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Abstract: With advanced digital technologies as the key support, many scholars and researchers have
proposed various random warranty models by integrating mission cycles into the warranty stage.
However, these existing warranty models are designed only from the manufacturer’s subjective
perspective, ignoring certain consumer requirements. For instance, they overlook a wide range of
warranty coverage, the pursuit of reliability improvement rather than mere minimal repair, and the
need to limit the delay in repair. To address these consumer requirements, this paper proposes a
novel random collaborative preventive maintenance warranty with repair-time threshold (RCPMW-
RTT). This model incorporates terms that are jointly designed by manufacturers and consumers
to meet specific consumer needs, thereby overcoming the limitations of existing warranty models.
The introduction of a repair-time threshold aims to limit the time delay in repairing failures and to
compensate for any losses incurred by consumers. Using probability theory, the RCPMW-RTT is
evaluated in terms of cost and time, and relevant variants are derived by analyzing key parameters.
As an exemplary representation of the RCPMW-RTT, two random replacement policies named the
discrete random renewable back replacement (DRRBR) and the discrete random renewable front
replacement (DRRFR) are proposed and modelled to ensure reliability after the expiration of the
RCPMW-RTT. In both policies, product replacement is triggered either by the occurrence of the
first extreme mission cycle or by reaching the limit on the number of non-extreme mission cycles,
whichever comes first. Probability theory is used to present cost rates for both policies in order to
determine optimal values for decision variables. Finally, numerical analysis is performed on the
RCPMW-RTT to reveal hidden variation tendencies and mechanisms; numerical analysis is also
performed on the DRRBR and the DRRFR. The numerical results show that the proposed random
replacement policies are feasible and unique; the replacement time within the post-warranty coverage
increases as the maintenance quality improves and the cost rate can be reduced by setting a smaller
repair-time threshold.

Keywords: mission cycle; warranty; repair-time threshold; back replacement; front replacement

MSC: 93E20

1. Introduction

Warranty models serve as the primary instruments for ensuring the reliability of a
product or system under the warranty coverage. Additionally, they function as promotional
tools related to the product or system in question. The warranty coverage represents only
a portion of the product’s life cycle. Consequently, the maintenance policies after the
expiration of the warranty or the post-warranty maintenance policies are designed to
ensure the product’s continued reliability beyond the warranty coverage, which is referred
to as the post-warranty coverage. From the perspective of responsibility, manufacturers bear
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responsibility for designing and implementing warranty models to ensure product/system
reliability under the warranty coverage, while consumers bear responsibility for designing
and implementing maintenance policies after the expiration of the warranty to ensure
product/system reliability under the post-warranty coverage.

Due to the core value of warranty models, various warranty models have been pro-
posed and modeled from manufacturers’ perspectives. Maintenance theories are an impor-
tant basis for warranty models. Existing maintenance theories can be classified into three
broad types: classical maintenance theories (see Refs. [1,2]), condition-based maintenance
theories (see Refs. [3–6]), and random maintenance theories (see Ref. [7]). Based on these
three types, this paper categorizes existing warranty models into classical warranty models,
condition-based warranty models, and random warranty models.

The utilization of classic warranty models is suitable for ensuring the reliability of
products/systems, where failure times are represented by lifetime-distribution functions.
Replacement, preventive maintenance, and minimal repair or their combinations serve
as the primary methods to ensure product/system reliability. These types of warranty
models include renewable free replacement warranty models, non-renewable pro-rata
replacement warranty models, free repair warranty models, and combination warranty
models. For example, Ref [8] studied multicomponent systems with interdependent failure
relationships, and defined and modeled a renewable free replacement warranty model.
They also constructed warranty cost models for series and parallel systems under this
model. In addition, there are earlier related studies by Refs. [9–11]. Non-renewable pro-rata
replacement warranty models require that the manufacturer replaces the failed product
with a new product, and the warranty period of the relevant new product is not counted
from zero, but inherits the remaining warranty period, i.e., only the product is renewed
without involving a change in the warranty period. For example, Refs. [12,13] studied the
non-renewable pro-rata replacement warranty models and explored the issue of the burn-in
test under relevant conditions. The free repair warranty models (see Refs. [14,15]) aim to
satisfy the requirements of the relevant regulatory or governmental agencies. Combination
warranty models are currently mainly restricted to renewable free replacement warranty:
a rebate which consists of a renewable free replacement warranty and refund/discount
rebate models. For example, Ref. [16] incorporates the refund clause into the renewable
free replacement warranty model and defines and models the renewable free replacement
warranty: a rebate considering rebate. Other classifications and discussions about classical
warranty models have been mentioned in Refs. [17–19] and will not be repeated here.

Advanced digital technologies enable managers to capture performance degradation
data in real time, so scholars and practitioners have adopted some of the stochastic degra-
dation processes in Refs. [20–30] to predict performance degradation trends and proposed
condition-based warranty models. Such a type of warranty model mainly consists of the
condition-based renewable free replacement warranty model and the condition-based
non-renewable free replacement warranty model. For example, Ref. [31] used the Inverse
Gaussian Process to predict the trend of reliability performance change, and proposed
and modeled the condition-based renewable free replacement warranty model; Ref. [32]
used the Gamma Process to predict the trend of reliability performance degradation and
proposed and modeled the condition-based non-renewable replacement warranty model.
Other categorizations and discussions of the visual warranty model have been covered in
Refs. [33,34] and will not be repeated here.

Empowered by advanced digital technologies, managers can capture mission data
in real time. For example, a remote monitoring system integrated with advanced digital
technologies can instantly record the riding time of each bike-sharing user and the time
when a drone user uses the drone for operations. These data are time data, which are
referred to as mission data. Based on the above-mentioned information and the theory of
the classical warranty model, some researchers have proposed random warranty models.
For example, Ref. [35] applied limited mission data to one of the limitations of warranty
coverage and proposed a two-dimensional random renewable free replacement warranty
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model; similarly, Refs. [36,37] also proposed a two-dimensional random repair warranty
model and a three-dimensional random repair warranty model, respectively. Other classifi-
cations and discussions on random warranty models have been covered in Refs. [38,39]
and will not be repeated here.

For the purpose of ensuring product/system reliability under the post-warranty
coverage, many maintenance policies after the expiration of the warranty have been pro-
posed and modeled from the perspective of consumers. Similar to classifying existing
warranty models, this paper categorizes maintenance policies after the expiration of the
warranty into classic maintenance policies models, condition-based maintenance poli-
cies, and random maintenance policies. Under the renewable free replacement warranty
and the non-renewable pro-rata replacement warranty models, Ref. [40] used an age re-
placement policy as a maintenance policy after the expiration of the warranty to ensure
product/system reliability under the post-warranty coverage. Subsequently, Ref. [41] used
the periodic preventive maintenance policy as the maintenance policy after the expiration of
the warranty and determined the optimal periodic preventive maintenance policy. Ref. [42]
combined preventive maintenance with replacement and proposed a maintenance policy
after the expiration of the warranty called the ‘maintenance-replacement’ policy. Other
classifications and discussions of classical maintenance policy after the expiration of the
warranty have been mentioned in Refs. [43–45] and will not be repeated here.

