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Abstract

Agrichemical spray drift is an issue of concern for the orcharding industry. Shelterbelts sur-
rounding orchard blocks can significantly reduce spray drift by intercepting droplets from the
airflow. At present, there is little information available with which to predict drift deposits
downwind, particularly in the case of a fully-sheltered orchard block.

In this thesis, we develop a simple mathematical model for the transport of airborne drifting
spray droplets, including the effects of droplet evaporation and interception by a shelterbelt.
The object is for the model to capture the major features of the droplet transport, yet be simple
enough to determine an analytic solution, so that the deposit on the ground may be easily
calculated and the effect of parameter variations observed.

We model the droplet transport using an advection-dispersion equation, with a trapping term
added to represent the shelterbelt. In order to proceed analytically, we discretise the shelterbelt
by dividing it into a three-dimensional array of blocks, with the trapping in each block concen-
trated to the point at its centre. First, we consider the more straightforward case where the
droplets do not evaporate; solutions are presented in one, two and three dimensions, along with
explicit expressions for the total amount trapped and the deposit on the ground. With evapo-
ration, the model is more difficult to solve analytically, and the solutions obtained are nestled
in integral equations which are evaluated numerically. In both cases, examples are presented to
show the deposition profile on the ground downwind of the shelterbelt, and the corresponding
reduction in deposit from the same scenario without the shelterbelt.



ii

Acknowledgements

I would like to sincerely thank my supervisors, Robert McKibbin and Graeme Wake, for their
invaluable guidance and support during my PhD study. I could not have asked for better
supervisors.

Next, I would like to thank Massey University for providing me with a three year Doctoral
Scholarship, and Lincoln Ventures Ltd for generously providing additional financial support
which has allowed me to attend conferences during this time.

Several people have contributed their time and knowledge, and I would like to express my
gratitude to them: John-Paul Praat and Simon Woodward, formerly of Lincoln Ventures Ltd,
and Alison Forster of Plant Protection Chemistry New Zealand. Special thanks also to Peter
Jaques for patiently reading this thesis and providing much-appreciated feedback.

Last, but certainly not least, I would like to say a huge thank you to my family, Mum and Dad,
Andrea and Damien and my grandparents, for all their love and support. Special thanks also to
all of my friends, particularly my fellow PhD students who have been with me on this journey.



Contents

Abstract i
Acknowledgements ii
Contents iii
List of Figures vi
List of Tables viii
Notation ix
1 General Introduction 1
1.1 Background and Research Motivation . . . . .. ... ... ... ... ...... 1
1.2 Literature Review . . . . . . . . . . . e 4
1.3 Research Objective . . . . . . . . . . . . . . e 6
1.4 Methodology . . . . . . . e 6
1.5 Thesis Overview . . . . . . . . . o o i e e e 9
2 Preliminaries: Single Droplet Kinetics and Thermodynamics 11
2.1 Equation of Motion . . . . . . . . ... 11
2.2 Terminal Velocity . . . . . . . . . . 12
2.3 Some Example Trajectories . . . . . . . . . . . . 13
2.4 Droplet Evaporation . . . . . . . .. .o 15
2.5 An Example Trajectory with Evaporation . . . . . .. ... ... ... ...... 22
2.6 Chapter SUMmAary . . . . . . . . . vt v e 23
3 Advection-Dispersion Model Framework 26
3.1 Model Derivation . . . . . . . . . . . . e e e e 26

iii



CONTENTS iv

3.2 Initial and Boundary Conditions . . . . . . . . .. .. ... ... L. 32
3.3 The Background Trapping Rate k, . . . . . .. .. ... . . . 34
3.4 Parameter Values . . . . . . . . . L 36
3.5 Chapter Summary . . . . . . . . .. Lo e 38
4 A Point Representation for Trapping 40
4.1 Advection-Dispersion Model . . . . . . . ... ... .. ... 41
4.2 Total Droplet Trapping and Deposition . . . . . ... ... ... ... ...... 42
4.3 Case 1: Zero Vertical Dispersion . . . . .. ... ... ... ... . 43
4.4 Case 2: Non-Zero Vertical Dispersion . . . . . . .. .. ... ... .. ... ..., 57
4.5 Chapter Summary . . . . . . . . ..o e e 72
5 Trapping in a Discretised Shelterbelt 74
5.1 Discretising a Shelterbelt . . . . . . . . . ... o 74
5.2 Advection-Dispersion Model . . . . . . . . ... 76
5.3 Total Trapping in the Shelterbelt and Deposit on the Ground . . . . . . . .. .. 76
5.4 Case 1: Zero Vertical Dispersion . . . . . . . . . .. ... 78
5.5 Case 2: Non-Zero Vertical Dispersion . . . . . . . .. .. ... ... 99
5.6 Chapter Summary . . . . . . . . ... e 112
6 Trapping With Evaporation 115
6.1 Advection-Dispersion Model with Trapping and Evaporation . . . . ... ... .. 115
6.2 Total Droplet Trapping and Deposition . . . . .. .. .. .. ... ... ..... 117
6.3 Approximations for the Mass and Settling Speed . . . . . .. .. ... ... ... 118
6.4 Case 1: Zero Vertical Dispersion . . . . .. .. .. .. ... ... ... .. ... 119
6.5 Case 2: Non-Zero Vertical Dispersion . . . . . . .. ... ... ... ... ..... 131
6.6 Partial Evaporation (Solid Core) . . . . . ... ... ... ... ... ...... 144
6.7 Chapter Summary . . . . . . . ..o e 145
7 Thesis Summary 148
7.1 Summary . . ... e e e e 148
7.2 Analyses . . . . ... 149
7.3 Further Research . . . . . . . . . . . .. 150
7.4 Publications . . . . . . . . 150



CONTENTS

\%

A Selected Workings 152
A.1 The Dispersion Tensor . . . . . . . . . . i it e 152
A.2 A Point Representation for Trapping with Dyy #0 . . . . .. .. ... ... ... 154
A.3 A Point Representation for Trapping With Evaporation and Dy #0 . . . . . .. 159

B Laplace and Fourier Transforms 164
B.1 Laplace Transforms . . . . . . . . .. .. . 164
B.2 Fourier Transforms . . . . . . . . . . . . 166

References

167



List of Figures

1.1 Spray released from an airblast sprayer . . . . . . . .. ... ... ... ... ...
1.2 An airblast sprayer in an avocado orchard . . . . . . .. ... ... o000
1.3 An orchard block surrounded by a shelterbelt . . . . . . .. ... ... ... ...

1.4 Conceptual illustration of droplet transport . . . . . . . . ... ... ... ....

2.1 Droplet settling speed for a range of different diameters . . . . . ... ... ...
2.2 Trajectory of a small droplet in an ambient wind . . . . .. .. ... ... ...,
2.3 Velocity components of the droplet in Figure 2.2 . . . . . . ... ... ... ...
2.4 Trajectory of a larger individual droplet in an ambient wind . . . . . .. ... ..
2.5 Velocity components of the droplet in Figure 2.4 . . . . . .. .. ... ... ...
2.6 Ventilation coefficient for droplets falling at terminal velocity . . . . . .. .. ..
2.7 Trajectory of an individual evaporating droplet in an ambient wind . . . . . . . .
2.8 Falling speed of the evaporating droplet in Figure 2.7. . . . . . . . ... ... ..

2.9 Diameter of the evaporating droplet in Figure 2.7 . . . . . . . ... .. ... ...

3.1 Theoretical profiles of the horizontal windspeed for a single row shelterbelt
3.2 Values of the background trapping rate for a broadleaf shelterbelt . . . . . . . ..

3.3 Values of the background trapping rate for a fine-needled shelterbelt . . . . . . .

4.1 Conceptual illustration of trapping at aplane . . . . . . ... .. ... ......
4.2 Conceptual illustration of trapping at aline . . . . .. ... ... ... ......
4.3 Cross sections of the mass concentration with Dy = 0 and a trapping line . . . .
4.4 Cross-section of the deposit with Dy = 0 and a trapping line . . .. .. .. ...
4.5 Cross-section of the reduction in deposit due to the trapping line . . . . .. . ..
4.6 Cross-section of the deposit with Dy # 0 and a trapping line . . . . .. ... ..
4.7 Cross-section of the reduction in deposit due to the line . . . .. ... ... ...

4.8 Contours of the deposit with Dy # 0 and no trapping . . . . .. ... ... ...

vi



LIST OF FIGURES vii

4.9 Contours of the deposit with Dy # 0 and a trapping point . . . . . . . . .. ... 71
4.10 Contours of the reduction deposit due to the point . . . . . ... .. ... .... 72
5.1 A rectangular shelterbelt discretised using a 3-D array of trapping points . . . . 75
5.2 A shelterbelt “slab” discretised using multiple trapping planes. . . . . . . .. .. 79
5.3 Comparisons between continuous and discretised trapping with Dy, =0 . . . . . 87
5.4 Accuracy of the discretised solution with Dy, =0 . . . . ... ... .. ... ... 88
5.5 An infinitely long shelterbelt discretised using a 2-D array of trapping lines . . . 88
5.6 Cross-section of the deposit with Dy = 0 and an array of trapping lines . . . . . 96
5.7 Cross-section of the reduction deposit due to the trapping lines . . . . . . .. .. 96
5.8 Accuracy of the discretised solution with Dy 20 . . . . . .. ... .. ... ... 104
5.9 Cross-section of the deposit with Dy # 0 and an array of trapping lines . . . . . 109
5.10 Cross-section of the reduction in deposit due to the trapping lines. . . . . . . .. 109
5.11 Contours of the deposit with Dy # 0 and no trapping . . . . .. ... ... ... 113
5.12 Contours of the deposit with Dy # 0 and an array of trapping points. . . . . . . 113
5.13 Contours of the reduction deposit due to the trapping points . . . . . .. .. .. 114
6.1 Actual and Stokes flow settling speeds plotted against droplet diameter . . . . . 120
6.2 Tlustration of the moving coordinate system . . . . . . . . . . .. ... ... ... 121
6.3 Cross-sections of the deposit with evaporation, Dy = 0 and a trapping line . . . 128
6.4 Solution space in moving coordinates . . . . . . .. ... 135
6.5 Accuracy of the deposit with no evaporation and no trapping. . . . . . . .. ... 142
6.6 Cross-section of the deposit with evapoation, Dy # 0 and a trapping line . . . . 142
6.7 Number density of deposit with partial evaporation . . . . . . .. ... ... ... 146
6.8 Mass density of deposit with partial evaporation . . . .. .. .. ... ... ... 146

A.1 Mean wind velocity u in the horizontal plane . . . . . . . ... ... ... ..., 152



List of Tables

2.1
2.2

3.1

4.1
4.2
4.3

5.1
5.2
5.3
5.4

6.1
6.2

B.1
B.2

Droplet settling speed for a range of different diameters . . . . . ... ... ... 14
Temperature of an evaporating droplet for various relative humidities. . . . . . . 20
Some typical parameter values . . . . . . . . . ... 38
Parameter set used to generate Figures 4.4 and 4.5 . . . . . . ... ... ... .. 52
Parameter set used to generate Figures 4.6 and 4.7 . . . . . . ... ... .. 65
Parameter set used to generate Figures 4.8, 49 and 4.10 . . . . . . .. .. .. .. 70
Transformed concentration for a number of consecutive trapping planes . . . . . 82
Parameter set used to generate Figures 5.6 and 5.7.. . . . . . . .. .. ... ... 95
Parameter set used to generate Figures 5.9 and 5.10. . . . . . . . . ... ... .. 107
Parameter set used to generate Figures 5.11, 5.12 and 5.13. . . . . .. .. .. .. 112
Parameter set used to generate Figure 6.3. . . . . . . . . ... ... ... 127
Parameter set used to generate Figure 6.3. . . . . . . . . .. .. ... 141
Table of Laplace transforms . . . . . . . . . . . . . ... .. .. ... . 164
Table of Fourier transforms . . . . . . . ... .. ..o 166

viii



Notation

Upper Case

N®D DO

5

Dsat

SISO

Droplet number concentration [# m™3

Alongwind (longitudinal) dispersion coefficient [m? s~!]
Crosswind (transverse) dispersion coefficient [m? s7!]

Vertical dispersion coefficient [m? s7!]

Diffusivity of water vapour in air [m? s=!]

Release height [m]

Dominant alongwind (longitudinal) turbulence length scale [m]
Dominant crosswind (transverse) turbulence length scale [m]
Dominant vertical turbulence length scale [m]

Latent heat of vaporisation [J kg™!]

Molecular mass of water [kg mol™!]

Mass release [kg]

Dimensionless function non-zero only within a region of trapping [-]
Universal gas constant [J mol~t K—!]

Droplet settling speed [m s™!]

Absolute temperature [K]

release x coordinate [m]

release y coordinate [m]

Case

Droplet radius [m]

Droplet mass concentration [kg m ™3]
Specific heat of water [J kg=! K]
Droplet diameter [m]

Ventilation coefficient for heat [-]
Ventilation coefficient for water vapour [-|
Gravitational acceleration [m s~ 2]

Thermal conductivity of moist air [W m~—! K]
Background trapping rate [s~!]

Effective trapping rate [m3 s=1]

Droplet mass [kg]

Laplace transform variable [s71]

Saturation pressure [Pa]

Time [s]

Mean wind speed (positive x direction) [m s7!]

Cartesian coordinate system [m)]



Bold

D Dispersion tensor [m? s

i Unit vector in the positive x direction [-]

j  Unit vector in the positive y direction [-]

k  Unit vector in the positive z direction [-]

u  Mean wind velocity [m s™1]

v Droplet velocity relative to the origin [m s™!]
Greek

1, Dynamic viscosity of air [kg m~! s71]
p, Air density kg m3]
Droplet density (water) [kg m~3]

P
¢  Relative humidity (expressed as a fraction) [-]
¢ Spatial Fourier transform variable [m~!]

w

Spatial Fourier transform variable [m~1]



Chapter 1

General Introduction

1.1 Background and Research Motivation

Crop spraying is a valuable production tool for the agricultural industry. In New Zealand,
estimates of the worth of hydrogen cyanamide (HC) spraying to the kiwifruit industry are as
high as $60—$200 million per year (Manktelow et al., 2006; Ministry of Agriculture and Forestry,
2006). Yet the issue is often highly controversial: sprays contain a wide range of droplet sizes
and, because of their light weight, smaller droplets often remain airborne for a long time and
can be carried great distances by the wind. The issue is a particular concern for orchardists,
who use airblast sprayers such as the ones shown in Figures 1.1 and 1.2; the photographs in
these figures, courtesy of Plant Protection Chemistry NZ, are from a series of spray drift trials in
kiwifruit and avocado orchards in New Zealand. Airblast sprayers propel droplets upwards and
into fruit trees with the assistance of air jets, so the potential for drift is high. Off-target drift
of sprays containing chemicals may be hazardous to human or animal health in the surrounding

environment, therefore it is important to minimise such drift.

Most orchard blocks are surrounded by shelterbelts, such as the kiwifruit block shown in Fig-
ure 1.3. Not only do these protect crops from wind damage, they also provide one of the most
effective means of reducing spray drift, by lowering windspeeds and filtering droplets from the
airflow. Windspeed is reduced by varying amounts both upwind and downwind of a shelterbelt;
experiments have found the zone of influence to be between about 5h upwind and 20k down-
wind, where h is the shelterbelt height (Ucar & Hall, 2001). The porosity of a shelterbelt is
one of the major factors affecting both the zone of influence on windspeed, and the filtration of

droplets from the air. For example, most of the airflow is deflected up and over the top of a very

1
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Figure 1.1: Spray released from an airblast sprayer. Photograph courtesy of Plant Protection Chemistry
New Zealand.

Figure 1.2: An airblast sprayer in an avocado orchard. Photograph courtesy of Plant Protection Chem-
istry New Zealand.
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Figure 1.3: A kiwifruit orchard block surrounded by a shelterbelt. Photograph courtesy of Plant Pro-
tection Chemistry New Zealand.

dense shelterbelt, carrying any droplets with it to be deposited farther downwind, whereas a
very porous shelterbelt has little effect on the airflow, but also does not have enough vegetation
elements with which to filter the droplets (Mercer, n.d.). Other influencing factors include shel-
terbelt species and droplet size. Various experimental studies have confirmed the effectiveness
of shelterbelts in reducing spray drift. Despite differences in experimental methods, there is
a general agreement that reductions in drift of up to 90 % are possible downwind of a porous
shelterbelt. Artificial netting is observed to be similarly, though slightly less, effective, with
reductions of up to 75 % (Hewitt, 2001; Ucar & Hall, 2001). In New Zealand, in a series of field
trials carried out in kiwifruit and apple orchards, measured drift levels with shelter were up to

8 times lower than those without shelter (P. Holland & Maber, 1991).

Whilst there has been some research aimed at evaluating drift reduction by shelterbelts, very
little information is available to quantify drift deposits downwind, particularly in the case of a
fully-sheltered orchard block. The more information that can be provided about predicted drift
deposits, the better growers and local or regional authorities will be able to identify hazards and

minimise drift impacts.

The research presented in this thesis came about following a problem brought to the Mathematics-
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in-Industry Study Group (MISG)! in 2005, in which the author was a participant. The problem,
entitled “Predicting Off-Site Deposition of Spray Drift from Horticultural Spraying Through
Porous Barriers on Soil and Plant Surfaces”, was presented by Lincoln Ventures Ltd? and Plant
Protection Chemistry New Zealand (PPCNZ)2. The MISG was tasked with investigating a
mathematical model for the spray capture efficiency of a shelterbelt, in order to produce a bet-
ter working model for use in a spray drift management system; the report may be found in
Mercer & Roberts (2005). With a continued interest in further study in the area of spray drift
reduction by shelterbelts, Lincoln Ventures Ltd have provided support for the research in this

thesis.

1.2 Literature Review

Spray Drift Modelling

The transport of spray droplets (with no shelterbelt) has been extensively studied. Models for
droplet transport from a sprayer may be broadly divided into Lagrangian, or particle-tracking,
models and Gaussian plume models. Lagrangian models simulate the trajectories of many indi-
vidual droplets; examples include Thompson & Ley (1983), Miller & Hadfield (1989), Walklate
(1992) and Holterman et al. (1997). Gaussian plume models are generally more applicable
away from the source, but can be used to provide an estimate of drift in the near-field (Craig,
2004). Further discussion of computer models and software packages for modelling spray drift
may be found in Ucar & Hall (2001), who point out that, without quantification of off-site
transport under shelterbelt or windbreak conditions, tactics to minimise spray drift cannot be

fully exploited.

Shelterbelts as a Drift Mitigation Strategy

Published research into drift reduction by shelterbelts is comprehensively reviewed up to 2001
by Hewitt (2001) and Ucar & Hall (2001). These reviews cover theoretical considerations
and experimental results on: (i) windspeed attenuation and shelterbelt aerodynamics, (ii) the
amount by which drift can be reduced, (iii) the influence of shelterbelt species and structure,

and (iv) computational models and software packages for spray drift.

'Mathematics-in-Industry Study Group 2005 website http://misg2005.massey.ac.nz
?Lincoln Ventures Ltd website http://www.lvl.co.nz
3Plant Protection Chemistry New Zealand website http://www.ppcnz.co.nz
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There has been considerable research into the airflow through and around a shelterbelt. Experi-
mental results on windspeed attenuation are summarised by Hewitt (2001). Models to simulate
the airflow are numerical and computationally intensive, requiring solutions to the Navier-Stokes
equations with turbulence. H. Wang et al. (2001), for example, use a quasi-three-dimensional
model where the shelterbelt is infinitely long across-wind but the airflow may be fully three-
dimensional. Mercer & Roberts (2005) and Mercer (n.d.) use two-dimensional models which

are simpler but still capture the main features of the airflow.

While there have been a number of experimental studies measuring the reduction in spray drift
downwind of a shelterbelt (P. T. Holland et al., 1997; Hewitt, 2001; Ucar & Hall, 2001), there
is very little information available to predict the reduction efficiency of a shelterbelt from its
physical characteristics. Raupach et al. (2000, 2001) developed a model relating the particle
transmittance of a shelterbelt o (the fraction of particles which pass through without being
trapped) to its optical porosity 7. They found that the relationship depended on particle size
and the diameter of the shelterbelt vegetation elements, but that for most applications involving
spray drift the approximation o0 = 7 works well. Mercer & Roberts (2005) evaluated the model
for use in a spray drift management system, and concluded that it was suitable over the typical

range of expected droplet sizes, windspeeds and vegetation element sizes.

There are also very few models which can be used to predict spray drift deposits downwind of a
shelterbelt. For particulates in general, Raupach et al. (2000) gain an idea of the concentration
in the air downwind of a shelterbelt using a very simple two-dimensional steady-state model, in
which particles are advected by the wind and disperse only vertically. The shelterbelt is assumed
to be immersed in a particle-laden airflow, so that the upwind concentration is approximately
uniform with height. Lazzaro et al. (2008) take an empirical approach, using experimental data
to fit an exponential decay model for the variation in the amount of spray drift with distance
downwind. There are several assumptions which must hold for this model to apply; these
include that sprayer operating conditions are similar to those of the experiments, and that none

of the spray passes over the shelterbelt.

There is certainly scope for more investigation into modelling spray drift deposition, particularly
in the case of a fully-sheltered orchard block. The simplified model in Raupach et al. (2000)
is only intended to provide an idea of particle concentration; it does not include detail such as
gravitational settling, nor does it allow for evaporation. The empirical model of Lazzaro et al.
(2008) may not be applicable if conditions are too dissimilar to those in the experiments upon

which it is based. Also, both of the models above are two-dimensional, so that the shelterbelt
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is modelled as infinitely long across-wind; a three-dimensional model would be beneficial, as it

would allow for finite-size orchard blocks.

1.3 Research Objective

The aim of this research is to develop a simple mathematical model for the transport of airborne
drifting spray droplets, including the effects of droplet evaporation and capture by a shelterbelt.
We seek, if possible, analytic solutions so that the capture of droplets by the shelterbelt and
the subsequent deposit on the ground may be easily calculated, and the effect of parameter
variations estimated. We do not consider the spraying process itself, nor the crop; our focus is

on the small droplets which remain airborne and are carried by the wind.

Whilst the accuracy of analytical models is often limited by a number of inherent assumptions,
their simplicity gives them several advantages over numerical models. The effects of parameter
variations are more readily observed, since all of the influencing parameters are explicitly ex-
pressed in a mathematically closed form (Lin & Hildemann, 1996; Essa et al., 2007). Lindstrom
& Boersma (1989) also note that:

e Analytical methods are probably the most efficient alternative when the data necessary

for identification of the system are sparse and uncertain.
e Where applicable, these methods are the most economical approach.
e They are always the most useful means for an initial order-of-magnitude estimation.

e Experienced modellers and complex numerical codes are not required.

1.4 Methodology

As stated above, our objective is to develop a simple analytic model for the transport of airborne
drifting spray droplets, including the trapping of these droplets by a shelterbelt. Our approach
is to consider the cloud of spray droplets as a continuum and formulate an advection-dispersion
model, including a sink term to represent the trapping. This approach is based upon previous

analysis of particle transport within a forest canopy by McKibbin (2006).
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A cloud of spray droplets in the air is advected by the wind and dispersed by turbulence, all
while falling under the influence of gravity. If the droplets are also evaporating, the loss of
mass will cause them to fall more slowly as time goes on. Within a shelterbelt, some of the
droplets may be trapped by impacting on the foliage, and these trapped droplets are removed
from the airflow. Conceptually, the number of droplets trapped will depend upon how many
are in the shelterbelt and thus have the potential to be trapped. The situation is depicted
in Figure 1.4a; initially the droplet cloud is small and concentrated, then at later times it has
been blown further by the wind, fallen nearer to the ground, and become more spread due to
turbulence. Downwind of the shelterbelt, because some of the droplets have been trapped, there

is a smaller proportion to go on and deposit on the ground.

We model the droplet transport using an advection-dispersion equation. This type of equation is
widely-used in modelling particulate transport, as in many cases analytic solutions are possible.
Just a few examples of its application include contaminant transport in aquifers, pollen and
dust transport, and volcanic ashfall (Lindstrom & Boersma, 1989; Eltayeb & Hassan, 2000;
McKibbin, 2006; Lim, 2005). We include the shelterbelt in our model as a block within which
droplets are trapped at a rate proportional to the local concentration. The proportionality
constant, termed the background trapping rate, is a measure of the droplet capture efficiency of

the shelterbelt, and is related to physical properties such as the foliage size and density.

Figure 1.4b is a conceptual illustration of our model as it is described above, with the shelterbelt
represented by a block of trapping. Continuous trapping of droplets throughout the block would
be the ideal scenario from a continuum viewpoint, unfortunately however it is difficult to obtain
an analytic solution with this approach. Instead, we look to obtain an analytic solution by
discretising the shelterbelt as shown in Figure 1.4c: the discretisation is achieved by dividing
the block representing the shelterbelt into a three-dimensional array of smaller blocks, where

the effect of trapping in each smaller block is concentrated to the point at its centre.

We solve the model for a cohort of droplets that are all of the same size, and released instan-
taneously from a point. The distribution of droplet sizes released from a sprayer would be
simulated by superposing solutions to the model, each for a different droplet size. Also, solu-
tions for other releases such as a line source can be constructed from the point release (in the

manner of Lim, 2005, and McKibbin, 2006).
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(a) Conceptual illustration of droplet transport with trapping by a shelterbelt.
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(b) Conceptual illustration of modelling droplet transport with a shelterbelt represented by

a block of trapping.
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(c) Conceptual illustration showing the trapping block above discretised using an array of

trapping “points”.

Figure 1.4: Sketches illustrating the advection-dispersion model for droplet transport with trapping in a
shelterbelt. tg is the release time, and t1, t3 and t3 are later times.
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1.5 Thesis Overview

This thesis presents details of the development of our continuum model for spray drift transport
as outlined above. We begin in Chapter 2 with background information on the kinetics and
thermodynamics of individual droplets in the air. This material lays a foundation for the
continuum models in subsequent chapters. The first part of the chapter is devoted to the
kinetics of moving droplets; it includes the equations of motion describing a droplet’s trajectory
and the rate at which it falls towards the ground (that is, its settling speed), and also includes
calculated examples of droplet trajectories illustrating why small droplets are of the greatest
concern for spray drift. The second part of the chapter is devoted to the thermodynamics of
evaporating droplets; it includes expressions for the evaporation rate and droplet temperature
as a function of the relative humidity and ambient temperature, and also includes a calculated

example showing the effect of evaporation on a droplet’s trajectory.

Chapters 3 — 5 cover the development of, and solutions to, our advection-dispersion model in
the more straightforward case where there is no evaporation of the droplets. Chapter 3 contains
a full derivation of the model, along with the initial and boundary conditions used and some
discussion of the boundary condition on the ground. This is our idealised model where the
shelterbelt is represented by a block of continuous trapping (as per Figure 1.4b). The chapter
also features a summary of some typical parameter values, and an expression for the background
trapping rate determined from the Raupach, Woods, et al. (2001) model for the droplet capture
efficiency of a shelterbelt.

Chapter 4 introduces the point representation for trapping, which will later be used to discretise
the shelterbelt. Two separate cases are considered: first, a special case where droplets disperse
only horizontally, followed by the general case where droplets disperse both horizontally and
vertically. In each case, we present solutions to the model with a single point representation for
trapping in one, two and three dimensions, along with explicit expressions for the total amount
trapped and the deposit on the ground. An interesting artefact of the point representation
becomes apparent: the droplet mass concentration is negative for a short time in a localised
area beneath the trapping point. Whilst a negative concentration is conceptually wrong, the
issue is magnified by the unrealistically high trapping rates used for illustrative purposes, and

is shown to be of little consequence with realistic trapping rates in Chapter 5.

Chapter 5 is the culminating chapter for the model in the absence of evaporation; in it we

describe the discretisation of the shelterbelt via the point representation from Chapter 4. Using
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the solutions that were obtained in that chapter, we construct the corresponding solutions for
trapping in the discretised shelterbelt. The resulting expressions for the total amount trapped
and the deposit on the ground allow us to plot deposition profiles, and to calculate the reduction

in deposit downwind of the shelterbelt.

We draw to a close in Chapter 6 by introducing evaporation into our advection-dispersion model.
Attention is restricted to the single point representation for trapping, which could later be used
to construct solutions for the discretised trapping block in the same manner as in Chapter 5. The
same two cases are considered as in Chapter 4; that is, the special case of horizontal dispersion
only, followed by the general case of both horizontal and vertical dispersion. Obtaining analytic
solutions to the model with evaporation in the special case is relatively straightforward, whereas

the latter case is much more difficult.

Finally, we conclude the thesis with Chapter 7, which contains a summary of the main points
from the development and analysis of the models in Chapters 3 — 6, and offers some suggestions

for future research.



Chapter 2

Preliminaries: Single Droplet

Kinetics and Thermodynamics

This chapter examines the kinetics and thermodynamics of an individual droplet moving in the
air; it is intended to provide background information to assist in understanding the continuum
models developed in the next and subsequent chapters. All of the theoretical material in the
chapter may be found in literature sources (as cited in the text), and the equations of the
kinetics are those upon which Lagrangian, or particle-tracking, models for spray drift are based

(see Bilanin et al., 1989; Brown & Sidhamed, 2001).

The chapter is divided roughly in two. Firstly, Sections 2.1 - 2.3 relate to the kinetics: we
look at the equation of motion which governs the droplet flight, and the terminal velocity at
which it no longer accelerates. We also provide some calculated examples of droplet trajectories
without evaporation. The material in these three sections leads on to the continuum models
in Chapters 3, 4 and 5, which do not include evaporation. Secondly, Sections 2.4 - 2.5 relate
to the thermodynamics when there is evaporation: we show how expressions are derived for the
rate of mass loss and temperature of the droplet, and give a further example illustrating the
effect of evaporation on the droplet trajectory. The material in these two sections leads on to

Chapter 6, which sees the introduction of evaporation to the continuum models.

2.1 Equation of Motion

An individual droplet in the air is subject to three external forces: a drag force due to relative

motion between the droplet and the air, a weight force due to gravity, and a buoyancy force

11
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due to the air displaced by the droplet. The droplet is much heavier than the air it displaces,
therefore the buoyancy force is negligible and can be ignored. Assuming that the droplet is
spherical, and behaves like a solid particle, these forces sum according to Newton’s second law

to give the following differential equation for the velocity:

m = T Cpp,d vl (v~ w) — mgk
= —5Cpped v —ul (v - u) - £p,dgk (2.1)

where m [kg], p,, [kg m~3], d [m] and v [m s~!] are the droplet’s mass, density, diameter and its
velocity relative to the ground, respectively, Cp is the drag coefficient [-], u is the wind velocity
[m s, p, is the air density [kg m~3], g is the gravitational acceleration [m s~2] and k is a unit

vector pointing vertically upwards.

The drag coefficient C'p is a function of the Reynolds number Re; for a spherical droplet, Green

& Perry (2008, p. 6-52) give

24
R’ Re < 0.1,
Re ¢
_ ) 24
Cp = e (1+0.14Re™) ;0.1 < Re < 1000, (2.2)
(§]
0.447, 1000 < Re < 350000.

The Reynolds number Re is the ratio of inertial forces to viscous forces, and is given by

—uld
Re — Palv —uld (2.3)
Hq
. D . 11 . . 24
where p, is the dynamic viscosity of air [kg m™" s*]. In the region of flow for which Cp = Re’
e

known as Stokes flow, Equation (2.1) may be solved analytically to give the droplet velocity and
subsequently its displacement; according to Equation (2.2), Stokes flow applies for Re < 0.1,

however some texts extend this to Re < 1 (for example Reist, 1993, p. 51).

2.2 Terminal Velocity

A droplet released into the air accelerates according to Equation (2.1) until the drag force
balances its weight, after which it continues at a constant terminal velocity denoted v. Setting
the drag force equal to the weight in Equation (2.1) gives

4
- puwdgd 4 (2.4)
3p.Cp |vr — u|

vr=1u
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We write this as vp = u— Sk, where S is the downward settling speed. At its terminal velocity,

the droplet is therefore travelling with the wind horizontally and falling at speed S. From

Equation (2.4): o
[ #Pw9
S = . 2.5
3p,Cp (25)

The drag coefficient Cp is itself dependent upon the droplet speed S, thus Equation (2.5) has

to be solved numerically. Figure 2.1 on page 14 shows the settling speed S for droplets with
diameter between 10 pm and 1000 pm; some specific values between 10 pm and 200 pm, along
with the corresponding Reynolds numbers, are then given in Table 2.1. The parameter values
used are p, = 1.23 kg m =3, p, = 1.46 x 10 5 kgm L s7! p, =99829 kgm 3 and g = 9.8 m s 2

(at standard atmospheric temperature and pressure).

2.3 Some Example Trajectories

Here we present some calculated examples of individual droplet trajectories.  The trajec-
tory is determined from the coupled system of differential equations, for the droplet velocity

v = (g, vy, v;) and displacement x = (z,y, z), obtained from Equation (2.1):

dx

>y

dt ’

dv 3p,Cp

— = -4 — —u) — gk. 2.
- e voul v -w g (2.6)

In the examples below, this system is solved numerically with MATLAB® Version 7 (The
MathWorks™ | n.d.), using the in-built solver odel5s designed for stiff problems. The stiff
solver is more efficient here because there are two distinct time scales involved: droplets reach
their terminal velocity quickly, but then take comparatively much longer to fall to the ground.
In both examples, the droplet is released horizontally with initial velocity v = (18,0,0) m s}
(a typical release speed from a spray nozzle), from a height of 3 m above the ground into an

ambient wind with velocity u = (1,0,0) m s~

The first example (Figures 2.2 and 2.3 on page 16) is for a small droplet, with diameter d = 10 pm
and settling speed S = 0.003 m s~!. Figure 2.2 shows the droplet trajectory, and Figure 2.3
shows the individual components of the droplet velocity scaled to appear on the same axes. The
horizontal component initially decreases as the droplet decelerates from its release speed to the
ambient windspeed, and the vertical component initially increases as the droplet begins to fall

and then attains its settling speed S. Note that the droplet reaches terminal velocity almost
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Figure 2.1: Settling speed, as calculated from Equation (2.5), for a range of different droplet diameters.

Table 2.1: Settling speed, as calculated from Equation (2.5), for a range of droplet diameters between
100 pm and 200 pm.

Settling speed Reynolds number

Droplet diameter

S [m s Re []

d [pm]

0.003
0.025

0.003
0.015

10
20
50
70

0.366
0.947
2.478
3.960
6.868
9.247
13.448

0.087
0.161
0.294
0.392

100
120
150
170
200

0.544
0.646
0.798
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immediately (both components of the velocity are constant after around 2 ms in Figure 2.3); it

then takes 807 s to hit the ground, by which time it has travelled just over 800 m horizontally.

