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ABSTRACT

My research is primarily concerned with the convexity properties of distortion functionals
(particularly the linear distortion) defined for quasiconformal homeomorphisms of domains
in Euclidean n-spaces, though we will mainly stick to three-dimensions. The principal appli-
cation is in studying the lower semi-continuity of distortion on uniformly convergent limits
of sequences of quasiconformal mappings. For example, given the curve family or analytic
definitions of quasiconformality - discussed in Chapter 3 - it is known that if {f,}°°, is a
sequence of K-quasiconformal mappings (and here K depends on the particular distortion
but is the same for every element of the sequence) which converges to a function f, then the
limit function is also K-quasiconformal.

Despite a widespread belief that this was also true for the geometric definition of quasi-
conformality (via the linear distortion H(f) defined below) Tadeusz Iwaniec gave a specific
surprising example to show that the linear distortion function is not lower semicontinuous.
The main aim of this thesis is to show that this failure of lower semicontinuity is actually far
more common, perhaps even generic in the sense that it is true that under mild restrictions
on a quasiconformal f, there may be a sequence {f,}>°, with f;, — f uniformly and with
limsup,,_,o H(fn) < H(f). The main result of this thesis is to show this is true for a wide
class of linear mappings and give bounds for the maximal jump down in the limit.
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Chapter 0

Introduction

0.1 Introduction

The principal objects of study in this thesis are quasiconformal mappings, and in particu-
lar, the convexity properties of linear distortion functionals are investigated. Quasiconformal
mappings are generalizations of conformal mappings, the defining feature is that they are ge-
ometric homeomorphisms of “bounded distortion”. The notion of distortion can be quantified
in various ways and we will see some of them here, indeed the different distortions and their
properties are of fundamental interest to us.

Quasiconformal mappings can be considered not only on domains in the complex plane and
higher dimensional Euclidean spaces, but also on Riemann surfaces and on Riemannian man-
ifolds in all dimensions, and even on arbitrary metric spaces. However, although our results
have consequences in this framework, we will not discuss these generalisations here. The
importance of quasiconformal mappings in complex analysis was realized by Ahlfors and
Teichmiiller in the 1930s. Ahlfors used quasiconformal mappings to Nevanlinna’s value distri-
bution theory in his geometric approach. He chose the term “quasiconformal” in his work in
1935. Teichmiiller used quasiconformal mappings to find and measure a distance between two
conformally inequivalent compact Riemann surfaces. For more details and historical progress,
you can see “What is a quasiconformal mapping?” [35] or [42].

Quasiconformal mappings are generalizations of conformal mappings. There are three defini-
tions for quasiconformal mappings in Euclidean spaces: metric, geometric and analytic. We
can start with the metric definition, which is the easiest way to see and which makes sense in
arbitrary metric spaces. It explains the property that infinitesimal balls are transformed to
infinitesimal ellipsoids of bounded eccentricity (see [35] or [42]).

Let © be a domain in R”, let f : 2 — R" be a continuous injection. The linear distortion
or dilatation of f at the point = in A is the quantity Hg¢(x) or H(x, f) defined by

He(x) = H(x,f) = lim sup Z((;(:)) (1)
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where for 0 < r < dist(x, 0Q2) we set

Ly(x,r)= m‘ax If(x+ h) — £(x)|], le(x,r) = min [[f(x+h) —£(x)].

[[Pll=r [[2ll=r

In other words,

. max|| = [[f(x + h) — £(x)]|
He(x) = H(x,f) = limsup —, .
e = RO ) = lmsup T+ B) £

(2)

Let ©Q and @' be domains in R” with n > 2, and let f be a homeomorphism of Q2 onto €. The
linear distortion of function f is defined

H(f) = sup{H¢(x) : x € Q}, (3)

where Hg(x) > 1 is the linear distortion of f at x as defined at (1). The homeomorphism f is
a conformal mapping if and only if H(f) =1 (see [30] p.77). A homeomorphism f :  — R”
is quasiconformal mappings if H(f) is bounded. The central problem discussed in this thesis
concerns the semicontinuity properties of distortion functionals for quasiconformal mappings.
In particular, if {f,}°, is a sequence of quasiconformal mappings of R” = R"|J{co} onto
itself and that

f, — f, (4)

uniformly on R”, in the spherical metric

x -yl
d(z,y) TR/

We ask for which distortion functionals K = K(g), defined for a quasiconformal mapping g
of R do we have the lower semicontinuity property

K(f) < liminf K£(f,), (5)

V—00

so that the limit f is itself a K-quasiconformal mapping of R™ onto itself. For instance, K could
be the linear distortion, maximal distortion, outer and inner distortion defined below etc. This
lower semicontinuity property is related to issues of convexity of the functional KIC defined on
the space of mappings or more precisely the pointwise differentials of these mappings. We will
provide references which show that the functionals determined by the distortion of modulus
of curve families and also those determined by the pointwise differential inequality do in fact
have the lower semicontinuity property given at (5). For the linear distortion the question
of lower semicontinuity has been answered negatively by Tadeusz Iwaniec (see [24]). In his
paper [39], he proved that there is a sequence of quasiconformal mappings as at (4) such that
for the linear distortion

H(E) > lim H(E,). (6)

V—r00

Notice that the limit here does exist and the limit mapping f above must be quasiconformal
(and so H(f) < oo) since the other two functional distortions are controlled by the linear
distortion functional. Since the very beginning of the multidimensional quasiconformal map-
pings theory, it has been widely believed that the class of K-quasiconformal mappings in
R"™ is closed with respect to uniform convergence, where K stands for the linear distortion.
The key element of this thesis is the linear distortion function fails to be rank-one convex in
dimensions higher than 2 (see [39]).
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Lemma 0.1.1. (Iwaniec’s Lemma) Given n > 3 and H > 1, there is a matrix A and
a rank-one matrix B and numbers ¢, s > 0 such that

(A — sB) = H(A+tB) = H < H(A). (7)

The reason for this unusual and anomalous behaviour of the linear distortion function is
that it fails to be rank-one convex in dimensions higher than 2. Recall that the determinant
function det : R®*" — R, in spite of the non-linearity of this polynomial of n? variables,
is, in fact, linear in the directions of rank-one matrices. More precisely, this means that the
function of the real variable t — det(A + ¢tB) is linear if rank(B) < 1. The same is true for
lower-order minors and consequently for null-Lagrangians, being linear combinations of the
minors of Df. We know that if B is a rank-one matrix then it can be written as the tensor
product of two vectors (see [42], page 197). The previous lemma and the next theorem are
existence theorems and Iwaniec found a striking counterexample with an amazing calculation
that refutes the lower semicontinuity property. Iwaniec’s example is for dimension 3 and he
extended his example to higher dimensions (see [42] and [30]).

Theorem 0.1.2. (Iwaniec’s Theorem) For each n > 3 and H > 1, there exists a
sequence {f,}>°; of quasiconformal mappings f, : R” — R" converging uniformly to a
linear quasiconformal map fy : R” — R” such that

H(x,f,) =H < H(x, ), almost everywhere in R" v =1,2,...

These results show that there exists at least one linear mapping 7' and a sequence T, — T
such that the linear distortion is not lower semicontinuous. The key idea in Iwaniec’s work is
that the linear distortion function fails to be rank-one convex in dimension n > 3. The linear
distortion functional is defined pointwise from the differential matrix when it is nonsingular.
At the points z¢ € R? of differentiability of a quasiconformal mapping a local analysis of the
convexity properties of the linear distortion can be given if we only consider the nonsingular
linear mappings x — Tz, T = Df(xg) € GL(3,R). To compute the linear distortion we study
the eigenvalues of
A=T'T € Sym3,5(R),

the space of symmetric positive definite 3 x 3 matrices. Given such an A the spectral theorem
tells us A is orthogonally diagonalisable and so we may as well suppose it is diagonal since
we can diagonalise it by orthogonal (conformal) transformations (at a point). In this way,
we reduce the problem of the convexity of the linear distortion functional to considering
that functional defined on the space of 3 x 3 positive definite diagonal matrices A = (a;;),
a;; = 0, if ¢ # j. All the diagonal entries a;; are positive and we can further suppose that
1 =a11 < age < asz, by scaling and a further conjugation by orthogonal matrices - neither of
which affects the linear distortion.

We show that it is always possible to find a rank-one matrix B so that (7) holds for diagonal
matrices A with distinct positive eigenvalues. An interesting question - possibly connected
with some aspects of materials science - is to determine the “rank-one direction” for which
the linear distortion function at A is most concave. This might identify the structure of the
laminations for the minimisers of certain stored energy functionals occurring in the calculus of
variations. An unanswered question, (partly posed by Gehring and Iwaniec) is to determine
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how big the difference between the left-hand side and the right-hand side of (7) can be? In
Chapter 4, we answer this question, in the linear and general cases.

In the first chapter, we recall some background in analysis, linear algebra, topology and
Sobolev space that we use in this thesis. The second chapter presents three different notions of
convexity; named polyconvexity, quasiconvexity and rank-one convexity and their properties
and relationships with each other. In Chapter 3, we define the linear distortion and three
definitions of quasiconformal mappings and their relations. The main new results of my
research can be found in Chapter 4. Finally, in the last chapter we describe our conclusion
and potential applications in material science. In Chapter 4, we try to answer three problems
which result in four new theorems. This means that not only do we extend Iwaniec’s Theorem
to all matrices A with distinct singular values, but also that we can find the maximum jump

H(A) — H(A)),
with A; — A unifomly on compact sets.

The main foci of the PhD thesis are the following three problems:

Problem 1. Let

1 0 0
A=10 a O
0 0 b
be diagonal with 1 < @ < b. Determine vectors u and v in R? with [lul| = ||v|| = 1 so
that with By = u ® v we have
d\ H(A+tBy) = 0 (8)
dt lt=0 o= =
d? d?
= A+tBy) < —‘ A+tB
dt? ‘t:OH( TiB) < dt? t:OH( +t8), ©)

for every rank one matrix B € R3*3 with % OH(A +tB)=0.
t=

Thus problem 1 asks us to find the “best” rank-one direction - that which maximises
the negative of the second derivative. With regard to this problem we might also ask if
this direction is unique (up to sign). In this direction we expect to find the minimum
values of H(A + tB).

The second problem that we will discuss next, is finding an interval for variable ¢ for which
H(A+tB) < H(A). There are conjectures by Gehring and Iwaniec concerning the gap between
the linear distortion and the outer distortion with regard to limiting processes, basically trying
to estimate the maximum size of the jump showing the failure of lower semi-continuity. The
solution to problem 2 below should go some way to providing concrete examples of what
can happen and possibly resolve their conjectures, or offer more insight and potentially new
conjectures.
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Problem 2. Let

1 0 0
A=10 a O
0 0 b
be diagonal with 1 < a < b and suppose u and v in R? have |ju|| = ||v|| = 1 so that

By =u®v! is a solution to Problem 1.

1. Determine the largest magnitudes of real numbers t; > 0 and t— < 0 so that
H(A +t Bp) is a smooth function of ¢ in the interval t_ < ¢ < t.

2. Determine H(A + t_By) and H(A + t4 By).

We expect that the values t_ and t; will be where the singular values of A 4 tBy cross.
These might be determined from a (rather challenging) discriminant problem. We also

conjecture:

For all rank-one matrices B with
A yA+eB) =0, and L| wHAa+tB) <0
dt l¢+=0 - dt2 =0 ’

we have for all t > 0
H(A+tB) > max{H(A+t_By), H(A+t1By)}.

This conjecture expresses the hope that the best direction also leads to the biggest gap
between H(A) and H(A + t B) and therefore gives us the approximation to A of least
linear distortion.

As can be seen in Problem 2, on the interval (t_, t;), the value of H(A + tBy) is less than
H(A) and H(A + tB), where B is a rank-one matrix with the above conditions. Finally
problem 3 seeks to put the previous two problems in a more general framework.

Problem 3. Let C € GL(3,R) and suppose that C has distinct singular values (so C*C
has distinct real eigenvalues). Then

1. Determine the best rank-one direction B* (as per Problem 1) for C'.

2. Determine t_, t; as per Problem 2, and also H(C' + t_B*) and H(C + t4 B*), that
produce the largest interval of concavity for H(C + tB*) and the smallest values
for the linear distortion of an approximant.

Finally, we discuss new models for static nonlinear deformations via scale-invariant conformal
energy functionals based on linear distortion. In particular, we give examples to show that,
despite equicontinuity estimates giving compactness, minimising sequences will have strictly
lower energy than their limit, and that this energy gap can be quite large.
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Topology, Linear Algebra, Analysis
and Linear Distortion
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Figure 1.1: Distortion in Optics
Source: Images for linear distortion photography
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Chapter 1

Linear Algebra

This chapter presents an introduction to linear algebra and some of its applications in geome-
try. It includes ten short sections that we need for the following chapters. In the first section
we recall Euclidean n-space, some topology background and mathematical spaces.

1.1 Euclidean n-Space and Topology Background

This section is about mathematical structures called norms and spaces.

Definition 1.1.1. A collection 7 of subsets of a set X is said be a topology in X if 7 has
the following properties:

l. pe7and X €. .
2. IfVierfori=1,2,...,n,then N V; €.

=1
3. If {V,} is an arbitrary collection of members of T (finite, countable or uncountable),
then JV, € 7.
«

Properly speaking, a topological space is an ordered pair (X, 7). The members of 7 are
called the open sets in X. If X and Y are topological spaces and if f is a mapping of X into
Y, then f is said to be continuous provided that f~!(V) is an open set in X for every open
set V in Y (see [55], [51]).

Definition 1.1.2. A collection 91 of subsets of a set X is said to be a g-algebra in X if 9
has the following properties (see [64], [4]):

1. X e M.
2. If A e M, then A° € M where A€ is the complement of A relative to X.
3. fA=,2, Ay, andif A, e Mforn=1,2,..., then A € M.

If 9 is a o-algebra in X, then X is called a measurable space, and the members of 91 are
called the measurable sets in X. The prefix o refers to the fact that the property (3) is
required to hold for all countable unions of members of M. If (3) is required for finite unions
only, then 90 is called the algebra of sets. If X is a measurable space, Y is a topological
space and f is a mapping of X into Y, then f is said to be measurable provided that f=*(V)
is a measurable set in X for every open set V in Y. Let X be a set and 90 be a o-algebra on
X. A function p from 91 to the extended real number line is called the measure or measure
function if it satisfies the following properties:

1. For all E in M, we have p(E) > 0.
2. p(¢) =0.
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3. For all countable collections {Ej}3°, of pairwise disjoint sets in 91, we have

M(U Ey) = ZM(Ek)-
k=1 k=1

Property (3) is called countably additive. A triple (X,9, ) is called a measure space.
A positive measure is a function p defined on a o-algebra 9, whose range is in [0, 00|
and which is countably additive (see [64], page 16). A measure space is a measurable space
that has a positive measure p defined on the o-algebra of its measurable sets. A measure
spaces might not be a topological spaces (see [64], [71], [76]). Let (X,9;) and (Y,9M2) be
two measurable spaces, then the function f : X — Y is said to be a measurable function
if the preimage of F¥ under f is in 2M; for every E € Ms.

Definition 1.1.3. A metric space is a set X in which a distance function or metric d is
defined, with the following properties:

1. 0 < d(z,y) < oo for all z and y in X.

2. d(z,y) =0 if and only if x = y.

3. d(z,y) =d(y,z) for all x and y in X.

4. d(z,y) <d(x,z) +d(z,y) for all z, y and z in X.

Theorem 1.1.1. If F is any collection of subsets of X, there exists a smallest o-algebra 9t*
in X such that F C 9*.

This 91" is sometimes called the g-algebra generated by F. We do not want to prove this
theorem. There exists one in [64] on page 12.

Definition 1.1.4. Let X be a topological space. By theorem (1.1.1), there exists a smallest
o-algebra B in X such that every open set in X belongs to B. The members of B are called
the Borel sets of X [27], [58].

In particular, closed sets are Borel sets, and so are all countable unions of closed sets and all
countable intersections of open sets. These last two are called F,’s and Gg’s, respectively,
and play a considerable role. Since B is a o-algebra, we may now regard X as a measurable
space, with the Borel sets playing the role of the measurable sets; more concisely, we consider
the measurable space (X,B). If f : X — Y is a continuous mapping of X, where Y is
any topological space, then it is evident from the definitions that f~1(V') € B for every open
set V in Y. In the other hand, every continuous mapping of X is Borel measurable. Borel
measurable mappings are often called Borel mappings or Borel functions (see [26],
[66] and [27]). We explain some other definitions that are useful for this thesis.

Definition 1.1.5. We need some spaces and their norms that are useful to understand the
rest of this thesis.

1. The closure E of a set E C X is the smallest closed set in X which contains E.

2. A set K C X is compact if every open cover of K contains a finite subcover. In
particular, if X is itself compact, then X is called a compact space.

3. X is a Hausdorff space if the following is true. If p € X, ¢ € X and p # ¢, then p has
a neighbourhood U and ¢ has a neighbourhood V' such that U [V = ¢.

4. X is locally compact space if every point of X has a neighbourhood whose closure
is compact.
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5.

10.

11.

12.

13.

An inner product space is a vector space V over the field F' (F is either the field of
real numbers R or the field of complex numbers C) with an inner product, i.e., with a
map
(,): VXV —F
that satisfies the following axioms for all vectors z,y,z € V and all scalars a € F":
(a) (z,y) = (y ).
(b) (az,y) = alz,y).
(c) (z+y,2)=(z,2)+(y,2).
(d) (z,z)>0.
(e) (z,z)=0<2z=0.
The following norm that will be defined by

lall = {w,2)} = Jed + a3+ ...+ a2,

where © = (x1,22,...,2,) € V, is called the inner product norm or Euclidean
norm in vector space V.
A normed vector space is a pair (V,||-]|) where V is a vector space and ||-|| a inner

product norm on V.

The vector space R™ with inner product norm is called a Euclidean n-space.

A metric space M is called a complete or Cauchy space if every Cauchy sequence of
points in M has a limit that is also in M. In the other words, if every Cauchy sequence
in M converges in M.

A Hilbert space H is a real or complex inner product space that is also a complete
metric space with respect to the distance function induced by the inner product.

A function space is a set of functions of a given kind from a set X to a set Y. It can
be a topological space, vector space or both of them.

A Banach space is a complete normed vector space. Thus, a Banach space is a vector
space with a metric that allows the computation of vector length and distance between
vectors and is complete in the sense that a Cauchy sequence of vectors always converges
to the well defined limit that is within the space.

If f:V — W is a function between two vector spaces V and W on field F, and k is
an integer, then f is said to be homogeneous of degree k if

flav) = a" f(v) (1.1)

for all nonzero @ € F and v € V. When the vector spaces involved are over the real
numbers, a slightly less general form of homogeneity is often used, requiring only that
the equation (1.1) holds for all a > 0.

For a real number p > 1, the p-norm or LP — norm of vector x in a real vector space
is defined by

1
1x%llp = (lz1[” + |22l + .+ [zaf") 7.

The Euclidean norm from above falls into this class and is the 2-norm, and the 1-norm
is the norm that corresponds to the rectilinear distance. The L°°-norm is the limit of
LP-norm for p — 0. So,

[X[loo = max{|z1], [z2],. .., |znl}.
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We can summarise some of these definition in the diagram below. An arrow from space
A to space B implies that space A is also a kind of space B. That means for instance,
that a normed vector space is also a metric space.

! ' |

[ Manifold J Banach space Hilbert Space J

(Norm & completeness) (Dot product & completeness)

| !

Normed vector space ¢ Inner Product Space
(norm) (Dot Product)

| v

Metric space Locally convex spaces
(Distance) (Seminorm)
= Vector space
[ i pl:{n(laogéﬁaslestface J { (Linear combination) J

Figure 1.2: Abstract mathematical spaces

More information and theorems and examples can be found in [63], [64], [4].

1.2 Mobius n-Space

A Moébius transformation is a mapping f : R™ —s R™ such that f is a composition of a
finite number of the following transformations (see [74] p.14)

e Translation: f(x) = x + a, for a fixed a € R".
e Stretching: f(x) = rx, where 7 is a positive real number.
e Orthogonal mapping: f is linear and ||f(x)|| = ||x|| for all x € R™.

e Inversion in a sphere S""!(a,r): f(x) = a+ TIZ;(}—:\?Q)’ where r > 0 is the radius and

a € R"™ is the centre of the sphere.

The function 7 is called stereographic projection of R™ to S™, defined as follows : (o) =
en+1, and for x € R™, m(x) is the point of intersection with S™ of the Euclidean ray that
issues from e, and passes through x. We can find the equation of function 7(x) by using
elementary analytic geometry as

(x) ( 2x1 2z,  |x|]? - 1)
m(x) = by , :
x> +1 Ix[I* + 17 [Ix][* + 1
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It is easy to see that 7(z) is an injective function. So, its inverse is defined

Tr—l(y) — ( Y1 Y2 Yn )
L—tn1 L =tns1 ' 1—ynn/’

for y # en11, while 771 (e,11) = oco. Stereographm projection provides a new metric structure
on R™ (see [30]). If x and y are two points in R”, then the chordal metric on R" is defined
by

2 —
=yl yer
VI IEVT+ ]
dlas) =Inl0) w0l = ¢
. if x€R", y=o0.
N

1.3 Analysis and Measure Theory Background

In this section we introduce the Lebesgue measure and conformal maps. Let X be a
measurable space and Y a topological space. If F'is a symbol that denotes either R or C, then
let X be a measurable space then any constant function from X into F' is measurable. The
sum and product of two measurable functions from X into F' are measurable. The complex
conjugate of any measurable function from X into C is measurable. A function from X into
C is measurable if and only if its real and imaginary parts are both measurable. All proofs
of these statements exist in [76].

Definition 1.3.1. Let (X, 9, 1) be a measure space. A measurable subset A of X is called
a null set if 4(A) = 0. A statement P(x) is true for almost every x if there is a null set A
such that P(z) is true for every z not belonging to A. The measure p is complete if every
subset of every null set is measurable.

The extended non-negative real axis [0,+o00] is the non-negative real axis [0, +00) =
{z € R : x > 0}with the additional element adjoined to it, which we label +0c0. We begin
by defining the Lebesgue outer measure which assigns to each subset S of R an outer
measure m*(S). Thus m* will be a function

m* : P(R) — [0, +o0]

where P(R) denotes the power set of R. m* is not countably additive. Instead, it has the
weaker property of countable subadditivity, meaning that,

m* ([ Sn) <D m*(Sh)

neN neN

for any sequence {S,} of subsets of R.
Definition 1.3.2. If § C R, the Lebesgue outer measure of S is defined by

= inf { ZE(Ik) | SC U Iy, where I, are open intervals }.

The Lebesgue outer measure has these following properties:
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m* is defined for every set of real numbers.
0 <m*(S) < oc.
m*(A) < m*(B) provided A C B ( monotonic).

N oA W=
3*
—~
Q
—
SN—
Il

m*(Upen Sn) < D pen ™ (Sn) for every sequence of sets of real numbers (countable
subadditivity).

Proofs of these properties exist in pages (96) and (97) of [17] or in the book [71].
Definition 1.3.3. A subset F of R is said to be Lebesgue measurable if
m*(SNE)+m*(SNES) =m"(S)

for every S of R. In this case, the outer measure m*(E) of F is called the Lebesgue measure
of E, and is denoted m(E).

Definition 1.3.3 is symmetric between F and E°. Thus a set E is measurable if and only if
its complement E° is measurable. Lebesgue measure and Lebesgue measurable sets have the
following properties:

1. If E and F are measurable subsets of R, then £ U F' is also measurable.
2. If E and F are measurable subsets of R, then E N F' is also measurable.
3. Let {E)} be a sequence of pairwise disjoint measurable subsets of R. Then the union

Uken Ex is measurable, and
m(|J Ex) =D m(Ex).
kEN kEN

4. Every interval I in R is Lebesgue measurable.

5. (Heine-Borel Theorem) Let [a, b] be a closed interval in R, and C be a family of open
intervals that covers [a, b]. Then there exists a finite subcollection of C that covers [a, b].

6. For every interval I in R, m(I) = ¢([).

Proofs of all parts exist in (http://math.bard.edu/belk/math461/LebesgueMeasure.pdf) or
you can see [17] and [71]. Assume (X, 901) is a measurable space, then the function f : X — R
is said to be a Lebesgue measurable function if and only if 91 is the o-algebra of Lebesgue
measurable sets and for all & € R the set {x € X : f(z) < a} is Lebesgue measurable. This
definition can also be described by { x € X : f(z) > a}, {z € X : f(z) > a} and
{z € X : f(z) < a}. All definitions are equivalent. Lebesgue measurable functions are
important in mathematical analysis because they can be integrated.

Let (X,9M, 1) be a measure space. If s : X — [0, 00) is a measurable simple function, of the

form
n
s = E QX Ay s
i=1

Where a1, a9, . .., a, are the distinct values of s and A; are disjoint members of 9. If £ € 9,

we define .
/ sdu = Z%’M(AiﬁE)-
E i=1


http://math.bard.edu/belk/math461/LebesgueMeasure.pdf
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The convention 0 - co = 0 is used here; it may happen that o; = 0 foe some ¢ and that
w(AiNE)=o0. If f: X — [0,00) is measurable, and E € 9, we define

/Efdu:sup/Esdu, (1.2)

the supremum being taken over all simple measurable function s such that 0 < s < f. The
left side of (1.2) is called the Lebesgue integral of f over E, with respect to the measure
p. It is a number in [0, oo] (see [64] p.19).

In this section, we start to define some useful ideas that help to define a new concept that
is called linear distortion. Let A be a subset of R” and B be a subset of R™. Then we can
prove that for a function f : A — B, the following are equivalent:

e f is continuous.
e For every set U that is open in B, then f~1(U) is open in A.
e For every set U that is closed in B, then f~1(U) is closed in A.

Proof of this proposition exists in [55] or [72]. But you should note that R™ and R™ are
Euclidean normed and also topological spaces (see Figure 1.2). We next wish to describe
what it means for A and B to be topologically the same. There should be a bijection between
them that pairs open sets with open sets (see [72]).

Definition 1.3.4. A function f: A — B is called a homeomorphism if f is bijective and
continuous and f~! is continuous. If such a function exists, then A and B are said to be
homeomorphic.

So, another way to define a homeomorphism is to say that it is a bijective correspondence
f: A — B such that f(U) is open in B if and only if U in open in A. This remark shows
that a homeomorphism f : A — B gives us a bijective correspondence not only between
A and B but also between the collections of open sets of A and of Y (see [55]). A subset
U C R" is called path-connected if for every pair p,q € U, there exists a continuous
function g : [0,1] — U with g(0) = p and g(1) = q. A set U C R" is called connected
if there is no subset of U that is both open in U and closed in U. We can prove that every
path-connected set U C R is connected (see [72] and [55]). Let (X, d) be a metric space and
f: X — R be a real valued function. We recall that U, and L, denote upper contour set of
f and lower contour set of f at y. They are defined as

Uy= [y, 0) = {x e X | f(x) 2 y}
Ly = [ ((~o0,y]) = {w € X | f(z) <y}
Let f: X — R be a function. Then we can prove that the following are equivalent.
e For any y € R, Uy is closed.
e For any y € R, f~1((—o00,y)) = [Uy]¢ is open.

e For any x € X, if the sequence {:J:n} in X converges to z, then for any € > 0 there is a
natural number N such that for all n > N, f(z) > f(z,) — €.

Also, we can prove that the following are equivalent.
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e For any y € R, L, is closed.
e For any y € R, f~1((y,00)) = [Ly]° is open.

e For any x € X, if the sequence {wn} in X converges to z, then for any € > 0 there is a
natural number N such that for all n > N, f(z) < f(zn) + €.

We do not prove these theorems and skip on their proofs that can be found all of the proofs
in most of the topology and mathematical analysis books.

Definition 1.3.5. Let f: X — R be a function.
1. f is upper semicontinuous if and only if for any y € R, f~1((—o0,y)) is open.
2. f is lower semicontinuous if and only if for any y € R, f~1((y, o)) is open.

Informally, a function is upper semicontinuous if it is continuous or, if not, it only jumps
up; a function is lower semicontinuous if it is continuous or, if not, it only jumps down. We
can show that f is continuous if and only if it is both upper and lower semicontinuous. It
is obvious that f is lower semicontinuous if and only if —f is upper continuous and vice
versa. There is another definition for lower and upper semicontinuous. Let f: X — R be a
function. f is called lower semicontinuous at a € X if

liminf () > f(a),

r—a

and is called upper semicontinuous at a € X if

limsup f(z) < f(a).

Tr—a

Theorem 1.3.1. Let f : X — R be a function. Then the following conditions are equivalent:
1. f is lower semicontinuous on X.
2. The lower contour set of f at y € R, L,, is closed.
3. The epi f is closed in X x R (epi f is defined in Equation (2.7)).

We can express this theorem for upper semicontinuous functions on X. For more details and
the proof you can see [14] and [42]. An important property of lower semicontinuous functions
is given by the following well-known Weierstrass theorem. A lower semicontinuous function f
on a compact topological space X takes a minimum value on X (see [14]). We need to next
theorem to define another definition.

Theorem 1.3.2. Let A be a subset of R”, and let f : A — R"™ be an injective function.
Suppose that f is continuous in some neighbourhood of a point x, that f is differentiable at x
itself, and that Df(x) is nonsingular. Then y = f(x) is an interior point of f(A), the function
g =1f"1:f(A) — A is differentiable at y, and

Dg(y) = [Df(z)]

Consider an open set U in R” and injective function f belonging to C* for some k& > 1. In
the case k > 1 assume additionally that Je(x) # 0 for every = in U, where J¢ denotes the
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Jacobian determinant of f, i.e., Je(z) = det[Df(x)]. (see [42], [30] and [6]).

Let A be a subset of R™ and B be a subset of R™. In this case, A and B are called dif-
feomorphic, if there exists a smooth bijective function f : A — B whose inverse is also
smooth. Then f is called a diffeomorphism. In general, we can say, for k a positive integer
or 0o, a Ck-diffeomorphism f between open sets A and B in R" is a bijection f : A — B
such that both f and £~ are of class C*. Unless otherwise stated, the word “diffeomorphism”
will mean C!-diffeomorphism. If k > 1 and the set A is connected, then either J¢(z) > 0 for
every x in A or Jg(x) < 0 for all such . Now we can explain a criterion that enables us to
determine whether a function is, at least on a local level, a diffeomorphism.

Theorem 1.3.3. Let U be an open set in R”, and let f be a member of the class C* with
1 <k <oo. If xis a point of U for which Jg(x) # 0, then there exists an r > 0 such that the
restriction of f to the ball B = B"(z,r) is a C*-diffeomorphism of B onto f(B).

If an embedding f : U — R" is differentiable at a € U, then the Jacobian determinant
Je(x) = det[Df (x)] represents the infinitesimal change of volume under the mapping f. To be
precise, we have

(1.3)

where | B| denotes the n-dimensional measure of B. For more details you can see [30] and [42].
If A and B are nonempty subsets of R", then diam(A) and dist(A, B) denote the chordal
diameter of A and the chordal distance between A and B, respectively. Thus

diam(A) = sup {q(az,y) DX,y € A}, dist(A, B) = inf {q(x,y) cx €A, y€e B}.

We shorten dist({z}, B) to the more compact dist(z, B) (see [30]). Now, we define the main
subject of this thesis that is called linear distortion or dilatation. We know that the domain
in topology means an open connected set. So, in the rest of this thesis, whenever we use
the domain term, we mean a connected open set in R"”.

1.4 Differentiation in Higher-Dimensions

Definition 1.4.1. Suppose f : R® — R is a scalar field of n variables. The partial deriva-
tive of f with respect to z; is the ordinary derivative of the partial function with respect to
x;. Symbolically, we have

of . f(er,. i+ by xy) — f(2, L 2)
= lim .
8(@ h—0 h

(1.4)
Sometimes, in some functions the partial derivatives exist, but the existence of partial deriva-
tives alone is not enough for differentiablity of the function f. Because of that, we need to
define the differentiability in the general case. Let X be an open set in R” and f : X — R
be a scalar field; let a = (a1, a9, ...,a,) € X. We say that f is differentiable at a if all the
partial derivatives f;, (a), i = 1,2,...,n, exist and if the function h : R” — R defined by

h(x) = f(a) + £, (a)(z1 — a1) + ...+ £s, (a)(@n — an) (1.5)
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is a good linear approximation to f near a, meaning that

lim f<}>|<> - hT‘X)

=0. (1.6)

We can use vector and matrix notation to rewrite things a bit. Define the gradient of a
scalar field f : X C R™ — R to be a vector

of of

Let X be an open set in R™ and let f : X — R™ be a vector field of n variables. We define
the matrix of partial derivatives of f, denoted Df, to be the m x n matrix whose #j-th
entry is /i where fi : X CR"™ — R is the i-th component function of f. That is,

893]' )
[0fi  Of1 Of1 ]
ox1 Oxo Oz
on, on  On
f'(x) = Df(xq,29,...,2,) = | 921 Ox2 On (1.7)
Ofm  Ofm Ofm
L Ox1 0o Oz

The i-th row of Df is nothing more than D f;, and the entries of D f; are precisely the compo-
nents of the gradient vector V f;. (Indeed, in the case where m = 1, Vf and Df mean exactly
the same thing.) Now we can define derivative for vector fields.

Definition 1.4.2. Let X be an open set in R?, let f : X — R™, and let a € X. We say
that f is differentiable at a if Df(a) exists and if the function h : R — R™ defined by

h(x) = f(a) + Df(a)(x — a)
is a good linear approximation to f near a. That is, we require

. Hf(x) — h(x)H i Hf(x) — [f(a) + Df(a)(x — a)]” o (18)

2 x—all o oxa I —al

In fact, we could have approached our discussion of differentiability much more abstractly
right from the beginning. We could have defined a function f : X C R" — R™ to be
differentiable at a point a € X to mean that there exists some linear mapping A : R — R™
such that
Y\W@—H@+A@—®W
im

=0.
xa I =l

We can say if f : X C R" — R™ is differentiable at a, then it is continuous at a. Also, we
can prove that if f: X C R®™ — R™ is such that, fori=1,...,mand j =1,...,n all g{fj
exist and are continuous in a neighborhood of a in X, then f is differentiable at a. In general
we can show that a function f : X C R"™ — R™ is differentiable at a € X if and only if
each of its component functions f; : X C R” — R, is differentiable at a for i = 1,2,...,m.
If you want to see the proofs of these statements you can see [5], [63] or [18]. In general, if

f: X CR" — Ris a scalar field of n variables, then the kth-order partial derivative
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with respect to the variables x;,, xi,,...,z;, (in that order), where i1,i2,...,4; are integers
in the set {1,2,...,n} is the iterated derivative

ot . 0 0 .
8J,‘ik e 8561'285(31'1 - aﬂjzk o 833142 833il

T1,X2, ..., Tn).

