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ABSTRACT

This thesis presents

(a) a survey of the use of the conformal group

from its beginnings to the present time, and

(b) a determination of those algebraically special

vacuum Einstein space-times with an expanding
and/or twisting congruence of null geodesics,
which locally possess a homothetic symmetry
as well as a Killing symmetry (isometry).

Unless the space-time is Petrov type N with twist-free
geodesic rays, one can restrict attention to one proper homothetic
motion plus the assumed Killing motion(s).

The formalism developed to undertake the systematic search
for such vacuum space-times is an extension of the tetrad formalism
used by Debney,Kerr & Schild(l)and by Kerr & Debney(2).

The spaces which admit one homothetic Killing vector (HKV)
plus 2,3 or 4 Killing vectors (KVs) are completely determined. There
are 9 such metrics (12 with 3 degeneracies) - one admitting 4 KVs, one
with 3 KVs, and seven with 2 KVs. Those spaces which admit one HKV
plus one KV are not completely determined owing to the field equations
not being solved in some cases. However, 9 metrics are found, many
of which appear to be new.

Petrov type N vacuum spaces with expansion and/or twist which
admit a homothety are possible when one KV of special type is also
present, or when the homothety alone is of special type.

An extensive bibliography is given.

References: (1) G.C. Debney, R.P. Kerr & A. Schild, J.Math.Phys. 10,
1842 (1969).

(2) R.P. Kerr & G.C. Debney, J.Math.Phys. 11,
2807 (1970).
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PREFACE

The amount of interest in the use of the conformal group in physics
has increased a great deal in the last decade. Most of the current
activity appears to be in the microphysical arena, with attention being
given to such matters as the breaking of conformal invariance in quantum
field theory. But the study of conformal motions as an external
symmetry in the theory of gravitation and cosmology 1is also developing.
This thesis presents
(a) a survey of the use of the conformal group from its beginnings to
the present time, and

(b) a determination of those algebraically special vacuum Einstein
space-times with an expanding and/or twisting congruence of null
geodesics, which locally possess a homothetic symmetry as well as

a Killing symmetrvy.

Chapter 1 provides & brief introduction to the mathematical
structure of the conformzl group. Besides their group theoretic
properties, the place of conformal motions within the hierarchy of
collineations is discussed.

Chapter 2 1is a survey of the mathematical development of the
conformal group and its application to relativity and gravitation,
cosmology, and other physical theories, notably quantum field theory.

With the background of the first two chapters, the scene is set
in Chapter 3 for the task (b) above.

Chapter 4 sets up the formalism which is used throughout the rest
of the work. It is an extension of the tetrad formalism used by

.

Kerr and Debney to determine vacuum Einstein spaces which possess

isometries.

Chapters 5 and 6 contain the bulk of the work involved in

determining those spaces which admit one homothetic Killing vector plus

2, 3 or 4 Killing vectors (Chapter 5) or just one Killing vector (Chapter 6).
The possibility of Petrov type N vacuum spaces admitting a homothety

is considered separately in Chapter 7.
There follows a Conclusion, a list of Appendices, and an extensive

Bibliography containing over 460 references.
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CHAPTER 1 The Congormal Group

1.1 Definitions.
Let M be a differentiable n-dimensional manifold and consider
the point mapping
e:p-—~p (1.1)
on M. Suppose there is a geometric object field 3 on M, and pull
back the object Q(p’) at p’ to p by the mapping qfl. Then we have a
geometric object Q' (p).
Suppose that the mapping (1.1) is a 1-parameter local
transformation of coordinates (&) on M
® : &= C - fl(xﬁ;t), (a,B=1,2,...,n), (1.2)
generated by a vector field X at p. Geometrically, this means that
¢ takes the point p a parameter distance t along the integral curves
of X, with initial point p, given by the set of differential equations
ax/at = & (1.3)

The Lie derivative of the object (2 with respect to X is

defined at p to be
am A
£.0 = lim H2' (p) - a(p)]. (1.4)
t—0
It follows (see e.g. [1] - [3]) that, if we adopt a coordinate basis
{8/BXH] = {BH] at p so that X = X“Bu, the Lie derivative of a function

f on M is
$.£=% = x“apf. (1.5)
The Lie derivative of a vector field Y on M is
£y =[x,¥]=-[y,x]=x¥ - ¥X (1.6)
or, in local coordinates,
E % = 3 v - vy 8. (1.7)
X M M
For any vector fields X and Y,
i = [£ ai ]’ (1.8)
[x,y] XY -

where the bracket is defined in (1.6).

The Lie derivative of a tensor field S of type (1,2), say, with respect
to X is given by

&,8)(¥,2) = [x,5(v,2)] - s([x,Y]2) - s(¥,[x,2]) (1.9)
or, in local coordinates,

a _ a 91 Qa a M
S = S, =8, S . .
(£x )t‘Y x“au By pYaux“ + swaax“ + &% an (1.10)



For a Riemannian manifold with symmetric metric tensor g and affine
connection I (1.10) gives
= ¥o g 4 3 X+ 3 ¥, (1.11)
£xgay n8ey T Buyop Ba1Cy
The local components of the Lie derivative of [’ are given by

a a q L a

er)BY _£X[BY] = >P’.BY L RU-BYX“ (1.12)
1 ap B
=g (e ) gt dygg) - g ) (119

where {g?}, & are the local components of the metrical connection

HBY
and the curvature tensor respectively, and the semi-colon denotes
covariant differentiation with respect to the connection.

Two Riemannian manifolds M, M endowed with metrics g, g

are said to be conformally related iff

e E 8 (1.14)
for some non-zero function ¢. This relationship is called homothetic
if ¢ is a non-zero constant. In the degenerate case ¢ = C, the

relationship is isometric.
In terms of smooth local maps @ : M — M, the 1-parameter
infinitesimal transformations (1.2) generated by a vector field X

on M are said to form a (local) group of conformal motions on M iff

£.8 = vs
for some positive function § on M; in local coordinates

aexgw = Ve, - (1.15)

If y is a non-zero constant the conformal motion is homothetic.
In case §{ = 0 the infinitesimal transformation (1.15) is a motion

(isometry).

Using (1.11), we can express (1.15) in the form

xu;v + Xv;u =V (1.16)

For § # 0 these are the conformal Killing equations, and a vector X

which satisfies them is called a conformal Killing vector (CKV).

When § = 0 they degenerate to Killing's equations [4] for Killing
vectors (KVs) X.



The finite transformation equations of the group G1 of
1-parameter transformations (1.2) are obtaine in the usual way by
exponentiation. For the infinitesimal transformation generated by
a vector field X, the corresponding finite transformation equations

are
o
2 P g o (1.17)

t is referred to as the canonical parameter. This result generalizes

naturally to a group Gr of transformations
O R (1.18)

in r essential parameters, generated by r linearly independent

vector fields Xi’ where

x. = x.Ho (i=1,...,r)
i i

in a local coordinate basis {au]. The commutation relations between

the group generators are

ke
[xi,xj] = Cis¥o (1.19)
where the structure constants C?j obey the constraints
k k
C.. = =2C..,
ij ji
r s r _s TS -l (1.20)

ij "kr Cjk ir Ckicjr'
This last relation, the Jacobi identity, may be expressed in terms

of the commutators as

[Xi,[xj,xk]J + [Xj,[Xk,Xi]] + Exk,[xi,xj]] = & (1.21)

If a Riemannian manifold admits a vector field X which
possesses the property (1.16) we say that the manifold has a symmetry
(conformal or isometric). In general, a Riemannian manifold will not
have any symmetries. However, the manifold may admit r linearly
independent vector fields Xi generating a local r-dimensional Lie group
of symmetries. Then the relations (1.19) and (1.20) obtain, and the
set of all symmetry vectors Xi on such a manifold forms a Lie algebra
of dimension r, the product of the algebra being the Lie bracket [ , J.
It is well known (see e.g. [5],[6]) that the maximal group of motions

of a Riemannian n-space has dimension %—n(n+1), while for conformal



motions the maximal group dimension is %(n+1)(n+2)- If these maximal
cases occur, the space is flat, conformally flat respectively. The

full group of symmetries of a manifold may include some discrete ones,
such as space-time reflections, which are not generated by Killing
or conformal Killing vectors. In what follows we shall be concerned
only with groups which do not include discrete symretries i.e. the

symmetry groups will be continuously connected to the identity.

1.2 Integrability conditions.
Substituting (1.15) into (1.12) we find

aq_1.a a, »a
Lulgyd = 0pvay * O¥og — g ¥, (1.22)

where W,a = baw and W’a = gavw,v. If we put (1.22) into the result [6]

a o} _ a
(ix{ﬁ*{]);u - (ix{m]);a '{XRHBY 2

we obtain

£ Rna:l(éq‘f _60' o ¥ g ]&'aﬁ_g_ '!.: ), (1-2"*)

XHBY 2 BTy THTy3sB 0 uy' sF pY 3
where we have written Qa =y o Defining the Riccl =<ensor znd
curvature scalar by
= a - PYs
R - R s R - LT L]
By apy g "By
contraction of (1.24) gives
1 il M
R, = - HAn-2)y = =pgs 1.25
£X By 27758 T 2 pyw M ( )
and
M
= -\ - = |
£XR §R - (n-1)y " (1.26)

Making use of (1.24), (1.25) and (1.26) we get

‘£X qu
where CHBYa is the Weyl conformal curvature tensor defined by
a 1 Qa
— + —= (0 R - R
Rigy * 52 Ry ~ Sy * Buyfp ~ EpyX W)

R a
(n 1)(n-2) ( BY 655“Y?' (1.28)

(1.23)

= 0, (1.27)



When written out in full,

v

X
CuBya;v
Equations (1.27) or (1.29)

_ 6P
xv,p( ac yLB YC auB k cu Bwra

(1.27) reads (see [5], p.285, or [7))

- &Py 5P+ &Py
B mya

are the integrability conditions of

o oM 1
R S +
XO-;BY i xl-l yaB _2—(gcx5wy gaywﬁ gBYW ) =
which follow from (1.15) and the Ricci identities
- = xR .
Xa;BY Xa;yB M aBy
.. . )
Defining LBY = m gB‘vR RBY
and
g = wimer(L S )
aBy n-2 TBysa ay;B

further integrability conditions can be obtained [6].

the following

Theorem 1.1:

In order that a Riemannian n-space admit a group of

infinitesimal conformal transformations generated by the

vector field X, it

is necessary and sufficient that the

equations

L8 = Veupe

N X aB{ =0,

'£X(CO.BY ;V) Y ariwu % tCaBprp
- %{CvﬁYuya + CavJJ“B + qlsv“wY CaBYv*“)
* 5 PlegCny * Bgliny * ByCus )

£ Coy =i el

‘fx(CaBY;v) c T ﬁivap)CaBYp ; wp aByp,v - % q’vCaBY
- 2% * Syt * Cpty)

1

+ =

and further higher

£x( )

aBY V4V ee

iﬁX(QJSy;v]v? o )

o}
4 \ (gVaCDBY * gVBCapY * Co.ﬁp)’

order conditions

b

) = 0

Thus we have

(1.

(1.

(1.

(1.

(1.

(1.

(e

(1.

(1.

(1.

29)

30)

31)

32)

88)

15)

27)

34)

35)

36)



be algebraically consistent with respect to |, wa’ ¥ and
%a;B' If there exist among equations (1.27), (1.34), (1.35),
(1.36), ... exactly s equations which are linearly

independent among themselves and linearly independent of (1.15),
then the Riemannian n-space admits a group of conformal

transformations of dimension %{n+1)(n+2)-s.

Theorem 1.1 reduces to the corresponding one for motions when § = 0

(see [8], p.62). Collinson & French [9] have expressed the conformal

Killing equations (1.15) and the integrability conditions given by the
equations of Theorem 1.1 explicitly using a null tetrad and the

Newman-Penrose formalism [10].

1.3 Group structure.

0(p,q) is the (real) non-compact orthogonal group which

leaves invariant the quadratic form

(x1}2 iz (x2)2 ¥ wee F (xp)2 - (xp+1)2 T —— (xp+q)2

E(p,q) is the corresponding pseudo-euclidean group i.e. 0(p,q) plus
translations.

The Lorentz group 0(3,1) of rotations and "boosts" has
six generators Muv which form a Lie algebra with the Lie bracket [ , ]
of generators as the product. If we add to these the four
translation generators Pp we obtain the Poincaré, or inhomogeneous
Lorentz, group E(3,1). The conformal group C is obtained by adding
five generators ﬁJ and D to the Poincar€ group. The U4-vector K

generates the special conformal transformations (SCT), and D is the

generator of dilations. The conformal group T is a non-compact
15-parameter simple Lie group.

If (fl) are local coordinates on a Riemannian 4-space
(space-time), the action of the 15 generators of the conformal group

C is as follows (M, V = 1,2,3,4):



- x“ = x'p = x“ + bu,
\Y]

o
Moo o e B g )Y, a = -a_,
Hv % v v e
D: =M=, A a scalar > 0, (1.37)

K :#—'x'“=(>él—c“x2)/A,

1 - 2éix iti c2x2, x2 = x“x N
H H

>
"

The SCT generators and translation generators are related by

NP N=K,
M !

where N is the inversion operator
N: xH = x’u = —QJ/xQ.

The SCTs depend upon the four parameters M and form an Abelian
subgroup which is continuously connected to the identity (c=0).
However, inversion is a discrete operation on points of the manifold,
so N is not an element of the connected group.

Writing the generators in the form

Pu = ap,
Mpv = xpav = xvap, (u # V) .
D= xPau,
K“ = x“x?av - %—xvxvﬁJ,
where %
)T g% g = diag{-, +, +, +},
the Lie algebra is given by
(M vothed = gty + ety - gl ~ Bl
(M7 = gnFL - gy
LIV S gk - gakys (1.39)
(BoRT = g0 = My
[PH,D] =Py
[KU,D] = - Ky

all other commutators vanish.



(Note: It is conventional for most physicists to take #¥ and ap
as conjugate variables in the sense that o 1is replaced by ic ,
introducing a factor i on the right hand side of (1.39), where

i% = -1.)

0(p,q) groups are defined as the real linear transformation
groups on a (ptq)-dimensional real space. Unitary U(p,q) groups
are defined as the complex linear transformation groups on a
(ptq)-dimensional complex space; with indefinite metric they arise
naturally in the study of the geometry of hermitian spaces
(see e.g. [11]). It has long been known [12] that SU(2,2) is the
group of Dirac spinor space, a four-dimensional complex vector space
equipped with a metric of signature 0. The conformal group C is
realized linearly in six dimensions as 0(4,2) and in four dimensions
by u4xu4 complex matrices as SU(2,2). Its non-linear realization
in four dimensions is given by the real transformation eguations
(1.37) above. As mentioned earlier we restrict our attention to
the group component which is continuously connected to the identity,
so it is the special orthogonal and unitary groups wihich are involved.
Thus we have the following local isomorphisms:

T ~ S0(4,2) ~ SU(2,2).
See also [13].

Among all locally isomorphic groups there is one which is
simply-connected; it is the universal covering group. For the
conformal group on Minkowski space Mu, the universal covering group
is SU(2,2). According to Klotz [14], SU(2,2) is the connected
component of the symmetry group of twistor space, and twistors can
be thought of as the spinors appropriate to compactified Minkowski
space Mz. The groups SU(2,2) and SO(4,2) are respectively 4:1 and
2:1 homomorphic to the conformal group on Mz (L1u],015D).

The conformal group is the smallest Lie group containing
a subgroup isomorphic to the Poincaré group. All connected analytic
subgroups of the conformal group are not yet known. However,

Belinfante & Winternitz [16] in 1971 classified the 1-parameter

subgroups of U(p,q) and SU(p,q) by using canonical forms for Hermitian
linear operators on finite-dimensional vector spaces with indefinite

metric. In an outstanding sequence of papers Patera, Winternitz,




Zassenhaus & Sharp (17] have more recently

(1) constructed explicitly all (g+1) maximal solvable subalgebras
of the algebra of SU(p,q) for p 2 q > 0 over the field of real numbers;
(ii) determined all conjugacy classes of the maximal solvable
subgroups of SO(p,q) and O(p,q) for p 2 q 2 0, ptq < 6, with some
more general results;
(iii) presented a general method for reducing the problem of finding
all continuous subgroups of any Lie group G, with a non-trivial
continuous invariant subgroup N, to that of classifying the subgroups
of N and the subgroups of the factor group G/N. They applied the
method to find all classes of continuous subgroups of the Poincaré
and Weyl groups with respect to conjugation under the groups themselves
i.e. with respect to their inner automorphism groups;
(iv) 1listed all isomorphisms between different subgroups of the
Poincaré group, and for each isomorphism class of the corresponding
subalgebras found all invariants;
(v) given the invariants of all real Lie algebras of dimension < §
and of all real nilpotent algebras of dimension 6;
(vi) classified all subgroups of the de Sitter group 0(4,1), which
is a subgroup of the conformal group, into equivalence classes with
respect to inner automorphismé of the group and found all invariants
of the corresponding subalgebras. This systematic development has
paved the way for a complete analysis of the continuous subgroup
structure of the full conformal group.

The subgroups of the Lorentz group have been known for
some time [18].

Unitary analytic representations of the conformal group

and its subgroups have been considered, for example, in [19].

1.4 Collineations.

We can also view the group of conformal motions in the
perspective of a classification of Riemannian space-times by means
of collineations.

A Riemannian space M with curvature tensor RPQ is

said [20] to admit a symmetry called a curvature collineation (CC)
jasfs

£

XﬁJuBY =0 (1.40)



10.

for some vector field X on M. A subclass of the CCs is the set of

special curvature collineations (SCCs) on M defined by

a

& ) =0 (1.u1)
X[D'Y} 3K ’

where ; denotes covariant differentiation with respect to the

metrical connection {%Y] on M.

The affine collineation (AC) on M is defined by [6]

£X{%Y} = B. (1.42)

ACs are special cases of projective collineations (PCs) [21]

defined by

$ 0 1=0%y  + &

x'By B Yiv v V.g > (1.u43)

where

(n+1)¢; X“;HB .

A specizl projective collineation (SPC) is a PC for whicx W.,Y = 0.
9

The Weyl projective collineation (WPC) on M is defined =y

oo _
£xﬁ i 0, (1.u44)

where

W =R (n-l)_l(éu R~ 82 B N
afy  aby Yy af B ay

A conformal motion (Conf M) has been definedé iIn (1.15),

= 0.
;0P
These form subclasses of the conformal collineations (Cozf C) given

by

and a special conformal motion (S Conf M) is (1.15) witr

aq_ 1 a _ )

which is just (1.22), and the special conformal collineazions

(S Conf C) for which “'aﬁ = 0 in (1.22). All of these are contained
b ]

within the Weyl conformal collineations (W Conf C) defined by

f‘Xcl‘lotﬁ"y -

0,

which is just (1.27).

Motions (M) and homothetic motions (HM) as defined earlier

form subclasses of the ACs and S Conf Ms.



11.

CCs belong to a more general class of Ricci collineations

(RC) given by
R = 0. 1.45
f'x ap ( )

The hierarchy of collineations is displayed in the

following diagram due to Katzin, Levine & Davis [20]:

Wl R RC szo _ - W conf C
85 7o GF e By
H""\ & == ’-" /:'.0
== %
e o
PC sce Conf C
SPC S Conf C
\ AC Conf M
L i
S Conf M|

HM

M

The arrows indicate direction of increasing generality, linking
subclass to class. The broken arrows indicate a relationship only
when %15 = 0.

The significance of these collineations is that
(a) they represent an invariant classification of Riemannian space-
times on the basis of symmetry groups, which includes and extends
the Petrov classification [8];
(b) they serve as a source of new field conservation laws in general

relativity e.g. the Komar identity [22) appears as a necessary condition

for the existence of a CC - see also tue paper by Trautman [23];



2.

(c) geometrically, the existence of a SCC implies the existence of

a cubic first integral of a geodesic particle trajectory in space-
time;

(d) every space-time with an expansion-free, shear-free, rotation-
free, geodesic congruence admits groups of CCs, in particular pp-waves
do.

Further details are given in [20].
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CHAPTER 2 Survey

There is a vast literature on the conformal group,
nearly all of it in the form of original research papers, although
the basic facts are contained within the books of Eisenhart [S,
Yano (6], Petrov (8] and Schouten [21] in particular. I have
attempted to give here a fairly extensive bibliography, but it is
not claimed to be exhaustive owing to library resources available
to me being limited. I have chosen to present this account in

several sections:

(1) the conformal group in general; (2) the use of the
conformal group in physics; (3) its application to relativity
and gravitation in particular; (w) cosmological applications.

lNaturally there is a great dezl of overlap among the sections since
many authors have in a single work dealt with matters pertaining

to more than one area. Further, this survey is "local'" Ir. nature
i.e. the global properties of the conformal group are mentioned only

triefly; for a recent account of a global nature, see e.g. Yano fgomy) .

2.1 General.

In this secticn I shall comment briefly on the tavers in

caronological order. The bizliograpnical reference is [2

(93}

il
Special importance is attacheZ to the work of Brinkmann.

As long ago as 1847 Liouville was using the idecz of
conformal mapping of spaces. It is now well known that every
analytic function of a single complex variable is a conformzl mapping
in some domain of the plane. However, these mappings do not form a
Lie group, because no finite-dimensional algebra can be associated

with them (see Guggenheimer [25]). In higher dimensions the situation

is different. If one extends Euclidean 3-space by the addition of
the point at infinity, one can give this extended space the coordinate
structure of the 3-sphere 83 in Euclidean u4-space. Then inversion

in a 2-sphere in Euclidean 3-space reduces to orthogonal geometry on
83 in Euclidean u4-space (Guggenheimer). Liouville proved that the
conformal mappings in 83 form a Lie transformation group generated by

similitudes (Euclidean motions + dilations) and inversions.
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Although Klein (1872) was aware of the local isomorphism
between the group of quadric collineations in flat 5-dimensional
projective space and the conformal group of point transformations
in a 4-dimensional space imbedded in the projective space, it was
not until the work of Lie & Engel at the end of the 19th century
that the study of the conformal group as a continuous group of
transformations began systematically. Most of the work has been
carried out in the last 40 years.

Bianchi (1902) announced that "the most general conformal
map of a Euclidean n-space upon itself for n > 2 is obtained asrthe
product of inversions with respect to a hypersphere, motions and
transformations of similitude'.

Fubini (1903) showed that two infinitesimal conformal
transformations of a Riemannian n-space (n > 2) cannot have the same
paths. Another of his theorems is: If a group Gr of conformal
transformations of a Riemannian n-space admits minimum invariant
varieties of order m, the Gr may be reduced by means of a transform-
ation of variables to a group on m variables with only m linearly
independent transformations.

Kasner (1913) began the development of the conformal
geometry of sets of curves.

Weyl (1918,1921) characterized conformally flat spaces of
dimension > 3 by the vanishing of the tensor (1.28) which bears his
name, and published his unified field theory which made use of a
subgroup of the conformal group.

Kasner (1921) proved a special case of a theorem of
Brinkmann (Theorem 2.1 below).

Schouten (1921) obtained a necessary and sufficient
condition for a given Riemann space to be conformally flat (see

Section 2.3, p.37), and Schouten & Struik (1921) proved that if an

Einstein n-space (n > 3) is conformally flat it must be of constant
curvature.

Brinkmann (1923,1924) proved that a conformally flat
Riemannian n-space can always be imbedded in a Euclidean (nt2)-space,
and considered the question: “"When can a Riemann space be mapped

conformally on some Einstein space?" He determined (1925) all
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Einstein spaces which can be conformally mapped non-trivially
(i.e. non-homothetically) on Einstein spaces. His main results
appear in the following three theorems:
Theorem 2.1:
The only Einstein 4-spaces which can be conformally
but non-homothetically mapped on (possibly different)

Einstein spaces are spaces of constant curvature.

Theorem 2.2:

An Einstein space Vn can be conformally but non-
homothetically mapped on another Einstein space iff its
metric takes the form

as? = £ ap? + £ a2,
where f is given by
f = K@Q + 2Ap + B,
A,B,K constants and
K = R/n(n-1),

R being the curvature scalar such that

K = (R/mlg g

2 F md P
Also g = - dx— dx
di .5 >
where %QB is independent of ¢ and is the metric of an
Einstein space V;—l with curvature scalar

K = BK? - A%,

ofs

B

In order to achieve this form of dsQ, ga $,QQLB £ 0

identically.

Theorem 2.3:

The most general form of the metric of an Einstein
Vu which admits a conformal but non-homothetic map on some
(possibly different) Einstein W4-space is

ds2 = 2dxdy + 2 dp dB + 2 f(x,p) dx dop + 2 g(y,p) dy do.
If fxcp #—O and gyw £ 0 identically, the most general Einstein
4-space V, conformal to VL+ is given by

d§2 = (ap + b)—2 ds2, a,b constants.

L

If £ # 0 ident:.:ally but = 0, new coordinates can be
X v By = 72
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chosen so that d52 takes the form

ds? = 2 dx dy + 2 dop d6 + 2 £(x,p)dx dp,

and the most general Einstein W-space Vu conformal to Vu
is given by

o B’

ds® = (ax + bp + c) © ds”, a,b,c constants.

If f = 0 and = (0 the Einstein u-space is flat.
P Eyep P

The homothetic case was dismissed by Brinkmann as being "without
interest". This is, in fact, far from being true, and we shall
take up this point later.

A result of Thomas (1925) is: At corresponding points

of two Riemannian n-spaces whose metrics are conformally related

b = e
y EQB 8.6 the tensor

(a4

&

PY
has the same values.

= (31 - SR + &gl - il 1)
Knebelman (1323J) showed that if a Riemannian n-space Vn
admits an intransitive groip of motions Gr’ there ex}sts (n-r)
functionally independent spaces conformal to Vn admitting the same
group Gr of motions. This result was generalized by Yano (1951).

Modesitt (1932) considered some singular properties of
conformal transformations between Riemann spaces.

Fialkow (1933-1945) investigated the properties of curves
in a Riemannian space Vn which are invariant under conformal
transformations of the srzace, and studied a Vn imbedded in a
conformally flat Vn+1.

Coburn (1941) found a sufficient condition for two Riemann
spaces to be conformally related in terms of the components of their
affine connections and principal directions in the spaces. He also
gave a theorem for two unitary spaces to be conformally related.

Following on Xasner's work, Coleman (1942) further
developed the conformal geometry of 1-parameter families of curves.

A leading merder of the Roumanian school of differential
geometers, Vranceanu (1943) studied the geometry of spaces defined by

a conformal connection.




17.

Groups of conformal point transformations on even-
dimensional spaces with a non-singular skew-symmetric metric tensor
received the attention of Lee (1945).

De Cicc (1946) showed that the Kasner measure of horn
angle (in the Kasner plane) is conformally invariant, and

Kasner & De Cicco (1947) proved that the only groups in the set

of harmonic transformations of the real cartesian plane are the
conformal group, the affine group, and the subgroups of these two.

Rozenfel'd (1948) studied the conformal differential
geometry of m-spheres and m-planes in metric n-spaces.

Su (1949) generalized the concept of Lie derivation
to attack the problem of whether a space with a normal conformal
connection admits infinitesimal transformations.

A concircular transformation of a Riemannian n-space is
a conformal transformation of the space which maps geodesic circles
onto geodesic circles. The Japanese school has done considerable

work in this area. See e.g. Yano & Adati (1949).

Kuiper (1950) treated the conformal grouc as a subgroup
of the general (nt+1)-dimensional projective group leaving invariant
a quadric hypersurface of n dlmensions in the projective (nt+1)-space.

Homothetic correspondences between Riemannian spaces Vrl
were investigated by Shanks (13550). Amongst his results was:

A Vn is flat iff it admits a group of homothetic transformations of
dimension %ﬂ(n+1)+1. He further proved that if a Vn adrits a

1-parameter group H, of homothetic transformations, the complete

group of homotheticltransformations consists of H1 plus the complete
group of motions on Vn'

Debever (1950,1955) showed that with a compact semi-simple
Lie group there is naturally associated a space with conformal
connection; if the order of the group exceeds 3, the holonomy group
of this space is the conformal group which leaves invariant a fixed
imaginary hypersphere. He also gave a new proof of Segre's (1949)
theorem: A Riemannian Vn represented conformally on Euclidean space
Sn so that geodesics of Vn correspond to curves with constant curvature

in Sn, is itself of constant curvature.
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ngg_(1951) showed how, with the use of the Lie derivative,
the results of Shanks (1950) may be obtained more easily. Yano also
proved that an Einstein n-space given by Ruv = (R/n)gle with R # 0
cannot admit a proper (i.e. non-isometric) homothetic motion, thus
strengthening Brinkmann's (1925) theorem. He also generalized a
theorem of Knebelman (1930), obtaining: If a Riemannian space LN
admits an r-parameter group Gr of homothetic transformations (r<n)
with generators Xﬁ, then there exists (n-q) functionally independent
spaces conformal to Vn and admitting the same homothetic transformation
group Gr’ where q is the generic rank of the matrix (Xﬁ). Some of the
results obtained by Levine [90] (1936,1939) were generalized by Yano.

The topology of the conformal group in Euclidean 3-space
was investigated by Pernet (1951).

Stellmacher (1951) considered the conformal geometry of a
Riemannian Vn as a projective geometry of the (n-1)-dimensicnal
isotropic hypersurface generated by all the geodesic null lines which
emanate from a fixed point of Vn'

Clark (1951, 1858) developed a conformal theor; of a
general metric space anc derived the conformal Killing ezuztions for
such a space. He also discussed the conformal equivalence of
Riemannian manifolds carrying, in addition to the metric, a certain
tvpe of exterior form.

The invariant construction of the geometry of & hypersurface
of a conformal space by means of the subgroups of the conZorma2l group
associated with the hypersurface was the subject of a paper by
Akivis (1952).

Dzavadov (1952) generalized to pseudo-Euclidean spaces a
result due to Study (~ 1909), namely, that the conformal transformations
of a Euclidean space of 3 or 4 dimensions can be represented by linear
fractional transformations of quaternions.

Kurita (1953,1955) did some work on projective and conformal
correspondences between Riemann spaces. In particular, he re-derived
certain results on conformally flat spaces of imbedding class one due
to Schouten (1921), Matsumoto (1951), and Verbickii (1952).

Kobayashi (1954) proved that in certain important cases
the group of transformations which leaves invariant an infini esimal
connection in a differentiahle fibre bundle is a Lie group. These

cases include the affine, projective and conformal groups.
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Takano & Imai (1954) contributed a theorem on the con:i.rmal

invariance of coefficients of the connections in subspaces of a
Riemannian space.

The canonical forms of the metrics of Riemannian spaces
which admit r independent infinitesimal conformal transformations
whose paths constitute normal or geodesic congruences were determined
by de Vries (1954). It is well known (see e.g. Eisenhart [5], p.223)
that the coordinates of a Riemannian n-space Vn can be chosen so that
the contravariant components of the generators of 1-parameter
infinitesimal transformations are Xu = bt. It seems that de Vries
was the first to use this result to give the following general result:

A canonical form of the métric of a Vn which admits an infinitesimal
conformal transformation generated by (i) the non-null vector X,

(ii) the null vector X, with components ¥ in local coordinates (x%)

is
as? = ey _aSab,
ap )
where ¢ = 6(xF), h . =h (x), (asp =1, ..., n3 i = 2,...,0),
ap ap
and (i) h11 = *1,
(ii) h11 = 0, h12 == i

respectively, and R = bﬁ in both (i) and (ii).
His results include those of Brinkmann (1925) and Shanks (1950).

Ishihara & Obata (1955) showed that if the group of all

conformal transformations of a Riemann space is transitive and if there
exists a point p which is left invariant by all homothetic transformations
of the group, then the space is conformally flat.

Kano (1956) did some groundwork on the conformal geometry
of a special Kawaguchi space with a specified metric.

Blum (1956) considered the equations which the Weyl tensor
satisfies as a result of the Bianchi identities of any Riemannian n-space.

Brickell & Clark (1962) constructed conformal connections

using methods due to E. Cartan.

Pirani & Schild (1966) set up a geometry of conformal space

which parallels the usual Riemannian treatment. For example, the
procedures which in Riemannian geometry yield the Riemann curvature

tensor are modified so that in conformal geometry they yield the Weyl

tensor.
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Grgin (1968) used a projective geometric formalism for the
description of the conformal compactification of Minkowski space and
of its invariance groups.

The classification of a Riemannian Vl+ according to groups
of projective motions was undertaken by Aminova (1971), who showed
inter alia that the complete group of projective motions is determined
by the group of homothetic motions and one (non-homothetic) projective
motion (cf. Kuiper (1950) and Shanks (1950)).

De Cicco & Anderson (1971) defined conformally equivalent

kKiemannian n-spaces, conformal Christoffel symbols, conformal covariant

derivative, and the Weyl tensor in terms of the relative conformal
. % -1/n .
metric tensor s = = det and obtained some results
8.p "8 gp B (g g)> 5

many of which do not appear to be new.
Lovkov (1971) determined the generators of a group of homo-
thetic transformations acting simply transitively on a Riemannian V

y
with metric of the form

dat = TaxD + e 20ayC e Ny dt - gode’.
In addition, he determined all Riemannian U-spaces admitting this
homothetic group.
Egorov (1971) and Egorova (1971) studied homothetic motions
in Riemannian spaces with metrics of the form
(1) ds? = 2dx dx )

2
.. + e dx’)
n n

+ sin;x (e dx2 F wns ot el dx
2 173 73 mt2 mt+2

S0 i 2
+ sinh xl(em+3dxm+3 4

and (ii) as? = 2dx, dx,. + cos2x (dx2 + ...t dxg)
5 [ 1 3 m

+ cOSh2 (d 2 + +d 2)
Xl Xm+1 « o Xn

and proved that these groups have dimension
(i) n+3n(n-1) + Hoem-1)(n-m-2) + 1,
(ii) n + %(m—l)(m—2) + %{n-m)(n-m+1) + 1,
respectively.

Suguri & Ueno (1972) gave an incomplete summary of known

results. However, included was the result, first proved by Yano (1951),
that we shall use later: the commutator of two infinitesimal
homothetic Killing vectors is a Killing vector. Another significant

result proved in this paper is:
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If E and g are conformally related metrics on a Fiemannian space M,
and M is not conformally flat, then the complete isome<ry group on
(M,g) is the complete conformal group on (M,g). Thic result,

apparently first obtained by Defrise (1969) (see under Lefrise-Carter

(1975) below), may be restated as: the conformal gro.z on (¥,g) is
conformally isometric. Yano (1951) had previously proved the theorem
for the case when the conformal group is homothetic. Suguri & Ueno
also proved some theorems regarding conformally flzt rznifcldes.

Sigal (1973) showed that for Petrov type X vzcuur. spaces
the Lie derivative in the principal null direction c¢f <-e WeyL tensor
and its dual is equal to a conformal transformation zni =z duzlity

rotation of the original tensor.

Mavryéev (1973,1974) showed that the relzziz: between
analytic functions and conformal transformations o t-z zomzlex plane
does not generalize to a complex matrix representzaticr =7 szzce-time
(cf. Guggenheimer [2t], pp.223-224), and applieé ccnfzr=zl trznsform- I
ations to the eguations of relativistic mechanics.

L topological description of Killing weztzr Iisl<:z znd
conformal Killing vector fields, aimed at a unifizZ -.z’l=zz7i-sz
(Poincaré - Bendixson) theory of stationary and comizrzzllw
stationary timelike 2-surfaces, has been given b, <. Z_=zzsis (2374),
who also discussed horizons for these two types oI vsz=:zr Zie’Z. He
also extended the 2-surfaces analytically.

Hori. Sakomoto & Sato (1974) presentel z ncn-llnezr
realization of conformal symmetry, which is linear unizr zhe Zcincaré
transformations, using a method based on the techniz:-s Zsvalcted by

Coleman, Wess & Zumino [59] in connection with chirzl s:=—2<r. (see

also Borisov & Ogievetskii [58]).

invariant under conformal or projective transformations.

