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Abstract

This thesis presents the development of lumped parameter models of the cardiovascular
system with a specific aim of simulating the system dynamics over a range of heart rates.
The models contain several new modelling features that have been introduced progressively
throughout the thesis starting with isolated models and continuing with closed loop models
of the circulation. Specifically, the contraction of the cardiac chambers is modelled using
a time-dependent muscle force with constant elasticity instead of time dependent elasticity.
A new hypothesis about the mechanical contraction of the atria generates realistic pressure
volume loops. The inter-ventricular interaction is modelled as well. Additionally, hysteresis
is incorporated in the aortic valve to produce an end-systolic reverse (negative) flow. Most
of the model parameters were taken from the literature and experimental data. Sensitivity
analysis was performed on one of the models outputs by changing one parameter at a time;
this analysis indicated that the total blood volume is the most influential parameter in the
model.

The developed models were used to study the effects of Respiratory Sinus Arrhythmia
(RSA), a variability in heart rate at the frequency of breathing. RSA is an indicator of good
health but the mechanism that gives rise to RSA and its function are still debatable. Two
potential sources of RSA were incorporated: periodic heart rate that mimics the central
regulation of heart rate which originates in the brainstem, and periodic systemic veins
resistance that mimics one possible effect of the pleural pressure which drives breathing. The
effects of RSA on cardiac output were then studied. The simulations suggest that the mean
cardiac output does not change significantly due to RSA at either low or high heart rates.

Two types of heart failure were simulated using the new models by changing certain
model parameters: systolic and diastolic. Both the systolic and diastolic heart failures
caused an accumulation of blood in the lungs. The ejection fraction for diastolic heart
failure remained within the normal physiological range while in the case of systolic heart
failure the ejection fraction reduced rapidly. These results are consistent with physiological
observations.
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Chapter 1

Introduction

The mathematical modelling and numerical simulations of the cardiovascular system have
been the focus of many investigations in the past. Respiratory sinus arrhythmia (RSA) is
a beneficial oscillation of heart rate at the frequency of breathing. There are a number of
hypotheses related to the effects of RSA that are still under consideration. A model that can
simulate the dynamics of the cardiovascular system over a range of heart rates is needed to
study the functions and mechanism of this phenomenon.

In this chapter, we first provide some physiological background of the cardiovascular
system, blood circulation and electrocardiogram (ECG). Then we review the current literature
on the mathematical modelling of the cardiovascular system.

1.1 Physiological background

The basic tasks of the cardiovascular system are to provide oxygen and other nutrients to the
body and, at the same time, remove the metabolic wastes. In order to fulfill these tasks the
blood is pumped by the heart through two vascular circuits: the pulmonary circulation that
transfers blood through the lungs and the systemic circulation that transports blood through
the rest of the body (Batzel et al., 2007).



2 Introduction

Fig. 1.1 Heart chambers, valves and heart vessels. White arrows represent the direction
of blood flow. https://en.wikipedia.org/wiki/Heart (Re-used under a creative commons
Attribution-ShareAlike License).

The heart consists of four chambers and all four chambers are connected to the circulatory
system: the left ventricle through the aorta, the right ventricle through the pulmonary artery,
the left atrium through the pulmonary veins and the right atrium through the superior and
inferior vena cavae. The heart acts as a pump in the circulatory system to pump blood
continuously throughout the body. The left atrium receives oxygenated blood from the lungs
and transports it into the left ventricle through the mitral valve. The left ventricle pumps
the blood into the aorta, the largest vessel of the arterial tree which distributes the blood
flow to the whole body. The aorta further splits into many branches, arteries, arterioles and
ultimately capillaries. In the capillaries, the oxygen and other nutrients in the blood are
delivered to body cells and are exchanged with carbon dioxide and other waste products. This
de-oxygenated blood now travels from the capillary region and enters into venules, veins and
finally reaches the right atrium. From the right atrium it goes to the right ventricle through
the tricuspid valve. The right ventricle pumps the blood into the pulmonary artery, which
further splits into smaller arteries throughout the lungs, until it reaches the capillary region.
In the capillaries, CO2 is exchanged with O2 by diffusion. The blood, now, enriched with
O2 flows through the pulmonary veins to the left atrium. This is how the blood completes
one cycle of its journey (Formaggia et al., 2010, Batzel et al., 2007). Besides the mitral
and tricuspid valves, there are two other valves at the end of each ventricle; the pulmonary
valve is located at the base of the pulmonary artery and the aortic valve is at the base of the
aorta. The mechanisms of these valves are similar to that of the mitral and tricuspid valves,
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that is, they open when the pressure in the ventricles is higher than in the associated artery
(Formaggia et al., 2010).

There are two phases of the heart cycle, systole (contraction) and diastole (relaxation),
see Figure 1.2. A systole starts with the contraction of the heart muscle. As a result the
pressure in the left ventricle rises and the tricuspid valve is closed. As long as the pressure in
the left ventricle is lower than the pressure in the aorta the aortic valve is closed. Since during
this phase the volume in the left ventricle is not changing, this phase is called isovolumetric
contraction. When the left ventricle pressure exceeds the pressure in the artery (about 80
mmHg) the aortic valve opens and ejection starts. The pressure in the ventricle starts to
increase during the ejection phase (up to 120 mmHg). When systole is ended the heart
muscle starts to relax and that results in a rapid decrease in the left ventricle pressure. When
the left ventricular pressure is lower than the arterial pressure, the aortic valve closes and
diastole starts.

The first phase of the diastole is the isovolumetric relaxation of the heart muscle. The
pressure in the left ventricle decreases until it reaches the pressure in the atria (about 5
mmHg) and the mitral valve opens. While the pressure in the left ventricle is lower than the
pressure in the left atrium, blood flows into the left ventricle. When the heart muscle starts to
contract the diastole is ended and the pressure in the left ventricle increases and becomes
higher than the pressure in the left atrium and the mitral valve closes. All these occur in the
right heart too, but the pressure values in the right heart are smaller (Batzel et al., 2007).
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Fig. 1.2 Events of the cardiac cycle, showing changes in pressures for the left ventricle, left
atrium and in the aorta, the ventricular volume, the ECG, and the phonocardiogram (Hall,
2015). ©2016 Elsevier, Inc. Re-used with permission from Elsevier by "automatic process".

We next discuss the electrical activation of the heart.

1.2 Electrocardiogram (ECG)

An electrocardiogram (ECG or EKG) is the electrical visual activity of the heart. With each
beat, an electric impulse travels through the heart. This wave squeezes the heart muscles and
pumps blood from the heart. A normal heartbeat on ECG shows the timings of the electrical
activity of the atria and the ventricles. To record this activity different electrodes are placed
on the body. Depending on the positioning of these electrodes different recordings of ECG
are obtained. A normal ECG of a sheep for two beats is shown in Figure 1.3.



1.2 Electrocardiogram (ECG) 5

E
C

G
 (m

ill
iv

ol
ts

)

 RR-interval 

 RT-interval Time (s) PR-interval 

Fig. 1.3 ECG of a sheep showing two heart periods. The RR-interval is marked between two
consecutive peaks of R-waves and the RT-interval starts from the beginning of the R-wave
and finishes at the end of the T-wave. The PR-interval starts from the beginning of the P-wave
and ends at the R-wave.

A normal ECG consists of a P-wave, QRS-complex and T-wave. The QRS-complex
often, but not always, contains three separate waves: the Q, the R and the S. The electrical
signals are initiated from the Sinoatrial node or SA node, which is a group of cells located
in the wall of the right atrium of the heart. Unlike other cells of the body, these cells are
unique as they have the ability to generate an electric impulse all by themselves, that travels
through the heart. The SA node is known as the natural pacemaker of the heart. The electrical
impulse from the SA node first reaches the atria and causes them to contract, this event can
be seen in the ECG by the first positive deflection and it is denoted as a P-wave. From the
atria, the signal goes down to another node called the Atrioventricular node or AV node. The
AV node is located at the base of the left atrium close to the start of the ventricle tissue. It
briefly slows down the electric signal, giving the ventricles time to receive blood from the
atria. This delay can be seen by the PR-interval on the ECG. Thus, the PR-interval is the time
from the onset of the P-wave to the start of the QRS-complex. From the AV node the signal
moves to the Bundle of HIS, this Bundle then splits into left and right Bundle branches which
run along the inter ventricular septum. The left bundle branch further splits into tiny fibers
known as Pukinje fibers. Purkinje fibers spread the electric signal in all directions through
the ventricles, causing the ventricles to contract. This event is recorded in the ECG by the
length of the QRS-complex which is the time from the start of the Q wave to the end of the
S wave and it represents the spread of electrical activity in the heart. This is followed by
contraction. During this time, the atria also begin to relax, however the ECG signals of atrial
relaxation are lost because the QRS-complex dominates. The time when ventricles begin to
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relax is recorded on the ECG by the T-wave - the positive deflection after the QRS-complex
(Hall, 2015).

In this thesis, we need ECG measurements to extract timings of the atrial and ventricular
contraction and delay to use as our model inputs. We will use values of the RT-interval (the
time from start of the R-wave to end of the T-wave) and PR-interval in our models. We
will describe in detail in Chapter 4 how we extract the key time intervals from the ECG
measurements. These timings are important when we simulate RSA in which the R-R interval
on an ECG is shortened during inspiration and prolonged during expiration. We next discuss
RSA and review its current literature.

1.3 Respiratory Sinus Arrhythmia (RSA)

An optimally-functioning heart is of primary importance for the well-being of the entire
organism. Factors affecting the heart rate have been studied by many researchers but many
questions are still unanswered. RSA is a variability in HR at the frequency of respiration,
where the heart rate increases during inspiration and decreases during expiration. The
presence of strong RSA corresponds to a healthy cardiac system. While RSA is very much
weaker in individuals whose conditions have been complicated by various cardiovascular
diseases.

The physiological functions of RSA and its mechanism have been studied previously
(Paton et al., 2006, Taha et al., 1995, Anrep et al., 1936) but the physiological significance of
RSA is still debatable. Ben-Tal et al. (2012) conducted a theoretical study of the physiological
significance of RSA by formulating an optimization problem and by numerical simulations of
simplified models of gas exchange. This study supported the hypothesis that RSA minimizes
the work done by the heart while maintaining a desired average partial pressure of CO2. This
study also tested a previous hypothesis suggested by Hayano et al. (1996) that RSA improves
gas exchange efficiency but found that although gas exchange efficiency improved with
slow and deep breathing, this was unrelated to RSA. However, this model did not include
any feedback mechanism of the cardio-respiratory system, and numerical simulations were
performed by pre-setting the heart rate variations.

In further studies (Ben-Tal et al., 2014), a model of autonomic heart-rate control was
presented, resulting in the natural appearance of RSA. This model was capable of reproducing
a wide range of physiological observations and provided several predictions. It confirmed the
hypothesis that RSA minimizes the work done by the heart while maintaining arterial CO2.
But this new hypothesis still needs more verification by mathematical models that take more
detailed models of the heart into account, as well as by further animal experimental studies.
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Another suggested physiological function of RSA is that it stabilizes the arterial blood
pressure. Toska and Eriksen (1993) showed that RSA reduces fluctuations in the mean arterial
blood pressure. Another study (Taylor and Eckberg, 1996) suggested that elimination of RSA
reduces fluctuations in the systolic blood pressure while supine, but not during head-up tilt.
Another study by Tan and Taylor (2010) has shown that RSA can dampen oscillations in mean
arterial blood pressure but not in the systolic or diastolic blood pressure. Stabilization of the
systemic blood flow is another benefit of RSA that has been proposed. The irregular breathing
creates large pressure changes intrathoracically, which are transmitted to the heart and affect
the ventricular filling and ejection. If there is no stabilizing factor, these fluctuations can
transfer to the systemic blood flow and may cause end organ damage. Elstad et al. (2018)
stated two hypotheses, that RSA has the capacity to dampen the variability in the systemic
blood flow as well as reduce the work done by the heart while maintaining physiological
levels of CO2, are more convincing. However, more mathematical and computational models
are needed for better understanding of the presumed role of RSA.

1.4 Mathematical modelling of the cardiovascular system

The cardiovascular system can be modelled using different approaches. The selection
of the appropriate model dimension, from 0D to 3D, depends on the modelling goals
and assumptions of the research study. Three-dimensional models are needed if detailed
information on blood flow in a particular region is required (see for example, Aoki et al.
(1987), Freudenberg et al. (2000) and Trunk et al. (2007)). The main disadvantage of
these models is the high computational cost and time-consuming numerical simulations.
On the other hand, most of the two-dimensional models are homogeneous models aiming
at modelling activation propagation in a small patch of cardiac tissue (see for example,
Azzayani (2020) and Zimik and Pandit (2017)). One-dimensional models are well balanced
between complexity and computational cost, thus they are very suitable for many biomedical
applications (see for example, Yin et al. (2019) and Abdullateef et al. (2018)). In 0-D or
lumped parameter models, different parts of the system are lumped into compartments. The
0-D models are governed by systems of ordinary differential equations and are suitable
for the assessment of the global distribution of pressures, blood volumes and blood flows
(Malatos et al., 2016, Balakrishnan et al., 2014, Shi et al., 2011).

Pioneering work in modelling the cardiovascular and the respiratory systems was done
by Grodins (1959) and Guyton et al. (1972). Many of the cardiovascular system models
that have been developed since are modifications or extensions of the Grodin’s compartment
model (Williams et al., 2013, Jung and Lee, 2006, Olufsen et al., 2004, Kappel and Peer,
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1993).
Many mathematical models have been developed to see the reaction of the ergometric
workload (a short cycle test on an apparatus to predict maximal workload and maximal
oxygen uptake) imposed on the cardiovascular / cardio-respiratory system. Kappel and
Peer (1993) developed a model for the response of the cardiovascular system to a short
term workload. The ergometric situation assumed that the baroreceptor loop (a mechanism
that helps to maintain blood pressure at nearly constant levels) is the essential control
loop. However, the components of the baroreceptor loop were not modelled in detail but
they obtained a linear time-constant feedback law by solving a linear-quadratic regulator
problem for the system. This model provided a satisfactory description of data obtained
in bicycle ergometer tests and attracted many researchers to work on modelling issues,
parameter estimation and simulations with this model. Batzel et al. (2007) presented a
technique for applying optimal control theory and parameter estimation to the analysis of
regulation processes in the cardiovascular and the respiratory systems. Models introduced
in (Batzel et al., 2007) were derived from the principles of the physiological mechanisms
rather than descriptions of input-output relationships. Therefore, the state variables in these
models usually possess physiological meaning, which is useful in broader applications in
medicine. Further studies on control aspects of the human cardiovascular system in response
to workload have been done by Calderon et al. (2017), Vovkodav and Pasichnyk (2014) and
Timischl (1998).

Reaction of the cardiovascular system to orthostatic stress refers to the effect of gravity
or other forces on the distribution of blood volume in different parts of the cardiovascu-
lar system. Various mathematical models investigate the reaction of the cardiovascular /
cardio-respiratory system to different postural changes such as, sit-to-stand, head-up-tilt
and the lower-body-negative-pressure. Olufsen et al. (2004) developed a six-compartment
mathematical model that can predict blood flow and pressure during posture change from
sitting to standing. In advance study, Olufsen et al. (2005) presented a mathematical model
of 11 compartments to describe blood pressure, blood flow, compliance and resistance in the
heart and the systemic circulation. This model can predict cerebral blood flow velocity and
finger blood pressure and provide a physiological description of the dynamics in response to
hydrostatic pressure changes during postural change from sitting to standing.

Heldt et al. (2002) developed a closed-loop lumped parameter model of the cardiovascular
system that can simulate the short term transient and steady state hemodynamics response to
head-up tilt. The entire model was described by 12 compartments, the peripheral circulation
was divided into upper body, renal, splanchnic, and legs compartments; the superior, inferior,
abdominal vena cavae, left and right ventricles were identified separately. To describe the
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pumping action of the heart they used the time varying elasticity function for the ventricles,
but they did not include atria in this model, which are considered important to ventricular
filling at high heart rates. The model output was in good agreement with sets of population-
averaged hemodynamics data reported in the literature. In later study, Artiles et al. (2016)
developed a 21-compartmental model to simulate the short term hemodynamics response to
artificial gravity. More studies that investigate the effect of orthostatic stress to head-up tilt
or lower body negative pressure are Lim et al. (2013), Batzel et al. (2009), van Heusden et al.
(2006) and Melchior et al. (1994).

For clinical application it is good to adapt the models to individual patients. But it is
in general difficult to find all parameters for an individual patient which makes validation
of such models considerably more difficult. Some studies have successfully developed
patient-specific models of the cardiovascular system (Williams et al., 2013, Batzel et al.,
2009, Van de Vooren et al., 2007, Fink et al., 2004). Williams et al. (2013) presented a
patient-specific model that used the heart rate as an input to fit the dynamic changes in arterial
blood pressure during head-up tilt. The model consists of five compartments representing
arteries and veins in the upper and lower body of the systemic circulation, and left ventricle to
describe the pumping action of the heart. The model used a time-varying elastance function
and the heart valves were modelled using pressure dependent smooth sigmoidal function.
The model was successfully able to fit experimental and calculated values of carotid blood
pressure in the supine position (natural position of the supine when all three curves of the
supine, neck, middle and the lower are in good alignment) and during head-up tilt. Moreover,
it was also capable of estimating physiologically reasonable values for arterial and venous
blood pressures, blood volumes and cardiac output for which data were not available.

The first part of this thesis focuses on developing a mathematical model of the cardio-
vascular system that can be used reliably under conditions when the heart rate changes
significantly. The model we present combines together volumes and pressures into 8 compart-
ments. As mentioned earlier, such compartmental models have been developed previously
(Grodins, 1959, Olufsen et al., 2004, Williams et al., 2013, Jung and Lee, 2006). However,
these models were used for studies with a different focus than ours. Furthermore, none of
the models mentioned above are suitable for the study of RSA because either the timings
of the heart contractility when the heart beats remain constant or they do not vary enough
when the heart rate changes. The models we present in this thesis adjust the timings of
heart contractility with heart rate and are valid for a large range of heart rates. Our models
introduces several other new modelling features which we regard as important for the study
of RSA. We described the pressure created by muscle contraction as a function of time with
constant elasticity. This is in contrast to previous models which generated muscle contraction
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by taking elasticity as a function of time (see for example, Williams et al. (2013), Olufsen
et al. (2004) and Heldt et al. (2002)). A model of the ventricle is coupled with a model of the
atrium to create realistic PV loops for the atria using a new hypothesis about the mechanical
contraction of the atria. Also, the interaction between the ventricles is taken into account and
a non-linear volume of the shared wall is used to model this interdependence. The ventricular
interaction has been included in other models (see for example, Santamore and Burkhoff
(1991), Smith et al. (2004)) but we use a different approach to model this interaction.

