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ABSTRACT 

A central and chal lenging problem in contemporary biology is how to 

accurately  reconstruct evo l utionary trees from DNA sequence data. 

This thesis addresses three themes from th is endeavour -- comparison ,  

consistency and confidence i ntervals -- by analys ing d istributions aris ing 

from phylogenetic trees. 

Toward the fi rst theme,  the d istribution of the symmetric d ifference 

metric o n  pairs of b inary and phylogenetic trees is studied , and a number 

of new resu lts obtained. These theorems, as wel l  as a resu lt on  another 

tree metric answer previous conjectures i n  th is area. Also under the 

theme of comparison ,  we analyse d istributions on bico loured trees aris ing 

from the principle of parsimony. A streaml ined proof is g iven of an 

e legant theorem wh ich al lows an efficient comparison of how m uch better 

a maximum parsimony tree fits g iven data than a randomly-chosen tree.  A 

dual d istri bution ,  where the tree is fixed and the data varies is also 

analysed , answering a recent unso lved prob lem.  

We then consider the theoretical accuracy of  tree-bu i ld ing methods, 

concentrating on the statistical property of consistency. Under a s imple 

stochastic model  on bico loured trees, conditions for the consistency of 

frequently-used methods based on  pars imony and compatib i l ity are 

examined.  l t  is  shown that even i n  "best possible" conditions both 

methods can be inconsistent, though a strong sufficient condition for 

compatib i l ity is g iven .  The analysis is extended for a molecular clock. 

Final ly, p rocedures are described for p lacing confidence i ntervals around 

phylogen ies, and l im itations on the sort of confidence intervals possible 

are g iven . Ways to efficiently implement these procedures are then  

considered -- in particular, approximate methods, appl ications to  sets of 

taxa of s ize fou r, and s impl ifications under a mo lecu lar clock. 



The rate that sequence data must grow as a function of the number of taxa 

for confidence intervals to converge to a s ing le tree is also considered . 

The arg u ments i n  this thesis are primari ly combinatorial and stochastic. 

I n  the hope that the i r  i mpl ications wi l l  also i nterest bio log ists, some 

space has been g iven to  motivating and expla in ing the  b iolog ical relevance 

of the resu lts presented . 
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"There is one unique, true hierarchical nesting pattern in nature, waiting 
to be discovered. All that we have to do is develop methods for 
discovering it," Richard Dawkins .  

The last two decades have witnessed a flourish ing of  methods aimed at 
constructing phylogenetic trees from genetic data. Yet despite the 
extensive use of these procedures relatively l ittle attention has been 
paid to determin ing their accuracy. Consequently, d isputes on how best 
to reconstruct evol utionary trees have arisen (see for example Diamond 
[1 988]) and d ifferent data o r  d ifferent methods often g ive d iffer ing 
trees, as the i ntroduction of Felsenstein [1 987], concern ing the 
Pan-Homo-Gorilla clade, makes clear. l t  is thus desi rable  to determine 
how these methods perform under s imple models which describe how 
variations  i n  the u nderlying genetic data arise on the evo lutionary tree 
l inking the taxa in question .  

Th is thesis considers these problems from a combinatorial and 
stochastic viewpoint. Section one enumerates various classes and 
properties of phylogenetic trees, and presents a sol ution of an open 
prob lem by Day [1 986] . This is fo l lowed by a streaml ined proof of an 
important new theorem from Carter et al. [1 988] , wh ich is appl ied in 
section five . 

Section two examines the question of how s imi lar one  would expect 
"randomly-chosen" trees to be, so as to better  understand the 
sign ificance of d isparities i n  tree reconstruction ,  mentioned above. 
Th is continues work in Hendy, Little and Penny [1 984] , and Day [1 983] 
and settles two conjectures raised in the former paper, as wel l  as 
providing a deeper u nderstanding of the metric used in that paper. 

We then examine from a combinatorial viewpo int three issues related to 
tree bu i ld ing : section  three considers how the structure of subtrees 
constrains the structure of the parent tree(s); section fou r  q uantifies 
the loss of i nformation in working with diss imi larity data rather than 
sequence data, and section  five examines combinatorial aspects of 
parsimony, wh ich is the principle beh ind the most widely-used tree 
bu i ld ing method .  I n  this section we g ive an efficient method for 
measuring h ow much better the maximum pars imony tree fits data than 
a "random ly-chosen" tree .  A useful invariance resu lt is also derived and 
answers a dual question of how many edge changes are requ i red to fit 
"random" data to a tree .  
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These and other resu lts are appl ied i n  sections six, seven and eight to 
address the question of the theoretical accu racy of tree-bui ld ing 
methods under a s imple model proposed in  1 978 by James Cavender. 
Th is model and its i mmediate consequences are o utl ined i n  section six. 
In section seven ,  the statistical consistency of various classes of 
tree-bu i ld ing methods is examined. Particular attention is paid to 
pars imony and a closely related method, compatib i l ity, and new 
necessary and sufficient conditions for consistency are obtained . 
I n  section eight the question of how to f ind confidence i ntervals  around 
trees is investigated . Th is question has received relatively l ittle 
attention as suggested i n  the recent  and comprehensive review of 
tree-bu i ld ing methods by Felsenste in [1 988] . Final ly the rate of 
convergence (to a s ing le tree) of these confidence i ntervals is examined 
and a positive resu lt obtained . 

For the fi rst half of this thesis, the arguments are mostly 
combinatorial , re lying o n  generating functions and tree decompositions,  
combined with two tech n ical resu lts for wh ich the reader is  referred to 
Gou lden and Jackson [1 983]--the principle of inclusion and exclusion 
(fo r generating functions) , and the Lagrange invers ion formu lae. Where 
exact sol utions appear i ntractable o r  d ifficult, asymptotic methods have 
been used . From section six, probabi l ity-based arg uments are exploited, 
particu larly properties of the mu ltinomial distribution .  

Acknowledgement: 
I wou ld l ike to thank Mike Hendy and David Penny for the ir  valuable 
suggestions and g u idance i n  the preparation of this thesis .  I a lso wish 
to thank the fo l lowing for the i r  helpfu l comments : 
Michael Carter, Joe Felsenste in ,  Ron Graham, Charles H .  Little ,  Terry 
Moore and l ng rid R insma. 
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!Nl©���n©lfil: 

[ xn ] f ( x )  d Q no t Qs  t h Q  c o Q f ficiQnt of  xn in f ( x ) .  Simi l a r ! �  fo r  

[ x 1n 1  . . .  x k 
nk ] f ( x 1 ,  . . .  , x k ) .  

f ' ( x )  d Qno t Q s  t h Q  ( f o rm a l )  dQriva tivQ of  f ( x ) .  

f (n) = O ( g (n ) )  m Qans f (n) I g(n)  is  boundQd as  n- >oo. 

f (n) "' g (n )  m Q ans I im n- >oo f(n)  I g(n)  = 1 .  

� m Qans app roxima t Q  I �  Qqua  I to .  

For  a S Q t  >< ,  [ >< ] k is  thQ  sQ t  of  subsQ ts o f >< o f  sizQ k .  

[n ] k = [ { 1 ,  . . .  ,n}]k , [ nt i s  t h Q  se t  o f  QVen  s ubse t s  o f  { 1 ,  . . .  ,n} (inc l u ding il). 
nck denotes  t h e  binomia l coe f ficiQnt n!lk!(n-k )! 

x, ><, . . .  d eno t Q s  vec to rs; j = [ 1 ,  1 ,  . . .  , l ] t . 

J deno tes  a sq ua rQ  m a trix with a l l  ent ries + 1 .  

x.y is t h e  inner p roduc t  o f  x and y 
x>y ( r esp .  x?:�) m eans xi>�i ( resp .  xi?:�i) for  a l l i .  

xY = TI ixi
�i , l!x-yjj is the E uc l  idean  dis tancQ b e tween x and y. 

R k , ( R+ )k , Nk denotes  respectiV Q I �  k - tup l es o f  r ea l s , po sitive rea l s  and  

nonnega tive int Q gQ rs  (when  k= 1  t h e  superscript  is supprQssed ) .  

P(A )  denotes  t h e  p robabi I i t �  of  QVent  A .  

E [>< ] ,  Va r [>< ]  denote  t h e  e xpQc ta tion and  va riance  o f  rand o m  va ria b l e >< .  

(0< 10<z) (0<3 , . . .  ,0< k 2 ) (0<k - 1•0< k) denotes  a binar�  c a te rpi l l a r t r ee ,  Jk 

endpo int I a b Q  l i e d  as  shown in fig . 0 . 1 .  

0::3 cx:k-2 

FigurQ 0 . 1  

cx:k-1 
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T a b l e  o f  Sym b o l s  Pa g e  

Trees  S tochas tic 

IE(T ) , IV(T ) ,  E (T)  5 s ( T , p ) ,  s (O; T ,p )  1 10 

BPT (L) , PT(L) 6 s (T  I q ) ,  s (o; T I p )  1 10 

BPT (n) , PT(n) , PT(n,f) 6 r(T , p )  1 1 6 

b (n ) ,  p(n) 6 s"'(T , p )  1 3 3  

bpt (n ) ,  p t (n) 8 S(k) ,  D(k) 1 3 9  

RPT (n) , RB T (n) 9 P(k) , Q (k) 1 4 2  

q ( s ,T ) , q ( s ,n ) ,Q (T  ,x) ,qk( T ) ,P(T , x )  29  B C!, CC !  1 6 9  

Tie 3 0  

BS(n,a) 4 3  

T[S] 5 6  

w(o ,T ) ,  w(D ,T)  9 1  Combina toria l 

[E,E0] 1 0 0  <Q> 6 2  

rx 1 0 0  �(T )  6 2  

n(T ,X) 1 0 0  s 7 3  

WBT(n) 1 0 9  X0, X 7 3  

Q(T ) , QI( T ) ,  QP( T )  1 3 5  o , o 0 ,  Q(n) 7 3  

T (k) 1 3 6  x. C (n )  7 3  

RWT(n) 1 3 8  l.lr(n ,c )  7 9  

T 1Ck ,p ) ,  T l(k), T 2(k) 1 4 3  p (C )  8 2  

B(A,L) ,  B(A) ,  B(n,A,L) 1 4 8  X[S], p[S], q[S] 1 1 2  

BE(A), BH(A) 1 6 0  <P 1 2 7 

RT1 (k,A) 1 6 1  A 1 7 2  

<Q> res  · S (Q )  1 78 



"We have for twenty species more than a gram molecular weight of 

evolutionary trees, " Waiter Fitch . 

1 .1 Introduction 

A central problem invo lved in constructing phylogen ies is the rate of 
g rowth i n  the number of potential candidates as a function of the number 
of taxa. We beg i n  therefore by defi n ing and enumerating the types of 
trees su itable for phylogenetic analysis. The asymptotic d istribution of 
certain properties of these classes is then derived, solving an open 
problem posed by Day [1 986] and providing resu lts wh ich are used in 
section two. The enumeration and properties of forests of phylogenetic 
trees is also considered and compared with classical resu lts .  We then  
consider the  enumeration o f  b inary trees according to the  number of edge 
changes requ i red to fit a co louring to the endpoints. The resu lts i n  
section one rely on  tree decompositions, and i n  some cases, t h e  Lagrange 
i nvers ion formu la .  

1 .2 D e f i n i t i o ns 

(Ot\f"'£CteJ 
A tree i s  an  ac�c l  i c  s im p l eJgraph .  

L e t  L b e  a se t  o f  n:::: 2 l a b e l s .  A phylogene tic tree on L, i s  a t r ee  w i th n 

v e r t i ces  o f  d e g r ee one ,  c a l l e d pendan t vert ices, each  l ab e l l e d  w i th a 

d i s t i nc t  e l e m e nt f rom L ,  and w i th t he  rem a i n i ng ( i n terna l )  ver t i ces  of  

deg ree  a t  I e as t  t h ree ,  and  un l  a b e  11 ed .  For  such  a t r ee ,  t h e  n edges  

i nc i d ent w i th a p end ant ver te x  are  ca l l e d  pendan t edges, and  t he  

r e m a in i ng edges  a re  in terna l. We l e t E (T )  ( resp .  l E (T ) ,  lV (T ) )  denote  t h e  

s e t  o f  edges  ( resp .  i n terna l e d ges ,  i nt e rna l v e r t i ces )  o f T .  

5 



T w o  p h � l og�n� t i c  t r ��s  on L a r�  cons i d� r�d  �qu i v a l � nt i f  t h� r�  i s  a g raph  

i so morp h i sm  b� tw��n  t h�m w h i ch p r�s�rv�s  t h�  l ab e l l i n g  on  the  pend an t  

v e r t i ces .  More  g enera l ! � . i f  two p h � l ogene t i c  t rees  are  g r aph  

i somorph i c  w i th t he i r  l ab e l ! i ngs  s up ressed ,  w e  sa�  t h e �  a r e  

topo logica l ly equiva len t. 

L� t  PT (L , f )  denote  t h e  s e t  o f  p h � l ogene t i c  t rees  w i t h  f i nt e rna l e d ges  o n  

l a b e l  s � t  L .  L e t  PT (L )  = u {PT(L , f ); Q:::; f:::; n-3 } ,  a n d  B PT (L )= PT (L ,n-3 ) ,  t h e  

s e t  o f  b inary phylogene tic trees, f o r  w h i c h  e a c h  i nt e rna l ver te x  has  

degree  three .  For  L = { 1 ,  . . .  ,n }  denote  t hese  se ts  PT(n , f ) ,  PT (n)  a nd BPT (n)  

resp�c t i ve l � . The  fo l l ow i ng resu l t  i s  f rom F e l sens t e i n  [ 1 9 7 8  ( 1 ) ,  p . 29 1 .  

1 .3 L e m m a  

The  s i z e  o f  P T (n , f )  i s  d e te rm ine d recurs i ve ! �  a s  fo l l ow s: 

I PT (n , f )  I =  (n+f - 2) I PT(n- 1 , f - 1 ) I + ( f+ 1 )  I PT(n- 1 , f )  I ;  n� 4 . 

I PT(3 , 0 )  I = 1 ,  I PT(3 , f )  I = 0 ,  f> O .  

For  n�3 .  l em m a  1 .3 g i v es  

I BPT(n) I = ( 2n-5 )  ! !  = 1 . 3 . 5  . . .  ( 2n-5)  = ( 2 n-4 )  11 ( n - 2 )  1 2n- 2 

For  conven i ence ,  w e  1 e t  b (n) = I BP T(n) I and p (n) = I P T (n) I ·  

1 . 4  C o r o l l a ry 

Le t  P T+ (n)  ( r�sp .  P T- (n) )  denote  t he  se t  of  t r ees  i n  P T(n)  w i t h  an  even  

( r esp .  odd )  number  o f  in te rna l  e dges .  Then  

I P T+(n)  1-1 PT- (n)  I = ( - 1 ) n+ 1 (n- 2 ) !  n�3 .  

6 



P r o o f :  L e t  p ( n , x )  = Lf�O  I PT ( n, f )  I x f. B �  l emma  1 .3 ,  

p (n , x )  = ( (n- 1 )x + 1 )p ( n- 1 , x )  + ( x 2 + x )d; d xp ( n- 1 , x ) .  P u t t i ng 

x = - 1  g i ves  p (n, - 1 )  = ( 2-n)p(n- 1 ,- 1 ) , wh i c h  toge t he r  w i t h  p ( 3 , - 1 )  = 1 ,  

g i v es I P T+ (n) 1 - 1  PT- (n) I = p(n ,- 1 ) = ( - 1 )n+ 1 C n- 2 ) ! § 

A c entr a l  t h eorem i n  t he  e numera t i on  o f  l abe l l ed t r ees  i s  t h e  fo l l ow i ng 
r esu l t : 

1 .5 T h e o rem Moon [ 1 9 7 0 1  

T h e  number  o f  t r ees  on  n l abe l l ed ve r t i ce s  o f  deg rees  d ( 1 ) , . . .  , d (n) i s  
n- 2cd ( 1 ) - 1 ,  ... , d ( n)- 1 , i f  L i d ( i )  = 2 n- 2 ,  a nd o o therw i se .  § 

T h i s  t h eorem g i v e s  a n  a l t e rna t i v e  desc r i p t i o n  o f  I PT (n , f )  I as  a sum o f  

f + 1  t e rms ,  e ach  e x p r e s s e d  i n  t e rms  o f  S t i r l i ng numbe r s  o f  t h e  second  
k i nd .  (A i g ner  [ 1 9 791 g i ve s  a tab l e  o f  t h e  S t i r l i ng numbe r s  S (m , r )  for  

m , r:S8 ) . 

1 . 6  T h e o r e m  

I PT ( n, f )  I = Lo ::;s ::;/n+f - l )cs.( -nss(n+f - 1 -s, f + 1 -s ) .  

( For  e x am p l e , I PT (6, 2 )  I = 7C 0S (7 , 3 )-7C 1S (6, 2 ) +7C2S (5 , 1 )  = 1 0 5 ) .  

P r o o f :  

An� T EPT(n , f )  h a s  n+f+ 1 ve r t i ces ,  n of  wh i ch are  l abe l l ed a n d  of  d e g r e e  1 

and f + 1  o f  wh i ch a r e  un l ab e l l ed and  o f  deg ree  d 1 ,  . . .  , d f + 1  �3 .  

Now on l �  t h e  t r i v i a l  a u tomorph i sm  l eaves  ever� endpo i nt o f  a t r ee  f i xe d  

(Ha ra r� a nd Mowshow i t z  [ 1 975 1 ). 

7 



Thus  i f  we  rega rd  t h i s  second se t  of  ve r t i ces  a s  l abe l l ed ,  a pp l �  t h eorem 

1 . 5 a nd t hen  "un l abe l " t hese  i nt e rna l v e r t i c es  we  ob t a i n: 

I PT (n , f ) I = [ ( f + 1 ) ! ]- 1�{d2:3 j , d. j= 2f +n} (n+f- 1 ) 1 / ( d 1- 1 ) !  . . .  ( d f + 1 - 1 ) !  

= [ ( f  + 1 ) ! ] - 1�{x= ( x ( 1 ) ,  . . .  , x ( f  + 1 ) ) 2: 2 j ,  x . j=n+f - 1 } 
(n+f  - 1 ) !; x ( 1 ) !  . . .  x ( f  + 1 ) !  

b �  t h e  s u b s t i t u t i ons  x ( i )  = d i - 1  for  i = 1 ,  . . .  , f + 1 .  

Thus ,  b�  t h e  p r i nc i p l e  o f  i nc l us i o n  a n d  exc l us i o n  w e  have :  

I PT (n , f )  I = [ ( f + 1 ) ! ] - 1 x�s (- 1 ) s . f + 1 cs x 

� . . (n+f - 1 ) !; ( * )  { x = ( x ( 1 )... . . .  , x ( f + 1 - s ) ) 2:J, X.J= n+f- 1 -s} x ( 1 ) !  . . .  x ( f + 1 -s ) ! 

Now for  pos i t i v e  i nt ege rs  m , k  t h e  s umma t i on  

� { x = ( x ( 1 )  .... . .  , x (k ) ) 2: j ,  x . j= m }  
m !; x ( 1 ) ! . . .  x (k ) !  i s  t h e  numbe r  o f  wa�s  of  

p l ac i ng m l abe l l e d  objec t s  i nto  k l abe l l ed se ts ,  s o  t h a t  each se t  cont a i ns 
a t  l ea s t  one e l eme nt .  

Bu t  S ( n, k )  i s  t h e  numbe r  o f  w a�s  o f  p a r t i t i on i ng n objec ts  i nto  k 

non-emp t� se ts  so  t ha t  

k !S (n , k )  = �{x= ( x ( 1 )... . . .  , x ( k ) )2: j , x . j =  m }m !;x ( 1 ) ! . . .  x (k ) !  a s  i n  Ande rson  

[ 1 9 7  4 ,  p .58 ] .  

Thus  t h e  s umma t i o n  t e rm i n ( * )  i s  
( n + f  - 1 ) ! ( f  + 1 - s ) ! S ( n+ f  - 1 -s , f  + 1 - s )  1 

(n+f - 1 - s ) ! 
S ubs t i tu t i n g  t h i s  i n to (* ) g i ves  the  r esu l t . § 

F r eq uent l �  i n  fo l l o w i ng const ruc t i ons ,  t he  l abe l l i n g  o f  t r ees  i s  

u n impo r t ant .  Thus  i t  i s  usefu l to l e t p t (n ) ,  p t (n , f )  and  b p t (n )  d e no t e  a 

s e t  o f  d i s t i nc t  r e p r esent a t i ve s  for  t h e  top o l o g i c a l  c l a sses  o f  P T(n ) ,  

PT (n , f )  and  BPT(n )  r e pesect i ve l � . To e numera t e  bp t (n) we  u se  t h e  
f o l l ow i ng resu l t . 
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1 .7 L e m m a  

L et K (n )  b e  the set of un l  a be l l  e d  trees  w ith n vert i c es of deg ree  :s3 .  

Then  for n?:4 ,  the r e  i s  a b i j ect ion from bpt(n) to K (n- 2 ) .  

P r o o f :  

For T E b pt(n) ,  l et T '  b e  th e un l  a b e l l e d  tree  obta i ned  f rom T b �  d e l et i ng  a l l  

its pendant vert i ces  and pendant edges ( T '  i s  the derived tre e  of T i n  

H end� .  L itt l e and Penn� [ 1 984 1 ) .  S i nce  T has  n - 2  i nterna l vert i ces ,  w e  

have  T ' E K (n- 2 ) ,  and  the process  i s  c l e ar l �  i nve rt i b l e . § 

1 .8 C o r o  11 a ry 

P r o o f :  

The  as�mptot i c  v a l ue for I K (n)  I i s  d e r i v ed  b �  Otter [ 1 948 ,  p . 597-598 ]  a s  

(,f33e-9/2;  41 n )en/n512 , w ith va l ue s  for e .  (wr itten as  0< - 1  b �  Otter ) ,  

and .f3 g i v en.  Ha rd i n g  [ 1 9 7 1 ] corrects an  e rror i n  Otter ' s  c a l cu l at ions to 

show .!3 � 4 .4 2 2 0 4 3 2 .  T h e  r es u l t  now fol lows b� the p rev ious l em m a . § 

1 .9 D e f i n i t i o n  

For L ' = { 1 ,  . . .  , n }u {oo } ,  l et RPT (n) b e  the set of roo ted phylogene tic trees on 

n pendant vert i c es ,  de f i ned  as fol l ows .  B� convent ion RPT ( 1 )  i s  the tree  

cons i st i ng  of  a d i st i ng u i s hed vertex (ca l l ed a roo t ) connected to a 

l a be l l e d  p endant vertex .  For n?:2 ,  RP T(n)  i s  th e s et of tre es  obta i ne d  b �  

d i st i ng u i s h i ng an i nterna l vertex of T EP T(n) or add i ng a d i st i ng u i s h e d  

vertex to the m i dpo i nt of  an  edge  of T .  De f i ne the set of  roo ted  b inary 

trees on n pendant vert i ces ,  denoted  RBT(n) ,  ana l ogous ! � . 
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I t  i s  e a s i l �  shown t h a t  I R PT(n) I = p(n+ 1 ) . Thus  to count P T (n)  i t  

su f f i c e s  to count RPT (n) ,  for w h i c h  t he  approp r i a t e  tool i s  t h e  

e xponent i a l  genera t i ng  funct ion. L e t  x m ark  t h e  number  of  non-root 

pendant  v e r t i ces ,  and R(x )  denote t he  e xponent i a l  genera t i ng  funct ion for 

RPT (n) .  A s tandard  t r ee  decompos i t ion g i v e s  t h e  fol low i ng r es u l t . 

1 . 1 0 P r opo s i t i o n  Fou l ds and Rob i nson [ 1 98 4 1  

2 R ( x )  = e xp(R(x ) )  - 1 + x .  

As�mp tot i ca l l �  w e  have  the  fol l ow i ng resu l t , w here  p = 2 l n( 2 ) - 1 .  

1 . 1 1 L e m m a  

( a ) : p (n) In ! 'V p 1 - nn-5 1 2 /(P I 4 n ) 

(b ) :  p (n) - 1 (Lf 2: 0 f I P T(n , f )  I ) - np - 1 ( 1 - l n( 2) )  = 0( 1 )  

(c ) :  p (n)- 1 Cl:f20 f ( f - 1 )  I P T (n , f )  I ) - n2p- 2 ( 1 - l n( 2 )) 2 = O(n) .  

P ro o f :  

These  r e su l ts fol l ow f rom c l ose l �  re l a ted  r e su l ts i n  Fou l ds and  

Rob i nson [ 1 984 1 , t he  on l �  mod i f i c a t ion requ i r ed  b e i ng t ha t  t h e  f i r s t  a nd 

second mom ents  correspond i ng to (b ) and (c )  a re  eva  1 ua t ed  i n  t ha t  p aper  

w i th r espec t  to t he  tot a l  num ber  of ver t i ce s ,  v ,  r a t he r  t han  the  num b e r  

o f  i nte rna l e d g e s ,  f ,  r equ i r i ng t h e  subs t i tu t ions:  f = v - (n+ 1 )  and  

f ( f - 1 )  = v(v- 1 ) - 2 (n+ 1 )v + n2 +3n+ 2 . § 
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W rz  now a nswrzr  a q urzst ion r a i srzd  b �  Da�  [ 1 986 1 .  G i vrzn  TEPT (n)  and a 

subsrzt A =  { i , j , k , l }  of d i st i nct rz l rzm rznts of { 1 ,  . . .  , n } ,  w rz  sa�  A i s  reso lve d  

b�  T i f  thrz vrzrt i crzs  c a n  b rz  pa i r rz d  s uch  that thrz p ath b rztw rz rz n  thrz f i r st 

p a i r  i s  vrz rtrzx d i s jo i nt f rom thrz path b rztwrzrzn  thrz oth rzr  p a i r .  

E st a b  I i s h i ng th rz p roport ion 'G(n) of unrrzso I v rzd  q ua rtrzts for a 

random l �- c hosrz n  trrz rz  i n  PT (n)  i s  of i ntrz rrzst to taxonom i sts brzcausrz  of 

othrz r  rrzsu lts  i n  D a� ·s p aprzr .  T h i s  paprzr  rrzducrzs  thrz rzva l uat ion of the 

avrzragrzs  of var iou s  m rz asurrzs  of s i  m i I ar i t� b rztw rzrzn  random I � -chose n  

ph� l ogrznrzt ic  trrz rz s  to thrz  rz v a l uat ion of 'G(n) .  For rz x amp l rz ,  p ropos it ion 1 

( 1 )  of Da�·s paprz r  statrzs that thrz rzxprzctrz d p roport ion of rrzso l v rzd 

quartrzts on w h i c h  two ph � logrznrzt i c  trrz rzs  do not conf l i ct i s  

2 ( 1 -'G(n) ) 2 ;3 , w h i l rz  for b i nar�  trrzrzs  thrz rzxprzctrzd proportion i s  s i m p l �  

2 13 . T hrz nrzxt thrzorrz m  shows that thrzsrz  two v a l u rzs  a rrz  as�m ptoti ca l l �  

rz q ua l ,  r rz f ut i ng a s uggrzst ion i n  Da�  [ 1 986 1  that 1 -'G(n) m i g ht convrzrgrz  "to 

a v a l u rz  c l osrz to, b ut d i st i nct from , onrz." 

1 . 1 2 L emma 

For powrz r  s rz r i rz s  f ( x ) ,  

( 1 ) :  [ x k 1 f ' ( x )f"(x )  = 0 .5 ( k + 1 ) [ x k+ 1 1 ( f ' ( x ) ) 2 , whrzrrz  ' d rznotrz s  d i f f rz rrznt i at ion 

w ith r rzsprzct to x .  

( 2 ) :  i f  [ xn1 f ( x )  rv f op - nn- 0·5 , th rzn [x n1 f ( x ) 2 rv fo 2 rrp - n. 

P r o o f: 

( 1 ) :  L rzt g ( x )  = L i a i x
i = ( f ' ( x ) ) 2 . T hrzn s i ncrz g ' ( x )  = ( f ' ( x ) 2 )• = 2f ' ( x ) f"(x )  

wrz  h avrz  [ x kl f ' ( x ) f"(x)  = 0 .5 [ xk 1 g ' ( x ) .  B ut g ' ( x )  = L i i a i x
i - 1  so that 

[ xk 1 g ' ( x )  = (k + 1 ) [x k + 1 1 g ( x ) ,  as  rrzqu i r rzd .  
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( 2 ) :  [ xn ] f ( x ) 2 = Lo::; i ::;n[ x i ] f ( x ) [ xn- i ] f ( x ) ,  and a ca rrz f u l  b u t  s t ra i g h t for w ard  

ana l � t i c a l  a r g umrznt  s hows t ha t  a s �mp tot i ca l l �  t h i s  rz xprrzss ion i s :  

fo 2 P-nL 1 :S i < l1.i- 0 . 5  (n- i )- 0 .5 = f o2P -n n- 1 L J ::; i < l1
1 ; / (( i / n) ( l - i / n) )  

"" 

2 -nJ dx; 2 -n s:' f o p 
1 /n:Sx :S 1 - 1 1n / (x( 1 - x ) )  "" ' f o p 11. 0 

1 . 1 3  T h e o r e m  

Lrz t  G'(n)  drznotrz t h rz  rz xprzc trzd  proport ion of unrrzsol vrzd  4 - t rrzrzs  i n  a t r rz e  

random 1 � chosrzn  f rom PT(n) .  

(Thus  1:(5 ) =  2 5 / 5 x 26= 0 . 1 9 2 3 ,  1:(6 )=57 0 / 1 5 x 2 3 6= 0 . 1 6 1 0 ,  a s  i n  t ab l rz  4 of  

Da�  [ 1 986 ] ) .  

Thrzn  w i t h  R (x )  and p as  abovrz :  

(a): 1:(n) = ( 2p(n ) )- 1 (n- 3) ! [ xn- 3 ] (R ' ( x ) ) 2 

) :  1:(n)"" / (P11 I 4n) .  

P r o o f :  

Lrz t  [ n] 4 b rz  t h e  srz t  of a 11 subsrz ts  of  { 1  , . . .  , n }  of  s i z rz  4 ,  e a  11 rzd  quar te ts , 

and l rz t [ [ n ]4 ]k b rz  t h rz  srz t  of a l l  s ubsrz ts  of [n ]4 of s i z rz  k .  For 0E [ [n]4 ]k l rz t 

U (  0 )  d rznotrz t hrz  numbrzr  of T EPT (n) ,  such  t ha t  T i s  u nrrzso 1 vrzd  on a 11 t h rz  

q ua r t rz t s  of Q ( and poss i b l �  othrzrs ) .  

L rz t t i ng U k b rz  t h rz  s um  of  U (O )  ovrzr  a l l 0 E [ [n]4 ] k , and  l rz t U ( x )  = Lkukx k . 

B �  t h rz  p r i nc i p l rz  of i nc l us ion and rz xc l us ion, E ( x )  = U ( x- 1 )  i s  t hrz  ord i nar�  

grznrzra t i ng funct ion for thrz  numbrz r  of  t rrzrzs  h a v i ng prrzc i srz l �  a g i v e n  

numbrzr  o f  quar trz ts  unrrzso I v rz d .  

In  par t i c u l ar ,  1:(n) = E ' ( 1 )  ;nc4p (n) ,  whrzrrz  ' d rznotrzs  d i f f rz rrznt i a t ion w i t h  

rrzsprzc t  t o  x .  T h us  1:(n) = U ' ( O )  /nc4p(n)  = u1/nc 4p(n)-
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Now U(Q )  i s  c l ea r ! �  th e s ame  for an� 0E [ [n ]4 ] 1 ,  so choos i ng 0 0 = { 1 , 2 , 3 , 4 }  

we  h ave  u1 = nc4 U(0 0 ) .  H ence  'G(n) = U (Oo) I p(n) · ( 1 )  

Now suppose TEP T(n) i s  unresol ved  on 00 . Then  there  e x i sts a un i q u e  

i nte rna l  v e rtex v (T )  of T l i nk i ng the 6 paths joi n i ng p a i r s of  pendant 

vert i ces  w ith I a b e l  s i n  0 0 . 

Fu rthermore ,  T can  be  represented un i q ue ! �  b �  one of the two trees  i n  

f i g .  1 . 1  ( a ) , ( b ) ,  whe re  T i ERPT(n i ) ,  i = 1 ,  . . .  , 4 ,  n i � 1 . i s  a p endant subtre e  

conta i n i ng the vertex l ab e l l e d i ,  a n d  rooted a t  a ve rte x v i ad j acent to 

v (T ) ,  and T *  i s  one of the f o ! I  ow i ng :  

Case  1 :  T*=<l? (so that  i n  case  (b ) ,  v*  i s  a pendant v e rtex ) .  

C a s e  2 :  T*ERPT(k ) ,  k� 2 .  and the root i s  v (T )  for T i n  f i g . 1 . 1 ( a )  and  v *  i n  

f i g .  1 . 1 (b ) .  

(a) (b) 

Figure  1 . 1  

Furthermore ,  an� TEPT (n) w h i ch i s  descr i b e d  b �  f i g .  1 . 1  i s  c l e ar ! �  

unreso l v ed  on 0 0 . 
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U s i ng th i s  d ecompos it ion, and l ett i ng r ( k )  = I R P T (k)  I w e  have ,  

(case  1 ,  tre e  r ep resentation (a ) )  

+ L { nEN4 : n.j= (n- 5 ) }  
(n-4 )cn 1 ,n2, n3 ,n4 , 1 n rcn i + 1 )  

(case  1 ,  tre e  r ep resentation (b ) )  

+ 2 L  { k ,  nEN4 : k�  2 ,  n.j+k= (n-4 ) }  
(n- 4 )cn1 ,n2, n3 , n4 , k  n {Cn i + 1 ) r ( k )  

(case  2 ) .  

( I n  a 11 c a s e s  i r anges  from 1 to 4 ,  n .j = L i n i a n d  N = { 0 , 1  , 2 ,  . .  . }  ) .  

Not i ng that r ( 1 )  = 1 ,  r ewr ite t h e  l ast two o f  t h e  a bove thr e e  terms  as  

2 L{kEN, nEN4: k�  1 ,  n .j+ k= (n- 4 ) }  
(n- 4 )cn1 ,n2,n3 ,n4 ,k n {Cni + 1 ) r ( k )  

-L {nEN4 : n.j= (n-5 ) }  
(n- 4 )cn1 ,n2,n3 , n4 , 1 n rcn i + 1 ) r ( 1 )  

T h u s  U(Q0 ) = ( n- 4 ) ! [ xn- 4 ](R ' ( x ) )4 ( 1 + 2R(x )-x ) .  ( 2 )  

Now b�  propos it ion 1 . 1 0 ,  1 + 2R(x )-x  = exp (R ( x ) ) .  ( 3 )  

D i f fe rent i at i ng th i s  equat ion w ith respect to x g i v es  

2R'(x ) - 1 =  R ' ( x ) e xp (R ( x ) ) ,  so  that R ' ( x )  = ( 2-e xp (R ( x ) ) ) - 1 . ( 4 )  

D i f f e rent i at i ng a g a i n  g i ves ,  

R"( x )  = R ' ( x ) e xp (R ( x ) ) /  c 2 -e xp (R(x ) ) )2 = exp (R(x ) )/  c 2-exp (R ( x ) ) ) 3 ( b �  ( 4 ) ) .  

T h i s  together  w ith (3 )  and (4 )  g i ves ,  

U (Q0 ) = (n- 4) ! [ xn- 4 ]R ' ( x )R"(x )  = 0 .5 (n-3 ) ! [ xn-3 ] (R ' ( x ) )2 b�  l em m a  1 . 1 2  (a )  

Com b i n i ng th i s  w ith ( 1 )  g i ves  th e r e q u i r e d  resu l t. 

( · T h i s  now fol l ows from part ( l em m a  1 . 1 1  and l em m a  1 . 1 2  ( b ) . § 
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Lt2t F (n , k ) ,  ( rt2s p .  N (n , k ) )  dt2no tt2 tht2 st2t o f  fort2s t s  cons i s t i ng o f  t2Xa c t l �  k 
roo tt2d p h � l o gt2nt2t i c  (rt2s p .  b i na r � )  t rt2t2S h a v i ng t2Xac t l �  n pt2ndan t  

vt2r t i ct2s i n  t o ta l .  Lt2 t  F ( n) = ukF (n , k )  a nd N (n )  = u kN (n ,k ) .  

1 . 1 4  T ht2ort2m 

( 1 ) :  I F (n )  I =  2p (n+ 1 )  
( 2 ) :  If f (n )=  I N (n )  I ,  t ht2n f (n )  = ( 2 n-3 ) f (n- 1 )  + f (n- 2 ) .  
( 3 ) :  f ( n )  rv b(n+ 1 )t2. 
(4 ) : I N (n, k )  I = ( 2 n- k- 1 )l;cn-k ) ! ( k- 1 ) ! 2 n-k 

P r o o f :  

( 1 ) :  t2Xp (R ( x ) )  i s  t ht2 t2xpont2n t i a l  gt2nt2r a t i ng func t i o n  for  F (n ) ,  b y  tht2 
" l o ga r i t hm i c  connt2c t i on "  (Gou l dt2n and Jackson, [ p . 1 87 ,  1 9 8 3 ] ) .  B u t  

t2Xp (R ( x ) )  = 2R ( x ) - 1 + x ,  b y  p ropos i t io n  1 . 10, w h i ch g i vt2s ( 1 ) .  

( 2 ) :  I f  B(x )  dt2no tt2s tht2 t2xpont2nt i a l  gt2nt2r a t i ng f unc t i o n  for  roo tt2d b i na r y  
t rt2t2s h a v i ng n non-root  pt2ndan t  vt2r t i ct2s, t ht2n b y  a s t anda rd  trt2t2 

dt2compos i t i on ,  B ( x )  = 1 1 2B 2( x ) + x ,  g i v i ng B ( x )  = 1 -/ ( 1 - 2 x) ,  a s  i n  Ca r tt2r  

et  a l. [ 1 9 88 ] . A g a i n, t2Xp (B ( x ) )  i s  t ht2 t2xpont2nt i a l  gt2nt2r a t i ng func t i o n  for  

N (n ) .  
Now i t  i s  r2as i l y  c ht2ckr2d t h a t  1 +B ' ( x )  = ( 1 - 2 x ) (B " ( x )  + B'( x ) 2 ) ,  w h i c h  can  

bt2  rt2a r r angt2d a s :  

( B  ' ( x ) 2 +B '  ' ( x ) )  = ( 4 B  ' ( x ) + 2xB ' ( x ) 2 + 2 xB "( x ) ) -3B ' ( x ) +  1 .  

Mu l t i p l y i ng b y  t2xp (B ( x ) )  and i n tr2g ra t i ng  tw i ct2 g i vt2s : 

t2Xp (B ( x ) )  = 2 xt2xp (B ( x ) ) - 3 J t2Xp (B ( x ) )  + J J t2xp (B ( x ) ) ,  wh i c h  t r ans l a tt2s 

i n to  thr2 rt2curs i o n  in ( 2 ) . 
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( 3 ) : B �  t h e  Lag range  i nv e r s i on  formu l a , 

[ t n ] Q x p (B ( x ) )  = n- 1 [A. n- 1kxp(A. ) ( 1 -AI 2 )- n  

Thus  f (n )  = n ! [ t n ] e x p (B ( x ) )  = 2:: 2 i + 1 -n ( 2n- 2 - i ) !  i2: 0 --------
i ! (n- i - 1 ) !  

= ( 2 n- 2 ) !  2:: 2 i . ( 2n- 2 - i ) ! ( n- 1 ) !  i2:0 -----
(n- 1 ) ! 2n- 1  i ! ( 2 n- 2 ) ! (n- i - 1 ) ! 

Thus  1 i mn->oo f (n )  1 b (n+ 1 )  = 2:: i2:0 ( i ! )- 1  = e ,  a s  r e q u i red .  

(4) i s  p roved  b�  Car t e r  e t  a l. [ 1 988 ] . § 

1 . 1 5  T h e orem 

Le t  JlF (n)  ( r esp .  JlN (n) )  deno t e  t h e  ave rage  numb e r  o f  components i n  F (n )  

( r esp .  N ( n) ) .  

( 1 ) : JlF (n )  = 0 .5 + C41 F ( n, 2 )  1- np (n ) )  I 2p (n+ 1 )  ,.._ 1 + 1 n( 2 )  

( 2 ): J.lN (n)  "-3 . 

P r o o f :  

( 1 ) :  L e t  F ( x . � )  = Ln ,k I F (n , k )  I xn� kl n !  = Lk;::: 1 �
kR ( x )k lk !  = e xp ( �R ( x ) ) - 1 .  

Then  J.lF (n) = I F ( n) l - 1 n !0 10 �  I � =l(x . � )  = I F (n )  l - 1 n ! [ xn]R ( x ) e xp (R ( x) ) .  

Now e xp (R ( x ) )  = 2R ( x )  + 1 - x ,  a nd I F ( n )  I = 2 p (n+ 1 ) ,  t h us  

J.lF (n )  = n ! [ xn ] ( 2R2 ( x )  + R ( x )  - xR ( x ) )l 2p (n+ 1 ) · 

Bu t  I F (n, 2 )  I = n ! [ xn ] R2( x ) l  2 1 wh i c h  g i v e s  t h e  f i r s t  pa r t  o f  ( 1 ) .  
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Now by  l emma  2 o f  M e i r ,  Moon and Myc i e l s k i  [ 1 9 83 ] ,  t oge t her  w i t h  

l emma  1 . 1 1 (a ) ,  

[ xn ]R2 ( x )  ""' 2R (p  ) p ( n+ 1 )  I n !· where  R (p )  = I n( 2 ) ,  a s  shown by  Fou l d s  a n d  

Rob i nson  [ 1 9 84 ] .  T h u s  Jl F (n )""' 2 1 n( 2 ) - 0.5 ( 1  i mn->oo np(n)  I p (n+ 1 ) ) + 0.5 ,  

a nd t h e  r e su l t f o 1 1  ows b y  I em m a 1 . 1 1 ( a ) .  

( 2 ) :  B y  a s i m i l a r a r g ument ,  JlN (n)  = f (n )- 1 n ! [ xn ]B ( x ) e xp (B ( x ) ) .  B y  t h e  

L agrange  i nve rs i on  formu l a , 

n ! [ xn] B ( x ) e xp (B ( x ) )  = (n- 1 ) ! [A. n- 1 ] ( 1 +A. ) eA( 1 -A.I 2 ) - n  

= (n- 1 ) ! [A. n - 1 ] eA( 1 -A. I 2 ) - n  + (n- 1 ) ! [A. n- 2 ] eA( 1 -A.I 2 ) - n. 

Thus  n ! [ xn ]B ( x ) e xp (B ( x ) )  = f (n) + 2: 2 i + 2-n. ( 2n-3- i ) ! 
0:::; i :::; n- 2 _______ _ 

:: f (n )  + 2b (n+ 1 )  2:
. 2 i . ( 2n-3- i ) ! (n- 1 ) !  

O::SJ::Sn- 2  ____ _ 

i !( 2 n- 2 ) ! ( n- i- 2 ) !  

i ! ( n- 2 - i ) ! 

rv f (n) + 2 b (n+ 1 ) e ,  and  t h e  r es u l t  f o l l ows  s i nce f (n )  rv b (n+ 1 ) e .  § 

1 . 1 6  R em a rk 

The  ave rage  number  o f  I a be  1 1  e d  t r e e s  i n  a 1 1  fo res t s  o f  p po in ts  

approaches 3 I 2 (Moon [ 1 9 70] ) .  For  u n l a be l l e d t rees  t he  l i m i t  i s  

2 . 1 9 1 8 3 7  (approx . )  fo r  rooted  t r ees  a nd 1 .7555 10 ( app rox . )  for  

unroo t e d ,  (Pa l me r  a nd Scwenk [ 1 979 ] ) . 
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1.17 D ef i n i tion 

For a+b=n ,  l e t f m Ca , b )  denote the number o f  t rees T EBPT(n )  in  w h i c h  t h e  

pendan t  ve r t i c es  l ab e l l e d { 1 ,  . . . ,a }  a re  co l oured  A ,  and  t h e  r e s t  a re  co l o ured  

B ,  so t h a t  a m in imum of e xac t l u  m edges  mus t  have  d i f f e r ent l u -co l o ur e d  
endpo i n t s  i n  orde r  t o  ex t end t h e  co l our i ng t o  a l l t h e  ver t i c e s  of  t h e  t r e e . 

In  Car t e r  e t  a l. [ 1 9 88 ]  i t  i s  shown t ha t  

f (a b )  = (m- 1 )  ! ( 2n-3m)  I N ( a ,m )  I I N (b ,m )  I b (n )  1 . 
m · b(n-m+ 2 )' ( 1 )  

where  I N ( k ,m )  I i s  t h e  number o f  fores ts  cons i s t i ng  o f  m roo ted  l ab e l l ed 

b i naru  t r ees  o n  a to t a l  of  k e ndpo i nt s ,  a s  g i ven  i n  t h eorem 1. 1 4  (4 ) .  

A p roof  o f  t h i s  r e su l t , wh i ch  i s  used i n  s ec t i on f i v e ,  i s  now g i ven  w h i c h  
avo i ds  bo t h  t h e  m ess u  c a l cu l a t i o ns a nd t h e  u s e  o f  a compu ter  pack a g e  to  

man i p u l a t e  e x p r e ss i ons i n  Car t e r  e t  a l. [1988 ] . 

1 . 1 8  No t a t i o n  

mck deno tes  t h e  usua l b i nom i a l  coef f i c i en t ,  e xcep t  f o r  -mck (m> O )  

1 . 1 9  L emma  

P ro o f :  I mmed i a t e .  
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1 . 2 0  u�m m a  

U� t  F (n ,m ) =  [ xm - 1 ] ( 1 - x ) 2m- 2 n( 1 - x / 2 ) -m n� 2m .  

T h  F e  ) _ b (n+ 1 ); e n  n ,m - (m- 1 ) ! b (n-m + 2 ) · 

P r o o f :  

Le t � (/\ )  = ( 1 -/\ ) 2 /( 1 -/\/ 2 ) .  The  so l u t i o n  o f  w( t )  = t� (w( t ) )  w i t h  w ( O ) = O  

i s  w = 1 - ( 1 + 2 t ) - 0 ·5 . L e t  f (/\ )  = ( 2 n- 1 )- 1 ( 1 -/\ )- 2n+ 1 . B �  the  Lagrange 
i nve rs i o n  formu l a , [ tm ] f (  w )  = m - 1 [ xm- 1 ] f'(x ) �m ( x )  = m - 1 F (n,m ) .  
Thus  F ( n ,m )  = m ( 2 n- 1 ) - 1 [ tm ] ( 1 + 2 t ) C 2n- 1 ) 1 2 , a n d  t h e  r esu l t  f o l l ows . § 
(Th i s  l emma  resem b l es l emma 2 o f  Car te r  e t  a l. [ 1 9 88 ] ,  bu t  does  not 

fo l l ow from i t ) .  

1.2 1  T he o re m  

f ( a  b ) = (m- 1 ) ! ( 2 n- 3 m) jN (a ,m)!� 1 ( b ,mJ! b (n ); ( m ' r b n-m + 2 )  

Pro o f :  

Def i ne g ener a t i ng f unc t i ons T 1 ,T 2 ,T 3 for  rooted  b i nar� t r ees  ( e x ponent i a l  

i n  x a nd � wh i c h  m ark  pend ant ver t i c es  co l ou r ed  A and B r e spec t i ve ! � . 

and ord i na r�  i n  z wh i c h  m arks  t h e  number o f  e d g e  chang es ) ,  as  i n  Car ter  

e t  a l. Thus T 1 ( r esp .  T 2 )  enumera tes  those roo t e d  b i na r �  t r ees  i n  wh i ch 

ever�  m i n i m a l  co l o ur i ng (o f  t h e  i nt e rna l  ver t i ce s  o f  the  t r ee )  ass i g ns 

the  roo t  ver te x  t h e  co l our  A ( resp .  B ) ,  w h i l e  T 3 enumera tes  a l l  r ema i n i ng  

t r ees .  

Remov i ng the  roo t  ve r t e x  f rom a t ree  w i t h  more  t han  one ver t e x  to g i ve 

two sma l l e r roo ted  t rees ,  we  have ,  b�  F i tch 's a l g o r i t hm ( de f i n i t i on 

5 . 1 8 ) ,  
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T 1 = 1 I 2 T 12 + T 1 T 3 + x 

T 2 = 1 I 2 T 2 2 + T 2 T 3 +� 

T 3 = 1 1 2T 3 2 + zT 1 T 2  

as  g i v(?n b�  Car t(?r e t  a I. 

( 1 )  

s i ne(? bo t h  s i d(?s count  t h(? numb(?r o f  root(?d tr(?(?S r(?q u i r i ng  m chang(?s 

to f i t  an alb  co l o u r i ng ,  W h(?r(? t h(? poss i b l (?  s t a t(?S of th(? roo t  ar(? l (?f t  

unsp(?c i f i(?d .  ( T h i s  i s  a m i nor  b u t  US(?f u l  d(?pa r tur(? f rom  Car t(?r e t  a l. ) .  

W(? now U S(? th(? mu  l t i v a r i a t(? L ag r ang(? formu l a  fo r  mono m i a  l s ,  r a t h(?r 
t h an  th(? f u l l  mu l t i v a r i a t(? L ag rang(? i nv(?r s i on f ormu l a a s  (?mp l o�(?d i n  b� 

Ca r t(?r et  a l. 

App l � i ng t h i s  form u l a , ( r(?f(?r Gou l d(?n and Jackson, p . 25 ) :  

[ xk 1 �k 2z k 3 ] (T 1 +  T 2 +  T 3 ) = 

(k 1 k 2 k 3 )  - 12:0<= 1 ,  2 ,32: J1(0<)6.(0< ) ni = 1 , 2 ,3 [w  1Jl i 1 (O< ) . . .  w 3Jl i3(0< ) ]<P  i k
 i ( 2 )  

wh(?r(? 6.(0< )  i s  t h(? d(?t(?rm i nant  o f  [8 i j k i -Jl i{O<) ] i j · 

<P 1  = ( 1 -w 11 2 -w3 ) - 1 , <P 2 = ( 1 -w21 2-w3 ) - 1 , <P 3 = w 1w2 ( 1 -w 3 1 2 ) - 1 , and 

t h(? S(?cond summa t i o n  i s  ov(?r a l l  ma t r i c(?s of  t h(? for  m 

impos(?d b�  t h(? van i s h i ng of  t h(? p roduc t  t(?rm i n  ( 2 )  corr(?spond i ng t o  i = 3  

for  a l l o th er v a l u(?s o f  J13 1 and  J13 2 ) .  
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6 (cx ) i s  t hen  t h e  de t erm i nan t  

wh i c h  t a kes  t h e  v a l u e s  

Fo r  t h e  p rod uc t  t e rm  cor r es pond i ng to  i = 1  i n  ( 2 )  we  have  
[w 1 k 1- k 3 -8 1cxw 3x 1 ] <P 1 - k 1  = 

2- (k 1 -k 3 -8 1cx ) k 1- k 3 - 8 1cx+x 1c -k 1c · k 1- k 3 - 8 1cx · k 1 - k 3 - 8 1cx +x 1  

= 2 - ( k 1 -k 3 -8 1cx ) _ 2 k 1 -k3 -8 1cx- 1 c k 1 _ 1 _-
2k 1 + k 3 + 8 1cxcx 1  b y  l emma  1 . 1 9 .  

B y  s ymme t r y ,  t h e  t e rm  cor respond i ng t o  i = 2  i s  ob t a i ned  f rom t h i s  
expre s s i o n  b y  r e p l a c i ng k 1 w i t h  k 2  a n d  x 1  w i t h  x 2 . 
For  i =3 we  h ave  

Thus  t h e  s umma t i on  t e rm i n  ( 2 )  for  cx = 1  i s  
!3 � x - 2 k 1 + k 3 + 1 c - 2 k2+ k 3c -k 3c 2 - x3 1L.x 1 x 1  x 1  x 3 ( 3 )  

Whnrn R = k 2k 1 -k 3 - 2C 2 kz-k 3 - 1( 2-n+ 2k3 + 1 n = k + k and  t h e  � � +-' 1 3 ·  k 1 - 1 kz- 1 · 1 z, 

s umma t i o n  i s  over  a l l  non-ne g a t i v e  x = ( x 1 , x2 , x 3 ) s uch  t h a t  x 1 + x 2 + x 3 = k 3 . 

L e t  P ( x )  = ( 1 - x )- 1 . T hen  s i nce P ( xl = Lj ;::: O 
- rc j x

j , (w i t h  - rc j a s  i n  1 . 1 8 ) 

xd / dxp r ( x )  = Lj;:: O j .  - rc j x
j so  t h a t  t h e  s um i n  ( 3 )  i s  j u s t  

[ xk 3 1 ( xd / d xP ( x) 2k 1 -k 3 - 1 ) P ( x ) 2k 2- k3p( x / 2 )k 3 _ 

B u t  (d / d xP ( x ) 2k 1 -k 3 - 1 ) = ( 2 k 1 -k 3 - 1 ) P ( x ) 2 k 1-k 3 . 
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Fo r  0< = 2  t h l2  t l2 rm i s  ag a i n  g i v l2n  s �mml2 tr i ca l l �. w i th a pp rop r i a t l2  ,e2 . 
For  0<=3 ,  t h l2  t l2 rm i ns i d l2  t h l2  s umma t i o n  s i g n  o f  ( 2 )  i s  

,e " - 2 k 1+ k 3c - 2k 2 +k3c - k3 c 2-x 3 3 L.. x x 1  x 1  x 3 
whl2rl2  
� = k 2 2- ( 2 n- 2k3 ) 2k 1 -k3 - 1 c 2k2-k3 - 1 c +-'3 3 k 1 - 1  k 2- 1 

Hl2ncl2 (5 )  i s  j u s t  ,t3 3 [ x k3 - 1 ] P ( x ) 2 n- 2 k3p(X / 2 )k 3 . 

Comb i n i ng ( 1 )  t o  ( 6 ) ,  (w i th k 1 = a ,  k2 =b ,  k3 =m )  g i v l2 s  

(5 )  

(6 )  

f m Ca , b )  = a ! b  ! (2 n-3 )- 1 ( a bm )- 1 (,e 1 ( 2 a-m - 1 ) + .B2 ( 2b-m- 1 ) +  .B 3 ) F (n ,m ) ,  w i t h  

F (n ,m )  a s  i n  l l2mma 1 . 20. 

B u t  ,t31 ( 2 a-m- 1 ) + ,t3 2 ( 2b-m- 1 ) + ,t3 3 = ( 2n- 3m ) ,t3 3 /m . 

Hl2ncl2  f m Ca , b )  = F (n ,m ) ( 2 n- 3 ) - 1 ( 2 n-3m)  2- ( 2n- 2m )  x 

( 2 a -m- 1 )  ! ( 2 b-m- 1 )  ! ; 

(4). § 

( a -m )  !(b-m )! 

In v i l2w o f  t h l2  comb i na to r i a l  na t u rl2  o f  t h l2  f ac tors  i n  f m Ca , b ) ,  and t h l2  

d i f f i cu l t i l2 s o f  l2 X t l2 nd i ng t h l2  abovl2  app roach  to r-co l o u r i ng s ,  Car t l2 r  e t  

al. a s k  f o r  a s t r uc t u r a l  d l2 r i v a t i o n  o f f m (a , b ) .  Such  a d l2compos i t i o n  i s  

now g i v l2n  fo r  t h l2  spl2c i a l  casl2 :  a=b=m .  
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1 . 2 2  Lemma 

Let H(n,k) = 2:{x=(x x )>J'·" ·x·=k}n . x1· 1, ... , n - · .:::::... 1 1 1::Sl::Sn · 

( ) -2n e-n . ) Then H n,k = ck-n ck as m 1.18 . 

P r o o f :  For n�2, H(n,k) = 2: j� 0j.H(n-1,k-j). 

Thus if we let H(n,x) = 2:k�oH(n,k)xk we have for n�2. 

H(n,x) = H(n-1,x)(x+2x2+ 3x3+ ... ) = H(n-1,x). xI ( 1-x)2· 

Hence H(n,x) = (x; c1-x)2)(n-1)H(1,x), and since 

H(1,x) = x+2x2+3x3+ ... = x;(1_2x)2, we have H(n,x) = xn(1-x)-2n. 

Thus H(n,k) = [xk]H(n,x) = [xk-n](1-x)-2n = -2nck-n as required. § 

1 . 2 3  Lemma 

(1): For TEBPT(2m), a colouring of the endpoints of T requires m edge 

changes, if and only if there are m disjoint paths in T, each with 

differently co I oured endpo ints. 

(2): For such a colouring, the set of disjoint paths is unique. 

P ro of :  

Part (1) f o 11 ows immediate I y from Menger's theorem (see Harary 

[1969]). 

For part (2) suppose there exist two path sets n 1, n 2 with n 1;=n 2. For 

i=1,2, ni defines a permutation fi on S, defined by fi(x) = y, if x and y 

are joined by a path in ni. Note that fi(fi(x)) = x for all XES. 
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Since n1;z:n 2 we have f 2(f1(x)) ;z: x for some XES. However regarding the 

composition f 2.f1 as an element of the group of permutations on S, we 

have (f 2.f1)N(x) = x for some integer N>1. Since f 2.f1(x);z:x, we can 

represent T as in fig.1.2 where n1ETI 1 is the path joining x and f1(x) and 

and the shaded edges indicate that T 1, ... ,T r-l and T r+l· ···· T s ma� or ma� 

not exist, depending on the position along n1 of T r· 

Now vertex v, shown in fig.1.2, lies on a path from both n 1  and n2, so 

that no further paths from these sets can pass through v (thus (f 2.f1)k(x) 

is "trapped" in Tr for k>l). However this contradicts the equalit� 

(f 2.f1)N(x) = x for some N>l, thereb� refuting our initial assumption that 

n 1;z:n 2· § 

X --�--��-v-+---� .. ----:o: .. --- f 1 (x) 

T r-1 

Repre s entation of T 

Figure 1 .2 

1 . 2 4  Lemma 

• • • 

0 0 
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P r o of :  

This is just a special case of lemma 2 in Carter e t  a l. [1988] with p=O, 

i=k-2, j=2k. § 

1 . 2 5  T h e o r e m  

f mCm.m) = m!b(2m);b(m+2)-

P r o o f  1 :  

Let F(m) be the set of trees in BPT(2m) requiring m edge changes to fit a 

colouring, so that f mCm.m) = I F(m) 1- In view of lemma 1.23, F(m) can 

be constructed as f o 11 ows: First join each vertex from {1, ... ,2m} 

coloured A to a vertex coloured B--there are m! wa�s of doing this. Let 

E be the set of edges so created. Replace each eEE with a new vertex 

v(e) and join these vertices to each other and to k�O new labelled 

internal vertices of degree 3 so as to form a (not necessaril� binar�) 

tree T ' whose endpoints form a subset of {v(e):eEE}. 

Next. letting d(e) be the degree of v(e), construct n ed(e)! trees in F(m) 

from T' b� replacing each v(e) b� the d(e)! possible wa�s of attaching 

a I ong e the edges that were incident with v(e). Fin a 11 � unl a be I the k new 

interna I vertices created above and take the union over a 11 va I ues of k. 

An example of this process (with k=2) is illustrated in fig. 1.3. 

The reason for this somewhat c ircu i to us construct ion is that it a 11 ows 

us to use theorem 1.5 which gives the number of trees having m vertices 

of degree d�t····dm and k vertices of degree 3 as (m+k-2)1;TI(di-1)!2k. 

Hence f m(m,m) = I F(m) I = m!2:k2:d�j
Ti

idi!x(m+k-2)!;ni(di-1)!2kk! 

where k+2:idi=2m-2 (tile number of internal vertices of an� TEBPT(2m)). 
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Thus I F(m) I= m!Lk
(m+k-2)!;2kk! x L{d2:j: d.j = 2m-k-2}Tidi 

= m!Lk
(m+k-2)!;2kk! x -2mcm-k-2 b� lemma 1.22. 

_ ( ) " m+i-2 -i -2m 
- m! m-2 ! L.{i ,j : i+j=m-2} cm-22 x cj 

= m!(m-2)! [xm-2](1-x/ 2)-(m-1)c1-x)-2m 

and the result f o I lows b� 1 em m a 1.24. § 
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Proof 2: 

Wrz, now givrz, a morrz, dirrz,ct pro�f (though onrz, which is likrz,ly to brz, of 

lrz,ss usrz, for rz,xtrz,nsion to r-colourings whrz,n r>2) of thrz,orrz,m 1.25. 

For a partition P of {1, ... ,2m} into m srz,ts of sizrz, two, lrz,t G(P), drz,notrz, 

thosrz, trrz,rz,s in BPT(2m) which havrz, a srz,t of m disjoint paths whosrz, 

rz,ndpoints comprisrz, thrz, srz,ts of P. Thrz,n G(P)nG(P')=<I> if p;z:p· by thrz, 

argumrz,nt usrz,d to rz,stabl ish lrz,mma 1.23 (2), whilrz, 

UpG(P) = BPT(2m), by a straightforward inductivrz, argumrz,nt. 

Now I G(P) I is clrz,arly (by symmrz,try) drz,prz,ndrz,nt only on m. Thus, sincrz, 

thrz,rrz, arrz, (2k)!;k12k partitions of>< into k srz,ts of sizrz, two (Andrz,rson 

[197 4 ,  p.22), wrz, havrz, 

I G(P) I = b(2m);b(m+2) (sincrz, b(k+2) = (2k)!;k!2k). 

