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The dynamics near a border-collision bifurcation are approximated to leading order by a continuous, piecewise-
linear map. The purpose of this paper is to consider the higher-order terms that are neglected when forming
this approximation. For two-dimensional maps we establish conditions under which a chaotic attractor created
in a border-collision bifurcation persists for an open interval of parameters beyond the bifurcation. We apply
the results to a prototypical power converter model to prove the model exhibits robust chaos.

1. Introduction

While most engineering systems are designed to operate outside
chaotic parameter regimes, in some situations the presence of chaos
is advantageous. Examples include optical resonators for which addi-
tional energy can be stored when photons follow chaotic trajectories as
without periodic motion they become trapped for longer times [1]. In
mechanical energy harvesters the presence of chaos allows high-energy
modes of operation to be stabilised with only a small control force [2].
Also, power converters, when run chaotically, have the advantage of
increased electromagnetic compatibility due to broad spectral char-
acteristics [3]. Regardless of whether or not chaos is desired, it is
extremely helpful to understand when and why it occurs.

Power converters, and many other engineering systems, function by
switching between different modes of operation. There is a growing
understanding of the creation of chaos in such systems through use of
the border-collision normal form (BCNF). This is a piecewise-linear (or
more precisely, piecewise-affine) map that models the dynamics near
parameter values at which a fixed point intersects a boundary between
two modes of operation [4,5]. The piecewise-linear nature of the BCNF
makes it possible to prove results about chaotic attractors and their
persistence, a phenomenon called robust chaos [6-8].

The BCNF is obtained using coordinate transformations to make
the lowest order terms of the map as simple as possible. The map is
then truncated, ignoring all terms that are nonlinear with respect to
variables and parameters. As such, it is by no means clear that results
for chaotic attractors in the BCNF carry over to the full nonlinear
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models originally being considered. In this paper we prove a persistence
result showing that, under certain conditions, the existence of a chaotic
attractor in the BCNF implies the existence of a chaotic attractor in the
corresponding full model regardless of the nature of the nonlinear terms
that have been neglected to form the BCNF. This shows that chaotic
attractors created in border-collision bifurcations typically persist for
an open interval of parameters beyond the bifurcation and justifies our
use of the BCNF for determining when chaotic attractors are created.

In earlier work [9] we described a computational method for de-
termining when the two-dimensional BCNF is chaotic by establishing
the existence of a trapping region in phase space and a contracting-
invariant expanding cone in tangent space. The trapping region guar-
antees the existence of an attractor, while the cone ensures it has a
positive Lyapunov exponent. In this paper we use the robustness of
these objects to demonstrate persistence with respect to higher-order
terms. The most difficult technical issue we have to overcome is in
showing that the higher-order terms do not cause orbits of the map
to accumulate new symbolic itineraries that cannot be handled by the
cone.

The remainder of the paper is arranged as follows. In Section 2
we describe the two-dimensional BCNF and its relation to nonlinear
models. We then state our persistence result in Section 3. In Section 4
we provide a detailed description of the geometric structure of the
phase space of the BCNF that we use in Section 5 to prove the persis-
tence result. The result, together with computational methods of [9],
are then applied to a model of power converters with pulse-width
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modulated control, Section 6. We believe this verifies, for the first time,
the long-standing belief from numerical simulations that chaos occurs
robustly in these types of systems. Finally Section 7 contains concluding
remarks.

2. Border-collision bifurcations and the border-collision normal
form

The study of border-collision bifurcations has a long history dating
back to at least Feigin and coworkers in the context of relay control [10,
11]. The two-dimensional BCNF was introduced by Nusse and Yorke
in [4] motivated by observations of anomalous behaviour in piecewise-
linear economics models [12]. The BCNF has since been shown to
display a remarkably rich array of dynamics, such as robust chaos [6],
multi-stability [13], multi-dimensional attractors [14], and resonance
regions with sausage-string structures [15,16]. The BCNF is relevant
for describing a wide-range of physical phenomena, another example
being mechanical systems with stick-slip friction [17]; see [18] for a
recent review.

Let y — f(y;u) be a continuous, piecewise-smooth map with
variable y = (y;,y,) € R? and parameter u € R. We are interested in
the dynamics local to a border-collision bifurcation where a fixed point
of f collides with a switching manifold as y is varied. Assuming the
bifurcation occurs at single smooth switching manifold, only two pieces
of the map are relevant to the local dynamics. By choosing coordinates
so that the switching manifold is y, = 0, we can assume f has the form

S,
forw =
»H {fR(y;ﬂ),

ylﬁo,
y1 =0,

(2.1)

where f; and f are C'.

Suppose the border-collision bifurcation occurs at y = (0,0) = 0
when y = 0. By continuity, 0 is a fixed point of both f; and f; when
u=0:

fr(0;0) = fr(0;0) = 0. (2.2
From the map f we can extract the four key values
7ty = trace(Df1(0;0)),

87 = det(DfL(0;0)),

g = trace(Df(0;0)),

g = det(Dfg(0;0)),

(2.3)

which determine the eigenvalues associated with 0 for the two smooth
components of (2.1). We can then use these values to form the
piecewise-linear map

x + , x1 20,
-6, 0 0 2.4)

o [ s 1] [1:|
X+ , x>0
-6 0 0

This is the two-dimensional BCNF, except often u-dependence is re-
tained in the constant term. In the remainder of this section we explain
how (2.4) can be used to describe the local dynamics of (2.1) near the
border-collision bifurcation.

We first write the components of (2.1) as

al, by
ftw =1} y+ urolllyll +1uD,
ay,  axp b, 2.5)
al  anp by .
R = | } v+ u+o(llyll +1ub,
1 922 by

where the two expressions share several coefficients due to the assumed
continuity of (2.1) on y; = 0. By dropping the higher-order terms we
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obtain the piecewise-linear map

al a b
[alL‘ a12 v+ bl u. ¥ <0,
hy;w =412 72 g (2.6)
a ap by >0
R y+ M, y1 20
ay ap b,

This approximates (2.1) in the following sense: for any ¢ > 0 there exists
6> 0 such that if ||yl + lul <& then || £(vi ) = h(vi )| < e Iyl + L.

