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ABSTRACT 

The obj ectives of the study are to contribute to the c l e ar 

ident if ication and unders tand ing of the f actors which l ie 

beh ind the severe mathe ma t ical d if f icul t ie s  exper ienced 

by so me otherw ise able un ivers ity student s .  

A care ful descr ipt ion of the pheno menon , wh ich might l e ad 

to an explanation , is dependant on an understand ing o f  the 

cognit ive proce s se s  of the ind ividua l s  concerned . Consequent­

ly a research method and theoret ical perspect ive were chosen 

wh ich would enable 'a study of these proce s ses to be made 

as they were u s ed in solving mathe ma t ical problems . The 

method was based on the P iaget ian c l in ica l interv iew a nd 

the theoret ic a l  background wa s e s sent ia l ly that of S k e mp '  s 

( 1 9 7 9 ) mode l of intel l igent behaviour .  The pr inc ipa l ad vant­

ages of this mode l were it s structural rather than g loba l 

features and the close relat ions h ip imp l ied between the 

cogn it ive and a f fective deter minants of behaviour . 

Twenty s ix subj ects were 

of mathema t ical abil it ies 

pres ented w ith the s a me 

pr imary - secondary school 

interv iewed having ·a wide r ange 

and intere s t . Each subj ect wa s 

sequence o f  tasks taken from the 

arith me t ic - a lgebra syllabu s . The 

responses were probed in an unstructured manner .  

The ana lys is of the interv iew data had two stages . F irstly , 

in arder to prov ide an overv iew , a for ma l  cod ing was under­

taken in wh ich the response to each i tern wa s c la s s if ied 

a ccord ing to the level of unders tand ing ind icated . The 

res u l t ing data wa s ana lysed in it ia l ly in an ent ire l y  

descr ipt ive manner and then wa s sub j ected t o  Latent Response 

An alys is . F o l l owing th is statis t ical analy s is a c loser 

c l in ical ana l y s is wa s made u sing a mul t iple-cod ing approach 

to build up a mosaic of evidence concern ing the c onceptua l 

s tructures used by the subj ect s . 

The pr inc ipa l conc lu s ions o f  the s tudy relate f ir s t l y  to 

the v ita l importance of the a v ailabil ity of a ppropriate 

in it ia l f ra meworks for the succe s s ful hand ling of mathe ma t ic s . 
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I t  is argued th at the absence of such f r ameworks , or s che ma, 

interpreted in the l ight of · Skemp '  s theory , expl ains both 

the affect ive react ion of subj ects hav ing d if f icu lty w ith 

mathe mat ic s , and the development of inte l l igent behaviour 

w ithin one for m of knowledge but not in another . 

Secondly , the ev idence of the s tudy ind icated that it was 

unl ikely that the d if f icult ie s  wh ich the students were h av ing 

with mathema t ics were due e ither to the abstract nature 

of the concepts involved or to the logica l nature of the 

subj ect matter . 

Th irdly , the top ic of fra c t ions e merged c l �arly as the mos t  

l ike ly source o f  rea l d if f icu lty . It is suggested that 

genera t ions of curr iculum de s igners have s �r iou s l y  under ­

estimated the dif f iculties a s soc iated with learning in this 

area . 

F ina l l y  a t tent ion is drawn to the nece s s ity · for teachers 

to con s t antly mon itor the development of the cogn it ive 

s tructures of the ir students and to be sen s it ive to s ignal s  

in the af fec t ive doma in wh ich might ind ic ate developing 

proble ms in the cognit ive area . I n  this way the v ic ious 

intera c t ion of cognit ive and a f f ec t ive reactions to math­

ematic s , which is the mos t  d is tre s s ing feature ·of the problem,  

might be avoided . 
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CHAPTER ONE 

THE NATURE OF THE PROBLEM 

INTRODUCTION 

Henri 'Po incare , in a lecture de l i vered to the Psycho log i c al 

Soc iety in Par i s  at the turn of the cent ur y, a s ked : 

How doe s it happen tha t  there are peopl e  
who d o  not understand mathemat i c s ?  
I f  mathe mat i c s  i nvokes only the rules 
of log i c , such a s  are accepted by a l l  
norma l minds ; i f  i t s  evidence i s  ba s ed 
on pr i n Giples common to a l l  men , and 
that none could deny wi thout be ing mad,  
how doe s i t  come about that so many 
persons are here refactory ? 

( Byers , 1980: 3 )  

That there are many people who , i n  areas other than math­

emat i c s , show themse lves to be very able , but who f ind math­

emat i c s  extreme ly d i f f i cu l t  i s  undeniable . ' Of ten they become 

c onvi nced that they are i ncapable of understandi ng and succes s  

i n  the subj ect . Why should th i s  be so? What i s  i t  about 

mathema t i c s  which e scapes such people?  

R i chard Skemp , now Pro f e s sor o f  Educat ion at Warwick Univers ­

i t y , became intrigued by the problem a s  a mathema t i c i an . 

He write s : 

I began my prof e s s i ona l career a s  a 
teacher o f  mathemat i c s . As my ta sk 
sh i f ted from that o f  learning mathema t i c s  
my s e l f  to that o f  teaching i t  t o  other 
people , I became :increas ingly concerned 
with the probl em of those pup i l s  who , 
a l though inte l l i gent and hard working , 
' cou ldn ' t  do mathemat i c s ' . Th i s  did 
not seem ·to make s ense . Sure ly the 
ma i n  abi l i ty requ i red for mathemat i c s  
wa s the a bi l i t y  t o  f orm and manipulate 
abstract idea s : and sure ly thi s  abi l i ty 
coinc ided 'c losely with what we mean 
by i nte l l i gence ?  So there seemed to 
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be a contrad ic t ion . 

( Ske mp ,  1 9 7 1 : 1 4 ) 

The obj ect ives of this s tudy are to contr ibute to the clear 

ident if icat ion and understand ing of the factors wh ich l ie 

beh ind this apparent contrad ict ion , and consequent l y  to 

provide a pos s ible ba s is for preventa t ive and remed ia l  act ion . 

The prob l e ms wh ich such peopl e  have w ith mathemat ics are 

o f ten man ifest in both the cognit ive and a f fect ive doma in s . 

The p r inc ipa l ind icator s are cogn it ive and con s is t  o f  error s 

in perfor ming mathemat ical tasks , or perhaps the apparent 

inabil ity to hand le suc h  tasks at a l l . It w il l  be s hown , 

f or exa mple , that many s tudent s , when add ing f ractions , u s e  

t h e  incorrect a lgor ithm: � + � = � : � '
.

and that very few 

s tud �nt s can prov ide any explanat ion of the rule for mul t i­

p l y ing frac t ions ,  even though they can use the rule conf ident ­

l y  and accurate ly . 

A s soc ia ted with these errors there are often sy mpto ms i n  

the a f fective area relat ing t o  factors s uch a s  att itude , 

a nx ie ty and mot ivat ion . For exa mple , a reluctance to con s ider 

a ny task w ith mathemat ical content is very common in· mature 

s tudent s w ith mathe ma t ic a l  d if f icu l t ies . 

S uch s y mptoms are 1t1e l l  known to tea c hers and researche r s , 

but the tendency has been to treat the m in iso l a t ion . Observed 

f a il ure to handle fractions has led to the search for more 

e f f ic ient teach ing procedures for that top ic .  Observed l ack 

o f  mot ivat ion in s tudents has g iven r is e  to atte mpts to mak e  

mathema t ics learning more intere s t ing and enj oyable . There 

is , of course , noth ing wrong w ith these approaches ,  any mor e  

than there is someth ing wrong with pre s c r ib ing a sp ir in for 

the headache a s soc ia ted w ith a bra i n  tumour . However , the 

maj or pre mise o f  th is the s is is that real progre s s  towards 

a n  under standing of the prob �e m, and consequent re med ia t ion , 

is depend e.nt upon a much deeper apprec iat ion of the f actor s 

wh ich l ie beh ind the mos a ic of cognit ive and a f fect ive 
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s ymptom s  than is currently ava i lable . 

THE SYMPTOMS 

The e s senc e of the problem cons idered i s  that the subj ect 's 

mathema t i ca l  behaviour i s  contrary to expectat ion . The 

ques t ion then ar i se s  a s  to what mathemat i c al behaviour might I 
be rea sonably expected of an inte l l igent per son . There are 

two aspects to thi s  question . F i rstly there is the character 

of the ma thematical tasks whi ch one m i ght expect the subj ect 

t o  master , and s econd l y  there is  the nature , or degree , of  

mastery i nvol ved . 

I n  New Zealand s chool s ,  chi ldren fol low a common mathema t i c s  

programme from Standard 1 ( 7 year s ) t o  Form 4 ( 1 4 years ) .  

I mp l i c i t  i n  the e x i s t ence o f  such a uni form programme i s  

the a s s umpt ion that the mathematica l  ta sks inc l uded are within 

the capab i l i t i e s  o f  the maj ority of pupi l s , and certa i n l y  

within the capab i l i t i e s  o f  the more abl e . The va l id it y  o f  

thi s  a s s umpt ion wi l l  b e  brought i nto question later i n  thi s 

the s i s , but the primar y - secondary school syl labus does prov i d e  

an appropriate pool o f  t a s k s  for thi s  study . 

I n  relat ion to the abi l i ty to master such · ta sks , Werde l i n  

o f f er s  the following ·descript ion : 

Mathemat i c a l  abi l i t y  i s  the abi l i ty to 
under stand the nature of mathema t i c a l  ( and 
s imi l ar )  proble ms , s ymbo l s , method s a nd 
proofs : to learn them , to reta i n  them 
in the memory and to reproduc e  them : to 
combine them with other problem s , symbo l s , 
methods and proo f s : and to u s e  them \'lhen 
solving mathema t i c a l  ( and s im i l a r ) ta sk s . 

( Werde l in , 1 9 58 : 1 3 ) 

l'lithin thi s  descr i ·pt ion there are three di f fe rent a s p ec t s  

o f  mathema t ical competence : 

- the abi l i ty to understand , 

- the abi l i ty to learn , ret a i n  and reproduce , 

- the abi l i t y  to combine and use . 
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These �spects are c l early not i nde pendent , and the re lation ­

s h i ps between them a r e  l i ke ly to b e  o f  relevance to thi s 

s tudy . Each of the a spects have been the s ubj ects of pr ev i o us 

comment and research . 

The abi l i ty to l earn , reta i n  and reproduce mathema t i ca l  

mater i a l  i s  perhap s  the mos t  s traigh t forward o f  the thr ee. 

I n  a review of r e s earch relating to the learning of s ki lls 

i n  mathemat i c s , Suydam and De s sart wr i t e : 

One of the most f requently stated goa l s  
o f  mathema t i c s  instruction i nvolves the 
development o f  ski l l s . Ski l l s  are compar ­
atively e a s y  t o  descr ibe or speci fy , t o  
teach , and to eval uate . A s ki l l  i s  what 
a learner shou ld be abl e to do . 

S ki l l s  are genera l ly character i zed 
in terms of ( a )  pro f i c iency or accuracy 
and ( b )  e f f i c i ency or s peed . When mas t ered , 
ski l l s  requ i re relat ively l i t t l e  re flection . 
In effect , they become r e f l exe s , to be . 
exer c i s ed at a subconsc ious leve l . 

( Suydam and Dessart , 1 9 8 0 :  2 0 7 ) . 

The abi l ity to combine mathema t i ca l techni ques a nd apply 

them is s im ilarly we l l  d e f i ned a nd c orrespond s c lo s e ly to 

problem solving abi l i ty .  Le ster ( 1 9 8 0 ) presents a comprehe n s ­

i ve review of t h e  con s iderable vo lume o f  recent r es ea rch 

i n  thi s  area and comment s :  

The fact that problem solving has been 
the obj e c t  of so much re s earch , a focal 
point for severa l curr iculum deve lopment 
e f forts and the subj ect of innumerable 
books , a r t i c le s , and con fere nce report s  
atte s t s  t o  its  importance i n  the s tudy 
of mathema t i c s . I ndeed , there is  sub stant ­
i a l  s upport for the not ion that the 
u l t i mate a im of l earning mathema t i c s  a t  
every l eve l i s  t o  b e  able to so lve problems . 

