
Copyright is owned by the Author of the thesis.  Permission is given for 
a copy to be downloaded by an individual for the purpose of research and 
private study only.  The thesis may not be reproduced elsewhere without 
the permission of the Author. 
 



Parameters of the Two Generator Discrete 

Elementary Groups 

A thesis presented in partial fulfillment of the requirements for 

the degree of 

:t\Iast er of Science 

1n 

Mathe1natics 

At Massey University, Albany, 

New Zealand 

Qingxiang Zhang 

2006 



Abstract 

Let f , g be elements of M , the group of l\kibius transformations of the extended complex 
plane C = C U oo. We identify each element of M with a 2 x 2 complex matrix with 
determinant 1. The three complex numbers. 

/3(!) = tr2 (f) - 4, 13(g) = tr2 (g) - 4. 1 (1. g) = tr[! , g] - 2, 

define the group (!, g) uniquely up to conjugacy whenever 1 (!, g) i- 0: where tr(! ) and 
tr(g) denote the trace· of representive mat rices off and g respect ively, [!, g] denotes the 
multiplicat ive commutator J gJ- 19- 1. We call these three complex numbers the parameters 
of(!. g). This thesis is concerned with the parameters of d iscrete and element ary subgro ups 
of M. 
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Introduction 

:\Iobius transformations were studied by the German ma thematician A. F . :\Iobius in the 
19th century. F . h:tein proved the group of :\Iobius transformations acting on Euclidean 
n-space is isomorphic to the group of isometrics of hyperbolic (n + 1)-space (sec [17] . page 
147). This discovery leads to a deeper understanding of hyperbolic space and relations 
between conformal geometry of spheres. the models of hyperbolic space they bound and n­
dimcnsio n geometrv. Relevant references can be found in the works of Beardon [l]. R atcliffe 
[17]. Thurston [20] . Gehring and :\Iartin (see for exa mple [5]. [6]. [9] . [10]) and references 
therein. In recent years. the s t udy of the 3-dimensional hyperbolic orbi folds. which can be 
represented as // 3/ C "·here H 3 is hyp0rbolic 3-space (d iscussed in Chapter 1) and C is a 
discrete non-elementary orientation preserving subgroup of the group of thC' isomct r_\· group. 
has attrnctC'd much attC'ntion. \\·e are concerned here \Yi t h such discrete subgroups C. \\"e 
shall assume a basic- knowledge of group theory in our discussion. 

Let M denote thC' group of :\Iobius transforma tions of the form: 

J(z) = az + b 
c::. +d 

\,·hich we associate wit h the matrix 

A=(:~ ) 

a. b. c. d E Cad - be = l. 

a. b. c. cl E Cad - be= l. 

(1) 

(2) 

There are two basic types of discrete subgroup of M: elementary and non-elementary. whose 
definitions are given in Chapter 2. The discrete non-elementary groups are known as Kleinian 
groups in memory of the Mathematician F. Klein. All the discrete elementary groups are 
known and classified (see [1]) , hence the study of Kleinian groups are of interest. But the 
discreteness or otherwise of a Kleinian group is not easy to establish. Klimenko and Kopteva 
gave a criterion for discreteness of Kleinian groups with an invariant plane (see [3]) . While 
for the Kleinian groups without invariant plane, we have only necessary or only sufficient 
conditions for t he discreteness of such groups. 

Theorem 5.4.2 of [1] s tates that a non-elementa ry subgroup G of Mis discrete if and only 
if for each f and g in G, (!, g) is discrete. Thus t he problem of deciding the discreteness or 
otherwise of G boils down to consideration of the two generator subgroups. We shall study 
the discreteness of two generator groups (!, g). The advantage of studying a two generator 
group is that for every such group (!, g), there are three complex numbers corresponding to 
it, and the necessary or sufficient condition(s) for non-elementary (!, g) to be discrete can 

1 



Introduction 2 

sometimes be described in terms of the e numbers. These three complex numbers a re 

;J(f) = tr2 (J) - 4. ,3(g) = tr2 (g) - 4. 1 (!, g) = tr[!, g] - 2, 

where tr(!) and lr(g) denote the traces of representive matrices of J and g respectively. and 
[J,g] denotes the multiplicative commutator fgJ- 19- 1

• see [7]. These three numbers arc 
called the parameters of the two-generator group (J, g) and we write 

par((J.g)) = (,(J.g).J(J).J(g)). 

These parameters arc independent of the choice of represcnt ive matrices for J and g and 
define (!. g) uniquely up to conjugacy whenewr , (J. g) -=I= 0. See [7]. Two subgroups Co 
and C1 of Care coujugate if for some h in C. C0 = hC1h - 1

. Conjugate subgroups are the 
same from a geometric point of vie,,·. For example. if there exists a unique point fixed by all 
9o E Co, then there exists a unique point fixed by all g1 E C 1. The volumes of !{3/ G1 and 
113 / Go arc the same and so fort h. 

The study of th<' discreteness of t\,·o generator groups has a rich history. sec all of our 
references except [15] and [16] . For exa111ple in [l]. Beardon studies necessary condit ions for 
a two generator Kleinian group by consiclE-ring the displaccmC'nt function 

. 1 
.:: 1------t smh 2p(:::.g:::). 

Gehring and :-- Iartin obtain cond itions for (!. g) to be discret<' by examining the distances 
of f. g from t he identity element in M in [6]. Th<'_,· a lso obtain some sharp estimates for 
the distance between the axes of ellipt ic- elements in a discrete group in [12]. Klimenko 
and Koptcva found criteria for discreteness of t,,·o generator I--:lei11ia11 groups generated by a 
hyperbolic clement and an elliptic element of even order ,,·ith intersection axes in [3]. Tlw 
most well-known necessary theorem in t he subject is due to .Jorgensen (see [l]): 

Theorem 0 .1. (Jorgensen·s inequality) Suppose that the Mobius transforrnations J and g 
generate a discrete non-elementary group with 1 (!, g) = "f and J(f) = 13 . then 

1--YI + I.Bl ~ 1. (3) 

This inequality was studied by Troels J0rgensen in [19]. He proved the inequality by the 
iteration of the rela tion 

B0 =B, 

where A and B are the matrices representing J and g respectively. Another inequality was 
studied by Delin Tan in [2]: 

Theorem 0.2. Suppose that the Mobius transformations f and g generate a discrete group 
with --y(J , g) = --y and (3(!) = {J . lf --y-=/= -1, then 

b+ 11 + lf3+21 ~ 1. (4) 
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If , = -1 and r3 -/= -2, then 

Tan used Lemma 2 in his paper to prove (4); This Lemma was proved by the iteration of 
the relat ion 

Bo =B, 

which is essentially the same as J 0gensen 's iteration scheme. Gehring and l\,Iartin proved (3) 
and ( 4) independently by investigating the two fixed points O and J + 1 of the polynomial 
trace 1 (!, gJg - 1

) = ,(, - J) in [-l]. 
The inequalities (3) and (4) and Gehring and '.\Iartin·s approach to them give a different 

perspective to look at the conditions for discreteness of (!, g) . The fact is tha t in the space 
of two generator discrete groups, all two generator Kleinian groups form a closed set. This 
has essentia lly been proved by J 0rgensen in [19]. We claim that all the element ary groups 
are isolated from the set of Kleinian groups in this spac . This claim and precise bounds 
to describe this isola tion in terms of geomet ric quantities as well as the complex parameters 
are investigated in this and future research. As we kno,v that every two generator group 
(!. g) has three complex numbers as its parameter . we can therefore view (!. g) as a point 
in C 3 . the three dimensional complex space. Let D3 be the subset of C 3 which cont a ins all 
t he param eters of two generator discrete groups. \:Ye prove that whenever (a, b. b' ) E D 3 

corresponds to a discrete element ary group. it is isola ted from the point · corresponding to 
Kleinian groups. We establish the isola tion of (a. b. b' ) by proving an inequa lity of the fo rm 

I, + al+ Id+ bl 2: c (5) 

where c is a real positive number and (, . ,8. /3') are the parameters for any Kleinian group. 
The rea on that the isolat ion of (a . b. b') only depend on a. b will be explained in C hapter 
5. but no te here that (5) a lso implies immedia tely tha t 

I, + a I + I ,6' + b' I 2: c 

by interch anging the order of the generators. ote a lso that the inequality (5) also indicates 
a necessary condition for a Kleinian (!, g) to be discrete. This is the main reason for looking 
at the isolation of discrete elementary groups. 

The m ain concern of the first part of this thesis is to determine all the possible parameters 
for discrete elementary groups. These are the points in C 3 that we shall show to be isolated. 
We then go on to give estimates on this isolation using some of the ideas discussed above 
(iteration). This recovers some known results and also generates some new ones. Baribeau 
and Ransford have given a general description of these parameters in [18] . Gehring and 
Martin have discussed some of them in many of their papers , see for example [4], 5], [13],or 
[14]. We consider all the parameters for all the discrete elementary groups more specified 
in this thesis . To this end we start with some preliminary topics such as the spherical 
and hyperbolic geometries , Mobius transformations , Triangle groups through Chapter 1 to 
Chapter 3. The results in these three Chapters are a matter of rewriting known facts. Our 
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main results are stated in Chapter -1. In this Chapter we investigate the parameters under 
question using a combination of t,,·o methods: geomet ric and algebraic methods. We omit 
the lengthy but purely elementary computation process and state our final results in three 
tables. As we ,vill sec in these tables . for some elementary groups. we are able to find the 
exact parameters: while for others we can only give a general description similar to the results 
in [18] as there are parametrised families of these groups. For tho e ,,·hose exact parameters 
are known. we shall investigate their isolation from Klcinian groups by using the inequality 
of the form (5) . For instance in Chapter 5. we consider several examples to shmv how to 
derive such inequalities for (-l.-2.b1). (-2. -3.b2). (-l.-3.b3). 