The piecewise-linear map (2.6) satisfies the identity h(ay;ap) =
ah(y; u) for any a > 0. For this reason the magnitude of x only affects
the spatial scale of the dynamics of (2.6): if A c R? is an invariant set
of h for some y;, then aA is an invariant set of 7 with y = ay, for all
a > 0. In view of this scaling property, we can convert (2.6) to (2.4)
for any p > 0. This is achieved via the change of variables

1 0 0
x=i[ ]y+l[ ] 2.7)
YH |4 ap v laxby —apby
where
y =0 —ay)b +apb,, (2.8)

and is valid assuming

ap, #0, (2.9)

7> 0. (2.10)

The condition a,, # 0 ensures (2.7) is invertible (if a;, = 0 then (2.6)
can be partly decoupled [18]). We require y # 0 so that x unfolds the
border-collision bifurcation in a generic fashion, while y > 0 ensures
the left and right components of (2.6) transform to their respective
components in (2.4). The case y < 0 can be accommodated by simply
redefining y as —pu.

The transformation (2.7) performs a similarity transform to the
Jacobian matrices of the components of the map, thus it preserves their
traces and determinants. For this reason the values (2.3) were used to
construct (2.4) — notice how 7;, §;, 7, and 65 are the traces and
determinants of the Jacobian matrices of the two components of (2.4).

In summary, for any map of the form (2.1) that has a border-
collision bifurcation at 4 = 0, we can use the values (2.3) to form
the BCNF (2.4). Then, if the conditions (2.9)-(2.10) are satisfied, the
BCNF is affinely conjugate to the piecewise-linear approximation to
(2.1) for any p > 0. Intuitively this approximation should be reasonable
for sufficiently small values of u. Our persistence result in the next
section gives conditions under which the approximation can indeed be
justified.

3. Persistence of chaotic attractors

Our main result, Theorem 3.2 below, links the existence of chaotic
attractors of the piecewise-linear BCNF (2.4) to attractors of the non-
linear map (2.1) for small y > 0. To state the result we need some
preliminary definitions and conditions.

Let

1 1
gr(x)=Arx+ s gr(x)=Apx + s
0 0
denote the left and right components of the BCNF, g, where
T 1 T 1
A =| L Agp=| R .
t [—5L O] ' K [—5R 0]

Theorem 3.2 requires the assumptions

8. >0, 3E.1

2
Sp > TR’ (3.2)
g7(0), <0, foralli>1, 3.3)
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Fig. 1. A sketch of the backwards orbit of the origin for the BCNF (2.4) satisfying
(3.1)-(3.3). The backwards orbit converges to the fixed point of g, (red triangle).

where the subscript in (3.3) indicates we are looking at the second
component of the vector g=(0). Conditions (3.1) and (3.2) imply that
g is a homeomorphism, so g~! exists and (3.3) is well-defined. Condi-
tion (3.3) ensures the backwards orbit of the origin does not enter the
closed upper half-plane {x e R? | Xy > 0}. In fact, the backwards orbit
is constrained to the fourth quadrant of R? so is governed purely by
gr and simply converges to the unique fixed point of g (a repelling
focus), see Fig. 1. Together conditions (3.1)-(3.3) allow us to divide
phase space by the number of iterations required to cross the switching
manifold

Z:{xeRz‘m:O},

and this is achieved in Section 4. Having a precise understanding of this
division is critical to our proof of Theorem 3.2 presented in Section 5.

To motivate the following definitions, consider the forward orbit
of a point x € R? under g. Suppose it maps under g; p times, then
under g g times. That is, g"*(x) = g% (g7 (x)), hence DgP*(x) = A% A,
assuming no iterates lie on ¥ where g is non-differentiable. For orbits
that go back and forth across X without landing on X, which includes
almost all orbits in the chaotic attractors we wish to analyse, derivatives
of g"(x) for large n can be expressed as products of matrices of the form
A‘;Ai. Consequently we can estimate Lyapunov exponents based on
bounds for the values of p and gq.

Let

HL={x€]R2‘xl SO},

HR={x€]R2‘xl ZO},

denote the closed left and right half-planes.

Definition 3.1. Given x € R?, let y; (x) be the smallest p > 1 for which

gP(x) ¢ II; and let yp(x) be the smallest ¢ > 1 for which g?(x) ¢ IIg,
if such p and g exist.

Now define the regions
¢L={x€R2|x1<0,x250}, 3.4
®R={xeR2|x1>0,x220}. (3.5)

The following result shows that when an orbit crosses ¥ from right to
left, it must arrive at a point in @;. Moreover, @, is exactly the set of
all such points. The set @, admits the same characterisation for orbits
crossing X from left to right. The result follows immediately from the
observation that g~!(x); and x, have opposite signs.

Lemma 3.1. Suppose 6; > 0 and 65 > 0. Then
o, = {xeRZ\HR)g—l(x)eHR},

(DR={xER2\HL|g"](x)EHL}.
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Fig. 2. A sketch of a cone C and its action under a matrix M when C is contracting-
invariant and expanding for a collection M that contains M. The shaded region is the
set MC = {MU| ve C}. The coloured curves indicate how unit vectors in C map
under M.

Now given a set 2 C R?, suppose there exist numbers | < p;, <
Pmax and 1 < gy < gy such that

x(%) = Prins foralxe 2na@,;, (3.6)
210 < Pras forallxe 2nII;, 3.7
JR(X) > qrin» for all x e 2N Py, (3.8)
IR < daxs forall xe QnIly. (3.9

That is, any point in £2n I1; requires at most p,,, iterations to cross X,
and at least p,, iterations if its preimage lies in IT. The numbers g,
and gq,,,, similarly bound the number of iterations required to cross *
from right to left.

For the given set ©, let

MQ = {A‘IIQAQ ‘pmin <p< Pmax> 9min <q= qmax} . (310)

In Theorem 3.2, Q2 is be assumed to be a trapping region for g, that
is, g(2) C int(L2), where int(-) denotes interior. Also, to ensure a pos-
itive Lyapunov exponent, we assume M, has a contracting-invariant,
expanding cone. This is defined as follows and illustrated in Fig. 2.

Definition 3.2. A cone is a non-empty set C C R? for which tv € C for
all t € R and v € C. A cone C is contracting-invariant for a collection
of 2 x 2 matrices M if Mv € int(C)uU {0} for all v € C and M € M. A
cone C is expanding for M if there exists ¢ > 1 such that ||Mv|| > c||v]|
forallve C and M e M.

Finally we state the main result. We write B,.(x) for the ball of radius
r > 0 centred at x € R2.

Theorem 3.2. Let f be a piecewise-C' map of the form (2.1) satisfying
(2.2). Let g be the corresponding map (2.4) formed by using the values
(2.3). Suppose

(i) conditions (2.9)—(2.10) and (3.1)-(3.3) are satisfied,
(ii) g has a compact trapping region 2 c R? and (3.6)-(3.9) are
satisfied for some 1 < ppin < Pmax @A 1 < Grin < Gmaxe and
(iii) there exists a closed, contracting-invariant, expanding cone for M,.