The model we present in this study represents the cardiovascular system of a sheep. Sheep
are considered to be a good animal model for the human cardiovascular system (DiVincenti Jr
et al., 2014, Genain et al., 2018). Some studies that considered sheep cardiovascular models
are (Olansen et al., 2000, Segers et al., 2001, Qian et al., 2002). Qian et al. (2002) developed
a closed loop mathematical model of the ovine cardiovascular system, he adopted the heart
model describing the hemodynamic behaviour of the left and right ventricles including the
effects of preload and afterload, direct ventricular interaction and the influence of pericardium
(the membrane enclosing the heart) on pump performance. He also developed a lumped
model for the coronary circulation and generated a model output in terms of pressures in
the heart chambers and flow in the aorta, large pulmonary artery and coronary artery. This
model was capable of generating virtual measurements of sheep with cardiovascular disease
by changing some of the model parameters and comparing the model-generated dynamics of
blood flow with the baseline output. Later on, by using the same model presented in Qian
et al. (2002), a study of cardiovascular adaptation to orthostatic stress was performed in
Ha et al. (2004). As mentioned earlier in relation to cardiovascular models that represent
humans, the modelling study in this thesis differ from previous modelling studies of sheep
by its focus on RSA and the new modelling features introduced to the models.

1.5 Thesis structure

The thesis is structured in three main parts. The first part (Chapter 2, 3 and 4) is related
to the mathematical modelling of the cardiovascular system of a sheep. In this part, we
develop isolated and fully integrated mathematical models that include several new features.
The model outputs are compared with the literature and experimental values. Parameters
assignment and sensitivity analysis are also included in this part. The first part of the thesis
has already been submitted for publication in the journal of Mathematical Biosciences. In the
second part (Chapter 5), we investigate the effects and benefits of RSA on cardiac output and
stroke volume in a healthy cardiovascular system of a sheep by using the models developed in
the first part of the thesis. In part 3 (Chapter 6), we turn our focus to heart failure conditions.
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We model two types of heart failure: diastolic and systolic by changing the model parameters.
A physiological background and relevant literature review is provided at the beginning of the
chapter.





Chapter 2

Isolated Models of the Cardiovascular
System

In this chapter, we introduce isolated models of the cardiovascular system and give details of
important characteristics of the system progressively. We start with an isolated model of the
ventricle. We then construct a mathematical model of the atrium and the ventricle. Finally,
we model an inter-ventricular dependence.

2.1 Isolated model of the ventricle

In this section, we describe a single compartment model that can represent either the left
or right ventricle (see Figure 2.1 for a schematic of the left ventricle). The compartment
contains a moving plate attached to a spring. We distinguish between the force exerted by
the muscle when it gets externally excited and passive elasticity (represented by the spring).
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Fig. 2.1 Schematic model of the left ventricle. Blood flows through the mitral valve (MV)
into a compartment with pressure PLV and volume VLV . It flows out of the compartment
through the aortic valve (AV). The compartment has a moving plate attached to a spring
KLV , representing the elasticity of the ventricular muscle. Spring compression represents
muscle expansion. The plate is at X0 when there are no passive elastic forces acting on
it. The force exerted by the muscle when it gets externally excited is depicted by FLV (t).
qin = (PLA −PLV )/Rmv is the flow into the compartment and qout = (PLV −PB)/Rav is the
flow out of the compartment, PLA is the pressure in the left atrium and PB is the body pressure.
For a model of the right ventricle, MV, AV, PLV , VLV , KLV , FLV (t), PLA and PB are replaced
by TV (tricuspid valve), PV (pulmonary valve), PRV (right ventricular pressure), VRV (right
ventricular volume), KRV (a spring attached to the moving plate of the right ventricle), FRV (t)
(the force exerted by the muscles on the right ventricle), PL (lung pressure) and PRA (right
atrial pressure), respectively.

The balance of forces across the plate (which we assume is massless), is given by

PLV A = KLV (X −X0)+FLV (t), (2.1)

where FLV is a function of time, t, representing the force exerted by the muscles, A is the
area of the moving plate, KLV is the spring constant and (X −X0) is the displacement of the
spring from its unstressed state. Defining ELV = KLV

A2 as the elasticity of the left ventricle
muscle, VLV = XA as the volume of the left ventricle, Vunlv = X0A as the unstressed volume
and GLV (t) =

FLV (t)
A , we get

PLV = ELV (VLV −Vunlv)+GLV (t) (2.2)
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In Eq. (2.2), ELV is constant while GLV is a given function of time. If we eliminate GLV (t)
from Eq. (2.2) and consider ELV as a function of time we get

PLV = ELV (t)(VLV −Vunlv). (2.3)

Eq. (2.3) is used routinely in many models of the cardiovascular system when pressure is
induced using time-dependent elasticity (see for example, Williams et al. (2013), Olufsen
et al. (2004), Heldt et al. (2002)). Eq. (2.2) is a new contribution of this PhD project. We
therefore compare the model output using Eq. (2.2) with the model output using Eq. (2.3).
As will be shown later in Figure 2.5a and 2.5b, the two representations of the ventricular
pressure lead to notable differences in model output. The functions GLV (t) used in Eq. (2.2),
and ELV (t) used in Eq. (2.3) are shown in Figure 2.2. Mathematical formulas of these
functions are given below.

GLV (t) =



0 0 ≤ t ≤ d

GmaxLV
2

[
1− cos(π(t−d)

TS
)
]

d < t ≤ d +TS

GmaxLV
2

[
1− cos(π(t−(TS+d))

TD
)
]

d +TS < t ≤ d +TS +TD

0 d +TS +TD < t ≤ TL

(2.4)

ELV (t) =



EminLV 0 ≤ t ≤ d

EminLV + EmaxLV−EminLV
2

[
1− cos(π(t−d)

TS
)
]

d < t ≤ d +TS

EminLV + EmaxLV−EminLV
2

[
1− cos(π(t−(TS+d))

TD
)
]

d +TS < t ≤ d +TS +TD

EminLV d +TS +TD < t ≤ TL
(2.5)

where TL is the heart period, TS is the time from the beginning of contraction to maximum
amplitude, TD is the time from maximum amplitude to end of contraction and d is the delay
between the contraction of the atria and the ventricles. For convenience we take d = 0 in the
isolated model of the ventricle.
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Fig. 2.2 (a) Pressure exerted by the left ventricular muscles due to external excitation, GLV ,
as a function of time, t. (b) Elasticity of the left ventricle, ELV as a function of time, t. TL is
the heart period. TS is the time from the beginning of contraction to maximum amplitude, TD
is the time from maximum amplitude to end of contraction and d is the delay between the
contractions of the atria and the ventricles; for the single compartment model, the value of d
is equal to zero.

The blood flow, q, in and out of the compartment is taken as

q =
Pu −Pd

R
, (2.6)

where Pu and Pd are the upstream and downstream pressures and R is the resistance to the
flow. The rate of change of volume within the compartment is given by a differential equation
of the form

dV
dt

= qin −qout , (2.7)

where qin and qout are the flows in and out of the compartment. For the left ventricle, Eq.
(2.7) takes the following form

dVLV

dt
=

PLA −PLV

Rmv
− PLV −PB

Rav
, (2.8)

Where PLA, PLV and PB are pressures in the left atrium, left ventricle and body, respectively.
Rmv and Rav are resistances of the mitral and the aortic valves and are pressure dependent
functions (Williams et al., 2013). The shapes of these functions are shown in Figure 2.3,
their mathematical expressions are given in Eqs. (2.9) and (2.10). Hysteresis is added to the
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resistance of the aortic valve to mimic the fact that some back flow of blood through this
valve occurs before it is closed. Resistance of the valve is given by

Rmv = Rcl −
Rcl −Ropmv

1+ e−β (PLA−PLV )
(2.9)

where Rcl is the resistance when the mitral valve is closed and Ropmv is the resistance when it
is open. PLA and PLV are the pressures in the left atrium and left ventricle, respectively. The
resistance of the aortic valve is given by

Rav(t) =


Rcl −

Rcl−Ropav

1+e−β (PLV −PB)
when (PLV −PB) is increasing

Rcl −
Rcl−Ropav

1+e−β (PLV −PB+Hys) when (PLV −PB) is decreasing
(2.10)

where Rcl , Ropav, β and Hys are constants (see Table 4.4).

Ropmv

Rcl

(a)

Ropav

Rcl

(b)

Fig. 2.3 (a) Resistance of the mitral valve as a function of pressure difference (PLA −PLV ).
Ropmv is the resistance constant when the mitral valve is open and Rcl is the resistance when
the valve is closed. A similar function is used for the tricuspid and pulmonary valves. (b)
Resistance of the aortic valve as a function of pressure difference (PLV −PB). Ropav is the
resistance when the aortic valve is open. One function is used when the valve is opening and
another when the valve is closing (see Eq. (2.9)). This mimics the fact that some back flow
of blood through the aortic valve occurs before this valve is closed.

2.1.1 Dependence of contraction timing on heart period

The functions ELV (t) and GLV (t) require time parameters TL, TS and TD as model inputs. An
electrocardiogram (ECG), which measures the electrical activity of the heart, can be used to



18 Isolated Models of the Cardiovascular System

calculate precise values of TL (this is usually taken as the RR-interval, as shown on Figure
2.4a). However, the contraction time (TS +TD) can only be roughly estimated from the ECG
measurements as being approximately the RT-interval (see Figure 2.4a) (Hall, 2015). Data
presented in Senzaki et al. (1996) suggests that under a wide range of conditions, TS can be
estimated as 2/3rd of the RT-interval. While this ratio seems to be preserved for various heart
rates, the contraction time, as a whole, changes when the heart period changes. This crucial
relationship between the contraction time and the heart period is unknown. Several functions
have been suggested in the past for humans (Funck-Brentano and Jaillon, 1993). For reasons
we explain below, we suggest a new formula for the relationship between the contraction
time and the heart period,

TS +TD =
0.65

(1+ e−7.12TL)
−0.33. (2.11)

Eq. (2.11) was fitted to data of the RT-interval as a function of the RR-interval which we
extracted from ECG recordings of 14 sheep (see Figure 2.4b).
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Fig. 2.4 (a) ECG of a sheep showing two heart periods. The RR-interval is marked between
two consecutive peaks of R-waves and the RT-interval starts from the beginning of the
R-wave and finishes at the end of the T-wave. The PR-interval starts from the beginning of
the P-wave and ends at the R-wave. (b) Contraction time of the ventricle (TS +TD, estimated
by the RT-interval) as a function of the heart period (TL, calculated from the RR-interval,
see Eq. (2.11)), fitted to sheep data. The model is not valid in the shaded region where the
contraction time is greater than the heart period.
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2.1.2 Model Output

The model of the left ventricle consists of one non-linear differential equation of first order
given in Eq. (2.8). We solved this numerically using the subroutine ode45 in Matlab. Figure
2.5a compares the pressure-volume (PV) loops of the new model (the isolated G model),
where the ventricular pressure is described by Eq. (2.2), with the standard model (the isolated
E model) where the pressure is described by Eq. (2.3). It can be seen that the maximum
pressure occurs at lower volumes in the isolated G model compared with the isolated E model
which is more realistic (see for example, Maughan et al. (1985)). This illustrates that the new
model provides a more realistic shape of the PV loop. Figure 2.5b shows the mean cardiac
output as a function of heart rate for the new and standard models. The mean cardiac output
was calculated by integrating the aortic blood flow over 100 heart cycles after steady state
was reached and dividing the integral by the overall integration time. The integration was
done numerically using the trapezoidal rule. We then multiplied the result by 60/1000 to get
the mean cardiac output in units of L/min.

meanCO =

(
60

1000

)
1

100TL

∫ 100TL

0

(PLV −PSA)

Rav
dt. (2.12)

An important feature seen in Figure 2.5b is the drop in cardiac output for high heart rates.
Such a drop can be seen in experiments (see for example Kumada et al. (1967)) and provides
a way to test the relationship between the contraction time and the heart period that we
introduced in Eq. (2.11). We found that previously published formulas of this relationship
did not lead to a drop in cardiac output at high heart rates when fitted to the sheep data. As
can be seen in Figure 2.5b, the new and standard models lead to slightly different curves
for the mean cardiac output, with a faster decrease in cardiac output for the standard model
(using E).
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Fig. 2.5 Output of the isolated model of the left ventricle. (a) Pressure-volume relationship,
for the new model (using the isolated G model, Eqs. (2.2) and (2.6)) and for the standard
model (using the isolated E model, Eqs. (2.3) and (2.6)). (b) Mean Cardiac Output curve for
the new model (using the isolated G model, Eq. (2.2) and (2.6)) and for the standard model
(using the isolated E model, Eq. (2.3) and (2.6)). This has been normalized such that the
cardiac output at 160 bpm is 100%. The parameter values are given in Table 4.4.

2.2 A model of the atrium and the ventricle

In this section, we present a two compartmental model consisting of either the left atrium and
ventricle or the right atrium and ventricle (see Figure 2.6). Similarly to the model presented
in the previous section, the two cardiac chambers contain moving massless plates and springs.
Fewer studies have put emphasis on atrial P-V loops so less is known on the mathematical
modelling of atrial contraction and filling. Here we present a mathematical model containing
an additional feature that is required in order to produce a realistic PV-loop for the atrium.
We further discuss the delay between the contractions of the atrium and the ventricle in this
section.
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MV
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     Y0

     X0

Fig. 2.6 A schematic description of a model for the left atrium and ventricle. The left atrium
receives blood from the lungs and transfers it into the left ventricle through the mitral valve
(MV). The left ventricle then pumps this blood into the body through the aortic valve (AV).
Both compartments contain springs (KLA and KLV ). The forces generated by the left atrial
and ventricular muscles are denoted by FLA(t) and FLV (t), respectively. VLA, VLV , PLA and
PLV are the volumes and pressures inside the left atrium and left ventricle, respectively. qin
and qout are the flows into and out of a compartment, X0 and Y0 are the positions of the plates
when no forces are acting on them. PL is the lung pressure and PB is the body pressure. For
a model of the right atrium and right ventricle, MV, AV, VLA, VLV , PLA, PLV , KLA, KRA, FLA,
FLV , PL and PB are replaced by TV, PV, VRA, VRV , PRA, PRV , KRA, KRV , FRA, FRV , PB and PL,
respectively.

The pressure of the left ventricle is given by Eq. (2.7). We propose a new model for the
atrium motivated by our realization that realistic PV loops for the atria cannot be generated
when the relationship between the pressure and volume is linear (when GLV (t) = 0 in Eq.
2.2 or when ELV (t) = EminLV in Eq. 2.3) as we could assume for the ventricles. The model
assumes that the rate of change of the atrial pressure is proportional not only to the rate
of change of volume (Eq. (2.2)) but also to the volume itself. These properties depend on
whether the atrium is contracting or expanding. For the left atrium the rate of change of
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pressure is given by

dPLA

dt
=


EminLA(

dVLA
dt )+ dGLA

dt +αL(VLA −Vunla)
dVLA

dt < 0

βLEminLA(
dVLA

dt )+ γL
dGLA

dt +ωL(VLA −Vunla)
dVLA

dt ≥ 0
(2.13)

where αL,βL,γL and ωL are constants representing the fact that elasticity properties are
different during contraction and relaxation of the left atrium. EminLA is a constant elasticity
of the left atrium, GLA is the pressure exerted by the muscles on the left atrium, VLA is the
volume of the left atrium and Vunla is an unstressed volume of the left atrium. The rate of
change of the left ventricular volume is given by Eq. (2.8). The rate of change of the left
atrial volume is given in Eq. (2.14) below (see also Eq. (2.7)).

dVLA

dt
=

PL −PLA

RL
− PLA −PLV

Rmv
, (2.14)

where PL and PLA are pressures in the lungs and the left atrium, respectively. Rmv is the
resistance of the mitral valve (see Eq. 2.9 and Figure 2.3a) and RL is the resistance of the
lungs taken as a constant.

2.2.1 Delay between the atrial and ventricular contractions

The atrioventricular (AV) node, a group of cells located in the junction area of the atria and
ventricles, creates a delay between the contraction of the atria and the contraction of the
ventricles. This delay ensures that blood is pushed into the ventricles before the valves close
and the ventricles contract. This delay is approximated with the the PR-interval using the
ECG measurements and this can change with the heart period (see Figure 4.4a). The atrial
contraction time continues slightly longer than the delay time and is approximated by a value
of 1.5 times the PR-interval. Heldt (2004) scaled the delay time with the square root of the
RR-Interval period. In this paper we propose a new formula for the delay, d, based on sheep
data (see Eq. (2.15) and Figure 2.7 below). When fitting the data we imposed the condition
that d +TS +TD = 0.22 when TL = 0.23. Similar to the ventricles, the time from the start of
the atrial contraction to its maximum amplitude is assumed to be 2/3rd of the contraction
time.

d =
0.17

(1+ e−18.83(TL−0.38))
−1.33(10−4). (2.15)
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Fig. 2.7 (a) Delay (d, estimated by the PR-interval) as a function of the heart period (TL,
calculated from the RR-Interval, see Eq. (2.15)), fitted to sheep data. (b) The combined time
of ventricular contraction and delay as a function of RR-interval. The model is not valid in
the shaded region for values of RR-interval below 0.23.

2.2.2 Model Output

The model consists of 3 first-order nonlinear ordinary differential equations (Eqs. (2.8),
(2.13) and (2.14)) and is solved numerically using the subroutine ode45 in Matlab. The P-V
loop of the left atrium is shown in Figure 2.8a. As can be seen, it consists of two loops,
similar to experimental observations (see for example Zakeri et al. (2016), Pagel et al. (2003),
Ferguson et al. (1989)). If we take βL = γL = 1 and αL = ωL = 0 in Eq. (2.13) (effectively
describing the pressure in the left atrium in the same way as the pressure in the left ventricle)
we cannot generate a realistic PV loop (see Figure 2.8b). The P-V loops of the left ventricle
are similar to the ones generated for the single compartment model and are not shown here
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Fig. 2.8 Model output using Eqs. (2.2), (2.8), (2.13) and (2.14). (a) Pressure-volume relation-
ship of the left atrium using parameters from Table 4.4. (b) Pressure-volume relationship of
the left atrium when βL = γL = 1 and αL = ωL = 0, effectively describing the pressure in the
left atrium in the same way as the pressure in the left ventricle.

2.3 Ventricular Inter-dependence

Because of the close anatomic connection, the pressure and volume of one ventricle can affect
the pressure and volume of the other ventricle. This phenomenon is known as ventricular
interdependence (Santamore and Burkhoff, 1991). In this section, we develop a mathematical
model to include the mechanical interaction between the two ventricles.
A schematic model of ventricular interaction is shown in Figure 2.9a. Both ventricles and
their common wall have moving plates with areas A1, A2 and A3 attached to springs KRV ,KLV

and KS, respectively. The area of one ventricle is affected by the other as the common wall
moves between the two ventricles.
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Fig. 2.9 (a) A schematic model of ventricular interaction. The left and right ventricles
have moving plates with areas A1 and A2, attached to the springs KLV and KRV , respectively.
Both chambers have a shared moving wall, with an area A3, which is attached to a nonlin-
ear spring KS. The muscle forces exerted on the left and right ventricles are denoted by
FLV (t) and FRV (t), respectively. qin and qout are the flows into and out of a compartment.
PLV ,PRV ,VLV ,VRV are the pressures and volumes inside the left and right ventricles, respec-
tively. PL is the lung pressure and PB is the body pressure. AV, MV, PV and TV are the aortic,
mitral, pulmonary and tricuspid valves respectively. X0 and Y0 are the positions of the plates
when no forces are acting on them. (b) Change in volume due to movement of the shared
wall as a function of pressure difference (see also Eq. (2.19)).

