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Abstract

In this thesis, we consider the two-layered fluid flow problem in a circular
pipeline. The justification of the model we shall employ, namely the stratified flow model
will be discussed.

Our mathematical model is built from first principles, the conservation relations
of mass, momentum and energy will be analysed and applied to the various flow
configurations. We start by considering the simplest case possible, i.e. the planar axial
interface and then extend the model by considering first, the motion of a travelling jump
in the pipe section and second, to allow a small interfacial gradient.

The stability of the steady flow configuration is investigated using a linear
stability method. This method starts off by assuming a travelling wave solution for the
perturbation and then observing whether there is growth (unstable) or decay (stable) in
this perturbed state. A stability map is provided to indicate the various possible scenarios
for the travelling perturbation wave.
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Chapter 1

INTRODUCTION

1.1 General Survey & Literature Review

SANTOS Ltd is Australia's biggest supplier of natural gas. It operates nearly 600 wells,
most of which are in South Australia. Generally, the wells produce a mixture of raw, dense gas
with some water and a kerosene like condensate. These fluids pass through a compressor and are
then pumped at high pressure through pipelines up to 180 km long to processing facilities. Both
gas and liquid are carried in one pipe, but they travel at different speeds. In pipes across an
undulating terrain such as those operated by SANTOS, a major cause of slugging, resulting in
severe mechanical vibrations in the pipe, is the topography.

At the Mathematics-in-Industry Study Group (MISG) 2002 conference in Adelaide, South
Australia, SANTOS had posed a challenge to develop a simple way to estimate peak liquid flow
rates, slug sizes and the period between peaks. Although we are dealing with a liquid and a gas,
we shall later prove that the best model to describe this problem presented by SANTOS was a
liquid-liquid flow system. With this assumption, we shall go on to investigate the possible models
allowed under such flow configurations, which will be detailed in this thesis. Now, we shall now
provide a historical review of the development in liquid-liquid flow systems.

Co-flows of two immiscible liquids are encountered in a wide range of processes and
equipment. In particular, oil-water flows have been of great commercial significance for some
time. It was found that the introduction of a small amount of water in a long distance transport
pipeline reduced the total frictional pressure drop along the pipeline and so decreased the amount
of energy required to pump the oil; this was patented by Isaacs and Speed [1].

The accurate prediction of oil-water flow characteristics such as water hold-up, which
may be used to determine the interfacial depth, and the average pressure gradient is important in
numerous engineering contexts. However despite their importance, liquid-liquid flows have not
been investigated to the same extent as gas-liquid flows. Essentially, a gas-liquid system is a two-
fluid system characterized by low density and viscosity ratios. While there are many similarities
between the gas-liquid and liquid-liquid systems, we cannot immediately apply the concepts of
the former scenario to the latter because non-Newtonian behaviour is possible, notably for certain
oils and oil-water emulsions.

Flow patterns as observed in liquid-liquid systems can be classified into four fundamental
regimes:

a.  Stratified flow with either smooth or wavy interface.

b.  Large slugs, elongated or spherical, of one liquid in the other.



c. A dispersion of fine droplets of one liquid in the other. (the fluids are immiscible).
d.  Annular flow where one fluid forms a flowing annulus and the other liquid flows in the core.

In many cases encountered, the resulting flow patterns are a combination of the above regimes
(see Figure 1).

As in gas-liquid systems, the flow pattern observed depends on the separate liquid flow
rates, physical characteristics (viscosity, surface tension and density), tube diameter and pipe
section inclination. However if the density differential is relatively low, the role of gravity in
liquid-liquid systems diminishes and the wall wetting and surface tension take on added
significance in the resulting flow patterns. The liquids' wall-wetting is not just a property of the
fluid material but also depends on the history and dynamics of the liquids near the wall surface
[2-3]. Consequently, start-up procedures and entrance conditions may also affect the flow pattern.
[4-6].

At this juncture, we shall conduct a brief survey of the various types of flow patterns,
emphasizing stratified and core-annular flow patterns as the latter two are common for oil-water
systems. While there are various ways to classify the various flow patterns discussed, the
approach used in [7] will be adopted here. First, we need to define a certain non-dimensional

-

constant called the Edtvos number, Egp = where Ap is the density difference between

the liquids, g is the gravitational constant, D is the tube diameter and o is the surface tension
(assumed constant for prescribed fluids). The E6tvos number is the most important means of
determining the appropriate model to use.

1.2  Stratified Flows

Stratified flow is defined as the basic flow pattern in horizontal or slightly inclined liquid-
liquid systems with a finite density differential since it has been proven experimentally that, for
low flow rates, the two liquid phases tend to segregate.

For liquid-liquid flows, it is not generally known whether which phase is travelling faster
(subject to specified operational conditions). Multiple solutions can be obtained for the various
operating environments in co-current (both fluids flowing in the same direction) and counter-
current (both fluids in opposite directions) inclined flows. Furthermore, surface tension and
wetting effects become relevant when there is a low relative density difference between the
liquids.

As highlighted earlier, we can classify stratified flows according to the nature of the cross-
sectional interface: smooth (plane, convex and concave) or wavy. It is assumed that the interface
has a very small gradient along the axis of the pipe section, i.e. radius of curvature is still very
large. If gravity is the dominant force in the system, then we will'have a planar cross-sectional
interface configuration. However, if surface effects (surface tension and wetting) are dominant,
then the interfacial cross-sectional will attain a convex or concave configuration depending on the
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Figure 1 - Schematic of Possible Stratified Flow Patterns [7]
Stratified flow model of two separated layers (with possible mixing at the interface)

Stratified layers of a free liquid and dispersion of the other liquid
(e.g. oil in water dispersion above a water layer)

Stratified layers of a free liquid and dispersion of the other liquid
(e.g. oil and oil-in-water dispersion)

Layers of dispersion (e.g. water-in-oil-dispersion above oil in water dispersion,
possibly with pure oil at the top and/or water at the bottom)

Full dispersion or emulsion of one liquid in the other liquid.
(e.g. water-in-oil or oil-in-water dispersion or emulsion)

Core annular flow (e.g. a core of viscous oil and water in annulus)
Annular flow of a liquid with dispersion in the core. ~~

Core annular flow of two dispersions.



p Intermittent flow (one liquid alternately occupying the pipe as a free liquid or as a
dispersion.

g, r Long elongated or spherical bubbles of one liquid in the other.

relative wettability properties of the fluids and the wall surfaces [7]. Examples of this are shown
in Figure 2.

Plane interface Convex Interface Concave Interface

Figure 2 — A sketch of smooth cross-sectional interface configurations.

With increasing flow rates, the axial interface may be wavy, with possible entrainment
(i.e. trapping through turbulence or chemical reaction) of drops above and/or below the interface
[7]. Examples of this scenario are seen in Fig. 1b, e-g. As we shall later show, we will adopt the
planar configuration model, allowing a possible and small interfacial variation along the axis of
the pipe section. Such a model is known as the two-fluid model (TFM). According to [7], thisis a
useful model for practical applications and, as such, will be the model that we employ for the
remainder of this thesis.

1.3 Annular Flows

Figure 3 - Sketch of fully-developed Core Annular Flow flow pattern with £ being the angle of inclination [7].

Under certain conditions, as given later in the section, it is possible for the oil and water to
stabilise into a core (more viscous fluid) and annular (less visco&s fluid) configuration. Such a
flow scenario, shown schematically in Figure 3, is ideal as far as the minimisation of the applied
pressure and flow energetics are concerned [7].



Numerous experiments done by Oliemans [8], Oliemans and Ooms [9] and Joseph and
Renardy [10] proved that if a stable core flow can be maintained, then the pressure drop is almost
independent of the oil viscosity and only slightly higher than for the flow of water alone at the
mixture flow rate. To maintain such a flow pattern, the following need to be achieved:

a. Minimisation of the density differential between the oil (more viscous) and the water (less
viscous fluid) by using additives and surface active agents for controlling and minimising
the emulsification of water into oil.

b. Use of a hydrophilic pipe (strong affinity for water) pipe in order to prevent the oil phase
from sticking to the wall.

¢. Maintenance of a critical (minimum) oil superficial velocity and water/oil volume ratio to

avoid contamination of the upper tube wall by the oil core. Below this critical oil
superficial velocity, a transition to stratified flow regime will occur.

1.4 Stratified Flow Model & Analysis

As the SANTOS data (see table 1) supports the stratified flow model, we consider the case of
stratified flows henceforth.

Table 1: SANTOS data presented at the MISG 2002

Quantity | Symbol | Value ] Units
Lower Layer (denser liquid)
volume flux q, 0.008 m’s™
density o) 550 kgm™
dynamic viscosity v, 2.4x1077 m?s™

Upper Layer (lighter liquid)

volume flux q, 0.4 m’s™
density 2, 140 kgm™
dynamic viscosity V, 1.3x107 m?s™

Evidently, the best flow pattern that matches the flow parameters is that of the stratified
flow model. This is because of the following:

i.  Range of angle inclinations is very small from —1 to +1 degrees => slightly inclined
system
-

ii.  Relatively low flow rates for both liquids => two liquid phases will segregate.




iii. Density differential is high, i.e. Ap/p, =0.75 > 0.1 => gravity dominant system

More critically, the planar interface configuration can be adopted as well since as shown
in Figure 3. Furthermore according to [7], the core annular flow has been experimentally proven
not to work in scenarios involving a high relative density differential, Ap/p, and a relatively low

viscosity for the lighter liquid (upper layer).

In [7], the interface can be identified using the triple point (TP) and the interfacial
curvature (@%*), as illustrated in Figure 4. @, is the between the vertical centre line and the line
joining the centre-point to the triple point (TP), which is the contact points between the wall and
the interface. Hence, different interfacial configurations (planar, convex and concave) will yield
different TP locations and interfacial curvatures.