By lrz,mma 1.23, f m(m,m) = LPEPo I G(P) I whrz,rrz, and P0 is thrz, collrz,ction 

of all partitions P of {1, ... ,2m} of typrz, (1,x 1), (2,x2), .... ,(m,xm) whrz,rrz, 

{xk·· xm} = {m+ 1, ... , 2m}. C I rz,ar I y I P0 I = m! so that f mCm,m) = 

m !b(2m) 1 b(m+ 2)' as rrz,quirrz,d. § 

1 .26 Summary 

The proofs of the major resu lts i n  th is section (theorems "1 .  "1 3  and "1 .2"1 ) 
demonstrate the usefu l ness of using generating functions to so lve 
enumerative tree problems. Furthermore theorems "1 .5 and "1 .25 
i l lustrate that in provi ng resu lts about ou r  primary object of 
interest--binary phylogenetic trees--it is sometimes necessary to work 
with more general classes of trees, a theme that reappears in later 
sections.  C learly there is fu rther  work to be done i n  enumerating binary 
trees by the weight of r-co lourings, for r>2. Whi le the appropriate set of 

(2r- "1 )  s imu ltaneous quadratic equations can be written down for the 
generating functions ,  (as in theorem "1 .2"1 for r=2) i t  is not clear how 
they cou ld be so lved , o r  i ndeed whether there is a conven ient expression 
for the i r  so lution .  l t  is possible that structural approaches, such as 
those used in the proof of theorem "1 .25 may be more usefu l .  
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�2� D[STR[BUT[ON OF THlE 
SYMMETR[C D[FFERENCE METR[C 

"lt seems feasible and would be desirable, to estimate by Monte Carlo 
simulation the means and variances of [the symmetric difference metric] 
for large values of n, " W.H .E .  Day, 1 983. 

2.1 Introduction 

The symmetric d ifference metric defi ned on phylogenetic trees is a 
special case of symmetric d ifference metrics on  sets stud ied by Restle 
[1 959] , and Marczewski and Steinhaus [1 958] . The tree m etric has been 
usefu l in  testing evo l utionary hypotheses and in examin ing the methods 
used to bu i ld  evo lutionary trees as discussed by Penny and Hendy [1 985] . 
An optimal ly efficient algo rithm has been developed by Day [1 985] to 
compute the metric, and its d istribution amongst pai rs of smal l  trees is 
described by Day [1 983] and Hendy, Little and Penny [1 984] . 

This section extends resu lts from these last two publ ications to obtain  

bounds o n  the  d istribution of  pairs o f  arbitrari ly-large  binary trees a 
g iven d istance apart. As a resu lt, the asymptotic d istribution is shown 
to be Poisson ,  with e-118� 88% of a l l  pairs of b inary trees maximal ly 

d istant,  which answers a conjectu re by Hendy, Little and Penny [1 984] . 
Asymptotic bou nds on the d istribution and a monotonicity resu lt are 
derived, and the d istribution is described "from below". The distribution 
of the metric on  the fu l l  class of phylogenetic trees is a lso examined.  
I n  particu lar, the asymptotic mean and variance of th is metric is 
derived, and th is confirms a second conjecture by Hendy,  Little and Penny 
[1 984] . 

This section expands on and extends resu lts by Steel  [1 988] . Some 
resu lts from that paper have been substantial ly improved with more 
e legant proofs and several new theorems. 

Properties of the symmetric d ifference metric on  binary trees make it 
useful for hypothesis testing involving trees derived from h omologous 
DNA sequences, as i n  Penny, Fou lds and Hendy [1 982] . The resu lti ng trees 
may be expected to be s imi lar and it is usefu l to have a metric for wh ich 
most trees are far apart. This section concl udes with a brief d iscussion 
of other  metrics . 
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2 . 2  D e f i n i t i o ns 

The s�mmetric difference metric d, which Bourque [ 1 978 1  and Robinson 

and Foulds [ 1 98 1 1  applied to phylogenetic trees, is defined on PT(n), and 

so on BPT(n), as follows. For TEPT(n), deletion of an internal edge of T, 

eEIE(T) induces a two-set partition n(T,e) of { 1 ,  ... ,n} corresponding to 

the labels on the two connected components of T with e deleted. For 

T1EPT(n1,f 1), T2EPT(n2J2) and n(T1,e1) = n(T2,e2) we call eJ.e2 an 

equiva lent pair or edges . If TJ.T 2 have exact!� m equivalent pairs of 

edges then d(T1, T 2) = f 1+f 2-2m. In particular for T1,T 2EBPT(n), 

d(T1,T 2) =2(n-3-m). 

For T EPT(n) we reca 1 1  from Hend�. Little and Penny [ 1 984 1  the generating 

functions: P(T,x) = �k�OPk(T)xk 

Q(T,x) = �k�Oqk(T)xk 

where pk(T) (resp. qk(T)) is the number of trees in PT(n) (resp. BPT(n)) at 

distance k from T. Thus for T EPT(n,f), O(T,x) has degree n+f-3 and is an 

even or odd polynomial of parity equal to the numerical parity of its 

degree. 

For TEPT(n), s�O let q(s,T) denote the number of binary trees having s 

equivalent edge pairs with T, and let q(s,n) be tile average value of 

b(n)-1q(s,T) over BPT(n). Thus q(s,n) = b(n)-2� T EBPT(n)q(s,T) is the 

probability that two trees randomly-chosen from BPT(n) have exactly s 

equivalent pairs of edges. We show that q(s) = lim n->ooq(s,n) has a 

Poisson distribution in s with mean 1 1 8 . 
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Wrz brzgin b� noting that for TEPT(n), P(T,x) and Q(T,x) do not drzprznd on 

thrz labrzlling of T, onl� on its topolog�. Wrz shall frrzqurzntl� writrz thrzsr2 

and othrzr trrzrz-valurzd functions which arrz invariant undrzr topological 

rzquiva 1 rzncrz without sprzc if� ing thrz 1 abrz 11 ing of thrz trr2rz. With this in 

mind wrz now statrz from Hrznd�. Littlrz and Prznn� [1984]: 

2.3 T h r2 o r e m  

Lrzt rz brz an intrzrnal rzdgrz of TEPT(n). Lrzt T /rz  brz thrz trrzrz formrzd b� 

contracting rz, and lrzt T1,T 2 brz thrz maximal subtrrzrzs of T with rz as a 

pr2ndant rzdgrz. Thrzn: P(T,x) = xP(T /rz,x) + (1-x2)P(T1,x)P(T 2,x) 

Q(T,x) = xQ(T /rz,x) + (1-x2)0(T1,x)Q(T 2,x). § 

Wrz now givrz a constructivrz drzscription of Q(T,x). Lrzt TEPT(n,f) and lr2t E 

brz a srzt of intrzrna 1 rzdgrzs of T. For rzach rzdgrz rzEE cut rz in ha 1 f and p 1 acrz 

nrzw przndant vrzrticrzs on rzach of thrz two "rznds" of rz. In this wa� E 

drzfinrzs a collrzction of trrzrzs, Ti, having ni przndant vrzrticrzs, for 

i=1, ... , I E I +1 (with T1=T, if E=�). Clrzarl�. L{i:l�i� 1 E 1 +1} ni = n + 21 E I· 

Lrzt <P(E) brz thrz srzqurzncrz (n1, ... ,n I E I +1), takrzn in somrz ordrzr, and lrzt 

<<P(E)> = n l�i� 1 E 1 +lb(ni). Drzfinrz r(s,T) to brz thrz sum of <<P(E)> ovrzr 

all srzts of intrzrnal rzdgrzs, E, with I E I = s. Finall�. lrzt 

R(T) = R(T,x) = Ls�or(s,T)xs 

q(T) = q(T,x) = �5�0q(s,T)xs 

(so that q(T,x) = xCn-3+f)l2o(T,x-1/2)). 
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2 . 4  L r2 m m a  

For TEPT(n), T nEPT(n,O), 

(a): q(T,x) = R(T,x-1) 

(b): In thr2 notation of thr2orr2m 2 

(i) R(T) = R(T /r2) + xR(T1)R(T 2) 

(ii) q(T) = q(T /r2) + (x-1) q(T1)q(T 2) 

(c): R(T,O) = R(T n,x) = b(n). 

Proof: 

(a): Lr2t TEBPT(n) and lr2t E br2 a sr2t of s intr2rnal r2dgr2s of T. 

Undr2r thr2 abovr2 construction, for r2ach r2dgr2 f2EE, nr2w pr2ndant vr2rticr2s 

v1,v2 arr2 attachr2d to thr2 r2nds of a bisr2ction of r2. 

For i=1,2, labr2l vi with thr2 �of labr2ls of thosr2 pr2ndant vr2rticr2s of T 

which arr2 no longr2r joinr2d by a path to vi whr2n r2 is cut. Each trr2r2, Ti, 

(i=1, ... ,s+1) dr2finr2d by E, thus has a natural labr2l sr2t L(i) for its pr2ndant 

Vf2rtiCf2S, so that TiEBPT(L(i)). This procr2ss is illustratr2d for s=2 in fig. 

2.1 by thr2 trr2r2 J6 with two distinguishr2d r2dgr2s. 

Now, lr2t B(T,E) br2 thr2 sr2t of trr2r2s in BPT(n) having intr2rnal r2dgr2s 

r2quivalr2nt to r2dgr2s in E. Wr2 construct a bijr2ction, F, from B(T,E) to 

n iBPT(L( i)). G ivr2n T 'EB(T,E), pr2rf or m ing thr2 abovr2 r2dgr2 sp 1 itting and 

1 abr2ll ing procr2durr2 on T' producr2s thr2 1 abr2l sr2ts L( 1), ... , L(s+ 1) and hr2ncr2 

an r2lr2mr2nt of F(T') ETiiBPT(Li). Thr2 invr2rsr2 of F, takr2s 

(T,, ... ,T s+1) E TiiBPT(L(i)) and idr2ntifir2s all pairs of pr2ndant vr2rticr2s 

v1,v2 labr2llr2d with sr2ts A1,A2 such that A1uA2=L, thr2 idr2ntifir2d vr2rticr2s 

thr2n br2ing supprr2ssr2d to givr2 a trr2r2 in B(T,E). 
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Fi gu re 2. 1 

Now if I L(i) I = ni then I BPT(Li) I= b(ni), so the bijection gives 

I B(T,E) I= <<P(E)>. B� the principle of inclusion and exclusion, r(T,x-1) 

is then the (ordinar�) generating function for the number of binar� trees 

equivalent to T on an exact number of internal edges, establishing (a). 

Part (b)(i) can be proved direct!�. or from theorem 2.3 b� noting 

O(T,x) = xn-3+f R(T,x-2-1). Part (b)(ii) follows from (a), while part (c) 

follows from the definition of R(T,x). § 
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2.5 Exampl e 

For thl2 catl2rpillar trl2l2 J6EBPT(6); 

R(J6,x) = b(6) + (2b(3)b(5)+b(4)2)x + 3b(3)2b(4)x2 +b(3)2x3 

= 105 + 39x + 9x2 + x3. 

q(J6,x) = R(T,x-1) = 74 + 24x + 6x2 + x3 
O(J6,x) = 1 + 6x2 + 24x4 + 7 4x6. § 

The following rl2sult is t2asil� provl2d b� induction on N for l2ach k using 

b(n1)b(n2) :::; b(n1-1)b(n2+1) for 3,::.n1:::;n2. 

2.6 L e m m a  

For positivl2 intt2gers t;:::3, N,k; 

max{TI1:::;i:::;kb(x): LiX(N. xi;:::t} = b(t)k-1b(N-(k-1)t). 

2.7 Theorem 

For TEPT(n,f), n;:::3, s;:::o, 

(1): q(s,T)=O, for s>f, 

(2): q(f,T) = Tiib(8i), whl2rl2 (81, ... ,8f+1) is thl2 degrel2 sequl2ncl2 of thl2 

internal vertices of T, and 

(3): q(s,T) :::;f Csb(n-s). 

P r o o f :  

We havl2 q(s,T):::; Li;:::O 
(s+i)cs.q(s+i,T) = r(s,T). 
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Thus q(s,T)::; r(s,T) = 0 for s>f, giving (1), while for (2) we have from 

lemma 2.4(a), q(f,T) = Li(-1)i.(f+i)csr(f+i,T) = r(f,T) = Tiib(oi). For (3) 

we ma� assume from (1) that s::;f::;n-3, so that for a set, E, of s internal 

edges of T, if <P(E) = (n1, ... ,ns+1), then 2:ini = n+2s 2: 3(s+1) 2: min{ni}.s. 

Appl�ing lemma 2.6 with t=3, N=n+2s, k=s+1, gives: 

<<P(E)> ::; b(3)sb(n-s) = b(n-s). 

Since there are f Cs possible choices for E, r(s,T) ::; f Cs.b(n-s), which 

together with q(s,T) ::; r(s,T)gives the result. § 

fD)u$�rruibJl!Jl��©llil ©llil IP�Orr$ ©� �rr®®$ 

We now consider the d istribution of d on  pairs of trees . 

2 .8  Lemma 

For e1;z:e2EIE(T), if n(T,e1) = (V,W) and n(T,e2) = (V',W') with I V I= I V' I, 

then VnV'=<P. 

P r o o f :  

We can represent T as in fig. 2. 2 (refer to f o 11 owing page) where r2: 1, 

T1, ... ,T r· T O<'T 43,are pendant subtrees of T, each with at least one pendant 

vertex, and without loss of general it� V =  Ver(T 0< ) ' the set of vertices 

of T oc 

Now V'= Ver(T -13) or V'= Ver(T O<) u1::;i::;rVer(Ti), and since 

I u1::;i::;rVer(Ti) l 2:r2:1, and I V I = I V' I, we have V'= Ver(T 43), so that 

VnV'=<P. § 
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T«X 

• • • • 

Figure 2.2 

We now present the analogue of lemma 2.4 for pairs of trees. 

2 . 9  D e f i n i t i o n  

For k�n; 2. Q = {S1, ... ,Sr} with SiE[n]k for i=1, ... ,r, let B(Q) denote the 

set of pairs of trees T1,T 2EBPT(n) having among their pairs of equivalent 

edges a set of size r for which Q is the collection of the sets of labels 

on the smaller of the induced maximal subtrees. 

2 . 1 0  T h e orem 

(1): .j3(n,k,r) = (b2(k+ 1)/ k 1lb2(n-(k-1)r )n!/ (n-kr) !r! 

In particular, 

(2): .j3(n,k+2, 1) / b2(n) = O(n -k) 

( 3 ) :  limn->oo.j3(n,2,r) = b2(n-r)n!;(n-2r)!r!2r. 
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Pr o o f: ( 1 ) :  Suppose  tha t  B (Q);z:<P. B �  l emma  2.8 , w e  have s i nst<P fo r  i;z:j. 

For  id  1 ,  . . .  , r  } ,  l e t  L( i )  = S i u {  { 1 ,  ... , n }-S i } a nd L( o ) = { S 1 ,  • . •  , S r }u {  1 , ... , n }-u i s i · T hen  

t h e r e  i s  a b iject i on  f rom TI O :s; i :s; rBPT (L( i ) ) xBPT(L ( i ) ) to  B (Q )  de f i ned  a s  

36 

f o 11 ows. For  ( (T  0 ,T  1, . . •  , T r ) ,  (To', T 1' , . .. , T r ' ) )  E TI O :s; i :s; rBPT (L ( i ) ) xBPT(L (  i ) ) ,  and 

for i = 1 ,  ... , r ,  i dent i f� the p endant ver te x  of  T i and T 0 l abe l l ed w i t h  s e t s  w h ich 

form a two-se t  pa r t i t i o n  of  { 1 ,  ... ,n } ,  and suppress the  i d ent i f i ed ve r t e x  to 

ob t a i n  a t ree  T 1 EBPT(n) . Repea t i ng th i s  p rocedure  for T i ' and  T 0 '  g i ves  a 

s econd t r ee  T 2 EBPT(n). B� construct i on  (T 1 , T  2 ) EB (Q )  and  t h e  p rocess  i s  
c l  e ar l �  i nver t i b l e as  requ i r e d. Now s i nce I L ( i )  I =  k + 1  a n d  I L ( O ) I= r +n-kr ,  

( s i nc e  S i ns t<P for  i;z: j )  we  have :  

I B (O ) I= b(k+ 1 ) 2 rb(n-(k- 1 ) r ) 2. i f  s i nst<P for  i;z:j (B (O )=<P o therw ise ). Now 

there  a re  ( k r ) ! ; (k !/ r !  wa �s to p a r t i t i o n  kr e l ements  i nto r s e t s ,  e ach  o f  s i ze 

k ,  (Ande r son  [ 1 9 74 ,  t heorem 3. 1 ,  p . 2 2 ] )  and nck r  wa�s  to choose  kr e l ements 

from a se t  o f  s i ze  n .  g i v i ng  n ! ; (k !/ r ! (n-kr ) ! cho i ces  for  Q i n  wh i c h  B (Q );z: 0 .  

The r e su l t  fo l l ows ,  a nd g i v e s  ( 2 )  and  (3 )  immed i a te ! �. § 

2 . 1 1  The o re m  

Pro o f :  

The p ropor t i on  o f  p a i r s  o f  t r ees  wh i ch have  a t  l e as t  one p a i r  o f  

e q u i v a l en t  edges  p a r t i t i o n i ng { l ,  ... , n} i n to two  se t s ,  bo t h  of  wh i ch h a v e  

a t  l ea s t  four e l emen ts  i s  bounded above  (b� Bonfe r ron i 's i neq u a l i t� . 

r e fe r  B ende r  [ p.49 1 ,  1 974 ] )  b� �k:::3-B(n, k , 1 )  = O (n- 1 ) .  



Thus ,  a s �mp to t i c a l l � .  w e  need o n ! �  cons i der  t h e  cont r i b u t i o n  to  q ( s )  b� 
p a i r s o f  equ i v a l e nt edges  wh i c h  p a r t i t i o n  the  two t rees  i nto  se t s  o f  s i z e  

{ 2 ,n- 2 } .  

I f  N2 ( x )  = 2: r.t3(n, 2 , r ) xr , b�  t h e  p r i nc i p l e  o f  i nc l us i on and exc l us i o n  t h e  

e xpec ted  p ro po r t i o n  o f  p a i r s o f  b i nar�  t r ees  wh i ch h ave  e xac t ! �  r 
e q u i v a l e nt edges  o f  t h i s  t �pe i s  a s �mp to t i c a l l �  b (n )- 2 [ x r 1 N 2 ( x - 1 ) .  

N ow  b- 2 (n) ,f3 (n , 2 , r )  = b 2 (n- r ) n !l 2 r c n- 2 r ) ! r !b 2 (n )  w h i c h  converges  to 

1 I 8r r 1 un i fo rm I �  for  O::sr::;f n ,  so t ha t  b� coro 1 1  ar�  4 .  2 ( page  49  1 )  o f  

B end e r  [ 1 974 1 ,  ( ta k i ng :\ ( n) = 1 18 , f ( n )  = 1  a n d  l ( n )  = fn) w e  h av e  

b (n )- 2 [ xr 1 N 2 ( x- 1 )  converges  t o  e- 1 18 18rn § 

2. 1 2  C o ro l l ary 

I f  u(n)  is  the e x pec t ed  d i s t ance be tween  two t r ees  in BPT (n), and cJ2 (n )  
t h e  v a r i ance ,  t hen  
( a ): ( 2 n-6 ) -u(n) rv 0 . 25 .  

( b ): C)2 (n )  rv 0.5 . 

P r o o f: 

( a ) :  u(n)  = 2:sq (s , n ) ( 2 n-6- 2s ) ,  

t h u s  ( 2 n-6 ) -u(n)  = ( 2 n-6 )( 1 -2:sq ( s , n) )  + 22:ssq (s , n) 

= 22:ssq (s ,n )  s i nce Lsq (s ,n) = 1 ,  

a nd I imn->ooLssq (s ,n )=  Lssq (s )  = 1 I 8 , b �  t heorem 2 . 1 1 . 

( b ): cJ2 (n )=  Lsq (s , n) ( ( 2 n-6- 2s ) -u(n ) ) 2  

= ( ( 2 n-6 )-u(n ) ) 2  L sq (s , n ) - 4 ( 2 n-6-u(n ) )2:ssq (s , n )  + 42:ss2q ( s , n). 
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Le t t i ng  n->oo, u s i ng ( a )  and  no t i ng t ha t  �ss2q ( s ) = 0 . 1 25  + ( 0 . 1 25 ) 2  (b� 

t h eorem 2. 1 1 )  g i v e s  the r esu l t. § 

2 . 1 3  R em a r k  

Co ro l l a r �  2 . 1 2 ( a )  conf i rms  t h e  obse rva t i on  i n  H e nd� .  L i t t l e  a nd Penny  

[ 1 984 1  t ha t  u(n) I c 2 n-6 )""' 1 .  More  gene ra  11 � .  fo r  T E BPT(n), 1 e t  u(T )  be  t h e  

a v e r a g e  d i s t ance f rom T to a l l o t he r  t r e e s  i n  BPT (n). C l ea r l y  u(T )  

d e pend s  on l y  on  t he  t o po  1 og i ca 1 c 1 ass  o f  T .  We  now  es tab 1 i s h  f u r t h e r  
p rope r t i e s  o f  u(T ). 

2 . 1 4  The o r e m  

( 1 ) : m i nT EBPT(n)
u(T ) ;( 2n-6 ) � 1 - 1 1 C 2 n-5 )""' 1 .  

( 2 ) :  For  a l l i nt e ge r s  k � 1 .  t he re  e x i s t s  a po s i t i v e  i nt e g e r  n and a se t  
scbp t(n )  o f  s i z e  k, on  wh i ch  u(T )  i s  cons t an t. 

P r o o f :  

( 1 ) : B y  t h eo r em 2.3, d i f feren t i a t i ng Q(T , x )  a n d  s et t i ng x = 1 , g i ves  

u(T )  = u(T / e )  + 1 - 2b (n 1 )b (n2 )  I 
b(n)• where  T 1 EBPT(n 1 ), T 2 EBPT (n2 ). 

B y  i nduc t  i on, u(T )  = u(T n) + (n- 3) - 2 r ( 1 ,  T )  I 
b(n)o f o r  T nEPT(n, O  ) . 

Now Q(T n , x )  = b (n ) xn-3 so t ha t  u(T n) = n-3. 

Thus  u(T )  le ) = 1 - 2 r ( 1,T )  1 ( ) (  ) 2 n-6 b n 2n-6 · 

As i n  t h eorem 2.7, r ( 1 ,T ):S (n- 3 )b (n- 1 )  g i v i ng  u(T )  I c 2n-6 ) � 1 - 1 1 c 2 n-5 )o 

as  r equ i r e d. 
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( 2 ) :  Fo r  n even, and T EBPT (n) ,  w r i t e  

r ( l , T )  = L i � 2 , 2 i ::;naT ( i )b ( i + 1 ) b (n+ 1 - i ) ,  whe re  aT ( i )  i s  t h e  numbe r  o f  

i n te rn a l  e d ges  o f T pa r t i t i o n i ng i t s  pendant  v e r t i c e s  i nto s e t s  o f  s i z e  i 

a nd n- i .  

I n  p a r t i c u l a r ,  r ( l ,T )  i s  de t e rm i ne d  b y  { aT ( i ) : 2::; i ::;nl 2 } .  C l ea r l y  i aT ( i )::; n ,  

so  t ha t  aT ( i ) ::;nl i , a nd t h u s  i f  R(n) i s  t he  number o f  poss i b l e  va l ue s  r ( l , T )  

can  t a ke  a s  T r anges  over  BPT(n ) ,  

R (n )  :::; TI 2:::; i ::; nl 2 aT( i )  :::; e n I 2 )(nl 3 ) . . .  (n l (n  1 2 ) )  = ( (n I 2 ) ! )- l . nnl 2 - 1 

App l y i ng  S t i r l i n g 's a pp ro x im a t i o n  g i v e s  a n  asymp to t i c  uppe r  bound o n  

R(n) o f  (.f (2e ) )nl .f( 2n n3 ) · B y  coro l l a r y  1 .8 ,  I b p t(n )  I i s  a s ymp tot i c a l l y  

p ropo r t i o na l  t o  n-51 2en , where  e >./ (2e ) ,  s o  t h a t  R(n)lk (n) '" O ,  w h i c h  

g i v e s  r e s u l t  ( 2 ) , s i nce  r ( l , T )  de t e rm ines  D(T ) ,  a s  i n  pa r t  ( 1 ) . § 

2 . 1 5  R e m a r k  

For  k =2 ,  t he  non- un i q ueness  o f  p a r t  ( 2 )  o f  t h i s  t h eorem i s  r ea l i z e d  fo r  
n = 1 1 , b y  t h e  two t r ees  g i v en  i n  f i g .  2 . 3  ( r e f e r  to f o l l ow ing  p age ) .  Fo r  

each  t r ee  we  have 
r ( l , T )  = 4 b (3 )b ( 1 0 ) + b (4 )b (9 ) + 2b (5 )b (8 ) +b (6 )b (7 ) ,  g i v i ng D (T )  � 

A l t hough  u(T )  does  not  charac te r i z e  t h e  to p o l o g y  o f T ,  i t  i s  no t known 

whe the r  Q(T , x )  ( equ i v a l e nt l y  R(T , x )  b y  l emma  2 .4 )  does . § 
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7 8 

9 

2 3 

4 1 0  

6 1 1  

2 3 

4 

5 6 1 1  

T w o  trees i n  B PT (  t t ) h avi ng t h e  s a m e  a v e ra g e  

di s t a nc e ( a p p rox.)  t o  a l l  

o t h e r  tre e s  i n  B PT (  1 1 ) .  

F i g ure 2.3 

We now establ ish some interesting properties of q (O ,T) and q ( 1  ,T) wh ich 

are requ i red later in th is section .  

2 . 1 6  The or e m  

Fo r  an y  T E PT(n ) ,  

( 1 ) :  q ( O , T )  � q( O ,T / e ). 

( 2 ) :  q ( O , T )  2: 2q ( 1 ,T ) . 

( 3 ) :  q ( 1 , T ) 2:  q ( 1 ,T /e ). 

P r o o f :  

( 1 )  f o l l ow s  immed i a te l y  f rom l emma  2 .4  ( b ) ( i i ). 

Fo r  ( 2 ) ,  s u ppose  T O<EBPT(n) and T h ave  exact l y  o ne p a i r  o f  e q u i v a l en t  
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A 8 c 
T 

( a )  (b)  

( c) 

F i gu re 2.4 

u� t  T 0< � ee 1 )  = e r 1 T  3 ) er 2 T 4 ) and T 0< � � ee 1 )  = CT 1T  4 ) (T 2 T 3 ) ,  wh i ch a r e  two  

t r e e s  ma x im a  l l  � d i s tan t  f rom  T .  To  p rove  ( 2 )  we  n e e d  to  12s tab  l i s h  t ha t  

t h12se  p a i rs a r12  d i s t i nc t  for  d i f f12r12n t  cho ic12s  o f T O< .  

4 1  



Tha t  i s , w rz  mus t  chrzck t ha t  t hrz  p a i r  TO< * (rz 1 ) ,  TO< ** (rz 1 )  d o  not a r i srz f rom  

a d i f frz rrzn t  t r rz rz  T .j37T O< h av i n g  rz xac t l td  o nrz rzqu i v a l rzn t  p a i r  of  rzdgrzs  

Crz 2 .rz 2 ' )  w i t h  T. 

C a s rz  o nrz :  i f rz 1 ' = rz2 ' t h rzn  T 0< and T -13 havrz rz q u i v a l rznt rz dgrz  p a i r  ( rz 1 , rz 2 )  s o  

t h a t  i f  {TO< * (rz 1 ) ,  T O<** (rz 1 ) }  n { T  .j3 *(rz 2 ) ,  T .j3 ** (rz2 ) }7<P  t h rz n  T O<=T .j3 · 

C a s rz  t w o :  i f  rz ' 1 7 rz 2 '  a nd { TO< * (rz 1 ) ,  TO< ** (rz 1 ) }  n {T  -13 * (rz 2 ) ,  T -13 ** (rz 2 ) }7<P ,  wrz  

m a td  s u p posrz ,  w i thou t  I oss  o f  grznrzra I i t td ,  t h a t  TO< * ( rz 1 )  = T -13 * (rz2 ) .  

Rrzprrzs rznt T a s  i n  f i g. 2 .4 (b ) ,  whrzrrz  A ,B ,C  a rrz  thrz p rz ndan t  l abrz l s  on  thrz  

sub t rrzrzs  i nducrzd  b td  rz 1 ' ,  rz2 '. Rrzprrzsrznt TO< as T O<(rz 1 ) ,  T -13 as  T -13 Crz 2 )  and  

TO< * (rz 1 )  a nd T -13 * Crz 2 )  as  i n  f i g . 2 .4 (c ) ,  whrzrrz  A 1uA2  = A 1 ' uA2 '  = A , 

B 1uB2  = B 1  ' uB 2  ' =  B and c 1uc 2=C 1  ·uc 2  ' =C .  B td  cons t ruc t  i o n  wrz  havrz  

A 1 ,A 2 , C 1 ' , C 2 '7<P. S upposrz  T O<*(rz 1 ) =T  -13 * Crz2) .  Thrzn  s i ncrz A 17<P ,  and  s i ncrz  

T 2 ' , T  4 ' do  not cont a i n  rz l rzmrznts o f  A wrz  havrz T 1 =T 1 '  ( so t ha t  T 2= T  2 ' )  or  

T 1 =T 3 ' ( so t ha t  T 2=T 4 ') . S i m i l ar l td , T 3 = T 3 ' o r  T 3 = T , ". 

Thus  thrzrrz  a rrz  two casrzs :  

( a )  TtT i ' fo r  i = 1 ,  ... , 4. 

( b )  T ,=T  3 ' ,  T 2 =T  4 ' ,  T 3 =T , ' ,  T 4=T  2 ' · 
I n  bo t h  casrzs  i t  i s  rz as i l td  chrzckrzd  f rom f i g . 2 .4 (c )  t h a t  B 1 =B2= <P , so  t h a t  

B=<P ,  a cont ra d i c t i on .  

Thus  i f  { T  O<* (rz 1 ) ,  T O<* *(rz 1 ) }  n {T -13 * (rz2 ) ,  T -13 ** (rz 2 ) }7<P wrz  havrz  rz 1 =rz 2  and  

TO<= T -13 as  rrzqu  i r rz d .  
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Fo r  ( 3 )  we  have  f rom l emma  2. 1 ( b ) ( i i ) ,  

q ( 1 , T )  = q ( 1 , T  l e ) + q ( O , T 1 )  q ( O ,T 2 ) - q ( 1 , T 1 ) q( O ,T 2 ) - q ( O ,T 1 ) q ( 1 ,T 2 ) .  A pp l � i ng 
p a r t  ( 2 )  w e  have  

q ( 1 , T )  � q ( 1 ,T / e )  - q ( O ,T 1 )  q ( O ,T 2 ) ( 1 - 1 / 2- 1 / 2 ) � q ( 1 , T  /e ) ,  a s  r e q u i re d. § 

#\®WIMl!P�©�U© f�ITU@® ©� �ih® ©ln®�rulb>lUl�U©IfU 

Having found the asymptotic average value  over BPT(n) of b(nr1 q (s ,T) , 

we now calculate its asymptotic range. 

2 . 1 7  D e f i n i t i o n 

For  TEPT(n) ,  a b inary ver tex i s  an  i nte rna l ve r t e x  wh i ch i s  a d jacent t o  

e xac t l �  two p endant edges. Le t  a (T )  d enote t h e  number o f  b i nar�  ver t i ces  

o f T and l e t T /2 be the  t r ee  ob t a i ned  b� co l l ap s i ng a l l i nt e rn a l  edges  o f T 

not i nc i d ent w i t h  a b i nar�  ver te x. F i na l l �  l e t B S(n ,a )  E p t ( n, a )  b e  t h e  t r e e  

ob t a i ne d  b� a t ta c h i ng p a i r s  of  p endant ver t i c e s  to a p endant ver t i c e s  of  a 

s t a r  t ree  i n  p t (n- a , O ) .  Thus T 12 i s  topo l og i ca l ! �  equ i v a l e nt to BS(n , a ( T ) ) .  

2 . 1 8  Th eo r em  

( 1 ) :  q ( s , BS (n , a ) )  = acs2: i � 0 ( - 1 ) i . ( a- s )c i. b (n- s - i ). 

( 2 ) :  L e t  'fln(a )  = I {T EBPT (n ) :  a (T )=a }  I, and l e t 

� ( s , n )  = 2:aq ( s , BS(n, a ) )'fln( a ). Then  �(s ,n )  = b (n )- 2 [ xs ]N 2 ( x- 1 ) ,  w i th N2 ( x )  

a s  i n  t h e  p roo f  o f  t h eorem 2. 1 1 .  

(3 ) :  For TEPT (n) ,  s� O .  n>4 ,  
q ( s , T )  I b (n)  = q

( s , BS (n , a ) )  I b (n )  + & (s ,T ) ,  w i t h 

a = a (T ) ,  I & ( s ,  T )  I < 3 ( s +  1 )  I 2 (  2n-7 ) · 
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P ro o f :  

( 1 )  fo l l ow s  f rom 1 12mma  2 .4 ,  wh i l 12  (2 )  fo l l ows f rom th12  p r i nc i p l 12  of  

i nc l us io n  and 12 xc l us i o n. and ( 3 )  f o l l ows  f rom th12or12m 2 . 3 .  Mor12 

d12 t a i l 12 d  p roof s  can  b12  found i n  S t1212 1  [ 1 988 ] .  § 

2 . 1 9  R 12 m a r ks 

( 1 ) :  T h i s  t h 12or12m g iv 12 s  an a l t 12 rna t i v 12  p roof  o f  t h12  a s ump to t i c  Po i s son  
d i s t r i b u t i on fo r  t h l2  s umm12 t r i c  d i f f 12 r12nc12 m12 t r i c  on  BPT(n ) .  

( 2 ) :  A l tho u g h  w12  do not r12qu i r 12  i t ,  t h12r12  i s  a c l osl2d- form 12xp r12ss i o n  for 

Ttn(a )  d 12 r i v 12 d  b U  H12ndu and P12nnu [ 1 98 2 1  who show t h a t : 

Ttn(a )  = { n ! (n-4 ) 1 / ( n- 2a ) ! a ! ( a - 2 ) ! 2 2 a- 2 , fo r  2�a� [n; 2 1 .  

0 ,  o th12 rw i s12 .  

T h 12  p roof  r 12 l i 12 s  o n  a r12curr 12nc12 fo r  Ttn(a )  w h i ch can  bl2  w r i t t 12n  

T n( x )  = ( n- 4 + nx- x )T  n- 1 ( x )  + 2 ( x - x 2 )d / dx  T n- 1 ( x ) ,  w h12 r12  

Th12  n12x t  t h 12or12m comp l 12 t12s  our  a im  o f  d12scr i b i ng t h12  as ump to t i c  r a ng12 

o f  b (n) - 1 q ( s , T )  o v12 r  BPT(n) .  

2 . 2 0  Th12 o r 12 m  

supm�n. T E BPT(m ) { b (m)- 1 q ( s ,T ) }  "' 

i nf m�n.T EBPT (m) { b (m ) - 1 q ( s , T )} "' { 12- 1 /4 ; s = O  

0 ; s> O .  
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P r oo f :  

Cons i d tZ r  a stZqutZnctZ T ( n) EBPT (n ) .  S i nctZ a (T (n ) )  In i s  boundtZd ,  i t  h as  a 

convtZrgtZn t  s ubstZqutZnctZ a (T (nk ) )  Ink whostZ  1 i m i t  WtZ  dtZnottZ  as  a .  

B u  t htZorem 2 . 1 8 ( 1 )  we  h a vtZ: 
q ( s , BS(nk , a ( k ) ) )  lb (nk ) = 
( s ! ) - 1 L (- 1 ) i . a (a- 1 )  . . .  ( a -s - i + 1 )  i ?:: 0 

' J  I .  ( 2n-5 )  . . .  ( 2n- 2 i - 2s-3 )  

whtZrtZ  a =  a ( k )  a n d  n = nk . W r i t i n g  t h tZ  second q uo t i ent  t tZ rm  i n  t h i s  s um  
a s  

( 1 -5 fn) . . .  ( 1 - C 2 i + 2 s+ 3 )  I 2 n) ,  
we  s etZ  t h a t  fo r  f i x tZ d  s and i ,  t h e  i - t h  t tZ rm i n  t h i s  s um t tZnds  to  

( s  ! i  ! ) - 1C 1 I 2 ) i as + i as  k ->oo, and so  q (s ,BS (nk , a ( k ) ) )  lb (nk ) "v astZ -a I 2 I s ! 

a s  k ->oo. B u  t htZortZm 2 . 1 8 ( 3 )  WtZ  havtZ 
q (s ,T (nk) )  l b ( nk ) "v q (s , BS (nk , a ( k ) ) )  lb (nk ) ,  a s  k ->oo. 

Thus  l i mk->oo q (s ,T (nk ) )lb (nk ) = ostZ-0121 s ! · 

Now for  a nu t r etZ  T EBPT(n ) ,  wt2  havtZ  0 � a (T )  �n I 2 . so  t h a t  O �o � 1 I 2 . 

F u r t htZ rmortZ fo r  t htZ  ca ttZ rp i l l ar t rtZtZS  Jn wh i c h  havtZ  a (T )  = 2 ,  W tZ  rtZa l i z tZ  

t h i s  l ower  bound of  0 ,  w h i l tZ  t h tZ  u p p tZ r  bound o f  1 1 2 i s  r e a l  i ztZd  b U  t h e  

fam i i U  o f  b i na r u  t rtZtZs ,  K 2nEbp t ( 2n) ,  ob ta i ntZd  b U  a t t ach ing  p a i r s  o f  

p tZndan t  e dgtZs  t o  eve r u  ptZnd ant VtZr ttZ X of  a ca ttZ rp i l l a r  t r tZe  T EJn. ThtZn  

wtZ havtZ  a ( K 2n) 1 2 n  = 1 1 2 , a n d  thtZ rtZs u l t  fo l l ows . § 
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Th is subsection and the next further extends resu lts in Steel  [1 988] . 

We f i rst show that q(O ,n)  is monotone i ncreasing in n .  

For  s�O l e t G (s , n) - { ( T ,T ' ) :  T , T ' EBPT(n ) ,  d (T ,T ' )  = 2 n-6- 2s } ,  

so t ha t  q ( s , n) = I G (s ,n )  I I b (n) 2 · 

G i v en  (T ,T ' )  E BPT(n) xBPT (n) t he re  are  ( 2 n-3 )2 wa�s  o f  a t t ac h i ng a new 

pendan t  ve r t e x  vn+ l ( l abe l l ed n+ 1 )  to t h e  e dges  of  T and T '  b�  a new 

p endan t  edge .  In  t h i s  wa� (T ,T ' )  d e f i nes  a subse t  

p (T ,T ' )  c BPT(n+ 1 )xBPT(n+ 1 )  o f  s i z e  ( 2n-3 )2 . 

2 . 2 1  L e m m a  

Fo r  (T ,T ' )  E G ( s , n) ,  I p (T ,T ' )nG( j , n+ 1 ) I = {n+s ,  f o r  j = s + 1 ,  
0 ,  for  j > s + 1 .  

Proof :  The  on l � wa�  to i ncrease  t h e  number  o f  e qu i va l en t  edges  

be tween  T and T '  i s  to  b i sec t  an  e x i s t i ng one (b�  a d jo i n i ng vn+ l to o ne 

of  t h e  s e q u i v a l e nt edge  p a i rs )  o r  crea te  a new one ( b�  ad jo i n i ng vn+ 1 to 

pendan t  e d ges  cor respond i ng to p endant ver t i ce s  w i t h  the s ame  l abe l ) . 
I n  bo th  cases  o ne new eq u i v a l e nt e dg e  p a i r  i s  p roduced ,  and t h e  r esu l t  

fo l l ows . § 

2 . 2 2  The o r e m  

q ( O ,n )  i s  mono tone i nc reas i ng i n n .  
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P roo f : 

W r2  f i r s t  s how tha t  i f  (T ,T ' ) EG ( 1 , n ) ,  t hr2n I p (T ,T ' )nG(O ,n+ 1 )  I 2: 8 (n-3 ) .  

Fo r  (T ,T ' ) EG ( 1 , n) , l r2 t (rz_ , rz_ ' ) br2  t hr2  rz_ q u i v a l rz_n t  p a i r  of  r2dgr2s  a nd l r2 t T 1 , T  2 
( r rz_sp .  T 1 ' , T  2 ' )  br2  thr2 two ma x i m a l  sub t rr2r2s  o f T ( rrz_sp .  T ') w i t h  r2 ( r rz_ s p . rz_ ' )  

a s  prz_ndan t  r2dgr2 , a n d  w i th t hr2  l abr2 l s  on T i  a n d  T i '  cor rrz_spond i ng for  

i = 1 , 2 .  S i ncrz_ T i  and  T i '  a rr2  b i narhJ t hr2 hJ  havrz_  t hr2  s amr2  numbrz_ r  o f  r2 dgr2s  

( no t  i nc l u d i ng  rz_ ) ,  n i .  Now thr2  rz_q u i v a l rz_ nt r2dgr2  p a i r  ( rz_ , rz_ ' )  i s  dC2s t rOhJC2d 

and no o thr2 rs  p roducrz_d  p rrz_c i s r2 l hJ  i f  vn+ 1 i s  ad jo i nr2d  to  T 1- rz_ a nd T 2 ' - rz_ '  o r  

to  T 2 -rz_  and T 1 ' - rz_ ' , w h i c h  occu r s  i n  2 n1 n2 ca sr2s .  Now n 1  + n2 = 2n-4 a nd 
n 1 , n2? 2 ,  so  t ha t  2n 1 n2 ?8 (n- 3 )  as  r r2q u i r r2 d .  

Comb i nrz_d  w i t h  l r2mma  2 . 2 1 (w i t h  s = O ) , t h i s  g i v rz_ s  

G ( O ,n+ 1 )  2: ( ( 2n-3 ) 2-n )G (O ,n )  + 8 (n-3 )G ( 1 ,n ) ; t h us  

q ( O , n+ 1 ) ? q ( O , n) + [ 8 ( n- 3 ) q( 1 , n) - nq ( O ,n ) ]
/ ( 2n- 3 )2 · 

F i na l l hJ  wr2 show tha t  t hr2  t r2 rm i n  squar rz_  b rackrz_ ts i s  pos i t i v r2 ,  com p l rz_ t i ng 
t hr2  p roof .  B hJ  t hr2orr2m 2 .5  ( 1 ) ,  q ( O ,T )  � q ( O ,BS (n , a ) ) ,  and  so  
q( O ,n )  � 'l' ( O , n ) ,  whr2rr2  �(s ,n )  i s  g i vr2n bhJ  t h r2o r r2m 2 . 1 8 .  B hJ  t h r2o r r2m 2 . 1 6 

( 3 ) ,  q ( 1 , T )  2: q ( 1 , BS (n, a ) )  a nd hr2ncr2 q ( 1 ,n )  2: 'l' ( 1 ,n ) .  

Compa r i s o n  o f  t hr2  f i r s t  f rz_w tr2 rms o f  'l' ( O , n) a nd 'l' ( 1 ,n ) ,  s hows  tha t  
'l' ( 1 ,n ); 'l' ( O ,n )  2: n;8 (n-3 )  for  n? 1 6 a nd s i ncrz_ q ( O , n) i s  monotonr2 

i nc r rz_a s i ng for  n� 1 6 , bhJ  t ab l r2  4 o f  Hrz_ndhJ ,  L i t t l r2 a nd P rz_ nnh:J [ 1 984 ] ,  t hr2  

thr2orr2m fo l l ows .  § 

2.23 Conjecture 

For each S>O, q(s, n) is monotone decreasing i n  n .  

(Th is conjectu re ho lds for n<l7 ,  by table 4 o f  Hendy, Little and Penny 

[1 984]) . 
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I n  t h i s  sec t i on we  cons i d e r  t h e  d i s t r i b u t i on o f  b i na r y  t r ees  a f i x e d  
d i s ta nc e  awa y  f rom a g i v e n  b i na r y  t r e e .  Fo rma l l y  we  cons i de r  t h e  

coe f f i c i e nts q 2 k(T )  of  Q (T , x )  ( s ee  d e f i n i t i o n  2 . 2 ) ,  w h i ch a r e  r e l a t ed  to 

t he  coe f f i c e i nts  q ( s ,T )  o f  q (T , x )  b y  q 2 k(T )  = q (n-3 -k ,T ) .  

I t  i s  e as i l y  s hown  t h a t  q 2 (T )  = 2n-6 . We  now de r i v e  a n  e xac t  e xp res s i o n  

fo r  q 4 (T )  a n d  i t s  average  va l ue q 4 (n) over  B PT (n) .  

2 . 2 4  L emma 

For T EBPT(n ) ,  n?:4 ,  l e t  O< (T )  be the number  of p a i r s  o f  a d jacent  i n t e rna l  
e dges  o f T .  Then  O<(T )  = n-a (T ) -6 , whe re  a (T )  i s  t h e  numbe r  of  b i na r y  
\l?'r-r,;,cp.,;; o f  T ( de  f i n  i t i o n  2 .  1 7 ) .  

P r o o f :  

For  i E { 0 ,  1 , 2 } I e t  N i d eno t e  t h e  n umbe r  o f  i nte rna  I ve r t i c e s  o f  T wh i c h  

a r e  a d j acent to  e xac t l y  i p e nd ant ver t i c es .  T hen  N 1+ N 2 +N i s  t h e  numbe r  

o f  i nt e rna l  v e r t i c e s  ( n -2 ) ,  N 1 + 2N 2 i s  t h e  number  of  pendan t  v e r t i c e s  (n )  
a nd N 2=a (T ) .  N ow the  number o f  p a i rs o f  a dj acent i nt e rna l  edges i s  j us t  
N 1 + 3N0 .  The r e su l t  fo l l ows  i m med i a t e l y . § 

2 . 2 5  L e m m a [ S te e l ,  1 9 88 ]  

For  'fl n( a )  d e f i ne d  a s  i n  t h eorem 2 . 1 8 ( 2 ) ,  T n( x )  = La 'fln(a ) xa , 

a nd t n( s )  = ds I d xs (T  nC x ) )  I x = 1 . w e  have  t n( s )  = 2 - s b (n- s )  n ! /  (n- 2s ) ! 
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2 . 26 T h e orem 

q 4 (T )  = 4n-3c 2 + 6 (n-6 +a (T ) )  

q 4( n) = 4 n-3c 2  + 6 (n-6 ) + 3 n(n- 1 )  I ( 2n-5 ) · 

P roof :  

q 4 (T )  = r (n-5 ,  T )  - ( n -4  ) cn_5r (n-4 ,T )  + ( n -3 )cn_5r (n-3 ,  T ) ,  b�  1 Qmma 2 .4 

and t h Q  i d Qn t i t �  q 4 (T )  = q ( n-5 ,T ) .  

Now r (n-5 ,T )  = O<(T )b (5 ) + ,t3 (T ) b (4 )2 W hQ r Q  O< (T )  i s  t h e  numbQr of  ad j acQnt 
p a i rs of i nt Q r na l  Q dQQS ,  and ,t3 (T )  = ( n- 3 )c2-0< (T )  i s  thQ numbQr  of  

nonad j acent p a i r s .  S i ncQ  r (n-4 ,T )  = ( n-3 ) b (4 ) ,  and r (n-3 ,T )  = 1 ,  t h Q  

QX p rQss i o n  fo r  q 4 (T )  f o l l ows  b�  l Qmma  2 . 24 .  ThQ  Q Xp rQss i o n  for  q 4(n) 

f o l l ow s  f rom l Qmma  2 . 25  w i t h  s = l . § 

No t i cQ t ha t  a s  n->oo , q 2 (T ) ""' 2 1 . n-3c 1  and q 4 (T ) ""' 22 .n -3c2 . T h Q  nQX t 

r QsU l t Q S t a b  1 i s h Q s  th i s  pa t t Q rn  for  q 2 k (T ) .  

2 . 27 T h eo r Qm 

For  a n� S Qq UQnCQ T (n )  E BPT (n) ,  as  n->oo , 

q 2k (T (n ) ) ""' 2k . n-3c k ""' ( 2 n)k ;k !  

P roo f : 

8�  d Q f i n i t i on ,  q 2k( T )  = q (n-3-k ,T ) ,  so t h a t  b�  l Qmma  2 .4 ( a ) ,  

q 2k (T )  = 2: o ::; i :Sk  ( - 1 )  i _ ( n-3-k + i )c (n- 3 -kl(n-3- k + i ,T ) .  

WQ  f i r s t  s how t h a t  r (n-3- j ,T (n ) ) ""' ( n- 3 )c j3 j as  n->oo. 
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For TEBPT(n), let A(i(1),i(2), .. ; T) be the family of all sets E of n-3-j 

internal edges of T for which � (E) has i(r) copies of r+3 for r = 1,2, .... 

Thus 

r(n-3-j,T) = Lj I A( i;T) I nj�4b(j)i(j) I 

and I A( i,T) I = 0 unless i(1)+2i(2)+3i(3)+ ... = j, since the n-3 internal 

edges of T are partitioned by each element E E A( i;T) into two sets: (a) 

the n-3-j interna 1 edges in A, and (b) the union (over r) of the sets of r 

internal edges of the i(r) subtrees of T of size r+3, induced by A. 

For subtrees of size four induced by a set E E A(j,O ... O;T), selecting the 

middle edge of these subtrees gives a bijection between A(j,O ... O; T) 

and the of ways of choosing j internal edges of T with no two 

edges adjacent (this is generally called the number of j-matchings of T). 

By Bonferroni 's inequa 1 ity (Bender [ p .49 1 ,  1 9 7  4]) we have that 

I A(j,O ... O; T) I lies between Cn-3)cj and Cn-3)cj - O<(T)_Cn-5)cj_2. By 

lemma 2.24, O<(T) = O(n) so that I A(j,O ... O,T(n)) I rv (n-3)cj, as n->oo. 

Now I A( i,T) I� n r�/n-3)ci(r)· 
((n-3)-2i(2)-3i(3)-. ..)cn-3-j· 

Furthermore, (n-3)ci(r) � (n-3)i(r). and 

(n-3)-2i(2)-3i(3)-... c . < (n-3)j-2i(2)-3i(3)-... 
n-3- J -

Thus I A( i,T) I� (n-3)j- i(t), so that if i(t)70 for some t>1, then 

limn->oo I A( i,T(n)) I ;Cn-3)cj = o. Thus r(n-3-j,T(n)) rv (n-3)cj3
j as 

n->oo, since for fixed j the above summation is finite (clearly i(r) = 0 

for r> j). Thus q 2k(T(n)) ""' L o� i�k ( -1) i _(n-3-k+ i)c(n-3-k) 
(n-3)ck-i3

k-i, 

as n->oo, (since the range of this sum is again independent of n), 

and this sum is (n-3)ck3k·Lo�i�k 
kci c

1; 3)i = (n-3)ck2k 
I as required. § 
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Wrz now cons i d rz r  t hrz  d i s tr i b u t i o n  o f  thrz s �mmrz tr i c  d i f frz rrzncrz mrz t r i c  o n  

PT(n ) .  Thrz  norma l  i z rz d  d i s t ancrz brz twrzrzn two t rrzrzs  T ,  T '  E PT (n )  i s  d (T ,T ' )  
d i v i d rz d  b�  t hrz  ma x i mum poss i b l rz  d i s ta ncrz ,  2 n-6 . T hrzorrzm 2 . 28  ( brz l o w) 

shows t ha t ,  a s �mp to t ic a l l � . t hrz  norm a l  i z rz d  d i s t ancrz brzcomrzs  

i ncrrza s i ng l �  przakrzd  abou t  i t s  nl rzan  Jl (n) ,  w h i ch i s  s hown  to b rz  l rzss  t han  

1 ,  conf i rm i ng a conjrzc tu rrz  b �  H rznd� .  L i t t l rz  a nd Prznn� [ 1 984 1 . 

2 . 2 8  Thrz o rrz m  

Lrz t  Jl (n )  and  o2 (n )  drznotrz rrzsprzc t i vrz l �  t h rz  mrzan  and var i a ncrz  o f  t h rz  

norma l  i z rz d  d i s t ancrz brz twrzrzn two t r rz rz s  i n  PT (n) .  

( 1 ) :  Jl (n )  'V C 1 - l n( 2 ) )  I p � . 7943  

( 2 ) :  o 2 (n )  = O (n  - 1 ) .  

P r o of :  

( 1 ) :  A s t r a i g h t fo rward  a r gumrznt u s i ng l rzmma  1 . 1 1  ( a )  g i vrzs  a cons tant  
C 1  such t ha t :  

i f  n 1 , n2?: 3 ,  n 1 +n2= n+ 2 ,  t h rzn  p Cn 1 ) p (n2 ) I p ( n) < C ,l n  ( 2 )  

L rz t  T EPT (n , f )  a n d  l rz t Jl (T )  = p (n )- 1 d l d xP (T , x )  I x = 1  b rz  thrz rz xprzc trzd  

d i s ta ncrz brz twrzrzn T and t r rzrzs  i n  PT (n) .  

B �  t hrzorrzm 2 .3 ,  
d ld xP (T �x ) l x = 1  = P (Ti rz , 1 )  + dld xP (Tirz , x ) i x = 1 - 2P (T , 1 ) P (T2 , 1 ) .  

Hrzncrz ,  Jl (T )  = 1 + Jl (T I rz )- 2P Cn 1 ) p (n2 ) I p (n) ' whrz rrz  T 1 EPT(n 1 ) ,  T 2 EPT (n2 ) .  

B �  cont rac t i ng T t o  T nEPT (n, O ) , ( 2 )  g i vrzs :  

Jl (T )  = f + Jl (T n) - E (T ) ,  whrzrrz  0 <E (T )< 2C 1 f  In· ( 3 ) .  
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Avl2 r a g i ng Jl ( T )  ovl2r  PT(n ) ,  and  d i v i d i ng b y  ( 2 n-6 ) to  ob t a i n  Jl (n ) ,  g i v l2s  

Jl(n)  = ( ( p (n )- 1 2: ff I P T(n , f )  I ) +  Jl (T n) - E (n ) ) ! c 2n-6 ) (4 )  

w i t h  O <E (n )< 2C 1 . 

Now t hl2  t r l2l2S  a t  d i s tancl2 f f rom any  T nEPT (n, O )  a r l2  p r l2c i sl2 1 y  t ho s l2  w i t h  

f i nt l2 rna l  l2dgl2s .  Thus  

Jl (T  n) = p ( n) - 1 2:f� o f I PT (n, f ) I ,  and  

Jl (n )  = ( 2Jl (T  n) - E (n ) ) l  c 2 n-6 ) · (5 )  

Rl2s u l t ( a )  now f o 1 1  ows  by  I l2mma 1 . 1 1  ( a ) , ( b ) .  

( 2 ) : T h l2  v a r i ancl2  o 2(n)  o f  thl2  no rma l i zl2 d  d i s t anc l2  i s  t hl2  avl2 ragl2  v a l ul2 

of  (d (T , T ' ) I ( 2 n-6) -Jl ( n ) )2 OVQr  a l l p a i r s  T ,T ' E PT (n ) .  T hus  l l2t t i ng D = d l d x · 

02 (n )  = C2:  T EPT(n)2: kk 2Pk (T ) ) I  p (n ) ( 2n-6 ) 2 - Jl 2 (n )  = 

CLT EPT(n )0 2P (T , x )  I x = 1  + LTEPT(n)DP (T , x )  I x = 1 ) 1p (n ) ( 2 n-6 ) - Jl 2 (n ) )  ( 6 ) 

F rom t h l2orl2m 2 . 3 ,  

D2P (T  , x )  I x = 1  = D2 P (T  I l2 ,x )  I x = 1  + 2 DP (T  I Q ,X )  I x =  1 

- 4 D ( (P (T 1 , x )P (T 2 , x ) )  I x = 1 - 2P (T 1 , 1 ) P (T 2 , 1 )  

( 7 )  

Now p(n )- 1 D ( (P (T 1 , x )P (T 2 , x ) )  I x = 1 ::; 2 ( 2 n-S )p (n1 ) p ( n2 ) I p (n ) · (whl2 rl2  

T 1 EPT (n1) ,  T 2 EPT (n2 ) )  s i nc l2 for  T ' EPT (m , f ) ,  d l d xP (T ' , x )  I x = 1  i s  c l l2 a r l y 

boundl2d  abovl2  by (m+f-3 )p (m )  ::; ( 2m-6) p (m ) . 

L l2 t  T EPT(n , f ) .  D i v i d i ng (7 )  b y  p (n) g i Vl2S ,  

p ( n) - 1 D 2P (T , x )  I x = l = p (n )- 1 D 2P (T  ll2 , x )  I x = 1  + 2Jl (T ll2 )  - E 1 (T ) ,  w i t h  

0 <E 1 (T )< E (n) = 0( 1 )  b y  ( 2 ) . 
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RQduc i ng  T to T nEPT (n, O ) ,  and us i ng ( 3 ) ,  

p (n )- 1  D 2P (T , x )  I x = 1  = 

p ( n) - 1  D 2P (T  n, x )  I x = 1 + 2 C2:o � f '�f - 1 ( f ' + Jl (T  n) )  - E 2 (T )  (8 )  

w i t h  0 < E2 (T ) <  E 1( n )  = O (n ) .  

Now D 2P (T n , x )  I x = 1 = 2: ff ( f- 1 )  I PT(n , f )  I ,  wh i l Q  t h Q  S Qcond t Q rm i n  (8 ) i s  

f ( f - 1 )  + 2 fjl (T  n) .  AVQr a g i ng ( 8 )  OVQr  PT(n )  g i V Q S ,  

2p (n) - 1  2:f f ( f- 1 )  I P T(n , f )  I + 2J1 2 (T n) - E 2(n ) ,  w i t h  E 2 ( n) = O(n ) .  

S ubs t i t u t i ng t h i s  i n to (6 ) ,  and no t i ng tha t  

2: T EPT(n)  d I d xP (T  , x )  I x =  1 I p (n) ( 2 n-6 ) 2 = Jl (n )  I ( 2n-6 ) ' and 

2Jl 2 (T n) ! ( 2 n-6 ) 2 - 0 .5Jl (n) = O (n- 1 ) ( f rom (5) ) ,  WQ havQ :  

o2 (n )  = 2 (2: f f ( f  - 1 )  I PT ( n, f )  I )! c 2 n-6 ) 2 - 0 .5 Jl 2 (n )  + E 3 (n )  

w i th E 3 (n )  = O (n- 1 ) .  ThQ r Qsu l t  now fo l l ows  from p ar t  (a )  a nd ] Qmma  
1 . 1 1 .  § 

2 . 2 9  R Qm a r k  

A p p  1 � i n g  C h Qb�shQV  's i nQqua  1 i t � to t h QOrQm 2 . 28  s hows  t ha t  fo r  any  

num bQr  k ,  t h Q  p robab i l i t �  t h a t  two t rQQS  i n  P T(n)  havQ  k o r  

Q qu i v a l Q nt Q d gQs  t Q n d s  to  ZQ ro  a s  n bQcomQs  l a r g Q .  T h i s  i s  i n  con t ras t  

to  t hQ  b i n a r y  casQ  for  w h i ch mos t  t rQQS  arQ  a max i m a l  d i s t ancQ apa r t .  

F i na l ! � ,  a s  for  BPT(n ) ,  W Q  cons i d Q r  b r i Q f l �  t h Q  d i s tr i b u t i on o f  t h Q  d on 

PT(n )  " f rom b Q l ow " .  WQ  QVa l ua t Q  on l � P 1 (T ) ,  t hough  P2 (T ) ,  P 3 (T ) ,  . . .  , co u l d  

i n  p r i nc i p l Q  b Q  Q V a l u a t Qd  b�  s im i l ar t hough  morQ  ] Qng th�  a rgumQnts .  
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2 . 3 0  Theor em  

For  T EPT(n ) ,  P 1 ( T )  = 0 . 52:vE IV (T ) 2
a (v ) - ( n+ 2 f + 1 ) , w h e r e  I V ( T )  i s  t h e  s e t  

of  t h e  i n t e rna l  v e r t i c e s  o f T an d  8 ( v )  i s  t he  d e g ree  o f  v .  

P r oo f : 

I f  d (T 1 , T )  = 1 ,  e i t he r  T 1  i s  ob t a i ne d  f rom T by  co l l a p s i ng a n  e d g e  o f T ( i n f 

wa y s )  o r  T i s  ob ta i ned  f rom T 1 b y  co 1 1  a p s  i ng a n  edge ,  i n  w h i c h  case  T 1 i s  
ob t a i ned  f rom  T by  r ep l ac i ng a n  i nt e rna l  v e r t e x  v o f  deg r ee  8 ( v )  b y  a t ree  
i n  PT (8 (v ) , 1 ) .  F rom theorem 1 .6 we  have I PT (k , 1 )  I = 2k- 1 -k - 1 .  The  

r esu l t  now f o l l ows  f rom the  i de nt i t i te s :  2:vE IV (T )8 (v )  = n +2 f ,  and  

I IV (T )  I = f + 1 .  § 

A t  l ea s t  two o th e r  me t r i c s  h ave b e en  p roposed  fo r  compa r i ng 
p h y l ogene t i c  t r ees .  One ,  of t en  r e fe r r ed  to a s  t h e  neares t  n e i g hbou rhood  
i n t e rchange  (NN I ) ,  o r  "crossover "  me tr i c ,  d *  was  d e f i ne d  a nd s tu d i e d  
i n depende nt l y  b y  Ro b i nson  [ 1 9 7 1 ]  a nd b y  Moore ,  Goo dman  and Ba rnabas 
[ 1 97 3 1 .  W at e rman  and Sm i th [ 1 978 1 ,  ( s ee  a l so Sm i t h  and Wat e rman  
[ 1 9 8 0 1 )  h a v e  a t t emp t e d  to ana l ys e  t h i s  me t r i c  f u r t h e r .  For  T 1 ,T  2 E BPT(n) ,  
d* (T 1 , T  2 )  i s  the m i n im um  l eng th of any  c h a i n  { T i } o f  b i nary  trees j o i n i ng 
T 1  and  T 2 w i th d (T i ,T i + 1 ) = 1 for  a l l i .  A use fu l compa r i son  o f  d and d *  
i s  g i ven  b y  D a y  [ 1 9 8 3 1  and P enny a nd Hendy  [ 1 985 1 .  