( Le ster , 1 9 8 0 : 2 8 7 ) 

The abi l i ty to unders tand mathema t i c s  i s  much les s . pr ec i s e  

than the other two a spec t s , but seems to be o f  con s iderabl e 

import ance to t h i s  s tudy . The que s t i ons : . Wha t  do es i t  m ea n  

t o  unders tand mathe mat i c s ?  Are t h ere d �f f er ent kin d s  o f  



s. ' 

understan ding , e i ther qua l i tat ively or quanti tative l y ?  I s  

understanding nec e s sary for mathemat i ca l competence ? 

a n  obvious relevanc e . 
have 

Mathemat i cal under standing has been the subj ect of con s i der ­

able r e cent di scus s ion i n  mathemati cs educat i on l i terature . 

Art i c l e s  have appeared by S kemp ( 1 9 7 6 , 1 9 7 9b ) , Lehman ( 1 9 7 7 ) , 

Byers and Hers cov i c s  ( 1 9 7 7 ) , Buxton ( 1 9 7 8 ) , Backhouse ( 1 9 7 8 ) , 

Davis  ( 1 9 7 8 ) ,  Gordon ( 1 9 7 8 ) , She l l ey ( 1 9 7 8 ) , Michener ( 1 9 7 8 ) , 

Kni ght ( 1 9 7 9 ) , Thwa i t e s  ( 1 9 7 9 ) ,  Byers ( 1 9 8 0 ) and Ma laty ( 1 9 8 0 ) .  

Much of thi s work ha s its  or igins i n  the pap�r by Skemp ( 1 9 7 6 ) 

who developed an earl i er sugges t ion by Mel l i n -Ol sen that 

there are two d i s t i nct k ind s of unders tand ing of mathemat i c s  

instrumenta l under s tand ing and r e l a t iona l under s tand i ng . 

The ma in characte r i s t i c  o f  instrumental under s tand ing i s  

that what ha s to be done next i s  det e rmine d pure ly by the 

local s i tuat ion . The instr umenta l understander knows that 

i n  order to get f rom A to B a c erta in p �ocedure mu s t  be 

fol lowe d .  Ins trumental understand i ng is rou 9hly described 

as ' knowing how ' . Relationa l under s tanding o f  mathemat i c s  

cons i s t s  o f  bui ld ing u p  a conceptua l structure f rom whi ch 

i t s  pos se s sor can ( in principle ) produce an unl imi ted number 

o f  plans for gett i ng f rom any start i ng point w i th i n  th i s  

s tructure to any f ini shing point . Because the relat i ona l 

under s tan der ' knows why ' a s  we l l  as how , he i s  able to deviate 

f rom the narrow path of spec i f ic procedure to see a n d  u s e  

relat ionships whi ch pa s s  unnoti ced by the instrumental under­

s tande r . 

Another c la s s i f i ca t ion , w i th a l it t l e  more preci s ion , i s  

propos e d  by Lehman ( 1 9 7 7 ) • He con s iders that un derstan d ing 

o f  s ta tements or theor i e s  in mathematics cons i s t s  o f  a ny 

of three d i s t i ngui s hable kinds of know l e dge . 

( a )  Knowledge o f  a ppl i cations of a s tatement or theory . 

The state ment in quest ion might be a mathemati ca l  rule 
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such a s  the rule for the mul t i p l icat ion of deci ma l 

numbers count the number o f  decima l places i n  each 

factor and add these to give the number of decimal place s 

in the product .  Abi l i ty to apply thi s  rule i nd i cates 

Lehman ' s  first  l eve l of under s tand ing . 

( b )  Know ledge o f  t he meanina  o f  a statement or theory . 

I t  i s  qu ite po s s ible to app ly the above rule w i thout 

havi ng any i dea of e i ther the s igni f i cance of a dec imal 

number or of the proce s s  o f  mu l t ip l i cat ion . Chi ld ren 

can rec i te 2 + 2 '= 4 l ong be fore it become s meani ngful . 

( c ) Know ledge o f  the logi cal relat i onsh i ps among the com­

ponents of a s tatement or theory . In the exampl e  above 

t h i s  is the knowledge of the l og i c a l  relat ionship between 

the pos i ti on of the dec ima l point i n  the factors and 

i t s  pos i t ion in the product . 

These mode l s  of S kemp and Lehman are , o f  course , not unrelated . 

I t  seems , in f a c t , that Lehman i s  de scribing s o me par t i cu l a r  

feature s of i n s trumental and r e lat ional unders tand ing . 

Instrumenta l unde r standing i s  l i kely to i nc lu de both knowledge 

of· app l i cation s  and knowledge of meaning , and knowledge of 

log i c a l  relations h i ps m i ght be a u s e f u l  indicator of re l a t ion­

al understand i ng . Both c l a s s i f icat ions were found to be 

useful in descr i bing and ana l y s ing students ' mathemat i c a l  

behaviour in thi s  study . 

Returning , the n , to the expectat ions which m i gh t  rea sonably 

be made of a n  intel l igent subj e c t  in relat ion to mathema t i c s  

learning , i t  i s  s ugge sted that such a subj ect shoul d  b e  abl e  

t o  achieve r e l a t iona l unders t and i ng o f  the mathema t i c a l  

concept s and procedures f ound i n  a norma l s chool progra rmne 

and be able t o  l earn , retain and apply the a s sociated tech­

nique s . The s tudy is concerned with those otherw i s e  abl e 

s tudent s who f a i l  signi f i cantly in this regard . 

As soc i ated w ith such fai lure there are often d i f fi cu l t i e s  

i n  the a f fe c t ive area . The relat ionship between factors 
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such a s  

learni ng 

of th i s  

atti tude , 

has been 

motiva tion and anxiety , and mathemat i c s  

explored by 

research are pre sented 

many re searcher s .  

i n  Biggs ( 1 9 6 2 , 

Reviews 

1 9 6 7 ) and 

Aiken ( 1 9 7 0 , 1 9 7 6 ) . The r:1ore recent l iterature has concen-

trated on sex d i f ferences , particularly i n  relat ion to math­

ema t i ca l  anx iety ( Tobias 1 9 7 8 , Koge lman 1 9 7 9 , S tamp 1 9 7 9 ,  

Luchins 1 9 7 9 ) • In fact , so much has been wr i tten on t 'h i s  

matter that Luc hins ( 1 9 7 9 )  comments on the degree o f  ' anx iety 

about ma themat i cal anxiety ' and warns of the dangers of thi s  

add ing to the s tereotyping of wo men a s  being poor a t  math ­

ema t i c s . 

From the poi nt of view of thi s  s tudy , howeve �, i t  i s  in the 

cogni t ive ra ther than the a f fective doma in that the apparent 

contradiction in the behaviour of able student s i s  evident . 

Ind eed , i t  

inte l l i gent 

would be surpr i s i ng i f  a we l l  mot ivated , 

s ubj ect , having con s i derable succe s s  i n  other 

areas did not react anxiou s l y  to repea ted fai lure in math­

emati c s . It would be equally s urpr i s ing if the presence 

of th i s  anx iety d id not induce negative atti tud e s  and the 

development of interests away f rom mathemat ics : 

Thi s  view o f  the af fective 

i n i t i a l ly , a consequence 

held by mos t  researchers . 

categorical ly : 

of 

s ymptoms as being , a t  least 

the cogn i t ive d i f f i c u l t i e s  i s  

Tobia s ,  for example , states qu ite 

My pr incipal purpose i n  wri t i ng thi s  book 
is to convince women and men that the i r  fear 
of mathematics  i s  the res u l t  and not the cause 
of the i r  negat ive experi ence s with mathema t i c s , 
and to encourage them to g ive themse lves one 
more chance . 

( Tobias , 1 9 7 8 : 5) 

There i s , however , cons iderable d anger of crea t i ng a f a l s e  

d ichotomy b y  thi s divis ion betwe e n  the cogn i ti ve and a ffective 

f actors of learnin g. I n  th i s  connect ion S kemp wr i t e s : 



In everyday human activity and i nteraction , 
feel ing a nd cogn i t ion are combined i n  vary ing 
degree s ;  and t h i s  close a s sociation between 
cogn i t ive and af fective expe r i ence s w i l l  fol low 
as a nece s sary consequence of the theore t i c a l  

,approach which i s  being deve loped in thi s 
book . The d i s soc iat ion of the two i s , I 
be l i eve , an a r t i f ical one , wh ich has led to 
one - s ided approaches i n  both psychologica l  
and educa t i ona l theory . 

( Skemp , 1 9 7 9 a : 1 1 ) 

o. 

In Skemp ' s model the a f f ective experi ences such a s  p l ea s ure , 

unpleasure , fear and re l i e f  a re seen a s  signa l s  o f  movement 

i n  the cogn i t ive area towards ,  or away from goa l or ant i goa l 

state s . Fee l i ngs o f  conf idence , frus tration , secur i t y  and 

anxiety are i nd i cat ions of the organi sm ' s  knowledge o f  i t s  

abi l i ty t o  make such movement . ( Fig . 1 ) • 

State Signals from Knowle�ge of 
perceived comparator ability inability . 

as changing to change 
state 

Towards Ple.a.oU/l..e Conti-cknu rll.tM:Uta.Lion 
/ 

Goal 
state "" 

Away lln.ple.a.OU/l..e -
from 

� Towards 'f.ea��. 
Anti-
goal 
state 

"'- Away R.efu/- S.ecwU.Ly Anx..i.ei..y from 
Signals 

that organi sm i s  

within outside 
prohabitat 

F i gure 1 : Af f ect ive Sym Etoms ( Skemp, 1 9 7 9a :  8 1  ) 
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Thi s  i nterpretat ion o f  the a f fective s ymptoms a s  i nd icators 

o f  d i f f i cu l t i e s  i n  the cogn i t ive area i s  part i c u l a r ly useful 

in  this  stud y .  It  w i l l  be shown , for example , that the 

emot i ona l reaction expres sed by s u bj ec t s  to tasks in d i f f erent 

c ontent area s within the s choo l math enatics programme i s  

quite var iab l e . The indicated d i s l ike of tasks  i nvolving 

f ract ions be i ng par t i cularly s trong . The actual measurement 

of such emotiona l react ion , however , pre sent s maj or method ­

o logi ca l  problems . Mc Keachi e ,  for exampl e ,  i n  d i s c u s s ing 

the mea surement o f  s t ate anxiety , wr i te s : 

Perhaps we need to have one i nstrument 
samp l ing a range of potent i a l l y  anxiety 
producing s i tuations : another tappi ng 
the intens i ty of anxiety typically 
e l i c i ted : and perhaps s t i l l  another 
dea l ing w i th the type s of react ing to 
anxi ety s uch as wi thdrawa l , wo rry , or 
impu l s ive d i sorgani s a t i on . Some anxious 
per s ons may respond to anxi ety by attend­
i ng to the i r  phy s i ca l  symptoms ; other s  
may perseverate on thoughts about future 
cons equence s  of f a i lure : s t i l l  other s 
may \'lOrk harder . 

( Mc Keach i e , 1 9 7 7 : 4 )  

T hese d i f f i cu l tie s ,  and the v i e ws o f  Skemp , j us t i fy the 

con s i dera t i on of the subj e c t s ' reported af f e c t i ve react ion 

to mathema t ical tasks as an i ndication of probable cogn i t ive 

d i f f icultie s ,  and the concent ra tion of the s tudy on thes e  

cogni t i ve d i f f iculties  rather than on the emot ional reaction 

i t s e l f . 

