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Abstract 

The degree of occurrence of unconscious versus conscious processing of 

information in children is unclear. Also unclear is know ledge of 

mechanisms and reasons for selective transference of unconsciously 

processed sensory and perceptual. information into conceptual, conscious 

and verbal awareness. Examples of unconscious processing were evidenced 

in the difficulty some children experienced verbalising processes and 

naming cJassiflcations after solving some mathematical puzzles. Correct 

solutions indk.ated children had clear conceptual understanding of the 

structure of the task. A series of personally designed junior mathematical 

puzzles utilising environmental materials to aid development of pre­

mathematical concepts of classiflc.ation, patterning, seriation, ideas of 

conservation and one to one correspondence in five and six year old New 

Zealand primary school children were used, and extended to incorporate 

mathematical concepts taught to twelve year old children at New Zealand 

intermediate school Form 2 level. These senior puzzles incorporated 

concepts of set theory, probability, matrices, tessellations, and rotational 

patterning and ordering, with some puzzles developed to adult difficulty 

levels. Some adults had difficulty with some junior puzzles, and found 

senior puzzles as difficult as the twelve year olds they were designed for. 

Mathematically able six year old children solved some senior puzzles 

succ~y. A hypothesis developed that children could master 

mathematical concepts considered beyond their age ability defined by the 

current school cuni.cuhim, provided concepts were presented in manipulable 

and visual form. This was supported in the present study in 1985 - 1986 

where 92 six to ten year old junior and senior children with the highest 

and lowest mathematical ability or special learning difficulties in three 

pci.mary schools researched the puzzles. Schools selected senior children 

from national age normed Progressive Achievement Tests (P.A.T.) 

mathematics results. Junior children were teacher assessed. Unexpected 

findings included unconscious processing of some unfamiliar concepts with 

diffic.ul.ties verbalising unfamiliar and familiar concepts, contrasting 
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conscious deliberation required for multiple concepts, transfer of learning 

and use of strategy, indicating ability, especially in conjunction with speed, 

novel approach, use of symmetry and a younger age of child. Puzzles were 

diagnostic in detecting and in rem ediating ma them ati.cal understanding of 

single concepts. The formal mathematics of some remedial and extension 

children improved, suggesting unconscious transfer of concepts, and some 

children who previously disliked m athe m ati.cs or school in general developed 

a liking for both. No gender performance differences emerged. P.A.T. 

performance did not correlate with puzzle performance, emphasising 

differences between P.A.T. formal verbal mathematics and nonverbal. visual 

spatial logic puzzle mathematics, or predominantly left versus right brain 

ma them ati.cal. processing respectively, possibly explaining difficulties 

children had verbalising nonverbal. actions. Two P.A.T. average children 

included with extension children performed above the highest P.A.T. 

children. Lack of P.A.T. correlation indicates formal mathematics al.one 

may be inadequate to identify all m athe m ati.cally able children, to 

remediate all having difficulties, or to extend those needing lateral 

ern:k.hment. As pre-mathematical concepts incorporated into junior puzzles 

are prerequisites for formal mathematics, mathematical. concepts 

incorporated into senior puzzles may aid unconscious transfer into formal 

mathematics through conscious awareness from verbal introspection, 

providing useful remectiation and enr.k.hment if embedded within future 

curricula. 
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Preface and Overview 

'Unconscious Processing in Children,' presents experiences indicating 

information transmits both unconsciously and consciously, intrapsychically 

within the person, interpsychicall.y between people, and between the person 

and the environment, with information processed, interpreted, integrated 

and applied both unconsciously and consciously. Ll.ttle is known of how 

sensations translate into perceptions, and perceptions move into concepts. 

Ll.ttle is also known of how concepts are available to operable 

consciousness and action awareness, or of how action awareness transfers 

into consciously expressible language. The operation of multiple concepts, 

transfer of learning and strategic application indicate conscious awareness 

of structure, and applied conscious choice. 

The differentiation between what is consciously learnt and what is 

unconsciously absorbed and processed is unclear. Active awareness and 

focus of attention may express through sensory and motor systems as 

action, or verbally through verbal thought and speech. Individuals 'know' 

more than conscious content. Mechanisms selecting incoming and processed 

information into conscious awareness are not established, nor is there a 

unified definition of consciousness or unconsciousness. Why do some items 

and not others become conscious? Is consciousness to be defined in terms 

of what can be verbally described, when actions describe knowledge 

awareness where language can not? Why some items come to conscious 

awareness and some do not is unknown, but consciousness manifestations 

must be selected by unconscious mechanisms via sensory awareness into 

perceptual awareness, and have central m earring to the individual, showing 

exercise of free will operates strongly at both unconscious and conscious 

levels. 

The degree of conscious scanning in which a person participates is 

dependent on the degree of sensory and selective perceptual and 

conceptual awareness coming into conscious attention. This focus of 

attention is also dependent on individual consciousness states which may 

alter the nature of the potential. for conscious processing at any given 
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time. V aria bl.es such as sleeping, waking, degree of consciousness, 

alertness, tiredness, physique, health, emotions, aloneness, togetherness, 

age, sensory and perceptual acuity, cognitive awareness and integration, 

motivation, and cultural biases and language will affect what comes into 

conscious awareness. Unconscious scanning and processing appear fully 

present and constantly aware through all consciousness variables, with 

overall awareness of experiences and learnings. 

The present study looks at how specific intrapsychic nonverbal and possibly 

unconscious information transm:iss.ion processes contrast with specific 

intrapsychk verbal and conscious information transmission processes 

involved in the solving of mathematical puzzles designed for children and 

adults, and the interacting effect external judicious questiordng has :in 

extending these processes. The focus on unconscious processing emerged 

fro rn the present study, in the part unconscious processes played :in 

supporting the original hypothesis that children are able to understand 

mathematical concepts at much higher levels than is generally believed or 

taught with:in the educational system, and from unexpected findings that 

emerged. Unconscious processing is the theme underly:ing each major 

finding ID the present study, for which there are no definitive 

:interpretations. They include: 

- Performing a correct answer without conscious awareness of the process, 

and difficulty verbalising classifications. 

- The ability of children to perform above what is considered usual for 

their age. 

- The breaking of Piaget's linear steps of conceptual development, with 

mixed conceptual performance ID children. 

- High ability untapped and unknown ID two children considered average. 

What are the P.A.T. 's and the curric.ul.um m~g? What is the 

unidentified ability? 



- The incidence of upper and lower ranges of children's formal 

ma them ati.cs improving using the puzzles, particularly in remedial 

junior and senior children. 

- The biggest question - how manipulating tlrlngs is translated into, 

and the forerunner of formal mathematic.al work. 

xxxtii 

The present study was not intended as a scientific experi.m ent in the 

traditional sense, but was an exercise in teaching in progress. Its purpose 

was an exercise in discovery and extension for individual children, with 

puzzles and questioning techniques aimed to facilitate maxim un self 

discovery of learning and minimum content teaching·. Individual work in 

small groups facilitated 'catching the moment' with judicious questioning 

helping children take the discovery as far as possible. This enco m passed 

di.agnostic., remediation and lateral exterai.on and enrichment at every level 

for every age of child. Children worked at their own pace and level 

Emphasis was always on building onto what children could already do and 

achieve by themselves, and how far this could be extended. It was 

essential to work with children in this manner as good teaching practice, 

and for the purposes of the present study to find as full a range of 

possibilities and benefits and uses for the puzzles as possible. 

The non experi.m ental approach was selected as non intrusive, non 

disruptive and low key, emotionally and educationally appropriate, and to 

simultaneously maximise individual educational effects. It was also 

necessary to simulate the way the puzzles might be used in normal 

-:lassroom use to determine their impact as classroom materials. No 

attempt was made to experi.m entally have each child attempt the same 

puzzles, or to attempt them in the same order as any other child, for 

reasons of varying age groups and ability levels within mathematic.al groups 

in addition to individual differences and needs. Questioning was always 

responsive to the actions of individual children reflecting these differences. 

M axi.mis:ing educational advantage meant tailoring to individually assessed 

needs. 
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The present study also sits in limbo between a quantitative and a 

qualitative approach. One quantitative aspect is the use of national age 

normed P.A.T. mathematics results of quantitative formal mathematic.al 

understanding used to group senior children for the present study. Although 

many puzzles had correct solutions, and some puzzles had more than one 

arrangement or creative interpretation for a correct answer, all puzzles 

allowed for individual perceptual and conceptual awareness to manifest in 

levels of performance. Performance levels typically ranged from too 

difficult through to exceptional or novel performance, with various 

questioning and non questioning speed and strategic. performance levels 

exhibited within these extremes. Performance levels provided ordinal data 

in the present study for the qualitative nature of the puzzles themselves. 

Non parametric analyses were used, with Spearman' s Rho correlations 

measuring levels of puzzle performance of children against their form al 

school ma them ati.cal groups, ages and class levels respectively, and Mann­

Whi.tney U-Tests measuring gender differences in levels of performance 

with the puzzles. 

There are three parts to the present study: 

Part 1 - Introduction 

Part 2 - The Puzzles 

Part 3 - Implications 

Part 1 

Introduc ti.on 

Chapter 1 

Unconscious Processing 

Chapter 1 looks at current possible theoretical explanations and 

explorations of unconscious cognitive processing, presenting some definitions 

of consciousness indicating lack of consensus amongst theorists as to what 

consciousness is. Conscious versus unconscious processes are discussed. The 

degree to which these occur and can be introspected also di.vi.de the 

theorists. Theories on modes of learning continue the debate over whether 

people process information consciously or unconsciously, and in which 
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order. Issues of introspection and protocol procedures with children look at 

advantages and disadvantages of the talldng aloud method and the clinical 

interview, and the part language plays in this introspection. Consciousness 

in the form of unconscious awareness of concepts through actions, through 

to conscious awareness of concepts through language expression is 

discussed, along with the acquisition of language as a means of bringing 

the concept into conscious awareness. Nonverbal versus verbal conscious 

awareness is discussed. Consciousness is presented as processed integrated 

awareness, with cerebral evidence of unconscious processing and left and 

right hemispheric processing leading into a discussion of pos.sible 

mechanisms for the movement of sensations into perceptions and concepts, 

and into conscious awareness. 

Chapter 2 

The Present Study 

Chapter 2 introduces the present study, firstly looking at aims of the 

present study with pri.or assumptions and hypotheses underlying these aims. 

A rationale for the use of the ma them a ti.cal puzzles in the teaching of 

mathematics and pre-mathematics to school children incorporates Piaget's 

stages of cognitive development. Pre-mathematical concepts embedded in 

the puzzles, mathematical. readiness in children, and senior puzzle concepts 

are described. A method section describes the participants and their 

selection, foll.owed by the rationale and use of the New Zealand 

Progressive Achievement Tests in mathematical group selection as the 

quantitative measure incorporated in the present study. Materials used in 

the puzzles and the nature of the puzzles themselves and how children 

process them are the qualitative measure. Procedures and types of 

questioning used with the children are presented. The qualitative aspects of 

the data collection and analysis foll.ow. 

Part 2 

The puzzles 

Chapters 3 - 8 highlight and integrate some facets of unconscious and 

conscious information processing observed in children attempting the 

ma them a ti.cal puzzles. 
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Chapter 3 

Children Unable to Verbalise Classifications 

Chapter 3 discusses unconscious information transmission process events 

where children were able to solve some puzzles correctly which could not 

be solved without conceptual understanding, yet these children were unable 

to verbalise or name their chosen classiAc;:ttions and processes without 

extensive questioning. Puzzles incorporating process of elimination, rote 

performance, and confabulation foll.ow, showing how none of these 

elements were involved in this unconscious processing. Chance factors are 

unlikely. 

Chapter 4 

Perceptual Priorities 

Chapter 4 looks at perceptual pri.ori.ties children exhibited while solving the 

puzzles, where unexpected concepts were likely to be processed 

unconsciously or to create perceptual and conceptual difficulties. Puzzles 

involving expected or familiar elements versus unexpected or unfamiliar 

elements within perceptual dimensions such as colour, shape, size, pattern, 

reversals and rotations are presented. Child profil.es showing how children 

progressed through perceptual and conceptual difficulties are presented. 

Chapter 5 

M ull:iple Concepts 

Chapter 5 elaborates on perceptual difficulties occurring more frequently 

in puzzles where in addition to perceptual dim ensi.ons, m ul.tiple concepts 

such as ordering, alternating or patterning required for the solution of a 

puzzle necessitated a conscious focus of attention. 

Chapter 6 

Transfer of Learning and Use of Strategy 

Chapter 6 shows how some children manipulating multiple concepts 

exhibited a conscious transfer of learning, while other children applied a 

conscirius use of strategy, increasing the speed of the solution of the 

puzzle, and indicating ability in the child concerned, especially where these 

approaches manifested in a younger child. 
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Chapter 7 

Diagnostic Progressions 

Chapter 7 looks more closely at several puzzles giving progressive 

diagnostic information on a child's level of perceptual and conceptual 

awareness as indicated by the levels of performance and spec.i.fk. 

difficulties encountered. They encompass · all of the previously presented 

difficulties in previous chapters. These fall into two groups, of puzzles not 

involving enumeration and puzzles involving enumeration. 

Chapter 8 

Range in Levels of Performance 

Chapter 8 presents some puzzles where children exhibited a mixed range of 

levels of performance within and across mathematical group categories, 

emphasising the general lack of correlation between mathematical group 

categories and levels of performance. Some puzzles present children 

exhibiting a mixed range of levels of performance within a particular 

mathematical group, similarly showing a lack of correlation between 

mathematical group category and levels of performance. Also presented are 

two children from an average mathematical group category exhibiting a 

high level of performance, supporting the general lack of correlation 

between mathematical group categories and levels of performance in this 

study. 

Part 3 

Implications 

Chapter 9 

Correlation Results 

Chapter 9 presents correlation results from comparisons of levels of 

performance across mathematical group categories, school classes, and ages 

of children using nonparametric. analyses of Spearman' s Rho correlations, 

and Mann-Whi.tney U-Tests for measuring gender performance differences. 

These are looked at in conjunction with puzzle difficulty leveL 
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Chapter 10 

Implications in the Teaching of Mathematics 

Chapter 10 looks at ways which support the hypothesis that children are 

able to understand mathematical concepts at much higher levels than is 

generally believed or taught within the educational system, and provides 

possible explanations for unconscious processing, with implications for the 

teaching of mathematics. Previously presented findings in the present 

study, previously unpresented findings, and finclings relating specifi.cally to 

unconscious processing are listed. Some possible reasons for the general 

lack of correlation between P.A.T. mathematics scores and puzzle 

performance are examined in the discussion, with an exploration of P.A.T. 

mathematics and the mathematical puzzles and what they each measure, 

and the nature and degree of these different mathematical assessments. It 

inch.Ides discussion on verbal and nonverbal. processing and the validity of 

both P.A.T. mathematics and the mathematical puzzles in determining the 

acquisition of mathematical concepts in children. Left and right brain 

function, consciousness and . the brain, and aspects of quantum 

consciousness lead into the movement of percepts to concepts and the 

function of language in concept formation. Thoughts on Piaget's stages of 

cognitive development, and the place of intuitive, creative and divergent 

thinking are followed by definitions of mathematical ability and able 

children. Acceleration and enrichment program mes are discussed, with 

conch.Iding implications for the teaching of mathematics, limitations of the 

present study and possibilities for future research followed by a conclusion. 

Appendices include junior mathematical puzzles, the Eileen Churchill 

Number Readiness Test, three manufactured adult: puzzles, and puzzles in 

approximate order of difficulty. 



Part 1 

Introduction 

Unconscious Processing 

The Present Study 



Each part of me acts its own part 

receiving information it is designed to receive. 

Each sensory system its actions. 

Each cell a sensory system 

built to receive and respond 

to and for my whole self. 

My conscious mind only one such sensory system 

of my body mind soul 

and verbal language one of its actions. 

I know what I do when I do it. 

My actions know the thoughts 

that my thoughts do not yet know. 

My thoughts know those thoughts 

when they know where my actions come from. 

Marion Moxham 
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Chapter 1 

Unconscious Processing 

The processes of transfer from sensory information into perceptions leading 

into concepts, and from pre-mathematk.al. concepts leading into formal 

ma them atk.al concepts have long been considered to involve some 

unconscious information transmission processes of an intrapsychi.c nature. 

The degree and utilisation of conscious versus unconscious, and verbal 

versus nonverbal processing has been largely ewsi.ve. The gradual movement 

from sensation to perception and from perception into conceptual 

understanding, and the movement of conceptual understanding that is 

expressed through action to conceptual understanding that can be expressed 

through language is a process that asks why and how do conscious and 

unconscious processes work. 

Chapter 1 looks at current theoretic.al. explanations and explorations of 

possible unconscious cogni.ti.ve processing, presenting some definitions of 

consciousness indicating the lack of consensus amongst theorists as to what 

consciousness is. Conscious versus unconscious processes are discussed. The 

degree to which conscious and unconscious processes occur and can be 

introspected also divide theorists. Theories on modes of learning continue 

the debate over whether people process information consciously or 

unconsciously, and in which order and whether these processes can be 

introspected. Is.sues of introspection and protocol procedures with children 

look at advantages and disadvantages of the talking aloud method and the 

clinical interview, and the part language plays in these types of 

introspection. Consciousness in the form of unconscious awareness and 

indication of conceptual development through actions, through to conscious 

awareness of concepts through language expression is discussed, along with 

the acquisition of language as a means of aiding the bringing of a concept 

into conscious awareness. Nonverbal. versus verbal conscious awareness is 

also discussed. Consciousness is presented as processed integrated 

awareness, with cerebral evidence of unconscious processing, and left and 

right hemisphere processing leading into a discussion of possible 

mechanisms for the movement of sensations :into perceptions and concepts, 
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and into conscious awareness and language. Physicist definitions of 

consciousness and its selections as to what emerges into conscious 

awareness through sensoy, perceptual. and conceptual information 

transmission processes are considered. 

Definitions of Consciousness 

'Consciousness is primary. Its sulxti.visions are merely expressions of its 

primacy. Saying hello to itself through the different media of awareness, 

body action, thought, language and sensory registration. Consciousness is 

the only reality, yet we are able to glimpse it only through the action 

that gives rise to the material and mental aspects of our observational 

processes' (Goswami, Reed & Goswami 1993). This is one definition of 

consciousness. Goswami et al consider all or any expressions of 

consciousness are different manifestations of one overall source. 

Consciousness is everything there is. 

There is no universally agreed upon defin:i..ti.on of what constitutes 

consciousness or unconsciousness, creating interpretive difficulties in 

deciding on the consciousness or otherwise of many cognitive, awareness 

and behavioural states and activities common in people. The Reader's 

Digest Universal Dictionary (1988) lists some definitions: 

conscious refers to mental processes such as thoughts or emotional 

reactions of which a person is aware. 

subconscious - pertains to thoughts or feelings outside immediate 

awareness either wholly or partly. 

preconscious - refers to mental processes that are outside the 

consciousness but are easily brought into the conscious 

mind. 

unconscious alludes to all mental processes that a person is not 

aware of, including thoughts or feelings that have been 

forgotten or repressed, and also images, instincts, 



desires, and the like. It is often used interchangeably 

with subconscious. 
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Vagueness remains. Sutherland (1989) summarises the confusion over a 

defini..tion of consciousness in the Macmillan Dictionary of Psychology: 

consciousness - The having of perceptions, thoughts, and feelings; 

awareness. The term is impossible to define except in 

terms that are urm,telligible without a grasp of what 

consciousness means. Many fall into the trap of equating 

consciousness with self-consciousness. To be conscious it 

is only necessary to be aware of the external world. 

Consciousness is a fascinating but elusive phenomenon: it 

is impossible to specify what it is, what it does, or why 

it has evolved. Nothing worth reading has been written 

on it. 

In the absence of adequate theories of consciousness, theories focus more 

on aspects of what consciousness may do, to help establish what 

consciousness is. Examples include representation (Lloyd 1989), intentional 

state (Searle (1983), working memory (Anderson (1983), focal-attention 

processing, awareness and introspection (Velmans (1991), the hidden 

observer (Hilgard 1986), setting and selecting goals (Shallic.e 1972), and 

multiple awareness (Dennett 1991). Klein (1991) finds consciousness a 

representational workshop supporting activities of decision making, 

imagination, planning, problem solving, hypothesis testing and the novel use 

of habitual routines, but distinguishes between awareness of ideas, 

sensations, images, movements and actions referred to as consciousness, 

and awareness of oneself or self-awareness also considered as 

consciousness. 

Dretske (1991) distinguishes further, believing consciousness is not what we 

are cqnscious of. It is not an object of awareness. It is the act of 

awareness, a process where we are made aware of whatever objects we 

are aware of. People can be conscious of the external tlrlng they identify 

without being conscious of the_ internal processes that make them aw are of 
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it. Navon (1991) considers consciousness is the awareness of a person, but 

draws attention to a validity issue, where in the acsence of an external 

ocserver, the mind may not readily and objectively examine itself by itself, 

and theories of consciousness should instead deal with issues of states, 

structures, representations, processes and transmission of information 

between processes. Consciousness is the medium where individuals obtain 

information on their mental events, and is both the universe to be 

explained by a first person account and the source of data for such an 

account. 

Further difficulties arise in addition to what consciousness may be and 

what it may not be and what it may do. These concern evidence of 

knowledge being present in an individual without the individual having 

conscious awareness of such knowledge. Tul.ving (1985) finds evidence of 

subliminal perception demonstrating semantic processing can take place 

without awareness, and information can be available without knowledge of 

its source or awareness of its having been a perception at the ti.me of 

stimulus exposure, as an unconscious perception. On the basis of 

unconsciously perceived information being accessible through some form of 

behavioural response, the state of being conscious may manifest as 

consciously known or unconsciously known awareness from the person's 

point of view, removing any clear boundaries between potential definitions 

of conscious and unconscious events. 

Furthermore, the ti.ming of the consciousness of the events adds to the 

complications of the definition of conscious versus unconscious processing. 

Perception comes from sensory information, a process which is unconscious, 

and concepts come from perceptions and actions, creating a time lag 

between events and awareness. Concepts may be defined as general ideas 

or understandlngs. They may come from finding si.rnila:rities between tirings, 

ur from abstracting a pattern from events or objects, and may be abstract 

or concrete. Wagstaff (1991) finds subjective reactions to consciousness 

necessarily foll.ow the events themselves, causing actual awareness, reaction 

time to awareness, and memory for awareness to be easily confounded. As 

sensations, perceptions and conceptions are individual interpretations from 

events entering the sensory system rather than the events them selves, 
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:is&.tes of reality validity are added to any questions on a definition of 

consciousness. 

We may also possess a limited and inadequate repertoire of verbal and 

nonverbal responses for describing the contents of our consciousness. 

Consequently there is no guarantee that our descriptions of awareness will 

accurately reflect the actual events in consciousness or the times of their 

occurrence Wagstsff (1991). Lloyd (1989) finds introspective awareness 

shares the stage of consciousness with primary awareness or unreflective 

consciousness which is the awareness of the world as opposed to awareness 

of one's own mental. states. This distinction within consciousness gives rise 

to the pos.sibili.ty of states of awareness that are neither introspective nor 

introspected, and there must be such states. If every state of awareness 

had to be the subject of a secondary state of introspective awareness, 

then the secondary states, themselves states of awareness, would need 

tertiary states of awareness directed at them, and so on in an infinite 

regress. The assumptions that consciousness is exclusively introspective and 

operationalised through verbal reports results in a narrowing of the concept 

of consciousness. A broader view would include non introspective awareness 

and would consider experience to be signalled by any discriminative 

response. This amounts to a broadly reductive strategy, identifying states 

of consciousness with causally active cognitive states. 

Introspection: Conscious Versus Unconscious Processing 

There are current hypotheses in the field of cognitive psychology regarding 

conscious versus unconscious processing and the degree to which these 

processes are available through introspection. Introspection is the 

procedures of thought in mental processes. Whereas Nisbett & Wilson 

(1977) claim mental processes in concept formation are unconscious and 

therefore not available to introspection, Eri.csson & Simon (1980) find 

introspection a vahlable aid to understanding cognitive processes in task 

performance as a process of conscious thought. These views are opposing. 

Kellogg (1982) conducted experiments showing both views are valid. 

Depending on task demand, unconscious or conscious thought processes or 

both may be used with associated degrees of reliability of introspection. 
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Kellogg terms this a dual-factor view of cognition, referring to 

unconscious processing as feature-frequency processing, and conscious 

processing as hypothesis testing procedures. 

Kellogg's first set of experiments found a positive correlation between the 

degree of introspection subjects claimed to have undertaken when learning 

was conscious, and no correlation when it was unconscious. Subjects were 

given a dual task situation involving difficult oral multiplication, at the 

same time being shown a series of faces on a secondary channel. This was 

the dual task condition. Single task conditions were given just the 

multiplication or the faces. Accuracy of multiplication and recognition of 

faces was tested. Single task conditions showed both conscious and 

unconscious processing, whereas dual task conditions showed the recognition 

of faces to be entirely unconscious. Subjects were correct in their 

estimation of their degree of introspection when using conscious processes, 

but not when their mental processes were unconscious. 

In Kellogg's second series of experi.m ents the aim was to find w hi.ch 

events were consciously attended to and which were unconsciously attended 

to, the hypothesis being that if trial n was consciously attended to, then 

it would be stored in short term memory on trial n + 1. It was found with 

random questioning probes for the existence of introspection, hypothesis 

recognition was inaccurate, as most learning occurred unconsciously, 

although under conditions where all learning was probed, hypothesis 

recognition was much nearer 100%. The conclllSi.on was that if the subject 

realised the emphasis was on hypothesis testing, then conscious attention 

was given to this. Also, the processes underlying task performance may be 

conscious or unconscious, depending on the nature of the task. 

Lewicki, Hill, & Bizot (1988) illustrated a process of unconsciously acquired 

information about a pattern of stimuli, which facilitated subjects' 

suo;equent performance. Their hypothesis was that the cognitive system 

memorises more information about encountered stimuli than can be 

processed through consciously controlled channels, with concept form a ti.on 

occurring largely unconsciously. Some of this involuntarily processed and 

memorised information is believed to influence sucsequent cognitive 
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processes, even when perceivers are unable to articulate the knowledge 

they use. Lewie.lei. et al (1988) asked subjects to find a target in a 

sequence of frames where target location followed a complex pattern. 

Although subjects' responses became increasingly accurate following 

pattern repetition, no subject reported conscious awareness of a pattern, 

nor could any subject verbalise one. 

Perruchet, Gallego, & Savy (1990) dispute the Lewie.lei. et al (1988) 

findings. In replicating the pattern of stimuli, they found the frequency of 

sequencing the reason for suh:lequent performance facilitation, not 

unconscious acquisition of this information. They found subjects reacted 

more slowly to infrequent events located in the early phase of the Lewie.lei. 

et al experiments, possibly explaining subsequent improvement in task 

performance. They do not believe people unconsciously abstract rules that 

can be discovered through deliberate logical analysis. Nor do they consider 

inability to articulate the manipulated pattern implies operation on an 

unconscious level, although they do acknowledge processes underlying 

improvement in performance may still be unconscious. They discuss 

traditional concept learning and problem solving experiments, where the 

adaptive first mode of 1..earning is activated in simple learning situations 

where people perform conscious operations on identified isolated variables 

of a task. Conscious operations become inefficient with large numbers of 

variables or when the structure of the situation is not obvious, requiring 

the second mode of learning to operate, where the processing of 

representations of .events is both unavailable to conscious awareness and 

beyond attentional controL Both conscious and unconscious, or explicit and 

implicit modes of learning are thought to occur during the process of 

l.earoing the rules underlying any situation subjects are exposed to. 

In a study of artificial gram mar learning, Reber, Kassin, Lewis, & Cantor 

(1980) found that when the underlying gram mar was evident, subjects 

categorized better, using the first mode of learning when given explicit 

instructions stressing the need to pay attention to rules. When structure 

was difficult to discover with implicit instructions to pay attention to 

items, subjects always performed better than chance. Reber (1989 a & b) 

finds knowledge acquked from implicit learning procedures is always ahead 
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of subjects' explicit knowledge, but as subjects are unable to verbalise 

implicit rules, performance :is thought to be the result of an unconscious 

atstraction process. Dulany, Carlson, & Dewey (1984, 1985) dispute the 

Reber et al (1980) claim of unconscious atstraction processing, providing 

an alternate view of conscious attention to a large number of si.m pl.e and 

approximate rules instead. 

Unconscious processing does occur along with conscious processes, al.though 

no existing defini.tion of consciousness or unconsciousness is universally 

accepted. It is believed unconscious sensory information is unconsciously 

selected to become perceptual information. Perceptual. information is 

atstracted into concepts, perhaps both consciously and unconsciously. There 

are differences amongst theorists as to whether conscious or unconscious 

processing comes first or second during task performance, or whether this 

depends on the nature of the task. 

Modes of Leaming 

Conflict remains between cognitive theorists who believe conscious 

processing occurs before unconscious processing, and cognitive theorists 

who believe unconscious processing occurs before conscious processing. In 

mathemat:k.s, Dienes (1959) distinguishes between analytic and constructive 

thinking, acknowledging these are not the only ways of thinking, nor are 

they mutually exc.wsi.ve. Whereas anal.yti.cal. thought involves logic. with 

concepts formed _before they are used, constructive thinking involves 

creative intuitive perception not based on reasoning, of things not fully 

understood. These distinctions resemble the first and second modes of 

l.eaming discussed by Perruchet et al (1990). Dienes believes constructive 

thinking develops before analytic, with both types required in ma them ati.cs. 

He notes Meredith's (1956) observation that mathematicians use intuition 

and insight to discuss their theorems, and logic. to prove them. He defines 

ma them ati.cal. intuition as insight gained into ma them ati.cal. phenomena 

without conscious reasoning. Reasoning verifies intuitions, but is dependent 

on past experience and knowledge. He finds children more likely at first 

to build concepts intuitively without awareness of relationships between 

these and other concepts. 
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Bruner (1986) describes a narrative mode of thinldng and a paradigmatic 

mode of thought. Similarly, Skemp (1971) distinguishes between intuitive 

and reflective thinking. He consid&S mathematics is learnt at the intuitive 

level long before the reflective level is functional, with leam&S at the 

intuitive level largely dependent on the way material is presented to them. 

The degree of acco m m odation possible at the intuitive level is less than 

that achieved by reflection, with intuitive thinking leading into Piaget's 

defined progressive stages of concrete reasoning and form al t:h:inldng 

(Wadsworth 1971). Dienes, in responding to Becker & Rog&S (1969) finds 

these stages are not necessarily linear. Children can and do make intuitive 

leaps. Depending on the familiarity and usage of the particular concept 

involved, children may currently possess any mixture of intuitive, concrete 

operational, and formal operational thinking, and these levels of conceptual 

understanding may vary from one application of a concept to another. 

Modes of learning are an important consideration to the present study 

where children show evidence of both conscious and unconscious processing. 

More important than which mode comes fu:st or second is why these 

modes exist, and what ldnds of tasks will access which mode. Children 

may use unconscious modes first as they develop concepts, but the 

development of concepts may not be as linear as Piaget suggests. Children 

may show mixed levels of conceptual awareness, and conscious or 

unconscious awareness and use of them. 

Protocols for Eliciting Introspection in Children 

Questioning children in classroom practice is designed to not only monitor 

conceptual understanding and thinldng processes, but to aid conceptual 

development through the trans1ati.on of intuitively understood concepts into 

verbally expressed language. Children may find verbal naming of 

classiftc,q.ti.ons and processes diffic.ul.t because some classification 

procedures may be made largely unconsciously, or consciously but 

nonverbally. Bringing unconscious or conscious nonverbal processes to 

articulate conscious awareness through the verbal naming of classifications 

appears · much more dif&ul.t than making original unconscious or conscious 

nonverbal selections. 
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What does it mean if children do not naturally or continuously think out 

aloud as they complete a problem solving task? 0hservation indicates 

children perform many problem solving tasks silently, or silently with only 

occasional. verbal com m ent. This suggests some options for the natural 

1.o1 :iys children may think during task performance: 

verbally and consciously 

silently but verbally and consciously 

nonverbally and consciously 

nonverbally and unconsciously 

Perruchet et al (1990) reinforce that any demonstrations of unconscious 

complex learning will. be limited by the researcher's ability to ask subjects 

the right questions when assessing conscious knowledge. Protocol procedures 

for eJidtlng :introspection processes used in research on mathemati.cal. 

thinld.ng are described by Ginsburg, Kossan, Schwartz, & Swanson (1983). 

These include the talking aloud method used by Newell & Simon (1972), 

and the c.linical interview developed by Piaget (Piaget 1929; Piaget & 

Szem:inska 1952). 

The talking aloud method was traditionally used with children, who were 

considered to lack verbal skills and have poor or minim al com prehensi.on. 

The talking aloud method encourages subjects to verbalise every thought as 

it appears as a means of eliciting complex forms of problem solving, 

sequential activity, formulation and testing of hypotheses, and the 

execution of multistep algorithms while solving challenging problems. There 

is minimum :investigator intervention during this process. G :ins burg et al 

(1983) believe that requesting verbalisation of a process during problem 

solving may affect both the course and completion of the task. When the 

child is asked to talk aloud as a problem is solved, the necessary verbal 

process may slow task completion and confuse it. The child may not be 

able to do both tasks at once, or may become self-conscious and use 

different strategies or means that might not be used when left alone 

during task completion. The possihility is for talking aloud procedures to 

alter the very phenomena under examination (Brentano 1973). 
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The clinical interview originally used with adults involves asldng the child 

after completion of a task what the child did, or what the child did in 

the preceding moment. Verbalisation after the event may be more diffk.ul.t 

with the child unable to retrace original thoughts and intentiora. When a 

child speaks spontaneously, it is with intention. This may have an enabling 

part to play in whatever process is being undertaken. When the moment of 

intention has pas.qec:l, what cue will access memory of a now past 

intention? For a six year old girl who could not say what was the same 

about some transparent buttora she had correctly classified and placed, the 

cue to the memory of her original conceptual. processing was a replication 

of her original conceptual processing combined with a focus of attention 

~n naming the concept. She had to see through a button again to 

consciously remember the button was 'see through'. It involves both access 

to memory, and conscious observation of an event to talk after the event. 

Diffk.ul.ti.es of the clinical interview include memory decay, interference 

from current thinldng while reporting, and confabulation, where a 

rationale, or one originally unconnected with the production of an arawer 

is invented. The way a problem is worded also affects the way the child is 

able to solve the problem asked (Riley, Greeno, & Heller 1983). Similarly, 

how a question is asked will help or hinder the child's ability to retrieve 

accurate memory of processing, facilitating verbal access to conceptual 

understanding (Donaldson 1978). The wrong question may elicit an answer 

suggesting erroneously that the child does not possess adequate conceptual 

knowledge involved in the task. 

Donaldson (1978) finds several reasora why the child may have diffk.ul.ty 

verbalising problem solving. The child has less knowledge of language and 

may be less confident about using it and may rely more on non-linguistic 

cues. The child may also not have learnt to distinguish between situations 

where primacy to the language is important, and si.tuatiora where it is 

not. The child may find paying scrupulous attention to language very 

diffk.ult, and where interpretation of words differs with some other 

expectation, words may take second place. In Donaldson's view, the child 

makes sense of situations first, then uses this ldnd of understanding to 

make sense of what is said. 
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Protocols for eliciting introspection in children are an important 

consideration in the present study. With task processes possibly being 

altered through asking the child to talk aloud during task completion, and 

memory decay occurring when asking children questions after the event, 

verbal introspection protocols may not be the most accurate or adequate 

means for asses.sing the understanding of concepts in children. Whereas 

verbal descriptions demand conscious awareness of process as well as the 

ahm'action of applying vocab.11.ary to this description either during or after 

the event, action awareness may bypass conscious pathways altogether 

through nonverbal mean& Furthermore, conscious awareness of an 

unconscious process may be available only through simulation of the 

original perceptual and conceptual sti.muhls. For the child who is struggling 

with a task, an additional verbal one may not be possible either 

simultaneously or at task completion. The child's level of conceptual. 

understanding may be more apparent through the strategies and solutions 

the child exhibits. 

Unconscious Awareness of Concepts Through Actions 

Lloyd (1989) presents a broader view of consciousness to include 

introspective awareness along with experience signalled by any discriminate 

response. Adults acting with conceptual understanding, who are unable to 

define the concept in verbal terms have been observed by Lovell (1961). 

Lovell finds this very frequent, and not necessarily due to lack of 

vocabulary. Ginsburg & Opper (1969) cite Piaget's deep insight suggesting 

the child's unconscious logic may be a more efficient way of describing 

thought than the child's own imprecise natural language. Brody (1989) 

similarly finds a recognition-like procedure provides a better assessment of 

consciousness than simple introspective reports. If a child's actions show 

the presence of thought, the absence of a verbal means of expressing this 

thought does not mean the thought does not exist. The solution already 

shows that it does. Riley et al (1983) believe the solution of a problem 

indicates the child already has both the conceptual. knowledge and the 

procedure. Evaluating the success in verbal terms is to see what the 

benefit of solving the problem has been. In mathematical. thinking, the 

benefit has already been significant. Donaldson (1978) believes that what 
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encourages awareness of language may also encourage awareness of one's 

own thinking. For Piaget, mathemati.cal. thinking can develop only jf the 

child can become aware of unconscious processes (Piaget 1974). 

Conscious Awareness of Concepts Through Language. 

Jung (1954) conceives growth of consciousnes.g as closely related to 

intellectual growth, with some control over thinking required for 

intellectual growth to take place. He believes there is no control over 

thinking where there is no awareness of thinking processes. Also, many 

processes a child uses in solving a problem are unconscious, and the child 

is far more able to act and tmderstand than to express verbally. These 

ideas appear contradictory until Jung's concept of control over thinking is 

defined in verbal terms. The attainment of control over verbal thinking 

means bringing thought out of its primitive unconscious em beddedness and 

interacting with others (Jtmg 1954; Vygotsky 1962; Donaldson 1978). Skemp 

(1971) relates making an idea conscious to associating it with a symbol, as 

in the acq11isitio11 of words in the development of language. Once the 

association has been made, the symbol seems to act as a combined handle 

and label for retrieval from memory. Verbal thinking is the use of 

pronounceable symbols used for com m un:ication, with volllntary control over 

thoughts achieved largely by use of symbols. Naming classifications is a 

separate and additional task to classifying them, requiring transfer of 

conceptual proc~ into verbal symbols. 

Lovell (1961) defines mathematics as a mental activity studying order 

abstracted from the particular objects and phenomena whi.ch exhibit it, and 

in a generalized form. Skemp (1961) considers that jf an individual does 

bacil.y in mathematics, it may not be through lack of concepts, but through 

lack of reflective ability. To help the child develop mathemati.cal. concepts, 

language and symbols of mathematics must be taught. Individuals must 

have the concepts, al.though they may not be able to formulate a clear 

definition of the concept in verbal terms. Skemp finds the tra~n from 

elementary number work to mathematics involves the use of reflection on 

the relevant concepts and operations. Lovell emphasises that getting 
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children to appreciate the signif:ic.ance of their own actions so they 

become aware of what they are doing is cruci.aL 

Piaget (1976) defines consciousness as basic.ally a conceptualisation process, 

with emergent consciousness of an action the means of transferring it into 

a concept, with conceptualisation being a process, as it is not im mediate. 

Because it is a process, the degree of consciousness varies, depending on 

the degree of integration. For Piaget the issue is more the degree of 

integration than one of making the unconscious conscious. He considers 

that where a child is aware of goals and end results, but not of process, 

there is lack of conceptualisation and :integration, al.though he 

acknowledges action in itself constitutes autonomous and already powerful 

knowledge. There is conflict in Piaget defining consciousness as the 

acqu:isi.t:iDn of concepts. Can a correct answer derived unconsciously and 

nonverbally emerge from undeveloped conceptual awareness? This question 

remains unanswered. If consciousness develops through the acquisition of 

concepts, what comes fu:st? As language is itself a symbolic conceptual 

ah9tracti.on and application, verbalisation in Skemp's terms provides a label 

and a handle for the concept to be expressed, remembered, and available 

for transfer to further situations. On this basis verbalisation of concepts 

may be the means of integrating and adding to concepts rather than of 

forming them. V erbal:ising conceptual processes emerges as one of the 

functions of language itself, as a tool for bringing to consciousness 

conceptual processes for classification purposes to make them more readily 

useful and applicable for the :individual. 

Conscious awareness is not necessarily able to be verbalised. Conceptual 

knowledge may also be outside of conscious awareness. The question 

remains unanswered as to whether concepts arise through language or 

before language, but there must be a circuhlr effect, where the verbal 

expression of a concept enhances conscious awareness and enables a higher 

level of integration of the concept. 
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Nonverbal Versus Verbal Conscious Awareness 

The question remains. What can be known and expressed through language 

:is mmuscul.e m comparison with what can be known. To verbalise every 

life process would not be useful. Schooler & Engstler-School.er (1990) find 

some components of visual memories can not be put mto words, such as 

face recognition, and that verbalising previous visual stimuli may impair 

subsequent recogrri.ti.on performance by producing a verbally biased memory 

representation that can mterfere with the application of the original v:isual 

memory. Furthermore, memory verbalisation impairs memory for stimuli 

that are difficult to put mto woros. Whereas it has been found that verbal 

processing generally improves memory performance, especially of verbal 

stimuli, the benefits of verbalising are limited to what it :is useful to 

remember. Gardiner & Java (1990) found 'know' responses were more 

accurate for non words than for words, whereas 'remember' responses 

were more accurate for woros. Lloyd (1989) also questions an assumption 

that consciousness :is best operationalised as accurate memory reporting. 

Language and memory are madequate to capture moment to moment 

experience, with some aspects of experience unable to be captured by 

language. 

Consciousness as Processesd Integrated Awareness 

Vel.mans (1991) presents an extreme view that consciousness may be 

outside the area of. cognitive psychology altogether, believing Worm ati.on 

entering consciousness :is already mtegrated, with consciousness of an mput 

occurring relatively late m the Worm ati.on processing sequence. Awareness 

of a stimulus follows analysis and selection, and awareness of a response 

follows its execution, as does awareness of mner processes such as 

creativity. Physicist Penrose (1989) believes the actual thought that 

surfaces in the brain :is the solution of some problem, with the action of 

conscious thinking resolving alternatives. Mandler (1985) finds conscious 

contents are made available for further processing mvolving choice and 

decision. 
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Velmans (1991) believes a process is conscious to the degree there is 

consciousness of the process, or consciousness accompanying the process, 

or consciousness entering into or causally influencing the process, with 

problem solving, thinking, and planning processes becoming conscious only 

to the degree they are accessible to introspection. As Velmans finds 

human information processing required for analysis, selection of stimuli, 

me m ocy encoding and responding is unconscious and not generally available 

to introspection, he considers consciousness can not enter into or causally 

inflllence the process. Processes creating awareness are involved in 

perception, emotion and thinking, causing awareness, or being correlates of 

it, but are not acts of awareness. Awareness does not play an active part 

in the processes creating awareness. Events, information encoding, storage, 

retrieval, and transformation to output enter consciousness only if they are 

the focus of attention. We may be conscious of the stimuli we analyse and 

select for more detailed attention, conscious of what we learn and commit 

to memory, conscious of responses we make to such stimuli, and aware of 

e~fort given to planning and m oni.toring of thoughts, emotions and images, 

but the dissociation of awareness from information processing invariably 

occurs. 

This extreme view suggests all conscious awareness is the result of prior 

tmconscious processing. V elm ans has been criticized for taking an 

epiphenomenalist view, with epiphenomenalism defined by Thomas Huxley 

claiming consciousness to be a form of output caused by brain processing, 

whkh in turn has ~o causal influence on that processing. V elm ans does not 

support epiphenomenalism. He takes a monist view, considering ftmctioning 

and awareness different perspectives of one process. Velmans refers to 

consciousness as primarily a state of awareness, and focal-attentive 

processing as a functional subdivision in an information processing model of 

the brain. 

The perceptual process is tmconsc:iously selected from sensocy information, 

and integration of perceptual information into functional concepts must at 

first also be unconscious. In the present study, the movement of percepts 

into concepts is of relevant interest as to how children acquire 

mathematical concepts from manipulating materials in the environment. 
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Cerebral Evidence For Unconscious Processing 

Llbet (1991) finds a stimulus to the human somatosensory thalamus can be 

detected correctly :in a forced choice response even when subjects are 

unaware of a stimulus :induced sensation, show:ing cerebral information 

processing can be dissociated from awareness of the processing, and focal 

attention and cognitive responses can be separated from conscious features 

of a signal. Libet (1985) demonstrated EEG analyses show shifts of 

negative potentials long before subjects respond or are aw are of their 

decision. Recent studies of hypnosis :indicate :inform ati.on may also be able 

to enter long term memory and be recalled, without first entering 

consciousness. (Hilgard 1986). Similarly, Weiskrantz (1987) discusses how :in 

the amnesic syndrome a person can demonstrate verbal, perceptual, and 

skill learning, but not recognise or have any consciousness that anything 

has been learnt. The dissociation between the capacity to learn and to 

retain is clear, along with the person's knowledge of this fact. Here, the 

monitoring of the process is what is missing from the process. Penrose 

(1989) does not believe language is necessary for thought or for 

consciousness. From split half brain experiments, it is known the two sides 

of the brain can be :independently conscious. When a person has bl:indsight 

caused by damage to the visual cortex, informati.on may not be consciously 

perceived, but is revealed by correctness of the person's guesses as to 

what is there. 

Again, evidence that :information enters the brain before conscious 

awareness of that :information occurs, :indicates the likelihood of 

unconscious processing preceding actions of awareness. Conscious knowledge 

seems to follow unconsciously known knowledge. 

Left and Right Hemisphere Processing 

Blakeslee (1980) attempts to explain the phenomenon of unconscious and 

nonverbal thinking by translating nonverbal, unconscious, and :intuitive 

processes :into rlght brain activity, versus verbal, conscious, and logic.al. 

processes of the left brain. The right brain thinks :in images, dealing with 

spatial processes. Control norm ally ~ to the hemisphere with the 
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fastest answer, but hemispheres can be trained to perform better with 

encouragement. Whereas the left brain examines issues sequentially and 

logically, the right brain is holist:k., viewing the whole situation at once. 

For verbal explanation of right brain activity, the left brain must take an 

oooervers role, frequently confabulating or making up its interpretations 

and explanations rather than accessing them. Yet most creative 

breakthroughs, even in ma them at:ks, result from intuitive leaps made in 

the right brain, whereas logic and language are so rigi.dly structured they 

are not suitable for the kind of thinking needed for creative exploration. 

Penrose (1989) comments that Einstein did not think verbally, nor did the 

geneticist Gal.ton. Most mathematical thinldng for Penrose is visual, not 

verbal, supporting the idea that much conscious mathematical activity 

takes place in the right hemisphere. 

This relates to the possibi]jty that the mathemat:ks puzzles are processed 

in the right hemisphere more than in the left. Puzzle solutions that are 

arrived at without conscious awareness are likely to involve this creative 

process, and may not involve verbal processing. 

Sensation into Perception 

Insufficient knowledge regarding specific locations of conscious and 

unconscious thinking in the brain leaves unanswered the question of how 

much each process belDngs to any one hemisphere. It is thought likely both 

hemispheres undertake both conscious and unconscious processing to some 

extent. Pribram (1987) considers memory traces to be distributed 

throughout the brain. When patients suffer damage to their forebrains they 

do not lose particular memory traces. The patient may not be able to 

speak, identify objects visually or tactilely, or recall a whole mnemonk. 

category, but individual specific memories seem to be suff:ici.ently 

distributed to be able to be reca11.ed despite extensive dam age. Pribra m 

(1971; 1976) adds that with all information enfolded over the whole brain, 

as in a hologram, the response when the holographic record in the brain is 

suitably activated is to create a pattern of nervous energy constituting a 

partial experience similar to that which produced the initi.al hologram. It 

is different, less detailed, and .with memories from different times possibly 
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merging together and becoming connected by association and logical 

thought to give further order to the whole pattern. If sensory data is 

si.m ultaneously being attended to, the overall experience merges to a given 

new whole. Nelson (1990) describes data stored in the brain as 

intermingling wave patterns of di.verse frequencies and amplitudes 

distributing each bit of information evenly within the whole so that 

anything that alters a relationship :in any part si.m ultaneously alters all 

relationships everywhere. 

Skarda & Freeman (1987) also consider learning and memory are functions 

which may be distributed throughout the neural network of the brain, and 

outline a neurologically based approach to cognition as an alternative to 

current cogni.tivis m. They found a spatial pattern of chaotic activity 

covering the entire olfactory bulb in the rabbit, involving equally all the 

neurons in it, and existing as a can:i.er wave for a few tens of 

milliseconds with each stimulus of a new or familiar odour. Freeman & van 

Dijjk (1988) also found the same basic neural dynamics in the visual 

cortex of the rhesus monkey. Skarda & Freeman hypothesize chaotic 

behaviour is the basic form of collective neural activity for all perceptual 

processes, and functions as a controlled source of noise, generating chaos 

as an essential precursor to ordered states, as a means to ensure continual 

access to previously learned sensory patterns, and to learn new sensory 

patterns. By chaos, they mean activity that appears to be random but 

instead is determ:inist:k.. The brain organises its own time-space patterns 

of function and ~ own structure and should be viewed as a self-organised 

process of adaptive interaction with the environment. Garfinkel. (1987) 

describes chaos as essential for optimal performance of systems in search 

of their own goals or states of minimal energy. In terms of the present 

study, some ideas are suggested as to how the actual process of 

perception may take place. Children processed fa mili.ar concepts :in a more 

conscious manner, suggesting previously learned patterns are available, but 

that there is ample opportunity for new ideas to be incorporated, and the 

chaos theory may be the fastest route to access old or acquire new 

information. 
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This model of brain function rese m b1es the distributed, self-organised 

processes of connecti.orrist models rather than the rule driven symbol 

manipulating processes characteristic of the digjtal computer. Connecti.onist 

models are explicitly cognitive, dealing with mental processes of pattern 

recognition and completion, generalisation, discrimination, associative 

memory and mechanisms responsible for cognition. With connectionism, a 

distributed system of interacting elements is able to produce behaviour 

previously thought to require rules and symbols. The Skarda & Freeman 

model resembles connectiortlst models in being a system that exhibits 

reg11Jaritles and processes information without being rule driven and 

manipulating symbols. Werner (1987) considers internal states are the 

neuronal system's own symbols. The chaotic. background state provides the 

system with continued open-endedness and readiness to respond to 

com pletel.y novel as well as familiar input, without requirement for an 

exhaustive memory search. The nervous system thrives on an enormous 

degree of sloppiness in its design, as chaos. Chaos makes the difference in 

survival between a creature with a brain in the real world and a robot 

that can not function outside a controlled environment, although Grossberg 

(1987) disputes that chaos is necessary for the processes Skarda & 

Freeman claim it is necessary for. Skarda & Freeman emphasise that their 

model is competent to simulate only preattentive cognition and the 

instantaneous appercepti.on of a stimulus, and not attentive inspection or 

sequential analysis. This suggests mechanisms for children to take a 

creative approach to puzzle solutions, in a situation where they do not 

have previous rules and rote learning already laid down, but simultaneously 

are able to access what is already familiar to them and incorporate it in 

a creative manner. 

Roberts (1991) concllldes that perceptual experience, whether visu~ 

auditory, tactile, or other, is created within an independent stratum of 

consciousness, by consciousness itself. The creation and control of such 

images is determined by what the consciousness believes is the situation, 

irrespective of the sensory input to the brain and the resulting cerebral 

activity, which it is able to disregard. One example is rotating advertising 

signs that can be seen to reverse simply by willing them to do so. The 

brain believes what it wants to believe. Visual images are not necessarily 
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created by a pattern in the visual cortex, b.It consciousness creates them 

within itself. The image we actually see depends on whether volition or 

sensory input has the greater control. Similarly, physicist Bohm (1980) 

finds the process of thought is not m erel.y a representation of the 

manifest world, but it makes an important contribution to how we 

experience the world, for this experience is a fusion between sensory 

information and memory, whk.h consists of thought built into its very form 

and order. This indicates that perceptions are already interpretations made 

by the individual, and that perceived reality may be different for each 

person. It may indicate why some children have different pri.ority modes 

such as observing col.ours before shapes, or sizes before patterns, where 

another child may reverse these. The conscious mind may be more :inclined 

to see what it knows, and not see what it does not already know 

consciously. 

Concepts into Consciousness 

The debate between conscious versus tmconscious processing continues. The 

nature of consciousness may come to be seen as the central problem of 

research on the brain (Blakemore & Greenfield, 1987). Rumelhart (1977) 

could find no complete and widely accepted theory of problem solving, and 

Skarda & Freeman (1987) recognise that all models are abstractions. Bohm 

(1980) emphasises a theory is primarily a form of insight and a way of 

looking at the world, not a form of knowledge of how the world is. 

Integration of thought would be one further fragmented point of view. He 

believes different ways of thinking are better considered as different ways 

of looking at one reality, each with some domain in which it is clear and 

adequate. As all experiments are performed in a limited domain, to a 

limited degree of approximation, results from experiments performed in 

new domains to new degrees of approximation may not fit current 

theories, giving no proof that basic concepts of given theories have 

completely universal. validity. Penrose (1989) claims algorithms, in 

themselves, never ascertain truth. External insights are needed to decide 

the validity of an algorithm, and consciousness is needed for awareness of 

the right algorithm to use. To Penrose, seeing the truth of a mathemati.cal 

argument and being convinced of its validity is the essence of 
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co~ess. Bohm sees fact and theory as different aspects of one 

whole in which analysis into separate but interacting parts is krelevant. 

Theories are not always forced to fit facts in currently accepted orders, 

but changes in what is meant by fact may be required for assimilation 

into new theoretic.al notions of order. Perceptions do not begin with 

abstract preconceptions as to what the order has to be, with adaptation of 

perceptions to that order, but begin by ohserving the whole fact, and then 

assimilating it by degrees into an order, and developing it into further 

order, form and structure, with theoretic.al concepts. 

Thought, and visual and auditory and other perceptions involve active 

transformation as they enfold into the brain. Images are too fast to be 

r~garded as separate, and Bohm therefore sees these expressed as 

movement, as part of the implicate order binding the sharp break between 

concrete immediate experience and abstract logical thought. Each moment 

of consciousness has an explici.t content as a foreground, and an im plici.t 

content as a background. Consciousness is therefore a series of moments. 

Attention shows a given moment can not be fixed exactly in relation to 

time, but covers a vaguely defined and variable extended period of 

duration. Each moment is experienced directly in the implicate order with 

one moment giving rise to the next. Content previously implicate is now 

explicate while previously explicate content becomes implicate. This 

continuation accounts for moment to moment change. There is much 

occurrence and stability :in thought. Me m ocy allows content to be held in 

fairly constant form. It is necessary the content be organised into basic. 

categories such as space, time, causality and universality, through 

relatively fixed associations and rules of logic for concepts and mental 

images to be developed. This describes the movement of perception into 

some sort of integration :in the mind, and as a continuous process. 

Attention is focused on this movement of moments. What is let go as a 

past moment may be :incorporated :into an existing or new concept, but 

must be an ever adaptive and unfixed process of the formation of ideas 

from memory. 

Penrose (1989) asks what we can do with conscious thought that can not 

be done unconsciously. He considers the problem more elusive when 
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considering that anything we seem originally to require consciousness for 

appears able to be learnt and later carried out unconsciously. 

Consciousness seems necessary to handle situations requiring new 

judgements, where rules have not been previously laid down. Piaget (1956) 

describes this consciousness of the familiar as operating only to a small 

extent in early life where the implicate order is more im mediate and 

direct. Infants learn in sensori.-motor experience, later connecting this with 

its expression in language and logic.. Penrose discusses Plato's view of 

mathematics where ideas have an existence of their own, and 

mathematical. discovery is a form of remembering. Penrose believes because 

mathematical. knowledge is already known in some form, no information in 

the technical. sense passes to the discoverer. The inform a ti.on was there all 

the time. It requires putting tilings together and 'seeing' the answer. 

Globus (1987) sees mind as the action of unfolding. In perception, mind is 

a process of selecting from autonomous processes. 

Summary 

Chapter 1 has looked at current theoretical. explanations and explorations 

of possible unconscious cognitive processing, and some tentative definitions 

of consciousness. Conscious versus unconscious processes have been 

discussed, and theori.es on modes of learning continued the debate over 

whether people process information consciously or unconsciously, to what 

degree, in whic.h order, and whether or not these can be introspected. 

Isrues of introspec_tion and protocol procedures with children looked at 

advantages and disadvantages of the talking aloud method and the clinic.al. 

interview, and the part language plays in these types of introspection. 

Consciousness in the form of unconscious awareness and indication of 

conceptual. development through actions, through to conscious awareness of 

concepts through language expression was discussed, along with the 

acq1risitinn of language as a means of aiding the bringing of a concept 

into conscious awareness, bringing the issue of nonverbal. versus verbal 

conscious awareness to attention. A child's inability to articulate a 

classification was considered to indicate unconsciously aware processing 

does occur, taking the form of consciousness manifested in action rather 

than introspective conscious -awareness of that consciousness. Here, 
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language was considered to play no part, being an applied secondary mode 

after the event, and on request. When requests for class:i6CAtion in 

language terms are made, intellectual growth is aided through the 

application of verbal terms, adding terminology and strategic skills to the 

conscious memory bank of what is already known, but not known it is 

known. Unconscious conscious knowledge becomes conscious conscious 

knowledge, providing the individual with future learning resources. 

Consciousness was presented as processed integrated awareness, with 

cerebral evidence of unconscious processing, and left and right hemispheric 

processing leading into a discU$ion of possible mechanisms for the 

movement of sensations into perceptions and concepts, and into conscious 

awareness and language. Ideas from physicists as to the nature of this 

process were disc\J$ed, and questions regarding the nature of consciousness 

and its conscious selections were viewed. 

Chapter 1 discusses the importance of children bringing task processing 

concepts into conscious awareness, firstly through actions and secondly 

through verbalising. Lack of verbalising ability does not mean the idea is 

not there, but that the child may not be consciously aware of the idea or 

know how to explain it. As concepts are built from perceptions, 

integration of perceptions into concepts is crucial in education. 

U nconsci.ous processes allow for speedy access to previously learned 

information, or to deal with novel sU:uations with a creative approach. The 

more modes through which conscious awareness can exhibit, the more 

likely the concept_ is to be integrated and become fully conscious. It can 

then be actively applied in new and consciously chosen endeavours. 

Chapter 2 looks at the present study, its methodology, and how conscious 

and unconscious processes might relate to the teaching of mathematics to 

children. 
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Chapter 2 

The Present Study 

Chapter 2 looks at aims, prior assumptions and hypotheses in the present 

study, with a rationale for the use of the mathematical puzzles. It 

involves Piaget's stages of cognitive development inherent in the structure 

of the puzzles, for developing pre-ma them ati.cal and mathematical concepts 

as taught in New Zealand primary school mathematics. A method section 

describes the present study research carried out in 1985 and 1986, 

including sections on participants in the study, measures used, and the 

nature and materials and mathematical concepts used in the pnzzles. The 

procedure describes how the research was carried out, including the setting 

of the mathematics lessons, selection of puzzles, structure of the 

program me and indic.ations as to questioning methods used with 

participating children. A section on data analysis discusses the quantitative 

and qualitative aspects of the present study, and analyses used. 

Aims of The Present Study 

Aims of the 1985 study: 

1. To discover the upper and lower ranges of ability and ages at 

which the puzzles can be solved. 

2. To find if the ·same children who score high or low in P.A.T. 

mathematics exhibit the same ability levels in solving the 

puzzles. 

3. To discover the degree to which the puzzles are conceptually 

diagnostic for mathematical concepts and perceptual difficulties. 

4. To discover the degree to which the puzzles are effective in 

meeting the needs of children within certain mathematical group 

categories: extension, remedial, and special learning 

difficulties. 

5. To determine any gender differences in working with the puzzles. 

6. To establish the puzzles in approximate order of difficulty. 



Additional. aims of the 1986 study: 

1. To extend the ti.me and scope of the 1985 aims and results. 

2. To incorporate puzzles newly designed in 1986. 

3. To enlarge the number of children in the specialised mathematical 

grouF,S studied to decrease chance results. 

4. To determine if the results were consistent across schools. 

5. To evaluate and compare two average P.A.T. children who appeared 

able with the puzzles, with top P.A.T. mathematics children. 

Prior Assum pti.ons 

Hypotheses 
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1. Children can master mathematic.al concepts considered beyond their 

expected age ability as defined by the current school curric.uhl m, provided 

concepts are presented in manipulable and visual form. 

Traditional. beliefs held that children learnt mathematics in a gradual step 

by step process. More difficult concepts could not be taught before 

si.m pl.er concepts had been mastered. Piaget's stages of cognitive 

development meant children could not carry out formal operational. adult 

thinking processes before moving through various stages of concrete and 

intuitive and tri.al. and error practic.al. processing to find out how the world 

and things in it work. In this sense Bruner (1960) believes that any subject 

can be taught effectively in some intellectually honest form to any child 

at any stage of development. Dienes believes children may possess mixed 

levels of conceptual. understanding within the rigid stages Piaget proposes, 

depending on previous experiences and the nature of the task in hand 

(Becker & Rogers 1969). Finding the right tasks for children to develop 

and exhibit higher levels of conceptual. ttt1derstanding depends on the kinds 

of structured materials embedding complex and simple concepts within 

them and the nature of the problem solving tasks children are given to 

manipulate. 
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2. No gender differences would be found in ability with the m athe ma ti.cal 

puzzles in primary school children. 

Traditional. ideas of females being better at verbal tasks and males at 

mathematical. and scientific tasks were accentuated by customary adult 

career roles and maturational. factors regarding child development. A dul.t 

roles have seen more males in mathematical and scientific employment, 

and females in people re.lated and verbal roles. Dweck & Ll.cht (1980) 

discuss the popular finding that males exhibit superior mathematical ability 

and females exhibit superior verbal skills. With girls reaching puberty 

before boys, girls have appeared maturationally advantaged in language 

areas at prlm ary school. Boys caught up during adolescence, frequently 

surpassing girls in mathematics, especially visual-spatial mathematics, and 

in sc.i.entifi.c endeavours. 

Rationale for the Puzzles 

The rationale for the extensive use of environmental materials in the 

teaching of mathematics to young children is multiple. Mathematical 

concepts are more easily atsorbed and developed when perceptual models 

are as varied as possible and mathematic.al. ideas penetrate everyday 

thinking (Dienes 1959; Lovell 1961). In addi.ti.on, children must handle real 

things in free unclirected activity, with the opportunity to discuss 

developing concepts to acquire the language of mathematics ( Churchill 

1961). Mathematical. concepts can not be brought about by using symbols, 

verbalisations, m echankal processes, or perceptual. reconstructions (Lovell 

1961). Piaget finds concepts develop from the schemata of action and 

thought arising from handling mc1terials, but not ctirectly from handling 

materials themselves where perception plays only a part. The development 

of mathematical. concepts is based on the form a ti.on and systematisation of 

two operations: classification and ordering (Piaget & Inhelder 1959). 