Then there exists 6 > 0 and s > 0 such that for all u € (0,8) the map f
has a topological attractor A, € B,,,(0) with the property that for Lebesgue
almost all y € A, there exists v € R? such that

liminf L 1n (ID/"(oll) > 0. (3.11)
n—o0o n

Notice A, is chaotic in the sense of a positive Lyapunov exponent,
as implied by (3.11).
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By 9(2)

Fig. 3. The regions D, (4.1) and E, (4.2) for a typical instance of the two-dimensional BCNF (2.4), specifically, (z;,8,,7z,65) = (1.4,1,1.15,1.15). In D, iterates require p iterations
to escape the closed left half-plane; in E, iterates require ¢ iterations to escape the closed right half-plane (see Definition 3.1). Here p* =3 (see Definition 4.2), so Dy,..., D, cover
the third quadrant @, (see Lemma 4.1). Also ¢* =3 and ¢** =5 (see Definition 4.3) so Ej,..., E5 cover the first quadrant @, (see Lemma 4.3). The backwards orbit of the origin
is shown with black dots. The fixed point x® (a repelling focus) is shown with a red triangle.

4. A partition of the plane

In this section we describe the geometry of the regions of the left
half-plane with different values of y; and regions of the right half-
plane with different values of y for the BCNF (2.4). The ways in which
their images intersect can be used to establish conditions under which
chaotic attractors exist [9]. The regions corresponding to values of y;
were described in [19], so for these we simply state results without
proof. The regions corresponding to values of y; can be described in a
similar way; details of these calculations are provided in the Appendix.

Definition 4.1. For each p,q > 1, let
Dp={xEHL‘;(L(x)=p}, 4.1)

Eq={x€HR‘)(R(x)=q}. 4.2)

First consider the sets D,. As shown by Proposition 6.6 of [19],
each D, is bounded by the lines gZp(Z), g;(”’l)(Z), and X, Fig. 3. If
the line gz” (2) is not vertical, let m, denote its slope and <, denote its
X,-intercept, i.e.,

gzp(2)={xeRz‘x2=mpxl+cp}. 4.3)

Definition 4.2. Let p* be the smallest p > 1 for which m, > 0, with
p*=o0if m,<0Oforall p>1.

The next result is a simple consequence of results obtained in [19].
Recall @, is the third quadrant (3.4).

Lemma 4.1. Suppose §; > 0. If p* < oo then the sets D, N @, for
p=1,...,p" +1, are non-empty and cover @;. If p* = co then D,N®| # @
foral p > 1.

For example with (7;,6;) = (1.4,1), as in Fig. 3, we have p* = 3.
Fig. 4 shows how the value of p*, and hence the values of p for which
D,n®; # @, depends on the values of 7, and §,. Between curves

where m;_; = 0 and m; = 0, we have D, n @, # @ if and only if
2
T

p € {1,2,...,i + 1}. As p - oo these curves accumulate on §; = TL

where A; has repeated eigenvalues. With §; > %, p* = o and every
D, N @, is non-empty.

In regards to Theorem 3.2, while the values of p;, and p,,.. depend
on the particular trapping region €2 being considered, Lemma 4.1 tells
us that the value of p,;, could always be as low as 1, while the value
of p..x cannot be more than p* + 1.

Next we note that the boundaries of the D, intersect the x,-axis
transversally. This is the case because each gzp (2) is a line intersecting
the x,-axis at (0,c,) with ¢, < 0, see Lemma 6.2 of [19]. These
transversal intersections are used to argue persistence in Section 5.

Lemma 4.2. Suppose §; > 0 and x = (x;,0), with x; < 0, is a point on
the boundary of some D,. Then, local to x, the boundary of D, is a line
segment that intersects g(X) transversally.

We now turn our attention to the sets E,. To characterise these we
assume 7y and 6y satisfy (3.2) and (3.3). Condition (3.2) implies g, has
the unique fixed point

xR:;[l], 4.4)
bp—tr+1 |—6g
which lies in the fourth quadrant. Condition (3.3) ensures that the set
of ¢ for which E, n @ # @ admits a relatively simple characterisation
and that the boundaries of the E, intersect the x,-axis transversally.
By an analogous argument to that for the sets D, the lines g;’(Z),
g;("_”(Z), and X form the boundaries of the E,. However, their layout
is more complicated than that of the D,,. Fig. 3 shows a typical example.
If the line g;q(Z) is not vertical, let n, denote its slope and d, denote
its x,-intercept, i.e.,

I = {xeRZ)xz =ngx +dq}. (4.5)
If g,/(2) is vertical we write n, = co (in this case g,(Z) is the line

x| = —d;f—:, see the Appendix).

Definition 4.3. Let ¢* be the smallest g > 1 for which n, > 0 or n, = co.
Let ¢** be the smallest ¢ > ¢* for which 4, <0.

Lemma 4.3. Suppose (3.2) and (3.3) are satisfied. Then ¢* and ¢** exist
and the sets E, N @y, for ¢ = q*,...,q**, are non-empty and cover ®p.
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1 2
TIL

Fig. 4. A division of the (7,5, )-plane according to values of p for which D,n®, # @. The regions are labelled by these values of p and are bounded by curves where m; =0 for
some i (see Definition 4.2 and Lemma 4.1). For example, to the left of line 7, =0 we have D,n®; # @ if and only if p € {1,2}, so this region is labelled by the numbers 1 and
2. The orange circle (located just to the left of the curve where m; = 0) indicates the values of z; and 6, used in Fig. 3.

2
\\ | —ds =0 d3 =0
\
\ ny=0—"] ng =0
\
\
\
53 \\
1 2
Y L 2 2 3
\ 2 3 3 4
\
\
L5 \
\
\
\\ y2=0
\
\
\
\
\ _
\ Y3 = 0 o
\
\
\
1 \. Yq = 0
-2 -1 0 1
TR

Fig. 5. A division of the (7, 6p)-plane according to values of ¢ for which E, n®y # @. These regions are labelled by these values of ¢ and bounded by curves where n; = 0 (red)
and d; = 0 (blue) for some i (see Definition 4.3 and Lemma 4.3). The black curves bound the region where condition (3.3) is satisfied (each y, denotes g;(0),). The orange circle

indicates the values of 7; and é; used in Fig. 3.

Lemma 4.3 is proved in the Appendix. The values of ¢* and ¢** are
determined by the values of 7z and 6, as indicated in Fig. 5. As we
move about the (zz,5z)-plane, the value of ¢* changes by one when
we cross a curve where n, = 0, and the value of ¢** changes by one
when we cross a curve where d, = 0. These curves accumulate on

6p = % past which A, has real eigenvalues and condition (3.2) is
no longer satisfied. In Fig. 5, condition (3.3) is satisfied above the
piecewise-smooth black curve.