The second example (Figures 2.4 and 2.5 on page 17) is for a larger droplet, with diameter
d = 200 pm and settling speed S = 0.798 m s~!. Once again, Figure 2.4 shows the droplet
trajectory, and Figure 2.5 shows the individual components of the droplet velocity scaled to
appear on the same axes. The 200 pym droplet in this example retains its initial velocity for
longer, but settles to the ground much quicker, than the 10 pgm droplet in the first example:
the larger droplet takes around 0.4 s to reach terminal velocity, but it hits the ground after
only 3.9 s and travels just under 4.5 m horizontally. These two examples illustrate why small
droplets pose the greatest risk for spray drift: large droplets settle quickly and so do not travel

far horizontally, whereas small droplets settle slowly and are carried long distances by the wind.

2.4 Droplet Evaporation

As a droplet evaporates, liquid water at the droplet’s surface becomes water vapour which diffuses
out through the surrounding air, and there is also a heat exchange which results in a decrease
in droplet temperature. The rate of evaporation and droplet temperature are interdependent;
formulae based on the diffusion of water vapour are common and may be found, for example,
in Davies (1978), Pruppacher & Klett (1978, Chap. 13), Asman et al. (2003, Chap. 4) and
Lorenzini (2006). The analysis assumes that the droplet is evaporating in a large volume of air,
so that there is no effect on the ambient conditions (that is, the ambient relative humidity and
temperature remain uniformly constant and are unaffected by the evaporative mass and heat

loss).

Rate of Mass Loss by Evaporation

An expression for the rate at which a droplet loses mass by evaporation is found by examining
the diffusion of water vapour from the droplet’s surface out through the surrounding air. This
is done by assuming that the droplet is stationary in still air; relative motion is accounted for

by introducing a ventilation coefficient, as described later in the section.

The following derivation is adapted from Davies (1978, pp. 136-138). When the droplet begins

to evaporate, a changing distribution of water vapour is established around it, but this quickly
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Figure 2.2: The trajectory of an individual droplet, 10 um in diameter, released horizontally at speed
18 m s~ from a height of 3 m in a 1 m s~! wind. The displayed time ¢ = 807 s is the time at which the
droplet reaches the ground.
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Figure 2.3: Individual components of the droplet velocity over time, scaled to be displayed on the same

axes, for the release in Figure 2.2. v, is the horizontal component of the droplet velocity, and |vg| is the

release speed. v, is the vertical component of the droplet velocity, and S is the settling speed. Parameter
values are as for Figure 2.2.
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Figure 2.4: The trajectory of an individual droplet, 200 pm in diameter, released horizontally at speed
18 m s~! from a height of 3 m in a 1 m s~! wind. The displayed time ¢ = 3.9 s is the time at which the
droplet reaches the ground.
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Figure 2.5: Individual components of the droplet velocity over time, scaled to be displayed on the same

axes, for the release in Figure 2.4. v, is the horizontal component of the droplet velocity, and |vg| is the

release speed. v, is the vertical component of the droplet velocity, and S is the settling speed. Parameter
values are the same as for Figure 2.4.
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becomes steady over a distance from the surface of up to a few radii. Assuming that it does

not vary with angle, the distribution of water vapour is described by the diffusion equation in

ow 20w  O*w
o =P <a + a2) @7

spherical coordinates:

where w is the mass concentration of water vapour [kg m~3], Dy is the diffusivity of water

vapour in air [m? s71], and r is the radial distance from the centre of the droplet [m]. When the
0
distribution becomes steady so that 8—1: = 0, integrating the right-hand side of Equation (2.7)

gives
w(r) = weo + % (Wg — Woo) (2.8)

where a is the droplet radius, w, = w(a) is the water vapour concentration at the droplet
surface, and we, = w (00) is the water vapour concentration at » = oo (that is the ambient
value). Using Fick’s law, the outward diffusive mass flux of water vapour per unit area is

py

7 ; the rate of change in the droplet mass with respect to time is then
r

dm dw
20— 4rd? | Dy —
dt e ( Wdr>r_a

= —AmwaDw (wa - woo) . (29)

Since the water vapour is almost a perfect gas, the concentration can be expressed in terms of
the vapour pressure and temperature:

w— pMw
R,T

(2.10)

where My, is the molecular weight of water [18 x 1072 kg mol™!], R, is the universal gas
constant [8.315 J mol~! K~1], p is the vapour pressure [Pa] and T is the absolute temperature

[K]. Equation (2.9) then becomes

dm 4raMy Dy <Pa Poo )

dt R,

2.11
T T (2.11)

Environmental conditions are usually measured in terms of relative humidity, the ratio of the
actual amount of water in the air to the maximum amount it could hold at that temperature;
the relative humidity ¢ is related to the vapour pressure p by p = ¢psas (T'), so that

dm _  4maMw Dw (psat (Ta) _ (bpsat (Too)>

E - R q Ta TOO

(2.12)

where pgqt is the saturation pressure (which is a function of temperature). In Equation (2.12)
above, the relative humidity at the droplet surface is equal to one (since conditions there are
saturated), and ¢ represents the relative humidity at r = oo, or in other words the ambient

value.
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The change in droplet size with respect to time may also be found from Equation (2.12). The

4
mass of the droplet in terms of its radius is m (t) = 3TPwl (t)3, thus

dm 2 da

— =4mwp,a I

g (2.13)

Substituting Equation (2.12) for the rate of change in the mass with respect to time, the corre-

sponding rate of change in the droplet radius with respect to time is

da _ MwDw (psat (Tw) _ qbpscut (Too)> .

— = 2.14
dt Ryp,a T, Too ( )

So, both the rate at which a droplet evaporates and the subsequent rate at which it decreases in
size are dependent upon the relative humidity, and the ambient and droplet temperatures. The
temperature of an evaporating droplet is cooler than that of the surrounding air, as is discussed

further below.

Droplet Temperature

During evaporation, there is a heat exchange between the droplet and the surrounding air: heat
is lost from the droplet in order to evaporate some of the water, which results in a decrease
in the temperature of the droplet, and heat is then conducted to the cooler droplet from the
surrounding air. A steady state is rapidly reached where there is zero net heat exchange, and

the droplet remains at constant temperature but cooler than the surrounding air.

An expression for the droplet temperature is found by examining the heat exchange; once again
this is done assuming that the droplet is stationary in still air. Similar to the water vapour
concentration, when the droplet begins to evaporate a temperature gradient is established around

it, described by the heat equation in spherical coordinates:

(2.15)

or — ka 282_’_@
ror  Or?

Ot pucy
where k, is the thermal conductivity of moist air [W m~! K~1], and ¢, is the specific heat of
water [4190 J kg=! K~1]. Once the steady-state has been reached where 88—7; = 0, the right-hand
side integrates to give

T (r) =T + g (Ty — Toe) - (2.16)

The total thermal energy of the droplet is mc,T5; in the steady state, the rate of change in the

thermal energy is

dm dm dm dT
—— e, T, = — Ly + —c, T, + 4mkya® | — . 2.17
dr P T g e T gy e AR <dr>ra (2.17)
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Table 2.2: Temperature of an evaporating droplet for various relative humidities and an ambient tem-
perature of T, = 20 °C.

Relative Humidity ¢ | Droplet Temperature T,
2 % 5.2 °C
20 % 8.5 °C
40 % 11.8 °C
60 % 14.7 °C
80 % 17.5 °C
100 % 20.0 °C

The first term on the right-hand side is the rate of change in thermal energy due to evaporation
of water from the droplet surface; L, is the latent heat of vaporisation [J kg~!]. The second
term on the right-hand side is the rate of change in thermal energy due to the change in droplet
mass (the water evaporated from the droplet surface is diffused out through the surrounding air,
taking its thermal energy with it), and the third term is the rate of change in thermal energy

dr
due to heat conduction to the droplet from the surrounding air. Substituting for e from
T

d
Equation (2.16) and d—T from Equation (2.11), and simplifying, gives

My Dw Ly [ Psat (Ta> DPsat (Too)
Tw—T,= — . 2.18
kqRgy < T, ¢ T ( )

Because the saturation pressure pgq; is a function of temperature, this equation has to be solved
numerically to obtain the droplet temperature T,. It turns out that this temperature is very

close to the wet-bulb temperature (Asman et al., 2003, Chap. 4).

Table 2.2 above lists the temperature of an evaporating droplet, calculated from Equation (2.18),
for various relative humidities and an ambient temperature of T, = 20 °C. The temperature
depression at low relative humidity (dry air) is much greater than that at high relative humidity

(moist air).

Correction for a Moving Droplet

With relative motion between an evaporating droplet and the surrounding air, the transfer
of water vapour becomes convective rather than diffusive, which tends to increase the rate of
evaporation, and the transfer of heat also becomes convective rather than conductive (Davies,

1978, p. 144). The effect is described using ventilation coefficients: f,, [-], the ventilation
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coefficient for water vapour, is the ratio of the mass flux of water vapour for the moving droplet
to that of a stationary droplet, and similarly f;, [-], the ventilation coefficient for heat, is the
ratio of the thermal energy flux for the moving droplet to that of a stationary droplet. For the

moving droplet, the expressions for the evaporation rate and droplet temperature become:

d 4dma fo, My D sat (L sat (Lo
dt Ry T, T
MWDWLUfw Psat (Ta) Psat (Too)
dT, — Ty = — — . 2.20
AR fa ™ oo kaRyfn ( T, ¢ 1. (2.20)

The ratio f,,/fn in Equation (2.20) is very close to one and changes little with droplet size (As-
man et al., 2003, Chap. 4), so the effect of relative motion on the temperature of an evaporating
droplet is negligible and may be ignored. For f,,, Figure 2.6 shows values calculated using three
different empirical formulae (given in Davies (1978, p. 146), Asman et al. (2003, Chap. 4) and
Bhalwankar et al. (2004)), for droplets with a range of diameters which are falling at terminal
velocity. For droplets less than around 100 ym in diameter, f,, is close to one so there is little
effect on the rate of evaporation, however, above 100 pm in diameter f,, is greater than one
and the rate of evaporation is increased. Subsequently in this thesis, we use the formula for f,

given in Davies:
fuw =1+ 0.276 Re/28c!/3 (2.21)

_Ha
Pa VW

where Re is the Reynolds number (see Equation 2.3) and Sc = is the Schmidt number.

Temperature-Dependent Parameters

In the expressions above for the droplet temperature and rate of evaporation, the parameters
Dw, Psat, ko and L, are all temperature-dependent. For Dy and k, we use the following

formulae from Asman et al. (2003, App. F), where T is the absolute temperature [K]:

T 1.94
Dy = 2. 107° 2.22
w = 25007 x 10 <298.15> ! (2.22)
and k, = 0.43812 x 1072 + 7.11756 x 107°T. (2.23)

For psqt and L, we fitted a curve to data from steam tables in Rogers & Mayhew (1980) over
the temperature range 0 — 30 °C:

Psat = 1.7785 x 107220037 (2.24)

and L, = 3144 x 10® — 2.3556 x 103T (2.25)

where T is once again the absolute temperature [K].
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Figure 2.6: Ventilation coefficient for water vapour f,, [-], calculated using three different empirical

formulae, for droplets of various diameters falling in air at their terminal velocity.

2.5 An Example Trajectory with Evaporation

Here we present a calculated example of the trajectory of an individual evaporating droplet at
five different relative humidities. The trajectory is determined by solving the coupled system
of differential equations for the droplet radius a, velocity v = (vy,v,,v,) and displacement

x = (z,y, 2), all obtained from Equation (2.1) and Equation (2.14):

@ _ _MWDwa Psat (Ta) _(;Spsat (Too)

dt Rgpwa Ta Too ’

= _

a7

dv 3p.Cp

- = —o —lv-ul(v-u) —gk 2.26
7t Spa lv—u|(v—u)—y (2.26)

As for the earlier examples without evaporation, this system was solved numerically using the
in-built solver odel5s from MATLAB®, Version 7. The droplet in this example is of medium
size, with initial diameter dyp = 100 pum, and the ambient temperature is To, = 20 °C. The

release parameters are the same as for the earlier examples (see page 13).

Figure 2.7 shows the droplet trajectory. The effect of evaporation on the trajectory is clearly
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visible: as the droplet becomes smaller its falling speed decreases, therefore it is blown further
by the wind before reaching the ground, and, if ¢ is small enough it evaporates completely.
Termination of the trajectory lines above z = 0 indicates that the droplet has evaporated
completely before reaching the ground. Figure 2.8 shows the falling speed of the droplet,
|v.|, over time: initially the falling speed increases as the droplet begins to fall and quickly
accelerates towards its settling speed, but then evaporation takes effect and the falling speed
starts to decrease as the droplet becomes smaller and lighter. Finally, Figure 2.9 shows the
change in droplet diameter over time; termination of the line above d = 0 for ¢ = 80 % indicates

that the droplet does reach the ground before evaporating completely.

2.5 R

f =40%
1F —>
wind direction

0.5F
f =100 %
no evaporation

0 ! ! ! !
0 2 4 6 8 10 12 14 16 18 20

x [m]

Figure 2.7: Trajectory of an individual evaporating droplet, with initial diameter 100 pm, for five different
relative humidities. The droplet is released horizontally at speed 18 m s~! from a height of 3 m in a
1 m s~ ! wind. See the text for additional parameter values.

2.6 Chapter Summary

In this chapter we provided details of the kinetics and thermodynamics of an individual droplet,
in order to better understand the continuum models which are the focus of this thesis. The

material is widely available in the literature, and is included here as background information.
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Figure 2.8: Falling speed over time for the individual evaporating droplet in Figure 2.7. Parameter
values are the same as for Figure 2.7.
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Figure 2.9: Diameter over time for the individual evaporating droplet in Figure 2.7. Parameter values
are the same as for Figure 2.7.
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For the kinetics, we looked at the equation of motion governing the droplet flight, found by
summing the forces acting according to Newton’s law, and the terminal velocity at which the
droplet no longer accelerates. At terminal velocity, the droplet is travelling with the wind
horizontally and falling towards the ground at its settling speed. To conclude, we showed two
calculated examples of trajectories, which illustrate that droplets in the size range of interest
reach their terminal velocity almost immediately, and that small droplets pose a greater threat
for spray drift because they settle slowly, and therefore travel long distances before depositing

on the ground.

For the thermodynamics, we showed how expressions are derived for the rate of mass loss and
temperature when the droplet is evaporating. The expressions are derived assuming the droplet
is stationary relative to the surrounding air, with a scaling factor introduced when the droplet is
moving; we observed that the effect of relative motion on the droplet temperature is negligible,
and that the rate of evaporation is increased only for droplets greater than around 100 pm
in diameter. Finally, we gave an example of the trajectory of an evaporating droplet, which
illustrated that in some cases droplets can evaporate completely before depositing, whilst in

other cases the travel distances are increased.

To reiterate, the material in Sections 2.1 - 2.3 (covering the droplet kinematics) leads on to
Chapters 3, 4 and 5 where we develop continuum models without evaporation, and the material
in Sections 2.4 - 2.5 (covering the thermodynamics) leads on to Chapter 6 where we introduce

evaporation.



Chapter 3

Advection-Dispersion Model

Framework

In this chapter, we set up our advection-dispersion model to describe the transport of airborne
drifting spray droplets and their removal by trapping within a shelterbelt, in the more straight-
forward case where the droplets are not evaporating. The majority of the chapter covers a
full derivation of the model, with some discussion of the initial and boundary conditions used.
One of the key parameters appearing in the model is the background trapping rate, which is a
measure of the rate at which droplets are removed within the shelterbelt; this parameter is not
easily measured, so we show how it can be related to a recent model for the capture efficiency

of a shelterbelt as a function of its more easily-measured optical porosity.

3.1 Model Derivation

A cloud of airborne droplets is advected by the wind and dispersed by turbulence, all whilst
falling towards the ground (settling) under the influence of gravity. Within a shelterbelt, some
of the droplets may impact on the foliage and adhere; this is referred to as trapping, and trapped
droplets are removed from the airflow. The transport of airborne droplets may be modelled using
an advection-dispersion equation, and we represent the shelterbelt as a block in which droplets
are trapped at a rate proportional to the local concentration. Here we present a derivation of

this advection-dispersion model, obtained by applying the principle of conservation of mass.

We use a Cartesian coordinate system (z,v, z), such that the (z,y) plane is on the ground, the

positive z-axis points in the direction of the mean wind velocity, and z measures the height above

26
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the ground. The mass of droplets in the air per unit volume is denoted ¢ (z,y, z,t) kg m™3],
a function of both position and time; we assume that the droplets are all of the same size, and
therefore of the same mass, and that their volume fraction in the air is small (so that the motion
of the air is unaffected). We also assume that the droplets are at terminal velocity immediately
upon release; since only small droplets contribute to drift (those with diameter less than around
200 pm, Thompson & Ley, 1983), and we showed in Chapter 2 that these small droplets reach

their terminal velocity very quickly.

Consider an arbitrary fixed volume of air, V, with surface area A. The mass of droplets

///Vc dv. (3.1)

The rate of change in the mass of droplets contained in V' with respect to time is equal to the

contained in V is

net mass flux through its surface area A due to advection, gravitational settling and dispersion,

plus the rates of mass addition by sources and removal by trapping.

Advection by the Wind

Advection describes the transport of droplets by the wind. The wind profile is considerably
influenced by the presence of a shelterbelt: windspeed within the shelterbelt is reduced, forcing
some of it to accelerate over the top, and leaving a “quiet zone” of reduced windspeed for some
distance downstream. Figure 3.1 on page 28, sourced from Cleugh (1998), shows a theoretical
profile of the airflow for a single row shelterbelt; the streamlines show the reduced windspeed
through the shelterbelt, the accelerated flow over the top, and the quiet zone downstream.
Experimental results indicate that the windspeed is most significantly reduced between distances
of about 5h upwind and 20h downwind, where h is the shelterbelt height; the effectiveness of the
shelterbelt in reducing windspeed, however, is dependent upon many factors such as its height,

length, width, foliage type and foliage density (Ucar & Hall, 2001).

Accurate simulation of the wind through and around a shelterbelt is difficult and computationally
intensive (see for example H. Wang et al., 2001). It would be impossible to include the full
dynamics of the wind in our advection-dispersion model and still hope to gain an analytic
solution; thus, to simplify, we assume that the wind in our model is horizontal and uniform,
and flows through the shelterbelt undisturbed. This may not be too significant a simplification,

as we are mostly concerned with a fully-sheltered orchard block, and therefore the windspeed
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A Approach flow D Quiet zone
B Displaced profile E Mixing zone
C Bleed flow F  Re-equilibration zone

Figure 3.1: Theoretical profiles of the mean horizontal windspeed and streamlines for a single row shel-
terbelt oriented normal to the incoming wind. Source: Cleugh (1998).

will be low within the block and for some considerable distance downwind. Also, numerical
investigations by Mercer & Roberts (2005) indicate that for shelterbelts most likely to be used to
capture spray drift, most of the incoming wind will go through the full width of the shelterbelt,

therefore accelerating flow over the top is unlikely to be a problem.

Returning now to our derivation, the mean wind velocity is denoted u = (u,0,0). For our
volume V', let dA be a small element of surface area A with outward unit normal n; the mean
wind velocity in the direction of n is then u - n; this may be considered as a volume flux of air
per unit area [m? s7! m~2], thus the inward mass flux of droplets through surface element dA is

—c(u-n)dA. Integrating over the entire surface area A, the total inward mass flux of droplets

into volume V via advection is

ﬂ —c(u-n) dA. (3.2)
A

Gravitational Settling

Droplets fall towards the ground under the influence of gravity at a rate dependent upon their
shape, mass and size (diameter), and the air density; this rate is known as the settling speed,
denoted here by S. We have assumed that the droplets are identical, therefore they all have
the same settling speed. Since they are not evaporating the droplets do not change in size or

mass, thus the settling speed S remains constant.

In the direction of n, the settling velocity is —Sk - n, where k is a unit vector in the positive

z direction; thus, the inward mass flux of droplets through surface element dA is ¢ (Sk - n)dA.
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Integrating over the entire surface area A, the total inward mass flux of droplets into volume V'

via gravitational settling is

ﬂA ¢(Sk-n) dA. (3.3)

Dispersion due to Turbulence

Dispersion describes the spreading of a cloud of droplets due to turbulence in the airflow. We
closely follow the treatment by McKibbin (2006): the turbulence eddy structures are assumed
to have some dominant length scales in the alongwind, crosswind and vertical directions, and

the dispersion coefficients are defined as these length scales multiplied by the mean windspeed.

A dispersion tensor D reflects the ability of the droplets to spread in the z, y and z directions.
Using a Fickian model for the dispersion, the mass flux per unit area in the direction of n is
— (DVc) - n; thus, the inward mass flux of droplets through surface element dA is (DVe) -n dA.
Integrating over the entire surface area A, the total inward mass flux of droplets into volume V

via turbulent dispersion is

# (DVe¢) - n dA. (3.4)
A

Following McKibbin (2006), in general form the dispersion tensor may be written as

Dyw Duy O
D=|p,, D, 0 (3.5)
0 0 D,

where the zero components arise because the mean wind velocity is assumed to be horizontal. If
the mean wind direction is at angle 6 to the z-axis, then under the Fickian model the dispersion

tensor becomes
Dy cos?0 4+ Drsin?60  (Dy, — Dr)sinfcosf 0
D= | (Dy - Dr)sinfcos§ Dpsin?60+ Drcos?’f 0 (3.6)

0 0 Dy

where Dy, D and Dy, are the dispersion coefficients alongwind, crosswind and vertically. These
dispersion coefficients are defined as (D, Dy, Dy) = |u| (L, L1, Ly), where |u| is the mean
windspeed and Ly, Ly and Ly are the dominant turbulence length scales. Left as it is, this form

of the dispersion tensor gives rise to cross-derivative terms which are difficult to deal with in



3. Advection-Dispersion Model Framework 30

our final advection-dispersion model. To eliminate these terms, the coordinate axes are aligned
such that the positive z-axis points directly downwind (that is 8 = 0); the dispersion tensor

then simplifies to

D, 0 0
D=| 0 Dr 0 (3.7)
0 0 Dy

In general, the rate of turbulent dispersion of a particulate cloud depends upon the cloud di-
mensions and turbulence intensity. It has been observed that as a particulate cloud becomes
larger, larger eddies come into play and so the rate of dispersion increases; accounting for this
effect would require the dispersion coefficients to depend upon the travel time or distance from
the source, which is very difficult to deal with analytically (Moreira et al., 2005). Typically, the
dispersion coefficients Dy, Dy and Dy vary with height above the ground, and they are often
assumed to follow a power law profile. Here, we treat them as constant throughout the domain;
this assumption gives us much more traction analytically, and while it will limit the accuracy of

the model it will not greatly alter the qualitative behaviour.

Mass Source Term

Given a source of droplets with mass release rate per unit volume ¢ (x, v, z,t) [kg s~ m~3], the

rate of increase in the mass of droplets contained in volume V will be

/ / /V g dv. (3.8)

In this thesis we use an instantaneous point release: mass @) is released at time ¢t = 0 from the

point (Xo, Yp, H). This can be expressed in terms of Dirac delta functions as
4= Qb (x— Xo) 5y — Yo) 6 (2 — H) 6 (1). (3.9)

The Dirac delta function & (z — a) is non-zero only at = a, it has dimensions of [z] ' (that is

the inverse of the dimensions of x), and the fundamental property that

/ f(@)d(x—a) de = f(a) (3.10)

for all functions which are continuous at x = a. With such a simple source term we are able to
seek analytic solutions to our advection-dispersion model, and other mass releases may later be

constructed by using a number of individual point releases and integrating the results, such as

in Lim (2005, Chap. 4) and McKibbin (2006).
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Trapping Within a Shelterbelt

Trapping occurs when droplets impact on the foliage of a shelterbelt and adhere. Trapped
droplets are removed from the airflow, thus the shelterbelt acts like a mass sink. The conceptual
model here is that the trapping is proportional to the concentration c; this is because the amount
of material which is removed by trapping must be proportional to how much is actually available
to be trapped. Under this model, there is no decrease in the trapping ability of the shelterbelt
due to saturation. We also assume that the droplets either pass through the shelterbelt or are
trapped by the foliage; they are not “splashed” or disintegrated into smaller droplets with a
different settling speed.

The rate of droplet mass removal by trapping, per unit volume of air, is given by kyRc. The

rate of mass removal from volume V is therefore

///V kyRe dV. (3.11)

The parameter kj reflects the ability of the shelterbelt to trap droplets; it is called the background
trapping rate, and defined as the mass fraction of droplets trapped per unit time [s~!]. The size
of k, will depend upon factors such as the foliage type, windspeed and droplet size (for more
information see Section 3.3). The function R is dimensionless, and non-zero only within the
block which represents the shelterbelt; it is like a switching function which turns the trapping

on within the shelterbelt and off elsewhere.

Governing Equation for the Model

The rate of change in the mass of droplets contained in volume V with respect to time is equal
to the net mass flux through its surface area A (due to advection, gravitational settling and
dispersion) plus the rates of mass addition by sources and removal by trapping. Combining

Equations (3.1)-(3.4), (3.8) and (3.11) accordingly:

gt///vch:—ﬁi(cu—cSk—DVc)-ndA+///V(q—l~chc) dv. (3.12)

Using Gauss’ divergence theorem to convert the surface integral to a volume integral then gives

;f///\/c W= _///V (V- (cu = eSk = DVe) = g + kyRe) dV. (3.13)

Volume V' is fixed in space, so the time derivative may be moved inside the integral on the

left-hand side.  On the right-hand side, we have V - (Sk) = 0 because the settling speed
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S is constant, and V - u = 0 because the airflow is incompressible (we are dealing only with
windspeeds of around 1—5 m s~!, and air at 20 °C is incompressible at velocities up to 102 m s,

“Incompressible Flow”, n.d.). Thus, Equation (3.13) simplifies to

/// <g§+u-Vc—Sk~Vc—V-(DVc)—q—i—kbRc) dv =0 (3.14)
14

and since V is arbitrary, this implies

Jdc

a—i—u-Vc—Sk-Vc—V-(QVc)—q—i—kbRc:O (3.15)
or
dc dc dc 9 e 9%c

Finally, substituting the rate of mass release per unit volume for an instantaneous point source

as given by Equation (3.9),

Oc Oc oc 0%c 0%c d%c
Si - DL@ +DT87y2 +DV$

E—Fu%— 9 +Qd(x—X0)d(y—Yo)d(z—H)6(t) — kyRe

(3.17)

over the domain

t>0, —c0o<z,y<oo,and 0 <z < 0.

Equation (3.17) is the advection-dispersion model upon which the remainder of this thesis is
based; it is to be solved subject to the initial and boundary conditions described in Section 3.2

below.

In the model as it stands above, the trapping is continuous throughout the block which represents
the shelterbelt; this is ideal from a continuum viewpoint but unfortunately it is difficult to
proceed analytically. As a way around the difficulty, we discretise the shelterbelt by instead
representing it as an array of smaller blocks, with the effect of trapping in each block concentrated
to the point at its centre. This point representation for trapping is a mathematical tool which
allows us to solve the model analytically and write explicit expressions for the total trapping
and the deposit on the ground. We begin in Chapter 4 with an analysis of the model for a
single trapping point, then consider the discretised shelterbelt in Chapter 5.

3.2 Imitial and Boundary Conditions

The initial, horizontal and upper boundary conditions for Equation (3.17) are

c (a:,y,z,O*) =0, and (3.18)

c(x,y,z,t) — 0as x,y — +oo, and z — +oo. (3.19)
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These are straightforward conditions stating that the concentration is zero everywhere until the
instant of release, and that for any given time the concentration should drop to zero far away

in the domain.

The boundary condition on the ground is less clear. We assume that the ground is impervious
to the droplets, so that they cannot disperse through it; consequently, the vertical dispersive
flux on the ground surface must be zero, which leads to the final boundary condition that

Jc
DV% (x,y,0,t) = 0. (3.20)

There are two possibilities here: If vertical dispersion of the droplets is negligible compared
to horizontal dispersion, such that Dy may be considered zero, then the boundary condition
is automatically satisfied. Otherwise, if vertical dispersion of the droplets is significant, then
the boundary condition must be satisfied by setting gz (z,y,0,t) = 0. Realistically, vertical
dispersion is likely to be significant because, this close to the ground, the airflow will be affected
by the surface topography (that is the crop and the shelterbelt) and will also have been disturbed

by the air-assisted spraying process.

Since the downward vertical flux [kg m~2] is given by Sc + DV%, Equation (3.20) implies
that in our model droplets deposit on the ground via gravitational settling only. According
to literature sources, particle deposition to a vegetated ground surface is more complicated as
roughness elements (such as leaves and stems) protrude from the surface. It is generally thought
that the ground surface will act as a “mass sink” proportional to the local concentration, so that

the boundary condition is of the form (Calder, 1961):

Se(2,9.0,1) + Dy o (2,9,0,1) = We (z,,0,1) (3.21)

where W is the proportionality constant [m s~!] for the particle removal at the ground surface.
This is commonly written as

0
Dvaf (2,,0,t) = vac (z,y,0,t) (3.22)

where vy = (W — S) is the deposition velocity (Calder, 1961; Lin & Hildemann, 1997; Raupach,
Briggs, et al., 2001; Essa et al., 2007). Raupach, Briggs, et al. (2001) present a model for
the deposition velocity as the sum of contributions from three processes: gravitational settling,
inertial impaction and Brownian diffusion. They show a comparison of their predicted values
(for a range of particle diameters) against experimental data and also the settling speed; this
comparison indicates that Equation (3.20), which implies that the droplets in our model deposit

with their settling speed, is not unreasonable over the applicable diameter range.
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3.3 The Background Trapping Rate £k

As introduced in Section 3.1, our conceptual model is that the trapping of droplets within a
shelterbelt is proportional to the local concentration. The proportionality constant is denoted
ky; we call this the background trapping rate, and it is defined as the mass fraction of droplets
trapped per unit time [s7!]. In this section we provide more information on kj;, and show how
it can be related to the recent Raupach, Woods, et al. (2001) model for the droplet capture
efficiency of a shelterbelt.

The capture efficiency of a shelterbelt depends upon factors such as windspeed and droplet
size, and also upon physical characteristics of the shelterbelt such as its porosity and foliage
type. The porosity of a shelterbelt affects the proportion of the airflow which travels through
it. There is a trade-off between porosity and capture efficiency: Raupach, Woods, et al. (2001)
note that the shelterbelt must be dense enough to collect droplets efficiently, but sparse enough
to allow airflow through it so that droplets may enter and be trapped. Inside the shelterbelt,
large droplets are more efficiently captured than small droplets; as droplet-laden air flows around
the foliage elements, small droplets are carried with the flow, whilst large droplets which have
greater inertia are more likely to deviate from the flow and impact on the foliage (Mercer &
Roberts, 2005). It has also been observed that small foliage elements have a better capture

efficiency, thus fine-needled species are more efficient than broadleaf species (Ucar et al., 2003).

The background trapping rate k; in our model is a measure of the capture efficiency of the shel-
terbelt; in the paragraphs below we show how it can be related to the recent Raupach, Woods, et
al. (2001) model for the capture efficiency. First, an outline of the Raupach, Woods, et al. (2001)
model is as follows. Their assumptions are that the wind flows horizontally through the shelter-
belt, and that both the wind flow and droplet concentration are uniform with height. Deposition
to the foliage elements occurs via gravitational settling, inertial impaction and Brownian diffu-
sion; of these three processes only impaction is considered significant, since large droplets with
appreciable settling speeds do not contribute to drift, and Brownian diffusion is only significant

for droplets smaller than the range of interest. The model is formulated as

DC

where C' is the droplet number concentration per unit volume [# m~3], « is the frontal area of

the foliage elements per unit volume [m~1], and gp is the impaction conductance onto the foliage

elements [m s~!]. We use a capital D to indicate that this is a material derivative, because
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the model is formulated from a Lagrangian viewpoint. Equation (3.23) is integrated along a

trajectory to give
MX,

Ch = Coe_agp “b (3.24)

where C7 and Cj are the droplet number concentrations directly upwind and downwind of the

shelterbelt. The fraction " b represents a typical time for the droplets to cross the shelterbelt;
up is the windspeed through ljche shelterbelt, known as the bleed velocity, X} is the width of the
shelterbelt, and M is a meander factor set at 1.2 which accounts for the droplets following a
meandering path due to turbulence. Most field measurements of shelterbelt density are in terms

of the optical porosity 7, which is related to a and X, by 7 = e~*X¢; the transmittance of the

C
shelterbelt ¢ = —* is thus written as
0

o=7ME (3.25)
where F = 9p is the impaction efficiency. An empirical formula for £ based on the Stokes
number St isugaken from Peters & Eiden (1992):

2
o (Stitm) . (3.26)
The Stokes number St is given by ,
St = 1’8’”~p“jya 2;‘:’ (3.27)

where p, and v, are the density and kinematic viscosity of the air, p, and d are the density
and diameter of the droplets, and d. is the average diameter of the foliage elements. It is noted
that, for d larger than around 30 um and for d. smaller than 30 mm, M E ~ 1 and the simple

approximation o = 7 works well.

Now to determine an expression for k. Recall that in our model, the rate of mass removal per
unit volume within the shelterbelt is kyc (setting R = 1 within the shelterbelt). Thus, from a

Lagrangian viewpoint

— = —ke. (3.28)

c
The number concentration of droplets is given by C' = —, where m is the mass of an individual
m

droplet. With m constant, Equation (3.28) becomes

DC

Direct comparison with Equation (3.23) shows that k; is related to the Raupach, Woods, et al.

model by kj, = agp; rewriting this in terms of the optical porosity 7 = e~ % and the impaction

ubE 1
kpy=——In(—]. 3.30
b Xp . <T> ( )

efficiency £ = Ip gives
up
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According to this equation, the background trapping rate k; depends upon the windspeed
through the shelterbelt, the optical porosity and width of the shelterbelt, and also the droplet

size (via the impaction efficiency F).

Figures 3.2 and 3.3 on page 37 show the value of kj, as calculated from Equation (3.30), for
various droplet sizes and five different windspeeds through the shelterbelt. Figure 3.2 is for
a poplar shelterbelt with 7 = 0.2 and d, = 100 mm; this is a moderately dense broadleaf
shelterbelt. Figure 3.3 is for a casuarina shelterbelt with 7 = 0.2 and d, = 2 mm; this is a
fine needled shelterbelt, also moderately dense. In both cases, the width of the shelterbelt is
Xy =2 m. The values used for 7 and d. are taken from Mercer & Roberts (2005).

3.4 Parameter Values

Table 3.1 (page 38) summarises some likely values for the parameters involved in our model.

