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Abstract

The goal of this thesis is to understand the spanning trees of the n-dimensional cube @, by
understanding their edge slide graph. An edge slide is a move that “slides” an edge of a spanning
tree of (), across a two-dimensional face, and the edge slide graph is the graph on the spanning
trees of (),, with an edge between two trees if they are connected by an edge slide. Edge slides
are a restricted form of an edge move, in which the edges involved in the move are constrained
by the structure of (),,, and the edge slide graph is a subgraph of the tree graph of @), given by
edge moves.

The signature of a spanning tree of @), is the n-tuple (a4, ..., a,), where q; is the number of
edges in the ¢th direction. The signature of a tree is invariant under edge slides and is therefore
constant on connected components. We say that a signature is connected if the trees with that
signature lie in a single connected component, and disconnected otherwise. The goal of this
research is to determine which signatures are connected.

Signatures can be naturally classified as reducible or irreducible, with the reducible signatures
being further divided into strictly reducible and quasi-irreducible signatures. We determine
necessary and sufficient conditions for (aq,...,a,) to be a signature of @,, and show that
strictly reducible signatures are disconnected. We conjecture that strict reducibility is the only
obstruction to connectivity, and present substantial partial progress towards an inductive proof
of this conjecture. In particular, we reduce the inductive step to the problem of proving under
the inductive hypothesis that every irreducible signature has a “splitting signature” for which
the upright trees with that signature and splitting signature all lie in the same component. We
establish this step for certain classes of signatures, but at present are unable to complete it for
all.

Hall’s Theorem plays an important role throughout the work, both in characterising the
signatures, and in proving the existence of certain trees used in the arguments.
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Chapter 1

Introduction

A spanning tree of a graph is a tree that includes every vertex in the graph. So spanning trees
are subgraphs that carry a lot of information about the original graph. Spanning trees have a
wide variety of applications in many areas, such as network design (see for example Yeung, Yan
and Leung [13]), communication networks (see for example Hu [7]), and bioinformatics (see for
example Xu, Olman and Xu [12]). The goal of this thesis is to understand the spanning trees
of the n-dimensional cube by understanding their edge slide graph. The n-dimensional cube is
the graph ), whose vertices are the subsets of [n] = {1,...,n}, and two vertices are connected
by an edge if they differ by adding or deleting exactly one element.

Goddard and Swart [4] define two graphs GG; and G5 to be related by an edge move if there
are edges e; € E(G1) and e; € E(G3) such that Gy = Gy — ey + 5. Given a graph G, the graph
on the spanning trees of G with an edge between two trees if they are connected by an edge
move is known as the tree graph T'(G). The tree graph T'(G) is known to be connected for any
connected graph.

An edge slide is a restricted form of an edge move on the spanning trees of (),,, in which the
edges involved in the operation are constrained by the structure of @),,. The edge slide graph
of @,, denoted £(Q),,), is defined to be the graph whose vertices are the spanning trees, with
an edge between two spanning trees if they are connected by an edge slide. The edge slide
graph is a subgraph of the tree graph. Edge slides were defined and used by Tuffley [11] to
combinatorially count the number of spanning trees of (J3. Tuffley was motivated to answer a
question implicitly raised by Stanley [10] in the case n = 3. The number of spanning trees of
@, is known by Kirchhoff’s Matrix Tree Theorem to be

I Tree(Q,)| = 221 ﬁ k() (1.1)

(see for example Stanley [10]), and Stanley had implicitly asked for a combinatorial proof of
this fact. Tuffley’s method to count the number of spanning trees of ()3 cannot readily be
extended to higher dimensions, but Stanley’s question has been answered in full using different
methods by Bernardi [2].

A spanning tree of @),, can be classified by its signature (ay,...,a,), where a; is the number of
edges in direction . Signatures are invariant under edge slides, so trees with different signatures
belong to different components of the edge slide graph. We say that a signature is connected if
the trees with that signature lie in a single connected component, and disconnected otherwise.
Our goal is to determine which signatures are connected. The edge slide graph of @) is easily
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seen to consist of two copies of K5, one for each of the two possible signatures, and the structure
of the components of £(Q3) was found by Henden [6].

A useful approach is to study upright spanning trees. These are spanning trees of @), for
which each edge is oriented downward, see Tuffley [11]. Upright spanning trees are relatively
easy to work with, and Tuffley proved that each spanning tree is connected to at least one
upright spanning tree either directly or by a sequence of edge slides. We may therefore attempt
to study the connected components of the edge slide graph by determining which upright
spanning trees belong to the same component. Henden used this approach to determine some
components of (), and we also adopt this approach here.

Signatures can be naturally classified as reducible or irreducible signatures. A signature of
@, is reducible if after being permuted to increasing order it has an initial segment which is
a signature of a lower dimensional cube. Otherwise it is an irreducible signature. We further
divide reducible signatures into strictly reducible and quasi-irreducible signatures. Reducibility
places tight restrictions on the available edge slides, with the consequence that the signatures
of certain subtrees are also invariant under edge slides. With some additional work, we can
then show that the edge slide graph of a strictly reducible signature of @), is disconnected.
Thus, strict reducibility of S is an obstruction to the connectivity of the edge slide graph of
S. We conjecture that when this obstruction vanishes, the edge slide graph of § is connected;
that is, we conjecture that a signature is connected if and only if it is irreducible or quasi-
irreducible. Quasi-irreducible signatures are easily shown to be connected if an associated
irreducible signature is, so the problem reduces to understanding the irreducible signatures.
We present substantial partial progress towards addressing this question.

We adopt an inductive approach to answering this question. We split the n-cube into two
subgraphs isomorphic to ),,_; and this leads us to define splitting signatures of a signature Z
of ,. Then given a tree with signature Z, in order to use the inductive hypothesis we first
transform the splitting signature to be irreducible. We then show under the inductive hypothesis
that an upright spanning tree with an irreducible splitting signature can be transformed into a
tree with any other ordered irreducible splitting signature. This means it is enough to connect
the upright spanning trees with signature Z and some fixed irreducible splitting signature.
In order to do this, we impose conditions on the splitting signature that will assist in this.
We define three such classes of amenable splitting signatures, namely unidirectional splitting
signatures, super rich splitting signatures, and the (2, 2, 3) splitting signature of Q. We
define and use signature moves to show that every ordered irreducible signature of (),, has an
amenable splitting signature. We then complete the step described above for two of the three
types of amenable splitting signatures, by showing that the set of upright spanning trees with
an irreducible signature and a fixed connected unidirectional splitting signature or the (2, 2, 3)
splitting signature all lie in a single component. We conjecture under the inductive hypothesis
this is also true for a super rich splitting signature, and we present partial progress towards a
proof of this. Establishing this step would complete the proof of the induction step, completing
the proof of our conjecture that the edge slide graph of a signature is connected if and only if
it is irreducible or quasi-irreducible.

1.1 Overview of this thesis

Chapter 2 provides a summary of the concepts of graph theory which are needed for this study.
Section 2.1 defines spanning trees and some useful related results. Section 2.2 defines the
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n-dimensional cube, edge slides and some known results related to the n-dimensional cube.

Chapter 3 characterises and classifies signatures of spanning trees of ),,. The main tool used
to do this is Hall’s Marriage Theorem, and we introduce this through two matching problems
in Section 3.1.1. Section 3.1.2 discusses signatures of spanning trees of (),, in relation to Hall’s
Marriage Theorem, using an example of a known signature of ()3 to illustrate the problem.
Then we use Hall’s Theorem to characterise signatures of spanning trees of (J,, in Section 3.1.3.
Section 3.2 classifies signatures of @), into reducible and irreducible signatures, and establishes
the existence of certain trees with a given irreducible signature. These trees play an important
role in the later chapters.

Chapter 4 introduces local moves on upright spanning trees of (),,. These are moves that
can be applied locally to transform one upright spanning tree into another, where by “locally”
we mean the edges of the tree affected by the change all lie in a 2-dimensional face of @,.
Sections 4.2.1 and 4.2.2 present two local moves, the V-move and the path move, which are
used frequently in subsequent chapters. In addition, we define the local move graph of @), in
Section 4.3.

Chapter 5 concerns splitting @), into two subgraphs isomorphic to @), _;. This leads us
to define splitting signatures which are an important tool in what follows. When @), is split,
an upright spanning tree splits into a spanning forest and a spanning tree of ),,_;. Our goal
is to apply the inductive hypothesis to the spanning tree of (),,_1, and then we need some
technique to rearrange the edges of the spanning forest. To do this we impose conditions on the
splitting signature that assist in rearranging the edges. This gives us three classes of amenable
splitting signatures, discussed in Section 5.5: wunidirectional splitting signatures, super rich
splitting signatures, and the (2, 2, 3) splitting signature of @)4. To prove the existence of such
an amenable splitting signature, we introduce signature moves in Section 5.6.

Chapter 6 addresses the connectivity of a reducible signature of ,,. We show in Section 6.2.1
that reducibility places restrictions on the edges of an upright spanning tree, and hence on
the available edge slides as we discuss in Section 6.2.3. Using these results we can show in
Section 6.2.4 that the signatures of certain subtrees of a spanning tree are invariant. Combining
these results we show that strictly reducible signatures are disconnected in Section 6.3.

We then turn to irreducible signatures of (), in Chapters 7-9. An irreducible signature
has both reducible splitting signatures and irreducible splitting signatures, and we discuss irre-
ducible splitting signatures in Chapters 7 and 8, and reducible splitting signatures in Chapter 9.

Chapter 7 discusses rearranging the edges of a tree in the upper n face. It starts with results
on swapping edges of an upright spanning tree in the upper n face of the cube in Section 7.2.1.
This enables us to move from one upright spanning tree to another, and leads us to introduce
settled trees in Section 7.2.2. These are trees where all the vertices immediately below each
n-edge are in direction n (the direction of splitting). Working with settled trees is easier as we
know where the edges in the direction of splitting are. Section 7.2.2.1 discusses swapping the
edges of a settled tree in the upper face of the cube. Section 7.3 shows upright spanning trees
with either a fixed unidirectional splitting signature or the (2, 2, 3) splitting signature lie in
a single component, and conjectures this is also true for a super rich splitting signature. We
present partial progress towards a proof of this conjecture.

Chapter 8 shows that we can transform an upright spanning tree with an irreducible signa-
ture and an irreducible splitting signature into an upright spanning tree with any other ordered
irreducible splitting signature. In order to transform a tree so it has an ordered irreducible
splitting signature of our choice, we first show in Section 8.2.2 that we can transform an up-
right spanning tree with an irreducible splitting signature into an upright spanning tree with
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an ordered irreducible splitting signature, and then show in Section 8.2.3 that we can transform
an upright spanning tree with an ordered irreducible splitting signature into a tree with any
other ordered irreducible splitting signature. In particular, this means we can transform an
upright spanning tree into a tree with an amenable splitting signature, so that we can apply
the results of Chapter 7 to rearrange the edges in the upper n face.

Chapter 9 addresses reducible splitting signatures of an irreducible signature of @),,. We show
that we can transform an upright spanning tree with an irreducible signature and a reducible
splitting signature into an upright spanning tree with an irreducible splitting signature. To do
this, we show in Section 9.2.2 that we can always use edge slides to increase the size of the
smallest reducing set of a reducible splitting signature.

Chapter 10 studies two infinite families of irreducible signatures of @),,. Section 10.1.1 and
Section 10.2.1 give a proof for the connectivity of the edge slide graph of these families using a
slightly different technique from the approach we use for the general case. In these families, we
only encounter signatures within the family or within closely related families that we already
understand. In Section 10.1.2 and Section 10.2.2 we give formulae to count the number of
upright spanning trees of ,, with these signatures.

In Chapter 11 we combine the results from the previous chapters to prove our main result,
reducing the inductive step to the problem of showing that every ordered irreducible signature
7 has an ordered irreducible splitting signature D such that the set of upright spanning trees
with signature Z and splitting signature D forms a block. We then apply this and results from
Chapter 7 to prove the connectivity of the edge slide graph of an irreducible signature of @)y,
and certain irreducible signatures of @)s.

At the end of each of Chapters 3-9 we provide a summary map to link the work between
these chapters. All figures in this thesis were created using the drawing software Ipe (see http:
//ipe.otfried.org).



Chapter 2

Preliminaries

In this chapter we review some basic concepts of graph theory and give a number of definitions
and examples that are used throughout the study.

2.1 Spanning trees

In this section we review the definition of spanning trees of graphs and some related results.

Definition 2.1.1. A spanning tree of a connected graph G is a connected subgraph of G
that contains all the vertices of G and contains no cycles.

Suppose V' denotes the set of vertices of G. Then a spanning tree will have |V| vertices and
|V| — 1 edges (see for example Agnarsson and Greenlaw [1]). An example of a spanning tree is
shown in Figure 2.1.

Definition 2.1.2. A spanning forest of a graph G is a subgraph of GG that is a forest con-
taining all the vertices of G.

We make use of the following lemma. A proof can be found in [3].

Lemma 2.1.3. Let V' be the set of vertices of a graph G. Let T be a subgraph of G such that
T is connected, and has |V| vertices and |V| — 1 edges. Then T is a spanning tree of G.

The following lemma is complementary to Lemma 2.1.3.

Lemma 2.1.4. Suppose T is a subgraph of G that has no cycles, and |V| vertices and |V| — 1
edges. Then T is a spanning tree of G.

The following lemma shows that every finite connected graph has a spanning tree. The
general idea behind the proof of this result is that if G is a connected graph and has a cycle,
then we can delete one edge from G without destroying any connectedness. We can repeat this
until there are no more cycles to prove the existence of a spanning tree.

Lemma 2.1.5. Suppose G is a finite connected graph. Then G has a spanning tree.

Proof. Let G be a finite connected graph and let V' be the set of vertices of G. If G has no
cycle, then it is itself a spanning tree and there is nothing to prove. Suppose then that GG has at
least one cycle. If we remove one edge, say e from the cycle, it would not disconnect the graph

5
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Figure 2.1: An example of a spanning tree. The blue edges are a spanning tree of the connected
graph shown.

G — e, because we need at least two edges to disconnect a cycle. Therefore, all the vertices of
the resulting graph GG — e are still connected by the remaining edges of the cycle. If G; = G —e¢
has no cycle, then (G is a spanning tree. If not, we can remove an edge, say €, from G; so that
Gy = G — € is still connected and has one less edge than G;. If the resulting graph is not a
spanning tree, then we keep removing edges until no cycle is left. Then we obtain a sequence
G,Gy, Gy, ... of subgraphs such that each GG; is connected, contains all the vertices of GG, and
G; has one fewer edge than GG;_;. Since G has only finitely many edges eventually we obtain a
graph G with |V| — 1 edges, and G, is a spanning tree of G by Lemma 2.1.3. ]

The existence of a spanning tree in an infinite connected graph is proved using different
methods such as Zorn’s lemma and transfinite induction, for details see [3].

Next, we define edge moves for spanning trees and the tree graph of a connected graph.

Definition 2.1.6 (Goddard and Swart [4]). For any spanning tree T of a graph G an edge
move is defined as adding one edge e € G to T' and deleting one edge ¢’ from T so that T'+e—¢’
is a spanning tree of G (Figure 2.2 shows an example).

T+e—¢

0 (i) (i
Figure 2.2: An edge move. (i) A spanning tree T of a connected graph G, in blue edges, (ii)

adding an edge e to T, so T' + e has a cycle and (iii) deleting an edge ¢’ from this cycle gives
the tree T'+ e — €.
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(i) (ii) (iii)
Figure 2.3: The tree graph of a connected graph. (i) A connected graph G, (ii) the spanning
trees of G, and (iii) the tree graph of G.

Definition 2.1.7. The tree graph of a connected graph G, T'(G), is the graph whose vertices
are the spanning trees of GG, with an edge between two vertices (spanning trees) if they differ
by one edge move.

For example, the graph G in Figure 2.3(i) has eight spanning trees ti, ..., ts, drawn in (ii),
and its tree graph is shown in (iii). See Ozeki and Yamashita [9] for a survey for known results
on tree graphs.

The next theorem states that the tree graph of a connected graph is connected. To prove
this we show that any spanning tree can be transformed into any other spanning tree by a
sequence of edge moves.

Theorem 2.1.8. The tree graph of a connected graph G is connected.

Proof. Let G be a connected graph and let V' be the set of vertices of G. Let T and 7" be two
spanning trees of G. Then T and 7" each have |V| vertices and |V| — 1 edges. Suppose T" and
T’ have m edges in common, where 0 < m < |V|—=1. If m = |V| -1, then T'= 7" and no
further moves are needed. Otherwise, let e be an edge of 7" not belonging to T'. If we add e to
T, then a cycle A containing e is created in 7'+ e (and 7"+ e is not a spanning tree). Since T”
is a spanning tree, A contains at least one edge e* that is not in 7. When we remove e* from
T + e, the resulting graph T} = T + e — e* is still connected because deleting an edge from a
cycle cannot disconnect it. Also, T} will have |V| — 1 edges, so it must be a spanning tree. In



CHAPTER 2. PRELIMINARIES 8

other words, the spanning tree 7" is transformed into a spanning tree 77 having m + 1 edges in
common with 7", which means 77 has one more edge in common with 7" than T" does.

If T = T’ then the transformation is completed. If not, 7} can be transformed into a
spanning tree 75 having one more edge in common with 7”7 than T does. If we repeat this
process, then we obtain a sequence 1,75, T3, ..., Tjy|—1—n of spanning trees such that 7;_; is
transformed into a spanning tree T; by an edge move and T; has one more edge in common
with 7" than T;_; does. The tree Tjy|-1_, has [V| — 1 edges in common with 7", so is in fact
equal to T". Therefore, the spanning tree T' can be transformed into the spanning tree 7" by a
sequence of edge moves.

Finally, by the definition of the tree graph T'(G), there is an edge from 7;_; to T;, hence T
and 7" are in the same connected component of T'(G). Since T and T" are arbitrary, the tree
graph T'(G) is connected. O

We next explain the meaning of a rooted spanning tree T of (),. In general, a rooted
spanning tree of a graph G is defined as follows.

Definition 2.1.9. A rooted spanning tree of a graph G is a spanning tree of G in which
one of the vertices is designated as the root.

We usually root the spanning tree of (), at a particular vertex at the bottom of the cube.
The empty set @ is a vertex of (), and it is the one that we typically use as the root, but
the root need not be at @. Unless stated otherwise, all spanning trees of @), in this study are
assumed to be rooted at &.

2.2 The n-dimensional cube (hypercube)

In this section we define the n-dimensional cube and then define and highlight some known
results related to the n-dimensional cube. Throughout this thesis we write

n] ={1,2,...,n},
for a positive integer n.

Definition 2.2.1. The n-dimensional cube is the graph @, with 2" vertices and 2" n
edges, for which the vertices of @), are the subsets of [n], and two vertices are adjacent if the
corresponding subsets differ by adding or removing exactly one element.

The graph @,, can be constructed from two copies of the lower dimensional cube @),,_1. See
Figure 2.4 for the case n = 4.
In the next definition we define the |S|-dimensional cube of a set S C [n].

Definition 2.2.2. For any S C [n], let Qg be the induced subgraph of @, with vertices the
subsets of S. Observe that Qg is an |S|-cube.

In the following definitions we define the cardinality of a vertex, power set of a set, and
symmetric difference.

Definition 2.2.3. The cardinality of a vertex V of (), is the number of elements of the
corresponding subset of [n], and is denoted |V|. We also sometimes refer to |V| as the level of
V.



CHAPTER 2. PRELIMINARIES 9

(i) (i)
Figure 2.4: The graph )4 constructed from two copies of the graph Q3. (i) Two copies of the

3-cube 3. (ii) Connecting each vertex of one copy of ()3 to the corresponding vertex of the
other copy of (Y3 gives the graph (4.

Definition 2.2.4. The power set of [n] is the set of all subsets of [n], and is denoted P([n]).

For any i € [n], we denote by PZ; the set of all the subsets of the set [n] with cardinality
greater than or equal to 1.

Definition 2.2.5. The symmetric difference of two sets V' and U, denoted V & U, is defined
to be

VaU=(V-U)uU-V)
—(VUU)—(VNU).

2.2.1 Counting spanning trees of (),

As given in Equation (1.1), it is known that the number of spanning trees of @, is
[Tree(Qn)| = 22"~ [T k%),
k=1

which can be obtained by using Kirchhoff’s Matrix Tree Theorem (see for example Stanley [10]).
Bernardi [2] gave two combinatorial proofs of this formula. See also Tuffley [11] for a bijective
proof in the case n = 3 using edge slides. By evaluating the above formula (1.1) for 1 <n <5,
we get Table 2.1. The following is a refinement of (1.1):

Z () g AT) — H Z gi(z;t + ), (2.1)

TeTree(Qn) VQ'PgQ eV

where q1,...,qn, *1,...,T, are certain weights carrying information about the locations and
directions of the edges of a tree (see the next section for details). Each term in the expansion,
and hence each spanning tree, corresponds to a choice of an element ¢ € S and a sign +1 for
each S C [n] with |S| > 2. This was proved by Martin and Reiner [8] using a weighted version
of the Matrix-Tree Theorem.
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Cube Number of spanning trees
1-cube (line) 1
2-cube (Square) 4
3-cube (Cube) 384
4-cube (Tesseract) 42467328
5-cube (Penteract) 20776019874734407680

Table 2.1: The number of spanning trees of (),,, where n = 1,2,3,4 and 5.

2.2.2 The direction and decoupled degree monomials
To define the two factors of the weight of a tree, the direction monomial ¢@"™) and the decoupled
degree monomial 2947 we first need to define the direction of an edge in Q,, as follows.

Definition 2.2.6. Let e be an edge in ),,. Let V and U be the endpoints of e. Then V' and
U differ by one element, say i. The direction of e is i, denoted dir(e) = i (see Martin and
Reiner [§]).

Definition 2.2.7 (Martin and Reiner [8]). Let E(T) be the edge set of a spanning tree T" of
(.. Then the direction monomial of T is

qdir(T) = qdir(e)-
(

ecE(T)
For V' C [n], let v = [],c, #;. Then the decoupled degree monomial is

dd(T) ( Ty );degT(V)
T = H
]

vCin x[n]\V

I =~

wherm *0

Note that, for an edge e = (V,U) of a spanning tree T of @,,, if dir(e) = i then

Tv Iy €1 €i—1  €it1 €
:xl...xi_lxi+1...x”
L[n]

n

where for j # 1,
+1, when j €V,
€ =
! —1, when j ¢ V.

Then each e € E(T) such that dir(e) = i contributes a factor of x; or z; ' to 297 for each
J # 1, where the factor is z; if the ends of e contain j and mj_l if the ends of e do not contain
Jj-

Tuffley [11] gives an alternative formulation of the decoupled degree monomial in terms of
orientations of the edges e of T". In this formulation, e contributes a factor of xfii(e). Orient all
the edge of @), upwards. Root each spanning tree at the empty set @, and orient all the edges
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{1,2,3}

{1,2}

{1}e {3}

%]

Figure 2.5: Upward edges and downward edges. The bold edges are a spanning tree of ()3. The
edges ({1},{1,2}) and ({1,3},{1,2,3}) are upward edges and the rest are downward.

of T towards @. So now each edge e of T" has two orientations, one from the cube and one from
the tree. Then we define

ple) =

+1, when the orientation of e from the cube and the tree agree;
—1, otherwise.

Then:
Lemma 2.2.8 (Tuffley [11]).

2 = gy ez, ] iﬂﬁi(i)e)-
ecE(T)
We define upward edges and downward edges in terms of p as follows.

Definition 2.2.9. Let T be a spanning tree of @, rooted at @ and let e = (X, X U {i}) be
an edge of T'. Then e is an upward edge if u(e) = +1 and a downward edge if p(e) = —1.
That is, when X U {i} is on the path from X to &, then e is an upward edge and we orient e
from X to X U {i}. When X is on the path from X U {i} to @, then e is a downward edge
and we orient e from X U {i} to X.

In other words, an edge which is oriented by 7" in the direction of increasing cardinality is
said to be an upward edge. An edge which is oriented in the direction of decreasing cardinality
is said to be a downward edge. For an example, see Figure 2.5.

2.2.3 Signatures of spanning trees of (),
A spanning tree of (), can be classified by its signature.

Definition 2.2.10. For each spanning tree T of (), the signature of 7' is defined to be
(ay,aq,...,a,), where for each i € [n], a; is the number of edges of T" in direction i.
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1} #{2)

(%]

Figure 2.6: The edges from a spanning tree of ()5, with the edges in direction 1 coloured green
and the edges in direction 2 coloured blue. As we can see, there is one green edge and two blue
edges. Therefore, the signature is (1, 2).

An example appears in Figure 2.6. The sum of the a; over 1 < ¢ < n is equal to the number
of edges of T', and so the signature of a spanning tree of (),, satisfies

n

Zai:T‘—l.

i=1

Each a; must be at least 1 since every tree must have at least one edge in each direction in
order to connect the vertices, and it cannot be bigger than 2"~ because the number of edges
of Q,, in each direction is 2" !. Therefore 1 < a; < 2"~ ! for all i. Note that these conditions
are not sufficient conditions for an n-tuple (ai, as,...a,) to be a signature of @,,. We obtain
necessary and sufficient conditions in Chapter 3.

Observation 2.2.11. For a spanning tree T' of Q,, with signature (ay,as, ..., a,), the direction
monomial g ™) s q®1q% ... q*, so the signature and ¢3"T) carry the same information.

Definition 2.2.12. A signature (ay,as,...,a,) is said to be ordered if a; < as < --- < a,.

It is clear that the n-dimensional cube, @),, has lots of symmetries. We can permute the
n coordinates and we can also do reflections o; in each direction i, where i € [n|. Using the
symmetric difference @, the reflection o; is defined to be

) -veu={yo 0 ey

where V' C [n]. Together these generate the symmetry group Aut(Q,) = Z35 xS, of order 2"n!.

Since each permutation 7 of [n] induces an automorphism that carries a spanning tree with
signature (ai,as, ..., a,) to a spanning tree with signature (a,-1(1), az-1(2), ..., 0z-1()), We say
that the two signatures (ai,as,...,a,) and (ar-1(1), az-1(2),...,0z-1(n)) are the same up to
permutation. For example, there are three different signatures of ()3 up to permutation: (1, 2,
4), (1, 3, 3) and (2, 2, 3), (see Henden [6]).
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{1,2}

edge slide

{L.2}
N /\

{1} 2 {2}

(i) (i)

Figure 2.7: An edge slide between two spanning trees of ()s.

2.2.4 Edge slides

Edge slides are a specialisation of Goddard and Swart’s edge move [4] to the spanning trees of
@2y, in which the edges involved are constrained by the structure of the cube. Note that the
definition of edge slide used here differs from that of Goddard and Swart’s definition.

Before defining edge slides, we define the upper and lower faces of @,,.

Definition 2.2.13. Let i € [n]. The upper face F:" of Q,, with respect to direction i is the
subgraph induced by the subsets of [n] that include i. The lower face F'~ of Q,, with respect
to direction i is the subgraph induced by the subsets of [n] that do not include i. Hereafter we
will refer to F'" and F!~ as upstairs and downstairs.

Note that the reflection o; of @),, induces a symmetry that swaps the upper and lower faces
of @), with respect to direction i. Now, we define an edge slide as follows.

Definition 2.2.14 (Tuffley [11]). Let 77 and T be two spanning trees of @),,. Then we say T;
is transformed into T, by an edge slide if there exists an edge e € T} and direction i € [n]
with i # dir(e) such that deleting e and replacing it with its reflection o;(e) gives the spanning
tree Ty. An edge that can be slid in direction i is called i-slidable or slidable in direction i.

In other words, it is an operation of sliding an edge of one spanning tree across a two
dimensional face of the cube to get another spanning tree. An example of an edge slide appears
in Figure 2.7.

Note that for a spanning tree of (),,, there are at least a; — 1 edges that may be slid in di-
rection i, where a; is the number of edges in direction i, see Tuffley [11, Corollary 13] for a proof.

Edge slides can be classified as upward edge slides or downward edge slides as follows.

Definition 2.2.15. An edge slide is said to be upward, if the number of elements of each
subset corresponding to an endpoint of the edge is increased. If the number of elements of each
subset corresponding to an endpoint of the edge is decreased, then the edge slide is downward.
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{1,2,3} {1,2,3}
X edge slide 1

T

9{2,3} {1,2}e"

e A3 n b3}
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(1) (ii)
Figure 2.8: An edge slide between two spanning trees of (J5. Bold edges represent the spanning
trees. (i) The slide in this picture is downward, since the corresponding endpoints of the edge

({1, 3}, {1}) have fewer elements than the corresponding endpoints of the edge ({1, 2,3}, {1,2})
as we can see in (ii).

Figure 2.8 shows an example of downward edge slide. Note that for a spanning tree 7" of ),
with u; and d; upward and downward edges in direction 7 there are at least u; edges that may
be slide downwards and at least d; — 1 that may be slid upwards (Tuffley [11, Corollary 13]).
The effect of an edge slide in direction i on z94) is to multiply it by =% by x? if the edge is
slid up and z;? is the edge is slid down. Therefore, the number of upward edges in direction i
must be changed by +1, and there can be no change in the number of upward edges in other
directions.

Definition 2.2.16 (Tuffley [11]). The edge slide graph of @Q),,, denoted £(Q,,), is the graph
on the spanning trees of (),,, with an edge between two spanning trees if they are related by an
edge slide.

The 1-cube, @)1, has a unique spanning tree so its edge slide graph consists of a single vertex.
Spanning trees of ()5 and their edge slide graph are shown in Figure 2.9. The edge slide graph
is a subgraph of the tree graph. Note that edge slides do not change the signature of a spanning
tree, so spanning trees with different signatures belong to different components of the edge slide
graph.

Next, we give a definition of the edge slide graph of a signature (ay, as, ..., a,).

Definition 2.2.17. Let § = (ay,as,...,a,) be a signature of a spanning tree of @,. Then
the edge slide graph of signature S, denoted £(S), is defined to be the subgraph of £(Q,,)
induced by the trees with signature S.

Since spanning trees with different signatures belong to different components of £(Q),,), the
edge slide graph £(S) is comprised of one or more connected components of £(@Q,,). We make
the following definition:
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{1,2} {1,2}
X edge slide
AN — Ta

2 (e 2)

Tie—— o1

{1,2}

Y {2}

(i) (i)
Figure 2.9: Spanning trees of ()2 with signatures (1, 2) and (2, 1), and the edge slide graph of
Q2. (i) Spanning trees of ()3 with edge slides. (ii) The edge slide graph of Q.

Definition 2.2.18. A signature is connected if its edge slide graph is connected, and dis-
connected otherwise.

The goal of this research is to answer the following question:
Question 2.2.19. Which signatures are connected?

The following lemma states that the edge slide graphs of two signatures are isomorphic, if
the signatures are related by a permutation.

Lemma 2.2.20 (Henden [6]). When two signatures (a1, as, . ..,a,) and (by, by, ..., b,) are the
same up to permutation, then their edge slide graphs, £(aq,aq, ..., a,) and E(by,bs, ..., b,) are
1somorphic.

Proof. A symmetry of @),, induced by a permutation of [n] induces a symmetry of £(Q,,). Such

a symmetry carries a spanning tree T' of ),, with signature (ay, as, ..., a,) to a spanning tree of
Q),, with the signature (a,-1(1), Go-1(2),- - -, Go-1()) = (b1, b2, ..., b,). Therefore, the edge slide
graphs of the two signatures are isomorphic. O

2.2.5 Upright spanning trees
We define an upright spanning tree of @),, as follows.

Definition 2.2.21 (Tuffley [11]). An upright spanning tree of @), is a spanning tree such
that all its edges are oriented downward.
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Figure 2.10: An upright spanning tree of Q)3 with signature (2, 3, 2), in bold edges. This
corresponds to choosing direction 3 from {1,2,3}, direction 2 from {2,3}, direction 1 from
{1, 3}, direction 2 from {1,2}, and directions 1, 2 and 3 from {1}, {2} and {3} respectively.

An example of an upright spanning tree of 03 is shown in Figure 2.10.

Definition 2.2.22. An upright spanning forest of (),, is a spanning forest such that all its
edges are oriented downward.

The following corollary shows that each spanning tree of (), is connected to an upright
spanning tree by a sequence of edge slides.

Theorem 2.2.23. (Tuffley [11, Corollary 15]) Let T be a spanning tree of Q,. Then there is
a sequence of edge slides that transforms T into an upright spanning tree.

2.2.5.1 Encoding spanning trees of the graph @),

For the purpose of this study, we label a spanning tree of (),, rooted at @ as follows. For each
vertex V € V(Q,,), there is a path from V' to &. We label each vertex V' with the direction of
the first edge on the path from V to @. An example is shown in Figure 2.11.

In the case n = 3, Tuffley showed that upright spanning trees of ()3 are in bijection with
the sections of P32, (see Tuffley [11, Lemma 4.2]). The method used by Tuffley is not limited
to the case n = 3; it can be applied to all n and shows that there is a bijection between the
upright spanning trees of (),, and the sections of PZ; as follows.

Construction 2.2.24. Given a spanning tree T" of @),,, we define a function ¢ : P, — [n]
as follows. The first edge on the path from a nonempty vertex V to the root is in a direction
Yr(V') belonging to [n].

If T is an upright spanning tree, then all the edges of T" are oriented downwards. So, the
first edge on the path from a nonempty vertex to the root must be in a direction (V) € V.
We call such a function, ¢ : P2, — [n] such that ¢(V) € V, a section of PZ,.
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{1,2,3}

{1,2}

{11 »{3}

%]

Figure 2.11: The first edge in the path from {1,2,3} to the root & is in direction 3. Therefore,
the label at {1,2,3} is 3. The first edges on the paths from {1,2} to @, {1,3} to @, {2,3}
to @ and {1} to @ are in directions 1, 2, 2 and 2 respectively. Therefore, the labels at
{1,2},{1,3},{2,3} and {1} are 1, 2, 2 and 2 respectively. The first edge in the paths from {2}
to @ and {3} to @ are in directions 2 and 3 respectively. So then the labels at {2} and {3} are
2 and 3 respectively.

A function 1 : PL; — [n] corresponds to a choice of label ¥)(V) from the set [n] at each
nonempty vertex V' of @),. Given such a function, we define G, to be the subgraph of @,
containing all the vertices, and all edges of the form {{V,V @& {¢(V)}} : V € P%;}. Recall that

V.V —={o(W)}), if »(V)eV;

Ve ten = {(v,vu WY, i V) ¢V

This subgraph has at most 2" — 1 edges, and may or may not be a tree.

The following lemma shows that a spanning tree of (), corresponds to G,, and moreover
Gy, corresponds to the spanning tree that we started with.

Lemma 2.2.25. If T is a spanning tree, then Gy, =T

Proof. Every edge of T' is on a path from one of the 2" — 1 nonempty vertices of T" to the
root. Let e = (V,U) be an edge of T, and without loss of generality, suppose V' is the endpoint
further from the root. Then e is the first edge on the path from V' to the root, and the direction
of e is 17 (V). Therefore, the edge e belongs to Gy,.. Since G, has at most 2" — 1 edges, the
edge set E(Gy,) = E(T') and therefore Gy, =T. O

The next lemma shows that when a function corresponds to a spanning tree, then this
spanning tree corresponds to the same function that we started with.

Lemma 2.2.26. Let ¢ : PL, — [n], and suppose Gy = T for some spanning tree T. Then
Yr = 1.
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Proof. Suppose G, =T for some spanning tree 7. Let V' be a vertex of (),,. Then starting at
V =V, Vi, Va, ..., we successively construct a path by leaving V; in the direction ¥ (V;). So we
get a path P belonging to the graph G, because all these edges on P belong to Gy. Since the
graph consists of a finite set of vertices, this path P has to terminate either at a vertex that it
has visited before, or reach the root, which it cannot leave. If the path visits a vertex twice,
then we get a cycle. Therefore, GG is not a tree, and this contradicts our hypothesis. So the
path P from V ends at the root. Since G, = T, the path P from V' to the root must be the
unique such path in 7', and therefore ©7(V) is the direction of the first edge on the path from
V' to the root. So 7 (V) = ¢ (V) and therefore 17 = 1. O

Let U,, be the set of upright spanning trees of (), rooted at @. Let S,, be the set of sections
of PZ,. We define the map © : U,, — S, by setting O(T") = ¢r.

Lemma 2.2.27. The map O is a bijection between U,, and S,,.

Proof. We showed earlier that the upright spanning tree T' € U, corresponds to section 7,
and it is shown by using Lemma 2.2.25 that 1 corresponds to the upright spanning tree that
we started with.

Conversely, given a section ¢ € S,,, the graph G, is the subgraph of (),, containing all the
2™ vertices and has at most 2" — 1 edges

{V.V = {o(V)}}:V e PL}

At each vertex V' of @, \ {@}, there is a specific edge e in G connecting V' to a vertex
V —{4¢(V)}. Joining the vertices by those specific edges gives us a path in Gy, from V' to the
root &. It follows that G, is connected. Since G, is connected and contains all the vertices of
Qn, it has at least 2" — 1 edges, and thus exactly 2" — 1 edges. Therefore the graph Gy is a
spanning tree. Furthermore, these paths in G, show that G, is an upright spanning tree, and
it is shown by using Lemma 2.2.26 that G, corresponds to the section . O]

The number of upright spanning trees of (), is

which appears in the formula (1.1) that we used for counting spanning trees of @,,.

2.2.5.2 Notation for upright spanning trees of (),

Building on the existing method used by Henden [6] to label the four upright spanning trees
of Q3 with the same signature (2, 2, 3), we label the upright spanning trees of @, as follows.
Since each upright spanning tree of (),, corresponds to a choice of direction 7 € V' at each vertex
V € V(Q,), we may specify a tree by simply listing the directions that are chosen at each vertex
V such that |V| > 2. To do this we need to agree on the order of the vertices of @,. One way
is to order them by decreasing cardinality and then lexicographic order. The label would then
be represented as a string of length 2" — n — 1, listing the chosen directions from the vertices
of @, in the agreed order of those vertices. An example is shown in Figure 2.12.
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{1,2,3,4}

Figure 2.12: An upright spanning tree of @), with signature (2, 3, 5, 5) in bold edges. The
label for this upright spanning tree using the vertex ordering of Section 2.2.5.2 is 43244134323.
The first 4 means we leave {1,2,3,4} in direction 4, then the 3244 that follows specifies the
the directions at {1,2,3},{1,2,4},{1,3,4} and {2, 3,4} respectively. Then 134323 specifies the
directions at {1,2},{1,3},{1,4},{2,3},{2,4} and {3, 4} respectively. We omit the directions at
vertices {1},{2}, {3} and {4}, since these are completely determined by the condition ¥ (V') €
V', where V' is a nonempty vertex of @,.



Chapter 3

Signatures of spanning trees of (),

In this chapter we obtain necessary and sufficient conditions for an n-tuple (aj,as,...,a,) to
be a signature of (), and classify signatures as reducible and irreducible. Then we establish
some lemmas on the existence of certain trees with a given irreducible signature.

3.1 Characterising signatures of spanning trees of (),

In this section the main goal is to determine the n-tuples (ay, as, ..., a,) that are the signatures
of the spanning trees of @),,. We use Hall’s Theorem to prove the result. Hall’s Theorem gives
a simple necessary and sufficient condition for the existence of a perfect (complete) matching
of two finite sets if they have the same size. We introduce a matching problem that leads us to
Hall’s Theorem which we use to prove our result. Then we discuss our problem in relation to
Hall’s Theorem.

Before we discuss the matching problems we define a matching in a graph and then we
define a perfect matching in bipartite graph.

Definition 3.1.1. Let G be a graph. Then a matching in G is a subgraph of G such that
each vertex has degree at most one. A matching is perfect if it contains all the vertices of G.

3.1.1 Matchings and Hall’s Marriage Theorem

To illustrate the ideas of perfect matching and Hall’s Marriage Theorem we start this section
with the following two problems:

Problem 1

Suppose four women and four men want to find love so they join a dating agency. The agency
compares applications and tries to find common interests. Two women, Jo and Mary, enjoy
skiing, travelling, musical theatre and music. Kate likes basketball and Sue likes travelling, but
hates musical theatre. Tom likes skiing and sport, John likes travelling and basketball, but
hates other sports, and Steve and Ralph like reading, musical theatre, swimming and skiing.
Is it possible to match the men and women into couples so that each couple share a common
interest?

20
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Women Men
Jo John
Kate Ralph
Mary Steve
Sue Tom

Figure 3.1: A bipartite graph describing the common interests between the four women and
the four men. On the left, the set of vertices represents the women and on the right the set
of vertices represents the men. Two vertices are joined by an edge if the people they represent
share a common interest.

Candidates Jobs

Alex ® Data entry person
Casey @ Receptionist
Stacy ® Seccretary

Figure 3.2: A bipartite graph describing the work experience of the candidates. The two sets of
vertices represent the candidates and jobs. Two vertices are joined by an edge if the candidate
has experience in that job.

Problem 2

A company needs to hire a secretary, data entry person and receptionist. There are three can-
didates who have experience and qualifications for some or all of these jobs: Alex has worked
as a receptionist, data entry person and secretary. Casey has experience in data entry and
reception, and Stacy has experience as both a secretary and a receptionist. The company has
one position for each job. Is it possible to match each candidate to a job they have experience
with so all of them are hired?

We may model each of the situations above using a bipartite graph. For the first problem,
the two sets of vertices represent the women and men respectively, and the edges represent a
shared interest, see Figure 3.1. For the second problem, let the two sets of vertices represent the
candidates and jobs respectively, and the edges represent experience in that job, see Figure 3.2.
The problem is then to pair the women and men, and the candidates and jobs, so each pair is
joined by an edge.

In order to solve these kinds of matching problems and find a perfect matching, Hall gave
us a necessary and sufficient condition in a bipartite graph to determine whether a perfect
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matching is possible. Note that Hall’s condition applies when the two sets have the same
size. It is easy to see that the condition is necessary, so the main mathematical content of the
theorem is that the condition is also sufficient. Hall’s Theorem is also commonly called the
“Marriage Theorem” because it is frequently stated in terms of matching men and women, as
we have done above.

Theorem 3.1.2 (Hall 1935). Let G be a bipartite graph with parts A and B such that |A| = |B|.
The following are equivalent:

1. There is a perfect matching from A to B.
2. For all H C A, we have |H| < |N(H)| (Hall’s condition), where N(H) C B is the set of

vertices in B adjacent to a vertex in H.

If the stronger condition |H| < |N(H)| holds for all H, then for any a € A and X € N(A)
there exists a perfect matching such that a is matched with X. More generally, if |H| <
IN(H)| —r for all H then we expect to be able to extend a partial matching at any r vertices
of A to a matching in all of A.

Hall’s Theorem was first proved by Philip Hall [5] in 1935. Hall’s condition is clearly nec-
essary because, if there is a subset H of A for which |N(H)| < |H|, then there are not enough
vertices of B available to match the vertices in H. Note that Hall’s Theorem does not tell us
how to find a perfect matching.

Now, we illustrate Hall’s Theorem using the problems outlined above.

Problem 1

Consider the graph shown in Figure 3.1. To find out whether the agency is able to match all
of the applicants into couples that share a common interest, we need to check that for every
subset H of the women, the neighbourhood N(H) is at least as large as H. However, for

H = {Kate, Sue} C {Jo, Kate, Mary, Sue},

we have
IN(H)| = |[{John}| =1 < 2 = |{Kate, Sue}| = |H|.

Therefore, we can conclude that by Hall’s Theorem, the agency is not able to match the
four women with the four men so that they share a common interest.

Problem 2
Consider the graph shown in Figure 3.2. We again need to check that for every subset H of
the candidates, the neighbourhood N(H) is at least as large as H. For example, for
H = {Casey, Stacy} C {Alex, Casey, Stacy},
we have
|N(H)| = |{Secretary, Data entry person, Receptionist}| = 3 > 2 = |{Casey, Stacy}| = |H].

By exhaustively checking the remaining six nonempty subsets H C A, we find that in each
case, the neighbourhood N(H) is at least as large as H. Therefore, by Hall’'s Theorem, the
company is able to hire all the candidates in a position they are experienced in. Figure 3.3
shows one possible match.
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Candidates Jobs

Alex = Data entry person

Casey @ - @ Receptionist

Stacy @ - Secretary

Figure 3.3: A bipartite graph describing one possible matching from candidates to jobs.

3.1.2 Hall’s Marriage Theorem and signatures of spanning trees of
@n

In this section we discuss our problem in relation to Hall’'s Theorem. Since every spanning
tree is connected to at least one upright spanning tree either directly or by a sequence of edge
slides (Tuffley [11]), and upright spanning trees are relatively easy to work with, we study the
signatures of spanning trees of (),, using upright spanning trees.

An upright spanning tree T of (), is a choice of index at each vertex of ),, except the root.
There is some restriction as to what indices we can choose. In other words, the 2" —1 nonempty
vertices of (),, need to be matched to 2" —1 edges of T'. Each vertex must be matched to exactly
one edge such that the direction of this edge belongs to the subset corresponding to that vertex.
The n-tuple (ay,as,...,a,) is a signature if and only if there is a perfect matching from the
2™ — 1 nonempty vertices of ), to 2™ — 1 edges of which a; are labelled 1, ay are labelled 2, etc,
such that each vertex V' is matched to a label i where i € V for all @ # V C [n].