In regards to Theorem 3.2, Lemma 4.3 implies ¢,,;, > ¢* and ¢, <
¢**. Analogous to Lemma 4.2 we have the following result (proved in
the Appendix).

Lemma 4.4. Suppose (3.2) and (3.3) are satisfied and x = (x,,0), with
x; > 0, is a point on the boundary of some E,. Then, local to x, the
boundary of E, is a line segment that intersects g(X) transversally.

5. Proof of Theorem 3.2

The proof is divided into six steps.

Step 1 — Robustness of the cone.
Let C be a contracting-invariant, expanding cone for M, of (3.10) and
let ¢ > 1 be a corresponding expansion factor as in Definition 3.2.

Here we show that C is an invariant expanding cone for a collection

of matrices A% A" that are sufficiently close to some matrix A% A/ in

M,,. Note, the expansion factor will be % instead of c.

We first define a function 7 from the space of 2 x 2 matrices to the
space of subsets of R? as follows: given a 2 x 2 matrix N, let

P(N)={M|UEC\{0}}.
[loll

By the definition of an contracting-invariant expanding cone, given
M € M, we have F(M) C int(C) and F(M) n B,(0) = @. The function
F is continuous, so if N is sufficiently close to M then F(N) c C and
F(N)N B%(O) = @. That is, for all v € C,

NveCcC,

c+1
2

5G.1D)
INvll =

lloll.

To be precise, there exists #; > 0 such that if ||N — M|| < , for some
M € M, then (5.1) is satisfied for all v € C. Furthermore, there exists
#, > 0 such that |A; — A, || <n, and ||Ag — Agll < 1, implies

A% Al - Al | <m. (5.2)
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Az,

(I)L,u

Fig. 6. A sketch of 2 and its image g(£2) illustrating the bound (5.3). For the perturbed
map § we also sketch the regions @; , and @&, , (shaded) introduced in Step 4. The
part of g(€2; ) that lies in @; , is the set ¥ (striped) introduced in Step 5.

for all piy < p < Py and grip < ¢ < gy, and that any such A; and
A are invertible (which is possible because A; and Ay are invertible
by (3.1) and (3.2)).

Step 2 — Bounds related to g(£2).
By the definition of p.;n, Pmax> 9mins @A Gimaxs Se€ (3.6)-(3.9), we have
2no, C Uig“p‘mm D,and Qndy C UZ';“‘“I;““ E,. In this step we use the
results of Section 4 and the fact that © maps to its interior under g to
control the behaviour of points inside and near g(£2).

Since g(£2) C int(£2) is compact there exists ; > 0 such that

B, (3(2) c &, (5.3)

as illustrated in Fig. 6. Now consider the set U = B,, (g(@)n®)n1l;.
This set is contained in 2 N @; except has some points just above the
negative x,-axis. By Lemma 4.2, we can assume ¢, is small enough that
U does not intersect any ‘other’ regions D, that is U C 52;;,;,, D,.
Further, by shrinking this set by a small amount, the result will be
bounded away from the other regions D,. That is, there exists £, > 0

such that for all x € Be, (g()ndp) N1 :
2

@ gf () <—g forall p=1,...,py, — 1, and

, Pmax — 1, then g (x); > &,.

(i) if g7 (x); <0 for all p = pyip. ... 5

Also, Qn I, C U'p’:a‘ D, by (3.7). Thus by (5.3) we can assume ¢, is
small enough that for all x € B¢, (g(£2)):
2
(iif) if g% (x); <O forall p=1,...

s Pmax — 1, then gimx(x)l > &).

In view of Lemma 4.4 we can assume ¢, and ¢, are small enough that
analogous bounds also hold for gf{(x)l.

Step 3 — Change of coordinates.
Here we apply the coordinate change (2.7) for converting f to g plus
higher order terms. For small x > 0 this coordinate change represents a
spatial blow-up of phase space near the origin. Since the higher order
terms are small near the origin we are able to control the higher order
terms by assuming u is sufficiently small. Here we also let > 0 be such
that Q c B,(0).

We first decompose (2.7) into the spatial blow-up

x=2, (5.4)
Yu

and the bounded coordinate change

F=¢,0) = i (5.5)

—anyy +apy;y + (anb; —apb)u]
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Notice (5.5) is invertible because a,;, # 0, (2.9). The coordinate change
(5.5) transforms f to a map

. fi@mw, § <0,
fOw=19 ", (5.6)
{fR(y; W, 5120,
where
FLGimw = Ay+ m + EL (s p),
(5.7)
TR 1) = Ay + m + Eg(5: p).

The higher order terms E; and Eg are C' and o(||7|| + |¢|). Thus given
any € > 0 there exists § = 6(¢) > 0 such that

|1ELG: m| o _TE

- , for all (y; u) € Bs,,(0) X (0,),
Sl+u yr+l VRIS Bor

|ExGi] ©8
RO H VE -
—_— <, for all (7; u) € B, (0) X (0,5),
e < re (73 1) € By, (0) X (0.6)
and
ID7eGsm— AL <m.  forall G € By, (0)x (0.5,
(5.9)

ID7r: )~ Ag|| <. for all (5 u) € By, (0) X (0,6).

Then, since y > 0 (2.10), the spatial blow-up (5.4) converts (5.6) with
u >0 to a map of the form

o gL p), x; 20,
) =4"
gr(x; ), x; 20,

(5.10)

where g,(x:p) = - fi (yux: u) and Zr(xip) = - Fp(ruxi p). By (5.7)-
(5.9) we have

lgom) - g (]| <&, forall (x:p) € B,(0) % (0.5).

(5.11)
|lgrCes ) — gr(x)|| <&, for all (x; u) € B,(0) x (0, 6),
and
[IDg,Gxp) = Arl| <mp.  for all (x; ) € B,(0) X (0.6). (5.12)

|Dgr(xs ) — ARl < 2 for all (x; u) € B,(0) X (0, 5).

Further assume ¢ < ¢, so that, by (5.3), 2 is a trapping region for
&(x;p) with any u € (0,6). That Q is a trapping region implies g
has a topological attractor I, C Q. Then A, = d);l (rul,) is the
corresponding attractor of f. Since yul’, C B,,,(0) and d;;l()?) is a linear
function of the pair (J; u), there exists s > 0 such that A, C B,(0) for
all u € (0,5).

Step 4 — Extend bounds on g to the perturbed map §g.

In Step 2 we obtained bounds on the number of iterations required for
orbits of the BCNF g to cross X. Here we show the same bounds hold
for the perturbed map 3.

