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Abstract

The generalised Hopf equation is the first order nonlinear equation defined on a planar
domain Q C C, with data ¢ a holomorphic function and 7 > 1 a positive weight on
Q,

hy h n(w) = @.
The Hopf equation is the special case n(w) = 77(h(w)) and reflects that / is harmonic
with respect to the conformal metric \/7(z)|dz|, usually 7 is the hyperbolic metric.
This article obtains conditions on the data to ensure that a solution is open and discrete.

We also prove a strong uniqueness result.
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1 Introduction

The well known Hopf equation is the first order equation

hwEn(h) = ®(w), almosteveryz € Q. (1)

Communicated by Greg Knese.

This article is part of the Topical Collection in honour of the 70th Birthday of Professor S.G. Krantz.

B Gaven Martin
g.j.martin@massey.ac.nz

Cong Yao
c.yao@massey.ac.nz

Institute for Advanced Study, Massey University, Auckland, New Zealand

X Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s11785-023-01390-4&domain=pdf
http://orcid.org/0000-0002-9395-5855

91 Page2of11 G. Martin, C. Yao

Here €2 is a planar domain, and

1. h:Q— Cliesin W51 (%),

2. @ is holomorphic in €2,

3. n(w) > 1islocally Lipschitz (most often smooth), and

4. the Jacobian determinant J (w, ) > 0 at almost every w € €.

For a leo’ Cl solution A, differentiating (1) quickly reveals that i satisfies the fension
equation,

Ah + 2(log 1)z (Why hi = 0, 2)
expressing the fact that

h (R, ldw]) = (2, v/n(D) |db])

is a harmonic mapping, see Jost [12] and Daskalopoulos and Wentworth [3] as general
references for planar harmonic mappings, or Duren [4] in the case of n = 1. Elliptic
regularity subsequently implies a higher degree of smoothness of 4. However no topo-
logical regularity can be guaranteed despite the assumption (4) above. Some aspects
of the converse are well understood via Lewy’s Theorem [13], subsequently Schoen
and Yau for the hyperbolic metric [20] and finally its generalisation to all metrics and
degree 1 mappings [17]. There topological regularity (e.g. a homeomorphism) implies
a harmonic mapping is a diffeomorphism.

The purpose of this article is to consider the question of topological regularity in a
more general setting.

2 The Generalised Hopf Equation

We consider the generalised Hopf equation:
hyhy n(w) = ®(w), almost everyz € Q. 3)

where A, together with the data @ and 7, satisfy (1-4) above. Of course if / is harmonic
to the metric ﬁ |dw]|, then h solves (3) with n(w) = n(h(w)). Then h should be
locally Lipschitz to satisfy our assumptions. This follows for the Hopf equation (1)
by the result of Iwaniec et al. [7] who prove a much more general result which in fact
shows solutions to (3) are locally Lipschitz.

There are natural extremal mapping problems where equations such as (3) occur,
see [15, 19] in the case p = 1.

We have assumed that J(w, #) > 0 to remove certain pathologies which can occur
by piecing together reflections and so forth. In particular this implies |hz| < |h,]|. It
follows that away from the discrete set

Zo ={w:d(w) =0} CQ
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we have Az locally bounded and vanishing continuously on Zg, and hence i €
Wllo’cp () forall 1 < p < oo, and as mentioned in fact 4 is locally Lipschitz. This
now guarantees the local integrability of the Jacobian. We have established

Lemmal Leth : Q2 — Cbea WZL’CI(Q) solution to (3) with J(w, h) > 0 for almost
every w € Q. Then h is a mapping of finite distortion.

The theory of mappings of finite distortion can be found in [1, 5, 8, 9] which we use
as basic references. The hypothesis J(w, ) > 0 almost everywhere is necessary. If
h(z) = a(x) and ® = ¢? > 0 is constant, z = x + iy, the equation becomes

dx

a'(x x)=c, ak)=a(x ¢

OIS (¥) = a(xo) + /M
which is certainly not a mapping of finite distortion. We will see in a moment that the
case ® constant is (at least locally) the general case.

A mapping £ is discrete if for every w € h(2) the set {w € Q : h(w) = w}isa
discrete subset of 2. We will repeatedly use the following classical result whose proof
we briefly sketch.