We illustrate our problem by giving an example of an upright spanning tree from @3, for
which we already know the signatures. We consider the signature (1, 3, 3). Let P>([3]) be the
set of nonempty vertices of @3, namely {1},{2},{3},{1,2},{1,3},{2,3}, and {1,2,3}. Let X
be a set of 23 — 1 = 7 vertices: one is labelled 1, three are labelled 2 and the remaining three are
labelled 3. As shown in Figure 3.4 (a), {1,2} can be matched to the vertex labelled 1 and the
three vertices labelled 2; {1,3} can be matched to the vertex labelled 1 and the three vertices
labelled 3; and so on. We need to match the seven vertices of P>1([3]) to the seven vertices
of X, such that each vertex V of P>1([3]) is matched with a vertex whose label i belongs to
V. We can use Hall’'s Theorem to determine that it is possible to match all the vertices of
P>1([3]) to the vertices which are labelled 1, 2 and 3, showing that (1, 3, 3) is a signature of
(). For example, consider the subset Y = {{2},{3},{2,3}} € P>1([3]). To find the size of the
neighbourhood we must determine the number of vertices which are labelled 2 and 3. There
are three vertices which are labelled 2 and three vertices which are labelled 3. This gives us a
total of 6 vertices which are labelled 2 or 3. Therefore,

IN(Y)[ = 6> Y] =[{2},{3},{2,3} = 3

(see Figure 3.4 (b)). Similarly we can check all the subsets of P>1([3]) and show that Hall’s
condition is satisfied. Then, by Hall’s Theorem there exists a perfect matching from the vertices
of P>1([3]), namely {1}, {2}, {3}, {1,2},{1,3},{2,3}, and {1,2,3}, to the seven vertices: one
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P=1((3]) X
{1le ol
{2}e® o 2
{3} 2
(1,2} 2
(1,3} 3
(2,3} 3
(1,2,3}e ®3

(a) (b) (c)

Figure 3.4: (a) On the left, P>([3]) is the set of nonempty vertices of )3, namely
{1}, {2}, {3}.{1,2},{1,3},{2,3},{1,2,3}. On the right, X is a set of seven nodes: one node
is labelled 1, three are labelled 2 and the remaining three are labelled 3. Then we draw an
edge matching each nonempty vertex of ()3 with the possible choices that can be taken from
X coloured in blue. (b) This graph shows a subset Y = {{2},{3},{2,3}} of P>1([3]) and the
possible choices that can be taken from X coloured blue. (c) One possible perfect matching
between the nonempty vertices of ), and the nodes labelled 1, 2 and 3, corresponding to an
upright spanning tree, so (1, 3, 3) is a signature of Q3.

labelled 1, three labelled 2 and the remaining three labelled 3 (see Figure 3.4 (c¢)). Therefore
(1, 3, 3) is a signature of an upright spanning tree of Q3.

Figure 3.5 shows the upright spanning tree 3232 of ()3 with signature (1, 3, 3), where 2 is
chosen at {1,2} and {2,3}, and 3 is chosen at {1,2,3} and {1, 3}.

3.1.3 Main result

The following theorem is our main result of this chapter:

Theorem 3.1.3. Let S = (a1, az, ..., a,), wherel <ay <ay <---<a,andy ;.  a;=2"—1.
Then S is a signature of a spanning tree of Q, if and only if 2?21 a; > 28 —1, for all k <n.

Proof. Since every spanning tree of (), is connected to at least one upright spanning tree by a
series of edge slides (Tuffley [11]), and edge slides preserve the signature, it suffices to show S
is a signature of an upright spanning tree if and only if Z§=1 a; >2F —1, for all k <n.

Let A be P>1([n]), the set of 2" — 1 nonempty vertices of ),,, and let B be a set of 2" — 1
vertices of which a; are labelled i, for each i € [n]. From each vertex V of A we draw an edge
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3€{1,2,3}

2¢{1,2}¢

{1} {3}

6]

Figure 3.5: The upright spanning tree 3232 of Q3 with signature (1, 3, 3), where 2 is chosen at
{1,2} and {2,3}, and 3 is chosen at {1,2,3} and {1, 3}.

to every vertex of B, labelled i, for which ¢ € V. Let Gs be the resulting bipartite graph
with bipartition (A, B) (see Figure 3.6). An upright spanning tree of (),, with signature S
corresponds to a perfect matching in Gs. We show there is a perfect matching in Gs if and
only if the signature condition 2521 a;j > 2% — 1 is satisfied for all k¥ < n.

Let H be any subset of A, and let

Y: U V:{ilgiQH‘?ik}?

VeH

where 7; < --- < 1. Then
k
IN(H)[ =D ai=)a,
icYy j=1

k
> Zaj (as a;; > aj, because i; > j),
j=1

with equality if Y = {1,...,k}, where N(H) C B. Also
[H| < [P (V)] = 2"~ 1,

with equality if H = P>;(Y). Then we conclude that |[N(H)| > |H| for all H C A if and only
if Z?zl a; > 28 —1 for all k < n. Thus, by Hall’s Theorem, and since |A| = | B|, there exists a
perfect matching if and only if 25:1 a; >2F —1, for all k. O

Using the fact that each spanning tree is connected to an upright spanning tree, each upright
spanning tree corresponds to a section and each section corresponds to a matching in a matching
graph, we showed that signatures of (),, correspond to n-tuples such that the corresponding
graph has a perfect matching. The other way to show that signatures of (), correspond to
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A B
{1}
{2} al
{1,2}
{3} .
{1,2,...,n—1}
{1,2,...,n} a"

Figure 3.6: This graph shows the set Px1([n]) with 2" — 1 nodes corresponding to the nonempty
vertices of @), and a set B with 2" — 1 vertices of which a; are labelled i, for each i € [n].

n-tuples such that the corresponding graph Gs has a perfect matching is using Martin and
Reiner’s [8] weighted count. We recall their formula (2.1),

Z qdir( ) dd(T) H Zq’ +$z

T€Tree(Qn) VC7322 eV

Set x; = 1 for all . Then

" =g I D20

TETree(Qn) VCPL, i€V
II > 2
VCPZ, i€V
If T has signature (a1, . .., ay) then ¢ = ¢%1¢3> - .. g% and each term in the expansion corre-

sponds to a choice of i € V' for each V # @, and hence to a section. Note that HVCPQ Y icv i
= 1

is the generating function for sections of PZ,, and therefore for the number of upright spanning
trees of (), also.
There are 18 signatures of spanning trees of ()4 up to permutation namely:
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(1,2,4,8) (1,2,5,7) (1,3,6,6) (2,2,4,7) (2,3,4,6) (3,3,3,6)
(1,3,3,8) (1,2,6,6) (1,4,4,6) (2,2,56) (2,3,55) (3,3, 4,5)
(2,2,3,8) (1,3,4,7) (1,4,5,5) (2,3,3,7) (2,4,4,5) (3,4,4,4)

The first column from the left contains the signatures of Q3 followed by 2% = 8, which we will
define to be saturated signatures in Chapter 6. In the next section, we will define the signatures
in the first three columns to be reducible signatures and the signatures in the last three columns
to be irreducible signatures.

3.2 Classification of signatures of spanning trees of (),

We classify signatures of ), as reducible and irreducible as follows.

Definition 3.2.1. Let § = (ay,...,a,) be a signature of a spanning tree of @),,. Then § is
reducible if there exists @ # R C [n] with |R| < n—1 such that >, , a; = 2/fl — 1. Moreover
we call R a reducing set corresponding to §. Otherwise S is irreducible.

The 3-dimensional cube has three signatures up to permutation, namely (1, 2, 4), (1, 3, 3)
and (2, 2, 3). The signatures (1, 2, 4) and (1, 3, 3) are reducible signatures with reducing set
{1}, and the signature (2, 2, 3) is irreducible. In Chapter 6 we will divide reducible signatures
into strictly reducible and quasi-irreducible signatures, and we will see that (1, 3, 3) is strictly
reducible and (1, 2, 4) is quasi-irreducible. In addition, the signature (1, 2, 4) belongs to the
family of supersaturated signatures.

Note that if S is ordered then S is reducible if and only if > 7, a; = 2" —1 for some r < n—1.
In which case an ordered reducible signature has an initial segment that is a signature of a lower
dimensional cube. For example, (2, 2, 3, 9, 15, 32, 64, 130, 259, 507) is a reducible signature
of @10, as seen by taking r = 3,5,6 or 7, whereas (2, 3, 3, 9, 16, 72, 74, 76, 343, 425) is an
irreducible signature of Q1.

Lemma 3.2.2. Let Z = (aq, ..., a,) be an ordered signature of Q,,. Then i < a; for all i € [n].

Proof. We use the fact easily proved by induction that m(m — 1) < 2™ — 1 for all m > 1. Let

J <. Since Z is ordered and j < ¢, we have a; < a; and therefore 20—1< 21:1 ar < 1a;.
Suppose that 7 > a;. Then a; < i —1 and so 2° — 1 < i(i — 1), contradicting the fact that

i(i — 1) < 2" — 1. Therefore ¢ > q; is impossible, so ¢ < a;. O

3.2.1 The excess of a signature of @),

We define the excess of a signature of @),, as follows.

Definition 3.2.3. Let S = (a4, ...,a,) be an ordered signature of Q),,. We define the excess

at k, g5, of signature S to be
k

=Y a;— (2" 1),

i=1
where kK <n — 1.
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In other words, the excess at k is the minimum quantity by which a set of k£ directions
exceeds the marriage condition. Observe that, if S is reducible, then e§ = 0 for some k < n—1.
If S irreducible, then e‘,f >1forall k<n-—1.

In the following chapters we will frequently require the existence of an upright spanning tree
with a given signature and a specified direction at a certain vertex or vertices. The following
lemma shows that when the signature is irreducible, we can arbitrarily specify the direction
of an arbitrary vertex. This follows directly from the strengthened form of Hall’s Theorem
discussed immediately after Theorem 3.1.2 and our proof below is actually the proof of the
strengthened form in the special case of a signature. More generally, if the signature S has
excess €5 > r for all k < n — 1, we expect to be able to arbitrarily specify the directions of r
vertices. Lemma 3.2.7 and Lemma 3.2.8 show that, under certain conditions, we can specify
the directions of two vertices even when we do not have £§ > 2 for all k. To prove these results
we require Lemma 3.2.5, which shows that when a; and a;., are close enough, the excess at k
must be at least 2.

Lemma 3.2.4. Let T = (ay,...,a,) be an irreducible signature of Q,. Let j € [n] and let
X € V(Qy) be such that j € X. Then there exists an upright spanning tree T of @, with
signature T where Yp(X) = j.

Proof. Let G’z be the matching graph with bipartition (A, B) constructed in the proof of Theo-
rem 3.1.3. Match the vertex X with a vertex V' in B labelled j. Let G’ be the matching graph
with the two vertices X and V', and all the edges meeting them removed. We show there exists
a perfect matching in G7%.

Let A" = A\ {X} and let B' = B\ {V}. Let @ #Y C A’ and let S be the union of the
sets of Y. Then

Y] <2l —1.
Since N(Y') C B’, we have
IN(Y)I =) d,
i€S
where
) i 7£ jv
a; = .
a;—1 1=17.

Without loss of generality we may assume 7 is ordered. Then

N = Y (Z) i

€S €S
Kl
> (S -1
=1
> 218 1 (by irreducibility)

Thus, the condition |[N(Y')| > |Y| holds, so an upright spanning tree 7" of @),, with signature
7 where 7 (X) = j does exist. O
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Lemma 3.2.5. Let n > 4 and let T = (aq,...,a,) be an ordered irreducible signature of Q..
Suppose that, for some i € {2,...,n — 1}, we have a;41 —a; < 1. Then e > 2.

Proof. Since Z is irreducible we necessarily have eZ > 1. Suppose that e/ = 1. Then

7

Za]‘ = QZ

i=1

Since Z is an irreducible signature of @),,, we have

i—1

—1
> a>2
j=1

and therefore a; < 27!, Then

i
Zaj + a4 > 27 -1,
j=1
which implies a;1, > 2° — 1, so a;11 > a; + 1. But a;4, — a; < 1 by assumption, so it must be
the case that 5% > 2. O]

Observation 3.2.6. Let Z = (ay,...,a,) be an ordered irreducible signature of Q. If 6% > 2
and a; = ag, then 5{ > 2.

Proof. Suppose that 2 > 2. Since Z is an ordered irreducible signature, we have a; + as > 5.
Then ay > 3 and therefore if a; = ay then a; > 3. So ef > 2. O

Lemma 3.2.7. Let Z = (aq,...,a,) be an ordered irreducible signature of Q,,. Leti,j € [n] be
such that i # j and let X1, Xo € V(Q,) be such that i € Xy and j € X5. Suppose that
& > 2,

for all k > max{i,j}. Then there exists an upright spanning tree T of Q,, with signature T such
that ¥p(Xy) =i and (X)) = j.

Proof. Let Gz be the matching graph with bipartition (A, B) constructed in the proof of The-
orem 3.1.3. Match the vertices X; and X, in A with vertices V' and U in B labelled 7 and j
respectively. Let G’ be the matching graph with the vertices X7, X5, U and V, and all incident
edges removed. We show there exists a perfect matching in G7.

Let A" = A\ {X;, Xy} and let B’ = B\ {V,U}. Let @ #Y C A" and let S = |Jyycy W be
the union of the sets of Y. Then

V] <28 —1.
Since N(Y) C B’, we have
INY)[ =) aj,
tes
where
/ Qyg, 14 7& Za]a
ay = .
ap—1 (=1,7.

We distinguish the following cases according to whether [{i,7} NS| <1 or [{i,j} N S| = 2.
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a) Suppose |{7,7} N S| < 1. Then

NI =Y a > (z) .

tes tes
S|

Z Zag —1

=1
>l 1 (by irreducibility)
> Y.

b) Suppose [{i,7} NS| = 2. Then

INY) =) a) = (Za4> —2

tes tes
> 251 — 9 (by irreducibility).

We consider the following cases according to whether or not X, Xo C S.

I) Suppose that X;, Xy € S. Then

<28 -1 -1 —1 =283
— —~~
for X7 for Xo
Then we conclude |[N(Y)| > |Y].
IT) Suppose that either X; € S or Xy C S. Then

<ol —1-1=285_2

Then we conclude |[N(Y)| > |Y|.

IIT) Suppose that Xi,Xo € S. Let S = {l1,0s,..., 0} where {; < {5 < -+ < {}, and
note that k£ > 2 because {7,5} C S. We distinguish the following cases according to
whether |S| > max{i, j} or |S]| < max{i, j}.

i) Suppose that |S| > max{i,j}. Then

INY) =) a) = (Zag) —2

tes tes
|S]

> Z Ay | — 2
(=1

S|

> olSI 1 (Since Zaz > 9I5| + 1 for all |S| > max{i,j})
(=1

> |Y].
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if) Suppose that |S| < max{i, j}. Since X1, Xy € S, there exists some r; € X; and
ry € Xy such that 1,79 ¢ S. Since max{i,j} € S and |S| < max{i,j}, we have
S is not a consecutive set of directions. In particular, ¢, > k. We show that

Z a; > Qk + 1,
icS
so that

INY) =) ay = (Zw) —2>9F 1.

tes tes
Since ¢, > ¢ for all ¢ and ¢), > k we have ay, > a, and a;, > aj4+1. Then

k
S
tes t=1
k-1
> Z At + Q41
t=1
k
> Z a; > 2F (by irreducibility).
t=1

If >, .o > 2% does not hold, then

k—1 k

k
E Gt+ak+1:E a; = 27,
t=1 t=1

SO

k—1
_ 2k _
A1 = - ap = Q.-
t=1

But by Lemma 3.2.5, if ax = ap.1 then we must have Zle a; > 2, a contra-
diction. So Y, ¢ a; > 21/ must in fact hold.

Thus, in all cases the condition |N(Y)| > |Y| holds, so an upright spanning tree 7" of @,
with signature Z where ¢ (X;) = i and 7 (Xs) = j does exist. O

Lemma 3.2.8. Let Z = (ay,...,a,) be an ordered irreducible signature of Q,. For any i,j €
n], let X, X @ {j} € V(Q,) such that i € X and j € X @ {j}. Suppose either i = max X or
j=max(X ®{j}). Then there exists an upright spanning tree T of Q, with signature T, where
Ur(X) =i and Pr(X @ {j}) = J.

Proof. Let Gz be the matching graph with bipartition (A, B) constructed in the proof of The-
orem 3.1.3. Match the vertices X and X & {j} in A with vertices V and U in B labelled ¢ and
Jj respectively. Let G’ be the matching graph with the vertices X, X @ {j},V and U, and all
incident edges removed. We show there exists a perfect matching in G%.

Let A/ = A\{X, X ®{j}} and let B = B\{V,U}. Let @ #Y C A" and let S = oy W
be the union of the sets in Y. Then @ #V C S forall V €Y, so

Y] <28 —1.
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Since N(Y') C B’, we have

INY) =) a,
teS
where
) Qe E#Zaja
Ay = .
ag—1, (=1,7.

We distinguish the following cases according to whether |{i,j} NS| <1 or |{i,j} NS| = 2.

a) Suppose |{7,7} N S| < 1. Then

NY) =S al > (Z) i

tes tes
S|

Z Zag —1

lel
>l 1 (by irreducibility)
> |Y].

b) Suppose [{i,5} N S| = 2. Then

INV)| = a)= (Za€> —2>918 9

lLes tes

We consider the following cases according to whether or not X C S.
I) If X €S, then X & {j} C S and therefore
vj<2¥—1 -1 -1 =28_3
~ =~

for X  for X & {j}

Then we conclude |[N(Y)| > |Y].

IT) If X € S, then also X @ {j} € S. Let S = {l1,lo, ..., 0} where {1 < ly < --- <y,
and note that 2 < k < n — 1 because {i,j} C S. Since X ¢ S, there exists some
r € X such that r ¢ S. Then

r <max X <max{i,j} €S
which implies S is not a consecutive set of directions. In particular, ¢, > k. We

show that
Z Ay Z Qk + 17
les

INY) =) ap=) a—2>2"—1.

les les

so that



CHAPTER 3. SIGNATURES OF SPANNING TREES OF Qn 33

Since ¢, > ¢ for all ¢ and ¢, > k we have a;, > a; and ay, > aj1;. Then

k k—1
Zat = Zagt > Zat + Qg1
tes t=1 t=1
k
> Z Ay
t=1

> 2k,
If Y, cqa > 27 41 does not hold then

k—1 k

Zat+ak+1 :Zaj = 2",

t=1 t=1

SO
k—1

k
a1 =2 —E ay = ay,.

t=1

But by Lemma 3.2.5, if ay = ag,1 then we must have Ele a; > 2F, a contradiction.

Thus, in all cases the condition |N(Y)| > |Y| holds, so an upright spanning tree 7" of @,
with signature Z where ¢ (X) =i and ¥ (X @ {j}) = j does exist. O

Observation 3.2.9. Note that if i = max X and j = max X ©{j}, then we can have an upright
spanning tree with signature T where Yp(X) =i and Yr(X & {j}) = j.

3.3 Summary map

In this chapter we obtained necessary and sufficient conditions for an n-tuple to be a signature.
Then we classified signatures into reducible and irreducible signatures. In Chapter 6 we study
the reducible signatures in detail and prove that the edge slide graph of a strictly reducible
signature of (), is disconnected. For irreducible signatures, we showed that under certain
conditions we can specify the directions of up to two vertices. Hall’s Theorem plays an important
role in characterising the signatures, and also in showing the existence of certain trees which
are used in rearranging the labels of upright spanning trees of (), with irreducible signatures.
We study irreducible signatures and use these results in Chapters 7-10.



Chapter 4

Local moves on upright spanning trees of

n

4.1 Introduction

In this chapter we define a local move, which is an operation on upright spanning trees of @,,.
We prove the existence of two different local moves, and then define the local move graph of
@, Then we define the local move graph of a signature, and finally we prove that the local
move graph of the irreducible signature (2, 2, 3) of @3 is connected.

Since every spanning tree is connected to at least one upright spanning tree directly or by
a series of edge slides (Tuffley [11]), and upright spanning trees are relatively easy to work
with, we try to understand the components of the edge slide graph of @),, by defining and using
“local” moves on the upright spanning trees of (), to determine which upright spanning trees
are connected by edge slides.

The idea of a local move is to carry out a change that affects a small part of a configuration,
while leaving the rest of that configuration unchanged. So the effect is “local” rather than
“global”.  Local moves are used with this same meaning in knot theory to talk about, for
example, the Reidemeister moves. However, our local moves are not the same as those used in
knot theory.

4.2 Local moves

We define a local move on upright spanning trees of (),, as follows.

Definition 4.2.1. A local move is a series of edge slides that transforms one upright spanning
tree T' of @), into another spanning tree 7", where all the vertices V' such that 17 (V') # ¢ (V)
lie in a single 2-dimensional face F' of @),,. Moreover, we require that we can tell whether the
local move is possible simply by looking at the 2-dimensional face F' of @),,.

We can construct a graph where its vertices are the upright spanning trees of (),, and, instead
of having edge slides connecting these vertices, we have local moves connecting the vertices.
We call such a graph a local move graph of @),,. So, we try to use the idea of local moves to
show upright spanning trees of ),, that have the same signature (ay, as, ..., a,), are connected
by local moves and belong to the same component of the local move graph of @),,, and therefore

34
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belong to the same component of the edge slide graph of @,,.

Before presenting the local moves, we need to determine which edges are i-slidable. The
following lemma identifies an edge that can be slid in direction .

Lemma 4.2.2. Let T be a spanning tree of Q,, rooted at &, and let e = {X, X & {j}} € T.
Suppose the path in T from X @ {i,j} to the root & passes through X @ {j} and X, and the
path from X @ {i} to the root does not pass through X ©{j}. Then the edge e of T is i-slidable.

Proof. Referring to Figure 4.1(i), since the path from X @ {7, j} to the root @ passes through
X @ {j} and X, and the path from X @ {i} to the root @ does not pass through X @ {j}, the
two paths must meet at some vertex Y on the path from X to the root, which does not involve
e. The cycle created by adding o;(e) to T contains both e and ;(e) because both paths meet
at Y, as seen in Figure 4.1(ii). Deleting e from the cycle does not disconnect the graph, (as we
can see in Figure 4.1(iii)). Then we conclude that T + o;(e) — e is still a spanning tree, and
therefore e is i-slidable. The path from X @ {j} to the root now passes through X @ {i,j} and
X @ {i}, as shown in Figure 4.1(iii). O

The following lemma shows the effect of an edge slide on the orientations of the edges of a
spanning tree, for a proof see Tuffley [11, Lemma 3].

Lemma 4.2.3. (Tuffley [11, Lemma 3]) Let e be an edge of a spanning tree T that is slidable
in direction i and let C' be the cycle created by adding o;(e) to T. Suppose T_ and T are the
components of T — e such that T_ contains the root, and Ty does not. Then sliding the edge e
in direction i reverses the orientation of only those edges belong to C' T, .

4.2.1 The V-move

The following lemma concerns a particular type of local move, that we call a V-move, which
we can apply inside an upright spanning tree T' of (), to swap certain labels of T', to get a
different upright spanning tree of @),,. The effect of the move is shown at Figure 4.2.

Lemma 4.2.4 (V-move). Let T' be an upright spanning tree of Q),. Suppose there is a 2-
dimensional face F of Q,, which is labelled by T' as in Figure 4.2(a), where i # k # € # i and
Jj # k # L +# j. Note that we allow the possibility that © and j may be equal. Then there is a
sequence of four edge slides that transforms T into the upright spanning tree T" in which F is
labelled as in Figure 4.2(b), and all other labels of T" are the same as T'.

Proof. The case © # j is shown in Figure 4.3, and the case ¢ = j is shown in Figure 4.4. We
consider first the case ¢ # j. Given an upright spanning tree T of @),,, suppose there is a face in
@, with different labels i, j, k and ¢, as in Figure 4.3(i) on page 38. The path from X U{i, j, k}
to the root goes through X U{i,j}, and X U {i}, and the path from X U {i, k} to the root does
not go through X U{i, j} because T is upright so the path must decrease cardinality. Therefore
by Lemma 4.2.2, the edge (X U {i,j}, X U {i}) can be slid up in direction k. Sliding the edge
in direction k swaps the two labels j and k, as shown in Figure 4.3(ii).

Then by Lemma 4.2.3 the only upward edge is in direction k, namely (XU{i, j}, XU{3, j, k}).
The path from X U {i,j, k, ¢} to the root goes through X U {1, ,k} and X U {i,k}. The two
vertices X U {7, j,k} and X U {i, k, ¢} have the same cardinality, so we need to go down in
direction j and then up in direction ¢ to go from X U {i,j, k} to X U {i, k,¢}. Since the only
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16}

(iii)
Figure 4.1: Diagram for the proof of Lemma 4.2.2 on page 35. The process of sliding an edge

in direction 7. (i) Shows two paths in a spanning tree T'. (ii) Adding o;(e) to T' creates a cycle
in T+ o;(e), and (iii) deleting e from this cycle gives the spanning tree 7'+ o;(e) — e.
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(e XU{ijlk} j€XU{i gk}
)

4 edge slides

e XU{i,j 0 e XU{i,j 0}
°
ke XU{ijk} ke XU{ijk}

jeXuU{ij} i€ XU{i,j}

() (b)

Figure 4.2: The V-move of Lemma 4.2.4. (a) A face of @),, with different labels i, j, k and ¢ of
an upright spanning tree. (b) The face of ),, with the transformed labels gives another upright
spanning tree.
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(e XU{ijkt} te XUli, gk t}
edge slide /

D ——

jeXudijk}

ke Xud{ijk}

i€ XUt i€ XU {iy,0)
° ) QX Uik, 0}

X U {i k} keXU{ikt(}é

jeXulij}

edge slide
Q

jeXUufijhko) , jeX Uik 0}
B edge slide
B - S

Ce X U{ijk}

keXUlij ki@ /

teXudi,j} @7 o e X U {0} ke XU{ij)

[<¥]
=
)
&
= %]
&)
JEXU{i,jk,}
ke XU{ijk}
Yexy N
X X Uik

i€ XU{ij}@ ,’X’U{’ivk}\:)xu{jl}

Figure 4.3: Diagram for the proof of Lemma 4.2.4 on page 35 where ¢ # j. The process of the
V-move. The bold edges belong to the spanning trees of @),,. A series of edge slides that shift
the labels of a face of (), to transform one upright spanning tree of (),, to another.
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(e XUk} te XU{jk t}
edge slide

B ——

jeXU{jk}

ke X U{jk}

JEXU{L0

ke XU{k(}

)
=
i)
?c
= %)
<)
%)
jeXU{jk 0} ) JjE€XU{jk.t}
edge slide
et SUHE
keXUu{jkl@ te XU{jk}
3 ; y
v, X //, [
LEXLU N X Uk, 0
(e XU{j} ke XUu{j}
xXui{n
%)
%]
=
i)
<)
2 @
)
Je XUk ¢}
ke XU{jk}
Ve x (e
AU Y x U

JEXU €T n®
XUl
e {¢

Xu{i} @~

(v)

39

Figure 4.4: Diagram for the proof of Lemma 4.2.4 on page 35 where ¢ = j. The process of
the V-move in the case ¢ = j. The bold edges belong to the spanning trees of @),,. A series of
edge slides that shift the labels of a face of @),, to transform one upright spanning tree of @,, to

another.
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CeX Uitk ke XU{ij 0k
4 edge slides :

e X Uil (e Xud{ijt}
° IS
ke XU{ijk} i€ XUlijk}

jeXU{ij} jeXu{ij}

(a) (b)

Figure 4.5: The path move of Lemma 4.2.5. (a) A face of @), with different labels i, j, k and
¢ of an upright spanning tree. (b) The face of @), with the transformed labels gives another
upright spanning tree.

upward edge is in direction k, we cannot go up by direction ¢. So the path from X U {i, k, ¢}
to the root does not go through X U {i,j, k}. Therefore, the edge (X U {i,7,k}, X U {3, k})
can be slid up in direction ¢ (by Lemma 4.2.2). Then the labels j and ¢ are swapped, see
Figure 4.3(iii).

Then by Lemma 4.2.3 the only upward edges are now in directions £ and ¢ and all other
edges are downward edges, as presented in Figure 4.3(iii). The path from X U {4, j, ¢} to the
root goes down in direction ¢ and passes through X U{j,¢}. The only upward edge in direction
kis at X U {i,j}, so for the path from X U {j, ¢} to the root to pass through X U {i, 7, k} it
would have to go down in direction ¢ and up in direction . Since the only upward edges are
in directions k and ¢ and i # k, ¢ this is impossible, so the path from X U {1, 5, ¢} to the root
does not pass through X U {i,j,k}. Therefore the edge (X U {i,j, k}, X U {i, j,k,£}) can be
slid down in direction k (by Lemma 4.2.2). Then the labels k and ¢ are swapped, as shown in
Figure 4.3(iv).

Now, we want to reverse the edge (XU{i, j, £}, XU{j, (}), so we get an upright spanning tree.
Since the only upward edge is in direction ¢ and and since 7 is not equal to ¢ (by hypothesis),
the path from X U {j} to the root cannot go up in direction i to get to X U {4, j, ¢} as shown
in Figure 4.3(iv). So the path from X U {j} to the root does not go through X U {3, j, ¢}, and
therefore the edge (X U {4, j, ¢}, X U{j,¢}) can be slid down in direction ¢ (by Lemma 4.2.2).
Then the labels i and ¢ are swapped as in Figure 4.2(v), completing the proof in the case i # j.

In the case i = j, we apply the same process but the edge slides now take place in 3-
dimensional face of (), instead of a 4-dimensional face. As a result the edge involved in the
slides are different, but the underlying argument is otherwise unchanged. See Figure 4.4 on
page 39 for the process of the V-move in the case 1 = j.

Therefore, an upright spanning tree of @, with the face labels as in Figure 4.2(a) may
be transformed using the V-move to another upright tree of (), with the face labels as in
Figure 4.2(b). O
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4.2.2 The path move

The following move that we call a path move provides a local move that is different from
the one in Lemma 4.2.4. In order to prove Lemma 4.2.5, we start with the same labels and
conditions on a face of @, as in Lemma 4.2.4 (Figure 4.2(a)), and then we apply different edge
slides. The effect of the move is shown at Figure 4.5. The reason we called this move a ‘path’
move is because the path in direction ¢ followed by k is pushed across the face F' to become
the path in direction k followed by ¢.

Lemma 4.2.5 (Path move). Let T' be an upright spanning tree of Q,. Suppose there is a
2-dimensional face F of @, which is labelled by T as in Figure 4.5(a) on page 40, where
1 #£k#LF#143and j#kF#L# 7. Note that we allow the possibility that i and j may be equal.
Then there is a sequence of four edge slides that transforms T into the upright spanning tree T"
in which F' is labelled as in Figure 4.5(b), and all other labels of T" are the same as T

Proof. Given an upright spanning tree of (),,, suppose there is a face of ),, with different labels
i,7,k and ¢, as shown in Figure 4.6(i) on page 42. The path from X U {i, j, k, ¢} to the root
goes through X U {i,j,k} and X U {4, j}, and the path from X U {i, 7, ¢} to the root does not
go through X U {i, 7, k} because T is upright so path must decrease cardinality. Therefore, the
edge (X U {i,7,k}, X U{i,j}) can be slid up in direction ¢ (by Lemma 4.2.2), and then the
labels k& and ¢ are swapped, as shown in Figure 4.6(ii).

The path from X U {i, j, k, £} to the root goes through X U {4, j,¢} and X U {j,¢}. Since
the only upward edge is in direction ¢ (by Lemma 4.2.3), namely (X U{i, j,k}, X U {4, j, k, (}),
the path from X U {7, k, ¢} to the root does not go through X U {4, 7,¢}. Then by Lemma 4.2.2
the edge (X U {i,7,0}, X U{j,¢}) can be slid up in direction k, and then the labels i and k are
swapped, see Figure 4.6(iii).

The only upward edge in direction ¢ is at X U {i, j, k}, so for the path from X U {j, k} to
the root to pass through X U {4, j, k, ¢} it would have to go up in direction i. Since the only
upward edges are in directions k and ¢ (by Lemma 4.2.3), and 7 # k, £, this is impossible so the
path from X U {j, k} to the root does not go through X U {3, j, k, ¢}, and therefore the edge
(XU{i, g,k 0}, XU{j, k,(}) can be slid down in direction ¢ (by Lemma 4.2.2). Then the labels
i and ¢ are swapped, as presented in Figure 4.6(iv).

Now, we want to reverse the edge (X U{4, j, k, £}, X U{4, j, k}), so we get an upright spanning
tree. The only upward edge in directions k is at X U{1, j, £}, so for the path from XU{i, j} to the
root to pass through X U{i, j, k, ¢} it would have to go up in direction ¢. Since the only upward
edge is in direction k and ¢ # k (by hypothesis), this is impossible so the path from X U{i, j} to
the root does not pass through X U{i, j, k, ¢}. Therefore the edge (X U {4, 7, k, 0}, X U{i, ], k})
can be slid down in direction k£ (by Lemma 4.2.2). Then the labels k£ and ¢ are swapped, as
shown in Figure 4.6(v).

Therefore, an upright spanning tree of @, with the face labels as in Figure 4.5(a) may
be transformed using the path move to another upright tree of (), with the face labels as in
Figure 4.5(b). O

The following lemma is an observation on the path and the V-move. It shows that if
direction 7 is chosen at a vertex of level a with o > 3, but not at any vertex of level o — 1, then
using either the path or the V-move, the ¢« may be moved one level down.
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te XUfijkt} i€ XU{ijk 0}
edge slide )
\\\\\ .
ke XU{iky (e X Uik} XU,k 0}
/ // /’/
Qi€ XU{ij} ke XU, 0
]GXU{’L]} X ZEXU{L]} ./////
<5}
= @
7
(i)
N %
e}
<)
CeXU{i gkt . i€ X U{ijk 0}
{\ 0 edge slide
-—
i€ XU{ijk} CeX Uk 0} teXufijk} & X U{jk 0}
/ XU 4.k -
ke XuU{ijf} ; kgxuﬁ%g
jeXUiijlea T eX U0 teXufijle
X uU{i} (iif) &
Y
]
=
=
) [%)
20
=
)
ke XU{ijk(}
T eXU{ik

ieXuflijklel

/ o XU {j.k
e Xudi,j, 0} !

jeXUiij) TeX U6

(v)

Figure 4.6: Diagram for the proof of Lemma 4.2.5 on page 41. The process of the path
move. The bold edges belong to the spanning trees of (),,. A sequence of four edge slides that
transformed one upright tree to another.
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jeXudijk}

i€ X U{i k) ke XUk}
Q
(e XU{k
\&\9 {k}
o
>
S (b)
i€ XU{i, gk}
keXu{ikle jeXU{j k)
e X U{k}
e XU{i,j k)
e
(a) \
ie XU{i ke mjeXU{jk}
ke XU{k}
()

Figure 4.7: Diagram for the proof of Lemma 4.2.6. (a) Labels 4, j, k and ¢ from the path and
V-move. (b) After applying the path move label & moves to X U {j, k}, label j moves to
X Ui, j,k} and label ¢ moves to X U {i,k} . (c) After applying the V-move on (a) label ¢
moves to X U {4, j, k}, label ¢ moves to X U {7, k} and label k£ moves to X U {k}.
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Lemma 4.2.6. Let T' be an upright spanning tree of Q). LetY be a vertex'Y of Q, of level o
such that o > 3. Suppose that Yr(Y) =i and Y (Z) # i for all Z such that |Z| = a— 1. Let
Jj=vr(Y \{i}). Then there is a local move that moves the i at’Y to Y \ {j}.

Proof. Since i is not chosen at any vertex of level a — 1, we have ¢r(Y \ {j}) = k for some
k #i. Let X C [n]\ {4,,k} be such that Y = X U {i,j,k}. Let ¢op(X U{k}) = ¢, where ¢
could be equal to k. As can be seen in Figure 4.7(a), the labels 4, j, k and ¢ are from the path
move and the V-move. Applying either of these moves takes the label i to X U{i, k}, as can be
seen in Figures 4.7(b) and (c). Therefore the label i can be moved from level « to level a — 1
by a local move. |

4.3 The local move graph of @),

In this section we define the local move graph of (),, using the V-move and the path move that
we introduced in this chapter. Then we define the local move graph of a signature of @),,.

Definition 4.3.1. The local move graph of @,, is the graph £(Q,,) whose vertices are the
upright spanning trees, with an edge between two vertices (upright spanning trees) if they are
related by either the V-move or the path move.

Definition 4.3.2. Let § = (ay,...,a,) be a signature of a spanning tree of ),,. Then the
local move graph of signature S, denoted £(S), is defined to be the subgraph of £(Q,)
produced by the trees with signature (ay,...,a,). Note that L(ay,...,a,) is always a union of
components of £(Q),,).

4.3.1 The local move graph of the irreducible signature (2, 2, 3)

In this section we count the number of upright spanning trees of ()3 with signature (2, 2, 3),
and then we show that the local move graph of signature (2, 2, 3) is connected. Before working
with signature (2, 2, 3) we establish the following lemma.

Lemma 4.3.3. Let Z/li(l) =(0,...,.1 ,0,...,0), where i € [n]. Then the number of upright

spanning forests of Q,, with signature Z/ll-(l) is 2" L.

Proof. An upright spanning forest of (),, with signature L{i(l) consists of 2™ — 2 trivial trees and
a rooted upright tree with a single edge in direction i. Since i can be taken from 277! vertices
of Q,,, we have 2"~ upright rooted spanning forests of @),, with signature Z/{i(l). m

Observation 4.3.4. There are n2" ' upright spanning forests of Q,, with signature
u =(1,0,...,0)
up to permutation.

Lemma 4.3.5. There are J upright spanning trees of Q3 with signature (2, 2, 3).
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Proof. An upright spanning tree of )3 with signature (2, 2, 3) consists of an upright spanning
forest of Qy in Fi ' with signature (1, 0) or signature (0, 1), and an upright spanning tree of
Q> in Fi~ with signature (1, 2) or signature (2, 1) respectively. The positions of the 3-edges
are forced by the choice of edge in F3t. There are two upright spanning forests of QQy with
signature (1, 0) (by Lemma 4.3.3) and one upright spanning tree of Q) with signature (1, 2)
up to permutation. Thus, altogether there are a total of 2(1)+2(1)= 4 upright spanning trees
of Q3 with signature (2, 2, 3). [

Note that the above lemma can also be proved by observing that the monomial ¢7g5q3
appears with coefficient 4 in the generating function

0192q3(q1 + ¢2) (@1 + @3)(2 + @3) (@1 + G2 + 3)
for sections of P3,.
Lemma 4.3.6. The edge slide graph of the irreducible signature (2, 2, 3) is connected.

Proof. Since every spanning tree of (3 is connected to at least one upright spanning tree by a
series of edge slides (Tuffley [11]), it suffices to show that the local move graph of the signature
(2, 3, 3) is connected. We label the trees as discussed in Section 2.2.5.2, and show that any
upright spanning tree of ()3 with the irreducible signature (2, 2, 3) can be transformed into the
upright spanning tree 1233 (Figure 4.8(iv) on page 46) by a local move.

Consider the tree 3213, shown in Figure 4.8(i). Applying the V-move on the face F; *(green
edges), the labels 1 and 3 are swapped. Therefore the tree 3213 is transformed to the tree
1233 (Figure 4.8(iv)). Note that the tree 3213 can also be transformed to the tree 2133 (Fig-
ure 4.8(iii)) by applying the path move on the same 3.

Consider the tree 3132, shown in Figure 4.8(ii). Applying the path move on the face F3"
(green edges), label 2 moves to {1,2}, label 1 moves to {1,2,3} and label 3 moves to {2,3}.
Therefore the tree 3132 is transformed to the tree 1233 (Figure 4.8(iv)). Note that the tree
3132 can also be transformed to the tree 2133 (Figure 4.8(iii)) by applying the V-move on F;*.

Consider the tree 2133, shown in Figure 4.8(iii). Applying the V-move on the face F3"
(green edges), the labels 1 and 2 are swapped. Therefore the tree 2133 is transformed to the
tree 1233 (Figure 4.8(iv)).

By the definition of the local move graph £(2,2,3), there is a local move from each upright
spanning tree 3213, 3132 and 2133 to the upright spanning tree 1233, hence all four upright
spanning trees are in the same connected component of £(2,2,3). Therefore the local move
graph £(2,2,3) is connected.

Since every spanning tree of ()3 is connected to an upright spanning tree, spanning trees of
@3 with signature (2, 2, 3) lie in a single component of the edge slide graph of )3 and therefore
£(2,2,3) is connected. O

Figure 4.9 on page 47 shows the local move graph of the irreducible signature (2, 2, 3).

4.4 Summary map

As stated in this chapter, upright spanning trees with the same signature which belong to the
same connected component of the local move graph of (), also belong to the same connected
component of the edge slide graph of ),,. In the following chapters we use local moves, the
V-move and the path move, to connect upright spanning trees.
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Figure 4.8: The four upright spanning trees (bold edges) of @3 with the irreducible signature
(2, 2, 3), where the possible V-moves and path moves (green) are shown. The labels are (i)

3213, (i) 3132, (iii) 2133, (iv) 1233.
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Figure 4.9: The local move graph of signature (2, 2, 3), with the V-move (blue) and the path
move (red).



Chapter 5

Splitting spanning trees and signatures of

n

5.1 Introduction

In this chapter we start with the definition of splitting the @,, graph and then provide some
related results. Then we study the splitting of the upright spanning trees of (), with signature
(2, 3, 3, 7), which we use to prove that the local move graph £(2,3,3,7) is connected. This
result implies the edge slide graph £(2,3,3,7) is connected. The proof of the connectivity of
the edge slide graph of signature (2, 3, 3, 7) forms a model for the way in which we study
the connectivity of the edge slide graph of an irreducible signature Z = (ay,...,a,) of @, in
general.

If T is an upright spanning tree of @, with signature S, then the signature of TN F'™ is
called a splitting signature of S. One of the steps we use to study the connectivity of the
edge slide graph £(Z) of @, is to split the signature in such a way that the resulting splitting
signature in F!~ satisfies certain conditions. To find such a splitting, we introduce signature
moves in Section 5.6.

5.2 Splitting the @), graph

Splitting the @,, graph is defined as follows.

Definition 5.2.1. Deleting all the edges in direction i divides @,, into two subgraphs F'™ and
F'=, where F't and F'~ are the upper and lower faces of @,, consisting of the vertices that do
and do not contain ¢ respectively. We refer to this as splitting the graph ¢),, in direction i.

Note that both subgraphs F:* and F'~ are isomorphic to @,_;.  Splitting @, in direction
i splits each spanning tree T' into spanning forests T;, = TN Fit and T;- = T NF. of Q, 1
(hereafter referred to as T;y and T;_). Throughout this thesis we usually split in direction n.

5.3 Upright spanning forests

We define a rooted spanning forest of a graph G to be a subgraph of G that contains all the
vertices, and each connected component is a tree with a vertex designated as the root of that

48
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T

Figure 5.1: A rooted upright spanning forest of )3. The root of each component is presented
by the big vertex and labelled r.

tree. We call a rooted spanning forest of (), upright if all the edges in each component are
oriented downwards when they are oriented towards the root. Figure 5.1 shows an example of
an upright rooted spanning forest of ()s.

5.3.1 Signatures of rooted spanning forests

The signature of a rooted spanning forest of @),, is defined to be (bg, by, ..., b,), where b; is the
number of edges in direction ¢ for ¢ > 1 and by corresponds to the number of roots which is the
number of components. It can be understood in the same way as the signature of a spanning
tree of Q,, with >_1" /b; = 2", where 0 < b; < 271,

We can label the rooted upright spanning forests of (),, using the same method that is used
to label the upright spanning trees of (), in Section 2.2.5.2, except we specify the label at every
vertex of (), and we put a ‘r’ every time we have a root. The label can be represented as a
string of length 2". An example appears in Figure 5.2.

5.3.2 Rooted spanning forests of F'" and F'~

When we split a spanning tree of @), with signature S = (a4, ...,a,) in direction i, we get a
spanning forest T, of @, 1 in F'", and a spanning forest T;_ of @, in F'~. We root each
component at the vertex where the path from the component to the root of T leaves F'" and
F'= in direction 4. In other words, the root of each component of T;, and T;_ is the vertex
closest to the root of 7" and is the start of an i-edge. Sliding an i-edge of 7" moves the root of
each component it meets and it can be thought of as sliding the root.

We define the signatures of 7;, and T;_ to be U = (uy,ug, ..., Uj_1, Ui Uiy1,- .., Uy,) and
D = (dy,ds,...,di_1,d;,dis1,. .., dy) respectively, where u; is the number of roots in 7}, and d;
is the number of roots in T;_, excluding the root of 7" at &. Note that u; + d; = a; corresponds
to the total number of roots in both 7;, and 7;_, again excluding the root of T at &.

In the case of an upright spanning tree T" of (),, the forest T;_ is in fact an upright spanning
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3e{1,2,3}

Figure 5.2: An upright spanning forest of Q)3 with signature (1, 2, 3). The label is 3213r23r.

tree of (0,1, because T corresponds to a section of PZ; and when we restrict to F= we still
have a section of P([n]| \ {i}). So, we have u; = a; and d; = 0 and therefore the signatures can
be written as U = (ul,u2, cee s U1, Ujy Uiy 1y - - - ,un) and D = (dl, dg, R 7di—17 0, di+1, . ,dn)

Definition 5.3.1. Let S = (a4, ..., a,) be a signature of @,, and let
D - (dl, “e ,di_l,o,di+1, o 7dn)

be such that D' = (dy,...,d;—1,di1,...,d,) is a signature of Q,—;. Then D is a splitting
signature of S with respect to ¢ if there is an upright spanning tree T' of @),, with & such that
T;_ has signature D.

