905x10® m,=1-1.98x10*
m=6.56x10" m=6.65x10"
m=1.25x10" m,=1.32x10°
q7~0.897 qr70.90
q+=0.0179 q.=0.015
Prie=0=0.98 Prie-0/=0.984
Poix=0=0.0196 Pux=0=0.016

The special case of steady state corrosion offers another comparison with
numerical results. In section 5.6 we considered the case of a thin film in diffusive
equilibrium where adsorbed polymer had been completely degraded by corrosion
product. An expression for dZ./dt was obtained (equation 5.6.6), and found to
give 2.8x10® mol m? s, From numeric calculations we obtain 1.8x10° mol m”

st

6.3.2 TIME T¢ TO ONSET OF CORROSION

The next issue to be resolved is: can the model account for paint protective
lifetimes up to and beyond a few years? The answer to this question is shown in
figure 7. One of the parameters, a3, is varied from 10° to 2x10°. In the process

we see that the time 7. to onset of corrosion (z.>0) ranges from about 2x 10°

seconds to about 10° seconds. For as up to about 1.1x10° 7, is limited by




diffusion. The competitive adsorption of polymer in this region is so weak that

polymer is displaced by water (and oxygen) almost as quickly as water can diffuse

into the paint film and arrive at the metal surface.

Figure 7

Time (T.) to onset of Corrosion vs parameter a;
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parameter as

But for a; larger than about 1.1x10° we see that there is a dramatic increase in
T.. Significantly the diffusive influx of water no longer results in prompt failure.
In fact the equilibrated concentrations of water and oxygen in the paint film very
closely approximate constant values with zero gradients. 1t appears that m,, is
closely related to the protective potential of the paint film. When m, is close to
unity the corrosion rate is greatly restricted and the systems protective lifetime
remains long. From numerical results it is found that m, larger than about 0.999

results in useful protective action. We interpret this to mean that with 99.9% or
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more of the metal surface covered by adsorbed polymer the resulting rate of

corrosion is near zero.

We see also that small variations in the relative strength of polymer adsorption in
the region of @s=1.1x10° result in large changes in the time for z.>0. This
behaviour is a consequence of the nonlinearity of these competitive adsorption
equations. Where competitive adsorption of one species dominates, the model’s
behaviour is governed largely by the dominant species. For example in figure 7
uptake of water governs behaviour for a: less than about 1.1x10°, while for a;
greater than about 1.5x10° uptake of corrosion product by polymer seems to
govern behaviour. In between these two regimes the model’s behaviour depends

sensitively upon the relative adsorptions of water and polymer.

6.3.3 MODEL BEHAVIOUR

The next issue to resolve is: does the model’s behaviour correspond with reality?
A characteristic of real paint film failures is that invariably the paint film provides
good protection for some initial period. After this period of protection rapid
degradation occurs, the metal substrate begins to rust vigorously, and the paint
film itself blisters, cracks and flakes off. We have not found any diffusion limited
model capable of demonstrating this type of behaviour. The model presented
here (summarised in section 3) demonstrates exactly this sort of behaviour with
an initial, and possibly long, period of protection followed by sudden degradation
of the adsorbed layer resulting in rapid corrosion and rusting. A typical graph of
corrosion product is shown in figure 8. We use as=1.129x10° along with
standard values for the other parameters indicated in table 3. The numeric model

used is based on equations 3.5 to 3.24.



Figure 8
Plot of z. (solid corrosion product at x=0) against time
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We see that up to about 1.35x10> seconds no corrosion product accumulates. In
fact the small quantities of zinc ions that are produced are promptly absorbed by
the polymer and a small proportion diffuse away from the metal surface towards
the paint film surface. Once degradation of the adsorbed layer occurs we see that
there is an initial rapid burst of corrosion, followed by a steady accumulation at a

constant rate (which corresponds with the result of equation 5.6.6).

The initial burst of corrosion results from the sudden change of state of the
adsorbed layer, in combination with a delay in the diffusive response of the paint
film. At the onset of rapid corrosion the concentrations of water and oxygen near
the metal surface are close to their saturation values, and there is only a small
concentration gradient within the paint film. Corrosion increases so suddenly that
there is insufficient time for diffusive equilibrium to be maintained. Consequently
there is a brief period where the concentrations of water and oxygen at x=0 exceed
their equilibrium values. Once diffusive equilibrium is re-established and the
diffusive fluxes of water and oxygen are in equilibrium with their consumption in

the corrosion reaction, we see that corrosion occurs at a constant rate.
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Figure 9
Plot of m, (metal surface covered with polymer) against time
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The corresponding behaviour of m, is shown in figure 9. Initially there is only very
slight reduction in m, and its value remains near one throughout the protective
lifetime of the paint film. At about 1.35x10’ seconds there is sudden and
catastrophic failure. In figure /0 an enlargement of the initial behaviour of m, is
shown. The first stage up to about 1x10* seconds corresponds to the
establishment of diffusive equilibrium as water enters the paint film from the

external environment.

From about 1x10" to about 1x10° there is a very slow decrease in n1, as soluble
corrosion product is taken up and immobilised by polymer. During this phase the
polymer maintains protection of the metal substrate: the great majority of the
metal surface remains covered with adsorbed polymer, and there remains some
excess of polymer. As this excess of polymer is consumed a point is reached
where there is insufficient polymer remaining to maintain significant adsorption of
polymer on to the metal surface. This corresponds to the time around 1x10°
seconds in figure 10. As polymer coverage decreases there is an accelerating
increase in the rate of corrosion which acts to further degrade the polymer. The
result is rapid desorption of polymer, accompanied by a sudden increase in the rate

of corrosion.
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Figure 10

Plot of m, (metal surface covered with polymer) against time
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In figure 9 we see that when degradation of the adsorbed layer is completed there
is a residual small attachment of polymer to the metal surface, which in this case is
about 1.1x10™ for times above about 1.35x10°. The great majority of polymer is
bound to corrosion product, while small proportions are bound to water and

adsorbed onto active sites on the metal surface.

In figure 11 we plot q;, ¢., ¢., and z against time. We see that up to about
7T=2x10" seconds there is a steep increase in ¢, ¢, and z as diffusive equilibrium
is established and oxygen « and water w reach values near unity at x=0. From
about 10° to about 10° seconds we see a more gradual increase in ¢. and z as the
corrosion process develops. Note that ¢, reaches a maximum at about 2x10*
seconds and then decreases, as gyalso steadily decreases. Initially g, is near unity
at approximately 1-¢,, : almost all the polymer is in the form of free and unbound
polymer functional groups. A small proportion is bound to water, and some
characteristic proportion :$ bound to active groups on the metal surface

(proportional to m,, see equation 3.11).

The proportion of free polymer ¢y steadily decreases as corrosion proceeds from 0
up to about 10° seconds. During this time the adsorbed layer maintains protection
of the metal surface, but is steadily degrading as corrosion product is taken up.
Initially this has no significant effect but beyond some critical point there remains
insufficient free polymer available to produce effective competitive adsorption of

polymer to the metal substrate. The result is a great surge in the rate of corrosion.
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The quantity g. of polymer bound to corrosion product rapidly reaches saturation

as does z the amount of soluble corrosion product. At the same time there 1

Sa

steep fall in grand in g, and we note that these changes correspond to similar

changes in other variables such as m,, as shown in figures 9 and /0.

Figure 11
Plotof ¢,.,2,q.,and ¢, against time
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In figure 12 m,, m,, m,, and my are plotted against time. We see that myis

almost constant; in fact m;, rises very slightly from about 9.7x10” to about

1.0x10%; my is the proportion of metal surface free and unassociated with any

adsorbed species. We interpret first the near constancy to mean that there is little

change in the effective total pressure of species competing for adsorption.

Additionally the small value for myindicates that water, oxygen and polymer

effectively create a high pressure: the metal surface is always densely covered with

adsorbed species: initially mostly polymer m,, and ultimately mostly water m,.
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The small decrease in myis produced by the removal of free polymer g, due to

uptake of corrosion product by polymer (equations 3.7 and 3.9).

We see that m,, and m, rise initially quite steeply up to about 2x10° seconds as
diffusive equilibrium is established. From about 2x10’ to about 1x10° seconds .,
and m, are very nearly constant which we contrast with ¢ and z over the same

range where there is an increase of 2 to 3 orders of magnitude (figure 11).

At about 1.35x10° seconds there is a sudden change in the model’s state. The
proportion of adsorbed polymer m, drops to a small value while the proportion of
adsorbed water m, increases roughly in proportion to approach unity. The
proportion of metal surface covered by oxygen m, also increases but here (with our

estimated parameters) remains at relatively low levels compared to water m,,.

Figure 12
Plotof m,,m, ,m,, and m; against time
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The behaviour of water w and oxygen u at x=0 is shown in figure 13. We see that

saturation occurs at about 1.0x10° seconds for both w and #. From about 1.0x10°



to about 1.35x10° seconds a state of diffusive equilibrium is maintained and w and
n are maintained very close to unity (saturation). Diffusion of water and oxygen
are evidently not factors governing the models behaviour in this range nor factors
affecting the degradation of the adsorbed layer at x=0 over this same range. For
times greater than about 1.35x10° seconds we see that water w remains near
saturation, but oxygen u drops to about 1.1x10. From this we conclude that the
rate of oxygen consumption in the corrosion reaction is such that a significant
gradient of oxygen occurs in the paint film which acts as the rate limiting process

on this ultimate stage where steady state rusting (corrosion) ensues.

Figure 13
Plot of w and u at x=0 against time
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The behaviour described above is typical of painted metal surfaces. Additionally
the possibility of oxygen (or water) diffusion being ultimately rate limiting agrees
with many reports in the literature. Adhesion of the paint film to the metal surface

and polymer interactions with ions have also been shown in the literature to be
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factors in paint performance. We conclude that this model does represent the

behaviour of real painted metal surfaces.

As with the real world we attempt to simulate with this model, there s a rich
variety of behaviours. It has not proven possible to explore all of these variations.
While we are hopeful that the model will continue to show interesting and useful
parallels to real painted metal surfaces, the proof must await future study. In
particular the model’s response to periodic wetting functions has yet to be
explored and compared with actual weather and exposure data from specific

physical sites.

Also it has not been possible to study the effect of varying every parameter, nor to
explore all the interactions arising from various changes to parameters and model
composition. We have seen that some parameters, for example a., can produce
dramatic change in the model behaviour even with relatively small changes in
value. When the effects of periodic wetting are included we expect that diffusive
processes and transient effects will considerably add to the richness of the model’s

behaviour.

From the rather brief review of numerical results covered in this section we next
explore the behaviour of some analytic approximations arising out of reductions of
the full model. These reduced models are intended to approximate the full model

in certain regions of operation.



7. REDUCED MODEL

7.1 PREFACE

Our aim in formulating the model was to produce as comprehensive a formulation
as possible, subject to remaining within the bounds of plausibility and capturing
what was judged to be the essential elements of the problem. One major handicap
was that there was not much knowledge available on models (of this type) for
painted metal surfaces. A second difficulty was that we could not determine
whether or not the model corresponded to reality until the model was formulated
and tested. Consequently we employed a principle of “include every element

which may be relevant”.

We realised that the resultant model may not be analytically solvable, and may
contain some redundant features. The hope was that we could study the full model
and deduce what the key equations were and subsequently construct a reduced
model which embodied the essential elements of the full model but without the
excessive detail. One basis for this hope was that it was noted from other projects
in modelling physical problems that invariably the behaviour of a system of
equations, in some range of conditions, was governed by one or two differential
equations. The remaining differential equations are usually found to be

satisfactorily approximated by algebraic equations.

The value of a reduced model is that, ideally, it can be solved exactly. From this
we can see explicitly which parameters govern, for example, the protective lifetime
T: of a particular case, and determine how they interact together. From this we can
begin to apply the results of the model to real life and purposefully select and
engineer polymers and paint film compositions to produce properties which the
model predicts will result in longer protective lifetimes 7. While those
experienced in the field of polymer and paint formulation may have some
understanding and experience of factors which typically lead to better performance

there is no underlying knowledge of how paint films work. Indeed after more than
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50 years of research there is still controversy about what the mechanism of
protection is, and even no clear consensus as to what occurs during the failure
process. We aim to show that a reduced model exists and that it predicts specific
variables and factors which include many of those either recognised or suspected of

playing a part in paint film protective performance.

7.2 REDUCED MODEL DERIVATION

We are interested in determining the time to failure 7¢ of an initially dry painted
metal surface when immersed continuously in oxygenated water. We suppose the
system is kept at constant temperature and ignore for now the effect of ions other

than of corrosion product itself.

From figure 13 we deduce that diffusion does not much affect 7, at least in
regions of interest where for example a; is larger than about 1.1x10% (refer
Jigure 7). Consequently we assume that water and oxygen concentrations in the

film are approximated by their saturation values.

u(x)=u, =1 (7.2.1)
wx)=w, =1 (7.2.2)

consequently
p.(x)=awp, = ap, (7.2.3)

We specify that corrosion product is washed away from the paint film surface to
maintain z=0 at x=1. Additionally we suppose that z is effectively zero
throughout the film for times of interest. Eventually z will reach saturation at x=0
and there will develop a gradient of z as it diffuses out through the film; but we are
here concerned about the initial state of the film where there is negligible corrosion

product (see for example figure 11).

ty
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and consequently
p.(x)=azp, =0 (7.2.5)

Since w, u,and z are constant we suppose that the boundary conditions 3.19 to

3.22 are approximated by zero gradient conditions:

ow
&

Ju
&

-0 (7.2.6)

x=0 x=0

Next we examine equations 3.9, 3.10, 3.7, 3.5, 3.6, and dz/dt to deduce which
equation produces the greatest effect and hence is potentially a ‘governing
equation’. We plot in figure /4 the derivatives dq./dt, dq./dt, dm,/dt, dm,/dt,
dm,/dt, and dz/dt against time for the case of best estimates for parameter values
listed in table 1, in particular a;=1.67x10°. In figure 15 we plot the derivative
dq./dt, and Gsa.zqr (term 1), and 64q. (term 2) against time. For these
parameter values we find that T, is about 5.6x10°® seconds (18 years) and that

typically dq./dt is larger than the other derivatives, and much smaller than &a.zq;,

Figure 14
Plot of dq./dt, -dq,./dt, -dm ,/dt, dm ,./dt, dm ,/dt, and dz/dt
against time
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Figure 15
Plot of dq . /dt, term 1, and term 2 of eq 7.2.7 against time
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From equation 3.9 we have
dq,
= 6,(azq, - 4.) (71.2.7)
We find that generally a.zq, and ¢, agree to about the sixth significant
digit (figure 15) and so we write:
O,a,zq, = 6q. +a(q:) (7.2.8)
We then have
dq.
a'—Ir' = s(qz) (7.2.9)

and look for an expression for &¢.) in equation 3.21 where &(¢:) is some function

of ¢., considered to be small compared to the other two terms

Similarly it is found that the derivative terms are the smallest in equations 3.5,
3.6, 3.7, and 3.10 and so these are approximately in equilibrium. Hence we

obtain (as quasi-steady states) the equations:



m, = a,wu(l —m",,)m')r = a,(l ‘mp)mf
m, = azuo(l—mp)mf = |:zf1(1—nrrp)m:r
m,=aqm;

9w = AsWoq , = Qsq

In eq3.21 we find that generally, for this particular case of interest,

2 /4 aq.
— <K, —

dr " dt
and
cr,;(l—nr?p)zwo2 << (l--mp)3 WitV

and we suppose that

dz dq. n 2
- @(E + K -E] + Q‘Ks[(l = mp) woll,"'? + a,(l - mp) wcﬁ] =0

So that we can write

dq: ¢4K6 2z
E = ¢3—KS(] e mp) H/Ollol/2

From eq 3.8 we find

We shall represent m; with a power series expansion in ¢. for small values of ¢.:

mg(q.)=m; +aq. +a,q.’ +

111

(7.2.10)

(7.2.11)
(7.2.12)

(7.2.13)

(7.2.14)

(7.2.15)

(7.2.16)

(7.2.17)

(7.2.18)

(A2.19)

To do this we need to solve for m, in terms of ¢. in equations 7.2.10 to 7.2.13, 3.8,

and 3.12. Fromeq3.12 we see that
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q,= (7.2.20)

Figure 16
Reduced model ¢ ; (equation 7.2.21), numeric g5 and ¢,
plotted against time
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To a reasonably good approximation (see figure 16) we see that

1-q.

.= 7.2.21
9 1+a, + axym;, ( )

where we use eq 7.2.23 for mp with g.=0. Although eq 7.2.12 might be used to
express m,, along with eq 7.2.21 and 7.2.23 we find that this does not readily lead to a

useful expression for m,; so instead substitute eq 7.2.20 into eq 3.8 to obtain

as[(q +a)1-q)-(1+a+a)amm’ {(1+a +a)1+a) +a(l-x -q__)],q,. +1+0,=0 (7.2.22)

and

a(1-x5-¢)+(1+a+a)1+a)-Gg.)
20(a+a)(1+4.) -1+, + )|

m, = (7.2.23)

J
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where

da) =J[06(1~Ks ~¢)+{1+ +az)(1+oe)]z -4%(1+@)[(04 +a)1+q)-x(1+g +az)]

for convenience we introduce the following constants:

b =(1+a +a,)1+a,)+a,(1-x,)

b, = dak,(1+ o + @, 1+ &) -4, (1+ & e, + )
b, = 4a,(a, +a, )1 +a,)

b, =2a, (e, + @) - 2a,(1+ ¢ +a,)

b, = 2a3(a', + az)

dm, d’m ‘
and calculate le, P to obtain
2
dmf o b, —2a,b, +b5(bl__'vlbl 'J“bz) (7.2.24)
= : )
dq.| ., b 2b,b} +b, b,
and
I 2
d:mf a,’ (alb] - 'z'baj 2a,b, bs(ba = 2%,5') 21’)5:(1')l - /b’ +b3) (7.225)
2 = - 3z b 2 L 3 el
dq.; | ., b ab(b}+b,) b " b2\b1+b, b,
For our best estimates of parameter values (table 1) we calculate the following
quantities
my=m;| =66555x10" (7.2.26)

q:=0
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dm

a,=—>X  =72738x 107 (7.2.27)
dq, e
d’m

a,=—3H =15899x10°° (7.2.28)
dq, -

and plot the results of linear and quadratic expressions for myin figure 17.

mg(q.)=m; +agq. (7.2.29)
my(q.,q.")=m, +agq, +a,q.’ (7.2.30)
Figure 17

Reduced model m; (linear and quadratic expressions) and
numeric m ; plotted against time.
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As expected eq 7.2.30 produces a better expression for myand we expect will under
estimate 7, while eq 7.2.29 also produces a reasonable approximation for m; which we

will find is useful for producing estimates for 7.. We expect that eq 7.2.29 will lead to

over estimates of 7.
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We substitute eq 7.2.29 into eq 7.2.18 and 7.2.17 to obtain a reduced model
consisting of a single ODE eq 7.2.31, together with algebraic equations described
above:

3n

dq. _ PKs mey +a,q.
dr ¢, 1—(0:I + az)(mfo +a,q_,)

(7.2.31)

K,

3 K
where we have assumed <<1-¢q, and 2% +q, << (] = E:“] (a', + az)

a, -HIIz

Equation 7.2.31 1s plotted as a function of ¢. against numeric results in figure 18.

