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Multi-Criteria Decision Making (MCDM) in supply chain management often applies rigorous methods for
weighting and aggregation yet devotes little attention to the structural validity of the decision criteria that
precede them. Even when organisations do not proceed to full MCDM model application, criteria are still elicited
during problem structuring and used to justify initiative selection. This paper introduces a topological validation
framework that addresses this asymmetry by representing criteria as a high-dimensional Decision Criteria
Configuration (DCC). Using tools from Topological Data Analysis (TDA), we translate foundational MCDM ax-
ioms into measurable invariants: completeness through connectivity, non-redundancy through structural impact
analysis, and logical consistency through cycle detection. Two industrial experiments demonstrate the frame-
work’s utility. In a supply chain strategy-setting workshop, TDA diagnosed the criteria set underpinning initiative
selection as a “conceptual monolith,” revealing significant redundancies and systemic feedback loops overlooked
by conventional facilitation. In a subsequent inventory classification exercise, the audit resolved expert deadlock
by reducing 32 proposed criteria to a minimal, non-redundant core of six operationally essential levers, providing
an objective and defensible basis for moving forward. By transforming criteria sets into auditable decision ar-
chitectures, this approach ensures that MCDM models and the initiatives they justify rest on a validated foun-
dation before weighting or ranking alternatives. For managers, it functions as a pre-hoc “structural audit,”
reducing redundancy, exposing hidden interdependencies, and directing resources toward criteria that genuinely
drive strategic and operational outcomes.

1. Introduction [6,71, yet the literature consistently notes the absence of explicit vali-

dation procedures independent of selection itself [2]. This gap is evident

Multi-Criteria Decision Making (MCDM) is widely used in supply
chain management, engineering, and policymaking to evaluate alter-
natives against multiple objectives, offering a wide portfolio of methods
for weighting criteria and ranking alternatives [1]. Yet a paradox per-
sists: aggregation and weighting are rigorously formalized, but the
criteria they rely on are often chosen informally, without structural
validation [2,3]. In practice, initial criteria identification typically relies
on expert judgment and pre-analytical facilitation [4]. This imbalance is
especially evident in supply chain domains such as inventory classifi-
cation and supplier selection.

The asymmetry constitutes a foundational weakness in MCDM.
Computationally robust analyses frequently rest on criteria sets whose
structural properties i.e., completeness, non-redundancy, and logical
consistency lack formal validation. Some frameworks stress iterative
refinement [5] or rely on implicit checks through axiomatic consistency
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across recent supply chain studies, where methodologies often proceed
directly from criteria identification to weighting, leaving inter-criterion
relationships untested [8]. Causal mapping approaches can illustrate
influence but are not designed to diagnose redundancy [9]; and many
analytical techniques simply assume independence to fit their formal
structures [10]. The recurring pattern is an immediate leap to calcula-
tion, where sophisticated models rest on the unverified assumption that
criteria are structurally sound.

To address this gap, this research introduces a novel paradigm for
criteria validation using Topological Data Analysis (TDA) [11]. The core
contribution is the translation of foundational MCDM axioms into
measurable topological invariants i.e., core properties of a configura-
tion’s “shape” that remain stable under transformation [12]. By
modelling the criteria set as a high-dimensional Decision Criteria
Configuration (DCC) derived from expert-led problem structuring, we
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enable a formal audit of its architecture. Completeness is tested through
connectivity, identifying gaps; non-redundancy is evaluated through
structural impact analysis, isolating essential criteria; and logical con-
sistency is examined through cycle detection, distinguishing systemic
feedback from circular redundancy. This approach extends beyond
criteria selection to establish a validated and transparent
decision-making architecture.

We test the framework in two contrasting industrial cases: a strategy-
setting workshop, facilitated through cognitive mapping, where criteria
selection informed the prioritisation of initiatives through urgency-
—-impact assessments and whose outputs were retrospectively audited;
and a subsequent inventory classification exercise where criteria selec-
tion followed a Delphi approach. Together, these cases demonstrate how
pre-hoc validation can diagnose structural flaws, resolve expert dead-
lock, distil minimal non-redundant criteria sets, and assess alignment
across decision models.

The remainder of this paper is organized as follows. Section 2 re-
views the relevant literature. Section 3 presents the theoretical foun-
dations of our topological approach, linking its invariants to MCDM
axioms. Section 4 details the implementation methodology, and Section
5 describes its application to the two case studies. Results are presented
in Section 6, followed by a discussion in Section 7, and a conclusion
outlining limitations and future work in Section 8.

2. Literature review

Multi-Criteria Decision Making (MCDM) provides a formal structure
for complex decision problems by evaluating alternatives against a set of
criteria [13], typically represented as a decision matrix for subsequent
aggregation [14]. A wide range of procedures exist: value-based
methods such as AHP [15], calculate a total performance score for
each alternative; distance-based methods such as TOPSIS [16] rank al-
ternatives by their proximity to an ideal solution; and outranking
methods such as ELECTRE [17] determine whether one alternative is
credibly “at least as good as” another.

Yet a critical paradox persists: while the aggregation function has
been the subject of extensive analytical rigor, the structural integrity of
the criteria set the Decision Criteria Configuration (DCC) that forms the
decision architecture is often assumed rather than formally validated
[18,19]. This emphasis on aggregation is exemplified in the
decision-aiding tradition pioneered by Roy [7] and significantly
advanced by Bouyssou [6], which develops axiomatic foundations of
preference modelling and aggregation. Their work ensures logical
coherence in translating decision-maker preferences into recommenda-
tions. However, despite this rigor, scrutiny has historically focused on
the aggregation stage, with the structural soundness of the criteria set
largely taken for granted. A persistent gap therefore exists between the
formal validation of aggregation and the informal, often subjective, “art”
of selecting criteria.

Criteria identification, selection, and validation occur during the
initial problem structuring phase of MCDM, which is widely acknowl-
edged as subjective and reliant on qualitative deliberation. Belton and
Stewart [20] describe this phase as a creative process where the main
risk is an inappropriate problem representation. Marttunen et al. [2]
similarly note the disconnect between qualitative structuring outputs
and the quantitative MCDM models that follow. Although both
emphasise the need for criteria sets to be complete and non-redundant,
outcomes remain dependent on facilitator skill and decision-maker
subjectivity [21], making structural validity difficult to guarantee [22,
23].

This gap is clearly evident in supply chain analytics. Many studies
proceed directly from criteria selection to weighting, ignoring in-
terdependencies [8]. Others use causal mapping tools such as Fuzzy
DEMATEL, which capture directional influence but cannot diagnose
redundancy [9]. Hybrid MCDM models may even amplify redundancy
by rewarding duplicated criteria with higher weight [24]. Furthermore,
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some methods assume independence to fit analytical requirements, as in
TOPSIS, an unrealistic premise for complex strategic problems [10]. The
common theme is a premature advance to calculation, with sophisti-
cated models resting on unvalidated criteria sets.

The consequences are both practical and strategic [25]. Decisions
based on unvalidated criteria risk systematic misallocation of resources
[26], flawed strategic outcomes, erosion of managerial trust in quanti-
tative tools, and loss of auditability [27]. Redundant criteria may rein-
force biases or exaggerate a single dimension while presenting the
illusion of balance [28,29]. Without a robust mechanism to validate the
selected criteria set, even advanced MCDM models can offer only the
appearance of analytical certainty while concealing a flawed decision
architecture.

Existing methods for pre-hoc criteria validation are fragmented and
incomplete. They can be grouped into two broad categories. The first are
problem structuring methods, such as the Delphi method or Nominal
Group Technique [30], which encourage brainstorming and consensus
but provide no formal test of completeness, are weak at detecting
redundancy, and often overlook logical consistency. Structural model-
ling approaches such as Interpretative Structural Modeling (ISM) fall
into this category. Both map interdependencies and support checks for
logical consistency [31] but cannot test completeness and only structure
the criteria provided. The second are diagnostic and statistical tools,
including Factor Analysis [32], which can detect underlying correla-
tions, and Network Analysis [33], which can reveal clustering. However,
Factor Analysis assumes linear relationships and requires large samples,
while Network Analysis detects connectivity patterns but cannot assess
completeness or logical consistency. In short, qualitative approaches
remain subjective and sensitive to group composition [34], while sta-
tistical tools are often ill-suited to expert-elicited problems. This meth-
odological gap highlights a central paradox within MCDM. The field’s
axiomatic tradition, developed in the decision-aiding school pioneered
by Roy [7] and advanced by Bouyssou [6], provides a powerful foun-
dation for ensuring logical coherence. Rooted in classical multi-attribute
utility [35] and social choice theories [36], this school establishes
formal axioms such as independence, monotonicity, and transitivity to
govern preference modelling and aggregation. Yet, this analytical rigor
has been focused almost exclusively on these downstream procedures.
The structural soundness of the criteria set itself has rarely been sub-
jected to comparable scrutiny. This study resolves this paradox by
extending axiomatic reasoning upstream. It treats completeness,
non-redundancy, and logical consistency as intrinsic properties of the
DCC, operationalizing them as computable topological propositions.