If n is the direction of the split, then there is no need to put a zero in the signature D of
T,—, and we simply write D = (dy,...,d,_1).

Convention 5.3.2. If D = (dy,dy, ... ,d,—1) is a signature of Qn—1 and U = (uy,ug, ..., Uy_1,

uy) is a signature of FI't, we will allow ourselves to write

S :D+u — (dl +u17d2 +U2,. "7dn—1 +un—17un> - (a17a27"'7an—17an)-

In other words, we allow ourselves to write S = D + U even though D and U have different
lengths, with the understanding that the absent nth entry of D s zero.

Definition 5.3.3. Let B be a set of spanning trees of (),, with an irreducible signature Z =
(ay,...,a,). We say B is a block if any tree in B can be transformed into any other tree in
B by edge slides. We do not require the trees to remain in B throughout the transformation.
Thus, B is a block if it is contained in some connected component of £(Q,,).

5.3.3 Hall’s Theorem and signatures of spanning forests of "

In this section we obtain necessary and sufficient conditions for an n-tuple to be a signature of
an upright rooted spanning forest of F/'t.
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Lemma 5.3.4. Let U = (uy, ..., up_1,uy), where > 1 uy = 2""'. Then U is a signature of an
upright rooted spanning forest of F* if and only if (32, 4 u;) + wn > 241 for all A C [n —1].

Proof. Let B be the set of 2"~ vertices of F'*, and let C' be a set of 2"~ vertices of which u;

are labelled i for each i € [n]. For each V' € B we draw an edge to every vertex of C' labelled 1,

for which ¢ € V. Note that every vertex in B is connected to every vertex in C' labelled n. Let

Gy be the resulting bipartite graph with bipartition (B, C). An upright rooted spanning forest

of F'" with signature U corresponds to a perfect matching in Gy,. We show there is a perfect

matching in Gy if and only if the signature condition (3_;c 4 u;) +u, > 2141 for all A C [n—1].
Let H be any subset of B, and let

y=|JW

VeH

N = 3w = (3 w) +

i€y jeA

Write Y = AU {n}. Then

Also
|H| < [P(Y)| =2,

with equality if # = P(Y’). Then we conclude that [N (H)| > |H| for all H C B if (3, 4 u;) +
u, > 20 for all A C [n — 1]. Thus by Hall’s Theorem, and since |B| = |C], there exists a
perfect matching if (3 .., uj) +un > 241 for all A C [n—1]. O

As we mentioned earlier, edge slides do not change the signature of a spanning tree, however,
edge slides in direction ¢ change the signatures of the spanning forests of Q),,_; in F:* and F'~.

Example 5.3.5. Splitting the upright spanning tree 3213 of )3 with the irreducible signature
(2, 2, 3) in direction 3 gives the upright spanning forest of @, with signature (1,0) in F3T,
where direction 1 is chosen at {1, 3}, and the upright spanning tree of Q5 with signature (1,2) in
F3~, as shown in Figure 5.3(a). The path from {1, 2,3} to the root goes in direction 3 and then
direction 2. Then using the path move the 1-edge moves to {1, 2}, the 2-edge moves to {1, 2, 3}
and the 3-edge moves to {1,3}. Therefore the upright spanning tree 3213 is transformed into
the upright spanning tree 2133 where the upright spanning forest of o has signature (0,1) in
F3* and the upright spanning tree of ; has signature (2, 1) in F3~, as shown in Figure 5.3(b).

5.4 The edge slide graph of the irreducible signature (2,
3,3, 7)

In this section we start with showing that there are 40 upright spanning trees of )4 with
signature (2, 3, 3, 7), and then we show that the edge slide graph of (2, 3, 3, 7) is connected
by showing that the local move graph of (2, 3, 3, 7) is connected. The strategy for proving
the connectivity of the local move graph (2, 3, 3, 7) is by showing that each upright spanning
tree of @, with signature (2, 3, 3, 7) that has a reducible splitting signature in F;~ can be
transformed into an upright spanning tree that has an irreducible splitting signature in JFj~
using a sequence of edge slides. Then we show that upright spanning trees of ()4 with signature
(2, 3, 3, 7) that have an irreducible splitting signature in 7, form one block. Finally, we show
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Figure 5.3: (a) The upright spanning tree 3213 of ()3 with the irreducible signature (2, 2, 3).
(b) Then using the path move on the face with the green edges the tree 3213 is transformed
into the upright spanning tree 2133.

we can transform a tree with an irreducible splitting signature in F,  into a tree with any
other irreducible splitting signature by a sequence of edge slides. So the blocks of trees with
irreducible signatures are connected.

Lemma 5.4.1. There are 40 upright spanning trees of Q4 with the irreducible signature (2, 3,
3, 7).

Proof. Splitting ()4 in direction 4, upright spanning trees of ()4 with the irreducible signature
(2, 3, 3, 7) consist of upright spanning forests of Q3 in F; " with signature (1,0,0), (0,1,0) or
(0,0, 1), and upright spanning trees of Qs in F;~ with signature (1, 3, 3), (2, 2, 3) or (2, 3, 2)
respectively. For any permutation of (1, 0, 0) there are four upright spanning forests of Q3 with
that signature (by Lemma 4.3.3). There are two upright spanning trees of )3 with signature
(1, 3, 3), and for any permutation of (2, 2, 3) there are four upright spanning trees of Q3 with
that signature. Thus, altogether there are a total of 4(2) + 4(4) + 4(4) = 8 + 16 + 16 = 40
upright spanning trees of 4 with signature (2, 3, 3, 7). [

Proposition 5.4.2. The edge slide graph of the irreducible signature (2, 3, 3, 7) is connected.

Proof. Since every spanning tree of (4 is connected to at least one upright spanning tree by a
series of edge slides (Tuffley [11]), it suffices to show that the local move graph of the signature
(2, 3, 3, 7) is connected. Splitting upright spanning trees of @4 in direction 4 gives us upright
spanning forests of Q3 with signature (1,0,0,7),(0,1,0,7) or (0,0,1,7) in F,;", and upright
spanning trees of Q3 with signature (1,3, 3),(2,2,3) or (2,3,2) in F,~ respectively.

We first show any upright spanning tree T of ()4 with signature (2, 3, 3, 7) such that T,
has signature (1,3, 3) can be transformed by local moves into a tree 7* such that 7} has either
signature (2, 2, 3) or (2, 3, 2).
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Figure 5.4: (a) Directions 1 and 4 are chosen at X U {1,4} and X U {4} respectively, and
direction 7 # 1 is chosen at X U {1}. (b) The i-edge moves to X U {4}, the 4-edge moves to
X U{1,4} and the 1-edge moves to X U {1} using the path move.

Let X C {2,3} be such that Y = X U{1,4} is the unique vertex of F;* that has the 1-edge
of Ty. We consider the following cases according to whether or not X = &.

Suppose that X # @. Since all the vertices of F;" apart from X U {1,4} are in direction 4,
we have (X U{4}) = 4. The vertex X U{1} cannot be in direction 1 because the only 1-edge
of Ty is chosen at {1}, so ¢r(X U{1}) =i for some i € X. As shown in Figure 5.4(a), using
the path move the i-edge moves to X U {4}, the 4-edge moves to X U {1,4} and the 1-edge
moves to X U {1} as shown in Figure 5.4(b). Therefore T is transformed into a tree T* such
that 7 has either signature (2, 2, 3) (if ¢ = 2) or (2, 3, 2) (if i = 3).

Suppose on the other hand that X = @. Then X @ {1,4} = {1,4} and therefore the 1-edge
of Ty is chosen at {1,4}. Choose i € {2,3}. Since all the vertices of F; apart from {1,4}
are in direction 4, we have ¥y ({1,4,4}) = 4. The vertex {1,i} cannot be in direction 1 because
the only l-edge of T is chosen at {1}, so ¢¥r({1,i}) = i. As shown in Figure 5.5(a), using
the path move the 1-edge moves to {1,i}, the i-edge moves to {1,4,4} and the 4-edge moves to
{1,4} as shown in Figure 5.5(b). Therefore 7" is transformed into a tree 7™ such that 7} has
either signature (2, 2, 3) (if i = 2) or (2, 3, 2) (if i = 3).

We have now completed the proof that we can transform 7" such that 7, has signature (1,
3, 3) into a tree T™* such that 7 has signature (2, 2, 3) or (2, 3, 2). We next show that all
upright spanning trees T' of @), with signature (2, 3, 3, 7) such that 7 has signature (2, 2, 3)
are connected and form one block by a sequence of local moves.

There are sixteen such trees, determined by choosing one of the four spanning trees of Fj~
with signature (2, 2, 3), and one of the four spanning forests of F; with signature (0, 1, 0,
7). By Lemma 4.3.6 the local move graph £(2,2,3) is connected, so we can freely change T}
using local moves. It therefore suffices to show that we can use local moves to move the 2-edge
upstairs from one vertex containing 2 to any other.

Let T* be an upright spanning tree of ()4 with signature (2, 3, 3, 7) such that 7}, has
signature (0, 1, 0, 7) and the 2-edge is chosen at the vertex {2,4}. Let T be any other upright
spanning tree with signature (2, 3, 3, 7) such that 7, has signature (0, 1, 0, 7). We show that
there is a sequence of local moves that transforms 7" into 7.

Let X C {1,3} be such that Y = X U{2,4} is the vertex of 7, that has the 2-edge of T}
If X =@, then X U{2,4} = {2,4} and therefore "= T*. Otherwise, let i = max X. Since all
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4€{1,i,4} ie{l,i,4}
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Figure 5.5: (a) Directions 4 and i # 1 are chosen at {1,4,4} and {1, 4} respectively, and direction
1 is chosen at {1,4}. (b) The 1-edge moves to {1,4}, the i-edge moves to {1,7,4} and the 4-edge
moves to {1,4} using the path move.

2 € X U{2,4} 1e Xu{2,4}
L L A

V -move

1e(X\{iHu{24 i€ XU{2}

2e (X\{i})u{2} 2e (X \{ipu{2}
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Figure 5.6: (a) Direction 2 is chosen at X U {2,4} and (X \ {i}) U {2}, and directions i and
4 are chosen at X U {2} and (X \ {i}) U {2,4} respectively. (b) The 2-edge and 4-edge are
swapped using the V-move.

the vertices of F; ' apart from X U{2,4} are in direction 4, we have ¢p((X \ {i})U{2,4}) = 4.
Since (2, 2, 3) is irreducible, there exists a tree T of Q3 with signature (2, 2, 3) where
Y (X U{2}) =i and Y ((X \ {i}) U{2}) =2 (by Lemma 3.2.8). Since the local move graph
L£(2,2,3) is connected, we can move from 7, to 7T;_ using local moves.

As seen in Figure 5.6(a), using the V-move, the 2-edge and the 4-edge are swapped as seen
in Figure 5.6(b). Therefore we reach a tree 7" with ¢ ((X \ {i}) U {2,4}) = 2 and all other
labels of 7" the same as the labels of 7". If (X \ {i}) U {2} = {2,4}, then 7" = T* and no
further move is needed. Otherwise we repeat the above process once more to reach a tree where
the 2-edge in F;* is chosen at {2,4}. By the definition of the local move graph of (2, 3, 3, 7),
there is a sequence of edge slides from 7" to T* such that 7, and T have signature (2, 2,
3), hence T" and T* are in the same connected component of £(2,3,3,7). Since T is arbitrary,
upright spanning trees that have signature (2, 2, 3) in F;~ form a single block.

By symmetry, the upright spanning trees 7" such that 7, has signature (2, 3, 2) also form
a single block.
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Figure 5.7: (a) Directions 4 and 3 are chosen at {2,3,4} and {2, 3} respectively, and direction
2 is chosen at {2,4}. Using the path move the 2-edge moves to {2,3}, the 3-edge moves to
{2,3,4} and the 4-edge moves to {2,4} (b).

We have now completed the proof that upright spanning trees that have signature (2, 2, 3)
in F;~ form a single block, and that upright spanning trees that have signature (2, 3, 2) in F;~
also form a single block. We next show the two blocks are connected by a sequence of local
moves. Let 7™ be as above. We show that 7™ can be transformed into a tree 7** such that 7>
has signature (2, 3, 2).

Since all the vertices of F, apart from {2, 4} are in direction 4, we have {7+ ({2,3,4}) = 4.
By Lemma 3.2.4 there exists a tree T)_ of Q3 with signature (2, 2, 3) such that 17 ({2,3}) = 3
because (2, 2, 3) is irreducible. Since the local move graph £(2, 2, 3) is connected, we can move
from T to T;_ using local moves. Then 7™ is transformed into 7" with ¢+ ({2,3}) = 3 and
all labels of T} the same as the labels of T}, .

As shown in Figure 5.7(a), using the path move the 2-edge moves to {2,3}, the 3-edge
moves to {2,3,4} and the 4-edge moves to {2,4} as shown in Figure 5.7(b). Therefore 7" is
transformed into 7" such that 7)" has signature (2, 3, 2).

By the definition of the local move graph of (2, 3, 3, 7), there is a sequence of local moves
from each upright spanning tree of ()4 with signature (2, 3, 3, 7) that has signature (1, 3, 3) in
F to a tree with either signature (2, 2, 3) or (2, 3, 2) in F;~, hence these trees are in the same
connected component of £(2,3,3,7). There is also a sequence of local moves from each upright
spanning tree of (), with signature (2, 3, 3, 7) that has signature (2, 2, 3) in F}~ to a tree
with (2, 3, 2) in F;~, hence these trees are in the same connected component of £(2,3,3,7).
All trees with either signature (2, 2, 3) or (2, 3, 2) in F}~ are connected by a sequence of local
moves and belong to the same connected component of £(2,3,3,7). Therefore the local move
graph £(2,3,3,7) is connected.

Since every spanning tree of ()4 is connected to an upright spanning tree, spanning trees
of @4 with signature (2, 3, 3, 7) lie in a single component of the edge slide graph of @, and
therefore £(2,3,3,7) is connected. O

Observation 5.4.3. Observe that the final step in the above proof of showing that we can go
from a tree with signature (2, 2, 3) in F}~ to a tree with (2, 3, 2) was not strictly necessary
because we showed that from a tree with signature (1, 3, 3) in F;~ we could choose to go to a
tree with either signature (2, 2, 3) or (2, 3, 2). So the trees with signature (1, 3, 3) connect
them. However, in the general case we need to show the final step of showing we can change
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the splitting signature to go from any irreducible splitting signature to any other.

5.5 Amenable splitting signatures

We start this section with the definition of three types of splitting signatures which play a crucial
role in understanding the connectivity of the edge slide graph of an irreducible signature of @,,.

Definition 5.5.1. Let Z = (a4, . .., a,) be an irreducible signature of Q,,. Let D = (dy,...,d,—1)
be an ordered irreducible splitting signature of Z with respect to n. Let u;, = a; — d; for all
t € [n]. Signature D is a unidirectional splitting signature if there exists i € [n — 1] such
that u; # 0 and u; = 0 for all j # ¢,n. Signature D is a rich splitting signature if 85 > 2
for each p € [n — 1] such that there exists i < p with u; # 0. A rich splitting signature D is
called a super rich splitting signature if for each i such that u; # 0 we have u; < a,, — v,
where v = |log, n].

Next, we define an amenable splitting signature of an irreducible signature of (),, as follows.

Definition 5.5.2. Let Z = (a4, . .., a,) be an irreducible signature of Q,,. Let D = (dy,...,d,—1)
be an ordered irreducible splitting signature of Z with respect to n. Then D is an amenable
splitting signature if it is either a unidirectional splitting signature, a super rich splitting
signature, or the splitting signature (2, 2, 3) of Q.

These signatures are amenable in the sense that these properties can be used to rearrange
the labels of the trees with these splitting signatures. In particular, we show that upright
spanning trees with a fixed connected unidirectional splitting signature or the (2, 2, 3) splitting
signature form a block, and we conjecture under an inductive hypothesis this is also true for a
super rich splitting signature.

Observation 5.5.3. Note that there is no rich splitting signature of any irreducible signature
of Qu, because (2, 2, 8) is the only ordered irreducible signature of Q3. So we consider the
splitting signature (2, 2, 3) of Q4 as an amenable splitting signature.

The following lemma shows that an irreducible signature of @),, with excess at most two at
n — 2 has a unidirectional splitting signature.

Lemma 5.5.4. Let n > 5 and let T = (ay,...,a,) be an ordered irreducible signature of @y
with €Z_, < 2. Then I has a unidirectional splitting signature.

Proof. Let D = (dy,...,d,—1) and U = (uq, ..., u,) where

a;, when 1 <i<n—2;
di = B |
Ap—1 —€,_4, Wheni=n-—1,
and
0, when 1 <i<n—2;
u; = 5%_1, when 1 =n — 1;
(U, when ¢ = n.

Then U +D =7 and Z:.L;ll d; = 2! — 1. We show that D is an ordered irreducible signature
of @,_1 and U is a signature of F".
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We first show that D is ordered, by showing that d,,_; > d,,_5. Since 55,2 < 2, we have

n—2
D a; <24l
j=1
Then
Up1 +ay, >2" 14229
Since
an +e& | =271
we have
Upoy 4+ Qp > ap + X +2772 -2
Ap—1 — 55_1 > o2 _ 9
Since
n—3
Z a; > 2" (by irreducibility)
j=1
and
n—2
D a; <24
j=1
we have
Ap—2 < 2“73 + 1.
Then
Up1 —€- | —ap_ 9 >2"2 -2 (2" +1)
=" 33
>0 (for all n > 5).
Therefore

VA
ap—2 S Ap—1 —E,q-

Therefore D is ordered. The signature condition and irreducibility of D now follows from the
signature condition and irreducibility of Z.

We now show that U is a signature of F*. Since a, > 2"72 +2"% —1 > 2"2 we have
DAty +an > 2141 for all A C [n — 1]. Therefore U is a signature of F"*. Since u,_; > 0
and u;, = 0 for all t # n — 1,n and since D is an ordered irreducible signature of @),,_1, by
Definition 5.5.1 we conclude that D is a unidirectional splitting signature of Z. O]

5.6 Signature moves

We start this section with the definition of a signature move. Then we show that a particular
irreducible signature can be transformed into any other irreducible signature using signature
moves. Finally we show using signature moves that every irreducible signature has an amenable
splitting signature.



CHAPTER 5. SPLITTING SPANNING TREES AND SIGNATURES OF Qn 58

Definition 5.6.1. Let S = (a4, ...,a,) be an ordered signature of @),,. Suppose there exists
i,j € [n] with i < j and a; — a; > 2 such that

a; < a1 and  a;—q < aj.

Let 8" = (a}, ..., a,) be such that a; = a; + 1, a}; = a; — 1 and a), = ay, for all k #4,j. We say

’'n

that S is transformed into S’ by a signature move. Note that when j — ¢ > 2 the condition
a; —a; > 2 is immediate from a; < a,41 < aj_1 < a;. This condition is required when j = ¢+ 1
to ensure &’ is ordered.

The following lemma shows that S’ is a signature of @),,. Also it shows that if the first
signature is irreducible, then so is the second.

Lemma 5.6.2. The result S’ of applying a signature move to an ordered signature S is an
ordered signature. Moreover, if S is irreducible then so is S’.

Proof. In the notation of definition 5.6.1, since
ap << S0 < Qi S <5 <A S G S S Gy,

we have
/ / / / / / /
a1<---§ai_1<ai§ai+1§---§aj<aj+1§---§an.

So &' is in increasing order, and

k ‘ .
Za/: S an+1>2% wheni <k < j;
h=1 " Sh_yap >2F —1, otherwise.

Thus, by the signature condition in Lemma 3.1.3 and the definition of an ordered signature we
conclude that &’ is an ordered signature of Q,,.
If in addition § is irreducible, then

i/ Zi:lah‘i‘lZZk—'—l, when i < k < j;
a, =
hel " Zizl ap > 2", otherwise.

Then, by Definition 3.2.1 we conclude that S is irreducible. O]
The next observation follows by similar reasoning to Lemma 5.6.2.

Observation 5.6.3. Observe that 55/ > 55 for all p, because

55

i otherwise.

S {(65) + 1, wheni < p<j;
Next, we define an infinite family of irreducible signatures of @,,.

Definition 5.6.4. For n > 3, i = (ay,...,a,) is the ordered irreducible signature of @,
where

2, ifi=1;
a; =21, ifi=mn;
2i-1, otherwise.

Note that signature Z\ " has excess &f*(fl) =1 for all p.
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n I,(fl):(al,.. ,Ay)
3170V =(2,2,3)

41759 = (2,2,4,7)

5 78D = (2,2,4,8,15)
6 | 78V = (2,2,4,8,16,31)

Table 5.1: The first four members of the infinite family Iq(fl).

The following lemma is used to prove Corollary 5.6.14.

Lemma 5.6.5. For n > 4, the signature 7Y can be transformed into any other ordered
wrreducible signature using signature mowves.

Proof. Let T = (G1,...,a,) be an ordered irreducible signature of @,,. Write

I(il) = (al,ag,ag,a4, R ,CLn> = (2,2,4,8, R ,2”71 — 1)

n

We show there exists a sequence of signature moves that transforms L(fl) to Z.

Let ¢ (f,L(fl)> — |IZvY = 7| = 20} |ay — 4] Note that S |a; — a;] = 2r where
r > 0, because the a; and the a; sum to the same value, so the sum here without the absolute
value signs is zero. Adding the absolute value signs leaves each term unchanged or changes
it by an even number, so the resulting sum must have the same parity and so is even. If
Yoy las — ai] = 0, then 7 = 70" and no further moves are needed. Otherwise there exists
|a; — a;| # 0 for some ¢.

Let 7 be the least index such that |a; — a;| # 0. Since 557(1_1) — 1 for all x and since Z is an
ordered irreducible signature such that |a; — a;| # 0, we must have éif > 2 and therefore a; < a;.
Since i is the least index such that a; < a; and since T is ordered, we have a,_1 = a;_1 < a; < a;.
Since Y ¢ ja; =Y 1, 4 and a; < @;, there must exist f such that a; < ay. Let j be the least
index such that a; < a;, and choose k to be the largest index such that a; = a;. Then we
either have a; < ayy1 or k = n. By Lemma 3.2.5, we have ez >2forall j <pu<k.

Since 5? > 2 where 7 is the least index such that a; < a;, and since j is the least index such
that a; < a;, we have 5% > 2 for all i < p < j. In other words, since 5% > 55*(;1) fori <p<y
and since 55(;1) =1 for all u, we have 5% > 2 for all 1 < p < 7. We therefore have 55 > 2 for
all 1 < p < k.

Let Z' = (a}, ... ,a),) with a; = a;—1,a) = ax+1 and a; = a, for all t # i, k. Since a;_; < a;

rn

and ag < ap.1, we have

/ / / / / / / /
a; < <ap<a;<a; < <ap<a,<ag,<--<a

n’

so 7' is in increasing order. Since a; < ay, we have a; < a; < a; < a), and therefore a) —a, > 2.
Since the excess ei > 2 for i < p < k, we have

ﬁ otherwise.

EI,:{(sg)—lzl, for i < p < k;
£
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So 7' is irreducible and therefore 7 is the result of a signature move on Z’. We have § (I’, I,(fl)> =

o <f, Iff”) —2. 1Y |lap—aj| =0, then 7/ = 70" and therefore the transformation is com-

pleted. Otherwise >, | |a; — aj| # 0 and then we repeat the above process and decrease

) <I’ ,Iff”) by two until we reach the ordered irreducible signature oY, O
The following lemma is used to prove Lemma 5.6.8.

Lemma 5.6.6. Let T = (ay,...,a,) be an ordered irreducible signature of Q, and let D =

(dy,...,dn_1) be an ordered irreducible splitting signature of T with respect ton. Let u; = a;—d;
for1<i<n-—1. Let AC{1,...,n— 1} be such that |A| <n —2 and 2141 > a,,. Then
> wita, > 21 (5.1)
icA

Proof. Write |A| = n — j where j > 2. Since > a; = 2" — 1, we have

n—j n
i=1 i=(n—j)+1
> 2" —ja, — 1 (since a; < a,, for all 7).

Since 7 is ordered, we have

n—j
Z a; > Z Q;
icA i=1
and therefore
Z a; > 2" —ja, — 1
1€A
Similarly, since 327" d; = 2"~! — 1, we have
n—1 j—1
Zdl - 2”71 - 1 - Zdz
i=j i=1
j—1
| (since Z d; > 2771 by the irreducibility of D).

i=1

Since D is ordered, we have

€A

n—1
Z d; < Z d;
i=j

and therefore

dodi<2t -2 o1

€A
Then
€A €A €A

> (2" — ja, — 1) — (2" — 2771 1)
=ty ol _jq, .
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Thus the left hand side of (5.1) satisfies
Zui +a, > 2"+ 2771 — (j = 1a,.
i€A
Since 2/l = 2777 the left hand side of (5.1) minus the right hand side of (5.1) satisfies
> it a, =2 =2 4 T — (- 1)a, — 27

i€A
> gn—1 + 9J—1 _ an—j (Sjnce a, < =i by hypothesis)

27 -
n—1 j—1
=2 (1 — —2j> + 277
Since j > 2, we have
2j
(1 21> =0,

and therefore >._, u; + a, > 21 as required. O
A signature move on a signature of F'* is defined as follows.

Definition 5.6.7. Let U = (uq,...,u,) be a signature of F'*. For i,j € [n], suppose that
u; > 0. Let U’ = (uy, ..., u;,) be such that uj = u; + 1, v} = u; — 1 and u), = uy, for all k # i, j.

’ '

We say that U is transformed into U’ by a signature move.
The following lemma shows that U’ is a signature of F.

Lemma 5.6.8. Let Z = (ay,...,a,) be an ordered irreducible signature of Q, and let D =
(dy,...,dn_1) be an ordered splitting signature of T with respect to n. Let U = T — D. Then
the result U' of applying a signature move on U is a signature of F'".

Proof. Given A C [n — 1], we show that

> up 4, =24 (5.2)

teA

In the notation of Definition 5.6.7, since u} = u; + 1, v} = u; — 1 and uj, = uy, for all k # i, j
we have

(D ieawt+uy)+1 whenie AU{n}, but j¢ AU{n}
Zu;—ku;: (D teate +un) =1 when j€ AU{n}, but i¢ AU{n};
teAd D otea Ut + Up otherwise.

If u, > 24/ then Equation (5.2) holds. If u, < 2/4l then by Lemma 5.6.6 we have D oten Ut +
u, > 24 and therefore Equation (5.2) holds. If |[A| = n — 1, then Y0 u} + v/, = 2"~ and
therefore Equation (5.2) holds.

Thus, by the signature condition in Lemma 5.3.4 we conclude that U’ is a signature of
Fot O

The following two lemmas are required to prove Lemma 5.6.11.
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Lemma 5.6.9. Let v = [logyn|. Then v < % for all n > 4.
Proof. We use the fact easily proved by induction that n* < 2" for all n > 4. Then
2logon <n

n
logyn < -

2

Therefore v < 7. O]

[log,n| <

IN

NS TN

Lemma 5.6.10. Let n > 5, and suppose that S = (aq,...,a,) is a signature of @Q,, such that
a, > ay for allt. Let v = [logyn|. Then a, —v > 0.

Proof. The average number of edges in each direction is
have a,, > %
We use the fact easily proved by induction that 2® — 1 > n? for all n > 5. Then
2" —1
n
>n
n
73
> v (by Lemma 5.6.9).

n __ .
2n—1 and since a, > a; for all ¢, we

an =

Therefore a,, — v > 0 for all n > 5. O

The following lemma shows that each irreducible signature of (), with a rich splitting
signature has a super rich splitting signature.

Lemma 5.6.11. Let n > 5, and let T = (aq,...,a,) be an irreducible signature of Q, such
that a, > a; for all t. Suppose that Z has a rich splitting signature. Then I has a super rich
splitting signature.

Proof. Let D = (dy,...,d,_1) be a rich splitting signature of Z and let u; = a; — d;. Then
55 > 2 for each p such that there exists ¢ < p with u; # 0. Let

Z2(D) = {tlu = an — v},

AD) = > .
)

teZ(D

Among all rich splitting signatures of Z, let D be such that A\(D) is minimal. If A(D) = 0, then
Z(D) = @ and therefore D is a super rich splitting signature. Suppose then that A\(D) # 0,
and let i = max Z(D). Note that
d;, = a; — u;
< a, —u; (since a,, > a; for all t)
< a, — (a, —v) (since u; > a, — v)

= V.
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We show that there is 7 > 7 such that we can do signature moves from j to < on D and from i
to j on U so as to decrease \(D).

To this end, suppose that d; = d;11. Then w; 11 + d; = w1 + dis1 = ;41 > a; = u; + d;, SO
Uip1 > u; > a, — v. Therefore i + 1 € Z(D), contradicting the choice of i. So d;11 > d;.

We now show how to choose j. Note that for all n > 5, we have

V+1§g+1<n—L

Then by Lemma 3.2.2, we have d,,_1 > v + 2, so there exists k such that dp > v + 2. Let j be
the least index such that d; > v + 2. Then d; > d;_;, and

d]—d12<l/—|—2)—V:2

Therefore all the conditions in Definition 5.6.1 hold. So we may apply a signature move on D
to transform it into the ordered irreducible signature D with

A

di=d;+1, d;=d;—1 and d, =d,

for all t # 1, 5.
Since u; > a, — v > 0, the condition in Definition 5.6.7 holds. Then we may apply a
signature move on U to transform it into the signature & with

A

U =u;+1, t=u,—1>0 and U =

for all ¢ # ¢, 7. Then D+ U =T and therefore D is an ordered irreducible splitting signature of
Z. Moreover 55 > 65 for all p and 4; > 0 only if w; > 0 or t = j > ¢, and therefore D is rich.

Now we have d; = d; —1 > (v +2) — 1 > v. Therefore we either have Z(D) = Z(D) or
Z(D) = Z(D)\ {i}. Then

AD)= > < iy
te Z(D) teZ(D)

—\(D) - 1.

This contradicts the choice of D. Then D must in fact satisfy A(D) = 0 and therefore Z(D) = @,
so D is super rich. O

The next lemma is used in the process of proving Proposition 5.6.13.

Lemma 5.6.12. Let n > 5, and let Z = (ay,...,a,) be an irreducible signature of Q,. Let
D = (di,...,d,—1) be a rich splitting signature of Z. Suppose there exists f,b € [n — 1] with
f < b such that

df < df+1 and  dy_1 < dp.

Suppose there is p > f such that 65 = 1. Then there is £ > b such that there is a signature
move on D from { to f and the resulting signature D satisfies 55 >2 forall p> f.

Proof. Let £ be the least index greater than or equal to b such that 55 > 2 forall p > 0. If
there is no such index, then let £ =n — 1. We claim that d,_; < d;. We consider the following
cases according to whether b=/ <n—1;b<{<n—1;orl=n—1.
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Suppose that b =¢ <n — 1. Then d,_; < d, by hypothesis.

Suppose that b < £ < n — 1. Since £ is the least index greater than or equal to b such that
85 > 2 for all u > ¢, we must have d,_; < d, by Lemma 3.2.5.

Suppose that £ =n—1. Then e , = 1 and therefore d,, _» < 2" 3 sody = d,_; = 2" = 2¢71
and d;_q < 262 So de_1 < dy.

In all cases we showed we have dy,_; < d;. We now claim that dy — dy > 2. If £ > f + 1, then
dy — dy > 2 is immediate from dy < dyyq and dy—; < dy.

Suppose £ = b = f + 1. Since there exists p > f such that 55 = 1 by hypothesis, and since
55 >2forall u > ¢ = f+1, we must have g? = 1. Then by Lemma 3.2.5 we have dy < dy;1—1
and therefore dy — dy = dpy1 —dy > 2.

In all cases we showed dy — dy > 2. Then all the conditions in Definition 5.6.1 hold and
therefore we may apply a signature move on D to transform it into the ordered irreducible
signature D with

CZf:df—l-l, CZg:dg—l and CZt:dt

for all ¢ #£ f, /. Nowwehavee?zef—i—l22forf§,u<€and€f:5522f0r,u2€bythe
choice of ¢, and so 5522f0r all u > f. O

The following lemma plays an important role in an inductive proof that every irreducible
signature has an amenable splitting signature.

Proposition 5.6.13. Let Z = (ay,...,a,) be an irreducible signature of @, and let 7 =
(Gq,...,a,) be the result of a signature move on L. Suppose that T has an amenable splitting
signature D = (dy,...,d,—1). Then Z has an amenable splitting signature D = (dy, ..., dp_1).

Proof. Let U = (uy,...,up_1,uy,) be such that u; = a; — d; for all t € [n]. Let i < j with
a; — a; > 2 be the indices involved in the signature move. Then by Definition 5.6.1, we have
a; < a1 and a;_; < a;.

By Lemma 5.6.11 it suffices to show that if Z has a unidirectional or rich splitting signature
then so does Z. We consider the following cases according to whether D is a unidirectional
splitting signature or a rich splitting signature.

1. Suppose that D is a unidirectional splitting signature with u; # 0. Since Z is irreducible,
we have u,, < 2"~! — 1 and therefore k # n. We distinguish the following cases according
to whether or not k£ € {i + 1, j}.

(a) Suppose that k£ ¢ {i+ 1,7}. Suppose first that j # n. Then
di <a; < Ay = di+1 and dj—l < aj—1 < a; = dj.

Since a; — a; > 2 and since d; < a; and d; = a;, we have d; — d; > 2 and therefore
all the conditions in Definition 5.6.1 hold. Then we may apply a signature move on
D to transform it into the ordered irreducible signature D with

CZ,:dz‘l‘l, Cz]‘:dj—l and dt:dt,

for all t # 4, 7. Let U=U. Then U +D = f.ASince U is unchanged, we have Disa
unidirectional splitting signature. Therefore Z has an amenable splitting signature.
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Suppose now that j = n. Suppose first that cither £ = i, or 55 > 2 for all
p>i(if i < k), ore) >2forall p>k (if k <i). Since u, > 0, all the conditions
in Definition 5.6.7 hold. Then we may apply a signature move on U to transform it
into U with
w=u;+1, Uu,=u,—1 and u; = uy

for all ¢t # ¢,n. Let D =D. Then U + D = Z. If k # 1, then D is rich splitting
signature because u; # 0 for t = i, k,n and 55 >2forall p>i(ifi<k)oru>k
(if k < i). If k =4, then D is a unidirectional splitting signature because u; = 0 for
t # i,n. Therefore 7 has an amenable splitting signature.

Suppose now that k # ¢ and 55 =1 for some p > min{i, k}. We distinguish the
following cases according to whether or not k < ¢

Suppose first that k& > 7. Since d < ap < agy1 = dgyq and d; = a; < a1 = djiq,
we have dj, < dpi1 and d; < d;.1 and therefore all the conditions in Lemma 5.6.12
hold with f =i and b = £+ 1. Choose £ > k+1 as in Lemma 5.6.12. Then applying
the lemma signature D can be transformed into D where 55 > 2 for all p > 1.

Since u,, > 0, the condition in Definition 5.6.7 holds. Then we may apply a signature
move on U to transform it into the signature U with
up=ur+1, u,=u,—1 and u; =u

for all ¢ # ¢,n. Then U+D =1 Since / # k, we have 4, = 0 for all t # /. k. n
and therefore D is a rich splitting signature, because k,¢ > i. Therefore Z has an
amenable splitting signature.

Suppose now that k£ < . Since dy < ap < apy1 = diy1 and d; = a; < a;11 = djyq,
we have dj, < di,1 and d; < d;;1 and therefore all the conditions in Lemma 5.6.12
hold with f = k and b =i+ 1. Choose ¢ > ¢+ 1 as given in Lemma 5.6.12. Then
applying the lemma D can be transformed into D with

dy=dy+1, dy=dy—1 and d,=d,

for all ¢t # k, (. Then 2 > 2 for all 4 > k.
Since uy > 0, the condition in Definition 5.6.7 holds. Then we may apply a signature
move on U to transform it into the signature &’ with

up=wu+1, up=ur—1 and wu, =y

for all t # k,¢. Observe that U' + D=7,s0Disa splitting signature for Z.
Since uy, > 0, the condition in Definition 5.6.7 holds. Then we may apply a signature
move on U’ to transform it into the signature U with

w=u;+1, U, =u,—1 and u; = u

for all ¢ # i,n. Then U + D = . Since @, = 0 for all ¢ ¢ {i,(,k,n}, k <i < { and
55 > 2 for all p > k, D is a rich splitting signature. Therefore 7 has an amenable
splitting signature.

(b) Suppose that k =i+ 1 and i + 1 # j. Then
a; = d; < dip1 < i < dj = a1 <a; =dj

and therefore d; — d; > 2. We distinguish the following cases according to whether
or not d; = d;;1.
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(I) SllppOSG that d; < dz‘+1. Since d; < dz‘+1, dj—l < dj and dj —d; > 2, all the
conditions in Definition 5.6.1 hold. Then we may apply a signature move on D
to transform it into the ordered irreducible signature D with

czZ:dH—l, dj:dj—l and dt:dt,

for all t # 4,7. Let U=U. ThenU+D =17,s0Disa splitting signature
for Z. Since U is unchanged and D is an ordered irreducible splitting signature,
we have D is a unidirectional splitting signature. Therefore 7 has an amenable
splitting signature.

(IT) Suppose that d; = d; 1. We distinguish the following cases according to whether

or not u;11 = 1.

(i) Suppose that u;,; = 1. Since a; = d; = dij11 < a;41 < @42 = di12, we have
diy1 < diyo. Since d; = d; 4y and d; —d; = a; —a; > 2, we have d; —d; 41 > 2.
Then all the conditions in Definition 5.6.2 hold. Therefore we may apply a
signature move on D to transform it into the ordered irreducible signature
D with

CZH—I = di+1 + ]., dAj = dj —1 and dAt = dt,
forallt £71+1,5.
Since u;11 = 1, the condition in Definition 5.6.7 holds. Then we may apply
a signature move on U to transform it into the signature U with

'ELi+1:Ui+1—1:0, ’llZ:UZ—l-l:l and ﬁlt:Ut

for all t # 4,74+ 1. Then U+7D =17 Since iy = 0 for all t # i,n, D is
a unidirection@l splitting signature. Therefore D is an amenable splitting
signature for Z.

(ii) Suppose that u;1; > 1. We distinguish the following cases according to

whether i # 1;i=1and d; =dy > 3;0ori=1and d; = dy = 2.

(A) Suppose thati # 1;0ori=1landd; =dy > 3. If i =1 and dy = dy > 3,
then eP > 2, and otherwise eP > 2 by Lemma 3.2.5. In either case,
eiD > 2. Since diy; = d; = a; < a1 < Gj00 = diyo, we have d;j11 < djio.
Since d;_1 = aj_1 < a; = d;, we have d;_y < d;. Since d;41 < d;42 and
d;—1 < dj, all the conditions in Lemma 5.6.12 hold with f = 7+ 1 and
b= j. Choose ¢ > j as given in Lemma 5.6.12. Then applying the lemma
D can be transformed into D’ with

d. =dia+1, dy=d—1 and d,=d,,

for all ¢ # i+ 1,(. Therefore €2 > 2 for all 4 > i+ 1. Since e?’ =eP > 2,
we have 55/ > 2 for all pu > 1.

Suppose first that ¢ = j. Since u;,; > 1, the condition in Defini-
tion 5.6.7 holds. Then we may apply a signature move on i to transform
it into the signature U with

U =u;+1, Uy =upr —1 and 4y = uy,
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forall t #i,i+ 1. Then  + D' = Z. Since @; = 0 unless t = i,i+ 1,n
and 55/ > 2 for all p > i, D' is a rich splitting signature. Therefore 7 has
an amenable splitting signature.

Suppose now that ¢ # j. Since u;;; > 1, the condition in Defini-
tion 5.6.7 holds. Then we may apply a signature move on i to transform
it into the signature U with

’ai+1 = Ujyr1 — 1, ’&g = Uy + 1 and lALt = Uy,

for all t # i+ 1,(. Observe that D' +U = Z, so D' is a splitting signature
for 7.

Since d; = dZ = di—l—l < d;+1 < d;‘—l = dj—l < dj = d;, we have d; — d; >2
and therefore all the conditions in Definition 5.6.1 hold. Therefore we may
apply a signature move on D’ to transform it into the ordered irreducible
signature D with

di=d +1, dj:d;—l and d, = d},

for all t # 4, j. Therefore 6}? > 85/ > 2 forall u>i. Thend +D = 1.
Since 4; = 0 unless t = ¢+ 1,¢,n and 6}? > 2 for all p > i, D is a rich
splitting signature. Therefore 7 has an amenable splitting signature.

(B) Suppose that i = 1 and d; = dy = 2. Then e? = &l = 1. Since D is
irreducible and dy = 2, we have d3 > 4. Then dy < d3—1, and therefore all
the conditions in Lemma 5.6.12 hold with f = 2 and b = 3. Choose ¢ > 3
as in Lemma 5.6.12. Then applying the lemma D can be transformed into
D’ with

dy=dy+1=3, d,=d;,—1 and d,=d,,
for all ¢ # 2, ¢. Therefore 55/ > 2 forall p > 2.
Suppose first that ( = j. Since d,, = djy1 > d; > dj; dy = dy =2 <

3 =djy and dj —dy > 2, we have d’;;; —d} > 2. Then all the conditions in

Definition 5.6.1 hold. Therefore we may apply a signature move on D’ to

transform it into the ordered irreducible signature D with

dy=d+1, djp=di,;—1 and dy=dj,

forall t £ 1,5+ 1.
Since ug > 1, the condition in Definition 5.6.7 holds. Then we may apply
a signature move on U to transform it into the signature ¢ with

ﬁQ = Uy — ]_, lALj_i_l = Uj+y1 + 1 and ﬂt = U,

forall t # 2,7+ 1. Then U+D =1. Since 63 > 55/ for all y4 and since
5715 = 2 and 55' > 2 for all u > 2, we have 55 > 2 for all p > 1. Thus
D is a rich splitting signature. Therefore 7 has an amenable splitting
signature.

Suppose now that ¢ # j. Since uy > 1, the condition in Definition 5.6.7
holds. Then we may apply a signature move on i to transform it into the
signature U with

Uy =us — 1, up=ur+1 and U = uy,
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for all ¢ # 2,¢. Observe that D' +U = Z, so D' is a splitting signature for
T

Since d} = dy = dy < dy and d_, = d; y < d; = d;, we have d; —d} > 2
and therefore all the conditions in Definition 5.6.1 hold. Therefore we may
apply a signature move on D’ to transform it into the ordered irreducible
signature D with

dy=d,+1=3, dj=d;—1 and d, =d,

forallt #1,j. ThenUd+D = Z. Since 55 > 55' for all p and since 5715 =2
and 85/ > 2 for all u > 2, we have 55 > 2 for all p > 1. Thus D is a rich
splitting signature. Therefore Z has an amenable splitting signature.
(c) Suppose that k = j, allowing the possibility that j = k = ¢ + 1. We distinguish the
following cases according to whether or not u; = 1.

(I) Suppose that u; = 1. Then the condition in Definition 5.6.7 holds. Therefore
we may apply a signature move on U/ to transform it into the signature ¢/ with

w=u;+1, U;=u;—1 and U = u,
for all t # i,j. Let D = D. Then U + D = I. Therefore 7 has an amenable
splitting signature.

(IT) Suppose that u; > 1. Suppose first that either j # i+ 1, or j =i + 1 such
that d; < d;41. Since d; < d;1; (by assumption when j = ¢ 4+ 1, and because
d; = a; < a;41 = d;41 otherwise) and since d; < dj41 because d; < a; < aj11 =
d;41, all the conditions in Lemma 5.6.12 hold with f =i and b = j + 1. Choose
¢ > 3741 asin Lemma 5.6.12. Then applying the lemma D is transformed into
D with

Czi:di—l-l, dAg:dg—l and Jt:dt
for all t # ¢, (. Therefore 5}? > 2 for all p > 1.
Since u; > 1, the condition in Definition 5.6.7 holds. Then we may apply a
signature move on U to transform it into the signature U with

Uj=u; —1, U =u+1 and U =,

for all ¢ # j,¢. Then U+D = 1. Since z—:f > 2 forall p > idand 4, =0
unless t € {j,¢,n}, we have D is a rich splitting signature. Therefore 7 has an
amenable splitting signature.

Suppose now that j =i+ 1 such that d; = d; ;. Since d;j;1 < a;11 < aj40 =
d;y o, we have d;;1 < d;j;o — 1 and therefore all the conditions in Lemma 5.6.12
hold with f =741 and b =i+ 2. Choose ¢ > i+ 2 as in Lemma 5.6.12. Then
applying the lemma D can be transformed into D’ with

d, =di+1, dy=d—1 and d =d,

for all t # i+ 1, (. Therefore €7 > 2 for all y > i+ 1.
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Since u; 11 > 1, the condition in Definition 5.6.7 holds. Then we may apply a
signature move on U to transform it into the signature U’ with

/ / !
Wy =Uipr — 1, uy=ur+1 and wuy = uy,

forall t #i+41,¢. Then U’ + D =17, s0 D is a rich splitting signature for Z and
therefore we can move to Case 2 below.

2. Suppose that D is a rich splitting signature. Let k be the first index such that 55 > 2 for
all © > k. Note that such k exists because D is rich. We distinguish the following cases
according to whether £ < i or k > i.