Tilgner (197u4) gave a description of the £l collineation
group and the conformal group of arbitrary finite-dirsnsional pseudo-
orthogonal vector spaces over the real field. He argusl that sets of
(finite) rational transformations like special collinszzions &nd SCTs
form a groupoid, rather than a group, since there are non-zero
denominators. With every such groupoid there is assaocizted a unique

Lie group.
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Using the modern theory of bundles Schmidt (1974) showed
that a conformal structure on a manifold M defines in a natural way
two principal bundles over M and a parallelication on one of these,
which then can be used to define a boundary of M in analogy to the
b-boundary which is intrinsically defined by the Lorentz metric

(Schmidt 1971, Penrose 1969, and Hawking & Ellis [1]). £ similar

construction is possible for a projective structure on M. The
general mathematical background is the theory of prolongations of
G-structures (see e.g. Kobayashi 1972) but this theory is not used by
Schmidt.

FediSfenko (1975) considered special conformal mappings of
Riemannian spaces. No details are available to me.

Lord (1975) applied generalized quaternion methods in a
paper on conformal geometry.

Mayer (1975) considered the compactified Minkowski space
Mz as a closed subspace of a 5-dimensional projective space, and
investigated the transformation properties of vector and tensor fields

L
on MC under the conformal group. See also Go, Kastrup & Maver (1974).

A Riemannian n-space (n>3) is conformally symmetric iff

its Weyl tensor obeys Cg = 0, and admits a special quadratic first

integral (SQFI) defined E;,:he symmetric tensor ale iff apv;k = 0.
Every conformally flat n-space (n>3) is conformally symmetric, but the
converse is not true. BQEEE.(1975) proved some theorems about conform-
ally symmetric spaces with indefinite metric tensors which admit SQFIs
and applied his results to conformally flat spaces, extending the work

of Levine & Katzin [92].

The r independent generators Xi of a conformal group Cr
acting on a Riemannian space (M,g) with metric g will also generate
a conformal group'ar acting on (M, g = e2¢g). Thus, in certain cases,
it will be possible, with an appropriate choice of g, to find a space
(M,g) for which the conformal group Cr is reduced to a group of either
(i) isometries, or (ii) homotheties. In these cases Cr is said to
be (i) conformally isometric, or (ii) conformally homothetic, respectively.
Yano [6] proved that Cr is conformally isometric when rank (Xi“) = r.

This implies that Cr is simﬁly transitive and hence excludes all

conformal groups with isotropy subgroups. Defrise-Carter (1975)

showed that Cr is conformally isometric under much more general conditions.
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If a scalar concomitant F of the metric g is such that
T = eQPéF, where p is a constant, then F is said to be a conformal
scalar of weight p (du Plessis, 1969). F is proper if p # 0; a
conformal invariant if p = O. A vector concomitant Y“ is said to
a conformal vector of weight p iff ?p = Yu + 2p¢,u and is proper
when p # 0. Y 1is a conformal gradient iff Y , =Y .
H MV V,H
Defrise-Carter (1975) proved that a conformal group CP acting on a

space (M,g) which admits (i) a proper conformal scalar, (ii) a
proper conformal gradient, is respectively (i) conformally isometric,
(ii) conformally homothetic. These results include the one obtained

independently by Suguri & Ueno (1972) and the special case proved

by Yano (1951). Defrise-Carter went on to prove the converse of
these results for spaces with positive definite metrics, and
conjectured that the converses hold in general. In particular, she
proved that a Lorentzian 4-space with no proper conformal scalar

is conformally equivalent to the pp-waves, or else is conformelly flat.
The pp-waves admit a proper conformal gradient and the conformal group
is reduced to a group cf homothetic motions of dimension €

(= 5 isometries + 1 homothetic transformation), or 7 (= 6 isometries

+ 1 homothety) if the pp-weve metric takes a special form.

Boyer & Kalnins (1976) have given a detailed discussion of

the infinitesimal symmetries of the Hamilton-Jacobi equation. The
group of point transformations locally isomorphic to the conformal
group 0(3,2) is studied. They show that the separation of variables
of the corresponding Hamilton-Jacobi equation in the form of a sum is
related to orbits in the Schrodinger subalgebra of o(3,2).

Recently Berger (1976) announced results relating to the
Cauchy development of homothetic symmetries in space-like hypersurfaces
of empty and non-empty space-times. Constraints which must be
satisfied by the spatial metric and extrinsic curvature in the presence
of.a homothetic Killing vector are obtained by projecting Killing's

equations into a space-like hypersurface.
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2.2 Use of the Conformal Group in Physics.

Chronology will not be preserved in this and the remaining
sections, and we revert to separate references in the bibliography.
The conformal group has appeared in physics both as an
(external)symmetry group of space-time coordinate transformations
and as an (internal) dynamical group of transformations of rest-frame
states of a quantum system having internal degrees of freedom.

Bateman & Cunningham (1910) [27] appear to have been the first to

explicitly link the conformal group with physics. They showed that
Maxwell's equations are invariant under the 4-parameter Abelian
subgroup of special conformal transformations (SCTs), and therefore
under the full 15-parameter conformal group; it was already known
that the Maxwell equations are invariant under dilations and the
Foincaré group (translations and rotations). Mayer (1975) [28]
has recently given an account of this covariance working on compactified
¥Minkowski space Mz instead of the usual Minkowski space Hu.

In their 1962 paper [29], as well as giving a brief history
¢ conformal transformations in physics and a discussior of conformal

invariance in quantum mechanics, Fulton, Rohrlich & Witten distinguished

between three transformation groups, all bearing the name "conformal
group'". These are: (1) the group o of conformal transformations
in flat Minkowski space; (2) the group Cg of conformal transformations
of the metric tensor guv of a (non-flat) Riemannian space; and

(3) the group C, which consists of conformal transformations of the
metric plus equations which characterize the tensor nature of guv.
They called C the '"extended conformal group'; it has CO,
group of all coordinate transformations as proper subgroups, and so

C_ and the
g

includes Einstein's theory of general relativity within its domain

of applicability. The group C. is defined as the set of those

0
transformations in C that transforms flat space into flat space;

either C.: Minkowski = Minkowski, or C

0 Minkowski = conformally Minkowski.

0
Haantjes [30] showed in 1937 that every element of CO can
be composed of motions and inversions only.

Fulton et al. [29] showed that Maxwell's equations and

the conservation of charge and of energy-momentum are invariant under

C] This appears to have been noticed first by Schouten & Haantjes [31]

in 1934. The Co-invariance of Maxwell's equations, discovered by

Bateman & Cunningham, is a special case of this result.
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The conformal group is the lowest-dimensional Lie group
containing the Poincaré (inhomogeneous Lorentz) group as a subgroup.
The Poincaré group is important as the symmetry group underlying the
kinematics of any (special) relativistic theory. It is natural that
many attempts have been made (see e.g. [232]) to generalize physical
symmetries in terms of the conformal group. One might then adopt
the definition that a physical theory is conformally invariant if
physical laws do not change in form under coordinate transformations
of the conformal group. This is not the only possible definition of
conformal invariance in physics (see e.g. Sigal [72]).

Weyl [33] published his unified field theory in 1918, the
underlying group of that theory being the 1l1-parameter group of
Poincar€ transformations plus dilations, to which his nare is given.
His theory was not fully conformally-invariant, of course, but

recresented an attempt to incorgorate the confornmally invariant

Maxwell equations into general relativity. The attemg: Itself had
lasting impact, even though the theory was found tc be phrsically
unszzisfactory.

The conformal grour Is the largest grous which Treserves
null line elements [32], so there arises the possiiility that this
grouz is an exact symmetry group for massless particles (chotons,
neutrinss) in space-time. This conformal symmetry is broxen, however,

in the presence of massive par+ticles [3t] and, as Barut & Sornzin [35]

have remarked, '"'limits the use of the conformal group tc the high
enerz. domain' where the rest-masses of the particles are negligible
in comrarison. This situation is in keeping with the general
observation that in physics symmetry breaking often reduces the
symmetry group to one of its subgroups (in this case, the 11-parameter

Weyl group). Barut & Haugen [36] have argued that by rerlacing the

usual rest-mass by a scale factor times a new, conformally-invariant

mass (first considered by Schouten & Haantjes [37] in 1936), and by

interrreting conformal transformations as a space- and time-dependent
change of scale, conformally invariant eguations of motion can be
written for massive particles as well.

It is known that relativistic wave eguations become conformally
invariant when the mass term is removed [32],[34]. In fact, Dirac [32]

in 1835 gave such wave equations for the electromsgnetic field and for
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spin-* fields, thereby placing the conformal group firmly in the
quantum arena. Eggii [38] considered the invariance of the Dirac
equation under the conformal group C defined by Fulton et al. (see
above). The next success in this area appears to be that of
Hoffmann [39] who in 1948 provided a conformal treatment of the
equations of a meson field, but restricted his consideration to
invariance under homothetic motions. Gursey [32] developed a 2x2
matrix formalism in view of obtaining a synthetic expression for
conformal transformations as well as for spinor wave equations of
Dirac type.

Among the first to consider the application of the
conformal group to elementary particle physics was Ingraham (40] in
1954. Regarding the conformal group as a group of projective
transformations on a 5-dimensional manifold of spheres in Minkowski
space [41] (point transformations of the conformal group are
identified with null spheres, but non-null spheres are also recuired
to form the domain of definition of physical fields), he develops a
theory in which free elementary particles maintain a state of uniform
velocity under all motions of the group. This contradicts Iinstein's
relativity theory, and Ingraham suggests that one may therefore design
an experiment to choose between the conformal and Minkowski geometries
for physics.

Over the last fifteen years an increasing amount of
attention has been given to the use of the conformal group as a
dynamical (internal symmetry) group in quantum physics, with activity
in this area currently being quite intense. In reference [42] we
give a list of some of the original and review papers not already
referred to explicitly in this section. The books by Ferrara,

Gatto & Grillo [43] and by Barut & Brittin [13] provide fairly recent

summaries of the use of the conformal group in quantum physics. Both
books contain fairly extensive bibliographies. An earlier paper by
Kastrup [u4] reports critiéally on the applications of the conformal
group up to 1962.

As mentioned before, global considerations are not developed
in this account and, apart from their appearance in the discussion on
causality to follow, will remain outside the scope of this dissertation.
We remark in passing, however, that a very recent treatment of zero
rest-mass wave equations under the action of global conformal

transformations ha: been given by Post [45].
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Causalitx.

The notion of causality has been made rigorouc by

Hawking & Ellis [1] who define local causality as follows

[+ ]
1f U is a convex normal neighbourhood of a connected C space-time

(Hausderff, piaracompact) manifold M endowed with a Lorentz metric g

and if p,q are points in U, then a signal can be sent in U between

g . . 1
p and q if and only if p,q can be joined by a C
in U, whose tangent

curve lying entirely
vector is everywhere non-zero and is either
Thic definiticn determines the metric g at p up
to a conformal factor {1J. The conformal factor may be determined
assumes that energy and momentum are conserved locally i.e.
presence of matter fields there exists an energv-momentum
i on the open set U € M such that T“V.v = 0.
5
For a global treatment, Hawking & Ellis lev Ac.: @

2us#1lity condition: ¥ is causal if and only if there =

“

tenscr

SR RN

™ wzaeelike curves in K. They

assume that M s non-..-

12
“d

ter & of reference [1] give a number of condit oo~

TR

causality. Py -0 W s

acausal space-time 1s Godel's universe [¢dl.

In a very recent vaper [47] Hawking. nin & Folers

i)

miea 2 new topclogy P for strongly causai sidce

wrprism group of P is the group of conformzl ¢ 57

4 O gl 3 AR AT
<@ #.okowski space. They claim P is more intuvivivaly
. than the topotiogy proposed Dy Z2ec o a3

I eRD, pBbel {49]) intrcduces a finer topology whicii iz evan wove

‘-."‘\L‘\
v

:,'3ical than the P-topology of Hawking, King & McCarthy.

Zeeman [50] showed that the largest comnected group or

=

time transformations which preserves the causal relation between
of

ICRAR:]
N e

p..u

a events is the Weyl group (= Poincar€ group + dilations)

Thus the conformal group violates causality, since a SCT can always be

founé which changes the timelike or spacelike separation of an arbitrary
pair of events into a spacelike or timelike separation respectively.
R:cently Handa [51] has given a geometrical proof of Zeeman's theovem.

Rosen [52] gives two examples in which reversal of ths

temporal ordering of events is achieved by a SCT. He argues that

causality violation should not inm itself invalidate the conformal group

as a symmetry group of physles. This view is based on his interpretatior
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of space-time transformations as leaving both the manifold and the
coordinate system unaffected, the transformations serving only to map
the world-lines and events of a physical process under consideration.
According to this non-conformist view, violation of causality means
that the causal relations among events of a physical process might
differ from the causal relations among corresponding events of a
conformally-transformed physical process.

Schroer & Swieca [53] have resolved the conflict with

causality in quantum field theory by showing that one is, in general,
dealing there with representations of the universal covering group of
the conformal group.

Causality is essentially of topological character, and
the only satisfactory way to interpret the conformal grour physically
in the large is with respect to the topological properties of the
manifold on which it acts. The causality violating property of the

conformal transformations is usually avoided by restriction to

infinitesimal transformations. To put this on a more rigorous footing,
1

Go [54] pointed out that SCTs can be considered on Minkows: space M

only as a local group of local diffeomorphisms. They can ze defined

as a global transformaticn groip on compactification of Min:owski

space [55], but then no giorai causal structure can be defined {SEJ.
However, by considering the universal covering space Y o= 4
(compactified Mq), the lccal causal structure on MZ can be ;aie global.
That is, the four-fold universal covering group éﬁ(?,?) of the

conformal group of ML+ acts on ¥ as a transitive group of transformations
preserving the causal ordering of events, and allows a conformal metric
E on M which is invariant under éﬁ(?,?). It turns out tha: the reason
for the causality violating property of the (globali) finite special
conformal mapping on M!+ is that this mapping is not a homeocmorphis:: from
Ml1L onto Mu. The space (E{E) has no constant curvature and so admitis
only 7 Killing vector fields, in contrast to Minkowski space MI+ which
admits 10. In the above sense M is a physically acceptable non-compact
Lorentz 4-manifold having the conformal group as its infinitesimal and

global! transformation group.
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2.3 Conformal Group in Relativity & Gravitation.

The general relativity theory of Einstein is invariant under

the infinite-parameter group of general coordinate transformations

xH = fu(xg),
also called the general covariance group. A remarkable recent
development was the recognition by Ogievetskz [57] in 1973 that the
action of this group can be reduced to alternating actions of its two
finite-parameter subgroups, namely, the special linear group SL(4,R) and
the conformal group. Specifically, he proved that any generator of
the general covariance group can be represented as a linear combination
of repeated commutators of the generators of SL(4,R) and the conformal

group. That is, the infinite-dimensional algebra of the general

covariance group is the closure of the finite-dimensional algebras of

the special linear and conformal groups.

In a more recent paper [ 58] Borisov & Ogievetsky deduced

Einstein's field equations from the requirement of invariance under the
affine and conformal groups realized non-linearly (the realization
becoming linear on the Poincaré subgroup), in the same way that the
equations of SU(2)xSU(2) chiral dynamics are derived in the theory of
non-linear realizations of chiral symmetry [59]. They maintain that the
analogy between the theory of the gravitational field anc the essentially
simpler theories of non-linear realizations of internal symmetries
(unitary, chiral, etc.) suggests new ways of searching for connections
between the theory of gravitation and the theory of elementary particles,
although they do not discuss any of these '"mew ways'".

Freund [60] has generalized these arguments to the case of
a conformal graded Lie algebra (orthosymplectic algebra) with a non-
linear realization over the imbedding superspace. This has possible
applications in elementary particle physics,

In 1936 Page [61] developed a "new relativity" theory
which was invariant not only under coordinate transformitions between
two observers moving relative to each other with constant velocity, but
also with constant acceleration. He did not realize that this was just
an extension of Einstein's special relativity in flat Minkowski space,
based on the conformal group instead of the Poincar€ group. This was

pointed out by Engstrom & Zorn [62] who showed that Page's theory

involved the determination of all coordinate transformations which
preserve the null line element d52 = Cth2 - dx2 - dy2 - d:2 =0, a

problem solved by Lic [2¢] leuy a



30.

Page's theory was physically meaningful if all measurements
were local; distances and times were to be determined by the radar
principle (attributed principally to Eiiggﬁ[Baj), and differed from
point to point in the space-time manifold. Rest masses were no longer
constant in Page's theory. Robertson [64] claimed that Page's
kinematical theory could be regarded as a special case of his own
(Robertson's) more general theory [65], arid that Page's treatment should
lead to the usual classical expression for the ponderomotive force. In
reply, Page pointed out that he and Adams [61] had shown that the "new
relativity" may lead to a "very different electrodynamical equation of
motion". But just what this difference is is not very clear.

Robertson also demonstrated that the relation between two equivalent
observers in Page's theory is formally the same as that between two free
observers in general relative motion in the de Sitter universe of general
relativity theory. Bourgin [66] has also criticised Page's theory.

Hill [67] joined the fray in 1945 when he considered the
problem of determining those coordinate transformations for which the
uniformly accelerated motion (hyperbolic motion) of a particle is
transformed into another motion of the same type, for bot- liewtonian
and special relativistic mechanics. The symmetry grour of the
characteristic differential equation of hyperbolic motion is the conformal
group of Minkowski space. Hill also applied the theory of uniformly
accelerated motions based on the conformal group to the so-called
"clock problem" of general relativity and found two solutions, both at
variance with the usual theory.

The kinematical properties of the conformal transformation
group have continued to cause problems in interpretation. As recently
as 1971 Laue [68] gave examples to show that one of the SCTs transforms
world lines of massive particles at rest into world lines of massive
particles with different constant accelerations.

It has been noted earlier (Section 2.2) that conformal
symmetry is broken in the presence of massive particles unless one
hypothesizes that mass transforms under dilations and SCTs according to

my = f(x)mc,

where my is the (usual) rest mass of the particle, mC is a new conformally
invariant mass, and f(x) is a scale factor representing the conformal

transformation. Some authors have interpreted m_ as a rest energy

0
(rather than rest mass) containing the potential energy associated with

the position (x) of the particle in an apparent gravitational field
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("apparent" because we are talking about conformal transformations

in flat Minkowski space). Fulton, Rohrlich & Witten [29%] asserted

that such apparent gravitational fields are constant and homogeneous.
This assertion is false because of the property of SCTs which takes
world-lines of massive particles at rest into world-lines of particles
with different constant accelerations, as emphasized by Laue. An
earlier example of Rohrlich [69] supports this conclusion.

A belief which had become firmly established (see e.g. [70])
was that no radiation field is generated by the linear uniformly-
accelerated motion of a point charge. This was repudiated by Rohrlich
[7s]. Under a SCT the coulomb field of a charge at rest is mapped
into the field of a uniformly accelerated charge, as shown by Haantjes
[72]. This latter field contains radiation.

By restricting the interpretation of the term "eguivalent
observers" in general relativity to mean those observers whose (local)
cooriinate systems are connected by a group of transformztions which
correspond to physical reality, e.g. Lorentz transformaticns,

Uens % Takeno [73] considered two kinds of "ecuivalent o-server'. In

thelr first paper, the class of observers of the '"second kind" is
characterized by their coordinate systems being connected only by the
three-dimensional rotation group when they are at relative rest; when
these observers are in relative motion, it was shown that the group of
transformations connecting them contained the SCTs. An extension of
this theory was given by Ueno ¢ Takeno in the second parer.

Meksyn [7¢] reminded us that transformations from rest
frames to accelerated frames are, in general, singular on certain surfaces.
There is a misprint in his paper, so the transformation of his example

is spelt out here. The frame (x ,to) is transformeé to the

0>Yo%0
frame (x,v,z,t) moving with constant relative acceleration q by

(1+2wx)li cosh wt - 1,

WX, =
Yo = ¥
2, = 2, 1
wto = (1+2wx)® sinh wt,
where w = a/c2 and c is the velocity of light. This transformation
becomes singular on the surface x = —c2/21, as can be seen by computing

the Jacobian determinant of the transformation.



32.

The interpretation of the SCTs as connecting coordinate
frames with constant relative accelerations has been contested by
Kastrup (42] on quantum mechanical grounds. The main objection
appears to be that the group velocity of the wave packets formed by
the eigenfunctions of the Hermitian operators (of the Lie subalgebra
of SCTs) has the same form as that of plane waves, whereas the phase
velocity shows the hyperbolic structure usually related to accelerated
motions. In quantum mechanics it is the group velocity, not the
phase velocity, which describes the motion of particles. Thus if,
as he desires, the conformal group is to span both microscopic and
macroscopic physics, Kastrup suggests that the interpretation of an
accelerated motion be dropped. Another objection is that the

Schouten-Haantjes postulate [37], that mass transforms locally under

dilations and SCTs as on page 30 of this chapter, is at variance with
the quantum mechanical view that 4-momenta, and therefore masses, are
non-local quantities. Kastrup argues that '"the formal local
transformation of a non-local quantity has the consezuence that no

conservation law exists, &t least not in the usual sense, a3 cne can

1"

1
n

see from the Klein-Gordon ecuation with non-vanishinz rest &z

S

This apparent conflict over the kinematical intercretation
of the conformal group seems unresolvable at present. As long as one
believes that relativity can be quantized, there should be z2zreement
over physical interpretation of the transformations of the conformal

group if this group is to be accepted as a symmetry group of physics.

Imbedding techniques have been studied extensively in

relativity theory (a fairly recent discussion is given in [75]). We
note in passing that among the best results available are:

(1) Friedman's theorem [76]: An n-dimensional Riemannian space

with line element d52 = gp d'dx”  can always be locally and
V ———————
isometrically imbedded in an m-dimensional pseudo-Euclidean
space with line element
2 +1.2 +
as? = (azh)? v o+ @2 - @2PTH? - L - (@'Y,

where m = ptq = = n(ntl1) and neither p nor q is less than the

NS

number of positive or negative eigenvalues of gpv respectively.
In the case of the Riemannian spaces of general relativity

(n = 4 and gpv has signature -2) it is known that the imbedding

pseudo-LCuclidean space (a) has dimension 10 at most, (k) must be
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at least 6-dimensional to imbed a non-flat vacuum space,
(c) must have at least 5 dimensions to imbed a non-vacuum

solution.

(2) Nash's theorem [77]: A compact space-time can be globally

imbedded in a pseudo-Euclidean space of at most 46 dimensions.

The present ceiling is higher for a non-compact space-time.

Imbedding techniques have been used, for example by Sigal and
Ingraham, in the application of the conformal group to relativity.

See also Maia [7€].

According to Sigal [79] a field theory is conformally
invariant if solutions of the field equations are mapped into solutions
of the field equations by the conformal group, assuming that the field
equations and fields are tensor densities under a general change of
coordinates. This assumption puts restrictions on the transformation
properties of terms in the equations under the Minkowski sgace
conformal group. In particular, it implies that all terms in the
equations must have the same scale dimension. Sigal cleirz that it
also makes questionable the introduction of conformally invariant masses
(2 la Schouten & Haantjes [37]). To support his claim he Zemonstrates

that, under his definiticns and assumptions, the massive :lein-Gordon
esuation 1s not conformally invariant.

Making use of the local isomorphism between SU(Z,2) and
S0(4,2), Sigal examines conformal invariance (in his sense) by studying
the relationships between geometrical structures and field egjuations
in the flat 6-space and an arbitrary 4-space conformal to Minkowski
space. He then studies the imbedding of Minkowski space ezuations in
the flat 6-space. He shows that, in terms of 6-space structures, there
are only two ways to break conformal invariance, corresponiing to the
addition of mass-like terms and to coupling terms between the covariant
derivatives of each geometry.

Ingraham's [41],[80] "conformal relativity" demands that

physical laws be invariant in form under the full conformal group.

He treats the conformal group as a group of projective transformations
in "sphere space". The 4-dimensional space-time events are represented
as null spheres in a curved 5-dimensional manifold, described by six
homogeneous coordinates. At each point of this manifold there is a
local flat S5-dimensional projective geometry. Equivalent observers

are defined by the property that they are related transformationally
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by the conformal group i.e. point transformations between observers
carry null curves into null curves. (This is an extension of the
concept of equivalent observers introduced by Page [61],

Ueno & Takeno [73], and Hill [€7].) In each local space there is

a quadric, and the group of transformations preserving this quadric

(the quadric group) induces a group of point transformations in the

local 4-dimensional space-time via the imbedding equations. The
intersection of this last group and the group of conformal point

transformations in the 4-space is called the physical group of the

theory. The quadric geometry and physical geometry of Ingraham's

conformal relativity denote the set of all geometric definitions and
properties invariant under the quadric group and physical group

respectively. The principal theorem of his theory is: The quadric

geometry and physical geometry coincide, and the physical geometry
is the conformally flat metric u4-space. This result had been
established very much earlier by Klein [26] in 1872, so one wonders
what the force of Ingraham's theory is.

He claims that his (Ingraham's) theory is a unifled field
theory in the sense thet it describes force fields which comprise
several mesons along with the gravitational and electromagnetic fields.
The Kaluza relativity {81] an¢ Einstein's general relativit; are
subtheories, according to Ingraham, and he also extends hris theory
to what he terms "spinor relativity". But Taub [82] disazrees with
Ingraham's claim because 'the theory of a perfect electrically neutral
fluid moving in its own gravitational field does not seem to be
contained within this theory". Ingraham does not appear to have

replied to this criticism.

Takeno [83] has studied conformal transformations which

transform spherically symmetric (s.s.) space-times into s.s. space-

times. By definition a space-time is s.s. when its metric tensor gpv
is form-invariant under the 3-dimensional group of space rotations.
The metrics discussed by Takeno do not necessarily satisfy Einstein's
field equations. The main theorems are:

(a) Let SO be any s.s. space-time with metric tensor gle which is

not conformal to the space-time SII with metric

A
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S;gp:  ds = Clr,0)dt’ - A(r,t)dr’ - B(d6° + sin’e d¢?),
bl b3 £ 3
where B is a constant. EF IS (gp ) be related to SO by
£ 2f(x®) g
o v’ then & 1is s.s. iff f = f(r,t).

(b) The metric of any conformally flat s.s. space-time is reducible
to the form
2 2
ds® = A{Adt” - (dr2 + r2d92 + r231n29d¢2)],

where & = A(r,t) and XA = [a(t) + r2b(t)]2, and a,b are arbitrary

functions of t.

Takeno also determined the groups of infinitesimal coordinate
transformations which leave any given s.s. metric conformally invariant.
He obtained the specific forms of the conformal Killing vectors (CKVs)
for the Robertson-Walker metric in the form

2

S(L): ds® = dt? - fz(dx2 + dy2 + dzz), f = !

eg(t)(l + r2/uR2)_ s
where r° = x2 4y 22, and F = constant. Now the Robertson-Walker
metric is conformally flat, sc the CKVs are just those of flat
Minkowski space. But Takenc saw fit to obtain the CKVs directly

from the R-W metric S(L). Tris was followed btv 2 specific determin-

ation of CKVs in general s.s. space-times with metrics of the form

s.(0):  ds® = Clr,t)dt? - Alr,t)dr’ - r°de’ - risin’g d¢’;
s.(8):  ds® = 2D(r,t)dr 4t - B(t)(d8” + sin’6 d#”), dB/dt # O;
SII: Beies C(r,t)dt2 - A(r,t)dr2 - B(de2 + sin26 dé2),
B const. > 0.
Note: At each point of the space-time SII the tangent space is
composed of two 2-dimensional subspaces Vz(r,t) and Vz(e,d)

whose metrics are
2

V2(r,t): ds cdt? - A dr2,
2 2 2 2
V,(6,8): ds - B(d8” + sin“@ dg”).
The 2-space V2(6,¢) has constant curvature -1/B. When the 2-space

V2(r,t) also has constant curvature, the space-time SII is said to

be of class SIIA‘

The theorems proved by Takeno will not be restated here.
The following table, adapted from one given by Takeno, indicates in
the final column the space-times of particular interest because they
contain CKVs which are not Killing vectors. The notation is as defined

2 - X - AR

2

above, plus S(Jl): ds

~

S(J2): ds*

5 non-constant 2-curvature.
C(r) dt° - dr
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Space-time Dim. of No. Crvs
Remarks conformal not
type group Killing vect.
S(L) Conformally flat 15 5
SI(O) (i) Conformally flat 15 5
(ii) Conformal to S; A 6 <2
(iii) Static, A=£(r), C=f(r)g(t) y ¢
(iv) A = £(r)g(t), C = r’h(t) 4 1
(v)  Others g 0
SI(A) (i) Conformally flat 15 5
(ii) Conformal to SI1A & - <3
& [(ii1) B/D = eM/uv y 1
(iv) Others 3 0
Si1 (i) Conformally flat 15 5
(ii) SIIA not conformally flat 6 0
(iii) s(J,) or £(J,) i ‘
(iv) Others 2 g
€ In SI(A) (iii) u znd v zrs arbitrary functions of r ani t,
h = h(W), W= Ut%, U= Judr = D(r), ¥ & Jvdt = v(z).
Ignoring the conformally flzt cases, we see that the onl. s.s. me*rics

admitting conformal transformzations which are not motions are

SI(O)(ii), (iv) and €_(x)(ii), (iii).

<. The exterior Schwarzschild
L

space-time is of class $;(0) and is static, so possesses no CKVs

other than Killing vectors.

Any s.s. geometry admits a shear-free null hycsrsurface.
The same will be true of any conformally related geometry which is s.s.,
since the vanishing of shear is a conformally invariant property [118].

Derry, Isaacson & Winicour [84] showed that the only "regular" conformally

s.s. solution to the vacuum finstein field equations is the Schwarzschild

solution. ""Regular'" here means asymptotically flat ﬁlus the following

restriction: "The shear-free null hypersurfaces of the s.s. geometry
form a regular (sic!) éiverging family of hypersurfaces with topology

2 1

S® X E” such that consecutive members do not intersect in the

neighbourhood of future null infinity". Their proof did not apply to

Petrov typeNvacuum space-times.
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Conformally flat spaces. These admit the full 15-parameter conformal

group. Well-known conformally flat spaces are:

(1) The Schwarzschild interior solution [85].

(2) The de Sitter space-time [86].

(3) The Einstein space-time [87].

(4) The Robertson-Walker metric [88].

(5) The Friedmann space-times [89].

Ccnformally flat spaces are amongst the easiest to deal with on account

of the vanishing of the Weyl tensor in these spaces (Weyl [26],1918).
Schouten (1921), Schouten & Struik (1921), and Brinkmann

(1923) [26] were early workers on questions of conformal flatness.
In particular, Schouten proved that a Riemannian n-space is conformally

flat iff

- - M. =0 (1)
Ro,Byé ! gBéMay ! gayMﬁé gB‘yMaé Bad py

and M M

I =0 (2)
aBsy ay ;8

for some symmetric tensor Maﬁ° For n > 3, (1) implies (2).

Levine (1936) [90] determined the necessary and sufficient
condition for a conformally flat Vn to admit a group of motions, in
terms of the rank of a certain matrix involving derivatives of the
conformal factor in the metric of Vn. He also proved that every
conformally flat space with metric of the form

2 )2,

ds® = e (dil)Q/f(R), R =e (& e = #1
@4 a

a
admits the rotation group as a group of motions; if other groups of
motions are admitted by such a space, then f(R) = aR, or the space
has constant curvature and
£(R) = (aR + b)?,

where a and b are constants. Other results given by Levine are:
If a conformally flat space admits a simply transitive group of
translations, the space is flat.
A given simply transitive group Gr‘will be a group of motions of a
conformally flat space iff Gr is a subgroup of the 15-parameter
conformal group.

In a sequel Levine (1939) tabulated the 20 types of
subgroups of the conformal group that can serve as a group of motions
of a conformally flat Riemannian n-space into itself, and gave the

form of the metric of each of the admissible spaces.

in fac:. any isotropic space-time is conformally flat [FPenrose, in
ttutes Cvanns £ Tanoloev. DL5RO (Gordon € Rreach, 1983))




Later (1950) Levine proved that a conformally flat,
non-flat Riemannian space M can admit at most one (linearly
independent) field of parallel vectors, which if non-null implies
that the universal covering space M of M is the product of a
one-dimensional Riemannian space and a (n-1)-dimensional Riemannian

space, and hence M has constant curvature (see also Yano & Nagano (91]).

In their 1969 paper Katzin, Levine & Davis [20] considered

curvature collineations (see Section 1.3) and proved that if a
conformally flat Riemannian n-space (n > 2), which is also a non-flat
Einstein space, admits a curvature collineation (CC), then the CC

must be a motion. In a subsequent paper these three authors (1970b)
began the task of determining all conformally flat Riemannian n-spaces
(not Einstein spaces) which admit a CC. This paper was devoted to

CCs which are not conformal motions (Conf M). Levine & Katzin (1970)

[20] continued the story for the case when a CC is a Conf M. They
proved inter alia that there are no non-flat conformally flat spaces

which admit a symmetry which is simultaneously a CC and a proper Conf M

with &au a non-null vector, where the function y is given by (1.15).
They also determined the nature of the various non-flat conformally
flat spaces which admit a S Conf M and a null field of parallel
vectors for each of the three canonical forms of the metric [92];
the group of S Conf Ms was specified in each case.

Conformally flat spaces admitting special quadratic first

integrals (SQFIs) i.e. covariant-constant symmetric tensor fields

hpv’ were the subject of two papers by Levine & Katzin [92]. Among
their results was the following: A conformally flat Riemannian
n-space Cn which is (i) flat, or (ii) of non-zero constant curvature,
admits (i) %-n(n+1), (ii) one SQFI respectively. If a Cn of non-
constant curvature admits more than one linearly independent SQFI,
then it admits exactly two. Canonical forms of the metric were
obtained for these latter C.e

Ruse [93] mentioned conformally flat UY-spaces as a very
special case in his discussion of a quadratic complex of lines in an
(n-1)-dimensional projective hypersurface of an n-dimensional

Riemannian space.



Narlikar & Karmarkar [94j used 14 independent scalar

invariants of the curvature tensor in a Riemannian Vu to establish
the necessary and sufficient conditions that a spherically symmetric

Vu be conformally flat.

Taub [7] gave the first proof of the theorem: A
Riemannian Vn (n 2 3) admits a %{n+1)(n+2)-parameter group of
infinitesimal conformal transformations iff the Vn is conformally flat.

Sasaki [95] had previously established part of this result.

Adati [96] studied Riemannian spaces Vn admitting a family
of totally umbilical hypersurfaces, when the hypersurfaces are
conformally flat. Also included was the proof that when a conformally
flat v, (n > 3) admits a torse-forming vector field s the

hypersurfaces o(x“) = const. are of constant curvature.

Matsumoto [26] (1951) proved that a positive definite
conformally flat n-space (n 2 u4) with non-constant curvature is of
imbedding class one iff a certain matrix is of rank 2 2 and certain
inequalities are satisfied; the matrix and the inequalities involve
only gy and %JBYG' A new proof of a theorem of Erinkmann [26] (1923)
was given, namely, the imbedding class of a conformally flat space is

at most two.

Verbickii [97] developed a criterion, involving the
second fundamental form of a positive definite Riemannian Vn (n24),

for the Vn to be conformally flat of imbedding class one.

Vranceanu [98] had proved that in a sufficiently small
neighbourhood of a Riemannian subspace Vn, the metric of the enveloping

Euclidean space E,, may be written in terms of the fundamental tensors

N
of the first, second and third kinds and the torsion of the Vn'
Blum [99] generalized this result to the case where the enveloping

space is conformally Euclidean.
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Using properties of an imbedding in a flat &-dimensional
space, Stephani [100] found all solutions of the Einstein equations
for a perfect fluid or an electromagnetic field, which are conformally
flat. These solutions include the metrics of Bertotti [101].