MATHEMATI CAL HIERARCHIES 

One obviou s concern of this study wi l l  be to ident i fy the 

t iming o f  such cognit ive d i f f i c u l t ies within a s ubj ect ' s  

mathema t i c a l  educa tion . There may be sen s i t ive or c r i t i ca l  

per i od s  during wh i ch probl ems a r e  most l ikely t o  a r i s e  • . 
Thi s  p os s i b ili ty leads to a cons i deration o f  the many forms 

of h ierarchy which inf l uence the s equencing of tasks ·i n  math­

ema t i c s  educat ion . 
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One of the maj or character i s t i c s ' of mathemat i c s  a s  a form 

of know l edge ( H i r s t  1 9 7 2 ) is i t s  h i e rarchical nature . Apa r t  

f rom t h e  mos t  ba s ic concept s , a l l  mathematical obj e c t s  are 

spec i f i ed in terms of other , prerequ i s ite obj e c t s . The 

f raction 3 / 4 , for exa mple , is defined in terms of the natura l 

number s  3 a nd 4 .  I t  may be that given two r e lated object s , 

e ither may be taken a s  subor dina te , but thi s  only a f fe c t s  

the form o f  the h ierarchy , not i t s  charac ter . 

As soc i a ted 

pos s i bi l i ty 

wi th 

of 

thi s  ' s tructural h i erarchy ' there i s  

a ' learning h ierarchy ' ( Gagne 1 9 6 5 ) . 

the 

The 

ba s i c premi se o f  such h i erarchies is that the abi l i ty to 

perform a g iven c l a s s  o f  tasks cannot be man i f e s t  unles s  

a l l  o f  a set o f  re levant s u bord inate s k i l l s , or e lements 

of know ledg e , are a lready pos ses sed by the l ea rner ( Vlhi t e  

1 9 7 4 ) . · I n estab l i shing such h i erarchi e s  in mathemat i c s  learn­

ing , s trong use i s  made o f  the corre sponding s tructura l 

hierarchy to s uggest l i nks between e lements , the s trengths 

of thes e  l i nks be ing tes ted empi r i ca l ly . 

These two forms of hi erarchy relate directly to mathema t i c a l  

tasks , b u t  there are othe r , ind i rect , orderings which a r e  
, 

i mp l i e d  by categor i zation s  o f  subj ects abi l i t i e s , s uch a s  

Piaget ' s  ( 1 9 6 3 ) stage s o f  cogni t i ve development , o r  Scandura ' s  

( 1 9 7 1 ) proce s s  abi l i t i e s  i n  mathematics . Spec i f i c  tasks 

can be g rouped according to the abi l i ty requi red for the i r  

ma ste r y  ( Col l i s  1 9 7 5 , Kuche mann 1 9 7 8 , Noe l tung and Gagne 
1 9 8 0 ) , and the proposed h ierarchy of abi l it i e s  impo s e s  a 

ranki ng on the tasks . 

The actual  sequenc ing o f  tasks 

ref l e c t s  each o f  the se forms of 

within a s c }?.ool programme 

h i erarchy to a greater or 

les s e r  extent , together w i th the inf luence of other soc i e t a l  

or c u l tural variables ( Gr i f f i th s  and Howson , 1 9 7 4 ) .  For 

exa mp l e , 

heavi ly 

the ' new mathema t ic s ' s y l l abuses of the 1 9 6 0 ' s  were 

i n f luenced by the ' s tructura l h i e rarchy ' with its 
empha s i s  on log i ca l  de ve lopment and ma t hnrr1at i ca l s tructure . 
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Each o f  these s equence s  i s  of importance to thi s  s tudy . 

I f  an a re a  o f  d i f f i culty can be i dent i f ied for a particular 

>tudent , the pos i t ion of that area i n  a mathema t i ca l  sequence , 

in a l ea rning hierarchy , i n  a developmental s equence , and 

in the s chool programme , may all  be factors i n  under s tand ing 

the d i f f i culty . 

In Chapter 2 the choice o f  the c l i nical method for thi s  s tudy 

i s  d i s cu s sed a nd the problem i s  p laced in a theoret i c a l  

per spect i ve . 

Chapter 3 contains a descri pt ion , and j us t i f icat ion , o f  the 

cho i c e  of subj e c t s  made and the par t i cular c l in i c a l  procedure s 

used . 
I 

In order to present the evidence from which conc l u s i on s  are 

drawn in a manner whi ch is acc e s s ible to subsequent cri t i ca l  

a s s e s sment , Chapter 4 . contains a d i scus s ion o f  the c l i n i c a l  

ana l ys i s  procedures deve loped a nd a deta i led analy s i s  o f  

the interview \'Ti th o n e  parti cular s tudent . The tentative 

conc l u s ions f ormed on the ba s i s  of this  evidence are then 

tes ted aga i ns t the re s u l t s  of a more genera l  c l inical ana l y s i s  

i n  Chapter 5 .  

I n  order to complement th i s  c l i n ical analys i s , the intervi ew 

responses were coded according to the leve l of understand ing 

i nd icated , and a sta t i s t ic a l  analys i s  of the data i s  pre sented , 

a nd d i s cu s s ed , in Chapter 6 .  

F i na l l y ,  i n  Chapter 7 ,  the s tudy i s  summa r i z ed and the con­

c l u s i ons are drawn , together w i th thei r  educat ional impl icat­

ions and suggestions for future research . 
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CHAPTER TWO 

THEORETICAL PERSPECTIVE AND CHOICE OF METHOD 

In thi s  chapter an attempt w i l l  be made to relate the choice 

of me 'thod for thi s  study t o  the research ques t ion d i scus sed 

i n  the previous chapter and to place both of the se i n  a theor­

e t i c a l  framework . 

The character of the relationship between research ques t ions 

and methods i s  i l lustrated by a cons iderat ion of previous 

s tud i e s  of mathematical abi l ity . 

RESEARCH METHODS 

Krutetskii  ( 1 9 7 6 ) sugg e s t s  that stud i e s  into ·pos s ible typ­

olog i cal d i f ferences in mathema t i cal abi l i ties may be cons ider­

ed as belong i ng to two maj or schoo l s , the ' factor i a l ' s chool 

and the ' i ntrospective ' s chool . The f i rst is typi f i ed by 

the use of the method of corre lation fol lowed , of ten , ·by 

factor ana ly s i s  of the test resul t s . The second u se s : 

• . • •  psycholog i c a l  observat i on and exper­
imenta l i ntrospective analys i s  o f  . the 
thought proce s s  when mathematical problems 
are be ing so lved . 

( Krutet ski i ,  1 9 7 6 :  2 3 ) 

Thi s  i s , o f  course , not the only pos s ible c la s s i f i ca tion . 

Piaget ( 1 9 2 9 ) , for examp l e , d i s t i ngui shes between the ' c l in i c al 

method ' ,  the ' test method ' ,  and the ' method o f  pure observ­

a t ion I • Clearly the factor i a l  school stud i e s  use the t e s t  

method and stud i e s  us ing ·the c l inical  method or the method 

of pure observation may be inc l uded among st the intros pect ive 

stud ie s . In the case of s tud ies i nto the nature of math­

e mat i cal abi l i ty , however , the va s t  maj or i ty of s tud i e s  have 

been e i ther factor i a l  or c li n ical in nature . 
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Studi e s  i n  the two s choo l s , a l though referring to the s ame 

bas i c  qu es t i on concerning the nature of mathematical abi l i ty , 
. addres s  d i f f erent aspect s  of thi s  quest i on . 

Krutetski i ,  for exampl e  tried : 

• • • •  to clari f y  the features that charac t ­
e r i z e  the menta l  activity of mathema t i c ­
a l ly g i f ted pup i l s  a s  they solve various 
mathematical  problems . 

( Krutetsk i i , 1 9 76 : 78 ) 

For this purpo se he used a c l inical method , a lthough f a c tor 

ana l y s i s  wa s used as an aux i l iary method . 

The ques t i ons 

are d i f ferent 

ques tion as : 

asked by re searchers i n  

i n  character . Wri gley 

the factor i a l  s chool 

�tates the general 

Is  there a group factor for mathema t i ca l  
abi l i ty over and above 1 g 1 , the general 
factor? 

( Wri gley , 1 9 5 8 : 6 2 ) 

The choi ce bet ween the methods , then , depend s a s  much on 

the appropr iatene s s  of the ques t ions a sked a s  on the approp­

r iatene s s  of the methods used to answer the se que s t i ons . 

FACTORIAL STUDIES 

Comprehens ive 

abi l ity are 

Biggs ( 1 9 6 2 ) , 

revi ews of factorial s tudies o f  mathemat i c s  

ava i lable i n  Mi tchell  ( 1 9 3 8 ) ,  Wrigley ( 1 95 8 ), 
Aiken ( 1 9 7 3 ) ,  Krutetski i ( 1 9 7 6 ) , Bi shop ( 1 98 0 )  

and .De Guire ( 1 9 8 0 ) a nd i t  i s  not �ntended t o  reproduc e  thi s  

materi a l  here . However , some comment on the character o f  

the results  and the ir appl i cabi l i ty t o  the re s earch ques t i on 

o f  thi s s tudy i s  appropriate . 

Much of the evidence f rom the se stud i e s  ha s been conf l i c t ing. 

Wrigley ( 1 9 5 8 ) comment s on thi s  conf l i c t  i n  relat i on . t o  the 

centra l ques tion a s  t o  whether or not the separate abi l i t i e s , 
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which together make up math ematical abil ity 1 form a group 

f actor 

e ight 

over and above ' g '  . I the genera l factor . He quotes 

this  and �ive which . af f i rm i t .  s tudies whi c h  deny 

Krutet s k i i  ( 1 9 7 6 ) i dent i f i e s  a number of factors whi ch have 

been s uggested as having a part icular relat ionship to math­

emat ical  abi l i ty .  The principa l  factors are : 

( a )  The genera l fac tor g .  

( b )  The numerical f actor N .  

( c )  The spat i a l  fac tor s ( vi sual V. ) • ]. 
( d )  The verba l factors V and W .  

There i s  1 however , no consensus on the importance o f  e ach 

of the se factors . In summary , Krutet s k i i  wr ites : 

Our ana l y s i s  of factor ana ly t i c  stud ies 
of mathematical abi l i t y  a l lows u s  
to conc lude that the attempt to revea l 
the e s s ence and structure o f  mathem �t ­
ical abi l ity b y  test i ng , fol l m'led 
by factor analys i s ,  wi thout incorp­
orating a psychological a nalys i s  o f  
proces s , has not proved i t s  value . 
Such a one - s ided ana ly s i s  gives u s  
no a ccurate , meani ngful concept .. of 
the s tructure of mathema t i c a l  abi l i ty .  
The hypothetical ' factor i a l ' structure 
of mathematical abi l i ty has proved 
to be amor phous , s che ma t i c , and la dk ing 
in c ontent ; consequent ly i t s  theor ­
e t i c a l  a nd pra c t i cal va lue in n o  way 
corresponds to the ef fort spent on 
study ing it . 

( Krutet ski i ,  1 9 7 6 :  3 6 ) 

Not a l l  the revi ewers are so scathing . De Guire ( 1 98 0 )  i s  

more opt imi s t i c  a nd .be l i eves that fami l i e s  of f actors can 

be i dent i f i ed i n  the . s tudies , each fam i ly representing a 

c l a s s  of cogn i t ive proce s ses , pos s ibly very broad and very 

d ivergent , but in some way corre la ted . She sugge s t s : 

. . •  a h i erarch ical  s tructure of math­
ema t i c a l  abi l i t i e s  with the pr imary 
fac t or fami l i e s  be ing Rea soning , 
Spat i a l , Numerical and Verba l . 