(a) Suppose that k& <1i. We distinguish the following cases according to whether u; = 0.

(I) Suppose that u; # 0. Then the condition in Definition 5.6.7 holds. Therefore
we may apply a signature move on U/ to transform it into the signature ¢/ with

fLZ:Ul—f-l, ﬁj:uj—l and ﬂt:ut,
for all t #4,j. Let D = D. Then U + D =7, so D is a rich splitting signature
for Z. Therefore Z has an amenable splitting signature.
(IT) Suppose that u; = 0. Then j < n and
dj—l < aj—1 < a; = dj.

Since d; < a; < a;j = d; and since a; — a; > 2, we have d; —d; > 2. We
distinguish the following cases according to whether or not d; = d;.

(i) Suppose that d; < d;1. Since d; < d;+1, dj—1 < dj and d; — d; > 2, all the

conditions in Definition 5.6.1 hold. Then we may apply a signature move on
D to transform it into the ordered irreducible signature D with

Cil:dl—l-l, dj:d]‘—l and th:dt,

for all t # 4, 5. Then 55 > 85 for all . Let U =U. Then U + D = Z. Since
U is unchanged and z—:f > 55 for all u, we have D is a rich splitting signature
for Z. Therefore 7 has an amenable splitting signature.

(ii) Suppose that d; = d;11. Let £ > i be the largest index such that d, = d;.
Then d; < dgy1. Since dy = d; and dj — d; > 2, we have d; — dy > 2. Since
dy < dgy1, dj—1 < d;j and dj — dy > 2, all the conditions in Definition 5.6.1
hold. Then we may apply a signature move on D to transform it into the
ordered irreducible signature D with

dy=dy+1, dj=d;—1 and d, =dy,
for all t # j,¢. Then D > £P for all L.

p=
Since a; < a;11 < -+ < ay and d; = dy, we have uy > 0 and therefore the
condition in Definition 5.6.7 holds. Then we may apply a signature move on

U to transform it into the signature ¢ with
U =u+1 ,up=u—1 and U = uy,

for all ¢t # ¢, . Then U+D=1. Since 4, is unchanged unless ¢ = 4,0 > k
and since 55 > 55 for all u, we have D is a rich splitting signature for Z.

Therefore 7 has an amenable splitting signature.
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(b) Suppose that k > 4. Then €] = 1 for some i < y < k. Since D is rich and €], =1
for some i < pu < k, we have dy_; < dy, — 1 by Lemma 3.2.5.
Suppose first that j = n. Then k # j. Since d; < dj,_; < dp — 1 and @ < k, we
have dj, —d; > 2. Since D is rich and k > i is the least index such that 55 > 2 for all
i >k, we have uy = 0 for ¢ < k and therefore d, = a, for ¢ < k. If 1 < k — 1, then
di =a; < Qjp1 = di+1- Ifie=k— 1, then dz < di+1 by the choice of k. Since dz < di—i—l;
dyp_1 < dj and dy — d; > 2, all the conditions in Definition 5.6.1 hold. Then we may

apply a signature move on D to transform it into the ordered irreducible signature

D with

di=d;+1, d,=dy—1 and d,=d,

forall t # i, k. Then 85 > 55 for all pu. Since u,, > 0, the condition in Definition 5.6.1

holds. Then may apply a signature move on U to transform it into the signature u

with

U, =up+1, u,=u,—1 and u; = uy,

for all t # k,n. Then U+D =1. Since 55 > 65 for all © and 4, is unchanged unless

t =k, D is a rich splitting signature for 7. Therefore Z has an amenable splitting

signature.

Suppose now that j # n. We distinguish the following cases according to whether

k<jork>j.

(i) Suppose that k& < j. Since k is the first index such that 55 > 2 for all u >k, we
have dj, — di—1 > 2 by Lemma 3.2.5. Since i < k < j, we have d; — d; > 2. We
distinguish the following cases according to where d;_y < d; or d;_; = d,.

(A) Suppose that dj—l < dj. Since d; < dz‘+1, dj—l < dj and dj —d; > 2 all the
conditions in Definition 5.6.1 hold. Then we may apply a signature move on
D to transform it into the ordered irreducible signature D with

Czl:dl—Fl, dAj:dj—]. and dAt:dt,

for all ¢ # 4,j. Then 55 > el for all pu. Let U=U. Then Y + D = 7. Since
U is unchanged and 55 > 55 for all p, we have D is a rich splitting signature
for Z. Therefore 7 has an amenable splitting signature.

(B) Suppose that d;_; = d;. Let ¢ be the least index such that d; = d;. Then
¢ > k because by Lemma 3.2.5 we have 55 >2forall{<p<jand k<
is the least index such that 55 > 2 for all p > k. Since /¢ is the least index
such that d, = d;, we have dy_; < d;. Since dy = d; and d; —d; > 2, we have
dy — d; > 2. Since d; < djyq, dy—1 < dy and dy — d; > 2 all the conditions
in Definition 5.6.1 hold. Then we may apply a signature move on D to
transform it into the ordered irreducible signature D with

di=d;+1, dy=dy—1 and d,=d,

for all ¢ # i, 0. Then €2 > &P for all .
Since d; = dj_; < aj_1 < a;, we have u; > 0 and therefore the condition
in Definition 5.6.7 holds. Then we may apply a signature move on U to
transform it into the signature U with

ty=u+1, U;j=u;—1 and 1 =y,
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for all ¢ # ¢,j. Then U + D = Z. Since 1, is unchanged unless ¢t = j, ¢ > k
and ED > 5D for all pu, we have Dis arich splitting signature for Z. Therefore

7 has an amenable splitting signature.

(ii) Suppose that k& > j. Then a; = d; for all t < k. Therefore d; = a; < a;41 =
di+1 S S dj—l = Gj—1 < a; = dj. Since a; — a; Z 27 dz = a; and dj = aj,
we have d; — d; > 2. Than all the conditions in Definition 5.6.1 hold. Then we
may apply a signature move on D to transform it into the ordered irreducible
signature D with

dAZ:dZ—l-l, dj:dj—l and Cit:dt,

for all ¢ # 4,j. Then 55 > ¢} for all yu. Let U=U. Thend +D = 7. Since U
iAs unchanged z}nd 55 > 55 for all p, we have D is a rich splitting signature for
Z. Therefore Z has an amenable splitting signature.

In all cases we showed that Z , which is the result of a signature move on Z, has an amenable
splitting signature as required. O

The following theorem follows from Lemma 5.5.4, Lemma 5.6.5 and Proposition 5.6.13.

Theorem 5.6.14. Forn > 5 every ordered irreducible signature of QQ,, has an amenable splitting
signature.

Proof. By Lemma 5.5.4, signature 7Y has a unldlrectlonal splitting signature and hence an
amenable splitting signature. The signature Z{Y can be transformed into any other ordered
irreducible signature by Lemma 5.6.5. So given any irreducible signature Z’ there is a sequence
of signature moves transforming 7Y into 7. By Proposition 5.6.13 if an irreducible signature
7 has an amenable splitting signature, then signature 7, which is the result of a signature move
on Z, has an amenable splitting signature. Therefore we conclude that every ordered irreducible
signature of (),, has an amenable splitting signature. O]

5.7 Summary map

In this chapter, we proved the connectivity of the edge slide graph £(2,3,3,7) which we use
in Chapter 10 to prove the connectivity of the edge slide graph of a family of irreducible
signatures of @),. Also in Chapter 10 we study in detail the signature 7Y, We proved that
every ordered irreducible signature has an amenable splitting signature. In Chapter 7, we
give a complete proof that the set of upright spanning trees of (), with a fixed connected
unidirectional splitting signature or the (2, 2, 3) splitting signature of @4 forms a block. We
conjecture under an inductive hypothesis this is also true for a super rich splitting signature
and give partial progress towards the conjecture. These results along with Theorem 5.6.14 are
used to understand the connectivity of the edge slide graph of an irreducible signature of @),,.
In the following chapters we split the signatures of ),, in direction n unless stated otherwise.



Chapter 6

Reducible signatures of (),

6.1 Introduction

In this chapter we study reducible signatures, which were introduced in Section 3.2, in detail in
order to understand the structure of the edge slide graph associated with this type of signature.

Reducible signatures of (),, can be divided into two types: strictly reducible and quasi-
irreducible signatures (defined below). We first introduce the notion of saturated and un-
saturated signatures as follows.

Definition 6.1.1. Let S = (ay,...,a,) be an ordered signature of @),. Let r be the largest
index such that a, # 2"7!. Then (ay,...,a,) is necessarily a signature of Q,, and is the
unsaturated part of S. If » = n then § is unsaturated signature, and otherwise S is
saturated above direction r. In other words, all signatures have an unsaturated part, which
could be the entire signature. A (not-necessarily ordered) signature is saturated or unsaturated
according to whether its ordered permutation is saturated or unsaturated.

If the ordered signature S is saturated above direction r, then for r < s < n we have

Zai:(Z"—l)— Z a;

1=s+1
1=s+1
—2 1.
It follows that (aq,...,as) is a signature of @5, and hence [s] is a reducing set for r < s <n. A

saturated signature is therefore necessarily reducible. Observe that the unsaturated part of S
is in fact an unsaturated signature.

Example 6.1.2. The signature (2, 2, 3, 8, 16) is a saturated signature of ()5, because the
first three entries form a signature of Q3 followed by ay = 8 = 2*! and a5 = 16 = 25!, The
signature (2, 2, 3, 9, 15) is an unsaturated signature of @5, because az # 2571

In other words, if § is ordered, then § is saturated if and only if it consists of a signature
of a lower dimensional cube followed by an increasing sequence of consecutive powers of two.

72
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Reducible signatures can be divided into quasi-irreducible and strictly reducible signatures as
follows.

Definition 6.1.3. Let S = (ay,...,a,) be an ordered reducible signature of @),,. Then § is
said to be quasi-irreducible if the unsaturated part (ay,...,a,) is irreducible. Otherwise S
is strictly reducible.

Example 6.1.4. The signature (2, 3, 3, 8, 15, 32, 64) is a quasi-irreducible signature of Q7
because the unsaturated part consists of the first five entries, which form an irreducible signature
of Q5. The signature (2, 2, 3, 9, 15, 32, 64) is a strictly reducible signature of ()7 because the
unsaturated part consists of the first five entries, which form a reducible signature of Q5.

We define a supersaturated signature as follows.

Definition 6.1.5. A signature (a4, ...,a,) is supersaturated if it is a permutation of the sig-
nature (1,2,4,8,...,2"1). It is quasi-irreducible by taking » = {1} as an irreducible signature
of @, followed by consecutive powers of two.

In other words, a signature that is saturated at each direction is called a supersaturated
signature. Observe that the supersaturated signature has excess ¢, = 0 for all k.

The following theorem is the main result of this chapter.

Theorem 6.1.6. Let S = (ay,...,a,) be a strictly reducible signature of Q,,. Then the edge
slide graph E(S) is disconnected.

The idea is to construct an invariant on trees with signature S that is preserved by edge slides
but is not constant on all trees with that signature. Lemma 6.2.9 shows that if S = (a4, ..., a,)
is a reducible signature of a tree 7" and R C [n] is a reducing set for S then deleting the edges
in directions R breaks T into 2!%l spanning trees of copies of (Qn—|r|- Lemma 6.2.11 shows the
signatures of these subtrees are invariant under edge slides, and Lemma 6.2.13 shows that these
can be chosen to be different.

6.2 Preparatory lemmas

To prove Theorem 6.1.6, we use the lemmas given in the following sections.

6.2.1 Labels of spanning trees of (),, with a reducible signature

The first lemma describes the directions of edges of an upright spanning tree of ), with a
reducible signature.

Lemma 6.2.1. Let S = (ay,...,a,) be a reducible signature of Q),, and suppose R is a corre-
sponding reducing set. Let T be an upright spanning tree of Q),, with signature S and let W be
a vertez of Q. Then (W) € R if and only if W C R.

Proof. The ‘if” part is immediate from the definition of an upright spanning tree.

To prove the contrapositive of the ‘only if’ part, suppose without loss of generality that S
is ordered. Then for r = |R| <n — 1 we have ), a; = 2" — 1. Suppose that W ¢ [r]. Every
edge of T"in @), is a direction in [r]. Since @), has 2" — 1 nonempty vertices, and 7" has 2" — 1
edges in directions 1, ..., r, this accounts for all 2" — 1 edges of T in directions 1,...,7, so no
edge in these directions is left over to place at W. Therefore ¢p(W) ¢ [r]. O



CHAPTER 6. REDUCIBLE SIGNATURES OF Qn 74

The following corollary follows immediately from Lemma 6.2.1 and the definition of a sat-
urated signature.

Corollary 6.2.2. Let S = (ay, ..., a,) be an ordered signature. If S is saturated above direction
rand W & [r], then (W) = max W.

Proof. Since S is saturated above direction r, the sets [s — 1] and [s] are reducing sets for each
s >r. If maxW = s, then W C [s] but W ¢ [s — 1]. Therefore ¢r(W) belongs to [s] but not
[s — 1], and therefore (W) = s. O

The next corollary follows from the definition of a supersaturated signature and Corol-
lary 6.2.2.

Corollary 6.2.3. There is only one upright spanning tree of Q,, with the supersaturated signa-
ture (1,2,4,8,...,2"71).

Proof. Let T be an upright spanning tree of @,, with the signature (1,2,4,8,...,2""!). Since the
supersaturated signature (1,2,4,8,...,2" 1) is saturated above direction 1, by Corollary 6.2.2
we have ¢p(W) = max W for all W C [n] such that W ¢ [1]. In addition, when W = {1} we
must have ¢y (W) = 1. Therefore there is only one upright spanning tree of @),, with signature
(1,2,4,8,...,270). 0

The following corollary follows from Corollary 6.2.2.

Corollary 6.2.4. Let the ordered signature S = (aq, ..., a,) of @Q, be saturated above direction
r. Then the number of upright spanning trees of Q,, with signature S is equal to the number of
upright spanning trees of Q) with signature the unsaturated part (ay,...,a,).

Proof. Let T be an upright spanning tree of Q,, with signature S. Let W & [r]. Then ¢(W) =
max W by Corollary 6.2.2, so T is completely determined at each W ¢ [r]. Let Gs be the
matching graph constructed in the proof of Theorem 3.1.3. Since each W ¢ [r] is matched
to a vertex labelled by its maximum, we are left with the matching graph of the unsaturated
part. Therefore the number of matchings and hence the number of upright spanning trees is
the same as the number of matchings of the unsaturated part. O

The following lemma shows that the edge slide graph of an ordered saturated signature is
connected if the edge slide graph of the unsaturated part is connected.

Lemma 6.2.5. Let the ordered signature S = (ay,...,a,) be saturated above direction r. Then
E(S) is connected if E(aq, ..., a,) is connected.
Proof. We have S = (ay, . ..,a,_1,2"'). By induction it suffices to consider the case r = n— 1.

Suppose that €(ai,...,a,_1) is connected. Let T} and T be any upright spanning trees of
@, with signature §. Observe that for ¢« = 1,2, T; consists of an upright spanning tree 7; of

Q-1 with signature (ay,...,a,—1) in F'~, together with an edge in direction n at each vertex
of F'*.
Since £(ay, ..., a, 1) is connected, there is a series of edge slides in @, from 77 to Ts.

These edge slides can all be carried out in @),,. Therefore the edge slides in ),,_; that converting
T, to Ty convert T} to Ty in Q,,.

By the definition of the edge slide graph £(S), there is a sequence of edge slides from T
to Ty, hence T} and Ty are in the same connected component of £(S). Since T; and T, are
arbitrary, the edge slide graph £(S) is connected. ]



CHAPTER 6. REDUCIBLE SIGNATURES OF Qy 75

{2, 3} {1,2,3}

Qs({1},9) Qs({1},{1})
{2}
{13}

) {1}

Figure 6.1: The graph (3. The induced subgraphs, Qs({1},@) and Qs({1},{1}), of Q5 are
coloured in red.

In particular, applying the above lemma to a quasi-irreducible signature and the associated
irreducible signature given by its unsaturated part we obtain the following:

Corollary 6.2.6. Let S = (ay,...,a,) be a quasi-irreducible signature of Q,, and let T =
(a1,...,a,) be its unsaturated part. Then the edge slide graph E(S) is connected if E(I) is
connected.

6.2.2 Partitioning the n-dimensional cube

For any R C [n], the n-dimensional cube can be partitioned into 2!¥ cubes of dimension n— |R).
Here we explain how this is done using the 2!% subsets of R.

Definition 6.2.7. For any R C [n] and X C R (possibly the empty set), let Q, (R, X) be the
induced subgraph of @), with vertices

{(WeP(n)WnER=X},

where P([n]) denotes the power set of [n], that is, the set of vertices of @),. Observe that
Qn(R,X) = (Qp-r) ® X, and so is an (n — |R|)-cube. Note that every edge of @, in a
direction i ¢ R belongs to @, (R, X) for some X. For any X, Xo C R such that X; # X, we
have

Qn(Ra Xl) N Qn(R7 X2) = .

Example 6.2.8. Let n = 3 and R = {1}. The subsets of R are @ and {1}. Then
@,{2},{3} and {2,3}
are the vertices of Q3({1}, ). Similarly
{1},{1,2},{1,3} and {1,2,3}

are the vertices of Q3({1},{1}). The subgraphs Qs({1},{1}) and Q3({1},@) are shown in
Figure 6.1.
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{2,3} {1,2,3}

{2}
1.3}

@ {1}
Figure 6.2: The blue edges and the red edge together form a spanning tree of ()3 with the
reducible signature (1, 2, 4). The blue edges represent spanning trees 72 and T of Q5({1}, @)

and Q3({1},{1}) respectively.

Lemma 6.2.9. Let S = (aq,...,a,) be a reducible signature of Q,, and let R be a corresponding
reducing set. Let T be a spanning tree of Q, with signature S, and for X C R let TX =
TNQu(R,X). Then for every X C R, the graph T is a spanning tree of Q,(R, X).

Note that in Lemma 6.2.9 we do not require 7" to be upright.
Proof. For any X C R, let Cx be the number of edges of the forest 7. Each Cx satisfies
Cx <2 IR 1, (6.1)

because @, (R, X) is a cube of dimension n — |R[, and T is a tree. Since Jycp@n(R, X)
contains all edges of @, in directions [n] \ R, all edges of T' in those directions belong to
Uxcr T Therefore

ZCX:ZQZ-:T—l—Zai

XCR i¢R i€R
= —1— (2Bl —1)
=on — 9l
= 2lRl(gn=IRl _ 7).

In view of the inequality (6.1), this implies Cx = 2"7®l — 1 for all X C R. Since T¥ has
no cycles and 2"~ 1%l vertices and 2771 — 1 edges, T is a spanning tree of Q,(R,X) (by
Lemma 2.1.4). O

Example 6.2.10. For the case n =3, S = (1,2,4) and R = {1} with @ and {1} (the subsets
of R), spanning trees T2 and T1!} are shown in Figure 6.2.

6.2.3 Edge slides of spanning trees of (), with reducible signatures

In this section we study edge slides on spanning trees of (), with reducible signatures. As
previously stated, edge slides do not change the signature of a spanning tree of ),,. In the next
lemma we start by looking at the effect of edge slides on spanning trees of @, (R, X). Also, we
determine the possible directions for sliding an edge of a spanning tree of ), with a reducible
signature.
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{2,3} {1,2,3}

T -

{1, 3}

° {1}

Figure 6.3: The blue edges and the red edge together form a spanning tree T" of ()3 with reducible
signature (1, 3, 3). The blue edges represent spanning trees 7% and T} of Q5({1}, @) and
Qs({1},{1}) respectively. The 3-edge in 7% can only be slid in direction 2, and the 2-edge in
T can only be slide in direction 3. The unique 1-edge (red) joining 7% and Tt} can be slid
in either direction 2 or 3.

Lemma 6.2.11. Let S = (ay,...,a,) be a reducible signature of @, and suppose R is a
corresponding reducing set. Let T be a spanning tree of Q, with signature S and let TX =

TNQ,(R,X) for each X C R. Then

1. No edge of T is slidable in any direction j € R. Consequently, the signature of T is
an invariant of the component of £(S) containing T .

2. Any edge of T in a direction j € R can be slid in any direction { ¢ R.
Proof.

1. Let i be a direction belonging to [n]\ R and let e be an edge of T in direction i. Suppose
for a contradiction that e is j-slidable. Then o;(e) ¢ T', and the cycle in T'Uo;(e) created
by adding o;(e) to T contains both e and o;(e), and is broken by deleting e. However,
since TX®U} is a spanning tree of Q,(R, X @ {j}), the cycle created by adding o;(e) to
T lies entirely in Q,(R, X @ {j}), which does not contain e. Therefore the cycle is not
broken when e is deleted. Thus we have a contradiction and so e is not j-slidable.

2. Let e = (Y, Y @& {j}) be an edge of T in direction j and let X =Y N R. Since the vertices
Y and Y @ {¢} belong to Q,(R,X) and T is a spanning tree of Q, (R, X), there is a
path PX in T¥ from Y to Y & {/}. Similarly, since the vertices Y & {j} and Y & {j, (}
belong to Q,(R, X @ {j}) and TX®U} is a spanning tree of Q, (R, X @ {j}), there is a
path PX®U} in TX®U} from Y @ {j} and Y @ {4, /}. Then PX, PX®U} 5(e) and e form
a cycle. This cycle is broken by deleting e, so e is ¢-slidable.

]

Example 6.2.12. The case n = 3, § = (1,3,3) with R = {1} is illustrated in Figure 6.3.
The subsets of R are @ and {1}, and the spanning trees 79 and 7%} are joined by an edge in
direction 1. No edge slide in direction 1 can be made, while 72 and T{" each have one possible
edge slide. The 1-edge joining 72 and Tt} may be slid in either direction 2 or 3.
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6.2.4 The existence of subtrees with different signatures of spanning
trees with reducible signatures

In this section we prove the existence of subtrees with different signatures of a spanning tree
with a reducible signature.

Lemma 6.2.13. Let S = (ay,...,a,) be an ordered strictly reducible signature with unsaturated
part (ai, ..., as), where s < n. Let r be the largest index such thatr < s and y ;_ja; =2"—1,
and for any spanning tree T of Q,, with signature S and X C [r] let T* = TNQ,([r], X). Then
for any distinct X, Y C [r], there exists a spanning tree T of Q,, with signature S such that T*
and TY have different signatures.

Proof. Let T' be a spanning tree of ), with signature S. If there exists Z C [r]| such that
TX and T have different signatures then we can construct the required tree by (if necessary)
swapping 7Y and T%. So suppose that this is not the case. Then the subtrees TZ have the
same signature for all Z C [r|. Let U = (e,41,...,€,) be this common signature.

For any i € {r+1,...,n} each edge of T in direction i lies in T for some Z C [r], and since
each such tree contains e; edges in direction i we have a; = 2"e;. It follows that U is ordered.
Suppose that e,.; = 1. Then a,,; = 2", so r + 1 # s because a, # 2°~! by the choice of s.
Hence r +1 < s. Moreover

r+1 r
ai=) aita=2"—142" =2 -1,
=1

i=1

so [r + 1] is a reducing set. This contradicts the choice of r, so we must have e, ; > 2, which
forces e, o > 2 also because U is ordered.
Consider

U, = (67‘-{-1 - ]-a Ery2 + 1a Er+3s .- - 7€n)7

Uy = (erJrl =+ 17 Cri2 — 17 Cri3, .- - ,€n),

and note that Uy + Us = 2U. We show U, and Uy are signatures of (),,_,, hence there are
spanning trees 77 and 75 of (),,_, with signatures U, and U, respectively. For simplicity, we let
fi=eifori=1,2....,n—r. We consider U; and U, separately.

For U,, we distinguish the following cases according to whether or not f; < f3.
1. Suppose f1 < fo < f3 <--- < fu_r. Then we have f1 — 1 < fo +1 < f3. Write

Z/{l = (fl - 17f2+ 17f37---7fn—7“) = (f{?fé?f?ﬁ""?f’rlz—r)'

Then
A<fh< <<,

is in increasing order, and

Zk:f-/: fi-1>1, for k = 1;
' Zlefi22k—1, for k > 2.

i=1

So we conclude U is a signature of @),,_,., by Theorem 3.1.3.
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2. Suppose fi < fo=fos == fp < fpp1 < - < fry for some p, with 3 <p <n —r.
Then we have
fie1<fi==f<ht1<fun < < fur
Let
= (1 far- o S fono o o) = (= L fa o fp o+ 1 fpras oo far)

Then U is an ordered permutation of U, so it suffices to show U] is a signature. The
only sums Zle f! that are not equal to the corresponding sum Zle fi are

J
M H=h=14+0G-1)f,

i=1

for 1 < j < p. So we need to check the value of fi — 1+ (j —1)fe. Forall 1 <y <p let

Y
=> f=h+-1f
=1

and let
gly) =2" =1
Then
f)=fH>2>1=¢(1)
and

=§:ﬁ22p—1=g@)

To verify that U, is a signature of @,,_,, it remains to show that g(j) < f(j), for all
1 < j < p. Since g is convex, for any 0 < ¢t < 1, we have

g((1—=1) +tp) < (1 —t)g(1) +tg(p).

i1 . .
Lett:;ﬁ. Then for 1 <j<pwehave 0 <t<land1—t+tp=7. So

g(y)s<1—g)g<)+%9@>
<(1—%{%)f() Lj%ﬂm
:(1_;%1)f1f—<f1 (0 —1)f)
—fi- I I G-
=f+0G—-Df

= f(4),
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where the second inequality follows since g(1) < f(1) and g(p) < f(p), and the first
equality follows since f(1) = f; and f(p) = f1 + (p — 1) fo. Therefore

oR=> h-122 -1,

which satisfies the signature condition.

For U, we consider the following cases according to whether fo = f1, fo = fi + 1 or
fo>fi+1

1. If fi = fy, then U, is the permutation of U obtained by swapping the first two entries.
Therefore U, is a signature of @,,_,.

2. If fi+1= f5, then U, is the permutation of U obtained by swapping the first two entries.
Therefore U, is a signature of Q),,_,.

3. Iff1<f2—]_,thenfl+].§f2—1. Let

uQ:(f1+17f2_17f37"'7fn—7’>:( {/) éla {g/a"'7f1/1/—7‘)‘

Then
:{/Sfé/<fé/§"‘§f”

n

is in increasing order and

Zk:f”_ fi+1>3 for k =1;
i=1 XL iz -1, fork > 2.

Therefore the signature condition is satisfied and we conclude U, is a signature of @), _,
(by Theorem 3.1.3).

Since U; and U, are signatures of ),_,, there are spanning trees T and Ty of @Q),,_, with
signatures U, and U, respectively. Let T” be the tree obtained from T by replacing 7% with

Ty, and TY with Ty. Then 7" has signature S, and the subtrees (T")% and (7”)" have different
signatures, as required. [

Example 6.2.14. The spanning tree T of (03 in Figure 6.3 with strictly reducible signature
(1, 3, 3) consists of the spanning tree 7% of Q3({1}, @) with signature (2,1), and the spanning
tree T1 of Q4({1}, {1}) with signature (1,2), joined by an edge in direction 1.

6.3 The edge slide graph of a reducible signature of (),

In this section we give a complete proof that the edge slide graph of a reducible signature is
disconnected. We recall the statement of Theorem 6.1.6 on page 73.

Theorem 6.1.6. Let S = (ay,...,a,) be a strictly reducible signature of Q,,. Then the edge
slide graph E(S) is disconnected.
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Proof. Without loss of generality, we may assume S is ordered with unsaturated part (aq, ..., as).
Let r be the largest index such that » < s and > ,_, a;, = 2" — 1. By Lemma 6.2.13, for any
distinet X, Y C [r] there exists a spanning tree T" of @),, with signature S such that the subtrees
TX =TNQ,([r], X) and TY = TNQ,([r],Y) have different signatures. Let 7" be the spanning
tree obtained from 7" by swapping 7% and T . Since the signatures of 7% and T are invariant
under edge slides by Lemma 6.2.11, the trees 7" and 7" lie in different components of the edge
slide graph £(S). This shows that the edge slide graph £(S) is disconnected, as required. [

The above theorem shows that strict reducibility is an obstruction to being connected. We
conjecture that this is the only obstruction to connectivity:

Conjecture 6.3.1. Let S = (ay, ..., a,) be a signature of Q),,. Then the edge slide graph E(S)
1s connected if and only if S is irreducible or quasi-irreducible.

By Corollary 6.2.6 it suffices to consider the irreducible case only.

6.4 Summary map

In this chapter we divided reducible signatures into strictly reducible and quasi-irreducible sig-
natures. To help understand these signatures we defined saturated and unsaturated signatures.
We showed that a signature that is saturated above direction r behaves the same as an associ-
ated signature (aq, ..., a,). We proved that the edge slide graph of a strictly reducible signature
of @, is disconnected. In Chapter 9 we show under the inductive hypothesis that an upright
spanning tree of (), with an irreducible signature Z and a reducible splitting signature can be
transformed into an upright spanning tree with signature Z and an irreducible splitting signa-
ture using edge slides. This result plays an important role in understanding the connectivity of
the edge slide graph of an irreducible signature of @),,. In the following chapters Lemma 6.2.1
and Corollary 6.2.2 are used to determine the labels of an upright spanning tree of (),, with a
reducible signature.



Chapter 7

Irreducible signatures of (),,: irreducible
splitting signatures

7.1 Introduction

In Chapters 7-9 we study irreducible signatures of (), in detail, with the goal of proving
Conjecture 6.3.1. This is done under the inductive hypothesis that the edge slide graph of
every irreducible signature of @y, where k& < n, is connected. An irreducible signature has both
reducible splitting signatures and irreducible splitting signatures, and we discuss irreducible
splitting signatures in Chapters 7 and 8, and reducible splitting signatures in Chapter 9.

The idea is to construct a block of connected trees. From any given tree we show we can
always use edge slides to reach a tree with a splitting signature of our choice. Chapter 9
shows that a tree of @),, with an irreducible signature and a reducible splitting signature can
be transformed into a tree with an irreducible splitting signature. Chapter 8 shows that a tree
with an irreducible signature and an irreducible splitting signature can be transformed into a
tree with an irreducible splitting signature of our choice. Since every irreducible signature has
an amenable splitting signature, this means we can move from any tree to a tree with a fixed
amenable splitting signature.

Let T be a tree of (),, with an irreducible signature Z = (ay, ..., a,) that has an irreducible
splitting signature in F,'~. In this chapter we develop tools to rearrange the labels of 7},; in
F'* using edge slides. The building blocks of these are local moves in 2-dimensional faces with
two vertices in F* and two vertices in F”~. In order to make the local moves possible we
need to specify the directions of the vertices in F;'~. To do this we use the inductive hypothesis
in conjunction with Lemma 3.2.7 or Lemma 3.2.8 from Section 3.2.1. Each result has two
versions: one using Lemma 3.2.8 and the other using Lemma 3.2.7, which gives a stronger
result but requires the stronger hypothesis of a rich splitting signature in F,' .

Our building block local moves also require an n at one of the vertices in F'*. A useful
tool for applying these is the notion of a settled tree, which we define in Section 7.2.2. Let
T be an upright spanning tree and let £ be a vertex of F"* such that 7(§) = n. If for each
vertex n C & of F"* we have 1p(n) = n, then T is called a settled tree. We show that every
upright spanning tree with an irreducible splitting signature can be transformed into a settled
tree using edge slides. Working with settled trees is easier, because we know the locations of
the labels n and then we can use these to rearrange the labels of 7T, using the tools discussed
above. This allows us to move from one settled tree to another by swapping labels in F.

82
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In Section 7.3 we applying the tools developed above to the problem of showing that the
set of upright spanning trees of (), with irreducible signature Z and a fixed amenable splitting
signature D = (dy,...,d,—1) in F)~ forms a block. We show that the set of trees with a fixed
unidirectional splitting signature of an irreducible signature of @),, or the splitting signature (2,
2, 3) of Q4 forms a block, and we conjecture that this is also true for a super rich splitting
signature. We present substantial partial progress towards a proof of this conjecture.

In this chapter we do not require the full strength of the inductive hypothesis, and prove
our results under either the weaker inductive hypothesis that the edge slide graph of every
irreducible signature of (),,_; is connected, or under the assumption that the edge slide graph
of a particular irreducible signature is connected. The strong form of the inductive hypothesis
is required in Chapter 9.

7.2 Preparatory lemmas

7.2.1 Swapping labels in the upper n face

In this section let T" be a spanning tree of ),,. We show that under certain conditions labels of
T at adjacent and nonadjacent vertices in F'" can be swapped.

The first lemma shows that if a lowest i-edge in F* is not followed by an n-edge (the
direction of splitting) then there exists a sequence of edge slides that moves the i-edge down,
until it is followed by an n-edge. This lemma is used as a tool to move an edge from F'* to

Fo.

Lemma 7.2.1. Let § = (ay,...,a,) be a signature of Q,,. Let T be an upright spanning tree
of Q, with signature S. Let X C [n — 1]\ {i} be such that Y = X U {i,n} is a lowest vertex
of FI't that has an i-edge. Let p(X U{n}) = j. If j # n, then there is a sequence of edge
slides in F'* that transforms T into an upright spanning tree T' where, for some X' C X,
X' U {i,n} is a lowest vertex of Ft that has an i-edge and moreover Yp(X' U {n}) =n. In
addition, T, = T) _ because the edge slides were only applied in F't.

Proof. The vertex (X U{i,n})\{j} cannot be in direction i because we assumed X U{i,n} is a
lowest vertex of F'* that has an i-edge, so ¥r((X \ {j}) U{i,n}) = k for some k # i, as shown
in Figure 7.1(a) on page 85. Then using the path move the k-edge moves to X U{n}, the j-edge
moves to X U{i,n} and the i-edge moves to (X \ {7}) U{i,n}, as shown in Figure 7.1(b). The
vertex (X \{j})U{i,n} is now the lowest vertex that has an i-edge, and note that X \ {j} C X.
If the vertex (X \ {j}) U{n} is not in direction n, then we repeat the above process until we
reach a tree T* where, for some X’ C X, the vertex X' U{i,n} is the lowest vertex of F* that
has an i-edge and moreover ¢« (X' U {n}) = n, as shown in Figure 7.1(c). Note that we reach
such a tree because each path from a vertex of 't to the root of the tree must pass through
an n-edge. O

The following lemma shows that two labels of a tree at adjacent vertices in F"* can be
swapped using edge slides. We require one of the labels to be in the direction of splitting, and
the tree to have an ordered connected irreducible splitting signature in F;'~. In this lemma we
use Lemma 3.2.8 to specify the directions of two vertices.
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Lemma 7.2.2. Let T = (ay,...,a,) be a signature of Q, and let D = (dy,...,d,_1) be an
ordered connected irreducible splitting signature of L with respect to n. Let T be an upright
spanning tree of Q,, with signature I such that T, has signature D. Let £ be a vertex of F'*

with V(&) #n. Let i = (&) and let m = max(§ \ {n}).

1. Suppose that i = m and suppose that, for some j # m,n, we have ¢¥r(§\ {j}) = n.
Then there exists a sequence of edge slides that transforms T into T' with ¥4(§) = n,

Y€\ {4}) = m and all other labels of T' the same as the labels of T .

2. Suppose that i #m and suppose Yr(§\ {m}) = n. Then there exists a sequence of edge
slides that transforms T into T with ¥4(§) = n, Y&\ {m}) = i and all other labels of

T the same as the labels of T
Proof.

1. Since D is an ordered irreducible signature of @, 1 and since m = max(§ \ {n}), by
Lemma 3.2.8 there exists an upright spanning tree 7, of (), with signature D where
U (E\ {n}) = j and Y (£ \ {j,n}) = max(¢ \ {j,n}) = m. Since the edge slide graph
of signature D is connected, we can move from 7, to 7, using edge slides. Then T is
transformed into 7" with ¢ (£ \ {n}) = j, ¥r/(§ \ {j,n}) = m and all labels of 77, the
same as the labels of T, .

As shown in Figure 7.2, using the V-move the labels in directions m and n are swapped.
Let 7" be the resulting tree with ¢/ (§) = n, ¥ (§\ {j}) = m and all other labels of 7"
the same as the labels of T".

Note that the sequence of edge slides that has been done to 7,_ to get T)_ can be

reversed to get back to T;,_. Therefore we can conclude that 7' is transformed into T with
Y(&) = n, Y7(§\ {j}) = m and all other labels of 7" the same as the labels of T'.

2. Since D is an ordered irreducible signature of @Q),—; and since m = max(§ \ {n}), by
Lemma 3.2.8 there exists an upright spanning tree 7, of (,,—1 with signature D where
Y (E\ {n}) = m and Y (£ \ {m,n}) = i. Since the edge slide graph of signature D is
connected, we can move from 7, to 7] using edge slides. Then 7 is transformed into
T" with ¢ (E\ {n}) = m, Y/ (§\ {m,n}) =i and all labels of T, the same as the labels
of T,4.

As shown in Figure 7.3, using the V-move the labels in directions ¢ and n are swapped.
Let T” be the resulting tree with ¢ (§) = n, ¥ (§\ {m}) = ¢ and all other labels of 7"
the same as the labels of T".

Note that the sequence of edge slides that has been done to 7,_ to get 7)) _ can be

reversed to get back to T,,_. Therefore we can conclude that 7' is transformed into 7" with
Y(§) = n, Yp(§\ {m}) = ¢ and all other labels of 7" the same as the labels of T'.

[
We define useful paths in F'* as follows.

Definition 7.2.3. Let £ = & be a vertex of Q,. Let P = (&,...,&, ) be a path in @,, such
that |§11] = |&] — 1 for all 1 <t < «a, where a < |[§]. Then P is a descending path in @,
from &, to &,.



CHAPTER 7. IRREDUCIBLE SPLITTING SIGNATURES 85

ie XU{i,n} jeXu{in}
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Figure 7.1: Diagram for the proof of Lemma 7.2.1 on page 83. (a) Direction ¢ is chosen
at X U {i,n} and direction j and direction k are chosen at X U {n} and (X U {i,n}) \ {j}
respectively. (b) After the path move the k-edge moves to X U {n}, the i-edge and the j-edge
move to (X U{i,n})\ {7} and X U {i,n} respectively. (c) After a sequence of path moves, for
some X' C X the path from X’ U {i,n} to the root goes in direction ¢ and then direction n.
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necg

V-move

je&\{n} m € &\ {j}

m €&\ {j,n} m e &\ {j,n}

(a) (b)

Figure 7.2: Diagram for Case 1 of Lemma 7.2.2. (a) Direction m is chosen at £ and &\ {j,n},
direction j is chosen at & \ {n} and direction n is chosen at & \ {j}. (b) After applying the
V-move the labels m and n are swapped.

neé

V-move

m € &\ {n}

i€ &\ {m,n} i€\ {m,n}

(2) (b)

Figure 7.3: Diagram for Case 2 of Lemma 7.2.2. (a) Direction ¢ is chosen at £ and £ \ {m,n},
direction m is chosen at £\ {n} and direction n is chosen at £\ {m}. After applying the V-move
the labels ¢ and n are swapped.
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Definition 7.2.4. Let £ be a vertex of F'". Let {g =&, a = [{|—1,and fora =0,...,a—1let
m, = max(§,\{n}) and &up1 = & \{ma}. Then Prni(§) = (£0,&1 - -, &a) is the max removing
path in 7" from & to §, = {n}. Ifi ¢ & then for n = {U{i} we define Prn+ (n,1) = 0i(Prn+ (§))
to be the i-retaining max removing path (o, m1....7,) = (§ U {i}, & U {i}..., & U {i})
in F' from ng = & U {i} to n, = & U {i} = {i,n}. Note that ne1 = 1, \ {{a}, where
o = max(n, \ {7,n}). Note that both Pzn+ (&) and Prn+(n,4) are descending paths.

By applying Lemma 7.2.2 repeatedly we can move an i (a direction not equal to n, the
direction of splitting) down along a suitably chosen path in F"" as shown in the next lemma.

Lemma 7.2.5. Let Z, D and T be as defined in Lemma 7.2.2 on page 84. Let £ be a vertex of
Fut such that r(§) =i for some i # n. Let Prnt (§,1) = (£0,&1 -+, &a) be the i-retaining max
removing path from & = £ to &, = {i,n}. Suppose that Yr(&,) = n fora =1,...,a. Then
there exists a sequence of edge slides that transforms T into T, with V7, (§,) =1, ¥r,(§a) = n
fora=0,...,a—1 and all other labels of T,, the same as the labels of T'.

Proof. For a =0,...,a, let T, be the tree such that ¥7, (&,) = i, ¥r, (&) = n for b # a, and all
other labels of T, are the same as the labels of T". Note that these trees exist because Ty = T
exists, and 7 and n both belong to &, for all a. If m, # max(§, \ {n}), then : = max(&, \ {n}).
Since i = max(&, \ {n}) and ¥ (&, \ {m,}) = n, all the conditions in Case 1 of Lemma 7.2.2
are satisfied. Otherwise m, = max(, \ {n}). Since i # m, and ¥r(&, \ {m.}) = n, all the
conditions in Case 2 of Lemma 7.2.2 are satisfied. Applying the applicable case, T, can be
transformed into 7}, and therefore by induction 7" = Tj can be transformed into 7. O

The following corollary follows from Lemma 7.2.5. This corollary shows that, under certain
conditions, two labels of non-adjacent vertices in F" can be swapped. We require one of
the labels to be in the direction of splitting. This corollary is used in proving Lemma 7.2.13,
Lemma 7.3.2 and Lemma 9.2.2.

Corollary 7.2.6. Let T, D, T, § and Prn+(€,i) be defined as in Lemma 7.2.5. Let & be a
vertex of F; such that {i,n} C &' NE. Let Prnt(€',0) = (§5,&1 -+, &) be the i-retaining max
removing path from & = &' to &, = {i,n}. Suppose ¥r(£,) =n fora=0,...,a'. Then there
exists a sequence of edge slides that transforms T into T with Y#(&) = n, (&) =i and all
other labels ofT the same as the labels of T.

Proof. Consider the tree T, which exists because it is obtained from T' by swapping the labels
at £ and &, and these labels belong to £ N &’. We show that T can be transformed into the
resulting tree T,, of Lemma 7.2.5. Since all the labels of T are the same as the labels of T apart
from ¢4(£) = n and 4+(&') = 4, and since Y7 (&,) =nfora=1,...,a', we have ¥4(£,) = n for
a=1,...,a. Applying Lemma 7.2.5 T' is transformed into 7, with Vs, (&) =1, Vi, (&) =n
and all other labels of Ta/ the same as the labels of 7. Then all the labels of Ta/ apart from
Ui (€L,) =i and 1;(€) = n are the same of the labels of T because all the labels of 7 apart
form Y#(§) = n and Y4(¢') = i are the same as the labels of 7. Since &, = &, = {i,n}, we
have Ta/ =1T,.

Since both trees T and T can reach T,, we conclude that 7' can be transformed into 7' by
a sequence of edge slides. O

The next lemma provides a similar result to Lemma 7.2.2 in terms of swapping two labels
in directions i and n at adjacent vertices in F*. The difference is that in this lemma we
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neg

V-move

je&N\{n} i€\ {j}

i€\ {jn} i€\ {jn}

(a) (b)

Figure 7.4: Diagram for the proof of Lemma 7.2.7 on page 88. (a) Direction 7 is chosen at &
and £ \ {j,n}, direction j is chosen at & \ {n} and direction n is chosen at & \ {j}. (b) After
applying the V-move the labels ¢ and n are swapped.

specifically have a rich splitting signature in F'~ and we use Lemma 3.2.7 to specify the
directions of two vertices. Having the stronger hypothesis of a rich splitting signature in F'~
gives a stronger result than Lemma 7.2.2.

Lemma 7.2.7. LetT = (ay, ..., a,) be an irreducible signature of Q,, and let D = (dy, ..., d,—1)
be a connected rich splitting signature of T with respect to n. Let T be an upright spanning tree
of Qn with signature T such that T,_ has signature D. Let £ be a vertex of F'" with rp(£) =i
for some i # n. Suppose that v (E\ {j}) = n for some j # i. Then there erists a sequence of
edge slides that transforms T into T' with V(&) = n, v(E\ {j}) =1 and all other labels of T
the same as the labels of T

Proof. Let u; = a; — d; for all t. Since D is a rich splitting signature and since u; # 0, we have
55 > 2 for all 4 > 4. Then by Lemma 3.2.7 there exists a tree T of (), with signature D
where ¢¥p/(E\ {n}) = j and ¥ (§ \ {j,n}) = i. Since the edge slide graph of signature D is
connected, we can move from 7,,_ to 7 _ using edge slides. Then T is transformed into 7" with
Yr(EN\{n}) = 7, v (& \ {J,n}) =i and all labels of T}, the same as the labels of T,

As shown in Figure 7.4, using the V-move the labels in directions ¢ and n are swapped. Let
T" be the resulting tree with ¢ (&) = n, Y7 (£\ {j}) =i and all other labels of 7" the same
as the labels of T".

Note that the sequence of edge slides that has been done to 7}, to get 7} can be reversed
to get back to T,,_. Therefore we can conclude that T is transformed into T with Y#(€) = n,
(€ \ {5}) =i and all other labels of 7" the same as the labels of 7', O

By applying Lemma 7.2.7 repeatedly we can move an i (a direction not equal to n, the
direction of splitting) down along a suitably chosen path in F*, as shown in the next lemma.
This lemma is similar to Lemma 7.2.5, but the stronger hypothesis allows us to freely choose
the descending path from £ to {i,n}.