Chapter 1 

Spherical and Hyperbolic geometries 

Euclidean geometry was the firs t geometry in human history, its found ations having been 
laid by Euclid in 300 B . C. The famili ar model for an Euclidean n-space En is IRn with the 
Euclidean metric cl E where 

dE(.-c. y) = l:c - YI. .r . y E IR" . 

v\'e use !R 11 to denote E 11 in this thesis. \t\'e assume the basic knowledge about the Euclidean 
geometry and metric space . and discu s mainly the ·pherical and hyperbolic geo metries. Our 
discussions are based on [17] except where otherwise specified 

1.1 Spherical geometry 

Spherical geometry was the first geometry discovered aft er Euclidean geometry. It a rose from 
the study of the sta rry heavens. Strictly speaking. spherical geometry is not one geometry 
since the geometries of two spheres with different radii are not identical. Th different 
spherical geometries are distinguished by Gaussian curvature. A sphere of radius r has 
constant positive (Gaussian) curvature 1/ r 2 . For convenience, we use the uni t sphere sn 
of IRn+ l , which has a const ant curvature equal to 1, as our model for n-dimensional spherical 
geometry. sn is defined by 

sn = { X E IR n+ 1 
: IX I = l} · 

The Euclidean m etric ds on sn is defined by the formula 

dE(x, y) = Ix - YI -

The Euclidean metric on sn is sufficient for most purposes: for the notion of the isometric 
sphere of a fobius transformation (see [l], page 41) ; for the group of isometries of sn. But 
it is not intrinsic to sn. An intrinsic metric on sn follows from the Definition 1.1.1 and 
Theorem 1.1.2. 

Definit ion 1.1.1. let x, y be two points in sn and let 0(x, y) be the Euclidean angle between 
x and y. Th e spherical distance between the rays [0 , x] and [0 , y] is defin ed to be the real 

5 
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numbe'r 
ds(x, y) = 0(x, y). 

Note that 
0 ::; ds ::; 1r . 

and ds(x, y) = 1r if and only if y = - J:: . 

Theorem 1.1.2. The spherical distance function ds is a m etric on 5n . topologically equiv­
alent to the induced Euclidean m etric. 

This intrinsic metric d8 of 5n plays a key role in determining the angles between axes of two 
generators in Chapter 4. There are some other key fac tors in the determination. such as the 
law of cosines and the cosine rules for the sides of a spherical tri angle. To define a spherical 
triangle, we need the following definition 

Definition 1.1.3. A great circle of 5n is the intersection of sn with a 2-dimensional vector 
subspace of JRn+ L. 

A great circle of sn is indeed a unit circle with 0 as its center. 

D efin ition 1.1.4. Three points x. y. z of 5n are spherically collinear if and only if there is 
a great circle of sn containing .r. y . z. 

l\"ow let A. B . C be three spherically noncollinear points of 5 2
. 5(A. B ) be the unique 

great circle of 5 2 containing A, B and Let H(A, B , C) be the closed hemisphere of 5 2 with 
S(A . B ) as its boundary and C in its interior. The spherical triangle \vith vertices A . B. C 
is defined to be 

T (A , B , C) = H (A, B , C) n H(B . C, A) n H (C, A , B ). 

Let [A. B] be the minor a rc of S(A . B ) joining A to B. The sides of T(A . B . C) are defined 
to be [A . B]. [B , C] and [C .. A] . Let a= 0(8 , C) . b = 0(C. A) and c = 0(A. B ). Then a. b. c 
is the length of [ B , C], [ C, A], [A, B] respectively. The following graph shows the spherical 
triangle T(A , B , C ) on a unit sphere centered at a point O = (0 , 0, 0) with R = 1. 

C 

A 0 

B 

Note that the sum of the internal angles of a spherical triangle is always greater than 1r. 

We now state here without proof the results we need in later sections. We refer to [17] 
for a more detailed discussion of such results. 
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Theorem 1.1.5. ( The Ffrst Law of Cosines) If A. B. C are the angles of a spherical triangle 
and a. b. c are the lengths of the opposite sides. then 

cos A = - cos /J cos C + sin n sin C cos a. 

cos B = - cos A cos C + sin A sin C cos b. 
cos C = - cos A cos B + sin A sin B cos c. 

Theorem 1.1.6. (Second Law of Cosines) If A, B , C are the angles of spherical triangle 
and a. b. c CL1"e the lengths of the opposite sides. then 

cos a = cos bros c + sin bsin ccos A. 
cos b = cos a cos c + sin a sin ccos B, 
cos c = cos a cos b + sin a sin b cos C. 

1.2 Hyperbolic geometry 

Hyperbolic geomet ry arose to prominence in the 19th ccntury after many attempts. span­
ning ovn 2000 years. to disprove the independence of the Eudicl"s fifth postulate and the 
realisat ion that hyperbolic geometr)· is the cauonical geometry of two dimension. In 1868. 
Eugenio Bcltrami constructed a hypnbolic model in a Euclidean plane called thc circle at 
infinity. In cont rast to t he spherical geomet ry. a hyperbolic- plane has a negHtive constant 
c-mTaturc a nd the sum of internal angles of a hyperbolic t riangle is a l\\"ays suwllcr than rr. 
For convenience \\"C shall t ake a sphere iu JRn+I \Yith constant cutTature -1 as our model fo r 
hyperbolic- n-space. 

The existence of such a spherc clepc11cls on the Lo1·entzian inner product of .r. .lJ E IR" with 
n > 1: 

.r O .lJ = -.l"J.l/1 + ."C2.1J2 + ··· + X11.lJn· 

The Lorentzian inner product together \\"ith the we-tor space IR" is called thc Lorentzian 
space. and is denoted by JR 1.n - I . The Lorentzian norrn of a vector .r in IR" is clefi11ecl to bc 
the complex number 

I 

llxll = (x O .r;)2 · 

Note that llxll is either positive, zero or positive imaginary. The Lorentzian distance between 
vectors x and y in IR" is defined to be the complex number 

dL(x, y) = llx - YII -

otice here again that dL is either positive, zero , or positive imaginary . 
If llxll = 0, then x is said to be light-like. The set of all x in !Rn with llxll = 0 is the 

hypercone en-L. It is defined by the equation 

Xi = x~ + ... + x~. 

and called the light con e of ]Rn . see Figure 1. 
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x, 

Xz 

Figure 1: The light COil(' C 2 of IR1·11
-

1 

If 11-rll > 0. then .r is said to be space-like. The exterior of C"- 1 i11 IR11 is the open subset 
of IR'1 consisting of a ll t he space-like \·ectors which satisfy the inequal ity 

r2 < ,.'2 + + 1''2 
· I ·' 2 · · · • 11 • 

If 11.rll is imaginary. then .r is said to be time-like. A time-li k0 \·ector .r is said to be 
positiuc(negatiue) if and only if .r1 > 0 (.r 1 < O). The interior of en-, in /?" is the open 
subset of IR11 consisting of a ll the time-like vector::5 \\'hich ::5atisfy th(' inequality 

1,2 > ,.2 + + ,.2 
• I ·' 2 · · · ·' n · 

Theorem 1.2.1. Let .r. y be positive (negative) time-like vectors in IR 11
• Then .roy ~ 11-rll llYII 

with equality if and only if 1· and y are linearly dependent. 

Let .r and y be positive (negat ive) t ime-like vectors in IR". By Theorem 1.2.1, there is a 
unique nonnegative real number TJ( :r;, y) such that 

x O Y = llxll llYII cosh TJ(x , y). 

r,(.r. y) is defined as the Lorentzian time-like angle between x and y with TJ(X, y) = 0 if and 
only if x and y are positive scalar multiples of each other. 

As " imaginary" distances are possible in Lorenzian (n + 1)-space. A sphere of unit 
imaginary radius in ]Rn+l wit h Lorentzian inner product is: 

p n = {x E !Rn+l: llxll = -1} 

The set pn is a hyperboloid of two sheets defined by t he equation 
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The subset of all x in pn such that x 1 > 0 (.-z: 1 < 0) is called the positive (negative) sheet of 
pn . see Figure 2. 

X3 

X2 

Figure 2 The hyperboloid F 2 

The hyperboloid model H 11 of hyperbolic n-space is defined to be the positive sheet of 
F 11

• Let J:. y be the vectors in H " and let 77 (:r . y) be the Lorentzian time-like angle between 
.-z: and y. Then the real number 

dH (.-z: . y) = 77 (.1:. y) 

is defined as the hyperbolic distance between .-z: and y. 

Theorem 1.2.2. Th e hyperbolic distance function dH is a metric on H 11
• 

The metric dH on Hn is called the hyperbolic metric. The metric space consisting of H 11 

together with its hyperbolic metric is called hyperboloid model of hyperbolic n-space. 
We now redefine the Lorenzian inner product on JR.n+ l to be 

All the results discussed previously in this section remain true after reversing the order of 
the coordinates of JR.n+l. Identify ]Rn with ]Rn x O in JR.n+ 1, the open unit ball Bn , where 

Bn = {XE JR.n X O : lxl < 1} , 

is mapped onto Hn isometrically by the stereographic projection ( that projects x in Bn 
away from - en+I until it meets H n in the unique point ((x). See Figure 3. 
The explicit formula for ((x) is 

( 
2x1 2xn 1 + lxl2

) 

( (x) = 1 - lxl 2 ' ... , 1 - lxl 2 ' 1 - lxl2 . 
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The map ( is a bijection of En onto fi n and the inverse of ( is given by 

C l (y) = ( Yl .... 
1 

Yn ) 
l+Yn+ l l+Yn+I 

X3 

Figure 3 The stereographic projection ( of B2 to fl 2
. 

which map fi n to Bn. 
Define a metric d8 on E n by the formula 

da( :c, y) = dH ((( :c), ((y)). 

10 

The metric d8 is called the Poincare metric on E n. The unit ball En together with the 
metric d 8 is called the conformal ball model of hyperbolic n-space. We also use the symbol 
~ to denote Bn. 

Theorem 1.2.3. The m etric d8 on En is given by 

2lx -yl2 
coshda (x,y) = 1 + (1- lxl2)(1- IYl2) 

There is also a transformation from En to un, where 

un = {( x1, ... ,Xn) E ]Rn : Xn > O} · 

Define ¢ = '!j} CJ where CJ is the reflection of ]Rn in the plane ]Rn- l and 'lf; is the reflection of ]Rn 

in the sphere S(en, \12). Then ¢ is an isometry from the upper half-space un to Bn. Since 
¢ = '!j}CJ is a bijective function, it has an inverse function which maps un to Bn. 
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Define a metric du on un by the formula 

du(.r,y) = da(<l>(.r) .¢(y)). 