( De Guire , 1 9 8 0 : 1 2 ) 
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From the point o f  view o f  the problem a s sociated with t h i s 

proj ect , however , a careful s tudy o f  the factor a na ly s i s  

l i terature has no t proved to be helpful . I ndeed the pr i nc i pa l  

impr e s s ion left i s  that any supposed s t ructu re o f  mathema t i c al 

abi l i t i e s  ident i f i ed i n  these s tudi e s  i s  no more t h an t he 

structure of the questions used to iden t i f y  these abi l it i e s .  

Furthermore , a conc lus ion such as : 

All o f  this  has sugges ted to 
ors that mathemat i c a l  
con s t i tutes the ' central 
gene r a l  inte l l igence . 

inve stiga t ­
abi l i t y  

par t ' o f  

( Krutet ski i ,  1 9 7 6 : 3 1 ) 

- merely adds t o  the apparent contrad ict ion i n  the e xi st ence 

of inte l l igent s ubject s  who cannot handle mathema t ic s .  

CLINICAL STUDI ES 

Skowronek in h i s  summary of the d i s c us s ion wh ich took pl ace 

dur i ng the s e s s ion on re search related to the mathem at i c al 

learning proc e s s e s  at the 3 rd Intern ationa l Congres �  on M at h ­

ema t i ca l  Educat ion , �r ites : 

Nu merous stud i e s  of mathema t i c s  learn­
ing are mos t l y  stati s t ical  i n  character 
and accord ingly focus on average 
achi evements and l earning resul t s , 
not on learning proce s s e s , thus tend ing 
to concea l the dec i s ive recogni t ion 
that mathemat ical ' in s i gh t ' or math­
ema t i c a l  under s tand ing may be achi eve d 
i n  i nd ividua l l y  highly d i f ferent learn­
ing proces ses . 

( Skowronek , 1 9 7 7 :  2 4 3 ) 

There i s  a growing awarene s s  i n  ma thema t i c s  educat ion c ir c l e s  

o f  t h e  importance o f  a n  unders tanding o f  the s e  individu al 

learning proc e s s e s . Skowronek again wri tes : 

Not unt i l  a co rnprehensi ve de script ion 
of the individual acqu i s i t ion processes 
operating in tea c hing ha s been provi ded 
wi l l  i t  be pos s ible to make the f i rs t  
a tt empts a t  a formu l a t ion o f  a compre­
hen s ive theory of mathema t i c al lea fning . 

( Skowronek , 1 9 7 7 :  2 4 4) 
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Whe ther or not t h i s  very gene r �l statement i s  j us t i f i ed ,  

i t  does seem that i ndividua l learning proces ses are at the 

very hear t  of the problem under cons iderat ion . We are concern­

ed to determine why some inte l l i gent ind i vidua l s  do not 

respond to mathema t i c a l  expe rience s i n  the way we woul d  expe c t , 

and c l inical , or i ntrospec t i ve ,  stud i e s  seem to have con s i de r ­

a b l e  potent ial here . 

The method has i t s  roots i n  the work o f  Piaget but may take 

various forms . Romberg and Upri chard ( 1 9 7 7 ) s ugges t  that 

there are f ive d i s t i nct methods wh i ch can be placed w i t h i n  

t h e  rea l m  o f  ' c l in i c a l  i nves tigation ' ( I rons , 1 9 7 9 ) . 

( a )  Th e s tructured individual i nterview . In this  method , 

the i nteviews are h ighly s t ructured and each s ubj e c t  

i s  . given t h e  same set o f  que s t i on s . 

usua l �y ana l y sed i n  a forma l manner . 

The response s  are 

W i thin mathema t i c s  

the 1 9 4 0 ' s  ( Weaver , 

and Lan kford ( 1 972) 

o f  Browne l l  i n  educat ion the work 

1 9 7 6 )  and tha t  of 

prov i d e  exa mp l es .  

Neaver ( 1 9 5 5 ) 

( b ) The Piage t i an c l in i c a l  method . The method beg i n s  i n  

t h e  same way a s  the structured interview w i t h  each subj e c t  

being given t h e  same task or quest ion , but responses 

are probed t o  del ineate the cogni t i ve processes i nvol ved . 

There are , o f  cour s e , many examp les f rom the work o f  

P i aget himse l f . Examples i n  mathema t i c s  educ a t i on a r e  

described i n  Ros skopf e.t af. ( 1 9 7 1  ) , · Eas ley ( 1 9 7 7 ) , and 

Booker ( 1 9 8 0 ) , and the method , appl ied to mathema t i c s  

i s  described in deta i l  i n  Opper ( 1 9 7 7 ) . 

( c )  C l inical i n tervent ion research . Here , rather than trying 

to s imply d i s cern the subj ect ' s  knowledge , an i ntermediate 

factor o f  ins truct ion is i ntroduced af ter an i n i t i a l  

i nterview , and subsequent per formance i s  related t o  the 

i n i t i a l  a 's se s sment of the s ubj ect and an ana ly s i s  of 

the task ( Booker , 1 9 8 0 ) . The maj or source o f  example s  

here i s  t h e  work o f  the Rus s i an p sycholog i s t s  ( Ki l pa t r i ck 

a n d  Wir s zu p , 1 9 6 9 , Krute t s ki i , 1 9 7 6 ) but thi s  l i ne of 
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research i s  a l so bei ng pursued i n  Aus tra l i a  ( Booker , 

1 9 8 0 ) . 

( d )  Ethnographic ca s e  s tudy . In thi s c a s e ,  the invest igator 

does not start with contro l over the problem s i tuation 

but descr ibes and inve s t igates the nature of events a s  

they ar i s e . Examples i n  mathema t i c s  education are scarce 

but Erlwanger ' s  ( 1 9 7 3 ) investigat ion of six chi ldren 

in the schoo l sett ing comes c lose to thi s method , a s  

does Ginsberg ( 1 9 7 7 ) .  

( e )  Proce s s -development eva l uat ion . Thi s  . contains the same 

features as the e t hnograph ic case s tudy , but with the 

added feature of a t ime ser i e s  des ign . There s eem to 

be no reported examples of thi s  method �ppl i ed to the 

learning of mathema t i c s . 

The choi ce among s t  these pos s i ble c l i ni c a l  method·s i s  related 

bo th to the choice of subj ects and to the nature o f  the 

problem under discuss i on . The struc tured indi v idual interv i ew 

ha s the advantages o f  repl i cabi l i  t y , va l idity testing , etc . , 

wh ich are a s soc iated with stati stical  meth od s , but doe s not 

provide sufficient . f lexibi l i ty to explore the i nd ividual 

d i f ference s wh ich , i t  i s  suggested , are the key to the probl em 

- being s tud ied . C l i n i ca l  i ntervent i on research has con s i de r­

able potent ial once spec i f i c  probl em areas have been c learly 

defined , but one o f  the maj or tasks of  t h i s  study is  to 

i dent i f y  such probl em areas . The same d i f f iculty app l i e s  

t o  both ethnograph i c  c a s e  s tud i e s  and process -development 

evalua t i on - the part icular events to be descr ibed and i nve s t ­

i gated have to be chosen be fore the study can begin .  

On the other hand P iaget ' s c l inical method a l lows both the 

f lexib i l i t y  to explore ind ividual d i f f e rence s , a nd the 

pos s i b i l i ty of c over ing a wide content area - prec i se l y  what 

is requi red for thi s  s tudy . A s e r i e s  of mathema t i c a l  tas k s , 

taken f rom the s chool programme , can be se lected and the se 

can be used as the common starting points for interviews . 
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These i n i t i a l  tasks  may i dent i f y  the d i f f iculties  whi ch can 

be explored in depth in an i ndividua l manner . 

The cho i c e  of s ubj ects i s  i n f luenced by thi s cho ice o f  

P iaget ' s method . There a r e  two maj or pos s ibi l i t i e s , e i ther 

the probl em i s  s tudied as it a r i ses , that is with chi ldren 

i n  the s c hool s i tuat ion , or a fter it has ari sen with s tudents 

at high s c hool or beyond . Ther e  are advantages w i th e i ther 

choice . 

I n  rela t i on to the affecti ve doma in , working with chi ldren 

has some advantages .  As d i s cu ssed previou s ly , it would be 

surpr i s i ng if mature students having problems with mathema t i c s  

d i d  not · d i splay anxiety , l a c k  motivat ion , and have poor 

attitude s to mathematics a s  a result of their d i f f i cu l t i e s . 

Conseque �t l y , i f  mature subj ects  are used i t  i s  pos s ib l e ·  

that any e f �ect wh ich affect ive factors may have had i ni t i a l l y  

on the c ognitive processes wi l l  be ma sked b y  the i nevi tab l e , 

consequent ial  a f f ective factor s . 

I t  i s  important 

too the reca l l  

to acknowledge that i n  the cogni t ive area 

of pa st exper i ences may be f i l tered by 

subsequent exper i ences and care i s  nece ssary in interpret i ng 

thi s  pa r t i cular a spect of r e f lect ion . However i t  doe s seem 

that there are cons iderable advantages in the cogn i t ive area 

in u s i ng m ature subj ects . Davi s ,  in ana lys ing Erlwanger ' s 

intervi ews , comments on the d i f f iculties of interpret i ng 

chi l dren ' s  expl anations o f  the proce s se s  t hey u sed in solving 

mathemat ical problems : 

Er lwanger ' s  interviews conta i n  two d i f f e r ­
e n t  k inds o f  data : o n  the one hand , 
the exp l i c i t  mathema t i c a l  re sponses o f  
the chi ldren , b u t  on the other hand , 
a l so the chi ldren ' s  remarks , d i s cuss ions 
and explanations of what they were think­
i ng , why they s e l ec ted spe c i f i c  answe r s , 
and so ·on . Do the s e  explanation . marks 
help u s  to understand how the chi ldren 
select mini -procedures?  Someday they 
may , if anyone ever f igure s out how to 
interpret them , but for the moment we 
are unable to make very much use of them . 

( Davi s ,  1 9 7 7 :  3 7 6 ) 
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I f  thi s i s  the case , i t  i nd icates a very serious d i sadvantage 

of u s ing chi ldren in thi s s tudy . It is these very remark s , 

d i s c u s s ions and explanat ions whi ch may s ugges t  the key to 

the probl em . More mature s ubj ects , part icular l y  univer s i ty 

students , may be expected to be able both to re f lect on thei r  

cogni t i ve proces ses , the i r  pa s t  expe r i ences and thei r  feel ings , 

and t o  expres s  the res u l t s  o f  this  reflect ion i n  a way whi ch 

i s  mos t  unlikely with younger chi ldren . 

The other , more genera l advantage of us ing mature s tudents 

i s  that they are subj ects  i n  which one can be more con f ident 

that the phenomenon under con s i deration actua l ly exi st s . 

Many chldren have per iods of d i f f iculty with mathema t ic s , 

caused perhaps by i l lne s s , lack o f  readine s s , or poor teach­

ing . The maj or ity of able chi ldren overcome these d i f f i c u l t ­

ies  l a t e r  wi th a change o f  teacher or maturi t y . Thi s  s tudy 

is concerned with those who never recover from thei r  i n i t i a l  

d i f f i c u l t ies , and such s ubj e c t s  cannot be rel iably identi f ied 

unti l  much later . 

THEORETICAL BAC KGROUND 

As with .  the choice of method , i t  i s  pos s i b l e  to iden t i fy 

t \'lo d i f f ere nt styles o f  theoret i ca l  background to research 

stud i e s  into mathema t i c a l  l earni ng and abi l i ty . On the one 

hand there are the genera l l earning theor ies of P iaget ( 1 963) , 

Bruner ( 1 9 6 0 ) , Gagne ( 1 9 6 5 )  and Ausube l ( 1 9 6 8 ) which seek 

to provi de a ba s i s  for the unders tanding of learning proces s e s  

i n  terms o f  ' deve lopment a l  theory ' ,  ' di scovery l earning ' , 

' structured learning ' ,  or ' meani ng ful lea rning ' .  More rec ent l y  

there has deve loped a theoret i ca l  approach which see ks to 

exp l a i n  learni ng at an individua l rather than general leve l . 