Anothe r  me t r i c ,  d ' ,  b ased  on qua r t e t s ,  and descr i b ed  b y  Es t ab rook  e t  a l. 
[ 1 985 1 ,  h a s  a I so  been  a p p  I i e d  to phy l ogene t  i c  a na I y s i s . One d i s ad v antage  
of  these  me t r i c s  ove r  d i s  t ha t  t he  d i ameter  o f  BPT (n) under  bo th  d *  and 
d ' i s  not known i n  g ener a l , ( t hough  the d i ame te r  of d* is r e por te d  to be 
O (n l o gn ) ,  (Day [ 1 9 83 1 ) ,  and i s  g i v en, for n :::; 9 ,  i n  t he  same pape r ;  w h i l e  
t h e  d i ame te r  o f  d '  for  n:s 1 0  i s  g i v e n  b y  B ande l t  a nd D ress  [ 1 9 86 1 ) .  
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Fu r t he rmore  there i s  no r ecu r s i v e  o r  construc t i v e  descr i p t i o n  o f  t h e  
d i s tr i b u t i o n  of  d* o r  d '  a na l ogous  to t heorem 2 . 3  o r  l emma  2 .4 ,  and  i n  
t h e  case  o f  d* ,  t he re  i s  n o  e f f i c i e nt me t hod  known for  eve.n c a l cu l a t i ng  
d *(T J . T  2 ) .  However  as  p o i nte d ou t  by Bande l t  and  Dress  [ 1 98 61 ,  d '  h a s  a 
poss i b l e  advan tage  ove r  d o f  b e i ng r e l a t i v e l y  i ns ens i t i v e  to  t he  p os i t i on 
o f  a s i ng l e  t a  A l so s i nce d '  a nd d* have  l ar g e r  d i ame t e r s  t h an  d ,  t h e y  
ma y  p r o v i de a f in e r  m easu r e  f o r  compa r i ng t r ees  t h a n  d .  T h e  p r ec i s e  
r e i  a t  i o ns h  i p  be tween  t h e s e  th ree  m e tr i c s  i s  unknown, a p a r t  f rom 
d (T 1 ,T  2 )  :s 2d *(T 1 ,T  2 ) ,  i m p !  i e d  b y  t h e  t r i ang l e  i ne qua l i t y  fo r  d .  O ne m i g h t  
a s k ,  fo r  e x amp l e ,  whe t he r  d (T 1 ,T  2 )  2: d (T 1 , T  3 ) i m p !  i e s  a cor r e spond i ng 
i ne q u a  I i t y  fo r  d *  o r  d ' .  

I t  is wor t h  no t i ng t h a t  by t h eorem 3 of  Rob i nson  a nd Fou l ds [ 1 98 1 ] , d on 
PT (n) sa t i s f i es t h e  p roper t y :  fo r  a l l  T 1 ,T 2 EPT (n ) ,  t h e r e  e x i s t s  a T 'EPT (n) 
w i th d (T 1 ,T  2 )  = d (T 1 ,T ' )  + d (T ' ,T 2 ) .  B y  d e f i n i t i o n  d* s a t i s f i e s  t h e  s ame  
p rope r t y  o n  BPT (n ) ,  so  t h a t  (PT(n ) ,  d )  a n d  (BPT(n ) ,  d * )  a r e  i somorp h i c  to 
t he  d i s t ance space o f  g raphs  ( r e fe r  Harary  [ 1 9 7 5 ,  p . 24 1 ) .  

F i na l l y , a l l of  t h ese  me t r i c s  a r e  d ef i ne d  on unwe i gh t e d  t r e es ,  w he r e  e dge  
l e ng ths  a r e  i r r e l e v ant i n  any compar i sons .  For  w e i gh t e d  t r ees ,  t he  
s ymme tr i c  d i f f e r enc e  me t r i c  has  been adap ted  to  p rov i de a mean i ng f u l  
me tr i c  b y  Ro b  i ns on  a n d  Fo u l  d s  [ 1 979 1 .  

2.31 Summary 

This section has described a number of features of the d istribution of the 
symm etric difference metric on  phylogenetic trees .  In contrast to other  
metrics, th is metric is  amenable to analysis, particularly at  the 
asymptotic leve l .  Essential ly there are two properties which al low this .  
First, there are structural descriptions of the metric's d istribution (as 
g iven in lemma 2.4(a) and theorem 2. '1 0) which man ifest i n  recurs ive 
descriptions such as theorem 2.3 and lemma 2.4(b) ( i i ) . Second, the 
distribution on B PT(n) qu ickly becomes dominated (as n increases) by the 
number of equ ivalent pairs of binary edges between trees (edges 
partition i ng the label  set into sets of size 2 and n-2) . This is u lt imately 
due to the rate at which the number of b inary trees, b(n) , g rows. The 
second property al lows an asymptotic description  of the metric (theorems 
2.  '1 0 ,  and 2.  '1 8) leading to Poisson distributions (theorems 2.  '1 '1 and 2 .20) . 
Final ly, whi le much is now known regarding th is metric, a n umber of 
important questions remain concern ing the distribution and diameter of 
other tree metrics, and their relationsh ip to each other. 
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"The analysis of large data sets could proceed by division into overlapping 
subsets which are classified separately and then recombined to provide a 
single classification, " A. D .  Gordon 1 986. 

3.1 Introduction 

This sectio n  exami nes the restriction  on  sets of trees in BPT(L) which 
arises from fix ing the structure of some of the subtrees induced by 
subsets of L .  The motivation  for this problem is as fol l ows: most tree 
bu i lding methods choose the tree (or trees) which optimizes some 
criterion .  However, for several methods this has been shown to be an 
N P-complete prob lem. An alternative approach is to determine the 
structure of the subtrees of a fixed size of T, which then defi ne a set of 
trees wh ich are compatible with th is induced structure. When a l l  the 
subtrees of a fixed s ize are known this presents no prob lem.  However in 
the reconstruction of phylogen ies using statistical methods it is l ikely 
that on ly certain  subtrees wil l  be reso lved at a statistically-sign ificant 
leve l .  This raises important questions of how to efficiently describe the 
set of trees wh ich are consistent with these subtrees, o r  at least 
calcu late properties of this set, such as its size o r  its consensus tree .  
Some of these questions have been considered briefly by a n umber of  
authors ,  i n  particu lar M eacham [1 983] , Constantinescu and Sankoff [ 1 986] , 
Colon ius and Schu lze [1 981 ] ,  Bandelt and Dress [1 986] and Gordon [1 986] .  
We beg in  th is  section by considering the extent to which two b inary trees 
can lack common subtrees of a fixed size. 

3 . 2  0 (Z f i n i t i o n  

G i v(Zn  T c:PT(L ) ,  ScL ,  ] (Z t T (S )  b(Z  t h (Z  m i n i m a l  s u b t r (Z (Z  o f T cont a i n i n g  S ,  and 

] (Z t T [S ]  b (Z  T(S)  w i t h  a l l V (Z r t i c (Zs  o f  d(Zgr(Z(Z two s u p p r(ZSS(Zd .  T hus  

T [S ]EPT (S ) ,  t h(Z  phylogene t ic sub tree o r  T induced by 5. 
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3.3 Lemma  

Fo r  k>  2 ,  I e t  f 1 ( k )  b e  t h e  sma  1 1  es t  va  I ue o f  n s uc h  t h a t  fo r  a 1 1  T EBPT (m ) ,  
m� n. t h e r e  e x i s t s  a p a t h  i n  T o f  a t  l ea s t  k v e r t i c e s .  Then  
f 1 ( k )  = J 3 . 2k�2- 2 + 1 ; i f  k i s  even ,  { 2 (k 1 ) 1 2  + 1 ;  i f  k i s  od d .  

P r o o f :  

L e t  g ( k )  b e  the  ma x im um  va l ue of  n for  wh i ch t he re  e x i s t s  a t r ee  T EBPT(n )  

h av i ng l onge s t  p a th a t  mos t  k- 1 ,  and l e t G(k )  be t h e  s e t  o f  s uch  t r e es .  
Then  f 1 ( k )  = g ( k ) + 1 .  
Fo r  TEG ( k ) ,  l e t T 2 E BPT ( 2k )  b e  the  t ree  ob t a i ne d  f rom T b y  a t t ach i ng p a i r s  
o f  n ew  p endant  ver t i ce s  a n d  e dges  to e ac h  p endant ve r t e x  o f  T .  D e f i ne a 
s e quence  QT (k )  o f  t r ees  b y  QT(k+ 2 )  = QT(k )2 , w i t h  QT (3 )  = BPT (2 ) ,  
QT (4 )  = BPT(3 ) ,  as  s hown  i n  f i g .  3 . 1 .  

-

-< 

The fami l y  QT(k)  f o r  2<k< 1 0  

F i g u re 3. 1 
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We  f i r s t  s how by  i nduc t i on  tha t  G (k )  = {OT (k ) } .  For  T EG (k+ 2 ) ,  cons i der  t h e  
b i na r y  t r e e  T # ob ta i ned  b y  r emov i ng a l l p a i r s  o f  ad j acent p end ant e d g e s  

a n d  t h e i r  p e nd ant ver t i ces  ( t h i s  i s  l es s  p r un i ng t h an  t h e  d e r i v a t i on 

d i scussed  i n  t he  p roof  o f  l e mma  1 .7 ) . Now fo r  any b i na r y  t r ee ,  a p a th of  
m a x im a l  ver te x  l e ng t h  has  a s  i t s  endpo i nt s ,  p e nd ant v e r t i ces ,  e ach o f  
whose  a s soc i a t e d  pendant edge  i s  a d jacent  t o  another  p end ant e d g e .  
T h u s  t h e  pa t hs  o f  T # h ave  ma x im a  1 ve r t e x  I ength  k- 1 .  F u r t hermor e  
T# EG(k ) ,  fo r  o th e rw i s e  i f  T#  has  n0 p endant v e r t i c e s  t h e r e  e x i st s  
T 1 EBPT (n 1 ) ,  w i t h  n 1>n0 and  T 1 EG ( k ) .  Bu t  t h en  T 1 2 E BPT ( 2n1 )  and  T 12 h a s  a 
p a t h  o f  m a x i m a l  l eng th  k + 1 ,  so t ha t  g ( k+ 2 ) :::: 2n 1 .  Now T h a s :::; 2n 0  p e nd ant 
ver t i ce s  and TEG ( k+ 2 ) ,  g i v i ng g ( k+ 2 )  :::; 2n0 ,  and  so  n0:::: n 1 ,  a con tr a d i c t i on .  
App l y i ng the h ypo t hes i s  G(k) = {OT (k ) } ,  to  T#EG (k )  we deduce  that T 
cons i s ts o f  OT ( k+ 2 )  w i th p e rhaps  some  o f  i ts pendant v e r t i c e s  and  edges  

d e  1 e t ed .  Bu t  c 1 e ar l y  ( a  11 of )  OT(k+ 2 )  has  ma x im a  1 pa th  1 eng th  k+ 1 ,  so tha t  

G ( k+ 2 )  = { OT (k + 2 ) } ,  a s  r e q u i r ed .  Now OT(k+ 2 )  has  t w ic e  a s  many  p e nd ant 

ve r t i ce s  a s  OT ( k ) ,  g i v i n g  g ( k )  = 2g(k- 2 ) ,  wh i c h  toge t he r  w i t h  g ( 3 )  = 2 ,  

g (  4) = 3 ,  a nd f 1 ( k )  = g ( k ) + 1 ,  es tab  1 i s h es  the 1 emma .  § 

Th e  nex t  t h eorem sa ys  t h a t  a common  i nduced sub t r ee  o f  s i z e  k = 4 , 5 , . . .  

can a l wa ys  be  found amongs t  any two suff i c i e nt l y  l a r ge  ( d epend i ng on k) 

b i nary  t r ees .  

3 .4  The o r e m  

P r o o f : 

There  e x i s t f unc t i o ns f 1 ,  f 2 such t ha t :  
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( 1 ) :  r2vr2r�  T EBPT (m) ,  m::=: f 1 (n) has a path on n vr2r t i cr2s ,  

( 2) :  a n� two sr2qur2ncr2s  o f  l r2ng th  m::=:f  2 (n) havr2  a subsr2qur2ncr2 o f  l r2ng t h  n of  
t hr2  samr2 o r  rr2vr2rsr2  o r dr2r .  
Lr2mma 3 . 3  g i vr2s  f 1( n) ,  w h i l r2  thr2 r2 x i s tr2ncr2 o f  f 2 f o l l ows  f rom Ramsr2� ' s  

t h r2o r r2m ,  t hough  E r dos  and Szr2kr2rr2s  [ 1 935 ]  s how WQ  can  takr2 
f 2 (n) = n2 - 2n + 2 .  
L r2 t  n(k ) = f 1 ( f 1 ( f  2 ( k ) ) ) ,  and  supposr2  T 1 , T  2 EBPT (m ) ,  m::=:n(k ) .  Thr2n  T 1  h as  a 
p a t h  on  a SQ t  o f  f 1 ( f  2 ( k ) )  V r2 r t i C Q S  V .  For  r2ach vr2r t r2 x  V EV S r2 1 r2C t  QX ac t l �  

o nr2 I abr2  I i n  { l ,  . . . , n (k ) }  a s  f o 1 1  ows :  i f  v i s  a pr2ndant  vr2 r tr2 x  s r2  I r2ct  i t s  I abr2 I ,  

o t hr2rw i s r2  choosr2  t hr2  I abr2 I o f  an� p r2ndan t  vr2 r t r2 x  o f  T 1 whosr2  p a t h  back to 
v is no t  i nc i dr2n t  w i th an� o thr2 r  vr2 r t r2 x  of  V. L r2 t  S br2  t hr2  sr2 t  of l ab r2 l s  so 

gr2nr2ra tr2d .  Thr2n  T 2 [ 5 ]  has a p a t h  on f 2 ( k )  vr2 r t i cr2s .  U s i ng t h i s  p a t h ,  sr2 l r2 ct  

a s ubsr2 t  S I  o f  s i n  t hr2  samr2 wa�  as br2 f  orr2 .  Thr2n T 1 [5  I ]  and T 2 [ 5  1 ]  arr2 both 
catr2rp i 1 1  ar  t rr2es in  BPT (S  1 ) , w i th I S '  I = f 2 ( k ) .  T hr2n  thr2rr2  i s  a subsr2t  S"  of  
S I  o f  s izr2  k such  t ha t  T 1 [5  " ]  = T 2 [5  " ] ,  comp I r2 t i ng t hr2  proof .  § 

3 . 5  C o r o  11 a ry 

'v'k, r 2: 1 1  3n=n( k l r ) : 'v'PCBPT(m) l  m::=:nl I P I =  r ,  3SE [m ]k w i t h  T [S ]  t hr2  s amr2  for  

a l l T EP .  

P ro o f : 

S t r a i gh t fo rward  f rom thr2  prr2v io u s  t hr2orr2m .  § 

3 .6  P r o po s i t i o n  (Cons tan i nr2scu a nd S ankoff [ 1 9 86 ] )  

For  scL ,  and T 1 E BPT (S  ) I WQ havr2 I { T  E BPT(L ) :  T [S ] =T  1 }  I = b (  I L I ) I b (  1 s 1 ) · 



3 . 7  D e f i n i t i o n  

Fo r  T 1 ,  T 2 E BPT(n ) ,  I e t  A (T  1 , T  2 , k )  = I { 5 E[n] k and T 1 [ 5 ]  = T 2 [5 ] }  I , a n d  l e t  

p (n , k )  = m in {A (T 1 , T  2 , k ) :  T 1 ,T  2 EBPT(n ) } .  

3 .8  The o r e m  

( 1 ) :  T h e  ave r age  va  I ue  o f  A(T 1 , T 2 , k )  ove r  a 11 p a i r s  o f  t r e e s  i n  BPT (n) i s  
nc k/ b (k ) · 

( 2 ) :  p (n, k ) /nck i s  mono tone i ncrea s i ng i n n ,  bo unded above  b y  1 ; b ( k ) · and 

has a non-zero I i m i t , p(k) a s  n->oo. 

(3 ) :  p(k+ 1 )  < p (k ) .  

P ro of :  

( 1 )  h as  been es ta b l i s h e d  for k=4 by  W.H .E .  Day ( r epor t ed  b y  B and e l t  a nd 

Dress  [ 1 986 ] ) .  F o r  t h e  gene ra l  case  cons i de r  t he  s e t  V (n,k , r )  = [ [n] k ] r , t h a t  

i s ,  t he  co  11 ec t  i on  o f  a 11 se t s  {5 J . · · · · 5 r } ,  whe re  5 1 ,  . . .  , 5 r a r e  d i s t i nc t  subse ts  

of  { 1 , . . .  , n} of  s i ze  k .  For  fEV(n, k , r ) ,  r = {5 1 ,  • • .  , 5 r } ,  l e t G ( r )  denote  t h e  s e t  

o f  a l l p a i rs o f  t r ees  T 1 , T 2 EBPT(n ) ,  w i th T 1[ 5 i ] =T 2 [5 i ] f o r  i = l ,  . . .  , r .  

Let  nr = 2: rEV (n ,k , r )G (r ) ,  N ( x )  = 2:r� onrx
r and E(x )  = N ( x - 1 ) .  B y  t h e  

p r i nc i p l e  o f  i nc l u s i on  and e xc l us i on ,  [ x r ] E ( x )  i s  t h e  number  o f  p a i rs o f  

t r ees  T 1 ,T  2 i n  BPT (n) fo r  wh ich  A(T 1 ,T 2 , k )  = r .  T h u s  t h e  e xpec ted  v a  I u e  o f  

A(T 1 ,T 2 , k )  ove r  a l l p a i r s of  t r e e s  i n  BPT (n)  i s  b (n )- 2 [ xr ]d ; d xE ( x )  1 x = 1  = n 1 .  
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Now  n1 = L 5E [n ]k I 
{T 1 , T  2 EBPT(n ) :  T 1 [ 5 ]  = T 2 [5 ] }  I 

= L5E [n ]kL T 1 EBPT(n) I {T  2 EBPT(n) :  T 1 [ 5 ]  = T 2 [5 ] }  I 

= nCkb (n ) .  (b (n );b ( k ) ) ,  b� p ropos i t i on 3 .6 , and  t h Q  rQS U i t  f o l l OWS .  

T h Q  f i r s t  p a r t  o f  ( 2 )  fo l l ows  b �  Q SSQnt i a l l �  t h Q  s amQ  a rgumQnt t h a t  
B a nd Q l t  a nd D r Qss  [ 1 986 ] U S Q  to Q s t a b l  i s h  t h i s  r Q su l t  i n  t h Q  c a s Q  k =4 .  

5pQc i f i ca l l � , c hoOSQ  T 1 ,T 2 EBPT (n)  w i th A (T 1 ,T 2 , k )  = p(n , k ) ,  a n d  s up pOS Q  
n>m;::: k .  Cons i d Q r  t h Q  SQ t  a of  p a i r s  {5 , (.0 } W hQ rQ  
(.t) C5C { 1 ,  . . .  , n} ,  I 5 I =  m ,  I (.0 1 = k a nd T 1 [ (.0 ] = T 2 [ (.0 ] .  Cons t r uc t  a b� f i r s t  

c hoos i ng (.0 ( i n  A(T 1 ,T  2 , k )  = p (n , k )  wa�s )  and t h Q n  5 ( i n  n-kcm-k  wa y s )  to  

g i v Q  I a I =  p (n , k ) .n-mcm-k · O n  thQ  o t h Q r  hand  W Q  can  undQrcount Q b�  

f i r s t  choos i ng  5 ( i n  ncm wa�s )  and  t h Qn  choos i ng (.t) C5 s uch  tha t  
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T 1 [ 5 ] [ (.0 ] = T 2 [ 5 ] [ (.0 ]  ( i n  A (T 1 [5 1 ,T  2 [5 ] , k )  wa�s ) .  5 i ncQ  A (T 1 [5 ] ,T  2 [ 5 ] , k ) ;::: p (m ,k )  

WQ havQ p(n , k ) . n-kcm-k ;::: ncmp(m , k ) ,  wh i ch g i vQ s  thQ r Qqu i r Q d  r Q s u l t . 

T h Q  u ppQ r  bound o f  1 I b (k )  i n  ( 2 )  f o 1 1  ows  immQd i a tQ  I !d f rom ( 1 ) ,  w h i  I Q  t h Q  

l a s t  p a r t  o f  ( 2 )  f o l l ows  f rom t hQOrQm 3 .4 .  

Fo r  ( 3 )  cons i d Q r  fo r  T 1 ,T  2 EBPT(n ) ,  t h Q  SQ t  a 1  of  pa i r s  {5 , x }  whQrQ  5 E [ n] k _ 1 

and T 1 [ 5 ] =T  2 [ 5 ] ,  a nd xd 1 ,  . . .  , n} -5 .  T hQn  I a 1 1 = A(T 1 , T  2 , k - 1 )n-k + 1 c 1 ,  b u t  W Q  
can  und Qrcoun t  a 1  b �  p u l l i n g  ou t  common sub tr Q Q S  o f  T 1 , T  2 o f  s i z Q  k and 
SQ I Q c t i ng onQ l ab Q I  ( i n  kc 1  wa�s )  as  x ,  a nd t h Q  r Qma i n i ng SQt  as  5 to g i vQ a 

p a i r  { 5 , x } .  I n  t h i s  wa� W Q  havQ :  A (T 1 ,T  2 , k )kc 1 :::; A (T 1 ,T 2 , k - 1 ) n-k + 1 c 1 .  

C hoOSQ  T 1 , T  2 so  t h a t  A(T 1 ,T 2 , k - 1 )  = p (n, k- 1 ) . T h Q n  
p(n ,k - 1 )  ;nck_ 1 ;::: A (T 1 , T  2 , k ) k ; (n-k+ 1 )  nck_ 1 ;::: p (n , k )  ;nc k 

s i ncQ A (T ,T  2 , k ) ;::: p (n ,k ) ,  as  rQq u i r Q d .  § 



3.9 Conjecture 

I i mn->oo p (n, k ) /nck = 1 I b ( k ) -

(The first nontrivial case, k = 4 is conjectured by  Bandelt and Dress 

[1 986]) . 

3 . 1 0 D ef i n i t i o ns 

G i ven  L 1 , . • .  , Lk CL ,  a nd T i EBPT (L i ) for  J :::; i :::; k .  Fo r  Q = {T 1 , . • .  , T  k } ,  de f i ne t h e  

62 

span of  Q ,  d enoted  <Q> , a s  {TEBPT(L ) :  T i =T [ L i ] } · Q i s  rea l izab le i f  <Q>�<P  

and Q defines TEBPT(L )  i f  <Q>= {T } .  Q i s  a m inimal  defin ing se t fo r  T i f  Q 
d e f i ne s  T ,  b ut no p rope r  subse t  o f  Q d e f i ne s  T .  

Hencefor th  we  cons i d e r  s ub t rees  of  s ize  four .  
A quarte t spec trum , Q ,  i s  a ny se t  o f  b i na r y  4 - tr e es  w i t h  l abe l s  c hosen  
f rom { 1 ,  . . .  , n } .  I f  e v e r y  s u b s e t  o f  { 1 ,  . . .  , n }  o f  s i z e  fou r  l a be l s  e x ac t l y  o ne 

t r ee ,  the q ua r t e t  s pec tr um i s fu l l. Le t  Q d eno te  the s e t  o f  a l l q ua r t e t 

s pec t r a ,  and  for  TEPT(L ) ,  l e t 'V (T )  = {T [S ]  : S E [ L ]4 }nQ .  

3 . 1 1 P r op o s i t i o n  (Bande l t  and Dress  [ 1 986 ] ,  P rop .  2 ( a ) )  

Fo r  a ny T EBPT (n ) ,  'fi (T )  d e f i nes  T .  



3 . 1 2  Th eo r em  

( 1 ) : I f  O EO  d e f i ne s  TEBPT(L ) ,  I L I �  4 ,  t h e n  I 0 I �  I L l -3 .  
(2 ) :  Fo r  T EBPT (L ) , t here  e x i s t s  a qua r t e t  s pec t rum Q o f  s i z e  I L l -3 w h i ch 
d e f i ne s  T .  

P ro of :  

6 3  

( 1 ) :  T he  r esu l t  ho l ds for  I L I = 4 ; s uppose  i t  h o l ds  fo r  I L I = k ,  a nd t h a t  0 

de f i ne s  T EBPT (L 1 ) ,  I L 1 1 = k + 1 . Choose  an  ad jacen t  p a i r  o f  pendant e d ges  
whose i nc i de nt p end ant v e r t i c e s  are  l a be l l e d O< , ,j3 ,  l e t L 2 = L 1 - { ,j3 }  a n d  l e t Q* 
be the set of q ua r t e t s  ob ta i ne d  b�  rep l ac i ng ( x � ) (z -13 ) w i t h  ( x � ) (ZO< ) fo r  a l l  
x . � . z EL ,  Z�O< , a nd d e l e t i ng ( x � ) (0< -13 ) for  a l l x . � EL .  
L e t  T 'EBPT (L 2 )  be  t h e  t r ee  ob ta i ne d  f rom T b� r emov i ng  t he  pendan t  ver tex  
l a be l l e d ,j3 and  i t s  i nc i de nt p endant e dge .  C l ea r l �  T 'E <Q*> . Suppose T '� T "  

a r e  both  i n  <Q*> . Then  a t t ach i ng a new p endant ve r t e x  l ab e l l ed ,j3 t o  t he  
p endant  e dge  o f T "  i nc i d ent w i t h the p endan t  ve r t e x  l ab e l l ed 0< g i v e s a 
t r ee  T 1E <Q> , T 1�T .  a contr a d i c t i on. Thus  Q *  d e f i nes  T ' , so b �  h � po thes i s  
I 0*  I �  k-3 .  Now b�  the  cons tr uc t i on, I 0 I �  I Q*  I ,  w i t h  equ a l  i t �  i f  and  
on l � i f  (O< ,j3 ) ( x � )  i s  no t i n  Q ,  fo r  a n� x , � EL .  B u t  i f  (O< ,j3 ) ( x � )  i s  no t i n  Q for  
a n� x .wL . t h en  rep resen t i ng T '  as  i n  f i g .  3 . 2  ( a )  ( refer  to  f o 1 1  ow i ng p age ) ,  
we  s e e  t h a t  t h e  t r ees  (O<T 1 ) ( -13 T2 ) ,  (O<T 2 ) ( -13 T 1 )  and  T= (O< ,j3 ) (T 1T 2 )  i n  f i g . 3 . 2  

( b ) ,  ( c ) ,  ( d )  a r e  a l so i n  <Q> , a contrad i c t i on .  T hus  I Q I �  ( k + 1 ) -3 ,  a s  

r equ i re d .  

( 2) :  Aga i n  w e  use  i nduc t i o n  on  I L I = k .  Fo r  k =4  t he  r e su l t  h o l d s ,  so  

s u p pose  i t  ho l ds for  I L I ::::; k ,  a n d  TEBPT(L ) ,  I L I = k + 1 .  F rom T choos e  a 

p a i r  o f  a d ja cent pendant  e d ges  whose i nc i d en t  p endant  ve r t i c e s  a r e  

l abe l l e d  0< , -!3 ( so t h a t  T i s  r ep re sented b �  f i g . 3 . 2  (d ) )  a n d  de f i ne T '  a s  

be fore .  



(b)  ( d )  

( c )  

F i g u re 3.2 

ThQn  s i nc Q T 'E BPT(L ' ) ,  I L '  I =  k, t h Q rQ  i s  a SQ t  Q* o f  s iZ Q  k - 3  wh i c h  d Q f inQs 

T ' . R Qp r Q S Qn t  T '  a s  in  f i g .  3 .2  (a ) ,  a nd I Q t  x b Q  thQ l ab Q I  of a p Q ndant  VQ r t Q X 
i n  T 1 ,  and � a l ab Q I  o f  a p Q nd ant V Q r tQ X i n  T 2 .  LQ t  Q = Q*u { (O<.t) )( x� ) } .  T hQn 

T E<Q> ,  a nd i f  T 3 E <Q> , thQn s i ncQ Q*CQ ,  WQ  h a vQ T 3 E <Q*> .  

I f  T 3 ' i s  o b t a i n Qd  f r om  T 3 b�  d Q I Q t i ng t h Q  pQndant  VQ r t Q X l a b Q I I Q d  .B . and 

i t s  assoc i a t Q d  p Q nd an t  Q d g Q ,  t h Qn  s i ncQ Q*  d Q f i nQ s  T '  W Q  havQ T 3 ' =T ' .  ThQ 

pos i t  ion of t h Q  nQW p Q nd a nt VQ r t Q X I a bQ  11 Q d  .B i s  now f i X Q d  b �  ( 0< .B ) ( x � ) EO ,  

so t h a t  T 3 =T ,  and hQnCQ <Q> = {T } ,  as  r Q q u i r Qd .  § 

The proof of part (b) of th is theorem g ives a constructive (and efficient) 
method for f inding a m in imal defin ing set for T. A natural question is 
whether  amongst quartet spectra, al l  min imal defin ing sets for a tree have 
the same card inal ity,  a suggestion supported by considering trees with 
less than 7 pendant vertices . The next example shows that the answer to 
th is questio n  is no .  
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3 . 1 3  E x a mp l e 

Le t  Q = { ( 35 ) (67 ) ,  ( 1 3 ) (45 ) ,  ( 1 6 ) ( 2 3 ) ,  ( 57 ) ( 1 2 ) ,  (7 2 )( 34 ) } .  Then  <Q> = { T } ,  
where  T i s  t h e  ca te rp i l l ar t ree  ( 1 6 ) ( 273 ) (45 ) .  However ,  d e l e t i ng t h e  i - t h  

6 5  

e l ement o f  Q as  t he�  a r e  orde red  a bove  fo r  i = 1 , . . .  ,5  g i v e s  se t s  Q i w h i ch do 

not d e f i ne T .  Spec i f i c a l l � . ( 1 6 ) ( 34 2 ) (57 ) E0 1 , ( 1 6 ) ( 274 ) ( 35 )E02 ,  
( 26 ) ( 1 7 3 ) (45 ) E0 3 , (45 ) (3 2 1 ) (67 ) E04 , ( 2 3 ) ( 1 4 5 ) (67 ) EQ5 .  Thus  Q i s  a 
m i n i m a l  d e f i n i ng se t  o f  T o f  ca rd i na l  i t �  f i ve ,  w h i ch i s  one  more  t h an  the  
car d i na l  i t �  o f  the  s e t  cons t r uc ted  b �  the  p r ev i o u s  theorem .  § 

3 . 1 4  R e m a r k  

On t h e  b a s i s  of  cons i de r i ng sma l l e x amp l es one m i g h t  a l so conj ec t u re  

t ha t  i f  I L { ll j I ::; 1 fo r  a l l  i ;z: j ,  t h en  Q i s  r e a l i z a b l e . Th i s  i s  no t so 

however ,  fo r  cons i d e r  a p ro ject i v e  p l ane o f  orde r  3 ,  w h i ch has  1 3  p o i nt s  

a nd 1 3  I i ne s  eac ll w i t h  4 po i nts (Ha l l  [ 1 986 ] ) .  T a k i ng t h e  I i ne s  to  be  ou r  

L b · · · · L 1 3 , we  h ave  I l ( 1l j I = 1 ,  i ;z: j , a nd t he re  a r e  3 1 3  pos s i b l e  cho i c e s  o f  

Q = {T  1 ,  . . .  , T 1 3 } s i nc e t h e re  are  t h r e e  poss i b l e  t r e e s  o n  e ach  1 a be  I s e t  L i · 

Now c l e a r l �  i f  Q;z:Q ' t h en  <Q>n<Q '>=<P ,  so  t ha t  i f  e ach  o f  t h e  se t s  Q we re  

r ea l i z ab l e , b ( 1 3 )  � 3 1 3 . Bu t  i t  c an  be  e as i l �  c h ecked  t ha t  i n  f ac t  

b ( 1 3 )  < 3 1 3 . 



6 6  

3 . 1 5  De f i n i t i o n  

F o r  subse t s  L 1 , L 2 o f  L ,  i f  { L 1 , L 2 } = {<P , L }  o r  { L 1 , L 2 } = n (T , e )  f o r  s om e  i nt e rna l  
e d ge  of T ,  t hen  L 1  i s  s a i d  to b e  a c lus ter of T and L 1 , L 2 a r e  comp lemen tary 

clus ters. § 

B y  P ropo s i t i o n  1 ( a ) , ( b )  o f  Bande l t  a nd D ress  [ 1 986 ] ,  t h e  c l u s t e r s  of  T 

d ef i ne T ,  and  t he  cond i t i ons o n  a fam i l y  o f  subse ts  o f  L to  be  a c l u s t e r  of 
a tree are such that the c l us t e r s  common  to a l l of a set of t r ees  g i v e s  a 

t r ee  I i k e  c I us t e r ,  t he reby  a 11 ow ing  t h e  f o 11 ow i ng d e f i n i t i o n  due  to  Sok a  I 

and Roh l f  [ 1 98 1 ] . 

3 .  1 6  De f i n i t i o n  

G i ven  a s e t  o f  t rees  X= {T 1 , • • •  , T  k }cPT(L ) ,  t he  s tric t consensus of  X ,  ex i s  

t h e  t r ee  i n  PT ( L )  whose  c l us te rs  a r e  p r ec i s e l y  t hose  c l us t e r s  b e l ong ing  to 

a l l t r ees  i n  X .  I f  X=<P ,  d e f i ne CX to b e  t h e  s t a r  t ree .  

We  now g iv e  a d esc r i p t i o n  o f  <Q> i n  t e rms o f  C<Q> . 

Cons i d e r  t he  s e t  IV (C<Q> )  o f  i nt e rna l  v er t i ce s  o f  t h e  consensus  t n=2 e  o f  

t h e  s pan  o f  a qua r t e t  s pec tr um Q .  I f  V E IV (  C<Q> )  h a s  d e g r e e  o v> 3 ,  I e t  

L (v )  = { L 1 , L 2 , L 3 , L 4 , . . .  , L0v } b e  t h e  co l l ec t i on o f  s e t s  o f  l a be l s  o n  t he  p endant 

ver t i ces  o f  the p endant  sub trees o f T hav i ng v as a n  endpo i nt .  Rep  l ac i ng  v 

i n  C<Q> b y  a b i na r y  t r ee  T (v ) EBPT(L (v ) )  g i v e s  a new t r ee  [T (v ) , C<Q> ] EPT (L ) .  

L e t  N (v )  = {T (v ) EBPT(L (v ) ) :  Qcf ( [T (v ) , <C (Q )>  ] ) } .  



Now for  T E<Q> , and v E IV (C<Q>) ,  3v>3 ,  T d e f i nes  a s p ec i f i c  t ree  
T (v )  E B PT(L (v ) ) ,  s i nce  T i s  b i na r!:J .  I f  w e  denote  th i s  t r ee  b!:J  (T ,Q , v ) ,  
co ns i d e r  t h e  func t i o n  

H :  <Q>  -> TI VE IV (C<Q> )N (v ) ,  d e f i ned  b!:J  H (T )v = (T ,Q ,v ) .  

3 .  17  T h e o r e m  
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H i s  a b i  j ec t  i on. In p a r t i cu 1 ar I <Q> I = n VE IV (C<Q> ) b ( nv ) ,  whe r e  nv ::::; 3( V ) .  

P ro of :  

H has  the  f o l l ow i ng  i nve rse ,  K .  G i ven  T (v ) EN (v )  r ep l ac e  v b !:J  T (v )  for  each 
V E IV (C<Q> ) to ob t a i n  a t ree  T 0 EBPT(L ) .  Suppose T 0 i s  not  i n  <Q> ,  so tha t  
0 i s  not  c � (T  0 ) .  L e t  ( i j ) ( k l ) EO ,  ( i k )( j l ) E� (T 0 ) .  Cons i d e r  t he  t r ee  
T 1  = C<Q> [S ]  E PT (S ) , whe re  S =  { i j k l } . T he re  a r e  two cases  to  cons i der  
( a ) :  T 1  i s  a b i na r!:J  t r ee ,  ( b ) :  T 1 i s  a s t a r  t ree .  

I n  t h e  f i r s t  case ,  i f  we  r e p l ace  VE IV (C<Q>) b !:J  T (v )  for  a n!:J T (v ) EN (v ) then ,  

b !:J  de f i n i t i o n , Qc� [T (v ) , <C (Q )> ] so  tha t  ( i j ) ( k l )  E � [T (v ) , <C (Q )> ] .  

R e p l ac ing  the o t he r  i nt erna l ver t i ce s  to ob t a i n  T 0 ,  we c l ea r l !:J  s t i l l  h a ve 

( i j ) (k l ) E� (T  0 )  a cont rad i c t i on .  
I n  case  (b ) ,  l e t v 0  be  the  un i que ve r t e x  of  C (  <Q> )  whe re  the  pa t hs  rr ( i , j ) 
a nd rr (k , l ) m ee t .  R e p  1 ac i ng v 0  b�  T( v0 ) EN (v0 )  w e  h av e  Qc�[T (v 0 ) ,  <C (  Q ) >  ] ,  
a nd a g a i n  we  f i nd tha t  ( i j ) ( k l ) E� (T 0 ) ,  a cont r a d i c t i o n. Thus  T 0 EC<Q> .  
C l ear l �  t hen  H K  and KH  a re  i dent i t!:J m aps ,  as  r equ i r e d .  § 
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(glffiD©O®fiil©W 

An  i nt � r �s t i ng qu�s t i on i s  wh� th� r  t h� r�  i s  an  � f f i c i �nt wa�  o f  d�c i d i ng 

w h �t h � r  O EO  i s  r � a l i z a b l � -- t ha t  i s  wh� t h� r  t h� r�  i s  a n  a l go r i thm  f o r  

d �c i d i ng t h i s  q u �s t i o n  whos�  r unn i ng t im�  i s  bound�d  abov�  b�  a 

p o l �nom i a l  f unc t i o n  o f  n .  On� app roach  m ig h t  b�  to  obs� rv�  t h a t  i f  Q i s  

r �a l i z ab l �  t h�n  t h � r�  mus t  b� a pa i r  i , j E L ,  w i t h  { ( i x ) ( j � ) : x . � E L }nQ=� .  w� 
m i g h t  t h�n  r � p  I ac�  t h �  p a i r  ( i , j) b �  n�w I a b �  I O<( i , j )  and r � p  I ac�  a l l 
occurr�nc�s o f  i o r  j i n  0 b�  O< ( i , j )  ( r �mov i ng an� occu r�nc�  o f  ( i j ) ( x � ) )  to 

ob t a i n  a q ua r t � t  sp�c t rum 01 on a s� t  L 1  of  I L 1 - 1 l ab � l s . R�p�a t i n g  t h �  
p roc�du r� .  � v �nt ua  1 1  � � i t h � r  a 1 1  t h �  I a b �  I s  w i  1 1  g� t  u s�d  up a n d  a t r � �  w i  1 1  

b �  cons t ruc t�d .  o r  a t  t h �  r - th s tag�  no p a i r w i t h  { (  i x ) ( j � ) : x . � E L }nQr= �  w i 1 1  

� x i s t , o r  { ( x � ) (zw) , ( xz )( �w) }cQ r for  som�  x . � . z .wELr , � i th � r  o f  w h i c h  

i m p l �  t h a t  O r i s  not r � a l i zab l � .  A l l  t h i s  c a n  b �  � f f i c i �nt l �  i m p l �m�nt�d .  

bu t  t h i s  m �t hod  d�p �nd s  on  ma k i ng t h �  r i g ht cho i c� s  fo r  w h i ch p a i r s  ( i , j )  

t o  s�  I � e t  a t  � a  e h  s t a g � .  Fo r  i f  t h �  wrong cho  i c � s  a r �  mad� .  a t  so  m �  1 at�r  

s tag� w�  ma� f i nd { ( x � ) (zw) , ( xz ) ( �w) }cQ r , �v�n though 0 i s  r � a l  i z ab l � . 

Anoth� r  a p p roach  i s  s ugg�s t �d  b �  th�  charac t� r i z a t i o n  o f  wh�n  a f u l l  

q ua r t� t  sp�c t r um i s  r �a l i zab l �  to w h i ch w�  now turn .  

3 .  18  D � f i n i t i o n  

G i v�n  a qua r t � t  sp�c t r um 0 ,  d�f i n� t h �  c losure of  0 ,  c i (Q ) ,  t o  b�  t h �  

m i n i m a l  s � t  conta i n i ng 0 w i th t h�  p rop� r t � :  

fo r  a 1 1  ( i j ) ( k l  ) , (  i k ) ( l  m ) Ec  I ( 0 ) ,  w�  hav� ( i j ) ( km) ,  ( j k ) ( l  m )Ec  I (  0 ) .  

No t� t h a t  c i (Q )  can  b�  � f f i c i �n t l �  cons t ruc t�d  f rom 0 ,  c l (c i (Q ) )  = c i (O )  and 

<Q>=<c i (Q )> , so  t h a t  0 i s  r �a l i z ab l �  i f  and  on l � i f  c i (Q )  i s . A l so o bs�rv�  

t ha t  c i (� (T ) )  = � (T ) .  



3 . 1 9  L e m m a  

A f u l l q u ar t e t  s pect r um i s  r ea l i z ab l e  i f  and  on l y i f  i ts c l osure  d o e s  not 

conta i n  ( x y ) (zw)  and  ( xz ) ( yw ) .  

P ro o f: 

T h i s  f o 11 ows d i r ec t !  y f rom s i m  i I a r  r es u l t s d ue  to Co  I on  i u s  and  Schu  I z e  

[ 1 98 1 ] ,  a n d  B a nd e l t and D r e s s  [ 1 986 ] . § 

For  non- f u l l q u a r t e t  spec t ra ,  t he  e xamp l e  i n  r em ark  3 . 1 4  s hows t ha t  even  

w i t h  c l (Q )=Q ,  Q m ay s t i l l b e  unre a l i z ab l e . I ndeed  u s i ng Q f rom exam p l e  

3 . 1  and  a d jo i n i ng  ( 24 )(56 )  g i v es  a se t  Q '  w i t h  <Q '>=<P  bu t  w i t h  c i (Q ' )  = Q ' ,  

s i nce  Q '  cons i s ts o f  f i ve  o f  t h e  b l ocks  of  t h e  b i p l ane on  seven  p o i nts  

g i v e n  b y  H a l l [ p .  3 2 1 , 1 986 ] .  

We  now show t ha t  t h e  que s t i o n  of  whe ther  o r  not  Q i s  r ea l i z ab l e  i s  

e q u i v a l ent  f rom an  e f f i c i e ncy  v i ew p o i nt to two  re l a t e d  ques t i o ns .  

3 . 2 0  L em m a  

I f  L = L 1 uL 2 , L 1nL2 =<P ,  and f o r  e ach  i , j E L 1 ,  a nd k , I E L2 <QU{ ( i k ) ( j l ) }> = <P and 

<Qu{ ( i l ) ( j k ) } > = <P ,  t h en  for  any TE<Q> , L 1  i s  a c l us te r  o f T .  

P r o of :  

I f  Q sa t i s f i es t h e  a bove  cond i t i on,  t hen  for  T E<Q> , T [ { i , j , k , l } ]  = ( i j )( k l ) , so 

that  t he  path j o i n i ng i and j has no common ver t e x  w i t h  the path jo i n ing k 

and I .  S i nce t h i s h o l ds for  a l l  i , j E L 1  k , I E L 2 i t  fo l l ow s  ( re fer  Bande l t  and 

Dress [p . 3 1 8 ,  1 98 6 ]) that  L 1  i s  a c l us t e r  o f T . § 
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3 .  2 1  T h e o r e m  

I f  o n e  o f  t h e  fo l l o w i ng h a s  an  e f f i c i en t  a l g o r i th m ,  so  do  t h e  o ther s :  

( 1 ) :  D ec i d i ng whe t he r  Q i s  rea l i z a b l e . 

( 2 ) :  Dec i d i ng whe t he r  Q i s  r ea l i z a b l e , and  i f  so  cons t ruc t i ng T E<Q> . 

(3 ) :  Const ruc t i ng C<Q> . 

P ro o f :  
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C l  ea r l �  e f f i c  i e nc�  for  (2 )  imp I i es  tha t  for  ( 1 ) .  Converse  I � . g i v e n  Q ,  and  an 

e f f i c i e nt a I gor i th m  for  ( 1 ) ,  i f  Q i s  rea  I izab  I e ,  Q can b e  e f f i c i ent  I �  

e x tended  t o  a f u l l  q ua r t e t  spec t rum b �  choo s i ng a t  e ach  s t age  a q ua r t e t  

{ i , j , k , l }  not  a l r e ad�  i n  t h e  rea l i z a b l e  spec t r um  s o  fa r  const ruc ted  Q ' ,  and 

t es t ing the rea I i z a b  I i t� o f  Q 'u { (  i j ) ( k l  ) } ,  Q 'u {( i k ) ( j l  ) } ,  Q 'u { (  i l  ) ( k j ) } .  5 i n c e  

Q '  i s  rea l i z ab l e , a t  l eas t  o n e  o f  t h e s e  e x tens i ons i s  r ea l i z ab l e  a n d  t h e  

p rocess  can  b e  r epea ted  unt i I a fu l l  a n d  r e a  I i z a b  I e q ua r t e t  spec t r um 0 0 i s  

ob t a i ned .  Now g iv e n  0 0 , t here  i s  an  e f f i c i ent i nd u c t i v e  m et hod  f o r  

b u i l d i ng t h e  t r e e  T w i t h  ')l (T)=Oo b �  u s i ng 00 to d e c i d e  w he r e  e a c h  

a dd i t io na l  p endan t  ver te x  shou l d  b e  a t t ached  to  t h e  t r ee  s o  f a r  

cons t ruc ted .  T h u s  e f f i c i e nc� for ( 1 )  i m p l i e s  e f f i c i enc�  f o r  ( 2 ) ,  a s  

r equ i re d .  

To  o b t a i n  an  e f f i c i ent a l gor i th m  f o r  ( 3 ) ,  e f f i c i ent ! �  c onstruc t ( b �  ( 2 ) )  a 

t r ee  T E<Q > . B �  d e f i n i t i o n, t h e  p a i r s  o f  c o m p l e m e ntar�  c l us t e rs  { L 1 , L 2 } o f  

C<Q> a r e  a subse t  o f  t h e  comp l e men ta r �  c l us t e rs  of T .  

For  each  i nterna l e d ge  e of T ,  l e t n ( T , e )  = {L 1 , L2 } ,  a n d  for  each  p a i r  i , j E L 1 ,  

k , I EL 2 , u s e  t he  e f f i c i ent a l go r i th m  f rom ( 1 )  to  check  whe t he r  o r  no t  

Qu ( i k ) ( j l ) or Q u( i l ) ( k j ) i s  rea l i z ab l e . I f  e i t h e r  i s  r e a l i z ab l e  ( for  anl:J 

i , j , k , l )  then c l ea r ! �  L 1  i s  not a c l us ter  of C<Q> . 



On t h12  o th12r  h a nd i f  non12 of  th12s12  sp12ct ra  a r 12  r 12 a l i z ab l 12 , t h12n  b �  l 12m m a  

3 . 2 0 ,  L 1  i s  a c l us t12 r  o f  C<Q> . a nd t hus  t h 12  c l us t12 rs  of  C<Q > c a n  b 12  

12 f f i c i 12 nt l �  g12n12ra t12d .  Th12  c l us t12 rs  of  C<Q> can  t h 12 n  b 12  u s12d  to  

12 f f ic i 12 nt l �  cons t r uc t  C<Q> , b �  a m 12t hod  such  as  "TREE  POPP ING " d u12  to 

C .A .  M12acham ,  and  d12scr i b 12 d  i n  Dr12ss  and Band 12 l t  [ p . 3 1 7 ,  1 9 86 ] .  

F i na l l � . a n  12 f f i c i 12nt a l go r i t hm  for  (3 ) ,  g i v12s  an  12 f f i c i 12nt  a l gor i t hm for  ( 1 )  

a s  fo l l ows .  G i v 12n  quar t 12 t  sp12c t r um Q on  l ab 12 l  s 12 t  L ,  l 12 t  L '= LU {O< , ,t)} ,  w i th 

O< , .j3  n12w l a b 12 l s  not i n  L .  L 12 t  Q '=Qu {(O< .j3 ) ( x� ) :  x , � EL } .  I f  <Q> =<P  t h12n  
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< Q '>= <P .  and so b �  d 12 f i n i t i o n  C < Q '> i s  a s ta r  t r 1212 .  I f  <Q>z<f> ,  choos12  TE<Q> 

and jo i n  o n12 12nd of  a n12w 12dg12  12 0 to  an� 12 d g 12  of T ,  and  a t t ach  two 

p12ndant  v 12 r t i c 12 s  l ab12 l l 12 d O< ,.j3  b �  two n12w 12dg12s  to  t h 12  o t h 12 r  12ndpo i n t  of  

12 0 , g i v ing  a t r1212  T 'EBPT (L ' ) .  Thus  < Q '>z<P ,  and b �  l 12m m a  3 . 2 0 ,  {O< , .j3 }  i s  a 

c l us t12 r  o f  C<Q '> , so t h a t  C < Q '> i s  no t a s ta r  t r 1212 .  Th us  <Q> =<P p r12c i s 12 l �  

i f  C < Q '> i s  not  a s ta r  t r1212 ,  g i v i ng a n  12 f f i c i 12nt a l go r i t hm  for  ( 1 ) .  § 

3.22 Summary 

The problem considered in the f irst part of this sectio n  is the extent to 
which two trees can lack common subtrees of a g iven size, k. Even for k=4 
th is appears to be a d ifficu lt prob lem ( it is equ ivalent to calculating the 
d iameter of the metric d' d iscussed in  2 .31  ) .  After establ ish ing that 
sufficiently large  trees always share a tree of size k (theorem 3 . 1 ) we 
generalized (from k=4) some known resu lts aimed at providing l ower 
bounds for the number of shared subtrees of size k (theorem 3 .8) . 

We then addressed the question of how many subtrees of a parent tree are 
necessary to define  it, obtain ing both positive and negative resu lts 
(theorem 3 . 1 2  and example 3 . 1 3 ,  respectively) . 
A description of the span of a set of trees of s ize fou r  is then g iven i n  
terms o f  its consensus tree (theorem 3 . 17) .  Th is raises t he  question o f  
whether  one  can efficiently construct this consensus tree ,  a question 
which is shown ( in  theorem 3 .21 ) to be equ ivalent to efficiently decid ing 
the realizabi l ity of sets of four-trees.  l t  wou ld be useful to f ind an 
efficient algorithm for this question ,  or  e lse show that it is NP-hard .  
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4.1  Introduct ion 

Th is section  defines sequence data and diss imi larities,  and derives basic 
properties of the transformation  from the former to the later, requ i red i n  
later sect ions.  W e  also examine ,  from an enumerative viewpoint, how 
much i nformation is lost by this transformation ,  improving on  resu lts by 
Penny [1 982] . 

4 . 2  D e f i n i t i o ns 

A preme tric f :  { l ,  . . .  , n }x { J , . . .  , n }->R ,  i s  an� func t i on s a t i s f� i ng f ( i , i )  = 0 ,  

f ( i , j )  ;Z 0 ,  for  a l l i , j E { l ,  . . .  , n } .  

G i ven  a se t  o= {o 1 ,  • • •  , o  r } of  r co l ours ,  a sequence space of leng th c on r 

c o lours and n taxa i s  a s e t S =  { x 1 ,  • . .  , xn} co c , ( t h us  e ach  x i i s  a n  orde red  
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se quence of  c o l o urs ,  w h i ch for  r = 4 ,  m i gh t  r ep resent a D N A  sequence ,  or  

for  r= 2 t he  same  sequence  i n  t e rms  of  and  p�r i m i d i ne b a ses ) . 

G i v en  a sequence  space ,  (S ,o , c , r ) ,  l e t 8 i j  b e  t h e  num b er o f  c o mpone nts ,  

ca l l ed si tes, of oc a t  w h i c h  x i and x j d i f fer .  l t  i s  e as i l �  checked  th a t  

{ 8  i j } i s  a pseudom e t r i c . § 



4.3  D e f i n i t i o ns 

L e t  C (n) d e note  t h e  se t  o f  a 1 1  2n two- eo I ou r i ngs  of  { 1 ,  . . .  , n } ,  and  I e t  Q(n)  

d eno t e  the  se t  o f  t he  2n- 1par t it ions 
c�- subse ts  of  { 1 ,  . . .  ,n}  cont a i n i ng 1 .  A 

c o l ou r i n g  /{EC (n ) ,  i nduces  a part i t i o n  corres pond i ng to  t he  e l e m ents  of 

{ 1 ,  . . .  ,n }  c o l ou red  t h e  same  c o l our  as  1 .  Converse ! � . for a p a rt i t i on 0 , 
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t he re  a r e  pre c i se ! �  two /{EC (n) w h i c h  i nduce  0 . For  a sequence  space ,  and 

0EQ (n) ,  l e t x 0 be the number  of  occurrences  of  0 . D enote  { 1 ,  . . .  , n} E Q(n)  

b�  0 0 .  § C l)(Bd a_ ,... "-\,u.s,e. €) � ter,1\nolot;3 J � eP>-\.\ (J E:_Q_( ""') c.._ 

�a-.'""V)\\-o 1"\ \::.e.ccv--.s,e. � o.'A� � \s C:o""- � \ e frd?l\ \ �e>.i\-; �c-'\ \t .. ·; "'�. 
W e  h av e  s i j  = �0 EO(n)O< ( i , j ,0 )X0 where  O<( i , j ,0 ) = o i f  i and j a r e  e i th er 

bo th  i n  0 or  ne i t he r  i n  0 , and O< ( i , j ,0 ) = 1 othe rw i se .  

Inde x i ng  t h e  unordered  d i st i nct  p a i rs  { i , j } a n d  o rde r i ng Q(n) we  have  for  

t h e  asso c i a t e d  v e ctors  8 and X ,  S = MX ,  w i t h M a nc2x 2n- l , 0 - 1  m at r i x .  

4 . 4  R em a r k  

I t  i s  e a s i l �  s h o w n  ( t hough  we do  not r e q u i r e  i t )  t h a t  M Mt = 2n-3( l +J ) ,  

wh i c h  i s  i nver t i b l e  so  tha t  for  an�  S E  R n(n- l ) / 2  l e t t i ng  

X =  M t(MMt )- 1 s w e  h ave MX = S .  The  res t r i c t ions on  d i s s im i l a r i t i e s  S 

der i ve d  f rom seque nce  da t a  a r i se f rom the  r e q u i r ement t ha t  S = M X  for  

x;::: o .  

4 . 5  E x a mp l e  (n=4 ,  r = 2 ) .  
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Then  S = M X ,  where  

M = 1 0 0 0 
0 0 1 0 

1 1 0 0 0 
0 0 0 1 1 
0 0 0 
0 0 0 

L e t  c *  deno tes  t h e  number  o f  s i t es  where  a l l  t a xa  a re  not  t h e  same  c o l our  

and  l e t S '  b e  t h e  vec tor  ob ta i ne d  f rom S b �  a d jo i n i ng  c *  as  a seventh  

compo nen t .  Le t  M 1 b e  t he  7 x 7  m at r i x  whose f i r s t  s i x  rows  a r e  M ,  and  

wh ose  l as t  row i s  t he  vec tor  [ 1 , 1 , . . .  , 1 ] .  T h en S '= M 1X ,  and  M 1- 1 e x i s t s .  

Ind eed ,  
M 1- 1  = 0 .5 0 0 0 - 1  - 1  - 1  2 

0 1 1 1 1 0 - 2  
1 0 1 1 0 1 - 2  
- 1  - 1  0 - 1  0 0 2 
1 1 0 0 1 1 - 2  
- 1  0 - 1  0 - 1  0 2 
0 - 1  - 1  0 0 - 1  2 

Now S '  i s  i n duced  b �  a sequ ence space  prec i se ! �  i f  for  X =  M- 1 s · , w e  have  

X0EZ+ for  a 1 1  o EQ(  4 ) . I n  v i e w  o f  t h e  e xpress  ion  of  M- 1  t h i s  cond i t i o n  i s  

e q u i v a l ent  to  two cond i t i ons o n  th e vec tor S ' . 

( i ) :  * ( S · · + S ·k + 8  · k ) C 2:: I J J I 1 2 
+ E Z , 

( i i ) :  ( a )  c * :::; ( 8 1 3 + 8 1 4 +8 2 3 + 8 24 )  1 2 E z+ . 

( b )  c * :s  ( 8 1 2 + 8 1 4+8 2 3 + 8 34 )  12 E z+ . 

(c )  c* :::; ( 8 1 2 + 8 1 3 + 8 24 + 8 3 4 )1 2 E z + . 

N o t i ce t ha t  i f  S i s  i nduced  b �  a s12q u12nc12 spac12  on  two co I ours ,  S d o 12 s  not 

d12 t 12 rm in12  c* ,  t hough  th12 cond i t i ons shown g i v 12  bounds for  c* , s uch  as 

1 ( 8 ) :::; c* :::; 2 . 1 ( 8 ) , wh12r12  1 ( 8 )  = m a x i} 8 i j } ,  a r12su l t  r 12 q u i r 12 d  in  s12c t i o n  7 .  



4 . 6  Theon�m 

( 1 ) :  l f  r = 2 , S s a t i s f i es t h e  fo l l ow i ng p rope r t y :  

P :  for  a ny t r i p l e  i , j , k ,  8 i j  + 8 j k - 8 i k  i s  a n  even, non-nega t i v e  i nt e g e r .  

( 2 ) :  A ny p r eme t r i c  on  t h r e e  o r  four  po i nts sa t i s f y i ng p rope r ty P i n  ( 1 )  i s  
i nduced  b y  a s e qu ence s p ace  on  two  co I ours .  

( 3 ) :  l f  S i s  i n d uced  b y  a s e quence space  (S ,o ,c , r ) ,  I s I =  n ,  t h e n  

L i , j 8 i j :::: c n2 ( 1 - r - 1 ) ,  and  th i s  bound  m ay be  r e a l i z e d  for  a l l va l ue s  o f  c a nd 

r .  

P r oo f: 

( 1 ) :  Fo r  o= {o 1 ,o2 } ,  t = 1 ,  . . .  , c ,  l e t x i ( t )  d enote t h e  t - t h  component o f  x i E oc . 

For  i = 1 ,  . . . , k ,  l e t S ( i )  = { t :  x i ( t )  = '0 1 } .  Then  8 i j  = I S ( i )\7S ( j )  I ,  w he r e  \7 

denotes  s ymmet r i c  d i f fe rence .  The  r esu  I t  now f o 1 1  ows  s i nce for  
a r b i tr a r y  s e ts ,  A and B ,  we  have  I A VB  I = I A I +  I B 1 - 2 1  AnB 1 -

7 5  

( 2 ) :  The  case  for  n=3 i s  s tr a i g h t forward .  Fo r  n =4 ,  we  s how t h a t  p roper t y  

P i m p l i e s  t ha t  S ,  ( toge th e r  w i t h  a s u i t ab l e  va l ue for  c* )  s a t i s f i es t he  

cond i t i ons i n  e x am p l e  4 .5 ,  w h i ch are  su f f i c i ent for  8 t o  be  i nd uced  by a 

sequence space on  two co 1 ours .  

l f  s s a t i s f i es p rope r t y  P ,  t h en  C 8 i t8 jk+8 i k ) / 2 = C 8 i t 8 jk- 8 i k ) ; 2 + 8 i k  EZ+  

for  a l l i , j ,  and cond i t i o n  ( i )  can  be  s a t i s f i ed b y  t ak i ng c*  = 

ma x i , j , k { ( 8 i t 8 j k+ 8 i k ) I 2 } .  F u r t he rmore  for  cond i t i o n  ( i i )( a ) ,  

8 1 3 + 8 14 + 8 2 3+ 8 24 = ( 8 1 3 + 8 1 4 -8 3 4 ) + (8 2 3 +8 2 4-8 3 4 ) +  2 8 3 4  

so  i f  8 s a t i s f i e s  p rope r t y  P ,  ( 8 13 + 8 14 +8 2 3 +8 2 4 ) ; 2 E Z + ,  and s i m i l a r l y  f o r  

( i i ) ( b )  and ( i i ) ( c ) .  



F i na l l y  s i ne �  8 s a t i s f i �s P ,  and t h� r�by  t h �  t r i a ng l �  i n�qua l i t y ,  t h �  
� x p r � s s  i ons on  th�  r i g h t  h a n d  s i d �  o f  ( i  i ) (a ) , ( b ) ,( c )  a r �  a 1 1  I � s s  t h an  

ma x i , j {
( 8 i (8 jk +8 i k ) I 2 } = c* ,  s a t i s f y i ng t ha t  t h �  i n�qua l i t y  cond i t i on s  i n  

( i i ) .  

( 3 ) :  D� f i n� E ( i , j , t )  = o i f  x i ( t ) = x/t ) ,  o t h� rw i s �  E ( i , j , t ) = l . 