Figure 18
Reduced model dq ./dt (equation7.2.31) and numeric dq ./dt
plotted against time.
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We write

and substitute
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LY
ﬂl Iz q:
and obtain from eq 7.2.31
ﬁ)i_ d.Ks y’
dr oK (,@ +ﬂz)(a +a )3/2 (l—y)y2 (7.232)
33 1 2
+
and  y(0) = (ﬁ ﬂl)
A
On integration
(.y - 1)3:2 —gKdr — PKeT
I 7 —dy :J' 5 + constant (7.2.33)

Y @Ks(ﬂ +ﬂ)(a1 +a1)3;2 i ‘iﬁ:’fs(ﬂ +ﬂlxal +az)

Integrate by parts to get

(b )"

% y y 2 y y
then substitute y = sec’ @ to get
32 32 32
~1 ~(y-1)" 3 ~(y-1
I(’V 1) dy = (yy ) +5j'z:an29d9=(—yy)—+3(tan9+9), (7.2.35)

and so we obtain

D.gxt _ (5 - ‘f.-)” ’ﬂz = . 1B,-4.
¢,K,F(a’1 +a2)3 5 +constant —W—ﬂﬁ +,@){ A1q. —arctan Brq. } (7.2.36)

D

W

12

where we have used 7=

For values of parameters in table 1 we find that constant =-0.054 when =0
and ¢- = 0. The equation 7.2.31 has a singularity at ¢.=f, which is the critical

value for ¢,. The time at which ¢. achieves this value (with vertical tangent) is



the threshold value of the time for the onset of rapid corrosion. We suppose that
t approaches T, as ¢, approaches 3, and calculate 7, = 7.1x10® whichis 127%

of the numerically computed value of 5.64x10°.

o 45

D,¢4K6

:|¢3K‘512 (al +a, )3,2

7;:

In the following chapters we will consider different approaches for estimating the

threshold time 7, and will compare these results in a discussion of the model.
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8. MODEL SIMPLIFICATION

8.1 INTRODUCTION

When formulating the model it was not known which terms were important, which
equations were refinements and which were indispensable, and how the model
would behave with variations in its formulation. We explore model variations in
more detail in chapter 10. For the present exercise we wish to state the model in a
simpler form and develop from this a second reduced model which embodies the

essential behaviour of the model and which allows analytic solution.

Of particular interest is the term (1-m,) in equations 3.5 and 3.6. It is included in
an attempt to represent the effect of polymer packing on activity coefficients in the
adsorbed layer. There are various ways to write this effect, as we shall discuss
later. One method which we considered, and ultimately abandoned, was to model
the interaction of the adsorbed layer with the bulk paint film in an additional system
of competition equations. The first issue which we aim to resolve here is: does the
term make any difference in the model’s behaviour? If it makes little difference
then we should simplify our model formulation and remove it, and consequently

arrive at a simplified mathematical model.

Another term which was added for completeness was x,z in equation 3.18. In
theory this term might account for some additional and varying capacity for uptake
of corrosion product by a polymeric paint film. The intention was to represent
modification of the film by the absorbed corrosion product. Again the test of the

value of this term lies in comparing results with and without it.

We consider the effect of omitting the terms (1-m,) in equations 3.5 and 3.6, and
ks 1n equation 3.18. The immediate effect is a drastic reduction in the model’s
protective properties. The simplified model produces a time to failure 7; of about
4.48x10% seconds, where the failure arises immediately as the uptake of water

occurs through diffusion into the paint film. This parallels the behaviour of the full
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model where a;is small (see for example figure 7). We find that substantial
variation of parameters is required to increase 7. in the simplified model to

approach significant protective lifetime values.

The parameters indicated in table 1 are the best estimates currently available; there
1s inevitably some uncertainty in these estimates, additionally it is believed that

there is some range of values which represents the range of properties produced by
different polymers and paint films. We alter the following parameters to produce a
corresponding time to failure 7, which matches the case described above in figures
8to 13. We set a~=10°, a=10°, 6:=10" with remaining parameters as estimated

in table 1.

The modified values for a;, a3 and 6; may still lie within the bounds of real
polymers and paint films. However this simplified reduced model can at best
account only for a subset of paint types of evidently lower performance. Parameter
values necessary to model long times to failure 7; are unrealistic. Parameter values
most likely to correspond to real paint films result in values for 7 in the range 10
to 10* seconds which is only slightly greater than the restriction imposed by

diffusive processes alone.

8.2 SIMPLIFIED MODEL

The effect of varying a: is plotted in figure 19 where we have also changed «, to
10° and 6;to 10°. Comparing figure 19 with figure 7 we see that this change in
equations 3.5 and 3.6 has produced a significant effect in the model’s behaviour.
Additionally we observe that the transition from diffusion limited performance to
competitive adsorption limited performance shown in figure 7 is absent in this
reduced simplified model shown in figures 19 and 20. A subsection of figure 19 is
graphed in figure 20.
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Figure 19
Time (T.) to onset of Corrosion vs parameter a;
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Figure 20
Time (T_.) to onset of Corrosion vs parameter a;
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parameter as
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In figure 21 we find the same behaviour as in figure 8 for the full model. We

notice that similar slope is produced (dZ/dt=1.74x10® mol m? s for the data in

figure 21 and dZ./dt=1.75x10® mol m?s™* for the data in figure 8).

Ze

Next we plot m, against time in figure 22, with an enlargement shown in figure 23.

m

70

60 -

50

40 -

30 4

20

10 -

0 @B

Figure 21
Plot of z . (solid corrosion product at x=0) against time
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Figure 22
Plot of m, (metal surface covered with polymer) against time
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Both pairs of graphs show similar behaviour. There is the same quiescent stage up
to near 7, where the polymer is gradually accumulating corrosion product as ¢,
increases but with m, still near 1. Importantly there is the same sudden loss of
competitive adsorption and drastic increase in the rate of corrosion as the polymer
saturates with corrosion product and loses competitive adsorption onto metal
active sites. We observe that m,, is held closer to unity when the term (1-m,) in

equations 3.5 and 3.6 is active (figure /0) than when it is omitted (figure 23).

Figure 23
Plot of m, (metal surface covered with polymer) against time
1.0000
0.9950 -
m, 0.9900 -
0.9850 -
0-9800 T T T T LA 1

10E+0 1.0E+1 1.0E+2 1.0E+3 1.0E+4 1.0E+5 1.0E+6

Time (seconds)

In figure 24 we plot the corresponding information as for figure /1. Again it is

seen that the two graphs have similar behaviour.

In comparing figures 10 and 23 we see that the effect of the term (1-m,) in
equations 3.5 and 3.6 is to constrain m, at values closer to unity. A corollary of
this is that z and ¢ are constrained smaller initially than is the case for the model
without the term (1-m,) in equations 3.5 and 3.6. This difference is evident when
comparing figure 24 with figure /1. 1n the full model z and ¢. are smaller and rise
more steeply. The main difference appears to be a more uniform increase in g in
figure 24 where we see ¢ increases steadily from about 1x10™ at about 1x10*
seconds to about unity at 1.34x10° seconds. In particular the final surge in z at
about 1.3x10° seconds ranges from 107 to saturation at unity in figure /1, while z

ranges from about 107 to unity in figure 24.
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Figure 24
Plot of ¢,,,2, ¢ ., and ¢, against time
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Inclusion of the term (1-m,) in equations 3.5 and 3.6 is believed necessary to
represent typical and high performance coatings which have moderate to very
strong adsorption (i.e. adhesion) to metal substrates, and which provide effective
protection against corrosion. To achieve long protective lifetimes (greater than
about 10° seconds) with realistic values of parameters the (1-m,) term is
necessary. But to represent less effective coatings the simplified version appears to
be realistic. Protective lifetimes up to about 10° are achievable with plausible

variations of model parameter values.

The term k.2 in equation 3.18 does not seem to result in much effect on the
model’s behaviour. The time to failure 7 is unaffected, and diffusion of water w,

oxygen 1, and zinc ions z is not significantly influenced by the term. It is possible
however that for values of x, somewhat larger than those estimated the term may

influence diffusion of zinc ions and water.
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In figure 25 m,, m,, m,, and my are plotted against time. The behaviour is
similar to that of figure 12, but there are some important differences. First the
increase in /71, at about 1.34x10° seconds is much greater at nearly three orders of
magnitude than is the case in figure /2. We interpret this larger increase in my to
mean that there is effectively a loss of total competitive adsorption pressure as 1,
decreases to about 1x10. For times less than 7,=1.34x10 seconds m;is about
two orders of magnitude smaller in figure 25 compared to figure 12, which we
interpret to mean that there is greater initial coverage of the metal surface. But
after 7.=1.34x10° seconds myis larger by about an order of magnitude which
means that the ultimate metal surface coverage must be less by a corresponding

proportion.

We see that m, and m, rise more quickly to their plateau values at around 5x10
seconds compared to around 2x10” seconds in figure /2. Additionally the plateau
values for m,,and m, are larger by about an order of magnitude indicating that
there is faster preliminary rate of corrosion than is the case for the full model. This
is expected since if m, is smaller and m;,is smaller there must be more of the metal

surface covered with adsorbed water m, and adsorbed oxygen m, (by equation

3.8).

The drop in 1, at about 1.34x10° seconds is about two orders of magnitude to
m,=9.9x10” in contrast to about five orders of magnitude to m,=1.1x10" for
Sfigure 11. The final surge in m, and m, is also smaller at about three and one
order of magnitude versus four and two respectively in figure /1. We conclude
that the omission of the term (1-m,) in equations 3.5 and 3.6 results in a version of
the model with less sensitivity to the state of adsorbed polymer, and consequently

less extreme effects in response to changes in m,,.
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Figure 25
Plotof m,,m,,m,,and m, against time
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In figure 26 we plot water w and oxygen u at x=0. We see that as expected this is

almost identical to figure /3.

The boundary conditions equations 3.19 to 3.22 are also potentially simplified for
certain ranges of model operation. For example equation 3.19 could be replaced
by a zero gradient condition for cases where water diffusion was not rate limiting.
For times up to about 7, equation 3.20 could also be replaced by a zero gradient

condition with little loss of accuracy.
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Figure 26
Plot of w and u at x=0 against time
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The term as(1-m,)*w” in equations 3.19 to 3.22 is also found to be significant only

in certain cases. When oxygen is present at x=0 at greater than about 0.1w the

term ay(1-m,)*w? is small compared to (1-m,)" ’u

ignorable.

" w and consequently is
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9 SIMPLIFIED AND REDUCED MODEL

9.1 INTRODUCTION

In chapter 8 we explored the possibility of a simplified model arising from the
omission of selected terms. We found that the resulting simplified model retained
some of the features present in the full model. While this version of the model may
not have general applicability we suggested that it may still usefully model some
paint types and situations. It is of interest to develop a reduced model for this

simplified version of the model.

9.2 REDUCED SIMPLIFIED MODEL DERIVATION

First we specify environmental conditions for the reduced model. We are
interested in determining the time to failure 7, of an initially dry painted metal
surface when immersed continuously in oxygenated water. We ignore for now the
effects of ions other than those of corrosion product from the metal itself. We also
suppose the system is kept at constant temperature, and is not subject to drying nor
to external electric fields. Finally we suppose that the simplified model discussed in
section 8.1 is a satisfactory approximation to the full model for performances of 7.

up to about 107 seconds (6 months immersion).

From figure 26 we see that diffusion does not affect 7, so we assume that water

and oxygen in the paint film are modelled by constant concentrations at saturation
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1r(26) =g =1 (9.2.1)

wx)=w,=1 (9.2.2)

consequently
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p.(x)=aw,p, = a:p, (9.2.3)

We specify that corrosion product is washed away from the paint film surface to
maintain z=0 at x=1. Additionally we suppose that z is effectively zero
throughout the film for times of interest. Eventually z will reach saturation at x=0
and there will develop a gradient of z as it diffuses out through the film; but we are
here concerned about the initial state of the film where there is negligible corrosion

product (see for example figure 24).

#(x) =2, =0 (9.24)
and consequently
p.(x)=azp, =0 (9.2.5)

Since w, u,and z are constant we suppose that the boundary conditions 3.19 to

3.22 are approximated by zero gradient conditions:

ow
&

Ju
&.

=0 (9.2.6)

x=0

x=0

Next we examine equations 3.9, 3.10, 3.7, 3.5, 3.6, and dz/dfto deduce which
equation produces the greatest effect and hence is potentially a ‘governing
equation’. We plot in figure 27 the derivatives dg./dt, dg./dt, dm,/dt, dm,/dt,
dm,/dt, and dz/dt against time for the same case discussed previously in section

8.1. Fortimes 7. in the region of interest we find that typically dg./d¢ is larger

than the other derivatives.
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Figure 27
Plot of dy./dt, -dq ,/dt, -dm ,/dt, dm ,/dt, dm ,/dt, and dy/dt
against time
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Next we plot in figure 28 the derivative dg./d¢ along with the two terms 6,a42¢;,
(term 1) and 6,q. (term 2) in eq 9.2.7 against time. We find that the terms
6;a,zq; and O,q- are typically much larger than the derivative. Typically 6;a,zq,
and 6,q- are the same value to about the third digit for the chosen parameter
values, which contrasts with the case for the full model (figure 15) where the

terms correspond to about the sixth digit.
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Figure 28
Plot of dq./dt, term 1, and term 2 against time
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From equation 3.9 we have
dq.
% g(ayzq, - q,) (9.2.7)
T
and we suppose that
dyg
= _ g 9238
2 =ela.) (9.2.8)

where &(¢.) is some function of ¢.. We have found that generally a.zq, and ¢.

are equivalent to about the third significant figure so we write:

azq, =q. + g(q__) (9.2.9)

and look for an expression for &(¢.) in equation 3.21.

Equations 3.5, 3.6, 3.7, and 3.10 are written as



m, = aqwym, = am,

m, = ayuym, = a,m,

/

m, = a,q,m,

q, = AW, = &,

In eq 3.21 we find that generally, for this particular case of interest,

and

and we suppose that

dz

—¢3(;+K‘5 Z%) + ¢4K6[(] -

So that we can write

.
dr

Substituting from eq 9.2.12

qq. _
dr

Fromeq 3.11 and 3.7 we find

e,

32 1/2 2 2
mp) Wty +a8(1—mp) w,'[=0

¢ K 3/2
176 i3 13
(1 = mp) Woll,

Py

oK, 32 "
(1 = a3quf) Wolt,

g, = K_,_m'p = asxsmj.qf

Using eq 3.12 we get

(a, + ayrem . + l)qj. +¢q.=1

and from eq 3.8
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(9.2.10)
(9.2.11)
(9.2.12)

(9.2.13)

(9.2.14)

(9.2.15)

(9.2.16)

(9.2.17)

(9.2.18)

(9.2.19)

(9.2.20)
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1
B I+ +a, +ayq,

m, (9.2.21)

From eq 9.2.20 and eq 9.2.21 we get

a3(l+a,)qf2 —[a,(l—m:3 —q_,)—(l +a,)(1+al +a'2)]qf —(l+afl +a2)(1—q:)= 0 (9.2.22)

and write

ag(l—rc_; —q_.)—(]+a,)(l+a, +az) i a3(1+a,)(l+a, +a2)(l~q:)

e +-+] (9.2.23)
4 @ 1+a,) (ag(l—rfll—q?:)—(l+a'_‘)(l+o:l +a2))l
where to a first approximation
gy = %(l—xs—q:)—(Ha,)(Ha, +a2) (9.2.24)
a3(1+a'5)
and
1+ q
m, = m (9.2.25)
The approximation used in eq 9.2.24 should be accurate for
a"(lm’)(lm‘ +a’) = <<1 (9.2.26)

(as(l—:c,)—(1+ag)(l+ar1 +a2))
For the parameter values used here the expression evaluates to 1.2x10™.

Substituting eq 9.2.24 and 9.2.25 into eq 9.2.18 we arrive at a reduced model

consisting of a single ODE eq 9.2.27, together with the algebraic equations described

above:
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n
dq, _ P (1 Tk as)(l o + 0:2) 1
dz' i @K a /2 (9227)
s 3 (l o I q:)
We compare the reduced model variables ¢grand m, against numeric results in
figures 29 and 30. The correspondence is quite good considering the various
assumptions made.
Figure 29
Reduced model ¢, (equation 9.2.24), numeric ¢, and ¢ .
plotted against time
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Figure 30
Reduced model m, (equation 9.2.25) and numeric m
plotted against time.
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In figure 31 we plot the reduced model dg./df as a function of ¢; against time and

compare results to numeric calculations.