Experiences of grouping, comparing, sharing, ordering, numbering and 

finding the relationship between tilings aids the development of 

mathematical. concepts (Dienes 1959; Churchill 1961). 
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The ma them a ti.cal puzzles provide a wide range of materials for children to 

classify and order. The structuring of materials into puzzles to incorporate 

desired concepts to be developed, means children attend to concepts 

inherent in puzzles si.m ply by handling them. The greater the variety of 

materials structured to repetitively encompass the same concepts allows 

for a greater chance for the concepts to become integrated. The level of 

conceptual understanding gained will depend on previous experi.ence and 

what the child discovers can be done with the elements of the puzzle. A 

child might not normally think to place objects in order of size, or to 

match the same coloured buttons during normal play. When the structure 

of the puzzles is focused on possibilities for grouping and arranging 

e1e m ents, it is more likely the child will ahrorb the concepts, consciously 

or unconsciously, and verbally or nonverbally. 

Llfe is full of patterns and sequences. Knowledge is acquired long before 

there is language for the child to describe it. The child learns about the 

surrounding world through the senses and the proprioceptive experi.ence of 

movement. These experiences become the basis for understanding how the 

world operates and how to operate on the world. With increasing 

awareness and sigrcificance of these variables and their uses, the stage of 

naming is reached, translating perceptual awareness into conceptual. 

understanding. Operational knowledge becomes more functional as it is 

conceptualised and verbalised (Churchill 1961). Churchill finds verbal 

patterns need linking with understanding gained through experience. The 

transformation of direct experience into symbolism such as naming is made 

possible by language. Naming things brings what is already known into 

conscioU&less. 

The primary function of language is to enable man to deal with experience 

symbolic.all.y, and com munic.ation with others is a later development. Langer 

(1951) finds that through language the child finds a way of patterning and 

ordering experience. Language itself infh.tences modes of learning. It 

determines to a large extent what aspects of experience are reflected on 

and what is ignored. Churchill (1961) adds that the language habits of a 

com muni.ty predispose certain chokes of interpretation. If words are 

acquired in the context of real concrete experiences they can become 
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symbols for ordering experiences at the mental as well as the concrete. 

Unless the language of mathematics is com muni.cated to the child in such 

a way that it forces the child to think relationally about experienced 

events it will not provide a firm basis for later more advanced 

mathematical thinking. Children have to experience repeatedly to develop 

concepts defined as systems of 1.eamed responses and to organise and 

interpret data provided by sensory perception. It becomes a means of 

applying past learning to present situations to develop more com pl.ex 

systems. 

The child can only develop analytical thinking through constructive 

activities with structured materials that precede analytical in.sights (Dienes 

1959; 1960). The eventual attainment of mathematical concepts depends on 

the opportunity the child is given to handle real things. In time children 

come to realise the sameness in the tasks performed with different 

materials. It is important to provide for mathematical variability. The 

structure of the concept is preserved while the variables which make up 

the concept are varied. Dienes has in mind the needs of children at 

Piaget's stage two of concrete operational group structures, for any 

concept. This is the intermediate stage when imagery plays such an 

important part in reconstituting schema and building new connections. The 

child can imagine before he can structure, and through play with images 

can intuitively evolve new operational structures. Images are 

representations of real experiences and depend on :ini.ti.al concrete 

experience and capacity to retain and recall. The child deprived of 

experience at the concrete level is deprived of the sources of the images 

on which capacity to 1.eam depends. These images are not ideas but the 

means for imagination to create ideas from the activity. 

McKellar (1957) finds all image making depends on perceptual experience. 

Implicit or explicit analogy from perceived objects and events is the core 

around which the thinker models thoughts and communications. Original 

thought al.ways depends on past perceptions both for its form and its 

content, and quite often on past perceptions of a very concrete kind. 

McKellar uses the term mental models to denote the more or less explicit 

figures of speech which are ·used to as.gst thought, understanding and 
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exposition, co-raidering the models we choose are selected from our own 

personal experience and limited by it. 

The child builds a store of operational knowledge used as a frame of 

reference as a result of sensorl-motor and affective responses to the 

world. This map of expectancies guides the approach to present 

experiences which can be called on at will because of the power to image. 

Operational knowledge is converted into conceptualised understanding 

through the process of atetractiDn. Activity and experience com es before 

knowledge to be acquired and facts to be stored (Churchill 1961). 

Bruner (1960) believes a person must have the general nature of the 

phenomenon being dealt with clearly in mind to enable recognition of the 

applicability or otherwise of an idea to a new si.tuatiDn, and to broaden 

learning. Mastery of the ftmda mental ideas of a field also involves the 

development of an attitude towards learning and inquiry, including the use 

of guessing and hunches and the possihiUty of solving problems alone. 

Unless detail is placed into a structured pattern it is rapidly forgotten. 

Detailed material is conserved in memory by the use of simplified ways of 

representing it. An understanding of ftmda mental. principles and ideas also 

appears necessary to adequate transfer of learning. 

Bruner (1962) finds it is only through the exercise of problem solving and 

the effort ot ctiscovery thac the working h~ii!7;:::H .. u:..5 of disccv~; Gre 

learned. The more one has practice, the more likely one is to generalise 

what one has learned into a style of problem solving or inquiry that serves 

for any ldnd of task encountered. Bruner asks the questiDn, 'How can I 

know what I think until. I represent what I do?' Manipulation and 

representatiDn are necessary conditions for discovery and may be a process 

of intuition. In mathematics it involves the embodiment or concretisation 

of an idea, not yet stated, in the form of some sort of operation. Bruner 

(1960) differentiates an operatiDn from a simple actiDn in that it is 

internalised and reversible. Internalised means the child does not have to 

go about problem solving any longer by overt trial and error, but can carry 

this out mentally. Piaget (1955) emphasises that every perception lasts and 
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every perception extends. Mathematics is al.ways abstract and must be 

thought into the concrete situation (Churchill 1961). 

Handling many different m~tetia]s in the world allows a child to develop 

ideas of properties of those materials, what they do, and what can be 

done with them. It is necessary for the child to relate together categories 

of materials and the ways they behave or can be manipulated. 

Mathematic.al. learning encompasses ideas such as quantity and order, ti.me 

and space and groups of things that belong together. Pre-mathematic.al. 

experiences occur from birth onwards, from the discriminations of colours, 

shapes, sizes, of object permanence, reversibility, and m ul.tipl.es. Everything 

is mathematics in some form. Formal mathematic.al. numeri.cal. concepts 

can not be learnt before ideas of larger than or small.er than or more 

than or less than or the same as or different from are experienced and 

oooerved. The puzzles provide these experiences in structured form, 

focusing attention on specific concepts to be acquired. Handling the 

materials allows multi-se~ experience to provide as much information 

concerning the concept as possible, and learning the language of 

ma them atic.s inherent in the puzzles helps integrate it. 

Piaget's Stages of Cognitive Development 

Piaget (1955) believes all thought originates in the interiorisation of 

actions. Some of the thought activities inc.lllde composi.ti.Dn, where any two 

unit operations can be combined to produce a new unit; reversibility, 

where things can be separated again; and associativity where the same 

result may occur from combining um.ts in different ways. These unit 

ol)erations refer to actions capable of being internalised, reversed and 

coordinated into systems of thought. 
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There are three stages in this development. 

1. Sensori.-motor 0-2 years. 

Children can only perform actions. There are no operations because the 

child can not yet internalise activities. The child forms notions of objects 

and 1.eams to construct the notion of a perm anent object lying beyond the 

field of vision. This is the beginning of intelligence. 

2. Concrete operation group structures. 

Pre-operational thought - 2-4 years. Actions become internalised because 

the child can use imagery to imitate an action. The beginning of symbolic 

behaviour and the use of language follows. Internalised actions are not yet 

reversilil.e, and conservation is only understood at sensori-motor leveL 

Schema are concepts or categories. They never stop changing or becoming 

more refined. The cognitive schemata of the adult are derived from the 

sensori- motor schema of the child. The processes responsible for the 

change are assimilation and acco m odation. Assimilation is the cognitive 

process where new perceptual, motor or conceptual information is 

integrated into existing schema or patterns of behaviour. Assimilation 

accounts for the growth of schema but acco m odati.on accounts for the 

change or modification of schema. A balance between the two allows for 

2q!;i1·:"!--::±!:-:-: ~ e!"2'..??:"e t.~~ ,:1-iilrl's ~ffic-.iFmt interaction with the environment 

(Wadsworth 1971); 

Intuitive thought - 4-7 years. Concrete operations are becoming organised, 

but thinldng is still tied to perceptual factors, and structures are still 

rigid and irreversible. 

Logical thought - 7-11 years. The development of logical operations where 

reasoning processes become logi.cal. An intellectual operation is an 

internalised system of actions that is fully reversible. The child applies 

logi.cal operations to concrete problems. The child is no longer perception 

bound to deal with revei:sible processes. 
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Concrete operational children can not deal with complex verbal problems 

involving proposi.ti.ons, hypothetical problems or those involving the future. 

The reasoning of concrete operational children is content bound and tied 

to available experience. To this extent a concrete operational child is not 

free of past and present perceptions. 

3. Formal operations 

Formal operational thought - 11-15 years. A child develops the reasoning 

logic to solve all classes of problems. There is a freeing of thought from 

direct experience. Not all people fully develop all the possibilities of 

formal operations (Elldnd 1962). Aspects of formal operational thinking 

include hypothetical deductive reasoning, scientific. inductive reasoning, 

reflective abstraction, propositional or com binatori.al operations, form al 

operational. schemes as less abstract than propositional. schemes, and 

probability. 

Piaget finds these stages linear, with one stage foll.owing the establishment 

of a previous one. Children need experiences to help them develop as many 

concepts of the world as possible within the developmental mental 

framework they are capable of. Clearly, mathematical puzzle work fits into 

these stages at the different levels of thinking. Concepts of classification 

and order, of reversi.bility and conservation, of quantity and space are 

essential. before abrtract mathematics manipulating symbols of quantity and 
,...oual"'cihilih, l"~n ~ 1mrl~nnrl ~nrl nnPl"'~tP<'I_ --·-J ---- -- ---------- ----- -r --------

Pre-mathematical Concepts 

In order for children to experience mathematics at the concrete 

manipulative level as a prerequisite to formal mathematical learning, basic 

concepts of classifying and ordering are needed to acquire the language 

and experience of m athe m ati.cs. Pre-mathematical. concepts included in the 

j'Jni.or school mathematics program me include concepts of claS'Si6cation, 

one to one correspondence, ideas of conservation and seriation. 
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Cl.assi fication 

Children's number concepts result from a synthesis of the logical 

operations of order (seriation) and group membership (classification) 

(Piaget & Inhelder 1969). Four or five year old children typi.cally select 

objects that go together based on similarities, but may not be consistent 

about what the si.rniJarities are throughout a whole set of matched objects, 

or be aware of differences. From 5-7 years like objects are placed 

together but any idea of sub3ets is missing. Children do not understand 

relationships between subsets of items as class inclllsi.on, a concept whkh 

develops around eight years of age. 

Traditional classroom classification experiences utilizing mainly visual and 

tactile sensory modes focus attention primarily on discrimination of colour, 

shape, size and pattern to develop concepts of quantity, equality and 

inequality. Classific,qtion experiences also aid the development of pre­

mathematic.al language through questioning children and encouraging them 

to verbalize then- classifiOltions. Examples of pre-mathematic.al language 

include: colour names such as red, yellow, white, purple, bll.le; shape names 

such as circle, triangle, square, rectangle, hexagon; and size names such as 

big, bigger than, biggest, small, smaller than, smallest, many, few, wide, 

narrow, long, short, tall, short, thin, thick, high, low, more than and less 

than. Other visual, tactile, and auditory examples include heavy, light, fast, 

8!.c•.-.1, ln1-..!d; ~ft; hig~ low~ cold, warm, smooth, rough, shiny, dull, sharp, 

blunt, the same as and different from. 

One to One Correspondence 

One to one correspondence is essential. to ideas of equality and counting. 

In discussing pre-mathematic.al concepts with adults who did not know 

what a one to one correspondence was, two vohmteers were asked to sit 

opposite each other. A large pile of small blocks was placed between 

them. They were asked to pretend they were from a society with no 

developed counting system and to give each other an equal share of the 

blocks. One vohmteer made two equal looking piles by rough visual division. 

The other vohmteer was asked if she thought she had the same number of 
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blocks as her partner had. She said they looked the same but she couldn't 

be sure. She was asked how she could find if they were equal. She placed 

one block from her pile and one block from her partner's pile away from 

their original piles, matching block for block until she was able to 

accurately establish the equality or inequality of the original piles without 

counting them. This equality or inequality was determined by use of one 

to one correspondence. 

The ability to make a one to one correspondence is essential to any child 

before reading or enumeration can take place. When a small child is asked 

to count, the child may rote count numbers up to 10. Place in front of 

the child the number of objects the child can rote count to and ask how 

many there are. The child may even enumerate using a one to one 

correspondence matching a spoken numeral with the touching of an object 

for up to about 3 objects before losing the one to one correspondence and 

continuing random rote counting and random object touching, but the child 

is more likely to randomly touch objects and rote count numbers with 

neither a one to one correspondence nor enumeration. That the child may 

enumerate by a one to one correspondence matching a spoken numeral 

with the touching of an object for up to about 3 objects before losing the 

one to one correspondence and continuing random rote counting and 

random object touching, indicates that concepts of one to one 

correspondence and enumeration are present and operational for a limited 

range of numbers. The child is quite sat:isfi.ed with either of the above 

described performances in the absence of constancy or range of these 

concepts. Similarly, a pre-reading child may also recite a memorised story 

in a book, making no visual one to one correspondence between written 

and spoken wm:ds. 

Ideas of Conservation 

A number is understandable only if it remains unchanged irrespective of 

the way in which its uni.ts may be arranged. The idea of conservation or 

permanence of a quantity is a necessary condition for the tmderstanding of 

numbers (Lee 1963). The potential. for one to one correspondence matching 

in the absence of enumerative ability is available to a child when tested 
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for the development of uieas of conservation or mvariance of quantity, as 

defined by Piaget. Ideas of conservation or mvariance of quantity means 

that m concepts such as numeric.al. value or volume, a whole persists 

unchanged no matter how its parts may be rearranged. A child will verify 

two small equal piles of blocks are the same by visual appearance or 

through making a one to one correspondence or by enumeration. Condense 

one pile mto as small a space as po$ilile and spread the other pile 

wuiel.y. Ask the child which pile has the most blocks. If you ask which 

pile jg the biggest the child jg right m saymg the spread pile jg the 

biggest. It takes the most space. The child with developed ideas of 

conservation will see both piles have the same number of blocks, 

:irrespective of how they are arranged. The piles can be reversed with the 

spread pile condensed and the condensed pile spread and the same question 

asked. The child with undeveloped ideas of conservation will say the spread 

pile has more blocks, and will reverse this to the other pile when the 

posi.ti.Dns are reversed. 

After making a one to one correspondence by placmg a number of plastic 

eggs m the same number of egg cups (1 egg in 1 egg cup) a child will 

verify there are enough eggs for the egg cups and vice versa. The number 

of eggs and egg cups jg the same. Spread the eggs m their egg cups out 

and the child will still say there are enough eggs for the egg cups. 

Remove the eggs from the egg cups and put them mto as tight a group as 

TV\cciihl,,. _ ,,,.~vino th,,. P.oC7 r..11ns soread out. Ask the child if there are still ,,..----, - - -· - -o ---- \;7\J ~ ~ 

enough eggs for the egg cups. A child lacking ideas of conservation will 

say there are too many egg cups for the eggs now because they look 

more. Reverse this by grouping the egg cups close together and spreading 

the eggs. The same child will now say there are too many eggs for the 

egg cups because they look more. A child with developed ideas of 

conservation will tell you there are still enough because none have been 

added or taken away. 

The development of ideas of conservation begim m babyhood and continues 

throughout mathemat:i.c.al. conceptual formation. A baby learns mother 

exists whether or not she jg visible at this moment, and later that self jg 

separate from mother. A personal. memory of being over my mother's 
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shoulder in Queen Street, Auckland at two years of age was of the view 

lDoking backwards being different from the view looking forwards. Two 

year old thinking thought there were two different places via the turn of 

the head backwards or forwards. There was no concept of each view bcing 

a panoramic extension of the other. The views lDoked like different places. 

They were different places to two year old thinking. The magical sense of 

power imprinted the memory. 

A child with pe- ma them ati.cal ideas of conservation of quantity needs to 

develop difficult form al mathematical ideas of reversibility: 

3 + 4 = 7; 4 + 3 = 7; 7 - 4 = 3; 7 - 3 = 4. 

More difficult is: 

2 X 3 = 6; 3 X 2 = 6; 6 + 3 = 2; 6 + 2 = 3. 

(3 + 3 = 6) (2 + 2 + 2 = 6) 

Even more difficult reversibility: 4 - 7 = -3; 3 - 7 = -4. 

Ideas of conservation and reversibility extend into algebra and geometry. 

Both algebraic equations and geometric theorems operate on hypotheses of 

reversibility. Understanding of geometry requires an ability to mentally and 

physically rotate spatial features. 

Seriation 

A bili.ty to sedate objects is necessary to develDp concepts of the cardinal 

and ordinal meanings of numbers. Sedation is the putting of a group of 

objects in order of size (or weight or volllme). This prepares for 

enumeration when a child learns each number represents one more than 

the one before it and one less than the one after it. Language such as 

before, after, in between, smaller than, bigger than, more than and less 

than are important when questioning children about their seriations. Once 

seriation transfers into enu m era ti.on, the cardinal and ordinal meanings of 

numbers become important. Cardinal meanings of numbers are the 

quantities they represent. How many? The cardinal meaning of 2 is its 

two-ness. Ordinal meanings of numbers are their ordinal positions or places 
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between other numbers. Which one? The ordinal position of 4 is 4th. Other 

ordinal numbers include 1st, 5th and 10th. 

Mathematical Readiness 

Lee (1963) lists the following considerations to decide when a child is 

ready to move on to a higher level of learning in junior mathematics: 

1. Can the child make discoveries with the materials provided? 

2. Does the child discover many relationships between quantities and see 

many possibilities in the materials, or is the child's thinking relatively 

limited? 

3. Is the child able to express ideas well? 

4. Is the child showing a lively interest in work? 

5. Does the child respond well to the type of guidance that sti.m ulates the 

ability to see new relationships and make new discoveries with 

materials? 

6. To what extent does progress depend on teacher guidance? 

Is there too much dependence on teacher help? 

7. Does the child show by successive discoveries with materials what is 

remembered and understood from past experiences? 

o. To what extent can the child apply what has been learned to si.m ple 

everyday problems that arise in the classroom? 

Children are ready to move on to e1.e m entary form al mathematical 

concepts involving enumeration and symbols when pre-mathematical 

concepts of classi6cati.on, matching and one to one correspondence, some 

ideas of conservation and reversibility, seriation, and rudi.m entary 

understanding of the language of mathematics is understood. Concepts of 

more than and less than and before and after transfer gradually into a 

cardinal and ordinal understanding of numbers. Tests such as ' A Number 

Readiness Test' (Churchill 1961) - (Appendix 2) will assess the degree to 

which this transition has taken place in children. Wertheimer (1938) 

studied numeric.al concepts in primitive peoples, finding that a one to one 

method of evaluating group.g by matching does not contribute to the 

development of abstract numbers. Wherever there is no natural relationship, 
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no vividly concrete and relevant connection amongst things themselves, 

there is also no logical connection, nor is any logical manipulation of 

these things possible. Dantzig (1947) points out that it is counting that 

consolidated the concrete notion of plurality into the abstract number 

concept which made mathematics possible. This reinforces the importance 

of concrete manipulations in combination with the language of 

mathematics preceding the transition into formal mathemati.c.al work, again 

a task of the mathemati.c.al puzzles. 

Mathemati.c.al Concepts of the Senior Puzzles 

A considerable part of mathematics is concerned with the study of 

numbers which do not possess the same concrete existence as the objects 

that are counted. They are properties or attributes, just as colours, shapes 

and textures are properties. There is no such object as 'a large' but there 

are large objects. Nor is there an object which is 'a hhle' but there are 

hhle objects. Number is a property which refers to sets of objects. No one 

object can have the property of six. A set of objects can have a property 

of six. Objects described in numeri.cal terms are therefore sets of objects, 

and sets are already abstractions. There are universal sets of objects with 

defined attributes. There are relationships between sets such as one set 

being included in another, or one set having no com m on member with 

another, or one set having the same members as another in which case it 

is not really 'another' ( Dienes 1966 ). 

'fhe senior puzzles in the present study incorporate ma them ati.c.al concepts 

expanded to increasingly difficult levels from those inherent in the junior 

puzzles. Mathemati.c.al concepts include those of set theory as the study of 

the mathemati.c.al properties of sets; and elements of probability, a 

concept based on understanding chance and proportion and dealing with the 

range of possible com binati.Dns within defined sets. Ma trices or arrays with 

a rectangular arrangement of ordered sets; and tessellations forming an 

inlay or mosaic of shapes, as taught at New Zealand Intermediate school 

Form 2 level; and geometci.c forms and classi6c~tions requiring increasing 

degrees of logic, use of strategy, ordering, patterning, and rotation are 

further concepts. 
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The rationale for puzzles of this type of m athe m atk.al activity 

superimposed on formal mathematical teaching is the same for senior and 

junior puzzles. Manipulative operations encourage creative soh.itions 

requiring understanding of the ma them a ti.cal structure of the task rather 

than one of rote learning where a method is applied which has been 

taught but not understood. Lack of structural understanding results in rote 

learning which will not be suffici..ently flexible to be applied in unfamiliar 

situations. Dienes challenges Becker & Rogers (1969) in the previously held 

Piagetian view that mathematics must be taught in steady steps as 

children do not make sudden difficulty leaps in their understanding. Dienes 

finds that when children are simply taught certain procedures, the actual 

structures of what they are learning do not become any clearer for the 

children in the sense a mathematician understands them. Taught in this 

manner there is very little difference between the teaching of new 

mathematics, old mathematics or any other kind of mathematics children 

have learned in schools. They just make different noises from what they 

were making before, and children are taught to do different kinds of 

problems than they were taught before. This is in reference to older styles 

of teaching where rote learning of method rather than an insirle 

understanding of the problem through first hand experience was the norm. 

Dienes (Becker & Rogers 1969) looks for behavioural criteria where it can 

be said a child has or has not mastered a certain structure. He believes 

the kinds of tasks given children should be suitable for children and adults. 

The tasks must be unfamiliar and not too difficult for children or too easy 

for adults. They should be challenging for the very able and possible for 

the less able. They should be suitable for standardising so comparisons can 

be made, but should allow suffici..ent freedom for different strategies to be 

applied and o~ed. Dienes found children coped with m ul.tiple 

em beddedness of concepts better than adults, as opposed to generalisation 

which children were not so able to do. It was easier for children to 

transfer learning from the complex concept that had simpler concepts 

eobedded within the structure of the complex task, than it was for 

children to move forwards in graded steps from the simple concept task to 

the com pl.ex. 
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The senior mathematical. puzzles incorporate structure, embedding the 

si.m ple within the com pl.ex, and have sufficient unfa miliari.ty to enable true 

problem solving strategies to emerge. The puzzles are challenging for any 

age group, and many puzzles encompass multiple layers of solution 

em beddedness to be mastered at varying levels, and in different ways 

observable to the onlooker. For this reason they have an inherent 

diagnostic as well as learning function. 

Method 

The method section examines participant selection processes and 

demographic. features of the children concerned; measures used in the 

selection processes of the children, and measures used in the form of the 

materials used - the puzzles; the procedure for the mathematics lessons, 

and methods of data analysis used in the present study. 

Participants 

A total of 92 children took part :in the present study across 1985-1986. 

1985 

Five groups of children with approximately 6 children per group 

participated in the 1985 study, with three junior and three senior groups in 

one primary school. The three groups in each age range consisted of the 

highest (extension group) and lowest (remedial. group) of mathematical. 

performers, and children with special leaming diffu:.ul.ti.es respectively. No 

junior mathematics readiness tests were used to select the junior groups 

who were selected by the Senior Teacher of Junior Classes on the basis of 

mathematkal. performance. Senior groups were selected from Progressive 

Achievement Test (P.A.T.) mathematics scores (Reid & Hughes 1974), this 

identification considered the most reliable by the school. Children with 

special learning diffu:.ul.ti.es such as verified brain injury, attention deficit 

disorder, dyslexia, perceptual. diffu:.ul.ties, col.our blindness, emotional. or 

behavioural. diffu:.ul.ties, and unspecified other diffu:.ul.ti.es were selected by 

class teachers, not from mathematkal. test scores. The children the puzzles 
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quickly diagnosed as having problems with colour discriminations were 

placed in the group because they were experiencing a general range of 

perceptual difficulties. Children ranged in age from 6 years to 10 years of 

age. Some children were put into or out of the program me during the 

course of work, accommodating ongoing 8$e.SSment by their respective 

teachers using a 'revolving door' system approach, where children are 

moved in and out of a specified instruction group according to their 

ongoing needs (Renzulli 1984). 

1986 

Groups from 1985 were continued in this school in 1986 with some changes 

of children from 1985. Some children had gone on to Intermediate school, 

and some had come up through the junior department. Some children were 

no lDnger considered to be in these most extreme categories of highest or 

lowest mathematic.al groups, or of having special learning difficulties, and 

some other children now fitted into these criteria more than previous 

children had done. An additional group of the second highest P.A. T. 

mathematics children was added, as teachers were interested to find out 

how well these children coped with the puzzles in comparison with the 

highest ability children, and felt there was little distinction, if any 

between these two groups of children. Five groups from a second school 

were also worked with, using the same grouping system and selection 
"= --- ... , __ • noc _ ..._ _ ..3 _ _ .: _ &,,,_ _ .c.:~ __ ,_ __ , ,rti_,:1..1--. __ _... ____ ,..l .:_ ..,. __ 
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from 6 years to 10 years, with one 11 year old. One group of the four 

highest P.A.T. mathematics children and two P.A.T. average children in a 

third school were also worked with in 1986. Their ages ranged from 8 to 

10 years old. The two P.A.T. mathematics average children were brought 

to me privately init:iall.y. Their ability with the puzzles was immediately 

apparent, and permission was given for these two children to be worked 

with in their own school with that school's highest P.A.T. mathematics 

children. Parental cement was obtained for all children in all schools. 

Table 1 lists mathematic.al group categories, school class levels, ages, and 

numbers of children in the 1985-1986 study: 



Table 1: Mathematical Grou 
Levels A es and Numbers 0 

Mathematical GrouE Categories Class 
Junior Special Learning 

Difficulties - J-SLD J1-Std 1 

Junior Remedial - JR Jl-Std 1 

Junior Extension - JE J1-Std 1 
Senior Special Learning 

Difficulties - S-SLD Std2 - Std4 

Senior Remedial Children 
with lowest P.A.T. 
mathematics scores - SR Std2 - Std4 

Senior Extension Children 
with average P.A.T. 
mathematics scores - AV Std2 - Std4 

Senior Extension Children 
with second highest 
P.A.T. 
mathematics scores - SE 2 Std2 - Std4 

Senior Extension Children 
with highest P.A.T. 
mathematics scores - SE 1 Std2 - Std4 

Measures 

Progressive Achievement Tests 

(P.A.T.) Mathematics 
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School Class 

Age N 

6-8 9 

6-8 18 

6-8 18 

8-10 2 

8-10 15 

8-10 2 

8-10 10 

8-11 18 

The P.A.T. tests were developed in 1972 by mathematics personnel. in New 

Zealand. Objectives and emphases reflected current aims, practices and 

expertise in New Zealand and overseas. Samples of children in all types of 
New Zealand schools with the exception of private schools were used to 

gain the norms for the tests. Children were aged from 8 years in Standard 
2, to 15 years in Form 4, the ages and levels the tests are designed for. 

Age and class norms are available in percentile rankings for each sex. 



There were conceptual. assumptions in the development of the tests: 

1. Children are at different levels of cognitive development and 

mastery. 

2. Progress is more rapid in these skills when instruction is suited 

to their present stage of development and understanding. 

3. Those who are successful through mastery of suitable materi.al. (to 

their needs) are more likely to develop desirable attitudes to 

mathematics and continue with confidence and com prehensi.on. 

L:. Teachers need assistance in gauging pupil attainment for planning. 

5. Reliable standardized tests as a supplement to sensitive teacher 

observation can provide a useful and objective estimate of pupil 

achievement. Teachers use these to make decisions about 

:instruction and materials most appropriate. 
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P.A.T. tests are used early in the New Zealand school year in March when 

the norms were can:i.ed out, to test achievement levels from the preceding 

school year. The main functions of the tests are: 

1. To provide a broad estimate of children's mathemati.cal. 

achievement. (for grouping purposes) 

2. To provide information to set realistic. goals and for planning 

effective work program mes. 

3. To :ident:i...')· chil±en making ~T.satL•:factory progress; leading to 

special diagnostic and remedial. attention. 

4. To indicate able pupils who require enriched program mes. 

5. To find weaknesses and strengths in the cl.ass and to help assess 

the levels of cognitive objectives of the curricuh.I m, and assess 

whether or not these are being achieved. 

The P.A.T. tests are of the omnibus type emphasizing power rather than 

speed. They cover four mathematic.al areas: recall, computation, 

understanding, and application. Two aspects are examined: the content or 

subject matter of mathematics, and the process or ability being tested to 

see what is done with it. Content is determined by the syllabus of the 

New Zealand Department of Education. Concepts of recall and computation 
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are straightforward, but for understanding, it is hoped the pupil 

comprehends mathematic.al terms, symbols, formulae, processes, concepts 

and principles, and can explain and illustrate these, identifying 

relationships, comparing and contrasting between related mathematical 

concepts, processes, terms, etc. For application, the pupil is able to apply 

knowledge of mathematics to unfamiliar situations, showing versatility, 

ability to make generalizations, make esti.m ates, and draw inferences and 

predictions. At junior to senior levels, emphasis on understanding and 

computation remains the same. At senior level, emphasis on recall is 

reduced and emphasis on applli:.ation is increased. At junior level there are 

no questions involving logic or geometry. At senior level questions involving 

spatial relations are phased out. There are two equivalent forms of the 

tests, al.though Reid & Hughes warn the equivalent forms reliability 

coefficients reported in the P.A.T. tests are low estimates of the 

reliability of the tests because the norms were taken from children who 

sat one test st:ra:ight after the other. 

Reid & Hughes caution the use of the tests in several ways: 

1. No test is perfectly reliable. Children must not be labeled as a 

result of test scores. 

2. Not all levels of attainment are to be reached by all children. 

3. The tests should not be taken at short intervals. 

4. The results should not be used to classify children into classes, 

only into groups within classes. P.A.T. tests have been designed 

specifi.ca1ly as an aid to the classroom teacher to enable better 

assessment of the skills and abJJitles of pupils, with a view to 

providing individualised instruction adapted to their present 

stages of development (Reid & Hughes 1974). 

Materials 

Specific Types of Junior Puzzles 

In 196 7, during the development of some of the beginning junior puzzles in 

the present study, the New Zealand junior school mathematical. program me 

(Lee 1963) required the use of structured apparatus such as Cuisena:ire 
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rods, Stern blocks and Adsum blocks, as well as environmental materials to 

provide children with experiences in classifying and ordering to aid the 

development of pre-mathematic.al concepts in five and six year old 

children. Environmental materials inclllded natural and man made small 

objects such as shells or buttons that were readily available within the 

environment for use in the development of pre-mathematic.al concepts. As 

environmental mc3te:ria]s were not provided by schools it was necessary for 

teachers of junior children to provide their own range of environmental 

m ateri a]s for classroom use. The junior puzzles designed from 

environmental materials and used in the present study were displayed at a 

national teachers' ma them atic.s inservi.ce course held in Blenheim, New 

Zealand, in January 1977, and are shown in Appendix 1 (Plates 44 - 77). 

Some of these puzzles and puzzle types are also documented in Moxham 

(1978). Permission was given by the present writer for some of these pre­

mathematic.al puzzle design concepts to be incorporated into the subsequent 

and current New Zealand junior mathematical programme, 'Beginning 

School Mathe m atic.s,' (B.S. M .) com piled by Diane Barriball and others 

(Department of Education 1985; Ministry of Education 1992). 

Specific types of junior puzzles include colour matching sets, shape 

matching sets, pattern matching sets, one to one correspondence sets, 

cardinal and ordinal sets, and sets involving size matching and 

ordering. Some sets involve preliminary fractions such as halves and 

quarters, and bilateral symnetry as in matching gloves or faces cut 

into two halves. · Others include syrmnetrical patterning, geometric 

shapes, tessellations where a mosaic pattern of shapes is repeated 

with no left over spaces between the shapes, and elementary arrays or 

matrices, where matched, classified and ordered components are 

arranged with horizontal, vertical, and diagonal relationships. 

Specific Types of Senior Puzzles 

Earlier junior puzzle concepts and materials were extended to senior and 

adult diffu:.ulty levels to inclllde set theory using such items as Venn 

Diagrams as sets that have members belonging to more than one set, and 

one difference sets adapted from the attribute blocks designed by Dienes 
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(1966) used in school mathematics, where each adjacent member has only 

one attribute difference from its surrounding neighbours, or must have a 

one attribute relationship to its surrounding members. Probability involving 

all possible combinations of items or elements provided; matrices or arrays 

as structured classified and consecutive ordering; tessellations using shapes; 

geometric forms using shapes; and classifications requiring increasing 

degrees of logic., use of strategy, ordering, patterning, and rotation of 

elements were concepts inherent in other senior puzzles. 

It is important to remember the diffic.ulty level of 'Beginning Senior' 

puzzles was based on set theory as taught at 12 year old level in New 

Zealand Intermediate Schools in 1985 (Adamson & Turner 1967). It is 

noteworthy some 6-8 year old children in the present study were able to 

master some puzzles at this level, and some 8-10 year old children were 

able to master puzzles extending to adult difficulty levels. All puzzle 

diagrams represented in the present study are reduced in size from the 

original puzzles used by participating children. Most puzzles are presented 

to the reader firstly in an incomplete form to si.m ulate the original 

presentation to the child as nearly as possible, and are foll.owed by a 

solution diagram. Appendix 4 lists very advanced junior puzzles through to 

adult puzzles in approximate order of difficulty. 

Environmental Materials 

All levels of the ptizzles utilised miscellaneous environmental materials that 

were easily and cheaply available. Ideas for structuring environmental 

materials into puzzle form came mostly from the materials themselves, or 

from oceervations of what children did with them. Occasionally materi.als 

were looked for that were appropriate for a specific. idea. Examples of 

m;:ite:ria]s used inchlded buttons, buckles, gift wrapping papers, wallpaper 

sa m p1e books, fabric and fabric samples, shells, stones, magazine pictures 

or any pictures, doyleys, vinyl samples, metal washers, coloured plastic 

tubing, sandpaper, leaves, seeds, shoe toe and heel plates, corks, packaging 

materials, coloured clothes pegs, magnetic. shape memos, magnetic. tape, 

foam sponge, wool, postage stamps, cotton reels, paint charts, toy 

catalogues, embroidery tapes and laces, sheepskin offcuts, coloured 
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cardboard, coloured transparent p1asti.c envelopes and folders, s m all pl.asti.c 

toys, and lids and canisters. These environmental m ateri.als could be 

classified according to shape, pattern, size or colour, or matched if cut 

into halves or quarters. They could make tessellations, be ordered 

according to size, and matched in a one to one correspondence. Utilising 

existing mat.erials in the environment for the purposes of teaching 

mathematics enables children to gain wide experience in handling objects, 

and to absorb the mathematical elements inherent in the world around 

them. 

Procedure 

The present study evolved over two years and across three different 

schools, adding new puzzles and new children between the 1985 and 1986 

studies. 

1985 

The research continued for 9 weeks. Lessons were for 30 minutes once per 

week.. Children were taken to a spare room away from their normal 

classrooms. Children worked on the floor with the puzzles. 

1986 

·rhe research continued for 15 weeks in the same school using the same 

procedure, but with an additional. group of the second highest P.A. T. 

mathematics children as well as original group:;. I concurrently worked in a 

second school for 6 weeks using the same original. five mathematical 

groups to compare children in the mathematical. group categories. Class 

lessons were also for 30 minutes, and children were also taken to a spare 

room away from their normal classrooms, and worked on the floor with 

the puzzJ es. 

The last group of children in the third school were given 45 minutes per 

week with the puzzles for 15 weeks, working in a spare room and on the 

floor as in the other schools. 
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Methods of Working with Children. 

The particular mathematical. groups the children were placed into 

encompassed diagnostic, remediation and lateral extension and enrichment 

at every level for every age of child. Children worked at their own pace 

and level. E m pha.sis was always on building onto what children could 

already do and achieve by themselves, and how far this could be extended. 

It was essential. to work with children in this manner as good teaching 

practice, and for the purposes of this study to find as full a range of 

possibi]jties and benefits and uses for the puzzles as possjble. Every child 

considered capable of managing any particular puzzle was not nec-essarily 

given the opportunity to attempt it because of time constraints. A child 

given a particular puzzle was considered capable of mastering the level 

required, or needing to develop em bedded concepts, or in need of a 

challenge. Sample group:; for each puzzle were different in the numbers of 

children who attempted them and in the particular children who attempted 

them, with some puzzles too easy or too difficult to be given to any 

particular individual child. The selection of puzzles for each child was 

based on progressive assessment, considering age, mathematical. grouping, 

interest level and performance observation, to maximise educational vallle 

and prevent frustration or boredom. With the exception of one puzzle, the 

Birthday Candle Array, all other puzzles were unsuitable for all levels of 

capability. 

Questioning Children 

It is important to think about com m ents and questions made to a child 

before a puzzle is attempted, during its completion, and at completion. 

When choosing or presented with a puzzle a child may ask, ' What do I 

have to do?' 

Answer, 'Look very hard and see if you can find any things that belong 

together.' 

When the child has completed the puzzle do not say, 'That's right,' or, 

'That's wrong. 'Say, 'I see you have looked and thought very hard about 

what you were doing. How did you find whic.h tl:lings belong together?' 

In this way children are helped to think about what they have done and to 
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acquire pre-mathematic.al. language. Many puzzles can be achieved 

successfully at progresmve levels. A child's performance level and the 

degree to which this can be extended through questioning is diagnostic in 

determining pre-mathematical concept formation. 

A child may peg coloured material. squares onto a clothes line by 

matching one material square to one peg. A successful one to one 

correspondence has been made. At this level the colours of the pegs and 

the colours of the squares are not colour matched but placed at random. 

Sometimes a child has randomly matched a red peg with a red square. To 

find if this was accidental or deliberate and if the child is able to see the 

colour relationship, say, 'I see you have pegged all of the squares on the 

clothes line.' Point to the colour matched peg and square and ask, 'Can 

you tell me why you put this peg with this square?' 

Almost always the child has done this accidentally, and sometimes is 

unable to see the 'redness' of the matched pair being pointed at. If the 

child is unable to see this relationship or to see another way to match the 

pegs to the squares, diagnostically, in this situation, this child can make a 

one to one correspondence but can not colour match. Give this child 

another puzzle that focuses on either colour matching alone or another 

combining one to one correspondence with colour matching. 

The child may notice the redness of the square and the peg together when 

attention is drawn to it through being asked, 'Can you tell me why you 

put this peg with this square?' 

A confabulated reply, 'Because they are the same,' or, 'Because they are 

red,' are com m on answers. 

If the child answers, 'Because they are the same,' 

ask, 'What is the same about them?' 

If the child answers, 'They are the same colour,' but doesn't know the 

colour name, teach the colour 'red'. 

If the child does not now automatically match all of the squares and pegs 

by their coloUIS, ask, 'Can you see another way you can match the pegs 

and squares?' 

The child may now change the pegs around and match red squares with 
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red pegs, and yellow squares with yellow pegs and so on. If this is 

corn pleted accurately, ask, ' Can you tell rn e the na rn es of all the 

colours?' Teach colour na rn es not known to the child. Then ask, 'Can you 

find another way to m atc.h your pegs and squares?' 

An advanced pre-rnathernat:ical. level child might now place all of the red 

pegs with red squares beside each other, and do this with each of the 

colours. 

When a child has made a mistake, make no corn rnent until the work is 

corn pleted to the child's satisfaction. Frequently the child will 

spontaneously discover and correct the mistake during the corn pleti.Dn 

process. If the mistake is still not noticed by the child on corn pletion of 

the puzzle, say, 'Can you show rn e which tilings belong together?' Agree 

with the child on all correct items. During this process the child is likely 

to discover and correct the mistake. If the child insists mismatched items 

are correct do not continue questioning but give the child a si.m pl.er puzzle 

or another involving the sa rn e concepts. In this way the development of 

pre-rnathernat:ical. concepts occurs at the child's own pace. 

Data Analysis 

The present study uses e1e rn ents of both a quantitative and a qualitative 

approach. One quantitative aspect is the use of nati.Dnal. age normed P.A.T. 

mathematics scores as an index of formal mathematical. understanding used 

to group senior children for the present study. The P.A.T. mathematics 

tests were undertaken by the schools concerned in March of each year as 

is the custom in New Zealand schools, to determine achievement levels of 

rn a the rn atical. understanding carrying over from the previous school year. 

As the present writer was not in general classroom teaching practice at 

the ti.me of the present study, spec.i.fic. P.A.T. mathematics results of 

participating children were not available to the present writer, but only to 

class teachers of the children concerned. It is therefore not possible to 

report any differences in upper or lower levels in P.A.T. results from 

individual. schools, rut to accept that the children provided were in those 

categories for those particular schools. It is for this reason that larger 

sa rn ples of children were sought to reduce the effects of chance deviati.Dns 
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from the normal distribution of results that might occur in any individual 

school because of chance innate capability levels of the particular children 

in the sample at the ti.me. 

The present study was not a sc:ienti.fi.c experiment with sci.enti.fi.c controls, 

but teaching in progress. Puzzles and questioning techniques were aimed to 

'catch the moment' with judicious questioning helping children take their 

conceptual. understanding as far as possible. Although many puzzles had 

correct solutions, and some puzzles had more than one arrangement or 

creative interpretation for a correct answer, all puzzles allDwed for 

individual. perceptual and conceptual awareness to m ani.f est in levels of 

performance. Performance levels typically ranged from too difficult through 

to exceptional or novel performance, with various questioning and non 

questioning speed and strategic levels exhibited within these extremes. All 

of the senior puzzles manifested the following levels of performance, with 

occasional. variations to acco m odate specific features of the puzzles 

concerned. They included: 

0 - Too difficult 

1 - Difficult and inaccurate with a lot of questioning 

2 - Difficult accurate completion with a lot of questioning 

3 - Complete with some questioning 

4 - Complete with mmi.m al questioning 

5 - Complete with no questioning 

6 - Very fast com pl.etion with no questioning 

7 - Very fast com pl.etion and use of strategy 

8 - Exceptional or novel performance 

A nu m erlcal assessment was applied to these performance levels, and was 

expanded where necessary to accomodate finer grades of performance than 

presented here. These performance levels provided ordinal data giving an 

additional quantitative aspect to the present study besides P.A. T results. 

Mathemati.cal. group categorl.es were also given ordinal status, and 

scatterplots were drawn to observe correlation trends between levels of 

performance and mathematical. group categories. As the ordinal data from 

both of these measures was non interval., non parametric analyses were 
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used, with Spearman's Rho correlations measuring levels of performance of 

children against mathematical groups, ages and class levels respectively in 

puzzles with larger 'n' samples, and Mann-Whitney U-Tests measuring 

gender differences in performance levels of the puzzles already tested with 

Spearman' s Rho analyses. The ordinal data for ma them at:ic.al groups was as 
follows: 

1 - Junior Special Learning Difficulties -
2 - Junior Remedial 
3 - Junior Extension 

4 - Senior Special Learning Difficulties 
5 ~ Senior Remedial 

6 - Average 
7 - Second Highest Senior Extension 

8 - Senior Extension 

J-SLD 

- JR 

- JE 

- S-SLD 

- SR 

- AV 

- SE 2 
- SE 1 

The puzzles provided the qualitative aspect of the measures in the 

present study. Their order of difficulty can only be guessed from 

observing numerous children using the puzzles. Puzzle lists in 

Appendix 4 are only approximate, and group categories of difficulty 

levels are arbitary divisions in the sliding scale from very advanced 

junior puzzles to adult puzzles. The difficulty level of the very 

advanced junior puzzles equates with 6-9 year old difficulty level 

approximately. The beginning senior puzzles are around 12 year old 
difficulty level. 'From this it can be seen that all following puzzles 

come very close to an adult difficulty range. The many junior puzzles 

used in the present study are pictured in Appendix 1. 

Summary 

The aims, hypotheses, pd.or assumptions, rationale for the puzzles, 

ma them at:ic.al concepts, participants, measures, the nature of the puzzles, 
procedure and data analysis have been presented in this chapter on the 
methodology used in the present study. Part 2 looks at puzzle processing 

chapters, the fust of which is Chapter 3 examining puzzles showing 

children exhibiting unconscious processing of concepts. 



Part 2 

The Puzzles 

Children Unable to Verbalise Classifications 

Perceptual Priorities 

Multiple Concepts 

Transfer of Learning and the Use of Strategy 

Diagnostic Progressions 

Range in Levels of Performance 
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Chapte r 3 

Childr en Un able To Verba l ise Classif ications 

The event drawmg my attention to the possibility of intrapsychi.c 

unconscious information transmission and conceptual processing came from 

the foll.owmg beginning senior puzzle represented in Figure 1: 

Figure 1: Three Intersecting Button Sets: 

Verbal Instructions: 

- Find which buttons belong together. 

- Put each set of buttons that belong together in a big circle on the 

- diagram. 

- One button goes in each little c.ircl.e. The button you put in each 

little circle must belong to [intersect] the buttons in each big 

circle it is connected to. 



Figure la: Three Intersecting Button Sets. 

Verbal instructions: 

- Can you name your sets [big circles]? 

If the child has finished the puzzle or is stuck, I ask the child 

to name the sets, irrespective of whether or not intersecting 

buttons are pl.aced. 

If the child can not name the sets, I point to the buttons the 

child has placed in one of the big c.ircl.es: 

- Can you give your set [these buttons] a name? 

I do this for each big circle. If the child is still unable to name 

the sets, I point to each big circle again: 

- What is the same about the buttons you have put in this circle? 

The puzzle is too hard if the child can not verbalise any reasons. 

If intersecting buttons have not been placed but sets are named: 

- Can you find a button to put in this little circle that belongs in 

this big circle and this one? I point to the two connecting big 

circles. 

When the child has done this, or has previously placed intersecting 

buttons into the little circles and has named the big circle sets: 

- Tell me about the buttons you have put into the little circles. 

56 
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Children Unable To Verbalise Classifications 

Fi&ure 1: Three Intersecting Button Set.s: Blue / Transparent / Gold. 

Because of the difficulty of representing transparency in a photocopied 

diagram of the buttons for this thesis, I placed the representation of the 

diagram and buttons over a patterned background. This as well as the 

elimination of the tactile and three dimensional features of the buttons 

may make the transparency of the buttons easier for the reader to detect 

than it is for a child m an:ipulating the real puzzle with the diagram and 

buttons placed on a plain cardboard background. 

A large proportion of children had the same difficulty with Figure 1. 

Although able to classify and place sets and intei:secting buttons correctly, 

verbally naming any set was difficult, and many children were at first 

unable to name their transparent set. It could be argued children who 

c]assi6ed and placed sets and intersecting buttons correctly but who had 

difficulty naming the transparent set, used a process of elimination to find 

the remaining transparent set following the placement of the gold and blue 

sets. Some children did use a process of elim:ination, but intersections 

were not correct when this occurred, unless some conceptual awareness 

followed, consciously or unconsciously. Correctly placed intersecting buttons 

supports a conceptual rather than an elim:ination or perceptual process 

alone. The separation of the blue transparent button from the blue opaque 

ones necessitates an awareness of a conception of transparency. 

Perceptions and conceptions appear to have been processed unconsciously 

and nonverbally as indicated by the difficulty retti.eval for verbal reporting 

of classifications shows, also suggesting unconscious and nonverbal 

process:ing may be easier for the child than conscious verbal process:ing. 

Inadequate vocabulary was also not supported as a reason for a child 

classifying and intersecting the sets correctly with difficulty naming the 

transparent set. With the exception of one 6 year old Junior Extension 

Group girl with a read:ing age of 10, every child was eventually able to 

call the transparent set, 'see through', 'clear', or 'transparent', when 

asked what is the same about the buttons in this set, despite only a few 
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children being fam:i.fu:rr with the word 'transparent'. Although the above 

mentioned 6 year old child completed the placement of her sets and 

intersections correctly and named her gold and blue sets, she was unable 

to name her transparent set or to tell me what was the same about the 

transparent buttons she had placed together. I took one colourless 

transparent button and one opaque blue button from her diagram and 

placed them side by side on the multi-coloured striped carpet we were 

sitting on. I asked her to tell me about these two buttons. She said one 

was 'see through', and immediately named her set 'see through' without 

further questioning, suggesting she already had available both the concept 

of transparency and an adequate vocabulary to complete her task. This 

problem was well represented at senior level also. One 10 year old Senior 

Extension Group girl placed her button sets and intersecting buttons 

correctly, but was only able to name her transparent set when I pointed 

to it and asked her to tell me what was the same about these buttons. 

Figure lb shows Fig. 1 levels of performance across mathematical groups: 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too diffu:.ult 

1 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Diffu:.ult and incomplete with a lot of questioning 
2 - Diffu:.ult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

8 
SE 

1 
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Figure le shows levels of performance across all children who attempted 
Figln:"e 1: 

n 

Levels of Performance 

0 - Too d:iffi.cult 
1 - Difficult and incomplete with a lot of questiDning 
2 Difficult com pletiDn with a lot of questiDning 
3 Complete with some questioning 
4 Complete with minim al questiDning 
5 Complete with no questioning 
6 Very fast com pletiDn with no questiDning 
7 Very fast completiDn and use of strategy 
8 Exceptional or novel performance 

e le: Three Intersectin Button Sets: Blue / Tra ent / Gold: 
Levels of Performance. n = 

8 

Children requiring questi.Dning numbered 27 (73%). Most questiDning related 

to difficulties with the transparent concept. The aooence of children 



60 

finding Figure 1 too ctifficult to complete indicates a screening process as 

this puzzle is considered to be a beginning senior puzzle and was only 

offered to children from Junior Extension level upwards. 

Of all children attempting Figure 1, 16 of 21 males (76.1%) and 11 of 16 

females (68.75%) required questioning to complete the puzzle. Subject 

numbers are too small for these results to be significant or reliable in 

showing gender ctifferences in levels of performance. 

Figure ld examines gender performance across levels of performance: 

n 

n = 21 
n = 16 

- - - _, 

0 1 2 

~\ ;,\ 

3 4 

Levels of Performance 

0 - Too ctifficult 

' ' 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Males 
---------- Females 

Three Intersectin 
ormance. n = 

8 

Figure le shows children at the highest level of performance for Figure 1 

across mathematic.al groups and age. Higher levels of performance were 
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expected in children from higher mathematical group categories and older 

age levels. The child achieving this highest level of performance from the 

lowest mathematical group category combined with the youngest age 

indicates the most unexpected performance. The most unexpected 

performance for Figure 1 is an 8 year old with an average P.A.T. 

mathematics score. 

unexpected 
Age Maths J 

Groups SLD 
JR JE s 

SLD 

F. ure le: Three Intersectin Button Sets: 
Highest Level of Performance: Very ast comp 
Mathematical Groups Across Ages. n = 3. 

SR AV 

ex ected 

SE 
2 

1 

SE 
1 

ent / Gold: 
no questioning: 

Table 1A shows Spearman's Rho correlation coefficients between levels of 

performance and mathematical groups, school class levels, and ages, for 

Figure 1 • Correlation levels are not significant. 

Table 1A: S arman's Rho Correlation Coefficients: Fi re 1: 
Three Intersecting Button Sets: Blue Transparent Gold: 
Levels of Performance: n = 37. 
Across mathematical groups 

Across school class levels 

Across ages 

r
8 

= 0.263 

rs= 0.238 

rs= 0.198 

p = >0.05 

p = >0.05 

p = >0.05 

Process of Elimination, Rote Performance, Confabulation. 

There were several other ways besides unconscious nonverbal conceptual 

processing where a child's performance resulted in a correct solution to a 

puzzle or part of a puzzle, with the child being unable to give an adequate 

verbal report showing conscious conceptual understanding of the process or 

product. The child may not have had understanding, and may or may not 

have gained it later following questioning. These :include using a process of 

elimination, rote performance, and random correct performance with later 

confabulated reasoning. 
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Process of Elimination 

Figure 2, representing an average serd.or puzzle, gives an example of a 

child using a process of elimination: 

Figure 2: Four Intersecting Button Sets. 
Instructions and questioning as for Figure 1: 

• 



Figure 2a: Four Intersecting Button Sets. 

Instructions and questioning as for Figure l a: 
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One 10 year old SE 1 girl classified and correctly placed her set of 

patterns of 3 through a process of elimination following the placement of 

her leather, square, and gold sets. Some questioning was required before 

she could perceive or name her patterns of 3 classification and place her 

intersecting buttons. In contrast, as in Figure 1, one 9 year old SE 1 boy 

had difficulty naming his correctly c]as:ti6ed and placed patterns of 3 set 

and intersections, and he had not used a process of elimination. Table 2 

shows Figure 2 correlation coefficients between levels of performance and 

mathematical groups, school class levels, and ages. 

Table 2: S arman's Rho Correlation Coefficients: Fi ure 2: 
Four Intersecting Button Sets: Leather Square Gold Patterns of 3: 
Levels of Performance: n = 21. 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.363 
rs= 0.459 

rs= 0.411 

p = >0.05 
p = <0.05 
p = <0.05 



Figure 2b shows levels of performance for Figure 2: 

16 
15 
14 
13 
12 
11 
10 

9 
8 
7 
6 
5 
4 
3 
2 
1 
0 
n 0 1 

Levels of Performance 

0 - Too difficult 
1 - Difficult and :i.nco m plete with a lot of questioning 
2 - Difficult corn pletion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 
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Figure 2b: Four Intersecting Button Sets: Leather / Square / Gold / 
Patterns of 3: Levels of Performance. n = 21. 

10 
9 
8 
7 
6 
5 
4 
3 
2 
1 
0 ----
n 0 7 8 

n = 12 ---- Males 
n = 9 ---------- Females 

Figure 2c: Four Intersecting Button Sets: Leather / Square / Gold / 
Patterns of 3: Gender Performance Across Levels of Performance. n = 21. 



Figure 2d shows levels of performance across mathematical groups. 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

1 

1 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Com pl.ete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

6 5 

2 
8 

8 
SE 

1 

F. ure 2d: Four Intersectin Button Sets: Leather / S uare / Gold / 
Patterns of 3: Levels of Performance Across Mathematical Groups. n = 1. 

The highest level of performance was achieved by a 10 year old girl with 

an average P.A.T. mathematics score. Her 2 minutes speed of performance 

was achieved through the use of her own strategy. Most other children 

first c]assi6ed all sets, and then worked out their juxtaposition from the 

intersecting members. This child c]assi6ed one of her sets first, and 

placed it on her diagram, then found an intersecting member which told 

her the cl.assi6v:lti.Dn of her next set. She worked around her diagram in 

this orderly fashion until she met her starting point. This strategy 

contrasts very differently with the neutral type of strategy used by the 

girl using a process of elimination. 

Rote Performance 

Rote performance was a second way besides unconscious nonverbal 

conceptual processing where a child's performance resulted in a correct 
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sohltion to a puzzle or part of a puzzle with the child being unable to give 

an adequate verbal report showing conscious conceptual understanding of 

the process or product. The child may not have had understanding, and 

may or may not have gamed it later foll.owing questioning. In rote 

performance the child is taught a procedure for doing a puzzle. The child 

is able to complete the puzzle but may have no idea of the related 

concepts involved during completion, or later through questioning. Figure 3, 

a very advanced junior puzzle, provided examples of rote and correct 

performance occurring with instances of no conceptual understanding of 

the relationships involved: 

Ll 
• 

Figure 3: Coloured Transparent Plastic Film - Addition Array. 

Verbal instructions 

[I set a pattern for a junior child.] Senior children set their own: 

- Make a pattern of colours that repeats itself across the top row. eg. 

red/yellow /blue. 

- Make the same pattern of repeating colours down the left cohlmn. r/y/b. 

- Make an addition array following the patterns arranged in your top row 

and left cohlmn. Fill in all of the squares.- Place two colour squares on 

each square in your diagram. [for any child who does not understand 

these instructions, I point to any square on the diagram and ask which 

colours need to go in this square. From this square the child checks 

the top row and the left cohlmn to find which colours to place here]. 



Figure 3a: Coloured Transparent Plastic Film - Addition Array. 

Verbal instructions 
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- If the child has not completed the puzzle, questioning regarding original 

instructions is repeated until understanding is achieved or the puzzle is 

considered too diffkul.t for that child and exchanged for another. 

- If the puzzle is mostly correct with some mistakes, I start by pointing 

to a correct examplP and askir1g t..he chilr1 to expl;:iir1 how t..h.e colrnrrs 

were selected for this square. I then point to a square where a mistake 

has been made and ask the same question. Usually the child will see and 

correct the mistake. 

- When the diagram has been completed accurately, I ask the child to tell 

me about the colours that have been made. I attempt to get the child 

to observe the horizontal, vertical, and diagonal patterning obtained. 

- I attempt to assist the acquisition of the concept of addition through 

the use of the three primary col.ours, and ask the child how the three 

additional col.ours of green, orange, and purple have occurred. 

Figure 3b shows levels of performance across Figure 3: 



TI 

Levels of Performance 

0 - Too difficult. 
1 - Incomplete; unable to see array was incomplete. 
2 - Slow and difficult completion; unable to observe 

horizontal, vertical, and diagonal col.our relationships. 
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3 - Slow and difficult completion; horizontal, vertical, and 
diagonal col.our relationships observed but not understood. 

4 - Slow and difficult completion; horizontal, verti.cal, and 
diagonal col.our relationships observed and understood. 

5 - Slow and difficult completion; strategy using col.our 
patterns to check accuracy; horizontal, vertical, and 
diagonal col.our relationships observed and understood. 

6 - Complete with some questioning; horizontal, verti.cal, and 
diagonal col.our relationships observed and understood. 

7 - Accurate without difficulty; horizontal, verti.cal, and 
diagonal col.our relationships observed and understood. 

8 - Fast completion; horizontal, vertical, and 
diagonal col.our relationships observed and understood. 

Figure 3b: Figure 3; Coloured Transparent Plastic Film - Addition Array: 
Levels of Performance. n = 19. 

Figure 3c shows gender performance across levels of performance: 

TI 

n = 13 
TI= 6 

Levels of Performance 

Males 
---------- Females 

F' ure 3c: Coloured Tra nt Plastic Film - Addition Arra : 
Gender Performance Across Levels of P ormance. n = 9. 



Figure 3d shows levels of performance across mathematical groups. 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult. 

5 
SR 

6 
AV 

1 - Incomplete; unable to see array was incomplete. 
2 - Slow and difficult completion; unable to observe 

7 
SE 

2 

horizontal, vertical, and diagonal colour rela.tionships. 
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1 

8 
SE 

1 

3 - Slow and difficult completion; horizontal, vertical, and 
diagonal colour rela.tionships observed but not understood. 

4 - Slow and difficult completion; horizontal, vertical, and 
diagonal colour rela.tionships observed and understood. 

5 - Slow and difficult completion; strategy using colour 
patterns to check accuracy; horizontal, vertical, and 
diagonal colour rela.tionships observed and understood. 

6 - Complete with some questioning; horizontal, vertical, and 
diagonal colour rela.tionships observed and understood. 

7 - Accurate without difficulty; horizontal, vertical, and 
diagonal colour rela.tionships observed and understood. 

8 - Fast completion; horizontal, vertical, and 
diagonal colour relationships observed and understood. 

Groups. n = 

Table 3 shows correla.t:ion coefficients between levels of performance and 

mathematical groups, school class levels, and ages. 

Table 3: S arman's Rho Correlation Coefficients: Fi ure 3: 
Coloured Trans rent P astic Fi - A dition Arra: 
Levels of Performance: n = 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.345 
rs= 0.424 
rs= 0.492 

p = >0.05 
p = <0.05 
p = <0.05 
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Figure 3e shows children at the highest level of performance for Figure 3 

across mathematical groups and age. The most unexpected performance 

was from a 7 year old Junior Extension boy. 

unexpected 
Age Maths J 

Groups SLD 
JR JE s 

SLD 

1 

SR 

1 

AV 

expected 

SE 
2 

SE 
1 

Random Correct Performance with Confabulated Reasoning. 

Random correct performance with confabulated reasoning is the third way 

besides unconscious nonverbal conceptual processing where a child's 

performance results in a correct solution to a part of a puzzle with the 

child being unable to give an adequate verbal report showing conscious 

conceptual understanding of the process or product. As the correct 

performance :is accidental, the child does not l:-1ctve understand:L.1g, and may 

or may not gain this later following questioning. Piaget (1929) noted 

children without proper conceptual understanding may invent an answer 

that does not reflect a well thought out belief, or invent a rationale 

originally not connected with the production of the answer. Sometimes the 

child observes the correct rationale when questioned after the event. 

An example of random correct performance with confabulated reasoning 

was given in the introduction where a child might randomly match a red 

peg with a red material square and later be able to perceive this colour 

relationship through questioning. The child now confabulates a reason for 

malcing the accidental match, perhaps verbalising the conceptual 
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understanding that occurred during the later questioning process, but which 

was not present at the ti.me of the random placement of the matched 

piece. Random correct performance with confabulated reasoning of this 

type occurred with a number of children during the performance of one 

puzzle, the Birthday Candle Array, and will be discussed in a later section 

on diagnostic progressions. 

Unconscious Processing 

There were other puzzles in addition to Figures 1 and 2 where exam pl.es of 

unconscious conceptual processing with difficulty verbalising classi6cati.ons 

occurred. Figure 4, a beginning senior puzzle, gives one example: 

Figure 4: Four Intersecting Button Sets: 
Instructions and questioning as for Figure 1. 



Figure 4a: Four Intersecting Button Sets. 
Instructions and questioning as for Figure l a . 

Figure 4b shows levels of perfor mance acr oss mathematical groups. 

1 

Levels Groups 1 r 
0 

1 

., 
I 

of 
Performa nce 

J 
SLD 

2 
JR 

3 
J E 

4 
s 

SLD 

5 
SR AV SE 

Levels of Performance 

0 - Too difficult 
1 - Difficult and inco m pl.ete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with so m e questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

2 

Figure 4b: Four Intersecting Button Sets: Bll.le / Pink / Orange / M etaL 
Levels of Performance Across Mathematical Groups. n = 22. 