Lemma 7.2.8. Let Z, D and T be as defined in Lemma 7.2.7 on page 88. Let & be a vertex
of Fit such that Yr(§) =i for some i # n. Let Prnv = (£0,81--.,8a) be a descending path
in F'" from & = & to & = {i,n}. Suppose that V(&) = n for a = 1,...,«a. Then there
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ie XU{iln}
LR e XU{il,n}

sequence of edge slides

. Cle (XN {RY) U {i fn)
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ne (X \ {k})U{in} .
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Figure 7.5: Diagram for Corollary 7.2.10. (a) A face F' of F)* with different labels in directions
i, j and n of an upright spanning tree. (b) The face F' of 't after swapping the labels i and
7 by a sequence of edge slides.
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exists a sequence of edge slides that transforms T into T, with V1, (&) = i, U1, (&) = n for
a=0,...,a—1 and all other labels of T,, the same as the labels of T'.

Proof. For a =0,...,«, let T, be the tree such that ¢z, (&) = i, ¥, (&) = n for b # a, and all
other labels of T, are the same as the labels of T'. Note that these trees exist because Ty = T
exists, and ¢ and n both belong to &, for all a. Since D is rich, ¥, (&) =i and ¥, (441) = n,
all the conditions in Lemma 7.2.7 hold. Then by applying this lemma, 7, can be transformed
into T+, and therefore by induction 7" = Tj can be transformed into 7,. O

The following corollary follows from Lemma 7.2.8. This corollary shows that, under certain
conditions, two labels of non-adjacent vertices of 't can be swapped. We require one of the
labels to be in the direction of splitting.

Corollary 7.2.9. Let Z, D, T,§ and Prn+ be defined as in Lemma 7.2.8. Let & be a vertex
of F't such that {i,n} C & NE. Let PJI”S* = (&, & ..., &) be a descending path in F* from
& to &, = {i,n}. Suppose Yr(E,) =n fora=0,...,a/. Then there exists a sequence of edge
slides that transforms T into T' with V(&) = n, Y3(&) =1 and all other labels of T' the same
as the labels of T

Proof. Consider the tree T', which exists because it is obtained from T' by swapping the labels
at & and &, and these labels belong to £ N ¢’. We show that T can be transformed into the
resulting tree T, of Lemma 7.2.5. Since all the labels of T are the same as the labels of T apart
from ¢+(£) = n and +(&') = 4, and since Y7 (&,) =nfora=1,...,a', we have ¥:(£)) = n for
a=1,...,a. Applying Lemma 7.2.8, T is transformed into 7., with Q/JT}/ (&) =1, wTa/ (&) =n
and all other labels of Ta/ the same as the labels of 7. Then all the labels of T, w apart from
Yy (€,) =i and ¥4(§) = n are the same of the labels of T" because all the labels of T apart
from Y7(§) = n and ¢4(§') = i are the same as the labels of T'. Since &, = &, = {i,n}, we
have Ta/ =T,.

Since both trees T and 7' can reach T, we conclude that 7' can be transformed into 7' by
a sequence of edge slides. O

The following corollary follows from applying Lemma 7.2.7 four times to swap two labels at
adjacent vertices in F'" that are not equal to n, the direction of splitting.

Corollary 7.2.10. Let Z, D and T be as defined in Lemma 7.2.7. Suppose there is a face F
in F't of Q. which is labelled by T as in Figure 7.5(a), where i, k, £ and n are all different.
Then there is a sequence of edge slides that transforms T into T in which i and j in F are
swapped as in Figure 7.5(b), and all other labels ofT are the same as the labels of T'.

Proof. Refer to Figure 7.6, where (i) shows the initial labels on face F'. Since D is a connected
rich splitting signature, ¢¥7(X U {i,¢,n}) = i and ¢¥r(X U {i,n}) = n, all the conditions in
Lemma 7.2.7 are satisfied at the vertices X U {i,¢,n} and X U {i,n}. Then T is transformed
into 7" with 71 (X U {i, {,n}) =n, ¥ (X U{i,n}) = i, and all other labels of T" the same as
the labels of T'. The face F' is now labelled as in Figure 7.6 (ii).

Applying Lemma 7.2.7 at the vertices X U {7, ¢,n} and (X \ {k}) U {4,¢,n}, the tree T" is
transformed into 72 with @2 (X U {i,0,n}) = £, Yr=((X \ {k}) U {i,¢,n}) = n, and all other
labels of T2 the same as the labels of T'. The face F' is now labelled as in Figure 7.6 (iii).

Note that since all the labels apart from ¥ (X U {7,¢,n}) = n and ¢y (X U {i,n}) =i
are the same as the labels of T', all the labels of T? apart from 2 (X U {i,¢,n}) = £, (X \
{k})U{i,l,n}) =n and r2(X U{i,n}) = i are the same as the labels of T
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Applying Lemma 7.2.7 at the vertices X U {i,n} and (X \ {k}) U {i,n}, the tree T? is
transformed into 7% with ¢ps(X U {i,n}) = n, ¥rs((X \ {k}) U{i,n}) =4, and all other labels
of T% the same as the labels of T2. The face F' is now labelled as in Figure 7.6 (iv).

Note that since all the labels of T? apart from 72(X U {i,¢,n}) = £, ¥ ((X \ {k}) U
{i,£,n}) = n and ¥7=(X U {i,n}) = i are the same as the labels of T', all the labels of T% apart
from s (X U {i, 0,n}) =€, vrs(X \{k}) U{i,¢,n}) =n and s (X \ {k}) U{i,n}) =1 are
the same as the labels of 7.

Applying Lemma 7.2.7 at the vertices (X \ {k}) U {i,n} and (X \ {k}) U {i,¢,n}, the tree
T? is transformed into T with ¢;(X U {i,n}) = n, ¥;((X \ {k}) U {i,n}) = 4, and all other
labels of T' the same as the labels of 73, The face F is now labelled as in Figure 7.6 (v).

Note that since all the labels of T° apart from ¥ps(X U {i,¢,n}) = £, ¥ps((X \ {k}) U
{i,f,n}) = n and Yps((X \ {k}) U {i,n}) = i are the same as the labels of T, and since
V(X U{i,n}) = ¥p(X U {i,n}) = n, all the labels of T apart from ¥;(X U {i,¢,n}) = £ and
(X \{k}) U{i,f,n}) =i are the same as the labels of T, as required. O

7.2.2 Settled trees

In this section we define a settled tree of (),, and show that every upright spanning tree of @,
that has a connected irreducible splitting signature can be transformed into a settled tree using
edge slides. Also, we provide some related definitions and results. We start with the definition
of a settled vertex.

Definition 7.2.11. Let 7' be an upright spanning tree of @),, with signature & = (ay,...,a,).
A settled vertex of T is a vertex £ of F' with ¢r(§) = n and ¢ (§') = n for all & C £ with
1’| =1&] — 1 and & € F. If op(€) = n and some vertex of F* immediately below ¢ is not
in direction n, then ¢ is an unsettled vertex.

Definition 7.2.12. A settled tree T" with respect to n is an upright spanning tree of (),, such
that each vertex & of F't with ¢r(£) = n is settled. Note that if T' is settled and ¢r(§) = n,
then ¢r(n) =n for all {n} Cn CE&.

An example of a settled tree of ()4 is shown in Figure 7.7. We use the word “settled” in the
sense of suspended particles descending until they come to rest at the bottom. We regard the
labels in direction n (the direction of splitting) as the particles descending until they settle at
the bottom of F'*. Working with settled trees is easier as we know where the labels in the
direction of splitting are and then we can swap labels using the previous lemmas. This allows
us to move from one settled tree to another by swapping labels in F'*.

The following lemma shows that every upright spanning tree of (), that has a connected
irreducible signature in the lower n face F'~ is connected to a settled tree by edge slides.

Lemma 7.2.13. Let S = (aq,...,a,) be a signature of Q, and let D = (dy,...,d,—1) be a
connected irreducible splitting signature of S with respect to n. Let T be an upright spanning
tree of Q, with signature S such that T, has signature D. Then there exists a sequence of
edge slides that transforms T into a settled tree T with all labels of T._ the same as the labels
of T,,_. This can be done through a series of label swaps in which the labels in direction n only
move downwards.
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Figure 7.6: Diagram for the proof of Corollary 7.2.10 on page 90. A series of edge slides that
swaps two labels at adjacent vertices in a face F' of F'* to transform one upright spanning tree
into another.
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16}

Figure 7.7: A settled tree of @, with signature (3, 4, 4, 4) in bold edges. As we can see all
vertices of 7, immediately below a 4-edge are in direction 4 (green edges).
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Proof. Let L be the sum of the levels of the vertices with label n. We show that if there is
some vertex of F'* with direction n such that some vertex below it is not in direction n, then
we can move the n down one level using a sequence of edge slides, without moving any other n
up. So L is decreased. However, L cannot decrease indefinitely, so we must eventually reach a
settled tree.

Without loss of generality we may assume D is ordered. Suppose & is a lowest unsettled
vertex of F'*. Let m = max(£\ {n}). We distinguish the following cases according to whether

or not (& \ {m}) = n.

(a) Suppose that P (E\{m}) # n. Then ¢z (&\ {m}) = i for some i # n. Let T" be the upright
spanning tree obtained by swapping ¥r (&) and (€ \ {m}); in other words, the tree with
U (§) =i, Y (€ \ {m}) = n and all other labels of 7" the same as the labels of T". This
tree exists because n € £\ {m}, and ¢ € £\ {m} implies i € . Since m = max(£ \ {n}),
we can apply Case 2 of Lemma 7.2.2 to transform 7" into T". Therefore applying those
edge slides in reverse T' can be transformed into the required tree 7’. Then L has been
decreased by one, as required.

(b) Suppose that (£ \ {m}) =n. Let j = max{¢ € ({\ {n})[vr(§\ {¢}) # n}. Note that j

exists because of the choice of £. We distinguish the following cases according to whether

or not ¢r(§\ {j}) =

(I) Suppose that ¢¥7(£\ {j}) = m. Let T" be the tree with 7+ (§) = m, v (E\{j}) =n
and all other labels of 7' the same as the labels of 7. This tree exists because

ned\{j}, and m € £\ {j} implies m € £&. Applying Case 1 of Lemma 7.2.2, T"
can be transformed into 7. Then L has been decreased by one, as required.

(IT) Suppose that 17(§\{j}) # m. Then ¢r(§\{j}) = i for some i # m,n. Let Prn+ ()
{i}.1) = (&,&1 - ., &) be the i-retaining max removing path from & = £\ {j} to

¢ ={i,n}. Since m # j and m € £\ {j}, we have m{, = max(§, \ {¢,n}) = m and
therefore &, for alla = 1,..., o/ are below the vertex £\ {m}. Since wT(f\{m}) =n
and ¢ is a lowest unsettled Vertex we have Y7 (&) =nfora=1,...,a.

Let Prni(§,1) = (£, -+, &) be the i-retaining max removing path from & = £ to
{@ n}. Since & is a lowest unsettled vertex of F'* and since ¥r (€ \ {m}) = n,

we have Yr(&) =nfora=0,..., a.

Since Y7 (§\{j}) = i, ¥r(§) = n, Pt (§\{J}, 1) and Prn+ (€, 1) satisfy the hypotheses

in Corollary 7.2.6, the tree T' can be transformed into 7" with 7 (§) = i, ¥ (€ \

{j}) = n and all other labels of T" the same as the labels of 7. Then L has been

decreased by one, as required.

In all cases we showed we can move the n down one level without moving any other n up. So
L is decreased by one, as required. O

7.2.2.1 Swapping labels of a settled tree of (), in the upper n face

In this section we show that under certain conditions labels of a settled tree of (),, in the upper
n face can be swapped.
The first lemma concerns swapping labels of a settled tree in F*, where the tree has an

ordered connected irreducible splitting signature in F~. We use Lemma 7.2.2 to swap the
labels.
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Figure 7.8: Diagram for Case 1 for the proof of Lemma 7.2.14. The paths Prn+ (& \ {i}) =
(o, &) and o3(Prnt (E\ {i})) = (o U {7}, ..., & U {i}) in FI* with their vertex labels.

Lemma 7.2.14. Let S = (ay,...,a,) be a signature of Q,, and let D = (dy,...,d,_1) be an
ordered connected irreducible splitting signature of S with respect to n. Let T be an upright
spanning tree with signature S such that T,,_ has signature D. Let & be a vertex of F'* of level
a with Yr(€) = i. Suppose that all the vertices in Q¢ with an n-edge are settled and suppose

that Yr({i,n}) = n.

1. Suppose that (€ \ {i}) = n. Then there exists a sequence of edge slides in Q¢ that
transforms T into T with 1¥4#(§) = n and all other labels of T' apart from the labels of
T 0 (Qe N FIF) the same as the labels of T.

2. Suppose that Yrp(§ \ {i}) # n. Then there exists a sequence of edge slides in Q)¢ that
transforms T into T with V(&) # © and all other labels of T apart from the labels of
T 0 (Q¢ N FT) the same as the labels of T.

Proof.

L. Let Pen+ (§\{i}) = (&0, - - -, &) be the max removing path in 7" from & = §\{i} to {n =
{n}. Since all the vertices in Q)¢ are settled and {1 (£\{i}) = n, we have ¢ (§,) = n for all
a. Consider the i-retaining max removing path o;( P+ (§\{7})) = (SoU{i}, ..., ar U{i})
from & U {i} = & to & U {i} = {i,n}. Let k, = ¥r(§, U {i}) for a = 0,...,a as
shown in Figure 7.8. Then kg = 7. Let h be the least index in 0 < a < o' such that
r(§, U {i}) = n. Note that such h exists because ¥r({i,n}) = n. Then k,_; # n. We

distinguish the following cases according to whether or not k;_; = max(&,_1 \ {n}).

(a) Suppose that k1 # max(&,-1 \ {n}). Then applying Case 1 of Lemma 7.2.2, T can
be transformed into 7" with ¢/ (&1 U{i}) = n, ¥ (&, U {i}) = kp—1, and all other
labels of 7" the same as the labels of T'.
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o ekee\{}  keg\{i}e i€\ {j}
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Figure 7.9: Diagram for Case 2(a) for the proof of Lemma 7.2.14. (a) A two dimensional face
of F'" where direction 7 is chosen at £, direction j is chosen at &\ {i} and direction k is chosen
at £\ {j}. (b) After applying the path move direction k£ moves to &\ {i}, direction j moves to
¢\ {i} and direction i moves to & \ {j}.

(b) Suppose that k,_; = max(§,—1 \ {n}). Then applying Case 2 of Lemma 7.2.2, T" can
be transformed into 7" with 7 (§5—1 U {i}) = n, ¥ (§—1) = kn_1, and all other
labels of T” the same as the labels of T

So now h — 1 is the least index in 0 < a < o such that &,_; U {i} has an n-edge. If
& U {i} # €U {i}, then we repeat the above process of moving an n-edge up until
eventually we reach a tree where £ U {i} is in direction n.

2. Let (& \ {i}) = j for some j # n and let (& \ {j}) = k for some k. We distinguish
the following cases according to whether or not k = 1.

(a) Suppose that k # i. As shown in Figure 7.9, using the path move the label with
direction k& moves to £ \ {i}, direction j moves to £ and direction ¢ moves to £ \ {j}.
Then T is transformed into T' with 14 (€) = 7, #(€\ {i}) = k, ¥(€\ {j}) = i, and
all other labels of 7' the same as the labels of 7. So we reach the required tree T

where 2 (§) # 1.

(b) Suppose that k =i. Let { = ¢\ {i} and for a = 0,...,a — 2 let £, = (&) and
€onr = &\ {L}. Let Pr(E\ {i}) = (€., &) be the path in T from & = €\ {i}
to &, = @. Let o/ < a— 2 be such that &, is a vertex in F" with 7 (&) = n.
Note that o' exists because every path in T from a vertex of F* to the root & of
T must pass through an n-edge. Consider o;(Pr(¢\ {i})) = (o U {i},. ... & U{i})
and let k, = (& U {i}) for a = 0,...,d/, as shown in Figure 7.10. Let h be the
least index in 0 < a < o such that ¥r(§, U {i}) # i. Note that if (&, U {i}) =1
for all a = 0,...,a’ then by Part 1 of Lemma 7.2.14 after a sequence of edge slides
in Q¢_,ugiy we have ¥ (§or U{i}) = n. As shown in Figure 7.11, using the path move
the kp-edge moves to &,_1, the ¢, 1-edge moves to &,_; U {i} and the i-edge moves
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Figure 7.10: Diagram 1 for Case 2(b) for the proof of Lemma 7.2.14 on page 95. The paths
Prni (E\{i}) = (o, - -+ &ar) and o3(Prn (E\ {i})) = (S0 U {i}, ..., & U {d}) in F7T with their

vertex labels.

to &, U {i}. Then T is transformed into 7" where

k}w ifv:fh—l;

0y if V=¢&_,U{i};
pr(v)= ot Y= a

i, if V=¢ U{i};

Yr(V), otherwise.

So now h — 1 is the least index in 0 < a < o such that ¢ (&, U {i}) # 4.
Ep1 U {z} # £ U {i}, then we repeat using the path move until eventually we reach
the tree T with 1 (&U{i} = €) # i and all other labels of T apart from TN (QeNF*)
the same as the labels of T'. Note that we can move to such a tree because all the
labels of vertices above the vertex &,—; U {i} in 0;(Pr(§)) were unchanged. This
means all the labels of higher levels than the level of €, U{i} were unchanged, and
therefore we can use the path move in the same way we used it above.

In all cases we showed we can move to the tree 7' with Y3(§) # 1 and all other labels apart
from the labels of T'N (Qe N FJT) the same as the labels of T O

The following lemma shows that a settled tree with {j,n} in direction j for some j can be
transformed into a settled tree where {j,n} is in direction n.

Lemma 7.2.15. Let Z = (ay,...,a,) be an irreducible signature of Q, with a, > a; for all
i and let D = (dy,...,d,_1) be an ordered connected irreducible splitting signature of T with
respect to n. Let T be a settled tree of Q),, with signature Z such that T,,_ has signature D. Let
J € [n— 1] and suppose that Y7 ({j,n}) = j. Then there exists a sequence of edge slides that
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Figure 7.11: Diagram 2 for Case 2(b) for the proof of Lemma 7.2.14 on page 95. (a) A two
dimensional face of F'* where direction 7 is chosen at &, ; U {i}, direction ¢ _; is chosen at
&n_1, direction ¢}, is chosen at &, and ky, is chosen at &, U{i}. (b) After applying the path move
direction k& moves to & \ {i}, direction j moves to £ \ {i} and direction i moves to & \ {j}.
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Figure 7.12: Diagram for the proof of Lemma 7.2.15 on page 97. (a) Direction r is chosen at &,
direction j is chosen at & \ {r} and direction n is chosen at £\ {j} and &\ {j,7}. (b) After the
path move the n-edge moves to £ \ {r}, the j-edge moves to £ and the r-edge moves to £ \ {j}.

transforms T into a settled tree T such that ¥3({j,n}) = n and all the labels of T,,_ are the
same as the labels of T,,_.

Proof. Let X be the set of the vertices of F*. Let Y be the set of all the vertices of F* that
have an n-edge and let S be the union of the sets in Y. Since T is settled with ¥ ({j,n}) = j,
no vertex containing j in F"" is in direction n.

Consider £ U{j} for each £ € Y except {n}. Then there are a,, — 1 such vertices and none
of these vertices is in direction n because they all contain j. Since u; < a, — 2, there must
exist a vertex £ € Y such that ¢p(§' U{j}) # j. Let £ € Y be a lowest vertex in Y such that
Yr(EU{j}) # 7. Then ¥p(EU{j}) =r for some r € S. So £\ {r} € Y (because £ € Y and T
is settled) and ¥r((§\ {r}) U{sj}) = j. Note that 17(§) = n by the choice of .

As seen in Figure 7.12, using the path move the n-edge moves to (£ \ {r})U{j}, the j-edge
moves to £ U {7}, and the r-edge moves to £. Let 7" be the resulting tree with ¢ (£ U {j}) =
g, v ((EN\NA{r}) U{j}) = n, ¥ (&) = r and all other labels of 7" the same as the labels of T'.
Since the path move was applied in F*, we have T,,_ =T _.

So now &\ {r} € Y is the lowest vertex in Y such that ¢ ((€ \ {r}) U {j}) # j. Let
Pr((E\{r})U{j},j) = (&, .. &) be the j-retaining max removing path from & = ({\{r})U{s}
to &, = {j,n}. We show now that 7" can be transformed into T,, with ¢r, ({j,n}) = n, ¥, ((£\
{r})U{j}) = j, and all other labels of T}, the same as the labels of 7”. The argument is similar
to the proof of Lemma 7.2.5, with the roles of ¢ and n taken by n and j.

Since £ \ {r} € Y is the lowest vertex in Y such that ¢ ((€ \ {r}) U{j}) # j, we have
Yr(EU{j}) =jfora=1,...,a. Fora=0,...,a,let T, be the tree such that ¢z, (§,U{j}) =
n, Ur, (& U{j}) = j for b # a, and all other labels of T, are the same as the labels of 7. Note
that these trees exist because Ty = T” exists, and j and n both belong to &, U {j} for all a and
we have Ty = T".

Since D is an irreducible signature and m, = max ¢, \{n}, by Lemma 3.2.7 there exists a tree
T/ of Q4 with signature D where g ((€,\ {n})U{j}) = mq and G (€1 \ {n}) UL}) = .
Since the edge slide graph of signature D is connected, we can move from 7 to 7}/ using edge
slides. Then 7" is transformed into 7" where 7 (£, \{n})U{j}) = ma, Y ((§ari \{n})U{j}) =
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n €& U {j} jgfau{j}
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Figure 7.13: Diagram for the proof of Lemma 7.2.15 on page 97. (a) Direction n is chosen at
&,, direction m,, is chosen at &, \ {n} and direction j is chosen at &,,1 and &, 1\ {n}. (b) After
applying the V-move labels n and j are swapped.

j and all labels of T}/, are the same as the labels of 77 . .

As shown in Figure 7.13 using the V-move the labels in directions n and j are swapped.
Note that the sequence of edge slides applied to 7] to get to 7}/ can be reversed to get back
to T, _. Then T, is transformed into 7,41 with ¥, (§ar1 U{J}) = n, Y1, (& U {j}) = j, and
all other labels of T}, the same as the labels of T7". Since T,,— =T}, _, we have (T, 41)n— =T/ _.
Therefore by induction Ty = T" can be transformed into Ty, such that i, (&, = {j,n}) = n and
all the labels of (T,,),_ are the same as the labels of T;,_.

Suppose that T, is not settled. Then applying Lemma 7.2.13 T, can be transformed into a
settled tree 7. Since settling only moves the n-edges down, the vertex {j,n} is still in direction
n. [

Example 7.2.16. Let T be a settled tree of Q4 with signature (3, 4, 4, 4) such that 7, has
signature (2, 2, 3). Then the forest Ty, has signature (1, 2, 1, 4). Altogether there are nine
settled forests with signature (1, 2, 1, 4): five settled forests where {¢,4} is not in direction 4
for some ¢ € [3], and four settled forests where {¢,4} is in direction 4 for all £. These are shown
in Figure 7.14 and Figure 7.15 respectively.

Suppose that direction 4 is chosen at {2,4}, {3,4} and {2,3,4}, direction 1 is chosen at
{1,4}, direction 2 is chosen at {1,2,4} and {1,2,3,4} and direction 3 is chosen at {1,3,4},
as shown in Figure 7.16(i). Apply the path move on the face {{1,2,4},{2,4},{4},{1,4}}.
Then T is transformed into 7" with 7 ({1,2,4}) = 1, ¥ ({1,4}) = 4, ¥ ({2,4}) = 2 and
all other labels of 7" the same as the labels of 7. Therefore ¢¥r({2,3,4}) = ¥ ({2,3,4}) = 4.
Figure 7.16(ii) shows T}, .

Since (2, 2, 3) is irreducible, by Lemma 3.2.4 there exists a tree T} of ()3 with signature (2,
2, 3) where 3 is chosen at {2,3}. Since the edge slide graph of signature (2, 2, 3) is connected
(by Henden [6] or Lemma 4.3.6), we can move from 7" to such a tree using edge slides in Q3.
As shown in Figure 7.16(iii), applying the V-move the labels 2 and 4 are swapped as shown in
Figure 7.16(iv). Therefore T" is transformed into 7" with ¥({2,3,4}) = 2, ¥+({2,4}) = 4 and
all other labels of 7' the same as the labels of T". Since ¥3({1,4}) = ¥+({2,4}) = ¥+({3,4}),
and since there is no 4 chosen at any vertex of cardinality 3 or 4, we conclude that T is a settled
tree with ¢;({t,4}) = 4 for all t € [3]. Figure 7.16 shows Ty
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In a similar way, we can show that we can move from any settled tree of ()4 with signature
(3, 4, 4, 4) such that the tree has the splitting signature (2, 2, 3) to a settled tree where {¢,4}
is in direction 4 for all t € [3]. There are four settled forests with signature (1, 2, 1, 4) such
that {¢,n} is in direction 4 for all ¢, and the trees have the splitting signature (2, 2, 3) in F, .

Lemma 7.2.17 along with Lemma 7.2.18 are used to show that for n > 5, there exists a
settled tree of @, with an irreducible signature and a super rich splitting signature where {t, n}
is in direction n for all ¢ € [n — 1].

Lemma 7.2.17. Let n > 5, and let T = (ay,...,a,) be an ordered irreducible signature of
Q. with a, > a; for allt € [n —1]. Let D = (dy,...,d,_1) be an ordered irreducible splitting
signature of L. Let T be a settled tree of QQ,, with signature Z such that T, _ has signature D.
Let Y be the set of all the vertices of F'" that have an n-edge and let S be the union of the
sets in'Y. Let Z = [n|\ S. Let B C S be the set of directions t such that there is only one
vertex £ € Y wheret € £. Let |B| = b, |Z| = z and let v = |logyan|. Then b+ z < v, and in
particular b,z < v.

Proof. Let A C S be the set of directions t € [n — 1] such that there are at least two vertices
containing ¢t with an n-edge. In other words, A = S\ (BU{n}). Let |A| =a. Then a+b+z =
n—1.
Every n lies above Q4 or at {t,n} for some t € B. So a, < |Qa|+ |B| = 2%+ b. Since 7 is
irreducible with a,, > a; for all ¢, we have % < a,, and so {%-‘ < 2%+ b.
For n = 5, this inequality is 7 < 2% + b with a + b+ 2z = 4. Suppose that a < 2. Then we
must have b > 3. Thus we have a contradiction and soa >3 and b+ 2 <1< 2 =v.
For n > 6, the inequality is
2" —1
n
2" <n2" +nb+1 (multiplied by n)
<n2°+nn—1)+1 (sinceb<n-—1)
=n2"+n*—n+1
< vtige 4 gn-l (since n®* —n+1< 2" for all n > 6, and n < 2")
2"t < 20t

<24

Son—1 < a+v+1 and therefore n < a+v+1. Since a+b+2 =n—1, we havea+1=n—b—z.
Then n < n —b— z+ v and therefore b+ 2z < v. O]

Lemma 7.2.18. Let n > 5 and let T = (ay, ..., a,) be an ordered irreducible signature of @,
with a, > a; for allt. Let D = (dy,...,d,—_1) be a super rich splitting signature of Z. Let T be a

settled tree of Q,, with signature T such that T,,— has signature D. Then there exists a sequence
of edge slides that transforms T into T' such that 1} ({t,n}) = n for all t.

Proof. With notation as in Lemma 7.2.17, if z = 0, then S = [n| and therefore ¢ ({t,n}) =n
for all . Otherwise there exists j € Z. Since D is a super rich signature, we have u; < a, — v
where v = |log, n|.

So we have b+ 1 edges in direction n located at {n} and {t,n} for all ¢ € B, and therefore
a, — (b+1) > a, — v edges in direction n located in Q4 U {n}.

Since u; < a, — v, there exists a vertex @ # ¢ C A such that (¢ U {j,n}) # j and
Yr(CU{n}) = n. Then the vertex { and direction r in the proof of Lemma 7.2.15 may be
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chosen such that £ = (U {n} € AU {n} and r = Y7 U {j}) € A. Following the argument
given there we reach a tree T” such that ¢ ({j,n}) = n and 7 (V) = (V) for all V € F"~.
Since the direction r belongs to A there were at least two vertices containing r with label
n, after settling 7" (if necessary) we can ensure we still have ¢ ({r,n}) = n. Therefore the
number of directions ¢ such that ¢ ({t,n}) = n has increased by one. Repeating this process
we eventually reach a settled tree 7" such that ¢ ({t,n}) = n for all t. O

The next lemma shows that the labels of a settled tree in F'* can be swapped using edge
slides. We require the tree to have a connected rich splitting signature in '~ and we use
Lemma 7.2.7 to swap the labels.

Lemma 7.2.19. LetT = (ay, ..., a,) be an irreducible signature of Q,, and let D = (dy, ..., dp_1)
be a connected rich splitting signature of L with respect to n. Let T be an upright spanning tree
of Qn with signature T such that T, has signature D. Let & be a vertex of F'* of level o such
that Yr(§) #n and let i € . Suppose that all the vertices in Q¢ with an n-edge are settled and

suppose Yr({i,n}) = n.

1. Suppose that Yr(E \ {i}) = n. Then there exists a sequence of edge slides in Q¢ that
transforms T into T with Y#(§) = n and all other labels of T apart from the labels of
TN (Qe NFLT) the same as the labels of T.

2. Suppose that Y (§) =i and ¥r(§ \ {i}) # n. Then there exists a sequence of edge slides
that transforms T into T with 14(§) = n and all other labels of T' apart from the labels

of T'N (Qe N F*) the same as the labels of T.
Proof.

1. We distinguish the following cases according to whether or not (&) = 1.

(a) Suppose that ¥ (§) # i. Then ¥7(€) = j for some j # i. Since D is a connected rich
splitting signature, ¢r(§) = j and ¥7(€ \ {i}) = n, all conditions in Lemma 7.2.7
are satisfied at the vertices ¢ and & \ {i}. Then T can be transformed into 7" with
(&) = n, (€ \ {i}) = j and all other labels of 7' the same as the labels of 7"

Figure 7.17 (a) shows the 2-dimensional face of F"* where two vertices £ and &\ {i}

are labelled j and n respectively by T and (b) shows the same face after edge slides
as labelled by T'.

(b) Suppose that (&) =i. We distinguish the following cases according to whether or
not ¢r(¢\ {j}) =i for some j # i.

(I) Suppose that ¥r(€\ {j}) # i for some j # i. Then ¢r(£\ {j}) = k for some
k # i. We consider the following cases according to whether or not k = n.

(i) Suppose that & = n. Since D is a connected rich splitting signature, 1 (§) =
i and Y7 (€ \ {j}) = n, all conditions in Lemma 7.2.7 are satisfied at the
vertices & and € \ {j}. So T can be transformed into T with 4 (¢) = n,
¥a(€\ {j}) = i and all other labels of 7' the same as the labels of T.
Figure 7.18 (a) shows the 2-dimensional face of F"* labelled by 7" and (b)
shows the same face after edge slides as labelled by 7.
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(ii) Suppose that k # n. Since all the vertices of ()¢ with an n-edge are settled
and since ¥ (& \ {i}) = n, we have (£ \ {7,7}) = n. Since signature D is a
connected rich splitting signature, ¥ (£\{j}) = k and Y7 (E\{i,7}) = n, all
conditions in Lemma 7.2.7 are satisfied at the vertices £\ {j} and &\ {7, j}.
Then T can be transformed into 7" with ¢ (§\ {j}) = n, v (§\{4,7}) = k
and all other labels of 7" the same as the labels of T". Now since ¢y (§) =1
and ¥ (& \ {j}) = n, all the conditions in Lemma 7.2.7 are satisfied at the
vertices € and £\ {j}. Then T” can be transformed into 7" with 7+ (§) = n,
Y (E\ {7}) =i and all other labels of 7" the same as the labels of 7".
Figure 7.19 shows the 2-dimensional face labelled by 7" in (a), the same face
labelled by 7" in (b) and the same face labelled by 7" in (c).

(IT) Suppose that r(§\ {j}) =i for every j #i. Let § =&\ {i}, @’ =a —1 and
fora =0,...,0" —1let Pr+ = (§,&1,...,8) be a descending path in F'*
from & to &, = {n}. Since all the vertices of Q)¢ with an n-edge are settled and
Yr(§\ {i}) = n, we have ¢r(§,) = n for all a. Consider o3(Prn+ (& \ {i})) =
(&U{i}, ..., EwU{i}) and let k, = Y7 (E,U{i}) fora =0,...,a . Since ¥ (§) =i
and 7 ({i,n}) = n, we have ky =i and k, = n as shown in Figure 7.20. Let h
be the least index in 0 < A < o' such that &k, # i. Note that h exists because
Yr({i,n}) = n. We show that there exists a sequence of edge slides to move an
n up in o3(Prn+ (€ \ {})) so T transforms into a tree where § U {i} = & is in
direction n.

Since h is the least index in 0 < h < o such that ¥r(&, U {i}) # i, we have
br(Ens U {i}) = i

Suppose first that k;, # n, as shown in Figure 7.21 . Since D is a connected
rich splitting signature, (&, U {i}) = ky # ¢ and ¥r(&,) = n, all conditions
in Lemma 7.2.7 are satisfied at the vertices &, U {i} and &,. Then T can be
transformed into 7" with 17/ (&, U {i}) = n, ¥r(&,) = kj, and all other labels of
T’ the same as the labels of T'. Therefore we move to the following case.
Suppose now that k;, = n, as shown in Figure 7.22 or Figure 7.21 (b) if we
came from the case k;, # n. Since D is a connected rich splitting signature,
Yr(€p—1 U {i}) = i and (&, U {i}) = n, all conditions in Lemma 7.2.7 are
satisfied at the vertices &, U{i} and £, U{i}. Then T can be transformed into
T" with Y (§p-1 U {i}) = n, ¥ (&, U {i}) = 4, and all other labels of 7" the
same as the labels of 7.

So now h — 1 is the least index in 0 < a < ' such that ¢ (&, U {i}) # i.
Note that the labels that changed belonged to the paths P+ (€ \ {i}) and

0i(Pgn+(§ \ {i})), which lie in Q.
If &1 U{i} # £, then we repeat the above process of moving up an n in o;(Prn+ (€

{i})) until we reach the tree T with (&) = n and all other labels of T' the same as
the labels of 7.

2. Let & = ¢\ {i} and for a = 0,...,a — 1 let k, = (&) and &1 = & \ {ka}. Let
Pr(e\{i}) = (&,...,&n—1) be the path in T from & to 4,1 = @. Let f§ < o — 2 be
such that ¢r({3) = n. Note that § exists because every path in 7" from a vertex in F+
to the root of 7" must pass through an edge in direction n. Consider o;(Pr(€\ {i})) =

(o U{i}, ..., &1 U{i}). Let £, = (& U {i}) for 0 < a < . If €5 # n, then applying
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Part 1 of this lemma (which we have just proved above) we get ¥r(s U {i}) = n, as
shown in Figure 7.23.

Let f be the largest index in 0 < f < g — 1 such that ¢ (& U {i}) = 4. Then ¥y (&1 U
{i}) = l;4; for some l;,q # i. We first show that the lowest i-edge in o;(Pr(& \ {i}))
can be moved down to &g U {i} using a sequence of path moves. As shown in Figure 7.24,
using the path move the (;;-edge moves to &, the ky-edge moves to &y U {i} and the
i-edge moves to 41 U{i}. So T is transformed into 7" with ¢ (§,U{i}) = ky, Yp/(&)) =
Ui, (€441 U{i}) = ¢ and all other labels of 7" the same as the labels of T'.

So now f +1 is the largest index in 0 < a < — 1 such that &7 U {3} is in direction 7. If
Er1 U {i} # &5 U {i}, then we repeat the above process of moving the i-edge down until
eventually we reach a tree 72 where

.

ka, it V=¢ U{itfor f<a<p-—1;

loyi, ifV=¢forf<a<p—2
ra(V) = {4, iV = g U fiks

n, itV ==E5q;

(Y7 (V) otherwise.

Figure 7.25 shows the paths P2 (¢ \ {i}) and o;(Pr=(€ \ {i})) as labelled by T2.
We now show that the n-edge at {s_; can be moved up to the vertex £; using a sequence of
edge slides. Note that ¢; # k;_; for any 1 < j < a—1 because k;_1 € {;_1, but k;_1 ¢ &;.
Since D is a connected rich splitting signature, ¢r2(€s_2) = (g1 and Yr2(Es_1) = n, all
conditions in Lemma 7.2.7 are satisfied at the vertices 55 and &s_;. Then T2 can be
transformed into T° with ¢73(£5_2) = n, ¥7s(€s-1) = £5_1 and all other labels of T° the
same as the labels of T%. So we repeat the above process until eventually we reach a tree
T* where

n, lf V = ff;

Ypa(V) = < 4, iftV=¢forf—1<a<p-—1;
Yps(V), otherwise.

Figure 7.26 shows the paths Ppa(¢\ {i}) and o;(Pra(&\ {i})) as labelled by T

Since D is a connected rich splitting signature, ¢pa (& U {i}) = ky and ¥ra(§f) = n, all
conditions in Lemma 7.2.7 are satisfied at the vertices £, U {i} and &;. Then T* can be
transformed into 7° where

n, if V=& udi};

drs(V) = § ky, itV =&y
Ypa(V), otherwise.

Figure 7.27 shows the paths Prs(£\ {i}) and o;(Pps (€ \ {i})) as labelled by T°.

If f # 0, then there exists an index h such that 0 < h < f and &, U {i} is in direction
1. Then we repeat the above process starting with the largest such A until eventually we
reach the required tree T" where

n, when V' = & U {i};

vt = {@DT(V), when V' # &, V # § U {i} for 0 <a < 3.
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In all cases we showed we can move to the tree 7' with ¥+(§) = n and all other labels apart
from the labels of T'N (Q¢ N F,)T) the same as the labels of T'. O

7.3 Rearranging the labels in the upper n face

In this section we rearrange the labels (directions) of upright spanning trees of (), with an
irreducible signature in F”" such that the trees have a connected amenable signature in F~.
There are three types of amenable splitting signatures, namely the (2, 2, 3) splitting signature of
()4, unidirectional splitting signatures and super rich splitting signatures. We show that the set
of upright spanning trees of ),, with an irreducible signature and the (2, 2, 3) splitting signature
of @4 or a fixed connected unidirectional splitting signature forms a block. We conjecture under
the inductive hypothesis this is also true for a super rich splitting signature, and present partial
progress towards a proof of this.

7.3.1 The (2, 2, 3) splitting signature of an irreducible signature of
Q4

Altogether there are nine ordered irreducible signatures of ()4, namely

(2,2,4,7) (2,3,4,6) (3,3,3,6)
(2,2,5,6) (2,3,5,5) (3,3,4,5)
(2,3,3,7) (2,4,4,5) (3,4,4,4).

Since ()3 has a unique irreducible signature up to permutation, there is a unique ordered
irreducible splitting signature, namely (2, 2, 3). For signatures in the first column this is
a unidirectional splitting signature and it can be handled using the result in Section 7.3.2.
In addition, signatures (2, 2, 4, 7) and (2, 3, 3, 7) belong to the families 707 and I((;ls_l)
respectively, where a proof for the connectivity of the edge slide graph of each family is éiven
in Chapter 10, and we proved the connectivity of the edge slide graph £(2,3,3,7) in Chapter 5.
For columns two and three, we get multiple directions in F;". In the following theorem we
show for each of these six signatures that the set of upright spanning trees of @4 with the (2,
2, 3) splitting signature forms a block.

Theorem 7.3.1. Let T € {(2,3,4,6),(2,3,5,5),(2,4,4,5),(3,3,3,6),(3,3,4,5),(3,4,4,4)} be
an ordered irreducible signature of Q4. Then the set of upright spanning trees of Qs with
signature T and the splitting signature (2, 2, 3) in Fy~ forms a block.

Proof. Since we always can move from an upright spanning tree to a settled tree where all the
vertices of F; ' of level two are in direction 4, it suffices to show that we can move from any
settled tree with signature Z where all the vertices of F;" of level two are in direction 4 to any
other. For T # (3,4,4,4), there are at least five 4-edges and so the condition ¢ ({t,4}) = 4
holds for all ¢t € [3] for any settled tree. In the case (3, 4, 4, 4) we can move to such a tree
as shown in Example 7.2.16. Since the edge slide graph of signature (2, 2, 3) is connected, we
can move from any tree with signature (2, 2, 3) to any other using edge slides. So it suffices
to show we can move from any settled forest in 7, to any other. We do this using the path
move, the V-move, or Corollary 7.2.6 applied to a pair of vertices. In Figures 7.28 to 7.33 we
show for each signature in turn that there is a collection of such moves that suffices to connect
the trees.
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2¢€{1,2,3,4} 2€{1,2,3,4}
Caeqlay acaa Cheqlsay 26234
2¢€{1,2,4} ¢ . /,p 1e{l,2,4}@ ) 4
1e{1,4 re{l, e
{14} oic {2 4} € (3.4) { }Q\\ D (3.4)
{4} {4}
36{172,3,4} 1e{1,2,3,4)
46{1:3 4} L 2¢€{2,3,4) ///46{1 3,4 N3 € {2,3,4}
1€ {1,2,4} , 2¢{1,2,41¢
4e{1,4}¢ e {1L1&
{ }Q\ 26{24}46{34} {1,4} (3.4)
{4} {4}
2€{1,2,3,4}
ae{ifs 4 3e{2,3,4)
1e{1,2,4} .
i1e{l,4}e

(1, 2, 1, 4) where {t,4} is not in direction 4

2 € {2/4}2 3.4

{4}
Figure 7.14: Diagram 1 for Example 7.2.16 on page 100. The five settled forests with signature

for some ¢ € [3].
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3€{1,2,3,4}

1e{113,4} ~.2€{2,34}
2€{1,2,4} 4 ,

1e{1,4}& #le EN), N

! ,
[

)
{4}

2e{1,2,3,4}

{4}

1€{1,2,3,4}

2 € {2,3,4}

3e{1;3,4)
2€{1,2,4}¢ 3

4€{1,4} ele 248 (3.4

N
N
N
N

{4}

2€{1,2,3,4}

1e{ys 4y - 3e42,3,4)
2 e {1,2,4)

de{l4}& \‘46{2,4}46{3 3

|
.
[—

¢
{4}

Figure 7.15: Diagram 2 for Example 7.2.16 on page 100. The four settled forests with signature
(1, 2, 1, 4) where {t,4} is in direction 4 for all ¢ € [3].
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2 € {1,2,3,4} 2€1{1,2,3,4}

4 e{2,3,4}
2€{1,2,4} .
4 e
R Gl
\ RN
le{l,4&«~ @4 ®
{4y 1‘46{21%}46{3,4}
(i) {4}
1€ {2,3,4} 2 € {2,3,4}
. ' X
\ V-move
@2¢e{2,4 : “ede {24
3€ {2,3) o2c {24} 3¢ {2,3) {24}
(iV) {2}

o
(v) {4}

Figure 7.16: Diagram 3 for Example 7.2.16 on page 100. (i) Shows Ty, with signature (1,
2, 1, 4) where direction 4 is chosen at {2,4}, {3,4} and {2,3,4}, direction 1 is chosen at
{1,4} direction 2 is chosen at {1,2,4} and {1,2,3,4} and direction 3 is chosen at {1,3,4}.
(ii) After applying the path move on the face {{1,2,4},{2,4},{4},{1,4}} direction 4 moves
to {1,4} direction 1 moves to {1,2,4} and direction 2 moves to {2,4}. (iii) Shows the face
{{2,3,4},{2,3},{2,4},{4}. (iv) After applying the V-move the labels 2 and 4 are swapped.
(v) Shows a settled tree with all the vertices of cardinality two in direction 4.
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Jjel ne¢

sequence of edge slides

ne\lite Yoc\ () jee\(ive. "o\ ()

\\\.// //
n €&\ i, j} n €&\ {i,j}

(a) (b)

Figure 7.17: Diagram for Case 1(a) for the proof of Lemma 7.2.19 on page 102. (a) A two
dimensional face of @, with different labels j and n by 7. (b) The same face with the labels
at the vertices £ and ¢ \ {i} swapped.

