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Abstract

Let f, g be elements of M, the group of Mobius transformations of the extended complex
plane C = C U oc. We identify each element of M with a 2 x 2 complex matrix with
determinant 1. The three complex numbers,

B(f) = tr*(f) = 4.8(g) = tr*(g) — 4.7([.g) = tr[f.g] - 2,

define the group (f.¢) uniquely up to conjugacy whenever v(f.g) # 0: where tr(f) and
tr(g) denote the traces of representive matrices of f and g respectively. [f, g] denotes the
multiplicative commutator fgf~'g~'. We call these three complex numbers the parameters
of (f.g). This thesis is concerned with the parameters of discrete and elementary subgroups

of M.
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Introduction

Mébius transformations were studied by the German mathematician A. F. Mébius in the
19th century. F. Klein proved the group of Mébius transformations acting on Euclidean
n-space is isomorphic to the group of isometries of hyperbolic (n 4 1)-space (see [17] , page
147). This discovery leads to a deeper understanding of hyperbolic space and relations
between conformal geometry of spheres, the models of hyperbolic space they bound and n-
dimension geometry. Relevant references can be found in the works of Beardon [1]. Ratcliffe
[17], Thurston [20], Gehring and Martin (see for example [5], [6]. [9]. [10]) and references
therein. In recent vears, the study of the 3-dimensional hyperbolic orbifolds, which can be
represented as /? /G where H? is hyperbolic 3-space (discussed in Chapter 1) and (7 is a
discrete non-elementary orientation preserving subgroup of the group of the isometry group.,
has attracted much attention. We are concerned here with such discrete subgroups G. We
shall assume a basic knowledge of group theory in our discussion.
Let M denote the group of Mobius transformations of the form:

1z 4 ¢
f(:)=u—) a,b.c,d € C.ad — be = 1. (1)
cz+d

which we associate with the matrix

A= ( u ) a,b,c.d e C,ad —be = 1. (2)
¢ d

There are two basic types of discrete subgroup of M: elementary and non-elementary, whose
definitions are given in Chapter 2. The discrete non-elementary groups are known as Kleinian
groups in memory of the Mathematician F. Klein. All the discrete elementary groups are
known and classified (see [1]), hence the study of Kleinian groups are of interest. But the
discreteness or otherwise of a Kleinian group is not easy to establish. Klimenko and Kopteva
gave a criterion for discreteness of Kleinian groups with an invariant plane (see [3]). While
for the Kleinian groups without invariant plane, we have only necessary or only sufficient
conditions for the discreteness of such groups.

Theorem 5.4.2 of [1] states that a non-elementary subgroup G of M is discrete if and only
if for each f and g in G, (f, g) is discrete. Thus the problem of deciding the discreteness or
otherwise of (¢ boils down to consideration of the two generator subgroups. We shall study
the discreteness of two generator groups (f, g). The advantage of studying a two generator
group is that for every such group (f, g), there are three complex numbers corresponding to
it, and the necessary or sufficient condition(s) for non-elementary (f, g) to be discrete can
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sometimes be described in terms of these numbers. These three complex numbers are

B(f) =tr*(f) — 4,8(9) = tr*(g) — 4.4(f,9) = tr[f. 4] - 2,

where tr( f) and tr(g) denote the traces of representive matrices of f and g respectively, and
[f.g] denotes the multiplicative commutator fgf~'g~!. see [7]. These three numbers are
called the parameters of the two-generator group (f, ¢) and we write

par((f,9)) = (+(f.9). (). 8(g))-

These parameters are independent of the choice of representive matrices for f and g and
define (f,g) uniquely up to conjugacy whenever +(f,g) # 0. See [7]. Two subgroups G,
and G| of G are conjugate if for some h in G, Gy = hGG1h~". Conjugate subgroups are the
same from a geometric point of view. For example, if there exists a unique point fixed by all
go € Gy, then there exists a unique point fixed by all ¢, € ;. The volumes of H?/(G, and
H?/Gy are the same and so forth.

The study of the discreteness of two generator groups has a rich history. see all of our
references except [15] and [16]. For example in [1], Beardon studies necessary conditions for
a two generator Kleinian group by considering the displacement function

1
z +—— sinh 3p(:.g:).

Gehring and Martin obtain conditions for (f.¢) to be discrete by examining the distances
of f.g from the identity element in M in [6]. They also obtain some sharp estimates for
the distance between the axes of elliptic elements in a discrete group in [12]. Klimenko
and Kopteva found criteria for discreteness of two generator Kleinian groups generated by a
hyperbolic element and an elliptic element of even order with intersection axes in [3]. The
most well-known necessary theorem in the subject is due to Jorgensen (see [1]):

Theorem 0.1. (Jorgensen’s inequality) Suppose that the Mdbius transformations f and g
generate a discrete non-elementary group with (f, g) =~ and 3(f) = 3. then

I+ 18] = 1. (3)

This inequality was studied by Troels Jorgensen in [19]. He proved the inequality by the
iteration of the relation
By = B, B = B AR

where A and B are the matrices representing f and g respectively. Another inequality was
studied by Delin Tan in [2]:

Theorem 0.2. Suppose that the Mébius transformations f and g generate a discrete group
with ¥(f,g) = and B(f) = B. If v # —1, then

Y +1+[8+2| 2 1. (4)
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If y=—1and 3 # -2, then

1
9 > =
|3+ 2| > 5"

Tan used Lemma 2 in his paper to prove (4); This Lemma was proved by the iteration of
the relation

‘Bl} = B-. Bn+| =S [Arw Bu]-

which is essentially the same as Jogensen’s iteration scheme. Gehring and Martin proved (3)
and (4) independently by investigating the two fixed points 0 and 3 + 1 of the polynomial
trace 7(f, gfg™") = (7 — ) in [4].

The inequalities (3) and (4) and Gehring and Martin's approach to them give a different
perspective to look at the conditions for discreteness of (f.g). The fact is that in the space
of two generator discrete groups. all two generator Kleinian groups form a closed set. This
has essentially been proved by Jorgensen in [19]. We claim that all the elementary groups
are isolated from the set of Kleinian groups in this space. This claim and precise bounds
to describe this isolation in terms of geometric quantities as well as the complex parameters
are investigated in this and future research. As we know that every two generator group
(f.g) has three complex numbers as its parameters, we can therefore view (f.g) as a point
in C?. the three dimensional complex space. Let D? be the subset of C* which contains all
the parameters of two generator discrete groups. We prove that whenever (a.b.b') € D?
corresponds to a discrete elementary group, it is isolated from the points corresponding to
Kleinian groups. We establish the isolation of (a.b.b") by proving an inequality of the form

[y +al+|3+b >2¢ (5)

where ¢ is a real positive number and (5, 4. 3') are the parameters for any Kleinian group.
The reason that the isolation of (a.b.b") only depends on a.b will be explained in Chapter
5. but note here that (5) also implies immediately that

[y +al+ |3 +b|>¢

by interchanging the order of the generators. Note also that the inequality (5) also indicates
a necessary condition for a Kleinian (f, g) to be discrete. This is the main reason for looking
at the isolation of discrete elementary groups.

The main concern of the first part of this thesis is to determine all the possible parameters
for discrete elementary groups. These are the points in C?* that we shall show to be isolated.
We then go on to give estimates on this isolation using some of the ideas discussed above
(iteration). This recovers some known results and also generates some new ones. Baribeau
and Ransford have given a general description of these parameters in [18]. Gehring and
Martin have discussed some of them in many of their papers, see for example [4], 5], [13],or
[14]. We consider all the parameters for all the discrete elementary groups more specified
in this thesis. To this end we start with some preliminary topics such as the spherical
and hyperbolic geometries, Mobius transformations, Triangle groups through Chapter 1 to
Chapter 3. The results in these three Chapters are a matter of rewriting known facts. Our
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main results are stated in Chapter 4. In this Chapter we investigate the parameters under
question using a combination of two methods: geometric and algebraic methods. We omit
the lengthy but purely elementary computation process and state our final results in three
tables. As we will see in these tables, for some elementary groups. we are able to find the
exact parameters; while for others we can only give a general description similar to the results
in [18] as there are parametrised families of these groups. For those whose exact parameters
are known, we shall investigate their isolation from Kleinian groups by using the inequality
of the form (5). For instance in Chapter 5, we consider several examples to show how to
derive such inequalities for (—1,—2,by), (=2, —3,52), (=1, —3.b3).



Chapter 1

Spherical and Hyperbolic geometries

Euclidean geometry was the first geometry in human history, its foundations having been
laid by Euclid in 300 B. C. The familiar model for an Euclidean n-space E™ is R" with the
Euclidean metric dg where

de(v.y) = |v —y|. r,y €R".

We use R" to denote E™ in this thesis. We assume the basic knowledge about the Euclidean
geometry and metric space, and discuss mainly the spherical and hyperbolic geometries. Our
discussions are based on [17] except where otherwise specified

1.1 Spherical geometry

Spherical geometry was the first geometry discovered after Enclidean geometry. It arose from
the study of the starrv heavens. Strictly speaking. spherical geometry is not one geometry
since the geometries of two spheres with different radii are not identical. The different
spherical geometries are distinguished by Gaussian curvature. A sphere of radius r has
constant positive (Gaussian) curvature 1/r* . For convenience, we use the unit sphere S
of R"*!, which has a constant curvature equal to 1, as our model for n-dimensional spherical
geometry. S™ is defined by

BV =Adze P ol =1} .
The Euclidean metric dg on S™ is defined by the formula
de(z,y) = v —y|.