Figure 31
Reduced model dq ./dt (equation 9.2.27) and numeric
dq ./dt plotted against time.
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Again the correspondence is quite close. However we want to solve eq 9.2.27 in
order to find ¢ as a function of time. Equation 9.2.27 is readily solved and we

obtain:

/3

5¢,x (1+a)(l+a -t~ar)y2
52 Ks s 1 7%
q,=1-x,-{l-x - T (9.2.28)
y ( 3) 2¢,x [ a, jl
next we get an expression (eq 9.2.29) for 7, the effective protective lifetime of
the metal coating.
2!2¢ 32
K. (4 3z
T= — E 1-x seconds (9.2.29)
7 5D, K, [(] +a )1+, +a1)} (1-x)

To compare the reduced model with numeric results we plot g as a function of ¢
in figure 32 for the reduced and numeric version of the model and compare the
resultant estimates for 7,. We find from numeric calculation 7,=1.34x10° and
from the reduced model 7,=1.28x10’ so that the reduced model estimates 7 to
96% of the numeric value of the full model (with simplification of omission of the

term (1-m,) in eq 3.5 and 3.6 plus omission of the term xsm, ineq 3.11).

We observe that 7. depends most strongly upon as a; and «;. We found in
figure 19 that increasing a; does increase 7. although not with the same
sensitivity as in the full model (figure 7). Physically increasing a; and decreasing
a; corresponds to increasing the competitive adsorption of polymer relative to
that of water. Keeping «: small also increases 7. which corresponds physically
to making the proportion of available polymer functional groups large relative to
the number of metal active sites on the substrate surface. We have estimated
relatively smaller values for @, and as (table 1) and consequently these
parameters do not much influence 7.. However from inspection of eq 9.2.29 we

see that these parameters should be made small to ensure large 7.



Additionally we see that 7; is dependent upon the parameters

g’ B,
¢xsD, - pIUomI'Vo

. Increasing 2, (the total surface concentration of free

polymer functional groups) will directly increase 7. Reducing the parameters p,,
Us, and W, will similarly increase 7., where 7. depends upon Us"? and linearly

upon the other parameters.

Figure 32
Reduced model ¢, (equation 9.2.28) and numeric ¢,
plotted against time.
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10 MODEL VARIATIONS

10.1 INTRODUCTION

Inevitably in a project such as ours decisions and choices must be made along the
way. Various elements of the model may have been formulated in many ways.
While we always worked to maintain consistency with the many physical and
chemical issues involved it was by no means clear what the relevant issues were at
the time. For every element there was always some justification; but gradually, as
the project evolved, some larger issues and unifying concepts emerged. These
considerations have been used to refine the model and have influenced its final

form.

One issue in particular that we have dwelled on, and which has strongly coloured
our development of the model, has been the physics of the adsorbed layer. We
concluded at an early stage that this area must critically control the behaviour of a
painted metal surface. While there is still some confusion and contradiction in the
literature, a trend is developing toward exploration of the adsorbed layer.
Diffusive resistance may play some role in corrosion protection, especially where
transients and periodic wetting are involved. But we note that few researchers in
the last decade seem to be actively pursuing diffusion as the rate controlling

process.

Some concepts such as adhesion are still only poorly understood. There are many
theories and concepts as to how adhesion of polymeric materials to macroscopic
surfaces arises. There is also significant disagreement; and as with corrosion
protection by paint films, many researchers have demonstrated that one theory is
correct while another fails. A number of the elements of understanding are
established. For example adsorption isotherms of many substances on to various
other substances have been studied. There are various reasonably accurate models

of adsorption of molecules onto solid substrates. For example adsorption of gases
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on to metals is reasonably well documented and even relatively simple models can
produce credible agreement with experiment. But adsorption of polymeric
materials is not yet well understood. Multiple component adsorption of polymers
and various molecules in a competitive situation does not seem to be very well

known.

Corrosion chemistry of metal surfaces has received much attention over the years.
Many researchers have made fundamental contributions toward better
understanding of the processes involved. In certain situations the chemistry is
fairly well defined. For example corrosion rates in solution can be accurately
determined based on electrode potentials and electrochemical currents. These
concepts can be applied to microscopic scales and used to model corrosion of pits
and crevices on metal surfaces. Diffusion of reactants, such as oxygen, from the

bulk solution to the reaction site are also found to be important factors.

Increasingly, it seems, researchers are combining elements of electrochemical
potential theory with competitive adsorption of molecules. Tang and Song (1993)
used this approach and found quantitative agreement with experiment. Surely this
is a fruitful direction for further research. The principles of adsorption of
molecules onto surfaces in gases and liquids are understood well enough to allow
accurate modelling of adsorbed surface concentrations. Using these modelled
surface coverages it has proven possible to calculate modifications to corrosion
currents and potentials. When diffusion of reactants is included rather

sophisticated models are possible.

While these approaches are effective in modelling corrosion in solution, it was not
clear how they could be applied (nor even if they were valid) to the case of
adherent paint films on metals. In particular we have based our thesis on the
premise that initially the metal substrate is effectively dry, while the polymeric paint
film remains adherent. Electrochemical currents in these circumstances seemed

difficult to reconcile.
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Adherent paint films may consist of microscopic adhesion defects. Our notion of
active sites may correspond to these defects. When water from the external
environment is available it is reasonable to expect that molecules of water will
accumulate at these defect sites. Conceivable this may be the basis for the “real”

process of corrosion under paint films.

Instead we have followed a more macroscopic approach. Rather than modelling
the active sites themselves (as microscopic corrosion pits) we consider that they
would in aggregate produce some quantifiable corrosion flux in response to
available water and oxygen. Consequently we focus on quantifying the
concentrations of reactants available for corrosion, and on modelling the
adsorption of polymer in competition with other species. In essence we assume
that an exposed active site will corrode at some maximal rate in response to
available reactants (water and oxygen). We suppose that a bare metal surface will

give a measure of this maximal rate for the aggregate of active sites.

We adapt chemical kinetics to produce an expressionrelating the rate of reaction
to the available concentrations of reactants. The rate constants are obtained from
experiment based on corrosion rates at various concentrations of reactants. We
choose this formulation as it provides a useful means of determining the boundary
conditions for the diffusion equations with which we use to model the bulk paint
film.

With this quick review of some of the choices and considerations made in
formulating the model we now consider some of the “what ifs”. What if we model
corrosion as occurring in microscopic corrosion pits? Would the inclusion of an
intermediate boundary layer between the adsorbed layer and the bulk paint film
help to quantify concentrations of water and oxygen in the adsorbed layer? How

can the effect of the physical characteristics of the paint film be accounted for?
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10.2 ACTIVE SITES AS CORROSION PITS

For this variation we imagine that a diffusion subsystem would be required. The
paint film and adsorbed layer as conceived may be satisfactory. But we suppose
that each exposed active site accumulates water and proceeds to corrode at a rate
limited by diffusion of oxygen and water in a hemispherical region about the active
site. We suppose that corrosion of the active site is in fact rate limited by diffusion

of reactants from the surrounding medium (the wet paint film).

Figure 33
External environment
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We depict this concept graphically in figure 33. Nguyen et al. (1991) have in fact
considered something of this type of system, though without the attempt to include
corrosion reaction chemistry. It is possible to include the effects of blister

formation and swelling of the paint film. With this comes the possibility of



including in the modelling the paint films mechanical properties and their response

to the effect of osmotic pressure.

With the formation of electrolyte blisters on active sites one could properly employ
the principles of electrochemical potential theory. The rates of corrosion predicted
should then have good quantitative agreement with experiment. Additionally one

could include other reacting species such as hydroxyl and hydrogen ions.

In some cases this is probably closer to reality than is the model we have
constructed. Blister formation on a macroscopic scale often does precede the final
stages of paint film breakdown. One could reason that these macroscopic blisters
grow from the microscopic defects surrounding corroding active sites. While this
may be a better and more versatile model it is also significantly more complex. We
theorise that the essential features of corrosion of painted metal surfaces can be

embodied in the simpler formulation we choose to use.

10.3 INTERMEDIATE BOUNDARY LAYER

In this variation we consider an alternative route to determine the actual
concentrations of reactants available to the corrosion reaction on the metal surface.
The aim is to model the concentrations of species so that the activities arise as a
dynamical equilibrium. Suppose that the adsorbed layer is subject to bidirectional
adsorption processes. The first sorption process is already described by the
competitive adsorption model. The second arises by considering that the adsorbed
layer itself may further adsorb water and oxygen from the bulk paint film medium it
is in contact with. Thus we consider concentrations W and U in the bulk paint film
at x=0, and quantities W** and U/"" in the adsorbed layer. The concentrations ¥

and U would then be used in the corrosion model.
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We wish to include the effect of a variable adsorbed layer. We shall suppose that
water and oxygen uptake occurs in molecular void spaces which result from
imperfections in polymer packing. When the polymer is densely packed we assume
the void volume fraction is at a minimum. While for desorbed polymer we suppose
the void volume fraction is at a maximum. Models of polymer void volume
fraction are described in the literature (for example Venditti et al., 1995), and
Dzugutov, 1996, has described a universal scaling law applicable to atomic

diffusion in condensed matter.

It is unclear how polymer packing, and hence void fraction, varies with adsorption.
Experimental results demonstrating the effect are certainly convincing, but proven
models are not yet well known. One approach to this obstacle is to try and adapt
existing models of void fraction to include a response to the state of adsorption.
Another approach is to suppose that the void fraction is proportional to the
fraction of metal surface uncovered by adsorbed polymer. The former prescription
is probably closer to reality, but we shall use the latter basis to develop our

concept. The idea is shown graphically in figure 34.

Figure 34
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We suppose that uptake and release of water and oxygen by the adsorbed layer are
governed by expressions analogous to those used to describe adsorption onto the
metal surface. The assumptions conform to the prescription for Langmuir

adsorption isotherms. We write

= S, — s (10.3.1)

dU‘. -

7 = SBUFf —.5‘4U (]0.3.2)
and

W" +U" +F, = f(F,) (10.3.3)

where we suppose F;, represents the maximum void density fraction, and f{F) is
some function that represents variation in void fraction with the state of polymer
adsorption. The constants s, and sz are rates of adsorption while s, and s, are rates
of desorption from the adsorbed layer. The variables W, W, U™, and U have
the same meaning as described previously. The variable /; represents the fraction

of void space remaining free.

We shall suppose that

M,-M
-"——f-] (10.3.4)

f(f‘L):F;[ =

0

where M is the total metal surface density of available adsorption sites, and M, is

the density of sites attached to adsorbed polymer. We find that
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- (Mo - Mp)
- Sl E MO

W=t — - (10.3.5)
S
P 1+tw+2U
5, S,
UI"(M"_M”)
- 8 M,
e (10.3.6)
% 1+2wa2u
% %

where we assume quasi-equilibrium between the bulk paint film and the adsorbed
layer. We find that these expressions are variations (possibly more realistic) of

those presented ineq 2.3.18 and 2.3.19.

In principle this variation provides a better physical basis for the model. If we
developed the concept in terms of molecular physics, and derived void fraction
functions from basic principles, we should obtain expressions for eq 10.3.5 and
10.3.6 which would depend upon basic physical and mechanical properties of the
paint film. Even if this approach should not much improve the overall accuracyj, it
is of immense value to relate performance to the physical and mechanical

properties of the polymer and the paint film composition.

10.4 VARIATION IN CORROSION FLUX FORMULATION

We have previously adapted basic chemical dynamics to produce an expression
relating the corrosion flux to the concentrations of reactants. 1f we followed the
variation in section 10.2 we might use electrochemical potential theory to calculate

corrosion flux from concentrations of available reactants.
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Alternatively we might attempt a basic atomic model of the corrosion process. If
we included species such as hydroxyl and hydrogen ions we could then construct a
variation of the model in which hydroxyl ions for example collided with zinc atoms
to produce corrosion product on an atomic level. Some dynamic system to
account for quasi - equilibrium between water, oxygen, hydroxyl, and hydrogen
would have to be devised. We touched on this concept in section 2.3: possibly the
formulation could be expanded to include additional reacting species. In particular
we could remove the assumption of a pH buffering effect and allow the pH to vary

in response to the dynamical corrosion process.

As we theorised previously the probable mode of attack of the metal substrate is
through exposed active sites with surface density M; We suppose that hydroxyl
ions in the adsorbed layer have some probability of colliding with an active site
(based on the density M;) which depends upon a potential energy barrier to
reaction and the estimated kinetic energy distribution of the hydroxyl ions. The
hydroxyl ion concentration would also be a factor in the reaction rate. Additionally
we must consider the process responsible for the creation of hydroxyl ions. Clearly

the concentrations of water and oxygen are important, and conceivably these may
be rate limiting when their concentrations are limited as will be the case in a

strongly adherent paint film.

One difficulty with this variation, which we must overcome, is the relation of
atomic collision rates with experimental corrosion rates. We have already
stretched ideal gas dynamics probably beyond valid limits in the current
formulation. We might further extend the notions developed previously to apply
also to corrosion processes. Presumably the reaction of a hydroxyl ion with a zinc
atom is effectively instantaneous. We might suppose also that the resultant
intermediate species (Zn(OH)') was ejected immediately from the atomic matrix

of the metal surface.

In this fashion we would arrive at a formulation of the corrosion process based on

atomic principles. Presumably the corrosion flux expression (eq 2.3.13) would
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depend linearly upon the concentration of hydroxyl ions and the surface exposed to

attack M, and so

f.=pM;[OH'] (10.4.1)

However we must still determine the concentrations of water and oxygen present
in the adsorbed layer in order to determine the hydroxyl ion concentration.
Additionally we must also account for the changes which occur in the adsorbed

layer as it degrades and loses crystallinity through loss of adhesion.

Again this variation is probably closer to reality than is the formulation we have
developed. If correct it should produce better quantitative agreement with
experiment. It does however require more parameters and more complexity to
account for the new species and their interactions with water, oxygen, and zinc.
We chose our original formulation in the belief that supply of water and oxygen
was limiting on the atomic scale. We supposed that hydroxyl ions created above

some equilibrium concentration would react promptly with zinc atoms.

10.5 VARIATION IN CORROSION AND ADSORPTION FORMULATION

In this variation we consider a different formulation of the adsorbed layer and
develop an alternative formulation for the corrosion flux. We begin by considering
the adsorbed layer to be: very thin, not very dense or crystalline, and to not
change very much during the evolution of the system. This concept differs
significantly from our original formulation. In the process of developing this idea
we will find some additional concepts which may usefully be incorporated into a

second generation of the model.
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This alternative formulation of the adsorbed layer results in several conclusions.
First the concentrations of water and oxygen (W(x=0,f) and U(x=0,#)) in the bulk
polymer at x=0 must be the effective concentrations for the corrosion reaction. If
the layer is thin and not very dense the mean free path for water and oxygen
molecules will be sufficiently long so that there is only small probability of diffusing
molecules colliding with polymer in the adsorbed layer. Instead molecules in the
bulk paint film at x=0 moving perpendicular to the metal surface will often pass
straight through the layer and collide directly with the metal surface. If the
adsorbed layer does not change very much as corrosion proceeds and the layer
loses adsorption to the metal then the activity coefficients for water and oxygen
must be approximately constant, or at least have a weaker dependence upon M,

than we estimated previously.

Then eq 2.3.18 becomes

¥
(H,01=

« W(x=0,1)=y, W(x=0,1) (10.5.1)

W

where . is approximately constant and approximately equal to unity. Similarly eq
2.3.19 becomes

[0,1=LoU(x = 0,) =, Ulx = 0,7) (10.5.2)
y

u

where again y, is approximately constant and approximately equal to unity. We

shall suppose that in fact %, and 3, are identically equal to unity.

In this variation of the model formulation we suppose that the corrosion flux is
linearly proportional to the availability of exposed active sites M;. We write eq

10.5.3 instead of eq 2.3.20 for the corrosion flux

M
J.= {08 x10 Wx = 0,00 (x = 0,0) +54 X107 W (x = 0,0)) oK)
fo



where M;=M/t—). In dimensionless form equations 3.19, 3.20, 3.21, and 3.22
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In eq 2.4.2 we suppose again that & =1 sothateq2.4.5 becomes

W

dm,
P Q[alwmf —mu]
Similarly eq 2.4.7 becomes
dm
d_'ru = @[azmnj. - mu]

We notice that this case is similar to that discussed in chapters 8 and 9. We

suppose that an equivalent treatment is valid and adapt the derivation used in

section 9.2 to find another reduced model. From eq 10.5.6 we find

ﬂ_ ¢4K6m;'
dr Pyrcsm

1)
Woll,

and using the same manipulations employed in section 9.2 we obtain

1+ a;

a'_‘(l = q_.)

mfz
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(10.5.4)

(10.5.5)

(10.5.6)

(10.5.7)

(10.5.8)

(10.5.9)

(10.5.10)

(10.5.11)
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Substituting this into eq 10.5.10 we find

dq, ~ ¢4K6(1+a] +a2)(1 +a_,)
dr ¢3K5(]_K3 _q:)

where we have used the result of eq 5.7.4, with an assumption that m, goes to zero

(10.5.12)

as polymer adsorption to metal fails beyond 7, to determine .

1

m, =" 10.5.13

2o+ +a, ( )
Additionally we have employed the same reasoning used previously, that w and
are approximated by their saturation values wp and #p which we take to be unity.
Fromeq 10.5.12 we obtain

2
a\l-x,) Péx,
3( ") B, seconds (10.5.14)

EZZQ@@U+@w+q+%)

where we have taken ¢,=0 when 7=0, and defined t=7, wheng,= 1-x;.

For the parameter values used in section 9.2 we find 7, = 5.39x10° seconds
compared to 1.28x10° seconds for the simplified reduced model of section 9.2. By
inspection we observe that the difference is due largely to the effect of the term
raised to the power of 1.5 in eq 9.2.29 which arose from our formulation of

concentrations and chemical activities of water and oxygen in the adsorbed layer.