Space-times of imbedding class one have also been studied
by Barnes [102] who showed that a class one perfect-fluid space-time
has at least one of the properties (a) conformal flatness,

(b) geodesic flow, (c) it admits a 3-dimensional group of isometries
with 2-dimensional spacelike paths.

The conformally flat nature of gravitational fields in
perfect fluids has also been discussed by Obozov [103] who proved
that geodesic flow lines imply the conformal flatness of the space-
time (cf. Barnes).

Sigal [79] generalized his discussion of conformal
invariance to the case where the u4-space fielc ecuztions are imbedded
in a conformally flat 6-space (see also page 3Z of this chapter).

Kloster, Som & Das -[104] investigaze: the class of

conformastationary vacuum metrics; these are the stationary metrics
whose background 3-space is conformally flat. They found that there
are only three such metrics, one of which is the NUT solution, which

belong to the Papapetrou-Ehlers class [105]. Their proof that there

cannot be any metrics outside of this class was faulty, and this
possibility still remains open.

The initial-value problem of general relativity is that
of constructing a complete set of Cauchy data on a spacelike
hypersurface for Einstein's equations. These data are subject to

initial constraints. 0'Murchadha & York [1C€] trezted the special

case of conformally flat metrics on the initial stacelike hypersurface.



L41.

McLenaghan, Tariq & Tupper [107] employed the Newman-

Penrose formalism to obtain a derivation of the most general conformally
flat solution of the source-free Einstein-Maxwell equations for null
electromagnetic fields. The metrics are of the form

ds? = 2q%(u)zzéu’ + 2 du dr - 2 dz dz,

which are the conformally flat members of the exact plane-wave family
of solutions of the Einstein-Maxwell equations.

Feters [102] sclved the equation of geodesic deviation
in conformally flat space-:times in a covariant manner. This enables
one to express, say, the cerivatives of the parallel propagator in
terms of other geometrical guantities, independent of any particular
coordinate system. The sclution is given by Peters as an integral
equation for general geodeszics.

Zund [109] gave an example of a conformally flat space-time
with recurrent curvature w-ich represents pure radiation in the sense

of Lichnerowicz [110]. Tren Levine & Zund [111] extended this

discussion ani gave, in pzrzicular, the theorem: A conformally
flat space-time in which thzre is a null parallel vector field which is
a gradient recresents purs radiation.

b= (112] preves that a null electromagnetic field in a
conformally flat space-tirmz must necessarily be expansion-free and
twist-free. This result z_so holds for null electromagnetic fields
whose repeated principal n:ll direction coincides with the repeated
principal null direction cZ the Weyl tensor of a space-time of Petrov
type K. This was an elezznt extension of the work of Levine & Zund

(111].

Based upon trhe paper of Dirac [32], a new form of
conformally invariant wave eguation was studied by Sokolik [113],
and the gravitational interaction with respect to conformally flat
space was investigated.

Pavelle [11t] and Thompson [115] have discussed the

Kilmister-Yang equations [11€] (a K-Y space is a Riemannian Vn which

satisfies locally RES'Y = R’Y'B). Pavelle argued that conformally
L] -~ bl
flat solutions should not »e allowed (are unphysical). Thompson

proved some theorems on conformally flat spaces, including:
(a) For n 2 4, every conlormally flat Vn with constant scalar

curvature is a K-Y space. (b) The class of conformally flat solutions
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of the K-Y equations is determined by solutions ofl32p = %—Rpa,
where R is the constant scalar curvature of vy, with metric

d32 = p2 d02, do2 ithe Minkowski space metric,
andD2 is the D'Alembertian operator. When R = 0, the conformally

flat spaces are determined by solutions of the wave equation.

Curvature collineations. A theorem due to Collinson [117]

states that the only CCs admitted by an empty (Zinstein) space-time,
not of Petrov type N, are conformal motionms. Collinson also found
the CCs admitted by the plane-fronted gravitatiorizl waves, and this
work showed that empty space-times of Petrov type N do admit CCs
which are not conformal motions. He proved that the plane-wave
metrics admit a 6-dimensional group of conformal motions consisting
of a 5-dimensional group of motions and a 1-dimensional group of
homothetic motions. In particular, he showed thrhz* the metric

&E°E 9@ dv - @ az @z

is a plane-fronted gravitational wave which admi<s the homothetic

motion given by the homothetic Killing vector (::7)

'_\l - - —-—
= 2uc. + z&_ + 20-
u Z Z

Collinson appears to have & sign wrong in his exzression for this HKV.

Katzin, Levine & Davis [20] (1970a) s-owed that every

Riemannian Vn with an expansion-free, shear-free, rotation-free geodesic
congruence admits groups of CCs. In particular, the plane-fronted
gravitational waves with parellel rays (pp-waves) do.

Geometrical and physical properties of the Weyl tensor

were outlined by Pirani & Schild [118] in the spacze-time of general

relativity. In particular, they gave conformall: invariant definitions
of null geodesics and shear (see Chapter 4 and Sachs [20:]) and gave
an equation which related the propagation of shezr along a null geodesic
to the Weyl tensor.

The Goldberg-Sachs theorem ([209], see Chapter 4) is
deservedly one of the most celebrated in general relativity theory.

Very soon after its discovery the generalized Goldberg-Sachs theorem

was established by Kundt & Thompson [119]. This states:

(1) Any two of the following properties imr~lv the third:
(A) The Weyl tensor Cabcd is algebraically special,
with Debever vector k°.
(B) There exists a shear-free geodesic null congruence

. a
with k= as tangent.
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ea,bc,.d
C —
(c)y v vb,abc;d 0
c.d _ . .
or Vb C eyl 0 if Cade is Petrov type III,
or VeaCd = 0 if C is Petrov type N
abc;d abcd yp ’
b . .
where Vabk = 0 and Vab 1s a null complex biveztor.

(ii)  The properties (£), (B), (A)U(C) are conformally invariant.
This theorem was proved independently by Robinson & Schild [120]

whe published their proof about five months later. Kundt & Thompson

used spinors, while Robinson & Schild used tensorial methods to prove

the theorem. The fact (ii) of conformal invariance was fully
established by the latter two authors, while the former two merely noted
it.

Szekeres [ 12:] s+udied conformal transformations of a

subset of the following hierzrchy of Riemannian u4-spaces:

. ..M _
(a) C-spaces, characterizez by C B 0,
(b) J-spaces oH = 0

5 ’ aBysu ’
(c) Einstein spaces, va = Xguv, A constant
(d) empty spaces, va = 0,
(e) flat spaces R . =0.

P s o By .
where R and C are the Xiemann and Weyl tensors. Szekeres
Ha By HaBy

obtained necessary and sufiicient conditions for a space to be conformal
to a space of type (a), (c), or (d), using spinors. J-spaces (h) were
considered by Thompson [1221. [(Note: C-spaces and J-spaces are
special cases of conformzlly symmetric spaces (see p.22) and Cartan
symmetric spaces [123] respe”tively.]

Debever [12&] used the local isomorphism between the
Lorentz group and the 3-dimensional orthogonal complex rotation group
S0(3,C) to develop a vectorial representation of bivectors, in particular
of the curvature form and connection form. The formalism was applied
to conformal changes of the metric, and in particular to specify the
choice of conformal pararster along isotropic geodesics. Included

was a proof of the Pirani-Schild formula [118] on the propagation of

the shear along a null geodesic.
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The formalism developed by Debever was described more

fully by Cahen, Debever & Defrise [125]. They showed, for example,

how the formalism is related to the usual spinor representation.
After a characterization of the Petrov types of the Weyl tensor, they
introduced suitable canonical triads and computed the curvature
invariants. The conformal theory developed in [124] was re-presented,
and concise proofs of the Robinson theorem [126] for null electro-
magnetic fields and the Goldberg-Sachs theorem were given. All
homogeneous 4-space solutions of the vacuum field equations were
constructed; these are the spaces on which a group of isometries
acts transitively. It was shown that there exist no homcgeneous spaces
of Petrov types II, D, and III. They also studied spaces admitting
"large" groups of isometries (when the stability group at each point
of the space is not reduced to the identity).

Mielke [127] has reviewed conformal techniques as applied
to the initial-value problem of general relativity (see e.g. [106])
ard has analyzed conformal vector fields on compact manifolds with
constant scalar curvature.

Hansen & winicour [128] found a conformal Killing vector

field on the manifold of trajectories of the timelike Killing vector
field of the Kerr solution [129], and showed that the confcrmal Killing
vector field leads to a conserved quantity along certain null geodesics.

Collinson & French [9] wrote the conformal Killing equations

(1.15) and their first order integrability conditions (1.27), (1.34) and
(1.35) in the Newman-Penrose formalism and proved the following two
important theorems:

(1) A conformal motion of non-flat empty space-time must be
homothetic, unless the space-time is Petrov type N with
hypersurface-orthogonal (twist-free) geodesic rays.

(2) For each Petrov type the maximum order of the group of
conformal motions admitted in non-flat empty space-time is at
most one greater than the maximum order of the group of
isometries.

For non-flat empty space-times of Petrov type I a result stronger than
(2) is available: the maximum orders of the groups of conformal motions
and isometries are equal. These theorems are improvements on the
results of Shanks [26] (1950) and Yano [26] (1951). Collinson & French
also determined the maximal groups of isometries admitted by empty space-

times of each Petrov type which possess hypersurface-orthosonal geodesic
¥p P yp £ £
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rays with non-vanishing divergence (i.e. expanding).

Einstein [130] used similarity solutions of his vacuum

field equations (such a solution admits homothetic motions) to demonstrate
that there are no gravitational solutions without singularities that
represent particles of finite non-vanishing total mass.

Cahill & Taub [13i] discussed similarity solutions of the

Einstein equations for a spherically symmetric distribution of a self-
gravitating perfect fluid. It was found that the metric coefficients
of such solutions depend essentially on a single variable (the ratio
of the radial coordinate and the time coordinate). The field equations
then reduce to ordinary differential equations. They also treated the
problem of fitting a similarity solution to another solution of the
field equations across a shock wave (hypersurface).

In a paper for the Synge festschrift [122] Taub obtained
similarity solutions for self-gravitating perfect fluids with a
particular equation of state, possessing plane symmetry i.e. admitting
a 3-parameter group of motions of the Euclidean plane. In contrast
with the spherically sym-etric case [131] Taub showed that z certain
class of such similarity; -lane-symmetric space-times cannot te fitted
to a static plane-symmezric space-time across a timelike shock. The
results obtained were aczlied to similarity solutions of the equations
of special relativistic h.drodynamics.

Godfrey [132] classified static, axisymmetric vacuum metrics

(Weyl metrics) according 7o the homothetic motions they admit. 0f all

types of collineation (see Section 1.3) the Weyl metrics admit only the

two simplest, namely, homothetic motions and isometries. Godfrey

discovered two then unknown families of space-times, none of which is
asymptotically flat. his would seem to make them physically uninteresting,
but many possess interesting horizons which Godfrey has investigated in
detail. The Weyl metric may be written in the form [134]

ds2 = eQ(V-)‘)(dr2 + dz2) + r2 e-”‘dé2 + e2xdt2,

where A and v are functions of r and z. It admits two orthogonal
commuting Killing vectors K1 and K2, one of which is spacelike and the
other timelike. Godfrev determined all Weyl metrics admitting a group
G of homothetic motions (n 2 3) with this G, of isometries as a subgroup.

He divided the metrics into three classes:
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Class I. The symmetry group is G There exists a homothetic

3
Killing vector (HKV)

K1 = o, t 2a¢So¢s + 2(a-1)t at,
where a is a constant, besides the two Killing vectors

by * az, K2 = a¢.

The functions A and v take the form

A

\%

a log rt+ z,

2
a2 log r + 2 az - %-r“ + Cyo o constant.

(McIntosh [141] has quoted this metric, but there is a misprint in his
paper.)

Class II. The symmetry groups are (i) Gys
Each is characterized by the presence of one HKV

(ii) G,> (iii) Ges (iv) G11°

~ - a-1,.-
K. = ro_ + zaz + abéaé + (Bjthot,

2 B
where a, b are constants. The dimensionality of the groups is made up
by the Killing vectors. The functions A and v take the form
1
A=Dblogr+ %{a—b)log[z + (p2+22)é3,
b 2 2
v = leog r + %{a?—bQ)log[z + (r2+z2)éj - %{a -T );og(r2+22) t Cyo

where g is a constant.

(i) The symmetries are given by K K1 and K The cases a = b,

2’ 2°
and a = 0,1 and b = 0,1 simultaneously are excluded. This class

includes the C-metric (see Ehlers & Kundt [135]) given by

a=2,b=-1(ra=-1,b = 2) admitting

1

K, = rar + zaz - 2«5&3‘&‘S - Etat.

2

(ii) Besides K,, K, and K, there is z third Killing vector

82 2

Here a = b, but a # -1, 0, %3 1, 2% The metrics are Levi-Civita's

cylindrically symmetric static fields [136].

(iii) Besides K1, K2, K3 and ?2 there is another Killing vector which

takes different forms depending upon values of the constants a

and b:
a=b=-1, K41 = ¢az - zB¢,
s B _
Bz b = 5 K“2 = ta¢ + ¢at,
a=-b= 2, K = td + 20

43 2 t°
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All metrics in this case are Petrov type D and have been

discovered by Levi-Civita [136], Petrov [8], and Kasner [137].

(iv) Whena=Db=0and a = b = 1 the metric is that of flat Minkowski
space, which admits the maximal group of 10 Killing vectors

and 1 proper HKV (?2).

Class III. The symmetry group is Gu and comprises 4 Killing vectors.
The metrics are the Schwarzschild metric (A1) and three others closely
related to it (A2, B1, B2). All are Petrov type L. The notation in

parentheses is that of Fhlers & Kundt [135]. The ray congruences of

the metrics Al, A2 and the C-metric are hypersurface-orthogonal and
diverging; those of B1 and B2 and hypersurface-orthogonal and non-
diverging.

Godfrey also gives the Bianchi type for each of the metrics
listed above.

Sigal [13e] proved that the only vacuum Einstein space which
admits a timelike proper (i.e. non-isometric) homothetic motion with
hypersurface-orthogonal trajectories is flat.

Eardley [13%¢] discussed the nature and uses of self-similarity
(homotnetic transformezions cf & space-time into itself) in general
relativity. Amongst other results he showed that the evolution equations
of the initial-value prctler preserve a self-similarity of initial
data; he seems to have been unaware of the work of York Li40] in this
area. His main result prior to an application of self-similarity to
cosmological models (see Section 2.4) is:

ELach space-time (M,z) with non-trivial (i.e. non-isometric)

homothetic group Hn of dirension n and isometry subzroup Gm E_Hn has

the properties:

(1) The commutator of two homothetic vectors in Hn is a Killing vector

in Gm, and m = n-1.

(2) Either (a) (usual case) (M,g) is conformally related to another
space-time (M,g) with isometry group E; such that
H_ g'é’r, and dim G (p) = dim H_(p)-1, where H_(p)
denotes the orbit of p € M under the action of Hn, etc.;

or (b) (excertional case) (M,g) is a (vacuum or non-vacuum)

plane-wave space-time.

The part of this result due to Eardley appears to be his listing in an

Appendix of the exceptional plane-wave space-times of (2)(o).
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Part (1) is due to Yano [26] (1951) and Collinson & French [9], and

(2) is due to Defrise-Carter [26] (1969, 1975).

McIntosh [141] studied properties of homothetic motions
in general relativistic space-times with particular reference to vacuum
and cosmological perfect-fluid space-times. Using the formalism
employed by Debney [142] he corrected and extended Debney's results
to the case when a homothetic bivector (HBV) with components H[a;b]
formed from the homothetic vector H = Hy and interpreted as a test
electromagnetic field for any Killing vector field, was present. He
also showed that quite strong restrictions are placed on the nature of
the proper homothetic motions admitted by vacuum space-times. These
are summarized in his theorem:
Non-flat vacuum space-times can admit a non-trivial nomothetic
vector field H only if such a vector field is non-null. H has
either
(a) a non-null HEV in which case H is not hypersurface-orthogonal,
is not tangent tc & geodesic, is shear-free ané nas constant
expansica, or
(b) a null HBV in which case the space-time is necessarily Petrov
type III or .
Case (b) is contained within the result obtained by McIntosh in a second
paper [141]): If a non-flat vacuum space-time admits a homothetic
vector field H (trivial or non-trivial) with an associzzel null HBV,

then the space-time is clgebraically special.

Other contributors to the application of the conformal group
in general relativity and gravitation are Buchdahl [143] on a set of
equations derived from a conformal invariant which possess solutions
which are conformally-Einstein spaces; Popovici [144] whc obtained
conformally-invariant gravitational and electromagnetic field equations
from a variational principle based on a particular Hamiltonianj

Erez & Rosen [145] whc displayed explicitly a conformal mapping between

a given static axiallv-symmetric metric and the Schwarzschild (exterior)

solution; McLenaghan & Leroy [146] on conformally recurrent space-times;

Scheurer [147] on a 5-dimensional space-time admitting the conformal

group; Schnirman & Oliveira [148] on conformal invariance of the

equations of motion in curved spaces; Soleimany [149] on generalized
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conformal transformations of space-times and the construction of

boundaries for past and future timelike infinities; Agnese & Calvini

[150] who investigated the consequences of conformal invariance of the

matter Lagrangian; Englert, Gunzig, Truffin & Windey [151] on conformal

invariance with a dynamical symmetry breakdown; Ross [152] who
produced a scalar-tensor theory of gravitation with field equations
"conformally equivalent to the vacuum Einstein equations'; and

Barut & Komy [153] on conformally invariant action-at-a-distance

electrodynamics.

2.4 Cosmological Applicationms.

By 1940 spatially isotropic, homogeneous relzativistic
cosmology had become well established, resting on the foundation laid
by Einstein [87], and with important contributions fror. de Sitter [86],
Friedmann [89], Lemaitre [154], Milne [63], Robertson, McCrea, Tolman,

Eddington, and McVittie [155].

Robertson [155] introduced the metric, name? for him and
Walker, in 192% and developed the kinematics of & cosmclogical theory
with this space-tire metric in 1935. In his criticsl =cpraisal of

Page's relativity [62], Robertson showed [&4] how nis ¥inematical theory
of 1935 could be seen to contain Page's relativity.

Wave geometry was the subject of atterntion oI the Hiroshima
school earlier this century, and was applied to cosmclogzy. The basic

ideas cf wave georetry as developed by Sibata, Takeno, Ztimaru

¢ Iwatsuki [156] are the adoption of a "microscopic metric" involving
a set of Dirac matrices Y; and a spinor § (to be intercreted analogously
to the Dirac wave functions) which is required to satisfy a certain
constraint equation. The theory is applied to cosmology by requiring
that this constraint eguation for |y be completely integrable. Sibata
showed that under these conditions the constraint equation took one of
two forms. Takeno obtained the solutions of each of these forms and
showed that the only types of universe allowed by the wave geometry
are the Einstein and de Sitter universes. Itimaru computed the mass
of the universe in terms of the integral of the time component of the
velocity vector of the cosmological fluid.

Later Takeno [83] (1955,1966) determined the infinitesimal
conformal transformations admitted by the Robertson-Walker metric.

This metric is conformally flat and so admits the full conformal group

of Minkowski space-time. But Takeno calculated the conformal Killing
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vecters directly from the E-W metric.

Infeld & Schild [157] believed that cosmological theory

ke, a link between special and general relativity, and

asioptes an arproa.  ‘ch was different both in spirit and in detail

to the state of tie ert a. cuw. 7 rized very elegantly in Robertson's

Fan;
LRV

Mod. Phys. article of 1333 [155). The Robertson model involved

a metric expressed in comoving coordinates; the problem of the motion

cf the fundamental particles (galaxies) disappeared and the model was
ch.aracterized by the curvature of the 3-spaces of constant cosmological
€. In the Infeld-Schild cosmology (1945) the metric was

nterpreted as differing from the Minkowski metric only by a gauge

factor which determined the behaviour of clocks and measuring rods
~om point to point. The metric was taken to be

ds2 = F(t,r)(dt2 - dx2 - dy2 - dzzl, r2 = x4 '_'2 G 2.

@r-i the structure of a 3-space did not enter the pictur= ths

¢! motion of the fundamental particles became the charac  :~i -

*5: model. They showed that three types of fundamente’ ~or 'oie
w.ion were possible: (T) osciiiatory, (II) radially cunverp ani-
divergent motion, and (III} mest. To each allcwanie ‘ome of o7«
"nere corresponded at least wund, in general, exanctly ..z kios L
53T ion. The type (I} motions occurred in a model witl, A watiso

invariant under spatial rotations, type (II) «— Lorent. =raasfornd

i ORI

tvve 1II ~— spatial *translations a~d inversious. The correspondznc

Leiween the Robertson and Infeld-Schild models is samnarived ~s
£o.lows:

Robertson Infeld-Schild

3-space curvature type of fundamental motion

1 I oscillatory
-l II convergent-divergent
0 ITI rest.

Ii Roberteson coordinates the velocity of light is a function of position

¢&ad direction, in Infeld-Schild coordinates it is comstant. Although

thie Infeld-Schild models are metrically equivalent to Robertson's,

thers is a topclogical difference.
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Infeld & Schild appear to have been unaware that

Schouten & Haantjes [31] noticed earlier that Maxwell's equations

take the same form in Louth Minkowski and conformally-Minkowski space.
In a second paper (194€) Infeld & Schild addressed themselves to the
question of whether the form of Dirac's equation for an electron
depended on the choice of their conformal metric function F(t,r);
their conclusion was that it didn't.

Gursey [158] produced a theory of gravitation in conformally
flat space-time. This theory is well at odds with existing experimental
evidence, because it predicts that there is no bending of light rays
and that the perihelion advance is half that of general relativity. Gursey
used this theory to build an expanding steady-state universe with
continuous creation of matter.

Littlewood [159] pcinted out that the most general system
in which Einstein's velocity-addition formula is vzlid is a Riemannian
o with signature #2 subject to an arbitrary conformal transformation.

If spece-time is conformally flat with zero scalar curvature, '
Littlewood showed that the wave equation for the gravitational potential
in Einstein's theory must bte replaced by’D2 e¢ = 0, where e¢ is the
conformal factor of the metric. Littiewood applied his theory to a
uniformly expanding world model and gave an upper limit to the maximum
speed of recession of a galaxy as 7/8 the speed of light. Pirani_[lGO]
showed that Littlewood's theory leads to a perihelion advance 1/6 that

of general relativity, with opposite sign. This makes the theory
untenable.

In two later papers [159] (1955, 1956) Littlewood employed
his method of conformal transformations to determine the properties
of uniformly expanding world models with zero pressure, first when the
perfect cosmological principle was assumed, and second when the restricted
form of this principle was assumed. To conform with Einstein's theory
an anisotropic cosmological term had to be added to the equations in
the first case. No new solutions were obtained, the only interest
being in the simple method used to solve the cosmological eguations.

Bhattacharya [161] investigated an expanding conformally

flat, zero pressure, perfect-fluid universe.
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Tauber & Weinberg [162] discussed the significance of a

statistical mechanical theory of gravitational equilibrium of masses
in connection with possible general relativistic effects in white
dwarf stars. The assumption of local dynamical isotropy restricts
the velocity field W of a perfect fluid. The flow pattern is

such that successive 3-dimensional spacelike hypersurfaces normal to
W must differ essentially only by local constant magnification

i.e. there exists a subgroup of homothetic motions transitive on
these 3-spaces.

Ehlers, Geren & Sachs [163] examined the gravitational

field generated by a gas whose one-particle distribution function

obeys Liouville's equation (Boltzmann equation without collision

term) assuming the distribution to be locally isotropic in momentum

space with respect to some timelike velocity field v“, and the gas

to be irrotational if the rest-mass of the particles is zero. Thus

their methods and results are extensions of the work of Tauber &

Weinberg [162]. They (Ehlers et al) showed that the model is either

stationary or a Robertson-Walker model. Their conclusion is that

in general relativistic cosmology the restricted cosmological principle

and the Weyl geodesic postulate '"can both be considered as consequences

of the apparently weaker postulate of an isotropic distribution of

peculiar velocities" of particles near each event in the universe.

Among their results is the following, due originally to Ehlers [164]:
Let H be the tangent vector to a congruence of timelike curves,
such that vuvp = -1. Then the curves are the orbits of a
1-dimensional (local) group of conformal mappings of space-time
into itself iff the congruence is shear-free and satisfies

=V v A L

= - = \Y) = .
V,u u T VY T3 e TR

-2U 3 F
e gpv 1s the new metric under the conformal

v
HoV

where ELV =
mapping, and © is the expansion.

The generators of the group are ® = eru.
If 6 = 0, the mappings are isometries.

Developing these investigations further, Trﬁmger [165]
showed that Liouville's equation implies that the locally ellipsoidal
distribution function in momentum space depends only on a quadratic
form in the 4-momenta, whose coefficients are a Killing tensor in the

case of non-vanishing particle rest-mass, and a conformal Killing

tensor in the case of rest-mass zero particles. He suggested that
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cosmological models of Bianchi type I can be described in terms of
ellipsoidal momentum distribution functions whose ellipsoidal tensor
is built out of the Killing vectors associated with the spatial
homogeneity.

Hoyle & Narlikar [166] (1964,1966) developed a conformal

theory of gravitation based on the idea of particle interaction
"at-a-distance", the equations of motion (not geodesics, in general)
and the gravitational equations being obtained from a variational
mass-action principle. Unlike the Einstein equations which determine
the 10 components of the metric tensor completely, the Hoyle-Narlikar
gravitational equations, ¢f which only 9 are independent, do not give
a complete determination of &y T one function is left undetermined.
This function may be taken ic be the conformal factor {; in the metric
mapping guv = Epv E Q2guv, consistent with their reguirement of
conformal invariance of trs tropagator (scalar wave) eguation for

the interaction between tTw: particles, plus the adoption of the

il

Schouten-Haantjes device _[*7] that mass transforms accorZing to

m= = Q-lm. The Hoyle-lzrlikar gravitational eguations for a smooth

fluid approximation reduce %c tinstein's equations for z special choice
of Q. However, tne smootr Zluid approximation is not valid in the
neighbourhood of a particis, as they showed explicitly.

Arguing strongl. Zor physical theories to be conformally

invariant, Hoyle & Narlixzr [166] (1972a) applied their direct-particle

conformal theory of gravizzzion to cosmology. They discussed the
Friedmann models which havs & Robertson-Walker metric with 3-spaces of
constant curvature k. Tnisz metric is conformally flat, so by a
suitable conformal transfcrzztion the geometry of these world models

can be made Minkowskian. Zowever, in the usual relativistic cosmology
it is not possible to emplov this geometrical simplification because

the physics changes; Einszsin's equations are not conformally invariant.
Hoyle & Narlikar's argument is that, because their gravitational equations
are conformally invariant, they can exploit the conformal transformation
of the metric in these mocels. Doing so, they find that although the
cases k = *1 are spatially homogeneous in the Robertson-Walker frame
they are not spatially hom>geneous in the Minkowski frame. Spatial
homogeneity is, however, rreserved under a conformal transformation

from the k = 0 Robertson-Wilker frame to the Minkowski frame. More
surprisingly, the singularityv ("origin of the universe") of the

Friedmann models in the Ro-srtson-Walker frame does not arise :hvsically
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in the present theory. Hoyle & Narlikar take the view that the
singularity is only a mathematical construct, due to an unfortunate
choice of the conformal frame; there is a second half to the universe
which appears when the Minkowski frame is used. Both halves
contribute to the mass function m of the theory, and so both appear

to be required in this cosmology.

In another paper (1972b) Hoyle & Narlikar, instead of

starting with the Friedmann models and proving their consistency with
the direct-particle theory characterized by the mass function m(X),
started by introducing a constant A such that the individual particle
mass was Am(X). Assuming that 12 is related tc the nurier of particles
giving rise to the mass field, a new conformal cosmological model
was obtained which involved continuous creation of matter. The
interesting thing about this new model is that the creation is
concentrated in active localized '"centres'", rather thar uniformly as
in the now disfavoured Steady-State theory [1€7.

Segal [168] prooosed a space-time % which is an extension
of the one considered by Ve:len [12]. Briefly, ¥ denczes the

4-dimensional manifcld of zil pairs (t,u), whers t is z real nurzer

1 8 u4n . . . P > .
and u = (u ,u2,u ,u' ) is a toint on the sphere S in L-<Zimensional
. : . . b, . v s s T2 . .
Euclidean space. Minkowski space M 1s imbecdde< in ¥ I: a causelity-
preserving manner. ¥ admits the full 15-paramster conormal group

RPN

which is causality-preserving since ¥ is a covering space of compactified
Minkowski space ([28],[54], and see Section 2.2). Loczlly ¥ and M

are indistinguishable, but on the cosmological scale diZZerences arise.
Segal claims that his world model '"provides a satisfactory explanation
for the cosmological red-shift and eliminates the apparent need to
hypothesize the expansion of the universe'. Ye also claims that his
theory resolves the controversy about the smallness in size of quasars
relative to their energy output.

Barnes [169] investigated flows of a perfect fluid in which
the flow lines form a timelike shear-free normal (twist-free) congruence.
Such a flow restricts the space-time to be Petrov type I and either
static or degenerate (Petrov type D or conformally flat). He proved
that a non-degenerate perfect fluid field admits a confermal Killing
vector (CKV) field parallel to the flow (cf. McIntosh {141])

Trumper [170] had proved that an expanding vacuum space-time which
admits a hypersurface-orthogonal CKV is either conformally flat or static.

Barnes arrived at an immediate generalization of this result:
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A non-degenerate perfect fluid space-time in which the flow
lines form a normal shear-free congruence is static.

Barnes listed all conformally flat prefect fluid space-times with

such a flow; these ir.clude a Friedmann universe, the interior
Schwarzschild solution, the Stepanyuk metric [171], the Einstein
universe, and the de Sitter universe, plus models which contain no
Killing vectors. £211 static conformally flat perfect fluid fields
with non-negative denzity were shown to be spherically symmetric.

The Petrov type D fields with the present flows admit at least a

1-parameter group of Isometries with spacelike trajectoriec; they
include the exterior Zchwarzschild solution with cosmological constant,
the Levi-Civita metricsz [ 137], the expanding spherically symmetric
shear-free perfect-f..1<¢ flcws with uniform density considered by

Thomp on & Whitrow [272z], t:e metrics of Faulkes [173] and

Nariai [174], and generalizz=ions of the vacuum B- and C-metrics

of Jordans Ehlers 2 Faadt [27:3). Barnes showed that a Fetrov type D
vacuum metric which zZzizs z shear-free normal congruenze of timelike
curves is static. iz resulzs incluée those of Godfrer _133].
Eardley [2::z] Z=°ined a spatially self-similar cosmological
model to be a space-zizz wrlich admits a similarity grouz Z. (= group

of homothetic transicr-z<icns) transitive on certain scacelike

hypersurfaces. Such 2 stzze-time generally admits only <he isometry
group 62 C1H3 and is trersfcre spatially inhomogeneous (uzless G3 = H3).
Closely parallelling =xs wzr: of Taub, Heckmann & Schuc:inz,

Ellis & MacCallum, Cc’’ins Z Hawking [176], Eardley constructed ail
spatially self-similar cosmclogical space-times, putting them into
classes A and B (inciuiing Ziznchi types I, II, VIO, VIIO, VIII and IX)
which are the homogenscus rmcoiels (Hﬁ = G3), and classes C and D which

admit one proper homo<hetic —otion. Noteworthy is the fact that the

homogeneous Bianchi tvoe VIII and IX cosmologies do not admit homothetic

motions. He pointel out that only the simplest kinds of matter are

allowed in a self-sicilszr space-time e.g. dust, electremagnetic field,
photon gas; mixtures oI these are not permissible, in general. This
restriction can be sozewhat relaxed by allowing, for example, matter
to be "self-similariy shocked" (see [131]) and [132]) - Taud's plane-

symmetric similarity scluticas [132] are, in fact, special cases of

Bianchi types I ani V

I
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Eardley discussed the homothetic nature of the following

space-times:

(a)
(b)

(e)

Minkowski. The similarity group is the Weyl group H;; 2 G

10°
Robertson-Walker. (1) k = 0. The metric

&2 = RePDI0Rd + &% » 2) - W

admits a homothetic motion if R x:tn, n constant, given by the

homothetic Killing vector
K = (1—n)(xax + yay + zaz) - tBt .

For n 2 %-this metric is the solution of the Einstein equations
for hydrodynamic matter with equation of state p = (y-1)p,
y = 2/« n). "Other equations of state generally break self- |
similarity e.g. the 'hot big-bang' model of the universe is
asymptotically self-similar before and after onset of matter
dominance, but not during'. The symmetry group is E7 ) G6’
where H7 is transitive on the 4-dimensional space-tire.

McIntosh [141] has also remarked that for arbitrarz R(t)
the hypersurface of homogeneity t = const. admits the homothetic

motion given by the homothetic Killing vector

X Z"
These k = 0 Robertson-Walker models are special cases of

K = xo_ + yo,. + 20
y

self-similar cosmologies of Bianchi types fIII, fV and fVLIh.

(ii) k # 0. None of these Robertson-Walker
models admit exact non-trivial homothetic motions, except for
the unphysical equation of state p = -p/3. At sufficiently
early times (close to the "big bang") the models are asymptotically
self-similar. At large times the k = -1 models are close to

being Minkowskian and so are asymptotically self-similar.

Kasner. These vacuum space-times with metric
2p. .
2 2
ds2 = -dt "+ ¢ t *(dx™) s %, s M= & P;>»
i i i

where the p; are constants, admit a homothetic group Hq > GB’
the homothetic Killing vector being

~ i
= BN v(1- < 3
K o, + ?(1 pi)x ai

1
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A wide class of space-time singularities, investigated by

Belinskii, Khalatnikov & Lifshitz [177] are approzimated by the

Kasner metric sufficiently near the singularity. Such singularities
are therefore asymptotically self-similar.

(d) Heckmann-Schucking. These anisotropic dust universes with metric

2 5 Qpi 4/3-2p.
ds“ = -dt" + ¢ t (t+to) “(dx
i

1,2
) TR t, = const.,

where the p; are constants satisfying the same comztraints as in
the Kasner metric, do not admit homothetic motionz - their
symmetry group is a G3 of isometries. However, for t >>t0 and

t << to they are approximated by Kasner and dust FoZertson-Walker

models respectively, and so are asymptotically self-similar.

Eardley also constructed the ADM [178] Haril=-cnian action
principle for vacuum self-similar cosmologies, and warneZ that such an
action principle sometimes leads to wrong field equaticas, just as in
the homogeneous cosmologies which have only a Killing s.mmeiry. ke

proved that the correct field ezuations were obtained Zcr =z self-similar

n

cosmology iff the space-time is of (his) class A or a sz-zizss of (his)

SEIZEE

class D, thus generalizinz & result of MacCallum & Tau: _173].

Milton & Nz [180,) considered a scalar-tenscr zheory proposed
by Schwinger [181] and showed, by subjecting Schwinger's Lagrangian

function to conformal transformations, that his theor;y wzs in many ways

similar to the Brans-Dicke [182] theory. For example, zc-tx theories may
be characterized by a time-varying gravitational "constz=z", and the
theories coincide when the scalar field is weak. Aprivizg Schwinger's

theory to Friedmann world models, Minton & Ng obtained & scalar-dominated
cosmology in which the accelerastion parameter qy = 2, a=i which differs
considerably from the corresponding Brans-Dicke cosmolog:. Milton & Ng
suggested that their model could provide a resolution cZ the cosmological
"missing mass'" problem. On the other hand, the matter-dominated model
in the Schwinger-Milton-Ng cosmology gives predictions idsatical with

the Brans-Dicke one.

Gurses & Gursev [85] showed that the Schwarzschild interior

solution is the only solution of Einstein's equations for a spherically-
svmmetric perfect-fluid distribution with non-negative cressure which

is both static and conformally flat. It is remarkatle that they did
not acknowledge that Buchdahl [85], in a widely availa‘le article, had
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dealt fully with this matter some years before. The same criticism
can be levelled at Rao & Patel [85]. Two points perhaps worth mentioning
about the Gurses & Gursey paper are: (i) they gave explicit conformal

transformation equations for expressing the Schwarzschild interior
solution in each of the Einstein and de Sitter forms; (ii) they remarked
that a physical model of the interior of a star consistent with causality
cannot have the Schwarzschild interior metric as a metric, and so cannot

be conformally flat (see also [183]).