1 

1 

8 
SE 

1 



Figure 4c shows levels of performance across Figure 4: 

2 
1 
0 
TI 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - V ecy fast completion and use of strategy 
8 - Exceptional or novel performance 
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Figure 4c: Four Intersecting Button Sets: Bh.ie / Pink/ Orange / MetaL 
Levels of Performance. n = 22. 

Figure 4d examines gender performance across levels of performance: 
[Levels of performance as for Figure 4c] 

10 

8 

n 

Levels of Performance 

n = 11 ____ Males 
n = 11 ---------- Females 

F' ure 4d: Four Intersectin Button Sets: 
Gender Performance Across Levels o P ormance. n = 

8 
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An example of unconscious conceptual processing and difficulty verbalising 

cJass:i6~tions occurred in Figure 4 with a 7 year old JE girl who couldn't 

at first name her metal set, although with questi.orrlng she knew what 

metal was, and that these buttons were made of metal, with the word 

'metal' already in her vocabulary. Tiris was the same child who recognised 

the transparency of the button on the carpet in Figure 1 as 'see through'. 

This child had not used a process of elimination, and had correctly placed 

her intersecting buttons. 

Table 4 shows correlation coefficients between levels of performance and 

mathematical groups, school class levels, and ages, for Figure 4. 

Table 4: S rman's Rho Correlation Coefficients for Fi re 4: 
Four Intersecting Button Sets: Bue Pin Orange Meta. 
Levels of Performance: n = 22. 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.169 

rs= 0.094 

rs= -0.039 

p = >0.05 
p = >0.05 
p = >0.05 

Figure 4e shows children at the highest level of performance for Figure 4, 

across mathematic.al groups and age. The most unexpected performance for 

Figure 4 was from a 6 year old Junior Extension boy. 

unexpected 
Age Maths J 

Groups SLD 
JR JE s 

SLD 
SR 

1 

AV 

expected 

1 

SE 
2 

SE 
1 

Figure 4e: Four Intersecting Button Sets: Blue / Pink / Orange / Metal. 
Highest Level of Performance: Very fast corn pletion with no questi.oning: 
Mathematical Groups Across Ages. n = 4. 
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A further puzzle in addition to Figures 1, 2, and 4 where examples of 

unconscious conceptual processing with ctifficulty verbalising classi6cations 

occurred was Figure 5, an above average senior puzzle: 

0 

Figure 5: Four Intersecting Button Sets. 
Instructions and questioning as for Figure 1. 

@ 



Figure Sa: Four Intersecting Button Sets. 
Instructions and questioning as for Figure la. 

Figure Sb shows levels of performance across mathematical groups. 

Leveis Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

1 

6 
AV 

1 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
S - Complete with no questioning 
6 - Very fast completion. Difficulty naming sets 
7 - Very fast completion. Clear naming of sets 
8 - Exceptional or novel performance 

1 

1 

8 
SE 

1 

F" ure Sb: Four Intersectin ent / Plastic. / Gold / 
Fabric.: Levels of P Groups. n = 
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The most unexpected performance for Figure 5 was from an 8 year old 

girl with an average P.A.T. mathematics score and the highest level of 

performance: very fast completion with no help, and clear naming of sets. 

Figure 5c shows levels of performance across Figure 5: 

n 0 78 

Levels of Performance 

0 - Too difficult 
1 - Dj£ficuJt and incomplete with a lot of questioning 
2 - Dj£ficuJ.t completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion. Difficulty naming sets 
7 - Very fast completion. Clear naming of sets 
8 - Exceptional or novel performance 

Figure 5c: Four Intersecting Button Sets: Transparent / Plastic / Gold / 
Fabric: Levels of Performance. n = 10. 

Figure 5d examines gender performance across levels of performance: 

[Levels of performance as for Figure 5c] 

n 

TI= 4 
TI= 6 

Levels of Performance 

Males 
---------- Females 

-~ 

Figure Sd: Four Intersecting Button Sets: Transparent / Plastic / Gold / 
Fabric: Gender Performance Across Levels of Performance. n = 10. 
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Table 5 shows correlation coefficients between levels of performance and 

mathematical groups, school class levels, and ages, for Figure 5. 

Table 5: S arman's Rho Correlation Coefficients for Fi ure 5: 
Four Intersecting Button Sets: Transparent Plastic God Fabric: 

Levels of Performance: n = 10. 

Across mathematical groups rs = 0.042 p = >0.05 

Across school class levels rs = 0.127 p = >0.05 

Across ages rs = 0.127 p = >0.05 

Another puzzle in addition to Figures 1, 2, 4, and 5, where an example of 

unconscious conceptual processing with difficulty verbalising classifications 

occurred was Figure 6, an average senior puzzle: 

0 
o © 

0 

0 
Figure 6: Four Intersecting Button Sets. 
Instructions and questioning as for Figure 1. 

0 



Figure 6a: Four Intersecting Button Sets. 

Instructions and questioning as for Figure la. 

Figure 6b shows levels of performance across mathematical groups. 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too diffic.ult 

5 
SR 

1 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

8 
SE 

1 

F. ure 6b: Four Intersectin Button Sets: Pattern / Red / White / S uare: 
Levels of Performance Across Ma emati.c Groups. n = • 



Figure 6c shows levels of performance across Figure 6: 

n 0 
Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 
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Figure 6c: Four Intersecting Button Sets: Pattern / Red / White / Square: 
Levels of Performance. n = 24. 

Figure 6d examines gender performance across levels of performance: 
[Levels of performance as for Figure 6c] 

10 
9 

n 
Levels of Performance 

n = 15 ____ Males 
n = 9 ---------- Females 

' ' 
' ' 

Figure 6d: Four Intersecting Button Sets: Pattern / Red / White / Square: 
Gender Performance Across Levels of Performance. n = 24. 
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Table 6 shows correlation coefficients between levels of performance and 

mathematical groups, school class levels, and ages, for Figure 6. 

Table 6: S rman's Rho Correlation Coefficients for Fi ure 6: 
Four Intersecting Button Sets: Pattern Red White Square: 
Levels of Performance: n = 24. 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.333 

rs= 0.158 

rs= 0.214 

p = >0.05 

p = >0.05 

p = >0.05 

The child who used an unconscious conceptual process but who had 

clifficulty verbalising classifications in Figure 6 was a 10 year old girl with 

an average P.A.T. mathematics score who arranged all of her buttons 

correctly, but who couldn't name her square set without further 

questioning. 

Figure 6e shows children at the highest level of performance for Figure 6, 

across mathematical groups and age. The most unexpected performance for 

Figure 6 was an 8 year old SE 1 g:irL 

11 
10 

9 
8 
7 

unexpected 
Age Maths J 

Groups SLD 
JR JE s 

SLD 
SR AV 

ex ected 

1 

SE 
2 

2 

1 
..I. 

SE 
1 

Figure 6e: Four Intersecting Button Sets: Pattern / Red / White / Square: 
Highest Level of Performance: Very fast completion with no questioning: 
Mathematical Groups Across Ages. n = 4. 

Levels of performance across mathematical groups, classes and ages for 

puzzles demonstrating unconscious processing did not correlate with any 

sigrdfic.ance, with the exception of slight sigrdfic.ant correlation at 0.05 

level for classes and ages but not mathematical groups for Figure 2. One 

reason for this general lack of correlaton may be that P.A.T. tests testing 
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form al mathematic.al learning, and the puzzles extending pre-ma them ati.c.al 

activity of classific::ltion and ordering into sets, measure different abilities 

in children, with the puzzles requiring perceptual, conceptual. and creative 

flexibility utilising logic.al reasoning and problem solving skills. 

Table 6A shows two 

differences in levels of 

where U (M) = Males, 

tailed Mann-Whi.tney U-Tests testing gender 

performance across mathematic.al. groups at 0.05, 

Ul (F) = Females, and z shows use of normal 

approximation for larger samples. Figure 6 is sigTiificant in favour of 

performance of females at 0.05. As this result was one of very few 

puzzles showing gender differences, and larger numbers of tests are more 

likely to encounter chance significance, this result is more likely to be 

due to chance. 

Table 6A: Mann-Whitney U-Tests For Chapter 3: Gender Differences: 

Levels of Performance Across Mathematical Groups: 

Figure U (M) Ul (F) z Males Females 

Puzzles demonstrating unconscious processing 

1 149.5 186.5 + 0.56 

2 51.5 56.5 

4 41.5 79.5 

5 9.5 14.5 

6 34 101 * 

Puzzle demonstrating rote perfonnance 

3 31 47 

* Significant at 0.05 
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Surrmary 

Children showed evidence of unconscious processing of less familiar 

concepts, where a process of elimination, rote perfonnance or 

confabulated reasoning were not shown to have occurred. Further 

examples in addition to Figures 1, 2, 4, 5, and 6, of examples of 

unconscious conceptual processing with difficulty verbalising 

classifications occurred, and will be shown in later chapters. There 

were no gender differences of significance which may not have been 

attributed to chance. 

Chapter 4 looks at possible reasons for the selections of sets 

processed unconsciously, where children may process familiar concepts 

in a more consciously aware manner than unfamiliar concepts. This 

leads to a discussion of perceptual priority modes where colour, 

size, shape and pattern classifications are more familiar to children 

in junior school mathematics. Puzzles show variations in perceptual 

priority modes children used, and perceptual discrimination 

difficulties within modes, such as the differences between colours or 

shapes. Puzzles with unfamiliar concepts are presented, and puzzles 

showing further perceptual difficulties children had, such as in 

discrirnina ting reversals, rnanipula ting rotations, and leading on to 

puzzles with multiple concepts embedded within them. 
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Chapter 4 

Perceptual Priorities 

The phenomenon of unconscious nonverbal processing leads to questions 

regarding perceptual. pri.orit:i..es. Which perceptions take prom:inence? Do 

people first perceive attributes with which they are familiar, or do 

differences take pri.ori.ty? A sense of difference must emerge from a sense 

of what is familiar first. A difference isn't a difference until it is 

different from what is already known. Children unable to verbalise their 

c-Jassi6e<l sets had more difficulty verbalising sets with · unexpected 

attributes. Actions, as accurate classifications and :intersections of button 

sets, were evidence the children perceived the differences, but their 

conscious expectations must have focused on familiar pathways rather than 

on the novel experience they were confronted with. Actions showed 

unconscious adaptation to the unexpected, also show:ing clear conceptual. 

understanding of the situation. Conscious verbal interpretation of these 

correct actions was lagging, only brought to consciousness on request and 

with further questioning to elicit the concepts involved. 0 nee the concept 

of 'transparent' was brought to the conscious awareness of a child, this 

concept was consciously remembered if encountered :in a subsequent puzzle. 

The c1assi6c.ati.on a child was unable to verbalise :in the five previously 

mentioned puzzles is underlined: 

Figure 1: blue / transparent / gold 

Figure 2: leather / square / gold / patterns of three 

Figure 4:· bwe / pink / orange / metal 

Figure 5: transparent / plastic / gold / fabric 

Figure 6: pattern / red / white / square 

The surprise e1e m ent in Figure 5, was that all of the transparent buttons 

except one were made of glass. The one plastic transparent button was 

the :intersecting button between the transparent and plastic sets. The 

difference between the glass transparent buttons and the plastic 
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transparent one was not in the child's conscious awareness, even though all 

transparent and plastic buttons were correctly placed and intersected, 

inclllding the transparent/plastic., transparent/gold, gold/plastic, gold/fabric, 

and fabric/plastic intersections. Clear conceptual awareness of the 'plastic' 

concept was shown through three correctly placed intersecting buttons 

made or partly made with plastic, but the child could not verbalise 

'plastic' until asked her to hold all of her transparent buttons and tell me 

what they were made of. She felt them all, felt the weight and coldness 

of the glass buttons and the way they clinked together in her hand. She 

told me they were made of glass, but that one of them wasn't made of 

glass. When asked what it was made of she said 'plastic.'. Only when 

asked her why she had intersected her transparent set and her next set 

with this particular button, and pointed to her plastic set, asking her what 

these buttons were made of, did she name her set 'plastic.'. 

There is support for the idea it is easier to find sirnl]a:rities than it is to 

find differences. Velmans (1991) finds semantic analysis of familiar stimuli 

in the attended channel can occur without reportable consciousness, with 

consciousness being unnecessary for such analysis. He also considers 

processing accompanied by awareness of the stimulus is different from 

processing that is not. Llbet, Wright, Feinstein, & Pearl, (1979), and 

Neeley (1977) consider conscious focus of attention during process:ing 

cannot be necessary for the analysis and :klentific.ati.on of such stimuli, 

even when oc.curr:i.ng in novel, complex combinations. The analysis of 

familiar stimuli proceeds invohmtarily, irrespective of whether the stimuli 

are in the attended channel or not. Even during conscious attention to a 

given stimulus, it may be difficult to prevent certain analyses from 

occurring. The analysis is automatic in this sense. 

Velmans further considers consciousness may be essential when novel 

stimuli or skills are being learned. Consciousness of the input stimulus and 

of associations being formed result from focal-attentive processing, to 

which we have no introspective access, and which are normally explained 

in entirely neurophysiologi.c.al terms. Subjects cannot prevent perceptual 

analysis of :irrelevant attributes of an attended object. Even if a stimulus 

is consciously attended to, what is analysed may not be under conscious 



86 

voluntary controL Input select:ion is preconscious. Task sel.ect:ion is under 

conscious, voluntary controL V elm ans believes much learning and memory is 

to do with recurring stimulus patterns. The stimuli may be present to 

consciousness, but that they form a recurring pattern may not. Schacter 

(1987), and Reber (1989) find exposure to successive recurring patterns 

may produce learning of those patterns, whether or not there is any 

intent:ion to learn, and in the absence of any explicit knowledge of the 

pattern being learned. Perruchet et al (1990) find availability in memory 

of a particular item is highly dependent on the number of repetitions of 

this item during the 1.eaming ses.5i..on. Greater frequency yields greater 

retention. 

This may explain why children more easily name classi6cations with 

greater familiarity to them. Skemp (1961) believes when generalization 

takes pl.ace the mind searches for all points of similarity between the 

ideas in the data before it, as discrimination. Points of agreement must be 

consistent with oh3erved differences. This conflicts with another idea that 

liken~ and differences automatically separate out, with likenesses being 

considered. Skemp (1971) adds that mathematics comes from perceptions 

leading to classi6cat:ions. These lead to invariant properties and comm on 

properties, or as Dienes (1959) says, mathematics patterns and regul.ari.ties 

found at successive levels, with similarities easier to find than differences. 

We see what we know. This is a process of aootract:ion. Cl.assi6cat:ion may 

be by funct:ion or by naming objects. Neeley (1977) finds strong support 

for Posner & Synder's 'two-process' theory: an initial preconscious 

identi.ficat:ion process accesses memory traces of the input stimulus and 

those of semantic.ally related stimuli. This is fol.lowed by a conscious 

identi.ficat:ion process that not only facilitates the recognition of expected 

sti.m uli but also inhibits the recogni.t:ion of unexpected sti.m uli. 

C]assificat:ions as concepts may develop as a holographic process of 

repeated sensory informat:ion, consisting of many percept:ions over ti.me, of 

many different images, dimensions, vari.at:ions, positions, moods, and 

applicat:ions for each separate idea. The child learns from memory the 

essenti..al e1.e m ents holding constant each ti..m e a particular experience is 

met. Items not holding constant are discarded as not part of the concept. 
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met. Items not hokling constant are discarded as not part of the concept. 

This is similar to pre-mat.hem a ti.cal ideas of conservation. Similarly, 

children show awareness of sequences related to events. Therr need for 

rhythm and order is strong (Churchill 1961). Later, the child can work out 

how to do something before doing it, and can anticipate results before 

they occur. This is one beginning of true thought, arising out of actions 

that have become internalised (,Piaget & Inhelder 1959). 

Familiar Concepts 

Gagn~ (1964; 1977; & Gagne & Briggs 1979) orders learned behaviour from 

discrimination learning, concrete concept learning, defined concept 

learning, rule learning, higher order rule learning and cognitive strategy 

learning. During the early stage of discrimination learning it is interesting 

to ol:serve perceptual priori.ties children demonstrate. Many children see 

colour likenesses before ol:serving pattern similarities. Other children 

discriminate shapes more readily than colours. In junior classes children 

are regularly exposed to materials enabling awareness of colour, shape, 

size and pattern to develop. Colour names; shape names; size 

differentiation involving length, area, volume, weight, thi.ckness, ordering 

and time; and pattern discrimination and creation of patterns are incll.lded. 

Figure 7, an advanced junior puzzle shows one child's perceptual priority 

mode between these dimensions: 

0 

F~ 7: Matching Button Sets. 
V Instructions: 
- Find which buttons belong together. 
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0 0 0 0 0 0 0 

s 
Figure 7a: Form Matching Button Sets. 

A difficulty many children have is knowing which way up buttons face. I 

teach all children to put buttons up the right way first. One 8 year old JE 

child matched his buttons into three size groups, only becoming aware of 

and classifying different patterns when I took one of his size groups, 

helped him turn all of his buttons up the right way, and asked him if he 

could find any buttons that were the same in another way besides their 

size. I gave him a similar puzzle, Figure 8, an advanced junior puzzle, using 

different fabrics and textures, which was completed easily by him: 

r7 

Figure 8: Fabric Texture Match: Sets of Four. 
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Figure 9, a beginning senior puzzle was another example of a child's 

perceptual priority mode between dimensions: 

® 
-'. o ~',: 

~ .Ii. ' ' 

.., - @ 

Figure 9: Buttons: Sets of Two: 
Verbal Instructions: 
Find sets of two buttons that belong together. 

Figure 9a shows levels of performance across mathematical groups: 

Levels 
of 

Groups 1 2 
JR 

3 
JE 

Performance 
J 

SLD 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - V e:cy fast completion with no questioning 
7 - Ver'f fast completion and use of strategy 
8 - Exceptional or novel performance 

F. ure 9a: Circular Buttons: Sets of Two with Matchin Internal Sha 
Levels of Performance Across Ma ema Groups. n = • 

1 

1 
8 

SE 
1 
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Figure 9b: Circular Buttons: Sets of Two with Matching Internal Shapes: 

One 10 year old SE 1 boy put his buttons into colour groups. He did not 

notice the shapes until I asked him if there was another way he could 

match his buttons. An 8 year old AV girl had difficulty cliscri.minating 

within the shapes in Figure 9, at first mixing pentagons with hexagons 

until I asked her how many sides each had. She aJso had difficulty 

recognising shapes in Figure 10, a beginning senior puzzle. Her first 

attempt at Figure 10 showed no awareness of shape, despite all buttons 

being black to eliminate the c olour dimension. I had to hold one shape 

button and ask her to tell me about it before she noticed it incorporated 

shape. She completed the puzzle quickly with no further help. Her 10 year 

old AV sister completed Figure 10 in two minutes, with no questioning: 

• 
• • e 

Figure 10: One Difference Button Arms [Black]: 
Verbal Instructions: 

- Find which buttons belong together. 

• 
• 

- Arrange the buttons with no more than one tltlng different between any 

buttons you place in connecting circles. 
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F:igure 10a: One Shape Difference Button Arms [Black]: 

Some puzzles eliminate one dimension to help children develop another. 

Figure 11, an advanced junior puzzle uses embossed white wallpaper 

samples cut into squares the same size, to focus attention on pattern by 

eliminating colour, size and shape of pieces. [Plate 64 ]. 
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Samples of brown sandpaper can be used for grading as well as matching. 

[PlB.te 65]. Figure 12, a very advanced jurri.Dr puzzle directs attention to 

size of pieces, with potent:iBl for ordering. Nine identically coloured, 

patterned and sized c.ircles are cut into a buildup fraction set. One is 

whole and can be used as a base j£ a child wants to build circles up 

rather than spreading them separately. Other circles are cut into halves, 

thirds, quarters, fifths, sixths, eighths, tenths and twentieths. One 9 year 

old SR girl had dilficulty discriminating between sizes. She put the two 

halves onto the whole circle first, then attempted another circle using two 

quarters, a fifth and a third, finding these wouldn't fit. I asked her how 

she made her first circle. She said she m eastrred the sizes of the pieces 

together. I asked her if she could measure the sizes of all of her other 

pieces together to find any the same. She made size piles, completing 

each size pile into a circle, and told me w hi.ch circles were made with 

quarters, tenths, etc. This contrasts with an 8 year old AV girl who, with 

no questioning, graded her circles in order from the whole one through to 

the one containing twentieths. 

Figure 12: Buildup Circular Fraction Set. 

Some children have diff:ic.ulty with subtleties within colours. A 10 year old 

AV girl needed help to sort between three shades of red and three shades 

of orange in Figure 13, an above average senior puzzle. Som eti..m es a child 

can be taught a subtle colour name such as vermili.on red: 
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Figure 13: Intersecting Seriated Sets of Three Button Star: 

Verbal Instruc ti.ons: 

- Find sets of three buttons. 

- Place any one set on the diagram. 

- Find another set to connect with this set. 

- Intersect all of the sets as you place the button sets around the 

diagram. 

- Your last set must intersect your first set. 
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Figure 13a: Intersecting Seriated Sets of Three Button Star: 
Three Colour / Three Pattern: 
Verbal Instructions: 

- Name your sets. [colour / pattern]. 

- Tell me something else about your sets. [seriated]. 

This puzzle was completed quickly once colour groups were distinguished. 
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An 8 year old SE 1 girl did not know light brown belonged to the brown 

family. She did not know the name 'fawn', which I taught her. This 

occurred in Figure 14, a beginning senior puzzle: 

0 

Figure 14: Three Intersecting Button Sets. 
Instructions and questioning as for Figure 1. 

00 
0 

0 
~ 
~ 

ffi 

Figure 14a: Three Intersecting Button Sets: Pattern / Brown / Silver. 
Instructions and questioning as for Figure la. 
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Figure 14b shows Figure 14 levels of performance across mathematical 

groups: 

3 

2 4 
2 1 
1 1 
0 

Levels Groups 1 5 6 7 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 
SR AV SE 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

2 

F. ure 14b: Three Intersectin Button Sets: Pattern / Brown / Silver: 
o P Ma ernati.cal Groups. n = 3 • 

2 
1 

6 

1 
8 

SE 
1 

Figure 14c shows children at the highest level of performance for Figure 

14 across mathematical groups and age: 

11 
10 

unexpected 
Age Maths J 

Groups SLD 
JR JE s 

SLD 

1 

SR AV 

expected 

SE 
2 

1 

1 

SE 
1 

Figure 14c: Three Intersecting Button Sets: Pattern / Brown / Silver: 
Highest Level of Performance: Very fast completion with no questioning: 
Mathematical Groups Across Ages. n = 3. 
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Figure 14d shows levels of performance acros.s all children who attempted 

Figure 14: 

3 
2 

n 

Levels of Performance 

0 - Too difficult 

7 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 14d: Three Intersectin~ Button Sets: Pattern / Brown / Silver: 
Levels of Performance. n = 3 • 

8 



Figure 14e exam:ines gender performance across levels of performance: 

n 

n = 21 
n = 16 

Levels of Performance 

0 - Too difficult 
1 - Difficult and :incomplete with a lot of questi.on:ing 
2 - Difficult completion with a lot of question:ing 
3 Complete with some question:ing 
4 Complete with m:inimal question:ing 
5 Complete with no question:ing 
6 Very fast completion with no question:ing 
7 Very fast completion and use of strategy 
8 Exceptional or novel performance 

Males 
---------- Females 

Figure 14e: Three Intersecting Button Sets: Pattern / Brown / Silver: 
Gender Performance Across Levels of Performance. n = 37. 
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8 

Table 1B shows correlation coefficients between levels of performance and 
mathematical groups, school class levels, and ages. 
Table 7: S rrnan's Rho Correlation Coefficients: Fi ure 14: 

ee Intersectin Button Sets: Pattern Brown Silver: 
Levels o Per orrnance: n = • 

Across mathematical groups 

Across school class levels 

Across ages 

rs 

rs 

rs 

= 0.250 p = >0.05 

= 0.314 p = <0.05 

= 0.345 p = <0.05 
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School classes and ages are slightly significant for Figure 14, but not for 

mathematical group categories. The reason for this :is unclear, and may be 

due to chance factors, but :is more likely to be due to perceptual 

difficulties more prevalent in younger children. As these types of 

perceptions are not so involved in P.A.T. mathematical tests, it :is not 

surprising mathematical group categories do not correlate with levels of 

performance in th:is puzzle, nor that levels of significance for mathematical 

groups do not equate with levels of significance for school classes and 

ages of children. Ages equate to school class levels much more than 

mathematical group categories do. Most perceptual difficulties and 

questioning in Figure 14 related to children not noticing a pattern set in 

association with two colour sets. Mathematical group categories were 

represented sign:ifi.cantly at the level of performance of requiring some 

questioning to enable the child to become aware of th:is pattern set when 

their expectations were to find a third colour set. A Mann-Wmtney U-Test 

finds no gender differences in Figure 14 levels of performance. 

Unfamiliar Concepts 

Perceptual mode priori.ti.es and discrimination difficulties are individual for 

different children, reflecting habitual preferences of awareness such as 

col.our before shape, size before pattern, or unfamiliarity with subtle 

discriminations between colours or shapes etc. A child may find by process 

of elimination that the element to be c1assi6erl :is different from their 

expectations or automatic first or second choice for grouping. Some 

children find difficulty manipulating more than one perceptual dimension 

within the same puzzle. This difficulty with multiple concepts :is discussed 

in Chapter 5. In Figures 15, 16 and 17, perceptual difficul.ti..es arose with 

unexpected e1e m ents. Significance in Figure 15 levels of correlation 

between mathematical group categories, school class levels, and ages 

across levels of performance was the highest in each case, of all of the 

puzzles tested in this study. The multiple concepts and perceptual 

dimensional range and higher difficulty level may have been responsible for 

this result, although subject numbers are too small to draw conclusions 

from. In contrast, Spearman's Rho correlations were not significant in 

Figure 16 where a single dimension of material types was involved. A 

Mann-Wmtney U-Test finds no gender differences in Figure 15 levels of 

performance, but significance favouring females in Figure 16. 
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Asking children to name their classifications helps focus their attention on 

what is unexpected as well as on what is familiar. Figure 15, an average 

senior puzzle contained an unexpected element giving ctiffic.ul.ty: 

Q 
CD 

8 ® 

Figure 15: Button Subsets and Classifications: 
Verbal Instructions: 

- The diagram has one big universal set containing small.er subsets. 

- One set belongs outside the universal set. 

- Find sets that belong together. 

- Name the sets. 

- Place your sets in the subset circles provided. 

- Place the set that does not belong, outside the universal set. 



Figure 15a: Button Sul::sets and Class:iAc.qti.ons: 

[ Big; Maroon; Square; Wood; Pattern; Repeated Patterns of Three; Buckles]. 

This is one of the few puzzles cl.early correlating levels of performance 

with mathematical group categories. Table 8 shows Figure 15 correlation 

coeffici.ents between levels of performance and mathematical group.s, 

school class levels, and ages: 

Table 8: Spearman's Rho Correlation Coefficients: Figure 15: 
Figure 15: Button Subsets and Buckle Classifications: 
Levels of Performance: n = 14. 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.885 

rs= 0.664 

rs= 0.617 

p = <0.05 

p = <0.05 

p = <0.05 



Figure 15b shows levels of performance across rn athe rn atic.al groups: 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

2 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - V ecy fast completion with no questioning 
7 - V ecy fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 15b: Button Subsets and Buckle Classifications: 
Levels of Performance Across Mathematical Groups. n = 14. 
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3 

8 
SE 

1 

An 8 year old AV girl placed uneven nu m be.rs of buttons in her subsets, 

and the wooden buttons outside her universal set. I asked her to count how 

many items she had in each subset. As there were three items in most 

subsets, she closely examined subsets she had given more or less than 

three items. She was unable to make the number of subset items even, so 

I asked her to name her subsets. She corrected mistakes in her 

classification groups as she named her subsets. More difficult was naming 

her universal set. Only after naming her universal set could she see that 

the wooden buttons belonged inside the universal set, and the buckles 

belonged outside it. Many children required questioning to separate 

buttons from buckles. Many did not know what a buckle was. All children 

needing questioning to separate buttons from buckles needed to name their 

universal set first. Creating further difficulty in tlris puzzle was utilisation 

of multi-perceptual dimensions: subsets incorporating size, shape, colour, 

pattern, repeated patterns, material type and object type. 
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Figure 15c shows levels of performance across all children who attempted 

Figure 15: 

n 0 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with so m e questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast com pleti.on and use of strategy 
8 - Exceptional or novel performance 

Figure 15c: Button Subsets and Buckle C]assi6cations: 
Levels of Performance. n = 14. 

Figure 15d exam:ines gender performance across levels of performance: 
[Levels of performance as for Figure 15c]. 

9 
8 

n 

n = 6 
n = 8 

·- =';/ 
0 1 

Males 
Females 

, , \ 

, \ , \ 

Figure 15d: Button Sucsets and Buckle CJassi6c:=itions: 
Gender Performance Across Levels of Performance. n = 14. 

7 

8 
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Another example of the unexpected creating perceptual difficulties for 

children was an average senior puzzle, Figure 16: 

® @ 0 0) 

0 ~ ,-._;_ 0 e) ,.. 

0 0 @) 

0 Do 0 @ 

C) 0 ooo 0 0 

<!:) ® oo 
0 0 

F~ 16: Button Subsets of Material Ty:pes: 
V Instructions: 

- The diagram has one big universal set containing s mall.er subsets. 

- Find sets that belong together. 

- Name the sets. 

- Place your sets in the subset circles provided. 

Figure 16a: Button Subsets of Material Types: 

[Plastic; Wood; Glass; Shell; Vinyl; Fabric; Metal; Leather; China]. 



Figure 16b shows levels of performance across mathematical groups: 

8 

6 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

1 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - V e:cy fast completion with no questioning 
7 - V e:cy fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 16b: Button Subsets of Material TyPes: 
Levels of Performance Across Mathematical Groups. n = 13. 
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1 

8 
SE 

1 

Table 9 shows Figure 16 correlation coefficients between levels of 

performance and mathematical groups, school class levels, and ages: 

Table 9: Spearman's Rho Correlation Coefficients: Figure 16: 
Fi ure 16: Button Subsets of Material T s: 
Leve so Per ormance: n = 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.307 

rs= 0.322 

rs= 0.278 

p = >0.05 

p = >0.05 

p = >0.05 

Figure 16c shows levels of performance across all children who attempted 

Figure 16: 



n 

\ 

0 

Levels of Performance 

0 - Too clifficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questi.Dning 
5 - Complete with no questi.Dn:ing 
6 - Very fast completion with no question:mg 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 16c: Button Subsets of M ateri.al TyPeS: 
Levels of Performance. n = 13. 

Figure 16d examines gender performance across levels of performance: 
[Levels of performance as for Figure 16c]. 

n 

n = 5 
n = 8 

6 ---

Males 
---------- Females 

/ ' 
/ ' 

Figure 16d: Button Subsets of M ateri.al TYJ?€S: 
Gender Performance Across Levels of Performance. n = 13. 
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8 

8 
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Many children were not aware of the ctifferent material types, nor of their 

names. 

Another example of the unexpected occurred in a beginning senior puzzle, 

Figure 17: 

0 
0 . 

Figure 17: Button Array: Subsets of Two: 
Verbal Instructions: 

- Find sets of two and place on the diagram. 

- Arrange subsets into an array with buttons forming two big sets. 

- Name the big set in the top row. Name the big set in the bottom row. 

Figure 17a: Holes / No Holes Button Array: Subsets of Two: 
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A 10 year old AV girl classi5ed her subsets, but required questiorring to 

observe the holes difference. This compares with her 8 year old AV sister 

who completed tlris puzzle quickly and without questioning. 

Reversals 

Some children had difficulty perceiving rotations, reversals, and even lines. 

This :inc.h.lded an inability to match reversed coJDurs as :in the junior sets 

Felt FJDwers [Plate 511, and Hessian Houses [Plate SO]. Reversed shapes such 

as Reversed Buildings [Plate 70 ], and Reversed Cars [Plate 74 ], also 

created difficulty for some. Figure 18, a very advanced junior puzzle shows 

how difficult reversals are for so rn e children. This puzzle consists of a 

large coJDured base board containing reversed sailing strips. The ]Dose 

pieces shown are for the child to rn atch onto the base board: [Plate 71 ]. 

Figure 18: Reversed Sailing Ships 
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Figure 18a shows Figure 18 levels of performance across mathematical 

groups: 

1 

1 
0 

Levels Groups 1 2 3 4 5 
of J JR JE s SR 
Performance SLD SLD 

Levels of Performance 

0 - Too difficult 
1 - Mismatched all but one pair of ships 
2 - Three mismatches: Uncorrected 
3 - One mismatch: Uncorrected 
4 - Two mismatches: Corrected 
5 - One mismatch: Corrected 
6 - Complete with no questioning 
7 - Very fast completion with no questioning 
8 - Exceptional or novel performance 

Figure 18a: Reversed Sailing Ships: 
Levels of Performance Across Mathematical Groups. n = 15. 

6 7 8 
AV SE SE 

2 1 

Table 10 shows Figure 18 correlation coefficients between levels of 

performance and mathematical groups, school class levels, and ages. 

Table 10: S arman's Rho Correlation Coefficients: Fi re 18: 
Fi ure 18: Reversed Sai in Shi s: 
Leve so Per ormance: n = 

Across mathematical groups 

Across school class levels 

Across ages 

rs 

rs 

rs 

= 0.223 p = >0.05 

= 0.445 p = <0.05 

= 0.458 p = <0.05 

There is a correlation between levels of performance and school class 

levels and ages, but not for mathematical groups. 
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Figure 18b shows levels of performance across all children who attempted 

Figure 18: 

n 0 

Levels of Performance 

0 - Too difficult 
1 - M:is matched all but one pair of ships 
2 - Three mismatches: Uncorrected 
3 - One m:ismatch: Uncorrected 
4 - Two m:ismatches: Corrected 
5 - One m:ismatch: Corrected 
6 - Com pl.ete with no questioning 
7 - Very fast com pl.etion with no questioning 
8 - Exceptional or novel performance 

Figure 18b: Reversed Sailing Shlps: 
Levels of Performance. n = 15. 

Figure 18c examines gender performance across levels of performance: 
[Levels of performance as for Figure 18b]. 

6 

n 

n = 12 
n = 3 

0 

Males 
---------- Females 

Figure 18c: Reversed Sailing Ships: 
Gender Performance Across Levels of Performance. n = 15. 

8 
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Subject numbers are too small to rule out chance, and senior extension 

groups of children were not given this juniDr puzzle. It can still be seen 

that there :is no correlation between mathematical group categories across 

levels of performance when the highest level of performance was reached 

by children from J-SLD, JR, JE, and SR groups, but not reached by the 

two AV girls who represented the highest mathematical group level 

attempting this puzzle. Although school clas.ses closely follow children's 

ages, school clas.s and age correlations were able to be significant when 

mathematical groups were not, because each mathematic.al group category 

:incorporates a three year age range, and three school class levels. A 

Mann-Whitney U-Test finds no gender differences :in Figure 18 levels of 

performance. 

In puzzles :incorporating reversals, Figures 18, 19, 20, 21, 22 and 23, 

awareness of the reversals, especially where bilateral symmetry as :in 

Figure 20 was :involved, was not necessarily automatic. over and above the 

match:ing of the :individual units within each puzzle. Th:is kind of awareness 

was progressive accord.mg to the child's level of conceptual understand:ing, 

and therefore diagnostic.. For Figure 19, subject numbers were small, but 

in Figure 20, there was no significance in correlations between 

mathematical group categories, school clas.ses, and ages across levels of 

performance, where children from JE, SR and AV mathematical group 

categories shared the highest level of performance, and children from JR, 

JE and SR shared the lowest. A Mann-Whitney U-Test finds gender 

differences in Figure 20 levels of performance :in favour of males. Aga:in, 

because the number of gender tests showing significant difference :is so 

small across a large number of tests, the reason :is likely to be chance 

factors alone. 

Subject numbers for Figure 21 are also small, giving a greater likelihood 

of chance performance of one JE child reaching the highest level of 

performance for this puzzle, and a SE 1 child achieving the lowest. The 

three children attempting Figure 22 found this puzzle difficult, need:ing to 

progress through stages from ini..t:ial classification of subsets into named 

groups of subsets, and finally :into reversed named sets across groups. 
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A further puzzle creating difficulty with reversals was an average senior 

puzzle, Figure 19: 

Figure 19: Button Array: Sets of Two. 
Verbal Instruc ti.Dns: 

- Find subsets of two and place them on the diagram. 

- Arrange subsets into an array so all of the buttons make two big sets. 

- Name your big set in the top row. 

- Name your big set in the bottom row. 

- Place your subsets in order from left to right. 

F. ure 19a: Button Arra : Reversed Internal. and External. Sha 
Two. Top: Circles Inside Shapes; Bottom: Shapes Inside 

Two AV children needed questioning to form arrays and ordinal sequencing. 

Sy m m etry in reversals can make perceptual. differentiation especially 

difficult. Figure 20, a very advanced junior puzzle utilising bilateral 

symmetry not only reverses shape and pattern, but colour as well. The two 

bottom corner pieces are gllled down on a base board for Figure 20: 
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Figure 20: Reversed Tree: Reversed Shape / Pattern / Colour: 
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Figure 20a: Reversed Tree: Reversed Shape / Pattern / Colour: 

Table 11 shows Figure 20 correlation coefficients between levels of 

performance and mathe matical groups, school class levels, and ages. 

Table 11: S earman's Rho Correlation Coefficients: Fi ure 20: 
Figure 20: Reversed Tree: Reversed Shape Pattern Colour: 
Levels of Performance: n = 25. 

Across mathematical groups 

Across school class levels 
Across ages 

rs 

rs 

rs 

= 0.283 p = >0 . 05 

= 0.056 p = >0.05 
= 0.014 p = >0.05 

Figure 20b shows levels of performance across all children who attempted 

Figure 20: 



n 0 6 7 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult com pl.etion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast com pl.etion and use of strategy 
8 - Exceptional or novel performance 

F. ure 20b: Reversed Tree: Reversed Sha e / Pattern / Colour: 
Levels of Performance. n = 2 • 

Figure 20c examines gender performance across levels of performance: 
[Levels of performance as for Figure 20b ]. 

n 0 

' ' 

n = 14 ____ Males 
n = 11 ---------- Females 
F. e 20c: Reversed Tree: Reversed Sha / Pattern / Colour: 

ormance. n = 
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8 

8 



Figure 20d shows levels of performance across mathematical groups: 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

/ Pattern / Colour: 

Figure 21, a beginning senior puzzle, added rotation to the reversals: 

F~ 21: One Difference Buttons: Sets of Two. 
V Instructions: 

- Find which buttons belong together. 

- Name your sets. 

- Arrange your sets into the circles, with no more than one tltlng 

different between any sets you place in connecting circl.es. 

116 

8 
SE 

1 
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Figure 21a: One Difference Buttons: Sets of Two: 
Internal and External Shapes. 

Finding sets of shapes was easy for an 8 year old AV girl, but she had 

difficulty placing them in a one difference order. 

Figure 21b shows levels of performance across mathematical groups: 

Levels Groups 1 
of J 
Performance SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - Vecy fast completion with no questioning 
7 - Vecy fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 21: One Difference Buttons: Sets of Two: 
Internal and External Shapes. 
Levels of Performance Across Mathematical Groups. n = 5. 

The highest level of performance was from a 7 year old JE girL 

8 
SE 

1 

The same 8 year old AV girl having difficulty with Figure 21 had no 
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difficulty with Figure 22, a beginning senior puzzle, despite two further 

dim ensi.Dns being added to the concept of reversal! 

(I}) 0 
0 

F. ure 22: Buttons: Two Sets: Subsets in Tri.an ons: 
Ver InstructiDns: 

- Find buttons that belong together. 

- Arrange sets of buttons belonging together in the triangles so that: 

- Buttons forming the outer ring in each hexagon belong together. 

- Name these outer sets. 

- Buttons forming the inner ring on each hexagon belong together. 

- Name these inner sets. 

F. ure 22a: Buttons: Two Sets Reversed Sizes: Pattern Matched Subsets in 
Tri.an Fermin Two Hexa ons: Left Hexagon: Outer Set Big, Inner Set 
Sm • Right Hexagon: Outer Set Small, Inner Set Big]. 
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The two added dimensions to reversal in Figure 22 were pattern and size 

matching. Figure 23, an average senior puzzle, is a similar design, but with 

mobile triangles forming a single hexagon, adding a rotational element: 

Figure 23: Buttons: Two Sets: Subsets in M obil.e Triangles Forming a 

He~g:on: Ver Instruc ti.Dns: 

- Find buttons that belong together. 

- Arrange sets of buttons belonging together onto the triangles. 

- Arrange triangles into a hexagon so that: 

- Buttons forming the outer ring in the hexagon belong together. 

- Name this outer set. 

- Buttons forming the :inner ring in the hexagon belong together. 

- Name this :inner set. 

F. ure 23a: Buttons: Two Reversed Sizes Sets: Pattern Matched Subsets :in 
Mobile Triangles Form:ing a Hexagon: Outer Set Big, Inner Set Sm 
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One 10 year old AV girl made two different arrangements of her subsets 

before observ:ing the size differences of the buttons. Her first attempt was 

to place all 'pie' fraction patterned buttons into the centre and name her 

sets 'divided' and 'undivided.' When there weren't enough of these for this 

to work, she placed all buttons with a square in their centre in the inner 

set. Finally she named her external set 'big' and her internal set 'little.' 

Her 8 year old AV sister had difficulties rotating the tciangles into a 

hexagonal shape, but quickly arranged and named her sets once she had 

accomplished this. 
Rotation 

Rotations can be formidable for children to perceive. One 6 year old JR 

boy had considerable visual difficulties. He was unable to see the straight 

edges of pieces. In one junior puzzle with a base board of colourful 

pirates, and individual pirates cut to match onto this board, [Plate 72], 

he was unable to decide which pieces were the external pieces with the 

straight edges. Instead of matching these onto the base board, he placed 

them right off the board around the outside of it. He also had difficulties 

knowing the difference between the right way up and upside down. 

Figure 24, an average senior puzzle, required the four corner pieces to be 

gwed down to provide a boundary and starting point: 

Figure 24: Fabric Pattern Match Domino Set. 
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Figures 25a,b,c, very advanced junior puzzles, [Plate 64 ], all have loose 

pieces: 

Figure 25a: Paint Chart Puzzle: 

Figure 25c: Paint Chart Puzzle: 
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Figure 25d shows Figure 25a,b,c levels of performance across mathematical 

groups: 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

6 
AV 

7 
SE 

2 

1 -
2 
3 

Djfficult and incomplete with a lot of questioning 
Djfficult com pleti.on with a lot of questioning 
Complete with some questioning 

4 
5 -
6 
7 
8 

Complete with mird.m al questioning 
Complete with no questioning 
Very fast com pleti.on with no questioning 
Very fast com pleti.on and use of strategy 
Exceptional or novel performance 

Figure 25d: Paint Chart Puzzles: Figures 25a,b,c. 
Levels of Performance Across Mathematical Groups. n = 5. 

8 
SE 

1 

Figure 26, an average senior puzzle, can be done in several ways. One 10 

year old AV girl made a 3 x 6 rectangle, whereas her 8 year old AV 

Figure 26: Blue / Green Pattern Domino 



123 

Domino Squares. 

each pattern :in each complete hexagon. 

- Place only one piece from any pattern :in each incomplete hexagon. 
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Figure 27a: Wallpaper: Ten Intersecting Hexagons. 

This puzzle required conscious concentration on more than one concept at 

once. Being aware of hexagonal boundaries and rotating patterns to allow 

only one of each pattern per hexagon, including external hexagons, was 

difficult. Being aware of incomplete hexagons was the most difficult part, 

and some children were unable to manage these external :incomplete 

hexagons, even when their internal hexagons were correctly patterned. 

Table 12 shows correlation coefficients between levels of performance and 

mathematical groups, school class levels, and ages for Figure 27: 

Table 12: Speaman's Rho Correlation Coefficients: Figure 27: 
Wallpaper: Ten Intersecting Hexagons. 
Levels of Perfomance: n = 12. 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.141 

rs= 0.005 

rs= 0.003 

p = >0.05 

p = >0.05 

p = >0.05 
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Figure 27b shows levels of performance across all children who attempted 

Figure 27: 

10 

n 

Levels of Performance 

0 - Too clifficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 27b: Wallpaper: Ten Intersecting Hexagons: 
Levels of Performance. n = 12. 

Figure 27c examines gender performance across levels of performance: 
[Levels of performance as for Figure 27b]. 

n 

n = 5 ____ Males 
n = 7 ---------- Females 

F. e 27c: W • Ten Intersectin Hexa ons: 
Gender Performance Across Lev o P 12. 

The highest level of performance was an 8 year old AV girl. 

Figure 27d shows Figure 27 levels of performance across mathematical 

groups: 
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Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too diffu:.ult 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Diffu:.ult and incomplete with a lot of questioning 
2 - Diffu:.ult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questiorring 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Lev o P Groups. n = 12. 
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8 
SE 

1 

Figure 28, a very advanced junior puzzle, [Plate 64 ], gives clear examples 

of the diffu:.ulti.es children may have when faced with multiple concepts: 

Figure 28: Yachts. 

Many children had diffu:.ulty with rotations. This lay in the formation of 

squares made from half and quarter triangles. Some children lay sails fl.at 

or back to front. Whereas some children found rotations diffu:.ult with no 

colour problems, others were unable to focus on colour, with no rotational 

diffu:.olties. For these children one concept was enough at a ti.me. 
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Figure 28a shows levels of performance across Figure 28: 

4 
3 
2 
1 
0 
n 0 1 ?;-?:3 6 

Levels of Performance 

0 - No rotations. No colour matching. 
1 - Rotations with questioning. No colour m atchlng. 

s 
7 

2 - Rotations with questioning. Colours with questioning. 
3 - Rotations with questioning. Colour matchlng. 
4 - Good rotations. No colour matching. 
5 - Good rotations. Colour matching incomplete.. 
6 - Accurate but incomplete. 
7 - Accurate completion. 
8 - Exceptional, fast or novel performance. 

Figure 28a: Yachts: 
Levels of Performance. n = 19. 

s 

Figure 28b examines gender performance across levels of performance: 
(Levels of performance as for Figure 28a). 

4 
3 
2 
1 
0 
n 

n = 12 
n = 7 

,~ 
., 

< 

0 

Males 
---------- Females 

Figure 28b: Yachts: 
Gender Performance Across Levels of Performance. n = 19. 

s 
8 

Table 13 shows correlation coefficients between levels of performance and 
mathematic.al groups, school class levels, and ages. 

Table 13: S rman's Rho Correlation Coefficients: Fi ure 28: 
Yachts: Levels of Performance: n = 

Across mathematical groups 

Across school class levels 

Across ages 

r = 0.483 s 
r = 0.374 s 
r = 0.512 s 

p = <0.05 

p = >0.05 

p = <0.05 
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Figure 28c shows Figure 28 levels of performance across rn athe rn atical 
groups: 

1 

1 

Levels Groups 1 
of J 
Performance SLD 

1 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - No rotations. No colour matching. 

1 
1 

1 

5 
SR 

2 

6 
AV 

1 - Rotations with questioning. No colour matching. 

7 
SE 

2 

2 - Rotations with questioning. Colours with questioning. 
3 - Rotations with questioning. Colour matching. 
4 - Good rotations. No colour matching. 
5 - Good rotations. Colour matching incomplete. 
6 - Accurate but incomplete. 
7 - Accurate completion. 
8 - Exceptional, fast or novel performance. 

Figure 28c: Yachts: 
Levels of Performance Across Mathematical Groups. n = 19. 

8 
SE 

1 

It was unexpected to find a 7 year old J-SLD ooy, and a 6 year old JR 

ooy at a high level 6 level of performance, only surpassed by two 8 and 

10 year old AV children and one 7 year old JE ch:il.d. The significance in 

correlation levels found in Figure 28 between mathematical groups across 

levels of performance may well be attributed to the high performance of 

the two AV gjr]s, combined with the two JR children finding this puzzle 

too difficult. Ages across levels of performance were also significant, but 

school classes were not. Gender performance for Figure 28 is tested with 

a Mann-Whi.tney U-Test, showing signi.fi.cance in favour of females. This is 

most likely chance. 

In contrast, Figure 27, Wallpaper: Ten Intersecting Hexagons, Spearman's 

Rho correlations for mathematical groups, school classes, and ages across 

levels of performance were not significant. These very low correlations can 
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be attributed to the highest level of performance coming from a child in 

the lowest mathematical group category attempting this puzzle, an AV ~ 

combined with the lowest level of performance for this puzzle coming from 

two children in the highest mathematical group categpory of SE 1 

children. Perceptual difficulties such as pattern matching with colour 

distractions, combined with awareness of shape, and rotations within these 

shapes, do not correlate well with P.A.T. mathematics, but more to the 

ability of a child to perceive and conceive multiple dim ensi.ons and 

concepts simultaneously. A Mann-Whitney U-Test shows no gender 

differences for Figure 27. 

Table 13A shows two tailed M ann-Whi.tney U-Tests testing gender 

differences in levels of performance across mathematical groups for 

Chapter 4, at 0.05, where U (M) = Males, Ul (F) = Females, and z shows 

use of normal approximation for larger samples. 

Table 13A: Mann-Whitney U-Tests For Chapter 4: Gender Differences: 
Levels of Performance Across Mathematical Groups: 

Figure U (M) U1 (F) z 

Puzzles demonstrating unexpected dimensions 

14 
15 
16 

147.5 
20 
5 

188.5 
28 
35 

+ 0.62 

Puzzle demonstrating reversals 

18 
20 

13.5 
127.5 

22.5 
26.5 

Puzzles demonstrating rotations 
27 10 25 
28 18 66 

* significant at 0.05. 

Males 

* 

Females 

* 

* 

Subject numbers for the other puzzles involving rotation that have been 

mentioned in this section were too small for valid comments to be made, 

but it is interesting in the paint chart puzzles, that the two AV girls had 

no problems, whereas both SR children found these puzzles too difficult, 

and one SE 1 child completed them with difficuhy. 
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Individual Child Profiles 

Several remedial children improved their normal classroom mathematics 

following work with the puzzles. The progressive movement was evident in 

their ability to process puzzles and concepts that were previously difficult 

for them. Following work with the puzzles one senior remedial 9 year old 

boy's formal mathematical work improved, and one junior remedial girl 

moved into an average mathematical group in her school class. Two further 

children show explici.t difficulties and movement of progress: 

Junior Remedial boy - age 6 years 

The first child had major problems recognising and rotating shapes to 

match them, gradually learning to rotate and match, although not name 

the shapes, and finally managing some quite advanced puzzles. This boy 

firstly matched sailing ship halves with two sails together instead of a ship 

base and sail, with rotational problems. He was unable to distinguish 

between flower and pentagonal shaped buttons. When asked what shape a 

white felt circle was, he said it was white. On his fourth session he was 

finally able to match halves and quarters cut horizontzlly, vertically and 

diagonally, but called a triangle 'rectangle.' 0 n h:is sixth session he 

attempted Figure 89, the birthday candle array, managing a cardinal and 

ordinal array with vertical colour sequences, and later matched adsu m 

blocks onto shaped cards successfully (Figure 86), although he had no idea 

of conservation of area. He made a large tessellated rectangle with the 

adsum vinyl shapes, and performed another cardinal and ordinal array with 

the button holes array (Figure 88), achieving the most unexpected 

performance for this puzzle and the flower pattern matching strips 

(Figures 92, 93). He was also able to classify, rotate and match the 

aeroplane array (Figure 53), but still ca1led a triangular aeroplane nose a 

rectangle, then a square. 

Junior Remedial girl - age 6 years 

This girl had problems with shapes, and with bilateral symmetry. In 

attempting to match some vertically cut halves with Red Indians on them, 
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(Plate 77), some figures were mismatched to have faces with one or three 

eyes each. She could not see anything wrong with this arrangement. She 

could not seriate a set of diamond shapes, and although she could match 

colours and shapes for vertic.ally halved diamonds, could not match 

horizontally cut halved diamonds. The following week she was able to both 

seriate, and to match faces correctly. At a later session she completed 

the button holes array (Figure 88) successfully with questioning, and made 

tessellated patterns with some semicircles on rectangular shapes. She had 

difficulty rotating pieces to make yachts (Figure 28), and made no colour 

matches. The following year she achieved the second to highest level of 

performance for the adsum shape conservation set (figure 86) and 

completed the reversed tree puzzle (Figure 20) with mini.mun · questioning. 

Her teacher said her school mathematical work develDped suddenly 

follow:ing work with the puzzles. 

Summary 

Some children do have perceptual mode preferences such as colour or 

shape. Some children may also have difficulty with variations within these 

dimensional modes, such as differentiation between colours or shapes, and 

further difficulties with the names of such differentiations. 0 ther children 

may find difficulty with reversals, rotations, and in percei.v:ing lines. In 

addition to these perceptual difficulties, the combination of multiple 

concepts may mean a child is able to concentrate on one concept or 

another, but not both at the same ti.me. 

Chapter 5 looks at children's ability to process multiple concepts. It 

elaborates on perceptual difficulties occurring more frequently :in puzzles 

where :in addition to perceptual dimensions, multiple concepts such as 

ordering - alternating, rotational or consecutive, and consecutive in array 

form, or patterning reqtrired for the solution of a puzzle necessitated a 

consciDus focus of attention. 
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Chapter 5 

Multiple Concepts 

Distraction 
When a child is attending to multiple concepts simultaneously as previously 

discussed, difficulty may occur from an unexpected element or the 

difficulty of focusing on several separate ideas such as colour, pattern, 

shape, reversal or rotation at the same ti.me. Additionally, clifficulty may 

manifest as a distraction element, as evidenced in the following three 

puzzles, Figures 29, 30, and 31. Figure 29, an average senior puzzle, 

involved all of these types · of clifficulty: 

Figure 29: Wallpaper: Three Intersecting Hexagons: 
Verbal Instructions: 

- Find three sets. 

- Find three hexagons. 

- Place each set in its own hexagon. 

A 
~ 

Table 14 shows Figure 29 correlation coefficients between levels of 

performance and mathematical groups, school class levels, and ages. 

Table 14: Spearman's Rho Correlation Coefficients: 
Fi ure 29: Wall a r: Three Intersectin Hexa ons: 
Leve so Per ormance: n = • 

Across mathematical groups 

Across school class levels 

Across ages 

rs 

rs 

rs 

= 0.247 p = >0.05 

= 0.243 p = >O.Ol 
= 0.325 p = >0.05 
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Figure 29a shows Figure 29 levels of performance across mathematical. 

groups: 

7 

5 

Levels Groups 1 
of J 
Performance SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

6 
AV 

1 
1 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 Difficult completion with a lot of questioning 
3 Complete with some questioning 
4 Complete with minimal questioning 
5 Complete with no questioning 
6 Very fast completion · with no questioning 
7 Very fast completion and use of strategy 
8 Exceptional. or novel performance 

Figure 29a: Wallpaper: Three Intersecting Hexagons: 
Levels of Performance Across Mathematical. Groups. n = 15. 

1 
2 

8 
SE 

1 

The distraction element in Figure 29 was the concept of pattern matching 

where colour was :irrelevant, and an unexpected reversal with an orange 

colour set intersecting the two pattern sets. Rotation was also involved. 

Figure 29b: Wallpaper: Three Intersecting Hexagons. 
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Figure 29c shows levels of performance across all children who attempted 

Figure 29: 

5 
4 
3 
2 
1 
0 
n 

s 
:-----;;:z 

0 1 

7 s 
4 5 6 7 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning · 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 29d examines gender performance across levels of performance: 
[Levels of performance as for Figure 29c ]. 

4 

n 

n = 8 
n = 7 

: z'.'.::~s :::s:2---
0 1 2 3 

Males 
---------- Females 

Figure 29d: Wallpaper: Three Intersecting Hexagons: 
Gender Performance Across Levels of Performance. n = 15. 

8 

The distraction element in Figure 30, an average senior puzzle, was colour, 

making it difficult for children to attend to the pattern continuation and 

ignore colour. With only one piece gilled into place, all other pieces 

created rotational difficulties. Pieces of pattern needed to be rotated to 

find their connections. 
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Figure 30a: W allparer: Red / Brown Pattern Continuation Squares. 
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Only three children attempted Figure 30, Wallpaper: Red / Brown Pattern 

Continuation Squares. It was too difficult for one 10 year old SR girl. The 

8 year old AV girl found this difficult, but completed it, and her 10 year 

old AV sister completed it with no problems. 

As well as showing elements of distraction, Figures 29, 30 and 31 also 

:incorporate concepts of rotational ordering, discussed later :in this chapter. 

Neither Figure 29 nor Figure 31 show significance at 0.05 levels of 

significance for Spearman's Rho correlations between mathematical groups, 

school classes or ages across levels of performance. Subject numbers are 

small, requiring a higher rs for significance between correlations. 

In Figure 29, Wallpaper: Three Intersecting Hexagons, one AV girl was able 

to achieve the highest very fast com pleti.on with no questi.on:ing level of 

performance 6, exhibited :in this puzzle, along with SE 1 and SE 2 children. 

Curiously, the lowest level of performance was also exhibited by a SE 2 

child who found this puzzle too difficult. Two JE children completed the 

puzzle with difficulty and questioning. Three of the eight SE 1 children 

attempting Figure 29 also corn pleted it with difficulty and questi.on:ing, 

with more children achiev:ing at this low level 2 than at any other level. 

This was one puzzle where boys seemed to have more difficulty than girls, 

with boys peaking at difficult com pleti.on with a lot of question:ing level 2, 

and girls peaking at level 6 very fast completion with no questi.on:ing. A 

Mann-Whi.tney U-Test testing gender differences :in levels of performance 

for Figure 29 shows no significant gender differences. 

Gender performance for Figure 31 :included three boys and two girls who 

found this puzzle too difficult. This is more than half of the eight children 

attempting Figure 31. Two boys and one girl completed this puzzle 

successfully. Gender differences are not apparent. This difficulty centred 

around rotation, where each block of repeated pattern was cut differently, 

with pieces not :interchangeable with pieces :in other pattern blocks. Colour 

distraction also created significant difficulty. 
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Figure 31, an advanced senior puzzle, had a distraction element of colour, 

where the real task was of repetitive matched patterns with rotation: 

Figure 1: 

Plate 2 : Figure 31a: Red / Silver / Bllle Buildup Pattern Match Jigsaw. 
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Figure 31b shows Figure 31 levels of performance across mathematic.al 

groups: 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of rearranging 
2 - Difficult completion with a lot of rearranging 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

F. ure 31b: Red / Silver / Blue Build Pattern Match 
Levels of Performance Across Mathematic.al Groups. n = • 

8 
SE 

1 

Table 15 shows Figure 31 correlation coefficients between levels of 

performance and mathematic.al groups, school class levels, and ages. 

Table 15: S arman's Rho Correlation Coefficients: 
Fi ure 31: Red Silver Blue Build Pattern Match Ji saw. 
Leve so Per ormance: n = • 

Across mathematical groups rs = 0.440 p = >0.05 

Across school class levels rs = 0.434 p = >0.05 

Across ages rs = 0.434 p = >0.05 

Alternating Concepts 

A further difficulty with multiple concepts concerned alternating concepts. 

[Figures 32, 33, 34, 35, 36, 37]. Alternating concepts form an ordered 

pattern in themselves, so the child's task is to classify, order, and 
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connect, requiring much conscious attention. Figure 32, an average senior 

puzzle, shows an exam p1e of alternating concepts: 

0 
@ 

Figure 32: Chain Llnk: Intersecting Sets of Two Buttons: 
Verbal Instructions: 

- Find sets of two buttons. 

- Each chain link is a set of two. 

- Place sets of two buttons in the chain links. 

- The last button you place must make a set with your first button. 
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One 10 year old SE 1 girl had difficulty ctistinguishing green from 

turquoise, and in establishing an alternating colour / pattern sequence. 

Colour differentiation and alternating pattern difficulties were the major 

difficulties encountered in this puzzle. 

Figure 32a: Chain Llnk: Intersecting Colour / Pattern Sets of Two Buttons: 
Verbal Instructions: 

- If a child has difficulty placing buttons into sets of two because each 

button belongs to a colour set and a form / pattern set, I ask the child 

to find one set of two. The child will select either a colour or a 

pattern set of two. The set is placed on the diagram. I ask the child to 

find another button to match one of these two buttons. 
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Figure 32b shows Figure 32 levels of performance across mathematical 

groups: 

8 

1 

1 
Groups 1 2 3 4 5 6 7 8 Levels 

of J 
SLD 

JR JE s SR AV SE SE 
Performance SLD 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - V ecy fast completion with no questioning 
7 - Vecy fast completion and use of strategy 
8 - Exceptional or novel performance 

2 

Figure 32b: Cham Llnk: Intersecting Colour/ Pattern Sets of Two Buttons: 
Levels of Performance Across Mathematical Groups. n = 12. 

1 

Table 16 shows correlation coefficients between leve1s of performance and 

mathematical groups, school class levels, and ages. 

Table 16: S man's Rho Correlation Coefficients: 
Figure 32: Cham Llnk: Intersecting Colour Pattern Sets of Two Buttons: 
Levels of Performance: n = 12. 

Across mathematical groups 

Across school class levels 

Across ages 

rs= -0.029 
r = 0.054 s 
r = 0.208 s 

p = >0.05 

p = >0.05 

p = >0.05 

Figure 32c shows levels of performance across all children who attempted 

Figure 32: 
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n 0 l 3 s 
Levels of Performance 

0 - Too difficult 

6 7 

1 - D:iffic.ult and inco m pl.ete with a lot of questi.orring 
2 - Difficult corn pl.eti.on with a lot of questiorring 
3 - Com pl.ete with some questioning 
4 - Complete with minimal questioning 
5 - Com pl.ete with no questiorring 
6 - Very fast corn pl.eti.on with no questi.orring 
7 - Very fast com pl.eti.on and use of strategy 
8 - Exceptional or novel performance 
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8 

Figure 32c: Chain Llnk: Intersecting Colour / Pattern Sets of Two Buttons: 
Levels of Performance. n = 12. 

Figure 32d examines gender performance across levels of performance: 
(Levels of performance as for Figure 32c). 

4 
3 

1 
0 
n 0 

n = 6 ____ Males 
n = 6 ---------- Fem ales 

,, ' 
' ' 

· ure 32d: Chain Llnk: Intersectin Colour / Pattern Sets of Two Buttons: 
Gender Performance Across Levels o P ormance. n = 1 • 

It is not surprising there is no correlation between mathematical groups 

and levels of performance for Figure 32. No SE 1 child reaches as high a 

level of performance of 4 of complete with minimal questi.orring, as the 

two AV girls and one JE and one SE 2 child. As well, the second to 

lowest level of performance of 1 is included in the SE 1 group, with a 

difficult inco m pl.eti.on. There were equal numbers of children achieving a 
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difficult completion with a lot of questioning, as there were who 

corn pleted the puzzle with minim al questioning. Gender performance 

appears to show girls achieving the higher level of performance. A Mann­

Whitney U-Test testing gender differences in levels of performance in 

Figure 32 shows no significant gender differences. 