T h�n  8 i t  2:tE ( i , j , t ) ,  and  SO  2: i , j 8 i j  = 2: i , j  2: tE ( i , j , t )  = 2: t 2: i , j E ( i , j , t )  

Fo r  s= l , . . .  , r ,  l � t Ns ( t )  = I  { i : x i ( t ) =os } 1- T h�n 

2: i ,l ( i , j , t )  = 2:s , s ' : s;cs 'Ns ( t )Ns .( t )  = n2 - 2:sNs ( t ) 2 , s i ne�  2:sNs ( t )  = n .  
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Us i ng t h i s  cons tratnt ,  a n  � l �m�ntary  a p p l i c a t i o n  o f  th�  m� t hod  o f  L a g ra ng� 

mu  I t  i p  I i �r s  s hows  t ha t  2: i , j E (  i , j , t )  i s  ma x im  iz�d  wh�n  Ns ( t )  = n I r for  

s = l , . . .  , r ,  i n  wh i c h  cas�  2: i , j E ( i , j , t )  = n2 ( 1 - r- 1 ) and  th�  r �s u l t  f o l l ow s . § 

We now consider how much i nformation is lost i n  converting sequence data 

to diss im ilarities. 

4 .7  T h � o r�m 

( 1 ) :  L � t  h ( n, c )  d�not�  th�  numb�r  o f  m� t r i cs  d on { l , . . .  , n }  of  d i am �t e r  :se .  

Th�n  h (3 ,c )  = c(c2 +3c-2 )  1 2 .  

( 2 ) :  L e t  h * (n ,c )  d e no t �  the  number o f  ps�udome t r i cs on { l , . . .  ,n} o f  

d i am� t e r  :se .  

Th�n  h * (3 ,c ) = h ( 3 , c+ 1 ) - 3c(c+ l ) I 2 = h ( 3 , c ) (c+ l ) I c 

( 3 ) :  L � t  f (n ,c )  d�not�  th�  numb�r  o f  m� tr i c s  o n  { 1 ,  . . .  ,n }  o f  d i am �t�r  :s e  

i nduced b y  s ome  s equenc� space on two eo  I ours .  



Th2n  f (3 ,c )  = {h (3 ,c )  I 2 , i f  c i s  2v2n 

( c - 1 ) ( 2c2+ 1 1 c+ 1 ) 18 , i f  c i s  odd .  

(4 ) :  For  n = 1 ,  3 (mod  6 ) ,  

h (n ,c )  ::; h (3 ,c )n(n- 1 )16 , h * (n ,c ) ::; h * (3 ,c )n(n- 1 ) 16 , 

f ( n,c) ::;  f (3 ,c )n(n- 1 ) 16 . 

( For  oth2r  v a l u2s  of  n s i m i l a r r 2s u l ts app l td ) .  

P ro of :  

( 1 ) :  W 2  d i s t i ng u i s h  thr22  cas2s  d2p2nd i ng o n  d 1 2 , d 23 ·  d 13 . 

( a ) :  a l l  t h r22  d i s t anc2s a r2  t h2  sam2 ,  

( b ) :  two of  t h 2  d i s t anc2s ar2  t h2  sam2 and  s t r i c t l td  l ar g2 r  t h an  t h2  o t h 2r ,  

( c ) :  t h2  l a rg2s t  d i s tanc2 ,  d 2no t2d  d 1 ,  i s  s t r i c t l y  l a rg2r  t h an  t h2  o th2r  two ,  

d 2no t2d  d 2 , d 3 . 

C l 2a r l td  ( a )  a r i s 2s i n  c watds  a nd (b )  ar i s2s  i n  3C2 .cc2 = 3c (c- 1 )  I 2 ways  ( i n  

t h2s2  cas2s  t h 2  t r i ang l 2  i n2q u a l  i t td  i s  not a cons t ra i nt ) .  F o r  cas2  ( c ) ,  l 2 t 

d 2 +d 3 = k +d 1 .  B y  t h 2  t r i ang l 2  i n2qua l  i ttd k 2: 0 ,  w h i l e  s i nc2 d 2 , d 3<d 1 ,  we h a v 2  

k ::; d 1 - 2 .  N o w  for  f i x 2d  d 1 ,  a n d  k i n  th i s  rang2  t h i s  2 qua t i o n  h a s  d 1- 1 - k 

so l u t i ons i n  d 2 , d3 w i th d 2 , d 3< d 1 . Thus  over  t h2  r ang2  O ::;k ::; d 1 - 2  t h2r2  a r2  

d , ( d , - 1 )  I 2 so l u t ions .  L2 t t i ng d 1  rang2 f rom 2 t o  c and no t i ng  t ha t  

2: 2::; j::;c
k2 = c+ 1 c3 , a nd t ha t  t h2r2  are  t h r22  poss i b l 2  c ho i c 2s  ( f rom d 12 , 

d 2 3 , d 1 3 ) for  d 1 ,  w 2  hav2  3c+ 1 c3 ways  cas2  (c )  can  ar i s2 .  T h 2  r 2 su l t  

f o l l ow s  i m m 2 d i a t2 l td . 

( 2 ) :  G i v2 n  a m 2 t r i c  of  d i am2 t2 r ::; c+ 1 , w2  o b t a i n  a ps2udom2 t r i c  of  

d i a m2 t2 r  ::;c  b y  r2 p l ac i ng d ( i , j )  b y  d ( i , j ) - 1 ,  2 xc2p t  wh2n  

d (  i , j )  = d (  i , k ) + d ( k , j ) ,  for  som2 i , j , kc { 1  , 2 , 3 } ,  w h i ch occurs  i n  3 c (  c + 1 )  I 2 
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Converse l y ,  i f  d ( i , j )  i s  a pseudome tr i c  of  d i a me t e r  s e ,  d( i , j ) + 1 i s  a m e t r i c  

o f  d i am eter  s e +  1 .  T h e  r e s u  1 t f o 1 1  o w s  i m m e d i a t e !  y .  

( 3 ) : Theorem 4 .6 (par ts  ( 1 )  and ( 2 ) ) ,  g i v e  t h e  a d d i t i on a l  c onst r a i nt o n  d .  

T h e  resu l t  now fo l l ow s  b y  t h e  same  decomp o s i t i o n  a s  i n  p a r t  ( 1 )  o f  

t heorem 4 . 7 ,  a n d  a m o r e  l eng thy ,  a l be i t  e l e m entary  a rgumen t .  

(4 ) :  F i r s t  we  rec a l l  t h e  e x i s t ence  o f  a 2- (n ,3 , 1 )  d es i gn  when  n= 1 or  3 

(mod  6 ) ,  no t i ng t ha t  such  a des i g n  has  n(n- l )  I 6 b l ocks ,  (Ha l l  [ 1 986 ] ) .  

T h us  { 1 ,  . . .  , n }  can  b e  e xp ressed  as  t he  un ion  o f  se ts  of  N = n(n- 1 )  I 6 se ts  

A 1 ,  • • •  , AN , each  o f  s iz e  3 ,  w i t h I A i nA j I = 1 ,  for  i z j .  Now a me t r i c  on  

{ 1 ,  . . .  ,n }  i s  a m e tr i c  on  a l l  t he  se ts  A i ( t hough  c l ea r l y  t h e  converse  does  

not  a l ways  llo l d ) .  Thus  t he  number  o f  m e t r i c s  on  { 1 ,  . . .  , n } ,  h (n ,c )  i s  

bounded  above  b y  h (3 ,c )n(n- 1 ) 16 , and s i m i l ar l y  for  h*  and f .  § 

4 . 8  R e m a r k  
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T h i s  t heorem shows  t ha t  ( for  n = 1 ,3 mod  6 ) , t h e  propo r t i o n  of  p reme t r i c s  

on  n t a x a  of  m a x i mu m  d i a m e te r  c ,  w h i c h  a r e  i n  f a c t  me t r i c s  i s  bounded  

above  b y  

cn(n- 1 )1 2 

w h i c h  i s  asymp to t i ca l l y ( i n  c ) ,  2 -n(n- 1 ) 16 . S i m i l a r l y  t h e  p ropor t ion  

i nduced  b y  a sequence  space  on  two co l ours  i s  ( asympto t i ca l l y  i n  c )  

bounded  above  b y  2-n(n- 1 ) 13 . S i m  i 1 a r  resu  1 ts  ho  I d  for  pseudome tr i c s .  W e  

now app l y  t h eorem 4 .7  to ob ta i n  a l ower  bound on  a crude  m easure  o f  h o w  

m u c h  info rma t i on  i s  l os t  i n  reduc i ng seq uence d a t a  to d i s s i m i l ar i t i e s .  



W e  adop t  as  our  m e asure ,  t h e  r a t i o  of  t h e  number  o f  " essent i a l ! �  

d i s t i nc t "  seq uences  spaces  t o  the  number  o f  d i s t i nc t  d i s s im i l ar i t �  

ma t r i ces  [ 8 i j ] t h ese  s equences  genera te- - t h i s  g i ve s  t h e  ave rage  

compress ion  of  t h e  t ransform a t i o n. 

W e  mus t  f i r s t  d e f i ne when  two sequence  spaces  are  to  b e  r ega rded  a s  

d i s t i nc t ,  ( t h e  fo l l o w ing d e f i n i t i on i s  m o t i va t e d  b �  t h e  f ac t  t h a t  m o s t  

t r ee-b u i  I d i ng m ethods  do  n o t  t a k e  account  o f  t h e  orde r  o f  t h e  s i t e s  and 

t r ea t  the fou r  nuc l eo t i d e  b ases  equa l ! � ) .  

4 . 9  D e f i n i t i o n  
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e a  1 1  two seq uence  spaces  Q 1 ,02 of  I ength  c o n  the s ame  set  of  col  ou rs  o ,  

equiva len t i f  0 1  i s  ob t a i ne d  f rom 0 2  b �  pe rm u t i ng o and t h e  order  o f  t h e  

compo nents i n  oc . L e t  6 r(n ,c )  b e  t he  se t  o f  equ i va l ence c l asses  of  

sequence  spaces  of  l ength  c o n r -co l ours  and  n taxa .  

4 .  1 0  L e m m a  

w i t h  d i t h e  num ber  o f  de rangements o n  i ob j ec ts .  

( No te  t ha t  d i = i !2:: o ::; j ::; i ( - 1 ) j / j ! · as  i n  H a l l [ 1 98 6 ] . T hus  I (n , 2 )  = 2 n- 1  and  

I (n ,4 )  = ( 2 n- 1 + 1 ) ( 2 n-2+ 1 )/ 3 , p rov i d i ng conven i ent  e xpres s i o ns for  t he  

s ums  o f  t h e  f i r s t  two c o l umns ,  a nd f i rs t  four  c o l umns respec t i v e ! �  o f  t hrz  

t a b l rz  g i v rz n  b�  P rznn� [ 1 982 ,  p . 1 3 4 ] . )  



P r o o f :  

T h e  num b er o f  d i s t i nct  ordered  n- tup l es XEon u nder  pe rmu ta t i ons o f  o ,  i s  

s i m p l y  t h e  numbe r  o f  orb i ts o f  on u nder  t h e  a c t i o n  of  t h e  f u l l s ymmet r i c  

g roup  G o n o .  B �  B urns i d e 's l em m a  th i s  i s  (r ! ) - 1 2:gEGF (g ) ,  where  F (g )  i s  

t h e  number  o f  e l e m e nts  of  on f i xe d  b�  g .  Now G h as  e x ac t ! �  rc tdr - t  

e l e m e nts  w h i ch f i x  p r ec i se ! �  t e l e m ents o f  o ,  and hence  tn e l e ments  of  

on . T hus  l (n , r )  = 2: tC tn/ t ! ) (
dr - t /  ( r - t ) ! ) .  § 

4 .  1 1  E xamP l e  

Le t  <P :6 4(n ,c )->R n(n- l ) / 2 be  t h e  m ap transfor m i ng sequences  i nto 

d i s s i m i l ar i t i e s ,  a nd c ons i d er 16 4(n ,c )  I I 1 <P (6 4cn .c ) )  1 ·  B� t h eorem  4 .7 ,  

8 0  

t h i s  r a t i o  i s  a t  l e a s t  16 4(n ,c )  I /h * (n ,c ) o w h i c h  w e  d enote  b y  r (n ,c ) .  Tab l e  

one l i s t s  v a l u es  f o r  l og 10r(9 ,c ) .  Thus  for  sequences of  l eng th  1 0 0  o n  9 

t a xa  t h e r e  a r e ,  on  av erage ,  a t  l eas t  1 0 1 7 8  essent i a l ! �  d i s t i nc t  s equence  

spaces  to  every  d i ss i m i l a r i t� m a t r i x . A s i m i l a r t ab l e  h a s  been  pub  I i s h ed  

b �  S t e e l e t  a l .  [ 1 988 ] .  

1 5  8 . 5  
2 0  1 8 . 5  
25  28 .6 
5 0  7 9 .9 
1 0 0  1 7 8 . 0  
2 5 0  436 .8 
5 0 0  798 .9 
1 0 0 0  . . .  1 39 0 .5 

T ab l e One :  Loga r i thms  of  l ower  bound s o n  t h e  ave rage  i n fo rma t i on 
l o s s  i nvo l ve d  i n  conver t i ng sequence  da ta  of  l eng th  c o n n i ne taxa  to  
d i s s i m  i I a r i t i es .  



4.1 2  Summary 

This section characterizes diss imi larities aris ing from two-coloured 
sequences on fou r  taxa (example 4.5 and theorem 4.6 ( I  ,2) )  and provides 
constraints in the more general cases of n taxa and r-colours (theo rem 4.6 
( I  ,3) ) .  We also examine the redu ndancy i nvo lved i n  transforming 
sequences to d issimi larities by exploit ing some of the constraints o n  
induced dissimi larities. Whi le we have neg lected some constraints (such 
as theorem 4.6 (3) )  it is l ikely that a more exact enumerative approach to 
th is prob lem wou ld be d ifficu lt and of l ittle val ue since the lower bounds 
g iven in example 4 . 1 1 are al ready h uge .  A more valuable exercise wou ld be  
to determine t he  nature o f  this redundancy, particu larly as  i t  relates to 
phylogeny reconstruction .  Some in itial work i n  this d i rection appears i n  
Penny [1 982] . 

8 1  



"Parsimony is another name for economic meanness, " R ichard Dawkins. 

5.1  Introduct ion 

Methods based o n  pr inciples of pars imony are the most frequently-used 
method for construct ing phylogenetic trees from al igned DNA sequence 
data ( Felsenste in , ['1 988]) .  Wh i le  the problem of find ing the tree (or  trees) 
of maximum pars imony is NP-hard ( Fou lds and Graham ['1 982]) , a branch 
and bound algorithm h as been developed by Hendy and Penny ['1 982] , along 
with various  h euristic methods. In  th is  section ,  by restricting attention 
to two character states , we give conditions for when a set of edge changes 
is m in imal for the co louring it i nduces. We then exam ine from a 
combinato rial viewpoi nt two distributions wh ich arise, i n  the fi rst case 
from fitting trees to data, and in the second case from fitting data to 
trees, i n  both cases so as to min imize the number of edge changes 
("steps") requ i red. Using resu lts from section one, and another  tree 
decomposition ,  we obtain usefu l descriptions of these distributions .  
Final ly we set  out  a combinatorial result wh ich is p ivotal to much of the 
stochastic theory in section six and seven .  

5 . 2  D rz f i n i t i o ns 

For  T c: B PT(n ) ,  and  ccE (T ) , l rz t p ( C )EQ (n) ,  drznotrz  t hrz  l a b rz l s  ( i nc l ud i ng " 1 " ) 

of  t hosrz  p rz ndant  v rz r t i ces o f  T whosrz  un i q u rz  pa t h  to t he  t h rz  pendant 

ver te x  l a brz l l rz d  1 p asses  through an even num b e r  of  edges of C .  Def i ne an 

equ i v a l encrz  r rz l a t i on , "' , on  2 E (T )  b y  C"-'C ' p rec i s e l y  i f  p (C)  = p(C ' ) .  

5.3  L rz m m a  

I f  C"' C ' ,  D "' D '  t h rz n  C \70 "' C '\70 ' where  \7 d e no t es  s ymmet r i c  d i f frzrence .  
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P r o o f: 

For  pend ant v e rt e x  of T l ab e l l ed x and ccE (T ) , l e t  f ( x , C )  b e  t h e  num b e r  o f  

edges  o f  C on  t h e  u n i q ue p a th  f r o m  1 to x .  Then  

f ( x ,  CvD)  = f ( x ,  C )  + f ( x ,  D )  - 2f ( x ,  enD )  = f ( x ,  C ) + f ( x ,  D )  (mod  2 ) .  

Now i f  C "-'C ' ,  Drv D ' ,  t hen  f ( x , C )  = f ( x , C ' )  (mod  2 )  and  f ( x ,D )= f ( x , D ' )  ( m o d  2 )  

so t h a t  f ( x ,  C'\70)  = f ( x ,  C '\7 0 ' ) (m o d  2 ) ,  for  a l l x ,  g i v i ng C \70 "-'C '\7 0 ' .  § 

5 .4  C o r o  11 ary 

( ' rv (  p re c i s e ! �  i f  C '  = C \7 C0 where  Co""' � .  

P r o o f :  

I f  C '"-' C l e t C 0 = C \7 C ' . T hen  C '  = C \7 C0 a n d  b �  l em m a  5 .3 ,  

C0 = C \7 C ' ""' C \7 C  =� .  Converse ! �  i f  C o""'� .  b �  l em m a  5 .3 ,  C \7 C0"-'C\7�  = C . § 

Now TI ( T )  = 2E (T ) , u nder  \7 ,  forms  a vector  space  over  Z2. L e t  

8 3  

n 0( T )  = { C E 2E (T ) : C "-' �  } .  B �  l em m a  5 .3 ,  n 0(T )  f o r m s  a subspace  of  n (T ) . For  

V E IV (T ) ,  l e t E (v )  be  t h e  se t  o f  t he  th ree  edges of T i nc i dent w i th v .  

5 . 5  L e m m a  

E(V ) = { E(v ) :  V E IV (T ) }  forms  a bas i s  for  n 0 (T ) .  

P r o of :  

Regard  a se t  Cc E (T )  as  i nduc i ng a tw o -eo l o u r i ng of  a 11 t he  ve r t i ces  of  T .  

Then  for  a n �  f i x ed  O EO(n) ,  c o l our ing t h e  n- 2 i nt erna l ve r t i ces  o f T i n  a l l  

2n- 2 poss i b l e  wa�s  g i v es  2n- 2 edge  se ts  E w i t h  p ( E )=o . Ta k ing  o=o0 , 

g i v e s  I n 0 (T )  I = 2n- 2 , and  so n 0 (T )  h a s  d im ens i o n  n- 2 over  Z 2 . S i nce  E (V)  

has  n - 2  e l ements w e  need on l �  ch eck i t  i s  I i nea r l �  i nd ependent .  



Bu t  for  an� { E J . . . .  , E k } cE (V ) ,  a s im p l e i nduc t i v e  a rgument  on  k g i ves  t h a t  

5 . 6  D e f i n i t i ons  

For  FCE (T ) ,  T EBPT (n) ,  l e t 

w (F )  = m i n{ I F '  I :  F 'cE (T )  and F ' -v F } , and 

L(F)  = { F 'cE (T ) : F '"-' F  and I F '  I = w(F ) } .  

F i s  m inimal  i f  F EL (F ) ,  and  s tr ic t ly m inima l i f  L ( F )  = { F } .  
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G i ven  FcE (T ) ,  and a (not  necessa r i l �  b i nar� )  s ub t ree  T* of T ,  l e t  � ( F , T* )  

d enote  t h e  num ber  o f  edges  of F i nc i dent w i th a v e r t e x  o f T .  For  a fo res t  

K of  ve r t e x  d i s jo i nt sub t rees  of  T de f i ne � ( F , K ) =  L T * E K� ( F , T* ) . 

5 .7  D e f i n i t i o ns 

A connec ting tree ror F i s  a sub t ree  T *  of T ,  not  necessar i l �  b i nar�  w i th 

I V (T * )  I <  2� (F ,T* )- 2 .  

A weakly-connec ting rores t K i s  a fores t  o f  k sub t rees  o f T w i th 

( 1 ) :  no two t rees  b o th i nc i dent  w i t h  an� edge  of  T .  

( 2 ) :  I V(K )  I � 2t ( F , K )- 2k .  

Le t  r(F )  b e  the  t h e  se t  of  weak l �-conne c t i ng fores ts  of F ,  i nc l u d i ng the  

emp t� fores t  <P .  

A weo.I<J- (Ailflech'n d 
toK. 'St) (.N/\S�-s"'"cr D � 

e { s c.... wc2o..ktd -
o... <;;.f\0 le- �e . 



5 .8  Ex  a m p  1 rz 

8 5  

F i g .  5 . 1  s hows  a n  12 x am p l 12  o f  a s 12 t  Fc E(T) ,  T EBPT(8 ) ,  w i t h  f i v rz  

w 12 a k l y -conn12c t i ng for12s ts  ( i n  fact  t r!2!2S ) ,  g i v 12n  b y  <P ,  (v3 ,v4 ) , (v 1 ,v 2 , v 3 ,v 4 ) , 
( v3 ,v  4 ,v 5 , v 6 ) , (v 1 , v 2 ,v3 ,v  4 , v5 , v 6 ) . 

A t re e  w i t h  a m i n i mal s e t  F o f  f o u r  

d i  s t i  n g u i  s h e d  e d g es,  havi n g  f 1  v e  

w eakl y - c o n n e ct i n g  t re e s .  

Fi g u re 5. 1 

5 .9 T h rz o r rz m  

For  F cE (T ) ,  T EBPT (n) ,  

( 1 ) :  F i s  m i n i m a l  p r 12 c i s rz l y  i f  F has  no conn12c t i ng t r1212s .  

( 2 ) :  F i s  s t r i c t l y  m i n i m a l  p r12c is12 l y  i f  F h a s  no w 12 a k l y-conn12 c t i ng t r rz12s . 

(3 ) :  I f  F i s  m i n i m a l ,  t hrz r12  i s  a b i j 12 c t i on  b rz tw1212n L (F )  and  r (F ) .  

P r o o f :  

( 1 ) :  S uppos12  F h as  a c onn12c t ing  t r 1212  T *  on  vrzr t i c12s  v 1 , v2 , . . .  , v k . 

L 12 t  C = E (v 1 )\7  . . .  \7E (vk) .  Th12n  I CVF I =  I C I + I F 1- 21 C nF I ·  Now I C I =  k + 2 ,  

wh i l 12  21 C nF I =  2� (T*J )  > k+ 2 ,  so tha t  I CVF  I <  I F I · Fur thrzrmor12  s i nc12 

CETI 0 (T) ,  C"'<P ,  so tha t  CVF"'F .  Thus F i s  not m i n im a l .  



Convrzr srz l � , s u pposrz  F i s  not m in im a l .  Thrzn  for  somrz  CETI 0 (T ) ,  

I CVF I <  I F  I ,  so  t ha t  I C I <  2 1  CnF I · B �  l rzmma  5 .5  t hrz rrz  i s  a un i q urz 

subsrz t  E (v 1 ) ,  . • •  , E (vk ) o f  E (V )  such that c = E (v 1 )v . . .  \7E (vk ) .  

Cons i d rz r  V ' = {  v 1 ,  . • .  , v k } a nd j o i n  v i b�  a n  rz d g rz  to  v j i f  v i a nd v j a r rz  ad j acrzn t  

i n  T .  I n  t h i s  wa�  V '  drz f i nrzs a forrzs t  o f  sub t rrzrzs  T 1 ,  . . .  , T  r o f T .  Lrz t  n( i )  = 

I V (T i ) I ,  E ( T i ) =  E (v 1 ' )\7  . . .  \7E (vn( i ) ' ) ,  whrzrrz  V (T i ) = { v 1 ' ,  . . .  , vn ( i ) ' } .  T hrz n  w rz  

havrz i E CT i ) l = n( i ) + 2 .  Now l c l  = 2: i i E CT i ) l and  l cn F I = 2: i � ( F ,T i ) s i ncrz 

for  i ;z j ,  E (T i ) nE (T j ) =4> . Thus ,  s i ncrz I C I < 2 1  CnF I , L i ( n( i ) + 2 - 2� (F ,T i ) )> O 

so for  a t  l rzas t  onrz i E { l , . . .  , r } ,  n ( i ) + 2 - 2� (F ,T i ) > O ,  w h i ch ,  b�  drz f i n i t i o n, 

mrzans t h a t  T i i s  a connrzct i ng t rrzrz .  

(2 ) :  T h i s  fo l l ows  b�  rzssrznt i a l l �  t hrz  samrz a r g umrznt a s  for  ( 1 ) , u s i ng 
wrza k l  � -connrzct  i ng t rrzrzs  ra thrzr  t han  connrzc t i ng t rrzrzs .  

(3 ) :  For  L EL ( F ) ,  wrz  havrz L v F  -v q>  so  t ha t  L =Fvc w hrzrrz  

C = vr = l , . . .  kv j = l , . . .  ,cx ( r )E ( vr} whrzrrz  { vr ,r j = l , . . .  ,cx ( r ) }  fo rms  t hrz  
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componrznt t rrzrzs  of t hrz  forrzs t  K g rznrzra trzd  b� ur}vr} undrzr  t hrz  ru l rz  t ha t  

v a nd v '  arrz a d jacrznt i n  thrz forrzs t  p rrzc i srz l �  i f  t hrz�  arrz ad j acrznt i n  T .  Now 

s i ncrz L EL ( F ) ,  I L I =  I F I +  I C 1 - 2 1  Ln F  I =  I F  I ,  so  t h at I C I = 2 1 LnF  I ·  A l so 

I V ( K )  I =2:rcx (r ) ,  s o  t h a t  I C I =  Lr (cx( r ) + 2 )  = I V ( K )  I + 2k and so 

2� (F , K )  = I LnF  I =  I V (K )  I + 2k ,  so tha t  Kn:(F ) .  T h i s  p rocrzss i s  c l rza r l y 

i nvrzr t i b l rz , rzs t ab l i s h i ng (c ) . § 

5. 1 0  Rrzma r k  I f  F i s  m i n im a l  a n d  K 1 , K 2 n: (F ) , K 1  and  K2 a rrz  not  

nrzcrzs s a r i  1 � vrz r t rz x  d i s  j o i nt ,  as  rz xamp 1 rz 5 .8  shows .  



5 . 1 1  T h rz o rrz m  

( a ) :  I f  F i s  m i n i m a l  a n d  AcF  t h rz n  A i s  m in i ma l .  

( b ) :  I f  F i s  s t r i c t i �  m i n i m a l  and A C F  t hrzn  A i s  s t r i c t i �  m i n i m a l .  

(c ) :  I f  F i s  m i n i m a l and A ,BcF ,  w i th A"-'B ,  t h rzn  A = B .  

P r o o f: 

( a ) :  S upposrz  A i s  not  m i n ima l .  T h rzn A has  a connrzc t i ng t r rzrz  T*  b�  

t h rzorrzm 5 .9 .  Now s i ncrz A c F ,  � (F ,T* )�� (A ,T* ) ,  s o  tha t  T* i s  a connrz c t ing 

t r rzrz  for F ,  and so a pp l � i ng  t hrzorrzm 5 .9 aga i n, F is  not m i n i m a l .  

( b ) :  E ssrznt i a l l �  t h rz  samrz  argumrznt  a s  for  ( a ) ,  rz xcrzp t  u s i ng 

wrzak  I � -connrzct  i ng t rrzrzs .  
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(c ) :  S upposrz  A""'B ,  A;z:B .  T hrzn  A 'V B ""'  A \7 A=<!> ,  b �  l rzm m a  5 . 3 ,  and  A \7B;z:<I> .  

L rz t  E = F\7(A\7 B) .  S i ncrz  A\7B-v 4> ,  E"-'F ,  b �  coro l l a r �  5 .4 .  Bu t  A \7BCAUBCF ,  

so  t h a t  E = F - (A 'V B )  wh ich  h as  l rzss rzdgrzs  t han  F s i ncrz  I A 'V B  I > 0 .  § 

W rz  now g iv rz  a s u f f i c i rznt cond i t i on  for  Fc E (T )  to b rz  s tr i c t i �  m i n i m a l  b �  

r rz q u i r i ng  t h rz  rz d g rzs of F to b rz  srzpara trz d  b �  a t  l rzas t  t h rrzrz  ot ll rz r  rzdgrzs .  

5 . 1 2  D rz f i n i t i o n  

F o r  Sc v(T ) ,  x , � ES, I rz t  L.( x . � )  drznotrz  t h rz  numbrz r  o f  rzdgrzs  o f  T o n  t h rz  p a th 

b rz twrzrzn x and � -



5 . 1 3  L e m m a  

Suppose  a t n �e  h a s  n vrz r t i c es ,  i nc l ud ing  a se t S of  k� 2 d i s t i ng u i sh e d  

vrz r t i crzs  w i t h  6(x , y )�3  for  a l l  x , y ES .  T h rz n  n� 2k .  

P r o o f :  

W rz  u s rz  i nd u c t i o n  o n  k .  F o r  k = 2  t h rz  t r rz rz  h a s  a pa t h  w i th a t  l eas t  4 
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vrz r t  i crzs  so t h rz  rrzsu  1 t ho  1 ds .  Supposrz  thrz  r esu l t  h o  I d s  f o r  a 11 ksk0�  2 .  For  

a t r rzrz  T w i th a s rz t  S o f  k0+ 1  d i s t i n g u i s hrzd  v e r t i crzs ,  s rz l rzc t  a vrz r t rz x  v0 ES ,  

and  an  ad j acrzn t  vrz r t rz x  v 1  not i n S .  Reprrzs rznt  T as  i n  f i g .  5 . 2 ,  w hrzrrz  t hrz  

dot ted  rzdgrzs  ( and  i nc i drz nt t rrzrzs  T 1 ,  . . .  , T r · and  T r+ l • . . .  , T s ) may  or m ay not  

e x i s t  drzp rznd i ng on  thrz  drzgrrzrz  of  v 0  and v 1 . 

• ''•· V o  ·::! ___ ---: �/!' ,,, 
• • 

T 

Fi g u re 5.2 

R rz p l acrz  T by thrz trrzrz T '  shown in f i g .  5 . 2 .  Thrzn T '  has k 0- 1  o f  t hrz  o r i g i na l  

d i s t i ngu i s h rzd  vrz r t i c rzs from T ,  and f u r t hrz rmorrz  T ' s a t i s f i rzs t hrz  cond i t i ons 

of  t h e  t h rzorrzm ,  s o  tha t  b y  i nduc t io n  T '  h a s  a t  l rzas t  2k0  v rz r t i crzs .  B u t T 

h as  e xac t l y  two  morrz  vrzr t i c rzs than  T ' , co m p l rz t i ng  t hrz  i nduct i o n  s t rzp .  § 



5 . 1 4  R e m a r k  T h e  bo und n = 2 k  i s  r ea  1 i z e d ,  for  e x a m p  1 e ,  b �  a 

h a i r -comb-shaped  t ree  w i th d i s t i ng u i s h ed  v e r t i c e s  of  deg ree  o ne .  

5 . 1 5  L e m m a  

8 9  

I f  F h a s  a weak l y- connec t i ng t r e e  T �  t h e n  F h as  a w e a k l y -connec t i ng t ree  

T '  w i t h E (T ' )nF=<P .  

P r o o f: 

( 1 )  Suppose  T �  w eak l �  connects F ,  and E (T� )nF;:z:<P .  D e l e t e  E (T� )nF  f r o m  

E ( T � )  and for  e a c h  d e l e t ed  e d g e  r e m o v e  one o f  t h e  two  i nc i d ent v e r t i c es 

f rom V (T� )  ( toge the r  w i t h  t he  o ther  edge  i nc i dent w i t h  t ha t  ve r t e x )  to 

o b t a i n  a fores t  o f  t r ees  T1 ,  . . •  , T  r · w i t h  r � 2 .  

T h u s  I V(T� )  I = r +L i I V(T i ) I , and t (F ,T� )  = L i t (F ,T i ) ,  and s i nce 

I V (T � )  I :s 2t (E , T� ) - 2 w e  have 

L i I V(T i ) I :s L i 2t (F ,T i ) - 2 - r < L i ( 2 t(F ,T i ) - 1 ) . Thus  for  a t  l eas t  one i ,  

I V (T i ) I :s 2t (F ,T i )- 2 ,  so  tha t  T i i s  a weak l � -connec t i ng t ree  w i t h  

E (T  i )nF=<P ,  a s  r e q u i r e d .  § 

5 . 1 6  T h e o r e m  

let F s E(T) .  
For  x . � E F ,  l e t 6(x . � )  denote  t h e  numbe r  o f  edges  o f T b etween x a n d  y .  

I f  6 ( x .� )> 2 f o r  a l l  x ,y EF , F i s  s t r i c t i �  m i n ima l .  

P r o o f: 

Suppose  F i s  not  s t r i c t i �  m i n i m a l .  Then  F has  a w e a k l � -connec t i ng t r ee  

T� .  b �  t h eorem 5 .9 .  B �  l e m m a  5 . 1 5  we  may  suppose  E (T� )n F=<P .  



9 0  

D i s t i ng u i s h  t h e  se t S of  v e r t i c es  of T* t ha t  are  inc i d ent  w i t h  an  edge  o f  F .  

Then ,  b y  t h e  6 cond i t i o n  on F ,  6 (x , y )? 3 for  a l l  x , y ES .  B y  l em m a  5 . 1 3 ,  

I V (T* )  I ? 2 t (F ,T* ) ,  w h i ch contra d i c ts  t h e  assump t i on  t h a t  T*  i s  

w e a k l y -connec t i ng . § 

5 . 1 7  R e m a r k  

l t  i s  i m m e d i a te f rom t h e o r e m  5 .9 t h a t  i f  F i s  m i n i m a l  ( resp .  s t r i c t l y  

m i n i m a l )  t h e n  6 (x , y )? 1 ( resp .  ? 2) .  These  a r e  c l ear l y  not  

su f f i c i ent-- i ndeed  t he  s t ro nger  second cond i t i o n  i s  no t su f f i c i ent to  

i m p l y  m i n i m a  I i ty ,  a s  i 1 1  us t r a t ed  b y  t h e  t ree  T i n  f i g .  5 . 2 ,  w i t h  a s e t  F o f  

f i v e  e dges  for  w h i ch w(F )  = 4 .  

F i g u r e  5 .3  

We now examine  the d istribution o f  b inary phylogenetic trees according to 
the number of edge changes ("steps") requ i red to fit data to the tree.  An 
efficient method is g iven for calculati ng the mean of th is d istribution .  
This  g ives a s imple measure o f  how much better a tree o f  max imum 
pars imony fits data than a randomly chosen tree.  A usefu l i nvariant 
property of a related dual d istribution is derived , al lowing a complete 
description of th is d istribution and the calcu lation of its mean and 
variance. Either d istribution g ives a precise expression for the expected 
number of steps requ i red to fit random data to any tree .  



5 . 1 8  D e f i n i t i o ns 

( 1 ) :  G i v e n  OEQ (n) ,  l e t w (o ,T )  be  the m in i m um numb e r  of e dge  chang e s  

r e q u i r e d  to f i t  o to T .  T h u s  w (o ,T )  = m i n{  I C I : c cE (T ) ,  p (C ) =o } .  F o r  a 

c o l ou r i n g  /(EC(n) ,  w ()( , T )  i s  d e f i ne d  s im i l a r ! � . 

I n  t h i s  sec t i o n  da ta r e fers  to a sequence  space  o n  two c o l ours  

( de f i n i t i on 4 .3 ) ,  t h a t  i s ,  an  ordered  sequence  of  two-c o l our i ngs  
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D = (D 1 ,  . . .  , Dc ) ,  D i EC (n) ,  and w e  l e t I D I d enote t he  l eng th  o f  t h e  s eq uence  ( i n  

t h i s  c a s e  I D 1- c ) .  T h u s  D m i g h t  b e  a c o l l e c t i on  of  a l i gned  D N A  seq uences 

(where  t he  four  b ases  have been pa i r e d  i n  some w a�) .  For  conven i ence  we 

do  not  i m pose  the  e qu i va l ence r e l a t ion  descr i b e d  i n  d e f i n i t i o n  4 .9 .  

For  d a ta D ,  t he  m i n imum  number  of  s teps  requ i r e d  to  f i t D t o  a f i x ed  t r e e  

T EBPT (n) i s  L J ::s i ::s  1 0 1 w(D i ,T ) ,  w h i c h  w e  denote  b �  w(D ,T ) .  

( 2 ) :  F i t c h 's a l g o r i th m .  

F o r  a co l o u r i ng )(EC(n)  and T EBPT (n) ,  F i t c h  [ 1 97 1 ]  ( see  a l so Har t i g a n  

[ 1 9 7 3 ]  f o r  a fo rm a l  j us t i f i ca t i on)  g i v es  an  e ff i c i en t  m et hod  f o r  

c a l c u l a t i ng w()( ,T ) ,  a n d  for  f i nd i ng a m i n i m a l  c o l o u r i ng of  t h e  i nt e rna l  

ve r t i ces .  W e  descr i be pa r t  o f  t h i s  p rocedu re  now.  Root  T o n the  m i dpo int 

of  an�  edge  and d i r ec t  a l l e dges  awa� from the roo t, denoted  v0 ,  to  g i v e  a 

roo ted  t r ee  T ?< .  A s s i gn to each  i nte rna l ver tex  v t he  s e t  {A } , { B }  or {A , B }  

recur s i ve I �  as  f o 1 1  ows : pendant  v e r t i ces  a r e  as s i g ne d  t h e  se t  cont a i n i ng 

t h e i r  c o l our  unde r )( ,  and for  each  ver te x  d i r ec t ed  towards  t w o  v e r t i ces  

v 1 , v 2 w hose  se ts  S 1 , S 2 have  a l r e ad�  b e en chosen  ass i gn ve r t e x  v t h e  se t  

S (v )  = {s 1nS 2 ; i f  t h i s  se t  i s  none m pt� .  

s 1us 2 ; 1 f s 1n s2=<P .  
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Thrzn  

( 1 ) : w (X ,T )  i s  t h rz  n umbrzr  of  i ntrzrna l v rz r t i c rzs  v ( i nc l ud i ng t h rz  root  v 0 )  for  

wh i c h  5 (v)  i s  d rz f i nrz d  b �  t h rz  srzcond op t ion  (5 {152=� ) .  

( 2 ) :  5 (v 0 )  i s  t h rz  srz t  o f  c o l ours  v0  can  t akrz  ovrzr  a l l co l our i ngs  of  m i n i m a l  

wrz i g h t  o f  t h rz  i nt rz rna l  vrzr t i crzs  of  T � .  § 

W rz  rz x am i nrz t hrz  f o 1 1  ow i ng two dua  I d i s t r i b u t i ons :  

(M�) :  For  T EBPT (n ) ,  l rz t  M (T ,c ,k )  = I {D :  I D I = c and w (D ,T )  = k }  I ·  
(N� ) :  For  d a t a  D ,  l rz t N (D , k )  = I {T EBPT(n) :  w (D ,T )  = k }  1 .  

W rz  c ons i d rz r  f i r s t  t h rz  d i s t r i b u t i on  N � .  

For  I D I = 1 ,  N (D , k )  = f k (m(D ) , n-m(D ) ) ,  w h rz r rz  fk ( a , b )  i s  d rzscr i brzd  i n  s rzc t i on 

onrz ,  and g i v rzn  b �  thrzorrz m  1 . 2 1 .  For  I D I > 1 ,  w rz  now ca l cu l a t rz  t h rz  m rz an 

va l urz of  N (D , k ) .  

5 . 1 9  D e f i n i t i o n  

F o r  a co l our i ng x, l rz t m ( X )  = m i n{ I C 1 1 ,  I c 2 1 } ,  whrz rrz C 1  ( r rzsp .  C 2 ) i s  t h rz  

srz t  o f  rz l rzmrznts  f rom { 1 ,  . . .  , n }  c o l ourrzd  A ( rrzsp .  B )  undrzr  x. 
For  da t a  D ,  l rz t >< (D , a )  = I { i :  m (D i ) =a }  I and  l rz t 

f (n, a )  = Lk;::: O 
k . f  k ( a , n- a )  I b (n) · 

N o trz t ha t  b�  t hrzorrzms  1 . 2 1  and 1 . 1 4 ( 4 ) ,  for  an� n, f (n ,  1 )  = 1 ,  w h i  I rz f o r  

f i x rz d  a ,  I i mn->oo f(n , a )  = a .  



5 . 2 0  Theorem 

L e t  Jl ( D )  denote  t h e  m ean  va l ue o f  w(D ,T )  av e raged  ove r  BPT (n) .  

T h e n  Jl (D )  = �a2: o X(D , a )� (n , a ) .  

P r o o f: 

Jl (O ) = b (n )- 1  � w(D ,  T )  
{ T  EBPT (n)} 

= b (n )- 1  � � w(D i , T )  
{ T  EBPT (n) }  i 2: 0  

= b (n )- 1  � 
a 2: 0  

� � � k 
k 2: 0  { TEBPT(n ) }  { i : m (D i ) =a ,  w(D i , T ) = k }  

� � k . l { T EBPT(n ) :  w(D i , T ) =k }  I 
k 2: 0  { i :  m (D i ) =a }  

= � �(k fk ( a ,n- a ) ;b (n ) ) I { i :  m (D i ) =a }  I 
a 2: 0  k 2: 0  

= � X (D , a )� (n , a ) .  § 
a 2: 0  

5 . 2 1  R e m a r k  

Theor em 5 . 2  0 ,  t o ge the r  w i t h t h eo r em 1 . 2 1  and  va  I u es  fo r  I og( f  k (a ,n- a ) )  

d e r i v e d  f rom I og (  t ! )  =� l :s i :s t I og (  i ) ,  and I og(b (  t ) )  =�3::; i :s t  I og ( 2 i -5 ) ,  g i ve 
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v a l u es  for �(n ,a )  wh i c h  can be  ef f i c i ent ! �  c a l c u l a t e d  for l a r ge  va l ue s  o f  n ,  

a l l o w ing  Jl (D )  to be r e ad i l y  ca l c u l a t e d  in  p r ac t i c e .  

Tab  I e two  ( r e f e r  Append i x )  I i s t s  t h e  v a  I ues  o f  � ( n , a )  f o r  n:S 2 0 .  § 



W e  now cons i d e r  t he  dua l  d i s t r i b u t i on  M* . 

5 . 2 2  T h e o r e m  

( 1 ) :  L e t  Hn( � )  = 2:k� O
n-k ck�k and G n(� )  = Hn( 2 �)  + Hn_ 1 ( 2� ) .  

T h en for  a nw T EBPT(n) ,  M (T ,c , k )  = [ � k ] (Gn(� ) )c . 

I n  par t i c u l a r ,  M (T ,  1 , k )  = cn-kck + n-k- 1 ck ) 2k . 
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( 2 ) :  F or T EB P T (n) ,  t h e m e a n  JJ.(T ,c ) ,  and va r i a nce  o2 ( T ,c)  of t h e  norma l i z ed  

d i s t r i b u t i o n  of  M (T ,c , k )  12:k � o M(T ,c , k )  a n:: g i v e n  b� :  

( a ) :  JJ.(T ,c )  = C Jl(T ); 2n,  where  Jl (T )  = 2: /'(EC (n)w()( ,T ) , 

_,l't 
( b ) :  Jl (T )  = 2 ( (3n- 2 ) 2n- 1 + ( - l )n)/g rv n'3 (as  n->oo ) ,  

(c ) : _g2 (T , c )  = c (6n+ 2 - ( 6 n+ 1 ) ( - 2 ) 1 - n  - 2 2 - 2 n)l8 1  rv 2 c n;2 7  (as n->oo ). 

P r o of :  

Cons i de r  a f i xe d  t r ee  TEB P T(n) and a c o l o u r i ng )( .  

Rep resent T as  i n  f i g .  5 .4  ( a )  ( r e fer  to  fo l l ow i ng p age ) ,  whe re  t h e  

endpo in ts  o f  T , . T  2 h ave  t h e  c o l our i ng i n d uced  b �  )( , and  � . z  d eno te  t h 12  

respe c t i ve c o l our i ng b �  )( o f t he  endpo i nt s  s h o w n .  C ons i d e r  t h e  t w o  

cases  � = z  a nd � 7 z .  I n  t h e  f i r s t  c a s e  i f  w e  r ep l a ce T b �  t h 12  t r ee  

T ' EBPT (n- 1 )  i n  f i g .  5 .4  (b ) ,  w i t h t he  c o l ou r i ng )( *  as  i nd i c a t ed ,  t hen  

w()( ,T )  = w()(* ,T ' ) .  Conv e rse ! � . s uch  a )( * de f i nes  u n i q ue ! �  a c o l ou r i ng of  

T .  In  case �7z ,  r e p l ac i ng T b �  T" w i t h  t he  c o l our i ng )( * *  ind i c a ted  i n  f i g .  

5 .4  (c ) ,  so  t ha t  w ()( ,T )  = w()(* * ,T ")  + 1 .  I n  t h i s  case  p rec i s e ! �  two 

c o l our i ngs  of T i nduce  t h e  same )( * *  corres pond i ng to  t he  cases  

( � .z )  = ( a , b )  and (b , a ) .  



y 

T, "j. 

z 

y 

T' ,"j.* T" ,"j.**  

(b) (c) 

F i g ur e  5 .4  

I n  t h i s  wa� .  M (T , 1 ,k )  = M (T ' , 1 , k )  + 2M(T " , 1 , k - 1 ) . S i nce T '  and  T"  have  

r e s pec t i ve ! �  n- 1  and n- 2  endpo i nts ,  i nduc t i o n  on  n shows t h a t  M (T , 1 , k )  i s  

t h e  s a m e  f o r  a 1 1  T e:BPT(n) .  

Thus  we can  l e t M (n, 1 , k )  d enote  M (T , 1 ,k )  for  an� T t:BPT (n) ,  and l e t 

G n(� )  = LkM ( T , 1 , k ) � k g i v ing  Gn(� )  = G n_ 1 (� )  + 2 �Gn_ 2 ( � ) .  

A s i m p l e  i nduc t i v e  a r g um ent  w i t h G 2 ( � )  = 2 + 2� .  G3 ( � )  = 2+6 � .  s hows  tha t  

Gn(� )  = Hn(2 � )  + H n_ 1 ( 2� ) .  where  Hn( x )  i s  d e f i ned  a s  i n  t h e  s ta tement  of  

t h e  t h eorem .  

Now M(n,c , k )  =L (k  k ) ·k + + k =k TI 1· M (n , 1 , k 1· ) ,  1 • " ' '  c . 1 . . .  c 

so t ha t  M (n ,c , k )  i s  t he  coef f i c i ent of  �k i n  Gn(� )c , as  r e q u i r e d .  

( 2 ) (a ) :  W e  f i r s t  note t h a t  LkM(T ,c , k )  = G n( 1 )c = 2nc . 

Now JJ.(T ,c )  = 2- nc o I a � G n(� )C I �=  1 = 2- nccG n( 1 )C- 1 Gn ' (  1 )  = 2-ncGn ' (  1 ) .  

B u t ,  Jl (T )  = L )(e:C (n)w(>( ,T)  = Gn ' ( 1 ) ,  e s ta b l i s h ing  (a ) .  
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( b ) :  F r o m  t h e  above  recurrence  for  G n(y ) ,  

s o l u t i on to t h i s  r e currence can  b e  shown by  i nduc t i o n  to b e  

Gn ' ( l )  = 2 ( ( 3n- 2 ) 2n- l + (- 1 ) n);9 , w h i c h  g i v es  Jl (T )  a s  r e q u i r ed .  

(c ) :  S i m i l a r l y , G n" ( l )  = Gn- (C l )  + 2 Gn_ 2 "( 1 )  + 4 Gn_ 2 '( 1 ) , w h i ch for  

G 2 " ( 1 )  = G 3 " ( 1 )  = 0 ,  and  G n ' ( l )  g i ven  as  above ,  h as so l ut i on 

G n"( l )  = 8 (n- 1 )( ( 3n- 8 ) 2n-3 + ( - l ) n); 27 . The  resu l t  for  g 2 (T ,c )  fo l l o w s  b y  

not i ng t ha t  £2 (T ,c )  = ( 2-cn  ° 2  
I a 2y Gn(y )c I y = l ) + Jl (T ,c ) - J1 2 (T ,c ) ,  and  

8 2; o 2y Gn(y )c I y= l  = c (c- l ) Gn( l )c- 2 (Gn ' ( 1 ) ) 2 + c Gn( l )c- 1 Gn " ( 1 ) . § 

5 . 2 3  Remark  

96  

T h i s  i ndepe nd ence o f  t he  und er l y i ng t r ee  T i n  t h i s  t h eorem does  no t 

g enera l i z e  to r- c o l our i ng s  of  BPT (n) or  two-co l ou r i ngs  o n  P T(n) .  Indeed  

even  Jl (T ,c )  d e p ends on T i f  B PT (n) = PT (n,n-3 )  i s  r e p l aced  b y  P T(n ,n-4) ,  as  

the  coun terexamp l e  T 1 ,T  2EPT (6 , 2 )  i n  f i g . 5 . 5  shows .  

F i gu r e  5 .5  

M (T 1 ,  1 , k )  = 2 , k=O  
1 6 , k= 1 
38 ,  k=2 
8 ,  k=3 

Jl(T 1 )  = 1 1 6  

M(T 2 , 1 , k )  = 2 ,  k=O 
1 6 , k= 1 
3 4 ,  k=2 
1 2 , k=3 



The n ext resu lt g ives an asymptotic expression for the expected weight of 

random data, answering a question posed by Joe Felsenste in and J im 

Arch ie (private commun ication ,  Asi lomar, June 1 988) .  

5 . 24  C o r o  I I a ry  

u� t  w (D )  = m i n{w(D ,T ) :  T EBPT(n ) } ,  a n d  l e t w (c ,n )  be  t h e  av e r a g e  va l ue of  
w (D )  over  a 1 1  se t s  o f  d a ta o f  1 eng th  c o n  n t a x a .  

Then  1 i mc->oo w (  c , n )  I c = ( (3n- 2 )  - ( - 2 )  1 - n) l  9 .  Thus  as �mp to t  i ca  1 1  � 

97 

( i n  c )  t h e  ave rage  w e i g h t  of  random da t a  on  i t s  b e s t  f i t  b i na r �  t ree  i s  t h e  

s ame  a s  t h e  we i g h t  o f  r andom da t a  on  an� f i x e d  b i na r�  t r ee  (o r  i nd e e d  on  a 
r and om l � -chosen  b i na r�  t r e e ) . 

P r oo f :  

S i nce  w (D ) ::; w(D ,T )  for  an� f i x e d  T EBPT (n) ,  p a r t  2 o f  t h e  p r ev ious  t h eorem 
g i v e s  
w(c ,n )  I c ::; .JJ.(T ,c )  I c = ( (3n-2 )  - ( - 2 )  1 - n) l  9 ·  ( 1 )  

L e t  c = k 2n, and l e t X (D ,;< )  b e  t h e  number  o f  occur rences  o f  co l o u r i ng x i n  

D .  For  E> O ,  l e t G (n,c , E )  = {D :  I D  I =c .  I X (D . ;< ) - k  I <  c E  fo r  a l l  X EC (n ) } .  

Then  1 i mc->oo 2-nc I G (n ,c , E )  I = 1 .  ( 2 )  

T h i s  essent i a l ! �  fo l l ow s  f rom t he  we a k  l aw o f  l a r g e  numbers ,  tho u g h  we  

g iv e  a comb i na tor i a l  p r oo f  as  f o l l ows .  

For  a n� ;< EC(n)  we  h ave  I { D :  I D  I =  c ,  X (D .;< )= r }  I = ccr ( 2n- 1 )c- r . so t h a t  

2-ncL {D :  I D  I =c }( (X (D ,;< )- k )  I c) 2 = 2 -ncLr( ( r-k )  I c) 2 cc r ( 2 n- 1 )c- r . w h i c h  i s  

as�mp to t i c a  1 1  � ( i n  c )  eq ua  1 to  0 .  
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Now  

2-ncL{D :  I D  I =c }c
(X (D ,)( ) -k )  I c) 2 :::: E 2 2-nc I { D :  I D  I = c ,  I X (D ,)( )-k )  I :::: c E }  I ,  so 

that l i mc ->oo 2-nc I {D :  I D  I =c ,  I X (D ,)( ) - k )  I ::=:cE} I = 0 ,  a nd s i ncQ  

G(n ,c , E )  = {D :  I D I =c }  - u)(EC (n) {D :  I D  I =c ,  I X (D ,)( ) -k I ::=:c E } ,  W Q  h avQ  

1 :::: 2- nc I G (n ,c , E )  I :::: 1 - L)(EC(n) 2 -nc I {D :  I D  I =c ,  I X (D ,)( ) - k )  I ::=:cE }  I � 1 .  as  

c->oo , a s  r l2 q u i r l2 d . 

For  Qach  d a t a  s Q t  D choosQ  T(D ) EBPT(n)  such t ha t  w (D )  = w (D ,  T (D )  ) .  
T h u s  T (D )  i s  a max i m a l  p a r s imony t r Q Q  for  D .  Thl2n  

w(c ,n )  = 2-ncL {D :  I D I =c }w(D ,T (D ) ) :::: 2 -ncL {DEG (n ,c , E ) }w (D ,T (D ) ) :::: 

2-nc I G (n , c , E )  I (kL)(EC(n )w ()( ,T (D ) ) - c E (nl 2 ) I C (n )  I ) , 

s i ncl2  0 :s w()( ,T (D ) )  :s n1 2 for  a ny )(EC (n) .  

Thus ,  b y  (2 ) ,  I i mc->oo w(c , n) I c :::: k2:x 
w()( ,T (D ) )  I c- E (nl 2 ) 2 n 

= ( ( 3n- 2 ) - ( - 2 ) 1 - n)lg - E (nl2 ) 2 n. 

S i ncl2  t h i s  h o  I ds for  a ny E > O WQ haVQ  
w(c ,n) l c :::: ( (3n- 2 ) - (- 2 ) 1 - n) lg (3 ) .  

Thl2  rl2su l t now f o 1 1  ows f rom thl2  i nl2qua I i t i l2s ( 1 )  a nd ( 3 ) .  § 

5 . 2 5  R l2 m a r k  

Rl2ga rd i n g  JJ.(T ,c )  a s  t h l2  l2X p l2c tl2d  numbl2r of  s t l2ps  r l2q u i r l2d  to f i t  r a ndom 

da t a  to a b i nary  t r Q Q ,  WQ  c an comparQ  JJ.(T ,c )  w i t h  t h l2  l2 XPl2C tl2d  num bl2r  

JJ.' (T  n, c )  o f  s tl2ps  rl2qu i r l2 d  to f i t  r andom da t a  o f  l l2ng t h  c to a s ta r  t rl2l2  

T nEPT (n, O )  h av i ng no i nt l2 rna l  l2dQl2S .  



As b Q f  orQ  .u.' (T  n,c )  = c Jl ' (T  n) I 2 n,  WhQrQ  Jl ' (T n) = 2:)( EC (n) w (X: ,  T n) a nd 

c 1 Q a r  1 � .  Jl ' (T  n) = 2:: 0 :Sk :S nm in { k , n- k } nck . 

I t  can  bQ  shown  ( M i c h a Q l  Car tQ r--pQrsona l c om m un ica t i on) t h a t t h i s  sum 

8 = 
n 

In  Q i t hQr  casQ ,  JJ.' (T n,c )  "" en I 2 , comparQd  w i t h  .u.CT (n ) ,c )  "" en I 3 for  a 

b i nar�  t rQQ  T( n) i n  BPT (n) .  

T ab l Q  t h r QQ  l i s ts  Jl (T (n) ) ,  Jl ' (T  n) and t h Q i r  r a t i o .  

n 

4 
5 
6 
7 
8 
9 
1 0  
1 1  
1 2  

00 

Jl (T (n ) )  

18  
46 
1 1 4 
2 7 0  
6 2 6  
1 4 2 2  
3 1 86 
7 0 54 
1 5474  

Jl ' (T  n) 

2 0  
5 0  
1 3 2  
3 0 8  
744 
1 674 
3 8 6 0  
8 4 9 2  
1 9 0 3 2  

Jl (T (n) ) I JJ ' (T  n) 

.9  

.9 2 

. 8636  

. 8766  

.84 1 4  

. 8495  

.8 2 5 4  

.83 0 7  

.8 1 3 1  

21 3 

V a l uQs  f o r  Jl ( T (n) )  a nd Jl ' (T  n) ,  w i t h  t h Q i r a c t u a l  and 

a s y m p t o t i c  r a t i o .  

T ab l Q T h r Q Q  

MASSEY UNIVERSITY 
LiBRARY 
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5.26 Remaining quest ions 

lt wou ld be desirable to extend the above resu lts in two d i rections .  
Fi rstly, the bio log ical ly- interesting case of fou r  (or more generally r>2) 
co lours rather  than just two m ight be considered. Secondly, an efficient 
means of calcu lating from data D the variance of the d istr ibution of trees 
according to w(D,T) , even for two-co lours ,  wou ld be desirab le .  One 
approach wou ld be to look for  a su itab le "closed form" analogue of theorem 
1 .6 for pairs of colours (with m(a) and n replaced by fou r  parameters one 
of wh ich is requ i red to measure the "overlap" of the two co lourings) . 

5 . 2 7  D e f i n i t i o ns 

( a ) :  L e t  [ nt deno t e  t he  s e t  o f  a l l even  subse ts  of  { 1 ,  . . .  , n } . 

For  XE [nt and  TEB PT(n) ,  l e t n(T ,X )  denote  t h e  se t  o f  edges  \7 xEX n( l , x ) ,  

wh ere  n ( l , x )  i s  t he  se t  o f  edges  of T o n  t h e  pa th  j o i n i ng v e r t i ces  l ab e l l ed 

1 and  x ( w i th n( l , l )  = <P ) ,  and \7 deno tes  S l:Jmme t r i c  d i f f e rence .  

S i nce  T i s  b i narl:J ,  t h e  se t s  cons i s t ing  o f  <P and t he  d i s  jo i n t  p a t h s  1 i n k i ng 

endpo i nts  o f T form a g roup  under  \7 ,  so  t ha t  n(T ,X )  i s  a se t  of  d i s j o i n t  

pa t hs ,  n ( x 1 ,x 2 ) ,  n ( x3 , x4 ) ,  . . . .  ,n( x 2k- l ·x 2k ) ,  w h e re u i {x i } = { l ,  . . .  , n } .  

1 0 0 

( b ) :  For  T E B PT(n)  w i t h  e d ge  se t  E 0=E (T ) ,  a s s i g n  an i nd e te rm i na t e  x e t o  each  

e dge  e EE 0 .  



The next theorem,  which is explo ited i n  section six, was stated in a 

probabil istic setting by Hendy [1 988] . The fo l lowing proof is essential ly a 

combinatorial restatement of the orig inal proof, with minor  variations .  

5 . 28 T h e o r e m  

t I [ nt I = 

(Thus  H = [ (  - 1 )  I onx I ]0 x i s  Hadamard ) .  
' 

fo r  o;z:.o ' 

2n- 1  fo r  o=o ' . 

( 2 ) :  For  a ny OEO (n )  t hen�  i s  a fo rma l  power  s e r i e s  i den t i t y :  

L { ECEo : p ( E ) =o } [ E , E o ] = 2 1 - nL {XE [nt}C - 1 ) 1 Xno I rx . 

P r o o f :  

Now [ nt fo rms  an  ab e l i a n  g roup  under s ymme t r i c  d i f f e r ence  \J .  For  

o 1 ,o 2EO (n ) ,  cons i der  t he  homomorph i sm  

<fJ :  ( [ nt .v )-> ( { 1 ,  1 } ,  · ) 
<fJ(X )  = ( - 1 ) 1 0 1n X I+ IO 2n X I 

I f  o;z:.o ' , t h e n  <P i s  o nto ,  s i nc e  we  can  choose XE0 1-o2 or  X E02-o 1 ,  and  
l e t t i ng X =  { 1 , x }  g i v e s  <fJ (X )  = - 1 .  Thus  I [ nt I = 2 1  ke r<P I and  the  r esu l t  

f o l l ows .  

( 2 ) :  We  f i r s t  s how tha t  for  EcE0 ,  

I En n (T ,X ) I = I p ( E )nX I mod  (2 )  ( i )  

1 0 1  



Wr2  h avrz_  I Enn(T ,X )  I = I \7 x EXn ( 1 ,x )nE  I =  I \7 X EX ( n ( 1 , x )nE )  I 

= �x EX  I n ( 1 , x )nE  I (mod  2 )  = I X 1- �x E { 1 ,  . . .  , n }-X I n ( 1 , x )nE  I 

= �x E { 1 ,  . . .  , n} -X  I n ( 1 , x )nE  I (mod  2 )  s i ncrz_ l X I = 0 (mod  2 ) .  

Rr2su l t  ( i )  now fo l l ows  s i ncrz_  X Ep (E )  p r rz_c i srz_ l �  i f  I n( l , x )nE  I = 1  (mod  2 ) .  
Fo r  FcE 0 ,  a n d  x E { 0 , 1 } ,  l r2 t  

AF ( x )  = � {EcE0 : I EnF I = x (mod  2 ) } [ E , Eo ] .  

Thr2n 

( i i )  

AF ( O )  + AF ( 1 )  = � { ECEo} TI C2 E EXC2 TI C2 EEo- E( 1 - xrz_ ) = TI C2 EEo ( X rz_ + ( 1 - xrz_ ) )  = 1 .  