) TRIPLE
% < POINT

Figure 4 - A sketch of the triple points (TPs), interfacial curvature,®* and phase distribution angle, &,

The Interface Monograms, illustrated in Figure 5, show the relationship between the
interfacial curvature and the phase distribution angle, while varying the contact angle between the
interface and the wall, @ (not the same as the angle of inclination) from 0 to n. Each point along
an interface monogram is associated with a different hold-up (fraction of the flow area occupied
by the lower, denser liquid layer). Together with the full solutions of the variables in the flow
system (such as fluid layer speeds, interfacial height), we can also obtain the interfacial curvature.

In gravity dominated systems, we see that the planar configuration is a fair approximation
as we see that for most @ values, the interfacial curvature is n, hence implying a planar interface.
Furthermore, this also verifies the assumption that the liquid-gas flows can be approximated by a
liquid-liquid system.

While we are not discarding surface tension effects here, we are asserting that gravity
plays the dominant role in the flow configuration. In the coming chapters of this thesis, I shall
then consider the scenario if we allow a slight variation in the interfacial gradient along the axis
of the pipe section. This is particularly useful if we make transitions from one pipe section to
another which will result, as we shall show, some form of interfacial height adjustment.
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1.5 Nomenclature

We need to define some of the terminology used here as well as highlight the derivations
of the shear stresses that we will be using throughout this manuscript.



Figure 6 - A sketch of the cross section of the pipe

Table 2: Pipe parameters & Flow geometry:

Quantity | Symbol | Value/Function | Unit
Pipe parameters:
Internal pipe radius R 0.2 m
Internal cross sectional area A TR m’
Flow geometry parameters:

R-h

Angle subtended by Interface 0 Zarccos[ R ) - (radians)
Interfacial width S, 2V2Rh- K’ m
Wetted perimeter of liquid 1 S, RO m
Wetted perimeter of liquid 2 S, R(27 -0) m

At this juncture, we shall specify the assumptions employed in this scenario.

(1)  Fluids are immiscible and incompressible.

(2)  Fluid flow is steady (i.e. no time dependence)

(3) Pressures in fluids are assumed to be hydrostatic and so the relations are given as
follows, where P (z) is the pressure at the base of the pipe section.

P = P -pgyeos@) & P, = P,—p,ghcos(a)-p,g(y—-h)cos(a)

(4)  Fluid system is stably stratified, i.e. p, > p,

(5) Mass is conserved (i.e. no change of mass of fluid duringthe process)

(6) Thermal effects due to friction between liquids and the wall, and internal energy changes




in the liquids are neglected.

(7)  Lower liquid layer is assumed to be an open channel flow while the upper liquid layer is
a closed channel flow.

(8) Interfacial shear stress experienced by both liquids are assumed to be equal and opposite.

Shear forces that are at work are dependent on both the viscosity of the fluid and the
roughness of the wall. The former is typically represented by the Reynolds number, whose
formula for single phase pipe flow, is given below.

R = PP (1.1)

y7i

where p is the density of the fluid, V is the average velocity, D is the diameter of the pipe, u is the
dynamic viscosity of the fluid medium.

Returning to our original flow problem involving two layered fluid system, the wetted
perimeter for the lower layer is defined to be §) = R, while S; = (2zR-S}) + Si, where §; is the
interfacial width, is the wetted perimeter for the upper layer. The reason for such a formulation is
because we are assuming that the upper layer is lighter and hence dragging on the lower layer as
the two fluids move in the axial direction. Hence, the upper fluid layer is assumed to be a closed
channel flow and the lower fluid layer is an open channel flow. (see assumption (7) above).

So for our two-fluid problem, (1.1) can be modified as follows:

”|(4A1)

Re, = s (1.2a)
Re, = Hldy) (1.2b)
v,S5, .

where u, and u, are the average fluid velocities for the layers, 4; and A; are the cross sectional
areas occupied by the liquids, S} and S; are the wetted perimeters of the liquid layers, the dynamic

ST, —_ : 4
viscosities are defined as v, =#% and the hydraulic diameter is defined to be D, =

Px k
=1, 2, is the index referring to the specified liquid layer.

A,

where k

Next, we need to consider the roughness of the pipe. Employing Knudsen and Katz's [12]
smooth tube correlation rules, we have:



0.046
-fl - F:n‘ (]33)

£ = ot (1.3b)

02
Re,

where f} and £ are friction factors, which describe the relationship between the fluid viscosity and
pipe wall.

Applying single phase methods and Prandtl's mixing length formula, the wall shear
stresses are characterised by the following relations:

2
T, = :_M (1_43)
2
2
vy = fz;‘zpz (1.4b)

We note that the shear stress terms: 7, and 7, are based on the assumption that the gradient of

the interfacial height is very small and that the flows of the fluids are generally parallel to the axis
of the pipe section.

Finally, we turn our attention to the interfacial shear stress terms. Gover and Aziz [12]
proposed that the latter exists because the upper liquid layer dragging on the lower liquid layer,
assuming that we have stable stratification. The friction factors are defined as,

r = A ;u])zpz (1.5a)

T, = fz(uz:;"l)z P (I.Sb)

where f; is the friction factor for the lighter medium defined in (1.3b). Having done all these, we
can now proceed with the core of this thesis.

1.6 Solution Methodology

In this thesis, we shall be making numerous references to the data given by SANTOS at
the MISG 2002 meeting in Adelaide South Australia. As we have explained earlier in this
introductory chapter, the model and assumptions employed here are unique to this particular flow
data.

The primary goal of the thesis is to develop an understanding as to how the three

fundamental relations, namely the conservation of mass, momentum and energy are applied to
this flow scenario. It can be said that this model is applicable to scenarios with low flow rates and

10



large relative density differentials. After tackling the problem at its fundamental level, we can
gradually increase the complexity of the flow scenario with the goal of building a coherent
picture of the possible scenarios that can occur in a two-layered flow system in a circular pipe.

As such, the main purpose of this study is to gain an solid understanding of the mechanics
of this flow scenario and to discover the limitations of the proposed model. Of course, it should
be acknowledged that the material to be presented in this thesis builds on work done by other
researchers, most notably, Fozard [13], Brauner [7,11,14] and the work undertaken by the MISG
2002 team, led by McGuinness and McKibbin [15].

11



Chapter 2

PLANE AXIAL INTERFACE PROBLEM

2.1 INTRODUCTION

Previously, we have shown that we can make the assumption that we have a planar
configuration for the cross-sectional interface. In this chapter, we shall perform the analysis for
the turbulent liquid-liquid flow problem with the assumption that A(z) is a constant across a
specified pipeline section, where A(z) is the axial interfacial variation. This scenario represents the
liquid-liquid problem at the most fundamental level and it is graphically represented as follows:

Figure la - Graphical description of Plane Axial interface problem where a is positive.

Figure la - Graphical description of Plane Axial interface problem where a is negative.

12



where we note that « is the angle of inclination of the pipe section. We shall define positive a
when the pipeline is pointed upwards as shown in figure 1a. When the pipeline is pointed
downwards, the a is then defined to have a negative value, shown in figure 1b. In addition, the
two liquids have different average fluid velocities: », and u, , and the x-axis is directed into the
page. We note that we are able to use average velocities as opposed to explicitly solving for the
velocity is because of the interfacial approximation: very small gradients. In this analysis, we
shall consider the following problems.

(1) How do we determine the uniform layer depth, # (depth of lower liquid 1) ?
(2) Is this uniform layer depth, # unique and in what way is this unique?

(3) What happens to 4 as a is negative or positive and how does the applied average pressure
gradient, shear force terms change with each angle a ?

As we will be approaching the problem using first principles, we shall investigate the
momentum and energy conservation relations using the calculus approach. In addition to the
assumptions made in Chapter 1 (i.e. steady flows) and the introduction to this chapter, we are
neglecting surface tension effects because the interface is parallel to the axis of the pipe section.

2.2 Problem Derivation & Solution Across Two Sections

Conservation of Mass: This principle allows us to obtain the average speeds of the two
fluid layers. This is so because of the assumption that the interfacial slope is very small (i.e. close
to horizontal), allowing us to make this approximation. So,

u, = % (2.1a)
u, = ﬁ (2.16)

where 4, is the cross-sectional area ratio occupied by the heavier lower fluid.

We first consider a slice of this pipe section of width [z, z + Az], the momentum
conservation relation asserts that any changes of momentum flux in the slice is countered by the
shear, gravitational forces and applied average pressure gradient which is mathematically
expressed below.

pid :M: = 1,854z + (-1)"758z - p A Azgsin(a) - P4,

= (2.2)

where k = 1, 2 referring to the fluid layers as shown in figure I'and P, = % I P dA,
k 4

13



is the average pressure function across the k™ fluid layer.

By setting Az — 0 and knowing that 4 is constant throughout the flow, the LHS of (2.2) is
0 leaving where each term is being evaluated at some point z* in the interval [z, z + Az]

0 = 6.8 <+ (—l)k*]z'iSi - pAgsinla) - %(f_’kAk) (2.3)

Since Ay is a constant throughout the pipe section, we can extract it from the derivative
operation. The condition for uniform flow is that the applied average pressure gradient across
both equations are the same. In doing this, we obtain the following equation,

dP, S, +7.8.
k. o hoite '—plg.&‘fﬁ(a) = P

ar, S, -1,8
dz A, 4,

=~ pyg sin(a) (2.4)

for k = 1, 2 respectively where we note that the shear force and area functions are in terms of the
interfacial height, 4. So, solving (2.4) will yield the appropriate value of 4. In this instance, I have
used the matlab function 'fzero' to compute 4. Using the matlab program (D:/Thesis Work /
Chapter 2/mainl.m), we obtain the following plots where we have used data from a MISG 2002
project (see Table 1 of Chapter 1).

A summary of the observations are given below.