The volumes and forces inside the left and right ventricles are defined as follows

VRV = XA1 −ZA3 (2.16)

VLV = YA2 +ZA3 (2.17)

PRV A1 = KRV (X −X0)+FRV (t) (2.18)

PLV A2 = KLV (Y −Y0)+FLV (t) (2.19)
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VLV , VRV , PLV , PRV are volumes and pressures in the left and right ventricles, respectively.
X0 and Y0 are the lengths of the unstressed springs. FLV (t) and FRV (t) are the muscle
forces exerted on the left and right ventricles, respectively. Equations (2.18) and (2.19) are
rearranged and can be written in the form given below.

X =
PRV A1

KRV
+X0 −

FRV (t)
KRV

(2.20)

Y =
PLV A2

KLV
+Y0 −

FLV (t)
KLV

(2.21)

We define Z as a nonlinear function of PLV −PRV such that near PLV −PRV = 0 the system
behaves as a linear spring but for a larger pressure difference the value of Z reaches a constant
(see Figure 2.9b). Z as defined by Eq. (2.22) can take on negative values when the pressure
in the right ventricle is greater than the pressure in the left ventricle during the relaxation
period. We choose this particular form of Z to reflect the fact that there is a limit to how
much the septum wall can stretch.

Z =
A3

KS

(
4

a(1+ e−a(PLV−PRV ))
− 2

a

)
(2.22)

where a is a parameter. Substituting Eqs. (2.20) and (2.21) into Eqs. (2.16) and (2.17) and
defining EminRV = KRV

A2
1

, EminLV = KLV
A2

2
, ES =

KS
A2

3
, Vunrv = X0A1, Vunlv = Y0A2, GLV (t) =

FRV (t)
A1

,

GRV (t) =
FLV (t)

A2
, we obtain

(VRV −Vunrv) =
PRV

EminRV
− GRV (t)

EminRV
−ZA3 (2.23)

(VLV −Vunlv) =
PLV

EminLV
− GLV (t)

EminLV
+ZA3 (2.24)

Differentiating Eqs. (2.23) and (2.24) with respect to t, we get

dVRV

dt
=

1
EminRV

(
dPRV

dt
− dGRV

dt
)− dZA3

dt
(2.25)

dVLV

dt
=

1
EminLV

(
dPLV

dt
− dGLV

dt
)+

dZA3

dt
(2.26)

where
dZA3

dt
=

∂ZA3

∂PRV

dPRV

dt
+

∂ZA3

∂PLV

dPLV

dt

= S(
dPLV

dt
− dPRV

dt
)

(2.27)
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and

S =
4e−a(PLV−PRV )

ES(1+ e−a(PLV−PRV ))2
(2.28)

Solving Eqs. (2.25) and (2.26) simultaneously for dPLV
dt and dPRV

dt , we obtain

dPRV

dt
=

1
1
S(S+

1
EminRV

)(S+ 1
EminLV

)−S

[
dVLV

dt
+

+

(
1+

1
SEminLV

)(
1

EminRV

dGRV

dt
+

dVRV

dt

)
+

1
EminLV

dGLV

dt

] (2.29)

dPLV

dt
=

1
1
S(S+

1
EminRV

)(S+ 1
EminLV

)−S

[
dVRV

dt
+

+

(
1+

1
SEminRV

)(
1

EminLV

dGLV

dt
+

dVLV

dt

)
+

1
EminRV

dGRV

dt

] (2.30)

The isolated ventricular interaction model consists of four differential equations: Eq. (2.8)
for the left ventricle and a similar equation for the right ventricle with the rate of change
of pressures described by Eqs. (2.29) and (2.30). We do not show the model output for the
isolated model. Instead, we show the effects of the ventricular interaction when the model is
integrated with other compartments in the next chapter.

Chapter Summary

In this chapter, we have developed isolated models of the cardiovascular system to capture
important features of heart mechanics. We have started with the isolated model of the
ventricle where we used two representations of the pressure: the standard E model in which
we take elasticity as a function of time and the newly introduced G model in which we
considered elasticity as a constant. The two models produced different P-V loops and mean
cardiac output curves (Figures 2.4a and 2.4b). Then, we have developed an isolated model of
the atrium and ventricle that generates a realistic P-V loop for the atrium, see Figure 2.8a.
We have also modelled the ventricular inter-dependence. This model will be investigated
further in the next chapter when coupled with a closed loop model of the circulation.





Chapter 3

An eight-compartment model of the
cardiovascular system

In this chapter, we present an eight compartment model of the cardiovascular system that
contains all the features of the models discussed in the previous chapter. First, we perform
simulations at constant heart rate to validate the model by comparing it with some literature
values. We then investigate the effects of different aspects of our modelling on model outputs
when the heart rate varies.

3.1 An eight-compartment model of the cardiovascular
system

A schematic model of the cardiovascular system, combining all the features discussed in
the previous sections is shown in Figure 3.1. It consists of two compartments representing
the systemic arteries and the systemic veins, four compartments representing the cardiac
chambers, and two compartments depicting the pulmonary arteries and veins. The entire
model (which we call the “full G model”) is described mathematically by a set of nine
first-order nonlinear differential equations which have been solved using the subroutine
ode45 in Matlab. The model equations are given in Eqs. (3.1-3.16).
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Fig. 3.1 A schematic representation of the eight-compartment model. RA: right atrium, RV:
right ventricle, LA: left atrium, LV: left ventricle, SA: systemic arteries, SVn: systemic veins,
PA: pulmonary arteries and PVn: pulmonary veins. The muscles forces acting on the left
and right heart are denoted by FLA(t), FLV (t +d), FRA(t) and FRV (t +d) respectively, where
d is the delay in contraction between the atrium and the ventricle. The aortic valve (AV), the
pulmonary valve (PV), the tricuspid valve (TV) and the mitral valve (MV) are represented by
pressure-dependent resistances. RPA, RPV n, RSA and RSV n are resistances to blood flow. The
red arrows indicate the direction of blood flow.

The full G model

The full G model includes all the modelling features discussed in Chapter 2. The model
consists of 9 ordinary differential equations, describing the rate of change of the volumes in
the left atrium, systemic arteries, right atrium, pulmonary arteries and pulmonary veins, as
well as the rate of change of pressures in the left atrium, left ventricle, right atrium and right
ventricle.

dVLA

dt
=

PPV n −PLA

RPV n
− PLA −PLV

Rmv
(3.1)

dVSA

dt
=

PLV −PSA

Rav
− PSA −PSV n

RSA
(3.2)

dVRA

dt
=

PSV n −PRA

RSV n
− PRA −PRV

Rtv
(3.3)

dVPA

dt
=

PRV −PPA

Rpv
− PPA −PPV n

RPA
(3.4)

dVPV n

dt
=

PPA −PPV n

RPA
− PPV n −PLA

RPV n
(3.5)
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dPLA

dt
=


EminLA(

dVLA
dt )+ dGLA(t)

dt +αL(VLA −Vunla)
dVLA

dt < 0

βLEminLA(
dVLA

dt )+ γL
dGLA(t)

dt +ωL(VLA −Vuna)
dVLA

dt ≥ 0

(3.6)

dPRA

dt
=


EminRA(

dVRA
dt )+ dGRA(t)

dt +αR(VRA −Vunra)
dVRA

dt < 0

βREminRA(
dVRA

dt )+ γR
dGRA(t)

dt +ωR(VRA −Vunra)
dVRA

dt ≥ 0

(3.7)

dPLV

dt
=

1
1
S(S+

1
EminRV

)(S+ 1
EminLV

)−S

[
PRA −PRV

Rtv
− PRV −PPA

Rpv
+

(
1+

1
SEminRV

)
(

1
EminLV

dGLV

dt
+

PLA −PLV

Rmv
− PLV −PSA

Rav

)
+

1
EminRV

dGRV

dt

] (3.8)

dPRV

dt
=

1
1
S(S+

1
EminRV

)(S+ 1
EminLV

)−S

[
PLA −PLV

Rmv
− PLV −PSA

Rav
+

(
1+

1
SEminLV

)
(

1
EminRV

dGRV

dt
+

PRA −PRV

Rtv
− PRV −PPA

Rpv

)
+

1
EminLV

dGLV

dt

] (3.9)

Where RPV n, RSA, RSV n, RPA, RPV n, αL, αR, βL, βR, ωL, ωR, λL and λR are constants (see
Table 4.5). S is a function of pressure difference PLV −PRV (see Eq. 2.28). Rmv,Rav,Rtv and
Rpv are functions of the pressures (see equations 2.9 and 2.10). The volume in the left and
right ventricles is given by

VLV (t) =
1

EminLV
(PLv −GLV (t))+Vunlv +

1
ES

Z (3.10)

VRV (t) =
1

EminRV
(PRv −GRV (t))+Vunrv −

1
ES

Z (3.11)

The volume in the systemic veins can be calculated by assuming conservation of mass.

VSV n =Vtotal − (VLA +VLV +VSA +VRA +VRV +VPA +VPV n). (3.12)

The pressures for the other compartments are given by

PSA =
(VSA −Vunsa)

CSA
(3.13)

PSV n =
(VSV −Vunsv)

CSV n
(3.14)

PPA =
(VPA −Vunpa)

CPA
(3.15)
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PPV =
(VPV −Vunpv)

CPV n
. (3.16)

Th derivative of the function GX(t), used in Eqs. (3.8) and (3.9) is given by

dGX(t)
dt

=



πGmaxX
2TS

[
sin(πt

TS
)
]

0 < t ≤ TS

πGmaxX
2TD

[
sin(π(t−TS)

TD
)
]

TS < t ≤ TS +TD

0 TS +TD < t ≤ TL

(3.17)

Resistance of the valve is given by

RY = Rcl −
Rcl −RopY

1+ e−β (Pin−Pout)
(3.18)

where Y represents mv, tv or pv. Resistance of the aortic valve is given by Eq. (2.10) in
Chapter 2.

3.2 Model outputs at constant heart rate

Table 3.1 compares the numerical simulations with the normal range of physiological values.
It shows that all the variables of the model output lie within or very close to the normal range.
The pressures on the left and right sides of the heart are plotted in Figure 3.2 and the blood
flows through the four heart valves, systemic veins and pulmonary veins are plotted in Figure
3.3. The PV loops of the atria and the ventricles are shown in Figure 3.4.

Table 3.1 Comparison of the model simulations in steady state with literature values of sheep.
Stars (*) indicate literature values for humans where sheep data was unavailable. The results
are generated using the full G model (Eqs. (3.1-3.16)) with a heart rate of 70 bpm (Matlab
program of the full G model is given in the Appendix A.2).

Variables Simulations Physiological Range
Blood pressure
min/max

56/96 (mmHg) (55 - 100) / (100 - 150) (mmHg)

Left ventricular
pressure maximum

101 (mmHg) 100 - 140 (mmHg)

Left ventricular
pressure minimum

3.6 (mmHg) 3 - 12 (mmHg) *
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Left atrial
pressure (mean)

10.8 (mmHg) Less than 12 (mmHg) *

Pulmonary arteries
pressure min/max

11/17 (mmHg) (4 - 12) / (15 - 30) (mmHg)

Righ ventricular
pressure maximum

22 (mmHg) 18 - 30 (mmHg)

Right ventricular
pressure minimum

1 (mmHg) 1 - 4.5 (mmHg) *

Right atrial
pressure (mean)

5.8 (mmHg) Less than 5 (mmHg) *

Stroke volume
(ml/beat)

68 (ml / beat) 60 - 100 (ml / beat)

Cardiac output
(l/min)

4.5 (L/min) 4 - 8 (l/min)

Ejection fraction (%) 53 % 50 - 70 %

Blood volume in
the heart

5.3% 8-11 % *

Blood volume in
the systemic arteries

17.3% 12-14 % *

Blood volume in
the systemic veins

60.4% 62-72 % *

Blood volume in
the pulmonary arteries

4% 4-5 % *

Blood volume in
the pulmonary veins

13% 7-8 % *
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Fig. 3.2 Model output using the full G model (Eqs. (3.1-3.16) with parameters from Table
4.5). (a) Pressures on the left side of the heart. PLV : left ventricle pressure, PLA: left atrium
pressure and PSA: pressure in the systemic arteries. (b) Pressures on the right side of the heart.
PRV : right ventricle pressure, PRA: right atrium pressure and PPA: pressure in the pulmonary
arteries.
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Fig. 3.3 Model output using the full G model (Eqs. (3.1-3.16) with parameters from Table
4.5). (a) Blood flows on the left side of the heart, panels from top to bottom show the aortic
valve, mitral valve and pulmonary veins blood flows. (b) Blood flows on the right side of the
heart, panels from top to bottom show the pulmonary valve, tricuspid valve and systemic
veins blood flow.
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(a) (b)

(c) (d)

Fig. 3.4 Model output using the full G model (Eqs. (3.1-3.16) with parameters from Table
4.5). (a) PV loop of the right atrium. (b) PV loop of the left atrium. (c) PV loop of the right
ventricle. (d) PV loop of the left ventricle The arrows show the direction of time.

3.3 Model outputs at variable heart rates

The main aim of this study is to develop a model of the cardiovascular system that can be used
to study conditions in which the heart rate changes significantly. In this section, we study the
effects of different heart rates on the output of several models, all derived from the full G
model: the GNH model which only takes into account the new hypothesis we introduced in
section 2.2, the GVI model which only takes into account the ventricular interactions, the
G model which does not include the new hypothesis and ventricular interactions, and the
E model in which the contraction of the cardiac chambers is achieved with time dependent
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elasticity. The description of all these models is given below. By studying these different
models we can examine how the different features we have introduced into the full G model
affect the model output.

The G model with the new hypothesis (GNH)

The GNH model is the same as the full G model but without the ventricular interactions,
that is, it includes only the new hypothesis in relation to the contraction of the atria. The
GNH model consists of Eqs. (3.1-3.7). The pressures in the systemic arteries, systemic veins,
pulmonary arteries and pulmonary veins are computed using Eqs. (3.13-3.16). While the rate
of change of volume, and pressures in the left and right ventricles are described according to

dVLV

dt
=

PLA −PLV

Rmv
− PLV −PSA

Rav
(3.19)

dVRV

dt
=

PRA −PRV

Rtv
− PRV −PPA

Rpv
(3.20)

PLV = (VLV −Vunv)EminLV +GLV (t) (3.21)

PRV = (VRV −Vunv)EminRV +GRV (t) (3.22)

The G model with ventricular interactions (GVI)

The GVI model is the same as the full G model but without the new hypothesis, that is, it
includes only the ventricular interactions. The GVI model consists of Eqs. (3.1-3.5). The
pressures in the left and right ventricles are calculated using Eqs. (3.8) and (3.9), while the
left and right atrial pressures are expressed by

PLA = (VLV −Vunv)EminLA +GLA(t) (3.23)

PRA = (VRA −Vunv)EminRA +GRA(t) (3.24)

The pressures in the other four compartments are given by Eqs. (3.13-3.16).

The G model

The G model does not include the new hypothesis and the ventricular interactions. The only
difference between this model and the E model (described below) is the way the external
excitation of the heart muscle is taken into account. The G model includes a time-dependent
external force with a constant elasticity. The rate of change of volumes in the G model are
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described by Eqs. (3.1-3.5), Eqs. (3.19) and (3.20). The left and right atrial pressures are
described by Eqs. (3.23) and (3.24). The left and right ventricular pressures are given by
Eqs. (3.21) and (3.22). The pressures in the four other compartments are given by Eqs.
(3.13-3.16).

The E model

The E model includes time-dependent elasticity and does not include the new hypothesis
and ventricular interactions. It consists of 7 ordinary differential equations comprising Eqs.
(3.1-3.5), (3.19) and (3.20). The pressures in each compartment are given by Eqs. (3.13-3.16)
and the following equations:

PLV = ELV (t)(VLV −Vunv) (3.25)

PRV = ERV (t)(VRV −Vunv) (3.26)

PLA = ELA(t)(VLA −Vuna) (3.27)

PRA = ERA(t)(VRA −Vuna) (3.28)

The constant Vunv and Vuna are the same as in the full G, GNH, GVI and the G model. The
elasticity functions are given by

EX(t)=



EminX 0 ≤ t ≤ d

EminX +
EmaxX −EminX

2

[
1− cos(π(t−d)

TS
)
]

d < t ≤ d +TS

EminX +
EmaxX −EminX

2

[
1− cos(π(t−(TS+d))

TD
)
]

d +TS < t ≤ d +TS +TD

EminX d +TS +TD < t ≤ TL

(3.29)

Where X can be replaced by LV, RV, LA and RA. In the case of LA and RA the value of d =
0.

Figure 3.5 shows the mean cardiac output, the stroke volume the ejection time, and the
ejection fraction as a function of heart rate using the G, GNH, GVI and E models, marked
with solid yellow, dashed black, dashed green and solid blue lines, respectively, along with
experimental values (Kumada et al., 1967) marked with red circles. The mean cardiac output
was calculated using Eq. (2.12) in chapter 2, the stroke volume was obtained using the
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following expression:
SV = max(VLV )−min(VLV ),

the ejection time was the time between the opening and closing of the aortic valve and we
calculated the ejection fraction using the formula:

EF =
SV

max(VLV )
×100.

Both the simulations and literature values in Figures 3.5a, 3.5b and 3.5c are normalized
such that the values of the mean cardiac output, stroke volume and ejection time are 100% at
160bpm. Figure 3.5a shows that there is not a significant difference between the G, GNH and
GVI models. The E model has a narrow peak and is closest to the experimental data over the
range 100 - 120 bpm and 220 - 260 bpm. The other models are closer to the experimental
data in the lower and middle HR. The stroke volume as a function of HR is best captured by
the GNH and G models (Figure 3.5b). The GVI model has higher values at low heart rates
but still it approximates the stroke volume data better than the E model. All models oscillate
in a similar fashion around the experimental data in Figure 3.5c that shows the ejection time
as a function of HR. In Figure 3.5d the E model gives lower values of the ejection fraction
(EF) at low and high heart rates in comparison to the G, GNH and GVI models.

