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Abstract

The degree of occurrence of unconscious versus conscious processing of
information in children is unclear. Also unclear is knowledge of
mechanmisms and reasons for selective transference of unconsciously
processed sensory and perceptual information into conceptual, conscious
and verbal awareness. Examples of unconscious processing were evidenced
in the difficulty some children experienced verbalising processes and
naming classifications after solving some mathematical puzzles. Correct
solutions indicated children had clear conceptual understanding of the
structure of the task. A series of personally designed jumior mathematical
puzzles utilising environmental materials to aid development of pre-
mathematical concepts of classification, patterning, seriation, ideas of
conservation and one to one correspondence in five and six year old New
Zealand primary school children were used, and extended to incorporate
mathematical concepts taught to twelve year old children at New Zealand
intermediate school Form 2 level. These senior puzzles incorporated
concepts of set theory, probability, matrices, tessellations, and rotational
patterming and ordering, with some puzzles developed to adult difficulty
levels. Some adults had difficulty with some junior puzzles, and found
senior puzzles as difficult as the twelve year olds they were designed for.
Mathematically able six year old children solved some semior puzzles
successfully,. A Thypothesis developed that children could master
mathematical concepts considered beyond their age ability defined by the
current school curriculum, provided concepts were presented in manipulable
and visual form. This was supported in the present study in 1985 - 1986
where 92 six to ten year old jumior and senior children with the highest
and lowest mathematical ability or special learming difficulties in three
primary schools researched the puzzles, Schools selected semior children
from national age normed Progressive Achievement Tests (P.A.T.)
mathematics results, Jumior children were teacher assessed. Unexpected
findings included unconscious processing of some unfamiliar concepts with
difficulties verbalising unfamiliar and familiar concepts, contrasting



conscious deliberation required for multiple concepts, transfer of learning

and use of strategy, indicating ability, especially in conjunction with speed,
novel approach, use of symmetry and a younger age of child. Puzzles were
diagnostic in detecting and in remediating mathematical understanding of
single concepts. The formal mathematics of some remedial and extension
children improved, suggesting unconscious transfer of concepts, and some
children who previously disliked mathematics or school in general developed
a liking for both. No gender performance differences emerged. P.A.T.
performance did not correlate with puzzle performance, emphasising
differences between P.A.T. formal verbal mathematics and nonverbal visual
spatial logic puzzle mathematics, or predominantly left versus right brain
mathematical processing respectively, possibly explaining difficulties
children had verbalising nonverbal actions. Two P.A.T. average children
included with extension children performed above the highest P.A.T.
children. Lack of P.A.T. correlation indicates formal mathematics alone
may be inadequate to identify all mathematically able children, to
remediate all having difficulties, or to extend those needing lateral
enrichment. As pre-mathematical concepts incorporated into jumior puzzles
are prerequisites for formal mathematics, mathematical concepts
incorporated into senior puzzles may aid unconscious transfer into formal
mathematics through conscious awareness from verbal introspection,

providing useful remediation and emrichment if embedded within future
curricula.
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Preface and Overview

'Unconscious Processing in Children,' presents experiences indicating
information transmits both unconsciously and consciously, intrapsychically
within the person, interpsychically between people, and between the person
and the environment, with information processed, interpreted, integrated
and applied both unconsciously and consciously. Little is known of how
sensations translate into perceptions, and perceptions move into concepts.
Little is also known of how concepts are available to operable
consciousness and action awareness, or of how action awareness transfers
into consciously expressible language. The operation of multiple concepts,
transfer of learning and strategic application indicate conscious awareness
of structure, and applied conscious choice.

The differentiation between what is consciously learnt and what is
unconsciously absorbed and processed is unclear. Active awareness and
focus of attention may express through sensory and motor systems as
action, or verbally through verbal thought and speech. Individuals 'know'
more than conscious content. Mechanisms selecting incoming and processed
information into conscious awareness are not established, nor is there a
unified definition of consciousness or unconsciousness. Why do some items
and not others become conscious? Is consciousness to be defined in terms
of what can be verbally described, when actions describe knowledge
awareness where language can not? Why some items come to conscious
awareness and some do not is unknown, but consciousness mamnifestations
must be selected by unconscious mechanisms via sensory awareness into
perceptual awareness, and have central meaning to the individual, showing
exercise of free will operates strongly at both unconscious and conscious
levels.

The degree of conscious scanming in which a person participates is
dependent on the degree of sensory and selective perceptual and
conceptual awareness coming into conscious attention. This focus of
attention is also dependent on individual consciousness states which may
alter the nature of the potential for conscious processing at any given
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time. Variables such as sleeping, waking, degree of consciousness,
alertness, tiredness, physique, health, emotions, aloneness, togetherness,
age, sensory and perceptual acuity, cogmnitive awareness and integration,
motivation, and cultural biases and language will affect what comes into
conscious awareness. Unconscious scanming and processing appear fully
present and constantly aware through all consciousness variables, with
overall awareness of experiences and learmings.

The present study looks at how specific intrapsychic nonverbal and possibly
unconscious information transmission processes contrast with specific
intrapsychic verbal and conscious information transmission processes
involved in the solving of mathematical puzzles designed for children and
adults, and the interacting effect external judicious questioming has in
extending these processes. The focus on unconscious processing emerged
from the present study, in the part unconscious processes played in
supporting the original hypothesis that children are ahble to understand
mathematical concepts at much higher levels than is generally believed or
taught within the educational system, and from unexpected findings that
emerged. Unconscious processing is the theme underlying each major
finding in the present study, for which there are no definitive
interpretations. They include:

- Performing a correct answer without conscious awareness of the process,
and difficulty verbalising classifications.

- The ability of children to perform above what is considered usual for
their age.

- The breaking of Piaget's linear steps of conceptual development, with
mixed conceptual performance in children.

- High ahility untapped and unknown in two children considered average.
What are the P.A.T.'s and the curriculum missing? What is the
unidentified ability?



Xxxiii
- The incidence of upper and lower ranges of children's formal
mathematics improving using the puzzles, particularly in remedial
junior and semior children.

- The biggest question - how manipulating things is translated into,
and the forerunner of formal mathematical work.

The present study was not intended as a scientific experiment in the
traditional sense, but was an exercise in teaching in progress. Its purpose
was an exercise in discovery and extension for individual children, with
puzzles and questioming techmiques aimed to facilitate maximun self
discovery of learning and minmimum content teaching. Individual work in
small groups facilitated 'catching the moment' with judicious questioning
helping children take the discovery as far as possible. This encompassed
diagnostic, remediation and lateral extension and enrichment at every level
for every age of child, Children worked at their own pace and level
Emphasis was always on building onto what children could already do and
achieve by themselves, and how far this could be extended. It was
essential to work with children in this manner as good teaching practice,
and for the purposes of the present study to find as full a range of
possibilities and benefits and uses for the puzzles as possible.

The non experimental approach was selected as non intrusive, non
disruptive and low key, emotionally and educationally appropriate, and to
simultaneously maximise individual educational effects. It was also
necessary to simulate the way the puzzles might be used in normal
classroom use to determine their impact as classroom materials. No
attempt was made to experimentally have each child attempt the same
puzzles, or to attempt them in the same order as any other child, for
reasons of varying age groups and ability levels within mathematical groups
in addition to individual differences and needs. Questioning was always
responsive to the actions of individual children reflecting these differences.
Maximising educational advantage meant tailoring to individually assessed
needs.
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The present study also sits in limbo between a quantitative and a
qualitative approach. One quantitative aspect is the use of national age
normed P.A.T. mathematics results of quantitative formal mathematical
understanding used to group senior children for the present study. Although
many puzzles had correct solutions, and some puzzles had more than one
arrangement or creative interpretation for a correct answer, all puzzles
allowed for individual perceptual and conceptual awareness to manifest in
levels of performance. Performance levels typically ranged from too
difficult through to exceptional or novel performance, with various
questioning and non questionming speed and strategic performance levels
exhibited within these extremes. Performance levels provided ordinal data
in the present study for the qualitative nature of the puzzles themselves.
Non parametric analyses were used, with Spearman's Rho correlations
measuring levels of puzzle performance of children against their formal
school mathematical groups, ages and class levels respectively, and Mann-
Whitney U-Tests measuring gender differences in levels of performance
with the puzzles.

There are three parts to the present study:
Part 1 - Introduction
Part 2 - The Puzzles
Part 3 - Implications

Part 1
Introduction

Chapter 1
Unconscious Processing
Chapter 1 looks at current possible theoretical explanations and
explorations of unconscious cogmnitive processing, presenting some defimitions
of consciousness indicating lack of consensus amongst theorists as to what
consciousness is. Conscious versus unconscious processes are discussed. The
degree to which these occur and can be introspected also divide the
theorists, Theories on modes of learming continue the debate over whether
people process information consciously or unconsciously, and in which
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order, Issues of introspection and protocol procedures with children look at
advantages and disadvantages of the talking aloud method and the climical
interview, and the part language plays in this introspection. Consciousness
in the form of unconscious awareness of concepts through actions, through
to conscious awareness of concepts through language expression is
discussed, along with the acquisition of language as a means of bringing
the concept into conscious awareness. Nonverbal versus verbal conscious
awareness is discussed. Consciousness is presented as processed integrated
awareness, with cerebral evidence of unconscious processing and left and
right hemispheric processing leading into a discussion of possible
mechanisms for the movement of sensations into perceptions and concepts,
and into conscious awareness.
Chapter 2
The Present Study

Chapter 2 introduces the present study, firstly looking at aims of the
present study with prior assumptions and hypotheses underlying these aims.
A rationale for the use of the mathematical puzzles in the teaching of
mathematics and pre-mathematics to school children incorporates Piaget's
stages of cognitive development. Pre-mathematical concepts embedded in
the puzzles, mathematical readiness in children, and semior puzzle concepts
are described. A method section describes the participants and their
selection, followed by the rationale and use of the New Zealand
Progressive Achievement Tests in mathematical group selection as the
quantitative measure incorporated in the present study. Materials used in
the puzzles and the nature of the puzzles themselves and how children
process them are the qualitative measure. Procedures and types of
questioning used with the children are presented. The qualitative aspects of
the data collection and analysis follow.

Part 2
The Puzzles
Chapters 3 - 8 highlight and integrate some facets of unconscious and
conscious information processing observed in children attempting the
mathematical puzzles.
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Chapter 3
Children Unable to Verbalise Classifications
Chapter 3 discusses unconscious information transmission process events
where children were able to solve some puzzles correctly which could not
be solved without conceptual understanding, yet these children were unable
to verbalise or name their chosen classifications and processes without
extensive questioning. Puzzles incorporating process of elimination, rote
performance, and confabulation follow, showing how none of these
elements were involved in this unconscious processing. Chance factors are
unlikely,
Chapter 4
Perceptual Priorities

Chapter 4 looks at perceptual priorities children exhibited while solving the
puzzles, where unexpected concepts were likely to be processed
unconsciously or to create perceptual and conceptual difficulties. Puzzles
involving expected or familiar elements versus unexpected or unfamiliar
elements within perceptual dimensions such as colour, shape, size, pattern,
reversals and rotations are presented. Child profiles showing how children
progressed through perceptual and conceptual difficulties are presented.

Chapter 5
Multiple Concepts
Chapter 5 elaborates on perceptual difficulties occurring more frequently
in puzzles where in addition to perceptual dimensions, multiple concepts
such as ordering, alternating or patterning required for the solution of a
puzzle necessitated a conscious focus of attention.

Chapter 6
Transfer of Learning and Use of Strategy
Chapter 6 shows how some children manipulating multiple concepts
exhibited a conscious transfer of learning, while other children applied a
conscious use of strategy, increasing the speed of the solution of the
puzzle, and indicating ability in the child concerned, especially where these
approaches manifested in a younger child.
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Chapter 7
Diagnostic Progressions
Chapter 7 looks more closely at several puzzles giving progressive
diagnostic information on a child's level of perceptual and conceptual
awareness as indicated by the levels of performance and specific
difficulties encountered. They encompass' all of the previously presented
difficulties in previous chapters. These fall into two groups, of puzzles not
involving enumeration and puzzles involving enumeration.

Chapter 8

Range in Levels of Performance
Chapter 8 presents some puzzles where children exhibited a mixed range of
levels of performance within and across mathematical group categories,
emphasising the general lack of correlation between mathematical group
categories and levels of performance. Some puzzles present children
exhibiting a mixed range of levels of performance within a particular
mathematical group, similarly showing a lack of correlation between
mathematical group category and levels of performance. Also presented are
two children from an average mathematical group category exhibiting a
high level of performance, supporting the general lack of correlation
between mathematical group categories and levels of performance in this
study.

Part 3
Implications

Chapter 9
Correlation Results
Chapter 9 presents correlation results from comparisons of levels of
performance across mathematical group categories, school classes, and ages
of children using nonparametric analyses of Spearman's Rho correlations,
and Mann-Whitney U-Tests for measuring gender performance differences.
These are looked at in conjunction with puzzle difficulty level.
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Chapter 10
Implications in the Teaching of Mathematics

Chapter 10 looks at ways which support the hypothesis that children are
able to understand mathematical concepts at much higher levels than is
generally believed or taught within the educational system, and provides
possible explanations for unconscious processing, with implications for the
teaching of mathematics. Previously presented findings in the present
study, previously unpresented findings, and findings relating specifically to
unconscious processing are listed. Some possible reasons for the general
lack of correlation between P.A.T. mathematics scores and puzzle
performance are examined in the discussion, with an exploration of P.A.T.
mathematics and the mathematical puzzles and what they each measure,
and the nature and degree of these different mathematical assessments, It
includes discussion on verbal and nonverbal processing and the validity of
both P.A.T. mathematics and the mathematical puzzles in determining the
acquisition of mathematical concepts in children. Left and right brain
function, consciousness and the brain, and aspects of quantum
consciousness lead into the movement of percepts to concepts and the
function of language in concept formation. Thoughts on Piaget's stages of
cognitive development, and the place of intuitive, creative and divergent
thinking are followed by definitions of mathematical ability and able

children. Acceleration and enrichment programmes are discussed, with
concluding implications for the teaching of mathematics, limitations of the
present study and possibilities for future research followed by a conclusion.

Appendices include junior mathematical puzzles, the Eileen Churchill
Number Readiness Test, three manufactured adult puzzles, and puzzles in
approximate order of difficulty.



Part 1

Introduction

Unconscious Processing

The Present Study



Each part of me acts its own part

receiving information it is designed to receive.
Each sensory system its actions.

Each cell a sensory system

built to receive and respond

to and for my whole self.,

My conscious mind only one such sensory system
of my body mind soul

and verbal language one of its actions.

I know what I do when I do it.

My actions know the thoughts

that my thoughts do not yet know.

My thoughts know those thoughts

when they know where my actions come from.

Marion Moxham



Chapter 1
Unconscious Processing

The processes of transfer from sensory information into perceptions leading
into concepts, and from pre-mathematical concepts leading into formal
mathematical concepts have long been considered to involve some
unconscious information transmission processes of an intrapsychic nature.
The degree and utilisation of conscious versus unconscious, and verbal
versus nonverbal processing has been largely elusive. The gradual movement
from sensation to perception and from perception into conceptual
understanding, and the movement of conceptual understanding that is
expressed through action to conceptual understanding that can be expressed
through language is a process that asks why and how do conscious and
unconscious processes work.

Chapter 1 looks at current theoretical explanations and explorations of
possible unconscious cognitive processing, presenting some definitions of
consciousness indicating the lack of consensus amongst theorists as to what
consciousness is. Conscious versus unconscious processes are discussed. The
degree to which conscious and unconscious processes occur and can be
introspected also divide theorists, Theories on modes of learming continue
the debate over whether people process information consciously or
unconsciously, and in which order and whether these processes can be
introspected. Issues of introspection and protocol procedures with children
look at advantages and disadvantages of the talking aloud method and the
clinical interview, and the part language plays in these types of
introspection. Consciousness in the form of unconscious awareness and
indication of conceptual development through actions, through to conscious
awareness of concepts through language expression is discussed, along with
the acquisition of language as a means of aiding the bringing of a concept
into conscious awareness. Nonverbal versus verbal conscious awareness is
also discussed. Consciousness is presented as processed integrated
awareness, with cerebral evidence of unconscious processing, and left and
right hemisphere processing leading into a discussion of possible
mechanisms for the movement of sensations into perceptions and concepts,



and into conscious awareness and language. Physicist defimitions of
consciousness and its selections as to what emerges into conscious
awareness through sensoy, perceptual and conceptual information
transmission processes are considered.

Definitions of Consciousness

'Consciousness is primary. Its subdivisions are merely expressions of its
primacy. Saying hello to itself through the different media of awareness,
body action, thought, language and sensory registration. Consciousness is
the only reality, yet we are able to glimpse it only through the action
that gives rise to the material and mental aspects of our observational
processes' (Goswami, Reed & Goswami 1993). This is one defimition of
consciousness. Goswami et al consider all or any expressions of
consciousness are different manifestations of one overall source.
Consciousness is everything there is.

There is no universally agreed upon definition of what constitutes
consciousness or unconsciousness, creating interpretive difficulties in
deciding on the consciousness or otherwise of many cogritive, awareness
and behavioural states and activities common in people. The Reader's
Digest Umiversal Dictionary (1988) lists some definitions:

conscious - refers to mental processes such as thoughts or emotional
reactions of which a person is aware.

subconscious - pertains to thoughts or feelings outside im mediate
awareness either wholly or partly.

preconscious - refers to mental processes that are outside the
consciousness but are easily brought into the conscious

mind.

unconscious

alludes to all mental processes that a person is not
aware of, including thoughts or feelings that have been
forgotten or repressed, and also images, instincts,



desires, and the like. It is often used interchangeably
with subconscious,

Vagueness remains. Sutherland (1989) summarises the confusion over a
definition of consciousness in the Macmillan Dictionary of Psychology:

consciousness - The having of perceptions, thoughts, and feelings;
awareness. The term is impossible to define except in
terms that are unintelligible without a grasp of what
consciousness means. Many fall into the trap of equating
consciousness with self-consciousness. To be conscious it
is only necessary to be aware of the external world.
Consciousness is a fascinating but elusive phenomenon: it
is impossible to specify what it is, what it does, or why
it has evolved. Nothing worth reading has been written
on it.

In the absence of adequate theories of consciousness, theories focus more
on aspects of what consciousness may do, to help establish what
consciousness is. Examples include representation (Lloyd 1989), intentional
state (Searle (1983), working memory (Anderson (1983), focal-attention
processing, awareness and introspection (Velmans (1991), the hidden
observer (Hilgard 1986), setting and selecting goals (Shallice 1972), and
multiple awareness (Demmett 1991). Klein (1991) finds consciousness a
representational workshop supporting activities of decision making,
imagination, planning, problem solving, hypothesis testing and the novel use
of habitual routines, but distinguishes between awareness of ideas,
sensations, images, movements and actions referred to as consciousness,

and awareness of oneself or self-awareness also considered as
consciousness.

Dretske (1991) distinguishes further, believing consciousness is not what we
are conscious of. It is not an object of awareness. It is the act of
awareness, a process where we are made aware of whatever objects we
are aware of. People can be conscious of the external thing they identify
without being conscious of the internal processes that make them aware of



it. Navon (1991) considers consciousness is the awareness of a person, but
draws attention to a validity issue, where in the absence of an external
observer, the mind may not readily and objectively examine itself by itself,
and theories of consciousness should instead deal with issues of states,
structures, representations, processes and transmission of information
between processes. Consciousness is the medium where individuals obtain
information on their mental events, and is both the umiverse to be

explained by a first person account and the source of data for such an
account.

Further difficulties arise in addition to what consciousness may be and
what it may not be and what it may do. These concern evidence of
knowledge being present in an individual without the individual having
conscious awareness of such knowledge. Tulving (1985) finds evidence of
subliminal perception demonstrating semantic processing can take place
without awareness, and information can be available without knowledge of
its source or awareness of its having been a perception at the time of
stimulus exposure, as an unconscious perception. On the basis of
unconsciously perceived information being accessible through some form of
behavioural response, the state of being conscious may manifest as
consciously known or unconsciously known awareness from the person's
point of view, removing any clear boundaries between potential definitions
of conscious and unconscious events.

Furthermore, the timing of the consciousness of the events adds to the
complications of the definition of conscious versus unconscious processing.
Perception comes from sensory information, a process which is unconscious,
and concepts come from perceptions and actions, creating a time lag
between events and awareness. Concepts may be defined as general ideas
or understandings. They may come from finding similarities between things,
or from abstracting a pattern from events or objects, and may be abstract
or concrete. Wagstaff (1991) finds subjective reactions to consciousness
necessarily follow the events themselves, causing actual awareness, reaction
time to awareness, and memory for awareness to be easily confounded. As
sensations, perceptions and conceptions are individual interpretations from
events entering the sensory system rather than the events themselves,



issues of reality validity are added to any questions on a defimition of
consciousness,

We may also possess a limited and inadequate repertoire of verbal and
nonverbal responses for describing the contents of our consciousness.
Consequently there is no guarantee that our descriptions of awareness will
accurately reflect the actual events in consciousness or the times of their
occurrence Wagstsff (1991). Lloyd (1989) finds introspective awareness
shares the stage of consciousness with primary awareness or unreflective
consciousness which is the awareness of the world as opposed to awareness
of one's own mental states, This distinction within consciousness gives rise
to the possibility of states of awareness that are neither introspective nor
introspected, and there must be such states. If every state of awareness
had to be the subject of a secondary state of introspective awareness,
then the secondary states, themselves states of awareness, would need
tertiary states of awareness directed at them, and so on in an infinite
regress. The assumptions that consciousness is exclusively introspective and
operationalised through verbal reports results in a narrowing of the concept
of consciousness., A broader view would include non introspective awareness
and would consider experience to be signalled by any discriminative
response. This amounts to a broadly reductive strategy, identifying states
of consciousness with causally active cognitive states.

Introspection: Conscious Versus Unconscious Processing

There are current hypotheses in the field of cognitive psychology regarding
conscious versus unconscious processing and the degree to which these
processes are available through introspection. Introspection is the
procedures of thought in mental processes. Whereas Nisbett & Wilson
(1977) claim mental processes in concept formation are unconscious and
therefore not available to introspection, Ericsson & Simon (1980) find
introspection a valuable aid to understanding cognitive processes in task
performance as a process of conscious thought. These views are opposing.
Kellogg (1982) conducted experiments showing both views are valid.
Depending on task demand, unconscious or conscious thought processes or
both may be used with associated degrees of reliability of introspection.



Kellogg terms this a dual-factor view of cognition, referring to

unconscious processing as feature-frequency processing, and conscious
processing as hypothesis testing procedures.

Kellogg's first set of experiments found a positive correlation between the
degree of introspection subjects claimed to have undertaken when learming
was conscious, and no correlation when it was unconscious. Subjects were
given a dual task situation involving difficult oral multiplication, at the
same time being shown a series of faces on a secondary channel. This was
the dual task condition. Single task conditions were given just the
multiplication or the faces, Accuracy of multiplication and recognition of
faces was tested. Single task conditions showed both conscious and
unconscious processing, whereas dual task conditions showed the recognition
of faces to be entirely unconscious. Subjects were correct in their
estimation of their degree of introspection when using conscious processes,
but not when their mental processes were unconscious.

In Kellogg's second series of experiments the aim was to find which
events were consciously attended to and which were unconsciously attended
to, the hypothesis being that if trial n was consciously attended to, then
it would be stored in short term memory on tral n + 1. It was found with
random questioning probes for the existence of introspection, hypothesis
recognition was inaccurate, as most learming occurred unconsciously,
although under conditions where all learming was probed, hypothesis
recognition was much nearer 100%. The conclusion was that if the subject
realised the emphasis was on hypothesis testing, then conscious attention
was given to this. Also, the processes underlying task performance may be
conscious or unconscious, depending on the nature of the task.

Lewicki, Hill, & Bizot (1988) illustrated a process of unconsciously acquired
information about a pattern of stimuli, which facilitated subjects'
subsequent performance. Their hypothesis was that the cognitive system
memorises more information about encountered stimuli than can be
processed through consciously controlled channels, with concept formation
occurring largely unconsciously. Some of this involuntarily processed and
memorised information is believed to influence subsequent cognitive



processes, even when perceivers are unable to articulate the knowledge
they use. Lewicki et al (1988) asked subjects to find a target in a
sequence of frames where target location followed a complex pattern.
Although subjects' responses became increasingly accurate following

pattern repetition, no subject reported conscious awareness of a pattern,
nor could any subject verbalise one.

Perruchet, Gallego, & Savy (1990) dispute the Lewicki et al (1988)
findings. In replicating the pattern of stimuli, they found the frequency of
sequencing the reason for subsequent performance facilitation, not
unconscious acquisition of this information. They found subjects reacted
more slowly to infrequent events located in the early phase of the Lewicki
et al experiments, possibly explaiming subsequent improvement in task
performance. They do not believe people unconsciously abstract rules that
can be discovered through deliberate logical analysis. Nor do they consider
inability to articulate the manipulated pattern implies operation on an
unconscious level, although they do acknowledge processes underlying
improvement in performance may still be unconscious. They discuss
traditional concept learning and problem solving experiments, where the
adaptive first mode of learming is activated in simple learming situations
where people perform conscious operations on identified isolated variables
of a task. Conscious operations become inefficient with large numbers of
variables or when the structure of the situation is not obvious, requiring
the second mode of learning to operate, where the processing of
representations of events is both unavailable to conscious awareness and
beyond attentional control. Both conscious and unconscious, or explicit and
implicit modes of learming are thought to occur during the process of
learning the rules underlying any situation subjects are exposed to.

In a study of artificial grammar learming, Reber, Kassin, Lewis, & Cantor
(1980) found that when the underlying grammar was evident, subjects
categorized better, using the first mode of learming when given explicit
instructions stressing the need to pay attention to rules. When structure
was difficult to discover with implicit instructions to pay attention to
items, subjects always performed better than chance. Reber (1989 a & b)
finds knowledge acquired from implicit learming procedures is always ahead



of subjects' explicit knowledge, but as subjects are unable to verbalise
implicit rules, performance is thought to be the result of an unconscious
abstraction process. Dulany, Carlson, & Dewey (1984, 1985) dispute the
Reber et al (1980) claim of unconscious abstraction processing, providing
an alternate view of conscious attention to a large number of simple and
approximate rules instead.

Unconscious processing does occur along with conscious processes, although
no existing definition of consciousness or unconsciousness is universally
accepted. It is believed unconscious sensory information is unconsciously
selected to become perceptual information. Perceptual information is
abstracted into concepts, perhaps both consciously and unconsciously. There
are differences amongst theorists as to whether conscious or unconscious

processing comes first or second during task performance, or whether this
depends on the nature of the task.

Modes of Learning

Conflict remains between cognitive theorists who believe conscious
processing occurs before unconscious processing, and cognitive theorists
who believe unconscious processing occurs before conscious processing. In
mathematics, Dienes (1959) distinguishes between analytic and constructive
thinking, acknowledging these are not the only ways of thinking, nor are
they mutually exclusive. Whereas analytical thought involves logic with
concepts formed before they are used, constructive thinking involves
creative intuitive perception not based on reasoning, of things not fully
understood. These distinctions resemble the first and second modes of
learming discussed by Perruchet et al (1990). Dienes believes constructive
thinking develops before analytic, with both types required in mathematics.
He notes Meredith's (1956) observation that mathematicians use intuition
and insight to discuss their theorems, and logic to prove them. He defines
mathematical intuition as insight gained into mathematical phenomena
without conscious reasoning. Reasoning verifies intuitions, but is dependent
on past experience and knowledge. He finds children more likely at first
to build concepts intuitively without awareness of relationships between
these and other concepts.



Bruner (1986) describes a narrative mode of thinking and a paradigmatic
mode of thought., Similarly, Skemp (1971) distinguishes between intuitive
and reflective thinking. He considers mathematics is learnt at the intuitive
level long before the reflective level is functional, with learners at the
intuitive level largely dependent on the way material is presented to them.
The degree of accommodation possible at the intuitive level is less than
that achieved by reflection, with intuitive thinking leading into Piaget's
defined progressive stages of concrete reasoming and formal thinking
(Wadsworth 1971). Dienes, in responding to Becker & Rogers (1969) finds
these stages are not necessarily linear. Children can and do make intuitive
leaps. Depending on the familiarity and usage of the particular concept
involved, children may currently possess any mixture of intuitive, concrete
operational, and formal operational thinking, and these levels of conceptual
understanding may vary from one application of a concept to another.

Modes of learming are an important consideration to the present study
where children show evidence of both conscious and unconscious processing.
More important than which mode comes first or second is why these
modes eﬁst, and what kinds of tasks will access which mode. Children
may use unconscious modes first as they develop concepts, but the
development of concepts may not be as linear as Piaget suggests. Children
may show mixed levels of conceptual awareness, and conscious or
unconscious awareness and use of them.

Protocols for Eliciting Introspection in Children

Questioning children in classroom practice is designed to not only momitor
conceptual understanding and thinking processes, but to aid conceptual
development through the translation of intuitively understood concepts into
verbally expressed language. Children may find verbal naming of
classifications and processes difficult because some classification
procedures may be made largely wunconsciously, or consciously but
nonverbally. Bringing unconscious or conscious nonverbal processes to
articulate conscious awareness through the verbal naming of classifications
appears much more difficult than making original unconscious or conscious
nonverbal selections.
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What does it mean if children do not naturally or continuously think out
aloud as they complete a problem solving task? Observation indicates
children perform many problem solving tasks silently, or silently with only
occasional verbal comment. This suggests some options for the natural
ways children may think during task performance:

- verbally and consciously

- silently but verbally and consciously
- nonverbally and consciously

- nonverbally and unconsciously

Perruchet et al (1990) reinforce that any demonstrations of unconscious
complex learnming will be limited by the researcher's ahility to ask subjects
the right questions when assessing conscious knowledge. Protocol procedures
for eliciting introspection processes used in research on mathematical
thinking are described by Ginsburg, Kossan, Schwartz, & Swanson (1983).
These include the talking aloud method used by Newell & Simon (1972),
and the clinical interview developed by Piaget (Piaget 1929; Piaget &
Szeminska 1952).

The talking aloud method was traditionally used with children, who were
considered to lack verbal skills and have poor or minimal comprehension.
The talking aloud method encourages subjects to verbalise every thought as
it appears as a means of eliciting complex forms of problem solving,
sequential activity, formulation and testing of hypotheses, and the
execution of multistep algorithms while solving challenging problems. There
is minimum investigator intervention during this process. Ginsburg et al
(1983) believe that requesting verbalisation of a process during problem
solving may affect both the course and completion of the task. When the
child is asked to talk aloud as a problem is solved, the necessary verbal
process may slow task completion and confuse it. The child may not be
able to do both tasks at once, or may become self-conscious and use
different strategies or means that might not be used when left alone
during task completion. The possibility is for talking aloud procedures to
alter the very phenomena under examination (Brentano 1973).



11

The clinical interview originally used with adults involves asking the child
after completion of a task what the child did, or what the child did in
the preceding moment. Verbalisation after the event may be more difficult
with the child unable to retrace original thoughts and intentions. When a
child speaks spontaneously, it is with intention. This may have an enabling
part to play in whatever process is being undertaken. When the moment of
intention has passed, what cue will access memory of a now past
intention? For a six year old girl who could not say what was the same
about some transparent buttons she had correctly classified and placed, the
cue to the memory of her original conceptual processing was a replication
of her original conceptual processing combined with a focus of attention
-n naming the concept. She had to see through a button again to
consciously remember the button was 'see through'. It involves both access
to memory, and conscious observation of an event to talk after the event.
Difficulties of the climical interview include memory decay, interference
from current thinking while reporting, and confabulation, where a
rationale, or one originally unconnected with the production of an answer
is invented. The way a problem is worded also affects the way the child is
able to solve the problem asked (Riley, Greeno, & Heller 1983). Similarly,
how a question is asked will help or hinder the child's ahility to retrieve
accurate memory of processing, facilitating verbal access to conceptual
understanding (Donaldson 1978). The wrong question may elicit an answer
suggesting erroneously that the child does not possess adequate conceptual
knowledge involved in the task.

Donaldson (1978) finds several reasons why the child may have difficulty
verbalising problem solving, The child has less knowledge of language and
may be less confident about using it and may rely more on non-linguistic
cues. The child may also not have learnt to distinguish between situations
where primacy to the language is important, and situations where it is
not. The child may find paying scrupulous attention to language very
difficult, and where interpretation of words differs with some other
expectation, words may take second place. In Donaldson's view, the child
makes sense of situations first, then uses this kind of understanding to
make sense of what is said,
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Protocols for eliciting introspection in children are an important
consideration in the present study. With task processes possibly being
altered through asking the child to talk aloud during task completion, and
memory decay occurring when asking children questions after the event,
verbal introspection protocols may not be the most accurate or adequate
means for assessing the understanding of concepts in children. Whereas
verbal descriptions demand conscious awareness of process as well as the
abstraction of applying vocabulary to this description either during or after
the event, action awareness may bypass conscious pathways altogether
through nonverbal means. Furthermore, conscious awareness of an
unconscious process may be available only through simulation of the
original perceptual and conceptual stimulus. For the child who is struggling
with a task, an additional verbal one may not be possible either
simultaneously or at task completion. The child's level of conceptual

understanding may be more apparent through the strategies and solutions
the child exhibits,

Unconscious Awareness of Concepts Through Actions

Iloyd (1989) presents a broader view of consciousness to include
introspective awareness along with experience signalled by any discriminate
response. Adults acting with conceptual understanding, who are unable to
define the concept in verbal terms have been observed by Lovell (1961).
Lovell finds this very frequent, and not necessarily due to lack of
vocabulary. Ginsburg & Opper (1969) cite Piaget's deep insight suggesting
the child's unconscious logic may be a more efficient way of describing
thought than the child's own imprecise natural language. Brody (1989)
similarly finds a recognition-like procedure provides a better assessment of
consciousness than simple introspective reports. If a child's actions show
the presence of thought, the absence of a verbal means of expressing this
thought does not mean the thought does not exist. The solution already
shows that it does. Riley et al (1983) believe the solution of a problem
indicates the child already has both the conceptual knowledge and the
procedure, Evaluating the success in verbal terms is to see what the
benefit of solving the problem has been. In mathematical thinking, the
benefit has already been significant. Donaldson (1978) believes that what
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encourages awareness of language may also encourage awareness of one's
own thinking. For Piaget, mathematical thinking can develop only if the
child can become aware of unconscious processes (Piaget 1974).

Conscious Awareness of Concepts Through Language.

Jung (1954) conceives growth of consciousness as closely related to
intellectual growth, with some control over thinking required for
intellectual growth to take place. He believes there is no control over
thinking where there is no awareness of thinking processes. Also, many
processes a child uses in solving a problem are unconscious, and the child
is far more able to act and understand than to express verbally. These
ideas appear contradictory until Jung's concept of control over thinking is
defined in verbal terms. The attainment of control over verbal thinking
means bringing thought out of its primitive unconscious embeddedness and
interacting with others (Jung 1954; Vygotsky 1962; Donaldson 1978). Skemp
(1971) relates making an idea conscious to associating it with a symbol, as
in the acquisition of words in the development of language. Once the
association has been made, the symbol seems to act as a combined handle
and label for retrieval from memory. Verbal thinking is the wuse of
pronounceable symbols used for communication, with voluntary control over
thoughts achieved largely by use of symbols. Naming classifications is a
separate and additional task to classifying them, requiring transfer of
conceptual processes into verbal symbols.

Lovell (1961) defines mathematics as a mental activity studying order
abstracted from the particular objects and phenomena which exhibit it, and
in a generalized form. Skemp (1961) considers that if an individual does
badly in mathematics, it may not be through lack of concepts, but through
lack of reflective ability. To help the child develop mathematical concepts,
language and symbols of mathematics must be taught. Individuals must
have the concepts, although they may not be able to formulate a clear
definition of the concept in verbal terms. Skemp finds the transition from
elementary number work to mathematics involves the use of reflection on
the relevant concepts and operations. Lovell emphasises that getting
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children to appreciate the significance of their own actions so they
become aware of what they are doing is crucial.

Piaget (1976) defines consciousness as basically a conceptualisation process,
with emergent consciousness of an action the means of transferring it into
a concept, with conceptualisation being a process, as it is not im mediate.
Because it is a process, the degree of consciousness varies, depending on
the degree of integration. For Piaget the issue is more the degree of
integration than one of making the unconscious conscious. He considers
that where a child is aware of goals and end results, but not of process,
there is lack of conceptualisation and integration, although he
acknowledges action in itself constitutes autonomous and already powerful
knowledge. There is conflict in Piaget defiming consciousness as the
acquisition of concepts. Can a correct answer derived unconsciously and
nonverbally emerge from undeveloped conceptual awareness? This question
remains unanswered. If consciousness develops through the acquisition of
concepts, what comes first? As language is itself a symbolic conceptual
abstraction and application, verbalisation in Skemp's terms provides a label
and a handle for the concept to be expressed, remembered, and available
for transfer to further situations., On this basis verbalisation of concepts
may be the means of integrating and adding to concepts rather than of
forming them. Verbalising conceptual processes emerges as one of the
functions of language itself, as a tool for bringing to consciousness
conceptual processes for classification purposes to make them more readily
useful and applicable for the individual.