In the context of advanced digital technology as a technological pedestal, Ref. [36]
incorporated preventive maintenance into the post-warranty coverage and proposed a
maintenance policy after the expiration of the warranty called the ‘random maintenance-
replacement policy’. Using a finite number of missions as product replacement limits under
the post-warranty coverage, Ref. [46] proposed two random maintenance policies after
the expiration of the warranty: the random age replacement first and the random age
replacement last. In addition, Ref. [37] incorporated replacement into the post-warranty
coverage and proposed maintenance policies after the expiration of the warranty such as a
two-variable random replacement first and last and a hybrid policy.

The integration of missions into both the warranty coverage and the post-warranty
coverage has enabled the investigation of a range of warranty models and maintenance
policies after the expiration of the warranty. Nevertheless, a number of outstanding issues
remain, as illustrated in the following section. The existing warranty models are designed
solely from the manufacturer’s subjective perspective, thus neglecting certain consumer
requirements such as extensive reliability management services, optimal maintenance
methods, limited time for repairing, and specific preventive maintenance intervals. In the
context of the random maintenance policies after the expiration of a warranty, mission
cycles may emerge at two distinct levels. To illustrate, mission cycles may end either
after or before the specified time threshold, which suggests the existence of two levels
of mission cycles: extreme and non-extreme. In instances where the product’s age at the
warranty’s expiration is greater, the associated post-warranty maintenance costs may be
significantly higher if the replacement limits related to extreme mission cycles are not
effectively managed.

The objective of this paper is to propose and model the random collaborative warranty
model and the random replacement policy that would be applicable after the expiration
of the proposed warranty model. The motivation for this undertaking is to address the
aforementioned challenges. The proposed random collaborative warranty model is des-
ignated as the random collaborative preventive maintenance warranty with repair-time
threshold (RCPMW-RTT). The terms and conditions of this model are jointly designed by
manufacturers and consumers in order to meet specific consumer needs. The introduction
of a repair-time threshold serves to limit the time delay in removing failures and to com-
pensate for any losses incurred by consumers. The preventive maintenance interval is set
by consumers according to their needs rather than manufacturers. By addressing these
aspects, the RCPMW-RTT model is able to overcome the limitations observed in existing
warranty models. A replacement policy is proposed: a discrete random renewable back
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replacement (DRRBR). Such a policy is designed to ensure reliability after the expiration
of the RCPMW-RTT and requires that a product replacement be triggered either by the
occurrence of the first extreme mission cycle or by reaching the limit of the number of
non-extreme mission cycles, whichever occurs first. By revising the definition of the ex-
treme and the non-extreme mission cycles in the DRRBR, the second replacement policy,
the discrete random renewable front replacement (DRRFR), is proposed. In the DRRFR,
the product replacement is triggered either by the occurrence of the first extreme mission
cycle or by reaching the limit of the number of non-extreme mission cycles, whichever
occurs first. All proposed approaches are evaluated from a mathematical perspective and
are subjected to numerical analysis to elucidate the potential mechanism and to provide
guidance for management.

The following sections of this paper are structured as follows: Section 2 introduces a
collaborative warranty model and variants, assessing the time and cost models associated
with each warranty model. In Section 3, two replacement policies are defined and modeled
randomly, deriving the cost rate models for both policies. Numerical studies are conducted
in Section 4 to illustrate the presented approaches and uncover hidden management
insights. Finally, conclusions are drawn in Section 5.

2. Random Collaborative Warranty Contract

The assumptions made in this paper are as follows: The product operates in a single
mission mode, and the hardware and software system integrated with advanced digital
technology provides the manufacturer and the customer with the ability to monitor the
mission data of the product. The mission cycle (i.e., the span of the duration of a single
mission) is Yi (i = 1, 2, · · · , ∞), and all mission cycles are independently distributed in a
common memory-less distribution, which is defined as G(y). The time X to the first failure
of the products follows the distribution function F(x) = 1 − exp

(
−
∫ x

0 r(u)du
)
, where the

function r(u) represents the failure rate function. Preventive maintenance (PM) can reduce
the PM interval (PMI); that is, the reduction of age is the maintenance effect of the PM. The
time required for minimal repair, PM, or replacement is completely ignored.

As mentioned above, from the manufacturer’s subjective perspective, the manufac-
turer designs solely the existing warranty models, thereby neglecting certain consumer
requirements such as extensive reliability management services, optimal maintenance
methods, limited repair time, and specific preventive maintenance intervals. Moreover,
the existing warranty models cannot generate any benefit in the process of warranting the
products; that is, the manufacturer has no opportunity to achieve profitability.

To address these issues, the following subsections will present two random collabora-
tive warranty models by allowing the manufacturer and user to participate in the process
of designing the terms.

2.1. Random Collaborative Warranty
2.1.1. Definition of Collaborative Warranty

Define n, M and N as three non-negative natural numbers, define Sp as the selling price
of the warranty, define δ (0 < δ ≤ 1) as a maintenance-effect measure, and define τ as the
repair-time threshold; then, in the case where each failure that occurs within the warranty
coverage will be rectified by minimal repair, the random collaborative warranty can be
described by the following three steps:

Step 1: According to the customer’s requirements for reliability management services,
the customer books a warranty service with a coverage formed by n mission cycles with the
manufacturer, where the manufacturer is required to perform PM in the form of the PMI
formed by N (0 ≤ N < n) mission cycles, and accepts the penalty costs in the case where
the failure is not rectified until the time to rectify it reaches the repair-time threshold τ.

Step 2: Based on the customer’s demands, the manufacturer performs the
following scheme:
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• Models the warranty cost resulting from Step 1 and then minimizes the warranty cost
to obtain the optimal maintenance-effect measure δ∗.

• Prices the warranty contract based on the results of minimizing the warranty cost; that
is, determines the selling price Sp of the warranty based on the results of minimizing
the warranty cost.

Step 3: Both parties sign the warranty contract, and the customer pays the manufac-
turer the selling price Sp.

Minimal repairs are used to rectify every failure within the warranty coverage; PMs are
designed to improve reliability in order to reduce the costs of subsequent failure rectification
(hereafter referred to as repair costs) and increase utilization rate of products; penalty costs
depend on the repair-time threshold τ; and warranty terms are developed in a collaborative
manner between the manufacturer and customer, where the PMI is set by consumers
according to their needs rather than manufacturers. Taking these factors into account, the
warranty is called a random collaborative preventive maintenance warranty with repair-
time threshold (RCPMW-RTT), where the PM number M can be determined based on the
values of both n and N, and the maintenance-effect measure δ is a decision variable.

The RCPMW-RTT offers significant advantages, including resolving customers’ pas-
sive issues resulting from existing warranties, meeting their demand for excessive reliability
management services, and providing pricing opportunities to manufacturers to achieve
profitability, etc. That is to say, the RCPMW-RTT can overcome the limitations observed in
existing warranty models.