Colour d:iscri.mination was not more difficult for boys than girls. The 

diffficulty seemed more related to the necessity to classify according to 

colour and pattern, and to alternate these in pattern form. Conscious 

effort to keep track of these alternations seemed very difficult for many 

of the children. 

Figure 33, an above average senior puzzle, is an extension of the concepts 

in Figure 32. The same 10 year old SE 1 girl experienced similar difficulty 

with alternating concepts in Figure 33 as she did in Figure 32. One SE 1 

boy had difficulty finding pattern matched sets of two buttons, being 

distracted by the:ir differing colours. A further distraction element was the 

:i.ncl.usi.on of a third colour matched button that was not related to any 

particular pattern set, creating the need for rotational ordering over and 

above the alternating colour/ pattern circular sequence. 

Figures 33, 34, 35, 36 and 37 are extensions of the basic concept in 

Figure 32, including variations on a similar theme. Each puzzle adds an 

additional surprise element. Subject numbers are too small across all of 

these puzzles to examine trends in levels of performance, with mixed AV 

and SE 1 children only attempting these puzzles. 

Of note is speed of performance which may indicate transfer of learn:ing 

for some of these children. Transfer of learning will be discussed in 

Chapter 6. In Figure 36, one SE 1 girl completed this puzzle accurately in 

five minutes, with no questioning. The same girl completed Figure 37 in 

ten minutes, as did the 8 year old AV girl, both performances following 

minimal questioning. The 10 year old AV girl completed Figure 37 

accurately with no questioning in just a few minutes. 
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0 

Figure 33: Intersecting Sets of Three / Sets of Two Button Star: 
Verbal Instructions: 

- Each triangle is a set of three. Each chain link is a set of two. 

- Find buttons that belong together. 

- Place sets of two buttons in the chain links. 

- Place sets of three buttons :in the triangles. 

- The last set you place must link with your first set. 



Figure 33a: Intersecting Colour Sets of Three / Pattern Sets of Two 
Button Star: 

145 
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Figure 33b shows leve.1s of performance across mathematical groups: 

8 

0 
Levels Groups 1 5 6 7 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 
SR AV SE 

Leve.ls of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some question:ing 
4 - Complete with minimal questioning 
5 - Very fast completion with minimal questioning 
6 - Complete with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

2 

Figure 33b: Intersecting Colour Sets of Three / Pattern Sets of Two 
Button Star: Leve.ls of Performance Across Mathematical Groups. n = 6. 
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Figure 34, an above average senior puzzle, shows Figure 34 leve.1s of 

performance across mathematical groups: [Leve.ls of performance as for 

Figure 33b ]. 
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Levels 
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Groups 1 

Performance 
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Figure 34: Intersecting Sets of Three Button Star: 
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Levels of Performance Across Mathematical Groups. n = 6. 
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Figure 34a: Intersecting Sets of Three Button Star: 
Verbal Instructions: 

- Each triangle is a set of three. 

- Find buttons that belong together. 

- Place sets of three buttons in the triangles. 

- The last set you place must link with your first set. 
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Figure 34b: Intersecting Colour Sets of Three / Pattern Sets of Three 
Button Star: 

148 
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Figure 35, an above average senior puzzle, is a further example of 

al.terna ti.on: 

0 
@ 

0 

@ 

@ © 
Figure 35: Intersecting Sets of Three Button Star: 
Verbal. Instructions: 

- Each triangle is a set of three. 

- Find buttons that belong together. 

- Place sets of three buttons in the triangles. 

- The last set you place must link with your first set. 

@ 



Figure 35a: Intersecting Col.our Sets of Three / Shape Sets of Three 
Button Star. 

150 
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Figure 35b shows levels of performance across mathematical groups: 

8 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

5 
SR 

6 
AV 

7 
SE 

2 

Levels of Performance 

0 - Too difficult 
1 - Difficult and :incomplete with a lot of questi.orrlng 
2 - Difficult com pleti.on with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with m:inim al questioning 
5 - Very fast com pleti.on with m:inim al questioning 
6 - Complete with no questioning 
7 - Very fast com pleti.on with no questioning 
8 - Exceptional or novel performance 

Figure 35b: Intersecting Colour Sets of Three / ShaQe Sets of Three 
Button Star: Levels of Performance Across Mathematical Groups. n = 3. 
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Figure 36, an average senior puzzle, shows Figure 36 levels of performance 

across mathematical groups. [Levels of performance as for Figure 35b]. 

Levels 
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Groups 1 

Performance 
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Figure 36: Intersecting Sets of Two Circular Chain 
with Intersected Triangular Po:ints: 
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Levels of Performance Across Mathematical Groups. n = 5. 
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The child with the highest level of performance was the same 10 year old 

SE 1 girl who earlier had difficulty with alternating concepts in Figures 32 

and 33. 

0 
({$) 

Figure 36a: Intersecting Sets of Two Circular Chain 
with Intersected Triangular Points: 
verbal Instructions: 

- Find sets of two buttons. 

- Each chain link is a set of two. 

- Place sets of two buttons in the chain links. 

- The last button you place must make a set with your first button. 

- Find one button to complete each triangle. Each button completing a 

triangle will intersect a chain linked set. 



Figure 36b: Intersecting Colour / Pattern Sets of Two Circular Chain 
with Colour Intersected Triangular Points. 

1 53 
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Figure 37, an above average senior puzzle, exhibited multiple altemating 

concepts: 

0 
0 00 @ 0 

0 0 0 (j) 
D 

0 

Figure 37: Intersecting Sets of Two Circular Chain: 
Verbal. Instructions: 

- Find sets of two buttons. 

- Each chain link is a set of two. 

- Place sets of two buttons in the chain links. 

- The last button you place must make a set with your first button. 
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Figure 37a: Intersecting Shape / Colour / Pattern / Colour Sets of Two 
Clrcular Chain. 



Figure 37b shows levels of perform ance acr oss mathem atical groups: 
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Levels Groups 1 
of 
Perf o rmanc e 

J 
SLD 

2 
JR 

3 
JE 

4 
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SLD 

5 
SR 

6 
AV 

7 
SE 

2 

Levels of Performance 

0 - Too difficult 
1 - Dlifi.cult and incomplete with a lot of questioning 
2 - Dlifi.cult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Very fast completion with m:i.rri.m al questioning 
6 - Complete with no questioning 
7 - Very fast completion with no questioning 
8 - Exceptional or novel performance 
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Figure 37b: Intersecting Shape / Colour / Pattern / Colour Sets of Two 
Circular Chain: Levels of Performance Across Mathematical Groups. n = 3. 

Rotational Ordering 

A further difficulty with multiple concepts occurred with rotational 

ordering. [Figures 38, 39, 40, 41, 42, 43]. Figure 38 :is a very advanced 

junior puzzle: 
,e----,,---, 

Figure 38: Green / Brown Pattern Continuation Rectangles. 
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Children attempted to colour match rather than pattern match, and found 

rotating pieces diffu::.ult. Children also had rotational ordering diffu::.ul.ti.es 

with Figure 39, a beginning senior puzzle: 

a • -,,.__ 
0 

~0 
@ 

- Arrange the buttons with one colour connection and no more than one 

colour difference between any buttons you place in connecting circles. 

Figure 39a: One Colour Difference Button Circle. 
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Figure 39b shows Figure 39 levels of performance across mathemati.cal 

groups: 

8 
7 
6 
5 
4 
3 
2 
1 
0 1 1 

Groups 1 2 3 4 5 6 7 Levels 
of J JR JE s SR AV SE 
Performance SLD SLD 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questiorring 
2 - Difficult completion with a lot of questiorring 
3 - Complete with some questiorring 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 39b: One Colour Difference Button Clrcle.. 
Levels of Performance Across Mathemati.cal Groups. n = 27. 
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8 
SE 

1 

The highest level of performance of exceptional speed [ 30 seconds] was 

from an 8 year old AV girl. Many children did not notice the alternating 

pattern of one colour/ two colours, nor apply an ordering strategy. 

Table 17 shows Figure 39 correlation coefficients between levels of 

performance and mathematical groups, school class levels, and ages. 

Table 17: S arrnan's Rho Correlation Coefficients: 
Fi re 9: One Co our Difference Button Circle. 
Leve so Per orrnance: n = • 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.404 

rs= 0.346 

rs= 0.389 

p = <0.05 
p = <0.05 
p = <0.05 
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Figure 39c shows levels of performance across all children who attempted 

Figure 39: 

1 
9 

n 0 

Levels of Performance 

0 - Too difficult 
1 - Difficult and inco m pl.ete with a lot of questioning 
2 - Difficult com pl.etion with a lot of questioning 
3 - Com pl.ete with some questioning 
4 - Com pl.ete with minim al questioning 
5 - Com pl.ete with no questioning 
6 - Very fast com pl.etion with no questioning 
7 - Very fast com pl.etion and use of strategy 
8 - Exceptional or novel performance 

Figure 39c: One Colour Difference Button Circle. 
Levels of Performance. n = 27. 

Figure 39d examines gender performance across levels of performance: 
[Levels of performance as for Figure 39c ]. 

10 
9 

n 

n = 13 ____ Males 
n = 14 ---------- Females 

Figure 39d: One Colour Difference Button Circle. 
Gender Performance Across Levels of Performance. n = 27. 
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Spearman's Rho correlations for Figure 39 between mathematical groups, 

school classes and ages across levels of performance were all significant at 

a 0.05 level of sign:i..ficance, despite the highest level of performance be:ing 

from an 8 year old AV Std. 2 girl, and three SE children finding this 

puzzle very d:ifficult. In contrast, no junior child reached the higher levels 

of performance recorded here, and one JR child and one SR child found 

this puzzle too d:ifficult. Significance levels are not high and may be due 

to chance alone. A M ann-Whi.tney U-Test testing gender d:ifferences in 

levels of performance shows no gender d:ifferences. 

Figures 40 and 41 as exam pl.es of puzzles incorporating rotational ordering 

are :increasingly d:ifficult variations on the one difference circuit theme. 

The position of items in sets is important for the correct solution :in all 

rotational ordering puzzles. Classifying sets is a necessary pre-requisite 

before the ordering positions of these sets can be linked. 

In contrast to Figure 39, Figure 40 Spearman's Rho correlations between 

mathematical groups, school classes and ages across levels of performance 

were not significant at a 0.05 level of s:igni.ficance. This is not surprising 

when SE 1 children ranged in levels of performance from too difficult to 

very fast completion and use of strategy. The too d:ifficult category was 

also represented by children in the SE 2 mathematical group. Additionally, 

both AV children achieved the highest level of performance. There appears 

to be a difference :in gender performance, with boys achieving at lower 

levels of performance than girls. A Mann-Whi.tney U-Test testing gender 

differences in levels of performance shows no significant differences. 

Two further examples of rotational ordering are demonstrated in Figures 

42 and 43, both puzzles requiring fixed positional ordering of sets. In 

Figure 42, Spearman's Rho correlations between mathematical groups, 

school classes and ages across levels of performance were also not 

s:igni.ficant at a 0.05 level of significance. This is also not surprising when 

two SE 1 children found this puzzle too d:ifficult, and junior levels of 

performance were similar to senior levels of performance. A Mann-Whitney 

U-Test testing gender differences in levels of performance shows no 

d:iff erence. 
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Figure 40, an average senior puzzle, was different from Figure 39 in that 

a strategy was useful to determine which button needed to take the 

central position in the diagram, although a time consuming visual trial and 

error approach was successful for some children: 

F~ 40: One Colour Difference Button Figure Eight: 
V Instructiom: 

- Arrange the buttons with one colour connection and no more than one 

colour difference between any buttons you place in connecting circles. 

- The button you place in the centre must have a colour relationship with 

every button c.ircl.e it is connected to. 
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Figure 40a: One Colour Difference Button Figure Eight: 

Table 18 shows correlation coefficients between levels of performance and 

mathematic.al groups, school class levels, and ages. 

Table 18: Spearman's Rho Correlation Coefficients: 
Figure 40: One Colour Difference Button Figure Eight: 
Levels of Performance: n = 17. 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.034 

rs= 0.237 

rs= 0.237 

p = >0.05 
p = >0.05 
p = >0.05 

The time it took children to complete this puzzle varied enormously. Two 

SE 2 children completed this puzzle m 30 mmutes each, and the two AV 

children and one SE 1 child completed it in 5 minutes each. The faster 



163 

ch:iklren worked out a strategy of counting the number of circles 

connecting with the central circle, and then counting the number of 

buttons any particular colour appeared on. F:incting this central button was 

essential to the ordered rotation :in this puzzle. 

Figure 40b shows levels of performance across all children who attempted 

Figure 40: 

4 
3 
2 
1 
0 
n 

Levels of Performance 

0 - Too diff:i.c:u1.t 
1 - Djfficult and incomplete with a lot of questioning 
2 - Difficu1t completion with a lot of questioning 
3 - Complete with some questi.on:ing 
4 - Complete with m:inimal questioning 
5 - Complete with no questi.omng 
6 - Very fast completion with no questi.omng 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 40b: One Colour Djff erence Button Figure Eight: 
Levels of Performance. n = 17. 

Figure 40c examines gender performance across levels of performance: 

[Levels of performance as for Figure 40b ]. 

5 
4 
3 
2 
1 
0 
n 

' ✓ - .. _ ' ~= ,,~-~-
n = 8 ____ Males 
n = 9 ---------- Females 

Figure 40c: One Colour Djfference Button Figure Eight: 
Gender Performance Across Levels of Performance. n = 17. 



Figure 40d shows levels of performance across mathematical groups: 
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Levels Groups 1 5 6 7 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
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SLD 
SR AV SE 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel petf orm ance 

Figure 40d: One Colour Difference Button Figure Eight: 
Levels of Performance Across Mathematical Groups. n = 17. 
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Figure 41, an above average senior puzzle was only attempted by one 10 

year old AV girl who completed it after a lot of rearranging: 

Figure 41: One Material Difference Button Figure Eight: 
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Figure 42, an above average senior puzzle, also required a particular order, 

often involving children in much rotational rearranging before the correct 

intersections could be found. The clear naming of sets was essential. to the 

effective ordering of elements in this puzzle. 

~ 
C) . 

. 

~ 42: Venn Diagram: Four Intersecting Wallpaper Sets: 
Ver Instructions: 

- F:ind four sets. 

- One set is a colour set. 

- One set is a size set. 

- One set is a pattern set. 

- One set is a shape set. 

- Name each set. 

- Place each set :in its own circle. 

- Some pieces belong to more than one set. Place these pieces where the 

sets intersect each other :in the :intersecting c.ircl.es. 



42a: Venn Dia m: Four Intersectin 
Sm all Pattem Tri.angle. 

Table 19 shows Figure 42 correlation coefficients between levels of 

performance and ma them at:ical. groups, school class levels, and ages. 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.140 

rs= 0.147 

rs= 0.204 

r Sets: 

p = >0.05 
p = >0.05 
p = >0.05 
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Figure 42b shows levels of performance across all children who attempted 

Figure 42: 

9 
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6 
5 
4 
3 
2 
1 
0 
n 0 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questi.orring 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questiorring 
4 - Complete with minim al questiorring 
5 - Complete with no questiorring 
6 - Very fast completion with no questiorring 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

F. ure 42b: Venn Dia m: Four Intersectin Sets: 
Red Small Pattern Tri.angle. 
Levels of Performance. n = 23. 

Figure 42c examines gender performance across levels of performance: 

[Levels of performance as for Figure 42b]. 
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n = 13 ____ Males 
n = 10 ---------- Females 

n = 23. 
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Figure 42d shows Figure 42 levels of performance across mathematical 

groups: 

Levels Groups 1 
of 
Performance 
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Levels of Performance 

0 - Too difficult 
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5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Sets: 

n = 23. 

8 
SE 

1 

The 9 year olrl SE 2 boy with the highest level of performance completed 

Figure 42 in ten minutes. He did this by clearly naming his sets and by 

attending only to these named elements without being distracted and 

confused by other elements such as 'big' and 'c.ircl.e'. 

Figure 43, a very advanced senior puzzle, :is a fixed position domino set 

with movable buttons. Much rotational ordering to intersect sets :is involved 

in this puzzle, made more difficult by the multiple classi6C<'ltion concepts 

incorporated. A 10 year olrl AV girl completed this puzzle, but found it 

difficult and required a lot of questioning. 
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~ 43: Domino Multiple Concept Button Sets: 
V Instruct:i.ora: 

- Find sets of buttons that belong together. 

- Each square on the diagram is a set. 

- Each circle on the diagram is a set. 

- Each half circle [semicircle] and quarter circle on the diagram is part 

of a set. 

- Put each set of b.lttons in its own circle or square. 
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Figure 43a: Domino Multiple Concept Button Sets. 

As all square sets are complete, with some circular sets incomplete, it :is 

neces;ary for the child to count the number of sets of four and the 

number of incomplete sets to determine which sets belong in the squares 

and which sets belong in the circles on the diagram. 

Increased conceptual performance from a child indicates learning, whereas 

decreased conceptual. performance may indicate tiredness from the 

conscious focus of attention on multiple concepts, causing one or another 

concept to progresg.vely slip from attention. Figure 44, a very advanced 

junior puzzle, :is composed of four differently patterned sets of twelve 
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triangles of equal shape and size. Children create the:ir own matching, 

sy m metric~ geometric or tessel13ted patterns from these. [Plate 36 ]. 

Figure 44: Striped Triangles: 
Verbal Instructions: 

- Make patterns with the triangles. 

Figure 44a shows Figure 44 levels of performance across rn a the rn atical 

groups: 
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Levels Groups 1 2 
of J JR 
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3 4 
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SR 
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Performance SLD SLD 

Levels of Performance 
0 - No patterns or pattern matching 
1 - Hexagons with no pattern matching 
2 - Symmetrical pattern matched patterns 
3 - Pattern matched hexagon, mismatched hexagons, 

incomplete hexagons 
4 - Pattern matched hexagons 
5 - Very fast pattern matched hexagons 
6 - Pattern matched hexagons and some stars 
7 - Pattern matched hexagons and stars 

7 
SE 

2 
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8 
SE 
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8 - Pattern matched hexagons, stars and creative symmetrical 
patterns 

Figure 44a: Striped Triangles: 
Levels of Performance Across Mathematical Groups. n = 9. 

One 9 year old SR boy formed six pattern matched triangles into a 

hexagon. He foll.owed this with several more mismatched patterned 

hexagons, and finally with incomplete hexagons. This contrasts with the 

unexpectedly high level of performance from an 8 year old J-SLD boy who 

made a haphazard design at first-, foll.owed by pattern matched hexagons 

which he finally turned into stars by adding matched triangles to the 

outsides of his hexagons. 

Consecutive Ordering 

Consecutive ordering was another form of multiple concept where children 

might experience diffk.ulty and exhibit progressive levels of conceptual 

understanding. Figures 45, 46, 47, 48, 49, 50, 51, 52 and 53 show examples 

of consecutive ordering in addition to classification. Some of these puzzles 

form an array or m atri.x with an ordered pattern or progression both 

horizontally and verticall.y in rows and columns. Figure 45, a beginning 

senior puzzle, may be completed horizontally or vertically: top to bottom, 

or left to right: 



@ 

@ 

Fm 45: Button Sets: 
V Instructiora: 

- Find buttons that belong together. 

- Arrange button sets on the diagram. 

0 

- There is a horizontal relationship between buttons across rows. 

- There is a vertical. relationship between buttons down columns. 

(Q) 
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Figure 45a: Repeated Patterns Cardinal and Ordinal Button Sets. 
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Figure 45b shows Figure 45 levels of performance across mathematic.al 

groups: 
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Levels Groups 1 
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Performance 
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Levels of Performance 

0 - Too difficult 

5 
SR 

6 
AV 

7 
SE 
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1 - Difficult and :inco rn plete with a lot of questioning 
2 Difficult completion with a lot of questioning 
3 Complete with some questioning 
4 Complete with minimal questioning 
5 Complete with no questioning 
6 Very fast completion with no questioning 
7 Very fast completion and use of strategy 
8 Exceptional or novel performance 

F. ure 45b: Re ted Patterns Cardinal and Ordinal Button Sets: 
Levels of Performance Across Mathematical Groups. n = • 

2 
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One 9 year old SE 1 boy used a strategy by first counting his buttons and 

dividing this number by the number of rows in the diagram to find how 

many buttons he could expect there to be in each set. He then tried to 

cL9s.sify the buttons according to colour. When this did not work he tried 

matching the buttons according to the:ir pattern types. He finally classified 

them according to the number of repeated patterns the buttons contained, 

and after a lot of rearranging, ordered the sets on the diagram correctly. 

Figure 46, an average senior puzzle, contrasts with Figure 45. In Figure 45 

there are no colour relationships, and ordering occurs between rows with 

cardinal horizontal relationships within rows, and ordinal vertical 

relationships between rows. In Figure 46 there are colour relationships, and 

ordering occurs within rows with ordinal horizontal relationships within 

rows, and cardinal vertical relationships between rows. 
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Figure 46: Repeated Patterns Coloured Cardinal and Ordinal Button Sets 
Verbal Inst:ruc tions: 

- Find buttons that belong together. 

- Arrange button sets on the diagram. 

- There :is a horizontal. relationship between buttons across rows. 

- There :is a vertical relationship between buttons down columns. 
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Figure 46a: Repeated Patterns Coloured Cardinal. and Ordinal Button Sets. 
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An 8 year old AV girl formed her colour rows, but because she had 

difficulty counting the nu m hers of repeated patterns on some of the 

buttons, some buttons were placed in order and some were not. Her 10 

year old AV sister classified the colours and observed the repeated 

patterns, but needed questioning to init:iate ordinal sequencing. 

Three further m ul.t:iple conceptual puzzles involving consecutive ordering 

:included hierarchy triangles. Figure 

one perceptual dim ensi.on: 

Figure 47: Six Button Sets One Difference Hierarchy Triangle: 
Verbal Instructions: 

- Find 6 sets. Name your sets. 

- Find the 6 buttons that name your sets. 

- Place the 6 buttons that name your sets at the bottom of your 

hierarchy triangle. 

- Arrange the remainder of the buttons with no more than one tiring 

different between any buttons you place in connecting circles. 
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Figure 47a: Six Colour Button Sets One Difference Hierarchy Tri.angle: 

Both AV girls needed questioning to complete Figures 47, 48, and 49. 

Figure 48, an advanced senior puzzle was another example of a hierarchy 

triangle involving an additional perceptual dimension: 
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• 

- Find 4 sets. Name your sets. 

- Find the 4 buttons that name your sets. 

- Place the 4 buttons that name your sets at the bottom of your 

hierarchy triangle. 

- Arrange the remainder of the buttons with no more than one tlrlng 

different between any buttons you place in connecting circles. 

F~ure 48a: Four Colour / Repeated Patterns of Four Button Sets One 
Dterence Hierarchy Triangle. 

180 



Figure 49, an average senior puzzle, was the third hierarchy triangle: 

F. ure 49: Three Button Sets One 
V Instruc ti.ons: 

- Find 3 sets. Name your sets. 

- Find the 3 buttons that name your sets. 

- Place the 3 buttons that name your sets at the bottom of your 

hierarchy triangle. 

- Arrange the remainder of the buttons with no more than one tlrlng 

different between any buttons you place in connecting circles. 

181 

Figure 49a: Three Shape Button Sets One Difference Hierarchy Triangle. 
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Ordering appears to be a more difficult task for children than classifying, 

when ordering of sets is an additional task to the initial classification of 

sets. It requires a conceptual leap for a child to simultaneously and 

consciously attend to and link these two functions. For cardinal and 

ordinal sets involv:ing repeated patterns of specific numbers, some children 

found consecutive ordinal ordering of these classifk.ations was not an 

automatic progression, despite awareness of the differing numbers of 

repeated patterns as evidenced by the child's classifications, and the visual 

assistance towards layout from the design of the diagrams. Counting the 

numbers of repeated patterns in the higher numbers was difficult for all 

children. Successful children found a strategy essential for accuracy, of 

marl<lng a starting point for counting each button. In Figure 45 there were 

:insufficient numbers of subjects to make any correlational interpretations 

between mathematical group categories and levels of performance, but the 

two lowest performing children were from the highest mathematical group 

category, and only one 8 year old AV girl required no questioning at all. 

Some children became confused by the large number of buttons in Figure 

46, finding this puzzle too difficult, despite conceptual understanding. 

Consecutive ordering in the hierarchy triangle series of puzzles involved 

concepts of progressive accumulative addition of elements. The only 

children to attempt these puzzles were the two AV girls, both of whom 

required questioning to complete each puzzle. The array concept seemed to 

be the most difficult aspect of these puzzles. 

Arrays 

Most of the remaining puzzles in Chapter 5 incorporating consecutive 

ordering are arrays of various types. These inclllde Figures 50, 52, 53, 55 

and 56. The issue of an ordering process following a classification one is 

evident in performance levels in these puzzles, with the ordering aspect 

again not being a natural progression for the child, but a separate and 

distinctive function. For Figure SO, Spearman's Rho correlations between 

mathematical groups across levels of performance were sign:i.fic.ant at a 

0.05 level of sign:i.fic.ance, but not for school classes and ages. It may be 

the high performance of the two AV girls that create this sign:i.fic.ance. A 

Mann-Whitney U-Test testing gender differences in levels of performance 

for Figure 50 shows no significant differences. 



Figure 50, a very advanced junior puzzle with m ultipl.e concepts reqtm:111g 

consecutive ordering, showed various perceptual difficulties and levels of 

conceptual understanding: 

[ __ ] 
I~ 

Plate 3 : Figure 50: Lego Ordinal Array: 
Verbal Instructions: 

- Make Lego models. 

- Arrange your Lego models together to make sets. 

1 8 3 
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Plate 4 : Figure 50a: Lego Ordinal Array: 

A 7 year old JR boy had difficulty classifying the size of the pieces in 

one model which used the same colour combinations of another model with 

differently sized pieces. He then had great difficulty ordering these sets. 

Another 7 year old JR boy mixed models and the:ir sequences. Some 

children needed questioning to arrange the:ir first model, and were then 

able to complete other models alone. Some children made arrays with 

their models, and some children could not find a way of arranging the:ir 

separately placed models together. 

18 4 
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Figure 50b shows Figure 50 levels of performance across mathematical 

groups: 

1 1 1 
1 

Levels Groups 1 2 3 4 
of J JR JE s 
Performance SLD SLD 

Levels of Performance 

0 - Too ctifficult. 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning. 

8 
SE 

1 

2 Djfficult corn pletion of models with a lot of questioning. 
3 Completion of models with initial questioning. No array. 
4 Completion of models with no questioning. No array. 
5 Array with some questioning 
6 Array with no questioning 
7 Array with very fast completion 
8 Exceptional or novel performance 

Figure 50b: Lego Ordinal Array: 
Levels of Performance Across Mathematical Groups. n = 12. 

Table 20 shows Figure 50 correlation coefficients between levels of 

performance and mathematical groups, school class levels, and ages. There 

is a correlation between levels of performance and mathematical groups, 

but not between levels of performance and school class levels or ages. 

Table 20: S nnan's Rho Correlation Coefficients: 
Figure : Lef o Ordinal Arrar 
Levels of Per onnance: n = 1. 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.554 

rs= 0.337 

rs= 0.339 

p = <0.05 

p = >0.05 

p = >0.05 
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Figure SOc shows levels of performance across all children who attempted 

Figure 50: 

5 
4 

2 

8 
n 

z z 
0 1 2 3 

?00:: 
4 5 

Levels of Performance 

0 - Too difficult. 

6 

1 - Difficult and incomplete with a lot of questioning. 
2 - Difficult completion of models with a lot of questioning. 
3 - Completion of models with :initial questioning. No array. 
4 - Completion of models with no questioning. No array. 
5 - Array with some questioning 
6 - Array with no questioning 
7 - Array with very fast completion 
8 - Exceptional or novel performance 

Figure SOc: Lego Ordinal Array: 
Levels of Performance. n = 12. 

Figure SOd examines gender performance across levels of performance: 

4 
3 
2 
1 
0 
n 

n = 9 
n = 3 

O 1 2 3 4 6 8 

Males 
---------- Females 

Figure 50d: Lego Ordinal Array: 
Gender Performance Across Levels of Performance. n = 12. 

Figure 51, a beginning senior puzzle, was another example of a multiple 

conceptual puzzle involving consecutive ordering causing difficulty. Although 

these button classiftvi.tions needed consecutive ordering, there was more 

than one way of arranging them, and more than one name for one of the 

sets with a multiple classiftvition. 
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0 
0 

0 
D 

D 
0 

0 
0 

• 
Figure 51: One Difference Multiple Concept Button Arm Set: 
Verbal Instruc ti.Dns: 

- Find buttons that belong together. 

- Name your sets. 

- Arrange your sets on the diagram with no more than one thing different 

between any buttons you place in connecting circles. 

- Name each button arm set. 

- Name your central set. 

Figure Sla: One Difference Multiple Concept Button Arm Set: 
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A 10 year old AV girl arranged her shape sets in se:r:iated form with the 

biggest buttons in the centre, but did not notice her met.al set. Her 8 

year old AV sister reversed this, placing the smallest buttons in the 

centre. When I asked her if she could find another central set, she 

reversed the seriatiDns and called her central set 'big.' I asked if she 

could find another name for her big set. Only then did she notice it was 

metal. 

Figures 52 and 53, very advanced junior puzzles, were multiple conceptual 

puzzles requiring consecutive ordering in the form of an array: [Plate 14] 

-

F~ 52: Contact: ColDur / Pattern Array: 
V Instruc tiDns: 

- Find pieces that belong together. 

- Match them together onto the diagram. 

- Place sets of pieces together. 

Name your sets along rows. 

- Name your sets down columns. 

Figure 52a: Contact: ColDur / Pattern Array: 



Figure 52b shows Figure 52 levels of performance acros.s mathematical 

groups: 

Lev e ls 
of 

Group s 1 

Performance 
J 

SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult co mpletion wi th a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fas t completion with no questioning 
7 - Very fast completion and use of strat egy 
8 - Exceptional or novel performance 

Figure 52b: Contact: Colour / Pattern Array: 
Levels of Perfor mance Acros.s Mathematical Groups. n = 8. 

1 39 

8 
SE 

1 

An 8 year old JE boy made a correct array, but had difficulty naming his 

sets, especially his col.our ones. He imaginatively called his star pattern 

se t ' milky way.' Another array was Figure 53: [Plate 19] • 

Figure 53: Aeroplane Arra y: 
Verbal Instructions: •• .. . 
- Match your aeroplane halves into aeroplane pictures. 

- Place aeroplanes that 1::>el.ong together on the diagra m. 

- Na me each row. 

- Name each colu mn. 
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Figure 53a: Aeroplane Arra~: 
Figure 53b shows Figure 3 levels of performance across mathematical 
groups: 

2 1 

1 2 1 
1 

1 
2 1 
1 

Levels Grou p s 1 3 4 5 6 7 
of J JE s SR AV SE 
Pe rfo r mance SLD SLD 2 

Levels of Perfor mance 

0 - Too difficult. 
1 - Mis matched plB.nes. Mis matched colours. 
2 - Correc t plane matches. Mismatched colours. No sets of 

two. 
3 - Correc tly matched plB.nes. No array. 
4 - Difficult co mpletion with ext ensive questioning. 
5 - Co mplete with so me questioning. 
6 - Co mplete with minimal questioning. 
7 - Complete with no questioning. 
8 - Very fast co mpletion with no questioning. 

Figure 53b: Aeroplane Array: 
Levels of Performance Across Mathem atical Groups. n = 16. 

8 
S E 

1 

Sometimes dealing with multiple concepts or difficult perceptual 

dimensions may create frustration for a child. This happened in Figure 54, 

a very advanced junior puzzle, where one 9 year old SE 1 boy could not at 

first see the patterns he was trying to match. He exhibited frustration 

with several other puzzles as we1L He had not been in New Zeal.B.nd long, 

and had not co me from a school system where he had been given many 

applied problems. He was accustomed to being outstanding in all of his 

school work, and became upset when he could not do so mething new. 
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Plate 5: Figure 54: Fabric Pattern Match: Red / Blue - Orange / Brown:. 
Verbal Instruc ti.ens: 

- Match the patterns. 

Figure 54a shows levels of perfor mance for figure 54: 

4 
3 
2 
1 
0 

z s: z z s 
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n 0 ~ 3 y 5 8 

Levels of Performance 
0 - Too diff:kult 
1 - Difficult and inco mplete with a lot of questioning 
2 - Difficult com pleti.on with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast com pleti.on with no questioning 
7 - Very fast com pleti.on and use of strategy 
8 - Exceptional or novel performance 

Fabric Pattern Match: Red / Blue - Oran e / Brown: 
ormance. n = 1 • 

Figure 54b examines gender performance across levels of performance: 

(Levels of performance as for Figure 54c). A Mann-Whitney U-Test shows 

no gender differences in levels of performance. 



n 

n = 4 
n = 8 

0 1 2 

Males 
-_-_-__ -_-_-_-_-_-_ Fem ales 

Figure 54b: Fabric Pattern Match: Red / Blue - Yellow / Brown: 
Gender Performance Across Levels of Performance. n = 12. 

1Y2 

Figure 54c shows Figure 54 levels of performance across mathematical 

groups: 

1 
1 

1 
1 2 1 

1 
1 

Levels Groups 1 2 3 4 5 6 7 
of J JR JE s SR AV SE 
Performance SLD SLD 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional. or novel performance 

Fabric Pattern Match: Red / Blue - Yellow / Brown: 
ormance Across Mathematical Groups. n = 

2 

1 

8 
SE 

1 

Table 21 shows Figure 54 correlation coefficients between levels of 

performance and mathematical groups, school class levels, and a ges. 



Table 21: S arman's Rho Correlation Coefficients: 
Figure 54: Fabric Pattern Match: Red Blue - Yellow / Brm,;1n: 
Levels of Performance: n = 12. 

Across mathernatic.al groups 

Across school class levels 

Across ages 

rs= 0.256 
rs == 0.118 

rs= 0.215 

p = >0.05 
p = >0.05 

p = >0.05 
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Incubation of multiple concepts sometimes occurs when a child is unable 