Conscious awareness is not necessarily able to be verbalised. Conceptual
knowledge may also be outside of conscious awareness. The question
remains unanswered as to whether concepts arise through language or
before language, but there must be a circular effect, where the verbal

expression of a concept enhances conscious awareness and enables a higher
level of integration of the concept.



1.5

Nonverbal Versus Verbal Conscious Awareness

The question remains, What can be known and expressed through language
is minuscule in comparison with what can be known. To verbalise every
life process would not be useful. Schooler & Engstler-Schooler (1990) find
some components of visual memories can not be put into words, such as
face recognition, and that verbalising previous visual stimuli may impair
subsequent recognition performance by producing a verbally biased memory
representation that can interfere with the application of the original visual
memory. Furthermore, memory verbalisation impairs memory for stimuli
that are difficult to put into words. Whereas it has been found that verbal
processing generally improves memory performance, especially of verbal
stimuli, the benefits of verbalising are limited to what it is useful to
remember. Gardiner & Java (1990) found 'know' responses were more
accurate for non words than for words, whereas 'remember' responses
were more accurate for words. Lloyd (1989) also questions an assumption
that consciousness is best operationalised as accurate memory reporting.
Language and memory are inadequate to capture moment to moment
experience, with some aspects of experience unable to be captured by
language.

Consciousness as Processesd Integrated Awareness

Velmans (1991) presents an extreme view that consciousness may be
outside the area of cognitive psychology altogether, believing information
entering consciousness is already integrated, with consciousness of an input
occurring relatively late in the information processing sequence. Awareness
of a stimulus follows analysis and selection, and awareness of a response
follows its execution, as does awareness of inner processes such as
creativity. Physicist Penrose (1989) believes the actual thought that
surfaces in the brain is the solution of some problem, with the action of
conscious thinking resolving alternatives, Mandler (1985) finds conscious
contents are made available for further processing involving choice and
decision.
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Velmans (1991) believes a process is conscious to the degree there is
consciousness of the process, or consciousness accompanying the process,
or consciousness entering into or causally influencing the process, with
problem solving, thinking, and planming processes becoming conscious only
to the degree they are accessible to introspection. As Velmans finds
human information processing required for analysis, selection of stimuli,
memory encoding and responding is unconscious and not generally available
to introspection, he considers consciousness can not enter into or causally
influence the process. Processes creating awareness are involved in
perception, emotion and thinking, causing awareness, or being correlates of
it, but are not acts of awareness. Awareness does not play an active part
in the processes creating awareness. Events, information encoding, storage,
retrieval, and transformation to output enter consciousness only if they are
the focus of attention. We may be conscious of the stimuli we analyse and
select for more detailed attention, conscious of what we learn and commit
to memory, conscious of responses we make to such stimuli, and aware of
effort given to planming and monitoring of thoughts, emotions and images,
but the dissociation of awareness from information processing invariably
OCCurs,

This extreme view suggests all conscious awareness is the result of prior
unconscious processing. Velmans has been criticized for taking an
epiphenomenalist view, with epiphenomenalism defined by Thomas Huxley
claiming consciousness to be a form of output caused by brain processing,
which in turn has no causal influence on that processing. Velmans does not
support epiphenomenalism. He takes a momist view, considering functioning
and awareness different perspectives of one process. Velmans refers to
consciousness as primarily a state of awareness, and focal-attentive

processing as a functional subdivision in an information processing model of
the brain.

The perceptual process is unconsciously selected from sensory information,
and integration of perceptual information into functional concepts must at
first also be unconscious, In the present study, the movement of percepts
into concepts is of relevant interest as to how children acquire
mathematical concepts from manipulating materials in the environment.
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Cerebral Evidence For Unconscious Processing

Libet (1991) finds a stimulus to the human somatosensory thalamus can be
detected correctly in a forced choice response even when subjects are
unaware of a stimulus induced sensation, showing cerebral information
processing can be dissociated from awareness of the processing, and focal
attention and cognitive responses can be separated from conscious features
of a signal. Libet (1985) demonstrated EEG analyses show shifts of
negative potentials long before subjects respond or are aware of their
decision. Recent studies of hypnosis indicate information may also be able
to enter long term memory and be recalled, without first entering
consciousness. (Hilgard 1986). Similarly, Weiskrantz (1987) discusses how in
the amnesic syndrome a person can demonstrate verbal, perceptual, and
skill learning, but not recogmise or have any consciousness that anything
has been learnt. The dissociation between the capacity to learn and to
retain is clear, along with the person's knowledge of this fact. Here, the
momnitoring of the process is what is missing from the process. Penrose
(1989) does not believe language is necessary for thought or for
consciousness. From split half brain experiments, it is known the two sides
of the brain can be independently conscious. When a person has blindsight
caused by damage to the visual cortex, information may not be consciously

perceived, but is revealed by correctness of the person's guesses as to
what is there.

Again, evidence that information enters the brain before conscious
awareness of that information occurs, indicates the likelihood of

unconscious processing preceding actions of awareness. Conscious knowledge
seems to follow unconsciously known knowledge.

Left and Right Hemisphere Processing

Blakeslee (1980) attempts to explain the phenomenon of unconscious and
nonverbal thinking by translating nonverbal, unconscious, and intuitive
processes into right brain activity, versus verbal, conscious, and logical
processes of the left brain. The right brain thinks in images, dealing with
spatial processes, Control normally passes to the hemisphere with the
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fastest answer, but hemispheres can be trained to perform better with
encouragement. Whereas the left brain examines issues sequentially and
logically, the right brain is holistic, viewing the whole situation at once.
For verbal explanation of right brain activity, the left brain must take an
observers role, frequently confabulating or making up its interpretations
and explanations rather than accessing them. Yet most creative
breakthroughs, even in mathematics, result from intuitive leaps made in
the right brain, whereas logic and language are so rigidly structured they
are not suitable for the kind of thinking needed for creative exploration.
Perrose (1989) comments that Einstein did not think verbally, nor did the
geneticist Galton. Most mathematical thinking for Penrose is visual, not
verbal, supporting the idea that much conscious mathematical activity
takes place in the right hemisphere,

This relates to the possibility that the mathematics puzzles are processed
in the right hemisphere more than in the left. Puzzle solutions that are
arrived at without conscious awareness are likely to involve this creative
process, and may not involve verbal processing.

Sensation into Perception

Insufficient knowledge regarding specific locations of conscious and
unconscious thinking in the brain leaves unanswered the question of how
much each process belongs to any one hemisphere. It is thought likely both
hemispheres undertake both conscious and unconscious processing to some
extent. Pribram (1987) considers memory traces to be distributed
throughout the brain. When patients suffer damage to their forebrains they
do not lose particular memory traces. The patient may not be able to
speak, identify objects visually or tactilely, or recall a whole mnemomic
category, but individual specific memories seem to be sufficiently
distributed to be able to be recalled despite extensive damage. Pribram
(1971; 1976) adds that with all information enfolded over the whole brain,
as in a hologram, the response when the holographic record in the brain is
suitably activated is to create a pattern of nervous energy constituting a
partial experience similar to that which produced the initial hologram. It
is different, less detailed, and with memories from different times possibly
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merging together and becoming connected by association and logical
thought to give further order to the whole pattern. If sensory data is
aimultaneously being attended to, the overall experience merges to a given
new whole., Nelson (1990) describes data stored in the brain as
intermingling wave patterns of diverse frequencies and amplitudes
distributing each bhit of information evenly within the whole so that
anything that alters a relationship in any part simultaneously alters all
relationships everywhere.

Skarda & Freeman (1987) also consider learming and memory are functions
which may be distributed throughout the neural network of the brain, and
outline a neurologically based approach to cognition as an alternative to
current cognitivism. They found a spatial pattern of chaotic activity
covering the entire olfactory bulb in the rabbit, involving equally all the
neurons in it, and existing as a carrier wave for a few tens of
milliseconds with each stimulus of a new or familiar odour. Freeman & van
Dijjk (1988) also found the same basic neural dynamics in the visual
cortex of the rhesus monkey. Skarda & Freeman hypothesize chaotic
behaviour is the basic form of collective neural activity for all perceptual
processes, and functions as a controlled source of noise, generating chaos
as an essential precursor to ordered states, as a means to ensure continual
access to previously learnmed sensory patterns, and to learn new sensory
patterns, By chaos, they mean activity that appears to be random but
instead is deterministic. The brain orgamises its own time=-space patterns
of function and its own structure and should be viewed as a self-orgamnised
process of adaptive interaction with the environment. Garfinkel (1987)
describes chaos as essential for optimal performance of systems in search
of their own goals or states of mimimal energy. In terms of the present
study, some ideas are suggested as to how the actual process of
perception may take place. Children processed familiar concepts in a more
conscious manner, suggesting previously learned patterns are available, but
that there is ample opportunity for new ideas to be incorporated, and the
chaos theory may be the fastest route to access old or acquire new
information.
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This model of brain function resembles the distributed, self-organised
processes of connectiomist models rather than the rule driven symbol
manipulating processes characteristic of the digital computer. Connectionist
models are explicitly cognitive, dealing with mental processes of pattern
recognition and completion, generalisation, discrimination, associative
memory and mecharnisms responsible for cognition. With connectionism, a
distributed system of interacting elements is able to produce behaviour
previously thought to require rules and symbols, The Skarda & Freeman
model resembles connectionmist models in being a system that exhibits
regularities and processes information without being rule driven and
manipulating symbols. Werner (1987) considers internal states are the
neuronal system's own symbols. The chaotic background state provides the
system with continued open-endedness and readiness to respond to
completely novel as well as familiar input, without requirement for an
exhaustive memory search. The nervous system thrives on an enormous
degree of sloppiness in its design, as chaos. Chaos makes the difference in
survival between a creature with a brain in the real world and a robot
that can not function outside a controlled environment, although Grossberg
(1987) disputes that chaos is necessary for the processes Skarda &
Freeman claim it is necessary for. Skarda & Freeman emphasise that their
model is competent to simulate only preattentive cognition and the
instantaneous apperception of a stimulus, and not attentive inspection or
sequential analysis. This suggests mechanmisms for children to take a
creative approach to puzzle solutions, in a situation where they do not
have previous rules and rote learning already laid down, but simultaneously
are able to access what is already familiar to them and incorporate it in
a creative manner.

Roberts (1991) concludes that perceptual experience, whether visual,
auditory, tactile, or other, is created within an independent stratum of
consciousness, by consciousness itself. The creation and control of such
images is determined by what the consciousness believes is the situation,
irrespective of the sensory input to the brain and the resulting cerebral
activity, which it is able to disregard. One example is rotating advertising
signs that can be seen to reverse simply by willing them to do so. The
brain believes what it wants to believe. Visual images are not necessarily
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created by a pattern in the visual cortex, but consciousness creates them
within itself. The image we actually see depends on whether volition or
sensory input has the greater control Similarly, physicist Bohm (1980)
finds the process of thought is not merely a representation of the
manifest world, but it makes an important contribution to how we
experience the world, for this experience is a fusion between sensory
information and memory, which consists of thought built into its very form
and order. This indicates that perceptions are already interpretations made
by the individual, and that perceived reality may be different for each
person. It may indicate why some children have different priority modes
such as observing colours before shapes, or sizes before patterns, where
another child may reverse these. The conscious mind may be more inclined

to see what it knows, and not see what it does not already know
consciously.

Concepts into Consciousness

The debate between conscious versus unconscious processing continues. The
nature of consciousness may come to be seen as the central problem of
research on the brain (Blakemore & Greenfield, 1987). Rumelhart (1977)
could find no complete and widely accepted theory of problem solving, and
Skarda & Freeman (1987) recognise that all models are abstractions. Bohm
(1980) emphasises a theory is primarily a form of insight and a way of
looking at the world, not a form of knowledge of how the world is.
Integration of thought would be one further fragmented point of view. He
believes different ways of thinking are better considered as different ways
of looking at one reality, each with some domain in which it is clear and
adequate., As all experiments are performed in a limited domain, to a
limited degree of approximation, results from experiments performed in
new domains to new degrees of approximation may not fit current
theories, giving no proof that basic concepts of given theories have
completely universal validity, Penrose (1989) claims algorithms, in
themselves, never ascertain truth. External insights are needed to decide
the validity of an algorithm, and consciousness is needed for awareness of
the right algorithm to use. To Penrose, seeing the truth of a mathematical
argument and being convinced of its validity is the essence of
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consciousness. Bohm sees fact and theory as different aspects of one
whole in which analysis into separate but interacting parts is irrelevant.
Theories are not always forced to fit facts in currently accepted orders,
but changes in what is meant by fact may be required for assimilation
into new theoretical notions of order. Perceptions do not begin with
abstract preconceptions as to what the order has to be, with adaptation of
perceptions to that order, but begin by observing the whole fact, and then
assimilating it by degrees into an order, and developing it into further
order, form and structure, with theoretical concepts.

Thought, and visual and auditory and other perceptions involve active
transformation as they enfold into the brain. Images are too fast to be
regarded as separate, and Bohm therefore sees these expressed as
movement, as part of the implicate order hinding the sharp break between
concrete im mediate experience and abstract logical thought. Each moment
of consciousness has an explicit content as a foreground, and an implicit
content as a background. Consciousness is therefore a series of moments.
Attention shows a given moment can not be fixed exactly in relation to
time, but covers a vaguely defined and variable extended period of
duration. Each moment is experienced directly in the implicate order with
one moment giving rise to the next. Content previously implicate is now
explicate while previously explicate content becomes implicate. This
continuation accounts for moment to moment change. There is much
occurrence and stahbility in thought. Memory allows content to be held in
fairly constant form. It is necessary the content be organised into basic
categories such as space, time, causality and universality, through
relatively fixed associations and rules of logic for concepts and mental
images to be developed. This describes the movement of perception into
some sort of integration in the mind, and as a continuous process.
Attention is focused on this movement of moments. What is let go as a
past moment may be incorporated into an existing or new concept, but
must be an ever adaptive and unfixed process of the formation of ideas
from memory.

Perrose (1989) asks what we can do with conscious thought that can not
be done unconsciously. He considers the problem more elusive when
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considering that anything we seem originally to require consciousness for
appears able to be learnt and later carried out unconsciously.
Consciousness seems necessary to handle situations requiring new
judgements, where rules have not been previously laid down. Piaget (1956)
describes this consciousness of the familiar as operating only to a small
extent in early life where the implicate order is more immediate and
direct, Infants learn in sensori-motor experience, later connecting this with
its expression in language and logic. Permrose discusses Plato's view of
mathematics where ideas have an existence of their own, and
mathematical discovery is a form of remembering. Penrose believes because
mathematical knowledge is already known in some form, no information in
the techmical sense passes to the discoverer. The information was there all
the time. It requires putting things together and 'seeing' the answer.
Globus (1987) sees mind as the action of unfolding. In perception, mind is
a process of selecting from autonomous processes.

Sum mary

Chapter 1 has looked at current theoretical explanations and explorations
of possible unconscious cognitive processing, and some tentative definitions
of consciousness. Conscious versus unconscious processes have been
discussed, and theories on modes of learning continued the debate over
whether people process information consciously or unconsciously, to what
degree, in which order, and whether or not these can be introspected.
Issues of introspection and protocol procedures with children looked at
advantages and disadvantages of the talking aloud method and the clinical
interview, and the part language plays in these types of introspection.
Consciousness in the form of unconscious awareness and indication of
conceptual development through actions, through to conscious awareness of
concepts through language expression was discussed, along with the
acquisition of language as a means of aiding the bringing of a concept
into conscious awareness, bringing the issue of nonverbal versus verbal
conscious awareness to attention. A child's inability to articulate a
classification was considered to indicate unconsciously aware processing
does occur, taking the form of consciousness manifested in action rather
than introspective conscious awareness of that consciousness. Here,
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language was considered to play no part, being an applied secondary mode
after the event, and on request. When requests for classification in
language terms are made, intellectual growth is aided through the
application of verbal terms, adding terminology and strategic skills to the
conscious memory bank of what is already known, but not known it is
known. Unconscious conscious knowledge becomes conscious conscious
knowledge, providing the individual with future learning resources.
Consciousness was presented as processed integrated awareness, with
cerebral evidence of unconscious processing, and left and right hemispheric
processing leading into a discussion of possible mechanisms for the
movement of sensations into perceptions and concepts, and into conscious
awareness and language. Ideas from physicists as to the nature of this
process were discussed, and questions regarding the nature of consciousness
and its conscious selections were viewed.

Chapter 1 discusses the importance of children bringing task processing
concepts into conscious awareness, firstly through actions and secondly
through verbalising. Lack of verbalising ability does not mean the idea is
not there, but that the child may not be consciously aware of the idea or
know how to explain it. As concepts are built from perceptions,
integration of perceptions into concepts is crucial in education.
Unconscious processes allow for speedy access to previously learned
information, or to deal with novel situations with a creative approach. The
more modes through which conscious awareness can exhibit, the more
likely the concept is to be integrated and become fully conscious. It can
then be actively applied in new and consciously chosen endeavours.

Chapter 2 looks at the present study, its methodology, and how conscious
and unconscious processes might relate to the teaching of mathematics to
children.



25

Chapter 2
The Present Study

Chapter 2 looks at aims, prior assumptions and hypotheses in the present
study, with a rationale for the use of the mathematical puzzles. It
involves Piaget's stages of cognitive development inherent in the structure
of the puzzles, for developing pre-mathematical and mathematical concepts
as taught in New Zealand primary school mathematics. A method section
describes the present study research carried out in 1985 and 1986,
including sections on participants in the study, measures used, and the
nature and materials and mathematical concepts used in the puzzles. The
procedure describes how the research was carried out, including the setting
of the mathematics lessons, selection of puzzles, structure of the
programme and indications as to questioming methods wused with
participating children. A section on data analysis discusses the quantitative
and qualitative aspects of the present study, and analyses used.

Aims of The Present Study

Aims of the 1985 study:

1. To discover the upper and lower ranges of ability and ages at
which the puzzles can be solved.

2. To find if the same children who score high or low in P.A.T.
mathematics exhibit the same ability levels in solving the
puzzles.

3. To discover the degree to which the puzzles are conceptually
diagnostic for mathematical concepts and perceptual difficulties.

4., To discover the degree to which the puzzles are effective in
meeting the needs of children within certain mathematical group
categories: extension, remedial, and special learning
difficulties.

5. To determine any gender differences in working with the puzzles.

6. To establish the puzzles in approximate order of difficulty.
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Additional aims of the 1986 study:

1. To extend the time and scope of the 1985 aims and results.

2. To incorporate puzzles newly designed in 1986.

3. To enlarge the number of children in the specialised mathematical
groups studied to decrease chance results.

4. To determine if the results were consistent across schools.

5. To evaluate and compare two average P.A.T. children who appeared
able with the puzzles, with top P.A.T. mathematics children.

Prior Assumptions
Hypotheses

1. Children can master mathematical concepts considered beyond their
expected age ability as defined by the current school curriculum, provided
concepts are presented in manipulable and visual form.

Traditional beliefs held that children learnt mathematics in a gradual step
by step process. More difficult concepts could not be taught before
simpler concepts had been mastered. Piaget's stages of cognitive
development meant children could not carry out formal operational adult
thinking processes before moving through various stages of concrete and
intuitive and trial and error practical processing to find out how the world
and things in it work. In this sense Bruner (1960) believes that any subject
can be taught effectively in some intellectually honest form to any child
at any stage of development. Dienes believes children may possess mixed
levels of conceptual understanding within the rigid stages Piaget proposes,
depending on previous experiences and the nature of the task in hand
(Becker & Rogers 1969). Finding the right tasks for children to develop
and exhibit higher levels of conceptual understanding depends on the kinds
of structured materials embedding complex and simple concepts within
them and the nature of the problem solving tasks children are given to
manipulate.
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2. No gender differences would be found in ability with the mathematical
puzzles in primary school children.

Traditional ideas of females being better at verbal tasks and males at
mathematical and scientific tasks were accentuated by customary adult
career roles and maturational factors regarding child development. Adult
roles have seen more males in mathematical and scientific employment,
and females in people related and verbal roles. Dweck & Licht (1980)
discuss the popular finding that males exhibit superior mathematical ability
and females exhibit superior verbal skills. With girls reaching puberty
before boys, girls have appeared maturationally advantaged in language
areas at primary school. Boys caught up during adolescence, frequently
surpassing girls in mathematics, especially visual-spatial mathematics, and
in scientific endeavours.

Rationale for the Puzzles

The rationale for the extensive use of environmental materials in the
teaching of mathematics to young children is multiple. Mathematical
concepts are more easily absorbed and developed when perceptual models
are as varied as possible and mathematical ideas penetrate everyday
thinking (Dienes 1959; Lovell 1961). In addition, children must handle real
things in free undirected activity, with the opportunity to discuss
developing concepts to acquire the language of mathematics (Churchill
1961). Mathematical concepts can not be brought about by using symbols,
verbalisations, mechanical processes, or perceptual reconstructions (Lovell
1961). Piaget finds concepts develop from the schemata of action and
thought arising from handling materials, but not directly from handling
materials themselves where perception plays only a part. The development
of mathematical concepts is based on the formation and systematisation of
two operations: classification and ordering (Piaget & Inhelder 1959).
Experiences of grouping, comparing, sharing, ordering, numbering and
finding the relationship between things aids the development of
mathematical concepts (Dienes 1959; Churchill 1961).
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The mathematical puzzles provide a wide range of materials for children to
classify and order. The structuring of materials into puzzles to incorporate
desired concepts to be developed, means children attend to concepts
inherent in puzzles simply by handling them. The greater the variety of
materials structured to repetitively encompass the same concepts allows
for a greater chance for the concepts to become integrated. The level of
conceptual understanding gained will depend on previous experience and
what the child discovers can be done with the elements of the puzzle. A
child might not normally think to place objects in order of size, or to
match the same coloured buttons during normal play. When the structure
of the puzzles is focused on possibilities for grouping and arranging
elements, it is more likely the child will absorb the concepts, consciously
or unconsciously, and verbally or nonverbally.

Life is full of patterns and sequences. Knowledge is acquired long before
there is language for the child to describe it. The child learns about the
surrounding world through the senses and the proprioceptive experience of
movement. These experiences become the basis for understanding how the
world operates and how to operate on the world. With increasing
awareness and significance of these variables and their uses, the stage of
naming is reached, translating perceptual awareness into conceptual
understanding. Operational knowledge becomes more functional as it is
conceptualised and verbalised (Churchill 1961). Churchill finds verbal
patterns need linking with understanding gained through experience. The
transformation of direct experience into symbolism such as naming is made
possible by language. Naming things brings what is already known into
consclousness,

The primary function of language is to enable man to deal with experience
symbolically, and com munication with others is a later development. Langer
(1951) finds that through language the child finds a way of patterming and
ordering experience. Language itself influences modes of learnming. It
determines to a large extent what aspects of experience are reflected on
and what is ignored. Churchill (1961) adds that the language habits of a
community predispose certain choices of interpretation. If words are
acquired in the context of real concrete experiences they can become
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symbols for ordering experiences at the mental as well as the concrete.
Unless the language of mathematics is com mumicated to the child in such
a way that it forces the child to think relationally about experienced
events it will not provide a firm basis for later more advanced
mathematical thinking. Children have to experience repeatedly to develop
concepts defined as systems of learned responses and to orgamise and
interpret data provided by sensory perception. It becomes a means of
applying past learning to present situations to develop more complex
systems.

The child can only develop analytical thinking through constructive
activities with structured materials that precede analytical insights (Dienes
1959; 1960). The eventual attainment of mathematical concepts depends on
the opportunity the child is given to handle real things. In time children
come to realise the sameness in the tasks performed with different
materials, It is important to provide for mathematical variability. The
structure of the concept is preserved while the variables which make up
the concept are varied. Dienes has in mind the needs of children at
Piaget's stage two of concrete operational group structures, for any
concepts. This is the intermediate stage when imagery plays such an
important part in reconstituting schema and building new connections. The
child can imagine before he can structure, and through play with images
can intuitively evolve new operational structures. Images are
representations of real experiences and depend on initial concrete
experience and capacity to retain and recall. The child deprived of
experience at the concrete level is deprived of the sources of the images
on which capacity to learn depends. These images are not ideas but the
means for imagination to create ideas from the activity.

McKellar (1957) finds all image making depends on perceptual experience.
Implicit or explicit analogy from perceived objects and events is the core
around which the thinker models thoughts and commumications. Original
thought always depends on past perceptions both for its form and its
content, and quite often on past perceptions of a very concrete kind.
McKellar uses the term mental models to denote the more or less explicit
figures of speech which are used to assist thought, understanding and
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exposition, considering the models we choose are selected from our own
personal experience and limited by it.

The child builds a store of operational knowledge used as a frame of
reference as a result of sensori-motor and affective responses to the
world. This map of expectancies guides the approach to present
experiences which can be called on at will because of the power to image.
Operational knowledge is converted into conceptualised understanding
through the process of abstraction. Activity and experience comes before
knowledge to be acquired and facts to be stored (Churchill 1961).

Bruner (1960) believes a person must have the general nature of the
phenomenon being dealt with clearly in mind to enable recognition of the
applicability or otherwise of an idea to a new situation, and to broaden
learnming. Mastery of the fundamental ideas of a field also involves the
development of an attitude towards learming and inquiry, including the use
of guessing and hunches and the possihility of solving problems alone.
Unless detail is placed into a structured pattern it is rapidly forgotten.
Detailed material is conserved in memory by the use of simplified ways of
representing it. An understanding of fundamental principles and ideas also
appears necessary to adequate transfer of learming.

Bruner (1962) finds it is only through the exercise of problem solving and
the effort ot discovery that the working heudstics of discovery are
learmed. The more one has practice, the more likely one is to generalise
what one has learned into a style of problem solving or inquiry that serves
for any kind of task encountered. Bruner asks the question, 'How can I
know what I think untii I represent what I do?' Mamipulation and
representation are necessary conditions for discovery and may be a process
of intuition. In mathematics it involves the embodiment or concretisation
of an idea, not yet stated, in the form of some sort of operation. Bruner
(1960) differentiates an operation from a simple action in that it is
internalised and reversible. Internalised means the child does not have to
go about problem solving any longer by overt trial and error, but can carry
this out mentally. Piaget (1955) emphasises that every perception lasts and
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every perception extends, Mathematics is always abstract and must be
thought into the concrete situation (Churchill 1961).

Handling many different materials in the world allows a child to develop
ideas of properties of those materials, what they do, and what can be
done with them. It is necessary for the child to relate together categories
of materials and the ways they behave or can be mamipulated.
Mathematical learning encompasses ideas such as quantity and order, time
and space and groups of things that belong together. Pre-mathematical
experiences occur from birth onwards, from the discriminations of colours,
shapes, sizes, of object permanence, reversihility, and multiples. Everything
is mathematics in some form. Formal mathematical numerical concepts
can not be learnt before ideas of larger than or smaller than or more
than or less than or the same as or different from are experienced and
observed. The puzzles provide these experiences in structured form,
focusing attention on specific concepts to be acquired. Handling the
materials allows multi-sensory experience to provide as much information
concerming the concept as possible, and learning the language of
mathematics inherent in the puzzles helps integrate it.

Piaget's Stages of Cognitive Development

Piaget (1955) believes all thought originates in the interiorisation of
actions. Some of the thought activities include composition, where any two
unit operations can be combined to produce a new umnit; reversibility,
where things can be separated again; and associativity where the same
result may occur from combining units in different ways. These unit
operations refer to actions capable of being internalised, reversed and
coordinated into systems of thought.
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There are three stages in this development.

1. Sensori-motor 0-2 years.

Children can only perform actions. There are no operations because the
child can not yet internalise activities. The child forms notions of objects
and learns to construct the notion of a permanent object lying beyond the
field of vision. This is the beginning of intelligence.

2. Concrete operation group structures.

Pre-operational thought - 2-4 years. Actions become internalised because
the child can use imagery to imitate an action. The beginning of symbolic
behaviour and the use of language follows. Internalised actions are not yet
reversible, and conservation is only understood at sensori-motor level
Schema are concepts or categories. They never stop changing or becoming
more refined. The cognitive schemata of the adult are derived from the
sensori-motor schema of the child. The processes responsible for the
change are assimilation and accomodation. Assimilation is the cognitive
process where new perceptual, motor or conceptual information is
integrated into existing schema or patterns of behaviour. Assimilation
accounts for the growth of schema but accomodation accounts for the
change or modification of schema. A balance between the two allows for
cquilibrium to ensure the child'e efficient interaction with the environment
(Wadsworth 1971).

Intuitive thought - 4-7 years. Concrete operations are becoming organised,
but thinking is still tied to perceptual factors, and structures are still
rigid and irreversible.

Logical thought - 7-11 years. The development of logical operations where
reasoning processes become logical. An intellectual operation is an
internalised system of actions that is fully reversible. The child applies
logical operations to concrete problems. The child is no longer perception
bound to deal with reversible processes.
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Concrete operational children can not deal with complex verbal problems
involving propositions, hypothetical problems or those involving the future.
The reasoning of concrete operational children is content bound and tied
to available experience. To this extent a concrete operational child is not
free of past and present perceptions.

3. Formal operations

Formal operational thought - 11-15 years. A child develops the reasorming
logic to solve all classes of problems. There is a freeing of thought from
direct experience. Not all people fully develop all the possibilities of
formal operations (Elkind 1962). Aspects of formal operational thinking
include hypothetical deductive reasoming, scientific inductive reasoming,
reflective abstraction, propositional or combinatorial operations, formal
operational schemes as less abstract than propositional schemes, and

Piaget finds these stages linear, with one stage following the establishment
of a previous one. Children need experiences to help them develop as many
concepts of the world as possible within the developmental mental
framework they are capable of. Clearly, mathematical puzzle work fits into
these stages at the different levels of thinking. Concepts of classification
and order, of reversihility and conservation, of quantity and space are
essential before abstract mathematics manipulating symbols of quantity and

revercihility can he imderstood and operated.
Pre-mathematical Concepts

In order for children to experience mathematics at the concrete
manipulative level as a prerequisite to formal mathematical learming, basic
concepts of classifying and ordering are needed to acquire the language
and experience of mathematics. Pre-mathematical concepts included in the
mior school mathematics programme include concepts of classification,
one to one correspondence, ideas of conservation and seriation.



34

Classification

Children's number concepts result from a synthesis of the logical
operations of order (seriation) and group membership (classification)
(Piaget & Inhelder 1969). Four or five year old children typically select
objects that go together based on similarities, but may not be consistent
about what the similarities are throughout a whole set of matched objects,
or be aware of differences. From 5-7 years like objects are placed
together but any idea of subsets is missing. Children do not understand
relationships between subsets of items as class inclusion, a concept which
develops around eight years of age.

Traditional classroom classification experiences utilizing mainly visual and
tactile sensory modes focus attention primarily on discrimination of colour,
shape, size and pattern to develop concepts of quantity, equality and
inequality. Classification experiences also aid the development of pre-
mathematical language through questioning children and encouraging them
to verbalize their classifications. Examples of pre-mathematical language
include: colour names such as red, yellow, white, purple, blue; shape names
such as circle, triangle, square, rectangle, hexagon; and size names such as
big, bigger than, biggest, small, smaller than, smallest, many, few, wide,
narrow, long, short, tall, short, thin, thick, high, low, more than and less
than. Other visual, tactile, and auditory examples include heavy, light, fast,
glow, loud. <oft. high, low, cold, warm, smooth, rough, shiny, dull, sharp,
blunt, the same as and different from.

One to One Correspondence

One to one correspondence is essential to ideas of equality and counting.
In discussing pre-mathematical concepts with adults who did not know
what a one to one correspondence was, two volunteers were asked to sit
opposite each other. A large pile of small blocks was placed between
them. They were asked to pretend they were from a society with no
developed counting system and to give each other an equal share of the
blocks. One volunteer made two equal looking piles by rough visual division.
The other volunteer was asked if she thought she had the same number of
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blocks as her partner had. She said they looked the same but she couldn't
be sure. She was asked how she could find if they were equal. She placed
one block from her pile and one block from her partner's pile away from
their original piles, matching block for block until she was able to
accurately establish the equality or inequality of the original piles without
counting them. This equality or inequality was determined by use of one
to one correspondence.

The ability to make a one to one correspondence is essential to any child
before reading or enumeration can take place. When a small child is asked
to count, the child may rote count numbers up to 10. Place in front of
the child the number of objects the child can rote count to and ask how
many there are. The child may even enumerate using a one to one
correspondence matching a spoken numeral with the touching of an object
for up to about 3 objects before losing the one to one correspondence and
continuing random rote counting and random object touching, but the child
is more likely to randomly touch objects and rote count numbers with
peither a one to one correspondence nor enumeration. That the child may
enumerate by a one to one correspondence matching a spoken numeral
with the touching of an object for up to about 3 objects before losing the
one to one correspondence and continuing random rote counting and
random object touching, indicates that concepts of one to one
correspondence and enumeration are present and operational for a limited
range of numbers. The child is quite satisfied with either of the above
described performances in the absence of constancy or range of these
concepts. Similarly, a pre-reading child may also recite a memorised story
in a book, making no visual one to one correspondence between written
and spoken words.

Ideas of Conservation

A number is understandable only if it remains unchanged irrespective of
the way in which its units may be arranged. The idea of conservation or
permanence of a quantity is a necessary condition for the understanding of
numbers (Lee 1963). The potential for one to one correspondence matching
in the absence of enumerative ability is available to a child when tested
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for the development of ideas of conservation or invariance of quantity, as
defined by Piaget. Ideas of conservation or invariance of quantity means
that in concepts such as numerical value or volume, a whole persists
unchanged no matter how its parts may be rearranged. A child will verify
two small equal piles of blocks are the same by visual appearance or
through making a one to one correspondence or by enumeration. Condense
one pile into as small a space as possible and spread the other pile
widely. Ask the child which pile has the most blocks, If you ask which
pile is the higgest the child is right in saying the spread pile is the
higgest. It takes the most space. The child with developed ideas of
conservation will see both piles have the same number of blocks,
irrespective of how they are arranged. The piles can be reversed with the
spread pile condensed and the condensed pile spread and the same question
asked. The child with undeveloped ideas of conservation will say the spread
pile has more blocks, and will reverse this to the other pile when the
positions are reversed.

After making a one to one correspondence by placing a number of plastic
eggs in the same number of egg cups (1 egg in 1 egg cup) a child will
verify there are enough eggs for the egg cups and vice versa. The number
of eggs and egg cups is the same. Spread the eggs in their egg cups out
and the child will still say there are enough eggs for the egg cups.
Remove the eggs from the egg cups and put them into as tight a group as
nocgihla leaving the egp cimns spread out. Ask the child if there are still
enough eggs for the egg cups. A child lacking ideas of conservation will
say there are too many egg cups for the eggs now because they look
more. Reverse this by grouping the egg cups close together and spreading
the eggs. The same child will now say there are too many eggs for the
egg cups because they look more. A child with developed ideas of
conservation will tell you there are still enough because none have been
added or taken away.

The development of ideas of conservation begins in babyhood and continues
throughout mathematical conceptual formation. A baby learns mother
exists whether or not she is visible at this moment, and later that self is
separate from mother. A personal memory of being over my mother's
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shoulder in Queen Street, Auckland at two years of age was of the view
looking backwards being different from the view looking forwards. Two
year old thinking thought there were two different places via the turn of
the head backwards or forwards. There was no concept of each view being
a panoramic extension of the other. The views looked like different places.
They were different places to two year old thinking. The magical sense of
power imprinted the memory.

A child with pe-mathematical ideas of conservation of quantity needs to
develop difficult formal mathematical ideas of reversibility:

3+4=17; 4+3=17; 7=-4=3; 7=3=4,
More difficult is:

2 x 3 =63 3x2=6; 6+3=2 6+2=3,
(3+3=6) 2+2+2=06)

Even more difficult reversibility: 4 =7 = =3 3=7= =4,

Ideas of conservation and reversihility extend into algebra and geometry.
Both algebraic equations and geometric theorems operate on hypotheses of
reversibility, Understanding of geometry requires an ability to mentally and
physically rotate spatial features.