The Euclidean metric on S™ is sufficient for most purposes: for the notion of the isometric
sphere of a Mobius transformation (see [1], page 41); for the group of isometries of S™. But
it is not intrinsic to §™. An intrinsic metric on S follows from the Definition 1.1.1 and
Theorem 1.1.2.

Definition 1.1.1. let x,y be two points in S™ and let O(x,y) be the Euclidean angle between
x and y. The spherical distance between the rays [0,z] and [0,y] is defined to be the real

5
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number
de(r.y) = 0(x.y).
Note that
0 S d;_-‘; S m.

and ds(x,y) =« if and only if y = —ux.

Theorem 1.1.2.The spherical distance function ds is a metric on 8", topologically equiv-
alent to the induced Euclidean metric.

This intrinsic metric d, of S™ plays a key role in determining the angles between axes of two
generators in Chapter 4. There are some other key factors in the determination. such as the
law of cosines and the cosine rules for the sides of a spherical triangle. To define a spherical
triangle, we need the following definition

Definition 1.1.3. A great circle of S™ is the intersection of S™ with a 2-dimensional vector
subspace of R"*1.

A great circle of 8™ is indeed a unit circle with 0 as its center.

Definition 1.1.4. Three points r.y.z of S™ are spherically collinear if and only if there is
a great circle of S" containing x.y. z.

Now let A. B.(" be three spherically noncollinear points of 5%, S(A. B) be the unique
great circle of S? containing A, B and Let H(A, B.(") be the closed hemisphere of S? with
S(A. B) as its boundary and (" in its interior. The spherical triangle with vertices A. 3.
is defined to be

T(A.B.C) = H(A.B.C)N H(B.C.A) N H(C. A, B).

Let [A. B] be the minor arc of S(A. B) joining A to B. The sides of T(A, B. (') are defined
to be [A, B].[B.C] and [C. A]. Let a = 8(B,C).b = 6(C. A) and ¢ = (A, B). Then a.b,c
is the length of [B.C]. [C, A], [A. B] respectively. The following graph shows the spherical
triangle T'(A, B, (") on a unit sphere centered at a point O = (0,0,0) with R = 1.

B

Note that the sum of the internal angles of a spherical triangle is always greater than .
We now state here without proof the results we need in later sections. We refer to [17]
for a more detailed discussion of such results.
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Theorem 1.1.5. (The First Law of Cosines) If A. B, C' are the angles of a spherical triangle
and a.b. ¢ are the lengths of the opposite sides, then

cos A = —cos B eos C + sin B sin C cos a.
cos B = —cos Acos C' 4+ sin Asin (' cosb,
cos (' = —cos Acos B + sin Asin B cose.

Theorem 1.1.6. (Second Law of Cosines) If A, B,C' are the angles of spherical triangle
and a.b, ¢ are the lengths of the opposite sides, then

cosa = coshcose + sinbsinccos A,
cosh = cosacosc 4+ sinasinecos B.
cosc = cosacosh+ sinasinbcos

1.2 Hyperbolic geometry

Hyperbolic geometry arose to prominence in the 19th century after many attempts, span-
ning over 2000 years, to disprove the independence of the Euclid’s fifth postulate and the
realisation that hyperbolic geometry is the canonical geometry of two dimension. In 1868,
Eugenio Beltrami constructed a hyperbolic model in a Euclidean plane called the circle at
infinity. In contrast to the spherical geometry, a hyperbolic plane has a negative constant
curvature and the sum of internal angles of a hyperbolic triangle is always smaller than 7.
For convenience we shall take a sphere in R"*! with constant curvature —1 as our model for
hyperbolic n-space.

The existence of such a sphere depends on the Lorentzian inner product of x,y € R" with
ni 1

oYy =—&Tiy + Tayo + ... + Tyl

The Lorentzian inner product together with the vector space R” is called the Lorentzian
space. and is denoted by R""~'. The Lorentzian norm of a vector x in R” is defined to be
the complex number

1
|z|| = (xox)?.
Note that ||z|| is either positive, zero or positive imaginary. The Lorentzian distance between
vectors x and y in R" is defined to be the complex number

di(,y) = |lz —yl|.

Notice here again that d;, is either positive, zero, or positive imaginary .
If ||z|| = 0, then x is said to be light-like. The set of all z in R" with ||z|| = 0 is the
hypercone C"~!. It is defined by the equation

2 2
I$=$2+...+:En.

and called the light cone of R". see Figure 1.
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X3

Figure 1: The light cone C? of R!»~!
If [|x]| > 0, then x is said to be space-like. The exterior of C"!in R” is the open subset
of R" consisting of all the space-like vectors which satisfy the inequality
)
If ||x]| is imaginary, then @ is said to be time-like. A time-like vector r is said to be

positive(negative) if and only if xy > 0 (x; < 0). The interior of C"~! in R" is the open
subset of R" consisting of all the time-like vectors which satisfy the inequality

I? > 13’ Sk ri
Theorem 1.2.1. Let x,y be positive (negative) time-like vectors in R". Then roy < |||/ ||yl
with equality if and only if x and y are linearly dependent.
Let x and y be positive (negative) time-like vectors in R”. By Theorem 1.2.1, there is a
unique nonnegative real number 7(x, y) such that

oy = |zl ||yl coshn(z,y).

n(z,y) is defined as the Lorentzian time-like angle between x and y with n(z,y) = 0 if and
only if x and y are positive scalar multiples of each other.

As "imaginary” distances are possible in Lorenzian (n + 1)-space. A sphere of unit
imaginary radius in R"*! with Lorentzian inner product is:

F'={z e R : o] = -1}

The set F™ is a hyperboloid of two sheets defined by the equation

2= (b ) = L
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The subset of all x in F" such that #; >0 (r; < 0) is called the positive (negative) sheet of
F". see Figure 2.

X3

Figure 2 The hyperboloid F?

The hyperboloid model H™ of hyperbolic n-space is defined to be the positive sheet of
F". Let .r,y be the vectors in H" and let n(.r.y) be the Lorentzian time-like angle between
r and y. Then the real nnmber

du(x,y) = n(x.y)
is defined as the hyperbolic distance between r and y.
Theorem 1.2.2. The hyperbolic distance function dy s a metric on H".
The metric dy on H™ is called the hyperbolic metric. The metric space consisting of H"
together with its hyperbolic metric is called hyperboloid model of hyperbolic n-space.
We now redefine the Lorenzian inner product on R"*! to be

roy=a1hh + ... + TnlYn — Tnt1Yy+1-

All the results discussed previously in this section remain true after reversing the order of
the coordinates of R"*!. Identify R" with R" x 0 in R"*!, the open unit ball B", where

B"={zeR" x0:|z| <1},

is mapped onto H" isometrically by the stereographic projection ¢ that projects r in B"
away from —e,,; until it meets H" in the unique point (). See Figure 3.
The explicit formula for {(x) is

s 2z, 2z, 1+ |z[?
)= (2 T 1)
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The map ( is a bijection of B" onto H™ and the inverse of ¢ is given by

iz W Yn
¢ '(y)=( ----- )
1+yn+1 1 +yn+l

Figure 3 The stereographic projection ¢ of B? to H?>.

which maps H" to B".
Define a metric dg on B" by the formula

dp(x.y) = dy(C(x).C(y)).

The metric dp is called the Poincaré metric on B". The unit ball B" together with the
metric dg is called the conformal ball model of hyperbolic n-space. We also use the symbol
A to denote B™.

Theorem 1.2.3. The metric dg on B" is given by

20z —y|*
(1= =) = y?)

coshdg(z,y) =1+

There is also a transformation from B" to U™, where
U™ = {(zy,....z,) E R" : 2, > 0} .

Define ¢» = ¢'o where o is the reflection of R™ in the plane R"~! and ¢ is the reflection of R"
in the sphere S(e,, v2). Then ¢ is an isometry from the upper half-space U™ to B". Since
¢ = 1o is a bijective function, it has an inverse function which maps U™ to B™.
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’ Define a metric d;; on U” by the formula

du(z,y) = dg(o(x), 6(y)).

The metric dy is called the Poincaré metric on U". The metric space consisting of "
together with the metric d;s is called the upper half-space model of hyperbolic n-space

Theorem 1.2.4. The metric dy; on U™ is given by

. 2
coshdpy(r.y) =1+ u
(Q-I'rzyn)

Henceforth, we use (H", dy) instead of (U, d;/) to denote the upper half-space model.
The conformal ball model B™ and H™ are the two basic models of the hyperbolic n-space we
shall use in our discussion.

We end this section with a brief discussion of geodesics in R, S*, H" or B". Given any
two points z, y in R". S". H" or B" (Note, r # —y in S") , there exists a unique curve joining
2.y and giving the shortest distance between them. Such a curve is a segment of a geodesic
passing through these two points. A geodesic in R™. S". H" or B" is defined as the following:

o A geodesic of R" is an Euclidean line.
o A geodesic of S" is a great circle.

o A geodesic of H" s the intersection of H" with either a straight line orthogonal to
R"~Y or a circle orthogonal to R"~!.

e A geodesic of B" is either an open diameter of B™ or the intersection of B" with a
circle orthogonal to S"~! .

where R” ! is the boundary of H" and "' is the boundary of B".