1 and

Crop spraying usually takes place in low to moderate windspeeds, around 1 — 5 m s~
growers are recommended to avoid spraying in windspeeds greater than 5 m s~! (P. Holland
et al., n.d.; Wolf, 1997). Sprays contain a wide range of droplet sizes, approximately 10 pm —
1000 pm in diameter; we limit our attention to diameters less than 200 pum, since droplets larger

than this rarely contribute to drift as they have significant settling speeds and therefore deposit

quickly (Thompson & Ley, 1983).

Analysis of the structure of turbulence within plant canopies has shown large coherent eddy
structures with length scales ~ h horizontally and ~ h/3 vertically, where h is the canopy
height (Finnigan, 2000). There are few specific measurements of turbulence length scales within
orchard blocks, however some values from an apple orchard and an almond orchard which agree

roughly with these length scales may be found in Walklate (1993) and Y. S. Wang et al. (1992).

Crop heights and shelterbelt characteristics naturally vary between different orchard blocks.
Some typical values for kiwifruit orchards are given in Palmer et al. (1993): crops are usually
around 3 m tall, and shelterbelts are frequently deciduous species such as poplar or willow, or
evergreen species such as casuarina; they can be as much as 20 m tall, but are generally around
8 — 10 m tall, with a width of approximately 2 — 4 m. Using Equation (3.30), the background
trapping rate kj is then likely to be < 2 s71.
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Figure 3.2: Values of the background trapping rate k; [s~!], calculated from Equation (3.30), for various
droplet sizes and five different windspeeds through a moderately dense poplar (broadleaf) shelterbelt.
See the text for parameter values
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Figure 3.3: Values of the background trapping rate k; [s~!], calculated from Equation (3.30), for various
droplet sizes and five different windspeeds through a moderately dense casuarina (fine needled) shelterbelt.
See the text for parameter values
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Table 3.1: Some typical parameter values

Parameter Description Range

U mean windspeed 1-5ms!

d droplet diameter 10 — 200 pm

S settling speed 0.003 —1.2m s~ !
Ly, Lt horizontal turbulence length scales ~ 8 —10 m

Ly vertical turbulence length scales ~2—-3m

ky background trapping rate <257t

3.5 Chapter Summary

In this chapter, we set up the framework for our advection-dispersion model to describe the
transport of airborne drifting spray droplets, in the absence of evaporation, including trapping
within a shelterbelt. The model is intended to be simple, in order to make an analytic solution
possible, yet still capture the major features of the droplet transport. A summary of the main

features and assumptions of the model, as described earlier in the chapter, is as follows:

e Drifting spray droplets are advected by the wind and dispersed by turbulence, all whilst
falling under the influence of gravity. Within the shelterbelt, droplets are removed by

trapping at a rate proportional to the local concentration there.

e The wind is assumed to be horizontal, and uniform in both speed and direction. It is also

assumed to flow through the shelterbelt undisturbed.

e Turbulence in the airflow is modelled as having some dominant length scales in the along-
wind, crosswind and vertical directions. These length scales are taken to be constant

throughout the flow.

e The ground is approximately horizontal; it is assumed to be impervious to the droplets,
therefore they cannot disperse through it. As a result, there is zero vertical dispersive

flux at ground level.

It remains, now, to determine an analytic solution for the model. As introduced earlier, the ideal

scenario of continuous trapping throughout the block representing the shelterbelt is difficult to
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deal with analytically, so instead we proceed by discretising the shelterbelt using an array of
smaller blocks with the trapping in each block concentrated to the point at its centre. The next
two chapters cover the process of obtaining an analytic solution to the model for the discretised

shelterbelt, beginning with just a single point representation for trapping.



Chapter 4

A Point Representation for Trapping

Recollect that in our advection-dispersion model for the transport of airborne drifting spray
droplets in the absence of evaporation (Chapter 3), a shelterbelt is represented by a block of
continuous trapping. Seeking an analytic solution, we begin by looking at a mathematically
simplified problem where the effect of continuous trapping throughout a block is concentrated
to the point at its centre; this point representation for trapping gives us much more traction
analytically, and allows us to write explicit expressions for the total trapping and the subsequent
deposit on the ground. Later we will use the results from this point representation to construct

an analytic solution to the model with trapping in a discretised shelterbelt (see Chapter 5).

In this chapter we analyse our advection-dispersion model with a point representation for trap-
ping. We consider two separate cases: the first is a special case where vertical dispersion of
the droplets is negligible compared to horizontal dispersion, and the second is the more realistic
case where vertical dispersion is significant. In each case the ultimate objective is a full three-
dimensional (3-D) solution to the model, but we also show solutions in one and two dimensions
(1-D and 2-D). The 1-D and 2-D solutions are stepping-stones towards the full 3-D solution,
but are also interesting in their own right: the 1-D solution behaves a little differently from the
2-D and 3-D solutions, and the 2-D solution is useful for comparison, as other models for spray

drift deposition, described in the literature, are also 2-D.

As is explained in further detail in this chapter, an interesting artefact of the point representation
arises whereby the droplet mass concentration is negative for a short time in the vicinity of the
trapping point; this is a consequence of using Dirac delta functions to define the point. Whilst
the issue seems alarming at first, it is magnified in this chapter by the unrealistically high

trapping rates used for demonstrative purposes. In Chapter 5 we show that the issue is of

40
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negligible effect with realistic trapping rates, as the localised area in which the concentration is

negative becomes very small.

4.1 Advection-Dispersion Model

Let us begin by clarifying what is meant by a point representation for trapping: we assume that
there is continuous trapping of droplets within a small block, and then concentrate the trapping

to the single point at the centre of this block using Dirac delta functions.

Recall from Chapter 3 that the rate of mass removal by trapping per unit volume of air is
kyRc, where ky is the background trapping rate, and R is a dimensionless function which is non-
zero only where trapping occurs. Let the small block of continuous trapping have dimensions

Az x Ay x Az, and the point at its centre be denoted (Xi,Y7, Z1); then R is defined as
R =AzAyAz§ (x — X1)d(y — Y1) (2 — Z1) (4.1)

which is dimensionless and non-zero only at (X1, Y1, Z1). In this way, the rate of mass removal

per unit volume of air is kycAzAyAzd (x — X1) 6 (y — Y1) 6 (2 — Z1). Lastly, we define
k = kyAxzAyAz (4.2)

as the effective trapping rate for the point (with dimensions of volume per unit time [m3 s=1).
Substituting Equations (4.1) and (4.2) into (3.17), our advection-dispersion model with a point

representation for trapping is

Oc Oc Jdc d%c d%c d%c
@ﬂLu%—S& = DL@+DTa—y2+DV@+Q5(x—X0)6(y—Yo)é(z—H)é(t)
—kc(X1,Y1,21,t)6 (v — X1) 0 (y — Y1) 0 (2 — Z1). (4.3)

This is to be solved subject to the initial and boundary conditions given in Chapter 3, Section 3.2.
If the vertical dispersion coefficient Dy = 0, then the boundary condition on the ground is
automatically satisfied and Equation (4.3) is relatively simple to solve analytically. However,
if Dy # 0 then the boundary condition on the ground makes the solution process much more

complicated, and the solutions we obtain are nestled in integral equations.
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4.2 Total Droplet Trapping and Deposition

The quantities of particular interest are the total mass of droplets trapped at the point and
the subsequent deposit on the ground. Both of these quantities are found from the solution to
the advection-dispersion model; we will make frequent use of Laplace transforms in evaluating
them, via the property that
oo oo
/0 c(z,y,2,t) dt = /0 e Ple(x,y,2,t) dt =¢(z,y,2,0) (4.4)
p=0

where ¢ (x,y, z,p) is the Laplace transform of ¢ (x,y, z,t) with respect to t.

Total Droplet Trapping

The total mass of droplets trapped at the point, Mpr [kg], is found by integrating the trapping
rate per unit volume with respect to space and time. The trapping rate per unit volume of air is
kyRc; with substitution of Equations (4.1) and (4.2) for the point representation, this becomes
ke(X1,Y1,Z1,t) 0 (x — X1)0 (y — Y1) 0 (2 — Z1). Integrating with respect to space and time:

My — / / / / ke (X1, Y1, Z1,0) 6 (2 — X1) 6 (y — Y1) 6 (= — Z1) da dy d= dt
0 0 —0o0 J —00

= / kC(Xl,Yl,Zl,t) dt
0

= k‘E(Xl,YI,Zl,O). (45)

The total mass of droplets deposited on the ground, Mpr [kg], is simply what remains of the

original release after trapping, that is

Mpr = @Q— Mgt

= Q—kE(Xl,Yl,Zl,O). (46)

Droplet Deposition

The total mass of droplets deposited on the ground per unit area, Mp [kg m~2], is found by

integrating the downward mass flux per unit area with respect to time. At height z, the

: . dc : . .
downward mass flux per unit area is Sc¢ + Dy — (made up of a settling flux and a dispersive

0z
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flux). At ground level (z = 0) the boundary condition asserts that the dispersive flux is zero,
thus droplets will only deposit via gravitational settling, and the downward mass flux per unit

area is Sc(z,y,0,t). Integrating with respect to time:

Mp (z,y) = /0 Sc(z,y,0,t) dt

= S¢(z,9,0,0). (4.7)

This method of evaluating the total trapping and deposition is particularly convenient, as we
make considerable use of Laplace transforms in solving our advection-dispersion model, and in
most cases the required transforms are readily available. Tables of the Laplace (and Fourier)

transforms used in this thesis may be found in Appendix B.

4.3 Case 1: Zero Vertical Dispersion

In this section we analyse our advection-dispersion model with a point representation for trap-
ping, in the case where vertical dispersion of the droplets is very small compared to horizontal
dispersion, such that the vertical dispersion coefficient Dy may be considered zero. This is a
special case of the model where the droplets can disperse only horizontally; the boundary con-
dition of zero vertical dispersive flux on the ground is automatically satisfied, and it is relatively
simple to determine an analytic solution. We present solutions in 1-D and 2-D, building up to

a full 3-D solution.

One-Dimensional Solution

In 1-D, and with Dy = 0, our advection-dispersion model with a point representation for
trapping becomes
oc dc

5~ S5 = QO (z = H)3(t) — ke(Z1.)3 (=~ 21) (4.8)

with initial and boundary conditions
¢(2,07) =0 and ¢ (o0,t) = 0.

Conceptually this is now trapping at a plane, as shown in Figure 4.1. Mass ) per unit area is
released at time ¢ = 0 from the plane (z,y, 2) = (z,y, H). A thin layer of continuous trapping,

with thickness Az, removes droplets at mass rate per unit volume kyRc. We concentrate this
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H o] Release plane
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Figure 4.1: Conceptual illustration of the 1-D model with trapping at a plane.

trapping to the plane (x,y, z) = (z,y, Z1) at the centre of the layer, so that R = Azd (z — Z1),
and the effective trapping rate for the plane is k = k;Az. After release, the droplets simply fall
towards the ground with settling speed S; they do not disperse as they fall.

An analytic solution to Equation (4.8) may be found by taking Laplace transforms with respect
to t. The transformed solution is

—z k ( —z)
aam:%H@wai%i—gaa@nua—@ei%* (4.9)

where the bar accent denotes the Laplace transform, and H (z) is the Heaviside function
H(z) = (4.10)

Note that this transformed solution contains the, as yet, unknown ¢ (Z1, p) and has discontinu-
ities at z = H and z = Z;. To determine ¢(Z1,p) we let = — Z; (that is, we let z approach
7y from above), since this corresponds to the droplet mass concentration which arrives at the

trapping plane, thereby influencing the amount trapped.

c(Zi,p) = lim ¢(z,p)
z—>Zf'
(H—27)
= %H(H—Zl)e_pHszl (4.11)
Inverting the Laplace transforms:
0, z > H,
For Z1 > H, c(z,t)= (4.12)

Q6(z— (H-St), =<H,
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0, z > H,

and for Zy < H, c(z,t)={ Qd(z—(H—St)), Zy <z<H, (4.13)

Q<1—§> 5(x— (H—St)), 2< 7.
Above the release height the concentration is always zero; this is because there is no dispersion,
so the droplets do not move upwards. Below the release the concentration is non-zero only at
height z = H — St, which is the height the droplets have fallen to after time ¢. Because the
droplets simply fall downwards the concentration is the same at all heights, until the trapping
plane (provided it is below the release), whereupon some of the droplets are removed leaving a

lower concentration below.

Total Droplet Trapping and Deposition

The total trapping at the plane and the deposit on the ground are calculated by setting p = 0

in the transformed solution, as described in Section 4.2. The total mass trapped at the plane

per unit area [kg m~2] is

Mrr = ke(Z1,0)

0, Z1 > H,
= kO (4.14)

Yz < H,

g 1
and the density of deposit on the ground (mass deposited per unit area) kg m~?] is
Mp = 5¢(0,0)
Qa Zl > H7

- (4.15)

Some points to note:

e There is no trapping if Z; > H, that is, if the trapping plane is higher than the release.
This is because the droplets do not move upwards, therefore none will reach the trapping

plane if it is higher than the release.

e For Z; < H the total mass trapped is independent of Z;. This is because, for Z; < H,
all of the droplets will encounter the trapping plane no matter where it is, therefore the

same mass is always available to be trapped.
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A Physical Restriction on the Size of the Trapping Rate

For the model to remain physically sensible, the rate of mass removal at the trapping plane
must not exceed the rate of mass arrival; this places an upper limit on the size of the effective
trapping rate k, and consequently on Az, the thickness of the layer which the trapping plane
represents. The rate of mass arrival at the trapping plane is Sc (Zf ,t) and the rate of mass

removal is kc (Zf“, t), therefore we must have kc (Zf, t) < Sc (Z1+, t) which requires

k<S. (4.16)
Since k = kpAz, this condition implies
S
Az < —. (4.17)
Ky

Equation (4.17) says that, given background trapping rate ky, the maximum thickness of trapping
S

layer which may be represented by a single trapping plane is o Satisfying Equation (4.17)
b

also ensures that My < @ and Mp > 0; in other words, that the total mass trapped does not

exceed the original release and the density of deposit is non-negative.

Two-Dimensional Solution

In 2-D, and with Dy = 0, our advection-dispersion model with a point representation for

trapping becomes

2
%‘Fu@—S@—DLaC

a1 Tugs ~ 99, = Digm + Q0w —X0)d(z = H)3(t) — ke(X1,Z1,1) 6 (x = X1) 6 (2 = Z1)

(4.18)

with initial and boundary conditions

c (:c, z, 0_) =0, and

c(x,z,t) — 0 as x — +o00, and z — +0o0.

The conceptual situation is now trapping at a line of infinite crosswind length, as shown in
Figure 4.2. Mass @ per unit length is released at time ¢ = 0 from the line (z,y, z) = (Xo,y, H).
A rectangular prism of continuous trapping with infinite length, and cross-sectional area Axx Az,
removes droplets at mass rate per unit volume kyRc. We concentrate this trapping to the line
(x,y,2) = (X1,y, Z1) through the centre of the prism, so that R = AzAz0 (v — X1)d (2 — Z1)
and the effective trapping rate for the line is k = kyAxzAz. After release, the droplets disperse

alongwind whilst travelling with the mean windspeed u and falling at settling speed S.
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Figure 4.2: Conceptual illustration of the 2-D model with trapping at a line.

An analytic solution to Equation (4.18) may be found using a combination of Laplace transforms

with respect to t and Fourier transforms with respect to x. The transformed solution is

¢(w,z,p) = %H(H—z)e

L»J2 —ZzZ
—p(HS_z)—iw<X0+“(Hs_z))— DL(H—2)

— _ 2 —
_p(le Z)_iw(Xl"FU(Zé z))_w DLézl z)

k
_EE(XlaZLp)H(Zl —2)6 (419)

where the bar accent denotes the Laplace transform with respect to ¢, and the hat accent denotes
o

the Fourier transform with respect to z, as defined by f (w) = / f(z)e ™" dz. Inverting
—00

the Fourier transforms:

Q 7p(H—z)7S(I*X07u(Hfz)/S)2
E(.’L’,Z,p) = H(H—z)e s 4Dy (H—z2)
2/7SDy, (H — 2)
—= (Z1—2) S(z—X1—u(Z1—2)/5)2
_ ke (Xla Zl,p) H (Zl o Z) e_p }g - 4%)L(Z11_Z) . (420)

2\/wSDy (Z1 — 2)

To determine the, as yet, unknown ¢(Xi,Z1,p) we set x = X; and let z — Z:, since this
corresponds to the concentration which arrives at the trapping line, thereby influencing the
amount trapped.

E(Xlazlvp) = hl'Il E(Xl,Z,p)

z—>Zf’

Q4
25\/ 7TDLt1

(X1 —Xg—uty)?

(H— Zy)e P77 01 (4.21)

H-Z
where t; = Tl is the time for the droplets to fall to the height of the trapping line, assuming

it is below the release height. Inverting the Laplace transforms:
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For Z, > H,

0, :>H,
c(z,z,t) = (4.22)

and for 71 < H,

0, z>H,
Q _ (z—Xg—ut)?
WG 4Dt (S(Z—(H—St)), Zl<Z<H,
L

c(x,z,t) =
—Xg—ut)?

L€7< f[()JLt Y _ kQ >

NS, ATSDi/t (- 1)

_(X1-Xg-ut))?  (e—Xy-u(t—t1))?

e 4Dp 1ty 4D (t—t1) ) (Z - (H - St)) R z < 7.

(4.23)

This solution is similar to the 1-D solution, in that the concentration above the release height is
zero and the concentration below the release is only non-zero at height z = H — St (the height
the droplets have fallen to after time t). Here, though, the use of delta functions in the model
to define the trapping line results in a locally negative concentration beneath the trapping line.

This phenomenon was mentioned in the opening of the chapter, and is explained further below.

Ezxamining the Negative Concentration

An artefact of using Dirac delta functions as we have done in this model to focus the trapping to
a single line, is that the droplet mass concentration becomes negative in a localised area beneath
the trapping line. For instance, consider the concentration immediately below the height of the
trapping line, that is, at z = Z;. The time at which the droplets reach this height is ¢ = tf,
and the concentration there as given by Equation (4.23) is

Q _(zonfut1)2

e 4Dty
2\/ 7TDLt1
kQ
—F———¢€
257Dty

¢ (x? Zy, ti—) =
(4.24)

_ (X1 —-Xg—uty)?

4Dt 5(3;—X1> (S(Zl_ - (H_Sti_))
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using the property that

a2

e o2

Ulingr o =d(a). (4.25)

It is apparent from Equation (4.24) that, because of the ¢ (x — X;) term, the concentration

immediately beneath the trapping line at (z,z) = (X 1,2, ) is infinitely negative (unless k = 0

in which case there is no trapping).

The negative concentration occurs because we have focussed all of the trapping to an infinitely
thin line. Essentially, the trapping is a negative release of strength kc (X1, Z1,t1) which occurs
from the line (z, z) = (X1, Z1) at time ¢t = ¢;. Looking at Equation (4.23), the concentration
below Z; is a superposition of the original release and this negative release. Immediately below
the trapping line, the negative release dominates and so the concentration is negative, but then
as the droplets continue to fall and disperse, after a while the original release dominates and
the concentration becomes positive everywhere again. The time it takes for the concentration
to recover and become positive again depends on the size of ke (X7, Z1,t1); the larger this is the
longer it takes, and therefore the larger the localised area beneath the trapping line where the

concentration is negative.

As an example, Figure 4.3 shows the finite part of the mass concentration (the terms inside the
square brackets in Equation (4.23)) as a superposition of the original release and the negative
release which represents the trapping. The two heights, 2z = 1.9 m and z = 1.5 m, are below
the trapping line which is located at (X1, 721) = (4,2) m. The effective trapping rate is k = 1
m? s~!, which comes from k;, = 25 s~! and AzAz = 0.04 m?; this k value is unrealistically high
and is used only for demonstration purposes. The remaining parameters used are summarised in
Table 4.1 (page 52). At z = 1.9 m the negative release overpowers the original release and the

concentration is negative in the vicinity of Xy, but by z = 1.5 m the original release is dominant

and the concentration is positive everywhere.

We recognise that a negative concentration is a physical impossibility, thus the model does not
accurately describe the situation immediately beneath the trapping line. However, the issue
is only significant for unrealistically high values of £ which result in a long recovery time. As
shown in the next chapter, for realistic values of k the concentration recovers very quickly, so the
localised area in which the concentration is negative is very small and the issue has negligible

effect.
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(a) Finite part of the droplet mass concentration at height z = 1.9 m and time ¢t = 5.5 s.
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(b) Finite part of the droplet mass concentration at height z = 1.5 m and time ¢t = 7.5 s.

Figure 4.3: Cross-sections of the finite part of the mass concentration ¢ [kg m~3] at two different heights
below the trapping line which is at (X3, Z1) = (4,2) m. The mass concentration is a superposition of the
original release, and a negative release (representing the trapping). At z = 1.9 m the negative release
dominates and the concentration is negative near the trapping line. By z = 1.5 m the original release

dominates and the concentration is positive everywhere.



4. A Point Representation for Trapping 51

Total Droplet Trapping and Deposition

Following the procedure described in Section 4.2, the total mass of droplets trapped at the line
per unit length [kg m~!] is

Mrr = ke(X1,Z1,0)

0, Z1 > H,
- kQ _ (X1 —Xg—uty)? (4‘26)

I 4Dyt . Zy < H,
95\/nDit, !

leaving a total deposit on the ground per unit crosswind length of Mpr = Q — Mpr [kg m™1].

The density of deposit on the ground [kg m~2] is
Mp(x) = 8¢(z,0,0)

y e X 2
QV'S - Se=Xgous ZioH
2\/7THDL ’ ’

—_ Q\/§ _ S(z—Xg—uH/S)?
e 4D H
2/7THDj,
kQ _(Xg-Xg—ut))? _ S(z=Xy-uZ/S)?

e 4Dt 4Dy 71 , 71 < H.
ArDN/SZit !

(4.27)

Some points to note:

e Asin the 1-D solution there is no trapping if Z; > H, that is, if the trapping line is higher

than the release.

e If Z; < H then the total mass trapped decreases with increasing separation between the
trapping line and the release. For instance, if the alongwind separation |Xo — X| is large
then few droplets will encounter the trapping line as most will deposit before travelling
far enough. Alternatively, if the vertical separation (H — Z) is large then few droplets
will encounter the trapping line as they will be well-dispersed by the time they fall to that
height.

e For Z; < H the total mass trapped increases with increasing trapping rate k. To ensure
that Mpr < @, in other words that the total trapping does not exceed the original release,
requires

(X1 —Xg—uty)?

k <2S\/mDptie  Pin (4.28)
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and consequently, since k = kyAxAz,

(X1—Xg—utq)?
25VrDph G Karun?

AxzAz < ™

(4.29)

An Illustrative Example of the Two-Dimensional Solution

The following example illustrates the 2-D solution described above. The parameter set used here
is given in Table 4.1. A settling speed of S = 0.2 m s~! corresponds to droplets of approximate
diameter d = 44 um, and a dominant alongwind turbulence length scale of Ly = 2 m gives

dispersion coefficient Dy = uL; = 2 m? s L.

In this example the position of the trapping
line, (X1, 71), is slightly upstream of the centre of mass of the droplets at time ¢;, and the
effective trapping rate for the line is k = kyAzAz = 1 m? s7!.  According to Equation (4.28),
the maximum allowable effective trapping rate is 2.30 m? s~!. Note that the value of the the

background trapping rate kj is unrealistically high and used only so that the effect of trapping

may be more clearly observed.

Table 4.1: Parameter set used to generate Figures 4.4 and 4.5

u S LL Q (Xo,H) kb AxAz (Xl,Zl)
Ims?t 02ms?t 2m 1kgm™' (0,3 m 255! 004m? (4,2)m

Figure 4.4 shows cross-sections of the density of deposit [kg m~2], as calculated from Equa-
tion (4.27). The density of deposit with trapping is denoted Mp and the value without trap-
ping (found by setting k = 0) is denoted M7},. The corresponding percentage reduction in the
density of deposit as a result of this trapping is shown in Figure 4.5. There is a shadow region
of significant reduction just downwind of the trapping line, then less effect further downwind.
In this example the maximum reduction in density of deposit is 55 % which occurs at z = 12 m.

According to Equation (4.26) the total mass trapped at the line is My = 0.44 kg m~1.
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Figure 4.4: Cross-section of the density of deposit [kg m~2], resulting from a line release with zero vertical
dispersion and a line of trapping. Mp denotes the density of deposit with trapping, and M7, denotes
the corresponding value without trapping. Parameter values are given in Table 4.1.
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Figure 4.5: Cross-section of the percentage reduction in density of deposit as a result of the trapping in
Figure 4.4. Parameter values are the same as for Figure 4.4.
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Three-Dimensional Solution

In all three spatial dimensions, but with Dy = 0, our advection-dispersion model with a point

representation for trapping becomes

Oc Oc Oc 02 0?%c
o TUa, S = DL@—i—DTa—yz—|—Q5(x—Xo)é(y—Yo)(S(z—H)é(t)
—kC(Xl,Yl,Zl,t)(S(x—Xl)é(y—Yl)(S(Z—Zl) (430)

with initial and boundary conditions

c (m,y,z,O*) =0, and

c(z,y,2,t) — 0 as z,y — +oo, and z — +00.

Recapping the conceptual scenario: mass @) is released at time ¢ = 0 from the point (x,y,2) =
(Xo, Yo, H), and a small block of continuous trapping with dimensions Az x Ay x Az removes
droplets at mass rate per unit volume ky Rc. We concentrate this trapping to the point (z,y, z) =
(X1, Y1, Z1) at the centre of the block, so that R = AzAyAzd (x — X1)d(y — Y1) d (2 — Z1) and
the effective trapping rate for the point is k = kyAxAyAz. After release, the droplets disperse
horizontally (both alongwind and crosswind) whilst travelling with the mean wind speed u and

falling at settling speed S.

An analytic solution to Equation (4.76) may be found using a combination of Laplace transforms
with respect to ¢t and Fourier transforms with respect to = and y; this is really just an extension

of the previous 2-D solution. The transformed solution here is

(«2Dp+u?Dy)(H—2)
S

0O

—@—iw <X0+@>_i¢yo_

%(wawazvp) = H(H_Z)e

w?Dp+42Dr)(Z1-2)
5

k _p(Z1=2) wz-2)\ v

(4.31)
The bar accent denotes the Laplace transform with respect to ¢, the hat accent denotes the

Fourier transform with respect to x, and the tilde accent denotes the Fourier transform with

respect to y. Inverting the Fourier transforms:

_ Q _ p(H—2) S(z—zg—u(H—-2)/5)%  S(y—¥p)?
C(xayazap) = 4W\/m(H—Z)H(H_Z)e s 4Dy (H—z2) 4D (H—=z)
c p(Z1-2) _ S(z—X1-u(Z1-2)/8)%  S(y-v1)?
kC(X17Y17ZLp) H(Zl —Z) ei S - 4D, (Z1—=) TADp(Z1-2) |

Ary/DDr (71 — 2)
(4.32)
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To determine ¢ (X1, Y1, Z1,p) we set (z,y) = (X1,Y1) and let z — Z;~ to correspond with the

concentration which arrives at the trapping point, thereby influencing the amount trapped.

c(X1,Y1,Z1,p) = lim ¢(Xy,Y1,2,p)
z~>Z1Jr
Q H(H— 7 7pt17(X1*4)l;0;ut1)27(3;15310)2 133
— — Lt Tt1 .
TmstyDe Ve (4.33)

H-Z
where t; = 5 L is the time for the droplets to fall to the height of the trapping point.

Inverting the Laplace transforms:

For Z1 > H

c(z,y,z,t) = (4.34)

Q _(@=Xg—ut)?  (y—Yp)?

v 4Dyt 4Dyt § —H—St, Z<H,
antyDiDr o )

and for Z1 < H

0, z > H,
N T z i
— e Lt Tt z — — 5t)), <z <
47Tt\/m ( ( )) 1 ’
c(x,y,z,t) =
T — —Uu 2 —_ 2
Q ettt KQ y

4wt/ Dy Dp 1672S Dy, D1ty (t — tl)

(X1 -Xg-utp)? (M -Yp)?  (@e=Xp-ut-t)?  (y-v1)?
e 4Dy tq 4Dty 4Dy (t—t1) 4Dp(t—t1) | § (Z _ (H _ St)), 2 < Zl-

(4.35)

As in both the 1-D and 2-D solutions previously, the concentration is always zero above the
release height and only non-zero below the release at height 2 = H — St (the height the droplets

have fallen to after time ¢).

Being an extension from 2-D, this solution also exhibits a negative concentration in a localised
region beneath the trapping point. This may be explained as for the 2-D solution (refer
to page 48) by noting that, here, the trapping is essentially a negative release of strength
ke (Xy,Y1, Z1,t1) which occurs from the point (z,y,2) = (X1,Y7,Z1) at time t = t1. As such,
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the concentration below Z; is a superposition of the original release and this negative release, and
immediately beneath the trapping point the negative release is dominant. Once again, though
a negative concentration is physically wrong, the issue is only of significance for unrealistically

high trapping rates.

Total Droplet Trapping and Deposition

Following Section 4.2, the total mass of droplets trapped at the point [kg] is
Mpr = ke(X1,Y1,721,0)

0, Z1 > H,
_ (4.36)

kQ _(Xy—Xg—ut)?  (v-Yp)?

I — 1Dyt iDpt, , VA <H,
AnSt,/DL D7 !

leaving a total deposit on the ground of Mpr = Q — Mpp [kg]. The density of deposit on the

ground [kg m~2] is

Mp (z,y) = 5¢(z,y,0,0)
SQ _S@=Xg—uH/$)? _ S(y—Yp)?
— ¢ 4D H 4DpH , Zl > H7
dnH~\/ Dy Dr
_ S(z—Xg—uH/S)? S(y—Yy)?
- SQ e 42)LH - 4yDT1(‘JI _
dnH~\/ Dy Dp
kQ (X -Xp—wy)? (1 -Yp)?  Se-Xy-uzy/$)? Sw-v1)?
e 4Dty 4Dty 4Dy Z7 4D Zq , 71 < H.
\ 167T2t1Z1DLDT
(4.37)

Some points to note:

e There is no trapping if Z1 > H, that is, if the trapping point is higher than the release.

e For Z; < H, the total mass trapped decreases as the trapping point is moved farther from
the release. For instance, if either the alongwind separation | Xy — X1| or the crosswind
separation |Y; — Y| is large, then few of the droplets will travel far enough to reach the
trapping point before depositing.  Alternatively, if the vertical separation (H — Z7) is
large then the droplets will be well dispersed by the time they reach the trapping point.
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e For Z; < H the total mass trapped increases with increasing trapping rate k. To keep
Mpr < Q requires

(X1-Xg—ut))? | (¥1-Yp)?

k < A4nSti1\/DpDre *PrLt 4brty (4.38)
and therefore, since k = kyAxAyAz,

(X1—Xg—ut1)? | (Y1—Yp)2
47TSt1\k/DLDT€ 14Dit1 4 41DT’?1 '
b

AzAyAz < (4.39)

4.4 Case 2: Non-Zero Vertical Dispersion

In this section we analyse our advection-dispersion model with a point representation for trap-
ping, in the case where vertical dispersion of the droplets is significant compared to horizontal
dispersion (that is Dy # 0). This is more likely to be the case in reality, because the airflow
will have been disturbed by the sprayer, and with the proximity to the ground it will also be
affected by the surface topography.

Finding an analytic solution to the model with Dy # 0 is much more complicated due to the
boundary condition on the ground. This boundary condition, established in Section 3.2, requires

zero vertical dispersive flux at ground level, that is

Oc
Dy — =0. 4.40
Vaz (x,y,O,t) 0 ( )

For Dy # 0 this implies % (z,9,0,t) = 0. A similar model, with the same boundary conditions,
has been applied to volcanic ashfall (McKibbin et al., 2005; Lim, 2005). McKibbin et al. use an
alternative boundary condition ¢ (x,y, z,t) — 0 as z — —oo; this does not ensure zero vertical
dispersive flux on the ground, but the overall dispersion pattern is not greatly changed and the
resulting analytic solution is simpler. Lim presents a method for finding an analytic solution
with the original boundary condition via the use of a Greens function; we follow this method

and extend it to include the effect of trapping. As in Case 1 where Dy = 0, we build up to a
full 3-D solution by first finding solutions in 1-D and 2-D.

One-Dimensional Solution

In 1-D, and with Dy # 0, our advection-dispersion model with a point representation for

trapping becomes

2
Jdc S%:Dvac

=S5 52 T Q3 (z = H)§(t) —ke(Z1.0)6 (= — Z) (4.41)
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with initial and boundary conditions

¢(2,07) =0, c(co,t) =0 and gZ(O,t) =0.

See page 43 for a description of the conceptual situation, which is now trapping at a plane. After

release the droplets disperse vertically, whilst falling towards the ground with settling speed S.

A solution to Equation (4.41) may be found by following the method presented by Lim (2005,
Chap. 2), though the solution we obtain is nestled in an integral equation. The process is rather

lengthy; a brief outline is given here, with a full working in Appendix A.2. We begin by writing

Sz 8%
c(z,t) =U(z,t)e 2Pv 4Dy (4.42)
in Equation (4.41), so that
ou O*U
- — — = P (2,1 4.43
ot V022 (2:1) (443)
where
SH_ 571 82
P(z,t) =Qe?**vé(z—H)0 (t) — ke (Zy,t)e?Pv 4Dy, (4.44)
Next, we write
ou  SU
= — - — 4.4
V=S - (4.45)

2

ot 82> to obtain a diffusion equation with homogeneous bound-
z

0
and apply the operator ( — Dy

ary conditions, that is

G\% 2V oP S
_ - _ __=- p 4.4
ot V922~ 92 2Dy (4.46)

with V (2,07) =V (0,t) = V (00,t) = 0. The Greens function solution for V (z,t) is

t o rgp s
V(21) = /0 dr /O <ag (g,r)—mp(g,r)) Gxro (2,416, 7) de (4.47)

(Beck et al., 1992, p. 43) where G x19 (z,t|§, ) is given by

Gxio (2, tlE, 7) ! ( ~s _ ds >> (4.48)
X Za 77— = e vi=T) —e v =T . .
0 2\/7Dy (t — 1)

Integrating Equation (4.45) with respect to z gives U (z,t) in terms of V (z,t), then direct
substitution back into Equation (4.42) yields the desired solution ¢ (z,t). The solution is

t
c(z,t) =Qf (2,t; H) —/0 ke(Z1,7) f (2,6t — T3 7Z1) dt (4.49)
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where
— - (:-2)2 (:+2)2 Sebv Z+S
e v v _ (= _ G+ ebv z+ 4+ 5t
2, 0) = ——+——— e *Pvt 4 e 4Dvt | — erfc 4.50
A ) 2v/m Dyt ( > 2Dy < 2v/ Dyt ) ( )

and erfc (z) is the complementary error function. Note that the solution in Equation (4.49)
contains the, as yet, unknown concentration at the trapping plane ¢(Z,t) in the integrand.