Seriation

Ability to seriate objects is necessary to develop concepts of the cardinal
and ordinal meanings of numbers. Seriation is the putting of a group of
objects in order of size (or weight or volume). This prepares for
enumeration when a child learns each number represents one more than
the one before it and one less than the one after it. Language such as
before, after, in between, smaller than, higger than, more than and less
than are important when questioning children about their seriations. Once
seriation transfers into enumeration, the cardinal and ordinal meanings of
numbers become important. Cardinal meanings of numbers are the
quantities they represent. How many? The cardinal meaning of 2 is its
two-ness. Ordinal meamings of numbers are their ordinal positions or places
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between other numbers. Which one? The ordinal position of 4 is 4th. Other
ordinal numbers include 1st, 5th and 10th.

Mathematical Readiness

Lee (1963) lists the following considerations to decide when a child is
ready to move on to a higher level of learming in jumior mathematics:

1. Can the child make discoveries with the materials provided?

2. Does the child discover many relationships between quantities and see
many possibilities in the materials, or is the child's thinking relatively
limited?

3. Is the child able to express ideas well?

4. Is the child showing a lively interest in work?

5. Does the child respond well to the type of guidance that stimulates the
ability to see new relationships and make new discoveries with
materials?

6. To what extent does progress depend on teacher guidance?

Is there too much dependence on teacher help?

7. Does the child show by successive discoveries with materials what is
remembered and understood from past experiences?

6. To what extent can the child apply what has been learned to simple
everyday problems that arise in the classroom?

Children are ready to move on to elementary formal mathematical
concepts involving enumeration and symbols when pre-mathematical
concepts of classification, matching and one to one correspondence, some
ideas of conservation and reversihility, seriation, and rudimentary
understanding of the language of mathematics is understood. Concepts of
more than and less than and before and after transfer gradually into a
cardinal and ordinal understanding of numbers. Tests such as 'A Number
Readiness Test ' (Churchill 1961) - (Appendix 2) will assess the degree to
which this transition has taken place in children. Wertheimer (1938)
studied numerical concepts in primitive peoples, finding that a one to one
method of evaluating groups by matching does not contribute to the
development of abstract numbers. Wherever there is no natural relationship,
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no vividly concrete and relevant connection amongst things themselves,
there is also no logical connection, nor is any logical mamipulation of
these things possible. Dantzig (1947) points out that it is counting that
consolidated the concrete notion of plurality into the abstract number
concept which made mathematics possible. This reinforces the importance
of concrete manipulations in combination with the language of
mathematics preceding the transition into formal mathematical work, again
a task of the mathematical puzzles,

Mathematical Concepts of the Senior Puzzles

A considerable part of mathematics is concerned with the study of
numbers which do not possess the same concrete existence as the objects
that are counted. They are properties or attributes, just as colours, shapes
and textures are properties. There is no such object as 'a large' but there
are large objects. Nor is there an object which is 'a blue' but there are
blue objects. Number is a property which refers to sets of objects. No one
object can have the property of six. A set of objects can have a property
of six. Objects described in numerical terms are therefore sets of objects,
and sets are already abstractions. There are umiversal sets of objects with
defined attributes. There are relationships between sets such as one set
being included in another, or one set having no common member with
another, or one set having the same members as another in which case it
is not really 'another' (Dienes 1966).

The sermior puzzles in the present study incorporate mathematical concepts
expanded to increasingly difficult levels from those inherent in the jurmior
puzzles. Mathematical concepts include those of set theory as the study of
the mathematical properties of sets; and elements of probability, a
concept based on understanding chance and proportion and dealing with the
range of possible combinations within defined sets. Matrices or arrays with
a rectangular arrangement of ordered sets; and tessellations forming an
inlay or mosaic of shapes, as taught at New Zealand Intermediate school
Form 2 level; and geometric forms and classifications requiring increasing
degrees of logic, use of strategy, ordering, patterming, and rotation are
further concepts.
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The rationale for puzzles of this type of mathematical activity
superimposed on formal mathematical teaching is the same for senior and
junior puzzles, Mamipulative operations encourage creative solutions
requiring understanding of the mathematical structure of the task rather
than one of rote learnming where a method is applied which has been
taught but not understood. Lack of structural understanding results in rote
learming which will not be sufficiently flexible to be applied in unfamiliar
situations. Dienes challenges Becker & Rogers (1969) in the previously held
Piagetian view that mathematics must be taught in steady steps as
children do not make sudden difficulty leaps in their understanding. Dienes
finds that when children are simply taught certain procedures, the actual
structures of what they are learning do not become any clearer for the
children in the sense a mathematician understands them. Taught in this
manner there is very little difference between the teaching of new
mathematics, old mathematics or any other kind of mathematics children
have learned in schools. They just make different noises from what they
were making before, and children are taught to do different kinds of
problems than they were taught before. This is in reference to older styles
of teaching where rote learming of method rather than an inside
understanding of the problem through first hand experience was the norm.

Dienes (Becker & Rogers 1969) looks for behavioural criteria where it can
be said a child has or has not mastered a certain structure. He believes
the kinds of tasks given children should be suitable for children and adults.
The tasks must be unfamiliar and not too difficult for children or too easy
for adults, They should be challenging for the very able and possible for
the less able. They should be suitable for standardising so comparisons can
be made, but should allow sufficient freedom for different strategies to be
applied and observed. Dienes found children coped with multiple
embeddedness of concepts better than adults, as opposed to generalisation
which children were not so able to do. It was easier for children to
transfer learning from the complex concept that had simpler concepts
ebbedded within the structure of the complex task, than it was for
children to move forwards in graded steps from the simple concept task to
the complex.
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The senior mathematical puzzles incorporate structure, embedding the
simple within the complex, and have sufficient unfamiliarity to enable true
problem solving strategies to emerge. The puzzles are challenging for any
age group, and many puzzles encompass multiple layers of solution
embeddedness to be mastered at varying levels, and in different ways
observable to the onlooker. For this reason they have an inherent
diagnostic as well as learming function.

Method

The method section examines participant selection processes and
demographic features of the children concerned; measures used in the
selection processes of the children, and measures used in the form of the
materials used - the puzzles; the procedure for the mathematics lessons,
and methods of data analysis used in the present study.

Participants
A total of 92 children took part in the present study across 1985-1986.

1985

Five groups of children with approximately 6 children per group
participated in the 1985 study, with three jumior and three serior groups in
one primary school. The three groups in each age range consisted of the
highest (extension group) and lowest (remedial group) of mathematical
performers, and children with special learning difficulties respectively. No
junior mathematics readiness tests were used to select the junmior groups
who were selected by the Semior Teacher of Junior Classes on the basis of
mathematical performance. Semior groups were selected from Progressive
Achievement Test (P.A.T.) mathematics scores (Reid & Hughes 1974), this
identification considered the most reliable by the school. Children with
special learnming difficulties such as verified brain injury, attention deficit
disorder, dyslexia, perceptual difficulties, colour blindness, emotional or
behavioural difficulties, and unspecified other difficulties were selected by
class teachers, not from mathematical test scores. The children the puzzles
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quickly diagnosed as having problems with colour discriminations were
placed in the group because they were experiencing a general range of
perceptual difficulties. Children ranged in age from 6 years to 10 years of
age. Some children were put into or out of the programme during the
course of work, accommodating ongoing assessment by their respective
teachers using a 'revolving door' system approach, where children are
moved in and out of a specified instruction group according to their
ongoing needs (Renzulli 1984).

1986

Groups from 1985 were continued in this school in 1986 with some changes
of children from 1985, Some children had gone on to Intermediate school,
and some had come up through the jumior department. Some children were
no longer considered to be in these most extreme categories of highest or
lowest mathematical groups, or of having special learning difficulties, and
some other children now fitted into these criteria more than previous
children had done. An additional group of the second highest P.A.T.
mathematics children was added, as teachers were interested to find out
how well these children coped with the puzzles in comparison with the
highest ability children, and felt there was little distinction, if any
between these two groups of children. Five groups from a second school
were also worked with, using the same grouping system and selection
processes as [or the 1585 study in the List school Children ranged in age
from 6 years to 10 years, with one 11 year old. One group of the four
highest P.A.T. mathematics children and two P.A.T. average children in a
third school were also worked with in 1986. Their ages ranged from 8 to
10 years old. The two P.A.T. mathematics average children were brought
to me privately initially. Their ability with the puzzles was immediately
apparent, and permission was given for these two children to be worked
with in their own school with that school's highest P.A.T. mathematics
children. Parental consent was obtained for all children in all schools.
Table 1 lists mathematical group categories, school class levels, ages, and
numbers of children in the 1985-1986 study:
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Table 1: Mathematical Group Cateéoriés, School Class
Levels, Ages, and Numbers of Children. (N = 92).
Mathematical Group Categories Class Age N
Junior Special Learning

Difficulties - J=-SLD J1-Std 1 6-8 9
Junior Remedial =~ JR J1-Std 1 6-8 18
Junior Extension = JE J1-5td 1 6-8 18
Senior Special Learning

Difficulties =~ S=-SLD Std2 - Std4 8-10 2
Senior Remedial Children

with lowest P.A.T.

mathematics scores = SR Std2 - Stdé 8-10 15
Senior Extension Children

with average P.A.T.

mathematics scores = AV Std2 - Std4 8-10 2
Senior Extension Children

with second highest

P.A.T.

mathematics scores = SE 2 Std2 - Std4 8-10 10
Senior Extension Children

with highest P.A.T.

mathematics scores = SE 4 Std2 - Std4 8-11 18

Measures

Progressive Achievement Tests

(P.A.T.) Mathematics

The P.A.T. tests were developed in 1972 by mathematics personnel in New
Zealand. Objectives and emphases reflected current aims, practices and
expertise in New Zealand and overseas, Samples of children in all types of
New Zealand schools with the exception of private schools were used to
gain the norms for the tests. Children were aged from 8 years in Standard
2, to 15 years in Form 4, the ages and levels the tests are designed for.
Age and class norms are available in percentile rankings for each sex.
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There were conceptual assumptions in the development of the tests:

1. Children are at different levels of cognitive development and
mastery.

2. Progress is more rapid in these skills when instruction is suited
to their present stage of development and understanding,

3. Those who are successful through mastery of suitable material (to
their needs) are more likely to develop desirable attitudes to
mathematics and continue with confidence and comprehension.

&. Teachers need assistance in gauging pupil attainment for planming,

5. Reliable standardized tests as a supplement to sensitive teacher
observation can provide a useful and objective estimate of pupil
achievement. Teachers use these to make decisions about
instruction and materials most appropriate.

P.A.T. tests are used early in the New Zealand school year in March when

the norms were carried out, to test achievement levels from the preceding
school year. The main functions of the tests are:

1. To provide a broad estimate of children's mathematical
achievement. (for grouping purposes)

2. To provide information to set realistic goals and for planning

effective work program mes.

3. To identify children making unsatisfactory progress, leading to
special diagnostic and remedial attention.

4. To indicate able pupils who require enriched program mes.

5. To find weaknesses and strengths in the class and to help assess
the levels of cognitive objectives of the curriculum, and assess

whether or not these are being achieved.

The P.A.T. tests are of the ommibus type emphasizing power rather than
speed. They cover four mathematical areas: recall, computation,
understanding, and application. Two aspects are examined: the content or
subject matter of mathematics, and the process or ability being tested to
see what is done with it., Content is determined by the syllabus of the
New Zealand Department of Education. Concepts of recall and computation
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are straightforward, but for understanding, it is hoped the pupil
comprehends mathematical terms, symbols, formulae, processes, concepts
and principles, and can explain and illustrate these, identifying
relationships, comparing and contrasting between related mathematical
concepts, processes, terms, etc. For application, the pupil is able to apply
knowledge of mathematics to unfamiliar situations, showing versatility,
ahility to make generalizations, make estimates, and draw inferences and
predictions. At jumior to senior levels, emphasis on understanding and
computation remains the same. At semior level, emphasis on recall is
reduced and emphasis on application is increased. At junior level there are
no questions involving logic or geometry. At semior level questions involving
spatial relations are phased out. There are two equivalent forms of the
tests, although Reid & Hughes warn the equivalent forms reliability
coefficients reported in the P.A.T. tests are low estimates of the
reliahility of the tests because the norms were taken from children who
sat one test straight after the other.

Reid & Hughes caution the use of the tests in several ways:

1. No test is perfectly reliable. Children must not be labeled as a
result of test scores.

2. Not all levels of attainment are to be reached by all children.

3. The tests should not be taken at short intervals.

4. The results should not be used to classify children into classes,
only into groups within classes, P.A.T. tests have been designed
specifically as an aid to the classroom teacher to enable better
assessment of the skills and abilities of pupils, with a view to
providing individualised instruction adapted to their present
stages of development (Reid & Hughes 1974).

Materials
Specific Types of Junior Puzzles
In 1967, during the development of some of the beginming junior puzzles in

the present study, the New Zealand junior school mathematical programme
(Lee 1963) required the use of structured apparatus such as Cuisenaire
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rods, Stern blocks and Adsum blocks, as well as environmental materials to
provide children with experiences in classifying and ordering to aid the
development of pre-mathematical concepts in five and six year old
children. Environmental materials included natural and manmade small
objects such as shells or buttons that were readily available within the
environment for use in the development of pre-mathematical concepts. As
environmental materials were not provided by schools it was necessary for
teachers of junior children to provide their own range of environmental
materials for classroom wuse. The junior puzzles designed from
environmental materials and used in the present study were displayed at a
national teachers' mathematics inservice course held in Blenheim, New
Zealand, in January 1977, and are shown in Appendix 1 (Plates 44 - 77).
Some of these puzzles and puzzle types are also documented in Moxham
(1978). Permission was given by the present writer for some of these pre-
mathematical puzzle design concepts to be incorporated into the subsequent
and current New Zealand junior mathematical programme, 'Beginning
school Mathematics,' (B.S.M.) compiled by Diane Barriball and others
(Department of Education 1985; Ministry of Education 1992).

Specific types of junior puzzles include colour matching sets, shape
matching sets, pattern matching sets, one to one correspondence sets,
cardinal and ordinal sets, and sets involving size matching and
ordering. Some sets involve preliminary fractions such as halves and
quarters, and bilateral symmetry as in matching gloves or faces cut
into two halves. Others include symmetrical patterning, geometric
shapes, tessellations where a mosaic pattern of shapes is repeated
with no left over spaces between the shapes, and elementary arrays or
matrices, where matched, classified and ordered components are
arranged with horizontal, vertical, and diagonal relationships.

Specific Types of Senior Puzzles

Earlier junior puzzle concepts and materials were extended to semior and
adult difficulty levels to include set theory using such items as Venn
Diagrams as sets that have members belonging to more than one set, and
one difference sets adapted from the attribute blocks designed by Dienes
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(1966) used in school mathematics, where each adjacent member has only
one attribute difference from its surrounding neighbours, or must have a
one attribute relationship to its surrounding members. Probability involving
all possible combinations of items or elements provided; matrices or arrays
as structured classified and consecutive ordering; tessellations using shapes;
geometric forms using shapes; and classifications requiring increasing
degrees of logic, use of strategy, ordering, patterming, and rotation of
elements were concepts inherent in other semior puzzles.

It is important to remember the difficulty level of 'Beginming Semior'
puzzles was based on set theory as taught at 12 year old level in New
Zealand Intermediate Schools in 1985 (Adamson & Turner 1967). It is
noteworthy some 6-8 year old children in the present study were able to
master some puzzles at this level, and some 8-10 year old children were
able to master puzzles extending to adult difficulty levels. All puzzle
diagrams represented in the present study are reduced in size from the
original puzzles used by participating children. Most puzzles are presented
to the reader firstly in an incomplete form to simulate the original
presentation to the child as nearly as possible, and are followed by a
solution diagram. Appendix 4 lists very advanced jumior puzzles through to
adult puzzles in approximate order of difficulty.

Environmental Materials

ALl levels of the puzzles utilised miscellaneous environmental materials that
were easily and cheaply available. Ideas for structuring environmental
materials into puzzle form came mostly from the materials themselves, or
from observations of what children did with them. Occasionally materials
were looked for that were appropriate for a specific idea. Examples of
materials used included buttons, buckles, gift wrapping papers, wallpaper
sample books, fabric and fabric samples, shells, stones, magazine pictures
or any pictures, doyleys, vinyl samples, metal washers, coloured plastic
tubing, sandpaper, leaves, seeds, shoe toe and heel plates, corks, packaging
materials, coloured clothes pegs, magnetic shape memos, magnetic tape,
foam sponge, wool, postage stamps, cotton reels, paint charts, toy
catalogues, embroidery tapes and laces, sheepskin offcuts, coloured
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cardboard, coloured transparent plastic envelopes and folders, small plastic
toys, and lids and camisters. These environmental materials could be
classified according to shape, pattern, size or colour, or matched if cut
into halves or quarters. They could make tessellations, be ordered
according to size, and matched in a one to one correspondence. Utilising
existing materials in the environment for the purposes of teaching
mathematics enables children to gain wide experience in handling objects,
and to absorb the mathematical elements inherent in the world around
them.

Procedure

The present study evolved over two years and across three different

schools, adding new puzzles and new children between the 1985 and 1986
studies.

1985

The research continued for 9 weeks., Lessons were for 30 minutes once per
week. Children were taken to a spare room away from their normal
classrooms. Children worked on the floor with the puzzles.

1986

LI'he research continued for 15 weeks in the same school using the same
procedure, but with an additional group of the second highest P.A.T.
mathematics children as well as original groups. I concurrently worked in a
second school for 6 weeks using the same original five mathematical
groups to compare children in the mathematical group categories. Class
lessons were also for 30 minutes, and children were also taken to a spare
room away from their normal classrooms, and worked on the floor with

the puzzles.

The last group of children in the third school were given 45 minutes per
week with the puzzles for 15 weeks, working in a spare room and on the
floor as in the other schools.
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Methods of Working with Children.

The particular mathematical groups the children were placed into
encompassed diagnostic, remediation and lateral exten.ﬁon and enrichment
at every level for every age of child. Children worked at their own pace
and level. Emphasis was always on building onto what children could
already do and achieve by themselves, and how far this could be extended.
It was essential to work with children in this manner as good teaching
practice, and for the purposes of this study to find as full a range of
possihilities and benefits and uses for the puzzles as possible. Every child
considered capable of managing any particular puzzle was not necessarily
given the opportunity to attempt it because of time constraints. A child
given a particular puzzle was considered capable of mastering the level
required, or needing to develop embedded concepts, or in need of a
challenge. Sample groups for each puzzle were different in the numbers of
children who attempted them and in the particular children who attempted
them, with some puzzles too easy or too difficult to be given to any
particular individual child. The selection of puzzles for each child was
based on progressive assessment, considering age, mathematical grouping,
interest level and performance observation, to maximise educational value
and prevent frustration or boredom. With the exception of one puzzle, the
Birthday Candle Array, all other puzzles were unsuitable for all levels of
capability.

Questioning Children

It is important to think about comments and questions made to a child
before a puzzle is attempted, during its completion, and at completion.
When choosing or presented with a puzzle a child may ask, 'What do I
have to do?'

Answer, 'Look very hard and see if you can find any things that belong
together,'

When the child has completed the puzzle do not say, 'That's right,' or,
'That's wrong. 'Say, 'I see you have looked and thought very hard about
what you were doing. How did you find which things belong together?'

In this way children are helped to think about what they have done and to
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acquire pre-mathematical language. Many puzzles can be achieved
successfully at progressive levels, A child's performance level and the
degree to which this can be extended through questioning is diagnostic in
determining pre-mathematical concept formation.

A child may peg coloured material squares onto a clothes line by
matching one material square to one peg. A successful one to one
correspondence has been made. At this level the colours of the pegs and
the colours of the squares are not colour matched but placed at random.
Sometimes a child has randomly matched a red peg with a red square. To
find if this was accidental or deliberate and if the child is able to see the
colour relationship, say, 'I see you have pegged all of the squares on the
clothes line.' Point to the colour matched peg and square and ask, 'Can
you tell me why you put this peg with this square?'

Almost always the child has done this accidentally, and sometimes is
unable to see the 'redness' of the matched pair being pointed at. If the
child is unable to see this relationship or to see another way to match the
pegs to the squares, diagnostically, in this situation, this child can make a
one to one correspondence but can not colour match., Give this child
another puzzle that focuses on either colour matching alone or another
combining one to one correspondence with colour matching,.

The child may notice the redness of the square and the peg together when
attention is drawn to it through being asked, 'Can you tell me why you
put this peg with this square?’

A confabulated reply, 'Because they are the same,' or, 'Because they are
red,' are common answers.

If the child answers, 'Because they are the same,’

ask, 'What is the same about them?'

If the child answers, 'They are the same colour,’ but doesn't know the
colour name, teach the colour 'red'.

If the child does not now automatically match all of the squares and pegs
by their colours, ask, 'Can you see another way you can match the pegs
and squares?’

The child may now change the pegs around and match red squares with
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red pegs, and yellow squares with yellow pegs and so on. If this is
completed accurately, ask, 'Can you tell me the names of all the
colours?' Teach colour names not known to the child. Then ask, 'Can you
find another way to match your pegs and squares?’

An advanced pre-mathematical level child might now place all of the red
pegs with red squares beside each other, and do this with each of the
colours,

When a child has made a mistake, make no comment until the work is
completed to the child's satisfaction. Frequently the child will
spontaneously discover and correct the mistake during the completion
process, If the mistake is still not noticed by the child on completion of
the puzzle, say, 'Can you show me which things belong together?' Agree
with the child on all correct items. During this process the child is likely
to discover and correct the mistake. If the child insists mismatched items
are correct do not continue questioning but give the child a simpler puzzle
or another involving the same concepts. In this way the development of
pre-mathematical concepts occurs at the child's own pace.

Data Analysis

The present study uses elements of both a quantitative and a qualitative
approach. One quantitative aspect is the use of national age normed P.A.T.
mathematics scores as an index of formal mathematical understanding used
to group senmior children for the present study. The P.A.T. mathematics
tests were undertaken by the schools concerned in March of each year as
is the custom in New Zealand schools, to determine achievement levels of
mathematical understanding carrying over from the previous school year.
As the present writer was not in general classroom teaching practice at
the time of the present study, specific P.A.T. mathematics results of
participating children were not available to the present writer, but only to
class teachers of the children concerned. It is therefore not possible to
report any differences in upper or lower levels in P.A.T. results from
individual schools, but to accept that the children provided were in those
categories for those particular schools. It is for this reason that larger
samples of children were sought to reduce the effects of chance deviations
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from the normal distribution of results that might occur in any individual
school because of chance innate capability levels of the particular children
in the sample at the time.

The present study was not a scientific experiment with scientific controls,
but teaching in progress. Puzzles and questioning techmiques were aimed to
'catch the moment' with judicious questioning helping children take their
conceptual understanding as far as possible. Although many puzzles had
correct solutions, and some puzzles had more than one arrangement or
creative interpretation for a correct answer, all puzzles allowed for
individual perceptual and conceptual awareness to mamifest in levels of
performance. Performance levels typically ranged from too difficult through
to exceptional or novel performance, with various questioning and non
questioning speed and strategic levels exhibited within these extremes. All
of the sermior puzzles manifested the following levels of performance, with
occasional variations to accomodate specific features of the puzzles
concerned. They included:

Too difficult

- Difficult and inaccurate with a lot of questioning

- Difficult accurate completion with a lot of questioning
- Complete with some questioring

Complete with minimal questioning

- Complete with no questioning

- Very fast completion with no questiomning

- Very fast completion and use of strategy

- Exceptional or novel performance

oo ~N oL B W N PO
]

A numerical assessment was applied to these performance levels, and was
expanded where necessary to accomodate finer grades of performance than
presented here. These performance levels provided ordinal data giving an
additional quantitative aspect to the present study besides P.A.T results.
Mathematical group categories were also given ordinal status, and
scatterplots were drawn to observe correlation trends between levels of
performance and mathematical group categories. As the ordinal data from
both of these measures was non interval, non parametric analyses were
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used, with Spearman's Rho correlations measuring levels of performance of
children against mathematical groups, ages and class levels respectively in
puzzles with larger 'n' samples, and Mann-Whitney U-Tests measuring
gender differences in performance levels of the puzzles already tested with
Spearman's Rho analyses. The ordinal data for mathematical groups was as
follows:

1 - Junior Special Learning Difficulties - J=-SLD

2 - Junior Remedial - JR
3 = Junior Extension - JE
4 - Senior Special Learning Difficulties - S-SLD
5 - Senior Remedial - SR
6 - Average - AV
7 = Second Highest Senior Extension - SE 2
8 - Senior Extension -SE1

The puzzles provided the qualitative aspect of the measures in the
present study. Their order of difficulty can only be guessed from
observing numerous children using the puzzles. Puzzle lists in
Appendix 4 are only approximate, and group categories of difficulty
levels are arbitary divisions in the sliding scale from very advanced
junior puzzles to adult puzzles. The difficulty level of the very
advanced junior puzzles equates with 6-9 year old difficulty level
approximately. The beginning senior puzzles are around 12 year old
difficulty level. From this it can be seen that all following puzzles
come very close to an adult difficulty range. The many junior puzzles
used in the present study are pictured in Appendix 1.

Summary

The aims, hypotheses, prior assumptions, rationale for the puzzles,
mathematical concepts, participants, measures, the nature of the puzzles,
procedure and data analysis have been presented in this chapter on the
methodology used in the present study. Part 2 looks at puzzle processing
chapters, the first of which is Chapter 3 examining puzzles showing
children exhibiting unconscious processmg of concepts.



Part 2

The Puzzles

Children Unable to Verbalise Classifications

Perceptual Priorities

Multiple Concepts

Transfer of Learning and the Use of Strategy

Diagnostic Progressions

Range in Levels of Performance
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Figure la: Three Intersecting Button Sets.

Verbal instructions:

- Can you name your sets [big circles]?

If the child has finmished the puzzle or is stuck, I ask the child
to name the sets, irrespective of whether or not intersecting
buttons are placed.

If the child can not name the sets, I point to the buttons the
child has placed in one of the big circles:

- Can you give your set [these buttons] a name?

I do this for each hig circle. If the child is still unable to name
the sets, I point to each big circle again:

- What is the same about the buttons you have put in this circle?
The puzzle is too hard if the child can not verbalise any reasons.
If intersecting buttons have not been placed but sets are named:

- Can you find a button to put in this little circle that belongs in
this big circle and this one? I point to the two connecting big
circles.

When the child has done this, or has previously placed intersecting
buttons into the little circles and has named the big circle sets:

- Tell me about the buttons you have put into the little circles.

56
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Children Unable To Verbalise Classifications
Figire 1: Three Intersecting Button Sets: Blue / Transparent / Gold.

Because of the difficulty of representing transparency in a photocopied
diagram of the buttons for this thesis, I placed the representation of the
diagram and buttons over a patterned background, This as well as the
elimination of the tactile and three dimensional features of the buttons
may make the transparency of the buttons easier for the reader to detect
than it is for a child marnipulating the real puzde with the diagram and
buttons placed on a plain cardboard background.

A large proportion of children had the same difficulty with Figure 1.
Although able to classify and place sets and intersecting buttons correctly,
verbally naming any set was difficult, and many children were at first
unable to name their transparent set. It could be argued children who
classiffed and placed sets and intersecting buttons correctly but who had
difficulty naming the transparent set, used a process of elimination to find
the remaining transparent set following the placement of the gold and hblue
sets, Some children did use a process of elimination, but intersectons
were not correct when this occurred, unless some conceptual awareness
followed, consciously or unconsciously. Correctly placed intersecting buttons
supports a conceptual rather than an elimination or perceptual process
alone. The separation of the blue transparent button from the blue opaque
ones necessitates an awareness of a concepdon of transparency.
Perceptions and conceptions appear to have been processed unconsciously
and nonverbally as indicated by the difficulty retrieval for verbal reporting
of classifications shows, also suggesting unconscious and nonverbal
processing may be easier for the child than conscious verbal processing.

Inadequate vocabulary was also not supported as a reason for a child
classifying and intersecting the sets cormrectly with difficulty naming the
transparent set. With the exception of cne 6 year old Junior Extension
Group girl with a reading age of 10, every child was eventually able to
call the transparent set, 'see through', ‘clear', or ‘transparent', when
asked what is the same about the buttons in this set, despite only a few
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children being familiar with the word 'transparent'. Although the above
mentioned 6 year old child completed the placement of her sets and
intersections correctly and named her gold and blue sets, she was unahble
to name her transparent set or to tell me what was the same about the
transparent buttons she had placed together, T took one colourless
transparent button and one opaque blue button from her diagram and
placed them side by side on the multi-coloured striped carpet we were
sitting on. 1T asked her to tell me about these two buttons. She said one
was 'see through', and immediately named her set 'see through' without
firther questioning, suggesting she already had available both the concept
of transparency and an adequate vocabulary to complete her task. This
problem was well represented at semnior level also. One 10 year old Serior
Extension Group girl placed her button sets and intersecting buttons
correctly, but was only able to name her transparent set when I pointed
to it and asked her to tell me what was the same about these buttons.
Figure 1b shows Fig., 1 levels of performance across mathematical groups
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3 8 3 1 3 S
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Levels Groups 1 2 3 4 > o 7 8
of J JR JE S SR AV SE SE
Performance SLD SLD 2 1

Levels of Performance

Too difficult

Difficult and incomplete with a lot of questioring
Difficult completion with a lot of questioming
Complete with some questioring

Complete with minimal questioming

Complete with no questioning

Very fast completon with no questioming

Very fast completion and use of strategy
Exceptional or novel performance
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Figure 1b: Three Intersecting Button Sets: Blue / Transparent / Gold:
Levels of Performance Across Mathematical Groups. n = 3/.
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Figure 1lc shows levels of performance across all children who attempted
Figure 1:

o dHI\J(.J-L\U'I‘(J\\IOO\O
“

Levels of Performance

Too difficult

Difficult and incomplete with a lot of questioning
Difficult completion with a lot of questiomning
Complete with some questioming

Complete with minimal questioning

Complete with no questioming

Very fast completion with no questioning

Very fast completion and use of strategy
Exceptional or novel performance
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Figure 1c: Three Intersecting Button Sets: Blue / Transparent / Gold:
Levels of Performance. n = 3/.

Children requiring questioning numbered 27 (737% ). Most questioning related
to difficulties with the transparent concept. The absence of -children
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finding Figure 1 too difficult to complete indicates a screerdng process as
this puzzle is considered to be a beginming senior puzzle and was only
offered to children from Junior Extension level upwards.

Of all children attempting Figure 1, 16 of 21 males (76.1%) and 11 of 16
females (68.75%) required questioning to complete the puzzle. Subject
numbers are too small for these results to be dignificant or reliable in
showing gender differences in levels of performance.

Figure 1d examines gender performance across levels of performance:
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5 77N
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2 /[ L SN
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T 0 1 2 3 4 5 B 7 8
Levels of Performance
0 - Too difficult
1 « Difficult and incomplete with a lot of questiording
2 - Difficult completion with a lot of questioning
3 - Complete with some questoning
4 - Complete with minimal quesboring
5 - Complete with no questioning
6 - Very fast completion with no questioming
7 =~ Very fast completion and use of strategy
8 - Exceptional or novel performance
n=21 Males
n=16 =—w—weee——- Females

Figure 1d: Three Intersecting Button Sets: Blue / Transparent / Gold:
Gender Performance Across Levels of Performance. n = 37.

Figure le shows children at the highest level of performance for Figure 1
across mathematical groups and age. Higher levels of performance were
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expected in children from higher mathematical group categories and older
age levels. The child achieving this highest level of performance from the
lowest mathematical group category combined with the youngest age
indicates the most unexpected performance. The most unexpected
performance for Figure 1 is an 8 year old with an average P.A.T.

mathe matcs score.

expected
11
10 1
9
8 il 1
/
6
unexpected
Age Maths J JR JE S SR AV SE SE
Groups SLD SLD 2 1

Figure le; Three Intersecting Button Sets: Blue / Transparent / Gold:
Highest Level of Performance: Very fast completion with no questoning:
Mathewmabcal Groups Across Ages. n = 3,

Table 1A shows Spearman's Rho correlation coefficients between levels of
performance and mathematical groups, school class levels, and ages, for
Figure 1. Correlation levels are not sigrificant.

Table 1A: Spearman's Rho Correlation Coefficients: Figure 1:
Three Intersecting Button Sets: Blue / Transparent / Gold:
Levels of Performance: n = 3/.

Across mathematical groups ro = 0.263 p = >0.05
Across school class levels rg = 0.238 p = >0.05
Across ages r., = 0.198 p = >0.05

Process of Elimination. Rote Performance, Confabulation,

There were several other ways besides unconscious nonverbal conceptual
processing where a child's performance resulted in a correct solution to a
puzzle or part of a puzzle, with the child being unable to give an adequate
verbal report showing conscious conceptual understanding of the process or
product. The child may not have had understanding, and may or may not
have gained it later following questioning. These include using a process of
elimination, rote performance, and random correct performance with later
confabulated reasoning,
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Process of Elimination

Figure 2, representing an average semor puzzle, gives an example of a

child using a process of elimination:

Figure 2: Four Intersecting Button Sets.
Instructions and questioning as for Figure 1:




63

Figure 2a: Four Intersecting Button Sets.

Instructions and questioning as for Figure la:

One 10 year old SE 1 girl classified and correctly placed her set of
patterns of 3 through a process of elimination following the placement of
her leather, square, and gold sets. Some questiorming was required before
she could perceive or name her patterns of 3 classification and place her
intersecting buttons. In contrast, as in Figure 1, one 9 year old SE 1 boy
had difficulty naming his correctly classified and placed patterns of 3 set
and intersections, and he had not used a process of elimination. Table 2
shows Figure 2 correlation coefficients between levels of performance and
mathematical groups, school class levels, and ages.

Table 2: Spearman's Rho Correlation Coefficients: Figure 2:
Four Intersecting Button Sets: Leather /Square /Gold /Patterns of 3:
Levels of Performance: n = 21.

Across mathematical groups 0.363 p = >0.05
Across school class levels rg = 0.439 p = <0.05
0.411 p = <0.05

Across ages
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Figure 2b shows levels of performance for Figure 2:
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Figure 2b: Four Intersecting Button Sets: Leather / Square / Gold /
Patterns of 3; Levels of Performance. n = 21.

10

9

8 /\

7 JAR
5 7 X
5 JARASAN
4 /L
3 /’1’ \\
2 /7

1 4

O man ----.-,._-”’:W

n 0 1 2 3

n =12 Males

n= 9 —raac—me—— Females

Figure 2c: Fouwr Intersecting Button Sets; Leather / Square / Gold /
Patterns of 3; Gender Performance Across Levels of Performance, n = 21.
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Figure 2d shows levels of performance across mathematical groups.
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Figure 2d: Four Intersecting Button Sets: Leather / Square / Gold /
Patterns of 3: Levels of Performance Across Mathematical Groups. n = 21.

The highest level of performance was achieved by a 10 year old girl with
an average P.A.T. mathematics score. Her 2 minutes speed of performance
was achieved through the use of her own strategy. Most other children
first classified all sets, and then worked out their juxtaposition from the
intersecting members. This child classified one of her sets first, and
placed it on her diagram, then found an intersecting member which told
her the classification of her next set. She worked around her diagram in
this orderly fashion until she met her starting point. This strategy
contrasts very differently with the neutral type of strategy used by the
girl using a process of elimination.

Rote Performance

Rote performance was a second way besides unconscious nonverbal
conceptual processing where a child's performance resulted in a correct
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solution to a puzzle or part of a puzzle with the child being unable to give
an adequate verbal report showing conscious conceptual understanding of
the process or product. The child may not have had understanding, and
may or may not have gained it later following questioning. In rote
performance the child is taught a procedure for doing a puzzle. The child
is able to complete the puzzle but may have no idea of the related
concepts involved during completion, or later through questioning. Figure 3,
a very advanced junior puzzle, provided examples of rote and correct
performance occurring with instances of no conceptual understanding of
the relationships involved:

—
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Figure 3: Coloured Transparent Plastic Film - Addition Array.
Verbal instructions
[I set a pattern for a junior child.] Senior children set their own:

- Make a pattern of colours that repeats itself across the top row. eg.
red/yellow/blue.

- Make the same pattern of repeating colours down the left column. r/y/b.

- Make an addition array following the patterns arranged in your top row
and left column. Fill in all of the squares.- Place two colour squares on
each square in your diagram. [for any child who does not understand
these instructions, I point to any square on the diagram and ask which
colours need to go in this square. From this square the child checks
the top row and the left column to find which colours to place here].
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Figure 3a: Coloured Transparent Plastic Film - Addition Array.

Verbal instructions

- If the child has not completed the puzzle, questioning regarding original
instructions is repeated until understanding is achieved or the puzzle is
considered too difficult for that child and exchanged for another.

- If the puzzle is mostly correct with some mistakes, I start by pointing

to a correct example and asking the child to explain how the colours
were selected for this square. I then point to a square where a mistake
has been made and ask the same question. Usually the child will see and
correct the mistake.

- When the diagram has been completed accurately, I ask the child to tell
me about the colours that have been made. I attempt to get the child
to observe the horizontal, vertical, and diagonal patterning obtained.