Equivalent notation for this kth-order partial is

flill”iQmIik (3717 L2y e ,xn)-

Definition 1.4.3. Assume X is an open set in R™. A scalar field f : X C R" — R™ whose
partial derivatives up to (and including) order at least k exist and are continuous on X is
said to be of class C*. If f has continuous partial derivatives of all orders on X, then f is
said of class C* or smooth. A vector field f : X C R" — R™ is of class C* (or of class
C*) if and only if each of its component functions is of class C* (or of class C™).

Theorem 1.4.1. Let £ : X € R®” — R be a scalar field of class C*. Then the order in
which we calculate any kth-order partial derivative does not matter: If (iq,..., i) are any k
integers (not necessarily distinct) between 1 and n, and if (j1,...,Jx) is any permutation of
these integers, then
ot Ok
Oxi, ...0z;,  Omj, ...0zj,

We can also prove the chain rule is true for a scalar field and a vector field. This theorem has
a long proof (see [18] or [63]).

1.5 Higher-Order Taylor’s Series

Our goal in this section is to provide a means of approximating any scalar field by a polynomial
of given degree, known as the Taylor polynomial.
Theorem 1.5.1. (First-order Taylor’s formula in several variables) Let X be an open
set in R™ and suppose that f : X C R™ — R is differentiable at the point a in X. Let

pi(x) = f(a) + Df(a)(x — a). (1.9)
Then

f(x) = p1(x) + Ri(x,a),

where R;(x,a)/ Hx — aH — 0asx — a.

We may also express the first-order Taylor polynomial using the gradient in place of formula
(1.9), so,
pi(x) = f(a) + Vf(a)(x — a).

Before we explore higher-orders of Taylor’s theorem in several variables, we consider the linear
approximation in further detail.
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Definition 1.5.1. Let f : X C R” — R and let a € X. The incremental change of f,
denoted Af, is
Af =f(a+h) —f(a),

where h = x — a. The total differential of f, denoted df(a, h), is

of of of
df(a, h) = Tm(a)hl —+ Tm(a)hg + ...+ 7(a)hn

The significance of the differential is that for h = 0,

Af =~ df.

We have abbreviated df(a,h) by df. The incremental change Af equals the change in z-
coordinate of the graph of z = f(z,y) as a point in R? changes from a = (a,b) to a+h =
(a+h,b+k). The differential df equals the change in z-coordinate of the graph of the tangent
plane at (a,b).

Figure 1.3: The total differential of f
Source: Page 250 of book [18]

Now we state the second-order version of Taylor’s theorem precisely. Taylor’s theorem can
be explained for every order but it requires that f be a C* class function.

Theorem 1.5.2. (Second-order Taylor’s formula) Let X be an open set in R", and
suppose that f: X C R® — R is of class C2. Let

pa(x) = f(a) + 3 £, (w1 — ;) + % S £, () (1 — ) (w5 — ). (1.10)
i—1 ij—=1

Then
f(x) = p2(x) + Ra(x, ),

where |Rg(x7 a)} / Hx - aH2 — 0asx — a.

Proof of this theorem exists in [5] and [18]. Recall that the formula for the first-order Taylor
polynomial p; was written as

p1(x) =f(a) + Vf(a)(x — a).
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If we consider h = x — a. Then the formula that was written in the above line becomes

pﬂx)zf@ﬂ4aDﬂaﬂ1:fGﬂ4—§:éﬁ(aﬂ% (1.11)

We can show this formula by using vector and matrix notation. It turns out it is possible to
do something similar for the second-order polynomial pa (see [18]).

Definition 1.5.2. The Hessian matrix of a function f : X C R™ — R is the matrix whose
ijth entry is 0*f/0x;0x;. That is,

fx1x1 fxlxg T fl’lxn
H(f)= | o0 =0 e (1.12)
facn:m facnaiz o fxnIn

Now let’s look again at the formula for ps in Theorem 1.5.2:

a)+ Y £ (a)(zi —a) + % > foiay (@) (20 — ai) (25 — ay).
=1

1,j=1

If we consider h; = (x; — a;) and h; = (z; — a;), then we can write

+§:gz Vhi + = Z:&m

1,j=1

We have let h = x — a (see [18]). This can be written as

hl hl fxlxl lexg e f:vlwn hl
ha 1 ha fxle fa:gxz te fxgwn ha
pa(x) = o)+ [£,(a) £nfa) -~ ()] [ |45 S N
hn hn fxnxl fznxz e fxnxn hn
Thus, we see that
+§:gl )+ NHﬂ)h (1.13)

For more information you can see [18]. If we want to write the second-order Taylor’s formula
for function f, then

+§:gz ) + NHﬂ)h+RﬂxaL

where |Ry(x,a)|/ HhH2 — 0asx — a.

A scalar field f is said to have an absolute maximum at a point a of a set X in R™ if

f(x) < f(a)
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for all x € X. The number f(a) is called the absolute maximum value of f on X. The
function f is said to have relative maximum at a if the top inequality is satisfied for every x
in some n-ball B(a) lying in X. The terms absolute minimum and relative minimum are
defined in an analogous fashion, using the opposite direction for the top inequality. A number
which is either a relative maximum or a relative minimum of f is called an extremum of f.
Assume f is differentiable at a. If Vf(a) = Df(a) is either zero or undefined, then the point
a is called a critical point of f. A critical point is called a saddle point if every n-ball
B(a) contains points x such that f(x) < f(a) and other points such that f(x) > f(a).

Theorem 1.5.3. Let X be an open set in R™ and let f : X C R™ — R be differentiable. If
f has a relative extremum at a € X, then Df(a) = 0.

We do not want to prove this theorem, if you want to see the proof of this theorem, see [18].
The next theorem describes the kind and nature of the critical points in terms of the algebraic
sign of the quadratic form of the Hessian matrix.

Theorem 1.5.4. Let X be an open set in R™ and f : X C R™ — R be a function of class
C?. Suppose that a € X is a critical point of f

1. If the Hessian Hf(a) is positive definite, then f has a relative minimum at a.
2. If the Hessian Hf(a) is negative definite, then f has a relative maximum at a.
3. If detHf(a) # 0 but Hf(a) is neither positive nor negative definite, then f has a saddle

point at a.

1.6 Linear Algebra Background

Theorem 1.6.1. If A and B are symmetric matrices with the same size, and if k is any
scalar, then:

(a) Al is symmetric.

(b) A+ B and A — B are symmetric.

(¢c) kA is symmetric.

Definition 1.6.1. If A and B are square matrices with the same size such that AB = BA,
then A and B are called commutative
It is not true, in general, that the product of symmetric matrices is symmetric. But it is
easy to see, the product of two symmetric matrices is symmetric if and only if the matrices
commute.
Theorem 1.6.2. If A is an invertible symmetric matrix, then A~! is symmetric.
Theorem 1.6.3. If A is an invertible matrix, then AA! and A*A are also invertible.
Definition 1.6.2. A square matrix A with the property

A7l =4t
is said to be an orthogonal matrix

It follows from this definition that a square matrix A is orthogonal if and only if

AA' = A'A =1
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Theorem 1.6.4. For orthogonal matrices, we can prove the following statements:
(a) The inverse of an orthogonal matrix is orthogonal.

(b) A product of orthogonal matrices is orthogonal.

(c) If A is orthogonal, then det(A) =1 or det(A) = —1.

Definition 1.6.3. Let A be an n x n matrix. If there is an orthogonal matrix P such that
the matrix P~' AP is an orthogonal, then A is said to be orthogonally diagonalizable and
P is said to orthogonally diagonalize A.

Definition 1.6.4. A quadratic form in the n real variables x1, s, ..., T, is an expression
that can be written as
1
x2
[xl To - xn] Al . (1.14)
Tp
T
T2
where A is a symmetric n x n matrix. If we let x = | | | then formula (1.4) can be written
Tn
more compactly as
xbAx. (1.15)

If we use the fact that A is symmetric, that is, A = A!, then the formula (1.15) can be

expressed in terms of the Euclidean inner product by writing
xPAx = x'(Ax) = (Ax,x) = (x, Ax).
For more information you can see [3], [47] or [38].

Theorem 1.6.5. Let A be a symmetric n x n matrix whose eigenvalues in decreasing size
order are A1 > Ay > ... > \,. If x is constrained so that HXH = 1 relative to the Euclidean
inner product on R*, then :

(a) A\ >xPAx > \,.

(b) x®Ax = A, if x is an eigenvector of A corresponding to ), and x*Ax = \; if x is an
eigenvector of A corresponding to A;.

We do not want to prove this theorem. Its proof exists in the most linear algebra book. For
more information see [3] page 480.

Definition 1.6.5. A quadratic form x*Ax is called positive definite if x*Ax > 0 for all
x # 0, and the symmetric matrix A is called a positive definite matrix.

A symmetric matrix A is positive definite if and only if all the eigenvalues of A are positive.
Also, we can prove a symmetric matrix A is positive definite if and only if the determinant of
every principle submatrix is positive. For matrices with real entries, the orthogonal matrices
and symmetric matrices play an important role in the orthogonal diagonalization problem.
But we need something for matrices with complex entries. We review some definitions of
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matrices with complex entries. If A is a matrix with complex entries, then the conjugate
transpose of A, denoted by A*, is defined by

t

A*=A". (1.16)

If A and B are matrices with complex entries and k is any complex number, then we can
prove some properties like (4*)* = A | (A+ B)* = A*+ B* | (kA)* = kA* or (AB)* = B*A*.
By Definition 1.6.2 a matrix with real entries is called orthogonal if A~' = A?. This sort of
matrix is called unitary matrix for complex entries.

Definition 1.6.6. A square matrix A with complex entries is called unitary if

. (1.17)

Recall that a square matrix A with real entries is called orthogonally diagonalizable if there
is an orthogonal matrix P such that P~!AP is diagonal. For complex matrices we have an
analogous concept. A square matrix A with complex entries is called unitarily diagonaliz-
able if there is a unitary P such that P~'AP = P*AP is diagonal; the matrix P is said to
unitarily diagonalize A.

Definition 1.6.7. A square matrix A with complex entries is called Hermitian or self-
adjoint if
A= A"

It is easy to recognise Hermitian matrices by inspection: The entries on the main diagonal are
real numbers, and the mirror of each entry across the main diagonal is its complex conjugate.
Also, a matrix A with complex entries is called normal if

AAT = AT A.
We have two results with these definitions that we will use in the next chapters (you can see
[3] or [47]).
Theorem 1.6.6. The eigenvalues of a Hermitian matrix are real numbers.
Theorem 1.6.7. The eigenvalues of a symmetric matrix with real entries are real numbers.

Now, we should review some properties of diagonalizable matrices. An n X n matrix A is
called diagonalizable if it can be written as A = P~'DP, where D is a diagonal matrix.
This is possible if and only if there is a basis B = {b1,ba,...,by} for R” where b; are
eigenvectors of A. The corresponding eigenvalues sit along the diagonal of D, and the matrix
P = [bl bs, ..., bn] . Thus P = Pp, the “change of coordinate” matrix Pg[x|p = x and
(Pg)~!(x) = [x]p. An orthogonal matrix is a square matrix for which A=! = A?; equivalently,
an orthogonal matrix is a square matrix with orthonormal columns.

Theorem 1.6.8. (The Spectral Theorem) A (real) n x n matrix A is orthogonally diag-
onalizable if and only if A is symmetric.

Theorem 1.6.9. Let A be an n X n real symmetric matrix, and let

Q) =yAy' =Y ajyiu;.

i=1 j=1
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Then we have

(a) Q(y) > 0 for all vectors y # 0 (A is positive definite) if and only if all eigenvalues of A
are positive real numbers.

(b) Q(y) <0 for all vectors y # 0 (A is negative definite) if and only if all eigenvalues of A
are negative real numbers.

The last concept we will describe here is the singular values of a matrix that is used in
Chapters 4 and 5. If A is an m x n matrix, then n x n matrix A*A is a symmetric matrix and
hence can be orthogonally diagonalized, by the spectral theorem. Not only are the eigenvalues
of AtA all real (Theorem 1.6.7), they are all nonnegative.

Definition 1.6.8. If A is an m X n matrix, the singular values of A are the square roots
of the eigenvalues of A*A and are denoted by 01,09, ...,0,. It is conventional to arrange the
singular values so that 01 < o9 < ... < 0gp.

We explain the following extremely important theorems and properties of singular values of
a matrix A without proofs. For more details and proofs, you can see [60] pages 590 to 599.

Theorem 1.6.10. If A is an m X n matrix with singular values o1 > 02 > ... > 0, > 0 and
Or41 = Opp2 = ... = 0p = 0. Then there exist an m x m orthogonal matrix U, an n X n
orthogonal matrix V', and an m X n matrix

(07 0 0 0 0
0 o9 0 0 0
YX=10 0 o, 0 0
0 0 0 0 0
10 0 0 0 0]
such that
A=UxV,

where 1 <r <n.

The factorisation of A as in Theorem 1.6.10 is called a singular value decomposition or
SVD of A. The columns of U are called left singular vectors of A, and the columns of V
are called right singular vectors of A (see [60]). The SV D provides new geometric insight
into the effect of transformations. We have said several times that an m x n matrix transforms
the unit sphere in R” into an ellipsoid in R™. For this propose, we can express the following
theorem which is proved in [60] on page 598.

Theorem 1.6.11. If A is an m X n matrix with rank r. Then the image of the unit sphere
in R™ under the matrix transformation that maps x to Ax is

o the surface of an ellipsoid in R™ if r = n.

e a solid ellipsoid in R™ if r < n (The dimension of this ellipsoid is r).

In general, we can describe the effect of an m X n matrix A on the unit sphere in R" in
terms of the effect of each factor in its SVD, A = ULV, from right to left. Since V! is an
orthogonal matrix, it maps the unit sphere to itself. The m x n matrix ¥ does two things:
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' Bl 4

/| ‘U

0

Figure 1.4: The singular value decomposition

A=UxV!
e The diagonal entries 0,41 = 0,42 = ... = g, = 0 collapse n —r of the dimensions of the
unit sphere, leaving an r-dimensional unit sphere, which the nonzero diagonal entries
01,09,...,0 then distort into an ellipsoid.

e The orthogonal matrix U then aligns the axes of this ellipsoid with the orthonormal
basis vectors uy, usg,...,u, in R™

For more information about theorems and applications of singular values of the matrix A and
its geometric approach, we refer you to [60] chapter 7 section 4.

1.7 Dilatation and Distortion of Linear Maps

Let T : R™ — R™ be a linear transformation. We define the maximal stretching L(T)
and minimal stretching ¢(T) of T by

L(T)—gllmg T(x)l,  «T) _ﬁml'T( x)|. (1.18)

The quantity L(T) frequently goes by a different name, The operator norm of T, under
the alternate notation |T'|. For the composition ST of linear transformations 7" : R” — R™
and S : R™ — RP, it is true that

L(ST) < L(S)L(T), L(ST) > L(S)U(T). (1.19)
A linear transformation 7" : R” — R™ is nonsingular if and only if ¢(7") > 0 in which event
Lrh=¢r)t,  «r =L (1.20)

Recall that the nonsingular linear transformations of R™ form a group under composition,
the general linear group GL(n). A linear transformation 7' : R” — R" is called
an orthogonal transformation if |T(x)| = |x| for every x in R™ or, equivalently, that
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(T'(x),T(y)) = (x,y) for all x and y in R™. The orthogonal transformations of R" constitute
a subgrup of GL(n), the orthogonal group O(n). An element 7" of GL(n) belongs to O(n)
if and only if 7—! = T*, where T* denotes the adjoint of 7', the unique linear transformation
T* : R" — R"™ that satisfies

(T(x),y) = xT"(y))
for all x and y in R”. If U is an element of O(n) ( we represent orthogonal transformations
by the letters U and V') then L(U) = ¢(U) = 1, while the determinant of U is either 1 or -1.
If an orthogonal transformation U has det(U) = 1, we call U a rotation of R".
The special orthogonal group SO(n) is the subgroup of O(n) consisting of all such rota-
tions. It is not hard to see that

L(VTU) = L(T),  ¢VTU) = ((T), (1.21)

for any linear transformation 7' : R" — R™ whenever U € O(n) and V € O(m). Let U be
an open set in R”, and x € U. We define the maximal stretching Lg(x) and the minimal
stretching f¢(x) at x of a function f : U C R — R" by :

[f(x +h) - f(x)|

L¢(x) = limsup

o [

o lfx+h) — ()|
14 =1 f .
elx) =T ]

Theorem 1.7.1. If f : U C R" — R" is differentiable at x € U, then L¢(x) = L(Df(x)) =
L(f'(x)) and l¢(x) = £(Df(x)) = £(f'(x)).

Proof. We prove the first part. Recall that if T': R” — R™ is a linear transformation then

L(T) = max |T(x)|, T) = min |T(x)|.

|x|=1 |x|=1
We can chose a small h such that x +h € U. By Theorem 1.5.1, we can write
f(x+h) — £(x)| = [f'(x)h + he(h)| < [h|L(f'(x)) + [h]|e(h)].

So, we have
Le(x) < limsup(L(f'(x)) + [e(h)[) = L(f'(x)).
h—0
Also, we can chose h € S"~1 such that L(f'(x)) = |f/(x)h|. Then by definition of derivative
we have

If(x + th) — f(x)]

> = |f = !
Le(x) > im : #/(x)h] = L(£'(x)),
and the proof is completed. The second part of proof is the same as the first part. '

Corollary 1.7.1.1. If f : U C R — R" is differentiable at x € U, then L¢(x) = |f/(x)].
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Let n > 2. A linear transformation 7" : R® — R"™ is conformal if T is nonsingular and
preserves Euclidean angles, in the sense that

0[T(x), T(y)] = 0(x,y)

for all nonzero vectors x and y in R"™. For more information you can see [30].
Theorem 1.7.2. Let n > 0. The following statements concerning a linear transformation
T € GL(n) are equivalent :

1. T is conformal;

2. T'= AU, where A is a positive number and U belongs to O(n);

3. || T|" = |det(T)];

4. T*T = |det(T)[*/"1.
where I denotes the identity matrix.

The proof of this theorem exists on pages (19) and (20) of the book [30].

Now we want to introduce properties of distortion and two new definitions of inner and
outer distortion. We recall some definitions of linear algebra. When a linear transformation
S : R®" — R" enjoys the property that S* = S, we say that S is symmetric or self-adjoint.
For example, if T : R” — R is an arbitrary linear transformation, then both T*T and TT*
are symmetric or self-adjoint. By the Spectral Theorem 1.6.8, we can say, S is a symmetric
linear transformation of R™, then there exists U € O(n) such that D = U~'SU has the form

D(X) = ()\1£U1, /\2%2, c. ,)\na:n).

In particular, by Theorem 1.6.7 the eigenvalues of S (that is, A1, \o,...,\,) are real. The
previous transformation D is called a diagonal transformation. We observe that

: 1< = IA202 0222 4242 < , )
min [\ < [DEO] = /Xad + Nad +... + N2a2 < max |\ (1.22)
whenever |x| = 1, so L(D) = maxi<i<p |Ai| and £(D) = minj<ij<, |Ai|. Also, we have

det(D) = A1 A2... A,. To say that a linear transformation 7' : R" — R"™ is positive definite
(respectively, positive semidefinite) means that (x,7'(x)) > 0 (respectively, (x,T(x)) > 0) for
every nonzero vector x in R™. For instance, if T : R — R" is an arbitrary linear transforma-
tion, then T*T and TT* are positive semidefinite. If, in addition, T is nonsingular, then 7T
and TT* are actually positive definite. By Theorem 1.6.9, any eigenvalue of a positive definite
(respectively, positive semidefinite) linear transformation is positive (respectively, nonnega-
tive). You can see [42] or [30].

Suppose that a linear transformation 7T : R® — R” is both symmetric and positive semidef-
inite. We can list the eigenvalues of T in the manner A\; > Ao > ...\, > 0 and assert
the existence of U in O(n) for which UT'TU = D, where D(x) = (A\z1, \aZ2, .-, A\nTn)-
According to formula (1.21), we can write that

L(T) = L(UT'TU) = L(D) = \;.

Similarly, £(T") = A, and det(T) = A A2... \,. We can explain the next theorem.
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Theorem 1.7.3. Any linear transformation 7' : R — R™ can be factored as T = PU,
where U belongs to O(n) and P is both symmetric and positive semidefinite.

The linear transformation P in Theorem 1.7.3 is uniquely determined by T: denoting by [
the identity transformation of R™, we compute

TT* = (PU)(PU)* = PUU*P* = PIP = P

and learn that P is the (known to be unique) symmetric, positive semidefinite square root
of TT* (see [30], page 10). This observation entitles us to list the eigenvalues of P as
)\1/2,/\5/2,...,)\%/2, where A1 > Ao > ...\, > 0 are the eigenvalues of T'T™*. Therefore,
there is an orthogonal transformation V such that V~!PV = D, with y = D(x) given as

follows:

1/2
y1 = )\1/ Ll yeeny Yn = A%L/2xna
where x = (z1,x9,...,2,) € R™. If T is nonsingular then all eigenvalues of TT™ are positive,

which makes it apparent that D maps the sphere S*~! bijectively to the ellipsoid E whose
equation is (y2/A1) + (y3/X2) + ...+ (¥2/A\) = 1. Because U(S" 1) = V(S*!) = S"7L, we
can write

TS =PUES™ Y =P =PV = VDS = V(E).
So, we can say
L(T) = L(PU) = L(P) =X =01
and
UT)=4(PU) =4(P) =~/ \p=0n,
where o1 and o, are singular values of T'. A further result of Theorem 1.7.3 is the useful

inequality
UTY" < | det(T)| < L(T)", (1.23)

valid for any linear transformation 7" : R® — R". We know that

| det(T)| = det(P) = v/ A A2 - - A,

in which A1, Ag, ..., A\, are eigenvalues of TT* (see [30]). Now, we can express a theorem such
that it summarizes these above discussions.

Theorem 1.7.4. Let T : R — R" be a linear transformation, and list the eigenvalues
AL, A9, ..., Ap of TT™ in nonincreasing order. Then there exist orthogonal transformations
U,V € O(n) such that VTU = D, where

D(x) = (%21, A *2a, o A 22y,

Definition 1.7.1. We can define the linear dilatation H(7"), the inner dilatation #;(7T),
and the outer dilatation Ho(7') of a nonsingular linear transformation 7' : R” — R™ as
L(T)"

Ho(T) = Tt (1.24)

) =g ) =100

If T is singular it is customary to set H(T') = Hi(T) = Ho(T) = oo (see [30]).
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In geometric terms, H(T') measures the eccentricity of the ellipsoid 7'(S"~1) while H;(T) and
Ho(T) relate the volume of T'(B™) to the volumes of the balls centered at the origin that are,
respectively, inscribed in and circumscribed about T'(S"~1). We remark that

HITH=H(T), H(T)=Ho(T),  Ho(T')=Hi(T) (1.25)
and that
H(VTU) = H(T), H(VTU) = H(T), Ho(VTU) = Ho(T) (1.26)
if V and U are members of O(n). Because of (1.26) and Theorem 1.7.4, we can show that
1 < Ho(T) < Hi(T)", 1< Hi(T) < Ho(T)" ! (1.27)
and also that
1< min{H;(T),Ho(T)} < H(T)"? < max{H;(T),Ho(T)} < H(T)"* (1.28)

We can see that as a result of (1.28) H(T') = H;(T) = Ho(T) when n = 2 (see [42] and [30]).

Definition 1.7.2. Let 2 be a domain in R”, let f : 2 — R” be a continuous injection. The
linear distortion or dilatation of f at the point x in A is the quantity H¢(x) or H(x,f)
defined by

_ _ 1 Lf(XvT)
He(x) = H(x,f) = lim sup L) (1.29)

where for 0 < r < dist(x, 0€Q2) we set

Ly(r) = max €6+ h) = £()], Eer) = min [[x +h) = £60)]|

In the other words,

. maX)| p||=r ||f(X + h) - f(X)”
He(x) = H(x,f) = lim sup — :
£(x) (x,£) Tﬁop min =, [|f(x + k) — £(x)||

(1.30)

Let © and Q' be domains in R™ with n > 2, and let f be a homeomorphism of 2 onto €. The
linear distortion of function f is defined

H(f) = sup{Hs(x): x € Q}, (1.31)

where Hg(x) > 1 is the linear distortion of f at x as defined at (1.29). f is a conformal
mapping if and only if H(f) =1 (see [30] p.77).
At points where the differential Df(a) exists and is nonsingular we clearly have the limit in
(1.30) existing. This shows the following equation is correct.

‘I}rLllax |Df(x)h| < H(x,T) ‘rlﬂin | Df(x)h| (1.32)

-1 =1

Geometrically this means that the differential Df(a) : R” — R"™ maps the unit sphere
to an ellipsoid for which the ratio of the lengths of the largest and smallest semiaxes, the

eccentricity, is equal to H(a, f). If we define Cf(x) = D'f(x).Df(x), this matrix is referred
to as the right Cauchy-Green strain tensor. The positive square roots of its eigenvalues,
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the singular values of Df(a), are the principal stretchings. The corresponding eigenvectors
are called the principal directions of the deformation at a € Q (see [42]).
Our distortion tensor will be represented by the positive symmetric matrix defined by

G(x) = Jg(x) ™ » D'f(x) DF(x). (1.33)

Let
0 < pi(x) <po(x) <. .. < pp(x) (1.34)

denote the positive square roots of the eigenvalues of the direction tensor G(x). Now returning
to equation (1.32) one easily obtains the identity

He(x) = H(x, £) = o)

11 (x) (1.35)

Thus H¢(x) = H(x,f) measures the maximum possible relative distortion of linear objects
(e.g. length of curves) at the infinitesimal level at a € Q) (see [42]). Now we recall the following
result of Rademacher-Stepanoff.

Theorem 1.7.5. (Rademacher-Stepanoff) Let f :  — R™ be an arbitrary mapping
defined on an open set {2 C R™. Consider the set

E:{aGQ : limsupw<oo}.

T—a |X - CL’

Then FE is a Lebesgue measurable set and f is differentiable at almost every point of E.
Proof. Proof of this theorem exists in Federer [26], page 218. [ )

In this thesis, we use the term embedding to mean a continuous injection. Also, we remark
that in the Rademacher-Stepanoff theorem the mapping f need not even be assumed measur-
able. Let 2 be an open subset of R", n > 2, and let f : @ — R” be an embedding. Then
the linear distortion function Hg(x) = H(x,f) defined in (1.30) is a Borel function (see [42]
and [30]). The first step towards establishing the regularity properties of mapping of finite
distortion is given by the following differentiability theorem.

Theorem 1.7.6. Every embedding f : 2 — R" is differentiable at almost every point of the
set
E={xeQ: H(x,f) < oo}

Moreover, for almost every point x € F we have

|DE(x)| < H(x, )| Jp(x)|* (1.36)
and
\Ii?fi}i |Df(x)h| < H(x,T) \I}f\u:% | Df(x)h| (1.37)

A proof can be found in [42], page 103 and 104. We can explain the following corollary that
will be useful.

Corollary 1.7.6.1. Every continuous locally injective mapping f : Q@ — R™ whose linear
distortion function is finite almost everywhere is differentiable almost everywhere in 2.
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1.8 Tensor Product

In this section, we explain definitions and properties of another method of the product of
vectors. We are familiar with the inner and cross products, but we introduce another type of
product for the other concepts.

Definition 1.8.1. (tensor product of vectors) If u and v are vectors on length m and n,
respectively, their tensor product u®v is defined as an mxn matrix defined by (u®v);; = u;v;.
In other words,

u®v:uvt.

This is called the outer product of vectors u and v. The outer product contrasts with the
dot product, which takes as input a pair of coordinate vectors and products a scalar. For
complex vectors, it is customary to use the conjugate transpose of v, so in this case we can
write

u®v=uv’.

Theorem 1.8.1. If A is an m X n matrix then A is a rank-one matrix if and only if there
are two vectors u and v with m and n components, respectively such that

A=u®v. (1.38)

It is easy to show that, if the rank of a real symmetric matrix is equal to 1, then the diagonal
elements of the matrix can not be all zero. We leave this proof for readers. Now, we want to
explain another result for rank-one matrices. This theorem will be proved in 3-dimensions,
the general proof for n-dimensions will be similar. It is used in the analysis of rank-one
convexity for the linear distortion later.

Theorem 1.8.2. Let A be a 3 x 3 rank-one symmetric matrix. Then A can be written as
A=\l z,y)® (1, z,v). (1.39)
In the other words, the matrix A can be expressed by
A=)lu®u=\uu’,
where u = (1, z,v) is a vector in R3.
Proof. Since A is a rank-one matrix, by Theorem 1.8.1, there are two vectors v and w in R3
with

A=veaw=vw.

The vectors vi = II%\I and wy = ﬁ are unit vectors. So, v = ||v||vy and w = ||w|wy. Thus,
A=vw' = ||v||[|w]||viwi".

If [[v|||w] = ¢ € R, then A = cviwit. Since A is symmetric, we get

V1W1t = W1V1t, (1.40)
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where vi and wj are unit vectors. If (1.40) is multiplied on the left by w1’ and on the right
by Vi,

wil(viwit) vy = wil(wivi?)vy

w1 V1)(W1tV1) = (Wltwl)(vltvl)

(
(w1'vi)? = [[v]?[[wl?
(

LR

W1V1) :1X1:1,

which implies
[viwy| =1 = [[va|[lw1].

This is the equality case of Cauchy-Schwarz which holds if and only if vi and wy are linearly
dependent. The two are both unit vectors so it follows that v; = +wq. Therefore, we have

A=+c(vi®vy) = £c (vivih).

Let v = (c1,¢2,c3), then vi = ¢1(1, E—f, i—f) So,

A==c(@e)(1,2, %) 01, 2,9).

1 1

If +¢ (c1c2) = A, 2 =2 and 2 =y, then

C1

A= A(l,x,y) & (any)v

as required. These arguments complete the proof of Theorem 1.8.2. [ )

1.9 LP Spaces vs (P Spaces

In section (1.1), we explained the LP and P norms. Now, we can extend these concepts to
functions and their spaces.

Definition 1.9.1. Let (X,90, 1) be a measure space and 1 < p < co. The LP(X)-space is
a set of equivalence classes of measurable functions f : X — R such that

I = ([ 1ran)” <o (141)

The || f]|, is called the LP-norm of f. The notation LP(X) assumes that the measure p is
understood (see [33] and [56]).

Definition 1.9.2. Let 2 be an open set in the Euclidean space R™ and f : @ — R be a
Lebesgue measurable function. If 1 < p < oo the function f satisfies

/ | f|Pdx < oo. (1.42)
A

This means f € LP(A) for all compact subsets A € Q. f is called locally integrable and the
set of all functions is denoted by L7 () (see [33] and [56]).
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The LP functions are allowed to take values of +00, like any measurable functions. However,
it follows from the definition of an LP function that it takes finite values almost everywhere,
so there is no harm in restricting to L? functions X — R.

It is obvious that any scalar multiple of an LP function is again LP. Moreover, if f and g are
LP functions, then by Minkowski’s inequality

1f+glly < [l fllp +[lgllp < oo, (1.43)

so f+ g is an LP function. Thus the set of LP functions forms a vector space. For 1 < p < oo,
the LP(X)-space is a Banach space. So, we can say, LP(X) for 1 < p < oo is the Banach space
of measurable functions f with |f|P integrable in X (see [33], [23] and [16]).

Example 1.9.1. Let f : [0,1] — R be a function

where the value of f(0) is immaterial. Then by the monotone convergence theorem,

1
/ | f|dm = lim 1dm(az) = lim [logx} = 00.
[0,1]

t=0% Jig1] © t—0t t

Thus, the function f is not L'. It is easy to see that f is not LP function for any p € [1, o).
If

1
f(=) ﬁ7
then,
/ dm = 1i L im(z) = 1 [2[}1—2
[071}‘f‘ m_t—lggr [t71]\/§mw)_t—l>%l+ a:t_ .
In fact,
) 00 if »>1
/ —dm(z) = 1
(0.1 % if <1,
1—r

It follows that the function f(x) = m% is LP? function if and only if pr < 1. For instance,

f(z) = % is LP for all p € [1,2), but is not L? for any p € [2, 00).

)
It is not difficult to see that if (X, 91, u) is a measure space and 1 < p < ¢ < oo and p(X) =1,

then

1A llp < 17 llq: (1.44)
for every measurable function f. More generally, if 0 < p(X) < oo, then
1fllp < m(X)"[1.f llg, (1.45)

for every measurable function f, where r = (1/p) — (1/q), and hence every L7 function is also
LP.
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Definition 1.9.3. If p € [1,00), the P-norm of a sequence {a,} of real numbers is defined
by the formula

Han}lly = (Z mrp) B (1.46)

neN

An (P sequence is a sequence {a,} of real number for which

D lanf? < oo (1.47)

neN

Example 1.9.2. Recall from calculus and analysis that the p-series

>3

n=1 nr
converges if and only if p > 1. Tt follows that sequence {1/nP} is ¢! if and only if p > 1. For
instance,

1., 1 1
{ﬁ} is £*, but {H} and {—n} are not.

=

Moreover, since (1/n")P = 1/n"P, we find that {1/n"} is ¢P if and only if p > 1/r. Therefore,

1 1
{—5}is £%, but not £' and {—=}is £*, but not ¢*.
n n

NG
L)

It is easy to see that, for each 1 < p < oo the set ¢ is a vector space and ||.||, is a norm on
it. Also, we can prove that if 1 < p < ¢ < oo, then every /P sequence is also ¢7 [33].

Definition 1.9.4. Let (X,9, 1) be a measure space, let {f,} be a sequence of measurable
functions on X and let P € [1,00) (see [23] and [16]).

1. A sequence {f,} is an LP Cauchy sequence if for every e > 0 there exists an N € N,
so that
i,j = N=|fi—fill <e (1.48)

2. A sequence {f,} has bounded LP-variation if
> "l fas1 — full < oo (1.49)
neN

3. A sequence {f,} converges in LP to a measurable function f, if

lim_[[fu — fl, = 0. (1.50)

n——oo

Theorem 1.9.1. Let (X,9, 1) be a measure space, let {f,} be a sequence of measurable
functions on X with bounded LP-variation. Then {f,,} converges pointwise almost everywhere
to the measurable function f, and f, — f in LP.
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Definition 1.9.5. Let (X,9, 1) be a measure space, and f be a measurable function on X.
The L*°-norm of f is defined as follows

| flloo :==inf{c >0 : |f| < ¢ almost everywhere}. (1.51)

Then || f||zee = oo if the set of the right-hand side is empty (see [33]). The function f is called
an L™ function if || f|loc < oc.