2.1.2. Modeling of the RCPMW-RTT

As pointed out above, the PMI is the time interval formed by N mission cycles. In the

case of SN representing a PMI, then the PMI SN can be calculated as SN =
N
∑

i=0
Yi and follows

the convolution distribution function G(N)(sN) =
∫ sN

0 G(N−1)(sN − u)dG(N)(sN). The field
of reliability engineering acknowledges two fundamental principles: as a product ages,
the necessity for preventive maintenance reserves increases, and as reliability improves,
the associated cost of PM also rises. The implication of these realities is that the cost of
the PM increases with age and reliability improvement. It is defined that each PM reduces
the PMI SN to δSN . Then, after each PM, the reduction in the corresponding PMI can
be modelled as δSN (δ = 1 − δ). Using this, the cost Cpm(δ|k, SN) of the PM until the
completion of the kth (k = 0, 1, 2, · · · ) PM can be modelled as an increasing function of age
and reliability improvement, i.e.,

Cpm(δ|k, SN) = kδSN · cs + cI
(
δSN

)a
(1)

where kδSN · cs indicates the kth PM reserve depending on age kδSN ; cs (> 0) is the co-
efficient of the PM reserve; cI (> 0) is the reliability-improvement cost; and a (> 0) is a
parameter.

In the case where N is a natural number less than the mission number n (i.e.,
0 < N < n), if N ̸= 1, then the PM number M is satisfied 0 ≤ M ≤ ⌊n/N⌋; if N = 1,
the PM number M is satisfied by the expression given by M = n − 1. Furthermore,
summing the natural number k in the cost Cpm(δ|k, SN) of the PM from 1 to M, the total
cost TCpm(δ|SN) of M PMs for the manufacturer can be obtained by

TCpm(δ|SN) =
M

∑
k=1

Cpm(k|δ, SN) = csδSN

M

∑
k=0

k + McI
(
δSN

)a
= M

(
(1 + M)δSNcs

2
+ cI

(
SNδ

)a
)

(2)

If the failure is not rectified until the time to rectify it reaches the repair-time thresh-
old τ, then the manufacturer is required to pay a penalty cost to the related consumer.
Let cm and cr be the unit repair cost incurred by rectifying the unit failure and the penalty
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cost per unit time after the repair-time threshold τ, respectively; then, the total cost CM in-
curred by the unit failure is given by

CM = cmR(τ) + R(τ)

(
cm +

cr
∫ ∞

τ tdR(t)
R(τ)

)
= cm + cr

∫ ∞

τ
tdR(t) (3)

where R(·) and R(·) are the distribution and reliability functions of the repair time to rectify
each failure, respectively.

When the Mth PM is completed, the product has completed NM mission cycles. In
this case, the remaining n − NM + 1 mission cycles are not yet completed. Therefore, the
remaining warranty time Sr after M PMs have been completed (i.e., a time duration formed

by the remaining n − NM + 1 mission cycles) can be calculated as Sr =
n
∑

i=1
Yi − MSN =

n
∑

i=NM+1
Yi. Through algebraic calculation, the repair cost TCm(δ|SN , Sr) resulting from all

failures within the warranty coverage is obtained by

TCm(δ|SN , Sr) = CM

(∫ SM
0 r(u)du +

∫ δSN+SN
δSN

r(u)du + · · ·+
∫ (M−1)δSN+SN
(M−1)δSN

r(u)du +
∫ MδSN+Sr

MδSN
r(u)du

)
=
(
cm + cr

∫ ∞
τ tdR(t)

)(M−1
∑

k=0

∫ kδSN+SN
kδSN

r(u)du +
∫ MδSN+Sr

MδSN
r(u)du

) (4)

By algebraic operation of the total cost TCpm(δ|SN) of M PMs and the manufacturer’s
total repair cost TCm(δ|SN , Sr), the total maintenance cost TC(δ|SN , Sr) of the RCPMW-RTT
can be obtained by

TC(δ|SN , Sr) = TCpm(δ|SN) + TCm(δ|SN , Sr)

= M
(

(1+M)δSN cs
2 + cI

(
SNδ

)a
)
+
(
cm + cr

∫ ∞
τ tdR(t)

)(M−1
∑

k=0

∫ kδSN+SN
kδSN

r(u)du +
∫ MδSN+Sr

MδSN
r(u)du

)
(5)

Let G(n−NM)(sr) be the distribution function of the remaining warranty time Sr,
then G(n−NM)(sr) can be expressed as G(n−NM)(sr) =

∫ sr
0 G(n−NM−1)(sr − u)dG(n−NM)(u).

Using the distribution function G(n−NM)(sr), the total maintenance cost TC(δ|SN , Sr) of
the RCPMW-RTT can be rewritten as

TC(δ|SN) = M
(
(1 + M)δSNcs

2
+ cI

(
SNδ

)a
)
+

(
cm + cr

∫ ∞

τ
tdR(t)

)
M−1
∑

k=0

∫ kδSN+SN
kδSN

r(u)du+∫ ∞
0

(∫ MδSN+sr
MδSN

r(u)du
)

dG(n−MN)(sr)

 (6)

By using the distribution function G(N)(sN) to carry out the probabilistic calculation
on the total maintenance cost TC(δ|SN) in Equation (6), the warranty cost WC(δ) of the
RCPMW-RTT can be calculated as

WC(δ) =
∫ ∞

0 TC(δ|sN)dG(N)(sN)

= M

 cs(1 + M)δcs
∫ ∞

0 G(N)
(sN)dsN

2
+

cI(δ)
a∫ ∞

0 (sN)
adG(N)(sN)

+
(
cm + cr

∫ ∞
τ tdR(t)

)∫ ∞
0


M−1
∑

k=0

∫ kδsN+sN
kδsN

r(u)du+∫ ∞
0

(∫ MδsN+sr
MδsN

r(u)du
)

dG(n−MN)(sr)

dG(N)(sN)
(7)

It is obvious that PMs cannot alter the warranty coverage that is formed by n mission
cycles. The random warranty time Sn within the warranty coverage can be calculated
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as Sn =
n
∑

i=1
Yi. By using these expectations, the warranty time WT of the RCPMW-RTT can

be obtained by

WT =
∫ ∞

0
G(n)

(sn)dsn (8)

where G(n)(sn) (=
∫ sn

0 G(n−1)(sn − u)dG(n)(sn)) and G(n)
(sn) (= 1 − G(n)

(sn)) are the
distribution and reliability functions of Sn, respectively.

2.2. Optimization and Pricing of the RCPMW-RTT

The RCPMW-RTT has been proposed to solve the problems of traditional warranties.
The next step is to determine the selling price SP of the RCPMW-RTT.