The PV loops for different heart rates using the GNH, GVI, G and E models are shown in
Figures 3.6a, 3.6b, 3.6c and 3.6d respectively. The PV loops of the left ventricle in Figures
3.6a, 3.6b, 3.6c and 3.6d (lower right panel) shift towards the right as HR increases up to
120 bpm but these return towards the left with a further increase of HR. Also, the pressure in
the left ventricle increases when the heart rate increases up to 120 bpm but then it decreases
with further increase of HR. This trend has been observed with all models, although the
increase in pressure is more prominent when we use the E model (see Figure 3.6d lower
right panel) and the shift of the PV loops is more obvious with the GNH, GVI and G models.
The pressure in the right ventricle decreases with high HR and this behaviour is consistent in
all models (see Figures 3.6a, 3.6b, 3.6c and 3.6d lower left panel). The pressure in the left
atrium (top right panel in Figures 3.6a, 3.6b, 3.6c and 3.6d) increases with high HR, while
the opposite effect can be seen in the right atrial pressure (top left panel in Figures 3.6a, 3.6b,
3.6c and 3.6d) as it decreases as HR increases. Overall the PV loops of the left and right
ventricles are similar in the G, GNH and GVI models and are markedly different than the
E model. While the PV loops of the left and right atria are markedly different (resembling
reality) in the GNH model.
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Fig. 3.5 (a) Mean cardiac output as a function of heart rate. (b) Stroke volume as a function
of heart rate. (c) Ejection time as a function of heart rate. (d) Ejection fraction as a function
of heart rate. Red solid circles: data taken from Fig. 2 in (Kumada et al., 1967). Experiments
were done on dogs. All values in Figures 3.5a, 3.5b and 3.5c have been normalized such that
the mean cardiac output, stroke volume and ejection time are 100% at 160 bpm.
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PV loops using the GNH model PV loops using the GVI model 

PV loops using  the G model PV loops using the E model 

    HR = 35 bpm    HR = 70 bpm    HR = 120 bpm    HR = 200 bpm 

(a) (b) 

(c) (d) 

Fig. 3.6 The PV loops of the four compartments of the heart using (a) the GNH model; (b) the
GVI model; (c) the G model and (d) the E model. PRA,PLA,PRV and PLV are pressures in the
right atrium, left atrium, right ventricle and left ventricle respectively and VRA,VLA,VRV and
VLV are volumes in the right atrium, left atrium, right ventricle and left ventricle respectively.
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Chapter Summary

In this chapter we developed and validated a mathematical model of the cardiovascular
system that can be simulated over a wide range of heart rates. We first simulated a model that
contains all the modelling features we introduced in this thesis (called the “full G model”) at
a constant heart rate of 70 bpm. The model outputs agreed well with physiological values.
Then we introduced four sub-models of the full G model, the GNH, the GVI, the G and
the E models, to explore the effects of the different modelling features we introduced under
variable heart rates. The GNH model was the only model that generated realistic PV loops of
the atria but other than this there was little difference between the GNH, GVI and G models.
There was a marked difference between the G-based models (GNH, GVI and G) and the E
model when the ejection fraction and cardiac output were plotted as a function of heart rate.
The G-based models fitted experimental data of mean cardiac output reasonably well up to
200 bpm while at higher heart rates the E model agreed well with the experimental data. The
ejection fraction graph was nonlinear with a clear minimum around 170 bpm when generated
with the G-based models while the E model generated a nearly linear graph. PV loops using
these models had similar trend at different heart rates.





Chapter 4

Parameter Settings

Finding appropriate values for the parameters is an essential part of mathematical modelling
but it is often difficult because many of the parameters cannot be directly measured. In this
chapter we discuss in detail how we assign values to model parameters.

4.1 Model parameters from the literature

Some of the parameters in our model have already been estimated from the literature. The
data we provide below is based on extensive search of the literature.

4.1.1 Values of Emin and Emax

The time-dependent elasticity function described in chapter 2 requires Emax and Emin as input
values. To find these values for each chamber, simultaneous measurements of pressure and
volume are needed. Most of the currently-used methods that measure the heart volume rely
on assumptions of the geometric shape of the heart chambers and only give approximate
values (Nguyen and Leger, 2002). Magnetic resonance imaging (MRI) and more recently
four-dimensional phase-array ultrasound imaging do not rely on geometrical assumptions.
However, MRI requires long acquisition times (approximately 10 minutes for one cardiac
cycle) and four-D ultrasound imaging is a new technology that is still in its validation phase.

Emax and Emin in the left ventricle

The left ventricle has been studied widely because of its physiological importance. Rodriguez
et al. (2015) used MRI and optical pressure sensors within the left ventricle to generate the
pressure volume loop. Two female sheep were used in their study and they reported: EmaxLV =
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1.62±0.19 (mmHg/ml). Bauer et al. (2002) calculated EmaxLV = 2.71±0.35 (mmHg/ml)
from the pressure-volume loop of four healthy sheep. Ratcliffe et al. (2000) generated the
pressure volume graph by using the conductance catheter method in an experiment, in which
they used six sheep and calculated the value of maximum elasticity EmaxLV = 2.52±0.27
(mmHg/ml). Pilla et al. (2003) used ten sheep in their study and analysed the pressure-volume
relationship with MRI. They calculated a slightly higher value of EmaxLV = 3.4 (mmHg/ml).
Segers et al. (2001) calculated an average value of EmaxLV = 1.34 (mmHg/ml) in sheep by
using a model-generated data set. We chose a value of EmaxLV = 2.8 (mmHg/ml) for the
closed-loop models we constructed in Chapter 3, while for the isolated models we chose a
value of EmaxLV = 2.5 (mmHg/ml), both these values are closer to (Bauer et al., 2002).

Values of EminLV can also be evaluated from the pressure-volume relationship by cal-
culating end-diastolic volume (EDV ) and end-diastolic pressure (EDP). If we use infor-
mation provided by Rodriguez et al. (2015), Vunv = 35.13 (ml), EDV=99.04 (ml) and
EDP=10.01 (mmHg), Emin is calculated as 0.15 (mmHg/ml). We chose a value of EminLV =

0.1 (mmHg/ml), a little lower value than Rodriguez et al. (2015) for both the isolated and
closed-loop models. This choice of parameter gave a maximum pressure of PLV = 101
(mmHg) and a maximum volume of VLV = 130 (ml) which are within the physiological range.

Emax and Emin in the right ventricle

The right ventricle has been studied less than the left ventricle. The pressure volume
relationship can also be applied to the right ventricle to calculate the values of EmaxRV and
EminRV . Yerebakan et al. (2009) used the cardiac catheterization method for the direct beat-
to-beat functional analysis of the heart in eighteen sheep. He reported EmaxRV = (0.5±0.2)
(mmHg/ml) and EminRV = (0.3±0.1) (mmHg/ml). For our closed-loop models we chose a
higher value of EmaxRV = 1.4 (mmHg/ml) and EminRV = 0.07 (mmHg/ml). We chose these
values to get an appropriate ventricular pressure within the physiological range.

Emax and Emin in the left atrium

The atria have not been studied as much as the ventricles. Therefore less information is
available on the atria and all the data we have is from humans. For the left atrium, Dernellis
et al. (1998) calculated the value of EmaxLA = (0.61±0.07) (mmHg/ml) which Heldt (2004)
also used in his model. To calculate the minimum elastance of the left atrium, Dernellis et al.
(1998) performed the echocardiographic method on the human left atrium. He reported the
value of EminLA = (0.5±0.10) (mmHg/ml). We chose the value EminLA = 0.4 (mmHg/ml)
which is within the range reported by Dernellis et al. (1998) and the value EmaxLA = 0.96
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(mmHg/ml) such that the mitral flow lies within physiological range. We used these values
for the closed-loop models we developed in Chapter 3.

Emax and Emin in the right atrium

Heldt (2004) used the data reported by Lau et al. (1979) and calculated the value of maximum
elastance of the right atrium for humans as EmaxRA = 0.74±0.1 (mmHg/ml) and EminRA =

0.3±0.05 (mmHg/ml). We use EmaxRA = 0.74 (mmHg/ml) the same as Lau et al. (1979) and
EminRA = 0.26 (mmHg/ml) which is within the range reported by Lau et al. (1979).

4.1.2 Total Blood Volume

The total circulating blood volume in a healthy adult sheep is approximately 58-64 ml/kg
(Wolfensohn and Lloyd, 2003). The average weight lies within a range of values (45-160)
(Fox, 2015). In our model we choose the total blood volume to be 4500 (ml) based on
estimates provided to us by our Physiology colleagues at Auckland University.

4.1.3 Unstressed Volume

Unstressed volume is a volume of blood in a vessel at zero transmural pressure (difference
in pressure between two sides of a separator) while stressed volume is a volume of blood
in a blood vessel when the transmural pressure is above zero. The sum of the stressed and
unstressed volume in the circulatory system is equal to the total blood volume (Gelman,
2008).

The unstressed volume of the ventricles

For the E model the ventricular unstressed volume can be estimated from the pressure-volume
relationship, it is the volume intercept in the pressure volume graph. We are assuming here
that the unstressed volume remains constant throughout the cardiac cycle. Rodriguez et al.
(2015) used optical sensors and MRI to obtain the left ventricular measures in sheep and they
suggested the value Vunv = (38.49±3.36) (ml). Heldt (2004) suggested Vunv = (46±21) (ml)
for the human cardiovascular model. We assume here that the unstressed volume for the left
and right ventricle is the same. Our assumption is based on the fact that unstressed volumes
are not the influential parameters (see Section 4.4) and to reduce the number of parameters
we can merge unstressed volumes of the ventricles. We chose the value Vunv = 30 (ml) in
all our models which seems reasonable for the size of the sheep at Auckland University
(70-77Kg) compared with the sheep Rodriguez had (56-60 Kg).
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The unstressed volume of the atria

Less information is given in the literature about unstressed volumes of the atria. Alexander
et al. (1987) determined the pressure-volume relationship of the left atrium in 10 dogs.
He reported the value Vuna = 5.84± 2.6 (ml). Heldt (2004) used in his model the values
Vuna = 24 (ml) and Vuna = 14± 1 (ml) for the left and right atrium respectively. Here we
assume that the unstressed volumes in the left and right atria are the same and choose the
value Vuna = 14 (ml) for all the models. This value reflects the size of a sheep compared to
dogs and humans.

4.2 Model parameters from experimental data

In this section, we estimate parameters from experiments in sheep and humans, provided to
us by our physiology colleagues at the University of Auckland and the University of Oslo,
respectively.

4.2.1 Determining the timings of heart contraction using ECG of hu-
mans and sheep

The formulas of the contraction and delay timings have been used in Chapter 2. Here we
describe in detail how we extracted key time intervals from the ECG measurements and
how they were used to estimate the contraction timings of the heart. We only used extracted
values of the RT-interval and PR-interval in our models, but we also extracted the length of
the P-wave and QRS-complex to make comparisons between the sheep and human ECG.

Figure 4.1 shows ECG of a sheep where we placed markers at the start and end of
important waves. A matlab program has been developed that can automatically detect
the timings of the P-wave, QRS-complex, PR-interval, RT-interval and RR-interval (see
Appendix A.1). A sample ECG of a sheep is plotted in Figure 4.1 showing the markers
placed by the program. Note that the shape of the ECG is different from the one shown in
Figure 2.4a due to the position of the measuring electrodes.
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Fig. 4.1 (a) ECG of a sheep showing six heart periods where the markers are placed at the
start and end of important waves. (b) A zoom-in view of (a) showing one heart period and the
timing intervals extracted. The shape of the ECG is different from the one shown in Figure
2.4a due to the positions of the measuring electrodes.

The combined data of 14 sheep is plotted in Figure 4.2 and the combined data of 8
humans is shown in Figure 4.3. The lengths of the P-wave (Figures 4.2a and 4.3a) and
QRS-complex (Figures 4.2b and 4.3b) do not change much with respect to the RR-interval in
both sheep and humans. Therefore, an average value for the P-wave and the QRS-complex
can be used. However, the RT-interval (Figures 4.2c and 4.3c) and the delay time (Figures
4.2d and 4.3d) change with the RR-interval, and need to be fitted with some curves.
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Fig. 4.2 ECG data of 14 sheep: (a) Length of the P-wave as a function of the RR-interval. (b)
Length of the QRS-complex as a function of the RR-interval. (c) Length of the RT-interval
as a function of the RR-interval. The dashed line is a curve fitting the data (see Eq. (2.11),
the contraction time of the ventricle TS +TD is estimated by the RT-interval and the heart
period TL is calculated from the RR-interval). (d) Delay (estimated by the PR-interval) as a
function of the heart period, calculated from the RR-Interval (see Eq. (2.15)). The dashed
line is a curve fitting the data. Figures (c) and (d) are the same as Figures 2.4b and 2.7a and
are presented here again for convenience.
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Fig. 4.3 ECG data of 8 humans: (a) Length of the P-wave as a function of the RR-interval. (b)
Length of the QRS-complex as a function of the RR-interval. (c) Length of the RT-interval
as a function of the RR-interval. The dashed line is a curve fitting the data (see Eq. (4.1),
the contraction time of the ventricle, TS +TD, is estimated by the RT-interval and the heart
period TL is calculated from the RR-interval). (d) Delay (estimated by the PR-interval) as a
function of the heart period, calculated from the RR-Interval (see Eq. (4.2)). The dashed line
is a curve fitting the data.

Recall that in Chapter 2 we fitted data of the RT-interval and the PR-interval extracted
from ECG recordings of 14 sheep by Eqs. (2.11) and (2.15) (see also Figures 4.2c and 4.2d).
Here we fit the data of the RT-interval and the PR-interval to the human data (see also Figures
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4.3c and 4.3d, TS +TD and d are given in seconds).

TS +TD = 0.38(TL)
0.37 (4.1)

d =
0.21

(1+ e−8.53(TL−0.59))
−0.0014 (4.2)

We also compare important wave lengths detected from the ECG of both humans and
sheep. The lengths of the P-wave and QRS-complex in sheep are shorter than in humans as
sheep have a slightly faster heart rate than humans. The RT-intervals are fitted by different
curves for sheep and humans while for the PR-interval we used the same formula for sheep
and humans with different parameters. This comparison is given in Table 4.1.

To compare the heart rate variability of sheep and humans, the RR-interval is plotted as a
function of time in Figures 4.4a and 4.4b respectively. On the basis of these measurements
we can say that for humans there is more fluctuation in heart rate than sheep but it could be
the result of the measurement conditions. For example, perhaps humans were asked to breath
deep and slow - conditions that are known to increase RSA. Also, for sheep most of the data
is for RR-interval ≤ 0.75 (sec) while for humans the data is for RR-interval ≥ 0.75 (sec).

Table 4.1 Comparison of human and sheep ECG

ECG measurements Sheep Humans
P-wave (sec) 0.07 0.11
QRS-complex (sec) 0.06 0.08
RT-interval (sec) 0.65

(1+e−7.12TL)
−0.33 0.38(TL)

0.37

PR-interval (sec) 0.17
1+e−18.83(TL−0.38) −0.00013 0.21

1+e−8.53(TL−0.59) −0.0014
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Fig. 4.4 (a) Heart period as a function of time using ECG measurements of 14 sheep. (b)
Heart period as a function of time using ECG measurements of 8 humans.

4.2.2 Comparison of formulae of contraction timing and delay between
the atrial and ventricular contractions as functions of the heart
period.

In this section, we compare the formulae we proposed in Section 4.2.1 with some other
formulae that have been suggested in the literature. The formulae presented in Tables 4.2 and
4.3 were fitted to sheep data and are based on formulae suggested by Bezzet (Eqs. 4.3 and
4.6), Fredricia (Eqs. 4.4 and 4.7) and Framingham (Eqs. 4.5 and 4.8) (Funck-Brentano and
Jaillon, 1993). For convenience, we write again the formulae we suggested in Eqs. (2.11)
and (2.15). Table 4.2 shows that Eq. (2.11) gives the best fit in terms of the least square
error and is also valid for lower TL (see Figure 4.5a). On the other hand, Eq. (2.15) doesn’t
give the best fit in terms of the error (see Table 4.3), but it resembles the shape of the data
better (Figure 4.5b). Furthermore, when the delay time is added to the contraction time, the
formulas we choose to use in this paper are valid for TL > 0.23 (sec) while other formulae
are valid for TL > 0.38 (sec) or TL > 0.42(sec) (see Figure 4.5c).
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Table 4.2 Formulae of the contraction time (estimated by the RT-interval, given in seconds)
as a function of heart period, fitted to sheep ECG data.

Eq. No RT = Error

(4.3) 0.41
√

TL 0.5124

(4.4) 0.37(TL)
1/3 0.4211

(4.5) 0.38−0.154(1−TL) 0.4448

(2.11) 0.65
(1+e−7.12TL )

−0.33 0.4075

Table 4.3 Formulae of the delay, d, (estimated by the PR-interval, given in seconds) as a
function of heart period, fitted to sheep ECG data.

Eq. No d = Error

(4.6) 0.21
√

TL 0.0688

(4.7) 0.19(TL)
1/3 0.0556

(4.8) 0.22−0.154(1−TL) 0.1057

(2.15) 0.17
(1+e−18.83(TL−0.38)

−1.33(10−4) 0.0660



4.2 Model parameters from experimental data 53

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

RR-interval (s)

R
T-

in
te

rv
al

 (s
)

  0.23 

    Eq. (2.11)

    Eq. (4.3)
    Eq. (4.4)
    Eq. (4.5)

(a)

0 0.5 1 1.5 2
0

0.05

0.1

0.15

0.2

0.25

0.3

RR-interval (s)

PR
-in

te
rv

al
 (s

)

    Eq. (4.6)
    Eq. (4.7)
    Eq. (4.8)
    Eq. (2.15)

(b)

0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.1

0.2

0.3

0.4

0.5

0.6

RR-interval (s)

Y
 (s

)

Y = RR-interval
    Eq. (4.3)+Eq.(4.6)
    Eq. (4.4)+Eq.(4.7)
    Eq. (4.5)+Eq.(4.8)
    Eq. (2.11)+Eq.(2.15)

(c)

Fig. 4.5 Comparison of formulae. (a) Ventricular contraction (estimated by the RT-interval)
as a function of the heart period (TL, calculated by the RR-interval). (b) Delay time as a
function of the RR-interval. (c) The sum of the ventricular contraction and delay timings as a
function of the RR-interval. The shaded area shows the region in which the model used in
this paper is not valid - this is where the sum of the contraction time (Eq. 2.11) and the delay
(Eq. 2.15) are greater than the heart period.

4.2.3 Calculation of Resistance Parameters

To find the value of the resistance when the aortic valve is open, we used systemic arteries
pressure, left ventricular pressure and cardiac output data of two sheep. Using Eq. (2.6), we
get

q =
PLV −PSA

Rav
⇒ Rav =

PLV −PSA

q
(4.9)

We first calculated all the resistance values of the aortic valve. In Figure 4.6a, we plotted the
data of the cardiac output, left ventricle pressure, systemic arteries pressure and resistance.
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We then selected the small values of the resistance where the valve is open, that is where
the left ventricular pressure is greater than the systemic arteries pressure and the blood flow
is positive. A closer look at Figure 4.6a is shown in Figure 4.6b. The average of all the
values of the resistance when the aortic valve is open for sheep 1 and sheep 2 gives a value
of 0.02 (mmHg s(ml)−1). We use this value for the mitral valve as well. The resistances
during the opening of the tricuspid and pulmonary valves have been reported in the literature
as (0.005±0.001) and (0.01±0.001), respectively (Heldt, 2004). We assign the same value
as reported by Heldt (2004) for the pulmonary valve (0.01 mmHg s (ml)−1). While for the
tricuspid valve we choose a value of 0.015 (mmHg s (ml)−1). This is a lower value than
the one we calculated for the aortic valve and was selected such that the right ventricular
pressure lies within the physiological range.
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Fig. 4.6 (a) Cardiac output (q), left ventricular pressure (PLV ), systemic arteries pressure (PSA)
and resistance of the aortic valve (Rav) detected from the experimental data (see also Eq. 4.9).
(b) A closer look of (a), where the vertical rectangle represents the area where Rav is small
and blood flow is positive.

4.3 List of Model Parameters

There are some parameters that could not be found in the literature nor calculated from the
experimental data. We adjusted the values of these parameters such that the model output
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would lie within the physiological range. All the model parameters are listed in Tables 4.4
and 4.5.

Table 4.4 List of parameters representing the heart of a sheep for the isolated models in
Chapter 2.