(1) Negative and positive angles of inclination result in a shallowing and thickening of the
interfacial height respectively. (see Figure 2a)

(2) Ataround a = - 0.5, the total shear forces per unit volume equals the gravitational force
per unit volume implying that the average pressure gradient equals to 0
(see Figures 2a & 2b)

(3) Ata=0.465 & 0.62, where the sum of shear forces per unit volume equals to 0, implying
only gravity is at work. (see Figure 2b)

(4) The total shear force per unit volume is generally negative, except at a = 0.465 & 0.62
where it is equals to 0 and a approximately between 0.465 and 0.62 degrees.
(see Figure 2b)

(5) Average speed and Reynolds number for lighter fluid increases as the angle increases
while it decreases for the heavier fluid. (see Figures 3 & 4)

(6) As the interfacial depth, A, increases, the kinetic energy flux per unit volume drops. This
makes sense because the volume flux, i.e. ¢, and g, are preserved throughout the flow
system, resulting in a decrease in average speeds. (see Figures 5a & 5b)

e
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(fluid 1 (heavier) - bold, fluid 2 (lighter) - dotted)
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At this stage, the conditions in which (2.4) is not applicable should be noted. Clearly
when either 4, or 4, equals 0 will we have a discrepancy, implying the existence of only one fluid
as opposed to two. Of course, this doesn't mean that we will have an anomaly for such a scenario.
Instead, it means that we need to deploy a single equation for a single fluid. For the latter case,
the interfacial shear term is removed, set p, = p, and 4, = A,= 7R>, we will then obtain the
formula for average pressure gradient as follows:

< - %-p.gsm(a) (2.5)

where S, = 2zR, the circumference of the pipe's cross section and we recall that this is for the
steady case only.

We note that because the energy flux is constant along each pipe section with one angle of

inclination, it is not useful to consider it. However as we will show in the next section, there will
be a change of energy flux values because we will move from one pipe section to the next.

2.3 Energy & Momentum Considerations

Next, we shall complicate matters slightly by looking af the case where there is a sudden
transition from one uniform flow regime to another, as shown in Figure 6, where a is negative
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and a'is positive.

Figure 6 - Levelled Flow between 2 linked sections

This problem is a simplification of a case which will be discussed later in the long wave
theory section. Essentially, we know that if there was a force induced at the junction point
causing the interfacial height to jump from 4 to A'. For the above scenario, the critical
considerations are the energy and momentum flux changes that are induced at the junction point.
We first need to specify the assumptions that are employed in this problem.

(1)  Transition region is small, relative to the size of the overall system.
(2)  Average pressure gradients for both liquids are equal in each section.
(3)  Volume fluxes are constant throughout each section.
(4) Forces balance in each section except possibly, at the pipeline junction.
Looking at the momentum flux relation first, we recall that any changes in the momentum
flux across the transition must equal to the net force required to induce the change of momentum

profile. First, the momentum flux term is defined as:

momentum
momentum flux = ———— x volume flux

volume

momentum fiux coming out of transition —
N

force supplied to

Figure 7 - a vector diagram to illustrate the momentum flux relation
—
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Since we are looking at the forces (momentum flux terms), the latter terms have both
magnitude and direction components as illustrated in the figure shown above. Using the simple
cosine relation, we can determine what is the force that is required to change the momentum flux
profile.

F* = (Pl%ulu"‘quz"zu)z o (P:qi”m"'quz"zd)z =
2(P|‘I1“1u + g5l Xpl‘?lusd + PagaUy )cos(a"«?ld) (2-6)

where F is the force required to change the momentum profile, (p,q,u,, + p,q,4,, ) and
(9,14 + P2, 1,4 ) are the momentum flux relations before and after the transition region
respectively.

It should be noted that if a is negative, then the cosine term looks like cos(|a| + a’) or else
itis cos(a’ + a), as usual. Furthermore, we see that if u,, = u,, and u,, = u,,, then the angles are

the same and the force supplied is subsequently equal to 0.

Turning our attention to the energy flux relation. We require that there will be an energy
flux loss at the transition region because extra energy is required to change the momentum
profile. If there is more than one junction in a pipeline network, we evaluate the energy flux
losses based on two adjacent sections and not between the current section and first section (except
for the first two).

The energy conservation principle states that any changes in the mechanical energy flux
equals the net work rate of force in the pipe section. The energy flux is defined as:

energy
volume

x volume flux

energy flux =

Mathematically, it is expressed as follows:

e [»gsin(a)p]A]Az—rlS,Az+riS,-AZ]ll] = %:I—MAZAl

z

Ql?

+ [_gSf”(‘z)PzAzAz"TzszAz_fiSiAz]”z = %“zmz 27)

where Q. is the energy flux relation and all the functions above are evaluated at some point, say
z* € [z, z+ 4z).

Now following the calculus approach and divide (2.7) by Az and set Az — 0, we then
obtain:

20



[" gSi"(a)plAl -0,8, +7,5; }‘1
. dPp,
+ [“ g-"m(a)PzAz —=7,8, - 1;S; ]"2 i E"zAz (2-8)

The above equation gives us the energy flux differential for each pipe section. Since each
of the terms in (2.8) are constant in z for each section, by our problem definition, we can
generalise (2.8) to give the energy flux difference at the transition. Integrating (2.8) with respect
to z and knowing that the energy flux profile is constant across each pipe section, we have:

T do. - j {[—gsin(a) s sk - B A} &
+ I {[-gsfn(a)pzA;- rS by - —uz 2} dz (2.9)

where z; and z, denote the axial points on the a’ section and a section respectively.

The problem with the above approach is that we don't know the size of the transition
region. In addition, the integrands for RHS in (2.9) are constant in each pipe section but it isn't
the same constant in both pipe sections. So when we evaluate the integral, we will run into
problems. Hence, we will adopt a simpler approach where the LHS of (2.8) is the difference
between the total energy flux of the two fluid layers in the a section and a' section. This can be
mathematically defined as follows:

3 o
Q,i‘ _ |:pl/;]111 % pzf;:tuz:| (2.10)

2.4 Case Study

Now, we shall assume that we know the topography of the pipeline. In this case, we take a
= sin(z) (see Figures 8a-c) and a = cos(z) (Figures 9a-c). The goal of this illustration is to apply
the analysis that we have previously developed and try to reconcile, if need be, the data results
with our theories. In addition, we need to add that the energy flux changes are determined by
taking the difference in energy flux in two consecutive sections. In figure 8 shown below, we
map the entire pipe section, pre-determined by our a function. We note that in this section, we are
assuming that there is a sudden transition in interfacial depth from one section to another.
Furthermore, the momentum flux change term represents the force exerted by the pipe on the
fluids to change the momentum profile. Our observations are detailed below:

(1) Energy flux change is negative when a is decreasing, regardless of sign of @ as we cross
from one section to another => energy is lost when our angle decreases.

(2) Atangular peaks, i.e. at @ = —1 and + 1, the energy flux change is 0.
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(3) Energy flux change is positive when a is increasing, regardless of sign of a => energy
needs to be added when the angle is increasing

(49) Momentum flux change is minimal at angular peaks, i.e. at a = —1 and + 1. This means that
when the original angle is —1 and + 1, the resulting momentum flux loss is at a minima.

(5) Energy flux change peaks (absolute maxima and minima) correspond to maximum losses of
momentum flux.

2.5 Closing Remarks

In this chapter, we considered the planar axial interface problem. This scenario constitutes
the most fundamental description of our two-layered problem. Despite the apparent simplification
of the problem, we are faced with numerous parameters like the angle of inclination, interfacial
height, volume fluxes of the two liquids. As such, it was difficult to obtain an analytical form for
the relationship between the interfacial height and the angle of inclination. Hence, a numerical
approach was adopted.

In addition, we also described the analysis involving two connecting pipe sections, as
illustrated in Section 2.3. Given that we are not able to characterise the transition region, i.e. the
region at the junction point (see figure 6) and that the energy flux in each section of the pipe
network is constant, the energy flux loss is described in terms of the energy flux difference
between the two sections.
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Chapter 3

TRAVELLING JUMP SCENARIO

3.1 Introduction

In this chapter, we shall consider the case where we have a travelling wave, jump or pulse
inside a single pipe section, followed by a survey of conceptual models for the multi-section
problem. We shall make the following assumptions used in this problem.

(1) Travelling wave/jump in this section has short wavelength, compared to overall length
of the system, so that in the jump region, the wall shear and gravitational forces are
dominated by the pressure and interfacial shear forces.

(2) Travelling wave/jump has a constant speed, ¥, which will be determined later as part
of the solution process.

(3) Uniform flow regimes before and after the transition, i.e. in the latter conditions, the
interfacial heights are constant in region before and after the jump.

(4) Fluids are moving close to parallel to the axis of the pipe section, which will allow us
to take the average speed as defined in the introduction.

(5) Surface tension effects are neglected because of the smallness of the jump zone in
question.

Sketches of this problem are given in Figure 1a.

Figure la - Actual travelling wave scenario
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If we consider this problem on a moving reference frame, i.e. to view the scenario from
the point of view of the travelling wave itself, we can then take the relative motion of the fluids
and the pipeline to the travelling wave (see Figure 1b). We note that we shall assume that the
speed of the travelling wave is constant so as to give us an inertial reference frame as opposed to
an accelerating reference frame which is of course more complicated. In both figures 1a and 1b,
we shall denote the fluid layer speeds before the wave as u,, and u,, (where the subscript u

refers to upstream) and after the wave as u,, and w,, (where the subscript d refers to
downstream).

Figure 1b - A graphical representation of the relative stationary travelling wave problem
Tackling this problem from first principles, we shall look at each of the conservation
principles: mass, momentum and energy.
3.2 Derivation of Equations

First, we consider the Conservation of Mass:

PrAy, (ulm _V) = Py (um _V) (3'1)
for k = 1, 2, referring to the liquid layer. If we are given the upstream speeds, we shall re-write
(3.1) in terms of u,, (downstream speeds) and obtain (3.2):

A,
uy, =V + 2, -V) (3.2)
Akd

In this problem, we will preserve the form of (3.2) until the end and then apply the
average speed definition (2.1a and 2.1b) for the downstream regime.