Not only does the set
{¢ >0 : |f| < ¢ almost everywhere}, (1.52)

have an infimum, but it also has a minimum. If | f| < ¢+1/n almost everywhere for all n € N,
then it follows that |f| < ¢ almost everywhere. The L*-norm | f|e is sometimes called
the essential supremum of |f|, and L* functions are sometimes said to be essentially
bounded or bounded almost everywhere. Note that a continuous function on R is an
L function if and only if it is bounded, in which case || f||~ is equal to the supremum of | f|.

Definition 1.9.6. Let {a,} be a sequence of real numbers. The {*°*-norm of {a,} is defined
as follows:

[{an} oo = sup |an|. (1.53)
neN

Therefore, an £>° sequence is bounded. Note that if p € [1,00), then any ¥ sequence must be
£, because any (P sequence must converge to zero (see [33] and [56]).

1.10 Weak Derivative and Sobolev Spaces

We recall Definition 1.4.3. Let €2 be a nonempty subset of R"™. We define the function spaces
CF(Q,R™) = C*(Q) for k =0,1,2,... by: C%(Q,R™) = C°(Q) is the class of all continuous
functions f : @ — R™. For k > 1, C*(Q) consists of the functions f in C°(Q) such that all
partial derivatives

o'f 9 o 0
83)12 e 6307;28;@1 N Owie o 81‘@2 81‘2‘1

with 1 < /¢ < kand 1 <iy,ig,...,ip <n are defined and continuous in Q (see [30]). The class
C>®(Q,R™) = C*°(Q) is the intersection of the classes C¥(Q), k =0,1,2,...,

f(r1,22,...,2p), (1.54)

Ce(Q) = () CH(). (1.55)

k=0
Assume that a function f belomgs to C%(Q2), we employ supp(f) to designate its support.
This means the closure relative to Q of the set of all x € Q such that f(x) # 0 (see [30]). So,
supp(f) = {x € 2 : f(x) # 0}. (1.56)

For 0 < k < oo, we use CE(Q,R™) = C¥(Q) to denote the subclass to C¥(Q) comprising
those functions f for which the support of f is a compact subset of 2. Those functions in
C*°(2) whose support is compactly contained in 2 are called the test functions, and

CS(Q,R™) = C°(Q) = C°(Q)NCEH(Q) = {f : fis a compactly supported smooth function}. (1.57)
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Example 1.10.1. Let © be the unit ball B(0,1) and f : 2 — R be a function given by
f(x)=1- x|

It is obvious that for all x € B(0,1), f(x) > 0, so, the supp(f)= B(0, 1) [46].

)
Example 1.10.2. Let f : R — R be a function given by
22 if >0
fay=1{"
—x if z<0.
The function f is C'(R) but not C?(R), (see [46]).
)

Let us start with the motivation for the definition of weak derivatives. Let €2 € R™ be an
open set, u € CH(Q) and ¢ € C§°(R). Integration by parts gives

Oy B ou
/Qu. a—x] dx = u(x)p(x) ; a—% ¢ dx, (1.58)

There is no boundary term because ¢ has a compact support in {2 and thus vanishes near 052
[46]. The basic intuition is that weakly differentiable functions look differentiable except for a
set of zero measure. This allows functions that are not normally considered differentiable to
have a weak derivative that is defined everywhere on the original domain of definition. The
reason why weak derivatives ignore sets of zero measure is precisely because weak derivatives
are defined by integrals, and integrals can not see the behaviour on sets of zero measure. Let
ue CkQ), k=1,2,3,...,and let o = (ay, @9, ...,a,) € W (W = NU{0} is whole numbers)
be a multi-index such that the order of multi-index |a] = a3 + a3 + ... + @, is at most k.
We denote
laly o9or gan

Dau = e PP U
Ozt ... 0zpm  Oxf? oxrym

(1.59)

Definition 1.10.1. Let € be an open set in R" (n = 1 is allowed), and let u,v : Q@ — R be
functions that are locally integrable in 2, u,v € L} . Let & € W™ be a multi-index. We say
that v : ) — R is a weak partial derivative or distributional of u of order « in 2 with

respect to the variable x if it is true that (see [30])
/ u(x) D*p(x) dmy, = (—1) / Du(x) p(x) dm, = (—1)H / v(x) p(x) dm,,  (1.60)
Q Q Q

where ¢ € C3°(2). Recall that to define the weak derivative 0“u, we do not need the existence
of derivatives of smaller order (like in the classical definition). The weak derivative is defined
as an element of Lllo .» S0 we can change it on some set of measure zero. If v is a second function
satisfying these conditions, then it is not difficult to show that © = v almost everywhere in
€, so v is essentially unique (see [30], and [46]).We can also prove that if f € L] _satisfies

loc

/ fodx =0, (1.61)
Q
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for every ¢ € C§°(Q2), then f = 0 almost everywhere in Q. This is an integral way to say that
a function is zero almost everywhere.

Example 1.10.3. Let n =1 and © = (0,2). Consider

T if 0<zx<l1

1 ifl1<z<2,

and
1 if 0<z<1

0 if 1<x<2.

We want to prove that v’ = v in the weak sense. We must show

2 2
/ ugp’dx——/ v dx,
0 0

for every ¢ € C3°((0,2)). By the fundamental theorem of calculus and integration by parts,
we get

[ d@ac= [ e (@
1
_ [ww(w)];_/o o(x)dx + (0(2) — (1))

=— /01 o(x)dx

_ _/Olw(x)dx—/lQOso(:c)dX

2
= _/ v (p(l’)dX,
0
for every ¢ € C5°((0,2)). Recall that ¢ is zero on 9€2, so ¢(2) = ¢(0) = 0 (see [46] and [48]).

&

Definition 1.10.2. Suppose that Q is an open set in R”. The Sobolev space W*?(Q)
consists of functions u € LP(f2) such that for every multi-index o with |o| < k, the weak
derivative D%u exists and D%u € LP(2). Therefore

WEP(Q) = {u € LP(Q) : D € LP(Q), |a| < k}. (1.62)

If u € WFP(Q) we define its norm (see [46] and [42])

1
p
> / |Dau\pdx> : 1<p< oo, (1.63)
Q

o<k

[ullwrp o) = <

and

[l k.00 () = Z esssup |D%u. (1.64)
aj<k
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So, the Sobolev space W¥P(Q) consists of functions in LP(§2) that have weak derivatives
up to order k and they belong to LP(€2). The Sobolev space W*P(Q), with 1 < p < oo
and k£ =1,2,3,..., is a Banach space. The local Sobolev space VVZIZf(Q) consists of those
functions whose partials of order k or less are in L! (). We say that the sequence {f;}

converges to £ in WP (Q) if

loc

lim [|0°F; — 9°F|| o (x) = O, (1.65)
71— 00

for every compact set X C Q and every |a| < k, see [42]. The space I/VéC P(Q) is defined as
the closure of C§°(12), the compactly supported smooth functions, with respect to the norms

defined at (1.63) and (1.64). The space Wok P(Q) is the set of all functions u which are an
element of the space WP (Q) where u is zero on the boundary of © (99).

WEP(Q) = {u € WFP(Q) : w is zero on 90}, (1.66)

For k = 1, the norms on W*?(Q) in (1.63) and (1.64) can be expressed by

1

lullwesiay = (el ) + 1Dl () ) (1.67)
for 1 < p < 0o, and for p = co we have

[ullwr.ee @) = essgup |ul + essgup | Dul. (1.68)

Example 1.10.4. Let Q = [0,27] x [0,27] and v : @ — R be a function given by

u(x) = u(xy, x2) = sinxy + cos xa.
u

ou _ Ou _ g
We see that Fuo = COST1 and By = —Sinzo.

Figure 1.5: The Sobolev function in W12(Q) Figure 1.6: The Sobolev function in W12(Q)
space given by y = sin(x;) 4 cos(z2). space given by y = sin(x1) + cos(zz) from
another perspective.

Moreover, we obtain

/ lu?dx = /(sinxl + cos 29)%dx < / I1+1%dx = / 4dx = 4|Q] < o0,
Q Q Q Q



1.10 Weak Derivative and Sobolev Spaces 33

/‘ ‘dx—/\cosx1]2dx</\1]2dx—]Q\<oo

8951

/‘ ‘dx—/|—sm:v2|dx</|1|dX—|Q|<oo
8272

Thus, u € W12(Q), and this means the function u is a Sobolev-function (see [49]).

and

&

Example 1.10.5. Let © = (0,1) x (0,1) be the open unit square and let u : 2 — R be a
function given by

u(x) = u(z1, z2) = /71.

au _ 1 ou __
= 377 d%—(). So, we have

1 1 1 1 1
/]u\zdx:/ / \/x_12dx1dx2:—/ dxo = = < ©
0 o Jo 2 Jo 2
/) ’dx-/ / OdXQXm—O/ dx; =0 < oo,

8:[;2

[l foce [ [ o= [ [
= —T = — X
a_']jl X 0 0 5 X1 dX9 4 0 0 X1 dX9

1! 1
:Z/o (lnl—an)dxzzzlxoozoo.

The partial derivatives of u are

and

This shows that v ¢ W12(Q), but u € WH1(Q). That means whether u is or is not a Sobelev
function depends on the space (see [49], page 6).

X2 10

Figure 1.7: The Sobolev function in W11(£2), and the non-Sobolev function in W12(€) given by

u(wy, x2) = /71
&
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Polyconvex, Quasiconvex and
Rank-One Convex Functions
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Figure 2.1: A graph of a simple convex Figure 2.2: A quasiconvex function that is
function with the equation: not convex with equation:
f(z,y) = 2° +y. f(z,y) = log(a® +y?).
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Chapter 2

Polyconvex, Quasiconvex and Rank-One Convex Func-
tions

We have assigned this chapter to an important subject in this thesis concerning convexity.
We seek to generalise convexity for the space of all m x n matrices. In the first section,
we describe the concept of convexity in higher dimensions. In the second section, we define
polyconvex, quasiconvex, rank-one convex functions, and the relations between them.

2.1 Convex Functions in Higher Dimensions

In this section we define convex and concave function in all dimensions.

Definition 2.1.1. Let I be a nondegenerate interval of R. A function f : I — R is called
convex if

fAz1 + (1= Nag) < Af(z1) + (1= A) f(z2) (2.1)

for all 1 and x2 in I and A € [0, 1]. It is called strictly convex if the inequality (2.1) holds
strictly whenever x1 and 9 are distinct points and A € (0,1). If the function —f is convex
or strictly convex then we say that f is concave or strictly concave, respectively. If f is
both convex and concave in I, then f is said to be affine (see [14], [52], [59]).

The convexity of a function f : I — R means geometrically that for all w, v € I and
u < v, the points of the graph of f in the interval [u,v] are under or on the chord joining the
endpoints (u, f(u)) and (v, f(v)).

Figure 2.3: The graph of a convex function is under the chord.
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Theorem 2.1.1. ( J.Jensen Midpoint Convex) Let f : I — R be a continuous function.
Then f is convex if and only if it is midpoint convex, that is,

f(@) + fy)
2

r+y

e

) < for all x,y e I. (2.2)

Corollary 2.1.1.1. Let f : I — R be a continuous function. Then f is convex if and only if
[(@+R)+ flo—h) = 2f(z) > 0 (2.3)
for all x € I and all h > 0 such that x + h and « — h are in L.
Corollary 2.1.1.2. (The second derivative test for convexity) Suppose that f : I — R
is a twice differentiable function. Then:
1. fis convex if and only if f”(z) > 0 for all x in I;

2. fis strictly convex if and only if f”(x) > 0 and the set of points where f” vanishes does
not include intervals of positive length.

3. fis concave if and only if f”(z) <0 for all x in T;
4. f is strictly concave if and only if f”(x) < 0 and the set of points where f” vanishes
does not include intervals of positive length.
Theorem 2.1.2. (The operations with convex functions)

1. Adding two convex functions defined on the same interval we obtain a convex function;
if one of them is strictly convex, then the sum is also strictly convex.

2. Multiplying a (strictly) convex function by a positive scalar, we obtain, also, a (strictly)
convex function.

3. The restriction of every (strictly) convex function to a subinterval of its domain is also
a (strictly) convex function.

4. If f: I — R is a convex (strictly convex) function and g : R — R is a nondecreasing
(an increasing) convex function, then g o f is a convex (strictly convex) function.

For more information and proofs you can see chapter one of book [59]. Convex functions
provide basic techniques in optimization theory, partial differential equations and geometric
inequalities. The natural domain for a convex function is a convex set. That is why we shall
start by recalling some basic facts on convex sets. A function f defined on an interval J is
said to be Lipschitz if there exists a constant L > 0 such that

|f(x) — f(y)| < L|x — y] for all z,y € J. (2.4)

A subset C of a vector space (linear space are assumed henceforth to be real) E to be is said
to be convex if it contains the line segment

[z,y] = {(1 = Nz + Ay|A € [0, 1]}

connecting any of its points x and y.
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. MNon-convex set
Convex sel

Figure 2.4: The convex and Non-convex (concave) sets.
Source: The convex function images

A subset A of F is said to be an affine set if it contains the whole line through any two of
its points. Algebraically, this means

for all z,y € A and A € R (I=XNz+ Ay e A

For the given set £ C R", E, OF, intE and E° respectively stand for the closure, the
boundary, the interior and the complement of E. The affine hull of a set £ C R" is the
smallest affine set containing E. It is denoted by aff £ . A hyperplane H C R" is a set of

the form
H = {x € R"| (x,a) = a}, (2.5)

where a € R™, a # 0 and a € R. Also, we can define the convex hull of a set £ C R",
denoted by coF, is the smallest convex set containing FE.

Definition 2.1.2. Let U be a convex subset of R™ (real linear space) and let f : U — R be
a function

1. The subgraph of f, denoted sub f, is the set
subf = {(x,y) e U xR | f(x) > y}. (2.6)

2. The epigraph of f, denoted ep: £, is the set
epif = {(x,y) e U xR | f(x) < y}. (2.7)
3. The domain of f is defined as

domf = {x € R" | f(x) < o0}. (2.8)

4. The lower contour set of f at o € R or lower-level set of f at o € R, is defined as

Ly={xeU|f(x)<a}. (2.9)
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5. The upper contour set of f at a € R or upper-level set of f at a € R, denoted
Uy, is the set
Uy ={xeU]|f(x)>a}l (2.10)

The subgraph of a function is the region lying below the graph of the function, and the
epigraph of a function is the region lying above the graph of the function. If U is a convex
subset of R™ and f : U — R is a function, we say that f is convex on U if sub f is a convex
set. Also, we say that f is convex on U if epi f is a convex set. Note that concave and convex
functions are required to have convex domains. For more information about these sets you
can see [59] or [19]. Source of the figure below: (http://scottmccracken.weebly.com/uploads/
9/0/6/6/9066859/convexity-print_version.pdf)

Y i

. e

H A ¥

Figure 2.5: The subgraph and epigraph of f.

Definition 2.1.3. Let U be a convex subset of R™ and let f : U — R be a function. Then

1. f is convex if and only if for all x,y € U and X € [0, 1], we have

fOx 4+ (1= Ny) < M(x)+ (1 - Df(y).

2. f is concave if and only if for all x,y € U and X € [0, 1], we have

fOx 4+ (1= Ny) > M(x) + (1 — Df(y).

3. f is strictly convex if and only if for all x,y € U and X € (0, 1), we have

fOx+ (1 - N)y) < M(x)+ (1 - Mf(y).

4. f is strictly concave if and only if for all x,y € U and A € (0,1), we have

fx+ (1 - N)y) > M(x) + (1 — MHf(y).

It is easy to prove that if U is a convex subset of R™ and f : U — R is a function, then f
is a convex function if and only if —f is concave and vice versa. If f; : U — R are convex
(concave) functions and a; are positive numbers i = 1,..., k, then

a1f1 + - akfk


http://scottmccracken.weebly.com/uploads/9/0/6/6/9066859/convexity-print_version.pdf
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is a convex (concave) function. Convexity in the case of several variables is equivalent to
convexity on each line segment included in the domain of definition. So we can say, a function
f: U — R is convex if and only if for every two points x and y in U the function

v:[0,1] — R, o(t) =£f((1 —t)x +ty)

is convex. We can prove that each level set of height o of a convex function is a convex set.
Convex functions exhibit a series of nice properties related to maximum and minimum of
functions. We want to describe some theorems about convex and concave functions.

Theorem 2.1.3. Let U C R” be an open and convex set and let f : U — R be either a
convex or a concave function. Then f is a continuous function.

Theorem 2.1.4. Let U C R™ be an open and convex set and let f : U — R be differentiable.

1. A function f is convex if and only if for any x,y € U we have

f(x) > VE(y)(x —y) + £(y). (2.11)

2. A function f is concave if and only if for any x,y € U we have

f(x) < VE(y)(x —y) +£(y). (2.12)

The proofs of these theorems are long and we don’t intend to describe them here. But you
can see their proofs in books [59], [19] or article (https://pages.wustl.edu/files/pages/imce/
nachbar /concavity.pdf). By Theorem 1.4.1 we know that the order in which we calculate any
kth-order partial derivative does not matter. The matrix of second order partial derivatives
is the Hessian denoted by Hf(x) = D*f(x) = D(Vf)(x). By Theorem 1.4.1 if f is C? then
Hf(x) = D?*f(x) is symmetric.
Theorem 2.1.5. Let U C R” be an open and convex set and let f : U — R be C?.
1. If Hf(x) = D?f(x) is negative definite for every x € U then f is strictly concave.
. If Hf(x) = D?f(x) is negative semi-definite for every x € U then f is concave.
. If f is concave and C? then Hf(x) = D?f(x) is negative semi-definite for every x € U.

2
3
4. If Hf(x) = D?*f(x) is positive definite for every x € U then f is strictly convex.
5. If Hf(x) = D?f(x) is positive semi-definite for every x € U then f is convex.

6

. If f is convex and C? then Hf(x) = D?f(x) is positive semi-definite for every x € U.

2.2 Polyconvex, Quasiconvex and Rank-One Convex Func-
tions and Examples
We start this section with three important definitions and their relationships to each other.

One of these definitions is related to the main question of this thesis and so we will find
some equivalent conditions for it. One major application of convex and concave functions


https://pages.wustl.edu/files/pages/imce/nachbar/concavity.pdf
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is optimization. As we will see, any relative maximum of a concave function is an absolute
maximum. The notion of polyconvexity is a generalisation of the notion of convexity for
functions defined on spaces of matrices.

Definition 2.2.1. A function F : M, xn(R) — RU {400} is polyconvex if there exists a
convex function G : R™™™) — RU {400} ( in general non-unique) such that

for every A € My, xn(R), where T': R™*" — R7(m7) s such that
T(A) := (A, Minorsg A, MinorssA, ..., Minors,,,n,A).

In this definition, Minors, A stands for the matrix of all 7 X r minors of the matrix A €
Mpxn(R), 2 <7 <mAn=min{m,n} and

mAn m!n!
T(m,n) = ; o(r), where o(r):= 2 = (= T

In other words, F is polyconvex if F(A) is a convex function of subdeterminants of the matrix
A or F is polyconvex if F(A) is a convex function of the minors of the matrix A (See [19],
[69], [70], [68] or [21]). We will show that the function G is not unique.

Example 2.2.1. In the case m =n = 2 (see [19], [9]), we have

1! x 1! 2! x 2!
‘W=ayre-ne-m _* O =Gre_aeo
T(m,n) =Y o(r) =o(l) +o(2) =5, T(A) = (A, det A).

r=1
Let )
A=t d
and

FA) = AP =a®+ 0 + 2+ d* = (a—d)? + (c+ d)? + 2det A.
Suppose Gi, Go : R7(M) = R> — R is defined by

Gi(A, x) == |AP? and Go(A,z) := (a—d)* + (c + d)* + 2z.
Then it is easy to check G; and Gs are convex, G # Go and
F(A) =Gi(T(A)) = Gi(A,det A) = Go(T(A)) = Ga(A, det A).
&

Polyconvexity is a more general property than convexity, because there are examples of poly-
convex functions that are not convex. The following example shows this concept.
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Example 2.2.2. Let F : May2(R) — RU{+4o00} be a function (see [62], p 354) with equation

1 .
Tt A if det(A) >0,
F(A) =
+oo if det(A) <0.

There is a convex function G : R> — R U {+o0} such that
F(A) =G(T(A)), where T(A) = (A,det A).

Let

GiA ) i - if z >0,

+00 if x <0.

The function G is convex, and that means the function F is polyconvex. But the function F

is not convex. Let
19 0 —4
I

be two 2 X 2 matrices in Max2(R). So, det(A) = 1 and det(B) = 4, then F(A) = 1 and
F(B) = 1/4. Therefore

/\J-"(A)+(1—)\).7-"(B):/\+(1—>\)i:%+2)\>0 A € [0,1].

But

/\A+(1—)\)B_)\[O 1]+(1—)\)[(1) _04]_[1ix 13AA_4].

Thus det(A A+ (1 — A\)B) = 14A2 — 17\ + 4, for all A € [0,1]. If we choose A = 3, then
1, 1
detAA+ (1-N)B) = 14(5) - 17(5) +4=-1.

Hence we have F(A A+ (1 — X\)B) = +o00. So, this proves the function F is polyconvex but
not convex.

&

There is also another example that is a polyconvex function but not convex. Let F :
Mjy2(R) — R U {+00} be a function with equation

F(A) := det(A).

It is not difficult to see this function is polyconvex but not convex (see [19]). Now we describe
the concepts of quasiconvexity and rank-one convex. At first, we explain an easy definition
for quasiconvex functions, and we extend the following definition to an advanced definition.

Definition 2.2.2. Let U be a convex subset of R”™ and let F : U — R be a function. Then

1. A function F is quasiconvex if all its lower-level sets are convex.
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2. A function F is quasiconcave if all its upper-level sets are concave.

Suppose that L, is the lower-level set of F at o € R, then = € L, is equivalent to F(z) < a.
So:

F is quasiconvex

sVaeR, Vx,y, VA€ [0,1]: [xyeL :>)\x+(1—)\)y€La}
s VaeR, Vx,y, YA€ [0,1] [f ) < a, F )<a:>]-'(/\x—|—(1—>\)}’)§a}
& Va R, Vx,y, VA€ [0,1]: [max {F(x), F(y)} < a = FOx+ (1= N)y) <o
s Vx,y, YA€ [0,1] : [ x4 (1— Ny )<max{f f(y)}}

So,

1. A function F is quasiconvex if and only if

vx,y, YA € [0,1] [I(Ax +(1-\y) < max {f(x),f(y)}]. (2.13)

2. A function F is quasiconcave if and only if

vx,y, VA € [0,1] [f(Ax + (1= \)y) > min {f(x),f(y)}] (2.14)

Definition 2.2.3. Let U be a convex subset of R™ and let 7 : U — R be a function.

1. A function F is strictly quasiconvex if for all x, y € U with x # y and all A € (0, 1),
we have

Fx+ (1= N)y) < max {F(x),F(y)}. (2.15)

2. A function F is strictly quasiconcave if for all x, y € U with x # y and all A € (0,1),
we have

F(Ax+ (1 —A)y) > min {}'(X),}"(y)}. (2.16)

Example 2.2.3. Let 7 : U C R?> — R be a function with equation F(x) = log(z? + 3?),
where x = (z,y) € R?. The lower-level set of function F is F(x) < a. So, the lower-level set
of Fis

F(x) <aelog(z®+1?) <a e z?+42 <10
It is obvious that the lower-level set of the function F is convex, therefore, the function F is

quasiconvex. With a little calculation, we can see that the function F is not convex, because
with x = (1,1) and y = (3,3) in U C R?, we have

FOx+(1-=XNy) =F((B—2)3—2)) =log((3— 202+ (3 —2))?) = log2 + 21og(3 — 2)\).

If A\ = 1/2 than F(Ax+ (1—\)y) = 0.903, But the value of AF(1,1)+(1—\)F(3,3) = 0.7781.
So, F is not convex.
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Figure 2.6: The graph of a simple convex Figure 2.7: The quasiconvex function that is
function given by: F(z,y) = 22 + y2. not convex given by: F(x,y) = log(z? + y?).

)
Let U be a convex subset of R” and let 7 : U — R be a function. Then F is quasiconvex
(or quasiconcave) if and only if —F is quasiconcave (or quasiconvex). Also, f is strictly
quasiconvex (or strictly quasiconcave) if and only if the function —F is strictly quasiconcave
(or strictly quasiconvex). In addition, let 7 : U — R be a quasiconvex function. If G : R —
R is an increasing function, then G o F is quasiconvex. If 7 : U — R is a quasiconcave and
G : R — R is an increasing function, then G o F is quasiconcave.

Theorem 2.2.1. Let U be a convex subset of R"™ and let F : U — R be a differentiable
function on U. Then

1. F is quasiconvex if and only if

Vx,y €U, F(x)> F(y) = DF(x).(y — x) <0. (2.17)

2. F is quasiconcave if and only if
Vx,y €U, Fly) > F(x) = DF(x).(y —x) > 0. (2.18)

Proof. (Proof of part 2) Suppose first that F is quasiconcave on U. Fix x,y € U and
assume F(y) > F(x). For any A € [0, 1], we have

Fx+ My —x))=FAy + (1 = A)x) > min {f(x),f(y)} = F(x).
So for all A € (0,1] we can write

Fx+ Ay —x) - F(x)

> 0.
b\ 2

We know that if A — 0T, then the following limit gives us the directional derivative con-
cerning the vector (y — x). Therefore,

D(Y—X)I(X) = lim F(x+ My —x)) — F(x)

> 0.
A—s0+ A -
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So, by calculus we have D(,_,F(x) = DF(x).(y —x) > 0. Conversely, assume that for all
x,y € U such that F(y) > F(x), we have DF(x).(y — x) > 0. Choose any x,y € U, and
suppose without loss of generality that

min { F(x), F(y)} = F(x).
Now, we must prove that for any x,y € U and X € [0, 1], we have
FOx + (1= A)y) > min {F(x), F(y)} = F(x).
Suppose that is not true. This means there exist x,y € U and A € [0, 1], we have
F(Ax+ (1= A)y) <min {F(x), F(y)} = F(x) < F(y).

For each t € [0,1], we define z; = (1 — t)x + ty = x+ t(y — x), and g(t) = F((1 — t)x + ty).
Since U is convex, then z; € U. Since g(\) < ¢(0) = F(x), there exists A\; € (0, \) such
that ¢'(A\1) = (g(A) — ¢g(0))/(A — 0). Similarly, since g(\) < g(1) = F(y), there exists
A2 € (A, 1) such that ¢’(A2) = (g(A) — ¢g(1))/(A —1). Thus we have 0 < Ay < A < A2 < 1 and
g’ (A2) > 0> g(A1). This implies

g (M) (A2 — A1) <0 and g (A2)(A1 — Aa) < 0.

If g(A1) > g(A2), then F((1 — XA)x+ \y) > F((1 — A2)x + A2y). So, by the condition we
get ¢'(A2)(A1 — A2) > 0. If g(A\1) < g(A2), by the condition we get ¢’(A1)(A2 — A1) > 0. Both
cases give us a contradiction and the proof is completed. For more information you can see

[19], [59]. a

This proof says that the angle between the gradient and the vector (y — x) is acute or right.
Part (2) is illustrated in the following Figure 2.8 ( Source of Figure 2.8: http://scottmccracken.
weebly.com /uploads/9/0/6/6/9066859/convexity-print_version.pdf). We now explain another
definition for quasiconvex functions. In this definition, the domain of the function F is the
set Myxn(R), the space of all m x n matrices. First, it is necessary to state a few concepts.

Figure 2.8: The angle between vectors Vf(x) and (y — x) is acute.
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Definition 2.2.4. Let U C R" be a bounded open set, ¢ : U C R* — R is continuous,
has uniformly bounded gradient and ¢ = 0 on OU. Let M,,x,(R) be the space of all m x n
matrices over the field of real numbers R. Then a continuous function F : My, xn(R) — R
is quasiconvex if

1
meas U

/ [F(A+ Ve(x)) — F(A)]dx > 0 <= / F(A+ Dyp(x))dx > F(A),  (2.19)
U U

for every A € My, xn(R), for every bounded open set U C R™ and every function ¢ with those
conditions (See [19], [21], [69] and [67]).

In this definition Vp(x) stands for the gradient matrix of partial derivatives of the function
. So,

[0p1 Op1 . Opr]
Ox1 Oxo 0xn
Opa Q2 . Opa
0r1 Ozo 0zn
Vip(x) = Dp(x) = :
Iom  Ipm . Opm
| Oz Oxa 0z |

where ¢(x) € I/Vol’OO(U7 R™) (Sobolev Space); see [19]. In the next theorem (Theorem 2.2.2),
we will explain that every polyconvex function is a quasiconvex function. That means the
Examples 2.2.2 and F(A) := det A where A € M,,xn(R) are quasiconvex. But there are
several examples with m,n > 2 of quasiconvex functions that are not polyconvex. We will
see two of them in this chapter. The last main definition in this chapter is the concept of
rank-one convex function that Charles B. Morrey introduced for the first time with another
terminology [53], but the term rank-one was used by John M. Ball in [9].

Definition 2.2.5. Let M,,x,(R) denote the space of all m x n matrices over the field of real
numbers R and U be an open subset of M,,x,(R). A function F : U C Mpxn(R) — R is
said to be rank-one convex if for every A € U the function of real variable t — F(A + tB)
is convex near t = 0, whenever the rank of B is less than or equal to one [42].

Rank-one convexity expresses the convexity of a function along all line segments in My, xn
(M, xn denotes the set all of real m x n matrices) whose the initial and end points differ
by a matrix of rank one (see [67], [25]). This leads us to define another definition for rank-
one convex function, as a result of the definition (2.2.5). It is easy to prove that these two
definitions are equivalent (see [9], pages 352 and 353).

Definition 2.2.6. A function F : U C M;,xn(R) — R is a rank-one convex function if
F(tA+ (1 —t)B) < tF(A)+ (1 —t)F(B), whenever t € (0,1) and A, B € M, x,n(R) with
rank(A — B) <1 (See [19], [20], [21], [42] and [67]).

It is not difficult to see that every rank-one convex function is continuous [67].
Theorem 2.2.2. Let F : M, x,(R) — R. Then
1. F convex = F polyconvex = F quasiconvex = F rank-one convex.

2. If m =1 or n =1, then all these notions are equivalent.
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3. If F: Mysn(R) — R is convex, polyconvex, quasiconvex or rank-one convex, then F
is locally Lipschitz.

Proof. There are long and complete proofs for this theorem in [11], [9], [54] and [19]. The
converse implications of all parts of result (1) above are false, when n > 3. o

For instance, when m = n = 2, Example 2.2.2 or the function F(A) = det(A) is polyconvex
but not convex (See [21]). Also, we can find quasiconvex functions such that they are not
polyconvex. The following two examples show quasiconvex functions which are not polycon-
vex. One example has been given by Sverak (see [68]). You can find the other given example
by Alibert and Dacorogna in [2].

Example 2.2.4. (The example of Alibert-Dacorronga-Marcellini): Let Msy2(R) be
the set of 2 x 2 real matrices endowed with Euclidean norm

2
AP=3"d for all A € Maxa(R).
1,5=1

Let k € R and let F, : Mp,xn(R) — R be defined as
Fy(A) = [AP(A]2 - 27 det A),
Then

2
Fy is convex <= || <. = 5\/5 ~ 0.942809,

Fy is polyconvex <= |y| <9, =1,
F is quasiconvex <= || <y, =1+, (there exists € > 0),

F, is rank — one convex <= |y| <, = jg ~ 1.1547.

The last result and the fact that if F, is polyconvex, then |y| < 1, were established by
Dacorogna-Marcellini [22]. All the other results were first proved in Alibert-Dacorogna [2].
The long and complete proof of this example exists in [19] (see pages 221 to 233). The
example also provides a quasiconvex function that is not polyconvex. The problem of knowing
if 7, = 2/4/3 is still open. if 7, < 2//3, then this would provide a rank-one convex function
that is not quasiconvex (see [19]). The following picture shows the conditions in this example.
You can see [75].

0 2y

v ol
L ']
convex )|
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—
-
=
Bl
-‘:]l\J

polyconvex

quasiconvex

rank-one convex

Figure 2.9: The example of Alibert-Dacorronga-Marcellini.
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)
The existence of a rank-one convex function that is not quasiconvex when m > 3, n > 2
was proved by Vladimir Sverak [69]. A classical result in this direction is that a quadratic
function f is quasiconvex if and only if it is rank-one convex ( see [11], [54] and [70]). This
can be proved by using the Fourier transformation.
In the case m = 2 and n > 2, however, it is an open problem to determine whether

JF is rank-one convex #- F is quasiconvex.

Example 2.2.5. (Vladimir Sverak’s example): We need to explain some lemmas and
propositions that are useful for Sverak’s example (see [69]). The proof of this example is
divided into five steps.

Step 1: We do not prove the following lemmas, you can find their proofs in Sverak [69] or
Dacorogna [19]. The following lemma can be found for example in [12].

Lemma 2.2.3. A continuous function F, : My,xn(R) — R is quasiconvex if and only if
F(A+ De(x))dx > F(4), (2:20)
[0,1]"

for each A € My,xn(R) and each smooth function ¢ : R™ — R™ which is periodic with
respect to Z". That means ¢(x + k) = ¢(x) for each x € R"™ and each k € Z", and
k = (kﬁl,k‘g,...,kn) where k; € Z .

Step 2: Let w : R?> — R? be a function given by

1 sin(27xy)
w(x) = Py sin(2mxs) . (2.21)
T\ sin(27 (21 + x2))
So,
1 cos(2mzy) 0
Vw(x) = Dw(x) = o 0 cos(2mxy) ,

cos(2m(z1 + x2)) cos(2m(wy + x2))

for each x € R2. For each x € R? the gradient Dw(x) of w lies in the linear subspace Q of
Msy2(R) given by
a={

+ O 3

0
s |: rs,te ]R}.
t
Let f : 2 — R be defined by
r 0
f 0 s = —rst. (2.22)
t t
It is gbvious that the only rank-one directions in €2 are given by

10 0 0 0 0
00|, 0 1], and 0 0
0 0 0 0 11
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Thus the function f is convex (in fact linear) on each rank-one line contained in Q. By
expanding formula
cos(a + b) = cosacosb —sinasinb,

we have
/ f(Dw(x))dx = —/ (cos 271)? (cos 2mxa)?dxydxe < 0 = £(0). (2.23)
[0,1)2 [0,1]?