Note, given two distinct points by, b, in the spaces above, there is a unique geodesic L
passing through both b; and b,.



Chapter 2

Mobius transformations on R"

The discrete elementary groups and Kleinian groups are subgroups of the group of Mébius
transformations. We consider the Mébius transformations in this Chapter. All of our dis-
cussions are based on [1] except where otherwise specified.

2.1 The Mobius group on R”
A sphere S(a.r) in R" is the set of points which satisfy
S(a,r)={zeR": |z —a|=r)}

where @ € R" and r > 0. The reflection in S(a.r) is the function ¢* defined by

2

() =a+ : )H(.t'u)
(].r — al

Figure 4 is a geometrical interpretation of the reflection x in S(a.r), where a, r € R” and ¢
is the reflection in S(a.r).

v

r v(x)

u

Figure 4  The reflection of a point x in a sphere S(a,r)

A plane P(a.t) in R” = R" U o0, the Riemann sphere, is given by

Pla,t) ={z€R": (z-a) =t} Uoo,

12
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where a € R".a # 0. (v -a) is the usual dot product of vectors in R” and / is a real number.
The reflection in P(a,t) is given by

v(z) =z —2[(r-a)—tla"

where a* = a/|z|>.
A geometrical interpretation is shown in Figure 5, where P is a plane in R" passing through
0. ¢ is a reflection with respect to P.

* P

Yx)
0

Figure 5 The reflection of a point & in the plane P
The chordal metrie d on R” is defined by

2l — yl i,
2 {9 9 f9 1
d(e.y) = (1+ |5‘i‘)|"h{1 +[ul* )2 (2.1)

(1 + |«f?)172

where 1,y € R~ Any reflection ¢»(r) (in a sphere or a plane) is continuous with respect to
the chordal metric d throughout R”.

A Mébius transformation acting in R is a finite composition of reflections in spheres or
planes as described above and is conformal. which means it preserves the angles. The set
of Mdbius transformations forms a group under function composition, called the General
Mobius group, denoted by G M (]R")‘ The Mdbius group consists all orientation-preserving
Mobius transformations, which are the composition of an even number these reflections. We
are primarily interested in the geometric action of subgroups of M (1@2). It can be shown
that ;\!(@2) is identical to M of form (1) on page 1. Henceforth we shall use the notation
M in preference to M(R?).

2.2 Poincaré extension

Poincaré observed that each Mdbius transformation ¢ acting in R" has an extension to a
Mobius transformation ¢ acting in R"*!'. The extension depends on the function:

T T= (T4 Tn0); T = (B15:508n)
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of R" into R"*!. Let ¢ be the reflection in S(a,r) (P(a,r)).a € R", then v is the reflection
in S(a,r) (P(a,r) ), a € R" Hence for x € R", and y = ¢(x) we have

(s s T, 0) = (Y1 eees Yn 0) (2.2)
Alternatively. we can write (2.2) as
(2,0) = (¥(x),0)

Hence v is regarded as an extension of ¢». It can be shown that v* leaves the plane x, ., =0
invariant and preserves each of the half-spaces x,,1 > 0 and &, < 0. For every Mobius
transformation ¢ acting in R" . there is at most one such extension ¢ that preserves

!—{’H'I = {(.f.‘]......f'”.,.l) S S ()}

Definition 2.2.1. The Poincaré ertension of v in GM(R") is the transformation defined
as above.

Let 2.y € H"*', Poincaré extension of ¢* in GM(R") also leaves
ly — af?
Un+1¥ns1

invariant. Notice this means that the Poincaré extension preserves the metric dy of H"*'.
[t is a direct consequence of this invariance that the Poincaré extension of any ¢ in GM(R”)
is an isometry of hyperbolic (n + 1)-space with metric dy. In fact Klein has shown that
the group of Mobius transformation of n-space is isomorphic to the group of isometries of
hyperbolic (n + 1) space as mentioned at the beginning of this thesis. Hence M is isometric
to the group of conformal isometries of H*. We end this section with a theorem about the
groups of isometries of H? and B? (see [1]).

Theorem 2.2.2. Let (H? dy) and (B%,dg) be two models of hyperbolic 2 space, then
e The group of isometries of (H?,dy) is precisely the group of maps of the form

az+b a(=2)+b
Z H _| &
cz+d ( Z)+d

where a,b, ¢ and d are real and ad — be = 1.
e The group of isometries of (B?,dg) is precisely the group of maps of the form
az+ ¢ az+c¢

A e L — -
cz+4+a cz+a

where |a]® — [¢|> = 1.
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2.3 The Discrete elementary subgroups of M
Define a metric on M by letting

D(f.g) = sup{d(f(2).g(z)).2 € C, f,g € M}:

a subgroup ¢ of M is discrete if there exists a constant € = ¢(G) > 0 such that D(f,g) > ¢
for each distinet pair of elements f and g in M [5]. Alternatively we can say that a subgroup
G of M is discrete if and only if for each positive k. the set

{[AeG: Al <k},

where A is a matrix of form (2) on page 1. is finite. Let X be any non-empty set, and = € X,
G/(x), the G-orbit of x, is the subset of X defined by

Gr) ={glx) e X: g€ G}:

a subgroup of M is elementary if and only if there exists a finite G-orbit in R3.

There are three basic types of discrete elementary groups. This classification is based on
the types of elements in M. There are four types of elements in M. These can be defined by
using either the fixed points or the traces of the elements. The following theorem concerns
the classification of these elements by their traces.

Theorem 2.3.1. Let g(# 1) be any Mdbius transformation. Then

(1) g is parabolic if and only if tr*(g) = 4:

(ii) g is elliptic if and only if tr*(g) € [0, 4);

(iii) g is hyperbolic if and only if tr?(g) € (4. +);

(iv) g is strictly lozodromic if and only if tr?(g) € [0.+00).

Where tr?(g) = tr*(A), A is the matrix representation of g. If ir? ¢ [0,4], we call g
loxodromic. Thus a loxodromic element is either hyperbolic or strictly loxodromic.

A discrete elementary group G is one of the following three types:
e Type 1: (G contains only elliptic elements, there are two subcases:

(i) G is a finite cyclic group of rotations of C;

(ii) G is a two-generator group which is isomorphic to one of the symmetry groups
of a regular plane n-gon, the tetrahedron, the octahedron and the icosahedron: these
symmetry groups correspond to the abstract groups D,,, Ay, S;, As.

o Type 2: Every element of (G is of the form

2 Wz + n) + my, (2.3)

where k,m, n are integers, 0 <k < qgand ¢ < 6,g#5
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There are 5 TVI)E‘S of two-generator groups that contain elements Of form (2.3). Sll(‘h a
J g o
group is iSOIilOl‘[Jhi(‘ to

(1) (f(z) =241, g(z)= az), where g is of order 2,3, 4,6;

(2) (f(z)=z2+4+1, g(z) =2+ 7), where f, g are parabolic elements and 7 € C and
T ¢ R; or

(3) one of the Euclidean Triangle groups . which are discussed in Chapter 3.
e Type 3: every element of (7 is either of the form

2 — wraz

or of the form

z—wfal/z.
More specifically. there are three types of elements:
(i) loxodromic elements: f(z) =az, |a| # 1.
The elements of this type fix both 0 and ~:

(ii)  elliptic elements of the type: g(z) = bz, [b| = 1.

The elements of this tvpe belong to a finite cvelie group and fix both 0 and ~c:

(iii) elliptic elements of the type h(z) = ¢/z which exchange 0 and ~.

A two-generator subgroup of ;i of this type is generated by a pair of elements described
above. If one of the generators is of the form h(z) = ¢/z. then the resulting group is
the dihedral group D,,. Unlike Type I, here the order of dihedral group can be infinite.
We denote this group by D.



Chapter 3
Triangle groups

Triangle groups are important classes of discrete subgroups of M. Indeed in the first two
geometries (Euclidean and Spherical) . the triangle groups are the most interesting discrete
groups and it is these groups which we will find the parameters for. This Chapter is devoted
to these groups.

3.1 Triangle groups in three different geometries

We start with the definition of a group of type (a. 3.~) that does not mention discreteness.

Definition 3.1.1. A group G of isometries of the Euclidean plane (the sphere or the
hyperbolic plane) is said to be of type (o, 3.7) if and only if (i 1s generated by the reflections
across the sides of some triangle with angles o, 3. 7.

According to Theorem 7.1.3 in [17]. if each of o, 3.7 is of the form
7/, 2<p<+x

then the group G of type (a.3,7v) is discrete. Also, Each GG has a distinguished subgroup
(7p of index two that contains the conformal elements of (: we call GGy a conformal group of
type (. 3,7). We shall discuss discrete conformal groups and we adopt the definition in [1].

Definition 3.1.2. A group G is a (p.q.r)-Triangle group if and only if G is a conformal
group of type (w/p,7/q,w/r): we call G a Triangle group if it is a (p,q,r)-Triangle group
for some integers p,q,r.

A Triangle group is necessarily discrete. There are three types of Triangle groups, they
are:

e Hyperbolic Triangle groups if 7/p+ 7/q + 7 /r < =;

e Euclidean Triangle groups if n/p+ n/q + 7 /r = m;

17
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e Spherical Triangle groups if 7/p+7/q+ n/r > 7.