to solve a puzzle on the first attempt, but has no difficulty on a 

subsequent occasion. Tiri.s occurred to the same child in Figures 55 and 56, 

above average senior puzzles, adapted from a puzzle using flowers and 

leaves by Z.P. Dienes: -~ 

~~ 
~~ ~ 
~ 

~~ ~ M 
~,~~~ 

~ ~ 
~~~~ 

Figure 55: One Difference Zigzag Array: 
Verbal Inst:ruc tions: 

- F:ind pieces that belong together. Name your sets. 

- Arrange pieces with no more than one thing different between any 

pieces you place next to each other. 

- Each row is a set. Name it. Each column is a set. Name it. 



Figure SSa: One Difference Rectangu13.r Cardinal and Ordinal Zigzag Array: 

Three SE 1 children made a rectangu13.r or irregu13.r shape fitting the 

pieces together. When questioned about how many ite ms there were on 

each piece, they were able to start with the smallest piece and order an 

array. A 10 year old AV girl could not do this on her first attempt, but 

on her second, completed the array quickly and accurately. She could not ®@EB her first attempt either: [Instructions as for F@ ]. 

, 0 ~ ~ '~';~'::~,(Q 
\.:!PV @ o~ ® 

~ 0 
Figure 56: One Difference Button Array: 
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Figure 56a: One Difference Holes / Repeated Patterns Cardinal and Ordinal 
Button Array: 

The 10 year old AV girl classi6en some buttons according to pattern but 

not repeated patterns, and she did not notice the holes. I gave her Figure 

45 [Repeated Patterns Cardinal and Ordinal Button Sets] and a button 

holes puzzle which will be discussed in the chapter on diagnostic 

progressions. She then attempted Figure 56 again, completing it with no 

questioning or problems. Not only was incubation involved, but also transfer 

of conscious learning. Her 8 year old AV sister made a holes array, but 

did not make a holes / repeated patterns array until I asked her to tell 

me about the pattern on one button. 

Multiple concepts may create various difficulties, such as distraction from 

and by particular perceptual dimensions, inability to maintain alternating 

patterns, rotational ordering problems, consecutive ordering problems, 

frustration, incubation, and the need for experience at the single concept 

level where unexpected unfa mili.ar concepts are involved, to facilitate 

conscious transfer of learning. 
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Table 21A shows two tailed Mann-Whitney U-Tests testing gender 

differences in levels of performance across mathematical groups for 

Chapter 5, at 0.05, where U (M) = Males, Ul (F) = Females, and z shows 

use of normal approximation for larger samples. 

Table 21A: Mann-Whitney U-Tests For Chapter 5: Gender Differences: 

Levels of Performance Across Mathematical Groups: 

Figure U (M) Ul (F) z 

Puzzles demonstrating distraction elements 

29 12.5 43.5 

Puzzles demonstrating alternating concepts 

32 6 30 

Puzzles demonstrating rotational ordering 

39 
40 
42 

75.5 
31 
53.5 

106.5 + 0.75 
41 
72.5 

Puzzles demonstrating consecutive ordering 

50 13.5 13.5 

Males 

Puzzles demonstrating frustration with rrrultiple concepts 

54 24.5 7.5 

* Significant at 0.05 

Females 

Difficulties and performance levels did not differ with any significance 

between genders for any of the Chapter 5 puzzles tested. Even when single 

concepts within a puzzle are understood, any child may have difficulty 

sequencing them in progressive conceptual steps. This was particularly 

noticeable in the multi level arrays such as the aeroplane, I.ego, and 

contact arrays. Simple matching within units did not mean a child was 

able to see the possi.bili.ty of matching between uni.ts. For example, being 

able to match individual models in the lego array did not mean a child 

would automatically put the matched models in ordinal sequence, or the 
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ordinal sequences :into a horizontal and vertical array. In the aeroplane 

array, :individual aeroplane m atch:ing did not necessarily mean a child had 

an awareness of colour versus non colour, and if this awareness was there, 

it was not necessarily automatic. to arrange matched pairs putting all 

coloured aeroplanes together and all non coloured aeroplanes together. 

Similarly, questioning was required for some children attempting the 

contact array, to place individual colour and pattern matched pairs first 

into pattern, and f:inally into colour groups. 

The f:inal two cardinal and ordinal arrays, Figures 55 and 56 had a 

progressive sequence from start to finish. If the basic concept was missed 

in the beg:inn:ing stages, the puzzle could not be successfully completed on 

any level.. Som eti.m es a particular concept needs to be experienced :in 

several different forms before the pattern :is consciously recognised by a 

child and conscious transfer of learning may take place between one puzzle 

and another. 

Surrmary 

There were many difficulties with multiple concepts embedded within 

puzzles. Much conscious focus of attention was required to pay 

attention to the patterning of puzzles with alternating concepts, and 

consecutive ordering in particular. Children found this very 

difficult, even when the patterning was very regular. Observing the 

patterning in the first place was the hardest part for most children. 

This observation acted as a form of strategy for completing the 

puzzle more quickly. Unless this patterning was firmly understood, 

children were easily distracted by the multiple concepts they were 

processing. 

Graded puzzle series involving transfer of learning, and puzzles 

which can and can not be done without the use of a strategy are 

presented in Chapter 6. 
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puzzles. This caused distraction and perceptual difficulties, but levels of 

performance were balanced by the learned and transferred conceptual 

understanding and processing of the puzzle type. Sm a1ler numbers of 

children increased their levels of performance, or decreased them, showing 

respective ability or inability to think independently beyond these variables. 

Where Venn Diagrams :incorporating multiple concepts or major changes of 

materials were added, levels of performance tended to decrease or 

undulate for most children, unless the conceptual grasp was consolidated to 

facilitate improved performance. 

Series of puzzles of the same or related types with progressive difficulty 

levels showed the same mixed trends of increase, decrease, equality and 

undulation of levels of performance as the Venn Diagram series, and for 

the same reasons. There was more than one exam pie of a child with an 

exceptionally high level of performance at a lower difficulty level being 

unable to transfer obviously understood concepts to a successively difficult 

puzzle when there were too many multiple conceptual variables to 

manipulate simultaneously. This was more a feature of younger children, 

indicating that the quantity of difficult variables as well as the quality of 

difficult variables was involved in the transfer of learning problem. 

Some puzzles requ1red the use of strategy as a thought out in advance step 

by step met.hod to reduce the process of puzzle solution from a time 

consuming visual manipulation trial and error approach to a speedy, 

structured, ordered process requiring less visual checking. Use of strategy, 

often involving rotation and symmetry, always indicates both advanced 

conceptual understanding of the nature of a problem, and exceptional 

ability in the child using it, especially where tlris occurs with a younger 

child. 

Chapter 7 focuses on puzzles where all of the previous kinds of difficulties 

were exhibited, from all of the previous chapters. Their broad range of 

embedded concepts allowed for the observation of much diagnostic 

information from children. 
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Chapter 6 

Transfer of Learning and the Use of Strategy 

Transfer of Learning 
Isrues of transfer of learning and use of strategy are discussed in this 

chapter. Whereas transfer of learning may occur unconsciously or 

consciously, the use of strategy needs conscious application. It is difficult 

to know how much transfer of 1.earn:ing occurs unconsciously and how much 

needs conscious attention. Children have shown evidence of preferred 

perceptual dim ensi.onal modes and the procesfilng of familiar concepts both 

unconsciously and consciously with the ability to verbalise classifications, 

and of unconscious classiftc::ition of unfamiliar and unexpected concepts 

with an inability to verbalise these classifications. It is confusing to 

consider when the familiar becomes processed unconsciously yet is able to 

be in the child's conscious awareness, and when the unfamiliar becomes 

familiar and no longer needs conscious processing, when children are 

already able to process the unfamiliar unconsciously. Did the 10 year old 

AV girl use both incubation and transfer of learning, or either of these on 

their own? A seri.es of three beginning senior Venn Diagram puzzles given 

to children in a specific order reflects these questions. Figure 57 is given 

to children first because all of the pieces hold size, shape and shades of 

col.our constant, whereas the Figure 58 and 59 button sets do not hold 

these e1e m ents constant. 

0 
ooo 

~ 

0 

0 
00 

F. e 57: Venn Dia am: Three Intersectin Fimo Col.our Sets: Red / 
Y w Green: Verbal Imtructions: 

- Find three sets. Name each set. 

- Place each set in its own circle. 

- Some buttons belong to more than one set. Place these buttons 

where the sets intersect each other in the intersecting circles. 
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0 
00 

Figure 57a: Venn Diagram: Three Intersecting Fimo Colour Sets: Red / 
Yellow / Green. 

Figure 57b shows Figure 57 levels of performance across mathematk.al. 

groups: 

8 

6 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

1 

5 
SR 

2 

6 
AV 

2 

7 
SE 

2 

1 - Diff:kult and inco m pl.ete with a lot of questioning 
2 - Diff:kult com pl.etion with a lot of questioning 
3 - Com pl.ete with some questioning 
4 - Com pl.ete with minim al questioning 
5 - Com pl.ete with no questioning 
6 - Very fast com pl.etion with no questioning 
7 - Exceptional. speed 
8 - Exceptional use of strategy 

FEe 57b: Venn Diagram: Three Intersecting Fimo Colour Sets: Red / 
Y w / Green: 
Levels of Performance Across Mathematk.al. Groups. n = 56. 

2 

8 
SE 

1 



201 

Figure 57c shows levels of performance across all children who attempted 

Figure 57: 

n 0 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - V e:cy fast completion with no questioning 
7 - Exceptional speed 
8 - Exceptional use of strategy 

F" ure 57c: Venn Dia am: Three Intersectin Fimo Colour Sets: Red / 
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Figure 57d examines gender performance across levels of performance: 

n 

Levels of Performance 

0 - Too difficult 
1 - Dilficult and incomplete with a lot of questioning 
2 Dilficult completion with a lot of questioning 
3 Complete with some questioning 
4 Complete with minimal questioning 
5 Complete with no questioning 
6 Very fast completion with no questioning 

n = 33 
n = 23 

7 Exceptional speed 
8 Exceptional use of strategy 

Males 
---------- Females 

F' ure 57d: Venn Dia am: Three Intersectin Fimo Colour Sets: Red / 
Yellow Green: Gender Performance Across Levels of Performance. n = 

Table 22 shows Figure 57 correlation coefficients between levels of 

performance and mathematical groups, school class levels, and ages: 

Table 22: Spearman's Rho Correlation Coefficients: 
F' 57: Venn Dia Three Intersectin Fimo Colour Sets: Red / 
Y Green: Lev ormance: n = 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.237 

rs= 0.135 
rs= 0.152 

p = <0.O5 

p = >0.05 
p = >0.05 
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Of note is a 9 year old SE 1 boy with the highest level of performance 

exhibiting exceptional. use of strategy. He accurately visualised and planned 

the placements of all of his sets men tally before placing the pieces, 

verbally explaining their positions to me before putting them on the 

diagram. Most children attempted Figures 58 and 59 following Figure 57, 

Venn Diagrams of three col.ours as in the fi.m o set, but with buttons 

instead of fl.mo. Some children found this transition difficult with the 

introduction of differently sized buttons and various shades of the col.our 

sets they represented, with different numbers of set members from the 

fi.m o set. This difficulty represents elements of both distraction and 

perceptual difficulty. Other children solved these two puzzles at the same 

level of performance as Figure 57, indicating this was a consolidating 

exercise, or the level of puzzle was still either too easy or too difficult. A 

third group of children improved the:ir level of performance, perhaps 

indicating conscious transfer of learning, and a fourth group undulated 

performance levels. 0 f note is the exceptional. speed of performance for 

Figures 58 and 59 from a 10 year old AV girl who completed these puzzles 

in 10 seconds each. Exceptional. speed, along with the use of strategy as 

mentioned in Figure 57, is an indication of exceptional. ability in a child. 

• 0 
0 -0 @ © • @ 

G 0 © -. 
0 (D e 0 0 

F" Col.our Sets: Black/ 
y w . 

Fr 58a: Venn Diagram: Three Intersecting Button Col.our Sets: Black / 
Y w 7 white. 
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@ @ 0 

@ 
@ 0 

e 
Fme 59: Venn Diag;ra m: Three Intersecting Button Colour Sets: Red / 
W · / Bhie: Verbal instructions as for Figure 57. 

Fme 59a: Venn Diagram: Three Intersecting Button Colour Sets: Red / 
W / Bfue. 

Tables 23, 24, 25 and 26 show Figures 57, 58, and 59 levels of 

performance represented by decrease (-); equality (=); improved (+); and 

mixed performance (x). 

- in Table 23 for children whose level of performance decreased, 

:indicating distraction elements and perceptual difficulties; 

= :in Table 24 for children whose levels of performance stayed the same, 

:indicating they were either consolidating this conceptual level, or that 

this level of puzzle was still too easy or too difficult for them; and 

+ :in Table 25 for children whose levels of performance :increased, 

:indicating transfer of learning. 

x :in Table 26 where children exhibited undulating levels of performance 

across Figures 57, 58 and 59: 

Table 23: - Decreased Levels of Perfonnance: Fi ures 57 to 58 59: 
Venn Diagrams: ee Intersecting Co our Sets: n = • 
Mathematical 
Groups Figure 57 
JE 4 
JE 5 
JE 6 

Figure 58 
3 
3 
5 

Figure 59 
3 
3 
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Table 24: = Egual Levels of Performance: Figures 57 2 to 58 2 59: 
Venn Diagrams: Three Intersecting Coiour Sets: n = :rn. 
Mathematical 
Grou:12s Figure 57 Figure 58 Figure 59 
JE 2 2 2 
JE 3 3 3 
JE 5 5 5 
S-SLD 5 5 5 
SR 
SR 2 2 2 
SR 2 2 2 
SR 6 6 6 
AV 
SE 0 
SE 2 5 5 5 
SE 2 5 5 5 
SE 2 5 5 5 
SE 2 5 5 5 
SE 2 5 5 
SE 2 5 5 
SE 1 2 
SE 1 3 3 3 
SE 1 3 3 3 
SE 1 3 3 3 
SE 1 3 3 3 
SE 1 4 4 4 
SE 1 5 5 5 
SE 1 5 5 5 
SE 1 5 5 5 
SE 1 5 5 
SE 1 6 6 6 
SE 1 6 6 6 

Table 25: + Increased Levels of Performance: Fi ures 57 to 58 59: 
Venn Diagrams: ee Intersecting Co our Sets: n = 
Mathematical 
Grou:12s Figure 57 Figure 58 Figure 59 
JR 3 3 5 
JE 
JE 3 4 4 
JE 4 4 5 
JE 3 6 6 
SR 
SR 3 5 5 
SR 4 6 6 
AV 6 
SE 
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Table 26: x Mixed Levels of Performance: Figures 57, to 58, 59: 
Venn Diagrams: Three Intersecting Colour Sets: N = I. 
Mathematical 
Groups Figure 57 Figure 58 Figure 59 
JE 6 3 s 
It could be expected that children decreasing their performance would be 

junior children exhibiting more perceptual and clistraction cliffk.ulti.es and 

less experience in transfer of training, but surprisingly, the only JR child 

to attempt these puzzles increased his performance. To negate the 

expectation that junior children might decrease their levels of 

performance, some JE children increased their levels of performance and 

decreased it, as well as keeping it equal. Also surprising was that all 

children except one from the two senior extension groups maintained their 

levels of performance without any apparent transfer of learning. The 

change of perceptual levels and clistraction may have balanced the effect 

of transfer of learning, keeping the levels of performance equal. Some 

children attempted further Venn Diagrams with multiple concepts involved. 

These included average senior puzzles Figures 60 and 61, and beginning 

senior puzzles Figures 62, 63 and 64: 
.--. 

@ 
@) 

Bl 0 
Fm 60: Venn Diagram: Three Intersecting Button Sets: 
Ver instructions as for Figure 57. 

Figure 60a: Venn Diagram: Three Intersecting Button Sets: 
Cream I Brown / Square. 
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Button Sets: 

@ 

© 
rn © 

· ure 62: Venn Dia rn: Three Intersectin Button Sets: 
Verbal. instructions as or Figure 



Figure 62a: Venn Dias: Three Intersecting Button Sets: 
Triangle / Square / · • (6i;\ 

- · - - ~ 0 © 
0-

® 
@ -

® . . . 

Button Sets: 

Figure 63a: Venn Diagram: Three Intersecting Button Sets: 
Gold / Grey / Fabric. 
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Figure 64: Venn Diagram: Three Intersecting Wallpaper Sets: 
Verbal instructiDns: 

- Find three sets. 

- One set is a colour set. 

- One set is a size set. 

- One set is a pattern set. 

- Name each set. 

- Place each set in its own circle. 

- Some pieces belong to more than one set. Place these pieces where the 

sets intersect each other in the intersecting circles. 
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oO 
0 

F. ure 64a: Venn m: Three Intersectin 
B c and White Jug Pattern. 

Table 27 shows Figure 64 correlation coefficients between levels of 

performance and mathematic.al. groups, school class levels, and ages: 

Levels of Perfonnance: n = 35. 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.490 

rs= 0.307 

rs= 0.239 

r Sets: 

p = <0.05. 

p = <0.05 
p = >0.05 

Figure 64b shows Figure 64 levels of performance across mathematic.al. 

groups: 



Levels Groups 1 
of J 
Performance SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 
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8 
SE 

1 

Figure 64c shows children at the highest level of performance for Figure 

64 across mathematical groups and age. Of note is a 6 year old JE boy. 

Age Maths J 
Groups SLD 

JR JE 

B c an White Sm Jug Pattern:. 

s 
SLD 

SR AV 

expected 

SE 
2 

SE 
1 

Highest Level of Performance: Very fast completion with no questioning: 

Mathematical Groups Across Ages. n = 9. 

Figure 64d shows levels of performance across all children who attempted 

Figure 64: 
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n 

Levels of Performance 

0 - Too diff:kult 
1 - Diff:kult and inco rn plete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 Complete with some questioning 
4 Complete with minimal questioning 
5 - Complete with no questioning 
6 Vecy fast completion with no questioning 
7 V ecy fast completion and use of strategy 
8 Exceptional or novel performance 

F' ure 64d: Venn Dia am: Three Intersectin 
Black and White Sm Ju~ Pattern: 
Levels of Performance. n = 3 . 
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Figure 64e examines gender performance acros.s levels of performance: 
[Levels of performance as for Figure 64d]. 

9 

n 

n = 20 
n = 15 

0 

Males 
---------- Females 

F' ure 64e: Venn Dia m: Three Intersectin W Sets: 
Black and White Sm Jug Pattern: 
Gender Performance Across Levels of Performance. n = 35. 
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Both Figure 57 and Figure 64 were significant at 0.05 level for levels of 

performance correlated with mathematical group categories. Figure 64 was 

a1so significant at school class level correlated with levels of performance. 

It is difficult to find a possible reason for these correlations occudng with 

two puzzles of identical. type. It is also difficult to determine a reason 

why correlations are significant when most of the puzzles did not show 

significant correlations between mathematical groups and levels of 

performance, and also to determine whether these results occurred from 

chance alone or for some specific reason relating to the puzzles. 

One reason for significance in Figure 57 could be the exceptional score of 

one SE 1 child using an exceptional level of strategy. Otherwise score 

ranges were the same for JE and SE 1 children. This high score was able 

to override the effect of one SE 2 child with the lowest level of 

performance who found this puzzle too difficult. A further factor could be 

the small number of JR children attempting this puzzle, eliminating a 

greater number of potential levels of performance across the range. 

For Figure 64, levels of performance ranges were spread from JE to SE 1 

children, with the numbers of children at higher levels being greater for 

senior extension children. 

Table 27A shows two tailed Mann-Whitney U-Tests showing no gender 

differences in levels of performance across mathematical groups for 

Figures 57 and 64 at 0.05, where U (M) = Males, Ul (F) = Females, and 

z shows use of normal approximation for larger samples. 

Table 27A: Mann-Whitney U-Tests For Chapter 6: Figures 57 and 64: 

Gender Differences: Levels of Performance Across Mathematical Groups: 

Figure U (M) Ul (F) z 

Puzzles demonstrating transfer of learning 

57 

64 

353.5 

108.5 
405.5 + 0.43 

191.5 

* Significant at 0.05 

Males Females 
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Tables 28, 29, 30 and 31 show the same children as Tables 23, 24, 25 and 

26 who attempted some of the multiple concept Venn Diagrams (Figures 

60, 61, 62, 63 and 64). Trends are mixed as to which children stay at 

decreased, equal, increased or mixed levels of performance: 

Table 28: - Decreased Figure 57-59 Levels of Performance/ Fig 60-64: 
Venn Diagrams: Three Intersecting Sets: N = 2. 

Mathematical 
Groups 

Figures 57 58 
JE 4 3 
JE 6 5 

59 60 61 
3 

62 63 64 
2 
2 

Table 29: = Egual Figure 57-59 Levels of Performance/ Fig 60-64: 
Venn Diagrams: Three Intersecting Sets: N = 22. 

Mathematical 
Groups 

Figures 57 58 59 60 61 62 63 64 
JE 2 2 2 2 2 
JE 5 5 5 5 
S-SLD 5 5 5 2 
SR 3 3 
SR 2 2 2 3 
AV 6 6 6 3 4 6 ; 
SE 
SE 2 5 5 5 5 
SE 2 5 5 5 3 
SE 2 5 5 5 6 
SE 2 5 5 3 
SE 2 5 5 6 3 6 
SE 1 3 3 3 5 
SE 1 3 3 3 5 
SE 1 3 3 3 5 
SE 1 4 4 4 2 
SE 1 5 5 5 3 5 
SE 1 5 5 5 3 
SE 1 5 5 5 3 6 
SE 1 5 5 2 
SE 1 6 6 6 3 
SE 1 6 6 6 3 



Table 30: + Increased Figure 57-59 Levels 
Venn Diagrams: Three Intersecting Sets: 
Mathematical 
Groups 

Figures 57 58 59 60 
JE 3 5 
SR 4 6 6 3 
AV 6 7 7 6 
SE 1 5 6 6 

215 

of Performance/ Fig 60-64: 
n = 4. 

61 62 63 64 
6 

3 
6 6 6 4 

6 

Table 31: x Mixed Figure 57-59 Levels of Performance/ Fig 60-64: 
Venn Diagrams: Three Intersecting Sets: n = 1. 
Mathematical 
Groups 

Figures 57 58 59 60 61 62 63 64 
JE 6 3 5 2 

The majority of children equalled their levels of performance across 

Figures 57-59, but with the additi.Dn of multiple concepts to the same 

type of puzzle :in Figures 60-64, the ma:in trend was a lowering of levels 
of performance. Figure 64 added an extra dimension of a different 

material type which created transfer of learning difficulties for some 

children. A smaller group of children did make a positive transfer of 

learn:ing. Table 32 lists trends of the movement of levels of performance 

for each of the -, =, + and x groups: 

Table 32: Movement in Levels of Performance: Figures 57-59 to 60-64: 
Venn Diagrams: Three Intersecting Sets: 
Table No. N = + X 

Table 28 2 2 

Table 29 20 9 3 6 2 
= 

Table 30 4 2 1 1 
+ 

Table 31 1 1 
X 

Total 27 14 4 7 2 
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The issues are :illustrated agam by a special case not included in the 

previous tables. The SE 1 boy concerned started with Figure 58 (red / 

white / blue buttons) instead of the usual Figure 57 (fl.mo). His level of 

performance for Figure 58 was 5, showing he had a good conceptual grasp 

and was not too distracted with the perceptual elements of the buttons. 

He followed with Figure 62 (triangle / square / circle buttons), showing 

his difficulties with the inclusion of multiple concepts and elimination of 

colour by a level of performance of 3. He finally completed Figure 64 

(Wallpaper: black & white / small / jug pattern) with a level of 

performance of 6, showing a definite transfer of learning. 

Tables 33 and 34 show a further special case category of children not 

included in previous tables, who give evidence of the need for consolidating 

experience for adequate transfer of learning, and reinforce the difficulties 

created by the addition of perceptual variables and multiple concepts to a 

puzzle. These children each attempted two Venn Diagrams only, moving 

straight from Figure 57 (fl.mo) to Figure 64 (Wallpaper: black & white / 

small / jug pattern). In Table 33, levels of performance decreased from 

the first puzzle to the second, despite most of these children belonging to 

one of the two highest SE mathematic.al group categories. The child 

previously achieving a high 7 level of performance through exceptional use 

of strategy was unable to transfer his visualising ability when perceptual 

and conceptual variables were not held constant: 

Table 33: - Decreased Levels of Performance 
From Figure 57 to 64: 
Venn Dia~ams: Three Intersecting Sets: N = 6. 
Mathematical 
Groups Figure 57 Figure 64 
E 5 2 
SE 2 5 3 
SE 2 5 4 
SE 2 6 3 
SE 1 5 3 
SE 1 7 3 

Table 34 shows children attempting only Figures 57 and 64 in the Venn 

Diagram group, who mamtained equal levels of performance, :indicating 

significant transfer of learning despite the fact that no child :increased 

performance level when attempting these two Venn Diagrams alone: 



Table 34: = Equal Levels of Perfonnance 
From Figure 57 to 64: 
Venn Diagrams: Three Intersecting Sets: N = 3. 
Mathematical 
Groups 

JE 
SE 2 
SE 1 

Figure 57 
5 
5 
6 

Figure 64 
5 
5 
6 
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Figures 65, 66, 6 7 and 68, very advanced senior puzzles, required transfer 

of learning between each of these related ordered progressions of puzzles. 

All children attempting any of these four puzzles were 10 years old. Table 

35 shows leveJs of performance and movement in levels of performance 

between these progressively difficult puzzles. Performance level changes 

indicate ability to transfer concepts, with a mixture of children 

maintaining, increasing and decreasing performance leveJs across puzzles. 

Table 35: Movement in Performance Levels: Figure 65-66-67-68: N = 9. 

Figure 65: Two Intersecting Button Sets with Subsets of Two. 

Figure 66: Two Intersecting Button Sets with Subsets of Three. 

Figure 67: Four Button Classification Sets with Subsets of Two. 

Fi ure 68: Four Button Classification Sets with Subsets of Three. 
Mat emat1ca 
Groups Figure 65 Figure 66 
SE 1 2 

Figure 67 Figure 68 

SE 1 2 
SE 1 2 
SE 1 2 
AV 
SE 1 
SE 1 4 
SE 1 4 
SE 1 

Levels of Performance 

0 - Too difficult 

2 
2 
6 

3 

4 

4 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

5 

6 

2 

5 
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Fm 65: Two Intersecting Button Sets with Subsets of Two: 
Ver Instructions: 

- Find buttons that belong together. 
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- Take one subset of two that you have found. What is the same about 

these two buttons? What is different about them? Give this subset a 

name that states what is the same or what is different. 

- Find other subsets of two with the same name. 

- Group other subsets with different names. 

- You now have three different groups of subsets. 

- Place the named group; of subsets on the diagram to make two sets. 

Each subset of two has its own little circle. 

- The group of named subsets you place in the intersecting space between 

the two big sets must belong to both sets. 

- Name the two sets. 
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~ 65a: Two Intersecting Button Sets with Subsets of Two: 
V Jnstructi.o~ 

- What are the names of the three groups of subsets of two? 

- Same colour/ different size 

- Different colour/ same size 

- Different colour/ different size 

- What are the names of the two big sets? 

- Different colour 

- Different size 
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~ 66: Two Intersecting Button Sets with Subsets of Three: 
Ver Instructions: 

- Find buttons that belong together. 
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- Take one sul::6et of three that you have found. What is the same about 

these three buttons? What is different about them? Give this subset a 

name that states what is the same or what is different. 

- Find other subsets of three with the same name. 

- Group other sul::6ets with different names. 

- You now have three different groups of subsets. 

- Place the named groups of subsets on the diagram to make two sets. 

Each subset of three has its own rectangle. 

- The group of named subsets you place in the intersecting space between 

the two big sets must belong to both sets. 

- Name the two sets. 
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~ 66a: Two Intersecting Button Sets with Subsets of Three: 
V Instructions: 

- What are the names of the groups of subsets of three? 
- Same colour/ different size 

- Different colour/ same size 

- Different colour/ different size 
- What are the names of the two big sets? 

- Different colour 

- Different size 
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Figure 67: Four Button Classiftc.ation Sets with Subsets of Two: 
Verbal Instructions: 

- Find buttons that belong together. 
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- Take one subset of two that you have found. What is the same about 

these two buttons? What is cfilferent about them? Give this subset a 

name that states what is the same or what is cfilferent. 

- F:ind other subsets of two with the same name. 

- Group other subsets with cfilferent names. 

- You now have four cfilf erent groups of subsets. 

- Place the four named groups of subsets :in the four big circles on the 

diagram, with each subset in its own little circle. 

- Each of the four big circles is connected vertically and horizontally with 

another big circle. 

- There are four sets. Each set is made up of two connecting big circles. 

- Name the four sets. 
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Fm 67a: Four Button ClaS'3i6catiDn Sets with Subsets of Two: 
V Instructions: 
- What are the names of the groups of subsets of two? 

- Same colour/ different size 
- Different colour/ same size 

- Different colour/ different size 
- Same colour/ same size 

- What are the names of the four connected sets? 

- Same size 
- Different colour 
- Different size 

- Same colour 
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Figure 68: Four Button Classific::i.ti.on Sets with Subsets of Three: 
Verbal. Instructions: 

- Find buttons that belong together. 
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- Take one subset of three that you have found. What is the same about 

these three buttons? What is different about them? Give this subset a 

name that states what is the same or what is different. 

- Find other subsets of three with the same name. 

- Group other subsets with different names. 

- You now have four different groups of subsets. 

- Place the four named groups of subsets in the four big circles on the 

diagram, with each subset in its own rectangle. 

- Each of the four big c.kcles is connected vert:icall.y and horizontally with 

another big circle. 

- There are four sets. Each set is made up of two connecting big circles. 

- Name the four sets. 
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Figure 68a: Four Button CJasc:;iftcation Sets with Subsets of Three: 
Verbal Instructions: 

- What are the names of the groups of Stibsets of three? 
- Same colour/ different size 
- Different colour/ same size 

- Different colour/ different size 
- Same colour/ same size 

- What are the names of the four connected sets? 

- Same size 
- Different colour 

- Different size 

- Same colour 
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226 

Figures 69, 70 and 71, beginning senior puzzles, Figure 72, an advanced 

senior puzzle, and Figure 7 3, . a very advanced senior puzzle, also required 

transfer of learning between each of these related and progressively 

difficult puzzles. Table 36 shows levels of performance and movement in 

levels of performance, including conscious use of strategy. Performance 

level changes indicate ability or inability to transfer concepts, with a 

mixture of children maintaining, increasing, decreasing and undulating 

performance levels across puzzles. Also inclllded is Figure 10 ( Chapter 4 ). 

Table 36: Performance Level Movement: Figure 69-70-10-71-72-73: N = 17. 

Figure 69: One Col.our Difference 5 Button Arms: White Centre. 

Figure 70: One Col.our Difference 7 Button Arms: Gold Centre. 

Figure 10: One Shape Difference 3 Button Arms: Circle Centre. 

Figure 71: One Shape Difference 8 Button Arms: Circle Centre. 

Figure 72: One Col.our Difference 6 Intersecting Button Arms: Black. 

Figure 7 3: 0 ne 
Mathematical 

Col.our Difference 9 Intersecting Button Arms: Transparent. 

GrouEs Figure 69 
SR 2 
SE 1 2 
SE 1 3 
SR 3 
SR 4 
SR 5 
SR 5 
SR 5 
SE 1 6 
AV 6 
AV 6 
SE 1 6 
SE 2 
SE 1 
SE 1 
SE 2 
SE 2 
Levels of Performance 
0 - Too difficult 

70 10 71 

5 
3 
0 
5 
5 
5 

6 
6 6 3 
6 4 4 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Use of strategy with minimal questioning 
8 - Use of strategy with no questioning 
9 - Very fast completion with use of strategy 

72 73 

7 

5 4 
7 8 
8 0 
2 

2 
3 
3 
4 



~ 69: One Difference 5 Button Arms: 
V Instruc t:ions: 

- Find which buttons belong together. 
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- Arrange the buttons with no more than one thing different between 

any buttons you place in connecting circles. 

Figure 69a: One Colour Difference 5 Button Arms: White Centre. 
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Figure 70: One Difference 7 Button Arms: 
Verbal Instruc ti.ons: 

- Find which buttons belong together. 

- Arrange the buttons with no more than one tiring different between 

any buttons you place in connecting circles. 

Figure 70a: One Colour Difference 7 Button Arms: Gold Centre. 
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Figure 71: One Difference 8 Button Arms: 
Verbal Instructions: 

- Find which buttons belong together. 

- Arrange the buttons with no more than one tiring different between 

any buttons you place in connecting circles. 

Figure 71a: One Shape Difference 8 Button Arms: Cb:cl.e Centre. 



Figure 72: One Difference 6 Intersecting Button Arms: 
Verbal Instructions: 

- Find which buttons belong together. 

- Arrange the buttons with no more than one tiring different between 

any buttons you place in connecting circles. 
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Figure 72a: One Colour Difference 6 Intersecting Button Arms: Black. 
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Figure 73: One Difference 9 Intersecting Button Arms: 
Verbal Instruc ti.ens: 

- Find which buttons belong together. 

- Arrange the buttons with no more than one thing different between 

any buttons you place in connecting c:ircles. 
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Figure 73a: One Colour Difference 9 Intersecting Button Arms: 

Transparent. 
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Figure 73b shows in graphic form the upward and downward movements of 

performance leveJs of the three children who attempted four or more 

puzzles across difficulty leveJs from Figures 69-70-10-71-72-73. Each of 

the three children obtained a performance level of 6 for Figures 69 and 

70. Maintained and upward movements indicate clear transfer of learning. 

Decreased movements indicate difficulty in transfer of learning with the 

addition of multiple concepts to simultaneously attend to. It is interesting 

that the younger 8 year old AV girl who achieved the highest level of 

performance of 8 for Figure 72, was unable to solve Figure 73 at all; 

1 

Levels Figure 69 70 10 71 72 
of 
Performance 

Key Mathematical Group 
SE 1 
AV 

Age 
10 
10 

AV 
Levels of Performance 

0 - Too difficult 

8 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast com pleti.on with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

I 
\ 

I 

73 

Figure 73b: Performance Level Movement: Figure 69-70-10-71-72-73: N=3. 

Figure 69: One Col.our Difference 5 Button Arms: White Centre. 

Figure 70: One Colour Difference 7 Button Arms: Gold Centre. 

Figure 10: One Shape Difference 3 Button Arms: Circle Centre. 

Figure 71: One Shape Difference 8 Button Arms: Circle Centre. 

Figure 72: One Colour Difference 6 Intersecting Button Arms: Black. 

Figure 73: One Colour Difference 9 Intersecting Button Arms: Transparent. 



235 

For children to solve these puzzles at speed, the use of strategy is 

necessary, rather than the slow trial and error method used by some 

children. Counting the number of ti.mes a colour or element is repeated 

across buttons determines the central button with the most connections. 

The puzzle can then be com pl.eted quickly. Figures 72 and 7 3 required the 

addition of a particular order of the button arms determined by the 

intersecting buttons. For Figure 73, a greater number of button arms and 

a transparency concept meant the difference between the 8 year old AV 

girl being able to solve one puzzle with intersecting button arms, but not 

the other, despite clear evidence of her conceptual understanding and 

previous use of strategy. 

Table 37 shows transfer of training between Figure 74, a very advanced 

senior puzzle, and Figure 75, an adult puzzle, each puzzle using similar 

conceptual processing to the other, but having different diagrams. (Figure 

75 is one of a trio of my adult puzzles marketed in New Zealand and 

Australia in 1993, with the commercial name 'Arrange-A-Way'). It is 

interesting that the 10 year old SE 1 girl found both puzzles too difficult, 

whereas one AV girl decreased and one AV girl increased her level of 

performance. The younger 8 year old AV girl was unable to complete the 

more difficult puzzle, despite showing conceptual understanding of the 

basic structure of the puzzle: 

Table 37: Transfer of Learning: Figure 74-75: N = 3. 

Figure 74: Intersecting Colour/ Pattern Button Sets of Three: Steps. 

Fi re 75: Intersectin Colour/ Pattern Button Sets: Diamond Arra. 
Mat emat1ca 
Groups 
SE 1 
AV 
AV 

Figure 74 
0 
3 
4 

Figure 75 
0 
1 
6 

Levels of Performance 
0 - Too clifficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult com pl.etion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast com pl.etion with no questioning 
7 - Very fast com pl.etion and use of strategy 
8 - Exceptional or novel performance 



236 

© 

© 

© 

m 
© @ 

0 
Figure 74: Intersecting Colour/ Pattern Button Sets of Three: Steps: 

Verbal Instruct:i.Dra: 

- Each row and column of three connecting circles is a set. 

- Find sets of three buttons. 

- Choose one set to start. F:ind another set to connect with it. 

- Put each member of each button set together. 



Figure 74a: Intersecting Colour / Pattern Button Sets of Three: Ste?>= 

Verbal Instructions: 

- Find colour and pattern sets. 
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Put each member of each set together. 

Figure 75: Intersecting Colour / Pattern Button Sets: Array. 
Verbal Instructions: 

- Find sets. 

- How many buttons in each set? 

- Choose one set to start. Find another set to connect with it. 

- Put each member of each set together. 

- Do not leave any gaps. 
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Figure 75a: Intersecting Colour / Pattern Button Sets: Diamond Array. 

Strategy: 

- Find colour and pattern sets. 

- Use columns and rows to connect all of the sets. 
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Transfer of learning may include transfer of consciously or unconsciously 

learned concepts, or a method of processing used in one puzzle and 

transferred to another. So far Chapter 6 shows how children may 

consciously or tmconsciously transfer conceptual learning from one puzzle 

to another, and consciously transfer a method they have discovered to 

solve one puzzle to solve another of the same type. It would be expected 

that children would increase their speed and level of performance between 

such puzzles. Where leveJs of performance remained equ8½ there has been 

found to be an increase in perceptual and conceptual difficulties created 

by such variables as elements of colour and size not being held constant, 

or the introduction of m ul.tiple concepts or of a different m ateri.al type or 

diagram. These effects create a learning jump, balancing out the positive 

effect of the transfer of the learning by maintaining an equal level of 

performance. Children who increase the:ir levels of performance despite 

these perceptual distractions and conceptual additions show a consolidated 

and conscious conceptual. understanding of the processes they are 
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manipulating. Children who decrease the:ir level of performance, despite 

conceptual understanding, may be unable to retain and mentally manipulate 

the number of variables involved simultaneously. This occurs especially with 

younger children. 

Two further related puzzles involving transfer of learning and use of 

strategy were above average senior puzzles Figures 76 and 77: 

Figure 76: Ordered Sheep Triangles (3's): 
Verbal Instructions: 

- Put the sheep in order. 



\ 
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(lO's • (Part of Com J..eted Set): 
Ver Instructions: 

- Put the sheep in order. 
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The two AV sisters attempted these two related puzzles, Figure 76 and 

Figure 77. The 8 year old AV girl ordered some sheep correctly by 

observing repeated patterns, and incorrectly visually mismatched other 

individual sheep. With no consistent use of strategy she was unable to 

transfer any learning to Figure 77 which was too difficult for her. She 

became confused by the extra number of sheep. Her 10 year old sister 

attempted Figure 77 only, achieving a level of performance of 7, very fast 

completion and use of strategy, through applying an ordering strategy 

examining repeats of particular sheep rather than trying to visually match 

each individual sheep. Neither child noticed that the last sheep triangle 

linked with the first. 

Use of Strategy 

Some puzzles were difficult to solve without the application of a strategy. 

A strategy is mentally thought out in advance, and a step by step method 

used to solve a puzzle, indicating advanced conceptual grasp and ability in 

a child. The use of strategy speeds the process from the ti.me consuming 

trial and error approach of visual manipulation of objects, reducing the 

amount of visual attention and manipulation required, to a process 

executing logic, structure, order or probability. The following six puzzles, 

advanced senior puzzle Figure 78, and adult puzzles Figures 79, 80, 81, 82 

and 83 were difficult to solve without the application of a strategy. Figure 

78 is an adaptation of an original puzzle involving probability, using houses, 

~ a ;ere~tlt>:;1°C:d roof, ~ow 6~b't!}/ Di~ 
j~$~ 6 6 6 6 fi~~v~ 

6 6 6 6 6 o ~fl~\/ 

t~~666666~v 
~~666666 ;~ 
F~ 78: Colour Combination Probability Triangles: ~ :,..,i 

V Instructions: ~ ~ <J "J 
- Use each colour of the little triangles in each big triangle. 

- Make each big triangle different. 
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Figure 78a: Colour Combination Probability Triangles: 

The 8 year old AV girl completed Figure 78 accurately using a visual 

checking approach with no strategy. Six other children attempting Figure 

78 applied a strategy which they worked out for themselves, giving a 

different colour to the top points of the big triangles in each row. Five of 

the six children visually manipulated the other colours. 0 f these children, 

two 9 year old SE 1 children completed only half of the puzzle, finding 

the remainder too difficult. Three 9 and 10 year old SE 1 children using 

this strategy accurately completed the puzzle. One 10 year old AV girl 

com pl.eted this puzzle very quickly using the above strategy, but extending 

it to rotate the other three colours within each big triangle, eliminating 

any visual checking to ensure the big triangles were arranged differently. 

Figure 79 :is also one of the trio of adult puzzles marketed in 1993, with 

. ----- ------~ 

I 
Plate 6: 
F~ 79: Checked Fabric. Pattern Strips: Two Identical Square Arrays: 
V Instructions: 
- Make two squares with an identical pattern. 
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Plate 7: 
Figure 79a: Checked Fabric Pattern Strips: Two Identical Square Arrays: 
Strategy: 

- One square is cut horizontally and one vertically. 

- Use any piece to oroer the pieces in the other square. 

Only one SE 1 child was able to solve Figure 79. After much tr:L:11 and 

error he discovered the above strategy required to solve this puzzle. 

Figure 80 is the tlrird of the trio of adult puzzles marketed in 1993, with 

the com m ercial name ' Com pare Square ' . 

Plate 8 : Figure 80: Three Identically Patterned Squares: 
Verbal Instructions: 

- Make three squares with an identical pattern. 
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Plate. 9 : Figure 80a: Three Identically Patterned Squares: 
Strategy: 

- Each col.our square is cut differently. 

- Find one piece from each col.our square that contains the same pattern. 

- Arrange each piece to make the pattern in each col.our square identicaL 

- Find other pattern pieces to connect with the first three pieces. 

- Make all three col.our squares at the same ti.me. 

Three children attempted Figure 80. One of the two 10 year old SE 1 

children found this too difficult, and the other com pl.eted only half of the 

puzzle, but did use a strategy. The 10 year old AV girl completed Figure 

80 in 35 minutes, using a strate y, and with no additional questioning • 

Figure 81: Hexagons into Cubes: 
Verbal Instructions: • - Make a tessellated (no spaces left over) pattern of hexagons. 

- Intersect the pattern of hexagons with further hexagons overlaid to 

change the pattern of hexagons into a pattern of cubes. 

- Arrange the col.ours so each adjacent side of any com pl.eted cube is 

distinguished by a different col.our. 



'------- --- ·--- ---- ··- - -------. 
Plate 10: Figure 81a: Hexagons :into Cubes: 
Strategy: 

- Pattern the base pattern of hexagons in an order, such as red / 

yellow / blue. 

- Colour pattern the overl.ahl hexagons to enable the sides of the 

completed cubes to be distibguished with different colours. 
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Four children attempted Figure 81. One 10 year old SE 1 child found this 

too difficult, and another completed the puzzle accurately after a lot of 

difficulty :intersecting the hexagons to make cubes, although with no 

problem making the ini.tial. colour patterning. The two AV 8 and 10 year 

old girls completed Figure 81 with no difficulti.es or questioning. 

Figure 82, another adult puzzle, required written :instructions: 

- There are 7 sets of buttons. 

- There are 7 members in each set. 

- All buttons except 7 belong to more than one set. These 7 buttons name 

the sets. Name the sets. 

- F:ind the 7 buttons that name the sets, and place them on the diagram. 

- Arrange the remaining intersecting buttons into an array, so each 

member of each set is :in continuous linkage with its other members. 

- N oti.ce the relationships at triangle points. 
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Figure 82: Seven Set Triangular Button Array. 



Figure 82a: Seven Set Triangular Button Array: 
Strategy: 

- Place the 7 set naming buttons along one side of the outside of the 

big triangle, such as along the base. 
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- A fast way to find the correct intersecting buttons is to add the 

elements from the two bottom points of any t:ri.angle within the 

diagram, and place the button containing this addition of elements at 

the top point of the triangle concerned. 

- Observe the pattern of tic.ks the continuous linkage of sets creates. 
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Figure 82b shows Figure 82 levels of performance across mathematic.al 

group.s. The 10 year old SE 1 girl with a level of performance of 2 needed 

extensive questioning to find the set naming buttons. She placed these 

along the base of the triangle with no further questioning, but needed 

questioning to intersect the remaining buttons. The 10 year old SE 1 boy 

on level 3 followed the written instructions unaided, made a baseline of 

set naming buttons and began intersecting. them up the triangle. Because 

there were some mistakes in the baseline, he was unable to complete the 

intersections without questioning to find the correct set naming buttons. 

The 9 year old SE 2 boy on level 3 needed questioning to find the baseline 

set, but completed the remainder of the puzzle unaided. The two AV 

sisters completed Figure 82 quickly and unaided, with the 10 year old 

completing this puzzle in 15 minutes. 

Levels Groups 1 
of J 
Performance SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with strategy and extensive 

questioning 
3 - Complete with strategy and some questioning 
4 - Complete with strategy and minimal questioning 
5 - Complete with strategy and no questioning 
6 - Very fast completion with strategy and no questioning 
7 - Exceptional or novel performance 

Seven Set Tri.an ular Button Arra : 

8 
SE 

1 

Figure 83 is the final adult puzzle presented in Chapter 6. The partly 

completed designs are glued onto the di.agra m: 



8 4 

7 6 5 

Figure 83: Rotational Circuit: 
Verbal Instructions: 

- Design 1 is the starting pattern. 

- Design 2 is a rotation of Design 1. 

- Design 3 is a half completed rotation of Design 2. 

- Complete the rotations so Design 8 rotates to link with Design 1. 
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Figure 83a: Rotational Cll"cui.t: 
Strategy: 

- As the designs make a complete rotation around the diagram, Design 5 

will be up.side down from Design 1, and Design 7 upside down from 

Design 3, and so on, with Design 2 and 6, and 8 and 4 also upside down 

from each other. 

- Similarly, Design 3 is a quarter turn from Design 1 etc. 

- There are eight diagrams. The degree of rotation is a one eighth turn. 

This puzzle was too d:iffic.ult for one SE 1 10 year old. The only other 

child in this study to attempt Figure 83 was the 10 year old AV girl who 
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completed it accurately in 20 minutes, using a visual approach, not the 

above strategy. One 12 year old in a 1989 study has used this strategy. 

Symnetry 
Use of strategy, often involving rotation and sy m m etry, or awareness of 

rotation and sy m m etry in a puzzle such as Figure 83, indicates ability in a 

child. Figure 84, an advanced junior puzzle, (Plate ), illllstrates the 

issues of symmetry, strategy and rotation at a more elementary level: 

Figure 84: Sycamore Seeds: 
Verbal Instructions: 

(a) - Take four seeds at a time. Make each set of four seeds into a 

square. 

Make as many different patterns in the squares as you can. 
(b) - Make one big symmetrical. design. 
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Table 38 shows levels of performance for Figure 84. Children are tabled in 

order of level of performance. A bout half of the children attempting 

Figure 84 created sym meb:ical patterns. There was no distinction between 

the mathematical group range of children who made sym meb:ical patterns 

and children who did not. It is interesting that all of the children who 

followed the different patterns of four with one large design of tessellated 

X shapes did not show any use of symmetry in their earlier different 

patterns of four. This could be an incubation effect, or it may be that the 

focus of attention on ma king all of the patterns of four different was a 

distraction element. No child used any kind of strategy to order and 

rotate their different patterns of four. 

Table 38: Performance Levels for Figure 

Age Mathematical 
Group 

10 SR 
9 SR 
6 JE 
6 JR 

10 SR 
10 SR 

8 SE 1 
7 JE 
8 SR 
9 SR 
7 JE 
6 JE 
7 JR 
6 JR 
6 JE 

10 AV 
8 AV 
9 SR 

Number 
of 
Different 
Patterns 

6 
6 
6 
6 
6 

12 
6 
6 

12 
12 

4 
6 
some 
some 
8 
many 
10 
10 

Symmetry 

some 
4 
6 
all 
all 
8 
all 
10 
10 

Surnnary 

84: Sycamore Seeds: N = 18 : 

Strategy One Syrnnetry 
Big 
Crea tive 
Design 

1 X shapes 

1 X shapes 
1 X shapes 

1 1 

Transfer of learning in Chapter 6 is described as conscious or unconscious 

transfer of consciously or unconsciously previously learned concepts, or 

conscious transfer of a method used to solve one puzzle successfully, to 

another puzzle with similar elements. The Venn Diagram series of puzzles 

showed most children maintaining levels of performance across the first 

three puzzles, where small changes in difficulty level manifested as 

perceptual variables and numbers of items not being held constant across 



2 55 

Chapter 7 

Diagnostic Progressions ' 

Chapter 7 presents five puzzles demonstrating progressive conceptual levels 

of performance in children. Progressive conceptual levels of performance 

aid the diagnostic assessment of a child's level of conceptual 

understanding, and help specify perceptual and conceptual difficulties the 

child may be experiencing in early mathematical development. Each puzzle 

:illJJstrates examples of some is.sues and concepts discussed in previous 

chapters. These include unconscious processing where a classification is 

made with the child unable to verbalise the classification; perceptual 

pri.ority modes; perceptual di.ffi.cul.ties such as problems with col.ours, lines, 

reversals, symmetry and rotations; problems with multiple concepts such as 

classifying and ordering, classifying with consecutive ordering, alternate 

ordering and rotational ordering; confabulation; transfer of learning; and 

conscious use of strategy. The first three pU7.Zles do not involve 

enumeration and are presented in order of difficulty. The last two puzzles 

do involve enumeration and are also presented in oroer of diffi.culty. 

Puzzles Without Enumeration 

Figure 85, Fabric Butterflies, an advanced junior puzzle, is a pattern 

matched, col.our grouped array involving bilateral symmetry. Each butterfly 

:is divided into two separate wings to be matched together. Children give 

clear diagnostic information of perceptual difficulties and conceptual 

understanding by exhibiting different ability levels of matching within this 

puzzle. One 8 year old SR girl was unable to rotate the wings to make 

butterflies. She had di.ffi.culty even seeing butterfly wing shapes. Because 

of her absorption in wing rotation, she did not notice wing pattern or 

col.our, and her butterflies were wing pattern and col.our mismatched. Wing 

rotation was so difficult for her, she did not complete the set. This is 

similar to the level of performance demonstrated in Figure 28, Yachts, 

where some children could not rotate bilateral sails to make 11p the 

yachts. Some children were able to make butterflies without any 

di.ffi.culties with rotation or bilateral symmetry, but were unaware of 

pattern and col.our matching possibilities. Other children who were· able to 

pattern and col.our match individual butterflies successfully, were unable to 
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find pattern matched pairs of butterflies with different colours. 0 tiler 

children succe$fully matching butterfly pairs were unable to place colour 

groupings into a final colour / pattern matched pair array. Plates 11 and 

12 show 

Plate 11: Figure 85: Fabric Butterflies: 
Verbal Instructions: 

- Make butterflies. 

- Find butterflies that belong together. 

Plate 12: Figure 85: Fabric Butterflies. 
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Plate 13 shows a partially com pl.eted butterfly wing colour and pattern 

matched array. 

Plate 13: Figure 85a: Fabric Butterflies: 
Verbal Instructions: 

- If the child has made anything less than a com pl.ete array: 

- Can you find another way to match your butterflies? 

- If a child can not find another way, but has randomly matched correctly 

within the group of mismatches: 

- Can you tell me why you matched these butterflies together? 
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Inability to match butterfly wings into a butterfly indicated difficulty with 

rotation of reversed shapes into bilateral sym metty. A butterfly given 

correct wing shape with each wing differently coloured and patterned 

showed lack of col.our and pattern awareness. Pattern matching difficulties 

evidenced as correct colour and pattern matched wings formed into 

butterflies, with distraction from the two differing col.our groups 

interfering with perceptual and conceptual processes preventing children 

finding purely pattern matched butterfly pairs. Inability to manipulate 

multiple concepts and tasks si.mulataneouly and consecutively conb:ibuted. 

Lack of awareness of two colour groupings eliminated the possibility of 

array formation. These perceptual and conceptual difficulties did not 

correlate well with mathematical groups. The highest performance was 

from junior children and an 8 year okl AV girl; the lowest from an 8 year 

okl SR girL Subject numbers are too small to attribute reasons other than 

chance. Figure 85b shows performance levels across mathematical groups. 

Levels 
of 

Groups 1 2 
JR 

3 
JE 

5 
SR 

1 

6 
AV 

Performance 
J 

SLD 

4 
s 

SLD 

7 
SE 

2 

8 
SE 

1 
Levels of Performance 

0 - Bilateral rotational wing shape matching too difficult 
1 - Diff:ic.ult and incomplete wing shape matching 
2 - Difficult but com pl.ete wing shape matching 
3 - Com pl.ete wing shape matching with no pattern matching 
4 - Wing shape match: incomplete colour/pattern matching 
5 - Wing shape matching: complete colour/pattern matching 
6 - Pattern matched some butterfly pairs 
7 - Pattern matched all butterfly pairs 
8 - Col.our array with questioning 
9 - Col.our array with no questioning 

10 - Col.our array with very fast completion 

Figure 85b: Fabric Butterflies: Colour and Pattern Match Array: 
Levels of Performance Across Mathematical Groups. n = 16. 
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Figure 85c shows Figure 85 levels of performance: 

10 

TI 

Levels of Performance 

0 - Bilateral rotational wing shape matching too difficult 
1 - Difficult and incomplete wing shape matching 
2 - Difficult but complete wing shape rn atching 
3 - Complete wing shape matching: no pattern matching 
4 - Wing shape match: incomplete colour/pattern match 

10 

5 - Wing shape matching: complete colour/pattern matching 
6 - Pattern matched some butterfly pairs 
7 - Pattern matched all butterfly pairs 
8 - Colour array with questioning 
9 - Colour array with no questioning 

10 - Colour array with very fast completion 

Figure 85c: Fabric Butterflies: Colour and Pattern Match Array: 
Levels of Performance. n = 16. 

Figure 85d examines gender performance across levels of performance: 

(Levels of performance as for Figure 85c). 

n 

n = 7 ____ Males 
n = 9 ---------- Females 
Figure 85d: Fabric Butterflies: Colour and Pattern Match Array: 
Gender Performance Across Levels of Performance. n = 16. 
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A Mann-Whitney U-Test shows gender differences in favour of males. 

Figure 85e shows children at the highest level of performance for Figure 

85 across mathematic.al. groups and age. The most unexpected performance 

was from a 6 year old JR boy. 

11 

unexpected 
Age Maths J 

Groups SLD 
JR JE s 

SLD 
SR 

1 

AV 

Figure 85e: Fabric. Butterflies: Col.our and Pattern Match Array: 
Highest Level of Performance: Cofuur array with guestlon:ing: 
Mathematical Groups Across Ages. n = 6. 

expected 

SE 
2 

SE 
1 

Children who show difficulties at any of these levels can be given other 

puzzles to help develop the concept there is difficulty with, irrespective of 

the child's mathematical group level or age. 

A further puzzle showing a range of conceptual levels in children was the 

Adsum Shape Conservation Set and its extension with vinyl shapes. Four 

Adsum blocks fit together onto a series of different cardboard shapes to 

help develop ideas of conservation, as documented in Lee (1963). I have 

expanded the 5 shapes illustrat ed in Lee to a set of 25 shapes. Children 

place the four Adsum blocks onto each of the different cardboard shapes. 

Figure 86 shows the Adsum blocks to be fitted onto one cardboard shape. 

-
1 

I 
_J 

Figure 86: Adsum Shape Conservation Set. 
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Plate 14 shows the range of Figure 86 shapes in the Adsum Shape 

Conservation Set. 

Plate 14: Figure 86a: Adsum Shape Conservation Set. 

The transfer of learning required to place the blocks successfully and 

understand the idea of conservation of area was impos.gh}e for some 

children, and diffu:.ult for others who could not verbalise the meaning of 

all four blocks fitting exactly onto each of these very different shapes, 

despite having m anip.tlated and rotated the blocks correctly onto the 

shapes. Understanding the concept of conservation was always more 

difficult for the child than the process of fitting the blocks onto the 

shapes. This reinforces Piaget's belief that children must manipulate and 

experience objects incorporating pre-mathematical concepts before formal 

mathematical undei:standing can take place. 

Figure 86b shows Figure 86 levels of performance across mathematical 

groups. At the lowest level were children who could not rotate blocks to 

fit onto the shapes, followed by children who could rotate for some shapes 
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but not for others. Some children were able to fit the shapes, but not 

complete the whole set through fatigue and loss of concentration or 

slDwness. Lower levels of performance clllstered around the junior groups, 

but children who completed these shapes correctly with no questiomng 

ranged from the lowest to the highest mathematical groups. Junior children 

were also represented at the highest performance level. 

3 4 

Levels Groups 
of 
Performance 

3 

3 
JE 

1 

4 
s 

SLD 

Levels of Performance 
0 - Too difficult 

1 
8 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questiomng 
2 - Difficult completion with a lot of questiomng 
3 - Correct but incomplete with some questiomng 
4 - Complete with some questiomng 
5 - Complete with minimal questioning 
6 - Complete with no questiomng 
7 - Very fast completion with no questiorrL,g 
8 - Very fast completion and use of strategy 

Figure 86b: Adsum Shape Conservation Set: 
Levels of Performance Across Mathematical Groups. n = 40. 

2 
2 

1 

8 
SE 

1 

Figure 86c shows children at the highest level of performance for Figure 

86 across ma them ati.cal groups and age. 

11 
10 

9 
8 

6 
unexpected 

Age Maths J 
Groups SLD 

JR JE s 
SLD 

Figure 86c: Adsum Shape Conservation Set: 
H · hest Level of Performance: V fast 

1 

1 

SR AV 

no 

expected 

SE 
2 

SE 
1 
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The most unexpected performance was fro rn a 6 year old JE ooy achieving 

the highest level of performance along with two 9 year old SE 1 children. 

Figure 86d shows levels of performance across all children who attempted 

Figure 86. Most children peaked at level 6, complete with no questioning, 

with a s m a1ler number at level 7, very fast corn pletion with no 

questioning. 

n 0 1 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Correct but incomplete with some questioning 
4 - Complete with so m e questioning 
5 - Complete with minimal questiotring 
6 - Complete with no questioning 
7 - Very fast completion with no questioning 
8 - Very fast completion and use of strategy 

Figure 86d: Adsum Sha~ Conservation Set: 
Levels of Performance. n = 40. 
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Figure 86d shows how most children were able to complete this puzzle at 

level 6 with no questiorring required, and how a smaller cluster of children 

were able to complete this puzzle at level 7, at speed. Figure 86e 

examines gender performance across levels of performance. (Levels of 

performance as for Figure 86d). Both boys and girls peaked at levels 6 and 

7. A Mann-Whitney U-Test shows no gender differences. 

n 

n = 30 
n = 10 

--- - -...... _ 

Levels of Performance 

0 - Too difficult 
1 - Difficult and :incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Correct but incomplete with some questioning 
4 - Complete with some questioning 
5 - Complete with minimal questioning 
6 - Complete with no questioning 
7 - Very fast completion with no questioning 
8 - Very fast completion and use of strategy 

M.<=i]i:i.;: 

---------- Females 

F' ure 86e: Adsum Sha Conservation Set: 
Gender Performance Across Levels o P ormar:ce. n = 40. 
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Children who were able to complete the conservation shapes successfully 

were given a large set of loose enlarged v:inyl shapes shaped like the 

Adsum blocks. The task was to take one conservation cardboard shape at a 

ti.me, and recreate this shape with four of the enlarged v:inyl Adsum look 

alike shapes. This was a very difficult task for many children. Ranges of 

levels of performance with the v:inyl shapes as a continuum of the range 

of performance with the Adsum Shape Conservation Set gave a wide 

diagnostic view of a child's conceptual. levels not only of ideas of 

conservation, but of shape awareness, rotational. ability, awareness of 

sy m m etry, perceptual. difficulties a size change created, and transfer of 

leaming and reversal of task. Whereas most children who were able to 

transfer the learning from the conservation set shapes to the v:inyl shapes 

needed to use the Adsum blocks fitted onto the card before they could 

see the rotational positions for the enlarged vmyl shapes, exceptional 

children were able to visualise these rotations mentally without use of the 

Adsum blocks. This was the upper level of performance. Plate 15 shows 

Figure 86 transfer from Adsum shapes to enlarged v:inyl shapes. 

Plate 15: Figure 86: Adsum Shape Conservation Set Transfer to Vinyl 

Shapes. 
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Table 39 shows transfer of learn:ing levels of performance between the 

Adsum Shape Conservation Set and the enlarged vinyl shapes. The table 

lists children from top to bottom in order of levels of performance for the 

enlarged vinyl shapes. 

Table 39: Figure 86: Transfer of Learnin~Levels of Performance: 
Adsum Shape Conservation Set - Enlarg Vinyl Shapes. N = 22. 

Adsum Shape Conservation Set Enlarged Vinyl Shapes 

Age Mathematical Adsum Level of Transfer Level Creative 
Group Performance of Performance Patterns 

7 J-SLD 1 tessellation 
6 JR 1 tessellation 
6 JR 1 tessellation 
6 JR 6 tessellation 

10 SR 6 0 
6 JR 6 0 
6 JR 6 1 
9 SR 6 1 

10 SR 6 2 
8 SR 6 3 

10 SR 6 4 
7 JE 7 4 
6 JE 7 5 

10 S-SLD 6 6 
8 JE 7 6 
9 SE 1 7 6 
9 SR 7 7 
8 AV 7 7 
8 JE 6 8 

10 AV 7 8 
9 SR 6 9 
9 SE 1 7 10 

Levels of Performance 
0 - Too clifficult 
1 - Difficult and incomplete transfers with a lot of mismatches 
2 - Difficult completion of transfers with many mismatches 
3 - Difficult completion of transfers with some mismatches 
4 - Few transfers attempted but all correct 
5 - Some transfers attempted but all correct 
6 - Most transfers attempted but all correct 
7 - All transfers attempted and correct 
8 - All transfers attempted and correct with some enlargements made 

observing cards alone without use of blocks 
9 - All transfers attempted and correct with many enlargements made 

observing cards alone without use of blocks 
10 - All transfers attempted and correct with most enlargements made 

observing cards alone without use of blocks 
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It is interesting that for children with levels of performance of O - 3 

which inch.Ide all performances with mismatches, all of the children were 

in a remedial mathematical group, whereas children performing correct 

vinyl enlargements using the Adsum blocks in levels 4 - 7, and children 

performing correct vinyl enlargements without using the Adsum blocks in 

levels 8 - 10, were represented by children across all mathematical levels 

except the two lowest groups of J-SLD and JR. This multiple concept task 

of transfer of learning involving rotation, ideas of conservation and reversal 

of task, combined with perceptual difficu1.ti.es of shape discrimination, 

symmetry and size changes, made this puzzle difficult for many of the 

remedial children, :irrespective of their age. Aspects of holding multiple 

ideas constant while manipulating them required much conscious focus of 

attention and concentration and ability to rotate and visualise both 

mentally and operationally. It is of note that some SR and JE children 

performed at the higher levels of performance for Figure 86, transferring 

learning to the enlarged vinyl shapes both mentally and operationally. 

The third diagnostically progressive puzzle that does not involve 

emumeration is an above average senior puzzle, Figure 87, Transparent 

Triangles. The triangular design and use of colour is attributed to 

Childcraft (1980). I have given each size of triangle in this design its own 

transparent colour for individually cut coloured triangles, with five separate 

design boards for children to match the triangles onto and make creative 

designs with. This puzzle involves perceptions such as size discrimination, 

line and colour discrimination, rotation, sy m m etry and use of strategy. The 

differently sized triangles create a range of difficulty levels for children. 

Whereas the smallest yellow triangles were the easiest to place, followed 

by the two largest purple triangles, the next most difficult red triangles 

were eas:ier to place if a child adopted a strategy of transfer of learning 

from the purple triangles. The inversion of two triangles superimposed on 

each other creates a star shape. Both purple and red triangles were placed 

in this kind of superirn posi.ti.on. In addition, a rotational strategy utilising 

sy m m etry needed to be used for successful placement of all internal red 

triangles, as well. as the more difficult green and blue triangles where 

additional superimposed lay<;rS made it impossible to assess visually where 

individual triangles had been posi.ti.onally and rotationally placed. This 



268 

difficulty hierarchy for children unable to discriminate and place triangles 

on existent lines, through to the use of sy m m etry and strategy in 

rotational oroering, gave progressively diagnostic information on children's 

levels of conceptual understanding. 

Plate 16 shows the triangular board design for Figure 87 with the 

transparent triangles to be fitted onto the five boards. 

Plate 16: Figure 87: Transparent Coloured Triangles: 
Verbal Instructions: 

- Use one board for each colour. 

- Find all of the triangles for each colour on the design boards. 

Figure 87a: Transparent Coloured Triangles: Yellow Board. 
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Plates 17 and 18 show Figure 87 colour boaros complete or incomplete. 

- -------- ·- -- ··- - - -·-·-· 

~ •'! '-'t-:_lt•~,-. -
,;.,;,c 

;. U,\ ~ • 

l ... ' i·. -

Plate 17: Figure 87b: TraMI)al"ent Coloured Triangles: Purple; Red Boai:ds. 

Plate 18: Figure 87c: 'l'ran.,>arent Coloured Triangles: Green; Blue Boai:ds. 



Figure 87d shows levels of performance across mathematical groups: 

Leveis Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

5 
SR 

0 - Too difficult, with inability to stay on 
lines. 

6 
AV 

7 
SE 

2 
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1 - Very difficult and incomplete with inability to stay on 
lines, and many inaccuracies. 

2 - Difficult and incomplete with some inaccuracies. 
3 - Difficult but complete with some inaccuracies. 
4 - Difficult but accurate completion with questioning. 
5 - Complete with no questioning. 
6 - Complete with no questioning, and use of strategy and 

symmetry. 
7 - Complete with no questioning, and use of strategy and 

sy m m etry. Creative patterns with sy m m etry. 
8 - Exceptional or novel performance. 

Figure 87d: Transparent TriangJ.es: 
Levels of Performance Across Mathematical Groups. n = 36. 

8 
SE 

1 

The difficulty range was so wide there were only some children who 

attempted all of the colour boards. A number of children had difficulty 

perceiv:ing lines, and it was surprising to see triangles placed over non 

existent lines. Questimtlng for the red board involved enabling the child to 

visually see and verbally describe the inverted triangular star pattern on 

the purple board that the same child had already just completed. Some 

children were unable to transfer this learning. Some children able to make 

sy m metric.al red star shapes around the periphery of the red board were 

unable to apply a S'/ffi metri.cal or rotational ordering strategy to complete 

the inte:r:i.or of the red board successfully, or to transfer this strategy to 

the green and blue boards. Figure 87e shows levels of performance across 

all children who attempted Figure 87. 
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n 

Levels of Performance 
0 - Too difficiil.t., with inability to stay on lines. 
1 - V ecy difficult and incomplete with inability to stay on 

lines, and many inaccuracies. 
2 - Difficult and incomplete with some inaccuracies. 
3 - Difficult but complete with some inaccuracies. 
4 - Difficult but accurate com pl.etion with questioning. 
5 - Complete with no questioning. 
6 - Complete with no questioning, and use of strategy and 

symmetry. 
7 - Com pl.ete with no questioning, and use of strategy and 

symmetry. Creative patterns with symmetry. 
8 - Exceptional or novel performance. 

~ 87e: Tra~nt Tri.an~ 
Lev of Performance. n = 3~ 

Figure 87f examines gender performance across levels of performance: 
(Levels of performance as for Figure 87e). 

n 

,, 
,/' 

, , 

n = 23 ____ Males 
n = 13 ---------- Fem ales 

Figure 87f: Transpar211t Tri.an~ 
Gender Performance Across Le~ of Performance. n = 36. 
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Most children c1llstered in the difficult with some inaccuracies range, 

either after completion or incompletion of Figure 87. Levels of 

performance did not follow mathemat:ical group categories. SE 1 children 

were represented in the middle range of levels of performance only, with 

the highest level of performance com:ing from a 7 year old JE boy. A 

Mann-Whitney U-Test shows no gender performance differences. 

Table 40 lists children with specified colour difficulty areas and 

exceptional levels of performance. Difficulties inclllded placing triangles on 

absentee lines, and :incorrect placement or difficult but correct placement. 

Performance indicating ability incllldes correct placement without 

difficulty, transfer of learn:ing of the star pattern in the purple triangles 

to the red triangles, and exceptional ability in the use of sy m m etry and 

rotation as a strategy for ordering red, green and bhle triangles, and :in 

symmetrical creative pattern:ing. Colours are difficulty ordered from yellow 

to bhle, from the easiest yellow triangles with no overlay:ing colours, to 

the m ed:ill m difficulty reds incorporating sy m metrical overlay:ing and 

transfer of learn:ing from the purple triangles, to the most difficult green 

and bhle triangles where application of a rotational and symmetrical 

strategy is necessary. Children are listed :in order of level of performance. 

Line Performance Colour 
et as Strate for 

Blue Creative 
Patterns 

7 absentee correct absentee absentee absentee 
6 correct correct transfer absentee absentee 
6 correct correct transfer absentee absentee 

10 correct incorrect 
9 correct correct difficult difficult difficult 
8 correct correct incorrect some incorrect 
8 correct correct some some some 
7 correct correct 
9 correct correct correct incorrect incorrect 1 
8 correct correct incorrect correct incorrect 
7 JE correct correct incorrect incorrect incorrect 
8 SE 1 correct correct correct correct incorrect 

11 SE 1 correct correct correct difficult difficult 
10 SE 1 correct correct correct correct difficult 
10 S-SLD correct correct correct strategy correct 1 sym 
7 JE correct correct correct strategy correct 1 sym 
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Children performing correctly at an easier level so m eti.m es have difficulty 

performing at a harder level, with correct or incorrect results. Transfer of 

1.eaming may or may not be achieved, and a strategy may or may not be 

applied. At the lowest level, three children placed triangles on absentee 

lines. At the highest level, only two children applied a rotational. or 

sy mmetric.al. s trategy. These two children were also the only children to 

make sym metri.cal. creative designs with the triangles. The use of strategy 

and sy m m etry :is a useful measure of exceptional. ability in a child. 

Puzzles With Enumeration 
The first of the t wo diagnostic. progressive puzzles involving enumeration :is 

Figure 88, a very advanced junior button array. 

@0 00 
,, 0 0 @ @ 

0 0 0 0 0 @~) OG) 
o o 0 

0B 

F~ 88: Button Array: 
V Instructions: 