We first extend the definitions of y; and y to . Given x € R?, let
Xru(X) be the smallest p > 1 for which g°(x; u) ¢ II; and let ZRu(%)
be the smallest g > 1 for which g%(x; u) & Iy, if such p and ¢ exist. In
view of Lemma 3.1, we can similarly generalise @; and & by defining

D, = {x IS Rz‘x, <0, 5 ), > 0},
(5.13)
Dp, = {x € Rz‘xl >0, g_l(x§/4)1 < 0}4

These sets are sketched in Fig. 6 and for sufficiently small u < 0 they
are within 5- of @, and @y in the bounded set ©2. Next, take 0 < £ < 5
small enough so that, by (5.11), g(@; )N @, , C B (g(2) N, ) and
pndg, C B%l (s(@) nady) for all 4 € (O, 5).zFor small enough
e>0, (5.11) also implies

”g’,i(x;/,t) - g’,i(x)" <é&,, for all (x;u) € 2x(0,8) and all p=1,2,..., pax>

||g‘;(x; ) — g'lle(x)" <&, forall (x;p)€ @x(0,6) and all g=1,2, ...

> Gmax-

(5.14)
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Then by (i) and (ii) of Step 2, and analogous bounds on g[’l{(x)],

for all (x; ) € (2 u) N D, X (0,5),
for all (x; ) € g2 u) N D, X (0,3).

Pmin < /YL.M(x) < Pmax>

(5.15)
Gmin < /YR,y(x) < dmax»

Step 5 — Construct an induced map F.
Let

Y=g p)nd,,

as indicated in Fig. 6. In this step we introduce an induced map F :
¥ — ¥ that provides the first return to ¥ under iterations of g.

Fix pu € (0,6). Points in ¥ map to g(Q2; u)NPg , under XL, iterations
of g, . Similarly, points in §(2; )N @y , map to ¥ under yg, iterations
of § = Z. Consequently we can define F : ¥ — ¥ by

F(x) = g3 (&7 s )3 ), (5.16)
where p = y; ,(x) and g = yp, (gi(x;u)). Let X, = { x € R? ‘ §fx) e
X for some i > 0} be the set of all points whose forward orbits under g
intersect X. Then DF(x; u) is well-defined at any x € ¥ \ X,. By (5.2)
and (5.12),

”DF(x; ) — A% AP ” <. (5.17)

where p and g are as in (5.16). Note (5.17) also relies on the bounds
Prmin < P < Pmax a0d gpin < ¢ < gpax Provided by (5.15).

Step 6 — Bound the Lyapunov exponent.
Finally we verify (3.11). Choose any x € 2\ X, . We have g(x;u) €
le (g(£2)) by (5.11) because ¢ < ﬂ Then by (5.14) and (i)-(iii) of
g(x;p) € V. Let
1,0 (the

Step 2, there exists k < p . + dma + 1 such that
x©@ = gk(x; ). Also let u(O) e C\ {0} and u = (ng(x;y))
inverse exists by the last remark in Step 1).

For each j > 1, let ) = F (xU=D) and let p;_, and q;_, be the
corresponding p and ¢ values in (5.16). Then for all j > 1 we have
xU) = g" (x; ) where n; = k + (py + go) + (py + 1) + - + (j_1 + dj_1)-
For all j > 1, let u¥) = DF (xU=D)4U=D. By (5.1) and (5.17) and an
inductive argument on j, we have u¥) e C and ||u?|| > Czl [lul=D]| for

all j > 1. Hence |[u"| > (c+l) 16©]). Since ) = D" (x; u)u, we have
liminf ln(||D "(xe; pyul]) = lim inf - In (Hu<f>”>
j=e

> liminf — 1y (( etl ) ||u(0)||>
J=o k+ j(Pmax + Gmax)

_ ln(%)

pmax + qmax

> 0.

Since the coordinate transformation ¢, is invertible, the same bound
applies to f with y = d);l(yux) and v = (Dd>,,(y))_l u, i.e. (3.11). Since
this applies to any x € 2\ X, where X has zero Lebesgue measure,
(3.11) holds for Lebesgue almost all y € A, O

6. An application to power converters

Power converters take a raw input voltage and use control strate-
gies to produce an output that is close to a desired voltage [20,21].
These have applications in many areas including personal electronic
equipment where the voltage from a domestic electricity supplier is
different from the voltage required by the device. A prototypical DC/DC
power converter model described in [22,23] is written in terms of time-
dependent variables X (¢) and Y (¢) that represent linear combinations of
an internal current and voltage as

dx
dt
dy

S =Y = HE) - nm),

= A (X = HEt]) — n(@)), on
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where H is the Heaviside function and
£ = X (1)~ 0Y (1) + ——, (6.2)
2w

() = (t - 11]). (6.3)

The function &(¢) is the control signal employed by the converter. In
this model time has been scaled so that the switching period is 1, see
Section 5.2 of [22] for more details. The floor function |¢| denotes the
largest integer less than or equal to .

Here we fix

A, ==0.977,
Ay = —0.232,

q = 35.606, (6.4
6=42,

a =170,

and vary the value of w which represents input voltage and is a
controllable parameter. The values (6.4) are as given in [23] except
we have used a slightly larger value of « so that the border-collision
bifurcation produces a chaotic attractor instead of an invariant torus.

Fig. 7 shows a typical time series of (6.1). On the vertical axis we
have plotted &(r) which is an affine function of the variables. The system
switches from H = 1 (black) to H = 0 (orange) when the purple line
&(|t]) meets the green line #(r), and switches back to H =1 at integer
times.

We now provide a stroboscopic map that captures the dynamics of
(6.1). This map is given in [23] and is straight-forward to derive. Let
w™ = (X(n),Y(n)), for n € Z, denote the solution to (6.1) at integer
times. The stroboscopic map, w*D = p (w®), is

_ et (w; — 1) +eh-2

p(w) = egz(wz —1+ eh(-2) > (6.5)
where
0, <0,
221" gL ©66)
a4
1 @z,
and
q
@ =w; — 0w, + Eoe (6.7)

Fig. 8 shows a bifurcation diagram of (6.5). As the value of w is
increased, a stable fixed point undergoes a border-collision bifurcation
at

q 1 1)
=1 (= —-2)~54045. 6.8
“BCB 1—9(a 2 (6.8)

Numerical simulations suggest that a chaotic attractor is created in
the border-collision bifurcation. The numerically computed Lyapunov
exponent remains positive until @ ~ 5.555. Fig. 9(a) shows a phase
portrait of the chaotic attractor.