In the hyperbolic case, there are infinitely many integral solutions for (p.q.r). Each
solution determines a hyperbolic triangle T'(«, 3,v) and a corresponding group G of type
(a,3.7). It can be shown that hyperbolic Triangle groups are discrete but not elementary
(see [1]). Hence we shall confine our attention to Euclidean and Spherical triangle groups.

The number of integral solutions for the Euclidean and spherical Triangle groups is fi-
nite. We consider them in detail in the next two sections. We state here some preliminary
definitions for that discussion.

Definition 3.1.3. A topology on a set X is a collection J of subsets of X having the
following properties:
(1) 0 and X are in 3.
(2) The union of the elements of any subcollection of J 1s in J.
(3) The intersection of the elements of any finite subcollection of J 1s in J
A set X for which a topology J has been specified is called a topological space (see [16].
page 76G).
Note ) means the empty set.
Definition 3.1.4. A collection S of subsets of a topological space X s locally finite if and

only if for each point x of X. there is an open neighborhood U of x in X such that U meets
only finitely many members of S (see [17]. page 166).

Definition 3.1.5. A polygon P s the interior of a Jordan curve
[, as) U [as. az) U ... Ula,—1.a,] U a,.ay].

where (a;.a;+1) N (aj.a;41) =0 for all i and j.

Definition 3.1.6. A tessellation of X(= H?, B%, 5. R?) is a collection P of polygons in X
such that

(1) the interiors of the polygons in P are mutually disjoint;

(2) the union of the polygons in P is X ; and

(3) the collection P is locally finite.

Locally finite in the Definition 3.1.6 means each compact subset of X meets only finitely
many polygons in P.

3.2 Euclidean Triangle groups

In the Euclidean case, the integral solutions for (p,q,r) are (3,3,3),(2,3,6), (2,4,4). Figure
6 shows a AABC with sides a,b, ¢ and angles (7/3,7/3,7/3).

Reflecting the interior of AABC with respect to its sides respectively and repeatedly, the
resulting reflection group is a group G of type (7/3,7/3,7/3). Figure 7 shows the tessellation
of a part the Euclidean plane by AABC' and its reflecting images in its three sides.
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Figure 6 Euclidean triangle (3,3, 3)
In general, we can define a group using its presentation. A presentation of a group is a set
of elements that generate the group together with a set of relations that specify the conditions
that these generators are to satisfy. If two groups have the same presentations. then they

are the same group (see [15]). The group T’y of type (7 /3, /3. 7/3) has the presentation

I —<n b.cla® = b = ¢ = (ab)® = (be)® = (ac) ;m'(nf:tr;>

ANAANAS
; VAV

/NN /NN /N

Figure 7 The tessellation of R? corresponding to triangle (3,3, 3)

Similarly, the group Iy of type (7/2,7/3,7/6) and the group I3 of type (7/2,7/4,7/4) are
resulting reflection groups of two triangles with angles (7 /2,7/3,7/6) and (7/2,7/ 4,m/4),
shown in Figure 8

The tessellations of the Euclidean plane generated by reflecting in the sides of triangle
(7/2,7/3,7/6) and (7/2,7/4,7/4) respectively are shown in Figure 9. The group I's of type
(m/2,7/3,7/6) and the group T's of type (7/2,7/4,7/4) have presentations:

[y = {a,b,cla® = b* = & = (ab)? = (be)® = (ac)® = identity) , for (2,3,6);

I3 = (a,b,cla® = b = & = (ab)® = (be)* = (ac)* = identity), for (2,4,4).
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A
A c
c
b
" [\ and
B B
c €
a a
Figure 8 Euclidean triangles (2,3,6) and (2,4.4) respectively
Figure 9 Tessellation of R? corresponding to triangles (2, 3. 6)
and (2.4, 4) respectively
Let
Fie = <ub. be|(ab)® = (be)? = (ac)® = icirﬁntil‘y> (3.1)
Ty = {ab, be|(ab)? = (be)? = (ac)® = identity) (3.2)
T3, = (ab, bc|(ab)® = (be)* = (ac)* = identity) (3.3)

then I'y, is a (7 /3, 7/3, 7 /3)-Triangle group and all the elements in T, are the composition
of an even number of reflections, The same is true for I's,, and ..

3.3 Spherical Triangle groups
In the spherical case, the integral solutions for (p, ¢, ) satisfying Definition 3.1.2 are (2,2.m).(2,3,3)

(2,3,4), (2,3,5). Reflecting the triangle (2,2,n) in its sides generates a group of type
(m/2,m/2,7/n) of order 4n. This group has a representation

Ty = (a,b,cla®> =b" = = (ab)? = (bc)? = (ac)" = identity) . (3.4)

The spherical triangle (7/2,7/2,7/3) and the tessellation of the sphere generated by re-
flecting in the sides of this triangle is shown in Figure 10. Similarly, the groups of type
(m/2,7/3,7/3), type (7/2,7/3,7/4) and type (7/2,7/3,7/5) are generated by reflecting the
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interiors of spherical triangles (7/2,7/3,7/3), (7/2,7/3,7/4) and (7/2,7/3.7/5). These
- - . . . . vl . -
spherical triangles and their corresponding tessellations of S= are shown in Figure 11.

e

Figure 10  Spherical triangle (2.2.3) and its tessellation of S*

Figure 11 Spherical triangles (2,3, 3),(2,3,4),(2,3,5) and
their corresponding tessellations of S?

These groups can be presented as:
[5 = (a,b,cla® = b* = & = (ab)? = (be)® = (ac)® = identity) ; (3.5)
Ts = (a,b,cla® = b* = ¢ = (ab)? = (be)" = (ac)® = identity); (3.6)
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and
I'; = ((r._b. f‘[ﬂ'2 = b? =2 = (ab)? = (be)® = (ac)® = idr‘nfﬁy). (3:7)

Let
5. = (ab,be|(ab)? = (be)* = (ac)® = identity): (3.8)
L. = (ab, be|(ab)? = (be)* = (ac)® = identity) (3.9)

and
[ = <nb. be|(ab)? = (be)* = (ac)® = fdrf-n!i!y). (3.10)

then I'se,Cge, and 'z, are (7/2,7/3,.7/3), (v/2,%/3,7/4), (7/2.7/3,7/5)-Triangle groups
respectively. They are indeed A,.S;. A; (see [1]). Recall that S, is the group of all permu-
tations of {1.2..... n}, A, is the group of even permutations of {1,2.....n}. This make
it possible to find the parameter of A,,S;, A; both geometrically and algebraically. The
algebraic method will be discussed in detail in Chapter 4. A formula must be known for our
geometric method. We now discuss this formula and the geometrical method.

Let [.g € M be nonparabolic, we define (see [5])

e aris(f) as the geodesic in H* which has the fixed points of f in C as its endpoints and

e J(f.q) as the hyperbolic distance in [? between the aris(f) and aris(g).
The fixed points of [ are the points = € C such that f(z) = z. Note that a nonparabolic
element in M has exactly two fixed points in C and d( f. g) = 0 whenever f. g have a common
fixed point. If f is elliptic, the axis of f is the set of fixed points of [ in in H?,

Now we are ready to introduce the formula (see [5]). which relates the geometry of axes and
the parameters introduced.

Lemma 3.3.1. Suppose that f.qg € M have disjoint pairs of fired points and that « is the
geodesic in H*® which is orthogonal to the axes of [ and g. Then

T . o)
sinh?(6 + i6) = 3(1)5(9)

Where 6 = 6(f,q) and 8 = 0(f.g) is the angle between the spheres or hyperplanes which
contain aris(f) U a and aris(g) U a respectively.

(3.11)

Figure 12 is a geometric interpretation of Lemma 3.3.1.
According to Theorem 4.3.7 of [1], the elements of A4 have a common fixed point in H?.
Therefore §( f,g) = 0 for any two elements f,g in A;. The same is true for the elements in

Sy, As. Since sinh?(if) = —sin? 8, so (3.11) becomes
: ([, 9)
sin?0 = ————2_ 3:12
"= B A el

We can compute all the angles between the axes of an element of order n and an element of
order m using the First and Second laws of Cosine for the spherical triangle. The computation
process is lengthy but elementary, we omit this process and state our final results for the
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angles between the axes of generating pairs of spherical Triangle groups and their subgroups
in Table 1.2.3 of Chapter 4. Once we know the orders of two generators and the angle
between them, v(f.g) follows easily from (3.12).

axis (.

Figure 12 The distance and angle between the aris(f) and aris(g)



Chapter 4

The parameters of two-generator
subgroups of M

4.1 Determining /() algebraically
Recall that the parameters of a two generator subgroup (f, g) of M
(7(f.9). 5(f). 3(g))
define it uniquely up to conjugacy if 7(f.g) # 0 see [5]). In this section we discuss how to

determine 3(f) by its definition 3(f) = tr*(f) — 4. From Theorem 2.3.1 and the definition
of 3(g) we have

e d(g)=10 if and only if g 1s parabolic;

e 3(g) € [-4.0) if and only if g is elliptic;

e J(g) >0 if and only if g is hyperbolic:

e 3(g) ¢ [-4,+x) if and only g 1is strictly loxodromic.