X

“

Lemma 2 Suppose that h : 2 — C is continuous in 2, open and discrete in Q \ Z,
where Z is a discrete subset of Q2. Then h is open and discrete in Q.

Proof The Stoilow factorisation theorem implies that 2|2\ Z = W o f where f :
Q\Z — Q\Z is a homeomorphism and ¥ : Q\Z — C is holomorphic. As % is
continuous, W is locally bounded and so the points of Z are removable singularities.
Hence ¥ may be assumed to be holomorphic in €2. Then f is continuous on €2 and
one can show f extends to a self homeomorphism of €2. From this the result follows.

O

The Beltrami coefficient of a mapping of finite distortion 4 is

un = hz/h;
and is defined almost everywhere. If G is open and ||usllL~@G) = k < 1, then A

is quasiregular in G or quasiconformal if h|G is a homeomorphism. Quasiregular
mappings are open and discrete.

3 Examples

Here we give some examples to motivate the hypotheses we make on the data ® and
n in Eq. (3).

3.1 n Constant on a Simply Connected Region Q

Then hyhy = @, a Wﬁ,’cl solution is smooth and harmonic, and so we may find
holomorphic U,V : @ — Csothat h = U + V. That |hz| < |h.| gives |V'| <
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|U’|. Away from the discrete set of points points where {U’ = 0} we have V'/U’
holomorphicand |V’/U’| < 1,s0 V’/U’ is holomorphic in 2. The maximum principle
implies that ether || < 1on €2 and 4 is locally quasiregular - hence open and discrete
-or |up| = 1,|U'| = |V, U =¢?>V' +¢,|¢| = 1, and hence

h(z) =U 4V =2tRe(cU) = Cu(z) + ¢
where u is a real valued harmonic function. In this case 4 cannot be open and discrete.

There is no way to avoid this dichotomy without making further assumptions on %
such as J(z, h) > 0 almost everywhere, or assuming that ; is nonconstant.

3.2 dny, = | DIy

This is a condition about the alignment of the arguments of ® and nzw. We first examine
this condition in the case ® = 1, so A is a solution to

hzhz 1(z) =1 (5)
Then the condition above is 7, = 1y, which implies n, = 0, so that n(z) = n(x).
Then choose a’(x) = 1/4/n(x) < 1 and h(z) = a(x) is a solution to (5) as discussed
at (4).

More generally we make the following calculation. Suppose that G is open and we
can find a holomorphic solution to

PP =1, ¢:G—> Q. (6)
Then if hyhy H(w) = ®(w) we see that i o ¢ solves (5) with 7(z) = (¢ (2));
(ho¢).(hod)z H(¢(2) = hw(@hw(@) H(B)¢ (2)* = P(P)¢' (2)* = 1.

Actually we can always solve (6) as soon as we can define a single valued branch of
/@, which we can do in a simply connected region where ® # 0. Then simply solve

Y (w) = #0

@ (w)
and put ¢ = ¥ ~! on a maximal subdomain of definition. Next,

N = 12(¢(w))¢' (w)

Then n, = 7, implies

(@ (2)9'(2) = 1w (P (2))¢'(2)
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and hence

N (P (@) (@) = 7w (¢ (2)|P(P)] @)

and, writing w = ¢(z) we have 7, ® = ﬁ_w|d>(w)| and this is the condition we are
considering.

By way of example let us consider the hyperbolic metric. Then n(w) = (1—|w|
and &7, = |®|n, gives Pw? = |dw?|, that is dw? > 0. Away from this set we will
find that solutions are open and discrete, see Theorem 3.

We can rewrite the condition at Sect. 3.2 away from the zeros of ® as follows.

2)72

BTy = [ Dlnw = VOT5 = VI

Thus /@y is real and that is if and only if @n% > 0.

4 Main Results

As we have seen, away from Zg we can arrange things locally so that & = 1. We next
examine that case.

4.1 The Special Case P = 1
We have
hohzn(z) = 1. (8)

We immediately note 0 < uj; < 1. Let us remove the locally uniformly elliptic case
so as to focus on the non-classical degenerate case.