The metric du is called the Poincare metric on U" . The metric space consisting of un 
together with the metric du is ca lled the upper half-space model of hyperbolic n-spacc 

T heore m 1.2.4 . The metric du on U 11 is given by 

l-r-Yl2 
coshdt{i:.y) = 1 + (' ) 

2X11Yn 

Henceforth. we use (If". d1-,) instC'ad of ( un. du) to denote the upper half-space model. 
ThC' conformal ball model B" and If" arc the two basic models of the hyperbolic n-space we 
s hall use in our discussion. 

\\'e end this section \\·ith a brief discussion of geodesics in JR". S 11
• lf'1 or B". Given any 

two points .r, y in JR" . S 11
• H11 or B" (\'otc, .i.: =I- -y in S 11

). there exists a uniqtu,• curve joining 
.r. y and g iving the shortest distance between t hem. Such a curve is a segment of a geoclc>sic 
passing through these two points. A geodesic in JR" . 8 11

• If " or 13" is defined as the follO\\·ing: 

• A geodesic of JR" is an Euclidrnn line. 

• A geodesic of 8 11 is a great circle. 

• A geodesic of // 11 is the intersection of II " with either a strnight line 01·thogonal lo 
JR"- 1 or a circle orthogonal to JR 11

-
1• 

• A geodesic of B" is either an open diameter of B" or the intersection of /3" with a 
circle orthogonal to S"- 1 

• 

where JR"- 1 is the boundary of H 11 and S'"- 1 is the boundary of FJ'l . 

l\ote, given two distinct points b1 , b2 in the spaces above. there is a unique geodesic L 
passing through both b1 and b2. 



Chapter 2 

" Mobius transformations on JRn 

The discrete elementary groups and Kleinian groups are s ubgroups of the group of .\Iobius 
transformations. \\"e consider the .\Ii:ibius transformations in this Chapter. All of our dis­
cussion a rc based on [l] excC'pt where othenYisc specified . 

2.1 The Mobius group on IR" 

A sphere S(a . r ) in IR" is the set of points "·hich satisfy 

S'(a. r ) = {.r E IR" : 1-r - al = r} 

where a E IR" and ,. > 0. The reflection in S(o. r ) is the function v dC'finC'd by 

4 '(,r) = o + ( r ) 
2 

Cr - a) 
1-r - al 

Figure -l is a geometrica l interpretation of the reflect ion .r in S(a. r). where a . . r E IR" and 4· 
is the reflection in S(a. r ). 

\jl(x) 

a 

Figure 4 The reflection of a point x in a sphere S( a, r) 

A plane P(a, t) in in = !Rn U oo, the Riemann sphere, is given by 

P(a,t) = {x E !Rn: (x ·a) = t} Uoo, 

12 



}vfobius transformations on !Rn 13 

where a E !Rn, a# 0, (.-z:: · a) is the usual dot product of vectors in !Rn and tis a real number. 
The reflection in P ( a , t) is given by 

1/;(.-z::) = .-z:: - 2[(.-z:: · a) - t]a* 

where a* = a/l.-z::1 2-
A geometrical interpretat ion is shown in Figure 5, where P is a plane in in passing through 
0, 'ljJ is a reflection with respect to P. 

p 

0 

Figure 5 The reflect ion of a point x in the plane P 

The chordal metric d on i 11 is defined by 

if :c . y °F X 
d(x, y) = (1 + 1~12)1 /2(1 + IYl2)1 /2 

{ 

2lx - YI 

if 
(1 + lxl2)1;2 

(2 .1 ) 

where x, y E in_ Any reflect ion lf)_(.-z::) (in a sphere or a plane) is cont inuous ,vith respect to 
t he chordal metric d throughout !R 11

• 

A :dobius transformation acting in i 11 is a finit e composition of reflections in spheres or 
plan as described above and is conformal, which means it preserves the angles. The set 
of l'vlobius transformations forms a group under function composition, called t he General 
Mobius group, denoted by GJ\I(!Rn). The Mobius group consists all orientat ion-preserving 
Mobius transformations, which are the composition of an even number these reflections. We 
are prima rily interested in the geometric act ion of subgroups of .M(IR2). It can be shown 
that M(IR2

) is identical to M of form (1) on page 1. Henceforth we shall use the notat ion 
M in preference to M(IR2

). 

2. 2 Po in care extension 

Poincare observed that each Mobius transformation 'ljJ acting in in has an extension to a 
Mobius transformation ,J; acting in in+i. The extension depends on the function: 

X ~ X =(xi, .. . , Xn, 0) , X = (x1, ... , Xn) 
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of !Rn into ~n+i_ Let I/; be the reflection in S( a,r) (P (a,r)),a E !Rn, then J; is the reflection 
in S(a, r) (P(a, r) ), a E !Rn Hence for X E !Rn, and y = ·l/;(x ) we have 

(/;(x ,, .... Xn, 0) = (y1 , --- ,Yn, 0) 

Alternatively. we can write (2.2 ) as 

;/;(x, 0) = ('1/;(x ), 0) 

(2.2 ) 

Hence 1/J is regarded as an extension of lfJ. It can be shown that i,_-, leaves the plane Xn+ l = 0 
invari ant and preserves each of the half-spaces ,Tn+ I > 0 and .rn+ l < O.For every 1\fobius 
transformation I/; ac ting in !Rn . there is at most one such extension C that pre ·erves 

D efinition 2.2.1. Th e Poincare e.xtension of l/; in GJ\J (IR. 11
) is the transfo rmation defined 

as above. 

Let .r . y E H 11 +1
, Poincare extension of ~• in G~I (IR. 11

) also leaves 

invari ant. l',;otice this means that the Poincare extension preserves the metric dr-r of H 11 +1
• 

It is a direct consequence of this invari ance that the Poincare extension of any v in GI\I (IR. 11
) 

is an isometry of hyperbolic (n + 1)-space with metric dH. In fact Klein has ·hown tha t 
the group of 1\fobius transform ation of n-space is isomorphic to the group of isometries of 
hyperbolic ( n + l ) space as mentioned at the beginning of this thesis. Hence M is isometric 
to the group of conformal isometrie of H 3 . We encl this section with a theorem about the 
group of isometries of H 2 and B 2 (see [1]) . 

Theorem 2.2.2. Let (H2 ,dH ) and (B2 ,d8 ) be two models of hyperbolic 2 space, then 

• The group of isometries of (H2 , dH) is precisely the group of maps of the form 

az + b 
Z t----t--

CZ + d ' 

where a, b, c and d are real and ad - be = l. 

a(- z) + b 
Z t----t----

c(-z) + d 

• The group of isometries of ( B 2
, d8 ) is precisely the group of maps of the form 

where lal 2 
- lcl2 = 1. 

az + c 
Z t----t--

cz + a' 
az + c 

z f---t --

cz + a 
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2.3 The Discrete elementary subgroups of M 

Define a metric on M by letting 

D(f.y) = sup{d(f(z).g(z)) . z EC. f.g E M}: 
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a subgroup C of Mis discrete if there exists a constant f. = c(G ) > 0 such tha t D(J.g ) 2'. c 
for each dis tinc t pair of clements J and g in M [5] . Alternatively we can say tha t a s ubgroup 
G of M is discret e if a nd only if for each positive k. the set 

{AEG:IIAll:Sk} . 

where A is a matrix of form (2) on page 1. is finite. Let X be any non-empty set. and .r E X. 
G(.r). the G-or bit of J'. is the subset of X defined by 

G ( .r) = { g (.r) E X : g E G} : 

a subgroup of M is elementary if and only if there exist s a finit e G-orbit in ~:3. 

There are three basic types of discretc elementary groups. This classifica tion is based ou 
t he types o f clemeuts i11 M. There arc four types of elements iu M. These can be defined by 
using either the fixcd points or the traces of the clcments. The follmring theorem concerns 
the classification of these clements by their traces. 

Theorem 2.3.1. Let g(=/: I) be any /\lobiiLs tmnsfornzation. Then 

(i) g is parnbolic if and only if tr2 (y) = -1 : 
(ii ) g is elliptic if a nd only if tr2(g) E [0 .-1): 
(iii ) y is hyperbolic if and only if tr2(g) E (-1. +oc): 
(iv) g is strictly lo.rodromic if and on ly if tr2 (g) <i. [O . +x). 

Where tr2 (g) = tr2 (A). A is the matrix representa tion of g. If lr2 <i. [O. -!]. we call g 
loxodromic. Thus a loxodromic element is either hyperbolic or st rictly loxodromic. 

A discret e elementary group G is one of the following three types: 

• Type 1: C contains only ellipt ic elements, there are two subcases: 

(i) C is a finite cyclic group of rotations of C; 
(ii) G is a two-generator group which is isomorphic to one of the symmetry groups 
of a regular plane n-gon, the te trahedron, t he oct ahedron and the icosahedron; these 
symmetry groups correspond to the abstract groups Dn, A4 , S 4 . A5 . 

• Type 2: Every element of G is of the form 

(2.3) 

where k, m , n are integers, 0 :S k :S q and q :S 6, q =/: 5 
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There are 5 types of two-generator groups that conta in elements of form (2.3). Such a 
group is isomorphic to 

(1) (f(z) = z + 1, g(z ) = az), where g is of order 2, 3, 4, 6; 

(2) (f(z) = z + 1, g(z) = z + T), where J, g are pa rabolic elements and T E C and 
T tJ. IR; or 

(3) one of the Euclidean Triangle groups , which are discussed in Chapter 3. 

• Type 3: every element of G is either of the form 

or of the form 
z 1---7 wk an I z . 

:.lore specifically. there are three types of elements: 

(i) loxodromic elements: J (z) = az, lal i- 1. 

The elements of this type fix both O and '.X): 

(ii ) elliptic element s of the type: g(z) = bz, lbl = 1. 
The elements of this type belong to a finit e cyclic group and fix both O and x : 

(iii ) elliptic elements of the type h(z) = c/ z which exchange O and oo . 

A two-generator subgroup of G of this type is generat ed by a p air of elements described 
above. If one of the generators is of the form h(z) = c/ z . then the resulting group is 
the dihedral group D 11 • Unlike Type 1, here the order of dihedral group can be infinite. 
We denote this group by D= . 