Setting z = Z gives

t
c(Zl,t):Qf(Zl,t;H)—/O ke (Z,7) f (Za,t — 72 20) dr (4.51)

which is a linear Volterra equation of the second kind. Linz (1985) provides a good introduction
to these kinds of equations, and details various analytical and numerical solution methods. For
equations like this one where the integral is a convolution, analytic solutions can sometimes be
found by taking Laplace transforms, but in most cases the inversion is tricky and it is easier
to solve the equation numerically to begin with. Conveniently in our case, the quantities of
particular interest are evaluated directly using Laplace transforms (see Section 4.2), so there is

no need for inversion.

Total Droplet Trapping and Deposition

The total droplet trapping and deposition are found by taking Laplace transforms with respect
to t and then setting the transform variable to zero, as described in Section 4.2. The total mass

of droplets trapped at the plane per unit area [kg m—?] is

Mprp = ke (Zl, 0)

_ kQF(Z0,0;H)
L+ kf(Z1,0;Z1)
5(Z,—H)
Skfke I}V , 21> H,
= HQ (4.52)
— Z1 < H
S+ k: 1 )
and the density of deposit on the ground (mass deposited per unit area) kg m~2] is
Mp = 5¢(0,0)
= SQ?(()?Oa H) - SkE(ZI)O)?(():O;Zl)
S(Z1—H)
Q_ Skfke_ DlV ) Z1>H7
_ (4.53)
QS

_ 71 < H.
Stk !
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Some points to note:

e If Z1 > H, so that the trapping plane is above the release height, then the total mass
trapped decreases with increasing Z;. This is to be expected, since the droplets only
move upwards via dispersion, therefore the higher the trapping plane is, the less droplets

will disperse high enough to reach it.

e For Zy < H the total mass trapped is independent of Z;. This is because, for Z; < H,
all of the droplets must eventually encounter the trapping plane and so the total mass

available to be trapped over all time is the same.

e The total mass trapped increases with increasing trapping rate k. Contrary to the 1-D
solution with Dy = 0 though, it does not continue to increase as k gets large; in fact

_S(z1-H)
Qe bv o Zy>H,
lim MTT == (454)

koo Qa Zl <H7

so it is not possible to trap more than the original release. This, in turn, ensures that

Mp > 0 (the density of deposit is non-negative).

A Numerical Solution Method

It may be of interest to evaluate the mass concentration c¢(z,t) as given by Equation (4.49);
however this equation cannot be evaluated directly because of the, as yet, unknown c¢(Z1,t)
in the integrand. In this section we present a simple numerical method to determine the

concentration c¢(z,t) at a number of discrete time steps.
Given discrete time steps

t1 =0, to = At, t3 =2A¢, ... tiZ(i—l)At,

the first step is to solve for the unknown at each time step, that is ¢(Z1,t;), using Equation
(4.51). The integrand in this equation is singular at the upper end-point 7 = t;. Applying
the technique of product integration as in Linz (1985, Chap. 8), the integrand is split into two

parts: a non-singular part and a singular part. We write
t;
C(Zl,ti):Qf(Zl,ti;H)—/ kC(Zl,T)K(ti,T)P(ti,T) dr. (455)
0

The non-singular part is kc(Z1,7) K (t;,7) and the singular part is P (¢;,7), where
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752(’%‘77) 72 52y
Ktnr) = (oo | - SVlioTe™ (22 S8ti=T) (4.56)
2\/7Dy 2Dy 2v/Dy (b = 1)

P(t;,7) = (4.57)

ti— T
The well-behaved part kc(Z1,7) K (t;,7) is approximated by its value at the beginning of each

time step. Thus, for the integral in Equation (4.55),

i—1

t; ti1
/ be(Z,7) K (1) P (t,7) dr ~ S :k:c(Zl,tj)K(ti,tj)/J Ptir) dr.  (458)
0 ; ”
]:]_ J

As there is no contribution to the summation from the first time step (¢ (Z1,t1) = ¢(Z1,0) =0

from the initial condition), ¢ (Z1,t;) is approximated by

tjt1
C(Zlati) = Q Zl7tla ch Z17tj tlatj)/ P(t%T) dr
t

J

12

Q Zl,tl, H 22]{26 Zl, (ti,tj) [\/tz - tj - \/ti - tj+1 ] . (459)

Thus, successive values for the concentration at the trapping plane are determined using values
from previous time steps. According to Linz this method (usually called Euler’s method) can
be expected to be of order O (At). Other higher-order methods could also be used, such as

product integration based on the trapezium rule, but the advantage of this one is its simplicity.

The next step is to numerically evaluate Equation (4.49) for the concentration ¢ (z,t;), using the

approximated values for ¢ (Z1,t;). According to that equation

ti
c(2.t) = QF (z,ti;H)—/O ke (Z1,7) f (21t — 7 Z1) dr (4.60)

where f(z,t;Z) is given by Equation (4.50). For z # Z; the integrand is zero at each of the
end-points 7 = 0 (because of the initial condition) and 7 = t;. We apply a method based on
the trapezium integration rule, as in Linz (1985, Chap. 7), so that ¢(z,t;) is approximated by

i—1

c(z,t) ~ Qf (2.t H) = ALY ke (Z,t)) f (2t — t55 Z1). (4.61)

j=2
Thus, successive values for the concentration are determined using values at the trapping plane
from previous time steps. According to Linz, this method can be expected to be of order
(0] (At)2, but in this case the accuracy is probably reduced because the approximated values for

¢(Zy,1;) already contain some error.
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Two-Dimensional Solution

In 2-D, and with Dy # 0, our advection-dispersion model with a point representation for

trapping becomes

%—i—u% —S% = DLS;Z—I—Dvgzg—l—Qé(:c—Xo)é(z—H)d(t)
—ke (X1, Z1,t)0 (x — X1) 0 (2 — Z1) (4.62)
with initial and boundary conditions
c (:)3, z,O_) =0,
c(x,z,t) = 0 as x — o0, and z — 400, and
% (x,0,t) = 0.

Conceptually this is now trapping at a line of infinite crosswind length, as described on page 46.
After release the droplets disperse alongwind and vertically, whilst travelling with the mean

windspeed u and falling at settling speed S.

An analytic solution to Equation (4.62) may be found by taking Fourier transforms with respect
to z and then following the method used to obtain the 1-D solution. The transformed equation
is

0%
022
—ke (X1, Zy,t) e X5 (2 — 7). (4.63)

@—S@-F (w2DL+z'wu)€ = Dy

—iwXo .
5~ 5o + Qe Xog (2 — HY 6 (1)

We then write
= - —S—zt—(w2DL+iwu)t

c(w,z,t) =U (w,z,t)e 2Pv 1Dv (4.64)
so that the transformed equation becomes
oU U 4
- = — =P t 4.65
ot V822 (w7z7 ) ( 6 )
where
= Sif’in()
P(w,z,t) = Qe?Pv 0(z—H)d(t)
57y 4 s% w —lw —u
ke (X1, 71, t) by Tipy tPrtimut g gy (4.66)

Equation (4.65) is now in the same form as Equation (4.43) in the 1-D solution, thus to find
an expression for U (w, z,t), and subsequently ¢ (w, z,t), we follow the steps outlined in the 1-D

solution. The result is

o~ t o~
E(w,z,t):Qf(w,z,t;Xo,H)—/ ke (X1, Z0,7) F(w, 2t — 73 X0, Z1) dr (4.67)
0
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where
S22t S(z—2)

~

» o, e 1Dy~ 2Dy _(z=2)? _ (z+2)?
f(w,z,t; X, Z) — ¢ tw(X+ut)—w?Drt e ADVT | ¢ Dyt

2v/m Dyt

Sz

_Se_W erfe z+ 7+ St
2Dy 2/ Dyt

(4.68)

At this point we would like to invert the Fourier transforms, but a difficulty arises at z = 23
where the integrand in Equation (4.67) has a singularity of the form (¢ — 7')71/ 2 at the upper

endpoint. Ignoring this for now and simply inverting under the integral:

t
c(z,z,t) =Qf (x,2,t; Xo, H) — / ke(Xy, Z1,7) f(z,2,t — 7 X1, Z71) dT (4.69)
0
where
7(1*X7ut)2 75721575(2*Z)
e iDrt e 4Dy 2Dy _(ZBZ)tQ N _(ZJDrZ)t2
ot X, Z) = v v
Mozt X 2) = S rpa | bt \° ‘
5z

Dy
SV e (Z+Z+St) (4.70)

€
2Dy 2Dyt

Once again we observe that the concentration becomes negative as an artefact of using Dirac
delta functions to focus all of the trapping to an infinitely thin line. In this case the concentration
is negative in a localised area around the trapping line (both above and below), whereas for
Dy = 0 it was only negative below. Similar to the explanation on page 48, the trapping here is
essentially a continuous negative release of strength kc (X1, Z1,t) from the line (z, 2) = (X1, Z1),
and the concentration as given by Equation (4.69) is a superposition of the original release and
the summed effect (up to the present time) of this negative release. Near the trapping line the
negative release overpowers the original release for a short time; the size of the area over which

this occurs depends on the size of k.

The solution in Equation (4.69) contains the, as yet, unknown ¢ (X1, Z1,t) in the integrand.

Setting (z, z) = (X1, Z1) gives
t
C(Xl, Zl,t) = Qf (Xl,Zl,t; X(],H) — / k‘C (Xl, Zl,T) f (Xl, Zl,t — T;Xl, Zl) dT, (471)
0

and now the difficulty mentioned in regard to inverting the Fourier transform becomes apparent:
f (X1, Z1,t —7; X1, Z1) has a singularity of the form (¢t — 7) ' at the upper endpoint, thus the
integral is divergent, and the Laplace transform f (X1, Z1,p; X1, Z1) is not defined classically.
However, an expression may be found for the transform via distribution theory as covered by

Zemanian (1987, Chap. 8).
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Total Droplet Trapping and Deposition

Following Section 4.2, the total mass of droplets trapped at the line per unit crosswind length

kg m~1] is
Mrr = ke(Xy, Z1,0)

kQ? (le Z1>O; XO, H)

a , (4.72)
1+ kf (X1, 21,0; X1, Z1)

which leaves a total mass deposit per unit crosswind length of Mpr = Q — My [kg m~!], and

the density of deposit on the ground (mass of droplets deposited per unit area) [kg m~2] is
Mp (z) = S¢(x,0,0)

= SQf (x,0,0; Xo, H) — Ske (X1, Z1,0) f (2,0,0; X1, Z1)

 SEQf (X1, 71,0; Xo, H) f (2,0,0; X1, Z1)

= SQf (x,0,0; Xo, H = 4.73
A 0: H) L+ kf (X1, 21,0; X1, Z1) (47
Provided (z,z) # (X, Z), the required transform is
S ([ sen) By (2, 2) By (2, 2)
_ e 2DL _SG= aBq (z, 2 afy(x, 2
20X, Z) = 2y | K, K
flaz ) 2m/DLDv<e ' [0( 2 >+ °< 2 ﬂ
S *© _S5E=2) afs (x,
—Z)VL e 2Dy KO (Bzéé.)> d£> (474)
where
w52 (z—X)* (22— 2)? (z—X)* (2+2)?
a = D7L Divaﬂl (CL‘,Z)—\/ DL + DV a52 (:E,Z)— DL + DV )

and Ky is a modified Bessel function of the second kind of order zero (Weisstein, 2002). The
transform f (X1, Z1,0; X1, Z1) is not defined classically because it requires the Laplace transform

of t~1. Using the formula for the Laplace transform of ¢! given by Zemanian (1987, p. 348 No. 4)

we obtain
- 1 1 a? aZ,
X1,21,0,X1,2) = ——o|—(In(— Ko | —=L
f X, 2 12) QWVDLDV[ 2<n<4>+7>+ O(VDV>
v ()
 —— e 2bv Kop| ———2| d 4.75
Dy Jz, °\ 2Dy ¢ (4.75)

where v = Euler’s constant = 0.57722... (Zemanian, 1987, p. 346). It is not so easy to analyse

the total trapping directly from Equation (4.72) because of the more complicated transforms.
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However, looking at various calculated examples we observe the expected behaviour; that is,
the total trapping increases with increasing trapping rate k, and decreases if the trapping line

is moved further from the release.

An Illustrative Example for the Two-Dimensional Solution

The following example illustrates the 2-D solution with Dy # 0 described above. The parame-
ter set used here is given in Table 4.2; these are the same values as used previously for the 2-D
solution with Dy = 0. A settling speed of 0.2 m s~! corresponds to droplets of approximate
diameter d = 44 pm, and dominant turbulence length scales of (L, Ly) = (2,1) m give disper-
sion coefficients (D, Dy) = u (L, Ly) = (2,1) m? s~!. The effective trapping rate for the line
is k = kyAxzAz =1 m? s7!; note that the value used for k; is unrealistically high, and is used

only for demonstration purposes.

Table 4.2: Parameter set used to generate Figures 4.6 and 4.7

U S (L, Lv) Q (Xo, H) Ky, AzAz  (X41,77)
Ims?t 02ms?t (2,1)m 1kgm™' (0,3)m 255! 004m? (4,2)m

Figure 4.6 shows cross-sections of the density of deposit [kg m~2], as calculated from Equa-
tion (4.73); the density of deposit with trapping is denoted Mp, and the value without trapping
is denoted Mj, (found by setting £ = 0). One notable feature is the “elongated tail”, that
is, the deposition profile is not symmetric. This is because of the vertical dispersion: droplets
which are dispersed upwards spend longer in the air, and therefore travel further with the wind

before depositing.

The corresponding percentage reduction in density of deposit as a result of the trapping is
shown in Figure 4.7. In the previous example for Dy = 0 there was significant reduction
just downwind of the trapping line; but then strength of reduction decreased quite rapidly with
increasing downwind distance. Here, though the deposit is not reduced by as great a percentage,
the effect persists much further downwind. According to Equation (4.72), the total trapping in
this case is Mpr = 0.13 kg m™'; this is considerably less than the previous example for Dy = 0

where it was 0.44 kg m~!.
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Figure 4.6: Cross-section of the density of deposit [kg m~2], resulting from a line release with non-zero
vertical dispersion and a line of trapping. Mp denotes the density of deposit with trapping, and M7,
denotes the corresponding value without trapping. Parameter values are given in Table 4.2.

20

Percentage Reduction in Density of Deposit [%]

O 1 1 1 1 1 1

-10 0 10 20 30 40 50 60
x [m]

Figure 4.7: Cross-section of the percentage reduction in density of deposit as a result of the trapping in
Figure 4.6. Parameter values are the same as for Figure 4.6.
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Three-Dimensional Solution

In all three spatial dimensions, our advection-dispersion model with a point representation for
trapping is as given by Equation (4.3); that is

Oc Oc dc 0% 0% 9%c
o o Yoz T Pram tPrap tPvan

—kC(Xl,Yl,Zl,t)5($—X1)5(y—Y1)5(Z—Zl) (476)

+Qd(x — Xo)0(y—Yo)d (2 — H)d(t)

with initial and boundary conditions

c(m,y,z,Of) =0

c(z,y,z,t) — 0 as m»?/—>ﬂ:oo and z — 400, and

Jc
p (z,y,0,t) = 0.

The conceptual scenario is recapped on page 54. After release the droplets disperse horizontally
(both alongwind and crosswind) and vertically, whilst travelling with the mean windspeed u and

falling at settling speed S.

An implicit analytic solution to Equation (4.76) may be found by taking Fourier transforms with
respect to z and y then following the method used to obtain the 1-D solution; this procedure is

really just an extension from that used in 2-D. The transformed equation is

ge saj 2Dy +1i 2Dr)e = D o% Qe wXo—iYog5 (5 — H) 6 (1)
ETi 8z+(w L+ iwu + T)c = V8z2+ e (z —
—kc (Xl, Y1, 71, t) e~ wX1—WY1 g (Z — Zl) .
(4.77)
We then write
~ ~ 2 2 .
B (w, b, 2,8) = U (w, 1), 2,£) ¢ 3y ~apy —(*Driwuty?Dr)e (4.78)
so that the transformed equation becomes
o0 U =
a - V@ =P (wﬂ% Z7t) (479)
where
3 SH i Xo—ihYo
P(w,,z,t) = Qe*Pv 6(z—H)o(t)
ke (X1,Y1, 2 t)e%+%+w2DLt—iw(X1—ut)+v2DTt—i1/)Y15(z_ 7).
(4.80)

Equation (4.79) is now in the same form as Equation (4.43) in the 1-D solution; thus to find
an expression for U (w, 1, z,t), and subsequently :c:(w,i/J,z,t), we once again follow the steps

outlined in the 1-D solution. The result is
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~

~ t ~
8(W7¢,Zat) = Qf (WJ/J,ZJ;X(LYO,H) _/ kC(Xl,Y17Z1,T)f(w,¢,Z,t—T;Xl,Yl,Zl) dr
0

(4.81)
where
= _4S5t_séj:>_z) (2—7)2
0 wb, 2, XY, Z) = e—w(X+ut)—w? Dpt—ipY —¢*Dpe | € 7V TV - D
fw, v ) NCITT
G2\ SePv 2+ 7+ St
+e vt | — erfc | ———1]| - (4.82)
2Dy 2y/Dyt

As in the 2-D solution, at this point we would like to invert the Fourier transforms, but a
difficulty arises at z = Z; where the integrand in Equation (4.81) has a singularity of the form

(t— 7')_1/ 2 at the upper endpoint. Ignoring the singularity and inverting the transforms:

t
c<x7yaz7t) :Qf(x7yazat;X0;Yb7H) _/ k;c(XhYlelvT>f(mayvz7t_T;X17Y1721> dr
0

(4.83)
where
_(@=Xx—ut)?  (y-Y)? _ 8%t _S(z=2)
£ LXYz) = e T etV V[ GRS
wa 727 7 ) ) = € v € v
y Art\/D.Dr 2y/m Dyt
Se~Pv o (25 (4.84)
— erfc .
2Dy, 2v/ Dyt

Being an extension from 2-D, this solution also exhibits a negative concentration for a short

time in the vicinity of the trapping point (refer to page 63).

Setting (x,y, z) = (X1, Y1, Z1) to determine the, as yet, unknown ¢ (X1, Y1, Z1,t) which appears
in the integrand of Equation (4.83) gives

C(Xla}/th?t) = Qf(X]_,Y]_,Z]_,t;XO,}/O,H)
t
—/ ke(X1,Y1,Z1,7) f (X1, Y1, Z1,t — 73 X1, Y1, Z1) dr. (4.85)
0
In Equation (4.85), f (X1,Y1, Z1,t — 7; X3, Y1, Z1) has a singularity of the form (¢ — 7')73/2 at the
upper endpoint, thus the integral is divergent, and the Laplace transform f (X1, Y1, Z1, p; X1, Y1, Z1)
does not exist classically. As in the 2-D solution an expression may be found for the transform

by using distribution theory, and in this way we are still able to directly evaluate the total

trapping and deposition.
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Total Droplet Trapping and Deposition

Following Section 4.2, the total mass of droplets trapped at the point [kg] is

Mrr = ke(Xy,Y1,7:,0)

kQ? (X17Yl7 Zlyo; XOavaH)
1 + k?(Xl,}/i,Zl,O;Xl,Yl,Zl)7

(4.86)

leaving a total mass deposit on the ground of Mpr = Q — Mpr [kg]. The density of deposit on
the ground [kg m™2] is

MD (‘T7y) = Sc (‘T?ya 0,0)

= SQ?(%%O,O’XO,Y(MH) - SkE(XhYl?Zl70)?(l‘)y)0)o; Xl,Zl)

SkQ?(Xla}/iaZlao;X07Y07H)?(x7y7070;X17}/17Zl)

:S 71’, ,070;X7Y’H - f

(4.87)
Provided (z,vy, 2) # (X,Y, Z), the required transform is

u(z—X)

B e 2D _ 5(2=2) e_%o‘ﬁl(x7yvz) e—%ﬁz(%%z)
f(x>y7z70;X7}/7Z) = ——F e *Pv

+
47T\/m /31 (SC,y,Z) 52(.%',3/,2)

S /oo _sggD_Z) e*%aﬁQ(Ivyvf) dé‘ (4 88)
_ e vV — .
DV z 62 (:1:7 Y, f)

where

, and

2 2 2
e Bl(m,yw):\/(x_x) L= (-2)

Dy + Dy Dy Dy Dy

2 v? (s 2
Bz(w,y,Z)—\/(xDLX) +(ny) 4! ;VZ) .

The transform f (X1, Y1, Z1,p; X1, Y1, Z1) is not defined classically because it requires the Laplace

3/2.

transform of ¢7%/%; using the expression obtained via distribution theory in Zemanian (1987,

p. 348 No. 2) gives

_ 1 a /Dy -4
X1,Y1,21,0, X1, Y1, 21) = ——m—m=—|—-=+ e VPv
f (X, 2z, 1, Y1,21) i ,7DLDTDV|: 5 T 97
S 00 1 _S5(E=%1) _a(é+Zy)

b ) Em v oDy gg|. (4.89)
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Again, it is not so easy to analyse the total trapping directly from Equation (4.86) because of
the more complicated transforms, but looking at various calculated examples the total trapping
increases with increasing trapping rate, and decreases if the trapping point is moved further

from the release as expected.

An Illustrative Example for the Three-Dimensional Solution

The following example illustrates the 3-D solution with Dy # 0 described above. The parameter
set used here is given in Table 4.3. A settling speed of 0.2 m s~! corresponds to droplets of
approximate diameter d = 44 pm, and dominant turbulence length scales of (Lp, Ly, Ly) =
(2,2,1) m give dispersion coefficients (Dy.Dr, Dy) = u(Lp, L, Ly) = (2,2,1) m? s7!. The
effective trapping rate for the point is &k = kyAzAyAz = 10 m? s7!; this comes from an
unrealistically high background trapping rate kp, which we use only to make the effect of trapping

more easily observed.

Table 4.3: Parameter set used to generate Figures 4.8, 4.9 and 4.10

U S (L, L, Ly) Q (Xo, Yo, H) kp AzAyAz (X1,Y1,77)

Ims™?t 02ms?t  (2,2,1)m 1kg (0,0,3)m 1250s~t 0.008 m® (4,2,2) m

Figure 4.8 shows contours of the density of deposit [kg m~2] without trapping, calculated by
setting £ = 0 in Equation (4.87). The corresponding contours with trapping are shown in
Figure 4.9; there is not much visible effect on the contour lines, but they are bent slightly near
the trapping point. Note the oval shape of the contours in both figures; they are elongated in the
downwind direction as a result of the vertical dispersion - droplets which are dispersed upwards
spend longer in the air, and are blown further by the wind before depositing. Figure 4.10 shows
the percentage reduction in density of deposit as a result of the trapping. The maximum
reduction in density of deposit is around 31 %, which occurs in the clearly evident shadow
area behind the trapping point.  According to Equation (4.86), the total mass trapped is
Mpr = 0.14 kg.
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Figure 4.8: Contours of the density of deposit [kg m~2], resulting from a point release (marked with a
*) with non-zero vertical dispersion and no trapping. The spacing between contours is 0.00027 kg m~2,
with the outer contour at 0.00027 kg m~2 and the inner contour at 0.00243 kg m~2. Parameter values

are given in Table 4.3.
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Figure 4.9: Contours of the density of deposit [kg m~2], resulting from a point release (marked with a
%), with non-zero vertical dispersion and trapping at a point (marked with a x). The spacing between
contours is 0.00025 kg m~2, with the outer contour at 0.00025 kg m~2 and the inner contour at 0.00225

kg m~2. Parameter values are given in Table 4.3.
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y [m]

Figure 4.10: Contours of the reduction in density of deposit between Figures 4.8 and 4.9 as a result of the
trapping. The maximum reduction is 30.95 % (the inner contour). The release point is marked with a
*, and the trapping point is marked with a x. Parameter values are the same as for Figures 4.8 and 4.9.

4.5 Chapter Summary

In this chapter we simplified our advection-dispersion model, which was derived in Chapter 3,
so that the effect of trapping is concentrated at a single point. The benefit of this point
representation for trapping is that it allowed us to solve the model analytically, and find explicit
expressions for the total trapping and the resulting deposit downwind. The material presented

in subsequent chapters is built upon this point representation.

We analysed the model in two cases: first the simple case of negligible vertical dispersion, and
second the more realistic case of significant vertical dispersion. In each case we found solutions
to the model in one- and two-dimensions, building up to a full three-dimensional solution.
For the case of zero vertical dispersion, the solutions were readily obtained following standard
Laplace and Fourier transform methods; but for non-zero vertical dispersion the process was
more complicated and involved the use of Green functions. Although the solutions obtained for
the model with non-zero vertical dispersion turned out to be nestled in integral equations, we

were still able to find explicit expressions for the total trapping and deposition.
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It was found that an artefact of the point representation for trapping is that it causes the
droplet mass concentration to become negative in the vicinity of the trapping. We recognise
that in this vicinity the model does not accurately represent the conceptual situation, however
the unrealistically high trapping rates in this chapter exaggerate the issue. In the next chapter
we will use the point representation to construct a discretised shelterbelt, and it becomes clear

that the issue of a negative concentration has negligible effect with realistic trapping rates.



Chapter 5

Trapping in a Discretised Shelterbelt

Here we use the results obtained in the previous chapter to construct an analytic solution to
our advection-dispersion model with trapping in a discretised shelterbelt (in the absence of
evaporation). Recall that the shelterbelt in our model as it was originally derived in Chapter 3
is represented by a block of continuous trapping, but since it is difficult to solve the model

analytically with this approach we discretise the shelterbelt as a way in which to advance.

In this chapter we analyse our advection-dispersion model with trapping in a discretised shelter-
belt. We consider the same two cases as for the single trapping point in the previous chapter:
first, a special case where the droplets can disperse only horizontally, and second, the more
realistic case where the droplets also disperse vertically. Once again, the ultimate objective in
each case is a full three-dimensional (3-D) solution, which we work towards by first determining

solutions in one and two dimensions (1-D and 2-D).

The solutions in this chapter inherit the issue identified in the previous chapter (refer to pages 48
—49), whereby the concentration becomes negative as an artefact of using Dirac delta functions
to focus the effect of trapping in each block to an infinitely small point. We show how this issue
may be avoided by making the trapping continuous horizontally within the shelterbelt (that is,
only discretising it vertically), however it becomes clear that there is very little effect on the

total trapping and deposit.

5.1 Discretising a Shelterbelt

We discretise a shelterbelt by building upon the point representation for trapping in the previous

chapter. The shelterbelt is conceptualised as a three-dimensional array of small equally-sized

74
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Figure 5.1: A rectangular shelterbelt discretised by dividing it into a three-dimensional array of blocks,
N blocks wide x L blocks long x M high, with a trapping point at the centre of each block.

blocks of continuous trapping. Following the approach in Chapter 4, we concentrate the effect of
trapping in each block to the point at its centre, so that the shelterbelt is represented by a three-
dimensional array of trapping points. Figure 5.1 shows a rectangular shelterbelt discretised in
such a manner; each small block has dimensions Az x Ay x Az, the array is N blocks wide
alongwind x L blocks long acrosswind x M blocks high vertically, and the point at the centre

of each block is denoted (X,,Y;,Zp,), 1 <n <N, 1<I<L, 1<m<M.

In each block, the rate of mass removal by trapping per unit volume is kyRc, where k; is
the background trapping rate and R is a dimensionless function which is non-zero only where
trapping occurs. Following the approach in Chapter 4, we concentrate the effect of trapping in

each block to the point at its centre by defining
Ryim = AxAyAz0 (x — X)) 0 (y — Y1) 6 (2 — Zpn) s (5.1)

which is dimensionless and non-zero only at (X,,Y;,Z,,). The effective trapping rate k =
kpyAxAyAz is the same for each point, because k; is assumed constant and all of the blocks

are equally-sized. In this way, the rate of mass removal per unit volume of air for each point
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is ke (Xn, Yl Zm,t)0 (. — X)) 0 (y — Y1) 6 (2 — Zp,).  The total rate of mass removal per unit

volume of air by the discretised shelterbelt is the summed effect of all of the points; that is

N M
SN ke (X0, Y1, Zin, t) 6 (x — X0) 6 (y = Y1) 6 (2 — Zim) - (5.2)

n=1 =1 m=1

5.2 Advection-Dispersion Model

Our advection-dispersion model with trapping in a discretised shelterbelt is

Oc Oc dc 0%c 0%c 0%c
N L M

- E g g ke (Xn, Y, Zm,t) 6 (x — Xp) 0 (y — Y1) 0 (2 — Zin) -
n=1[=1 m=1
(5.3)

This is to be solved subject to the initial and boundary conditions given in Chapter 3, Section 3.2.
As for the analysis of a single trapping point in Chapter 4: if Dy = 0 then the boundary
condition on the ground is automatically satisfied and Equation (5.3) is relatively simple to
solve analytically, otherwise, if Dy # 0 the boundary condition is not automatically satisfied

and the solution is more complicated.

5.3 Total Trapping in the Shelterbelt and Deposit on the Ground

The quantities of particular interest are the total trapping by the discretised shelterbelt and the
subsequent deposit on the ground. Both of these quantities are found from the solution to the

advection-dispersion model, we evaluate them using Laplace transforms via the property

o0 o0
/ ¢ (2,y,2,1) di = / cPle(a,y,ot) di | = e(ry,20) (5.4)
0 0 p:O

where ¢ (x,y, z,p) is the Laplace transform of ¢ (z,y, z,t) with respect to t.
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Total Droplet Trapping by the Shelterbelt

The total mass of droplets trapped by the discretised shelterbelt, Mpr [kg], is found by inte-
grating the rate of mass removal per unit volume of air with respect to space and time. The
rate of mass removal per unit volume of air is given by Equation (5.2); integrating with respect

to space and time:

N L M
My / / / / SOSTS T ke (X Vi Zns )8 (2 — Xa) 8 (y = Y1) 3 (= — Zin)
netistme dz dy dz dt
(5.5)
which simplifies to
N L M o
Mrp = 3OS [ k(X0 Y Zst) e
n=11=1 m=1 "0
N L M
= > 33 ke(Xn, Y1, Zm,0). (5.6)
n=1[=1 m=1

The total mass of droplets deposited on the ground, Mpr [kg], is simply what remains of the

original release:

Mpr = @Q— Mpr

N L M
= Q- > ke(Xn,Yi, Zm,0). (5.7)
n=1 [=1 m=1

Droplet Deposit on the Ground

The total mass of droplets deposited on the ground per unit area, Mp [kg m~2], is found by

integrating the downward mass flux per unit area on the ground with respect to time. At height
c .

—; on the ground this reduces to Sc¢, because

0z

of the boundary which requires zero vertical dispersive flux at ground level. Integrating with

z the downward mass flux per unit area is Sc+ Dy

respect to time:

MD (xvy) = /0 Sc(a:,y,O,t) dt

= S¢(z,y,0,0). (5.8)
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The transforms required here are the same as those for the single trapping point. Most are
standard formulae readily available in transform tables, but for Dy # 0 some of the transforms

must be sourced from generalized calculus.

5.4 Case 1: Zero Vertical Dispersion

In this section we analyse our advection-dispersion model with trapping in a discretised shelter-
belt, in the case where vertical dispersion of the droplets is very small compared to horizontal
dispersion, such that the vertical dispersion coefficient may be considered zero. This is a special
case of the model, where the droplets can disperse only horizontally and the boundary condition

on the ground is automatically satisfied.

We present solutions to the model with Dy = 0 in 1-D and 2-D, building up to a full 3-D
solution. The 1-D case is conceptually very simple, and in fact we can determine a solution
with continuous trapping in that particular case. A common feature of all of these Dy = 0
solutions, as for those with Dy = 0 in the previous chapter, is that the concentration is always
zero above the release height and only non-zero below the release height at the level of the

droplets after time ¢. This is because the droplets do not spread vertically; they fall as a sheet.

One-Dimensional Solution with Discretised Trapping

In 1-D, and with Dy = 0, our advection-dispersion model with trapping in a discretised shel-

terbelt becomes
dc Oc M
— =S —=Q6(z—H)6(t)— > ke (Zm,t)0 (2 — Zp,) (5.9)
m=1
with initial and boundary conditions
¢(2,07) =0 and ¢ (o0,t) = 0.

The conceptual situation here is a plane release with trapping at a number of planes stacked
atop each other, as shown in Figure 5.2. Mass () per unit area is released at time t = 0 from
the plane at (x,y,2) = (z,y, H). A shelterbelt “slab” of infinite length and width is discretised
by dividing it into M layers of equal thickness Az; these are labelled m = 1,..., M, and the
midpoint of each is denoted z = Z,,. The highest layer is m = 1 and the lowest is m = M.
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Figure 5.2: Tlustration of a shelterbelt “slab”, shaded in grey, discretised by dividing it into M layers
with the trapping in each layer concentrated to the mid-plane.

Each layer removes droplets at mass rate per unit volume kyR,,c; we concentrate the effect of
trapping in each layer to the plane at (x,y, 2) = (z,y, Znn), so that R, = Azd (z — Z,,) and the
effective trapping rate for the plane is k = kpAz. After release the droplets simply fall towards
the ground with settling speed S; they do not disperse as they fall.

The solution to the Laplace transform of Equation (5.9) with respect to ¢ may be constructed

from the transformed solution for a single trapping plane on page 44:

M
(H—z) k (Zm—2)
¢(z,p) = 9 (H—z)e "5 — > <€ (Zmsp) H(Zm — 2) e P (5.10)
S S
m=1
where H (z) is the Heaviside function
0, z<0,
H(z) = (5.11)
1, z>0
Equation (5.10) contains the M, as yet, unknowns ¢ (Z1,p),...,¢(Zy, p), and has discontinuities
at 2= H and z = Z1,...,Zp. To determine ¢ (Z,,p) we let z — Z to correspond with the
concentration which arrives at the m!”* trapping plane.
E(Zm,p) = lim E(Z,p)
z—Z%
Q m—1 k
= §H (H — Z,) e Ptm — Z E*(Zi p) e Pltm=ti) (5.12)

=1
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(H — Zm)
S

m!* trapping plane is above the release height, then the concentration there is zero because no

where t,, = is the time for the droplets to fall to the m!* trapping plane. If the
droplets move upwards from the release. Otherwise, if the m!" trapping plane is below the
release height, then the concentration there depends upon the trapping planes between it and

the release.