Some proponents of t h i s  approach have been · part icular l y  

c r i t i c a l  o f  the more trad i t iona l theor i e s . 

For exampl e ,  Bauersfeld wri te s : 



Only competing explanations for par t i a l  
vi ews of learning have been developed , 
such a s  Piaget ' s  gene t i c  theory of 
epis temo l ogy , Gagne ' s  h ierachical  mode l ,  
or the gestalt theor ies . The se pos i t i ons 
cannot be integrated ; they r epre sent 
genera l i zat ions of o nly l imi ted val ue 
for explanat ion and pro jection . · 

( Ba uer s f e l d , 1 9 7 9 : 2 0 ) 

20. 

Other wr i ters have seen the approaches a s  be ing compl ementary 

rather than competing in character . Skowronek comments :  

The s tudy of cog n i t i ve structures , as  done 
by Piaget and h i s  re s earch team , is re levant 
to the e lucida t i on of mathematical  learning 
proces ses . But so f ar , these s tudie � have 
only proven that correspond ing s tructures 
exist  i n  a sta t i c  s ense , a s  genera l potent­
i a l i t i e s . However , they obv iou s l y  cannot 
be automatica l ly appl ied to concrete math­
emat i c a l  problems . There is a need for · 
a study of the cond i t ions under which pup i l s  
l earn how t o  produc tive ly transfer genera l 
cogn i t ive schemata to spec i f i c  mathema t ical 
obj ects  . pos s ib l y  in i ndividua l ly h ighly · 
d i f fe rent learning proces s e s . 

( S kowronek , 1 9 7 7 : 2 4 3 ) 

Thi s  d if f iculty of apply ing a genera l i zed theory to the behav­

i our of ind ividua l s  i s  i l lu s trated by an a spec t  of P iaget ' s  

devel opmental theory whi ch h i gh l ights rather than resolves 

the appare nt contrad i ct ion wh ich wa s di scussed in the previou s 

chapter .  

The d i f f iculty a r i s e s  i n  the unive.r s a l ity o f  the s uggested 

stages of development . For example , in d i s c u s s ing the s ta ge 

of f orma l thought , Inhe lder and P i aget a s sert : 

The mos t  d i s t in c t ive property of forma l 
thought i s  thi s reve r s a l  o f  d irection 
between rea l i ty and pos sibi l i ty ;  i n s tead 
of deriving a r udimentary type of theory 
f rom the e mp i r i c a l  data as wa s done i n  
concrete inferenc e s , f orma l thought begins 
with a theoret i c a l  s ynthe s i s  implying that 
certain re l a t ions are neces sary a nd thus 
proceeds in the oppo s i te d i r �c ti on. 

( Inhe lder and P i aget , 195 8 :  251) 
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That i s ,  the content o f  a problem become s subordinate to 

i t s  structure . 

Thi s  a spect of Piaget ' s  theory has been c r i t i c i sed by a number 

of a uthors ( Braine 1 9 5 9 , Ber zonsky 1 9 7 1  , Wason 1 9 7 7 ) .  
Wohlwi l l , for example , wr ite s : 

Piaget has repeated l y  been taken 
to task for h i s  i nc l inat ion to see noth­
ing but perfect log i c  and rationa l i t y  

· i n  adul t  inte l l igenc e . H i s  r e l iance 
on the pr inciples  o f  abstract log i c  
a s  a model f o r  human thinking h a s  bl inded 
him to the que s t ion of the breadth and 
s tabi l i ty o f  l og i c  as used by the 
individual . 

( Wohlwi l l , 1 9 6 8 :  4 8 1 ) 

I t  i s  thi s  question wh i ch i s  at the centre 

Th7 cogni t,i ve behaviour o f  the subj ects  of 

qu i te d i f f erent in d i f fe rent s ubj ect area s . 

of t h i s  study . 

this  s tudy i s  

Col l i s . and B iggs comment : 

' When we began test ing our own subj e·c t s  
o n  i terns f rom the var ious content area s 
\ve found that the deca lages became very 
�uch the r u l e , not the except i on to 
an even developmental growth . Not only 
were preoperat i ona l and early concrete 
r e sponses very common among hi gh schoo l 
ado1e scents ( and even among univer s i ty 

· students ) , the leve l of respond i ng wa s 
h i gh l y  unstable acro s s  subj ect area s , 
the ' same subj ect ranging f rom pre ­
operationa l i n  Eng l i sh , say , to forma l 
i n  mathema t ic s . Worse ,  the same subj e c t  

' could vary three and even f our stages 
in the same sub j ect area . 

( Co l l i s  and B i gg s , 1 9 7 9 :  2 )  

' •  
As a consequence , Col l i s  and B i ggs , in thei r  s tudy , s h i f ted , 

the empha s i s  away f rom c la s s i fy ing a par t i cular s ubj e c t  

a s  bei ng at a certai n  developmenta l l evel t o  a cons ideration 

o f  the qua l i ty of i nd ividual responses per se . 
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Gagn� , too , c omments on the genera l rather than spec i f ic 

nature of h i s  theory : 

A l earning hi erarchy , then , in the present 
state of our knowledge , cannot represent 
a uni que or most e f f i c ient route for 
any given learner . I nstead , what i t  
represents i s  the most probable expectat­
ion o f  greates t  pos i t ive trans fer for . 
an ent ire sample of l ea rners concerning 
whom we know nothing more than what spe c ­
i f i c a l ly r e levant s ki l l s  they start �ith. · 

, 
( Gagne , 1 9 7 1 : 1 1 5 ) 

Consequent l y , a dec i s ion not to use these genera l theo r i e s  

a s  the pr i n c i pal ba s i s  for th i s  study i s , as i n  the dec i s ion 

to use c l i n i c a l  rather than sta t i st i c a l  method s , a reflection 

of the nature of the research ques t ion asked , rather tha n 

a cri t ic i sm of the theori e s  themselve s .  

INDIVIDUAL D IFFERENCES 

Unt i l  recent ly i ndiv idua l d i f f erence s , which are the rnaj or 

focus of th i s  the s i s , rec e i ved minima l attent ion in the study 

of cogni t i ve development ( Ca rpenter , 1 9 8 0 � Wi thin mathemat i c s  
I 

educat ion one approach to the probl em has been i n  the area 

of apt i t ude- treatment interaction ( ATI ) . Thi s  wor k  i s  

genera l l y  s een a s  growi ng out o f  that of Cronbach ( 1 9 5 7 ) 

and revi ews are ava i lable i n  Cronbac h  ( 1 9 7  5 )  , Hunt ( 1 9 7  5 ) , 

Tobiis ( 1 9 7 6 )  and Cronbach and Snow ( 1 9 7 7 ) .  Early re search 

in the a r ea was marked by a lack of s igni f i cant r e s u l t s. 

( McLeod and Adams , 1 9 7 7 ) but later work , u s ing cogni t i ve 

style a s  a n  apt i tude var iable wa s more encouraging .  However 

the re s u l t s are sti l l  too general to be of s i gn i f i ca nt a s s i st­

ance w i th thi s proj ect . W i tken �t al , for examp l e , report : 

In a good maj or i ty of the large number 
of studies w i th college populat ions , 
re la ti  vely f i e ld - i ndepend ent s tudents 
were found to per form s i gn i f i cantly better 
i n  the mathema t i c s , s c ierice s , enginee r i ng 
and archi tecture doma ins than f i e l d ­
dependent students . 

( Wi tk i n  �t al , 1 9 7 7 : 4 5 )  
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Thi s  sug ge s t s , of course , that able students who f ind math-
' 

ematics d i f f i cult are l ikely to be relat ively f i eld -dependent. 

But thi s  doe s not contribute s igni f i cantly to the determin­

a t i on o f  what it is about mathemat i c s  which s uch peopl e  f i nd 

d i f f icul t , nor does i t  imply any obv ious remed i a l  act ion . 

More promi s ing , i t  seems , are the g rowi ng number of model s  

o f  mathemat i cal behaviour whi c h  have an informa � ion-proces s i ng 

base . Dav i s  and Mc Kni ght ( 1 9 7 9 ) , for example , suggest twe lve 

hypothet i c a l  mechan i sms i n  mathematical  thought . F ive o f  

these re fer to s equent i a l  processes  used , s i x  t o  Gestal t  

proces s e s , a nd one to deeper level rules . They state : 

We would argue tha t s ome co l lect ion of 
human informat ion- proc e s s i ng mechani sms 
must be hypothesi sed if d i scus s ions 
o f  mathematical think ing are to become 
frui tful . 

( Davi s and Mc Kn i ght , 1 9 7 9 :  t 1 1 ) 

Such a model i s , o f  course , not independ ent o f  the more genera l 

l earning theor i e s . There may be a very c lose relationship 

indeed . I n  an ed i tors ' comment on W i t z ' s ( 1 9 7 3 ) paper concern­

ing the analy s i s  of ' f rameworks ' i n  young . ch i ldren , Davi s 

and Gi nsburg wr ite : 

Professor Wits ' paper breaks new ground 
i n  cogn i t ive psycho logy , .  describing 
new phenomena i n  chi ldren ' s  think ing , 
making P i aget ' s  theory more acces s i bl e , 
and introducing important methodolog i c a l  
i nnovations . 

( Davi s  and Ginsburg , 1 9 7 3 : 4 4 )  

The maj or strength of such hypothe s i sed structures i n  re lation 

to the problem of thi s  s tudy i s  that they provide a means 

of ana l y s i ng the particular · behaviour of a subj ect in relation 

to a s pec i f i c  mathema t i c s  task . Example s of s uch ana l y s i s  

are t o  b e  found i n  H i t z  ( 1 9 7 3 ) , Brown and Burton ( 1 9 7 8 ) , 

Davi s e t  ai ( 1 9 7 8 ,  1 9 7 9 ) . 
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Skemp' s ( 1 9 7 9a ) model of i nte l l i gent behaviour , whi ch was 

ment ioned i n  the previous chapter in relat ion to the i nt eract ­

ion o f  cogn i t ive and a f f ec ti ve symptoms , h a s  thi s useful 

s t ructura l feature i n  common w i th the informat ion-proce s s i ng 

mode l s . Skemp hims e l f  provides a ' thumbna i l  s ketch ' of the 

mode l .  

Our s tarting point i s  the observat ion 
that much , pos s ib l y  most , human behaviour 
i s  goa l -d i rec ted ; together with the 
conj ecture that , cumulatively , succes s 
i n  achieving our goa l s  i s  a maj or factor 
in surviva l . 

For goa l directed activity operat ing 
on the phy s i ca l  envi ronment , we have 
a d i rector system , de l ta -one , wh ich 
rece ives i nforma t ion about the present 
s tate of the operand ( what is being 
acted on ) , compares th i s  with the goa l 
state , and with the help of a plan whi c h  
i t  cons tructs from i t s  ava i lable schema s ,  
takes the operand f rom i t s  pre sent s tate 
to its  goa l state and keeps i t  there . 
We may i f  we l i ke ca l l  delta-one a 
sensori -motor s y s tem . 