If g is elliptic we can write it as

FJ-‘”"’/" 0
= ( 0 f,—ip?r;’n ) (41)

where n is the order of g, p is an integer and relatively prime to n and 1 < p < n. A simple
computation shows 3(g) = 4(cos*(pm/n) — 1). 3(g) can be computed if we know the order
n of g. We state here 3(g) for n =2.3,4,5,6

e 3(g)=-4 if g is of order 2;
e 3(g)=-3 if g is of order 3;
e O(g)=-2 if g is of order 4;

24
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3(g) = —-‘:’-";f—’ if g is of order 5:
e J(g)=-1 if g is of order 6.

If ¢ is hyperbolic or strictly loxodromic, we can write g as

u 0
5=(5 1)

where v # £1.0 and B is the matrix representation of ¢ then 3(g) = (u — T) We focus
on the exact parameters of two generator discrete elementary subgroups of M groups which
contain no loxodromic elements.

4.2 The parameters of A, S;. A; and their two genera-
tor subgroups

(/. g) follows easily from the definition once we know the order of the commutator [f. g].
Note that since the group in question is finite so is the order of [f.g]. The order of [f.g]
depends on the two generators. first we need to find out all pairs of generators for the group.
Notice also that the parameters of ([, g) are related to their generators: different generators
of an elementary group may give different parameters. Therefore we want to find out all the
possible generating pairs. To start with we need to find out all the elements in Ay, S, A;.

4.2.1 The elements in A; and their conjugacy classes

There are twelve elements in Ay, they are:

oy =(1),

p = ( )(54), 5 = (12-3) g = (13—1-) 1 = (2'3—1)
az = (13)(24), as = (243), ag = (132), oy = (124).
ay = (14)(23), a7 = (142), ap = (143).

The conjugacy classes are
c(ay) = {ay },
cl(az) = {2, a3, aq},
cl(as) = {as, ag, a7, 03},
cl(ag) = { (g, ﬂlosﬂlisﬂw}-

4.2.2 The elements in S; and their conjugacy classes

There are 24 elements in Sy, they are

) = (1), a7 = (14)‘ 13 = (142], g = (1234),
(kg = (12)(34) (g = (23), iy = (134]. (op = (1243}
g = (13)(24) Qg = (24) (5 = (132). Qg = (1423],
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ay = (14)(23).

as = (12).
ag = (13).

o = (34),
= (125)
Y190 = (2—13)

The conjugacy classes are:

cd(ay) = {a}

c(az) = {as. a3, a4}

c(as) = {as. a6, a7, 08, ag. 1 }

Cf{ﬂ”) = {(111.Gl-_;.(113.(11;.l’]]f,.l’l[u.l’\]f.(l]g}

(‘f((lm) = {(\[g. Y0, (Y21, (¥oa, (123.(.1-3_;}

ag = (143).
a7 = (234),
g = (124).

9o = (1342),
(tgy = (1324)
oy = (1432)

4.2.3 The elements in A; and their conjugacy classes

There are 60 elements in A;. they are

) = (l)

anp = (12)(34).
g = (15)(25)
a = (14)(3
a4 = (23)(4
g = (12-;)
(koo = (135)
kg = (152)
g0 = (235).
gy = (25—1)
ass = (12354).
(hyo = (12543)
(kg — (1.3-1-52)
asg = (14253).
ass = (15342),

as = (12)(35),
ar = (13)(45),
ap = (15)(23)
fh1g = (125)
(o3 = (142).
Qo = (ISJ)
az; = (243),
(g = («315)
(39 = (12435)
(tyz = (15245
agr = (13524
51 = (1—1325
Qg5 = (15234
Qgo = (15423

The conjugacy classes are

cl(ar) = {an },

cl(ag) = {O'z- Qrg, vy, (5, (g, (vg, Qg (g, (Y, (rpy, Oy, O3, Oy, Q5 015}-

ay = (12)(45).
ag = (14)(23),
k2 = (13)(24)
a = (25)(34),
ag = (132)
asy = (143).
sy = (154).
k3o = (2—13)
Qg = (354)-
Qo = (1240

(Y50 = (1—1352
ase = (15243),
ago = (15432).

as = (13)(24).
ag = (14)(25).
a3 = (15)(34)
iy = (12&}
(ko) = (134)
ka5 = (1—15)
g = (234).
gz = (253).
gy = (12345),
i = (1233—1)
ags = (13425),
fhyg = (1-12-55)
(53 = (14525)
g7 = (1532—1)

c(onr) = {01?-018-0'19-020‘ (a1, 2. ka3, (Y4, (kos, (iag, (a7, (e, (X9, (k3p, (¥3),
(32, (¥33, 0'34-035,036},

cl(aszr) = {ﬂ:iTaQJU-QJls 044,0‘45,G‘:s,049,t’l'az‘ﬂa:;,ﬂsssﬂsh&ﬁo},
81(033] = {0331 (k3g, (g2, (43, (g, (g7, Qi50, (5], (is4, (X5, (Y58, 059}-

Note that we have not only found out all the elements in each of the above groups, we
have also found out the conjugacy classes of each of the elements. This is because to find out
all two generator subgroups generated by two elements, in A, say, we need to pair up every
two elements. The conjugacy classes above can make this process much easier. Taking cl(aw)
and cl(as) as an example; choosing one element in cl(as), say as, pairing it up with every
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other element in ¢l(as), the resulting two generator groups are (as.q;) where i = 5.6.7.8.
Next, do the same to aj, the resulting two generator groups are (a3, a,;).Choose an arbitrary
group from (a3, ;). say (as. as), let us look at its conjugacy class. Recall that a3 is conjugate
to oo, that means there exists some element a; in A, such that a;as(a;)™" = as:

1

aj (az.a5) (o) 7' = <u_,-(.13(('1_,-)_ .rlJ-n_,_-,(nJ-)_])

= (fl'-z.(},')
where i = 5,6.7,8. This means every group in (az.q;)is conjugate to one of (a,, ;). Since
trace is a conjugacy invariant, to identify the range of parameters we just need to choose
one element from each of the conjugacy classes, pair the chosen element with every other
non-identity element including the elements which are conjugate to it. We do not need to
repeat the same process for the elements which are conjugate to the chosen element. since
the complex parameters are conjugacy invariant.

The final results of the parameters of A;.S;. A; and their two generator subgroups are
illustrated in Table 1. Note in Table 1, we use )y to denote the Klein-4 group. and Or-
ders means the orders of the generating pair, Angles means the angles between axes of the
generating pair.

It is worth mentioning that the definition 5(f.g) = tr[f.g] — 2 can not be used to
determine the values of 7(A. B) alone. For example. let (f.g) represent the generating pair
(f.g) of Sy with orders 2 and 4 respectively. Then the order of [f.¢g] is 3 and according
to the definition. v(f.g) = =1 or 7(f.g) = —3. But the angle between the axes of f and
g and (3.12) shows that 7(A. B) = —3 is not a possibility. Nevertheless. a combination of
geometrical and algebraical methods assure us the results we have in the table above are
correct.

4.3 Parameters of two generator groups with parabolic
elements

There are 5 types of two generator groups with parabolic elements. The simplest group
contains only translations which is

(fz)=2+1, gz)=2+7)

Where f,g are parabolic elements and 7 € C and 7 ¢ R. Observe that [f,g] is also a
parabolic element. Hence the parameters corresponding to (f(z)=z2+1, g(z)=z2+7)
are 0,0, 0.

Recall in (3.1), (3.2), (3.3), We choose (ab,bc) as generators for each of those groups. In
fact if we can choose any pair say (ab,ac) or (ac,bc) as generators, they will also generate
the Triangle groups. This can easily be seen by their geometrical results in R?. In any one of
these groups, ab, be, ac are of finite orders. Then from the definition of the elliptic elements
that ab, be, ac are necessarily elliptic. The fixed points of ab, be, ac in CU oo are {C, >},

Table 1
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Groups | Orders | Angles (v(f.q).3(f), 3(g))
D, (2,2) |cosf =0 (—4,—4,—-4)
(2,2) [cosf =3 (=3, —4,—4)
Dy [(2,3) |cos@=0 (-3, —4,-3)
(2,2) |cosf = % (—2,—4,~4)
D, (2.4) |cosf =0 (—2.—4,-2)
cos0=1(V5+1) [ (L(V5—5).—4,—4)
(2,2) [cos@=1(vV5-1)[(=L(V5+5).—4,—4)
Ds (3(vV5-5).—4.2(vV5-5))
(2.5) |cosf =0 (—3(vV5+5),—4.-2(V5+5))
(2,3) |cosf= ﬁ (—2,—4,-3)
Ay [(3.3) [cosf =3 (—2,-3,-3)
(2,3) |cosf = \/% (—1,-3,-4)
(2.4) |cosf = % (—1.—4.-2)
Si [BA) [cosf== (—1,—3,-9)
@.4) |cosf=0 (—1,—2,-9)
cosf = =L [ (—5(V5+3),—4,-3)
(2.3) c-c)59=ﬁ3ﬁ (3(v5—3),—4,-3)
(3(v5 —3).—4.3(V5 — 5))
cosf = \/[5_2\,5} (—1.—4 —%;(\/54- 5))
(2,5) (=1, —4, 3(V5 - 5))
cosf = 2{;2_1-',) (—%(\/54—3).—4 —%(\/54- 5))
A; [(3.3) [coso=% (=1,=3.-9)
(3(v5 —3),-3,3(v5 —5))
cosf = é{;_‘i@) (=1,=3, —%(\/§+ 5))
(3.5) (—L—3, IV5-5))
cosf = 2(_5_‘:’@ (-%(\/5+3)‘_—3,—%(\/5+5))
(5.5) (V5 -3),3(v5 - 5), 3(V5 - 5))
cos = Y2 (-1, 3(v/5 -5),-1(V5+5))
(=3(V5+3)], -3(V5 +5), —3(V5 +5))