Chapter 3 

Triangle groups 

Triangle groups are important classes of discrete subgroups of M. Indeed in the first two 
geometries (Euclidean and Spherical) , the triangle gro ups are the most interesting discrete 
groups and it is these groups which we will find the parameter · for. This Chapter is devoted 
to these groups. 

3.1 Triangle groups in three different geometries 

We start with the definition of a group of type (a . J. 1 ) that does not mention discreteness . 

D efinition 3.1.1. A group G of isometries of the Euclidean plane (the sphffe or the 
hyperbolic plane) i said to be of type ( Cl . J, 1 ) if and only if G is generated by the 1·efi ections 
across the sides of some triangle with angles Cl , 3, 1 . 

According to Theorem 7.1.3 in [17]. if each of o.. /3, --y is of the form 

1r/p, 2:Sp:S+ 

then the group G of type (a., /3, ,) is discrete . Also , Each G has a distinguished subgroup 
Go of index two that contains the conformal elements of G: we call C0 a conformal group of 
type (o.,{3,,). We shall discuss discrete conformal groups and we adopt the definition in [l] . 

Definition 3.1.2. A group G is a (p,q,r)-Triangle group if and only ifG is a conformal 
group of type (1r/p ,1r/q , 1r / r): we call Ga Triangle group if it is a (p,q,r)-Triangle group 
for some integers p, q, r. 

A Triangle group is necessarily discrete. There are three types of Triangle groups, they 
are: 

• Hyperbolic Triangle groups if 1r /p + 1r / q + 1r /r < 1r; 

• Euclidean Triangle groups if 7f /p + 1r /q + 1r /r = 1r ; 

17 
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• Spherical Triangle groups if 1r/p + 1r/q + 1r/r > 1r. 

In the hyperbolic case, there are infinitely many integral solutions for (p, q, r). Each 
solution determines a hyperbolic triangle T(o:, /3, ,) and a corresponding group G of type 
(o:, /3, "f) . It can be shown that hyperbolic Triangle groups are discrete but not elementary 
(see [1]). Hence we shall confine our attention to Euclidean and Spherical triangle groups. 

The number of integral solutions for the Euclidean and spherical Triangle groups is fi­
nit e. We consider them in detail in the next two sect ions. We state here some preliminary 
definitions for that discussion. 

D efin it ion 3.1.3. A topology on a set X i a collection J of subsets of X having the 
following properties: 

(1) 0 and X are in J. 
(2) Th e union of the elements of any subcollection of J is in J . 
(3) Th e intersection of the elements of any finit e subcollection of J is in J 

A set X for which a topology J has been specified is called a topological space (see [16]. 
page 76). 
::--;ote 0 means the empty set. 

Definition 3.1.4. A collection S of subsets of a topological space X is locally finite if and 
only if for each point .r of X . there is an open n ighborhood U of .r in X uch that U meets 
only finitely many members of S (see (17/. page 166). 

Definition 3 .1.5 . A polygon P is the interi01· of a Jordan curve 

where (ai . ai+i) n (aJ, aJ+i) = 0 fo r all i and j. 

Definition 3.1.6 . A tessellation of X(= H 2 ,B2 ,S2
,~

2
) is a collection P of polygons in X 

such that 
(1) the interiors of the polygons in P are mutually disjoint; 
(2) the union of the polygons in P is X; and 
(3) the collection P is locally finite. 

Locally finite in the Definition 3.1.6 means each compact subset of X meets only finitely 
many polygons in P. 

3.2 Euclidean Triangle groups 

In the Euclidean case, the integral solutions for (p, q, r) are (3, 3 , 3), (2, 3, 6), (2, 4, 4). Figure 
6 shows a bi.ABC with sides a, b, c and angles (1r /3, 1r /3, 1r /3). 

Reflecting the interior of bi.ABC with respect to its sides respectively and repeatedly, the 
resulting reflection group is a group G of type (1r /3, 1r /3, 1r /3). Figure 7 shows the tessellation 
of a part the Euclidean plane by bi.ABC and its reflecting images in its three sides. 
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Figure 6 

A 

b C 

B <----------' 

a 

C 

Euclidean triangle (3. 3. 3) 
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In general. we can defi ne a group using its presentation. A presentation of a group is a set 
of elemeuts that generate the group together \\·ith a set of rela tions that ·pecify the conditions 
that t hese genera tors a rc to sat isfy. If two groups have the same presentations . t hen t hey 
arc t he same group (sC'c [15]). TllC' group r 1 of type (7r/3. 7f/ 3. -rr/3) has the presentation 

r 1 = (a. b. cla2 
= b2 

= c2 = (nb) 3 = (bc)3 = (nc) 3 =identity). 

\ 

Figure 7 The tessellation of IR2 corresponding to triangle (3 , 3, 3 ) 

Similarly, the group r 2 of type (-rr / 2, 7f / 3 , 7f / 6) and the group r 3 of type ( 7f / 2 , 7f / 4, 1r / 4) are 
resulting reflection groups of two triangles with angles (-rr/2,-rr/3,7f/6) and (7r/2,7f/ 4,7f/ 4), 
shown in Figure 8 

T he tessellations of t he Euclidean plane generated by reflecting in the sides of triangle 
(7r / 2, 7f / 3 , 7f / 6 ) and (7r / 2, 7f / 4, 7f / 4) respectively are shown in F igure 9. The group r 2 of type 
(7r/2,7f/3,1r/6) and the group f 3 of type (7r/2,7f/4,7f/4) h ave presentations: 

f 2 = (a, b, cJa2 
= b2 

= c2 
= (ab)2 = (bc)3 = (ac)6 =identity), for (2, 3, 6); 

f 3 = (a, b,cJa2 = b2 = c2 = (ab)2 = (bc)4 = (ac)4 =identity), for (2, 4,4) . 
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Let 

A 
A 

b~ 
B 

and b~ 

C C 
a a 

Figure 8 Euclidean triangles (2. 3. 6) and (2. 4. 4) respectively 

Figur0 9 Tessellation of IR2 corresponding to triangks (2. 3. 6) 
and (2. -L-l) rcsp0ctivcly 

f 1e = (ab.bcl(ab? = (bc) 3 = (ac) 3 = identity) 

f 2" = (ab. bcl(ab)2 = (bc) 3 = (ac)6 = identity) 

f 3e = (ab, bcl(ab )2 = (be) 1 = (ac).i = identity) 

B 
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(3.1) 

(3.2) 

(3.3) 

then r le is a ( 1r /3. 1r /3, 7l' / 3)-Triangle group and all the elements in r l e are the composition 
of an even number of reflections, The same is true for f 2e . and r Je · 

3.3 Spherical 'Iriangle groups 

In the spherical case, the integral solutions for (p, q, r ) satisfying Defini tion 3.1.2 are (2, 2, n), (2, 3, 3), 
(2, 3, 4), (2, 3, 5). Reflecting the t riangle (2, 2, n) in its sides generates a group of type 
(7r/2, 1r/2, 1!'/n ) of order 4n. This group has a representation 

f 4 = (a , b, cla2 = b2 = c2 = (ab)2 = (bc)2 =(act= i dentity ) . (3.4) 

The spherical triangle ( 1r / 2, 7l' / 2, 1r / 3) and the tessellation of the sphere generated by re­
flecting in the sides of this triangle is shown in Figure 10. Similarly, the groups of type 
(7r/2, 1r/3, 7r/ 3), type (1r / 2, 1r / 3, 7l' / 4) and type (1r / 2, 1r/3, 1r/5) are generated by reflecting the 
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interiors of spherical triangles (1r/2,1r/3 , 1r/3) . (1r/2,1r/3,1r/4) and (1r/2 , 1r/3.1r/5). These 
spherical triangles and their corresponding tessellations of 52 are shown in Figure 11. 

a 

Figure 10 Spherical triangle (2. 2, 3) and its tessellation of 52 

D C 

a a ~ 
b 

b b 

(2, 3, 3) (2, 3, 4) (2, 3, 5) 

Figure 11 Spherical triangles (2 , 3, 3) , (2 , 3, 4) , (2, 3, 5) and 
their corresponding tes ellations of 52 

These groups can be presented as: 

f 5 = (a,b,cla2 = b2 = c2 = (ab) 2 = (bc)3 = (ac)3 =identity); (3.5) 

f 6 = (a, b, cla2 = b2 = c2 = (ab) 2 = (bc)4 = (ac) 3 =identity); (3.6) 
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and 

Let 

and 

f 7 = {a, b,cla2 = b2 = c2 = (ab) 2 = (bc) 5 = (ac) 3 =identity). 

f 5e = {ab, bcl(ab) 2 = (bc) 3 = (ac) 3 =identity): 

f 6e = {ab, bcl(ab) 2 = (bc)-1 = (ac) 3 =identity): 

f 7e = {ab, bcl(ab)2 = (bc)-1 = (ac) 3 =identity). 
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(3 .7) 

(3.8) 

(3.9) 

(3.10) 

then f 5e, f 6e . and f 7e are (rr / 2, 11 / 3. 11 / 3) . (11 / 2. rr / 3. 11 / 4), (11 / 2. rr / 3, rr / 5)-Triangle groups 
respectively. They are indeed A_1, S,, A5 (see [l]). Recall that S 11 is the group of all permu­
tations of {1.2 .... . rz}. A,, is the group of even permutations of {1.2 ... .. rz}. This make 
it possible to find the parameter of A_1, S-1, A5 both geomet rically and algebraically. The 
algebraic method will be discus ·ed in detail in Chapter 4. A formula must be known for our 
geomet ric method. We now discuss this formula and the geometrical method. 

Let J, g E M be non parabolic, ,\·e define (see [5]) 

• axis(J) as the geodesic in H 3 which has the fixed points off in C as its endpoints and 

• 6(!. g) as the hyperbolic distance in /-f 3 between the axis(!) and axis(g). 

The fixed points of f are the points z E C such that f ( z) = z. :\ot that a non parabolic 
element in M has exactly two fixed points in C and 6(1, g) = 0 \.vhenever f . g have a common 
fixed point. If f is elliptic. the a,'{is of J is the set of fixed points off in in H 3

. 

:'-Jow we are ready to introduce the formula (see [5]), which rela tes the geometry of axes and 
the parameters introduced. 