The warranty cost WC(δ) resulting from the RCPMW-RTT has been captured. By
minimizing such a cost, the manufacturer can obtain the optimal reliability-improvement
measure δ∗, namely, obtain the optimal PM plan. In this process, the key mathematical
models involved can be expressed as

δ∗ = {δ|Min WC(δ)}

subject to
{

0 < N ≤ n
0 ≤ M ≤

⌊ n
N
⌋ (9)

Warranty cost and time are two measurements needed to measure RCPMW-RTT.
Therefore, both can be used to price such a RCPMW-RTT. In the field of reliability, the
Cobb–Douglas production function is a feasible method to simulate the price (see Ref. [45]).
Similarly, using the Cobb–Douglas production function, the price function SP(δ

∗) of the
RCPMW-RTT can be modeled as

SP(δ
∗) = cp · (WC(δ∗))ρ · (WT)σ (10)

where cp (> 0) is a cost parameter, and ρ (> 0) and σ (> 0) are two parameters.

2.3. Variant Warranties

If cs = 0 and δ = 1, no PM is performed under the warranty coverage, resulting in
the reduction of RCPMW-RTT to a random collaborative repair warranty with repair-time
threshold (RCRW-RTT), where minimal repair is the method to correct any failure under the
warranty coverage and δ is no longer a decision variable. The warranty cost of RCRW-RTT
can be obtained as

lim
cs = 0
δ = 1

WC(δ) =
(

cm + cr

∫ ∞

τ
tdR(t)

)∫ ∞

0

(∫ MsN

0
r(u)du +

∫ ∞

0

(∫ MsN+sr

MsN

r(u)du
)

dG(n−MN)(sr)

)
dG(N)(sN) (11)

When cr → 0 , all penalty costs that depend on the repair-time threshold are removed,
resulting in the reduction of RCPMW-RTT to a random collaborative preventive mainte-
nance warranty (RCPMW), where δ is a unique decision variable. The warranty cost of the
RCPMW can be expressed as

lim
cr→0

WC(δ) = M

(
(1+M)δcs

∫ ∞
0 G(N)

(sN)dsN
2 +

cI
∫ ∞

0

(
sNδ

)a
dG(N)(sN)

)
+ cm

∫ ∞

0


M−1
∑

k=0

∫ kδsN+sN
kδsN

r(u)du+∫ ∞
0

(∫ MδsN+sr
MδsN

r(u)du
)

dG(n−MN)(sr)

dG(N)(sN) (12)

As previously stated, the warranty coverage cannot be modified by PMs. Consequently,
the warranty period for the RCRW-RTT and the RCPMW is identical to that of the RCPMW-
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RTT, and their pricing methodology is analogous to that of the RCPMW-RTT. In light of
these considerations, there is no necessity to reiterate them here.

3. Random Replacement Policies

The RCPMW-RTT included in our paper can manage product reliability throughout the
warranty coverage. It is critical for the consumer to carefully evaluate methods for managing
the reliability of the products that are going through the warranty coverage. The following
section presents two random replacement policies after the expiry of the RCPMW-RTT, which
can be implemented to effectively manage product reliability through the RCPMW-RTT.

3.1. Random Replacement Policy a

As pointed out above, in the case where the product’s age at the warranty’s expiration
is greater, the associated post-warranty maintenance costs may be significantly higher if
replacement limits related to the extreme mission cycles are not effectively managed. To
address this issue, the subsequent section defines the extreme and the non-extreme mission
cycles and proposes and models a novel random replacement policy.

Let ς represent a time threshold (a constant), then the mission cycle is defined as an
extreme mission cycle if it does not end before the time threshold ς, or is defined as a non-
extreme mission cycle if it does end before the time threshold ς. Using such declarations,
the first random replacement policy is defined and modeled in the following subsections.

3.1.1. The Definition of Policy a

Consider K as a non-negative integer (a decision variable); subsequently, in the case
where the renewal of the time threshold ς accompanies the renewal of each mission cycle,
the terms of random replacement are enumerated as follows:

• If the current mission cycle ends before the time threshold ς, which is a non-extreme
mission cycle, then the next mission cycle is renewed from the end of the current
mission cycle;

• In the process of renewing the above term, if the Kth mission cycle ends before the
time threshold ς, then such a product will be replaced at the end of the Kth mission
cycle before the time threshold ς;

• In the process of renewing the first term, if the extreme mission cycle arises before
the Kth mission cycle is renewed, then such a product will be replaced at the time
threshold ς before the end of such a mission cycle.

In such a replacement policy, the next mission cycle is renewed depending on whether
the current mission cycle ends before the time threshold ς, namely whether the current
mission cycle is an extreme mission cycle or not; when the Kth mission cycle ends before
the time threshold ς or the extreme mission cycle arises before the Kth mission cycle is
renewed, whichever occurs first, the replacement will be at the corresponding time points.

Obviously, in terms of such a replacement policy, if the first extreme mission cycle
arises before the Kth mission cycle is renewed, then the replacement will be performed at
the time threshold ς; otherwise, the replacement is performed at the end of the Kth mission
cycle before the first extreme mission cycle arises.

The current mission cycle still will not end until the time threshold ς’, in the definition
of the extreme mission cycle, is equivalent to the current mission cycle ending after the
time threshold ς’. Considering that the keyword ‘after’ has the meaning of the keyword
‘back’, such a random replacement policy is named the discrete random renewable back
replacement (DRRBR), wherein K is a discrete scale to control maintenance cost.

3.1.2. The Modeling of the DRRBR

If the Kth mission cycle ends before the first extreme mission cycle arises, namely
the first K mission cycles are non-extreme mission cycles, then such a product will be
replaced at the end of the Kth mission cycle before the time threshold ς. Let Zi represent
the ith (i = 1, 2, · · · , K) mission cycle that ends before the time threshold ς, then all elements
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from the sequence {Zi} formed by K mission cycles satisfying the above conditions are
independent and identically distributed random variables. In the case of letting Z be the
copy of all elements in the sequence {Zi}, the random variable Z satisfies the conditional
distribution function Ha(z) given by

Ha(z) = Pr{Z < z|Z ≤ ς} =
G(z)
G(ς)

(13)

where z ≤ ς.
When the product goes through the RCPMW-RTT, its age equates to NδSN + Sr.

Based on the reliability theory, the failure-rate function at age NδSN + Sr can be expressed
as r(NδSN + Sr + u). Obviously, the mean failure number between the jth (j = 1, 2, · · · )
renewal and the (j + 1)th renewal can be modeled as

∫ jZ
(j−1)Z r(NδSN + Sr + u)du. The re-

pair cost RCa1(K|SN , Sr, Z) until the replacement is conducted at the end of the Kth mission
cycle before the time threshold ς can be obtained by

RCa1(K|SN , Sr, Z) = cm

K

∑
j=1

∫ jZ

(j−1)Z
r(NδSN + Sr + u)du (14)

By means of the distribution function Ha(z), the repair cost RCa1(K|SN , S†, Z) can be
revised as another expression RCa1(K|SN , Sr) given by

RCa1(K|SN , Sr) =
∫ ς

0
RCa1(K|SN , Sr, z)dHa(z) = cm

∫ ς

0

(
K

∑
j=1

∫ jz

(j−1)z
r(NδSN + Sr + u)du

)
dHa(z) (15)

In the event that the current mission cycle still does not end until the time inter-
val ς occurs before the Kth mission cycle is renewed, then the corresponding product
will be replaced at the time threshold ς before the end of such a mission cycle. Let ka
(ka = 1, 2, · · · , K − 1) be the renewal number of the mission cycle in the event that the
current mission cycle still does not end until the time threshold ς occurs before renewing
the Kth mission cycle; then, the repair cost RCa2(ka|SN , Sr, Z) until the occurrence of such a
replacement can be obtained by

RCa2(ka|SN , Sr, Z) = cm

(
ka

∑
j=1

∫ jZ

(j−1)Z
r(NδSN + Sr + u)du+

∫ kaZ+ς

kaZ
r(NδSN + Sr + u)du

)
(16)

where
0
∑

j=1,··· ,K−1
· = 0 and is used similarly in the following.