Since the parameters used here are already about equal to the limits of plausibility
for maximising 7, we must conclude that our original premise is incomplete. We
assumed that the adsorbed layer did not contribute to either an increase in chemical
activity or to a variable activity. We conclude that the adsorbed layer accounts for
at least some increase in chemical activity coefficients, and probably for variable

activity coefficients as well.
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11 CONCLUDING REMARKS

We have found from our model results that most, if not all, of the conflicting
results in the literature can be accounted for by corrosion resistance conferred
through several different mechanisms. In some cases diffusive resistance to oxygen
may indeed be the rate limiting process. Some coating compositions have
inherently low oxygen and water diffusion coeflicients and are typically applied as
thick films (for example epoxies, vinyls, and chlorinated rubbers). These systems

are traditionally used for corrosion resistant coatings.

But in general diffusive resistance alone is unlikely to provide the full story.

Instead the adsorption of a coating’s polymer to the metal substrate is the primary
factor in the performance of a painted metal surface. We have found that the
competition for adsorption between polymer, water and oxygen results in a rich
complexity of behaviour which parallels that of real painted metal surfaces.
Depending upon the degree and strength of adsorption by the polymer there may
be more or less water and oxygen available at the metal - coating interface. From
this results a greater or lesser rate of initial corrosion, and it is this initial rate which

largely determines the ultimate time to failure.

The coating’s passivating effect through its adsorption and modification of the
basic corrosion rate can play a significant role. Additionally the effective diffusion
coefticients for the various species present, and the polymer’s capacity to absorb
corrosion product are also potentially important and complicating factors in the

model’s behaviour.

We have found in results from reduced models, and from the behaviour of the full
numerical model, that the behaviour of our model depends realistically upon those
parameters which experience indicates should be relevant. Further, we find that the
dependencies also correspond to reality in a plausible manner. Although the

experimental information available is very limited we have found reasonable



agreement. for example the model matches reported corrosion rates under various

conditions, and produces times to failure consistent with experimental evidence.

Work on this project concludes with more loose ends and new avenues to explore
than when we started. We attempted to formulate the simplest possible model
which would account for the diverse behaviour of painted metal surfaces. Some of
this behaviour has been explored, but there remain many aspects and variations of
the model which have yet to be investigated. In particular the response to periodic
wetting (for example simulations of actual weather conditions) remains an issue of
great interest. The Fortran programme (see Appendix) is written to incorporate
varying external water concentrations as a function of time. 1t remains the task of

subsequent research to explore this aspect of the model’s behaviour.

We discussed several interesting variations of the model in chapter 10.
Incorporation of the alternative corrosion flux formulation (section 10.5) and an
intermediate boundary layer (section 10.3) to better describe variable chemical
activity in the adsorbed layer are considered to be useful improvements to the
model Elaboration of the model to describe active sites as corrosion pits is also an
intriguing prospect. Another interesting variation is to represent the painted metal
surface as an ensemble of models so that, for example, every 10°x10™ metres is
modelled by an independent model unit with its own set of parameters. Film
thickness, effective diftfusion coefficients, and adsorption coefficients may vary for
each unit to better represent real paint films. Presumably a particular coating could
be represented as a specific distribution of unit models. We expect some of the
unit models to fail much sooner than others. The point of interest is how does the

aggregated model behave?

Incorporation and exploration of the model variations described above are
important for another reason. The variations allow additional description of the
physical and mechanical properties of paint films. With this extra detail it becomes
possible to realise one of the original aims of this project and design polymers and

coatings which embody the physical and mechanical properties calculated to
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maximise 7, the coating’s effective protective lifetime. In its current form the
model addresses physical and chemical properties only through generalised
parameters. For example diffusion coefficients and polymer functional groups are
model parameters, but we wish to describe how these parameters arise from more

basic physical and chemical properties.

With information on how the model behaves in response to the variation of
properties such as polymer molecular weight, hardness, density and type of
functional group, etc. it becomes possible to design and engineer better polymers
for coatings. Polymers with the required properties can be identified or synthesised
and compounded into paints. Also, with more detail, paint composition (such as
pigment volume concentration) can be incorporated into the model so that
optimum values for this physical parameter of paints can be predicted from the
model. Real paints incorporating composition and properties identified by the

model can then be made and evaluated.
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APPENDIX

Fortran 90 (Salford FTN90, 1995) programme to numerically solve
the model equations 3.5 to 3.24

Written by Dr. Stephen White, Industrial Research Limited,

P. O. Box 31310, Lower Hutt, New Zealand.

1 C
2 C  Solve the equations for corrosion under a paint film
3 C
4 BLOCK DATA
5 IMPLICIT NONE
6 DOUBLE PRECISION k1, k2, k3, Du, Dw, Dz
) COMMON /PDE/ k1, k2, k3, Du, Dw, Dz
8 DOUBLE PRECISION rl, r2, r3, r4, 15, 16, 17, 18, 19, rl0,
9 $ rll,r12,r13, r14, Alpha, Beta, Eta, Rhol, Rho2
10 COMMON /RATES/rl, 12, 13,14, 15,16, 17,18, 19, r10, rl1, rl12,
11 $ rl13, rl4, Alpha, Beta, Eta, Rhol, Rho2
12 DOUBLE PRECISION PS0, M0, W0, U0, Z0, Zc0, PO, POS
13 COMMON /SCALE/ PS0, M0, W0, U0, Z0, ZC0, PO, POS
14 DATA Du/1.0D-11/,Dw/1.0D-11/,Dz/1.0D-15/, k1 /1.0D0/,
15 $ k2/1.0D0/,k3/1.0D-7/,rl /1.0D9/, r2/1.0D5/,
16 $ r3/1.0D7,
17 $ rd / 1.0D4/, r5/1.0D8/, r6 /6.0D0/, r7/ 1.0D7/,
18 $ 18/1.0D2/,
19 $ 19/1.0D7/, rl10/6.0D8/,rl11/1.0D7/,r12/6.0D8/,
20 $ r13/1.0D7/,r14/1.0D2/, Alpha / 1.0D0/, Beta /1.0D0/,
21 $ Eta/1.0D-1/, Rhol /9.6D-11/, Rho2 /5.4D-17/
22 DATA PS0 /2.0D-4/, M0 / 1.7D-5/, WO /5.4D4/, U0 /8.0D0/,
23 $ Z0/1.0D-2/,Zc0/1.0D-2/,P0/1.0D3/,P0S/2.0D-4/
24 END BLOCK DATA
25 IMPLICIT NONE
26 CHARACTER*72 Title
27 CHARACTER*8 Key
28 CHARACTER*3 Type
29 DATATitle/' Jacobian Matrix'/,Key / 'Key '/, Type /' '/
30 DOUBLE PRECISION k1, k2, k3, Du, Dw, Dz
31 DOUBLE PRECISIONTrI, r2, 13, 14, 15, 16, 17, 18, 19, 110,
32 $ rll,rl12,rl13, rl4, Alpha, Beta, Eta, Rhol, Rho2
33 DOUBLE PRECISION PS0, M0, W0, U0, Z0, Zc0, PO, P0OS
34 COMMON /PDE/ k1, k2, k3, Du, Dw, Dz
35 COMMON /RATES/rl, r2, 3, rd, 15, 16, 17, 18, 19, rl0, rll, rl12,
36 $ rI3, rl14, Alpha, Beta, Eta, Rhol, Rho2
37 COMMON /SCALE/ PS0, M0, W0, U0, Z0, ZC0, PO, POS
38 INTEGER MaxPoints
39 PARAMETER (MaxPoints = 100)
40 DOUBLE PRECISION DX
41 INTEGER j, Kount, MKount
42 DOUBLE PRECISION Y(5 * MaxPoints + 4), F(5 * MaxPoints + 4)
43 DOUBLE PRECISION YOLD(5 * MaxPoints + 4), Matrix(50+MaxPoints*20)
44 INTEGER ROW(5*MaxPoints + 6), COL(50+MaxPoints*20), NZ
45 DOUBLE PRECISION Thickness, Time, DelTime, TOL, StartTime,
46 $ EndTime, MaxDT, MDT
47 INTEGER NoPoints, NumberOfPoints, IFAIL, MaxKount, IPrint, M
48 DATA Thickness /1.0D-4/, NumberOfPoints /10/, EndTime /1.0D 10/,

49 $ DelTime /1.0D-4/, StartTime /0.0D0/
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$ MaxKount/ 100000000000/, Iprint /200/, MaxDT /1.0D6/
LOGICAL ILambda, PrecipitationBegun
INTEGER ITest, Suspend, Imax, IGOOD, IFailTol, IFailNeg,
$ IFailPos
COMMON /FLAG/ILambda, PrecipitationBegun, ITest, Suspend, IMax
PrecipitationBegun = .FALSE.
DATA IGOOD /0/, Kount /0/, J /0/, M /0/, NZ /0/, MKount /0/,
$ [IFailTol /2/, IFailNeg /0/, IFailPos /0/
NoPoints = NumberOfPoints
DX = Thickness / (NoPoints - 1)
Time = StartTime
open(20, file="run8.txt')
CALL INITIAL(NoPoints, Y)
CALL INITIAL(NoPoints, YOId)
CALL PrintSolution(Y, YOId, 5, NoPoints, DelTime)
M =5 * NoPoints + 4
CALL CalculateJ(Y, YOId, DX, DelTime, NoPoints,
$ 5 * NoPoints + 4, F, Time,
$ Matrix, Row, Col, NZ)
WRITEC(6,*)" ***** Numerical Jacobian **¥*¥*!
CALL PrintMatrix(Matrix, Row, Col, NZ, 5¥NoPoints+4)
CALL SetUpMatrix(Y, DX, DelTime, NoPoints, M, Matrix, Row,
$ Col,N2)
WRITE(6,*)' ***** Analytic Jacobian ******'
CALL PrintMatrix(Matrix, Row, Col, NZ, 5*NoPoints+4)
MKount =0
Suspend =0
DO WHILE((Time .LE. EndTime) .AND. (MKount .LT. MaxKount))
$ .AND. (Suspend .LT. 1))
CALL StepInTime(Matrix, Row, Col, Y, YOId, NoPoints,
$ DX, DelTime, Time, IFAIL)
IF(Ilambda) THEN
PrecipitationBegun = .TRUE.
END IF
Time = Time + DelTime
MKount = MKount + 1
MDT = MIN( (Time+1.0D-3)/1.0D3, MaxDT)
If(MKount.eq.(MKount/Iprint)*Iprint) THEN
CALL PrintSolution(Y, YOId, 5, NoPoints, DelTime)
WRITE(6,*)'Time=', Time, DelTime,MKount,IFail
WRITE(20,'(2(1pel6.8))", advance='no') Time, DelTime
END IF
IF(IFAIL .LT. 0) THEN
Time = Time - DelTime
DelTime = DelTime / 1.2D0
write(6,fmt='(a)’,advance='no')"-'
DO j =1, 5*NoPoints + 4
Y (j) = YOId(j)
END DO
ELSE IF((IFAIL .LT. 18) .AND.
$ (DelTime .LT. MDT)) THEN
DelTime = DelTime * 1.02D0
WRITE(6,*)'DT increased to ',DelTime, MDT
write(6,fmt="'(a)',advance='no')'+'

END IF
DO j = 1, 5*NoPoints + 4
YOId() = Y(j)
END DO
END DO

WRITE(6,*)' Time ="', Time, DelTime
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CALL PrintSolution(Y, YOId, 5, NoPoints, DelTime)
STOP
END

SUBROUTINE SetUpMatrix(Y, DX, DT, N, M, Matrix, Row, Col, NZ)
IMPLICIT NONE

Set up jacobian matrix in CSR format

INPUT:
Y Current solution vector
DX stepsize in X
DT stepsize in time
N number of points in X direction
M dimension of Matrix and COL
OUTPUT:
Matrix the Jacobian matrix
Row
Col arrays used for sparse matrix format
NZ number of non-zeros in Jacobian

INTEGER N, M, NZ, Row(M), Col(M), L, i
DOUBLE PRECISION Matrix(M), Y(M)
DOUBLE PRECISION U, W, Z, Pw, Pz, Pf, Mw, Mu, Mp, Mf, Lambda
DOUBLE PRECISION kl, k2, k3, Du, Dw, Dz
COMMON /PDE/K]1, k2, k3, Du, Dw, Dz
DOUBLE PRECISION rl, r2, 13, r4, 15, 16, r7, 18, 19, r10,
$ rll,rl12,r13,r14, Alpha, Beta, Eta, Rhol, Rho2
COMMON /RATES/r1, r2, 13, r4, 5, 16, r7, 18,19, r10, rl1, rl2,
$ rl13, rl4, Alpha, Beta, Eta, Rhol, Rho2
DOUBLE PRECISION PS0, M0, W0, U0, Z0, Zc0, PO, POS
COMMON /SCALE/ PS0, M0, W0, U0, Z0, ZCO0, PO, POS
DOUBLE PRECISION DX2, DX, DT, Pm, DZm1DPw, DZm1DPz, MOmMp
LOGICAL ILambda, PrecipitationBegun
INTEGER ITest, Suspend, Imax
COMMON /FLAG/ILambda, PrecipitationBegun, ITest, Suspend, IMax
DOUBLE PRECISION dfz1dMp, dfz1dW, dfz1dU, dfz2dW, dfz2dMp,
$ dZmlDz
L=5*N
DX2=DX*DX
U =MAX(Y(1), 0.0D0)
W=Y()
Pw=Y(3)
Z2=Y4)
Pz=Y(5)
Mw=Y(L+1)
Mu=Y(L+2)
Mp = MIN(Y(L+3), M0)
Lambda = Y(L+4)
Pm=Mp
Pf=POS - Pw -Pz- Y(L+3)
Mf= MO0 - Mw - Mu - Y(L+3)
Dfz1DMp = -3.E0/2.E0*rhol *sqrt((M0-Mp)/M0)* W*sqrt(U)/MO
DFzIDW = rhol *sqrt((M0-Mp)/MO0)**3*sqrt(U)
IF(U.GT.0.0D0) THEN
DFz1DU = rhol *sqrt((M0-Mp)/M0)**3*W/sqrt(U)/2.0
ELSE
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C
C
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Dfz1DU = 0.0D0
END IF
Dfz2DW = 2*rho2*((MO-Mp)/MO)**2*W
Dfz2DMp = -2*rho2*(MO-Mp)/MO**2*W**2
NZ=0

U

Matrix(NZ+1) = 1.0D0 + DT * Du/ DX2 + (DT/DX) * Dfz1DU
Matrix(NZ+2) = + (DT/DX) * DfzI1DW

Matrix(NZ+3) = - DT * Du / DX2

Matrix(NZ+4) = + (DT/DX) * Dfz1DMp

COL(NZ+1)=1

COL(NZ+2)=2

COL(NZ+3)=6

COL(NZ+4)=L+3

ROW(1)=NZ + 1

NZ=NZ+4

w

Matrix(NZ+1) = - DFzIDU

Matrix(NZ+2) = - Dw/ DX - DFz1DW - 2.0D0 * DFz2DW
Matrix(NZ+3) = Dw /DX

Matrix(NZ+4) = - DfzIDMp - 2.0D0 * DFz2DMp
COL(NZ+1)=1

COL(NZ+2) =2

COL(NZ+3)=17

COL(NZ+4) = L+3

ROW(2)=NZ + 1

NZ=NZ+4
Pw

Matrix(NZ+1) = -DT * r9 * Pf/ W0/ 2.0D0 ! /DWW

Matrix(NZ+2) = 1.0D0 + DT * (r9 * W/ W0 + r10) / 2.0D0 ! d/dPw

Matrix(NZ+3) = DT * r9 * W/ W0/ 2.0D0 ! d/dPz

Matrix(NZ+4) = -DT * r9 * W/ W0/ 2.0D0 ! d/dPm

COL(NZ+1)=2

COL(NZ+2)=3

COL(NZ+3)=5

COL(NZ+4)=5*N+3

ROW@3)=NZ+ 1

NZ=NZ+4

IF( .NOT.ILambda) THEN
Matrix(NZ+1) = 1.0D0*Dfz1DU / 2.0D0 1d/DU
Matrix(NZ+2) = 1.0D0*(Dfz1DW + DFz2DW)/2.0D0 !d/DW
Matrix(NZ+3) =17 * (Z/ Z0) / 2.0D0 1d/DPw
Matrix(NZ+4) =-Dz /DX /2.0D0 -k3 /DT !d/DZ

$ -r7 * Pf/ Z0/2.0D0

Matrix(NZ+5) = (r7 * (Z/ Z0) + 18) / 2.0D0 !d/DPz
Matrix(NZ+6) = Dz * Y(9) / DX / 2.0D0 1d/DZ9
Matrix(NZ+7) = 1.0D0*(Dfz1DMp + Dfz2DMp) / 2.0D0 'd/dMp
COL(NZ+1) = 1

COL(NZ+2) =2

COL(NZ+3) = 3

COL(NZ+4) = 4

COL(NZ+5) = 5

COL(NZ+6) = 9

COL(NZ+7) =L +3
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ROW(4)=NZ + 1
NZ=NZ+7
ELSE
Z=Y4)
W=Y(Q)
Matrix(NZ+1) = - Z * W0 / W**2 td/dwW
Matrix(NZ+2) = W0/ W 'd/dz
Col(NZ+1)=2
Col(NZ+2) =4
Row(4) = NZ+1
NZ=NZ+2
END IF
Matrix(NZ+1)=DT*r7*Z/20/2.0 !'d/dPw
Matrix(NZ+2) = - DT * r7 * Pf/ Z0 / 2.0D0 'd/Dz
Matrix(NZ+3)=1.0D0 + DT * (r7*Z/ Z0 +r8)/ 2.0D0 !d/dPz
Matrix(NZ+4) =DT *r7*Z/20/2.0
COL(NZ+1)=3
COL(NZ+2)=4
COL(NZ+3)=5
COL(NZ+4)=L +3
ROW(5)=NZ + 1
NZ=NZ+4
DOi=2,N-1
W =Y((i-1)*5+2)
Pw=Y((i-1)*5 + 3)
Z =Y((i-1)*5+4)
Pz=Y((i-1)*5 + 5)
Pf=P0-Pw-Pz+Beta*Z

U equation

Matrix(NZ+1) = -DT * Du/DX2/2.0D0
Matrix(NZ+2) = 1.0D0 + DT * Du/ DX2
Matrix(NZ+3) = - DT * Du/ DX2 / 2.0D0