- I attempt to assist the acquisition of the concept of addition through
the use of the three primary colours, and ask the child how the three
additional colours of green, orange, and purple have occurred.

Figure 3b shows levels of performance across Figure 3:
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Complete with some questioning; horizontal, vertical, and
diagonal colour relationships observed and understood.
Accurate without difficulty; horizontal, vertical, and
diagonal colour relationships observed and understood.
Fast completion; horizontal, vertical, and

diagonal colour relationships observed and understocd.

Figure 3b: Figure 3; Coloured Transparent Plastc Film - Addition Array:

Levels of Performance, n = 19.

Figure 3c shows gender performance across levels of performance:
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Figure 3d shows levels of performance across mathematical groups.
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Levels of Performance Across Mathematical Groups. n =

Table 3 shows correlation coefficients between levels of performance and
mathematical groups, school class levels, and ages.

Table 3:; Spearman's Rho Correlation Coefficients: Figure 3:
Coloured Transparent Plastic Film - Addition Array:
Levels of Performance:; n = 19,

Across mathematical groups g = 0.345 p = >0.05
Across school class levels r, = 0.424 p = <0.05
Across ages rg = (.492 p = <0.05
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Figure 3e shows children at the highest level of performance for Figure 3
across mathematical groups and age. The most unexpected performance
was from a 7 year old Junior Extension boy.
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Figure 3e: Coloured Transparent Plastic Film - Addition Array:
Highest Level of Performance: Accurate Without Difficultys
Horizontal, Vertical, and Diagonal Relationstips Observed and
Understood. Mathematical Groups Across Ages, n = 8§,

Random Correct Performance with Confabulated Reasoning.

Random correct performance with confabulated reasoming is the third way
besides unconscious nonverbal conceptual processing where a child's
performance results in a correct solution to a part of a puzzle with the
child being unable to give an adequate verbal report showing conscious
conceptual understanding of the process or product. As the correct
performance is accidenial, the clild does not have understanding, and may
or may not gain this later following questioming. Piaget (1929) noted
children without proper conceptual understanding may invent an answer
that does not reflect a well thought out belief, or invent a rationale
originally not comnected with the production of the answer. Sometimes the
child observes the correct rationale when questioned after the event.

An example of random correct performance with confabulated reasoning
was given in the intreduction where a child might randomly match a red
peg with a red material square and later be ahble to perceive this colour
relationship through questioring. The child now confabulates a reason for
making the accidental match, perhaps verbalising the conceptual
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understanding that occurred during the later questioning process, but which
was not present at the time of the random placement of the matched
piece. Random correct performance with confabulated reasoning of this
type occurred with a number of children during the performance of one
puzzle, the Birthday Candle Array, and will be discussed in a later section
on diagnostic progressions.
Unconscious Processing

There were other puzzles in addition to Figures 1 and 2 where examples of
unconscious conceptual processing with difficulty verbalising classifications

occurred. Figure 4, a beginning senior puzzle, gives one example:

/—\

Figure 4: Four Intersecting Button Sets:

Instructions and questioning as for Figure 1.
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Figure 4a: Four Intersecting Button Sets.
Instructions and questioning as for Figure 1la.

Figure 4b shows levels of performance across mathematical groups.
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Figure 4b: Four Intersecting Button Sets: Blue / Pink / Orange / Metal.

Levels of Performance Across Mathematical Groups. n = 22.




Figure 4c shows levels of performance across Figure 4:
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Figure 4c: Four Intersecting Button Sets: Blue / Pink / Orange / Metal.

Levels of Performance. n = 22.

Figure 4d examines gender performance across levels of performance:

[Levels of performance as for Figure 4c]
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Figure 4d: Four Intersecting Button Sets: Blue / Pink / Orange / Metal,

Gender Performance Across Levels of Performance. n = 22,
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An example of unconscious conceptual processing and difficulty verbalising
classifications occurred in Figure 4 with a 7 year old JE girl who couldn't
at first name her metal set, although with questioning she knew what
metal was, and that these buttons were made of metal, with the word
"metal' already in her vocabulary. This was the same child who recognised
the transparency of the button on the carpet in Figure 1 as 'see tlwough'.
This child had not used a process of elimination, and had correctly placed

her intersecting buttons.

Table 4 shows correlation coefficients between levels of performance and
mathematical groups, scheool class levels, and ages, for Figure 4,

Table 4: Spearman's Rho Correlation Coefficients for Figure &4:
Four Intersecting Button Sets: Blue / Pink / Orange / Metal.
Levels of Performance: n = 227,

Across mathematical groups re = 0.169 p = >0.05
Across school class levels rg = 0.094 p = >0.05
Across ages rg = -0.039 p = >0.05

Figure 4e shows children at the highest level of performance for Figure 4,
across mathematical groups and age. The most unexpected performance for
Figure 4 was from a 6 year old Jurmior Extension boy.
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Figure 4e; Four Intersecting Button Sets: Blue / Pink / Orange / Metal
Highest Level of Performance: Very fast completion with no questioming:
Mathematical Groups Across Ages. n = 4,
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A further puzzle in addition to Figures 1, 2, and 4 where examples of
unconscious conceptual processing with difficulty verbalising classifications
occurred was Figure 5, an above average senior puzzle:

~—

Figure 5: Four Intersecting Button Sets.
Instructions and questioning as for Figure 1.
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Figure 5a: Four Intersecting Button Sets.

Instructions and questioming as for Figure la.

Figure 5b shows levels of performance across mathematical groups.
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Figure 5b: Four Intersecting Button Sets: Transparent / Plastic / Gold /
Fabric: Levels of Performance Across Mathematical Groups. n = 10.
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The most unexpected performance for Figure 5 was from an 8 year old
girl with an average P.A.T. mathematics score and the highest level of
performance: very fast completion with no help, and clear naming of sets,

Figure 5c shows levels of performance across Figure 3:
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Figure 5¢: Four Intersecting Button Sets: Transparent / Plastic / Gold /
Fabric: Levels of Performance. n = 10,

Figure 5d examines gender performance across levels of performances:
[Levels of performance as for Figure 5ci
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Figure 5d: Four Intersecting Button Setss Transparent / Plastic / Gold /
Fabric: Gender Performance Across Levels of Parformance. n = 10,
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Table 5 shows correlation coefficients between levels of performance and
mathematical groups, school class levels, and ages, for Figure 5.

Table 5: Spearman's Rho Correlation Coefficients for Figure 5:
Four Intersecting Button Sets: Transparent / Plastic / Gold / Fabric:

Levels of Performance: n = 10.

Across mathematical groups 0.042 p = >0.05
0.127 p = >0.05

0.127  p = >0.05

Across school class levels r

Across ages

Another puzzle in addition to Figures 1, 2, 4, and 5, where an example of
unconscious conceptual processing with difficulty verbalising classifications
occurred was Figure 6, an average senior puzzle:
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Figure 6: Four Intersecting Button Sets.
Instructions and questioning as for Figure 1.




Figure 6a: Four Intersecting Button Sets.
Instructions and questioning as for Figure la.

Figure 6b shows levels of performance across mathematical groups.
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Figure 6b: Four Intersecting Button Sets: Pattern / Red / White / Square:
Levels of Performance Across Mathematical Groups. n = 24.
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Figure 6¢c shows levels of performance across Figure 6:
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Figure 6c: Four Intersecting Button Sets: Pattern / Red / White / Square:

Levels of Performance. n = 24.

Figure 6d examines gender performance across levels of performance:
[Levels of performance as for Figure 6c]
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Figure 6d: Four Intersecting Button Sets: Pattern / Red / White / Square:
Gender Performance Across Levels of Performance. n = 24,
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Table 6 shows correlation coefficients between levels of performance and
mathematical groups, school class levels, and ages, for Figure 6.

Table 6: Spearman's Rho Correlation Coefficients for Figure 6:
Four Intersecting Button Sets: Pattern / Red / White / Square:
Levels of Performance: n = 24,

Across mathematical groups g = 0.333 p = >0.05
Across school class levels s = 0.158 p = >0.05
Across ages r, = 0.214 p = >0.05

The child who used an unconscious conceptual process but who had
difficulty verbalising classifications in Figure 6 was a 10 year old girl with
an average P.A.T. mathematics score who arranged all of her buttons
correctly, but who couldn't name her square set without HGuwther

questioning.

Figure be shows children at the highest level of performance for Figure 6,
across mathematical groups and age., The most unexpected performance for
Figure 6 was an 8 year old SE 1 girl

expected
11
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g 1
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Age Maths J JR JE S SR AV SE SE
Groups SLD SLD 2 1

Figure 6e: Four Intersectng Button Sets; Pattern / Red / White / Square;
Highest Level of Performance: Very fast completion with no quesHoming:
Mathematical Groups Across Ages. n = 4,

Levels of performance across mathematical groups, classes and ages for
puzzles demonstrating unconscious processing did not correlate with any
sigmficance, with the exception of slight sigmificant comrelation at 0.05
level for classes and ages but not mathematical groups for Figure 2, One
reason for this general lack of correlaton may be that P.A.T. tests testing
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formal mathematical learning, and the puzzles extending pre-mathematical
activity of classification and ordering into sets, measure different ahilities
in children, with the puzzles requiring perceptual, conceptual and creative
flexihility utilising logical reasoning and problem solving skills.

Table 6A shows two tailed Mann-Whitney U-Tests testing gender
differences in levels of performance across mathematical groups at 0.05,
where U (M) = Males, Ul (F) = Females, and z shows use of normal
approximation for larger samples. Figure 6 is significant in favour of
performance of females at 0.05. As this result was one of very few
puzzles showing gender differences, and larger numbers of tests are more
likely to encounter chance significance, this result is more likely to be
due to chance.

Table 6A: Mann-Whitney U-Tests For Chapter 3: Gender Differences:
Levels of Performance Across Mathematical Groups:

Figure U (M) Ul (F) =z Males Females

Puzzles demonstrating unconscious processing

1 149.5 186.5 + 0.56 - -
2 51.5 56.5 = -
4 41.5 79.5 - -
5 9ed 14.5 = .
6 34 101 - *

Puzzle demonstrating rote performance

3 31 47 - -

% Significant at 0.05
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Summary

Children showed evidence of unconscious processing of less familiar
concepts, where a process of elimination, rote performance or
confabulated reasoning were not shown to have occurred. Further
examples in addition to Figures 1, 2, 4, 5, and 6, of examples of
unconscious conceptual processing with difficulty verbalising
classifications occurred, and will be shown in later chapters. There
were no gender differences of significance which may not have been
attributed to chance.

Chapter 4 looks at possible reasons for the selections of sets
processed unconsciously, where children may process familiar concepts
in a more consciously aware manner than unfamiliar concepts. This
leads to a discussion of perceptual priority modes where colour,
size, shape and pattern classifications are more familiar to children
in junior school mathematics. Puzzles show variations in perceptual
priority modes <children wused, and perceptual discrimination
difficulties within modes, such as the differences between colours or
shapes. Puzzles with unfamiliar concepts are presented, and puzzles
showing further perceptual difficulties children had, such as in
discriminating reversals, manipulating rotations, and leading on to
puzzles with multiple concepts embedded within them.
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Chapter 4

Perceptual Priorities

The phenomenon of unconscious nonverbal processing leads to questions
regarding perceptual priorities. Which perceptions take prominence? Do
people first perceive attributes with which they are familiar, or do
differences take priority? A sense of difference must emerge from a sense
of what is familiar first. A difference isn't a difference until it is
different from what is already known. Children unable to verbalise their
classified sets had more difficulty verbalising sets with ' unexpected
attributes. Actions, as accurate classifications and intersections of button
sets, were evidence the children perceived the differences, but their
conscious expectations must have focused on familiar pathways rather than
on the novel experience they were confronted with. Actions showed
unconscious adaptation to the unexpected, also showing clear conceptual
understanding of the situation. Conscious verbal interpretation of these
correct actions was lagging, only brought to consciousness on request and
with further questioming to elicit the concepts involved. Once the concept
of 'transparent' was brought to the conscious awareness of a child, this
concept was consciously remembered if encountered in a subsequent puzzle.

The classification a child was unable to verbalise in the five previously
mentioned puzzles is underlined:

Figure 1: blue / transparent / gold

Figure 2: leather / square / gold / patterns of three
Figure 4: blue / pink / orange / metal

Figure 5: transparent / plastic / gold / fabric
Figure 6: pattern / red / white / square

The surprise element in Figure 5, was that all of the transparent buttons
except one were made of glass. The one plastic transparent button was
the intersecting button between the transparent and plastic sets. The
difference between the glass transparent buttons and the plastic
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transparent one was not in the child's conscious awareness, even though all
transparent and plastic buttons were correctly placed and intersected,
including the transparent/plastic, transparent/gold, gold/plastic, gold/fabric,
and fabric/plastic intersections. Clear conceptual awareness of the 'plastic’
concept was shown tihrough three correctly placed intersecting buttons
made or partly made with plastic, but the child could not verbalise
'plastc’ until asked her to hold all of her transparent buttons and tell me
what they were made of, She felt them all, felt the weight and coldness
of the glass buttons and the way they clinked together in her hand. She
told me they were made of glass, but that one of them wasn't made of
glass. When asked what it was made of she said ‘plastic’. Only when
asked her why she had intersected her mransparent set and her next set
with this particular button, and peinted to her plastic set, asking her what
these buttons were made of, did she name her set 'plastic’.

There is support for the idea it is easier to find similarities than it is to
find differences. Velmans (1991) finds semantic analysis of familiar stimuli
in the attended channel can occur without reportable consciousness, with
consciousness being unnecessary for such analysis. He also considers
processing accomparied by awareness of the stimulus is different from
processing that is not. Libet, Wright, Feinstein, & Pearl, (1979), and
Neeley (1977) consider comscious focus of attention during processing
cannot be necessary for the analysis and identification of such stimuli,
even when occurtlly in novel, complex comhbinations. The anaiysis of
familiar stimuli proceeds involuntarily, irrespective of whether the stimuli
are in the attended channel or not. Even during conscious attention to a
given stimulus, it may be difficult to prevent certain analyses from

occurring. The analysis js automatic in this sense.

Velmans further considers consciousness may be essential when novel
stimuli or skills are being learned. Consciousness of the input stimulus and
of associations being formed result from focal-attentive processing, to
which we have no introspective access, and which are normally explained
in entirely neurophysiological terms. Subjects cannot prevent perceptual
analysis of irrelevant attxibutes of an attended object. Even if a stimulus

is consciously attended to, what is analysed may not be under conscious
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voluntary control. Input selection is preconscious. Task selection is under
conscious, voluntary control. Velmans believes much learming and memory is
to do with recurring stimulus patterns. The stimuli may be present to
consciousness, but that they form a recurring pattern may not. Schacter
(1987), and Reber (1989) find exposure to successive recurring patterns
may produce learning of those patterns, whether or not there is any
intention to learn, and in the absence of any explicit knowledge of the
pattern being learned. Perruchet et al (1990) find availability in memory
of a particular item is highly dependent on the number of repetitions of
this item during the learning session. Greater frequency yields greater
retention.

This may explain why children more easily name -classifications with
greater familiarity to them. Skemp (1961) believes when generalization
takes place the mind searches for all points of similarity between the
ideas in the data before it, as discrimination. Points of agreement must be
consistent with observed differences. This conflicts with another idea that
likenesses and differences automatically separate out, with likenesses being
considered. Skemp (1971) adds that mathematics comes from perceptions
leading to classifications. These lead to invariant properties and common
properties, or as Dienes (1959) says, mathematics patterns and regularities
found at successive levels, with similarities easier to find than differences.
We see what we know. This is a process of abstraction. Classification may
be by function or by naming objects. Neeley (1977) finds strong support
for Posner & Synder's 'two-process' theory: an initial preconscious
identification process accesses memory traces of the input stimulus and
those of semantically related stimuli. This is followed by a conscious
identification process that not only facilitates the recognition of expected
stimuli but also inhibits the recognition of unexpected stimuli.

Classifications as concepts may develop as a holographic process of
repeated sensory information, consisting of many perceptions over time, of
many different images, dimensions, variations, positions, moods, and
applications for each separate idea. The child learns from memory the
essential elements holding constant each time a particular experience is
met. Items not holding constant are discarded as not part of the concept.
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met. Items not holding constant are discarded as not part of the concept.
This is similar to pre-mathematical ideas of conservation. Similarly,
children show awareness of sequences related to events. Their need for
rhythm and order is strong (Churchill 1961). Later, the child can work out
how to do something before doing it, and can anticipate results before
they occur. This is one beginning of true thought, arising out of actions
that have become internalised (Piaget & Inhelder 1959 )
Familiar Concepts

Gagné (1964; 1977; & Gagné & Briggs 1979) orders learned behaviour from
discrimination learning, concrete concept learming, defined concept
learning, rule learnming, higher order rule learming and cognitive strategy
learning. During the early stage of discrimination learning it is interesting
to observe perceptual priorities children demonstrate. Many children see
colour likenesses before observing pattern similarities. Other children
discriminate shapes more readily than colours. In junior classes children
are regularly exposed to materials enabling awareness of colour, shape,
size and pattern to develop. Colour names; shape names; size
differentiation involving length, area, volume, weight, thickness, ordering
and time; and pattern discrimination and creation of patterns are included.
Figure 7, an advanced junmior puzzle shows one child's perceptual priority

mode between these dimensions:

a0

Figure 7: Matching Button Sets.
Verbal Instructions:
- Find which buttons belong together.
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A difficulty many children have is knowing which way up buttons face. I
teach all children to put buttons up the right way first. One 8 year old JE
child matched his buttons into three size groups, only becoming aware of
and classifying different patterns when I took one of his size groups,
helped him turn all of his buttons up the right way, and asked him if he
could find any buttons that were the same in another way besides their
size. I gave him a similar puzzle, Figure 8, an advanced junior puzzle, using
different fabrics and textures, which was completed easily by him:

Figure 8: Fabric Texture Match: Sets of Four.
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Figure 9, a beginning semior puzzle was another example of a child's
perceptual priority mode between dimensions:

‘

© O

Figure 9: Buttons: Sets of Two:
Verbal Instructions:
Find sets of two buttons that belong together.

Figure 9a shows levels of performance across mathematical groups:
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Figure 9a: Circular Buttons: Sets of Two with Matching Internal Shapes:
Levels of Performance Across Mathematical Groups. n = 5.
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Figure 9b: Circular Buttons: Sets of Two with Matching Internal Shapes:

One 10 year old SE 1 boy put his buttons into colour groups. He did not
notice the shapes until T asked him if there was another way he could
match his buttons. An 8 year old AV girl had difficulty discriminating
within the shapes in Figure 9, at first mixing pentagons with hexagons
until I asked her how many sides each had. She also had difficulty
recognising shapes in Figure 10, a beginning senior puzzle. Her first

attempt at Figure 10 showed no awareness of shape, despite all buttons
being black to eliminate the colour dimension. I had to hold one shape
button and ask her to tell me about it before she noticed it incorporated
shape. She completed the puzzle quickly with no further help., Her 10 year
old AV sister completed Figure 10 in two minutes, with no questioning:

Figure 10: One Difference Button Arms [Black]:
Verbal Instructions:

- Find which buttons belong together.
- Arrange the buttons with no more than one thing different between any
buttons you place in connecting circles.,
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Figure 10a: One Shape Difference Button Arms [Blackl]:

Some puzzles eliminate cone dimension to help children develop ancother,
Figire 11, an advanced junmior puzzle uses embossed white wallpaper
samples cut into squares the same size, to focus attention on pattern by
pieces, [Plate 64 .

e

eliminating colour, size and shape of

LALY

Figure 11: Embossed White Wallpaper Patterns: Sets of Two.
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Samples of brown sandpaper can be used for grading as well as matching.
[Plate 65]. Figure 12, a very advanced jumior puzzle directs attention to
size of pieces, with potential for ordering. Nine identically coloured,
patterned and sized circles are cut into a buildup fraction set. One is
whole and can be used as a base if a child wants to build circles up
rather than spreading them separately. Other circles are cut into halves,
thirds, quarters, fifths, sixths, eighths, tenths and twentieths. One 9 year
old SR girl had difficulty discriminating between sizes. She put the two
halves onto the whole circle first, then attempted another circle using two
quarters, a fifth and a third, finding these wouldn't fit. I asked her how
she made her first circle. She said she measured the sizes of the pieces
together. I asked her if she could measure the sizes of all of her other
pieces together to find any the same. She made size piles, completing
each size pile into a circle, and told me which circles were made with
quarters, tenths, etc. This contrasts with an 8 year old AV girl who, with
no questioning, graded her circles in order from the whole one through to
the one containing twentieths.

Figure 12: Buildup Circular Fraction Set.
Some children have difficulty with subtleties within colours. A 10 year old
AV girl needed help to sort between three shades of red and three shades

of orange in Figure 13, an above average senior puzzle., Sometimes a child

can be taught a subtle colour name such as vermilion red:



Figure 13: Intersecting Seriated Sets of Three Button Star:

Verbal Instructions:
- Find sets of three buttons.
- Place any one set on the diagram.

- Find another set to connect with this set.

- Intersect all of the sets as you place the button sets around the
diagram.

- Your last set must intersect your first set.

923
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Figure 13a: Intersecting Seriated Sets of Three Button Star:

Three Colour / Three Pattern:
Verbal Instructions:

- Name your sets. [colour / pattern].
- Tell me something else about your sets. [seriated].

This puzzle was completed quickly once colour groups were distinguished.
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An 8 year old SE 1 girl did not know light brown belonged to the brown
family. She did not know the name 'fawn', which I taught her. This
occurred in Figure 14, a beginning senior puzzle:

Figure 14: Three Intersecting Button Sets.
Instructions and questioning as for Figure 1.

Figure l4a: Three Intersecting Button Sets: Pattern / Brown / Silver.
Instructions and questioning as for Figure la.
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Figure 14b shows Figure 14 levels of performance across mathematical

groups:
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Figure 14b: Three Intersecting Button Sets: Pattern / Brown / Silver:
Levels of Performance Across Mathematical Groups. n = 3/,

Figure 1l4c shows children at the highest level of performance for Figure
14 across mathematical groups and age:
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Figure l4c: Three Intersecting Button Sets: Pattern / Brown / Silver:
Highest Level of Performance: Very fast completion with no questioning:
Mathematical Groups Across Ages. n = 3.
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Figure 14d shows levels of performance across all children who attempted

Figure 14:
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Figure 14d: Three Intersecting Button Sets: Pattern / Brown / Silver:
Levels of Performance. n = 3/.
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Figure l4e examines gender performance across levels of performance:
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Figure 14e: Three Intersecting Button Sets; Pattern / Brown / Silver:
Gender Performance Across Levels of Performance. n = 37,

Table 1B shows correlation coefficients between levels of performance and
mathematical groups, school class levels, and ages.

Table 7: Spearman's Rho Correlation Coefficients: Figure 14:

Three Intersecting Button Sets: Pattern / Brown / Silver:

Levels of Performance: n = 3/,

Across mathematical groups rg = 0.250 p = >0.05
Across school class levels rg = 0.314 p = <0.05
Across ages re = 0.345 p = <0.05
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School classes and ages are slightly significant for Figure 14, but not for
mathematical group categories. The reason for this is unclear, and may be
due to chance factors, but is more likely to be due to perceptual
difficulties more prevalent in younger children. As these types of
perceptions are not so involved in P.A.T. mathematical tests, it is not
surprising mathematical group categories do not correlate with levels of
performance in this puzzle, nor that levels of significance for mathematical
groups do not equate with levels of significance for school classes and
ages of children. Ages equate to school class levels much more than
mathematical group categories do. Most perceptual difficulties and
questioning in Figure 14 related to children not noticing a pattern set in
association with two colour sets. Mathematical group categories were
represented significantly at the level of performance of requiring some
questioning to enable the child to become aware of this pattern set when
their expectations were to find a third colour set. A Mann-Whitney U-Test
finds no gender differences in Figure 14 levels of performance.
Unfamiliar Concepts

Perceptual mode priorities and discrimination difficulties are individual for
different children, reflecting habitual preferences of awareness such as
colour before shape, size before pattern, or unfamiliarity with subtle
discriminations between colours or shapes etc. A child may find by process
of elimination that the element to be classified is different from their
expectations or automatic first or second choice for grouping. Some
children find difficulty manipulating more than one perceptual dimension
within the same puzzle. This difficulty with multiple concepts is discussed
in Chapter 5. In Figures 15, 16 and 17, perceptual difficulties arose with
unexpected elements. Significance in Figure 15 levels of correlation
between mathematical group categories, school class levels, and ages
across levels of performance was the highest in each case, of all of the
puzzles tested in this study. The multiple concepts and perceptual
dimensional range and higher difficulty level may have been responsible for
this result, although subject numbers are too small to draw conclusions
from. In contrast, Spearman's Rho correlations were not significant in
Figure 16 where a single dimension of material types was involved. A
Mann-Whitney U-Test finds no gender differences in Figure 15 levels of
performance, but significance favouring females in Figure 16.
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Asking children to name their classifications helps focus their attention on
what is unexpected as well as on what is familiar. Figure 15, an average
senior puzzle contained an unexpected element giving difficulty:

Figure 15: Button Subsets and Classifications:
Verbal Instructions:

- The diagram has one big universal set containing smaller subsets.
One set belongs outside the universal set.

Find sets that belong together.

Name the sets.

Place your sets in the subset circles provided.

Place the set that does not belong, outside the universal set.




Figure 15a: Button Subsets and Classifications:

(Big; Maroon; Square; Wood; Pattern; Repeated Patterns of Three; Buckles].
This is one of the few puzzles clearly correlating levels of performance
with mathematical group categories. Table 8 shows Figure 15 correlation
coefficients between levels of performance and mathematical groups,
school class levels, and ages:

Table 8: Spearman's Rho Correlation Coefficients: Figure 15:
Figure 15: Button Subsets and Buckle Classifications:
Levels of Performance: n = 14.

Across mathematical groups rg = 0.885 p = <0.05
Across school class levels rg = 0.664 p = <0.05
Across ages r, = 0.617 p = <0.05
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Figure 15b shows levels of performance across mathematical groups:
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Figure 15b: Button Subsets and Buckle Classifications:
Levels of Pertormance Across Mathematical Groups. n = 14,

An 8 year old AV girl placed uneven numbers of buttons in her subsets,
and the woocden buttons outside her universal set. I asked her to count how

many items she had in each subset. As there were three items in most
subsets, she closely examined subsets she had given more or less than
three items. She was unable to make the number of subset items even, so
I asked her to name her subsets. She comrected mistakes in her
classification groups as she named her subsets. More difficult was naming
her universal set. Only after naming her umiversal set could she see that
the wooden buttons belonged inside the umiversal set, and the buckles
belonged outside it. Many children required questoming to separate
buttons from buckles. Many did not know what a buckle was. All children
needing questioning to separate buttons from buckles needed to name their
universal set first, Creating further difficulty in this puzzle was utilisation
of multi-perceptual dimensions: subsets incorporating size, shape, colour,
pattem, repeated patterns, material type and object type.
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Figure 15c shows levels of performance across all children who attempted

Figure 15:
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Figure 15c: Button Subsets and Buckle Classifications:
Levels of Performance. n = 14.

Figure 15d examines gender performance across levels of performance:
[Levels of performance as for Figure 15c].
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Figure 15d: Button Subsets and Buckle Classifications:
Gender Performance Across Levels of Performance. n = 14.
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Another example of the unexpected creating perceptual difficulties for
children was an average sernior puzzle, Figure 16:

Figure 16: Button Subsets of Material Types:
Verbal Instructions:

- The diagram has one big universal set containing smaller subsets.
- Find sets that belong together.

- Name the sets.

- Place your sets in the subset circles provided.

Figure 16a: Button Subsets of Material Types:
[Plastic; Wood; Glass; Shell; Vinyl; Fabric; Metal; Leather; Chinal.




Figure 16b shows levels of performance across mathematical groups:
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Figure 16b: Button Subsets of Material Types:

Levels of Performance Across Mathematcal Groups. n

- Difficult and incomplete with a lot of questioning
~ Difficult completion with a lot of quesHouning

- Complete with some questHoning

Complete with mimimal questioning

- Very fast completion with no questioning
- Very fast completion and use of strategy
- Exceptional or novel performance

13,

Table 9 shows Figure 16 correlation coefficients between levels of
performance and mathematical groups, school class levels, and ages:

Table 9: Spearman's Rho Correlation Coefficients: Figure 16

Figure 16: Button Subsets of Material Types:

Levels of Performance: n = 13.

Across mathematical groups ¢ = 0.307
Across school class levels s = 0.322
Across ages r, = 0,278

o ™
[N

>0.05
>0.05
>0.05

Figure 16c shows levels of performance across all children who attempted

Figure 16z
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Figure 16c: Button Subsets of Material Types:
Levels of Performance. n = 13.

Figure 16d examines gender performance across levels of performance:
[Levels of performance as for Figure 16cl.
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Figure 16d: Button Subsets of Material Types:
Gender Performance Across Levels of Performance, n = 13.
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Many children were not aware of the different material types, nor of their

names.

Another example of the unexpected occurred in a beginning senior puzzle,
Figure 17:

./

Figure 17: Button Array: Subsets of Two:
Verbal Instructions:

- Find sets of two and place on the diagram.

\

- Arrange subsets into an array with buttons forming two big sets.
- Name the big set in the top row. Name the big set in the bottom row.

Figure 17a: Holes / No Holes Button Array: Subsets of Two:
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A 10 year old AV girl classified her subsets, but required questioming to
observe the holes difference. This compares with her 8 year old AV sister
who completed this puzzle quickly and without guestioning.
Reversals

Some children had difficulty perceiving rotations, reversals, and even lines.
This included an inalility to match reversed colowrs as in the juror sets
Felt Flowers [PlateS1], and Hessian Houses [Plate 50]. Reversed shapes such
as Reversed Buldings [Plate 70}, and Reversed Cars [Plate 74), also
created difficulty for some, Figure 18, a very advanced jurdor puzzle shows
how difficult reversals are for some children, This puzzle consists of a
large colowred base board containing reversed sailing ships. The loose
mieces shown are for the child to match onto the base board: [Plate 711

Figure 18: Reversed Sailing Ships
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Figure 18a shows Figure 18 levels of performance across mathematical
groups:
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Levels of Performance

- Too difficult

~ Mismatched all but one pair of ships

- Three mismatches: Uncorrected

- Ome mismatch: Uncorrected

Two mismatches: Corrected

- One mismatch: Corrected

- Complete with no questioming

=~ Very fast completion with no questioming
- Exceptional or novel performance
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Figure 18a; Reversed Sailing Ships:
Levels of Performance Across Mathematical Groups. n = 15,

Table 10 shows Figure 18 cormrelation coefficients between levels of
performance and mathematical groups, school class levels, and ages.

Table 10: Spearman's Rho Correlation Coefficients; Figure 18:
Figure 18: Reversed Sailing Ships:
Levels of Performance: n = 15.

Across mathematical groups rg = 0.223 p = >0.05
Across school class levels re = 0.445 p = <0.05
Across ages g = 0.458 p = <0.05

There is a correlation between levels of performance and school class
levels and ages, but not for mathematical groups.
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Figire 18b shows levels of performance across all children who attempted

Figure 18:
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Figure 18b: Reversed Sailing Ships:
Levels of Performance. n = 15,

Figure 18c examines gender performance across levels of performance:
[Levels of performance as for Figure 18bl.
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Figure 18c: Reversed Sailing Ships:
Gender Performance Across Levels of Performance. n = 15,
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Subject numbers are too small to nule out chance, and semior extension
groups of children were not given this jurmior puzze. It can stll be seen
that there is no correlation between mathematical group categories across
levels of performance when the highest level of performance was reached
by children from J-SLD, JR, JE, and SR groups, but not reached by the
two AV girls who represented the highest mathematical group level
attempting this puzzle. Although school classes closely follow children's
ages, school class and age correlations were able to be significant when
mathematical groups were not, because each mathematical group category
incorporates a three year age range, and three school class levels. A
Mann-Whitney U-Test finds no gender differences in Figure 18 levels of

performance.

In puzzles incorporating reversals, [Figures 18, 19, 20, 21, 22 and 23,
awareness of the reversals, especially where bilateral symmetry as in
Figure 20 was involved, was not necessarily automatic over and above the
matching of the individual units within each puzzle. This kind of awareness
was progressive according to the child's level of conceptual understanding,
and therefore diagnostic. For Figure 19, subject numbers were small, but
in Figure 20, there was no significance in correlations between
mathematical group categories, school classes, and ages across levels of
performance, where children from JE, SR and AV mathematical group
categories shared the Highest level of performance, and children from JR,
JE and SR shared the lowest, A Mann-Whitney U-Test finds gender
differences in fFigure 20 levels of performance in favour of males, Again,
because the number of gender tests showing significant difference is so
small across a large number of tests, the reason is likely 1o be chance
factors alone.

Subject numbers for Figure 21 are also small, giving a greater likelihood
of chance performance of one JE child reaching the highest level of
performance for this puzzle, and a SE 1 child achieving the lowest. The
three children attempting Figure 22 found this puzzle difficult, needing to
progress through stages from initial classification of subsets into named
groups of subsets, and finally into reversed named sets across groups.
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A further puzzle creating difficulty with reversals was an average senior
puzzle, Figure 19:

a8
\_/

4 5
N/

2

\_/

N\
N

N

Figure 19: Button Array: Sets of Two.
Verbal Instructions:

- Find subsets of two and place them on the diagram.

- Arrange subsets into an array so all of the buttons make two big sets.
- Name your big set in the top row.

Name your big set in the bottom row.

Place your subsets in order from left to right.

Figure 19a: Button Array: Reversed Internal and External Shapes: Sets of
Two. [Top: Circles Inside Shapes; Bottom: Shapes Inside Circles; 4,5,6].

Two AV children needed questioning to form arrays and ordinal sequencing.

Symmetry in reversals can make perceptual differentiation especially
difficult. Figure 20, a very advanced jumior puzzle utilising bilateral
symmetry not only reverses shape and pattern, but colour as well. The two
bottom corner pieces are glued down on a base board for Figure 20:



olours

Figure 20: Reversed Tree: Reversed Shape / Pattern / C
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Figure 20a: Reversed Tree: Reversed Shape / Pattern / Colour:

Table 11 shows Figure 20 correlation coefficients between levels of
performance and mathematical groups, school class levels, and ages.

Table 11: Spearman's Rho Correlation Coefficients: Figure 20:
Figure 20: Reversed Tree: Reversed Shape / Pattern / Colour:
Levels of Performance: n = 2D.

Across mathematical groups rg = 0.283 p = >0.05
Across school class levels Eg = 0,056 p = >0.05
Across ages rg = 0.014 p = >0.05

Figure 20b shows levels of performance across all children who attempted
Figure 20:
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Figure 20b: Reversed Tree: Reversed Shape / Pattern / Colours
Levels of Performance. n = 25,
Figure 20c examines gender performance across levels of performances:
[Levels of performance as for Figure 20b],
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Figure 20c: Reversed Tree: Reversed Shape / Pattern / Colour:

Gender Performance Across Levels of Performance, n = 25,




Figure 20d shows levels of performance across mathematical groups:
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Figure 20d: Reversed Tree: Reversed Shape / Pattern / Colour:
Levels of Performance Across Mathematical Groups. n = 25.

Figure 21, a beginning semnior puzzle, added rotation to the reversals:

®
o®e

AN

fo)

©

Figure 21: One Difference Buttons: Sets of Two.
Verbal Instructions:

- Find which buttons belong together.

- Name your sets.

- Arrange your sets into the circles, with no more than one thing
different between any sets you place in connecting circles.
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Figure 21a: One Difference Buttons: Sets of Two:
Internal and External Shapes.

Finding sets of shapes was easy for an 8 year old AV girl, but she had
difficulty placing them in a one difference order.

Figure 21b shows levels of performance across mathematical groups:
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Difficult completion with a lot of questioning
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Complete with no questioning

Very fast completion with no questioning

Very fast completion and use of strategy
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Figure 21: One Difference Buttons: Sets of Two:
Internal and External Shapes.
Levels of Performance Across Mathematical Groups. n = 5.

The highest level of performance was from a 7 year old JE girl
The same 8 year old AV girl having difficulty with Figure 21 had no
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difficulty with Figure 22, a beginning semior puzzle, despite two further

Figure 22: Buttons: Two Sets: Subsets in Triangles Forming Two Hexagons:
Verbal Instructions:

Find buttons that belong together.
Arrange sets of buttons belonging together in the triangles so that:
Buttons forming the outer ring in each hexagon belong together.

Name these outer sets.

Buttons forming the inner ring on each hexagon belong together.
Name these inner sets.