~
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Turning our attention to the Conservation of Momentum, we need to take into account all
the forces at work. As stated earlier, we shall look at the interfacial shear, pressure forces and
momentum flux changes since they are the dominant forces in the jump zone.

(i) Interfacial shear forces are applicable if we consider the forces at work on an individual
basis but they are both equal and opposite on both liquids, say F for liquid 1 and - F for
liquid 2.

(ii) Since this is uniform flow, the average pressure gradient for both liquids are identical. If the
jump zone is defined in [z}, z;], then the total pressure force across each regime (upstream
and downstream) is given by,

(2R)z,

[T L pgheosta)- pusly-Reostas ) sty +

i

(P, - pgycos(a))S,(y) dzdy

SHE

where £ is the interfacial height and Si(y) is the interfacial width. Py is the pressure at the
base of the pipe (y = 0) and the hydrostatic pressure for liquid 1 and 2 are defined by

P, — p,gycos(@) and P, — p,ghcos(a)- p,g(y —h)cos(a) respectively.

(iii) By assumption (1) given earlier in this chapter, we can neglect the pipe resistance and
fluids' body forces.

So, the momentum conservation relation states that any changes in the momentum flux
equals to the net forces at work. (3.3a) and (3.3b) are the momentum balance equations for liquid
1 and liquid 2 respectively.

b

if*'lAld(“id_V)2 = :0|A|u(u1u_V)2 = F + I 2(%_1018}’003(3)132“(1‘?“)’)2 dy

0
by

- [ 2An-peycos@NR -(R-y) dy (3.3a)

0

PzAzd(“zd 'V)2 = PzAzu(uzu _V)z = =F
+ | 2P - pighicosa-p,g(y-h)cos(@)yR* -(R-y)’ dy
h
- [ 2P -pghcosa-p,g(y-h)cosl@)R*-(R-y) &y (3.3b)
y

-

Now, adding (3.3a) and (3.3b) together, the interfacial force terms can be eliminated and hence
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we obtain.

PrAy (“u e V)2 - P4, (u2n = V)z + plAld(uId _V)Z = P Alu(“lu = V)2

2R

I 2P, - p,ghl cosa - p,g(y—H)cos(@)R* - (R-y) dy -
K

| 2R -pghcosa-pgly-h)cos@R ~(R-y) dy +
hy
i
[ 2R -pgycos(@)R -(R-y) dy -
D
]

2P, - plgycas(a))\le -(R-y) dy (3.4)

As we can see, (3.4) is a quadratic expression in V. However, we seek to simplify the
RHS of (3.4) so as to be able to describe the properties and characteristics of certain components
of our equation and how they behave under various angles of inclination.

It is evident that there are essentially two types of integrals which we can simplify, where
h = hy' and h, refer to downstream and upstream depths respectively. They are given below.
However, we shall consider the /; case and subsequently make the substitution for the 4, case.

The first key integral is given below.

by

[ (28R -(R=)) -2pgcosl@)rR* - (R-»)') o

0

= PA, - plgcos(a)’] (2}’MJ dy

0
3
202Rh, - b’
= P4, + pgcosla LSl - RA

3 lu (3.52)

Now, we look at the 2nd integral and following the same techniques of solving the integrals, we
obtain.

2R

| 2P - pigh cosa-p,g(y—h)cos(@WR* -(R-y) dy
I

= R4, - (p-p)hgcos@)d,, - [ 2p,gycoslaR*-(R-y) dy

by

—~—
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3
-202Rh -’
= R4, - (p-p)hgcos(@)d, + p,gcosla ( ; . ) - R4, (3.5b)

Then, we proceed to substitute (3.5a) and (3.5b) and the equivalent expressions for the
downstream height, 4," into (3.4). Subsequently, we shall make use of (3.2) to replace the
downstream momentum flux expressions with the equivalent upstream expressions. Finally, we
obtain the expression below.

e RS A ]

3
gCOS(a'IR(Am '"Atd) + hA, - hA4y, L’: _Pz) +
A, —A A, —A
A =Py SN A <Py R_8| = 0 3.6
P lu(“lu )( 4, J + P 2u(u2u )[Ac*Ald] ( )

where 4, = 4. — A,, and A4, = A, — A4,, where A_ is the cross sectional area of the pipe.

As we can see, (3.6) is a quadratic expression in ¥ and the next step is to solve (3.6) for ¥ and so

obtain
voo- ~b++/b* —4ac . B ~b—+b* -4ac
1 - » 2 PRy,
2a 2a

where the terms of V; and V> are given as

A, - A A, -4
A Tu 1d + A Id Tu
PrAan [ § _'“—AM ] P14y, [ A"C' __A_f-d_ ]

a =
A, —A A, —-A
b = —Z“JuprAfn["}—urié‘] = 2“'2u92‘42u(*ﬁ]
1d e — A
A, —-A A, -4
& A I W l2 A 7 i 0
P .'u[ o J”m P: 2"(‘4:_*4:_4 ]“2..
2 ! : 3 3
g;"”-(p,—pz)-[(zkh,—hf)? . (2Rh;—h,’)5]

+ 3"05“‘[*'{(‘4;"_”414) + h4d, - k;Azd]'(P:_P:)

Having obtained our values of ¥, we can proceed to find the actual downstream height
values noting that at this stage, we have yet to settle on a specific value of V.
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3.3 Solution Process and Analysis

As we assume uniform flow conditions downstream (ahead of the travelling wave), we

solve for the average pressure gradient term in the momentum equation in each fluid layer and
then equalize (3.7a), for liquid 1 and (3.7b) and liquid 2, to obtain (3.7¢c):

% _ TS+ 7S p.g sin(a) (3.7a)
/4 Ay
dP, 258~ 7,8, .
d;.d = %ﬂ“" - p,g sin(a) (3.76)
TMS‘zd - TidSid —-ngsin(a') = (M- plgsln(a)) = 0 (3 7C)
Ay, Ay

noting that the shear and cross-sectional area terms are functions of the downstream height, 4/ .

The solution process is outlined below (see MATLAB programme D:/Thesis Work/Chapter
3/mainl.m).

.

ii.

iii.

iv.

Substitute test values of 4 from a possible range of values in the interval (0, 2R), and the
corresponding values of ¥ and V5, using the test values of A/, into the equation (3.7c). So,
we will have two sets of values for the LHS of (3.7¢).

Take the absolute difference in the values of the LHS of (3.7¢) and isolate the smallest
difference for each set, corresponding to ¥, and V.

Mark out the A value which corresponds to this smallest absolute difference value of the LHS
of (3.7c). This will be the approximation to 0 (RHS of 3.7c¢).

Once that particular 4 is identified, we check to see if this is equal to 4, . If yes, then set V=0
and end the solution process.

If no, then proceed to check the energy flux loss criterion. If Q. <0, then it is the correct &
value. Note that we will have different 4 values for different /' but they are uniquely
determined.

It should noted that we are varying a from -1 to + 1 degrees and see whether we will

have a downstream height, 4 and what would be the corresponding wave speed, V.

We can make the following observations about the plots above, noting that our total

L]

energy flux loss is defined as: B pAu + -;— Py Ayu; :| where [z1, 2] is the axial length of the

b

Jjump zone (where the travelling wave is located) and z) < z». We shall justify such a definition of
the energy flux loss later in this chapter.
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(i)  Downstream heights, A;’ not very much different from h;, where the latter, the upstream
depth, is identified by the bold line (see 3rd plot of Figure 3). This difference in the
interfacial heights is of the order of 0.1 cm. For a < 0.5 degrees, there is no visible
difference in downstream and upstream heights but there is a small but distinct difference
for 0.5 < a < 1 degrees, giving rise to non-zero interfacial wave speeds in the latter a
range.

(i) Vi results in energy flux loss while V3 results in energy flux gain as we cross the travelling
wave. Hence, V; values are the ideal wave speed values.

(iii)  All Vs are positive in this range of given a values, implying that any possible travelling
wave is moving in the direction of positive z.

(iv) a from + 0.5 degrees onwards results in distinctly different V" values. Prior to that, all our
hy = hy', which implies that we have no travelling wave and V; = 1;=0.

A plot of Vi(pluses) and V2(crosses) vs alpha
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Figure 2 - Plots of downstream height, wave speeds and energy fluxes vs &
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A plot of Vi(pluses) and V2(crosses) ws alpha
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Figure 3 - Zoomed plots of downstream height, wave speeds and energy fluxes vs «

Before we wrap up the single section theory, we should note that there is one more
relation we have yet to investigate: energy conservation principle. Like the momentum
conservation relation, for a specific region of the fluid system:

changes in mechanical energy fluxes = net work rate of the forces

It should be pointed out that we are focusing on mechanical energy fluxes because of the
assumptions employed in this analysis: negligible thermal effects, no significant internal energy
changes within each fluid layer. Furthermore, the LHS of the above relation can be simply
expressed as [% o Au; + % P, Azugil since we do not know the exact conditions inside the
travelling jump, specifically how the forces are behaving in this jump region, However, we are
able to quantify the overall energy flux change due to the jump. This is useful because it allows
us to determine whether a certain transition is feasible or not. Assuming that there is no energy
added to the system, we should have a energy flux loss due to the travelling jump.
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3.4 Multiple Section theory: A comparison of conceptual models

Our last segment for this chapter will look at the problem where we have a moving jump
across a junction between two sections. We shall outline two models and present its merits and
highlight the areas in which the model breaks down (if applicable). Note that we shall present the
conceptual models at this stage.

Theory 1: Dissipation of travelling jump across two consecutive pipe sections.