To address this methodological void, this study employs Topological
Data Analysis (TDA). By focusing on the intrinsic “shape” and connec-
tivity of data, TDA offers a unified mathematical lens to assess all three
axioms simultaneously. Although TDA is emerging in supply chain
research for analysing physical and transactional networks [37-41], our
novel application is a formal, pre-hoc audit of the abstract, conceptual
structure of the DCC itself. This topological approach provides a formal
solution to the specific shortcomings of established methods. For
instance, it formally tests for completeness by measuring connectivity, a
task beyond the scope of problem structuring methods or Network
Analysis. It diagnoses redundancy and logical consistency through
structural impact analysis and the detection of topological cycles,
overcoming the weaknesses of consensus-based methods like Delphi.
Second, TDA avoids the restrictive assumptions that limit other tools.
Unlike Factor Analysis, it requires no assumption of linearity and is
robust with the small, expert-derived datasets typical of strategic
problems. Furthermore, in contrast to the rigid hierarchies imposed by
ISM, TDA is uniquely capable of revealing the authentic, and often
non-hierarchical, structure of expert knowledge.

The primary contribution of this research is a framework that
transforms the validation of MCDM criteria from a subjective, qualita-
tive art into an objective, quantitative, and auditable science. This is
achieved by establishing a direct theoretical link between foundational
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MCDM axioms and TDA. Instead of treating criteria as a simple list to be
debated, the framework models their interdependencies as a high-
dimensional geometric object, a simplicial complex, allowing for a
multi-scale analysis of its structural integrity. This topological approach
yields three specific contributions. It provides the first formal, comput-
able test for completeness by operationalizing it as topological connec-
tivity f,. It offers a rigorous method for ensuring non-redundancy
through a structural impact analysis that measures the precise effect of
removing any single criterion. Finally, it allows for a nuanced audit of
logical consistency by detecting and classifying topological cycles 5, as
either legitimate systemic feedback or problematic circularity. Collec-
tively, these innovations provide the robust mechanism required to
ensure that MCDM models rest on validated and coherent decision ar-
chitectures, addressing a long-standing gap in the field.

3. Theoretical foundations

Building on the axiomatic tradition introduced in Section 2, this
study extends axiomatic reasoning from aggregation rules to the struc-
tural validation of decision criteria. Completeness, non-redundancy, and
logical consistency are reconceptualised as properties of the Decision
Criteria Configuration (DCC) itself and are operationalised as comput-
able propositions through Topological Data Analysis (TDA). To translate
a set of decision criteria into a formal geometric “shape,” the framework
represents it as a mathematical object known as a simplicial complex.
This structure captures not only pairwise relations but also higher-order
interactions among criteria, allowing the decision architecture to be
interrogated for structural coherence. The following subsections provide
the formal definitions required to construct this object and to analyse its
topological properties.

3.1. Formal definitions

To establish a rigorous foundation for our methodology, this section
provides formal definitions for the key topological concepts and MCDM
axioms central to our framework.

3.1.1. Core topological concepts

i. Simplicial Complex: A mathematical structure used to represent
the shape of data. It is built from simple components called
simplices: points (0 — simplices), lines (1 — simplices), triangles
(2 — simplices), and their higher-dimensional counterparts. Un-
like a graph, which only captures pairwise relationships (lines), a
simplicial complex can explicitly model higher order, many-to-
many relationships (triangles and above).

ii. Filtration: A core process in TDA for analyzing data across mul-
tiple scales. It involves creating a nested sequence of simplicial
complexes, typically by varying a threshold parameter such as the
strength of a relationship. This allows us to observe how the
structure of the data evolves, from a disconnected set of points to
a highly connected object.

iii. Persistent Homology: The primary analytical engine of TDA. It
analyzes a filtration to identify topological features like con-
nected components or cycles and track their "lifespan’, i.e., the
range of scales over which they exist. This distinguishes robust,
significant features demonstrating persistence from transient
noise.

iv. Topological Invariants & Betti Numbers: Properties of a shape that
do not change under continuous deformation like stretching or
twisting. We use the Betti numbers (3;) as our key invariants. f,
counts the number of connected components, ; counts the
number of one-dimensional cycles (loops), and f, counts two-
dimensional voids or holes.
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3.1.2. Application to MCDM axiom validation

—

. Decision Criteria Configuration (DCC): We define a DCC not as a
simple list, but as the complete architecture of the decision space,
comprising the criteria and their interdependencies. Operation-
ally, a DCC is represented as a simplicial complex, K, constructed
from expert data.

ii. Completeness: A foundational MCDM axiom requiring the criteria
set to capture all relevant dimensions of a decision. We define a
DCC as topologically complete if its corresponding simplicial
complex consists of a single connected component (5,(K) = 1).

iii. Non-Redundancy: An axiom requiring each criterion to contribute
unique information. We define a criterion as topologically non-
redundant if its removal causes a significant change to the key
Betti numbers (3;) of the DCC.

iv. Logical Consistency: An axiom requiring a non-contradictory
framework. We define a DCC as topologically consistent when
its cycles (f,(K) > 0) are identified and validated as either
legitimate systemic feedback or problematic circularity.

v. Structural Persistence: A measure of the robustness of the DCC’s

architecture. The persistence of its topological features, e.g., its

single component or key cycles across the filtration indicates the
strength of expert consensus on those structural properties.

3.2. From graph models to simplicial complexes

A rigorous analysis of a DCC requires moving beyond the pairwise
focus of graph models used in MCDM. In a standard graph, each criterion
is a vertex, and each edge records a binary relation, leaving higher-order
dependencies invisible (Fig. 1a). For instance, in a study of sustainable
food supply chains [24], the economic barriers of “high initial invest-
ment”, “uncertainty about return on investment”, and “lack of financial
incentives” interact collectively. This joint effect, crucial to an invest-
ment decision, is not captured by any single pairwise link. A simplicial
complex resolves this limitation by encoding everyk-way interaction as a
k-simplex: vertices (k = 0), edges (k = 1), triangles (k = 2), tetrahedra
(k = 3), and so forth (Fig. 1(b)). The result is a mathematically explicit
model that preserves the full combinatorial architecture of a DCC.

3.3. Formal construction and filtration

Let C = {c1,c¢2, ..., Cn}, be the set of candidate criteria. For a fixed
similarity threshold ¢ and a symmetric similarity function s(c;, ¢;), we
define the Vietoris—Rips complex K, (C) as:

K.(C) = {6CCNc, ¢ €0, s(c, ¢) >e¢}

In this construction, each criterion is a 0 —simplex (vertex). An edge
(ci,¢;) is added when s(c;, ¢;) > €. A higher-dimensional simplex ¢ joins
the complex if all its faces are present, ensuring K.(C) is a valid
simplicial complex. Lowering the threshold through a descending
sequence, & > g > --- > gy, generates a nested filtration:

Ko (€) € ... CK.y(C) SK, (€)

This filtration traces the topological evolution of a DCC from isolated
vertices to an increasingly connected structure. Fig. 2 illustrates this
process for a small subset of five criteria. At a high similarity threshold (¢
= 0.9), the criteria are represented as disconnected vertices (a). As the
threshold is lowered (¢ = 0.6), edges begin to connect the vertices into a
path (b). Finally, at a low threshold (¢ = 0.4), the structure becomes
more complex, forming a cycle and a filled simplex (a triangle) (c). This
filtration is the input for persistent homology, which distinguishes
robust structural features from transient artefacts.
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() Traditional Network Model (b) Simplicial Complex

High Initial Investment
and Transaction Costs

High Initial Investment
and Transaction Costs

Uncertainty about
Return on Investment

Uncertainty about
Return on Investment

Lack of Financial
Incentives

Lack of Financial
Incentives

Fig. 1. Network versus simplicial representation of criteria interdependencies.Panel (a) shows a traditional network graph, where each criterion is a node and edges
capture only pairwise associations (e.g., between high initial investment, uncertainty about returns, and lack of incentives). Panel (b) depicts the same configuration
as a simplicial complex: the shaded triangle (2-simplex) encodes the higher-order interaction among all three criteria simultaneously. This extension moves beyond
dyadic links to formally represent collective, multi-way dependencies within a Decision Criteria Configuration (DCC).