W equation

Matrix(NZ+4) = - DT * Dw/DX2/2.0D0
Matrix(NZ+5) = 1.0D0 + DT * Dw/ DX2
Matrix(NZ+6) =kl

Matrix(NZ+7) = -DT * Dw/DX2/2.0D0

Pw equation

Matrix(NZ+8) = - DT * r1l * Pf/ W0/ 2.0D0 ! d/dW
Matrix(NZ+9) = 1.0D0 + DT * (r11 * W/ W0 + rl12) /2.0D0 ! d/dPw
Matrix(NZ+10) = - Beta * DT *rl1 * W/ W0/ 2.0D0 ! d/dZ
Matrix(NZ+11) =+ DT *r1l1 * W/ W0/ 2.0D0 I'd/dPz

Z equation

Matrix(NZ+12) =-DT * Dz/DX2/2.0D0
Matrix(NZ+13) = 1.0D0 + DT * Dz / DX2
Matrix(NZ+14) =k2

Matrix(NZ+15) = - DT * Dz / DX2 / 2.0D0

Pz equation

Matrix(NZ+16) =+ DT *rl3 * Z/Z0/2.0D0 !'d/dPw
Matrix(NZ+17) =-DT *r13 * (Pf+ Beta * Z)/Z0/2.0D0 ! d/dZ
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286 Matrix(NZ+18) = 1.0D0 + DT * (r8 + r7 * Z/Z0) / 2.0D0 ! d / dPz
287 COL(NZ+1) = (i-1)*5 - 4
288 COL(NZ+2) = (i-1)*5 + 1
289 COL(NZ+3) = (i-1)*5 + 6
290 ROW((i-1)*5+1)=NZ + 1
291 COL(NZ+4) = (i-1)*5 - 3
292 COL(NZ+5) = (i-1)*5 + 2
293 COL(NZ+6) = (i-1)*5 + 3
294 COL(NZ+7) = (i-1)*5 + 7
295 ROW((i-1)*5+2) =NZ + 4
296 COL(NZ+8) = (i-1)*5 + 2
297 COL(NZ+9) = (i-1)*5+ 3
298 COL(NZ+10) = (i-1)*5 + 4
299 COL(NZ+11) = (i-1)*5 + 5
300 ROW((i-1)*5+3) = NZ + 8
301 COL(NZ+12) = (i-1)*5 - 1
302 COL(NZ+13) = (i-1)*5 + 4
303 COL(NZ+14) = (i-1)*5+5
304 COL(NZ+15) = (i-1)*5+9
305 ROW((i-1)*5+4) = NZ + 12
306 COL(NZ+16) = (i-1)*5 + 3
307 COL(NZ+17) = (i-1)*5 + 4
308 COL(NZ+18) = (i-1)*5+5
309 ROW((i-1)*5+5)=NZ + 16
310 NZ =NZ+ 18

311 END DO

312 U= Y((N-1)*5+1)

313 W= Y((N-1)*5 + 2)

314 Pw=Y((N-1)*5 + 3)

315 Z= Y((N-1)*5+4)

316 Pz=Y((N-1)*5 +5)

317 Pf=P0-Pw-Pz+Z

318 C

319 C U Boundary condition

320 C

321 Matrix(NZ+1) = 1.0D0

322 COL(NZ+1)=(N-1)*5+1

323 ROW((N-D*5+ 1)=NZ+ 1

324 NZ=NZ+ 1

325 C

326 C W Boundary condition

327 C

328 Matrix(NZ+1) = 1.0D0

329 COL(NZ+1) = (N-1)*5 + 2

330 ROW((N-1)*5+2)=NZ + 1

331 NZ=NZ+ 1

332 C

333 C Pwequation

334 C

335 Matrix(NZ+1) =-DT * r11 * Pf/ W0/ 2.0D0 td/dW
336 Matrix(NZ+2) = 1.0D0 + DT * (r11 * W/ W0+ rl12)/2.0D0 ! d/dPw
337 Matrix(NZ+3)=-DT *rll * W/WO0/2.0D0 ! d/dZ
338 Matrix(NZ+4)= DT *rll * W/ W0/ 2.0D0 'd/dPz
339 COL(NZ+1) = (N-1)*5 + 2

340 COL(NZ+2)=(N-1)*5+3

341 COL(NZ+3) = (N-1)*5 + 4

342 COL(NZ+4) = (N-1)*5+5

343 ROW((N-1)*5+3)=NZ+ 1

344 NZ=NZ+4

345 G
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Z Boundary conditions

Matrix(NZ+1) = 1.0D0
COL(NZ+1) = (N-1)*5+4
ROW((N-1)*5+4)=NZ + 1

NZ=NZ+1

Pz equation
Matrix(NZ+1)=+DT *r13*Z/Z0/2.0D0 !d/dPw
Matrix(NZ+2) = - DT * r13 * (Pf+ Z)/ Z0 / 2.0DO 'd/dz

Matrix(NZ+3) = 1.0D0 + DT * (r14 + r13 * Z/Z0)/2.0D0 !d/dPz
COL(NZ +1)=(N-1)*5+3

COL(NZ +2)=(N-1)*5+4
COL(NZ+3)=(N-1)*5+5
ROW((N-1)*5+5)=NZ+ 1

NZ=NZ+3

u=Y()

W=Y(2)

Pw=Y(3)

Z2=Y(@4)

Pz=Y(5)

Mp = Y(L+3) Irestore Mp to current value
Pf=POS - Pw - Pz - Mp

Mf = MO0 - Mw - Mu - Mp

Mw equation

MOmMp = MO - Alpha * Mp

Matrix(NZ+1) = - DT * rl * (MOmMp) * Mf/MO0/W0/2.0D0 !d/dW
Matrix(NZ+2) = 1.0D0 + DT * (r1 * (W / WO0) * (MOmMp) / MO

$ +12)/2.0D0 !'d/dMw

Matrix(NZ+3) = DT * rl * (W / WO0) * (MOmMp) /MO /2.0D0 !d/dMu
Matrix(NZ+4) = DT * r1 * W/WO0 * (MOmMp)/MO +

$ Alpha * ME/M0)/2.0D0 ! d / dMp

COL(NZ+1)=2

COL(NZ+2) =L+1

COL(NZ+3) = L+2

COL(NZ+4) = L+3

ROW(N*5 + 1) = NZ+1

NZ=NZ+4
Mu equation
Matrix(NZ+1) = - DT * r3 * (MOmMp) * Mf/ U0 /M0/2.0D0 !d/dU
Matrix(NZ+2) = DT * r3 * U * (MOmMp) /U0 /M0 /2.0D0 !d/dMw
Matrix(NZ+3) = 1.0DO + DT * (r3 * (U / U0)*((MOmMp)/MO0)
$ +r4)/2.0D0 !'d/dMu
Matrix(NZ+4) =DT * r3 * ((U/ U0) * (Alpha * Mf/MO +
$ (MOmMp)/MO0))y/2.0D0 !d/dMp
COL(NZ+1)=1
COL(NZ+2) = L+1
COL(NZ+3)=L+2
COL(NZ+4) = L+3
ROW(N*S5 + 2) = NZ+1
NZ=NZ+4
Mp equation

Matrix(NZ+1) = DT * r5 * Mf/ P0S /2.0D0 ! d/dPw
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Matrix(NZ+2) = DT * r5 * Mf/ P0S / 2.0D0 | d/dPz
Matrix(NZ+3) = DT * 15 * Pf/P0S /2.0D0 ! d/dMw
Matrix(NZ+4) = DT * r5 * Pf/P0S/2.0D0 ! d/dMu
Matrix(NZ+5) = 1.0D0 + DT * (r5 * (Pf+ Mf)

$ /POS +16)/2.0D0 ! d/dMp

COL(NZ+1)=3
COL(NZ+2)=5
COL(NZ+3) = L+1
COL(NZ+4) = L+2
COL(NZ+5)=L+3
ROW(N*5 + 3) = NZ+1
NZ=NZ+5
[F(.NOT.ILambda) THEN
Matrix(NZ+1) = 1.0D0
COL(NZ+1) = (N*5+4)
ROW(N*5 + 4) = NZ+1
NZ=NZ+1
ROW(N*5 + 5) = NZ+1
ELSE
Z=Y(4)
Matrix(NZ+1) = 1.0D0*Dfz1DU / 2.0D0 !d/DU
Matrix(NZ+2) = 1.0D0*(Dfz1DW + DFz2DW) /2.0D0  !d/DW
Matrix(NZ+3) =17 * (Z/Z0) / 2.0D0 !d/DPw
Matrix(NZ+4) = - Dz /DX /2.0D0 'd/DZ
$ -r7 * Pf/Z0/2.0D0
Matrix(NZ+5) = (r7 * (Z/ Z0) + r8) / 2.0D0 !d/DPz
Matrix(NZ+6) = Dz /DX /2.0D0 !d/DZ9
Matrix(NZ+7) = 1.0D0*(Dfz1DMp + Dfz2DMp) / 2.0D0 !d/dMp
Matrix(NZ+8) = -1.D0/ DT
COL(NZ+1) = 1
COL(NZ+2)=2
COL(NZ+3)=3
COL(NZ+4) = 4
COL(NZ+5)=5
COL(NZ+6) =9
COL(NZ+7)=L+3
COL(NZ+8)=L +4
ROW(N*5+4) =NZ + 1
NZ=NZ+8
ROW(N*5 + 5) = NZ+l
END IF
RETURN
END

SUBROUTINE CalculateF(Y, YOId, DX, DT, N, M, F, Time, IGOOD)
IMPLICIT NONE

INTEGER M, N, L, i, j, IGOOD

DOUBLE PRECISION Y(M), YOId(M), F(M), DX, DT, Lambda,
$ Lambdao, Time

DOUBLE PRECISION DX2, U, W, Z, Pf, Pw, Pz, Uo, Wo, Zo,

$ Pfo, Pwo, Pzo, Mw, Mwo, Mu, Muo, Mp, Mpo, Mf, Mfo
DOUBLE PRECISION k1, k2, k3, Du, Dw, Dz

COMMON /PDE/k1, k2, k3, Du, Dw, Dz

DOUBLE PRECISION rl, r2, r3,r4, 15, 16,17, 18, 19, rl0,

$ rll,rl2, r13, rl4, Alpha, Beta, Eta, Rhol, Rho2

COMMON /RATES/rl, r2, r3, 4, 15,16, r7, 18, 19, r10, r1l, r12,
$ rl3, rl4, Alpha, Beta, Eta, Rhol, Rho2
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DOUBLE PRECISION PS0, M0, W0, U0, Z0, Zc0, PO, POS

COMMON /SCALE/ PS0, M0, W0, U0, Z0, ZCO0, PO, POS

LOGICAL ILambda, PrecipitationBegun

INTEGER ITest, Suspend, IMax

COMMON /FLAG/ILambda, PrecipitationBegun, ITest, Suspend, IMax
DOUBLE PRECISION Zw, Zwo, templ, temp2, fz1, fz2, Uml, Umlo, Wml,
$ Wmlo, Zml, fzlo, fz20, zmlo, Zc, Zco, MOmMp,

$ MOmMpo

DOUBLE PRECISION WRHS

Variables are stored in the Y vector as U(i), W(i),Pw(i),Z(i),PZ(i)
i=1...N Mw, My, Mp, Zc
DX2 = DX * Dx
L=5*N
Mw = Y(L+1)
Mu = Y(L+2)
Mp = MIN(Y(L+3),M0)
Lambda = Y(L+4)
Mwo = YOId(L+1)
Muo = YOId(L+2)
Mpo = MIN(YOId(L+3),M0)
Lambdao = YOId(L+4)
j=5
DOi=2,N-1
U = Y((-)*5+ 1)
W =Y((\-1)*5+2)
Pw = Y((i-1)*5 + 3)
Z =Y((1-1)*5+4)
Pz =Y((i-1)*5 + 5)
Uo = YOId((i-1)*5+ 1)
Wo = YOId((i-1)*5 +2)
Pwo = YOId((i-1)*5 + 3)
Zo = YOId((i-1)*5 + 4)
Pzo = YOId((i-1)*5 + 5)
Pf =P0+ Beta *Z -Pw-Pz
Pfo = PO + Beta * Zo - Pwo - Pzo

U equation

j=j+1
F(j) = Y(j) - YOId(j) - DT * (Y(j+5) - 2.0D0 * Y(j) + Y(j-5)
$  +YOId(j+5) - 2.0D0 * YOId(j) + YOId(j-5))*Dw/2.0D0/DX2
j=j+1

F() =Y(j) - YOId(j) - DT * (Y(j+5) - 2.0D0 * Y(j) + Y(j-5)
+ YOId(j+5) - 2.0D0 * YOId(j) + YOId(j-5))*Dw/2.0D0/DX2
+ k1 * (Pw - Pwo)

Ji= al

& A

Pw
F(j) = (Y(j) - YOId(j)) - DT * (rl1 * (Pf * W + Pfo * Wo) /\VO

$  -(r12 * (Pw + Pwo))) /2.0D0
=i

F(j) = Y()) - YOId(j) - DT * (Y(j+5) - 2.0D0 * Y(j) + Y(j-5)
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$  +YOId(+5) - 2.0D0 * YOId(j) + YOId(j-5))*Dz/2.0D0/DX2
$ + k2 * (Pz - Pzo)
j=i+1

Pz

F() = (Y() - YOId(j)) - DT * ( r13 * (Pf*Z/Z0 +
$ Pfo*Zo/Z0) - r14 * (Pz + Pzo)) / 2.0D0
ENDDO
i=1
U =Y(({-1)*S+1)

W =Y(@i-1)*5+2)

Pw =Y((@-1)*5+3)

Z =Y(@i-1)*5+4)
Pz=Y((i-1)*5 +5)

Uo =YOId((i-1)*5+ 1)

Wo = YOId((i-1)*5 + 2)
Pwo = YOId((i-1)*5 + 3)

Zo =YOId((i-1)*5 + 4)

Pzo = YOId((i-1)*5 + 5)

Pf =POS - Pw - Pz - Y(L+3)
Pfo = POS - Pwo - Pzo - YOId(L+3)
IGOOD =0

IF(Pf .LT. 0.0D0) THEN

IGOOD =1

RETURN
END IF
Templ = (MO - Mp) / MO
Temp2 = Templ * SQRT(Templ)
FZ1 =Rhol * Temp2 * W * SQRT(U)
FZ2 = Rho2 * (Templ * W)**2
Uml =Y(6) - DX * Fzl / Du
Umlo = YOId(6) - DX * Fzl / Du
Wml =Y(7) - 2.0D0 * DX * (fzl + 2.0DO0 * fz2) / Dw
Wmlo = YOId(7) - 2.0D0 * DX * (fzl + 2.0DO0 * fz2) / Dw
Templ = (MO - Mpo) / MO
Temp2 = Templ * SQRT(Templ)

FZlo =Rhol * Temp2 * Wo * SQRT(Uo)
FZ20 =Rho2 * (Templ * Wo)**2
=1

! script P on boundary

The U equation

F() =Y() - YOId(j) - DT * (Y(j+5) - 2.0DO0 * Y(j) + Uml
$ +YOId(j+5) - 2.0D0 * YOId(j) + Umlo)*Du/2.0D0/DX2
j=i*1

The W equation

F() = Y(j) - YOId(j) - DT * (Y(j+5) - 2.0DO * Y(j) + Wml
$  +YOId(+5) - 2.0D0 * YOId(j) + Wm10)*Dw/2.0D0/DX2
$ + k1 * (Pw - Pwo)
F(j) = Dw * (Y(j+5) - Y(j)) / DX - FZ1 - FZ2 * 2.0D0
j=jy=i

The Pw equation

F()=Y() - YOId() - DT * (r9 * (Pf * W/ WO + Pfo * Wo / WO0)
$ -rl0* (Pw + Pwo0))/2.0
j=jtl
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The Z equation

IF (W .NE. 0.0D0) THEN
Zw=272Z* W0/ W
ELSE
Zw =0.0D0
END IF
IF((Zw .LT. Z0) .AND. .NOT. PrecipitationBegun) THEN
F() =Dz * (Y(j + 5) - Y(j)) / DX / 2.0DO
+ Dz * (YOId(j + 5) - YOId(j)) / DX / 2.0D0
-k3 * (Y()) - YOId(j)) /DT
+ 1.0D0*(fz] +fz2 + fzlo + fz20) / 2.0D0
-(r7*(Z/Z0)*Pf-r8 *Pz)/2.0D0
- (r7 * (Zo/ Z0) * Pfo - r8 * Pzo) / 2.0D0
j=j+l
ILambda = FALSE.
ELSE
IF(.NOT. ILambda) THEN
WRITE(6, *)' Precipitation begins '
Suspend = 1
END IF
FG)=Z*W0/W-20 ! Equation is Z(1) = Z0
j=j+1
ILambda = .TRUE.
END IF

A HHH A

The Pz equation

F(j) = (Y() - YOId(j)) - DT * (7 * (PP*Z/Z0 +
$ Pfo*Zo/Z0) - r8 * (Pz + Pzo)) / 2.0D0
j=5*N+1
Mw = Y(j)
Mwo = YOId(j)
Mu = Y(j+1)
Muo = YOId(j+1)
Mp = Y(j+2)
Mpo = YOId(j+2)
Mf=MO0 - Mw - Mu - Mp
Mfo = MO0 - Mwo - Muo - Mpo
IF(Mf .LT. 0.0D0) THEN
IGOOD =2
RETURN
END IF
IF(Mw .LT. 0.0D0) THEN
IGOOD=3
RETURN
END IF

