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Abstract

This thesis contains research contributions to two areas of geometric integration, one
concerning ordinary differential equations (ODEs) and one concerning partial differen-
tial equations (PDEs).

The ODE contribution is a symplectic integrator for variational nonholonomic equa-
tions, also known as vakanomic equations. These systems include the Hamiltonian
version of variational problems subject to position and velocity constraints that are
nondegenerate in the velocities. Such constraints have the form g;(q) - ¢ = 0, and
arise in sub-Riemannian geometry and control theory. An equivalence between varia-
tional equations with these constraints and generalized Hamiltonian systems of the form
Jz = VH(z) (J not necessarily invertible) with such index 1 constraints is shown. This
is extended to constraints of the form g;(q,¢) = 0. It is shown that symplectic Runge—
Kutta methods are also symplectic on generalized Hamiltonian systems and provide
effective symplectic integrators for Hamiltonian systems with index 1 constraints. T'wo
sample applications are given: finding the motion of a two-wheeled idealized vehicle,

and finding the geodesics of the Heisenberg group.

The PDE contribution is a new multisymplectic integrator. A class of general pur-
pose linear multisymplectic integrators for multi-Hamiltonian equations based on a
diamond-shaped mesh is introduced. The class of integrators consists of a simple dia-
mond scheme, and a diamond scheme parameterized by order r. On each diamond, the
former discretizes the PDE on the corners of the diamond, and the latter discretizes the
PDE with r-stage symplectic Runge-Kutta methods. Both schemes advance in time
by filling in each diamond locally, leading to greater efficiency and parallelization, and
easier treatment of boundary conditions compared to methods based on rectangular
meshes. The simple diamond scheme is order two in both space and time, has solv-
able equations for the one-dimensional wave equation, satisfies a discrete conservation
law, and can be extended to allow Dirichlet and Neumann boundary conditions for the
wave equation. The diamond scheme is defined on all multi-Hamiltonian PDEs, has
solvable nonlinear equations for the one-dimensional wave equation, satisfies a discrete

symplectic conservation law, and scales exceedingly well with the number of processors

xiii



on which it is run. A method for handling Dirichlet and Neumann boundary condi-
tions is presented. Discrete dispersion relations, and associated stability results, are
found for the wave equation and the cubic nonlinear Schrédinger equation. Numeri-
cal experiments, for both the simple diamond and r diamond schemes, are presented
to support an estimate of the order of the schemes. Difficulties and complications,
including boundary treatment and the multi-step nature of the diamond scheme, are

discussed.
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