The map (6.5) has two switching manifolds. The border-collision
bifurcation occurs on the switching manifold ¢ = L, so for the pur-
poses of analysing the local dynamics associated w1th this bifurcation
we can ignore the ¢ < 0 component of (6.6). Upon performing the
affine change of variables

y= [i'@" "9“’”%)], (6.9)

the map (without the ¢ < 0 component of (6.6)) takes the form (2.1).
Also let

H = — Wpcp » (6.10)

which with (2.2) is satisfied, i.e. the border-collision bifurcation occurs
at y = 0 when u = 0. By differentiating (6.5) and evaluating it at the
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0.2 -
£(t)
0.1+
/l
0
90 91 92 93 94 95 96 97 98 99 100
t
Fig. 7. A time series of (6.1) with (6.4) and @ = 5.9 showing the control signal £(r) on the vertical axis. Also &(|7]) is shown in purple and #5(¢) is shown in green. Where &(|¢]) > n(t)
we have H =1 in (6.1) and the time series is coloured black; where £(|7]) < n(f) we have H =0 in (6.1) and the time series is coloured orange.
0.2

B

Fig. 8. A bifurcation diagram (lower plot) of (6.5) with (6.4) and a numerically computed Lyapunov exponent A (upper plot). A border-collision bifurcation occurs at
® = wpcy ~ 5.4045. For 5000 different values of w the Lyapunov exponent was estimated from 10° iterates of one orbit.

border-collision bifurcation we obtain

T =eM fet,
5, =ehtia,
e

(6.11)
;_1(/11 - 04y),

TR =eh +et2 -

a

a_ ‘
bp=chth _ ;_1 (A1e*2 —0aeM).

By substituting (6.4) and (6.8) into (6.11) and rounding to four decimal
places we obtain

7, = 1.1694,
5, = 0.2985,

6.12)
g = 1.1970,
bp = 4.6325.

We now show that this border-collision bifurcation satisfies the
conditions of Theorem 3.2. Certainly (2.9) is satisfied; (2.10) is also
satisfied due to signs choices made when constructing (6.9). Condi-
tions (3.1)-(3.3) are satisfied with p* = oo in Definition 4.2 (the
eigenvalues of A; are complex) and ¢* = 2 and ¢** = 3 in Definition 4.3.

With (6.12) the BCNF g has the forward invariant region Q5 shown
in Fig. 10. This region was constructed using the algorithm of [9]
(specifically £ is the union of images of a ‘recurrent’ region Q,..).
For Qp; we have

= 6’ Pmax = 8’ Imin = 27 Imax = 37 (613)

Pmin

in (3.6)-(3.9). While £ does not map to its interior, i.e. only g(2g) C
Qp;, by generalising the approach used in [19] we have observed
numerically that Qp; can be shrunk by a small amount to produce a
trapping region £ C Q; that necessarily satisfies (3.6)—(3.9) with the
same bounds on p and g.

For the collection My,, the algorithm in [9] also produces the
invariant expanding cone

Cc= {a[Zf;((g))] lae®r, 9039591},
where 6, ~ 0.8062 and 6, ~ 2.0227. By Proposition 8.1 of [9], this cone
can be enlarged slightly to produce a cone that is contracting-invariant
and expanding.

This shows that the border-collision bifurcation of the power con-
verter model satisfies the conditions of Theorem 3.2. We can therefore
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Fig. 9. Panel (a) shows a phase portrait of (6.5) with (6.4) and w = 5.45. Specifically we show 10* points of a forward orbit with the first 100 points removed. Panel (b) similarly
shows part of the forward orbit of the corresponding two-dimensional BCNF, except converted to the coordinates of the stroboscopic map.

/

To 0

—15\
-15

-10

/

-5

Fig. 10. A forward invariant region Q for the BCNF (2.4) with parameter values (6.12) corresponding to the border-collision bifurcation of the power converter model. The

regions D, and E, are shaded as in Fig. 3.

conclude that the model has a chaotic attractor for all wgcg < @ <
wgcp +6, for some § > 0. Based on the numerically computed Lyapunov
exponent shown in Fig. 8, we could possibly take § = 0.15. By inverting
the coordinate changes required to go from the stroboscopic map p to
the BCNF g, we were able to reproduce the attractor of g with (6.12)
in the coordinates of p, and this shown in Fig. 9(b).

7. Discussion

The border-collision normal form has attracted a great deal of
attention because it acts as a paradigm for the dynamics of general
piecewise-smooth systems, and because it has a broad variety of appli-
cations. In both contexts it is important to know which features of the
dynamics are particular to the piecewise-linear character of the BCNF,
and which are persistent features of piecewise-smooth systems. Cer-
tainly in applications this question is fundamental to the interpretation
of results.

In this paper we have established techniques that can be used to
prove that a chaotic attractor observed in the BCNF persists with the
addition of nonlinear terms close to a border-collision bifurcation. The
techniques are sufficiently simple that the conditions can be checked in
explicit examples, and we have achieved this for a prototypical power
converter model. This approach appears to be quite effective because
it is possible to use simple, finite numerical calculations to prove the
existence of chaotic attractors in the BCNF, then use persistence argu-
ments to infer the existence of chaotic attractors in the original map.
This eliminates the need to compute asymptotic quantities, such as
Lyapunov exponents, or to rely on a visual examination of numerically
computed attractors.

For the power converter model, the chaotic attractor appears to
vary continuously (with respect to Hausdorff metric) as w is varied just
past the border-collision bifurcation. This is why the attractor of the
BCNF shown in Fig. 9(b) closely resembles that of the power converter
shown in Fig. 9(a). It remains to determine general conditions that
ensure continuity, perhaps by employing the result of Hoang et al. [24],
see [25].

This work feeds into a larger (and often unspoken) question about
the BCNF: is it a normal form in the strict, bifurcation theory sense
of the term [26]? On-going work suggests that usually no, it is not,
but that this can be rectified in an instructive and useful way. A
(strict) normal form requires conjugacy to the original map in some
neighbourhood of parameter space and phase space. If the border-
collision bifurcation of the original map creates a chaotic invariant set,
the topological properties of this set are almost certainly different at
different parameter values arbitrarily close to the bifurcation. In this
case a topological conjugacy to the BCNF will not be possible because
for the BCNF all invariant sets are identical up to a spatial scaling on
each side of the bifurcation. To fix this we can try allowing the matrices
A; and Ay in the BCNF to vary with u. For one-dimensional maps we
expect this succeeds when A; (u) and Ag(y) (now scalars) are chosen
so that the BCNF has the same kneading invariant [27] as the original
map.