{A, <}, {B,oc} respectively. A, B, C are the vertices of the triangles in Figure 7 and Figure
8 of Chapter 3. Hence they have oc as a common fixed point. According to Theorem 4.3.5
of [1], trlab,bc] = trlab, ac] = trlac,bc] = 2. The parameters of groups I'y,. 5., '3, and the
group (f(z) =2+ 1, g(z) =az), gis of order 2,3, 4,6, are shown in Table 2. Note that the
order of f(z) =2+ 1is 00, n =2,3,4,6 and a = —4sin®*(pm/n)

Observe all the v's in Table 2 are 0’s. This means the parameters do not necessarily
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define the corresponding groups uniquely. In A, for example, a; = (123),ay = (132), and
(a3)? = ag. hence < aj.ay > is a cyclic group of order 3 and ~(as5.ag) = 0. The parameters
corresponding to < as,ag > are {0, —3. —3} which are the same as 4,,.

Table 2
Groups | Orders | (v(f,g). 3(f). 3(g))

{(f,9) |(oc,n) (0. 0, a)
BN (3,3} (0,—3,-3)
(2,3) (0,—4,-3)

Lo (2.6) (0,—-4,-1)
(3.6) (0,-3,-1)

(2.4) (0,—4,-2)

e | (4,4) (0,-2,-2)

4.4 The parameters of two generator discrete elemen-
tary groups containing only loxodromic elements
In general. the elements in Type 3 of section 2.3 can be describe as
e loxodromic elements: f(z) = az. |a| # 1. The elements of this type fix both 0 and >

e elliptic elements of the type :g(z) = bz.|b| = 1. The elements of this tyvpe belong to a
finite cyclic group and fix both 0 and oc:

e elliptic elements of the tyvpe h(z) = ¢/z which exchange 0 and ~x

The two generators groups generated by a pair of elements above are shown in Table 5.

Table 3
Groups Generators (v(f,9),8(f),3(g))
(f1(2) = a12, fo(z) = as2),
G, joal # Lo #1 | (0,C\[4,0], C\[—4,0)
(f(z) = az,g(2) = bz2),
Gy la| # 1,]0] =1 (0,C\[—4, 0], —4sin*(p7/n))
[9(z) = bz,h = c/2)
b =1 (—4sin®(pm/n), —4sin®(pr/n), —4)
Dy, (h1(2) = e1/z, ha(z) = 2/2)
lei/eo| =1 (2(cos(pr/n) — 1), —4,—4)
&) = az h = o/2)
la] # 1 (C\[-4,0], C\[-4,0], —4)
Dy (ha(z) = ca/z, ha(z) = ca/z)
|C3/C4| :Ié 1 (C\['—4~ 0]1 =4, _4)
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where (7; is a group containing only loxodromic elements, G5 is a group containing loxo-
dromic elements and elliptic elements which belong to a finite cyclic group, a, @, as, b, ¢, ¢;, ¢, 3, ¢4

are complex numbers.
From the parameters we have found above, we can see that dihedral groups have param-

eters of form (3, 3, —4) or (v, —4, —4).



Chapter 5
The isolation of A4, Sy, As

Recall that D* € C? contains all the parameters of two generator discrete groups. In this
Chapter. we prove that whenever (—1.-2,3,). (=2, -3, 3) and (—1,—3.33) correspond
to discrete elementary groups, they are isolated respectively in D? from the set of points
corresponding to Kleinian groups. Recall that this set is closed in D* Our results shall be
obtained by looking for a value of ¢ in (5) where (a.b) is (—=1.-2).(—2.-3).or (—1.=3). Also
in this Chapter, we show the dihedral groups with parameters (3, 3. —4) and 3 € C\[0.4] are
isolated in the space of two generator discrete groups. We start with some previous results.

5.1 previous results

5.1.1. If f and g are in M with ~(f.g) = v and 3(f) = 3. then
v(f.9fg7") =2y - 8)
1(fP9fg7h) = (3+3)*3(=3+1)
The proof of (5.1) depends on the trace identities (see [5])

tr(fg) + tr(fg™") = tr(f)tr(g).

and

tr(f. g] = tr(f) + tr*(g) + tr*(fg) — tr(f)tr(g)tr(fg) — 2.

(5.2) is proved by using trace identity (see [8])
1(f2,.9) = (£, 9)(B(f) +3)?

and (5.1).
We recall the following from Propostion 1 of [19] and Lemma 9 of [21].

31
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Proposition 5.1.2. Let G be a Mébius group and (i,)nen @ sequence of mappings of G
into the full group of Mdbius transformations. Assume that for each g € G, we have

g = lim ¢,(g)
n—o0
Assume further that for each n € N. the transformations v,(g).g € G, generate a discrete
and non-elementary group. Then G is discrete and non-elementary.

This is discussed also in [22] of section 5. It is false in dimension n > 4. but true with

additional assumptions. This proposition shows that the discrete non-elementary groups
with a fixed number of generators. say r, form a closed set in the space of r-generator
groups. Hence if a sequence of non-elementary groups converges, it only converges to a
non-elementary group (see [19]).

Note the isolation of a discrete elementary group (a. b, ¥') from the set of Kleinian groups
only depends on a and b. The explanation lies in Proposition 5.1.2. Let (a,b,¥) be a
discrete elementary group. If (a.b. ') is not isolated from other discrete groups then there
is a sequence of discrete groups (a;.b;,b)), i = 1,2,...in D3 converging to (a,b.b') as i
tends to infinity. If both a and b are zeros, then Jorgensen's inequality shows that there
is no sequence of Kleinian groups converging to (a.b,b'). Suppose a,b are not both zeros.
since there are infinitely many elements in the sequence (a;, b, bi) and all the parameters
of discrete elementary groups are known. it is easy to see that (a;.bi. b)) are a sequence of
discrete Kleinian groups. According to Proposition 5.1.2, (a,b.b') is discrete non-elementary,
this is a contradiction. Thus we have proved

Lemma 5.1.3. Let (a.b.b') € C* be a discrete elementary group. Ifa.b satisfy the inequality
(5). then (a.b,b') is isolated from the set of Kleinian groups.

According to this lemma, to prove the isolations of (—1,—2, 3,), (=2, —3,&); (—1,=8,8s),
we need only to consider the inequalities of the form (5) satisfied by (=1,-2), (—2,-3),
(—1, —3). We shall need the following theorem to work with these inequalities:

Lemma 5.1.4. Suppose that f and g; are elements of a discrete subgroup G of M, that
B=0(f)#—4 and that o =0 or o= B+ 1. If Y(f.9;) # Y0 for all j, then
i{}f 1v(f.9;) — 0l > 0.

We state here several other previous results we shall use in the next section.

Theorem 5.1.5. Two Mébius transformations g and h have a common fized point in C if
and only if tr(g, h] = 2 (equivalently v(g, h) = 0.

This theorem says if [g, h] is non-trivial, then [g, h] is parabolic and (g, h) = 0. It also
implies that if 7(g, h) = 0, then (g, h) is elementary (see [1]).

Theorem 5.1.6. Let f be lozodromic and suppose that f and g have exactly one fixed point
in common. Then (f,g) is not discrete.(see [1])
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Lemma 5.1.7. If (f.qg) is a discrete subgroup of M with y(f,g) = 3(f) # 0. then either
[ s elliptic of order 2,.3,4.6 or g is of order 2, see [5]

Lemma 5.1.8. Suppose that (f.h) is a discrete subgroup of M with (f.h) # 0 and

v(f.h) # B(f). Then there exist elliptic hy and hs of order 2 such that (f,h,) and (f.hs)
are discrete with

(o) =~(fh)  and  A(f.h2) = B(f) — ([ h).

5.2 Isolation of (—1,—2,b;),(—2,—3,b2),(—1,—3,b3)

We start with an analysis of groups with v = 4. Let (f.g) be a two generator group with
v(f.g9) =~ = 3 = 3(f). There are two cases:

Case 1: g is elliptic of order two. Then (f.g) is dihedral
Case 2: g is not of order 2. There are three subcases to consider

o [ is loxodromic. According to (5.1). there is a subgroup (f.¢gfg™') of (f.g) with
“(f.gfg ") = 7(7 — 3) = 0. Theorem 5.1.5 implies [ and gfg~' have a common
fixed point and if [f. gf¢™"] is non-trivial. then [f.gfg~"] is parabolic.f and [f.gf¢™']
have exactly one common fixed point and (f.[f.gfg"']) is not discrete. Since every
subgroup of a discrete group is also discrete. therefore (f.g) is not discrete.

e [is elliptic. According to Lemma 5.1.7, a necessary condition for (f. g) to be discrete
is that f is of order 2.3.4,6; otherwise, (f, ¢g) is non-discrete. When (f, g) is discrete,
it can be elementary or non-elementary. For example if the parameters of (f.g) are
(—1.—1.—1), then (f.g) is discrete and non-elementary. The proof of this depends on
Theorems 4.2, 5.13, 5.14 and Table 4 of [9]. In the case ([, g) is discrete and elementary,
according the parameters we have found in Chapter 4, g has to be of order 2, and (f, g)
is Klein-4 group, Ds, Dy,or Dg.

e [ is parabolic, then 3(f) = v(f,g) = 0. According to Theorem 5.1.5, f and g have a
common fixed point, hence (f, g) is elementary.