( i i i )  
A l so ,  i f  C2 E E 0 -F ,  

AFu {rz_ } ( 1 )  = � { EcE0 :  I En (F u { rz_ } )  I = 1 (mod  2 )} [ E , Eo ] 

= � {EcE0 : C2E E ,  I EnF I = 0  (mod  2 ) } [ E , Eo ] 

+ � { EcE0 :  C2E E 0 -E ,  I EnF I = 1 (mod  2 ) } [ E , E o ] 

= X rz_� { EcE0 - { rz_ } :  I E nF I = 0  (mod  2 ) } [ E , E o- {C2 } ]  

+ C 1 - xrz_ )�{ EcE 0- { rz_ } :  I EnF  I = 1 (mod  2 ) } [ E , E o- {rz_ } ]  

Mu l t i p l � i ng bo t h  t r2 rms b�  C xrz_+ ( 1 - xrz_ ) )  and  rz_ x p and i ng g i v rz_ s  

AFu {rz_ } ( 1 )  = X rz_A F( O )  + ( 1 - xrz_ )AF ( 1 )  ( i v )  

B �  ( i i i )  and ( i v ) i t  f o l l ows  b �  i nduc t i on  on  I F I t h a t  

AF ( x )  = 1 1 2 ( 1  + ( - l ) x .n C2E F( 1 - 2Xrz_ ) ) .  ( v )  

Now wr2  c an  r rz_-wr i trz_ AF ( x )  f rom ( i i ) as  

AF( x )  = 2:o EQ(n )2: {EcE0 :  p ( E ) =o and I EnF I = x (mod  2 ) } [ E , E o ] ( v i )  

F u r t hr2 rmorr2 ,  i n  v i rz_w of  ( i i i ) , 

( v i  i )  

1 0 2 



Supposrz  F = rr(T ,X ) .  Thrzn  subs t i t u t i ng  ( v i )  i nto  (v i i )  a nd u s i ng p ar t  ( i ) , 

:\F ( 1 )  = 1 ; 2 ( 1  - LoEO(n)C - 1 )  I on x  I L {EcEa : p (E )=o } [ E , E oD 

I d rznt i f� i ng t h i s  rz xprrzss i o n  for  :\F ( 1 )  w i th t h a t  g i vrzn  b y  (v )  g i v rz s  

Lo EO (n)C - 1 )  I on x  I L{Ec E0 :  p (E )=o } [E , Eo ] = r x -

T h rz  resu l t  now f o 1 1  ows  b �  par t  ( 1 ) . § 

5 . 2 9  C o r o  J l a ry 

Ordrzr  t h rz  rz dgrzs  of T ,  and  Q (n) and l rz t x , x '  d rz notrz vrzc tors  of  

i ndrz t rz rm i na trz s  i n drz xrzd  ovrzr  t he  edgrzs of T .  Lrz t  s ( x )  b rz  t h rz  vrzctor  of  

va  1 urzs  of  L { EcEa : p ( E )=o } [ E , E 0 ] ,  and s i  m i 1 ar  1 � for  s ( x ' ) .  

1 0 3 

W rz  m a� supposrz  Q (n) i s  ordrzrrzd  so tha t  for  N = 2n- l . sN ( x )  corrrz s p onds to 

t h rz  un i fo rm  c o l our i ng i nducrzd  by E=<P .  T h rzn  u ndrzr  t h rz  usua l i nnrzr  p roduct ,  

s ( x ) . s( x ' )  = sN(z )  w i th Z rz = X rz + x ' rz - 2 xrzx ' rz · 

P r o o f :  

Us ing  b o th p a rts of  t hrzorrzm 5 . 28 ,  

s ( x ) . s ( x ' )  = 2 1 -n2: {XE [nt} n r2 ETI' (T ,X )( 1 - 2Xrz ) n r2ETI' (T  ,X ) ( 1 - 2 x  I (2 )  

= 2 1 -nL {XE [nt} TI r2 ETI' (T ,X ) ( 1 - 2xrz ) ( 1 - 2X 'rz ) 

= 2 1 - nL {XE [nt} TI rz E rr (T ,X ) ( 1 - 2Zrz ) 

= sN (z ) ,  b y  t h rz  s rzcond par t  o f  t hrz  t h rzorrzm .  § 



5.30 Sum mary 

I n  th is section  we have presented a number of attractive and usefu l  
properties of pars imony on  bico loured binary trees . In  particu lar we have 
seen that the d istribution of data on such trees is i ndependent of the tree 
topology, and have derived an exact expression for this d istribut ion 
(theorem 5 .22) . This leads to an asymptotic expression fo r the weight of 
"random" data on its tree of maximal parsimony (coro l lary 5 .24) .  We have 
shown the usefu l n ess of the e legant formula from theo rem 1 .21 , by g iving 
an effective method for comparing the maximum pars imony tree with a 
randomly-chosen tree (theore m  5 .20) . 
A n u mber of structural resu lts have also been derived by explo iting the 
vecto r space structure on edges and paths. A usefu l exercise wou ld be the 
extension of these resu lts (and the others discussed above) to r-co loured 
b inary trees,  for r>2. 
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"The matter unfortunately comes down to questions of the philosophical 
foundations of statistics, which biologists are unlikely to resolve on their 
own," J .  Felsenste in  1 988.  

"Every probability is in reality a conditional probability, " Alfred Renyi . 

6 . 1  In tro d u c t i o n  
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A s t a t i s t i ca l approach  to  t h l2  p rob l l2m o f  r l2construc t i ng p h� l ogl2 n i l2 s ,  

p rl2supposl2s  a s tochas t i c  m o d l2 1  dtZscr i b i ng how var i a t i ons i n  stZqul2nCl2  

da ta a rosl2  bl2 tWl2l2n  d i f f l2 rl2nt t a xa .  T h i s  m o d l2 1  M ,  w i l l  h avl2  as  a d i s c rl2 t l2  

p a r aml2 t l2 r  t h l2  undl2r l � i ng  t r l2l2  T I i nk i ng t hl2  t a xa  i n  q utZs t i on,  and  o t h l2 r  

(gl2nl2ra i i !:J  cont i nuous )  p a raml2 tl2 rs  r c r0 .  For  an �  g i v l2n  t rl2l2  T and  v a r i a b l l2 . 

s l2 q ul2ncl2 d a t a ,  X , t hl2  m o d l2 1  M =  M (T , r )  w i l l  a s s i g n  a u n i q ul2 p robab i l  i t !:J  to 

t h l2  l2Vl2nt  o f  obsl2 rv i ng tha t  X takl2s  a pa r t i c u l ar v a l ul2 x ,  d l2 notl2d  

P (X= x ;  M ( T ,f ) ) .  C l l2a r l �  i f  W l2  w ish  to  b l2  a b l l2  to  a i W a!:Js i n fl2r  t hl2  unknown 

undl2 r l � i n g  t r l2l2  W l2  rl2qu i r l2  t hl2  fo l l ow ing  un i q ul2nl2ss cond i t ion :  

P (X=x ;  M ( T , f ) )  = P (X=x ;  M ( T ' , f ') )  for  a l l X imp  I i l2 S  T = T ' ;  

( for  o t hl2 rw  i s l2  W l2  co u l d  n o t  s tochas t  i c a  1 1  � d i s t i ng u i s h  T f rom T ' , f o r  

appropr i a t l2  r , r ' ) .  F r o m  hl2 r l2  t hl2 rl2  a r l2  ( a t  l l2 as t )  t h r l2l2  d i r tZc t i ons w h i c h  

can  b l2  t a kl2n. 

( 1 ) :  M a x i m u m  L i k l2 1  i h o o d: 

G iv l2 n  x and  T l l2 t f (T , x )  = m ax {P (X=x ;  M (T ,r ) ) :  rcr0 }  and  l l2 t 

f ( x )  = ma x { f (T , x ) :  T EBPT(n ) } .  M a x imum I i k l2 1  i hood  s l2 1 l2c ts  thosl2  t r l2 l2S  T 

w i t h  f (T , x )  = f ( x ) .  
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T h e  concept  o f  m a x i mum I i k e l  i hood  i n  g enera I has  been  champ ioned  b �  

A .W . F .  E dwards [ 1 97 2 ] and  f requent l �  a dvoca t ed  for  p h � l ogene t i c  a na l �s i s  

b �  J .  F e l sens t e i n  ( see ,  f o r  exam p l e , F e l senste i n  [ 1 983 ] ; f o r  a h i s tor �  o f  

t h i s  approach  d a t i ng b a c k  to p io neer i ng work  b �  A .W .F E dwards  and 

L . L . Cava l l i -S forza  in  1 96 4 ,  see F e l sens t e i n  [ 1 9 88 ] ) .  

M a x i mum  l i k e l i hood  has  des i r a b l e  s ta t i s t i c a l  p rope r t i es ,  s uch  as  

cons i s t enc �  and  s ta t i s t i c a l  e f f i c i enc� .  However  t h e  use  o f  m a x i m u m  

1 i k e l i h o o d  f o r  p h � l ogene t i c  a na l �s i s  r a i s e s  fundam ent a l  d i f f i cu l t i e s  

(d i scussed  b r i e f l �  i n  s e c t i o n  e i gh t )  i n  cons truc t i ng ·conf i d ence  i nt e rv a l s . 

D e t e rm i n i ng e xac t ! �  ( r a ther  than  heur i s t i c a l l � ) t h e  m a x i mum l i k e l i h o o d  

t r e e ,  f o r  a l a r ge  number  of  taxa ,  i s  a l s o compu ta t i ona l ! �  i nt ens i ve .  

( 2 ) :  P r i o r  d i s t r i b u t i o n  D o n  M*={M(T ,f ) :TEBPT(n) ,  rcr0} :  
R e ga r d i n g  P (X=x ; M (T  ,r ) )  as  a cond i t i on a I probab i  1 i t �  P (X=x  I M(T  , f ) ) ,  a 

d i s t r i b u t i on  ( w i t h  d ens i t� f unc t i on  f (T , r ) )  o n  M* a l l ow s  t h e  u se  of  B a � e s  

ru l e  to  ca l c u l a t e  a m od i f i e d  (cond i t i o na l )  d i s t r i b u t i o n. 

W e  can  t h en  c a l c u l a t e  t h e  p robab i l i t �  t ha t  an� p resen ted  t r ee  T 1  i s  t h e  

unde r l � i n g  t r ee ,  T g i v en  t h e  da t a ,  as  

f f (T , r )P (X=x ;  M (T , r ) ) df  
f o 

L T 'EBPT (n) 
f 

r 0
P (X= x ; M (T ' , f ) ) f (T ' , r ) d r . 

T h i s  approach ,  can  b e  i ncorpora ted  i nto a " Ba�es i an "  approach  to 

p h y l ogene t i c  ana l y s i s ,  and can  a l so be  used  c l ass i c a l l y  b �  pos t u l a t i ng a 

b i o l o g i ca l l y -m ean i ng f u l  p r i or d i s t r i b u t i on  D ,  based  o n  b ranch i ng 

processes. 
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T h i s  t �pe  o f  approach  h as been  d i scussed  b �  F e l senste i n  [ 1 983 ,  p .  248 ]  

and  p r io r  d i st r i bu t i ons on  BPT (n)  m o t i v a t ed  b�  b i o l o g i c a l  cons i d e r a t i o ns 

h ave  b e en  d e r i ved  b �  H a rd i ng  [ 1 97 1 ] .  One  g r ea t ! �  a ppe a l i ng fea t u re  o f  t h i s  

app roach  i s  t h a t  one can  t a l k  a b o u t ,  a n d  i n  p r i nc i p l e c a l c u l a t e  P (T 1 = T  I x ) .  

A m a j o r  d i s a dvant a ge  i s  t h a t  th i s  app roach  i nvo I ve s  two  m o de l s , M a nd D ,  

and so p l aces  more  assump t i o ns on na ture  t han  approaches  ( 1 )  or  ( 3 ) .  The  

c a l cu l at i o n  of  P (T=T  0 I x )  w o u l d a l so  b e  d i f f i cu l t  i n  g e nera l .  T h i s  a p proach  

and  i t s  d i f f i cu l t i e s  h ave  b een  re fer red  to  b �  Farr i s  [ 1 9 73 ]  a nd F e l s ens te i n  

[ 1 983 ] ,  and  we  sha l l  not cons i der  i t  f u r t he r .  

( 3 ) :  C o nf i d e n c e  i nterv a l s : 

G iv e n  t h e  da t a ,  X ,  and g i v en  a p re -se t  O<E ( 0 , 1 ) ,  conf i d ence i nt e rva l s  o f  

t rees  are  cons t ruc ted  f rom X and 0< ,  s o  t h a t  no m at t e r  wha t  v a l ues  T and r 

t a ke  i n  M (T , r ) ,  ( 1 ) : 0< i s  a l o wer  bound on  t h e  p robab i l  i t �  t h at t h e  d a t a  

s tocha s t i ca l l �  genera t ed  b y  M (T , r )  w i l l  b e  s u c h  t h a t  t h e  m ethod  w i l l  

construc t  a conf i dence  i n te rva l cont a i n i ng T ,  and ( 2 ) :  t h ese  conf i d e nce 

i n t e rva l s  e v entua l ! �  conta i n  j us t  T ,  w i t h  p robab i l i t � t end i ng to one ,  as t h e  

l eng th  o f  t h e  se quences t ends  to i nf i n i t � .  

For  such  conf i dence  i nt e rva l s  t o  e x i st ,  o ne requ i r es  M to s a t i s fy  c e r t a i n  

p roper t i e s ,  for  w h i c h  su f f i c i ent cond i t i o ns a re  ce r t a i n  i ndependence 

assump t i o ns d i scussed  b e l ow .  T h i s  approach  has  b e e n  successfu l !  y 

a pp l i e d  i n  spec i a l  cases  b y  C avende r  [ 1 978 ]  and F e l s enste i n  [ 1 98 5 ] ,  a n d  i s  

d e v e l o p e d  i n  sec t i o n  e i g h t . 



6 . 2  L e m m a  

( 1 ) : F o r  a n �  f am i l �  o f  events  { E 1 ,  . . .  En} i n  a p robab i l i t �  space ,  

(2 ) :  M a r ko v 's i n e q u a l i ty :  For  a non-nega t i v e  random v ar i a b l e  X ,  

P (X >o< ) :s  E [X k )/ O<k .  

( 3 ) :  I f  X = ( X 1 , . . .  , XN ) has  a m u l t i nom i a l  d i s t r i b u t i on  w i t h  p a rame te rs  A. 

and  c ,  t hen: 

( a ) :  V a r [X  i ] = e A.  i ( 1 - : \ ) ,  Cov [X  i ·X j ] = -eA. i A. j · i 7  j .  

( b ) :  i f  g i s  a con t i nuous  rea l -va l ue d  f unc t i on on X ,  t h e n  

I i m c->oo P (  I g (X/  c ) -g (A.) I <E )  = 1 for  a 11 E> 0 .  

(c ) :  T h e  cond i t i o na l  d i s t r i b u t i on  of  (X 1 ,  . . •  ,X N_ 1 ) g i v e n  t ha t  X N = k i s  

m u l t i nom i a l  w i t h  pa rame te rs  A. / ( 1 - A. N) and  c-k .  

( d ) :  I e t  X2 = 2 :
)X i -cs  i ) 2 I c s i . Then  w i t h  N sma  11 , c 1 a r g e  and  m i n i {cs i } no t  
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too  sma  11, ( eg .  N = 4 ,  c=  1 0  0 0 ,  cs i 2: 5 ) ,  X 2 i s  appro x i ma t e d  b �  a eh  i - s q uare  

d i s t r i b u t i on  w i t h  N- 1  d eg rees of  f reedom .  

P r o o f :  For  ( a ) ,  (c )  and ( d )  r e fe r  Johnson and  Ko tz  [ 1 9 69 ] .  f o r  ( b )  r e fe r  

B i s h op ,  F i ndberg  and  Ho 11 and  [ 1 975 ,  p .  465-4  7 2 ] .  



We assume the model p roposed in  Cavender's seminal paper [1 978] , which 
relates to earl ie r  work by Farris [1 973] . The model is based on simple if 
strong assumptions invo lving independence, which make the model at least 
partial ly tractib le to analysis, as we show. The model also has a num ber  
of  desirable properties, for example i t  satisfies (by lemma 6 . 1 3  (4)) the 
un iquenss condition described i n  the introduction.  
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C avr2nd r2 r 's m o d r2 l  assumr2s  an  u nd r2r l y i ng  r2vo l ut ionary  t r r2r2  T 0 I i n k i n g  t hr2  
s r2 t  o f  spr2c i r2s undr2r  cons i dr2 r a t i on ,  w i t h i nt r2 rna l v r2 r t i c r2 s  r r2prr2sr2nt i ng 
h ypo thl2 t i c a l  ancr2stors .  For  r2 ach s i tr2 z o n  t h r2  t h r2  a l i gnr2d  DNA S l2 q ur2ncr2s ,  
and  a t  r2ach in tr2rna l  vr2r tr2x  o f T 0 i t  i s  a ssumr2d  tha t  t h r2  corrr2spond i n g  
b i nary  s t a t r2 ,  w h i ch br2 l o ngs  to t h r2  sr2 t  {A ,B } ,  i s  a random var i a b l l2 . 
O n  r2 dgr2  r2 = [ v 1 , v 2 ] l r2 t E ( l2 , z )  b r2  t h r2  r2vr2nt  t h a t  t hr2  s t a t r2  a t  s i t r2  z and v 1  
d i f fr2 rs  f rom t hr2  s ta t r2  a t  s i tr2 z a t  v 2 . T h r2  o r i g i n a l  m o d r2 l  h a s  thr2  
f o I !  o w i ng a d d i t i ona l  a ssump t ions :  

( 1 ) :  { E ( l2 , z ) :  1 :s z:sc ,  l2 EE (T  0 )}  a rr2  i ndr2pr2ndr2nt r2vr2nts .  
( 2 ) :  { E ( l2 , z ) :  l :s z :sc }  havr2  t h r2  samr2 proba b i l i t y ,  dr2notr2d  p ( l2 ) .  
( 3 ) :  O :sp (l2 ):S0 .5 .  

6.3 Remark 
I f  assumption ( 1 ) fai ls  in  general it may hold if the sites are chosen 
random ly and reasonably far apart. Assumption (3) expresses the bel ief 
that a change from one  state to the other in a given unit of t ime is  as 
l ikely as the reverse change--a bel ief partial ly supported by the relatively 
equal proport ion of the four DNA bases . 

6 . 4  D e f i n i t i ons  

( 1 )  A weigh ted b inary tree i s  a pa i r  (T ,w)  whr2rr2  TEBPT(n) ,  a nd w i s  

f unc t i o n  f rom E (T )  to R+ u { o } .  L r2 t  W BT(n) br2  t hr2  sr2 t  o f  wr2 i g h tr2 d  b i n a r y  

t rr2r2s  w i t h  n pr2ndant vr2r t i cr2s .  

I n  cavr2ndr2 r ' s  modr2 l  W Q  ca l l  p ( r2 )  t hr2  edge we igh t and i ndr2x i ng p (r2 )  o vr2 r  

t h l2  r2 dgr2s  of  any  TEBPT(n)  g i V l2 S  a Vl2C tor  p and  a t r l2l2  (T , p ) EWBT(n) .  



( 2 ) :  F o r  (T , p ) EWBT (n) ,  and one s i t e  on  the  a l i gned D N A  sequences ,  d enote  

t h e  p robab i l i t y  o f  observ i ng a g i ven  par t i t i on  OEO(n)  b y  s (O ; T , p )  ( o r  j us t  

s (o ) i f  t h e  und er l y i ng  t r ee  i s  c l ea r ) ,  and  l e t  s (T , p ) ,  (or  j us t  s (p ) )  be  t h e  

assoc i a t e d  v ector .  

( 3 ) :  S uppose  t h e  s t a t e  a l o ng edge  e of  t h e  under l y i ng t r ee  T 0 change s  

accord i n g  t o  a P oiss-.on p rocess  w i t h  r a t e  Jl e · Then  i f  t e i s  t h e  t empora l  

l eng th  o f  e dg e  e ,  Jl e te i s  t h e  e xpec ted  n umbe r  o f  changes  on e ,  a n d  t h e  

endp o i nt s  of  t he e have  a d i f fe rent s t a t e  p rec i se l y  i f  t h e  numbe r  o f  

c hanges  i s  odd .  l t  i s  eas i l y  shown t h a t  Jl e te = - 0 .5 1 n( 1 - 2p (e ) ) ,  for  

p (e )< 0 . 5 .  
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( 4 ) : M o t i va t e d  b y  t h e  P o i sson m o d e l  w e  c a l l q ( e )  = Jl e te t he e><pected 

number of  changes on edge e ,  or  more s i mp l y  t h e  edge length o f  e a nd l e t 

q b e  t h e  assoc i a t e d  vec tor  o f  e dge  l e ng ths .  

( 5 ) :  For  conven i ence  l e t s (o ; T I q )  denote  t h e  p a r t i t i on f requenc i e s  o n  T 

h a v i ng e dge  w e i g h ts for  wh i c h  q i s  t he  ass o c i a t ed  vec tor  of  e dge  l engths .  

T hus s (o ; T I q )  = s (o ; T ,p )  where  Pe = 0 .5 ( 1 - e- 2q e ) .  Le t  s (T  I q )  b e  t h e  

assoc i a t e d  v e c t o r  for o i ndexed  o v e r  Q(n) .  

(6) :  B ecause t empora l  t i m e  i s  a dd i t i ve over t he  tree ,  t he  assump t i o n  that  

Jl e i s  the  s ame  on e ach  edge of T (Jl e= Jl )  i mposes  I inear  res t r i c t ions  on the 

.c omponents  of  q,  ( and thus po l ynom i a l  r es t r i c t i o ns o n  the componQnts  of  

p ) .  Such  a W Q i gh t Qd  t r QQ  i s  s a i d  to be  sub j ec t  to a molecular c lock 

d i sc ussed  b y  Zuc kQrkand l and Pau l i ng [ 1 9 6 2 ] .  
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6 . 5  Propo s i t i o n  

( 1 ) : F o r  ( T , p  ) EWB T(n) ,  and a I i gnQd  S Qq UQnC Q S  of  I Qng th  c s tochas t i c a  1 1  � 

g Q nQ ra t Qd  b �  (T , p ) ,  I Q t X (c )  b Q  t h Q  random VQc tor  ob t a i nQ d  b �  i ndQX i ng t h Q  

p a rt i t i on  f r Q q UQnc i Q s  (th Q  X 0 ' s )  o v Q r  O (n) .  B�  assump t i on ( 2 ) o f  

C avQnd Q r 's modQ I  and  t hQ  assump t i o n  o f  t hQ  i nd QpQndQnCQ  of  changQ s  a t  

d i f fQ rQn t  s i t Qs ,  ( i m p l i Q d  b �  assump t i on  ( 1 ) ) ,  t h Q  p roba b i l i t �  o f  obsQ r v i ng a 

g i v Q n  v a i UQ x for  X ,  P (X=x ; T , p ) ,  h a s  a m u l t i nom i a l  d i s t r i b u t i o n, w i t h  

p a r amQ tQrs  c a n d  s (T , p ) .  T hus  an QVQnt  ( i . Q .  a S Q t  o f  poss i b i Q  va l uQ s  for  

X ) ,  E ,  h a s  p rob a b i  I i t� 

P (E ; T , p ) =2: x E EP (X=x ;  T , p )  = LxEE c c ! ; x ! ) s x 

( 2 ) :  W Q  h a V Q  s(O ; T ,p )  = L { ccE (T ) :  p (C )=o }  n QE(PQ n Q EE (T ) -c C 1 -pQ ) 

b y  t h Q  assump t i on of  i ndQpQndQnCQ of  changQs  o n  d i f f Q r Qnt Q d QQS .  

T hQOrQm 5 . 28  g i V Q S  a U SQ f U I  a l t Q rna t i vQ dQsc r i p t i o n  o f  s (o ; T , p ) ,  a n d  t h Q  

c or o  1 1  ar�  to  t h a t  t h QOrQm ,  Q Xp rQSSQd  i n  t Q rms  o f  Q d Q Q  I Qngths ,  b Q c o m Q s  

s ( T  I q ) . s (T  I q ' ) = s (o0 ; T I q+q ' ) .  I n  par t i c u l a r l l s (T  I q ) l l 2 = s (o0 ;  T l 2 q ) .  

( 3 ) :  ( I nd u c Q d  W Q i g h t Q d  s u b tr Q QS a nd a g g rQ g a tQ d a t a )  

F r Q qUQnt l �  WQ  w i sh  to  b u i l d  t r Q Q S  b�  dQc i d ing  t h Q  s t r uc tu rQ  o f  s u b t r Q QS .  

T hus  g i vQn  a t r QQ  TEBP T(n) w i t h QdQQ  W Q i gh ts  p and  par t i t i o n  prob a b i l i t i Q s  

s w r2  mus t  r Q i a t Q  t h Q S Q  W Q i gh ts  and p roba b i l i t i Q s to t h Q  pa r t i t i on 

p robab i I i t i Q s o n  t h Q  sub t rQQ  T [S ]  ( dQ f i nQ d  i n  3 . 2 )  i nd ucQd  b �  a s ubsQ t  S E [n]k 

o f  t h Q  t a xa .  
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L e t  A ( e )  b e  t h e  pa t h  i n  T cons i s t i ng o f  t h e  se t  o f  e dges  w h i c h  co l l ap s e  to  

e E E (T [S l )  unde r  t h e  m ap f rom T to T [S ] .  T h en b y  a s t r a i gh t forward  

a r g ument ( see  for  e x am p l e  H endy [ 1 988 ] ) ,  t he  p robab i l i t y  t h a t  t h e  

endp o i nt s  of  t he  pa t h  A (e )  are  d i ff e r ent l y  c o l ou red  i s  

0 .5 ( 1 - n e 'EA(e ) ( 1 - 2Pe · ) ) .  Thus  t h e  i nd uced  e dge  w e i g h t s ,  d eno ted  p [ S ] ,  and 

i nd uced  e dge  l eng ths  q [ S ]  are  g i ven  by 

p [S ] e = 0 .5 ( 1 - n e 'EA (e )( 1 - 2 Pe · ) ) ,  q [S ] e = L e 'EA(e )q e ' · 

G i v e n  SE [ n] k , to d i scuss  t h e  i nduced  pa r t i t i on  p robab i l i t i e s i t  i s  

conven i e nt to  r e l a b e l  t h e  taxa  s o  t h a t  S = { 1 ,  . . .  , k } .  

The  i ndepend ence ass ump t ion  i n  Cavend e r 's mode l  a 1 1  ows  u s  to  e a  1 c u l  a t e  

s (O ; T [ S ] , p [ S l )  f rom the  s (T , p )  b y  s umm i ng ou t  a l l  t h e  poss i b l e  s t a t es  of  

p e nd ant ver t  ices  not  1 abe l l  ed  f rom S .  A s t ra i g h tforward  a rgument g i ves  

t h e  fo l l o w ing  resu l t . 

6 . 6  P r o po s i t i o n  

F o r  0 1 EO (k ) ,  S = { 1 ,  . . .  , k }  

s( o 1 ;  T [S ] , p [ S ] )  = L {oEO(n) :  o lco} s( o ; T , p ) .  

6 . 7  D e f i n i t i o n  

F i n a l l y  g i ven  par t i t i o n  f requenc i es  X and S = { 1 ,  . . .  , k }  w e  ob t a i n  i nd u c e d  

p a r t i t i on f r equenc i e s  X [ S ] ,  on  S de f i ned  b y  X [S ]0 = L{ o 'EO (n) :  o c o ' } X o · · 

t h e aggrega te o f  the da ta re la t ive to S. Ag greg a t i ng da t a  a l l ow s  u s  to  

r e l a t e  t h e  p robab i l i t y  o f  events  gene ra t ed  b y  t h e  we i g h t e d  i n d uced  t r e e  

T [ S ] ,  p [ S ]  to event s  gene ra t ed  b y  t h e  w e i gh t ed  pa rent t r ee  T , p .  
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This section  general izes to WBT(n) resu lts of Hendy [1 988] and Cavender 

and Felsenstein  [1 987] which describe i nvariants of Cavender's model on  

WBT(4) . 

6 . 8  D � f i n i t i ons  

( 1 ) :  A n  adm issib le  set  S ,  i s  a co l l � c t i on  o f  d i sjo i n t  s� ts  X 1 , . . .  , Xk �ach  

b � l o ng i ng to [ nt ( t h�  s� t  o f  �v�n  subs� ts  of  { l ,  . . .  , n } ) .  

( 2 ) :  G i v�n  an  adm i ss i b l � s � t  S = {X 1 ,  . . .  ,Xk } ,  T EBPT(L )  and � EE (T )  d � f i n� 

v (S ,T . � )  to  b �  I { j : �ETr(T ,X j ) }  I ·  

( 3 ) :  D� f i n�  r �  I a t i o ns "'T ( r�sp .  <T ) as  f o 1 1  ows :  

S "'rS '  ( r �sp .  S<rS ' ) pr�c i s � l �  i f  for  �ach  � EE (T ) ,  v (S ,T . � )  = v(S ' ,T . � ) .  

( r �sp .  v (S ,T . � ) ::::; v (S ' , T . � )  a nd v (S ,T . � )  < v(S ' , T . � )  for  a t  l �as t  on� �EE (T ) ) .  

( 4 ) : G i v�n  a d m i ss i b l �  s� t s  S ,S ' l � t x (o ) b �  a n  i nd� t� r m i na t�  for  �ach  

1 1 3  

o EO (n) ,  a nd I � t  p (S , S  ' )  b �  t h �  po I �nom i a  I w i th i n t �g�r  c o �f f i c i �nts d � f i n�d  

b� :  

p (s ,s ' ) ( x )  = n X Es
2: oC - 1 )  I onx I x (  o ) - n XES  .2: 0( - 1 )  I on x  I x (  o ) .  

No t �  t ha t  no t r��  s t ruc tur�  i s  us�d  i n  d � f i n i ng t h i s  p o l � no m i a l .  
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6 .  9 T h �Z o r �Z m  

F o r  adm i s s i b i iZ  s �Z t s  ( S , S ' )  W IZ  hav�Z :  

( 1 ) : I f  S7S '  t h �Zn  p (S ,S ' )  i s  not  t hiZ  Z IZro p o l �nom i a l .  

( 2 ) :  SrvT S '  p r�Z c i siZ I �  i f  p (S , S ' ) ( x )  = 0 for  a l l x = s (T , p ) ,  p E [ 0 , 0 . 5 ] 2n- 3 _ 

( 3 ) :  S <TS ' , p r �Z c i s iZ I �  i f  p (S , S ' ) ( x )  > 0 for  a l l  X =  s (T , p ) ,  P E ( 0 , 0 . 5 ) 2n-3 _ 

( 4 ) :  ThiZ  eo I I �Z c t  i on  of  a 1 1  p a i rs o f  a dm i s s  i b  I IZ SIZ ts  (S ,S  ' )  for  w h i ch Srv TS ' ,  

c harac t�Zr i z�Z s  T .  

P r o of :  

( 1 ) : For  x c { 1 ,  . . .  , n } .  J Q t q (X )  = l:oEQ (n)( - 1 )  I on x  I x (o ) 

and  supposQ q (X 1 )  = A.q(X 2 ) ,  for  A.=  ± 1 . l d �Znt i f � i ng t h iZ  co�Zf f i c i Qnt o f  x (o )  

for  o= { 1 } ,  { 1 , 2 } ,  { 1 , 3 } , . . .  , { 1 , n} i n  q (X 1 )  and  q (X2 ) g i vQs :  

X 1  = X 2 , i f  A. = 1 ;  X 1  = x 2u { 1 }  o r  X 2 = x 1u { 1 } ,  i f  A.=  - 1 . (* ) 
Ord�Zr  Q (n) and cons i dQ r  t h iZ  r i ng of  po l �no m i a l s  Z [x (o 1 ) ,  • . .  , x (oN ) ] ,  N = 2 n- 1 . 

N o w  for S =  {X 1 ,  • • •  , X k } ,  S '  = { Y 1 ,  • • .  ,Y k . }  WIZ haviZ  

P (S , S ' ) ( x )  = TI 1 :::; i :::; k q (X i ) - TI 1 :::; i :::; k 'q (Y i ) .  T h us  i f  P (S , S ' ) ( x )  i s  t hiZ  ZQ ro  

p o  I � nom i a I W Q  h aVQ  TI l :::; i :::; k q (X  i ) = TI 
1 :::; i :::; k ' q ( Y  i ) ) i n  Z [ x (  0 1 ) ,  . . .  , x (  0 N) ] .  

B u t  t h i s  r i ng  i s  a un i qu�Z  f ac to r i z a t ion  dom a i n  (H�Z rs t Q i n  [ 1 97 5 ,  p . 1 66 ] )  and 

for  a n� X c { 1 ,  . . .  , n } ,  q (X )  i s  a p r i m iZ  Q ] Q m�Znt  o f  t h i s  r i ng ,  so  t ha t  i f  

p (S , S ' ) ( x )  = o t h �Z n  for  somiZ  pQrmua t i on o f <: o f  { 1 , . . .  , n } ,  q (X i ) = ±q (Y  <: ( i ) ) ,  

fo r  i = 1 ,  . . .  ,n . F i na l ! �  s i nc�Z X i a n d  Y <: ( i )  a rQ  s �Z t s  of  IZVIZn  ca r d i n a l  i t �  W Q  

m ust  h av�Z  X i = Y <: ( i )  b �  (* ) , as  r�Zqu i r�Zd .  



( 2 ) : (::::}) I f  ><dnt . O'EO(n) ,  t h12n  b �  t h12or12m 5 .2 8 ,  

Lo ( - 1 )  I on ><  I s (O ; T , p )  = n 12ETr (T ,X ) ( 1 - 2 pl2 ) ,  s o  t ha t  

n " ( - 1 )  I on ><  I s (o · T p )  = n ( 1 - 2 p  ) v (5 ,T , i2 ) ( * ) 
XE5L. O ' ' 12 EE (T )  12 · 

5 i ncl2  t h12  r i gh t - h and  s i dl2 of  t h i s  12 q ua t i on  d12p12nds  on l � on  v (5 ,T , i2) ,  t h 12  

r12s u l t  fo l l ows .  

({:::) For  a n  12 d g 12  e 0EE (T )  s12 t  p12 = 0 ,  for  a l l  12;z:120 , a nd s12 t  p 12 0 = ( 1 -o< ) I 2 , 

g i v i ng IT 12 ( 1 - 2p12 )V (5 ,T , i2 ) = O<v(5 ,T , I2o ) . Thus  i f  p (5 ,5 ' ) ( s )  = 0 ,  t h 12  12 q u a t i o n  

(* ) a b o v 12  g i v 12s  O< v(5 ,T ,I2 o )= O<v (5 ' , T ,i2o ) so t h a t  f o r  O< ;z: 0 , 1 ,  

v (5 ,T , 120 ) = v (5 ' , T ,I20 ) .  

5 i ncl2  t h i s  ho l ds for  a l l  12 0EE (T ) ,  w12  hav12  5"-'T 5 ' .  
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( 3 ) (::::}) :  T h 12  p roof  m i r rors  ( 2 ) ,  not i ng t ha t  ( 1 - 2p12 ) v (5 ,T ,i2 )> ( 1 - 2p12 )v (5 ' ,T ,i2 ) 

i f  v (5 ,T ,I2 )<v (5 ' , T ,i2 ) ,  for  p12E ( 0 , 0 . 5 ) 2n-3 . 

({:::) :  A s i m i l a r p roof  as  i n  ( 2) ,  12 xc12p t  t ha t  s i nc 12  P E ( 0 , 0 . 5 ) 2n-3 , w 12  mus t  

t a k12  p12 = E> O for  a l l 12;z:120 and p12 0 = ( 1 -0< ); 2 , O<;z: 0 , 1 ,  and l 12 t E t12nd to z12 ro .  

a d m i ss i b l 12  s12 ts .  I f  T;z:T '  t h 12 r 12  12 x i s ts  b �  p ropo s i t i on 3 . 1 1  a s12 t  5E [ L ] 4 w i t h  

T (5 ];z:T ' [ 5 ] . 5 u p p o s l2  T [ 5 ]  = ( x � ) (zw) ,  w h i l l2  T ' [ 5 ]  = ( xz ) ( �w) .  L 12 t  

5 1 = { {x . � .w .z } }  a n d  5 2 = { { x . � } .  {w ,z } } .  T h 12 n  5 1 , 5 2 a r 12  a d m i s s i b l l2  s 12 t s  and 

5 1""' T 52 bu t  5 1<r52 , w h i ch g i v 12s  th12 r 12 q u i r 12 d  c ontra d i c t i on . § 



6 . 1 0  E x am p l e  

F o r  n=4 ,  t h e  a d m i ss i b l e  se ts  a rrz  � .  { { i , j } } ,  ( i , j = 1 ,  . . .  , 4 ) ,  5 1 = { { 1 , 2 } , { 3 ,4 } } ,  

5 2 = { { 1 , 3 } , { 2 ,4 } } ,  5 3 = { { 1 ,4 } , { 2 , 3 } }  and  5 4 = { { 1 , 2 ,3 ,4 } } .  

For  T = ( 1 2 ) ( 34 ) ,  w e  h avrz  5 ("T 54< T52""' T5 3 . 

Orde r  Q (4 )  a s  { 1 } ,  { 1 , 2 } ,  { 1 , 3 } ,  { 1 , 2 , 3 } .  { 1 , 4 } ,  { 1 , 2 , 4 } ,  { 1 , 3 , 4 } ,  { 1 , 2 , 3 ,4 }  and 

orde r  [4 t a s � .  { 1 , 2 } ,  { 1 , 3 } ,  { 2 , 3 } ,  { 1 ,4 } ,  { 2 ,4 } ,  { 3 , 4 } ,  { 1 , 2 , 3 , 4 } .  
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L e t  r = r (T , p )  b e  t h rz  vrzc tor  of  v a l urzs  of  n rz E1l (T ,X )( 1 - 2 P rz) w i th X i n d ex rz d  

ovrzr  [4t orde rrzd  as  a bove ,  so  t h a t  t h rz  abovrz  r rz l a t i o ns b ecomrz :  

r 2 r 7  = r 8 ,  r 4 r 5 = r3r 6 ,  r 8  � r 4 r5 , as  drzscr i b rz d  b y  Hrzndy  [ 1 988 1 .  F u r t hrz rm o r e  

w rz  h a v rz  r 1 = 1 ,  a nd r i � o  f o r  a l l  i .  W rz  n o w  s h o w  t h a t  w i t h  t w o  m o r e  

cond i t i ons t h rz s rz  a r rz  suf f i c i rznt  f o r  a vrzc tor  r ER8 to  b e  i nducrzd  b y  rz d g e  

c h a ng rz  p robab i l i t i e s .  T h i s  t hrzn  charac ter i zes  t h rz  i ma g rz  o f  

{ s (T , p ) ;  p E [ O ,  0 .5 ) 5 } ,  s i ncrz  s and r a r rz  r e l a t rzd  b y  an  i nver t i b l rz  l i nrzar  

t rans forma t ion  g i ven  i n  t hrzorrzm 5 . 28 .  

6 . 1 1  L e m m a  

F o r T =  ( 1 2 ) ( 34 ) ,  { r (T ,p ) :  p E [ O ,  0 .5 ) 5 } i s  p rrzc i s rz l y  t h e  se t  o f  r rza l 8 - tu p l e s  

s a t i s f y i ng :  

( 1 ) :  r 1  = 1 ,  r i > 0 for  i > l .  

( 2 ) :  ( a )  r 2 � m i n {r 4/ r3 · r 3/ r 4} 

( b )  r 7  � m  i n  { r 5 / r 3 ' r 3/ r5 } 

(c )  r 8  � r 4r 5 

( 3 ) :  r 2 r 7  = r 8 ,  r 4 r 5 =r 3r 6 .  



P r o of :  

N ecces i t �  i s  eas i l �  checked ,  so  suppose  r 1 ,  . .  . , r 8  s a t i s f i e s  c ond i t i ons 

( 1 )  to (3) .  Let P i = l n( r i ) ,  and l e t K be the m a t r i x :  
0 0 0 0 0 
1 1 0 0 0 
1 0 1 0 1 
0 1 1 0 1 
1 0 0 1 1 
0 1 0 1 1 
0 0 1 1 1 
1 1 1 1 0 

N o w  l e t D b e  t h e  5 b �  5 s u bma t r i x  o f  K o n  rows  2 , 3 ,4 ,5 ,8 .  

T h us  D = 1 1 0 0 0 a nd o - 1 = 0 .5 1 1 - 1  0 
1 0 1 0 1 1 - 1  1 0 
0 1 1 0 1 - 1  1 0 - 1  
1 0 0 1 1 - 1  - 1  0 1 
1 1 1 1 0 0 0 1 1 

0 
0 
1 
1 

- 1  

U s i ng ( 1 )  and (3 )  t o  e l i m ina te  p 1 , p 6  a nd p 7 ,  and  ap p l � i ng o- 1 to t h e  

r e s u l t i n g  subvec tor  p ' of  p i t  fo l l ows f rom t he  c ond i t i ons i n  ( 2 )  t h a t  

o - 1 p ' � o  s o  t ak i ng P i = 0 .5 ( 1 - e xp (  o- 1 p ' i ) w e  h ave  O �p ( 0 .5 s o  t ha t  

P = [ p 1 .P 2 .P 3 . P 4 , p 5 ]  can  be  r ega rded  as  e dge  ch ange p roba b i l i t i e s .  Bu t  

p = - 2 Kq ,  whe re  q i = - 0 . 5 l n( 1 - 2p i ) ,  so  t ha t  i f  t he  e dges  o f  T = ( 1 2 ) (3 4 )  a re  

o r dered  so t h a t  p end ant edges  h ave  t he  s ame  l ab e l a s  t h e i r  i nc i dent  

p e ndant ver te x  and  t he  centr a l i nt erna l edge is  the f i f t h  e d g e  then p 

i nd uces r (T , p ) , a s  r e q u i r ed .  § 

6 . 1 2  R e m a r k s  

( a ) :  C ond i t i ons ( 1 ) ( 3 )  i m p l �  r i � 1  for  i =  1 ,  . . .  ,8 . 
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( b ) :  For  t h e  o th e r  two t rees  i n  BPT(4 )  one g e t s  correspond i ng i ma g e  se t s  

i n  t h e  na tu ra l w a� .  
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The fol lowing resu lts are requ i red in sections seven and e ig ht. 

6 . 1 3  L e m m a  

( 1 ) : s (0 0 ;  T , p )  i s  a s tr i c t i �  dt2crt2 a s i ng f unc t i o n  of  e ach  o f  t h l2  componl2nts 
of p .  

( 2 ) :  F or 0;z:0 0 ,  s (0 0 ;  T , p )  � s (0 ; T , p ) ,  w i th l2 q u a l i t �  p rt2c i s t2 l �  i f  p = 0 . 5 j . 

( 3 ) :  F o r  f i x l2 d  T ,  t h e  f unc t i on p ->s (p )  i s  o nl2- to-one o n  [ 0 , 0 .5 )2 n-3 _ 
( 4 ) : For  T;z:T ' , p E ( 0 , 0 .5 ) 2 n-3 , p ' E [ 0 , 0 .5 1 2 n-3 , W l2  h avl2  s ( T ,p )  ;z: s ( T ' , p ' ) .  

( 5 ) :  Fo r  an�  l2Vl2n t  E;z:<P ,  i f  p l2> 0  o n  t2ach  p l2ndant  _edgl2  o f T ,  t h l2n  P ( E ; T , p ) > O .  

( 6 ) : P (  0 ; T , p ) i s  t h l2  s amt2  for  a 1 1  T EBPT (n) and  a l l  0 EQ(n) . ( i n  w h i ch c a s t2  

P (0 ; T , p )  = 2 -n+ 1 ) . i f  and on l � i f  a t  l t2a s t  on e  t2dge  o n  l2 V l2 r �  p a t h  l i nk i ng 
l2 ach  p a i r  o f  p l2ndant v t2 r t i c t2 s  h a s  Wl2 i gh t  0 .5 .  

P r o o f: 

( 1 ) : B �  t h eorl2m 5 . 28 ,  s (0 0 )  = 2 1 - nL {XE [ nt}rx , whl2r l2  

rx = IT e ETr (T ,X ) ( 1 - 2pl2 ) ,  w h i ch imml2d i a tl2 1 �  imp l i l2 S  ( 1 ) . 

( 2 ) :  B �  t h eorl2m 5 . 28 ,  s (0 ) = 2 1 -nL {XE [nt} C - 1 )  1 °nx l . rx , and  for  0;z:00 

t hl2 rl2  i s  a st2 t  X E [ nt fo r  wh i c h  1 0nX I i s  odd ( i ndl2l2d ,  b�  t heorl2m 5 . 28 ( 1 ) , 

L {XE [nt} C - 1 ) 1 °nx I = 0  ) .  Compar i ng  t h i s  w i t h  t h l2  t2 x p r t2ss  i o n  i n  t h l2  p roof  

o f  ( 1 )  fo r  00 g i vl2 s  ( 2 ) .  

( 3 ) :  Fo r  TEBPT(n ) ,  l l2 t K = [ K (X ,l2 ) 1 X E [ nt .l2 EE (T )  bt2  thl2  2 n- 1 b �  ( 2 n-3 )  ma tr i x  

d e f i nl2d  b �  K (X ,l2 )  = 1 i f  l2 ETr(T ,X ) , 0 o thl2 rw i se .  T h l2 n  K t K = 2n-3( I +J ) ,  

(Hl2nd�  [ 1 988 1 )  w h i ch i s  f u l l  r ank .  Ht2nct2 K i s  o nt2- to-onl2 .  



Now b�  t h(20r(2m 5 . 28 ,  s = 1 ; 8H r  w i th H = [ ( - 1 )  I on>< I lo ,X ( as  i n  th(2o r (2m  

5 . 2 8  ( 1 ) ) ,  r = (2 Xp (  - 2 Kq ) ,  Wh(2 r(2 q ,  a s  i n  d (2 f i n i t i o n  6 .4 (4 ) ,  i s  g i v (2 n  b �  

q(2 = - 0 .5 1 n( 1 - 2 p(2 ) ( i t  i s  h(2 r(2  t ha t  p (2< 0 .5 i s  r (2qu i r (2d ) .  

1 1 9 

Thus  s i s  a compos i t i on o f  on(2- to-on(2 func t i o ns ,  and  so  i s  o n(2- t o-o n(2 .  

( 4 ) : S uppos(2  T�T ' . Th(2n  th(2r(2 (2 X i s t s  a S(2 t  ScL ,  I S  I = 4  w i t h  T [S ]� T ' [ S ] , b�  

p ropo s i t i o n  3 . 1 1 . B �  p ropos i t i o n  6 .5 ( 3 ) ,  i t  s u f f i c (2s  to prov(2 th(2 r (2s u l t  
f o r  WBT (4 ) .  B u t  t h i s  fo l l ows  imm(2d i at (2 1 �  f rom th(2  i nv a r i a nts  d(2sc r i b(2d  
i n  (2Xamp l (2  6 . 1 0 .  

(5 ) :  S i nc(2 E�<P . W(2  can  choos(2  X EE .  Th(2n  

P (E ; T , p )  � P (X=x ; T , p )  = (m ! ; x ! ) s
x . Now for  an� OEQ(n ) ,  1 (2 t F (o )  b(2  t h(2  

S (2 t  o f  p (2 ndan t  (2dQ(2S  i nc i d(2n t  w i th th(2 p (2nd ant V(2r t i c (2s  h a v i ng l ab(2 J s  i n  o .  

T h(2n s (O )  � IT (2 EF (o )P(2 IT (2EE (T ) -F (0 ) ( 1 - p(2 ) > 0 .  Thus  s (T , p )  > 0 so t ha t  

P (E ; T , p )> O ,  a s  r (2q u i r (2d .  

(6 ) :  B �  t h(20r(2m 5 . 28 ,  i f  s (o0 )  = 2-n+ 1 . t h (2n  

1 = L {XE [ nt }rx = 1 +L {><E [nt :x�<P} rx , so t h a t  ( 1 - 2p(2 ) = o for  a t  J (2ast o n(2 

(2 E11 (T  ,X )  and a 1 1  >< E [ nt . 

Conv (2rS(2 1 � . s u ppos(2  t h i s  cond i t i on ho l ds .  Th(2n  fo r  an� OEQ(n ) ,  b �  

t h (20 r (2m 5 . 28 ,  s (o )  = 2 -n+ 1  L {X E [ n]+ } (- 1 )  I on>< l . rx = 2 -n+ 1 . § 

F i na l ! �  W(2  s t r (2ng th(2n  pa r t  (4 )  o f  th(2 p r(2 v i ous  J (2mma  to  ob t a i n  a r (2 su l t  

w h i ch i s  r (2 q u i r (2 d  i n  S(2c t i o n  S(2V(2n .  0(2 f i n(2 s"' (T , p )  t o  b (2  t h(2  V(2C tor  s (T , p )  

w i t h  t h(2  compon(2nt s (o 0 ;  T , p )  d (2 ] (2 t(2d .  W(2  show s"' (T , p )  d(2 f i n(2s T .  
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6 . 1 4  T h e o r e m  

I f  T�T ' . p , p ' E ( 0 , 0 .5 ) 2n-3 , 13 E R ,  t h e n  s"' (T , p )  � 13 s"'(T ' , p ' ) . 

P r o o f : 

A s  i n  pa r t  (4 )  o f  t h e  prev ious  t heorem i t  su f f i c e s  to p rove  t h i s  r esu l t  for  

n= 4 .  L e t  T = ( 1 2 ) ( 34 ) ,  T '  = ( 1 3 ) ( 24 ) ,  and orde r  t h e  pa t hs  o n  T and  T '  a s  

rr (T ,X )  ( r esp .  rr (T ' ,X ) )  where  t he  se t s  X a re  orde red  as  i n  e x am p l e  6 . 1 0 .  

L e t  s 1  = s"' (T , p ) ,  s 1 '  = s"' (T ' , p ' ) ,  and suppose  s 1  = 13 s 1 ' .  

T hen  s ( T , p )  = [ s 1 , s 0 ] t , s (T ' , p ' ) = [ 13 s ' , s 0 ' ] t , (where [ x , a ] t i s  t h e  vec tor 

o bt a i ne d  f rom x b y  ad jo i n i ng  a ) .  

S i nce t he  components of  both  v e ctors sum to 1 w e  h ave  

13 = ( 1 -so ' ); ( 1 - so ) · 

U s i ng t h e  nota t i on of  e xam p l e  6 . 1 0 , w e  have  r ( p )  = H t [ s 1 , s0 ] t . I f  H 1  i s  t h e  

s u bma tr i x  o f  H o n  t h e  f i r s t  7 rows ,  we  have  r (T , p )  = H 1 t s 1 + s 0 j (where  

j = [ 1 ,  . . .  , 1 ] t ) ,  w h i l e  r ( T ' , p ' )  = 13 H 1t s 1 +s 0 ' j .  

T h u s  r · ' = 13 r · + s 0 '- 13 s0 = 13 r ·  +/\ where 1\ = (s o ' -so ) ;( l  ) I I I ' -s0 . 

W e  show 13 > 1 and 13 < 1 , a c ontrad i c t i on.  F i r s t  s i nce  r 8 '  = r 3 ' r 6 '  we  h a ve 

13 2 r 3r 6+ 13 /\(r 3 + r 6 ) - 13 r 8 +/\ 2- /\ = 0 .  Now 13 +/\ = 1 ,  so  t h i s  e qua t i o n  b ec o m es :  

13 ( 13 (r3 r 6 - r3 -r 6 + 1 )+ ( r3 + r 6 - r8 - 1 ) ) = 0 .  S i nce 13 � 0 .  w e  have  

13 = ( 1 + r 8 - r3- r 6 )  ; ( ) = ( 1 + r 8- r 3- r 6 )  ; ( ) (  
) · 

1 +r 3r 6 - r 3-r 6  1 - r3 1 - r 6  

Now r 8>r 3r 6  so  t h a t  ( 1 + r 8 - r 3 - r 6 )  > ( 1 + r3r 6 - r 3- r 6 )  = ( 1 -r 3) ( 1 - r 6 ) .  T h u s  t h e  

nu mera to r  of  13 e xceeds t h e  denom ina tor ,  w h i c h  i s  p o s i t i ve s i nc e  r 3 , r 6 < 1 ,  

g i v i ng 13 > 1 .  N o w  t h i s  ho l ds f o r  any p and  p '  a nd i f  s"' (T , p )  = 13 s"' (T ' , p ' )  w e  

h ave  s"' (T ' , p ) = 13 - 1 s"' (T , p ) . Thus  repea t i ng t h e  a rgum ent  ( rep l ac i ng T and 

T ' ) we w o u l d de duce  that  13 - 1 > 1 ,  w h i ch contr a d i c ts  13 > 1 ,  as  r e q u i r ed .  § 
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6 . 1 5  T h �Z o r�Z m  

An� l i n�Z a r  comb ina t i o n  o f  th�Z coord i na t�Zs  of  s (T , p )  i s  nonz�Z ro  �ZX C �Zp t  on  
an  a l g �Z b r a i c  subs�Z t  o f  p v a l u �Zs  i n  [ 0 , 0 . 5 ] 2 n- 3 _ 

( R �Z c a 1 1  t h a t  u c R k i s  a 1 g �Z b ra  i c p r �Z c i s  �Z 1 � i f  u = {x: p (x) = o } f o r  so m �Z 

non-z�Z ro  po  I �nom i a  I p E R [ x 1 ,  . • .  , xk ] ) .  

P r o o f :  

Suppos�Z LoA.0s( o ;  T , p )  = o fo r  a 1 1  PE [  0 , 0 . 5 ] 2 n- 3 . A p p  I � i ng th�Zor�Zm 5 . 28 ,  

L {Xdnt }dxrx = o for  a l l  p ,  wh�Z re  dx = Lo C - 1 )  I o nx I A.0 . W �Z  s how dx =O  

b�  i nduc t i o n  o n  I X I ·  F o r  I X I = 0 ,  l e t p �Z= 0 .5 for  a l l  �Z EE (T ) ,  g i v i ng d q:, =  0 .  

Fo r  I X I = 2 k ,  s �Z t  p�Z = 0 for  eor(T ,X ) ,  a nd Pe = 0 .5 fo r  e E E (T )-rr (T ,X ) . Then 

dx + Lx ·cx ,x ·;z: xdx ·  = o .  S i nc�Z  th�Z s e ts be i ng  s ummed  ov�Zr  i n  t h i s  

e q u a t i o n  hav�Z ca r d i n a  I i t �  I e s s  than 2 k ,  w e  c a n  a pp  I �  t h e  i nduc t i o n  

h � po t h�Z s i s  to d�Zduce  tha t  dx = 0 .  T h u s  fo r  a l l  XE [ nt . dx = 0 ,  a n d  s i nc e  A.0 

= 2 1 -nL {Xdnt} ( - 1 )  I onx I dx , we  hav�Z  A.0 = o fo r  a l l o ,  a con tr a d i c t i o n. 

Thus  f (p )  = LoA.0s(o ; T , p )  E R [p , . . . .  , p 2 n_ 3 ] ,  w i t h f (p )  not = O ,  so  t ha t  p 

I i e s  i n  a n  a l g e b r a i c  se t .  § 

The  p rev i ou s  t h eorem imp  I i e s  t ha t ,  e xcep t  fo r  e xcep t i  ona I va  I U�Zs  f o r  p ,  

L0c0s(o ; T , p )  = x ,  imp  I i e s  c0 = x .  Thus  Los(o ; T , p )  = 1 i s  e ssent i a l ! �  t h e  

o n  I �  I i near  r e l a t i onsh i p  be tween  the  components o f  s ( e xc�Zp t  for  

excep t i ona l  v a l u �Zs  o f  p ) .  

WIZ  now g i ve  bounds on  s (o0 ; T , p ) ,  t he  p roba b i l  i t� o f  obs�Z rv i ng a u n i fo rm  

c o l our i ng o n  (T ,p ) .  
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C hoos�  a p�ndan t  v� r t � x  v 1  o f  T a s  roo t .  and d i r�ct  a l l  � dg�s  o f  T awa !:J  

f rom v 1 . L � t  p 1  b �  t h �  w � i gh t  o f  t h �  p �ndant  � d g �  i nc i d�n t  w i t h  v 1  a n d  f o r  

� ach  i n t � rna l  v � r t� x  V E IV (T )  l � t  {v ( l ) ,  v ( 2 ) }  b �  t h �  two  � d g � s  o f T i n c i d�n t  

w i t h ,  and  d i r �c t�d  awa!:J  f rom v .  

6 . 1 6  L � m m a  

q l IT VE IV (T )q v ( l ) qv ( 2 )  ::; s (o O ;  T ,p )  ::; q l IT VE IV (T ) ( qv ( 1 ) qv ( 2tPv ( J ) Pv ( 2 ) ) ,  

w h� r�  q � = 1 - p � . 

P r o o f :  

Th �  l � f t  hand  i n� q u a l  i t !d  i s  j u s t  t h �  s t a t �m�nt t h a t  a su f f i c i �nt  cond i t i on 

fo r  a 1 1  t h �  p�ndan t  v�r t i c � s  o f  T to b�  t h �  s a  m �  eo I our  i s  t ha t  t h � r �  a r �  no 
c o l ou r  ch ang�s on an!:J of t h �  �dg�s  o f T .  T h �  r i gh t  h and i n �qua l i t!d i s  
p rov�d  b !:J  i nd uc t i o n  o n  n. For  n ::; 3 t h�  r �su l t  h o l ds .  S uppos�  th�  r � su l t  i s  
t r u �  for  a 1 1  n:Sk ,  k;:: 3 .  For  T E BPT (k + 1 ) ,  c hoos�  a p �ndant  v�r t� x  v 1 .  T h � n  
s i ne �  � v � r !d  T EBPT (n) .  n;:: 4 has  a t  l �as t  two b i na r !:J  � d g � s  ( d � f i n i t i o n  2 . 1 7 ) ,  
w �  can . c hoos�  two  p �ndant v�r t i c� s  v 2 ,v 3 , b o t h  d i s t i nc t f r om  v 1 .  w h i c h  

h a v �  p�ndant  � d g�s  i nc i d�n t  w i t h a common  i nt � rna l v o f  T .  D � l � t i ng v2 
and  v 3 a nd th � i r  i nc i d�nt � dg�s .  a nd l ab�  I I  i n g  v a nd t h �  o th � r  p�ndan t  

v � r t i c � s  f rom t h�  s � t  Lk g i v� s  a t r��  T ' E BPT(k ) .  I f  o 1 i s  t h �  pa r t i t io n  of  T '  

cor r�spond i ng to  a l l l ab � l s  o th� r  t han t h �  l ab � l  on  v .  a nd p '  i s  t h�  

r � s tr i c t i on o f  p to T ' ,  w �  hav�  

s (o 0 ;  T , p )  = qv ( l ) qv( 2 )s (0 0 ;  T ' , p ' )  + Pv( J ) Pv ( 2 )s (o 1 ;  T ' , p ' ) .  

B u t  b!:J  l �mma  6 . 1 3  ( 2 ) ,  s (o 1 ;  T , p ' ) ::::; s (o0 ;  T ' , p ' ) ,  w h i c h  � s t a b l i sh � s  t h �  

i nd uc t ion  s t � p .  § 



6 . 1 7  Co ro  J J a ry  

I f  e ach  e d g e  o f  T c:BPT ( L )  has  edge  w e i gh t  ;::: p ,  t hen  
s (o0 ; T , p ) :::; q( q 2+ p2 ) n- 2, where  n = I  L 1 .  q = 1 -p .  

P roo f : 

B �  l emma  6 . 1 3  ( 1 )  w e  ma�  ass ume  each  e d g e  h a s  we i gh t  p .  T h e  r e su l t  now 
f o l l ows  f rom t he  p r ev io u s  l emma . § 

6 . 1 8  Lemma  

Fo r  k > 0 ,  c >k I 2 . I e t  p (n) = C l  n(n) In · S (n) = nk( 1 - 2p (n ) + 2 p2 (n ) )n- 2 . 

T h e n  S ( n) "' 0 .  

P ro of :  Choose  n su f f i c i ent I �  I a rge  so  t ha t  x ( n )  = 2p (n )- 2 p2 (n )  I i e s  

b e tween  0 a nd 1 .  T hen  s i nce I n( l - � )  :::; - � +�2 
I 2 for  � E (  0 , 1 ) , 

l n(S (n ) ) :::; k l n(n )  + (n- 2 ) (- x (n ) +x 2 (n)l 2 ) -> -oo as n->oo , a s  r e qu i r e d . § 

T h e  l a s t  t h eorem i n  t h i s  sect i on  i s  a n  i l l u s t ra t i o n  of  t h e  use  o f  some  o f  
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t h e  above  r esu l t s ,  a nd i s  r e fe r r ed  to i n  s ec t i o n  e i g h t . We  s how tha t  i f  t he  

number  o f  s i t e s  grows no fas te r  t han  a po l �nom i a l  f unc t i on o f  t h e  da t a ,  

a n d  the  e dge  l e ng t hs  of  t h e  under l � i ng t r ees  don ' t go  to  ze ro  too q u i ck ! � 

t hen  w i th i nc reas i ng cer t a i nt� .  a 1 1  p ar t  i t  i ons ( i nc I u d i ng t h e  un i form 

p a r t i t i o n  o 0 )  w i l l  occur  a t  m·o s t  o nce .  



6 . 1 9  T h e o r e m  

Fo r  (T (n ) , p (n ) )  E WBT (n ) ,  s u pposr2  

( 1 ) : m i n {npl2 (n )  I 1 nCnr l2EE (T (n ) ) }  - >oo, as  n->oo, 

( 2 ) :  c g rows  a s  a po l �nom i a l  f unc t i on o f  n. 

L e t  An br2  t hr2  r2vr2nt t ha t  X0 (c )  � 1 fo r  a l l  OEO(n) .  

T hr2n  P (An ; T (n ) , p (n ) )  ""' 1 . 

P r o of: 

L r2 t  Z (X )  = 2:0 EO (n) CX02 - x0 ) .  

T hus  on  (T , p )EWBT(n) ,  E [ Z (X ) ]  = Lo EO (n)E [X02 ] - LoEO (n)E [X0 ] .  