Figure 4 - A sketch of theory 1

Our travelling jump consists of two parts: upstream and downstream components. As it
crosses the junction, the downstream section will enter the a’ section. According to the long
wave theory, which we shall look into in the next chapter, the downstream height A,’ will
asymptotically approach the uniform depth for the a’ section. The same will apply to the
upstream depth as it enters the a’ section.

We know that this is in line with previously developed theories because the uniform
depth is unique to the angle of inclination. Hence, the implication of this model is that the
travelling jump/wave will dissipate and stretch into a long stationary wave.

Theory 2: Preservation of volume fluxes across two consecutive pipe sections.

This model insists that the volume fluxes that leave the a section will also enter the a’
section and that the incoming volume fluxes will be preserved throughout the a' section. We
assume that there is no sudden transition at the junction.

It appears plausible because of the conservation of mass principle. What comes out of a

section must go into a’ section. However, this model breaks down because the manner in which
the travelling jump is subsequently transported in the &' section is unknown.
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before pipe junction point

Figure 5 - A sketch of theory 2

Unlike previous occasions, we know the volume fluxes (upstream and downstream) in
the a' section whereas before, we had to determine the downstream conditions, given upstream
data. This allows us to individually calculate the upstream and downstream heights, thus forming
a 'wave'. However, we have yet to establish whether the resulting 'wave' is sustainable as we
need to check to see if the downstream volume fluxes tallies with the results obtained from the
single section theory for the o' section. If they do, then such a 'wave' is theoretically feasible.

3.5 Closing Remarks

In this chapter, we seek to find the conditions by which a travelling jump can exist in a
single pipe section (see figure 1a). To simplify the problem, we imagined that we were moving
with the travelling jump and then consider the entire system relative to the travelling jump (see
figure 1b).

Our travelling jump is assumed to have a uniform flow condition before (upstream) and
ahead (downstream) of the jump. We assumed that the upstream condition was known
beforehand and sought to determine the corresponding downstream height, if it exists. As the
jump region is assumed to be small, it enabled us to neglect some of the terms in the momentum
balance equation such as the gravitational and wall shear components in this jump zone. If the
downstream and upstream interfacial depths are equal, then we can conclude that there is no
travelling wave that can exist in the pipe section, subject to those specific operational conditions.

This chapter was concluded with the conceptual modelling of the motion of a travelling
jump across two sections. The ones described here refer to the As we will show in Chapter 4, the
travelling jump dissipation theory is the best model because of the characteristic of the two-
layered flow, i.e. a tendency to approach the uniform depth condition.

~—
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Chapter 4

LONG WAVE PROBLEM

4.1 INTRODUCTION

In this chapter, we will consider the scenario where we will allow a small axial
interfacial gradient. This extends the theories developed in chapter 1. In this chapter, we
shall look at the feasibility of long waves existing in the pipe section by allowing a small
axial interfacial gradient. This means A(z) is not a constant. A sketch of the problem at
hand is given in Figure la.

Figure Ib - A sketch of long wave scenario: fluids' relative speeds to a possible travelling wave
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We shall now highlight the assumptions employed in this problem.

i.  Interface, h varies along z and is a smooth transition from one uniform regime (upstream)
to another (downstream).

ii. Interfacial slope changes are negligible => surface tension effects are negligible.

iii. Shallow water approximation will be employed => wavelength of interface >> interfacial
layer depth

iv.  Uniform flow regime before (upstream) and after (downstream) the long wave.

v.  Long wave's speed, V, is constant.

vi. Thermal effects and any internal energy changes in the fluid are negligible.
Our goals of this chapter are as follows.

i. Plot the interface that describes the long wave scenario.

ii. Find a possible expression for /" and to determine whether it is feasible to have a
travelling wave or a stationary wave.

4.2 Derivation of Equations

As before, we shall solve this problem using first principles: conservation
relations of mass, momentum and energy. For the conservation of mass, we will follow
the same approach as in Chapter 3.

We now turn to the conservation of momentum relation. Unlike in the travelling
jump scenario, we now need to include all the forces that exist in this region bounding the
interfacial variation. Taking the calculus approach, we shall turn our attention to a small
slice of length Az of the desired region and quantify every force and their corresponding
terms.

This principle states that any changes in the momentum flux profile are due to the
forces at work to induce this profile change. There are 4 force terms along with the
momentum flux term as detailed in Table 3. Let z* € [z, z + Az] be some point in this
infinitesimal slice.
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Table 3: Components of Momentum Conservation Relation

Term Fluid Layer 1 Fluid Layer 2
Wall Shear

Foroe 7,54z . 7,8,A7] .
Interfacial
Shear Force T SiAzL‘ 7,S8,Az l
Body Force P4 8 sin (cz]z. p,4,8 sin (a]:.

P dP. dh dP. dh

;%S:c":e - d—z'A,Az - p,gcos(a)g A,Az’:_ —sziAzAz - P8 cos(a)—&;- AzAz|:'

Momentum 44z 48z
i P4, (“l "V)z N pzAz(“z _V)2 .

We are able to characterise the terms on a layer by layer basis because of the
assumption that this long transition (long wave), from one uniform regime to another, is a
smooth one, in contrast to the travelling jump scenario where we cannot make such an
assumption because the manner by which this travelling jump is induced is not known.
Furthermore, we shall characterise the relative average fluid speeds by general functions,
u—V and u, -V .

All the terms are apparent from previously developed definitions of shear and
wetted perimeters, except for the pressure force terms. So, we shall take the opportunity
to do so now.

From the shallow water approximation, the pressure at each phase is hydrostatic
(i.e. depends on gravity). We shall use the interfacial pressure instead of the averaged
pressures because it will be easier to illustrate the forces. Surface tension effects are due
to the curvature of the interface, so the averaged pressures will be different from the
interfacial pressures, P, and P,. As the interfacial gradients are assumed to be very
2
small, we will then have g <<1=> P, = P,. The interfacial pressure, P, is acting

1 1

perpendicular to the interface. However since we are working with terms acting along the
axis of the pipe section (z-axis), we shall consider the z-component of this interfacial
pressure force. We should include the angle this infinitesimal slice of interface makes
with the horizontal z-axis but by our assumption, this angle is close to zero, allowing us
to take P, A4, as the force acting on the extra bit of cross-sectional area at z + Az, as
shown in Figure 2.

We want to find the net pressure force but we need to expand the pressure force

terms at z + Az. Referring to Figure 2, we note that the terms shown in (4.1a) and (4.1b)
are evaluated at some point z* € [z, z + Az]
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Figure 2 - An exaggerated sketch of the pressure forces at z and z +Az for liquid 1

Expanding the gradient of the pressure force, we obtain:

2(ra) = L I gl y)eos(a) as

E %(R,A,) " p,gcos(a)jz_’u, (4.1a)
4(pa) - £ I &= pusl=eosta)) a4

_ %(}aAz) v prgeos(a) 4 (4.1b)

From (4.1a) and (4.1b), we can now begin to sum the net pressure force for each
fluid layer across this slice, where k = 1, 2.

v I
AFp::‘sswt.k = _”a‘z*(PkAk)Az + P A4,
i d dh
AFpr:num.k = e E(P:k A, )Az + PA4, - pkgcos(a)z 4,
dP. dA dh
AF e = = _j(Ak)Az - B ELAZ + R A, - pkgcos(a)ZAk (4.2)

When we divide the equation above by Az , Az— 0 and setting and applying to
both layer 1 and 2, we will then obtain the following relations for the pressure forces, as
shown in the table 3 of the momentum flux terms.

dF s dP, ) dh
et g —_‘}Z_(Ak) Pkgiffs(ﬂ)zf’x (4.3)
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So, having explained all the terms, we shall now construct our momentum flux
equation for both liquids 1 and 2.

"::;(Pl 4 (“1 = V)l) - "PtAlgSi”(a) - 8 + 5§
dP dh
d_;(Al ) - p,gcos(a)g 4 (4.42)
d
Z(PzAz(”z = V)z) B |t p2A2gsin(a) - 5,5, - 1§
dpP, dh
- —4) - pageosla)—-4, (4.4v)

(4.4a) and (4.4b) can be simplified and solved for the interfacial gradient, % but

we need to expand the momentum flux terms. The working is detailed below.

ot -1)) = p[ Lot -rF + 4L-rY]

dz
- A B -r) 24 -r) ]
-
dA d
= Pk- k(“a V)z ;2 ZAk("k_V)Z[i:]]
a4 da, (-1
= Pk_?k("k_V)z + zqkAk("k_V)Ij(A_EIl
dA dA
- oGl rp - )]
dA, dh
= O dh dz( I(“k‘V) = z“k]
dA, dh
= " dz(”k VX u — V)
dA, dh
= _pkEZ(“k_VXuk +V) (4.5)

where we recall that the area functions ( 4, and 4,) are in terms of h.

Now, we substitute (4.5) into (4.4a) and (4.4b) and equate the 2 interfacial
pressure gradients because we have neglected surface tension effects. Then, we solve the

-

resulting equation for % to obtain. -
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dh -1,5,4, +7,5,(4, + 4,)+7,5,4, + (o, - p,Jg sin(a)

(46)

Finally to the energy conservation relation, we will neglect the internal energy
changes within the fluid molecules and thermal effects as we are assuming that the
mechanical energy fluxes (i.e. kinetic energy fluxes) are dominant in this system. The
principle is expressed as follows:

change in mechanical energy flux = net work rate of forces in the pipe section

We should note that in considering the average fluid speeds in relation to a
possibly travelling wave of constant speed, V, the shear forces are determined using the
actual average speeds. This is because the presence of the travelling wave does not affect
the bulk flow of the fluid layer. However, in considering the work rate of the force, we
need to take the force and multiply it by the relative fluid speeds as we will show below.