Notation Description Value (Units) Reference
αL Parameter in Eq. (2.13) 0.7 (mmHg (ml s)−1) Estimated value

β

Rate constant to
switch between opening
and closing of the valve

4 (mmHg−1) (Heldt, 2004)

βL Parameter in Eq. (2.13) 0.3 Estimated value

EmaxLA
Maximum elasticity
of the left atrium

0.3 (mmHg (ml)−1)
Estimated value to
get right shape of the
atrial PV loop

EminLA
Minimum elasticity
of the left atrium

0.2 (mmHg (ml)−1)
Estimated value to
get right shape of the
atrial PV loop

EmaxLV
Maximum elasticity
of the left ventricle

2.5 (mmHg (ml)−1) See Section 4.1.1

EminLV
Minimum elasticity
of the left ventricle

0.1 (mmHg (ml)−1) See Section 4.1.1

γL Parameter in Eq. (2.13) 1 Estimated value

GmaxLA

Maximum pressure
of the left atrium
applied by FLA(t)

2 (mmHg) Estimated value

GmaxLV

Maximum pressure
of the left ventricle
applied by FLV (t +d)

91 (mmHg)
Estimated value such
that PLV lies within
normal range

mHR Mean heart rate 70 (bpm)
Experimental
data

ωL Parameter in Eq. (2.13) 0.1 (mmHg (ml s)−1) Estimated value

PB
Pressure in
the body

77 (mmHg) Estimated value

PL
Pressure in
the lungs

7 (mmHg) Estimated value

Continued on next page
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Table 4.4 – continued from previous page
Notation Description Value (Units) Reference

PLA
Pressure in
the left atrium

11 (mmHg) Estimated value

RL
Resistance of
the lungs

0.006 (mmHg s (ml)−1) Estimated value

Rcl
Resistance when the
valve is closed

100 (mmHg s (ml)−1) (Heldt, 2004)

Ropav

Resistance when the
aortic valve is
open

0.02 (mmHg s (ml)−1) See Section 4.2.3

Ropmv

Resistance when the
mitral valve is
open

0.01 (mmHg s (ml)−1) See Section 4.2.3

Vuna
unstressed volume
of the left atrium

14 (ml) See Section 4.1.3

Vunv
Unstressed volume
of the left ventricle

30 (ml) See Section 4.1.3

Table 4.5 List of parameters representing the heart of a sheep for the full G, GNH, GVI, G
and the E models in Chapter 3.

Notation Description Value (Units) Reference
αL Parameter in Eq. (3.6) 0.5 (mmHg (ml s)−1) Estimated value
αR Parameter in Eq. (3.7) 0.6 (mmHg (ml s)−1) Estimated value

β

Rate constant to
switch between opening
and closing of valve

4 (mmHg−1) (Heldt, 2004)

βL Parameter in Eq. (3.6) 0.1 Estimated value
βR Parameter in Eq. (3.7) 0.1 Estimated value

CPA
Compliance of
pulmonary arteries

3.4 (ml (mmHg)−1)
Estimated value such
that PPA lies within
normal range

Continued on next page
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Table 4.5 – continued from previous page
Notation Description Value (Units) Reference

CPV n
Compliance of
pulmonary veins

18 (ml (mmHg)−1)
Estimated value such
that PRA lie within
normal range

CSA
Compliance of
systemic arteries

1.4 (ml (mmHg)−1)
Estimated value such
that PSA lies within
normal range

CSV
Compliance of
systemic veins

60 (ml (mmHg)−1)
Estimated value such
that PLA lies within
normal range

EmaxLA
Maximum elasticity
of the left atrium

0.96(mmHg (ml)−1) See Section 4.1.1

EmaxLV
Maximum elasticity
of the left ventricle

2.8 (mmHg (ml)−1) See Section 4.1.1

EmaxRA
Maximum elasticity
of the right atrium

0.74 (mmHg (ml)−1) See Section 4.1.1

EmaxRV
maximum elasticity
of the right ventricle

1.4 (mmHg (ml)−1) See Section 4.1.1

EminLA
Minimum elasticity
of the left atrium

0.4 (mmHg (ml)−1) See Section 4.1.1

EminLV
Minimum elasticity
of the left ventricle

0.1 (mmHg (ml)−1) See Section 4.1.1

EminRA
Minimum elasticity
of the right atrium

0.26 (mmHg (ml)−1) See Section 4.1.1

EminRV
Minimum elasticity
of the right ventricle

0.07 (mmHg (ml)−1) See Section 4.1.1

γL Parameter in Eq. (3.6) 0.1 Estimated value
γR Parameter in Eq. (3.7) 0.92 Estimated value

GmaxLA

Maximum pressure
of the left atrium
applied by FLA(t)

5.2 (mmHg)
Estimated value such
that PLA lies within
normal range

Continued on next page



58 Parameter Settings

Table 4.5 – continued from previous page
Notation Description Value (Units) Reference

GmaxLV

Maximum pressure
of the left ventricle
applied by FLV (t +d)

98.3 (mmHg)
Estimated value such
that PLV lies within
normal range

GmaxRA

Maximum pressure
of the right atrium
applied by FRA(t)

2.5 (mmHg)
Estimated value such
that PRA lies within
normal range

GmaxRV

Maximum pressure
of the right ventricle
applied by FRV (t +d)

20.2 (mmHg)
Estimated value such
that PRV lies within
normal range

Hys Parameter in Eq. (2.10) 4.5 (mmHg) Estimated value

mHR Mean heart rate 70 (bpm)
Experimental
data

ωL Parameter in Eq. (3.6) 0.2 (mmHg (ml s)−1) Estimated value
ωR Parameter in Eq. (3.7) 0.2 (mmHg (ml s)−1) Estimated value

Rcl
Resistance when valve
is closed

100 (mmHg s (ml)−1) (Heldt, 2004)

Ropav

Resistance when
the aortic valve is
open

0.02 (mmHg s (ml)−1) See Section 4.2.3

Ropmv

Resistance when the
mitral valve is
open

0.02 (mmHg s (ml)−1) See Section 4.2.3

Roppv

Resistance when
the pulmonary valve is
open

0.01 (mmHg s (ml)−1) See Section 4.2.3

Roptv

Resistance when
the tricuspid valve is
open

0.015 (mmHg s (ml)−1) See Section 4.2.3

RPA
Resistance of the
pulmonary arteries

0.01 (mmHg s (ml)−1)
Estimated value such
that PPA lies within
normal range

Continued on next page
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Table 4.5 – continued from previous page
Notation Description Value (Units) Reference

RPV n
Resistance of the
pulmonary veins

0.006 (mmHg s (ml)−1)
Estimated value such
that CO lies within
normal range

RSA
Resistance of the
Systemic arteries

0.9 (mmHg s (ml)−1)
Estimated value such
that PSA, CO lie within
normal range

RSV n
Resistance of the
systemic veins

0.01 (mmHg s (ml)−1)
Estimated value such
that CO lies within
normal range

Vtotal
Total volume
of blood

4500 (ml) See Section 4.1.2

Vuna
Unstressed volume
of atria

14 (ml) See Section 4.1.3

Vunv
Unstressed volume
of ventricles

30 (ml) See Section 4.1.3

Vunpa
Unstressed volume
of pulmonary arteries

139 (ml) Estimated value

Vunpv
Unstressed volume
of pulmonary veins

374 (ml) Estimated value

Vunsa
Unstressed volume
of systemic arteries

675 (ml) Estimated value

Vunsv
Unstressed volume
of systemic veins

2327 (ml) Estimated value

4.4 Sensitivity analysis

The sensitivity of the full G model is studied by varying one parameter at a time, solving
the differential equations and measuring how the pressures and volumes change with such a
deviation. Let x0 be the parameter being perturbed, q the perturbation and y the model output
(pressure or volume). We use the L1 norm to measure the difference between two perturbed
signals:

L1(y) =
∫ 20TL

0
| y((1+q)x0)− y((1−q)x0) | dt, (4.10)
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where TL is the heart period. We chose to integrate over 20TL, a period of time that seemed
long enough to average numerical errors, and performed the calculation after steady state has
been achieved. The L1 norm of the deviation is normalized by the L1 norm of the unperturbed
signal:

m(y) =
∫ 20TL

0
| y(x0) | dt. (4.11)

We divide L1(y) by 2 to get the perturbation in one direction and multiply by 100 to get the
sensitivity as a percentage:

s(y) = (100)
1
2

(
L1(y)
m(y)

)
(4.12)

Our analysis when we perturbed each parameter by ±10% is presented in Tables 4.6 and
4.7. It shows that Vtotal and Vunsv are the most sensitive parameters. A change of 10% in
Vtotal changes the pressure in the right atrium by 71% and the volume of the right ventricle
by 84%. A change of 10% in Vunsv changes the pressure in the right atrium by 36% and the
volume of the right ventricle by 43%. The model outputs are also sensitive to change in the
parameters Vunsa, GmaxRV , GmaxLV , CSV , Vunpv and Vunpa, changing the output by up to ±11%
in some cases. Changing other parameters by ±10% does not have significant effect on the
model output and the atrial PV loops still preserve their shapes. Figure 4.7 shows shifts in
the PV loops of the four heart chambers when we perturbed the most sensitive parameters by
±5%, however, the shapes of the PV loops remain the same.
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Table 4.6 Perturbation as a percentage of model outputs when parameters were changed by
±10%. s(y) was calculated when q = 0.1 and TL = 60/70 (see Eq. 4.12), y is one of the
pressures in the full G model (see Figure 3.1 chapter 3) and x0 is the parameter perturbed.

x0 s(PLV ) s(PLA) s(PRV ) s(PRA) s(PSA) s(PSV n) s(PPA) s(PPV n)

EminLA 0.11 0.24 0.16 0.19 0.05 0.17 0.12 0.14

EminLV 0.73 0.95 1.17 1.31 0.34 1.11 0.81 0.89

EminRA 0.09 0.22 0.30 0.58 0.02 0.08 0.20 0.21

EminRV 0.26 0.61 1.97 1.85 0.04 1.61 0.60 0.59

GmaxLA 0.08 0.16 0.03 0.05 0.04 0.04 0.08 0.10

GmaxLV 8.20 6.49 1.62 2.47 8.23 3.18 4.97 5.88

GmaxRA 0.07 0.17 0.19 0.85 0.01 0.55 0.16 0.16

GmaxRV 3.88 9.32 7.98 7.59 0.88 6.55 8.55 9.01

CSA 0.96 2.08 1.35 1.24 1.69 0.93 1.71 1.93

CSV 1.46 3.45 5.21 6.36 0.50 5.64 3.10 3.31

CPA 0.15 0.31 0.94 1.10 0.03 0.96 0.55 0.31

CPV 0.58 1.52 2.67 3.25 0.21 2.87 1.37 1.46

RSA 2.31 3.82 1.66 3.30 3.13 3.64 2.81 3.41

RSV 0.05 0.12 0.50 0.85 0.01 0.38 0.11 0.12

RPA 0.58 1.41 0.96 1.16 0.13 1.00 0.99 1.37

RPV 0.07 0.34 0.08 0.10 0.01 0.09 0.13 0.14

Ropmv 0.27 0.28 0.04 0.02 0.02 0.01 0.24 0.26

Ropav 0.32 0.51 0.13 0.21 0.65 0.26 0.39 0.46

Roptv 0.05 0.13 0.54 0.34 0.01 0.23 0.12 0.13

Rpv 0.73 1.77 1.33 1.45 0.17 1.25 1.62 1.71

Vtotal 16.38 38.77 58.85 71.42 5.65 63.33 34.90 37.22

Vuna 0.11 0.25 0.37 0.45 0.04 0.40 0.22 0.24

Vunv 0.11 0.26 0.39 0.48 0.04 0.42 0.24 0.25

Vunsa 2.46 5.82 8.83 10.71 0.85 9.50 5.24 5.59

Vunsv 8.46 20.03 30.41 36.90 2.92 32.72 18.03 19.23

Vunpa 0.51 1.20 1.82 2.21 0.18 1.96 1.08 1.15

Vunpv 1.37 3.23 4.91 5.95 0.47 5.28 2.91 3.11

αL 0.06 0.11 0.09 0.11 0.02 0.10 0.07 0.08

βL 0.03 0.11 0.09 0.11 0.01 0.09 0.10 0.11

γL 0.02 0.07 0.10 0.12 0.00 0.10 0.04 0.04

ωL 0.02 0.06 0.05 0.06 0.00 0.05 0.06 0.06

αR 0.04 0.11 0.22 0.32 0.01 0.10 0.10 0.10

βR 0.00 0.01 0.02 0.19 0.00 0.14 0.01 0.01

γR 0.00 0.02 0.07 0.69 0.01 0.48 0.02 0.02

ωR 0.00 0.01 0.03 0.20 0.00 0.15 0.01 0.01
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Table 4.7 Perturbation as a percentage of model outputs when parameters were changed by
±10%. s(y) was calculated when q = 0.1 and TL = 60/70 (see Eq. 4.12), y is one of the
volumes in the full G model (see Figure 3.1 Chapter 3) and x0 is the parameter perturbed.

x0 s(VLV ) s(VLA) s(VRV ) s(VRA) s(VSA) s(VSV n) s(VPA) s(VPV n)

EminLA 0.25 4.18 0.23 0.01 0.01 0.03 0.03 0.05

EminLV 6.67 0.69 1.65 0.05 0.05 0.16 0.19 0.32

EminRA 0.21 0.02 0.43 2.90 0.01 0.01 0.05 0.08

EminRV 0.55 0.21 5.78 0.94 0.01 0.24 0.14 0.21

GmaxLA 0.19 1.48 0.05 0.01 0.01 0.01 0.02 0.04

GmaxLV 8.27 5.96 2.26 0.78 1.10 0.47 1.13 2.07

GmaxRA 0.15 0.04 0.28 4.55 0.00 0.08 0.04 0.06

GmaxRV 8.52 0.71 8.52 0.30 0.12 0.96 1.95 3.17

CSA 2.20 1.02 2.05 0.18 1.51 0.14 0.39 0.68

CSV 3.47 0.00 7.45 0.19 0.07 0.64 0.71 1.17

CPA 0.32 1.62 1.28 0.01 0.01 0.14 2.34 0.11

CPV 1.40 3.40 3.79 0.01 0.03 0.42 0.31 3.01

RSA 5.18 4.10 2.12 0.52 0.42 0.53 0.64 1.20

RSV 0.12 0.03 0.69 1.89 0.00 0.06 0.03 0.04

RPA 1.27 1.12 1.22 0.02 0.02 0.15 0.23 0.48

RPV 0.15 2.09 0.09 0.01 0.00 0.02 0.03 0.05

Ropmv 0.60 0.31 0.10 0.02 0.00 0.00 0.06 0.09

Ropav 0.72 0.45 0.18 0.07 0.09 0.04 0.09 0.16

Roptv 0.14 0.02 0.74 0.34 0.00 0.04 0.03 0.05

Rpv 1.61 0.46 1.70 0.03 0.02 0.18 0.37 0.60

Vtotal 39.07 0.02 84.18 0.00 0.76 9.26 7.94 13.10

Vuna 0.25 5.00 0.53 4.43 0.01 0.06 0.05 0.08

Vunv 2.53 0.00 0.56 0.00 0.01 0.06 0.06 0.09

Vunsa 5.87 0.00 12.63 0.00 8.55 1.39 1.19 1.97

Vunsv 20.19 0.01 43.49 0.00 0.39 3.75 4.10 6.77

Vunpa 1.21 0.00 2.60 0.00 0.03 0.29 7.48 0.41

Vunpv 3.26 0.00 7.02 0.00 0.07 0.77 0.66 5.41

αL 0.13 2.95 0.13 0.00 0.00 0.01 0.02 0.03

βL 0.06 2.87 0.13 0.00 0.00 0.01 0.02 0.04

γL 0.04 1.70 0.13 0.00 0.00 0.02 0.01 0.02

ωL 0.04 1.54 0.07 0.00 0.00 0.01 0.01 0.02

αR 0.11 0.00 0.31 3.11 0.00 0.01 0.02 0.04

βR 0.00 0.01 0.03 1.63 0.00 0.02 0.00 0.00

γR 0.01 0.02 0.09 5.71 0.00 0.07 0.00 0.01

ωR 0.00 0.01 0.04 1.84 0.00 0.02 0.00 0.00
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PV loops corresponding to default Vtotal + 5% PV loops corresponding to default Vunsv + 5% 

PV loops corresponding to default Vunsa + 5% PV loops corresponding to default GmaxRV+ 5% 

  1.05 x0  x0 (default) 

(a) (b) 

(c) (d) 
  0.95 x0 ;     x0 = Vtotal , Vunsv , Vunsa , GmaxRV

Lo
re

Fig. 4.7 The PV loops of the four compartments of the heart using the full G model corre-
sponding to ±5% perturbation of parameters: (a) Vtotal (b) Vunsv (c) Vunsa and (d) GmaxRV .
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Chapter Summary

In this chapter, we discussed in detail how we found parameter values for the cardiovascular
models. Some of the parameters were taken from the literature and some were calculated from
ECG, pressures and blood flow measurements. The remaining parameters were estimated in
this thesis such that the model outputs were within the physiological range. We presented
two tables that list all the parameter values along with a reference to how they were obtained.
We compared the ECG data of sheep and humans by detecting timings of key intervals
and suggested new relations for the contraction timing of sheep and delay timing for both
sheep and humans. Furthermore, we compared the newly introduced formulas of sheep with
already existed formulas in the literature. We also studied the sensitivity of the full G model
to changes in parameters by varying one parameter at a time and measuring the resulting
changes in the pressure and volumes. Our analyses have shown that Vtotal and Vunsv are the
most sensitive parameters. These two parameters had the largest effect on the PV loops of
the four cardiac chambers in response to ±5% perturbation.



Chapter 5

Effects of respiratory sinus arrhythmia

Respiratory sinus arrhythmia (RSA) is a fluctuation of heart rate with breathing and serves as
an index of a healthy heart. A number of physiological benefits of RSA have been suggested.
For example, it has been proposed that RSA increases pulmonary gas exchange, minimizes
the work done by the heart while maintaining physiological levels of arterial CO2 or stabilizes
the arterial blood pressure and the systemic blood flow. In this chapter, we use our models
to simulate the effects of RSA on the mean cardiac output, blood pressure and blood flow.
We further modify our models to incorporate two potential sources of RSA. We introduce a
periodic heart rate to mimic central control of heart rate in the brainstem as well as a periodic
systemic vein resistance to mimic one possible effect of the pleural pressure (the pressure
that drives breathing).

5.1 Model modifications

In this section, we introduce periodic functions for the heart rate and the systemic vein
resistance. We also include the ventricular interactions in the E model and call it the “EVI”
model.

5.1.1 Periodic heart rate

On a beat-by-beat basis, the heart rate is not constant, but rather it has periodic fluctuations.
The basic heart rate is determined by the sinoatrial (SA) node - the pacemaker of the heart,
but the pacemaker is under autonomic control from the brainstem. The brainstem regulates
HR by either speeding it up or slowing it down. We include this fact in our model by changing
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the heart period, TL with time. For this we introduce a periodic heart rate function.