The Mw equation

MOmMp = MO - Alpha * Mp

MOmMpo = MO - Alpha * Mpo

F()= (Mw - Mwo) - DT * (r1 * (W/WO0) * (MOmMp)*Mf/MO

$ +(Wo/W0) * (MOmMpo)*Mfo/MO) - r2 * (Mw + Mwo0))/2.0D0
=Sy bl

The Mu equation

F(j) = (Mu - Muo) - DT * (3 * ((U/U0) * (MOmMp)*Mf/MO
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$ +(Uo/U0) * (MOmMpo)*Mfo/MO) - r4 * (Mu + Muo))/2.0D0
The Mp equation

j=j+1

F(j)= (Mp - Mpo) - DT * (r5*(Pf/POS)*(Mf + Mfo) -
$ r6*(Mp+ Mpo))/2.0D0

WRITE(20,'(5D20.13)") Time,Mu,Mf,

$ DT * (3 * (U/U0) * (MOMmMp)*Mf/MO

$ + (Uo/U0) * (MOmMmMpo)*Mfo/MO) - r4 * (Mu + Muo))/2.0D0
$ DT * (r5*(Pf/POS)*(Mf + Mfo) -
$ r6* (Mp+Mpo))/2.0D0
J=jt1
Zc=Y())
Zco = YOId())

i=1

U =Y((-1)*5 + 1)

W =Y((i-1)*5+2)

Pw=Y((i-1)*5 + 3)
Z =Y((i-)*S+4)

Pz = Y((i-1)*5 + 5)
Uo =YOId((i-1)*5 + 1)

Wo = YOId((i-1)*5 + 2)

Pwo = YOId((i-1)*5 + 3)
Zo =YOId((i-1)*5 + 4)
Pzo = YOId((i-1)*5 + 5)

Pf =POS - Pw - Pz - Y(L+3)

Pfo = POS - Pwo - Pzo - YOId(L+3)
IF(NOT. Ilambda) THEN

F() = Y(j) ! Equation is Zc=0
ELSE
Zc=Y(5*N+4)
Zco = YOId(5*N+4)
F(j)=Dz * (Y(9) - Y(4)) / DX/ 2.0DO

$ + Dz * (YOId(9) - YOId(4)) / DX / 2.0DO
$ -(Zc-Zco)/ DT
$ + 1.0DO*(fz1 + fz2 + fzlo + fz20) / 2.0D0
$ -(r7*(Z/Z0) * Pf-r8 * Pz)/ 2.0DO0
$

E

! script P on boundary

-(r7 * (Zo/ Z0) * Pfo - 18 * Pzo) / 2.0D0
ND IF
i=N
U =Y(@{-D)*s+ 1)
W =Y((i-1)*S5 +2)
Pw=Y((i-1)*5 + 3)
Z =Y((i-1)*S+4)
Pz=Y((-1)*5+5)
Uo =YOId((i-1)*5 + 1)
Wo = YOId((i-1)*S5 +2)
Pwo = YOId((i-1)*5 + 3)
Zo = YOId((i-1)*5 + 4)
Pzo = YOId((i-1)*5 + 5)
Pf =P0O+Z-Pw-Pz
Pfo = PO + Zo - Pwo - Pzo
F(5*(N-1)+1) = Y(S*(N-D1)+1) - U0
F(5*(N-1)+2) = Y(5*(N-1)+2) - WRHS(Time)
J=5*(N-1)+3
F() = (Y(Q) - YOId(j)) - DT * (rll * (Pf*W/WO + Pfo*Wo/WO0)
$ - (r12 * (Pw + Pwo))) / 2.0D0
j=j+]
FG)=2
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j=j+1

F@) = (Y(j) - YOId(j)) - DT * (r13 * (Pf*Z/Z0 +
$ Pfo*Zo/Z0) - r14 * (Pz + Pzo))/ 2.0D0
RETURN

END

SUBROUTINE INITIAL(N, U)
This routine initialises spatial arrays and assigns initial conditions

INPUT
N  No of points is x direction

OUTPUT
U Initial values for U(x), W(x), Z(x), Pw(x), Pz(x), Mw, Mu, Mp
IMPLICIT NONE
INTEGER N
DOUBLE PRECISION U(*)
INTEGER i
DOUBLE PRECISION WRHS
DOUBLE PRECISION rl, r2, r3, r4, 15, r6, 17, 18, 19, rl0,
$ rll,rl2,rl3, rl4, Alpha, Beta, Eta, Rhol, Rho2
COMMON /RATES/r1, 12, 13, r4, 15, 16, 17, 18, 19, r10, rl1, rl12,
$ rl13, rl4, Alpha, Beta, Eta, Rhol, Rho2
DOUBLE PRECISION PS0, M0, W0, U0, Z0, Zc0, PO, P0OS
COMMON /SCALE/ PS0, M0, WO, U0, Z0, ZCo, PO, POS
DOi=1,5*N
U(i) = 0.0D0
END DO
DOi=1, N
U((i-1)*5+1)= 0.0D0 iU prev U0
U((i-1)*5+2) = 0.0D0  !W prev WO
U((i-1)*5+3) = 0.0DO 'Pw prev 100/6.0

END DO
U(3) = 0.0D0 IPwO script
UG*(N-1) + 1) = U0 1U(0)

U(5*%(N-1) + 2) = WRHS(0.0D0) ! W(0)
U(S5*(N-1) + 3) = WRHS(0.0D0) * r11 * PO /(rl11 + r12)/W0 !P0/61=16.393
U(S*N + 1) = 0.0D0 IMw

U(5*N +2) = 0.0D0 IMu

U(5*N + 3) = MO - 1.09344D-11  !Mp MO - 1.115D-8
U(5*N + 4) = 0.0D0 IP2?

RETURN

END

SUBROUTINE PrintSolution(U, UOId, NPDE, NoPoints, DTime)
IMPLICIT NONE

DOUBLE PRECISION U(*), UOId(*)

INTEGER NPDE, NoPoints, i, j, Suspend, ITest, IMax
LOGICAL ILambda, PrecipitationBegun

DOUBLE PRECISION Pf(NoPoints)

DOUBLE PRECISION Pw, Pz, Mf, Z, MfOId, DTime

DOUBLE PRECISION rl, r2, r3, r4,r5, 16, 17,18, 19, rl10,
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$ rll1, 12,13, rl4, Alpha, Beta, Eta, Rhol, Rho2
COMMON /RATES/r1, 12,13, 14,15, 16, 17, 18,19, rl10, rll, rl12,
$ rl13, rl4, Alpha, Beta, Eta, Rhol, Rho2
DOUBLE PRECISION PS0, M0, W0, U0, Z0, ZcO0, PO, POS
DOUBLE PRECISION T1, T2, T3, T4, T5,T6,T7, T8, T9,
$ TI0,TI1,TI12, T13, Mwm, Mum, Mpm,Mfm,
$ DEMw, DEMu, DEMp, DEPz, DEPw, DEZ, DEZc
COMMON /SCALE/ PS0, M0, W0, U0, Z0, ZCO0, PO, POS
COMMON /FLAG/ILambda, PrecipitationBegun, ITest, Suspend, IMax
Pw(i) = U((i-1)*5 + 3)
Pz(i) = U((i-1)*5 + 5)
Z@)=U((-D)*5+4)
Mf = MO0
M(Old = M0
DOi=1,3
Mf = Mf - U(NoPoints * 5 + i)
M(OIld = MfOId - UOId(NoPoints * 5 + i)
END DO
Mfm = (Mf + MfOId) / 2
DO i = 2, NoPoints
Pf(i) = PO + Z(i) - Pw(i) - Pz(i)
END DO
Pf(1) = POS - Pw(l) - Pz(1) - U(NoPoints * NPDE + 3)
Mpm = (U(NoPoints * NPDE + 3) + UOId(NoPoints*NPDE + 3))/2
Mwm = (U(NoPoints * NPDE + 1) + UOId(NoPoints*NPDE + 1))/2
Mum = (U(NoPoints * NPDE + 2) + UOId(NoPoints*NPDE + 2))/2
Tl =rl *U(2)/ WO * (1 - Alpha * Mpm /M0) * Mfm Mw
T2 =12 * Mwm
T3=r3*U(l)/UO0 * (1 - Alpha * Mpm / M0) * Mfin 'Mu
T4 =r4 * Mum

T5 =15 * Pf(1) / PSO * Mfm 'Mp
T6=r6* Mpm

T7=r7*U@4)+UOId(4))/2 /20 * Pf(1) Pz
T8 =18 * (U(5) + UOId(5))/ 2

T9=r9 *U(2)/ WO * Pf(1) 'Pw

T10 = rl0 * U(3)

DEMw = (U(5*NoPoints+1) - UOId(5*NoPoints+1))/DTime  !dMw/dt
DEMu = (U(5*NoPoints+2) - UOId(5*NoPoints+2))/DTime  !dMu/dt
DEMp = (U(5*NoPoints+3) - UOId(5*NoPoints+3))/DTime  !dMp/dt
DEZc = (U(5*NoPoints+4) - UOId(5*NoPoints+4))/DTime  !dZc/dt

DEPw = (U(3) - UOId(3))/DTime 1dPw/dt
DEZ = (U(4) - UOId(4))/DTime 1dz/dt
DEPz = (U(5) - UOId(5))/DTime 1dPz/dt
write(6,*)

write(6,'(4(1pel6.9))',advance='no"') U(1)/U0,U(2)/WO0,

$ Mfm/MO, Pf(1)/PS0O

write(6,*)

write(6,'(4(1pel6.9))',advance='no") U(4)/Z0, DEZ,

$ U(5*NoPoints+4)/Z0, DEZc

write(6,*)

write(6,'(4(1pel6.9)) ,advance='no') Mwn/M0,DEMw, T1, T2
write(6,*)

write(6,'(4(1pel6.9))',advance="no') MunvMO0,DEMu, T3, T4
write(6,*)

write(6,'(4(1pel6.9))',advance='no") MpnvMO,DEMp, T5, T6
write(6,*)

write(6,'(4(1pel6.9))',advance="no") Pz(1)/POS,DEPz, T7, T8
write(6,*)

write(6,'(4(1pel16.9))',advance="no") Pw(1)/POS,DEPw, T9, T10
write(6,*)
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c write output to disk file run*.txt

write(20,'(8(1pe16.8))',advance='no") U(1)/U0,U(2)/WO0,
$ Mfm/MO, Pf(1)/PS0, U(4)/Z0, DEZ,
$ U(5*NoPoints+4)/Z0, DEZc
write(20,'(4(1pel6.8))',advance='no') Mwm/MO0, DEMw, T1, T2
write(20,'(4(1pel6.8)),advance='no') MunVM0, DEMu, T3, T4
write(20,'(4(1pel6.8))',advance='no') Mpm/MO, DEMp, TS5, T6
write(20,'(4(1pel6.8))',advance='no') Pz(1)/P0OS, DEPz, T7, T8
write(20,'(4(1pel 6.8))',advance="no") Pw(1)/P0S, DEPw, T9, T10
write(20,*)
¢ write(6,¥%)
¢ DOj=15
c WRITE(6,*)
c WRITEC(6,*)
c WRITEC(6,'(5(1X, 1pe14.7)))(U((i-1)*NPDE + j),i=1, NoPoints)
¢ ENDDO
¢ doj=35
c write(20,'(1x,1pd18.10)',advance="no")U(j)
¢ enddo
¢ WRITE(6,*)
c WRITE(6,*)' % %k %k %k Pf % %k ok k!
¢ WRITE(6,'(5(1pel4.7))")(Pf(i),i=1, NoPoints)
¢ WRITE(20,'(1X,1pd18.10)")Pf(1)
¢ WRITE(6,*)
¢ WRITE(S,'(5(1X,E14.8))")(U(NoPoints*NPDE + i)/MO0,i=1, 4), Mf /MO
¢ WRITE(6,'(5(1X,E14.8))")(UOId(NoPoints*NPDE + i)/MO0,i=1, 4),
c § MfOId/Mo
¢ WRITE(S,'(5(1X,E14.8))")(((U(NoPoints*NPDE + i) +
¢ $ UOId(NoPoints*NPDE + i))/ (2 * M0)),
c $ i=1,4), Mf+ MfOId)/ (2 * M0)
¢ WRITE(20,'(3(1X,1pd18.10))',advance="no')
¢ $ (U(NoPoints*NPDE + i)/MO0,i=1, 3)
¢ write(20,'(1x,1pd18.10)") Mf/ MO
¢ WRITE(20,'(5(1X,E14.8))")(UOId(NoPoints*NPDE + i)/M0,i=1, 4),
c $ MfOld/Mo
¢ WRITE(20,'(5(1X,E14.8)))(((U(NoPoints*NPDE + i) +
¢ $ UOId(NoPoints*NPDE + i))/ (2 * M0)),
c $ i=1,4), (Mf+MIOld)/ (2 * MO)
If(U(NoPoints*NPDE+4) .GT. 0.0D0) Then
Suspend =1
Else
Suspend =0
End If
RETURN
END

DOUBLE PRECISION FUNCTION WRHS(T)

DOUBLE PRECISION T

DOUBLE PRECISION PS0, M0, W0, U0, Z0, Zc0, PO, POS
COMMON /SCALE/ PS0, M0, W0, U0, Z0, ZC0, PO, POS
WRHS =W0  lprev WO

RETURN

END
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SUBROUTINE StepInTime(Matrix, Row, Col, Y, YOId, N, DX, DT,

$ Time, [FAIL)

IMPLICIT NONE

DOUBLE PRECISION Matrix(*), Y(*), YOLD(*), DX, DT, F(500), Time
INTEGER Row(*), Col(*), N, M, NZ, ierr, i, KOUNT, Kyrlov, IFAIL

If no ALLOCATE statement then uncomment the next 11 lines

INTEGER MaxPoints, MaxM

PARAMETER (MaxPoints = 50)

PARAMETER (MaxM = 2*(50 + MaxPoints*20))

DOUBLE PRECISION alu(2*MaxM), wu(2*(5*MaxPoints+4)),
$  wI(2*(5*MaxPoints+4)), VV(2*(5*MaxPoints+4)*10),

$ , YD(2*(5*MaxPoints+4))

INTEGER jlu(2*MaxM), ju(2*(5*MaxPoints+4)),

$ jr(2*¥(5*MaxPoints+4)), jwu(2*(5*MaxPoints+4))

$ ,jwl(2*(5*MaxPoints+4))

And remove the next 2 lines

DOUBLE PRECISION, DIMENSION(:), ALLOCATABLE ::alu, wu, wl, VV,

$ YD

INTEGER, DIMENSION(:), ALLOCATABLE ::jlu, ju, jr, jwu, jwl
DOUBLE PRECISION PS0, M0, W0, U0, Z0, Zc0, P0, P0OS

COMMON /SCALE/ PS0, M0, W0, U0, Z0, ZCO0, PO, POS

INTEGER ITest, IGOOD, Aitest(20), Suspend, IMax

DOUBLE PRECISION Atest(20)

LOGICAL ILambda, PrecipitationBegun

COMMON /FLAG/ILambda, PrecipitationBegun, ITest, Suspend, IMax
DOUBLE PRECISION TEST, Tol, VecMax

Kyrlov = 15
TOL = 1.0D-09
TEST = 1.0D0

M = 2%(50 + N*20)
WRITE(6,*)' Allocating space M='M

If not using allocate statement remove next 4 lines

ALLOCATE(ALUQ2*M), jlu(2*M), ju(2*(5*N+4)), jr2*(5*N+4)),
$  jwu(2*(5*N+4)),

$  JWIQ2*(S*N+4)), wu(2*(S*N+5)), wI(2*(5*N+4)),

$  VV(2*(5*N+4)*Kyrlov), YD(2*(5*N+4)))

KOUNT =0
DO WHILE((TEST .GT. TOL).AND.(KOUNT.LT.30))
CALL SetUpMatrix(Y, DX, DT, N, M, Matrix, Row, Col, NZ)
CALL CalculateF(Y, YOId, DX, DT, N, M, F, Time, IGOOD)
IF(IGOOD .NE. 0) THEN
WRITE(6,fmt='(i1)',advance='no') IGOOD
WRITE(6,fmt="'(il1)') IGOOD
IFAIL = -1
DEALLOCATE(ALU, jlu, ju, jr, jwu, jwl, wu, wl, VV, YD)
RETURN
END IF
IF(KOUNT.EQ.1) THEN
CALL pltmtps (5*N+4,5*N+4,0,Col,Row,",",",0 , 66)
CALL PrintMatrix(Matrix, Row, Col, NZ, 5*N+4)
END IF
WRITE (6,*)"*** F ***' (F(i),i=1,5%*N+4)
CALL ilut(5*N+4, Matrix, Col, Row, 20, 1.0D-5, alu,
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jlu, ju, 2*M, wu, wi, jr, jwl, jwu, ierr)
IF(ierr .ne.0) THEN
write(6,*)' ilutierr =" ierr
IF(ierr .GT. 0) THEN
WRITEC(6,'(10i4)")(Col(i),i=Row(ierr),Row(ierr+1)-1)
WRITE(6,'(6G12.4)")(Matrix(i),i=Row(ierr),Row(ierr+1)-1)
ENDIF
IFAIL = -1
RETURN
ENDIF
YD = 0.0D0
CALL pgmres(5*N+4, Kyrlov, F, YD, VV, 1.D-6, 100, -1, Matrix,
Col, Row, alu, jlu, ju, ierr)
IF(ierr .ne.0) THEN
write(6,*)' pgmres ierr =',ierr
[F(ierr .GT. 0) THEN
WRITE(6,'(10i4)")(Col(i),i=Row(i),Row(i+1)-1)
WRITE(6,'(6G12.4)")(Matrix(i),i=Row(i),Row(i+1)-1)
END IF
IFAIL = -1
END IF
TEST = VecMax(YD,Y,5*N+4)
DOi=1, 5*N+4
Y(i)=Y()- YD)
END DO
Kount = Kount + 1

Aitest(Kount) = itest
Atest(Kount) = test
WRITE(6,'(a,2i4,4d12.4)")TEST =',Kount,itest, TEST, Y (5*N+3),

$
END

MO, TOL
DO

[F(KOUNT.GE.29) THEN

IFAIL = -1

DOi=1,10

WRITE(6,'(i4,e13.6))Aitest(i), Atest(i), Tol

END DO

WRITE(6,*)" ***** Analytic Jacobian ******'

CALL PrintMatrix(Matrix, Row, Col, NZ, N*5+4)
CALL CalculateJ(Y, YOId, DX, DT, N, 5*N+4, F, Time,