Theorem 1 Suppose that h is a Wllo’,:1 (2) solution to (8) which is locally quasiregular;
lllLocy < k < 1 forany G @ Q. Then on G we have h = ¢(g) whereg : G — G
is a quasiconformal diffeomorphism and ¢ : G — C is holomorphic.

Proof On G we have |hz| < k|h;|. Thus |h;| > 1//kn > 2/+/(1 +k)n. Define
A(z, ¢), real valued, as follows.

Az g)z{ Bie) 121 < 1/ +0n/2 o
’ /(gD 121> 1/ T+ 0mn/2

Since k < (1 + k)/2 and n(z) is Lipschitz, we may smooth A along the set |{| =
(1 + k)/(27n) keeping the Lipschitz bound |A(z, ) — A(z, §)| <K'|¢ — &,k < 1.

Now, simply because |hz| = W and so |h,| lies beyond where we have made
any modification, /4 is a solution to the following Beltrami equation with Lipschitz
coefficients:

h
hz = A(z, hy)——
z (z Z)|hz|
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Fig. 1 The graphs y = LHk o and y = nix

5 A(z, ¢) is obtained by smoothing the minimum of these two
functions defined for x > 0

The Schauder estimates [1], or other more general approaches [6] show that i €
W2P(G), p < 0o, or even C*(G) if 1 is. O

We now proceed under the additional assumption that 4 € leo’cl (2\Zg) (and note
that in our special case Z¢ = @) (Fig. 1).
Differentiating (8) yields

0=hgzph; +h hz+ % = hz phy + ph, hz + (1 — wh; hz + %
which simplifies to
0 =2uNRe(hzh,) + (1 — wWhozh, + %
and the conjugate equation
0 =2uMNe(hzhz) + (1 — whzh; + %

Subtracting the first of these equations from the second gives

Nz — Nz
772

0= (1—w2iSmlhzh;]+
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and hence
~ 7.2 Ny
Smlhzh.n’] = —— (10)
I—p
While adding the same two equations gives
0= (1 + wRelhzz bz ]+ 1«
This gives
hz hz
Sm [ﬁ] zn—yz, Re [£:| z_n—xz (11)
hz (I —wn hz (I +wn

This calculation has established the following lemma.

Lemma 3

Nx . Ny
hz=hs(— + »
@ Z( 1+ wn? ’a—m%)

As a consequence of this formula we also have the following theorem.

Theorem 2 Suppose we have |ny| > € and |ny| < M < o0 in Q. Then a solution
h e leo’cl (2) to Eq. (8) is an open and discrete mapping.

Proof As |h;| and |hz| are locally bounded above and below (by a positive constant)
the announced smoothness is assured by (3). Further, we immediately see

1
Kz, h) ~ T—n € Lj,.(G).

and so the Iwaniec—Sverak version of the Stoilow factorisation theorem [11] applies.
O

We record the following corollary related to the boundary value problem. The proof
is simply to note by topological degree theory, or a simple application of the Stoilow
theorem which reduces the question to the case of mappings holomorphic in G and
continuous over the boundary, that if / : G — C is continuous, discrete and open in
G, and degree £1 on the boundary & : 3G — h(dG), then it is a homeomorphism in
G.

Corollary 1 Suppose thatn > 1is smoothandn, # 0inD. Ifh : D— Disa Wﬁ)’cl (D)
solution to (8) and h|01D — 0D has degree 1, then h is a homeomorphism.

More generally

Corollary 2 Suppose that n > 1 is smooth inD. Ifh : D — D is a continuous w2l (D)

loc

solution to (8), if h|0D — 0D has degree 1, and if h|{n, = 0} is injective, then h is a
homeomorphism.
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Proof Theset{n, = 0}isclosed and k|{n, = 0} is ahomeomorphism. On D\ {n, = 0}
h is open and discrete. The continuity of z now implies the result. O

As a specific consequence we note the following.
Corollary 3 Suppose that n(w) = (1 — |w|>) 2 is the hyperbolic area measure in .
Ifh : D — D is a continuous Wl%)’cl (D) solution to (8), if h|0D — 0D has degree 1,
and if h|{y = 0} is injective, then h is a homeomorphism.