Now we can extend the function f to a rank-one convex function on Msyo(R). This is not
obvious and easy.
Step 3: We can consider M3y2(R) as the six-dimensional Euclidean space. The norm of

A € M3y2(R) is given by
AP =) (i)
1<i<3
1<5<2

Now we can state the following lemma without its proof. This lemma was proved by Sverak
in [69], pages 187 and 188. The keen reader can also find this proof in Dacorogna [19].

Lemma 2.2.4. Let 2 be the linear subspace of Ms.2(R) defined in Step 2 and let P :
Ms3y2(R) — Q be the orthogonal projection such that

all 0
P(A) = 0 az2 , for all A € M3x2(R).
(az1+as2) (az1+as2)
2 2

Let f :  — R be defined by Equation 2.22. Then for each € > 0, there exists k = k(e) > 0
such that the function F, : My,xn(R) — R given by

F(A) = f(P(A)) + e|AP* + €| A* + k|A — P(A)? (2.24)
is rank-one convex on M, x,(R).

Step 4: In this step, we are ready to explain a theorem that gives us a rank-one convex
function that is not quasiconvex.

Theorem 2.2.5. There exists ¢ > 0 and k£ > 0 such that the function F given by (2.24) is
rank-one convex but is not quasiconvex.

Proof. Let w be the function defined (2.21). Since Dw is bounded, we see from (2.23) that
we can choose € > 0 such that

/ (f(Dw(x)) + e|Dw(x)? + 6|Dw(x)|4)dx <. (2.25)
0.1]2

By Lemma 2.2.4 we can find k = k(e) such that the function

F(A) = f(P(A)) + €|A]? + €|A|* + k|A — P(A)?
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is rank-one convex. Since |Dw(x) — P(Dw(x))| = 0 for all x € R?, we have from (2.25) that

F(Dw(x))dx < 0 = F(0), (2.26)
[0.1)2

and using Lemma 2.2.3, we see that F is not quasiconvex. The proof of Theorem 2.2.5 is
completed. 'S

Notice that the function F is a polynomial of degree four. We have finally reached the final
step that can complete the proof of Sverak’s example.

Step 5: In this step we prove a corollary of Theorem 2.2.5 that generalises the example to
higher dimensions.

Corollary 2.2.5.1. Let n > 2 and m > 3 and let T': M, xn(R) — M342(R) is defined by

Til T2
T(X)=|z21 @22
r31 32

Let Fo : Mpxn(R) — R be defined F,(X) = F(T(X)), where F is the function from the
theorem above. Then F, is rank-one convex but is not quasiconvex.

It is easy to see, because T'" maps rank-one lines to rank-one lines, F, is rank-one convex.
Considering the periodic function

wo(x1, T, ..., xy) = (w1(x1, x2), wa (21, T2), W3(21,22),0,...,0),

where w is the function defined above. We see from (2.26) that F, is not quasiconvex. The
example is finished.

&

If m = n = 2 the above implication would have far-reaching consequences. In the article [15],
the authors claimed to have found a counterexample for the case m = n = 2, that F is a
rank-one convex function but is not quasiconvex. But in the article [57], Patrizio Neff has
shown that the example in [15] is not a counterexample and this case is still an open problem.
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Figure 3.1: Quasiconformal Maps

Source: https://www.youtube.com/watch?v=1OwPGG5-54Q
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Chapter 3

Quasiconformal Mappings

Quasiconformal mappings are generalizations of conformal mappings. They can be considered
not only in Riemann surfaces but also on Riemannian manifolds in all domains, even on arbi-
trary metric spaces. Quasiconformal mappings occur naturally in various mathematical and
often a priori unrelated contexts. In mathematics, the distortion is a measure of the amount
by which a function from the Euclidean plane to itself distorts circles to ellipses. There are
three main definitions for quasiconformal mappings in Euclidean space: geometric, analytic,
and metric definitions. In Introduction 0.1 we defined the linear distortion and the history of
the quasiconformal maps. For more details, you can see [28], [31], [29], [35], [74], [30], [6] and
[42].

In this chapter, at first, we recall the curve family definition. In the two first sections of this
chapter, we explain the concept and definitions of linear, outer, and inner distortion and their
properties. The third section aims to show the lower semicontinuity property of the inner,
outer and maximal distortion functions. We will finish this chapter with Iwaniec’s Lemma
and Theorem that show the linear distortion function, is not lower semicontinuous. Also we
illustrate with some figures and examples (see [42] and [30]).

3.1 The Moduli of Curve Families

In this section, we will explain the notion of the moduli of curve families. This subject is used
to describe quasiconformal mappings and their properties in this chapter. We are starting
with some essential definitions and theorems.

Definition 3.1.1. A path in R" is a continuous mapping y: [ — R where I is an interval
in R. The path is said to be closed or open if I is closed or open, respectively. The locus
lv| of a path v : I — R™ is the point set y(I) € R™. The subpath of v : I — R" is a
restriction of v to a subinterval of I. Suppose a =ty < t; < ... <t = b is a partition of
interval [a,b]. Then we define the length of 7 : [a,b] — R™ and denote by £(v) as

k
() =sup { D |y(ts) = v(tic1)| }- (3.1)
=1

Thus 0 < £(v) < oo and it is obvious to see £(7) = 0 if and only if v is a constant. If £(y) < oo
then + is called rectifiable path. A path in R” such that co € || is non-rectifiable, except
for the constant path ~(t) = co (see [74] p.1).
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Theorem 3.1.1. Let v : [a,b] — R™ be a rectifiable path,andleta =ty <t;1 < ... <t =0b
be a partition of interval [a, b]. Then every restriction 7|[t;—1 — t;] is rectifiable, and

k

0) =D L[tio1, ti))- (3.2)

i=1
Proof. This proof is obvious (see [74], [30]). [ )
Definition 3.1.2. The path 7° : [0,£(7)] — R" is the normal representation of v (see
[30], [74]). It is also called the parametrisation of v by means of its arc length.

Definition 3.1.3. A path v : [a,b] — R™ is locally rectifiable if each compact subpath of
v is rectifiable. We then denote

£(v) = sup{(a), over all compact subpaths a of ~.

It is obvious that the concepts rectifiable and locally rectifiable coincide for closed paths.
Furthermore, for a closed path ~, the two definitions of ¢(vy) are equivalent. For instance, the
path v : (—=1,1) — R? defined by

1(6) = (,tsin(1)) € B,

is not locally rectifiable. Because its subpath 7|(0, 1) is locally rectifiable but not rectifiable
[74]. We can prove that, if v : (a,b) — R™ is a rectifiable open path, then there exists a
unique extension to closed path v, : (a,b) — R", Also £(v) = £(v,). Let v : [a,b] — R” be
a rectifiable path. For all ¢ € [a,b], we denote £(7|[a, t]) by s,(t) or only by s(¢). The function
Sy : [a,b] — R is called the length function of ~.

Lemma 3.1.2. Let 7 : [a,b] — R™ be a rectifiable path of length ¢, and let sy = s be its
length function. Then

1oy (t) — y(u)] < s(t) — s(u), where a < u <t <b;

2. s is nondecreasing and continuous;

3. s is absolutely continuous if and only if v is as well;

4. §'(t) and 7/(t) exist and satisfy s'(t) = |/(¢)| for almost every ¢ in [a, b];
5. both s and 4/ belong to L!([a,b]) and

b b
/wmmz/wmms& (3.3)

with equality holding precisely when ~ is absolutely continuous.

Proof. The proof of this lemma is long and we leave it to the keen reader (see [30], [74]). &
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Definition 3.1.4. Assume that Q C R™ is a Borel set and that p : A — R is a nonnegative
Borel function. For each rectifiable closed path « : [a,b] — 2, we define the line integral of
p over vy as follows:

£(7)
/ pds = /0 p(°(B)dt, (3.4)

where ~° is the normal representation of ~.

The integral on the right exists, because po~° is a nonnegative Borel function. Its value may
be +oo. We can show that if 7 : [a, b] — €2 is absolutely continuous, then

£(7)
/ pds = / p(° ()7 (1) dt (3.5)
o 0

In section (1.5) we defined conformal mappings. Now we want to give another definition for
it.

Definition 3.1.5. Let  and Q' be domains in R, and f : Q@ — €’ be a homeomorphism.
Then f is conformal if f € I/Vllgf and |Df(x)h| = |Df(x)||h| for almost all x € 2 and h € R™.

We can also say a C'! homeomorphism f is conformal if and only if |Df(x)|* = Jg(x) for all
x € ). By Liouville’s theorem, if ) is a domain in R" with n > 3, then any conformal
mapping f : & — R™ is a restriction to € of a Mobius transformation (see [42] and [30]). It
is well known that a two-dimensional diffeomorphism with positive Jacobian is conformal if
and only if it is complex analytic. We also know that, for n > 3, every conformal mapping is
a Mobius transformation. Suppose that I' is a family of smooth paths in Q. T' is called a
curve family and it is simply a collection of curves. Let Q and €’ be domains in R", with
n>2 and f : Q — Q' be a diffeomorphism. Assume that I" is a family of smooth paths in
Q. We denote f(T') for {fo~y : v €T}. So, £f(T') is also a family of smooth paths in €.
Given a curve family I', an admissible density is a Borel function p : Q@ — [0, 00), if a
p-length ¢,(7) to any smooth path v € I':

ly(vy) = /p(l‘)|dX| >1 for every v €T (3.6)
v

In the other words, the continuous function p : @ — [0, 00) is an admissible density if for
all v € I', we have £,() > 1. There is an analogous notion of p-volume: the p-volume wv,(A)
of a Lebesgue measurable subset A of 2 is given by

wlA) = [ p@)ax, (3.7)

dx denoting integration with respect to Lebesgue measure in R™. The collection of all such
admissible densities is denoted by Adm(T") (see [30] p.78).

The condition £,(y) > 1 prevents p from being, on average, excessively small along the
trajectory of any v € I'. So, if p is an admissible density for I" and if I' contains sufficiently
many paths and their collective trajectories fill up a substantial portion of 2, one might
expect that the associated volume v,(£2) could not itself be small.
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Definition 3.1.6. Let p > 1. The p-modulus of curve family I is
M,(I') = inf{v,(Q) : p € Adm(I")} = inf PP (x)dx, (3.8)
Rn

where the infimum is over all admissible densities for T'.

If Adm(I") = ¢ then we set M,(I") = +oo. This happens only if I' contains a constant path,
because if v € I' is a constant curve, the condition

/p(x)|dx| > 1, for every v € T,
.

can not be satisfied since the integral is always zero. Therefore, there are no admissible
densities for a curve family with a constant curve. In the definition of the modulus of a curve
family we have infimum taken over an empty set. So, inf ¢ = 400 (recall that inf ¢ = +oo
and sup ¢ = —oo on the extended real numbers R = R U {+00, —00}). From the definition
of the modulus of curve family, we have 0 < M,(I') < oo (see [30], [74]). The case p =n
is the most important. In this case we simply write M (I") for the modulus. There are some
properties of the modulus of a curve family and we explain and list them.

1. Adm(I") = ¢ if and only if I contains a single constant path.
2. If 'y C Ty, then M (Ty) < M(T).

3. M(¢) =0.

4. M(U;ﬁl ;) < Z;ﬁl M(L;).

5

. If 'y and I's are curve families such that every curve in I's has a subcurve in I'y, then
M) > M(Ty).

All proofs exist in V&iéld’s book [74] from page 16 to 20. One of the most important results
is that modulus is a conformal invariant. This will be proved by Theorem 3.1.5.

Definition 3.1.7. Let I'; and I's be curve families in R". We say that I'y is minimized by I'y
and denote I's > I'1, if every v € T'g has a subcurve which belongs toI';. A curve 5: J — R™
is called of a subcurve v: I — R™, if J is a subinterval of I and 3 is the restriction of v to
J and it is shown by v > 5.

Theorem 3.1.3. If I'y > I', then M,(I'y) < M,(I').

Proof. The assertion is trivial if M, (I'1) = 4o0. If Mp(I'1) < 400, consider a function p from
Adm(T';). If a curve from I'y is locally rectifiable and if « is chosen so that o > 7, then

/pdsZ/pdle.
a Y

This means that p belongs to Adm(I'y). Thus
My(T2) < . PP dmy,.

Since p was an arbitrary member of Adm(I'y), the inequality M,(I'y) < M,(I'1) follows when
the infimum p is taken over all such p (see [30], [74]). [ )
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Theorem 3.1.4. Suppose that the curves of a family I" lie in a Borel set G C R"”, and for
every locally rectifiable v € T', we have £(y) > r > 0. Then

m(G)
My(r) < ™)
Proof. Define the function p : R — R by
1
- ifxe@G
r

p(x) =

Then
1 1 1
/pds:/ds:ﬁ('y).Zr.:l,
. 4T r r

so p finds itself in Adm(I"), and

MP(F) < ppdmn = / —dm, = ——
R” T
This completes the proof (see [30], [74] and [73]). [ )

Here is some notation that we will use in the following examples:

Let E, F,G C R", the notation A(E, F : G) stands for the family of open paths with endpoints
that connect E and F' through G. More precisely, a path v : [a,b] — R™ belongs to
A(E,F : G) if and only if v(a) € E, y(b) € F and for a < t < b we have v(t) € G (see [30],
[74] and [73]).

Example 3.1.1. (The Cylinder) Let E be a Borel set in R*~! and let h > 0. Set
G={xeR": (z1,79,...,2p-1) € E and 0 < x, < h}.

Then G is a cylinder with bases E and F' = E + he,, and with height h. Set I' = A(E, F' : G).

Figure 3.2: The cylinder of the family of open paths with endpoints that
connect E and F' through G.

We show that

My(r) = D) _ AmocalB) _ maca(B),
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Since £(7) > h, for every v € I', Theorem 3.1.4 implies

Let p be an arbitrary function in Adm(I'). For each y € E, let Y, : [0,h] — R™ be the
vertical segment Yy (t) = y + te,. Then Y, € I'. Suppose that p > 1, we obtain by Holder’s

inequality
1< (/ l.pds)p§ (/hlqu)}*(/hppds)'l’]
Y, 0 0

Y
» h h
hq/ ppds:hp—l/ PP (v + tey) dt.
0 0

p

So, we have
h
1< hp_l/ P (y + tey) dt.
0

Integration over y € E yields by Fubini’s theorem

Mp_1(E) < hP~1 /

h
dmn_l/ PP (v + tey) dt = hpl/ pP dm = hP~1 /pp dm.
E 0 G

Since this holds for every p € Adm(T"), we get
mn_1(E)
hp—1 7
Thus, we proved that M,(I') = M,(I's), where I'; is the subfamily of I' consisting of the
vertical segments Yy (see [30], p.101 and [74], p.21).

My(T) >

&

Remark. In Example 3.1.1, the modulus is invariant under similarity mappings if and only if
p = n. This is the reason why the case p = n is so important in the theory of quasiconformal
mappings. Later in this section we will prove that M (T") is a conformal invariant (see [74]).
For the next example we use the following notation

B"(x,r)={y eR": |x—y|<r},

B'(x,r)={y e R": |x —y| <7},

S Hx,r)={y eR": |x—y| =r}.
If r = 1, then the unit ball and the unit sphere are shown by B"(1) = B"™ and S~ !(1) = S" 7},
respectively. The boundary of the n-dimensional ball is shown by 0B"(x,r). So, we can
write S"~!(x,r) = dB"(x,r). The notation B"(x,r) is called the closure of B"(x,r), and it

is obvious to see -
B"(x,r) = B"(x,7) UOB"(x,7).

Recall that the volume of the n-dimensional unit ball can be expressed by
2

Vo = =
I3+ 1)

(3.9)

where T is Euler’s gamma function. The surface area of S"~! is denoted by w,_1. It is well
known that w,_1 = nV,.
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Example 3.1.2. Let 29 be a point of R” ; and 0 < a < b < co. Let I' = A(E, F' : G), where
E =S""(xqg,a), F =S" !(xq,b), and G = B"(xg,b) \ B"(x0,a). Then for 1 < p < oo, it is
true that
b\1-n
My(T) = wnoy (log 5) ,

where wy, 1 shows the surface area of S*~1. Let p € Adm(T"). For each unit vector y € S*~1,
we define Yy : [a, b)) — R™ to be the radial segment, given by Yy (t) =ty.

by

Figure 3.3: The spherical ring with 0 < a < b < 00

By Holder’s inequality (for p = -5 and ¢ = n), we obtain

1< (/Y lpds)n - ([ (p(ty) 1= %) ei ! dt)n
plty) "= n)" dt)‘l‘</b (t==1) dt)n“lr

IA

[ a

b n—1
(/ (ty) "~ 1dt>(/ t1 dt)
= (log ) - / P (ty) "L dt
So, by integrating over y € S"~!, we have

b n—1 n
wp—1 < (log E) p" dm. (3.10)

Taking the infimum over all p € Adm(I"), we obtain

wn—1 < (log g)"flM(rG). (3.11)
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Next we define the function p given by

1

—— . if xeq,
|x|log

p(x) =
0, if x¢G.

It is obvious that p is admissible for I'g, because

b b
1 1 1
E'y)z/bdX:b/ dx =1,
a |x|log 2 log 2 |x|

so, p € Adm(I'¢) and hence

by-n ("1 b\1-n
M(T¢q) < / ptdm = w1 ( log g) / S ds = wn,l(log g) . (3.12)
n a

By (3.11) and (3.12), we have

M((Tg) = wn_1(log g) 1_n,

and this example is proved (see [30], [74], [61] and [73]).

)
Let A be a subset of R™ and that f : A — R™ is continuous. If T is a family of paths in A,
then the family I' = {f oy : 7 € I'} is called the image of I" under f.

Theorem 3.1.5. Let Q and Q' be domains in R", f : @ — Q' is a conformal map and
I' =f(T'), then M(I') = M(T'), for all " C Q.

Proof. Let p € Adm(T), now we can define p(z) = p(f(z)) |Df(z)|. We have p € Adm(T')
since for all locally rectifiable v € T’

/pds —/ )) | Df(x)|ds :/ p(x)ds > 1.
foy

Therefore, we can write

o< [

- / (P(E(2)))" | DE (2)|"dx
Q

~ [ (36" Hla)ax
— [ (3t
Q
Now by taking the infimum over all p we obtain M(T') < M (T). Since f is conformal, - f-1
conformal. So, with the same reasoning we have M (T') < M(T), and so, M(T") = M (T") (see

[42] or [74]). [ )
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Suppose that f : Q@ — ' is a diffeomorphism between domains  and Q' in R"™, where
n > 2. In the proof of Theorem 3.1.5, we defined p with respect to p that is called the push
forward. Let p: Q@ — [0, 00) be defined by

ple) = p(£(2)) [DE(2)]

Let 7 : [a,b] — Q be a path in I'. Then 8 = f o is a path and member of T, because it is
easy to prove that

b b
1<M@=AMMM=/ﬁWMW@Wz/ﬁWMFMMﬂM&

b b
S/ ﬁ[ﬁ(t)]lf’h(t)]\7’(t)!dt—/ p(v(t))lv’(t)!dt—/p(w)!dX!—ﬁp(v)-

3.2 Definitions of Quasiconformal Mappings

In this section, we give three main definitions for quasiconformal mappings in Euclidean space,
geometric, metric, and analytic definitions. We also establish various results concerning their
properties and differences.

Definition 3.2.1. Let 2 and Q' be domains in R"™, and f : Q@ — €’ be a homeomorphism.
Let T’ be a curve family in Q and its image I' = {f oy vy E F} is a curve family in /.
The outer distortion Ko(f) and inner distortion K;(f) of a function f are defined as the
following formulas

M(T)

Ko(f) = sup —, 3.13

®) req M(T') (3.13)

where M(I') and M(T') are not simultaneously 0 or co. The maximal distortion of f is
defined by

K(f) = max{Ko(f), K(f)}. (3.14)

We note that K; > 1 or Kp > 1, hence K > 1, since M(T") = M(f‘) = oo, whenever one and
hence the other of the families I and I contains a constant path, and the constant paths have
no influence on K;(f) and Ko(f). In order to avoid technical difficulties, we shall assume
from now on that every path family contains only non-constant paths (see [74] p.41 and 42).

Definition 3.2.2. (Geometric definition of quasiformality): Let © and €' be domains
in R, and f : Q@ — Q' be a homeomorphism. Let I be a curve family in Q and its image
I = {f oy : g€ I‘} is a curve family in . Then f is said to be a K-quasiconformal
mapping of Q to ' provided K(f) < oco. If, in fact, K(f) < K < oo, then we call f a
K-quasiconformal mapping. For this to be true it is necessary and sufficient that

%mmngstm (3.15)

holds for every family I" of curves in Q (see [30] p.206, [42] p.14 and [74]).
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From the definition of the inner and outer distortion we obtain the following relations :

Theorem 3.2.1. Let Q and Q' be domains in R", and f :  — Q' be a homeomorphism.
The following properties hold for every z € €:

1) Ki(f) = Ko(f™1) 2) Ko(f) = Kr(f™1)
3) K(f~') = K(f) 4) K;(fog) < K;(f)Ki(g) (3.16)
5) Ko(fog) < Ko(f)Ko(g) 6) K(fog) < K(f)K(g)

Proof. (Proof of part 1) Suppose that I is a family of paths in Q and T' = f(T'). By Definition
3.2.1, we have R y
MT) M)
M) M(E-4(T)) ~
and by taking the supremum over all I we obtain K;(f) < Ko(f~1). By same process we can
show Ko(f™1) < K;(f), so K;(f) = Ko(f™1). Proofs of part (2) and (3) are similar to (1).
(Proof of part 4) Consider K;(f o g), by definition of inner distortion we have

Ko(f™h)

M) _ M((fog)l) _ M((fog)l) M(g()
M) T M) oy = ORE

Taking the supremum over all I" from both sides gives us K;(f o g) < K;(f)K;(g). For parts
(5) and (6) we have same processes (see [42] and [74]). [ )

Corollary 3.2.1.1. If f is a K-quasiconformal mapping, then f~1 is a K-quasiconformal
mapping.

Corollary 3.2.1.2. If h = f o g and f is a Kj-quasiconformal mapping and g is a Ko-
quasiconformal mapping, then h is a K Ks-quasiconformal mapping.

While modulus isn’t easy to understand at first glance, once mastered it is a powerful tool in
geometric function theory. In addition, the geometric definition (3.2.1) leads quickly to many
strong properties of quasiconformal mappings; for instance, the inverse of a quasiconformal
mapping is also quasiconformal, which is not apparent from the metric definition. In the
Definition 1.7.1, we defined linear, inner and outer dilatations for linear transformation 7.
We know that the derivative of T is a linear transformation (see [30] and [42]). We can define
the linear distortion #(7"), inner distortion #;(7'), and the outer distortion Ho(T) of
a nonsingular linear transformation 7' : R” — R" as

L(T)

_ _ | det(T)]
D=y -

(T

Ho(T) = 2 (3.17)

Hi(T) [det(T)]

If T is singular it is customary to set H(T) = H;(T) = Ho(T) = oo (see [30]). Let the
transformation T is presented by a n X n matrix A, and let 0 < p; < ps < ... < u, be
singular values of the matrix A (this means they are the eigenvalues of matrix A*A and real
positive numbers). Recall that L(T) = L(A) = uy, {(T) = ((A) = p1, and |det(T)| =
|det(A)| = p1.po. .. .. tn. Hence, by (3.17) we can write

Ln, Mo .43 . ... n, My
H(T) = —, H(T) = ——""—, Ho(T) = ————. 3.18
) M1 1T) iy o(T) M1 p2. ... Hn—1 ( )
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Theorem 3.2.2. Let Q and Q' be domains in R, and A : Q@ — €' be a linear bijection.
Then

1. Hr(A) < Ho(A)" L,
2. Ho(A) < Hi(A)" 1,

3. H(A)" =Hi(A).Ho(A),
4. H(A) < min{H(A),Ho(A)} < H(A)? < max{H(A), Ho(A)} < H(A)" 1.
Proof. (Proof of part 3) Let 0 < u1 < p2 < ... < py, be singular values of the matrix A.
Thus
Pn\™ _ Hy
HA)"=(—) =2
(4) (Ml) my
_ M <M2-M3 ----- ,un71>
MY\ p2 3. fn—1
Y [12-443- - - fln—1tn
M2 - - Hn—1 //f_l
=Ho(A). Hi(A).
This finishes the proof of part (3). The proofs of the other parts are the similar. o

It is obvious that all three linear, outer, and inner distortions are bigger than or equal to 1.
They have the following geometric intuition. The image of the unit ball B(0,1) under A is
an ellipsoid E(A). Let By(A) and Bo(A) be the inscribed and circumscribed balls of E(A),
respectively (see [42] and [74]). See Figure 3.4.

Figure 3.4: Eccentricity of the ellipsoid
Source: Page 110 of book [42]
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We recall Definition 1.7.2 that defined the linear distortion of a function at a point or its
domain. If A is a linear transformation given by its matrix. If n = 2, computing distortion
can be done by a relatively simple formula (see [74]).

Example 3.2.1. Let A : R? — R? be a linear bijection given by (see [74], pp 44 and 45)
A(z) = ax + by +i(cx + dy),

where z is the complex notation in R? with z = 2 + iy and a, b, ¢, and d are real numbers
such that ad — be # 0. Since n = 2, then H(A) = H;(A) = Ho(A). Let

a b
A= :
o
We know that the singular values of matrix A is the square roots of the eigenvalues of matrix
AA, thus

AtA_[a CHa b}[a%ch abmq

b d| |c d| |ab+ecd b2+d?

The charactristic equation of A?A is

det(ATA — M) = A — (a® + b2 + 2 + d*)A + (ad — be)? = 0,

where I is the 2 x 2 identity matrix. By solving the characteristic equation we get

1
A = 5(a?erQJrc%rdz— \/(a2+b2+c2+d2)2—4(ad—b6)2>,

1
Ao = §<a2+b2+c2+d2+\/(02+b2+02+d2)2_4(ad_b0)2>'

So, the singular values of matrix A are

a2+ 02 +c2+d? — /(a2 + b2 + % + d?)? — 4(ad — bc)?
\/§ )

b=y

and

a2—|—b2+02—i—d2+\/(a2—|—b2—{—02+d2)2—4(ad—bc)2
7 )

It is easy to see that py < us, hence the linear distortion of matrix A is

uzzJE:\/

\/a2—|—b2+(:2+d2+ V(@2 + 02 + %+ d?)? — 4(ad — bc)?

H(A) =Hi(A) = Ho(A) =

\/a2 + 02+ 2+ d?— \/(a® + b2+ 2+ d?)? — 4(ad — bc)?

We now define the linear distortion of a function at a point z.
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Definition 3.2.3. Let ) be a domain in R”, let f : 2 — R” be a continuous injection. The
linear distortion or dilatation of f at the point x in A is the quantity H¢(x) or H(x,f)
defined by

He(x) = H(x, ) = lim sup =L Ge,r) (3.19)
rs0 Lp(x,7)

where for 0 < r < dist(x, 9Q) we set

Ly(x,r) = paax [f(x+h) = £, Lr(xr) = fnin [£(x +h) = £(x)]

In other words,

— ||t h)—f
He(x) = H(x,f) = limsup max| ) [ £(x + 7) — £(x)]]

r—0 mith”:r Hf(x + h) _ f(X)H : (320)

Let © and @' be domains in R" with n > 2, and let f be a homeomorphism of 2 onto €. The
linear distortion of function f is defined

H(f) = sup{Hs(x): x € Q}, (3.21)

where Hg(x) > 1 is the linear distortion of f at x as defined at (1.29). f is a conformal
mapping if and only if H(f) =1 (see [30] p.77).

fax |f (x+h)=Ff(x)] _

H(x, f) = lim sup

min 1f (+R)—f GOl 70

H(f) = sup{H(x, f) : Vx € D}.

Figure 3.5: Linear distortion of the funcion f at a piont in the domain.

Let Q and € be domains in R, and f : Q@ — Q' be a diffeomorphism. This means a
diffeomorphism is a C'-homeomorphism whose Jacobian J¢(x) does not vanish. If the function
f is a diffeomorphism, then by (3.17), Theorem 1.7.1 and Corollary 1.7.1.1, we have Lg(x) =
|Df (x)| and det(Df(x)) = Jg(x), so

REOR
e[

/e ()]

Ho(Df(x)) (D))"

H(Df(x)) = (3.22)
We now introduce some theorems that lead us to other definitions of quasiconformal mappings

and the relations between them (see [42] and [74]).
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Theorem 3.2.3. Let Q and Q' be domains in R”, with n > 2, and f : Q@ — Q' be a
homeomorphism with f differentiable at the point x € Q. If Ko(f) < oo, then

|Df(z)|" < Ko(f)]J(x)]- (3.23)
Proof. The reader can see [74] pages 47 and 48. [ )

Theorem 3.2.4. Suppose f : Q@ — Q' is a diffeomorphism, then

Ko(£) = sup Ho[DF(x)], Ky(£) = sup 1 [DEGO)). (3.24)

Proof. 1t suffices to prove the first equation, because the second one follows it by applying
the inverse mapping f. Suppose that Ho[Df(x)] = K < co. We have to show

Ko(f) = — < K,

for an arbitrary path family I' in 2. The proof is similar to the proof of the Theorem 3.1.5
for the conformal invariance. In fact the Theorem 3.1.5 is a special case of this theorem. Let
p: R" — R” be a function that

J(E)DER)| i x € 2,
p(x) =
0 if x ¢ Q.

Suppose that v is a locally rectifiable path in I". By Definition 3.1.4 we obtain

/pdsz/ pds > 1.
Y foy

Therefore, p € Adm(T"), and o/ € Adm(I"), which implies

M) < / "dm = / )| Df(x)|" dm
<K/ )" Jp(x)] dm = K/ (p")" dm
£()
<K [ ()" dm.
R"L

Since this holds for every p’ € Adm(T), we get M(T') < K M(T). By Theorem 3.2.4 we can
prove the reverse inequality. So

Ko(f) = 51618 Ho[Df(x)].

By f~!1:Q — Qand K;(f) = Ko(f~!), we can prove the second equation, thus

Ki(f) = 81618 Hi[Df(x)].
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Corollary 3.2.4.1. Let f : Q@ — Q' be a diffeomorphism, then f is K-quasiconformal if and
only if

Df(x)|"
DA ) < 1 o
for all z € 2. Moreover,
1< KO(f) < K[(f)n_l, 1< K](f) < Ko(f)n_l.

Corollary 3.2.4.2. If f is a differentiable quasiconformal mapping at point x in 2, then
either Df(x) = 0 or Jg(x) # 0 (see [74], page 48).

Example 3.2.2. Let A : R"” — R” be a linear bijection. Then D(A(x)) = A for all x € R™.
By Theorem 3.2.3 we obtain

Ko(A) =Ho(A), Ki(A) =Hi(A).

Therefore A is a quasiconformal mapping.

&
The definition of linear distortion tells us 1 < Hg(x) < oo. If A : R" — R™ is a bijective
linear mapping, H(x, A) = H(A), for all x € R™. We omit the very technical proof of the
following theorem. It can be found in [74] pages 78 and 79.

Theorem 3.2.5. Assume f : Q — Q' is a homeomorphism such that for some K < oo either
Ko(f) < K or Ki(f) < K. Then H(x,f) is bounded by a constant which depends only on n
and K.

Corollary 3.2.5.1. If f : @ — Q' is a quasiconformal mapping, then H(z, f) is bounded.

Definition 3.2.4. A function f : [a,b] — R™ is said to be absolutely continuous if for
each € > 0 there exists a § > 0 such that

k

Z |f(bi) — fla;)| <e

i=1
whenever a = a1 < by <ag <by <...<ap <by=>and

k

Z]bi—ai\ < 0.

=1

It is easy to see that every absolutely continuous function is uniformly continuous and, there-
fore continuous. Also, we can prove that every Lipschitz-continuous function is absolutely
continuous (see [42] and [64]).

Definition 3.2.5. For j =1,2,...,n, let I; = [a;, b;] be a closed interval and @ = I} x Iy x
... x I, be a rectangular box that lies in a domain €2 in R™. Consider the jth face

Qj:Il X ...Ij_l x{aj}xlj+1 X ...In.
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Then we can say a continuous function f : @ — R™ is ACL(Q2, R™), absolutely continuous
on lines if for every j = 1,2,...,n and almost every a € @);, with respect to (n — 1)-measure,
the function

t — f(a+tey), a; <t+(a,e;) < by,

is absolutely continuous. e; denotes the jth unit basis vector (see [42] p.106). For p > 1, an
ACL mapping f : Q@ — R™ is said to be ACLP if all partial derivatives of f are in Lfoc(ﬂ).
In other words,

of ,
Py e L (), 1<i<n.

Sometimes, ACLP is known as WP (see [77], Chapter 2). There is a fundamental result of
Gehring and Viiala, its proof exists in Vé&iéld’s book [74]. This result links geometric and
analytic concepts in the theory of quasiconformal mappings.

Theorem 3.2.6. Let f : & — R™ be a homeomorphism such that #H(x,f) is bounded, for
all x € Q. Then f is ACL(Q,R").

Theorem 3.2.7. (Gehring-Viiala) Every quasiconformal mapping f : & — R™ lies in the
space ACL(Q,R™).

There are others important results in V&idld’s book [74] that we now explain.
Theorem 3.2.8. Suppose that Q and ' are domains in R"®,with n > 2, and f: Q@ — ' be
a homeomorphism such that 7(f) is bounded. Then f is differentiable almost everywhere.

Proof. The proof of this theorem can be found in [74], page 109. [

Corollary 3.2.8.1. Every quasiconformal mapping is differentiable almost everywhere.

Theorem 3.2.9. If Q and @ are domains in R”, with n > 2, and f : Q@ — Q' is a
homeomorphism and if 1 < K < oo, then the following are equivalent:

1. Ko(f) < K

2. f is ACL, almost everywhere differentiable, and |f'(x)|” < K|Jp(x)| almost everywhere.
Moreover, each of these conditions implies that f € ACL™ (see [74] p.110 and 111).
Corollary 3.2.9.1. Every quasiconformal map is ACL".

Lemma 3.2.10. If f : O — Q' is a homeomorphism, such that H(x,f) is bounded by a
constant H, for all x € Q. Then (see [74])

()" < A1 Jp(x)-

Proof. By Theorem 3.2.6, the homeomorphism f is ACL, and by Theorem 3.2.8, f is differ-
entiable almost everywhere. Also, by Corollary 3.2.4.2, and Theorem 1.7.1, we can write that
for x € Q either f'(x) = 0 or

0 < H(f'(x)) = H(x,f) =H.
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If f'(x) = 0, then the result is obvious, therefore we choose 0 < H(f'(x)) = H(x,f) = H.
Accordingly,

£

= Ho(f'(x)) < max{H;(f'), Ho(f")} < H({E)" L =H"1,
| Je(x)]

or

()" < H T Je(x))-
[ )

Theorem 3.2.11. Let Q and € be domains in R",with n > 2. Then the homeomorphism
f:Q— Q is a quasiconformal mapping if and only if H(f) is bounded.