%{Mﬁlﬁ') B _plAlgSin(aXul "'V) = rlSi(“! _'V) + riS*(u' “V)

= D) V) - pgeosia) e A Gy V) (47a)
%[M] = —pydygsina)u, -V) - 1,8, ~V) - 7.8, ~V)

= %(Az)'(“z -V) - plgcos(a)%Az (w, = V) (4.7b)

Now, we want to follow the same procedure as with the momentum conservation
relation and look at the energy flux terms in greater detail where k = 1, 2. Following a
procedure similar to the momentum flux computations (equations 4.7a and 4.7b), we get:

d dA d
Z(pkAk(uk “‘V)s) - pk|: d; (“k _V)J + A4, E(“k _V)s]
dA, dh
= plu -7y d—}:z ~2u, - V) (4.8)

As we did before, we substitute (4.8) into (4.7a) and (4.7b) and equate the 2
interfacial pressure gradients because we have neglected surface tension effects. Then,

we solve the resulting equation for % to obtain. ~
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dh ~1,8,4, +1,5,(4, + 4,)+7,8,4, +(p, - p, )g sin(a)

& [pz(u,_v)(zuzw)]d;; _[,ol(u, V)(2u1+V)} +(oy— o3 )Jgcosle )i, 4,

24, 24,
(4.9)

Comparing (4.6) and (4.9), we see that the sole difference lies in the denominator
of these expressions. We know that (4.6) must equal to (4.9) because both refer to the
same interface.

[pz(uz—VX2uz+V)J i [p,(u, V)(zu.+V)) L s, Ypcuslali b

24, 24
[,oz(uz ZX + V))c?; _(p. (s _Z,X"‘ +V)] —L+ (o~ pJgcos(@)d,  (4.10)

4.3 Solution Procedure and Analysis
= . So

We also note that given that 4, + 4, = 4, (a constant), —>
dh dh

(4.10) can be simplified to yield:

il [ Py (uy -V Y2u, + V)) c;/;: K ( p, (e, -V X2u, + V)} ﬁ:

24, 24,
~ _{pz(uz —ZXu?_ +V)Jc$; _{p,(ul -V Xy, +V)JdA

_(pz(uz—VX2u2+V)J [p,(ut VX2u1+V))
)

24,

_[Pz(u;-*VXuz +V)] (p,(u, VXu|+V)

4,

_[pz(Zuzz—qu--VI)]_(p,@uf—u,V——VZ)J _ _{pz(ui-Vz))_(pl(uf-Vz)J

24, 24,

_{Pz(—qu-V’)J_(PI(-ulV'—V’)) _ _{Pz(—V’)]_{d-V‘)}

24,
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_[pz(—qu——Vz)]_(p,(—ulV——Vz)] o

24, 24,
Pl ¥ +V2) = pA(-uy -v?) (4.11)
From (4.11), we can solve the quadratic equation which will yield 2 solutions for
V.
V, =0 & ¥, = _[PzAluz +pIA2ulJ
P4, + p4,

However, we know that V3 is not possible since in general, V5 is not a constant
which leaves V = 0 being the only viable solution. The key conclusion is that we will not
be able to have a steady long wave of permanent form unless the transition is short and
abrupt as we have found for the travelling jump scenario (Chapter 3).

Having obtained V' = 0, we can now determine the % relation which we will use

to solve for the plot of the interface and the relation is given below.

dh _ -1,54, + 154, +4) + 7,54 - (p-p,)gd 4, sina (4.12)

dz p,Aq? dA 04,9 dA
dgidh _ oAG (g ecosant

The details of this MATLAB program is given in D:/Thesis Work/Chapter
4/Linked Pipeline/test_plot.m. Looking at (4.12), we can make the following conclusions.

i.  If the downstream and upstream layer depths are the same, then we will have a planar
axial interface.

ii. We will have only one uniform layer depth, in contrast to the travelling wave scenario
where it was possible to have two depths (upstream and downstream).

iii. If the input height into a pipe section is not the uniform layer depth for that particular
pipe section, then the interface will asymptotically approach the uniform flow depth.

44 Case Study - Multiple Section Problem

An obvious extension of this theory is to consider the case when we allow a
smooth transition between two adjacent pipe sections. This is different from the planar
interface scenario (Chapter 2) where we assumed a sudden transition at the junction
region to induce uniform flow pattern in the subsequent section. We set the transition
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point to be z = 100 and note that the bold and dashed lines refer to the a and a’ sections
respectively and the crosses and starred lines refer tow, and u, respectively.

A plot of the fluid layer speeds in the 2 pipeline system
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Figure 3 - A case study involving 2 linked pipe sections whena =1,a’'=-1
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A plot of the fluid layer speeds in the 2 pipeline system
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Figure 4 - A case study involving 2 linked pipe sections whena =-1,a’=

We observe that the interfacial depth will asymptotically approach the uniform
layer depth for that pipe section. This supports theory 1 of section 3.4, where we
theorized that the travelling jump dissipates to the uniform layer depth of the new pipe
section as the travelling jump (a short pulse) moves across two pipe sections.

4.5 Closing Remarks

In this chapter, we have extended the axial planar interface model (see Chapter 2)
by allowing a small axial interfacial variation. The solution approach that we have
adopted is similar to the previous chapter (travelling jump) as we defined this long wave
to be composed of three regions: before the wave, long wave itself and after the wave.
The flow regime before and after this long wave is assumed to satisfy the uniform flow
criterion, namely that the average pressure gradient across both fluid layers are equal.

It has been demonstrated that we do not have a steady long wave of permanent
form. Physically, this means that no long wave can propagate in the pipeline. What



happens is that the interface tends to approach the uniform layer depth, i.e. the depth
obtained by imposing the uniform flow criterion.
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Chapter 5

STABILITY ANALYSIS

5.1 INTRODUCTION

In this chapter, we shall investigate what happens when we introduce a small
disturbance to the steady state fluid system, governed by the solution H, U, and U,. As
inferred in the chapter title, we want to see if this disturbance is grows (unstable) or
decays or remains neutral (stable). We shall investigate the full time dependent
momentum equation and employ the time dependent continuity equation, following the
method of analysis adopted by [14] and the solution analysis is detailed in the subsequent
sections. The main difference between our analysis and that featured in [14, 16] is that we
shall neglect surface tension effects.

5.2 DERIVATION OF EQUATIONS

Continuity equations:

0 0
a(plAl) + 'é;(pi“!l“l) = 0 (5.1)
0 0
‘é;(ﬂzAz) + Ez'(PzAzuz) = 0 (5-2)
Momentum equations:
0 0 O (= 0A
a(plAlul) + 'a_z(plAlulz) = -7,8 + 1§ _E(PlAl) + P"E‘
pA g sin(a) (5.3)
0 0 0 (= 0A
5;(102‘42“2) + a(pzAz"g) = -7,8, + -5 _E(PzAz) * PL:EZ
P24, sin(a) (5.4)

Using (4.1a) and (4.1b), (5.3) and (5.4) are transformed into.
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0 0 oP. F
‘ér‘(PtAl“l) + E(PIAI“:!) = -18 + 1§ _Al”‘é‘z"l' - PlAlgsm(a)
oh
. b
pA,g cos(c) =
0 0 oP. ;
a(pzAz“z) o Ez*(pzAzuzz) = -1,8, - 1§ _Az“‘a-:* pzAzgsm(a)
oh
_ A hiird
P 23003(61)62

We shall now do the following
i.  Differentiate the terms in the LHS of (5.5) and (5.6).

ii.  Substitute the continuity equations and hydrostatic relation for each fluid layer
(see 4.1a and 4.1b) into the expanded form of the LHS of (5.5) and (5.6).

iii. Solve (5.5) and (5.6) for the interfacial pressure gradients.

a}::i 4 aul + u % — — r]Sl + TiSi " Sin(a)
_52 eh a"r' P Py 4 4 1254
- pgeosl@) 2
3 oz
oP, ou, Ou, 7,5, 7,8, -
— 4 Ak g ok = = -
2z @ Py P e 4 x p:8 sin(a)
oh
- p,gcosa)—
oz

Then, we subtract (5.8) from (5.7) and this yields the combined momentum equation.

ou ou ou Ou oh
[pl ?; — P a_:) + [Plun ‘é‘z!""quz ‘"5;"] + (Pl — P )g COS(‘Z)EZ" =

where we shall define

7,8 7,8 1 1 P
o = e B v (] - skt

——
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5.3 ANALYSIS OF PERTURBATION VARIABLES

Now, we assume that H, U, and U, define the solution to the time independent
problem and so we also assume that /#°, u;, u, are the perturbed variables
whereh—,u—’ et L

H U U,

It should be noted that the perturbed variables will give us a clue to the instability
and neutral stability criterion for the specified flow parameters.

First, we make the substitutions for 4, u, and u, as follows: h=H +h",
u,=U, +u;, u, =U, +u; .

Second, we shall substitute the perturbed parameters and linearize (5.7), (3.2) and
(5.9) accordingly. We recall that H, U, and U, solves the time independent version of
(3.9) and so satisfies the continuity relation. We shall work out the case for (5.7) as (3.2)
is similar.