®

® ®

(a) High Threshold (e = 0.9)

(b) Medium Threshold (e = 0.6)

(c) Low Threshold (e = 0.4)

Fig. 2. Filtration of a Decision Criteria Configuration (DCC). The figure illustrates the Vietoris-Rips filtration of a criteria set across three decreasing similarity
thresholds (¢1 > €2 > €3). (a) At ¢, the complex consists of isolated vertices (criteria as 0 — simplices). (b) At ¢,, edges appear, forming a one-dimensional hole
(cycle). At €3, a 2-simplex (triangle) closes the cycle, altering the topology of the complex. Tracking these changes across thresholds provides the input for persistent
homology, distinguishing stable structural features from transient artefacts. (c) At €3, a 2-simplex (triangle) closes the cycle, altering the topology of the complex.

Tracking these changes across thresholds provides the input for persistent homology, distinguishing stable structural features from transient artefacts.

3.4. Topological invariants for structural analysis

The power of this representation lies in using topological invariants
to measure the shape of the criteria architecture. The zeroth and first
Betti numbers are two key invariants for validating a DCC. The zeroth
Betti number f, counts the number of connected components. A
coherent framework should form a single component , = 1. Multiple
components f, > 1 reveal a fragmented architecture, indicating missing
criteria or an overly broad scope.

The first Betti number, f;, counts the number of independent one-
dimensional holes or cycles. In decision contexts, such cycles can
represent legitimate feedback loops or problematic redundancy where
multiple criteria measure the same underlying construct. The presence
of cycles #; > O therefore requires careful analysis to ensure the logical
consistency of the DCC. Fig. 3 illustrates how the zeroth and first Betti
numbers capture structural properties of a DCC, contrasting complete
versus fragmented configurations (,) and consistent versus redundant
configurations (4;).

3.5. Ensuring MCDM requirements through topological analysis

Constructing a valid and coherent criteria set is a foundational aspect
of MCDM, often seen as more art than science [42]. Our topological
framework introduces formal validation into this process. By translating
a DCC into a simplicial complex, we can diagnose flaws corresponding to
the fundamental MCDM axioms of completeness, non-redundancy, and
logical consistency. This section establishes a theoretical link between
topological properties and these core axioms, showing how topological
invariants can trigger the value-focused inquiry of the MAVT school [35]
and the constructive dialogue of the European school [6,7].

3.5.1. Completeness through connectivity analysis

Proposition 1. (Topological Completeness): A DCC is topologically com-
plete if its corresponding simplicial complex K has a single connected
component (f, = 1) at a meaningful relationship threshold.

Completeness requires that criteria collectively capture all relevant
dimensions of a decision. Topologically, this implies all meaningful
criteria should be connected within a coherent framework. If a complex
contains disconnected components (f, > 1), the DCC is fragmented.
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N

(b) Fragmented Configuration (8,= 3)

(c) Consistent / Acyclic Configuration (8, = 0)

(d) Redundant / Cyclical Configuration (8,= 2)

Fig. 3. Visualising Betti numbers as indicators of criteria architecture. Panels (a) and (b) illustrate completeness using the zeroth Betti number (,). Panel (a) shows a
fully connected configuration with B, = 1, representing a coherent set of criteria. Panel (b) shows a fragmented configuration with §, = 3, indicating three
disconnected components and a structurally incomplete architecture. Panels (c) and (d) illustrate logical consistency using the first Betti number (). Panel (c)
depicts an acyclic, tree-like configuration with g, = 1, consistent and non-redundant. Panel (d) depicts a configuration with ; = 2, containing two independent

cycles that signal redundancy or circularity in the criteria set.

This structural flaw indicates a fractured value hierarchy from a value-
focused perspective [42] or an incomplete shared understanding of the
problem from a constructive viewpoint [7]. The finding prompts
investigation into two potential issues:

e Missing Bridging Criteria: Key criteria linking disconnected compo-
nents may have been omitted.

e Overly Broad Scope: The DCC attempts to integrate fundamentally
unrelated dimensions that should be analyzed separately. Thus, the
condition f;, = 1 serves as a formal, quantitative test for the archi-
tectural coherence of the decision model.

3.5.2. Non-redundancy through structural impact analysis

Proposition 2. (Topological Non-Redundancy): A criterion is non-
redundant if its removal from the simplicial complex K meaningfully
changes the complex’s essential topological invariants (f3, or ;).

Non-redundancy requires each criterion to contribute unique infor-
mation. Topologically, an essential criterion is one that affects the
fundamental shape of the decision space. We assess this using Structural
Impact Analysis, where for each criterion c¢; € C, we define a reduced
complex K\{c;} and measure the impact of its removal. This analysis
allows for a formal classification of criteria:

e Essential Bridge Criteria: Removal increases f,.
e Cycle-Critical Criteria: Removal alters f;.

o Structurally Subsumed Criteria: Removal produces no significant
change in key invariants, flagging them as potentially redundant.
This procedure provides an objective foundation for identifying a
minimal set of criteria that preserves the essential structure of the
decision space.

3.5.3. Logical consistency through cycle management

Proposition 3. (Topological Consistency): A DCC is logically consistent
when its 1-cycles (f; > 0) are identified, analyzed, and managed to
distinguish legitimate systemic relationships from problematic circular
dependencies.

Logical consistency requires a non-contradictory framework. While
MAVT advocates for strict means-ends value hierarchies where cycles
indicate flawed structure, the European school is more comfortable with
non-hierarchical models representing complex interdependencies. Our
framework accommodates this nuance by not demanding the elimina-
tion of all cycles. Instead, detecting them via #; > 0 compels the an-
alyst to investigate their nature:

e Legitimate Systemic Cycles: Represent genuine feedback mechanisms
e.g., ‘Supplier Collaboration’ — ‘Innovation’ — ‘Profitability’ —
‘Supplier Collaboration’.

e Problematic Circularity: Indicate redundant measurement e.g., a cycle
connecting ‘On-Time Delivery’, ‘Lead Time Reliability’, and
‘Schedule Adherence’. This topological transparency enforces logical



F.M. Theunissen et al.

integrity by ensuring any cycles are defended as deliberate and
meaningful modelling choices

4. Implementation methodology

In this section, we operationalize the preceding theoretical founda-
tions by presenting a systematic six-phase methodology for validating a
DCC using TDA (Fig. 4). Our framework builds on established Python
libraries, primarily ripser for computing persistent homology and net-
workx for graph-based visualization but the methodological contribu-
tion does not lie in the development of new TDA algorithms. Rather, its
novelty is an interpretive and prescriptive framework that translates
persistence outputs into actionable diagnostics aligned with MCDM
axioms: f, -curves for completeness (Proposition 1), structural impact
analysis for non-redundancy (Proposition 2), and persistence diagrams
of f; -cycles for logical consistency (Proposition 3). In essence, while
ripser computes the shape of the data, our framework renders these
computations meaningful for MCDM practice by providing a coherent
suite of diagnostics that enable a formal audit of the criteria set.

4.1. Phase 1: Candidate criteria elicitation

The process begins with the elicitation of a comprehensive pool of
candidate criteria C. This is typically achieved through structured
methods such as Value Focused Thinking (VFT) workshops, systematic
literature reviews, and expert panel techniques e.g., Nominal Group
Process or Delphi method to ensure diverse stakeholder perspectives are
captured. An additional and critical output is a glossary (Annexure A)

Phase 1: Candidate Criteria Elicitation
(Elicit criteria set C = {c,, c,, ..., Cp} ; create glossary

l

Phase 2: Relationship Assessment & Threshold Selection
(Quantify relationships S(c;,c) ; select threshold ¢)

|

Phase 3: Simplicial Complex Construction & Filtration
(Construct complex K. ; generate filtration K; < ... < K,)

d

Phase 4: Topological Invariant Computation
(Calculate Betti numbers: B, for components, B, for cycles)

l

Phase 5 (Optional): Comparative Analysis
(Compute Bottleneck Distance dg(D4,D,))

Phase 6: Architectural Validation & Refinement
(Verify completeness Bg = 1; interpret cycles 81 > 0;
remove redundancy)

Validated DCC — Integrate with MCDM model
(Auditable foundation for weighting and ranking)

Fig. 4. Six-phase methodology for topological validation of a Decision Criteria
Configuration (DCC). Phase 1 elicits candidate criteria and definitions. Phase 2
assesses inter-criteria relationships and selects the similarity threshold (e).
Phase 3 constructs the simplicial complex and generates a filtration. Phase 4
computes topological invariants (fyfor connectivity; g, for cycles). Phase 5
(optional) compares persistence diagrams via bottleneck distance to test
alignment across configurations. Phase 6 conducts architectural validation and
refinement, verifying completeness (f, = 1), managing cycles (5; > 0), and
removing redundancy. The outcome is a validated DCC that can be integrated
with MCDM methods (e.g., AHP, TOPSIS, ELECTRE), providing a transparent,
auditable foundation for weighting and ranking.
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containing a precise operational definition for each criterion to ensure
semantic clarity.