Figure 22a: Buttons: Two Sets Reversed Sizes: Pattern Matched Subsets in

Triangles Forming Two Hexagons: [Left Hexagon: Outer Set Big, Inner Set
Small; Right Hexagon: Outer Set Small, ITnner Set Big].
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The two added dimensions to reversal in Figure 22 were pattern and size
matching. Figure 23, an average senior puzzle, is a similar design, but with
mobile triangles forming a single hexagon, adding a rotational element:

Figure 23: Buttons: Two Sets: Subsets in Mobile Triangles Forming a

Hexaﬁon: ]

Verbal Instructions:

- Find buttons that belong together.

- Arrange sets of buttons belonging together onto the triangles.
- Arrange triangles into a hexagon so that:

- Buttons forming the outer ring in the hexagon belong together.

- Name this outer set.
- Buttons forming the inner ring in the hexagon belong together.

- Name this inner set.

Figure 23a: Buttons: Two Reversed Sizes Sets: Pattern Matched Subsets in
Mobile Triangles Forming a Hexagon: [ Outer Set Big, Inner Set Small].
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One 10 year old AV girl made two different arrangements of her subsets
before observing the size differences of the buttons. Her first attempt was
to place all 'pie' fraction patterned buttons into the centre and name her
sets 'divided' and 'undivided.' When there weren't enough of these for this
to work, she placed all buttons with a square in their centre in the inner
set. Finally she named her external set 'big' and her internal set 'little.'
Her 8 year old AV sister had difficulties rotating the triangles into a
hexagonal shape, but quickly arranged and named her sets once she had
accomplished this.

Rotation
Rotations can be formidable for children to perceive. One 6 year old JR
boy had considerable visual difficulties. He was unable to see the straight
edges of pieces. In one jumior puzzle with a base board of colourful
pirates, and individual pirates cut to match onto this board, [Plate 72],
he was unable to decide which pieces were the external pieces with the
straight edges. Instead of matching these onto the base board, he placed
them right off the board around the outside of it. He also had difficulties
knowing the difference between the right way up and upside down.
Figure 24, an average semnior puzzle, required the four corner pieces to be
glued down to provide a boundary and starting point:

=

Figure 24: Fabric Pattern Match Domino Set.
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Figures 25a,b,c, very advanced junior puzzles, [Plate 64], all have loose

pleces:

Figure 25a: Paint Chart Puzzle:

N /AR N\ /AR
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Figure 25b: Paint Chart Puzzle: /
—]
o //
] >

Figure 25c: Paint Chart Puzzle:
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Figure 25d shows Figure 25a,b,c levels of performance across mathematical
groups:
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Figure 25d: Paint Chart Puzzles: Figures 25a,b,c.
Levels of Performance Across Mathematical Groups. n = 5.

Figure 26, an average semior puzzle, can be done in several ways. One 10
year old AV girl made a 3 x 6 rectangle, whereas her 8 year old AV
sister made a 2 x 9 one. \

Figure 26: Blue / Green Pattern Domino Squares.
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Figure 27: Wallpaper: Ten Intersecting Hexagons:
Verbal Instructions: )

Find six different patterns.
Find six different colours for each pattern.

There are ten complete hexagons that intersect each other.
Place only one piece from each pattern in each complete hexagon.
Place only one piece from any pattern in each incomplete hexagon.
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Figure 27a: Wallpaper: Ten Intersecting Hexagons.

This puzzle required conscious concentration on more than one concept at |
once. Being aware of hexagonal boundaries and rotating patterns to allow

only one of each pattern per hexagon, including external hexagons, was
difficult. Being aware of incomplete hexagons was the most difficult part,

and some children were unable to manage these external incomplete

hexagons, even when their internal hexagons were correctly patterned.

Table 12 shows correlation coefficients between levels of performance and
mathematical groups, school class levels, and ages for Figure 27:

Table 12: Spearman's Rho Correlation Coefficients: Figure 27:
Wallpaper: Ten Intersecting Hexagons.
Levels of Performance: n = 12.

= 0.141  p = >0.05
0.005  p = >0.05
0.003  p = >0.05

Across mathematical groups

al
|

Across school class levels T

Across ages
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Figure 27b shows levels of performance across all children who attempted

Figure 27:
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Figure 27b: Wallpaper: Ten Intersecting Hexagons:
Levels of Pexformance. n = 12,

Figure 27¢ examines gender performance across levels of performance:
[Levels of performance as for Figure 27bl,
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Figure 2/7c: Wallpaper; Ten Intersecting Hexagons:
Gender Performance Across Levels of Performance. n = 12,

The highest level of performance was an 8 year old AV girl,
Figure 27d shows Figure 27 levels of performance across mathematical

groups:
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Figure 27d: Wallpaper: Ten Intersecting Hexagons:
Levels of Performance Across Mathematical Groups. n = 12.

Figure 28, a very advanced junior puzzle, [Plate 64 ], gives clear examples
of the difficulties children may have when faced with multiple concepts:

Figure 28: Yachts.

Many children had difficulty with rotations. This lay in the formation of
squares made from half and quarter triangles. Some children lay sails flat
or back to front. Whereas some children found rotations difficult with no
colour problems, others were unable to focus on colour, with no rotational
difficulties., For these children one concept was enough at a time.
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Figure 28a shows levels of performance across Figure 28:
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- Good rotations. Colour matching incomplete..

- Accurate but incomplete,

- Accuwrate completion.

- Exceptional, fast or novel performance,
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Figure 28a: Yachts:
Levels of Performance. n = 19.

Figure 28b examines gender performance across levels of performance:
(Levels of performance as for Figure 28a).
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Figure 28b: Yachts:
Gender Performance Across Levels of Performance. n = 19.

Table 13 shows correlation coefficients between levels of performance and
mathematical groups, school class levels, and ages.

Table 13: Spearman's Rho Correlation Coefficients: Figure 28:
Yachts: Levels of Performance: n = 19,

Across mathematical groups r, = 0.483 p = 0,05
Across school class levels ry = 0.374 p = >0.05
Across ages rg = 0.512 p = <0.05
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Figure 28c shows Figure 28 levels of performance across mathematical
Eroups:
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Figure 28c: Yachts:
Levels of Performance Across Mathematical Groups. n = 19,

It was unexpected to find a 7 year old J-SLD boy, and a 6 year old JR
boy at a high level 6 level of performance, only surpassed by two 8 and
10 year old AV children and one 7 year old JE child, The significance in
correlation levels found in Figure 28 between mathematical groups across
levels of performance may well be attributed to the high performance of
the two AV girls, combined with the two JR children finding this puzzle
too difficult. Ages across levels of performance were also sigmificant, but
school classes were not. Gender performance for Figure 28 is tested with
a Mamn~-Whitney U-Test, showing significance in favour of females. This is
most likely chance.

In contrast, Figure 27, Wallpaper: Ten Intersecting Hexagons, Spearman's
Rho correlations for mathematical groups, school classes, and ages across
levels of performance were not sigrmificant. These very low correlations can
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be attributed to the highest level of performance coming from a clild in
the lowest mathematical group category attempting this puzzle, an AV girl,
combined with the lowest level of performance for this puzzle coming from
two children in the highest mathematical group categpory of SE 1
children. Perceptual difficulties such as pattern matching with colour
distractions, comhbined with awareness of shape, and rotations within these
shapes, do not correlate well with P.A,T. mathematics, but more to the
ability of a child to percelve and conceive mulbfiple dimensions and
concepts simultaneously. A Mann-Whitney U-Test shows no gender
differences for Figure 27.

Table 13A shows twe tailed Mann-Whitney U-Tests testing gender
differences in levels of performance across mathematical groups for
Chapter 4, at 0.05, where U (M) = Males, Ul (F) = Females, and z shows
use of normal approximation for larper samples.

Table 13A: Mann-Whitney U-Tests For Chapter 4: Gender Differences:
Levels of Performance Across Mathematical Groups:

Figure U (M) UL (F) =z Males Females

Puzzles demonstrating unexpected dimensiocns

14 147.5  188.5  + 0.62 - -
15 20 28 - -
16 5 35 - -

Puzzle demonstrating reversals

18 13.5 22.5 - -

20 127.5 26.5 B -
Puzzles demonstrating rotations

27 10 25 - -

28 18 66 - *

* significant at 0.05.

Subject numbers for the other puzzles involving rotation that have been
mentioned in this section were too small for vald comments to be made,
but it is interesting in the paint chart puzzles, that the two AV girls had
no problems, whereas both SR children found these puzzles too difficult,
and cne SE 1 child completed them with difficulty.
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Individual Child Profiles

Several remedial children improved their normal classroom mathematics
following work with the puzzles. The progressive movement was evident in
their ahility to process puzzles and concepts that were previously difficult
for them. Following work with the puzzies one semor remedial 9 year old
boy's formal mathematical work improved, and one jumior remedial girl
moved into an average mathematical group in her school class, Two huther
children show explicit difficulties and movement of progress:

Jurmior Remedial boy - age 6 years

The first child had major problems recogrising and rotating shapes to
match them, gradually learming to rotate and match, although not name
the shapes, and finally managing some quite advanced puzzles. This boy
firstly matched sailing ship halves with two sails together instead of a ship
base and sail, with rotational problems. He was unable to distinguish
between flower and pentagonal shaped buttons, When asked what shape a
white felt circle was, he sald it was white. On his fourth session he was
finally able to match halves and quarters cut horizontzlly, vertically and
diagonally, but called a trangle 'rectangle.,' On his sixth session he
attempted Figure 89, the hirthday candle array, managing a cardinal and
ordinal array with vertical colour sequences, and later matched adsum
blocks onto shaped cards successfully (Figure 86), although he had no idea
of conservation of area. He made a large tessellated rectangle with the
adsum vinyl shapes, and performed another cardinal and ordinal array with
the button holes array (Figure 88), achieving the most unexpected
performance for this puzzle and the flower pattern matching strips
(Figwes 92, 93). He was also able to classify, rotate and match the
aeroplane array (Figure 53), but still called a triangular aeroplane nose a
rectangle, then a square.

Jurnior Remedial girl - age 6 years

This girl had problems with shapes, and with bilateral symmetry. In
attempting to match some vertically cut halves with Red Indians on them,
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(Plate 77), some figures were mismatched to have faces with one or three
eyes each. She could not see anything wrong with this arrangement. She
could not seriate a set of diamond shapes, and although she could match
colours and shapes for vertically halved diamonds, could not match
horizontally cut halved diamonds. The following week she was able to both
seriate, and to match faces correctly. At a later session she completed
the button holes array (Figure 88) successfully with questioning, and made
tessellated patterns with some semicircles on rectangular shapes. She had
difficulty rotating pieces to make yachts (Figure 28), and made no colour
matches. The following year she achieved the second to highest level of
performance for the adsum shape conservation set (figure 86) and
completed the reversed tree puzzle (Figure 20) with minimun questioning.
Her teacher said her school mathematical work developed suddenly
following work with the puzzles.

Sum mary

Some children do have perceptual mode preferences such as colour or
shape. Some children may also have difficulty with variations within these
dimensional modes, such as differentiation between colours or shapes, and
further difficulties with the names of such differentiations. Other children
may find difficulty with reversals, rotations, and in perceiving lines. In
addition to these perceptual difficulties, the combination of multiple
concepts may mean a child is able to concentrate on one concept or
another, but not both at the same time.

Chapter 5 looks at children's ahility to process multiple concepts. It
elaborates on perceptual difficulties occurring more frequently in puzzles
where in addition to perceptual dimensions, multiple concepts such as
ordering - alternating, rotational or consecutive, and consecutive in array
form, or patterning required for the solution of a puzzle necessitated a
conscious focus of attention.
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Chapter >

Multiple Conceptsr
Distraction

When a child is attending to multiple concepts simultaneously as previously
discussed, difficulty may occur from an unexpected element or the
difficulty of focusing on several separate ideas such as colour, pattern,
shape, reversal or rotation at the same time. Additionally, difficulty may
marifest as a distraction element, as evidenced in the following three
puzzles, Figures 29, 30, and 31. Figure 29, an average semior puzzle,
involved all of these types of difficulty:

| 4

Figure 29: Wallpaper: Three Intersecting Hexagons:
Verbal Instructions:

- Find three sets.
- Find three hexagons.
- Place each set in its own hexagon.

Table 14 shows Figure 29 correlation coefficients between levels of
performance and mathematical groups, school class levels, and ages.

Table 14: Spearman's Rho Correlation Coefficients:
Figure 29: Wallpaper: Three Intersecting Hexagons:
Levels of Performance: n = 15.

Across mathematical groups rg = 0.247 p = >0.05
Across school class levels rg = 0.243 p = >0.05
Across ages £y = 0.325 p = >0.05
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Figure 29a shows Figure 29 levels of performance across mathematical
groups:
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Figure 29a: Wallpaper: Three Intersecting Hexagons:
Levels of Performance Across Mathematical Groups. n = 15.

The distraction element in Figure 29 was the concept of pattern matching
where colour was irrelevant, and an unexpected reversal with an orange
colour set intersecting the two pattern sets. Rotation was also involved.
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Figure 29b: Wallpaper: Three Intersecting Hexagons.
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Figure 29c shows levels of performance across all children who attempted

Figure 29:
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Figure 29c: Wallpaper: Three Intersecting Hexagons:
Levels of Performance. n = 15.

Figure 29d examines gender performance across levels of performance:
[Levels of performance as for Figure 29c].
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Figure 29d: Wallpaper: Three Intersecting Hexagons:
Gender Performance Across Levels of Performance. n = 15.

The distraction element in Figure 30, an average senior puzzle, was colour,
making it difficult for children to attend to the pattern continuation and
ignore colour. With only one piece glued into place, all other pieces
created rotational difficulties. Pieces of pattern needed to be rotated to
find their connections.
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Figure 30a: Wallpaper: Red / Brown Pattern Continuation Squares.
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Only three children attempted Figure 30, Wallpaper: Red / Brown Pattern
Continuation Squares. It was too difficult for one 10 year old SR girl. The
8 year old AV girl found this difficult, but completed it, and her 10 year
old AV sister completed it with no problems.

As well as showing elements of distraction, Figures 29, 30 and 31 also
incorporate concepts of rotational ordering, discussed later in this chapter.
Neither Figure 29 nor Figure 31 show dignificance at 0,05 levels of
sigrificance for Spearman's Rho correlations between mathematical groups,
school classes or ages across levels of performance. Subject numbers are
small, requiring a higher r, for significance between correlations.

In Figure 29, Wallpaper: Three Intersecting Hexagons, one AV girl was able
to achieve the highest very fast completion with no questioning level of
performance 6, exhibited in this puzzle, along with SE 1 and SE 2 children.
Curicusly, the lowest level of performance was also exhibited by a SE 2
child who found this puzzle too difficult. Two JE children completed the
puzzle with difficulty and questioning, Three of the eight SE 1 children
attempting [Figure 29 also completed it with difficulty and questioming,
with more children achieving at this low level 2 than at any other level.
This was one puzzle where boys seemed to have more difficulty than girls,
with boys peaking at difficult completon with a lot of questoring level 2,
and girls peaking at level & very fast completion with no questioning. A
Mann-Whitney U-Test testing gender differences in levels of performance
for Figure 29 shows no significant gender differences.

Gender performance for Figure 31 included tiwee boys and two girls who
found this puzzle too difficult. This is more than half of the eight children
attempting Figure 31. Two boys and one girl completed this puzde
successfully. Gender differences are not apparent. This difficulty centred
arourd rotation, where each block of repeated pattern was cut differently,
with pieces not interchangeable with pieces in other pattermn blocks. Colour
distraction also created sigmficant difficulty.
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Figure 31, an advanced senior puzzle, had a distraction element of colour,
where the real task was of repetitive matched patterns with rotation:

b e

ioure 1: Red / Silver / Blue Build

Plate 2 : Figure 3la: Red / Silver / Blue Buildup Pattern Match Jigsaw.
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Figure 31b shows Figure 31 levels of performance across mathematical
groups:
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Figure 31b: Red / Silver / Blue Buildup Pattern Match Jigsaw.
Levels of Performance Across Mathematical Groups. n = 8.

Table 15 shows Figure 31 correlation coefficients between levels of
performance and mathematical groups, school class levels, and ages.

Table 15: Spearman's Rho Correlation Coefficients:
Figure 31: Red / Silver / Blue Buildup Pattern Match Jigsaw.
Levels of Performance: n = 8.

Across mathematical groups rg = 0.440 p = >0.05
s = 0.434 p = >0.05
Across ages Es = Ouhd4 p = >0.05

I

Across school class levels >

Alternating Concepts
A further difficulty with multiple concepts concerned alternating concepts.

[Figures 32, 33, 34, 35, 36, 37]. Alternating concepts form an ordered
pattern in themselves, so the child's task is to classify, order, and
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connect, requiring much conscious attention. Figure 32, an average senior
puzzle, shows an example of alternating concepts:

Figure 32: Chain Link: Intersecting Sets of Two Buttons:

Verbal Instructions:

- Find sets of two buttons.

- Each chain link is a set of two.

- Place sets of two buttons in the chain links.

- The last button you place must make a set with your first button.
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One 10 year old SE 1 girl had difficulty distinguishing green from
turquoise, and in establishing an alternating colour / pattern sequence.
Colour differentiation and alternating pattern difficulties were the major
difficulties encountered in this puzzle.

Figure 32a: Chain Link: Intersecting Colour / Pattern Sets of Two Buttons:
Verbal Instructions:

- If a child has difficulty placing buttons into sets of two because each
button belongs to a colour set and a form / pattern set, I ask the child
to find one set of two. The child will select either a colour or a
pattern set of two. The set is placed on the diagram. I ask the child to
find another button to match one of these two buttons.
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Figure 32b shows Figure 32 levels of performance across mathematical

groups:
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Complete with minimal questioming

Complete with no questioming

Very fast compledon with no questioning

Very fast completion and use of strategy

- Exceptional or novel performance
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Figure 32b: Chain Link: Intersecting Colour / Pattern Sets of Two Buttons:
Levels of Performance Across Mathematical Groups. n = 12,

Table 16 shows correlation coefficients between levels of perfermance and
mathematical groups, school class levels, and ages.

Table 16: Spearman's Rho Correlation Coefficients:
Figure 32: Chain Link: Intersecting Colour / Pattern Sets of Two Buttons:
Levels of Performance: n = 12,

fl

Across mathematical groups r -0.029 p = >0.05
Across school class levels ro = 0.0534 p = >0.05
0.208 p = >0.05

Across ages

Figure 32c shows levels of performance across all children who attempted
Figure 32:
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Figure 32¢c: Chain Link: Intersecting Colour / Pattermn Sets of Two Buttons:
Levels of Performance. n = 12,

Figure 32d examines gender performance across levels of performance:
(Levels of performance as for Figure 32c).
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Figure 32d: Chain Link: Intersecting Colour / Pattern Sets of Two Buttons
Gender Performance Across Levels of Performance. n = 12.

It is not swrprising there is no correlation between mathematical groups
and levels of performance for Figure 32. No SE 1 child reaches as high a
level of performance of 4 of complete with mimimal questioming, as the
two AV girls and one JE and one SE 2 child. As well, the second to
lowest level of performance of 1 is included in the SE 1 group, with a
difficult incompletion. There were equal numbers of children achieving a
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difficult completion with a Iot of questioning, as there were who
completed the puzzle with mimmal questioning. Gender performance
appears to show girls aclieving the higher level of performance, A Mann-
Whitney U=~Test testing gender differences in levels of performance in
Figure 32 shows no signficant gender differences.

Colour discrimination was not more difficult for boys than girls. The
diffficulty seemed more related to the necessity to classify according to
colour and pattermn, and to alternate these in pattern form. Conscious
effort to keep track of these alternations seemed very difficult for many
of the children.

Figure 33, an above average senior puzzle, is an extension of the concepts
in Figure 32. The same 10 year old SE 1 girl experienced similar difficulty
with alternating concepts in Figure 33 as she did in Figure 32. One SE 1
boy had difficulty finding pattern matched sets of two buttons, being
distracted by their differing colours. A further distraction element was the
inclusion of a third colour matched button that was not related to any
particular pattern set, creating the need for rotational ordering over and
above the alternating colour / pattern circular sequence.

Figures 33, 34, 35, 36 and 37 are extensions of the basic concept in
Figure 32, including variations on a similar theme. Each puzzle adds an
addidional surprise element. Subject numbers are too small across all of
these puzzles to examine trends in levels of performance, with mixed AV
and SE 1 children only attempting these puzzles,

Of note is speed of performance which may indicate transfer of learming
for some of these children, Transfer of learming will be discussed in
Chapter 6. In Figure 36, one SE 1 girl completed this puezle accurately in
five minutes, with no questioning. The same gixl completed Figure 37 in
ten minutes, as did the 8 year old AV girl, both performances following
mirimal questioning. The 10 year old AV girl completed Figure 37
accurately with no questioning in just a few minutes.
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Figure 33: Intersecting Sets of Three / Sets of Two Button Star:

Verbal Instructions:

- Each triangle is a set of three. Each chain link is a set of two.
- Find buttons that belong together.

- Place sets of two buttons in the chain links.

- Place sets of three buttons in the triangles.

- The last set you place must link with your first set.
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Figure 33a: Intersecting Colour Sets of Three / Pattern Sets of Two
Button Star:
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Figure 33b shows levels of performance across mathematical groups:
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Fioure 33b: Intersecting Colour Sets of Three / Pattern Sets of Two
Button Star: Levels of Performance Across Mathematical Groups. n = 6,

Figure 34, an above average sermior puzzde, shows Figure 34 levels of
performance across mathematical groups: [Levels of performance as for
Figure 33b].
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Figure 34: Intersecting Sets of Three Button Star:
Levels of Performance Across Mathematical Groups. n = 6.
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Figure 34a: Intersecting Sets of Three Button Star:

Verbal Instructions:

set of three.

- Place sets of three buttons in the triangles.
- The last set you place must link with your first set.

- Find buttons that belong together.

- Each triangle is a
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Figure 34b: Intersecting Colour Sets of Three / Pattern Sets of Three
Button Star:
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Figure 35, an above average senior puzzle, is a further example of
alternation:

Figure 35: Intersecting Sets of Three Button Star:

Verbal Instructions:

- Each triangle is a set of three.

- Find buttons that belong together.

- Place sets of three buttons in the triangles.

- The last set you place must link with your first set.
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Figure 35a: Intersecting Colour Sets of Three / Shape Sets of Three
Button Star.




Figure 35b shows levels of performance across mathematical groups:
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Figure 35b: Intersecting Colour Sets of Three / Shape Sets of Three

Button Star; Levels of Performance Across Mathematical Groups, n = 3.

Figure 36, an average serior puzzle, shows Figure 36 levels of performance

across mathematical groups. [Levels of performance as for Figue 35b].
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Fipure 36: Intersecting Sets of Two Circular Chain

with Intersected Triangular Points:

Levels of Performance Across Mathematical Groups. n = 5.
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The child with the highest level of performance was the same 10 year old
SE 1 girl who earlier had difficulty with alternating concepts in Figures 32
and 33.

Figure 36a: Intersecting Sets of Two Circular Chain
with Intersected Triangular Points:
Verbal Instructions:

Find sets of two buttons.

Each chain link is a set of two.

Place sets of two buttons in the chain links.

The last button you place must make a set with your first button.
Find one button to complete each triangle. Each button completing a
triangle will intersect a chain linked set.
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Figure 36b: Intersecting Colour / Pattern Sets of Two Circular Chain

with Colour Intersected Triangular Points.
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Figure 37, an above average senior puzzle, exhibited multiple alternating
concepts:

Figure 37: Intersecting Sets of Two Circular Chain:

Verbal Instructions:

- Find sets of two buttons.

- Each chain link is a set of two.

- Place sets of two buttons in the chain links.

The last button you place must make a set with your first button.
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Figure 37a: Intersecting Shape / Colour / Pattern / Colour Sets of Two

Circular Chain.
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Figure 37b shows levels of performance across mathematical groups:
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Figure 37b: Intersecting Shape / Colour / Pattern / Colour Sets of Two
Circular Chain: Levels of Performance Across Mathematical Groups. n = 3.

Rotational Ordering
A further difficulty with multiple concepts occurred with rotational
ordering. [Figures 38, 39, 40, 41, 42, 43). Figure 38 is a very advanced

/ \|
H q i
L 4 - -\ /|
2 3 & i
. [ 3
" N
O O ' : { '
4 s /| 4 !It —
et | SNESTTT s~ 3 g /| L

ntinuation Rectangles,




157

Children attempted to colour match rather than pattern match, and found
rotating pieces difficult, Children also had rotational ordering difficulties
with Figure 39, a beginmning senior puzzle:

Figure 39: One Colour Difference Button Circle.

Verbal Instructions:
- Arrange the buttons with one colour connection and no more than one

colour difference between any buttons you place in connecting circles.

Figure 39a: One Colour Difference Button Circle.
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Figure 39b shows Figure 39 levels of performance across mathematical
groups:
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Figure 39b: One Colour Difference Button Circle.
Levels of Performance Across Mathematical Groups, n = 27.

The highest level of performance of exceptional speed [30 seconds] was
from an 8 year old AV girl. Many children did not notice the alternating
pattern of one colowr / two colours, nor apply an ordering strategy.

Table 17 shows Figure 39 correlation coefficients between levels of
performance and mathematical groups, school class levels, and ages.

Table 17: Spearman's Rho Correlation Coefficients:
Figure 39: One Colour Difference Button Circle.
Levels of Performance: n = 27.

Across mathematical groups rg = 0.404 p = <0.05
Across school class levels g = 0.346 p = <0.05
Across ages rg = 0.389 p = <0.05
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Figure 39¢ shows levels of performance across all children who attempted

Figure 39:
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Fioure 39c: One Colour Difference Button Circle.
Levels of Performance. n = 27/.

Figure 39d examines gender performance across levels of performance:
[Levels of performance as for Figure 39c].
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Figure 39d: One Colowr Difference Button Circle,
Gender Performance Across Levels of Performance. n = 27.
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Spearman's Rho correlations for Figure 39 between mathematical groups,
school classes and ages across levels of performance were all significant at
a 0.05 level of significance, despite the highest level of performance being
from an 8 year old AV Std. 2 girl, and three SE children finding this
puzzle very difficult. In contrast, no jumor child reached the higher levels
of performance recorded here, and one JR child and one SR child found
this puzzle too difficult. Significance levels are not high and may be due
to chance alone. A Mann~Whitney U-Test testing gender differences in

levels of performance shows no gender differences.

Figures 40 and 41 as examples of puzzles incorporating rotational ordering
are increasingly difficult varations on the one difference circuit theme.
The position of items in sets is important for the correct solution in all
rotational ordering puzzles. Classifying sets is a necessary pre-requisite
before the ordering positions of these sets can be linked.

In contrast to Figure 39, Figure 40 Spearman's Rho correlations between
mathematical groups, school classes and ages across levels of performance
were not sigmificant at a 0.05 level of significance. This is not surprising
when SE 1 children ranged in levels of performance from too difficult to
very fast completion and use of strategy. The too difficult category was
also represented by children in the SE 2 mathematical group. Additionally,
both AV children achieved the highest level of performance. There appears
to be a difference in gender performance, with boys achieving at lower
levels of performance than girls. A Mann-Whitney U-Test testing gender
differences in levels of performance shows no significant differences.

Two further examples of rotational ordering are demonstrated in Figures
42 and 43, both puzzles requiring fixed positional ordering of sets, In
Figure 42, Spearman's Rho correlations between mathematical groups,
school classes and ages across levels of performance were also not
significant at a 0.05 level of sigmificance. This is also not surprising when
two SE 1 children found this puzzle too difficult, and jurior levels of
performance were similar to serdor levels of performance. A Mann-Whitney
U-Test testing gender differences in levels of performance shows no
difference.
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Figure 40, an average senior puzzle, was different from Figure 39 in that
a strategy was useful to determine which button needed to take the
central position in the diagram, although a time consuming visual trial and
error approach was successful for some children: gik.

Figure 40: One Colour Difference Button Figure Eight:

Verbal Instructions:
- Arrange the buttons with one colour connection and no more than one

colour difference between any buttons you place in connecting circles.
- The button you place in the centre must have a colour relationship with
every button circle it is connected to.
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Figure 40a: One Colour Difference Button Figure Eight:

Table 18 shows correlation coefficients between levels of performance and
mathematical groups, school class levels, and ages.

Table 18: Spearman's Rho Correlation Coefficients:
Figure 40: One Colour Difference Button Figure Eight:
Levels of Performance: n= 1/.

Across mathematical groups rg = 0.034 p = >0.05
Across school class levels rg = 0,237 p = >0.05
Across ages rg = 0,237 p = >0.05

The time it took children to complete this puzzle varied enormously. Two
SE 2 children completed this puzzle in 30 minutes each, and the two AV
children and one SE 1 child completed it in 5 minutes each. The faster
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children worked out a strategy of counting the number of circles
connecting with the central circle, and then counting the number of
buttons any particular colour appeared on, Finding tlis central button was
essential to the ordered rotation in this puzzle.

Figure 40b shows levels of performance across all children who attempted
Figure 40:
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Figure 40b: One Colour Difference Button Figure Fight:
Levels of Performance. n = 1/.

Figure 40c examines gender performance across levels of performance:
[Levels of performance as for Figure 40bl.
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Figure 40c: One Colour Difference Button Fisure Eight:
Gender Performance Across Levels of Performance. n = 17.
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Figure 404 shows levels of performance across mathematical groups:
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Figure 40d: One Colour Difference Button Figure Eight:
Levels of Performance Across Mathematical Groups, n = 17,

Figure 41, an above average senior puwzle was only attempted by one 10
year old AV girl who completed it after a lot of rearranging:

Figure 41: One Material Difference Button Figure Fight:
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Figure 42, an above average senior puzzle, also required a particular order,
often involving children in much rotational rearranging before the correct
intersections could be found. The clear naming of sets was essential to the
effective ordering of elements in this puzzle.

Figure 42: Venn Diagram: Four Intersecting Wallpaper Sets:
Verbal Instructions:

- Find four sets.
One set is a colour set.

- One set is a size set.
- One set is a pattern set.
- One set is a shape set.

Name each set.

- Place each set in its own circle.

- Some pieces belong to more than one set. Place these pieces where the
sets intersect each other in the intersecting circles.



166

Figure 42a: Venn Diagram: Four Intersecting Wallpaper Sets:

Red / Small / Pattern / Triangle.

Table 19 shows Figure 42 correlation coefficients between levels of
performance and mathematical groups, school class levels, and ages.

Table 19: Spearman's Rho Correlation Coefficients:

Figure 42: Venn Diagram: Four Intersecting Wallpaper Sets:
Red / Small / Pattern / Triangle.

Levels of Performance: n = 23.

Across mathematical groups rg = 0.140 p = >0.05
Across school class levels rg = 0.147 p = >0.05
Across ages rg = 0.204 p = >0.05



Figure 42b shows levels of performance across all children who attempted
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Figure 42b: Venn Diagram: Four Intersecting Wallpaper Sets:
Red / Small / Pattern / Triangle,
Levels of Performance. n = 23,

Figure 42c examines gender performance across levels of performance:
[Levels of performance as for Figure 42b].
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Figure 42c: Venn Diagram: Four Intersecting Wallpaper Sets:
Red / Small / Pattern / Triangle,
Gender Performance Across Levels of Performance. n = 23.
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Figure 42d shows Figure 42 levels of performance across mathematical
groups:
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Figure 42d: Venn Diagram: Four Intersecting Wallpaper Sets:
Red / Small / Pattern / Triangle.
Levels of Performance Across Mathematical Groups. n = 23.

The 9 year old SE 2 boy with the highest level of performance completed
Figure 42 in ten minutes. He did this by clearly naming his sets and by
attending only to these named elements without being distracted and
confused by other elements such as 'big' and 'circle'.

Figure 43, a very advanced senior puzzle, is a fixed position domino set
with movable buttons. Much rotational ordering to intersect sets is involved
in this puzzle, made more difficult by the multiple classification concepts
incorporated. A 10 year old AV girl completed this puzzle, but found it
difficult and required a lot of questioning.
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- Each half circle [semicircle] and quarter circle on the diagram is part

Figure 43: Domino Multiple Concept Button Sets:

Verbal Instructions:

- Find sets of buttons that belong together.

- Each square on the diagram is a set.
- Each circle on the diagram is a set.

of a set.

= Put each set of buttons in its own circle or square,



Figure 43a: Domino Multiple Concept Button Sets.

As all square sets are complete, with some circular sets incomplete, it is
necessary for the child to count the number of sets of four and the
number of incomplete sets to determine which sets belong in the squares
and which sets belong in the circles on the diagram.

Increased conceptual performance from a child indicates learning, whereas
decreased conceptual performance may indicate tiredness from the
conscious focus of attention on multiple concepts, causing one or another
concept to progressively slip from attention. Figure 44, a very advanced
jurmior puzzle, is composed of four differently patterned sets of twelve
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triangles of equal shape and size, Children create their own matching,
symmetdcal, geometric or tessellated patterns from these. [Plate 36).

.
—

Figure 44: Striped Triangles:
Verbal Instructions;

- Make patterns with the triangles.

Figure 44a shows Figure 44 levels of performance across mathematical
ETOUpS:
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8 1
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6 1

5 1

4 1

3 1
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0
Levels Groups 1 Vi 3 & > 6 7 8
of J JR JE S SR AV SE SE
Performance SLD SLD 2 1

Levels of Performance
No pattermns or pattern matching
Hexagons with no pattern matching
Sym metrical pattern matched patterns
Pattern matched hexagon, mismatched hexagons,
incomplete hexagons
Pattern matched hexagons
Very fast pattern matched hexagons
Patterm matched hexagons and some stars
Patterm matched hexagons and stars
Pattern matched hexagons, stars and creative sym metrical
patterns

Figure 44a: Striped Triangles:

Levels of Performance Across Mathematical Groups. n = 9.

One 9 year old SR boy formed six pattern matched triangles into a
hexagon, He followed this with several more mismatched patterned
hexagons, and finally with incomplete hexagons, This contrasts with the
unexpectedly high level of performance from an 8 year old J-SLD boy who
made a haphazard design at first, followed by pattern matched hexagons
which he finally turned into stars by adding matched trangles to the
outsides of his hexagons.

W~ ovn b W= O

Consecutive Ordering

Consecutive ordexring was another form of multiple concept where children
might experience difficulty and extihit progressive levels of conceptual
understanding. Figures 45, 46, 47, 48, 49, 50, 51, 52 and 53 show examples
of consecutive ordering in addition to classification. Some of these puzzles
form an array or matrix with an ordered pattern or progression both
horizontally and vertically in rows and columns. Figure 45, a beginmning
serior puzzle, may be completed horizontally or vertically: top to bottom,
or left to right:
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Figure 45: Button Sets:
Verbal Instructions:

- Find buttons that belong together.

- Arrange button sets on the diagram.

- There is a horizontal relationship between buttons across rows.
- There is a vertical relationship between buttons down columns.
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Figure 45a: Repeated Patterns Cardinal and Ordinal Button Sets.
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Figure 45b shows Figure 45 levels of performance across mathematical
groups:
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0
Levels Groups 1 2 3 4 5 b / 8
of J JR JE S SR AV SE SE
Performance SLD SLD 2 1

Levels of Performance

Too difficult

Difficult and incomplete with a lot of questioming
Difficult completion with a lot of questioming
Complete with some gquestioning

Complete with minimal questioming

Complete with no questioning

Very fast completion with no questoning

Very fast completion and use of strategy
Exceptional or novel performance
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Figure 45b: Repeated Pattemns Cardinal and Ordinal Button Sets:
Levels of Performance Across Mathematical Groups. n = D.

One 9 year old SE 1 boy used a strategy by first counting his buttons and
dividing this number by the number of rows in the diagram to find how
many buttons he could expect there to be in each set. He then tded to
classify the buttons according to colour. When this did not work he tried
matching the buttons according to their pattern types. He finally classified
them according to the number of repeated patterns the buttons contained,
and after a lot of rearranging, ordered the sets on the diagram correctly.

Figure 46, an average serior puzzle, contrasts with Figure 45. In Figure 45
there are no colour relationships, and ordering occurs between rows with
cardinal horizontal relationships within rows, and ordinal vertical
relationships between rows. In Figure 46 there are colour relationships, and
ordering occurs within rows with ordinal horzontal relationships within
rows, and cardinal vertical relationships between rows.
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Figure 46: Repeated Patterns Coloured Cardinal and Ordinal Button Sets
Verbal Instructions:

- Find buttons that belong together.

- Arrange button sets on the diagram.

- There is a horizontal relationship between buttons across rows.
- There is a vertical relationship between buttons down columns.
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Figure 46a: Repeated Patterns Coloured Cardinal and Ordinal Button Sets.
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An 8 year old AV girl formed her colour rows, but because she had
difficulty counting the numbers of repeated patterns on some of the
buttons, some buttons were placed in order and some were not. Her 10
year old AV sister classified the colours and observed the repeated
patterns, but needed questioming to imitiate ordinal sequencing.