Chang & Janis [184] studied conformally invariant scalar

radiation fields, electromagnetic fields, and non-conformally invariant
Klein-Gordon and gravitational radiation fields in Friedmann cosmological
backgrounds. Their purpose was to find under what conditions back-
scattering of the waves (i.e. the presence of wave-tails) would not
occur; the multipole radiation is then said to be "characteristic".
They found that characteristically propagating waves are possible feo»
both conformally invariant scalar fields and electromagnetic fields in
any Friedmann universe. This confirmed expectations because the
Friedmann geometry is conformally flat, and so the behaviour of such
radiation in a Friedmann model should be similar to the behaviour of
the corresponding radiation in a Minkowski world. On the other hand,
characteristic propagation of Klein-Gordon and gravitational radiation
fields was found to be possiktle only for special Friedmann worlds,
which nonetheless include two physically important cases, namely, those
world models in which p = 0 and p = p/3, where p is the pressure and p
is the density. This result should be compared with the earlier work

of Kundt & Newman [185] which suggested that the presence of matter

would lead to the presence of wave-tails. Chang & Janis used
perturbation methods employing the formalism of Newman & Penrose [10]
and Hawking [186], achieving a simplification over previous methods
used by Tauber [187].

Other contributors to the application of the conformal group
in cosmology are Gﬁrsez [188]; Lopez [189] who obtained "exact solutions
to the conformally homogeneous model universes constructed by Edelen"

(no reference available); Stephani [190] who used Debye potentials to
get all solutions of the source-free Maxwell vacuum eguations from a
single scalar equation, with applications to conformally flat cosmological
models, plus extensions; and Caves [191] who compared recent observations
with cosmological theories which are either conformally flat or have

conformally flat spacelike sections.



CHAPTER 3 Scenarto

For the remainder of this work I shall consider only

Einstein vacuum spaces of dimension 4, which satisfy the field equations

R = 0. (3.1)
WV

The purpose of the study is to see what conformal symmetries these
spaces admit. As we shall see, the spaces selected for investigation
are in fact a subclass of those represented by equations (3.1).

I shall be concerned with those vacuum spaces which admit proper
homothetic motions and which are algebraically special, possessing a
diverging and/or twisting geodesic shear-free ray congruence. There
are good reasons why one should study such special spaces, and this

chapter is devoted to setting the scene for such a study.

3.1 The Backdrop.

The simplicity of the vacuum space-times of zeneral
relativity make them obvious candidates for a first look into the real
world. A huge amount of effort has gone into the study o the groups
of motions (isometries) which these space-times admit. indeed, the
exploitation of the group theoretical method has been a major reason
for the success in finding large numbers of metrics satisfying Einstein's
equations. Such successes have led many investigators, as we
observed in the last chapter, to look for more general symmetries in
the vacuum space-times, and this search has been spurred on by such
deeply held convictions as the conformal invariance of physical
theories (see also Section 3.3 below).

Collinson [117] proved that the only curvature collineations
(CCs) admitted by a vacuum space-time not of Petrov type N are conformal
motions. He also found that Petrov type N vacuum spaces do admit CCs
which are not conformal motions i.e. they admit more general types of
symmetry. -

Brinkmann [26] (1925) determined all Einstein spaces which
can be conformally mapped non-trivially (i.e. non-homothetically) on
Einstein spaces. Indicating his scorn for the homothetic case,
Brinkmann omitted the qualification "non-trivially" from his results,

as did Fhlers & Kundt [135] in their version of Brinkmann's theorem:
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A vacuum field can be mapped conformally on another vacuum
field iff both fields admit a covariant constant vector field
i.e. iff both fields are pp-waves.
Schouten ([21], p.314) rendered the following version of
Brinkmann's theorem:
If a special Einstein n-space (i.e. one satisfying eguations
(3.1)) is not conformally Euclidean, then for n = 4 it is
impossible to map it conformally on another special Einstein
space,
and added the fcotnote:
It is impossible to map it (i.e. a special Einstein space)
conformally on a non-special Einstein space.

Ehlers & Kundt [135] gave an example to show that Schouten's version

is false. It is easy to see why Schouten's proof fails. For, in
the case of a homothetic motion (¥ = const. in equation (1.14)), the

Ricci identities (1.31) for X = é,a become

U
R % = 0, (3.2)
aby *u
which is trivial since @4 = const. Furthermore, in a vacuum
fH = cH and so (3.2) and the first order integrability condition
aby aby
(1.35) give
c . =0.
L xCapy = °

The whole of Schouten's argument, which hinges on the non-triviality
of (3.2), breaks down at this point.

Thus it appears that the question of whether or not a
vacuum Einstein space-time admits a homothetic motion remains wide
open. We know that the connections in two homothetically related

vacuum spaces are given by

= ~ 2
Tﬁv = Iﬁv’ guv = e guv (¢4 const.),
= _ _ _
& aBy EJG.BY - C“aﬁY - RuaBY ’
and R“v = 0 = R“V. (3.3)

On the face of it, investigation of the Riemann and Ricci tensors

is fruitless in providing an answer to the question.
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Suppose, however, that a vacuum Einstein space admits
a homothetic motion. Then setting y = 1 and choosing a coordinate
system so that the components of the generator X“ of the homothetic
motion are such that ¥ = éﬁ (x‘1l = t), equations (1.15) imply that

R 1 AR _
g“v = e huv(x WX oX ) (H,v = 1,2,3,4),

where huu 3] GIE] B, Egpv > 0.
With the metric in this canonical form it is easily shown that

Ricci tensor Rle is independent of t, and equations (3.1) can in
principle be solved for the huv. This is, however, a formidable
task, and an alternative procedure which adapts a coordinate system
to the algebraically special ray congruence of the space-time is
followed, as described in detail in the next chapter.

Fortunately, we are aided a great deal in our task

by the results of Collinson & French [3] who proved

Theorem 3.1 A conformal motion of non-flat empty space-time

must be homothetic, unless the space-time is

Petrov type N with hypersurface-orthogonal geodesic

rays.

Their proof was based on the use of the Newman-Penrose spin coefficients.
A direct proof, which to my knowledge has not appeared before, is

as follows:
Suppose a vacuum space-time is mapped conformally onto itself
by
~ 2 _ Uy
g“v J e gpv’ ¢ = #(x) in general.

Then equations (3.3) hold iff

¢;“V _ é’p¢’v + Kguv = va, (3.4)
where
_ 1 pv ~ 2
K=3¢ 85 85, - K e */20(n-1) (3.5)
and Luv is defined in (1.32). Now, in accordance with the theorem

of Yano [26] (1951) (see p.18 of Chapter 2), an Einstein space with
R # 0 cannot admit a proper homothetic motion (and a fortiori a proper
conformal moticn), so we are taking R = 0 = R. Then from (3.5) and
(1.32) we have 1 uv

K=>g N
and

HJV = 0.
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From (3.4) and these last two results we obtain for a vacuum

=] = sH . .
é,uc“aBY 0 = 8°c o (3.6)

If 4 # constant, this is just the condition for the space-time to

be Petrov type N or conformally flat (see Table 1, Chapter 4, p.76).
The gradient é,p is the Debever vector which is tangent to a
hypersurface-orthogonal congruence of geodesic rays, as may be seen
from the argument given by Eisenhart ([5], p.11u4). The argument used
in the above proof breaks down when @4 is constant, leading us back

to equation (3.2). Since a conformally flat vacuum space-time is
flat, we have proved Theorem 3.1.

Another result due to Yano [26] (1951) and also given by

Suguri & Ueno [26] (1972) and Eardley [139] is the followirg:

The commutator of two homothetic ¥Yilling vectors is

a Killing vector.

A short proof of this result, based on the theory of the Lie derivative,

1s as follows:

Let ¢1, ¢2 be two scalars corresponding to the nhomothetic motions

~ ~

generated in a space-time by the homothetic Killing vectors X , K

ikl w7k

Then, by equation (1.15),

'}}flguv = Y& £'}Zzguv = ¥o8,y
Therefore

[;Efy,i'*f]g =f~ (y ) -&~ (b.g )

K> K, "G K, 281V K, 18y
IR TV PL L X VR P
12 1 2
= 0

and hence fﬁl, ?2] = XK, A a constant, (3.7)
where

ikgpv = | B

Theorem 3.2 asserts that any vacuum space-time admits at
most one independent proper homothetic motion. This has also been
pointed out by McIntosh [141]. Hence we need concern ourselves with
only those space-times which admit one proper homothetic motion together

with a group of isometries.
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Theorems 3.1 and 3.2 together tell us that, in looking
for higher symmetries of non-flat vacuum spaces, we can restrict our
attention to those spaces which admit at moct one proper homothetic
motion, unless the space is Petrov type N with twist-free geodesic
rays. Trumper [170] showed: (a) If an expansion-free vacuum
field admits a non-null hypersurface-orthogornal conformal Killing
vector (CKV), then the CKV is a ¥Killing vector. (b) If an expanding
vacuum field admits a hypersurface-orthogonal CKV, then the space-time
is either static or conformally flat. (If static, it must admit a
timelike Killing vector which is also hypers:rface-orthogonal.)
McIntosh [141] showed that if a vacuum field admits a proper homothetic
vector field E, then X must be non-null. I# 7 has a non-null
homothetic bivector, then ¥ is not rypersurface-orthogonal, is not
tangent to a geodesic, is shear-free and has constant expansion.
If ¥ has a null homothetic bivector, then the space is algebraically
special and, if non-flat, is necessarily Petrov type III or N.

Petrov type N vacuum staces are cerhaps the most
interesting and mathematically tan<tzlising cf all. The only type N
vacuum fields which admit proper conformal mczions are the hypersurface-
orthogonal plane-fronted parallel (tp-) waves (Brinkmann [26],

Ccllinson [117], Ehlers & Kundt {1233], Thomzszn [192]). A subclass

of the plane-fronted gravitational waves, the Dp-waves have all been
determined by Kundt [193]; they are charactsrized by the presence
of an expansion-free, twist-free, null geodesic shear-free ray congruence.
Some pp-waves which admit homothetic motions zre known e.g. McIntosh [1u41]
has cited the pp-wave

ds? = 2 du dv - 20(3,C,wau” - [ag]2,

where U= x2 - y2|, U-z = 0, U.. # 0, J2L = x+iy,
b S5

which admits the homothetic Killing vector

K= x3 +yd + 2vd_.
X y v

For type N vacuum spaces with expanding and/or twisting
rays, the symmetries present depend on whether the ray congruence is
(i) twisting, or (ii) twist-free. "In case (i) Collinson [194] has
shown that there exists at most one Killing wvector in the space. He

was unable to integrate the field eguations. In case (ii) Held [195]
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proved that the metric admits at most two isometries - the Killing
vectors are necessarily spacelike in the asymptotically flat region.

Collinson & French [9] have given examples of such metrics.

The Weyl metrics which Godfrey [133] found to admit
homothetic motions could be among the metrics to be obtained in

later chapters, as could be the Kasner metric (Section 2.4, page 56).

3.2 The Plot.

Against the backdrop described above, we see that the
type of vacuum space within which we can perform our conformal motions
is very much restricted. Indeed, for Petrov type I spaces the
conformal motions must be homothetic, and the dimensions of the maximal
group of homothetic motions and the maximal group of isometries are
equal. There is a little more latitude in the case of algebraically
special spaces, and it is this case which will be investigzted in the
remainder of this work.

Specifically, a systematic search for algebraically special

vacuum Einstein spaces with a diverging and/or twisting shear-free null

geodesic ray congruence, which admit homothetic motions will be

undertaken. The results of this research fill part of the gap in our
knowledge of symmetries of vacuum Einstein spaces. Such a systematic
search has not been done before.

There remains the problem of finding all Petrov type I
vacuum spaces which admit homothetic motions, and the protlem of

determining those pp-waves which admit (a) proper conforwmal motions,

and (b) homothetic motions. This last hole must be filled by future
research.
3.3 The Players: their physical characteristics.

The principal players are the homothetic Killing vectors.
They determine the symmetry, along with the Killing vectors (if any).
The physical importance of homothetic motions has been noted by
Gobel [49], Einstein [130], Czhill & Taub [131], Taub [132], Eardley [139],
McIntosh [141], Winicour [196], and more generally by Hovle & Narlikar
[166] (1972a). A few points will be made briefly here.
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It is well known that all space and time measurements
can be made in the same kind of unit, say length L. All physical
measurements are in terms of dimensionless numbers, which are formed
by combining physical quantities with dimensionality L" at some
space-time point P. Changing the unit of length by a factor A does
not affect the formation of dimensionless numbers at P. The factor
A may depend upon the point P in the space-time manifold, or it may
be a constant. Either way, physical measurements may be compared
via dimensionless numbers at the same space-time point and the physics
is conformally invariant.

The use of dimensionless variables in classical continuum
mechanics to produce "similarity solutions" of a given problem is
well known. The usual technique consists of exploiting the symmetry
to reduce the system of partial differential equations tc ordinary
ones by assuming a solution in which the dependent varia:les are
essentially functions of a single independent dimensionless variable.
This same technique should be of use in obtaining soluticns of Einstein's
(vacuum or non-vacuum) equations which are conformally or, in particular,
homothetically invariant. Eardley [139], in applying this technique
to cosmology, has said: "One may hope to discover new Zacts about
cosmology and singularities by building new models that cresume self-
similarity (homothetic invariance) from the outset".

Scale invariance i.e. invariance under a uniform change
in length scale in space-time, is of considerable interest in elementary
particle physics because of its relation to deep inelastic scattering,
as we noted in Chapter 2. The Weyl group is the transformation group
concerned, and it has also served as a gauge group for relativistic
theories of gravitation (see e.g. [197]).

These are a few reasons why one can feel confident that an
investigation of conformal and homothetic symmetries will help towards
a better understanding of physical theories. It is to be hoped that

the present work will contribute towards that end.
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3.4 The Props.

The framework of the theory and the formalism used to
develop the argument is an extension of the work of Debney, Kerr &

Schild [198] and Kerr & Debney [199], and is the subject of the next

chapter.

Before the performance begins, it is emphasized that the
play and players are local. To enable the production to extend
globally would first require it to win approval locally and then would
necessitate finuing more time and more durable props, at least.

Let the curtain rise.
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CHAPTER 4 Formalism

This chapter sets out the formalism that will be used in
the rest of the work. The main references are the papers of

Debney, Kerr & Schild [198], Kerr & Debney [199], and the thesis of

Debney [200]. Similar formalisms have been developed by
Cahen, Debever & Defrise [125], Wilson [201], and others.

4.1 Tetrad Formalism.

The tetrad formalism has been used in general relativity
for a long time (see e.g. [5], [10], [21], [202], [203]) so the
following presentation is not completely detailed.

Take a 4-dimensional Riemannian manifold M with a metric
g expressed in local coordinates 2+ (4 = 1,2,3,4) by the tensor
guv(xa), and with signat&re (+ + + - ). Let Tp denote the tangent
space at p € M and let Tp denote the dual (cotangent) space. In terms
of the coordinates ¥ at p the holonomic (natural) basis for Tp is
{au = 3/3%'}.  The dual basis for T; is {ax'}.

Let {eala = 1,2,3,4} be any anholonomic basis for Tp

i.e. to each point p € M there is attached a tetrad of vectors e -

Let {eala = 1,2,3,4} be its dual in T;, defined by the inner product

a a
. (e ,eb) = éb . (4.1)
If x€T and f € T , we have
p P
:xa
X e >
£ = fe?,
a
We adopt the convention that Latin indices a, b, ¢, ... will always

refer to components of geometrical objects with respect to an anholonomic
basis (tetrad), while Greek indices A, M, V, ... will refer to
components with respect to a holonomic (coordinate) basis. Vector
symbols are not singled out typographically by underlining, unless
confusion will result in this not being done.

Each of the bases {ea], {ea] may be expressed, in terms of

local coordinates at p, by

[t]
1"

K
e, au, (4.2)

a
e de“, (4.3)

>

a ® :
where the components c\“, a are C functions on M.
(2}
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We may rewrite the orthogonality relations (4.1) as

Mb _ b pa _ M
SRE R 6a, 68y 6v - (4.4)
The inner product of two vectors e, and ey is defined by
- - MoV _ M
€ab - (ea’eb) T &M% fp T %3 Cmu (5:45)
and inversely
ab a b MV _a pb o2 b
= = > = & B8 .
g (e,e™) geuv s (4.6)
The g, gab will change from one point of M to another, in general.
The tetrad componernts Tz"' of any Tensor T:"' are
computed as follows:
TP s g MeP Y (4.7)
aw.. a Vv Hra. .
and inversely
A28 a Vv b . .
= "R s g
Tu... & ueb a... (4.8)

Tensor indices are raised and lowered by guv’ gpv and tetrad indices
ab
by g, 8

The directional derivative of a tensor T '°" in the direction

of the tetrad vector e is

T =37 " = e HMpree (4.9)
s Qe a e
where the comma denotes partial differentiation. The tetrad components
of the covariant derivative T:""Y are
T -B
o D L@ (4.10)
At o JBC a v c H...3Y
b d  b.. d
- Ta ,C 1-‘acrr"d. . « t dcTa .
t . 0 s (4.11)

where the ['s are the Ricci rotation coefficients defined by

a [SRAY)
= = £ .
Iﬁc u;v® e (4.12)
or, equivalently,
L. =-¢ He v (4.13)
abc au;veb c’ )
where
r, =gI¢ 5

abe  Eadhbe and Bab® u T b T Syt
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Using (4.3) together with the rotation coefficients and

a .
the tetrad components R of the curvature tensor, the connection

bed

forms wab and the curvature forms @ab are given by
a a c (@
=i e = .
W B L be °? Wab rabce ? (4.24)
a a d
A = N E Q
® b R beds 5 (4.15)
where A denotes the wedge product of differential forms.
The Cartan structural equations
e? +w? nef o, (4.16)
a a © 1 a
+ = — .
ptw Aw =50 (4.17)
a a a
relate the forms w b and & b to the vectors € .
The metric on M is
2 M,V a b
= = N 0
ds gpvdx dx G e (4.18)
and this gives
=i - :
dgab Yab JJba
In the case of rigid tetrads for which dgab = 0, that is Eon =
covariant constant over the whole of M, this gives
W T W, (4.19)
so that there are only six independent connection forms and therefore
only six independent curvature forms. We shall adopt a system of rigid
tetrads for the present work. Definition (4.14) and property (4.19)
give

Pabe = " Thae © ra[bc] * rb[ca] - rc[ab]’ (4.20)

where we have used the convention that round and square brackets
denote symmetrization and skew-symmetrization respectively, thus:

1
Teab) = 3T * Tpa?

ba
P =1(T -T )
[ab] 2" "ab ba
and then recursively
1 -
T = ={T + T + oo + T § "
(al...am) m al(a2...am) a2(alas...am) am(al"'am—l)
T 1 m-1
{a,...a ) = =T -7 + .o+ (F1)0T
1 . e : 300
m m al[a2 am] a2[a1a3 am] am[a1 a4

The ra[bc] are determined from definition (4.14) and equations (4.16).
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a .
Then the components of the curvature tensor R beq 3T€ determined

from (4.15) and (4.17), where for any vector u_ the Ricci identity
u - & ; u
as;[be] ~ 2 " aben

defines the curvature tensor.

(4.21)

We shall erploy a complex null tetrad (see e.g. [200], p.6)
{e } = {m, m n, K}, (4.22)

where m, m are complex conjugate null vectors and n,k are real null
vectors. The bar above a symbol denotes complex conjugation. The
vector m may be defineZ from a pair of real orthogonal unit spac like
vectors p and q by

J2 m = p+iq.
The dual tetrad is

a -
{¢“} = {m, m, k, n} .
With
0 1 0 0
il 0 0 0
_ _ab
8y = o ® o ® =g (4.23)
0 0 1 0
the following orthogonz’ity relations obtain:
kuk = o'm = npnu = Mm = oMn = 0,
i 2 - H H (4.24)
kun = ﬁ“m =1
31 M
Also
= e e gab =2m, m . + 2n, k (4.25)
&uv all bv (V) (1V) )
so that the metric on ¥ in terms of this null tetrad is
2 _ - .V \Y
ds® = 2(%&‘)(%% ) + 2(nudx“)(kvdx )
- 28162 * 25‘:8“
S XE T xS, (4.26)
= 2mm + 2ak,
b
h e = .
where €_ E.1°

The set of rroper (no space reflections), orthochronous
(no time reversal) Lorextz transformations of the null tetrad which

leave unchanged the direction of one of the null vectors, say e, k,



i1,

3
"
o
"

e_lB(e1+Yeu) = e'lB(m+Yk), (4.27a)

% 3 -A -

n =ej=e (eg - ve, - ve, - Y?eu)

e (n - ym - ym - yyk), (4.27b)
i b A _ A
y=ee, =e k, (4.27¢)

=
"
o
|

where A and B are real numbers and y is a complex number.
If y = 0 equations (4.27) describe a timelike rotation in the (n,k)-
tlane and a spacelike rotation in the (p,q)-plane, where ./2m = ptiq.
For A = B = 0 equations (4.27) describe a null rotation about the
vector k. Thus the general trarsformation (4.27) is a non-commutative
croduct of these two types of transformation.

Null tetrads have been widely used in general relativity.
% more detailed description, together with discussions on null
rctations, may be found e.g. in [10] and [204] - [208] and references
cized therein.

Using the complex null tetrad, the six independent
ccnnection forms w_p from which the rotation coefficients are determined
a2 w5 Wy, + Ways Wayg and their complex conjugates Wyqs ﬁu12-+w3u,u52-

>z Independent curvature eguations (4.17) are

oy, + Wy A W) tug,) = %’Ru2ab€a ne”, Giim26y
Adlwy, twgy,) + 2 Aw,, = %(R12ab + Rauab)ea"eb’ (4.28b)
d»31 + (w12-+w3u) Awg, = % R31ab€a A el (4.28c)
-2 independent components of the Ricci tensor Rab = Rba e Rcabc are
Rp2 = 2 Ryppz »
Rou = Ryogo = Ryoay » (e
Ry = 2 Rypqy »
and
Ri2 ® Ryo99 * Rayqp = 2 Rypgy »
Ray = Rioay * Rauay = 2 Rypaq o (4.29b)
R3z = = 2 Ryy3p >
Ros = Ry23p * Rgyzp o
where Ruu’ R12, RSH’ R33 are real and Rll’ R1u’ R13 are the complex

conjugates of R22, R R, respectively.

24> 23
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4.2 Congruences.
To expedite this study of algebraically special vacuum

spaces we shall orient the null tetrad and choose coordinate systems

bearing in mind the Goldberg-Sachs theorem [209]:

A source-free gravitational field is algebraically special

iff it admits a shear-free null geodesic congruence.
The terms used in this theorem are defined below. Here we note two
significant points: (1) we shall choose one of the tetrad vectors
(eu = k) to be tangent to a null geodesic congruence, (2) the
Goldberg-Sachs theorem applies to any field that is conformal to a
vacuum field [120], [209].

Much of the present knowledge of null congruences and

their properties can be attributed to Ehlers [210] and Sachs [204]
ané may be summarized in the Ehlers-Sachs theorem (below). Since
the theory is well presented in the literature (see also [5] pp.97 ff.,
[207], and [211] - [213]), only an outline is given here for

completeness.
Consider a space-time filling set of curves whose
equations are x* = fl(yp,W), a=1,2,3,
where the individual curves are given by y = constant, and w is an
affine parameter along each curve. Let the null vector
e M=M= be/BW, Mk =0
Y H
be tangent to one of these curves. Then
M oS M V.o _
ku;vk (ok™ /ow) + Aka k 0,
where Atc is the affine connection, is the condition for the curve to
be a (null) geodesic. This condition is preserved under conformal
transformations of the metric. Then the complex rotation coefficient
Tu2u vanishes: s
Fu2u = _ku;vm =0, (4.30)
which implies that its complex conjugate does too,
Lyqy = O (4.31)

(The complex conjugate of a real geometrical object is obtained by
performing the permutation 1,2,3,4 — 2,1,3,4 on the tetrad indices.)
The geometrical properties of a null geodesic congruence

can be visualized as follows [204], [207]:
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Think of the congruence as a bundle of light rays. Insert a small
plane circular disk into the bundle at right angles to the rays.

On a nearby plane screen, also perpendicular to the rays, the shadow of
the disk appears as an ellipse, and all portions of the shadow hit

the screen simultaneously. The shape,size and orientation of the
shadow depend only on the location of the screen, and not on its

world velocity. If the screen is an affine parameterr distance Aw

from the disk, then the shadow is expanded, rotated and sheared relative

to the disk by the respective amounts 6Aw, waAw and lclAw, where

rate of expansion 6 = E-k“
2 M .
1 VRV s
rate of rotation (twist) w = {5'k[u‘v]k >7} (4.32)
1
1 3V 2.
rate of shear |o| = & k(p;v)kp 6}

This is the Ehlers-Sachs theorem. 6, w, 0 are referred to as the

optical scalars.

Let u = constant be a family of null hypersurfaces in M.
The differential equation of the family is gpvu,['u,v = 0. Therefore
the vector k“ = u,“ is null and is normal to the;e hypersurfaces. But,
being null, it is self-orthogonal an so lies in the hypersurface to
which it is normal. Thus a single null hypersurface u = 0 determines
within itself a null geodesic congruence. Conversely, given a

congruence of null geodesics, these curves lie in a 1-parameter family

of null hypersurfaces u = constant to which k“ is normal iff

kp koo = = £6F)u, . 4.33
[3V' 0] 0 ® k“ (x")u . ( )

A congruence of null geodesics with tangent vector k satisfying

condition (4.33) is called hypersurface-orthogonal or normal.

It can be shown that any congruence of null curves which

is hypersurface-orthogonal is always a geodesic congruence. The

result

1 (9]
k k =+ = k
[usvial 3% o™ *
where 'WJVXU is the alternating symbol, shows that (4.33) holds iff

w = 0 i.e. a null geodesic congruence is hypersurface-orthogonal iff

it is twist-free.
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From (4.32) it follows that the optical scalars 6, w, O
are determined by the null geodesic congruence (i.e. by specification
of ku) alone, up to an ambiguity in sign of w and an undetermined
phase in o. The vectors m, n which complete the tetrad do not play
a part in determining the optical scalars.

The completeness relation (4.25) and the null geodesic

property k kY = 0= I give

VY VRV
a B a . = a a a -B .- B
k =067k .67 = + m + k + k7)k R
usv © Ok pely T tmym " G B Kk glumk @ m
+ kvnB + ndB).
Then
kH;V = (pmpmV + om“mv + (a+B)k“mv + Tm“kv + Ykpkv)
+ complex conjugate
© complex divergence p =k oY = -r = B+iw
MV 421 ’
- “H=V - .
complex shear o = kp;v m = ru22’
Z = MY = _
= M= MV = —
T = kp;vm n rulS’
= HV
Yty = kHQVn n = FL}SS -
The notation used here is chosen to accord with that used by
Newman & Penrose [10]. It can be seen from (4.34) that the optical

scalars 0, w, 0 are invariant under a null rotation given by (u4.27)

with A = B = 0.

For a null geodesic congruence with Tu2u = 0, the
connection form w5 contains all the optical information:
- a _ 1 2 3
Wyp = Dypaf = P -0 + Do
= -0 - pe e . o
o, - e, + Typsfy (4.35)

We shall return to this equation when setting up a coordinate system.
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4.3 Conformal tensor. Petrov classification.

Let Ruvaﬁ be the Riemann tensor, va = Rauva be the Ricci
. - _ 1
tensor, R = R be the curvature scalar, Suv Ruv EgpvR be the
traceless form of the Ricci tensor. The Weyl conformal tensor is
defined by ] :
v pHV [EVORY, 1 [u,v]
oM =R . PEbEtET S 4 =T E 2 R (4.36)
af af (c’B] " & [aB]
and possesses the symmetries
Hv
C =C = Gl C =0=2C : (4.37)
wvaf © T[uvIlapl T TaBuv 0 ulwabl !

These statements also apply to tetrad components.
Integrability conditions for conforral transformations, involving the
Weyl tensor, have been discussed in Chapter 1. Here we are concerned
with types of this tensor.

The algebraic and geometric study of the Riemanzn and
Weyl tensors has done much to clarify the structure of gravitational
fields. In particular, it has advanced the understanding of
gravitational radiation fields and has become a convenient tool in the
search for new exact solutions of Einstein's field equations (see e.g.

Enlers & Kundt [135], Firani [213]). Earlier work cn the geometry of

the Riemann tensor may be found in references [213] - [216].

Fetrov [8], [217] gave, using matrix methods, the first systematic
account of the algebraic classification of the Riemann tensor for
Einstein spaces. The physical significance of the Petrov scheme for
gravitational radiation was recognized by Pirani [218]. Kerr [219],

Goenner & Stachel [220], FPetrov and others have discussed the classification

of the Weyl and Ricci tensors from the point of view of symmetry groups.
Penrose [221], following Witten [222], developed a spinor method for
classifying the Weyl tensor accerding to its Petrov type. Further
contributions to the algebraic and geometric study of the Riemann and
Weyl tensors and the use of the Petrov classification in general
relativity up to 1971 may be found in references [175] and [223]-[227]
anda the literature cited therein. An exhaustive set of references,
including more recent ones, is not given here.

For vacuum spaces Ruv = 0 and (u4.36) gives CH“lB = Ruulﬁ’
so the algebra and geometry of the Weyl and Riemann tensors is the same
in such spaces. Debever [216] (see also Debney (200]) showed by tensor

methods that in every vacuum space-time there exists at least one and
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at most four independent vectors 1! # 0 which satisfy the algebraic

relations

v - =
kiaCB]uV[kajk“k = 0, k“ku 0. (4.38)

These K are called Debever vectors and determine the principal null

directions of the Weyl tensor. The Petrov type is given according
to the partitioning of these Debever vectors; the higher the
multiplicity of coincident Debever vectors, the greater the degree
of specialization of Petrov type. Table 1 is adapted from that of

Pirani's [207] and displays the relationship between Petrov types:

Debever Petrov Algebraic
partition type relation
MV
1111 I C k.-kKkk =0
L J k(o Cp vy e ]
(21 1] II
M,V
C keqk k =0
[2 2] D BUV[Y 6]
\Y
3 i III C k. 7k 0
(3 1] By 6]
M K o— )
[x] Bavy
- 0 C =0
Brvy
Table 1

Other notations for types D, N are Id’ IId respectively. Type O
corresponds to a conformally flat space. Type I is called the

algebraically general type. Any space with a Weyl tensor of type

II, D, III or N is called an algebraically special space.

Penrose [221] gave the following scheme (the Penrose diagram) for

the increasing order of specialization of Petrov types:

11 ‘{//f | \\\Ei- D
III‘{///, \\\\\?é N ‘{///// \\\\E§ 0
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Sachs [204] pointed out the existence of five complex quantities

which completely characterize the Weyl tensor.

tetrad they are

Referred to our null

(5) _
c gL Ryouoo
(4) _
C" " = Ryoay + Rypype
(3 oy + R _R, + 4R (4.39)
1234 T Rayay ~ Rgy ¥ & R '
(2) _
C 7" = Rioap * Ryyage
(1) _
C ™" = 2Ryy3q -

The necessary and sufficient condition for the tetrad

vector e, = k to be a Debever principal null vector is C

The vacuum spaces are algebraically special as

Type II or D, C(S) = C(u) =
Type III, C(S) = C
Type N, C(S) =C
Type O, C(S) =C

Goldberg & Sachs [209] showed that a vacuum metric with C_,

is Petrov type D iff there exist

geodesic congruences, i.e. if C

(W) _
() _
(4) _

(s) _

type D metrics are completely characterized by

Type D, C(5) _ C(u)

follows:

- o, o(3) 4 0, (4.40a)
S g, oDy, (4.40b)
= c® 2@ C g g (4.s00)
BB a2 . (4.404)

aned £ 0
two independent shear-free null
(3) 40, C(l) - C(Q) = 0. Hence
D B € D R oL S D S PRPR

Under a proper, orthochronous Lorentz transformation (u4.27)

of the null tetrad which leaves unchanged the direction of e, = k,
the C(l) transform as ([200], p.33)
C(S)H - eu(A+1B)C(5),
C('-%)" - e2(A+lB)[YC(5) " C(u)],
ol - 429 | ™), ') (4.42)
C(Q)" = e-2(A+1B)[Y3C(5) + 3 2C(u) N 3YC(3)]’
C(l)“ - e-u(A+1B)[YuC(5) N uYac(u) N 6Y2C(3) N l+YC(Q) . C(l)],
and under a conformal change of metric
¢ _ 28
Eiv T ¢ B (4.43)

where ¢ = 8(x*) in general, the C

(i)

transform as [120]
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o(5) e 48c(5)

W' 3 )

(3 2803 (4.40)
(2 | . (2)

=€ | mew)

The transformation equations (4.44) show at once that algebraic

degeneracy of the Weyl tensor is a conformally invariant property.

4.4  Coordinate system. Field eguations.

The coordinate system used by Kerr & Debney [199], developed

by Debney, Kerr & Schild (19e], [200], will be used in this investigation

of the homothetic symmetry of vacuum Einstein spaces.

The null tetrad {ea] = {m,m,n,k} is chosen so that e, = k
is tangent to a shear-free null geodesic congruence in the algebraicalily
special vacuum. That such a congruence exists is guaranteed by the
Goldberg-Sachs theorem. Then we have # = -Fuzu = 0 (geodesic rroperty)
G = EDigg - 18 (shear-free property). We further demand that Fu21 # 0
i.e. the rate of expansion 6 and the rate of twist w do not both vanish,
P =0+ 1y # 0.

From (4.35) we then have

Wy, = -PS, t r423€u' (4.45)

Under a transformation (4.27) of the null tetrad, Fu23 transforms as

follows:
% E L8l Ty
= au £
ruza v 3
= - eAku_velB(r_nu & \_(k“)e—A(nv = ?mv- Yﬁv - Yka)
b
iB -
=l BN (8 - K6 YP),
where we have used (4.24) and k _Vkl'1 = 0. Choosing y = p-lru23 we
E ¥
get ru23 = 0. Thus by a tetrad transformation we can make fh23 vanish.

In order to preserve this condition we are henceforth allowed only tetrad

transformations with y = 0; specifically

Y -iB
m =e m,
o
n = e An, (4.u6)
. A
A
K = ek,

where A and B are real nunbor-.
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Setting [ = 0 equation (4.45) reduces to

423
wl&,? = _pg‘z_ ('4.‘47)

For vacuum spaces the field equations R
() _ (W)

ab - 0, together with

the degeneracy conditions C = 0 and (4.39), show that the only

non-zero component of R, is R (see equation (4.29b)). Therefore

2ab ‘34231
(4.28a) becomes
dw +w, N W, ,+tw )=-1-R e3z\=-1 (4.u8)
L2 u2 12 34 2 4231 =
Hence
W, A dw,, = 0. _ (4.49)

This is the condition for the existence of two complex functions {, V

such that
_ ¥
Wi = € ag . (4.50)
Under a tetrad transformation (u.us) Wy, o transforms as
® ¥ d%a AL iB 1
Wy, = Dyps = elyye €
A+l
= e : W, - (4.51)
A+1iB+y .-
S R Tac, (4.52)
9 = = = 3 IRty =
remembering that Fu22 ruzs I‘LQl+ 0. Taking A+iB+y 0 we

further restrict the allowei tetrad transformation, but this enable us

to write, after dropping the asterisk,

Wy, = -ac . (4.53)
Then (4.47) gives
el - e, = p iad . (4.54)

We take (, { as two coordinates in the space-time, where { is the complex

conjugate of €.
The other two coordinates u,v of our coordinate system are

both real and are introduced in the definitions

Usq = 1, U,y = 0, (4.55)
€, = k=du+Qx + Qdc, (4.56)
and v = Re(p_l), or p = (v+A)_1, (4.57)

where p is the complex divergence and A is defined by

A =1 Im(ﬁ7) = ..3. (4.58)
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The operator D and hence its complex conjugate D in the last equation
is defined by
D= BC - Qou. (4.59)
Upon using p = O+iw we find
. -1 g 2,2
A=1iIm(p ") = -w/(87+w™).