Now Lo EO(n)E [X0 ] = c ,  thr2 numbr2r  o f  s i t r2s  b r2 i ng s amp l l2d ,  

w h i l l2 , LoEO (n )E [X02 ] = LoEO (n) (Var [X0 ] + E [X0 ] 2 ) 

= LoEO (n )cs (o )( 1 - s (o ) ) +c2s (o ) 2 , b �  l r2mma  6 . 2  ( 3 a ) .  

T hus  E [ Z (X ) ]  = c + (c2-c )2:o EO (n)s (o )2 - c � c22:o EO (n)s (o ) 2 

B �  co ro l l a r �  5 . 2 9 ,  
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2:0 EO(n )s (  o ; T ,p ) 2 = s (  o 0 ;  T ,p  ' ) ,  whr2rr2 P r2 ' = 2pl2 ( 1 - pe ) ,  and f rom co ro  1 1  ar� 

6 . 1 7 ,  s (o0 ;  T , p ' ) � O<n- 2( 1 - p ' ) ,  whr2rr2 0< = 1 - 2 p '+ 2 p ' 2 , and  p '  = 2 p ( 1 - p ) ,  a nd 

p = m i n{pl2 : l2 EE (T ) } .  

A p p l � i ng t h i s  to T (n ) , p (n )  g i vr2s  

E [Z (X ) ]  � c20<n- 2 ( 1 -p ' n) � c20<n- 2 . whr2rr2  0< = 1 - 2P ' n+ 2 p 'n2 , a nd 

P ' n = 2pn( 1 - pn) ,  Pn = m i n {pl2 (n) :  l2 EE (T (n ) ) } .  

Now s incr2 npn ' / l n(n )  > npn/ l n(n) ->oo as n->oo , i f  c = O (nk ) ,  t h r2n  b�  l r2mma  

6 . 1 8 ,  1 i mn->ooE [ Z (X ) ;  T (n ) , p (n ) ]  = 0 .  



S ince  Z (X )2:: 0 ,  Markov 's i nequa l i t y ,  ( l emma  6 . 2  ( 2 ) )  g i v e s  

P (Z (X )2:: 1 ; T(n) , p (n ) ) ::; E [ Z (X ) ; T(n) , p (n ) ] .  Thus  P (Z (X )2:: 1 ; T(n ) , p (n ) ) "' 0 .  Bu t  

An , i s  p r ec i s e l y  t h e  even t  t h a t  Z (X)< l ,  wh i c h  g i v es the  r equ i r e d  r e s u l t . § 

6.20 Summary 
Cavender's model is at the same t ime s imple yet powerfu l ,  being based on  
assu mptions o f  i ndependence. These reduce much o f  t he  theory i n  section 
seven to the analys is of the partition frequencies s. Cavender's model 
guarantees that these partition  frequencies characterize not on ly the edge 
weights on a tree ( lemma 6. 1 3  (3) ) but also the tree itself ( lemma 6 . 1 3 (4) , 
theore m  6.9) ,  a l lowing for the consistent recovery of trees from the 
sequence data they generate. I ndeed not a l l  of the s vector is necessary to 
characterize the tree (theorem 6 . 1 4) .  l t  wou ld be i nteresting to know j ust 
how much of s characterizes T and/or its edge weights. For example  one 
might  consider just the partitions induced by deleting edges of T.  
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"Nothing general is known about what the conditions for consistency (of 
parsimony) might be . . . " J .  Felsenstein  I 988. 

7. 1 Introduction 

Many of the m ethods used to bu i ld phylogenetic trees are based on the 
principle of pars imony.  One version of th is  princip le ,  sometimes cal led 
Wagner pars imo ny,  is to fit data to that tree (or trees) requ i ring the 
fewest number of mutations on its edges. Another vers ion ,  sometimes 
cal led compatib i l ity , or  the "cl ique method", is that data shou ld be fitted 
to the tree(s) having the largest number of sites wh ich fit the tree with at 
most one edge change ( i .e .  without dup l ications) . A major motivation  for 
these principles is the bel ief that changes (mutations) at DNA s ites are 
rare, so that on ly changes that are absolutely necessary to explain the 
varia,tion  in the data shou ld be al lowed. Underlyi ng th is bel ief of rare 
events is the inherent assumption of a probabil ity model ,  which we take 
to be Cavender's model .  I n  this case, Felsenstein [I 978 (2)] has shown that 
with fou r  taxa Wagner parsimony and compatibi l ity are not always 
consistent. Consistency is the desirable statistical property that as the 
number of DNA s ites sampled tends to i nf in ity, the probabi l ity that the 
chosen tree (derived from data generated under Cavender's model) is the 
underlying tree that produced the data, tends to I .  

Fe lsenstein 's example requ i res an i nterplay of short and long edges to 
ach ieve i nconsistency .  We fi rst exploit the essentials of why h is 
counterexample works to show that two general classes of tree-bu i ld ing 
methods wi l l  fai l  to be consistent i n  general on  fou r  taxa. Then 
concentrating on  parsimony, and extending the analysis to trees on  n taxa, 
we show that even if al l  edges are the same length consistency can fai l .  
I n  t he  process we show that Wagner pars imony can fail to be consistent 
under conditions where compatibi l ity wi l l  be consistent. l t  is shown that 
imposing a molecu lar clock does not improve matters, extending work by 
Hendy and Penny [I 988] . 

A second major  result in  this section is the estab l ish ing of sufficient 
cond itions for the consistency of compatib i l ity on a l l  trees. The 
co rresponding question for Wagner pars imony is a lso considered, though i t  
appears more d ifficult. 

We beg in by making precise what we mean by a method for choosing trees , 
and then derive some general resu lts before concentrating on  parsimony. 
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7 . 2  D e f i n i t i on 

A selec t ion procedure <P .  i s  a func t i on ,  <fl :  6 2(n ,c )-> 2BPT(n ) , whe r e  6 2(n ,c )  

i s  a s  d e f i ne d  i n  4 .9 .  

7 .3  R e m ark  

Cer t a i n  s t a t i s t i c a  1 se 1 ect  i on p rocedu res  ( for  e x  amp 1 e the  one  descr i b e d  b�  
Cavender ,  [ 1 978 1 )  ma�  not  s e l ec t  a t ree  (correspond i ng to  t he  { <P }  o pt i on )  
i f  t h e  da ta  s i g n i f i can t l  � re j ec ts  a 1 1  t r ees ,  s u gges t i ng t ha t  t h e  mode 1 i t  se  1 f 
i s  i n  e r ro r .  A t  t he  o t h e r  e x t r eme a l l t r ees  ma y  b e  s e l ec t ed  i f  t h e re  i s  

i nsuf f i c i ent da t a  to re j ec t  an� t ree .  

7 .4  D e f i n i t i ons  

L e t  X (  c )  be  a sequence  space  o f  1 eng th  c s tochas t i c a  1 1  � genera t ed  b y  
(T 0 , p  ) .  A s e  1 ec t  i o n  procedure  <fl converges to  T EBPT (n) o n  (T  0 , p )  i f  

l i m c->ooP (<fl (X (c ) )  = { T } ; T 0 , p )  = 1 .  

A s e l e c t i o n  p rocedu re  <fl i s  consis tent  on (T  0 , p )  i f  <fl converges  to T 0 .  
A s e l e c t i on  p rocedu re  i s  a l ways consis ten t  i f  i t  i s  cons i s t ent on  (T , p )  for  

a l l T EBPT (n) and a l l p E ( 0 , 0 .5 ) 2n- 3 _ 

7 . 5  R e m a rk 

An  a I t e rna t i v e  d e f i n i t i o n  o f  cons i s tency ,  ( i mp I i c  i t  I y s ugges t ed  i n  

[ F e l s ens te in ,  1 9 78 ( 2 ) 1 )  i s  P ( l  imc->oo <fl(X(c )  = { T  0 } ; T o . P )  = 1 .  



T h i s  s a� s  t ha t  w i t h  p robab i l i t� 1 ,  t he n�  e x i s t s  a natu r a l  number  c 0  s uch  
t ha t  i f  X (c )  a re  the  pa r t i t i o n  f r equenc i es for  the  i n i t i a l  s e gment of l eng th 
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c o f  a c o  1 1  ec t i on  o f  i nf i n i t e  I � - 1  o ng ,  a I i gned s eq uences ,  r andom I �  g ene ra ted 
under Cavende r ' s  mo de l ,  then <P (X (c ) )  = {T} ,  for a l l  c>c0 . T h u s  t h e  

s e l ec t i o n  p rocedure  i s  g ua ran t eed  to eventua l ! � conve rge  to  t he  t r ue  t r ee  
and  r em  a i n  so  f rom tha t  po i nt on .  Wh  i I e t he  r esu l t s i n  t h i s  s ec t  i on  w i  1 1  
work  unde r  e i t h e r  d e f i n i t i on, w e  w i l l t a ke  cons i s t enc�  to be  t h e  former  
v e r s i o n  s i nce  u nd e r  t h e  l a t t e r  vers i o n  on l � t h e  e x i s t ence c 0  c a n  be p roved  
us ing p robab i  I i s t i c  a r g uments--never  a bound for  i t .  Howeve r  t h e  fo r  mer  
v e r s i o n  a 1 1  ows  the  a s s i gnment o f  I ower  bounds  o n  r e i  evan t  p robab i I i t i es 
fo r  a n� f i x e d  l eng th o f  s e quence ,  g i ven  (T0 , p ) .  T h i s  i s  i l l u s t r a t ed  i n  
s ec t i o n  e i gh t .  

7 . 6  D e f i n i t i o n  

( 1 ) :  A s e l ec t i o n  p rocedu re  i s  l inear i f  to  e a c h  p a r t i t i o n  c5 and to each  
t r e e  T EBPT(n ) ,  a r e a l - v a l u ed  we i g h t  W(c5 , T )  i s  a s s i gned  s uch  t ha t :  

( a ) :  fo r  a n� two t rees  T , . ;z:T  2, t he re  e x i s t s  a c5 EO (n )  w i th W(o ,T 1 );z:W(c5 ,T 2) ,  

(b ) :  t h e  t r ees  s e  I ec ted  a r e  those t ha t  m i n i m i z e  �c5 W(  c5 , T )X0 . 

( 2 ) :  A s e l e c t i o n  p rocedu re  i s  centra l  i f  i t  d e pends on l � o n  t hose  
p a r t i t i o ns c5 w i t h  2:S  I o l :::; n- 2 and  o =o0 .  

7 .7  E x a mp l e s : ( C o m p a t i b i l i t� a nd W a g ner  P a r s i m o n�)  

Wagne r  p a r s imon� and compat  i b  i I i t �  a r e  bo th I i ne a r ,  and t h e  for  m er 

p rocedu r e  i s  a l so cent ra l  i n  the above  sense .  Fo r  Wagner  p a r s imon� 

W(c5 , T )  = w(o ,T )  ( t he  numbe r  o f  s te p s  requ i r e d  to  f i t  c5 t o T ,  as  i n  s ec t i o n  

f i ve ) ,  w h i l e  for  compa t i b i l i t � .  W (c5 , T )  = - 1  i f  c5 i s  i nd uced  b�  de l e t i n g  a n  

edge  o f  T ,  a nd W(c5 , T )  = 0 otherw i s e .  



1 29 

No t e  tha t  i f  we  i nd e x  Q(n) to ob t a i n  a vec tor  W(T ) ,  t h en  for  compa t i b i l i t � 

<W(T 1 ) ,W(T 2 )>  = 2n-3- d (T 1 ,T 2 )  I 2 . where  d i s  the s �mme t r i c  d i f f e r ence  

me t r i c  f rom sec t i on two .  Among o the r  m a jo r  me t hods  o f  t r ee  

r econs tr uc t i on, t hose  u s i ng d j s s im i l a r i t �  a r e  some t ime s  I i n ea r .  Fo r  
e x amp l e  i n  s e l e c t i ng a t ree  i n  BPT (4 ) ,  o n e  app roach ,  b a s e d  o n  t h e  fo u r  
p o i nt cond i t i on ( s e e  Bande l t  and  D r e s s  [ 1 9 86 ] fo r  a d esc r i p t i on o f  t h i s  

p rope r t � )  i s  to choose  T= ( i j ) (k l )  i f  d ( i , j ) + d ( i , k )  = m in{ d ( x . � ) +d (z ,w) :  
{ x . � . z .w } = { 1 , 2 , 3 , 4 } } .  
S i nc e 8 i s  l i ne ar ! �  r e l a t ed  to X ( e xamp l e  4 .5 ) ,  t h i s  p rocedure  i s  l i ne a r . 
S t a t i s t i c a l l � - based  me thods  s uch  a s  ma x im um  I i k e l  i hood  ( F e l sen te i n ,  
[ 1 97 3 ]) a r e  genera l ! �  ne i t ll e r  l i ne a r  no r  cen t ra l .  

7 . 8  T h e o r e m  

Fo r  da t a  s tochas t i ca l l �  g e ne ra t e d  b�  (T  0 , p ) ,  an�  I i ne a r  p rocedure  

converges  to t ha t  t r ee  T ( i f  a n� )  wh i ch s tr i c t i � m i n i m i z e s  

2:: 0W (o ,T ) s (o ; T 0 , p ) .  S uch  a t r e e  e x i s t s  e xce p t  o n  an a l g ebr a i c  s e t  o f  

v a l u e s  fo r  p .  

P r o o f: 

F i r s t  s u ppose  a t  l ea s t  two t rees  T 1 , T  2 m in i m i z e  2::0W (o ,T ) s (o ; T 0 , p ) .  Le t  

A.0 = W(o .T 1 ) -W(o ,T  2 ) . 8� pa r t  ( a )  o f  t h e  d e f i n i t i on ,  A.0;z: o fo r  some o .  

Now b�  t h eorem 6 . 1 5 ,  2::0A.0s (  o ; T 0 , p )  = 0 on ! � o n  a n  a l g e b r a i c  se t  for  p .  

O the rw i s e  we  m a� suppose  2::0W(o ,T )s (o ; T 0 , p )  i s  s t r i c t i �  m i n im i z e d  b�  a 

t r ee  T 1 .  F o r  T E BPT(n) ,  and  an� vec tor  v i nde xed  ove r  Q(n ) .  

l e t Z (T ,T 1 , v )  = 2::0 (W(o ,T ) -W(o ,T 1 ) )v0 , so t ha t  T 1 i s  s e l ec t e d  prec i s e ! �  i f  

Z (T ,T 1 , X )> O f o r  a l l T;z:T 1 . 
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Now P ( Z (T ,T 1 ,X )> O ;  T 0 , p )  = P (Z (T ,T 1 , X/c ) ?: 0 ;  T 0 , p )  

?: P (  I Z (T ,T 1 , X /c )  -Z (T ,T 1 ,s )  I < Z (T ,T 1 , s ) ; T 0 , p ) ,  
wh en�� s = s (T 0 , p  ) .  
S i nc e  Z (T ,T 1 ,s (T  0 , p ) )> O ,  and E [  Z (T ,T 1 ,X/c ) ]  = Z (T ,T 1 , s )  l emma  6 .2  ( 3 b )  g i v e s  

1 i mc->ooP(Z (T  , T  1 , X )> 0 )  = 1 .  T h e  r esu l t  now  f o 1 1  ows  f rom  1 em  m a 6 . 2  ( 1 ) . § 

7 . 9  T h e o r e m  

L i ne a r  and  c ent r a l me t hods  a r e  no t  a l ways  cons i s ten t ,  even  o n  fou r  t a xa .  

P r o o f :  

Fo r  t h e  t r e e  T a s  i n  f i g . 7 . 1  s e t  p 1 = p3=0< ,  p 2=p4=p5  = .[3 ,  w i th 0<2 = .[3 ( 1 - .[3 )  so  

t h a t  s 1 2 = s 1 3 . I n t e rchang e  p endant  ver t i c e s  2 an d  3 on  T ,  l e a v i ng a l l  t h e  

e d g e s  a n d  t h e i r  w e i gh t s  unchanged ,  t o  ob ta i n  a we i gh t ed t r e e  T ' , w i t h  
cent r a l  p ar t i t i on p robab i l i t i es s ' 1 2 , s ' 1 3 , s ' 14 , s 1 2 3 4 ' t h e  s ame  a s  t hose  for  

T .  Thus  fo r  a c e nt r a  1 procedure  qJ ,  

P ( qJ (X )  = {T } ; T , p )  = P (qJ (X )= {T } ; T ' , p ) :::; 1 - P (qJ (X ) = { T ' } ; T ' , p ) .  
I n  p a r t i c u l a r P (qJ (X )  = { T } ; T , p )  and P (qJ (X ) = {T ' } ; T ' , p )  cannot  bo th  t end  to  1 

as  c t ends  to  i nf i n i t y .  Thus qJ c annot be  a l w ay s  cons i s t ent .  

3 

P s  

2 4 

F i gure  7 . 1  



Suppose  now the re  i s  a l i ne a r  s e l ec t i on  p rocedu re  <P w h i ch i s  a l wa u s  
cons i s t ent .  
Le t  8 (T 1 , T  2 ,o )  = W(T 1 ,o ) -W(T 2 ,o ) .  Then bl:J  t h eorem 7 .8 ,  

1 i mc->oop(�0X08 (T 1 ,T 2 ,o ) < O ; T 1 , p )  = 0 i f  �0s(o)8 (T  J . T  2 ,o )> O 

Fo r  i = 1 ,  . . .  , 4 ,  l e t T 1  = ( 1 2 ) ( 34 )  a nd T 2 = ( 1 3 ) ( 24 ) .  A s s i g n  we i g h t  p to t h e  
e dge  o f  T 1 , a n d  T 2 i nc i den t  w i t h  t he  p endant  v e r t e x  l ab e l l ed i ,  a n d  a s s i g n  

we i g h t  E o n  a l l t h e  o t he r  e d g e s ,  g i v i ng a e dge  w e i gh t  v ec to r  p ( i ) .  

I f  o i deno tes  t h e  p a r t i t i on i nduced  b l:J  t h e  co l our i ng { { i } ,  L 4 - { i } } ,  t h e n  

�0s (O ;  T 1 , p ( i ) ) 8 (T 1 ,T  2 ,0 ) = 8 (T 1 ,T 2 ,o ( i ) ) p  + O( E ) . 
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B U  c hoos i ng E s u f f  i c  i e nt l u  sma  1 1 , t he  cons i s t e ncu cond i t i o n  for  T 1 r e q u i r e s  
t h a t  8 (T 1 , T  2 ,o ( i ) ) :s o . Repe a t i ng t h e  a rgument  fo r T 2 g i v e s  8 (T  2 .T J .o ( i ) ) :s o . 

B u t  8 (T 2 , T  J .O(  i ) )  = - 8 (T  1 ,  T 2 ,0 ( i ) ) ,  hence S ( T  1 ,  T 2 ,0 ( i ) )=  0 for  i =  1 , 2 , 3 ,4 .  

T a k i ng p - E j , we  have  �0s(o ; T , p ) 8 (T 1 ,T  2 ,o )  = 8 (T 1 ,T  2 ,o 0 )  + O(E ) ,  and bl:J  a 

s i m i l ar a r g ument ,  8 ( T 1 ,T  2 ,o 0 )  = 0 .  I t  fo l l ows  t ha t  anu cons i s tent  l i n e a r  
me t hod  i s  c e ntr a l  cont rad i ct i ng t he  f i r s t  pa r t  of  t h e  t h eo r em .  H ence  t h e r e  

canno t  b e  a cons i s te nt l i ne a r  s e l e c t i o n  p rocedu re  o n  n?:4 ta xa . § 

T h e  nex t  resu l t  s hows  t ha t  i f  a s e l ec t i o n  p rocedure  i s  a l wa u s  cons i s ten t  

on  fou r  t a x a  i t  c an  be  tu rne d  i nto  a s e l e c t i o n  procedure  wh i c h  i s  a l w au s  
cons i s t e nt i n  g ener a l .  We  app l l:J  t h i s  resu l t  s hor t l [d .  

7 . 1 0  L e m m a  

Suppose  a s e l ec t i o n  p rocedure  <P i s  a l waus  cons i st e nt o n  f our t a x a .  For  

n?:4  t a xa  d e f i ne 

<P* (X )  = <US E [n ] 4 <P (X [S ] )> , where  <Q> i s  g i ve n  i n  d e f i n i t i o n  3 . 1 0 ,  and  X [S ]  

i s  t he  agg re ga t e  o f  X r e l a t i v e  to S .  

Then <P* i s  a l wa u s  cons i s tent o n  n ta xa .  



P r o o f: 

B hJ  p ropo s i t i o n  3 . 1 1 ,  <u S E[n ]4 T [S ]> = {T } ,  so t ha t  
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P (yJ*(X (c ) )  = { T } ) � P(nSE [n]4 yJ(X [S ] (c )  = T [S ] ; T [ S ] , p [S ]) w h i c h  tends to 1 as  

c->oo bhJ  l emma  6 .2  ( 1 )  and  the  cons i s te nch) of  yJ ,  a s  r e q u i r e d . § 

7 . 1 1  R e m a r k  

Wh i l e  l i ne a r  s e l ec t i o n  p rocedu res  a r e  i n  gene r a l  i ncons i s t ent t h e r e  e x i s t  
s e l e c t i o n  p rocedu res  wh i ch a r e  a l wahJS  cons i s t e nt a n d  w h i ch a r e  q u a d r a t i c  
i n  t h e  s ense t h a t  t h e  p rocedure  chooses  t ha t  t r ee  T m i n i m i z i n g  

2::0W (0 ,T )X0 + 2::0 1 ,02 W (0 1 ,0 2 ,T )X0 1X02 for  s u i t ab l e  w e i g h t s  W (0 ,T ) ,  

W (  0 1 ,0 2 ,  T ) .  S uch  p rocedu res a r i se f rom the  quad ra t i c  i nva r i an ts  d esc r i bed  
i n  sec t i on s i x .  An e xp l i c i t  e x am p l e  of  a quadra t i c  s e l ec t i on procedure  i s  
"c l o ses t  t re e "  (HendhJ  [ 1 9 88 ] .  For  a p roof  t ha t  i t  i s  q u a d r a t i c  i n  t he  a bove  
s ens e  see  HendhJ [ 1 98 9 ] ) .  

C©rnsos�®rn� r®c©�®lll' ©� �r®®s �r©m ©Jijssomo��tro�o®s 

One problem wh ich arises from attempts to consistently i nfer phylogen ies 

from d issimi larities is that frequently the number of sites, c, wh ich cou ld 

have changed is unknown . I ndeed even the number c* which actual ly 

changed may also be unknown , s ince the diss imi larity matrix g ives on ly 

bounds on c* , as i l l ustrated i n  example 4.5 .  We now show that us ing just 

the dissimi larity matrix , and without knowledge of c or c* , (and without 

assuming a molecu lar clock) there exist procedures for consistently 

recovering trees. This is not enti re ly obvious in view of the loss of 

i nformation i nvolved in converting sequences to dissimi larities, as 

described i n  section  four. 



B �  l �Zmma  7 . 1 0  i t  s u f f i c �Z s  to  cons i d�Z r  on l � t r�Z�Zs  w i th fou r  t a xa .  

C ons i d�Z r  t h�Z  t r unca t�Zd  v�Zc tors  X"'  and s"' (T , p )  d�Z f i n�Z d  b �  X =  [X"' ,  x 0 0l
t , 

s = [ s"' (T , p ) ,  s (o0 ) ] t . W r i t�Z t h�Z  d i s s i m i l a r i t �  ma t r i x  a s  a v�Zc tor  S ,  so  t ha t  

c *  and S d�Z t�Z rm i n�Z X"'  as  i n  �Z xamp 1 �Z 4 .5 .  

G iv �Zn S ,  l �Z t l ( S )  = ma x i j { S i/ Fo r  �Zach t r�Z�Z  T on t h�Z  fou r  t a xa ,  ass i gn 

�Zdg�Z  w�Z i g h ts p (T )  and a va l u�Z o=o ( S ,  T )  for  c* ,  w i th l ( S ):::; '0:::; 2 l ( S )  so  t h a t  

fo r  t h�Z  a s soc i a t �Zd  par t i t i on f r�Zqu�Znc i �Zs X"'  = X"' ( S ,o (T ) )  WIZ  m i n i m i z �Z  

D. (T )  = I I X"' I 0 - ( 1 - s 0 (T , p (T ) ) - 1 s"' (T , p (T ) ) I I .  F i n a 1 1  � 1 �Z t  <P b�Z  t h �Z  p roc�Zdu r�Z  

w h i ch s �Z l �Zc ts  t h a t  t r�Z�Z  (or  t r�Z�Zs )  t ha t  m i n im i z�Zs  D.(T ) .  

7 . 1 2  T h �Z o r �Z m  

<j) a l wa �s conv�Zrg�Zs  to t h �Z  und�Zr l � i ng t r �Z �Z  T 0 as  1 ( 8 ) ->oo . 

P r o o f :  

F i r s t  no t �Z  t h a t  l (S ) ->oo pr�Zc i s�Z l �  i f  c*->oo . 
L �Z t  s"'=s"'(T o . P o ) and  so = s (c>o ; T o .P o) .  
L �Z t  E o = m i n{ l l ( 1 - s 0 )- l s"' - !) ( 1 -s 0 (T , p ) )- 1 s"' (T , p ) l l ;  T;z:T  0 ,  P E ( 0 , 0 .5 ) 5 , !) ER } .  

B �  t h�Zor�Zm 6 . 1 4 ,  E 0> 0 .  

L �Z t  E 1  = E 1( c* )  b �Z  t h �Z  IZV�Znt  t ha t  

I I X "'  I c* - ( 1 -so ) - l s "' l l  < E o; 4 · 

l �Z t E 2 = E 2 (c* )  b �Z  t h�Z  �ZV �Znt t ha t  D.(T 0 )  < Eo; 4 

and l �Z t E 3 =E3 (c* ) ,  E 4=E 4 (c* )  b�Z  r �Z sp�Zc t i v�Z l �  t h�Z  �ZV�Znts  t h a t  

D.(T 1 ) ,D. (T  2 ) ;:::: E o; 4 , for  th�Z o th�Z r  two t r �Z�ZS  T 1 , T  2 EBPT (4 ) .  
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F i na l l �  l �Z t E 5  = E 5 (c* )  b�Z  th�Z �ZV�Znt t ha t  D.(T0 )  < m in {D. (T 1 ) , D.(T 2 ) } ,  t h a t  i s , 

t h a t  <j)* s �Z l �Zc t s  T 0 .  WIZ  w i sh to s how l imc*->ooP (E 5 (c* ) )  = 1 . 



S inct2 c*  l i t2 s  bt2 tWt2t2n  1 ( 8 )  and  2 . 1 ( 8 ) ,  a s  s hown i n  t2 x am p l t2  i n  4 .5 ,  W t2  havt2  

E 1 c E2 . A l so E 2nE 3nE4 CE5  so  t ha t  E 1nE3nE4 cE5 .  T h u s  
P ( E 5 )  :2:: P ( E 1nE3nE4 ) .  (*) 

For i = 3 ,4 l t2 t  E i ' b t2  tht2 com p l t2mt2nt  of E i . Thus  E3 ' is tht2 t2vt2nt th a t  

1 1 X"'  /a (T 1 ) - ( 1 -s 0 (T 1 , p (T 1 ) )- 1 s"' (T i , p (T ) ) I I  < E o; 4 . Bu t  th i s  i m p l i t2 s  
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I I X "'  I c * - .j3 ' ( 1 - so (T 1 , p (T 1 ) ) - 1 s"' (T 1 , p (T 1 ) ) 1 1  < E oa(T 1 ) / 4c*  wht2 r t2  .j3 '= o (T 1 ) / c* · 

and  t h i s  i s  < E o; 2 s i nct2 c*:2:: 1 ( 8 )  ( t2 xamp l t2  4 .5 )  and o (T 1 )  i s  chost2n  ::s 2 . 1 (8 ) . 

T ht2n b�  tht2  t r i a ng l t2  i nt2qua l i t �  for  E uc l i dt2 an  d i s t anct2 ,  and  t h t2  dt2 f i n i t i o n  
o f  E 0 ,  Wt2  s t2 t2  t h a t  E 1nE3 ' r t2qu i r t2s  

l l ( 1 - s 0r1 s"'- .j3 ' ( 1 -s 0 (T 1 , p ) ) - 1 s"' (T 1 , p ) l l  < 3 E o; 4 .  wh i ch cannot  occur  b �  

d t2 f i n i t i o n  o f  E 0 .  T h u s  E 1n E3 ' = <P , a n d  s i m i l a r ! �  E 1nE3 ' = <P ,  so  t h a t  

E 1n E 3n E4 = E 1 .C omb i n i ng th i s  w i t h ( * )  W t2  h avt2  
P ( E 5 )  :2:: P ( E 1 ) .  ( ** )  

B u t  b�  l t2mma  6 . 2  ( 3c )  X"'  h a s  a m u l t i nom i a l  d i s t r i b u t i o n  w i th p a r amt2 t t2r s  

c* ,  a n d  s"'/ ( 1 - s0 ) .  T h u s  l i mc*->ooP( I I X "'/ c* - ( 1 -s 0 )- 1 s"' l l  < E ) = 1 fo r  a l l 

E> O ,  b �  l t2mma  6 . 2  ( 3b ) .  I n  p a r t ic u l a r , t ak i ng E = E o W t2  h avt2  

1 i mc*->ooP(E 1 (c* ) )  = 1 ,  so t h a t ,  b�  ( ** ) ,  I i mc* ->ooP(E 5 (c* ) )  = 1 ,  a s  

r t2q u i r t2 d .  § 



�©ffil�o��®ffil©W ©� i?rmlf'�om©ffilW rmffil<dl �©mfPrm�olblmw. 

We now establ ish conditions for the consistency of Wagner pars imony and 

compatib i l ity. 

7 . 1 3  D e f i n i t i o n  

L e t  e be  a n  edge  o f  T EBPT (n) .  T hen  e pa r t i t i ons  t h e  l abe l s  o f  t h e  
endpo i nt s  o f  T i nto two se ts ,  L 1 ( e ) ,  L 2 ( e ) ,  cor respond i ng to  t he  two 
component sub  t r ees  of  T -e .  
Then  for  0 EO (n ) ,  0 i s  induced by e ,  i f  0 = L 1 ( e )  o r  L 2 ( e ) .  We  I e t  Q I ( T )  

( r esp .  Q P(T ) )  b e  t h e  se t  o f  0 EO(n )  i nduced b y  a n  i nte rna l ( r e sp .  p e ndan t )  

e d g e  o f  T ,  and  Q (T )  = QI (T )uQP(T )u {  0 0 } ,  t h e  " t ree  I i k e "  p ar t i t i o ns of  T .  

7 . 1 4  L emma  

U nde r  Cavender ' s mode  I ,  f o r  sequence da t a  s tochas t i c a  l l y genera te d  on  

(T  0 , p  ) EWB T(n) ,  
( 1 ) :  compat i b i l i t y  converges  to  a t ree T EBPT (n)  i f  T s tr i c t l y  max i m i z e s  

LoEO(T )s (0 ; T o . P ) .  

( 2 ) :  Wagner  p a r s i mony  converges  to a t r ee  T EBPT (n) i f  T s tr i c t l y  

m i n i m i ze s  2:0 EO (n) w (  0 , T ) s (  0 ; T 0 , p  ) .  

( 3 ) :  I n  bo t h  cases  s uch  a t r e e  T e x i s t s  e xce p t  for  an  a l g eb ra i c  s e t  o f  
w e i gh t s  for  p .  

P ro o f: 

T h i s  l emma  fo l l ows  immed i a te l y  f rom theorem 7 .8 .  § 
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7 . 1 5  E xamp l e 

Fo r  T= ( 1 2 ) ( 34 )  w i th edge  w e i gh t s  as  g i v e n  i n  f i g .  7 . 1 ,  t h e  cond i t i o n  f o r  

cons i s t enc �  o f  both  t �pes  o f  p a r s imo n� g i v en b�  t h eorem 7 . 1 4  i s  

s 1 2 > ma x { s 1 3 , s 1 4 } ,  w h i ch t r ans l a t es  b�  t h eo r em 5 . 2 8  i nto :  

(0 5 mi n { C (J_) 1 (0 2 + (0 3 (J_) 4 ) 1 ( ) C (0 1 (J_) 2 + (0 3 (0 4 ) 1 ( ) } (J_) 1 (J_) 3 + (J_) 2 (J_) 4 ' (J_) 1 (J_) 4 + (J_) 2 (J_) 3 ' 

where  U) t 1 - 2p i · 

T hus ,  fo r  a n� a s s i gnment  of  edge  we i gh t s  to  the  pendan t  e dges ,  Wa g ne r  
p a r s imon� and compat i b i l i t y  a r e  cons i s te nt i f  t h e  centr a l  e d ge w e i g h t  i s  
no t too  sma l l .  S e t t i ng p 1 = p3=0< , p 2= p4= p 5 =,f3  the  r equ i r ement b ecomes  
0< 2:S ,f3 ( 1 - ,f3 )  a s  g i v e n  b�  F e l s enste i n  [ 1 9 78  ( 2) ] .  § 

We now show that Wagner parsimony fai l s  even i n  the case where al l  edges 
have equal l ength , by general iz ing Felsenste in's example wh ich ach ieved 
inconsistency by separating two long edges and two short edges by a short 
i nternal edge .  We rep lace the long edges by a large  tree,  whose edges have 
the same length as the previous short edges. 

7 . 1 6  D e f i n i t i o ns :  

( 1 ) : Fo r  Z E { {A} ,  { B } ,  {A ,B } } ,  and TEBPT(n ) ,  l e t V (T , Z )  b e  t h e  se t  of  
co l our i ng s  o f  t h e  p endant  ver t i ce s  o f T i n  w h i ch Z i s  t h e  se t  of  pos s i b l e  

co l our i ng s  o f  the  roo t  i n  an�  m i n im a l co l ou r i ng o f T .  
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( 2 ) :  L e t  T (k )  be  a roo ted  b i nar�  t ree  w i t h 2k endpo i nt s  a nd a roo t  (o f  

d e gree  2 ) ,  d ef i ned  recur s i v e l y b y  t a k i ng T ( 1 )  t o  b e  two  edges  each  i nc i d ent 

w i t h  a roo t  ve r t e x  and T ( j )  fo r  j> 1 to be  t h e  t r ee  ob t a i ne d  b�  j o i n i ng t h e  

roots  o f  two cop i e s  of  T( j - 1 )  to a new roo t  b� two  new edges ,  as  s hown 

i n  f i g .  7 . 2  ( r e f e r  to f o 1 1  ow ing  page ) .  The  I a be  1 1  i ng o f  t h e  pendant  v e r t i c es  

o f  T ( k )  i s  a r b i t r a r�  and  un i mpor ta nt i n  w ha t  fo l l ows .  



• • 
• • 
• 

T (k) • 

F i gu r e  7 . 2  

7 . 1 7  R e m a r k  

_ 1  

_ 2  

_ 3  
_ 4  • 

• 
_._ k 
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F o r k�  5 ,  t h e re a re  c o l our i ngs  i n  V (T (k ) , {A } )  i n  w h i ch t h e  m a jor i ty o f  

endpo i n t s  a re  c o l oured  B .  Indee d  i f  w e  l e t f (k )  b e  t h e  m i n i m um numb e r  o f  

endp o i nt s  o f  T ( k )  t h a t  are  c o l oured  A over  a l l  )( EV(T (k ) , {A } ) ,  w e  have :  

7 . 1 8  T h e o r e m  

f ( k )  f ( k- 1 )  + f ( k- 2 ) ;  f ( O )  = 1 ,  f ( 1 )  = 2 .  

T hus  f (k )  i s  t he  (k+ 1 ) - th F i bonacc i  number ,  Fk + 1 , and  so for  each  E> O t hen�  

i s  a k ,  and  a E V(T (k ) , {A } )  for  w h i c h  th e p ropor t ion  of  endpo i nts  of  T ( k )  

co l o ured  A by  )( i s  < E .  

P r o o f :  R e f e r  t o  Append i x .  



1 3 8 
7 . 1 9  D e f i n i t i o n 

Le t  RWT( n) deno t e  t he  se t  o r  w e i gh t ed  rooted  b i nar�  t r ees  on l ab e l  s e t  

{ l , . . .  ,n } .  F o r  TERW T(n) ,  l e t S (T ) ,  ( resp .  D ( T ) ,  E ( T ) )  d e n o t e  t h e  p robab i l i t � t h a t  

a co 1 o u r  i ng  o f  t he  p endant v e r t  i c es  of  T 1 i e s  i n  V (T .  {A } )  ( r esp .  V (T  , { B }  ) ,  

V (T , {A , B } ) ,  w h e r e  A is  t he  ac tua l c o l our  o r  t h e  root  o r  T .  Thus ,  for  

examp 1 e .  S (T )  i s  t he  probab i 1 i t �  tha t  t he  endpo i nts  o f  T a re  co 1 oured so 

t ha t  a 1 1  m i n i m a  1 ex t ens i ons o r  t ha t  c o l o u r i ng to t he  ve r t  i c es  or  T w i 1 1  

ass i gn t he  root  i t s ac t ua l co l our ,  A .  No te  t ha t  S (T )  + D (T )  + E (T )  = 1 .  

G i ven  T 1 ERWT(n1 ) ,  T 2 ERWT(n2 ) ,  l e t T , *T  2 (p 1 , p2 ) E RWT(n 1+n2 ) b e  ob t a i n e d  b �  

jo i n i ng t h e  roots  of  T 1 and T 2 to  a new root ,  a nd ass i g n i ng edge  

p robab i l i t i e s  p 1 , p 2 r espec t i ve ! �  to  t he  new edges .  

7 . 2 0  L e m m a  

For T =  T ,*T 2 (p , . p 2 ) ;  q i = l - p i , S i =S (T i ) ,  D i =D(T i ) ,  E i =E (T i ) f o r  i = 1 , 2 :  

S ( T )  = (q 1S 1  + p ,O , ) ( q 2 S2 + P2D2 ) + E , (q 2S 2 + P2D 2 ) + E 2 C q 1S 1 + p , O , ) 

D (T)  = (p 1 S 1  + q 1D 1 ) (p 2S 2 + q 2D2 ) + E , (p 2S 2 + q 2D2 ) + E 2( q 1D 1 + p 1 S 1 ) 

E (T )  = E 1E 2 + (5 ,0 2 + D ,S 2 ) (q , q 2 + P 1P 2 ) + (0 ,0 2 + S 1 S 2 ) (p 1 q 2 + P 2q 1 ) .  

P r o o f :  The  fou r  poss i b l e  ac tua l s t a tes , - - (A ,A ) ,  (A , B ) .  ( B ,A ) ,  ( B , B )  - - o r  

t h e  roo t s  o r  T 1 . T  2 . h ave  probab i 1 i t �  q 1q 2 , q 1p 2 , p 1q 2 , p 1p 2 r espe c t i ve 1 � · T h e  

resu l ts now fo l l o w f rom  5 . 1 8  ( 2 ) ,  b�  cons i der i ng when  F i tc h ' s  a l g o r i t h m  

w i l l  ass i gn  t h e  root  of T t h e  s e t  { A } ,  { B }  o r  { A , B }  i n  t e rms o r  t he  

correspond i ng se t  ass i gned to t he  r· oots  or  T 1 and  T 2 . 

7 . 2 1  C o r o l l a ry  

( 1 ) : S (T )> D(T )  

( 2 ) :  E ( T ) � 0 . 5 .  
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P r o of :  

S (T )-D (T )  = (q 1 q 2- p 1p 2 ) (S 1S 2- D 1D 2 ) + E 1 ( q 2-p2 ) (S2- D 2 ) + E 2 ( q 1 - p 1 ) (S 1- D 1 ) ,  a nd 

( 1 )  fo l l o w s  i mm l2 d i a t l2 1 �  b �  i nd uc t i o n, s i ncl2 q 1�p 1 , q 2� p2 . 

( 2 )  can  b l2  l2 s ta b l i s h l2 d  b �  s tandard  ana l � t i c  op t i m i z a t ion. § 

7 . 2 2  T h l2 0 r l2 m  

A s s i gn l2 d Q l2  W l2 i g h t  p to a l l t h l2  l2 d Q l2 S  o f  T ( k ) .  

L l2 t  S ( k )  - S (T (k ) ) ,  D ( k )  = D (T (k ) ) ,  E ( k )  = E (T (k ) ) .  Thl2n  

( 1 ) :  i f  p� 1 1 s , l i m k - >oo S (k )  = l i m k- >ooD(k )  = l i m k ->oo E(k )  = 1 13 

( 2 ) :  i f  p< 1 1s , 

s = l im k -> oo S(k )  = ( 1 - 2x+/ (.6 ) 1( 1 - 2p ) )l 2 

d = I i m k -> ooD(k )  = ( 1 - 2x -f (.6 ) I ( 1 - 2p ) )l  2 

l2 = I i mk-> ooE(k )  = 2x  

Whl2 rl2  x = P I c 1 _ 2p )  and .6 = ( 1  - 6 x ) ( 1 - 2 x ) .  

P r o of :  

F rom l l2m m a  7 . 20  W l2  h avl2 :  

S (k + 1 ) = (S ( k )q + D (k )p ) (S ( k )q +D (k ) p +2E (k ) )  

D ( k + l )  = (S ( k )p+D (k )q ) (S (k )p  + D ( k )q+  2E ( k ) ) 

E ( k+ 1 )  = E 2 ( k )  + 2 (S (k )q + D (k )p ) (S (k )p  + D ( k )q ) .  

L l2 t  s ,  ( r l2sp .  d ,l2 )  dl2notl2  thl2 l i m i t o f  S (k )  (rl2sp .  D (k ) , E ( k ) )  as  k->oo . T hl2 

r l2 a  l num b l2rs  s , d , l2  t h l2 n  sa t  i s f � :  

( 1 ) : s = (s q + dp ) ( sq+ dp+ 2l2 )  

( 2 ) :  d = ( sp+d q) ( sp  + d q+ 2 l2 )  

( 3 ) :  l2 = l2 2 + 2 (sq + d p  ) ( s p  + dq ) .  
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W e  show t h a t  t h e  on l � s o l u t i ons t o  t h ese equ a t i ons a re  t hose g i v e n  i n  t he  

t heorem .  From ( 1 )  and ( 2 )  we have :  

2 e  = sI ( sq +dp )- ( sq+dp )  = dl (sp+d q )  - (sp+dq ) .  (4 )  

Le t  0 = ( s q +dp ) (sp+dq ) .  Then  t h e  se cond e qu a l  i t �  i n  ( 4 )  g i v e s : 

( s 2- d 2 )P I 0 = ( s-d ) ( 1 - 2p ) ,  wh i c h  i s  ( s-d ) (( s+ d ) p  I 0- ( 1 - 2 p ) )  = 0 .  

T hus  e i th e r  s = d o r  ( s +d )  = C 1 - 2P )01 p · I n  t h e  f i r s t  ca se ,  w e  have  f r o m  (4 ) ,  

2 e  = 1 -s .  S i nce  s+d+e = 1  w e  have  s=d=e= 1 1 3 . 

I n  case (s+d )  = C 1 - 2p)OI p · l e t u = s+d ,  s o  t h a t  ( 3 )  b ecomes  

e = ( 1 - u )  = ( 1 - u ) 2 + 20 ,  w h i c h  i s  u 2 - u = - 20 .  R ep l a c i ng 0 b �  up  I c 1 _ 2 p ) ' w e  

h a v e  u (u- ( 1 - 2 P 1 ( 1 - 2p ) ) )  = 0 .  B u t  U7 0 b �  coro l l a r�  7 . 2 1  ( 2 ) .  Thus ,  l e t t i ng  

x = P I c 1 _ 2 p ) ' w e  have  

s+ d  = 1 - 2x = ( l - 2p )OI p · L e t  a =  (sp+ d q ) ,  b = ( sq+dp ) ,  s o  t h a t  

a+ b =s+d ,  a b  = 0 .  T h u s  w e  h a v e :  a + b  = 1 - 2x ,  a b  = P I x - 2 P2 I x 2 · 

S o l v i ng t h e  asso c i a t e d  q uadra t i c  eq u a t i on ( for  a and b )  and  no t i ng t h a t  a�b 

b �  7 . 2 1  ( 1 ) ,  t hen s o  I v i ng for  s and d g i ves :  

s = ( 1 - 2 x + f( 6 )1 ( 1 - 2 p ) )l 2 ; d = ( 1 - 2 x -f ( 6 )1 ( 1 - 2 p ))l 2 , 

and  s o  e = 1 - s - d  = 2 x .  

N ow for p> 1 18 ,  6< 0 ,  s o  the  on l � s o l u t i on t o  ( 1 ) , (2 )  and  (3 )  i s  s = d = e = 1 1 3 . 

Fo r  p< 1 18 , t h e r e  a re  two poss i b l e  s o l u t i ons so cons i d er 8 (k )  = S ( k )-D (k ) .  

T hen  w r i t i n g  p = ( l - E )  I 8 , E> O ,  and us i ng  p + q= 1  and S (k ) +D (k ) +E (k ) = 1 ,  i t  i s  

e a s  i 1 � checked  t ha t  

8 ( k+ 1 )  = ( 1 - 2 p ) ( 1 + E ( k ) ) 8 ( k ) = ( 3+ 2E ) ( 1 + E ( k ) ) 8 (k )  I 4 .  



Now i f  l i m k-> oo E(k )  = 1 /3 , W Q  h aVQ  S (k + 1 ) ;S ( k ) > ( 1 + 2E ;3 ) _ E /3 = 1 +  E ;3 , f o r  

i nf i n i tr2 l y  m any k ,  w h i ch imp l i r2 s  l i m k ->oo S (k )  = oo , a contra d ic t i o n, s i ncr2  

S ( k )<S( k )::; l .  Th i s  r2 l i m i na t r2s  t h r2  s o l u t ion, ( s , d , r2 )  = ( 1 / 3 , 1 ;3 , 1 ;3 ) ,  as  

r r2q u i rr2d .  § 

The previous theorem is appl ied shortly to study the consistency of Wag ner 

parsimony. Fi rst we derive analogous resu lts which are requ i red for 

analysing the consistency of compatib i l ity . 

7 . 2 3  D r2 f i n i t i o n  

1 4 1 

For  T ERWT(n) ,  l r2 t  Q (T )  d r2notr2  t hr2  p robab i  I i t y  t h a t  t h r2  r2ndpo i n t s  of  T a rr2  

a 1 1  t h r2  samr2  c o  I ou r  as  t h r2  roo t ,  and P (T ) ,  t h r2  p robab i l i t y  t ha t  t h r2y  a r r2  a 1 1  

t h r2  oppos i t r2  c o l our  to  t hr2  root .  W r2  now prr2sr2nt t hr2  ana l ogur2  o f  l r2m m a  

7 . 2 0 .  

7 . 24 L r2 m m a  

For T =  T , *T  2 (p 1 , p 2 ) ;  q i = l -p i , Q i =Q (T i ) ,  S i =S ( T i ) ,  fo r  i = 1 , 2 :  

O (T )  = (q 10 1 + P 1P 1 ) ( q 20 2+ P2P 2 ) 

P (T )  = (p 10 1 + q 1P 1 ) ( p 202+ q 2P 2) .  

P r o of :  

C o ns i dr2 r i ng t hr2  four  poss i b l r2  s t a t r2s  of  t h r2  roo ts o f  T J . T  2 g i vr2s  t hr2  1 12m m a  

i m mr2 d i a t r2  l y .  § 



7 . 2 5  C o ro l l a ry 

( 1 ) : P (T )  < Q(T )  

(2 ) :  Q (T )  < m i n {O (T 1 ) ,  O (T  2 ) }. 

P r o o f :  

( 1 )  fo l l o w s  b y  i nduc t io n, u s i ng l lZm m a  7 . 2 4 ,  w h i l lZ  ( 2 )  fo l l ow s  f rom ( 1 ) . § 

7 . 2 6  T h lZ o r lZ m  

A ss i gn lZ d g lZ  WlZ i g h t  p to a l l  t h lZ  lZdglZs  o f  T ( k ) ,  a n d  l lZ t 

Q ( k )  = Q (T (k ) ) ,  P ( k )  = P (T (k ) )  and r(k )  = P ( k )  I Q(k ) · Thl2n  

r = I i m k- >oo r(k )  =f · 

(:A  - /(:A 2-4 ) )1 2 · 

P r o o f :  

i f p � 1 14 , 

i f  p <  1 14 . WhlZrlZ  :A =  ( 2P 2- 4 P+ 1 )  I P 2 . 
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B y  l lZm m a  7 . 2 4 , r ( k + 1 )  = (pO,tq�) 2 I ( qQ+pP )2 = ( p +qr(k ) ) 2 1 (q + pr(k ) )2 , w h lZrlZ 
k k 

= 

- (p+qx ) 21 h . h . . X - ( q+px ) 2 , W I C  I S .  

( x - 1 ) ( x 2- :Ax + 1 )  = 0 ,  whlZrlZ :A = ( 2P 2- 4P+ 1 )  I p 2 · Now thlZ  d i s c r i m i nant  o f  t h lZ  

qu ad ra t i c  f ac tor  i s !:::. = :A2- 4= (/\- 2 ) (:A+ 2 )  w h i ch i s  nlZg a t i v lZ  i f  a n d  o n l y  i f  

:A < 2 ,  a n d  t h i s  occurs  p r lZ c  i s lZ I  y whlZn  p> 1 I 4 . T h u s  t hlZ  on !  y r lZa  I s o  I u t  i o n  

for  x whlZn  p> 1 14 i s  x = 1 .  F o r  p=  1 14 , t hlZ  cub i c  lZq u a t i o n  b lZ c o m lZ s  (x- 1 ) 3 = 0 ,  

w h i ch aga i n  h a s  t h lZ  un i qulZ  s o l u t i o n  x = 1 .  

Fo r  p< 1 / 4 , and h lZnclZ :A > 2 ,  t h lZ  on l y so l u t i o n  f o r  x z 1 , w i th x:S 1  ( rlZqu i r lZ d  

b y  coro l l a ry  7 . 2 4 ) i s  x = (/\- /(/\ 2- 4 ) ); 2 . 



Now for  � ( t )  = ( p+ q t ) 2 / ( q +p t ) 2 · w e  have <P ' ( t )  > 0 on  [ O ,x l  ( s i nce  q >p) ,  so  

t h a t  <P ( t )  i s  m o no t o ne i nc reas i ng  a nd cont i nuous  on [ O , x ]  and  x i s  t he  o n l y  

f i x ed  po i n t  o f  <P ( t )  i n  t h i s  i n t er v a l ,  s o  b y  an e l em entary  a r g um ent ,  r(k )  

converges  t o  x ,  a s  r eq u i r e d .  § 

7 . 2 7  D e f i n i t i o n  

L e t  T 1 ( k ) EBP T ( 2k + l + 2 )  cons i s t o f  two cop i es  o f  T (k ) ,  whose  roo ts a re  

i dent i f i e d  to v2 and  v4 of  t h e  t r ee  T = (v 1v 2 ) (v3v 4 ) .  A s s i g n  l ab e l s  1 and  3 

to  v 1 and v 3 respe c t i v e l y , and l ab e l  t he  res t  o f  T 1 (k )  a rb i tr a r i l y . 
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For  p = [ p 1 ,p 2 , p 3 , p4 ] t , l e t T 1 ( k , p ) EWBT(n) be T 1 (k )  w i t h  e d ge  w e i gh t  p 4 o n  a l l 

t h e  e d g es  of  t he  two  c o p i e s  o f  T ( k )  and the  o th e r  e dge  w e i g h ts as  shown 

i n  f i g .  7 . 3 .  For  i = 1 , 2 , 3  l e t  w i = ( 1 - 2p i ) .  L e t  T 2 (k ) EBPT(2 k + 1 + 2 )  b e  t h e  t r ee  

o b ta i ne d  f rom T 1 ( k )  b y  perfo r m i ng a nearest  n e i ghbour  i nt e rchange so as  

to  jo i n  t h e  two c o p i e s  of  T ( k ) .  

T = ( 1 2) (34) 

T 2 (k )  

F i g u r e  7 .3  
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7 . 2 8  T h e o r e m  

U n d e r  Cav ender 's mod e l ,  for  d a t a  d e r i v e d  f r o m  T 1 ( k , p ) ,  

( 1 ) :  W agner  pa rs i m o n� favours  T 2 ( k )  over  T 1 ( k )  p rec i s e ! �  i f  

w 3 ( w ?+ w 22 ) (S2 (k ) +D2 ( k ) )  - 2 w  1w 2(S2 ( k ) -D2 (k ) )  + 2 w  3 (w / - w  12 )S ( k )D ( k )> O .  

( 2 ) :  C o m p a t i b i l i t � favours  T 2 ( k )  over  T 1 ( k )  p re c i s e ! �  i f  

w 3 (w 1 2 +w 2 2 ) (  02 (k )+P 2 (k ) )  - 2 w  1w 2 ( 0 2 ( k ) -P2 ( k ) )  + 2 w  3 ( w 2 2-w 1 2 )0 (k )P (k )> 0 .  

[w he re  S ( k ) ,  D ( k ) ,  O ( k ) ,  P (k )  a r e  as  i n  t h eorems  7 . 2 2  and 7 . 2 6 ,  w i t h  p = p4 ] 

P r o of :  

( 1 ) :  Denote  t h e  s ta t e  o f  t h e  v 1 b �  A ,  and l e t B b e  t h e  o t he r  c o l our .  

For  OEQ ( n) l e t 'A0 = w(T  1 ( k ) ,o )-w(T  2 ( k ) ,o ) ,  and  l e t X2 and  X4 b e  t he  

i nd uced  c o l our i ng of  t h e  two cop i es  of  T ( k )  a t t ached  to  v 2 ,v4 r espec t i v e ! � . 

B �  F i tch 's a l g o r i t h m  (5 . 1 8 ( 2 ) )  t here  a re  p rec i se ! �  two  cases  for  w h i c h  

'A o :z: o .  

C a s e  One :  l f  X 2 .X 4 EV(T (k ) , { B } )  and  v 3 i s  c o l oured  A ,  t h e n  :A.0 = 1 .  D e no t e  

t h e  s e t  o f  s u c h  o as 0 1 . 

C a s e  T w o :  l f  X 2 E V(T(k ) ,  {A } )  and X4EV(T(k ) ,  { B }  ) ,  v3 i s  c o l oured  B ,  t h e n  :A. c 

= - 1 .  Denote  t h e  se t  o f  such  o as  02 . 

Now t h e  p robab  i l  i t �  o f  case  one a r i s i ng o n  T 1 ( k , p )  i s ,  

S 2 (k )s 1 3  + D2 (k )s 1 2 34  + S (k )D (k ) (s 1 2 3 + s 1 34 ) ,  w h ere  s0 = s (o0 ;  T , p ) ,  w i t h 

T = (v 1 v2 ) (v3v4 ) and p g i v en  i n  f i g . 7 . 3 .  

The  p roba b i l i t �  of  case  two a r i s i ng  f rom T 1 (k , p )  i s ,  

S 2 (k )s 1 2 + D2 (k )s 14 + S (k )D (k ) (s 1 +s 1 2 4 ) .  



E [ Z ( k ) ]  = �OEQ ( n)A OS (O ) = �OEQ 1s(O)- �OEQ 2
s (O ) .  

= S2 (k )s 1 3  + D 2 (k )s 1 2 34  + S (k )D (k ) (s 1 2 3+s 1 34 ) 

- (S2 ( k ) s 1 2 + D2 (k)s 1 4  + S ( k )D (k ) (s 1+ s 1 2 4 ) ) .  

= s t u (k ) ,  whe r e  

u ( k )  = [ -S ( k )D ( k ) ,  - S 2 (k ) ,  S 2 ( k ) ,  S (k )D (k ) ,  - D 2 ( k ) ,  -S ( k )D ( k ) ,  S ( k )D (k ) ,  D 2 ( k ) ] t 

and  s t = [ s 1 ,s 1 2 · s 1 3 · s 1 23 ·s 1 4 ·s 1 24 ·s 1 34 • s 1 2 3 4  l 
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N o w ,  l e t t i ng U) i = ( 1 - 2 p i ) ,  and u s i ng t he  no t a t i o n  ( and orde r i ng o f  Q( 4) and  

[ 4 t)  of e x  amp  1 e 6 . 1 0  we  have  

r = [ 1 ,  (0 1(0 2 , (0 l (0 3 , (0 1 (0 2(,0 3 , (0 1 (0 2 (0 3 , (0 1 2 (0 3 , (0 1 (0 2 , (0 1 2 (0 2 2 J t and 

r = H ts .  

Now s i nce  s = 1 / 8Hr ,  whe re  H = [ (- 1 )  I onx I l o ,X ( a s  i n  t h eorem  5 . 28)  w e  

h ave  E [ Z ( k ) ]  = 1 ; 8s t u (k )  = r tH t u (k ) ,  and i t  i s  e as i l y  c hecked  t h a t  

H t u ( k )  = 2 [ 0 ,  D 2( k ) -S2( k ) ,  (S ( k ) +D (k ) ) 2 , 0 ,  0 ,  (S ( k ) -D (k ) )2 , D 2 ( k ) -S2( k ) ,  O ] t 

g i v i ng :  

E [ Z ( k ) ]  = 0 . 25 ((0 3 ( (0 1 2+(0 22 ) (S 2 (k )+D 2 (k ) ) - 2 (0 1 (0 2 (S 2 ( k ) -D2 ( k ) )  + 

2 (0 3 ( (0 2 2- (0 , 2 )S ( k )D ( k )  ) .  

The  resu l t  now fo l l o ws f rom l em m a  7 . 1 4 .  

( 2 ) :  L e t  Z * (k )  = �oc:Q (T 1 ( k ) )
Xo/ c- �OEQ (T  2 ( k ) )

Xo / c = Xo , l c - X o2 / c say ,  

w he r e  o 1 = { 1 ,V 2 } ,  w i t h V2 t h e  l ab e l s  on t h e  copy  of  T ( k )  whose  roo t  i s  

i d ent i f i ed w i th v 2 , and  o2 = { 1 , 3 } .  

S i nce  E [ Z* ( k ) ]  = s (o 1 ) - s (o 2 ) ,  t h e  resu l t  now fo l l ow s  b y  a s i m i l a r  

a r g ument t o  p a r t  ( 1 ) ,  and f rom 1 e m  m a 7 . 1 4 .  § 



7 . 2 9  C o ro l l a ry 

( 1 ) :  Wagn(2r  par s i m o n� i s  i ncons i s t (2nt o n  T 1 ( k , p )  i f  

D 2 ( k )  P < I (S 2 (k ) +D2 (k ) ) · 

T hus  W agn(2r  pars i mony i s  i ncons i s t (2nt  o n  T 1 ( 2 , p ) EW B T( 1 0 )  for  

p> p 1 ::;:: 0 . 3 9 0 7 6 ,  and  on  T 1 ( k , p )  for  p>p 2::;:: 0 . 1 1 6 4 1 3 ,  and  k s u f f i c i (2 nt l y  l a r g (2  

( d(2p (2nd(2nt  on  p ) .  

( 2 ) :  C o m p at i b i l i t y i s  i ncons i s t(2nt on  T 1 ( k , p )  i f  

p < p2 (k )  I (P2 ( k ) +Q2 (k ) ) " 

T hus compa t i b i l i t y  i s  i ncons i s t (2nt  o n  T 1 ( 2 ,p )  for  p>p3::;:: 0 .4 3 6 1 54 ,  and  on  

T 1 ( k , p )  f o r  p>p4 ::;:: 0 . 24 5 1 2 2 , and k suf f i c i (2 nt l y  l a r g(2  ( d (2p(2nd(2n�o n  p ) .  

P r o o f :  

5 (2 t t i ng p i =p ,  for  i = 1 ,  . . .  , 4 ,  s o  t h a t  w i = ( 1 - 2p )  = w ( s a y ) ,  t h (2  (2 X pr(2s s i o n  i n  

t h (2  s t a t (2m (2nt o f  t h(20r(2m 7 . 28 f o r  W agn(2r  pa rs i m ony b (2 COm(2S  

w ( 2w 2 (S 2 (k ) +D2 (k ) ) - 2 w (S 2 (k )-D 2 (k ) ) )  wh i c h  i s  pos i t i v(2 p r (2c i s (2 1 y  i f  

w > (S 2 ( k ) -D2 ( k ) )  I (S 2 (k ) +D2 ( k ) ) · or  (2qu i v a l  (2n t l y ,  p<02 (k )  I ( S2 ( k ) +D2 ( k ) ) · 

Fo r  compa t i b i l i t y ,  t h (2  ana l o gous  r(2qu i r (2 m (2nt  i s  

p < P2 (k )  I (Q 2 (k ) +P 2(k ) )  = 1 1 ( l + 't' (k ) - 2) ' (Wh(2r(2  't' ( k )  i s  d (2 f i n(2d  i n  t h (20r(2m  

7 . 26 ) .  

Now for  any  r (2 a l -va l u (2d  func t ion ,  f d(2f i n(2d  on  p o s i t i v (2  i n t (2g(2 rs , 

( i n  pa r t i c u l a r f ( k )  = E [ Z ( k ) ] ,  and  E [ Z* (k ) ]l Q 2 ( k ) ) ,  i f  

l i m k ->oo f ( k )  > 0 ,  t h (2n  for  som(2 i n t(2g(2r  k0 W (2  a l so hav(2  f (k 0 ) > 0 .  

T hus  t h (2  va i U(2 S  p2 and p4 a r(2  ob ta in(2d  b y  s o l v i ng t h (2  (2q u a t i ons 

p = d 2 
l(s 2+ d 2 ) · and p = 1 1 ( l +'t' - 2 ) , r(2Sp(2c t i v (2 1 y , Wh(2r(2  s , d  ar(2 g i v(2n  b l:J  

t h (20r(2m  7 . 2 2 ,  a n d  1: i s  g i v(2n  b l:J  t h(20r(2m 7 . 2 6 .  