04, oh G

(5-1) = pla_hlg pl'é;(Alul) = 9

, oh du o4
= p|A,—5': + p|A;-a?‘ - p,ul~éz—' = 0
fa - a - - 6A a .
= A,a(h +H) + A,é-z—(u,+U,) + (u,+U,)—5hl—é;(h +H) = 0
- A ¢ 4B, g PA 0 (5.10)

ot oz oh oz

Similarly, we have for the 2nd fluid layer, with 4, = -4, ' A4, + 4, = constant

on* ou: o4, oh'
-~ A! A i b = ) 5. 11
" T My 2 5n oz (.11)

Turning finally to the momentum equation, we shall employ the same method as
used to obtain (5.10) and (5.11). First, we find a Taylor expansion of o about the point
(H, U,, U,), we will then obtain.
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0 oo
olhu,u,) = o(HU,U,) + (h—H)i{ + (u,—U,)au
h=H Vi h=H

Then, we turn to equation (5.9) with the substituted perturbed variables.
( —‘?—(u'+U) - 2(u'«l-U )J + (o, -p,) cas(a')i(h'+H)
plat I | pzat 2 2 \ ~P2)8 Py
v (Al +v)2liv) - v 2] - o

We see that the H, U, and U, terms will solve o(H, U,, U,) and after we have

linearized the equation, i.e. throwing away the perturbed term expressions which
are of second order and above, we obtain.

aul  ou ou; ou; &
(P;a—;—Pz ar"J + (Plula_;‘PzUz'"a“j) * (p]—pz)gcos(a)gz—-

oo oo do
(h—H)— + (u,-U,)— + (u,-U )Al
oh h=H . ; aul u=U, ’ : 3112 uy=U,
ou, ou, ou., ou, oh’
[P: 5!‘1 ~ P aI'J i [plUl "é;]'_szz S;J * (pl —pz)gCOS(a')—é-z—-
oo oo
= h- o] ) A » (5 12)
Oh |y l Ou, w=U, 2 2 luy=t,

Now, (5.10), (5.11) and (5.12) can be expressed in a single matrix equation given
below.

0 d Vi 4
; i R, e = G 213
[ = az)” 7 (5.13)

where the terms are defined as follows:

4 0 0 0 0 0

T = --A,; 0 0 » G = 0 0 0 s
0 p p 0o 0o oo
b oH _oU, U,
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AU, 4 0 s

X = - AU, 0 A, |andn = |y
(o =P, )gcos(a) AU, pU, Uy
; . 5} 0
We can convert (5.13) into Mn = 0,where M = Ta+ XE_G

Recalling elementary linear algebra, we know that M7 = 0 has a non-trivial

solution when det (M) = 0. Now, we shall make further assume that the perturbation
terms have the form of a travelling wave where y is the real wave number, yc is the

complex angular velocity, c is the speed of the propagating disturbance and A, #,, &, are
the amplitudes of the perturbations.

B = helrt-a)

’ ﬁle(rr{rd}l

W = §,glrad

As the form of ¢ is unknown, we shall assume that ¢ has the general form:
c=c, +ic, with ¢, and c; being the real and complex components of the propagation

speed respectively. However, we shall leave the propagation speed term as ¢ for the time
being until we consider the analysis of the stability equation, discussed in Section 5.4

where the significance of ¢, and c; will then be looked into.

After we substitute the above relations into (5.10), (5.11) and (5.12), we obtain:
(5.10) = A4h(-ix) + AUAGy) +44,6y) = 0

= AU, -c)h +44, = 0 (5.14)

(5:11) = -Ahl-ix) - AUKGy) +4,,(r)
= AU, -ch +44, = 0 (5.15)

(5 12) = (plul - Py, X_ J}C (P:U u, — p,U,i, X’y) (Pl =P )(’l?')g co-"(a);'

R
oh h=H ‘ up=U, 2 m=l,
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= (plﬁl"pzﬁzX‘c) + (plUlal_p2U2ﬁ2) + (p,—pz)gCOS(ay;

hoo| @ el “a_a|
iy Oh L <a iy Ou, sl iy Ou, sy

oo

au "1'”1}

j| + i _p:c*'plU]'*'"I"_
h=H 4

1

= H(p - p,)gcosla)+ 22
y Oh

4 i 0o
+ )| pye—pU, +———
¥ Oty

= 0 (5.16)
uy=l/,

So, our matrix M looks like:

3
A;(Ua _C) 4 0
M = —A:(— U2 +C) 0 Az
i 0o i oo i 0o
(o, - p,)g cos(a)+— —pctpU +—— prc—pUs +—
L ¥ Ohly ¥ Ou, u=l, ¥ Ouy uy=t/
h

To ensure that we do not get a trivial solution for | #, | , we must have
ﬁz

det (M) =0.

, i 0o i 0o
a _AI(C_UI{_AI[_JOIC*'p:Ul'*';‘é‘al‘ﬂ = Al[_Az(Pl_Pz)gCGS(a)'*;E]

- i o
- 4 (_ A (_ U, +C))[ch'"sz2 +;3U2 ] =0

Simplifying the above equation and grouping terms according to ¢, we obtain:

A Al A A A o0 A oo )l
Slpt+p, 2| + -2 pU —L+pU,—>|+i| —— +
[plAl p’Az] [ RSty 470U, 4y 9U, )|

Al A UA 66 U,A dc 10c)]
UG ot <[p - cosla) | +i| == B - = 0
[(pl 1 A] p2 p i Az (pl pz)g ( )J [Aly aU’ Az}' 6U2 yaHJ—

_—
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To make things easier for us, we shall define the constituents of the above
quadratic equation in c:

P |
& B Pl’Z‘"‘P:?
1 2

A Al
b = 'Z[P:Ulj"‘ﬂzuz'j']

1 2

A 6o A éo
- -

b, =
Ay 0U, 4,y oU,
A! Al
d = plUle—'+p2U22?4—'-—(p,—pz)gcos(a)
1 2

4 = U4l 00 U,4 0o 1300
? Ay 8U, A,y 8U, yoH

= ale, +¢,) + (c,+¢ )b, +ib,) + (d,+id,) = 0 (5.17)

A plot of these terms for a ranging from -2 to 2 degrees is given.
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Figure 1 - A plot of the terms in (5.17)

52



Expanding (5.17) and separating the real and complex terms ¢, and e,
respectively, we obtain the following:

acl +bc, +(~act -bye, +d,) + i(2ac,c, +byc, +be,+dy)) = 0 (5.18)
where we have e, =ac] + b, +(— ac} —b,c, +d,) and e, =2ac.c, +b,c, +b,c, +d,.

If we look at the nature of the terms, b, and d, , we see that for disturbances with

large wave numbers, v, i.e. very short waves, the shear force and gravitational terms lose
their significance in the analysis. For the next section, we shall denote (5.18) as the
stability equation.

5.4 ANALYSIS OF STABILITY EQUATION

Recalling the exponential terms in A", u; and u,, we now expand the

propagation speed term into its real and complex constituents within the exponential
portion of the perturbation terms as shown below:

lre-a) _ Glirle-leria))) _ lir(e-ca) s

The term, ") defines the oscillatory nature of the perturbation term, while

regulates the growth or decay of the perturbation variable. In this section, we want
to investigate the significance of the terms: ¢, and c,.

e’

First, we equate the real and complex constituents of (5.18), e, and e,
respectively to 0, we shall now consider two approaches: (1) obtain ¢, in terms of ¢, and
then solve for ¢, (see Section 5.4a) and (2) obtain ¢, in terms of ¢, and then solve for ¢,
(see Section 5.4b). The condition for neutral stability, i.e. when ¢; = 0, shall be
considered in Section 5.4c.

5.4a Solution of ¢, and implication on ¢;

—bz(c, + i’—}
0 N S
‘ b

Now, we substitute c;, as shown above, into e, in (5.18) and we get:

e, = 0 = 2acc +be, +bec,+d, =
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2
—bz[c, +z—’] -—b{c, +f;i]
22 ~-b, 22 |+4,

ac? +bc, - 5 e =0 (5.19)
2a(c, - —‘] Za(c, - ——'—J
2a 2a
We shall now multiply (5.19) by the term 2c{c, E %—} because we do not want the
a

equation to have any singularity. So, (5.19) becomes

2 2
(acf+blc,+dl 2a cr+b—'] —-al = b, cr+i2- -b,| =b, cr+£3- 2a(c,+—b‘— = 0
2a b, b, 2a

(ac? +b,c, +d, \2ac, +b,} —alb,c, +d, ) +b,(byc, +d,)2ac, +b,) = 0 (5.20)
From (5.20), we can want to investigate what happens to the stability equation at
c, = -b—'. We see that when ¢, = - b—', (3.20) becomes
2a 2a
b ’ d b
-a bz(—‘}hdz =0 = -+ = L (5.21)

2a b, 2a

To find the form of the corresponding c;, we substitute ¢, = - -g!— into (5.18) and we
a

see that the complex component of (5.18) gives us the same result as (5.21). Turning to
the real component of (5.18), we have a quadratic equation in ¢, and it is given by

ac! +bc, - [dl—b—'J =0
2a

and obtain the solution for to the above quadratic equation for c; is given by

-b, + ‘/bf -—4a[d, _EbLJ
& = : (5.22)
2a

implying that we can have up to two possible values of ¢, when we have

c,. = _bi = _z—b‘- We shall denote this value of ¢, as the critical c,. These critical c,
” a
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and c; (shown later in section 5.4b) values are special as they are the values for which the
equation (5.20) experiences a singularity.

5.4b Solution of ¢; and implication on ¢,

—b{q+%—]

e, = 0 = 2acc +be,+bc,+d, = 0 = ¢, = _—b‘
2a[c,.+—2}

2a

Now, we substitute c_, as shown above, into e, in (5.18) and we get:

2
—b, [ci + ﬁ]
b,

acl +b,¢c, —a| ——L| -b| ——L|-d, = 0 (5.23)
20 b b
Za[ci + —ZJ 2“("; - —3)
2a 2a

As before, we seek to avoid the singularity and so convert (5.23) into a 4th order
polynomial for ¢;

(ac? +bye, —d, \2ac, +b,) —albc, +d, ) +b,((bc, +d,)N2ac, +b,) = 0 (5.24)
: . b, —_
As before, we want to investigate the "blow up" term, namely, ¢, = - e which is
defined to be one of the critical values of c,.
When ¢, = —-bi, (5.24) becomes
2a
2
-da bl(léljmz -0 o> B o B (5.25)
2a b, 2a

which we immediately observe that (5.25) is similar to (5.21). Proceeding with the same
analysis as in Section 5.4a, we now turn to (5.18) and substitute the relations into the
complex component of (5.18), i.e. e,, we obtain (5.25) again, as in Section 5.4a. Solving

the real component of (5.18), i.e. e, , for c,, we subsequently obtain:

2a
c, = (5.26)
2a -
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Similarly, (5.26) implies that for this particular value of c,, we can have up to two
solutions for c, .