4.2. Phase 2: Relationship assessment and threshold selection

In this phase, the interdependencies among criteria in C are quan-
tified. The pairwise similarity score, s(c;,¢;) , can be assessed through
expert-elicited ratings, data-driven metrics, e.g., correlation, mutual
information, or hybrid approaches. However, unlike traditional network
analysis which requires the pre-selection of a single, arbitrary similarity
threshold &, our TDA framework examines the DCC’s structure across all
possible thresholds simultaneously. This is achieved through a filtration,
where the threshold is systematically varied, allowing us to observe the
evolution of the structure from disconnected components to a fully
connected complex via persistent homology. This multi-scale perspec-
tive distinguishes robust structural features from noise without being
dependent on a single initial calibration choice. For specific diagnostic
tests where a static graph is required (such as the cycle and centrality
analyses in Section 6), a threshold can then be selected in a data-driven
manner based on points of maximal topological interest, such as the
peak of the g, curve.

4.3. Phase 3: Simplicial complex construction and filtration

This phase translates the relationship data into a formal topological
model. For a given threshold ¢, a simplicial complex K is constructed by
defining each criterion ¢; € C as a vertex (0 — simplex). An edge (1 —
simplex) is formed between any two criteria if their relationship strength
s(ci,cj) > ¢. Higher order simplices are then added where all constit-
uent faces are present. To enable multi-scale analysis, a filtration is
generated by systematically decreasing the threshold across a sequence
€1 > ...>¢ém, producing a sequence of nested complexes,
K¢, CKe, C - CKe,.

4.4. Phase 4: topological invariant computation

The structural properties of the DCC are extracted by computing the
topological invariants for each complex K, in the filtration. This involves
calculating the number of connected components (;) and independent
one-dimensional cycles (). This is accomplished using graph-theoretic
algorithms for basic analysis or with specialized TDA Python library
ripser.

4.5. Phase 5 (Optional): comparative analysis via Bottleneck Distance

This optional phase provides a method for quantitatively comparing
the structural similarity of two distinct DCCs, which is useful for
measuring strategic alignment between different expert panels or
tracking a model’s evolution. The comparison is achieved by generating
a persistence diagram for each DCC’s filtration, which serves as a unique
visual ’fingerprint’ of the decision architecture’s topological features.
The bottleneck distance, dg(D1,D2), a single, quantitative score that
measures the overall structural difference between the two decision
architectures is then computed between the two persistence diagrams, a
task for which we use the Python library persim.

e A small distance indicates high structural similarity and strong
strategic alignment.

e A large distance reveals significant structural divergence and
misalignment.

This phase is contingent upon having two or more DCCs to compare.
In the present study, Phase 5 was not applied, as the case analyses
focused on auditing each DCC independently. The comparative bottle-
neck distance is presented here as an optional extension for future
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applications where alignment between multiple decision architectures is
under investigation.

4.6. Phase 6: Architectural validation and refinement

This pivotal phase applies the propositions from Section 3.5 to audit
and refine the DCC’s architecture, translating the computed topological
invariants into an actionable diagnostic. The process is sequential,
addressing each of the core MCDM axioms.

First, the Completeness Audit (Proposition 1) verifies that the DCC
forms a coherent, single component (§, = 1) at a meaningful similarity
threshold. A fragmented structure (§, > 1) provides a formal diag-
nostic that the criteria set is incomplete, prompting a targeted investi-
gation into missing bridging criteria or an overly broad problem scope.

Second, the Non-Redundancy Audit (Proposition 2) is performed to
identify and rank the criteria that are most essential to the DCC’s ar-
chitecture. We assess non-redundancy via a Structural Impact Analysis.
For each criterion c¢;, we build a reduced complex by removing c;,
recompute persistent homology, and measure the impact as the Was-
serstein distance between the full and reduced persistence diagrams.
Criteria with large impact scores are essential (bridges or cycle-critical);
those with negligible scores are structurally subsumed. Computations
use ripser (persistence) and persim.wasserstein (diagram distance).
Centrality measures (e.g., betweenness) are optional corroborative di-
agnostics rather than the primary test.

The final step is the Logical Consistency Audit (Proposition 3), which
involves a rigorous interpretation of the DCC’s topological cycles
(Bp > 0). To address the challenge of distinguishing legitimate feedback
from problematic redundancy our framework moves beyond subjective
assessment by implementing a structured, two-stage diagnostic process
that leverages the data from the filtration.

4.6.1. Stage 1: data-driven hypothesis generation
This stage uses the outputs of the persistent homology analysis
(Phase 4) to classify each significant cycle.

1. Filter for Significance: The analyst first uses the persistence diagram to
identify only the most structurally robust cycles, those plotted
furthest from the diagonal, indicate a long lifespan across the
filtration. This focuses the audit on features that are not mathemat-
ical noise.

2. Classify by Formation Threshold: For each significant cycle, we
examine its birth time: the similarity threshold (¢) at which the cycle
first appeared in the filtration. This data point provides a powerful
heuristic for generating a testable hypothesis about the cycle’s
nature:

Hypothesis. Problematic Redundancy. A cycle that is highly persistent
but forms at a very high similarity threshold, e.g., € > 0.78 connects
criteria that are nearly synonymous. The structural loop emerges only
because the criteria are so semantically close that they are effectively
interchangeable, e.g., a cycle connecting ‘On-Time Delivery’, ‘Lead Time
Reliability’, and ‘Schedule Adherence’.

Hypothesis. Legitimate Systemic Feedback. A highly persistent cycle
that forms at a more moderate similarity threshold connects criteria that
are conceptually distinct but causally related. The relationship is not one
of synonymy but of systemic influence, representing a valid feedback
loop, e.g., ‘Supplier Collaboration’ — ‘Innovation’ — ‘Profitability’ —
‘Supplier Collaboration’.

4.6.2. Stage 2: expert-led confirmation

This data-driven hypothesis reframes the role of the domain expert
from one of initial, unguided interpretation to one of targeted confir-
mation. The analyst is no longer asking "What does this cycle mean?" but
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is presenting a specific, evidence-based hypothesis for validation. For
example:

e To test for redundancy: "The analysis has identified a tightly-bound
cycle between Criteria A, B, and C, suggesting they measure the same
underlying concept. Do you agree that they are redundant?"

e To test for feedback: "The analysis suggests a persistent feedback loop
exists between Criteria X, Y, and Z. Can you describe the operational or
strategic process that this feedback represents?"

This structured process provides a robust and auditable method for
managing the logical consistency of the DCC. It systematically leverages
the quantitative outputs of the TDA to guide expert judgment, ensuring
the final architecture is not only mathematically sound but also con-
textually valid.

4.7. Final output and integration

The framework’s final output is a validated Decision Criteria
Configuration (DCC), refined into a minimal, non-redundant core set of
criteria. The six-phase process serves as a comprehensive structural
audit, diagnosing and enabling the correction of foundational flaws such
as incompleteness, redundancy, and inconsistency. This ensures that the
final criteria set used for strategic decision-making, whether for supply
chain initiative prioritization as in Scenario 1, or for initiative selection
such as multicriteria inventory classification as in Scenario 2 is not
merely a subjective list, but a robust, defensible architecture built on a
foundation of proven structural integrity.

5. Validation experiment

This section details the validation of the proposed topological
framework through a retrospective analysis of two distinct industrial
multicriteria decision scenarios from a single steel manufacturing
company. The analysis is designed to demonstrate the framework’s
practical applicability and diagnostic utility in structuring and vali-
dating real-world DCCs. The first scenario examines a comprehensive set
of strategic criteria derived from formal problem-structuring workshops
aimed at defining a supply chain strategy. The second scenario, occur-
ring 1.5 years later, analyzes a criteria set developed by internal experts
for a multicriteria inventory classification project stemming from sce-
nario 1. To clearly demonstrate the framework’s capabilities, the Results
section (Section 6) is structured around these three propositions. We will
present the application of the tests for completeness (Proposition 1),
non-redundancy (Proposition 2), and logical consistency (Proposition 3)
in turn, drawing evidence from both industrial scenarios to illustrate
each diagnostic audit.

5.1. Organizational setting and rationale

The context is a large steel manufacturing firm facing intense inter-
national competition and numerous intersecting pressures, including
commodity price volatility, fluctuating demand, and evolving regula-
tions. These external challenges are compounded by complex internal
issues, particularly in inventory management, such as process in-
consistencies, low forecast accuracy, and misalignment between sales
and production schedules. This high-complexity environment provides
an ideal testbed for the framework for several reasons:

e High-Dimensionality: The numerous intersecting financial, opera-
tional, and commercial challenges create a decision space where
interdependencies are complex and non-obvious, making manual
structural assessment exceptionally difficult.

e High Risk of Flawed Architecture: Traditional problem-structuring
workshops are susceptible to producing incomplete or redundant
DCCs in such a setting.
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e Potential for Expert Deadlock: Competing stakeholder priorities often
lead to subjective debate, creating a need for an objective, quanti-
tative tool to audit and build consensus around a proposed criteria
set.