1€€ ne
° o
sequence of edge slides
nee\ (i} e enee\{j} neg\{ite pic\ {5}
n €&\ {i,j} ne&\{i,j}

(a) (b)

Figure 7.18: Diagram for Case 1(b(I(i))) for the proof of Lemma 7.2.19 on page 102. (a) A two
dimensional face of @), with different labels i and n by T'. (b) The same face with the labels at
the vertices £ and £ \ {j} swapped.
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sequence of edge slides -

nee\{ije ekee\{j} ned\ (i} o ence\{j}
‘e .
neé\ {ij} kee\ {i,j}
(a) § (b)
&
[oF
S
s
=
Z
=
m\
neé
//‘\\
neé“\{i}./\// mice\{j)
keg\ {i,j}

(c)
Figure 7.19: Diagram for Case 1(b(I(ii))) for the proof of Lemma 7.2.19 on page 102. (a) A
two dimensional face of @,, with different labels 7, & and n of T. (b) The face with the labels

at the vertices £\ {j} and &\ {7, j} swapped. (c) The face with the labels at the vertices £ and
£\ {j} swapped.
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?\GfoU{i}:g

:.\kl € & Ui}

ne€&=¢\{i}@ .1{32 e LU}
ne \g\fti/ .k‘s € & U {i}
ne §2D
; @k € Luy Ui}
C enc&U{ih={in}
ne Ea,lb
nely= {ﬁ}\c/

Figure 7.20: Diagram 1 for Case 1(b(II)) for the proof of Lemma 7.2.19 on page 102. The paths
Prni (&) = (o, &) and o3(Prn+ (§)) = (§o U {i}, ..., & U {i}) in FT with their vertex
labels.
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i€ &1 U{i} i €& U i}
.\ N

sequence of edge slides

ne& o @k € Ui} ne& o encg Ui}

sequence of path moves

'

n €& U {i}
.
nE& @ ‘®i €&, U{i}

ky € &,

(c)

Figure 7.21: Diagram 2 for Case 1(b(II)) for the proof of Lemma 7.2.19 on page 102. (a) A
two dimensional face of @),, with different labels i, k and n of 7. (b) The same face with the
labels at the vertices £, U {i} and &, swapped. (c¢) The same face with the labels at the vertices
En—1 U {i} and &, U {i} swapped.
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1€ §h71 U {Z} n e ghfl U {’L}
o .

sequence of edge slides

ne€ & R .n € & Ui} n € & ./\/ ;i< Ui}

@
n €&, neé,

(a) (b)

Figure 7.22: Diagram 3 for Case 1(b(II)) for the proof of Lemma 7.2.19 on page 102. (a) A two
dimensional face of @, labelled i and n by T". (b) The same face with the labels at the vertices
En—1 U {i} and &, U {i} swapped.

\iéfou{i}:f

‘ol €& U{i)

ko€ E\{i} =&

“als € &U{i
kl c gl ///, ///‘\\3 53 { }

\\.‘€2 € £2 U {Z}

\/\,TL € gﬁ U {Z}

&s :

Figure 7.23: Diagram 1 for Case 2 for the proof of Lemma 7.2.19 on page 102. The paths

Pr(e\{i}) = (&, ..., a—1) and o;(Pr(E\ {i})) = (& U {i}, ..., {a—1 U {i}) in FT as labelled
by T.
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ki e & Ui}

path move

-~ /\,.g./ﬂ € Ui} b€ @ i€ & Ui}

kf+1 € €‘f+1 kf+1 € §f+1

—

(2) b)

Figure 7.24: Diagram 2 for Case 2 for the proof of Lemma 7.2.19 on page 102. (a) Direction i is
chosen at £y U{i}, directions ky, ks+1 and €44, are chosen at &7, {541 and 41 U{i} respectively.
(b) After the path move direction ¢y, moves to &, direction ky moves to &y U{i} and direction
i moves to &4 U {i}.

ie§Uiit=¢

el €& Ui}
ko € E\{i} =& -

ks_o € 50 U {i}
ksq € €51 U {i}

i €& Ui}

ly1 €8

ls_y € 5/3—2.\\
ne gﬂfl‘\
&s

Figure 7.25: Diagram 3 for Case 2 for the proof of Lemma 7.2.19 on page 102. The paths
Pr2(E\ {i}) and o;(Pr2(£\ {i})) as labelled by T2
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ie§U{it=¢

k€& Ui
ko€ E\{i} =& -

ko € &2 U {i}
kg1 € &g U {i}

i€ & Uit

nEff N

by o € 5;37\2\(::
TN
3
Figure 7.26: Diagram 4 for Case 2 for the proof of Lemma 7.2.19 on page 102. The paths
Pra(E\ {i}) and o;(Pra(€\ {i})) as labelled by T%.

ie&Uiit=¢
e €& Ui}
ko € E\{i} =& SN
\\/\9 kg € §52 U {i}
W Fis-1 € §5-1 U {i}

i€ Ui}

lsr € 529
lg1 € 5&—1‘\\
ks € &

Figure 7.27: Diagram 5 for Case 2 for the proof of Lemma 7.2.19 on page 102. The paths
Prs(E\ {i}) and o;(Pps (€ \ {i})) as labelled by T°.
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We give the proof in detail below for the signature (3, 4, 4, 4). The proofs for the other
signatures are similar, and are detailed in the respective Figure 7.28 to 7.33 on pages 123 to 128.

Since the edge slide graph of signature (2, 2, 3) is connected, we can move from any tree
with signature (2, 2, 3) to any other using edge slides. So it suffices to show we can move
from any settled forest where {t,4} is in direction 4 for all ¢t € [3] to any other using either
the path move or the V-move. In this case we do not need to use Corollary 7.2.6. Using the
notation of Section 2.2.5.2, let T7 = 22134443213, T5 = 12324443213, T3 = 21324443213 and
Ty = 32124443213, which all have the tree 3213 shown in Figure 4.8(i) in F,~.

For the tree Ti, the forest (7T7)44 is shown in Figure 7.33(i). Applying the path move on
the face {{1,2,3,4},{1,3,4},{3,4},{2,3,4}} the label 3 moves to {1,3,4}, the label 1 moves
to {1,2,3,4} and the label 2 moves to {2,3,4} and therefore T} is transformed into T5. Fig-
ure 7.33(ii) shows (7). Applying the V-move on the face {{1,2,3,4},{1,3,4},{1,4},{1,2,4}}
the label 1 moves to {1, 4}, the label 4 moves to {1, 2,4} and the label 2 moves to {1, 2, 3,4} and
therefore T is transformed into the tree 7" = 24321443213. Figure 7.33(iii) shows (7")44. Note
that 7" is an unsettled tree. Applying the V-move on the face {{1,2,4},{1,2},{1},{1,4}},
the labels 1 and 4 are swapped and therefore 7" is transformed into the settled tree T3. Fig-
ure 7.33(iv) shows (7%)4. Applying the path move on the face {{1,2,3,4},{1,3,4},{1,4},
{1,2,4}}, the label 1 moves to {1, 3,4}, the label 3 moves to {1,2,3,4} and the label 2 moves
to {1,2,4} and therefore T3 is transformed into 7). Figure 7.33(v) shows (7})4-

By the definition of the edge slide graph of signature (3, 4, 4, 4) there is a sequence of edge
slides from (7}) 4y to (1) for i = 1,2,3. Therefore Ty, Ty, T3 and Ty are in the same connected
component of £(3,4,4,4). Hence the result for (3, 4, 4, 4) follows, by our discussion above. []

7.3.2 Unidirectional splitting signatures

The following lemma shows that the set of upright spanning trees of (),, with an irreducible
signature and a fixed connected unidirectional splitting signature in '~ forms a block.

Theorem 7.3.2. Let n > 4, and let T = (aq,...,a,) be an irreducible signature of Q,, with
a, > a; for allt € [n—1]. Let D = (di,...,dn_1) be a connected unidirectional splitting
signature of T with respect to n. Let B be the set of upright spanning trees of Q,, with signature
7T and signature D in F'~. Then B forms a block.

Proof. Given trees T and T" belonging to B, we show that there are sequences of edge slides
transforming (T, 7”) into (T, 7") such that 7' = T". Note that since D is a connected signature,
we can always move from 7, to T)_ using edge sides, so it suffices to show that we can
rearrange the labels of 7" and 7" in F'* to bring them into agreement. We first settle the trees
using Lemma 7.2.13, and then proceed to rearrange the labels in F'* level by level, starting
at the top and working towards the bottom. At each stage we ensure all labels at the current
level are in agreement before proceeding to the next.

If T4 # T, ., then let o be the highest level where 7)., and 7, disagree. Then T and 7"
have all edges of level a+ 1 and above in common in F, for some 1 < o < n. In other words,
we have (V) = ¢ (V) for all V in F* such that |V]| > a4+ 1 for some 1 < o < n. Since
T is an irreducible signature, we must have a, < 2" ! — 1. Let ¢ be the direction other than n
occurring in F"*. Since the only labels occurring in F'* are i and n and since T and 7" are
settled, we must have ¢ ([n]) = 17 ([n]) = i. Therefore « < n — 1.
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Let n be a vertex of F'* of level o where T" and 7" disagree (have different labels). Since
the only labels that occur upstairs are ¢ and n, we may suppose without loss of generality that
Yr(n) = n and Py (n) = i. Since T and 7" are upright spanning trees of @), with signature Z
such that both trees have the connected unidirectional splitting signature D in F'~, both trees
have the same number of i-edges in F"*. Therefore there must exist an i-edge of T, of level
o', where 2 < o < «a because all edges of T, and T, of level a + 1 and above agree. Note
that o/ > 2 because ¥ ({n}) = v ({n}) =n.

Let & be a lowest vertex of F' with ¢p(§) = i. If [{] = a, then level « is the lowest
level that has label ¢ in 7" and therefore all the vertices of levels lower than level a must be in
direction n, because T is settled. In this case choose £ to be a vertex where the trees disagree
(have different labels), so that ¥r(£) = i and 17+ (§) = n. Note that such a vertex exists because
both trees have the same number of i-edges in F" at level o and below, and level « is the
lowest level of T" with an i-edge. So there must be a vertex of level a other than n where the
trees disagree. Otherwise |£| < « and then we can freely choose £ to be any lowest vertex of
Ft with 1p(€) = 4, because we are rearranging the labels from the top to the bottom.

Let Prn+(§,4) = (8o, - - -,8a;) be the i-retaining max removing path from § = £ to §or =
{i,n}. Since T is settled, all the labels of T in F" are in directions i and n, and since &
is a lowest vertex of Ft with ¢r(¢) = i, we have ¢¥r(,) = n for all a = 1,...,0}. Let
Prn+(n,7) = (10, - - -, Ma—1) be the i-retaining max removing path from 1 = 1y to 17,1 = {7, n}.
Since T is a settled tree and ¢ (n) = n, we have ¢r(n,) = n for all a = 0,...,a — 1. Then
all the conditions in Corollary 7.2.6 are satisfied at the vertices £ and 7 and therefore T can
be transformed into T with 7(n) = i, ¥7(§) = n and Yp(V) = (V) for all V # n, €.
Then #(V) = ¢p/(V) whenever |V| > a+ 1; |V| = a and ¢r(V) = ¢p(V); for V = n; and
additionally at V = ¢ if |¢| = a. Thus T and 7" have at least one more edge in common at
level o and above.

We claim that T is settled. Since (V) = (V) for all V in F* apart from 7(€) = n
and ¥7(n) = i, we need only check that ¢ and all vertices immediately above n in Ft are
settled. Since ¢ was a lowest vertex of T with an i-edge, all vertices immediately below &
in 7 must be in direction n. Therefore ¢ is a settled vertex of T. Since T is settled with
() = i, we must have ¢ (n U {k}) = ¢ for all & ¢ n. But then |n U {k}| = o+ 1 so
V(U {k}) = Yr(nuU {k}) = ¥ (nU {k}) =i, and all such vertices are settled. Therefore T
is settled.

Let T" = T". Then (T,T") is transformed into (7',7") with at least one more edge at level o
in common in F7. If T = T’, then the transformation is completed. Otherwise, repeating this
process we eventually reach a pair of trees such that all the vertices of level o and above are
in agreement. We then proceed to rearrange the labels of level @ — 1 using the same process.
At each level we ensure all labels at that level are in agreement before proceeding to the next,
and eventually we reach a pair (T,7") where T = T".

Thus, by the definition of the edge slide graph £(Z), there are sequences of edge slides
transforming (7',7") into (T T ), and hence a sequence of edge slides transforming 7" into 7".
Therefore T"and T" are in the same connected component of £(Z). Since T" and 7" are arbitrary,
we conclude B forms a block. O

7.3.3 Super rich splitting signatures

In this section we conjecture under the inductive hypothesis that upright spanning trees with
an irreducible signature and a fixed super rich splitting signature form a block. We present
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partial progress towards a proof of this.

Conjecture 7.3.3. Let n > 5, and suppose that every irreducible signature of (Q,,_1 is con-
nected. Let T = (aq,...,a,) be an irreducible signature of Q,, with a, > a; for allt € [n — 1].
Let D = (dy,...,d,_1) be a super rich splitting signature of T with respect to n. Let BB be the
set of upright spanning trees of Q,, with signature L and signature D in F'~. Then B forms a
block.

Strategy 7.3.4. Given T,7" € B, we aim to show that there are sequences of edge slides
transforming (T, T") into (T, T") such that T' = T". Note that since D is a connected signature,
we can always move from 7, to T)_ using edge sides, so it suffices to show that we can
rearrange the labels of 7" and 7" in 't to bring them into agreement. We first settle the trees,
and moreover we may assume that ¥r({t,n}) = ¥ ({t,n}) = n for all ¢ using Lemma 7.2.13
and Lemma 7.2.18. Then we proceed to rearrange the labels in " level by level, starting at
the top and working towards the bottom.

Let a be the highest level where 7" and 7" disagree. Then 3 < a < n and (V) = ¢ (V)
for all V' in F* such that |V| > a. Let X C [n — 1] be such that Y = X U {n} is a vertex
of level « that has different labels in T and 7’. Without loss of generality we may assume
that 7 (Y) = j and ¢ (Y) = @ where i # n. Since 7" and 7" are upright spanning trees of
@, with signature Z, where they have all edges of level a + 1 and above in common in F*
and signature D in F'~, there must exist an i-edge of T, of level o/, where 3 < o/ < a. Let
X' C [n—1]\{i} be such that Y" = X’ U{i,n} is a vertex of F'* with ¢7(Y') =i and |Y']| = «/,
where 3 < o/ < a.

Suppose that there is no such vertex Y’ where Y/ C Y. Let X” C [n — 1]\ {i¢} be such that
Y” = X" U{i,n} is a lowest vertex of F'* with ¢p(Y"”) = 4. If |[Y”| = o then we additionally
require that 17/ (Y"”) # i. Note that such a vertex exists because T" and 7" have the same num-
ber of i-edges in F'* at level o and below, and 7" has an ¢ at Y where 7" does not. Otherwise
|Y”| < o, and then we can freely choose Y to be any lowest vertex of F't with ¢p(Y"”) = i.
By applying Lemma 7.2.1 (if necessary) we may assume ¢p(Y" \ {i}) = n.

The following lemma shows that 7" can be transformed into a tree where the i-edge is chosen
at a vertex that is a subset of Y.

Lemma 7.3.5. Let T, Y andY" be as above. LetYy =Y", = |Y"|—1 and let P = (Yp,...,Ys)
be a descending path in F'* from Yo =Y" to Yz = {i,n}. Let ko = p(Ys) fora =0,...,0.
Then for 1 < a < (8 there is a sequence of edge slides transforming T into the tree T,, where
for 0 < a < B we define

i when V =Y,;
Ur,(V) = ks, when V=Y, for 0 < b <a;
Yr(V), otherwise.

Note that tree T, might be unsettled, but if this is the case the only unsettled vertices are
immediately above the vertex Y.

Proof. Observe that Ty, = T. Note that k, # ¢ for all a = 1,..., 3, because we assumed Y”
is a lowest vertex of F'* such that ¢¥p(Y”) = i. Since ¢r({t,n}) = n for all t € [n — 1], we
have kg =n. Let P' = (Yy \ {¢},.... Y5\ {i}) be the descending path from Y; \ {i} = Y" \ {i}
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to Yz \ {i} = {n}. Since T is settled and p(Y" \ {i}) = n, we have (Y, \ {i}) = n for all
a=0,...,0.

Suppose first that k, # n. Then applying Corollary 7.2.10, T, can be transformed into
Toy1. If T, is settled, then T, is settled too because T, is obtained by swapping ¥, (Y,)
and 17, (Y,11) where none of these labels is equal to n.

Suppose now that k, = n. Let ¢ be the least index such that k;, = n. Then ¢¥7(Y,) =n
for t < a < 8. Then applying Lemma 7.2.7, T, can be transformed into 7;,,;. Note that T},
is unsettled, but the only unsettled vertices are immediately above the vertex Y, ;.

In all cases T, can be transformed into 7}, so by induction 7" = T can be transformed
into T, for 1 < a < f. O]

Next, we show that we can increase the number of common edges of the two settled trees
T and T" at level a and above by one. We address the case j = n and j # n separately. When
j # n, we assume without loss of generality that j < i. The idea in this case is to transform T
into T" where 7(Y) =i and 7p(V) = (V) for all other V such that |[V| > «, and moreover
T,,_ has signature D’ where

di=d —1, d/=dj+1, and d,=d,

for all t # 7,5. So ¥#(Y) = ¥ (Y) = i and the signature in F»~ is changed from D into D'.
Then we show that there exists a sequence of edge slides that transforms 7" into T such that
Vp(Y) = ¢ (Y) =i and T.._ has signature D, while preserving any agreement between labels
at levels a and above. So we are able to return the signature in 7'~ to D.

Lemma 7.3.6. Let T, T' and Y be as described above in Strategy 7.3.4. Suppose thati > j such
that i,j # n. There exists a sequence of edge slides that transforms T into T where Yp(Y) = 1,
Yip(V) = p(V) for all V such that |V| > «, and y3(V) = ¢p(V) whenever |V| = « and
Y (V) = (V). Moreover, T,,_ has a rich signature D' where

d=d—1, dy=dj+1, and d =d,

for allt # i,j. Then there exists a sequence of edge slides that transform T into T such that
V(YY) =1 and (V) = p(V) for all V' such that |V| > «, and Y3(V) = (V') whenever
V| =a and 7 (V) = 7 (V). Moreover T,,_ has signature D.

Note that this lemma does not guarantee the resulting tree T is settled. We can apply
Lemma 7.2.13 to settle the tree, but doing so risks moving labels already positioned in bringing
the trees into agreement. When an n is moved down this may cause vertices immediately above
it to become unsettled, with the result that ns at higher levels may have to move down too.
This could lead to a cascading effect affecting the ns at levels a and above, decreasing the
number of labels in agreement at these levels.

Proof. We first show that we can replace label j at Y with an ¢ through a change of splitting
signature to D’. As the first step towards this, we need the vertex Y \ {j} to be in direction n.
If this is not already the case let £ = (Y '\ {j}). If (Y \ {j,¢})) = n, then applying Case 1
of Lemma 7.2.19 T' can be transformed into 7} with ¢, (Y \ {j}) = n and all other labels of T}
apart from the labels of 71 N (Qy\ ;3 N F") the same as the labels of T If ¥ (Y '\ {4, ¢}) # n,
then applying Case 2 of Lemma 7.2.19 T" can be transformed into 7} with ¢p, (Y \{j}) = n and
all other labels of T} apart from the labels of 77 N (Qy\ g3 N F't) the same as the labels of T.
So after a series of zero or more edge slides we reach a tree 77 where Y\ {j} is in direction n.
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Since D is an irreducible signature, by Lemma 3.2.7 there exists an upright spanning tree
(T3),— of Q,—1 with signature D where 1, (Y \{n}) = i. Since the edge slide graph of signature
D is connected by the inductive hypothesis, we can move from (7}),,— to (73),_ using edge slides.
Then T; is transformed into 75 with ¢z, (Y \ {n}) =i and all the labels of (73),+ the same as
the labels of (77),.

Applying the path move the i-edge at Y \ {n} moves to Y \ {j}, the n-edge at Y \ {j}
moves to Y and the j-edge at Y moves to Y \ {i}. Therefore T; is transformed into T3 with
U, (V) =n, v, (Y \{n}) = j, v, (Y \{j}) = i and all other labels of T3 the same as the labels
of Ty. Then (73),_ has signature D" where

d=d—1, d;=dj+1 and d =d

for all ¢ # 4, j. Since 7 > j, we have

gD otherwise.

o {(55) +1, when j <pu<i;
& =
,u7

Therefore D’ is an irreducible signature, and is still rich.

Let Ty be the tree obtained by swapping 17, (Y) and ¢z, (Y \ {j}); in other words, the tree
with 7, (V) = 4, 7, (Y \ {j}) = n and all other labels of T) the same as the labels of Tj.
Since D’ is rich, we can apply Lemma 7.2.7 to transform 7} to T3. Therefore applying those
edge slides in reverse T3 can be transformed into 7;. Observe that all labels of (7),, are
the same as the labels of (T}),, apart from 7, (Y) = i. Therefore we may apply the label
swaps in Qy\ gy N F* transforming T, into (7}),, in reverse to reach a settled tree T such
that (V) = i, ¥p({t,n}) = n for all t € [n — 1], and T,,_ has signature D’. Therefore T
is transformed into T where (V) = i, ¥p(V) = (V) for all Y # V € F*F and T,,_ has
signature D’.

We now show there exists a sequence of edge slides that transforms 7" back into a tree with
splitting signature D, while preserving ¥7(Y) = i, and any agreement between labels at levels
a and above.

Let X C [n—1]\ {i} be such that Y = X U{i,n} is a lowest vertex of F with ¢7(Y) = i.
If |Y| = a then we additionally require that )7 (Y) # i. Note that such a vertex exists because
T, has more i-edges at level @ and below than 7', . Otherwise |Y| < a, and then we can
freely choose Y to be any lowest vertex of Ft with gbf(f/) = 4. By applying Lemma 7.2.1 (if
necessary) we may assume h7(Y \ {i}) = n.

We distinguish the following cases according to whether or not j € V.

(a) Suppose that j € Y. Since D' is an irreducible signature, by Lemma 3.2.4 there exists an
upright spanning tree (75),_ of Q,_1 such that 5 (Y \ {n}) = j. Since the edge slide
graph of signature D’ is connected by the inductive hypothesis, we can move from 7T},
to (T5),_ using edge slides. Then T is transformed into Ty with ¢z (Y \ {n}) = j and all
the labels of (Ts),. the same as the labels of T}, .

Applying the path move the j-edge at Y \ {n} moves to Y \ {i}, the n-edge at Y \ {i}
moves to Y and the i-edge at Y moves to Y \ {n}. Therefore T} is transformed into Tg
with ¢, (Y) = n, ¥, (Y \ {n}) =i, ¥, (Y \ {i}) = j and all other labels of T5 the same
as the labels of T5. Then (Tg),_ has the rich splitting signature D.

Let T be the tree obtained by swapping Y, (Y) and 9, (Y \ {i}); in other words, the
tree with ¢4#(Y) = 7, ¥4#(Y \ {i}) = n and all other labels of 7" the same as the labels of
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Ts. Since D is rich, we can apply Lemma 7.2.7 to transform T to Ty. Therefore applying
those edge slides in reverse Ty can be transformed into T. The tree T is settled with
Y#({t,n}) =n for all t € [n — 1], because the net effect of the transformation is that no
n has moved.

Therefore T and T” have at least one more edge in common at level o and above than T’
and T".

(b) Suppose that j ¢ Y. Then Yr({4,4,n}) # i, because then we be in the case (a) above with
Y = {i,j,n}. Consider the tree T'N Qy; jny. Since ¥7({t,n}) = n for all ¢, we have both
{i,n} and {j,n} in direction n.

Since ¥7(Y) = i and ¥7(Y \ {i}) = n, applying Lemma 7.3.5 T can be transformed into
T with 7 ({i,n}) = i. Observe that this has no effect on {7, j,n}, since j # Y. Therefore

bp({i,j,n}) = ¢r({i, j,n}) and Yz({t,n}) = n for all £ # i.

Suppose that ¥+({7,7,n}) = j. Since D’ is rich and ¥#({j,n}) = n, applying Lemma 7.2.7
T can be transformed into Ts where 7, ({i, j,n}) = n, n. ({j,n}) = j and all other labels
of Ty are the same as the labels of T.

So perhaps after some edge slides we may assume ¢7({i,j,n}) = n. Since D' is an
irreducible signature, by Lemma 3.2.4 there exists an upright spanning tree (7%),_ of
Qn-1 such that ¢, ({4,7}) = j. Since D’ is connected by the inductive hypothesis, we
can move from (T),_ to (Ts)n— using edge slides. Then 7" is transformed into T; with
Ur,({i,7}) = j and all the labels of (T4),. the same as the labels of (1),

Applying the path move the i-edge at {i,n} moves to {i,j}, the j-edge at {7, j} moves
to {i,7,n} and the n-edge at {i,7,n} moves to {i,n}. Therefore Tg is transformed into
Tr with ¥, ({i,7,n}) = 4, ¥r,({i,7}) = i, ¥ ({i,n}) = n and all other labels of T, the
same as the labels of Ty. Therefore (7%),_ has the rich splitting signature D.

Case (a) results in a settled tree, but Case (b) does not necessarily result in a settled tree.
As discussed after the statement of the lemma, applying Lemma 7.2.13 to settle the tree might
disrupt the labels already positioned in bringing the trees into agreement. In other words, this
method for bringing the trees into agreement may fail because when an n is moved down any ns
immediately above this may also have to move down. So we can get a cascading effect affecting
the ns at levels a + 1 and above. We also need {t,n} to be in direction n for all ¢ at each step
of the transformation, and these labels may sometimes move during the transformation above.
Applying Lemma 7.2.15 to restore this may also involve a step to settle the tree. At present, in
some cases, we are unable to get to a settled tree without affecting the progress already made
in bringing the trees into agreement. O]

The next lemma handles the case where j = n. We show that when ¢r(Y) = n and
Y (Y) =4, T can be transformed into 7" with 14(Y') = 4, while preserving any labels already
in agreement at levels a and above. So T and T’ have at least one more edge in common at
level o and above than 7" and T".

Lemma 7.3.7. Let T, T', Y and Y" be as described in Strategy 7.3.4. Suppose that r(Y) =n
and Y (Y) = i. Then there exists an sequence of edge slides that transforms T into T where
V(YY) =i, (V) = (V) for all V' such that |V| > a and and (V) = ¢r(V') whenever
V| =a and Yp/(V') = (V). Therefore T and T' have at least one more edge in common at
level oo and above than T and T'.
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As with Lemma 7.3.6 this lemma does not guarantee the resulting tree T is settled, and
applying Lemma 7.2.13 to settle it may also result in a cascading effect affecting the ns at levels
a and above.

Proof. By Lemma 7.3.5 T is transformed into T such that ¢7(Y) = i, where Y C Y and the
only unsettled vertices are immediately above Y. Let P = (Yp,...,Ys) be a descending path
from Y5 = Y to Y3 = Y. Then ¢#(Y,) = n for a = 0,...,3 — 1, because T is settled with
Yr(Y) = n, and the labels of Y, have not been changed for a = 0,...,5 — 1. Since D is
rich, applying Corollary 7.2.9 at vertices ¥ and Y the tree T can be transformed into 7" with
Ua(Y) =i, ¥7(Y) = n and all other labels of 7' the same as the labels of T

We now check that 7" is settled. Since T' was obtained from T by swapping only the labels
of Y and Y and since the only unsettled vertices of T were above Y, we only need to check
that the vertices above Y and Y are settled . Since 7" is settled with wT/( ) = i, we must have
Y (Y ULk}) #nforall k ¢ Y. But [Y U{k} = a+1,s0 (Y U{k}) = ¥p(Y U{k}) =
Y (Y U{k}) # n, and all such vertices are settled. Smce only the vertices of 7" immediately
above Y were unsettled and ¢T( ) = n, all vertices of T immediately above Y are settled.
Therefore 7' is settled. O

7.4 Summary map

In Chapter 5 we showed that each irreducible signature has an amenable splitting signature
using signature moves, and in this chapter we showed that upright spanning trees of (),, with
an irreducible signature and a fixed connected unidirectional splitting signature or the (2, 2,
3) splitting signature of Q4 form a block. We conjecture under the inductive hypothesis that
this is also true for a super rich splitting signature, and present partial progress towards the
conjecture. In Chapter 8 we show under the inductive hypothesis that an upright spanning
tree of (), with an irreducible signature that has an irreducible splitting signature can be
transformed into a tree with any other irreducible splitting signature. This result allows us to
reduce the problem of determining the connectivity of the edge slide graph of an irreducible
signature to the problem considered here of showing that the trees with an irreducible signature
and a fixed irreducible splitting signature form a block.
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Figure 7.28: Diagram 1 for the proof of Theorem 7.3.1 on page 105 for signature (2, 3, 4, 6).
The four settled forests in F; ' with signature (0, 1, 1, 6) such that {t,4} is in direction 4
for all t. The direction chosen at each vertex is coloured in red. (i) Shows the settled forest
3442444. (ii) After applying Corollary 7.2.6 on the vertices {1,2,4} and {2, 3,4}, the labels 2
and 4 at these vertices are swapped and therefore we get the settled forest 3244444. (iii) After
applying the path move on the face {{1,2,3,4},{1,3,4},{1,4},{1,2,4}} the label 4 moves to
{1,2,4}, the label 2 moves to {1,2,3,4} and the label 3 moves to {1,3,4}, and therefore we
get the settled forest 2434444. (iv) After applying Corollary 7.2.6 on the vertices {1, 3,4} and
{2,3,4}, the labels 3 and 4 at these vertices are swapped and therefore we get the settled forest
3244444. As can be seen there exists a sequence of edge slides from every settled forest to the
settled forest 2443444 in (iv).
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{1,2,3,4} {1,2,3,4}

{1,2,4} €

applying the path move

“elon e Om {{1,2,3,4},4{1,3,4}, e
i /// {3’4} {{174}7{17274}} BN
2433444 . papa
(iv) (4} (i) 0

Figure 7.29: Diagram 2 for the proof of Theorem 7.3.1 on page 105 for signature (2, 3, 5, 5).The
four settled forests in Fj" with signature (0, 1, 2, 5) such that {t,4} is in direction 4 for all
t. The direction chosen at each vertex is coloured in red. (i) Shows the settled forest 3234444.
(ii) After applying Corollary 7.2.6 on the vertices {1,2,4} and {2, 3,4}, the labels 2 and 4 at
these vertices are swapped and therefore we get the settled forest 3234444. (iii) After applying
Corollary 7.2.6 on the vertices {1,3,4} and {2,3,4}, the labels 3 and 4 at these vertices are
swapped and therefore we get the settled forest 3243444. (iv) After applying the path move on
the face {{1,2,3,4},{1,3,4},{1,4},{1,2,4}} the label 4 moves to {1,2,4}, the label 2 moves
to {1,2,3,4} and the label 3 moves to {1, 3,4}, and therefore we get the settled forest 2433444.
Therefore we can move from any settled forest to the forest 2433444 in (iv).
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{1,2,3,4}

- 2,3,1
i § {1.2,4}¢’ }
applying Corollary 7.2.6

\ on the vertices {1, 3,4}
{14} & ‘ and {2,3,4} {1,4}& ;
9943444 ‘ 9934444 .
(1) {4} (i) {4}
Q|
o[ =
M~y
]
S|
IR
ol Q
o
2123
SRR
ol =
<l O
{1,2,3,4}
/.\\
{2 3,4} {2,3,4}
{1,2,4} (1,2,4}8 {L.3,4}
) applying the path move \ %
AL gy 1,2,3,45,{1,3,4}, (1 e
{1,4} ) on {{1, {1,4} {24} |
2 By 42,40 24 By
3242444 A
(iv) {Z} (i) !

Figure 7.30: Diagram 3 for the proof of Theorem 7.3.1 on page 105 for signature (2, 4, 4, 5).
The four settled forests in F; 1 with signature (0, 2, 1, 5) such that {¢,4} is in direction 4 for all
t. The direction chosen at each vertex is coloured in red. (i) Shows the settled forest 2243444.
(ii) After applying Corollary 7.2.6 on the vertices {1,3,4} and {2, 3,4}, the labels 3 and 4 at
these vertices are swapped and therefore we get the settled forest 2234444. (iii) After applying
Corollary 7.2.6 on the vertices {1,2,4} and {2,3,4}, the labels 2 and 4 at these vertices are
swapped and therefore we get the settled forest 2432444. (iv) After applying the path move on
the face {{1,2,3,4},{1,3,4},{1,4},{1,2,4}} the label 4 moves to {1, 3,4}, the label 3 moves
to {1,2,3,4} and the label 2 moves to {1,2,4}, and therefore we get the settled forest 3242444.
Therefore we can move from any settled forest to the forest 3242444 in (iv).
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{1,2,3,4}

///,/ ! / {273’4} ////

{24y olL34) e applying Corollary 7.26 {1246
o S on the vertices {1,2,4} N

) - and {2,3,4} |

{1,4}e e{2,4) @

‘ (1,4}e"
//{374} \\

.
,
,
.

1244444 ‘ 1442444 7

(i) {4} (i) {4}

applying the path move
on the face {{1,2,3,4},
{1,3,4},{3,4},{2.3,4}}

{1,2,3,4} {1,2,3,4}

(21}e
applying Corollary 7.2.6 )

. on the vertices {1,2,4} L
| {247 //?3,4} and {17374} {1’4}‘\\
2144444 L oa1aaas
1 . e
(IV) {4} (111) {4}

Figure 7.31: Diagram 4 for the proof of Theorem 7.3.1 on page 105 for signature (3, 3, 3, 6).
The four settled forests in F;* with signature (1, 1, 0, 6) such that {t,4} is in direction 4
for all t. The direction chosen at each vertex is coloured in red. (i) Shows the settled forest
1244444. (ii) After applying Corollary 7.2.6 on the vertices {1,2,4} and {2,3,4}, the labels 2
and 4 at these vertices are swapped and therefore we get the settled forest 1442444. (iii) After
applying the path move on the face {{1,2,3,4},{1,3,4},{3,4},{2,3,4}} the label 4 moves to
{2,3,4}, the label 2 moves to {1,2,3,4} and the label 1 moves to {1,3,4}, and therefore we
get the settled forest 2414444. (iv) After applying Corollary 7.2.6 on the vertices {1,2,4} and
{1,3,4}, the labels 1 and 4 at these vertices are swapped and therefore we get the settled forest
2144444. Therefore we can move from any settled forest to the forest 2414444 in (iii).
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{1,2,3,4} {1,2,3,4} {1,2,3,4}

R \/\,“{374}

1234444 1243444 |
(i) {Z} 2 (i) {g}
:
{1,2,3,4}

{1,2,130
Liye Le eis.
{ }Q\\\ { }Q\\\ ;.{2’4} R
413444 142444 3412444 ¢
(iv) {4} (v) {4} (vi) {4}
A
v

{1,2,4}&

{Li}e
214344 L7 2134444 g 204444 L
(vii) {4 (vil) {1} (ix) {1}

Figure 7.32: Diagram 5 for the proof of Theorem 7.3.1 on page 105 for signature (3, 3, 4, 5).
The nine settled forests in F;* with signature (1, 1, 1, 5) such that {¢,4} is in direction 4 for
all . The direction chosen at each vertex is coloured in red. Dotted green arrows represent
applying Corollary 7.2.6 at the vertices coloured in green. Dashed orange arrows represent
applying the path move on the face with the orange edges. As can be seen all settled forests in
Fit with signature (1, 1, 1, 5) are connected to the settled forest 1432444 in (i).
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{1,2,3,4} {1.2.3.4)

// {27 ‘))7 4}
{172~4} /\
- applying the path move
on {{1,2,3,4},{1,3,4},
{1,4} :{2,4} R {3,4},{2,3,4}}
2213444\\\1.// 1232444 ‘
(i) 4 () 4

{1,2,3,4} {1,2,3,4}

2213444

W

2132444 ‘.
(iv) {4}

{1,2,1}¢
{1,4}

3212444

(v) {Z}
Figure 7.33: Diagram 6 for the proof of Theorem 7.3.1 on page 105 for signature (3, 4, 4, 4).
The four settled forests in F;* with signature (1, 2, 1, 4) such that {t,4} is in direction 4
for all ¢. The direction chosen at each vertex is coloured in red. (i) Shows the settled forest
2213444. (ii) After applying the path move on the face {{1,2,3,4},{1,3,4},{3,4},{2,3,4}}
the label 3 moves to {1, 3,4}, the label 1 moves to {1,2, 3,4} and the label 2 moves to {2, 3,4},
and therefore we get the settled forest 1232444. (iii) » After applying the V-move on the face
{{1,2,3,4},{1,3,4},{1,4},{1,2,4}} the label 1 moves to {1,4}, the label 4 moves to {1,2,4}
and the label 2 moves to {1,2, 3,4}, and therefore we get the settled forest 2213444. (iv) After
applying the V-move on the face {{1,2,4},{1,2}, {1}, {1,4}} the labels 1 and 4 are swapped
and therefore get the settled forest 2132444. (v) After applying the path move on the face F,*
the label 1 moves to {1,3,4}, the label 3 moves to {1,2,3,4} and the label 2 moves to {1,2,4}
and therefore we get the settled forest 3212444.



Chapter 8

Irreducible signatures of (),,: transforming
irreducible splitting signatures

8.1 Introduction

Let Z = (ay,...,a,) be an irreducible signature of @),,. The main goal of this chapter is to
show that under the inductive hypothesis that the edge slide graph of an irreducible signature
of (),_1 is connected, an irreducible splitting signature of Z can be transformed into any other
such splitting signature by a sequence of edge slides. This result is used to show that we
can move from a tree with an irreducible splitting signature to a tree with a fixed amenable
splitting signature. This is an important step to understanding the connectivity of an irreducible
signature of @),,.

8.2 Preparatory lemmas

8.2.1 The main technical tool of this chapter

The following lemma is the main technical tool we use to transform a tree of @, with an
irreducible signature and an irreducible splitting signature in F'~ into a tree with any other
splitting signature in F'~. We prove this lemma under the inductive hypothesis that the edge
slide graph of an irreducible signature of (), _; is connected. This lemma is used to prove
Lemma 8.2.2 and Lemma 8.2.3.

Lemma 8.2.1. Suppose that every irreducible signature of (Q,_1 is connected and let T =
(ay,...,a,) be an irreducible signature of @, and let D = (di,...,d,_1) be an irreducible
splitting signature of I with respect to n. Let T be a settled tree of QQ,, with signature I such
that T,,— has signature D. Let i,j € [n — 1] where i # j and u; = a; — d; # 0. Then there is a
sequence of edge slides that transforms T into T such that T),_ has signature D= (dl, e ,czn,l),
where

A~

di=di+1, dj=d;—1, and dy=dp,
forallk #1,j.

Proof. Without loss of generality we may assume D is ordered; moreover, we may choose
the order so that d; < d;;;. Applying Lemma 7.2.15 (if necessary), we may assume that

129
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ie XU{i,n} neXuU{in}
L &

path move
-— >

neXu{n} i€ XU{i} @€ XU{n}

(a) (b)

Figure 8.1: Diagram of the proof of Lemma 8.2.1 on page 129. (a) Direction 7 is chosen at
X U {i,n}, direction n is chosen at X U {n} and direction j is chosen at X U {:}. (b) After
applying the path move, direction j moves to X U {n}, direction n moves to X U {i,n}, and
direction ¢ moves to X U {i}.

Yr({j,n}) =n. Let X C [n—1]\{i} be such that X U{i,n} is a lowest vertex of F* that has
an i-edge. After applying Lemma 7.2.1 (if necessary), we may assume that ¢7(X U {n}) = n.
We distinguish the following cases according to whether or not j € X.

1. Suppose that j € X. Since D is irreducible, by Lemma 3.2.4 there exists a tree 7} _
of Q,_1 with signature D such that (X U {i}) = j. Since the edge slide graph of
signature D is connected (by the inductive hypothesis), we can move from 7, to such a
tree using edge slides. Then 7" can be transformed into 7" with (X U {i}) = j. Since
the edge slides were only applied in F'~, we have T, = T,,,. So ¢p/(X U{i,n}) =i and
Y (X U{n}) =j.

As shown in Figure 8.1 on page 130, applying the path move direction j moves to X U{n},

direction n moves to X U{i,n}, and direction i moves to X U{:}. Then 7" is transformed
into 1" such that D = (dy,...,d,_1), where

CZZ:dZ+1, dAj:dj—l and dAk:dk,
for all k £ 7, j as required.

2. Suppose that 7 ¢ X. We distinguish the following cases according to whether or not
vr({i,n}) = i.

(a) Suppose that ¢p({i,n}) # i. Then ¢r({i,n}) = n. Let Prnr (X U{n}) = (&, --,&a)
be the max removing path in 7 from § = X U{n} to & = {n}. Since T is settled
and ¢r(X U{n}) = n, we have ¢r(&,) = n for all a. Consider o;(Prn+ (X U{n})) =
(& Ui}, ..., &n U {i}) and let £, = (¢, U {i}) for a =0,...,a. Since X U {i,n}
is a lowest vertex of F* that has an i-edge, we have ¢, # i for a = 1,...,a. We
distinguish the following cases according to whether or not ¢, = nforalla =1,...,a.

(I) Suppose that ¢, # n for some a = 1,...,a. We distinguish the following cases
according to whether or not i = max X U {i}.
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(i) Suppose that i # max X U{i}. Then choose m > ¢ such that m € X. Since
d; < d;11 and m > i, we have d; < d,,. After reordering the indices j such
that d; = d,,, (if necessary) we can assume that d,,_; < d,,. Since D is
irreducible, by Lemma 3.2.4 there exists a tree T) _ of (),,—; with signature
D such that ¢ (X U {i}) = m. Since the edge slide graph of signature
D is connected (by the inductive hypothesis), we can move from T, to
such a tree using edge slides. Then T can be transformed into 7" with
Y (X U{i}) = m. Since the edge slides were only applied in F'~, we have
T, =Ty
As shown in Figure 8.2 on page 137, applying the path move direction m
moves to X U {n}, direction n moves to X U {i,n}, and direction i moves
to X U {i}. Let T? be the resulting tree and let D’ = (d},...,d, ;) be its
signature in F,'~. Then

d=d+1, d,=dn—1 and dj=dp,

for k #£i,m. If m =i+1 and d,,, = d;;1 = d; +1 then D’ is the permutation
of D obtained by swapping the ith and (i + 1)th entries, and is therefore
irreducible. Otherwise, since d; < d;;, and d,,,_1 < d,,, we have

4 / ! ! U !
di <dipy <o <dpy Sy, <y <00 < dy .

So D’ is in increasing order, and

p ) (ED)+ 1, wheni < p<m;

T e otherwise.

So T is transformed into 7% with ¢p2(X U {i,n}) = n,¢¥r(X U {n}) =
m, r2(X U {i}) =i and all other labels of T2 the same as the labels of T".
Since T),, = T,+, we have all labels of T}, apart from t72(X U {¢,n}) and
2 (X U {n}) are the same as the labels of T, .

Let Pro+ (X U {n},m) = (&,...,&,_1) be the m-retaining max removing
path from & = X U {n} to &, _, = {m,n}. Since all labels of T? apart
from 72 (X U {i,n}) and r2(X U {n}) are the same as the labels of T},
and since T is settled with ¢7(X U {n}) = n, we have ¢r2(¢,) = n for all
a=1,...,a—1. All the conditions in Lemma 7.2.5 are satisfied at the vertex
X U{n}. Then T? can be transformed into T2 | with ¢p2 (£, ;) = m,
Urz (§,) =nfora=0,...,a—2, and all other labels of (T7_,), the same
as the labels of T2. Since all labels of 77, apart from ¢72(X U {i,n}) and
Yr2(X U {n}) are the same as the labels of T, we have all the labels of
(T2_))ny apart from ¢ge (X U {i,n}) and ¢p2 (£, = {m,n}) the same
as the labels of T}, .

Since D’ is irreducible, by Lemma 3.2.4 there exists an upright spanning tree
T3 of Q,_1 with signature D’ such that 17s({j,m}) = j. Since the edge
slide graph of signature D’ is connected, we can move from T, to such a tree
using edge slides. Then T?_; is transformed into T% with 7s({j, m}) = j.
Since the edge slides were only applied in F;'~, we have T2, = (T2_;),+. So

bra({m,n}) =m and Ypa({j,n}) = n.
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Let S be the signature of T°NQjmn}- Since ¥ps({m,n}) = m; Yrs({j,n}) =
n and Yrs({j,m}) = j, we have S € {(2,2,3),(2,3,2),(3,2,2)}, depending
on the direction p of the vertex {j,m,n}. As shown in Figure 8.3, there
exists a tree of Qqjmny With signature S where direction m is chosen at
{j,m}, direction j is chosen at {j,n}, and direction n is chosen at {m,n}.
Since the edge slide graph of signature S is connected (by Henden [6] or
Lemma 4.3.6), we can move from 3N {j,m,n} to such a tree using edge
slides. Let T be the resulting tree and let D = (dy, .. .,d,_1) be its signature
in 7). Then

di=d=d+1, dj=d;=dj—1, dy=d,+1=d, and d=d,
for all k # 4, 7, m as required.

(ii) Suppose that i = max X U {i}. There exists § < « such that ¢p(& U
{i}) = n. Note that § exists because &, U {i} = {i,n} and ¥r({i,n}) = n.
We show there exists a sequence of edge slides that swaps n and ¢, for all

a=1,...,8—1s0 T can be transformed into 7" where
n, itV=¢Ufitanda=1,...,6—1;
W (V) = < 4y, fV=¢anda=1,...,0—1;

r(V), otherwise.

Since i = max(&, \ {n})U{i}, ¥r(&) =nand {, #iforalla=1,...,0—1,
all conditions in Case 2 of Lemma 7.2.2 hold. Therefore we can swap ¢; and
n to get T where

n, ifV=guU{il,or V=¢ fora=2,....0—-1;
lq, itV =¢;

dn(vy=q00 YT |
l,, iftV=¢U{i}fora=2,...,0-1,

Yr(V), otherwise.

Then we repeat the above process of swapping labels n and ¢, for a =
2,..., 3 — 1 until eventually we reach 7" and therefore we can move to Case
(II).

(IT) Suppose that ¢, = n for a = 1,...,a. All the conditions in Lemma 7.2.5 are
satisfied at the vertex X U {i,n}. Then T can be transformed into 7T, with
Ur, (Ea U{i}) =i, ¥g, (§aU{i}) =nfora=0,...,a — 1 and all other labels of
T, the same as the labels of T'. Since &, U {i} = {i,n}, we have ¢, ({i,n}) =i
and therefore we can move to Case (b).