By means of the distribution function Ha(z), the repair cost RCa2(ka|SN , Sr, Z) can be
revised as another expression RCa2(ka|SN , Sr) given by

RCa2(ka|SN , Sr) =
∫ ς

0 RCa2(ka|SN , Sr, z)dHa(z)

= cm
∫ ς

0

(
ka
∑

j=1

∫ jz
(j−1)z r(NδSN + Sr + u)du+

∫ kaz+ς
kaz r(NδSN + Sr + u)du

)
dHa(z)

(17)

In the renewing of the first term in the DRRBR, if the Kth mission cycle ends prior to
the time threshold ς, then the related product will be replaced at the end of such a mission
cycle. Therefore, under the DRRBR, the probability that the Kth mission cycle ends before
the time threshold ς, namely the first K mission cycles are non-extreme mission cycles rather
than extreme mission cycles, can be given by [G(ς)]K. In the event that the current mission
cycle still does not end at the time threshold ς and occurs before renewing the Kth mission
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cycle, the related product will be replaced at the time threshold ς. Therefore, under the
DRRBR, the occurrence probability that the current mission cycle will still not end at the

time threshold ς before renewing the Kth mission cycle can be given by
K−1
∑

ka=0
[G(ς)]ka G(ς).

Using both, the total cost TCa(K|SN , Sr) resulting from the DRRBR can be obtained by

TCa(K|SN , Sr) = [G(ς)]K(RCa1 (K|SN , Sr) + CR) +
K−1
∑

ka=0

(
[G(ς)]ka G(ς)(RCa2 (ka|SN , Sr) + CR)

)
= cm[G(ς)]K

∫ ς
0

(
K
∑

j=1

∫ jz
(j−1)z r(NδSN + Sr + u)du

)
dHa(z) + CR

+cm
K−1
∑

ka=0
[G(ς)]ka G(ς)

∫ ς
0

(
ka

∑
j=1

∫ jz
(j−1)z r(NδSN + Sr + u)du+

∫ kaz+ς
kaz r(NδSN + Sr + u)du

)
dHa(z)

(18)

By means of the distribution function G(N)(sN) and G(n−MN)(sr), the total cost
TCa(K|SN , Sr) of the DRRBR can be rewritten as

TCa(K) =
∫ ∞

0

(∫ ∞
0 TCa(K|sN , sr)dG(N)(sN)

)
dG(n−MN)(sr)

= cm
∫ ∞

0


∫ ∞

0


[G(ς)]K

∫ ς
0

(
K
∑

j=1

∫ jz
(j−1)z r(NδsN + sr + u)du

)
dHa(z)+

K−1
∑

ka=0

[G(ς)]ka G(ς)
∫ ς

0


ka
∑

j=1

∫ jz
(j−1)z r(NδsN + sr + u)du+∫ kaz+ς

kaz r(NδsN + sr + u)du

dHa(z)



dG(N)(sN)

dG(n−MN)(sr) + CR

= cm
∫ ∞

0


∫ ∞

0


[G(ς)]K−1∫ ς

0

(
K
∑

j=1

∫ jz
(j−1)z r(NδsN + sr + u)du

)
dG(z)+

K−1
∑

ka=0

[G(ς)]ka−1G(ς)
∫ ς

0


ka
∑

j=1

∫ jz
(j−1)z r(NδsN + sr + u)du+∫ kaz+ς

kaz r(NδsN + sr + u)du

dG(z)



dG(N)(sN)

dG(n−MN)(sr) + CR

(19)

The sum formed by all elements from the sequence {Zi} can be calculated as
K
∑

i=0
Zi.

Therefore, the replacement time RTa1(K) until the replacement is carried out at the end of
the Kth mission cycle before the time threshold ς can be obtained by

RTa1(K, T) = E

[
K

∑
i=0

Zi

]
= K

∫ ς

0
zdHa(z) =

K
∫ ς

0 zdG(z)
G(ς)

(20)

where Z0 = 0.
In the event that the current mission cycle still does not end at the time threshold ς and

occurs before the end of the Kth mission cycle, namely the extreme mission cycle arises
before renewing the Kth mission cycle, the product will be replaced at the time thresh-
old ς before renewing the Kth mission cycle. The replacement time RTa2(ka) until this case
occurs can be obtained by

RTa2(ka) = E

[
ka

∑
i=0

Zi + ς

]
= ka

∫ ς

0
zdHa(z) + ς =

ka
∫ ς

0 zdG(z)
G(T)

+ ς (21)

By means of the probability [G(ς)]K and
K−1
∑

ka=0
[G(ς)]ka G(ς), the replacement time RTa(K) of

the DRRBR can be obtained by

RTa(K) = [G(ς)]K · RTa1 (K) +
K−1
∑

ka=0

(
[G(ς)]ka G(ς) · RTa2 (ka)

)
= [G(ς)]K ·

K
∫ ς

0 zdG(z)
G(ς)

+
K−1
∑

ka=0

(
[G(ς)]ka G(ς) ·

(
ka
∫ ς

0 zdG(z)
G(ς)

+ ς

))

=

(
1 − [G(ς)]K

)∫ ς
0 G(z)dz

G(ς)

(22)
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In the field of reliability, availability is considered a type of objective function (refer to
Refs. [47–57]), while the cost rate based on the renewal-reward theory in Ref. [58] represents
another type of objective function which has been used in Refs. [59,60]. Since time measures
are utilized as components of availability, the availability objective function can only evaluate
the characteristics of the proposed approaches from a time perspective. On the contrary, the
cost rate is related to both time and cost measures. Thus, it is an accurate and comprehensive
evaluation basis. In this context, the cost rate is utilized as an objective function for modeling
the DRRBR, i.e., the cost rate CRa(K) of the DRRBR can be calculated as

CRa(K) =
CF + TCa(K)
WT + RTa(K)

(23)

where CF is the total failure cost produced by the RCPMW-RTT and is obtained by replacing cm in
the warranty cost WC with the unit failure cost c f , replacing cr in the warranty cost WC with−cr,

and replacing M
(
(1+ M)δcs

∫ ∞
0 G(N)

(sN)dsN/2+ cI(δ)
a∫ ∞

0 (sN)
adG(N)(sN)

)
in the warranty cost WC with c f , respectively.