5.2. Scenario 1: auditing a qualitatively derived strategic DCC

5.2.1. Criteria elicitation (Phase 1)

This scenario used outputs from a comprehensive review of the
company’s supply chain operations. A systematic analysis of workshop
documentation, i.e., problem statements, strategic objectives, issue lists
and cognitive maps, which are diagrams that illustrate an individual’s
beliefs about causal relationships was conducted. Following a rigorous
standardization and de-duplication process, an initial DCC of 61 unique
candidate criteria was extracted, forming the vertex set C for the anal-
ysis. Crucially, these criteria, framed as organisational "issues”, formed
the direct justification for a portfolio of six strategic initiatives subse-
quently selected by the working group: customer segmentation, capacity
management, IBP design, a control tower, data integrity, and a core
planning systems upgrade. The purpose of this retrospective audit is
therefore to assess the structural validity of the foundational criteria
upon which these high-stakes initiatives were built.

5.2.2. Relationship assessment (Phase 2)

Given the qualitative nature of the source documents, a similarity
matrix, s(ci,cj) , was derived using a researcher-led, content-based
proximity analysis. That is, the research team assigned similarity scores
based on how closely linked the concepts were in the original workshop
documents. A scoring heuristic was applied where, for example, issues
explicitly linked in the source text were assigned a high similarity score,
e.g., 0.9, while those merely appearing under the same broad heading
received a weaker score, e.g., 0.4. This heuristic was designed to pri-
oritize explicitly stated causal or thematic links over simple co-
occurrence, ensuring that the resulting structure reflected the docu-
mented logic of the workshops. This process yielded a defensible matrix
representing the latent structure within the strategic documents.

5.3. Scenario 2: refining an expert-driven inventory DCC

5.3.1. Criteria elicitation (Phase 1)

This scenario, taking place 1.5 years after the strategy review, uti-
lized a DCC generated independently through an unstructured criteria
elicitation with four company decision-makers (tenures of 20, 5, 2, and 1
years). This resulted in a list of 32 criteria, where one participant
insisted all were essential, creating a classic case of expert deadlock.

5.3.2. Relationship data (Phase 2)

For this scenario, the relationship data was derived from expert as-
sessments using a Fermatean fuzzy linguistic scale, where experts could
use terms like 'Very High’ or 'Low’. The four decision-makers were
assigned weights based on tenure (with the highest weight of 0.4
assigned to the 20-year veteran and proportionally lower weights to
more junior members), and their ratings for each criterion were aggre-
gated using a Fermatean fuzzy weighted average. This process yielded a
final importance score for each of the 32 criteria. To construct the input
for the topological analysis, the pairwise similarity S; between any two
criteria was then defined based on the proximity of their aggregated
scores. This was defuzzified to create the required 32 x 32 similarity
matrix, S.

5.4. Analytical Plan

The analysis applies the topological framework (Phases 3-6) to these
two scenarios. The subsequent Results section is structured to demon-
strate the framework’s application to each of the three core MCDM
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axioms in turn, using a comparative analysis of the scenarios as the
primary source of evidence.

e First, we present the results of the Completeness audit (Proposition 1),

contrasting the structurally incoherent "conceptual monolith"

discovered in the workshop-derived DCC (Scenario 1) with the well-
structured, parsimonious architecture of the expert-derived DCC

(Scenario 2).

Second, we demonstrate the Non-Redundancy audit (Proposition 2),

applying structural impact analysis to identify both keystone criteria

and significant redundancies in Scenario 1, and to resolve the expert
deadlock in Scenario 2 by isolating its minimal, non-redundant core
set of criteria.

e Finally, we present the Logical Consistency audit (Proposition 3),
again using a comparative approach to contrast the complex cyclical
structure and systemic feedback loops found in Scenario 1 with the
perfectly acyclic and hierarchical structure of the validated criteria
set from Scenario 2.

6. Results

This section reports the application of the proposed six-phase
methodology to the two industrial scenarios introduced in Section 5.
The analysis is structured explicitly around the three propositions out-
lined in Section 3.5, which correspond to the MCDM axioms of
completeness, non-redundancy, and logical consistency. In each case,
topological invariants are operationalized through persistence-based
diagnostics, with results interpreted in relation to the practical deci-
sion contexts of the steel manufacturer. Figs. 5-8 present the results of
these three validation steps in sequence, showing how completeness,
non-redundancy, and logical consistency are operationalised through
topological diagnostics across the two industrial scenarios.

6.1. Completeness audit (Proposition 1)

The initial validation audit assesses topological completeness, which,
according to Proposition 1, requires a Decision Criteria Configuration
(DCQ) to form a single connected component (, = 1) at a meaningful
relationship threshold. The analysis, presented in Fig. 5, operationalizes
this proposition by plotting the evolution of the zeroth Betti number (/)
across a filtration of similarity thresholds (¢). The critical threshold at
which completeness is achieved (¢) serves as the key diagnostic metric
for evaluating the architectural integrity of each DCC.

The workshop-derived DCC (Scenario 1) exhibits rapid topological
convergence, achieving a single connected component at a high simi-
larity threshold of &* ~ 0.78(t* ~ 0.22). This quantitative result in-
dicates a poorly differentiated structure, characteristic of a criteria set
lacking discriminating validity. The high degree of interconnectivity
suggests significant conceptual overlap and redundancy, where distinct
criteria are not sufficiently independent. Consequently, while techni-
cally satisfying the condition of being a single component, this DCC fails
a rigorous validation audit. Its structure is that of a conceptual monolith
rather than a well-posed set of distinct decision criteria, signalling that
the initial problem structuring phase produced a model of low analytical
utility. Conversely, the expert-derived DCC (Scenario 2) displays a
markedly different topological signature characterized by gradual
convergence. Completeness is achieved only at a low similarity
threshold of ¢* ~ 0.19(t* = 0.81).

The persistence of multiple components across a wide range of
filtration values is not evidence of a flawed, fragmented model. Instead,
itis a positive indication of a well-structured, parsimonious architecture.
The step-wise reduction in f,, visible as plateaus in Fig. 5, reflects a clear
hierarchical structure whereby distinct conceptual clusters of criteria
merges at meaningful, intermediate thresholds. This result provides
strong evidence to validate the expert-derived DCC. The set is demon-
strated to be both holistically coherent, as it eventually forms a single
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Proposition 1: Completeness Audit

Scenario 1: Strategic DCC Scenario 2: Inventory DCC
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Fig. 5. Completeness audit of Decision Criteria Configurations (DCCs). The plots show the evolution of the zeroth Betti number (f,) across decreasing similarity
thresholds for the two case scenarios. In Scenario 1 (left), the criteria rapidly merge into a single connected component only at a high threshold, indicating a
monolithic but redundant structure. In Scenario 2 (right), completeness is achieved more gradually, suggesting a more differentiated yet coherent configuration. The
critical threshold at which B, = 1(¢*) provides the diagnostic measure of architectural completeness.

Proposition 2: Non-Redundancy Audit via Structural Impact Analysis
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Fig. 6. Non-redundancy audit via Structural Impact Analysis. The plots rank criteria by their structural impact, measured as the topological perturbation (Was-
serstein distance across Hy and H;) incurred by removing each criterion from the DCC. In Scenario 1 (left), the 61-criterion strategic DCC exhibits a gradual dis-
tribution of impact scores, with a long tail indicating that many criteria are structurally subsumed and redundant. In Scenario 2 (right), the 32-criterion inventory
DCC yields a sharp drop after six dominant criteria, i.e., Handling Efficiency, Stockout Risk, Production Lead Time, Freight Cost, Impact of External Factors, and
Average Orders per Production Cycle revealing a minimal, non-redundant core.
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Proposition 3: Logical Consistency Audit (H; Cycles)
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Fig. 7. Logical consistency audit via persistence of H; cycles. The persistence diagrams show the birth and death thresholds of one-dimensional cycles used to
evaluate Proposition 3. In Scenario 1 (left), the strategic DCC exhibits multiple persistent cycles, confirming a systemic feedback structure. While no cycles emerged
at very high similarity thresholds (¢ > 0.85 ), analysis at ¢ > 0.8 revealed 68 distinct loops, including a core cycle linking CUST-01, ORG-02, PLAN-06, DATA-04,
and ORG-03. This pattern represents a legitimate feedback loop rooted in organizational dysfunction rather than problematic redundancy. In Scenario 2 (right), the
inventory DCC displays no significant cycles, yielding an empty diagram and confirming the acyclic, logically consistent nature of its minimal six-criterion core.

component, and structurally sound, as it preserves the conceptual in-
dependence of its constituent criteria across a broad spectrum of rela-
tionship strengths.