We need only observe that n, = 2y(1 — |lw|>)~*. Actually the same will be true
for any radially symmetric metric n(r) whose derivative vanishes only at r = 0, since

n(w) = (/x> +y2) s0ny = yi' (Va2 + y2) /v/x2 + 52

4.2 The General Case
We have seen at (6) how the general case we are considering,
hw_wﬁ =,

can be reduced to the special case locally in \ Z¢. Locally we have ¢’ (w)? ®(¢) = 1
and

n(2) = (¢ (). (12)

Then away from Zg,

2iny = 1y — n = 23m (7 (6 @) 2))
726 () . (w)
IS T W TS

<1>(¢(z>)) “"”(wb(w))

- 23m(

Thus the problematic set is the set where 7);(w)+/® (w) is real. We can express this
condition more easily as 7. (w)*® (w) > 0.

Theorem 3 Let Q C C be a domain, ® holomorphic on Q and Zp = {® = 0}.
Suppose thath : Q@ — Cisa Wl%;cl(Q \ Zo) solution to the equation

hwhy n(w) = ®  almost every z € Q. (13)
If for every G € Q\ Zo
ess inf{i‘vm(ni&)) tweG>0,

then h is open and discrete.
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4.3 Harmonic Mappings

It is worthwhile now looking at what these conditions require in the harmonic case
where n(w) = a(h(w)).

2 ® = (. (h)hy + oz (h)hp)>®

otz (h)[?

||
a(h)

= a.(W)?h%,® + a, (h)2h2d + 2

Im(2®) = 3m((az(h)2h2w + az(h)2hzw)<i>)
Now from (13) we see i = |u|% and so
Im(R,®) = Im (az(h)zhfucﬁ + |M|2c1>az(h)2h2w)

If we suppose that % is continuously differentiable, then w is continuous. In a neigh-
bourhood of a point where |#| < 1 we obviously have open and discreteness. The
only interest is in the case || = 1. However,

S, ®) = S (o (122 B + b, ()3, ) = 0

5 Uniqueness

Here we follow the ideas of [18].

Theorem 4 Let @ be holomorphic and 1 > 1 and continuous onD. Let g, h : D—D
be continuous mappings g, h € Wllo’; (D) with g(0) = h(0) and g(1) = h(1). Suppose
that g, h |S : S — S are monotone mappings of degree 1, and that g, h both solve the
equation

fuw fon(w) = &, almost everywhere in) (14)

If

1

— Ll (D\Zy),
Inguwhwl — @] ~ '
then g = h.

Notice that [n(w)hygw| = |®| almost everywhere, with equality holding if and only
if J(w,h) =J(w,g) =0.

Proof The hypotheses quickly imply that g, i are mappings of finite distortion in ID.
Let F =g—h: D — C.Then F € WZ]O’CZ(]D)). Also, as a difference of monotone
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maps, the total variation of the argument of F on S is at most 27, see [18]. Away from
Zg we compute that

R <b<1 1)
t=gr—hr=—(—— —
: : n \g: h;
o)
= F,=VvF,
ngzh;

Our hypothesis is that locally

L+l 1 1
1+ [v] 1_‘ 4" Ingzh:| — |®|

Kz F)=

is locally integrable away from Zg. Thus F is a discrete open map [11]. We apply
the Stoilow factorisation theorem to write F = 1 o f, where f : D — D is a
homeomorphism and v is holomorphic. As F is continuous in ID the homeomorphism
f extends continuously. As F(0) = 0 and F (1) = 1 the open mapping v has degree
at least two and total variation at least 4;r. This contradiction establishes the result. O

Corollary 4 With the hypotheses of Theorem 4, if for each z € D either g or h is locally
quasiregular at z, then g = h.

Corollary 5 A locally quasiconformal solution to (14) which is continuous in D is
unique.

One should compare this with Li and Tam’s uniqueness theorem for quasiconformal
mappings which are harmonic in the hyperbolic metric [14].

Author Contributions All authors contributed equally.

Funding Open Access funding enabled and organized by CAUL and its Member Institutions Work of both
authors partially supported by the New Zealand Marsden Fund.