5.4c Neutral Stability Condition

The definition of neutral stability means that the disturbance neither grows nor
decays. Mathematically, the neutral stability criterion is expressed as ¢, = 0 and using

2
(5.18), we obtain ¢, = By subject to a ~d +b, =y +d, = 0. This latter
b2 bl bl
condition is an additional constraint imposed to (5.21) or (5.25).

5.4d Format for General Solution for ¢, and ¢;

Turning to (5.20) and (5.24), we see a 4th order polynomial which means that
there are 4 roots. Whether they are real or complex roots, it shall be determined in the
computer program (D:/Thesis work/Chapter 5/main.m). We know from polynomial
theory that there are four solution possibilities:

i.  Four real roots.

ii. Two real roots and two complex conjugate roots.

iii. Four complex roots: two complex conjugate pairs.

Using the MAPLE programs (D:/Thesis Work/Chapter 5/solvecr.mws and D:/Thesis

Work/Chapter 5/solveci.mws), the four roots of (5.20) and (5.24) will have the following
analytical forms respectively:

—8ab, + 4,[2a’b} —8a’d, -2a’b? £ 2a’n

¢, = =3 (5.27)
_ -8ab, £4,24°b} +8a’d, - 2a°b] +2a’7) 5:28)
s 16a* '

where we have 7 = Ji6azd,2 ---311;'(1112 —b; }fl + (E:ﬁ,2 +b22)2 +16ad,(ad, - b,b,)

We note that by the definition of ¢, , we shall only take the real roots (observed to be

taking the +2a’n termin the ¢, and ¢, expressions). We shall show why this is the case,

using the SANTOS data, in Figure 2. We shall denote the positive discriminant as
2a’b} +8a’d, —2a’b} +2a’n and 2a’b; +8a’d, —2a’b} —2a’n as the negative
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discriminant. The terms a, b,, b,, d, and d, are functions of interfacial height, H, mass
flux of lower layer, ¢, angle of inclination, @ and wave number of the disturbance, .

positive dscriminart
7
rd

[}
4]
Y
A

\

|

]

SR SR, S

L]
A

1 | . . - ___l 1
1.5 -1 0.5 0 0.5 1 15 2
alpha

Figure 2 - Plot of positive and negative discriminants vs the angle of inclination, a

5.5 CASE STUDY - STABILITY OF BASE CASE

In this section, we shall look at some graphical output when we look at the base
case, which employ the SANTOS data. We solve for c,, using (5.28) and then substitute
this value of ¢; into e, =0 (see (5.18)), to get c,, noting that ¢, and ¢, correspond to
taking the plus sign and minus sign in (5.28) respectively and that we are taking the
positive discriminant. In addition, we have assigned wave numbers for the short
perturbation wave and long perturbation wave scenario with y =10* and y =10
respectively.

57



unstable wave,
travelling in
negative z

neutral

a8
778

unstable wave,
travelling in
positive z

stability

stable wave,
travelling in
negative z

\'%

o
stable wave,
travelling in
positive z

Figure 3 - Stability Map of the Possible Flow Scenario
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Figure 4a - Stability map of the Flow Scenario with long wave perturbations
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From the above plots (Figures 4-6), the following observations are made:

il

iil.

iv,

Vi,

Assuming a long wave perturbation, the steady flow is mostly unstable (see Figure
4a) except for a approximately greater than and equal to 0.53 degrees.

For long wave perturbations, the solution sets, (c,,,¢, ) and (c,,,¢,, ) correspond to
waves moving in downstream and upstream manner respectively (see Figure 4a).

.1,€,1 ) is unstable while the second solution set (c,,,c,, ) is
stable and moves downstream (see Figure 4b).

The first solution set (c,,,c,

For long wave perturbations, the two points that correspond to the intersection of
¢, and ¢, curves implies (5.25), as evident in the intersection of the critical

¢, and c,, curves (See Figure 5a and 5b).

For long wave perturbations, we have no intersection of the ¢, and ¢, curves and
their stability profile is similar, i.e. the ¢, and ¢, curves are not symmetric or anti-
symmetric) (see Figure 5a and 5b).

For short wave perturbations, the c;, and c,, solutions clearly correspond to the
unstable and stable solutions respectively, with symmetry at ¢, = 0 from the point
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when the ¢, and ¢, curves intersect. (see Figure 6a and 6b). This is valid for -1 <
a<l.

vii.  The critical ¢, curves are invariant with respect to the size of the wave number.

This is evident in the terms featured in the analysis leading to (5.17)
(see Figure 5a, 5b, 6a, 6b).

viil. (5.22) and (5.26) are supported as we see that for every ¢, value, there are two c,
values and similarly, each c; value corresponds to two ¢, values.

5.6 Closing Remarks

Our final chapter of this thesis concludes with the stability of the steady state
problem. We shall define the perturbation to be a travelling wave with a small amplitude
(allowing us to linearize the resulting conservation relations) and determine if the
perturbation grows (unstable) or decays (stable).

From the momentum conservation relation, we subsequently obtain the stability
equation, which have real and complex terms. This stability equation yields two
equations (e, and e, ) with two unknowns, namely the ¢, (determines the direction of the
travelling wave) and ¢; (determines if the travelling wave grows or decays) terms. Our

analysis was aimed at determining what happens as we vary the angle of inclination and
assume short and long perturbation waves. The analysis was verified through the plots.
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Chapter 6

CONCLUSION

6.1 SUMMARY OF RESULTS

Throughout this thesis, we have looked at possible scenarios involving the two-
layered fluid system in a pipe. They are considered because of their physical significance
and potential application. We have shown that despite the complexity of this problem, a
lot of information has been discovered just by investigating this industrial problem using
the three fundamental conservation relations.

In the introductory chapter (Chapter 1), we have demonstrated that the planar,
cross-sectional interfacial configuration, as the model to describe the steady flow of a
two-layered and stratified flow system in a circular pipeline, was valid. This was only
possible when we had relatively low flow rates (volume flux) for both liquids and a high
density differential between the two liquids are used. To simplify the problem, we have
assumed that the two fluids have a high Reynolds number, allowing us to solve the
speeds of the fluids by computing the averaged speeds, as determined by Equations (2.1a)
and (2.1b).

In Chapter 2, the goal was to determine the relation between the interfacial height
and the angle of inclination under the assumption that the average pressure gradients
applied across both fluids are identical. It was stated that when this occurs, we have a
uniform flow regime. This flow problem, and all the others, discussed in this thesis, were
solved using the fundamental conservation relations of mass, momentum and energy. We
showed that, when thermal effects are negligible, the momentum and energy conservation
equations must yield similar results because there is no net energy flux loss or gain within
the system (a single pipe section) under consideration. The energy conservation relation
becomes relevant when we consider a pipe network consisting of multiple sections of
varying angles of inclination or when we have a travelling pulse in a single section, the
focus of Chapter 3.

Our travelling wave is assumed to have a short wavelength, which enables us to
make further simplifications. Given the small axial length of such a wave, the dominant
forces at play are the pressure force and the momentum flux changes across the wave. As
with the setup in Chapter 2, we assumed that the flow regime behind and ahead of this
travelling wave is uniform, i.e. the average pressure gradient in both these flow regions
are equal. The significance of this is to see whether a short wave or a pulse induced can
be sustained in a steady flow environment. We have showed that it can be sustained for
angles of inclination greater than and equal to 0.5 degrees. For pipe section inclinations
smaller than 0.5 degrees, we will not (subject to SANTOS flow data) have any travelling
wave solution. We also presented 2 possible conceptual models where we assume that we
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have a travelling pulse move from one pipe section to a different pipe section of a
different angle of inclination.

We can add further complexity to Chapter 2 by considering the case when the
axial interfacial pressure gradient varies slightly, as described in Chapter 4. As with
Chapter 3, the energy flux relation tells us how much energy flux is lost in the pipe
section(s).

Finally in Chapter 5, we want to see what happens when we perturb the steady
state conditions slightly. The goal being that we want to see how stable is the flow system,
i.e. how sensitive it is to slight disturbances to the steady fluid flows. We have also
described how the various parameters of the flow system such as the angle of inclination,
mass flux and the prospective wavelength of the disturbance have an effect on the
stability of the flow regime.

6.2 FURTHER WORK

We have so far been looking at the case where we have the fluids moving in the
axial pipeline direction. This is a feasible model by itself, given the SANTOS data which

involved two liquids with a high relative density differential (Ap/p,> 0.1). To broaden

the scope of the material for stratified flows, we could also consider cases where there is
a low density differential between the two fluids (Ap/p, < 0.1) and significant thermal

effects. In the first case (low density differential), surface tension and wetting effects
become more important. So, there are three cases that would warrant further investigation.

First, we consider the varying cross-sectional interface, i.e. our interfacial
function becomes A(x,z). The difficulty with this model is that we now have to double the
number of equations as we consider an additional dimension (x-direction). Due to the
near infinite number of interfacial configurations (variation in the x-axis), it is also
difficult to determine, in general terms, the terms in the equation depend on the x and z
directions. The best course envisioned is to take data from industry and perform the
analysis, as presented in this thesis.

Second, we factor the surface tension effects in the conservation relations. The
surface tension term would turn the existing momentum and energy relations into a
second order and nonlinear partial differential equation. Given the enormous complexity
of the resulting equations and the numerous parameters involved, the best solution
approach is a computational one.

So far, we have ignored the internal energy changes and described mechanical
energy changes. To fully utilise the energy conservation relation, we also need to factor
the heat losses due to the friction between the fluids and the fluids with the pipe walls. As
we had shown in Chapter 4, the energy conservation equatlon yields the same relation as
the momentum conservation relation. This is the third aspect that merits further
investigation.
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