(b) Suppose that p({i,n}) = i. Since D is irreducible, by Lemma 3.2.4 there exists a
tree T" of (),,—1 with signature D such that ({7, j}) = j. Since the edge slide graph
of signature D is connected (by the inductive hypothesis), we can move from 7,
to such a tree using edge slides. Then T is transformed into 7" with ¢/7.({7,j}) = j.
Since the edge slides were only applied in F,)~, we have T,,; =T, . So ¢r({j,n}) =
n and ¥r({i,n}) = i.
Let S be the signature of 7" N Qy;jny. Since ¥r({i,j}) = j; ¥r({j,n}) = n and
Yr({i,n}) =i, we have S € {(2,2,3),(2,3,2),(3,2,2)} depending on the direction
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p of the vertex {i,j,n}. As shown in Figure 8.4, there exists a tree of Qg n}
with signature S where direction i is chosen at {i,j} and direction j is chosen at
{j,n}. Since the edge slide graph of signature S is connected (by Henden [6] or
Lemma 4.3. 6) we can move to such a tree using edge slides. Let T be the resulting
tree and let D = (dl, o dn 1) be its signature in F'~. Then

Cilzdl—i-l, cfj:dj—landcfk:dk,
for all k # 1, 7, as required.

In all cases above we succeeded in transforming 7' into T such that 7,_ has signature
D= (dy,...,d,_1), where

CZZ:dz—f—l, dj:dj_ly and dk:dk,
for all k £ 1, 5. m

8.2.2 Ordering irreducible splitting signatures

The next lemma shows that an upright spanning tree of (,, with an ordered irreducible signature
and irreducible splitting signature in F,'~ can be transformed into a tree with an ordered
irreducible splitting signature in F,'~. We prove this lemma under the inductive hypothesis
that every irreducible signature of (),,_; is connected.

Lemma 8.2.2. Suppose that every irreducible signature of QQ,_1 is connected and let T =
(ay,...,a,) be an ordered irreducible signature of Q,. Let D = (dy,...,d,_1) be an irreducible
splitting signature of I with respect to n. LetT' be an upright spanning tree of QQ,, with signature
T such that T,,— has signature D. Suppose that D is not ordered. Then there exists a sequence

of edge slides that transforms T into T such that T, has an ordered irreducible signature
D= (dl,... d,_ 1)-

Proof. Given a signature D we define k(D) = >, ., max{0,d, — d,} > 0. Then D is ordered
if and only if k(D) = 0. Let S = {k|dy = min;s,{d;}}. If S = [n — 1], then D is ordered.
Otherwise, let k& = min([n — 1]\ S). Then d; < dj, for all i < k, but there is j > k such that
d; < dj. Let j be such that d; is as large as possible with j > % and d; < dj, and among all
such indices choose j to be as large as possible as well. Since Z is ordered and since j > k, we
have d; < d < a, < a;j. So dj < a; and therefore a; — d; = u; > 0. Then using Lemma 8.2.1
T can be transformed into 7" such that 7! has signature D’ = (d},...,d], ), where

)y Un—1

d; =d;+1, d, = d, — 1, and d; = d;,

fori # 7,k
We now check that D’ is still an irreducible signature. Write

diy < diy <o < d;

ip—19

with i, # 4 if a # b and i, = a for a < k.

Suppose that & = ¢;. Then by our choice of 7 and k£ we can choose the ordering such that
ii—1 = j. If di = d; + 1, then D’ is the permutation of D obtained by swapping d; and dj, and
therefore D’ is irreducible. Otherwise d; < dj, — 1. So

d=dj+1<d,—1=d,
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and
d;13d22§'--§d,-

tn—1"

Then

— * d;)+1, whens=t—1
a=1 (Zafl a) ’ )

id, :{22_1dia, when s # t — 1;

and therefore D’ is an irreducible signature.

We now show that x(D') < k(D). Since d; = d; unless t € {j, k}, we need only consider the
terms d, — dj, when {¢,h} N {j,k} # @. We consider the following cases according to whether
h=j,h=k (=j, =k or (h{)=(j,k).

(a) Suppose that h = j with ¢ # k. Then
dy — dj, = d; — d;
=dy—d;j—1
< dy— dj
< max{0,d, — d;}.
Hence max{0,d, — d},} < max{0,d, —d,}.
(b) Suppose that h = k. Then ¢ < k so ¢ € S and therefore dy < d; < di. Therefore
dy = dy < dy — 1 = dj, and hence max{0,d; — d,.} = 0 = max{0,d, — d}.

(c) Suppose that £ = j. Then j < h and so dj, # d; by our choice of j. If d, > d;, then d; < d},
and therefore d; — dj, < 0. Otherwise dj, < d;. Then d;, < d; < dj, and we consider this
term together with dj, — dj,. We have d), < d} and dj, < d}; so

max{0), d;- —d} + max{0,d}, — d},} = (d; —dy) + (d), — d},)
= (dj+1—dp) + (d, — 1+dp)
= (dj — dn) + (dy, — dn)
= max{0,d; — dp} + max{0,dy — dj}.

Therefore the net contribution from these terms is unchanged.

(d) Suppose that ¢ = k with h # j. If (h,{) = (h, k) has not already been considered in (c)

then
dy — dj, = dj, — d
=d,—1—d,
< d —dp

< max{0, dy — d}.
Hence max{0,d; — d},} < max{0,d; — d}.
(e) Suppose that (h,l) = (j,k). Then dy — d; > 0 so
dy — dj, = d}, — d}

—dy—1—d;—1
<dk—dj

= max{0, dj, — d;}.
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Therefore max{0, d}, — d;} < max{0,d;, — d;}.

From all cases we conclude that x(D’) < k(D) and therefore D is transformed into D’ such that
k(D') < k(D). Let S" = {k|d}, = min;>{d;}}. If ' = [n — 1], then D’ is ordered. Otherwise
we repeat the above process and decrease x(D’) until we reach an ordered signature. ]

8.2.3 Connecting irreducible splitting signatures

The following lemma shows that a tree with an ordered irreducible splitting signature of an
irreducible signature can be transformed into a tree with any other ordered irreducible splitting
signature. We prove this lemma under the inductive hypothesis that every irreducible signature
of @,,_1 is connected.

Lemma 8.2.3. Suppose that every irreducible signature of QQ,_1 is connected and let T =
(ay,...,a,) be an ordered irreducible signature of Q,. Let D = (dy,...,d,_1) and D' =
(dy,....d,_,) be ordered irreducible splitting signatures of T with respect to n. Let T be an
upright spanning tree of Q,, with signature I such that T,,_ has signature D. Then there exists
a sequence of edge slides that transforms T into T" such that T) _ has signature D’.

Proof. Let 6(D,D') = ||[D—D'|| = 3=} |d; —d}|. Note that 37", |d; —d}| = 2r for some r > 0,
because the d; and the d; sum to the same value, so the sum here without the absolute value
signs is zero. Adding the absolute value signs leaves each term unchanged or changes it by an
even number, so the resulting sum must have the same parity and so is even.

If 277 d; — di| = 0, then D = D’ and no further moves are needed. Otherwise there exists
|d; — d}| # 0 for some t. Choose h to be the least index such that |d;, — dj| # 0. We consider
the following cases according to whether dj, < dj, or dj, > dj,.

(a) Suppose that d, < dj. Choose i > h to be the largest index such that d; = dj,. Then
d; < d;y1 and also d; = dj, < dj, < d}. Since d; < d; < a;, we have u; = a; — d; > 0. Since
;:11 d, = ?;11 d" and d; < d;, there must exist f > i such that d; > d;. Let j be the
least §uch f. Ther} dj >d; > d;_, ZAdj,l. Applying Lemma 8.2.1, T' can be transformed
into 1" such that T),_ has signature D where

CZZ:dZ—Fl, CZj:dj—lal’ldCZk:dk,

for all k #£1, 7.
Since d; < d; < d; < dj, we have d; — d; > 2. Since D is ordered, d; < di11, dj—1 < dj,

and d; — d; > 2, all the conditions in Definition 5.6.1 hold. Therefore D is the result of
applying a signature move to D, and is therefore ordered irreducible.

(b) Suppose that d, > dj. Since 27]5:11 |dy — d}| = 0, and since dj, > dj > d}, | = dj_1, we
must have dj,_; < dj,. Since Z?:_ll d; = ?2—11 d, and dj, > d},, there must exist f > h such
that dy < d}. Let g > h be the least such f. Since D and D" are ordered irreducible, and
diZd;forl§i<gwithdh>d§l,wehave85>8521forh§,u<g. Hence5522
forall h < p<g.

Choose j > g to be the largest index such that d; = d,. Then we either have d; < d;;
or j =n — 1. By Lemma 3.2.5, we have 55 > 2 for all ¢ < p < 7. Since 55 > 2 for all
h§u<gand5522forallg§u<j,Wehave5522forallh§,u<j.
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Since d; = d, < d, < d; < aj, we have u; > 0. Applying Lemma 8.2.1, T can be
transformed into 7T’ such that T, has signature D where

CZh:dh—L Jj:dj—i-landcfk:dk,

for all k # ¢, j. Since D is ordered, d,—1 < dj, and d; < dj;1, and since h < j, we have

~ A ~

CZ1S"'SCZhAS(jhﬁ"'ﬁdjﬁdjﬂﬁ“'ﬁdnq

and therefore D is ordered. Since h < 7, we have

» (D) —1>1, whenh <p<j;
) e otherwise,

and therefore D is an irreducible signature of @, _1.

In either case D is transformed into D such that §(D, D) = §(D, D')—2. I 320" |d,—d;| = 0,
then D = D’ and therefore the transformation is completed. Otherwise we repeat the above

process and decrease (15, D') by two until we reach the required irreducible splitting signature
D'. m

8.3 Transforming an irreducible splitting signature of a
tree

By combining Lemmas 8.2.2 and 8.2.3 we obtain the following corollary:

Corollary 8.3.1. Suppose that every irreducible signature of QQ,,_1 is connected. Let T be an
ordered irreducible signature of Q,, and let D be an ordered irreducible splitting signature of
T with respect to n. Let T be an upright spanning tree with signature I such that T, has an
irreducible signature. Then there is a sequence of edge slides that transforms T into T' such
that T! _ has signature D.

8.4 Summary map

In this chapter we showed that under the inductive hypothesis an upright spanning tree of @),
with an irreducible signature that has an irreducible splitting signature can be transformed into
a tree with any other irreducible splitting signature. This result is used to show that a tree with
an irreducible splitting signature can be transformed into a tree with an amenable splitting
signature. In Chapter 9, we show that an upright spanning tree of (), with an irreducible
signature such that the tree has a reducible splitting signature in F'~ is connected to a tree
with an irreducible splitting signature in F"~.
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i€ XU{in} neXU{in}

[
\ |

meXU{ile

N
N

path move

neXuin} i€ XU{i} “em e XUn)

Figure 8.2: Diagram of the proof of Lemma 8.2.1 on page 129. (a) Direction 7 is chosen at
X U {i,n}, direction n is chosen at X U {n} and direction m is chosen at X U {i}. (b) After
applying the path move, direction m moves to X U {n}, direction n moves to X U {i,n} and
direction ¢ moves to X U {i}.

ueﬁ,m,n} we {j,m,n}

sequence of edge slides _

je{jm}le

‘@E{j,n}\/ m € {m,n} me{j,m}.’\/ ej € {in} mne{mn}

{j} e @ {n} &

() (b)

Figure 8.3: Diagram 2 for Case (a(I(i))) for the proof of Lemma 8.2.1. Upright spanning trees
of Q(jmny with signature S € {(2,2,3),(2,3,2),(3,2,2)}, depending on the direction p of the
vertex {7, m,n}. (a) Direction j is chosen at {j, m}, direction n is chosen at {7, n} and direction
m is chosen at {m,n}. (b) After a sequence of edge slides direction m moves to {j, m}, direction
J moves to {j,n} and direction n moves to {m,n}.
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w € {i,j,n} we {i,j,n}
P ] e

,
B N

sequence of edge slides .

je{ijle sne{jn} i€ {i,j} & @7 € {jn}

e > (n} (i} Chin}

&

(a) (b)

Figure 8.4: Diagram for Case (b) for the proof of Lemma 8.2.1. Upright spanning trees of
Qqijny With signature S € {(2,2,3),(2,3,2),(3,2,2)}, depending on the direction p of the
vertex {i,j,n}. (a) Direction i is chosen at {i,n}, direction j is chosen at {7, j} and direction
n is chosen at {j,n}. (b) After a sequence of edge slides direction ¢ moves to {4, j}, direction j
moves to {j,n} and direction n moves to {i,n}.



Chapter 9

Irreducible signatures of (),,: reducible
splitting signatures

9.1 Introduction

In this chapter we study reducible splitting signatures of an irreducible signature of (), in
detail. The main goal is to show that under the inductive hypothesis each tree of (),, with an
irreducible signature but a reducible splitting signature in F,'~ can be transformed into a tree
with an irreducible splitting signature in F'~. This is an important step to understand the
connectivity of the edge slide graph of an irreducible signature of @),.

First we introduce notation for the size of the smallest reducing set.

Definition 9.1.1. Let S = (a4, ..., a,) be a signature of @,,. We define w(S) to be the size
of the smallest set R C [n] such that Y, pa; = 2fl — 1. Then w(S) = n if and only if S is
irreducible, and when S is reducible w(S) is the size of the smallest reducing set.

Our strategy is to increase the size of the smallest reducing set w(S) for all reducible
signatures using edge slides. The main technical tool for this is Lemma 9.2.2, which addresses
the case where d; > 3 for all ¢ outside the reducing set. The case where d; = 1 and dy = 2,
where both [1] and [2] are reducing sets, is handled in Lemma 9.2.3. In this case we risk moving
to a signature with d; = 2 and dy = 1, swapping the problem from direction 1 to direction 2,
and the lemma shows that we can avoid this.

The following theorem is the main result of this chapter:

Theorem 9.1.2. Suppose that every irreducible signature of Q) is connected for all k < n.
Let n > 4, and let T = (aq,...,a,) be an irreducible signature of Q, with a, > a, for all {.
Let D = (dy,...,d,—1) be a reducible splitting signature of T with respect to n. Let T be an
upright spanning tree of Q,, with signature I such that T, _ has signature D. Then there exists
a sequence of edge slides that transforms T into T such that T,_ has an irreducible signature.

9.2 Preparatory lemmas

In this section we establish lemmas that are used to prove Theorem 9.1.2.

139
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9.2.1 The existence of a vertex with label n that does not lie above
the reducing set

Note that if S is ordered then w(S) is the least r such that Y ; ,a; = 2" — 1. For example,
S = (2,2,3,9,15,32) is a reducible signature of (g, as seen by taking >,  a; = 2" — 1 for
r=3and 5. So w(S) = 3.

Let R be a reducing set. The following lemma shows the existence of a vertex & in F*
with label n such that £ € RU {n}.

Lemma 9.2.1. Let T = (ay,...,a,) be an irreducible signature of Q,, with a, > ay for all {.
Let D = (dy,...,d,_1) be a reducible splitting signature of T with respect to n and let R be a
corresponding reducing set. Let T be an upright spanning tree of Q,, with signature Z such that
T,— has signature D. Then there exists a vertex & of Fiit such that E\{n} € R and (&) =n.

Proof. Without loss of generality we may assume D is ordered, and therefore for r = |R| < n—2
we have Y7_, d; = 2" —1. From the signature condition applied to D we have S/ d; > 2+ 1,
which implies

dy1 > 2 1) — (20 —-1)=2".

Therefore, for r +1 < j < n we have
ap > aj > dj > dpyq > 2" (9.1)

If a, > 2", then since 0,(Q,) has only 2" vertices, there must necessarily be a vertex £ of
F+ such that ¢r(§) =n and £\ {n} € [r]. Otherwise, by (9.1) we have

an:aj:dj:Q’"

for all r+1 < j < n — 1. In particular, all vertices in direction 7 — 1 must lie in F'~, so
direction n must be chosen at the vertex £ = {n — 1,n}. But now observe that £ € R, because

R={r]and r <n—2. O

9.2.2 Increasing the size of the smallest reducing set of reducible
splitting signatures

The aim of this section is to show that under the inductive hypothesis we can increase the size
of the smallest reducing set of a reducible splitting signature by edge slides. This major step
shows we can move from a reducible splitting signature to an irreducible splitting signature,
which is the main theorem of this chapter. We include flowcharts to assist understanding the
proofs of the lemmas in this section.

The first lemma shows that under certain conditions an upright spanning tree of (),, with
an irreducible signature where the tree has a reducible splitting signature in F'~ can be trans-
formed into an upright spanning tree where the size of the smallest reducing set is increased.
To prove this lemma we use the inductive hypothesis that the edge slide graph of an irreducible
signature of () is connected for all k£ < n.

Lemma 9.2.2. Suppose that every irreducible signature of Qy is connected for all k < n.
Let T = (ay,...,a,) be an irreducible signature of @, with a, > a; for all t and let D =
(dy,...,dn_1) be a reducible splitting signature of T with respect to n. Let S be a reducing set
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St (1*1‘1 Case (a)
& is a lowest -
| ¢ such that Yes Then ¢p({j,n}) = n
(€)= nand for some j ¢ [sq).

§\{n} € [so]-

No

Case (b)

Let ¢¥p(§\{n}) = j for some
J ¢ [sol. Letp = €\ {5}

Then ¢p({i,n}) = n for

all i € [so]. Apply edge
slides to move an edge in
direction ¢ for some i € [sp]
down along a chosen path
to get {i,n} in direction i.

Let ¢p(n) = i for some Y
i € & Apply the path
move on the face {€, €\ No )
(i} \ ndonh. Soqis [ TN =1]

Then T' N Q{i,j,n,}

now the lowest vertex above has signature S €
Un(Q[SU]) with direction n. {(272»_3)7 (2=372)7_(37272)} <
depending on the direction of
{i,j,n}. So after a sequence
Y of edge slides, we increase d;.
Yes
Replace & with 7. No 19
Note || < [£]. Da—A Lk

v
Refer to the flowchart
(part 2) in Figure 9.2
on the next page.

Then w(D)

is increased.

<
<

Figure 9.1: Flowchart (part 1) for the proof of Lemma 9.2.2. Note that we can travel around
the loop containing edge (*) only finitely many times, because the size of ¢ decreases each time.
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Yes

(i)
Let ¢r((§\ {i}) U
{k}) = (for

some £ € [so].

4

Case (b(II))

Case (b(I))

Yes

i

Apply edge slides in
0 (Qlso)) to change
the direction of
n U {k} from n to k.

Apply edge slides
in Q[ to specify
direction k at
(' {n}) U {k}.
Let f € [sq] be
the direction of
1\ {n}. Then use
the V-move on the
face {n U {k}, 7,7\
{n}, ()R} to
change the direction
of n from n to f.

Apply edge slides
in Qs to specify
direction ¢ at
(', {n}) U {k}.
Then use the
path move on the
face {n U {k},n,n\
{n}, (M\{n})U{k}} to
change the direction
of n from n to /.

Apply the path
move on the face

{6\ {n}. 0\ {n},n}.

A4

Let & be a lowest
vertex such that
& € Jn(Q[So]) and
let k = vr(€").

A4

Apply edge slides
in 0,(Qsg)) to
change the direction
of n from n to k.

Then w(D)

is increased.

Figure 9.2: Flowchart (part 2) for the proof of Lemma 9.2.2.
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such that |S| = so = w(D). Let T be an upright spanning tree of Q, with signature I such
that T, has signature D. Suppose there exists a vertex & of F' such that £\ {n} C S and
(&) € S. Suppose that dy > 3 for allt ¢ S. Then there exists a sequence of edge slides
that transforms T into T such that T,_ has a splitting signature D = (cil, e ,a?n,l) where

A

w(D) > w(D).

The hypothesis d; > 3 for all ¢ ¢ S rules out the case where d; = 1 and dy = 2, where both
[1] and [2] are reducing sets. In this case we risk moving to a signature with d; = 2 and dy = 1,
swapping the problem from direction 1 to direction 2. This case is handled by Lemma 9.2.3
below.

Proof. Without loss of generality we may assume D is ordered. Then S = [s¢], and sq is the
smallest index s such that >_;_, d; = 2° — 1. Our definition of s, implies that (dy, ..., ds,) is an
irreducible signature of ()s,. It is therefore a connected signature, by the inductive hypothesis.
Therefore by Lemma 7.2.13 after a series of edge slides in Q[s,)ufn) We may assume the tree
TNQsojuny is settled, and all the labels of T" apart from the labels of T'No, (Qs,) are unchanged.
In other words, all vertices of 0,,(Qs,) immediately below an n in ,,(Qs,) are in direction n, and
the labels of T" apart from the labels of 7' N 0,,(Qs,) are unchanged. In the process of settling
the tree, the labels of T'N 0,,(Qs,) may move around, but they still lie above Qs,. Therefore
the edge slides used to settle the tree do not affect the existence of the vertex £ given in the
hypothesis of the lemma.

We show that we can increase d; by one for some 1 < ¢ < sy, while leaving d; unchanged for
all other directions j € [so] and decreasing d; by at most one for each j > sy. This increases the
size of the smallest reducing set, as we now explain. Since ) ;° d; = 2% —1, we have d; < 2% —1
for t < s (with equality possible only if sy = 1), and we must have d; > dy 11 > 2% for all
j > Sp, in order for D to be a signature. In addition, in the case s = 1 we have d; = 1 and
d; > 3 for all j > 2, by hypothesis. Therefore we still have cik < ch whenever k < so < 7. If D
is not ordered, then

dy, <dp, < < dy,,

where k; to ks, are 1 to sy in some order, and kg,1; to k,_1 are sp + 1 to n — 1 in some order.

So for s < sy we have
S S
D k=) >
t=1 t=1

and
S0 R S0
det 2 Zdt+ 1=2%,
t=1 t=1

so D has no reducing set of size s < sg.

Since D is a reducible splitting signature of @,,_1 and [so] is a corresponding reducing set,
by Lemma 9.2.1 there exists a vertex & of F'* with ¢7(¢') = n where &\ {n} € [so]. Let & be
a lowest such &. We distinguish the following cases according to whether or not |¢| = 2.

(a) Suppose that || = 2. Then & = {j,n} for some j ¢ [so]. Suppose first that ¢ ({i,n}) =
n for all i € [so]. Let & be a lowest vertex of F'* such that £*\{n} C [so] and ¢ (§*) # n.
Note that £* exists by the hypothesis that there exists £ such that &\ {n} C [s¢] and
Yr(€) € [so]. Let i = ¥p(§*) and let Pt (£*,9) = (£o,...,&a) be the i-retaining max
removing path from & = & to & = {i,n}. Since &* is a lowest vertex of F"* such
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ME{i,j,n} ME{i,j,n}
. .

sequence of edge slides

je{nil e i€{i,j} & 9j€{jn}

{i} & pin}

%) %)

(a) (b)

Figure 9.3: Diagram for Case (a) for the proof of Lemma 9.2.2. Upright spanning trees of
Qqijny With signature S € {(2,2,3),(2,3,2),(3,2,2)}, depending on the direction p of the
vertex {i,j,n}. (a) Direction i is chosen at {i,n}, direction j is chosen at {7, j} and direction
n is chosen at {j,n}. (b) After a sequence of edge slides direction ¢ moves to {4, j}, direction j
moves to {j,n} and direction n moves to {i,n}.

that &\ {n} C [so] and ¢¥7(&*) # n, we have (&) = n for a = 1,...,a. Then all
the conditions in Lemma 7.2.5 are satisfied at the vertex &*, and therefore T' can be
transformed into T,, with ¥r, ({i,n}) = i, ¥, (£*) = n and all other labels of T,, the same
as the labels of T'. Since 97, ({i,n}) = i and all other labels of T,, apart from v, (£*) are
the same as the labels of T', we can move to the following case.

Suppose now that ¢r({i,n}) = i for some i € [s¢], and refer to Figure 9.3(a). Since
J & [s0], we have ¢p({7,7}) = j by Lemma 6.2.1. Let S be the signature of T'N Q; ;-
Then S is equal to one of (2, 2, 3), (2, 3, 2) and (3, 2, 2), depending on the direction p
of the vertex {i, j,n}. There exists a tree of Qy; j,,; with signature S where direction i is
chosen at {7, j}, and since the edge slide graph of signature S is connected (by Henden |6]
or Lemma 4.3.6), we can move from 7" to such a tree using edge slides in Qy; ;, n} as shown
in Figure 9.3(b). Let T be the resulting tree in @, and let D = (dy,...,d,_;) be its
signature in F,~. Then

A~

di=d;i + 1, d; = d;j — 1 and dy, = di

for all £ # ¢, 7. Since i € [sq], we are done because d; has been increased where i € [sg]
and d; has been decreased where j ¢ [so].

(b) Suppose that [£] > 2. Since £\ {n} € [so], by Lemma 6.2.1 we have ¢r (¢ \ {n}) ¢ [so].
Let ¢7(€\ {n}) = j for some j ¢ [so]. Since j ¢ [sg], we have j > so. Let n =&\ {j}.

Suppose first that ¢r(n) # n. Let ¢r(n) =i for some i € 1. As shown in Figure 9.4,
using the path move the i-edge moves to £ \ {n}, the j-edge moves to £ and the n-edge
moves to 7. Let 7" be the resulting tree and let D’ = (d},...,d,, ;) be its signature in

) Yn—1
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‘\ RN path move
- »

i€\ {n}e nen

n\{n}

() (b)

Figure 9.4: Diagram 1 for Case (b) for the proof of Lemma 9.2.2. (a) Direction n is chosen at
¢, direction j is chosen at & \ {n} and direction 7 is chosen at 1. (b) After applying the path
move direction i moves to £ \ {n}, direction j moves to £ and direction n moves to 7.

F)~. Then
di =d; +1, d; = d; — 1, and d}, = dj,

for all k # i, j. If i € [so], then we are done because d; has been increased and d; has been
decreased where j > s9. Otherwise i ¢ [so] and therefore i > sy and ), g, dy = Y ores
for all S C [so]. So |€] > |n| > 2 and 7 is now the lowest vertex of "% such that
Yr(n) = nand 0\ {n} € [so], because i € n, but i & [so]. If |n| = 2, then we move to
Case (a) above. Otherwise || > 2. Then we repeat the above process using the path
move to move the n-edge down until we reach a tree 7" where the n-edge is cho~sen at a
vertex € C '\ {i} such that wrs(€ \ vrn(€\ {n})) € [so] U {n}. Let k = vir(€\ {n}).
Then we either have |{| = 2, or ¢ (§ \ {k}) € [so], or ¢T”(f \{k}) =n. If |§| = 2, then
we move to Case (a) above with & replaced with &. If ¢hp (€ \ {k}) = € € [so], then at the
next step d is increased as shown above, increasing w(D). If ¢z €\ {k}) = n, then we
move to the case below with & replaced by { Note that the direction j > sg such that d;
is decreased is different at each step because the n moves from a vertex containing j to
one that does not. In what follows the direction j that is decreased will belong to €, and
so no d; will be decreased twice.

Suppose now that ¢r(n) = n. Since [£| > 2 and [£\ {j} = | > 2 we have |n\ {n}| > 1,
and n\{n} C [so] by the choice of {. Let £* be a lowest vertex of 0, (Q1s,)) With ¥p(£*) # n.
Let 1 (&*) = k for some k € [s].

Suppose first that k € £&. Then {k,n} C £&*Nn. Let Prni (6%, k) = (&0, - -, &a) be the
k-retaining max removing path from &, = £* to &, = {k,n}. Since £* is a lowest vertex
of 0,(Qrsp)) With 7(£%) # n, we have ¢r(§,) = n for a = 1,...,a. Let Pgni(n, k) =
(Mo, - - ,Mar) be the k-retaining max removing path from 7y = 9 to 1, = {k,n}. Since
Yr(n) =nand TN o, (Qs) is settled, we have ¢p(n,) =n forall a = 0,...,a’. Then all
the conditions in Corollary 7.2.6 are satisfied at the vertices £* and 7. Therefore T can
be transformed into 7" with 7 (n) = k, ¥7(£*) = n and all other labels of 7" the same
as the labels of T

As shown in Figure 9.5, using the path move the k-edge moves to & \{n} the j-edge moves
to € and the n-edge moves to 7. Let T be the resulting tree and let D= (dl, e dn 1)
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path move

ked\{nje nen

n\{n}
() (b)

Figure 9.5: Diagram 2 for Case (b) for the proof of Lemma 9.2.2. (a) Direction n is chosen at
¢, direction j is chosen at § \ {n} and direction k is chosen at 7. (b) After applying the path
move direction k moves to & \ {n}, direction j moves to £ and direction n moves to 7.

be its signature in F~. Then

Czk:dk+1, Cij:dj—landdg:dg,

for all £ # j, k. Therefore we are done because dj has been increased where k € [sq] and
d; has been decreased where j > 5.

Suppose now that k ¢ . We distinguish the following cases according to whether or
not ¢r(nU{k}) = n.

(I) Suppose that ¢p(n U {k}) = n. Then {k,n} C & N (nU {k}). Let Pr (£ k) =

(IT)

(&0, -.,&a) be the k-retaining max removing path from & = & to &, = {k,n}.
Since £* is a lowest vertex of o, (Qs)) With ¥p(&*) # n, we have (&) = n for
a=1,...;a. Let P+ (nU{k}, k) = (noU{k}, ..., nw U{k}) be the k-retaining max
removing path from noU{k} = nU{k} to no U{k} = {k,n}. Since Yr(nU{k}) =n
and T'N 0, (Qs,)) is settled, we have ¢p(n, U{k}) = nfora =0,...,a/. Then all the
conditions in Corollary 7.2.6 are satisfied at the vertices £* and 7. Therefore T' can
be transformed into 7" with ¢ (nU {k}) = k, ¥ (£*) = n and all other labels of T”
the same as the labels of T". Since ¢+ (n U {k}) = k and all other labels apart from
Yr(€%) are the same as the labels of T', we can move to the following Case (I1(i)).

Suppose that ¢r(n U {k}) # n. We distinguish the following cases according to
whether or not ¢¥r(n U {k}) = k.

(i) Suppose that ¥r(n U {k}) = k. Choose ¢ € n\ {n}, which exists because
In\{n}| > 1. Since (di, ..., ds,) is an irreducible signature and |n\{n}U{k}| > 2
because [n\{n}| > 1, by Lemma 3.2.4 there exists a tree 7' NQ)5,) with signature
(dy,...,ds,) where ¥ ((n\ {n}) U{k}) = . Since the edge slide graph of
signature (dy,...,ds,) is connected by the inductive hypothesis, we can move
from T'N Q4] to such a tree using edge slides in Qs). Then T is transformed
into 7" with ¢ ((n \ {n}) U{k}) = ¢ and all the labels of 7" apart from the
labels of T" N @5, the same as the labels of 7. Note that T}, has signature D
because edge slides were only applied in F)'~ and edge slides do not change the

signature.
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kenu{k} nenuU{k}

path move
R E—

(e m\{n})uikte nen ke (n\ {n}) U {k}

N

n\{n} n\{n}

(2) (b)

Figure 9.6: Diagram 1 for Case (b(I1(i))) for the proof of Lemma 9.2.2. (a) Direction k is chosen
at n U {k}, direction n is chosen at n and direction ¢ is chosen at (n\ {n}) U {k}. (b) After
applying the path move direction ¢ moves to 7, direction n moves to n U {k} and direction k

moves to (n\ {n}) U {k}.

path move
—

re€\(nre ney

n\{n}
(a) (b)
Figure 9.7: Diagram 2 for Case (b(II(i))) for the proof of Lemma 9.2.2. (a) Direction n is

chosen at ¢, direction j is chosen at _§_ \ {n} and direction ¢ is chosen at 7. (b) After applying
the path move direction ¢ moves to £ \ {n}, direction j moves to & and direction n moves to 7.

As shown in Figure 9.6, using the path move the f-edge moves to & \ {j}, the
n-edge moves to nU{k} and the k-edge moves to (n\ {n})U{k}. Let T” be the
resulting tree and let D" = (df,...,d._,) be its signature in F,)~. Then

» n—1
" —dp+ 1, d] =dy— 1, and d’ = d,

for all r #£ k, (. )
As shown in Figure 9.7, using the path move the (-edge moves to § \ {n}, the
j-edge moves to ¢ and the n-edge moves to 7. Let T" be the resulting tree and

A

let D = (dy,...,d,_1) be its signature in F*~. Then

dy=dj+1=dy, dj=d] —1=d; —1,dy =d] =dy + 1, and d, = d, > d,

for all » # j,¢. Therefore we are done because d; has been increased where
k € [so] and d; has been decreased where j ¢ [s¢].
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e nu{k} nenU{k}
° :

\ V-move

ke {n)) U (k)@ \ ‘oncn Fe ) {n) U (k)
%
/\
fen\{n}

(a) (b)

Figure 9.8: Diagram 1 for Case (b(II(ii))) for the proof of Lemma 9.2.2. (a) Direction ¢ is
chosen at nU{k}, direction n is chosen at 7, f is chosen at i\ {n} and direction k is chosen at
(n\ {n})U{k}. (b) After applying the V-move direction ¢ moves to n\ {n}, direction f moves
to n and direction n moves to n U {k}.

jEE

path move

f€n f€€\{”}. nen

n\{n} n\A{n}

(a) (b)

Figure 9.9: Diagram 2 for Case (b(II(ii))) for the proof of Lemma 9.2.2. (a) Direction n is
chosen at &, direction j is chosen at § \ {n} and direction f is chosen at 7. (b) After applying
the path move direction f moves to &\ {n}, direction j moves to £ and direction n moves to 7.

(ii) Suppose that ¥r(n U {k}) # k. Let ¢p(n U {k}) = ¢ for some ¢ € [sq]. Since
(dy,...,ds,) is an irreducible signature, by Lemma 3.2.4 there exists a tree 7" N
Q[s] With signature (dy, ..., ds,) where 1p/((n\ {n})U{k}) = k. Since the edge
slide graph of signature (dy,...,ds,) is connected by the inductive hypothesis,
we can move from 7'M Q)5 to such a tree using edge slides in Q). Then T" can
be transformed into 7" with ¢ ((n \ {n}) U {k}) = k, and all the labels of 7"
apart from the labels of 7" N Q5 the same as the labels of T'.

Let f = ¢ (n\ {n}) € [so]. As shown in Figure 9.8, using the V-move the
(-edge moves to n\ {n}, the f-edge moves to n and the n-edge moves to nU{k}.
Let T" be the resulting tree and let D" = (df,...,d"_,) be its signature in F~.
Then

dj =dy+1,df =dy— 1, and d = d,,

for all r #£ f, (.



CHAPTER 9. REDUCIBLE SPLITTING SIGNATURES 149

As shown in Figure 9.9, using the path move the f-edge moves to £\ {n}, the
j-edge moves to ¢ and the n-edge moves to . Let T" be the resulting tree and

A

let D = (dy,...,dn_1) be its signature in F7~. Then
dy=dj+1=ds, dj=d] —1=d;—1,dy=d} =dy + Landd, = d/ > d,

for all » # j, f. Therefore we are done because d, has been increased where
¢ € [sp] and d; has been decreased where j ¢ [sg].

In all cases we showed that we can increase dj, by one for some h € [so] while decreasing d; by
at most one for each j ¢ [so], and therefore the size of the smallest reducing set is increased. [

The following lemma is used to show that an upright spanning tree of (),, with an irreducible
signature that has a reducible splitting signature in F~ with the reducing set [2] can be
transformed into an upright spanning tree where the size of the reducing set is increased. The
difference between Lemma 9.2.2 and Lemma 9.2.3 is that the reducing set [2] is not the smallest
reducing set.

Let D = (dy,...,d,_1) be an ordered reducible splitting signature of @),_; with the re-
ducing set [2]. Let T be a spanning tree of @, with D in F”~ and suppose that a lowest
l-edge in F}* is chosen at either {1,2,n} or {1,n}. Then the signature of T'N Q1 2, is
S e {(2,4,1),(3,3,1),(2,2,3),(2,3,2),(3,2,2)}. We introduce the following lemma to show
that we can increase d; without decreasing ds.

Lemma 9.2.3. Let T = (ay,...,a,) be an irreducible signature of Q,, with a, > a; for all t
and let D = (dy, ... ,d,—1) be an ordered reducible splitting signature of T with respect to n. Let
2] be a reducing set. Let T be an upright spanning tree of Q,, with signature T such that T,
has signature D. Suppose that either 1r({1,2,n}) =1 or Y ({1,n}) = 1. Then there exists a
sequence of edge slides that transforms T into T such that T,,_ has signature D= (dl, e ,cin_l)
where dy > 2 for all t.

Proof. Since [2] is a reducing set, we have d; = 1 and dy = 2. So in order for D to be a signature
we must have d; > 4 for all i > 3. The unique 1-edge in T,,_ is at {1}, and the two 2-edges in
T, are chosen at {1,2} and {2}. Let S = (s1, 52,53) be the signature of TN Q12,n}. Then
2 <51 <3 and sy > 2 and therefore S € {(2,4,1),(3,3,1),(2,2,3),(2,3,2),(3,2,2)}.

Since 7 is an irreducible signature and D is a reducible signature with a reducing set [2],
by Lemma 9.2.1 there exists a vertex & of F* with 1 (€) =n and €\ {n} € {1,2}. Let € be

a lowest such f . We distinguish the following cases according to whether or not || = 2.

(a) Suppose that |¢| = 2. Then £ = {i,n} for some i ¢ {1,2}. Suppose first that
wr({1,n}) # 1. Then ¥r({1,n}) = n, and therefore ({1,2,n}) = 1 by our assump-
tion that {1,2,n} or {1,n} is in direction 1. So S € {(2,2,3),(2,3,2)}. As shown in
Figure 9.12, using the V-move the 1-edge and the n-edge are swapped. Then 7' is trans-
formed into 7" where 7 ({1,2,n}) = n, ¥/ ({1,n}) = 1 and all other labels of 7" are the
same as the labels of T" and therefore we move to the following case.

Suppose now that ¢r({1,n}) = 1. Let S’ be the signature of TNQ1 ;). Since the only
l-edge in T}, is chosen at {1}, we have ¢r({1,i}) =i. So S’ € {(2,2,3),(2,3,2),(3,2,2)},
depending on p = p({1,i,n}). As shown in Figure 9.13, there exists a tree of Q1 n}
with signature S” where direction 1 is chosen at {1,i} and since the edge slide graph of
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Start Case (a)
€ is a lowest e (a)
¢ such that Yes | Then ¥p({i,n}) =n
(&) = nand for some ¢ ¢ [2].
E\{n} Z 2]
‘ ; No Then Yp({1,n}) = n
Case (b) and ¥p({1,2,n}) = 1.
Let ¢p(€ \ {n}) = i for some So after applylng
i ¢ [2 Letn=e¢\ {i} the V-move on the face
{{1,2,n}, {1, 2}, {1}, {1, n}}
(%) we get {1,n} to
be in direction 1.
Let ¢p(n) = j for some Then TN Q{l.i«n}
J € n. Apply the path has signature S €
move on the face {&,&\ {(2,2,3),(2,3,2),(3,2,2)} |,
{n},n\ {n},n}. Sonis depending on the direction of|
now the lowest vertex above {1,4,n}. So after a sequence
Un(Q[Q]) with direction n. of edge slides, we increase dj.
Y Refer to the flowchart
(part 2) in Figure 9.11
Replace € with 7. No . N on the next page.
Note that |n] < [¢]. Jep

Then dy is increased to
3. After a sequence of
J=17 >——» edgeslidesin Q9 )
dy is increased to 2 and
ds is decreased to 2.

Then dy >
2 for all t.

Figure 9.10: Flowchart (part 1) for the proof of Lemma 9.2.3. Note that we can travel around
the loop containing edge (*) only finitely many times, because the size of £ decreases each time.

This flowchart is continued on the next page.
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Yr(n) =

n?
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len?

0y

Thenn = {1,2,n} or
{1,n} and therefore S €
{(2,2,3),(2,3,2)}. If 1is

chosen at {1,2,n} and n is
chosen at {1,n} or vice versa,

then using the V-move the
two labels can be swapped.
Therefore we can get to a
tree where 1 is chosen at 7.
Applying the path move on
the face {&,n,n\ {n},&\

{n}}, dy is increased to

2 without decreasing ds.

(11)

No Then

n = {2,n} and
therefore ¢ = {2,i,n}.

IS € {(2,2,3),(2,3,2)},
then after a sequence of
edge slides in Q12,), 1
is increased to 2 and ds is

decreased to 1. Then applying
the path move on the face
{{2,i,n},{2,i}, {2}, {2, n}},

ds is increased to 2.

If S = (2,3,2), then apply
a sequence of edge slides in
Q{1.2,n) to change {2,n} to be
in direction 2. This will not
change the signature of the
tree of Qq12,ny- Then applying
the path move on the face
{20}, 1231, {2}, 2.1},
ds is increased to 3. Therefore
after a sequence of edge slides
in Qq12,0), d1 is increased to
2 and dy is decreased to 2.

Then d; > 2

for all t.

Figure 9.11: Flowchart (part 2) for the proof of Lemma 9.2.3.
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1e{1,2,n} ne{l,2,n}

VV-move

2¢{1,2}q" 2 {1,2}¢ el c{l,n} eue{2,n}

o me

%) 9}

(a) (b)

Figure 9.12: Diagram 1 for Case (a) for the proof of Lemma 9.2.3. Upright spanning trees
of Q1,2,ny With signature S € {(2,2,3),(2,3,2)}, depending on the direction j of the vertex
{2,n}. (a) Direction n is chosen at {1,n}, direction 2 is chosen at {1,2} and direction 1 is
chosen at {1,2,n}. (b) After applying the V-move direction 1 moves to {1,n} and direction n
moves to {1,2,n}.

signature S’ is connected (by Henden [6] or Lemma 4.3.6) we can move from 7' to such a
tree using edge slides in @y ). Let T be the resulting tree and let D = (dl, o dn 1)
be its signature in F'~. Then

CZ1:d1+1:2, a?i:di—lz?)andcij:dj,

for all j # 1,7. So d; has been increased without decreasing dy and therefore th > 2 for
all t.

(b) Suppose that [£] > 2. Since & \ {n} ¢ [2], by Lemma 6.2.1 we have ¢r(§ \ {n}) = ¢ for
some i ¢ [2]. Suppose first that (< \ {i}) # n. Let ¥rp(¢\ {i}) = j for some j # n.
Then as shown in Figure 9.14, using the path move the j-edge moves to £ \ {n}, the
i-edge moves to & and the n-edge moves to & \ {i}. Let 7" be the resulting tree and let
D' =(dy,...,d, ;) be its signature in F'~. Then

» Pn—1
d;=d; —1>3, d;=d;+ 1and d}, = dy,

for k # i,j. In other words, T' is transformed into 7" with ¥ (&) = i, Yp(E\ {n}) =
2, Yp(&\ {i}) = n and all other labels of 7" the same as the labels of T

If j = 1, then d; has increased without decreasing dy because i ¢ [2], and therefore d > 2
for all ¢.

If j =2, thend, = dy+1 = 3 and d] = d; = 1 because i ¢ [2]. Since either
vr({l,n}) = 1 or ¥r({1,2,n}) = 1 by our assumption and since all the labels of 7"
apart from 7 (§), ¥ (& \ {n}), ¥ (& \ {i}) are the same as the labels of T', we have
either Y ({1,n}) = 1 or Y({1,2,n}) = 1. If Y»({1,2,n}) = 1 and Y ({1,n}) = n,
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i€ {1,in} ne{l,i,n}

Figure 9.13: Diagram 2 for Case (b) for the proof of Lemma 9.2.3. The possible trees of Q1 .}
with signature S € {(2,3,2),(2,2,3),(3,2,2)} where 1 is chosen at {1,i}.

1€ &

path move
R — e

j6€\{n}o‘\ neé\{i}

E\{i,n}

(@) (b)

Figure 9.14: Diagram 1 for Case (b) for the proof of Lemma 9.2.3. (a) Direction n is chosen at
&, direction 7 is chosen at £ \ {n} and direction j is chosen at £ \ {i}. (b) After applying the
path move direction j moves to &\ {n}, direction i moves to £ and direction n moves to &\ {i}.

then as shown in Figure 9.15 using the V-move the labels 1 and n are swapped. Therefore
T" is transformed into 7" with ¢ ({1,2,n}) = n, ¥ ({1,n}) = 1 and all other labels of
T" the same as the labels of T”. Since the V-move was applied in F'*, the signature in

F7~ is unchanged so T)_ has signature D’. Then we can apply Lemma 9.2.2 to increase

d,, and therefore T” can be transformed into 7" where d;, > 2 for all .