Three further multiple conceptual puzzles involving consecutive ordering
included hierarchy triangles. Figure 47, an advanced sernior puzzle, involved

Pt o s -‘\.:-_\\
el

one perceptual dimension:

Figure 47: Six Button Sets One Difference Hierarchy Triangle:

Verbal Instructions:

- Find 6 sets. Name your sets.

- Find the 6 buttons that name your sets.

- Place the 6 buttons that name your sets at the bottom of your
hierarchy triangle.

- Arrange the remainder of the buttons with no more than one thing
different between any buttons you place in connecting circles.
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Figure 47a: Six Colour Button Sets One Difference Hierarchy Triangle:

Both AV girls needed questioming to complete Figures 47, 48, and 49.
Figure 48, an advanced senior puzzle was another example of a hierarchy
triangle involving an additional perceptual dimension:



Figure 48: Four Button Sets One Difference Hierarchy Triangle:
Verbal Instructions:

- Find 4 sets. Name your sets.

- Find the 4 buttons that name your sets.

- Place the 4 buttons that name your sets at the bottom of your
hierarchy triangle.

Arrange the remainder of the buttons with no more than one thing
different between any buttons you place in connecting circles.

Figure 48a: Four Colour / Repeated Patterns of Four Button Sets One
Difference Hierarchy Triangle,

180
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Figure 49, an average senior puzzle, was the third hierarchy triangle:

Figure 49: Three Button Sets One Difference Hierarchy Triangle:
Verbal Instructions:

- Find 3 sets. Name your sets.

- Find the 3 buttons that name your sets.

- Place the 3 buttons that name your sets at the bottom of your
hierarchy triangle.,

- Arrange the remainder of the buttons with no more than one thing
different between any buttons you place in connecting circles.

Figure 49a: Three Shape Button Sets One Difference Hierarchy Triangle.
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Ordering appears to be a more difficult task for children than classifying,
when ordering of sets is an additional task to the imitial classification of
sets, It requires a conceptual leap for a child to simultaneously and
consciously attend to and link these two functions. For cardinal and
ordinal sets involving repeated patterns of specific numbers, some children
found consecutive ordinal ordering of these classifications was not an
automatic progression, despite awareness of the differing numbers of
repeated patterns as evidenced by the child's classifications, and the visual
assistance towards layout from the design of the diagrams. Counting the
numbers of repeated patterns in the higher numbers was difficult for all
children. Successful children found a strategy essential for accuracy, of
marking a starting point for counting each button. In Figure 45 there were
insufficient numbers of subjects tc make any correlational interpretations
between mathematical group categories and levels of performance, but the
two lowest performing children were from the highest mathematical group
category, and only one 8 year old AV girl required no questioning at all
Some children became confused by the large mumber of buttons in Figure
46, finding this puzzle too difficult, despite conceptual understanding.

Consecutive ordering in the hierarchy triangle series of puzzles involved
concepts of progressive accumulative addition of elements., The only
children to attempt these puzzles were the two AV girls, both of whom
required questiomning to complete each puzzle. The array concept seemed to
be the most difficult aspect of these puzzles.
Arrays

Most of the wremaining puzzles in Chapter 5 incorporating consecutive
ordering are arrays of various types. These include Figures 50, 52, 53, 55
and 56. The issue of an ordering process following a classification one is
evident in performance levels in these puzzles, with the ordering aspect
again not being a natural progression for the child, but a separate and
distinctive function. For Figure 50, Spearman's Rho correlations between
mathematical groups across levels of performance were significant at a
0.05 level of significance, but not for school classes and ages. It may be
the high performance of the two AV girls that create this significance. A
Mann-Whitney U-Test testing gender differences in levels of performance
for Figure 50 shows no significant differences.
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Figure 50, a very advanced jurmior puzzle with multiple concepts requiring
consecutive ordering, showed various perceptual difficulties and levels of
conceptual understanding:

Plate 3 : Figure 50: Lego Ordinal Array:
Verbal Instructions:

- Make Lego models.
- Arrange your Lego models together to make sets.,
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Plate 4 : Figure 50a: Lego Ordinal Array:

A 7 year old JR boy had difficulty classifying the size of the pieces in
one model which used the same colour combinations of another model with
differently sized pieces. He then had great difficulty ordering these sets.
Another 7 year old JR boy mixed models and their sequences. Some
children needed questioming to arrange their first model, and were then
able to complete other models alone. Some children made arrays with
their models, and some children could not find a way of arranging their
separately placed models together.
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Figure 50b shows Figure 50 levels of performance across mathematical
groups:
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Levels Groups 1 2 3 4 5 ) 7 8
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Performance SLD SLD 2 1

Levels of Performance

- Too difficult,

Difficult and incomplete with a lot of questioring.
Difficult completion of models with a lot of questioning.
Completion of models with imitial questioring., No array.
Completion of models with no questioning., No array.
Array with some questionming

Array with no gquestioning

Array with very fast completion

Exceptional or novel performance
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Figure 50b; Lego Ordinal Array:
Levels of Performance Across Mathematical Groups. n = 12,

Table 20 shows Figure 50 correlation coefficients between levels of
performance and mathematical groups, school class levels, and ages. There
is a correlation between levels of performance and mathematical groups,
but not between levels of performance and school class levels or ages.

Table 20: Spearman's Rho Correlation Coefficients:
Figure 50: Lego Ordinal Array;
Levels of Performence: n = 12.

Across mathematical groups rg = 0.554 p = <0.05
Across school class levels rg = 0.337 p = »0.05
Across ages rg = 0.339 p = >0.05
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Figure 50c shows levels of performance across all children who attempted

Figure 50:
3
A
-
2 /
1 -~
0 e e
n 0 1 2 3 4 5 5 7 8
Levels of Performance
~ Too difficult.

- Difficult and incomplete with a lot of questoring.

- Difficult completion of medels with a lot of questioming.
- Completion of models with initial questioning. No array.
- Completion of models with no questioning. No array.

- Array with some questioning

- Array with no questioming

- Array with very fast completion

- Exceptional or novel performance
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Figure 50c: Lego Ordinal Arrav:
Levels of Performance. n = 12,

Figure 50d examines gender performance across levels of pexformance:
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Figure >0d; Lego Ordinal Array:
Gender Performance Across Levels of Performance. n = 12,

Figure 51, a beginming serdor puzzle, was another example of a multiple
conceptual puzzle involving consecutive ordering causing difficulty. Although
these button classifications needed consecutive ordering, there was more
than one way of arranging them, and more than one name for one of the
sets with a multiple classification.
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Figure 51: One Difference Multiple Concept Button Arm Set:
Verbal Instructions:

- Find buttons that belong together.

- Name your sets.

Arrange your sets on the diagram with no more than one thing different
between any buttons you place in connecting circles.

Name each button arm set.

Name your central set.

Figure 5la: One Difference Multiple Concept Button Arm Set:
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A 10 year old AV girl arranged her shape sets in seriated form with the
biggest buttons in the centre, but did not notice her metal set. Her 8
year old AV sister reversed this, placing the smallest buttons in the
centrec. When I asked her if she could find another central set, she
reversed the seriations and called her central set 'big.,' 1 asked if she
could find another name for her big set. Only then did she notice it was
metal.

Figures 52 and 53, very advanced junior puzzles, were multiple conceptual
puzzles requiring consecutive ordering in the form of an array: [Plate 14]

Figure 52: Contact: Colour / Pattern Array:
Verbal Instructions:

- Find pieces that belong together.
Match them together onto the diagram.
Place sets of pieces together.

Name your sets along rows.

Name your sets down columns.

Figure 52a: Contact: Colour / Pattern Array:
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Figure 52b shows Figure 52 levels of performance across mathematical
groups:
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Levels of Performance

- Too difficult

- Difficult and incomplete with a lot of questioning
- Difficult completion with a lot of questioning

- Complete with some questioning

Complete with minimal questioning

- Complete with no questioning

- Very fast completion with no questiorning

- Very fast completion and use of strategy

- Exceptional or novel performance
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Figure 52b: Contact: Colour / Pattern Array:
Levels of Performance Across Mathematical Groups. n = 8.

An 8 year old JE boy made a correct array, but had difficulty naming his

sets, especially his colour ones. He imaginatively called his star pattern
set 'milky way.' Another array was Figure 53: [Plate 19].
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Figure 53: Aeroplane Array:
Verbal Instructions:

- Match your aeroplane halves into aeroplane pictures.
- Place aeroplanes that belong together on the diagram.

- Name each row.

- Name each column.



Figure 53a: Aeroplane Array:

Figure 53b shows Figure 53 levels of performance across mathematical
groups:

8 1

/ 2 i}

&)

5 1 2 1 1

4 i

3 il

2 1

1 1

0 3
Levels Groups 1 2 3 4 > 6 i 8
of J JR JE S SR AV SE SE
Performance SL.D SLD 2 1

Levels of Performance
- Too difficult.

- Mismatched planes. Mismatched colours.

- Correct plane matches. Mismatched colours. No sets of
two.

- Correctly matched planes. No array.

Difficult completion with extensive questioning.

- Complete with some questioning.

- Complete with minimal questioning.

- Complete with no questioning.

- Very fast completion with no questioning.
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Figure 53b: Aeroplane Array:
Levels of Performance Across Mathematical Groups. n = 16.

Sometimes dealing with multiple concepts or difficult perceptual
dimensions may create frustration for a child. This happened in Figure 54,

a very advanced junior puzzle, where one 9 year old SE 1 boy could not at
first see the patterns he was trying to match. He exhibited frustration
with several other puzzles as well. He had not been in New Zealand long,
and had not come from a school system where he had been given many
applied problems. He was accustomed to being outstanding in all of his

school work, and became upset when he could not do something new.
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Plate 5: Figure 54: Fabric Pattern Match: Red / Blue - Orange / Brown:.

Verbal Instructions:
- Match the patterns.

i

o

Figure 54a shows levels of performance for Figure 54:
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- Difficult completion with a lot of questioning
- Complete with some questioning
Complete with minimal questioning
- Complete with no questioning
- Very fast completion with no questioning
- Very fast completion and use of strategy
- Exceptional or novel performance
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Figure 54a: Fabric Pattern Match: Red / Blue - Orange / Brown:
Levels of Performance. n = 12.

Figure 54b examines gender performance across levels of performance:
(Levels of performance as for Figure 54c). A Mann-Whitney U-Test shows

no gender differences in levels of performance.
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Figure 54b: Fabric Pattern Match: Red / Blue - Yellow / Brown:
Gender Performance Across Levels of Performance. n = 12,

Figure 54c shows Figure 54 levels of performance across mathematical

groups:
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Complete with no questioming
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Figure 54c: Fabric Pattern Match: Red / Blue - Yellow / Brown:
Levels of Performance Across Mathematical Groups. n = 12.

Table 21 shows Figure 54 correlation coefficients between levels of
performance and mathematical groups, school class levels, and ages.
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Table 21: Spearmzn's Rho Correlation Coefficients:
Figure 54: Fabric- Pattern Match: Red / Blue - Yellow / Brown:
Levels of Performance: n = 172.

Across mathematical gzroups rg = 0.256 p = >0.05
Across school class levels r, = 0.118 p = >0.05
Across ages rg = 0.215 p = >0.05

Incubation of multiple concepts sometimes ocoars when a child is unzble
to solve a puzzde on the first attempt, but has no difficulty on a
subsequent occaesion. This occwrred to the same child in Figures 55 and 36,
above average semor puzzles, adapted from a puzzle using flowers and
leaves by Z.P. Dienes: .
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Figure 55: One Difference Zigzag Array:
Verbal Instructions:

- Find pieces that belong together. Name your sets,

- Arrange pieces with no more than one thing different between any
pieces you place mnext to each other.

- Fach row is a set. Name it. Each column 1s a set. Name it
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Figure 55a: One Difference Rectangular Cardinal and Ordinal Zigzag Array:

Three SE 1 children made a rectangular or irregular shape fitting the
pieces together. When questioned about how many items there were on
each piece, they were able to start with the smallest piece and order an
array. A 10 year old AV girl could not do this on her first attempt, but
on her second, completed the array quickly and accurately. She could not
solve Figure 56 on her first attempt eithers [Instructions as for Figure 55).
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Figure 56: One Difference Button Array:
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Figure 56a: One Difference Holes / Repeated Patterns Cardinal and Ordinal
Button Array:

The 10 year old AV girl classified some buttons according to pattern but
not repeated patterns, and she did not notice the holes. I gave her Figure
45 [Repeated Patterns Cardinal and Ordinal Button Sets] and a button
holes puzzle which will be discussed in the chapter on diagnostic
progressions. She then attempted Figure 56 again, completing it with no

questioning or problems. Not only was incubation involved, but also transfer
of conscious learning. Her 8 year old AV sister made a holes array, but
did not make a holes / repeated patterns array until I asked her to tell
me about the pattern on one button.

Multiple concepts may create various difficulties, such as distraction from
and by particular perceptual dimensions, inability to maintain alternating
patterns, rotational ordering problems, consecutive ordering problems,
frustration, incubation, and the need for experience at the single concept
level where unexpected unfamiliar concepts are involved, to facilitate
conscious transfer of learning.
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Table 21A shows two tailed Mann-Whitney U-Tests testing gender
differences in levels of performance across mathematical groups for
Chapter 5, at 0.05, where U (M) = Males, ULl (F) = Females, and z shows
use of normal approximation for larger samples.

Table 21A: Mann-Whitney U-Tests For Chapter 5: Gender Differences:
Levels of Performance Across Mathematical Groups:

Figure U (M) Ul (F) = Males Females

Puzzles demonstrating distraction elements

29 12.5 43.5 - -
Puzzles demonstrating alternating concepts

32 & 30 - -
Puzzles demonstrating rotational ordering

39 75.5 106.5 + 0.75 - -
40 31 41 - -
42 53.5 72.5 -
Puzzles demonstrating consecutive ordering

50 13.5 13.5 - -

Puzzles demonstrating frustration with multiple concepts

54 24,5 7.5 - -

* Significant at 0,05

Difficulties and performance levels did not differ with any significance
between genders for any of the Chapter 5 puzzles tested. Even when single
concepts within a puzzle are understood, any child may have difficulty
sequencing them in progressive conceptual steps. This was particularly
noticeable in the muli level arrays such as the aeroplane, lego, and
contact arrays. Simple matching within umits did not mean a child was
able to see the possibility of matching between units. For example, being
able to match individual models in the lego array did not mean a child
would automatically put the matched models in ordinal sequence, or the
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ordinal sequences into a hordzontal and vertical array. In the aeroplane
array, individual aeroplane matching did not necessarily mean a child had
an awareness of colour versus non colour, and if this awareness was there,
it was not necessarily automatic to arrange matched pairs putting all
coloured aeroplanes together and all non coloured aeroplanes together,
Similarly, questioning was required for some children attempting the
contact array, to place individual colour and pattern matched pairs first
into pattern, and fnally into colour groups,

The Einal two cardinal and ordinal arrays, Figures 55 and 56 had a
progressive sequence from start to finish. If the basic concept was missed
in the beginming stages, the puzzle could not be successfully completed on
any level. Sometimes a particular concept needs to be experienced in
several different forms before the pattern is consciously recogmised by a
child and conscious transfer of learming may take place between one puzzle

and another.
Surmary

There were many difficulties with multipla concepts embedded within
puzzles. Much conscious focus of attention was required to pay
attention to the patterning of puzzles with alternating concepts, and
consecutive ordering in particular. Children found this very
difficult, even when the patterming was very regular. Observing the
patterning in the first place was the hardest part for most children,
This observation acted as a form of strategy for completing the
puzzle more quickly. Unless this patterning was firmly understood,
children were easily distracted by the multiple concepts they were
processing.

Graded puzzle series involving transfer of learning, and puzzles
which can and can not be done without the use of a strategy are
presented in Chapter 6.
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puzzles, This caused distraction and perceptual difficulties, but levels of
performance were balanced by the learned and transferred conceptual
understanding and processing of the puzzle type., Smaller numbers of
children increased their levels of performance, or decreased them, showing
respective ability or inakility to tlink independently beyond these variables.
Where Venn Diagrams incorporating multiple concepts or major changes of
materials were added, levels of performance tended to decrease or
undulate for most children, unless the conceptual grasp was consolidated to
facilitate improved performance.

Series of puzzles of the same or related types with progressive difficulty
levels showed the same mixed trends of increase, decrease, equality and
undulation of levels of performance as the Venn Diagram series, and for
the same reasons. There was more than one example of a child with an
exceptionally high level of performance at a lower difficulty level being
unable to transfer obviously understood concepts to a successively difficult
puzzle when there were too many multiple conceptual variables to
mamipulate simultaneously, This was more a feature of younger children,
indicating that the quantity of difficult variables as well as the quality of
difficult variables was inveolved in the transfer of learming problem.

Some puzzles required the use of strategy as a thought out in advance step
by step method to reduce the process of puzzle solution from a HOme
consuming wvisual manipulation ftrial and error approach to a speedy,
structured, ordered process requiring less visual checking, Use of strategy,
often involving rotation and symmetry, always indicates both advanced
conceptual understanding of the nature of a problem, and exceptional
ability in the child using it, especially where this occurs with a younger
child.

Chapter 7 focuses on puzzles where all of the previous kinds of difficulties
were exhibited, from all of the previous chapters. Their broad range of
embedded concepts allowed for the observation of much diagnostic
informaton from children.
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Chapter 6

Transfer of Learning and the Use of Strategy
Transfer of Learning
Issues of transfer of learnming and use of strategy are discussed in this
chapter. Whereas transfer of learming may occur unconsciously or
consciously, the use of strategy needs conscious application. It is difficult
to know how much transfer of learning occurs unconsciously and how much
needs conscious attention. Children have shown evidence of preferred
perceptual dimensional modes and the processing of familiar concepts both
unconsciously and consciously with the ability to verbalise classifications,
and of unconscious classification of unfamiliar and unexpected concepts
with an inability to verbalise these classifications. It is confusing to
consider when the familiar becomes processed unconsciously yet is able to
be in the child's conscious awareness, and when the unfamiliar becomes
familiar and no longer needs conscious processing, when children are
already able to process the unfamiliar unconsciously. Did the 10 year old
AV girl use both incubation and transfer of learning, or either of these on
their own? A series of three beginning semior Venn Diagram puzzles given
to children in a specific order reflects these questions. Figure 57 is given
to children first because all of the pieces hold size, shape and shades of
colour constant, whereas the Figure 58 and 59 button sets do not hold

these elements constant. @ O @ @ @
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Figure 57: Venn Diagram: Three Intersecting Fimo Colour Sets: Red /
Yellow / Green: Verbal Instructions:

- Find three sets. Name each set.

- Place each set in its own circle.

- Some buttons belong to more than one set. Place these buttons
where the sets intersect each other in the intersecting circles.
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Figure 57a: Venn Diagram: Three Intersecting Fimo Colour Sets: Red /

Yellow / Green.

Figure 57b shows Figure 57 levels of performance across mathematical
groups:
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Figure 57b: Venn Diagram: Three Intersecting Fimo Colour Sets: Red /

Yellow / Green:

Levels of Performance Across Mathematical Groups. n = 56.
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Figure 57¢ shows levels of performance acruss all children who attempted
Figure 57:
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Figpwre 57c¢: Venn Diagram: Tiree Intersecting Fimo Colour Sets: Red /
Yellow / Green: Levels of Performance. n = 56,
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Figure 57d examines gender performance across levels of performance:
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Figure 57d: Venn Diagram: Three Intersecting Fimo Ccolour Sets: Red /

Yellow / Green: Gender Performance Across Levels of Performance. n = 56,

Table 22 shows Figure 57 correlation coefficients between levels of
performance and mathematical groups, school class levels, and ages:

Table 22: Spearman's Rho Correlation Coefficients:

Flgure 5/: Venn Diagram; Three Intersecting Fimo Colour Sets: Red /

Yellow / Greem: Levels of Performance; n = 56,

Across mathematical groups rg = 0,237
Across school class levels s = 0.135
Across ages r. = 0.152

o T 9
nmn

<0.05
>0.05
>0.05
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Of note is a 9 year old SE 1 boy with the highest level of performance
exhibiting exceptional use of strategy. He accurately visualised and planned
the placements of all of his sets mentally before placing the pieces,
verbally explaining their positions to me before putting them on the
diagram. Most children attempted Figures 58 and 59 following Figure 57,
Venn Diagrams of three colours as in the fimo set, but with buttons
instead of fimo. Some children found this transition difficult with the
introduction of differently sized buttons and various shades of the colour
sets they represented, with different numbers of set members from the
fimo set. This difficulty represents elements of both distraction and
perceptual difficulty. Other children solved these two puzzles at the same
level of performance as Figure 57, indicating this was a consolidating
exercise, or the level of puzzle was still either too easy or too difficult. A
third group of children improved their level of performance, perhaps
indicating conscious transfer of learming, and a fourth group undulated
performance levels. Of note is the exceptional speed of performance for
Figures 58 and 59 from a 10 year old AV girl who completed these puzzles
in 10 seconds each. Exceptional speed, along with the use of strategy as
mentioned in Figure 57, is an indication of exceptional ability in a child.
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Figure 58: Venn Diagram: Three Intersecting Button Colour Sets: Black /
Yellow / White: Verbal instructions as for Figure 57/.

Figure 58a: Venn Diagram: Three Intersecting Button Colour Sets: Black /
Yellow / White.
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Figure 59: Venn Diagram: Three Intersecting Button Colour Sets: Red /
White / Blue: Verbal instructions as for Figure 5/.

Figure 59a: Venn Diagram: Three Intersecting Button Colour Sets: Red /
White / Blue.

Tables 23, 24, 25 and 26 show Figures 57, 58, and 59 levels of

performance represented by decrease (-); equality (=); improved (+); and

mixed performance (x).

- in Table 23 for children whose level of performance decreased,
indicating distraction elements and perceptual difficulties;

= in Table 24 for children whose levels of performance stayed the same,
indicating they were either consolidating this conceptual level, or that
this level of puzzle was still too easy or too difficult for them; and

+ in Table 25 for children whose levels of performance increased,
indicating transfer of learming.

X in Table 26 where children exhibited undulating levels of performance
across Figures 57, 58 and 5%

Table 23: - Decreased Levels of Performance: Figures 57, to 58, 59:

Venn Diagrams: Three Intersecting Colour Sets: n= 3.,
Mathematical

Groups Figure 57 Figure 58 Figure 59

JE 4 3 o

JE 5 3 3

JE 6 2
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Table 24: = Equal Levels of Performance: Figures 57, to 38, 59:
Venn Diagrams: Three Intersecting Coiour Sets: n = 23,
Mathematical

Groups Figure 57 Figure 58 Figure 59

JE

JE

JE
S=SLD
SR
SR
SR
SR
AV
SE
SE
SE
SE
SE
SE
SE
SE
SE
SE
SE
SE
SE
SE
SE
SE
SE
SE
SE
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Table 25: + Increased Levels of Performance: Figures 57, to 58, 59:

Venn Diagrams: Three Intersecting Colour Sets: n = 10,
Mathematical

Groups Figure 57 Figure 58 Figure 59
JR 3 3 3
JE 3 5

JE 3 4 4
JE 4 4 5
JE 3 6 6
SR 3 b} 5
SR 3 5 5
SR 4 6 b
AV 6 7 7
SE 1 S 6 6
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Table 26: x Mixed Levels of Performance: Figures 57, to 58, 59:

Venn Diagrams: Three Intersecting Colour Sets: N = 1.
Mathematical

Groups Figure 57 Figure 58 Figure 59

JE 6 3 b}

It could be expected that children decreasing their performance would be
junior children exhibiting more perceptual and distraction difficulties and
less experience in transfer of training, but surprisingly, the only JR child
to attempt these puzzles increased his performance. To negate the
expectation that jumior children might decrease their levels of
performance, some JE children increased their levels of performance and
decreased it, as well as keeping it equal. Also surprising was that all
children except one from the two senior extension groups maintained their
levels of performance without any apparent transfer of learning. The
change of perceptual levels and distraction may have balanced the effect
of transfer of learning, keeping the levels of performance equal. Some
children attempted further Venn Diagrams with multiple concepts involved.

These included average semior puzzles Figures 60 and 61, and beginming
senior puzzles Figures 62, 63 and 64:

®
Q @

@9 uO

Figure 60: Venn Diagram: Three Intersecting Button Sets:
Verbal instructions as for Figure 5/.

Figure 60a: Venn Diagram: Three Intersecting Button Sets:
Cream / Brown / Square.
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Figure 61: Vemn Dlag%m Three Inta:sectmg Button Sets:
Verbal instructions as for Figure
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Figure 6la: Venn Diagram: Three Intersecting Button Sets:
Pink / Flower / Transparent.

igure 62: Venn Diagram: Three Intersecting Button Sets:
Verbal instructions as for Figure 57.
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Figure 62a: Venn Diagram: Three Intersecting Button Sets:
Triangle / Square / Circle. _

Figure 63: Venn Diagram: Three Intersecting Button Sets:
Verbal instructions as for Figure 5/.

Figure 63a: Venn Diagram: Three Intersecting Button Sets:
Gold / Grey / Fabric.
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Figure 64: Venn Diagram: Three Intersecting Wallpaper Sets:

Verbal instructions:

- Find three sets.
One set is a colour set.

One set is a size set.

One set is a pattern set.

Name each set.

Place each set in its own circle.

Some pieces belong to more than one set. Place these pieces where the
sets intersect each other in the intersecting circles.
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Figure 64a: Venn Diagram: Three Intersecting Wallpaper Sets:
Black and White / Small / Jug Pattern.

Table 27 shows Figure 64 correlation coefficients between levels of
performance and mathematical groups, school class levels, and agest

Table 27: Spearman's Rho Correlation Coefficients:
Figure 64: Venn Diagram: Three Intersecting Wallpaper Sets:
Black and White / Small / Jug Pattern:

Levels of Performance: n = 35.

Across mathematical groups rg = 0.490 p = <0.05
Across school class levels rg = 0.307 p = <0.05
Across ages te = 0+239 p = >0.05

Figure 64b shows Figure 64 levels of performance across mathematical
groups:
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3 1 3 4
2 5 1 1

1

0

Levels Groups 1 2 3 4 5 [ 7 3
of J JR JE S SR AV SE SE
Performance SLiD SLD 2 1

Levels of Performance

Too difficult

Difficult and incomplete with a Iot of questioning
Difficult completion with a lot of questioning
Complete with some questioring

Complete with mimimal questioming

- Complete with no questioning,

Very fast completion with no questiorming

Very fast completion and use of strategy

- Excepticnal or novel performance

o~ o PO
1

Figuire 64b: Venn Diagram: Three Intersecting Wallpaper Sets:
Black and White / Small / Jug Pattermn: n = 35,

Figure 04c shows children at the highest level of performance for Figure
64 across mathematical groups and age. Of note is a 6 year old JE boy.

expected

11
10
9
3 1
/
6 1
unexpected
Age Maths J JR JE S SR AV SE SE
Groups SLD SLD 2 1

b L

2
1
1

Figure b4c: Venn Diagram: Three Intersecting Wallpaper Sets:
Black and Whte / Small / Jug Pattern:.

Highest Level of Performance: Very fast completon with no questioming:
Mathematical Groups Across Ages. n = 9.

Figure 64d shows levels of performance across all chikiren who attempted
Figure ©4;
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10
9
8 /\
6 / N\ /.
> / N A
4 /[ N__/
3 / AV
2 /
1 /
0 Vi
n 0 1 2 3 4 5 3
Levels of Performance
0 - Too difficult
1 ~ Difficuit and incomplete with a lot of quesHoning
2 ~ Difficult completion with a lot of questioning
3 -~ Complete with some questioming
4 = Complete with mirmmal questioring
5 ~ Complete with no questicming
6 ~ Very fast completion with no questioning
7 ~ Very fast completion and use of strategy
8 - Exceptional or novel performance
Figure 64d: Venn Diagram: Three Intersecting Wallpaper Sets:
Black and White / Small / Jug Pattern:
Levels of Performance., n = 33,
Figure b4e examines gender performance across levels of performance:
[Levels of performance as for Figure 64d].
10
9
8
/
6 Z\
> /
Z 7 7
3 Z. NN
2 PN L
1 /7 RN e
0 . £ e
n 0 1 2 3 4 5 8
n = 20 Males
n =15 cerecmmcca- Females

Figure 64e: Venn Diagram: Three Intersecting Wallpaper Sets:

Black and White / Small / Jug Pattern:

Gender Performance Across Levels of Performance. n = 35.
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Both Figure 57 and Figure 64 were significant at 0.05 level for levels of
performance correlated with mathematical group categories. Figure 64 was
also significant at school class level correlated with levels of performance.
It is difficult to find a possible reason for these correlations occuring with
two puzzles of identical type. It is also difficult to determine a reason
why correlations are significant when most of the puzzles did not show
significant correlatdons between mathematical groups and levels of
performance, and also to determine whether these results occurred from
chance alone or for some specific reason relating to the puzzles,

One reason for sigmificance in Figure 57 could be the exceptional score of
one SE 1 child using an exceptional level of strategy. Otherwise score
ranges were the same for JE and SE 1 children. This high score was able
to override the effect of one SE 2 child with the lowest level of
performance who found this puzzle too difficult. A firther factor could be
the small number of JR children attempting this puzzle, eliminating a
greater number of potential levels of performance across the range.

For Figure 64, levels of performance ranges were spread from JE to SE 1
children, with the numbers of children at higher levels being greater for
serior extension children,

Table 27A shows two tailed Mann-Whitney U-Tests showing no gender
differences in levels of perfoarmance across mathematcal groups for
Figures 57 and 64 at 0.05, where U (M) = Males, Ul (F) = Females, and
z shows use of normal approximation for larger samples.

Table 27A: Mann-Whitney U-Tests For Chapter 6: Figures 57 and 64;
Gender Differences: Levels of Performance Across Mathematical Groups:

Figure U (M) Ul (F) z Males Females
Puzzles demonstrating transfer of learning

57 353.5 405.5 + 0,43 - -
b4 108.5 191.5 - -

* Significant at 0.05
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Tables 28, 29, 30 and 31 show the same children as Tables 23, 24, 25 and
26 who attempted some of the multiple concept Venn Diagrams (Figures
60, 61, 62, 63 and 64). Trends are mixed as to which children stay at
decreased, equal, increased or mixed levels of performance:

Table 28: ~ Decreased Figure 57-59 Levels of Performance/ Fig 60-64:

Venn Diagrams: Three Intersecting Sets: N= 2.
Mathematical
Groups

Figures 37 58 29 60 61 62 63 64
JE A 3 3 2
JE b b) 2

Table 29: = Equal Figure 57-59 Levels of Performance/ Fig 60-64:
Venn Diagrams: Three Intersecting Sets: N = 22,

Mathematical
Groups
Figures 57

Ln
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60 61 62 63 6
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Table 30: + Increased Figure 57-59 Levels of Performance/ Fig 60-64:

Venn Diagrams: Three Intersecting Sets: n= 4,
Mathematical
Groups

Figures 57 58 59 60 61 62 63 64
JE 3 J S
SR 4 6 6 3 3
AV 6 7 7 o © o 5 4
SE 1 ! o b 5

Table 31: x Mixed Figure 57-59 Levels of Performance/ Fig 60-64:
Vernn Diagrams: Three Intersecting Sets: n =
Mathematical

Groups

Figures 57 58 59 60 61 62 63 64
JE 6 3 > Y]

The majority of children equalled their levels of performance across
Figures 57-59, but with the addition of multiple concepts to the same
type of puzzle in Figures 60-64, the main trend was a lowering of levels
of performance. Figure 64 added an extra dimension of a different
material type which created transfer of learming difficulties for some
children. A smaller group of children did make a positive transfer of
learning. Table 32 lists trends of the movement of levels of performance
for each of the -, =, + and x groups:

Table 32: Movement in Levels of Performance: Figures 57-59 to 60-64;
Venn Diagrams: Three Intersecting Sets:

Table No. N - = + x
Table 28 Z 2
Table 29 20 9 3 6 2
Table 30 4 yi 1 i

+
Table 31 1 1

x

Total 2/ 14 A 7 2
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The issues are ilustrated again by a special case not included in the
previous tables, The SE 1 boy concerned started with Figure 58 (red /
white / blue buttons) instead of the usual Figure 57 {fimo). His level of
performance for Figure 58 was 5, showing he had a good conceptual grasp
and was not too distracted with the perceptual elements of the buttons.
He followed with Figure 62 (tdangle / square / circle buttons), showing
his difficulties with the inclusion of multiple concepts and elimination of
colour by a level of performance of 3. He finally completed Figure 64
(Wallpapers hlack & white / small / jug pattern) with a level of
performance of 6, showing a defimte transfer of learning,

Tables 33 and 34 show a further special case category of children not
included in previous tables, who give evidence of the vneed for consolidating
experience for adequate transfer of learwing, and reinforce the difficulties
created by the addition of perceptual variables and multple concepts to a
puzzle., These children each attempted two Venn Diagrams only, moving
straight from Figure 57 (fimo) to Figure 64 (Wallpaper: black & white /
small / jug pattern), In Table 33, levels of performance decreased from
the first puzzle to the second, despite most of these children belonging to
one of the two highest SE mathematical group categories, The child
previcusly achieving a high 7 level of performance through exceptonal use
of strategy was unable to transfer his visualising ability when perceptual
and conceptual variables were not held constant:

Table 33:; - Decreased Levels of Performance
From Fieure 5/ to 64:

Venn Diagrams:; Three Intersecting Sets: N = 6,
Mathematical

Groups Figure 57 Figure 64

JE
SE 2
SE 2
SE 2
SE 1
SE 1

=g L
L Lf e B L 8

Table 34 shows children attempting only Figures 57 and 64 in the Vemn
Diagram group, who maintained equal levels of performance, indicating
significant transfer of learming despite the fact that no child increased
performance level when attempting these two Venn Diagrams alone;



217

Table 34: = Equal Levels of Performance
From Figure 5/ to 64:
Venn Diagrams: Three Intersecting Sets: N = 3,

Mathematical
Groups

Fipure 57 Figure 64
JE 5 5
SE 2 ) 2
SE 1 © 6

Figures 65, 66, 67 and 68, very advanced senior puzzles, required transfer
of learming between each of these related ordered progressions of puzzles.

ALl children attempting any of these four puzzles were 10 years cld. Tahble
35 shows levels of performance and movement in levels of performance
between these progressively difficult puzzles. Performance level changes
indicate ability to transfer concepts, with a mixture of children

maintaining, increasing and decreasing performance levels across puzzles.

Table 35: Movement in Performance Levels: Figure 65-66-67-68:; N = 9,
Figure 65: Two Intersecting Button Sets with Subsets of Two,
Figure 66: Two Intersecting Button Sets with Subsets of Three.

Figure ©7: Four Button Classification Sets with Subsets of Two.

Figure 68: Four Button Classification Sets with Subsets of Three.
Mathematical

Gro¥ps Figure 65 Figure 66 Figure 6/ Figure 68
SE

SE
SE
SE
AV
SE
SE
SE
SE

3 5

N

wH{on b o

4
6
5

PO T TSR RN RN
RE, For Tonl

o ol el e

Levels of Performance

Too difficult

- Difficult and incomplete with a lot of questioning
- Difficult completion with a lot of questioning

- Complete with some questioning

Complete with minimal questicning

- Complete with no questioning

- Very fast completion with no questioning

- Very fast completion and use of strategy

~ Exceptional or novel performance
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Figure 65: Two Intersecting Button Sets with Subsets of Two:

Verbal Instructions:

Find buttons that belong together.

Take one subset of two that you have found. What is the same about
these two buttons? What is different about them? Give this subset a
name that states what is the same or what is different.

Find other subsets of two with the same name.

Group other subsets with different names.

You now have three different groups of subsets.

Place the named groups of subsets on the diagram to make two sets.
Each subset of two has its own little circle.

The group of named subsets you place in the intersecting space between
the two big sets must belong to both sets.

Name the two sets.



Figure 65a: Two Intersecting Button Sets with Subsets of Two:

Verbal Instructions:
- What are the names of the three groups of subsets of two?
- Same colour / different size

- Different colour / same size

- Different colour / different size
- What are the names of the two big sets?

- Different colour

- Different size
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Figure 66: Two Intersecting Button Sets with Subsets of Three:

Verbal Instructions:

Find buttons that belong together.

Take one subset of three that you have found. What is the same about
these three buttons? What is different about them? Give this subset a
name that states what is the same or what is different.

Find other subsets of three with the same name.

Group other subsets with different names.

You now have three different groups of subsets.

Place the named groups of subsets on the diagram to make two sets.
Each subset of three has its own rectangle.

The group of named subsets you place in the intersecting space between
the two big sets must belong to both sets.