Some values of Equation (5.12) at consecutive trapping planes below the release height are given
in Table 5.1. It is assumed that m = J is the highest trapping plane below the release height;
this accounts for the possibility that some of the trapping planes are above the release height
and some are below. Note that the values at consecutive trapping planes in Table 5.1 give a

sequence of polynomials in S of increasing degree; in fact we can write the following:

For Zy,...,Zy > H, so that all of the trapping planes are above the release height,

c(Zm,p)= 0, m=1,...,M, (5.13)

and for Zys, ..., 25 < H, 1 < J < M, so that the highest J — 1 trapping planes are above the
release height and the remaining M — (J — 1) trapping planes are below,

0, m=1,...,J —1,
¢ (Zm,p) = 0 N (5.14)
ge_ptm <1 S) , M = J, 7]\4

Equation (5.14) may be proven by induction, though the details are not included here. Finally,
using the formula for the finite sum of a geometric progression (Gradshteyn & Ryzhik, 2000,
p. 1)
M M
m—1 q- — 1
= 1 5.15
> g 1 47 (5.15)

m=1

and inverting the Laplace transforms, we obtain the following:

For Zy,...,Zy > H, so that all of the trapping planes are above the release height,

0, z>H,
c(z,t) = (5.16)
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and for Zys, ..., Z5y < H, 1 < J < M, so that the highest J — 1 trapping planes are above the

release height and the remaining M — (J — 1) trapping planes are below
0, z> H,

Qo (z — (H — St)), Zy<z<H,

m—J
Q(l_k> 5(2—(H—St)), Zm+1<Z<Zm7
S m=J+1,.,M—1

Q(l—k>Md5@—(H—Sﬂ% 2 < Zu.

S (5.17)

Droplets are removed at each successive trapping plane below the release height, leaving a smaller

concentration underneath.

Total Droplet Trapping and Deposition

As described in Section 5.3, the total mass of droplets trapped and the subsequent deposit on
the ground are calculated by setting p = 0 in the transformed solution. The total mass of

droplets trapped by the discretised shelterbelt “slab” per unit area [kg m~2] is

M
Mrp = ) ke(Zm,0)
m=1

0, Zi,..., Zy > H,
_ (5.18)

k M—-J+1
> , H>Zj5,..., 72\

Q_Q<1_S 1<J<M

leaving a density of deposit on the ground [kg m~2] of Mp = @Q — M7r. The notes on the total
trapping for a single plane (page 45 in the previous chapter) also apply here:
e Nothing is trapped if all of the trapping planes are above the release height.

e If all of the trapping planes are below the release height, then the total trapping is inde-

pendent of their placement.

e The total trapping increases with increasing trapping rate k. A restriction on the size of

k is necessary in order to keep the trapping within its physical bounds (see below).
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Table 5.1: Transformed concentration at a number of consecutive trapping planes below the release
height. ¢(Z,,,p) is the Laplace transform with respect to ¢ of the concentration at the m!" trapping
plane. It is assumed that m = J, 1 < J < M, is the highest trapping plane below the release height.

m ¢(Zm,p)

J c(Zy,p) = 96"’”

J+1|2(Zs,p) % <1 > ptrn

J+2 | e(Zssop) % <1 > Cphra

J+3 | e(Zyisp % (1 7; gj,) —
J+4|¢(Zspap) g(l _451?3 g‘;)e s

J+5 | €(Zs45,p) % <1 12,];2 - 12,133 + 5Sk44 - éi) e Pti+s
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A Physical Restriction on the Trapping

For the model to remain physically sensible, the rate of mass removal at each trapping plane
must not exceed the rate of mass arrival; this places an upper limit on the size of the effective
trapping rate k, and consequently on the thickness of the layers into which the shelterbelt is
divided, Az. The rate of mass arrival at the m'* trapping plane is Sc (Z+,t), and the rate of

mass removal there is kc(Z,],,t). As a consequence we must have
ke (Z},t) < Sc(Z,),t), which requires k < S. (5.19)

Since k is positive, this condition also ensures that 0 < Mpp < @ in Equation (5.18), in other

words that the total trapping is no greater than the original release.

Recall that the effective trapping rate is defined as k = kpAz; since the value of the background
trapping rate kj is intrinsic to the shelterbelt and we have no control over it, the condition of
k < S must be satisfied by an appropriate choice for Az, the thickness of the layers into which
the shelterbelt is divided. In other words the number of layers M must be chosen so that the
thickness of each layer satisfies

Az < E (5.20)
Ky

One-Dimensional Solution with Continuous Trapping

It is generally difficult to solve our advection-dispersion model analytically with continuous
trapping, however, in this particular 1-D case we can determine a solution and it is presented

here for comparison with the discretised solution obtained above.

Suppose the shelterbelt “slab” shown in Figure 5.2 extends vertically between z = Zp and
z = Zy, where Z4 > Zp. The rate of mass removal per unit volume of air is k,Rc, where R is
a dimensionless function which is non-zero only within the shelterbelt; here R can be expressed

in terms of Heaviside functions as

R:H(Z—ZB)—H(Z—ZA). (5.21)

With the droplet mass concentration denoted c. (z,t) [kg m~3] to indicate continuous trapping,

our advection-dispersion model in 1-D and with Dy = 0 becomes

Odce
ot

dece

_Saz =Q0(z—H)0(t) —kpece (H(z—Zp) —H (2 — Za)) (5.22)
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with initial and boundary conditions

¢e (2,07) =0 and ¢, (o0,t) = 0.

We solve Equation (5.22) in three regions: above the shelterbelt, within the shelterbelt and below
the shelterbelt; matching the downward flux Sc (z,t) at the interface between each region. There
are three possible scenarios: (i) the release height is below the shelterbelt, (ii) the release height

is within the shelterbelt, and (iii) the release height is above the shelterbelt.

(i). For H < Zp, so that the release height is below the shelterbelt,

0, z> H,
ce(z,t) = (5.23)
Qé(z— (H — St)), z<H.
(ii). For Zp < H < Z4, so that the release height is within the shelterbelt,

;

0, z> H,

ce(z,t) = Qe ™t§(z— (H —St)), Zp<z<H, (5.24)

Qe *tB§ (2 — (H — St)), z< Zp.

\

(iii). For Z4 < H, so that the release height is above the shelterbelt,

P

0, z> H,

QS (2 — (H — St)), Za<z<H,

Cc (Z,t) = (525)
Qe—kb(t—tA)5 (z—(H - St)), Zp<z<Za,

Qe Fts=ta)§ (2 — (H — St)), z< Zp,

- 7Z
where t4 = A

H-Z
and tg = TB are the times for the droplets to fall to heights Z, and
Zp respectively. From Equations (5.24) and (5.25) it is clear that with continuous trapping the

concentration decreases exponentially as the droplets fall through the shelterbelt.
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Total Droplet Trapping and Deposition

With continuous trapping, the total mass of droplets trapped by the shelterbelt per unit area,
denoted My, [kg m~2], is the integral of the mass rate of removal per unit volume with respect

to space and time:
Mrre = [ [ ke (c8) (4 - Zi) = Mz~ 20)) dz
o Jo

0, Zp > H,

= Q1 —ein), Zy>H > Zp, (5.26)

Q(1—ehlts=ta)y H>Z,.

The density of deposit on the ground, Mp. [kg m~2], is simply what remains of the original
release, that is Q — Mppe.

Note the parallels between the total trapping here and in the discretised solution: once again
there is no trapping if the shelterbelt is completely above the release height, or, if the shelterbelt
is completely below the release height its position has no effect on the total trapping. In
Equation (5.26) however, 0 < Mpp. < @ so it is not possible to trap more than the original

release.

Comparison with the Discretised Solution

In this section we compare the solutions with continuous and discretised tapping, for a varying
number of trapping planes M in the discretised solution. The shelterbelt “slab” extends between
Zp = 0.5 m and Z4 = 2.5 m, with background trapping rate k;, = 0.5 s~!, and the release

parameters are S =02m s~ !, Q=1kgm 2 and H =3 m.

Figure 5.3 (page 87) shows the finite part of the concentration (which appears at height z only
at time t = %) as the droplets fall through the shelterbelt. The solid line represents
the solution with continuous trapping, c.(z,t), and the asterisks represent the solution with
discretised trapping, ¢ (z,t) (calculated midway between each trapping plane). Note that M =5

is the minimum number of trapping planes required for the effective trapping rate to satisfy k <
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S. This figure illustrates that the discretised solution does indeed approximate the continuous

solution, and that the fit between the two improves as M increases.

A measure of the accuracy of the discretised solution is shown by the dimensionless ratio
Mrr/Mrpr. in Figure 5.4, where My is the total trapping in the discretised solution [kg m—2]
and My, is the corresponding value in the continuous solution. The accuracy of the discretised
solution increases with the number of trapping planes, though the total trapping always remains
a little higher than in the continuous solution. In this example, even with the minimum number

of trapping planes Mpr is only larger than Mpp. by 0.7 %.

Two-Dimensional Solution with Discretised Trapping

In 2-D, and with Dy = 0, our advection-dispersion model with trapping in a discretised shel-

terbelt becomes

dc dc dc 0%
a‘i‘u%—s% = DL@‘*‘Q(S(I_XO)&(Z_H)&@)
N M
> ke (X, Zmit) 6 (x — X0) 6 (2 — Zim) (5.27)
n=1m=1

with initial and boundary conditions

c (a:, Z, 0_) =0, and

¢(x,z,t) — 0 as x — o0 and z — +o0.

As shown in Figure 5.5 on page 88, this is now a line release with trapping at a number of
lines stacked in a 2-D array. Mass @) per unit length is released at time ¢ = 0 from the line
(x,y,2) = (Xo,y,H). A rectangular shelterbelt of infinite crosswind length is discretised by
dividing it into a 2-D array of prisms, each with cross-sectional area AxAz; these are labelled
by alongwind index n = 1,..., N and vertical index m = 1,..., M, and the midline of each is
denoted (X,,y, Z,). The highest row of prisms in the array is m = 1 and the lowest is m = M.
Each prism removes droplets at mass rate per unit volume kyR,nc; we concentrate the effect
of this trapping to the line (z,y, z) = (Xn,y, Zm), so that Ry, = AzAz0 (x — X,) 0 (2 — Zp)
and the effective trapping rate for the line is k = kyAzAz. After release the droplets disperse

alongwind, whilst travelling with the mean windspeed u and falling at settling speed S.
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Figure 5.3: Comparisons between the solutions for continuous and discretised trapping, with a varying
number of trapping planes M in the discretised solution.

continuous trapping, and the asterisks represent the solution with discretised trapping (calculated midway

1

M=10

0 0.2 0.4 0.6

concentration [kg m'3]

M =20

0 0.2 0.4 0.6 0.8 1
concentration [kg m's]

1 M =50

0 0.2 0.4 0.6 0.8 1
concentration [kg m'3]

between each trapping plane). See the text for parameter values.

0.8 1

The solid line represents the solution with



5. Trapping in a Discretised Shelterbelt 88

1007
1.006 - 1
1.005 - i
1.004 F 1

z’.: 1.003 - * 1

1.002 - * 1
*

*
o
1.001 R

1 1 1 1 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100

M

Figure 5.4: A measure of the accuracy of the discretised solution, illustrated by the dimensionless ratio

Myr/Mpre, as the number of trapping planes M increases. Mpr [kg m’Q] denotes the total trapping

in the discretised solution, and My, is the corresponding value in the continuous solution. Parameter
values are as for Figure 5.3.
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Figure 5.5: Illustration of an infinitely long rectangular shelterbelt, shaded in grey, discretised by dividing
it into N x M prisms with the trapping in each concentrated to the mid-line.
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The solution to the Laplace transform of Equation (5.27) with respect to ¢ may be constructed
from the transformed solution for a single trapping line on page 47:
Q _ p(H—2) S(z—Xg—u(H—-z)/5)?

clz,z, = H(H — 2)e K 4Dy (H—=2)
(2, 2,p) "

(Zm—2) _S(z—Xn—u(Zm—2)/5)2
72 Z k‘C Xnazmap) H(Zm—z) 6_p S - 4Dy (Zm—=) .
2\/7TSDL Z)

n=1m=1

(5.28)

This transformed solution contains the N x M as yet unknowns ¢ (X1, Z1,p),...,c(Xn, Zun, D)

and has discontinuities at z = H and z = Z3,...,Zy. To determine ¢ (X, Z,,,p) we set

r = X, and let 2 — Z} since this represents the concentration which arrives at the n, mth

trapping line.

c(Xn, Zm,p) = lim ¢(X,,z,p)

z2—Lm

O y(5 = gy e Simmt

= D —— —_ e Ltm
287Dy tm ( m)
m—1 (anXjfu(tmfti))Q

4Dy (tm—1;)

ke (Xj, Zip) _ —pltn—t)-

N
jzg =1 257D (tm — t;)

(5.29)

where t,,, = % is the time for the droplets to fall to the height of the m** row of trapping
lines. If the n, m!" trapping line is above the release height, then the concentration there is zero
because no droplets move upwards from the release. Otherwise, if the n, m trapping line is
below the release height, then the concentration there depends upon the rows of trapping lines

between it and the release (note that other trapping lines at the same level have no influence).

In the 1-D solution we were able to write an explicit expression for ¢ at each trapping plane,
but because of the alongwind dispersion here it is difficult to go any further than the recursive
formula above. The first term corresponds to the concentration at the n, mt" trapping line due
purely to the original release, and the second term compensates for the mass which has been

removed at the trapping lines above.

Inverting the Laplace transforms:
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For Zy,...,Zy > H, so that all of the rows of trapping lines are above the release height,

0, z> H,

c(z,z,t) = (5.30)

Q _(m—XO—ut)2
————-e Pt §(z—(H-St), H>z,
2vVm Dt

and for Zys, ..., 25 < H, 1 < J < M, so that the highest J — 1 rows of trapping lines are above

the release height and the remaining M — (J — 1) rows are below,

e WLt §(z—(H-St)), Zj<z<H,

Q _ (z—Xg—ut)?
me bt 1) (Z — (H — St))

clz,z,t) =
o ii [kc (X Zst — (I — 2) /5) Sy el il
n=1m—J 2(/7SD1 (Zm = 2)

Zj+l <z < Zj,
Q _ (z—Xg—ut)?
e Pt §(z—(H—St)
ﬂ'DL
x—Xn—u(Zm—=z 2
B3 S NEELLES i TS
= 2\/7TSDL —2)
(5.31)

Below the release height the concentration distribution alongwind is Gaussian until the level of
the trapping lines, where some of the droplets are removed at each successive row of trapping

lines, leaving a smaller concentration underneath and altering the distribution.

This solution inherits the issue identified in Chapter 4 (see page 48), where, due to the interaction
of delta functions, the concentration becomes negative as one nears the trapping lines from below.
In the next section we show how this issue can be resolved by making the trapping continuous
alongwind (thus spreading it out over a finite width which removes one of the delta functions).
After performing some comparative examples however, it becomes clear that the issue has very

little effect on the total trapping and deposit.
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Total Droplet Trapping and Deposition

Following Section 5.3, the mass of droplets trapped by the discretised shelterbelt per unit length
[kg m~1] is

N M

Mrr =YY ke(Xn, Zm,0) (5.32)

n=1m=1

where ¢ (X,,, Zpn,0) is given by Equation (5.29) with p = 0. This leaves a total mass deposit on
the ground per unit crosswind length of Mpr = Q — Mpr [kg m~!]. The density of deposit on
the ground (mass of droplets deposited per unit area) [kg m~2] is

Mp (z) = 8¢(x,0,0)
Q\/§ _ S(z—Xg—uH/S)?

— e 1D H

27D H
S(z—Xn—uZm/S)2

kV/SE (X, Zin,0) —SG=Xn—uzm/s)
_3 3 IS L) et 5
D2

n=1m=1

To evaluate the total trapping Mpr and the density of deposit Mp, one must solve the system
of N x M equations formed by Equation (5.29) at each of the trapping lines. For each trapping
line, Equation (5.29) is calculated using only values from higher rows of trapping lines; thus
the system does not have to be solved simultaneously, it can be solved directly by forward

substitution (working downwards from the highest row of trapping lines).

Two-Dimensional Solution With Continuous Trapping Alongwind

In this section, we show how the issue of the concentration becoming negative in the discretised
solution can be resolved by making the trapping continuous alongwind. In the discretised
solution, the shelterbelt was divided into an N x M array of prisms (each with cross-sectional area
AxAz), with the trapping in each prism concentrated to the mid-line at (z,y, z) = (Xn, Y, Zm).
To make the trapping continuous alongwind we let N — oo which, in turn, makes Ax — 0.
Conceptually, this means that the shelterbelt is now divided into M layers vertically, with the
trapping in each layer concentrated to the sheet through the middle of the layer.

Here, we denote the Laplace transform of the concentration with respect to t by ¢. (z, z,p), to

indicate that it applies to continuous trapping alongwind. Letting Az — 0 in Equation (5.28)
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gives
Q _ p(H—z2) S(z—Xg—u(H-2)/5)?
EC (.’L’,Z,p) = H(H_Z>e S 4D (H—=z)
wSDy (H — z)
(Zm—2) _ Sz=Xn—u(Zm—2)/5)>
o 330 BARAT T F by St
Az—0 = = 2\/7TSDL —2)

(5.34)

Note the use of the background trapping rate kjp, rather than the effective trapping rate k =
kyAxAz. The second term above is the limit of a Riemann sum, and can be written as a
definite integral; assuming that the shelterbelt extends alongwind between z = X 4 on the left

and x = Xp on the right:

Q _ p(H—z2) S(z—Xg—u(H-2)/5)?
EC (.’L‘, Z,p) = H(H_z)e S 4D (H—=z)
wSDr (H — z)
M XB = (Zm—2)  S(z—x—u(Zm—2)/9)?
_ / kyAz € (X Zm, p) H(Zp — 2) €*p e VTR dy
= Jx, 2y/7SDL (Zy — 2)
(5.35)
which contains the M, as yet, unknowns ¢. (x, Z1,p),...,¢ (z, Zpn,p), and has discontinuities
at 2 = H and z = Z3,...,Zy. To determine ¢, (z, Zp,p) we let z — Z, to correspond with

the concentration which arrives at the m'" trapping sheet.

C(x, Zm,p) = hm C.(x,z,p)

z~>Z

Q H(H 7 —Ptm_%
ey —_—m —_ L*m
NG
m-1 .x - ) i gy (a=x—u(tm—t))?
B / 7 kpAz e (6 Zinp)  —plm—t) =5 dx  (5.36)
{ Jxa 25\/7Dp (tm — t:)

1=

where t,, = % is the time for the droplets to fall to the height of the m!" trapping sheet.
If the m! trapping sheet is above the release height, then the concentration there is zero.
Otherwise, if the m! trapping sheet is below the release height, then the concentration there
depends upon the trapping sheets between it and the release. We can calculate Equation (5.36)
analytically for the first two trapping sheets which are below the release height, but beyond that

the integral has to be evaluated numerically.

Inverting the Laplace transforms:
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For Zy,...,Zy > H, so that all of the trapping sheets are above the release height,

0, z> H,

ce(z,z,t) = (5.37)

Q _(m—XO—ut)2
———e Pt §(z—(H-St), z<H
2v/m Dt

and for Zy, ..., 25y < H, 1 < J < M, so that the highest J — 1 trapping sheets are above the

release height and the remaining M — (J — 1) sheets are below,

e Lt §(z—(H—St)), Zy<z<H,

Q _(acfxofut)2
me bt (5 (Z — (H — St))
L
2\/7TSDL Z) ’
Zj+1 <z< Zj,
(j=J,....M—1)
Q _(m—XO—ut)2
271”6 byt 1) (Z — (H — St))
UL
- Z / B2 € Imot — (i — 2) /5) -5yt |
2\/7TSDL —2) ’
z< Zy.
(5.38)

This solution behaves in much the same way as the discretised solution: the concentration
distribution alongwind is Gaussian below the release height, until the level of the trapping
sheets, where some of the droplets are removed at each successive sheet. Here, though, the
concentration does not become negative provided the number of layers (and also trapping sheets)
M 1is chosen such that Az < kﬁ This is the same condition as for the discretised solution in

b
1-D.
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Total Droplet Trapping and Deposition

With continuous trapping alongwind, we denote the total mass of droplets trapped per unit

crosswind length by M7r. [kg m™!]. Tt is given by the limit as Az — 0 in Equation (5.32):

N M
Mrre = lim Zl Zl kyAzAz G (Xn, Zm,0)
M Xg
= Z/ kyAz €. (2, Zpm, 0) da (5.39)
m=17Xa

where ¢, (x, Zy,,0) is found from Equation (5.36) with p = 0. The total deposit on the ground
per unit crosswind length is Mpr. = Q — Mrr. [kg m™!], and the density of deposit on the
ground [kg m~2] is

Mpe(z) = Sé(z,0,0)

x— —u 2
QS stemxpumst
2v/mDH

X T—X—ULm 2
B Z / B k}bAZ\/g [ (Xa Zim, O) G_W dx. (540)
VTDLZ,,

To evaluate the total trapping M. and the density of deposit Mp., one must solve the system
of M integral equations formed by Equation (5.36) at each trapping sheet. As in the discretised
solution, Equation (5.36) is calculated for each trapping sheet using only values from higher

trapping sheets, thus the system does not have to be solved simultaneously.

An Illustrative Example for the Two-Dimensional Solution

The following example illustrates the 2-D solution with discretised trapping. It also shows that
the issue of the concentration becoming negative has negligible effect given the realistic trapping

! corresponds

rate used. The parameter set is given in Table 5.2: a settling speed of S = 0.2 m s~
to droplets of approximate diameter d = 44 pm, and a dominant alongwind turbulence length
scale of L = 2 m gives dispersion coefficient D;, = uLy; = 2 m? s~!. The shelterbelt extends
vertically between Zp = 0.5 m and Z4, = 8.5 m, and alongwind between X4 = 4 m and

Xp=8m.
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Table 5.2: Parameter set used to generate Figures 5.6 and 5.7.

U S Ly Q (Xo, H) ke
Imst 02mst 2m 1kgm™?t (0,4)m 05s!

Figure 5.6 shows cross-sections of the density of deposit [kg m~2] for both discretised trapping,
with M = 40 and N = 2, and continuous trapping alongwind (that is N = oo) also with M = 40.
The densities of deposit with discretised and with continuous trapping alongwind are denoted
Mp and Mp, respectively, and the corresponding value without trapping is denoted MJ,. Note
that with continuous trapping alongwind, M = 20 is the minimum number of trapping sheets
required to ensure that the concentration does not become negative. The percentage reduction

in density of deposit as a result of the trapping is shown in Figure 5.7.

Looking at these two figures, the values for discretised and for continuous trapping alongwind
are almost identical, which shows that the issue of the concentration becoming negative in the
discretised solution has very little effect. In fact, the total mass of droplets trapped is the same:
Mrr = Mpr. = 0.78 kg m~! according to Equations (5.32) and (5.39). There is significant
reduction in the density of deposit downwind of the shelterbelt; in this example the maximum

reduction is 87 % which occurs at £ = 11.5 m.

Three-Dimensional Solution

In all three spatial dimensions, but with Dy = 0, our advection-dispersion model with trapping

in a discretised shelterbelt becomes

Oc Oc oc 0%c 0%c
9t g S5, = Digg tDrgs+ Q0= Xo)d(y—Yo)d(z = H)o (1)
M N L
D k(X Y1 Zin 1) 8 (z = X0) S (y = Y1) 6 (2 — Zin)
m=1n=1 [=1

(5.41)
with initial and boundary conditions

c (m,y,z,()_) =0, and

c(z,y,2,t) — 0 as z,y — +oo and z — +oo.

The conceptual situation is as described in Section 5.1. To recap: a rectangular shelterbelt is

divided into a 3-D array of blocks, each with volume AxAyAz; these are labelled by alongwind
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Figure 5.6: Cross-section of the density of deposit [kg m~2], resulting from a line release with zero

vertical dispersion and an N x M array of trapping lines. Mp and Mp,. are the densities of deposit with

discretised, and continuous trapping alongwind, and M7, is the corresponding value without trapping.
Parameter values are as given in Table 5.2.
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Figure 5.7: Cross-section of the percentage reduction in density of deposit as a result of the trapping in
Figure 5.6. Parameter values are the same as for Figure 5.6.
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index n =1,..., N, crosswind index [ = 1,..., L and vertical index m = 1,..., M. The effect
of trapping in each block is concentrated to the midpoint (X,,Y;, Z,,). After release from the
source the droplets disperse horizontally (both alongwind and crosswind), whilst travelling with

the mean wind speed v and falling at settling speed S.

The solution to the Laplace transform of Equation (5.41) with respect to ¢ is constructed from

the transformed solution for a single trapping point on page 54:

Q _ p(H—2) S(z—Xg—u(H-2)/5)? S(y—Yp)?
E(xvyaz>p) = 'H(H—z)e s 4Dy (H—z) 4D (H—=z)

Am\/Dp Dy (H — 2)

N L M |:

ke (Xy, Y1, Zm, p)
47T\/ DLDT (Zm — Z)

 p(Zm-2)  S@-Xn—u(Zm-2)/9?% _S(y-¥))?
e S 4D (Zm—=) 4D7(Zm—z) | | (542)

H(Zy — 2) X

The transformed solution above contains the N x L x M, as yet unknown values of ¢ (X1, Y1, Z1,p)
..., ¢(XnN, YL, Zp, p) and has discontinuities at z = H and z = Zy,...,Zy.  Setting (z,y) =
(X1,Y1) and letting z — Z; to correspond with the concentration which arrives at the n, [, mth

trapping point:

5(Xn,YlaZm>p) = lim E(Xn,Yl,z,p)

z2—Zm

Q ot Xn=Xg—utm)® _ (y=¥p)®
— H(H — Zny)e ptm Dy tm 4Drtm

47‘('Stm\/ DLDT

_zjvzirnz_f |: kE<X]7Y;"aZZ>p) «
2 48 (tn — 1) VDLDr

2
(Xn—Xj—U(im—ti)) (Y17YT)2

4Dy, (tm—t;) ~ ADp(tm—ti) (5‘43)

_p(t'm _ti)_
(&

H-Z
Tm is the time for the droplets to fall to the height of the m!"* sheet of trapping

points. If the n, , m!" trapping point is above the release height, then the concentration there is

where t,, =

zero. Otherwise, if the n, [, m*" trapping point is below the release height, then the concentration

there depends upon the sheets of trapping points between it and the release.

As in the 2-D solution, the dispersion both alongwind and crosswind makes it difficult to go any
further than the recursive formula above. The first term corresponds to the concentration at
the n, I, m*" trapping point due purely to the original release, and the second term compensates

for the mass which has been removed at at higher trapping points.
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Inverting the Laplace transforms:

For Zy,...,Zy > H, so that all of the sheets of trapping points are above the release height,

0, z> H,

c(z,y,2,t) = (5.44)

Q _(z—X0—71,t)2_(y—Y0)2

¢ iDLt ibrt §(z — (H — St)), H > z,
4rt/DLDr ) noe ) )

and for Zy,...,Z; < H, 1 < J < M, so that the highest J — 1 sheets of trapping points are

above the release height and the remaining M — (J — 1) sheets are below,

0, z > H,
Q _(e=Xg—ut)?  (y—¥p)?
We 4Dt 4Dt 5(2’ - (H - St)) s ZJ <z < H,
LT
Q _@=Xo-u)?  (y-¥p)?

4Dt 4Dt 5 _ H_St
Ant/D, Dy ’ R )

L Tke( Xn,Y},Z st — (Zm — 2) /9)
_ZZZ[ 47/DiDr (Zm —2)

n=1Il=1 m=J

c (m> Y, z, t) = 9
75(1—X7b—“(zm—z)/5)2 _ S(y-v7)
e 4Dy (Zm—z) 4D (Zm—z2) , Z]+1 <z < Zj?
(j=J,....M—1)
Q _(@=Xg-u)® _ (y—Yp)?

4D t 4Dt 5 _ H_St
Art/Do D7’ " oz ( )

N L M {kzc (X0, Y5, Zonst — (Zyn — 2) /.5)

Ar/DpDr (Zy — 2)

_S(x*Xn*U(Zm*Z)/S)z_ S(U—Yl)2
e 4DL(Z77L_Z) 4DT(Zm—2) , z < ZM

2.2

n=11=1 m=J

(5.45)

Similar to the 2-D solution, the horizontal concentration distribution is Gaussian until the level
of the trapping points, where some of the droplets are removed at each successive layer of points,

leaving a reduced concentration underneath and altering the distribution.
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This 3-D solution also inherits the issue of the concentration becoming negative. It is possible
to resolve the issue by making the trapping continuous horizontally (both alongwind and cross-
wind), and this can be done by letting both N and L — oo following the procedure described
in 2-D. The solution with continuous trapping horizontally is not included here, however, as

again it makes little difference to the total trapping and deposit.

Total Droplet Trapping and Deposition

Following Section 5.3, the total mass of droplets trapped by the discretised shelterbelt [kg] is

N M
Mpp =YY" " ke(Xn,Yi, Zm,0) (5.46)
n=1 =1 m=1
where ¢ (X,,, Y], Z,0) is given by Equation (5.43) with p = 0. This leaves a total mass deposit
on the ground of Mpr = Q — Mrpr [kg]. The density of deposit on the ground [kg m~2] is

Mp (z,y) = Sc(x,y,0,0)

Q _ S(e=Xg—uH/S5)?  S(y—Yp)?
e - 4Dyp H 4DpH

ArH/D, D7

r— —uZm 2 I 2
Yy KE (X, Y1, Zin, 0) -~ Se=Xpmnzm/sP_SG) (5.47)
47 Zp/Di D7

n=1 =1 m=1

To evaluate the total trapping Mt and the density of deposit Mp, one must solve the system
of N x L x M equations formed from Equation (5.43) at each of the trapping points. For each
trapping point, Equation (5.43) is calculated using only values at the sheets of trapping points
above it; this means that the system can be solved by working downwards from the highest sheet

of trapping points, without having to solve simultaneously.

5.5 Case 2: Non-Zero Vertical Dispersion

In this section we analyse our advection-dispersion model, with trapping in a discretised shelter-
belt, in the more realistic case where vertical dispersion of the droplets is significant compared
to horizontal dispersion (that is Dy # 0). In this case the boundary condition of zero vertical
dispersive flux on the ground requires gz (z,9,0,t) = 0, and the form of the solution is more

complicated.
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As in Case 1 where Dy = 0, we present solutions in 1-D and 2-D, building up to a full 3-D
solution.  Once again, the 2-D and 3-D solutions inherit the issue identified in Chapter 4,
where, due to the interaction of delta functions, the concentration is negative for a short time
in the vicinity of the trapping. The issue can be resolved by making the trapping continuous
horizontally in the same manner as for the Dy = 0 solutions, though the computation process
is made much more difficult by the vertical dispersion. Whilst we have determined solutions
with continuous trapping horizontally in this case, they are not included here as it was shown
in Case 1 that there is little effect on the total trapping and deposit with a realistic trapping

rate (thus no benefit to the extra computational difficulty).

One-Dimensional Solution With Discretised Trapping

In 1-D, and with Dy # 0, our advection-dispersion model with trapping in a discretised shel-

terbelt becomes

ge _ S% = DV& +Qo(z—H)o(t) — f’: ke (Zm,t) 6 (2 — Zm) (5.48)
ot 0z 022 —
with initial and boundary conditions
¢(2,07) =0, ¢(o0,t) =0 and % (0,t) = 0. (5.49)

The conceptual situation is now a shelterbelt “slab” discretised using a number of trapping
planes, as described on page 78. After release from the source the droplets disperse vertically,

whilst falling towards the ground with settling speed S.

A solution to Equation (5.48) is constructed from the solution for a single trapping plane on

page 58:
M
c(z,t) =Qf (z,t; H) — Z/ ke (Zm,7) f (2t — 75 Zy) dr (5.50)
m=1"0
where
R (2-2)2 (z+2) SeDv Z + St
e 4 4 I G _z erv z+ 4+
7)) = ————— | e Dvi Wyt ) - T erfe | T ) 5.51
F&62) = — (e T ) 2Dy erc( N ) (5:51)

Note that the M, as yet, unknowns ¢ (Z1,t),...,c(Zu,t) appear inside the integrand in Equa-
tion (5.50). Setting z = Z,,, gives

M

¢ (Zmit) = QF (Zm,t;H)—Z/O ke (Zi,7) f (Zonst — 73 Z) dr. (5.52)

i=1
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Thus, the concentration at the m!* trapping plane depends upon all of the other trapping planes
(both above and below it). The first term represents the concentration at the m* trapping
plane due purely to the original release, and the second term compensates for the mass removed

at all of the trapping planes up until the present time.

The concentration c(z,t) can be evaluated numerically, by solving Equation (5.52) at each
trapping plane using the procedure described for the single trapping plane in Chapter 4 (see
page 60). The advantage of that particular method is that the concentration at each time step
is calculated using values already calculated at previous time steps, thus the system does not
have to be solved simultaneously. Other higher order methods which could also be applied may
be found for instance in Linz (1985, Chap. 8); as the order increases however, so too does the

complexity involved in the computation.

Total Droplet Trapping and Deposition

The total trapping and deposition are found by taking Laplace transforms with respect to t
and then setting the transform variable to zero, as described in Section 5.3. The total mass of
droplets trapped by the discretised shelterbelt “slab” per unit area is

M
Mpp =Y ke (Zm,0) (5.53)

m=1

where

QF (Zu,0;H) ikc(zi,mﬂzm,o;z@-)

¢(Zm,0) = = =
1+kf (Zma 0; Zm) i=1 1+ kf (Zma 0; Zm)
Q  SEm-HiZm-H) ke (Z;,0) ,S(mezgglszzil)
= — . 5.54
S+k° Y Z S+k Y (5:54)
'L;ém

The density of deposit on the ground (mass of droplets deposited per unit area) [kg m—2] is then
Q — Mpp. To evaluate the total trapping and the density of deposit, one must solve the system

of simultaneous equations formed by Equation (5.54) at each trapping plane.

One-Dimensional Solution With Continuous Trapping

Though complicated by the vertical dispersion, it is still possible in 1-D to determine an analytic
solution with continuous trapping. We present this solution here for comparison with the

discretised solution obtained above.
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The rate of mass removal by the shelterbelt “slab” per unit volume is kyRc, where R is dimen-
sionless and non-zero only within the shelterbelt. As in Case 1 where Dy = 0, assuming that
the shelterbelt extends vertically between z = Zp at the base and z = Z4 at the top, R can be

expressed in terms of Heaviside functions as
RZH(z—ZB)—H(Z—ZA). (5.55)

With the concentration denoted by c. (z,t) [kg m™3] to indicate that it is for continuous trapping,

our advection-dispersion model in 1-D and with Dy = 0 becomes

dee Oc, &%c,
ot "5 Pvaz

y + Q0 (2 — H) o (t) — kpce (H(2 = Zp) — H (2 — Za)) (5.56)

with initial and boundary conditions

Jdce

Ce (2,0*) =0, ¢.(00,t) =0 and — B

(0,) = 0.