Proof. Let f be a quasiconformal mapping. Then by Corollary 3.2.5.1, H(x, f) is bounded,
for all x € Q. Conversely, suppose that H(x,f) < H < oo, for all x € Q. By Theorem 3.2.6,
the homeomorphism f is ACL, and by Theorem 3.2.8, f is differentiable almost everywhere.
By Corollary 3.2.4.2 and Theorem 1.7.1, for all x € €, we have f'(x) =0 or 0 < H(f'(x)) =
H(x,f) < H. In both cases, |f'(x)|" < H"!|J¢(z)|. Lemma 3.2.10 tells us

Ko(f) < H" 1,

for H"~! = K. Since Ko(f) = K;(f!), Theorem 3.2.5 leads to H(y,f~!) is bounded, for
all y € €. By repeating the above process we get K;(f) = Ko(f™!) < co. Hence f is a
quasiconformal mapping (see [42], [30] and [74]). [ )

Corollary 3.2.11.1. A homeomorphism f : Q@ — Q' is quasiconformal if and only if one of
the distortions Ko (f) or K(f) is finite.

Proof. Let f be quasiconformal, then by Theorem 3.2.11 , H(x, f) is bounded and at least one
of the inner or outer distortion is finite. Conversely, assume Ko (f) or K(f) is finite. By The-
orem 3.2.5, we can say, H(x,f) is bounded and also by Theorem 3.2.11, f is a quasiconformal
map (see [74] p.114). [ )

Now, by Theorem 3.2.11, we have another definition for quasiconformal mappings that is
called the metric definition of quasiconformal mappings. For more details, you can see [42]
or [30].

Definition 3.2.6. (Metric definition of quasiconformality) Let 2 and Q' be domains in
R™, withn > 2, and f : Q — Q' be a homeomorphism. Then f is called H-quasiconformal,
if there is a constant 1 < H < oo such that H(f) < H .

This distortion function is a quantity that we shall meet repeatedly. If the function f is
conformal, then H(x,f) = 1. Indeed, the converse is also true. This metric definition is
simple, direct, very general, and quite appealing from a geometric-aesthetic vantage point.
Further, it requires no regularity of differentiability properties of the mapping to formulate.
Unfortunately, this metric definition, while aesthetically pleasing, is difficult to work with.
Nowadays, the following analytic definition of quasiconformality is more common (see [42]
and [30]). The following theorems and definitions show the relationship between quasicon-
formality and bounded distortion for diffeomorphism. But before the analytic definition, we
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give some definitions that we need. At first, we present an important theorem.

Theorem 3.2.12. Let ©Q and €' be domains in R”, with n > 2, and f : Q@ — Q' be a
homeomorphism. Then f is K-quasiconformal if and only if the following conditions are
satisfied:

1. fis ACL,
2. f is differentiable almost everywhere,
3. For almost every x € ) we have

£

L < )] < K U ()" (3.25)

Proof. Let f be a K-quasiconformal, then by Theorem 3.2.7 (Gehring-Vaiélé) f is ACL, and
by Corollary 3.2.8.1 the homeomorphism f is differentiable almost everywhere. So, properties
(1) and (2) are true. Since f is K-quasiconformal, we can write

£
[Je(x)] —

for all x € Q that f is differentiable at x. We may also choose |J¢(x)| # 0. We know that the
f~1 is also K-quasiconformal and differentiable at y = f(x). Hence,

[JeG0| = e (v)] < KIE ()] = K €' (x))".

The above relation shows us the condition (3) is also true. Conversely, assume that the three
conditions hold. That means f is ACL, differentiable almost everywhere, and for almost
x € () the following inequality holds

£

o S )< KA ()"

Note that the above inequality gives us Kp(f) < K and this inequality by Theorem 3.2.9
implies Ko(f) is finite. Therefore, by Corollary 3.2.11.1, f is a quasiconformal map. Since
|Jg(x)| # 0 almost everywhere, we have K(f) < K (see [30], p 243 and [74], p 115). [ )

This theorem leads us to define a quasiconformal mapping in a third way. We had geometric
and metric definitions before, but the next one is called the analytic definition of quasicon-
formal mapping.

Definition 3.2.7. (Analytic definition of quasiconformality) Let Q and ' be do-
mains in R", with n > 2, and f : Q — ' be a homeomorphism. Then f is called K-
quasiconformal if the first partial derivatives of f exist as Lebesgue functions, the Jacobian
determinant of f is locally integrable and does not change sign in {2 and there is a constant
Ko > 1, such that f satisfies the distortion inequality

()" < Ko |Jp()], (3.26)

for almost everywhere in Q (see [42] p.106). In a simple way, we can say f is quasiconformal
if the following conditions are satisfied:
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1. fis ACL,
2. f is differentiable almost everywhere,
3. For almost every = € ), Equation 3.26 holds.

Now we can explain a theorem that shows the equivalence of these three definitions of quasi-
conformal mappings.

Theorem 3.2.13. Let ©Q and €' be domains in R”, with n > 2, and f : @ — Q' be a
homeomorphism. For all I' in € the following are equivalent:

1. 2M(T) < M(T) < KM(T).
2. H(z,f) is bounded.

3. fis ACL, f is differentiable almost everywhere and for almost every x € €2 we have
[f'(2)|" < K | Je(2)].

Proof. To get from (1) to (2) we can use Theorem 3.2.5 and Corollary 3.2.5.1. Also, we can
prove by Theorem 3.2.12, the formula (1) implies (3). By Lemma (3.2.10), Theorem 3.2.11
and Theorem 3.2.12 we can show that (2) and (3) are equivalent. But the proofs that (2)
or (3) implies (1) are technical and we omit those. For the complete proof, you can see [74]
pages 121 to 123. '

We should note that in 2 dimensions H = K. This means if n = 2 then the constant H
and the constant K are equal. But if n > 3, H and K are different constants in the metric
definition and analytic or geometric definitions. Because if 0 < p1 < po < ... < up, then in
the analytic definition we have

I£'(x)|" < K|Jg(x)].
Therefore,

(n)™ < Kpuapig -+ .

On the other hand, we know that

Hn < 9.

M1

So, it is obvious to see that if n = 2, the constants H and K are equal. Now, we can extend
these functions for linear mappings. Suppose A € M, x,(R) is a nonsingular matrix, and
0<p1 <pe < ... < uy, are square roots of eigenvalues of the matrix A*A (this means that
they are singular values of matrix A). Here and in what follows, all distortion functions of a
singular matrix are assumed to be equal to co, except for the zero matrix where by convention
they are all equal to 1. In two dimensions all these distortion functions coincide. This is not
the case for n > 3. However, these distortion functions are coupled by the inequalities (see
[42]).

H < Ko K<K}! Ko < Kyt K< Kyt
H< K; K< Kp! Ko <H" ! K <Ht (3.27)
"< K K<H"! Ko <K K <K
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Proof. Recall that L(A) = pp, £(A) = p1 and |det(A)| = pi.p2. .. .. tn. We want to prove
Ko(A) < Ki(A)" .

Let 0 < py < pg < ... < pp be square roots of eigenvalues of the matrix A’A (this means
that they are singular values of matrix A). So,

n—1 -1
J1-2 - et T
n—1 n—1 n—1
= :u’n S (/1’2 nilun ),
H1-f42 oo i1 (=)t
1 n—l. ) n:l
o S (/“LZ - Hn11>’
12 -+ fhn—1 (uy= )=
— -1 n—1
B L et
P12 -t N (=2 )7

G N I =S
M2 H3 Hn—1 M1 M1 241

This is obviously true because the left-hand side is less than or equal to 1 and the right-hand
side is bigger than or equal to 1. Thus the inequality is proved. o

In fact, there are more distortion functions which are most readily defined in terms of singular
values of A. We call them the sectional distortions of A and they are defined for 1 <

a, f<n—1as
(Mnﬂn—l s Mn—a—l—l)/g
Ko s(A) = 3.28
5(4) (Hap2 - pg)® (3.28)

There is no repetition here. We can say Ko g = Ko g if and only if @ = o/ and g = ' (see
[42]). Outer, inner and linear distortions can be described as particular cases of the I, 3

L Kin-1(A) = (mp - pn—1) " ()™ = Ko(A),
2. Kn—11(A) = (1) " (p2ps - pn) = K1(A),
3. Ki1(A4) = pn/m = H(A).

Also note the following symmetry relation:

Ka,6(A™") = Ka,5(A),
when det(A) # 0 (see [42] p.110). Also we can write that
Ko p(AB) < Ko p(A)Kq 5(B).

The distortion functions K, g with a+ 3 = n have the very nice property of being polyconvex.
This implies lower semicontinuity on the space ACL™. In even dimensions, the distortion
functions are expressed by K = (Kg)'/, when £ = n/2. This definition has all desired
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features mentioned above, which the inner, outer and linear distortions do not. So, for this
reason we denote

’C[(A) — IC&n_ﬁ(A) — (ﬂnUn—l e /’Lnféﬁ’l) ,

(det(A))*
for =1,2,...,n— 1, and in even dimensions we set
KA = ———= 0= —.
W= 2

All the distortion functions ICp g, 1 < o, 8 < n—1, can be expressed in terms of the distortion
functions K, by the formula

Kap = (KEKS_5)7.

Having analysed these distortion functions for linear mappings, we define for a AC' L™ mapping
f: Q — R" the pointwise distortion functions

Kapx,f) =Kap(f'(x)) (3.29)

and in even dimensions

K(x,f) = K(f'(x)) (3.30)

at the points z € 2 where the differential exists (see [42] p.111). We will finish this section
by recalling the definition of the distortion tensor

G(z) = {|Jf(x)|_"(f/(x))t(f(X)) if Je(x)#0

I if Jp(x)=0. (3:31)

3.3 Convergence of Quasiconformal Mappings

In the previous two sections, we showed that there are three definitions of quasiconformality
that are equivalent. They were curve family, analytic and geometric definitions (see [36]). We
recall some definitions and properties of convergence sequences and after that, we start the
convergence of quasiconformal mappings.

Let Q and Q' be domains in R", and f, : & — Q' be a sequence of functions. We say that
the sequence {f,}>°, is uniformly convergent with limit f : Q@ — Q' if and only if for
every € > 0, there exists an integer N such that

1 (x) — £(x)[| <,

for all n > N and all x € Q. The sequence {f,}°°, is said to be locally uniformly
convergent with limit f, if Q is a metric space and for every x € 2, there exists an r > 0
such that the sequence {f, }°° ; is uniformly convergent on B(x,r)N$. The sequence {f,}7°,
is pointwise convergent to f if and only if for every € > 0 and every x € €2, there exists an
integer N, depending on € and on X, such that

[fn(x) — £(x)[| <,

for alln > N. It is clear that uniformly convergence implies locally uniformly convergence and
easy to see that local uniformly convergence results in pointwise convergence (see [63]). Let
(X, 7) be a topological space and (Y, dy) be a metric space. A sequence {f,}2°; of functions
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fn : X — Y is said to converge to f : X — Y uniformly on compact subsets of X if, for
every compact set K C X and every € > 0, there is the positive integer Nk  such that

[fn(x) = f(x)]| <'¢,

for all x € X and n < N (see [64] and [55]). Now we want to investigate the convergence of
quasiconformal mappings. For this purpose, we explain some theorems such that their proofs
are omitted.

Definition 3.3.1. Let {D,} be a sequence of sets in R with n < 2. The kernel of {D,},
denoted by ker,_,o D, is the set defined as follows:

kerp—ocoDn = G int( ﬁ Di>.

n=1 i=n

Hence, a point « belongs to ker,_, .o Dy, if and only if  has a neighbourhood U that is included
in D,, for all sufficiently large n. This implies that each compact subset of ker, oD is
contained in D,, once n suitably large. It is obvious that ker, .., D, is an open set and this
set need not be connected, however, even if each of the sets D,, is a domain ([30] p.284).

Theorem 3.3.1. Let {D,} be a sequence of domains in R” with n < 2, let f, be a K-
quasiconformal mapping of D,, onto a domain D/,, and let D be a subdomain of kery, oo Dy,.
Assume that f,, — f pointwise in D. There are the following three possibilities for the limit
mapping f:

1. f might take exactly two values in D (one of these at precisely one point of D) in which
event the convergence of {f,}>°, is not locally uniform in D;

2. f might be a homeomorphism of D onto a subdomain of ker,_,D),, in which event the
convergence of {f,}°° is locally uniform in D;

3. f might be constant in D, in which event the convergence of {f,}°; may or may not
be locally uniform in D.

Proof. There is long and complete proof in [30] in pages 284 to 286. Also you can see [74]
pages 69 and 70 or [28]. [ )

Theorem 3.3.2. Let {D,} be a sequence of domains in R” with n < 2, let f, be a K-
quasiconformal mapping of D,, into R", and let D be a subdomain of ker,—ooDy. Suppose
that f, — f locally uniformly in D, where f is a homeomorphism. Then
K (f) <liminf K;(f,), Ko(f) < liminf Ko(fy,).
n—oo n—oo

In fact, if each of the mappings f}, is a K-quasiconformal mapping, then f is a K-quasiconformal
mapping as well.

Corollary 3.3.2.1. Let D be a domain in R™. The functions K;(f), Ko(f), and K(f)
defined on the space of quasiconformal mappings of D into R™ with topology of local uniform
convergence are lower semicontinuous (see [30] p.287).
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Theorem 3.3.3. Assume that {f,}°°; is a sequence of K-quasiconformal mappings of R™
onto itself and that f, — f uniformly on R™. Then f is a K- quasiconformal mapping of R™
onto itself. Moreover, f; 1 — f~1 uniformly on R" as well.

Theorem 3.3.4. If {£,}°° | is a sequence of homeomorphism of R” and if {fu}n2, converges
uniformly on R" to a homeomorphism f, then ;1 — £~ uniformly on R™.

There exist technical proofs in [30] from page 283 to 293. More details can be found in [1],
[74] and [32]. These theorems show us that if we have a sequence {f, }°°; of K-quasiconformal
mappings (with curve family definition) on R™, and if {fn}22, converges uniformly on R™ to
a f, Then f is a K-quasiconformal mapping of R™ onto itself and the distortion of f is equal
to or less than distortion of all functions f,,. This fact is also true for the analytic definition
for distortion.

These theorems show us that, with curve family and analytic definitions of quasiconformal
mappings, if {f,}°2, is a sequence of K-quasiconformal mappings of R™ onto itself and that
fn, — f uniformly on R™, then f is a K- quasiconformal mapping of R™ onto itself. This
theorem says the sequence {f,}°°; and function f have the same constants and sometimes
the constant of f is less than the constant of {f,}°°; (for more details and proofs you can
see [42], [30], [74] and [40]).

3.4 The Failure of Lower Semicontinuity of Linear Distortion

Theorems 3.3.3 and 3.3.4 show the lower semicontinuity holds for geometric and analytic
definitions of quasiconformality. But for the metric definition of quasiconformality, we have
not proved the linear distortion function to be lower semicontinuous. If {f,}2°  is a sequence
of H-quasiconformal mappings (metric definition) of R™ onto itself and that f;, — f uniformly
on R”, then f is a K-quasiconformal mapping of R™ but f might not be a H-quasiconformal
mapping. We can ask the following question regarding to lower semicontinuity of the linear
distortion: In the above conditions for metric definition, is
H(x, ) < limsup H(x, f,)?
n— oo

This question has been answered negatively by Tadeusz Iwaniec (see [24]). In the article
[39], he proved for a certain sequence of quasiconformal mappings f, converging to f locally
uniformly that H(x,f) > H(x,f,) almost everywhere in R™. The key idea is that the linear
distortion function fails to be rank-one convex in dimensions n > 3. At first, we recall some
definitions and after that explain the lemma such that it is useful for the next theorem. Recall
that M,,x,(R) denotes the real vector space of all n x n matrices endowed with the norm

|A| = max[Ah]

By Theorem 1.8.1, a matrix B is rank one if and only if it can be written as the tensor product
of two vectors. Therefore, there are two vectors u = (ug,ug,...,u,) and v = (v1,v2,...,0,)
in R™ such that

B:u®V:[bij]:[uin], ,j=12,....n
By definition of linear distortion for matrix A € My x,(R) (3.18) we have

H(A) . max‘h‘zl ’Ah‘
 miny,— |AR|
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The linear distortion function H(A) is not rank-one convex. This content is described in the
next lemma.

Lemma 3.4.1. (Iwaniec’s Lemma) Given n > 3 and H > 1, there is a matrix A and a
rank-one matrix B and numbers ¢, s > 0 such that

M(A—sB) =H(A+tB) = H < H(A).

There is a long and technical proof with interesting computation in [39] in dimension 3. This
proof can be extended to higher dimensions. Now we can explain the theorem that the linear
distortion function fails to be rank-one convex in dimensions higher than 2 (see [39]).

Theorem 3.4.2. (Iwaniec’s Theorem) For each n > 3 and H > 1, there exists a se-
quence {f,}>°, of quasiconformal mappings f, : R” — R converging uniformly to a linear
quasiconformal map fy : R” — R" such that

H(x,fn) = H < H(x, 1), almost everywhere in R" n=1,2,...
Proof. The complete proof is in [42], page 198. o

In the next chapter, we try to determine the general cases for this question and answer them.
We are interested in finding the best direction of vectors u and v and the interval for variable
t so that the conditions are satisfied in that interval. Also, we solve these questions for general
linear mapping.
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Figure 4.1: The Thinker is a bronze sculpture by Auguste Rodin
Source: Images for The Thinker
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Chapter 4

New Research

Iwaniec showed in [39] that there exists at least one linear mapping 7" with the property
described in Theorem 3.4.2. That is there is a sequence {f,} of H-quasiconformal mappings
(H is the linear distortion) and f, — 7" locally uniformly in R™ and

HmH(f,) = Hoo < H(T). (4.1)

In order to get our generalisation, we note that, Iwaniec’s construction will work (it is a
common construction in the calculus of variations) provided we are able to solve the following
three problems. Given a linear mapping x — Ax + b, we must find a rank-one direction By
such that t — H(A + tByp) has a local maximum at ¢t = 0. We will identify the best rank-one
direction in the sense that

4 H(A+tBy) =0 and d—Q
dt l=0 0/ = dt? lt=0

H(A+ 1t By), (4.2)
is largest. This is a long calculation which occupies most of the chapter. Then, to estimate
the jump between lim H(f,) and H(T'), as at (4.1), we must identify the largest interval on
which ¢t — H(A + tBy) is concave. We will identify this interval for all linear mappings T
with distinct singular values. Problem 1. is about finding the best rank-one direction B that
which maximises the difference between H(A+tB) and H where A is a 3 x 3 diagonal matrix
with distinct singular values.

Problem 1. Let
1 0 0
A=10 a O
0 0 b
be diagonal with 1 < a < b. Determine vectors u and v in R? with [lul| = ||v|| = 1 so
that with By = u ® v, we have
d‘ H(A+tBy) = 0 (4.3)
dt lt=0 0 = i
d? d?
= A+tBy) < _) A+tB 4.4
dt2 ‘t:()%( +tBo) < dt2 t:oH( ) (44)
for every rank one matrix B € R3*3 with % O’H(A +tB)=0.
=
Thus Problem 1. asks us to find the best rank one direction. That which max-
imises the negative of the second derivative. With regard to this problem, we might
also ask if this direction is unique (up to sign). In this direction, we expect to find the
minimum values of H(A+tB) and this leads us to the second problem, to find an interval
around 0, where this happens.




7

We know the linear distortion function H(A + ¢B) is a real-valued function with respect to
t. Problem 2. investigates what would be the biggest interval for ¢ in the direction identified
by the solution to Problem 1.

Problem 2. Let

1 0 0
A=10 a O
0 0 b
be diagonal with 1 < a < b and suppose u and v in R? have |[u]| = ||v|| = 1 so that

By = u® v is a solution to Problem 1.

1. Determine the largest real numbers t; > 0 and t_ < 0 so that H(A + ¢ Bp) is a
smooth function of ¢ in the interval t_ <t < t,.

2. Determine H(A + t_Byp) and H(A + t4 By).

We expect that the values t— and t4 to be where the singular values of A + tBy cross.
These will be determined from a (rather challenging) discriminant problem.

Conjecture: We also conjecture for all rank-one matrices B with

d d?
— A B) = — A B
T t:OH( +tB)=0, and % t:OH( +tB) <0,

we have for all t > 0
H(A+tB) > max{H(A+t_By), H(A+t1By)}.

This conjecture expresses the hope that the best direction also leads to the biggest gap
between H(A) and H(A + t B) and therefore gives us the approximation to A of least
linear distortion.

The solution to Problem 2, through the construction, leads to the identification of the biggest
jump between H(A) and H(A + t Bp) in the best direction. This requires another lengthy
calculation examining the behaviour of the singular values of A+ tBgy to determine when they
cross. We solve these first two problems in the case A is diagonal, then show how to reduce
the general case to this case. Finally, we put all this together to get the generalisation we
seek with an estimate of the largest possible jump in linear distortion.

Iwaniec’s Lemma gives an example that fails lower semicontinuity. If

0
0 )

62

1
A=10
0

o o O

and B =u® v, where u = (1,b,¢) and v = (1, —b,¢). Thus
H(A+1B) =c* - 22 + O(t*) < H(A) = 2.
It follows that there is some some small ¢g so that

H(A) > H(A + toB).
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So, the lower semicontinuity property for linear distortion functions does not hold (see [39]).
As you see, there are only two variables in his example, b and ¢. Despite the simplicity of
having two variables in solving this problem, it was still solved with a complex and extraor-
dinary calculation, and this shows us that solving the problem, in general, is basically a very
difficult discussion.

The natural question here would be what happens if matrix C', instead of being diagonal,
is an arbitrary 3 x 3 matrix with distinct singular values. Next Problem 3. addresses this
question. We know that every matrix C' with distinct singular values can be factorised by
Theorem 1.6.10 as

C=UAV,

where U and V*? are 3 x 3 orthogonal matrices and A is a diagonal matrix with entries that
are singular values of the matrix C.

Problem 3. Let C' € GL(3,R) and suppose that C has distinct singular values (so C*C
has distinct real eigenvalues). Then

1. Determine the best rank-one direction B* (as per Problem 1) for C'.

2. Determine t_, t; as per Problem 2, and also H(C 4 t_B*) and H(C + t4+ B*), that
is the largest interval of concavity for H(C' + tB*) and the smallest values for the
linear distortion of an approximation.

Finally, we put the solutions to these three problems together to get our main result.

4.1 Solving Problem 1.

Theorem 4.1.1. Let

1 0 0
A=10 a O
0 0 b
be diagonal with 1 < a < b. Then there are vectors u and v in R? with [Ju]| = ||v] =1
such that with By = u ® v, we have
d \ H(A+tBy) = 0
dt lt=0 0=
d? d?
— A+tBy) < | H(A+tB
dt? ‘t:OH( +iBo) < dt? t:OH( )
for every rank one matrix B € R3*3 with % O’H(A +tB)=0.
t—
Proof. Our problem now is to determine the best rank-one matrix By = ug.v, [[ug]| = ||vo| =
1, so that
d
L H(A+tBy) =0, 45
il HA+tBo) (45)
and that for all other rank one matrices B with % OH(A +tB) = 0 we have
t—
d? d?
- A+1Bo) < 55| H(A+B), 4,
dt? L:OH( +1Bo) < dt? t:OH( +1B) (46)
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That is the coefficient of the quadratic term in the series expansion of H(A+tB) is as negative
as possible. Since u,v € S?, a compact space, there is an absolute minimum. Let

1 0
A= 10 0
0 b

o 2 O

be a diagonal matrix and B be a rank-one matrix such that B = u® v = u - v¢, where

ut (m, rcos(61),rsin(61))

and

vt (m7 scos(fy), ssin(fy))
.

are unit vectors in R3, for 0 < r,5 < 1 and 6y, 65 in [0,27]. The matrix A’A has three
eigenvalues 1, a® and b* where 1 < a < b. By definition of H(A) we have

H(A) = LA,

The smallest eigenvalue of A*A V1

\/ The largest eigenvalue of AtA b2

But H(A + tB) is a function with respect to ¢, r, s, 1 and 62. Since (A + tB)*(A + tB)
is symmetric, then all eigenvalues of X = (A + tB)!(A + tB) are nonnegative real numbers.
Assume that A\j(t), A2(t) and A3(t) are eigenvalues of X. The functions Aj(t), A2(t) and As(t)
are continuous and differentiable for degree two of differentiations with respect to t. By using
the Taylor series for several variable functions, we get

Hm A (t) = A\ (0) =1,  lim Aa(t) = Xo(0) = a?, lim A3(t) = A3(0) = b°.

t—0 t—0 t—0
These limits show that for sufficiently small t in the neighbourhood of 0, we have
AL(t) < Az(t) < As(t).

So, for ¢ sufficiently small,

As(t)
H(A+1tB) = .
If t tends to infinity then
: : A :
lim H(A+tB)= lim H(—+ B) = lim H(B) = oo,
t——+o0 t——+o0 t t—+o0

because B is a rank-one matrix. The two matrices A + tB and %A + B have the same ratio
of singular values. That means H(A + tB) and 7—[(? + B) are conformally equivalent. Note

that
A A 1 1
(? + B)t(? + B) = t—QAtA + Z(A'fB + B'A) + B'B.
Eigenvalues are solutions to the an equation with coeflicients from this matrix. Eigenvalues
converge locally uniformly to B! B which has only one non-zero eigenvalue. For various choices

of B the following figures show what can happen.
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\ 15 15 L HiA+B)
10| — H{AHE) 1wl
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Figure 4.2: Linear distortion function Figure 4.3: Linear distortion function
2 2
%’H(A—HB)L:O <0, %H(A—HB)L:O >0. %H(A—HB)L:O >0, %’H(A—HB)L:O > 0.
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Figure 4.4: Linear distortion function P;igure 4.5: Linear dist(;l;tion function
2 “ — —_
GHATIB)| =0, GaHA+tB)| >0, awh(A+tB)| =0, GzH(A+tB)| <0
H H
— —HA) - — HiA
L L ¢ - - t
Ta 2 2 4 -4 -z 2 a
- — H{A+B) -
10k 10t
/ HAE)
Figure 4.6: Linear distortion function Figure 4.7: Linear distortion function
2 2
491(A+1tB) s L H(A+1B) <0 49(A+1tB) <0 L H(A+1tB) <0
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The functions H(A) and H(A + tB) may have one of the six previous graphs on a neighbour-
hood of 0. Those six cases depend on the signs of the first and the second derivatives of the
function H(A + ¢B). In all cases the function 7(A) is the constant b. In Figures 4.2 and 4.7
for positive small ¢ near to 0, the function H(A + tB) is less than H(A) and for negative ¢
near to 0 is bigger than #H(A). In Figures 4.3 and 4.6 the function H(A + tB) for positive
small t near to 0, is bigger and for negative ¢ near to 0, is less than H(A). Also, in the Figure
4.4, we have

d A+1tB = d* A+1tB

SHA+B)| =0, SHA+B)|_ >0,
These equations show us the function H(A + ¢B) on a neighbourhood of 0, is bigger than
H(A) (see Figure 4.4). But in Figure 4.5, the first and the second derivative of H(A + tB)
are

d a2
TH(A tB)‘t:O —0, SSHA+ tB)‘tZO <0.

These equations show that there is a neighbourhood of 0 such that for every ¢ # 0 on this
neighbourhood we have
H(A+tB) < H(A).

It is very obvious that in order to answer our main question, the state of Figure 4.5 is a
desirable answer. In this case for every sufficiently small ¢ near to 0 there are vectors u and
v such that

HA+tu®v) < H(A).
In the rest of this section we try to find best vectors uyp and v and relations between their

components and the entries of matrix A such that

d 4z
THA+tBy)| =0, HA+BY)| <0, (4.7)

The matrix B can be written as
V1—12y/1—352 /1 —1r2s5cos(6y) V1 —r2ssin(fs)

B = |[rv1—s%cos(f1) rscos(fr)cos(f2) rscos(f)sin(bs)
rv1—s2sin(61) rscos(f2)sin(f1) rssin(6y)sin(6s)

Now, we consider the matrix A + tB.
L+tV1T =721 — 52 tsv/1—r2cos(fa) tsv'1 —r2sin(6y)

A+tB=| trv1—s?cos(61) a+trscos(fy)cos(f2)  trscos(f;)sin(bs)
trv'1 — s?sin(6;) trscos(f2)sin(fy) b+ trssin(f;)sin(62)

Then set X = (A + tB)T(A + tB). We calculate for small ¢ the smallest and the biggest
eigenvalues of X. Let I be the identity 3 x 3 matrix, then the smallest eigenvalues of X can
be found by

det[X — M\ I] ~ det[A +tB — (14 at + yt>)I] = 0,

where A\ < Ay < A3 are eigenvalues of the matrix X. The equation above shows:

z=2vV1—-12y/1— 52,
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2 2

) (ar\/l — s2cos(6y) + svV1—1r? cos(HQ)) (br\/l — s?sin(61) + svV1 —1r? sin(02))

y=1-5"— 3 — .
a?—1 b2 —1

So, we can write the first three terms of the smallest eigenvalue of the X. Therefore

2
M) =1 +2(v/1T =121 =82t + (1 o (arVI—sTeos(0h) + 5V —ricos(6r))”

a? -1

(ordT= i) 1+ VTP )gz +o().

With the same process, we can use the first three terms of the biggest eigenvalue of the
matrix X and approximate the eigenvalue. The biggest eigenvalue is

2
1
A3(t) = b? + 2 brssin(6;) sin(6) t + <82 — 552 cos(2602)+

(brv1 — s?sin(6;) + svV1 —r? sin(ﬁg))2 s%(rb cos(62) sin(6;) + ra cos(6;) Sin(ﬁg))2 2
b2 —1 + p2 _ g2 g
+O(t?).
Therefore for small enough ¢, the linear distortion function H is defined by
As(t) _ p3
A(t) o’

where A3(t) and A;(t) are the largest and smallest eigenvalues of the matrix X and us and
w1 are the largest and the smallest singular values of X, respectively. By using Taylor series,
H(A+tB) can be written as

H(A+tB) = b+ wit + wat® + O(t%),

where wi and wy can be described in terms of the four variables r, s, 61 and 65 and two
parameters a and b. If we expand the linear distortion H(A + tB), then the exact formula
takes the form:

H(A+1tB) =

1(s* 1
H(A+tB)=b+ (—bV1—r2/1—s%+rssin(6)sin(62))t + % (2 - 552 cos(265)

b 1_ 2 o3 9 1_ 3 o 6 2
— dbrsy/1—12y/1— 52 sin(61) sin(62) + (bry/1 = 5 sin( 1b>2+_ Slﬁ sin(0))”

. . 2
o {rb coolfy)sn®) + 7"211 cos(fy) (%) - (bmm — rssin(6q) Sin(02))2+ (4.8)

b2 —a

(arVT= 57 o) + 5T~ cos(6a))

a?—1

b2<—1+32+4(r2—1)(32—1)+ +

. i 2
(brm81n(01b)2+81m51n(92)) >>t2 +O(t%).
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By equation (4.5), the first derivative of H(A + tB) must be zero. So

(= b(V1=r2V1—s2) +rssin(f;)sin(bz)) =0

After simplification, we get

b(V1—r2V/1—s2) =rssin(6;) sin(6s),
V(1 —r?)(1 — %) = r?s? sin?(6) sin?(02) (4.9)

We want to minimise the quadratic coefficient of Equation (4.8). The quadratic coefficient is
a function of the four variables r, s, #; and 65 and the two parameters a and b. The quadratic
coefficient is

2b 2

1 2 1
Q(r,s,01,00) = — (s — —5%c0s(205) — 4brs\/1 — 124/1 — 52 sin(f;) sin(hy)+

(brv/1— s2sin(6;) + svV/1 —r? sin(02))2 s%(rb cos(6) sin(61) + ra cos(;) sin(02))2
1 N Eap
(4.10)

(bV/1—=712y/1 — 52 — rssin(6;) sir1(92))2 + b2( T+ s2+4(r? —1)(s* — 1)+

(arvT =2 cos(6) + 5T~ cos(6)) L (rVT=ssin0) + smsmmz)f))
a2 -1 b2 -1 ’

If we replace Equation (4.9) in Equation (4.10), we get

% cos(2601)( — 2(b? + b*) 4 s2(—=5 + 3b* + 2b%) — (b? — 5)s? cos(267)) N
b3 —b

Q(T,8701,02) é(

3r2s? 4 2b*(5r% — 4)(s? — 1) + 0% (r?(14 — 175%) + 125 — 8) + (—4b? + 3(b? — 1)r?)s? cos(26;) N

b —b

r2 sin?(6y)
b2 _ 42

b(1—s?) s%sin (91))

1—r2
2
4bs® cos (92)( 7 + 21 B a2

> + 4a®r? cos (01)<

2a(b? — 1)r2s sm(2¢91)sin(26’2)>
(a®2 —1)(a? — b2) '
(4.11)

It is obvious that the function @) is w-periodic, so we assume the values of #; and 6 are
between 0 and 7. By looking at (4.11), we have found the equation involves only 72 and s2.
Assume that § = 72 and 77 = s°. The Equation 4.11 can be written as:
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1 { 6cos(201)( — 2(b% + b*) + (=5 + 3b% + 2b*) — (b> — 5)1) cos(26
Q0,1 01, 85) — L (28O ( =27+ 1) + (=5 ) = (¥ = S)ncos(26:)
8 b —b
30 4+ 2b*(56 — 4)(n — 1) + b*(6(14 — 17n) + 121 — 8) + (—4b? + 3(b* — 1)) cos(265) N
b3 —b

1—6  §sin?(6y) b(1—mn) sin?(61)
2 1 2 2 i Ui 1
4b) cos (02)(@271—# 0 o2 >+4a J cos (91)< e b3—a2b>_

2a(b? — 1)dn sin(26 ) sin(263)
@-D@- )

(4.12)
The first derivative of H(A + tB) is
b1 —r3)(1 — 5%) = r2ssin?(6) sin’(6s)
= b*(1 - 8)(1 —n) = dnsin?(h;) sin?(hs) (4.13)

b6+ — 1)

= 0n =
T= sin?(6;) sin?(f2)

We can therefore eliminate the nonlinear term ¢7, using Equations 4.12 and 4.13, the function
() can be simplified to

1

Q0. 01,62) = =25 (a2 — 1) (b2 — 1) (b2 — a2) (b2 — sin?(01) sin(62))

b(b4(32 — 76 =) +8b° (6 +n—2) =T (F+n) +2a* (6 +n—4—4b*(5+n—3))—

a®(6 — 8+ b°(40 — 21(5 + 1)) + n + 86* (5 + 1)) + (a® — bQ)[(n— 8 — 2a2(—4 + 42 (1 +6 — 1) + 1)+

b2(86 — 8b%(n — 1) + n)) cos(201) + (1 — 2a> + b2)5cos(491)] n [8(a2 (=0 +n—2)+ (4.14)
a®(=14b%(6 +n — 1)) cos(261) + (a® — 52)( — 8+ 5+a2(8—26+8b3(5 —n— 1)+ b2 (—8b* (6 — 1)+

+ 5+ 8n) + (2a° —b° — 1)5008(401))] cos(202) — 2(a® — b2)(2a — b® — 1)1 cos(462) sin® () —

8ab(b> — 1)*(5 +n — 1) sin(201) sin(202)>.