In summary, this comparative analysis demonstrates the diagnostic
power of Proposition 1. The completeness audit is shown to be more
than a binary test; it is a quantitative method for assessing the archi-
tectural integrity of a proposed criteria set. The critical threshold, e+,
serves as a formal metric to distinguish between a validated, well-
structured DCC (Scenario 2) and a poorly defined one requiring sub-
stantial revision (Scenario 1). This provides an evidence-based founda-
tion for the initial and most critical phase of Multi-Criteria Decision
Making.

6.2. Non-redundancy audit (Proposition 2)

To test for non-redundancy, a Structural Impact Analysis was per-
formed, operationalizing Proposition 2. This audit quantifies the struc-
tural importance of each criterion by measuring the topological
perturbation (Wasserstein distance across Hy and H;) incurred by its
removal from the DCC. The results, shown in Fig. 6, rank each criterion
by its contribution to the stability of the decision architecture, allowing
for the identification of a minimal, non-redundant set.

In the case of the strategic DCC (Scenario 1), the analysis of the 61
criteria revealed a pronounced hierarchy of structural importance. As
illustrated in Fig. 6 (Left Panel), the impact scores are characterized by a
gradual distribution. While several criteria, such as CUST-01 and VIS-01,
were identified as essential bridging elements, the distribution features a
long tail. This indicates that a substantial subset of criteria exerted
negligible topological influence upon their removal and can be classified
as structurally subsumed, confirming significant redundancy within the
workshop-derived set.

The audit of the inventory DCC (Scenario 2) yielded a more definitive
result, providing a quantitative resolution to the expert deadlock over
the initial 32 criteria. The analysis starkly delineated a minimal core set
of six essential criteria, as shown in Fig. 6 (Right Panel). The structural
impact is overwhelmingly concentrated in Handling Efficiency, Stockout
Risk, Production Lead Time, Freight Cost, Impact of External Factors,
and Average of Orders per Production Cycle. Following this core set,
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there is a precipitous drop in impact scores, demonstrating that the
remaining 26 criteria are topologically redundant. This provides an
objective and defensible basis for model reduction, validating a mini-
mal, non-redundant DCC that preserves the essential architecture of the
expert-defined decision space.

6.3. Logical consistency audit (Proposition 3)

The final validation step audits the logical consistency of the DCCs, in
accordance with Proposition 3, by analyzing their 1-dimensional topo-
logical cycles (H;). This analysis is designed to distinguish between
problematic circular dependencies and legitimate systemic relation-
ships. The persistence diagram (Fig. 7) serves as the primary diagnostic
tool, where a cycle’s significance is determined by its persistence (dis-
tance from the diagonal) and its nature is hypothesized based on its birth
similarity threshold (epish))-

The audit of the inventory DCC (Scenario 2) yielded a definitive
result (Fig. 7, right panel), revealing a complete absence of one-
dimensional cycles. The resulting persistence diagram is empty, indi-
cating the minimal core set possesses a perfectly acyclic, non-redundant
structure. This provides the strongest possible evidence for its logical
consistency, confirming it as a well-posed, hierarchical framework for
decision-making. In contrast, the analysis of the strategic DCC (Scenario
1) revealed a complex cyclical structure (Fig. 7, left panel) containing
multiple persistent H; features. An investigation into the cycle repre-
sentatives was conducted to interpret these features. Notably, the audit
did not detect any cycles born at very high similarity thresholds
(emirn) > 0.85), suggesting an absence of the most problematic form of
circularity arising from synonymous criteria. Instead, the analysis of the
graph at the ¢ > 0.80 threshold identified 68 distinct cycles, confirming
the highly systemic nature of the DCC. A primary example is the cycle
involving

CUST-01 (Inadequate Customer Segmentation & Understanding),
ORG-02 (Misalignment between Sales & Planning), PLAN-06 (Deficient
Capacity Planning & Allocation), DATA-04 (Constraining Legacy Sys-
tems), and ORG-03 (Conflicting KPIs). This structure is not indicative of
problematic redundancy; rather, our analysis interprets it as a legitimate
systemic feedback loop that describes a core organizational dysfunction
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Systemic Hub in the Strategic DCC (at € 2 0.8)
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Fig. 8. Core-periphery topology of the strategic DCC. The network visualization at the critical similarity threshold reveals a distinct core-periphery structure,
complementing the Proposition 3 audit of H; cycles (Fig. 7). A tightly interconnected hub of criteria, i.e., CUST-01, ORG-02, ORG-03, ORG-06, PLAN-06, and DATA-
04 forms the engine of systemic feedback, where organizational misalignment, planning deficiencies, and system constraints mutually reinforce one another. Sur-
rounding this hub, peripheral criteria are weakly connected and dependent on the core, while several isolated nodes remain conceptually distant. This configuration
both confirms the presence of a persistent feedback loop and pinpoints the central dysfunction that initiative selection must address.

where process gaps and system constraints foster conflicting metrics that
prevent a clear understanding of the customer, which in turn reinforces
the initial misalignment.

A network visualization of the DCC at this threshold further expli-
cated this finding (Fig. 8), revealing a distinct core-periphery topology.
The identified feedback loop forms the central, highly interconnected
hub of the decision architecture, representing the engine of systemic
feedback where key organizational, planning, and data criteria are
shown to be mutually reinforcing. The peripheral nodes, representing
more specific outcomes, are largely dependent on this central core,
while several isolated nodes highlight criteria that are conceptually
distant from the primary strategic conversation at this high level of
abstraction. Given that the objective of the exercise was to select stra-
tegic initiatives, the topological audit successfully isolated the central,
self-reinforcing problem that the new strategy must address.
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6.4. Synthesis

The three-part topological audit, applied to two distinct industrial
scenarios, demonstrates the framework’s practical utility in operation-
alising foundational MCDM axioms. By translating the abstract concepts
of completeness, non-redundancy, and logical consistency into
measurable topological invariants, the analysis provided a comprehen-
sive, evidence-based structural validation of each Decision Criteria
Configuration (DCC).

First, the Completeness Audit (Proposition 1) quantified the archi-
tectural coherence of each DCC. It diagnosed the workshop-derived
strategic DCC (Scenario 1) as a poorly differentiated "conceptual
monolith" due to its rapid topological convergence. In stark contrast, it
validated the expert-derived inventory DCC (Scenario 2) as a parsimo-
nious and well-structured model with a clear hierarchical nature.

Second, the Non-Redundancy Audit (Proposition 2) provided an
objective and defensible basis for model reduction. For the strategic
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DCC, the Structural Impact Analysis identified significant distributed
redundancy, classifying a substantial subset of criteria as "structurally
subsumed." For the inventory DCC, the audit provided a definitive res-
olution to the expert deadlock by isolating a minimal, non-redundant
core of six essential criteria from the initial set of 32.

Finally, the Logical Consistency Audit (Proposition 3) successfully
investigated the cyclical structures within each DCC. For the strategic
DCC, the audit identified a core, systemic feedback loop representing a
key organisational dysfunction involving criteria such as CUST-01
(Inadequate Customer Segmentation & Understanding), ORG-02
(Misalignment between Sales & Planning), PLAN-06 (Deficient Capac-
ity Planning & Allocation), DATA-04 (Constraining Legacy Systems),
and ORG-03 (Conflicting KPIs). The audit confirmed the inventory DCC
possessed a perfectly acyclic structure, providing the strongest evidence
of its logical integrity.

Collectively, these results show that the topological framework
moves beyond descriptive visualisations to deliver prescriptive, action-
able structural audits. The analysis provides an auditable and repro-
ducible methodology to ensure that the criteria sets underpinning
multicriteria decision models are formally validated as complete, non-
redundant, and logically consistent prior to subsequent weighting and
ranking processes

7. Discussion

This section discusses the findings of the three validation audits, i.
completeness (Fig. 5), ii. non-redundancy (Fig. 6), and iii. logical con-
sistency (Figs. 7-8) and interprets them in relation to the two industrial
scenarios. Together, these results show how topological diagnostics
assess the structural validity of criteria and, in turn, the appropriateness
of initiatives derived from them.

7.1. Principal findings: criteria, initiatives, and structural validity

The topological audit of the 61 criteria provides a rigorous, post-hoc
evaluation of the structural soundness of the six strategic initiatives that
were justified by them. As outlined in Section 5.2.1, the workshop
process culminated in the selection of customer segmentation, capacity
allocation, a core planning systems upgrade, a control tower, data
integrity, and integrated business planning (IBP). The TDA results allow
us to interrogate the foundational logic of these choices. Each initiative
drew its justification from specific criteria: segmentation from CUST-01
(Inadequate Customer Segmentation); capacity initiatives from PLAN-
06 (Deficient Capacity Planning & Allocation); visibility improvements
from VIS-01 (End-to-End Supply Chain Visibility); system upgrades from
DATA-04 (Legacy System Constraints) and DATA-01 (Data Integrity &
Quality); and IBP design from ORG-02 (Sales-Planning Misalignment)
and ORG-03 (Conflicting KPIs).