Delta-two i s  another d irector s y stem , 
w i th a d i f ference . I t s  operands are 
not in the outs ide environment , but 
in de l ta-one . They are not phys i ca l 
obj ects but ment a l  obj ects . The funct ion 
of del ta - two is to opt imi se the funct i on­
ing of del ta -one . I pre fer not to ca l l  
delta-two a re f l ect ive system for reasons 
whi ch wi l l  appear l ater . In a nut s he l l : 
the j ob of d e l t a - one i s  to d irect 
phys ical action s . The j ob of de l ta ­
two i s  goa l -d i rected mental activity , 
a l so of many k inds , includ ing l earn� 
i ng , but not on l y . Learning includes 
the cons truc t i on and test ing by delta­
two within d e l t a - one of  the s c hema s 
a nd plans wh ich delta -one mus t  have 
to do i t s  j ob .  • 

( Skemp , 1 9 7 9b :  4 4 ) 

Skemp compares this  mode l to other s in the same or closely· 

re lated f ields and i n  relation to P iaget ' s  developmenta l 

psycho logy ha s thi s  to say : 



There can now be s een to be very l ittle 
resemb lance between my own model of 
inte l l igence a s  a second-order goa l ­
di rected ac tivity , and that o f  Piaget 
whi ch rej ects teleology a nd is based 
on equ i l ibrat ion.  A nother contra s t  
i s- between Piaget 1 s  concept i o n  of inte l l ­
igence a s  a stage o f  menta l development , 

. reached a f ter a s uccess ion o f  ear l ie r  
stages , and my own a s  that mental funct­
i o n  wh i ch bri ngs about the se changes , 
f rom the ear l i e s t  o nwards .  Y e t  paradox­
ical l y , it is here that the neare s t  
t o  a relationship c a n  be found between 
h i s  theory a nd my own. For it i s  the 
i nvestigation a nd descr ipt i o n  of the s e  
stages wh i ch form the core o f  Piaget 1 s 
developmental psychology . . • • • • .  

P iaget 1 s descriptions of thes e  
succe s s i ve s tates are , however , g loba l 
descri pt i o ns .  He does not , for example , 
show how by ref l ect ive a na ly s i s  of a 
concept , a teacher ca n choos e  a nd group 
together sui table examp l e s  by which 
to he l p  a lear ne r  form the c o ncept more 
quickly and re l i ably ; nor how by further 
a na l y s i s , a teacher c a n  f i nd out what 
lov1er - order concepts a l ear ner requ i re s  
t o  have ava i lable before a particular 
highe r -order concept can be formed . · 

( Skemp , 1 9 7 9 a : 2 2 0 )  

25 . 

The strengths of Skemp 1 s  mode l , the n , as  a theoret i c a l  bas i s  

for the cons iderat ion o f  the probl em of the the s i s  l ie f ir s t l y  

i n  the hypothe s i sed relationship between the cogn i t i ve a nd 

a f f ect ive determinant s o f  l earning , a nd second l y  in the 

structura l rather tha n g loba l nature o f  the theory. In v i ew 

of Skemp 1 s  backgrou nd a s  a mathema t i cian and h i s  long - s tand ing 

interest i n  the probl em , i t  is not surpri s ing that h i s  mod e l  

i s  so appo s i te . 

The model i s  very comprehens ive be i ng : 

concerned both with the s ubtle 
content that is to be l ea r ned , and a l s o  
with t h e  soc i a l  motivation,  a nd cog ni t ive 
a spects of the e nvironmental setting 
wher e  l earni ng wi l l  hope f u l ly occur . 

( Davi s ,  1 9 8 0 : 3 5 7 )  
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One o f  the maj or features o f  the mode l  whi ch has par t i cular 

s i gn i f i cance for this s tudy concerns the repre sentation o f  

schema s or conceptua l structure s a s  ' cognitive maps ' . W i th i n  

t h e  conf ines o f  such a c ogn i tive map a ' d i rector system ' 

operates f orming l inks between the present s tate P and a 

goa l state G .,  

The achi evement o f  the goa l s tate i s  condit iona l on the rea l ­

i zat ion o f  both the present s tate and the goa l s tate w i th i n  

a n  appropr iate s chema , a n d  t h e  ava i labi l i ty o f  a d i rector 

system to form the path between them . 

For example , faced with the prob l em of expl a ining why 

2 + 3 = 5 ,  a subj ect retri'eve s a schema whi ch i nc ludes a 

repr e s en tation of add i t ion a s  the union of two sets and within 

th i s  conceptual structure i s  able to see and explain the 

connect i on between the 2 and the 3 on the l e f t - hand s ide 

of the equat ion and the 5 on the r ight . In th i s  case , the 

schema has much in c omm'on with, the ' f ramework'  of W i  tz ' s  

( 1 9 7 3 ) mode 1 .  

Fa i lure to achieve the goal s tate may occur for a var i ety 

of rea sons . F i r stly the present state may not be rea l i zed 

in a ny exist ing schema . Thi s  would occur i f  a s tudent �ere 

a s ked a que s t i on whi ch was ent irely out s ide hi s expe r i ence . . ·  
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would not be able to 

i ntegra l 
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who had no experi ence of c a l c u l u s  

place the que s t i on : Eva luate the 

in any appropr iate s chema - he wou ld not know where to s tart . 

S econd l y , the s chema act i vated by the present s tate may be 

inapprop� iate and may not contain the goal state . 

For examp l e , Kent ( 1 97 8 )  has commented on the e s sent i a l  ' f ive­

nes s ' of the solut i on to 2 + 3 = ? The subj ect , see i ng and 
3 · s 

add i ti on sign , retrieves the same ' union o f  'sets ' s chema 

as before and a rgues that two ' something s ' plus three ' some ­

th ing s '  must b e  f ive ' somethings ' .  I n  thi s  case the achi ev e ­

ment of the g o a l  state wou ld b e  depend ent on extend ing a nd 

re f ining the s chema to include the concept of equi va lent 

frac t i on s . 

A third pos s i bi l i ty i s  that a lthough both the present s tate 

and the goa l state are rea l i zed within an appropr iate schema , 

the subj ect c annot make the neces sary connect ions between 

them . For example , s ome students a lthough able t o· a dd two 

fractions together correctly are quite unable to exp l a i n  

the i r  reasons f o r  doing so . ' In terms of Skemp ' s mode l , i f  

the goa l state i s  one o f  f inding the answer t o  � + l then thei r  
3 5 

knowledge of the ru l e s  enables them to form an appropr iate 
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path with i n  their cogni t ive map . However , i f  the goa l i s  

t o  j ustify their solut ion , c l inical inve s t i g ation may ind i cate 

that a lthough the prerequ i s i te concept s of equiva lent 

f ractions and the properties of add i t ion are ava i lable to 

the students , the nece s sary con nections are not made . 

S kemp di scusses in deta i l  the character , construc t ion , t e s t i ng 

and use o f  such conceptual s tructure s and thei r  relationship 

to cogn i t ive and a f fect ive exper iences . In relat ion to th i s  

study , the ident i f ication o f  the conceptual structure used , 

and the l inks made within these s tructures when s tudents 

are solving mathema t i c a l  problems woul d  c l early be of con s i d ­

erable va lue i n  determining the character o f  any d i f f icult i e s  

present . Such structures are obviou s l y  not d i rec t l y  obs erv­

able and can onl y  be inferred from the student ' s  behaviour. 
' 

I t  i s  i n  this proces s of inference that the c l inical method 

has i t s  s trength . Beginning with a mathema t i c a l  task , the 

interviewer may probe various a spect s of the s ubj ect ' s  

re sponses to the task , bui ld ing up of a mosa i c  ·of informat ion 

. concerning the way the subj ect thinks about the task a nd 

i t s  relat ionsh ip to other tasks a nd exper iences . Thi s  data 

may then be subj ected to deta i l ed analy s i s  i n  an attempt· 
to recon!;ltruct some o f  the feature s of the cogn i t ive map 

used by the subj ect . 

In bui lding up thi s  many - s ided , ' ho l i st i c ' ( Die s�ng ,  1 9 7 1  ) 
picture of a subj ect ' s  mathematical behaviour , use can be 

made of a number of techni ques and c las s i f icat ions u sed by 

other cl inical res earchers .  

PIAGET ' S  CLINICAL METHOD 

P iaget ' s  own description of the method is found in The Chi ld ' s  

Concepti on of the Wor ld ( Pi aget , 1 9 2 9 ) . Here , a s  wa s mention­

ed earl ier , he d i s ti ngui shes between the ' c l inical method ' ,  

the ' test method ' and the ' method of pure observation ' .  



2 9 .  

The maj or characteri stic of the c l inical method i s  the probi ng 

o f  responses and consequently the e l ement of j udgement a s  

t o  the nature o f  a probe i s  crutia l . P iaget warns : 

I t  i s  s o  hard not to talk too much when 
question i ng a chi ld,  e spec i a l l y  for 
a pedagogue ! It is so hard not to be 
suggest i ve ! And above a l l  i t  i s  so 
hard to f ind the middle course between 
sy stema t i sation due to preconceived 
ideas and i ncoherence due to the absence 
o� any d irecting hypothes i s . 

( Piaget , 1 9 2 9 :  9 )  

The technique can , in P iaget ' s v i ew only be l earned by l ong 

pract i ce . 

V'Jhen students begin they e i ther sugges t  
t o  t h e  c h i ld a l l  they hope to f i nd ,  
or they suggest nothing a t  a l l , because 
they are not on the lookout for anythi ng ,  
i n  wh i ch case , to be sure , they wi l l  
never f i nd anyth ing . 

( P iaget , 1 9 2 9 : 8 )  

The obvious non- suggest ive probe s ( Codd , 1 9 7 9 ) such a s  ' Why? ' 

or ' How do you mean? ' or ' What make s you thin� so? ' need to 

be s upplement'ed with carefully chosen,  more suggest ive probe s 

whi c h  d irect the re sponses towards the working hypothes i s  

whi c h  the inv e s t i gator i s  seeking t o  check . The ba l ance o f  

suggestive or non- suggestive probe s i s  partly determi ned by 

the character of the phenomenon under invest i ga t ion . For 

example ,  the probe s in Inhe lder and P i aget 1 s . The Growth o f  

Logical  Thinki ng ( 1 9 58 ) tend t o  b e  more suggestive and spec i f i c  

than those i n  P iaget 1 s The Chi ld ' s  Conception o f  the Wor ld 

( 1 9 2 9 ) . 

The interpret a t i on of interview protocol a l so ca l l s  for j udge­

ment . Piaget d i stingu i shes f i ve k i nds of answers whi ch chi ld ­

ren might g i ve t o  a c l inical probe . 
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( iv)  
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Answer at random . 

when a c h i ld appears uninterested i t  rep l i e s  

a t  random and whatever f i rst comes into i t s  head . 

Romanc ing . 

when the c h i ld , wi thout further re f lecti on , repl i e s  

t o  the que s t i on by invent ing a n  answer i n  whi c h  he 

does not rea l l y  be l i eve . 

Sugges ted convict ion . 

0 • 0 when the chi ld makes an e f fort to reply to the 

ques t ion but e i ther the ques t ion i s  sugges t i ve or 

the chi ld i s  s impl y  try ing to sat i s fy the examiner 

wi thout attempt i ng to think for h imse l f  .. 

Liberated conviction . 

when the chi l d  replies a f ter ref lec t ion , drawing 

the answer from the store s of his  own mind , w ithout 

sugges t i on , a l though the que s t ion is  new to him . 

( v Spontaneou s conv i c t ion . 

when the c h i l d  has no need of reasoning to a n swer 

the quest ion , but can give an answer f orthw i th s ince 

a l ready formulated . 

( Pi aget , 1 9 2 9 : 1 0 ) 

The l iberated convi c t ion i s ,  i n  P iaget ' s  view o f  great e s t  

intere s t . Aga i n  c are i s  neces sary i n  interpret ing the s e  con­

vict ions . F i r s t l y , the inf luence of the que s t ion mus t  not 

be d i s counted . For examp l e , if the repl y  to the que s t ion 

' How d id the sun begin? ' is ' Men made i t ' ,  i t  may not be infer­

red that the child be l i eves that the sun had a beginning -

that wa s imp l i ed by the question - but only that there i s  

some vague connection between the sun and men . Care mus t  

a l so be taken not t o  i nfer a log i c a l  coherence to an answer 

where the coherence i s  of an organic rather than l o g i c a l  
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character . Verba l responses are nece s s a r ily imperfect repr e s ­

enta t ions of the wor ld o f  thought and c a r e  mus t  b e  taken not 

to read too much into a particular verbal representat ion . 