However, topological conjugacy is a relatively weak property, e.g. it
does not preserve stability. To obtain stronger bifurcation theorems we
can demand smoothness in the conjugacy function. If this function is
differentiable then corresponding periodic solutions in the normal form
and in the original map share the same stability multipliers. For border-
collision bifurcations differentiable conjugacies are possible which is
perhaps surprising because the maps themselves are non-differentiable,
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but now a piecewise-linear normal form is usually insufficient. Recently
we have shown that for one-dimensional border-collision bifurcations
where two fixed points collide and annihilate, a differentiable con-
jugacy can be achieved when one quadratic term is added to the
BCNF [28,29]. This requires significant effort because the result needs
to be achieved on a neighbourhood of phase space for all values of u
near the BCB. In contrast in Theorem 3.2 the neighbourhood B, (0)
shrinks to a point at the bifurcation.

In regards to chaos persisting beyond the border-collision bifur-
cation we have shown the Lyapunov exponent remains positive, but
we would like assurance that other aspects of chaos are preserved.
Sensitive dependence on initial conditions was proved for the BCNF
in [30,31] by computing the amount by which line segments expand
when iterated under the map. We anticipate this argument can be
generalised from line segments to curves with low curvature, and in this
way accommodate the higher order terms that are dropped to form the
BCNF. Related to this, Young’s theorem [32], which gives conditions for
the existence of an invariant set that is chaotic in the sense of having
an SRB measure, is not restricted to piecewise-linear maps, so if it holds
for the BCNF, as described in [8], then we expect it also holds for the
original map for small values of u.
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Appendix. Calculations for the regions E;

Here we prove Lemmas 4.3 and 4.4.
We first show how the values of n, and d, can be computed itera-
which represents g;(”_”(Z),

tively. By substituting x, = n,_;x; +d,_y,

into
1
——X
—1 s 2
gR (0= [ 2R ] . (A1)
+ B -1
X1t 5, X2
we obtain
Mgt 4t
-1 X1 - SR Or
g = | rpn, X+ d N (A.2)
R <[nq_|x1 +dq_,]> [—Rﬁz L+ 1] ’Ro_lz-‘ -1

which represents g;q(Z). From (A.2) we see that the slope and x,-
intercept of g,(X) are

)
"=
ot (A3)
dyy
dy=-—" -1,
Ny
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assuming n,_; # 0. If n,_; = 0, then n, = oo, and from (A.2) we see that
g5 (2) is the vertical line x; =

—d;’—;'. Further, by substituting this into
(A.1) we obtain
L 0
F -
or or

(P[]

and therefore in this case the slope and x,-intercept of g;("“)(Z) are

g1 = —7TR,

dgyy = —d;’—" —1. B
R

To obtain starting values for the iterations, notice gz(X) is the x,-axis,

so n_; = d_, = 0. By substituting these into (A.4) we obtain n, = -7

and d; = -1.

In summary, starting with n; = —7z and d, = —1 we can use (A.3)
to iteratively generate n, and d, for all ¢ > 1, using instead (A.4) for
the special case n,_; = 0.

We now prove Lemmas 4.3 and 4.4 together. This is achieved by
carefully characterising the regions E, and here the reader may find it
helpful to refer to Fig. 3.

Proof of Lemmas 4.3 and 4.4. We first describe the backwards orbit
of 0 under gi. Notice 0 € X and g;l(O) = (0,-1) € X. Thus, for all
q > 0, the points g,?(0) and g;(Q+1)(0) lie on g,,?(X). They are distinct
points, hence g;q(Z ) is the unique line that passes through these points.
By (3.2)-(3.3),

gl € {x €R?|x; >0, x, <0}, for all g > 2. (A.5)

Thus for each ¢ > 2 and any point x € R? sufficiently close to g;’(()),
we have yx(x) > g—1 by the definition of yy. Further, there exist points
arbitrarily close to g};"(O) such that yz(x) = g — 1. Therefore

g1(0) & CI(E)),
gl0) € 0E, .

foralli=1,...,q—2,
(A.6)

where cl(-) denotes closure and d denotes boundary.

Next we characterise the regions E, up to ¢ = ¢*. By definition,
E, consists of all x € II for which gp(x); < 0. We have gz(x); =
TRX| + X, + 1, therefore

E,:{xGHR|x120,x2<n1x1+d]}, (A7)

recalling ny = —7 and d; = —1. For each ¢ > 2, E, consists of all
x € ITy for which gg(x) € E,_;. It follows that

E,=gx'(E, )N, for all g > 2. (A.8)

By (A.7), E, is the region bounded by two rays emanating from g;l 0) =
(0, —1). One ray is part of X, the other ray is part of g}l (2) and contains
the point g;Z(O). Then from (A.6) and (A.8), for all ¢ € {1,...,q*}
the region E, is bounded by two rays emanating from g;q(O). One ray
is part of g;(q_l)(Z), the other ray is part of ¢,(Z) and contains the
point g,_z("“)(O). By (A.5) and the definition of ¢*, E, N @y = @ for all
q€{l,...,q" — 1}, whereas E ;. N ®p # @.

Notice E . contains an infinite section of the positive x,-axis. The
preimage of the x,-axis under gg is the x,-axis, thus E,.,, contains
an infinite section of the positive x,-axis. Therefore E ., has three
boundaries:

(i) a ray (part of g;{"*(Z) emanating from g;("*“)(O)),
(ii) the line segment from gl_{("*“)(O) to (0,d«;), and
(iii) the part of X above (0,d ).

Finally, if ¢** > ¢* + 1, then for all ¢ € {¢* +2,...,¢™}, E, is the
triangle with vertices gl_{q(O), (0,d,_y), and (0,d,). This in part relies
on the observation dgee > —1 which is a consequence of (A.3) and the

definition of ¢**. For each g € {¢* +1,...,¢™*} we have E, n®p # @
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because d,

4—1 > 0. Our precise description of the E, implies @ C

UZ:;* E,, and this completes the proof Lemma 4.3. Further, we have
shown that the boundaries of E, do not coincide with an interval the
x,-axis or have vertices on the x,-axis, and this completes the proof of
Lemma 4.4. [

References

[1]

[2]

[3]

[4]

[5]

[6]

[71

[8]

[91

[10]

[11]

[12]

[13]

[14]

C. Liu, A. Di Falco, D. Molinari, Y. Khan, B. Ooi, T. Krauss, A. Fratalocchi,
Enhanced energy storage in chaotic optical resonators, Nature Photon 7 (2013)
473-478.

A. Kumar, S. Ali, A. Arockiarajan, Enhanced energy harvesting from nonlinear
oscillators via chaos control, IFAC-PapersOnLine 49 (1) (2016) 35-40.