The Completeness audit (Proposition 1, Fig. 5) showed that these
criteria collapsed into a “conceptual monolith”
(Bp =1 only at ex ~ 0.78), revealing that segmentation, capacity, visi-
bility, data, and governance were not independent domains but over-
lapping expressions of a single dysfunction [2]. Non-redundancy audit
(Proposition 2, Fig. 6) confirmed that while PLAN-06, DATA-04, and
ORG-02 functioned as essential bridging criteria, many others especially
visibility-related ones were structurally subsumed [20,21]. Elevating
visibility to an initiative (control tower) therefore risked redundancy.
Logical consistency audit (Proposition 3, Figs. 7-8) further revealed that
segmentation, capacity, systems, and KPI alignment were bound
together in a feedback loop, indicating that treating them as standalone
initiatives ignored their interdependence.

When contrasted with Scenario 2, the six validated criteria, namely,
Production Lead Time, Orders per Cycle, Stockout Risk, Freight Cost,
Handling Efficiency, and External Factors distilled this systemic
dysfunction into operational levers. Production Lead Time and Orders
per Cycle directly mapped to the planning bottlenecks (PLAN-06, PLAN-
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10); Stockout Risk and Freight Cost reflected consequences of segmen-
tation and system unreliability; Handling Efficiency aligned with data
and process quality. What was absent was redundancy: multiple seg-
mentation and visibility criteria were collapsed into fewer, structurally
essential drivers. As Figs. 5-8 collectively demonstrate, the workshop
criteria were thematically appropriate but structurally incoherent,
whereas the TDA-validated set was both parsimonious and strategically
aligned.

7.2. Positioning relative to existing methods

As highlighted in the literature, established problem structuring
approaches emphasise inclusivity and organisation but rarely provide a
means to validate whether criteria sets are complete, non-redundant,
and logically consistent. The facilitated workshop in this study relied
on urgency-impact grids and cognitive maps, which broaden partici-
pation but cannot test structural distinctness. Consensus-building tech-
niques such as Delphi or causal mapping approaches such as DEMATEL
can capture perceived influence among criteria, yet they would not have
revealed the collapse into a monolith [30]. Beyond these, diagnostic and
statistical tools are sometimes used: factor analysis can extract latent
dimensions from correlated inputs [32], and network analysis can detect
clusters and connectivity patterns [33]. Yet both are limited, factor
analysis assumes linear relationships and large samples, while network
analysis provides no mechanism to assess completeness or logical con-
sistency. The topological audit fills this methodological gap. By oper-
ationalising MCDM axioms as topological invariants, it identifies when
criteria are genuinely independent, when they are redundant, and when
they form feedback cycles that require joint treatment. TDA thus com-
plements, rather than replaces, problem-structuring methods by audit-
ing structural soundness before weighting, ranking, or initiative
selection.

7.3. Theoretical and methodological contributions

These results contribute to the axiomatic foundations of decision
analysis by extending them from preference aggregation to criteria
validation. Whereas classical axioms ensure coherence in translating
preferences into rankings or recommendations, the proposed topological
propositions ensure that the criteria sets underlying those preferences
are themselves structurally coherent. This reframing clarifies the
methodological novelty of the framework: the contribution lies not in
new TDA algorithms, but in the operationalisation of axioms at a
neglected stage of decision modelling.

The study advances theory and method in three ways. First, it
demonstrates how the axioms of completeness, non-redundancy, and
logical consistency can be formalised as computable topological prop-
ositions, providing an objective standard for structural validity. Second,
it bridges qualitative and quantitative traditions by showing how
workshop-derived criteria can be codified and audited using persistent
homology. Third, it introduces structural persistence, i.e., the endurance
of cycles or stability of minimal cores as a measurable property that can
be used to test alignment across decision models. These contributions
extend MCDM by shifting validation from an implicit assumption to a
formal, auditable process.

7.4. Managerial and practical implications

For managers, the implications are direct. Some initiatives, particu-
larly IBP design and data integrity were validated as structurally
essential (Fig. 6, Scenario 2). Others, such as a control tower and seg-
mentation in isolation, were revealed as redundant or mis-sequenced
(Figs. 6 and 8). The framework therefore functions as a pre-mortem
governance tool: before committing resources, decision makers can
test whether initiatives address structurally material levers or merely
symptoms. Scenario 2 further showed that large, redundant sets often
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collapse into a handful of validated criteria (Figs. 5-6). Concentrating
resources on these levers increases coherence, reduces duplication, and
enhances alignment between strategy and operations.

Importantly, these findings demonstrate that criteria validation is
crucial even when organisations do not apply full MCDM models.
Workshops and Delphi-style exercises still rely on elicited criteria to
prioritise initiatives, yet without formal checks these foundations may
be structurally unsound [30,31]. In hindsight, managers should have
insisted on a structural audit immediately after the workshop process.
Such an audit would have provided a structural basis to argue that
visibility initiatives were derivative, that segmentation could not be
treated in isolation, and that the real leverage lay in resolving the cycle
between planning, KPIs, and systems (Figs. 7-8). A leaner, sequenced
portfolio anchored on validated levers would have improved gover-
nance and reduced wasted effort.

The speculative lesson is clear: without validation, initiative selec-
tion risks building on conceptual sand [25-27]; with validation, man-
agers can target structurally material levers with confidence, even at the
earliest stage of problem structuring, before weighting or ranking
models are applied. Moreover, redundancy can reinforce biases or
exaggerate single dimensions (e.g., segmentation or visibility) while
presenting the illusion of balance [28,29]. The contrast between the
broad but redundant workshop set and the lean validated set (Figs. 5-8)
underscores this risk and the value of embedding structural audits into
governance practice.

8. Conclusion, limitations, and future research
8.1. Conclusion

This study set out to evaluate whether the criteria used to select
initiatives in a complex supply chain decision context were structurally
valid, and whether a topological audit could provide a more suitable
basis. The findings show that the workshop criteria were thematically
accurate but structurally incoherent, collapsing into a conceptual
monolith that produced overlapping initiatives. By contrast, the TDA
audit validated a minimal, non-redundant set of criteria that distilled the
systemic dysfunction into operationally meaningful levers. Initiatives
such as IBP design and data integrity were confirmed as appropriate, but
others, particularly control tower and segmentation in isolation lacked
structural validity. By embedding topological audits into governance
processes, supply chain managers can ensure that decision criteria are
formally validated for completeness, non-redundancy, and logical con-
sistency before use. As Figs. 5-8 collectively showed, the workshop-
derived initiatives were thematically appropriate but rested on struc-
turally incoherent criteria, collapsing into a conceptual monolith with
redundant visibility and segmentation drivers. In contrast, the validated
criteria set distilled this complexity into a minimal set of operational
levers that were both parsimonious and strategically aligned. The
overarching lesson is that criteria validation must occur at the problem
structuring stage: without it, initiative selection risks building on con-
ceptual sand; with it, managers gain a defensible foundation for pri-
oritisation, ensuring that initiatives address structurally material levers
and that subsequent weighting or ranking models rest on sound decision
architectures.

8.2. Limitations

This study is subject to several limitations, which fall into three main
categories: study design, methodological considerations, and practical
application.

First, concerning the study design, the validation was a retrospective
simulation of pre-existing decision scenarios. This directly influenced
the primary data limitation in Scenario 1, where similarity scores were
derived from a single-researcher content analysis. This process, while
guided by a scoring heuristic, lacks a formal calibration method, such as
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using multiple raters to establish inter-rater reliability, e.g., Cohen’s k or
Krippendorff’s a, and thus has a potential for subjective bias. This
approach was deemed sufficient for the study’s specific aim to use
Scenario 1 as a diagnostic demonstration of the TDA framework’s ability
to extract latent structure from a complex qualitative archive but for
prospective applications, a more rigorous, calibrated approach is
essential.

Second, there are methodological considerations inherent to the TDA
pipeline. A key choice is the selection of the similarity threshold (e).
While our filtration approach mitigates dependence on a single value,
the development of robust, context-aware techniques for selecting
optimal threshold ranges remains an open research area. Furthermore,
computational complexity is a practical consideration as the number of
criteria (n) grows. For the medium-scale problems analyzed in this paper
(n =61 and n = 32), the entire computational process was completed in
minutes on a standard laptop. However, the primary bottleneck is the
construction of the Vietoris-Rips simplicial complex, which presents a
scalability challenge for very large-scale problems. Established mitiga-
tion strategies, such as using computational approximations or sub-
sampling techniques, would need to be incorporated into future work on
large-scale, data-mined criteria sets to ensure tractability.