Since 1 < a < b, then & = 32(a® — 1)(b* — 1)(b? — @) and p = (b — sin?(61) sin?(6.)) are
positive. The function ) has four variables, we can rewrite it with respect to four variables
é, m, 61 and 0, as below,
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_ ad + fn+~
Q(0,7,01,02) = 2@~ D)~ 1) — ) (7 — sl (00) 5ind(82)) (4.15)
So,
Q(6,11,01,02) = O‘“f:”, (4.16)

where «, 8 and v are functions with respect to 6; and #2. Equation 4.14 leads us to the
following equations:

(01, 05) :b<a2 —2a* + (7 — 21a® + 8a*)b? + (7 + 8a?)b* — 8b° — 8(a® — 1)
b2 cos(201) ( — a® + 82 + (a® — 1) cos(20) ) — (a® = b2) [ (1 + 1 — sb?
(4.17)
+a?(—2+ 8b2)> c0s(205) + 2 (1 — 242 + bQ) cos(46,) sm2(92)} +
8ab (b2 - 1) *sin(26,) sin(292)> ,
B(61,62) :b<a2 —2a* + (7 — 21a® 4 8a™)b* + (7 + 8a)b* — 8b° + cos(261)
[ = (@ = 8%) (1462 — 80" + a?(80% - 2)) — 8(a® — 1)1 cos(262) | +
2(b? — a?) [ — 4(a? — 1)b? cos(26,) + (1 — 242 + b2) cos(465) sinQ(el)} e
+ 8ab(b2 - 1)2 sin(20;) sin(292)>,
Y(01,02) = — b<32b4 — 166° + 8a*(1 — 5b%) + 8a™ (30> — 1) — 8(a® — b?)
(a® = b2 = 1) cos(201) + cos(20) [8(5? — 1) (a? = b?) (1 — a® + %) - (4.19)

8(a® —1) (a2 + (a® — 2)b2) cos(291)] + 8ab <b2 - 1)2 sin(26,) sin(292)>.

The constraint is given at (4.13), and since the denominator at (4.14) does not vanish, we may
multiply the constraint by this term and clear the multiplicative factor. We then consider
Lagrange multipliers to examine the function.

a(S—i—ﬁn—i-’y_)\ .

F(5,7,\) = i (b*(1 — 6 — ) + onp). (4.20)

We get the following three equations
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1. %—?:b2>\—mu+§=0,
2. E=r-ddu+£ =0,

3. I =X (—1+6+n)—dnu=0.

Hence we have the two sets of solutions for ¢ and 7.

I R N o i R BN
1= " ) m = 0 ) 1——W7(-)
I s I, Gy N R

2 = " ) 2 = " ) 2—W-(-)

Since 0 < 4, n < 1, we must check which is the set of solutions between 0 and 1 that we want.
Now let’sshow 0 < 51 < 1,0 <1 < 1,00 > land e > 1. We have u = (bz—sin2(01)81n2(92)),
S0

Vb2 — = \/sin2(91) sin?(6y) = | sin(6) sin(fs)| = sin(fy) sin(6z),

which is a positive real number. For d9, we have

(b2 + b\/g (sin(6q) sin(92))> > b > (b2 —sin?(6;) sinQ(Hg)).

So,

2 B (sin sin
L +b\/; (61 ®)
(b? — sin?(6;) sin?(6,))

Also we can write

(b2 n b\/g (sin(61) sin((%))) > b2 > (b2 — sin2(6;) sin(6y)),

therefore,

(bz + b\/g (sin(ﬂl)sin(eg))) -
(b? —sin?(6q) sin?(62))

N2 =

We have proved that d2 > 1 and 79 > 1, this means that ds and 7y are not solutions for above
system of equations. Now we must show that 0 < §; <land 0 < < 1.

We claim, the absolute minimum of the function @ is negative. This can be proved
by the following statements. Let r = s and 65 = m — 6, then the vectors u and v are

ul = (m, rcos(fy),7sin(6y)),

and

vt = (V1 =172, —rcos(fy),rsin(0y)).



4.1 Solving Problem 1. 87

Then
1+t(1—17?) —trv1 —r2cos(61) trv1—r2sin(6;)

A+tB = |trv1—1r2cos(1) a—tr?cos®(01)  tr?cos(6y)sin(6;)
trv/1 —r2sin(6y) —tr?cos(fy)sin(6y) b+ tr?sin?(6;)

The smallest and the biggest eigenvalues of matrix X = (A + tB)!(A + tB) can be found

(r*=1)(1+a—b+r*+ab(r® — 1) — (a+ b)r? cos(261))
(a+1)(b—-1)

A(t) =1+2(1 —r2)t—|—< )t2+0(t3)7
and

A3(t) = b? + 2 br?sin®(6) t—

r? (b(3r2 +b(r? —4)) +a(r? +b(3r2 —4)) + (a —b)(b— 1) cos(291)> sin?(0;) )
< a+b)b—1) >t +0(),

The linear distortion function is defined by

H(A+tB) = ii’gg = b+ L(r,00) t + Q(r,0,) 2 + O(t%),

where A3(t) and Ai(t) are the largest and smallest eigenvalues of the matrix X, and L(r, 6;)
and Q(r, 01) are linear and quadratic coefficients of the linear distortion function, respectively.
The first derivative of the linear distortion function must be zero.

L(r,0;) = b(r* — 1) +r?sin?(8;) = 0,

so, we get,
2 2
9 r*sin”(61)
(* = 1) ;

If we put the above equation in the quadratic coefficient function, it is simplified as
r2 (4(a +1)(a+b)—(1+a+a*+ (a—1)b+ b2)r2)
8(a+1)(b—1)(a+10)

Q(Tv 91) =

r2( —4(a+1)(a+b)cos(261) + (1 + a+a? + (a — 1)b+ b*)r? cos(401))

+ 8a+1)b—1)atb

We first find the critical points, these occur when

19,
8—?@ 6) =0,

oQ

3701(7', 01) = 0.

The solutions of the partial derivatives above are

r=20, 1, 6, =0,m.
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So, the critical points only happen on boundaries. If » = 0, then @ = 0. But if » = 1 then
the function @ is

(4a+ D+~ (1 +a+a+ (@~ Db+1?))

QU0 = 8(a+ 1)(b— 1)(a +b)

( —4(a+1)(a+b)cos(201) + (1 + a+a®+ (a — 1)b+ b?) Cos(491))

* S CEDICED)

In this case the partial derivative of ) with respect to 6y is

Q) B
8791(1’ 01) -

8(a+1)(a+b)sin(261) — 4(1 + a + a® + (a — 1)b+ b*) sin(46;)

8(a+1)(b—1)(a+0) =0

Since 1 <a <b, 0 <r <1,and 0 < 6; <, the expression 8(a + b)(b — 1)(a + 1) can not be
equal to zero. So, the function @ can be defined everywhere in [0, 7]. In this case, there are
five critical points on [0, 7].

6, =0, 6, =, 0, =,
2
0, = arctanﬂ, 01 :W—arctanﬂ,

xr1 Tl
where

oy (a+1)(a+0D)

YT it ata—btabtb
and

B (b—1)V1+ 2a + 2a2 + 2ab + b?
V1 + 2a + 3a2 + a* — 2b + 2a3b + 3b2 + 3a2b2 — 2b3 + 2abd + bt

Y1

The values of function Q1 at the critical points are

Qi(0) =0, Qi(5) =10 >0, Qi(m) =0,
yi, _ yi,_ (b—-1)°
Q1 (arctan x—l) = Q1(m — arctan 56'1) = T lar D01 (1 +ata+ba—1)+0) < 0.

So, the absolute minimum of function @ is negative. Thus, we have proved that the
absolute minimum of the quadratic coefficient function is negative. At this point,
we know that the absolute negative minimum either occurs at é1, 11 or on the boundary. In
the next step, we will prove that the quadratic function @ is positive on the boundaries. The
values of #; and 65 are 0 or 7w on the boundaries. So,

01 =0 and 6 = 0, 0, = and Oy = 0,
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01 =0 and 02 =0, 01 =0 and 0y = .

There are four cases here, and we will prove only the first case and leave the others for readers,
as they are entirely similar. By the substitution #; = 0 and 63 = 6 at the very beginning, we

u' = (vV1-172r0),
vl = (V1 — 52, scos(f), ssin(h)).

The matrix A+ ¢tB where B=u® v is
1+tv1 =121 —52 tsvV1—r2cos(f) tsv1—r?sin(h)
A+tB= trv1— s2 a + trscos(f) trssin(0)
0 0 b

obtain

and

Consider X = (A+tB)!(A+tB), and A3(t) and A (t) are the largest and smallest eigenvalues
of the matrix X. The linear distortion function is

H(A+1B) = ii’g =b+ L(r,s,0)t + Q(r,s,0)t* + O(t?),

where the linear ceofficient function is

L(r,s,0) = —bv1—12/1 — 82,

and the quadratic coefficient function is

Q(r,s,0) =

b2

b 1/1 T2(82 —1)(2a® — ) 2arsv'1 — 7“2\/1 —s*cos(f)
2(2+ (_4> a2 —1 21

s2(r2 — 1) cos?(0)  s?cos(20)  ((0* —a®)(* + 1) — b*(1 — 2a? + b?)r?) s? sin?(0)
a? -1 TR p2(02 — 1)(b2 — a?) '

We know the first derivative must be zero and this gives us

—by/1 —1r2y/1—352=
So, 7 = 1 or s = 1. We should prove in both cases the function @) is positive on the boundaries.

Case 1: Let r =1, then

b(s® + a?(2 — 3s%) + 2b%(s* — 1) + (a® — 1)s*(2 cos?(6) — 1))
4(a? — 1)(a? — b?)

Q(]‘? S’ 9) =

b(25%(a? — 1)(1 — cos?(0)) + 2(b? — a?)(1 — 5%))
4(a? —1)(b2% — a?) ’
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Figure 4.8: If A = (1,2,4) is a diagonal matrix, then on the boundaries the function @ has
positive values.

Since 1 <a<b,0<s<1,and0 <6 <, then it is obvious to see
Q(1,s,6) > 0.

Case 2: Let s =1, then

b (b = 1)(b* — a®)(1 —r%) cos?(0) + (a® — 1)(r?(a® — 1) + (2 — r?)(b? — a?))
Q”Jﬁ)‘§< CECEN D >

Since 1 <a<b, 0<r <1, and 0 <60 <, then it is obvious to see
Q(r,1,0) > 0.

The other cases can be proved by the same process. So, the quadratic function is positive
on its boundaries. The quadratic function @ is continuous and smooth on its compact
domain, which means it has an absolute minimum. We have proved the absolute minimum is
negative and the function @ is positive on its boundaries, thus the absolute minimum happens
in an interior point of its domain. This shows us the absolute minimum occurs at d; and 7.
Therefore

0<6 <1, 0<m<L

Now the equation of function @ can be described with respect to 61, 71 and . But the
equations d1, 71 include the expressions

\/g and \/g,

respectively. That says, the ranges of functions a and g are important to correctly define the
function @, and the function @) can be defined by taking correct branches of square roots.
The quadratic function is the Hessian matrix of a linear distortion function which is continuous
and smooth in its domain. That means the quadratic function is well-defined.
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Remark: There are computational issues associated with the choice of square root in our
formula, that we resolved to present the graph of the function Q). For instance, if A = (1,2,4)
is a 3 x 3 diagonal matrix, then the graph of functions a and § are given below in Figure 4.9.

Figure 4.9: If A = (1,2,4) is a diagonal matrix, then the functions o and § are the blue and the
green graphs, respectively.

This issue came from the extra condition that happened in our algebraic solution for finding
the quadratic function ). This means in the actual quadratic function @), we do not have the

expressions
\/ é and g.
o V 8

So, the points of [0, 7] x [0, 7] belong to the domain of function @ if @ and 5 have the same
sign. By substitution d1, n; in Equation 4.16, we have

(AR (L

m g

“(
Q(01762) = f/.l

By simplification, the function () can be written as

a(b2 - b\/gsin(ﬂl) sin(92)> + B(b2 - b\/%sin(ﬂl) sin(02)> +yu
Eu? ’

Q(gla 92) =

therefore,

b2 (a + B) — 2b \/a/Bsin(6;) sin(fs) + yu

T8 ’

Q(01,02) = (4.23)
b (a+ B) + 2b v/aBsin(y) sin(62) + yu if a<0and <0

T3 ’ '

if a>0and >0




4.1 Solving Problem 1. 92

But for the second case (o < 0 and 5 < 0, the both case « <0 and > 0or a >0 and § <0
are not acceptable), we can write

—2b Va/B = —2b \/—1|a|\/=1]8] = —=2bi* \/]a]\/|8] = +2b /]al.|8] = +2b /.5,

where |a| and |3| are positive. Hence, o < 0 and 3 < 0 conclude y/ay/3 is a real number.
Thus, in both cases (o« > 0 and 5 > 0) or (v < 0 and 8 < 0), the function @ will be as follows

b*(a (61, 62) + B(61,62)) — 2b \/a(61,62)/B(61,62) sin(61) sin(62) + (61, 62) (61, 62)
1?01, 62)€

Q(01,02) =

(4.24)

Figure 4.10: The function Q if A = (1,2,4) Figure 4.11: The function Q if A = (1,2, 10)
is a diagonal matrix. is a diagonal matrix.

Figure 4.12: The function @ if Figure 4.13: The function @ if
A= (1,2,105) is a diagonal matrix. A =(1,99,154) is a diagonal matrix.
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The function ) has various properties, for instance:

1

2

3

. Q(01,602) = Q(62,61),
- Q(01,02) = Q(—b1, —02),

- Q(01,02) = Q(m — b1, m — 0),

4. Q(61,02) = Q(21 — 0,27 — 67),

Ut

. Q(01,02) = Q(m — O3, m — 67).

The proof of some of the above properties is easy, so we only prove the third and fifth
properties. At first, we prove symmetry for functions «, 8, v and p. Since cos(m — ) =

—cos(0), cos(2m — 0) = cos(0), sin(2m — 0) = —sin(f) and sin(m — 0) = sin(f), then

a(r — 601, — 62) :b<a2 —2a" + (7 — 21a® + 8a*)b* + (7 + 8a®)b* — 8b°—

8(a* — )% cos(2(r — 01)) ( — a® +b” + (0 — 1) cos(2(m — 02)) ) -
(a? = 0) [(14+0” = 86" +a® (= 2+ 85°) ) cos(2(m — 62))+

2(1 - 207 +5?) cos(4(m — 01)) sin® (r — 62) |+

Sab (5~ 1) sinf2(r — 02)sin(2( — 02) )

- b(a2 —2a" + (7 —21a® + 8a")b” + (7 + 8a®)b" — 8b° — 8(a” — 1)
b cos(201) (= a” + b7 + (a = 1) cos(202) ) — (a” = 4?) [ (14 — 80"
(= 2+ 85°) ) cos(202) +2(1 — 20 + 57 cos(461)(— sin(62))°] +
sab (5 = 1) (- sn(201)) (- sin(262)

- b<a2 —2a" + (7 - 21a® + 8a")b” + (7 + 8a®)b* — 86° — 8(a® — 1)
b cos(201) (— a® +b” + (a — 1) cos(262) ) — (a* —b?) [ (1+ 67 — 80"
+a*(— 2+ 8%) ) cos(202) + 2(1 — 20”4 b”) cos(461) sin” (0) | +
sab(v? - 1)2 sin(201) sin(292))

= Q(@l, 02)

With the same method, we can prove

/B(7T - 9177T - 92) — B(elaGQ)a
7(91792)'

'y(7r — 91,71’ — 92)

(4.25)

(4.26)
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Also,
u(m — 01, m—6) = (b2 — sin?(7 — 61) sin®(7 — 02))

= (b* — (—sin(61))*(— sin(62))?) (4.27)
= (b* — sin®(01) sin®(62)) = p(61,62)
Now by Equations 4.25, 4.26 and 4.27, we can prove the function () is symmetric.

b2 (o — 01, — 02) 4+ B(m — 01,7 — 602))
pA(m — 01,7 — 02)€

Q(ﬂ'—el,ﬂ'—ez) =

B 20\/a(m — 01,7 — 02)\/B(m — 01,7 — 02) sin(m — 01) sin(r — 62)
pA(m — 61, — 62)€

y(m =01, m — O2)p(m — 61, ™ — 02)
p2(m — 01, m — 62)§

b2 (a(61,602) + B(61,602)) — 2b\/a(01,02)1/B(01,02) sin(6:) sin(2) + (61, 02)14(61, 62)
w2 (01, 02)¢

_|_

=Q(01,02).
(4.28)

Therefore, we showed the function @) is m-periodic. The proof of the fifth property is not
easy because the functions « and ( are not symmetric with respect to the line 6; + 6, = 7,
and the functions v and p are symmetric with respect to the same line. Although the o and
[ functions are not symmetric with respect to the line 61 + 6y = 7, we prove that the function
Q is symmetric with respect to that line. It can be calculated with some effort that,

a(91792) — Ot(Tl'—@z,ﬂ'—@l) = —[6(91,62) —ﬂ(ﬂ'— 92,71' —91)] =

(4.29)
b(a® — b°)(—1+ 2a° — bZ)(cos(291) —cos(262)) (— 1+ 4b* + cos(20:) + 2 cos(2602) sin2(01))
and,
’)/(01, (92) — ’y(ﬂ' — 92,7‘(’ - 91) == M(01,92) - ,u(ﬂ' - 92, ™ — 01) =0. (430)
Thus,
Q(Gl,ﬁg) — Q(TI’ — 92,7’1’ — 91) =
. bQ(a(91, 92) + 5(91, 92)) — 2b\/a(91, 92)\/,6(91, 02) Sin(91) sin(92) + 7(91, 92)”(01,92) B
B w2(01,02)€
b2 (a(m — 02, — 01) 4 B(m — 02, ™ — 61)) _
u2(m—O2,m — 61)€ (4.31)

Qb\/a(ﬁ —Op,m — 91)\/6(7r — O, ™ — 61) sin(m — 02) sin(m — 1)
pA(m — b2, m — 601)€ *

y(m — 02, — 01)pu(mw — 2, m — 61)
p2(m — 2, ™ — 01)¢

Since sin(m — 62) sin(m — 01) = sin(6y) sin(02), v(61,602) = (7w — 02,7 — 61) and p(61,62) =
w(m — 02, m — 61) then the equation (4.28) can be simplified
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Q(61,02) — Q(mr — 02, — 61) =

(bz(a(el, 62) + B (61, 02))) - (b?(a(ﬂ o1 — 1)+ Bl — Oy — 91)))
p2(61,02)¢

(2b\/a(01, 02)\/B(01,02) sin(6;) sin(eg)) ¥ ( —9b\/a(r — 02,7 — 01)\/B(x — 02,7 — O1) sin(6:) sin(@l))
p2(01,62)€&

(7(91792)M(91792)) - (V(W — 02, — 01)p(m —92a7f—91))

- p2(m — 02, — 61)§

(4.32)
The third fraction is zero. So,
Q(91792) - Q(ﬂ' — 62,7{' — 91) =
b2 {(a(&,@z) —a(r — 62,7 — 91)) + (5(91,92) — B(r — 02,7 — 01))}
w2 (01,62)¢ - .

2bsin(6:) sin(62) (\/a(91, 02)\/B(0r,02) — \/alr — Oz, 7 — 01)/Blr — Oay 7 — 91))
p2(01,02)€

The first fraction in Equation 4.33 is also zero by Equation 4.29. For the second fraction, we
multiply and divide the conjugate of the numerator to the fraction, then

2bsin(6)) sin(6s) (a(01, 02)B(01,02) — a(m — o, 7 — 1) B(m — b, 7 — 91))
12(01,05) € (m(el, 02)\/B(01,02) + \/al(r — 02,7 — 01)/B(m — 0o, 7 — 91))

But it is easy to check that the function a(6,602)3(01,602) is symmetric with respect to the
line 61 + 05 = w. That means

(04(91,92)5(91,92) — a(7r — 92,7‘( — 91),8(71’ — 92,7‘( — 91)) =0.

The equation above tells us the second fraction in (4.33) is equal to zero and we get

Q(01,92) — Q(ﬂ' — 92,7‘1’ — 91) = 0,

S0,
Q(01,02) = Q(m — b, ™ — 01).
Therefore, the Function @ is symmetric with respect to the line 61 4+602 = 7. These symmetries

suggest that the absolute minimum value is taken along the line #; = m — 6;. The function @
is positive on the boundary because,

bsin?(6z)
2(b2 — a2)’

bsin?(6y)

Q(OaGQ) = Q(ﬂ-792) = m

Q(01,0) = Q(01,7) =



4.1 Solving Problem 1. 96

That means the absolute negative minimum must occur in interior points of the domain
[0, 7] x [0,7]. But if we look at the symmetry line 6; + 02 = 7, then there are two negative
minima of the function ). Now, we must show the function extremes are located on the
symmetric lines 01 = 62 and 0; + 03 = 7 (see figures (4.10) to (4.13)).

To find the extremes of the function @, the two following equations of the partial derivatives
of the function ) with respect to the two variables 61 and #> must be solved.

Q Q

06, 7, 01:02) = 005

- (01,02) = (4.34)
These two equations are very difficult to solve analytically because they are of eighth degree
and trigonometric. Also the equations are very long and can not be simplified. Although
the equations can not be solved analytically, fortunately, it can be proved that the extremes
of the function ) are on the lines of symmetry. For this purpose, we must prove that the
contour maps of the partial derivatives of () intersect each other on lines of symmetry. See
the figures below.

30p

25¢

20p

05f

00}
0.0 05 1.0 15 20 25 30 0.0 05 1.0 15 20 25 30

Figure 4.14: The contour maps of 3—2(01, 02) Figure 4.15: The contour maps of 3—2(91, 62)
and 3—8(91,92), if A=(1,2,4) is a diagonal and 2—5(01,92), if A=(1,2,86) is a diagonal
matrix. matrix.

At first, the partial derivatives of ) are symmetric with respect to the line §; = 6. That
means

9 P
6? (01,62) — 692 (02,601) =0,
OI', a a
8;2 (01, 0) 822 (0, 01). (4.35)

The point (7, 5) is the intersection point of the lines of symmetry 6; = 62 and 01 + 62 = .
If the origin (0,0) is transferred to the point (7, %), then the two partial derivative of the
function ) are symmetric with respect to the line #; = 6». That means one of these two
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functions can be considered as f and the other one is f~'. As a consequence, the solutions
of the simultaneous equations on [0, 7] x [0, 7],

%(91,92) =0 if #; and 6 € [0, 7] x [0, 7]
1
(4.36)
oQ :
W(ﬁl,ﬁg) =0 if 81 and 65 € [0,7‘(‘] X [0,71'],
2

are located on the lines of symmetry 6; = 02 and 61 4+ 02 = 7, and the proof of this part is
completed. Hence, the critical points of @) lie on lines of symmetry, and in this case, we need
to find the cross-sections of ) concerning on lines 61 = 6> and 6y + 02 = 7. The following
graphs show these two cross-sections of function Q.

Figure 4.16: If A = (1,2,4) is a diagonal matrix, then the function @ has two absolute negative
minimums at interior points of the domain.

C1 Co
Q Q
04t
025
03} 0.20
0.15
02r
0.10
01
0.05
. . ‘ ‘ . Mg w : el
05 10 15 20 25 30 1.0 15 20 25 0
Figure 4.17: The cross-section of ) with Figure 4.18: The cross-section of @ with
respect to line 61 = 6. respect to line 07 + 05 = 7.

To find the absolute maximums and minimums of (), we only need to consider these two
cross-sections of (). So, we have two cases.
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Case 1: (01 =05)
In this case the functions «, 3, v and p are one-variable functions and their equations
can be written as follows:

a(fy) :b<a2 —2a* + (7 —21a® + 8a4)b2 + (7 + 8a2)b4 — 8b% + cos(26,)(a® — b?)
(=14 2a® — 9b* 4 8b*) — 8(a® — 1) cos?(26,) + 2(a® — b*)(2a* — b* — 1)

cos(46,) sin () + 8ab(B? — 1)? sin*(261) ),
(4.37)

B(6y) :b<a2 — 20" + (7 — 21a® + 8a*)D? + (7 + 8a2)b* — 81° + cos(26,)(a® — V)
(=14 2a* — 9b* + 8b*) — 8(a® — 1)%b? cos?(26;) + 2(a® — b*)(2a* — b*> — 1)

cos(46;) sin®(6;) + 8ab(b® — 1) sin2(291)>,

(4.38)
(0) = — 8b(a2<1 —5B%) — 204 (52 — 2) + a (302 — 1) — 2(* — 1)(B? — a?)
(1 —a®+b%) cos(261) — (a® — 1)(a® + (a® — 2)b”) cos?(26,)+ (4.39)
ab(b? — 1)? sin2(291)).
Also, for the function . and constant &, we have
w(t) = (b* —sin*(6y)) , € =32(a®—1)(b* — 1)(b* — a?). (4.40)

These show that if ¢; = 6, then «(6;) = 5(01). The function @) converts to a one-
variable real-valued function and finding the maximum and minimum points is straight
forward.

B(a(0y) + 8(01)) = 2 +/alB)v/BE)sin® () +1@)uB) s

Do) = 12(01)¢

where 0; € [0, 7] and Q) is the cross section of function ) with respect to ¢, = 5. The
first derivative of ()1 with respect to #; can be simplified as

dQ: o[ (24 6b° +4a*(b+ 1) — 4a(b + 1)?) sin(261)
(61) =2b &
d, (a—b)(b—1)(a—1)(1+ 2b— cos(261))

(—1-2a°(b+1)+2a(b+1)> +b(—2+b—2b°)) sin(461)] 0 (4.42)
(a—b)(b—1)(a—1)(1+ 2b— cos(261))” -
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Since 1 < a < band 0 < 6; < , the expression (a —b)(b—1)(a—1)(1+2b— cos(261))3
can not be equal to zero. So, the function () can be defined everywhere in [0, 7]. In
this case, there are five critical points on [0, 7.

T
th =0, 9125, 0 =m,
@, = arctan 2, f; = ™ — arctan &,
1 T
where
(b—1)vb
xr1 = )
YT VT - 2a + 202 + 20 — 4ab + 2a2b — 02 — 2ab? + 20°
and
Vb + 1vV1 — 2a + 2a2 — 2ab + b2
hn

T V1 —2a+ 24 + 2b— dab + 2a%b — 2 — 2ab2 1 268

The values of function () at the critical points are

T b

@1(0) =0, Ql(g) “p_1" 0, Q1(m) =0,
Uiy = — arctan 2L) = bb —1)°
Qularctan ) = Qulm —arctan ) = 0 G b+ D1+ @ 60— 1) —ab + 1))

The end-points 6; = 0 and #; = 7 have value zero and 6; = 7 has positive value. If
we apply the second derivative test for 6, = 7, then

82@1(2)_ 20*((a — 1)+ (b —a)?) .
207 2" (a—1)(b—1)(b—a)b+1)2 ’
because 1 < a < b. That means the point 6; = 7 is a local minimum of Q;. So, the

function @)1 has boundary values zero at #; = 0 and 6; = 7w and two local and absolute
maximums at

0, = arctan 2, #, = ™ — arctan &,
I I
and finally, two absolute minimums at the end-points.
Since the function () is symmetric with respect to the line #; = m— 604, then the function
(1 is symmetric with respect to the vertical line ¢; = 7. Hence, these two absolute
maximums have the same value.

()1 (arctan ﬂ) = @1 (m — arctan ﬂ) = Absolute maximum value.
1 A

This completes the proof of case 1.
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Case 2: (0 =m — 6y)

In this case, the functions «, 3, v and u are
a(by) :b(a2 —2a* + (7 — 21a® + 8a*)b* + (7 + 8a®)b* — 8b° + cos(26;)(a® — b°)
(=14 2a* — 9b* + 8b*) — 8(a® — 1)b? cos?(26;) + 2(a® — b*)(2a> — b* — 1)

cos(46;) sin?(0;) — 8ab(b® — 1) sin2(291)>,
(4.43)

B(6h) zb(a2 —2a* + (7 — 21a® + 8a")b* + (7 + 8a®)b* — 8b° + cos(26;)(a® — b°)
(=14 2a* — 9b* 4 8b*) — 8(a® — 1)b? cos?(26,) + 2(a® — b*)(2a* — b* — 1)

cos(46,) sin?(0;) — 8ab(b* — 1)* sin2(201)>,

(4.44)
+(0)) = — 8b(a2(1 — 55?) — 264 (8% — 2) + @ (3% — 1) — 2(0? — 1)(B — @?)
(1 —a®+b%) cos(260;) — (a® — 1)(a® + (a® — 2)b*) cos?(260,)— (4.45)
ab(b? — 1)? sin2(291)),
Also, for the function j and constant ¢, we have
u(6y) = (b* —sin*(6y)), ¢ =32(a* - 1)(b* = 1)(b* — a?). (4.46)

These show that if 6, = © — 6y then «(f;) = B(0;). The function @ converts to a
one-variable real-valued function and we can find the maximum and minimum points.

(@(01) + 5(6:)) =2 a(B)VBE) s () +7(O)u(6) ()

b2
@)= 2 0h)E

where 0; € [0, 7] and Qs is the cross-section of function ) with respect to 6y = 7 — 6;.
The first derivative of ()5 with respect to #; can be simplified as follows

B 7b2(2b* 1+Cos(201)) 1 _3p2 _ 9,42 —
(61) _8(a+1)(a+b)(b— 1)(b—sin2(91))2(b+sin2(91))3{ 1-3b 2a°(b+1)

dQ2
do,

(4.48)

2a(b+1)> + (1 +2a*(b+ 1) + 2a(b + 1)* + b(2 — b + 2b°)) cos(201)} sin(2601) = 0
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Since 1 < a < band 0 < 8, <, the expression 8(a+1)(a+b)(b—1)(b—sin?(0;))*(b+
sin®(0;))? can not be equal to zero. So, the function @y can be defined everywhere in
[0, 7]. In this case, there are five critical points on [0, 7].

T
0, =0, 9125, 0 =,
f; = arctan %, 0, = ™ — arctan ¥
X9 o)
where
b—1)Vb
V14 2a+ 2a? + 2b = 4ab + 2a2b — b2 + 2ab? + 203
and
B Vb + 11+ 2a + 2a2 + 2ab + b2 (4.50)
P T4 20+ 2a° + 2b + dab + 2a%b — 7 + 2ab? + 21 '
The values of function ()5 at the critical points are
T b
QZ(O) = Oa Q2<_) —~ 73 1 > Oa QQ(’/T) = 07
2 b —1
Y2 Y2 _b(b - 1)3
Qolarctan ) = Qa(r —arctan ) = o 1@ £ 0)(1 T a - a2 + ab— b+ )

The end-points 6; = 0 and ¢; = 7 have value zero and 6, = 7 has the positive value.
If we apply the second derivative test for ¢; = 7, then

d?Qy 7 20*((a+0)* + (a+1)%)

d6? (5)= C(a+ D0 —-1)(a+b)(b+1)?

<0,

because 1 < a < b. That means the point ; = Z is a local maximum of (J5. So, the

2
function ()1 has boundary values zero at ; = 0 and 6; = 7 and two local and absolute

minimums at

Yo Y2
0, = arctan =—, 0, = m — arctan =—.
€2 T2

Since the function @) is symmetric with respect to the line #; = 5 then the function
()2 is symmetric with respect to the vertical line ¢; = 7.Also, the function @ is a
continuous and smooth function, therefore the values of the two minimums are equal
and negative. Thus,

()2 (arctan %) = @Q2(m — arctan %) <0, absolute negative minimun values.
) T2
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Co

0.25
0.20
015
0.10
0.05

61

1.0 156 20 25 0

Figure 4.19: The cross section of ) with respect to the line 8, = m — 6.

As a result, we have found the best rank-one direction that which maximises the neg-
ative of the second derivative. Now, we are able to determine vectors u and v in R?
with |[u]| = ||v|| = 1. Recall

u’ = (V1 —12 rcos(6y),rsin(6,)),

and

vl = (V1 — 52, 5cos(fy), ssin(6y)).

We know that in the best direction, f; = 7 — 61 and «(0;) = 3(6;). We chose 6 = r?
and n = s?. Then

o /i)
V)

01

T

o i)
]

Since a(6y) = B(6;), then r* = s?, or r = +s. Without loss of generality, assume that
r=s, so,

(o= VAP @ obsie)) b site)

r=s = =

L b2 — sin*(6;) N (b — sin®(61)) (b + sin*(6,))
Hence, b
R et (4.51)

Now, we have best rank-one direction

t \/2b Sin(91) + Sin2(91) bCOS(Ql) bsin(el)
u = ( (b + Sinz(el)) ! (b + sin2(91))’ (b T Sin2<91))>7 (4.52)
and,
. (V/2bsin(6r) + sin®(6;) bcos(6y) bsin(6,)
v < (b+sin2(91)) ’ _(b+sin2(91))’ (b+sin2(61))>’ (4.53)
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where

Y2 Y2
0, = arctan =—, 0, = m — arctan =,
T2 T

and x9 and y, satisfy Equations (4.49) and (4.50). The vectors u and v can be written
with respect to a and b as:

u= (u17u2au3)7

vV = (ula —Ug, U3),

where

o (b—1)

L2+ DA +ara+bla—1) +52)

1+ 2a% 4 0%+ 2a(1 +b)

_ 4.54

2 \/2(1+a+a2+b(a—1)+b2’ (4:54)
(b—1)vb

Uz =

V2 + 1) (1T +a+a2+bla—1)+02)

The minimum of the function @ is a function with respect to two variables a and b.
The equation of the minimum function with 1 < a < b is

—b(b— 1)}

Min(a,b)= 4(a+1)(b+1)(a+b)(1+a+a2+ab_b+b2)'

(4.55)

v
100 a0 0

Figure 4.20: The minimum function of the function Q.