J. Deane, D. Hamill, Improvement of power supply EMC by chaos, Electron. Lett.
32 (12) (1996) 1045.

H. Nusse, J. Yorke, Border-collision bifurcations including period two to period
three for piecewise smooth systems, Physica D 57 (1992) 39-57.

M. di Bernardo, C. Budd, A. Champneys, P. Kowalczyk, Piecewise-Smooth
Dynamical Systems, in: Theory and Applications, Springer-Verlag, New York,
2008.

S. Banerjee, J. Yorke, C. Grebogi, Robust chaos, Phys. Rev. Lett. 80 (14) (1998)
3049-3052.

S. Banerjee, C. Grebogi, Border collision bifurcations in two-dimensional
piecewise smooth maps, Phys. Rev. E 59 (4) (1999) 4052-4061.

P. Glendinning, Robust chaos revisited, Eur. Phys. J. Spec. Top. 226 (9) (2017)
1721-1738.

P. Glendinning, D. Simpson, Chaos in the border-collision normal form: A
computer-assisted proof using induced maps and invariant expanding cones,
Appl. Math. Comput. 434 (2022) 127357.

V. Brousin, Y. Neimark, M. Feigin, On some cases of dependence of periodic
motions of relay system upon parameters, Izv. Vyssh. Uch. Zav. Radiofizika 4
(1963) 785-800, in Russian.

M. Feigin, Doubling of the oscillation period with C-bifurcations in piecewise
continuous systems, Prikl. Mat. Mekh. 34 (5) (1970) 861-869, in Russian.

C. Hommes, H. Nusse, Period three to period two bifurcation for piecewise linear
models, J. Econ. 54 (2) (1991) 157-169.

M. Dutta, H. Nusse, E. Ott, J. Yorke, G. Yuan, Multiple attractor bifurcations: A
source of unpredictability in piecewise smooth systems, Phys. Rev. Lett. 83 (21)
(1999) 4281-4284.

P. Glendinning, Bifurcation from stable fixed point to 2D attractor in the border
collision normal form, IMA J. Appl. Math. 81 (4) (2016) 699-710.

11

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

Physica D: Nonlinear Phenomena 462 (2024) 134131

D. Simpson, J. Meiss, Shrinking point bifurcations of resonance tongues for
piecewise-smooth, continuous maps, Nonlinearity 22 (5) (2009) 1123-1144.

D. Simpson, The structure of mode-locking regions of piecewise-linear continuous
maps: 1. Nearby mode-locking regions and shrinking points, Nonlinearity 30 (1)
(2017) 382-444.

M. di Bernardo, P. Kowalczyk, A. Nordmark, Sliding bifurcations: A novel
mechanism for the sudden onset of chaos in dry friction oscillators, Int. J.
Bifurcation Chaos 13 (10) (2003) 2935-2948.

D. Simpson, Border-collision bifurcations in R”., SIAM Rev. 58 (2) (2016)
177-226.

D. Simpson, Detecting invariant expanding cones for generating word sets to
identify chaos in piecewise-linear maps, J. Difference Equ. Appl. 29 (2023)
1094-1126.

S. Banerjee, G. Verghese (Eds.), Nonlinear Phenomena in Power Electronics, IEEE
Press, New York, 2001.

C. Tse, Complex Behavior of Switching Power Converters, CRC Press, Boca Raton,
FL, 2003.

Z. Zhusubaliyev, E. Mosekilde, Bifurcations and Chaos in Piecewise-Smooth
Dynamical Systems, World Scientific, Singapore, 2003.

Z. Zhusubaliyev, E. Mosekilde, Equilibrium-torus bifurcation in nonsmooth
systems, Physica D 237 (2008) 930-936.

L. Hoang, E. Olson, J. Robinson, On the continuity of global attractors, Proc.
Amer. Math. Soc. 143 (2015) 4389-4395.

P. Glendinning, D. Simpson, Robust chaos and the continuity of attractors, Trans.
Math. Appl. 4 (1) (2020) tnaa002.

Y. Kuznetsov, Elements of Bifurcation Theory, third ed., in: Appl. Math. Sci., vol.
112, Springer-Verlag, New York, 2004.

J. Milnor, W. Thurston, On iterated maps of the interval, in: A. Dold, B. Eckmann
(Eds.), in: Lect. Notes. in Math., vol. 1342, Springer-Verlag, New York, 1988, pp.
465-563.

P. Glendinning, D. Simpson, Differentiable conjugacies for one-dimensional maps,
Proc. ICDEA (2022) in press.

P. Glendinning, D. Simpson, Extended normal forms for one-dimensional
border-collision bifurcations. in preparation.

P. Glendinning, D. Simpson, A constructive approach to robust chaos using
invariant manifolds and expanding cones, Discrete Contin. Dyn. Syst. 41 (7)
(2021) 3367-3387.

1. Ghosh, D. Simpson, Robust Devaney chaos in
border-collision normal form, Chaos 32 (2022) 043120.
L.-S. Young, Bowen-Ruelle measures for certain piecewise hyperbolic maps,
Trans. Amer. Math. Soc. 287 (1) (1985) 41-48.

the two-dimensional


http://refhub.elsevier.com/S0167-2789(24)00082-4/sb1
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb1
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb1
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb1
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb1
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb2
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb2
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb2
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb3
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb3
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb3
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb4
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb4
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb4
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb5
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb5
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb5
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb5
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb5
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb6
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb6
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb6
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb7
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb7
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb7
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb8
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb8
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb8
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb9
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb9
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb9
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb9
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb9
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb10
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb10
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb10
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb10
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb10
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb11
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb11
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb11
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb12
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb12
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb12
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb13
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb13
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb13
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb13
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb13
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb14
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb14
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb14
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb15
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb15
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb15
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb16
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb16
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb16
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb16
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb16
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb17
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb17
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb17
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb17
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb17
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb18
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb18
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb18
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb19
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb19
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb19
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb19
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb19
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb20
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb20
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb20
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb21
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb21
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb21
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb22
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb22
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb22
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb23
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb23
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb23
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb24
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb24
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb24
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb25
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb25
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb25
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb26
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb26
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb26
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb27
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb27
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb27
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb27
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb27
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb28
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb28
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb28
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb30
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb30
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb30
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb30
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb30
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb31
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb31
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb31
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb32
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb32
http://refhub.elsevier.com/S0167-2789(24)00082-4/sb32

	Inclusion of higher-order terms in the border-collision normal form: Persistence of chaos and applications to power converters
	Introduction
	Border-collision bifurcations and the border-collision normal form
	Persistence of chaotic attractors
	A partition of the plane
	Proof of Theorem 3.2
	An application to power converters
	Discussion
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Appendix. Calculations for the regions Ei
	References