We solve Equation (5.56) by taking Laplace transforms with respect to ¢ in three regions: above
the shelterbelt, within the shelterbelt and below the shelterbelt. The concentration ¢, (z,t) and

0
the downward vertical flux Sec. (z,t) + Dy 80

(z,t) must match at the interface between each

region. The Laplace transform is

¢ ) Qe—1(H—z) H(H 2 Qe—r2(H—2) Mz ) 7
e et 4 = —2)— —+——H(z— , 2> Za,
1P Dy (r1 — ) Dy (r1 —r2) .
s (p) €% + ag (p) €77
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— . T z) _ T z - H 7 7
Ce (2,1) Dy (rs —14) (e e )H (2 ) A >z > 7B,
T1Z __ 1 T2z
a4 (p) (6 To )
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. r z) _ ,—r z - H 7
\ o (e e YH (2 ), B > 2,
(5.57)
where
n=op (-5 +VEFWDY) 1o = 5o (-5 - /ST HapDy )
14
ry = 1 (—S+ \/S2+4(p+k’b)Dv) and r4 = L (—5— \/S2+4<p+kb)DV) .
2Dy ’ 2Dy

The four unknown functions aj (p), az(p), as(p) and a4 (p) are determined by solving the

following equations which come from the matching conditions between regions:
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B B _ e, e, , __
¢ (Za:p) = @(Zy,p) and 2= (Z3,p) = 5= (Z4,p)
¢, e,

Cec (Zg,p) = Cc (ZB?,p) and

5, (Z:p) = 5= (Z5.p).

The Laplace transform ¢, (z,p) does not appear to be analytically invertible, however, it does

lead directly to the quantities of particular interest, that is, the total trapping and deposit.

Total Droplet Trapping and Deposition

With continuous trapping, the total mass of droplets trapped by the shelterbelt “slab” per unit
area is denoted Mrr. [kg m~2], and it is found by integrating the rate of mass removal per unit

volume with respect to space and time:

Mrpp. = /Om/()ookbcc(z,t)(H(z—ZB)—'H(z—ZA)) dz dt
Z A

_ / ke (2,0) de. (5.58)
ZB

There are three possible scenarios: (i) the release height is below the shelterbelt, (ii) the release

height is within the shelterbelt, and (iii) the release height is above the shelterbelt.

(i). For H < Zp, so that the release height is below the shelterbelt,

M = Lk _ﬂ r3ZA _ ,r3ZB
TTec b |72 | @2 (p) Dv (r3 — 74) (e e"7E)

+73 (ag (p) + 7Q6_T4H ) (e”ZA - e“ZB)} (5.59)
Dy (rg —14) p=0
(ii). For Zp < H < Z4, so that the release height is within the shelterbelt,

—rsH —ryH
Mrre = ke [7“4 (az (p) Qe)) ersZa 4y <a3 (p) + Qe)) a7

B DV (7’3 — T4 DV (7”3 — T4

7D£ — a0 (p) €7E — 1303 (p) e”ZB] : (5.60)
|4 p=0

(iii). For Z4 < H, so that the shelterbelt is below the release height,

Mypr. =k [7’4042 (p) (e’"SZA — er3ZB) + r3as (p) (e“‘ZA - e“‘ZB)] (5.61)

p=0"

The density of deposit on the ground is then Mp, = Q — M. [kg m™2], that is, what remains

of the original release.
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Figure 5.8: A measure of the accuracy of the discretised solution, illustrated by the ratio Mrr/Mrre,

as the number of trapping planes M increases. Mrpr [kg m~2] is the total trapping from the discretised

solution, and My, is the corresponding value from the continuous solution. See the text for parameter
values.

Comparison with the Discretised Solution

Here we compare the total trapping from the discretised solution, for a varying number of
trapping planes, against the total trapping from the continuous solution. The parameter values
used are the same as those for the comparative example with Dy = 0 in Case 1; these are
S=02ms ! Dy=1m?s!, Q=1kgm 2 and H = 3 m for the release, and Zg = 0.5 m,
Z4=2.5m and ky = 0.5 s~ for the shelterbelt “slab”.

Figure 5.8 shows the dimensionless ratio My /Mpr. for a varying number of trapping planes M;
M is the total trapping [kg m~2] from the discretised solution, and My, is the corresponding
value from the continuous solution. The accuracy of the discretised solution increases with the
number of trapping planes, though it rapidly reaches a consistent level. In contrast to Case 1
where Dy = 0, Mpr is always a little lower here than Mpp.. In this example, even with only

a single trapping plane My is only less than Mpr. by 4.2 %.
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Two-Dimensional Solution With Discretised Trapping

In 2-D, and with Dy # 0, our advection-dispersion model with trapping in a discretised shel-

terbelt becomes

Oc Oc dc 0%c 0?%c
— ——S— = Dj—+Dy— — X - H
Ol g Lo o+ Dy g+ Q8w — Xo0)8 (= — )5 (1)
N M
> ke (X, Zmit) 6 (x — X0) 6 (2 — Zim) (5.62)
n=1m=1
with initial and boundary conditions
c (:L',Z,O_) =0,
¢(z,z,t) — 0 as © — +o00, and z — oo, and
dc
— (z,0,t) = 0.
0z (2,0,%)

Page 86 contains a description of the conceptual situation, which is now trapping at an infinitely
long rectangular shelterbelt discretised using a 2-D array of trapping lines. After release from the
source the droplets disperse alongwind and vertically, whilst travelling with the mean windspeed

u and falling at settling speed S.

A solution to Equation (5.62) is constructed from the solution for a single trapping line on

page 63:

N M
c(x,z,t):Qf(a:,z,t;Xo,H)—ZZ/tkc(Xn,Zm,T)f(at,z,t—T;Xn,Zm) dr  (5.63)
0

n=1m=1
where
(z—X —ut)? 5%t _S(2—2)
f(z,2,6;X,7Z) = R <e_(f“3‘zf)t2 _,_e—(ﬁ;i)f)
T 2v/mDrt 2/m Dyt

(5.64)

SZ

SeDv z+Z+ St

— erfc
2Dy 2v/ Dyt

Note that the N x M, as yet unknown values of ¢ (X1, Z1,t),...,¢(XnN, Zp,t) appear inside
the integrand in Equation (5.63). Setting (z, 2) = (X, Zn) gives

N M t
¢ (Xn, Zm,t) = Qf (Xn,Zm,t;Xo,H)—ZZ/ ke (X, Zm,t — 73 X5, Z:) dr. (5.65)
j=1i=1"0

Thus, the concentration at the n, m* trapping line depends upon all of the other trapping lines.

The first term represents the concentration at the n, m!” trapping line due purely to the original
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release, and the second term compensates for the mass which has been removed at all of the

trapping lines up until the present time.

As mentioned in the opening of Case 2, this solution inherits the issue identified for the single
trapping line in Chapter 4 (see page 63), where the concentration is negative for a short time in
the vicinity of the trapping. It is possible to resolve the issue by making the trapping continuous

alongwind following the procedure described in 2-D for Case 1, though this is not included here.

Total Droplet Trapping and Deposition

Following Section 5.3, the total mass of droplets trapped by the discretised shelterbelt per unit

crosswind length [kg m~!] is

N M
Mrr =YY " ke(Xn, Zm,0) (5.66)
n=1m=1
where
Xn7Zma 7X7H k X’7Zi7 X?’L7Zm7 7szl
¢ (X, Zn,0) = — 2L X0, H) gy Beld, 20/ 0: X, Z)
1+kf (XnaZTmO; XmZm) j=1 i=1 1+ kf (XnaZrmO;XmZm)
(4,8)#(n,m)

(5.67)
leaving a total mass deposit per unit crosswind length of Mpr = Q — My [kg m_l]. The

density of deposit on the ground [kg m~2] is
Mp(z) = S¢(x,0,0)

N M
= SQF (x,0,0; X0, H) =Y > Skt (X, Zm,0) f (2,0,0; Xp, Zpn) . (5.68)

n=1m=1

To evaluate the total trapping Mt and the density of deposit Mp, one must solve the system

of simultaneous equations formed by Equation (5.67) at each trapping line.

For (z,z) # (X, Z), the required transform is

u(z—X)

—DSV / T K (O‘B2ém’§)> d§> (5.69)

where
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2 S2 _X2 _Z2 —X2 Z2
o= ll)LL+l)V’Bl(m’z):\/(xDL) +(ZDV) andBQ(SU,Z):\/(:U ) +(Z+ )

Otherwise, for (x,z) = (X, Z) the required transform is

- 1 1 o? aZ
T z0xa) = g o5 ((5) +1) + 5o ()

S [T 452 (et 2)
o] € Kg( - ) df}. (5.70)

In Equations (5.69) and (5.70), v = Euler’s constant = 0.57722. .. (Zemanian, 1987, p. 346) and

Ky is a modified Bessel function of the second kind of order zero (Weisstein, 2002).

An Illustrative Example of the Two-Dimensional Solution

The following example illustrates the 2-D solution with discretised trapping. The parameter
set used here is given in Table 5.3. A settling speed of S = 0.2 m s~! corresponds to droplets of
approximate diameter d = 44 pum, and dominant turbulence length scales of (Lz, Ly) = (2,1) m
give dispersion coefficients (D, Dy) = u(Lz,Ly) = (2,1) m? s7!.  The shelterbelt extends
vertically between Zp = 0.5 m and Z4, = 8.5 m, and alongwind between X4 = 4 m and
Xp = 8 m. The size of the array of trapping lines into which the shelterbelt is divided is

N x M = 2x40, thus there are 80 trapping lines each with effective trapping rate k = 0.2 m? s~

Table 5.3: Parameter set used to generate Figures 5.9 and 5.10.

u S (LL,Lv> Q (Xo,H) kb N xM AxAz
Ims™?t 02mst (2,1)m 1kgm™! (0,4 m 05s! 2x40 0.4 m?

Figure 5.9 shows cross-sections of the density of deposit [kg m~2] as calculated from Equa-
tion (5.66); the density of deposit with trapping is denoted Mp, and the corresponding value
without trapping is denoted M7},. This figure features the “elongated tail” as a result of the
vertical dispersion — the deposition profile is not symmetric because droplets which disperse

upwards spend longer in the air and are blown further before depositing.

The corresponding percentage reduction in density of deposit as a result of the trapping is shown
in Figure 5.10. There is significant reduction downwind of the shelterbelt, and this strength of

reduction persists much further downwind than for the example with Dy = 0. According to
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Equation (5.66), the total trapping here is Mpr = 0.61 kg m™!, whereas in the example with
Dy =0 it was Mppr = 0.78 kg m~L.

Three-Dimensional Solution With Discretised Trapping

In all three spatial dimensions, and with Dy # 0, our advection-dispersion model with trapping

in a discretised shelterbelt is given by Equation (5.3); that is

Oc Oc Jc d%c d%c 9%c

ot oz "oz + Q6 (x—Xo)d(y—Yo)d(z—H)d(t)

N L M

DD ke (X0, Y1, Zin, ) 6 (x = Xn) 6 (y = Y1) 6 (2 — Zm)  (5.71)

n=1 =1 m=1

with initial and boundary conditions

c (m, Y, 2, O*) =0,

c(x,y,z,t) — 0 as z,y — oo, and z — 400, and

Jc
& (xvyaoat) =0.

To recap, a rectangular shelterbelt is discretised by dividing it into a 3-D array of blocks with the
trapping in each block concentrated to the mid-point (see Section 5.1). After release from the
source the droplets disperse horizontally (both alongwind and crosswind) and vertically, whilst

travelling with the mean windspeed u and falling at settling speed S.

A solution to Equation (5.71) is constructed from the solution for a single trapping point on

page 68:
c(x7yazat) = Qf (xﬂy7z7t; X07Y07H)
N L M
ZZZ/kc(xn,m,zm,f)f(x,y,z,tT;Xn,Yl,Zm) dr
n=11=1 m=1"0
(5.72)
where
_@=X—un? _ (y-v)? _ 8% _5(:-2)
e 4Dt 4Dyt e 1Dy~ 2Dy _(L—)Z)t2 N _(ing
z,y, 2,6 X, Y, Z) = e v e v
f @y ) Antr/DLDy 2/r Dyl
Se B Z+8
e Pv z+ 4+ 5t
— erfc 5.73
2Dy ( 2v/ Dyt ) ( )
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Figure 5.9: Cross-section of the density of deposit kg m~2], resulting from a line release with non-zero
vertical dispersion and an N x M array of trapping lines. Mp denotes the density of deposit with
trapping, and M7}, denotes the corresponding value without trapping. Parameter values are as given in

Table 5.3.
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Figure 5.10: Cross-section of the percentage reduction in density of deposit as a result of the trapping in
Figure 5.9. Parameter values are the same as for Figure 5.10.
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The N x L x M, as yet unknown values of ¢ (X1, Y1, Z1,t),...,¢(Xn, Y, Zpr) appear inside the
integrand in Equation (5.72). Setting (x,y, z) = (Xn, Y], Zm) gives

C(XmeZmat) = Qf(Xna}/E;Zmat§X07%7H)

N L M
SN R (XY Zim) f (X Vi Zt X Y0 )
0

j=1r=1i=1
(5.74)
Thus, the concentration at the n, 1, m!" trapping point depends upon all of the other trapping

points. The first term represents the concentration at the n, 1, m** trapping point purely due to
the original release, and the second term compensates for the mass removal at all of the trapping

points up until the present time.

This solution, being an extension from 2-D, also exhibits a negative concentration for a short
time in the vicinity of the trapping. It is possible to resolve the issue by making the trapping
continuous horizontally (both alongwind and crosswind), and this can be done by letting both
N and L — oo following the procedure described in 2-D for Case 1. We do not pursue this
further here, as the issue has negligible effect on the total trapping and deposit with realistic

trapping rates (see page 94).

Total Droplet Trapping and Deposition

Following Section 5.3, the total mass of droplets trapped by the discretised shelterbelt [kg] is

N L m
Mpp =YY" " ke(Xn,Yi, Zm,0) (5.75)

n=1 =1 m=1
where
Qf (X0, Y1, Zm, 0; Xo, Yo, H)
L+ kf (Xn, Y1, Zm, 0; X, Y, Z)

c(Xn. Y, Z,,,0)

N L M ,_ -
_ZZZ kC(XjaYmZz'aO)f(Xnayivzm,O;Xj,K7Zi)

LAk f (X0, Y1, Zim, 05 X, Vi, Zin)

j=1r=14=1

( ‘77‘71‘)7é(n7l7m)
’ (5.76)

This leaves a total mass deposit on the ground of Mpr = Q — Mpr [kg]. The density of deposit

on the ground [kg m~?] is

Mp (z,y) = Sc(z,y,0,0)

= SQ?(%?JvaOyXO,Yb,H)

N L M

=Y DD Ske (X Vi Zn, 0) F (2,9, 0,0 X0, Y1, Z) . (5.77)

n=1 =1 m=1
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To evaluate the total trapping My and the density of deposit Mp, one must solve the system

of simultaneous equations formed by Equation (5.76) at each trapping point.

For (z,y,2) # (X,Y, Z), the required transform is

u(z—X)

7( 0:X.Y. Z) e 201 _¥ e—%a,@ﬂx,y,z) 6_%'82($7y’z)
z,Y,z, VA, r, = ——— |e ?%Pv +
Am/DDrDy By (z,y,2) By (x,y, 2)
1
S /OO _8(-2) g~ 3P2(x:y,8)
ool ¢ e © 5.78
Dy J. By (2,4.€) (5.78)

where

S W_X)z w-Y" , -2

e _— _— = d
« DL + -DV’ /Bl (.’B,y,Z) -DL + DT -DV , all
C J@=-X)?  @-Y)? | (z+2)?
By (z,y,2) = \/ D, + Dy + Dy

Otherwise, for (z,y,2) = (X,Y, Z) the required transform is

- 1 o Dy -z
XY, 2,0X,Y,2) = ——0 |2 Vv
a ) 4n/Dy DDy { 2"z ¢
S /oo 1 7S§D7Z)7&i7;2) ( )
- ¢ v 2Dy gel 5.79
VDv J; (§+2)

with a as given above.

An Illustrative Example of the Three-Dimensional Solution

The following example is intended to illustrate the 3-D solution with discretised trapping. The
parameter set used here is given in Table 5.4. A settling speed of S = 0.2 m s~! corre-
sponds to droplets of approximate diameter d = 44 pm, and dominant turbulence length scales
of (Lp,Ly,Ly) = (2,2,1) m give dispersion coefficients (Dp, Dy, Dy) = w(Lgp, Ly, Ly) =
(2,2,1) m? s~!. The shelterbelt extends vertically between Zp = 0.5 m and Z4 = 8.5 m, along-
wind between X4 =4 m Xp = 8 m, and crosswind between Y4 = —4 m and Yz =4 m. The
size of the array of trapping points into which the shelterbelt is divided is N x L x M = 2 x4 x 40,

thus there are 320 trapping points and the effective trapping rate for each is k = 0.4 m? s=1.



5. Trapping in a Discretised Shelterbelt 112

Table 5.4: Parameter set used to generate Figures 5.11, 5.12 and 5.13.

U S (LL,LT,Lv) Q (Xo,}/o,H) kb N xLxM AZCAyAZ
Ims?t 02mst  (2,2,)m 1kg (0,0,4)m 05s 1 2x4x40 0.8 m3

Figure 5.11 shows contours of the density of deposit [kg m~2] without trapping, calculated by
setting £ = 0 in Equation (5.77). Note the oval shape of the contours; they are elongated in the
downwind direction as a result of the vertical dispersion — droplets which are dispersed upwards
spend longer in the air, and are blown further before depositing. The corresponding contours of
the density of deposit with trapping are shown in Figure 5.12; the contour lines are compressed

and bent as the density is reduced behind the trapping points.

Figure 5.13 shows the percentage reduction in density of deposit as a result of the trapping; the
shadow area of reduced deposit downwind of the shelterbelt is clearly visible. According to

Equation (5.75), the total mass trapped here is Mpp = 0.45 kg.

5.6 Chapter Summary

In this chapter we took the solution to our advection-dispersion model with a point representa-
tion for trapping, described in Chapter 4, and used it to construct a solution for trapping in a
discretised shelterbelt. The discretisation was achieved by dividing the shelterbelt into a 3-D

array of smaller blocks, with the trapping in each block concentrated to the point at its centre.

As for the single trapping point in the previous chapter, we analysed the model with trapping in a
discretised shelterbelt for two separate cases: zero and non-zero vertical dispersion. In each case
we presented solutions in 1-D and 2-D, building up to a full 3-D solution. In 1-D, we were also
able to determine analytic solutions with continuous trapping for comparison with our discretised
solutions. It was observed that the 2-D and 3-D solutions exhibit negative concentrations in
the vicinity of the trapping — this is an artefact of the point representation for trapping carried
over from Chapter 4, and caused by focusing the trapping at an infinitely small point. We
showed how the problem can be resolved by making the trapping continuous horizontally within

the shelterbelt, thus spreading it out over a finite area rather than an infinitely small point.
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Figure 5.11: Contours of the density of deposit Mp [kg m~2], resulting from a point release (marked
with a %) with non-zero vertical dispersion and no trapping. The spacing between contour lines is
0.00018 kg m~2, the outermost contour has value Mp = 0.00018 kg m~—2, and the innermost contour has

value Mp = 0.0016 kg m~2. Parameter values are as given in Table 5.4.
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Figure 5.12: Contours of the density of deposit Mp [kg m~2], resulting from a point release (marked with
a x), with non-zero vertical dispersion and trapping at a 2 x 4 x 40 array of points. The region containing
the trapping points is shaded in grey. The spacing between contours is 0.00015 kg m~2, the outermost
contour has value Mp = 0.00015 kg m~2, and the innermost contour has value Mp = 0.0014 kg m~2.

Parameter values are as given in Table 5.4.
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Figure 5.13: Contours of the percentage reduction in density of deposit between Figures 5.11 and 5.12 as
a result of the trapping. The release point is marked with a *, and the region containing the trapping
points is shaded grey. Parameter values are the same as for Figure 5.11 and Figure 5.12.

However, comparative examples showed very little difference in the total trapping and deposit

because the region in which the concentration is negative is very small.

One could spend a considerable length of time experimenting with various parameter values and
array sizes for the discretisation of the shelterbelt, and we leave this as a subject for further

study.



Chapter 6

Trapping With Evaporation

The previous models in Chapters 3 — 5 apply to droplets which are not evaporating. In this
chapter, we take the information on droplet evaporation from Chapter 2, and incorporate it into

our advection-dispersion model with the point representation for trapping from Chapter 4.

We begin by setting up the model with evaporation, and then introduce approximations for
the droplet mass and settling speed to simplify calculation later in the chapter. Following the
analysis of the previous models we seek analytic solutions, first in the simple case where vertical
dispersion is negligible compared to horizontal dispersion, and then in the more realistic but
also more difficult case of significant vertical dispersion. For each case, we present solutions
in one and two dimensions, working towards a full three-dimensional solution. Fully analytic
solutions for the case of significant vertical dispersion could not be found; instead the solutions

are embedded in integral equations which we evaluate numerically.

The solutions in this chapter also inherit the issue of a negative concentration in the vicinity
of the trapping, which was identified in Chapter 4 as an artefact of the point representation
for trapping. We do not discuss the issue any further in this chapter, as it was shown in the

previous chapter to have little effect with realistic trapping rates (see pages 91 — 95).

6.1 Advection-Dispersion Model with Trapping and Evaporation

With evaporation of the droplets, it is convenient to solve our advection-dispersion model in
terms of the number concentration rather than the mass concentration. The advantage of using

the number concentration is that there is no evaporation (or mass loss) term in the model. All

115
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droplets count the same in the number concentration no matter their mass; in fact, we continue
to count even droplets which have completely evaporated — these are just considered as droplets

with zero mass.

A cloud of evaporating droplets is still advected by the wind and dispersed by turbulence, all
whilst falling under the influence of gravity, however the rate at which the droplets fall decreases
with time as they become smaller and lighter. We assume that the relative humidity and
ambient temperature are uniform, and that the evaporating droplets do not affect the relative
humidity; as a result, the amount of evaporation from a droplet is only dependent on the length
of time it spends in the air. The number concentration of droplets per unit volume of air is
denoted C (z,v, 2,t) [# m~3]; our advection-dispersion model in terms of C, with evaporation

and a point representation for trapping, is:

oc  ac Y. R2Cc  _ C  _ &C
9c ¢ ¢ _ D D
o " var S W0%; Log2 TP g2 TPV
+ 25— Xo)d (4~ Y0) b (= — H)d (1)
0

—kC(Xl,Yl,Zl,t)(S(ZL'—Xl)(S(y—Yl)(S(Z—Zl) (6.1)

where my is the initial mass of each droplet, and the remaining parameters are as defined in the
previous models in Chapters 3 — 5. The unit of k [m? s7!] is the same as in the previous models
(since it is defined by k = kyAzAyAz, and ky, is a ratio of droplets trapped per unit time). In
theory, the size of k should change with time as the droplets evaporate (smaller droplets are less
efficiently trapped, see Section 3.3). At present, we assume that k remains constant; this could
be a topic for future research. The initial and boundary conditions are also the same as those
for the previous models. Note that evaporation only appears indirectly in Equation (6.1) via

the settling speed S (t), which decreases with time as the droplets become smaller and lighter.

Equation (6.1) may be derived following the argument in Chapter 3, but with conservation of
number rather than mass. Some important points to note are: (i) we assume that evaporation
does not affect the dispersion, that is, the droplets are dispersed independently of their size, and
(ii) the situation is greatly simplified by the choice of an instantaneous release, which means
that at any given instant, all of the droplets have been in the air for the same length of time,
therefore they have all experienced the same amount of evaporation, and consequently all have
the same settling speed. If the release were not instantaneous, the air would contain droplets
which have been airborne for differing lengths of time, and so there would be a distribution of

droplet sizes with an associated distribution of settling speeds.
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At any time ¢, the mass concentration c (x,y, z,t) [kg m™?] is related to the number concentra-
tion by ¢ = m (t)C. Multiplying Equation (6.1) by the mass m (t), our advection dispersion

model with evaporation and a point representation for trapping becomes, in terms of the mass

concentration:
dc  dc dc 0%c d%c d%c
— ——S{t)——E(t = Dr—~+Dr— +Dy—
o o S W EWe Loz T VT T PV g2
+Q8 (2 — Xo) 8 (y — Yo) b (= — H) 6 (2)
—ke(X1,Y1,21,t) 0 (x — X1) 0 (y — Y1) 0 (2 — Z1) (6.2)
1dm . . .
where F (t)c = ———c is the evaporation term. The evaporation term acts as a mass sink,

m dt
where the rate of removal depends upon the local concentration. If there is no evaporation, then

E(t) =0 and S (t) = S = constant, and Equation (6.2) is the same as the model in Chapter 4.

6.2 Total Droplet Trapping and Deposition

Once again, the quantities of particular interest are the total amount trapped at the point and
the subsequent deposit on the ground. Whilst in the previous models these quantities were
evaluated using Laplace transforms (see Section 4.2), the time-dependent mass and settling

speed rule out that technique here.

Total Droplet Trapping

The number of droplets trapped per unit time, per unit volume, [# s~! m™3] is
kC (X1, Y1, Z1,t) 6 (x — X1) 6 (y — Y1) 0 (2 — Z1) -

The total number of droplets trapped at the point, Npp [#], is the integral of this rate per unit

volume with respect to space and time:
ts [e%¢] (e [e'¢]
Npr = / / / / EC (X1,Y1,Z1,t) 6 (x — X1) 6 (y — Y1) 0 (2 — Z71) dx dy dz dt
0 0 —o0 J —00

ts
_ / KC (X1, Vi, Z0,1) dt (6.3)
0

where ¢4 is the disappearance time, that is, the time at which the droplets have evaporated
completely. Since all of the droplets have the same mass at any given time, the total mass of

droplets trapped at the point, Mpp [kg], is
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ts
Myp — / / // 1) RC (X1, Y1, Z0,8) 6 (2 — X1) 6 (y — Y1) 6 (2 — Z1) da dy d= dt

-/ m (t) kC (X1,Y1, Zy,t) dt. (6.4)

Deposition on the Ground

At ground level, the downward number flux of droplets per unit area [# m~2 s7!] is
S(t)C(z,y,0,1).

The number density of deposit on the ground, Np [# m~2], is the integral with respect to time:

Np (2,y) = Ots S () C (z,,0,t) dt. (6.5)

Once again, since all of the droplets have the same mass at any given time, the mass density of

deposit on the ground Mp [kg m~2] is

Mp (2, y) :/Osm(t)S(t)C(x,y,O,t) dt. (6.6)

6.3 Approximations for the Mass and Settling Speed

Expressions for the settling speed and evaporation rate of a droplet were given in Chapter 2
(Equations 2.5 and 2.19), however these expressions both require numerical evaluation. To
simplify calculation in this chapter we use approximations for the mass and settling speed; it
should be noted, though, that the solutions presented later in the chapter could be used with

formulae other than these approximations.

Referring back to Section 2.4 (Equation 2.19), the evaporation rate of a droplet of radius a is
given by
(6.7)

dﬂ 47T(lfwMWDW <psat ( ) ¢psat ( )) '

at R, T, Too
The ventilation coefficient f,, is very close to one for droplets with diameter less than around

100 pm, rising to around 1.7 at diameter 200 pum (see Figure 2.6); for the purposes of this

d
chapter we will assume that f,, = 1, and write d—? = —Fa where
47 My D T, T
E="" };: W <psa;i a) _ ¢psatjfmm)> = constant. (6.8)
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4
The droplet mass is m = gpwﬂa?’; differentiating with respect to time gives 4p,, ma*— = —Fa,

and therefore

for 0 <t < tg, where ag = a (0) is the initial droplet radius, and

_ 2p,mag

ts I3

(6.10)

is the disappearance time, or the time at which the radius is zero and the droplet evaporates

completely. The droplet mass as a function of time is then

m () = mo (1 - t)w (6.11)

ts

4
where mg =m (0) = gpwwa% is the initial mass.

We approximate the settling speed by the Stokes flow settling speed. Stokes flow describes very
low Reynolds number flows, where viscous forces dominate inertial forces; this is appropriate for
small droplets moving at low speed. In Stokes flow the drag force is equal to —3mud (v —u)

(Reist, 1993), notation as in Chapter 2, and Equation (2.5) for the settling speed becomes

_ 4ga’®

S(a) = 18 (Pw = Pa) - (6.12)

Substituting Equation (6.9) for the droplet radius, the settling speed as a function of time is

S () = So <1 - ;) (6.13)

s

4 2
where Sy = S (0) = 198% (P — Pg) s the initial settling speed. Figure 6.1 compares the settling
L

speed calculated according to Equation (2.5) with the Stokes flow settling speed calculated

from Equation (6.12); the two compare well up to around 100 pm in diameter, where the
difference is approximately 26 %; for larger droplets, the Stokes flow approximation increasingly

overestimates the settling speed.

6.4 Case 1: Zero Vertical Dispersion

In this section we present 1-D, 2-D and 3-D solutions to our advection-dispersion model, with
evaporation and a point representation for trapping, in the case of negligible vertical dispersion.

As in the models without evaporation in Chapters 4 and 5, this is a special case where the droplets
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Figure 6.1: Comparing the actual settling speed (Equation 2.5), with the Stokes flow settling speed
(Equation 6.12), for droplets with diameter between 10 pm and 200 pm.

can disperse only horizontally, and the boundary condition on the ground is automatically
satisfied. Since the droplets do not spread vertically there are two possibilities: either they will
all deposit on the ground, having lost only part of their mass by evaporation, or they will all

evaporate completely during flight, in which case there is no deposit on the ground.

We obtain the solutions presented here by changing to a coordinate system which moves down-
wards with the droplets; this eliminates the time-dependent settling term from the model, and
makes the solution process quite straightforward. Also, this method is flexible in that it may

be applied independently of the form of the settling speed S ().

One-Dimensional Solution

In 1-D, and with Dy = 0, our advection-dispersion model with evaporation and a point repre-

sentation for trapping is

@—S(t)@zg (z—H)o(t) — kC (Z1,t)0 (2 — Z1) (6.14)
ot 0z mo
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Original coordinates Moving coordinates
z Z
A ~
Z =—-H+ Z1 + f(t)
Release height
H - > ¢
Trapping height
7, .. Trapping height ___
Ground
0

Figure 6.2: Illustration of the 1-D model in the moving coordinate system (Z,t). The droplets are at

height Z = 0. The ground and the trapping plane are rising at the same rate; after time t they are at

heights Z = —H + f (¢t) and Z = Z; — H + f (t) respectively. Time ¢; is when the trapping plane and
the droplets meet, and time ¢, is when the ground and the droplets meet.

with initial and boundary conditions
C (2,07) =0 and C (co,t) = 0.

The conceptual situation here is a plane release with a plane representation for trapping, as
described for the 1-D model in Chapter 4 (see Section 4.3). To solve Equation (6.14) we change
to a moving coordinate system (Z,t), where Z = z — H + f (t) with f (t) = /tS(T) dr. In
this coordinate system, we denote the number concentration by C* (Z,t), and ](E)Jquation (6.14)

becomes

ddct* _ 305(2)5(75) —kC*(Zy— H+ [ (t),£)8(Z — Zi + H — f (1)) (6.15)

with initial and boundary conditions C* (Z,07) = 0 and C* (c0,t) = 0. Relative to the new
coordinate system the droplets are no longer falling; however the ground and the trapping plane
are moving upwards to meet them. The droplets are released at time ¢t = 0 from height Z = 0
and remain there; the ground is initially at height Z = —H and the trapping plane is initially
at height Z = —H + Z;, and both move upwards with speed S (t). After time ¢, the height of
the ground is Z = —H + f (t) and the height of the trapping plane is Z = Z; — H + f (t). See

Figure 6.2 for a sketch of this scenario.
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Using the property of the delta function that
o (t — 1)

d(g®) =D i (6.16)
; g’ (t:)]
where the t;’s are the zeros of the function g (¢), Equation (6.15) can be re-written as
o Q kC* (Z,15)
=—0(2)6(t) — —F—5=26(t—t 1
s ()50~ g b - ) (617)

where t; = F(Z + H — Z1) is the time at which the trapping plane reaches height Z, with F’

being the inverse of function f, as defined on page 123. Integrating with respect to time:

C* (2,t) = nié(zm(t) _ W

H(t—tz). (6.18)
The, as yet unknown C* (Z, ty) is the concentration at height Z at the time at which the trapping
plane arrives there. To determine C* (Z,tz) we let t — ¢, since this gives the concentration
which the trapping plane meets upon arrival.

C*(Z,tz) = lim C*(Z,t)

t—t,

_ CsHy). (6.19)
mo

Substituting Equation (6.19) back into Equation (6.18) gives

o (Z,t)=£5(Z)H(t)_Tr%

0(Z)H (t1) H(t —t1) (6.20)
where t; = F' (H — Z1) is the time at which the trapping plane and the droplets meet. Looking
at the sketch in Figure 6.2: if —H 4+ Z; < 0 as shown then t; > 0, but if —H + Z; > 0 then
t1 < 0. In other words, if the trapping plane is below the release height (Z; < H) then t; > 0,
but if the trapping plane is above the release height (Z; > H) then ¢; < 0. Returning to the

original coordinate system:

0, <0,
For Z1 > H, C(z,t)= 0 (6.21)
0, t <0,
Q
and for 71 < H, C(z,t) = m705(2—H+f(t))a 0<t<ty, (6.22)
o (= 50)
—1- 0(z—H+ f(t)), t>t;.
e S(h) (2 f) 1
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The concentration is zero until the release at t = 0, and after that it is non-zero only at height
z = H — f (t) which is the height of the droplets at time ¢. At time ¢; some of the droplets are

removed at the trapping plane (provided it is below the release height).

The solution above may be applied for general S (t), however, use of the Stokes flow approxi-
mation from Equation (6.13) does lead to simple formulae for f and its inverse F' as follows: if

A = f(t), so that consequently ¢t = F' (A), then

£t) = /Ot S(r) dr = Sot <1 _ 21) (6.23)

F(A) =1, (1—1/1—;;33). (6.24)

The examples in this chapter are calculated using the expressions above for f and F, and

and

Equation (6.10) for the disappearance time ts. In the case of no evaporation, S (t) = Sy =

constant and t5 = 0o, and the expressions above reduce to f (t) = Spt and F (A)

Total Droplet Trapping and Deposition

The total amount trapped and the deposit on the ground are calculated according to Section 6.2.

The total mass of droplets trapped at the plane per unit area [kg m~2] is

ls

MTT = m(t) kC (Zl,t) dt
0
05 Zl > H)
= { o, Zi< H, ty <t (6.25)
t1) k
M, A <H, ts < 11.
\ mOS<t1)

There is no trapping if Z; > H because no droplets move upwards from the release height.
There is also no trapping for Z; < H if the droplets completely evaporate before reaching the

trapping plane (that is t5 < ¢1).