Thus the Debever vector k is hypersurface-orthogonal iff A = 0O

(from the well known result on page 73). Hypersurface-orthogonal

spaces belong to the Robinson-Trautman class [228].

In the (€ ,{,u,v) coordinates the metric takes the form

2

= e = m
ar 2(€1¢:2 + ¢3 l+) 2(mm + nk), (4.60)
where the metric vectors are
€1 = m = (V+A)dg9
Bg AW = dv - 2Re{[(v-a)) + Dald¢}
+ Re(DQ + Hoe, (4.61)
€, = k = du +Qd¢ + Qdf .

The functions {, M, A are independent of the coordinate v, and p is
referred to as the ''complex mass'. The dot used in (u4.61) denotes

differentiation with respect to u, thus:

G = dN/du = 5 Q.

The reader is referred to the paper by Debney, Kerr &

Schild_[198] for details of the derivation of the field equations,

which are

DH = 3Qu, (4.62a)
Im(u-DDDQ ) = O, (4.62b)
d (u-DDDQ ) = |3 DQ|2. (4.62c)
u u
The independent components of the Weyl tensor are
C(3) = ups, (4.63a)
¢!? = _(do mp? + (terms = 0 if ¢'®) = 0), (4.63b)
C(l) = (BuBuD())p + (terms = 0 if C(3) = C(2) = 0). (4.63c)
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The Weyl tensor therefore has the following Petrov types:

Type II or D® p # 0. (4.64a)
Type III ® u=0, f)auDQ # 16 (4.64b)
Type N ® u=0-= 'DauDQ, 0,3, Da# 0. (4.64c)
Type 0 ® pw=DdDn= 3 DAz 0 (4.64d)

It can be shown that the conditions for Petrov type D are

_ .= 2
Type D , 3;1auaunf2 = (Do, D)7,
y DuDBuDQ = 3uDDauDQ,
w(Dp)? + 3uﬁauDQ(DD5- DD Q) (4.65)

=3uDDu—QMQBUM),

Du(DDQ - DDQ)=pD(DDQ- DDQ) .

) Group of Allowed Transformations.

We shall now adapt the coordinate system to the case of

proper homothetic changes of the vacuum metric

8y - g&v = e2¢guv, (4.66)
where ¢ is a constant.

Consider a diffeomorphism ¢ from one connected manifold M
to another M. Write q = @(p) € M for each point p € M. Let {ea]
be a basis ii TP(M), the tangent space aﬁvp € M, and let {Eg] be a
basis in Tq(M), the tangent space at q € M. ¢ defines the linear
map @,

Py.: TP(M) - Tq(M).

Let {€°}, {€°} be bases in the cotangent spaces T;(M), T;(ﬁ) at p € M,

A3

b

q € M respectively. ¢ induces the linear map @ ,
C T (W) - T (M)

b q p

by the requirement that the inner product ( , ) is preserved, thus:

(c%,e))(P) = (@E%e ) = Ehppe)(@) = CE)(@) = 6. (b.67)

Let {éa] = {e—éza] be a new basis in Tq(ﬁ), and let [e'a]

be a basis in Tq(ﬁ) obtained from {éa} by a Lorentz transformation

which leaves the direction of éu unchanged. Then the transformation

%
R.P. Kerr & G. Weir, Private communication.
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equations (4.46) apply since we are demanding that P“23 = 0 in the
manifold. We have

7 _ "iBA y '¢ ‘iB"'

e, Tee = ee e,

—AA _é -A"‘

’ = -

efje &5 = e’e ey, (4.68)

Y] _ A Y = "¢ A~

e, =e ¢ e’ee ,

where A and B are real funchions.

Also let {&8%} = {eéga] be a new basis in T;(E) and

introduce the basis {e'a] in Tg(ﬁ) by

@2, ¢Pyq) = 62 . (4.69)
Define the commutator [X,Y] of two vector fields X and Y
on M by
[(X,YIf = %(YE) - Y(Xf)
for any function f on M. In particular

v v

o .
= = ) = ; 5
[ea,eb]f ea(ebf) eb(ea-) (e ey sy = ,u)f, (4.73)

upon using (4.2).

© .
The structure constants C R defined by

©

_ . c - c
C ' = (e ,[ea,eb]) = -C

ba
which implies
o
=3 ST 5.71
[ea’ebJ abc ( )
This last equation is eguivalent to the Maurer-Cartan equations

C 1 C a b
e = - - .
d 2 C A

M

bQ

Equations (4.70) and (4.71) give

VY G T v
e, eb u e %y "y e aiSs

Multiplying by eqy Ve get
_ MoV _ o€ v - o
(eavan = Sau,v’®a & = € ap% %av = Eed® an
eHaV-_1
=g €alu,vi% % 2 Caab
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8 B Moo H, V
How Tafan) “au;vla bl €a[u;v]®e ®p
gV
T €alu,vi%a %
Hence the rotation coefficients and the structure constants are
related by
1
= e L
rd[ab] 5 Cdab . (1.72)
Using (4.23) we obtain
21 _
rabc - §(Cabc " Chea Ccab)' (4.73)

Under the mapping ¢ we require
¢%[ea,eb] e [¢mea, w*eb] .
Define, at q € ﬁ,

“C -~ = -~ -~
¢ abec [ea’eb]

= [e "e_, e égb] = [e_dw*ea, e_émﬁebj
= e_zéfwﬁea, w*eb] . eﬁ¢{(¢%ea)e_é](m*eb)
- e (e )e PNy )

-2¢ - ; .
= e [m*ea, wﬁebJ, since ¢ is constant,

=] '2¢ I “2¢ (@
=e “ple e iz e T (CT e)
-
abc ?
c _ =cC
where @,C b ¢ 55 Therefore
C a _ -FxC A
¢ ab®c = € ¢ ab®c
and so, at q € ¥,
c -gxc
= C
ey e C . (4.74)

i~

If Idabc’ Fébc, rabc are the rotation coefficients on M

defined with respect to the bases {e'a], {éa], {Ea} respectively,
then using (4.73) and (4.74) at q € M, we have

I‘abc - Cabc * Cbca - Ccab)
-

abc

Ni?

(1]

. (4.75)



Hence
- 2 A -~ g~c
wab(q} = Fébc(q).ec(q) = e Fabc(q).e €7(q)
~ _ :'.‘_1
= wab(q) =@ (wab(p)).
Using (4.53) we have, therefore,
& ~ %1
wu2(q) = wqg(q) = -¢ (4(p))
= “-1- - ‘ -1
= - d(p “¢(p)) = -d(§ o ® 7)(q)

- &),

where E = o ¢~1 is a differentiable function on M.

~

(4.

(4.

If ¢’ is a differentiable function on M, we have also,

by the reasoning of Section 4.4, that

w' () -dz’ (q)

and
ﬁ+iBﬁ

w'ug(q) = e &uz(q).

Ti.erefore, from (4.77) and (4.79), we have

d;’ = eA+le:
which implies
=),
where
N A+iB
>=0% = e .
) >
The function { is thus coupled to the tetrad through
A
|§?l = e .
5
Define functions u, v, 5 on ﬁ'by
~ _ -1 o= -
u=uo@® , v=vop ,

Let v, Q' be functions on ¥ such that

Then because of

we have

e/ = a +q'dy +Q'al’.

~ -1
Q=Qo9

aw’ +qfd! +q'al’ = e‘bl«b:l(dﬁ' + QdC + qdad).

(4.

(4.

(4.

(4.

(4.

(4.

(4.

8L.

76)

77)

78)

79)

80)

81)

.82)

83)

84)

85)



Now

I':‘:‘~~
u'=u(\a, C, u, v)

and if we restrict the function u’ by requiring

u’,s = 1’ u ’l+ - 0
we get , 3
Sl ~ - ~ ~
du’ = ou d¢ + Oi a¢ + éi du .
og ol ou
Then (4.80) and (4.85) give
’ ' S ‘ = = ~
I s G L B LT T o W Y.y
du oC d oC G
= efl | (di + G + (4D
5
Hence
du’
e eéi?rl
du =

which has the solution
W (@) = fle |+ o),
)

~
) is a real functicn on M.

tf\uz |

where S(ZT,
Equation (4.87) zlso gives

~ 4
@r’p,; = eéléy[ﬂ _ ou
S

(%
>

S

so that

~

Q' (@) = e®le |el M - T -
T

~

ST

¢ < £ ¢

where we have used (L4.88)

—1 ~ ~
@wé?, (0 + S)Jq),

85,

(4.86)

(4.87)

(4.88)

(4.89)

The complex divergence relative to bases {e'a} and {ea]

is given by

(g) = ¢’

’ -
ol (@l i ¢ 41y v

-~
Ly
é A~

(e”e eu“;v
-8 A =

- e e Pu21(q)

)(e

e™fle, I3,
~ _1 g

-% iB~~
e

/
e

€5

Ko,V
2 €4 (q)
“)(e"ﬁe‘“”é‘l")(q)

Let v/ be a function on M defined by

4

v = Re p'-l.

(4.90)



Then, using (4.90),
vi(q) = Re(eélhl_l 3_1)

_ eéli’gl-l DR (4.91)

Let A’ be a function on M defined by

pl (vl + Al )_1.

Then
A = o v
= fle |71 Y - i
T
a'(@) = fle |7 K(a), (4.92)
5

~

where A = A O m_l and we have used (4.90) and (4.91).

Let ﬁ'= (URo) @—1, where u(C, C, u) is the complex mass

function introduced in Section 4.4. Under the map ¢ we have

®*5(3) m C(3)

3)
-Ef(a)

3}
= HP

which defines E<
i.e. = ﬁ'SJ.
At q € M we have (see [198], ezuation (3.17))

203 = o5(f

-2¢
e

123 ¥ Tay3)

.Z;S’('f'l + ) from (4.75),

23 343

-24 )
= o253 (4.93)

where 6(3) is defined relative to the basis {éa} at g € ¥.

1

Alternatively, we could use (L.4u). Also, by the theory of Section

4.4, we have

[
c(3) = p'p'3. (4.94)

Under a tetrad transformation (4.68) we find

(3 | 2@

0). Hence

-2¢

(see also (4.42) with y

W' >)(q) = e

~ ~3
(M p 1))
which gives, upon using (4.90),

w () = e®le |73 ). (4.95)
¢
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Now let us view ¢ as a mapping, not of one manifold into
another, but of the manifold M into itself,
P : M~ M
Then we can interpret the transformation equations (4.80), (u4.88),

(4.89), (4.91), (4.92) and (4.%2) in the following ways:

(i) @ = identityv map (q = p), ¢ = O. This corresponds to a change
of coordinates at the sare point p in M.

(ii) ¢ # identity map (g distir.ct from p, in general), ¢ # O.
This corresponds to a przzer homothetic motion, where the
coordinate system is "drzzzed along" by ¢ 1i.e. the same
coordinates are used at ¢ and q. The symbols with a tilde are
to be identified with the symbols without.

Collecting together the group of allowed transformations

under a homothetic change of rz=riIc (4.66) and a tetrad rotation, we

have
¢’ = #(Q),
VRN - .
u = e Iégl(u + 3), (4.98)
v = efle| T,
S

where S(C,{) is a real function, z2nd

-1 a -1
Q’ = eélérlér [Q = S“ - = 94,'Qf (u t S)]a
IS S < 9% b
uo= e“slcpgl'3 U, (4.97)
1) -
A =e Iégl ! A
The tetrad vectors trzasform as follows:
¢ _ -9 -1
e, = e |Q€|¢€ ey
_ -9 -1
eg = e IQgI €5 (4.98)
¢ _ -9
e, = e légl €,-
When ¢ = 0 the homothaty becomes an isometry and ejuations

(4.96), (4.97) and (4.98) reduce to those of Kerr & Debney [199].
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4.6 Local one-parameter groups. Homothetic Killing vectors.

Let Ié be an open interval (-6,0) of R and let U be an
open set of M. A local 1-parameter Lie group of local (infinitesimal)
transformations of M is a mapping (t,p) - q&(p) of I, xU into M which
satisfies the following conditions [2]:

(i) TFor each t € I, the map @ : p = mt(p) is a diffeomorphism of U
onto the open set qk(U) of M.

(ii) If t,s and t+s are in Ies and if p, ms(p) are in U, then
Cpt+s(p) = (cpt o qos)(p) = cpt(cps(p)).

The group properties are completed by noting that
(%, 0 ® (D) = (g, 0@ )(p), (@) (p) = _(p),

and ¢5(p) is the identity.

Each local 1-parameter group of local transformations P,
induces a vector field X defined on U C M as follows:
For every point p € U, the vector Xp is tangent to the curve

A (t) = wt(p) at A(0) = p. This curve is the integral curve of X.

If (&) are local coordinates so that the curve A(t) is given
paraumetrically by x*(t) and the vector X has components X“, then this

curve is locally a solution of the set of differential equations
ax'7at = ¥'GE().

Conversely, it can be proved [2] that every vector field X
on M generates a local 1-parameter group of local transformations.
Geometrically, the diffeomorphism P, U —~ M takes each
point p € U a parameter distance t along the integral curves of X.
The tangent vector field X to the integral curves A(t) of the group
%, on M is defined by

pr = % f(cpt(p)) R (4.99)
t=0
where f is a differentiable function on M.
If () are local coordinates at p € M, and (x'%) are local
coordinates at q = mt(p) on A(t), then

X = x'a(xb,t), x'a(xB,O) = XB-
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. o . .
Putting £ = x~ in (4.99) gives

p) = &) (p) = -c-f’? x'“] , (4.100)
Jiso
where Xl(p) denotes the components of X relative to a coordinate

basis {au] at p, so that

axtu
Y au : (4.101)
=0

Xp = )(“(p)bLl =

A diffeomorphism ¢ : M —- M is a conformal symmetry if the

metric g(ea,eb) at p € M is related to the mapped metric
¢%g(@*ea’¢%eb) at q = w(P) € M by

2¢

¢*g(¢*ea,mﬁe})(q) = e g(¢*ea,mﬁeb)(q) (4.102)

for some non-zero differentiable function 4 on M.
If the local 1-parameter group of diffeomorphisms P,
generated by a vector field Y is a group of conformal motions (i.e. for

each t, the transformation Py is a conformal symmetry), the vector

fieid K is a conformal Killing vector field.

Suppose now that ¥ is a homothetic Killing vector (HKV)

i.e. the ¢ in (4.102) is constant, and that the local 1-parameter

grouz @, generated by K is defined by the coordinate transformation

& = %', where &) = ({, Z, u, v) and the x'a(xs,t) are given by
¢ o= e,
ud 1= eé(t)lég(;;t)l[u + S(2,25t)], (5.103)

v o= e¢(t)|§;(§;t)|_1v,

according to (4.96). That is, we are now visualizing the homothetic
motion as a coordinate change x> = x'% rather than a point transformation
which drags along the coordinate system. Since x'%(t=0) = &, we

have

$(C;0) = €, 9.(;0) =1, 8(C,T50) = 0 = g(0).
Then, by (4.100), the components of the HKV are

-~ ’

x1 _ | 3€ _| a¢

“lee| || = e
t=0 t

n
o
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~3 _ | au’ _ | o8 8(t) d .
X e =l = +|e §¥{|¢g|(u+u)]

t=0 - t=0 t=0

1]

= au+ u Re(ag) + R,

=

~4 oV’ ) #(t) o -1
S B M= T ae 5¥{l§g v}
t=0 - t=0 t=0
_ = av-v Re(ag),
- op _
wWhere | == = a (real constant),
L. A t210
as o F
SE — R(Sag)
— — 't:o

and we have used the result
° . . o = -
atl@;(g,t)l — 2Iég(g,t)l (thég ez
t=0 t=9

“ence, by (4.101), we have

K= adc + adp + Re(a;)(uau - vo )+ RS + a(us + vd )| (-.104)

as the form of a HKV which generates the allowed local 1-paramezer
group of local homothetic transformations, in the sense of Secticz 4.5.

The form of K will change under an allowed traasforzz:ion

omLM £
. 4 ~7 ' / 4 ! - ] AN
= + + . u - v + + + 2

a bg, Q acf Re(a E.r)( 0 4 9.4) R ou, a(u Bu, ;)

where ¢/, u’, v/ are related to {, u, v by equations (4.%g).

7o find the transformation equations for g and R we need

= 6 1. -1, R
O = s e igélsgau, t g b (W, - Vi),
¢
au = e IQCIBu,,
_ B, -1
3, = e |@g| IR

These are substituted in (4.104) and the result compared with the primed

~
expression for K, giving

’

a’ = éga, (4.105)
and

R’ eél@gl[ﬁ = (Re(ag) + a)s + Ks]. (%.106)
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Using these transformation ejuations it is possible to write P4
in simple form. For example, given a HKV ¥ with @ # 0 we can
transform R to zero by solving

Xs - (Re(ag) + @)S + k= 0

for S. If, further, we choose @’= 1, we can solve dra = 1 for %.
The transformations (4.96) are then corgletely determined and put
the HKV in the form

T(' = ag + b; + a(uau + VE}V))
©

where we have dropped the primes on the new coordinates. On the other
hand, if ¢ = 0 the form of Y in (4.104) reduces to

~

K=R3 + a(uo + vd ).
u u \%

Introduce a new function u through
au = au + R.

Then, after dropping the asterisk, we =ave '

% ity -
K = a(us + vd ).
u v

Since a # 0 for z proper ncmcthetic motion and it is not |
possible to transform a non-zero g to zerc, we thus arrive at the following

two canonical forms of the XV (we are &t liberty to set a = 1):

(i) ¥ = 0, + &= + ud_ + vi_,
~1 S “ N (4.107)
(ii) K. = w + v .
2 u v

These two forms are mutually exclusive. Moreover,
Bk =10
N

in accordance with Theorem 3.2, page 62,
Of interest in later charters is the form of the finite

transformation equations (FTZs) correstoading to an infinitesimal

homothetic motion generated by a HKV of the form

X = nCa. + m:B: + pud_ + qvd_, (4.108)
where m, p,q are constants. The FTEs are given by equation (1.17),
and, for X as in (4.108) are .

8°E B2s, u = bPy, o = e, (4.109)
where b (=et) is a real constant. Consequently, a metric which admits

the HKV (4.108) is homothetically invariant under the coordinate changes
(4.109).
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4.7 Homothetic Killing equations.

Expression (4.104) for K is the form which a HKV generating
the local 1-parameter group of local transformations on M, consistent
with a Lorentz rotation of the tetrad as well as the homothetic change
of metric in a vacuum Einstein space M, must take. However, a vector
of the form (4.104) is not necessarily a HKV; in order that it be so,

it must satisfy the homothetic Killing equations [(1.15) with X = KJ

i%ﬂvzwaw’

where U4y = ?P;u is a constant function on M.

It can be seen from (4.57), (4.58) and (4.61) that the only
quantities appearing in the A are W and () (and derivatives of Q).
We need, therefore, tc find the homothetic Killing equations which will
involve only the functions Q and u for a HKV of the form {4.104).

It is convenient to use the following definition [229]:
Let yA(x) denote the components of the geometrical object at a point
with local coordinates ¥ . Under a mapping ¢ of the manifold, let
the transformed geometrical object be denoted by yg. A symmetry of
the local geometrical object is defined by

y'A(x') = yA(x') (4.110)

i.e. the difference between the original components yA(x') at the
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point x'" and the transformed components y'A(x') at a point that is

mapped onto x'M

by the mapping ¢ is zero.

Now let the manifold mapping be a local 1-parameter
transformation %, generated by the HKV of (4.104). Then (4.110) defines
a homothety and we have

Q (x') = ax")

(4.111)
and R (x') = p(x'),
where the transformation equations (4.97) obtain. We have x/ = x'(x,t)
and - -
a 7 r ’ i
=" (x") - (x") = 0,
- -
0 %
2l ) - ud) = 0.
- Jdt=0

Explicitly, these are

o} #(t) C. -1 .-, Y 7. 1 . -1,
7 [} |Qg(°’t)|§; (C3 ) (%) Sg(Q,C,t) S §-QQ§(Q,t)9; (gt {ulx) +

+8(¢,C50))) - ax') =0 (4.112)

t=0
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and

> [ss(t) i , } N
o s e oo - ) = 0, (4.113)
ot N : I C c l : t=0

Using the results

o
«; - ; o,
gf[éc ¢ tiltzo [*tg(g t]tzo %

) . -
5 JQQ(Q,t)[ltzo Re(a,)
[g%- = a (real constant),
=0
d [ _
— | S ( ) ;t) = [S ( Py ;t)J _ - D
ot L_C ¢ C -1 +20 tC ¢s6 t=0 RC , where R = R,
2| o) _|ax¥® g . %q
ot ot d o i
t=0 * dt=o

o ’ (s
SeEH(x )]t=0 KH S

the homothetic Killing equations (4.112) and (4.113) become

~ 1 - 1 B
(1) (K -aQQ + 5(% - aC)Q + -Q-aggu + Rg =0 (4.11y)
and
(111) (X + 3Re(ag) - a = 0, (4.115)

~

where K is given by (4.104). The references (I) and (III) are used

to match the corresponding equations for isometries in the Kerr & Debney

paper [199] to which (4.114) and (4.115) reduce on putting a = 0.
The integrability conditions on the homothetic Killing

equations are, for a vacuum space (see Chapter 1),

d _ d _
fR =0, £K(Rabc L&) = 05 (4.116)

In terms of the formalism developed in this chapter, these integrability
conditions are obtained by successive differentiation of (I) and (III)
with respect to u, { and { (Q and M are independent of v). However,

not all of the conditions so obtained are independent.
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The commutators
[au,KJ = (Re(ag) + a)au,
[o7.K] = azdz + B3, + Fapz (W, - ¥3)), (4.117)

(p,¥]

"
Q
o

1

|
R
<
o

are useful in obtaining the integrability conditions.
Differentiating (4.114) with respect to u we get

() o 1 - . 1
au(KQ)—aQ +§(o. a=)Q +§o.gg=0,

¢ ¢
where () = 6un, and then using (4.117) this becomes
~ 2 1
(I1) ¥XH +aQ+=a.. = 0. (4.118)
2 ¢

If we substitute (4.118) back into (4.114) we get (I) in the alternative

form

(1) T -a)a-ua)+ %(“c -8)@ - u RY +R 0. (h119)
Differentiating (4.118) with respect to u we get

(1va) (¥ + a; + Re(as) + aXi = 0. (4.120)

Differentiating (4.118) with respect to { gives
(Ivb) (¥ + 2 Re(ag))(l_)(l) = 1@ (4.121)

Differentiating (4.115) with respect to u gives

(1va) (X + u Re(ac))';i = 0. (4.122)

Differentiating (4.114) with respect to { and using the fact that
R-- is real, we get

b ~
(Irlc) (K + Re(ag) - a)a = O. (4.123)

We have now got all first order integrability conditions. Continuing
in like manner would give higher order conditions. For easy reference,
the full set of homothetic Killing equations and their first order
integrability conditions are now collected together:

(1) X-axa-ud) + %(GC - 3@ - uf)+ RQ + Re = 0,

(II) KQ + adh + %'GCQ = 0,

(111) (K + 3 Re(a.) - au = 0,

(Iva) (K + 4 Re(ag))',l = 0, (4.124)
(1vb) (K + 2 Re(ag))(ﬁh) = 0,

(1ve) (X + Re(uc) - a)p = 0,

(1va) (X + aC + Re(ag) + a)) = 0.
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The homothetic Killing equations can be expressed as a

system of linear differential equations of the form

A A
%, E Q u(z;x) (4.125)
. . XP A _ = =
in the coordinates , where z = (o> a, ag, QC’ R, a) are unknown
functions. The integrability conditions may then be expressed as
A A
=0 or S (0): (4.126)
Zolav] T RNITRY
Explicitly, equations (4.125) are
1 3 1 .
25, = 20, B z5,, = 0 (i=2,3,4)
2 L 3 2 .
2%, = 2 = 2z, zeg = 0 (i=1,3,4)
3 ~ : 8 .
z ,1 = S 21/\0 - 22303 Z ,i = 0 (1:2,3,“’)
I ~ = y: 73 n .
z 5, = =% %W =2z =2 P z ,; = 0 (i=1,3,4)
5 ~ 1 B 1 4 2 Sk
275, = (K - a+ 52 -5z Y(ufl- Q) - z°q,
5 5 5 .
275, = 20,45 27, = 0 (i = 3,4)
& _ -
z - 0 (IJ - 1,2,35,4)9
ol
: . A .
which are all linear in the z . Then (4.126) gives, for example,
25,13 = 25,31 = 0 and when written out fully this is just (4.120).
Now eguation (4.115) is of the form (4.126) of an
integrability condition and may be treated as such. £lso, the

dimension of the group of homothetic motions is 6-s, where 6 is the
number of unknowns zA, and s is the number of independent integrability
conditions including (4.115). Hence we have the following result,
which is an extension of the Kerr-Debney Lemma 3.3 [19S] to the case

of homothetic motions:

Theorem 4.1 The dimension of the group of homothetic motions of an

algebraically special Einstein vacuum space with non-
zero complex divergence is at most 6. When the
dimension is 6, all integrability conditions are zero
identically and the space is conformally flat, and

hence flat.
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The last part of the theorem is valid because {} = Df) = ug=pA=20
gives a = uf(C,8) + &(C.0)s
and then (4.121) gives

(% + 2Re(a ))fy = 0
which is another integrability condition. Since all integrability
conditions are identically zero, this implies fé = ol
Therefore Q = uf(Q) + g(,Q)-
Then obh=f, - f2

u ¢
so that

DBUDQ = auBuDQ =0

which, together with p = 0, implies conformally flat space, by equation
(4.6ud). Furthermore, a conformally flat vacuum space is flat.
According to the Kerr-Debney Lemma, the maximum order of
the group Gm of isomet .es admitted by the algebraicz ly special vacuum
space M is 5. Theorem 4.1 above shows that the maximum order of the
group Hn admitted by M is 6. Thus we have confirmed the Collinson -
French theorem [9] that Gm c Hn and m = n-1, as it applies to the space M.
Since by Theorem 3.2 M admits at most one indecendent
proper homothetic motion, we need concern ourselves only with those
spaces M which admit one HKV together with up to 5 Killing vectors.
FEowever, M with 5 Killing vectors is flat [199] so we shall investigate
space M which admit one HKV and up to 4 Killing vectors, since the

nen-flat spaces are of greatest interest.

4.8 The (¢, , s, r) coordinate system.

In subsequent chapters we shall be examining algebraically
special vacuum Einstein spaces which admit a Killing vector of the type

K = e'Pau, where p = p({,0), as well as a HKV. Kerr & Debney [199]

showed that such a Killing vector K is admissible iff

G=R=4=0 p = p((,0). (4.127)
Defining

5 = ', r=-e ‘v, (4.128)

local coord®.ates (, {, s, r) can be introduced so that the metric

(4.60), (4.61) is now
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2

ar® = 2(r° + d2)e2pd;d§ + 2[dr + i(dédz - dgdg)]n
+ Q{P(Q) + Re[m/(r + id)]}nz, (4.129)
where
no= epeu = ds + Ad( + Kdz,
A= P - pgu),
_ 5 (4.130)
d=-ipe P =e pIm(AC),
m = pe_sp,
(2) . - 2p -
and R is the 2-curvature of the 2-metric e “d{d(,
(2) -2p
R = e = (4.131)
4

Now (4.127) and the equations corresponding to (4.114)

and (4.115) for K = e_pbu = as give

Q= Pes b =0, (4.132)

where the dot denotes o/ou. From (4.130) and (4.132) we see that
A= AT, d = d(¢,0) = 4
and so the metric (4.123) is independent of s, as it should be in the
presence of the Killing vector as.
For a homothetic change of metric the relation (u4.85) is,

when expressed in the ((,{,s,r) coordinates via (4.128),

' — - — - —
e P (das’ + Aaf + Aal’) = e¢|§g|e Pas + Adg + AdD), (4.133)
where

g: = $(C). (4.134)

Since A and A’ are independent of s, (4.133) can be integrated to

give

g’ = e¢C0(5+A), (4.135)

where C0 is a real constant and A({,{) is a real function. From

(4.133) and (4.134) we have
¢ 4 - aS’ = g, e Bs' =
ds + @QA dc + ?;C-dg + QCA dg + EE; ac)

-p’ o8’
€ ( os

- eﬁlégle‘p(ds + AdC + AdQ). (4.136)
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From this equation, using (4.135) as well, there comes

P . 4 B

e colgcl e (4.137)
and

¢ _ B, -1
AN = e C & (A-A). (4.138)
0™ C ,

Using (4.96), (4.137) in the definition r’ = e P v we get

r = eécalp. (4.139)
From (4.97) and (4.130) we have

m = eéC63m. (4.140)
Also, from (4.97) and (4.137) we obtain

Q' = eécald. (4.141)

Summarizing, we have the following allowed trznsformations
under a homothetic change of metric and a Lorentz rotation of the tetrad,

using the (¢,(,s,r) coordinate system:

¢! = 8(C),
s/ = e¢C0(5+A), (4.142)
¥ = e¢C;1r,

where A = A({,{) is a real function and C. is a real cons=ant, and

0
6. .-1
/\' = - N-
e COQ$ ( Ag),
m’ = e¢C63m,
4 -1 (4.143)
, _
d e CO d,
’
= -1 p
e = COIQQI e.

Suppose next that the homothetic Killing vector X generates

a local 1-parameter group of local transformations given by the

transformation x> = x’% = x'a(xs,t), where

¢’ = 3(C3t),
s! = eb(t)Co(t)[s+A(§,C;t)J, (4.1uy)
sl _ eé(t)C—l(t) -

0
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Since x'%(t=0) = fl, we must have
8(C30) = ¢, A(C,C30) = 0 = g(0),  Cy(0) = 1.
Then, by (4.100), the components of X are
~1

K™ = a(C),
~3
K" = (a+ ao)s + T,
Eu = (a - ao)r,
where [~ ]
BQ = @..é. = ¢ = T
== 1= t=0
and -iéé— = a EEE = a_ are both real constants
ot d ot I ’
| _1t=0 t=0

Hence, by (4.101), we have the following form of the HKV in the ({,{,s,r)

coordinate system:

X = “ag + &aé +a (sd, - rd ) + Td_ + a(sd, + 13 ) (4.145)

Under the allowed transformations (4.142) the functions
a, T occurring in K will transform to a’, T', where

’

a = @Ca (4.146)
and
! = eéco[T = (ao+a)A + Ka), (4.147)

where the form of K in (4.147) is given by (4.145). These two
transformation equations are obtained in exactly the same way as
(4.105) and (4.106) were in the ((,(,u,v) system of coordinates.

The two mutually exclusive canonical forms of K in the
present coordinate system are

(i) =09 +3,+a(sd -1rd ) + a(sd_+ rd ),
C ¢ "o s ® o e (4.148)
(ii) X

ao(saS = rar) + a(saS + rar).

(cf. (4.107)).

For the homothetic motion represented by (4.1u44) we have

X ,] )
— | AT (X)) - A(X) = 0,
ot £=0
’
g% &P (x') - ep(x'}] = 0,
t=0

Bi m () - m(x’ ):| = o,
t t=0 MASSEY UMIYERSITY

LIBRARY.
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from which follow equations (I), (II’) and (III) below. The other
equations (II), (IVb) and (IVc) follow from these by differentiation.
Alternatively, they can all be obtained directly from (4.124) by using

the commutators

EBS,K] = (a0+a)asa
K] = + R, 4.149
[ag ] %3¢ s ( )
3z,K] = @zd: + T»d
L ¢ J ¢ ¢ gs
for the HKV given by (u4.145). Thus we have the homothetic Killing

equations and their first order integrability conditions in the

(¢,C,s,r) coordinate system:

(1) (K+a -a.-aA+ T, = 0, (4.150)
S 0 @
-~ 1
11 K+ a, + > = 0, 4.
(I1) ( as)pg 3 Occ (4.151)
(11') Tp + Re(as) = ag, (4.152)
(111) (X + 3a, - a)m = 0, (4.153)
(ive) (K + 2aO)R(2) =0, (4.154)
(zve) (¥ + a, - a)d = 0, (4.155)
where R(Q) is the 2-curvature of the 2-metric e pdgd:,
R(?) 5 e—2png

The fieid equations (4.62) become, in the present

coordinate system,

me =1 O (4.156a)
R(2)gc =] |0k (4.156b)
Im(m) = e_2pd€5 - B R(2)d. (4.156¢)
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CHAPTER § Spaces with One HKV and 2,3 on 4
Killing Vectons

Although they could not solve some of the field equations,
Kerr & Debney [199] found, in principle, all algebraically special

vacuum Einstein spaces with non-vanishing complex divergence, which
admit 2,3 or 4 Killing vectors, with 4 the maximum number for a non-
flat space. Their results, summarized below, ¢ére used as the

starting point in this chapter. The metric functions only are given.

Case I. (4 Killing vectors)

0=A=idfl,

M = m= m, non-zero real constant,
A = ido = constant, dO real,

p =10, r(2) - o,

Case II. (4 Killing vectors)
A = —1do§/Ro(Qg - RO),
m = m, my real constant *— Schwarzschild metric,
m, complex constant «— NUT metric,

d = dO = 1(m0—m0)/4RO = real constant,

e =¢C-r,, (2 - r

real constant.

Case III.(3 Killing vectors)

- 2 — _
=2+ 0% RP g4t
Case IV. (2 Killing vectors)
_ g% 2P 1 2 -2
A= iC e F[- > Im(mO)R tCyt C2(2 logR + RR )

2 2 -2
+ C4(R® + Ry R IR

m=m, = complex constant, but we may take either
Re(mo) = 4y o’ Im(mo) =l g,
d = e_2pIm(A—),
) ¢
where R = |Q| and RO, Cl’ C2, C3 are real constants,
=B _ ~ .2 (2) _
and e 46 Ry = R - Rgs R = Ry
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Case V. (2 Killing vectors)
A = i[COX-S/QSinh i%g-(x—xo) B % Im(mo)x_al,
m = my = complex constant,
d = e-QPIm(Aé),
e-2p = % x3, R(?) =x=(+ z,
where c, is an arbitrary real constant.

0

Case VI. (2 Killing vectors)

8
-1/a el il

_ e 0 0]
A=agle Ceml %o,

- 3 ‘S/CLO
m = 2]’!‘10(1 = ga)g N
d = Im(,\c'),
p = 0, R(2) = 0,

where Re(ao) =1 (ao invariant), XO is a complex constant, and m,

is a complex constant which can be made real if the remalning coordinate

freedom is used.

The following cases were unsolved by Kerr & Debney:

Case VII.(2 Killing vectors)

A= i(C+ D7 L, ¢ = peie,
m = MOQ3/2,

a=(C+ )¢ D), D = B,
2P %(g N C)a, R(2) = € B,

where My is a complex constant. No solution was obtained for D and L,

where
% sin 20(dL/d@) - L = e2pD,
and . 2
Im[uo(l + 2e-2le)-3/2] £ e—2P c0526 Q_% - (2 + %-e’Qp)D,
de
P = P(Q),
2
e-2p(cos26 9—%-+ %) =R
doe

The only known solution is

- B
e 3°
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Case VIII. (2 Killing vectors)

0 = qlu),
- g 3
H_uo &

No solution.

Case IX. (2 Killing vectors)

= QCt), t = u/Im(C),

p 4 3V(t). (Note error in [199], p.2817).

No solution.