3.2. Random Replacement Policy b

The mission cycle is defined as an extreme mission cycle if it ends before the time
threshold ς, or is defined as a non-extreme mission cycle if it does end after the time
threshold ς. The text says that the extreme and non-extreme mission cycles in the following
random replacement policy are obtained by revising the definition of extreme and non-
extreme mission cycles in the DRRBR.

Using such declarations, the second random replacement policy is defined and mod-
eled in the following subsections.

3.2.1. The Definition of Policy b

In the case where the renewal of the time threshold ς accompanies the renewal of each
mission cycle, the terms of the random replacement policy are enumerated as follows:

• If the current mission cycle ends after the time threshold ς, then the next mission cycle
is renewed from the end of the current mission cycle;

• In the process of renewing the above term, if the Kth mission cycle ends after the
time threshold ς, namely the first K mission cycles are non-extreme mission cycles,
then such a product will be replaced at the end of the Kth mission cycle after the time
threshold ς;

• In the process of renewing the first term, if the first extreme mission cycle arises before
the Kth mission cycle is renewed, then such a product will be replaced at the end of
such an extreme mission cycle.

Compared to the DRRBR, this replacement policy is obtained by revising some of the
keywords ‘after’ to ‘before’ and some of the keywords ‘before’ to ‘after’. Considering that
the keyword ‘before’ has the meaning of the keyword ‘front’ in the case that the current
mission cycle ends before the time interval ς’, such a replacement policy is named the
discrete random renewable front replacement (DRRFR).

3.2.2. The Modeling of the DRRFR

Similar to the text before Equation (11), defining Zi as the ith mission cycle that end
after the time threshold ς, all elements from the sequence {Zi} formed by K mission
cycles satisfying the above conditions are independent and identically distributed random
variables. Let Z be the copy of all elements from such a sequence; then, the random
variable Z satisfies the conditional reliability function Hb(z) given by

Hb(z) = Pr{Z > z|Z > ς} =
G(z)
G(ς)

(24)
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where z > ς.
The repair cost RCb1(K|SN , Sr, Z) until the replacement is conducted at the end of

the Kth mission cycle after the time interval DRRFR can be obtained by

RCb1(K|SN , Sr, Z) = cm

K

∑
j=1

∫ jZ

(j−1)Z
r(NδSN + Sr + u)du (25)

By means of the reliability function Hb(z), the repair cost RCb1(K|SN , Sr, Z) can revised
as another expression RCb1(K|SN , Sr) given by

RCb1(K|SN , Sr) = −
∫ T

0
RCb1(K|SN , Sr, z)dHb(z) = −cm

∫ ∞

ς

(
K

∑
j=1

∫ jz

(j−1)z
r(NδSN + Sr + u)du

)
dHb(z) (26)

Let Zs represent the mission cycle that ends before the time threshold ς, and let kb (0 ≤
ka ≤ K − 1) be the renewal number of the mission cycle in the event that the current mission
cycle ends prior to the time threshold ς and occurs before renewing the Kth mission cycle;
then the repair cost RCb2(kb|SN , Sr, Zs, Z) until the replacement is performed at the end of
such a mission cycle can be obtained by

RCb2(kb|SN , Sr, Zs, Z) = cm

(
kb

∑
j=1

∫ jZ

(j−1)Z
r(NδSN + Sr + u)du+

∫ kbz+Zs

kbZ
r(NδSN + Sr + u)du

)
(27)

By means of the reliability function Hb(z), the repair cost RCb2(kb|SN , Sr, Zs, Z) can be
revised as another expression RCb2(kb|SN , Sr, Zs) given by

RCb2(kb|SN , Sr, Zs) = −
∫ ∞

ς RCb2(kb|SN , Sr, Zs, z)dHb(z)

= −cm
∫ ∞

ς

(
kb
∑

j=1

∫ jz
(j−1)z r(MSN + Sr + u)du+

∫ kbz+Zs
kbz r(MSN + Sr + u)du

)
dHb(z)

(28)

In renewing the first term in the DRRFR, if the Kth mission cycle ends after the time
threshold ς, namely the first K mission cycles are non-extreme mission cycles rather than
extreme mission cycles, then the related product will be replaced at the end of such a mission
cycle. Obviously, under the DRRFR, the probability that the related product will be replaced
at the end of the Kth mission cycle after the time threshold ς can be given by

[
G(ς)

]K. In
the event that the current mission cycle ends before the time threshold ς occurs (namely
the first extreme mission cycle arises) before the completion of the Kth mission cycle, the
product will be replaced at the end of such a mission cycle. Obviously, under the DRRFR,
the related product will be replaced at the end of the first extreme mission cycle for a cost

given by
K−1
∑

kb=0

[
G(ς)

]kb G(ς). Using both, the total cost TCb(K|SN , Sr, Zs) of the DRRFR can

be obtained by

TCb(K|SN , Sr, Zs) =
[
G(ς)

]K(RCb1
(K|SN , Sr) + CR

)
+

K−1
∑

kb=0

([
G(ς)

]kb G(ς)
(

RCb2 (kb|SN , Sr, Zs) + CR
))

= −cm
[
G(ς)

]K∫ ∞
ς

(
K
∑

j=1

∫ jz
(j−1)z r(MSN + Sr + u)du

)
dHb(z) + CR

−cm
K−1
∑

kb=0

([
G(ς)

]kb G(ς)
∫ ∞

ς

(
kb

∑
j=1

∫ jz
(j−1)z r(MSN + Sr + u)du+

∫ kbz+Zs
kbz r(MSN + Sr + u)du

)
dHb(z)

) (29)
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By means of the distribution function G(N)(sN) and G(n−MN)(s†), the total cost TCb(K) of
the DRRFR can be rewritten as

TCb(K) =
∫ ∞

0

(∫ ∞
0

(∫ T
0 TCb(K|sN , sr , zs)dI(zs)

)
dG(N)(sN)

)

= −cm
∫ ∞

0


∫ ∞

0



[
G(ς)

]K∫ ∞
ς

(
K
∑

j=1

∫ jz
(j−1)z r

(
NδsN+
sr + u

)
du

)
dHb(z)+

K−1
∑

kb=0

[G(ς)
]kb G(ς)

∫ ∞
ς


kb
∑

j=1

∫ jz
(j−1)z r(NδsN + sr + u)du+∫ ς

0

(∫ kbz+zs
kbz r(NδsN + sr + u)du

)
dI(zs)

dHb(z)



dG(N)(sN)

dG(n−MN)(sr) + CR

= cm
∫ ∞

0


∫ ∞

0



[
G(ς)

]K−1∫ ∞
ς

(
K
∑

j=1

∫ jz
(j−1)z r(NδsN + sr + u)du

)
dG(z)+

K−1
∑

kb=0

[G(ς)
]kb−1∫ ∞

ς

 G(ς)
kb
∑

j=1

∫ jz
(j−1)z r(NδsN + s† + u)du+∫ ς

0

(∫ kbz+zs
kbz r(NδsN + sr + u)du

)
dG(zs)

dG(z)



dG(N)(sN)

dG(n−MN)(sr) + CR

(30)

where I(zs) represents the distribution function of the random variable Zs and satis-
fies I(zs) = Pr{Zs < zs|Zs ≤ ς} = G(zs)/G(ς) with zs ≤ ς.