HR f (t) = meanHR− amp
2

cos
(2π

60
BFt) (5.1)

where meanHR is the mean heart rate in beats per minute (bpm), amp is the RSA amplitude
(bpm) measured as the difference between the maximum HR and the minimum HR and BF is
the breathing frequency (breaths per minute). We then calculate the function TL = 60/HR f
which is needed as an input to the heart model. At time t = 0, TL = TL1, at t = TL1, TL = TL2

and so on. If we take the values: meanHR=72 (bpm), RSA amplitude=30 (bpm) and BF =
12 breaths/min, we get the following graphs.
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Fig. 5.1 (a) Heart rate function. (b) Heart rate period, TL (RR-interval). At time t=0, TL = TL1
is provided as an input to the heart model, at time t = TL1, TL = TL2 is provided as an input to
the heart model and so on.

5.2 Periodic systemic vein resistance

The lung is surrounded by the pleural space and inspiration is driven in part by a change in
the pleural pressure. At normal breathing, the pleural pressure is negative, that is, it is below
the atmospheric pressure. During inspiration, the pleural pressure becomes more negative
which causes the expansion of the lungs, right atrium, right ventricle, thoracic superior and
inferior vena cava. We model this effect by changing the resistance of the systemic veins
(RSV ) with breathing according to the function below

RSV (t) = RSV 0 +
ampRSV

2
cos

(2π

60
BFt) (5.2)
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RSV 0 is the mean value of the resistance, ampSV is the amplitude of RSV (t) measured between
the maximum and the minimum value of RSV (t) and BF is the breathing frequency (breaths
per minute). The periodic function of RSV is shown in Figure 4.2. During inspiration the
resistance in the systemic veins falls down and an opposite effect occurs in case of expiration.
Therefore, the HR function is also plotted along with the systemic veins resistance to show
that difference in phase.
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Fig. 5.2 Changes in heart rate and the systemic veins resistance with breathing. The heart
rate (top panel) increases during inspiration while the systemic resistance decreases during
this time. The top graph was generated by Eq. (5.1) with parameters meanHR = 72 bpm,
amp = 10 bpm and BF = 12 breath/pm, and the bottom graph was generated with Eq. (5.2)
and parameters RSV 0 = 0.01, ampRSV = 0.006 and Bf = 12 breaths/m.

5.3 The EVI model

Recall that in Section 3.3, we described the E model and its governing equations. We did
not include the new hypothesis ( i.e., the new equations we introduced in Section 2.2 that
generate a realistic PV loop for the atrium) and the inter-ventricular interactions in the E
model. Here we write the equations of the E model with ventricular interactions and call it
the “EVI” model. We add the EVI model to check if the use of this model could change our
conclusions regarding the effects of respiratory sinus arrhythmia.

The EVI model is the same as the E model but with the ventricular inter-dependence. The
EVI model consists of Eqs. (3.1-3.5), (3.19) and (3.20). The left and right atrial pressures
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are given by Eqs. (3.28) and (3.29), while the pressure in the left and right ventricles are
expressed by
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where S is a function of the pressure difference PLV −PRV (see Eq. 2.28). Rmv,Rav,Rtv and
Rpv are functions of the pressures (see equations 4.9 and 2.10). ELV and ERV are given by
Eq. (3.29). The derivative of the function EX(t), used in Eqs. (5.3) and (5.4) is described by

dEX(t)
dt

=
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(5.5)

where X can be replaced by LV and RV. The pressures in other compartments are given by
Eqs. (3.13-3.16). The volume in the left and right ventricles is given by

VLV =
PLV

ELV
+Vunlv +

1
ES

Z (5.6)

VRV =
PRV

ERV
+Vunrv −

1
ES

Z (5.7)

where Z is a nonlinear function of the pressure difference and its expression is given by Eq.
(2.22).

5.4 Studying the effects of RSA on mean cardiac output

In this section, we investigate the effects of RSA on mean cardiac output (CO) using the
E, EVI, GNH and full G models. Figures 5.3a and 5.3c show the effects of RSA when it



5.4 Studying the effects of RSA on mean cardiac output 69

is mimicked by periodic HR. First we show the cardiac output against different values of
amp in Eq. (5.1) for three distinct mean heart rates when the breathing frequency is constant.
Then we keep the value of amp constant and vary the breathing frequency. In Figures 5.3b
and 5.3d we report the impacts of RSA when it is mimicked by periodic RSV on mean cardiac
output. We first show the mean cardiac output for different values of ampRSV in Eq. (5.2)
while keeping the breathing frequency fixed. Then we vary the breathing frequency while
keeping ampRSV constant. In Figure 5.4 we show the mean cardiac output when the periodic
HR and RSV are combined. Figures 5.5a and 5.5b compare the stroke volume of the left
ventricle in the presence of periodic HR and periodic RSV using the E and GNH models
respectively.
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Fig. 5.3 The mean cardiac output calculated with periodic HR (panels a and c) or with
periodic RSV (panels b and d). When the value of amp is changed, the breathing frequency is
kept constant at 12 breaths/m and when the breathing frequency is changed, the value of amp
is kept constant at 20 bpm. When the value of ampRSV is changed the breathing frequency is
kept at constant at 12 breaths/m and when the breathing frequency is changed, the value of
ampRSV is kept at constant at 0.006 mmHg s (ml)−1. The results are generated using the E
model (panel a and b) or the GNH model (panel c and d).
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Fig. 5.4 The mean cardiac output calculated using both periodic heart rate and periodic
RSV . The values of breathing frequency and amplitude of the resistance oscillation are kept
constant at 12 breaths/m and 0.006 mmHg s (ml)−1 respectively and the RSA amplitude is
changed. The results are generated using: (a) the E model; (b) the EVI model; (c) the GNH
model; (d) the full G model.
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Fig. 5.5 The effects of periodic HR and periodic RSV on the left stroke volume when HR =
70 bpm, RSA amp = 10 bpm, ampRSV = 0.006 mmHg s m(ml)−1 using: (a) the E model;
and (b) the GNH model.

From Figures 5.3a and 5.3c it is observed that mean CO is decreased by 2% at HR = 50
bpm when amp = 30 bpm, using both the E and GNH models, if we include periodicity of
HR only. On the other hand, when we include the periodicity of the RSV alone there is no
notable difference in the mean CO at various heart rates. When we plot the effects of RSA
using both periodicity of HR and RSV we find the same outcome, i.e. 2% decrements in mean
CO at HR = 50 bpm when RSA amp = 30 bpm, using both the E-type and G-type models
(see Figure 5.4). Figure 5.4b indicates that the ventricular inter-dependence (the EVI model)
causes a slight increase in the mean CO at HR = 90 bpm (about 0.5%) relative to the E model,
however, this effect is not seen in the full G model. There are no other marked differences in
mean CO at other heart rates using all types of models. In Figure 5.5 the amplitude of the left
stroke volume (SV) is larger under periodic HR and smaller under periodic RSV using both
the E and GNH models. But the amplitude of the SV using the GNH model under periodic
HR has strong fluctuations relative to the amplitude of SV of the E model. An opposite effect
is seen in the amplitude of SV of the GNH and E models with periodic RSV .

5.5 Studying the effects of RSA on stroke volume, blood
pressure and blood flows

It has been reported in (Toska and Eriksen, 1993, Elstad et al., 2001) that the left and
right cardiac stroke volumes are generally in opposite phases throughout the respiration
period. Elstad (2012) suggested that RSA along with the respiratory oscillations has the
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same phase as the right cardiac stroke volume and consequently produce large fluctuations in
the pulmonary blood flow (Elstad, 2012). Motivated by these findings, in this section, we
explore the impacts of RSA on stroke volumes, blood pressure and blood flow by combining
periodic HR and periodic RSV . Figures 5.6 and 5.7 show the blood pressure in the systemic
arteries as well as the stroke volumes and cardiac outputs of the left and right ventricles for
three different heart rates using the EVI and full G models respectively. The blood flows on
the left and right sides of the heart using the EVI and full G models are shown in Figure 5.8.
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Fig. 5.6 The graphs show from top to bottom, heart rate, blood pressure, stroke volume and
cardiac output as a function of time using the EVI model with values of RSA amp = 10 bpm,
ampRSV = 0.006 mmHg s (ml)−1. (a) mean HR = 90 bpm. (b) mean HR = 70 bpm. (c) mean
HR = 50 bpm.
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Fig. 5.7 The graphs show from top to bottom, heart rate, systemic arteries pressure, stroke
volume and cardiac output as a function of time using the full G model with values of RSA
amp = 10 bpm, ampRSV = 0.006 mmHg s (ml)−1. (a) mean HR = 90 bpm. (b) mean HR =
70 bpm. (c) mean HR = 50 bpm.
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Fig. 5.8 Blood flows in the circulatory system with periodic HR and values of mean HR
= 70 bpm, ampRSV = 0.006 mmHg s (ml)−1. (a) and (c) From top to bottom, pulmonary
veins flow (qPV n), mitral valve flow (qMV ), aortic valve flow (qAV ) and systemic arteries flow
(qSA). (b) and (d) From top to bottom, systemic veins flow (qSV n), tricuspid valve flow (qTV ),
pulmonary valve flow (qPV ) and pulmonary arteries blood flow (qPA). Flows are calculated
using the EVI model (panels a and b) or the full G model (panels c and d).

Our results using the EVI model show that the left and right stroke volumes are in opposite
phase at high heart rate but their phase is matching gradually as the heart rate decreases (see
Figure 5.6). While using the full G model the left and right stroke volumes are in opposite
phase at low heart rate and move towards having the same phase (but not completely) as
heart rate increases (see Figure 5.7). Hence our simulation results do not support the findings
of Elstad et al. (2001) that the left and right stroke volumes stay in opposite phase of each
other throughout the respiration period. Moreover, there is a difference in amplitudes of the
left and right stroke volumes using both models. With the EVI model, the amplitude of the
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right SV is higher than the left SV at HR = 90 bpm (by 6 ml) and 70 bmp (by 2 ml) . In
contrast, with the full G model the amplitude of the left SV is larger than the right SV for all
types of heart rates, prominent difference occurs at HR = 50 bpm (by 8 ml).

In relation to the systemic arteries pressure, the systolic pressure shows strong fluctuations
using the EVI model while it stays almost constant if we use the full G model. The mean
arterial pressure and the diastolic pressure exhibit oscillations over a range of heart rates and
the results are consistent with both the EVI and the full G models. The left and right cardiac
outputs oscillate with the same phase at all heart rates in both types of models. Also, the
amplitudes of the left and right cardiac outputs are almost the same in both types of models,
except at HR = 50 bpm (using the EVI model) when the amplitude of the right CO is larger
than the amplitude of the left CO.

In Figure 5.8 the systemic veins and tricuspid blood flows exhibit more fluctuations in
comparison of others blood flows using the EVI and full G models.

Chapter Summary

In this chapter, we used the E, EVI, GNH and full G models to study the effects of respiratory
sinus arrhythmia. The EVI model is an extension of the E model that includes the ventricular
inter-dependence and was introduced in this chapter. To take into account different possible
sources of RSA we included in the models periodicity of the HR and systemic vein resistance.
The models results demonstrated that mean cardiac output didn’t change significantly by
RSA. However, interesting differences exist, between the outputs of the EVI and full G
models in relation to the left and right stroke volumes. In both types of models the left and
right stroke volumes were in opposite phase but this happened at high heart rate in the E-type
models and at low heart rate in the G-type models. The blood flows through the systemic
veins and tricuspid valve exhibited more oscillations than the other flows using both the EVI
and full G models.



Chapter 6

Mathematical modelling of heart failure

Over the past two decades mathematical and computational modelling of the cardiovascular
system has attracted both the mathematics and the bio-engineering communities because
of the increased impact of cardiovascular diseases in our lives. According to Mozaffarian
et al. (2015) cardiovascular diseases are the leading cause of death worldwide. Every year
17.3 million people die due to cardiac diseases, a number that is expected to grow to more
than 23.6 million by 2030. In New Zealand , 33% of deaths annually are caused by cardiac
diseases.

In this chapter, we provide physiological background of heart failure and review the
current literature of its mathematical modelling. We then use our mathematical models to
simulate two types of heart failure: diastolic and systolic heart failure.

6.1 Physiological Background

Heart failure is a clinical pathological condition in which the heart is unable to generate
enough cardiac output to meet the body’s metabolic demands. The rate of heart failure is
increasing rapidly throughout the word, including developing countries. Despite of advances
in its treatment, heart failure still has a poor prognosis (Katz and Konstam, 2012). Heart
failure can occur on either side of the heart or both sides of the heart at the same time. It can
occur over a short time or be an ongoing condition. Left-sided heart failure occurs when
the left ventricle cannot pump blood properly and the body cannot get enough oxygenated
blood. Right-sided heart failure occurs when the right ventricle cannot do its job efficiently.
It is usually stimulated by left-sided heart failure. There are other diseases as well that can
cause right-sided heart failure such as lung disease, swelling in the legs, feet and abdomen.
Left-sided heart failure can further be classified as: diastolic heart failure and systolic heart
failure.
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Diastolic heart failure

Diastolic heart failure also called heart failure with preserved ejection fraction, occurs when
the heart muscle becomes stiffer and the left ventricle loses its ability to relax normally. The
stiffness of the heart muscle, which is usually due to some disease, does not allow proper
filling of the heart with blood during its relaxation period of each beat.

The mitral flow plays an important role in assessing diastolic heart failure. The mitral
flow is the pressure difference between the left atrium and the left ventricle and consists
of two waves, the E-wave and the A-wave. The E-wave represents the passive filling of
the ventricle and the A-wave corresponds to the atrial contraction. If the filling pressure in
the left ventricle is not normal it can effect the shape and velocity of the mitral flow. We
can estimate diastolic function with the following parameters: the ratio of the E and the A
wave i.e. E/A, the E-wave deceleration time DT which reflects how rapidly the flow velocity
decreases during filling of the ventricle and the length of the isovolumic relaxation time
which is the time that starts with the closure of the aortic valve and ends with the opening of
the mitral valve.
In healthy hearts, the E-wave is taller than the A-wave and the ratio E/A lies between 1 and
1.5. A ratio E/A greater than 2 is also acceptable (Kossaify and Nasr, 2019). The normal
range for the values of the DT is 140−240 ms. A simulated mitral blood flow using the E
model with default parameters (Table 4.5) is shown in Figure 6.1. Here E/A = 6.33 and DT =
220 ms.
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Fig. 6.1 Simulated mitral flow of a normal heart using the E model with HR = 70 bpm. All
other parameters are as given in Table 4.5.

There are four grades of diastolic heart failure: Grade I or impaired relaxation (IR); Grade
II pseudonormal; Grade III restrictive filling pattern (RFP) and Grade IV fixed restrictive. In
this thesis we will be modelling the Grade III diastolic heart failure which is characterized
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by high left atrial pressure, less compliant left ventricle, an increased E/A ratio and reduced
deceleration time i.e. it becomes less than 160 ms.

Systolic heart failure

Systolic heart failure is also termed as heart failure with reduced ejection fraction. In this
type of heart failure the left ventricle loses its ability to contract normally, it becomes weak.
As a result, the heart can not pump with enough force to push blood throughout the body
organs in an efficient way. The most common causes of systolic heart failure are high blood
pressure, coronary artery disease, heart muscle disease and heart valve diseases. In systolic
heart failure the E/A ratio and the DT stay normal and the ejection fraction is calculated.
Systolic heart failure is characterized by having ejection fraction below 40% (Maeder and
Kaye, 2009).

6.2 Literature Review of models of heart failure

The time-varying elastance models of the cardiovascular system have been widely used to
model cardiac function. These have also been used for different clinical purposes such as
evaluating heart failure, left ventricular assist device support or simulating the interaction
between the cardiovascular and respiratory systems (Bozkurt, 2019). Previous studies of heart
failure include Tsuruta et al. (1994), Kotani et al. (2005), Karaaslan et al. (2005), Luo et al.
(2011), Warriner et al. (2014). Some of these focus only on specific aspects of heart failure.
For example, Tsuruta et al. (1994) studied heart failure conditions by reducing the maximum
elasticity of the heart muscle and presented a quantitative diagnosis and evaluation of drug
effects. Their model results agreed well with the clinical and experimental data. Kotani
et al. (2005) presented a dynamical model of cardiovascular autonomic regulation to model
normal and disease conditions. Their simulations captured the general statistical and transient
characteristics of nerve blockades in chronic heart failure without applying their results to
clinical medicine. In Karaaslan et al. (2005) a physiological model of the cardiovascular
system was developed to study long term interactions between the renal sympathetic nerve
activity (RSNA) and arterial pressure, as high RSNA is known to contribute the high blood
pressure and heart failure.

Most studies are concerned with left-sided heart failure. Luo et al. (2011) modelled
several cases of left ventricular diastolic dysfunction: impaired relaxation; restrictive filling
pattern; the combination of both or pseudo-normal by changing some of the model parameters.
Their simulation results show that an increase in contractility can compensate for reduction in



80 Mathematical modelling of heart failure

the left ventricle ejection fraction, but would not reduce pulmonary pressures or blood volume
so pulmonary congestion would continue in the case of diastolic heart failure. Mohammed
et al. (2018) studied and modelled a disease of the heart muscle in which the left ventricle
stretches and becomes thin, one of the causes of systolic heart failure. They decreased the
ventricular elastance parameter to represent poor ability of ventricular muscle contraction.
Their simulations found that a decrease in the maximum left ventricular elastance leads to a
decline in stroke volume, ejection fraction and left ventricular systolic pressure while the
heart rate and left ventricular diastolic pressure increase.

For this study, we can get insight into the conditions of heart failure by simulating the
cardiovascular system by varying certain parameter values using the E and full G models.
Although this approach has been used before in many studies (see for example, Luo et al.
(2011), Mohammed et al. (2018)), here we use the full G model to simulate systolic and
diastolic heart failure which has not been done earlier. Similar to the previous studies, we
compare the model outputs of normal and diseased hearts, specifically, we show the PV loops
in the four cardiac chambers for normal and heart failure conditions as well as the volume
distribution in the body and lung compartments. We also show the mean cardiac output over
a range of heart rates for normal and heart failure conditions which has not been presented
before. A comparison between the outputs of the E and full G models in the case of heart
failure is presented in their relative sections.

6.3 Mathematical modelling of diastolic heart failure

Diastolic heart failure or heart failure with preserved ejection fraction is modelled using the
E model by increasing the value of the parameter EminLV , making the left ventricle stiffer.
When using the full G model, this condition is simulated by increasing the value of EminLV

and decreasing the value of GmaxLV .
Tables 6.1 and 6.2 show the cardiac output (CO), stroke volume (SV), ejection fraction

(EF), mean left atrial pressure (meanPLA) and the minimum left ventricular pressure (minPLV )
in normal and stiffer hearts when the mean HR is kept at 70 bpm. As we increase the value of
EminLV the mean left atrial and the minimum left ventricular pressure elevate, while the mean
cardiac output and the stroke volume decrease. These results are true for both the E and full
G models. There is a small drop in the ejection fraction, using the E model but when the
ventricle becomes 150% stiffer, the ejection fraction still lies within the normal physiological
range. When we use the full G model the value of ejection fraction almost remains the
same. These facts agree well with the results of Luo et al. (2011) and physiological findings
(Litwin and Grossman, 1993). To compare between the models, in Figure 6.2 we show the
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SV, EF, mean PLA and min PLV as functions of mean CO for normal and diastolic heart failure
conditions.