We shall now try to determine whether any of the spaces represented
by the above cases also admit a HKV. In cases I - VII there is a

Killing vector of the form

K=03 =¢eP
S u

so that we may use the (Q,C,s,r) coordinate system to see whether the
space will also admit a HKV of the form (4.145). If such a HKV is
present, the additional equations to be solved i.e. satisfied by the
functions A, m and d, are (4.131) and (4.150)-(4.155). The procedure
is to use these equations to determine the functions a(({), T({,() and

the constant ao of the HKV.

Case I. (4 Killing vectors)
p =0, R(Q) = 0 and (u4.154) is trivial.
(i) Since m = my (real constant), equation (4.153) gives for m, # 0
3a0 - a= 0.
Since 4 = d, (real constant), equation (4.155) gives for do £ 0
ag - a= 0.

Hence a = 0, and there is no HKV for m # 0, do # 0.

(ii) 1If m, # 0 but dy = 0, then (4.155) is trivial. Equation

(4.153) gives 3a, - a = 0.
(4.152) implies aq = aog + B, Re(ao) = ags

where B is a constant. There is enough coordinate freedom left
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to transform a to

a = aOQ, Re(ao) = a,
Equation (4.151) is automatically satisfied, and (4.150) implies

TE TO (real constant).

Hence we have succeeded in finding a HKV of the form

T - > e T ot 5 2 T
K= aogug + aogag tgaso_+txa rar + 1065,

where 3 Re(ao) = a. But since a HKV is determined only up
to a Killing vector, and because K = bs (and therefore K = Toas)
is already in the space, we may take the HYV in this case in the
form

K= azogag + 3&0C6C + ba sbs + 2a rar, (5.9
where 3 Re(ao) = a.

The metric which admits this HKV is Petrov tyze D:

% ar® = r2acdt + drds + mor_ldSQ. (5.2)

This metric can be written in the form

1 - -1; = e ool e B o
% de = dndn + dudr + mor 1Ldu + (ndn + ndrdr - e er] (5.3)
on butting n = ¢r, w = s-({r. In these cocriinates the HKV is

o J—- = ‘ R

K Vnan + Snan + “Jqu + 2roP s (5.4)

This solution is, in fact, the Kerr-Debney solution
(L199], equation (5.10)) with do = 0. (Attention is drawn to a
misprint in their equation (5.10)).

By writing J2w= z+t, 42 r = z-t, A2 1 = xtiy

the metric (5.3) becomes

a1? = ax? + dy? + dz? - at?
2
m 2 2 2
e {dz+dt _EX (as-ap) 4 2R0RVY) } , (5.5)
z-t 2 z-t
(z-t)

which is manifestly of Kerr-Schild type [230]. This is also
clear because IX] = 0. There is a plane of singularities z-t = 0
so the metric is that for a nullicle [231]. It is, in fact, one

of the Debney-Kerr-Schild solutions ([198], page 1852) of the form

a2 = 2d0dl + 2dudv + P O[m(z+Z) - §TP 122]  (du+ ¥4C + YAl - Y¥dv)2,
pYY + qY + qV + c,
(Y) + (qY+c)({-Yv) - (pY¥+q)(utYl) = O,

where P

F

i}
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#, ¥ are arbitrary functions of Y, | = C in vacuo,

m,p,Cc real constants, q complex constant.

Identification with the metric (5.3) is achieved through

(=1, us=
=L, Z-=
p=sc=0,

W,

Z

(S

v

-1

r,

Y

108

="n/r,

m

0,

(5.6)

Comparing (:.%£) with [198], equation (5.80c), we fin? we have

the Debney-7err-Schild case (c).

(iii) When m, = C = 2,
0 e

from (5.%).

Case II.

(1) mo,do botr mnco-zero constants.

the space is flat, as can be sesrn immediately

(4 ¥iilizz wvectors)

Equations (-.22%) anZ (4.155) imply a = 0.
Hence there Iz oo HWV.
(ii) m, DOM-Zerc cInITant, dG = 0.
Equation (-..337) Is the zero identity, while (L4.iZ-) gives a, = 0
Then (4.15%) =zlies a = 0.
Hence there Is zo HKV.
This result czofirms the well known fact that the Sc-warzschild
metric <dces nz- admit a HKV, and also proves that t=2 same is

true of the T met

)

(iii) my, =d, = € zivas A =

Case III. (3 Killinz vectors)

d = 0, which implies thatz
0= 3uBuD Q

DBUDQ

For A =m =< = 0, equations (4.155) and (4.153) are trivial.

2)

Since R(

= (+C, ezuation (u.154) gives

o ta+ 2a0(§+§) =0

with solution

a = ~faw(;+ibo), b, real constant.

W
2 -

There is still a liz=3r transformation in ( left to transicrm a to
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the form

a = —QaOQ.

Then (4.152) with e 2

P %3€+C)3 is satisfied identically, as is (4.151).
The remaining equation (4.150) gives

T = T_ (real constant).

0
Hence we have a HKV of the form
K = —2ao(58g + gag) + ao(saS - rar) + TOBS + a(saS + rar),

but because K = Bs is already present in the space we take the HKV in

the form
K = —2a0(€.8g + QBC) + (aO + a)saS - (a0 - a)rar, (5.7)
where a, and a are arbitrary real constants.
The metric which admits this HKV is
1 A Bl e TS = 2
> dr© = B85 (C+42)7agdC + drds + (C+0)ds”, (5.8)

which is of Petrov type III. The FTEs corresponding to this HKV can
be read off from (4.109) and take the metric from dT2 — dT*Q, where
cl’r*2 = b2adT2, b real constant.
Thus the choice of 3 does not feature in the conformality, only a does
- this is clear, anyway, because it is a which provides the essential
difference between the HKV and a Killing vector.
By writing 8( = 3(xt+iy) we can write the metric (5.8) in the

form

2 2] -
di” = r'x 3(dx2 + dy2) + 2 drds + %)(dSQ, (5.9)

which is the metric of Kerr & Debney ([199], equation (5.19) - but note

the misprint in the line above their equation (5.19)).
In the real coordinates of (5.9), the HKV takes the form
K = —2ao(xax + yay) + (aO + a)saS - (a0 - a)rar, (5.10)
where a, and a are arbitrary (az0).
Case IV. (2 Killing vectors)

The space is flat unless my £ 0.

(1) my £ 0, RO # 0.

Equation (4.154) gives a, = 0, which together with (4.153)

0
implies a = O. Therefore, there is no HKV.
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my Z 0, RO = 0.
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Equation (4.154) is the zero identity, while (4.153) gives

3ao - a = 0.
With e P = Cl, equation (4.152) gives
(a, + az)C - 2al + af) = 2a.(C
¢ s 0

with solution

_ 2
a = C‘.OQ e aogﬁ

where o, is a complex constant.

0

Equation (4.151) is satisfied identically.

(5.11)

(5.12)

For RO = 0, and choosing Im(mo) = 1 as we may do, we have

1 2 e
so that
I 2p c - @ = .
and
2:“ -~ =
d = Im(A:} =e"LCy=0 = c21og(QC)J.
Then
ng = gaé = e, - 3C, ¢ QCQlog(Qg)]
and so
Kd = (o.ob tags - 2ao)§dg.

Using this in ecuzzion (4.155) gives

2

+ (a - :ao)\,1 + 2C2(7aO - a) = 0,
which 1s satisfiel when
either (i) C, = CQ a0,
or (ii) ay = C2 = 0, a - 5a0 = 0.

I

— - 1 -
A= e®PL- 2T+ c v o, log(¢l) + C,8E

clog(¢DL2a.: + af) - Say + al +(2 ¢, - 3¢,))(agl

-

(5.13)
(5.1u4)

(5.15)

+ &OC)

(5.16)

Using (ii) with (5.11) gives a = 0. Thus there is no HXV.

When (i) obtains, we have from (5.13)
g § 1
AN = 1B8 T, B‘=C3'3s
and from (5.1u4)

Az = 0, = d = 0.
®

(5.17)
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Then
KA = (aO - aOC)A
and substituting in (4.150) gives
- _ . _1 - a9
Tg =(ay +a-aylh = 1&1[(a0+a}§ ayds

whence

T ib[(a0+a)log(C/C) =@l + GOC]-

Using (5.11) we get finally

R = 18[% a 1og(¢/T) - aC + &OC]- (5.18)
Thus we have obtained a HKV which is, along with the two Killing
vectors
= K. =3 = 108y g
Ky = 9g> K, l(gag ;,ag), (5.19)

a symmetry of the space with metric

L ar? = 22D %atat + ards + B¢ 1Az - TNaD)ar

+ Re(rr.o)r_1 [ds + iB(Q-ldQ = £ 1d§)J2, (5.20)

1. . . . N
where B = C3 ) 1s an artitrary real constant, ana Ty 1s an arbitrary

complex constant with Im(m.) = 1.

0
The HKV is
K= (3l - a)ga. + (&l - a)lop + iplua 1og(C/0) - mpl + aflog
+ uasas + 2arar, (5.21)

where B and a are arbitrary real constants, and a, is an arbitrary

0
complex constant.

The metric (5.20) is Fetrov type D and can be put in the form

1 an® = andfi + dwar + 1B(V/DAGEM)Ar
o Re(mo)r-l[du1+ (dy + ﬂdﬁ)r_l - nﬁr-er
+ 1B(/RAE/M]? (5.22)
by writing

we clEm o -8 - [

This metric degenerates to the Kerr-Schild metric (5.3) when B = 0.
However, (5.22) is not Kerr-Schild since DQ= iB(W/T).
An alternative form of the above metric can be obtained by
putting M = peie. Then
%d12 s dp2 + p?de2 + dwdr + 2pdrd6
+ Re(mo)r-l[du)+ 2r-1pdp - p2r-2dr + 2B de]2. (5.23)
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Case V. (2 Killing vectors)
= - 2 X3
R(Q) =+ ( = e P . 3 % -
Since 9.DAN=p,r - P, = —3/(4x2), we have
u b ¢
523 D0= 0, but DoDa= e® # 0,
u u
so that, by (u4.64d), the space cannot be flat. There are two
possibilities: (i) m = Tig, £ 0, (ii) m = my = 0, where my is a

complex constant.
Equation (4.154) gives

a+a+ 2a0(§+C) =

with solution Qa = ~2a0(g+ib0), b, real conmstant.

But in the presence of the two Killing vectors
T ¥. = i(o, - o .24
Ky = Ogo v, l(o; og) (5.24)

there is still a linear transformation available on (, so we use this

= —
- e i

freedom to write a in the

a = -2a.(. (5.25)
Then, as in Case III, equztions (%.151) and (4.152) are satisfied
identically. Now
L 5 5772 i v-u J13 -5/2 . .13
AC = 3 [} = CoX i (x- X5 ) + 5 Co¥ sh =5 (x—xo)
9 1
g Im(mc}x .
Hence d = e 2pIm(/\ )
b
1 -k . J/13 .. AJ13
= = 3 ~fOosn A—— - - -
= X { 13 ¢ x cosh > (x xo) 10cO sinh 3 (x xo)
_1
- 9 Im(m )x ° }, (5.26)
o D o
d- = d= = —l-x /% P98 x3 sinh Vr_ (x-x ) - 8JF—C x cosh —Eg(x-x )
g g 2 0 2 0
F_ .
+ 10c . sinh —lg(x-x ) + 18 In(m )x |-
0 2 0 (0]
Then
Kd =

—2a0(gdg i Cdé} = =2a,(C + (:)dg

so that



~ _1 -k 3 ... 13
Kd + (ao—a)d =E % {—ao[%6c0x sinh —5—{x xo)

- 13 c.x cost K-%.
8/T3 h -,

0

f "
+ 1000 sinh *%g{x—xo) + 18 Im(mo)x ﬁ]

0 0 2

+ (a —a)[%JTE ¢ x cosh giz{x—xo)

0 2

Hence (4.155) is satisfied iff

0%
and either (1)
or (2)

or (3)

If ¢, # 0, the

1
(©
-

If cq the

(1) a - 3a

= 0, ac. = 0

n

n

a

a

0

- 3a0 = Of Im(mo) Z 0,
- 3a0 Z 0, Im(mo) = 0,

- 3. =0 = Im(mo).

= 0 and there is no HKV.

. 3 . .
= iyx 7, y = E—im{mo) = real constant,

= m, = complex constant,

, Im(m.) # O.

If ao

If a_ # 0, then (4.153) is satisfied identically for m, £ 0.

0

0, then a = 0 and there is no HKV.

Equation (4.150) reduces to Tg = 0 with solution

Thus we

1 2
5 ar

where

“
Y #

= TO (real constant).

arrive at the metric

3
2

—(r

2+ wy’ Y 3agal + Lar - 2iyx~2(ag-a8)In

m
{ Re| — O }K'z,
-1
r-2iyx

a8+ ix S(ydQ - ¥yaO)y  m = GAl

0

is an arbitrary real constant.

This metric is Petrov type II and admits the HKV

~: € +-.._ -

K ”aC gag 2585 rap s
where we have taken account of the presence of kl = as in t
space. aO is an arbitrary real constant.

13 -2
- 10c. sinh -i‘-'-(x—xo) = g In{mo)x ‘:l}

110.

(5.27)
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The FTEs corresponding to this HKV are read off from (4.109) and
take 41 ~ dT“, where

%2 -3 Z
ar = b dat -, b real constant.

If we put
2C¢ = xtiy, =20, Y S A,
the metric (5.27) takes the form

2 -3r . 2

aT 3x (w

+ A2x_2)(dx2 + dy2) + 4(dw + Ax_Qdy)h

Mo 2
+{2x + Re — ) n°, (5.29)
wx-1A

ds - Ax'3dy,

n

where LA = 3 Im(mo) # 0 1is arbitrary, real, constant.

The HKV admitted by (5.29) is

K= x0_ + yd - 2so_. - wo . (5.30)
X y S w

Im(mo) =0, a- 3a, # C. ‘

Now Mg is a real constant, and equation (4.153) gives

(3aO - a)m0 SN0

so that m Then
D 3 -1
m 0 = 1= - =% ", H=A = 0.

N = >

d

From (4.150) we get T. = 0, so that
S

T B TO (real constant).

Thus we arrive at the Fetrov type III metric

ai? = lBefx SAgeE + 2ards + 2xds®, (5.31)
which admits the HKV
K = 2a0(§8g + 58:) - (aO + a)saS + (aO - a)ror, (5.32)

where we have taken account of the fact that the Killing

vector K1 = BS is already in the space. The constants a, and

a in (5.32) are subject to the restriction a # 3a0, a# 0, but

are otherwise arbitrary. This restriction is the only difference
between Case III and the present case. Writing 8{ = 3(X+iY),

we can put the metric (5.31) in the form of (5.9), with the HKV

in the form

K = 2ao(xax + \'aY) - (ao+a)saS + (ao—a)rar, (5.33)

where 3a0 £ a# o.
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2.

a - 3a0 = 0 = Im(mo).

Again My is a real constant, and equation (4.153) gives

(3a0 - a)m0 = 0,

so that my is arbitrary, but not zero because, if it were zero,

we would have A = m = d = 0 and flat space.

Equation (4.150) now reduces to T, = 0 so that

¢

T = TO (real constant).
Thus we arrive at the metric (4.129) with
N = 0,

m = mg, artitrary non-zero real constant,

d = 0,
- 9 -
e B = 3 x3, R(Q) = X = §t§.
Written in full, this Fetrov type II metric is
av? = arx %adl + 2erds + 20x + mor )ds”, (5.
which admits the HXV
K = gog + ,o: - 258S - rar, (5.

where we have accounted for the presence of the Killing vector

K1 = BS in the space.

Putting x = {+2, v = 5-{ brings the metric (5.34) into the

form
- 2 i
dT2 = g'PQX 3(dx2 - éy7) + 2drds + 2(x + m,T 1)dsz, (5.
admitting the HKV
K= x3_+ yd - 2sd_ - rd_. (5.
X y s r

Alternatively, by putting 8 = 3(X+iY) we can write the
metric in the form
2 -3 2m
ar? = (ax® + av%) + 2drds + (— ne —-—-)ds , (s

and the HKV becomes

K = XBX + YBY - 2388 - rar. (5.

34)

35)

36)

37)

.38)

88)
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Case VI. (2 Killing vectors)

p = 0 and equation (4.152) give Re(ag) = ays

with solution

a = BOC + 4y Re(BO) = ag.
(o8 T is taken to be a complex constant, there is enough coordinate
freedom left on { to transform q to
= = = x 5.40
a bog, RE(ﬁo) a, ( )
-3/ag

Since m = 2m0(1 - 3a61)§ and p = 0, we have BuD(7= 0 so that

auauD(]= 0 = 5auD(] and the only non-flat possibility is m # 0 ® my # 0.

Then (4.153) gives

(3a - 38. = 0. (5.41)

- aa 0

0 0

Subtracting this from its complex conjugate gives

a.B. -aB, =0

o T Po’ T Gp3pe
where we have used Re(ao) = 1 aznd Re(BO) = a. Substituting back in

(5.:22) gives a = 0, so there is no HKV.

Case VII, (2 Killing vectors)
. (2) _ ., = _ y .
Since R = ¢+ ¢ = x, equation (4.154) gives

a+t+tat 2a,(C + ) = o.

Just as in Case III we obtain

Q = —2aOC. (5.42)



Then (4.151) and (4.152) are satisfied identically.

3/2

For m = pOQ there are two possibilities:

either (i) m# 0 < Mo £0, or (ii) m= 0% Mo = 0.

(i)

(ii)

m# 0. Then (4.153) gives a = 0, so there is no HKV.

114.

m = 0. Equation (4.153) is satisfied identically, so we are left

with equations (4.150) and (4.155) to determine d, A and T.

p

Neg Be BEEY, so fhat

gag + Caé = pap, gag - Cac = —iae.

Therefore

~

K 1= -2aop8p + ao(saS - rar) + Tas + a(saS + rar).

Since it is known that
d = (g+§)l/2D(6) = (2p cos 6)1/2D(6)
- 075(8),
where f(8) = (2 cos 6)%D(6), equation (4.155) gives
R+ a - a)d = -ap£(8) = 0

0
so that
either a = 0 and there is no HKV,
or £(0) = 0, which implies D(B) = 0. Then the eguation for

D(6), namely,

-2i0 _3/2]

2
Im[u0(1+2e ) = §-cos 0 — - (2 + %-e

is satisfied.

This leaves the equation in L(8) to be solved:

(dL/de) - 2Lcosec 206 = 0.

The solution is

L =C tan 6, C real constant.

Hence

>
"

e e % HeE et w0

zy . a2 -2
Cc(C-C)(¢c+8)
= - A.
Equation (4.150) now becomes
= A\ =
Tg (aO + a) 0
which, with its complex conjugate, implies

TC+TC=C‘

(5.43)

(5.44)

(5.45)
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so that T = T({-{). Substituting back in (5.45) gives

T = claga) (¢-D(CD) 7,

where the prime denotes differentiation with respect to (¢-C).
This last equation holds iff
(1) a,

and then we have

+a=0, or (2) C =0, or (3) ag ta-= 0 = A

T =T, (real constant).
Taking these three possibilities in turn, we have:

(1) agtas 0, C # 0. Put 8C 3(X+iY). Then

A =
m =
ks - s R = %-x

and the metric (4.129) is
2 _ 2,-3,..2. .2 5
AT = r°¥ T(dX+2Y°) + 2drds - 2CX “YdY dr

+ % v (ds-CX 2Ydy)?, (5.46)

where C is an ar:titrary real, non-zero constant.
This Petrov type III metric admits the HKV

~: Ny
K xax + ‘aY + rar. (5.47)

(2) a, t a # 0, C = 0. The metric is (5.8) of Case III,

admitting the HXV (5.7) but with the restriction
a +a# 0. So this is a degenerate case, which can

0
be expressed in the form (5.9), (5.10) with a. # -a # 0.

0

(3) apg tas 0 = C. Again a degenerate case with metric (5.9),

but the HKV in this case is restricted to the form

K= xd_ +vd + rd_. (5.48)
X y i

Cases VIII and IX. (2 Killing vectors)

These are the case II metrics of Kerr & Debney ([[199], p.2817).

They do not admit a Killing vector of type BS e_pau, SO we must use
the ({,(,u,v) coordinate system and look for solutions a({), R(C,C)

of the equations (4.124) which are rewritten here for convenience, with
the HKV in the form

K=ad + &BE + Re(a

¢ G ¢

The homothetic Killing equaticns and their integrability conditions are

)(uﬁu - vav) + RBu + a(uDu + VBV). (5.49)
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(?—aﬂﬂ—uﬁ)+%mg—&ﬂﬁl-uﬁ)+Rﬁ*-%=(L (5.50)
°
~ . i
+ + = =] 0, (5.51
0 aCQ 2 %c¢ )
(X + 3 Re(ag) - ay = 0, (5.52)
(¥ + u Re(ag))ﬂ = 0, (5.53)
(¥ + 2 Re(ag))(ﬁﬂ) =D, (5.54)
(X + Re(a) - a)y = 0, (5.55)
(¥ + @ ¥ Re(ag) +a)fl = 0. (5.56)
Case VIII. (2 Killing vectors)
The functions () and 4 are known to the extent that they are
functions of u only:
Q= atu), (5.57)
M= Hoﬁ 3. plu), M, complex constant, (5.58)
where s
a s ey ,_;d—:‘ézj_d‘??Q
a3 (HH Q + 20 —|Q—AQ)|¢ = i——u-(Q )l , (5.59)
u 0 au g 2
du - du
ame _
= =3 = & [= @°. 3
Im {4 0 +z0 —|Q—(Q))| = O. (5.60)
du 312 &

.

The two Killing vectors which give rise to equations (5.57) - (5.60) are
K, = (3, - 3z).
2 ¢ ¢

If we can solve equations (5.50) - (5.56) for a and R subjec:

K, = o. + o=
1 G L’

(5.61)
to
(5.57) - (5.60), with a # 0 in ?, then we will have found & metric or
metrics which admit a HKV as well as the two Killing vectors (5.61).

From Appendix 2 we see that T can be present with K1 and K2

when, and only when,

(I) a=¢, R=o0,
X = Co + Qac tw - v +alw + v ), (5.62)
= xax + yay + (a+1)uau + (a—l)vav, C = x+iy.
(II) « =i, R = 0,
X = i(gaC - @ac) +alw +vd), (5.63)

= xay - yo, +a(uwy + Vo).
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(I11) a = o (complex constant), R = 0,
= aoaC + aoac + a(uau + vav), (5.64)
= poax + qooy + a(uau + VBV), a, = Pgtiq,-

Taking each of these possibilities in turn, we have firstly
(I) Equations (5.50) and (5.51) give
(X - a)a = o.
With X as in (5.62), this is

(at1)u %% -aQ =0 (5.65)
with two solutions, depending on the value of a:
either (Q = Cua/(a+1), a# -1, (5.66)
or R 05 a = -1 (5.67)
where C is a complex constant. But

= K -3 = -31, 0 M ¥a - -sun R4
so that (5.52) gives
(3071 FQ +2- 3)u = o. (5.68)

Zither (1) L = 0, so that
(1) My # 0, =0,

or (ii) My = 0, Q# 0,

or (iii) My = 0 =Q;

oo (XD =(-R uwto,
and substituting its complex conjugate back into
(K - a)Q = 0 gives

a=3,0#0,u#0;

or (3)p=0=(XK-1+ %)Q

so that, using (K - a)q = 0,

u=o=(1—5§—)n.

Then (i) Ho # 0, Q = 0, a arbitrary, non-zero,
3

or (ii) Ho = 0, QF 0, a-= T

Also, 2A = DQ -DQ = 0 for both (5.66) and (5.67), so that any

retrics will have a hypersurface-orthogonal principal null ray

congruence.
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Case VIII (I)(1)(i). p=0=0Q (“o £ 0).

Condition (u4.64d) is satisfied, so space is flat.

Case VIII (I)(1)(iii). M= 0 =0 (un =0).

Likewise, flat space.

Case VIII (I)(1)(ii). p = My = 0, Q#o0.

If = -1, then (5.67) requires (J = 0, so we have a contradiction
and there is no solution.
If a # -1, then Q = Cua/(a+1), cC# 0,
and Q= Ec-ln,
so that the field equation (5.59) reduces to
2{ala@®"3'} = [@)"1°. (5.69)

Now
2y Qa(a—;l 2
(a+1)

-2/a

Q
(Q (EJ . af -1,

and substituting this into (5.69) gives

a(a-1)(2a-3) = 0, a# -1,

so that a

1 or a 3/2, since a # 0 for a proper homothetic motion.

1

a=1 Q= Cu?, C# 0.

Condition (4.64d) is satisfied, so space is flat.

a = %ﬁ N = Cu3/5, Cc # 0.

The space is not flat and possesses the metric

-2/5

A - 2v2d§,d§ + 2[av - %u v(cdC + cdl) + Céu_u/seu]eu ~ (5.70)
where
€, = du+ w35 cac + T,
and C is an arbitrary non-zero complex constant.
This Petrov type III metric admits the HKV
L= zgag + 2§ac + Suo + vo,, (5.71)

besides the two Killing vectors (5.61).
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If we put { = xtiy, w=u'"", C =-% (c1+ic2),

then the metric (5.70) becomes

2 _ 2 2 2 -2 25, 2 2, -4
dr° = 2vi(dx® + dy°) + 2[dv - 3w v(cldx c dy) + 7:{01 + c2)w eu]eu,

(5.72)
where
- 3 _
g = 5w (wdw + cidx cgdy),
and cl, c2 are arbitrary real constants, not both zero.
The HKV is now
K= 2xo_ + 2y8y + waw t Vo, - (5.73)
3
Case VIII (I)(2). m#o0, Q# 0, a-= i
From (5.66) we have
Q= Cu3/7, c # o.
Then (/C = (U/C and field equation (5.59) becomes
- - -4, 2 . . s 2 ---.2
-120,% 070 + 2ala@®)" ) = L@, (5.74)
while field equation (5.60) becomes
3- -3 -3 -2- ool
Im{upoc - Q mee 2C2Q[Q(Q2) i’} = o. (5.75)
Calculating §)/C = g(ﬂ/C)_u/S,
2. _ 6 2 -8/3
Q") = - m ciQsc)
and substituting these into (5.74), we get
33, + 16C%C° = & el #'0.
Hence
- . 16,.=.2 -9/7
H=Hd = EEE(CC) u s C # 0.
Field equation (5.75) is satisfied for this Q and u.
We have arrived at the Petrov type II metric
a1’ = 2v%acag + 2lav - 5w 7v(cag + Eal)
4 = -9/7 1/7 - =1
+ 333 CCu T N(21u' T - ey Tk (5.76)
where
€, =dut+ uaﬂ(CdC # Gak )4

and C is an arbitrary non-zero complex constant.
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This metric admits the HKV

K = ugac + H%bc + 7uou - vav (5.77)
besides the two Killing vectors (5.61).
. . 7 7 .
Putting { = xtiy, w = ul/ , C-= 5-(c1+1c2),

the metric (5.76) can be written in the form

2

a1 = 2v2(ax? + dy2) + 2{dv - 3vw_u(c1dx — c2dy)

2

+ (c1

2, -9 2 7 |
+ cyw [aw - 7(c1 + c2)v }EQ}QQ’ (5.78)
where 3 1 .
€y, = Tw (w dw + cldx - c2dy),

and cy» C, are arbitrary real constants, not both zero.

2
The HKV 1is now

K = uxox + uyoy + WO, - VO_. (5.79)

Case VIII (I)(3)(i): n

c = Q, My # 0, a arbitrary # 0.

Condition (u4.6u4d) i~ satisfied so space is flat.

3
O:“O’ Q#O, a:"".

Case VIII (I)(3)(ii). M T

Ecuations (5.74) and (5.75) must hold if there is & solution.
However, (5.74) gives C = 0, contrary to the condition Q # O.

Hence there is no solution.

Equations (5.50) and (5.51) give

(K + i-a)a = o. (5.80)
Since Q = Q(u), and with X as in (5.63), the last eguation is

au ¥ 4 (i-a)p = 0 (5.81)

du

with solution (a-1)/a

U (el , (5.82)
where C is a complex constant.

From (5.58) we have '}Zu= —3}.1(_)_1%'(-1

so that (5.52) gives

-1

(307 °KQ + a)a = o. (5.83)
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Either (1) H = 0, so that

(i) uO#O, =0,

or (ii) Hg = G, Q% 0,

n
o
|
e

or (iii) Hg

or (2) Efﬂ 5 =

LO' o]
(&)

i, HZ#Z0,
and substituting its complex conjugate back into
(5.80) gives 3i - 4a = 0. Since a is real,
there is no solution in this case;
or 3)p=0=({+ %)Q.
1]

~J
~

Putting T Q= - =0 in (5.80) leads to only one

possibility, namely, Q = 0.

Having dealt with (2), we are left with

(1) (i) Conditions (L.€ud) are satisfied, so flat space.

(1) (i:i) Likewise, flat space.

(1) (iZ) Sudstituting (£.82) into field equation (35.59) gives
bia + 2 = GC. Since a is real, there is no solution.

(3) Ceniition (&.6ud) is satisfied, so flat space.

(III) Equations (5.5C) and (5.51) give

(X - a2)q = 0. (5.84)
Since 0 = Q(u), and with ~ as in (5.64), equation (5.84) is
u Qg__ =0

-

with solution
Q = Cu, C complex constant.

Hence 23DN =0=1D3DQ. (5.85)
u u u

Now (5.58) and (5.52) imply
(3RQ +adu = 0. (5.86)
Either (1) 4 = 0, and then (5.85) gives flat space;

~ a

or (2) XQ =-=0, r#o0.
Substituting in (5.84) gives a = 0, so there is
no Ex\s

or (3) p=0-=(X+ %)Q,andthon (5.85) gives flat space.

This concludes the déiscussien of Case VIII.



Case IX. (2 Killing vectors)
From Appendix 2 we see that the two Killing vectors

K1 C'*'aé:ax,

n
Q

K2 = gag + gaé + uau - Vo,
= xo. + yay + uau - vav,

where ( = xtiy, and the HKV

~

e i= aug + aag + Re(ag)(uau - vav) + Rau + a(ubu + vav)

can all be present in the space when, and only when,

(1) a = (-1, RE O

K=K, - K ¥ a(uau + VBV),
(II) a=¢, R=0,

X

= X, 4+ + Ve
5 a(uau vov),

(III) @ = 1, R = 0,

K = Yl + a(uau + vov),

(IV) o = 0 =R,

<
"

u + vO .
u v

There is effectively only one case to consider. For, since K1 and K2

122.

(5.87)

(5.88)

(5.89)

(5.

96)

(5.91)

are already present in the space, we can take the HKV to be (5.91), the

constant a being absorbed into X (equivalently, choose a = 1). We

shall choose (IV) to represent the situation.

The homothetic Killing equations and their integrability conditions

(5.50) - (5.56) are then:

- 1@ -ud = o,
Kme o,

(X-1u = o,

Xa = o,

K(Q) = o,

(K- 1A = o0,

(X + 151 = o.
We shall also require the equations for K, and K, corresponding to

1 2
(5.92), (5.93) and (5.94). They are:

(15n
(5.
(5.
(5.
(5.
(9"
(s.

92)
93)
9y)
95)
96)
97)
98)
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Kl(Q - u)) = 0, (5.99)
Klé = 0, (5.100)
Kb = 0, (5.101)
and
K (Q - ul) = 0, (5.102)
(K, + 1)Q = o, (5.103)
(K2 + 3)4 = 0. (5.104)

Equations (5.99) and (5.100) give

K =0 (5.105)
while (5.102) and (5.103) give
KA =0 (5.106)
and (5.92) and (5.93) give
(X - 1)a = o. (5.107)
Using (5.91) the last equation is (uau - 1)Q = 0, implying
Q = uf(y),

where we have used (5.105) as well. Substituting this in (5.106) gives
f = Cy_l, so that

Pl

it

Q=Cu , (5.108)
where C is a complex constant.
Equations (5.91), (5.%94) and (5.101) give (uau - 1)4 = 0,
and M= ug(y).
Substituting this in (5.104) gives g = Ay_u, and so

uo= Auy (5.109)

where A is a complex constant.

The constants A and C are related through the field equations (4.62).

Equation (4.62a) becomes

A(2C + i)uy'u = 0. (5.110)
Field equation (4.62c) is satisfied iff
A = %-c(%-'- C)(uiC - 3). (5.111)

Using this value of A the remaining field equation (4.62b) is satisfied
identically. Equation (5.110) thus holds iff

-% C(%-i— C)(2C + i)(u4iC - 3) = 0



124,

oS =0)¢ Q = 0 = u and condition (u4.6u4d) gives flat space.

= I P | _ - .
C = Si: a=35iw’, M= 0 and condition (4.6u4d) gives flat space.
C=%i: Q=-L:—j-iuy_1, M= 0. AlsoA=%(f)Q- DQ) = O.

Since EBUD(2# 0 the space is non-flat, and has the Petrov
type III metric
1

atc = 2v2(dx2 + dy2) + 2[dv + E-Vy- dy -

-2 3 -1
5 y “(du - 5 uy dy)] x

o)

% (du - %—uy-ldy) © o (5.112)

admitting the HKV (5.91).
If we put 2w = 3 log y, the metric becomes

81° =29 (dx” +.§e”W/3dw2) 2P @ ydwm - %-e'2”/3

X (du - udw). (5.113)

(du - udw)] X

This concludes the discussion of Case IX.

Theorem 5.1 The non-flat algebraically special vacuum Einstein

spaces with non-zero complex divergence which admit

2, 3 or 4 Killing vectors and one HKV are given in the following table:

Case Metric Petrov type Killizé 3thors HKV
I(ii) (S'Sthigr' D 4 (5.4)
I1I (5.9) III 3 (5.10)
1v(2) (5.22) D 2 (5.21)
V(1) (5.29) ' 11 2 (5.30)
%V(2) (5.9) 111 3 (5.33)%
V(3) (5.38) _ II ) (5.39)
VII(ii)(1) (5.u46) | III 2 (5.47)
*VII(ii)(2) (5.9) 111 3 (5.10)%
*VIT(ii)(3) (5.9) 111 3 (5.u48)%
VIII(I)(1)(ii) (5.72) 111 2 (5.73)
VIII(I)(2) (5.78) 11 ) (5.79)
IX (5.112) 111 2 (5.91)

* degenerate cases

All of the above contain a hypersurface-orthogonal principal null
congruence except Case V(1), metric (5.29).
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CHAPTER 6 Spaces with One HKV
and One Killing Vector

From Theorem 3.2 we know that the commutator of two HKVs is a
¥illing vector. This theorem and its proof can be specialized to give
the result

(K, J =2k,

where K g a Killing vector and X is a HKV. This restriction
on the geometry is discussed further in Appendix 1, where it is shown
that for a given Killing vector the HKV must take a specific form. The

pwpose of this chapter is to determine those vacuum spaces which admit

one HKV and one Killing vector. We shall consider the Killing vector
in each of the canonical forms
1 = = & B o) - - S
(i) K BS e "o (ii) K ax OQ og

in turn, using the results of Appendix 1 to write down the fcrm of the

associated HKV.

6.l The space admits

K

as (6.1)

n (554 = ~ _ ~ + + > .
and K ao(sos ror) a(saS P“r)’ (6.2)
where the ({,C,s,r) coordinate system may be used owing to the presence

of X in the form (6.1). Egquation (4.152) gives

aO = 0.
Absorb the arbitrary constant a into K (equivalently, choose a = 1) so
that

K=s3_+rd. (6.3)

Equations (4.150), (4.153), (4.155) and field equation (4.156a) give
AN=m=4d=0. (6.4)
Equations (4.151) and (4.154) are satisfied identically, as is field
equation (4.156c). By (4.130), A = 0 implies
2
Q= ~U, DQ = l.l( — )
pb pgc pg 3’
so that Fetrov type III metrics will exist if
= 2
D(p.. - ) £ 0
Ps$ Pg >
where p((,C) is to be determined by the remaining field equation (u.156b).