1 4 6 



T h e  v a l u es  p 1 ,  and p 3 a re  ob ta ined  b �  so l v i ng p = D ( 2 ) 2/ (s2 ( 2 ) +D2 ( 2 ) )  and 

p = P2 ( 2 )  I ( Q2 ( 2 )+P2 ( 2) ) · where S ( 2 ) ,  0 ( 2 ) ,  P ( 2 )  and 0 ( 2 ) g i v en ( i n  t e r m s  of 

p )  b� l em mas  7 . 2 0  and 7 . 2 4 .  § 

7 .3 0 R e m a r k  

A n  exam p l e o f  a T 1 ( 2 , p )  i s  g i v e n  i n  f i g . 7 . 4 .  F o r  p> 0 .4 ,  ( resp .  p> 0 . 2 5 )  

W a g ner  p a r s i mon� ( resp .  compa t i b i l i t � )  w i l l  b e  i ncons i s ten t .  

3 

9 

2 4 
8 

7 
1 0  5 

3 

9 8 7 6 
6 

5 T 1 (2 ,p)  T 2 (2)  

Figure 7.4 

In view of the above resu lts it is natural to ask whether parsimony 
methods wi l l  sometimes fai l  for equal edge weights below those 
prescribed i n  coro l lary 7 .29.  We show that i n  the case of compatibity this 
is not so-- indeed if the edge weights are "sufficiently smal l  and 
sufficiently equal" ( in a sense to be made precise) compatib i l ity is 
consistent. 
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7 . 3 1  L rz m m a  

For  a n �  T EWBT (n) ,  and C C E(T ) ,  i f  p ( C )  = c5 , t h rz n  

s (c5 ;  T , p )  2: s (c5 0 ; T , p ) ITrzEC (Prz/ ( 1 - prz ) ) .  

P r o o f :  

W rz  usrz  i nduc t i o n  on  I C I ·  I f  I C I = 0 ,  t hrz  rrzsu l t  h o l d s ,  s o  supposrz  i t  h o l ds 

for  a l l  C w i t h  I C I = k - 1 2: 0 ,  and . l rz t I C I = k ,  C ' =C- { rz }  for  rz EC ,  and supposrz  

p (C ' )  = cJ' .  I f  rz = [ v 1 , v2 ] ,  cons i drz r  t hrz  cond i t i o na l  p roba b i l  i t i rz s ,  
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O< =PCo l ;< Cv 1 )7){(v2 ) ;  T ,p ) ,  ./3 =P Co l ;<Cv 1 ) =){ (v 2 ) ;  T , p ) ,  whrz r rz  ){(v i ) E {A ,B } i s  thrz  

c o l our  of v i , i = 1 , 2 ,  (whrzrrz ,  b�  convrznt i o n, A d rznotrzs  thrz c o l our  of  t h rz  

p rz ndant vrz r t rz x  o f T l ab rz l l rz d 1 ) . 

T hrzn  s (c5 ;  T , p )  = P rz0<+ ( 1 - prz ) ./3 , s (c5 ' ;  T , p )  = ( 1 -prz )O<+P rz ./3 . 

Thus ,  s i nc rz  ( 1 - prz ) 2 2: Prz
2 · wrz  havrz  s (c5 ;  T ,p )  2: s (c5 ' ; T , p )p rz/ ( 1 -prz ) .  

A pp l � i ng  t hrz  i nduc t i v rz  h � p o t h rz s i s  w rz  srzrz  t h a t  t h rz  r rzsu l t  h o l ds f o r  I C I = k ,  

a s  r rzq u i r rz d .  § 

7 . 3 2  D rz f  i n i t i  o n  

For  rrza l n umbrzrs  :\.> 0 and L 2: 1 ,  and i n t rzgrzr  n2:3 ,  l rz t B (n ,:A. , L )  b rz  t h rz  s rz t  o f  

t r rzrzs  T EWB  T(n)  w h osrz  rz d g rz  l rzng ths  a r rz  a 1 1  :::; :A a n d  w h o s rz  s rz t  o f  r a t ios  of 

rz d g rz  1 rzng t hs  i s  bo undrzd  abovrz  b �  L .  

L rz t  B ( :A. , L )  = UnB(n ,:A. , L ) ,  a n d  B (:A. )  = UL B (:A. , L ) .  
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7 . 3 3  Th eo r em 

Fo r  C> 1 ,  c hoose  0 <:\ 0< 1  so  t ha t  

( 1 ) : C4:A. 03 + 2C 2:A.o + 1 -C:::; O ,  ( 2 ) :  2C:A.o ( 1 +C:A.o):::; 1 ,  ( 3 ) :  C� 1 / ( 1 -:A.o) -

[ S uch  a cho i ce  i s  poss i b l e  s i nce  fo r  C> 1 f i x e d ,  t h e  i n e q ua l i t i e s a l l  b e come 
s t r i c t  a s  :A.0  t ends to z ero . ]  

S u ppose  (T , p ) EB (:A. ) ,  :A.:::;:\ 0 .  Then  

( 1 ) : i f  (};zcJ0 ,  s (cJ ; T , p ) :::; s (cJ0 ;  T , p )C:A. ,  
(2 ) :  i f  w (cJ ,T )> 1 ,  s (cJ ; T , p )  :::; s (cJ0 ;  T , p ) . 2C2:A_2 ( 1 +C:A. ) .  

P r oo f : 
( 1 ) : We  f i r s t  note  t ha t  b y  t h e  f i r s t  cond i t io n  o n  :A. 0 ,  a nd :A.:::;:\ 0  we  have :  

1 +C 2:A. :::; 1 + C 2:A.0  :::; C-C2:A.0-C4:A. 03 < C ,  t h u s  

( a ) :  1 + C2:A. < C .  
We  p rove  t he  t heorem b y  i nduc t i o n  o n  I T  I ,  t h e  numbe r  o f  p enda nt v e r t i ces  
o f T .  For  I T  I = 2 ,  i f  (};zcJ0 ,  t hen s (cJ ; T , p )  = p ,  where  p i s  t h e  e dge  w e i gh t  
o n  t he  u n i qu e  e d ge of T ,  wh i l e  s (cJ0 ;  T , p )  = ( 1 -p ) .  Now b y  cond i t i o n  (3 ) ,  

C:A.o; c 1 +C:A.o ) �:A. 0 �:A.�p .  g i v i ng p � ( 1 -p )C:A. ,  as  r eq u i re d .  

S u ppose  t he  r e s u  I ts ho  I d s  for  a 1 1  t r e e s  w i th I T I < k ,  whe r e  k�3 .  a n d  
s u ppose  T EB (:A. ) ,  I T I = k .  

C ase  One :  S uppose  w (cJ ,T )  = 1 .. 

I f  cJ i s  i nd uced  by a n  i n t e rna l e d ge  e o f T ,  l e t T 1 , T  2 ,T  3 , T  4 be  the  fou r  

p endant  sub t r ees  o f T h a v i ng e nd po i nts  i nc i d ent w i t h  e ,  as  i n  f i g .  7 . 5 ( a )  

( r e fe r  to f o 1 1  ow i ng page ) .  

Fo r  i = 1 ,  . . .  , 4 ,  I e t  s i ( resp .  d i ) b e  t h e  p robab  i I i ty t ha t  t h e  o r i g i na 1 

endpo i nts  o f  T i a re  a 1 1  t h e  s ame  co 1 our ,  ( r esp .  t he  oppos i t e  co 1 ou r )  to the 

new end po i nt inc i d ent w i t h  e .  
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e e 

(a) (b) 

F i gu r e  7 .5  

T hen  s (o ; T , p )  = Pe0<+ ( 1 - pe ) .t3 .  where  

0<= (s 1 s 2s 3 s4 +d 1 d 2 d 3 d4 ) ,  .t3=  ( s 1s 2d 3 d4+d 1 d 2s 3 s4 ) ,  so tha t  

s (o ; T , p ) ::::; s 1 s 2 s 3 s 4 (p e + C
4A. 4 + 2 ( 1 -p e )C 2A.2 ) ,  b�  t he  i nd uc t i o n  h � po t h e s i s .  

Now s (o0 ;  T , p )  = ( 1 -pe )O< +Pe .t3 · and s (o 0 ;  T , p )  i s  ma x i m i z e d  w hen  Pe= 0 ,  

( l emma  6 . 1 3  ( 1 ) ) ,  s o  tha t  s (o 0 ; T , p ) ::::; s 1 s 2 s 3 s 4 . Thus ,  s i nce  Pe ::;A. ,  w e  h av e  

s (o ; T , p ) ::::; s (o 0 ;  T , p )(A. + C4A.4 + 2C2A. 2 ) ::::; s (o 0 ;  T , p )CA. ,  s i nc e 

1 +C4A. 3 + 2C 2A. ::::; C .  

S i m i l a r ! � . i f  o i s  i nduced  b �  a pend ant e dge  e ,  r e p r esen t  T a s  i n  f i g . 7 .5 ( b ) .  

For  i =  1 , 2  l e t  s i ( r esp .  d i ) b e  t h e  p robab i  I i t �  t ha t  t he  o r i g i n  a I endpo i nt s  o f  

T i a r e  a l l t h e  s ame  co l ou r ,  ( r e s p .  t he  op pos i t e  co l o u r )  to t he  n ew e nd po i nt 

i nc i d ent w i t h  e .  Then  

s(  0 ; T , p )  = P es 1s 2  + ( 1 - p e ) d 1d 2 ::::; s 1 s 2(A. +C2A. 2 ) ::::; s (  0 0 ;  T , p  )CA. ,  b �  ( a ) .  



1 5 1 

Cas e  T w o :  w (0 ,T )  > 1 .  
F o r  0 w i t h  w (0 , T )  = k�2 .  t h e n�  e x i s t s  b �  Menger ' s t h eorem ( refer  Hara r�  

[ 1 969 ] )  two d i s j o i n t  p a t hs  be tween d i f f e rent l y  co l ou red  endpo i nts  o f T so 

tha t  we  can  rep res en t  T a s  i n  f i g . 7 .6 .  

Fo r  i = 1 ,  . . .  , 4 ,  l e t 0 i ( z ) ,  Z E {a , b } ,  denote  the  co l o u r i ng i nduced  b y  0 on  th e 

p endant  sub t r ees  T i w i t h  i t s  d i s t i ng u i shed  p endant  ve r t e x  (c i rc l ed i n  f i g .  

7 .6 )  co I ou r ed  z .  Le t  0 5 (x , y )  denote the  co I our i ng of t h e  cen t ra  I t ree T 5 
w i t h  i t s  two d i s t i ng u i s h e d  e ndpo i nt s  co l oured x , y .  

t he  res t r i c t i o n  o f  p to  the  e dges  o f  T i . 

Thus  s (  0 ; T , p )  = f 1 ( a ) f  2 ( a ) f  3 ( a ) f  4 (a ) f  5 ( a , a )  + f 1 ( b ) f  2 ( b ) f  3 ( a ) f  4 (a ) f  5 ( b , a )  + 

f 1 ( a ) f  2 ( a ) f  3 ( b ) f  4 (b ) f  5 ( a , b )  + f 1 ( b ) f  2 (b ) f  3 (b ) f  4 (b ) f  5 (b , b ) .  

T1 
...--------/'.._.._ __ _ ( ) 

\.._____ _ __ _..,) "V 
Tl 

T2 
...--------.A...___ ___ ( ) 

• 
• • 

\.._____ ___ __ _..,) "V 
T4 

F i g u re 7.6 



Now  for  any a s s i gnm�mt  o f  x , y ,  a t  l ea s t  o ne of  w(o 1 , T 1 ) ,  and  w(o2 ,T 2 ) i s  
;::: 1 ,  a nd a t  l ea s t  o ne o f  w(o3 ,T 3 ) ,w (o4 ,T 4 ) i s  ;::: 1 .  F u r t he rmore ,  i f  x ;z: y ,  
w (o5 ( x , y ) ,T  5 );::: 1 .  B y  i nduc t i o n  
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s (o ; T , p )  :s; s 1 s 2s 3s 4s 5(C2:A. 2 + C 3:A. 3+C3:A. 3+C2:A. 2 ) ,  whe r e  s i i s  t h e  p rob ab i l i t y  

t ha t  t he  e nd po i nt s  o f  T i a r e  a l l  t h e  s ame  co l ou r .  F u r t h e rmore  s (o 0 ;  T , p ) ;::: 

s 1 s 2 s3s 4s 5 ,  t h us  s (O ; T , p )  :s; s(0 0 ;  T , p ) 2 (C2:A.2 +C3:A. 3 ) :s; s (0 0 ;  T , p )C:A. ,  

s i nc e  C:A.+C2:A.2:s; C:A.0 ( 1 +C:A.0 )  :s; 1 / 2 . 

( 2 ) : T h i s  f o l l ows  by  i nd uc t i o n  o n  I T  I b y  u s i ng p a r t  ( 1 )  and  r epea t i ng t h e  

a r g ument u s e d  above  to  es t ab l i s h  case  two of pa r t  ( 1 ) , s i nce  i n  t he  l a st 
step of t h i s  p roof  we h ave  

s (O ; T , p )  :s; s (o0 ;  T , p ) 2C2:A_ 2 ( 1 +C:A. ) .  § 

7 . 3 4  T h e o r e m  

Fo r  a 1 1  L;::: 1 t h e r e  e x i s t s  :A. 0> 0 ,  s uch  t ha t  compa t i b  i I i t y  i s  cons  i s  t e n t  o n  

B (:A. , L )  fo r  a 1 1  :A.:s;:A.0 .  

P r o o f :  

B y  l emma  7 . 1 4 ,  compa tab i l i t y  i s  cons i s ten t  for  da t a  genera t ed  b y  t h e  

C avender  mod e l  o n  t r ee  (T 0 , p )  p r ec i se l y  i f  T=T 0 s tr i c t l y m a x i m i ze s  

LoEQ(T )s (O ; T 0 , p ) .  T h i s  i s  c l ea r l y  e qu i va l en t  to say i n g  T = T  0 s t r i c t l y 

m a x i m i zes  Lo EOo (T)s (o ; T 0 , p ) ,  where  Q0 (T )  = Q (T ) - {o 0 } .  

C hoose  :A. 0> 0 ,  C > 1 s o  th a t :  

( 1 ) : L - 1  > 2C2:A. 0 ( 1 +C:A.0 ) ,  ( 2 ) : C4:A. 03+ 2C 2:A. 0+ 1 -C:s; O ,  ( 3 ) :  2C:A.0 ( 1 +C:A.0 ):s; 1 ,  

( 4 ) : c;::: 1 ; ( 1 -:A.o ) · 



Th2n  i f  p = ma x { p2 : 2 EE (T  0 ) } ,  p:S/\.0 ,  w 2  h av2  

( a ) :  i f  OE00 (T  0 ) ,  (00  d2 f i n2d  as  i n  t h i s  p roof  abov2 )  t h2n  l 2mma  7 .3 1  g i v2s  

s (O ; T 0 , p )  2: s (00 ;  T 0 , p ) p2/ ( 1 -p 2 ) 2: p 2s (0 0 ;  T 0 , p )  2: (P /L ) s (0 0 ;  T 0 , p ) .  

( b ) :  i f  o i s  no t  i n  Q0 (T  0 ) ,  so  t h a t  w(o ,T  0 )> 1 ,  t h 2n  b�  t h2or2m 7 .3 3 ,  ( w i th 

/\=p ) ,  W 2  h av2  s(O ; T 0 , p )  :S s (o 0 ;  T 0 , p ) .  2C2p 2 ( 1 +Cp ) .  
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L 2 t  s 0
m i n  = m i n{ s (O ;  T , p ) :  O E00 (T 0 ) } ,  s 1

ma x  = m ax { s (o ;  T , p ) :  O EQ(n)-Q (T  0 ) } .  

T h 2  cond i t i o n  L - 1  > 2C2/\0 ( 1 +C/\0 )  imp !  i 2 s  L - 1  > 2C2p ( 1 +C p )  s i nc2  p</\ 0 ,  so  
t ha t  2 l i m i na t i ng s (o0 ; T 0 , p )  f rom ( a )  and  ( b ) ,  w 2  h av2  

So . > s l m m  ma x · 

Thus  

2: o E00(T 0 )s (O ; T o . P ) - 2:o EOo(T )s(O ;  T o .P ) 

= 2:oE00 (T  0 ) -00 (T )s (O ;  T o . P ) - 2:oE00 (T )-00 (T  0 )s (O ; T o . P ) ,  

k = I 00 (T ) -O o(T  0 )  I = I 0 0 ( T  0 )-0o(T )  I C s i nc2  I Q0 (T )  I =  I Q 0(T  0 )  I =  2 n-3 ) .  
Now i f  T7!T  0 w2  h av2  k2: 1 so  t ha t  

7 . 3 5  Examp 1 2  

For L = 1 ,  t a k i ng C = 2 . 1 8 , /\. 0 = 0 . 1 2 , i t  i s  2 as i l �  ch2ck2 d  t ha t  cond i t i o ns ( 1 )  

t o  ( 4 )  i n  t h 2  p r2 v i ous  t h 2or2m a r 2  s a t i s f i 2 d .  T hus  i f  t h 2  2 dg2  w2 i g h t s  a r 2  

a l l 2qua l and  l 2ss  t han  0 . 1 2 , compa t i b i l  i t� i s  cons i s t2n t  o n  a l l t r 22s .  I n  

p a r t i cu l ar ,  b�  coro l l a r �  7 . 2 9  ( 1 )  t h2 r2  a r 2  w2 i gh t 2d  t r 2 2 s  ( s uch  as  T 1 ( k , p )  

fo r  0 . 1 1 7< p< 0 . 1 2 , and  k su f f  i c i 2nt l � I a r g2 )  o n  wh ich  compa t  i b i  I i t �  i s  

cons i s t2n t  b u t  Wagn2r pa rs imon� i s  not .  



A cons i de r ab l y  weaker  resu l t  fo r  Wagner  pa rs imony i s  t h e  fo l l ow in g :  

7 . 3 6  T h e o r e m  

Fo r  a l l n and for  a l l  L ,  t h e r e  e x i s t s  a :A.0 ,  fo r  w h i ch W agner  p a r s imony i s  
cons i s ten t  o n  B (n ,:A.0 , L ) .  

P r o o f :  

B y  t h eo r em  7 . 3 3  ( 2 ) , and l emma 7 . 3 1 ,  g i v en  n and L w e  can  choose  :A. 0  so  
t h a t  i f  (T , p ) EB (n ,:A. 0 , L )  t hen  

m i n{ s (o ;  T 0 , p ) :  O EO l (T 0 ) }  >2:: oEO (n )-Q(T )w(o ,T  0 ) s (o ;  T 0 , p ) ,  

s i nc e  w (o ,T )> 1 i f  OEO (n )-Q (T ) .  T hen  

2:0w(o ,T  0 ) s (o ; T 0 , p )  < 
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Lo EO l (T  0 )s (o ; T o .P)  + LoEOP (T  0 )s (o ; T 0 ,p )  + m i n{ s (o ; T 0 , p ) :  O EQ l(T ) } .  ( * )  

Now i f  T�T  0 ,  t h e n  w(o ,T )2: 1 fo r  a l l OEQ I (T  0 )  a n d  w(o ,T ) 2: 2  fo r  a t  l e a s t o ne 

O EQ I (T  0 ) ,  w h i l e  w(o ,T )  = 1 fo r  OEOP(T 0 ) .  Thus  

LoEO (n)w(o ,T ) s(o ; T 0 , p )  2: 

LoEO I (T  0 )s (o ; T 0 , p )  + m i n{s (o ; T 0 , p ) :OEO I (T  0 ) }  + LoEOP (T  0 )s (o ; T 0 , p ) > 

LoEQ(n )w(o ,T  0 ) s (o ; T 0 , p ) , b y (* ) .  

T hus  LoEO (n )w(o ,T )s (o ; T0 , p )  > LoEO (n )w(o ,T ) s (O ;  T 0 , p )  fo r  a l l  T � T0 so  

t ha t  Wagne r p a r s imony i s  cons i s tent  on (T , p )  b y  l emma  7 . 1 4 ,  a s  r e q u i r e d . § 
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7 . 3 7  R e m ar k  

I n  v i e w  o f  t h e  pre v i ous  t w o  theorems i t  i s  t emp t i ng to  ask  w he ther  

W a g ner  pars i mo n� i s  cons i s t ent  o n  B (A. , L )  for  suf f i c i e nt ! �  s m a l l A.=A.(L ) . 

One  app roach  m i g h t  b e  to show t ha t  an� co l o ur i ng  of  a g i v e n  w e i g h t  on  a 

t r ee  i n  B (A. , L )  i s  more  p robab l e  t han  an� o t he r  c o l our i ng o f  gre ater  w e i gh t  

o n  t h a t  t r ee  for  A. =A.(L )  su f f i c  i ent l � sma  1 1 , t h u s  g enera 1 i z i ng t h e  r esu  1 t for  

c o l o ur i ngs  of  w e i gh t  one . However ,  t h e  nex t  t heorem g i ves  a 

counte re xam p l e  to  t h i s  sugge s t i o n, and sheds  more  d e t a i l  o n  t h e  s ub t l e  

r e l a t i o ns h i p  b e tween  w e i gh t  o f  c o l our i ngs  and t h e i r  p robab i l i t� .  

7 . 3 8  T h e o r em 

E v e n  for  L = 1 ,  t h e re  are  no c onstants  8 ,:\. , k> O for  w h i c h  t h e  fo l l ow i n g  

s t a t ement ho l d s  f o r  a 1 1  (T , p  ) EB (A.) :  

"w (0 ,T )<w(0 ' ,T ) +k imp l i e s  s (0 ; T , p )  2: 8 s (0 ' ; T , p ) . " 

P ro of :  

Cons i de r  t h e  t w o  par t i t i o ns 0 1 ,0 2 of  t h e  ca te rp  i 1 1  a r  t ree ,  J 2n+ 2 k , d e f i ned  

b �  t h e  co 1 our  i ngs :  

(A ,A ,B , B ,A ,A ,B ,B ,A ,A ,  . . . .  ) and  (A ,A ,A ,  . . .  [ 2 k  t i m es ] , B ,A ,B ,A ,B ,A ,  . . .  , B ,A ) ,  

r espect i v e  1 � as  in  f i g . 7 .7  ( re fer  to f o 1 1  ow i ng page ) ,  where  i n  a 1 1  cases  

{ x , x ' } = {A , B } .  

T he n  w (0 1 ,J 2 n+ 2k) = n+k - 1 ,  w h i l e  w(0 2 ,J 2 n+ 2k) = n .  

L e t  J 2 n+ 2k * d e note  t he  t r ee  ob ta i ne d  f rom J 2 n+ 2k b �  d e l e t i ng pendan t  

v e r t e x  l ab e l l e d 2n+ 2k and  i ts assoc i a t ed  p e nd ant edge  e and  d i s t i ng u i s h i ng 

t h e  ve r t e x  v i nc i d ent w i t h  e .  



pl2ndant v l2 r t i c l2 s  o f  J 2 n+ 2k* i n  w h i c h  thl2  pl2ndant V l2 r t i c l2 s  a rl2  co l o urQd  

as  i n  J 2n+ 2k  undl2 r  o 1, a nd v i s a ss i gnl2 d t hl2  saml2  c o l our  ( r l2sp .  t hl2  

oppos i t l2  co I our )  a s  t h l2  pl2ndan t  VQr tl2 x  I abl2  1 1  l2d  2n+ 2 k - 1 .  For  o 2 ,  dl2f  i nl2 

o 2 + and o 2
-

ana 1 ogous  1 � · Thl2SQ  d l2 f i n i t i ons a rl2  a 1 s o  i 1 1  us t ra t Qd  i n  f i g . 

7 . 7 .  
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As s i gn Q d g Q  changQ p robab i l i t y  p to a l l t h Q  Q d g Q s  o f  J 2n+ 2k* · a nd l Q t s 1 (n ) ,  

( r Q s p .  d 1 (n ) )  dQnotQ  p robab i l i t y  o f  t ll Q co l ou r i ng o t ( r Qsp·. o 1- ) on t h e  

W Q i gh t Q d  t r Q Q  (J 2n+ 2k* , p j ) .  D Qf i nQ  s 2 (n ) , d2 (n )  for  o 2 s i m i l a r l y . T h Q n  a 

s t r a i g h t fo rwar d  p robab i l i t y  a r gumQnt  g i V QS :  

[ s 1 ( n+ 1 ) ,  d 1 (n+ 1 ) ] t = C [ s 1 ( n ) ,  d 1( n ) ] t 

[ s 2 (n+ 1 ) ,  d 2( n+ 1 ) ]t = D 2 [ s 2 (n ) ,  d 2 (n ) ] t , whQ r Q  

= 

D =

r
p q  q 2

l p q p 2 
s o  tha t  D 2 =[p q2 p q2 1 

p 2q p ( p3 + q 3 )J w i t h  q = l - p .  

C and  0 2 h aV Q  cha rac tQ r i s t i c  Q q ua t i o ns :  x 2- p q x-p 2 q 2 (0<-pq )  = 0 and  
x 2 -p (O<+q2 ) x-p 2q2 ( pq -O< )  = 0 ,  r QspQc t i v Q l y , WhQ r Q  O<=p3 + q3 . Fo r  i = 1 , 2 ,  l Q t 

+ - . + -:\ 1  ?::\ 1  dQnotQ  t h Q  Q l g Q nva l UQ S  o f  C ,  and l Q t :\ 2 ?::\2 dQnO tQ t h Q  
Q i gQnva l uQ s  o f  0 2 . 
· T h Qn  

:\ 1± = 0 .5 ( p q ±f(p 2 q2+4p 2q2 (0<-pq ) ) ) ,  
:\ 2

± = 0 .5 ( p (O<+q 2 )±f(p2 (0<+q2 ) 2 +4 p 2q2 ( pq-O< ) ) ) .  

I t  i s  Q as i l y  chQckQd  t ha t  for  O <p < 0 .5 ,  a nd i = 1 , 2 ,  :\ t�:\ i - · so  t ha t  C a n d  0 2 

a r Q  s im i l a r to  d i agona l matr i c Q s .  T hus  for  i = 1 , 2 ,  

s · (n )  = a · (:\ · + ) n + b · ( f\ . - ) n and l l l l l 

d i ( n) = c i (:\ i + )n + d i (:\ i - ) n, w i t h  a i , b i ,c i , d i i nd Q p QndQn t  o f  n (bu t  w i t h  

a 2 , b2 , c2 , d 2 d Q p Qnd on  k ) .  
Now 



T hus  s (o 1 ; J 2n+2k , p j ) = a ' 1 (:A 1+P + b ' 1 (:A 1- )n 

s (o2 ;  J 2n+ 2 k ·p j )  = a ' 2 C:A2 +p + b 2 ' C:A 2 - ) n, 

fo r  new cons tants  a i ' · b i ' · so  tha t  

s (o 1 ;  J 2n+2k · p j ) ls (o 2 ;  J 2n+2k · p j )  "' Ca 1 '1 a 2 ' ) (:A 1+I:A 2 + )n s i nce :At>:A i - · 

+ I + - ( q  + /(q2+ 4q2 (0<-pq ) ) )  I Now :A 1 :A 2 - (O<+q2+f ((O< +q2 ) 2 +4q 2 ( pq-O<) ) ) • so  

t h a t  l im p-> o :A ,+I:A 2+ = ( 1 +/5 )1 2 , t he  " go l d en  r a t i o " .  T h us we  can  
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cer ta i n ! �  choose  p0> 0 so  tha t  fo r  a l l  p<p0 ,  :A 1 + I:A 2 +> 1 ,  ( i n  f ac t  w e  c a n  take  

Po  = 0 .5 ,  t hough th i s  i s  no t  necessar�  fo r  t he  p roof ) .  

T hus  a s  n->oo , s (o 1 ;  J2n+ 2k , p j ) ls (o2 ;  J 2n+ 2k , p j )  -> oo , even  t hough 

7.39 Remark 

We now offer an i ntu itive expla.nation for the motto "heavier co lou rings 

can be more probable, even on  trees with equal edge weights , "  which was 

formal ly demonstrated above. 

Reca l l t h a t  s (o ; T ,p j ) = 2: {ccE (T ) :  p (C ) =o}P I 
C I ( 1 -p )  I E (T )  1-1 C I = 

( 1 -p )  I E ( T )  1 2:k�w(o ,T )  I { CcE (T ) : p ( C )  = o ,  I c I =  k }  I E k , whe r e  E = PI c 1 - p ) · 

so  t ha t  0 < c<  1 .  

Rega r d  s (o )  = s (o ; T ,p j ) a s  a p o l �nom i a l  i n  E ,  o rde red  i n  i ncrea s i ng p owers 

o f  E .  Then  a l t hough  w(o J .T )>w(o2 ,T ) ,  ( so t ha t  s (o 1 ) beg i ns w i th h i g h e r  

powers  o f  E t h a n  s (o2 ) ) ,  i f  t h e  f i r s t  nonze ro  coef f i c i en ts  o f  s (o 1) a r e  

r e l a t i ve ! �  much  l a rger  t h an  t hose  o f  s (o2 )  t h en  we ma �  s t i l l  h ave  

s (o 1 )> s (o2 )  for  su i t ab l e  E ( t hough  c l ea r ! �  for T f i xe d ,  a s  E tends to ze ro ,  
w e  w i l l  force  s (o 1) < s (o2 ) ) .  
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T hu s  w (o 1 , T )> w(o2 ,T )  and s (o 1 ,T )>s (o2 ,T )  sugg(Zs ts  many  m or(Z  ways  to f i t  

o 1 to T w i t h � w(o 1 ,T )  (2dQ(2  ch ang(Zs than  t o  f i t  o2 to T w i t h  t h (Z  s a m (Z  o r  a 

I (ZS S (Zr numb(Zr  o f  (2dQ(2  chang(Zs .  For  (2 X a mp 1 (2 ,  t ak(Z  o 1 ,  o2 a nd T = J 2 n+ 2k  as  

in  t h(Z  p r(Zv i ous  t h (20r(2m ,  and cons i d(Zr  j us t  t h(Z  f i r s t  non- z(Zro  co(Zff i c i (Znts 

k 1 ,  k 2 o f  s (o 1 ) ,  s (o 2 ) ,  r (2sp(2c t i v (2 1 y .  For  i = 1 , 2  choos(Z  c i c E (T )  so  that  p (C i ) 

= o i , (Wh (2 r(2 p i s d (Z f i n(Zd  i n  5 . 2 ) .  Th(Zn  i t  i s  (Z a s i l y  ch (2Ck(2d  tha t  c 2 h a s  no 

W(Zak l y -conn(Zc t i ng tr(2 (2 S  and so by t h (20r(2m 5 .9 ,  C 2 is s t r i c t l y  m i n i m a l ,  so 

t h a t  k 2= 1 .  

Now th(Z  W(Zak l y- conn(Zct i ng t r(2(2S  o f  C 1 c ons i s t  o f  th(Z  n+k - 2  p a i rs o f  

a d jac (Znt i nt(Zrna l V (Z rt i c(Z s  of T w h i c h  ar(Z  bo t h  ad j ac(Znt  t o  p(Zndant 

V(Z r t i c(Zs  of  t h(Z  sam(Z  c o l our .  

T hus  t h(Z  W(Zak l  y -c onn(Zc t i ng f or(Zs ts  of  T cons i s t o f  a 1 1  co  1 1  (2C t  i ons of  

W(Zak l y-conn(Zct i ng  tr(2 (2 S ,  no  two of  w h i ch ar(Z  ad j ac(Z nt t o  a common  

V (Zr t (ZX . S i nc(Z t h(Z  n+k- 2  W(Zak l y -conn(Zc t i ng t r (2(2S  ar(Z  a r rang(Zd  i n  a I i n(Z ,  

t h(Z  numb(Zr  o f  W(Zak l y -conn(Zct i ng for(Zsts  i s  p r(Zc i s(Z l y  t h(Z  num b(Zr  o f  ways  

o f  S (2 ] (2 c t i ng a s ubs(Z t  o f  n+k- 2 ord(Zr(Zd  ob j (Zc ts  so tha t  no two ar(Z  

cons(Zcu t i ve .  Bu t  t h i s  i s  (2nU m (2ra t (2d  i n  (2 Xamp l (2  2 . 2 . 2 3  o f  G o u l d (Z n  a nd 

J ackson  [ 1 98 3 ,  p .43 ] ,  i n  t (Z rms  of  { 0 , 1 }  S (2qU(2nC(2S ,  a s  t h(Z  ( n+ k- 1 ) - t h  

F i bonacc i numb(Zr ,  F n+k - 1 . Thus ,  by  t h (20r(2m 5 .  9 ( 3 ) ,  k 1  = F n+k - 1 , 

( com par(Zd  w i th k2 = 1 )  so t ha t  a s  n g rows  t h(Z  f i r s t  nonz(Zro C O(Zff i c i e nt of  

s (o 1 )  g r(Za t l y  (2 XC (2 (2 ds th(Z  corr(Zspond ing  co(Zf f i c i (Znt  of  s (o 2 ) .  § 

7.40 Conjecture 

Wagner  pars imony is  consistent on  B(:A. ) for :A. sufficiently smal l .  



Hendy and Penny [1 988] g ive an example is of a tree (a T1 (2) )  with edge 

weights arbitrari ly small and subject to a molecu lar clock for which 
Wagner  pars imony and compatibi l ity are i nconsistent. The authors observe 
that for th is to happen one edge length m ust be asymptotical ly 
proportional to the square of the length of another  edge,  as both edge 
lengths tend to zero .  To find a "best possible" condit ion u nder which we 
might hope for pars imony and compatib i l ity to be consistent u nder a 
mo lecular clock we might try and ru le  this out .  

In fact we wi l l  see that even assum ing a molecu lar clock, i nconsistency 
can occur even i n  the "best possible" cond it ion that does not i n  itself 
constrain the set of possib le trees . Specifical ly suppose the Cavender 
model is subject to a mo lecu lar clock. The first attempt at a "best 
possible constrai nt" on the edge lengths might be to assume that they are 
a l l  equal . However u n l ike the clock-free case, th is assumption constrains 
the tree topology and a fortiori constrains the number of taxa to be a 
power of two . 
S imi lar topolog ical constraints fo l low from supposing that the edge length 
ratios are bou nded above by a constant wh ich is independent of the n umber 
of taxa. On the other  hand, if the ratio of the edge lengths of rooted trees 
with n pendant vertices is bounded above by some functio n  K(n) , there are 
no constraints on the possib le trees, precisely if K(n) > n-1 . Th is suggests 
the fol lowi ng defin ition .  

7 . 4 1  D e f i n i t i o n  

e a  1 1  a roo t ed  b i nar�  tre e  w i t h  n pend ant ve r t i ces  balanced i f  

( 1 ) :  i t  h a s  a d d i t i v e  e d g e  l eng th s -- i .e .  t h e  l eng th o f  a l l  t h e  pa t hs  f rom the  

roo t  to pend a nt v e r t i c e s  a re  t he  same  ( t h i s  i s  t h e  heigh t o f  t h e  t r e e ) . 

( 2) :  t h e  r a t i o  of  t he  e d g e  l eng ths  i s  bounded  a bove  b �  n- 1 .  
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L e t  BE (A )  be  t he  s e t  o f  b a l anced ( rooted )  t rees ,  w i t h  e d ge  l eng ths  b ounded  

above b�  A ,  and l e t B H(A )  b e t he  se t  o f  b a l anced  ( rooted )  t rees  o f  h e i g h t  A . 



Then for the counterexample by Hendy and Penny [1 988] , if the tree T1 (2) i s  

balanced, consistency is regai ned for sufficiently smal l  edge lengths ,  o r  
sufficiently smal l  he ight. We now show that for any g iven bound o n  the 
edge lengths or the he ight  there are always trees for wh ich both types of 
pars imony fai l  to be consistent. 

7 . 4 2  T h e or e m  

( 1 ) : For  a l l  A ,  W ag ner  p a rs i mon� and  compa t i b i l  i t� a r e  i ncons i s tent on  

s o m e  t rees  i n  B E (A ) .  

( 2 ) :  F or a 1 1  A ,  W agner  pars i m o ny a nd compa t i b i  1 i t y  a r e  i ncons i s tent o n  

s o m e  t r e e s  i n  BH (A ) .  

P r o o f :  

L e t  RT 1 ( k ,A )  be  t h e  t r e e  ob ta i ne d  b �  root i ng T 1 ( k )  ( de f i n i t i o n  7 . 2 7 )  a t  t h e  

m i dpo i nt of  i t s  c e nt r a l  e d g e ,  a n d  a s s i g n i ng l engt h  ( a s  i n  6 . 4  ( 4 ) )  A to  a l l 

t h e  edges  e xcep t  t h e  two pend ant e dges i nc i d e nt w i t h  t h e  cen tr a l  e d g e  

w h i ch are  ass i gned  l eng th  A ( k + l ) .  T hen s i nce R T 1 ( k ,A )  h a s  2 k + 1 + 2  pendan t  

v e r t i c es ,  RT 1 ( k ,A )  i s  b a l anced  fo r  a l l  k� l .  

( 1 ) :  R ega rd i ng  t h e  t r ee  as  unrooted ,  and us i ng t h e  nota t i on o f  t heorem 

7 . 28 ,  we  have  for  Wagm2r p a r s i mon� .  

4 E [ Z ( k ) ]  = 6.) 3 (6.) 1 2+6.)  2 2) (S 2 ( k ) +D2 (k ) )  - 26.) 16.) 2 (S 2 ( k ) -D2 ( k ) )  + 

2 6.) 3 ( 6.) 2 2 - 6.) 1 2 ) S (  k )  D (k ) .  

A s  i n  t he  p roof  o f  coro 1 1  ar�  7 .29  i t  s u f f i ces  to  show 

1 i m k ->oo E [Z ( k ) ]> O s i nce  t hen  E [ Z ( k 0 ) ]> 0 for  some  i nt e ge r  k0 . 

Now 6.) =e- 2 A  6.) = e-4A  6.) = e - 2A( k+ 1 ) s o  t ha t  l i m 6.) = 0  1 • 3 • 2 • k->oo 2 · 

Thus ,  1 e t t i ng s = 1 i mk - >oo S(k ) ,  d = 1 i m k->ooD(k ) ,  

fo l l ow s  b �  t h eorem 7 . 28 .  
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F o r  compa t i b i l  i t � .  a ga i n  us i ng t h l2  no t a t i on  of  t hl20rl2ms  7 . 28 ,  and 7 . 2 6  

l i m k- >oo 4E [ Z* (k ) ]
IQ 2(k )  = 2(.0 ?( 1 + r 2- 2(.0 (G' ) > ( 1 -r )2 � 0 ,  and t h l2  r l2s u l t  

fo l l o w s  b �  t ht2ort2m 7 . 28 .  

( 2 ) :  W l2  h avl2  UkR T  1 (k ,  A I (k + 2 )) c BH (A ). For  T ERT  1 ( k ,  A I ( k + 2 )) ,  

UJ j  = Q - 2AI (k + 2 ) , (.0 3 = Q- 4 A I(k+ 2 ) , (.0
2= Q - 2 A(k+ 1 ) 1 ( k+ 2 ) _ 

T hus  1 i m k -> oo (D l = 1 i mk - >oo(D 3 = 1 ,  1 i mk->oo (D 2 = l2 - 2A 

For  Wagnl2r  p a rs i m on� Wl2  havl2  

1 i mk->oo 4E [Z ( k ) ]  = ( 1 + Q - 4A ) (s 2+d2 ) - 2l2  - 4 A(s2- d2 ) + 2sd ( l2  - 4 A _ 1 )  

= ( s - d ) 2 + ( 3d2+ 2sd- s 2) l2 -4A_ 

N o w  i f  t h l2  st2cond tt2 rm i n  t h i s  s um  i s  s tr i c t i �  pos i t i vl2 W l2  h avl2  

1 i m k ->oo E [Z ( k ) ]> O ,  a s  rt2qu i rt2d .  I f  t h l2  st2cond t l2 rm  i s  :5 0  W l2  havl2  

4 E [ Z ( k ) ]  � ( s-d ) 2 + ( 3d 2+ 2sd- s2 ) = 4 d2 > 0 ,  b �  t ht2ort2m 7 . 2 2 , a s  r t2qu i r t2 d .  

For  compa t i b i l i t � .  l i m k ->oo 4 E [Z * (k ) ]
IQ 2 (k )  = ( 1 -r ) 2 + ( 3r2+ 2 r- 1 ) l2- 4 A  

w h i ch b �  a s i m i l a r a rgum t2nt i s  s t r i c t i �  pos i t i v l2 ,  s i nct2  r > O b �  t h l2orem  

7 . 26 .  § 

7.43 Remarks 

(1 ) : The previous theorem shows that i mposing a mo lecular clock in no way 
restores consistency for parsimony-based methods. I ndeed comparing 
theorems 7 .42 and 7 .34, a molecular clock is more problematic for the 
consistency of compatib i l ity than the assumption of equal edge weights. 

(2) : From example 7.35 ,  compatib i l ity can be consistent under conditions 
which lead to the i nconsistency of Wagner  parsimony. l t  is not known 
whether the converse can occur, or whether compatib i l ity is consistent for 
sets of edge lengths of g reater Lebesgue measure than Wagner  pars imony. 
l t  is worth noting that because compatib i l ity uses fewer partit ions to 
eval uate each tree than Wagner pars imony, the former method may be less 
robust ( i .e .  more sensitive to errors) when appl ied to relatively short 
sequences. 
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(3) : The above resu lts hold an important message  for taxonomists -- whi le 
compatib i l ity may be consistent for a particular set of taxa, the method is 
not necessari ly consistent on  a subset of those taxa. Equ ivalently ,  
although compatib i l ity may fail to be consistent for a col lection of taxa, i f  
that set is expanded to a larger  set of taxa, consistency may be regained, 
so that i f  compatib i l ity selects tree T, the phylogeny of the o rig inal set S 
of taxa can be consistently recovered as T[S] . This approach wou ld succeed 
if the larger set of taxa is chosen so that all edges of the underlying tree 
have (approximately) equal (and smal l )  edge weights, though knowing 
wh ich additional taxa to choose to ach ieve this goal is  c learly a prob lem.  
We i l l ustrate th is  relativity of  consistency by the fol l owing example .  

7 . 4 4  E x a mp l e 

1 6 3 

C o ns i de r  t he  roo ted  b i nary  t r ee  T ( k+ 2 )  E R W T ( 2k+ 2 ) w i t h  e dg e  l ength s  of  A 

o n  each  e dge ,  e xcep t  for  t h e  two  edges  i nc i d ent w i t h  t h e  root ,  w h i c h  are  

a s s i g ne d  edge  I e ng th  A I 2 , a s  i l l u s t ra ted  on  the  f o 1 1  o w i ng page  i n  f i g .  

7 . 8 ( a )  ( w here  t h e  shaded  sub t rees  a r e  c o p i e s  o f  T ( k ) ) .  T hus  t h e  edge  

l eng ths  o f  T ( k+ 2 ) a re  s ub j ec t  to a mo l ec u l a r  c l ock ,  w h i l e  i f  T� ( k +2 )  

d e notes  t he  w e i gh t ed  b i nary  t ree  ob t a i ne d  f rom T ( k+ 2 )  b y  suppress i ng t he  

root ,  r� ( k +2 )  has  equa l edge  l engths  of  A on  each  edge .  Se l e c t  a s u b se t s 

= { s 1 ,s 2 , s 3 , s3 , s5 , s 6 }  of  { 1 , . . .  , 2 k+ 2 } o f  s i ze 6 as  i nd i c a t e d  i n  f i g  7 .8 (a ) .  T he n  

t h e  t r e e  r� (k + 1 ) [ S ]  h a s  i nduced  e d g e  l eng ths  as  i nd i ca t e d  i n  f i g .  7 .8 ( b ) .  I n  

t h e  no t a t i o n  of  def i n i t i o n  7 . 2 7 ,  r� ( k+ 2) [ S ]  i s  a T 1 ( 1 , p )  whe r e  

P = (p 1 , P2 . P3 , p4 ) ,  P 1 = P3 = 0 .5 ( 1 -U) ) , P2 = 0 . 5 ( 1 -U) k + 1 ) ,  p 4 = 0 .5 ( 1 - U) k ) ,  w i t h  

U) = e- 2 A . 

T hen  i n  t h e  no t a t i on  of  t heorem 7 . 2 8 ,  

P ( 1 )  = p42 = 0 . 2 5 ( 1 -U) k ) 2 . and 0 ( 1 )  = ( 1 -p4 ) 2 = 0 . 2 5 ( 1 +U) k ) 2 , (1) 1 =(1) 3 =(1) , 

U) 2= (1) k + 1 , so t ha t  b y  t heorem 7 . 28 ,  t h e  cond i t io n  for  compa t i b  i I i t y  t o  be  

cons i s tent  on  T 1 ( 1 ,p )  i s  t h a t  

f ( k , U) )  = U) ( U) 2 + (1) 2 k + 2 ) ( ( 1 -U) k ) 4 + ( 1 +U) k )4 ) - 2 U) k + 2 ( ( 1 +U) k ) 4- ( 1 -U) k )4 ) + 

2 (1) ( U) 2 k +  2 _ (1) 2 ) (  1 -U) k )2 ( 1 +U) k ) 2 > 0 .  



k:A k:A 

I I I I I I 
Sz T (k+2)  T*(k+2) [5 ]  

(a) 

(c) 

Fi g u re 7 . 8  

u:� tt i ng � = w 2k . w rz  havrz  f (k ,w ) = 4w 2� . (5w - 4-� (4 - 2 w -w �) ) .  

S i ncrz  l i m k ->oo w k = 0 ,  w rz  srzrz  t ha t  i f  w > 0 .8 ,  ( t ha t  i s  i f  

(b) 

Sz 
(d) 

p 1  = 0 .5 (  1 - rz  - 2 A.) < 0 . 1 )  w rz  can  choosrz k so t ha t  f ( k ,w )>0 ,  i m p  1 � i ng t h a t  

com pa t i b i l i t � w i l l  b rz  i ncons i s trznt for  t hrz  t a xa  s rz t  S .  B u t  t h i s  rangrz  fo r  w 

cont a i ns t hrz  rangrz  fo r  w h i ch w rz  havrz  rzs tab  i s h rzd  t ha t  compat i b i l  i t �  w i  1 1  

b rz  cons i s trznt on  t h rz  w rz i gh t rz d  parrznt t rrzrz  (T* ( k + 2 ) ,  p , j ) .  
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l n  pa r t i cu l a r t a k ing k = 7 ,  a nd :A= 0 . 0 5  (so t ha t  w � 0 .9 0 48 )  w e  h ave :  

( a ) :  p < 0 . 1  (so t ha t  compa t i b i l  i t� i s  cons i s t ent o n  T* ( k +2 ) , pd )  a nd 

( b ) :  f (7 , w )> O (so t h a t  comp a t i b i l  i t� i s  not cons i s tent  o n  on  t h e  w e i g ht e d  

s u b t r e e  i nduced  b �  S ) .  

Thus for sequence data derived u nder Cavender's model fro m  the 

bifurcating tree T(9) on 5 1 2 endpoints ( !) with an expected number of 

change of 0 . 1  on each edge ,  compatib i l ity wil l  consistently recover the 

o rig inal phylogeny of the 5 1 2 taxa, but consistency wi l l  fai l i f  appl ied to 

some of the subsets of the taxa. 

E xamp l es of t h i s  phenom ena u s i ng cons i de rab l �  l ess  t a xa  a re  pos s i b l e  i f  

e d g e  l eng ths  o n  t h e  parent  t r ee  are  not  requ i r e d  to  s a t i s f �  a mo l ec u l ar 

c l ock .  I ndeed  fo r  the ca t e rp i l l ar t r ee  J 12 on 1 2  t a x a ,  w i t h  we i g h t  p o n  

e a c h  e d g e ,  a n d  S = { s 1 , s 2 , s 3 ,s4 } as  s h o w n  i n  f i g .  7 . 8 (c ) ,  t h e  w e i gh t ed  

s ub t r ee  T [S ]  i n duced  b �  S h as  edge  w e i gh ts  as  shown  i n  f i g . 7 . 8 ( d ) ,  w hrzre  

p*  = 0 .5 ( 1 - ( 1 - 2 p )5 ) .  

T hrzn  b �  F e  l senste  i n ' s  er  i t e r  i o n  ( r rz f  e r  t o  rz x a m p  l rz 7 . 1 5 ) ,  c o m p a t  i b  i l i t �  w i l l  

f a i l  to  b e  cons i s trz nt o n  T [S ]  i f  ( p* ) 2>p ( 1 -p ) .  

T a k i ng p = 0 . 1  ( so  t ha t  compa t i b i l  i t � i s  cons i s trz nt o n  T )  t h i s  cond i t i o n  i s  

s a t i s f i rz d .  § 
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7.45 Summary 

I n  th is section we have derived some necessary and sufficient conditions 
for se lection procedures to be consistent under Cavender's mode l .  
Necessary condit ions have been g iven both for general classes of  
p rocedu res (theo rem 7.9) and for parsimony and compatib i l ity (theorems 
7.28 and 7 .42) . We see that for both methods consistency can fai l  in 
cond itions that might be expected to be most favou rable for consistency 
( i .e .  equal edge weights o r  a mo lecu lar clock) . Basical ly both methods fai l 
because they u ndercount the true amount of change wh ich is l ike ly to 
occur on  the tree .  Regarding sufficient conditions ,  we showed that 
(without assuming a mo lecular clock) phylogenies can be consistently 
recovered from dissimi larities (theorem 7. 1 2) .  Perhaps most importantly 
nontrivial sufficient conditions for the consistency of compatib i l ity have 
been establ ished (theorem 7.34) . The problems invo lved in extending this 
approach to pars imony have been d iscussed , and clearly there is an 
i nteresting and important open problem in  sett l ing conjecture 7.40.  
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"The question of how to obtain confidence intervals and carry out 
statistical tests is in a relatively primitive state . . .  but is of greater 
practical importance to the molecular evolutionist," J .  Felsenste in  1 988. 

8.1  Introduction 

Consistency is certain ly a desirable property for a selection  procedu re ,  but 
by itself, under fin ite sampl ing , it is essential ly useless for putti ng 
confidence i ntervals  on the trees so constructed . In this section  we 
consider three questions related to the construction of trees: 
(1 ) :  Among selection procedu res, what sort of confidence i ntervals, wh ich 
converge to the true tree (as c->oo) are possible, independent of the 
u nderlying tree (T0,p)? 

(2) : Can these confidence i ntervals be described efficiently, that is  i n  
polynomial  t ime? 
(3) : How fast must the data grow as a function of the n u mber of taxa in 
o rder to retain a g iven level of accu racy i n  reconstructing the underlying 
tree T0? 

The construction of confidence intervals i n  the case of pars imony with 
fou r  taxa has been solved by Cavender [1 978] and Felsenstein  [1 985] . I n  
general  h owever there are problems with these and other  methods wh ich 
have been proposed for constructing confidence intervals from sequence 
data o r  d issim i larities, as detai led i n  Felsenstein [1 988]. Constructi ng 
confidence i ntervals us ing maximum l ike l ihood ratios is also theoretical ly 
d ifficu lt  for two reasons, as is frequently pointed out by J. Felsenstein 
(see for example Felsenstein  [1 988]) .  These difficu lties are that the 
hypotheses being decided between are not nested with in  each other, and 
that l ike l ihood ratio results are asymptotic ( in the length of the 
sequences) . 

We beg in  by answering the fi rst question and show that u nder Cavender's 
model on ly selection procedu res that bu i ld (arbitrari ly large) sets of trees 
can have pre-set confidence intervals, and describe such a procedure .  The 
desire to always select a s ing le "best tree" is thus incompatib le  with the 
desire to be confident that one has always selected the correct tree,  
amongst those chosen .  
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8 . 2  D e f i n i t i o n  

A f a  m i l  � o f  se  1 ec t i on  procedures ,  <jJ O< ' O<E (  0 ,  1 )  h a s · convergent confidence 

in terva Is (CC!) i f  for  a 1 1  0< : 

(c ) :  <jJ O< conv erges  (as  d e f i ne d  i n  7 .4 ) .  

8 .3  L e m m a  

l f  { <jJ O< : O<E ( 0 , 1 ) }  i s  a f am i l �  o f  C C !  s e l ec t i on  p rocedures ,  t h e n  <PO< i s  

cons i s t en t  for  e ach  O<E(  o ,  1 ) .  

P r oof:  

F r o m  p roper t �  (c) ,  there e x i s t s  a number  c0 ( dependent on  T ,p , E  and O< ) :  

for  a l l  fo r  a l l  c>c 0 . 

b �  1 e m  m a 6 . 2  ( 1 ) ,  and pro per t�  (b ) .  S i nce  th i s  ho  I ds  for  a 1 1  E :  0 <E I 3< 0<  ( for  

approp r i a t e  cho i ce of  c 0 ) ,  1 i mc - >oo P(  <jJ O< (X)  = {T } ; T , p )  = 1 ,  a s  r e q u i r e d . § 



Whi le condition (b) succeeds i n  replacing the asymptotic nature of 
consistency by actual p robabil ities, condition (c) does not g ive any contro l 
over the size of <j)(X )  for f in ite val ues of c .  The reason ,  as shown next, is 

that no such contro l is possible -- in particular there can be no CCI  
p rocedure that always selects exactly one tree .  

I ndeed even if  we were on ly to apply the procedure if  the data was in  some 
sense "good" enough we sti l l  cannot have control on I <P ( X ) I .  This last 

consideration amou nts to considering conditional p robabi l it ies, and 
motivates the fo l lowing def in ition ,  (where P(AIB) is the conditional 
probab i l ity of A g iven B) . 

8 . 4  D efin i t i o n  

A f a  m i I �  <P 0< ' O< E (  0 ,  1 )  o f  se  I e c t  i on  procedures  h as  bounded confidence 

in terva ls (BC/) i f  

( a ) :  <jJ O< . (X )c <j) O<(X )  i f  0<::;0< ' . 
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( b ) :  P (T E <j) O<(X )  I <P O<(X ) I  < k  I E ;  T ,p )  2:: h (O< ,n , k ) ,  for  a l l  (T , p )  and  some  event 

E ( poss i b l �  d e pendent  o n  n , k ,O< ) ,  and  some  funct i o n  h w i t h  

l i m 0<_> 0 h (O< ,n , k )  = 1 for  a t  l ea s t  o ne pos i t i ve i n t eger  k<b(n ) .  

( �er-.e. (Ty p) E- W B,T(V\) , 0v-.d p E. (o_. o .s)�-"6) 
8 . 5  R e m a rk 

T h i s  d e f i n i t i on i s  i nt ended  to genera l i z e  t h e  pa r t i cu l a r e xam p l e o f  a BC I  

p rocedu re  s a t i s f � i ng cond i t i o n  ( a )  and  P (T E<j)  O< (X )  I I <P  O< (X ) I  = 1 ) 2:: 1 -0< .  He re  

E i s  t h e  e v ent I <P O<(X )  I = 1 .  As  another  e x  a mp l e  we  m i gh t  t a k e  E to b e  t he  

event t h a t  for  some T 1 EBPT(n) ,  x0 ;z: 0 prec i se ! �  i f  0 EO(T 1 ) .  

8 . 6  L e m m a  



P r o o f: 

Rt2vt2rs i ng tht2  ordt2r  of  summat ion ,  

L xEXL { A :  x EACX , I A I :Sk }  F (A)  = ·  

L {A :  AcX . IA I :S k }  I A I F (A)  :::; L{ A :  AcX , IA I:S k } k . F (A ) .  § 

8.7  T h e ore m 

( 1 ) :  C C !  s t2 l t2c t i on p roct2durt2s  t2x i s t . 

( 2) :  B C !  s e l t2 c t i on  proct2durt2s  do  not t2 x i s t .  

P r o of :  

( 1 ) : D t2 f i n e  a s t2 l  t2c t i o n  proct2d urt2  1J O< as  f o 1 1  ows :  

L t2 t  s b t2  a ny func t i o n  f rom 2 BPT(n) to BPT(n)  such  t ha t  s (P ) EP  for  a l l 

PCBPT (n) . 

For  t2ach  t rt2t2  T EB PT(n) ,  1 t2 t  

E (T ,X )  = m i n { I I X / c- s (T , p ) l l : p E [ 0 , 0 .5 ] 2n-3 } and l t2 t  

(j)O< (X)  -1{ T :  E (T ,X )  s 1 / / (CO<) } ; i f  t h i s  S t2 t  i s  7 <I;>  

s ( {T :  E (T ,X )  = m in{E (T ' ,X ) :  T ' EBPT (n) } ) ,  o t ht2 rw i st2 .  

W t2  show 1J O< i s  a CC ! .  Cond i t i on ( a )  i s  c l t2a r l y  s a t i s f i t2 d .  

For  (b ) ,  i f  T 0 , p 0 i s  t ht2  u ndt2 r l y i ng  t r t2t2 ,  p0 E. C ol o.sin.-'3) 
E [ I I X I c -s (T  0 , p 0 ) 1 1 2 1 = c - 2E [  2:0 (X0 -cs (o ; T 0 , p 0 ) 2 1 = 

c- 22:0 E [ (X 0 -cs(o ; T 0 , p 0 ) 2 1 = c- 2 2:0 Var [X 01 .  Now s i nct2 X has  a 

m u l t i nom i a l  d i s t r i bu t ion ,  b y  l t2m m a  6 . 2  ( 3 ) ( a ) ,  Var [X 0 ] = cs(o )( 1 - s (o ) ) ,  so  
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Now P (T  o E <fJ  O<(X) )  2: P ( E (T  0 ,X ) :::; 1 1 / (CO<) ) 

2: P ( I I XI c- s (T  o . P o ) l l 2 ::; 1 1 CO<) =  1 - P ( I I XI c- s (T  o . P o) l l 2> 1 1 C O<) 2: 1 - 0< ,  b y  

M ar ko v 's i nrzqua l i t y  ( l rz m m a  6 . 2  ( 2 ) )  rzs tab l i s h i ng cond i t i o n  (b ) .  

For  (c ) ,  l rz t 8 = m in { ! l s (T , p ) -s (T  0 , p 0 ) 1 1 : p E [ 0 , 0 . 5 ] 2n-3 ,TzT  0 } .  Thrzn  8 > 0 b y  

l rzm m a  6 . 1 3  (4 ) .  B y  Ma r kov ' s  i nrzqua l i t y  ( l rzm m a  6 . 2  ( 2 ) )  and (* )  w rz  h avrz . 

"1 7 "1  

P ( I I X I c - s ( T  0 , p0 ) 1 1  2: 8 I 2 ) :::; 4 I 8 2c Now i f  for  anw  t r rzrz  TzT 0 , T E <P  O< (X) ,  t hrzn  

for  somrz p ,  1 1 X1 c- s (T . P ) I I  :::; 1 1 / (cO< ) and for  c> 4l8 2 0< ' t h rz  t r i a ng l rz  

i nrzqu a l i t y  g i v rzs  1 1 X 1 c -s (T0 , p 0 ) 1 1 2: 8 12 . Thus  l i m c- >oo P (3Tz T0 :TE <PO<(X ) )  = 0 .  

I t  t hus  r rzm a i ns t o  show t ha t  l i m c- >oo P(T 0 E <P  O<(X ) )  = 1 .  I n  v i rzw  o f  t h rz  

d rz f i n i t i on of  <PO< w rz  nrz rzd  o n l y  chrzck  t ha t  

l i m c->oo P(E (T  0 , X )  < m i n{ E (T  ,X ) : TzT  0 } )  = 1 .  

Now l i m c-> ooP ( I IX I c-s (T 0 , p 0 ) 1 1  <8 1 2) = 1 ,  wh i l rz  i f  1 1 X 1 c- s (T , p ) l l :::; 8 1 2 . for  

.illJ.W. T z T  0 and  somrz p ,  t h rz  t r i ang l rz  i nrzqua l i ty ,  togrz t hrzr w i th t h rz  d rz f i n i t i on 

of  8 g i v rz s  1 1X1 c-s (T0 , p 0 ) 1 1 2: 8 1 2 . an  rzv rznt w h i ch h as  p robab i l i ty t rznd i ng to  

z rzro as  c->oo , as  rrzqu i rrz d .  § 

( 2 ) :  S upposrz  a B C I  p rocrz durrz  rz x i s ts .  G i vrzn  TEBPT(n ) ,  l rz t T ( E ) EWBT(n )  havQ  

l2dgrz  wrz  i gh t  E on  a l l  i nt l2 rna l Q dgrzs  a nd 0 . 5-E on  a l l  p l2ndant l2 dgrzs .  W rz  

f i r s t  n o t rz  f r o m  l rzm m a  6 . 1 3  (5 )  t h a t  f o r  a n y  QVrznt  E ,  P (E ; T ( E ) )z o ,  so t h a t  

W Q  m a y  form a l l  cond i t i o na l p robab i l i tl2 s .  

L l2 t  E c 6 2(n ,c ) ,  E z<J? .  T hl2n  for  any TEBPT(n) ,  l l2m m a  6 . 1 3  (6 ) ,  and  t h Q  

c ont i nu i t y  o f  P ( <J ;  T , p )  a s  a funct ion  of  p i m p l y  t h a t  l i m E-> O P (E ; T ( E ) )  i s  

p o s i t i v rz  a nd i ndrzprzndl2nt  o f T .  Thus  f o r  any t r l2 Q  T 0 EBPT (n) ,  any Q V rz n t  E 

and  any 8 > 0 W Q  can  cho osQ  E> O so tha t  I P (E ;  T ( E ) ) -P ( E ;  T0 ( E ) )  I <8 .  



Now LT c:BPT (n) P (T  c: <jJ O< (X )  I <P O< (X ) I :S klE ;  T ( c: ) )  :::; 

L Tc:BP T (n)P (Tc: <jJ O<(X)  I <P O<(X) I  :Sk  E; T0 ( c: ) )  +b (n )8  = 

L TEBP T(n)LA :Tc:A ,  I A I :SkP ( <jJO< 
- l (A )  E ;  T O(c: ) )  +b (n )8 :::; 

kL A : I A I:S k P(<jJO< 
- l (A )  E ;  T0 (c: ) ) +b (n) 8 ,  b y  l r2m ma 8 .6 .  