Matrix, Row, Col, NZ)

WRITE(6,*)' ***** Numerical Jacobian ******'

CALL PrintMatrix(Matrix, Row, Col, NZ, 5*N+4)

WRITE(6,'(a,2i4,3d12.4)")TEST =',Kount,itest, TEST, Y (5*N+3),M0
ELSE

END

IFAIL = KOUNT
IF

Remove following statement if not using allocate

DEALLOCATE(ALU, jlu, ju, jr, jwu, jwl, wu, wl,VV, YD)
RETURN

END

(o]

SPARSKIT c

(]

ITERATIVE SOLVERS MODULE ¢
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c pgmres : preconditioned GMRES solver ¢
cilut :incomplete LU factorization with dual truncation strategy c
cilu0 :simple ILU(0) preconditioning c

¢ milu0 : MILU(0) preconditioning c

cope : routine for matrix-by-vector product c

¢ lusol0 : forward followed by backward triangular solve (Precond.) c
c bsort2 : bubble sort routine used by ilut. c

c c

¢ Note: all preconditioners are preprocessors to pgmres. c

c usage: call preconditioner then call pgmres. 2

c c

c ¢

subroutine pgmres (n, im, rhs, sol, vv, eps, makxits, iout,

¥ aa, ja, ia, alu, jlu, ju, ierr)
c
implicit real*8 (a-h,0-z)
integer n, im, maxits, iout, ierr, ja(*), ia(n+1), jlu(*), ju(n)
real*8 vv(n,*), rhs(n), sol(n), aa(*), alu(*), eps
C *
(S *
c *** [LUT - Preconditioned GMRES *** g
c *
'] *

¢ This is a simple version of the ILUT preconditioned GMRES algorithm. *
¢ The ILUT preconditioner uses a dual strategy for dropping elements *
cinstead of the usual level of-fill-in approach. See details in ILUT *

¢ subroutine documentation. PGMRES uses the L and U matrices generated *
¢ from the subroutine ILUT to precondition the GMRES algorittun. o

¢ The preconditioning is applied to the right. The stopping criterion *

c utilized is based simply on reducing the residual norin by epsilon. *

¢ This preconditioning is more reliable than ilu0 but requires more *

c storage. It seems to be much less prone to difficulties related to *

¢ strong nonsymimetries in the matrix. We recommend using a nonzero tol *
¢ (tol=.005 or .001 usually give good results) in ILUT. Use a large *

c Ifil whenever possible (e.g. Ifil = 5 to 10). The higher Ifil the *

¢ more reliable the code is. Efficiency may also be much improved. *

¢ Note that Ifil=n and tol=0.0 in ILUT will yield the same factors as *

¢ Gaussian elimination without pivoting, e

(o *

¢ ILU(0) and MILU(0) are also provided for comparison purposes *

¢ USAGE: first call ILUT or ILUO or MILUO to set up preconditioner and *

c then call pgmres. *

c *

¢ Coded by Y. Saad - This version dated May, 7, 1990. "‘
c *

C parameters =

C=.-====o *

c on entry: *

c========== *

c *

cn == integer. The dimension of the matrix. %
cim == size of krylov subspace: should not exceed 50 in this  *
c version (can be reset by changing parameter command for  *
c kmax below) .

crhs == real vector of length n containing the right hand side. *

c Destroyed on return. "‘



1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079
1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099
1100
1101
1102

171

csol ==realvector of length n containing an initial guess to the *

(5 solution on input. approximate solution on output L
ceps == tolerance for stopping criterion. process is stopped *

c as soon as ( ||.|| is the euclidean norm): L

(5 || current residual||/]|initial residual|| <= eps .

¢ maxits== maximum number of iterations allowed *

¢ iout == output unit number number for printing interinediate results *
c if (iout .le. 0) nothing is printed out. i

c *

c aa, ja, . i

cia == the input matrix in compressed sparse row formnat: 4

(o aa(l:nnz) = nonzero elements of A stored row-wise in order *
c ja(l:nnz) = corresponding column indices. .

€ ia(l:n+1) = pointer to beginning of each row in aa and ja. *

c here nnz = number of nonzero elements in A = ia(n+1)-ia(1) *
c *

¢ alujlu== A matrix stored in Modified Sparse Row forinat containing *
c the L and U factors, as computed by subroutine ilut. *

c *

cju == integer array of length n containing the pointers to %

c the beginning of each row of U in alu, jlu as computed *

c by subroutine ILUT. o

C *

c on return; &

C========== *

¢ sol == contains an approximate solution (upon successful return). *
c ierr == integer. Error message with the following meaning. L
c ierr = 0 --> successful return, *

(5 ierr = 1 --> convergence not achieved in itmax iterations. *

c ierr =-1 --> the initial guess seems to be the exact b

c solution (initial residual computed was zero) *

C *

c *

(o] *

¢ work arrays: .

c *

cvv == work array of length n x (im+1) (used to store the Arnoli *
c basis) *

C *

¢ subroutines called : *

cope : matrix by vector multiplication delivers y=ax, given x  *
¢ lusol0 : combined forward and backward solves (Preconditioning ope.) *
¢ BLAS2 routines. b
C *
parameter (kmax=50)
real*8 hh(kmax+1,kmax), c(kmax), s(kmax), rs(kmax+1),t

c
c arnoldi size should not exceed kmax=50 in this version..
¢ to reset modify paramter kmax accordingly.

c
data epsmac/1.d-16/
nl=n+1
its=0
c
c outer loop starts here..
Commmmmmenenns compute initial residual vector ---=-=-=-=----
call ope (n, sol, vv, aa, ja, ia)
do21j=Il,n

vv(j, 1) = rhs(j) - v(j,1)
21 continue
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ro = sqrt( ddot(n, vv, 1, vv, 1))
if (iout .gt. 0 .and. its .eq. 0)

*  write(iout, 199) its, ro

if (ro .eq. 0.0d0) goto 999
t=1.0d0/ ro
do210j=1, n

w(j,I) = w(j,1)*t

210 continue

if (its .eq. 0) epsl=eps*ro

c **initialize 1-st term of rhs of hessenberg system..
rs(l)=ro
i=0
4 i=it+l
its=its+ 1
il=i+1
call lusolO (n, vv(l,i), rhs, aluy, jlu, ju)
call ope (n, rhs, vv(l,il), aa, ja, ia)
c
¢ modified gram - schmidt...
c
do 55 j=1,1i
t = ddot(n, vv(l),1,vv(l,il),1)
hh(,i) =t
call daxpy(n, -t, vv(l,j), 1, vv(l,il), 1)
55 continue
t = sqrt(ddot(n, vv(l,il), 1, vw(L,il), 1))
hh(il,i) =t
if (t.eq. 0.0d0) goto 58
t=1.0d0/t
do57 k=1,n
vv(k,il) = vv(k,il)*t
57 continue
c
¢ done with modified gram schimd and arnoldi step..
¢ now update factorization of hh
c
58 if (i .eq. 1) goto 121
I perform previous transforinations on i-th column of h
do 66 k=2,i
kl =k-1
t = hh(kl,i)
hh(k1,i) = c(kI)*t + s(k1)*hh(k,i)
hh(k,i) = -s(k1)*t + c(k1)*hh(k,i)
66 continue
121 gam = sqrt(hh(i,i)**2 + hh(il,i)**2)
c
¢ if gamma is zero then any small value will do...
¢ will affect only residual estimate
c
if (gam .eq. 0.0d0) gam = epsmac
c
c get next plane rotation
c
c(i) = hh(i,i)/gam
s(i) = hh(il,i)/gam
rs(il) = -s(i)*rs(i)
rs(i) = c(i)*rs(i)
c
¢ determine residual norm and test for convergence-
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hh(i,i) = c(i)*hh(i,i) + s(i)*hh(il,i)
ro = abs(rs(il))

c 131 format(lh,h2el4.4)

40

30

15

16

16
c
c
c

17

24

25

if (iout .gt. 0)
*  write(iout, 199) its, ro
if (i .1t. im .and. (ro .gt. epsl)) goto 4

now compute solution. first solve upper triangular system.

rs(i) = rs(i)/hh(i,i)
do 30 ii=2,i
k=i-ii+1
kl = k+1
t=rs(k)
do 40 j=k1,i
t = t-hh(k,j)*rs(j)
continue
rs(k) = t/hh(k,k)
continue

forin linear combination of v(*,i)'s to get solution

t=rs(l)
do15k=1,n
rhs(k) = vv(k,1)*t
continue
do 16 j=2, i
t = rs(j)
do 161 k=1, n
rhs(k) = rhs(k)+t*vv(k,j)
1  continue
continue

call preconditioner.

call lusolO (n, rhs, rhs, alu, jlu, ju)
do17k=I,n
sol(k) = sol(k) + rhs(k)
continue

restart outer loop when necessary

if (ro .le. epsl) goto 990
if (its .gt. maxits) goto 991

else compute residual vector and continue..

do 24 j=1,i
pJ=il-+l
rs(jj-1) = -s(jj-1)*rs(jj)
rs(ij) = c(ij-1)*rs(@j)
continue
do 25 j=1,il
t = rs(j)
if j .eq. 1) t=1t-1.0d0
call daxpy (n, t, vw(lj), 1, wvv, 1)
continue

199 format(' its=', i4, "' res. norin =', d20.6)

C

restart outer loop.
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goto 20
990 ierr=0

return
991 ierr=1

return
999 continue

ierr= -1

return
Commmmmeommmeeeeee end of pgmres
c

end
¢

subroutine ilut (n,a,ja,ia,lfil,tol,alu,jluju,iwk,

& wu,wljrjwljwu,ierr)

c

implicit real*8 (a-h,0-z)

real*8 a(*), alu(*), wu(*), wl(*), tol

integer ja(*).ia(*) jlu(*)ju(*)jr(*), iwu(®),

* jwl(®), n, Ifil, iwk, ierr

c *
c *** JLUT preconditioner *** *
c *
¢ incomplete LU factorization with dual truncation mechanism  *
¢ VERSION 2 : sorting done for both L and U. *
c *
c *
c---- coded by Youcef Saad May, 5, 1990. *
c---- Dual drop-off strategy works as follows. ¥
c *
¢ 1) Theresholding in L and U as set by tol. Any element whose size*
c is less than some tolerance (relative to the norm of current *
c row in u) is dropped. &
c *
¢ 2) Keeping only the largest lenlO+lfil elements in L and the  *
c largest lenuO+Ifil elements in U, where lenlO=initial number *
c of nonzero elements in a given row of lower part of A e
c and lenluO is simnilarly defined. %
G *

¢ Flexibility: one can use tol=0 to get a strategy based on keeping the*
¢ largest elements in each row of L and U. Taking tol .ne. 0 but Ifil=n*
¢ will give the usual threshold strategy (however, fill-in is then  *

c impredictible). &

¢ *

C *

¢ PARAMETERS

cn  =integer. The dimension of the matrix A.

c a,ja,ia = matrix stored in Compressed Sparse Row format.

c

clfil = integer. The fill-in parameter. Each row of L and

c each row of U will have a maximum of Ifil elements

c in addition to the original number of nonzero elements.
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(S Thus storage can be determined beforehand.

c 1fil must be .ge. 0.

C

ciwk = integer. The minimum length of arrays alu and jlu
c

¢ On return:

C===========

alujlu = matrix stored in Modified Sparse Row (MSR) format containing
the L and U factors together. The diagonal (stored in
alu(l:n)) is inverted. Each i-th row of the alu,jlu matrix
contains the i-th row of L (excluding the diagonal entry=1)
followed by the i-th row of U.

= integer array of length n containing the pointers to
the beginning of each row of U in the matrix alu,jlu.

—.
=

ierr = integer. Error message with the following meaning.
ierr =0 -->successful return.
ierr .gt. 0 --> zero pivot encountered at step number ierr.
ierr = -1 --> Error. input matrix may be wrong,.
(The elimination process has generated a
row in L or U whose length is .gt. n.)
ierr = -2 --> The matrix L overflows the array al.
ierr = -3 --> The matrix U overflows the array alu.
ierr = -4 --> Illegal value for Ifil.
ierr = -5 --> zero pivot encountered.

OO0 0 0000000000000 O0OO0O0O0OO0

¢ work arrays:

e -

cjrgwujwl = integer work arrays of length n.

¢ wu, wl = real work arrays of length n+1, and n resp.

¢ A must have all nonzero diagonal elements.
c

if (Ifil .1t. 0) goto 998
c
c initialize juO (points to next element to be added to alu,jlu)
¢ and pointer.

c
ju0 =n+2
Jlu(l) = juo
c
¢ integer double pointer array.
c
dolj=1,n
jrG) =0
1 continue
c
¢ beginning of main loop.
c
do500ii=1,n
j1 =1ia(ii)
j2 =ia(ii+l) - 1
lenu=0
lenl=0

tnorin = 0.0d0
do 501 k=j1,j2
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tnorm = tnorm+abs(a(k))
501 continue
tnorm = tnorm/real(j2-j1+1)

c

c--- unpack L-part and U-part of row of A in arrays wl, wu --

c

do 170 j=jl,j2
k = ja(j)
t=a()

c if (abs(t) .1t. tol*tnorm) goto 170
if (abs(t) .1t. tol*tnorm .and. k .ne. ii) goto 170
if (k .It. ii) then

lenl = lenl+1
jwl(lenl) = k
wl(lenl) =t
jr(k) = lenl
else
lenu = lenu+1
Jjwu(lenu) =k
wu(lenu) =t
jr(k) = lenu
endif
170 continue
(5 tnorm = 0.0d0
¢ dol71k=jl 2

c tnorm = tnorm + abs(a(k))
c 171 continue
c
c tnorm = tnorm/real(j2-j 1+1)
lenl0 = lenl
lenu0 = lenu
Jj=0
nl=0
c
¢ eliminate previous rows --------------------
c
150 jj=jj+l

if (jj .gt. lenl) goto 160
c
c inorder to do the elimination in the correct order we need to
c exchange the current row number with the one that has
¢ smallest column number, among jj.jj+1,...,lenl.
c

jrow = jwl(jj)

k=j
c
¢ determine smallest column index
¢
do 151 j=jj+1,lenl
if (jwl(j) .1t. jrow) then
jrow = jwl(j)
k=]
endif
151 continue
c
c exchange in jwl
c
J=Jjwi(@)

jwi(j) = jrow
Jwlk) =
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1399 ¢

1400 ¢ exchange injr

1401 c

1402 jr(jrow) = jj

1403 )=k

1404 ¢

1405 ¢ exchange in wi

1406 ¢

1407 = wi(k)

1408 wi(k) = wi(j))

1409 wl(j) =s

1410 ¢

1411 if (jrow .ge. ii) goto 160

1412 C---m---- get the multiplier for row to be eliminated: jrow
1413 fact = wi(jj)*alu(jrow)

1414 jr(row) =0

1415 if (abs(fact)*wu(n+2-jrow) .le. tol*tnorm) goto 150
1416 ¢

1417 Ce-eeooeee- combine current row and row jrow ------=-=-==-=c-ze-oz
1418 ¢

1419 do 203 k = ju(jrow), jlu(jrow+1)-1
1420 s = fact*alu(k)

1421 j = jlu(k)

1422 Jjpos=jr(j)

1423 (c

1424 c if fill-in element and small disregard:
1425 ¢

1426 if (abs(s) .1t. tol*tnorm .and. jpos .eq. 0) goto 203
1427 if (j .ge. ii) then

1428 [

1429 ¢ dealing with upper part.

1430 C

1431 if (jpos .eq. 0) then

1432 ¢ thisis a fill-in element

1433 lenu = lenu+1

1434 if (lenu .gt. n) goto 995
1435 jwu(lenu) =]

1436 jr(j) = lenu

1437 wu(lenu) = -s

1438 else

1439 ¢ no fill-in element --

1440 wu(jpos) = wu(jpos) - s
1441 endif

1442 else

1443 c

1444 ¢ dealing with lower part.

1445 (5

1446 if jpos .eq. 0) then

1447 ¢ thisis a fill-in element

1448 lenl = lenl+l

1449 if (lenl .gt. n) goto 995
1450 jwl(lenl)=j

1451 jr(Q) = lenl

1452 wl(lenl) =-s

1453 else

1454 ¢ no fill-in element --

1455 wl(jpos) = wl(jpos) - s
1456 endif

1457 endif

1458 203 continue
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nl = nl+l
wl(nl) = fact
jwi(nl) = jrow

goto 150
c
[N, update I-matrix
&

160 len = minO(nl,lenlO+1fil)
call bsort2 (wl jwl,nl,len)

c
do 204 k=1, len
if (juO .gt. iwk) goto 996
alu(ju0) = wl(k)
Jlu(juo) = jwli(k)
ju0 = juO+l
204 continue
c

¢ save pointer to beginning of row ii of U
€

Jju(ii) = ju0
c
c¢ reset double-pointer jr to zero (L-part - except first
c jj-1 elements which have already been reset)
[

do 306 k= jj, lenl

Jriwik)) =0

306 continue
c
c
c be sure that the diagonal element is first in w, jw
c

idiag=0

idiag = jr(ii)

if (idiag .eq. 0) goto 900

[
if (idiag .ne. 1) then
s =wu(l)
wu(j) = wu(idiag)
wu(idiag) = s
c
J=jwu(l)
jwu(l) = jwu(idiag)
Jwu(idiag) =j
c
endif
c
len = minO(lenu,lenu0-+Ifil)
call bsort2 (wu(2), jwu(2), lenu-1,len)
c
C-m-mmoemeee update u-matrix
c

t=0.0d0
do 302 k=2, len
if (JuO .gt. iwk) goto 997
Jlu(juo) = jwu(k)
alu(ju0) = wu(k)
t = t+ abs(wu(k) )
ju0 = ju0+1
302 continue
3
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¢ save norm in wu (backwards). Norm is in fact average abs value
wu(n+2-ii) = t / real(len+1)

¢ store inverse of diagonal element of u

c
if (wu(l) .eq. 0.0) goto 999
c
alu(ii) = 1.0d0/ wu(l)
c
¢ update pointer to beginning of next row of U.
c
Jlu(ii+1) = juo
c
¢ reset double-pointer jr to zero (U-part)
c

do308 k=1, lenu
jrGwu(k)) =0
308 continue

c

¢ end main loop

¢

500 continue
ierr=0
return

c

C  zero pivot :

c

900 ierr =ii
return

c

¢ incomprehensible error. Matrix must be wrong,
c

995 ierr=-1
return
c
¢ insufficient storage in L.
c
996 ierr = -2
return
c
¢ insufficient storage in U.
c
997 ierr=-3
return
¢
c illegal Ifil entered.
[
998 ierr = -4
return
c
¢ zero pivot encountered
c
999 ierr =-5
return
(o end of ilut
c
end
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subroutine ilu0 (n, a, ja, ia, alu, jlu, ju, iw, ierr)
implicit real*8 (a-h,0-z)

real*8 a(*), alu(*)

integer ja(*), ia(*), ju(*), jlu(*), iw(*)

Coommmmmmmeeonaean right preconditioner *
(o *** ilu(0) preconditioner. *** *
C *

¢ Note that this has been coded in such a way that it can be used

¢ with pgmres. Normally, since the data structure of a, ja, ia is

c the same as that of a, ja, ia, savings can be made. In fact with

¢ some definitions (not correct for general sparse matrices) all we
c need in addition to a, ja, ia is an additional diagonal.