Lemma 3.3.1. Suppose that f. g E M have disjoint pairs of fixed points and that a is the 
geodesic in H 3 which is orthogonal to the a:r:es of J and g. Then 

. h2(J: ·0) 4, (J, g) 
sm u + i = /3 (f) /3 (g) (3.11) 

Wh ere 6 = 6(1, g) and 0 = 0(1, g) is the angle between the spheres or hyperplanes which 
contain axis(!) U a and axis(g) U a respectively. 

Figure 12 is a geometric interpretation of Lemma 3.3.1. 
According to Theorem 4.3.7 of [1], the elements of A4 have a common fixed point in H3

. 

Therefore 6(1, g) = 0 for any two elements J, g in A4 . The same is true for the elements in 
S4 , A5 . Since sinh2 (i0) = - sin2 0, so (3. 11) becomes 

. 2 0 4, (1,g) 
sm = - /3 (f) /3 (g)" (3 .12) 

We can compute all the angles between the axes of an element of order n and an element of 
order m using the First and Second laws of Cosine for the spherical triangle. The computation 
process is lengthy but elementary, we omit this process and state our final results for the 
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angles between the axes of generat ing pairs of spherical Triangle groups and their subgroups 
in Table 1. 2. 3 of Chapter 4. Once we know the order of two generators and the angle 
between them, , (f ,g) follows easily from (3.12). 

X] 

X] 

Figure 12 The distance and angle between the axis(!) and axis(g) 



Chapter 4 

The parameters of two-generator 
subgroups of M 

4.1 Determining (3( J) algebraically 

Recall that the parameters of a two generator subgroup (I, g) of M 

('y (J. g). J (J ). J(g)) 

define it uniquely up to conjugacy if ,(J, g) i= 0( sec [5]). In this section we discuss how to 
determine J(J) by its definition J(J) = tr2 (J) - -1. From Theorem 2.3.1 and the definition 
of J(g) we have 

• tJ(g)=0 

• /J( g) E [-4, 0) 

• tJ( g) > 0 

• f3( g) r/. [-4, +oo) 

If g is elliptic we can write it as 

if and only if g is parabolic: 

if and only if g is elliptic; 

if and only if g is hyperbolic; 

if and only g is strictly loxodromic. 

( 4.1) 

where n is the order of g, p is an integer and relatively prime ton and 1 ~ p < n. A simple 
computation shows {3 (g) = 4(cos2 (p1r/n) - 1) . {3 (g) can be computed if we know the order 
n of g. We state here (J (g) for n = 2, 3, 4 5, 6 

• (J (g) = -4 

• {3 (g) = -3 

• {3 (g) = -2 

if g is of order 2; 

if g is of order 3· 

if g is of order 4; 

24 



The parameters of two-generator subgroups of M 

• f]( g) = ~ - 5 or 

/3( g) = - ~+5 

• /3( g) = - 1 

if g is of order 5: 

if g is of order 6. 

If g is hyperbolic or st rictly loxodromic. we can write g as 

25 

where u f:. ±1, 0 and B is the matrix representation of g then J3( g) = (u - t) 2 . We fo cus 
on the exact parameters of two generator discrete elementary subgroups of M groups vvhich 
cont ain no loxodromic elements. 

4.2 The parameters of A4 , S4 , A5 and their two genera­
tor subgroups 

, (! , g) fo llows easily from the definiti on once we know the order of the commut ator [J. g]. 
:\'ote that since the group in question is finit e so is the order of [J. g]. The order of [f. g] 
depends on the two genera tors. fir ·t we need to find out all pairs of generators for the gro up. 
Notice also tha t the parameters of (J. g) are related to their generators: different generators 
of an elementary group may give different parameters. Therefore we want to find out all the 
possible generating pairs. To start with we need to find out all the elements in A.1, s~ . A.5 . 

4.2.1 The elements in A-1 and their conjugacy classes 

There are twelve elements in A.1, they are: 
0'. 1 = (1), 
0'.2 = (12)(34), 0'.5 = (123), 
0'.3 = (13)(24), 0'.6 = (243) , 
0'.4 = (14)(23), 0'.7 = (142), 
The conjugacy classes are 
cl(ai) = {a i} , 
cl ( 0'.2) = { 0'.2, 0'.3, 0'.4 } , 

cl(a5) = {a5 , a6,a1,as}, 
cl(ag) = {ag,a10,a11 ,a12}. 

as= (134), 
ag = (132), 
a10 = (143). 

0'. 11 = (234), 
0'. 12 = (124). 

4.2.2 The elements in S4 and their conjugacy classes 

There are 24 elements in 54 , they are 
0'.1 = (1) , 0'.7 = (14) , 
a2 = (12)(34) , as = (23), 
0'.3 = (13)(24) , ag = (24) , 

a 13 = (142) , 
a14 = (134) , 

0'.15 = (132) , 

0'.19 = (1234) , 
a20 = (1243) , 

0'.21 = (1423) , 
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Q-1 = (14)(23). 
Q5 = (12), 
Q5 = (13) , 

a w = (34) , 
Cl'u = (123), 
0'12 = (243), 

The conj ugacy classes are: 
cl(ai) = {ai} 

cl ( a2) = { a2, a3, a ,i} 

cl(a5) = {a5.a5,a7,a3,a9,a10} 

Q]6 = (143) . 
0'17 = (234), 
Q13 = (124), 

cl(a11) = { a 11 . 0'12- 0:13. a 1-1 , 0:15, a16, Cl11, a13} 

cl(a19) = {a19. a20, Cl2 1. a 22. Cl23 . a2.i} 

Q22 = (1342), 
Q23 = (1324), 
Q2-1 = (1432) 

4.2.3 The elements in A5 and their conjugacy classes 

There are 60 elements in A5 , they are 
QI = (1) , 
0'2 = (12) (34). 
Q5 = (13)(25). 
Cl10 = (14) (35). 
Cl1-1 = (23)(45). 
Cl1s = (124). 
0:22 = (135). 
0:25 = (152) . 
0:30 = (235). 
0:3-1 = (254). 
Q3s = (1235-1). 
Q42 = (12543), 
Cl'-16 = (13452), 
Q50 = (14253) , 
0'5-1 = (14532) , 
Q53 = (15342) , 

Cl3 = (12)(35). 
0:7 = (13) (45), 
Cl11 = (15)(23). 
Ct15 = (24)(35), 
Cl19 = (125). 
Cl23 = (142). 
Cl27 = (153). 
Cl31 = (243). 
Q35 = (345). 
0:39 = ( 12435). 
Cl'-13 = (13245), 
Cl-17 = (13524). 
Q51 = (14325). 
Q55 = (15234), 
Q52 = (15423), 

The conjugacy classes are 
cl(a:i) = { ai}, 

0:-1 = (12)(45) . 
Cl's= (14)(23). 
Cl12 = (15)( 2-1 ). 
0:]6 = (25)(34). 
Cl20 = (132) 
Cl2-1 = (1-13). 
0:2s = (154), 
Cl32 = (245), 
Ct35 = (35-!), 
Cl-10 = (12453). 
a .1•1 = (13254), 
a.is = ( 13542) . 
0:52 = (14352). 
0:55 = (15243) , 
Q50 = (15432) . 

cl ( a2) = { a2, a3 , 0'4, a5, 0'5 , 0'7, 0'3 , a9 , a10, au, a12 , 0'13 , 0'14 , 0'15, CtJ6 }, 

Cl5 = (13)(24) . 
Cl9 = (14)(25) , 
Cl 13 = (15)(3-1 ). 
Cl17 = (123). 
Cl2 1 = ( 13-!). 
Cl25 = (1-15 ) 
Cl29 = (234). 
Cl33 = (253). 
Cl 37 = (123-!5) , 
Cl-11 = (1253-1). 
Cl' -1 5 = (13425), 
Cl-19 = ( l-!235). 
0:53 = (14523) . 
0:5 7 = (15324), 

cl ( 0'17) = { 0'17 , 0'13, Cl' 19, Cl'2Q, 0'2 I , 0'22, Q23, Q24 , 0'25 , 0'25, 0'27, 0'23, 0'29, 0'30, 0'31, 

C\'32, C\'33, 0'34, 0'35, Q35 } , 

cl ( 0'37) = { 0'37, 0'40 , 0'4 1 , Q44, 0'45, 0'43, C\'49, Q52, 0'53, 0'55, 0'57, 0'50 } , 

cl ( 0'33) = { 0'33, 0'39 , 0'42, 0'43 , 0'45, Cl'4 7, 0'50 , 0'51 , 0'54, Q55 0'53 , 0'59 } · 
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ate that we have not only found out all the elements in each of the above groups , we 
have also found out the conjugacy classes of each of the elements. This is because to find out 
all two generator subgroups generated by two elements, in A4 say, we need to pair up every 
two elements. The conjugacy classes above can make this process much easier. Taking cl(a2 ) 

and cl(a5) as an example; choosing one element in cl(a2 ), say o:2 , pairing it up with every 
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other element in cl(a5 ), the resulting two generator groups are (a2 , o:i) where i = 5, 6, 7, 8. 
Next , do the same to a 3 , the resulting two generator groups are (o:3 , o:i). Choose an arbit rary 
group from (a3 , ai) , say (a3 . a 5), let us look at its conjugacy class . Recall that o:3 is conjugate 
to o:2 , that means there exists some element o:1 in A.1 such tha t o:1a 3(a1t 1 = o:2 : 

O'.j \0'.3, 0'.5) (aj)- l = \O'.j0:3(0:j)-1. O:j<l5(aj)-1) 

= (et2, ai) 
where i = 5, 6. 7, 8. This means every group in (o:3 , a;) is conjugate to one of (a2 . o:;). Since 
t race is a conjugacy invariant , to identify the range of parameters we just need to choose 
one lement from each of the conjugacy classes. pair the chosen element with every other 
non-identity element including the elements which are conjugate to it. We do not need to 
repeat the same process fo r the lements which are conjugate to the chosen element. ince 
the complex parameters are conjugacy invariant. 

The fin al results of the parameters of A.1, s~. A5 and their two generator subgroups are 
illustrated in Table 1. l'\ote in Table 1. we use D2 to denote the Klein-4 group. and Or­
ders means the orders of the generating pair. Angles means the angles betw en axes of the 
generat ing pair. 