- Find which buttons belong together. 

- Each button has its own circle on the diagram. 

@00 
® 
@0 

- Buttons belong together across rows on the diagram. 

- Buttons belong together down colll m ns on the diagram. 

- Place buttons that belong together in rows and columns on the diagram. 
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Figure 88a: Cardinal and Ordinal Button Holes Array: 

This puzzle was very useful for checking difficulties in a child's movement 

from pre-mathematical conceptual levels of understanding to those of 

beginning formal mathematical thinking. Figure 88 gave examples of 

perceptual p:riDrities and perceptual difficulties, mathematical conceptual 

levels of one to one correspondence and enu m era ti.on and the cardinal and 

ordinal meanings of numbers as a consecutive ordering task, and an 

example of a child unable to verbalise two classiftcat:ions. Figure 88 was 

also a particularly useful puzzle for junior rem edia1. children to process. 

Many of these children found the task difficult, and much questioning 

input was required. The following anecdotes illustrate levels of 

performance with the kinds of conceptual difficulties this puzzle is useful 

for detecting and rem ediating. 
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The lowest level of performance was from a 10 year old SR girl who 

placed the buttons on the diagram randomly at first. She then found all of 

the buttons with three holes, and took 30 more minutes to classify the 

remainder of the buttons according to the number of holes they had. 

Despite extensive questioning, she was unable to order her button rows in 

ordinal form. 

A 7 year old JR girl separately classified buttons with three and four 

holes in them, but was unable to say what was the same about these 

buttons she had placed together. This is another example of a child 

making a classification at a possibly unconscious level with obvious 

conceptual understanding of the classification, but with an inability to 

verbalise the classification. After a lot of questioning she was able to 

name these sets. Only then could she continue classifying the remaining 

buttons she had not known how to classify. Following extensive questioning 

she was able to order her rows correctly. N amimg the sets brought 

unconscious perceptual and conceptual understanding to conscious attention, 

enabling conscious transfer of this learning for classification completion. 

A 6 year old JR girl placed the buttons on the diagram randomly at first 

before noticing some buttons had no holes. I suggested she make a set of 

'no holes' buttons. She spontaneously classified the remaining buttons into 

sets according to the number of holes they had, and arranged them into 

rows ordered 4's, l's, J's, O's and 2's. I asked her to tell me about her 

rows. She named her ordered rows, '4's, l's, J's, nothings, 2's'. I asked 

her what another name for 'nothings' was. She did not know. Another 

child told her it was 'zero'. As she did not correct the order of her rows, 

I asked her how she would count her fingers. She began counting them, 

'One, two, three, four, five, six.' I asked her what came before 'one.' She 

did not know. Another child told her it was 'zero'. I asked her to tell me 

the names of her rows again. She repeated her original ordering until she 

got to her 'zero' row, and said she had to put 'zero' at the top. She then 

ordered her rows, 'O, 1, · 2, 3, 4,' from top to bottom. 

A 7 year old J-SLD bo:,· attempted to colour match the buttons at first, 

showing a perceptual pri.ori.ty mode. I asked him to tell me about specific 
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buttons I picked out before he noticed they had different numbers of holes 

in them. Without questioning, he arranged his rows ordered from buttons 

with 1 - 4 holes from the bottom of the board upwards, having no idea 

what to do with his holeless buttons, or what to do with his empty top 

row on the diagram. When asked to name the remaining holeless buttons, 

he called them 'zeros', and arranged them below the diagram beneath his 

row of buttons with one hole each. He could not perceive the possibility 

of moving his rows up so he could fit all of the sets onto the diagram. 

A 7 year old JR boy placed all of the buttons with three holes in them 

along the top row of the diagram, with the remaining buttons placed at 

random. I asked him why he had put his top row of buttons together. He 

said it was because they all had three holes. I pointed to each other row 

and asked him why he had put these buttons together. He did not know. I 

asked him if he could see any buttons with a different number of holes in 

them than the three holes his top row buttons had. He said he could see 

buttons with four holes, two holes, one hole and no holes. I asked him if 

he could put all of the buttons with the same number of holes together. 

He put them into rows ordered 3's, l's, 4's, 2's, O's. I asked him to 

count from zero for me. He counted O, 1, 2, 3, 4, then quickly ordered his 

rows correctly. 

A 6 year old JR boy at first tried unsuccessfully to classify the buttons 

according to colour, and then size, showing perceptual priority modes. I 

asked him if he could find another way the buttons belonged together. He 

could not. He had randomly placed two buttons together with two holes in 

each of them. I asked him why he had put these two buttons together. He 

had no idea. After some moments he noticed there were different numbers 

of holes in different buttons, and he ordered them correctly into rows. 

A 6 year old JR girl classi.fied her button sets correctly and placed them 

in rows on the floor. She did not know how to place t}1em on the diagram. 

I asked her to count how many buttons there were in each set, and how 

many sets she had. She said there were ten buttons in each set and five 

sets. I asked her to count how many circles there were in each row on 

the diagram, and how many rows there were. She said there were ten 
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circles in each row and five rows. Without further questioning she was 

able to accurately order her sets onto the diagram. 

An 8 year old AV girl placed the zero holed counters along a row. She 

then placed the one holed buttons around the outside of the four corners 

of the diagram in a decorative symmetric.al pattern. I asked her to tell me 

about the row of buttons she had placed along a row. She said they all 

had no holes in them. I asked her to tell me about the buttons she had 

placed around the corners. She said they had one hole in them. I asked 

her if she could find another way to arrange them. She quickly placed the 

one holed buttons beneath the zero holed buttons, and completed the 

puzzle accurately. 

Many of these anecdotes were placed in the level of performance of 2, of 

difficult completion with a lot of questioning, as were many of the 

children attempting Figure 88. Figure 88b shows Figure 88 levels of 

performance across mathematical groups: 

3 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 88b: Button Holes: Cardinal and Ordinal Array: 
Levels of Performance Across Mathematical Groups. n = 23. 

1 
1 

8 
SE 

1 
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Figure 88c shows levels of performance across all children who attempted 

Figure 88: 

9 
8 

n 0 

Levels of Performance 
0 - Too diffi.culi 
1 - Difficult and incomplete with a lot of questioning 
2 - Djffi.cult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 88c: Button Holes: Cardinal and Ordinal Array: 
Levels of Performance. n = 23. 

Figure 88d examines gender performance across levels of performance: 
(Levels of performance as for Figure 88c). 

9 
8 

--

8 

n 0 8 

n = 14 
n = 9 

Males 
---------- Females 

Figure 88d: Button Holes: Cardinal and Ordinal Array: 
Gender Performance Across Levels of Performance. n = 23. 
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Two surprises in Figure 88 were a JR and JE child achieving the second 

highest level of performance with SR children and one SE 1 child, along 

with a 10 year old SR child achieving the lowest level of performance. A 

Mann-Whi.tney U-Test shows no gender performance differences for Figure 

88. 

Figure 89 :is also a cardinal and ordinal array showing diagnostic 

progressions of conceptual understanding and levels of performance. In 

modified form it :is suitable for children in any mathematical group. I 

reduced the number of cards in this puzzle from 121 to 55 on initial 

presentation to make it more manageable and less overwhelming for a 

child. This did not alter the conceptual processes involved. The initial 

modified form of 55 cards contained from 1 - 5 coloured candles on each 

card for the child to arrange onto a board containing a 55 card array 

diagram. If a child was able to process the concepts to produce a 

complete cardinal and ordinal col.our array with the 55 cards, I extended 

this modified set to the full set of 121 cards, with from 1 - 11 candles 

on each card. Children then opted to extend from the m odi£ied diagram 

board or to use no board at all. 

A very wide range of conceptual performance was shown by children 

attempting Figure 89. Levels of performance across mathematical groups, 

school classes and ages were significant, perhaps relating to cardinal and 

ordinal sequencing as in form al mathematics. Levels of performance, from 

ability or inability to make a one to one correspondence between cards 

and diagram, to various arrangements of cardinal, ordinal and col.our 

sequencing, to awareness of diagonal relationships as well as vertical and 

horizontal sequencing, and to manipulating and rotating concepts men tally 

and verbally to produce correct and novel arrays, showed the great range 

of ability across children. 

The full array could be arranged in several different ways including 

circular arrangement, although most children did not notice this possihiljty. 

Plate 19 shows Figure 89 in the incomplete modified form of 55 cards as 

first presented to children, and Plate 20 (Figure 89a), in completed form. 
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Plate 19: Figure 89: Bkthday Candle Cardinal and Ordinal Colour Array: 
Verbal Instructions: 

- Find which cards belong together. 

- Place the cards in order on the diagram. 

Plate 20: Figure 89a: Bkthday Candle Cardinal and Ordinal Colour Array. 



Plate 21 shows Figure 89b with the full set of 121 cards. 

11111111111 
11111111111 
11111111111 
11111111111 
11111111111 
11111111111 
· 11111111111 
11111111111 
11111111111 
11111111111 
11111111111 

28 1 

Plate 21: Figure 89b: Birthday Candle Cardinal and Ordinal Colour Array. 
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Figure 89c shows Figure 89 performance levels across mathematical groups. 

Levels range from no one to one to correspondence, to applkation of 

strategic and novel approaches. (Levels of performance as for Figure 89d). 

1 
17 
1 
15 
14 
1 
12 

1 
10 

9 

7 

1 
0 

1 1 

1 

1 
1 

1 

1 

1 

1 

1 

2 

1 

1 

1 
2 

1 

1 

1 

Levels Groups 1 2 3 4 5 6 7 8 
of J JR JE s SR AV SE SE 
Performance SLD SLD 2 1 

Figure 89c: B:irthday Candle Cardinal and Ordinal Colour Array: 
Levels of Performance Across Mathematical Groups. n = 42. 

Although performance levels are wide for different groups, they do 

increase in range with the upward movement of mathematical groups. 

Table 41 shows Figure 89 correlation coefficients between levels of 

performance and mathematical groups, school class levels, and ages. 

Table 41: Spearman's Rho Correlation Coefficients: 
Figure 89: Birthday Candle Cardinal and Ordinal Colour Array: 
Levels of Performance: n = 42. 

Across mathematical groups 

Across school class levels 

Across ages 

rs= 0.520 

rs= 0.493 

rs= 0.503 

Figure 89d shows Figure 89 levels of performance: 

p = <0.05 

p = <0.05 

p = <0.05 
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n O 1 2 3 4 5 6 7 8 9 10 1112 13 14 15 16 17 18 19 20 21 
Levels of Performance 

0 - No one to one correspondence. Random placement of 

1 
2 -
3 -
4 -
5 -
6 -
7 -

cards into piles on the diagram board. 
One to one correspondence. Random card placement. 
Numerical. col.um ns misplaced. No colour awareness. 
Cardinal. and ordinal array. Some reversals. 
Correct cardinal. and ordinal array, with difficulty. 
Correct cardinal. and ordinal array. Cards uµn.de down. 
Cardinal. and ordinal array with no difficulty. 
Cardinal. and ordinal array. Correct confab.llated 
reasoning for a verti.cal. colour placement. Unable to 
transfer concept to whole array. 

8 - Cardinal. and ordinal array. More than one correct 
confabulation. No transfer of concept to whole array. 

9 - Cardinal. and ordinal array. Correct confabulated 
reasoning for vertical. colour placement. Transferred 
concept to some of the array. Many mistakes. 

10 - Cardinal. and ordinal array. Occasional. verti.cal. colour 
sequencing. Incomplete. 

11 - Cardinal. and ordinal array. Several columns in vertical. 
colour sequencing. 

12 - Partial cardinal and ordinal array. Incorrectly placed 
col.um ns in two sections. V erti..ca1. colour sequencing 

13 - Cardinal. and ordinal array. Correct confabulated 

14 -
15 -
16 -

reasoning for one correct vertical. colour sequence. 
Correctly transferred concept to whole array. 
Cardinal. and ordinal array. V erti..cal colours correct. 
Cardinal. and ordinal array. Horizontal. colours correct. 
Cardinal. and ordinal array. V erti..cal colours correct. 
Correct confabulated reasoning for occasi..onal. horizontal. 
sequencing. Unable to transfer concept to whole array. 

17 - Cardinal. and ordinal array. Verti..cal colours correct. 
Correct confabulated reasoning for occasional. horizontal. 
sequencing. Transferred concept to whole array. 

18 - Cardinal. and ordinal array. V erti..cal colours correct. 
Correct confabulated reasoning for occasional. horizontal. 
sequencing. Corrected horizontal. sequencing at speed. 

19 - Cardinal./ ordinal array. Verti..cal. and horizontal. colour. 
20 - Use of strategy. Mentally worked out and verbalised 

complete array in advance. 
21 - Novel. array showing advanced conceptual. thinking. 

Figure 89d: Birthday Candle Cardinal. and Ordinal Colour Array: 
Levels of Performance. n = 42. 
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Ranges of performance across mathematic.al groups shown in Figure 89c 

are widely spaced for several mathematic.al groups. JR children ranged 

from levels of performance of 0-14; JE children from levels of 4-18; SR 

children from levels of 5-19; and SE 1 children from levels of 2-20, the 

widest range of any group. Figure 89d shows the biggest number of 

children performing at level 14 with a correct cardinal and ordinal array 

and vertical colour, but incorrect horizontal colour sequencing. The next 

biggest number of children was in level 11 with incomplete vertical colour 

sequencing, and in level 13 where vertical colour sequencing was 

rearranged correctly, with both of these levels reached following 

confabulated reasoning for random or irregular sequencing. Several children 

also had both vertical and horizontal colour sequencing correct . at level 19. 

Figure 89e examines gender performance across levels of performance. 

(Levels of performance as for Figure 89d). 

n = 27 ____ Males 
n = 15 ---------- Females 

Figure 89e: Birthday Candle Cardinal and Ordinal Colour Array: 
Gender Performance Across Levels of Performance. n = 42. 

A Mann-Whitney U-Test shows no gender performance differences. 

The diagnostic. vallle of oh:.erving the way a child processes this array can 

be understood more clearly from the following anecdotal range of levels of 

performance, beginning with the 6 year old JR boy who placed several 

piles of cards at random on the diagram board, showing no one to one 

correspondence or cardinal and ordinal or colour awareness. This puzzle 

was an exercise in one to one correspondence alone for the next 8 year 

old JR boy who placed one card to one box at random on the diagram. 

Similarly there was no cardinal or ordinal or colour awareness. Even at 
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these two levels of performance of O and 1, it is evident the first child 

had not mastered the pre-ma them ati.cal skill of one to one correspondence, 

but the second child had, although without further movement into form al 

mathematical thinking that develops with the ability to enumerate. 

Beginning enumeration featured in the next level of performance. Counting 

the number of candles on each card was one issue. A more difficult issue 

was the transference of the sets of cards onto the diagram. Synchronising 

the number of cards with the same number of candles on them and the 

number of different candle numbers, with the number of boxes on each 

row and down each colllmn of the diagram was too difficult as a cardinal 

number task for some children. One 7 year old J-SLD boy with a level of 

performance of 2 made colllmns of similarly numbered cards in no 

particular order on the floor. He could not arrange these onto his diagram. 

I asked him how many cards had one candle, and how many boxes there 

were in a row on the diagram. He said there were 11 one's and 13 boxes. 

I asked him how many boxes there were in a colllmn. He said there were 

4. I asked him to count these again, which he answered correctly the 

second time. He was still unable to see how to arrange his cards onto the 

diagram. An 8 year old SE 1 girl with a level of performance of 2 placed 

her cards in a 1-5 order across her rows twice, as shown: 

1 2 3 4 5 1 2 3 4 5 

1 2 3 4 5 1 2 3 4 5 

1 2 3 4 5 1 2 3 4 5 

1 2 3 4 5 1 2 3 4 5 

1 2 3 4 5 1 2 3 4 5 

1 2 3 4 5 

As was apparent in Figure 88, the ordinal meaning of numbers is a later 

and more difficult concept for children to grasp. One 7 year old JE boy 

with a level of performance of 4, who was able to classify cardinal 

groups, needed extensive questioning to arrange these class:i6cati..ons 

ordinally into array form. This array was without colour awareness. One 6 

ye<lr old JR boy with a level of performance of 3 made a cardinal and 

ordinal array with his fourth and fifth rows reversed. He also showed no 
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colour awareness. A 10 year old SR girl with a level of performance of 5 

first placed all cards up:rl.de down at random onto the diagram. She then 

made piles of cards holding the same number of candles (cardinal groups), 

placing them onto the diagram in correct cardinal and ordinal array form, 

with many cards still up:rl.de down, and no colour sequencing. 

Children who were able to make correct cardinal and ordinal arrays with 

no colour awareness or beginning colour awareness often gave confabulated 

reasoning for randomly or inconsistently placed colour sequences. One 9 

year old SR boy with a level of performance of 7 placed the cards at 

random onto the d:iagra m before rearranging them into a cardinal and 

ordinal array. Two cards had been randomly placed in colour sequence. 

When asked why he had placed these two cards together, he said it was 

because they started with the same colour. He was unable to transfer this 

observation to place all of the cards into this kind of vertical sequence. 

Similarly, a 7 year old JE boy at the same level of performance who 

randomly placed three cards in vertical colour sequence gave the same 

confabulated reply. He said all of the cards could be arranged like this, 

but he too was unable to rearrange them. 

Two further children showed partial colour sequencing awareness, but not 

in sufficiently conscious form for conscious transfer of learning to make 

the arrangement consistent, nor for the children to verbalise their reasons 

sufficiently. These are examples of concepts either not fully formed, or of 

inconsistent application. One 9 year old girl with a level of performance 

of 8 made a correct cardinal and ordinal array with occasional vertical 

and horizontal colour sequencing, but she was unable to transfer these 

kinds of sequences to all of the cards, and had some perceptual 

difficulties distinguishing between colour subtleties. A 6 year old JR boy 

with a level of performance of 8 made a correct cardinal and ordinal 

array with correct vertical colour sequencing in his first two columns only, 

with no horizontal colour sequencing. He was also unable to transfer this 

vertical colour arrangement to all of his columns. 

Some children were able to transfer learning from these confabulations. A 

6 year old JR girl with a level of performance of 9 made a cardinal and 
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ordinal array with no colour awareness apart from one colllmn with all 

candle sequences beginning with the same colour. Tiris suggests partial and 

probably initially unconscious conceptual understanding, as she was able to 

confabulate correct reasoning for this and to rearrange all of her colllmns 

with candle sequences beginning with the same colour. Few of these were 

completely correct as she had further difficulty perceiving differences in 

colour subtleties. A 9 year old SE 1 boy with a level of performance of 

10 also showed evidence of incomplete conceptual understanding that was 

insufficient for him to be able to show consistency. At first he could not 

see how to arrange his numerically vertically sequenced cards onto the 

diagram until he counted the number of cards for the number of boxes 

provided. His colour sequencing on the diagram was very inconsistent with 

occasional horizontal and vertical colour sequences made. He did 

understand why he had made these sequences, but was unable to extend 

them and became frustrated, only placing half of the 55 cards he had. 

Fatigue can also be a factor, as evidenced by a 6 year old JE boy with a 

level of performance of 11. At first he made a cardinal and ordinal array 

with no colour sequencing apart from one cohlmn where he had randomly 

placed four cards beginning with an orange candle. He confabulated his 

reason for this, and began changing his cohl m ns to make all of the cards 

start with the same candle colour, rut lost concentration after completing 

two cohlmns. An 8 year old SR boy with a level of performance of 11 also 

lost concentration after making half cardinal and ordinal rows of 1-5 

candles with vertical colours the same for each candle sequence. The 

remainder of the diagram was placed at random, both in cardinal and 

ordinal and colour sense. This reinforces the idea of concepts being 

inconsistent when they are not firmly established, creating the mental 

fatigue concentration produces. The partially established and partially 

conscious concepts also :i.llust:rate the gradual process of unconsci.ous 

concepts slowly coming to conscious attention where they are then more 

likely to become consciously em bedded and consciously able to be used and 

applied in a transfer of learning situation. 

Som eti.m es a child may show evidence of one concept applied consistently, 

but another concept that is only partially complete, as in the performance 
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of an 8 year old SR boy with a level of performance of 12 whose vertical 

colour columns were consistent, but whose cardinal and ordinal array was 

not. This boy placed all vertical coh.I m ns with candles starting with the 

same colour, but his cardinal and ordinal array was the same as the SE 1 

girl with a level of performance of 2 and the 8 year old SR boy 

mentioned above with a level of performance of 11, who each placed two 

sets of 1-5 cards across each row instead of placing these vertically. 

Children with a level of performance of 13 were able to correct their 

vertical colour coh.I m ns after giving a confabulated reason for their 

randomly placed colour sequences. None of these children were aw are of 

horizontal col.our sequencing possi.bili.ties. Two children had difficulties 

arranging thcir cardinal and ordinal array onto the diagram. 0 ne 7 year 

old JE girl mixed her four and five candle cards so that she had uneven 

numbers of cards to place along the rows. Once she had discovered and 

corrected this through questioning, she ordered her array correctly, and 

completed the vertical colours foll.owing further questioning. A 7 year old 

JR boy also had difficulties with the diagram at first with uneven nu mbers 

of cards in his cardinal columns. Once this was corrected he placed his 

array partly on and partly off the diagram, with ordinal sequences running 

across rows, and cardinal cards in vertical coh.I m ns, a reverse arrangement 

from the way the ctiagra m was drawn. This meant he had as many cards 

arranged beneath the diagram as there were empty boxes within. By asking 

him to count his sets and row and coh.Imn boxes, he was able to see 

another way of arrangement and to correct this before moving on to his 

confabulated reasoning for his randomly placed colour sequences. One 

advantage of not using a diagram at all would be to all.ow for this 

alternate array arrangement. A further 7 year old JE boy within this level 

of performance placed every card up.side down on the diagram. I referred 

to this by wondering aloud what would happen if my candles were on my 

cake that way. He said that they would all go out, and continued with his 

upside down placement. 

Six children achieved a level of performance of 14, a correct cardinal and 

ordinal array with vertical. colour sequencing completed without 

questioning, showing consciously applied conceptual awareness. None of 
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these children were aware of horizontal. col.our sequencing possibilities. One 

10 year old SE 1 boy with a level of performance of 15 reversed the 

above performance by placing all cards in correct horizontal col.our 

sequence, a much more difficult task than the vertical col.our grouping, but 

he did not notice the possibility of vertical col.our placements. 

Another series of children with a correct cardinal and ordinal array and 

complete vertical col.our grouping gave confabulated reasons for an 

occasional and randomly placed horizontal. col.our sequence. One 10 year 

old SR girl with a level of performance of 16 confabulated the correct 

reason but was unable to make any conceptual transfer to rearrange the 

whole set. Two further 9 year old SE 2 children with a level of 

performance of 17 were able to make this transfer, and two more children 

were able to make this transfer at speed. These two children with a level 

of performance of 18 inclllded an 8 year old AV girl and a 7 year old JE 

girL These were the two highest levels of performance from younger 

children. 

Three further children with a level of performance of 19 produced a 

cardinal and ordinal array with both vertical and horizontal. col.ours correct 

as in Plate 21 (Figure 89b). These inclllded 9 and 10 year old children at 

SE 1 and SR mathematical levels. One of these children placed his vertical 

col.our cards with the same candle col.our at the end of the sequence on 

each card instead of at the begmning as other children arranged them. 

Either is correct if consistent. All of these children were then able to see 

and enjoy diagonal as well as vertical and horizontal col.our and cardinal 

and ordinal relationship.s and patterns. 

The remaining two performances from children were truly exceptionaL A 9 

year old SE 1 boy with a level of performance of 20 applied a strategy to 

enable him to visualise and verbalise the whole array of 121 cards before 

he placed them on the diagram. This was the same boy who applied the 

visualising and verbalising strategy before manipulating and placing set 

pieces in Figure 57, the fl.mo Venn Diagram. 
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The final performance of 21 was from a 10 year olrl AV girl who gave a 

novel performance by making an intersecting brick array. She intersected 

the bottom number one cards with number two cards above, using both 

horizontal and vertical colour sequencing. She continued this pattern 

throughout the extended 121 set array, with the intersecting cards moving 

one along to the left with each increasing row. Each card above and 

overlapping two other cards contained at its beginning and end the colours 

presented in the two cards below it, giving an example of alternate 

ordering in conjunction with the consecutive ordering of the array. This 

gave a simple triangulation where the top point of a triangle contains the 

colours incll.lded in and coming between the two bottom points of the 

triangle. This triangular concept applies throughout the array, within every 

size of triangle present. The bottom points provide the start and finish of 

what is contained in the top point. 

Within this intersecting array are also two cardinal and ordinal arrays with 

both vertical and horizontal sequencing. One, with a constant starting 

colour in each diagonal column flows in one ctirection, and the other with 

a constant finishing colour in each diagonal column flows in the opposite 

direction. This 10 year olrl AV girl verbalised all of these observations, 

incll.lding noticing that the end of the array linked with its beginning, 

meaning the array could be arranged in circular form. She did not atte mpt 

to transfer the array into circular form. Plate 22 (Figure 89f) shows this 

novel intersecting brick array. 

There were several other ways of arranging these cards w hic.h were not 

discovered by the children in the 1985-1986 study. These are inclllded here 

to give examples of continuing novel performance possibilities. One of 

these novel performance possibilities, also involving alternate ordering and 

consecutive ordering, was the result of a first attempt at Figure 89 by a 

13 year old girl in 1987. She ca11.ed this an 'odds and evens' array, and 

observed that this array could connect in circular form. She was given the 

full set of 121 cards and no diagram board. Plate 23 (Figure 89g) shows 

this novel odds and evens array. This arrangement is similar in concept to 

the hierarchy triangle button series where a set naming single element is 

added to as it progresses upwards through its hierarchy triangle. Sy m m etry 
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is an important feature with the addition and subtraction of e1.e m ents to 

and from the basi.c set col.ours. The verti.c.al, horizontal and diagonal col.our 

sequencing patterning in these two previous novel arrays is fascinating. An 

exam pl.e is reversed col.our sequencing along exterior edges of these 

triangles in Figure 89g. 

There are further arrangement possibilities for Figure 89 not discovered or 

attempted by children. The sim pl.est of these is a circular arrangement of 

Figure 89b, the full 121 card cardinal and ordinal vertical and horizontal 

col.our array. Cards may radiate outwards with the smallest or largest 

numbers of candles at the centre, or the periphery of the wheel, as shown 

in Plate 24 (Figure 89h). The advantage of the circular array is continuity 

of pattern and col.our. The disadvantage is the increasing separation of 

spokes towards the periphery of the wheel, making col.our patterns and 

connectedness between spokes more difficult to observe. The positions and 

order of cards for a wheel array (Figure 89h), are easy to transfer from 

an already formed rectangular array (Figure 89b). If a wheel array is 

made from loose cards, those with the largest number of candles on them 

need to form the central ring to determine positional ordering of col.our 

sequencing. Further cardinal concentric rings are then placed in outward 

ordinal direction from 11-1 candles on each card. 

A further series of arrangements for the birthday candle cardinal and 

ordinal col.our array cards is shown in Figure 89i, (Plate 25), as cardinal 

col.our continuation circles. These involve making separate col.our 

continuation circles for each cardinal set of cards. The order of col.ours on 

the candles can be seen in entirety on cards with 11 candles on them. The 

first col.our on any card is to foll.ow on from the last col.our on the 

previous card for each cardinal colour continuation circle. The last card to 

be placed has colour continuation links with the first card. 

If cardinal col.our continuation circles are made directly from a cardinal 

and ordinal col.our array in wheel form, a strategy can be applied for 

selecting cards which eliminates the slow visual checking approach for 

col.our continuation. If a cardinal colour continuation circle using cards 

with nine candles on them is being processed, take one card with nine 
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candles on it from the wheel array circle of nine cancile cards, and begin 

counting around this circle from where the gap has been made. Each ninth 

card counted around the circle will be the correct colour continuation card 

for the cardinal colour continuation circle for nine candles on each card. 

If a circle of six cancile cards is being processed, every sixth card in the 

six cancile card circle on the wheel array will. provide the correct colour 

continuation card, and every third card in the three candle card circle on 

the wheel array will provide the correct colour continuation. This strategy 

is consistent throughout the range of colour continuation circles, whi..chever 

cardinal number is being used. 

Thought was given to reducing the number of coloured candles to the more 

conventional number of ten instead of el.even when considering this puzzle 

for possible manufacture. This was not a probl.e m until it was discovered 

that with ten cancile colours instead of el.even, this particular strategy only 

worked for cards with particular numbers of candles on them and not for 

others. The reason the strategy works consistently with an el.even cancile 

set is because el.even is both an odd and a prime number, and is not 

divisible by other numbers as is the number ten. 

A further arrangement moving on from cardinal colour continuation circles 

is to make one large colour continuation circle using most of the set of 

121 cards. Beginning with the one cancile cards, check the colour flow 

from an el.even candle card, and continue using every card in ordinal form 

from the set of one candle cards to the set of ten candle cards. As any 

el.even candle card contains the full colour range of the candles, only one 

el.even cancile card needs to be used to link up the last placed number ten 

candle card with the first placed number one cancile card. 

There will. be further possihilities for arrangement of these array cards 

that have not been discussed here or even thought of at this time. One 

such possihility might be to give a child the task of seeing if it is possible 

to create a two or three difference sequence as an extension exercise 

beyond the inherent one difference sequence between connecting cards 

arranged into this vertical and horizontal colour cardinal and ordinal array. 
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Plate 22: Figure 89f: B:irt:hday Candle Cardinal and Ordinal Colour Array: 
Intersecting Bri.ck Array. 

Plate 23: Figure 89g: Birthday Candle Cardinal and Ordinal Colour Array: 
Odds and Evens Array. 
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Pl.ate 24: Figure 89h: Birthday Candle Cardinal and Ordmal Colour Array: 
Wheel Array. 

Pl.ate 25: Figure 89i: Birthday Candle Cardinal and Ordmal Colour Array: 
Cardinal Colour Continuation Circles: 31s, 101s, 71s. 
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Gender clifferences were not significant for the diagnostically progressive 

puzzles in Chapter 7, with the exception of Figure 85, sign:i.fic.ant in favour 

of males. This is likely to be a chance result. Table 41A shows two tail.ed 

Mann-Whi.tney U-Tests testing gender differences in levels of performance 

across mathemati.cal. groups for Chapter 7, at 0.05, where U (M) = Males, 

Ul (F) = Females, and z shows use of normal approximation for larger 

samples. 

Table 41A: Mann-Whitney U-Tests For Chapter 7: Gender Differences: 

Levels of Performance Across Mathematical Groups: 

Figure U (M) Ul (F) z Males Females 

Puzzles demonstrating diagnostic progressions 

85 58.5 4.5 * 
86 152.5 147.5 + 0.07 

87 154.5 144.5 + 0.16 

88 56 70 

89 141 264 + 1.61 

* Significant at 0.05. 

Puzzles discussed and presented in Chapter 7 show examples of most of the 

previously described conceptual levels and difficulties children exhibit in 

unconscious and conscious processing involved :in the movement from pre­

mathematical to formal mathematical conceptual understanding. These 

included unconscious processing where cl.a.ssificati..ons were made with the 

child unable to verbalise the clas.sific.A.tions; perceptual priority modes; 

perceptual cliff:iculties, problems with lines, reversals, symmetry and 

rotations; problems with multiple concepts such as classifying and ordering, 

classifying with consecutive ordering, alternate ordering and rotational 

ordering; confabulation; transfer of learning; and conscious use of strategy. 

Unconscious processing where cJas.sifications were made with a child unable 

to verbalise the classifications occurred in the button holes cardinal and 
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ordinal set when a child unconsciously classified sets of buttons with three 

and four holes in them, but was unable to verbalise these c]assi6cations 

with no conscious awareness of them. Perceptual priority modes became 

apparent when a child first classified buttons according to colour and then 

size, before classifying the numbers of holes in the buttons. What was a 

familiar mode was processed first. A process of elimination followed from 

what was familiar to the child, to what was unexpected. Perceptual 

difficulties were evident when one child could not see butterfly shapes in 

the fabric butterfly wing array, and when another child could not make a 

one to one correspondence between cards and boxes on a diagram in the 

birthday candle cardinal and ordinal colour array. Difficulties between the 

subtleties of colours occurred for some children in the birthday candle 

array. Problems with lines occurred where several children attempted to 

place transparent coloured triangles on absentee lines. 

Problems with reversals and symmetry occurred when one child could not 

visualise the bilateral symmetry in butterfly wing shapes, and in other 

children who found difficulty reversing triangles to make star shapes in the 

transparent coloured triangles set. Problems with m ulti.ple concepts such as 

rotational ordering occurred with the placement of transparent triangles. 

Examples of classifying and ordering with the butterfly wings, and 

classifying with consecutive ordering were evident in the button holes set 

and the birthday candle array. The birthday candle array also gave 

examples of alternate ordering and many examples of confabulated 

reasoning for a randomly placed correct answer observed after placement 

and during questioning. 

Children also showed signs of difficulty with multiple concepts such as 

being able to hold one concept or another constant, but not both 

simultaneously. This was frequently observed throughout various grades of 

cardinal and ordinal sequencing, as well as stages of colour sequencing in 

the birthday candle cardinal and ordinal colour array. Sometimes a 

conceptual observation was made by a child who was unable to process the 

concept in a practical rearrangement of the birthday array. Further 

children became fatigued and lost ooth concentration and conceptual 

constancy. Transfer of leam:ing difficulties and the conscious need for use 
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of strategy were particularly noticeable with the transparent coloured 

triangles. 

Surrmary 

Examples given :in Chapter 7 illustrate the inconsistently applied and 

improperly established form of some of these concepts :in children, and 

show the immediate effects of 'on the spot' learning and transfer of 

learning. Perceptual and conceptual processes that are unconscious may or 

may not be drawn to conscious awareness allowing verbal introspection of 

such concepts and processes. Speed indicates firmly established conceptual 

understand:ing, whether consciously or unconsciously applied. The use of 

strategy to reduce the amount of visual checldng required and increase the 

speed of the solution indicates a conscious application of conceptual 

understand:ing. This also indicates logical processing and so m eti.m es a 

possible intuitive lateral thinldng approach. 

Chapter 8 looks at ranges in levels of performance of children within 

mathematics groups, and the unexpected lack of correlation between puzzle 

performance and P.A.T. results, as well as some unexpected perfor mances 

fro m junior children. 
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Chapter 8 

Range in Levels of Performance 

Chapter 7 looked at the range of diagnostically progressive conceptual 

levels of performance within some puzzles. Chapter 8 looks at some puzzles 

showing an unexpected range of levels of performance from children within 

mathematic.al groups, and in three different areas. The first area looks at 

puzzles including children from a wide range of mathematical group 

categories, and the lack of correlation between these mathematical groups 

and levels of performance from the children. The second area looks at 

puzzles involving mostly children from one mathematic.al group range, and 

the wide range of levels of performance from these children. The third 

area examines levels of performance from specific children within a 

specific mathematic.al group. 

The first puzzle showing unexpected levels of performance from children 

within a wide range of mathematic.al groups is a very advanced junior 

puzzle, Figure 90, Red and Black Geometric Shapes. This puzzle consists of 

a range of geometrically cut shapes which fit onto seven red squares. 

Plate 26: Figure 90: Red and Black Geomet:rk Shapes: 
Vrebal Instructions: 

- Fit the black shapes onto the red squares. 
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Figure 90a: Red and Black Geometcic Shapes. 

Figure 90b shows Figure 90 levels of performance across mathematical 

groups: 

7 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

4 
s 

SLD 

5 
SR 

6 
AV 

7 
SE 

2 

Levels of Performance 

0 - Too difficult 
1 - Dilficult and inaccurate with a lot of questioning 
2 - Dilficult accurate completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast com pl.etion and use of strategy 
8 - Exceptional or novel performance 

Red and Black Geometcic Sha 

1 
8 

SE 
1 
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Figure 90c shows levels of performance across all children who attempted 

Figure 90: 

n 

Levels of Performance 

0 - Too difficult 
1 - Difficult and inaccurate with a k>t of questioning 
2 - Difficult accurate completion with a k>t of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - Very fast corn pletion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 90c: Red and Black Geometric Shapes. 
Levels of Performance. n = 16. 

Figure 90d examines gender performance across levels of performance: 
(Levels of performance as for Figure 90c). 

n 0 

n = 12 ____ Males 
n = 4 ---------- Females 

Figure 90d: Red and Black Geometric Sha-ee5: 
Gender Performance Across Levels of Performance. n = 16. 
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Figure 90e shows children at the highest level of performance for Figure 

90 across mathematical group.s and age. 

11 

unexpected 
Age Maths J 

Groups SLD 
JR JE s 

SLD 

Figure 90e: Red and Black Geometric Shapes. 
H · hest Level of Performance: Com !lete with no 

Groups Across Ages. n = • 

SR AV 

expected 

SE 
2 

1 

SE 
1 

Subject numbers were small for Figure 90, but the contrast between a 6 

year old JR boy with a performance at the highest level and a 9 year old 

SE 1 boy with the lowest level of performance was striking, although may 

have been due to chance. This puzzle required application of spatiBl 

relationships. Items concern:ing spatiBl relationships are phased out at 

senior primary school level in P.A.T. formal mathematics in New Zealand 

schools. This may help explain the lack of correlation of P.A.T. 

mathematical groups and levels of performance. Figure 90 was not easy 

for children. No child performed at speed or used a strategy, but most 

children utilised sy m m etry in the way they placed the shapes onto the 

squares. A Mann-Whi..tney U-Test shows no gender performance differences. 

A further puzzle showing a wide performance range across mathematical 

groups was Figure 91, a very advanced junior puzzle, Rainbow Col.our 

Continuation Strips. The strips contained a set order of eleven rainbow 

col.our bands. Each set of two strips started and finished with a particular 

col.our that was different from the starting and finishing col.ours of each 

other set of two col.our strips. Several pos.sible arrangements included 

steps, a V shape and inverted V shape. Sets of two could be placed 

alongside or on top of each other. Although there was some correlation 

between mathematical group.s and levels of performance, one 9 year old SE 

1 boy performed below a 7 year old JE girl. Plates 26, 27, and 28 show 

Figure 91, 91a, and 91b arrangements; and Plate 29 shows Figure 91c 

depicting a 12 year old girl processing Figure 91 in a 1989 study. 
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Plate 27: Figure 91: Rambow Colour Continuation Strips: 
Verbal Instructions: 

- Match the colour strips. 

Plate 28: Figure 91a: Rambow Colour Continuation Strips: Ste{& 
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Plate 29: Figure 91b: Rainbow Colour Continuation S~ V Shape. 

Figure 91b shows Figure 91 levels of performance across mathematical 

groups: 

1 
0 

Levels 
of 

1 
Groups 

1 

3 
JE 

Performance 

1 
J 

SLD 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional. or novel performance 

Figure 91b: Rainbow Colour Continuation S~ 
Levels of Performance Across Mathematical. Groups. n = 12. 

8 
SE 

1 
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Subject numbers may be too small for reasons other than chance for a 

wide performance range within and across mathematical groups. With a 

wide performance range in previously presented puzzles such as Figures 3, 

4, 14, 20, 32, 34, 39, 42, 44, 57, 64, 85, 86, 87 and 89, further 

investigation into the reasons for this are im plic.ated. Difficulties with 

col.our perception may have created difficulty in Figure 91. The main 

difficulty seemed to be the dual multiple conceptual task of matching sets 

of two and an additional task of consecutive ordering. With multiple 

arrangements for posmble ordering and no diagram provided, some children 

found the creation of an ordered symmetric.al. continuation shape a 

distraction from the col.our continuation process. f---
1 

I 

Plate 30: Figure 91c: Rainbow Col.our Continuation S~ Processing. 
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A further puzzle with mixed levels of performance across junior and senior 

children was a series of beginning senior puzzles of wallpaper flower 

pattern continuation st.tips requiring pure pattern matching skills. They are 

collectively presented in Plates 30 and 31 as Figure 92. 

Plat e 31: Figure 92: Wallpaper Flower Pattern Continuation Strips: 

V Instructions: 

- Join the pattern strips together to make one big picture. 



Figure 92a shows Figure 92 levels of performance: 

n 0 1 

Levels of Performance 

0 - Too difficult 
1 - Dilficult and incomplete with a lot of questioning 
2 - Dilfi.cult completion with a lot of questioning 
3 - Com pl.ete with some questioning 
4 - Complete with minimal questioning 
5 - Com pl.ete with no questioning 
6 - V ecy fast com pl.etion with no questioning 
7 - V ecy fast com pl.etion and use of strategy 
8 - Exceptional or novel performance 

Levels o Performance. n = 

Figure 92b examines gender performance across levels of performance: 

(Levels of performance as for Figure 92a). 

n 

n = 6 
n = 13 

, ' 
, ............ _ _ ... -' -

0 1 

Males 
---------- Females 

Flower Pattern Continuation S · 
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Figure 92c shows Figure 92 levels of performance across mathematical 

groups: 



Levels 
of 

Groups 1 2 
JR 

3 
JE 

Performance 
J 

SLD 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

1 

6 
AV 

1 

7 
SE 

2 

1 - Difficult and :incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional. or novel performance 

Figure 92c: Wallpaper Flower Pattern Continuation Strips: 
Levels of Performance Across Mathematical. Groups. n = 19. 
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8 
SE 

1 

The majority of the children attempting the series of pattern continuation 

strips found these puzzles difficult. Pure pattern matching seems to be one 

of the more difficult perceptual. processes. What was surprising was not 

the range of children from JR to AV who experienced difficulty, but the 

equally high range of level of performance from JR, JE, SR and SE 2 

groups. A Mann-Whitney U-Test shows no gender performance differences. 

A further puzzle within the wallpaper pattern continuation strip series was 

Figure 93, an average senior puzzle. Figure 93 is the first of the puzzles 

show:ing a wide range of levels of performance within a mathematical 

group range. Puzzles of this type are more suitable for either junior or 

senior children. Previous examples incll.lde Figure 18, Reversed Sailing Ships, 

show:ing a wide range of performance from JR children, and Figure 40, 

One Col.our Difference Button Figure Eight, where the wide performance 

range was across SE 1 and SE 2 children. 

Plate 33 shows Figure 93: 
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Plate 33: Figure 93: Wallpaper Sphere Pat tern Continuation Strips. 

Figure 93a shows Figure 93 levels of performance across mathemati.cal. 

groups: 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of rearranging 
2 - Difficult com pleti.on with a lot of rearranging 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 93a: Wallpaper Sphere Pattern Continuation Strips: 
Levels of Performance Across Mathemat:k.al Groups. n = 16. 

8 
SE 

1 



Figure 93b shows Figure 93 levels of performance. 

n 0 

Levels of Performance 

0 - Too d:i.f ficult 
1 - Difficult and incomplete with a lot of rearranging 
2 - Difficult completion with a lot of rearranging 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Continuation S 
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Figure 93c examines gender performance across levels of performance: 
(Levels of performance as for Figure 93b). A Mann-Whitney U-Test shows 
no gender differences in performance. 

1 

n 

n = 14 
n = 2 

0 

Males 
---------- Females 

· ure 93c: W a S here Pattern Continuation S · 
Gender Performance Across Levels o P 6. 
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This senior puzzle showed similar levels of performance between SR and SE 

2 children, as both groups exhibited low and high performance levels. This 

was an all boy performance range apart from the two AV girls. Spatial 

relationship skills were necessary for successful. completion of this puzzle. 

Figure 94, an above average senior puzzle was attempted only by SE 1 

children apart from the two AV girls and one JE girL As well as a full 

range of performance within the SE 1 group, the performance of the JE 

girl was at the highest level for this puzzle. Table 42 shows Figure 94 

correlation coefficients between levels of performance and mathematical 

groups, school class levels, and ages. 

Table 42: Spearman's Rho Correlation Coefficients: 
Figure 94: One Colour Difference Wool Circle: 
Levels of Performance: n = 11. 

Across mathematical groups 

Across school class levels 

Across ages 

rs = 0.111 

rs= 0.345 

rs= 0.265 

p = >0 .05 

p = >0.05 

p = >0.05 

These were not sigrrificant. This was not surprising as most of the children 

were from the SE 1 mathematical group, and ranged in levels of 

performance from too difficult to completing the puzzle with no 

questioning help. This highest level of performance was also achieved by 

the only junior child given Figure 94. Difficulties with colour and texture 

discrmination were one kind of difficulty, but the major difficulty lay in 

the inherent consecutive ordering pattern and the need to observe 

repeating patterns of colours and use this as a strategy to eliminate the 

amount of visual checking. Plates 34, 35 and 36 show Figure 94, One 

Colour Difference Wool Circ.l.e. Verbal instructions were as follows. 

Verbal Instructions: 

- Start with one card. 

- Find a card with one colour difference to connect to the first card. 

- Place cards in a one colour difference circle. 

- The last card must link with the first card. 
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94 : 
Plates 34 - 35: Figure 94a: One Colour Difference Wool Clrcle: 
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Plate 36: Figure 94a: One Colour Difference Wool Clrcle: 
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Figure 94b shows Figure 94 levels of performance across mathematical 

groups: 

Levels 
of 

Groups 1 2 
JR 

3 
JE 

5 
SR 

Performance 
J 

SLD 

4 
s 

SLD 

Levels of Performance 

0 - Too ctifficult 
1 - Difficult and incomplete 
2 - Difficult completion 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel perf orrn ance 

F. ure 94b: One Colour Difference Wool Circle: 

6 
AV 

Levels of Performance Across Mathematic Groups. n = 11. 

7 
SE 

2 

4 

2 

8 
SE 

1 

Figure 94c shows children at the highest level of performance for Figure 

94 across ma them a ti.cal groups and age. 

11 

unexpected 
Age Maths J 

Groups SLD 
JR JE s 

SLD 

£1:gure 94c: One Colour Difference Wool C:ircle: 
H' hest Level of Performance: Com 
Mathematical Groups Across Ages. 

1 

SR AV 

ex ected 

SE 
2 

2 

SE 
1 
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Figure 94d shows levels of performance across all children who attempted 

Figure 94: 

n 

Levels of Performance 

0 - Too difficult 
1 - Difficult and inco m pl.ete 
2 - Difficult com pl.etion 
3 - Com pl.ete with some questioning 
4 - Complete with minimal questioning 
5 - Com pl.ete with no questioning 
6 - V ecy fast completion with no questioning 
7 - V ecy fast com pl.etion and use of strategy 
8 - Exceptional or novel performance 

Figure 94d: One Colour Difference Wool C:ircle: 
Levels of Performance. n = 11. 

Figure 94e examines gender performance across levels of performance: 

(Levels of performance as for Figure 94d). 

n 

n = 4 
n = 7 

:??s _,,. ,,,,«' ' '' ' 
, ' 

o f 2 -~ 

Mal.es 
---------- Females 

Figure 94e: One Colour Difference Wool C:ircle: 

' ' ' ' 

Gender Performance Across Levels of Performance. n = 11. 

A Mann-Whitney U-Test shows no gender performance differences. 
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A further puzzle showing a wide range of levels of performance within a 

mathematical. group range was Figure 95, an above average puzzle, Checked 

Fabric Pattern Repeat Array. All of the children attempting Figure 95 

were SE 1 children with the exception of two SR children and the two AV 

girls. Plate 37 shows Figure 95 in incomplete form . 

Plate 37: Figure 95: Checked Fabric Pattern Repeat Array: 
Verbal. Instructions: 

- The glued down coloured squares form the beginning of a 

repeated col.ours pattern. 

- Find patterns of repeated col.ours and complete them. 

Some children needed initial or ongoing questioning to help them observe 

the repeated patterns of three col.ours within cohl m ns and rows, and to 

ol:lserve the repetition of rows and cohlmns at every third row or cohlmn. 

This puzzle was also progressive as repeated col.our patterns in some 

columns and rows could not be known until other cohlmns and rows were 

completed. The final col.our was placed by a process of elimination. 

Although the two SR children did not complete Figure 95 accurately, one 

SE 1 boy also found this too difficult. A wide range of performance came 
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from SE 1 children. The most surprising performance came from a 10 year 

old AV girl who completed the puzzle very quickly with no questioning 

required. Plate 38 shows Figure 95a in complete form . 

Plate 38: Figure 95a: Checked Fabric Pattern Repeat Array: 

Figure 95b shows Figure 95 levels of performance across mathematical. 

groups. (Levels of performance as for Figure 95c). 

Levels Groups 1 2 3 4 6 7 8 
of J JR JE s AV SE SE 
Performance SLD SLD 2 1 

Figure 95b: Checked Fabric Pattern Re~eat Array: 
Levels of Performance Across Mathematical GrouEs· n = 14. 



317 

Figure 95c shows levels of performance across all chi.1:ken who attempted 

Figure 95: 

1 

n 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 95c: Checked Fab:cic Pattern Repeat Array: 
Levels of Performance. n = 14. 

Figure 95d examines gender performance across levels of performance: 

(Levels of performance as for Figure 95c). 

n 

n = 6 
n = 8 

Males 
---------- Females 

Figure 95d: Checked Fab:cic Pattern Repeat Array: 
Gender Performance Across Levels of Performance. n = 14. 

A Mann-Whl.tney U-Test shows no gender performance differences. 

8 
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The remaining puzzle showing a wide range of levels of performance for 

SE 1 children was an average senior puzzle, Figure 96, although subject 

numbers were smalL Whereas one 8 year old SE 1 girl found Figure 96 too 

difficult, another 10 year old SE 1 girl completed it in 30 seconds, as did 

one 10 year old AV girl. It was too difficult for one 10 year old SR girl, 

and an 8 year old AV girl completed it in five minutes with no questioning 

help. 

0 

0 

Figure 96: One Difference Button Triangle: 
V erba1. Instructions: 

- Arrange the buttons with no more than a one difference relationship 

between any buttons you place in connecting circles. 
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Figure 96a: One Difference Button Triangle: 

Figure 96b shows Figure 96 levels of performance across mathematic.al 

groups: 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too d:iffic.ult 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with m:ini.m al questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 96b: One Difference Button Trian~: 
Levels of Performance Acr0$ Mathematic Groups. n = S. 

1 

8 
SE 

1 
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The lack of correlation between mathematic.al groups and levels of 

performance was evident in children across mathematic.al groups achieving 

a range of levels of performance. It was also evident in some children 

from a particular mathematic.al group achieving a higher level of 

performance than expected. An example occurred with the two AV sisters, 

as evidenced in previously presented puzzles. The 8 year old AV girl 

achieved a high level of performance in previously mentioned Figures 1, S, 

17, 29, 32, 33, 39, 40, 52, 81 and 82. This girl also achieved the highest 

level of performance in Figure 97, a very advanced junior fabric ai:ray. 

~o 

Fm 97: Pink /Turquoise Fabric Array 
V Instructions: 

- Match the cards. 

- Find sets. 

- Make an array with the sets to make bigger sets. 

- Name the sets. 
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Figure 97a: Pink /Turquoise Reversed Colour Pattern Fabric Array. 

Figure 97b shows Figure 97 levels of performance across mathemati.cal 

group.5: 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 
0 - Too difficult 

5 
SR 

6 
AV 

1 - Matched some individual colour/ pattern cards 
2 - Matched all individual colour / pattern cards 

7 
SE 

2 

3 - Matched some reversed colour pairs of individual cards 
4 - Matched all reversed colour pairs of individual cards 

1 

8 
SE 

1 

5 - Made vertic.al. colour array with horizontal reversed colour 
pmrs with questioning 

6 - Made vertic.al. colour array with horizontal reversed colour 
pmrs with no questioning 

7 - V ertic.al. colour array into crosscut pattern groups with 
questi.ordng 

8 - Vertie.al. colour array :into crosscut pattern grou-p:; with 
no questioning 

9 - V e:ry fast vertic.al. colour array into crosscut pattern 

F" ure 97b: Pink hu~oise Reversed Colour Pattern Fabric Arra • 
Levels of Performance Across Mathematical Groups. n = • 
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There were three surprises in levels of performance for Figure 97. One 

was that SE 1 children performed at low levels. Another was that one JR 

child performed at a high level. The 8 year old AV girl not only 

performed this array at speed with no instructions or questioning, but was 

the only child to place crosscut pattern groups together, in addition to 

making a ve:rtkal. colour array. 

The 8 year old AV girl also gave the highest level of performance for 

Figure 98, a beginning senior puzzle. 

Figure 98: Three Llnked Button Sets: A-Shape: 
V erba1. Instructions: 

- Find which buttons belong together. 

- Put each set of buttons that belong together in a big circle on the 

diagram. 

- One button goes in each little circle. The button you put in each little 

circle must belong to (intersect) the buttons in each big circle it is 

connected to. 
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Figure 98a: Three Llnked Button Sets: A-Shape: 

Figure 98b shows Figure 98 levels of performance across mathematic.al. 

groups: 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

O - Too difficult 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lDt of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
S - Complete with no questioning 
6 - Very fast completion with minim al questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional. or novel performance 

Figure 98a: Three Llnked Button Sets: A-Shape: 
Levels of Performance Acr<>$ Mathematic.al Groups. n = S. 

8 
SE 

1 
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The 8 year old AV girl agam achieved the highest level of performance :in 

Figure 99, a beginning senior puzzle. 

C> 

Figure 99: Clrcular Buttons with Ordinal Internal Shapes: 
Verbal. Instructions: 

- Arrange the buttons :in order on the diagram. 

Figure 99a: Clrcular Buttons with Ordinal Intemal Shapes. 
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Three other children completed this puzzle with some questioning required. 

These inc1llded one 7 year old JE girl, one 10 year old SE 1 girl, and one 

10 year old AV girl. The 8 year old AV girl completed Figure 99 very 

quickly with no verbal instructions or questiDning help. 

Figure 99b shows Figure 99 levels of performance across ma them atk.al. 

groups: 

8 

1 

Levels Groups 1 
of J 
Performance SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

1 

1 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questiDning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minim al questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 99b: Crrcular Buttons with Ordinal Internal Shapes. 
Levels of Performance Across Mathematical Groups. n = 4. 

1 

8 
SE 

1 

This 8 year old AV girl also achieved the highest level of performance for 

Figure 100, an above average senior puzzle of four intersecting button sets. 

Although all of the participating children required questioning to complete 

this puzzle, two SE 1 boys aged 9 and 10 years, as well as the 10 year 

old AV girl found this puzzle very difficult and ti.me consuming with a lot 

of rearranging, whereas the 8 year old AV girl completed Figure 100 in 

five minutes, follDwing minim al questioning. 



8 

0 

Figure 100: Four Intersecting Button Sets: 
Verbal Instructions: 

- Find which buttons be.1Dng together. 

@ 
EB 

@ 

- Put each set of buttons that be.1Dng together in a big circle on the 

diagram. 
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- One button goes in each little circle. The button you put in each little 

circle must be.1Dng to (intersect) the buttons in each big circle it is 

connected to. 

- Name the sets. 



327 

Figure 100a: Four InteI'Secting Button Sets: 
Black/ Bhle / Square / Leather. n = 5. 

Figure 100b shows Figure 100 levels of performance across mathematical 

groups: 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

s 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of rearranging 
2 - Difficult completion with a lot of rearranging 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
S - Complete with no questioning 
6 - Very fast completion with minimal questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

8 
SE 

1 

100b: Four Button Sets: Black / Bhle / Leather / 
Groups. n = • 
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A further puzzle where the 8 year old AV girl achieved a high level of 

performance was a three dimensional array I adapted from a two 

dimensional one difference probability array utilising four elements, 

designed by Z.P. Dienes. The original idea involved a two dimensional 

diagram on a piece of cardboard. I adapted the two dimensional diagram 

into a three dim ensi.onal diagram repeated on and connecting both sides of 

a tin. This allowed the element of circular polarity inherent in this array 

to become more easily visible. Buttons used in Figure 101 are magnetised. 

Side A Tin Side B 

Figure 101: Three Dimensional One Difference Button Probability Tin 
~ 
VeroaI. Instructions: 

- Find sets. Name the sets. 

- Arrange the buttons with one element different between connecting 

buttons in circles on the diagram. 
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Side A 

Side B 

Figure 101a: Three Dimensional One Difference Button Probability Tin 
Array: 
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As this adult puzzle was so difficult, only the two AV girls attempted to 

solve it. Both girls solved it correctly. The 10 year old AV girl required 

quite a lot of questioning before she could name her four element sets. 

Once she named the four e1e m ents, she completed the arrangement 

without further questioning help. The 8 year old AV girl named the sets 

correctly, and arranged them without any questioning, apart from 

questioning required to draw her attention to two misplaced buttons wh:i.c.h 

she corrected. 

Two further related puzzles, Figures 102 and 103 also showed this 8 year 

old AV girl achieving a high level of performance. Figure 102 was too 

difficult for one 9 year old SE 1 boy. The three children who completed 

it, including one 10 year old SE 1 girl and the 8 and 10 year old AV girls, 

all required minim al questioning. The 8 year old AV girl was not only the 

youngest child to attempt this puzzle, but the only one to complete it at 

speed. Figure 102 shows levels of performance across mathematical groups: 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too difficult 

5 
SR 

1 

1 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with m :in:irn al questioning 
5 - Complete with no questioning 
6 - Very fast completion with minim al questioning 
7 - Very fast completion with no questioning 
8 - Very fast completion and use of strategy 
9 - Exceptional or novel performance 

Figure 102: Domino Button Sets: 
Levels of Performance Across Mathematical Groups. n = 4. 

1 

1 
8 

SE 
1 
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Figure 102a: Domino Button Sets: 
Verbal. Instructions: 

- Find sets of buttons that belong together. 

- Each square on the diagram is a set. 

- Each circle on the diagram is a set. 

- Each half circle (semic.il.'cle) and quarter cin:l.e on the diagram is part 

of a set. 

- Put each set of buttons in its own c.ircle or square. 
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Figure 102b: Dom:ino Colour/ Pattern Button Sets. 

Figure 103 was attempted only by the two AV girls. Neither girl was given 

verbal :instructiDns or questioning, and the level of performance for both 

was exceptiDnaL The 10 year old AV girl completed the puzzle :in five 

m:inutes, and the 8 year old AV girl completed it :in an amazing two 
m:inutes. 
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G ~ G\ w \j 
B 

~@ 00 ~ 
0 

@ 
0 

Figure 103: Domino Button Sets: 
Verbal Instructions: 

- Find sets of buttons that belong together. 

- Each square on the d:iagra m is a set. 

- Each circle on the d:iagra m is a set. 

- Each half circle (semicircle) and quarter circle on the diagram is part 

of a set. 

- Put each set of buttons in its own circle or square. 



Figure 104: Domino Button Sets. 
(Verbal instructions as for Figure 103). 

334 
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Figure 104a: Domino Colour / Materials Button Sets. 

Of the three children attempting Figure 104, one 10 year old SE 1 girl 

required minimal questioning, and both 8 and 10 year old AV · girls 

completed Figure 104 at speed with no questioning or verbal instructions, 

with the 8 year old completing this puzzle accurately in five minutes. 

Subject numbers have been small for many of the puzzles where the 8 year 

old AV girl performed at a high level. In Figure 105, an above average 

senior puzzle, this child's achievement was at the highest level of 

performance when taking into account her age, as both AV girls completed 

the puzzle accurately in one minute, with no verbal instructions or 

questioning help given. Figure 105 also gives a good example of a wide 

range of levels of performance within one mathematical. group category. 

Of 20 children attempting this puzzle, all other children with the exception 

of one SR girl were SE 1 and SE 2 children. Six children found this puzzle 

too diffu:.ult, indicating the diffu:.ulty level, and also em phasi.sing the 

exceptional performance from the 8 year old AV girl. The next highest 
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level of performance came from an 8 year old SE 1 girl who completed 

Figure 105 accurately in five minutes. Only two other children completed 

Figure 105 fakly quic.kly. 

Transfer of 1..eaming may have played a part in the exceptional. 

performance of the two AV girls for this puzzle. Both girls utilised a 

strategy of counting the number of connectiora for each circle, and 

counting the number of ti.mes any particular colour occurred across the 

range of buttons in this set. They were then able to determine the central 

button and comer buttons. 

Figure 105: One Colour Difference Button Square: 
Verbal Instructi.om: 

- Arrange the buttons with one colour relationship and no more than one 

colour difference between any buttons you place in connecting circles. 
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Figure 105a: One Colour Difference Button Square. 

Figure 105b shows Figure 105 levels of performance across mathematical. 

groups: 

Levels 
of 

Groups 1 2 
JR 

3 
JE 

Performance 
J 

SLD 

4 
s 

SLD 

Levels of Performance 

0 - Too diffic.ul..t 

5 
SR 

6 
AV 

7 
SE 

2 

1 - Diffk.ult and incomplete with a lot of questioning 
2 - Diffk.ult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional. or novel performance 

Figure 105b: One Colour Difference Button Square. 
Levels of Performance Across Mathematical. Groups. n = 20. 

8 
SE 

1 



Figure 105c shows levels of performance for Figure 105: 

10 
9 
8 

6 

4 
3 
2 
1 
0 
n 

Levels of Performance 

0 - Too difficult 
1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 105c: One Colour Difference Button Square: 
Levels of Performance. n = 20. 

Figure 105d examines gender performance across levels of performance: 

(Levels of performance as for Figure 105c). 

10 
9 
8 

n 

n = 7 ____ Males 
n = 13 ---------- Females 

Figure 105d: One Colour Difference Button Square: 
Gender Performance Across Levels of Performance. n = 20. 

33 8 
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A Mann-Whitney U-Test shows no gender perfermance differences. 

The 10 year old AV girl also achieved a high level of performance in 

previously mentioned Figures 2, 9, 16, ·37, 40, 43, 45, 58, 61, 64, 67, 68, 

73, 75, 80, 82, 83, 88, 89, 95, 96, 104, 105 and 108. As well she achieved 

high levels of performance in Figures 106, 107, 108, 109, 110, 111, 112 

and 113. The first of these is Figure 106, an advanced senior puzzle. 

Whereas this puzzle was either too difficult or very difficult for other 

children, the 10 year old AV girl completed Figure 106 in two minutes 

with no questioning or verbal instructions. 

metal 

fabrlc 

Figure 106: One Difference Button Square: 
Verbal Instructions: 

- Find sets of buttons. Name the sets. Use the set names for relationship 

connections between connecting buttons. 

- Arrange the buttons with one relationship and no more than one 

thing different between any buttons you place in connecting circles. 
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Figure 106a: One M ateri.al Difference Button Square. 

Figure 106b shows Figure 106 levels of performance across mathemati.cal. 

groups: 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 

0 - Too diffk.ult 

s 
SR 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - V ecy fast completion with no questioning 
7 - Vecy fast completion and use of strategy 
8 - Exceptional. or novel performance 

Figure 106b: One M ateri.al Difference Button Square: 
Levels of Performance Across Mathematic.al. Groups. n = 5. 

8 
SE 

1 
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Only the two AV girls attempted Figure 107, an average senior puzzle. The 

8 year old AV girl required minim al questioning to begin this puzzle, and 

her 10 year old sister completed this quk.kly and accurately. 

Plate 39: Flgui;e 107: Triangles into Zigzags: 
Verbal Instructi.ons: 

- Make the triangles into a zigzag pattern. 

Plate 40: Figure 107a: Triangles into Zigzags. 
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Related puzzles Figures 108 A, an above average senior puzzle, and 108 B, 

an advanced senior puzzle, are shown collectively in Plate 40. The 10 year 

old AV girl achieved the highest level of performance for both puzzles. 

Figure 108 A shows levels of performance across mathematical groups: 

Levels Groups 1 
of J 
Performance SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 
0 - Too difficult 

5 
SR 

1 

6 
AV 

7 
SE 

2 

1 - Difficult and incomplete with a lot of questiorring 
2 - Difficult completion with a lot of questiorring 
3 - Complete with some questioning 
4 - Complete with minimal questiorring 
5 - Complete with no questiorring 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 108 A: Red Flower Build Up Pattern Match Jigsaw: 
Levels of Performance Across Mathematical Groups. n = 3. 

Figure 108 B shows levels of performance across mathematical groups: 

8 
7 
6 
5 

0 
Levels 
of 

Groups 1 

Performance 
J 

SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

5 
SR 

Levels of Performance Across Mathematical Groups. n = • 

1 

6 
AV 

1 
7 

SE 
2 

8 
SE 

1 

1 
8 

SE 
1 
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Plate 41: Figure 108 A: Red Flower Build Up Pattern Match Jigsaw. 
Figure 108 B: Yellow Flower Build Up Pattern Match Jigsaw. 

The 10 year old AV girl completed Figure 108 B :in ten m:inutes, whereas 

the next level of performance was from a 10 year old SE 1 girl 

completing Figure 108 B :in twenty m:inutes. 

Figure 109, an advanced senior puzzle, was attempted by three children. 

The 10 year old AV girl aga:in took ten m:inutes to complete this, and the 

above mentioned 10 year old SE 1 girl who took twenty minutes to 

complete Figure 108 B also took twenty m:inutes to complete Figure 109. 

Figure 109 shows levels of performance across mathemati.cal. groups: 

Levels Groups 1 
of 
Performance 

J 
SLD 

2 
JR 

3 
JE 

4 
s 

SLD 

Levels of Performance 
0 - Too difficult 

5 
SR 

1 
6 
AV 

7 
SE 

2 

1 - Difficult and :incomplete with a lot of questioning 
2 - Difficult completion with a lot of questioning 
3 - Complete with some questioning 
4 - Complete with minimal questioning 
5 - Complete with no questioning 
6 - Very fast completion with no questioning 
7 - Very fast completion and use of strategy 
8 - Exceptional or novel performance 

Figure 109: One Colour Relationship Buttons: Cork: 
Levels of Performance Across Mathematical Groups. n = 3. 

1 

8 
SE 

1 
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0 

Side A fro\\ I!'\ ~ 
~~ 

0 

Side B 

Fm 109a: One Colour Relationship Buttons: Cork: 
V Instructions: 

- Arrange the buttons with one colour relationship between any buttons 

you place in connecting circles. 



S:ide A 

S:ide B 

Figure 109b: One Colour Relationship Buttons: Cork: 

- .... 
, ~ .. , 

a;., 
-:-"!._ ..... 
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The remaurlng difficult puzzles presented in Chapter 8 were completed only 

by the 10 year old AV girL Figure 110 is a very advanced senior puzzle. 

Plates 42-43: 

~ 110: Three Dimensional. Cardinal. and Ordinal Zigzag Colour Array: 
V Instructions: 

- Find sets of cards. Make a two dimensional. (flat), or three dimensional. 

(use golf tees to stack boards above each other) array, with no more 

than one difference between adjacent cards, horizontally, vert:ic.all.y and 

diagonally, within boards and between adjacent boards. 
/ 
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The 10 year old AV girl. completed F:igure 110 with no questiortlng help 

beyond initial verbal instructions. She formed the two dimensional array 

depicted in Plates 41-42. This is not the only arrangement for this array. 

The final three puzzles, Figures 111, 112 and 113 are very difficult one 

difference probability triangles, all of which the 10 year old AV girl found 