= kP (  I <jJ O< (X )  I :Sk?" E ;  T 0 ( c: ) )  + b(n)8 . Now i f  <jJ 0< has  B C ! ,  w r2  havr2  

P (T  E <jJ O< (X )  I <P  O<(X ) I  < k  E ;  T (E ) )  � h (O< ,n, k )P (E ;  T ( c: ) )  

� h (O< ,n ,k )P (  I <P  O<(X ) I  <k  E ;  T ( c: ) ) . 

T h us LTc: BPT(n)P(TE <jJ O< (X)  l <PO< (X) I  <k� E ;  T ( c: ) )  � 
h (O< ,n , k )L Tc:BP T(n)P( l <P  O< (X) I  <klt: E ;  T ( c: ) )  
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� h (O< ,n , k ) b (n ) (P(  I <jJ O<(X )  I :Sk  E ;  T0 ( c: ) ) - 8 ) .  Comb i n i ng t h i s  w i t h  t h r2  p r e v i ous 

c a l cu l a t i o n  wr2  havr2 ,  l r2 t t i n g  .[3 = P (  I <jJ O<(X )  I :::; ; T 0 ( c: ) ) ,  

k -!3 + b (n ) 8  � h (O< ,n, k ) b (n) ( -!3 - 8 ) , g i v i ng h (O< ,n, k ):S  ( k .[3 +b (n) 8 );b (n) ( .[3 - 8 ) · L e t 8 

-> 0 (cho o s i ng c: = c: ( 8 )> 0 as  8 -> 0 ) . Thr2n  s i ncr2  .[3 d o es not tr2nd to ze ro  b y  

l r2m m a  6 . 1 3  ( 5 ) ,  w e  havr2  h (O< ,n , k ) :::; k ;b(n)  for a l l 0< ,  so that  <jJ is  not  B C ! . § 

We now address the question ,  raised i n  the construction of a CCI  procedure 

i n  the previous theorem ,  of how to locate the closest po int i n s-space. 

&i\jp)jp)f1'@!{01Ji1il®�® 1Ji1U®�IJil@@J® 
Suppose the edge weights are assumed to be smal l ,  so that the product of 

any two edge probabi l it ies can be neg lected. One way to encapsu late this 

notion formal ly is to regard the edge weights Pi as indeterm inants and 

work with the algebra A over R generated by {Pi} i , subject to the formal 

identities P iPj = 0 for al l i , j .  



Then for any tree T we can solve exactly for the closest point in s-space, 

and the "best f i t  tree" is g iven by a combinatorial condition s imi lar to that 

for compatibi l ity. After presenting th is resu lt we show that such 

procedu res are basical ly u nsound for the fol lowing reason :  even on  four  

taxa, no matter how smal l  the edge weights real ly are, inconsistency can 

sti l l  arise using this method. 

8.8 L e m m a  

I n  t h e  a l g eb ra  A,  s(o ; T , p )  = r pe , i f  e d ge  e i n duces  o 

P r o o f :  

1 - Le EE (T )Pe · i f  o=o o 

0 ,  o t he rw i se .  

The  l e m m a  fo l l ows i m m e d i a te l y  f rom 

8 .9 T he o re m  

A ssume  t h a t  X s a t i s f i e s  m ax {X0 : o;z:o0} :::; c (n- 2 ); 2 (n- l ) ·  

L e t  cx 1 (T )  = L oEQ (n)-Q (T )X0 , cx2 (T)  = Lo EQ(n)- Q (T )X0 2 . 

( 1 ) :  Fo r  any  t r ee ,  T ,  t h e  e dge  w e i gh ts  p t ha t  m in i m i z e  t h e  d i s ta nce  
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I I X / c -s (T ,p ) l l  i n s-space  under  A ( i . e .  w i t h  s (o)  rep l ac e d  b y  i t s  va l ue i n  A) 

a r e  g i v en  by :  

De = cx 1 ( T )  I c (2n- 2 )  + Xo(e ) /  c · 

whe re  o ( e )  i s  t he  par t i t i on i nduced  b y  d e l e t i o n  of  e .  



( 2 ) :  T h e  t r ees  i n  BPT(n)  w h i ch m i n i m i z e  (over  BP T(n) )  t h e  m i n imum  

d i s tances  g i ven  i n  ( 1 )  a re  p r ec i se l y  those  t r e e s  T w h i ch m i n i m i z e  t h e  s um  

cx , (T ) 2 I ( 2 n- 2 ) + cx 2(T )  over BPT(n) .  

(By compa r i son  r eca l l  that  compa t i b i l i t y  choses  that  tree m in i m i z i ng 

cx 1 (T )  over  BPT(n) ) .  

P r o of :  

( 1 ) :  B y  l em m a  8 .8 ,  i n  A ,  
0 18Pe i 1 X Ic-s j j 2 = - 2 (Xo(e )-CPe ) + 2 (X0 0- c( 1 -2:eEE (T )Pe ) ) ,  whe r e  o ( e )  i s  

t h e  par t i t i o n  correspond i ng to d e l e t i on  of  t h e  e d g e  e .  

T h e  l i ne a r  s y s t e m ,  8 1 1XIc- s l l 2 18pe = o for  a l l  e E E ( T ) ,  can  b e  w r i t t en  

( I + J ) p  = c- 1 cx#-(X0 0 -c ) j ) ,  whe re  X# i s  t he  vec tor  [X o(e ) l e E E (T ) · and  J i s  

t h e  squa re  ma t r i x  h a v i ng 1 i n  e ach  p o s i t i on. S i nce ( I +J )- 1  = I - ( 2 n- 2 )- 1 J ,  

t h e  so l u t i on to t h i s  l i near  system i s :  

Pe = (c-X o 0 + ( 2n-2 )Xo(e )-2:eEE (T )Xo(e )) l  c ( 2n- 2 ) · 

B u t  c = 2:eEE (T )X o(e )  + Xo o + cx , (T ) .  T hus  Pe = cx , (T )  I c ( 2n-2 )  + X o(e ) l  c 

I n  pa r t i cu l ar Pe> O ,  and s i nce  cx 1 (T )<c ,  P e <( 2n- 2 )- 1  + ( 1 - (n- 1 )- 1 ) 1  2 ::; 0 .5 ,  

as  r e q u i r e d  f o r  a f eas i b l e  s o l u t i o n. 
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Now 02  I l X I  c - s l l 2 18pe 8Pe · = 4c  i f  e = e ' ; 2 c  i f  e 7 e ' , s o  t ha t  t h e  Jaco b i a n  o f  

1 1 X1 c- s l i 2 i s  2c (J + I )  wh i c h  i s  p o s i t i ve d e f i n i t e ,  so the  s o l u t i o n  for  p 

m i n i m i zes 1 1X 1 c- s j j 2 , comp l e t i ng t he  proof  of  ( 1 ) .  

( 2 ) :  T h e  m i n i m u m  d i s t ance in  A i s  2:oEQ(n)-Q (T )Xo 2 + 

2:eEE (T )CX o(e )-cpe ) 2 + (X00- c ( 1 -2:eEE (T )Pe ) )2 . w h i ch f rom par t  ( 1 ) i s  

2: o EQ(n)-Q (T )Xo 2 + ( 2 n-3)cx , (T )2 I ( 2n- 2 ) 2 + cx 2 (T )  I ( 2n - 2 ) 2 · g i v i ng  ( 2 ) .  § 
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8 . 1 0 C o ro l l a ry  

L tZ t  <P A btZ  t htZ  p roctZ durtZ  w h i c h  s tZ l tZc ts  t h a t  t rtZtZ  w h i ch h as  an  tZdgtZ  W tZ i gh t  

m i n i m i z i ng t h tZ  E uc l i dtZan  d i s t anc tZ  f r o m  s to  X I c · undtZr  A .  ThtZn  <P A i s  not 

c ons i st tZnt , tZVtZn  on  four t a x a ,  no m at ttZr  how sma l l  thtZ tZ d gtZ W tZ i gh t s  

m i g h t  b tZ .  T h u s  <P A d i f ftZrs  f r o m  anothtZr  l i ntZar i ztZd  p roctZdu rtZ ,  " c l  o s tZ s t  

t rt2t2 " dtZsc r i b tZ d  b y  H tZndy [ 1 988 ] .  

P r o o f :  I n  v i tZw of  t htZ  prtZv io u s  t htZortZm ,  W Q  S Q Q  t h a t  <P A i s  a ctZntr a l  

p roctZdurtZ ,  and  t htZ  rtZsu l t  now fo l l ows b y  t htZortZm 7 . 2 .  C l ostZs t  t r tZtZ ,  o n  

t htZ  o thtZr h and , i s  cons i s ttZnt b y  l tZm m a  6 . 2  ( 3 b ) .  § 

8 . 1 1 R e m a r k s  

( 1 ) : A ! th o ugh  compu t a t iona l l y  apptZa l i ng  as  i nd i c a ttZd  b y  H tZndy  and  P tZnny 

[ 1 988 ] . c l ostZs t  trtZe dotZs  not g i v tZ  a fam i l y  o f  CC!  p rocedurtZs  in t h e  w a y  

E u c l  i d e an  d i s ta nctZ i n  s-s  p a c e  d o es i n  t h tZ o r tZ m  8 .7 .  

( 2 ) :  W h i l e  <P A i s  not cons i s ttZnt ,  i t  may  ntZvtZr th tZ l tZss  b e  u s e f u l  i n  g i v i ng an 

i n i t i a l  i t tZ rat i o n  va l ue  p 1  for  num tZ r i c a l  mtZ thods  a i mtZd  a t  f i nd i ng the  va l utZ 

o f  p w h i ch m i n i m i z tZs thtZ E u c l i d tZ an d i s tance f rom X; c to  s (T ,p ) .  T h i s  

v a l u tZ  f o r  p 1  i s  g i ven  b y  t heortZm 8 .9  ( 1 ) . 

( 3 ) :  T h e  rtZs t r i c t i o n  on  X i n  t htZortZm 8 .9  i s  VtZry  m i l d , f o r  un l tZss  X0 <<c for  

a l l o ;z: o 0 ,  t htZrtZ  wo u l d  be  no jus t i f i ca t ion  for  assum ing  thtZ  tZdgtZ W tZ i gh t s  

w t2rt2 s m a l l ,  a n d  t hertZby  work i ng i n  A .  



Cons i drz r  t hrz  casrz  o f  four  t a xa .  I f  t hrz  va l urz o f  p wh i c h  m i n i m i zrzs  

f ( p )  = 1 1 X 1 c-s (T , p ) l l l i rz s  i n  ( 0 , 0 .5 )5 , p i s g i v rzn  b y  t hrz  s o l u t i o n  o f  t h rz  

non l i nrza r sys trzm of  rz i g h t  rz q u a t i ons i n  f i vrz v a r i a b l rz s :  8 f (P ) ;aprz = 0 .  Thrz  

nrz x t  t hrzorrzm shows  t ha t  t h i s  s ys t rzm can  brz  rrzducrzd  to  f i nd i ng t hrz  
so  1 u t i  o n  o f  two rzqua t i ons ,  rzach i n  onrz  va r i a b  1 rz ,  t h rz rrzby  a 1 1  ow ing  f a s t rz r  
numrzr i c a l  mrz t hods .  F u r t hrz rmorrz  wrz s how tha t  i f  t h rz r rz  i s  a m i n im um  i n  
( 0 , 0 .5 )5 , i t  i s  u n i q u rz .  O f  cou r srz  i f  thrz m in im um  1 i rz s  on  t hrz  boundart:J  o f  
[ 0 , 0 .5 ] 2 n-3 f u r t hrz r  ana l y s i s  i s  r rz q u i rrzd .  

8 . 1 2  Thrzorem 

I f  p 0 E( 0 , 0 .5 )5 i s  a c r i t i c a l  p o i nt o f  f ( p )  = I IX / c-s (T , p ) l l  t h rz n  

( 1 ) : p 0  can  be  fo und b y  s o l v i ng two a l grzbr a i c  rzqua t i ons ,  rzach  i n  onrz  

v a r i a b  1 rz .  

(2 ) :  Po  i s  un i q u rz .  

P r oo f : 

( 1 ) :  U s i ng thrz no t a t i on  o f  rz xamp l rz  6 . 1 0 ,  s i nc rz r = H ts a nd H i s H ada mard ,  

t hrz  va l ue o f  p w h i c h  m i n i m i zrz s  I I X/ c-s l l  i s  t h rz  s amrz  v a l u rz  wh i c h  

m i n im i zrzs  l l r - r 0 1 1 . a n d  hrzncrz l l r - r0 1 1 2 • whrzrrz  r 0 = H t cX ; c ) .  

Thrzn d x  I dw · = J 

= 

2L · (  r · - r 0 · ) 0 r i /aw .  I I I J 

2L i E K ( j )  ( r i - r 0
i l i !w j , whrz re  K i s  t hrz  ma tr i x  i n  t h rz  

p roof  o f  l rzmma  6 . 1 1 ,  and K ( j ) =  { i : K it l } · 

Thus  dx/dw j = 0 fo r  a l l  j prrzc i srz l y  i f  L i E K ( j )  ( r i - r 0 i ) r i = 0 fo r  a l l j .  
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t h e  cond i t i ons r i > O ,  e xc l ud e  t h e  negat i v e  roots .  For  i f  U ( O .  t hen  t h Q  

r i > O ,  i m p l i es r i > r0
i , wh i c h  a g a i n  r e qu i res  t h e  p o s i t i v e  roo t .  

T hen  s i nce  u 1  = 0 ,  l e t t i ng K 1 b Q  K w i th t h e  top  row d e l e t e d , t h ese  

cond i t i ons b ecome  K 1 t u = 0 .  Now k e r  K 1 t = [ a , b , - b ,- b , b , a , - a l t , wh i c h  
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to ge the r  w i t h  r i = ( r 0
i + / ( ( r 0

i ) 2 - 4 u i ) ) ; 2 g i v es  t h e  fo l l o w i ng cond i t i o ns 

o n  a , b ,  f rom w h i ch u and h ence r can  b e  de r i ved :  

f ( a )  = (r 08 + / ((r 0 8 ) 2 + 4a ) ) -

0 .5 ( r 0 2 + / ( ( r 02 ) 2 -4 a ) ) ( ( r 07 + / ( ( r 07 )2 -4 a ) ) )  = 0 ; 

g ( b )  = (r 04 + / ( ( r 04 ) 2 +4 b )) ( r 05 + / ((r0 5 ) 2 +4 b ) )-

(r 03 + / ((r 03 ) 2 -4b ) ) ( ( r0 6 + / ( ( r0 6 ) 2- 4b ) )  = 0 .  

( 2 ) :  S i nce f ( t ) ,  and  g ( t )  are  m onotone i ncre a s i ng i n  t ,  t h e r e  e x i s t s  a t  m o st 

o ne so l u t i on to  t h e  sys tem f ( a )  = 0 ,  g ( b )  = 0 ,  es tab l i s h i ng t h e  r eq u i r e d  

u n i qu eness .  § 

8 . 1 3  Ex  amp I Q  

Cons i der  X =  [X 1 ,X 1 2 , X 13 ,X 1 2 3 , X 14 , X 1 24 ,X 1 34 ,X 1 2 3 4 ]t = 

[ 1 89 , 58 , 1 , 8 , 5 , 7 ,47 , 1 4 0 3 ] t , t aken  from t he  EMBL  d a ta b ank o f  nuc l eo t i d e  

se quences  ( Hamm and Cameron  [ 1 986 ] ) ,  and d e r i v e d  f rom 1 8 S  RNA 

r i b o som a l  sequQnces  of  l eng th  c= 1 7 18 for  nema tode  ( 1 ) ,  b r i ne  s h r i m p  ( 2 ) ,  

x enopus  ( 3 )  a n d  mouse  ( 4 ) .  

A pp l y i ng t heorem 8 . 1 2  for thQ t rQQ  T = ( 1 2 ) ( 34 )  WQ  f i nd  a = - 0 . 0 0 20 0 ,  

b = - 0 . 0 0 1 7 5 ,  g i v i ng a m i n imum  d i s tanc Q  i n  s - spacQ  of  0 . 0 0 2 1 4  (appro x) .  § 
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!Effflu©U®fl'il©W (�� 

T w o  prob l em s  ar i s e  f rom u s i ng t h e  CC !  p rocedure  <P ex d esc r i b e d  i n  t h eorem 

8 .7 .  F i r s t l y , a s  w e  have  seen, approx i ma te so l u t i ons ,  a re  s t at i s t i ca l ! �  

unsound .  S econd  I � . f i nd i ng <P ex (X )  i nvo l ves  a search  a m o ng a l l  t r ees  i n  

B PT(n ) ,  and  s o  i s  not e f f i c i e nt .  

I n  f ac t  m o s t  o f  t he  more  w i de l � - used  s e l e c t i o n  p rocedures  h a v e  b ee n  

s h o w n  to  b e  N P - com p l e t e .  T h e s e  i nc l ude ,  p a r s imon� m e th o ds ( Fo u l d s  and 

G raham  [ 1 9 8 2 ] ;  Day ,  Johnson and S ankoff  [ 1 98 6 ]) ,  a s  w e l l a s  

c ompa t  i b  i I i t �  (Da�  and  Sank o f f  [ 1 986 ] )  and  d i ss  i m  i I a r i t �  m e thods  (Da �  

[ 1 987 ]) .  O f  course  b �  t heorem 8 . 7 ,  t h e r e  i s  no  fam i l �  { <fJ  ex : exE ( 0 , 1 ) } o f  

se l e c t i o n  p rocedures  w h i ch i s  bo t h  e f f i c i ent i n  cons truc t i ng <P ex( X ) ,  a nd 

C C ! ,  b ecause  I <P ex(X )  I = b (n) for  ex suf f i c i ent  I �  s ma l l ,  and b (n) i n  not  

bounded  above  b �  a p o l � nom i a l  func t i o n  of  n .  W e  now d e mons t r a t e  t he  

e x i s t enc e  of  CC !  f am i l i e s  hav i ng t h e  p roper t �  t ha t  for  ev er�  tr e e  T E BP T (n) 

i t  c a n  be e f f i c i ent l y  d ec i de d  whe the r  T E<P ex( X ) . 

8 . 1 4  D e f i n i t i o ns 

L e t  0 b e  a q ua r t e t  spectrum o n  l ab e l  s e t  L .  The  res tr ic tion o f  0 ,  d eno ted  

( O ) res  i s  t he  s e t  o f  t rees  TEBPT(L )  w i t h  � ( T )n O  = <P .  

T h e  dua l of  0 ,  denoted  8 (0 ) ,  i s  t he  m i n i m a l s e t  d e f i ne d  b �  t h e  ru l e : i f  

( x � ) (zw)EO ,  and  ( xz ) ( �w)EO ,  t h e n  ( xw) (�z ) E 8 ( 0 ) . 

No t e  t ha t  for  an�  such  0 ,  (O ) resn<O > = <P ,  and f o r  an�  b i nar�  t r ee  T ,  

( � (T ) )  = <P ,  b �  t heorem 3 .8 ( 2 ) ,  w i t h  k=4 .  F u r t he rmore ,  c l e a r l � . 

(O ) resc < 8 (0 )> , a nd t a k i ng 0 = � (T ) ,  so t h a t  8 (0 )  = <P ,  and  < 8 (0 )>= B P T( L ) ,  

w e  see  t ha t  t h i s  c onta i nm ent i s ,  i n  gener a l ,  s t r i c t .  
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Now g i v12n any  fam i l y o f  CC !  s 12 l 12c t i on  p roc12dur12s <Pex on  s12qu 12nc12 sp ac12s  

o n  f ou r  t a x a ,  cons i d 12 r  t h12  f o l l ow i ng fam i l i 12 s  <P* ex ' <P** ex d12f i n12d o n  

s12 qu12nc12 s pac12s  o n  n t a x a .  D 12f i n12 g (ex , n) = ex ;nc 4 , a nd l 12 t 

O ex  = U SE [ L ]4 BPT(S )- <j) g (ex ,n) (X [S ] ) .  F i na 1 1  y ,  l 12 t 

<P*  ex (X )  = (Oex\l2s  and <P**  ex (X )  = < S (Qex )> , so  t ha t  <P*  ex(X ) c <j)**  ex (X ) .  

8 . 1 5  T h e o r e m  

<P *  ex '  a n d  <P**  ex ar12  CC !  s12 1 12 c t i o n  p roc12dur12s ,  a n d  for  12ach  T EBPT (n )  i t  can 

b12  12 f f i c i 12nt l y  ( i n n) d12c i d12d  wh12 t h12 r  T E<j)*  ex (X ) ,  <P** ex (X ) .  

P r o o f :  

On12  can  12 f f i c i 12nt l y  d 12c i d 12  wh12 th12 r  T E<P*  ex (X ) , <P **  ex (X ) ,  s i nc12 

Qex can bl2 12 f f i c i 12 nt l y ( i n n) const ruct12d and on12 can  t h12n  12 f f i c i 12nt l y  d 12c i d12 

R12ga rd i ng CC !  p rop12 r t i 12 s  s uppos12  ex(:;ex2 ,  so  tha t  s i nc12 <P i s  a CC !  

p roc12d ur12 ,  <P g(ex 2 ,n) (X [S ] )  c <Pg (ex , ,n ) ( X [S ] ) ,  h 12nc12 Oex 1 c Oex2 . 

Now i f  ACB  th12n (B )r12sc (A )r 12 s  so  t h a t  <P *  ex/X)c <j)*  ex/X ) , as  r12qu i r 12 d .  

Now T E<j)*  ex (X )  p r12c i s12 l y  i f  T [S ]nBPT(S ) -<Pg (ex ,n ) (X [S ] )  = <P fo r  a l l  S E [ L ] 4 . 

Now P(T [S ]nBPT(S )- <Pg (ex ,n) (X [S ] )  = <P )  2: P (T [S ] E<Pg (ex , n) (X [S ] ) )  2: 1 - g (ex ,n ) .  

Thus b y  l 12mma  6 .2  ( 1 ) ,  P (TE<P* ex(X) )  2: 1 -ex , a s  r12q u i r 12 d .  

Conv12rg12nc12 fo l l ows  f rom th12  obs12rva t i o n  t h a t  

(uSE [ L ]B PT(S ) -T [S ] )r 12s= { T } .  Th12 a rgum12n t  fo r  <P**  i s  s i m i l a r . § 



We now consider the th ird question of how fast the n umber of s ites must 

g row as a function of the taxa, so as to accu rately reconstruct phylogen ies .  

8 . 1 6  D e f i n i t i o n  

L e t  � b e  a s e  I ec t  i o n  p rocedure ,  and I e t  cc u n W B  T(n ) .  

We sa�  � effic ient ly reco vers c i f :  

( 1 ) : F o r  e a c h  TEBPT(n) and pa r t i t i on  frequenc i es  X i t  can  b e  e ff i c i e n t ! � 

d e c i de d  whe t he r  TE � (X ) .  

( 2 ) :  T he r e  e x i s ts  a func t i on  f :  R + x N -> R + po l yno m i a l  i n n ,  s uch  t h a t  

f o r  a l l  E> O ,  a n d  a l l (T , p )EC nW B T(n)  

P ( � (X (c ) ) = {T } ;  T ,p )  > 1 - E ,  for  a l l  c:::: f (cn) .  

8.1 7  Remark 

The motivation  for cal l ing a selection procedure efficient u nder these 

conditions is as fo l lows. Consider a biologist bu i ld ing phylogen ies for 

p rogressively larger  sets of species, i n  the hope that these match the 

u nknown u nderly ing tree .  Suppose a selection  procedure ,  �, of o rder 

O(nsct) which effic reconstructs the (unknown) class of trees being 

sampled is  used , and suppose the associated funct ion f is  O(nu) .  Then for 

fixed E ,  the n umber of steps requ i red to bu i ld a tree i n  BPT(n) wh ich has 

probabi l ity > 1 - E of being the tree which produced the data, does not g row 

exponential ly in n ( it is O(ns+tu) ) ,  and thus the accurate construction of 

large trees may be feasible.  

S ince b(n+2) i s  asymptotical ly proportional to n ! 2n/ n ,  it is perhaps 

surpris i ng that any inf in ite set of binary trees can be effic iently 

recovered .  Clearly, u n WBT(n) cannot be efficiently recovered , by theore m  

8 .7  (2) , thoug h  trivial ly any fin ite subclass can be. 
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W 8  now show t ha t  t h8  c l ass  of  b a l a nc8d  t r88S  o f  h 8 i g h t  :\ , BH (:\ ) ,  

( d 8 f  i n  i t  i on  7 .4 1 )  w h i ch cont a i ns a l l  root8d  t r 8 8 S  (w i t h  s u i  t ab  1 8  8 d g e  

W 8 i gh t s )  c a n  b 8  8 f f i c i 8nt l y  r8cov8r8d .  F o r  conv8n i 8nc8 W 8  assu m e  a 

m o l 8c u l a r c l ock .  T h a t  i s  W 8  assum8  t h 8  8dg8  l 8ng ths  o n  t h 8  und 8 r l y i ng  

t r 88  a r8  add i t i v8 as  in  d 8 f i n i t i o n  6 .4 .  Th8  g8n8ra l cas8 (w i thou t  a c l ock )  

i s  8 SS8nt i a l l y  t h 8  sam8 ,  t hough  t h8  c a l c u l a t i o ns a r 8  m8ssy ,  and  t 8nd  to  

o b scu r8  t h8  r 8s u l t . Fo r  t h 8  r 8m a i nd8r  o f  t h i s  s 8c t i on  r 8ca l l  ( f rom 

d 8 f i n i t i on 6 .4  (5 ) )  t h a t  s (T  I q ) = s (T , p ) , for  p8 = 0 .5 ( 1 - 8- 2q8 ) .  

8 . 18  0 8 f i n i t i o n  

F o r  any V8C tor  X E (R +) 4 , i nd8 X8d  ov8r  0(3 )  ord8 r8d as  { 1 } , { 1 , 2 } ,  { 1 , 3 } , 

{ 1 , 2 ,3 ,4 }  and t h 8  roo t8d  t r88  T = ( 1 ) ( 23 ) ,  1 8 t q = q( x )  = [ q 1 , q 2 , q2 - q 1 ]  E [ O ,oo ] 3 

'1 8 '1 

( wh8 r8  q8 = oo i s  for  m a 1 1  y t ak8n  to m8an  p 8 = 0 . 5 )  d 8not8 t h8  8 d g 8  l 8ng ths  

o n  t h 8  8 dg8s  of T ,  a s  i l l u s t ra t8d  i n  f i g .  8 . 1 ( a ) ,  w h i ch m in i m i z 8  t h 8  

E u c l  i d 8 an  d i s ta nc8  6 ( T , x , q ) = l l s ( T  I q )- >< 1 1 . 

L 8 t  6 (T , x )  d8not8  t h i s  m i n i m um d i s t anc8 .  

2 
(a) 

3 2 

F i g ure  8 . 1  

3 
(b) 



8 . 1 9  L e m m a  

I n  t h e  nota t i on o f  d e f i n i t i on 8 . 1 8 ,  suppose  1 � x 1 2 3  � x 1 , x 12 , x 1 3 , q = q ( x )  a nd 

l e t 

w = [w 1 ,w 2 ] ,  whe re  w i=e - 2 q i ,  for  i = 1 , 2 .  Then  

w = Jr x 1+ x 1 2 3- x 1 2- x 1 3 , x 1 2 3- x 1 ] ,  i f  x 1� C x ,tx,!) I 
2 

( ,/3 [ 1 ,  1 ] ,  i f  x(:::; C X 1 2 + x 1 3 ) I 
2 , whe re  -13 = (3 x 1 2 3- x 1 -x 12 - x 13 )  13 . 

P r o o f :  

A s i m p l e  app l i c a t i on o f  t heorem 5 . 28 g i ves  for s =  s (T  I q )  

s 1 = ( 1 + w 1 - 2w 2 ) I 4 

s 1 2 = s 13 = ( 1 - w l ) I 4 

( 1 + w + 2 w  )1 5 1 2 34 = 1 2 4 •  

( 1 )  

L e t  6. = 6. 2 (T  , x , q ) .  T hen  6. = 2:0 E0(3) ( x0 - s0 )2 s o  t ha t  

86. law j = - 2 2:0Cx0- s 0 )as 01aw j and  f o r  j , kd  1 , 2 } ,  

1 8 2 

0 2 6 law ja w  k = 22: 0 C05o law j ) (
0 5o law k ) ,  s i nce  0 25o law j aw k= o .  T hu s  

t h e  Jacob i an  m a t r i x  [0 26 1ow jow k ] j k  o f  6. i s  d i a gona l w i t h  l ea d i ng e ntr i e s  

1 1 2 , 1 ,  so  t h a t  an y  cr i t i ca l  p o i nt s  of  6. are  m i n ima .  

S o  I v i ng t he  sys tem 86. law  j = 0 for  j= 1 , 2  g i v es  t h e  u n i q u e  s o  I u t i  on  

F o r  th i s  to be  a feas i b l e  s o l u t i on  w e  r e q u i r e  oo� q2�q 1 � 0 .  t h a t  i s  

12:w 1 �w  2� 0 .  S i nce 1 � x 1 2 3� x J . by  hypoth e s i s ,  t h ese  cond i t i ons t rans I a t e  

i n to  t h e  g i ven  cond i t i on  x 1  � C x 12 + x 1 3 )l 2 . I f  t h i s  d o e s  not ho l d  then  ( s i nce  

t h e r e  i s  on l y one c r i t i c a l  po i nt for  6.) ,  6. i s  m i n i m i z e d  sub j ec t  to q 1 = q2 , 

t h a t  i s  w 1  = w 2 = w (say ) .  



So l v i ng t he  e q u a t i on  8618(1) = 0 g i v e s  U) = (3 x 12 3 - x ,- x , 2 - x 13 ) 13 , wh i c h  l i e s  

b e tween  0 and  1 b y  h ypo the s i s  a nd so  i s  fea s i b l e ,  as  r e qu i n 2d .  § 

8 . 2 0  L e m m a  

Fo r  T 1  = ( 3 ) ( 1 2 ) ,  w i t h  e d g e  l eng ths  q = [ q 1 , q 2 , q 3 ] ,  q 3  = q 2- q 1  as  i n  f i g .  8 . 1 (b ) ,  

a nd T = ( 1 ) ( 2 3 ) ,  l e t 6 1 = 6 (T ,s (T 1 1 q ) ) .  

Then  6 1  = e- 2 q 1 ( 1 - e- 2 q 3 )1  16 

Proof :  
L e t  Y i = e - 2q i fo r  i = 1 , 2 . Then  for s* = s (T 1 1 q )  we have 

s , * = s 1 3 * = ( 1 - y , ) I 4 

s , 2* = ( 1 + y ,- 2 y 2 )  I 4 ·  

S J 2 3 * = ( 1 + y 1+ 2y 2 )  I 4 ·  

App l y i ng  l emma  8 . 1 9  w i t h x0 .= s0* we  f i nd th a t  x 1 ::; ( x 1 2 + X 1 3 )1 2  s i nce  

y 1:::: y 2 ,  a nd  x 12 3 :::: x 1 ,x 1 2 ,x 1 3 . Th us  t he  va l ue for  q '  wh ich  m i n i m i ze s  

6 (T , s* , q ' )  i s  g i ven  ( i n  t e rms  o f  U))  b y  U) = .j3 [ 1 , 1 ]  whe r e  

.j3 =( 3 x 1 2 3- x , -x , 2- x 1 3 ) 13 = 
( y ,+ 2 y 2) 13 . S ubs t i t u t i n g  t h i s  va l ue g i v e s  

6 1 2 = ( y 1 - y 2 ) 2 I 6 , a s  r e q u i red .  § 

1 8 3  

Cons i d  e r  t h e  f o l l ow i ng s e l ec t i on  p rocedu re ,  <P 1 . F o r  each  t r i p  I e S = { i , j , k }  

c hoose  that roo ted  b i na r y  tree (or  t r ees )  T on  S wh i ch m in i m i ze s  

6 (T ,X [S ] ) .  I f  a l l  o f  t he  t r e e s  so  p roduced a re  cons i s t ent w i th e x ac t l y  one  

roo ted  t r ee  T 1 ,  t h e n  s e l ec t  T 1 , o therw i s e  s e l ec t  <P .  



8 . 2 1  T h eo r em  

Fo r T 0 ERBT(n )  w i th e d g e  l engh ts  q sub j ec t  to a m o l ec u l a r  c l ock ,  l e t  8 b e  
t h e  m i n i n um e d g e  l eng th o n  T 0 ,  a n d  q t h e  t h e  h e i g h t  o f T 0 ( i . e .  t h e  e xpec ted  
numbe r  of  c hanges f rom t he  roo t  to the  endpo in ts ) .  Then  

P (<)J 1 (X )  = {T  0 } ;  T 0 , q )  2:: 1 - gnc 3e4q / 2c8 2 c 1 - 8 ) 2 

P r oo f: 

Fo r  each  S E [nb cons i d e r  t h e  event E (S )  t h a t  T=T 0 [ S ]  s tr i c t i �  m i n im i z es 

6 (T ,  X [S ] ) .  Then  the  ev ent  t ha t  <)) 1 s e l ec ts  T 0 i s  p r ec i se ! �  the  event 

nSE [nbE(S ) .  

L e t  E (S )  = 

1 84 

m in { l l s (T 0 [ S ]  I q [ S ] )  s (T 1 1 q 1 ) 1 1 : q 1  = [ q 1 ,q 2 , q 2- q , ] E [ O ,oo ] 3 , T 1 ERBT(S ) ,  T 1�T 0 (S ]} 

By l emma  8 . 2 0 ,  E ( S )  2:: e - 2q 1 ( 1 - e- 2q 3 ) / .r6 fo r  a pp rop r i a t e  v a l u es  o f  

q 1 , q 2 , q 3  = q2- q 1  ( d epend i ng o n  S ) .  Thus  E (S )  2': 2e- 2 q 8 ( 1 -8 ) / .r6 , s i nc e  q 1::; q, 

( 1 -e - t ) 2:: t - t 2 I 2 , ( fo r  t > O )  and  q 3  2': 8 , and t h i s  ho l d s  fo r  a l l  S E [ nb. 

Let E 1 ( S )  be  the e vent that l l s ( T  0 [S ]  I q [ S ] )  _X (S ]; e l l < e - 2 q8 ( 1 - 8 ) /  .r6 . 

S i nce  e- 2q8 ( 1 - 8 ) /  .r6 ::; E (S )  I 2 we have ,  b y  t h e  t r i a ng l e  i ne q ua l i t y  fo r  

E u c l  i d e an  d i s tance ,  t h a t  E 1 (S )cE (S )  so  t h a t  P (nst[ nhE (S ) )  2': P (nSE [nbE 1 (S ) ) ,  

and  t h us  P (nSE [nbE (S ) )  2:: 1 - LS E[ nb( 1 -P ( E 1( S ) ) ,  b�  l emma  6 . 2  ( 1 ) .  (* ) 

The  comp l ement of  E 1 ( S )  i s  p r ec i s e l y  t he  event t ha t  

l ls (T  0 [S ]  I q [ S ] )  _X [S ]; c l l 2 > e-4 q8 2 ( 1 -8 ) 2/ 6 , so  tha t  b�  Ma r kov 's i ne qu a l i t �  

( l emma  6 . 2  ( 2 ) ) ,  1 - P ( E 1 ( S ) ) ::; (6e4 q/ 8 2 ( 1 - 8 ) 2 )o  

whe re  o = E [ l l s (T  0 [ S ]  I q [ S ] )  _X [S ]; c l l 2 ] .  



Wr i t i ng  s (T 0 [ 5 ]  I q [ S ] )  a s  [ s 1 ,  . .  , s 4 ] ,  X [S ]  a s  [X 1 ,  . . . ,X 4 ] we  have  

o = E [" · (X i -c s i ) 2 I 2 J = c- 2" · E [ (X · - cs · ) 2 ] = c - 2" ·Var [X · ] L.. J C L.. J l l L.. J l · 

Now  X h a s  a m u l t i nom i a l  d i s t r i b u t i o n  w i t h  pa rame te rs  c and s s o  t h a t  

Va r [X i ] = cs i ( 1 - s i ) ,  b y  l emma  6 . 2  ( 3 a ) .  T h u s  b y  p ropos i t i o n  6 .5 ( ( 2 )  

o = ( 1 -2: i s i 2 ) 1  c = ( 1 - s (o 0 ;  T [S ]  j 2 q ) ) l  c :::; 3 1 4C ' 

s i nc e  s (o0 ;  T [S ]  j 2 q )  � 1 14 , b y  l emma  6 .3 ( 2 ) .  

Th us  o :s;  3 I 4c Comb i n i ng t h i s  w i th ( * ) ,  g i v e s  t h e  r es u l t . § 

8 . 2 2  C o ro l l a ry 

Fo r  any :AER+ ,  <P1 e f f i c i e nt l y  r ecovers  BH (:A )  ( i n  the sense  of 8 . 1 6 ) .  

P r o of :  

1 8 5 

Fo r  each  TERBT(n ) ,  i t  can  ce r t a i n l y be ef f i c i en t l y  d e c i d ed  whe t he r  T E <J) 1 (X ) .  
W e  mus t  now cons t r uc t  a func t i o n  f ,  a s  i n  d e f i n i t i on 8 . 1 6 . L e t  

(T , q ) EBH (:A ) . S i nc e t h e  r a t i o  o f  the  e dge  l eng ths  o f  any  t r e e  i n  

BH (:A )nWBT(n)  i s  bounde d  a bove  b y  n- 1 ,  t he  s ho r t es t  e dge  l eng th  o n  such  a 

t r e e  i s  a t  l e a s t  :A I (n- 1 ) . B y  t h e  p r e v i ous  t h eorem ( t a k i ng S = :A in , f o r  

conven i e nce ,  a nd q = :A )  we  have  

P ( <P 1 (X (c ) )  = {T } ; T , q )  � 1 - 9 n2 .nc 3 .e4:AI 2c:A2 ( 1 -:Ain )2 so  t h a t  we  c an  t ake  

f ( E ,n )  = 9 n2 .nc 3 . e4:AI 2:AE  i n  d e f i n i t i o n  8 . 1 6 , w h i ch i s  p o l ynom i a l  i n n (of  

d e gree  5 ) ,  as  r e q u i r e d . § 



1 8 6 

8 . 2 3  R e m arks  

( 1 ) :  Cons i de r  a fam i l �  o f  t rees  T (k )ER B T ( 2k ) ,  ( de f i n i t i o n  7 . 1 6 )  and  a s s i g n  

a l l  e dges  of  T ( k )  l eng th  :A ;k · Then  { (T (k ) ,  (A /k) j ) :  k= 1 , 2 ,  . .  . }c BH (:A ) ,  s o  t h a t  

gJ 1 e f f i c i ent ! �  r ecove rs  t h i s  c l a ss ,  �e t  t he  prob a b i l i t� t h a t  t h e r e  i s  a 

p a r t i t i o n  w i t h  more  t h an  t h an  o ne occurrence  tends  to ze ro ,  b �  t h eorem  

6 . 1 9 .  T h i s  s u g ges ts  t h e  use fu l ness o f  a g grega t i on-based  approac h e s  such  

as  quar t e t  ( and i n  t h i s  c a se t r i p l e t )  m e th o ds .  

( 2 ) : T h e  d eg ree  of  n (na me l �  ) for  t h e  func t i on f cons t ruc ted  i n  t h e  

p r ev ious  coro l l a r�  i s  d u e  t o  t h e  coarse  na ture  o f  gJ 1 . I t  i s  l i ke l �  t h a t  

f unct i o ns o f  l ower  deg ree  i n n sa t i s f � i ng d e f i n i t i on 8 . 1 6 , c ou l d  b e  

c onst r uc t ed  b �  u s i ng a more  su b t l e  p rocedure ,  w h i c h  d o e s  n o t  r e q u i r e t h e  

s t ruc tu re  o f  a l l nc3 t r i p l es t o  be  known i n  o r d e r  to s e l ec t  some  t r e e .  T h e  

v a l u e  of  coro l l a r �  8 . 2 2  l i e s  i n  d emonstra t i ng t h a t  p o l �no m i a l  bound e d  

p rocedures  ( i n  t h e  sense  o f  8 . 1 6 )  e x i s t  e v e n  t hough  B PT (n)  g rows  m uch 

faster  t han  an�  p o  1 �no m i a  1 func t i on.  

!A 1{ � �®®�� «�MJ®0®©11!10®lr ©0®©fk» 
W e  have  s een  t ha t  Markov 's i nequ a l i t� g i ves  a me t hod  for  pu t t i ng 

conf i dence i n t e rva  1 s o n  s e l ec t ed  t rees  b �  u s i ng Euc  1 i de an  d i s tance  i n  

s -space .  O n e  d rawback  w i th t h i s  approach  i s  t h a t  t h e  conf i dence  

i n t e rva l s  a r e  not  ver�  t i g h t  un l ess  c i s  l a r ge ,  a s  Markov ' s  i nequa l i t �  

e xp l o i ts on l � the  v a r i ance  of  a d i s t r i b u t i o n. I n  gener a l ,  i f  X has  a 

m u l t i nom i a l  d i s t r i b u t i on, w i th pa rame te rs  c ,  A. ,  t he re  i s  l i t t l e  one c a n  sa�  

abou t  t he  d i s tr i b u t i on  o f  t he  Euc  1 i d e an  d i s tance  ! I X I c - :A I I 2 . H owever b �  

l em m a  6 . 2  (4d ) ,  a t i g h t  d i s t r i b u t i on  ex i s ts ( approx i m a t e ! � )  o n  a 

centra  1 i z e d  va r i an t ,  o b t a i ne d  b �  r ep  1 ac i ng  L i ( 
X i / c - :A i )

2 b �  

L i (
x i / c- :A i )

2 (c/ :A i ) .  



8 . 2 4  D e f i n i t i o ns 

For  SE [nb ,  5 = { 1 , 2 , 3 } ,  T = ( 1 ) ( 23 ) ,  choose  q = [ q 1 , q 2 ,q 2 - qd3 as  i n  f i g .  8 . 1 ( a )  

so  as  to m i n i m i z e :  

:>( (T ,S ,X , q ) = Lo EQ (3) (X[S ] (o )- cs(O ; T I q) 2/ cs(o ; T 1 q ) · 

L e t  :>( (T ,S ,X )  b e  t h i s  m i n i m um v a l ue .  

1 8 7 

L e t  :>( 3  b e  a ch i- square  random v a r i a b l e  w i t h  t h r ee  d e gr ees  o f  f r eedom ,  and 

for 0<> 0 choose  ,J3 (0< )  so  that l e t P(:>(3> ,J3 (0<) )  < O< Jnc3 . 

G iv en  a se t  Q of  roo ted  b i nary  t r ees  o n  se ts  i n  [nb d e f i n e  t h e  res tr ;c t ion 

of Q ,  (Q )r e s  i n  t h e  ana l ogous  w a y  as  for  unrooted  b i nar�  t r e e s  t r e e s  on  

s e ts i n  [n ]4 ( de f i n i t i o n  8 . 1 4  ) .  Thus  

( 0\es = {T  ERBT (n) :  T [S ]nQ=<P  for  a 1 1  SE [nb}  

(where  for  S = { i , j , k } ,  T [S ]  = ( i ) ( j , k ) ,  ( j ) ( i , k )  or ( k ) ( i , j ) ) .  

F i na 1 1  � I e t  Q 1 0< = U SE [nb { T  EBPT(S  ) :  :>( (T ,S ,X , q )> ,J3 (0< )} and  d e f i ne 

<P O< (X)  = (Q 1
0<) res · Thus  <P O< (X) c RBT (n) .  

8 . 2 5  L e m m a  

<PO< h a s  c onvergent  conf i dence i nterva  I s . 

P r o o f :  

A s t ra i g h t forward  a rgument s i m i l a r to t heorem 8 . 1 5 .  § 



1 8 8 

8 . 2 6  T h e o r e m  

W r i te [s 1 , s 1 2 · s 1 3 , s 1 2 3 J a s  [ s 1 , s2 , s 3 , s4 ] a n d  X [S ]  a s  [ x 1 , x 2 , x 3 , x4 ] .  Then  the  s i 

v a l u e s  t h at g i ve  X (T , S ,X )  a re  g i v en  as  fo l l ow s: Le � 1 ::::- rcc x; t-x3�). 

C a s e  1 :  I f  x 1  ;::-

s l = x l l ( x l + x 4 + 2'0 ) 

s = x 4s l l 4 X J  
s2 = s 3 = ( 1 - s 1 -s 4 ) I 2 · 

C a s e  2 :  I f  x 1  � o . x42.- x 1  

13 1 - 1 ; rC x 2 + x 2 + x 2 ) J s 1 = s2 = s3 = ( l + 3 j3 ) where  j3 = x4 1 2 3 1 3 

s4 = 1 - 3s 1 . 

C a s e  3 :  I f  x 4�x 12.-o  

s 1 = s4 = a 1 12 (  ) a 1 +a2 

C a s e  4 :  I f  x4� x 1 �o  

s 1  = s2 = s3 = s4 = 1 I 4 ·  

( C ases o t he r  t han  1 a r i s e  b ecause  an e dge  l e ng th  r eq u i r e d  to m i n i m i z e  

X (T ,S ,X , q )  i s  nega t i v e  and t h i s  i s  d i sa  1 1  owed .  N o t  s u r p r i s ing 1 � .  i n  t h ese  

cases ,  t h e  r esu l t i ng X (T , S ,X ,q )  v a l ues  a re  l a r ge - - t he  tre es  are  t he  w ro ng 

wa�  aro und .  T h i s  i s  i l l us t ra t ed  i n  e xamp l e  8 . 27 . )  



P r o of :  
A s  i n  l em m a  8 . 1 9  w e  have  

s 1 = ( 1 + (0 1 - 2 Ui 2) I 4 

s 1 2 = s 13 = ( 1 - Ui 1 )  I 4 

s - ( 1 + (0 1+ 2 (0 2 )1 1 2 3 4  - 4 • 

( 1 ) 

W e  w is h  to  m i n i m i ze x = L i (
x i 2 lc 2s i - 2 x i +cs i ) s ub j ec t to O <Ui 2:SUi 1 < 1 .  

T hese  cond i t io ns i mp l �  1 2: s42:s 1 2:s2 =s32: 0 .  

W e  f i r s t  s o l ve 0 X IoUi j = 0 sub j ec t  t o  s > O .  

0 XI o Ui . = L · (  c - X . 2 1 c2 s . 2 ) 0S i loUi ' J I I I J 

= - c- 2"' · ( x . 21s · 2 )0s i loUi · s i nce  "' · 0 s 1· 1 r:::.Ui ·  = 0 .::::.. 1 I I J '  L.. 1 ° J · 

Now 0X 10Ui 2 
= 0 p r ec i s e ! �  i f  X 12 l s 1 2 - X 42 ls4 2 = 0 ( 2 )  

1 8 9 

and  ox lo Ui 1 = o prec i se ! �  i f  x 1 2 /s 1 2 - x 2 2 /s 2 2 - x 33
/s3 2 + x 42 / s4 2 = 0 .  ( 3 )  

N o w  i f  t h e  s i ' s  a re  p o s i t i v e ,  ( 1 )  imp !  i e s  

F u r t he rmore ,  s i nc e  s 2=s3 ,  ( 1 )  a n d  ( 2 )  g i v e :  

I ( x  2 + x  2 ) x 1 s 2 = s 1 { 2 3 I 2 } 

( 5 )  g i ve ,  s 1  = x 11 ( x 1 + x4 + 2 '0' ) · 

(4 )  

(5 )  

N o w  for  j , k E { 1 , 2 } ,  0 2XIoUi J·oUi k = c-2L . (x . 2 1 s . 3 )( 0s iloUi . )(0 s iloUi . ) I I I J J I 

s i nc e  0 2s i l o Ui  jo Uik = o .  

T h u s ,  I e t t  i ng A i = ( x i 2 I s  i
3 ) 1  1 6 c2 . t he  J acob i an  m a t r i x  f o r  x i s  

J = 



N o w  for  for  s > 0 ,  t h 12  A i 's a r12  p o s i t  i v 12  so  t h a t  0 2X / aw 1 2 > 0 and  d e t J  > 0 ,  

s o  t ha t  J i s  pos i t i v12 d12 f i n i t 12 ,  and  thus  t h 12  un i q u 12  c r i t i c a l  po i n t  

s *  = [ s J * , s 2* , s 3* ,s 4* ]  o f  X i n  t h 12  p o s i t i v 12  s-qu a drant corr12sponds  to  a 

m i n i m u m  of  x. 
N o w  w 1 = 1 -4s2 , w 2 = 1 - 2 s 1 - 2 s2 , and w12 r12qu i r 12  o ::s w 2::s w 1 < 1 .  For s *  w e  

h a v 12  w 1< 1 ,  a nd w 2::s w 1  p r 12c i s 12 1 y  i f  st�s2* w h i c h  h o l ds i f  and  o n l y i f  x 1� o .  

w h i l 12  o ::sw 2 p r 12c i s 12 1 y  i f  x 4� x 1 • T h i s  g i v 12s  t h 12  r 12su l t  f o r  c a s 12  1 .  

F o r  cas12  2 ,  i f  x 1 <o  a n d  x4�x 1 ,  t h 12 n  for s* , w 1>w 2� 0 .  S i nc 12  s*  i s  t h e  on l y 

c r i t i c a l  p o i nt o f  x i n  t h12  p o s i t i v 12  s-qu a drant ,  X i s  m ax i m i z12 d  i n  c a s e  2 

1 9 0 

( sub  j 12c t  to w 1::sw 2 ) o n  t h 12  p I  a n12 w 2= w 1 .  I n  t h i s  cas12  s 1 =s2 =s 3=( l - w 1 )  I 4 a nd 

s4 = ( 1 + 3w 1 )  I 4 · 

T hi2n ox; 
aw , = 1 6c -2 (x , 2 + x2 2 + x3 2 I ( 1 -w 1 ) 2 - 3 x42 I ( 1 - 3w 1) 2 ) 

w h i ch 12qua  I s  z 12r o  wh12n  s 1 =s2=s3= .B I ( l + 3 .B) '  w h12r12  

.t3 = x4- 1j {C x 12 + X 2 2 + x32 ) ;3 } and s4 = 1 -3 s 1 . C l 12a r l y  t h12s12  s v a l u12s  a r 12  a l l  

p o s i t i v 12  and 0 2X/ a 2 w 1  > 0 i n  t h 12  pos i t i v 12  s - q u adran t ,  so  t h a t  t h 12  cr i t i c a l  

po i nt corr12sp onds to  a m i n imum ,  a s  r12qu i r 12 d .  

I n  cas12  3 ,  i f  x 1� o  and  x4 < x 1 ,  a s i m  i I a r  a r g um12nt a p p  I i 12 s  - - i n  t h i s  c a s 12  X i s  

m i n i m i ze d  sub j 12c t  to w 2= 0 .  I n  c a s 12  4 ,  x i s  m i n i m i z 12 d  sub j 12c t  to  t h e  

c ond i t i ons o f  c a s 12 s  2 and 3 ,  b u t  t h 12 s 12  i m p l y  w 1=w 2= 0 ,  wh i c h  c onf i n 12  t h e  

s 12 t  o f  f 12a s i b l 12  s v a l u12s  t o  o n 12  po i nt .  



E x a mp l e  8 . 2 7  

For  t h e  E M B L  d a ta X on  four  t a xa ,  I i s t e d  i n  e xamp  I e 8 . 1 3 ,  I e t  us  cons t r uc t  

<P 0 _ 0 0 5C X ) b y  t he  a bove p rocedure .  

W e  requ i r e  P (X3> .j3 )  < 0 . 0 0 1 25 ,  so  t ha t  we  can  t ake  .j3 = 1 6 . 7 ,  (Bur i ng t o n  

a n d  M a y  [ 1 9 7 0 ,  p . 387 ] ) .  T h e n  w e  h a v e  t h e  fo l l ow i ng t a b l e : 

s T 1  X (T ,X [S ] )  T 2 ·T 3 X CT  i , X [S ] )  ( i  = 2 , 3 )  

{ 1 , 2 ,3 }  ( 1 ) ( 23 )  2 .5  ( 2 ) ( 1 3 ) ,  ( 3 ) ( 1 2) 1 1 5 . 9  

{ 1 , 2 ,4 }  ( 1 ) ( 2 4 )  1 . 7  ( 2 ) ( 1 4 ) ,  (4 ) ( 1 2 )  1 0 5 . 2  

{ 1 ,3 , 4 }  ( 1 ) ( 34 )  0 .4  (3 ) ( 1 4 ) , ( 4 ) ( 1 3 )  336 . 2 

{ 2 ,3 ,4 }  ( 2 ) ( 34 )  1 . 2  (3 ) ( 2 4 ) ,  (4 ) ( 2 3 )  1 1 7 . 5  

Thus  <P 0 _ 0 05 (X) = (O ) res  where  0 i s  t h e  se t  o f  a l l  8 t rees  i n  t h e  four th 

c o l u m n  of  t h e  above  t a b l e .  T h us <P 0 _0 0 5(X )  = {T }  w here  T i s  t h e  tre e  

shown  i n  f i g . 8 . 2 .  

2 

T 

3 4 
1 = nemetode ,  2 = bri n e  shri mp 
3 = xenopus ,  4 = mouse  

F i g u r e  8 . 2  

1 9 1 



8.28 Summary 
The theme of th is section has been the construction of confidence 
i ntervals on phylogen ies by constructing such i ntervals on subsets of the 
taxa of size three or fou r. These smal ler cases often have s imple analytic 
p roperties (th eore m  8 . 12  and 8 .26) and the confidence i ntervals  generated 
can then  be com bined by lemma 6 .2 ( 1 ) to g ive confidence i ntervals on  the 
parent phylogeny. This lemma is sufficient to prove the existence of 
procedures with desirable theoretical properties (theorem 8 . 1 5 , lemma 
8 .25 and coro l lary 8 .22) and its appeal l ies in the absence of any 
i ndependence assumptions regard ing the events invo lved .  A more subtle 
approach wou ld be to consider the dependence between these events 
arising from the constraints imposed on  edge lengths of subtrees by the 
requ i rement that they must al l  f it together on some parent tree in the i r  
span . More specifically ,  although a binary tree with n endpoints is defined 
by n-3 subtrees of s ize fou r  (theorem 3 . 12) ,  and each of these subtrees has 
5 edge lengths, the resu lting 5 (n-3) edge lengths are subject to a number 
of l inear constraints since the parent tree has precisely 2n-3 edge lengths 
( l i near combinations  of which g ive the 5(n-3) edge lengths) . 
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P r o o f  o f  t h e o r e m  7 . 1 8  

L e t  g (k )  b rz  t h e  m i n imum  num b rz r  of  rznd p o i nt s  o f  T ( k )  t h a t  a rrz  c o l ou red  A 

over  a 11 X EV(T (k ) ,  {A ,B }  ) .  W e  p rovrz  thrz  f o 11 o w i ng two  s t a t ements 

s i m u l t aneo us ! �  b�  i nd uc t i on  o n  k :  

( 1 ) : g (k )  = f ( k- 1 )  

( 2 ) :  f ( k )  = f (k - 1 )  + f ( k- 2 ) ;  f ( O )  = 1 ,  f ( 1 )  = 2 .  

1 9 3 

T h e  rrzsu l ts h o l d  for  k::; 2 so suppose  both  rrzsu l ts a re  t r ue  for  k::;m - 1 ,  m 2:3.  

F i r s t ! �  l e t  ;<1 E V (T (m) , {A ,B }) r rza l i zrz g (m ) . 

B �  F i tch 's  a l g o r i t h m  ( rrzfrzr  5 . 1 8  ( 2) ) ,  t h rz  two t rerzs  T (m - 1 )  whosrz  roo ts 

a rrz  j o i nrz d  to t h rz  root  of  T (m )  mus t  have  c o l our i ngs  ;< 1 • ;< 2  bo th  i n  

V (T (m - 1 ) ,  {A , B } )  o r  w i t h onrz i n  V(T(m- 1 ) , { A } )  a n d  t h e  o t h e r  i n  

V (T (m- 1 ) ,  {B }  ) .  

I n  t h e  f i r s t  c ase ,  g (m )  2: 2 g (m - 1 ) . B�  t he  i nduc t i on h�po t h es i s  on  ( 1 ) ,  we  

h ave  g (m- 1 )  = f (m- 2 ) , and  b �  t h e  i nduct ion  h�po thes i s  on  ( 2 ) we  h a v e  t ha t  

f (m - 1 )  i s  t he  m - th  F i bona c c i  n umber ,  so t h a t  f (m - 1 ) < 2 f (m - 2 ) . Com b i n i ng 

t h rz s e  w e  have  for  t hrz  f i r s t  casrz  t ha t  g (m )  > f (m - 1 ) . 

I n  t h e  srzco nd casrz ,  we can  supposrz  ;<1  r e a l i z e s  f(m - 1 )  and t ha t  ;<2  a s s i g ns 

c o l our  B to eve r �  p rzndant vrzr trz x  so t ha t  g (m )  = f (m - 1 ) . 

T hus  t hrz  second casrz  ach i evrzs  a l o wrzr  v a l ue for  g (m ) ,  and  h encrz 

e s ta b l i s h es  thrz i nduc t i o n  strzp for  ( 1 )  that  g (m )  = f (m - 1 ) .  

W rz  now es t ab l i s h  t h rz  i nduc t i on  s trzp  for  ( 2 ) .  L rz t  ;< 1  E V(T (m- l ) , {A } )  r e a l i z rz  

f (m - 1 ) ,  ;< 2 E  V(T (m- 2 ) , {A } )  r rza l i z e  f (m - 2 ) .  A s s i g n  c o l our  B to  a l l  t h e  

pend ant vrzr t i ces  of  onrz cop� o f  T(m - 2) ,  c o l our  a nother  c o p �  o f  T ( m - 2 )  b �  

;<2 ,  j o i n  t h rz i r  roots  to a th i r d  roo t  to ob ta i n  a c o l our i ng  for  T(m - 1 ) i n  

V (T (m - 1 ) , {A ,B }  ) .  



Then  j o i n  t h i s  t r ee  to ano ther  cop�  o f  T (m- 1 )  c o l ou red  b �  )( 1 ,  and  a ga i n  

j o i n  t h e i r  roots  t o  ob t a i n  a c o l ou r i ng X: o f  T (m) ,  w h i ch b �  F i t c h ' s  

a l g o r i t h m  i s  i n  V (T (m) , {A } ) .  

l n  t h i s  w a� .  f (m ) ::::; f (m- 1 )  + f (m- 2 ) .  ( * )  

1 9 4 

Convers l � . l e t X: r e a l i z e  V (T (m) ,{A } ) .  B �  F i t ch ' s  a l gor i t h m ,  t he  i nd u c ed 

c o l our i ngs  X: J. )(2  of t h e  two cop i e s  of  T (m- 1 )  jo i ned  to t h e  roo t  o f  T (m)  

a re  e i t h e r  bo t h  i n  V( (m- 1 ) , {A } )  or o ne i s  i n  V( (m- 1 ) , {A } )  and  t he  o t hl2 r  i s  in  

V (T (m - 1 ) ,  {A ,B }  ) .  

l n  t h e  f i r s t  case ,  f (m)  2:: 2f (m - 1 ) , w h i ch com b i ne d  w i t h  t h e  p rev ious  

i n e q ua l  i t � . ( * )  g i ves  f (m- 1 )< f (m-2 ) ,  a c ontra d i c t i o n, s i nc e  b �  t he  i nd uct i ve 

h �po thes i s  o n  ( 2 ) ,  f (m - 1 )  and f (m - 2 )  are  respec t i v e ! �  t h e  m- th  and 

(m - 1 ) - t h  F i b o nacc i  nu mbers , so  that  f (m - 1 )  > f (m- 2 ) .  

l n  t h e  second c a s e  we  have :  

f (m )  = f (m - 1 )  + g(m - 1 ) , a nd  s i nce g(m - 1 )  = f (m- 2 ) ,  b y  t h e  i nduc t i v e  

h ypo the s i s  o n  ( 1 ) ,  t he  rl2su l t  fo l l ows . § 



a 
2 3 

n 
4 1 . 67  

5 1 . 8 0  

6 1 .8 6  2 .3 1 

7 1 .8 9  2 .52 

8 1 . 9 1  2 .64 

9 1 . 92 2 .7 1 

1 0 1 . 93  2 .75 

1 1 1 . 94 2 .79 

1 2  1 . 95 2 .8 1 

1 3  1 . 95 2 .83 

1 4  1 . 96  2 .85  

1 5  1 . 96  2 .86  

1 6  1 . 96  2 .88  

1 7  1 . 97 2 .89  

1 8  1 . 97 2 .89  

1 9  1 . 97 2 .90  

20  1 . 97 2 .9 1 

4 

2 .97  

3 .22 

3 .37  

3 .48 

3 .55 

3 . 6 1 

3:6 5  

3 .69  

3 .72  

3 .74 

3 .76  

3 .78  

3 .79  

5 6 7 8 

3.63 

3.90 

4. 09 4.29  

4.22 4.57 

4.32 4.78  4. 96  

4.40 4.94  5 .25 

4.46 5 .07 5 .47 5 .62 

4.5 1 5 . 1 7  5 .65 5 .92 

4.56 5.25 5 .80 6 . 1 6  

4.59 5 .3 1 5 .9 1 6 .35 

4.62 5 .37 6 .0 1 6 .5 1 

Val ues  o f  o/(n,a)  f o r  4:$;n:$;20.  
o/(n,  1 )  = 1 ,  o/(n,a)  = o ,  2a>n .  

1 9 5 

9 1 0  

6 .29  

6 .59  

6 . 84  6 .95 
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