We now prove Jorgensen's inequality by using the iteration of trace commutators parameters.

Proof. Let (f,g) be a two generator group with v(f,g) = v, then v(f,9fg9™') = P(y) =
v(v = B).
P(y)— P(P(7))— P(P(P(7))-.. (5.5)

is a sequence of trace commutator parameters of (f, g). The polynomial P () has two fixed
points: v = 0 and v = [+ 1. We analyze what happens under iteration near v = 0. Notice
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that the derivative of P(v) is P'(7) = 27 — 4 and P’(0) = —3. According to the Lemma
5.1.4, if (f.g) is discrete with v # 0. 7 # 4. then the sequence (5.5) does not converge to
0 in a neighborhood of 0. Now, |P'(0)| = |3] < 1 implies 0 is an attracting fixed point, if

the sequence (5.5) does converge to (. Then in a small neighborhood B(0.r) of 0, where
0 <r <<1, we have
P(B(0,r)) € B(0,r).

Hence we have

[:'f"ﬁ(rf’m - .)’)l o (5.6)
From this we deduce if (f. g) is discrete with v # 3 and 7 # 0, then
]+ 18 2 1.

Because
Iyl + 18] < 1,

— ‘rf”e — -'5| < 1, (I5]=+)
— ‘rr-’v| ‘f'f"a — .)" & r
— ‘r'r-*”(rr‘” — .J')‘ <,

As we know (5.6) violates the discreteness of (f.g). we have derived Jorgensen's inequality.

a

Similarly. by analyzing another fixed point 5 = 3+ 1 of P(7) = 7(y — ), we can prove
the first part of Theorem 0.2, that is
If {f.q) is discrete, then

ly+1|+|8+2|>1 (5:

(]
-3
—

unless y = —1.
Proof. The derivative of P(y) = v(y — 8) is P'(y) = 2y — 3, and
P1+3)=2+23-8=2+3.

|24 3| < 1 implies 1 + 3 is an attracting fixed point. Then:

|P(1+B+re?) — (14 5)] (5.8)
= |1+ 8+re) (143471’ —3)— (1+ ) (5.9)
= |1+,£3+Teia+re‘9(l+;3+re‘9)— (1+,13)| (5.10)
= |r||24 B+ re”| (5.11)

So P(D(1+ 3,r)) € D(1+ 3,r) if |2+ ,3+rei3| < 1. Since v = 1 + B+ re', this is implied
by
Iy +1] < 1, (5.12)
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The inequality (5.12) violates the discreteness of (f.g). Hence if v is a trace commutator
parameter for a discrete group, then

v+ 1] =1

unless v = —1. Note that P(—1) = 1+ 3. Now,

|7+ 1 (5.13)
= |y=-83+8+2-1| (5.14)
< |y=-8-1+|3+2|. (5.15)

This implies
ly—=B8-=1+|8+2>1

unless v = 1+ 4. Note that |2 + J| < 1. Then according to Lemma 5.1.8. we are done. [J

When 7 = —1, according to (5.1), 7(f.gfg™") = 3+ 1. (3 + 1.3, 3) are the parameters
of the subgroup (f.gfg™") of (f.g). We consider the parameters of this subgroup. We
start with a discussion of Nielsen Move and Nielsen equivalence. Suppose (f.g) is a pair of
generators of (f.g). it is natural to ask what are the other generating pairs for this group?
The answer lies in the following three moves:

-1

e change one generator to its inverse: (f,.g) — (f ', ¢g):

e swap fand g: (f.g)— (g, f):
e replace one generator by itself times a power of the other generator: (f.g) — (f¢".q)
where n € Z.
The above three moves are called Nielsen moves and the resulting relations are called Nielsen
equivalences. So another generating pair for (f,g) is (f~',9), (9. f) or (fg".g).

Theorem 5.2.1. A two generator subgroup G of M is Nielsen equivalent to a group with
elliptic generators of orders 2 and 3 if and only if it is Nielsen equivalent to a group with
parameters (3 + 1, 3, 3).

Theorem 5.2.1 is discussed in [5], where it is proved by using Nielsen moves and the trace
identities (5.3), (5.4) and

tr(fg™*) = tr(f)(tr(fg™") — 1).

Lemma 5.2.2. Suppose that (f,g) s a discrete subgroup of M and that either f and g are
elliptics of order 3 and 2 respectively or that v(f,g) = B(f) + 1. Then

v(f,9) +1] > %(\/5— 1) or ~(f.g)=-1.



The isolations of Ay.S4. As 36

Proof. Let h = gfg™'. If v(f.g) = 3
is conjugate to f, so J3( .-‘1) = [l.f an(l (
generators of order 2 and 3 by lheo:em
disks

(f)+ 1. then ~(f.h) = v(f.g) by (5.1). Also, h
f.h) is Neilsen eqlu\d]ent to a group with elliptic
5.2.1. Gehring and Martin have shown that in the
1
{z:0<[z+5B£1)| <3 \/5—1)}.
there is no complex number assumed by the commutator parameter of a discrete two genera-
tor group with a generator of order 3 and we obtain the results. O

Lemma 5.2.3. Suppose (f.q) is discrete with parameters (—1./3.13"). Then

3=-=2

or

1
18+2| 2 5(V5-1)

Proof. Recall that when 4(f.g) = =1, ~v(f.gfg™") = 3+1. (3 + 1.3, 3) are the parameters
of the subgroup (f.gfg™") of {f.g). Then the results follow easily from Lemma 5.2.2. O
Combining Lemma 5.2.3 and (5.7). we have showed that

Lemma 5.2.4. A discrete elementary group G with parameters (=1, =2, 3') is isolated from
Kleinian groups.

Lemma 5.2.5. A discrete elementary group G with parameters (=2, -3, 3') is wsolated from
Kleinian groups .

Proof. Suppose (f.g) is a discrete group with 7(f.g) = 7. 3(f) = 4. According to (5.2).
(Py(7). 3. 3') are the parameters of the subgroup (f*.gfg™ ") of (f.¢g): where

Pi(v) = (B+3)*y (=8 +7).

The derivative of P(v) is
P/(y)=(B+ 3)2(—,5 + 27).
And
Pl(0) = (B+3)2(~A),

where v = 0 is a fixed point of Pj(v). |(3+3) 5] < 1 implies that 0 is an attracting fixed
point. When 3 # —3,v # 0, and v # 3, we suppose the trace sequence

Pi(7) — Pi(Pi(7)) — P(P(P(7))) - .
converges to 0. Hence in a small neighborhood B(0,r;) of 0, We have

P(B(0,m1)) € B(0,r1), (5.16)
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— I;\U 1"18‘8” < Ty
= |3+ 8)2(re?) (=3 +me?)| <n,
= |r 1(‘9| I(.S + 3% (-8 + rIe"e)| 0
= |3+ 8)%(-3+nre?)| <1, (|rie| = r1)
— |3+ B(=B+7)] < L. (r=rie”)
Now.
ly=8 =h+2=-(B+3)+1|, (5.17)
<y +2|+|(F+3) + 1. (5.18)
Suppose
v +2|+[(3+3)| <e
where ¢ is a positive real number. Then (5.16) holds if
Ele+1) < 1. (5.19)
Solve (5.19). we have
|7 + 2| + |(8+ 3)| < 0.7539. (5.20)
Since (5.20) violates the discreteness of (f.g). we conclude
|7+ 2|+ |3+ 3| = 0.7539. (5.21)
Obviously the groups with 4 = 0 and v = J satisfy (5.21). The remaining question is
whether or not a discrete group with 4 = —J is isolated from (—2.-3. ). In [5], Gehring
and Martin have shown that if 7 = —3, then in the punctured closed disk
D={z:]2+42] <0.5574, =z# -2},
there is no value which is assumed by a two generator discrete group with 3 = —3. Therefore
we conclude that if (f, g) is discrete with 3 = —3, then
|y + 2] > 0.5574. (5.22)
Hence (—2,—3, #') is isolated from all other discrete groups. O
Similarly using Pj(7), we can show that if (f,g) is discrete with v(f.g) = v,8(f) =
then
|v+ 1| + |3+ 3| = 0.6180 (5.23)
unless 3 = —3. Again in [5], Gehring and Martin have shown inside or on the boundary of

the punctured disk
Dy={z:|z+1| < 05574, =z# —1}
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there is no value assumed by a discrete two generator group with 3= —3. We conclude for
discrete (f,g) with 7 = —3:
|7 + 1| > 0.5574. (5.24)

Hence we have shown that (—1.—3, ') is isolated from all the other discrete two generator
groups.