Otherwise the space is flat.
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In discussing the field equation (4.156b) we shall consider

separately the possibilities R(2) = 0, R(2)

r(2)

= non-zero constant,

# constant.

(2)

Case 6.1 (I): R = 0.
In this case pQC = 0. The coordinate freedom available is given in
Appendix 1, equation (A1.11). In Appendix 3 we show that by an allowed

coordinate transformation (4.13u4), (4.137) we can transform p to zero.
In the new system of coordinates (4.130) gives Q = A so that BuD() = 0.

Hence, by (u4.64d) the space is flat since g = m = 0 also.

(2)

Case 6.1 (II): R = RO (non-zero constant).
From (4.137) we find that R(2) transforms as
’ -_—

R(2) = co2 r(2) (6.5)
under the allowed group of transformations. By choosing Cg = IROI
we can use (6.5) to make R(2) = #1, The 2-metric ezdedC is then that
tor a sphere or pseudosphere and so the coordinates can be chosen
(see Appendix 5) so that

eP=¢l-R. (6.6)

But then pgg = pé = 0 so that D( pé) = 0 and the space is flat.

Case 6.1 (III): R(2) # constant.

R(2) - e—2p

In this case Pz = 2Re{F(()} for some analytic function
F of C. Now (6.5) implies that, if we set ('’ = C_QF(Q), then

R(Q)’ = ¢ +C. ’

Dropping the primes and working now in the new coordinates gives

_2p =

e pg: = g + g. (6.7)

The coordinate freedom left is, as may be seen from (6.5),
r _ 2 .
¢ o= o (¢ + 1eo),

s’ = Cgs, (6.8)

n = Calr,

where e is an arbitrary real constant and we have used equation (A1.11)

of Appendix 1 with a. + a # O.

0
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Differentiating (6.7) with respect to { gives

I zy-1 - 2p
Peet ~ 2PePeg T (640) ezt e

and so for all p

- 2
D(p = ) # 0.
i
Hence, if we can solve (6.7) for p, we have non-flat spaces admitting
homothetic motions. Unfortunately, the only solution of (6.7) known is
- 2 =.3
P = D", (6.9)

Substituting (6.4) and (€.9) into (4.129), we have the Petrov type III

hvpersurface-orthogonal metric

ar? = 3r2(g+§)‘3dgd§ + 2drds + 2(€+C)ds2.

Putting &( = 3(xtiy) this simplifies to the Kerr-Debney [122] metric

2 2 -3 2

di© = r° x “(dx" + dy2) + 2drds + %ﬁ(dSQ, (6.10)

which is the metric (5.9) of Chapter 5. . It is, in fact, invariant
not just under a G1 of isometries but under a 3-dimensional group of

isometries with Killing vectors

¥ = K = A ¥ - _ ~ = _ :
Ky as, 5 Oy’ Ky 2(xax + yoy) + sO bs

In this sense, we have here a degenerate case.

r

The HKV admitted here, though, is (6.3) which is (5.10) with the

restriction a, = 0, a = 1.

Other solutions are theoretically possible, but await the discovery

of further solutions of equation (6.7).

®o & The space admits

K= 9, (6.11)
and K = aac + aac taglso, - w3 ) + To  + a(sd_ + rd ), (6.12)
where a({) is non-zero. We could have chosen the canonical form (A1.7)

of Appendix 1 for K, but this would have restricted the coordinate

freedom available. At this stage we prefer to have the full coordinate
freedom.
Since -[K,X] = (ao + a)k
we shall split the analysis according to whether (ao + a) is zero or not,
and whether the 2-curvature R(2) is constant or not.
(2) _ _
astato, R = constant = R.
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From (4.154) we get a . k_ = 0. We shall consider in turn the
possibilities a, 7 0, a, =

Case 6.2 (I): a, £ 0, R. = 0.

Just as in Case 6.1 (I) we can transform p to zero. The coordinate
freedom left is a linear transformation in {, with complete freedom still
in s and r (see (A3.3)).

The homothetic Killing equations and their integrability conditions
{(4.150) - (4.155) are now

(K + ag - ag - aN + Tg S () (6.13)
= ® .

aCC s (6.14)

Re(ag) = ag (6.15)

(X + 3a, - a)m = 0, (6.16)

RO S (0) (6.17)

(X + a, - a)d = oO. (6.18)

The solution of (6.15) is
Q = CJ.O(C - BO)’

where ays BO are constants and Re(ao) = a Performing a coordinate

o
transformation (A3.3) iA
§ 0 - _
we can transform a to the form
a = aog, Re(ao) = a,s (6.19)
where a, is an invariant (constant) and primes have been dropped from
the new functions.
From field equation (4.156a) and equations (6.16), (6.19) we obtain
-1
m(¢) = NCE, c = (a-3apa, (6.20)
where N and c are complex constants.
The third field equation (4.156c) reduces to
m-m= 2id. > . (6.21)
¢¢

Define
m(g) = QBC, B = B(C). (6.22)
Then the general solution of (6.21) is

2id = Az - Rg = 273 - 208 + o(Q) - ©(0), (6.23)
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where ¢ is an analytic function of (. This implies
A: = 0B+ @+ A >,
where A({,() is a real function, and so
A o=C% + Lo+ - (6.24)

We now have the option of either (a) transforming AQ to zero and
finding a particular integral for A from (6.18) by using the coordinate
freedom on s (equation (4.142)), and then determining T({,{) from (6.13);
or (b) transforming T({,{) to zero by means of (4.147) and determining A

from (6.13) and (6.18). See Appendix 4. We take option (a) in this

case.

By means of a transformation (4.138) we can quit the last term of

(6.24) and write
A= T8+ Lo, (6.25)

where we simply require a particular solution for ¢ from (6.18).

Now (6.20) and (6.22) give
ct+l

BC) = N LT+ s

where MO,NO are complex constants and
2(c+1)N0 = N.
Hence

- NOCQCC+1
N ;2 e+l —
= hog C + Cp + Bg,

2 =
+ M L%+ Co

where B = 2 Re(MOQ§2) and we have absorbed a term (-ﬁ.zﬁog) into (e.

Now make a transformation s = s’ = s + B. After dropping the prime we
are left with
B(C) = NOQC+1 (6.26)
and
A = NOC2g°+1 + Co. (6.27)
It remains to determine . This is done by solving (6.18), which
is

agld + alds + (aj - a)d = 0

or, through (6.23) and (6.26),
GOQQZ + (ao - a)yp = complex conjugate,

remembering that Re(ao) = a This implies

o
aog¢t + (aO - a) ¢ =C (real constant)
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so that
(a*ao)ﬂzo

o(g) = Cg(ao - a+ ao)_ + DC a

where D is a complex constant. Remembering that we seek only a

particular solution for ¢, we choose D = 0. Then

A = N0§2g°+1 + Clay - a+ ao)'lgc. (6.29)

Equation (6.13) now gives
T. = - C¢C.
c ¢C
This requires C = 0 since T is real, and hence

T =J0. (6.29)

Summing up, we have arrived at the metric (4.129) with

=2_c+1
A= NECET,

- (6.30)
m = 2(c+1)NOQ s
. 7,5 3C =
d = 1gg(hog - NOQ ),
where xgs NO are arbitrary complex constants with
Re(ao) = a,
and aoc = a - Sao,
where a, + a £ 0 and a # 0. Since T = 0 we can absorb the constant
factor a into the HKV i.e. effectively a = 1, and so
aoc =1 - 3ao, a0 arbitrary,
and the HKV admitted by the metric (6.30) is
X = + a.Co= + = - g .
K aogag aogag (aO 4 1)55s (a0 1)rar (6.31)

Since A = (Q and BuD()= 0, condition (4.64d) tells us that space is flat
iff m = 0, that is, iff NO = 0. Otherwise this metric is Petrov type II.

Case 6.2 (II): a, = 0 and either (i) Ry = 0, or (ii) RO £ 0.

(1) a. = 0=R..

Again we can transform p to zero, leaving { free up to a

linear transformation, with s and r completely free.
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Choosing a = 1, the homothetic Killing equations and their

integrability conditions reduce to

(K + ac - DA+ T =0, (6.32)
Qe = 0, (6.33)

Re(ag) = 0, (6.34)

(X - 1)m = 0, (6.35)

(X - 1)a = o. (6.36)

The solution of (6.34) is

a = ib ¢ + ag» (6.37)
where bO’ a, are real, complex constants respectively.
Either (A) bo =0, a = apo
or (B) by # 0.
In case (B) we can transform a to q = ibog, where b is an invariant,
by means of the transformation (' = on - on. Without loss of
generality we can choose bO = 1. The linearity restriction on the

transformation of { prevents us from doing better than obtaining

a = il for (B).

Case 6.2(I1)(1)(A): a, = 0 = RO, a=ag £ 0.

~

¥ = aoag + q. oz + Tas + sd_ + rd

0 ¢ s r’
Field equation (4.156a) and equation (6.35) give
C/a,
m(C) = N e N (6.38)

where N is an arbitrary complex constant.

With p = 0 the field equation (4.156c) has the solution given
by (6.22) and (6.23). This gives A as in (6.2u4). Again, just as
described in the paragraph following equation (6.24), we choose
option (a) of Appendix 4 to find a particular solution for A.

From (6.22) and (6.38) we get

C/a,
B = NO e + MO,
where MO’ NO are complex constants and
2NO = Qg N.
Hence - g/ao )
/\=NOC, e + o+ BC’

where B = 2 Re(NOQEQ) and @ is an analytic function of (.
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Makirng an s-transformation s = s + B we obtain

Q/ao
B=1NR_e (6.39)

and _2 Q/ao i
o = NOQ e + (o, (6.40)
where ¢ s to be determined by (6€.36).
From (£.23) and (6.36) we get
aOQQ -+ ZiOB = complex conjugate,
which implies

-D (real constant).

OP
RS
hl

|
RS
=]

o

=

o
(1]

]

This has solution

®(C) = D+ (C - aNQle 9

where C is a complex constant. We can eliminate D by means of

the transformation s = s + D{{, so that
~ C/a
(c - aONC)e .

()
Because we are seeking only a particular solution for ¢, we

choose C = 0. Then

R —Te g/ﬂ.o
= N - 5 U
A OG(Q Zao aog)e (6.41)
Equation (6.32) now gives
= N52C C/a,
Te = N e
so that =
v e e D e Bk €-a )ey% ¢+ E
= ¢ 0 070 0 »

where E is a real constant which we can discard since it gives
a term Bas in the HKV, and this is a constant multiple of the

already present Xilling vector. Hence

- ¢/a __C/a C/a C/a
T = ool 3 Ne O ragite O - lagl’me C4Re O}
(6.42)
Thus we have arrived at the metric (4.129) with
P = @ = R(2)’
=1 9l = - Q/CIO
A = hs(E-aOQ - aOC)e s
Q/ao
m=Ne > o (6.43)
_ _ C/a _ QA
d=31@L-aldNe C+Re O,

where ag> N oarve arbitrary complex constants, btut a, ¥ O.
-~
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Since A = (Q and buD{1= U, condition (4.64d) shows that the space
will be flat iff N = 0, otherwise Petrov type II.
The HKV is

~

K

1 o= + s 3 (6.44)
+ QOOQ TBS + %Bs + ro_,

: aOOQ r

where T is given by (6.u42).

Case 6.2(II)(i)(B): ag=0=Ry o= igC.
= 1(@0g - ro) + Tos + SBS + rar.
Equation (6.35) and field equation (4.156a) give
m(g) = N T, (6.45)
where N is an arbitrary complex constant.

With p = 0 the field equation (4.156c) has the solution
given by (6.22) and (6.23). This gives A as in (6.24). Again
we choose option (a) of Appendix 4 to find a particular solution
forl .

From (€.22) and (€.45) we get

where

2(1—1)NO =N
and MO is a complex constant which we can transform to zero through
s —2s t+ 2 Re(MOQCQ). When this 1s done we have

. p1-1
B = ..OQ (6.u46)

and
A = NOC2g1'i + Cop.
Using (6.23), equation (6.36) reduces to
Cop + 8oz + (e - §) = 0
which implies

4= D,
C¢L ip =1

where D 1is a real constant. This has solution

() = ¢ + D,
where C is a complex constant. We can eliminate D through the
transformation s = s + DC. Remembering that under option (a)

we need only a particular solution for ¢, we choose C = 0.
Then

lg) =0
and

{ = N.CTTCC. (6.u47)
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From (6.32) we now obtain T, = 0, so that

¢
[N = TO (real constant) (6.u48)

Thus we have arrived at the metric (4.129) with

p = 0 = R(2),
_ 1-i22
NENGT TG (6.49)
m = 2(1-i)Nog'l,
.z ,o =1 -1
d = IQQ(NOQ - Nog )a
where NO is an arktitrary complex constant. The space will be

flat iff N0 = 0, otherwise Petrov type II. Taking into account
the fact that there is a Killing vector TOas already in the space,
we have the following HKV admitted by this metric:

T = i(,;ag - CaC) +sd_ + 10 . (6.50)

By putting g'l = e? so that igag = az, the metric components
(6.49) become

p:O:R(2)

(1+4i)z - 2iz

N = Noe 5
. (6.51)
m = 2(1—i)NOe 5
. i(z=Z)i= =z z
d = _
ie [Noe Ne ]
and the HKV is now
K=09 +0-+sd +1rd. (6.52)
z z s r
(ii) a, = 0, R, # C.
As in Case €.1 (II) we can choose coordinates so that
-p_ -
e =(C - Ry» (6.53)

where RO = 1, The coordinate freedom left is a bilinear
transformation on { and complete freedom on s and r.

The HKV is of the form

K = aag + aac + Tas + a(saS + par)

so that, for p as in (6.53), equation (4.152) becomes

(< - RO).Re(ac) =af +ag
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with solution

_ 2 oy = o1
o = agg + 1LO§ - QORO, (6.54)

where a . and bO are concstants, b, real.

0 0

There are two cases to consider:

(A) Ry = -1 (sphere), (B) R, =1 (pseudosphere).

Case 6.2(II)(ii)(A): RO S| X

The form (6.%54) becomes
_ 2 . =
a = aag - 1b0§ + Gq- (6.55)

Appendix 6 shows that it is always possible to reduce (6.55) to

the form
_ 2 =
a = aOQ tag (6.56)

Change coordinates to (z,z,s,r), where

i 1

¢ = (@y/a,)? tan z. (6.57)
Then

= =il = 1/2 2 ~

OC = (ao/as) cosz o,
and

o= 2

a = a, sec z.

Now

~

K

Iaol(az +3-) + T + alsdg + rd_),

and we shall choose option (b) of Appendix 4 to transform T to zero.

Absorbing the constant laol we shall take

~
K=20o_+0

. L 2 a(saS + rar), (6.58)

where we have redefined the constant a. Thus there is no loss of

generality in taking Iaol = 1, so that
ac = 2 tan z, ¢ = tan z, e P =1+ tan z tan z,
(6.59)
and the remaining equations (4.150) - (4.155) become
(X + 2tan z - a) =0, (6.60)
(X - a)m = 0, (6.61)
(X - a)d = o. (6.62)
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The surviving field equations (4.156) are

m- = 0, (6.63)

N

31
"

m - 21 cosQ(z—E)dzé + 4id. (6.6u4)

In order to preserve the form (6.58) of ?, equation (4.147) must be

satisfied: (¥ - a)a = 0,

implying that

A=Az (2% + ).z - 2), (6.65)
where f = ¥ is an arbitrary function of (z - z). tlso (4.146) requires
a’ =1=q, implying that 2z’ = z + c, where c is a complex constant.

Hence the coordinate freedom left is

z =zt C,
g = Cols + B). (6.66)
r = Calr,

where CO is a real constant and A(z,z) is as in (6.&5).

Equation (6.60) with (6.58) gives

A o= (2% e®?)cos’z.h(z - z), (6.67)
where h is an analytic function of (z - z). Using the definition
ez E e_2p(A: -AL)
¢ ¢
we get B
2id = cos28(eazf - eazf), 6=2- 2, (6.68)
where
£(6) = ah - hg t Hé.
Therefore )
2id, = -uid tanb + cos20(eazfe - ae%F + eazfé).

Substituting the last expression in (6.62) we find that equation (6.62)
is satisfied identically.

From (6.61) and (6.63) we obtain

mo = mee ", (6.69)

where my is an arbitrary complex constant. Calculating Qidzé and

substituting in (6.64) gives
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meaz— r_neaz
"0 0 . .
= cosu6[2tan8(2eaz§é - ae??F - ae??f + Qeazfe}
az az az= azz
- - = + f
+ ae fe e fee ae fe e oo
+ 4 ™% - ueazf]
so that
- m
= £ _ _ e =
fOG (a + utane)‘e (4-2atan@)f m,sec g. (6.79)
Putting a = 2 (possible because a, = 0) and x = tanb, this becomes
(1+ %26 - 201+ (1 + xDE - w1 - 0F = 0 (1 + %),

(6.71)

where the prime denotes d/dx.

I have no solution to (€.71) for My Z 0. If my = 0, then m = 0.

But for p as in (6.53) we have auD(7 = pQQ - pz = 0, so that when m = 0

condition (u4.6u4d) is satisfied and space is flat.

In this case, then, non-flat solutions are possible and derive
from solutions of (€.71) when T # 0. However, I have not been a-le

to solve this eguation.

Case 6.2(II)(ii)(B): RO =

The form (6.54) becomes

2 2 : = -
a = acg + lbOC - Q- (£.72)
Appendix 6 shows that it is not always possible to express this quadratic

in canonical form. We need to consider three cases separately:

(B1) aO £ 0, bO =0 (B2) ay = 0, b0 £ 0 (B3) aQy 70, bO £ 0.
Case 6.2(II)(ii)(B1): ag 7 0, b, = 0.
a can be reduced to the form
a = (,2 - 1. (6.73)

Change coordinates to (w, w, s, r), where

w= E ; 1 ) = 1 t : 5 v (6.74)

It is stressed that this is a pure relabelling of the coordinates and

is not an allowed transformation ¢ - ¢’ = #(¢). Tor if (6.74) were to
be interpreted as such a transformation, it would have to be subject to
the constraint ejuations (A€.5) of Appendix 6 in order to leave the form

of p unchanged.
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Obviously these constraint eguations are not sati “ied when (6.74) is

so interpreted.
< 1 2
Then O % 2{1 - W) aw

and a

bw(1 - 1.-.r)-2

so that the HKV becomes

K = 2waw + QWBQ + a(sas + rar) + Tas.

Since there is still complete freedom on the coordinates s and r, we

choose option (b) of Appendix 4 to transform T to zero. Choosing

a = 2 and absorbing a factor 2, we may now take

K. = wo_ + wo- + sdO_ + ro_.
W W S hal
The remaining equations (4.150) - (4.155) become

[RE 200 20v@E - 3 ! < 2iR

:0,

X - 2)m = 0,

(K - 2)a = o.

The surviving field equations are
mv—J:O’ ,
m-m= 2w+ w)d - - uid.
Equations (6.76) and (€.75) give

2 =
A= (1-w).f(8), 8 = w/w,

where f is an arbitrary function of 6.

Using the definition 2id = e_QP(AC - A) we get

¢
. =h2p= =22 = -2
id = (w + w) (ww fe WW fe).
Therefore
iq, = 26 id - i (2 P E 4 52
= itz - =3
+ W W fee + ww fee)

and substituting in (6.78) we get
d = 0.
From (6.77) and (6.79) we obtain

m = mw,

where m, is an arbitrary complex constant. Now (6.80) and (6.

give m = m, so with (6.84) this implies
m = 0.

But then condition (4.6u4d) is satisfied, so space is flat.

(6.

(6.
(6.
(6.

(6.
(6.

(6.

(6.

(6.

(6.

83)

(6.

75)

76)
77)
78)

79)
80)

81)

82)

83)

8L )

85)



Case 6.2(II1)(ii)(R2): Qg = o, b # 04

Choosing bo = 1 we have

a = iC. (6.86)
Then, using option (b) of Appendix 4 to transform T to zero, we
may take the HKV to be

¥ = i(;ag - icé) + alsdg + 13 ). (6.87)

The coordinate freedom left on s is

’

s" = s + A,
where gAg - CAC + iak = 0, giving
A= (4 e, (6.88)

where g = g is a function of x = (C - 1.

The remaining non-trivial equations (4.150) - (4.155) are

7 +1i-aA=o, (6.89)
(X - a)m = 0, (6.90)
(k- aydz=0, (6.97)

and the surviving fielid eguations (4.156) are

ms = 0, (6.92)
>
m-m= 2i(¢C - 1)2dgz - uid. (6.93)
Equations (6.90) and (6.%2) give
o= Mg e, (6.94)

where N is an arbitrary complex constant. Equation (6.82) is

gng - 0z + (14ia)A = 0

;-]
with solution

A = ;_1_iaf(x), x=¢CC -1, (6.95)

where f is a function to be determined by the remaining two equations.
Of these, equation (6.91) is satisfied identically upon using the
definition
2id = e'2p(/\E SR = At plap, (6.96)
where the prime denote; d/dx.
Substituting (6.9&) and (£.96) into the field eguation (6.93)

gives




140.

RN - %L1 - fa)E” 4 (x+1)£"]

- 2 (2-ia)E + 2(x+1)E"]) (6.97)

= complex conjugate.
Denoting the expression in braces { } by E(x), we can write (6.97) as

-ia/?2 ia/2

(x+1) E(x) = (x+1) E(x). (6.98)
This equation is satisfied if

(x+1)_la/2 E(x) = C (real constant). (6.99)
Put H(x) = (1+ia)x3 £/ - n. Then (6.99) reduces to

x(x+1)H” + [(-1-ia)x - 2]JH’ + (1+ia)H

+ C(1+ia)(x+1)18/2 = o, (6.100)

I do not have any solutions H(x) when C # O.

For C = 0, (6.100) is a hypergeometric equation with solution

H(x) = kF(-1, -1-ia, -2, -x) + & x° F(2, 2-ia, 4, -x) (6.101)
valid for |x| < 1, where k and £ are arbitrary (real) constants and
F is the hypergeometric function. There is no solution expressible
in finite terms (see Appendix 7) other than the trivial one K = 0.
Then
(1+ia)x3 f'(x) = N

with solution

f(x) = B --% Nx_2(1+ia)_1,
where B is a complex constant. This gives
A = BCTTRR L 2 AT B g

We can transform the first term away by means of the transformation
s = s + A, where

b = e

in accordance with (6.88). Thus
.-1-1ia
A= - NS . (6.102)

(4 Le ) (LT -1)"

Summing up, the only solution found in this case is the metric
(4.129) with

(2)

e—p = g; -1, R = 1’
A as in (€.102), (6.103)
m= noid,
DI = - -] o=1
d B - %‘i 1+a%) 1(C§~1) 1[(1-18)NQ "o (ia)RZ),
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where N is an arbitrary complex constant. The space will be flat iff
N = 0, otherwise Petrov type II. The HKV admitted by this metric is
(6.87).

Other solutions are possible and are determined by solutions of
(6.100) for C # 0, and by solving
(1+ia)x3 f(x) = N + H(x),
where H(x) is given by (6.101). I do not have solutions of this sort.

Case 6.2(I1)(ii)(B3): a,. # O, bo 7 0.

0

In this case the best we can do with (6.72) is to reduce it to
the form (see Appendix 6)
a = QQ + ibog - 1.

Choosing b0 = 2 we can write this as

a = (¢ + 1)2. (6.104)
Put (+i = -1/z. Then
o, = 22‘
¢ %’
_ =2
a = 2 "

and, after transforming T to zero as we may through opticn (b) of
Appendix 4, we have

K =03 +0-+ a(sd + rd ). (6.105)
74 ya S e

The remaining non-trivial equations (4.150) - (4.15%) are

X - 2271 - a)\ = 0, (6.106)
(X - a)m = 0, (6.107)
(X - a)d = o, (6.108)

and the surviving field equations (4.156) are

m- = 0, (6.109)

31 Ml

m - 2i[1 + i(z—E)JQdZTZ - uid. (6.110)

Equations (6.107) and (6.109) give

m = me", (6.111)
where m, is an arbitrary complex constant. From ejuations (6.106)
and (6.105) we obtain
2 =
A=z e¥?%f(z-2), (6.112)

where f is a function of (z-z) to be determined by the remaining ejuations.
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From the definition of d we find

2id = (1+16)%(e2? By - eazfe), (6.113)
where 6 = z-z. Using this result and
L N ) e az azz _
21dz = —4(1+i@) ~ d - (1+iB)“(ae f0 + e fBO + e fGG)

we find that (6.108) is satisfied identically.
Substituting in (6.110) we obtain

m, = (1+ie)3{2i(af

: 6 + 2fee) + (1+ie)(af‘30 + feee)}.

Putting x = 1+i6, this may be written

x3[2i(iaf' - 2f%) - x(af” + if")]},

m, =
where
if! = i(df/dx) = fe.
The equation in f may be written as
[x€ + (2 - 1ax)£]* = imx ° (6.114)

0

with solution

c 2iB  "o|._-2 2B . ic| -1 . iB -2 iax
fz—'ﬁ*——a—:;—;X + —2+?X +? + Dx e
a a . a (€.115)
where B, C, D are arkitrary complex constants. On putting
x = 1+ i(z-z) and substituting (6.115) into (6.112), we have an

expression for A.

Summing up, we have the metric (4.129), which in (z, z, S, 1)

coordinates 1is
1 2 2 2 . -\q-2 - . = :
5 a1’ = (r° + a9)[1 + i(=-2)]) “azdz + [dr + 1(d£dz - dzd:)}*.

+ {1 + Re[m/(r+id) J}n?, (6.116)

where _
n = ds + 3% az + %% f dE,
and the functions m and f are given by (6.115) and (6.111) with

x= 1+ i(z-2). The function d is given by
2id = [1 + i(2z-2)]%(e?? £ - &% ). (6.117)

This metric is Petrov tvpe II, unless my = 0 when it is the metric of

flat space. The HKV is (6.105).

a.+a#t o0, R(Q)

0 # constant




Case 6.2 (1I1):=

[
. . Z2) . N
We may take the 2-curvature F in the form (€£.7) of Case €.1 {711}

leaving the coordinate freedon (6.8}, but now with full freedom on the

s coordinate i.e. g = Co(s + A), £ arbi rary, according to the
arguments employed in that case. Likewise, the only known solutisy

for pl(C,{) is (6.9J), namcly,

el 2 3 7
e®= 2, x=¢41L
Tlien
>~ 2 o =2~ Vo AP 2 -
e F) =~ Z e ¥p = 2%°KX = 2X“(a + o}

~
for ¥ as in (6.12), so that

~ 3 -1 = 5 RN
¥p = - D) X o +a) (L.118)
Equation (4.154) gives
|
o ta 4+ QaO(C +C)y=0
with solution
= - 2a.(C + ie.)
whzre e, iz a real constant. The coordinate transiermztion
¢ £¢ + ieD, which 1s allowed by (€.8), brings « to
a=- 2a.C. (8 1133
0
~
Sub=tituting this in (€.112) gives Kp = 3a0. Then ezuaticas (4.15%1)

and (4.152) are satisfied identically.

Since we still have comliete freedom left on the s cocrdinate, we

eiploy option (b) of Aprendix 4 to transform T to zero.

Then (6.12) becomes

¥ = -2a (d, + Ca: o -3 ) + 3.), 6.1
¥ an(gog + C g) + ao(soS r r) a(sas + rcr), (6.120)
The remaining equations (4.150) - (4.155) are

(X - 3a, - al = 0, (6.121)
(X + 3a, - a)yn = 0, (6.122)
(X + a, - a)d = 0, (6.123)
and the surviving field equations (4.1%5%) are
m: = 0, (6.124)
S
- K x3 d.- - 4i X d. (6 125)
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Equations (6.122) and (6.124) give
c
m = mog 5 (6.126)

where my is an arbitrary complex constant, and c is given by

2a0c = 3ao - a.

Equation (6.121) gives
¢ (/D) (6.127)

=
"

where

—2aob = 3a0 + a, ao(b—c) + 3aO = O

Using the definition of d we have then

2id

_2p —'-_
e (AQ AC)

= 23T R - 0T g, 8= 0L (6128)

We now find that (6.123) is satisfied identically.
Using (6.126) and (6.128), the field equation (6.125) is satisfied
i £
f = C (complex constant), =d = 0, (6.129)

and m = 0. (6.130)
7 = — 2 - _ -2 =
Now auD()- pCg pg = -(3/4)X ~, so that auauD()— 0 but

5BUD()= (3/2)X-3 #Z 0. Hence we have arrived at the non-flat metric

(4.129) with

-2p 3 (2) _ =

2
EX, R
b

o
1]

A= L (6.131)

1"

m= 0=4d,

where Cis a constant which can be made real by using the remaining

coordinate freedom. In fact, from (4.138) we have, for C = ¢y + ic2,

Af

= A

b i b
c1C « AC = 1c2g >

ic

. + =b+ . ‘
so that by taking A = B:% (Qb o= Qb 1) we have transformed the imaginary
part of C away. This transformation does not alter the zero value of T,

as can be checked by inserting the function A just determined into

equation (4.147).
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The metric is

2

at? = 3¢ + §)7°

dgal + 2 drds + 2 C dr(@bdg + Cb at)
+ 20 + Dlas + c¢’ag + ¢PapH)1%, (6.132)

which is Petrov type III and admits the HKV (6.120). However, we can

reduce the number of degre.s of freedom by one by noting that we can
absorb the non-zero constant a in K (effectively, put a = 1). Then

the metric is (6.132), but now

b=- (3a0 + 1)/230, (6.133)
where ag is an arbitrary real constant, and the HKV is
K= - 2a0(Qoc + CBC) + (aO + 1)56S - (aO - 1)ror. (6.134)
When C = 0 the metric (6.132) degenerates into (6.10) [or (5.9)],

but the HKV still differs from (6.3).

ag t a= 0

For proper homothetic motions to exist a # 0, and this is so when

a, tas ¢ iff a, £ 0. Then we have in the space
K = Qs (6.135)
and K = c.og + aoC + ToS + 2ar5r, (6.136)
where a({) is non-zero.
Equations (4.150) - (4.155) reduce to

(? +a. )N+ T

c ¢ - 0, (6.137)
(X + a )p, + %'QCQ =0, (6.138)
% + Re(ag) = -a, (6.139)

(X - va)m = o, (6.140)

(¥ - 2a)r'?) = o, (6.141)

(X - 2a)d = o. (6.142)

There are two distinct cases to consider:

(i) R(?) = constant, (ii) R(?) # constant.
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Case 6.2(IV)(i): R(Q) = constant.

(2) _ 0. Then, just as in Case 6.2(I),

Equation (6.141) gives P
we can transform p to zero. We follow the analysis of that case
step by step to deal with the present case. The details are omitted.

We obtain the metric (4.129) with

g = 8= R(z),
(c.-4a,.)/a

R Sl ¢ il o

A= N ;
et -tagla
mo= 2 (as—uao)nog 5 (6.143)
-4a_/a -4a_/a

d = iCC(N C e NoC 00y,

where ays NO, a, are arbitrar; constants, a, real, with

Re(ao) = a. # 0 (since a cannot be zero).

0
If Ky = 0 the space is flat, otherwise the metric is Petrov type II.
The HKV is

K = + :': _-\p = e °
K qogag OgoE 2a,ro , (6.1u44)
where we have accounted for thz presence of a multiple of the Killing

~

vector BS. We now reci:ize tnzt a factor a, can be absorbed into K,

0

that is, we may effectively ru: ag = -1. Then the metric is exactly

that of (6.30) with the HXV of (6.31) with ay = -a. Thus the present
case is a special case of Case 6.2(I).

Case 6.2(IV)(ii): R(g) # cons*tant.

Just as in Case €.2(III), page 170, we may take

(2) _ F - x e-?p _ %-XB,
this being the only known solution for p({,{). Then, just as on page 143,

we obtain from (6.141), remec>ering that now a,. + a = 0,

0
a = 2a (6.145)

and the equations (6.135) and (£.139) are satisfied identically.
Using option (b) of Appeniix 4 to transform T to zero, and

choosing a = %3 we have

o - D
K= o &

+ rar. (6.146)

U\l

+

[/gn\}

<
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Equations (6.137), (6.140) and (6.142) become

(X + 1A = 0, (6.147)
(X - 2)m = 0, (6.148)
(X - 1)d = o, (6.149)

and the surviving field equations are (6.124) and (6.125).

Equations (6.1u48) and (6.12u4) give
m = mOQQ, (6.150)

where m, is an arbitrary complex constant. Equation (6.1u47) gives

A= e, (6.151)
where f is a function of ({/{). Using the definition of d,
2id = e'2p(z\c - Rg) = %-x3(g'2 B o-L7%¢), (6.152)

where the prime denotes differentiation with respect to the argument
of the function. But from (6.149),
d = xg(¢/0),
where g is some function of ({/{). So, if (6.152) is to be satisfied,
then
f=2a, d = 0, (6.153)
where C is & complex constant.  The- (6.125) and (6.150) izply my = O.

Hence

m = 0. (6.154)

Thus we have arrived at a non-flat metric (4.123) with

222,38 H2)

=§X, €+C:X9
A= ¢l (6.155)
w2 o= 4l

where C is an arbitrary constant which can be made real by using the
remaining coordinate freedom, by the same argument as follows (6.131),

except here we take the function A to be A = —ichog(Q/C).

The metric is

2 il

dr° = 3r2(g+C)'3dgd§ + 2drds + 2 C dr(g_ldg +C &)
_ -1 N
+ 2(¢+O)lds + c(¢ ag + T T aDe, (6.156)
where C is an arbitrary real constant. This metric is Fetrov type III

and admits the HKV (6.146). It degenerates to the metric (€.10)
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when C = 0, but even so the H¥V is different from (6.3).
Putting 8 = 3(x + iy), the metric (€.156) becomes
2 2 —3( 2

- g
dt” = r” x dx~ + dy2) + 2 drds + 2 C dr.dllog EE{XQ + y?J]
+ %-x{ds + ¢ dllog é% AR (6.157)
with HKV
Tz xe_ +yd + 10 . (6.158)
X y ie

6.3 We turn now to the case in which the space admits a ¥illing
vector of the form

K = ¢ + BC = ax, (6.159)

where C = x + 1iy. In Appendix 1 it is shown that the form of

the HKV may be taken as
K= gag + goc + uau - vav + a(uou + vov).

=)

Choose a = -1. Then

K = gag + gac - 2vav S xax + yay - 2v6v. (6.160)

The coordinate freedorm left is (see (A1.24) of Appendix 1)

¢’ = bl + c,
u = b(u + 1), (6.161)
v/ o= b_lv

bl
where b, ¢ are real, complex constants respectively.

The homothetic Killing eguations and their integrability conditions

are niow
K+ 1)@ - uw) = o, (6.162)
X+ 1)q = o, (6.163)
K+ W =o0, (6.164)
(X + v = o0, (6.165)
X + 2)(dq) = o, (6.166)
(X + 2)a = 0, (6.167)
K+ 1Q = o. (6.168)

()

See note at end of this section.
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The corresponding equations for the Killing vector Y are

K(Q - uQ) = 0, (6.169)
KQ = 0, (6.170)
Ky = 0, (6.171)
kg = 0, (6.172)
k() = o, (6.173)
Ka = 0, (6.174)
KQ = 0. (6.175)
As usual, the dot denotes differentiation with respect to u.
Equations (6.162) and (6.163) give
(X + 1a = o, (6.176)

while (6.169) and (6.170) give KQ = 0. Using this result in (6.17€),
we get

(yay + 1) = 0, Q= Q(y,u). (6.177)

Putting Q = y_lf(y,u) reduces (6.177) to fy = 0, so that f = f(u)

and

Q= y'lf(u). (6.178)

Equations (6.164) and (6.171) give
(yay + 4)u = 0, M= uly,u), (6.179)

with solution

=y gu). (6.1280)

The remaining equations (6.165) - (6.168) and (6.172) - (€.175) are
all satisfied for this Q and p. The functions f(u) and g(u) must now

be determined from the field equations.