If a — 1 and b — oo, then the limits of the minimum function are:

b(b— 1)
T 8(b+ 1)2(12 +3)

lim Min(a, b) =
a—>1
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4.1 Solving Problem 1.

1

Jim Min(a, b) = ===
[

We begin with these examples for Theorem 4.1.1

Example 4.1.1. Let
A=

o O~
—~ o N O
= O O

4) the matrix By = u®v is the rank-one

o

be a dlagonal 3 X 3 matrix, then by the equation (4.

s

So, the matrix A + tBy is

t t t
I+3  —6 15
A+tBy=| L 2-3 L
t t 2t
5 3 4415

(A +tBg)'(A+ tBy), then the characteristic equation is

If K =
det (K — AT) =

where I is the 3 x 3 identity matrix, which is

ST (21 _ %“ +t2))\2 n (— 84 + 50t — 111%tt2))\+ (64 _ % n 126;2) —0.

The equation above has three very long solutions but by Taylor’s series the first three terms

of the eigenvalues of the matrix K are equal to
M) =1+ Loyl —t* 4+ O(t?)
TR T 6o 0

10 29
Ao(t) =4 — —t+ —t? t3

16 8 ,
() =16+ ot + =17 +O(t 3,
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where A\ (t) < A2(f) < A3(t), on an interval around 0. The linear distortion is

Figure 4.21: If A = (1,2,4) is a diagonal matrix, the function @ has two absolute negative
minimums at interior points of domain.

We have proved that all extreme points lie on the lines 5 = 6, and 6 = w — 61, therefore the
planes 02 = 01 and Ay = ™ — 0 intersect the graph above at two curves C7 and C5. These
two curves are shown below:

C1 CZ
Q Q
04r
025+
03r 0.20f
015+
02}
010
0.1}
0.05+
L . . L . L 1] ; : : 61
0.5 1.0 15 2.0 25 3.0 10 15 20 25 ~—730
Figure 4.22: The cross section of () with Figure 4.23: The cross section of ) with
respect to line 6, = 6. respect to line 61 + 05 = .

1
=4— —2+ 0.
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\/2:/ Max eigenvalue value
aF

Mid eigenvalue value

I I —— e ¢ Min eigenvalue value
-4 -2 2 4

Figure 4.24: The eigenvalues of the matrix K = (A + ¢By)*(A + tByg), when A = (1,2,4) is a
diagonal matrix and By is the optimal direction.

It is easy to see the first derivative of H at ¢ = 0 is 0 and the second derivative of H is —%.

So,

2
1
— 1 t:oH(A—HB) =30

It ‘tZO’H(A +tB)=0, and

This is equal to the minimum value of quadratic coefficient (). So, there is a rank-one matrix
By such that

d
2 nA+By) =
dt‘t:OH( +1Bo) =0,

d2 d2
— A+ tBy) <
dt? ’t:ofH( +1Bo)

— A+tB
_dtQ‘ton( +tB),

for every rank-one matrix B € R3*3 with %’FOH(A +tB)=0.

Example 4.1.2. Let

O N O
co O O

and

7 109 14
u = P 10’ o /== |
3V 158 158" 3/79

v T [109 14
3v/158’ 1587379 |

So, By = u ® v is the optimal rank-one direction. The first three terms of the eigenvalues of
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the matrix K = (A + tBy)"(A + tBy) are
49 9653

=1+ —t 12 13
M) =1+t Graoes? O,
218 1967123
H=4— 4 "4 13
Ao(l) 79 T 33701200 T O

3136 12544 ‘
A3(t) =64+ =t 4+ ———1? + O(t?).

711 31205

Therefore, by Taylor’s series, the first three terms of the linear distortion of the matrix A+tBy
can be written

3136 12544
HA 4 1By = |30 [0t st o 343,
MO Y T A st 10665

The graph of quadratic coefficient function @ is

Figure 4.25: The function @, where Figure 4.26: The function @, where
A= (1,2,8) is a diagonal matrix. A= (1,2,8) is a diagonal matrix.

It is easy to see the first derivative of H at ¢t = 0 is 0 and the second derivative of H is —%.

So,
d? 343

d
< A+tB) = < A4tB)= -2
H(A+tB)=0, and e t:OH( +tB) 10665

dt lt=0
We have proved that all extreme points lie on the lines #» = #; and 0 = 7 — 01, therefore the
planes 6 = 0 and 03 = m — 01 intersect of the graph above at two curves Cy and C5. These
two curves are shown below:
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C1 C2
Q Q
0.10
0.05}
s 91
05 /10 15 20 \25 0
05 1o 1s 20 25 a0
Figure 4.27: The cross section of @ with Figure 4.28: The cross section of @ with
respect to line 6, = 6s. respect to line 07 + 05 = 7.
SO7 QM’LTL = _13?1%
&
Example 4.1.3. Let
1 0 O
A=10 2 o],
0 0 120
and By = u ® v', where
119 14893 238/ 1a5m
-~ 11v/29054" V 29054 11 :

[ u9 14893 238y 1m
114/29054° 29054’ 11 :

The first three terms of the eigenvalues of the matrix K = (A + tBy)!(A + tBy) are
14161 416744069

—1 2 3
Ailt) * 1757767 * 306420974508t +0(t),
29786 5114656866379 .
4 2 3
Ao(t) 14527 + 18691679444944t +0(),

203918400 1129300099200152

As(l) = 14400 + =7t + 557639053749

+O(t?).

Therefore, by Taylor’s series, the first three terms of the linear distortion of the matrix A+tBy
can be written

14161 416744069 - o
A1(t) 1+ 8Ly o o 2 107223787

203918400 1129300099200
H(A + tBo) _ \/)‘3(t) — \/14400 + 1757767 tt 155’)763995(‘3749t2 =120 8425795 t2.
06420974508
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The graph of quadratic coefficient function @ on the domain [0, 7] x [0, 7] is

Figure 4.29: The function @, where Figure 4.30: The function @, where
A = (1,2,120) is a diagonal matrix. A= (1,2,120) is a diagonal matrix.

It is easy to see the first derivative of H at ¢ = 0 is 0 and the second derivative of H is
—0.0785813972. So,

d a2 8425795
< A+tB) = a A+4tB) = — 220
Qoo HA+TB) =0, and ws|  H(A+EB) = —omoaes

We have proved that all extreme points lie on the lines 5 = 6, and 6> = m — 61, therefore the
planes 0 = 01 and 0y = m — 07 intersect of the graph above at two curves C7 and Cs. These
two curves are shown below:

025}

0.20F

i -0.02
015}

0.05| -006 |

: : : : : e 61 =008}
05 1.0 1.5 20 25 3.0
Figure 4.32: The cross section of @ with

Figure 4.31: The cross section of @ with respect to line 8 + 0y = 1.

respect to line 61 = 6.

So, the negative minimum of the quadratic coefficient function @ is equal to

8425795
Qnrin = 0703787 = —0.0785813972.
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The second problem that we will address, is finding a neighbourhood of 0 for variable ¢ for
which H(A+tBy) < H(A). The regular branches of the maximum and minimum eigenvalues
do not cross, but they have intersection points with the middle eigenvalue (See [34]). The
middle eigenvalue intersects each of the largest and the smallest eigenvalues just once at typ-
ically asymmetric points (t_ < 0 for the mid and max eigenvalues, and t > 0 for the mid
and min eigenvalues).

These crossings typically yield different values of the linear distortion. The lim-
iting jump is determined by the largest of these two values, [34]. The next section
is devoted to this topic and some related examples.

4.2 Solving Problem 2.

There are conjectures by Gehring and Iwaniec concerning the gap between the linear distortion
and the outer distortion with regard to limiting processes, basically trying to estimate the
maximum size of the jump showing the failure of lower semi-continuity. In three dimensions
as a consequence of Gehring and Iwaniec (see [32], and [28]) if f; — f and H(x,f;) < H,
then

H(x,f) < %(H+H2)%.

The solution to problem 2 should go some way to providing concrete examples of what can
happen and possibly resolve their conjectures, or offer more insight and potentially new
conjectures.

Theorem 4.2.1. Let

1 0
A= |0 0
0 b

O 2 O

be diagonal with 1 < a < b and suppose u and v in R? have |[u|| = ||v|| = 1 so that
By = u® v! is a solution to Theorem 4.1.1.

1. There are the largest magnitude of two real numbers t; > 0 and t_ < 0 so that
H(A +t Byp) is a smooth function of ¢ in the interval t_ < ¢ < t;.

2. There are two real numbers H(A+t_By) and H(A+t4 Bp) such that for all rank-one
matrices B with

4 H(A+tB) =0, and d—2
dt l+=0 - dt? =0

H(A+tB) <0,
we have for all ¢ > 0

H(A + tB) > max{H(A + t_By), H(A + t, Bo)}.

We expect that the values t_ and t are where the singular values of A+4tBy cross. These are
determined from a (rather challenging) discriminant problem. This conjecture expresses the
hope that the best direction also leads to the biggest gap between H(A) and H(A +t B) and
therefore gives us the approximation to A of least linear distortion via Iwaniec’s construction.
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We need to find the maximum interval on which H(A + tBy) is smooth and concave. Thus
we need to identify the discriminant of the eigenvalue equation for H(A + tBy) as it is the
transverse crossing of the eigenvalues which implies H loses smoothness.

Proof. The two vectors

u_( (b—1) 14 2a2 + b2 + 2a(1 + b) (b—1)Vb )

SN2+ DI tata+ba—1)+62) | 2(0+a+a®+bla—1)+b2" \/2(b+ 1)(1 +a+ a2 + ba— 1) +b2)/’
and

vf( (b—1) | 142a%+b%+2a(1+b) (b—1)Vb )
SN2+ DT tata+bla—1)+62) |20 +ata®+bla—1)+b2" \/2(b+ 1)(L+a+ a2+ b(a— 1)+ b2)

give the optimal rank-one matrix By = u®v as at (4.54) before. Suppose that the eigenvalues
of the matrix (A + tBo)!(A + tBy) are A\; < Ay < A3. Using Taylor’s series the first three
terms of the eigenvalues can be calculated up to order 2 as

(b—1)2 (b—1)2(3 + 4a® 4 2b®> — b+ 5a + 3ab)

t t?
b+ 1)(1+a+a?—b+ab+b?) Jr4(a+1)(b+1)(1+a+a2er(a—1)+b2)2 ’

A =1+

a(1+ 20 + 22 + 2ab + 1?) (1+2a(1 + a) + 2ab + b?) [a+2a4(1+b)+
(I+a+a?—b+ab+b?) ’Jr4(a+1)(b+1)(a+b)(1+a+a2+b(a—1)+b2)2

)\2 :a2 —

463(1 + b)2 + b(1 + b)(1 + b2) + a2(1 + b)(5 + 2b + 5b2) + ab(8 + b(—2 + b(8 + b)))}

2

Ha+ )b+ D)(a+b)(1+a+a®+ba—1)+0%)? ®

N B4 (b—1)%p? - b2(b—1)*(2+4a” — b+ 3" + 3a + 5ab)
T b+ 1)1 +a+a?—b+ab+02) = 4a+b)(b+1)(1+a+a®+bla—1)+b2)2

Therefore, the first four terms of the Taylor’s series for the linear distortion function around
0 are

As(t) b b(b—1)° 2
ME) T Ala+DB+D(a+b)(1+a+a2+ab—b+b2)

H(A+tBy) =

It is easy to see that 4 H A +1 BO = 0, and the Coeﬂicient Of the quadratic term is
dt 0
t=

b(b—1)3
4a+1)(b+1)(a+b)(1+a+a®+ab—b+1?)

Q(a,b) = — = Min(a, b).

This coefficient of the quadratic term is equal to the minimum function in the Equation 4.55,
because we use the best rank-one direction matrix By. However, Taylor’s series can not be
used here and we need the actual eigenvalues of (A + tBy)!(A + tBy) to find the intersection
points of the eigenvalues.

Let K be the 3 x 3 matrix K = (A + tBy)!(A + tBy). So K is symmetric and hence can
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be orthogonally diagonalised, by the Spectral Theorem (Theorem 1.6.8). Not only are the
eigenvalues of K all real (Theorem (1.6.7)), they are all nonnegative. To show this, let A be
an eigenvalue of K with corresponding unit vector x. Then

0< ||Kx||2 = (Kx)- (Kx) = (KX)tKX =x'K'Kx = x\x = AMx-x) = )\||XH2 =),

so, all eigenvalues of matrix K are nonnegative. The characteristic equation det(K — AI) = 0
is:

2
b2 (2a3(b+ 1)+ 2a2(b+ 1)(b—t +1) + 2a(b° — 4bt + 1) — (b> + b2 + b+ l)t)
det(K — M) = 5 —
4b+1)%(a®+ab+a+b>—b+1)

1
4(b+1)%(a? +ab+a+b>—b+1)

5 {4as(b+ D2A+b63) +8a°(b+ 121+ b)) (1+b—t)+
8% (t — 2)t 4 t° + 4bt> + 4b"t(t + 2) — 4b°t(3t + 4) + 2b"t(15¢t + 4) + 46 (1 + 2t 4 2t°)+

B2 4 4) — 46°(362 — 20 — 2) + da’ (b + 1)(3 4367 — 3b%(t — 1) — 3t + 2 + b(> — 10t + 3)+
B (1> — 10t + 7) + b2(£> — 6t + 7)) —2a(b+1) (2b7t (¢ —2)t — 3b (¢ — 2) — 8bE2 + bP(—8t>+
6t — 4) — 0512 + 4) — 4b° (2% + 1) — b*(3¢° +4)) +4a®(b + 1)(2+2b6 FB7(2—4t) — 4t + 2+
bH(E? — 8t +4) + 267 (¢ — 6t + 2) + 26°(3t° — 6t + 4) + b(6t% — 8t + 2)) +a*(b+1) (4 +4b"—

8t + 5% — 46°(2t 4 1) + b (5t° — 28t + 20) + 26°(11t> — 36t + 6) + b(21t° — 28t — 4) + b* (12+

1
b+1)(1+a+a?—b+ab+b?)

8t+21t2)+62(20+8t+22t2))] A+ {1+b5+a4(b+ 1)+

a®(b+1)(1+b—2t) +b*(t — 1)> +t — 2bt + bt + > + b7 (1 +2b) + a(1 +b) (L + b+ b*+

b3—t—th+t2+bt2)+a2(b+1)(2+2b2—2t+t2—b(1+2t))} A=\ =o.
(4.56)

This characteristic equation (4.56) has three nonnegative real roots. These three eigenvalues
have long and very complicated equations. That means we can not find their intersection
points by the following equations:

As(t) = A (2), A3(t) = Aa(t), Aa(t) = A (1),

To avoid this complexity, we use an algebraic trick. A root to the above equations means that
there is a repeated root of the characteristic equation (4.56). It seems quite remarkable that
the discriminant admits a simple quadratic factor, but this is a consequence of the fact only
two eigenvalues are crossing. This quadratic factor of Equation 4.58, given below, determines
the crossing points of the singular values [34].
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o I 1 2
Discriminant factorisation = 16+ 1)°(1 T ataZ—b T ab £ b2 (P(t))"R(t), (4.57)

where P(t) is equal to

P(t) =(—1-a—2a® — 4b— Tab — 4a®b + 2b* — Tab* — 2a°b* — 4b° — ab® — b*) 7+
(= 1+2a+a®+4a® — 6b — dab + 7a’b + 8a’b — b* — 12ab” + 7a’b* + 4a’b*—
b* — dab® + a®b* — 6b* + 2ab* — V°) t — 2(—a+a’ +b— ab— 2a%b+ 2a*b + b*+

2ab% — 4a°b? + a*b? + 2ab® — 24263 + b* — ab* + b° — ab5) =0.
(4.58)

The discriminant of this quadratic equation is

A =2 —1)2 [1 +4b+ 665 + 4b° + b5 + da(b + 1) (b + 3% + 3b+ 1) + 4a®(b + 1)
(4.59)
(34 (2 + 3b)) + 202(1+ b+ b%) (5 + b(6 + 5b)) + a* (9 + b(9b — 2))] :

which is obviously positive. That means the quadratic equation has two real roots that are
called t; and t_. If
aot?® + bot + co = 0,

is a quadratic equation, and A = b? — daoco > 0. If ty -ty = g—‘; < 0, then the two real roots
have different signs. In the quadratic equation (4.58), we have

Co 2(a—1)(a—b)(b+1)*(1+ a+a*— b+ ab+b?)
ao 1+ a+2a%+4b+ 7ab + 4a2b + 2b%(a2? — 1) + Tab? + 4b3 + ab3 + b’

which is obviously negative, because 1 < a < b. Thus the two real roots of the quadratic
equation (4.58) have different signs. Let t; > 0 and t_ < 0. We write

t, — Gl(aab)_(b2_1) Jl(avb)
T 9(—1—a—2a% — 4b — Tab — 4a2b + 2b% — Tab? — 2a2b? — 4b3 — ab® — b)’

(4.60)
t — Gl(avb)+(b2_1) Jl(avb)
" 2(—1—a—2a% — 4b — Tab — 4a2b + 2b2 — Tab? — 2a2b% — 4b3 — ab3 — b4)’
where,
Gi(a,b) =1 — 2a — a® — 4a® 4 6b + 4ab — Ta’b — 8a®b + b + 12ab* — Ta*b*—
(4.61)

4a3b? 4 b% + 4ab® — a?b® + 6b* — 2ab* + 17,
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and

Ji(a,b) =14 4a + 10a® + 124> + 9a* + 4b + 16ab + 22a>b + 20ab — 2a" b+
12ab® 4 32a2b* + 20ab* + 9a'b? 4 6% + 12ab> + 224%b° + 12a3>+ (4.62)

16ab* 4+ 10a%b* + 4b° + 4ab® + b°.
If the Equation 4.58 is written as:
DN} + ChA? + Bi\ + A =0, (4.63)

where

Dy = —4(b+1*(1+a+d®+ (a — )b+ b?)?,
C’1:4(b+1)(1+a—|—a2+(a—1)b—|—b2)<1+b2+b3+b5+a4(b+1)+a3(b+1)
(L4+b—2t)+ (b— 12>+ 1t + 0* + D> +a®(b+ 1) (2 — b+ 2b° — 2(b + 1)t+
) +alb+1)(1+b+b>+0° — (b + 1)t + (b+ 1)t2)>,
By = —4a%(b 4+ 1)2(b* + 1) — 4(b* + b)? — 8a°(1 + b)*(b* + 1)(1 + b — t) — 8b*(b — 1)*
(b + 1)t — [1+b(4+b[8+b(— 12+b(30+b(—12+b(8+4(4+b)))))])]+
40} b+ 1) (= (b+1)(3 470 + 36 + (b +3)(3b+ (B + 1)t — b+ 1) + 1)) +

4a3(b + 1)( —2(14 b+ b2+ 1)(2+ 26+ b6%) +4(b+ 1)(62 + 1)(1 + b+ b2)t—

(b +1)(1 + b(6 + b))tQ) +a’(b+1)| —4b+1)(B* +1) (1 +b(—2+b(6+

(—2+b)b))) +4(2+b<7+b[—2+b(18+b(—2+b(7+2b)))D>t—(1+b)

<5 - 6(16 +b(9 + b(16 + 5b)))>t2 +2a(b+ 1) | — 4(b* + 0> + b° + b%) + 2t

(1+b°(3+3b+1b")) — (1 +b<8+b(3+b(8+b(3+b(8+b))))>>t2],

Ay = b? (2a3(b F1) 42020+ 1) (L +b—1) — (b+ )% + 1)t + 2a(1 + b — 4bt))2.
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The roots of the Equation 4.63 are
1
23 x Y(a,b,t X(a,b,t
A = Z(ab,t) - 220D (aj LA
3% X(a,b,t) 3 X 23 X Dy
1=0V3 o 95 x Y(a,b,t) VY3 X(a,b,t
Ao = Z(a,b,t) + —2 ’ @bt - (a5, ), (4.64)
3><X((2L,b,t) 3 X 23 XD1
LHv3 5 95 x Y(a,b,t) =03 % X(a,b,t)
/\BZZ(aabvt)+ o 1
3XX(a7b7t) 3 X 23 XD1

where

1
3

X(a, b, t) = (— 20? +9B:C1D1 —27TA1D1 + \/—4(012 . 3BlD1)3

(_012 +3B1D1)
D,

Y(a,b,t) = and

+ (203 —9B.C1 Dy + 27A,D?)? ) ,

Cy

Z(a,b,t) = 75

We know that 0 < A\ < Ao < A3, 50,0 <01 =V <09 =+ <03 =+)3, are singular
values of matrix (A + tBp). The linear distortion of matrix A + tBy is:

A
’H(A+tB0):\/)\—3:
1

g3
0'1.

(4.65)

These three eigenvalues are nonnegative real numbers, but they are described by three vari-
ables a, b, and t. The eigenvalues and the linear distortion are one-variable functions con-

cerning t.
A
10
N
— . - - SN————— T
-4 -2 [ 2 - G 8

Max eigenvalue value

Mid eigenvalue value

Min eigenvalue value

Figure 4.33: The eigenvalues of matrix K = (A +tBg)'(A + tBy), when A = (1,2,4) is a

diagonal matrix.

By using Equations 4.60 and 4.65, we can find the values of the following

t—,  H(A+t4Bo),

t+7

H(A+t_By).
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Linear Distortion

Max singular value

Mid singular value

Min singular value

L
Figure 4.34: The eigenvalues and the linear distortion of matrix K = (A + tBy)*(A + tBy), when
A= (1,2,4) is a diagonal matrix.

So, the maximum jump is
Maximum jump = min{|H(A + t+Bo) — H(A)|, |H(A +t_Bo) — H(A)|}.
Remember that the value of H(A) is b. [ )

Example 4.2.1. Following on from the Example 4.1.1, we compute H(A + tB), its graph,
t+ and t_. The graph of eigenvalues of matrix K is shown in Figure 4.35.

A

20 .
/ Max eigenvalue value

\ Mid eigenvalue value

. . —— =+ Min eigenvalue value
-4 -2 2 4

Figure 4.35: The intersection points of the eigenvalues of K.

The graphs of singular values and the linear distortion show two intersection points. At this
point, we have shown how to find the best direction, and given this direction, how to find the
maximal interval on which the linear distortion is smooth and concave (see [34]).

By using (4.60), (4.61), (4.62) and (4.65), those two points are (for A = diag(1,2,4))

t. =1.19219, t_=-204584, H(A+t,.By)=23.97539, H(A+t_By) =3.97539.
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H
6~
Linear distortion
\ 5- Max singular value
\’-/A
3f
B
r Mid singular value
4
\//—- Min singular value
1 1 L {
-2 [ 2 4

-1L

Figure 4.36: The singular values and the linear distortion of matrix (A + ¢Bg), when
A =(1,2,4) is a diagonal matrix.

So, for all t € (—2.04484, 1.19219), we have H(A + tBy) < H(A). The the biggest jump is
Maximum jump = min{|H(A +t;Bg) — H(A)|, [H(A +t_Bg) — H(A)|} = 0.02461,

since the value of H(A) is 4.

Example 4.2.2. Let

be a diagonal 3 x 3 matrix, then by the Equation 4.54 the matrix By = u ® v is the best
rank-one matrix direction, where

e 7 109 14
~ \ 3158 V 158" 379 |’
7 109 14
v = A = ——— |-
3v/158 1587 31/79

If K= (A+tBy)'(A+1tBy), then the graphs of the eigenvalues of the matrix K are shown in
Figure 4.37

The graphs of singular values and the linear distortion show two intersection points. At these
points we have sketched how to find the best direction, and given this direction, how to find
the maximal interval on which the linear distortion is smooth the concave. By using the
Equations 4.60, 4.61, 4.62 and 4.65, those two points are

t, = 1.4420628, t_ = —6.095007, H(A+t,By) = 7.90656, H(A+t_By) = 7.60938.
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A
20 / Max eigenvalue value
40 |
20
: Mid eigenvalue value
— ot Min eigenvalue value

-10 -8 -6 -4 -2 0 2 -

Figure 4.37: The intersection points of the eigenvalues of K.

Linear distortion
Max singular value

Mid singular value

....\."\\_,.--I Min singular value

-0 -8 -6 -4 -2 [ 2 -

Figure 4.38: The singular values and the linear distortion of matrix (A + ¢By), when
A= (1,2,8) is a diagonal matrix.

So, for all ¢ € (—6.09501, 1.442963), we have H(A + tBy) < H(A). The biggest jump is
Maximum jump = min{|H(A + t4Bo) — H(A)|, |H(A +t_Bo) — H(A)|} = 0.09344,
since the value of H(A) is 8.
&

Now, we can extend the Iwaniec’s Lemma and Theorem to (Lemma 3.4.1 and Theorem 3.4.2).
Both his lemma and theorem are existence results. But we expand them to a wide range of
matrices. The results of Problem (1) and Problem (2) in the previous section and this section
show it is always possible to find a rank-one matrix By so that

H(A+1t By) = H(A+tu®v) < H(A), (4.66)

holds for a diagonal matrix A with distinct positive singular values. The rank-one matrix By
is the best rank-one direction for which the linear distortion function at A is most concave. An



4.2 Solving Problem 2. 119

unsolved and unanswered question (Partly posed by Frederick W. Gehring and T. Iwaniec)
was to determine how big the difference between the left-hand and the right-hand side of
inequality (4.66) can be?

In Problems 1 and 2, not only do we find the best direction for which the inequality (4.66)
holds but we considered the Gehring and Iwaniec question and found the biggest jump and
difference between the left-hand and the right-hand side of inequality (4.66) for a specific
diagonal matrix A with distinct singular values. Iwaniec’s lemma gives an example (actually
counterexample) for the inequality (4.66). With the results we have established so far, we
have

Theorem 4.2.2. Let

1 0
A= 10 0
0 b

o 2 O

be diagonal with 1 < a < b. Then there are two unit vectors u and v in R? described
at (4.54), and a rank-one matrix By = u ® v (the best rank-one direction) and two real
numbers t_ < 0 and t4 > 0, the roots of P(t) as in (4.58), such that

d

— A+tBy) = 4.

S| _HA+tBy) = 0 (4.67)
d? d?
< A+tBy) < —‘ A+1tB) < 4.
dt2 ‘t:OH( +tBo) < dt? t:oH( +iB)<0 (4.68)

for every rank-one matrix B € R3*3 with & ’ H(A +t B) = 0. Also, there is a largest

interval (t_,ty) so that H(A +t By) is a smooth function of ¢ in this interval and
max{H(A+t_By), H(A+t:Bo)} < H(A).
The jump and difference is defined to be
Maximum jump = min{|H(A + t1Bg) — H(A)|, |[H(A +t_Bo) — H(A)|},

Recall that the value of H(A) is b.

It is hard or maybe impossible to prove the Theorem 4.2.2 in n-dimensions, because the
characteristic equations of A + ¢B can not be solved and we have a lot of variables and
parameters. But in a special case, the above arguments work in higher dimensions when we
extend the matrices A and B by the rules (see [39])

10 0 00O -0

0 a 00O -0

00 b 0O -0
A=10 0 0 a O -0
0 00 0 «a -0

00 0 00 a
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and

[V1—72v1—82 /1—r2scos(fl) 1—12ssin(fy) 0 0 --- 0]
rv1— s%2cos(61) rscos(6y)cos(fy) rscos(fy)sin(@2) 0 0 --- 0
rv1—s%sin(61) rscos(f2)sin(fy) rssin(fy)sin(f2) 0 0 --- 0

B = 0 0 0 0 0 - 0
0 0 0 00 - 0
0 0 0 00 --- 0

Remark: Remember that these two extended matrices A and B in R™*™ do not give us
the best rank-one direction and the maximum jump. They only show the inequality (4.66)
can be true in n dimensions. More precisely, this means that the n x n matrices A and B
can be a counterexample for the lower semicontinuity property of linear distortion functions.
Note that we only need three distinct singular values for this to happen. Now we can extend
Theorem 3.4.2 to the general case in R3. In this theorem, we construct a sequence {T,}5,
of uniformly bi-Lipschitz maps T, : R3 — R3, that is,

1
Xyl = ITu(x) - Tu(y)l < Clx ]|

for all x, y € R® and v = 1, 2, 3,...with a constant C independent of x, y and v. The linear
distortion function of each T, turns out to be constant and equal to H almost everywhere:

H(x,T,) = H, v=1,2,....

The sequence {T,} converges uniformly to a linear map Tg : R* — R3 whose distortion is
bigger than H (see [39], [42], [30]).

Theorem 4.2.3. (Generalisation of Iwaniec’s Theorem) If n = 3 and H > 1
and To : R?® — R? with To(x) = Ax such that A is a 3 x 3 diagonal matrix with
distinct singular values, then there always exists a sequence {T, }52; of quasiconformal
mappings T, : R — R3 converging uniformly to a linear quasiconformal map Tq such
that

H(x,T,) =H < Hy = H(x,To),

almost everywhere in R>.

Proof. This follows with the aid of Theorem 4.2.2. We have B = u® v for vectors u, v in R3.
Consider To(x) = Ax, and for v = 1,2, ..., we define a sequence {T,}°2, by equation

T,(x) = Ax + %h (vu-x)v

where h is a periodic piecewise linear function on the real line as follows: Given t_ < 0 and
t+ > 0 of the lemma

t_ Il O P G B
h(r):{ " byt *r*.tﬁ t-7
i i+l i

ter o STS R T
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for any integer i. Then we can extend h to the entire line (saw-tooth function). the function
h is a bounded Lipschitz function whose derivative assumes only the two values t_ and t..
The sequence {T,}5°, converges uniformly to To. The derivative of T, also assumes only
two values, which are independent of v, apart from countable set of points where it is not
defined.

Figure 4.39: The saw-tooth function

DT, =A+h(vu-x)u@v=A+h(viu,x))Be{A—-t_B, A+t B}.
In either case, the linear distortion of DT, (z) is equal to H:
H(x,T,) =H(DT,(x)) = H< H(A) = H(x,Top).

Iwaniec’s argument now proves the result. We remark that the sequence {h/'(v{u,x))}>
converges weakly in L°°(R?) to 0 as v — oo, but not pointwise almost everywhere. o

4.3 Limit and the Jump Ratio

In this section we consider various limit regimes modelling the situation in one or two di-
mensions by letting a,b — oo in various ways. This has the same effect as letting the
smallest singular value tend to 0 and effectively removing a variable from the deformation.
Let A = diag(1,a,b) be a diagonal matrix with 1 < a < b, and suppose u and v in R3 have
|lul| = ||v]| = 1 so that By = u® v is a solution to Problem 1. We have outlined above the
closed form solutions for the two values where the singular values cross t+ and therefore have
the following limits. If b — 400, then the limits of ¢t and t_ are

lim ti(a,b) =2(a—1), lim t_(a,b) = —oc.

b—+o0 b——+o0

The Figure 4.40 illustrates that the limit of t_ is —oo when b — +o00. This is obvious,
because

] 2 _ 6 5
lm b = fm O FOI G DVAA ) )~ o

b——+oo b——+o0 2(=1—---—b%) botoo —2b% + -+ botoo
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2ol Limit=2(a-1)=2

2.0

t,(a,b)

1 Il 1 1 b
0 100 200 300 400

Figure 4.40: The limit of the function t (a,b) when a =2 and b — +o0.

100 200 300 400 500 600

—400[ t_(a.b)
-500f \
-600[

Figure 4.41: The limit of the function t_(a,b) when a = 2 and b — +oo.

In this case, the graph of t_ is linear and tends to —oo. Our explicit formulas allow compu-
tational investigation to help understand the size of the jump (see [34]). Assume the matrix

1 0 O
A=10 a O
0 0 b

is given, we define the jump ratio as the value of

max{H(A+1t_By), H(A+t.By)} max{H(A+t_By), H(A+1,Bo)}
H(A) N b ’

The jump ratio =

since H(A) = b. Recall the best rank-one direction matrix By and the values t_ and t; can
be determined by numbers a, and b, where the singular values of A + tBg cross. We know
that if ¢ € [t_,t,], then H(A + tByp) is concave and has absolute maximum b at ¢ = 0, and
the absolute minimum happens at one of the two points t_ or t,. So,

H(A +t_Bg) H(A + t4By)

The jump ratio = max{ o ) o }. (4.69)
If the matrix
10 0
A=10 =z 0 |,
00 f(z)
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where 1 < z < f(z), then the jump ratio will be different. Suppose that A = Sing(1,a,b)
shows a digonal matrix A with distinct ordered singular values 1, a, and b. It is easy to
see that the two trivial cases A = Sing(1,1,z) or A = Sing(1,x,x) represent the constant
graphs. These differences depend on the type of function f and its coefficients and powers.
For instance, if f(x) = z° then the jump ratios for different s > 1 are

Ratio
1.00f Y=
r - 12
095} Sing(1,x,x %)
090}
0.85}
' Sing(1.x.x% 1)
080 Sing(1x.x %)
L . 2
[ Sing{1,x,x
0.75f g(1,x,x7)
0 2 4 6 8 10 12 14

Figure 4.42: The relative jump ratio for A € Sing(1,x,x*), where s > 1. The function f is
indicated by the labelling.

The following graph shows us the different curves of f(x) = z® for more values of s and
Sing(1, x, z%) has the biggest jump ratio. If s > 2 or s < 2 the jump ratio function tends to a
number bigger than 1/v/2, so, the jump ratio in these cases are smaller than the case s = 2.