difficult, but completed with questioning. The 8 year old AV girl also 

attempted Figure 111, an average senior puzzle, but found it too difficult. 

0 

Figure 111: Three Set One Difference Probability Triangle: 
Verbal Instructions: 

- Find three sets. Name the sets. 

- Place one button in each circle in the triangle. There must be a one 

difference relationship, with no more than one tlrlng different between 

buttons in connecting circles. 
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F. ure llla: Three Set One Difference Proba · · 
Black Silver Patterns of Three. 

This puzzle gives every possible combination of the three elements to be 

arranged. For this reason these three sets could also be arranged on a 

three circle Venn Diagram. The following probability triangle puzzles, 

Figures 112 and 113 utilise this single triangular form ati.on used in Figure 

111, intersecting single probability triangles with multiple probability 

triangular sets. Figure 112, an adult puzzle, has three intersecting 

probability triangles, and Figure 113, an adult puzzle, has four intersecting 

probability triangles. 
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Figure 112: Three Intersecting Three Set One Difference Probability 

Triangles: 
Verbal Instructions: 

- Find sets. Name the sets. 

- Place one button in each circle in each triangle. There must be a one 

difference relationship, with no more than one tlrlng different between 

buttons in connecting c:ircl.es. 
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Figure 112a: Three Intersecting Three Set One Difference Probability 
Triangles: 

1. Gold/ Triangle in Cll'cl.e / Flower. 

2. Gold / Transparent / Triangle in Cll'cl.e 

3. Gold / Transparent / Flower. 



0 ® . 
. 

. 
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@ 

oe 

@ 
Figure 113: Four Intersecting Three Set One Difference Probability 
Triangles: 
Verbal Instructiora: 

- Find sets. Name the sets. 

- Place one button in each circle in each triangle. There must be a one 

difference relationship, with no more than one tiling different between 

buttons in connecting cil:cles. 
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Figure 113a: Four Intersecting Three Set One Difference Probability 
Triangles: 
1. Gold / Flower / Transparent 

2. Transparent / Square :in Circle / Blue 

3. Blue / Oval / Black 

4. Black / Patterns of Three / Gold. 
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Table 43 shows two tailed Mann-Whitney U -Tests testing gender 

differences in levels of performance across mathematical groups for 

Chapter 8, at 0.05, where U (M) = Males, Ul (F) = Females, and z shows 

use of normal approximation for larger samples. There were no gender 

differences in levels of perfro m ance for any of the puzzles tested. 

Table 43 : Mann-Whitney U-Tests For Chapter 8: Gender Differences: 

Levels of Performance Across Mathematical Groups: 

Figure U (M) Ul (F) Males Females 

Puzzles demonstrating range of levels of performance 

90 28.5 19.5 

92 46.5 31.5 

93 14 14 

94 10 18 

95 24 24 

105 21.5 69.5 

* Significant at 0.05. 

Summary 

Chapter 8 has em phasi.sed the wide range of levels of performance 

exhibited by children in this study, in puzzles attempted by children from 

a wide range of mathematical group categories, in puzzles attempted by 

children within a particular mathematical group range, and in the 

unexpected level of performance from two children within one 

mathematical group category. This general lack of correlation between 

P.A.T. Test mathematical group categories and ability to process the 

puzzles presented throughout this study will be discussed in Chapter 9. 



Part 3 

Implications 

Correlation Results 

Implications in the Teaching of Mathematics 
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Chapter 9 

Correlation Results 

Part 3 looks at correlation results and their implications for the teaching 

of mathematics. Chapter 9 presents correlation results, and Chapter 10 

discusses the implications for the teaching of mathematics. Performance 

levels exhibited in puzzles presented in Chapter 8 highlight the general lack 

of correlation with children's ability to process puzzles and their formal 

mathematical test results in the Progressive Achievement Tests (P.A.T. 

mathematics) in New Zealand schools. This general lack of correlation 

appears through most of the puzzles presented in this thesis. The few 

puzzles showing significant correlation between mathematical groups, 

classes or ages with levels of performance were evenly distributed 

throughout puzzle difficulty levels. There were few gender differences in 

these levels of performance. Those few puzzles showing significant gender 

ii:.fferences were evenly distributed in favour of males and females. With 

the large number of tests in this study, significance in correlation between 

mathematical groups and levels of performance, and in gender levels of 

performance has increasing potential for chance results. 

Performance graphs and gender performance graphs showed 

tendency towards bi.modal clist:ri.bution. As children in 

represented high and low levels of mathematical ability, 

a frequent 

this study 

a bi.modal 

dist:ri.bution would be expected. As levels of performance for the puzzles 

did not generally correlate with ma them ati.cal groups, this bi.modal 

distribution does not represent the ability of the children in the 

mathematical groups as they were originally selected, but reflects a 

distinction between children who had ability with the puzzles and chilrlren 

who did not. Bimodal distribution is common in the mathematical testing 

of children. An example is the New Zealand School Certificate 

Mathematics examination before marks are scaled, where frequent bi.modal 

distribution reflects the difference between children who have real 

mathematical ability and children who do not. 
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Several analysis tables are presented in Chapter 9. These inclllde 

Spearman's Rho correlations between P.A.T. mathematic groups, classes 

and ages respectively with levels of performance with the puzzles. 

Sometables detailing puzzle names according to correlation significance 

foll.ow, with further tables placing puzzles in order of difficulty to see how 

correlations 

Table 44 presents Spearman's Rho correlations between mathematical group 

categories, school classes, and ages across levels of performance. These 

are presented in order of appearance in the present study. There is 

generally no real difference in levels of performance in the puzzles across 

mathematical groups, classes, and ages respectively. Figure 15, Button 

Subsets and Buckle Classi5cR.tions showed significance at 0.01 for 

mathematical groups across levels of performance. Reasons for the level of 

significance in this puzzle are unclear when the few other tests showing 

significance were at 0.05. 

Tables 45, 46 and 47 show Table 44 named puzzles in order of rs for 

mathematical groups; classes; and ages respectively across levels of 

performance. 

Tables 48, 49 and 50 show approximate rank order of puzzle difficulty, 

along with rs for mathematical groups, classes and ages across levels of 

performance. Puzzles are listed in approximate order from the least 

difficult to the most difficult. Puzzles that did show some correlation 

between mathematical groups, classes and ages appear to cil.lster nearer 

the least difficult puzzles rather than the most difficult. One reason for 

this may be that more ol!ier children in more advanced mathematical 

groups attempted the harder puzzles. 

Table 51 shows two tailed Mann-Whi.tney U-Tests testing gender 

differences in levels of performance across mathematical groups at 0.05. 

These are presented in the order they appeared in throughout the puzzle 

chapters. Occasional gender significance in gender levels of performance 

are evenly distributed between the genders. 
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Table 44: Spearman's Rho Correlations (rs) and Significance - (0.05) 

- Across Puzzles (In order of presentation in Thesis): 

Mathematical Groups; Classes; Ages; Across Levels of Performance. 

Puzzle 

Figure 

Number 

1 

2 

3 

4 

5 

6 

14 

15 

16 

18 

20 

27 

28 

29 

31 

32 

39 

40 

42 

so 
54 

57 

64 

89 

94 

N 

37 

21 

19 

22 

10 

24 

37 
14 

13 

15 

25 

12 

19 

15 

8 

12 

27 

17 

23 

12 

12 

56 

35 

42 

11 

* Significant at 0.05. 

Mathematical 

Groups 

rs (0.05) 

0.263 

0.363 

0.345 

0.169 

0.042 

0.333 

0.250 
0.885 ,'d( 

0.307 

0.223 

0.283 

0.141 
0.483 7( 

0.247 

0.440 

-0.029 

0.404 * 
0.034 

0.140 
o. 554 ~'( 

0.256 
o. 237 ,'c 

0.490 * 
0.520 7( 

0.111 

Classes 

rs (0.05) 

0.238 
0.459 7( 

0.424 7( 

0.094 

0.127 

0.158 
0.314 7( 

0.664 * 
0.322 
0.445 1'( 

0.056 

0.005 

0.374 

0.243 

0.434 

0.054 

0.346 * 
0.237 

0.147 

0.337 
0.118 

0.135 
o. 307 1( 

0.493 * 
0.345 

** Significant at 0.01. 

Ages 

rs (0.05) 

0.198 

0.411 * 
0.492 7( 

-0.039 

0.127 

0.214 
0.345 7( 

0.617 * 
0.278 

0.458 * 
-0.014 

0.003 

0.512 * 
0.325 

0.434 

0.208 
0.389 ·k 

0.237 

0.204 

0.339 

0.215 

0.152 

0.239 

0.503 * 
0.265 
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Table 45: Named Puzzles rs (0.05) For Mathematical Groups Across Levels 

of Performance. 

Mathematical Groups 

:E\Jzzle N t--aths Nare 

Figure Gra.p, of 

N..nter rs E\Jzzle 

15 14 0.8851d< .&..lttoo Sti:sets arrl &rl<l.e Classif:i.caticns 
5) 12 0.554 * Lego Otttiml Arrey 
89 42 0.52) ,'( Birth::lay Carrl1e Cattliral arrl Ordiral Colrur Arrey 
64 35 0.49J * V a:n Di.agran: 'Iln:"ee Intersoctirg vl:31 J !J3P=r Sets: BIB:k & 

W:n.te I Srall / Pattern 
28 19 0.483 * Yochts 
31 8 0.4Li0 Ra:l / Silver / Bh.E Mld Up Patt.em M:l.tch Jigscw 
3) 27 0.®* (re Colrur Differe:re &.lttoo Cutle 
2 21 0 • .%3 Fcu:- Intersoctirg .&..Ittoo Sets: lffit:h?r / Sq.are/ Gold/ 

Patterns of 1hree 
3 19 0.345 Col.amrl 'I'ransp:n:'a1t Plastic Film - A:i:liticn Arrey 
6 '2/4 0.333 Fa.tr Intersoctirg .&..lttoo Sets: Patt.em/ Ra:l / Wlite I Sq.are 

16 13 0.357 .&..lttoo Sti:sets of Mlter:i.al 1yp:?S 
X) 25 0.283 Reierse:1 'Ira:: Reversa:1 ~ / Patt.em / Colrur 

1 31 0.263 Three Intersa:.tirg .&..Ittoo Sets: Bh.E / 'I'ransp:n:'a1t / Gold 
54 12 0.2% Falric Pattern t--atch: Re:i / BhE - Orarge / I3rcw:1 
14 31 0.25) Three Intersa:.tirg .&..lttcn Sets: Patt.em/ I3rcw:1 / Silver 
29 15 0.'2/47 W3])J;J3P=r: 'Iln:"ee In~tirg I:ecagcns 
57 56 0.'237 ,''( Va:n Diagran: 'Iln:"ee Intersoctirg Fino Colrur Sets: Ra:l / 

Yello.v I Gi:ea1 
18 15 0.223 Reierse:1 Sailirg 91ip3 
4 22 0.169 Fa.tr Intersa:.tirg .&..Ittoo Sets: Bh.E /Pink/ Orarge / ~tal 

Z7 12 0.141 ~ Te.i Intersoctirg I:-exagcns 
42 23 0.1Li0 Va:n Diagran: Fa.tr Intersoctirg Wal.4:aP=r Sets: Re:i / 9mll 

/ Patt.em / Triargle 
<¾ 11 0.111 <re Diffa-e:ce \.ml Cutle 
5 10 0.(¼2 Fa.tr Intersa:.tirg .&..lttoo Sets: 'lrans{:ara:1t /Plastic/ Gold/ 

Falric 
t.{) 17 0.<X¼ (re Colrur Diffa-e:ce .&..lttoo Figure EigJ:1.t 
3'.Z 12 0.0'29 Omn Lirl<! Intersoctirg Colrur / Pattern Sets of Tuo 

.&..lttms 

-I< Sigrri£:kant at 0.05. 1d< Sigrri£:kant at 0.01. 
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Table 46: Named Puzzles rs (0.05) For School Classes Across Levels of 

Performance. 

Classes 

Rtzzle N Classes Nare 

15 14 0.E64 ·k 

89 42 0.493* 
2 21 0.459 ·k 

18 15 0.445 * 
31 8 0.43+ 
3 19 0.424 * 

28 19 0.'S/4 
J:) 27 0.:¼6 * 
9:. 11 0.345 
5) 12 0.337 
16 13 0.322 
14 31 0.314* 
64 35 0.3)7 •,'( 

'E 15 0.243 
1 31 o.:rn 

l{) 17 0.231 
6 24 0.158 

42 23 0.147 

57 :6 0.135 

5 10 0.127 

S:+ 12 0.118 
4 22 O.CJ.¾ 

2) 25 0.0% 
3'2 12 0.054 
27 12 0.005 

-;•~ sigiiificant at o.os. 

of 

Rtzzle 

futtrn &:tsets arrl &rl<l.e Classificatims 
Birth:by Cardle Cardiml arrl Onlim1 Co1rur ~ 
Foor Interse:.tirg futt:oo Sets: LmtlEr /Sq.Ere/ GJkl / 
Patterns of Three 
ReversejSailirgSrifs 
Re:i / Silver / Bhe &ri.1d Up Pattern Mltch Jigsa.v 
Colrura:i Transpgra,t Plastic Film - A::lli.tioo ~ 
Ya±lts 
Coe Cola.Jr Differe-ce futtrn Ci.:tcl.e 
Coe Differex.e \b:>l Ci:rcle 
Lego Onlim1 ~ 
futtrn Sutsets of Mlterial 'fyr:es 
Three Interse::.tirg &.Itt:oo Sets: Pattern / Bro.-.n / Silver 
Ve-n Diagra:n: 11n:ee Intersectirg Wal4:a!::er Sets: Bla::k & 
\.bite / Srall / Pattern 
\.hll.µµ!r: Three Interse:.tirg ~ 
Three Interse::.tirg futt:oo Sets: Bhe / Transpgralt / GJkl 
Coe Cola.Jr D:iffere-ce futt:oo Fig..Ire Eiglt 
Foor Interse:.tirg &.Itt:oo Sets: Pattern / Re:i / \hite / Sq.Ere 
Ve-n Diagra:n: Foor Interse:.tirg W:JJ lrapa- Sets: 
Raj / Srall / Pattern / Tria:g1e 
Ve-n Diagra:n: Three Intersectirg Finn Co1rur Sets: 
Re:i / Ye.ll.av / Green 
Foor I.ntersectirg futt:oo Sets: Transp:rrent /Plastic/ GJkl / 
Falric 
Falric Pattern M:ltch: Re:l / Bhe - Orarge / Bronn 
Foor Interse::.tirg futt:oo Sets: Bhe /Pink/~/ M::tal 
Reversed Tree: Reverserl ~ / Pattern / Cola.Ir 
ClBin Llnk: Interse:.tirg Cola.Jr / Pattern Sets of 11o futt:ms 
veJ ]rapa-! Ten Intersectirg H:!xagcns 

--1d< Significant at 0.01. 
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Table 47: Named Puzzles rs (0.05) For Ages Across Levels of Performance. 

A es 

I\Jzzle N ~ Nare 

Figure of 

N.nrer rs I\.rz.zle 

15 14 0.617 7( art:too &h;ets arrl &rlde C!Bssificatims 
28 19 0.512 * Ya.::hts 
89 42 0.~·k Bi.rthiay Carrlle Cai:di.nal an:l Ordiral. Col.cur /lJ:raj 
3 19 0.4W. * CoJ.rurej Tran.sfEI'B.tt Plastic Film - Mli.tiro /lJ:raj 

18 15 0.458 "i( Reve.rarl Sailirg 9lifs 
31. 8 0.434 Ra:l / Silver/ BhE &.ri.ld Up Pattern t-ntch Jigsav 
2 21 0.411 i'( FC1.lr Intersec.tirg Putt.en Sets: l..a3.trer / Sq...are / Gold 

Patt.errs of Three 
s.) 27 O.E-1: (re Col.cur Di.fferen:e Putt.en Circle 
14 37 0.345 * Three Intersec.tirg Putt.en Sets: Pattern/ fuThn / Silver 
~ 12 0.339 Lego Ottli.ral /lJ:raj 
'E 15 0.3'25 t.lg] ][flp"X": Three Interse:.t:irg ~ 
16 13 0.278 Puttoo &mets of t-nteri.al Typ:s 
~ 11 0.265 ere Dif ferm::e \.ml Ci.rci.e 
64 35 0.2S:1 VEm Di.agran: Three Intersec.tirg IJ3ll['Bfff Sets: Bla:k & 

W:n.te / 3ral.l / Pattern 
LI) 17 0.237 (re Col.cur Differen:e Putt.en Figure Ei.grlt 
54 12 0.215 Fal:ric Pattern t-ntch: Ra:l / BhE - Orarge / fuThn 
6 '2/4 0.214 FC1.lr Intersec.tirg Puttoo Sets: Pattern/ Ra:l / \.hi.te / Sq.me 

32 12 0.2:B Crain Llnk: Intersa::.tirg Col.cur/ Pattern Sets of 'oo Puttms 
42 23 o.~ VEm Di.agran: Frur Interse:.tirg W31 JfB[S" Sets: 

Rerl / Smll / Pattern / Triawe 
1 37 0.198 Three Intersec.tirg Puttoo Sets: Bhe / Transp:n:a1t / Gold 

57 56 0.152 Vern Diagran: Three Intersec.tirg F:irro Col.cur Sets: 
Ra:l / Yell.a.v / Green 

5 10 0.127 Fcur Interse:.t:irg Puttoo Sets: 
'JJ::ansrma 1t / P1asti.c / Gold / Fal:ric 

27 12 0.003 Wc3l 1 fEfff! Ten Interse:.t:irg l-s<aga1s 
2) 25 -0.014 Reversaj Tree: Reversal 9Ep= /Pattern/ Col.cur 
4 Z2 -0.0s.) Fo..tr Interse:.t:irg fut.ten Sets: Bhe / Pink / Otcrge / M=tal 

,'( S~t at 0.05. -Ide Sigrd.fi.cant at 0.01.. 
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Table 48: AJ2Eroximate Diffic.ul.ty Order of Puzzles: 

Mathematical Groups rs ~0.052 Across Levels of Performance. 

Mathematical Grou~ 

Rank Puzzle N t1ltm Nare 
()rm- Figure ~ of 

N.nter s fuzzle 

la:lst dif firul.t 

1 18 15 0.223 Reversa:l Sailirg 9:,iµ; 
L 28 19 0.483 ;~ Ya:hts 
3 54 12 0.256 Fab::ic Pattern M:l.tch: Red / B1.te - Ot:arge / Bl:'cMt1 
4 3 19 0.:¼5 Cola.n:e:i 1'ransp'ira:lt Plastic Film - Pdlitim Prraf 
5 :D 12 0.554 ;'( Lego Ortlirnl PJ:raj 
6 2) 25 0.283 Reversa:l Tree: Reversei ~/Pattern / Colrur 
7 '57 :6 0.'231 ;'( Van D:i.agran: 1hree Intersoctirg F:irro Cokur Sets: Rfrl 

I Yello,q I Grea1 
8 1 'SJ 0.263 Three Interse:.tirg futtm Sets: Bh.E / Trarsµn:e:1t / Gold 
9 14 'SJ 0.2:D Three Interse:.tirg fut.too Sets: Pattern/ Bro..n / Silver 

10 64 35 0.49J ·k Van D:i.agran: Three Intersoctirg W-il ] [A[ff Sets: Bla::k 
& Wiite / Srall / Pattern 

11 39 27 O.LO+ ·k Ch: Colrur Dilferexe &lttm Cil:cle 
12 4 22 0.169 Frur Interse:.tirg &lttm Sets: Bh.E / Pink/ Orar-ge 

/~tal 
13 6 2J+ 0.333 Frur Interse:.tirg futtrn Sets: Pattern/ Ra:i / \.lli.te 

14 2 21 O.'.fil 
/ &µlre 
Frur Interse:.tirg &lttm Sets: La3.t:h:ir / &:µn:e /Gold/ 
Patterns of 1hree 

15 15 14 0.885 --·~ fut.too Sdsets arrl &.clde CJ..a§ificatims 
16 40 17 0.034 Ch: Colrur Dilferexe &lttm Figure Eigpt 
17 16 13 0.3)7 fut.too Srsets of t1lterial 1Y]:es 
18 z:) 15 0.2/47 ~ Three Interse:.tirg ~ 
19 32 12 o •. <J29 Omn Llrk: Interse:.tirg Colrur / Pattern Sets of Tho 

fut.ten, 
2) 5 10 0.042 Frur Interse:.tirg futtm Sets: Transµrra1t / Plastic 

/ Q)ld / Fa1:ric. 
21 42 23 0.lliO Van D:i.agran: Frur Intersa:.tirg W31 ][A[ff Sets: Rfrl 

/ Srall /Pattern/ Tr:ia-gle 
22 89 42 0.52) ')( Birtlrlay Carrlle Qnrliral arrl Oroirol Cokur Prra/ 
23 % 11 0.111 Ch: Dilfera-ce ~l Circle 
2J+ 7J 12 0.141 W31 Jrarer: Tm Intersa:.tirg ffXagcns 
25 31 8 o.@ Rfrl / Silver/ Bl1.E fui1d Up Pattern t1ltch J:i.gscw 

rn:X3t diffirul.t 

* Sigµificant at 0.05. -J..·k sigj-iificant at 0.01. 
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Table 49: ApP£0ximate Difficulty Order of Puzzles: 

Classes rs (0.05) Across Levels of Performance. 

Classes 

Rank fuzzle N Classes Na1E 
Orrer' Figure of 
~ rs Iuzzle 

lmst diffkult 

1 18 15 0.¼5 ·k Reve.t-sErl Sail.u1s 9ufs 
2 28 19 o:S/4 Ya:hts 
3 :¼ 12 0.118 Fal:ri.c Pattern M3.tch: Ra:i / Bhe -~ / Bu,..;n 
4 3 19 0.424 * Cokura:l 'II:ansµ:n:a1t Plastic Film - Pd:ii.ticn k:rn-; 
5 5J 12 0.337 1£g00roiml/lrray 
6 A) 25 0.056 Reve.t-sErl n:ee: Reverse::l ~ / Pattern I eo1rur 
7 57 .% 0.135 Vern Illi:gran: 'Three Int.erse:tirg FToD Colrur Sets: 

Ra:1 / YeJ..lc:M / Gl:ea1 
8 1 '37 0.233 Three Intersa:.tirg futtm Sets: B11.e / Transµ:n:a1t 

/ Q:>kl 
9 14 '37 0.3141( Three Intersa:.tirg futtm Sets: Pattern/ Bu,..;n 

/ Silver 
10 64 35 03J7 1'( Vern Illi:gran: 'Three Int.erse:tirg W-31 ]p:3p-T Sets: 

Bla:k & Wi.ite / Srall / Pattern 
11 3) 27 0.'.¼6.* (re Colrur Differen::e futtm Circle 
12 4 22 0.0¾ Far In~tirg futtm Sets: Bhe /Pink/ Ora-ge 

/ t1:tal 
13 6 '21+ 0.158 Far Intersa:.tirg &rt:tm Sets: Pattern I Rai / lliite 

/ Scµn:e 
14 2 21 0.4:E 7( Far Intersa:.tirg &rt:tm Sets: Lea.tl'Er / Sq.Ere/ Q:>ld 

/ Patterns of Three 
15 15 14 O.E64 1( futtm &i:1,ets artl ac:kle Classificatials 
16 40 17 0.'231 (re Colrur Differar.e futtm Figure Eiglt 
l/ 16 13 0.322 futtm &i:1,ets of M3.terial ~ 
18 29 15 0.243 ~: Three Int:erse:.tirg H::xagcm 
19 32 12 0.054 Crain Llnk: Int:erse:.tirg Colrur / Pattern Sets of Tuo 

futtcns 
A) 5 10 0.127 Far Intersa:.tirg &rt:tm Sets: Transµn:-a1t / Plastic 

/ Q:>kl / Fal::ric 
21 42. 23 0.147 Vern Illi:gran: Far Int.erse:tirg ~ Sets: 

Rai / Srall / Pattern / ~ 
22 FE 42 0.493 7( .Birtl:'rlay Cardle Qnitiml arrl Ordiml Colrur k:rn-; 
23 % 11 0 • .:¼5 Cre Dif f eren::e \.bJl Ci:tcl.e 
'21+ 27 12 0.005 W:il lp=lfl?'J'.': Ta:t Intersa:.tirg H?.x.agcns 
25 31 8 0.434 Ra:1 / Silver / Bhe M1d Up Pattern M:itch Jigsav 

rrcst diffkult 

* Sign:i.fuiit at 0.05. 1:k Significant at 0.01. 
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Table 50: AJ2proximate Difficulty Order of Puzzles: 

Ages rs (0.05) Acros.s Levels of Performance. 

A es 

Rank Puzzle N Ages Nare 
Ord2r ~ of 

N..nb:>r rs F\.Jzzle 

lmst difficult 

1 18 15 0.453 -,': Reverse1Sailirg91ip, 
2 28 19 0.512 -1: Ya:hts 
3 54 12 0.215 Falric Pattern M3.tch: &rl / Blle - Orarge / Brcw1 
4 3 19 0.4<J2. * CDlaJrad 'Iransp:!rait Plastic Film - f<l:ti.tim Arra/ 
5 j) 12 0.339 Lego Ol:tlin3l Ar:ra/ . 
6 2J 25 --0.014 Reversa:1 Tree: Re.iersa:l 913p:! / Pattern / CDlaJr 
7 57 % 0.152 Va-n DiBgran: Tot-re Inten:a:tirg Finn Colo.tr Sets: 

Re::i / Yell.cw / Grea1 
8 1 37 0.198 Three Interse::tirg fut.too Sets: Bhe / Transp:n:a,t 

/ Ck>ld 
9 14 37 0.345 ",'( Three Interse::tirg fut.too Sets: Pattern/ 8r:'cMTI 

/ Silver 
10 64 35 0.239 Va-n DiBgran: Tot-re Inten:a:tirg i~ Sets: 

Bla:k & \.hi.te / Srall / Pattern 
11 39 27 0.339 -,': Qe Cola.Jr Differe:-re fut.too Circle 
12 4 22 --0.039 Frur Int:ersa:.tirg futtoo Sets: B1u:! / Pink / Ora-ge 

/ M:=tal 
13 6 '2/4 0.214 Frur Int:ersa:.tllls futtoo Sets: Pattern/ Re::i / \hite 

/ Sq.me 
14 2 21 0.411 7( Frur Interse::tirg fut.too Sets: Leatl-er / Sq.m-e / Gold 

Patterns of 'Three 
15 15 14 0.617 -1( &rt:too &tsets arrl &rl<l.e Clas.sificatims 
16 40 17 0.237 Qe CDlrur Diffenn::e futtoo Figµre Ei..grlt 
17 16 13 0.278 &rt:too Sli:sets of M3.terial Tyre3 
18 29 15 0.325 Wal.J.fap:r: Three Tntersectirg 1-exagrns 
19 32 12 O.:IB Cram Llnk: Intersectirg Cola.Jr/ Pattern Sets of oo 

futtms 
2J 5 10 0.127 Far Int:enn:~ Mtoo Sets: 

Trausµ:1ra It / P1Bstic / Ck>ld / Fah:ic 
21 42 23 0.2:¼ Va-n DiBgran: Frur Int:er9a:.tirg ~ Sets: 

Re::i / Sra1l / Pattern / Tri.argle 
Z2 89 42 o.w-.•( Bi.rtlrlay Caro.le Carrlinll arrl Oi:d:inal CDlrur Ar:ra; 
23 <¾ 11 0.255 Qe Differexe vrol Chcle 
'2/4 27 12 a.cm W-31 lfl'l[8'.": Ten Intersa::.ti~ Hi?xagms 
25 31 8 0.4'.¼ Ra:i /Silver/ Bhe fuild Up Pattern Mitch Jigsa,;r 

rra3t difficult 

i: Significant at 0.65. ·kk SigJri.ficant at 0.01. 



364 

Tuble 51 su.is oo t:ail.a:i ~trey U-Tests test:irg gam differen::es in le.;els of 

rerfomarce ca.-oos rmttaratical grcq:s at 0.05, w-a--e U (M) = Miles, U1 (F) = Faral.ffi, 

a:rl z SUvS use of rorrral aiJrOXirmtim for lacy,& sarples. 

Table 51: Mann-Whitne U-Tests: Two Tailed 0.05) 
Gender Di ferences: 
Levels of Performance Across Mathematical Groups: 

Figure U (M) Ul (F) z 

Puzzles demonstrating unconscious processing 

1 
2 
4 
5 
6 

149.5 
51.5 
41.5 
9.5 

34 

186.5 
56.5 
79.5 
14.5 

101 

+ 0.56 

Puzzles demonstrating rote performance 

3 31 47 

Puzzles demonstrating unexpected dimensions 

14 
15 
16 

147.5 
20 

5 

188.5 
28 
35 

+ 0.62 

Puzzles demonstrating reversals 

18 
20 

13.5 
127.5 

22.5 
26.5 

Puzzles demonstrating rotations 

27 
28 

10 
18 

25 
66 

Puzzles demonstrating distraction elements 

29 12.5 43.5 

Puzzles demonstrating alternating concepts 

32 6 30 

Puzzles demonstrating rotational ordering 

39 
40 
42 

75.5 
31 
53.5 

106.5 
41 
72.5 

+ 0.75 

Males Females 

* 

.,. 
" 

continued 



Table 51 continued: Mann-Whitne U-Tests: Gender Differences: 
Two Tailed 0.0 
Leve so Per ormance Across Mathematical Groups: 

Figure U (M) Ul (F) z Males 

Puzzles demonstrating consecutive ordering 

50 13.5 13.5 

Puzzles demonstrating frustration with multiple concepts 

54 24.5 7.5 

Puzzles demonstrating transfer of learning 

57 
64 

353.5 
108.5 

405.5 + 0.43 
191.5 

Puzzles demonstrating diagnostic progressions 

85 58.5 4.5 
86 152.5 147.5 + 0.07 
87 154.5 144.5 + 0.16 
88 56 70 
89 141 264 + 1.61 

Puzzles demonstrating range of levels of performance 

90 28.5 19.5 
92 46.5 31.5 
93 14 14 
94 10 18 
95 24 24 

105 21.5 69.5 

~·~ Significant at 0.05 

-k 

365 

Females 
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Chapter 10 

Implications in the Teaching of Mathematics 

Chapter 10 looks at ways which support the hypothesis that children are 

able to understand mathematic.al concepts at much higher levels than is 

generally believed or taught within the educational system, and provides 

possible explanations for unconscious processing, with implications for the 

teaching of rn a thematics. Previously presented findings, previously 

unpresented findings, and findings relating specifically to unconscious 

processing are listed. A discussion examines some possible reasons for the 

general lack of correlation between P.A.T. mathematics scores and puzzle 

performance, with an explorati.Dn of P.A.T. mathematics and the 

mathematical puzzles and what they each measure, and the nature and 

degree of these different mathematical assessments. It incllldes a 

discussion on verbal and nonverbal processing and the validity of both 

P.A.T. mathematics and the mathematical puzzles in their ability to 

determine the acquisition of mathematic.al concepts in children. Left and 

right brain functi.Dn, consciousness and the brain, and aspects of quantum 

consciousness lead into a discussion on the movement of percepts into 

concepts and the functi.Dn of language in concept formation. Thoughts on 

Piaget's stages of cognitive development, and the place of intuitive, 

creative and divergent thinking are considered, followed by some 

theoretical findings regarcting what mathematical ability is, issues of 

gender ability in mathematics, and descriptions of able children in general 

and how to aid the development of this ability. Acceleration and 

enrichment program mes are discussed, with implications for the teaching 

of mathematics. Limitati.Dns of the present study and suggestions for 

future studies with the puzzles are followed with a conc.hisi.on. 

Previously Presented Findings 

Several findings have been presented in this study: 

1. Many children were able to process concepts conventi.Dnally considered 

above their age and understanding range. 
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2. Some ch:ilrlren showed evidence of unconscious processing of concepts. 

3. Puzzles had diagnostic. and rem edi.al vaJue in :W.entifymg and rem ediating 

individual weaknesses and strengths. Weaknesses included difficulties 

with unfa m:iliar concepts and some types of perceptions as single 

concepts. The diagnostic. aspect of the puzzles was to show when 

children had difficulty perceiving colours, shapes, patterns or sizes, or 

when they had difficulty with reversals, rotations or in perceiving lines, 

or had difficulty m al<lng a one to one correspondence or in seri.ating a 

group of objects. Weaknesses in the processing of multiple concepts 

included elements of distraction, difficulty observing patterning in 

alternating concepts, difficulties of rotation in rotational ordering, 

difficulties observing order in consecutive ordering, and in the general 

need for consci.ous focus of attention while processing multiple 

concepts. Inability to transfer learning or use a strategy indicated 

further difficulties. Strengths were indicated by perceptual acuity, 

speed, the use of sym rrietry, the ability to process multiple concepts, in 

transfer of learning, in the use of strategy, and in the mastery of 

difficulty levels above age groups. 

4. Some senior remedial mathematics children overcame difficulti.es in 

their formal mathematics, even though the mathematic.al puzzles were 

not related to the kind of formal mathematics the children were 

having difficulty with. 

5. Some junior rem edi.al mathematics children began developing 

mathematic.al concepts in their school mathematics at a faster rate 

than previously, and were moved into average mathe matic.al groups 

for norm al classroom ·work. 

6. P.A.T. mathematic.al groups, school classes, and ages of children d:W. not 

generally correlate with mathematic.al puzil.e performance. The large 

number of tests gives a greater likelihood of some chance significant 

correlations occun:i.ng. 

7. Two children who were average in P.A.T. mathematks and other school 

subjects performed at a higher level than the top P.A.T. mathematics 

children. 

8. There were no gender differences in levels of performance. 
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U npresented Findings 

Further unreported outcomes for children working with the mathematical 

puzzles were observed or reported by teachers: 

1. Levels of performance amongst remedial children and children with 

special learning difficulties were variable, and related more 

specifically to individual problems within the children themselves than 

to any evenness or unevenness of mathematical groupings across 

schools. 

2. Some children who previously disliked mathematics began to enjoy it. 

3. Some children who previously disliked school began to enjoy schooL 

4. Many children at all levels gained general confidence in themselves and 

became more willing to attempt something new, and less afraid of 

difficulties or of making mistakes. 

5. Several children who had previously been generally uncooperative at 

school became more cooperative and related better to their teachers. 

6. Formal mathematics improved further for some top P.A.T. mathematics 

children. 

7. Top P.A.T. mathematics children from the three schools performed at 

evenly high levels with the puzzles. 

8. Children needing extension enjoyed the lateral problem solving 

enrichment challenges the puzzles provided. 

Findings Relating to Unconscious Processing 

- Performing a correct answer without conscious awareness of the process, 

and difficulty verbalising cJassiAc::i.tions. Nonverbal actions indicate 

possible unconscious processing of concepts. Children so m eti.m es made 

class:iAcations of less familiar concepts unconsciously. The construction 

of the puzzles concerned indicated a correct solution would be extremely 

unlikely by chance alone. Possibilities of this correct solution occurring 

through the use of a process of elimination, rote performance or an 

explanation with confabulated reasoning after a chance placement of 

• sets, were eliminated from possibilities. 
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~ The ability of children to perform above what is considered usual for 

their age, indicating children can act on higher level concepts if they 

are presented in manipulable and visual form. The children were not 

always able to verbalise what they had done, but clearly understood the 

structure of the problem at some nonverbal level, indicating unconscious 

processing of structure or conscious nonverbal processing. The ability of 

younger primary school children to process concepts such as set theory, 

probability, and tessellations as taught at 12 year old level in New 

Zealand schools showed children exhibiting mixed conceptual performance 

which Piaget's linear steps of conceptual development previously 

indicated did not occur. The uneven development of concepts is 

dependent on the child's natural processing modes and types of task 

experiences. 

- High ability untapped and unknown in two children considered average. 

What are the P.A.T. 's and the curriculum missing? What is the 

unidentified ability? This specific ability may not be encompassed in the 

P.A.T. 's, as being generally unmeasurable and probably right brain 

oriented. The puzzles, with their visual-spatial, patterning and sequencing 

elements are more closely allied to items used in nonverbal tests which 

assess more right brain ability than the left brain verbal ability of 

formal mathematics. 

- The incidence of upper and lower ranges of children's formal 

mathematics improving using the puzzles, particularly in remedial 

junior and senior children. This indicates the development of 

mathematical concepts through the broadening of experience from 

manipulating materials, and the development of conscious 

conceptualisation through language. Even though form al mathematics 

operating with symbols is very different from the items used in the 

puzzles, concepts integrated through processing the puzzles are the 

foundations for understanding formal mathematical concepts. 

- The biggest question - how m arripulating tirings is translated into, 

and the forerunner of formal mathematical work. Giving a multi-sensory 

experience base to draw from allows the concept to be integrated in a 
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m wit-sensory manner, provkting an increased chance the concept will be 

both accessed and applied in a wide variety of situations. Concepts are 

a1so more likely to be understood from the level of their basic 

structure, rather than from any memorised rote method of learning 

them. In this way they become more readily operational and 

transferable. 

Discussion 

To even begin the daunting task of attempting to define mechanisms 

operating in the lack of P.A.T. mathematics performance correlation with 

puzzle performance, and differences in modes of thinking associated with 

these two different types of mathematics, and why children can process 

some mathematical concepts beyond what they are exposed to in normal 

school work, it is necessary to evaluate what each of these two aspects of 

mathematics assesses. It must a1so be remembered that at senior levels in 

New Zealand schools, P.A.T. mathematics is a normal part of classroom 

practice, and the mathematical puzzles are not. 

Test Validity and Validity of the Progressive Achievement Tests 

Test reliability and validity are important in assessing the interaction 

between the psychological theory of P.A.T. mathematics and assessment 

practice, and in determining what P.A.T. mathematics versus the puzzles 

measure. Inferences from test scores need validating, bearing in mind the 

evolving property of validity, with validity evidence never complete 

(M essick 1990). Buras (1977) warns tests may be misused. Buros (1961) 

also finds the best tests still highly fallible instruments, and extremely 

difficult to interpret with assurance in individual cases. Mehrens & 

Lehmann (1978) find test problems stem more from over generalisation of 

use than from test invalidity, suggesting no test should be given if a 

better decision can be made without one. Reid (1980) emphasizes P.A.T. 

results should not be used as the sole criteria for grouping children. New 

Zealand schools have tended to express greater expectation from P.A.T. 

results than critidsrn of their limitations (Turnbull 1978). 
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P.A.T. mathematics used in New Zealand schools are standardised national 

achievement tests used for accurate, objective and comparative assessment 

(Reid & Hughes 1974). Although face validity shows P.A.T. mathematics 

measures what it intends to measure very well in recall of mathamatical 

ideas, computation, understanding and application, Messk.k (1990) claims 

that criteria used as measures which need to be evaluated in the same 

manner as the tests can not be used as standards for evaluating 

themselves. As such, the tests can measure what they set out to measure, 

but can not evaluate what should be in the tests to be evaluated. This 

process of construct validity requires several avenues of evidence which 

must not all be quantitative. All data emerging from theory, including 

criterion-related data are useful for construct validity, but construct 

validity can be threatened by under representation or over representation, 

and the P.A.T. tests must be erring at the former level of under 

representation. With only fifty questions covering all topics included, no 

area of knowledge is examined in depth. Cowie (1975) emphasises P.A.T. 

mathematics are standardized achievement tests of classroom instruction, 

broadly samplim g many areas of knowledge and skilL Although some 

diagnostic information can be gained from them, they differ fro m 

diagnostic tests by not isolating specific individual weaknesses in narrow 

fields of knowledge or skiJL They also do not include all areas of 

ma them at:i..cs, with no logic items in junior tests, and the phasing out of 

spatial dimensions in senior tests. 

P.A.T. mathematics tests verbal capacines associated with what 

intelligence tests refer to as the ' g ' factor (Croft 1982). Both school and 

P.A.T. mathematics are verbal in nature, and as reliant on verbal abilities 

as are verbal language tests with the assessments of mathematic.al recall, 

computation, understanding and application all being verbally dependent 

functions (Reid 1980). As P.A.T. mathematics involve reading skills, lower 

reading ability children are disadvantaged through being required to read 

the tests. If the test is administered orally ( which it must not be because 

the norms were not obtained orally), up to six raw score points may be 

added (Reid & Hughes 1974). Messick (1990) suggests that to counter the 

~ty the tests are a reading test in disguise, correlations with 

reading scores should not be unduly high, loadings on a verbal 
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com prehensi.on factor should be neg]igihl e, and the reacting level required 

by the item should not be taxing, otherwise discriminant evidence or test 

bi.as will occur, reducing test validity. Angoff (1987) considers this type of 

test bi.as to be a form of social bi.as. As the multiple-choice questions 

used in P.A.T. mathematics require selection rather than construction of 

an answer, P.A.T. mathematics are first reading tests and then 

mathematical tests of verbal mathematics (Lohman & Kyllonen 1983). 

Whereas Messick (1990) asks if multiple-choice questions reflect test­

wiseness or commonsense, Lohman & Kyllonen (1983) consider that only by 

knowing how subjects solve items can the investigator know what it is that 

the task measures. 

Buras (1977) considers it unfortunate so much attention is given to 

predicting success while less attention is given to determining what has 

been learned, although this does not seem to be a particular problem with 

P.A.T. mathe matics. Whereas achievement tests measure present levels of 

knowledge or skill or performance, aptitude tests attempt to predict how 

well an individual may learn. As the best predictions for future 

performance are sought fro m past performance, aptitude and achievement 

tests can not differ from each other (Mehrens & Lehmann 1978). Popham 

(1980) reflects on the first measurers being interested in measures and 

teachers in teaching. Teachers later became evaluated by the results of 

the measures, then strove to teach to the dictates of the m easurers. 

Whereas instructional objectives specify what students are expected to 

learn, tests were developed to evaluate intended learning outcomes (Nitka 

1983). 

Buras (1977) also finds it unfortunate tests are not trying to determine 

abilities in children previously undiscovered and tmcatered for in the 

educational. system. Traditi.onal aptitude and intelligence test scores have 

limited diagnostic utility because they yield global norm -referenced scores. 

The problem of the limited diagnostic value of tests would be solved by 

moving from norm-referenced assessment to process oriented assessment 

identifying sources of developmental and individual differences on com m on 

verbal and spatial reasoning tests (Pellegrino & Goldman 1983). Ebel (1975) 

com m ents on a past tendency to deny the existence of what can not be 
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measured. This is no longer valid, but if a process can not be clearly 

defined, it is still considered unable to be taught purposefully or measured 

validly. Le Rose, King & Greenwood (1979) cite Piaget's consideration that 

the identification of ability levels should not be quantitative as in 

intelligence tests but should be directed more to discovering new methods 

of thinking used by children of any age. 

What the Mathematical Puzzles Measure 

The mathematical puzzles are essentially diagnostic at pre-mathematical 

conceptual level in detecting perceptual difficulties such as identification 

of colour, shape, pattern, size, reversals, and rotations, or in detecting 

difficulties in ma king a one to one correspondence or in seri.ating, but 

provide rem ediati.on and enrichment and problem solving experiences for 

any level of mathematical development. They do not incorporate any form 

of written verbal numerical mathematics, as is the essential part of formal 

mathematics. The only verbal aspect of the puzzles is oral in the initial 

instructions, apart from occasional senior puzzles with written instructions, 

and in the questioning of children as to their processes and class:i6c.ations. 

The present study has shown the mathematical puzzles to measure a 

child's ability to perceive primarily visually and in a tactile manner, and 

to manipulate objects and classify them to develop concepts of groups and 

order. The puzzles single out specific abilities of a child to match colour, 

size, shape and pattern, and to structure and order classifications, 

requiring increasing degrees of perceptual and conceptual acuity to process 

multiple concepts, transfer of learning and the use of strategy through the 

difficulty levels. As many concepts in the puzzles are unfamiliar, or 

structured in unfamiliar ways, the ability to perceive and creatively solve 

problems is challenged and enhanced. Whereas P.A.T. mathematics 

measures verbal and sy m boli.c mathematics in a verbal and sy m boli.c 

manner, the puzzles measure nonverbal and founding concept mathematics 

in a manipulative operational and mostly nonverbal manner, akin to items 

in nonverbal tests which are not used in New Zealand schools. 
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Nonverbal Tests 

Nonverbal tests use items such as shapes, patterns, diagrams and sequences 

Croft (1982). These are the very mathematical materials used in the junior 

school to develop pre-mat.hem atical concepts at symbolic and therefore 

verbal levels. These concepts involving shapes, patterns, diagrams and 

sequences are the very foundations upon which later verbal and form al 

mathematical concepts are built. The use of formal mathematical symbols 

is a verbal abstraction from these basic. elements. 

Nonverbal tests can not measure verbal capacities. Instead they measure a 

broader range of reasoning tasks and abstract concepts. These two divisions 

of intellect have only some general elements in common. Mathematics 

involving probl.e m solving rel.ates more highly to verbal than nonverbal tests, 

but mathematics stressing spatial relationships shows more positive 

relationships with nonverbal tests. However Lohman & Kyllonen (1983) 

consider it extremely difficult to devise spatial tasks that can not be 

partly solved by non spatial strategy. Nonverbal tests are not measures of 

the general ability required in a highly verbal classroom, nor can they 

predict verbal reading ability. Croft (1982) adds that where nonverbal test 

performance is better than verbal test performance, it is tempting to infer 

the nonverbal test is the more valid measure of underlying abiHcies and 

that verbal test results represent a form of underachievement. Whereas 

nonverbal tests are concerned with the broad domain of intelligence, 

schools are concerned with scholastic aptitude em phas:iz:ing verbal skills. 

Formal Mathematics and Mathematical Puzzle Validity 

The differences between the differing measures of verbal aspects of P.A.T. 

mathematics and nonverbal puzzle mathematics does not invalidate either 

P.A.T. mathematics findings or puzzle performance findings. Both measures 

validly measure what they intend to rn easure. Correct puzzle solution 

identifies conceptual understanding in the child of the mathematical ideas 

involved, and remediation effects indicate that the puzzles help achieve the 

acquisition of the mat.hem atical ideas they incorporate. This validation of 

both measures does indicate that neither type of thinking alone 
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encompasses the whole mathematical field, and that both types of 

mathematical. experience are needed, not only for the development of one 

type of mathematics to aid the development of the other, but to expand 

hidden abilities in chiklren that are not usually visible or enhanced in 

normal classroom practice. Evidence also suggests these two modes of 

mathematical. learning may correspond closely to left and right hemisphere 

processing in the human brain. An exploration of left and right brain 

processing may help illuminate findings relating to unconscious processing 

in the present study. These include: 

How children perform a correct answer without conscious awareness of the 

process and have difficulty verbalising c.lassifications, indicating possible 

unconscious nonverbal processing of concepts. 

The ability of children to perform above what is considered usual for their 

age, indicating children can act on higher level concepts if they are 

presented in manipulable and visual form. 

The breaking of Piaget's linear steps of conceptual development with 

mixed conceptual performance in chiklren, indicating uneven development 

of concepts is dependent on the child's natucal processing modes and types 

of experiences. 

High ability untapped and unknown in two chiklren considered average, 

indicating P.A.T. mathematics and the curriculu m are missing an 

unidentified ability not encompassed in the curriculum, as being generally 

unmeasurable and probably right brain oriented. 

The incidence of upper and lower ranges of chiklren's formal mathematics 

improving using the puzzles, particularly in rem edi.al junior and senior 

children, indicating the development of mathematical concepts through the 

broadening of experience from manipulating materials, and the .development 

of conscious conceptualisation through language. 
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How manipulating things is translated into, and the forerunner of formal 

mathematical. work, giving an experience base to draw upon, indicating 

concepts are best developed and understood from the level of their basic 

structure, rather than in memorised rote form, becoming more readily 

operational. and transferable when developed in this way. 

Left Brain Right Brain 

Blakeslee' s ( 1980) explanation of mostly unconscious, nonverbal and 

intuitive processes as right brain activity, and mostly conscious, verbal and 

logical processes as left brain function have been cited in the present 

study, where the right brain thinks more in images and deals with spatial 

processes in a holistic view of the whole situation at once, and the left 

brain examines issues more sequentially and logically, with control 

normally passing to the hemisphere with the fastest answer. Kossl.yn (1987) 

discusses right hemisphere processing as seeing in wholes, with the left 

hemisphere better at image generation and the right hemisphere better at 

image manipulation and transformation. The right hemisphere is critical. for 

dealing with novel situations for which there is no existent code, and plays 

a pait in assembling such codes. The code then tran.sf ei.--s to the left. The 

left hemisphere controls all coded processes and deals with routine 

functions. A visual-spatial task, if em bedded in a code, will come to show 

a left hemisphere superi.ority. The right hemisphere deals with the 

perceptual. organisation of experimental. situations (Goldberg 1989). Levy & 

Sperry (1972) found the right hemisphere specialised for gestalt perception, 

a synthesist in dealing with information input. Rausch (1985) finds the 

extent of mesial. removal of the right temporal lobe correlates with 

deficits in learn:i.ng an unfamiliar sequerice. These descriptions help explain 

why and how chikiren are more likely to process unfamiliar concepts 

nonverbally in the right hemisphere, with difficulty transferring the 

concepts into the left brain and into verbally express:ib]e form. They also 

indicate the educational. value of questioning children about what they have 

done, to help transfer and establish these concepts into a form useful for 

retrieval. and application to further related concepts and problem solving 

experiences. 
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It is known from split half brain experiments that the two sides of the 

brain can be independently conscious (Sperry 1985). Sperry's split brain 

research showed the left brain did not know what the right brain had 

experienced. An epileptic child with the corpus callosu m cut na m ed all 

objects visually projected into the left brain, but nothing that was flashed 

to the right brain, as if the right hemisphere was blind. However the right 

hemisphere did see it, but was not conscious of it, and could not express 

the experience in words. The right brain was not able to speak what was 

there, but was able to write it or point to it, indicating the right brain 

can express itself if provided with a 'voice box' such as touching objects, 

pointing to a choice of objects, or spelling. When a direction is flashed to 

the right brain, that hemisphere performs the appropriate action. Since the 

left brain did not receive the command, it was unaware of what caused 

the person's behaviour. The left brain observed the change in behaviour and 

attempted to make sense out of it. When a com m and was flashed to the 

left hemisphere, the individual often spoke the command word. The right 

brain heard the direction and carried out the action. It is as if there is a 

double consciousness, with each side of the brain processing information 

independently, then selectively com m un:icating with messages transmitted 

Asher (1993) discusses the meaning of language comprehended in the right 

hemisphere, with the right brain receiving and deciphering incoming 

messages and the left brain editing before speaking. The right hemisphere 

has better language com prehensi.on than expression, and better auditory 

comprehension than reading ability (Zaidel 1985). The left brain processes 

verbally in serial step by step order, and the right brain processes 

nonverbally in patterns, and may process verbal information if it is 

presented in patterns such as a story, drama or experience. By simply 

asking a question, activity is automatically brains witched from the right to 

the left hemisphere, especially if the expected response is either written 

or spoken (Asher 1993). Edwards (1979) also found people could draw using 

the right brain, or talk, but not undertake both tasks at the same time, 

indicating right versus left brain processing. This supports Brentano (1973) 

in considering the talking aloud method of introspection may alter the very 

phenomena under consideration. 
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The left brain focuses on memorisation and the right brain on 

internalisation (Asher 1993). Left and right brain thinking equate well with 

analytic. and constructive thinking ( Dienes (1959), reflective and intuitive 

thinking (Skemp (1971), paradigmatic. left hemisphere and narrative right 

hemisphere modes of thought (Bruner 1986), explicit and implicit modes of 

thinking as described by Reber (1989), and the first and second modes of 

thinking as described by Perruchet, Gall.ego & Savy (1990). 

Edwards (1979) makes a broad comparison of left and right hemisphere 

mode characteristics: 

Left 

verbal (word descriptions) 

analytic (step by step) 

symbolic (use of symbols) 

abstract (representational) 

temporal (sequences) 

rational (reasoning) 

digital (use of numbers) 

logical (algorithms) 

linear (convergence) 

Right 

nonverbal (nonverbal awareness) 

synthetic (creative) 

concrete (relating in the present) 

analogic (similarities, metaphor) 

nontemporal (timelessness) 

nonrational (suspending judgement) 

soatial (relation of narts to the whole) 
.... ~ .i. , 

intuitive (insight, hunches, images) 

holistic (seeing the whole, divergence) 

Sperry (1985) lists examples of some specific right brain functions 

discovered from split brain experiments, as the copying of designs, reading 

faces, fitting forms into molds, discrmination and recall of nondescript 

tactual and visual forms, spatial transformations and transpositions, judging 

whole circle size from a small arc, grouping a series of differently sized 

and shaped blocks into categories, perceiving whole plane forms from a 

collection of parts, and intuitive apprehension of geometric. properties. 

This description cl.early defines the mathematic.al puzzles as tapping largely 

right brain function, as against formal mathematics, most of which is left 

brain processing. Cummings (1985) discusses left hemisphere specialisation 

for aspects of language comprehension, for language e;xecution, verbal 

memory, and the numerical aspects of calculation. The right hemisphere 
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specialises in visual-spatial and visual-perceptual function, nonverbal 

memory and com prehensi.on, some aspects of language comprehension and 

the execution of speech prosody. Speech prosody includes functions such as 

rhythmic aspects of speech, tone or accent of a syllable, modulation of 

voice, and pronunciation. Yet it is noted both hemispheres have some part 

to play in both language and visual-spatial function. As largely right brain 

activity with the pre-mathematical puzzles cl.early lays foundations for 

beginning formal left brain mathematical understanding, particularly when 

brought to conscious attention through the difficult verbal expression of 

the concepts involved, it makes good sense to consider expanding this mode 

of developing ma them ati.cal conceptual understanding further into the 

curriculum, into senior mathematics, where appropriate and possible. 

The mechanisms for the enhanced development of pre-mathematical 

concepts from the structured use of environmental materials can be 

suggested. The manipulation of objects provides a kinaesthetic and multi.­

sensory experience to be associated with concepts inherent in the objects 

manipulated. Asher (1993) uses a right brain instructional strategy called 

total physical response (TPR) in the teaching of second languages, believing 

t.he si mil:::itinn of iri£ormati.on and skills can be sigmAr.antly accelzrated 

through the use of the kinaesthetic sensory system. Using a kinaesthetic 

approach, Asher finds optimal conditions for learning are on the first 

exposure to the information to be internalised, and describes traditional 

learning procedures showing that the more exposures to a learning pattern 

before it is internalised, the more difficulty there is in later retention. 

Asher looks at the structure of the task rather than internal factors such 

as intelligence or aptitude. 

For authentic learning to take place, the person must understand the inner 

structure and pattern of the solution. Asher describes this gestalt 

understanding labeled productive thinking by Wertheimer (1959), as in 

opposition to c1n associationist idea of each exposure to a task making for 

a stronger association. Where associationists used verbal tasks almost 

exch.lfilvely in their learning experiments, the G estalts used nonverbal tasks 

such as patterns, pictures and experiences. These methods correspond 

closely to a left brain step by step multiple exposure which resists the 
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novel, to a right brain one where a pattern is understood in a flash. Asher 

believes learning is the reverse of problem solving, where learning means 

to internalise an existing concept, and problem solving repairs an existing 

concept that has a tension producing flaw. The left brain resists the novel 

concept, but once the idea is incorporated, will resist any threat to 

remove or change the idea. Preble m solving is therefore concept disruption. 

If the left brain is asked to retrieve information input into the right brain, 

results will be signi.fu.antly less than if both input and output are from 

the right brain. This explains an unconscious soh.Ition. In school, input from 

the left and right brain is mixed, but output is usually measured from the 

left brain exclusively. 

It is likely both gestalt and associati.onist approaches together give the 

best results in pre-mathematic.al classroom work. Multiple exposures to a 

concept, particularly in varied and multi-sensory form, enrich the meaning 

of the concept. Manipulating concepts in as many different forms as 

possible will aid both acquisi..tion of the concept to be internalised, and its 

consolidation for retrieval and application to further tasks. This will input 

to both left and right brain function more readily, especially where 

expresfilOn of tl1e concept into language is encouraged. Left and right br"a:ir, 

input provide an explanation for the hypothesis that children are able to 

process mathematic.al concepts at much more difficult levels when the 

concepts are presented in manipulable and visual form. The child may not 

be able to fully describe the difficult concepts in verbal terms, but the 

hypothesis of the present study is supported by Bruner's (1960) notion that 

any subject can be taught effectively in some intellectually honest form to 

any child at any stage of development. 

Consciousness and the Brain 

With the emphasis on getting children to describe their understandings 

verbally, it is important all input is not in the same form as the required 

output. A verbal output may not most readily be accessed from a verbal 

input alone. An action output may well precede a verbal one, and an 

action input must precede a verbal one in the ini.ti.al formation stages of a 

concept. It is too easy to believe that if a concept is not expressible in 
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themselves would resist rearrangement. We can isolate features which in 

fact can not be isolated. We can juxtapose objects and events far 

separated in ti.me and space' (pp. 43-44). This reflects the importance of 

encouraging language expression of experience, to sy m oolise it and expand 

it and entrench it in new forms that will connect with other experiences 

and build wider and increasingly connected concepts than before. 

Vygotsky (1962) sees the development of language and mental powers as 

neither learned in a rote manner, nor emerging epigeneti.cally, but as 

social and mediate in nature, a vehicle for transmitting information to 

others. It arises from the interaction of adult and child, and internalises 

the cultural instrument of language for the processes of thought. Sacks 

(1989) observes that the innate ability to acquire language is only 

activated by another who has linguistic competence, and this language is 

achieved only through transaction and negotiation with another. Vygotsky 

finds the leap from sensation to thought involves the right sort of 

questioning. It is vital ooth child and teacher ask these right sorts of 

questions. Irrespective of whether a solution is arrived at with conscious 

verbal awareness or con.sci.Dus nonverbal. awareness, any attempt to 

verb<>l;ce an e:ri~11g con pt will develop the concept further into 

conscious attention. 

Sacks (1989) believes it is not just language but thought that must be 

introduced, believing neither language nor the higher forms of cerebral 

development occur spontaneously. They depend on exposure to language, 

com m uni.cation, and proper language use. Language must be good enough to 

allow internal manipulation, then the normal shift to left hemisphere 

predominance can occur. Sacks (1989) finds in abstracting or generalising 

or theorising, the concrete is never lost. As it is seen from a broader and 

broader viewpoint, it has ever ric.her and unexpected connection, holding 

together and making sense as never before. Luria (1976) adds that science 

is the ascent to the concrete. It is the richness of the concrete that gives 

rise to the al::stract. In abstracting or generalising the concrete is never 

lost. The concrete leads to the general and the general leads to the 

concrete, in intensified and tra1.1Sfigured form. Concrete experiences in 
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some verbal form, it is at-sent or incomplete, or that every concept must 

be brought into conscious awareness to be functionaL In the educational 

fervour for children to gain as much verbal and conscious translation of 

concepts as possible, more and more verbal inputs are presented to 

children, with less and less experiential ground work provided. Yet it is 

much more likely the child will remember an experience than a speech. 

Gazzaniga, LeDoux & Wilson (1977) found the verbal system attributes 

cause to behaviour produced. This process of attribution by the verbal 

system seems to be a major mechanism of consciousness. Behaviours are 

being continuously exhibited, the origins of which may come from coherent 

independent mental subsystems, and these actions are immediately 

interpreted by the verbal system. Consequently a large part . of the sense 

of conscious reality com es from the verbal system attributing cause to 

exhibited behaviour. This explains confal:x.tlated reasoning for some actions. 

With multi.- modal thinking and m ulti.-sensory information processing, the 

question of overall information integration and of what becomes conscious 

and why it becomes conscious remains unclear. It would not be correct to 

imply left brain processing being largely verbal is conscious and right brain 

processing being largely nonverbal is unconscious, as both hemispheres are 

known to have their respective shares of unconscious and conscious 

processing. It is also true the functions of vast tracts of the hum an brain 

are as yet unknown. Dennett (1991) finds it an open question whether any 

particular content eventually appears in conscious experience, and considers 

it a confusion to ask when it becomes conscious, considering there is no 

single point in the brain where all information funnels in. He believes 

discriminations only have to be made once. When a particular otservation 

has been made in one specialised localised portion of the brain, the 

information does not have to be sent somewhere else to be 

rediscri.minated. Discriminations form a stream or narrative sequence over 

time. 

Dennett (1991) recommends the idea that consciousness is a mode of 

action of the brain rather than a sutsystem of it, as all judgements are 

distributed around in ti.me and space in the brain, and each act of 

discrimination or discernment or content fixation happens somewhere, but 
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there is no one discerner doing all the work. The content of the 

judgement does not have to be expressed in propositional form. These are 

nobody's speech acts and they do not have to be in a language. They are 

like speech acts, with content, and have the effect of informing various 

processes with this content. Some of these content fixations have further 

effects, eventually leading to the utterance of sentences in natural 

language, either public or internaL Consciousness is not a matter of arrival 

at a point, but a representation exceeding some threshold of activation 

over the whole cortex. Dennett considers an element of content becomes 

conscious at some time by changing state right where it is through 

acquiring some property boosted above some threshold, not by entering 

some functionally defined and anatomically located system. 

The idea that there is no central anato mi.cal processor in the brain, and 

that each part carries out its own function takes the focus off conscious 

attention necessarily being · defined as explicable in verbal terms. Each 

perception a child makes from any sensory system while procesffillg the 

puzzles is a form of consciousness in its own right. Each action, even if 

originating from some unconscious process, is also a form of consciousness. 

When a child is unable to verbalise a classification processed unconsciously, 

the action of a correct solution is still an act of consciousness. In 

m athe m ati.cs, the concept will become more conscious and more versatile 

for the purposes of transfer of learning to other situations if it is first 

translated into verbal terms where possible. 

Quantum Consciousness 

Physicists Goswami, Reed & Goswami (1993) believe people choose their 

conscious experiences, yet remain unconscious of the underfying processes. 

The quantum brain collapses certain events in order to focus attention on 

them and make them conscious, selecting what it is useful to be conscious 

about. In physics, the term quantum refers to a discrete, indivisible 

amount of some quantity, especially energy by which a given system may 

change in any process. With quantum objects as waves that spread in 

existence at more than one place, consciousness may .be the agency that 

focuses the waves to be oooerved at one place, choosing the outcome of 
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the collapse of any and all quantum systems. This outcome is a chosen 

conscious experience, the underlying processes of which remain 

unconscious. As there is a necessary ongoing sensory information input to 

be perceived and selected by the brain, some unconscious threshold 

mechanism selects which sensory information to make conscious in the 

form of a perception. These perceptual selections are unconsciously 

considered to be the necessary present focus of attention in the 

individual's experience of the moment. 

The quantum brain operates on Heisenberg's uncertainty principle of an 

infinite number of possibilities coming into and out of existence at all 

times. The quantum brain collapses certain events in order to focus 

attention on them and make them conscious. This not only explains 

creativity, but the quantum brain is creativity, to create conscious 

ocservation of effects. This concept supports the idea that the norm al 

classic.al ego-self arises from processes of secondary awareness of a 

conscious experience, with the time lag of secondary introspection allowing 

the ego experience of consciousness to feel continuous. The stream of 

consciousness is the result of mindless introspective clatter. There is little 

awa....--eness of t..1-le im med:iacy of experience in the quantum mode more 

readily available through meditation. It is the quantum self which expresses 

the free will. The self 'I' is a relationship between conscious experience 

and the immediate physical environment. 

This supports findings of conscious awareness of a stimulus following its 

sensory registration in the brain, also supporting the idea that unconscious 

processing is not only possible, but occurs before conscious awareness of 

the event. It may be that the manner in which children processed an 

unfa mili.ar concept unconsciously, fits along this hierarchy in a natural 

progression towards a more consciously aware consciousness of the result 

made available firstly through actions, and finally through a conscious 

verbal expression of the concept. 

Connectionist models of epipheno m enalis m, and bottom up theories of order 

within chaos are unable to prove a connection between neuronal states and 

states of mind experienced. Monistic idealists believe consciousness 
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collapses the multifaceted structure, choosing one facet in the presence of 

mind-brain awareness. Awareness and choice are tangled hierarchies ( which 

comes first?) It is the tangled hierarchic.al situation that gives rise to self 

reference and to the subject-object split of the world. Identification with 

an object and the 'I' of reflective awareness arise out of secondary 

awareness processes. Both primary and secondary awareness processes 

norm ally remain in the preconscious. The ego is the image constructed of 

the apparent experiencer of actions, thoughts and feelings, and is 

associated with secondary awareness experiences of self awareness, but not 

with the primary experience. With conditioning, certain responses gain in 

probability when a learned stimulus is presented to the brain-mind. 

Consciousness identifies with the apparent processor of the learned 

responses, the ego, but the identity is never complete. Consciousness 

always leaves room for unconditioned novelty, making free will possible. 

This explains how unconscious choices of action may occur, and why 

learned patterns of recogrri..ti.on or behaviour are associated with greater 

conscious awareness. 'We see what we know.' Goswami et al believe the 

cognitive functionalist connecti.onist model has no explanation of self 

awareness. Attention is assumed to be a function of the ego. The quantum 

theory of self reference is that the self operates in both the secondary 

awareness ego mode, and the primary awareness quantum modality, arid is 

associated with primary awareness experiences such as choice and direction 

of attention without self-awareness. It seems unconscious selections include 

not just sensory and perceptual and concept formation, but choice of 

action as well. Verbal consciousness com es from an ol:servers role applied 

after nonverbal conscious awareness has occurred. This relates well to 

children performing correct solutions to unfamiliar concepts in a puzzle, 

then having great difficulty verbalising classifications and processes 

involved. 

The Function of Language 

Le Doux (1985) emphasises consciousness is not dependent on language. 

Nor are conscious processes synonymous with cognitive pro<:.esses. 

Information encoded in the ahsence of language proved inaccessjble to 
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consciousness, though it was readily accessible through behaviour. 

Consciousness defined in language terms becomes only one avenue through 

which the brain accepts inputs and produces behaviour. 0 perating outside 

of conscious awareness are neural systems capable of comprehending 

external events and regulating organised interactions with the world. We 

are not consciously aware of all the information our mind processes or the 

cause of all our behaviour or the origin of all of our feelings. The 

conscious self uses these as data points to construct and maintain a 

coherent story and our subjective sense of self. Inputs registered by non 

conscious systems are not available to the conscious self. They are coded 

in such a way that can not be decoded by verbally dominant conscious 

mechanisms. The activity of non conscious mental systems is often not 

decodable internally in the brain by the conscious self, and can only be 

known and incorporated into the verbally constructed sense of self when 

exposed by behaviour. The finding that information encoded in the aooence 

of language proved inaccessible to consciousness, though it was readily 

accessible through behaviour, supports the finding that children processed 

the concepts nonverbally when the concepts were unfa mili.ar. It explains 

why the six year old girl had to literally see through the transparent 

button again before she could verbalise that it was 'see through.' 

Dennett (1991) finds the emergence of expression creates or fixes the 

content of the higher order thought expressed. Internal com m uni.cations 

have the effect of organising the mind into an infinitely powerful. 

reflective or self monitoring system. Such power of reflection is claimed 

to be at the heart of consciousness. The value of verbalising is a means to 

translate perceptions into conceptual language (Sacks 1989). Church (1961) 

finds language transforms experience and the individual to enable new 

things to happen, or old things to happen in a new way. Language permits 

things to be dealt with at a di.stance and acted upon without physi.cally 

being handled. Sacks (1989) reports a description of what language can do, 

from Joseph Church, a deaf person who acquired sign language later than 

usual. 'Language transforms pre verbal experiences... We can act on other 

people or on objects through people. We can manipulate symbols in ways 

impossible with the tirings they stand for, and arrive at novel and creative 

versions of reality. We can verbally rearrange situations which in 
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manipulating the puzzles aid generalisation of the concept, adding 

enrichment and leading to new ideas, both concrete and abstract. 

Thoughts on Piaget's Stages of Cogrritive Development 

In examining the pattern of human development, St. George & Shaw (1982) 

believe factors such as child rearing practices, forms of play and cognitive 

style are likely to be at least as important as language and social culture. 

Kogan (1971) finds modes or styles of thought are the products of 

soci:ilisation patterns and experiential opportunities that cultures and 

ecologies provide. St. George & Shaw (1982) report that not all normal 

individuals in all cultures pass through all of Piaget's cogrritive stages or 

achieve all of the cognitive tasks within a cognitive stage as a matter of 

course. Appropriate cultural support or environmental stimulation appears 

necessary for the achievement of certain levels of development. Price's 

(1978) review found the ab3ence of formal operational thinking on some 

Piagetian tasks for some Papua New Guinea adults where a different 

thought mode had been evolved by the culture. Price-Williams, Gordon & 

Ramirez (1969) fotmd the order of development of task mastery within a 

Piagetian cogrritive stage is not invariant, such as conserving quantity 

before weight, and weight before volume. St. George & Shaw (1982) find 

the evidence of particular stages and concepts or processes within stages 

for Piaget's cognitive stages is much more task, experience and culture 

dependent than first thought. This moves away from a strict chronological 

and biologically based view of cognitive development, having important 

consequences in educational terms. 

It also explains the finding Dienes reported in response to Becker & Rogers 

(1969), that children can and do make intuitive leaps, and that depending 

on the famiJfarity and usage and presentation of the particular concept 

involved, children may currently possess any mixture of intuitive, concrete 

operational and form al operational thinking, with these levels of conceptual 

tmderstanding varying from one application of a concept to another. Dienes 

found developmental differences as well as differences in strategies used 

by children, and also found children transfer information more readily from 

a com pl.ex concept to a simple one than from a sim pl.e concept to a 
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com pl.ex one, provided simpler concepts are em bedded within the complex 

concepts presented to the chilrlren. These findings suggest Piaget's 

cognitive stages rigidly apply within certain cultural and task orientations 

only. 

Clearly, the ascent through human developmental stages varies according to 

the input from the culture, environment and experiences presented to the 

individual along the way. Lack of exposure to a partk.ular type of 

experience or way of thinking may well lead to the absence of aspects of 

any of the developmental stages described by Piaget. Furtherm are, given 

enriched experiences at any stage of development, an individual aJso may 

develop concepts that are usually beyond the developmental level of that 

individual's age or stage. Where there is unevenness of experiences, 

unevenness of conceptual development may occur. Similarly, where there is 

enrichment at some level of experience, the :mdividual may develop 

advanced thinking and functional ability within that partk.ular context. This 

explains the findings of Dienes, and of the high performance of some 

younger chilrlren in the present study, where performance was mixed and 

uneven, depending on experiences, and more particularly, the farm in which 

the experiences were presented to the child to enable these higher levels 

of function to establish. 

Intuitive, Creative and Divergent Thinking 

Bruner (1960) finds intuitive thinking does not advance in careful well 

defined steps, but involves manoeuvres based on implicit perception of the 

total problem, with little, if any awareness of the process by which the 

answer is arrived at. An adequate account of how an answer is obtained 

can rarely be provided and there may be lack of awareness as to which 

aspects of the problem situation were being responded to. Usually intuitive 

thinking rests on familiarity with the structure of the area of knowledge 

involved, making it possible far the thinker to 'leap about'. 

Creative and divergent thinking must play a part in the process of 

cognitive problem solving. Ghisellin (1954) finds the process of creativity 

will not perform to corn mand, as the central part of its activity is both 
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unconscious and involuntary. There is a necessary period of intense 

concentration on the problem, then sudden insight, usually when the 

problem has been laid aside and the person is relaxed. Barron (1969) 

considers creativity a synecti.cs process of joining together different and 

irrelevant elements to arrive at novel sollltions. By aiming at the 

preconscious it is hoped insight will be gained into the underlying process 

as it occurs. The first stage depends on making the strange fa mili.ar or 

looking for similarities. The second stage looks at making the fa mili.ar 

strange and shedding preconceptions. Creativity has arrived. 

Barron & Harrington (1981) ask what are the abilities creativity is 

tapping? How does creativity differ from divergent thinking? Divergent 

thinking is remoteness com hined with cleverness and aptness going a 

distance from the obvious but not ruling out convergent thought. Divergent 

thinking goes with convergent thinking in every thought process that results 

in a new idea. Process is what is invisible in the divergent thinking test 

used in creativity research. The problem is set and the answer obtained. 

What happens in between is the guess of anybody except the respondent 

who has not been asked. 

The creative and divergent processes appear to be an integral part of the 

puzzle sollltion process. In a creative sense, the child first looks for what 

is familiar and then for what is different. The intuitive and creative 

process enters into what is different, allowing the joining together of 

seemingly unrelated items into some coherent new idea. That tlris is likely 

to be a right brain nonverbal process is not surprising when the right 

hemisphere tends to see whole patterns at once. Furthermore, the right 

brain is more likely to decipher a new situation, where the left 

hemisphere will deal with what is already coded and familiar. The 

divergent aspect goes along with the convergent thinking processes, but 

adapts in a lateral way to encompass a new idea. 