It is \vorth mentioning that the definition 1 (1, g) = tr [!, g] - 2 can not be used to 
determine the values of ,(A. B) alone. For example. let (f. g) represent the generat ing pair 
(f. g) of s~ with orders 2 and -± respecti vely. Then the order of [I g] is 3 and according 
to the definiti on. , (! . g) = - 1 or , (!. g) = -3. But the angle between the axes off and 
g and (3. 12) shows that ,(A. B) = -3 is not a possibili ty. \'evert hcless . a combination of 
geometrical and algebraical methods assure us the results we have in the table above are 
correct . 

4.3 Parameters of two generator groups with parabolic 
elements 

There are 5 types of two generator groups wi th parabolic elements. The simplest group 
contains only t ranslations which is 

(f (z) = z + 1, g(z) = z + T) 

Where J, g are parabolic elements and T E C and T tJ. R Observe that [J, g] is also a 
parabolic element. Hence the parameters corresponding to (f (z) = z + 1, g(z) = z + T) 
are 0, 0, 0. 

Recall in (3.1) , (3.2), (3.3), We choose (ab , be) as generators for each of those group . In 
fact if we can choose any pair say (ab , ae) or (ae, be) as generators, they will also generate 
the Triangle groups. This can easily be seen by their geometrical results in ~ 2 . In any one of 
these groups, ab , be, ae are of finite orders . Then from the definition of the elliptic elements 
that ab, be, ae are necessarily ellipt ic. The fixed points of ab, be, ae in C U oo are { C, oo}, 

Table 1 
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Groups Orders Angles (, (f , g). 6(!) , 8(g)) 
D 2 (2 , 2) cos 0 = 0 (-4, -4, -4) 

(2.2) cos 0 = ~ (-3. -4. -4) 
D3 (2 .3) cos 0 = 0 (-3, -4, -3) 

(2,2) cos 0 = 72 (-2 , -4, - 4) 

D.:i (2,4) cos 0 = 0 (-2 , -4, -2) 
cos 0 = ±( J 5 + 1) (½( ✓5 - 5) , -4, -4) 

(2.2) cos 0 = ± ( ✓5 - 1) (-½( ✓5 + 5), -4. -4) 
Ds (½( ✓5 - 5) , -4. ½( ✓5 - 5)) 

(2.5) cos 0 = 0 (-½( ✓5 + 5) . --! . -½( ✓5 + 5)) 
(2,3) cos 0 = 73 (-2 , - 4, -3) 

A.:i (3 . 3) cos 0 = { (-2. - 3, -3) 

(2,3) cos 0 = J~ (- 1, - 3, -4) 

(2. -! ) cos 0 = J2 (-1. -4, -2) 

S.1 (3. 4) cos0 = ~ (-1. -3. -2) 
( 4. -! ) cos0 = 0 (- 1. - 2. -2) 

cos 0 = ./3r1- i i (-½( ✓5 + 3) . -4 . -3) 

(2.3) COS 0 = ./3( /5+ I) (½( ✓5 - 3), -4. -3) 

(½( ✓5 - 3). - -!. ½( ✓5 - 5)) 

cos 0 = ✓ (5-2✓5 ) (- 1,-4,-½( J5+5)) 

(2.5) ( -1. -4. ½( ✓5 - 5)) 
0 - ✓5- 1 cos - 2 (5-✓5) (-½ ( J5 + 3). -4, -½( J5 + 5)) 

As (3. 3) cos 0 = -'45 (-1. -3, -3) 
(½( ✓5 - 3) , -3, ¼( ✓5 - 5)) 

COS 0 = l+v'5 
✓6(5-✓5) 

(-1, -3, -½(J5+5)) 

(3,5) (-1 , -3, ½( ✓5 - 5)) 
cos 0 = 3-v'5 

✓6(5-✓5) 
(-½( J5 + 3) , -3 , -½( J5 + 5)) 

(5 , 5) (½( ✓5 - 3) , ½( ✓5 - 5), ½( ✓5 - 5)) 
cos 0 = ✓5- l 

5-✓5 (-1, ½( v'5 - 5) , -½( J5 + 5)) 

(-½( ✓5 + 3)], -½( ✓5 + 5) , -½( ✓5 + 5)) 

{ A, oo}, { B oo} respectively. A , B , C are the vertices of the triangles in Figure 7 and Figure 
8 of Chapter 3. Hence they have oo as a common fixed point. According to Theorem 4.3.5 
of [1], tr[ab , be] = tr[ab , ae] = tr[ae, be] = 2. The parameters of groups r i e, f 2e, r 3e and the 
group (f(z) = z + 1, g(z) = az), g is of order 2, 3 , 4, 6 , are shown in Table 2. Note that the 
order of f( z ) = z + 1 is oo, n = 2, 3,4 6 and a = -4sin2(prr/n) 

Observe all the ,'s in Table 2 are O's. This means the parameters do not necessarily 
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d0fi ne the corresponding groups uniquely. In A I for example. 05 = (123). 09 = (132) . and 
(o 5) 2 = o 9 . hence < o.5 . n 9 > is a cyclic group of order 3 and 1 (o5 . o 9 ) = 0. The parameters 
corresponding to < a 5 . 0 9 > are {O, -3. -3} which ar0 the same as ~li e · 

Table 2 

Groups OrclNs (, (!. g) . .J(f) . .J(g)) 
(J,g) (x. n) (0. 0. a) 
f le (3.3) (0. - 3. - 3) 

(2.3) (0. --l. -3) 
r 2( (2.6) (0. --l. - 1) 

(3,6) (0.-3.-1) 
(2. -l) (0. --l. -2) 

r 3< (-t-l) (0 . -2, -2) 

4.4 The parameters of two ge nerator discrete e leme n­
tary groups containing only loxodromic e lements 

In general. th<.' 01C'mcnts i11 Typ0 3 of sect ion 2.3 c-an IH' desnibe as 

• loxodromic- denl('nts: f (:::) = a:::. lal fl. Th0 eknt<.'nts of this type fix both O and 

• elliptic elenwnts of the type :g(:::) = b:::. lbl = 1. Tlw el<'lll<'nts of thi::; typ<' beloug to a 
finit0 cyclic group and fix both O m1cl 

• ell iptic <'km0nts of th<' type h(:::) = , / ::. which <.'xchange O and x 

The two gC'nNators groups generated by a pair of el0111<·11ts abov0 ar0 shO\nt in Table .3. 

Table J 

Groups Generators (, (J. g), J(J), J(g)) 
U 1(z) = a1z,h(z) = a2z), 

G1 I a I I f 1. I a2 I f 1 (0. C\[- 4, O], C\[-4, O]) 
(J(z) = az. g(z) = bz) , 

G2 lal f 1,lbl = 1 (0, C\[-4, O], -4 sin2(p7r /n)) 
(g(z) = bz. h = c/z) 

lbl = 1 (-4sin2(p7r/n), -4sin2(p7r/n), -4) 
Dn ( h I ( Z) = CI / Z, h2 ( Z) = C2 / Z) 

lc1/c2I = 1 (2(cos(prr/n) - 1), -4, -4) 
(J(z) = az, h = c/z) 

ial t 1 (C\[-4, O], C\[-4, 0],-4) 
D (h3(z) = c3/z, h4(z) = c-1/z) 

lc3/c4I t 1 (C\[-4, OJ, -4, -4) 
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where C I is a group containing only loxodromic elements . C 2 is a group containing loxo­
dromic elements and elliptic elements which belong to a fiui te cyclic group, a, a,, a2 . b, c. c 1, c2 , c3 • c~ 
are complex numbers. 

From the parameters we have found above. we can see tha t dihedral groups have param­
eters of form (J. J. -Ll) or (,, . -cl. - 4). 



Chapter 5 

The isolation of A4, S4, A5 

Recall that D 3 c C 3 contains all the parameters of two generator discrete groups. In this 
Chapter. we prove that ,vhenever (-1,-2,/31). (-2,-3,82 ) and (-1.-3. /33) correspond 
to discrete element ary groups, they are isolated respectively in D 3 from the set of points 
corresponding to Kleinian groups. Recall that thi · set i · closed in D3

. Our results shall be 
obtained by looking for a value of c in (5) where (a . b) i (- 1. -2). (- 2. -3) .or (- 1. -3). Also 
in this Chapter, we show the dihedral groups with paramet ers (13, J . --!) and J E C\[0.4] are 
isola ted in the space of two generator discret e groups. \\'e start with some previous results. 

5.1 previous results 

5.1.1. If f and g are in M with , (f. g) =, and J(f) = J . then 

The proof of (5. 1) depends on the trace identities (see [5]) 

tr(Jg) + tr(fg- 1
) = tr(f)tr(g) , 

and 
tr[!, g] = tr2 (J) + tr2 (g) + tr2 (Jg) - tr(J)tr(g )tr(! g) - 2. 

(5.2) i proved by using trace identity (see [8]) 

'YU3
, g) = 'YU, g)( /3 (!) + 3)2 

and (5 .1) . 
We recall the following from Propostion 1 of [19] and Lemma 9 of [21]. 

31 

( 5.1) 

(5 .2) 

(5.3) 

(5.4) 
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Proposition 5.1.2 . Let C be a Mobiits group and ( Vn)nE N a sequence of mappings of C 
into the full group of Mobius transformations. A ssume that for each g EC. we have 

g = lim 4:,,(g) 
ll-'X. 

A ssume further that for each n E N . the transformations Vn (g). g E C. genemte a discrete 
and non-elementary group. Then G is discrete and non-elementary. 

This is discussed also in [22] of section 5. It is false in dimension n 2: 4. but true with 
additional assumptions. This proposition shows that the discrete non-elementary groups 
with a fixed number of generators. say r. form a dosed set in the space of r-generator 
groups. Hence if a sequence of non-elementar_\· groups converges . it only converges to a 
non-elementa ry group (see [19]) . 