I t  s hou ld be remembered too that Piage t ' s  method a s  des c r ibed 

was developed for the inve s t igat ion of the cogn it ive behaviour 

o f  children . In t h is study a s im ilar method wil l  be u sed 

on adult s .  The d if f erence is important . Piaget comment s :  

Th is research it s e l f  may · be gu ided 
by the fol low ing pr inc iple . Observ­
a t ion shows that the child ' s  thought 
ha s l it t l e  systema t isation , l ittle 
coherence , is not in general deduct i�e , 
is for the most part untroubled by 
the need f or avo id ing contrad ic t ion , 
j uxtaposes s tatements rather than 
synthes is e s  them and accepts syncra tic · 
s chema s without fee l ing the need to 
analyse . In other words the child ' s  
thought more nearly resembles a sum 
tota l of inc l inat ions res u l t ing from 
both act ion and reve r ie ( p lay combining 
these two proce s se s ,  which are the 
s implest to y ield organ ic s a t is f action ) 
than it re sembles the self  con s c ious 
and systemat ic thought of the adu l t . 

( Piaget ,  1 9 2 9 :  2 5 )  

I t  is l ikely that this ' se l f  consc ious and systema t ic thought 

of the adult ' w il l  be a s ignif icant feature of the interv iew 

data . Consequent l y  a sma l ler proport ion of ' l iberated convic t ­

ion '  responses m a y  b e  expected s ince l ittle o f  the mater ia l  

is ent ire ly new t o  the subj ects . The concern wil l  be rather 

to exam ine care f u l l y  the ' spontaneou s conv ic t ion ' r e s pons e s  

in order t o  determine t h e  nature of t h e  prev ious l y  formu l a ted 

idea s .  A d if f erent character of probe s might be a ppropr iate 

for th is purpose . 

A con s ideration o f  Piaget ' s method a s  it has been a ppl ied 

to research ques t ions in mathemat ic s  educat ion ind icates that 

some mod if ications have taken place . In the conduct o f  inter­

views ,  for example , Piaget des c r ibes the re searcher as having 

constantly in m ind a hypothe s is which he is seek ing to t e s t . 
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Opper ( 1 9 7 7 ) d e s cribes how the method has been mod i f ied so 

that beginn i ng with an ini t i a l  hypothe s i s , the interviewer 

may formu late new hypotheses w i th succe ss i ve respon s e s  of 

the chi l d . 

There have a l so been a number of l ater suggestion s  concerning 

the i nterpretation of interview data which have i nevi tably 

a f f ected the character of the interviews . The usual a pproach 

ha s been to c la s s i f y  the observed behaviour as f a l l i ng into 

one of a number of . predeterm i ned categories , thereby g iving 

a prof i l e  of the subj ect ' s  behaviour . There have been a number 

of suggested c la s s i f icat ions , each addre s s ing a d i f f erent 

a s pect of the behaviour and consequently be i ng compl ementary 

i n  bui lding up a ho l i s tic v i ew of the cogn i t ive s tructures 

u s ed by the s ubj ect . 

CLASSIFICATIONS OF INTERVIEW RES PONSES 

P iaget ' s  f ive fold c l a s s i f icat ion ( answer at ran�om , romanci ng , 

suggested conv iction , l i berated conv i c t ion , spontaneou s con­

v i c t ion ) whi ch has j us t  been de s c r i bed is qual itative in nature 

and intended to be app l ied to i ndividual response s  within 

an intervi ew . 

A s l ight l y  d i f ferent approach i s  s uggested by Ta l l  ( 1 9 7 9 ) 

who a l so proposes a qua l itat ive c la s s i f icat ion , but one which 

takes account of the relat ionshi p  o f  a particular response 

· to the whol e  sequence of respons e s  o f  which it is part . H e  

suggests t h a t  the qua l i tat ive na ture o f  the think ing proce s se s  

which occur i n  a c l i n i c a l  i nterv i ew may b e  cons i dered i n  the 

context of : 

( a ) Ini t i a l  re sponses : immed iate response s  to s t imul i  whi c h  

occur wi thout t ime for reflect ion . 

( b )  Ongoi ng s chema : which may be -

( i ) r e sonance schema : carr i ed on by the intense 

power of the thought proc e s s  i t s e l f . 
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supe r i mposed s chema : where the i n i t i a l  r esponse 

invo lves two d i sparate s chema s which produc e  a 

novel tra in o f  thought super �mpos i ng two ( or more ) 

resonances . 

( i i i ) conf l i ct schema : the subj ect real i s es a c on f l i c t  

is present but h a s  not , as  yet , re solved i t . 

( i v )  explanatory s chema : an explanation o f  thought 

proc e s s e s  wh ich have a l ready taken place . 

( c )  D i scont inu i t i e s . 

l (  i ) conf l i ct : cau s i ng d is rupt ion of ,thought . 

� ii ) menta l b locks : s toppages i n  thought , often preced ­

ed by conf l ict . 

( i ii ) ins i gh t s : sudden leaps in thought . 

( iv ) f in ish : end o f  schema t ic a c t ion . 

Mos t  Piagetian re search ( S igel 

et al. , 1 9 7 1 ; Ros skop f , 1 9 7 5 ;  

and Ho oper , 1 9 6 8 ·; Ros skopf 

Col l i s , 1 97 5 )  has employed 

a c l a s s if icat i on system which does not take i nto a ccount 

ind ividual responses per se , but i dent i f i e s  the P i aget ian 

developmental s tage o f  the subj ect as ind icated by a whol e  

sequence of re sponses . Closely a s so c iated with thi s  develop� 

menta l stage a pproach is the SOLO T axonomy ( S tructure of the 

Observed Lea rning Outcome ) of Col l is and B iggs ( 1 9 7 9 ) . H owever 

this  clas s i f i ca t i on relates spec if ica l l y  to the r e s pons e s  

themselves a n d  n o t  t o  any impl ied d eve lopment a l  s tage o f  the 

subj ect . The f ive categor ies used are pre - structura l ,  uni ­

s tructural , mu l t i- structura l ,  relat iona l - and extended abs tract . 

Thes e  relate d i rectly to the pre-operat iona l , early concrete , 

midd le concrete , concrete general izat ion , and formal operations 

deve lopmenta l  s tages . 

I n  this  study the concern i s  to explore the conceptua l struct­

ure s used by s t udents in work ing through certain mathema t i ca l  

tasks . For thi s  p��pos e  som� rather more task spec if ic c l a s s -

i f i cat ions a r e  appropriate . The s e  class if icat ions may again 
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be related e i ther to ind ivi dua l responses or t o  a whol e  

s equence . 

At an i nd ividual response level White and Maye :r ( 1 9 8 0 ) provide 

a c las s i f i ca t ion system for ana l y s ing the types o f  knowledge 

a s sociated w i th ski l l s  concerning functional r e la t i ons . Each 

response i s  c l as s i f ied accord ing to its Concepts ( four catego r ­

ie s ) , Arguments ( twelve categor i e s ) ,  and Contexts ( eight c a t ­

egori es ) .  

In a more g loba l a s sessment , total per formance on a mathemat ­

ical task , a s  i nd icated .by a whole sequence o f  responses has 

been i nterpreted as ind i cat i ng a parti cular c la s s  of under­

standing . For example i n  1 9 7 5 , Skemp, working with the Nat i ona l 

Founda t i on for Educationa l Re search i n  Engiand , undertook 

a feas i b i l i ty study into the pos sibi l i ty of te s t i ng the qua l i t y  

o f  chi l dren ' s  mathema t i c a l  thinking b y  means o f  a wri tten 

test . 

Ch i ldren were given a wr i tten statement a nd then a sked t wo 

multichoice ques t ions on that statement . The f ir s t  a sked 

them to c hoose between a number of a l ternat ive explana ti ons 

for the statement and the s ec ond a s ked them to i dent i fy , f rom 

a number of a l ternative s , a statement whi ch wa s ba s i ca l ly 

concerned with the same k i nd of mathematical t h i nking a s  the 

orig ina l s tatement . The answers were c l a s s i f i ed accord ing 

to whether they showed relat i ona l understand ing , ins trumenta l 

· unders tand ing , or no understand ing at a l l  o f  the s tatement . 

Three weeks a f ter the wr i tten test the chi ldren were interview­

ed on the same tasks a nd the i r  under stand i ng c l a s s i f i ed a s  

be fore . The i nterview a s se s sment s were taken a s  the v a l i d  

ones a nd the r e s u l t s  compared with those f rom t h e  wr i tten 

test s .  I n  a persona l communi ca t ion , Skemp ( 1 9 7 7 ) wri te s : 

the f i rst part of the wr itten t e s t  
was qu i te unre l iable i n  evaluating the 
chi ldren ' s  think i ng within the catego r i e s  
instrumenta l and re l a t iona l under s tand i ng . 
Thei r  choice o f  wr i tten reply were made 
for a variety of reasons , which emerged 
dur i ng interview . My present be l i ef 



i s .,  fairly s trong l y ,  that i f  you want to 
/ a s se s s  the t hinking o f  an i nd ividual 

i n  th i s  respec t ,  the only way to do thi s 
i s  by talking to them , in what has come 
to be ca l l ed a Piaget style interview .  
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The compl ementary nature of these c l a s s i fication s y s tems i s  

obvious and they a l l  proved to be o f  value in bui l ding up 

a pattern of evidence for the conc lus i ons wh ich were dra\'m 

concerning the cogn i t i ve structures of the subj ects  intervi ewed. 

The use made of these c l as s i f i cati ons i s  discussed and i l lu s t ­

rated i n  Chapter 4 .  

Ment ion should be made a t  th i s  s tage of : a categor y- f ree 

approach to intervi ews wh ich ha s been sugges ted by W i t z. 

He des c r ibes a method whi ch :  

a ims to describe and document 
mental s tructures whi ch �he child ha s ,  
and whi ch a re spec i f i c  to the c h i ld , 
wi thout adopting a preconce ived s y stem . 
of behaviour categor ies and thereby l im i t ­
ing a pr ior i the tota l it y  of structures 
that are pos s ible i n  chi ldren . 

( Wi t z, 1 9 7 3 :  4 6 ) ' 

The centra l concept of the method i s  that o f  .frameworks which 

are sets o f  s cheme s ( cogni tive s t ructure representa t i ons ) 

having the proper t i e s  of being ; 

( a )  connec ted ( to the chi l d ) 

( b )  dominant over a period of time 

( c )  re lated to a s pe c i f i c  c l a s s  of s i tuations . 

The a im of the ana lys i s  of the interview data in thi s method 

i s : 

• • •  to d i s cover the c h i l d ' s  f rameworks 
and the i r  period ( s )  o f  dom inance ; to 
descri be them prec i s e l y ,  to document 
thei r  domi nance in the per iods in que s t i on ; 
to exh i b i t  the d i scont i nu i  t i e s  in a s s im ­
i l at ion that occur , and t o  explain the 
spec i a l  interpretat i ons and m i sunder stand-



i n·g s  the chi ld shows v i s - a -vis  the exper­
imenter ' s  que s t i ons . 

( Wi t z , 1 9 7 3 : 5 1 ) 
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�he c lose a s sociat ion between W i t z ' s  ' f rameworks '  and S kemp ' s  

' cognit ive maps ' has been noted ear l ie r  and the a ims o f  the 

c l inical ana l y s i s  in this s tudy corre s pond closely to those 

described by Witz . However , the approach to i nterviewing 

which wa s u sed , ra ther than be i ng category-free a s  s ugges ted 

by W i t z , wa s mul t i - cat�gory . The intention of the interviewer 

was to explore as many facet s o f  the subj ects ' thinking about 

the mathema t i c a l  tasks as pos s ible so that the result i ng data 

could be c l a s s i f ied in a number o f  d i f f erent way s . 