The replacement time RTb1(K) until the replacement is performed at the end of
the Kth mission cycle after the time threshold T (namely the first K mission cycles are
non-extreme mission cycles rather than extreme mission cycles) can be obtained by

RTb1(K) = E

[
K

∑
i=0

Zi

]
= −K

∫ ∞

ς
zdHb(z) =

K
∫ ∞

ς zdG(z)

G(ς)
(31)

In the event that the current mission cycle ends before the time threshold ς occurs
(namely the first extreme mission cycle arises) and before the renewal of the Kth mission
cycle, the product will be replaced at the end of such a cycle. In this case, the replacement
time RTb2(kb) can be obtained by

RTb2(kb) = E

[
kb

∑
i=0

Zi + Zs

]
= kb

∫ ∞

ς
zdHa(z) +

∫ ς

0
zsdI(zs) =

kb
∫ ∞

ς zdG(z)

G(ς)
+

∫ ς
0 zsdG(zs)

G(ς)
(32)

By means of the probability
[
G(ς)

]K and
K−1
∑

kb=0

[
G(ς)

]kb G(ς), the replacement time RTb(K) of

the DRRFR can be obtained by

RTb(K) =
[
G(ς)

]K · RTb1(K) +
K−1
∑

kb=0

([
G(ς)

]kb−1G(ς) · RTb2(kb)
)

=
[
G(ς)

]K ·
K
∫ ∞

ς zdG(z)

G(ς)
+

K−1
∑

kb=0

([
G(ς)

]kb G(ς) ·
(

kb
∫ ∞

ς zdG(z)

G(ς)
+

∫ ς
0 zsdG(zs)

G(ς)

))

=

(
1 −

[
G(ς)

]K
)∫ ∞

0 G(z)dz

G(ς)

(33)

Similar to Equation (21), the cost rate CRb(K) of the DRRFR can be calculated as

CRb(K) =
CF + TCb(K)
WT + RTb(K)

(34)

4. Numerically Analyzing the Proposed Approaches

The previous sections have presented three random warranties and two random replace-
ment policies, which have been modeled. Extracting valuable management insights from these
proposals is crucial for guiding practical implementations. It is evident that obtaining manage-
ment enlightenment solely through analytical analysis poses challenges. Hence, to uncover
hidden management enlightenments, numerical analysis will be conducted on three representa-
tive examples: RCPMW-RTT, DRRBR, and DRRFR, among the five proposed approaches.



Mathematics 2024, 12, 2845 14 of 21

Gas detection robots are widely used to remotely detect whether the gas present in
the coal mine exceeds the standard. The operation and maintenance systems integrated
with advanced digital technologies can collect data/information including but not limited
to failures and usage and can store all collected data/information in the history lists of
the manufacturers and the users, respectively. The consumer activates the gas detection
robot before use and deactivates the gas detection robot after use, with the time interval
between activation and deactivation representing a duty cycle. Considering these factors, a
gas detection robot is used as a case study.

In reliability practice, it has been found that failure rate functions for gas detec-
tion robots are increasing functions with accumulated operating time or age. Based on
this, the failure rate functions are set as increasing functions: r(u) = β(u)α, where β >
0 and α ≥ 0. In addition, mission cycles Yi and Zi have been assumed to be independent
and identically distributed random variables with memory-less distribution functions
given by G(y) and G(z). In reliability theory, the exponential distribution function is a
memory-less distribution function. In view of this, G(y) = 1 − exp(−λy) and G(z) =
1 − exp(−λz) are used as the memory-less distribution functions modeling mission cy-
cles Yi and Zi, respectively, where λ > 0. Some of the parameters are assigned as β =
0.8, cr = 0.5, cs = 0.01, cI = 0.7, and c f = 0.1.

4.1. Numerically Analyzing the RCPMW-RTT

To show the effects of both the parameter a in the cost of the PM and the shape
parameter α in the failure rate function of the PM plan, Figure 1 has been obtained by
assigning λ = 3, n = 25, N = 3, τ = 0.5, ς = 2, M = 8, and cm = 0.05. Figure 1A shows
that, for a = 0.5, 1, the warranty cost decreases strictly, implying that the optimal PM
plan does not exist; while for a = 2, 3, 4, 5, the warranty cost has a minimum value,
implying that the PMs are necessary. Figure 1B shows that for a = 0.5, 1, 2, the warranty
cost increases strictly, implying that the introduction of the PMs may unnecessarily reduce
the warranty cost; for a = 3, 4, 5, the warranty cost has a minimum value, implying that
the optimal PM plan exists.
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Figure 1C shows that for a = 0.5, 1, 2, 3, the warranty cost strictly increases, implying
that introducing the PMs may unnecessarily reduce the warranty cost; for a = 4, 5, the
warranty cost has a minimum value, implying that the optimal PM plan exists. These results
imply that both whether the PM is introduced and whether the PM plan is introduced, if
the PM is introduced, depend on some key parameters.

To obtain the effects of the parameter N on the PM plan in the RCPMW-RTT, Figure 2
was obtained where α = 2, a = 2, τ = 0.5, λ = 5, n = 16, ς = 2, and cm = 0.05.
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Figure 2 shows that for N = 2, the warranty cost increases strictly; for N = 3, 4, the
warranty cost has a minimum value. These imply that, for a smaller N, introducing the
PMs can reduce the warranty cost while the optimal PM plan does not exist; for a larger N,
the optimal PM plan does exist.

To compare the performance of the RCPMW-RTT, the RCRW-RTT and the RCPMW,
Figure 3 has been obtained where α = 2, a = 2, τ = 0.5, λ = 5, n = 16, N = 3, M = 5, ς = 2,
and cm = 0.05.
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Figure 3 shows that the warranty cost of the RCPMW-RTT is greater than the warranty
cost of the RCPMW, and the warranty cost of the RCRW-RTT is greater than the minimum
values of the warranty cost associated with the RCPMW. The former result implies that
introducing the penalty cost has no effect on the optimal PM plan and it cannot reduce the
warranty cost; the latter result implies that the warranty cost is not necessarily reduced if
the PM is not introduced.
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4.2. Numerically Analyzing the Proprosed Renewable Replacements
4.2.1. Numerically Analyzing the DRRBR