Otherwise j ¢ [2], and therefore d} = dy and d) = dy. Let n = £\ {i}. So n is now
the lowest vertex of Fi* such that ¢r(n) = n and 1\ {n} € [2], because j € n but
J ¢ [so]. If |n| = 2, then n = {j,n} and we move to Case (a) above and increase d; by
decreasing d;. Otherwise |n| > 2 and n\ {j,n} ¢ [2], and we repeatedly apply the path
move as above until eventually we reach a tree 7" where the n-edge is chosen at a vertex
€ C '\ {4} sueh that vrs(€\ (€ {n})) € 2] {n}. Let & = po(€\ {n}). Then we
either have |£| = 2, or Y (§\ {k}) € [2], or Y (§\ {k}) = n. If [¢] = 2, then we move to
Case (a) above. If ¢pn (€ {k}) € [2], then at the next step either d; or dy is increased as

shown above. Otherwise ¥ (& \ {k}) = n, and we move to the case below. Note that the
direction ¢ such that d; is decreased is different at each step because the n moves from a
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1e{L,2,n
o

—

ne{l,2,n}

V-move

N

2¢c{1,2}q 2€{L,2}

{1} {1}

(a) (b)

Figure 9.15: Diagram 2 for Case (b) for the proof of Lemma 9.2.3. (a) Direction 1 is chosen at
{1,2,n}, direction n is chosen at {1,n} and direction 2 is chosen at {1,2}. (b) After applying
the V-move directions 1 and n are swapped.

1e{1,2,n} ne {1,2,n}
L R .
| V-move

26{1,2}: 2 €{1,2}

{1} {1}

(a) (b)

Figure 9.16: Diagram 1 for Case (b(I)) for the proof of Lemma 9.2.3. (a) Direction 1 is chosen
at {1,2,n}, direction n is chosen at {1, n} and direction 2 is chosen at {1,2}. (b) After applying
the V-move directions 1 and n are swapped. Applying the V-move to (b) we can move to (a).

vertex containing ¢ to one that does not. In what follows the direction 7 that is decreased
will belong to £, and so no d; will be decreased twice.

Suppose now that ¢r(n = £\ {i}) = n. Then n\ {n} C [2] by the choice of {. We
consider the following cases according to whether or not 1 € 7.

(I) Suppose that 1 € n. Thenn = {1,2,n} or {1,n} and therefore S € {(2,2,3),(2,3,2)}
depending on the direction of the vertex {2,n}. As shown in Figure 9.16, wherever
the n-edge and the 1-edge are chosen, using the V-move the two labels can be
swapped. So T' can be transformed into 7" with ¢¥r/(n) = 1 and all other labels of
T" apart from 7 ({1,2,n}) and 7 ({1,n}) the same as the labels of T.. Note that
T,— = T_ because the labels of T" apart from 7 ({1,2,n}) and ¥ ({1,n}) were
unchanged.

As shown in Figure 9.17, using the path move the l-edge moves to £ \ {n}, the
1-edge moves to ¢ and the n-edge moves to . Let T' be the resulting tree and let
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1€

path move
- »

lec\{n}e nen=¢\{i}

n\ {n}

(2) (b)

Figure 9.17: Diagram 2 for Case (b(I)) for the proof of Lemma 9.2.3. (a) Direction n is chosen
at &, direction 7 is chosen at £ \ {n} and direction 1 is chosen at n = £\ {i}. (b) After applying
the path move directions 1 moves to £ \ {n}, direction i moves to £ and n moves to n = &\ {i}.

2,n}

Figure 9.18: Diagram 1 for Case (b(II)) for the proof of Lemma 9.2.3. The possible trees of

)
Qq1,2,,y with signature S € {(3,2,2),(2,2,3),(2,3,2)} where 2 is chosen at {2,n}.

D =(dy,...,dn_1) in F*. Then
Czlzd1+1:2, CZQIdQZQ, czzzdz—lzfiandczk:dk,

for k # 1,1 and therefore d, > 2 for all t.

(IT) Supposethat 1 ¢ n=¢\{i}. Then&\{i} =n = {2,n} and therefore { = {2,7,n} and
S €{(2,2,3),(2,3,2),(3,2,2)}. Since S is irreducible, by Lemma 3.2.4 there exists a
tree T'"NQ 1 2,n) With signature S € {(2,2,3),(2,3,2), (3,2, 2)} where ¢/ ({2,n}) = 2
as shown in Figure 9.18. Since the edge slide graph of signature S is connected (by
Henden [6] or Lemma 4.3.6), we can move from 7' N Qg2 to such a tree using
edge slides. So T' can be transformed into 7" with ¥ ({2,n}) = 2 and all other
labels of 7" apart from the labels of 7" N Q1 2,n} the same as the labels of T". Let
= (d},...,d,_,) be the signature of T _.

» Ym—1

If Se{(2,2,3),(3,2,2)}, then as seen in the figure we have

d=di+1=2dy=dy—1=1andd, =dj, >3,
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n € 42,i,n} i€{2,i,n}

path move

n e {2,n}

Figure 9.19: Diagram 2 for Case (b(II)) for the proof of Lemma 9.2.3. (a) Direction n is chosen
at {2,4,n}, direction i is chosen at {2,i} and direction 2 is chosen at {2,n}. (b) After applying
the path move direction 2 moves to {2,4}, direction ¢ moves to {2,4,n} and n moves to {2,n}.

for k # 1,2. So d; has been increased, but d, has been decreased. So now we show
that dy can be increased without decreasing d;.

As shown in Figure 9.19, using the path move the 2-edge at {2,n} moves to {2, i},
the i-edge at {2,4} moves to {2,i,n} and the n-edge at {2,7,n} moves to {2,n}. Let
T be the resulting tree and let D = (dy,...,d,—1) in F~. Then

dy=dy+1=dy=2dj=d,—1=d;—1>3,dy=d, =dy +1=2

and dk =dj, > di, for k # 2,4 and therefore dt > 2 for all ¢.

If S=1(2,3,2), then T,,_ =T/ _ because all the labels apart from ¢z ({1,2,n}),
Y ({1,n}) and ¢7+({2,n}) were unchanged.

As shown in Figure 9.19, using the path move the 2-edge at {2,n} moves to {2, i},
the i-edge moves to {2,4,n} and the n-edge moves to {2,n}. Then 7" is transformed
into 7" with ¢ ({2,4,n}) =i, Y ({2,n}) = n, ¥ ({2,i}) = 2 and all other labels
of T” the same as the labels of T". Let D" = (d{,...,d!_;) be the signature of T/ _.
Then

d=dyt1l=dy+1=3d' =di—1>3,d' =d, =d, = 1

and d] = dy, for k # 2,i. So dy has been increased and therefore d > 3 for all
k # 1 because dj, > 4 for all £ > 3 and ¢ > 2. Since ¢p({1,n}) = 1 and since
all the labels of 7" apart from v ({2,4,n}), ¥r»({2,n}), and ¥ ({2,i}) are the
same as the labels of 7", we have ¢ ({1,n}) = 1. Since dj > 3 for all k£ > 2 and
Yrr({1,n}) = 1, we can apply Lemma 9.2.2 to increase df, and therefore 7" can be
transformed into 7' where th > 2 for all ¢.

In all cases we showed that we can always increase d; without decreasing dy = 2, and
therefore T can be transformed into 17" with d; > 2 for all ¢t. O
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9.3 Transforming a tree with a reducible splitting
signature into a tree with an irreducible splitting
signature

We recall the main result of this chapter Theorem 9.1.2. It shows that under the inductive
hypothesis, for n > 4 each upright spanning tree of (),, with an irreducible signature such that
the tree has a reducible signature in F'~ can be transformed by a sequence of edge slides into
an upright spanning tree with an irreducible signature in F,~:

Theorem 9.1.2. Suppose that every irreducible signature of Qy is connected for all k < n.
Let n > 4, and let T = (aq,...,a,) be an irreducible signature of Q, with a, > a, for all {.
Let D = (dy,...,d,_1) be a reducible splitting signature of T with respect to n. Let T be an
upright spanning tree of Q,, with signature T such that T, _ has signature D. Then there exists
a sequence of edge slides that transforms T into T such that T,_ has an irreducible signature.

Proof. Without loss of generality, we may assume D is ordered, and therefore there exists
s <n —2such that > d; =25 — 1. Let s9 = w(D) be the least such s. Note that s, cannot
be equal to 2, because in order for sg = 2, we need d; +dy = 1+ 2 = 3 as D is ordered. Since
we defined sy to be the least s, in this case we would have sy = 1. We show that w(D) can
always be increased using edge slides. We consider the cases so = 1 and sy > 3 separately.

1. Suppose that sg = 1. Since Z is irreducible and sy = 1, we must have d; = 1, and the
unique edge of T, in direction 1 is chosen at {1}. We show there exists a sequence of edge
slides that transforms 7" into an upright spanning tree 7™* such that 7);_ has signature
D* = (dy,...,d;_,), where

) n—1

d: >d; > 2
for all 7. It follows that w(D*) > 3.

Since Z is an irreducible signature and d; = 1, there exists at least one edge of T}, in
direction 1. Let X C {2,...,n — 1} be such that Y = X U {1,n} is a lowest vertex of
FI* that has a l-edge. After applying Lemma 7.2.1 (if necessary), we may assume that

Yp(X U{n}) =n.
To increase w(D) we must increase d; = 1 while decreasing d; by at most one for any
j # 1. We distinguish cases according to whether or not X = @.

(a) [X # @]: If X # &, then | X U{1,n}| > 3. The vertex X U{1} cannot be in direction
1, because the only 1-edge in 7, is at {1}. So (X U{1}) = j for some j # 1.
Suppose first that d; > 3. As shown in Figure 9.20(a), using the path move the 1-
edge moves to X U{1}, the j-edge moves to X U{n} and the n-edge moves X U{1,n}
as shown in Figure 9.20(b). Let 7' be the resulting tree, and let D = (dy, ..., d,_1)
be its signature in F,~. Then

dAl:dl—f-]_:Q, CZj:dj—l and CZZ:dZ,

forall 7 # 1,5. So d, > 2 for all t because d; has been increased and d; > 3 has been
decreased by one.
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Suppose now that d; = 2. Then we must have j = 2 because D is an ordered
signature. So X = {2} and therefore the vertex {1,2,n} is in direction 1. Then
applying Lemma 9.2.3, T" can be transformed into T such that 7},_ has signature
D= (dl,... d,_ 1) in Fo where d; > 2 for ¢t > 1.

(b) [ X =2|: If X =@, then X U{1l,n} = {1,n}. Suppose first that d; > 3 for all
j > 2. Since [1] is the smallest reducing set, d; > 3 for all j > 2, and 1 is chosen at
{1,n}, all the conditions in Lemma 9.2.2 are satlsﬁed Then 7' can be transformed
into T" with signature D= (dl, . dn 1) where d, > 2 for all t.

Suppose now that dy, = 2. Since d; = 1 and the vertex {1,n} is in direction 1, all
the cqndition in LemmaA9.2.3 are satiAsﬁed. Then T can bg transformed into 71" such
that 7, has signature D = (dy,...,d,_1) in F"~ where d; > 2 for i > 1.

In all cases we reached a signature D such that d, > 2 for all ¢. Therefore w(ﬁ) > 3.
If w(D) = n — 1, then D is an irreducible signature. Otherwise 3 < w(D) < n — 2 and
therefore we move to Case 2.

2. Suppose that sy > 3. Then (di,...,d,) is an irreducible signature of @), because sq is
the least index s such that >, d; = 2° — 1. Let w; = a; — d; for all ¢ € [n — 1]. Since
7T is irreducible and ) ;% d; = 2% — 1, we must have u; # 0 for some i € [sg]. We show
that we can increase d; while decreasing d; by at most 1 for all f € {so+1,...,n —1}
using a sequence of edge slides, so w(D) is increased. Let X C [n — 1]\ {i} be such that
Y = X U{i,n} is a lowest vertex of F"* that has an i-edge. After applying Lemma 7.2.1
(if necessary), we may assume that ¢r(X U {n}) = n. We consider the following cases
according to whether or not X C [sg].

(a) Suppose that X ¢ [s¢]. Then by Lemma 6.2.2 the vertex X U {i} cannot be in any
direction belonging to [sg], so the vertex X U {i} is in direction j for some j ¢ [so].
As shown in Figure 9.21(a), using the path move the j-edge moves to X U{n}, the n-
edge moves to X U{i,n} and the i-edge moves to X U{i} as shown in Figure 9.21(b).
Let T" be the resulting tree and let D' = (d}, ..., d], ;) be its signature in F"~, where

» n—1
di=d;+ 1, d; = d; — Land d}, = dy,

for all k& # 4,j. Therefore d; has been increased where i € [so] while d; has been
decreased where j ¢ [sq]. So w(D’) > w(D).

(b) Suppose that X C [so]. Since [sq] is the smallest reducing set where s; > 3 and
the vertex X U {i,n} is a vertex of FJ* such that X C [sq], all the conditions
in Lemma 9.2.2 are satisfied. Then T can be transformed into 7" with signature
D =(dy,...,d,_,)in F'~ where w(D’) > w(D).

In all cases we showed that we can always increase w(D). Since w(D) cannot increase
indefinitely, we must eventually reach a tree where w(D) = n — 1. Then we conclude that any
upright spanning tree with a reducible splitting signature can be transformed into a tree with
an irreducible splitting signature. O]
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9.4 Summary map

In this chapter we showed that under the inductive hypothesis each upright spanning tree of
(2, with an irreducible signature such that the tree has a reducible splitting signature in F,'~
is connected to a tree with an irreducible splitting signature in F,'~. Previously in Chapter 5,
we showed that every irreducible signature has an amenable splitting signature using signature
moves. In Chapter 7 we showed under the inductive hypothesis that the set of upright spanning
trees of (), with an irreducible signature and a fixed unidirectional splitting signature or (2,
2, 3) splitting signature in F;'~ forms one block. In Chapter 8, we showed that each upright
spanning tree of (),, with an irreducible signature such that the tree has an irreducible splitting
signature in F'~ is connected to a tree with any other irreducible splitting signature in F'~.
In Chapter 11 we show that if an irreducible signature has an irreducible splitting signature
such that the set of upright spanning trees with this splitting signature forms a block then the
edge slide graph of the irreducible signature is connected.
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le XU{l,n} neXU{ln}
/|
| path move
< N
jeXu{lle neXu{n} le XU{1} ‘@i € XU{n}
X X

() (b)

Figure 9.20: Diagram 1 for the proof of Theorem 9.1.2. (a) Direction 1 is chosen at X U {1,n}
and direction n and direction j are chosen at X U{n} and X U {1} respectively. (b) Under the
path move the j-edge moves to X U {n}, the n-edge moves to X U {1,n} and 1-edge moves to
X UA{1}.

ie XU{i,n} ne XU{in}

path move
R —— .

ie XU{i}

X

() (b)

Figure 9.21: Diagram 2 for the proof of Theorem 9.1.2. (a) Direction i is chosen at X U {i,n}
and direction n and direction j are chosen at X U{n} and X U {i} respectively. (b) Under the
path move the j-edge moves to X U {n}, the n-edge moves to X U {i,n} and i-edge moves to
X u{i}.



Chapter 10

Two infinite families of irreducible
signatures of (),,.

In this chapter we study two infinite families of irreducible signatures of ),,. We give a proof
for the connectivity of the edge slide graph of each family using a slightly different technique
from the approach we use for the general case. In these families, we only encounter signatures
within the family or within closely related families that we already understand. Also, we give
formulae to determine the number of upright spanning trees of (),, with these signatures.

10.1 The irreducible signature Lg_l)

In this section we start by showing that the edge slide graph of this signature is connected. We
also count the number of upright spanning trees of (),, with signature Y.

Recall from Definition 5.6.4 that the ordered irreducible signature I\ " = (ay,...,a,) of
@, is defined by

2, ifi=1:
a; =2t —1, ifi=mn;
2i-1 otherwise.

The signature 7Y is the only irreducible signature of (),, with excess 5?71) =1lforallk <n—1.
Given an upright spanning tree of (),, with signature Iy(fl), since the signature I,(fl) is symmetric
with respect to directions 1 and 2, choosing either direction in the upper n face F'* gives a tree
of Q-1 with a supersaturated signature in the lower n face F'~. So for upright spanning trees
of (),, with signature I,(fl), choosing either direction 1 or 2 in F* determines the tree of @Q,,_;
in F)'~ because the supersaturated signature has only one upright spanning tree. Therefore
there are 2”2 unique upright spanning trees of @Q,, with signature I,(fl) in which direction 7 is
chosen in F™* for each i € {1,2}. Choosing direction i in ", where i € {3,...,n — 2}, gives
a tree of (),_1 with a quasi-irreducible signature (fol), 2t ...,2"2) in F"~. Also, choosing
n —1in F'" gives a tree with the irreducible signature Zﬁ;ll) of Qp—1 in F)~.

161
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neXU{jn}

path move

R re Xu{n}

(2) (b)

Figure 10.1: Diagram 1 for the proof of Theorem 10.1.1. (a) A face of @, with direction j is
chosen at X U {j,n}, direction r is chosen at X U {j}, and direction n is chosen at X U {n}.
(b) Using the path move, the label r goes to X U {n} and labels n and j go to X U {j,n} and
X U{j} respectively.

10.1.1 The edge slide graph of signature Lg_l) of @,

The following theorem states that the edge slide graph £ (17(;1)> is connected. Let T™ be the
unique upright spanning tree of Q,, with signature Z\ ) where 1 is chosen at {1,n}. To prove
this theorem we show that any spanning tree of (),, with signature £ (L(fl)) can be transformed
by a sequence of edge slides into the upright spanning tree T™.

Theorem 10.1.1. The edge slide graph S(I,S_l)) is connected for all n > 3.

Proof. We prove the result by induction on n.

Henden [6] as well as Lemma 4.3.6 proved that the edge slide graph £(2,2,3) is connected,
hence the result is true for n = 3.

Suppose the result is true for all 3 < k < n.

Since every spanning tree of (), is connected to at least one upright spanning tree by a
series of edge slides (Tuffley [11]), it suffices to prove the result for upright spanning trees of
@, with signature 7Y, Let T be an upright spanning tree of (), with signature 7Y, We
show that there exists a sequence of edge slides that transforms 7T into the tree T*.

Since T has 2! — 1 edges in direction n, there exists a unique edge of T}, with direction
not equal to n. Let j be the direction of this unique edge, and let X C [n—1]\ {j} be such that
W = X U{j,n} is the unique vertex of F* that is not in direction n. Let D = (dy,...,d,—1)
denote the signature of 7,,_. We now distinguish the following cases according to whether or
not X C [j —1].

Suppose first that X ¢ [j — 1]. We show there exists a sequence of edge slides that
transforms 7 into a tree where 7 = max X > j is chosen at a vertex X’ U {r,n} of F'* such
that X’ C [r — 1]. Since D is saturated above direction j and X ¢ [j — 1], the vertex X U {j}
must be in direction r (by Lemma 6.2.1), as shown in Figure 10.1(a). Then using the path
move the r-edge moves to X U {n}, the n-edge moves to X U {j,n}, and the j-edge moves to
X U{j}, as shown in Figure 10.1(b). Let 7" be the resulting tree and let D' = (d},...,d,,_,)

) n—1



CHAPTER 10. INFINITE FAMILIES OF IRREDUCIBLE SIGNATURES OF Qn 163

neXU{jn}

V-move

“en € (X )\ {i}) U {j.n} i€ XU}

j e (X\{ip)u{s} j e (XA\{ip) u{s}

(a) (b)

Figure 10.2: Diagram 2 for the proof of Theorem 10.1.1. (a) A face of @, with direction j is
chosen at the vertex X U {j,n} and (X U {j}) \ {i}, direction i is chosen at X U {j} and n is
chosen at (X \ {i}) U {j,n}. (b) After applying the V-move, labels j and n are swapped.

2e{1,2,n} ne{l,2,n}
o

V-move

1e{1,2} ‘@2€{2,n}

Figure 10.3: Diagram 3 for the proof of Theorem 10.1.1. (a) A face of @,, with direction 2 is
chosen at the vertex {1,2,n}, direction 1 is chosen at {1,2} and {1}, and direction n is chosen
at {2,n}. (b) After applying the V-move, labels 2 and n are swapped.

be its signature in ;. Then
d;=d;j+1, d.=d.—1 and d;=dy,
for all ¢ # j,r. Let
X'= (X U{n}h)\{r,n}
=X\ {r}

Cr—1] (since r = max X > j).
Therefore T is transformed to 7" such that r is chosen in F"* at X’ U{r,n}, where X' C [r—1],

and we may apply the case that follows.
Suppose now that X C [j — 1|. The signature D = (IJ(_I), 27, ...,2"%) with the unsatu-

rated part equal to Ij(fl) for all 3 < j < n — 1. We show that there exists a sequence of edge
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slides that transforms 7" to a tree where direction j is chosen at {j,n}. Let T; = T,,_ N Q.
Then T} has signature I;fl). Since I](fl) is an irreducible signature of ;, by Lemma 3.2.4
given ¢ € X there exists a tree Tj of (); with signature I](-_l) such that 1[17:]_(X U{j}) =i. Since
the edge slide graph & (I](_l)) is connected (by the inductive hypothesis), we can move from 7}
to such a tree using edge slides. Then 7 is transformed into T where T] =7nN Q; and all labels
of T apart from the labels of Tj are the same as the labels of T'. Since all the vertices of ]_-]] +
other than X U {j} are in direction j, the vertex (X \ {i}) U {j} is in direction j. Since all
the vertices of F'" other than X U {j,n} are in direction n, the vertex (X \ {i}) U {j,n} is
in direction n, as shown in Figure 10.2(a). Then using the V-move the j-edge and the n-edge
are swapped, as shown in Figure 10.2(b). Let T be the resulting tree. Then T is transformed
into T where, for X = X \ {i}, the j-edge is chosen at X U {j,n}. Note that |X| < |X|. If
X U {j,n} # {j,n}, then we repeat this process until we eventually reach the vertex {j,n}.
This must necessarily occur because the cardinality of the vertex where j is chosen decreases
by one at each step. Therefore T is transformed to a tree 7" that has the same signature as T’
in F'~, and the j-edge in F'* is chosen at {j,n}.

Suppose that 7 = 2. Then T'N Q2 has signature (2, 1) and the two 1-edges are chosen at
{1,2} and {1}. If 2 is chosen at {1,2,n}, then as shown in Figure 10.3 using the V-move the
label 2 moves to {2, n} and the label n moves to {1, 2,n} and therefore we move to the following
case.

We now show that there exists a sequence of edge slides that transforms 7" into the tree
T*. Since I](_l) is an irreducible signature, there exists a tree T;" of @; with signature IJ(_I)
where ¢ ({1,j}) = 1 (by Lemma 3.2.4). Since the edge slide graph S(Ij(_l)) is connected
(by the inductive hypothesis), we can move from T}’ to such a tree using edge slides. Since all
the vertices of F other than {j,n} are in direction n, the vertices {1,j,n} and {1,n} are
in direction n, as shown in Figure 10.4(a). Therefore we have a tree of Qq ;) with signature
(2, 2, 3) where its edge slide graph is connected (by Henden [6] or Lemma 4.3.6). As shown
in Figure 10.4(b) and (c), applying the path move and then the V-move the 1-edge moves to
{1,n}, the j-edge moves to {1, j} and the n-edge moves to {j,n}. Therefore T" is transformed
into the tree T™.

Finally, by the definition of the edge slide graph & (Ir(l_l)), there is a sequence of edge slides
from 7" to T, hence T" and 7™ are in the same connected component of £ (L(l_l)). Since 1" is
arbitrary, the edge slide graph S(I,(fl)) is connected. O

10.1.2 Counting the number of upright spanning trees of (), with
signature Iqs_l)

In this section we give a formula to count the number of upright spanning trees of @, with
signature I8V, We start with the following definition.

Definition 10.1.2. Let S = (ay,...,a,) be a signature of @),,. Then 7(S) is the number of
upright spanning trees of (),, with signature S.

The following lemma gives a recurrence relation for the number of upright spanning trees of
Q, with signature of the form (ay,...,a, 2,2"72,2""1 — 1), in terms of the number of upright
spanning trees of @, ; with signature (ay,...,a, 2,2" 2 — 1). This lemma is used to prove
Theorem 10.1.4 and Theorem 10.2.2.
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Lemma 10.1.3. Let S = (ay, ..., a,_2,a,1) be a signature of Q1 such that a, 1 =2""2—1.
Then 8" = (ay, ..., 0y 2,2""2,2""1 — 1) is a signature of Q,, and

7(8) = (2" + 2)7(S).

Proof. The signature conditions for S” hold, because they follow from the conditions for S. To
count the upright spanning trees we first show that from any upright spanning tree of (),,_; with
signature S, we can construct 2" 2 + 2 different upright spanning trees of @,, with signature
S’. Let T be an upright spanning tree of Q,,_; with signature S. We start by constructing 2" 2
different upright spanning trees from 7.

Let 7" be the upright spanning tree of @, with 7/ = T', direction n — 1 chosen at a vertex
¢ of F'* and all other vertices of F'* in direction n. Then 7" has signature S’. Since there
are 2”72 choices for &, there are 2”2 such trees and they all satisfy 7/ = T.

Now we construct the other two trees from 7. Let X C [n—2] be such that Y = XU{n—1}
is the unique vertex of F((S:E)H with (X U{n —1}) # n — 1. Note that X U {n — 1} exists
and is unique because T has signature S. Let (X U {n — 1}) = i. Let 7" be the upright
spanning tree of @, such that 7) = T with the 7 in ]_—((:_—11))+ replaced by an n, ¢ chosen at &
for some £ € {X U {n}, X U{n — 1,n}}, and all other vertices of F* in direction n. Since
there are two choices for &, we get two different trees and these are both different to the 272
trees constructed above. Moreover, T can be recovered from 7 _ and the location of the i-edge
in 7). Therefore we have constructed 2”2 + 2 different upright spanning trees of @,, with
signature & from 7.

Now we show that each tree of (), with signature S’ derives from a unique tree of Q,,_1
with signature § by this process.

Let 7" be an upright spanning tree of @, with signature &’ and let X C [n — 1] be such
that Y = X U {n} is the unique vertex of F"* with (X U {n}) # n.

Suppose first that 7 (X U{n}) =n —1. Then T'= T _ has signature S, and 7" is one
of the 272 trees obtained from 7" by placing n — 1 in F"*.

Suppose now that ¢y (X U {n}) = i for some i # n — 1. Then all 2”72 edges of T’ in
direction n — 1 must be chosen at all the vertices of F,'~ that contain n—1. Let T"be T _, with
the label n — 1 at vertex X U {n — 1} replaced by i. Then T has signature S, and 7" is one of
the two trees obtained from 7" by placing the direction 7 # n — 1 occurring in .F,(LTi_llH in Ft.

It follows that every tree with signature S’ is derived from a unique tree with signature S
by the above process, and the recurrence relation follows. O

( I;he following result provides the number of upright spanning trees of @), with signature
AR

Theorem 10.1.4. Let T(L(l_l)) be the number of upright spanning trees of Q, with signature

L(fl) . Then
n—3

() =22 @ + 1), (10.1)

=0
for alln > 3.

Proof. Our proof is by induction on n.
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We first show the result is true for the base case n = 3. In this case

n—3
[ +1) =22 x (2°+ 1)
7=0
— 4.

Since T(Iéfl)) = 4 by Henden [6] or Lemma 4.3.6, Equation (10.1) is true for n = 3.
We now assume that Equation (10.1) holds for n = k for some k > 3, that is

k—3
(@ V) =22 @ + ).

j=0
We prove that Equation (10.1) holds for n = k 4 1, that is

(k+1)-3
T(Zyy) =202 T (@ +1).
5=0

Since

by Lemma 10.1.3 we have

T(Z)) = @72 p 2yr(zi )

= (2042 4 9)(2h2 Hg<2j +1))
— (251 4 2)(252 ]:[(2j +1))
= 2(2F2 4 1)(2k2 1:[(2j +1))
k-2 ”
_ gk-1 H(Qj +1).
0
10.2 The irreducible signature I<(3_ ii_l)

In this section we start by defining the irreducible signature I((; i’)fl), where n > 4, and then

we show that the edge slide graph of this signature is connected. We also count the number of
upright spanning trees of (), with signature I((g_ 7113_1).
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For n > 4, consider the ordered irreducible signature I((; :{1) = (a1,...,a,) of Q,, where
2, ifi =1,
3, if i = 2;
a; = ' .
20t 1, ifi=3,n;
2i=1 otherwise.

(—1

Unlike the signature Z, Y

), the signature I((; i)f has excess

P {2, it k= 2;
Ep = _
1, otherwise.
For an upright spanning tree of (),, with signature I((; ii_l)’ choosing direction 1 in the upper
n face F'" gives a tree of ,,_; with the strictly reducible signature (1,3,3,8,16,...,2""!) in
the lower n face F'~. Since the signature I((3 ) s symmetric with respect to directions 2
and 3, choosing either direction in F* gives a tree of (),,_; with a quasi-irreducible signature
(2,2,3,8,16,...,2" Y or (2,3,2,8,16,...,2"!) in F*~. Choosing a direction 7 in Fj}*, where
i €{4,...,n—2}, gives a tree of Q),,_; with a quasi-irreducible signature (I((_l)’_l) 20 ..., 2"

in 7. Also, choosing n—1 in F"* gives a tree with the irreducible signature I(( of @Qn1
in F)'".
10.2.1 The edge slide graph of signature I(( ) of Qn

The next theorem states that the edge slide graph E (I((; TlL)f )) is connected. Let T™ be the

upright spanning tree of @), with signature I((3 ) ) where 2 is chosen at {2,n} and {1,2,3},
and 1 is chosen at {1,2}. The proof of this theorem is similar to the proof of Theorem 10.1.1 in

terms of showing that any spanning tree of (), with signature & (I((g_ 7113_1)) can be transformed
by a sequence of edge slides into the upright spanning tree T™.

Theorem 10.2.1. The edge slide graph E(I((B_Tll’)_l)) is connected for all n > 4.

Proof. We prove the result by induction on n.

Lemma 5.4.2 proved that the edge slide graph £(2,3,3,7) is connected, hence the result is
true for n = 4.

Suppose the result is true for all 4 < k < n.

Since every spanning tree of (), is connected to at least one upright spanning tree by a
series of edge slides (Tufﬂey [11]), it suffices to prove the result for upright spanning trees of
(), with signature I((3 n) Y. Let T be an upright spanning tree of (),, with signature I((; :{1).
We show that there exists a sequence of edge slides that transforms 7T to the tree T™.

Since T has 2! — 1 edges in direction n, there exists a unique edge of T}, with direction
not equal to n. Let j be the direction of this unique edge, and let X C [n—1]\ {j} be such that
W = X U{j,n} is the unique vertex of F* that is not in direction n. Let D = (dy,...,d,—1)
denote the signature of 7,,_. We now distinguish the following cases according to whether or
not X C [j —1].
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Suppose first that X ¢ [j — 1]. We show there exists a sequence of edge slides that
transforms 7" to a tree where r = max X > j is chosen at a vertex X' U {r,n} of F* such
that X’ C [r — 1]. Since D is saturated above direction j and X ¢ [j — 1], the vertex X U {j}
must be in direction r (by Lemma 6.2.1), as shown in Figure 10.5(a). Then using the path
move the r-edge moves to X U {n}, the n-edge moves to X U {j,n}, and the j-edge moves to
X U{j}, as shown in Figure 10.5(b). Let 7" be the resulting tree and let D' = (d},...,d, ;)
be its signature in F'~. Then

d;=dj+1, d.=d.—1 and d;=dy,
for all ¢ # j,r. Let

X' = (XU{nh)\ {ron)
=X\ {r)

Cr—1] (since r = max X > j).

Therefore T is transformed to 7" such that r is chosen in F'* at X’ U{r,n}, where X' C [r—1],
and we may apply the case that follows.

Suppose now that X C [j — 1]. We show that there exists a sequence of edge slides
that transformed 7" into a tree where direction j is chosen at {j,n}. We consider the cases
4 <7 <n-—1and j= 3 separately.

Suppose that 4 < 7 < n — 1. Then the signature D = (I(_L_l),Qj, ...,2"%) with the

(3.7)
unsaturated part equal to I((S_ jl)7_1). The edge slide graph S(I((B_ ;),—1)) is connected (by the

inductive hypothesis). Let Prus(X U {j,n},5) = (Xo U {j,n},...,Xa U {j,n}) be the j-
retaining max remover path from X, U {j,n} = X U {j,n} to X, U {j,n} = {j,n}. Since T
has 2"~! — 1 edges in direction n and since (X U {j,n}) = 7, all the vertices of F"* apart
from X U{j,n} are in direction n and therefore (X, U{j,n}) =nfora=1,...,a. Applying
Lemma 7.2.5 at the vertex X U{j,n}, T can be transformed into 7T, with ¢r, (X, U{j,n}) = j,
Yr (XoU{j,n}) =nfora=0,...,a—1 and all other labels of T,, the same as the labels of T

If j =3, then D = (2,3,2,8,...,2"2) where (2, 3, 2) is an irreducible signature of Qs.
Then 3 is chosen at either {3,n} or {¢,3,n} for some ¢ € {1,2}. If 3 is chosen at {3,n}, then
no further moves are needed. Suppose that 3 is chosen at {¢,3,n}. Then all the vertices of
F+ apart from {¢,3,n} are in direction n. Since (2, 3, 2) is irreducible, by Lemma 3.2.4 there
exists a tree Ty of Q3 with signature (2, 3, 2) where 97, ({¢,3}) = (. Since the edge slide graph
£(2,3,2) is connected (by Henden [6] or Lemma 4.3.6), we can move from T3 = T'N Q3 to T}
using edge slides. Therefore T is transformed into 7" with ¢/ ({¢,3}) = ¢ and all the labels of
T" apart from the labels of 7% the same as the labels of 7. As shown in Figure 10.6, applying
the V-move the labels n and 3 are swapped.

Therefore, for j > 3, we can always move from 7" to T,, with ¢, (X, U{j,n}) = 7, ¥, (X, U
{j,n}) =nfora=0,...,a—1 and all other labels of T, the same as the labels of T

We next show that there exists a sequence of edge slides that transforms T}, to a tree T where
THQ{QJW} has signature (2, 2, 3). Since (dy, ..., d;) is an irreducible signature, by Lemma 3.2.4
there exists a tree 7" N Q; of Q; with signature (dy, ..., d;) where ¢¥7/({2,j}) = 2. Since the
edge slide graph E£(dy, ..., d;) is connected (either by the inductive hypothesis if 4 < j <n —1,
or by Henden [6] or Lemma 4.3.6 if j = 3), we can move from 7" N Q); to such a tree using edge
slides. Since all the vertices of F'* apart from {j,n} are in direction n, the vertices {2, j,n}
and {2,n} are in direction n. Then T'N Q(2,;») has signature (2, 2, 3).
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Note that if j = 1 and is chosen at {1,n}, then T” has signature (1,3,3,8,16,...,2" 1)
in F~ and therefore the only 1-edge in 7),_ is chosen at {1}. Then 2 is chosen at {1,2} by
Lemma 6.2.1. Since all the vertices of F'™ apart from {1,n} are in direction n, the vertices
{1,2,n} and {2,n} are in direction n. Therefore the tree 7" N Qq1,2n) has signature (2, 2, 3).

As shown above we can always move to T" where T N Q12,j,n) has signature (2, 2, 3). As
shown in Figure 10.7 using edge slides we can move to a tree 7" N Q2 j »} Where 2 is chosen at
{2,n}, j is chosen at {2, j}, n is chosen at {j,n}. Therefore T is transformed into 7" where 2
is chosen at {2,n}, j is chosen at {2, j}, n is chosen at {j,n}, and all other labels of 7" are the
same as the labels of T'.

We now show that using edge slides 7" can be transformed into T*. Since 7 ({2,n}) = 2,
the tree 7" N @3 has signature (2, 2, 3). Since the edge slide graph of signature (2, 2, 3) is
connected, we can move from 7" N Q3 to the tree T* N Q3 where 2 is chosen at {1,2,3}, 1 is
chosen at {1,2} and 3 is chosen {1,3} and {2,3}. Then 7" is transformed into 7* where 2 is
chosen at {1,2,3}, 1 is chosen at {1,2}, 3 is chosen {1,3} and {2,3} and all other labels of T
are the same as the labels of T".

Finally, by the definition of the edge slide graph & (I((g_ 7113_1)), there is a sequence of edge

slides from 7" to 7™, hence 1" and 1™ are in the same connected component of £ (I((g_ 7113_1

T is arbitrary, the edge slide graph & (I((g_ 7113_1)) is connected. O

)). Since

10.2.2 Counting the number of upright spanning trees of (), with

. —1,—1
signature I((3 n) )
The following result provides the number of upright spanning trees of (),, with signature I((; :{1).

Theorem 10.2.2. Let T(I((; :L’)fl)) be the number of upright spanning trees of QQ,, with signature

I((i;lls_l). Then
T(Za ) = (@2 H (2 +1), (10.2)
=2
for allmn > 4.

Proof. Our proof is by induction on n.
We first show the result is true for the base case n = 4. In this case

n—3

2"t x5) [ [(2+1)=2"""x5

<.
Il
N

= 40.

Since 7(Z{; ;") = 40 by Lemma 5.4.1, Equation (10.2) is true for n = 4.

We now assume that Equation (10.2) holds for n = k for some k > 4, that is

k-3
T(Zoy ) =@ x5 [ (@ +).

i
[\
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le{l,j.n}

path move

®9j€{jn} je{ljte

(1} “(n) 0

V-move

je{lit¢

{21 &

(c)

Figure 10.4: Diagram 4 for the proof of Theorem 10.1.1. (a) A tree of Qg ;, with signature
(2, 2, 3) where direction n is chosen at {1, j,n} and {1,n}, direction j is chosen at {j,n} and
direction 1 is chosen at {1,j}. (b) After applying the path move, the label j goes to {1,;},
label 1 goes to {1, j,n} and the label n goes to {j,n}. (c) After applying the V-move the labels
n and 1 are swapped.
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R re Xu{n}

Figure 10.5: Diagram 1 for the proof of Theorem 10.2.1. (a) A face of @), with direction j is
chosen at X U {j,n}, direction r is chosen at X U {j}, and direction n is chosen at X U {n}.
(b) After applying the path move, the label r goes to X U {n}, the label n goes to X U {j,n}
and the label j goes to X U {j}.

ne{l,3,n}
e

path move

te{(,3} ‘@3 € {3,n}

Figure 10.6: Diagram 2 for the proof of Theorem 10.2.1. (a) A face of @, with direction 3 is
chosen at the vertex {¢,3,n}, direction ¢ is chosen at {¢,3} and n is chosen at {3,n}. (b) After
applying the V-move, the labels 3 and n are swapped.
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2¢€{2,j,n}

path move

JjeE{2,j1e

{2}

V-move

jef{2.5}¢

{2 &

(c)

Figure 10.7: Diagram 3 for the proof of Theorem 10.2.1. (a) A tree of Q2,3 with signature
(2, 2, 3) where direction j is chosen at {j,n}, direction n is chosen at {2, j,n} and {2,n}, and
direction 2 is chosen at {2,j}. (b) After applying the path move, the label j goes to {2,;},
label 2 goes to {2, j,n} and the label n goes to {j,n}. (c) After applying the V-move the labels
n and 2 are swapped.
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We prove that Equation (10.2) holds for n = k 4 1, that is

(k+1)—3

~1,-1 - ;

T(I((3,k+1))) = (2071 5) H (27 +1).
=2
Since

k-3

(T ) = 2 x5 [T + 1),
j=2

by Lemma 10.1.3 we have

—1,—-1 _ 1,—1
r(Zhiny) = Q42 4 2)r(T )

= (2002 L 21 5) TT (27 + 1)

=222+ )2 x5 [ (@ +1)
k-2 "
=2 x5 @ +1).
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Chapter 11

Discussion

In this thesis we study the edge slide graph of @), with the goal of proving the following
conjecture:

Conjecture 6.3.1. Let S = (ay,...,a,) be a signature of Q,,. Then the edge slide graph E(S)
s connected if and only if S is irreducible or quasi-irreducible.

Chapter 6 establishes the ‘only if’ direction and Chapters 7-9 present substantial partial
progress toward the ‘if” direction. By Corollary 6.2.6 it suffices to consider the irreducible case.
The underlying strategy is inductive with the base case given by the signatures (1) and (2,
2, 3), which up to permutation are the only irreducible signatures for n < 3. The edge slide
graph of signature (1) consists of a single vertex, and the connectivity of signature (2, 2, 3) was
established by Henden [6] as well as Lemma 4.3.6 in this thesis. Our main result is reducing the
inductive step to the problem of proving that each irreducible signature has a splitting signature
for which the upright spanning trees of that signature form a block, as we now explain.

Given an irreducible signature Z of @),,, we may suppose without loss of generality 7 is
ordered. Suppose that signature Z has an ordered irreducible splitting signature D such that
the set of upright spanning trees with signature Z and splitting signature D forms a block.
Then under the inductive hypothesis the edge slide graph of signature Z is connected, as shown
in the following theorem.

Theorem 11.1. Let n > 4 and let T = (aq,. .., a,) be an ordered irreducible signature of Q.
Suppose that every irreducible signature of Qi is connected for all k < n. Suppose that T has an
ordered irreducible splitting signature D = (dy,...,d,_1) such that the set of upright spanning
trees of QQ,, with signature I and splitting signature D forms a block. Then the edge slide graph
of signature I is connected.

Proof. Let T be an upright spanning tree such that 7,,_ has the splitting signature D. Let T be
a spanning tree of @, with signature Z. After a sequence of edge slides (if necessary) we may
assume T is upright. Moreover, by Theorem 9.1.2 after a series of edge slides we may further
assume that T),_ has an irreducible signature. If 7, has an irreducible splitting signature,
then by Corollary 8.3.1 we can apply edge slides until we reach signature D. Let 7" be the
resulting tree where 7" has signature D. If 7" # T, then T” can be transformed into 7' by
our hypothesis that the upright spanning trees with signature Z and splitting signature D form
a block.

174
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Finally, by the definition of the edge slide graph £ (Z), there is a sequence of edge slides from
T to T, hence T and T are in the same connected component of & (Z). Since T was arbitrary,
the edge slide graph £(Z) is connected. O

To prove the inductive step it therefore suffices to prove the condition of Theorem 11.1 for
all irreducible signatures:

Theorem 11.2. Under the inductive hypothesis of Theorem 11.1 suppose that every ordered
wrreducible signature of @, has an ordered irreducible splitting signature such that the set of
upright spanning trees with this splitting signature forms a block. Then the edge slide graph of
every irreducible signature of @), is connected.

Proof. Let T be an irreducible signature of (),, and let Z' be an ordered permutation of Z.
By hypothesis 7' has an ordered irreducible splitting signature D such that the set of upright
spanning trees of (), with signature Z' and splitting signature D forms a block. Then by
Theorem 11.1 the edge slide graph of signature Z’ is connected, and then by Lemma 2.2.20 the
edge slide graph of signature Z is connected. O

Thus, to complete the proof of Conjecture 6.3.1 it suffices to prove under the inductive
hypothesis that every irreducible signature Z has a splitting signature D such that the upright
spanning trees with signature Z and splitting signature D lie in a single component. We have
established this step for certain classes of signatures, including all irreducible signatures of Q.
We therefore have:

Corollary 11.3. The edge slide graph of every irreducible signature of Q4 is connected.

Proof. The inductive hypothesis of Theorem 11.1 holds for n = 4 by our discussion above. Let
7T = (ay, as, as, ag) be an ordered irreducible signature of Q4. Then Z has the splitting signature
(2, 2, 3) and by either Theorem 7.3.1 or Theorem 7.3.2, according to whether (2, 2, 3) is a
unidirectional splitting signature or has multiple directions in F; ", the set of upright spanning
trees with signature Z and the splitting signature (2, 2, 3) forms a block. Therefore the edge
slide graph of every irreducible signature of ()4 is connected, by Theorem 11.2. m

In the general case, we have shown in Corollary 5.6.14 that for n > 5 every irreducible
signature Z has a unidirectional splitting signature or a super rich splitting signature. The
unidirectional case is covered by Theorem 7.3.2, and we have:

Corollary 11.4. Under the inductive hypothesis of Theorem 11.1 suppose that T has a unidi-
rectional splitting signature. Then the edge slide graph of signature I is connected.

Combining Corollary 11.3 with Corollary 11.4 we get:

Theorem 11.5. Let 7 = (ay, as, as, ay, as) be an irreducible signature of Qs such that T has a
unidirectional splitting signature. Then I is connected.

We have also proved Conjecture 6.3.1 holds for two infinite families of irreducible signatures,
namely 7Y and I ) LD When Z does not have a unidirectional splitting signature it has
a super rich sphttlng signature, and under the inductive hypothesis our results in Chapter 7
establish several tools for rearranging the labels of a tree with a super rich splitting signature.
In particular, Lemma 7.3.6 shows that if " and T" are settled and agree at all vertices of F*
of level a4 1 and above, then we can increase by one the number of vertices that agree at level
«, without affecting the vertices of higher levels. This gives us grounds to believe the following
conjecture:
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Conjecture 7.3.3. Let n > 5, and suppose that every irreducible signature of (Q,—1 s con-
nected. Let T = (aq,...,a,) be an irreducible signature of Q,, with a, > a; for allt € [n —1].
Let D = (dy,...,d,—1) be a super rich splitting signature of T with respect to n. Let B be the
set of upright spanning trees of Q,, with signature L and signature D in F]'~. Then B forms a
block.

Establishing Conjecture 7.3.3 would complete the proof of the inductive step, completing the
proof of Conjecture 6.3.1. The difficulty with our current approach to proving Conjecture 7.3.3
is that Lemma 7.3.6 requires the trees to be settled. At present we are unable to ensure
the hypothesis that the tree is settled is still satisfied after applying Lemma 7.3.6, without
potentially destroying the progress already made in bringing the trees into agreement. We
have not been able to resolve this issue within the time frame of this research. We believe the
approach we had in Chapter 7 could be used with some improvements to completely prove the
conjecture.
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