The density of deposit on the ground [kg m~2] is

Mp :/Otsm(t)S(t)C’(O,t) dt.
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For Z; > H this gives

0, te < tg,
Mp = 2
Py mpQ (6.26)
mo ’ s gs
and for 71 < H,
0, te < tg,
Mp = m(ty) Q (1 _k > .y (6.27)
mo S(tl) ’ s g

where ty = F'(H) is the time for the droplets to reach the ground. There is no deposit if ¢5 < t4,
that is, if the droplets completely evaporate before reaching the ground. Otherwise the deposit
depends upon the height of the trapping plane through the parameter ¢;.

Two-Dimensional Solution

In 2-D, and with Dy = 0, our advection-dispersion equation with evaporation and a point

representation for trapping becomes

oC oC oC ?’C  Q
oyt =S - = DLw—i—m—oé(x—Xo)é(z—H)é(t)
—kC<X1,Z1,t)(5(.’E—X1)(5(z—Zl) (6.28)

with initial and boundary conditions

C (z,2,07) =0, and

C(z,z,t) — 0as x — +oo, and z — +o0.

This is now a line release with a line representation for trapping (see the description for the 2-D
model in Chapter 4, Section 4.3). To solve Equation (6.28) we employ the moving coordinate
system from the 1-D solution; so that C (z,z,t) — C* (x,Z,t), where Z = z — H + f (t) with
f)= /OtS (1) dr. Equation (6.28) becomes

act  ac 82C  Q
oty = Drgm T 0@=X0)8(2)5 ()

—kC* (Xl,Zl —H+f(t),t)5($—X1)5(Z—Z1+H—f(t))(629)

Relative to this coordinate system, the droplets are released from the line at (z, Z) = (Xj,0)
at time t = 0; they remain at that height whilst travelling with the wind and also dispersing
alongwind. The ground and the trapping line rise with speed S (¢) to meet them.
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Using the property of the delta function in Equation (6.16), Equation (6.29) can be rewritten as

oCc* oCc* 02C
=02+ L x93 (2)50)
0

kKC* (X1, Z,t5)
"o Ersl -

S(tz)

§(z—X1)5(t—tz) (6.30)

where t; = F(Z + H — Z;) is the time at which the trapping line reaches height Z. Taking
Fourier transforms with respect to x, integrating with respect to ¢, and then inverting the Fourier
transforms:

C* (x, Z,1) Q=5 (m
— v L
x, Z, Ymo/mDLL. , (6.31)
. _(e=Xa—u(i=tg))? '
L RN Zitz) TR ()
28 (tz) /7D (t —tz)

The, as yet unknown C* (X1, Z,tz) is the concentration which the trapping line encounters when
it arrives at height Z. To determine C* (X1, Z,tz) we set x = Xy and let t — ¢, to correspond

with the concentration met by the trapping line on arrival.

C*(X1,2,tz) = tliIP C* (X1,2,t)
—lz

.32
Q _W(S o (6.32)

— ©_____ Ltz .

Qmm/ﬂ'DLtZe ( ) (Z)

Substituting this result back into Equation (6.31) gives
t _ (z=Xg-ut)?
C* (2, 7,t) = %e Bt §(2)
mo\/m

oV L (6.33)

Xt )2 (Xt (it )2
. kEQH (tl) H (t - tl) - X1 4)1221&1 t1)% _( i%L(t(jtlt)l)) 5 (Z) '
4moS (t1) Dr/t1 (t — t1)

where t; = F'(H — Z) is the time at which the trapping line and the droplets meet. As for the
1-D solution, Z; > H corresponds to t; < 0 and Z; < H corresponds to ¢; > 0. Returning to

the original coordinate system:

For Z; > H,

0, t <0,

C (l" Z) t) = (634)
(z— X —ut)2
© BTG H ), t>0,
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and for Z; < H,

0, t <0,
Q _(z—XO—ut)2
mg wrt§(z—H+ f (1)), 0<t<ty,
C(x,z,t) =
xr— —ut 2
Q 6_(‘ fL()JLt = _ kQ X

2mo/T Dt dmomS (t1) Dp+/t1 (t — t1)

(X1 —Xg-ut))?  (@a—Xp—u(t—t1))?
e 4Dty 4Dy (t—t1) ) (z — H + f (t)) , t>1t.

(6.35)

Again, as in the 1-D solution, the concentration is non-zero only after the release, and then only
at height z = —H + f (¢) which is the height of the droplets at time t. Provided it is below the

release, some of the droplets are removed at the trapping line when they reach it at time ¢;.

Total Droplet Trapping and Deposition

The total mass of droplets trapped at the line per unit length [kg m~!] is
ts

MTT = m(t) kC(Xl,Zl,t) dt
0

0, Z1 > H,

= 0, Z1 < H, ts < tq, (636)

t1) k _ (X1 —Xq-uty)?
m(l) @ e 4Drt , Z1 < H, ts > t1.
( 2moS (t1) vm Dty

Nothing is trapped if Z; > H because the droplets do not move upwards. There is also nothing

trapped for Z; < H if t; < t1, because this means that the droplets evaporate completely before

reaching the trapping line.

The density of deposit on the ground [kg m_z] is
ts
Mp (x) :/ m (t) S (t) C (x,0,t) dt.
0

For Z; > H this gives

Mp (z) = m (ty) Q (e—Xg—utg)? (6.37)
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and for Z; < H,

0, ts < tg,
— —u 2
Mp(z) = Me‘%—
2moy/7 D1l
_ —u 2 z—X1—u(tg—t 2
m (tg) kEQ 6_(X1 4)1:()(,;t1t1) - 41;L(t(gtit1t)l)) , ts > tg.
4m07TS (tl) DL\/m
(6.38)

where t;, = F'(H) is the time the droplets take to reach the ground. There is once again no

deposit if t, < t,4, since this means the droplets completely evaporate before reaching the ground.

An Illustrative Example of the Two-Dimensional Solution

The following example is intended to illustrate the 2-D solution described above. The parameter
set used here is given in Table 6.1. The droplets, with initial diameter dy = 100 pum, have
initial mass and settling speed mg = 5.23 x 107!? kg and Sy = 0.37 m s~! respectively, and
are at temperature T, = 14.7 °C; they reach the height of the trapping line at ¢; = 2.9 s
with mass m (t;) = 4.25 x 1071% kg, and deposit on the ground at t, = 10.6 s with mass
m (ty) = 2.0 x 1071 kg. The disappearance time according to Equation (6.10) is ¢, = 22.2 s.
Note that the background trapping rate ky = 25 s~! is unrealistically high, and we have inflated

it to make the effect of trapping more visible; a realistic value would be < 2 s™1.

Table 6.1: Parameter set used to generate Figure 6.3.

u LL (;5 Too do Q (X(), H) kb AzAz (Xl, Zl)
Imst 2m 60% 20°C 100 um 1kgm=! (0,3)m 25s ' 0.04m? (4,2)m

Figure 6.3 shows cross-sections of the density of mass deposit on the ground, first with neither
evaporation nor trapping, then with evaporation but no trapping, and finally with both evap-
oration and trapping. The deposit with evaporation is significantly lower than that without
evaporation, since the droplets are smaller and lighter upon reaching the ground. Also, the
peak in deposit with evaporation is shifted slightly downwind, as the smaller droplets are blown
further by the wind. Trapping further reduces the deposit; with the parameter values chosen
here there is a maximum reduction of around 43 % in the density of deposit with evaporation

when the trapping line is added.
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Figure 6.3: Cross-sections of the density of deposit on the ground [kg m 2], with and without evaporation
and/or trapping, resulting from a line release with zero vertical dispersion and a line representation for
trapping. Parameter values are as given in Table 6.1.

Three-Dimensional Solution

In all three spatial dimensions, but with Dy = 0, our advection-dispersion model with evapora-

tion and a point representation for trapping becomes

oC oC oC 0%C ’C Q
—kC(Xl,Yl,Zl,t)(S(x—Xl)é(y—Yl)(S(z—Zl) (6.39)

with initial and boundary conditions
C (az,y,z,O*) =0, and
C(z,y,2z,t) — 0 as z,y — oo and z — +o0.

Once again, we employ the moving coordinate system from the 1-D solution; so that C (z,y, z,t) —

t
C* (z,y,Z,t), where Z = z— H + f (t) with f (t) = / S (1) dr. Equation (6.39) then becomes
0

ac*  aC* 02C* o2Cc*  Q
S tus— = Di% o+ Dr + =28 (x— Xo)d(y—Yo)8(Z) 6 (t)

8y2 mo
—kC* (X1, V1,21 —H+ f(1),0)0(x—X1)d(y—Y1)6(Z+H - Z1+ f (1))
(6.40)
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The droplets are released at time ¢t = 0 from (z,y, Z) = (X0, Y0, 0) in the new coordinate system.
Relative to this coordinate system the droplets do not fall, but are transported by the wind and
disperse horizontally, while the ground and the trapping point rise with speed S ().

Following the procedure laid out for the 2-D solution, Equation (6.40) may be rewritten using
the property of the delta function (Equation 6.16), and then solved by taking Fourier transforms

and integrating with respect to ¢t. The result is

Q _(xifgizut)z_(i})yot)z(g ZYVH (t
L T
4m077t\/DLDT6 ( ) ()
* C(@=xy-u(i-tg))? (y=vy)?
B kC (—X17Y17Z7tZ) e 45L(t—tZ)Z 4DyT(t1‘Z)'H(t—tZ)

Av (t —t7) S (tz) vVDLDr

C*(z,y,Z,t) =
(6.41)

where C* (X1,Y7,Z,tz7) is the, as yet unknown concentration met by the trapping point when
it reaches height Z. We set (z,y,7) = (X1,Y1,7) and let ¢ — t,, to correspond with the

concentration met by the trapping point on arrival:

C* (Xl,Yl,Z,tz) = 111117 C* (Xl,Yl,Z,t)
iz (6.42)

Q _(Xl—Xo—“fZ)z_(Y1—Y0)2

e 4Dty 4Dyt y, 5 Z H t
4m07TtZ\/DLDT ( ) (Z)

where t; = F(Z + H — Z7) is the time at which the trapping point rises to height Z, with F’

being the inverse of function f. Consequently,

H (t _@=Xo—un® _ (u-¥)® EQH (t1) H(t —t
O (ay.zt) = W g gy . AORMITE )
dmomt/ Dy Drp 16mom2S (tl) i1 (t — tl) Dy Drp
_(Xi-Xo-uty)?  @-Xy-u@-0)? m-vp?  (-vp)?
e 4Dty 4Dy (t—tq) 4Dty 4Dp(t—t1) § (Z)

(6.43)
where t; = F (H — Z;) is the time when the trapping point and the droplets meet. As for
the 1-D and 2-D solutions, Z; > H corresponds to t; < 0 and Z; < H corresponds to t; > 0.
Returning to the original coordinate system:

For Z; > H,

0, t <0,

Q _(e=Xg—ut)?  (y—¥p)?

- e 4Dyt 4Dt 5 _ H + t , t > 0’
4m07rt\/ DLDT (Z f( ))

(6.44)
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and for Z; < H,
.
0, t <0,
Q - (ziff()r:t)Q - (y4})Y022 ) ( H ( )) 0
— € L T z—HA+ f (2 <t<t
Amorty/DLDr AN L
C(z,y,z,t) =
T— —ut)? — 2
Q Lo’ o2 kQ )
4m07rt\/ DLDT 16m07r25’ (tl) DLDTtl (t — tl)
_(X1—Xg-ut)?  (-Yp?  (@=Xy-ut-t1)%  (y-¥7)?
e 4Dty 4Dty 4Dy (t—t7) ADp(t—t1) | § (Z - H + f (t)) ,

t>t.

(6.45)

The concentration is once again zero before the release, and only non-zero after the release at

height z = —H + f (t) which is the height of the droplets after time t. Some of the droplets are

removed at the trapping point when they reach it at time ¢; (provided it is below the release

height).

Total Droplet Trapping and Deposition

Following Section 6.2, the total mass of droplets trapped at the point [kg] is

ls

MTT == m(t) k‘C’(Xl,Yl,Zl,t) dt
0
(
0, Zy > H,
= 0, Z1 < H, ts < tq,
(X1—Xg—ut1)2  (Y1—-Y7)2
m(tl)kQ - 14D%t1 . 41DTt11 R 71 < H, ts > t1.
4m0775 (tl)tlx/DLDT

(6.46)

Once again, there is no trapping if Z; > H because the droplets do not move upwards, and

there is also no trapping for Z; < H if ty < t; because this means that the droplets evaporate

completely before reaching the trapping point.

The density of deposit on the ground [kg m~—2] is

ts
MD(:E,y):/O m(t)S(t)C (z,y,0,t) dt.

(6.47)
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For Z; > H this gives

0, ts <tg,
MD (ﬂf, y) = m (t ) Q _ (ac—XO—utg)2 _ (y_Y0)2 (648)
9 e 4D tg Drtg  fg > tg,
dmorS (tg) tg/ D1 Dr
and for 71 < H,
0, ts < tg,
Mp (z,y) = m (ty) 9 e_( i(fgLfgtg) B (ZD;(%.?; — m (tg) kQ X
4m07rtg\/ DDy 16mom2S (tl) t1 (tg — t1> Dy Dy
_ 1 =Xp—ut)?  (-vp? (a=Xi-u(tg—1))® @-vp)?
e 1Dt 4Drt 4D (tg—t1) 4Dp(tg—t1) |
ts > tg.
(6.49)

where t, = F'(H) is the time the droplets take to reach the ground. Again, there is no deposit

if t5 < t4, since this means the droplets completely evaporate before reaching the ground.

6.5 Case 2: Non-Zero Vertical Dispersion

In this section, we present 1-D, 2-D and 3-D solutions to our advection-dispersion model, with
evaporation and a point representation for trapping, in the case where vertical dispersion is
significant (Dy # 0). As in the previous models without evaporation, the boundary condition

oC
of zero vertical dispersive flux on the ground requires e (z,y,0,t) = 0.

With evaporation and Dy # 0, the non-constant settling speed S (¢) combined with the bound-
ary condition on the ground make it extremely difficult to solve the model analytically. We
attempted a number of different methods with a varying degree of progress. The method which
proved the most successful, described in the 1-D, 2-D and 3-D solutions below, combines a Greens
function with the moving coordinate system from Case 1. Unfortunately the solutions obtained
are embedded in integral equations, and require the numerical inversion of a Fourier transform,

however they still allow for easy parameter variation and are not specific to a particular form

for S (¢).
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Solution Approaches

We tried a number of approaches in solving our advection-dispersion model with evaporation
and Dy # 0. Two methods which were ultimately unsuccessful but warrant a little discussion
are (i) Laplace transforms with respect to z rather than ¢, and (ii) a time-varying “underground”

image source.

Laplace Transforms

Initially we experimented with solving the model by taking Laplace transforms with respect to
z. Interestingly, this results in a transform which cannot be inverted. As a simple example,
consider the model in 1-D and with dispersion only (that is S (¢t) = 0 and k& = 0); in this case

the model is
oC 9%C Q

for which the known solution is

C ( t) Q - (iBH): + - (1—151{12 (6 51)
zt) = ———= | e v e vi . .
2mo/ Dyt

Taking the Laplace transform of the model with respect to z (C(z,t) — C (p,t)), gives an
integral equation for C (p, t):

t
C (p,t) :niepgth—pr (t) — /0 pDyC (0,7) e Pvt=7) qr. (6.52)

As it stands, the transform C (p,t) cannot be inverted because eP’Dvt has no inverse transform.
There is a way around the problem, however, if the integration in time is carried out first
using the form of C (0,¢) from Equation (6.51); the transform can then be inverted to give the
same answer as Equation (6.51). Unfortunately, for the full model with settling, trapping and

evaporation, C' (0,¢) is unknown and no way around the problem could be found.

Method of Images

A method of images approach, with a time varying image source placed underneath the ground,
worked well in 1-D but not in 2-D or 3-D. The solution is of the form C' = C; 4+ C;, where Cj
is the contribution from the original source, and C; is the contribution from the image source.

Because there is no vertical dispersive flux at z = 0, none of the droplets from the image source
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will cross into the aboveground domain, and therefore the image source does not affect the

solution other than to ensure the boundary condition on the ground is met.

The 1-D model is

acC ac 2C  Q
T S0 G =Dvigg + om0 (e— H)S (1)~ kC (Z1,0)8 (= ~ 1) (6.53)

with initial and boundary conditions C'(z,07) = 0, C'(c0,t) = 0 and ZC (0,t) = 0. The
2

contribution from the original source, Cs, is found by solving Equation (6.53) with homogeneous

boundary conditions C' (£o0,t) = 0:

(=H+f(1)? t (=21 4+ (1) = F(1))?
Colot) = — @ A / ROWZLT) 005 4 (6.54)
2mo/m Dyt 0 2y/7Dy (t —7)
The contribution from the image source, C;, is found by solving
aC; aC; 9*C;
ot —S(t) pp :DVW—Fq(t)é(z%—H) (655)

with initial and boundary conditions C; (z,07) = 0, and C; (+o00,t) = 0, where ¢ (t) [kg m~2 s7!]
is the strength of the time-varying plane source (placed at z = —H, however the placement is

arbitrary provided it is below the ground):

t q (1) _(zH+H—f(0)—f(r))?
Ci(z,t) = / e Wy-m (. (6.56)
0 2/mDy (t—71)
A system of equations to evaluate ¢ () and C (Zy,t) is formed from C (z,t) = Cs (2,t) + C; (2, 1)
oC
by applying the boundary condition e (0,t) = 0, and by setting z = Zj; the system can then
z
be evaluated numerically at discrete time steps using, for instance, a trapezium rule integration.
This method generally works well in 1-D, although the numerical evaluation is sensitive to the

parameter Dy .

Unfortunately, the method does not work so well in 2-D (or 3-D). For example, a time-varying

line source of strength ¢ (¢) [kg m~! s7!] placed at (x,z) = (Xo, —H) gives

o ) Q _ (z—f}g—ut)? _ <z—fD+f<t>>2
T, 2,t) = ——————€ Lt vt
dmorty/Dp Dy
t ® _(e=Xg—u(t=m)?  (AHLf()—f(1))?
+| ma s T Dy dr (6.57)
T(T—T LYV
0
t (E=X1—u@—mN2  (z=Z1+f(1)—f(r)>
TT(l—T L Vv
0
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aC
but the subsequent expression for ¢ (t) obtained by applying the boundary condition 5, (
z

0 is not independent of x. An alternative may be to make the time-varying source a planar

x,0,t) =

source, with strength ¢ (z,t) [kg m~2 s~!]; however this has not been pursued.

One-Dimensional Solution

In 1-D, and with Dy # 0, our advection-dispersion model with evaporation and a point repre-

sentation for trapping becomes

aC oC 2C  Q
T S WG, =Dy =0z = H)O (1)~ KC (Z1,0)3 (=~ 1) (6.58)

with initial and boundary conditions

C(2,07) =0,

C (c0,t) =0, and aag (0,t) =0.

This is conceptually a plane release with a plane representation for trapping (see the description
for the the 1-D model without evaporation in Section 4.4). Our solution to Equation (6.58)
involves two stages; first, the moving coordinate system as used in Case 1 reduces the problem
to a diffusion equation, which we then solve by modifying a powerful Greens function technique.

A full working of the solution may be found in Appendix A.3.

In the moving coordinate system as used in Case 1, the number concentration is denoted C* (Z, t)

t
where Z =z — H + f (t) with f (t) = / S (1) dr, and Equation (6.58) becomes
0

oC* 2?C*  Q .
T = Dy 57 —i—m—Oé(Z)é(t)—kC (Zy—H+ f(t),t)0(Z+H—Z1— f(t)) (6.59)
with initial and boundary conditions
C* (2,07) =0,
oc*

C* (00,t) = 0 and (—H+f(t),t)=0.

0z

The problem is now one of diffusion only, but with a moving boundary. The droplets are
released from Z = 0, at time ¢ = 0, and disperse vertically whilst the ground and trapping plane
rise with speed S (¢) to meet them. The boundary condition requires zero vertical dispersive

flux on the moving ground.

We note that Equation (6.4) is similar in many ways to a Stefan problem. Stefan problems

usually involve heat transfer with a phase change that results in a moving boundary; for example
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Zu

Z——H+f(@®)
0 -t
_H

Figure 6.4: Solution space (shaded in grey) in the moving coordinate system (Z, ).

a melting block of ice — the boundary of the ice recedes as the block melts. Generally the
objective is to determine the path of the moving boundary, however, in our case, we know the
path of the moving boundary and wish to use it to solve for the concentration. With some
modification, a Greens function method described for Stefan problems in Crank (1984) will work

to provide a solution, albeit one nestled in an integral equation.

The solution space is t > 0 and —H + f (t) < Z < oo, as shown by the grey-shaded region in
Figure 6.4. The method as described in Crank (1984, pp. 117-119) requires a Greens function
which obeys the boundary conditions. There is no (known) Greens function matching the
condition on the moving boundary; instead, we modify the technique by knowingly using a
Green function which does not match, and this results in an extra term in the integral equation.

The Green function used is
1 __(z-¢)?
e v H(t—1) (6.60)
2\/mDy (t —T)

(Beck et al., 1992) which is for the infinite space —o0o < Z < 00, and obeys boundary conditions
Gxo0 (£00,t|€,7) = 0. Beck et al. (1992, pp. 40-43) show how to combine Gxgp and C* (&, 1)

Gxoo (Z,t€, 1) =

to give

oCc* +0G x00
G or +C or

0%C* 0%Gxoo
- py(G e
14 < X00 862 852 >

+joaxooa (€)6 (1) = C*6 (6 — 2) 6 (1 — 1)

—kC*<Zl—H+f(T),T>Gxoo(5(€+H—Z1—f(’]’)). (6.61)
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Now, following Crank (1984), we integrate with respect to £ between —H + f (t) < £ < oo, and

with respect to 7 between 0 and ¢ + ¢ where ¢ is a small positive number:

t4+e poo o t4+e poo 820* 82G
/ / 5, (C"Gxoo) dg d7 = / / Dy (Gxoo 5 — C* )500) d¢ dr
0 —H+f(7) or 0 —H+f(1) 85 ag

+/0t+s/olj+f(7) (n?oGX“O‘s (€)6(r) = Cro(E=2)0(r - t>> d¢ dr

t+e poo
—/ / kC*(Z1 — H+ f(1),7)Gx000 (§+ H — Z1 — f (1)) d§ dr
0 —H+f(7)
(6.62)

The first term of Equation (6.62) is simplified by changing the order of integration. The second
term is simplified using integration by parts, and the third and fourth terms may be integrated

directly. Letting € — 0, the result is

C*(ZA)H(Z+H-f(t) = TSOGXOO (Z,t]0,0)

t «(_ A, 3GXOO _ o _GXOO(Zat‘_H+f(T)7T> T
—I—/OC( H+f(7), )(DV o€ (Z,t| = H+ f(1),7) F(f (7)) )d
—/tkC*(Zl—H+f(T),T)GX00(Z’t|Zl—H+f(7)a7') dr

0 (6.63)

where F' is once again the inverse of f. Returning to the original coordinate system, and
substituting Equation (6.61) for G'xqg, the integral equation solution to our advection-dispersion

model with evaporation and a point representation for trapping is

Q _(=Hif@)?
= ¢ 4Dyt
2mo\/T Dyt
T i Lue EW(Hf(t)—f(T)_ | >dT
0 27Dy (t —7) 2(t—7) F'(f (7))
/t kC (Z1,7)  _G=Zitiw—i@)?

e 4Dy (t=7) dr. (6.64)
0 2y/mDy (t —T)

C(z,t)H(z)

The, as yet unknowns, C (0,t) and C(Z1,t) appear inside the integrals, which are not true
convolution integrals, and the term involving C(0,t) occurs as a consequence of Gxgp not
obeying the boundary condition on the ground. Note, too, the definition of the Heaviside

function as in Abramowitz (1964):



6. Trapping With Evaporation 137

0, z2<0,
Hz)=4 i z2=0, (6.65)
1, z>0,

so that on the ground H (z) = H (0) = 1/2. Though not an ideal solution (as the integrals must
be evaluated numerically), Equation (6.64) is at least mostly analytical. A relatively simple
numerical procedure is described below, based upon the method in Chapter 4 (page 60), which

gives good accuracy with minimum computational difficulty.

A Numerical Evaluation Method

The following is a simple numerical scheme for evaluating C (0,¢) and C (Z;,t). From Equa-

tion (6.64), the system for C' (0,¢) and C (Z;,1) is

C(0,t) =2g1(0,¢) + /Ot (2C (0,7) g2 (0,t,7) — 2kC (Z1,7) 93 (0,t,7)) dr

(6.66)
t
C(Z1,t) =g (Zl,t)+/ (C(0,7)g2(Z1,t,7) — kC (Z1,7) 93 (Z1,t,7)) dT
0

where

Qe B R rro-ro

e \% e vit=7 z — T

)= g (atr) = ~
ot == e 2T = e T F’(f(T)))

_ (=Z1+F®) (1)
e 4Dy (t—T)

2\/7Dy (t—7)

and g3 (z,t,7) =

(6.67)
When z = 0, g2 is singular at the upper end-point of the integration 7 = ¢, and when z = 7, it is
gs that is singular at the upper end-point. The same product integration technique as described
in Chapter 4 can be used here for the singular integrals, whilst the non-singular integrals can

be handled by a trapezium integration (see pages 60 — 61). Given discrete time-steps
t1=0, to=At, tg=2At, ... t;=(i—1)At, (6.68)

the system in Equation (6.66) is approximated by

i—1
C(0,t:) =291 (0,t:) + Y [4C(0,87) Bo (tir ;) (V&= — V& = Tj51)
j=2
—2kAtC (Zl, L‘j) gs (0, ti, tj) ]
i—1
C(Zi,ti) = g1 (Z, 1) + ) [AtC(0,85) g2 (Z1, 84, 1))
=2

—2kC (Z1,t5) By (i, t5) (Vi =T — /& = L)) (6.69)
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where f (t;,t;) and 5y (t;,t;) are the parts of g2 (0,;,t;) and g3 (Z1,1;,t;) that are non-singular
when t; = t;; that is

_ (ﬁ(é)—é(r)f . _ <£<5>—(J;<T>§2
vt=7 — V-7
e f@)—f(r) Land B, (ti ;) = & ‘
2\/7 Dy 2(t—7) F'(f (1)) 2\/7 Dy

With this method of numerical evaluation, both C (0,¢;) and C (Z1,t;) are calculated using only

By (tistj) = (6.70)

values from previous time steps, so there is no need to solve simultaneously.

Total Droplet Trapping and Deposition

Following Section 6.2, the total mass of droplets trapped per unit area [kg m~?] is

ts
MTT = m (t) kC (Zl, t) dt. (6.71)
0
Equation (6.71) must also be evaluated numerically; this can be done using any numerical
integration scheme, with values for C (Z1,t) at discrete time steps calculated according to Equa-

tion (6.69).

The density of deposit on the ground [kg m~2] is

Mp= [ m®) S C0.1) d. (6.72)
0

Similarly, this must be evaluated numerically using values for C (0,¢) at discrete time steps

calculated according to Equation (6.69).

Two-Dimensional Solution

In 2-D, and with Dy # 0, our advection-dispersion model with evaporation and a point repre-

sentation for trapping becomes

oC oC oC 0%C 0’C  Q
— — = — = Dp—5+Dy—5 + — - X —H
el s = S S L+ Lo X0)a - 1)
—kC (Xl,Zl,t)(S(.%'—Xl)(S(Z—Zl) (6.73)
with initial and boundary conditions
C(z,2,07) =0,

C(z,z,t) — 0 as x — +oo and z — +00,

and aaf (z,0,t) = 0.
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The conceptual situation is a line release with a line representation for trapping (see page 62).
We solve Equation (6.73) using Fourier transforms combined with the method described for the
1-D solution. Taking Fourier transforms with respect to z (so that C (z,z,t) — C (w, z,1)),
and then substituting C (w, z,t) = 1% (w, z,t) ¢~ (@ Drtiwu)t gives

v oV *V . Q

— 2 Dy 1+ * wXog (g _ —iw(X1—ut)+w? Dt _
S(t) - V822 —I—moe (5( )(5(t> kC(Xl,Zl,t)e (5(2 Zl)
(6.74)

with initial and boundary conditions

~

YA/(w,z,O*) =0,V (w,z,t) = 0as z — oo, and %(w,o,t) =0.
z

Equation (6.74) is now in the same form as Equation (6.59) in the 1-D solution; by following
the method laid out for the 1-D solution we obtain

_ 2
Q —iwXo— W)

2m0\/ 71'th ¢

Tlann) gt (010 L)
+/U 2\/me @) < dr

V(w, 2, t)H(z) =

2(t—7) FI(f (7))

2
/ KC (X1, Z1,7) —iw(Xa )t Dyr- G404
0

Dy dr (6.75)
2\/7['DV t - 7'

and subsequently,
2 Q —iw(Xotut)—w2Dpt— G=H+f)?
C(w,z,t)H = 4Dyt
(w, z,t) H (2) Qm()me
t o . . )2
+/ C(w7 07 7—) e—(szL+zwu)(t_T) M (Z + f( ) f(T) B 1 ) dT
0

Dy, (t—7)
2y/7Dy (t —7) 2(t—1) Fr(f (7))
/ kC (X].vZ].v ) —zw(X1+u(t—T))—w2DL(t—T)——(Z_Zl+f(t)_f(7—))2
0

iDy (i=7) dr.
2\/mDy (t —T)

(6.76)

~1/2 at the upper end-point.

The integrals in Equation (6.76) have singularities of the form (¢ — 7)
Inverting the Fourier transform at this point results in integrals in the inverse transform which
have singularities of the form (¢ — 7')_1 at the upper end-point. The difficulty of numerical
evaluation around these singularities is avoided by following the procedure described below,

where the integration in time is carried out before inverting the transform.
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Numerical Evaluation

As in the 1-D solution, both integrals in Equation (6.76) have singularities of the form (¢ — 7‘)_1/ 2

at the upper end-point (the first integral when z = 0 and the second when z = Z;); accordingly,

we evaluate Equation (6.76) using the same numerical procedure as on page 137.

Discrete w values wy, = w1+ (n — 1) Aw, where n = 1,..., N, are chosen to cover a broad enough
range between —oo and oo so that C (w1, z,t) and C (wn, 2,t) are both very small in magnitude.

Then, at discrete time-steps t; = (i — 1) At where i = 1,2,3,...

C (wn, 0, ;) ~ 2g; (0, t;) e~iwn(Xotuti)—wi Drt;

i—1
37 [4C (00,0, - (AP () G (1, 1) (VE=T; — VE=T51)
=2
—2kAtC (Xl, Z1, tj) €_wiDL(ti_tj)_iw"(Xl—’—u(ti_tj))gg (0, t;, tj) ] (677)

and,

C (wn, Z1,1:) = g1 (Z1, ;) e~ ton(Xotut) =Dt
i1
~ 2 . ; . .
+Z [AtC (Wn, 0, 1;) ef(wnDLt,mnu)(tl—tj)g2 (Z1,ti, t5)
j=2

—2kC (X1, Z1,t;) K1 (t;, ;) e nPrlti—ty)—ion(Xaitulti=t) (/57— — /G = ;571
(6.78)
with g1, g2, g3, Ko and K; as on page 137. At each time step t;, after calculation of Equa-
tion (6.78), the Fourier transform must be numerically inverted to obtain C (X1, Z1,t;) for use
at the next time step. We use a trapezium integration to invert the Fourier transform, so that

for any (z, z)

Aw N—
C(z,z,t;) > S Z_: (Wn, 2, ;) €907 (6.79)

Total Droplet Trapping and Deposition

The total mass of droplets trapped per unit area [kg m~!] is
ls
MTT = m (t) kC (Xl, Zl, t) dt (6.80)
0
which we evaluate using discrete values of C' (X1, Z1,t) calculated from the numerical inverse

Fourier transform of Equation (6.78).
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The density of deposit on the ground [kg m~2] is
ts
Mp (z) = m (t) S (t) C (x,0,t) dt (6.81)
0

which is similarly evaluated using discrete values of C(z,0,t), calculated according to Equa-

tion (6.77) with a numerical inversion of the Fourier transform.

An Illustrative Example of the Two-Dimensional Solution

The following illustrative example uses the same parameters as the previous example in Case 1,
but with Dy # 0. The initial values for the droplets are diameter dg = 100 um, mass mgy =
5.23x1071% kg and settling speed So = 0.37 m s~!, and the remaining parameters are summarised
in Table 6.2. To reiterate, the unrealistically high value for k is used only to make the effect of

trapping more visible. According to Equation (6.10), the disappearance time is t; = 22.2 s

Table 6.2: Parameter set used to generate Figure 6.3.

u (Ly,Ly) ¢ T Q (Xo, H) k AzAz  (X1,7Z1)
Ims?t (2,1)m 60% 20°C 1kgm! (0,3 m 255! 0.04m? (4,2)m

Figure 6.5 shows that the mass density of deposit, obtained by numerically evaluating Equa-
tion (6.81) without evaporation (S (t) = Sp, ts = 00), is the same as that obtained from the
analytical result in Chapter 4.

Figure 6.6 illustrates the effect of evaporation on the deposition profile. The highest of the
dashed lines represents the mass density of deposit with neither evaporation nor trapping. The
second of the dashed lines is with evaporation but without trapping, and the solid line is with
both evaporation and trapping. One again, the deposit with evaporation is significantly reduced
over that without. Adding the trapping further reduces the deposit, however the degree of
reduction is less than in the previous example where Dy = 0. Here the maximum reduction is

around 23 % as opposed to around 43 % with Dy = 0.
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Figure 6.5: Cross-sections of the density of deposit Mp [kg m~2] obtained from the numerical evaluation of
Equation (6.81), with no evaporation and no trapping, compared with the analytic result from Chapter 4
(Mp anatytic, Equation 4.73). Parameter values are as given in Table 6.2.
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Figure 6.6: Cross-section of the density of deposit on the ground [kg m~2], with and without evaporation
and/or trapping, resulting from a line release with non-zero vertical dispersion and a line representation
for trapping. Parameter values are the same as for Figure 6.5.
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Three-Dimensional Solution

In all three spatial dimensions, and with Dy # 0, our advection-dispersion model with evapo-

ration and a point representation for trapping is as given by Equation (6.1), that is

oC  aC oC QCc o 9C | 9C
o TUuay WG, = Dt Prga tDvs
+ L5 (0 X0)dy— ¥0) (=~ )5 ()
0

—kC (Xl,Yl,Zl,t)5($—X1)5(y—Y1)5(Z—Zl) (682)
with initial and boundary conditions

C(:U,y,z,()_) =0,
C(z,y,2,t) — 0 as z,y — oo and z — +0o0,

oC
and 5 (z,y,0,t) = 0.