To explore whether the optimal DRRBR exists uniquely and to mine the effects of the
replacement cost CR and the time threshold ς on the optimal DRRBR, Figure 4 has been ob-
tained where α = 2, a = 2, λ = 5, n = 23,
τ = 0.9, N = 4, δ = 0.8, M = 5, and cm = 0.05. Figure 4 shows that the minimum
cost rate exists uniquely, implying that optimal DRRBR exists uniquely. Under the case
of using ς = 2, Figure 4A shows that the optimal discrete scale K∗ increases with respect
to CR and the minimum cost rate increases with respect to CR as well. This indicates that
the larger replacement cost CR can extend the replacement time but cannot reduce the
cost rate. Under the case of using CR = 12, Figure 4B shows that the optimal discrete
scale K∗ decreases the time threshold ς while the minimum cost rate increases with respect
to such a threshold ς. This signals that when the time threshold ς associated with the
extreme mission cycle definition is shorter, the replacement time is extended at a lower cost
rate.
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Using λ = 5, α = a = 2, cm = 0.2, τ = 0.9, ς = 2, δ = 0.8, and CR = 12, Table 1 has
been presented to explore the impact of the mission number n required by the consumer
and the mission number N in the PMI on the optimal DRRBR. In Table 1, it is shown that
the optimal discrete scale K∗ is non-increasing with respect to the number of n missions
required by users; the minimum cost rate shows a non-increasing trend with respect to
such a number as well. Furthermore, for a given n, it is observed that the optimal discrete
scale K∗ decreases with respect to the number of N missions in the PMI; however, there is
an increase in the minimum cost rate with respect to this number.

Table 1. The impact of n and N on the optimal DRRBR.

N
n=23 n=26 n=29

K* CRa(K*) K* CRa(K*) K* CRa(K*)

3 15 2.4527 14 2.3283 13 2.2245
4 12 2.5732 11 2.4128 11 2.2848
5 10 2.7154 9 2.5130 7 2.3980

Using λ = 5, α = a = 2, τ = 0.9, n = 23, N = 4, M = 5, cm = 0.2, CR = 12, and ς = 2,
Table 2 has been presented to explore the impact of the maintenance-effect measure δ and
the repair-time threshold τ on the optimal DRRBR.



Mathematics 2024, 12, 2845 17 of 21

Table 2. The impact of δ and τ on the optimal DRRBR.

τ
δ=0.5 δ=0.7 δ=0.9

K* CRa(K*) K* CRa(K*) K* CRa(K*)

0.5 13 2.3996 13 2.5055 12 2.6086
0.7 13 2.4051 13 2.5126 12 2.6175
0.9 13 2.4106 13 2.5197 12 2.6264

In Table 2, the optimal discrete scale K∗ shows a decreasing trend with respect to
the maintenance-effect measure δ; however, the minimum cost rate shows an increasing
trend with respect to such a measure. Furthermore, for a given δ, it is observed that there
is an increase in the minimum cost rate with respect to the repair-time threshold τ. The
former observation indicates that the replacement time under the post-warranty coverage
increases as the maintenance quality improves. The latter observation shows that the cost
rate can be reduced by setting a smaller repair-time threshold τ.

4.2.2. Numerically Analyzing the DRRFR

To explore whether the optimal DRRFR exists uniquely and to mine the effects of the
replacement cost CR and the time threshold ς on the optimal DRRFR, Figure 5 has been
obtained where α = 2, a = 2, λ = 3, τ = 0.5, n = 23, N = 4, δ = 0.5, M = 5, and cm = 0.2.
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Figure 5 shows that the minimum cost rate exists uniquely, implying that the optimal
DRRFR exists uniquely. Figure 5A shows that the optimal discrete scale K∗ increases
with CR and the minimum cost rate increases with CR. This is similar to Figure 4A.
Figure 5B shows that optimal discrete scale K∗ decreases with time threshold ς while the
minimum cost rate increases with respect to such a threshold as well. This is similar to that
in Figure 4B.

Using λ = 3, α = a = 2, τ = 0.5, cm = 0.2, CR = 12, δ = 0.8 and ς = 0.1, Table 3 has
been presented to explore the impact of the mission number n required by the consumer
and the mission number N in the PMI on the optimal DRRFR. In Table 3, the minimum cost
rate shows a non-increasing trend with respect to the number of n missions. Furthermore,
for a given n, it is observed that there is a decrease in the minimum cost rate with respect
to the mission number N in the PMI.
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Table 3. The impact of n and N on the optimal DRRFR.

N
n=23 n=29 n=37

K* CRb(K*) K* CRb(K*) K* CRb(K*)

3 2 1.9745 2 1.8047 2 1.7490
4 2 1.9574 2 1.7969 2 1.7007
5 1 1.9281 1 1.7586 1 1.6549

Using λ = 3, α = a = 2, n = 23, N = 3, M = 7, cm = 0.2, CR = 12, and ς = 0.1,
Table 4 has been presented to explore the impact of the maintenance-effect measure δ and
the repair-time threshold τ on the optimal DRRFR.

Table 4. The impact of δ and τ on the optimal DRRFR.

τ
δ=0.3 δ=0.5 δ=0.8

K* CRb(K*) K* CRb(K*) K* CRb(K*)

0.3 3 1.7321 3 1.8254 2 1.9565
0.5 3 1.7403 3 1.8374 2 1.9745
0.7 3 1.7495 3 1.8507 2 1.9945

In Table 4, the minimum cost rate exhibits an increasing trend with respect to the
maintenance-effect measure δ. Furthermore, for a given δ, it is observed that there is an
increase in the minimum cost rate with respect to the repair-time threshold τ as well. Such
observations indicate that the replacement time under the post-warranty coverage increases
as the maintenance quality improves and the cost rate can be reduced by setting a smaller
repair-time threshold τ. This is identical to that of Table 2.

5. Conclusions

Using the practical assistance of advanced digital technology, there is an innovative
focus on exploring fresh approaches to managing product reliability throughout its life
cycle. In view of this, this study introduces a novel collaborative preventive maintenance
warranty with repair-time threshold (RCPMW-RTT), where manufacturers and consumers
jointly design terms that cater to specific consumer requirements instead of being solely
designed by manufacturers. This differs from existing warranty models where all terms are
independently determined by manufacturers. The advantage of such a warranty model
lies in its ability to overcome the limitations associated with current warranty models.
Additionally, this paper proposes and models discrete random renewable back replace-
ment (DRRBR) and discrete random renewable front replacement (DRRFR) by introducing
definitions for extreme and non-extreme mission cycles. These policies ensure reliability
after the expiration of the RCPMW-RTT and represent two novel approaches to product
replacement. Under these policies, product replacement is triggered either by the occur-
rence of the first extreme mission cycle or when the limit on non-extreme mission cycles is
reached, whichever comes first. By utilizing selected proposed solutions as representative
examples, valuable management insights are derived through numerical analysis.

Based on the mission data, this paper introduces an innovative approach called ran-
dom collaborative preventive maintenance warranty with repair-time threshold (RCPMW-
RTT) along with two random replacement strategies. These solutions offer fresh perspec-
tives in effectively managing product reliability throughout its life cycle. However, it fails
to consider alternative approaches such as ‘whichever comes last’ and a combination of
‘whichever comes first’ and ‘whichever comes last’, which can effectively handle multiple
limits in the multi-limit warranty and replacement scenarios. The authors are currently
focusing on addressing these two specific topics.
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