Name the two sets.
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Figure 66a: Two Intersecting Button Sets with Subsets of Three:
Verbal Instructions:

- What are the names of the groups of subsets of three?
- Same colour / different size

- Different colour / same size

- Different colour / different size
- What are the names of the two big sets?

- Different colour

- Different size



222

Figure 67: Four Button Classification Sets with Subsets of Two:
Verbal Instructions:

- Find buttons that belong together.

- Take one subset of two that you have found. What is the same about

these two buttons? What is different about them? Give this subset a

name that states what is the same or what is different.

Find other subsets of two with the same name.

Group other subsets with different names.

You now have four different groups of subsets.

Place the four named groups of subsets in the four big circles on the

diagram, with each subset in its own little circle.

- Each of the four big circles is connected vertically and horizontally with
another big circle.

- There are four sets. Each set is made up of two connecting big circles.
- Name the four sets.
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Figure 67a: Four Button Classification Sets with Subsets of Two:
Verbal Instructions:

- What are the names of the groups of subsets of two?
- Same colour / different size

- Different colour / same size
- Different colour / different size
- Same colour / same size
- What are the names of the four connected sets?
- Same size
- Different colour
- Different size

- Same colour
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Figure 68: Four Button Classification Sets with Subsets of Three:
Verbal Instructions:

- Find buttons that belong together.

- Take one subset of three that you have found. What is the same about
these three buttons? What is different about them? Give this subset a
name that states what is the same or what is different.

- Find other subsets of three with the same name.

- Group other subsets with different names.

- You now have four different groups of subsets.

= Place the four named groups of subsets in the four big circles on the
diagram, with each subset in its own rectangle.

- Each of the four big circles is connected vertically and horizontally with
another big circle.

- There are four sets. Each set is made up of two connecting big circles.

- Name the four sets.




Figure 68a: Four Button Classification Sets with Subsets of Three:
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Verbal Instructions:
- What are the names of the groups of subsets of three?
- Same colour / different size

- Different colour / same size
- Different colour / different size
- Same colour / same size
- What are the names of the four connected sets?
- Same size
- Different colour
- Different size
- Same colour
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Figures 69, 70 and 71, beginning senior puzzles, Figure 72, an advanced
serior puzzle, and Figure 73, a very advanced senior puzzle, also required
transfer of learning between each of these related and progressively
difficult puzzles. Table 36 shows levels of performance and movement in
levels of performance, including conscious use of strategy. Performance
level changes indicate ability or inability to transfer concepts, with a
mixture of children maintaining, increasing, decreasing and undulating
performance levels across puzzles. Also included is Figure 10 (Chapter 4).

Table 36: Performance Level Movement: Figure 69-70-10-71-72-73: N = 17.
Figure 69: One Colour Difference 5 Button Arms: White Centre.

Figure 70: One Colour Difference 7 Button Arms: Gold Centre.

Figure 10: One Shape Difference 3 Button Arms: Circle Centre.

Figure 71: One Shape Difference 8 Button Arms: Circle Centre.

Figure 72: One Colour Difference 6 Intersecting Button Arms: Black.

Figure 73: One Colour Difference 9 Intersecting Button Arms: Transparent.
Mathematical

Groups Figure 69 70 10 1 72 73
SR
SE 1
SE 1
SR
SR
SR
SR
SR
SE 1
AV
AV
SE
SE
SE
SE
SE
SE
Levels of Performance

0 - Too difficult

1 - Difficult and incomplete with a lot of questioning
Difficult completion with a lot of questioning
Complete with some questioning

Complete with minimal questioning

Complete with no questioning

Very fast completion with no questioning

Use of strategy with minimal questioning

Use of strategy with no questioning

Very fast completion with use of strategy

7

oo WL N
O 0o &

(3% oo O LU o wwu,

NP RPN
LW Noo L

YooNoOTULPEWwWN
[ R



227

h ys
T 452

Figure 69: One Difference 5 Button Arms:

Verbal Instructions:

- Find which buttons belong together.

- Arrange the buttons with no more than one thing different between
any buttons you place in connecting circles, =

Figure 69a: One Colour Difference 5 Button Arms: White Centre.
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Figure 70: One Difference 7 Button Arms:

Verbal Instructions:

- Find which buttons belong together.

- Arrange the buttons with no more than one thing different between
any buttons you place in connecting circles.

Figure 70a: One Colour Difference 7 Button Arms: Gold Centre.
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Figure 71: One Difference 8 Button Arms:
Verbal Instructions:

- Find which buttons belong together.
- Arrange the buttons with no more than one thing different between

any buttons you place in connecting circles
i f

Figure 71a: One Shape Difference 8 Button Arms: Circle Centre.
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Figure 72: One Difference 6 Intersecting Button Arms:
Verbal Instructions:

- Find which buttons belong together.
- Arrange the buttons with no more than one thing different between
any buttons you place in connecting circles.




231

Figure 72a: One Colour Difference 6 Intersecting Button Arms: Black.
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Verbal Instructions:
- Find which buttons ng to
- Arrange the buttons wi
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Figure 73b shows in graphic form the upward and downward movements of
performance levels of the three children who attempted four or more
puzzles across difficulty levels from Figures 69-70-10-71-72-73. Each of
the three children obtained a performance level of 6 for Figures 69 and
70, Maintained and upward movements indicate clear transfer of learning.
Decreased movements indicate difficulty in transfer of learning with the
addition of multiple concepts to simultaneously attend to. It is interesting
that the younger 8 year old AV girl who achieved the highest level of
performance of 8 for Figure 72, was unable to solve Figure 73 at all:

8
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4 it B O

3 i %
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1 N\

0 \
Levels Figure 69 70 10 71 /2 i3
of
Performance
Key Mathematical Group Age

SE 1 10

o AV 10

----------- AV 8
Levels of Performance

- Too ditficult

- Difficult and incomplete with a lot of questioning
- Difficult completion with a lot of questioning

- Complete with some questioning

Complete with minimal questioning

Complete with no questiomning

Very fast completion with no questioning

Very fast completion and use of strategy
Exceptional or novel performance
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Figure 73b: Performance Level Movement: Figure 69-70-10-71-72-73: N=3.
Figure 69: One Colour Difference 5 Button Arms: White Centre.

Figure 70: One Colour Difference 7 Button Arms: Gold Centre.

Figure 10: One Shape Difference 3 Button Arms: Circle Centre.

Figure 71: One Shape Difference 8 Button Arms: Circle Centre.

Figure 72: One Colour Difference 6 Intersecting Button Arms: Black.
Figure 73: One Colour Difference 9 Intersecting Button Arms: Transparent.
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For children to solve these puzzles at speed, the use of strategy is
necessary, rather than the slow trial and error method used by some
children. Counting the number of times a colour or element is repeated
across buttons determines the central button with the most connections.
The puzzle can then be completed quickly. Figures 72 and 73 required the
addition of a particular order of the button arms determined by the
intersecting buttons. For Figure 73, a greater number of button arms and
a transparency concept meant the difference between the 8 year old AV
girl being able to solve one puzzle with intersecting button arms, but not
the other, despite clear evidence of her conceptual understanding and
previous use of strategy.

Table 37 shows transfer of training between Figure 74, a very advanced
serior puzzle, and Figure 75, an adult puzzle, each puzzle using similar
conceptual processing to the other, but having different diagrams. (Figure
75 is one of a trio of my adult puzzles marketed in New Zealand and
Australia in 1993, with the commercial name 'Arrange-A-Way'). It is
interesting that the 10 year old SE 1 girl found both puzzles too difficult,
whereas one AV girl decreased and one AV girl increased her level of
performance. The younger 8 year old AV girl was unable to complete the
more difficult puzzle, despite showing conceptual understanding of the
basic structure of the puzzle:

Table 37: Transfer of Learning: Figure 74-75: N = 3.

Figure 74: Intersecting Colour / Pattern Button Sets of Three: Steps.

Figure 75: Intersecting Colour / Pattern Button Sets: Diamond Array.
Mathematical

Groups Figure 74 Figure 75
SE 1 0 0
AV 3 1
AV 4 6

Levels of Performance

0 = Too difficult

- Difficult and incomplete with a lot of questioning
- Difficult completion with a lot of questioning

- Complete with some questioning

Complete with minimal questioning

Complete with no questioning

Very fast completion with no questioning

- Very fast completion and use of strategy

- Exceptional or novel performance

co~NoOTULM P W
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Figure 74: Intersecting Colour / Pattern Button Sets of Three: Steps:
Verbal Instructions:

- Each row and column of three connecting circles is a set.

- Find sets of three buttons.

- Choose one set to start. Find another set to connect with it.

Put each member of each button set together.
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Figure 74a: Intersecting Colour / Pattern Button Sets of Three: Steps:

Verbal Instructions:
- Find colour and pattern sets.




Put each member of each set together.

Figure 75: Intersecting Colour / Pattern Button Sets: Array.
Verbal Instructions:

Find sets.

How many buttons in each set?

Choose one set to start. Find another set to connect with it.
Put each member of each set together.

Do not leave any gaps.
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Figure 75a: Intersecting Colour / Pattern Button Sets: Diamond Array.

Strategy:
- Find colour and pattern sets.

- Use columns and rows to connect all of the sets.

Transfer of learming may include transfer of consciously or unconsciously
learned concepts, or a method of processing used in one puzzle and
transferred to another. So far Chapter 6 shows how children may
consciously or unconsciously transfer conceptual learnming from one puzzle
to another, and consciously transfer a method they have discovered to
solve one puzzle to solve another of the same type. It would be expected
that children would increase their speed and level of performance between
such puzzles, Where levels of performance remained equal, there has been
found to be an increase in perceptual and conceptual difficulties created
by such variables as elements of colour and size not being held constant,
or the introduction of multiple concepts or of a different material type or
diagram. These effects create a learning jump, balancing out the positive
effect of the transfer of the learming by maintaining an equal level of
performance. Children who increase their levels of performance despite
these perceptual distractions and conceptual additions show a consolidated
and conscious conceptual understanding of the processes they are
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manipulating. Children who decrease their level of performance, despite
conceptual understanding, may be unable to retain and mentally manipulate
the number of varables invelved simultaneously. This occurs especially with

younger children,

Two further related puzzles involving transfer of learming and use of
strategy were above average serdor puzzles Figures 76 and 77:

Fipwre 76: Ordered Sheep Triangles (3's):
Verbal Instructions:

- Put the sheep in order.
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Figure 77: Ordered Sheep Triangles (10's). (Part of Completed Set):
Verbal Instructions:

- Put the sheep in order.
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The two AV sisters attempted these two related puzzles, Figure 76 and
Figure 77. The 8 year old AV girl ordered some sheep correctly by
observing repeated patterns, and incorrectly visually mismatched other
individual sheep. With no consistent use of strategy she was unable to
transfer any learning to Figure 77 which was too difficult for her. She
became confused by the extra number of sheep. Her 10 year old sister
attempted Figure 77 only, achieving a level of performance of 7, very fast
completion and use of strategy, through applying an ordering strategy
examining repeats of particular sheep rather than trying to visually match
each individual sheep. Neither child noticed that the last sheep triangle
linked with the first.
Use of Strategy

Some puzzles were difficult to solve without the application of a strategy.
A strategy is mentally thought out in advance, and a step by step method
used to solve a puzzle, indicating advanced conceptual grasp and ability in
a child. The use of strategy speeds the process from the time consuming
trial and error approach of visual manipulation of objects, reducing the
amount of visual attention and manipulation required, to a process
executing logic, structure, order or probability. The following six puzzles,
advanced senior puzzle Figure 78, and adult puzzles Figures 79, 80, 81, 82
and 83 were difficult to solve without the application of a strategy. Figure
78 is an adaptation of an original puzzle involving probability, using houses,
with a differently coloured roof, window and door, by Z.P. Dienes:
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FlgLure 78° Colour Comhination Probability Triangles: @
Verbal Instructions:

- Use each colour of the little triangles in each big triangle. V q
- Make each big triangle different.
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Figure 78a: Colour Combination Probability Triangles:
The 8 year old AV girl completed Figure 78 accurately using a visual
checking approach with no strategy. Six other children attempting Figure

78 applied a strategy which they worked out for themselves, giving a
different colour to the top points of the big triangles in each row. Five of
the six children visually mamipulated the other colours. Of these children,
two 9 year old SE 1 children completed only half of the puzzle, finding
the remainder too difficult. Three 9 and 10 year old SE 1 children using
this strategy accurately completed the puzzle. One 10 year old AV girl
completed this puzzle very quickly using the above strategy, but extending
it to rotate the other three colours within each big triangle, eliminating
any visual checking to ensure the big triangles were arranged differently.

Figure 79 is also one of the trio of adult puzzles marketed in 1993, with
the commercial name of 'Scottish Nitemare'.

B

Plate 6

Figure /9: Checked Fabric Pattern Strips: Two Identical Square Arrays:
Verbal Instructions:

- Make two squares with an identical pattern.
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Plate 7:
Figure /9a: Checked Fabric Pattern Strips: Two Identical Square Arrays:

Strategy:
- One square is cut horizontally and one vertically.

- Use any piece to order the pieces in the other square.

Only one SE 1 child was able to solve Figure 79. After much trial and
error he discovered the above strategy required to solve this puzzle.

Figure 80 is the third of the trio of adult puzzles marketed in 1993, with
the commercial name 'Compare Square'.

i 3.
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Plate 8 : Figure 80: Three Identically Patterned Squares:
Verbal Instructions:

- Make three squares with an identical pattern.
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Plate 9 : Figure 80a: Three Identically Patterned Squares:

Strategy:

- Each colour square is cut differently.

Find one piece from each colour square that contains the same pattern.
Arrange each piece to make the pattern in each colour square identical.
Find other pattern pieces to connect with the first three pieces.

Make all three colour squares at the same time.

Three children attempted Figure 80. One of the two 10 year old SE 1
children found this too difficult, and the other completed only half of the
puzzle, but did use a strategy. The 10 year old AV girl completed Figure
80 in 35 minutes, using a strategy, and with no additional questioning.

| P =@
Figure 81: Hexagons into Cubes: T
Verbal Instructions:

- Make a tessellated (no spaces left over) pattern of hexaéons.

- Intersect the pattern of hexagons with further hexagons overlaid to
change the pattern of hexagons into a pattern of cubes.

- Arrange the colours so each adjacent side of any completed cube is
distinguished by a different colour.
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Plate 10 F1gu—r: 8la: Hexagéns mto Cubes:

Strategy:

- Pattern the base pattern of hexagons in an order, such as red /
yellow / blue.

- Colour pattern the overlaid hexagons to enable the sides of the
completed cubes to be distibguished with different colours.

Four children attempted Figure 81. One 10 year old SE 1 child found this
too difficult, and another completed the puzzle accurately after a lot of
difficulty intersecting the hexagons to make cubes, although with no
problem making the initial colour patterming, The two AV 8 and 10 year
old girls completed Figure 81 with no difficulties or questioning,

Figure 82, another adult puzzle, required written instructions:

- There are 7 sets of buttons.

= There are 7 members in each set.

All buttons except 7 belong to more than one set. These 7 buttons name
the sets. Name the sets.

Find the 7 buttons that name the sets, and place them on the diagram.
Arrange the remaining intersecting buttons into an array, so each
member of each set is in continuous linkage with its other members.
Notice the relationships at triangle points.
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Figure 82: Seven Set Triangular Button Array.
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Figure 82a: Seven Set Triangular Button Array:

Strategy:

- Place the 7 set naming buttons along one side of the outside of the
big triangle, such as along the base.

- A fast way to find the correct intersecting buttons is to add the
elements from the two bottom points of any triangle within the
diagram, and place the button containing this addition of elements at
the top point of the triangle concerned.

- Observe the pattern of ticks the continuous linkage of sets creates.
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Figure 82b shows Figure 82 levels of performance across mathematical
groups. The 10 year old SE 1 girl with a level of performance of 2 needed
extensive questioning to find the set naming buttons. She placed these
along the base of the triangle with no further questioning, but needed
questioning to intersect the remaining buttons. The 10 year old SE 1 boy
on level 3 followed the written instructions unaided, made a baseline of
set naming buttons and began intersecting. them up the triangle. Because
there were some mistakes in the baseline, he was unable to complete the
intersections without questioning to find the correct set naming buttons.
The 9 year old SE 2 boy on level 3 needed questioning to find the baseline
set, but completed the remainder of the puzzle unaided. The two AV
sisters completed Figure 82 quickly and unaided, with the 10 year old
completing this puzzle in 15 minutes.

-
6 2
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4
S 1 1
2 il
1
0
Levels Groups 1 2 3 4 5 b 7 8
of J JR JE S SR AV SE SE
Performance SLD SLD 2 1

Levels of Performance

- Too difficult

- Difficult and incomplete with a lot of questioning
Difficult completion with strategy and extensive
questioning

Complete with strategy and some questioning
Complete with strategy and minimal questioning
Complete with strategy and no questioning

Very fast completion with strategy and no questioning
Exceptional or novel performance
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Figure 82b: Seven Set Triangular Button Array:
Levels of Performance Across Mathematical Groups. n = 5.

Figure 83 is the final adult puzzle presented in Chapter 6. The partly
completed designs are glued onto the diagram:



Figure 83: Rotational Circuit:
Verbal Instructions:

- Design 1 is the starting pattern.

- Design 2 is a rotation of Design 1.

- Design 3 is a half completed rotation of Design 2.

- Complete the rotations so Design 8 rotates to link with Design 1.
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Figure 83a: Rotational Circuit:
Strategy:
= As the designs make a complete rotation around the diagram, Design 5

will be upside down from Design 1, and Design 7 upside down from
Design 3, and so on, with Design 2 and 6, and 8 and 4 also upside down
from each other.
- Similarly, Design 3 is a quarter turn from Design 1 etc.
- There are eight diagrams. The degree of rotation is a one eighth turn.
This puzzle was too difficult for one SE 1 10 year old. The only other
child in this study to attempt Figure 83 was the 10 year old AV girl who
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completed it accurately in 20 minutes, using a visual approach, not the

above strategy. One 12 year old in a 1989 study has used this strategy.
Symmetry

Use of strategy, often involving rotation and symmetry, or awareness of

rotation and symmetry in a puzzle such as Figure 83, indicates ability in a

child. Figure 84, an advanced junior puzzle, (Plate ), illustrates the

issues of symmetry, strategy and rotation at a more elementary level:

Figure 84: Sycamore Seeds:
Verbal Instructions:

(a) = Take four seeds at a time. Make each set of four seeds into a
square.
Make as many different patterns in the squares as you can.
(b) - Make one big symmetrical design.
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Table 38 shows levels of performance for Figure 84. Children are tabled in
order of level of performance. About half of the children attempting
Figure 84 created symmetrical patterns. There was no distinction between
the mathematical group range of children who made symmetrical patterns
and children who did not. It is interesting that all of the children who
followed the different patterns of four with one large design of tessellated
X shapes did not show any use of symmetry in their earlier different
patterns of four. This could be an incubation effect, or it may be that the
focus of attention on making all of the patterns of four different was a
distraction element. No child used any kind of strategy to order and
rotate their different patterns of four.

Table 38: Performance Levels for Figure 84: Sycamore Seeds: N = 18:

Age Mathematical Number Symmetry Strategy One Symmetry
Group of Big
Different Creative
Patterns Design
10 SR 6 - - -
9 SR 6 - - -
6 JE 6 - - -
6 JR 6 - - -
10 SR 6 - - 1 X shapes
10 SR 12 - - -
8 SE1 6 - - 1 X shapes
7 JE 6 - - 1 X shapes
8 SR 12 - - -
9 SR 12 some - -
i JE 4 4 - -
6 JE 6 6 - -
7 JR some all - -
6 JR some all - -
6 JE 8 8 - -
10 AV many all - -
8 AV 10 10 - -
9 SR 10 10 - 1 1
Summary

Transfer of learning in Chapter 6 is described as conscious or unconscious
transfer of consciously or unconsciously previously learned concepts, or
conscious transfer of a method used to solve one puzzle successfully, to
another puzzle with similar elements. The Venn Diagram series of puzzles
showed most children maintaining levels of performance across the first
three puzzles, where small changes in difficulty level manifested as
perceptual variables and numbers of items not being held constant across
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Chapter 7

Diagnostic Progressions

Chapter 7 presents five puzzles demonstrating progressive conceptual levels
of performance in children. Progressive conceptual levels of performance
aid the diagnostic assessment of a child's level of conceptual
understanding, and help specify perceptual and conceptual difficulties the
child may be experiencing in early mathematical development. Each puzzle
illustrates examples of some issues and concepts discussed in previous
chapters. These include unconscious processing where a classification is
made with the child unable to verbalise the classification; perceptual
prority modes; perceptual difficulties such as problems with colours, lines,
reversals, symmetry and rotations; problems with multiple concepts such as
classifying and ordering, classifying with consecutive ordering, alternate
ordering and rotational ordering; confabulation; transfer of learnming; and
conscious use of strategy. The first three puzzles do not involve
enumeration and are presented in order of difficulty. The last two puzzles
do involve enumeration and are also presented in order of difficulty.
Puzzles Without Enumeration

Figure 85, Fabric Butterflies, an advanced jumior puzzle, is a pattern
matched, colour grouped array involving bilateral sym metry. Each butterfly
is divided into two separate wings to be matched together. Children give
clear diagnostic information of perceptual difficulties and conceptual
understanding by exhibiting different ability levels of matching within this
puzzle. One 8 year old SR girl was unable to rotate the wings to make
butterflies. She had difficulty even seeing butterfly wing shapes. Because
of her absorption in wing rotation, she did not notice wing pattern or
colour, and her butterflies were wing pattern and colour mismatched. Wing
rotation was so difficult for her, she did not complete the set. This is
similar to the level of performance demonstrated in Figure 28, Yachts,
where some children could not rotate hilateral sails to make np the
yachts. Some children were able to make butterflies without any
difficulties with rotation or bilateral symmetry, but were unaware of
pattern and colour matching possibilities. Other children who were- able to
pattern and colour match individual butterflies successfully, were unable to
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find pattern matched pairs of butterflies with different colours. Other
children successfully matching butterfly pairs were unable to place colour
groupings into a final colour / pattern matched pair array. Plates 11 and
12 show Figure 85 in incomplete form, and with some levels of matching.

T Bl S Iy

0

erflies:

Plate 11: Figure 85: Fabric Butt
Verbal Instructions:
- Make butterflies.

- Find butterflies that belong together. ‘

Pte 12; Fure 85: Fabric Butterflies.
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Plate 13 shows a partially completed butterfly wing colour and pattern
matched array.
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Plate 13: Figure 85a: Fabric Butterflies:
Verbal Instructions:

= If the child has made anything less than a complete array:
- Can you find another way to match your butterflies?

- If a child can not find another way, but has randomly matched correctly
within the group of mismatches:

- Can you tell me why you matched these butterflies together?




Inakility to match butterfly wings into a butterfly indicated difficulty with
rotation of reversed shapes into bhilateral symmetry. A butterfly given
correct wing shape with each wing differently coloured and patterned
showed lack of colour and pattern awareness. Pattern matching difficulties
evidenced as correct colowr and pattern matched wings formed into
butterflies, with distraction from the two differing colouwr groups
interfering with perceptual and conceptual processes preventing clhildren
finding purely pattern matched butterfly pairs, Inability to maripulate
mulbple concepts and tasks simulataneouly and consecutively contributed.
Lack of awareness of two colour groupings eliminated the possibility of
array formation. These perceptual and conceptual difficulties did not
correlate well with mathematical groups. The highest performance was
from jumior children and an 8 year old AV girl; the lowest from an 8 year
old SR girl. Subject Tumbers are too small to attribute reasons other than
chance. Figure 85b shows performance levels across mathematical groups.
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Levels of Performance
- Bilateral rotational wing shape matching too difficult
- Difficult and incomplete wing shape matching
- Difficult but complete wing shape matching
Gomplete wing shape matching with no pattern matching
Wing shape match: incomplete colour/pattern matching
Wing shape matching: complete colour/pattern matching
Pattern matched some butterfly pairs
Pattern matched all butterfly pairs
Colour array with questioning
Colouwr array with no questioring
Colour array with very fast completion
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Figure 85b: Fabric Butterflies: Colour and Pattern Match Array:
Levels of Performance Across Mathematical Groups., n = 16,




Figure 85c shows Figure 85 levels of performance:
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Levels of Performance

0 - Bilateral rotational wing shape matching too difficult
1 - Difficult and incomplete wing shape matching

2 ~ Difficult but complete wing shape matching

3 - Complete wing shape matching: no pattern matching
4 - Wing shape match: incomplete colour/patterm match
5 - Wing shape matching: complete colour/pattern matching
6 - Pattern matched some butterfly pairs

7 - Pattern matched all butterfly pairs

8 - Colour array with questioming

9 - Colour array with no questioming

10 - Colour array with very fast completion

Figure 85c: Fabric Butterflies: Colour and Pattern Match Array:
Levels of Periormance. n = 16.

Figure 85d examines gender performance across levels of performance:
(Levels of performance as for Figure 85c¢).
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Figure 85d: Fabrc Butterflies: Colour and Pattern Match Array:
Gender Performance Across Levels of Performance. n = 16,




A Mann-Whitney U-Test shows gender differences in favour of males.

Figure 85e shows children at the highest level of performance for Figure
85 across mathematical groups and age. The most unexpected performance
was from a 6 year old JR boy.

expected
11
10
9
8 1 1
7 2 1
6 1
unexpected
Age Maths J JR JE S SR AV SE SE
Groups SLD SLD 2 a

Figure 85e: Fabric Butterflies: Colour and Pattern Match Array:
Highest Level of Performance: Colour array with questioning:
Mathematical Groups Across Ages. n = b.

Children who show difficulties at any of these levels can be given other
puzzles to help develop the concept there is difficulty with, irrespective of
the child's mathematical group level or age.

A further puzzle showing a range of conceptual levels in children was the
Adsum Shape Conservation Set and its extension with vinyl shapes. Four
Adsum blocks fit together onto a series of different cardboard shapes to
help develop ideas of conservation, as documented in Lee (1963). I have
expanded the 5 shapes illustrated in Lee to a set of 25 shapes. Children
place the four Adsum blocks onto each of the different cardboard shapes.
Figure 86 shows the Adsum blocks to be fitted onto one cardboard shape.

S

Figure 86: Adsum Shape Conservation Set.
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Plate 14 shows the range of Figure 86 shapes in the Adsum Shape
Conservation Set.

Plate 14: Figure 86a: Adsum Shape Conservation Set.

The transfer of learning required to place the blocks successfully and
understand the idea of conservation of area was impossible for some
children, and difficult for others who could not verbalise the meaning of
all four blocks fitting exactly onto each of these very different shapes,
despite having manipulated and rotated the blocks correctly onto the
shapes. Understanding the concept of conservation was always more
difficult for the child than the process of fitting the blocks onto the
shapes. This reinforces Piaget's belief that children must manipulate and
experience objects incorporating pre-mathematical concepts before formal
mathematical understanding can take place.

Figure 86b shows Figure 86 levels of performance across mathematical
groups. At the lowest level were children who could not rotate blocks to
fit onto the shapes, followed by children who could rotate for some shapes



but not for others. Some children were able to fit the shapes, but not
complete the whole set through fatigue and loss of concentration or
slowness. Lower levels of performance clustered around the jumior groups,
but children who completed these shapes correctly with no questioming
ranged from the lowest to the highest mathematical groups. Jurmior children
were also represented at the highest performance level
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Levels of Performance
Too difficult
Difficult and incomplete with a lot of questicming
Difficult completion with a lot of questioming
Correct it incomplete with some questioning
Complete with some questioming
Complete with mimmal questiomng
Complete with no questioning
Very fast completion with no questioning
Very fast completion and use of strategy
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Figure 86b: Adsum Shape Conservation Set:
Levels of Performance Across Mathematical Groups. n = 40,

Figure 86c shows children at the highest level of performance for Figure
86 across mathematical groups and age.
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Figure 86c: Adsum Shape Conservatipn Set: .
Highest Level of Performance: Very fast completion with no questioning:
Mathematical Groups Across Ages, n = 9.
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The most unexpected performance was from a 6 year old JE boy achieving
the highest level of performance along with two 9 year old SE 1 children.

Figure 86d shows levels of performance across all children who attempted
Figure 86, Most children peaked at level 6, complete with no questioming,
with a smaller number at level 7, very fast completion with no

questiorning.
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Difficult and incomplete with a lot of questioning
Difficult completion with a lot of questioring
Correct but incomplete with some questioning
Complete with some questiomng

Complete with mimimal questioning

Complete with no questioming

- Very fast completion with no questioring

- Very fast completion and use of strategy
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Figure 86d: Adsum Shape Conservaton Set:
Levels of Performance. n = 40,




204

Figure 86d shows how most children were able to complete this puzzle at
level 6 with no questoning required, and how a smaller cluster of children
were able to complete this puzzle at level 7, at speed. Figure 8b6e
examines gender performance across levels of performance. (Levels of
performance as for Figure 86d). Both boys and girls peaked at levels 6 and
7. A Mann-Whitney U-Test shows no gender differences.
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Figure 86e: Adsum Shape Conservation Set:
Gender Performance Across Levels of Performarce. n = 40,
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Children who were able to complete the conservation shapes successfully
were given a large set of loose enlarged vinyl shapes shaped like the
Adsum blocks. The task was to take one conservation cardboard shape at a
time, and recreate this shape with four of the enlarged vinyl Adsum look
alike shapes. This was a very difficult task for many children. Ranges of
levels of performance with the vinyl shapes as a continuum of the range
of performance with the Adsum Shape Conservation Set gave a wide
diagnostic view of a child's conceptual levels not only of ideas of
conservation, but of shape awareness, rotational ability, awareness of
symmetry, perceptual difficulties a size change created, and transfer of
learning and reversal of task. Whereas most children who were able to
transfer the learming from the conservation set shapes to the vinyl shapes
needed to use the Adsum blocks fitted onto the card before they could
see the rotational positions for the enlarged vinyl shapes, exceptional
children were able to visualise these rotations mentally without use of the
Adsum blocks. This was the upper level of performance. Plate 15 shows
Figure 86 transfer from Adsum shapes to enlarged vinyl shapes.

Plate 15: Figure 86: Adsum Shape Conservation Set Transfer to Vinyl
Shapes.
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Table 39 shows transfer of learnming levels of performance between the
Adsum Shape Conservation Set and the enlarged vinyl shapes. The table
lists children from top to bottom in order of levels of performance for the

enlarged vinyl shapes.

Table 39: Figure 86: Transfer of Learning Levels of Performance:

Adsum Shape Conservation Set - Enlarged Vinyl Shapes, N = 22,
Adsum Shape Conservation Set - Enlarged Vinyl Shapes
Age Mathematical Adsum Level of Transfer Level Creative
Group Performance of Performance Patterns

7 J=SLD 1 tesselilation
& JR 1 tessellation
6 JR 1 tessellation
& JR 6 tessellation
10 SR 6 0

6 JR 6 0

6 JR 6 1

9 SR 6 1

10 SR 6 2

8 SR 6 3

10 SR 6 4

7 JE 7 4

6 JE 7 5

16  S-SLD 6 6

8 JE 7 6

9 SE1 7 6

9 SR 7 7

8 AV 7 7

8 JE 6 8

10 AV 7 8

3 SR 6 9

9 SE1 7 10
Levels of Performance

0 - Too difficult

1 - Difficult and incomplete transfers with a lot of mismatches

2 - Difficult completion of transfers with many mismatches

3 - Difficult completion of transfers with some mismatches

4 - Few transfers attempted but all correct

5 - Some transfers attempted but all correct

6 Most transfers attempted but all correct

7 = All transfers attempted and correct

8 - All transfers attempted and cormrect with some enlargements made

observing cards alone without use of blocks
9 - All transfers attempted and correct with many enlargements made

observing cards alone without use of blocks
10 - Al transfers attempted and correct with most enlargements made
observing cards alone without use of blocks
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It is interesting that for children with levels of performance of © - 3
which include all performances with mismatches, all of the children were
in a remedial mathematical group, whereas children performing correct
vinyl enlargements using the Adsum hlocks in levels 4 - 7, and children
performing correct vinyl enlargements without using the Adsum hlocks in
levels 8 - 10, were represented by children across all mathematical levels
except the two lowest groups of J-SLD and JR. This multiple concept task
of transfer of learning involving rotation, ideas of conservation and reversal
of task, comhbined with perceptual difficulties of shape discrimination,
symmetry and size changes, made this puzzle difficult for many of the
remedial children, irrespective of their age. Aspects of holding multiple
ideas constant wihile mampulating them required much conscious focus of
attention and concentration and ahility to rotate and visualise both
mentally and operationally. It is of note that some SR and JE children
performed at the higher levels of performance for Figure 86, transferring
learning to the enlarged vinyl shapes both mentally and operationally,

The third diagnostically progressive puzzle that does not involve
emumeration is an above average semior puzzle, Figure 87, Transparent
Triangles. The triangular design and use of colour is attributed to
Childeraft (1980). I have given each size of triangle in this design its own
transparent colour for individually cut coloured triangles, with five separate
design boards for children to match the triangles onto and make creative
designs with, This puzzle involves perceptions such as size discrimination,
line and colour discrimination, rotation, symmetry and use of strategy. The
differently sized triangles create a range of difficulty levels for children.
Whereas the smallest yellow triangles were the easiest to place, followed
by the two largest purple triangles, the next most difficult red triangles
were easier to place if a child adopted a strategy of transfer of learming
from the purple triangles. The inversion of two tdangles superimposed on
each other creates a star shape, Both purple and red triangles were placed
in this kind of superimpositon. In addition, a rotational strategy utilising
symmetry needed to be used for successful placement of all internmal red
triangles, as well as the more difficult green and blue triangles where
additional superimposed layrs made it impossible to assess visually where
individual tdangles had been positionally and rotationally placed. This
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difficulty hierarchy for children unable to discriminate and place triangles
on existent lines, through to the use of symmetry and strategy in
rotational ordering, gave progressively diagnostic information on children's
levels of conceptual understanding.

Plate 16 shows the triangular board design for Figure 87 with the
transparent triangles to be fitted onto the five boards.

Plate 16: Figure 87: Transparent Coloured Triangles:
Verbal Instructions:

- Use one board for each colour.
- Find all of the triangles for each colour on the design boards.

A X X A
XXXXXXXXX
Y X Y X X
V V

Figure 87a: Transparent Coloured Triangles: Yellow Board.
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Plates 17 and 18 show Figure 87 colour boards complete or incomplete,

Plate 18: Figure 87c: Transparent Coloured Triangles: Green; Blue Boards.
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Figure 87d shows levels of performance across mathematical groups:
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Levels of Performance

- Too difficult, with inakility to stay on

lines.
- Very difficult and incomplete with inatility to stay om
lines, and many inaccuracies.
Difficult and incomplete with some inaccuracies.
Difficult but complete with some inaccuracies.
Difficult but accurate completion with questioming.
Complete with no questioming,
Complete with no questoning, and use of strategy and
sy m metry.
- Complete with no questioring, and use of strategy and

symnetry, Creative patterns with symmetry.
8 = Exceptional or novel performance,

Figure 87d: Transparent Triangles:

Levels of Performance Across Mathematical Groups. n = 36,

The difficulty range was so wide there were only some children who
attempted all of the colour boards. A mumber of children had difficulty
perceiving lines, and it was swrprising to see triangles placed over mnon
existent lines. Questioning for the red board involved enabling the child to
visually see and verbally describe the inverted tdangular star pattern on
the purple board that the same child had already just completed. Some
children were unable to transfer this learming., Some children able to make
symmetrical red star shapes around the periphery of the red board were
unable to apply a symmetrical or rotational ordering strategy to complete
the interior of the red board successfully, or to transfer this strategy to
the green and blue boards. Figure 87e shows levels of performance across
all children who attempted Figure 87,
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Levels of Performance

- Too difficult, with inability to stay on Iines.
- Very difficult and incomplete with inability to stay on
lines, and many inaccuracies.
Difficult and incomplete with some inaccuracies.
Difficult but complete with some inaccuracies.
Difficult but accurate completion with questioning.
Complete with no questioning,
Complete with no questioring, and use of strategy and

sy m metry.

Complete with no questioring, and use of strategy and
symmetry. Creative patterms with sym metry.
Exceptional or novel performance.

Figure 87e: Transparent Triangles:

Levels of Perfarmance, n = 36,

Figure 87f examines gender performance across levels of performance;
(Levels of performance as for Figure 87e).
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Most children clustered in the difficult with some inaccuracies range,
either after completion or incompletion 87. Levels of
petformance did not follow mathematical group categories. SE 1 children
were represented in the middle range of levels of performance only, with
the highest level of performance coming from a 7 year old JE boy. A

Mann-Whitney U-Test shows no gender performance differences.

of Figure

Table 40 lists children with specified colour difficulty areas and
exceptional levels of performance. Difficulties included placing triangles on
absentee lines, and incorrect placement or difficult but correct placement.
indicating ahbility includes without
difficulty, transfer of learring of the star pattern in the purple tdangles
to the red trdangles, and exceptional ability in the use of symmetry and
rotation as a strategy for ordering red, green and blue tdangles, and in
symmetrical creative patterning. Colours are difficulty ordered from yellow
to blue, from the easiest yellow triangles with no overlaying colours, to
the medium difficulty reds incorporating symmetrical overlaying and
transter of learming from the purple tdangles, to the most difficult green
and blue triangles where application of a rotatdonal and sym metrical
strategy is necessary. Children are listed in order of level of performance.