Ratio
1.00f — —_— y=1
: Sing(1xx™ 1)
095} Sing(1xx12)
Sing(1x,x %)
0.90 Sing(1,x,x%)
[ Sing(1,x,x )
0.85}
[ Sing(1,x,x17)
050 sing(1,x,x%%)
Sing(1,x,x2 1)
075l Sing(1,x,x"9)
Sing(1,x,x%)
0 2 4 6 8 10 12 "

Figure 4.43: The relative jump ratio for A € Sing(1,x,2*), where s > 1. The function f is
indicated by the labelling.
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Now, we wnat to prove that the limit of the jump function for A = Sing(1, z,2?) is equal to
1/v/2 as a —» oo. First, we substitute b = a? in Theorems 4.1.1 and 4.2.1 and find the best

rank-one direction as B = u ® v where

a—1 a(a® —1)
V2y/ (a2 +1)(a?2 —a+1) \/2 \[\/a2+1(a4+a3—|—a+1))

u=

a—1 a(a® — 1)

V:(ﬁ\/(a2+1)( 2_a+1) \/7 V24/(a% + a4+a3+a+1))

Hence the linear distortion is

a(a —1)°

3
4.
wrararn o) (4.70)

H(A+tB) = a® -

However, we need to compute the actual eigenvalues and the points t and t_. These are

(a—l)(a2+1)(1—a(2—5a+a 5+ (a—2)a +\/a+1 Y@ +1)(1+a®(7 + (a3+7a—8))))
b+ = 2+2a2(a5+6a3+a2+a+6)

)

B (@ —1)(a® +1) (1 —a(2-5a+a*(5+ (a—2)a)) — \/(a+ D*(a?+1)(1 4 (7 + a(a® + Ta — 8))))
t-= 2+ 2a?(a® + 6a® + a? + a + 6) '

Notice that

8 6 1
ty=2a-2- -+ 5 +0(5) as a — 00,
a a a

and L o
t_ = —a? —I-a—f—l-f—i—O( 3) as a — 0.
a

By substitution b = a? in Equations (4.63) and (4.64), we have

/\1:Z(a,t)— +

(1—iv3) xY(a,t) (1+1iV3)x X(a,t)

)‘2:2(@7t)+ 2 - 1 )
3 x 23 x X(a,t) 3 x 23 x D(a)
141 Y 1—4 X

N = Z(at) 4 LTIV xY(at)  (1-iv3) x X(a,1)
3 x 23 x X(a,t) 3 x 23 x D(a)

where D(a) = —4(a* + 1)*(1 + a + a* + (a — 1)a® + a4)2 and A1 < A2 < A3. Actually note
that all \;, terms are real with the same branch choices-solutions of a cubic equation with
real roots. Each of the functions X, Y, Z, and D is a polynomial in a and ¢ (both assumed
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large)or the square root of such. Now we have the actual eigenvalues and singular values. By
Equation (4.69) the jump ratio is
max{H(A+t_B),H(A+t.B)}

H(A) '

The jump ratio =
But we know that H(A) = a?, so,

max{H(A+t_B),H(A+t.B)}
5 .

The jump ratio =
a

Since t4 and t_ are described by a, thus the jump ratio is a function with respect to a. If we
calculate the Taylor series for each part of the jump ratio function as a — oo, then

A+t B A B
The jump ratio = max{ lim L;)7 lim bj*)}
a—r+00 a a—-+00 a
a H(A+t,.B) H(A+t_B)
+ i
ty(a) = TJF, t_(a) = —a

With regard to the variable a, both functions ¢, and ¢_ have very long equations. The limit
of these functions can be calculated by using the following Taylor series

12 1
Va® + 8a8 — 8a® + 14a* — 8a3 +8a2 + 1 = a* +4a®> —4a — 1+ —= + O(=)?, (4.71)
a a

and repeatedly removing the terms that are ineffective as a — oo. Therefore

lm to(a)= lim PATEB) VRe(i(a) + np(a))
a——+00 a—+00 a2 a=+o0 g2, /Re(ns(a) — na(a) — n5(a))

: (4.72)

where (Re) is the real part of the expressions, and

8a'S +22/3(1 — i/3)(a" + a®)(—141a*? + 48a% — 16a2*)"/?
360al0 — 48all + 24qa12

m(a) =

(1 + ’L\/g) (94a20(a2 + 1)2/3 _ 8a21(a2 + 1)2/3 + 8a22(a2 + 1)2/3)

772(“) = (—48a11 ¥ 24a12)(—136a20 +24q2! — 8(122)1/3
(@) = 2a'% 4 20a"* — 24a"® + 90a'? — 154a""*
)= 6a12 12411 + 90a10 — 156a° + 45048
(a) = 808a'®(a? 4+ 1)%/3 — 232a'°(a? + 1)?/® 4+ 112a%°(a® + 1)*/® — 8a*' (a® 4+ 1)*/® + 8a?*(a® + 1)/3
mle) = (900a® — 312a® + 180a'0 — 24a'! + 12a'2)(—1304a'® + 416a'® — 136420 + 24a2! — 8a?2)1/3
() (a® 4+ a" + 6a° — 3a°)(—8a** + 24a™ — 144a** + 440a°" — 1440a%°)/3
5 = .

6al2 — 12a'l + 90al® — 156a + 450a8
(4.73)
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Using the common denominator, simplifying algebraic expressions, the Taylor series, equation
(4.72) can be written as follows

lim #s(a) = lim HA+tB) _ Re(¢1(a))

im , 4.74
a——+00 a—+00 a? a—+00 2 \/Re(qﬁz(a) — ¢3 (a) - (1)4(0,)) ( )

where

16(—1)1/2a%%/% + 4(1 + iv/3)a'S(1 + a?)?/3

(bl(a) = 24(_1)1/3a40/3

1
¢2(a) = g(a4 +2a® —a® — 18a + 1)

(4.75)
3(1 + a?)?/3(2a'0 + 2a° 4 2a® — 324" + 10a9)

¢3(a) = (—1)1/3(18a22/3 — 18a19/3 1 84a16/3 — 138¢13/3 4 226@10/3)

-1 1/3
pa(a) = ( 6) (a®> +3a — 3 —28a~! — 8a72)(2a® — 2a + 10 — 16a~ ! + 28a72).

Now, It is easy to calculate the limit of Equation (4.74) as a — oc:

lim t(a)= lim HA+tB) Re(¢1(a))
a—+oo a—+oo a? a—+oo g2 \/Re(d)g(a) — ¢3(a) — ¢ya(a))

(4.76)

1
V2
By the same computation, we can prove that

H(A+t_B) 1

lim t,(a): lim 72:
a—-+oo a—-+oo a

(4.77)

S

So, the limit of the jump ratio function (as a — o) is

A+t B
The jump ratio = max{ lim M lim

a—-+o0 a2 a—-+o0 a

H(A+1t4B) - 1

2 ,\/5 :

This completes the proof of the limit.

These examples suggest if A = (1, z, 2*) is a diagonal matrix then the largest jump can happen
where s = 2. It seems the relative jump is

V2

The biggest relative jump = -

when £ — oo. This means
Sing(1,x,x%) < Sing(1,x,x%),

for all s > 1 and s # 2. The graph of the jump ratio for diagonal matrix A = (1, z,2?)

shows that the line y = @ is a single horizontal asymptote and a lower bound. The function
f(x) = z® can be replaced by other positive-valued functions.
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JumpRatio
1.1¢

09+

08+

o7t v=y/2/2

0 10 20 30 40 50 60 70

[
—
)

Figure 4.44: The relative jump ratio for ¢, (a) and its horizontal asymptote line y = 5
A = Sing(1,z, 2?).

Jump Ratio
111

09r

081

0T} v=yf2r2

0 10 20 30 40 50 60 70

Figure 4.45: The relative jump ratio for ¢_(a) and its horizontal asymptote line y = g if
A = Sing(1,z, 2?).

For instance, f can be a linear function like f(x) = x + ¢ where ¢ is a constant positive real
number. For linear function f(z) = x + ¢, the graphs of the jump ratios show that with the

bigger numbers of ¢ the jump ratio tends to y = ? So, if g1 < g2 then
Sing(1,z,x + q1) > Sing(1, x,z + q2),
when x — oco. By increasing the number ¢, the relative jumps are smaller than before and

the largest jump tends to y = @ So, for different numbers ¢, the function f has different
graphs as below:
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Ratio

I Sing(1,x,x+1)
095} Sing(1,x,x+2)

: Sing(1.x.x+10)
090} Sing(1,x,x+100)
0.85}
0.80F

L L L L 1 L L L L 1 L L L L 1 L L L L 1 X

0 10 20 30 40

Figure 4.46: The relative jump ratio for A € Sing(1,z,x 4 ¢), where ¢ > 0. The function f is
indicated by the labelling.

Ratio

y=1

Sing(1,xx+1)

Sing(1.x,x+10)

Sing(1,x%+100)
09

Sing(1x,%+1000)
Sing(1,x,x+10000)
08

Sing(1,x,x+100000)

Sing(1,x,x+1000000)

725 vz
y=—
2

x
0 2000 4000 6000 8000 10000

Figure 4.47: The relative jump ratio for A € Sing(1,x,x + ¢), where ¢ > 0. The function f is
indicated by the labelling.

These graphs also indicate the largest jump ratio for linear functions f(x) = x+q¢ with ¢ > 0,
_ V2
= %2,

tends to asymptote line y

If f(z) = a®, then some relative jump functions are shown in Figure 4.48. If a > 4 then
the graph of each relative jump has a minimum at x = 2, that gives the largest jump. If
a — +00, the minimums of the relative jumps tends to y = ‘/75 at x = 2.

These calculations show in the function f(x) = a®, the minimum relative jump decreases
faster than functions f(z) = 2® and f(x) = x + ¢, but f(z) — 1, where z — +o00.
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Ratio
1.00 = - — y=1
sing(1,2,2%)
0.95F Sing(1,2.2,2.2%)
Sing(1,e,6™)
0.90¢ Sing(1,3,3%)
hes Sing(1,4,4%)
Sing(1,5,5%)
080f Sing(1,8,8%)
Sing(1,10,10%)
0751 Sing(1,20,20%)
Sing(1,40,40%)

orop S y=y212

Figure 4.48: The relative jump ratio for A € Sing(1, a,a”), where & > 1. The function f is
indicated by the labelling.

Ratio
1.00f o
' Sing(1,2,2%)

0o Sing(1,2.2,2.2%)
Sing(1 ,e,ex)

B sing(1,3,3%)

0.85 Sing(1,4,4%)
Sing(1,5.5%)

080} Sing(1,8,8")
Sing(1,10,10%)

o Sing(1,100,100%)

0.70 : Sing(1,1000,1000")

I . . ) y:ﬁm

Figure 4.49: The relative jump ratio for A € Sing(1, a,a”), where & > 1. The function f is
indicated by the labelling.

A brilliant mathematician, Cauchy worked in many areas of mathematics. However, he
is primarily known for his work on calculus and is recognized as one of the founders of
the modern theory of mathematical analysis (see[65]). The functional equations that are
particularly associated with Cauchy are the four equations in the table below.

Table 4.1: Cauchy’s Functional Equations and Their Solutions.

’ No. ‘ Functional Equations ‘ Domains ‘ Answers
1 | fle+y)=fx)+fly) | z,yeR f(z) =max, m is a constant.
2 flx+y) = f(x).f(y) z,y€R | f(x) =0, or f(z)=a" a>0isa constant.
3 flzy) = f(x)+ fly) | z,y e RT f(z) = alogl|z|, a is a constant.
4 flzy) = f(x).f(y) r,y €ERT | f(x)=0, or f(x)=|z|% ais a constant.
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We checked out the jump ratios and their minimums for all types of Cauchy’s functional
equations except the function f(z) = log |x|. Note that the other three type were

1 0 0 10 0 1 0 0
A=10 =z 0], A=10 =z 0 |, A=10 =z 0],
0 0 zx° 0 0 z+4+¢ 0 0 a”

where 1 < z < f(z), 1 <z, a > 0 and a # 1. But the last case is also one of these three
types. Because by choosing

f(z)=loglz|=g (for all x > 1) < x = 108,

then the matrix A can be written as

1 0 0 1 0 0 1 0 O
A=10 z O =10 z O =10 109 0],
0 0 f(x) 0 0 logx 0 0 g

where g > 1. The two following matrices have the same eigenvalues and singular values.

1 0 0 10 0
0 109 0], 0g 0
0 0 g 0 0 109

It is known that interchanging two rows in a diagonal matrix A does not change the linear
distortion because elementary row operations in a matrix preserve the eigenvalues and of
course, the singular values of A and linear distortion will be the same as before. So, we can say
that the behaviour of Cauchy’s functions for their relative jumps are identified as * — 400.
Now, in the following graphs, we can compare all these types of Cauchy’s functions.

Ratio
_ A =1
—\
1.0 i - p——— Sing(1,3,3x)
Sing(1,2,2%)
0ol Sing(1 x.x3)
Sing{1,x,x+100)
[ sing(1,x,x%)
08}t
O y=y212

Figure 4.50: Comparison of the relative jumps for Cauchy’s functions. The function f is
indicated by the labelling.
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The graphs above show if f(z) = 22 then the relative jump tends to horizontal asymptote
y =+/2/2 as * — +00, in all types of Cauchy’s functions.

However, we can not yet prove that this is best possible and that A € Sing(1,x,z?) is a
critical case (see [34]). However we do have the following theorem.

Theorem 4.3.1. Let m > /2. Then there are a sequence of H-quasiconformal self-
mappings of R3 converging locally uniformly to an Ho-quasiconformal self-mapping of
R3 (and no smaller) with

mH > Heo
Proof. Suppose that
1 0 0
A=10 a 0],
0 0 a?

and we define a linear map fy = A(x) that is a H.-quasiconformal self-mappings of R3. We
define a sequence {f,}5°; by equation

£,(x) = Ax + %h(ym X))V,

where h is a periodic piecewise linear function on the real line as in Theorem (4.2.2). By the
same process in the proof of Theorem (4.2.2), the following inequality holds,

H(x,£,) = H(DE,(x)) = H < Hoo(A) = Hoo(x, o).

So, the relative jump is

) ) H(x, 1) 1
The jump ratio = ——— > — > —.
) P Hoo (X7 fO) \/§ m
The inequality above can be written as
mH > Heo,
and this then proves the theorem. '

Theorem 4.3.1 is an existence theorem and we only showed that there is a sequence of H-
quasiconformal self-mappings of R? converging locally uniformly to an H.-quasiconformal
self-mapping of R3 so that the relative jump is bigger than or equal to 1/v/2 = v/2/2.

This leads us to a more general conjecture. In Theorem 4.2.1, we found the best rank-one
direction matrix By and the interval [t_,t;] such that for all ¢ in this interval we have

ma,x{’H(A + t_BO), H(A + t+Bo)} < H(A)
and for all individual linear distortion functions, the biggest jump was found. Theorem 4.2.2

shows that there always exists a sequence for H-quasiconformal self-mappings of R? converging
locally uniformly to an H..-quasiconformal self-mapping of R? so that
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H(x,T)) = H < Hoo(x, To) for all v =1,2,3,....

Conjecture: Let {f,}>° | be a sequence of quasiconformal self-mappings of R" converging
locally uniformly to a quasiconformal self-mapping fo of R™. Suppose that H(f,) — H,
as ¥ —» +o00, then for the biggest jump or relative jump, the following inequality holds:
H(f) H 1
— > —.
H(fo)  H(fo) ~ V2

In other words, mH > H(fo), for all m > v/2.

Gehring and Iwaniec showed in [32], that the limit mapping f of a weakly convergent sequence
of mappings f, with finite distortion also has finite distortion and give several dimension-free
estimates for the distortion of f.

Their arguments are based on the weak continuity of the Jacobian determinants and the
concept of polyconvexity (see [32]). They presented the following theorem.

Theorem 4.3.2. Suppose that f, : Q@ C R” — R” is a sequence of mappings of finite
distortion which converges weakly in Wﬁ): to f and suppose that

H(x,f,) < H < oo for v=1,2,3,...

almost everywhere in 2. Then f has finite distortion and

H(x,f) < ~(H + H" V)% < g%,

N | =

almost everywhere in (2.

If n = 3, then as we said

H(x,f) < —(H + H?)3,

N | —

Notice that the ratio of the jump here is

L(H + H?)3
H

Wl

1
N§H as H — oo.

Our results in the conjecture above and Theorem 4.3.1 suggest that
H(x,f) < V2 H,

might be the best possible limit for large H.
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4.4 Solving Problem 3.

Finally problem 3 seeks to put the previous two problems in a more general framework.

Theorem 4.4.1. Let C' € GL(3,R) and suppose that C has distinct singular values (so
C'C has distinct real eigenvalues). Then

1. there is a best rank-one direction B* (as per Problem 1) for C,

2. there are two numbers t_, t as per Problem 2, and also H(C + t_B*) and H(C +
t B*), that is the largest interval of concavity for H(C + tB*) and the smallest
values for the linear distortion of an approximation.

Proof. Let C € GL(3,R) be a 3x 3 matrix with three distinct singular values 01 < 09 < 03. By
the singular value decomposition (SVD), Theorem 1.6.10, the matrix C' can be written

C =UAV!,

where U and V! are 3 x 3 orthogonal matrices and

01 0 0
A=10 o9 0],
0 0 o3

where o1, 09 and o3 are singular values of the matrix C. We want to determine the best
rank-one direction matrix B* for C' such that

d *

@L:O%(CHB) ~- 0 (4.78)
d? d?

— * < — .
dt?‘tZOH(CHB) < o] _HC+tB) (4.79)

We claim that the best rank-one direction B* is
B* =UB,V*,

where U and V! are two orthogonal matrices from singular value decomposition for C' and
By is best rank-one direction for the diagonal matrix A from Problem 1. Because

H(C +tB*) = H{UAV' +t UB\V") = H(U(A + tBy)V?") (4.80)
But by Equations (1.21) and (1.26) we have
H(C +tB*) = H(A+tBy), (4.81)

where By is the best rank-one direction matrix that is found in problem (1) and ¢ € [t_, t4]
that is found in problem (2). So, the best rank-one direction matrix for matrix C' is the
matrix B* = UByV*? and the real value t belongs to the interval [t_,t,] and then

H(C +tB*)=H < H(C) forallt € [t_,t4].

We remark that the matrices U and V! in the Singular Value Decomposition Theorem (SVD)
for matrix C' = UAV" are orthogonal matrices. They rotate the domain and do not have any
affect on linear distortion (see Figure 1.4). [ )
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Example 4.4.1. Let

2 -1 1 6 -5 b
1 5 7 15
L =3 3 5 —3 %

The 3 x 3 matrix C'C is symmetric and hence can be orthogonally diagonalised by the
Spectral Theorem. Not only are the eigenvalues of C*C' all real, they are all nonnegative.
The singular values of C' are the square roots of the eigenvalues of C*C. By the Singular
Value Decomposition (Theorem 1.6.10) the matrix C can be factorised as C = U AV, where
the matrices U and V! are orthogonal matrices and A is a diagonal matrix with singular
values of C. So,

2 1 1 B 8] g0 0] [ -4 ¥
C=|-1 3 -1 =|E 2 & Jo20.| 0 ¥ L2 -pyav

1 -3 3 V3 V2 V6| |0 0 1| |_v6 V6 VG

3 2 6 3 6 6

Since the matrices U and V! are orthogonal matrices, then
H(C) = H(UAV?) = H(A).
The best rank-one direction matrix B* for the matrix C' can be calculated by
H(C +tB*) = H(UAV! +t UBV") = H(U(A+tBo)V") = H(A +tBy).

But by Examples 4.1.1 and 4.2.1 the best rank-one direction matrix By is

1 _1 1
30 ~6 15
_ |1 5 1
Bo=1|% 6 3
1 1 2
15 ~3 15
For all ¢ in the interval [t_,t ] = [-2.04484,1.19219], we have

1
H(C +tB*) = H(A+1By) =4 — %tQ <H(C) = H(A) =4,

where

_4v2-9 6+2v/2+20v/3-5v6 —6—2v/2420v3-5v6

90 180 180
BY* = UBnV! = | 6+2v/2-20v/3+5V6 4v/2—69 —81—-4+/2420v/3+10v6

0
180 180 180
—6—2v/2-20v34+5v6 _ 8144v2420/3+10v/6 4+/2-69
180 180 180

The biggest jump in this example is

min{|H(C + t+B*) — H(C)|} = min{|H(A + t+ Bo) — H(A)|} = 0.02461.
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Figure 5.1: Conclusion and Summary
Source: https://pixabay.com/en/photos/result/
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Chapter 5

Conclusion and Summary

The central problem discussed in this thesis concerns the semicontinuity properties of the
distortion functional for quasiconformal mappings. In particular, if {f,}7°, is a sequence of
quasiconformal mappings of R™ onto itself and

£, — f, (5.1)

uniformly on R”, we ask for which distortion functionals K = K(g), defined for a quasicon-
formal mappings g of R™ do we have the lower semicontinuity property
K(f) < liminf K(fy), (5.2)
n—oo
so that the limit f is itself a K-quasiconformal mapping of R™ onto itself. For instance, K
could be the linear distortion, maximal distortion, outer or inner distortion and etc. This

lower semicontinuity property is related to issues of convexity of the functional I defined on
the space of mappings or more precisely the pointwise differentials of these mappings.

5.1 Summary of Thesis Problems

In this thesis, we discussed three different notions of convexity, namely polyconvexity, qua-
siconvexity, and rank-one convexity and their known (and unknown) relationships with one
other. We then discussed three different distortion functions, which give rise to the same class
of mappings - namely the quasiconformal mappings - but with possibly different associated
constants. Each such functional gave rise to a different definition of quasiconformality. These
three different definitions were:

1. the geometric definition via the distortion of the modulus of curve families
2. the metric definition via the linear distortion, and
3. the analytic definition defined via a differential inequality.

We provided references which show that the functional determined by the distortion of mod-
ulus of curve families and also that determined by the pointwise differential inequality do in
fact have the lower semicontinuity property given at (5.2). You can see the Theorems 3.3.2
to 3.4.2. For the linear distortion the question of lower semicontinuity has been answered
negatively by Tadeusz Iwaniec (see [24]). Theorem 3.4.2 is proved in his paper (see [39]).
This asserts that there is a sequence of quasiconformal mappings as at (5.1) such that for the
linear distortion

H(f) > lim H(f,). (5.3)

n—o0
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Notice that the limit here does exist and the limit mapping f above must be quasiconformal
(and so H(f) < oo) since the other two distortion functionals are controlled by the linear
distortion functional. Since the very beginning of the multidimensional theory of quasicon-
formal mappings, it has been widely believed that the class of K-quasiconformal mappings
in R™ is closed concerning uniform convergence, where K stands for the linear distortion. In
article [39], T. Iwaniec proved one lemma and a theorem that refutes this belief. The key
element of his construction is that the linear distortion function fails to be rank-one convex
in dimensions n > 3.

Lemma 5.1.1. (Iwaniec’s Lemma) Given n > 3 and H > 1, there is a matrix A and a
rank-one matrix B and numbers ¢, s > 0 such that

H(A—sB) = H(A+tB) = H < H(A).

Theorem 5.1.2. (Iwaniec’s Theorem) For each n > 3 and H > 1, there exists a se-
quence {f,}>2; of quasiconformal mappings f, : R” — R” converging uniformly to a linear
quasiconformal map fy : R — R"™ such that

H(z, ) = H < H(z, fo), almost everywhere in R", n=1,2,....

The linear distortion functional is defined pointwise from the differential matrix when it is
nonsingular. At the points xg € R3 of differentiability of a quasiconformal mapping a local
analysis of the convexity properties of the linear distortion can be given if we only consider
the nonsingular linear mappings « — Tz, T = Df(z9) € GL(3,R). To compute the linear
distortion we study the singular values of

A =T'"T € M3y3(R),

the space of symmetric positive definite 3 x 3 matrices. Given such an A the Spectral Theorem
tells us A is orthogonally diagonalisable and so we may as well suppose it is diagonal since
we can diagonalise it by orthogonal (conformal) transformations (at a point). In this way,
we reduce the problem of the convexity of the linear distortion functional to considering
that functionally defined on the space of 3 x 3 positive definite diagonal matrices A = (a;;),
a;; = 0 if 7 # j, all the diagonal entries a;; are positive and we can further suppose that
1 =a11 < a9y < ass, by scaling and a further conjugation by orthogonal matrices - neither of
which affects the linear distortion. Now, we can extend the Iwaniec’s Lemma and Theorem to
(Lemma 3.4.1 and Theorem 3.4.2). Both of his lemma and theorem are existence theorems.
But we expand them to a wide range of matrices. The results of Problem (1) and Problem (2)
in the previous section and this section show it is always possible to find a rank-one matrix
Bp so that

H(A+tBy) =H(A+tu®v) < H(A), (5.4)

holds for a diagonal matrix A with distinct positive singular values. The rank-one matrix
By is the best rank-one direction for which the linear distortional function at A is most
concave. An unsolved and unanswered question (Partly posed by Frederick W. Gehring and
T. Iwaniec) was to determine how big the difference between the left-hand and the right-hand
side of inequality (5.4) can be?

In problems (1) and (2), not only do we find best direction that the inequality (5.4) holds
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but we partly answered the Gehring and Iwaniec question and found the biggest jump and
difference between the left-hand and the right-hand side of inequality (5.4) for a specific
diagonal matrix A with distinct singular values. Iwaniec’s lemma gives an example (actually
counterexample) that the inequality (5.4) happened.

Theorem 5.1.3. Let

1 0
A= 10 0
0 b

o 2 O

be diagonal with 1 < a < b. Then there are two unit vectors u and v in R? described
at (4.54), and a rank-one matrix By = u ® v (the best rank-one direction) and two real
numbers t_ < 0 and t4 > 0, the roots of P(t) as a (4.58), such that

d

aL:O%(AHBO) S (5.5)
42 42

_— < — < .
dtz‘ton(AthBo) < dtz‘tzo’H(AthB) <0 (5.6)

for every rank-one matrix B € R3*3 with %

interval (t_,t4) so that H(A +t Bp) is a smooth function of ¢ in this interval and

_O'H(A +tB) = 0. Also, there is a largest

maX{H(A + t_Bo), ’H(A + t+Bo)} < H(A)
The jump and difference is defined to be
Maximum jump = min{|H(A + t1Bg) — H(A)|, |H(A +t_Bo) — H(A)|},

Recall that the value of H(A) is b.

Now we can extend the Theorem 5.1.2 to the general case in R3. In this theorem, we construct
a sequence {T,}°%; of uniformly bi-Lipschitz maps T, : R® — R3, that is,

1
Xyl = ITu(x) - Tu(y)l < Clx — |

for all x, y € R? and v = 1, 2, 3,...with a constant C independent of x, y and v. The linear
distortion function of each T, turns out to be constant and equal to H almost everywhere:

H(x,T,) = H, v=1,2....

The sequence {T,} converges uniformly to a linear map Tg : R* — R3 whose distortion is
bigger than H (see [39], [42], [30]).

Theorem 5.1.4. (Generalisation of Iwaniec’s Theorem): If n = 3 and H > 1
and Tg : R? — R3 with To(x) = Ax such that A is a 3 x 3 diagonal matrix with
distinct singular values, then there always exists a sequence {T, }2° ; of quasiconformal
mappings T, : R — R3 converging uniformly to a linear quasiconformal map Tq such
that

H(x,T,) =H < Hy = H(x,To),
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almost everywhere in R? and v = 1,2,.. ..

We showed if
10
A=|0 =z 0 |,
00 fz)
and f(z) = 22, then the relative jump tends to horizontal asymptote y = v/2/2 as 2 — 400,
in all types of Cauchy’s functions. However we can not yet prove that this is best possible

and that A € Sing(1,x,2?) is a cirtical case (see [34]). However we do have the following
theorem.

Theorem 5.1.5. Let m > /2. Then there are a sequence of H-quasiconformal self-
mappings of R? converging locally uniformly to an H..-quasiconformal self-mapping of
R? (and no smaller) with

mH > Heo

Finally the last theorem that we have proved, seeks to put the previous two Theorems 5.1.3
and 5.1.4 in a more general framework.

Theorem 5.1.6. Let C' € GL(3,R) and suppose that C has distinct singular values (so
C*'C has distinct real eigenvalues). Then

1. there is a best rank-one direction B* (as per Problem 1) for C,

2. there are two numbers t_, t4 as per Problem 2, and also H(C + t_B*) and H(C +
t B*), that is the largest interval of concavity for H(C + tB*) and the smallest
values for the linear distortion of an approximation.

5.2 Potential Applications

Aspects of material science: The use of nonlinear elasticity to describe martensitic trans-
formations and their microstructure starts with J.M. Ball and R.D. James (1987) [13], fol-
lowing the work of many authors applying nonlinear elasticity to crystals, especially J.L.
Ericksen. There is a “linearized” version of the theory due to Khachaturyan and Roitburd.
The lecture notes of Ball [8] gives a very good overview of the subject at an introductory
level. In fact, one of the most studied phase transitions in nonlinear materials science is the
Martensitic transition, the diffusionless structural transition from a high symmetry to a lower
symmetry crystallographic phase. This transition is often induced by changing temperature or
stress and shows athermal character and proceeds intermittently as a sequence of avalanches
ultimately producing a complex multiscale microstructure.

Recently the theory of mappings of finite distortion has emerged and shown promise in mod-
elling various aspects of nonlinear materials science with interesting associated extremal prob-
lems, see for example [6], [7], [37], [41], [42], [43], [45], [44] and [50]. Many of the distortion
functionals studied in these cases are lower semicontinuous and extremals are quite regular -
often diffeomorphisms. However, the images below suggest that this cannot be the case for
the sort of phase transitions occurring in these structural transformations.

Thus we analyse a slightly different (but still well known) distortion functional where we lose
polyconvexity and hope to gain models of non-smooth extrema. Here we are only concerned
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Figure 5.2: These images are from Chu and James’s experiments in Cu-Al-Ni single crystals,
and M. Morin

with static models but are well aware that the real problem is dynamical. We hope to address
this elsewhere. Distortion functionals are polyconvex in two dimensions, so it is unlikely we
will see these complicated micro-scale structures with purely two-dimensional models using
distortion. However, an interesting feature of our models is that although fundamentally
three-dimensional, limiting processes yield two-dimensional and even one-dimensional models
that at least suggest connections. Distortion functionals are scale-invariant measures of the
anisotropic nature of a deformation. Consider deforming a body ©Q C R? by a homeomorphism
f:Q— f(Q) c R3. Typically the assumption that deformation is a homeomorphism is given
to us by the principle of inter penetrability of matter, see [10]. It is a remarkable feature
of mappings of bounded distortion, coming from the modulus of continuity estimates on
mappings and their inverses, that this topological condition is retained under limits (see
[34]). Let Q C R™, n > 3, be a domain and f : 2 — R” be a homeomorphism. Typically
one assumes some regularity of the deformations in question, namely

f e W, (),

the Sobolev space of mappings whose first derivatives are in L3. This condition is basically
the minimal assumption one can make to ensure that the Jacobian determinant is locally
integrable and that something like the change of variables formula might hold [42]. The
distortion inequality assumes that the full differential of mapping is controlled by the Jacobian;
there is a constant K < oo such that

|f'(x)||? < K.J(x,f),  for almost every x € Q. (5.7)

Such mappings are called quasiconformal. Deformations satisfying the distortion inequality
enjoy many properties, including higher regularity

1,3+€(K)
few ;

oc

positive Jacobian J(x,f) > 0 almost everywhere and the change of variables formula [42].
Thus one can define the distortion function

[eolls

K(x,f) = T0x. )

(5.8)

It is not obvious, but not too hard to see that K(x,f) is a convex function of the minors
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of Df(x). Thus one can consider various extremal problems, for instance, minimising the
LP-norms of K(x,f) among deformations with prescribed boundary values linking with the
calculus of variations. Some novel phenomena arise in such problems including the Nitsche
phenomena where [7] geometric obstructions preclude the existence of a minimiser. However,
it is expected that minimisers are smooth when they exist (and they should exist for all p > 1)
if there is a candidate “barrier”. For x € (), we set

. max|| = [[f(x + h) — £(x)]|
He(x) = H(x,f) = limsup — .
() = RO ) = lmsup o T+ B) £

(5.9)

Let Q and € be domains in R3, and let f be a homeomorphism of € onto €. The linear
distortion of function f is defined

H(f) = sup{Hs(x): x € Q}, (5.10)

We know that if H(x,f) is bounded in €, then f is K-quasiconformal for some K bounded
by a function of H (See [34]). In particular f lies in the Sobolev space VVlig(Q) and satisfies
the distortion inequality,

max |DE(x)¢| < H(F) min | DE(x)¢].

Geometrically this means that the differential Df(x) : R” — R™ maps the unit sphere to
an ellipsoid. The converse is also true, but a remarkable theorem of Heinonen and Koskela
(1995) shows that one only requires the liminf in (5.9) to gain quasiconformality (with the
same constants).

A natural question is: Can these scale-invariant problems and Martensite tran-
sitions be modelled by distortion functionals? This relationship (if it exists at all) is
predicated that at molecular scales we see piecewise linear mappings of uniformly bounded
distortion as illustrated below. There are also some conjectural ideas regarding boundary
values and questions such as are local scales determined by “interfacial energy” ?

\
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martensitic microstructure
with fractal refinement

near interface

pure phase
of austenite

double laminate
of martensite

\%
\
%

y

planar nonclassical cunriu'cl.ll :)rf::iasmal
interface

Figure 5.3: Nonclassical interface with Figure 5.4: Nonclassical austeite-
double laminate [13]. martensite interface [13].
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Recall that a function F : U C R™*"™ — R, defined on an open set U of n X n matrices, is a
rank-one convex at Ay € U if for every rank-one matrix X € R™*" the function

t— F(Ag + tX)

is convex near t = 0. By Theorem 1.8.1, a matrix X has rank one if and only if it is the
tensor product of two vectors X = u ® v, where u,v € R™ (See [34]).

The Hadamard jump condition asserts that the piecewise linear function F' = {A, B} is
continuous across the interface if and only if A — B = u ® v, and the normal to the interface
is v.

B

Figure 5.5: Rank-one connected planar interface

5.3 Further Research

The results above show that it is always possible to find a rank-one matrix B so that (5.4)
holds for a diagonal matrix A with distinct positive eigenvalues. An interesting question
- possibly connected with some aspects of materials science - is to determine the “rank-
one direction” for which the linear distortion function at A is most concave. This might
identify the structure of the laminations for the minimisers of certain stored energy functionals
occurring in the calculus of variations. This problem is basically what we solved in this thesis.
An unanswered question, (partly posed by Gehring and Iwaniec) is to determine how big the
difference between the left-hand side and the right-hand side of (5.3) can be?

The Theorem 5.1.5 is an existence theorem and in this theorem we only showed that there
is a sequence of H-quasiconformal self-mappings of R? converging locally uniformly to an
Hoo-quasiconformal self-mapping of R so that the relative jump is bigger than or equal to
1/4/2 = 1/2/2. This result leads us to a more general conjecture. In Theorem 5.1.3, we found
the best rank-one direction matrix By and the interval [t_,t;] such that for all ¢ in this
interval we have

max{H(A + t_By), H(A +t,Bo)} < H(A).

and for all individual linear distortion functions, the biggest jump was found. Theorem 4.2.2
shows that there always exists a sequence of H-quasiconformal self-mappings of R? converging
locally uniformly to an H.o-quasiconformal self-mapping of R? so that

H(x,f,) = H < Hoo(x, fp) for all v =1,2,3,....
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