Declarations

Conflict of interest The authors have no competing interests as defined by Springer, or other interests that
might be perceived to influence the results and/or discussion reported in this paper.

OpenAccess This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


http://creativecommons.org/licenses/by/4.0/

Topological Regularity for Solutions to the Generalised... Page110f11 91

References

10.

11.

12.

13.

14.

16.

17.

18.
19.

20.

. Astala, K., Iwaniec, T., Martin, G.J.: Elliptic Partial Differential Equations and Quasiconformal

Mappings in the Plane, Princeton Mathematical Series, 48. Princeton University Press, Princeton
(2009)

. Astala, K., Iwaniec, T., Martin, G.J., Onninen, J.: Extremal mappings of finite distortion. Proc. Lond.

Math. Soc. 91, 655-702 (2005)

. Daskalopoulos, G., Wentworth, R.: Harmonic maps and Teichmiiller theory, Handbook of Teichmiiller

theory 1, 33-109 (2007)

. Duren, P.: Harmonic Mappings in the Plane, Cambridge Tracts in Mathematics, 156. Cambridge

University Press, Cambridge (2004)

. Hencl, S., Koskela, P.: Lectures on Mappings of Finite Distortion. Lecture Notes in Mathematics, 2096.

Springer (2014)

. Hinkkanen, A., Martin, G.J.: Quasiregular families bounded in L? and elliptic estimates. J. Geom.

Anal. 30, 1627-1636 (2020)

. Iwaniec, T., Kovalev, L.V., Onninen, J.: Lipschitz regularity for inner variational equations. Duke Math.

J. 162, 643-672 (2013)

. Iwaniec, T., Martin, G.: Geometric Function Theory and Non-linear Analysis. Oxford Mathematical

Monographs, The Clarendon Press, Oxford University Press, New York (2001)

. Iwaniec, T., Martin, G.: The Beltrami Equation. Memoirs of the Amer. Math. Soc., ISSN 0065-9266,

1-92 (2008)

Iwaniec, T., Martin, G.J., Onninen, J.: On minimisers of L”-mean distortion. Comput. Methods Funct.
Theory 14, 399416 (2014)

Iwaniec, T., Sverak, V.: On Mappings with Integrable Dilatation. Proc. Am. Math. Soc. 118, 181-188
(1993)

Jost, J.: Harmonic maps between surfaces. Lecture Notes in Mathematics, vol. 1062. Springer, Berlin
(1984)

Lewy, H.: On the non-vanishing of the Jacobian in certain one-to-one mappings. Bull. Am. Math. Soc.
42, 689-692 (1936)

Li, P., Tam, L.-F.: Uniqueness and regularity of proper harmonic maps. II. Indiana Univ. Math. J. 42,
591-635 (1993)

. Martin, G.J.: The Teichmiiller problem for mean distortion. Ann. Acad. Sci. Fenn. Math. 34, 233-247

(2009)

Martin, G.J.: The tension equation with holomorphic coefficients, harmonic mappings and rigidity.
Complex Variables Ellipt. Equ. 60, 1159-1167 (2015)

Martin, G.J.: Harmonic degree 1 maps are diffeomorphisms: Lewy’s theorem for curved metrics. Trans.
Am. Math. Soc. 368, 647-658 (2016)

Martin, G.J., Yao, C.: On the uniqueness of extremal mappings of finite distortion. arXiv:2207.05935
Martin, G.J., Yao, C.: The L? Teichmiiller theory: Existence and regularity of critical points.
arXiv:2007.15149

Schoen, R., Yau, S.T.: On univalent harmonic maps between surfaces. Invent. Math. 44, 265-278
(1978)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.


http://arxiv.org/abs/2207.05935
http://arxiv.org/abs/2007.15149

	Topological Regularity for Solutions to the Generalised Hopf Equation
	Abstract
	1 Introduction
	2 The Generalised Hopf Equation
	3 Examples
	3.1 η Constant on a Simply Connected Region Ω
	3.2 Φoverlineηw = |Φ|ηw

	4 Main Results
	4.1 The Special Case Φequiv1
	4.2 The General Case
	4.3 Harmonic Mappings

	5 Uniqueness
	References