Performance correct placement

Table 40: Figure 87: Transparent Triangles: Line Performance, Colour
Performance, Transter of Learning, Use of Symmetry as Strategy for

Ordering, and Creative Patterming: N = 16,
Age Maths Yellow Purple  Red Green Blue Creative
Group Patterns
7 J-S5LD absentee correct absentee absentee  absentee
& JE correct correct transfer absentee  absentee
6 JR correct correct transfer absentee absentee
10 SR correct incorrect
9 SE1 correct correct difficult difficult difficult
8 SE 2 correct correct incorrect some incorrect
8 JE correct correct some some some
7 JE correct correct
9 SR correct correct correct incorrect incorrect 1
8 ©SR correct correct incorrect correct incorrect
7 JE correct correct incorrect incorrect incorrect
8 GSE1 correct correct correct correct incorrect
11 SE 1 correct <correct correct difficult difficult
10 SE 1 correct correct correct correct difficult
10 S-SLD correct correct correct strategy correct 1 sym
7 JE correct  correct correct strategy correct 1 sym
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Children performing correctly at an easier level sometimes have difficulty
performing at a harder level, with correct or incorrect results. Transfer of
learning may or may not be achieved, and a strategy may or may not be
applied. At the lowest level, three children placed triangles on absentee
lines. At the highest level, only two children applied a rotational or
symmetrical strategy. These two children were also the only children to
make symmetrical creative designs with the triangles. The use of strategy
and symmetry is a useful measure of exceptional ability in a child.
4 Puzzles With Enumeration

The first of the two diagnostic progressive puzzles involving enumeration is
Figure 88, a very advanced junior button array.

Figure 88: Button Array:
V%I Instructions:

- Find which buttons belong together.

Each button has its own circle on the diagram.
Buttons belong together across rows on the diagram.
Buttons belong together down columns on the diagram.
Place buttons that belong together in rows and columns on the diagram.
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Figure 88a: Cardinal and Ordinal Button Holes Array:

This puzzle was very useful for checking difficulties in a child's movement
from pre-mathematical conceptual levels of understanding to those of
beginning formal mathematical thinking., Figure 88 gave examples of
perceptual priorities and perceptual difficulties, mathematical conceptual
levels of one to one correspondence and enumeration and the cardinal and
ordinal meanings of numbers as a consecutive ordering task, and an
example of a child unable to verbalise two classifications. Figure 88 was
also a particularly useful puzzle for junmior remedial children to process.
Many of these children found the task difficult, and much questioning
input was required. The following anecdotes illustrate levels of
performance with the kinds of conceptual difficulties this puzzle is useful
for detecting and remediating.
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The lowest level of performance was from a 10 year old SR girl who
placed the buttons on the diagram randomly at first. She then found all of
the buttons with three holes, and took 30 more minutes to classify the
remainder of the buttons according to the number of holes they had.
Despite extensive questioming, she was unable to order her button rows in
ordinal form.

A 7 year old JR girl separately classified buttons with three and four
holes in them, but was unable to say what was the same about these
buttons she had placed together. This is another example of a child
making a classification at a possibly unconscious level with obvious
conceptual understanding of the classification, but with an inability to
verbalise the classification. After a lot of questioning she was able to
name these sets. Only then could she continue classifying the remaining
buttons she had not known how to classify. Following extensive questioning
she was able to order her rows correctly. Namimg the sets brought
unconscious perceptual and conceptual understanding to conscious attention,
enabling conscious transfer of this learning for classification completion.

A 6 year old JR girl placed the buttons on the diagram randomly at first
before noticing some buttons had no holes. I suggested she make a set of
'no holes' buttons. She spontaneously classified the remaining buttons into
sets according to the number of holes they had, and arranged them into
rows ordered 4's, 1's, 3's, O's and 2's. I asked her to tell me about her
rows. She named her ordered rows, '4's, 1's, 3's, nothings, 2's'. I asked
her what another name for 'nothings' was. She did not know. Another
child told her it was 'zero'. As she did not correct the order of her rows,
I asked her how she would count her fingers. She began counting them,
'One, two, three, four, five, six.' I asked her what came before 'one.' She
did not know. Another child told her it was 'zero'. I asked her to tell me
the names of her rows again. She repeated her original ordering until she
got to her 'zero' row, and said she had to put 'zero' at the top. She then
ordered her rows, '0, 1, 2, 3, 4,' from top to bottom.

A 7 year old J-SLD boy attempted to colour match the buttons at first,
showing a perceptual priority mode. I asked him to tell me about specific
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buttons T picked out before he noticed they had different numbers of holes
in them. Without questiomng, he arranged his rows ordered from buttons
with 1 - 4 holes from the bottom of the board upwards, having no idea
what to do with his holeless buttons, or what to do with his empty top
row on the diagram. When asked to name the remaining holeless buttons,
he called them 'zeros', and arranged them below the diagram beneath his
row of buttons with one hole each., He could not perceive the possibility
of moving his rows up so he could fit all of the sets onto the diagram.

A 7 year old JR boy placed all of the buttons with three holes in them
along the top row of the diagram, with the remaiming buttons placed at
random, I asked him why he had put his top row of buttons together. He
said it was because they all had three holes. I pointed to each other row
and asked him why he had put these buttons together., He did not know. T
asked him if he could see any buttons with a different number of holes in
them than the tiree holes his top row buttons had., He said he could see
buttons with four holes, two holes, one hole and no holes. I asked him if
he could put all of the buttons with the same number of holes together.
He put them into rows ordered 3's, 1's, 4's, 2's, 0's. 1 asked him to
count from zero for me. He counted 0, 1, 2, 3, 4, then quickly ordered his

rows correctly.

A b year old JR boy at first tried unsuccessfully to classify the buttons
according to colour, and then size, shcwing perceptual priority modes, T
asked him if he could find another way the buttons belonged together, He
could not. He had randomly placed two buttons together with two holes in
each of them. I asked lim why he had put these two buttons together. He
had no idea. After some moments he noticed there were different numbers
of holes in different buttons, and he ordered them correctly into rows.

A 6 year old JR girl classified her button sets correctly and placed them
in rows on the floor. She did not know how te place them on the diagram.
T asked her to count how many buttons there were in each set, and how
many sets she had. She said there were ten buttons in each set and five
sets, 1 asked her to count how many circles there were in each row on

the diagram, and how many rows there were. She said there were ten
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circles in each row and five rows. Without further questioning she was
able to accurately order her sets onto the diagram.

An 8 year old AV girl placed the zero holed counters along a row. She
then placed the one holed buttons around the outside of the four cormers
of the diagram in a decorative sym metrical pattern. I asked her to tell me
about the row of buttons she had placed along a row. She said they all
had no holes in them. I asked her to tell me about the buttons she had
placed around the corners. She said they had one hole in them. I asked
her if she could find another way to arrange them. She quickly placed the
one holed buttons beneath the zero holed buttons, and completed the
puzzle accurately.

Many of these anecdotes were placed in the level of performance of 2, of
difficult completion with a lot of questioming, as were many of the
children attempting Figure 88. Figure 88b shows Figure 88 levels of
performance across mathematical groups:

8
/
6 1
5 1 2 Z 1
4 dl 1 1
3 2 1
2 3 6 1
1 1
0
Levels Groups 1 2 3 4 S5 6 / 8
of <J < B JE S SR AV SE SE
Performance SLD SLD 2 1
Levels of Performance
0 - Too difficult
1 - Difficult and incomplete with a lot of questioning
2 - Difficult completion with a lot of questioning
3 - Complete with some questioning
4 - Complete with minimal questioning
5 - Complete with no questioning
6 - Very fast completion with no questiomning
7 - Very fast completion and use of strategy
8 - Exceptional or novel performance

Figure 88b: Button Holes: Cardinal and Ordinal Array:
Levels of Performance Across Mathematical Groups. n = 23.
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Figure 88c shows levels of performance across all children who attempted

Figure 88:
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Complete with no questioring
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Very fast completion and use of strategy
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Figure 88c: Button Holes: Camdinal and Ordinal Array:
Levels of Performance. n = 23.

Figure 88d examines gender performance across levels of performance:
(Levels of performance as for Figure 88c).
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Figure 88d: Button Holes: Cardinal and Ordinal Array:
Gender Performance Across Levels of Performance. n = 23.




279

Two surprises in Figure 88 were a JR and JE child achieving the second
highest level of performance with SR children and one SE 1 child, along
with a 10 year old SR child achieving the lowest level of performance. A
Mann-Whitney U-Test shows no gender performance differences for Figure
88.

Figure 89 is also a cardinal and ordinal array showing diagnostic
progressions of conceptual understanding and levels of performance. In
modified form it is suitable for children in any mathematical group. I
reduced the number of cards in this puzzle from 121 to 55 on initial
presentation to make it more manageable and less overwhelming for a
child, This did not alter the conceptual processes involved. The initial
modified form of 55 cards contained from 1 - 5 coloured candles on each
card for the child to arrange onto a board containing a 55 card array
diagram. If a child was able to process the concepts to produce a
complete cardinal and ordinal colour array with the 55 cards, I extended
this modified set to the full set of 121 cards, with from 1 - 11 candles
on each card. Children then opted to extend from the modified diagram
board or to use no board at all

A very wide range of conceptual performance was shown by children
attempting Figure 89. Levels of performance across mathematical groups,
school classes and ages were significant, perhaps relating to cardinal and
ordinal sequencing as in formal mathematics. Levels of performance, from
ability or inability to make a one to one correspondence between cards
and diagram, to various arrangements of cardinal, ordinal and colour
sequencing, to awareness of diagonal relationships as well as vertical and
horizontal sequencing, and to manipulating and rotating concepts mentally
and verbally to produce correct and novel arrays, showed the great range
of ability across children.

The full array could be arranged in several different ways including
circular arrangement, although most children did not notice this possibility.

Plate 19 shows Figure 89 in the incomplete modified form of 55 cards as
first presented to children, and Plate 20 (Figure 89a), in completed form.
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Plate 19: Figure 89: Birthday Candle Cardinal and Ordinal Colour Array:
Verbal Instructions:

- Find which cards belong together.
- Place the cards in order on the diagram.
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Plate 20: Figure 89a: Birthday Candle Cardinal and Ordinal Colour Array.
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Plate 21 shows Figure 89b with the full set of 121 cards.

Plate 21: Figure 89b: Birthday Candle Cardinal and Ordinal Colour Array.
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Figure 89c shows Figure 89 performance levels across mathematical groups.
Levels range from no one to one to correspondence, to application of
strategic and novel approaches. {Levels of performance as for Figure 89d).

21 1
20 1
19 1 2
18 i 1
1/ 2
16 1
15 ' 1
14 1 1 1 1 2
13 i 2 1
12 1
11 1 3
10 1
9 1
8 1 1
7 1 1
6 1 1
J 1
4 1 1
3 1
2 1 1
1
0

1

1
Levels Groups 1 2 3 4 > 6 / 8
of J JR
Performance SLD SLD 2 1

Figure 89c: Birthday Candle Cardinal and Ordinal Colour Array:
Levels of Performance Across Mathematical Groups. n = 42,

Although performance levels are wide for different groups, they do

increase iIn range with the upward movement of mathematical groups.
Table 41 shows Figure 89 correlation coefficients between levels of
performance and mathematical groups, school class levels, and ages.

Table 41: Spearman's Rho Correlation Coefficients:
Figure 89: Birthday Candle Cardinal and Ordinal Colour Array:
Levels of Performance: n = 42,

Across mathematical groups g = 0.520 p = <0.05
Across school class levels r, = 0,493 p = <0.05
Across ages rg = 0.503 p = <0.05

Figure 89d shows Figure 89 levels of performance:
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Levels of Performance
No one to one correspondence. Random placement of
cards into piles on the diagram board.
One to one correspondence. Random card placement.
Numerical columns misplaced. No colour awareness.
Cardinal and ordinal array. Some reversals.
Correct cardinal and ordinal array, with difficulty.
Correct cardinal and ordinal array. Cards upside down.
Cardinal and ordinal array with no difficulty.
Cardinal and ordinal array. Correct confabulated
reasoning for a vertical colour placement. Unable to
transfer concept to whole array.
Cardinal and ordinal array. More than one correct
confabulation. No transfer of concept to whole array.
Cardinal and ordinal array. Correct confabulated
reasomning for vertical colour placement. Transferred
concept to some of the array. Many mistakes.
Cardinal and ordinal array. Occasional vertical colour
sequencing. Incomplete.
Cardinal and ordinal array. Several columns in vertical
colour sequencing.
Partial cardinal and ordinal array. Incorrectly placed
columns in two sections. Vertical colour sequencing
Cardinal and ordinal array. Correct confabulated
reasoning for one correct vertical colour sequence.
Correctly transferred concept to whole array.
Cardinal and ordinal array. Vertical colours correct.
Cardinal and ordinal array. Horizontal colours correct.
Cardinal and ordinal array. Vertical colours correct.
Correct confabulated reasoning for occasional horizontal
sequencing. Unable to transfer concept to whole array.
Cardinal and ordinal array. Vertical colours correct.
Correct confabulated reasoning for occasional horizontal
sequencing. Transferred concept to whole array.
Cardinal and ordinal array. Vertical colours correct.
Correct confabulated reasoning for occasional horizontal
sequencing. Corrected horizontal sequencing at speed.
Cardinal / ordinal array. Vertical and horizontal colour.
Use of strategy. Mentally worked out and verbalised
complete array in advance.
Novel array showing advanced conceptual thinking.

Figure 89d: Birthday Candle Cardinal and Ordinal Colour Array:

Levels of Performance. n = 42,
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Ranges of performance across mathematical groups shown in Figure 83c
are widely spaced for several mathematical groups. JR children ranged
from levels of performance of 0-14; JE children from levels of 4-18; SR
children from levels of 5-19; and SE 1 children from levels of 2-20, the
widest range of any group. Figure 89d shows the higgest number of
children performing at level 14 with a correct cardinal and ordinal array
and vertical colour, but incorrect horizontal colour sequencing. The next
biggest number of children was in level 11 with incomplete vertical colour
sequencing, and in level 13 where vertical colour sequencing was
rearranged correctly, with both of these levels reached following
confabulated reasoning for random or irregular sequencing. Several children
also had both vertical and horizontal colour sequencing correct at level 19.

Figure 8%e examines gender performance across levels of performance.
(Levels of performance as for Figure 89d).

27 Males
19 =rreeenne. Females

T
n

Figure 8%e: Birthday Candle Cardinal and Ordinal Colour Array:
Gender Performance Across Levels of Performance. n = 42Z.

A Mann-Whitney U-Test shows no gender performance differences,

The diagnostic value of observing the way a child processes this array can
be understood more clearly from the following anecdotal range of levels of
performance, beginming with the © year old JR boy who placed several
piles of cards at random on the diagram board, showing no omne to one
correspondence or cardinal and ordinal or colour awareness, This puzzle
was an exercise in one to one correspondence alone for the next 8 year
old JR boy who placed one card to one box at random on the diagram.
Similarly there was no cardinal or ordinal or colour awareness. Even at
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these two levels of performance of O and 1, it is evident the first child
had not mastered the pre-mathematical skill of one to one correspondence,
but the second child had, although without further movement into formal
mathematical thinking that develops with the ability to enumerate.

Beginning enumeration featured in the next level of performance. Counting
the number of candles on each card was one issue. A more difficult issue
was the transference of the sets of cards onto the diagram. Synchronising
the number of cards with the same number of candles on them and the
number of different candle numbers, with the number of boxes on each
row and down each column of the diagram was too difficult as a cardinal
number task for some children. One 7 year old J-SLD boy with a level of
performance of 2 made columns of similarly numbered cards in no
particular order on the floor. He could not arrange these onto his diagram.
I asked him how many cards had one candle, and how many boxes there
were in a row on the diagram. He said there were 11 one's and 13 boxes.
I asked him how many boxes there were in a column. He said there were
4. T asked him to count these again, which he answered correctly the
second time. He was still unable to see how to arrange his cards onto the
diagram. An 8 year old SE 1 girl with a level of performance of 2 placed
her cards in a 1-5 order across her rows twice, as shown:
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As was apparent in Figure 88, the ordinal meaning of numbers is a later
and more difficult concept for children to grasp. One 7 year old JE boy
with a level of performance of 4, who was able to classify cardinal
groups, needed extensive questioning to arrange these classifications
ordinally into array form. This array was without colour awareness. One 6
year old JR boy with a level of performance of 3 made a cardinal and
ordinal array with his fourth and fifth rows reversed. He also showed no
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colour awareness. A 10 year old SR girl with a level of performance of 5
first placed all cards upside down at random onto the diagram. She then
made piles of cards holding the same number of candles (cardinal groups),
placing them onto the diagram in correct cardinal and ordinal array form,
with many cards still upside down, and no colour sequencing.

Children who were able to make correct cardinal and ordinal arrays with
no colour awareness or beginning colour awareness often gave confabulated
reasoning for randomly or inconsistently placed colour sequences. One 9
year old SR boy with a level of performance of 7 placed the cards at
random onto the diagram before rearranging them into a cardinal and
ordinal array. Two cards had been randomly placed in colour sequence.
When asked why he had placed these two cards together, he said it was
because they started with the same colour. He was unable to transfer this
observation to place all of the cards into this kind of vertical sequence.
Similarly, a 7 year old JE boy at the same level of performance who
randomly placed three cards in vertical colour sequence gave the same
confabulated reply. He said all of the cards could be arranged like this,
but he too was unable to rearrange them.

Two further children showed partial colour sequencing awareness, but not
in sufficiently conscious form for conscious transfer of learming to make
the arrangement consistent, nor for the children to verbalise their reasons
sufficiently. These are examples of concepts either not fully formed, or of
inconsistent application. One 9 year old girl with a level of performance
of 8 made a correct cardinal and ordinal array with occasional vertical
and horizontal colour sequencing, but she was unable to transfer these
kinds of sequences to all of the cards, and had some perceptual
difficulties distinguishing between colour subtleties. A 6 year old JR boy
with a level of performance of 8 made a correct cardinal and ordinal
array with correct vertical colour sequencing in his first two columns only,
with no horizontal colour sequencing. He was also unable to transfer this
vertical colour arrangement to all of his columns.

Some children were able to transfer learming from these confabulations. A
6 year old JR girl with a level of performance of 9 made a cardinal and
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ordinal array with no colour awareness apart from one column with all
candle sequences beginning with the same colour. This suggests partial and
probably initially unconscious conceptual understanding, as she was able to
confabulate correct reasoning for this and to rearrange all of her columns
with candle sequences beginning with the same colour. Few of these were
completely correct as she had further difficulty perceiving differences in
colour subtleties. A 9 year old SE 1 boy with a level of performance of
10 also showed evidence of incomplete conceptual understanding that was
insufficient for him to be able to show consistency. At first he could not
see how to arrange his numerically vertically sequenced cards onto the
diagram until he counted the number of cards for the number of boxes
provided. His colour sequencing on the diagram was very inconsistent with
occasional horizontal and vertical colour sequences made. He did
understand why he had made these sequences, but was unable to extend
them and became frustrated, only placing half of the 55 cards he had.

Fatigue can also be a factor, as evidenced by a 6 year old JE boy with a
level of performance of 11. At first he made a cardinal and ordinal array
with no colour sequencing apart from one column where he had randomly
placed four cards beginning with an orange candle. He confabulated his
reason for this, and began changing his columns to make all of the cards
start with the same candle colour, but lost concentration after completing
two columns. An 8 year old SR boy with a level of performance of 11 also
lost concentration after making half cardinal and ordinal rows of 1-5
candles with vertical colours the same for each candle sequence. The
remainder of the diagram was placed at random, both in cardinal and
ordinal and colour sense. This reinforces the idea of concepts being
inconsistent when they are not firmly established, creating the mental
fatigue concentration produces. The partially established and partially
conscious concepts also illustrate the gradual process of unconscious
concepts slowly coming to conscious attention where they are then more
likely to become consciously embedded and consciously able to be used and
applied in a transfer of learning situation.

Sometimes a child may show evidence of one concept applied consistently,
but another concept that is only partially complete, as in the performance
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of an 8 year old SR boy with a level of performance of 12 whose vertical
colour columns were consistent, but whose cardinal and ordinal array was
not. This boy placed all vertical columns with candles starting with the
same colour, but his cardinal and ordinal array was the same as the SE 1
girl with a level of performance of 2 and the 8 year old SR boy
mentioned above with a level of performance of 11, who each placed two
sets of 1-5 cards across each row instead of placing these vertically.

Children with a level of performance of 13 were able to correct their
vertical colour columns after giving a confabulated reason for their
randomly placed colour sequences. None of these children were aware of
horizontal colour sequencing possibilities. Two children had difficulties
arranging their cardinal and ordinal array onto the diagram. One 7 year
old JE girl mixed her four and five candle cards so that she had uneven
numbers of cards to place along the rows. Once she had discovered and
corrected this through questioning, she ordered her array correctly, and
completed the vertical colours following further questioning. A 7 year old
JR boy also had difficulties with the diagram at first with uneven numbers
of cards in his cardinal columns. Once this was corrected he placed his
array partly on and partly off the diagram, with ordinal sequences running
across rows, and cardinal cards in vertical columns, a reverse arrangement
from the way the diagram was drawn. This meant he had as many cards
arranged beneath the diagram as there were empty boxes within. By asking
him to count his sets and row and column boxes, he was able to see
another way of arrangement and to correct this before moving on to his
confabulated reasoming for his randomly placed colour sequences. One
advantage of not using a diagram at all would be to allow for this
alternate array arrangement. A further 7 year old JE boy within this level
of performance placed every card upside down on the diagram. I referred
to this by wondering aloud what would happen if my candles were on my
cake that way. He said that they would all go out, and continued with his
upside down placement.

Six children achieved a level of performance of 14, a correct cardinal and
ordinal array with vertical colour sequencing completed without
questioning, showing consciously applied conceptual awareness. None of
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these children were aware of horizontal colour sequencing possibilities. One
10 year old SE 1 boy with a level of performance of 15 reversed the
above performance by placing all cards in correct horizontal colour
sequence, a much more difficult task than the vertical colour grouping, but
he did not notice the possibility of vertical colour placements.

Another series of children with a correct cardinal and ordinal array and
complete vertical colour grouping gave confabulated reasons for an
occasional and randomly placed horizontal colour sequence. One 10 year
old SR girl with a level of performance of 16 confabulated the correct
reason but was unable to make any conceptual transfer to rearrange the
whole set. Two further 9 year old SE 2 children with a level of
performance of 17 were able to make this transfer, and two more children
were able to make this transfer at speed. These two children with a level
of performance of 18 included an 8 year old AV girl and a 7 year old JE

girl,. These were the two highest levels of performance from younger
children.

Three further children with a level of performance of 19 produced a
cardinal and ordinal array with both vertical and horizontal colours correct
as in Plate 21 (Figure 89b). These included 9 and 10 year old children at
SE 1 and SR mathematical levels. One of these children placed his vertical
colour cards with the same candle colour at the end of the sequence on
each card instead of at the beginning as other children arranged them.
Either is correct if consistent. AllL of these children were then able to see
and enjoy diagonal as well as vertical and horizontal colour and cardinal
and ordinal relationships and patterns.

The remaining two performances from children were truly exceptional. A 9
year old SE 1 boy with a level of performance of 20 applied a strategy to
enable him to visualise and verbalise the whole array of 121 cards before
he placed them on the diagram. This was the same boy who applied the
visualising and verbalising strategy before manipulating and placing set
pieces in Figure 57, the fimo Venn Diagram.
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The final performance of 21 was from a 10 year old AV girl who gave a
novel performance by making an intersecting brick array. She intersected
the bottom number one cards with number two cards above, using both
horizontal and vertical colour sequencing. She continued this pattern
throughout the extended 121 set array, with the intersecting cards moving
one along to the left with each increasing row. Each card above and
overlapping two other cards contained at its beginning and end the colours
presented in the two cards below it, giving an example of alternate
ordering in conjunction with the consecutive ordering of the array. This
gave a simple triangulation where the top point of a triangle contains the
colours included in and coming between the two bottom points of the
triangle. This triangular concept applies throughout the array, within every
size of triangle present. The bottom points provide the start and finish of
what is contained in the top point.

Within this intersecting array are also two cardinal and ordinal arrays with
both vertical and horizontal sequencing. One, with a constant starting
colour in each diagonal column flows in one direction, and the other with
a constant finishing colour in each diagonal column flows in the opposite
direction. This 10 year old AV girl verbalised all of these observations,
including noticing that the end of the array linked with its beginning,
mearning the array could be arranged in circular form. She did not attempt
to transfer the array into circular form. Plate 22 (Figure 89f) shows this
novel intersecting brick array.

There were several other ways of arranging these cards which were not
discovered by the children in the 1985-1986 study. These are included here
to give examples of continuing novel performance possibilities, One of
these novel performance possibilities, also involving alternate ordering and
consecutive ordering, was the result of a first attempt at Figure 89 by a
13 year old girl in 1987. She called this an 'odds and evens' array, and
observed that this array could connect in circular form. She was given the
full set of 121 cards and no diagram board. Plate 23 (Figure 89g) shows
this novel odds and evens array. This arrangement is similar in concept to
the hierarchy triangle button series where a set naming single element is
added to as it progresses upwards through its hierarchy triangle. Sym metry
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is an important feature with the addition and subtraction of elements to
and from the basic set colours. The vertical, horizontal and diagonal colour
sequencing patterming in these two previous novel arrays is fascinating, An

example is reversed colour sequencing along exterior edges of these
triangles in Figure 89g.

There are further arrangement possibilities for Figure 89 not discovered or
attempted by children. The simplest of these is a circular arrangement of
Figure 89b, the full 121 card cardinal and ordinal vertical and horizontal
colour array. Cards may radiate outwards with the smallest or largest
numbers of candles at the centre, or the periphery of the wheel, as shown
in Plate 24 (Figure 89h). The advantage of the circular array is continuity
of pattern and colour. The disadvantage is the increasing separation of
spokes towards the periphery of the wheel, making colour patterns and
connectedness between spokes more difficult to observe. The positions and
order of cards for a wheel array (Figure 89h), are easy to transfer from
an already formed rectangular array (Figure 89b). If a wheel array is
made from loose cards, those with the largest number of candles on them
need to form the central ring to determine positional ordering of colour
sequencing. Further cardinal concentric rings are then placed in outward
ordinal direction from 11-1 candles on each card.

A further series of arrangements for the bhirthday candle cardinal and
ordinal colour array cards is shown in Figure 89i, (Plate 25), as cardinal
colour continuation circles. These involve making separate colour
continuation circles for each cardinal set of cards. The order of colours on
the candles can be seen in entirety on cards with 11 candles on them. The
first colour on any card is to follow on from the last colour on the
previous card for each cardinal colour continuation circle. The last card to
be placed has colour continuation links with the first card.

If cardinal colour continuation circles are made directly from a cardinal
and ordinal colour array in wheel form, a strategy can be applied for
selecting cards which eliminates the slow visual checking approach for
colour continuation. If a cardinal colour continuation circle using cards
with mine candles on them is being processed, take one card with nine
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candles on it from the wheel array circle of nine candle cards, and begin
counting around this circle from where the gap has been made. Each ninth
card counted around the circle will be the correct colour continuation card
for the cardinal colour continuation circle for nine candles on each card.
If a circle of six candle cards is being processed, every sixth card in the
six candle card circle on the wheel array will provide the correct colour
continuation card, and every third card in the three candle card circle on
the wheel array will provide the correct colour continuation. This strategy

is consistent throughout the range of colour continuation circles, whichever
cardinal number is being used.

Thought was given to reducing the number of coloured candles to the more
conventional number of ten instead of eleven when considering this puzzle
for possible manufacture. This was not a problem until it was discovered
that with ten candle colours instead of eleven, this particular strategy only
worked for cards with particular numbers of candles on them and not for
others. The reason the strategy works consistently with an eleven candle
set is because eleven is both an odd and a prime number, and is not
divisible by other numbers as is the number ten.

A further arrangement moving on from cardinal colour continuation circles
is to make one large colour continuation circle using most of the set of
121 cards. Beginning with the one candle cards, check the colour flow
from an eleven candle card, and continue using every card in ordinal form
from the set of one candle cards to the set of ten candle cards. As any
eleven candle card contains the full colour range of the candles, only one
eleven candle card needs to be used to link up the last placed number ten
candle card with the first placed number one candle card.

There will be further possibilities for arrangement of these array cards
that have not been discussed here or even thought of at this time. One
such possibility might be to give a child the task of seeing if it is possible
to create a two or three difference sequence as an extension exercise
beyond the inherent one difference sequence between connecting cards
arranged into this vertical and horizontal colour cardinal and ordinal array.
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Plate 22: Figure 89f: Birthday Candle Cardinal and Ordinal Colour Array:
Intersecting Brick Array.

Plate 23: Figure 89g: Birthday Candle Cardinal and Ordinal Colour Array:

Odds and Evens Array.




Plate 24: Figure 8%h: Birthday Candle Cardinal and Ordinal Colour Array:

Wheel Array.

‘mes

Plate 25: Figure 89i: Birthday Candle Cardinal and Ordinal Colour Array:

Cardinal Colour Continuation Circles: 3's, 10's, /'s.
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Gender differences were not sigmificant for the diagnostically progressive
puzzles in Chapter 7, with the excepton of Figure 85, significant in favour
of males. This is likely to be a chance result. Table 41A shows two tailed
Mann-Whitney U-Tests testing gender differences in levels of performance
across mathematical groups for Chapter 7, at 0.05, where U (M) = Males,

Ul (F) = Females, and z shows use of normal approximation for larger
samples.

Table 41A: Mann-Whitney U-Tests For Chapter 7: Gender Differences:
Levels of Performance Across Mathematical Groups:

Figure U (M) Ul (F) 2z Males Females

Puzzles demonstrating diagnostic progressions

85 58.5 4.5 * -
86 152.5 147.5 + 0.07 - -
87 154.5 144.5 + 0.16 - -
88 56 70 - -
89 141 264 + 1.61 - -

% Significant at 0.05.

Puzzles discussed and presented in Chapter 7 show examples of most of the
previously described conceptual levels and difficulties children exhibit in
unconscious and conscious processing involved in the movement from pre-
mathematical to formal mathematical conceptual understanding. These
inclnded unconscious processing where classifications were made with the
child unable to verbalise the classifications; perceptual priority modes;
perceptual difficulties, problems with lines, reversals, symmetry and
rotations; problems with multiple concepts such as classifying and ordering,
classifying with consecutive ordering, alternate ordering and rotational
ordering; confabulation; transfer of learming; and conscious use of strategy.

Unconscious processing where classifications were made with a child unable
to verbalise the classifications occurred in the button holes cardinal and
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ordinal set when a child unconsciously classified sets of buttons with three
and four holes in them, but was unable to verbalise these classifications
with no conscious awareness of them. Perceptual priority modes became
apparent when a child first classified buttons according to colour and then
size, before classifying the numbers of holes in the buttons. What was a
familiar mode was processed first. A process of elimination followed from
what was familiar to the child, to what was unexpected. Perceptual
difficulties were evident when one child could not see butterfly shapes in
the fabric butterfly wing array, and when another child could not make a
one to one correspondence between cards and boxes on a diagram in the
birthday candle cardinal and ordinal colour array. Difficulties between the
subtleties of colours occurred for some children in the birthday candle
array. Problems with lines occurred where several children attempted to
place transparent coloured triangles on absentee lines.

Problems with reversals and symmetry occurred when one child could not
visualise the bilateral symmetry in butterfly wing shapes, and in other
children who found difficulty reversing triangles to make star shapes in the
transparent coloured triangles set. Problems with multiple concepts such as
rotational ordering occurred with the placement of transparent triangles.
Examples of classifying and ordering with the butterfly wings, and
classifying with consecutive ordering were evident in the button holes set
and the birthday candle array. The bhirthday candle array also gave
examples of alternate ordering and many examples of confabulated
reasoning for a randomly placed correct answer observed after placement
and during questioning.

Children also showed signs of difficulty with multiple concepts such as
being able to hold one concept or another constant, but not both
simultaneously. This was frequently observed throughout various grades of
cardinal and ordinal sequencing, as well as stages of colour sequencing in
the birthday candle cardinal and ordinal colour array. Sometimes a
conceptual observation was made by a child who was unable to process the
concept in a practical rearrangement of the birthday array. Further
children became fatigued and lost both concentration and conceptual
constancy. Transfer of learnming difficulties and the conscious need for use
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of strategy were particularly noticeable with the transparent coloured

triangles.
Summary

Examples given in Chapter 7 illustrate the inconsistently applied and
improperly established form of some of these concepts in children, and
show the immediate effects of 'on the spot' learming and transfer of
learning. Perceptual and conceptual processes that are unconscious may or
may not be drawn to conscious awareness allowing verbal introspection of
such concepts and processes. Speed indicates firmly established conceptual
understanding, whether consciously or unconsciously applied. The use of
strategy to reduce the amount of visual checking required and increase the
speed of the solution indicates a conscious application of conceptual
understanding. This also indicates logical processing and sometimes a
possible intuitive lateral thinking approach.

Chapter 8 looks at ranges in levels of performance of children within
mathematics groups, and the unexpected lack of correlation between puzzle
performance and P.A.T. results, as well as some unexpected performances
from junmior children.
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Chapter 8
Range in Levels of Performance

Chapter 7 looked at the range of diagnostically progressive conceptual
levels of performance within some puzzles. Chapter 8 looks at some puzzles
showing an unexpected range of levels of performance from children within
mathematical groups, and in three different areas. The first area looks at
puzzles including children from a wide range of mathematical group
categories, and the lack of correlation between these mathematical groups
and levels of performance from the children. The second area looks at
puzzles involving mostly children from one mathematical group range, and
the wide range of levels of performance from these children. The third
area examines levels of performance from specific children within a
specific mathematical group.

The first puzzle showing unexpected levels of performance from children
within a wide range of mathematical groups is a very advanced junior
puzzle, Figure 90, Red and Black Geometric Shapes. This puzzle consists of
a range of geometrically cut shapes which fit onto seven red squares.
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Plate 26: Figure 96: Red and Bléck Geometric Shapes:
Vrebal Instructions:

- Fit the black shapes onto the red squares.
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Figiure 90a: Red and Black Geometric Shapes.,

Figure 90b shows Figure 90 levels of performance across mathematical
groups:
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0 1 1
Levels Groups 1 2 3 4 5 b 7 8
of J JR JE S SR av SE SE
Performance SLD SLD 2 1

Levels of Performance

- Too difficult

Difficult and inaccurate with a lot of questioning
Difficult accurate completion with a lot of questoning
Complete with some questioning

Complete with minimal questioning

Complete with no questioming

Very fast completion with no questioning

Very fast completion and use of strategy

Exceptional or novel performance

M~ W= O

Figure 90b: Red and Black Geometric Shapes.
Levels of Performance Across Mathematical Groups, n = 16,
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Figure 90c shows levels of performance across all children who attempted

Figure 90:
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- Exceptional or novel performance

Figwre 90c: Red and Black Geometric Shapes,
Levels of Performance. n = 16,

- Difficult and inaccurate with a lot of questioming
- Difficult accurate completion with a lot of questioning

Very fast completion with no questioning
Very fast completion and use of strategy

Figure 90d examines gender performance across levels of performance;

(Levels of performance as for Figure 90c).
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Figire 90d: Red and Black Geometric Shapes.
Gender Performance Across Levels of Performance. n

= 16.




301

Figure 90e shows children at the highest level of performance for Figure
90 across mathematical groups and age.

expected
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10 b |
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Age Maths J JR JE S SR AV SE SE
Groups SLD LD 2 1

Figure 90e: Red and Black Geometric Shapes.
Highest Level of Performance: Complete with no questioning:
Mathematical Groups Across Ages. n = 9.

Subject numbers were small for Figure 90, but the contrast between a 6
year old JR boy with a performance at the highest level and a 9 year old
SE 1 boy with the lowest level of performance was striking, although may
have been due to chance. This puzzle required application of spatial
relationships. Items concerning spatial relationships are phased out at
senior primary school level in P.A.T. formal mathematics in New Zealand
schools. This may help explain the lack of correlation of P.A.T.
mathematical groups and levels of performance. Figure 90 was not easy
for children. No child performed at speed or used a strategy,<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>