We have shown the isolations of (—1.-2,5;).(—2,—3,3).(—1,-3. J3) from all other
points in C? corresponding to two generator discrete groups. In reference to the parameters
we have found in Chapter 5 for A,, Sy. A5, we can say that A;. S;. A; are isolated respectively
in the space of two generator discrete groups.

We end this section with a theorem that shows the isolation of a dihedral group (4. 3. —4).
where 3 € C\[0.4], in the space of two generator discrete groups. As we can see from the
parameters we have found in Chapter 4, that such a group is indeed D, . the dihedral group
with an infinite order. We need the following theorem for the proof, see [11].

Theorem 5.2.6. Suppose that (f.g) is a discrete subgroup of M with ~(f.g) # 0 and
3(f) = 3(g) # —4. Then
15 (f.9)] > 0.193. (5.25)

If. in addition, ([, g) is real. then
v (f.9)| =2 — 2cos(7/T) =0.198... . (5.26)

Inequality (5.26) is sharp.

Theorem 5.2.7. There exvists a real € > 0 such that of (x.y.z) are parameters of a discrete
two generator group (f.g). then

lt =3l +ly—3|+|z—4] > ¢ (5.27)

where 3 € C\[-4 0]

Proof. Suppose that (5.27) does not hold, then there is a sequence of discrete two generator
groups (fi,g;) with parameters (z;,y;, z;) such that

x; — 3, Wi —* aj Z; — —4

and
|zi — Bl + |y — Bl + |2 —4| — 0 (5.28)

We now have two cases to consider:
case 1: x; # y;. According to Exercise 3 of Section 4.5 of [1], a sequence of elliptic
elements cannot converge to a loxodromic element. Since 3 € C\[—4, 0], each f; is necessarily
loxodromic element and hence y; € C\[—4,0]. There exists a subgroup (fi. g:fig™") of (fi. ¢:)
with parameters (z;(2;—yi), i, ¥i). Since z; # 0 and x; # y;, it is easy to see that (f;, g:fig;')
is also discrete and non-elementary. Hence ( fisgifior l) satisfies the conditions in Theorem
5.2.6 and we have
|z (z; — y:)| > 0.193. (5.29)
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We also have

|2i =l = |z =B+ 38—y (5.30)
< o= Bl + |y~ 8. (5.31)
(5.32)

From (5.29) and the inequality above , we get
|z — B + |y — 8] > ¢

for all ;. Thus we reach a contradiction.

case 2: r; =y, then the parameters of (f;,¢;f,g7") are (0.y. 1), therefore f; and
9:figi ! have a common fixed point and (f;. g, f,g 1) is a discrete elementary group. The set of
fixed points of f; is { fix(f;)} and the set fixed points of g, fig; ! is {g:(fiz(fi)}). In a discrete
elementary group. these two sets having one common fixed point means they are equal. that
is {g:(fix(fi)}) = {fix(f;)}. This implies either fir(g,) = fix(f;) or ¢ interchanges the fixed
points of f;, in the latter case. g, is of order 2. Hence we deduce that either r; = 0 or z; = —4.
The first case is not possible since x; = y; and y; # 0 therefore every element in the sequence
of discrete groups which converges to (/3. 3, —4) has parameters (x;. x;. —4). Such a sequence
is a sequence of dihedral groups,thus we have r, = 3 for all sufficient large ;. Therefore ( 5.28)

holds. O

Jorgensen’s inequality shows that elementary discrete groups (0,0, 5") are isolated from
Kleinian groups. Using the same technique we can show that dihedral groups (3.3, —4),
where 3 € [—-4,0)\{-1. 2. =3, —4} are isolated from Kleinian groups. when 3 € {-1,-2,
— 3, —4}. the group is Dg. Dy, D3, or the Klein-4 group.



Chapter 6

Remarks and further research

Our main concern in this thesis has been all the generating pairs and the corresponding
parameters of the elementary discrete two generator groups . To this end we have discussed
some preliminary topics like hyperbolic and spherical geometry. Mobius transformations,
Triangle groups. We have considered a few examples to show what we are able to do with the
parameters we have found in this paper. By using inequalities such as (5.7). (5.21), (5.22),
(5.23). we have shown the isolation of some parameters from the parameters of Kleinian
groups. But not all the minimum values in the inequalities are sharp. The following theorem
is proved by Tan in [2].

Theorem 6.1.1. Suppose that the Mdbius transformations [ and g genervate a discrete
group. If 3 # —3. then
v 42|+ 84321 (6.1)

The minimum value 1 in (6.1) is better than 0.7539 in (5.21) in the sense that (6.1) is
sharp for discrete non-elementary two generator groups. For example, (=2, -2, -2) is a
discrete non-elementary two generator group (see [9]). The inequality (5.7) is sharp for
discrete non-elementary two generator groups. The inequality (5.23) is sharp for discrete
elementary two generator groups. For example the parameters of A5 are (%(\/g -3),-3,—-4).
In Lemma 5.2.3., we obtain a better estimation for 3 in the discrete group (—1, 3. 3’) than
in Theorem 0.2. In fact |3+ 2| > -;-(\/5 — 1) is sharp for discrete elementary groups since
(-1, %(\/F— 5), —4) is As. The estimations in (5.22) and (5.24) are not the best possible.

Our goal in studying the isolation of elementary discrete two generator groups is to learn
more about the Kleinian groups. In my future research, I shall prove the isolation of all
other parameters I have found in this paper, attempt to find the best minimum values and
then use these results to study the geometry and topology of hyperbolic 3-manifolds and
orbifolds.

40



Reference

[1] A. F. Beardon, The geometry of discrete groups. Spring-Verlag. Berlin and New York,
1953.

[2] D. Tan. on two generator discrete groups of Mobius transformations. Proc. Amer.
Math. Soc.. 106, (1989). 763-770.

(3] E. Klimenko and N. Kopteva. Discreteness criteria for RP groups. Israel Journal of
Mathematics. 128, (2002), 247-265.

(4] F. W. Gehring and G. J. Martin. lteration theory and inequalities for Kleinian groups.
Bull. Amer. Math. Soc.. 21, (1989). 57 63.

[5] F. W. Gehring and G. J. Martin, Commutators. collars and the geometry of Mdbius
groups. J. Anal. Math., 63, (1994), 207-218.

[6] F. W. Gehring and G. J. Martin, Inequalities for Mobius transformations and discrete
groups, J. Reine Angew. Math., 418. (1991). 31-76.

[7] F. W. Gehring and G. J. Martin, Stability and extremality in Jorgensen's inequality.
Complex Variables, 12. (1989), 277-282.

8] F. W. Gehring and G. J. Martin, The iterated commutator in a Fuchsian group,
Complex Variables, 21, (1993), 207-218.

9] F. W. Gehring, C.Maclachlan, G.J. Martin and A.W.Reid. Arithmetictiy, discreteness
and volume. Trans. Amer. Math. Soc., 349, (1997), 3611-3643.

(10] F. W. Gehring, J. P. Gilman and G. J. Martin, On the minimal volume hyperbolic
3-orbifold, Math.Res.Lett., 1, (1994), 107-114.

[11] F. W. Gehring and G.J.Martin, Some universal constraints for discrete Mdbius
groups, in Paul Halmos, celebrating 50 years of mathematics (Spring, 1991), pp. 205-220.

[12] F. W. Gehring and G. J. Martin, Awial distances in discrete Mabius groups, Proc.
Natl. Acad. Sci., USA, 89, (1992), pp. 1999-2001.

[13] F. W. Gehring, J. P. Gilman and G. J. Martin, Kleinian groups with real parameters,
Commnu. Contemp. Math., 3, no. 2, (2001), 163-186.

41



Reference 42

(14] F. W. Gehring and G.J.Martin. On the Margulis constant for Kleinian groups. I.
Ann. Acad. Sci. Fenn., 21, (1996). 439-462.

(15] J. A. Gallian. Contemporary Abstract Algebra. Houghton Miffin Company, USA,
2002.

[16] J. R. Munkres Topology, Prentice Hall, 1999.

(17] J. G. Ratcliffe, Foundations of Hyperbolic Manifolds. Spring-Verlag, New York,
Berlin. Heidelberg, London, Paris. Tokyo, Hong Kong, Barcelona, Budapest, 1994.

[18] L. Baribeau and T Ransford. on the set of discrete two-generator groups, Math.
Proc. Camb. Phil. Soc., 128. (2000). 245-255.

[19] T. Jorgensen. On discrete groups of Mdobius transformations. Amer. J. Math., 98,
(1976), 739-749.

[20] W. P. Thurston, Three-dimensional geometry and topology. Princeton Univ. Press,
Princeton, NJ, 1997.

[21] T.Jorgensen and P.Klein. Algebraic convergence of finitely generated Kleinian groups.
Quart. J. Math. Oxford(2). 33, (1982), 325-332.

(22] G.J.Martin, On discrete Mébius groups in all dimensions: A generalization of Jorgensen’s

inequality. Acta Math.. 163, (1989). 253-289.



	20001
	20002
	20003
	20004
	20005
	20006
	20007
	20008
	20009
	20010
	20011
	20012
	20013
	20014
	20015
	20016
	20017
	20018
	20019
	20020
	20021
	20022
	20023
	20024
	20025
	20026
	20027
	20028
	20029
	20030
	20031
	20032
	20033
	20034
	20035
	20036
	20037
	20038
	20039
	20040
	20041
	20042
	20043
	20044
	20045
	20046