¢ Ilu0 is not recommended for serious problems. It is only provided
¢ here for comparison purposes.

c

c

con entry:

C ---------

cn = dimension of matrix

ca,ja,

cia = original matrix in compressed sparse row storage.

c

c on return;

C ___________

¢ alu,jlu = matrix stored in Modified Sparse Row (MSR) format containing
€ the L and U factors together. The diagonal (stored in

c alu(l:n) ) is inverted. Each i-th row of the alu,jlu matrix
¢ contains the i-th row of L (excluding the diagonal entry=1)
€ followed by the i-th row of U.

c

cju = pointer to the diagonal elements in alu, jlu.

c

c ierr = integer indicating error code on return

e ierr = 0 --> normal return

[ ierr = k --> code encountered a zero pivot at step k.

c work arrays:

Cm==ececccccaa

ciw = integer work array of length n.

C ............

¢ IMPORTANT

C -----------

c it is assumed that the the elements in the input matrix are stored
¢ in such a way that in each row the lower part comes first and

¢ then the upper part. To get the correct ILU factorization, it is
¢ also necessary to have the elements of L sorted by increasing
¢ column number. It may therefore be necessary to sort the
¢ elements of a, ja, ia prior to calling ilu0. This can be
¢ achieved by transposing the matrix twice using csrcsc.
c
c

ju0 = n+2

Jlu(l) =juo
¢
c initialize work vector to zero's
c

do3li=1,n

iw@i)=0

31 continue
€

¢ main loop
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1638 ¢

1639 do500ii=1,n

1640 js=ju0

1641 c

1642 c generating row number ii of L and U.
1643 c

1644 do 100 j=ia(ii),ia(ii+1)-1
1645 ¢

1646 ¢ copy row ii of a, ja, ia into row ii of alu, jlu (L/U) matrix.
1647 ¢

1648 jeol = ja(j)

1649 if (jeol .eq. ii) then

1650 alu(ii) = a(j)

1651 iw(jcol) = ii

1652 ju(ii) = juo

1653 else

1654 alu(ju0) = a(j)

1655 Jlu(ju0) = ja(j)

1656 iw(jcol) = juO

1657 Jju0 = ju0+1

1658 endif

1659 100 continue

1660 jlu(ii+1) = ju0

1661 jf = juo-1

1662 jm = ju(ii)-1

1663 c

1664  c exit if diagonal element is reached.
1665 ¢

1666 do 150 j=js, jm

1667 jrow = jlu(j)

1668 tl = alu(j)*alu(jrow)

1669 alu(j)=tl

1670 (5

1671 ¢ perform linear combination

1672 ¢

1673 do 140 jj = ju(jrow), jlu(jrow+1)-1
1674 Jjw = iw(jlu(yy))

1675 if (jw .ne. 0) alu(jw) = alu(jw) - tI*alu(jj)

1676 140 continue
1677 150 continue

1678 G

1679 ¢ invert and store diagonal element.
1680 c

1681 if (alu(ii) .eq. 0.0d0) goto 600
1682 alu(ii) = 1.0d0/alu(ii)

1683 €

1684 c reset pointer iw to zero

1685 c

1686 iw(ii) =0

1687 doi=js, jf

1688 iw(jlu(i))y=0

1689 end do

1690 500 continue

1691 ierr=0

1692 return

1693 [

1694 C zero pivot :

1695 (5

1696 600 ierr = ii
1697 c
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return
C------ end of ilu0
c
end
c
subroutine milu0 (n, a, ja, ia, aluy, jlu, ju, iw, ierr)
implicit real*8 (a-h,0-z)
real*8 a(*), alu(*)
integer ja(*), ia(*), ju(*), jlu(*), iw(*)
c *
[ *** simple milu(0) preconditioner. *** %
c *

¢ Note that this has been coded in such a way that it can be used

¢ with pgmres. Normally, since the data structure of a, ja, ia is

c the same as that of a, ja, ia, savings can be made. In fact with

c some definitions (not correct for general sparse matrices) all we
c need in addition to a, ja, ia is an additional diagonal.

c Ilu0 is not recommended for serious problems. It is only provided
¢ here for comparison purposes.

c

c

c on entry:

c ----------

cn = dimension of matrix

ca,ja,

cia = original matrix in compressed sparse row storage.

c

c on return:

C ----------

¢ alujlu = matrix stored in Modified Sparse Row (MSR) format containing
c the L and U factors together. The diagonal (stored in

¢ alu(l:n) ) is inverted. Each i-th row of the alu,jlu matrix
c contains the i-th row of L (excluding the diagonal entry=1)
c followed by the i-th row of U.

c

cju = pointer to the diagonal elements in alu, jlu.

€

cierr = integer indicating error code on return

c ierr = 0 --> normal return

c ierr = k --> code encountered a zero pivot at step k.

¢ work arrays:

c .............

ciw = integer work array of length n.

c ------------

¢ Note (IMPORTANT):

C -----------

C it is assumed that the the elements in the input matrix are ordered
¢ in such a way that in each row the lower part comes first and
then the upper part. To get the correct ILU factorization, it is
also necessary to have the elements of L ordered by increasing
column number. It may therefore be necessary to sort the
elements of a, ja, ia prior to calling milu0. This can be

achieved by transposing the matrix twice using csrcsc.

O o0 o0 o0 o0

ju0 = n+2
jlu(l) = juo
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1760
1761
1762
1763
1764
1765
1766
1767
1768
1769
1770
1771
1772
1773
1774
1775
1776
1777
1778
1779
1780
1781
1782
1783
1784
1785
1786
1787
1788
1789
1790
1791
1792
1793
1794
1795
1796
1797
1798
1799
1800
1801
1802
1803
1804
1805
1806
1807
1808
1809
1810
1811
1812
1813

c initialize work vector to zero's

do i=l,n
iw(i)=0
end do
c
L MAIN LOOP
c
do500ii=1,n
js =ju0
€
c generating row number ii or L and U.
c
do 100 j=ia(ii),ia(ii+1)-1
c

c copy row ii of a, ja, ia into row ii of alu, jlu (L/U) matrix.

€
Jeol = ja(j)
if (jeol .eq. ii) then
alu(ii) = a(j)
iw(jcol) = ii
ju(ii) =ju0
else
alu(ju0) = a(j)
Jlu@uo) = ja(j)
iw(jcol) = ju0
ju0 = ju0+1
endif
100 continue
Jjlu(ii+1) = juo
jf=juo-1
Jm = ju(ii)-1
¢ s accumulates fill-in values
s =0.0d0
do 150 j=js, jm
jrow = jlu(j)
tl = alu(j)*alu(jrow)
alu(j) =tl
c perform linear combination --------
do 140 jj = ju(jrow), jlu(jrow+1)-1
Jw=iw(lu(@))
if (jw .ne. 0) then
alu(jw) = alu(jw) - tI*alu(yj)

else
s =s + tI*alu(j))
endif
140 continue
150 continue
(o invert and store diagonal element.

alu(ii) = alu(ii)-s
if (alu(ii) .eq. 0.0d0) goto 600
alu(ii) = 1.0d0/alu(ii)
c resct pointer iw to zero
iw(ii) =0
doi=js, jf
iw(jlu(i)) =0
end do
500 continue
ierr=0
return
Cc  zero pivot :
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1850
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1853
1854
1855
1856
1857
1858
1859
1860
1861
1862
1863
1864

600 ierr = ii
return
C------- end of milu0
c
end
c

subroutine ope (n, X, y, a, ja, ia)

real*8 x(n), y(n), a(*)

integer n, k1, k2, ja(*), ia(n+1)
c

c sparse matrix * vector multiplication
c

do 100 i=1,n
k1 = ia(i)
k2 =ia(i+l) -1
y(i) = 0.0d0
do k=kl, k2
y(@i) = y(i) + a(k) * x(ja(k))
end do
100 continue
return
L et end of ope
c
end
c
subroutine lusolO (n, y, X, alu, jlu, ju)
real*8 x(n), y(n), alu(*)
integer n, jlu(*), ju(*)
c
c

c performs a forward followed by a backward solve

¢ for LU matrix as produced by ILUT
c

c
c local variables
c
integer i,k
c
c forward solve
c
dod40i=1n
x(1) = y(i)

do 41 k=jlu(i),ju(i)-1
x(i) = x(i) - alu(k)* x(jlu(k))
41 continue
40 continue

¢ backward solve.
c
do90i=n,I, -1
do 91 k=ju(i),jlu(i+1)-1

184



185

1865 x(i) = x(i) - alu(k)*x(lu(k))
1866 91 continue

1867 x(i) = alu(i)*x(i)

1868 90 continue

1869 c

1870 return

1871 Commmemmmmoem s end of lusol0

1872 c

1873 end

1874 c

1875 subroutine bsort2 (w, ind, n, ncut)
1876 integer n, ncut, ind(*)

1877 real*8 w(*)

1878 G

1879 ¢ simple bubble sort for getting the ncut largest

1880 c elements in modulus, in array w. ind is sorted accordingly.
1881 ¢ (Ought to be replaced by a more efficient sort especially
1882 c if ncut is not that small).

1883 (¢

1884 ¢ local variables

1885 logical test

1886 integer i, j, iswp

1887 real*8 wswp

1888 c

1889 i=1

1890 1 test = false.

1891 do2j=n-l,i,-1

1892 if (abs(w(j+1)) .gt. abs(w(j)) ) then
1893 c---- swap

1894 wswp = w(j)

1895 w(j) = w(j+1)

1896 w(j+1) = wswp

1897 c---- reorder original ind array accordingly --------
1898 iswp = ind(j)

1899 ind(j) = ind(j+1)

1900 ind(j+1) = iswp

1901 c---- set indicator that sequence is still unsorted--
1902 test = .true.

1903 endif

1904 2 continue

1905 i=i+1l

1906 if (test .and. i .le. ncut) goto 1

1907 c

1908 return

1909 Commmmmmmmmmmenas end of bsort2

1910 c

1911 end

1912 subroutine daxpy(n,t,x,indx,y,indy)
1913 real*8 x(*), y(*), t

1914 G

1915 c does the following operation
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cy<---y+t*x, (replace by the blas routine daxpy )
¢ indx and indy are supposed to be one here
c

do1 k=1,n

y(k) = y(k) + x(k)*t
1 continue

return
o end of daxpy

end

function ddot(n,x,ix,y,iy)

real*8 ddot, x(*), y(*), t
c
¢ computes the inner product t=(x,y) -- replace by blas routine..
c

t=0.0d0

do 10j=1,n

t=t+x()*y()
10  continue
ddot=t
return
C******* endOfddOt 3k 3k 2 o 3 3 2k ok ok 3k ok 3k 3k ok ok ok dk ok ok A 3k ok 3k ok 3k ok dk ok 3k ok ok 3k dk ok ok Ak ok e ok ok ok k

end

DOUBLE PRECISION FUNCTION VecMax(YD,Y,N)
DOUBLE PRECISION YD(N), Y(N), TEST
INTEGER N, IMakx, ITest, Suspend
LOGICAL ILambda, PrecipitationBegun
COMMON /FLAG/ILambda, PrecipitationBegun, ITest, Suspend, IMax
VecMax = 0.0D0
DOi=1 N
TEST = ABS(YD(I) / MAX(1.D-6, ABS(Y(I))))
IF(VecMax .LT. TEST) THEN
VecMax = TEST
IMax =i
END IF
END DO
RETURN
END

subroutine pltmtps (nrow,ncol,mode,ja,ia,title key,type,

1 job, iounit)
c
c this subroutine creates a 'PS' file for plotting the pattern of
c a sparse matrix stored in general sparse format. It can be used
c for inserting matrix plots in a text. The size of the plot can be
c7inx7inor S in x Sin ..
c
¢ Adapted from pltmt in module INOUT by Paul Frederickson. March, 1990
c + slight modifications by Y. Saad.
c
c nrow = number of rows in matrix
c
cncol = number of columns in matrix
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c

cmode = integer indicating whether the matrix is stored

(5 row-wise (mode = 0) or column-wise (mode=1)

c

cja = column indices of nonzero elements when matrix is
c stored rowise. Row indices if stores column-wise.
cia = integer array of containing the pointers to the

c beginning of the columns in arrays a, ja.

(S

c title = character*72 = title of matrix test ( character a*72 ).

ckey =character*8 = key of matrix

ctype = character*3 = type of matrix.

c

cjob = integer. tells pltmt whether or not to reduce the plot.
if enabled then the standard size of 7in will be
replaced by a 5in plot.

job = 0 : do not reduce

job=1: reduce plot to 5 inches.

iounit = logical unit number where to write the matrix into.

notes: 1) Plots square as well as rectangular matrices.
2) Does not writer a caption yet.
3) No bounding box put in yet

O 00000000000

integer ja(*), ia(*)
character key*8,title*72,type*3
real delta

n = ncol
if (mode .eq. 0) n = nrow
nnz = ia(n+1) - ia(l)
maxdim = max0 (nrow, ncol)
m = 1 + maxdim
c keep this test as in old pltmt (for future changes).
if (mod(job,10) .eq. 1) then
delta = 72*5.0/(2.0+maxdim)
else
delta = 72*7.0/(2.0+maxdim)
endif

write(iounit,'(A)")'%!PS-Aodbe'
write(iounit,'(A)'")' gsave 50 -500 translate'
write(iounit, *) delta, delta, ' scale'
write(iounit,*) ' 0.25 setlinewidth'

if (mod(job, 10) .cq. 1) then

write (iounit,*) ' 23 55 translate'
else

write (iounit,*) ' 2 35 translate'
endif

write(iounit,*) ' newpath'
write(iounit, *) 0,0,' moveto'
write(iounit,*) m,0,' lineto'
write(iounit,*) m,m,' lineto'
write(iounit,*) 0,m,’ lineto'
write(iounit,*) ' closepath stroke'
write(iounit,*) ' 1 1 translate’
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write(iounit,*) ' 0.5 setlinewidth'
write(iounit,*) ' /p {moveto 0 -.25 rmoveto '

write(iounit, *) ' 0 .50 rlineto stroke} def'
c
Commmmmmeee plotting loop
c
dolii=l, n
istart = ia(ii)
ilast =ia(ii+1)-1
if (mode .ne. 0) then
do 2 k=istart, ilast
write(iounit, *) ii-1, nrow-ja(k), ' p'
2 continue
else
(& y = xnrow - real(ii)
do 3 k=istart, ilast
c x = real(ja(k)-1)
write(iounit,*) ja(k)-1, nrow-ii, ' p'
3 continue
endif
1  continue
¢
c
write(iounit,*)' showpage grestore'
return
c

¢ quit if caption not desired.
G if ( (job/10) .ne. 1) return
c
c write(iounit,127) key, type, title
c write(iounit,130) nrow,ncol,nnz
c 127 format('sp 4'/'.11 7'/ .ps 12'/'.po 0.7i'/".ce 3'/,
¢ * 'Matrix: ',a8,", Type: 'a3,/,a7l)
130 format('Dimension; ',i4,' x ',i4,' Nonzero elements: ',i5)
c return
Commommmmme e end of pltmt

SUBROUTINE PrintMatrix(Matrix, Row, Col, NZ, N)

DOUBLE PRECISION Matrix(NZ)

INTEGER Row(*), Col(*)

INTEGER ], J

WRITE(6,'(2013)")(Row(i),i = 1,N+1)

WRITEC(6,'(2013)")(Col(i),i = 1,NZ)

DOI=1,N
WRITE(6,'(10(2X,14,6X))")(Col(J),J=Row(I),Row(I+1)-1),Row(i)
WRITE(6,'(10G12.4)")(Matrix(J),J=Row(l),Row(I+1)-1)

END DO

RETURN

END
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SUBROUTINE CalculateJ(Y, YOId, DX, DT, N, M, F, Time,
$ Matrix, Row, Col, NZ)
INTEGER N, M, ROW(*), COL(*), IGOOD
DOUBLE PRECISION Y(M), YOLD(M), FM), DX, DT, Time
DOUBLE PRECISION Temp(M), FTemp(M), DFjDxi, Matrix(*)
CALL CalculateF(Y, YOId, DX, DT, N, M, F, Time, IGOOD)
NZ=0
DOj=1,M
ROW()=NZ+1
DOi=1, M
Temp=Y
Temp(i) = Y(i) + 1.D-8
CALL CalculateF(Temp, YOId, DX, DT, N, M, FTemp,Time,IGOOD)
DFjDxi = (FTemp(j) - F(j)) / 1.D-8
IF(DFjDxi .NE. 0.0D0) THEN
Matrix(NZ+1) = DF;jDxi
COL(NZ+1)=1i
NZ=NZ+1
END IF
END DO
END DO
RETURN
END
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