Finally, a limitation related to practical application is the challenge
of visualizing high-dimensional conceptual structures. While the heat-
maps and Betti curves used here are informative for analysts, developing
more intuitive, interactive visualization tools is a critical next step for
enabling broader exploratory analysis by non-expert managers. Closely
related is the interpretation of the topological features themselves.
Although our framework provides a structured, data-driven process for
forming hypotheses about features like systemic cycles, the final vali-
dation of their meaning, distinguishing legitimate feedback from prob-
lematic redundancy still relies on confirmation from domain experts.

8.3. Future research

The findings of this study, while demonstrating the diagnostic power
of a topological audit, also illuminate a clear and compelling path for
future research. Having established the framework’s potential, the
research agenda must now turn towards validating its real-world impact,
formalizing its interpretive power, refining its methodological core, and
ensuring its practical accessibility for decision-makers.

The most critical next step is to move from retrospective audits to
prospective, longitudinal validation. The ultimate test of this frame-
work’s value lies in its ability to improve decision outcomes. Future
research should therefore conduct field studies that embed the topo-
logical audit into live strategy workshops, tracking not just the process
but the long-term performance of the initiatives that result. This would
provide direct, empirical evidence to test the paper’s central hypothesis:
that a structurally sound decision architecture leads to more efficient
resource allocation, reduced project redundancy, and superior strategic
performance.

Building upon the interpretive process in this study, a crucial
research direction is to formalize the meaning of the topological features
the framework reveals. Future work could build a diagnostic typology
that maps specific signatures such as the "conceptual monolith" found in
Scenario 1 or common systemic feedback cycles to known organiza-
tional dysfunctions. This would mature the analysis from a bespoke
interpretation into a more standardized and scalable diagnostic process,
directly addressing the challenge of cycle interpretability.

The framework also invites further methodological refinement at the
front-end of data elicitation. The subjectivity inherent in our first sce-
nario, a key limitation, points to a pressing need to develop structured
protocols for eliciting similarity data directly from expert groups.
Furthermore, building on the methods used in this study, future work
should expand on the Fermatean fuzzy approach to better capture the
uncertainty and hesitation inherent in expert judgments, thereby
increasing the robustness of the input data.
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Finally, for this framework to transition from a specialized analytical
tool to a widely adopted managerial practice, the challenge of accessi-
bility must be addressed. Future work should focus on developing
intuitive, interactive decision-support dashboards. Such tools would
empower managers to conduct "what-if" analyses in real time exploring
the structural impact of adding or removing a criterion and could inte-
grate the topological audit with outputs from methods like DEMATEL,
offering a unified, multi-perspective interface for strategic dialogue. By
pursuing these avenues, this research program can evolve the topolog-
ical framework from a novel diagnostic method into an indispensable
component of modern strategic governance.

Appendix A. - Criteria Vertex Codes and Definitions
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Definitions of short codes used within figures and text in the main article. These codes were derived from documents provided by the case company
which recorded outputs from a multi-stakeholder supply chain strategy workshop.

Short Code Short Label Full Vertex Definition

CUST-01 Customer Segmentation Inadequate Customer Segmentation & Understanding

CUST-02 Customer Experience Suboptimal Customer Experience & Service Levels

CUST-03 Differentiated Service Offers Lack of Differentiated Customer Value Proposition & Offers
CUST-04 Market Alignment Misalignment with Market Needs & Influences

CUST-05 Customer Order Visibility Low Customer Order Visibility & Tracking

FIN-01 Product/Customer Profitability Unclear Product & Customer Profitability

FIN-02 Activity-Based / Cost-To-Serve Costing Lack of Activity-Based Costing & Cost-to-Serve Data

FIN-03 Cost Control & Waste Ineffective Cost Control & Waste Reduction

FIN-04 Earnings & ROIC Stability Earnings Volatility & Unstable Profitability/ROIC

FIN-05 Revenue & Margin Growth Suboptimal Revenue Growth & Margin Maximization

DEC-01 Decision-Making Speed Slow & Ineffective Business Decision-Making

DEC-02 Decision Support & Scenario Tools Lack of Robust Decision Support & Scenario Planning Capability
DEC-03 Risk Management & Resilience Inadequate Business Risk Management & Resilience

DEC—04 Business Control & Predictability Deficient Business Control & Outcome Predictability

DEC-05 Decision-Making Authority Subjective & Over-Concentrated Operational Decision-Making
VIS-01 E2E Supply Chain Visibility Lack of End-to-End Supply Chain Visibility

VIS—02 Inter-Plant & Sourcing Visibility Poor Inter-Plant & Sourcing Process Visibility

VIS—03 WIP Visibility & Control Insufficient Work-In-Process (WIP) Visibility & Control

VIS—04 Logistics Provider Visibility Limited Visibility & Integration with Logistics Providers

VIS—05 Forward Schedule Visibility Lack of Forward Schedule Visibility for Planning & Prioritization
DATA-01 Data Integrity & Quality Poor Data Integrity, Consistency & Accuracy

DATA-02 Master Data Governance Lack of Master Data Ownership & Governance

DATA—-03 Single Source of Truth Absence of a Single Source of Truth for Data

DATA-04 Legacy System Constraints Constraining Legacy Planning & Production Systems

DATA-05 User System Proficiency Inadequate User Understanding & Utilization of Systems
DATA—-06 Inventory Management Systems Ineffective Inventory Management Systems

PLAN-01 Demand Forecast Accuracy Poor Demand Forecast Accuracy (Short & Medium Term)
PLAN-02 Demand Forecast Inputs Inadequate Demand Forecasting Inputs & Insights

PLAN-03 Master Scheduling Capability Lack of Master Scheduling Capability & Process

PLAN-04 Production Scheduling Tools Ineffective Production Scheduling Tools & Practices

PLAN-05 Inventory Planning & Optimization Suboptimal Inventory Planning & Optimization

PLAN-06 Capacity Planning & Allocation Deficient Capacity Planning & Allocation (Operational & Tactical)
PLAN-07 Supplier Ordering Process Lack of Granularity & Accuracy in Supplier Ordering Process
PLAN-08 Value-Based Forecasting Forecasting by Volume Only (Lacking Value-Based Forecasting)
PLAN-09 Consumables Forecasting Inadequate Forecasting & Planning for Consumables/Value-Add Products
PLAN-10 Grade-Level Forecasting Lack of Grade-Level Forecasting in S&OP for Raw Materials
OPS-01 Reliance on Manual Intervention High Reliance on Manual Intervention in Processes

OPS—-02 Process Agility Limited Operational Process Agility & Responsiveness

OPS—-03 Invoicing & Dispatch Process Inefficient Invoicing & Dispatch Processes

OPS—04 Production Disruptions Production Disruptions from Small Orders or Uncoordinated Priorities
OPS-05 Production & Receiving Alignment Misalignment between Production & Customer Receiving Capacity (Yard Congestion)
OPS—06 Network & Space Optimization Suboptimal Network & Space Configuration & Management
OPS—07 Operational Bottlenecks Operational Bottlenecks & Inefficiencies

ORG-01 Internal Collaboration Poor Internal Alignment, Integration & Collaboration

ORG—-02 Sales & Planning Alignment Misalignment between Sales & Planning (S&OP Gaps)

ORG—-03 KPI Alignment Conflicting or Inadequate KPIs across Supply Chain

ORG—-04 Role Clarity & Accountability Lack of Clear Role Clarity, Accountability & Decision Ownership
ORG-05 Change Resistance & Discipline Organizational Resistance to Change & Lack of Change Discipline
ORG—06 Project Prioritization Ineffective Project Prioritization & Management Visibility
ORG-07 Decision Communication Poor Communication of Decisions & Business Drivers

ORG-08 Workforce Engagement Insufficient Workforce Engagement & Decisiveness
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(continued)
ORG—09 Process Ownership Unclear Ownership for Key Processes (e.g., Paint Ordering)
PERF-01 DIFOT Performance Low DIFOT (Delivery In Full, On Time) Performance
PERF-02 Predictive Delivery Dating Lack of Accurate Predictive Delivery Date Capability
PERF-03 STO/MTO Mix Strategy Suboptimal STO/MTO (Stock-to-Order/Make-to-Order) Mix Strategy
PERF-04 Exception Management Planning Inadequate Event & Exception Management Planning
PERF-05 Critical Supply Contingency Uncertainty & Lack of Contingency in Critical Material Supply
PERF-06 Agile/Dynamic Capability Lack of Agile & Dynamic Supply Chain Capabilities
LOG-01 Logistics Provider Influence Limited Influence & Flexibility with Logistics Providers
LOG—-02 Logistics Forecast Accuracy Mismatch between Logistics Provider Forecasts & Actuals

Data availability

The data used in this study are derived from a private organization
and are subject to confidentiality agreements; therefore, they cannot be
publicly shared. The code and models were developed within this
context and are not publicly available due to similar constraints. How-
ever, the analytical framework and methodological descriptions are
sufficiently detailed to enable replication with appropriate data.
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