Table 6.1 Simulating diastolic heart failure using the E model at a HR of 70 bpm.

EminLV CO (l/m) SV (ml) EF (%)
MeanPLA

(mmHg)
MinPLV

(mmHg)
0.1(Normal value) 4.33 63.04 53.13 10.53 3.23
0.15 3.77 55.06 51.23 12.81 4.57
0.20 3.34 48.88 49.46 14.60 5.82
0.25 2.99 43.95 47.82 16.04 7.00
0.30 2.71 39.95 46.28 17.23 8.12

Table 6.2 Simulating diastolic heart failure using the full G model at a HR of 70 bpm.

Gmax/EminLV CO (l/m) SV (ml) EF (%)
MeanPLA

(mmHg)
MinPLV

(mmHg)
98.3/0.1(Normal values) 4.52 68.39 52.51 10.84 3.55
83.5/0.15 3.83 57.06 51.74 12.36 4.19
73.7/0.2 3.36 49.82 51.11 13.43 4.70
66.5/0.25 3.02 44.57 50.34 14.23 5.16
61.5/0.3 2.77 40.81 49.91 14.81 5.53
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Fig. 6.2 Model outputs as functions of mean CO in the case of diastolic heart failure using
the E and full G models. (a) Stroke volume (b) ejection fraction (c) mean left atrial pressure
(d) minimum left ventricular pressure. Solid line - the E mode, Dashed line - the full G model
(see also Tables 6.1 and 6.2).

Figure 6.3 shows the PV loops of the four chambers of the heart under normal and
diastolic heart failure conditions when the E and full G models are used. In both models,
under diastolic heart failure conditions, there is a decrease in the left and right ventricular
stroke volumes. Under diastolic heart failure conditions, the maximum left ventricular
pressure is declined relative to normal conditions and the minimum (filling) pressure is
elevated. In the case of diastolic heart failure, the right ventricle also experiences a rise in
the maximum and filling pressures relative to normal conditions using both types of models.
Also the left ventricular end-diastolic volume EDV (the volume of the ventricle at the end of
contraction) decreases under diastolic heart failure conditions using the E and full G models.
In contrast, the EDV of the right ventricle increases in diastolic heart failure conditions using
both models, but this increase is prominent when we use the full G model. The PV loops of
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the atria are shown in Figures 6.3c and 6.3d. Under diastolic heart failure conditions, the
pressure in the left atrium increases using both models. There is a prominent increase in the
left atrial volume using the E model but it decreases slightly when we use the full G model.
In relation to the right atrium, under diastolic heart failure both the pressure and the volume
are lower than normal conditions using both models. Our results related to the PV loops of
the ventricles matches with the findings of Luo et al. (2011).

To see the distribution of blood when the left ventricle can not fill properly, the blood
volumes in the pulmonary and systemic compartments are shown in Figures 6.4a and 6.4b.
The blood volumes in the pulmonary arteries and pulmonary veins are rising under diastolic
heart failure using both models. In contrast, the blood volume reduces in the systemic arteries
and systemic veins using both models. Hence our model results agree well with the biological
findings that due to improper filling of the left ventricle the blood can not reach the body
organs properly and accumulates in the lung compartment.

In Figure 6.4c, the mitral blood flow of normal and diastolic heart failure conditions is
shown for the E and full G models. The ratio of the E and A wave is greater than 2 and DT
shortens in the mitral flow waveform that reflects difficulty in the ventricular filling. Both
models show similar results. We have also generated the mean cardiac output curves of
normal and diastolic heart failure conditions using the E and full G models (Figure 6.4d).
The mean CO curve under diastolic heart failure conditions is lower and flatter than normal
conditions using both models. Also the maximum of the mean CO shifts towards a higher
heart rate under diastolic heart failure conditions when we generate this curve with both
models.
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Fig. 6.3 Comparison of PV loops in a normal and a diastolic heart failure at HR = 70 bpm
(a) left ventricle (b) right ventricle (c) left atrium (d) right atrium. Solid line - the E model,
Dashed line - the full G model.
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Fig. 6.4 (a) Comparison of normal and diastolic heart failure at HR = 70 bpm: (a) blood
volume in the systemic arteries (VSA) and systemic veins (VSV ) (b) blood volume in the
pulmonary arteries (VPA) and pulmonary veins (VPV ) (c) mitral blood flow (d) mean cardiac
output (CO) over a range of heart rates. Solid line - the E model, Dashed line - the full G
model.

6.4 Mathematical modelling of systolic heart failure

The systolic heart failure is simulated by reducing the value of the parameter EmaxLV in the E
model and this condition is simulated by decreasing the value of GmaxLV in the full G model.
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Tables 6.3 and 6.4 show the mean CO, SV, EF, mean left atrial pressure and the minimum
left ventricular pressure in normal and systolic heart failure conditions using the E and full G
models. Under systolic heart failure conditions, the mean cardiac output and stroke volume
decrease using both types of models. The ejection fraction also decreases rapidly under
systolic heart failure conditions using the E and full G models. The pressure in the left atrium
is elevated and the filling pressure in the left ventricle rises when we use both types of models.
To compare results of both models in the case of systolic heart failure, we show the SV, EF,
mean PLA and minimum PLV as functions of the mean CO (see Figure 6.5).

Table 6.3 Simulating systolic heart failure using the E model at a HR of 70 bpm.

EmaxLV CO (l/m) SV (ml) EF (%)
MeanPLA

(mmHg)
MinPLV

(mmHg)
2.8 (Normal value) 4.33 63.04 53.13 10.53 3.23
1.85 4.06 59.08 46.93 11.17 4.31
1.4 3.83 55.78 42.23 11.72 5.23
0.81 3.26 47.50 32.12 13.12 7.55
0.40 2.40 35.15 20.43 15.27 11.08

Table 6.4 Simulating systolic heart failure using the full G model at a HR of 70 bpm.

GmaxLV (mmHg) CO (l/m) SV (ml) EF (%)
MeanPLA

(mmHg)
MinPLV

(mmHg)
98.3(Normal value) 4.52 68.39 52.51 10.84 3.55
86 4.02 60.22 43.26 11.73 5.10
81 3.83 57.01 39.90 12.10 5.75
67 3.26 48.31 31.44 13.18 7.57
45.2 2.40 35.37 20.63 14.94 10.52
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Fig. 6.5 Model outputs as function of mean CO in case of systolic heart failure using the E
and full G models. (a) Stroke volume (b) ejection fraction (c) mean left atrial pressure (d)
minimum left ventricular pressure. Solid line - the E mode, Dashed line - the full G model
(see also Tables 6.3 and 6.4).

Figure 6.6 shows the PV loops in the four cardiac chambers using the E and full G models.
There is a reduction in the stroke volumes of both the ventricles when the left ventricle has
poor pumping function relative to normal conditions and this is true for both types of models.
Also the filling pressure in both ventricles is rising under systolic heart failure conditions
using the E and full G models. The maximum pressure in the left ventricle decreases
under systolic heart failure and an opposite effect is observed in the right ventricle which
experiences a slight increase in the maximum pressure under this abnormal condition using
both types of models. The EDV of the left ventricle increases significantly, consequently the
PV loops move towards the right using both models (see Figures 6.6a). These results of the
PV loops agree well with the results of Mohammed et al. (2018) and Warriner et al. (2014).
The PV loops of the right ventricle also shifts towards the right using both models. But this
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shift is very small in comparison to the left ventricle. The PV loop of the left atrium shows
an increase in both pressure and volume as we decrease the value of EmaxLV in the E model.
While using the full G model the pressure rises and the volume decreases (see Figure 6.6c).
In contrast, the pressure and volume in the right atrium decrease under systolic heart failure
using the E model and the results are consistent with the full G model (see Figure 6.6d). The
volumes distribution in the body and lung compartments are shown in Figures 6.7a and 6.7b
respectively. The amount of blood in the pulmonary arteries and pulmonary veins is rising as
a result of the systolic heart failure conditions using both types of models. In contrast, there
is a reduction in the blood volume of the systemic arteries and systemic veins compartments.
With regard to the mitral flow (Figure 6.7a) the ratio of E/A remains greater than 2 under
systolic heart failure and small reduction in the DT is observed relative to normal conditions.
The mean cardiac output as a function of heart rate is shown in Figure 6.7d. The mean CO
plots of SHF become lower and flatten relative to normal conditions using both models.
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Fig. 6.6 Comparison of PV loops in a normal and a systolic heart failure at HR = 70 bpm
(a) left ventricle (b) right ventricle (c) left atrium (d) right atrium. Solid line - the E model,
Dashed line - the full G model.
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Fig. 6.7 (a) Comparison of volumes, blood flows and mean CO for normal and systolic heart
failure at HR = 70 bpm: (a) blood volume in the systemic arteries (VSA) and systemic veins
(VSV ) (b) blood volume in the pulmonary arteries (VPA) and pulmonary veins (VPV ) (c) mitral
blood flow (d) mean cardiac output (CO) over a range of heart rates. Solid line - the E model,
Dashed line - the full G model.

Chapter Summary

In this chapter, we simulated two conditions of heart failure by changing certain parameter
values. We simulated the left-sided diastolic heart failure and systolic heart failure using
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the E and full G models. The DHF was characterized by increasing the value of EminLV in
the E model and by changing the values of GmaxLV and EminLV in the full G model. The
SHF was simulated by changing the value of EmaxLV associated with the E model and the
value of GmaxLV in the full G model. Our analysis using both models showed a decline in
the mean CO and SV for both diastolic and systolic heart failure. In the case of diastolic
heart failure, the ejection fraction remained within the normal physiological range even when
the heart became 150% stiffer while in the case of systolic heart failure its value reduced
rapidly. The left atrial and left ventricular filling pressures were elevated for both diastolic
and systolic heart failure but that rise was more significant with the conditions of systolic
heart failure. Since the left ventricle could not relax properly in the presence of diastolic
heart failure, therefore a reduction in the end-diastolic volume was observed. In contrast, the
end-diastolic volume in the left ventricle was high in the case of systolic heart failure. In
the mitral flow, the DT was shorter than the normal value but the ratio of the E/A wave lay
within the normal range when the left ventricle became stiffer. The E/A ratio was decreased
and DT was relatively normal in the case of systolic heart failure. Both conditions of heart
failure caused an accumulation of blood volume in the lung and left atrium compartments
while in the systemic arteries and in the systemic veins the amount of blood was lower. Our
results agreed with the biological findings and previous studies.





Chapter 7

Conclusions

Mathematical models and numerical simulations of the cardiovascular system are very
beneficial for understanding the mechanism and physiological functions of this complex
system. In this thesis, we developed a lumped-parameter mathematical model of the cardio-
vascular system capable of simulating the heart mechanics over a range of heart rates. In this
final chapter, we discuss and summarize the main results and contributions of our work and
suggest new directions for the future.

7.1 Summary and Contributions

In Chapters 2-3, we presented mathematical models of the cardiovascular system that can be
used to simulate the dynamics of the system over a wide range of heart rates under normal,
resting, conditions. The models include several new modelling features that were introduced
progressively.

We used muscle force to generate pressure during contraction of the atria and the ventri-
cles while keeping the elasticity constant. This is different from previously published models
(see for example, Williams et al. (2013), Olufsen et al. (2004), Heldt et al. (2002)) in which
muscles contraction was simulated using time-dependent elasticity. Using time-dependent
force instead of time-dependent elasticity led to the occurrence of a maximum pressure in the
PV loop at lower volumes in the isolated model of the ventricle (Chapter 2) which is more
realistic. In the models of the closed circulation (Chapter 3) it led to higher cardiac outputs,
higher stroke volumes and higher ejection fractions at high and low heart rates (see Figures
3.5a, 3.5b and 3.5d). There is also a difference in the PV loops of the four heart chambers at
variable heart rates. The pressures in the left and right ventricles increase with high heart rate
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more rapidly using time-dependent elasticity, while the movement of the left ventricular PV
loops is more pronounced using the time-dependent force (see Figures 3.6c and 3.6d).

We introduced a new hypothesis about the mechanical contraction of the atria, assuming
different elasticity properties during contraction and expansion and also that the rate of
change of the atrial pressure is proportional to the volume as well as to the rate of change of
volume. This enabled the production of realistic atrial PV loops (see for example, Pagel et al.
(2003)). To the best of our knowledge, the only other model attempting to do this (with only
partial success) is Pironet et al. (2013). The inclusion of the new hypothesis led to slightly
higher cardiac outputs at high heart rates.

We modelled the inter-ventricular interaction. While this has been done previously (see
for example, Hann et al. (2005), Smith et al. (2004), Santamore and Burkhoff (1991)), our
mathematical derivation is different and provides a new mechanical analogy. The inclusion
of the inter-ventricular interaction led to a very small decrease in the left ventricular stroke
volume at low heart rates and a very small increase at high heart rates (see Figure 3.5b). There
was a very small increase in the cardiac output at high heart rates (see Figure 3.5a). Such
small effects of the inter-ventricular interaction under normal conditions is consistent with
observations (Naeije and Badagliacca, 2017) suggesting that the inter-ventricular interaction
may only have a role during exercise or in some diseases. The PV loops of the left and
right ventricles had a slight bend when the inter-ventricular interaction was included which
resembles the PV loops in Segers et al. (2001).

We suggested new formulas for the ventricular contractions and the atrial-ventricular (AV)
delay times as a function of the RR-interval. The formulas fit ECG measurements of sheep and
ensure that the model is valid up to 260 bpm (i.e. the sum of the contraction and delay times
is lower than the heart period, see Figure 2.7b). This is better than other formulas suggested
previously in the literature with which we compared our new formulas. Our formulas may
not be accurate at very high or very low heart rates where ECG measurements were not
available. They may also not be valid under exercise or disease conditions. Nevertheless,
between the G and the E models, the mean cardiac output is captured well when compared
with physiological data from Kumada et al. (1967) and we could see a drop in the mean
cardiac outputs as well (see Figure 3.5a).

We modelled all the heart valves with pressure dependent resistance following Williams
et al. (2013) but added hysteresis to the aortic valve resistance. This enabled us to model
back flow through this valve.

A model that includes all the features mentioned above was simulated at a heart rate of
70 bpm (Chapter 3). Model parameters were taken from the literature or chosen such that
the model outputs were within physiological range. We did not attempt to fit our model to a
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specific experiment as is done for example in Marquis et al. (2018) because there could be
a large variation between individuals. Rather, our aim is to understand the basic principles
of how the cardiovascular system works. The model outputs agreed with a wide range of
physiological measurements (see Table 3.1 and Figures 3.2, 3.3 and 3.4) though in most cases,
the simulated values tended to be closer to the lower end of their respective physiological
ranges.

In Chapter 3 we also analyzed models that included only some of the new modelling
features and compared the PV loops of all the cardiac chambers over a range of heart rates.
The effects of variable heart rates on the PV loops were not studied extensively in the
literature. We are aware of one experiment in dogs (Maughan et al., 1985) which shows
an increase in pressure and a shift to the right of the left ventricular PV loops as heart rate
increases. The PV loops of the left ventricle generated by our models showed similar trends
but there were some clear differences between the G and the E models as discussed above.
The realistic eight-shape PV loops of the atria in our model preserved their form under most
of the heart rates we simulated but shifted as well. More experiments showing how the PV
loops of all the chambers change with heart rate are needed. It will also be beneficial to have
more experiments showing how cardiac output, stroke volume and ejection fraction change
with heart rate.

In Chapter 4, we described in detail how we found the parameter values. We provided
two tables which consist of all parameters of the models developed in the previous chapters.
Some of the parameters were based on the literature values, others were derived from the
ECG, pressure and blood flow measurements and the rest of the parameters were estimated.
We made comparison between the ECG’s of sheep and humans by capturing timings of
the key intervals and also proposed new formulas for the RT-interval of sheep and delay
timings for both sheep and humans. In addition, we compared the newly suggested formulas
for sheep with the already existing formulas in the literature. Moreover, we conducted a
sensitivity analysis of the model by changing one parameter at a time. While this analysis is
not complete (see for example, Saltelli et al. (2019), Marquis et al. (2018)), it does reveal
the most influential parameters. Of particular concern in this model is its high sensitivity to
small changes in the total blood volume.

In Chapter 5, we investigated the effects of RSA on mean cardiac output using the E,
EVI, GNH and full G models. The EVI model was an extension of the E model in which
the ventricular inter-dependence was included. We introduced two possible sources of RSA:
periodicity of the HR which represents central control regulation and the periodicity of the
resistance of the systemic veins which represents the effects of the pleural pressure (the
pressure that drives respiration). Our simulations indicated that the mean cardiac output
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did not change with RSA. The results were consistent with all the models mentioned above.
Thereafter, we also generated the left and right stroke volumes, cardiac outputs, blood
pressure and blood flows on the left and right sides of the heart to test the findings of
(Elstad, 2012) that the left and right stroke volumes remain in opposite phase throughout the
respiratory cycle. Our own simulations showed that the left and right stroke volume were in
opposite phase at high heart rate while we used the EVI model. On the other hand, for the
full G model the left and right stroke volumes were in opposite phase at low heart rate. In the
presence of the respiratory-modulated HR the blood flows through the tricuspid valve and
systemic veins exhibited more fluctuations in comparison with the other flows using both the
EVI and full G models.

In Chapter 6, we simulated two conditions of heart failure: diastolic heart failure and
systolic heart failure using the E and full G models. We characterised the diastolic and
systolic heart failure conditions by changing certain parameters in our models which is
similar to past studies (Luo et al., 2011, Mohammed et al., 2018), however, here we also used
the full G model which is introduced in this thesis for first time. We compared the results
for normal and heart failure conditions using both models. Both models showed reduction
in the mean cardiac output and stroke volume for diastolic and systolic heart failure. The
ejection fraction was reduced significantly for systolic heart failure while it stayed within the
normal physiological range for diastolic heart failure. Both types of heart failure caused an
accumulation of blood in the lung. Our model results agreed well with physiological findings
and earlier investigations.

The normal ratio for the E/A lies between 1 and 1.5. In our simulated mitral blood flow,
this ratio was 6.33 and 7.20 for the E and full G models, respectively, which is very high.
Although this ratio is also acceptable from a physiological perspective, it usually happens in
a case of super normal filling when the heart is very healthy (such as athletes and persons
who do exercise routinely). Future studies could involve model modifications in which the
ratio of the E/A lies between 1 and 1.5.

7.2 Directions for Future Research

The research presented in this thesis could be beneficial for further studies as we suggest
below.

• Future theoretical studies could make Gmax in Eq. (2.4) a function of heart period (in
this study it is assumed to be constant).
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• We added hysteresis in the aortic valve but we didn’t study its effects. Future studies
could explore the effects of hysteresis on the stroke volume and mean cardiac output.

• We modelled the inter-ventricular interaction and our analysis indicated that it did not
affect the mean cardiac output and stroke volume significantly under normal conditions.
Naeije and Badagliacca (2017) suggested that inter-ventricular interaction may have
a role during exercise or in pulmonary artery disease. Mathematical models that can
simulate the effects of exercise and diseases conditions could be helpful in the future to
explore the precise role of ventricular inter-dependence. Moreover, future study could
involve the inter-atrial interactions which has not been taken into account in this work.