For Q and 4 as in (6.178) and (6.180), the operator D becomes

1,
D = 5 18y Qbu
and field equation (4.62a) gives

g o+ (3F + 2i)g = 0. (6.181)
This cannot be integrated directly, but f anu . can be expressed in
terms of a new compl?x function h(u) as follows:
£ = 2i/h, g = —-% oy (6.182)
It can be shown, in fact, that the only occasion on which the field
equation (6.181) is immediately integrable is when a = 0 i.e, for an

isometry.
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We next find

DQ = % y-QE(u), (6.183)
where
E(u) = if - 2£f = if + [(if)QJ', (6.184)
and
o DA = % y 2k (6.185)

The field equation (4.62c) gives the ordinary differential equation

g - [3i(iE + FE) + 2FGE + EE) D = [E]|?, (6.186)
while the remaining field equation (4.62b) gives
4(g-g) = 3i(F + F) + 2(F F - £ 1), (6.187)
where
F=iE+FE. (6.188)

By substituting (6.182) in (€.184) and (6.18€) we obtain a fifth order
equation in the complex function h(u), subject to the constraint (6.187).
The best I have been able to do with this situation is to spot some very

special solutions which are rather uninteresting because they represent

flat space. Noting that

1 1= o1 -2

s o M=3y  E (6.189)
and Do b = - %-y's(it + BN, (6.190)

we observe that, by (u4.6u4d), the space is flat iff

0and E = ¢, = f(i - 2%) = constant. (6.191)

g

Hence
f

constant, g = 0 < flat space.

[It can be shown that the field equations are not satisfied when

f=Cu, g=0, C complex constant.]

Note: At the beginning of this case we chose a = -1. This is a special
choice, to make the ensuing equations easier to handle. As we have seen,
the mathematics is even then not in good sharpe. Keeping a as an arbitrary

parameter seems to make things worse!




The results of this chapter are summarized in the following

theorem:

Theorem 6.1 ) The non-flat algebraically special vacuum Einstein

spaces with non-zero expansion and/or twist which

admit one Killing vector and one HKV are given in the following table:

%6.1(111) (€.10) 111 (6.3) Yes ©
6.2(1) (6.30) 11 (6.31) No
€.2(II1)(1)(A) (6.43) II (6.44) Yo
€.2(II1)(1)(B) (6.49) 11 (6.50) ¥o
€.2(I1)(ii)(A) ? (6.58) No
6.2(I1)(ii)(B2) (6.103)+? 11 (6.87) No
£.2(II)(ii)(B3) (€.116) II (6.105) ¥o
6.2(I11) (6.132) 111 (6.134) Yes
6.2(IV) (1) (6.1u43) II (6.144) Mo
6.2(IV)(ii) (6.156) 111 (6.146) Yes

6.3 ? (6.160) ?

degenerate case (admits 3 Killing vectors)

I
n

possible metrics but field equations unsolved.



CHAPTER 7 Petnev Type N Spaces

The type N vacuum spaces are treated separately because they are
among the most interesting physically and mathematically. Only those
type N spaces with the possibility of admitting homothetic motions are
considered here. On account of the results of Chapter 3 the spaces
can admit only one or two Killing vectors besides a proper HKV.

All algebraic.lily special vacuum Einstein spaces with non-zero
expansion and/or twist which admit 2 Killing vectors and one HKV are

given in Chapter 5. From those results we have

vatuuum
Theorem 7.1 There are no FPetrov type NAspaces with non-zero

expansion and/or twist which admit 2 Killing vectors

and one HKV.

For spaces with only one ¥illing vector K we shall consider in turn

the cases where K assumes one of the canonical forms

(i) K = s & R(Q,g)ou (ii) K=9 =0, *t0
and add a HKV of the approprizte kind.

For a type N space (4.64c) requires
M =0 = ﬁauD(), (7.1)

while the field equations (4.62) reduce to

DDDQ= dDDQ (7.2)

: o 2
and -3, Dbpa= |8 pal”. (7.3)

For K in form (i) we can use the ({,(,s,r) coordinate system.

Aprpendix 1 shows the allowed form for the HKV, but we do not need to
concern ourselves with that here. For it is sufficient to note that,

by (4.130),
= pgu + I\e_p = pgu + f(g,C)

so that BuBuD{2= 0. This result coupled with (7.1) guarantees that
the space is flat, by (4.6u4d). Thus we arrive at

There are no Fetrov type N spaces which admit a HKV

and a Killing vector of type K = as = R(g,é)au.
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For K in form (ii), Appendix 1 shows that we may take the HKV in the

form

¥

Cag + Cbc + ubu - va + a(ubu + vav).

By choosing a = -1 this simplifies to

K

xéx + yby - 2V0, (7.4)
where ( = xtiy.
The homothetic Killing equations and their integrability conditions

are now just (6.162) - (6.16€), with their Killing equivalents (6.169) -
(6.175).

Using (6.190), the type L condition (7.1) gives

it + £ = o, (7.5)

where E(u) is defined by
B= ¥ - 760, (7.6)
and Q= y-lf(u). (7.7)

Using (7.5) and ¢ = 0, the field equation (7.3), which is just (6.186),
becomes

E(E + i% + 22E)" = 0,
ané by employing the definition (7.6) again, we see that this last
equztion is the zero identity. Thus there is only one field equation,
namely (7.2), which can yield any information. It is just (6.187), which
now reduces to

3E - FE(3i+2%)

3 - fé(—ai+2f) (7.8)

or

b

3E - B(2if-E) = 3T + E(2if +E).

w

This field equation together with the type N condition (7.5) must furnish
all the information about f, and hence Q. The only chance of success
i.e. in finding non-flat solutions, is when, by (6.183), we have ¥ # 0.
One possibility (not the general solution) is that the left side

of (7.8) is a real constant. Then (7.5) and (7.6) reduce to a single
ordinary differential equation in E, namely,

» e 2__2 e

EE % B%° - elEs0)E = 0, (7.9)

where C is a real constant. Futting z = E+C, this becomes

3 Bl O

2272 + 2°%° - 3227 = 0. (7.10)

I have found only two particular solutions of this equation:
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Case 7(1): =z constant, = E = real constant.

Then E

0, so space is flat.

Aeku, = E = Aeku - C, k and A real constant.

Case 7(II): z
If A# 0, then L # 0 and we have a type N space.
Putting w(u) = if in the definition (7.6), we must now solve
2w + w = aetY - C. (7.11)
According to EEEgE.EQBQJ, this equation is one of the class investigated
by Lemke [233]. Solutions for A # 0 appear to be unknown in exact form.
The differential equaticn (7.11) is also an Abel equation of the second
kind (see Kamke [232], p.26), but this classification does not seem to
help in finding a solution.
In summary, while I have no solution to offer as anexample of a
type N space which admits the Killing vector K = ax and the HKV (7.4),
equation (7.11) ensures that there is a possibility that such a space
exists. This possibility is strengthened by noting that equation (7.9)

is only a particular solution of the field equation (7.8) and the type

I condition (7.5).

In case the space admits just one HKV (and no Killing vectors)

we shall consider each of the canonical forms

(1) K=w_ + v (1) K=o, + 0z + W, + v,
The non-trivial equations (4%.124) are
(X - 1)(Q - uQd) = 0, (7.12)
Xa = o, (7.13)
UDQ) = o, (7.14)
(X ~ 1)p = 0, (7.15)
(X + 1) = o. (7.16)

Case 7(III): K = uau + vav.
Equation (7.13) gives Q = @, and then (7.16) is satisfied

automatically. Equations (7.12) and (7.13) imply Q = uf({,{).

Then auauD(): 0, and this together with (7.1) ensures that the space

is flat, by (u4.6u4d). . Hence we have

There are no vacuum Einctein spaces of Fetrov type N

with non-zero expansion and/or twist which admit only
a HEV of the form KN = w  + vo_.
u v

Case 7(I1): z = Aeku, = E = Aeku—C, k and A real constants.
For a type N space we require E#0.
Substituting this expression for E into (7.5) we
find that the condition E#0 is not met. So the
only possibility in this case is a flat space

solution.

In summary, while I have no solution to offer as an example
of a type N vacuum space which admits the Killing vector K = d and
X
the HKV (7.4), there is a possibility that such a space exists. For

(7.9) is not the general solution of the field equation (7.8) and the
type N condition (7.5).



Case 7(IV): K =0, + 0 + ud_ + vd

¢t oLt WLt Yoy
The sole non-trivial field equation (7.2) and the type N condition
(7.1) give a high order nonlinear partial differential equation which is very
complicated. Other than some very special solutions representing flat

spaces, it has proved too difficult to solve.
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CONCLUSION

The first three chapters of this thesis provide an introduction
to the structure of the conformal group, and a comprehensive survey
of the use of the conformal group in mathematical physics; in particular,
in relativity. These three chapters put together for the first time,
as far as I am aware, the achievements of many people over the past
130 years. This review sets the stage for an application of a
special case of conformal motions to relativity.
The application is specifically this: a systematic search is
made for algebraically special expanding and/or twisting vacuum Einstein
spaces which admit homothetic motions. To do this, a new extension

of the formalism used by Kerr & Debney [199] is developed in Chapter u.

The work of Chapters 5, 6 and 7 is all new. While many of the
23 metrics given in Theorers 5.1 and 6.1 have been discovered by others
and have been known t2 admit a HKV, several are believed to be new,
particularly the Case ViII and IX metrics of Chapter 5 and those Petrov
type II metrics of Chapter £. The list of metrics is incomplete in
the sense that in two case:z the field equations could no: be solved
corpletely. This is proba:ly a characteristic of the coordinates used
in the analysis. Another choice of coordinate system ray have
produced equations which were more readily soluble, or given metric
forms which may have been sirpler in some cases than those given here.
However, the value of the s.stem used throughout this worx is that it
is effective, and that it enables direct comparison with and the use of
results obtained by Kerr & Debney.

Although not enunciatel as a theorem, the result given in Chapter 5,
that the NUT metric does not admit a HKV, is not without interest.

The work of Chapter 7 reduces the possibility of the existence of
Petrov type N vacuum spaces which admit a HKV to a narrow class which
also admit one Killing vector of a special type. There is also a
possibility that type N spaces admit a HKV (of a special type) only.

Some problems for future research are indicated in Chapter 3. The
work which is currently being done on conformal Killing tensors [23u4]
should throw further light cn the area of relativity studied in this

thesis.



APPENDICES

ﬁanendix i

Given a Killing vector ¥ in canonical form, the form of a HKV

K will be determined by a special case of Theorem 3.2, namely,

[K,XJ = A%, X a constant. (A1.1)
This is obtained from Theorem 3.2 by replacing ?1 in equation (3.7)
by K and dropping the subscript on ?2.
Consider each of the canonical forms of K in turn:
= 7 — —p = ~
(1) K= R(g,g)au = e au o - (A1.2)

Using the (¢,C,s,r) coordinate system, we wish to determine the

functions a({) and T((,{) in
T = aag n &BC + a(sdg - rd ) + To_ + a(sdg + rd ) (41.3)

when the geometrical constrair: (A1.1) is applied. This constraint
is explicitly

Cag + a)s] = Nog, (A1.4)

which is valid for all a and T with X = a, t a.

Under a coordinate transformation (4.142) with ¢ = 0 which takes
the Killing vector K into K’ = bX, where b is a real constant, the
functions a and T transform as

G.’

an, (A1.5)

T = c [T - agp + ¥Al, A= A0 = A, (£1.6)

where 1In this case

a’ =0=q, T =h, T=1, a.= 0.

Thus the coordinate transformztions preserving the canonical form (A1.2)
are (4.142) with ¢ = 0 and arsitrary &(<), A(C,C) and Cy-  Under these
transformations we can always put the HXV into one or other of the two

canonical forms

X = ag + ac + ao(s?:S - rbr) . a(saS + rar), (A1.7)
K=al(sd -rd)+alsd +rd) (A1.8)
0 S r S r

by means of (4.1u46) and (4.147) with ¢ = 0. Any subsequent
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transformation must preserve the canonical form of both K and Y.

For ¥ as in (A1.7), K = b¥ if ¢’ = bl+c, where b and c are real,

complex constants respectively. So the coordinate freedom left in

the presence of K = as and ¥ as in (A1.7) is

¢’ =1 + c,
g = co(s + A), (A41.9)
r’ 3 Calr,

where C is an arbitrary real constant and A is a real function of

the form
(ao+a)x
L = e A(y), (A1.10)

where ¢ = xtiy and f is an artitrary real function.
For ¥ as in (A1.8), the coordinate freedom left in the presence of

K =0 and.? is
s

¢ o= e(0),
' = (st A) A= a{L.C) = 4, (A1.11)
r’ = C_lr,

9

where ¢ 1s arbitrary and

(i) A is arbitrary when z.ta = 0,

(ii) A = 0 when agta £ G.

Cf course, we may noT wish to make T zero in (A1.3) i.e. the
canonical form of K is not desired, so that we have the full generality

of A({,{) to play with in the transformation equations (4.1u42).

€2) K= ag + BC = Bx, ¢ = x+iy. (A1.12)

In the ({,(,u,v) coordinzte system the HXV takes the general form

= ad. + &aC + Re(a)(ud, - wd) + RO+ a(w - vd ). (A1.13)
The constraint (A1.1) is extlizitly

agag + &CBC + %{QQQ + &:g)(ubu - vav) + Rxau = kbx, (A1.1Yy)
which holds iff

R =0, = R= R(y), (A1.15)

and a. = C-‘.-‘; =X @ =0, = oac= A+ el (A1.16)

wher2 \,e are real, complex coxnstants respectively.
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Under a coordinate trancformation (4.96) with ¢ = 0 the Killing

vector K = Bx goes to k' = bbx provided the transformation equations

a’ = an, (A1.17)
B = |g (R - Re(ar)s + xsJ, (A1.18)
where S =5((,0) = S, are satisfied for

a’ =b, a =1, R =0-=R.

This requires

(=)
1"
=
|
°8
/)
+
o

(A1.19)
(A1.20)

wn
1"
9p]
—~
<
~
-

where b, c are real, complex constants respectively.

The form of the HKV is already restricted to (A1.13) with a and R
as in (A1.15) and (A1.16). Any further coordinate transformation (4.96)
made to simplify this form of the HKV is restricted by (A1.19) and (A1.20).

By means of a transformation

¢ = ¢+ (e/)),
u = u+ S(y), (A1.21)
v/ = v,

the transformation equations (&.105) and (4.106) with § = 0 for a and R

give
a’ =AY,
R’ = R(y) - (\+a)S(y) + (Ay + Im e)S(y)
= R(y) - (A+a)s(y) + ' 8(y),
where the dot denotes differentiation with respect to y. We can, if
we wish, choose R’ = 0 for we are always guaranteed a solution S(y) of

(A\y + Im e)§ - (\+a)S + R = 0 (A1.22)
when e and R(y) are known. Tren, choosing A = 1, we can put the HKV

in the form

K = gag + gdé tuw, - vav + a(uau + vav) (A1.23)

simultaneously with the canonical form (A1.12) of the Killing vector K.
However, the choice of the HKV in the form (A1.23) severely restricts
the allowable form of S(y) in the coordinate transformations (4.96).

In fact, the coordinate freedom left in the presence of K = ax and X

as in (A1.23) is

/)
-
n

bE + e

s i + g (A1.24)

e b-lv,

(=}
1]
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where b, c are real, complex constants respectively. It may be
preferable to leave the HKV in the more general form

K = gag + QBC tuw, - vav + R(y)ou + a(uau + vav) (A1.25)

with complete freedom of choice of S(y) in the coordinate transformations.

Appendix 2

When there are two Killing vectors K,, K, and one HKV 7 in the

1’ 2
space we must use the special form of Theorem 3.2, as we did in Appendix

1, to determine the form of the HKV associated with each of the given

Killing vectors. Specifically, we must consider the following nine
cases:
(A) [Kl,T{] = XK [K2,T{] = XKy Xysh, 7 0
(8)  [K,KD= Ak,  [K,K]= 0K,  AA, 70
(c) [k, Kl = a K = [Kz,"i], A 7O
(m [}"1,"2] = A K, = [K2,??], \, # 0.
SANSIEDWIR (x,.X] = o, A, 7O
(F) 1<1,T<'] = 0, LKQ,T{] = A K, X, # 0.
(6) [k,Kl =2k, (x,.X] = o, A, # 0
(1) [k Kl=c, (K, KD = A K s A 7O
f_yl,'}‘('] =0 = [KQ,?:'].

Here we shall be concerned with K1 and K2 as in Cases VIII and IX

of Chapter 5. Not all of the cases (A) - (I) will be workeld in detail,

since the same technique applies to all of them.

Case VIII (Chapter 5): K1 = ag + BC = Bx, ¢ = x+iy, (A2.1)
K, =1i(3, - 9z) = 9 (A2.2)
2 § K y’
K=ad, +ad= + Re(a.)(ud - vd ) + RO + a(ud + vd ). (A2.3)
¢ ¢ S u v u u v

(A) From Appendix 1 w2 know that [KI;E] = XlKl allows the Zorm (A1.23)
for'E, with coordinate freedom (A1.2u). Under such a transformation

(71.26) ve find the form of K2 preserved, and [h?,z] = KQ. So by

1 in this case we have the result that in the presence
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of Ky and K2 the HKV X may take the form (A1.23), with coordinate

freedom (A1.24) remaining, w.fh %f*“ - A’ Crmslant

(B) [k K] = Ak, iff

R,=0, = R= R(y), (A2.4)
= A1, =@, = = i(\,C t+ e), (A2.5)
a ALi Gre a N
where e 1 a complex constant. Then
[KQ,KJ = —xz(cC + °§) + Ro (" = d/dy)
S llKl iff
A, = -kl and R=0, = R = RO (real constant).

~

Then K must be of the form

K= 1€ + )3, - 1 + e)op + Rpd, + alud, + v3,).

Now Kl’ K2 and this K are all preserved under the coordinate

transformation
¢! = bl + c,
¢ = blu+S), S=58(y) =5, (A2.6)
vio= b_lv.

By taking b = 12 = 1, ¢ = e in (A2.6) andemploying (%.105) and

(4.106) we can transform RO to zero, thereby reducing X to the
form

X

i(Co. - Cdz) + a(uwd + vd )
g ¢ u v (A2.7)

x0 - yo_ + a(ud + vo_ ).
y X u v

This coordinate freedom left is (A2.6) with S = 0, as can be seen

by applying (4.1086).

(C) From (A) above (see also Appendix 1, equations (A1.15) and (A1.16)),
we have [Kl,K] = WK, EfE

a = XIQ + e, R = R(y).
Then [KQ,K] = ill(ag = 8;) + Rbu (" = d/dy)
# llKl when ll £ 0.

Hence this case i impossible.
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Froceeding in the same waj;, we find

(D), (E), (F), (G) and (K) are all impossible, and

(1) in,ij =0 = [KQ,?j allows
K = aoag + O'OOC + a(uau + vav), (A2.8)

where a, is a complex constant. The coordinate freedom left

0
is (A2.6) and S(y) = Neky, where N and k are real constants,

k = a/Im(ao).

1]
Ol
+
[o%

= 9., (A2.9)

Case IX (Chapter 5): Ky c
K, = o
K as before in (A2.3).

+ ud. - vd , (A2.10)

(A) For [KI;E] = llKl Appendix 1 allows X to assume the form (A1.23),
which may now be written
K=K, + a(uau + vo,).
But then [KQ,?] = 0, contrary to the hypothesis A, # O.

S0 this case is impossitle.

It is also found that (B), (

o

), (F) and (G) are impossible.

(C) Using Appendix 1, where equations (A1.15) and (A1.1€) hold for
[Kl,z] = XlKl’ we obtain

d/dy)

[K,.K] = -e(d, + &) + (yR - R)D &

% i £F
111\1 5 B
e = —Xl # 0 and R(y) = ky, k real constant.

Choosing Xl = 1y K may now be written as

K = gag + Caé + uau - Vo, - (a€+ac) + R(y)au + a(uau+vav).

By means of the coordinate transformation u’ = u + S(y) we can now

use (4.106) to eliminate R(y)au. Thus we may take

K=K, - K1 + a(uau + vav). (A2.11)

The coordinate freedom left is (A1.2Y4).
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(E) It is easily seen that ¥ as in (A1.23) of Appendix 1, with

coordinate freedom (A1.24), satisfies the constraints.

Thus

fos= K2 + a(ubu . vbv). (A2.12)

~ - - 1 -
(H) [KQ,KJ = (C.ag - a)aC + (Cac - a)aé + E(Cagg + Cacc)(uou - vav)
+ {(gag + gai)R}au - Rau
= llKl iff

(QaC + Caé - 1)R =0, = R = xf(y/x), (A2.13)
Qag o= A %(gagg + C&EC) = 0, =a = BC - s (A2.14)

where B is a complex constant. Then
[Kl,KJ = Bag + Boc + Rxbu
=0 iff
RX = 0, = R = ky, and also B = 0, where k is a real constant.
Choosing A, = -1and using a coordinate transformation u’ = S(y)+w

with (4.106) to send R to zero, we can finally take

Y ~ ~,
K =0, +0

¢ <

The coordinate freedom le“t is (A2.6) with S = 0. (a2.15)

+ a(ud + vo ) = K, + aludo + vo_).
u v u v

1

In similar manner we find

(1) X = w_ o+ v, (A2.16)

with the same coordinate freedom as in (H) above.

ppendix 3

Pct - 0 implies p = Re{F({)}, (A3.1)

where F is an analytic function of (. Under a coordinate transformation
(4.142) with 6 = 0, the function p({,l) transforms according to (4.137).
Putting F({) = log f({) this gives

’ ]

P . =1 P el
& = CO|§Q| e = colfe . (A3.2)

Choose QC ='c f(C). Then p’ = 0.
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From (A3.2) we see that ¢ = 0 is preserved under further coordinate

transformations if COIQ = 1, which implies @({) = elAO(COQ +b).

=]
|

Thus, having made p zero, the coordinate freedom left is

iAO
¢ =e (COC + b),
e co(s + A), (A3.3)
r = Calr,

where C_, A_ are real constants, b is a complex constant, and A({,[)

0’ 0
is an arbitrary real function.
In case 6.1(I) of Chapter 6 the freedom on the s coordinate is

restricted by A = 0, but in Case 6.2(I) the full freedom on s is available.

Appendix U4

In solving the system of eguations (4.150) - (4.155) trhe freedom
evailable on the s coordinate may be used (a) to reduce the task of
finZing A to that of chtaining a particular solution, or (:) to traasform
t~e function T(Q,C) in the expression for K to zero.

(z) Putting AQ + Kg = 2f.7, where F(Q,C) is a real functicz, enatles

1) -
the definition of the function d({,(), namely,

Az - A, = 2ide?? (84.1)
S S
<z be written as
A= = idezp + Eop (£4.2)
¢ ¢e
Integrating,
A = [ide®Pal + F. + h((), (A4.3)

¢

where h({) is an arbitrary function of (. Now, under an

s-transformation (4.142), we have by (4.138) that A = A/, where

A=A - A
¢
By the Cauchy-Kowaleski theorem [235] the equation
F. + h(J) - A, =0 (A4.5)
¢ = ¢
can be solved for the real function A((,(). Thus we have
A = [ide®Pag, (4%.6)

which is a particular integral of (Au.3).
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(L) On the other hand, if we choose to transform T to zero by means
of (4.147), we need to preserve this value of T thereafter and

this places the re ~iction
KA = (aj + a)A (B4.7)

on the real function A({,{) in (4.142), thereby restricting
the coordinate freedom on s.

It is clear that one cannot simultaneously perform (a) and (b).

Appendix 5

2-surfaces of constant curvature.

Consider the 2-metric

2 s _ _
do® = e®Pagaf, p = p(c.D). (£5.1)
The 2-curvature is
(2) _ -2
R = e = . (K5.2)
ReL
P (2% _ _ .
Surcose R = RO = constant. Then (A5.2) gives
2
oz(p..- p,) =0
e
so that °
2
o = F{L). (A5.3)
Pec ~ Pc ¢

Anv coordinate transformation of the allowed form (' = &({) preserves

the form (A5.1) of the 2-metric provided that, by (4.137),
p/ =p+ logicolégl—ll-
Hence F({) in (A5.3) transforms as
B 6E%Y = §PLRME) - XioE 3005 + {(T6E 310 (A5.1)
¢ 2 Cece & ¢
Given p({,C) i.e. given F({), the Cauchy-Kowaleski theorem guarantees
that we can find a solution ¢({) which makes the right hand side of

(A5.4) vanish. Thus we can always transform F({) to zero. Any

subdsejuent coordinate transformation {’ = ¢({) has to satisfy, by (AS.4),
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2
2(1og QC)QC = {(log @E)C] ,

which 1s just the vanishing of the Schwarzian derivative of ¢, that is,

2
. r éf
{¢,¢C) = —%ﬁi - % ??Q = 0. (A5.5)
¢ ¢
This equation has the solution
cig + c,
Q(C) = cg—'i‘c 5 Clcq - C203 £ 0, (A5.6)
3 i
where the c; are complex constants. Hence the coordinate trancformations

which preserve F({) = 0 form the group of bilinear transformations (A5.6).

Without loss of generality, then, we may take
Py = P -p5 = o
L o Peg ™ P¢

which implies, since p is real,

e P =all+ B+ B+ c, (A5.7)
vhere a, c, B are constants, E complex. Substituting this in (AS5.2)
gives

Ry = 33 - ac. (AS.€)

Now apply a bilinear transformation (A5.6) and use (4.137) to transform
(45.7) to the form

_I -

ep =;lgl _Ros
where Ro is the same constant as in (A5.8). [One such transformation

s @ = Cpac + B, with C, the constant of (4.137).]

Since the primed coordinate system 1is used henceforth, we shall dro:

the prime and write

e ?=(l - R (A5.9)
The coordinate freedom left is a bilinear transformation on { and
complete freedom on s and r in (4.142). If Ry = 1 the 2-surface is
a pseudosphere, and if R, = -1 it is a sphere.

0
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Appendix 6

Consider a bilinear transformation

_af’ +b
g = E—l:’—-'f'__d_ Py ad - bc # 0. (A6.1)
We choose to normalize this so that ad - bc = 1. Then
2
= (cg' +d)". (A6.2)

i
Using (4.137) with p given by (A5.9), we find that this form for p is
preserved iff

¢'C - Ry = cal{(aé - Ryee)(’ ¢’ + (ab - Ryed)(’

+ (ab - ROEd)C' + bb - Roda] (A6.3)
(=]
cC,=1, aa-Recc=1, bb-Rdd = -R,
0 s o 0 0 (EEHD)
ab - R.cd =0, ad - bc = 1.
0
Using matrices we can represent the above as follows:
¢ ¢!
Let g = C1/§2s § = c ] S‘ = CJ‘ 2
2 2
a b 1 0
A = 3 P =
e d 0 —RO
Then (A6.1) is S = AY, (AB.1%)
while (A6.2) may be written as
2
= c! =
~ - o T _
(A6.3) becomes ~ ¢ = coilgal 2 S'T(ATPA)S', (AB.3%)
where det A = 1 and
e P = |g2|'2 Sips,

The requirement det A = 1 ensures that CO = 1.

For CO : [l 2l Bl § ATPA, we have therefore a matrix A which keeps the

matrix P in diagonal form.

We want now to see whether we can transform the quadratic
2 . -
- + = R AB. 5
a QOQ 1b0C ARy ( )

where bo, a,. are real, complex constants respectively, to a canonical

0
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form using relations (A6.4). This will depend on the value of Ro and

so we have two cases to consider

(i) RO = -1 (sphere) (ii) Ry =1 (pseudosphere).
In matrix terms this amounts to expressing
Ly
) 2 0
Q =]
iy -
§'lbo = aORO

in canonical form under the transformation matrix A, since we can write

c = ¢° s,
(AB.5%)
- Q-Q SITQISI
2
if Q' is defined by
o E ATQA. (A6.6)
So we wish to find, using (A€.4), a matrix A such that Q’ is in
canonical form.
Case (i): Ry = -1 (sphere).
Equations (A6.4) are satisfied if we choose A to be
e*Pcos 6 -e'%sin @
A = . (A6.7)
e *9sin @ e *Peos 6
Then (A6.6) gives
r 2ip 2 = i(p-Q) .
@, = @ye “cos 6 + a, e sin 6 cos 6 (A6.8)
+ %-ibo[e21pcos?6 + el(p—q)sin 8 cos 6]
and
1. - -i(pt i(pt . . .
5 1b’o = [ao e ilpra) _ a, el(p q.)]smecos 0+ %1b0(c0529— sm29).
(A6.9)
) ing 8T peoge T, i 1
ap = 0, by # 0. Choosing @ = p» P= -9 = -+ 3 log (3 bo)
reduces (A6.8) and (A6.9) to ag e bg = 0 so that
Lo 0l - N ol 3
' 1 0 ) (1‘1)(§bo) '(1+l)(§bo)
Q = 3 A = —5 (A6-10)
1 -k R B
0 1 (1—1)(§bo) (1+1)(§bo)



169.

Then o =¢ %+ 1. (A6.11)

In the original coordinates q = ibog. The transformation which takes
a into o’ is, from (A6.1) and (A6.10),
¢ - %(1+i)2bo
¢ = T == % (A6.12)
P 1 .
¢’ + 4(1+1) b0

a, £ 0, bO = 0. Choosing 6 =0, p = % 1 log ay> 4 arbitrary,
equations (A6.8) and (A6.9) reduce to ag = e ba = 0 so that
. .
==
1 0 ao 0
o = . A = . (A6.13)
1
2
0 1 0 g
Then @ = g’2 + 1. (A6.14)
2 - .
In the original coordinates a = aOQ + a,- The transformation
which takes a into o’ is, from (A6.1) and (A6.13),
gl o= a,l- (A6.15)

m|w

«. # 0, b, # 0. Choosing 6 = %3 3p = q =

0 0 i 108(a0/a0)- Then

(A6.8) and (A6.9) reduce to

1 - L 1 - - X 1. S _ B
I__ H__ “m D L (5
ay = 3 ao(ao/ao) t 5 ao(ao/ao) 13 1bo[(a0/a0) + (ao/ao) 1,
¢ =
b0 = 0,
so that
’ - -1/8 - ,-3/8
a, 0 : (aO/ao) —(ao/ao)
Q': 5 A=2
% - .3/8 - ,1/8
0 a, (aO/ao) (ao/ao)
(A6.16)
Then a = aBC'2 + &6 . (AB.17)

N, . 2 . = .
In the original coordinates a = aOQ + lbOQ + Qpe The transformation

which takes q into o’ is, from (A6.1) and (A6.16),

5 s (A6.18)

i B - ,1/8
where r = (ao/ao) .

Thus, in the case of the sphere, it is always possible to express Q

in canonical form, as in (A6.10), (A6.13) and (AG.16).
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Case (ii): Rp =1 (pseudosphere).

Equations (A6.4) are satisfied if we choose A to be

e*Peosh @ e*%sinh 0
A =1\ . (A6.19)
e *%sinh 0 e *Pcosh @

Then (A6.6) is, in full,

al = a ezlpcosh26 -a e-21qsinh26 + 1-ib el(p_q)sinh 20 (A6.20)
0 0 0 2 0
and
ibb = [aoel(p+q) - &Oehl(p+q)]sinh 20 + ibocosh 26. (A6.21)

Gn = 105 b # 0 Choosing 6 = 0 reduces (A6.20) and (A6.21) to

G 0
ab = 0, bb = bo (bg # 0 since cosh 206 2 1), so that
0 %-ibo e'P 0
Q' = ; A = , p arbitrary. (A6.22)
% ib, 0 0 & iP
Then ol = ibog'. (A6.23)
In the original coordinates a = ibog. The transformation which takes

a into a’ is, from (A6.1) and (A6.22),

g = tePg‘, p arbitrary. (A6.24)
g £ 0, bO = 0. Choosing 6 = 0 and p = %-i log ays 9 arbitrary,
(A6.20) and (A6.21) reduce to a6 =l b6 = 0 so that
1
-’
1 0 O.o 0
Q' = , A = . (A6.25)
L
0 -1 0 a,
0y = 2
Then a’ = ¢ - 1. (A6.26)
In the original coordinates a = QOQ2 - &o. The transformation

taking a into o’ is, from (A6.1) and (A6.25),

£ = aog. (A6.27)
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a, # 0, b, # 0. In this case (A6.20) and (A6.21) show that
V) |

bg and ag can never be zero. The best we can do is to choose
6 =0,p-= %—i log ays 4 arbitrary, and then we obtain ag =1,
¢
bo = bO so that
1 B o._%' 0
2 0 0
Qf = s A = . (A6.28)
1. -1 i
7 b, 9 %o
- _ 12 . 7
Then a =L+ 1bOC - 1. (A6.29)
. 2 . -
In the original coordinates a = aOQ # 1b0Q - a, The

transformation taking a into o’ is, from (A6.1) and (A6.28),

¢’ = ays- (A6.30)

Thus, in the case of the pseudosphere, it is not always possible

to express Q in canonical form. Q may be diagonalized in two cases,

namely, (A6.22) and (A6.25).

tzoendix 7

The hypergeometric equation (6.100) (with C = 0) is put into

standard form by writing z = -x, obtaining
z(z-1)H + [(@ + B+ 1)z - yJH + aBH = 0, (A7.1)
where H = H(z) and the dot denotes d/dz, and

atf = -2 - ia, ap =1 + ia, Y = -2
giving a=1, p=-1-1ia, y=-2. (A7.2)

Two independent particular solutions of (A7.1) are

H

;= Flas Bs v, 2),

1_
H2 =z Y Fla+1-vy,8+1-y, 2-y, 2)

for |z| < 1, leading to the solution (6.101).
Now it is known (see e.g. Forsyth [236]) that the quotient s
of any two particular solutions of the equation
y+ Iy =0, y = y(z), (A7.3)

satisfies the equation

f=h&) = fa1, (A7.u)
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where {s,z] is the Schwarzian derivative of s defined by the left
hand side of equation (A5.5) of Appendix 5. In the case of the

hypergeometric series for F(a, B, Y, z) the value of I is

1a-22  1-v2 a2 -u?eV?og
4 22 (z-1)° z(z-1)

; (A7.5)

where A2 = (1-y)%, ul=(-82% v2=(y-a-@B>

From (A7.4) and (A7.5) we have a differential equation for s(z).
If this can be solved for s in finité terms, it follows that the
hypergeometric series will be expressible in finite terms. There
are only 15 separate cases in which this is possible, and unfortunately
the present case represented by (A7.2) is not one of them. For we
have

32 - q, 2 B V2,
and Schwarz's table [237] of the 15 special cases does not include
these numbers, whatever value (zero not allowed) of the real constant

a we choose.
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THE CONFORMAL GROUP AND EINSTEIN SPACES

W.D. Halford
ERRATA

Page 46, line 9: should read
(McIntosh [141] has quoted this metric. This

points up an error in Godfrey's paper.)

Page 106, lines 8,9,10 and 11: replace by

but because of the presence of K =aS and

1

i E z(gaC+Za-)-sas+rar in the space we may take
the HKV in the form

K= sas + rar. (5.7)

Page 106, lines 26 and 27: replace by

~

K = sas - rar. (5.10)

Page 107, after line 25 add:

or (iii) ao=C1=C2=O, a-5a.=0.

Page 107, line 26: after "Using (ii)" insert "and (iii)".

Page 108, after line 21 add:
But applying the theorem
fE,KiJ = mK_+nK,
leads to ao=0. Hence the form of the HKV may

(i=1,2) m,n constants

be taken as

HE Cac+tat-usas—2rbr+uiﬁlog(Z/Q)BS. (5.21a)

Page 115, after line 22 insert:
However, it may be that a=ay, when the matric (5.9)
admits the HKV
K = xax+yby—sas.

Page 152, lines 29 and 30 (Theorem 7.2): should read
There are no Petrov type N vacuum spaces with non-zero

.expansion and/or twist which admit a HKV and a Killing
vector of type K = as = R(C,t)au.

Page 160, second last line, after 'preserved" add:

g 1+
if y g -+ k, constant.
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