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Approaches to Mathematics 

Clearly, approaches to the pre-mathematical puzzles involve intuitive, 

creative and divergent thinking processes throughout Piaget's stages of 

cognitive development in the process of acquiring formal mathematical 

thinking. Bruner (1960) finds almost anything that moves away from the 

usual approach to natural numbers and their mechanical manipulation has 

the effect of freshening the students taste for discovering things for 

themselves. Discovery in mathematics is a byproduct of making things 

simpler. Where mathematics is concerned, the issue centres on how 

si.m plifi.c.ation occurs. It most often results from a succession of 

constructing representations of things. Something is done that is 

manipulative at the outset, literally providing a definition of something in 

terms of action. Having acted, the person is then able to turn around on 

their own action and represent it, observe the action, then represent it. 

The premature use of the language of mathematics and its end product of 

formalism makes mathematics seem like something new rather than 

something the child already knows. By interposing formalism the child is 

prevented from realising he has been thinking mathematics all along, and 

loses confidence in the ability to perform the process of mathematics. 

What is needed is ways to help children improve intuitive ways of thinking. 

Bruner (1960) quotes D. Page, 'Young children learn almost anything faster 

than adults do if it can be given to them in terms they understand.' 

The Mathematically Able 

The mathematically able think logically in quantitative and spatial 

relationships and with symbols; within curtailed st:ruc tures; with flexibility; 

with sollltion clarity, si.m plicity, economy and variability; and with rapid 

free reconstruction, with reversibility of mental processes (B:ri.ars 1983). 

Skemp (1971) finds both visual and verbal symbols are used in mathematics 

together and apart. Despite visual imagery being commonly considered 

most favourable to the integration of ideas, verbal symbols are 

indispensible but visual symbols are not. The functions are different and 

perhaps complimentary. It is because of the indispensability of verbal 

symbols as against visual symbols that formal mathematical teaching can 
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function with verbal and symbolic. systems as abstractions of abstractions 

in the absence of si.m ultaneous concrete experiential. manipulations. If 

simultaneous concrete experiential manipulations could be utilised more 

frequently :in the teaching of mathematics to children, ma them a ti.cal 

ability and the enjoyment of mathematics by children may come to be 

viewed as less of an awesome acquisition for a select few, to a more 

natural transition towards the inherent mathematician already present :in 

each child. 

Gender Differences in Ma thematics 

The absence of gender differences :in performance in the present study 

goes against a traditional belief that m al.es exhibit superior ma them ati..c.al 

ability, and females exhibit superior verbal skills, (Dweck & Ll.cht 1980), 

but supports the absence of gender differences found :in ma them a ti.cal 

performance :in primary school children (Tittle 1986). It may also support 

findings by Jacklin (1989) and Llnn & Hyde (1989), who found previous 

beliefs of cognitive gender differences :in verbal ability, spatial 

visualisation, and mathemati.cal computation and concepts have declined, 

and no longer exist. In view of studies by Gold (1990) and Llnn & Petersen 

(1985) show:ing secondary school males performing better than females :in 

mathematics achievement tests, especially those :involving problem solving, 

there may be clear differences between spatial and verbal tasks on the 

one hand, and general ma them ati..c.al achievement and probl.e m solving skills 

on the other. Another alternative may be that gender differences in these 

tasks emerge as a result of biological or other adolescent changes. Tittle 

(1986) and Jacklin (1989) find differences are more related to social 

expectations and educational expe:ri.ences than true biological differences. 

Females have been shown to have lower perceptions of mathemati..c.al 

competence and lower performance expectations than males (Eccles, Adler 

& Meece 1984), creating loss of confidence in their mathemati..c.al ability. 

This attributional pattern discounts success and affirms failllre, . causing 

females to veer further away from mathematics (Weiner, Frieze, Kukla, 

Reed, Rest, & Rosenbaum 1971). 
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Able Children 

Previously ability was thought of as an entity in itself. An individual either 

had ability or did not have it, and the aim was to prove or disprove it 

(Renzulli 1980). Hill (1977) finds a need for a concept of able behaviour 

rather than one of ability, considering a child only has ability when ability 

is displayed as such, and is only creative with creative production. Barbe's 

(1964) interpretation of the most universal characteristk. of any able child 

is sensitivity, in kind and degree, directed into discovery, problem solving, 

particular areas of learning or to the feelings of others. Feldman (1985) 

cites Cox's opin:i.on that interest is a good indicator of ability. Roeper 

(1977) finds real ability is the ability to think, generalise, and see 

connections and alternatives, abi]jties w.hich may not necessarily translate 

into outstanding achievement. Renzulli (1978) believes above average ability, 

task com mittment and creativity are the only three things that are 

necessary to truly achieve in any area. McAlpine (1979) lists some of the 

characteristics of intellectually able children as keen ocservation and 

curiosity; pe:ri.ods of intense concentration; ability to understand complex 

concepts, perceive relationships and think atstractly; creative ability as 

ability to restructure and re-classify components in problem solving, 

divergent thinking and im agi.nation; high energy; taking cognitive risks; and 

preference to work alone. Speed of thought and the ability to work quickly 

are additional characteristics of able children. 

Identification of able children is more difficult where children may have 

ability in one or more areas but be above average or average in others. 

McAlpine (1986) finds that rarely, if ever is reliance of identification of 

ability placed on any single measure, and that different measures may 

show quite discrepant results. Robinson, RoedeJl & Jackson (1978) find 

children of various ages and :intellectual levels may score the same on 

intelligence tests, yet have very different amlities and utilise quite 

different cognitive strategies.. LaBenne & Greene (1969) consider 

oooervations over a period of time provide more data than test scores. 

The chi.l::i whose r1biJities fall in the narrow band required by school work 

is fortunate in gaining resultant recognition and emotional and social 
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status as well. as success. Achievement test performance declines in the 

child considered average whose real abilities are not recognised by the 

teacher (Sutherland & Goldschmirl 1974). Lyon (1981) believes the concept 

of the average student is at best a myth and at worst a destroyer of 

human potentiaL Zaffran and Colangelo (1977) say many bright children 

never have the opportunity to realise their true capacity in doing truly 

outstanding work because their teachers never provirle them with such 

challenges. Robinson et al (1978) find bright children may perform like 

average children if suff:ici.ently challenging m ate:rial is not included in the 

classroom. Willi.ams (1979) makes the comment that it is alarm:ing to see 

norm ally self confident ahl.e students freeze under the irlea of accepting 

wrongness or working with the unknown. This reflects what happens to non 

academic children not coping with normal school work. 

The Development of Ability in Children 

Aspy & Bahler (1975) believe in the power of the teacher to affect 

achievement and growth :in the child. The perception teachers have of their 

own ability and worth is most significantly related to the success of their 

students. Hollingworth (1942) finds not all :intellectually advanced children 

develop equally well. under all circumstances. Nor do grades give much 

ind:ic.ation of the future success of students (Clark 1983). Grad:ing, along 

with teacher evaluation does not have a very good record for predicting 

the truly able and productive adult, nor does it contribute to the lea.ming 

process. Walford (1979) cites Samuda as saying that conventional tests, 

among many :inadequacies, measure a very narrow range of mental ability, 

and Yarborough & Johnson (1983) find the replacement of LQ. tests by 

achievement tests merely narrows the fi..e1d of learnt knowledge by 

eliminating the aptitude aspect. Rob:inson et al (1978) recommend that if 

all potentially ahl.e people are to be found, testing procedures must have a 

suff:ici.ent number of difficult items to allow those at the top of the scale 

to emerge. Bright children may perform like average children unless 

sufficiently challenging material is provirled. 
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Acceleration Versus Eruichment Program mes 

A further consideration is whether program mes should accelerate or enrich. 

Reid & McAlpine (1981) report the New Zealand Department of Education 

finding that few program mes enrich horizontally without leading vertically 

into higher levels. Reid (1976) cites Start who prefers more acceleration 

than eruichment, as eruichment can sometimes be more of the same work 

or different work at the same leve1 Feldman (1985) cites Cox's 

consideration that no one should need to choose between acceleration and 

enrichment. Both should be used, but pull out program mes are a part ti.me 

solution to a full ti.me problem. Raths (1979) believes it should not be 

necessary to either eruich or accelerate within a ctn:rkulum, providing the 

curri.culu m is based on the needs of all students. There is a difference 

between eruiching or accelerating a defici.ent curriculum and designing an 

appropriate one in the first place. Callahan (1982) finds the issue the 

degree to which the needs of any child are being met. Reid (1978) 

believes teachers need to teach differently and facilitate learning, not 

direct it; to encourage process rather than product; to be learners more 

than leaders; and to be involved in the learning process. B:irch (1984) sees 

that the more personalised education becomes, the less need there will be 

for formal identification procedures. All children will. receive appropriate 

education. This may mean more small group work and some individualised 

work. Children in such a program me do not need assessment procedures. 

They identify them selves by the amount, the level and the quality of therir 

wor k. Their identification is currk.ulum embedded. As the main function of 

tests is to predict potential, a test should not be needed to predict what 

is already being achieved. 

Reid (1978) finds that although an unusually high performance will indicate 

possible high ability, a low performance does not have to indicate the 

reverse. It may mean that different .strategies and approaches of 

assessment are needed. Renzulli (1980) emphasises that identification needs 

as much emphasis placed on the ways children interact with experiences as 

action and performance information, as o.i more formal methods. Schwartz 

(1981) considers the key to successful. learning experiences lies in the 
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provision of an optimal match between the child's skill level and the 

materi..al.s provided. Renzulli (1980) finds students can be more effectively 

served j£ the number and variety of opportunities is increased. Equally as 

important is that not every child should be made to follow through on 

every activity, but flexibility should be exercised in providing 

supplementary services at the time, and in the areas where the child is 

eager to follow through. Le Rose, King & Greenwood (1979) cite Gowan by 

stating that putting children in possession of their own learning gives them 

a consciousness of their own cognitive processing, termed meta thinking, 

and may be a crucial. component in the development of ability. 

Implications in the Teaching of Mathematics 

The present study questions the validity of both curriculum embedded 

mathematics and New Zealand P.A.T. mathematics to truly teach and 

rem ediate, and identify and . enrich all mathematically able children :in the 

best manner possible. Whereas school mathematics and its associated 

P.A.T. tests rely heavily on verbal skills, nonverbal aspects of mathematics, 

despite aiding the fotmdation of mathematical concepts, are lBrgely 

excluded from the curriculum, thus losing the means for remediating 

mathematical difficulties, and for identifying and enriching all 

mathematically able children. 

The puzzles identify specific ab:ilities and weaknesses. They provide 

acceleration and enrichment for the highly able, and remediation for those 

ha-r ..... ,g diffic;;lties. They provide a means for the development of 

enthusiasm for learning, and for potential em beddedness within the 

curriculum. As an extra-curricular activity they are provisions, but as an 

incorporated part of the curriculum their use would become a program me. 

Under the present mode of usage they are at best a pull out provision for 

which it is hard to deny exclusivity when some students are denied the 

opportunity to participate and other children have the privilege of 

attending. It is especially hard when these activities may appear more fun 

than regular classwork. As well is the let down when participation has 

ended (Callahan 1982). 
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A hypothesis emerging from the present study is that conscious processes 

are more difficult and unconscious learrdng is obtained more easily, 

perhaps because conscious processes largely use language expression, itself 

an aootraction, whereas unconscious processes make intuitive leaps and 

arrive at solutions using such things as visual imagery. The function of 

processing the puzzles is multi-faceted. It not only encourages logical 

processes, but with individual questioning during and after the procedure, 

aids the extremely difficult transfer of unconscious conceptual processes 

into conscious conceptual language. This crucial translation into language 

may be the key to conceptual development leading into the formation of 

form al mathematical concepts through facilitating the ability to handle 

multiple concepts, transfer learning and use strategy. For this reason it is 

~nti.al children working with the puzzles are worked with individually or 

in small groups, where cognitions can be verbally 'caught' by teachers. 

The whole of mathematics clearly involves both verbal and nonverbal skills. 

Therefore the school mathematics curriculum and with it P.A.T. 

mathematics should encompass this whole range, not only to identify all 

able children, but to broaden the dimensions of intelligence itself. It would 

have the effect of em bedding an additi.Dnal ident:if:icati.Dn, remedial. and 

enrichment system, and of increasing self esteem in children and the love 

of school work. The curriculum needs to cater for nonverbal and 

unconscious creative processes as well as verbal or conscious ones. A 

method to develop these would be to include within the mathematics 

curri.culu m more right brain experiences involving an extension of junior 

school methods into senior methods used on an individual teaching basis. If 

junior school methods are extended into senior levels, the need for tests, 

remedial and enrichment program mes would not be so necessary. 

Limitations of the Present Study 

The most glaring <'-ritidsm that could be levelled at process and 

performance levels exhibited by children in the present study might be 

that children worked in small groups with the potential to absorb 

processing information from other children, perhaps influencing thcir own 

solutions and aiding them to achieve higher levels of performance than 
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they might have done without this :influence. Surprisingly, at consciously 

aware levels this phenomenon appeared to happen rarely. That this was a 

rare occurrence was determined by the very individual ways children 

approached the puzzles. Usually absorption in their own work meant they 

were not paying attention to what someone else was doing. One advantage 

of working with small group:; was that children could be kept focused on 

their problem solving. However, there must be some subliminal perceptual 

effects. This may not be a good idea from a scientific point of view, but 

may enhance and move general conceptual thinking on to higher levels at 

faster rates. In general classroom use it would be urn:-ealistic to work with 

children entirely on their own, except in exceptional circumstances. A 

further consideration is that children are individually questioned to elicit 

as much of their conceptual processing as they can manage. The purpose 

of the puzzles is not so much to solve them to their ultimate level 

possible, but to extend each child's thinking to the child's ultimate level 

possible in that moment. In this sense it is process which is valued much 

more than product. In order to evaluate puzzle performance in the present 

study more reliably, some children perhap:; should have been worked with 

entirely alone to eliminate any of the above effects. This would still not 

prevent children from discussing the puzzles amongst them selves out of 

session. At all ti.mes children were encouraged not to discuss solutions 

with other children so that other children could come to each puzzle with 

their own approach. The children appeared to respect this request. 

Further limitations from the point of view of a scientific evaluation of the 

puzzles was that children received varying numbers of lessons with the 

puzzles, and of differing ti.me lengths. Furthermore, no child was given the 

same 'recipe' of puzzles, nor were the puzzles necessarily given to any 

child in any particular order. This is individualised and flexible teaching 

from an educational perspective, but from a scientific. evaluative 

perspective of exact effects of the puzzles, lacked these controls. 

Another limitation of the present study was the absence of groups of 

P.A.T. average children to help determine correlation levels between P.A.T. 

mathematics. and the puzzles. An assumpti..on was made that what was 

effective for children with high or low mathematical achievement, or 
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special learning diffic.ul.ti..es would be effective for children falling within 

these extremes. 

A further consideration limiting the present study was that m athe m ati.cal. 

group levels were known by the researcher and children were worked in 

these ability groups. A blind study would eliminate any biases and 

expectations from the researcher, preventing subliminal or subtle influences 

from researcher expectations. It would quickly become apparent which 

children were more able with the puzzles, but these children might not 

necessarily e:xhibi.t high formal mathematical achievement in normal 

classroom work, as was the case with the two P.A.T. average children in 

the present study. 

Another limitation of the present study was that senior children were 

selected for their mathematical groups from P.A.T. mathematics scores 

alone, without an additional input of teacher opinion regarding the 

mathematical ability of the children. It was not intended P.A.T. results 

alone should be used to place children into mathemati.cal. groups, but 

P.A.T. results provided a quantitative assessment that was much easier to 

determine than oooerv:i.ng qualitative means of teacher assessment. 

A reverse problem was that junior children were teacher assessed. There is 

no pre-mathemati.cal. concept test universally used in New Zealand schools, 

such as the comprehensive one by Churchill. (1961) - (Appendix 2). Schools 

devise their own methods for junior assessment. This means junior children 

and senior children in the present study were assessed for participation on 

a different basis from each other, not only within schools, but between 

them. 

A final limitation of the present study was that children were pulled out 

of their normal classroom program m me for the present study. Firstly this 

disrupted norm al classroom work with the remainder of the class carrying 

on with normal classroom lessons, and secondly the work with the puzzles 

did not accurately simulate normal classroom conditions where children 

might not be given so much individual attention. This leaves open the 

question of whether this kind of puzzle work could practically be carried 
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out within a normal classroom setting. However, small group work is a 

normal part of junior classroom teaching practice, and tt is likely this 

method could be extended into senior classroom work. 

Implications for Future Research 

The best way of examming how the puzil.es work may be to look at the 

results in children, and to focus on process rather than content, not only 

on what children can do with the puzzles, but on what else the puzzle 

experience may help them to do better. Even if each child was controlled 

for the number of puzzles attempted and the order of attempting them, 

and was worked in isolation from other children, such an attempt would 

need careful selection of participants to avoid the difficulties of placing a 

child into a situation that was inappropriate through being too difficult or 

too easy. Furthermore, large samples of participants would be needed to 

reduce chance results from spec.:ific individuals in the study. Each child is 

different, has different abiljties, and may arrive at the same solution using 

a different approach. It is the approach that matters, the process of 

problem solving and us wider ramifications in the transfer of learning and 

application of strategy. For this reason future studies that focus on how 

children approach the puzzles would contribute more towards the research 

on how the mathematic.al puzzles work than studies attempting scientific 

controls • 

A Study of 'Average' Children 

A study of average P.A.T. mathematics children would find which chidren 

are more able with the puzzles than they appear to be in normal 

classroom work, separating children whose abilities show greater right 

brain than left brain strengths. 

A Blind or Double Blind Study 

The researcher is given random groups of children, having no prior 

knowledge of the formal mathematical ability statl~s of the children. 

Perhaps one way of randomising groups would be to use a normal 
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clas.sroom of chilrlren and take them in groups of six alphabetically. Uris 

would allDw for wild card variables, where some classroom ability groups 

might be more varied than others by chance alone. A tentative study has 

already been attempted in this manner, as is described below, with 

voluntary chilrlren. A double blind study where the researcher did not know 

the hypothesis or the mathematical ability of the children would show even 

less researcher bias. 

A Study of Voluntary Children 

An informal. voluntary study has already shown P.A.T. mathematics 

performance did not always match puzzle performance. In 1989 a class of 

Form 2 children at Bohally Intermediate School in Blenheim set up a 

'Science Scene' for one week for all of the visiting primary school 

children in Marlborough. Groups of children set up various science 

activities in the school hall such as a T. V. studio, for them selves and 

visiting children to explore. Thirty mostly senior puzzles from the present 

study collectively entitled 'Pattern and Rotation' provided one activity. 

Eleven hundred children visited. It was noted by the class teacher that 

children showing special interest in and ability with the puzzles were not 

al.ways children with ability in normal classroom work. As the first child 

to successfully solve a particular puzzle contributed to a video produced by 

the children themselves, discussing the processes and solutions they found, 

i.t was also noted by the teacher that some of these children had 

previo11c::ly experienced few opportun:i.ties to feel successful in normal 

classroom work, and develop confidence in their own ability. 

A Study of Individual. Children 

Although unrealistic and not a normal use of classroom time and resource, 

a study with individual children would eliminate any poss:i.bility of a child 

absorbing process or solution information from other children in a group, 

and would also eliminate distractions from other children. Puzzle 

performance results would be more accurate using this method. 
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Reading Recovery 

A preliminary attempt has been made to see if seven year old Standard 

one children undergoing a reading recovery program me might benefit from 

working with the pre-mathematical puzzles. The results were inconclllsive 

because the study was not carried out for a long enough period to 

determine any reading recovery results. There :is potential for controlled 

studies in th:is area, of children receiving puzzle work in addition to a 

reading recovery program me, and children receiving reading recovery only. 

If the puzzle group improves their reading more than the non puzzle group, 

further studies could be tri aJ1 e<l in th:is area. 

An Adolescent Study 

An adolescent study would provide a more balanced view of gender 

differences in mathematical ability traditionally emerging at this ti.me. 

Performance of the largely nonverbal puzzles utilising some visual-spatial 

aspects measured against formal largely verbal mathematics might provide 

some interesting data towards the validity or non validity of males 

performing visual-spatial tasks more successfully and females performing 

verbal tasks more successfully. 

A Study of Deaf Children 

Some preliminary work with several deaf children across the primary and 

secondary school age range has been undertaken in 1993-1994 with the aid 

of an interpreter using New Zealand sign language. As these children 

mostly had no English or spoken language, they showed great visual acuity 

and were quick to see relationships between elements in the puzzles. There 

:is much potential for enrichment for these children using the puzzles, as 

so much :is lost for them in a normal school classroom using spoken 

language. 
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A Study of Blind Children 

It would not be diff:k.ult to adapt some of the puzzles for blind people, 

particularly with the use of such materials as button textures, types of 

material used for the buttons, sizes and weights of different buttons, and 

textured fabrics, graded sandpaper, stones and other tactile m ateri.als, or 

auditory puzzles involving sound matching, volllme and pitch grading, rhythm 

matching and instrumental effects. 

A Study of Dyslexic Children 

The partk.ular dyslexic children us:ir1g the puzzles in the present study were 

quite able with the puzzles. As the number of children involved was so 

small, larger numbers of dyslexic children covering different types of 

dyslexia would be needed to determine how dyslexic children in general 

operated with the puzzles, and to determine any helpful effects that might 

emerge from the:ir use. 

A Study of Children with Attention Deficit Disorder 

Preliminary puzzle work with children suffering from attention deficit 

disorder indicated more success when activities were action, movement and 

noise related. Use of the body and the voice in conjunction with one to 

one correspondence activites were effective for junior children. 

A Study of Adults Following Brain Injury 

The puzzles could be used along with neuropsychological testing procedures 

to determine the diagnostic. and remedial aspects of the puzzles for 

different types of brain injury. Two people with a verified previous brain 

injury have worked with the puzzles. One person had a recovered left brain 

injury, and the other a right brain injury. Neither injury left functional 

effects that were too severe in the long term, and school work functioned 

at a reasonable level. Both participants were able to process many of the 

moderate difficulty level puzzles, given questioning help. No specific 
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cognitive benefits over and above those acquired to solve the puzzles 

themselves were oooerved foll.owing this work. 

A Study of the Elderly 

Some work with the confused elderly could be attempted, using simple 

junior puzzles to determine any benefidal cognitive or occupational effects. 

A preliminary attempt has been made by someone using calendar pictures 

cut into jigsaw shapes on the basis of the junior puzzle concepts in the 

present study. The confused elderly were not only able to do these puzzles, 

1Jut greatly enjoyed the occupational effect. The benefit to the person 

working with these elderly was that each day the participants could do the 

puzzles all over again with the same joy of discovery, having totally 

forgotten they had ever seen the puzzles before. 

A Pre-School Study 

Much preliminary work with the simplest junior puzzles has already been 

done with pre-school children. The more manipulative m ater:ials such as 

the sponges, magnetic shapes, clothes line and pegs, washer wheels and 

simple one to one correspondence and matching and seriated materials 

have been used (Appendix 1). A further study to find how far able 

children can be extended is of interest. Also of interest, is what very 

young children around two years of age can do. 

Conclllsi.on 

Many children were able to process concepts conventionally considered 

above their age and understanding range, and some children showed 

evidence of unconscious processing of concepts. Puzzles had diagnostic value 

in identifying individual weaknesses and strengths. Difficulties occurred 

with unfa milial'.' concepts and some types of perceptions, with single 

concepts and multiple concepts, and in the transfer of 1.earn:ing and the 

use of strategy. Strengths were indicated by speed, the use of symmetry, 

the ability to , process multiple concepts, in transfer of learning, in the use 

of strategy, and in the mastery of diff:k.ulty levels above age groups. Some 
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senior remedial mathematics children overcame difficulties in their form al 

mathematics, even though the mathematical puzzles were not related to 

the kind of formal mathematics the children were having difficulty with. 

Some junior remedial mathematics children began developing mathemati.cal. 

concepts in their school mathematics at a faster rate than previously, and 

were moved into average mathematical grou~ for normal classroom work. 

P.A.T. mathematical grou~, school classes and ages of children did not 

generally correlate with ma them ati.cal puzzle performance. The large 

number of tests gives a greater likelihood of some chance significant 

correlations occurring. Two children who were average in P.A.T. 

mathematics and other school subjects performed at a higher level than 

the top P. A.T. mathematics children. There were no gender differences in 

levels of performance. Levels of performance amongst remedial children 

and children with special learning diffic.ul.ti.es were variable, and related 

more specifically to individual problems within the children themselves than 

to any evenness or unevenness of mathemati.cal. groupings across schools. 

Some children who previously disliked mathematics began to enjoy it. Some 

children who previously disliked school began to enjoy schooL Many 

children at all levels gained general confidence in them selves and became 

more willing to attempt something new, and less afraid of difficulties or 

of making mistakes. Several children who had previously been generally 

uncooperative at school became more cooperative and related better to 

their teachers. Formal mathematics improved further for some top P.A.T. 

mathematics children. Top P.A.T. mathematics children from the three 

schools performed at evenly high levels with the puzzles. Children needing 

extension enjoyed the lateral probl.e m solving enrichment challenges the 

puzzles provided. 

In conclJJsi..on, children do show evidence of unconscious and conscious 

processing. Unconscious processing is more likely to relate to the 

movement of sensation into perception and perception into conceptual 

understanding, as is evident when unfamiliar tasks are presented. 

Unfamiliar concepts are more likely to be processed in the right 

hemisphere, transferring to the left hemisphere with the establishment of 

familiarity and conscious awareness through action and or language. 

Whereas pre-mathemati.cal. concept formation is a largely right brain 
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function, utilising visual and spatial items, formal and symbolic 

mathematic.al function is a largely verbal left brain function using the 

symbols of mathematk.s. As right brain input both precedes and greatly 

aids left brain function, particularly when combined with verbal 

introspection aiding the acqitisition of the language of mathematic.s, it 

makes good sense to extend right brain activity into senior classroom work 

to consolidate and speed the development of higher level concepts in 

children. This would effectively embed improved strategies for remediation 

and enrichment within the curriculum, reducing the need for further 

assessment tests and pull. out program mes, giving children a multi-sensory 

experience base to draw from where concepts can be undeI:Stood from the 

level of the:ir basic structure rat11er than memorised in rote form. In this 

way they become operational and transferable. 



406 

References 

Adamson, S. & Turner, D. W. (1967). New first year mathematk.s. 
Melbourne, Sydney: F. W. Cheshire. 

Anderson, J.R. (1983). The architecture of cognition. Harvard University 
Press. 

Angoff, W .H. (1987). Philosophical issues of current interest to 
measurement theorists. New Jersey: Princeton. Educational Testing 
Service. 

Asher, J.J. (1993). Learning another language through actions (4th ed.). 
California: Sky Oaks Productions Inc. 

Aspy, D., & Bahler, J. (1975). The effect of teacher's inferred self 
concept upon student achievement. Journal of Educational Research, 
68, 386-389. 

Barbe, W .B. (1964). One in a thousand - A comparative study of 
moderately and highly gifted elementary school children. Cohlmbus, 
OH: Ohio State Department of Education. 

Barron, F. (1969). Creative person and creative process. New York: Holt, 
Rhinehart & Winston Inc. 

Barron, F., & Harrington, D.M. (1981). Creativity, intelligence, and 
personality. Annual Review of Psychology, 32, 439-476. 

Becker, J.P., & Rogers, LV. (1969). Research in the 
teaching and learning of mathematk.s. Journal of Structural 
Learning,];., 163-183. Gordon & Breach Science Publishers Ltd. 

Birch, J. W. (1984). Ts any identification procedure necessary? Gilted 
Child Quarterly, 28, 157-171. 

Blakemore, C., & Greenficl.d, S. (Eds.). (1987). Mindwaves: Thoughts on 
• ~ 11 • ,. , .... .._ .. • I""\. ? , T"I, .. ,, ....... , 11 ...... mr.e....igence, :l.Clem:u:y and conSCJ.Ousness. vxroru: oasu oiacKweu 
Ltd. 

Blakeslee, T.R. (1980). The right brain: a new understanding of the 
unconscious mind and its creative powers. New York: Anchor Press. 

Bohm, D. (1980). Wholeness and the implicate order. London: Routledge & 
Kegan Paul Ltd. 

Brentano, F. (1973). Psychology from an empirical standpoint. New York: 
Humanities Press. 

Briars, DJ. (1983). An information-processing analysis of 
mathematical ability. In R.F. Dillon, & R.R. Schmeck (Eds.), 
Individual differences in cognition. Vohlme 1. Academic 
Press. 



Brody, N. (1989). Uncon.scious learning of rules: Comment on Reber's 
analysis of implicit learning. Journal of Experimental. Psychology: 
Gener~ 118, 236-238. 

4 0 7 

Bruner, J.S. (1960). The process of education. New York: Vintage Books. 
Random House. 

Bruner, J.S. (1962). On knowing. Essays for the left hand. Cambridge, 
Massachusetts: A Belknap Press Book. Harvard University Press. 

Bruner, J.S. (1986). Actual minds, possible worlds. Cambridge, 
Massachusetts: Harvard University Press. 

Buros, O.K. (Ed). (1961). Tests in print. Highland Park. The Gcyphon Press. 

Buros, O.K. (1977). Fifty years in testing: some reminiscences, 
r.riticisms, and suggestions. Educational. Researcher, J>, 9-
15. . 

Callahan, C.M. (1982). Myth: There must be 'winners' and 'losers' in 
identification and program ming. Gifted Child Quarterly, 26, 17-19. 

Childcraft. The How and Why Library. Vohlme 13. (1980). Mathemagi.c. 
Chicago: World Book-Childcraft International., Inc. A suooidiary of 
The Scott & Fetzer Company. 

Church, J. (1961). Language and the discovery of reality. New York: 
Random House. 

Churchill, E.M. (1961). Counting and measuring. London: Routledge & Kegan 
Paul Ltd. 

Clark, B. (1983). Areas of concern in gifted education. The school and the 
gifted individual.. Cohl m bus, Ohio: Charles E. M en:il1 

Cowie, C. (1975). P.A.T.: Mathematics. What can be done with the 
results? Wellington: N .Z.C.E.R. 

Croft, C. (1982). Non-verbal tests in schools. Wellington: N .Z.C.E.R. 

Cummings, J.L. (1985). Hemispheric asymmetries in visual-_perceptual. and 
visual-spatial function. In D.F. Benson & E. Zai:iel (Eds.), The Dual 
Brain. New York: The Guilford Press. 

Dantzig, T. (1947). Number, the language of science (3rd ed.). Allen & 
Unwin. 

Dennett, D.C. (1991). Consciousness explained. The Penguin Press. 

Department of Education, (1985). Beginning school mathematics. 
Wellington, New Zealand: V.R. Ward, Government Printer. 

Dienes, Z.P. (1959). The growth of mathematical concepts in children 
through experience. Educational. Research, b 9-28. 



Dienes, Z.P. (1960). Building up mathematics. London: Hutchinson. 

Dienes, Z.P. (1966). Leaming logic., logi.cal games. University of London 
Press. 

40 8 

Donaldson, M. (1978). Children's minds. London: Fontana / Croom Helm. 

Dretske, F. (1991). Conscious acts and their objects. Behavioral and Brain 
Sciences, 14, 676-677. 

Dulaney, D.E., Carlson, A., & Dewey, G.L (1984). A case of syntactic.al. 
learn:ing and judgement: How conscious and how abstract? Journal of 
Experimental Psychology: Gen~ 113, 541-555. 

Dulaney, D.E., Carlson, A., & Dewey, G.L (1985). On consciousness in 
syntactk.al l.eaming and judgement: A reply to Reber, Allen, and 
Regan. Journal of Experimental Psychology: Gen~ 114, 25-32. 

Dweck, C.S., & Ll.cht, B.G. (1980). Learned helplessness and intellectual 
achievement. In J. Garber & M.E.P. Seligman (Eds.). Human 
Helplessness: Theory and application. New York. Academic. Press. 

E~ R.L. (1975). Educational tests: valid? biased? useful? 
Phi Delta Kappan1 57, 83-93. 

Eccl.es, J., Adler, T.F., & Meece, J.L. (1984). Sex differences in 
achievement: A test of alternative theories. Journal of Personality 
and Soc.ial Psychology, 46, 26-43. 

Edwards, B. (1979). Drawing on the right side of the brain. How to unlock 
your hidden artistic talent. Glasgow: Fontana / Collins. 

Elkind, D. (1962). Quantity conceptions in college students. Journal of 
Soc.ial Psychology, 57, 459-465. 

Ericsson, K.A., & Simon, H.A. (1980). Verbal reports as data. 
Psychologi.cal Review, 87, 215-251. 

Feldman, R.D. (1985). The pyramid project. Do we have the answer for 
the gifted? Instructor, Oct, pp 62-66; 71. 

Freeman, W.J., & van Dijjk, B.W. (1988). Spatial patterns of visual cortical 
fast EEG during reflex in a rhesus monkey. Brain Research, 422, 
267-276. 

Gagne, R.M. (1964). The implications of instructional objectives for 
learn:ing. In C.M. Llndvall (Ed.), Defining educational objectives: 
A report of the regipnal com mission on educational cooclination 
and the learn:ing research and development center. Pittsburgh: 
U ni.versity of Pittsburgh Press. 

Gagn~, R. M. (1977). The conditions of learning (3rd ed.). 
New York: Holt, Rinehart, & Winston. 



Gagn~, R.M., & Briggs, W. (1979). Principles of instructional design. 
(2nd ed.). New York: Holt, Rinehart, & Winston. 

40 9 

Gardiner, J.M., & Java, R.L (1990). Recollective experience in word and 
nonword recognition. Memory & Cogn:i.ti.on, 18, 23-30. 

Garfinkel, A. (1987). The virtues of chaos. Behavioral and Brain Sciences, 
10, 178-179. 

Gazzaniga, M.S., LeDoux, J.E., & Wilson, D.H. (1977). Language, praxis, and 
the right hemisphere: Clues to some mechanisms of consciousness. 
Neurology, 27, 1144-1147. 

Ghi.selin, B. (1954). The creative process. Berkeley & Los Angeles: 
U ni.versi.ty of Calif omia Press. 

Ginsburg, H.P., Kossan, N.E., Schwartz, R., & Swan.son, D. (1983). Protocol 
methods in research on mathematkal thinking. In H.P. Ginsburg 
(Ed.), The development of mathematical thinking. New 
York. London. Academic Press. 

Ginsburg, H., & Opper, S. (1969). Piaget's theory of intellectual 
development. New Jersey: Englewood Cliffs, Prentice-Hali 

Globus, G.G. (1987). Three holonomic approaches to the brain. In BJ. 
Hiley, & F.D. Peat (Eds.), Quantum implications. Essays in honour 
of David Bohm. London: Routledge & Kegan Paul Ltd. 

Gold, K. (1990, April.). Get thee to the laboratory. New Scientist, pp30-
34. 

Goldberg, E. (1989). The gradiential approach to neocortical functional 
organisation. Journal of Clinical and Experimental N europsychology, 
11, No 4 (Sum mer). 

Goswami, A., Reed, R.E., & Goswami, M. (1993). The self-aware uni.verse: 
How consciousness creates the material. world. Los Angeles: Jeremy 
P Tarcher, Putnam. 

Grossberg, S. (1987). Stable self-organisation of sensory recognition codes: 
Is chaos necessary? BehaviDral and Brain Sciences, 10, 179-180. 

Hilgard, E.R. (1986). Divided consciousn~ multiple controls in human 
thought and action. Wiley. 

Hill, C.G.N. (1977). Gifted is as gifted does. Address to the Second Annual 
General Meeting of the New Zealand Association for Gifted Children 
Inc. Massey University, New Zealand. 

Hollingworth, LS. (1942). Children who tested above 180 I Stanford-Binet: 
Ori.gin and development. Tanytown-on-Hudson, New Yor • W 
Book Company. 



Jacklin, C.N. (1989). Female and male: Issues of gender. American 
Psychologist,_ ~, 127-133. 

Jung, C.G. (1954). The development of personality. Collected works, Vol 
17. London: Routledge & K egan Paul Ltd. 

Kellogg, R.T. (1982). When can we introspect accurately about mental 
processes. Memory & Cognition, 10, 141-144. 

41 0 

Klein, R. (1991). Is consciousness information processing? Behavioral. and 
Brain Sciences, 14, 683. 

Kogan, N. (1971). Educational. implications of cognitive styles. In G.S. 
Lesser (Ed.), Psychology and educational. practice. Glenview: Scott 
Foresman. 

Kosslyn, S.M. (1987). Seeing and imagining in the cerebral. he mispheres: a 
computational. approach. Psychological Review, 94, 148-175. 

LaBenne, W ., & Greene, B. (1969). Educational. ibtslications of self-concept 
theory. Pacific Palisades, CA: Goodyear Pu . hing. 

Langer, S. (1951). Philosophy .in a new key. Oxford University Press. 

LeDoux, J.E. (1985). Brain, mind and language. In D.A. Oakley (Ed.), Brain 
and mind. London & New York: Methuen. --

Le Rose, B., King, L., & Greenwood, S. (1979). The Llghthouse Project. 
Gifted Child Quarterly, 23, 472-486. 

Lee, JJ. (1963). ~esti.ons for teaching arithmetic in infant 
classes. \..1 

• gton, New Zealand: R.E. Owen, Government Printer. 

Levy, J.C.T., & Sperry, R.W. (1972). Perception of bilateral chimeric 
fegures foll.owing hemispheric deconnexiDn. Brain, 95, 61-78. 

Lewicki, P., Hill, T., & Bizot, E. (1988). Acq1risition of procedural 
knowledge about a pattern of stimuli tr.iat cannot be articulated. 
Cognitive Psychology, 20, 24-37. 

Ii.bet, B. (1985). Unconscious cerebral initiative and the role of conscious 
will in vuluntary action. Behavioral. and Brain Sciences, ~ 529-566. 

Ii.bet, B. (1991). Conscious ftmctions and brain processes. Behavioral. 
and Brain Sciences, 14, 685-686. 

Ll.bet, B., Wright, E.W., Jr., Freinstein, B., & Pearl, D.K. (1979). Subjective 
referral. of the ti.ming for a conscious experience: A functional. role 
for the somatosensory specific projection system in man. Brain, 102, 
193-224. -

Llnn, M.C., & ,Hyde, J.S. (1989). Gender, mathematics and science. 
Educational. Researcher, 18, 17-27. 



411 

Llnn, M.C., & Petersen, A.C. (1985). Emergence and characterisation of sex 
differences in spatial ability: A meta-analysis. Child Develpomen!, 
56, 1479-1498. 

Lloyd, D. (1989). Simple minds. MIT Press. 

Lohman, D.F., & Kyllonen, P.C. (1983). Individual differences in 
solution strategy on spatial tasks. In R.F. Dillon, & 
R.R. Schmeck (Eds.), Individual differences in cognition. 
Voll.lme 1. Academic Press. 

Lovell, K. (1961). T~wth of basic mathemati.cal and scientific 
concepts in c · n. London: U niversi.ty of London Press Ltd. 

Luria, A.R. (1976). Cognitive development: Its cultural and social 
foundations. Cambridge, Massachusetts: Harvard University Press. 

Lyon, H.C. (1981). Our most neglected natural resource. Today's 
Education; March, 1981. 

McAlpine, D. (1979). The gifted and talented - Changing concepts and 
characteristks. Paper presented to National Conference N.Z.A.G.S. 
Massey U rd.versi.ty. 

McAlpine, D. (1986). What are some of the methods for identifying 
children with exceptional a bi]j ti es and special interests? 

Education of the · ted and talented. Stud uide 3 Identification of 
the · ted. Department of Education, Massey University. 

Mc Kellar, P. (1957). Imagination and thinking. Cohen & West. 

Mandler, G. (1985). Cognitive psychology: An essay in cognitive science. 
Erlbaum. 

Mehrens, W .A., & Lehmann, IJ. (1978). Measurement and evaluation in 
education and psychology. (2nd ed.). New York: Holt, Rhinehart, 
& Winston. 

Meredith, G.P. (1956). Mathematics and mind. Mathematical. Gazette2 40, 
103-108. 

M essi.ck, S. ( 1990). V alidi.ty of test interpretation and use. 
Educational Testing Service. Princeton, New Jersey. 

Ministry of Education, (1992). Beginning school mathematics. 
Wellington, New Zealand: Learning Media, Box 3293, Wellington. 

Moxham, M. (1978). The structuring of envrronmental materials for use in 
the teaching of mathematics. In J. Shalk.ras.s (Ed.), Forward to 
basics. Wellington, New Zealand: N.Z.E.L Press. 



412 

Moxham, M. (1993). 1.Compare square; 2.Arrange a way; 3.Scottish 
nitemare. (Puzzles). The 4th Dimension Puzzles. Brain teasers for 
lateral thinkers. Hastings, New Zealand: Classic Games Ltd. P.O. Box 
186, Hastings. (Now, 'New Products New Zealand'). 

Navon, D. (1991). The function of consciousness or of information? 
Behavioral and Brain Sciences2 14, 690-691. 

Neeley, J.H. (1977). Semantic priming and retrieval from lexic.al memory: 
Roles of inhibiti.on1.es spreading activation and limited capacity 
attention. Journal of Experimental Psychology: Gen~ 106, 226 -
254. 

Nelson, J.E. (1990). Madness or transcendence? Healing the @J.:lit. A new 
understanding of the crisis and treatment of the men y ill.. 
Los Angeles: Jeremy P Tare.her, Inc. 

Newell, A., & Simon, H. (1972). Human problem solving. NJ.: Englewood 
Cliffs, Prentice-HalL 

Nisbett, R.E., & Wilson, T.D. (1977). Telling more than we can know: 
Verbal reports on mental processes. Psychological Review, 84, 
231-259. 

Nitko, AJ. (1983). Educational tests and measurement. An 
introduction. New York: Harcourt, Brace, Jovanovich. 

Pellegrino, J. W ., & Goldman, S.R. (1983). Developmental and individual 
differences in verbal and spatial reasoning. In R.F. Dillon, & 
R.R. Schmeck (Eds.), Individual differences in cognition. 
Volume 1. Academic. Press. 

Penrose, R. (1989). The emP!=E?E's new mind. concerning computers, 
minds, and the laws of physics. Oxford: Oxford University Press. 

Perruchet, P., Gallego, J., & Savy, L (1990). A critical reappraisal of the 
evidence for unconscious ah.rt:raction of determ:i.ni.sti.c rules in 
complex experimental situations. Cogni.ti:ve Psyc.ho:Wgy:, 22, 493-
516. -

Piaget, J. (1929). The child's conception of the world. New York: 
Harcourt, Brace & World. 

Piaget, J. (1955). The child's construction of qa]ity. 
London: Routledge & Kegan Paul Ltd. 

Piaget, J. (1956). The origin of in~ence in the child. 
London: Routledge & Kegan Pa Led. 

Piaget, J. (1974). To understand is to invent: The future of education. 
New York: Vi.king. (A translation of two works written for UNESCO 
in 1948 and 1971.) 



41 3 

Pi.a.get, J. (1976). The grasp of consciousness. action and concept in the 
young child. Translated by S. Wedgewood. Cambridge, Massachusetts: 
Harvard U ni.versity Press. 

Pi.a.get, J., & Inhelder, B. (1959). La genese des structures logiques 
elementaries: classifications et seriations. Neuchatel! 
Delachaux & Niestl.e. English edition translated by E.A. Lunzer, 
(1964). London: Routledge & Kegan Paul Ltd. 

Pi.a.get, J., & Szeminska, A. (1952). The child's conception of number. 
London: Routledge & Kegan Paul Ltd. 

Popham, WJ. (1980). Educational measurement for the improvement of 
instruction. Phi. Delta Kappan, April, 331-334. 

Pribram, K. (1971). Languages of the brain: Experimental paradoxes and 
principles in neuropsychology. NJ.: Prentice-Hall, Englewood Cliffs. 

Pribram, K. (1976). Consciousness and the brain. New York: Plenum. 

Pribram, K. (1987). The Implicate Brain. In BJ. Hiley, & F.D. Peat (Eds.), 
Quantum implications. Essays in honour of David Bohm. London: 
Routledge & Kegan Paul Ltd. 

Price, J.R. (1978). Conservation studies in Papua New Guinea. A review. 
International Journal of Psychology, 13, 1-24. 

Price-Williams, D.R., Gordon, W., & Ramirez, M. (1969). Skill and 
conservation: a study of pottery-making children. Developmental 
Psychology, l., 769. 

Raths, J.D. (1979). Aootracts from Educational Researcher. Book Review 
Edi.tor, College of Education, University of Illinois, Urbana. 

Rausch, R. (1985). Differences in cognitive function with le.ft and right 
temporal lobe dysfunction. In D.F. Benson & E. Zaidel (Eds.), The 
Dual Brain. New York: The Guillford Press. --

Reader's Digest. (1988). Universal dictionary. London: The Reader's Digest 
Association Ltd. 

Reber, A.S. (1989a). Implicit learning and tacit knowledge. Journal of 
Experimental Psychology: General, 118, 219-235. 

Reber, A.S. (1989b). More thoughts on the unconscious. Reply to Brody and 
to Lewicki. and Hill. Journal of Experimental Psychology: General., 
118, 242-244. 

Reber, A.S., Kassin, S.M., Lewis, S., & Cantor, G. (1980). On the 
relationship between implicit and explicit modes in the learning of a 
complex rule structure. Journal of Experimental Psychology: Human 
Learning and Memory, _§, 492-502. 



414 

Reid, N.A. (1976). Gifted children: do we deserve them? 
A research review. An address given at a teachers' refresher course 
on 'Teaching Children with Special Needs.' 
Test Deve1opment Division, N.Z.C.E.R. Wellington. 

Reid, N.A. (1978). Helping the gifted child. Teacher and parent roles. 
Address to the Thlrd Annual General Meeting of the New Zealand 
Association for Gifted Children Inc. 

Reid, N.A. (1980). The uses and abuses of the Progressive 
Achievement Tests. Wellington: N.Z.C.E.R. 

Reid, N.A., & Hughes, D.C. (1974). Progressive Achievement Tests 
teachers' manual - mathematics. Wellington: N.Z.C.E.R. 4-6 

Reid, N.A., & McAlpine, D. (1981). Giftedness: some New Zealand 
perspectives. Fourth World Conference on Gifted and Talented 
Children. Montreal, Canada. 

Renzull:4 J.S. (1978). What makes giftedness? Reexamining a definition. 
Phi Del.ta Kappan1 60, 180-184; 261. 

Renzull:4 J.S. (1980). Will the gifted movement be alive and well :in 1990? 
Gifted Child Quarterly2 24, 3-9. 

Renzull:4 J.S. (1984). The triad / revolving door system: A research-based 
approach to identification and program m:ing for the gifted and 
talented. Gifted Child Quarterly, 28, 163-171. 

Riley, M.S., Greeno, J.G., & Heller, J.L (1983). Development of children's 
problem-solving ability :in arithmetic. In H.P. Ginsburg (Ed.), 
The deve1opment of mathematical thinking. New York. London: 
Academic Press. 

Roberts, F.S. (1991). Some apparently non-cerebral aspects of 
consciDusness. Journal of the Society for Psychical Rec;earc!:!, 58, 
31-38. 

Robinson, H.B., Roedell, W .c., & Jackson, N.E. (1978~~Jatly 
identification and :intervention: Preschool and y 
childhood education. Washington: U niversi.ty of Washington. 

Roeper, A. (1977). The young gifted child. Gifted Child Quarterly, 
21, 388-396. 

Rumelhart, D.E. (1977). Introduction to human :information 
processing. New York: J. Wiley & Sons. 

Sacks, 0. (1989). Seeing voices. Los Angeles: University of California Press. 

St. George, R., & Shaw, B. (1982). A cross-cultural perspective on human 
development. Delta 30, 17-25. 



415 

Schacter, D. L., (1987). Implicit memory: History and current status. 
Journal of Experimental. Psychology: Leaming, Memory and Cogn::i..tion. 
13, 501-508. 

Schooler, J. W ., & Engstler-Schooler, T. Y. (1990 ). Verbal overshadowing of 
visual. me mad.es: some tirings are better left unsaid. Cognitive 
Psychology1 22, 36-71. 

Schwartz, L.L. (1981). Are you a gifted parent of a gifted child? 
Gifted Child Quarterly, ~ 31-35. 

Searle, J.R. (1983). Intentionality: An essay in the philosophy of m:ind. 
Cam bridge U niversi.ty Press. 

Shalli.ce, T. (1972). Dual functions of consciousness. Psychological Review, 
79, 383-393. 

Skarda, C.A., & Freeman, W J. (1987). How brains make chaos :in order to 
make sense of the world. Behavioral. and Brain Sciences, 10, 161-
195. 

Skemp, R.R. (1961). Refl.ective intelligence and mathematics. British 
Journal of Educational. Psychology, 31, 45-55. 

Skemp, R.R. (1971). The psychology of 1earrrlng mathematics. Pelican. 

Sperry, R.W. (1985). Consciousness, personal.identity, and the divided brain. 
In D.F. Benson & E. Zaidel (Eds.), The Dual Brain. New York: The 
G uillf ord Press. 

Sutherland, S. (1989). The Macmillan dictionary of psychology. Macmillan. 

Sutherland, A., & Goldschmid, M.L. (1974). Negative teacher expectation 
and change in children with superior intellectual potential. Child 
Developmen~ 45, 852-856. --

Ttttle, C.K. (1986). Gender research and education. American Psychologisb 
1 ,. -1 1 r:. -1 -1 -1 r o .:!:.'.!., .L.LU.L - .L.LOOe 

Tulving, (1985). Memory and consciousness. Canadian Psychologist, 262 1-12. 

Turnbull, W.W. (1978). Achievement test scores in perspective. 
Princeton: Educational Testing Service-Annual Report, 1-4. 

Velmans, M. (1991). Is human information processing conscious? Behavioral 
and Brain Sciences, 14, 651-726. 

Vygotsky, L.S. (1962). Thought and language. Cambridge, Massachusetts: 
M .LT. Press. 

Wadsworth, BJ. (1971). Piaget's theory of cognitive and affective 
development. New York. London: Longman. 



416 

Wagstaff, G.F. (1991). No conscious or co-conscious? Behavioral and Brain 
Sciences, 14, 700. 

Walford, D. (1979). Identification of children with special ,qhflities from 
culturally different backgrounds. National Conference on Gifted and 
Talented Children. New Zealand Department of Education. 

Weiner, B., Frieze, L, Kukla, A., Reed, L., Rest, S., & Rosenbaum, R.M. 
(1971). In E.E. Jones, D.E. Kanouse, H.H. Kelly, R.E. Nisbett, S. 
Valins, & B Weiner (Eds.), Attribution: Perceiving the causes of 
behaviour. New Jersey: General Learning Press. 

Weiskrantz, L. (1987). Neuropsychology and the nature of consciousness. In 
C. Blakemore, & S. Greenfield (Eds.), Mindwaves: Thoughts on 
intelligence, identity and consciousness. Oxford: Basil. Blackwell Ltd. 

Werner, G. (1987). Cognition as self-organising process. Behavioral. and 
Brain Sciences, 10, 183 

Wertheimer, M. (1938). Numbers and numeci.cal concepts in primitive 
peoples. In W .D. Ellis (Ed.), Source Book of Gestalt Psychology, 
U.S.: Harcourt, Brace. 

Wertheimer, M. (Ed.). (1959). Productive Thinking. New York: Harper. 

Williams, A. (1979). Teaching gifted students how to deal with 
stress. Gifted Child Quarterly, 23, 136-141. 

Yarborough, B., & Johnson, R. (1983). Identifying the gifted: A theory­
practice gap. Gifted Child Quarterly, 27, 135-138. 

Zaffran, R.T., & Colangelo, N. (1977). Counselling with gifted and 
talented students. Areas of concern. Gifted Child Quarterly, 
21, 311-317. 

Zaidel, E. (1985). Language in the right hemisphere. In D.F. Benson & E. 
Zaidel (Eds.), The Dual Brain. New York: The Guilford Press. 



Appendices 

Appendix 1 Junior Mathematical Puzzles 

Appendix 2 A Number Readiness Test (Churchill 1961) 

Appendix 3 Three Manufactured Adult Puzzles 

Appendix 4 Puzzles in Approximate Order of Difficulty 



418 

Appendix 1 

Junior Mathematics Puzzles 

Plate 44: Junior Mathematical. Puzzle D:isplay: Buttons. 
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Plate 45: Junior Mathemati.cal Puzzle Display: Shells; Miscellaneous. 
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Plate 46: Junior Mathematic.al Puzzle Display: Washers; Sponges. 
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Plate 47: Junior Mathematical Puzzle Display: Fabric Sets. 
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Plate 48: Junior Mathematic.al Puzzle D:isplay: Fabric Sets. 
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Plate 49: Junior Mathematic.al Puzzle Display: Fabric Sets. 
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Plate 50: Junior Mathematical. Puzzle Display: Fabric Sets. 
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Plate 51: Junior Mathematic.al Puzzle Display: Fabric and Flannelboard Sets. 
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Plate 52: Junior Mathematical. Puzzle Display: Flannelboard Sets. 
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Plate 53 : Junior Ma thematic.al Puzzle Display: Flannelboaro Sets. 
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Plate 54: Junior Mathematical Puzzle Display: Vinyl; Miscellaneous. 
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Plate 55: Junior Mathematical Puzzle Display: Miscellaneous; Pictures. 
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Plate 56: Junior Mathematical Puzzle Display: Miscellaneous; Pictures. 
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Plate 57: Junior Mathematical Puzzle Display: Miscellaneous; Pictures. 
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Plate 58: Junior Mathematical. Puzzle Display: Miscellaneous; Pictures. 



Plate 59 : Jumor Mathematic.al. Puzzle Display: Pictures. 
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Plate 60 : Junior Ma them a tic.al Puzzle Display: Pictures. 
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Plate 61: Junior Mathematical. Puzzle Display: Pictures. 
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Plate 62 : Junior Mathematical. Puzzle Display: Pictures. 
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Plate 63: Junior Mathematic.al. Puzzle Display: Pk.tures; Paint Charts. 
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Plate 64 : Junior Mathematical. Puzzle Display: Paint Charts; Miscellaneous. 
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Plate 65: Junior Ma them a ti.cal Puzzle Display: Wallpaper Sets. 
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Plate 6.6 : Junior Ma them ati.cal Puzzle Display: Wallpaper Sets. 
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Plate 67: Junior Mathemati..cal Puzzle Display: Wallpaper Sets. 
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Plate 68: Junior Mathematical Puzzle Display: Wallpaper Sets. 
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Plate .69: Junior Mathematkal. Puzzle Display: Wallpaper Sets. 
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Plate 70: Junior Ma them a ti.cal Puzzle Display: Wallpaper; Miscellaneous. 
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Plate 71: Junior Mathematic.al. Puzzle Display: Gilt Wrapping Paper Sets. 
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Plate 72: Junior Mathematical. Puzzle Display: Gift Wrapping Paper Sets. 
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Plate 73: Junior Mathematical. Puzzle Display: Gift Wrapping Paper Sets. 
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Plate ·7 4 : Junior Ma them atk.al. Puzzle Display: Gift Wrapping Paper Sets. 
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Plate 75: Junior Mathematical Puzzle Display: Gift WrapPing Paper Sets. 
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Plate 76: Junior Mathematic.al Puzz1e Display: Gift Wrapping Paper Sets. 
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Plate 77: Junior Mathematic.al Puzzle Display: Miscellaneous. 



Appendix 2 

A Number Readiness Test 

(Churchill 1961). 

FROM COUNTING T O CALCULATION 

A NUMDER READINESS TEST 

I, Put out two unequal-sized groups (e.g. 10 and 13) of sweets in 
front of the child and ask him which pile he would rather have. 
Then ask 'Why did you choose this pile?' Repeat with smaller 
groups ( e.g. G and 4) if the child fails on first test . 

2. Present child with two glass beakers of equal size and shape, one 
containing 20 small beads or balls. Ask him to put the same 
number of beads in the empty beaker and if his method is not 
clear ask him how he knew how many to put into his beaker. 

3. Have ready a jug containing lemonade or some coloured liquid , 
and four glass beakers: two of the same size and shape, one taller 
and narrower, one shorter and wider. P lace the two identical 
beakers in front of the child and after pouring some of' th<: 
Jemona<le into one, ask him to pour the same amount i11 the other 
beaker. When he has finished ask 'Have the two beakers got the 
same amount of lemonade in them?' and then 'How <lo you 
know?' Then take the taller beaker and ask the chil<l to empty the 
lemonade from his beaker into the new one. Place this when fill ed 
alongside the other beaker which still holds lemonade and ask, 
'Which lo t of lemonade would you like to drink?' lly questioning 
discover the reasoning used to arrive at his answer. 

4. Place a large pile of sweets (about 30) in front of the child and ask 
him to share them out with you so that both of you have the same 
number of sweets. Watch how he solves the problem (by rough 
handfuls, by building up in ones to form two equal groups, etc.). 
Then take the pile he has given you and spread them out on the 
table so that they occupy a much larger surface than the child's 
pi le. Now ask him 'Which lot of sweets would you rather have?' 
and by questioning try to discover his mode of reasoning. 

5. H ave ready a box of counters and a series of cards with counters 
p ainted on them in the fo llowing manner : 

a)• o b) oo~o c) 0000 d)[Qo0 e) 

0 0 ~ ~ O 0 

0 0 0~00 0000 °o
0 

0 
0 0 

0 0 O 
0 

0 O .._ __ _, 
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FROM COUNTING TO CALCULATION 

Present each card in turn and say 'Put out as many counters as 
there arc on the care!.' Notice the way he achieves the corres­
pondence (pattern-copying, counting, etc.). 

G. Put out counters on the table in two dissimilar groups (e.g. '.land 
4.) Ask' \Vherc arc there more counters?' Follow this, according 
to response to first question with either 'I low do you know)' or 
'How many more arc there here?' pointing to the group the 
child has chosen. Repeat using groups of ll and 7, I I and 13. 

7. (a) Cive the child 7 pennies and ask 'How many pennies have 
you got?' Cive him 5 more pennies and ask' How many have you 
got now?' Notice the way he arrives at his answer (counting the 
whole group, counting on from 7, etc.). 
(b) Give the child 8 small bricks and ask him to arrange them in 
a straight line. Then ask' I low many bricks arc there?' Now add 
9 more to the row yourself and then ask 'I low many bricks are 
there altogether now?' (Leave a small space between your row 
and his so that counting-on is a possible method of obtaining the 
answe-r.) 
(c) 1\sk the child to put 3 sweets into a paper bag and then to add 
4 more. Ask him 'How many sweets arc there in the bag now?' 
Repeat with 6 and 5 sweets. 

8. Have ready the cards used in test No. 5 and a set of cards with 
the numerals printed on them, I to 12 are needed. Ask the child 
to find the numbers which go with each card. 

9. Ask the child the following questions: 
There arc 4 cars, how many wheels? 

,, ,, 6 children, ,, legs? 
6 ,, ,, toes? 

,, 3 babies, ,, ,, fingers? 
,, 5 chairs, ,, legs? 

10. (a) Give the child a bag of 12 sweets and say' I want you to share 
these out between 3 children so that each has the same number. 
Notice the method used (three rough groups, building up three 
equal piles in ones, etc.). 
(b) Repeat using 30 sweets and 4 children. Notice method used 
and what child does with the remainder. 
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12. 

13. 

14. 

FRO~! COUNTING TO CALCULATION 

(c) Present child with a piece of ribbon or strip of paper 16 inches 
long and ask him to cut it into four equal pieces. Have a tape­
measure on the table so that the child can use it if he wants to. 
Present the child with a series of ten Tillich bricks or set of ten 
cardboard strips similarly graded in size and marked off in unit 

Ieng! hs, viz.: 

• IT] I I I I I I 11 I 
Ask the child to arrange them in order and when he has finished 
point to the first in the series and ask '\Vhy did you put this 
one here?' Repeat question pointing to the last in the series, 
and then to one in the middle. 
Arrange the series to form a 'stair' series if the child has not 
already done this, and ask the following questions: 
(a) Pointing to the sixth stair' Which stair am I on now?' Repeat 

with linger on first and eighth stairs. 
(b) Put linger on bottom stair and ask 'How many stairs will my 

linger have to touch before it reaches the top ol the stairs?' 
(c) Put finger on bottom stair and ask 'II ow many stairs will my 

finger ha vc to touch to reach the eighth stair?' 

Repeat experiment in tests 11 and 12 with a series of unmarked 
strips of cardboard. Notice manner of response (whether attention 
is directed to size diflcrcnccs or each strip given a numerical 

value). 

Have ready a series of picture friezes: a row of houses, a line of 
cars one behind the other, a line of cloakroom pegs; also the set 
of numerals used in test No. 8. 
(a) Present frieze of houses and say' I want you to give each house 

a number.' Then ask, pointing to the first house, 'Why have 
you given this house this number?' Repeat question pointing 
to fifth and eighth houses. 

(b) Present frieze of cars and give child card with number 5 on it 
and say 'Which car should have this number?' Ask 'Which 
number will be needed for the last car?' and let him find and 
place it on the car. Repeat, using sometimes the first and 
somet.mes the second type of question till all the cars arc 

numbered. 
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(c) Present the frieze of clothes pegs and tell the child 'Your peg 
is No. 7. Find the number and put it on your peg.' ]{ep<'at 
using the names of other children he knows till several of the 
pegs arc numbered. Then say 'Now tell me the names of the 
pegs which are not being used by any children.' 

Comments on the Test Items 
It is intended that these tests shall be administered to individual 

children in an informal setting, perhaps while the rest of the class are 
engaged in their freely chosen activities. Three or four might be 
administered on one occasion, and the others subsequently. 

The purpose of giving the tests is to find out how the child ap­
proaches situations which for their successful solution require an 
understanding of the basic number concepts and skills. Piaget divides 
the responses he obtained in similar tests into three categories, 
according to the level of response, viz. (a) pre-operational, (b) in­
tuitive, (c) operational, and this method of assessment may be found 
helpful. Any response which suggests that the child is not seeing the 
situation as a quantitative one, involving counting, will go into the 
pre-operational category, and any response in which the child uses 
counting or measuring operations appropriately, and for the successful 
solution of the problem, goes into the operational category. It will be 
found that these two levels of response arc easy to distinguish hut many 
children show an unevenness of response, some things understood and 
others not, which suggests an intermediate stage in development when 
the concepts are being acquired but are not yet stabilized. E.g. at one 
moment the child will establish the size of a group Ly counting and at 
another he will make global judgments of quantity based on spatial 
consideration. A series of tests of this kind is particularly helpful in 
ascertaining those children who, though on some occasions look as 
though they understand the quantitative a~pects of a situation, when 
observed systematically reveal how uncertain they are as compared 
with children who have reached the operational level and are ready 
to proceed to the more abstract problem. 

These tests have already been used by a small group of Infant 
Teachers in one area who have found them helpful in distinguishing 
the level at which children are thinking. However, we have found it 
necessary to question the children about why they have done things 
in certain ways in order to understand how they are looking at the 
situation. Sometimes the child's own spontaneous comment will give 
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the information needed as in the case of the little boy numbering 
houses who suddc11ly turned them into jockeys going for a race. More 
often this is not inm1cdiatcly clear as we found when asking children 
why they had chosen one pile of sweets rather than the other in Test 
No. 1. One child who had chosen the smaller pile explained that it 
would be greedy to choose the larger one. 

It has bet:n thought helpful to include some guidance as to what to 
look for in each of the tests, but thc~.e remarks should be regarded as 
suggestive only. It would not be possible to cover all the eventualities 
which can occur during testing and what follows is intended merely 
as a guide to the kind of concepts being examined in each test item. 

The Grouf, Co11ceJ,t. 
No. 1. Children who have learned to think of groups of discrete items 
as comprising sets of different sizes whose numerical value can Le 
established by counting are likely to use this method in solving these 
problems, particularly with the larger sized groups. Children who 
have not reached this stage are likely to base their choices on the size 
of space occupied by the various groups of sweets, responding to the 
question by some such reply as 'Because it's bigger' or 'Because it's 
rr1ore '. 
No. 2 will give information of the same kind. The child who has 
attained the group concept will recognize that he must first count the 
number of beads in the filled beaker before he ean know how many 
to put in the empty one. The child who has not reached this stage is 
likely to try and fill the empty beaker with beads until they reach the 
same level as those in the filled beaker, i.e. so that they look the same. 
Some children when asked how they knew how many to put in will 
now recognize the quantitative aspect of the situation and proceed to 
count the beads in the two beakers. This would be an example of the 
intermediate level response. 

The Concept ef Conserl'ation of Qpantity. 
Nos. 3 and 4 will show those children who understand that a quantity 
(whether continuous as in No. 3, or discontinuous as in No. 4) always 
retains its quantitative value no matter what other changes may occur. 
The child who does not understand this is likely to choose the beaker 
which looks to him as though it contained the larger amount of 
lemonade and similarly the group of sweets wh :ch occupies the larger 
space. Usually these children will divide the group of sweets into two 
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rough piles, perhaps making one or two adjustments till he is satisfied 
that they look the same. On the other hand the child who has attained 
the concept of conservation of quantity will recognize that the original 
quantity of lemonade or sweets is not al1cn-d brcause it now occupies 
a larger space. These children are likely to divide the sweets in test 
No. ,J, by building up in ones to form two equal groups. 
No.:, will give further information about the attainment of the group 
concept. Some children feel no necessity to count the number of 
counters on any of the cards but concentrate on reproducing the 
pattern, often taking great care to reproduce the details of pattern and 
colour with great exactness. The more advanced children may also 
deal with this test in the same way, and it cannot therefore Le regarded 
as useful diagnostically unless it is used in conjunction with other tests 
in the series. Some children will count to establish the size of the sets 
before putting out any counters, particularly in the later models in 
the series. 

Enumeration 
:\;o. 6 is helpful in distinguishing those children who understand how 
to count. \Vhen the larger groups are involved correct answers can 
only be given after a counting operation and the difference between 
children who understand this and those who do not is very ohviom. 

Counting-on 
No. 7. These situations can Le dealt with either by counting the second 
group from one, or by counting on from the position in the number 
series already reached. The last irem in this series is likely to be most 
informative since the group is hidden in the bag, unless the child takes 
them out to count Lefore answering the question. 

Knowledge of the Numerals 
No. 8 is included to show whether the child has learned to associate 
the correct value with each numeral. 

Ability lo Count in Groups 
No. 9. These items will readily Le solved by children who have learned 
to count in groups. As has been noted already this is a meful skill and 
a helpful basis for later work in multiplication. 

Ability to Share 
No. 10. The first two items in this series can only Le solved if the child 
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has attained the group concept and understands how to share a group 
of discrete items. Children who have not reached this stage are likely 
to be satisfied to divide the sweets into 3 and 4 rough groups respec­
tively. As has been noted already in discussing division the last item is 
likely to be dealt with by folding the ribbon in half and then half 
again. Those experienced in measuring may use the tape-measure 

provided. 

The Cowe/1/ of Ordinal Number 
So far in the test series all the counting has been med to establish the 
size of groups, i.e. cardinal number. The last three in the series test 
the child's appreciation of quantitative order. 
No. 11. presents a situation in which the size relationship between the 
bricks can be used as a principle for ordering the series. Many children 
interpret the instruction 'arrange them in order' as a request to put 
the bricks tidy and arrange them in a long line or a tidy group, with­
out respect to size difference. The more advanced children are likely to 
notice the size difference and use this as a basis for ordering, though 
some find difficulty with the larger bricks where the difference is not 
so easy to distinguish unless the child builds a stair series or counts the 
unit lengths on the bricks. 
No. 12 will show whether the child understands the ordinal or posi­
tional function of number. 
No. 13 provides further evidence about this. Children who have 
played a good deal with Tillich bricks and used them for ordering 
operations will often refer to them by their number names as repre­
sented by the number of units marked on them. In this test it has been 
found that some children will transfer this method of thinking to un­
marked strips. · 
No. 14 presents situations of the kind which frequently occur in every­
day life where numbers are used to indicate position in a series and 
where the cardinal aspect of number is not present as it is in the 
Tillich bricks. It will be found that these tests clearly dillerentiate 
between the more advanced and less advanced children. 
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Appendix 3 

Three Manufactured Adult Puzzles 

Plate 78 shows commercial versions of Figures 80, 75 and 79 respectively. 

(Moxha m, 1993). 

I 
I 

I 

I 
1 

Plate 78 Figures 80, 75 and 79. (commercial versions) 

1. Compare square (Figure 80) 

2. Arrange a way ( Figure 7 5) 

3. Scottish ni.temare (Figure 79) 



Appendix 4 

Table 52: Puzzles in Approximate Order of Difficulty. 

Difficulty level columns graded left to right. 

Difficulty levels within columns graded top to bottom. 
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Very Beginning Average Above Advanced Very Adult 
Advanced Senior 

Junior 

Figure No. 

8 57 

11 58 

7 59 

84 1 

18 

52 

53 

85 

28 

44 

12 

38 

88 

54 

91 

25 

3 

97 

50 

20 

90 

86 

14 

64 

39 

69 

70 

63 

17 

62 

4 

71 

98 

10 

51 

22 

9 

99 

21 

92 

45 

Senior Average Senior 

Senior 

61 

60 

23 

6 

2 

107 

96 

15 

19 

40 

16 

29 

93 

49 

32 

26 

36 

111 

46 

24 

30 

87 78 

100 72 

33 106 

34 27 

105 

5 

37 
41 

95 

42 

35 

94 

13 

89 

56 

55 
108a 

77 

76 

31 

102 

103 

104 

108b 

48 

47 

109 

Advanced 

Senior 

43 

110 

74 

65 

66 

67 

68 

73 

81 

75 
82 

80 

1 01 

113 

112 

79 

83 