• The sensitivity analysis which was performed in Chapter 4, addressed the issue of
which parameters influenced particular outputs and suggested that the total blood
volume is the most sensitive parameter. This sensitivity seems too high to be corrected
by blood pressure control mechanisms alone (see for example, Ben-Tal et al. (2014))
and may suggest that the model is missing another important component, perhaps
another volume unit in parallel that could act as a reservoir for blood volume. Such a
parallel unit of volume could be added to the model in the future.

• It is reported by Elstad et al. (2018) that irregular breathing causes large pressure
changes within the thorax which are transmitted to the heart and produce large varia-
tions in ventricular filling and ejection. These oscillations may further transfer to the
systemic blood flow and can cause end organ damage. One of the possible functions of
RSA is to serve as a counter measure to these fluctuations and stabilize the systemic
blood flow. A mathematical model that can simulate the effects of arrhythmia / irregular
heart beat will be helpful to test this important function of RSA that is underexplored.

• In recent studies, O’Callaghan et al. (2020) proposed that enhancing RSA increases
cardiac output in rats with heart failure. The heart failure was induced by ligation
(tying a blood vessel) of the left branch of the coronary artery. In Chapter 6, we have
already simulated two conditions of heart failure. Further explorations could include a
mathematical model of the coronary blood flow to investigate the role of RSA in the
case of heart failure.
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Appendix A

Matlab Programs

A.1 Matlab program for the detection of key intervals from
ECG

data=readtable(’Sheep 1.xlsx’);
T=data.Time;
Ecg1=data.ECG;
Ecg = Ecg1./100;
id=0;
i=1;
R0=0.5;
R1=0.03;
j=1;
Finding R points
while i<length(Ecg)
while id==0i<length(Ecg)
if Ecg(i)<R0
i=i+1;
else
n1(j)=i;
id=1;
end
end
while id==1i<length(Ecg)
if Ecg(i+1)>Ecg(i)
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i=i+1;
else
nR(j)=i;
id=2;
end
end
if i<length(Ecg)
R(j)=T(nR(j));
Rv(j)=Ecg(nR(j));
end
while id==2i<length(Ecg)
if Ecg(i+1)<Ecg(i)
i=i+1;
else
n2(j)=i;
id=3;
end
end
if i<length(Ecg)
R1(j)=T(n2(j));
R1v(j)=Ecg(n2(j));
end
while id==3i<length(Ecg)
if Ecg(i+1)>Ecg(i)
i=i+1;
else
n3(j)=i;
id=4;
end
end
if i<length(Ecg)
R2(j)=T(n3(j));
R2v(j)=Ecg(n3(j));
end
while id==4i<length(Ecg)
if Ecg(i+1)-Ecg(i)<0.15
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i=i+1;
else
n4(j)=i;
id=5;
end
end
if i<length(Ecg)
R3(j)=T(n4(j));
R3v(j)=Ecg(n4(j));
end
id=0;
j=j+1;
end
Finding RR-intervals
for i=1:length(R3)-1
RRint(i)=R3(i+1)-R3(i);
end
RRint
for k=1:length(n4)
i=n4(k);
while id==0
if Ecg(i-1)>=Ecg(i)
i=i-1;
else
nQ(k)=i;
id=6;
end
end
TQ(k)=T(nQ(k));
Qv(k)=Ecg(nQ(k));
id=0;
k=k+1;
end
for k=1:length(n4)
i=n4(k);
while id==0
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if Ecg(i+1)>Ecg(i)
i=i+1;
else
nS(k)=i;
id=7;
end
end
TS(k)=T(nS(k));
Sv(k)=Ecg(nS(k));
TQRS(k)=TS(k)-TQ(k);
id=0;
k=k+1;
end
TQRS
Finding QT-Interval
for k=2:length(nR)
i=nR(k);
while id==0
if Ecg(i+1)<Ecg(i)
i=i+1;
else
nt(k)=i;
id=8;
end
end
TT(k)=T(nt(k));
eTv(k)=Ecg(nt(k));
Tqt(k)=TT(k)-TQ(k-1);
id=0;
k=k+1;
end
Tqt
finding the RT-interval
for k=1:length(R3)
TRt(k)=TT(k+1)-R3(k);
end
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TRt
finding the p-wave
for k=1:length(nQ)
i=nQ(k);
while id==0
if Ecg(i-1)<Ecg(i)
i=i-1;
else
np(k)=i;
id=9;
end
end
Tp1(k) = T(np(k));
Tp1v(k)=Ecg(np(k));
id = 0;
k=k+1;
end
for k=1:length(R3)-1
Tp(k)=Tp1(k)-R1(k);
end
Tp
for k=1:length(R3)-1
Td(k)=R3(k)-R1(k);
end
Td
plot(T,Ecg,’b’, R,Rv,’*r’, TS,Sv,’*g’, TQ, Qv,’*k’, TT, eTv, ’*m’ )



112 Matlab Programs

A.2 Matlab program of the full G model

Main full G model.m
global GmaxRV GmaxLV GmaxRA GmaxLA VunaVunlv Vunrv CSA CSV CPA CPV RSA RSV RPA RPV

Vunsa Vunsv Vunpa Vunpv global HRf tstartB TL Vtotal LstrokeV RstrokeV LcardiacOutput
RcardiacOutput blood flow
global T VLA VLV VSA VSV VRAVRV VPA VPV delGLA delGLV delGRA delGRV PLA PLV PSA

PSV PRA PRV PPA PPV global Rmv Rav Rtv Rpv delPmv delPav delPtv delPpv RRint FB
meanLCOP
global filepath meanLcardOutp meanRcardOutp GLV GRV

global eLA eLV eRa eRV Ropmv Ropav Roptv Roppv buffer GminLAGminLV GminRA GminRV f aC f
aO Es a
f aC= 0;f aO =1; idT = readtable(strcat(filepath,’Plot Filesfor Plot.xlsx’)); reads the specified
excel file
id = 3; 1 = plot at initial point, 2+ plot from last point, 3 = plot from last point (t=0)
file param = char(idT.Values(2));
file IC = char(idT.Values(3));
read parameters file
paramT = readtable(file param);
RSAamp = paramT.Values(1);
mHR = paramT.Values(2);
FB = paramT.Values(3);
len sim =100;
tinc = paramT.Values(5);
EminLA = paramT.Values(6);
EmaxLA = paramT.Values(7);
EminLV = paramT.Values(8);
EmaxLV = paramT.Values(9);
EminRA = paramT.Values(10);
EmaxRA = paramT.Values(11);
EminRV = paramT.Values(12);
EmaxRV = paramT.Values(13);
Vtotal = paramT.Values(14);
Vuna = paramT.Values(15);
Vunlv = paramT.Values(16);
Vunrv = paramT.Values(17);
Vunpa = paramT.Values(18);
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Vunpv = paramT.Values(19);
Vunsa = paramT.Values(20);
Vunsv = paramT.Values(21);
CSA = paramT.Values(22);
CSV = paramT.Values(23);
CPA = paramT.Values(24);
CPV = paramT.Values(25);
RSA = paramT.Values(26);
RSV = paramT.Values(27);
RPA = paramT.Values(28);
RPV = paramT.Values(29);
Ropmv = paramT.Values(30);
Ropav = paramT.Values(31);
Roptv = paramT.Values(32);

Roppv = paramT.Values(33);
buffer = paramT.Values(34);
eLA = paramT.Values(35);
eLV = paramT.Values(36);
eRA = paramT.Values(37);
eRV = paramT.Values(38);
EminLAG = paramT.Values(39);
EminLV G = paramT.Values(40);
EminRAG = paramT.Values(41);
EminRV G = paramT.Values(42);
EmaxLAG = paramT.Values(43);
EmaxLV G = paramT.Values(44);
EmaxRAG = paramT.Values(45);
EmaxRV G = paramT.Values(46);

w = (2*pi/60)*FB; breathing frequency in radians/sec
HRf = @(x) 60./(mnHR -(RSAamp/2)*cos(w*x)); heart rate function

IC withdelp nonlinear,tstartB
=readFromFile withdelp nonlinear(id,file IC);
initialises initial conditions and time to start beat
tstartB init = tstartB;
tend = tstartB + len sim;
TL = HRf(tstartB);
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options = odeset(’AbsTol’, 1e-8, ’RelTol’, 1e-8);
LCO=[]; RCO=[]; EDV =[]; ESV=[]; SVL = []; SVR = []; EF = []; TL1 = []; LCO2=[];
RCO2=[]; mCOPr=[]; Q1=[]; QL = []; Q1R=[]; Qr = []; AP = []; minPSa = []; maxPSa = [];

tinc 1 = round(TL/t inc);
while 1
tend s = tstartB + TL;
TT = [TT;tend s];
tvec = (tstartB: (TL/tinc 1): tend s);
if tstartB == tstartB init
[T,Y ] = ode45(equations, tvec, IC, options);
else
[T,Y ] = ode45(@equations, tvec, Ylast, options);
end
Ylast = Y(length(Y),:);
VLA = Y(:,1);
PLA = Y(:,2);
PLV = Y(:,3);
VSA = Y(:,4);
VRA = Y(:,5);
PRA = Y(:,6);
PRV = Y(:,7);
VPA = Y(:,8);
VPV = Y(:,9);
g = 4/a∗ (1+ e−a∗(PLv−PRv))− (2/a);
GLV = Gv(tvec,EminLvG,EmaxLvG);
GRV = GvR(tvec,EminRvG,EmaxRvG);
delGLA = delGa(tvec,EminLaG,EmaxLaG);
delGLV = delGv(tvec,EminLvG,EmaxLvG);
delGRA = delGa(tvec,EminRaG,EmaxRaG);
delGRV = delGv(tvec,EminRvG,EmaxRvG);
VLV = ((PLv−GLV )/eLV )+Vunlv+(1/Es)*g ;
VRV = ((PRV −GRV )/eRV )+Vunrv-(1/Es)*g;
VSV = Vtotal - (VLA +VLV +VRA +VRV +VSA +VPA +VPV );
PSA = (VSA −Vunsa)/CSA;
PSV = (VSV −Vunsv)/CSV ;
PPA = (VPA −Vunpa)/CPA;
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PPV = (VPV −Vunpv)/CPV ;
Resistances of the valves
for i=1:length(tvec)
Rmv(i,1) = res valve A(PLA(i),PLV (i),Ropmv); mitral valve
Rav(i,1) = res valve V(PLV (i),PSA(i),Ropav); aortic valve
Rtv(i,1) = res valve V(PRA(i),PRV (i),Roptv); tricuspid valve
Rpv(i,1) = res valve V(PRV (i),PPA(i),Roppv); pulmonary valve
end change in pressure of the valves
delPmv = delP(PLA,PLV ); delPav = delP(PLV ,PSA); delPtv = delP(PRA,PRV ); delPpv = delP(PRV ,PPA);
RRint=HRf(T); RR interval
HR=60./RRint; Heart rate
mAP = (1/3)*(2*min(PSa)+max(PSa));
AP = [AP;mAP];
minPSa =[minPSa;min(PSa)];
maxPSa = [maxPSa;max(PSa)];
blood flows
LstrokeV=(max(VLV )-min(VLV ));
RstrokeV=(max(VRV )-min(VRV ));
SVL = [SVL;LstrokeV];
SVR = [SVR;RstrokeV];
EDV = [EDV;max(VLV )];
ESV = [ESV;min(VLV )];
EF = (LstrokeV/max(VLV ))*100;
LcardiacOutput=(60/1000)*LstrokeV/TL;
RcardiacOutput=(60/1000)*RstrokeV/TL;
LCO=[LCO;LcardiacOutput];
RCO=[RCO;RcardiacOutput];
meanLcardOutp=(60/1000)*sum(LCO2)/sum(TL1);
meanRcardOutp=(60/1000)*sum(RCO2)/sum(TL1);
blood f low = ((PLv−PSa)./Rav);
trp = 0;
f ork = 2 : (length(blood f low)−1)
trp = trp+blood f low(k);
end
Q = ((T L/tinc1)/2)∗ (blood f low(1)+blood f low(length(blood f low))+2∗ trp);
Q1 = [Q1;Q];
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QL = [QL;(Q/T L)∗ (60/1000)];
mnCOP = (60/1000)∗ sum(Q1)/sum(T L1);
blood f lowR = ((PRV −PPA)./Rpv);
trp1 = 0;
for k=2:(length(blood flow R)-1)
trp1 = trp1+blood flow R(k);
end
QR = ((TL/tinc 1)/2)*(blood f lowR(1)+blood f lowR(length(blood f lowR))+2∗ trp1);
Q1R = [Q1R;QR];
Qr = [Qr;(QR/T L)∗ (60/1000)];
mnCOPR = (60/1000)∗ sum(Q1R)/sum(T L1);
subplot(2,1,1)
plot(T,VSA,’–b’);drawnow limitrate;hold on; grid on
subplot(2,1,2)
plot(T,VSV ,’–b’);drawnow limitrate;hold on; grid on
tstartB = tends;
T L = HR f (tstartB);
i f tends >= tend
break
end
end
writeToFile(Y last, tends);
equations.m
f unctiondy = equations(t,y)
dy = zeros(9,1);
globaleLA eLV Es TL eRA eRV GminLA GminLV GminRA GminRV CSA CSV CPA CPV Vtotal RSA

Rmv Rav Vunlv Vunrv

global Vunsa Vunsv Vunpa Vunpv Ropmv Ropav Roptv Roppv Rtv Rpv GmaxLA GmaxLV GmaxRA

GmaxRV GLV GRV

Es = 1; a = 0.4;
VLA = y(1); Left Atrium volume
PLA = y(2); Left Atrium pressure
PLV = y(3); Left Ventricle volume
VSA = y(4); Systemic arteries volume
VRA = y(5); Right Atrium volume
PRA = y(6); Right Atrium pressure
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PRV = y(7); Right Ventricle volume
VPA = y(8); Pulmonary arteries volume
VPV = y(9); Pulmonary veins volume
GLV = Gv(t,GminLV ,GmaxLV );
GRV = Gv(t,GminRV ,GmaxRV );
delGLA = delGa(t,GminLA,GmaxLA);
delGLV = delGv(t,GminLV ,GmaxLV );
delGRA = delGa(t,GminRA,GmaxRA);
delGRV = delGv(t,GminRV ,GmaxRV );
pressuers (note that these are also defined in main.m)
g = 4/a*(1+exp(-a*(PLV −PRV )))-(2/a);
g1 = exp(-a*(PLV −PRV ));
S = (1/Es)*(4*g1)/((1+g1)2);
B = (1/S)∗ (S+(1/eRV ))*(S+(1/eLV ))-S;
VLV = ((PLV −GLV )/eLV )+Vunlv

+(1/Es)*g;
VRV = ((PRV −GRV )/eRV )+Vunrv-(1/Es)*g;
VSV = Vtotal - (VLA +VLV +VRA +VRV +VSA +VPA +VPV );
PSA = (VSA −Vunsa)/CSA;
PSV = (VSV −Vunsv)/CSV ;
PPA = (VPA −Vunpa)/CPA;
PPV = (VPV −Vunpv)/CPV ;
resistances (note that these are also defined in main.m)
Rmv = res valve A(PLA,PLV ,Ropmv); mitral valve
Rav = res valve V(PLV ,PSA,Ropav); aortic valve
Rtv = res valve At(PRA,PRV ,Roptv); tricuspid valve
Rpv = res valve Vp(PRV ,PPA,Roppv); pulmonary valve
Differential equations
dy(1) = (PPV −PLA)./RPV − (PLA −PLV )./Rmv;
if ((PPV −PLA)/RPV − (PLA −PLV )/Rmv)<0
dy(2) = 1∗ eLA ∗dy(1)+1∗delGLA +0.5∗ (VLA −Vuna);
else
dy(2) = 0.1∗ eLA ∗dy(1)+0.1∗delGLA +0.2∗ (VLA −Vuna);
end
dy(3) = (1/B)∗ (((PRA−PRV )/Rtv - (PRV −PPA)/Rpv)+(1/S)∗ (S+(1/eRV ))∗ ((1/eLV )∗
delGLV +(PLA −PLV )/Rmv− (PLV −PSA)/Rav)+(1/eRV )∗delGRV );
dy(4) = (PLV −PSA)./Rav− (PSA −PSV )./RSA;
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dy(5) = (PSV −PRA)./RSV 1(t)− (PRA −PRV )./Rtv;
if ((PSV −PRA)/RSV 1(t)− (PRA −PRV )/Rtv)< 0
dy(6) = 1∗ eRA ∗dy(5)+1∗delGRA +0.6∗ (VRA −Vuna);
else
dy(6) = 0.1∗ eRA ∗dy(5)+0.92∗delGRA +0.18∗ (VRA −Vuna);
end
dy(7)= (1/B)*(((PLA −PLV )/Rmv− (PLV −PSA)/Rav)+ (1/S) ∗ (S+(1/eLV )) ∗ ((1/eRV ) ∗
delGRV +(PRA −PRV )/Rtv− (PRV −PPA)/Rpv)+(1/eLV )∗delGLV );
dy(8) = (PRV −PPA)./Rpv− (PPA −PPV )./RPA;
dy(9) = (PPA −PPV )./RPA − (PPv −PLA)./RPV ;
end
Gv.m
function y = Gv(t,Emin,Emax)
global tstartB TL
y = zeros(size(t));
TM =TMv(TL); TR =1*TRv(TL); d = delay(TL);
for k=1:length(t)
tdiff = t(k) - tstartB;
if (tdiff <= d)
y(k) = Emin;
elseif (tdiff >= d) (tdiff <= (TM+d))
y(k) = Emin + (Emax - Emin)/2*( 1 - cos((pi)*(tdiff-d)/TM) );
elseif (tdiff >= (d+TM)) (tdiff <= (d+TM+TR))
y(k) = Emin + (Emax- Emin)/2*( 1 + cos(pi*(tdiff-(d+TM))/TR) );
else
y(k) = Emin;
end
end
y = y(:);
end
Ga.m
function y = Ga(t,Emin,Emax)
global tstartB TL
y = zeros(size(t));
TM,TR=atrium contraction timing(TL);
for k=1:length(t)
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tdiff = t(k) - tstartB;
if tdiff <= TM
y(k) = Emin + (Emax - Emin)/2*( 1 - cos(pi*tdiff/TM) );
elseif (tdiff >= TM) (tdiff <= (TM + TR) )
y(k) = Emin+ (Emax - Emin)/2*( 1 + cos(pi*(tdiff-TM)/TR) );
else
y(k) = Emin;
end
end
y = y(:);
end
res valve V.m
function y = res valve V(Pin,Pout,Rop)
global f aC f aO
Rcl =100;
V1=7;V2=-30;
if (f aC==1) (f aO==0)
This is the function for opening the valve
beta =4;
hys=0;
y = Rcl - (Rcl-Rop)./(1+exp(-beta*((Pin-Pout)-hys)));
if (Pin-Pout)>V1
f aC=0;
f aO=1;
end
end
if (f aC==0) (f aO==1)
This is the function for closing the valve
beta =4;
hys=-4.5;
y = Rcl - (Rcl-Rop)./(1+exp(-beta*((Pin-Pout)-hys)));
if (Pin-Pout)<V2
f aC=1;
f aO=0;
end
end
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end
res valve A.m
function y = res valve A(Pin,Pout,Rop)
Rcl =100;
beta =4;
y = Rcl - (Rcl-Rop)./(1+exp(-beta*(Pin-Pout)));
end
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