:'\ote the isolation of a discrete elementary group (a . b. b') from the set of Klei11ia11 groups 
only depends on a and b. The expla nation lies in Proposition 5.1.2. Let (a. b. b') be a 
discrC'tc elementary group. If (a . b. b') is not isola ted from other discrete groups then there 
is a sequence of discrete groups (a,. b,. b;). i = 1. 2 .... in D 3 com·erging to (a . b. b') as i 
tends to infinity. If both a and b arc zeros. then Jorgensen·s inequality shows that there 
is no sequence of Klcinia11 groups conw rging to (a . b. b'). Suppose a. b arc not both zeros. 
s ince there are iufinitcl_\· ma ny element1; in t he sequ0nce (a,. b,. b;) and all the paramC'tcrs 
of discrete elcrnC'ntary groups arc kno,,·n. it is easy to see t hat (a, . b,. &;) a re a sequence of 
discrete Klcinia n groups. According to P roposi tion 5.1.2. (a . b. b') is discrete non-elem011ta ry. 
this is a contrad iction. T hus \\"C' have proved 

Lemma 5.1.3. Let (a . b. b') E C3 be a discrete elem entary group. ff a . b satisfy the inequality 
(5) . then (a. b. b') is isolated from the set of K leinian groups. 

According to this lemma. to prove the isola tions of (- 1. - 2.31). (-2. - 3. 32 ). (-1.-3. ,33 ) . 

\Ve need only to consider t he inequalities of the form (5) sat isfied by (- 1.-2), (-2. - 3) . 
(-1, -3). \\·c shall need the following theorem to work wit h these inequalities: 

Le mma 5.1.4. Suppose that J and gi are elements of a discrete subgroup C of M , that 
{] = fJ(J) =/ -4 and that ,o = 0 or ,o = J + 1. If ,(!, g1) =/ ,o for all j, then 

inf l,(J,g1) - , ol > 0. 
J 

We state here several other previous results we shall use in the next section. 

Theorem 5.1.5. Two Mobius transformations g and h have a common fixed point in C if 
and only if tr[g, h] = 2 (equivalently ,(g, h ) = 0. 

This t heorem says if [g, h] is non-trivial, then [g , h] is parabolic and ,(g, h) = 0. It a lso 
implies that if ,(g, h) = 0, then (g , h) is elementary (see [l ]). 

Theorem 5.1.6. Let f be loxodromic and suppose that f and g have exactly one fixed point 
in common. Then (!, g) is not discrete.(see [1]) 



The i ola tions of A1 , S,i, A s 33 

Lemma 5.1.7. If (J , g ) is a discrete subgroup of M with "( (J , g ) = /3 (! ) =I= 0, then either 
f is elliptic of order 2, 3, 4, 6 or g is of order 2, see [5] 

Lemma 5.1.8. Suppose that (!, h) is a discrete subgroup of M with 'YU , h ) =I= 0 and 
"( (!. h ) =I= l3U ), Then there exist elliptic h 1 and h2 of order 2 such that (J . h, ) and (J . h2) 

are discrete with 

'YU, hi) = 'YU, h ) and 'YU , h2) = /3U ) - 'Y U, h). 

5.2 Isolation of (-1 , -2 , bi ), (-2, -3 , b2), (-1 , -3, b3 ) 

'vVe start with an analysis of groups with , = 6. Let (! . g) be a two generator group with 
, (! , g) =, = /3 = 13(!) . There are two cases: 

Case 1: g is elliptic of order two. Then (J. g) is dihedral 

Case 2: g is not of order 2. There are three subcases to consider 

• J is loxodromic. According to (5 .1 ). there is a subgroup (J.gJg- 1
) of (J.g) with 

1 (!. gJg- 1) = 1 (r - J) = 0. T heorem 5. 1.5 implies J and gJg- 1 have a common 
fixed point and if [J. gJg- 1

] i · non-trivial.then [J.gJg- 1
] is parabolic. ! and [f.gJg- 1

] 

hRve exactly one common fix cl point and (!, [!, gf g- 1
] ) i · not discrete. Since every 

subgroup of a discrete group is also discrete. therefore (! , g) is not discrete. 

• J is elliptic. According to Lemma 5.1.7. a nece sary condition fo r (J, g) to be discrete 
is that f is of order 2, 3, 4. 6: otherwise. (!. g) is non-discrete. When (! , g) is discrete, 
it can be element ary or non-elementary. For example if the parameters of (J . g) are 
(- 1, - 1, - 1). then (!, g) is discrete and non-elementary. The proof of this depends on 
Theorems 4. 2, 5.13, 5.14 and Table 4 of [9] . In the case(!, g) is discrete and elementary, 
according the parameters we have found in Chapter 4 , g has to be of order 2, and (J, g) 
is Klein-4 group , D 3 , D4 ,or D6 . 

• J is parabolic, then /3 (! ) = 'YU, g) = 0. According to Theorem 5.1.5, f and g have a 
common fixed point , hence (! , g) is elementary. 

We now prove J0rgensen 's inequality by using the iteration of trace commutators parameters. 

Proof. Let (f, g) be a two generator group with 1 (1, g) = 'Y, then "( (J ,gJg- 1 ) = P (, ) = 

,('y - /3). 

P ('y) ~ P (P (,)) ~ P (P (P ("!) )) . . . (5.5) 

is a sequence of trace commutator parameters of (f, g). The polynomial P ( 'Y) has two fixed 
points: 'Y = 0 and , = /3 + 1. We analyze what happens under iteration near , = 0. Notice 



Th e isolations of A4, S,; , A5 34 

that the derivative of P ('-y) is P' ('-y) = 21 - t3 and P' (0) = - 13. According to the Lemma 
5.1.4 , if (J, g) is discrete with 1 -/- 0, 1 -/- /3, then the sequence (5.5) does not converge to 
0 in a neighborhood of 0. Now, IP' (0)I = l,81 < 1 implies 0 is an a ttracting fixed point , if 
the sequence (5 .5) does converge to 0. Then in a sm all neighborhood B(0 , r) of 0 , where 
0 < r << 1, we have 

P(B (0, r )) c B (0, r ). 

Hence we have 

lre;e (re;e - ,13) 1 < r. (5.6) 

From this we deduce if (J, g) is discrete with 1 -/- /3 and 1 -/- 0 , then 

h i + IJI 2: 1. 

Because 

hi + 161 < 1. 

==} lre;e - /3 1 < 1, (h i = r) 

==} lrewl lre;e - @I < r. 

==} !re;e( re;e - J) I < r. 

As we know (5.6) viola tes the discreteness of (J. g). \\·e have derived Jorgensen·s inequality. 
D 

Similarly, by analyzing another fixed point 1 = /3 + l of P ( 1) = 1( 1 - !3), we can prove 
the first part of Theorem 0.2 , tha t is 

If (J. g) i discrete, then 

h +ll+ l/3+ 21 2: 1 

unless 1 = - 1. 

Proof. The derivative of P(, ) = 1 (, - ,8) is P'(, ) = 21 - ,8, and 

P'(l + ,8) = 2 + 2,8 - ,8 = 2 + ,8. 

12 + ,61 < 1 implies 1 + ,8 is an attracting fixed point . Then: 

IP(l + ,8 + rei8
) - (1 + ,8) I 

1(1 + ,8 + rei8 )(l + ,8 + rei8 
- ,8) - (1 + ,6 )1 

11 + ,8 + rei8 + rei8(l + ,8 + rei8
) - (1 + ,13) 1 

lrl 12 + ,8 + reiel 

(5. 7) 

(5.8) 

(5.9) 

(5.10) 

(5.11) 

So P(D(l + ,6, r)) C D(l + ,8, r) if 12 + ,8 + rei0
1 < 1. Since 1 = 1 + ,8 + rei8

, this is implied 
by 

I, + 11 < i , (5 .12) 
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The inequality (5. 12) violates the discreteness of(!, g). Hence if , is a trace commutator 
parameter for a discrete group , then 

h + 11 2 1 

unless 'Y = -1. Note tha t P (- 1) = 1 + ,6. ow, 

h + 11 
h- B + 8+ 2- 11 

< h - B - 11 + 18 + 21. 

This implies 
h - 13 - 11 + 18 + 21 2 1 

(5 .13) 

(5 .14) 

(5. 15) 

unless,= 1 + .8 . Note that 12 + /31 < 1. Then according to Lemma 5.1.8. we are clone. D 

When , = -1 , according to (5. 1), , (J , gfg - 1
) = r3 + 1. (J + 1, J,i-3) are the parameters 

of the subgro up (f.gJg - 1
) of (f.g) . We consider the parameters of this subgroup. We 

start \.vith a discussion of Niels en Move and Nielsen equivalence. Suppose (J. g) is a pair of 
generators of(!. g), it is na tural to a k what are the ot her generat ing pairs for this gro up? 
The an wer lies in the fo llowing three moves: 

• change one generator to its inverse: (J . g) 1--------t (J- 1. g) : 

• swap J and g: (J.g) i--------; (g . J): 

• r place one generator by itself times a power of the other genera tor : (J. g) i-------+ (J gn, g) 
where n E Z. 

The above three moves a re called Nielsen moves and the resulting relat ions a re called Nielsen 
equivalences. So another generating pair for (f,g) is (J- 1, g ), (g,J) or (Jgn , g). 

Theorem 5.2.1. A two generator subgroup G of M is Nielsen equivalent to a group with 
elliptic generators of orders 2 and 3 if and only if it is Nielsen equivalent to a group with 
parameters (/3 + 1, f3, /3) . 

Theorem 5.2.1 is discussed in [5], where it is proved by using Nielsen moves and the trace 
identities (5.3), (5.4) and 

Lemma 5.2.2. Suppose that (f, g) is a discrete subgroup of M and that either f and g are 
elliptics of order 3 and 2 respectively or that 'YU, g) = (3 (!) + 1. Then 

1 h (f, g) + 1 I 2 2 ( V5 - 1) or , (J, g) = -1. 
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Proof. Let h = gf g- 1
. If 1 (!. g ) = /3 (!) + l. then 1(!, h ) = 1 (!, g) by (5. 1). Also, h 

is conjugate to f , so f]( h) = /3(!) and (J, h) is Neilsen equivalent to a group with ellip t ic 
generators of order 2 and 3 by Theorem 5.2. 1. Gehring and Martin have shown that in the 
disks 

1 1 
{z : 0 < lz+ 

2
(3 ± 1)1 < 2 (✓5- 1 )}. 

there is no complex number assumed by the commutator parameter of a discrete two genera­
tor group with a generator of order 3 and we obtain the results. D 

Lemma 5.2.3. Suppose (J, g) is discrete with parameters (-1 , !3. 6') . Th en 

!3 = -2 

or 

Proof. Recall that when 1 (1,g) = - 1, ~1(!,gfg - 1
) = J+ l. (J + l. J,J) are the para meters 

of the subgroup (J. gf g- 1
) of (J. g). Then the re ult · fo llow easily from Lemma 5.2.2. • 

Combining Lemma 5. 2.3 and (5. 7). we have showed that 

Lemma 5.2.4. A discrete elem entary group G with parameters (- 1. -2. 13') is isolated from 
Kleinian groups. 