We solve Equation (6.82) following the same method as used in the 2-D solution; that is, by
taking Fourier transforms with respect to x and y (so that C(x,y,z,t) — é(w,w,z,t)), and

then making the substitution C (w, v, z,t) = 1% (w1, 2, 1) ¢~ (@*Drticuty®Dr)t - The pesult is

-~ 2
Q —iwXo—itpYo— E=AL -

2m0\/ 7'1'th6

t > z t)—f(1))2 —
A By B Y L N N
0 2y/7mDy (t —7)

‘/N}(w,@b,z,t)H(z) =

2(t—7) FI(f (7))

2
_/t kC (X1,Y1,21,7) —iw(X1—ur)+w?Dpr—ith¥y 42 Dpr— E=Z1H IO -1 ()7

e by dr  (6.83)
0 2v/mDy (t—T)

and subsequently,

_ Q e—’iw(XO‘f'ut)—tiO—(UJ2DL+'¢2DT)_7(27£ID+JE”)2
2mo/ Dyt
[ G (@,8,0,7)  —(uDybisnss?Dr) t-r)- UL (001
0 2¢/7Dy (t —7) 2(t—7) Fr(f (7))
_/t kC (X1,Y1,21,7) —iw(X1+u(t—7))—i¥i— (w? Dy +92 Dy ) (t—7) — E= AL O1()?

e 4Dy (t=7) dr.
0 27Dy (t—T)

6\' (w, 1, z,t) H (2)

(6.84)

As in the 2-D solution, the integrals in Equation (6.84) have singularities of the form (¢ — 7')71/ 2

at the upper end-point, and inverting the Fourier transforms at this point results in integrals in
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—3/2

the inverse transform which have singularities of the form (¢t — 7) at the upper end-point.

We avoid the difficulty caused by these singularities by numerically evaluating Equation (6.84)
using the same procedure as described for the 2-D solution (the only difference is that two

Fourier transforms must be inverted after each time step).

Total Droplet Trapping and Deposition

The total mass of droplets trapped [kg] is
ts
MTT = / m(t) kC (Xl,Yl,Zl,t) dt (685)
0
and the density of deposit on the ground [kg m~2] is

Mp (z,y) = /0 (8 S (1) C (2,9,0,1) dt, (6.86)

both of which are evaluated numerically using discrete values of C' (X1, Y1, Z1,t) and C (z,y,0,t)

calculated according to the numerical procedure from the 2-D solution.

6.6 Partial Evaporation (Solid Core)

In reality the droplets will be a mix of water and an active ingredient; the active ingredient
does not evaporate, thus, after all of the water has evaporated, a small “solid core” of active
ingredient will remain. Generally it is assumed that evaporation occurs as though the droplets
were purely water, until only the solid core remains, after which there is no further evaporation

(Thompson & Ley, 1983; Miller & Hadfield, 1989).

We include the solid core phenomenon in our model by using piecewise functions for the droplet

4
mass and settling speed. The initial volume of each droplet is Vy = gﬂag; if the volume fraction

of active ingredient in the droplet is I [-], then the radius of the droplet when only the active
ingredient remains is
SO\
= (=2 = IY3q,. 6.87
o= () a (6:57)

Using Equations (6.9) — (6.13), the time at all of the water evaporates is

tr =t (1 - 12/3) , (6.88)



6. Trapping With Evaporation 145

the mass of each droplet at this time is

£\ 2/3
mr =mo <1 - t1> (6.89)

and the settling speed is
t
Sr =S (1 - tf> . (6.90)

s

We define piecewise functions for the mass and settling speed, so that up until time ¢; the mass
and settling speed decrease as the droplet evaporates, and after time ¢; they remain constant as

there is no further evaporation:

3/2
mo (1 — ) , t <1y,
m(t) = ts (6.91)
mr, t 2 t[
and
So(l—t>, t <ty,
S (t) = ts (6.92)
Sr, t>tr

Each of the solutions in the previous sections may be calculated with these piecewise functions

for m () and S (t).

The volume fraction of active ingredient in the droplets I can vary widely with different applica-
tions; less than 10 % would be a reasonable value [A. Forster, personal communication, 24 Sep-
tember, 2008]. The example below is in 2-D, with Dy # 0, and is calculated for droplets which
have I =5 %. The droplets have initial diameter 100 zm with initial mass mg = 5.23 x 10710 kg
and initial settling speed Sy = 0.37 m s~!; the time at which all of the water evaporates leaving
only the active ingredient is t; = 19.2 s, with m; = 2.62 x 107! kg and S; = 0.05 m s~!. The
remaining parameters are the same as those in Table 6.2. Figures 6.7 and 6.8 show the number
and mass densities of deposit respectively. The droplets with a solid core (partial evaporation)
deposit over a greater distance, because the core is small and light and therefore carried further
by the wind. The effect is not easily visible for the mass deposition density however, as the

core is so much lighter than the original droplet.

6.7 Chapter Summary

In this chapter we took our advection-dispersion model with the point representation for trapping

from Chapter 4, and redefined it in terms of the droplet number concentration to include the
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Figure 6.7: Cross-section of the number density of deposit Np [# m~2] for droplets which evaporate only
partially, leaving a small “solid core” of active ingredient. Parameter values are as given in the text.
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Figure 6.8: Cross-section of the mass density of deposit Mp [kg m~

2] for droplets which only partially

evaporate, leaving a small “solid core”. Parameter values are the same as for Figure 6.7.
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effect of evaporation. Using the number concentration, rather than the mass concentration,

meant that evaporation only influenced the model via the time-dependent settling speed.

We began by establishing the model in terms of the number concentration and relating it back to
the mass concentration. Subsequently, we presented solutions in one, two and three dimensions
for two separate cases: zero vertical dispersion, and non-zero vertical dispersion. The case
of zero vertical dispersion was relatively straightforward, and the solutions were obtained by
introducing a moving coordinate system. In the case of non-zero vertical dispersion the model
was very difficult to solve analytically; we achieved the most success by combining the moving

coordinate system with a Green function technique.

For each case, we presented an example to show the significant reduction in the mass density
of deposit as a result of evaporation. These examples were calculated for droplets which were
100 % water, and therefore could evaporate until nothing remained. Approximations for the
droplet mass and settling speed, based on the information in Chapter 2, were used to make
the calculation simpler. To conclude the chapter, we considered a further example with only
partial evaporation since, realistically, droplets contain a small amount of pesticide, and this
remains as a solid core after all of the water has evaporated. With partial evaporation, the drift
distances of droplets were much greater, since the solid core which remains after all of the water

has evaporated is very small and light, and is therefore blown far by the wind before depositing.



Chapter 7

Thesis Summary

7.1 Summary

The object of this thesis was to develop a simple analytical model for the transport of drifting
spray droplets, including the trapping of these droplets within a shelterbelt. Building on the
approach of McKibbin (2006) in previous analysis of particle transport within a forest canopy,
we applied an advection-dispersion model for the droplet transport and added a sink term to

represent trapping within the shelterbelt.

The model was derived under the assumptions that:

e The rate at which droplets are removed by trapping is proportional to the local concen-
tration. The proportionality constant is related to the shelterbelt characteristics and the

droplet size.

e The mean wind flow through and around the shelterbelt is horizontal and uniform in both

speed and direction.

e Turbulence in the airflow is characterised by some dominant length scales alongwind,

crosswind and vertically, and that these length scales are uniform in space and time.

e The ground is approximately horizontal, and is impervious to the droplets so that they

cannot disperse through it.

e The droplets are all of the same mass and are released instantaneously from a point
source. To simulate a distribution of droplet sizes we would run the model for a number
of different droplet sizes and superpose the results. Results for different source types can

also be constructed from those for the point release.

148
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In order to solve the model analytically we discretised the shelterbelt. This was done by
representing the shelterbelt as a three-dimensional array of blocks, with the trapping in each
block concentrated to the point at its centre. First, we considered the more straightforward
case where there was no evaporation of the droplets; we determined solutions to the model with
just a single point representation for trapping, and then built upon those results to determine
a solution for trapping in the discretised shelterbelt. Finally, we considered the more difficult
case where there was evaporation; in this case we analysed only the single point representation

for trapping.

In each case above we determined solutions in one, two and three dimensions for: (i) zero
vertical dispersion, and (ii) non-zero vertical dispersion of the droplets. For the model without
evaporation, the solutions with zero vertical dispersion were obtained using standard transform
methods. With non-zero vertical dispersion the solutions obtained were embedded in integral
equations, however, we were able to use Laplace transforms to explicitly evaluate the total
amount trapped and the deposit on the ground. In two and three dimensions some of the
Laplace transforms had to be sourced from generalised calculus. To solve the model with
evaporation we introduced a moving coordinate system; it was relatively straightforward to
obtain solutions with zero vertical dispersion, but with non-zero vertical dispersion the solutions

obtained were nestled in integral equations which had to be evaluated numerically.

As a consequence of focusing all of the trapping within a volume to an infinitely small point,
we observed that in the solutions to our model the concentration of droplets became negative
in the vicinity of the trapping. In this vicinity the model does not accurately reflect the
conceptual situation. However, with realistic trapping rates this issue has very little effect on
the calculated total amount trapped and the deposit on the ground, since the vicinity in which

the concentration is negative is very small.

7.2 Analyses

In each of the solutions described above, we were able to write expressions for the total amount
trapped and the subsequent deposit on the ground. In two and three dimensions, we presented
calculated examples of the deposition profile on the ground, and the percentage reduction in
deposit as a result of trapping. A shadow area of reduced deposit was clearly visible downwind
of the trapping in each example; the reduction was greater with zero vertical dispersion, but

persisted much further downwind with non-zero vertical dispersion.
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7.3 Further Research

Some suggestions for future research following this thesis include:

e Extension of the model with evaporation to include trapping in a discretised shelterbelt.
At this stage solutions to the model with evaporation have only been determined for the
single point representation for trapping. These solutions could be combined to construct
solutions to the model with trapping in a discretised shelterbelt, in the same manner as

in Chapter 5.

e Possible use of an alternative boundary condition. In an advection-dispersion model for
volcanic ashfall McKibbin et al. (2005) used an infinite solution space —oo < z < oo, with
the concentration set to zero at z = +00. This did not ensure that the condition of zero
vertical dispersive flux at ground level is met, however the form of the solution was much
simpler, and the deposit on the ground was not greatly altered. This approach may result
in a simpler form for the solution to our model with evaporation and non-zero vertical
dispersion; if so, and if the deposit on the ground is not greatly altered, this may provide

a better alternative.

e Experimentation with the shelterbelt discretisation. In Chapter 5 we discretised the shel-
terbelt by dividing it into a three-dimensional array of blocks; N blocks wide by L blocks
long by M blocks high. For a given shelterbelt, there are many possible combinations for
N, L and M; it appears from the examples in Chapter 5 that the number of blocks used
vertically has a greater effect on the total trapping and deposit than the number of blocks
used horizontally. Possible questions include: is there an optimum number of blocks, and,

if so, how does this change with shelterbelt size?

e Exploration of the parameter space. Most of the solutions presented in this thesis result
in expressions for the total trapping and deposition which are explicitly expressed in terms
of the influencing parameters. These expressions could be used to explore the effects of

variations in these parameters, and to identify which parameters have the greatest effect.

7.4 Publications

The author has presented material from this thesis at a number of New Zealand and interna-
tional conferences, and was recipient of the T. M. Cherry Prize, awarded for the best student

presentation, at the annual Australia and New Zealand Industrial and Mathematics (ANZIAM)
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conference in Fremantle, Australia, 2007. The author also received highly commended in the
Aitken Prize, awarded for the best student presenation at the New Zealand Mathematics Col-
loquium in Palmerston North, New Zealand, 2005, and highly commended in the T. M Cherry
Prize at the annual ANZIAM conference in Sydney, Australia, 2008.

Material from Chapter 5 of this thesis may be found published in the Gazette of the Australian
Mathematical Society (Harper, 2007), subsequent to the award of the T. M. Cherry Prize, and

further material from this thesis will be published at a later date.



Appendix A

Selected Workings

A.1 The Dispersion Tensor

This section contains a derivation of the dispersion tensor D as used in Section 3.1 [R. McKibbin,

personal communication, 15 September, 2006].

Figure A.1 shows the mean wind velocity u = (u, v, 0) in the horizontal plane; L is a unit vector

parallel to the wind, and N is a unit vector perpendicular to the wind.
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Figure A.1: Mean wind velocity u in the horizontal plane

Unit vectors L and N are given by

L= —it—j+0k, and (A.1)
lul [u
N = — i+ + Ok. (A.2)
luf " |u
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Assuming that the dispersion may be described according to Fick’s Law, the dispersive fluxes

of droplets alongwind, crosswind and vertically are
qr=-Dr(L-Ve)L,
qr = —Dr (N - Ve) N and
qv = —Dy (k- Vo)k,

where Dy, Dy, and Dy are the dispersion coefficients in each direction, and L - V¢, N - Ve and

k - Vc are the concentration gradients. The result is:

Dy, 5 0c oc\. Djp Oc 50cC .
=——= — — |i—-— — — A3
= <u 5 +uvay> i <uvax iy, ) (A.3)
Dy ([ 50c oc\. Dr oc 50c .
=——= — — UV — — — —u=— d A4
ar L (v o uvay> i+ al up— —u 2y jan (A.4)
Oc
qy = _DV$k~ (A5)
The total dispersive flux of droplets per unit area, qp = qr, + qr + qv, is then
u? v2 \ Oc U uwv \ Oc
= —|\Dp—5+Dr— | —i—|Dr— —Dp—~ | —i
e < “up T|u|2) Ou ( “up T|u\2> 0y
U uv \ dc v? u? \ Oc Oc
-\ Dr—-Dr—|)|—j—- | Dr—+Dr— ) =—j— Dr—k. A6
( " uf? Tlul2) oz ( " luf? T|u|2) oy’ ~ "oz (A.6)

If the x, y and z components of qp are denoted ¢z, ¢, and ¢, (so that qp = ¢.i+ ¢,j + ¢-k),

then Equation (A.6) may be rewritten as follows:

Oc
Oc
@ | = 7| Dyz Dyy Dy 87/ =—-DVe (A.7)
qz sz Dzy Dzz @
L 0z
where the dispersion tensor D has components
2 2
U v uv
Dy, :DL72+DT72, ny:Dya: = (DL*DT)iga
" u
v U
Dyy:DLW"i‘DTWa D;.=D,, =0,
u
D,, = Dv, Dyz = Dzy =0.

If the wind is blowing at angle 6 (as shown in Figure A.1) then u = |u|cosf and v = |u|sin 0;

the dispersion tensor becomes

Dy cos?0+ Drsin?6 (Dp — Dr)sinfcosf 0
D= | (Dy— Dr)sinfcos Drsin?0+ Drcos?6 0 . (A.8)

0 0 Dy
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A.2 A Point Representation for Trapping with Dy # 0

This section contains a full working of the 1-D solution, as presented in Section 4.4, for the

advection-dispersion model with Dy # 0 and a point representation for trapping.

One-Dimensional Solution (Section 4.4, page 57)

In 1-D, our advection-dispersion model for the droplet mass concentration ¢ (z,t) is

2
dc oo _ ) o

5% 9 V@+Q5(Z—H)5(t)—k:c(Zl,t)d(z—Zl) (A.9)

with initial and boundary conditions

c (z, 0_) =0,
c(o0,t) =0 and@(o t)=0
) - ) 82 ) - *
Applying the method used for a similar model in Lim (2005, Chap. 2), we begin by writing
_ Sz _ 5%
c(z,t) =U(z,t)e 2Pv 4Dy (A.10)
so that Equation (A.9) becomes
ou 0*U
- — — =P (z,t A1l
ot |4 022 (Zv ) ( )

with

Sz

P(zt) = (T Hiny (Q5 (2 — H)§(t) — ke (Z4,4) 8 (2 — Z1))

_SH_ S5zy | st
= Qe?’vi(z—H)(t) — kc(Z1,t)e?Pv "4Pv§ (z — Z7). (A.12)
We then write
oU SU

2

0
and apply the operator < — Dy ) to obtain a diffusion equation with zero boundary

ot 022

conditions; that is

‘lV_DaQV_E‘lU_D‘?LU_S w4, 0*U
ot Vo2~ 9z \ ot V922 2Dy \ ot V922
oP  SP
_ or A.14
0z 2DV ( )

with V' (2,07) = 0, and V (0,¢) = V (c0,t) = 0. This form of diffusion equation has a known
Green’s function; following Beck et al. (1992, p. 43) the solution is

L 9P s
V(z,t):/o dT/O (ag <§,T>—2mp<g,7)> Gxo (2.t | €,7) de (A.15)
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where
Gxio (2.t | €7)  ( ~abi —uéﬁi)?) (A.16)
z,t | &,7) = e vi=T) —¢ vi=T) |, .
ro 4Dy (t — 1)
Integrating by parts in Equation (A.15) gives
SG oG
V(z,t):/ dT( / P& T ( X10 a?o> df), (A.17)
and since P (0,7) = P (00, 7) = 0 this becomes
SGx10 | 0Gx1o
d€. A.18
= [ [ ren (g 05 ) (419

Substituting for P (£, 7) from (A.12):

+/ dT/ ke (Z,7) e300 5 (6 — 7) (SGX“] +8GX1°> d¢
0 0

2Dy 0¢

SH SGx10  90Gx10
— _ 2D
= —Qe VH(t)[ 5Dy + a¢ }gf%

! 5214 5% [SGx10 8GX10]
+ | kc(Zy,71)e?Pv 4Dy + dr. A.19
/o (21,7) [ 2Dy 9 ey (A.19)

0Gx10

After inserting Gx19 and and doing a little rearranging we obtain

SH
Qe?Pv H (t) S Z2— H\ _G=i)? S 24+ H\ _Gta?
Viz,t) = — + e Dyt 4 [ —— 4 e 1Dyt
VAar Dyt 2Dy 2Dyt 2Dy 2Dyt
52y | 527 )
n Y ke (Zy,1)e?Pv 4Dy [( S 4 %= 7 ) _44%;?) ;
e —T
0 4Dy (t — 7) 2Dy 2Dy (t—1T1)

S 2+ 7y etz
_ G- | dr. A.20
+< 2DV+2DV(t—T)>€ Y 7 (A.20)

Armed now with a solution for V (z,t), we work backwards to obtain the desired result ¢ (z,t).

First, we return to Equation (A.13) and solve for U (z,t) using the integrating factor technique:

Sz

¢TIV (2,1) = / IV (€8) de+ U (0,1). (A.21)
0

Next, we require an expression for U (0,¢). Differentiating Equation (A.13) with respect to z

and then setting z = 0:
oV 02U S oU

9 00 =55 (0, = 555 (0.0). (A.22)
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Also, setting z = 0 in Equation (A.11):

ou 02U
N (0,t) — Dv—az2 (0,t) = P(0,t). (A.23)
Equations (A.22) and (A.23) combine to give
ou S oU ov
5 (0,t) = 55, (0,t) + Dy — P (0,t) + P(0,t), (A.24)
which simplifies to
ou S? oV
— A.
: ou S .
since P (0,t) = 0 and V (0,¢) = 0, therefore 5 (0,t) = WU(O,L‘) by Equation (A.13). An
1%

expression for U (0,¢)may be found by solving Equation (A.25) using the integrating factor
technique:

52
—e4DV/ DV (0,7)e *Pv dr. (A.26)

Returning now to Equation (A.21), we have for U (z,t)
__Sz Z __se ov §2r
e 2PvU (z,t) :/ e 2PvV (&) df—f—e“DV/ DV (0 T)ePv dr. (A.27)
0

Back-substituting this into Equation (A.10):

_ Sz _ s*
c(z,t) = Ulz,t)e ?Pv 4Pv
_s% 7 se boov s
_ i [ eyt de + / Dy (0,7) eV dr. (A.28)
0 0

Inserting V' (z,t) from Equation (A.20):

52
Qe 3Dv 7 _s(-H) S E—H\ _m?
) = — 2Dy, — 4Dyt
¢(zt) VIrDvt Jo © 2Dy 2Dyt ) €
S, ETHY e
- d
+( 2DV+2th>e v ¢

S(-21) _ S%(t—7)

//kc Zir)e v v K S . &4 )e—ﬁviﬂf)
47TDV(t—T) 2Dy 2Dy (t — )

E+21 |\ -lear /t oV £
(t=7) i 4D
—i—( 2DV+2DV(L‘—7') e v dr d§ + ODV&Z (0,7)e*Pv dr.

(A.29)

Equation(A.29) above may be further simplified; in lines 1 and 2 we perform the following
integrations by parts:

z G _SE-H)_ (¢-H)? _S(z—H) _(:=H)? SH __H2 (6 —H) _sem_(-m?
e 2Dy 4Dyt df — —e 2Dy 1Dyt 4 2Dy 4Dyt _ e 2Dy 4Dyt df
0 2DV 0 2th
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and

Z(E+H) _S(e=H) _ (¢+H)? _S(z—H) _(z+H)? SH __H? z G _SE-H)_(¢+H)?
e 2Dy 4Dyt df — —e 2Dy 4Dyt 4 2Dy 4Dyt _ e 2Dy 4Dyt df,
0 2DVIJ; 0 2_DV

then in lines 3 and 4 we interchange the order of integration and perform the same integrations

by parts, but with H replaced by Z; and t replaced by t — 7. After simplifying,

s2t
( ) Q€*4DV _ S(z—H) _(z—H)? _ (z+H)? SH __H?
clz.t) = e 2Dy e 4Dyt g 4Dyl — 922Dy 4Dyt
’ Var Dyt
) . _ S%(t-7) )
Z _S(6—H) _(e+H) ~iDy S(:—71) (=21
4 S / e (2DV T 4Dyt d§:| _ kc(ZlvT)e v |:e 2DV1 <64Dv(t17')
Dy Jy 0 +4mDy (t —7)
_ (+21)? sz, 7} S [F _St=z?  (¢+2))?
4e IDyG-7n | — 3Dy ADy(t-1) 4 e 2Dy Dy -7 d¢| dr
DV 0
t oV _ 5%
+/ Dvai (0,7)6 Dy dr. (A30)
0 z

This is as far as Lim’s 2005 method takes us, but we are able to go one step further by ap-
plying the boundary condition ¢ (oo, t) = 0; this gives us an expression for the terms which are

dependent only on t. Applying the boundary condition to Equation (A.30) gives

52t
Qe *Pv SH __H? S [® _sE-H _ (¢+H)?
0 — -~ —262DV 4th+D e 2Dy, 4Dyt dé‘
v Jo

Var Dyt

s2(t—7)
t ~~aby i - 2
~ [Tke(Zy,T)e PV _26%—$ +S/oo e_s<§D51>_4<é‘+/i1_)T) i ar
0 v/ 4mw Dy (t—T) Dy 0
¢ ov _S%r
+/ Dy—(0,7)e *Pv dr. (A.31)
0 32

Using this result to substitute for the terms dependent only on ¢ in Equation (A.30), then

simplifying:
s2t
() = Q[ (S SR ) LS [T e e
c(z,t) = ———|e 2Pv e 4Pvt 4 e 4Dvt | — — e 2Pv vt
’ JArDvi Dy /.

; 752(# 2 2

1Dy, _ S(2—27) _ (2=71) _ (x+7;)
. kC(ZlvT)e |:€ 2Dy, (6 4Dy (t—7) +e 4DV(t-r)>
0 7Dy (t — )

S [ _SE—2zy _ (¢+21)?
_/ ¢ 2Dy ADy (-7 df] dr. (A.32)
DV z
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Alternatively, the integrals in £ may be written as complementary error functions, so that

74SD2t*S(QZ)5H) 2 2
z—H z+H
Qe v v _(4Dv)t _(4EV)15 _ QS % Z+H+St
ViDvi  \¢ T 20y N oDyt
mDy % v
52(t—7)  S(z—21)

t 4D 2D (2—71)2 (2421)2
_/ ke(Zy,7)e v v <6_4Dv(t17—) +6_4Dv(t17—)>
0

c(z,t) =

A7 Dy (t — 1)
Sz —
_kC(ZlﬂT)SeTVl erfe 2+ Z1+8(t—1) . (A.33)
2Dy 2/Dy (t — )

Note that many of the terms inside the convolution integral are the same as those outside, but

with H replaced by Z; and t replaced by ¢ — 7. Thus, in a much simpler form

¢(5,8) = QF (2 t; H) — /t ke (Z0,7) f (2t — 7 Z1) dr (A.34)
where °
_S%t  8(z2—2) ) )
fot:2) = % <e (ZBxZ/)t +e (ZE\Z/)t ) — 2;/65\2/ erfc <Z—2FZ\/%E%> . (A.35)
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A.3 A Point Representation for Trapping With Evaporation
and Dy # 0

This section contains a full working of the 1-D solution, as presented in Section 6.5, for the

advection-dispersion model with Dy # 0 and a point representation for trapping.

One-Dimensional Solution (Section 6.5, page 134)

In 1-D, our advection-dispersion model for the droplet number concentration C' (z,t) with evap-

oration is

aC aC 2C  Q
S0 G =Dvig g+ (= H)6 (1)~ KC (Z1,0)8 (2 = 21) (A.36)

with initial and boundary conditions

C(2.07) =0,

oC
t) = d — (0,t) =0.
C (o0,t) =0, an P (0,t)=0

We solve Equation (A.36) by changing to a moving coordinate system and employing a Greens
function technique. In the moving coordinates C (z,t) — C* (Z,t), where Z = z — H + f (t)
t
with f (t) = / S (1) dr, and Equation (A.36) becomes
0
oC* 02C*
_D Q

o = Dy s (2)6() kO (i HA F(0,06(Z+H-Z—f(1)  (A37)

with initial and boundary conditions

C* (2,07) =0,

C* (00,t) =0, and %CZ

(=H+f(t),t) =0.

In this coordinate system the problem is one of diffusion only, but with a moving boundary. The
droplets are released at time ¢ = 0 from Z = 0; they do not fall, but disperse (vertically) whilst
the ground and trapping plane rise with speed S (¢) to meet them. Initially, the ground is at
7 = —H and the trapping plane is at Z = Z; — H; their positions after time t are Z = —H + f (t)
and Z = Z1 — H + f (t) respectively. A diagram of the solution space is given in Figure 6.4 on
page 135.

We now employ a Green function technique modified from Crank (1984, pp. 117-119). The

technique as described by Crank requires a Green function which obeys the boundary conditions.
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As there is no (known) Green function which satisfies these conditions, we modify the technique
by knowingly using a Green function which does not satisfy the condition on the moving ground

boundary.

Take the Green function for a 1-D diffusion equation in an infinite region —co < Z < oo with
zero boundary conditions:
1 __(z-9?
e WvEDH(t—1) (A.38)
2/7Dy (t — 1)

(Beck et al., 1992). This Green function is a solution to

Gxoo (Z,t¢,7) =

0Gx00 _D 9*Gxoo
ot VT oz2

+0(Z-8o(t—71),t>T (A.39)
with boundary and initial conditions

Gxo0 (Z,07|¢,7) =0, and Gxop (00,t[¢,7) = 0.

0Gx00
VA

Note that it does not satisfy (—H + f(t),t|¢, 7), which is the condition on the moving

ground boundary.

We combine Equations (A.37) and (A.39) following Beck et al. (1992, pp. 40-43). First, the
reciprocity relation G xoo (Z,t|§,7) = Gxoo (§, —7|Z, —t) is applied to Equation (A.39) to give

— =D 0(—2)6(Tr—1). A4
5t = D gt 8= 2)5 (-1 (A.40)
Next, the change of variables Z = £ and t = 7 is applied to Equation (A.37) so that

oC* 0?C*  Q
or Dy o2 + mo

6(6)0(r) —kC(Z1—H+[f(7),7)6(+H—-2Z1—[f(7)). (A4l)
Multiplying Equation (A.40) by C* (£, 7), and Equation (A.41) by Gxoo (Z,t|£, ), then sub-
tracting the two:

oc* oG
Gixon gy +C =

0%C* %G x00
= Dy (@G - C*
|4 ( X00 852 852 >

ﬂZGmﬁ@5@—CW@—@5ﬁ—ﬂ

—kC* (Zy —H+ [ (7),7)Gx000 ({ + H — Z1 — f (7)) (A.42)

Now, following Crank (1984, pp. 117-119), we integrate only over the domain of interest, that

is —H+ f (1) <& <ooand 07 <7 <t+e where ¢ is a small positive number:
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t+e oo o t+e poo aZC* 82G
/ / —_— (C*GXOO) d§ dr —/ / DV (GXOO 5 — C* )2(0[]) df dr
o Jomipr) OT o JoHti(n) 73 o8

of v C;M (Losmb(©3(r)- (e~ 2)6(r- ) ds dr

t+e poo
—/ / kC*(Zl—H+f<T),T)Gxo05(§+H—Zl—f(T)) d¢ dr.
0 —H+f(7)
(A.43)

The left-hand side of Equation (A.43) may be simplified by changing the order of integration:

/t+z-: /oo o ( )
— (C*G d€ dr
o Jomipr) OT H00

—H+f(t+e) pF(E+H) B 00 t+e §
:/ / aﬁ (C*GXOU) dT d£+/ / - (C*GXO(]) dT df
0 T (t+e)/0

—H —H+f or
—H+f(t+e) F(¢+H) 0o t+e
:/ [C*Gxoo} df—i—/ [C*GXOO} d§
—-H 0 —H+f(t+e) 0

(A.44)

where F' is the inverse of function f, so that if £ = f(7) then 7 = F (§). Equation (A.44)

reduces to

t+e poo 8
/ / 9 (C*Gxo0) d€ dr
0 J-H+f(r) OT

—H+f(t+e)
_ /_ i C* (&, F (& + H)) Gxoo (Z,t€, F (€ + H)) de

(A.45)

because of the initial condition C* (£,07) = 0, and also because Gxqo (Z,t|¢,t +¢) = 0. We
d
introduce the change of variable 7 = F (£ + H); then f(7) = £ + H and A (E+H) =

dg§
F1(f (7)), and Equation (A.45) becomes
t+e proo a
/ / 2 (C*Gxw) dE dr
0 —H+f(r) 9OT (A.46)
t+e . dr ‘
=, C*(—H+ f(7),7)Gxo0 (Z,t| —H+ f(7),7) )

Returning to Equation (A.43), the first double integral on the right-hand side may be simplified

using integration by parts:
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t+e oo 820* 82G
/ / Dy <GXOO 5 —C* )2(00) d¢ dr
0 —H+f(7) 3 o

t+e oC* aGXOO:| 00
= Dy |Gxogp—=— — C* d
bl x/[ Xoo(,35 o€ e T
t+e aG
— DyC* (—H + f(7),7) 82‘00 (Z,t| —H+ f(7),7) dr. (A.AT7)
0

The second double integral on the right-hand side of Equation (A.43) may be integrated directly:
t+e poo Q
[ (Zaxws@im-coie-206-1) dear
0 —H+f(r) \T0
_ mQGXOO (Z,40,0) — C* (Z)H (Z + H — f (1)) (A.48)
0

Note that we use the definition of the Heaviside function as in Abramowitz (1964), that is

0, Z<—-H+f(t),
HZ+H—-f)={ 1, Z=—H+f(), (A.49)
1, Z>-H+7f(t).

The value of H(Z 4+ H — f(t)) = 3 at Z = —H + f (t) results from the definition of the Dirac
delta function 0 ({ — Z) as a Gaussian distribution which is centred at & = Z and has zero

variance, that is

_(e=2)®
d(—2)= lim c_
N o—07t U\/’TT
If Z=—H+ f(t), then
/ S(e—27) de =+ (A.50)
—H+f(1) 2

because the distribution is centred at £ = —H + f (¢) and so the integral is capturing only half

of the area under the distribution.

Returning once again to Equation (A.43), the third double integral on the right-hand simplifies

to

t+e poo
_/ / KC* (Zy — H + f (1), 7) Gxo0d (€ + H — Zy — f () de dr
0 —H+f(7)

t+e
= — kC*(Zy —H+ f(1),7)Gxo0 (Z,t|1Z1 — H+ f(7),7)H(Z1) dr.  (A.51)
0

We will assume that Z; > 0 so that H(Z;) = 1.



A. Selected Workings 163

Substituting the results from Equations (A.46) — (A.48) and (A.51) back into Equation (A.43),

then letting ¢ — 0 and rearranging gives

C(ZOH(Z+H - f(t) = Tfjjaxoo (Z.1]0,0)

¢ [ o 6GX()0 _ T _Gxoo(Z,t‘—H-‘v-f(T),T) -
ot (250 - w4 ).m) ot
—/OtkC*(Zl—H—|—f(7),T)GXO0(Z,t|Zl—H+f(T),T) dr, Z1 > 0.

(A.52)

Returning to the original coordinate system (z,¢) and substituting Equation (A.38) for Gxo:

Q _GoHf0)?
= — ¢ 4Dyt
2mo/T Dyt
+/t C0.7) Q—W<Z+f(t)—f(7)_ | )dT
0 2\/7Dy (t—7) 2(t—7) F'(f (7))
/t kC(Zy,7)  _G=Zitfw-s)?

e 4Dy (t=7) dr, Z1 > 0. (A.53)
0 2y/mDy (t —7)

C(z,t)H(z)




Appendix B

Laplace and Fourier Transforms

B.1 Laplace Transforms

Table B.1 contains formulae for the Laplace transforms which have been used in this thesis.
Numbers 1 — 9 are from Roberts & Kaufman (1966), and Numbers 10 — 11 are generalised

Laplace transforms from Zemanian (1987).

Table B.1: Table of Laplace transforms

f @) flp) = /0 Ooe*Pt f (t) dt | Conditions
L f(t) pf (p) — £ (0)
2 | () p*f (p) = pf' (0) = £ (0)
3 e f () fp+a)

t

4 f(Mgt—7)dr | f(pgp)

0

5 | 0(t—a) e~ a>0,Rep>—00
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f@) f(p) —/ e Ptf(t) dt | Conditions
0
1 a
6 —te_? \/je_z\/@ Rea >0, Rep >0
7 ie‘g 36*2\/@ Rea >0, Rep >0
t3/2 a ’
1/42»1
8 | tve t 2 <) Ky (21/ap) Rea > 0, Rep > 0,
K,, = modified Bessel function
of order v.
9 | et erfc (a\/i + b> ;67%(\/’%“) Reb? >0
Vi) | (et a) s
Rep > 0if Rea > 0,
Rep > max (O,Re a2) if Rea < 0.
1
10 n —y —1In(p) Rep > 0, v = Euler’s constant
1
11 1372 —2./7p Rep >0
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B.2 Fourier Transforms

Table B.2 contains formulae for the Fourier transforms which have been used in this thesis.

These formulae are from Haberman (1998).

Table B.2: Table of Fourier transforms

f@ | Fw-= " f (@) e de

1| f'(x) iwf (w)

2| f"(2) | —wfW)
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