Lemma 5.2.5. A dis crete elementary group G with parameters (-2 , -3, J') is isolated from 
Kleinian groups . 

Proof. Suppose (J,g) is a discrete group with 1 (!.g) = 1, /3 (!) = J. According to (5 .2), 
(P 1("1) . J. !3') are the parameters of the subgroup (!3 , gJg - 1

) of (J.g): where 

The derivat ive of Pi ("!) is 

And 
P{(O) = (/3 +3)2(-/3), 

where 'Y = 0 is a fixed point of Pi ("!) . 1( /3 + 3) /31 < 1 implies that 0 is an attracting fixed 
point. When /3 =I= -3, 'Y =I= 0, and 1 =I= /3, we suppose the trace sequence 

Pi ("!) r---t Pi(Pi (,)) r---t Pi(Pi(Pi ('Y))) ... 

converges to 0. Hence in a small neighborhood B(0 , r 1 ) of 0, We have 

Pi (B(0, ri)) c B(0 , ri), (5.16) 
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===? IPi(r1 ei0 )1 < r1 , 

===} I (3 + /3 )2(r1 ei8)(- /3 + r1 ei8
) I < r1 , 

===} lr1 e;0 I I (3 + 8)2(-/3 + r1 ei0 ) I < r1 , 

===} 1(3 + /3)2( - ,B + r1 e;0 )I < 1, (jri eiB I = r1) 

Now. 

Suppose 

===} 1(3 + /3)2(-/3 + 1 )1 < 1. (,, = r1 ei0 ) 

h - JI = h + 2 - (i.3 + 3) + 11 , 

~ h + 21 + l(B + 3)1 + 1. 

h +2l+l(B +3)l <E 

where E is a positive real number. Then (5.16) holds if 

Solve (5 .19). we have 
h + 21 + l(J + 3)1 < o.7539. 

Since (5.20) violates the discreteness of (f. g) , ,ve conclude 

h + 21 +Id+ 31 2: 0.7539 . 

(5 .17) 

(5.18) 

(5 .19) 

(5.20) 

(5.21) 

Obviously the groups with 1 = 0 and ')' = 8 sat isfy (5.21). The remaining question is 
whether or not a discrete group with 1.3 = -3 is isolated from (-2 . -3 . i.3'). In [5]. Gehring 
and r-.Iartin have shown that if /3 = -3. then in the punctured closed disk 

D = { z : I z + 2 I ~ 0. 55 7 4, z =/= - 2} , 

there is no value which i assumed by a two generator discrete group with /3 = -3. Therefore 
we conclude that if (f, g) is discrete with /3 = -3, then 

I,+ 21 > 0.5574. 

Hence (-2, -3, /3') is isolated from all other discrete groups. 

(5.22) 

• 
Similarly using A h), we can show that if (J,g) is discrete with 'Y (f ,g) = ')',/3(!) = /3 

then 
I,+ 11 + 1/3 + 31 2: 0.6180 (5.23) 

unless /3 = -3. Again in [5] , Gehring and Martin have shown inside or on the boundary of 
the punctured disk 

D1 = {z: lz + 11 < 0.5574, z =I= -1} 
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there is no value assumed by a discrete two generator group with /3 = -3. We conclude for 
discrete (J, g) with /3 = -3: 

h + 11 > o.5574. (5.24) 

Hence we have shown that (-1. -3. /3') is isolated from all the other discrete two generator 
groups. 

We have shown the isolation · of (-1. -2 , 81) , (-2, -3. /32 ), (-1, -3, 63 ) from all other 
points in C3 corresponding to two generator discrete groups. In reference to the parameters 
we have found in Chapter 5 for A--1, S4 , A5, we can ay that A1. S4 , A 5 are isolated respectively 
in the space of two generator discrete groups. 

v\'e end this section with a theorem that shows the isolation of a dihedral group (8, J , -4) , 
where /3 E C\[0, 4], in the space of two generator discrete groups. As we can sec from the 
parameters we have found in Chapter 4, that such a group is indeed D-x, . the dihedral group 
with an infinite order. We need the following theorem for the proof. see [11] . 

Theorem 5.2.6. Suppose that (J, g ) is a dis crete subgro1tp of M with 1 (1. g) #- 0 and 
tJ(f) = J( g ) i, -4. Then 

hU-g)I > 0.193. (5. 25 ) 

If, in addition. 1 (1. g) is real. then 

l,(f.g)I 2: 2 -2cos(1r/7) = 0.198 ... (5.26) 

Inequality (5 .26) is sharp. 

Theorem 5.2.7. The1·e exists a real E > 0 such that if Cr . .IJ, z) are parameters of a discrete 
two generator group (I. g) . then 

l.r - 31 + IY - JI+ lz - -11 > E (5. 27) 

where J E C\[-4 0] 

Proof. Suppo e that (5.27) does not hold , then there is a sequence of discrete two generator 
groups (Ji, gi) with parameters (xi, Yi , zi) such that 

and 
(5.28) 

We now have two cases to consider: 
case 1: xi i, Yi · According to Exercise 3 of Section 4.5 of [1], a sequence of elliptic 

elements cannot converge to a loxodromic element. Since /3 E <C\[-4, O], each Ji is necessarily 
loxodromic element and hence Yi E C\[-4, 0]. There exists a subgroup (Ji, gdig - 1

) of (Ji, gi) 
with parameters ( xi ( xi -yi), Yi , Yi ). Since xi #- 0 and Xi #- Yi, it is easy to see that (Ji, gdig; 1

) 

is also discrete and non-elementary. Hence (Ji, gdig; 1
) satisfies the conditions in Theorem 

5.2.6 and we have 
(5.29) 
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We also have 

J.r; - Yd 1-r; - t3 + d - Yd 
< Ix; - JI + 1.u, - JI . 

From (5.29) and the inequality above . we get 

1.r, - JI + 1.u; - JI > c 

for all i. Thus \,·e reach a contradiction. 
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(5.30) 

(5.31) 

(5.32) 

case 2: .r, = y,. then the parameters of (J,.g,J,g- 1
) arc (0.y,.y,), therefore J, and 

g,f,gi- 1 haw a common fixed point and (!, . gJ;g , ) is a discrete elementary group. The set of 
fixed points off; is {J i.r(f,)} and the set fixed points of g,J,.9,- 1 is {g, (f i.r(f,) }). In a discrete 
elementary group. these t\\·o sets having one common fixed point means they are equal. tha t 
is {g,(f i.r(JJ}) = {Ji.r(J,) }.This implies either fi.r(g,) = fi.r(J;) or g, interchanges t he fixed 
points off,. in the latter case. g1 is of order 2. Hence \\·e deduce that either .r , = 0 or zi = - --l. 
The first case is not possible since .i·, = y, and y,-:/ 0 therefore ewry element in the sequence 
of discrete groups which converges to (,3. 3. - --! ) has parameters (.r, .. r, . - --! ) . Such a sequence 
is a sequcnc0 of dihedral groups.thus \\·e ha\·C' .r, = 3 for a ll s ufficient large i. Th<'rcfore (5.28) 
holds. • 

Jorg0nscn ·s inequality shm\·s that elr mcntary discrete groups (0. 0. ,J') are isolat0d from 
Kleinia11 groups. Using the same technique we can show that dihedral groups (.3 . .3. ---!) . 
where J E [---L 0)\ { -1. -2. - 3. - 4} are isolated from Kleinian groups. \\·hen .3 E { - 1. -2. 
- 3. ---!}. the group is /J6 . D,. D3 . or the Klein--! group. 



Chapter 6 

Remarks and further research 

Our main concern in this thesis has been all the generating pairs and the c-orresponding 
parameters of the elementary discrete t\\"O generator groups . To thi:-; end "·e haw' discussed 
some preliminary topic-s likC' hypNbolic- and sphnical geomC"tr_\·. :\Iobius trn11sform,1tions. 
Tria nglC' groups. \ \'(' havC' considerC'd a f<'\\" C'xan1pks to sho"· \\·hat WC' are able to do with tlw 
parameters we h,n-e found in this papN. By using inequalitiC's :'iuch as (5. 7). (5. 21 ). (5.22). 
(5.23). we hm·C' sho\Yn the> isoli::ltion of some pan-1111etNs from thC' parnmetcrs of KIC'i 11ian 
group ·. Dut not all the minimum rnluC's in tllC' in<'qualitirs arc sharp. The' follo\\"ing thC'orcm 
is prowd by Tan i11 [2]. 

T h eorem 6.1.1. Suppose that the /1/obius tmnsformation..:; J and y gencmf(' a di. rrctc 

group. ff ,j =J -3. then 

h + 21 + I ,3 + 3I 2: 1 (G. l) 

The minimum Yaluc 1 111 (G.l ) is bettrr than 0.7539 in (5 .21 ) in the sense that ((U ) is 
sharp for cliscretC' notH'kmentary t\rn generator groups. Fo r E'xarnpk. (-2. -2. -2) is a 
discrctr non-elementary t\\·o g<'11C'rator group (sec [9]). The incquali t_v ( 5. 7) is sharp for 
discrete non-elenwntary t\\·o gC"nC'rator groups. The i11C'quality (5.23) is sharp for discretC" 
e l('mentary two generator groups. For example the parameters o f A5 are(½( J5-3), -3. -4) . 
In Lemma 5.2.3 .. we obtain a better estimation for J in the discrete group (-1. J. J') than 
in Theorem 0.2. In fact JJ + 21 2: ½( J5 - 1) is sharp for discrete elementary groups since 

(-1, ½( J5 - 5), -4) is A 5 . The estimations in (5.22) and (5.24) are not the best possible. 
Our goal in studying the isola tion of elementa ry discrete two generator groups is to learn 

more about the Kleinian groups. In my future research, I sha ll prove the isolation of all 
other parameters I have found in this paper, attempt to find the best minimum values and 
then use these results to study the geometry and topology o f hyperbolic 3-manifolds and 
orbifolds. 
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