The spec i f i c procedures used are d i s cus sed i n  · the next two 

chapters , but before these are pre s entedr i t  i s  appropriate 

to d i scus s the important features o f  r e l i abi l i ty and val id i ty 

as they apply to a s tudy of this k i nd .  The selecti on of 

subj ects , product i on of intev i ew ta sks , conduc t  o� interviews , 

and the ana l y s i s  of the data are a l l  inf luenced by the pos i t ion 

adopted w i th respect to re l i ab i l ity and va lidity . 

RELIABILITY AND VALIDITY 

Dies ing ( 1 9 7 1 ) d i scusses r e l i abi l i t y  and v a l i d i ty a t  s ome 

length , con tra s t i ng the requirement s of a c l i n i c a l  method 

with those of experimental or s urvey methods of r e s earch . 

He def in e s  the c l inical method as be i ng essenti a l ly ' ho l i s t i c ' 

and wri te s : 

The ho l i s t  uses evidence t o  bui l d  up 
a many - s ided complex p i cture of h i s  
subj ect matter . H e  accomp l i shes thi s  
by us i ng several kinds o f  evidence , each 
providing a part ia l or l imi ted descr iption 
that supplement s other par t i a l  descript­
i on s . 

( Di e s i ng , 1 9 7 1 : 1 4 7 )  
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These de�criptions then form the bas i s  for an explanat io n  

o f  the phenomenon whi ch Kaplan ca l l s  the 1 pattern model o f  

explana t ion 1 in c ontrast to the 1 deduct i ve mod e l  1 u sed by 

the exper imenta l i s t  seeking causa l connections . Kaplan wr i te s : 

According to the pattern mode l ,  then , 
something i s  explained when i t  i s  so relat­
ed to a set of other e lement s  that togetner 
they con s t i tute a uni f i ed . s y s tem . We 
understand someth ing by i dent i fy ing i t  
a s  a spec i f i c pa rt i n  an organi s ed whol e .  

( Kaplan , 1 9 6 4 : 3 3 3 ) 

Dies ing d i scusses a number o f  s igni f i cantly d i f ferent features 

o f  the two mode l s  o f  explanat ion . One of the'se d i f f erence s 

concerns genera l i zat ion . In the deductive mode l there i s  

a lways a sharp d i s t i nction between the 1 explanandum 1 ,  the 

thing to be exp l a i ned , and the 1 explanans 1 ,  that \tlhich does 

the explaining . 

The explanandum may be a particular occurance or an emp i r i c a l  

regular i ty ,  whi l e  the explanans i s  a lways a general l aw ,  o r  

s y stem of laws . For examp le I the observed regu l a r i ty i n  the 

mot ion of the p l anets ( explanandum ) is expia i ned i n  t e rm s  

o f  Newton 1 s Laws of Mot ion and gravitat ion ( explanans ) • The 

explanans is a lway s  more genera l and abstract than the explan­

andum . 

However :  

In the pattern model both explanandum · and 
explanans are on the same l evel of genera l ­
ity , and the r e l a t ion i s  that o f  part and 
whole . Both are equa l ly particular i zed 
to the system be ing de s c r i bed , and no 
genera l laws appear anywhere . 

( Di e s i ng , 1 9 7 1 : 1 6 0 )  

For example , the crimina l lawyer s e t s  out a pattern o f  

evidence and a rgument which relate t o  gui l t  or i nnocence 

of a defendant . Both a part icular piece of evi dence ( explan­

andum ) and the verd ict whi ch i t  supports ( explanans ) relate 
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only to the particular case , not to s ome g eneral law . ( Codd 

1 9 79 ) .  

By interv i ew , we can hope to bui l d  up a mosa i c  o f  evidence 

. concerning a part i cular student ' s  mathemat i cal concepts and 

procedures wh ich may enable u s  to expla i n  the mathema t i c a l  

d i f f i cult i e s  e ncountered b y  that s tudent . The drawing o f  

more genera l conclus ions concerning the mathematical behav iour 

o f  a par t i cular c l a s s  of s ubj ects  wou ld requ i re the supe r ­

impo s i tion of a deduct ive mode l , drawing on evidence from 

a large number of rand omly s e l ected subj ects and employing 

a ba ttery of techni que s to . ensure the va l i d i ty and rel iabi l i ty 

o f  the methods and conc lusions . 

These terms , va l i d i ty and r e l i ab i l ity , are we l l  def i ned i n  

relat ion to the deductive mode l ,  but , as  D i e s i ng poi nt s  out : 

The hol i st i s  i ntere s ted nei ther i n  rel iab­
i l ity nor i n  va l id i ty i n  thi s  s en s e . 
Re li abi l i t y  impl i e s  the i deal of an 
imper sonal , a utomat i c  inve s t i ga tor � but 
in case s tud ies , the persona l i ty of the 
i nve s t i gator and h i s  rela t ions with the 
people he i s  study i ng are an es�ent i a l  
source o f  understand i ng . Va l i d i ty i n  a l l  
o f  i t s  of f i c i a l l y  ( American Psycholog ical  
Associat ion ) approved senses  is  i n  the 
relati on ship between a test response , 
prof i l e , or pattern and some rea l attribute 
or qua l i ty � but to the hol i s t  such i so lated 
data are nearly mean ingle s s  because they 
have no context . 

( Di e s i ng , 1 9 7 1 : 1 4 6 )  

For example , i f  this  study were employ ing the deduct i ve mod e l  

of exp lanat ion then some mea sure o f  i nter- scorer rel i abi l ity 

wouid be appropr iate . A h igh corre l a tion between d i f f erent 

observers descript ions and i nterpretations o f  the behaviour 

o f  subj ects in relat ion to i nd ividual i t ems wou ld be expected • • 

However , i n  a c l inical  s tudy the subj ect respond s to verba l i z -

ations by the i nterviewer with further verba l i zation s . S i nce 

these verba l responses are neces sari ly imperfect repre senta t ­

i ons o f  the wor ld of thought ,  d i f f erent descriptions and i nter­

pretat ions by d i f f erent s corers of the unde r l y ing proce s se s  
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i nvolved are to be expected . These d i f ferent interpretat i ons 

woul d  complement rather than contrad ict each o ther , each 

bu i ld i ng up the 

of i nter - scorer 

providi ng a 

pattern of 

part ial pSr s pect ive useful in 

explanat ion . The imp l ication 

re l iab i l i ty measures i s  that there i s  a ' correc t '  i nterpretat­

ion on whi ch independent observers shou ld agree . 

However ,  i f  rel iabi l i ty i s  not requi red , i n  that d i ffering 

interpreta t i ons are a cc eptable , there is s t i l l  the obvious 

requi r ement that such interpretat i ons mus t  be , in some sense , 

va l id .  To d i s t ingu i s h  the appropr iate form of v a l i d i ty f rom 

that used by the psychometr i c i an and the s urvey researcher , 

Dies ing de f i nes it a s  ' dependabi l i ty ' . 

The dependabi l ity of a source of evidence 
is the extent t o  whi ch its output can be 
taken at face va lue relative to other 

I 
sources of evidence , in the proce s s  of 
interpreti ng mani fold evidence . None 
of the evi dence used by c l i ni c i an s  a nd 
part i c ipant obse rvers i s  abso lutely depend ­
able ; none i s  ever complete l y  f ree . f rom 
the need for c ros s - check ing and reinter­
pretat ion . 

( D i e s ing , 1 9 7 1  : 1 4 9 ) 

The hierarchical nature of mathema t i c s  and rnathemat i c s  learning 

ha s advantages for the achi evement of th i s  k i nd of depend ­

abi l ity . For examp l e , i n  thi s study a subj ect ' s  understand ing 

of the concept of add i t ion o f  \vho le number s  is a s se s sed by 

the response to a spec i f ic i tem early in the interview . But 

the operation is  used many t imes by the s ubj ect in respond ing 

to later i tems on frac t ions , decima l s , variables  and problems . 

Consequent ly the interpreta t i on which i s  put on the i ni t i a l  

response can be checked each t ime the operation i s  used i n  

later responses . In thi s  way ei ther conf i dence i n  the ini t i a l  

response i s  enhanced o r  the need for reinterpretat ion . .  of  . 

the ini t i a l  response i s  indicated . 

Not a l l  wr iters agree w i th Dies ing on the re lationship o f  

t h e  cl inical method to the concept s o f  rel iabi l i ty and val i d i t y . 

Mouly , for example , wr ites ; 



The f i r s t  step of the case s tudy i s  obv i ou s ­
l y  the s e l ection o f  the cases whi ch exemp­
l i f y  the problem area under cons iderat ion . 
There i s  espec ia l ly a need for typ i c a l  
case s that i s , not a random sampl e  o f  
t h e  genera l populat ion but a random sampl e  
o f  cases considered representative o f  the 
prob lem under inve s t igation . The samp l e  
shou ld b e  large enough t o  permit the der iv­
a t ion of va l id genera l i z ations . 

( Mou ly , 1 9 6 3 : 3 5 8 )  

4 0 . 

In thi s study , however , the s earch for , and use o f  ' typic a l  

cases ' s eems to b e  methodol og i ca l ly unsound ( Z e l d i  tch , 1 9 6 9 )  • 
Thi s  i s  a mu l t i -dimens iona l s tudy of ind ividua l d i f f erences 

and no s ubj ect , whether random l y  se lected or not may be con s i d ­

ered a s  repre sentat ive , i n  a l l  respects , o f .  t h e  populat i on . 

Furthermore ,  to make a randoml y  s e l ected samp le large enough 

to perm i t  the derivation of va l i d genera l i z a t i on s  i s  quite 

imprac t i c a l  given the character of the study and the variabi l ­

ity o f  the population . 

Consequent ly , every ef fort i s  made i n  th i s  s tudy to ensure 

that the ev idence and the conc l u s ions a re ' dependable '  i n  

the sense de f i ned by D i e s ing . HO'v'Tever , n o  a ttempt i s  made 

to achi eve r e l iabi l i ty or va l id i ty in the deduct ive s ense 

by means of such techniques a s  randomly s e l e c ti ng subj ects 

or the use of inter- scorer r e l iabi l i ty measure s .  
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CHAPTER THREE 

THE CHOICE OF SUBJECTS AND DEVELOPMENT OF INTERVI EW TASKS 

SELECTION OF SUBJECTS 

Two princ i pa l  c r i teria were used in the se lection of subj ects 

for the study . F i r s t l y  it wa s nec e s s ary that subj ects  s hould 

have a pos i t ive atti tude toward s the s tudy i n  order that 

they wou ld be wi l l ing to reflect on the i r  cogn i t ive proc e s s e s  

and fee l i ng s and t o  expre s s  the re sults o f  this  r e f l ect ion 

to the i nterviewer . As a consequence , the purpo s e  a nd 

character o f  the s tudy wa s exp l a ined to a l l  potenti a l  

subj ects , and a l l  the subj ects used were volunte�rs . 

Second ly ,  the i ntent ion of the study wa s to try to explore 

the cogni t ive s tructures of s tudents having d i f f i c u l ty w i th 

mathemat i c s . I t  wa s dec ided that in order t o  provide a 

compar i son o f  these s tructures w i th those of s tudents who 

do not have the same degree of d i f f i culty , and indeed with 

those who have con s i derable success in mathema t i c s , the 

sample should inc lude subj ects w i t h  a wide range of ma thema t ­

i ca l  abi l i t ie s  and i nteres t s . Consequent l y, rough l y  equa l ly 

s i zed groups were chosen f rom those subj ects who had done 

we l l  in mathema t i c s  at school and had cont inued w i th the 

s tudy of the subj ect as a pos s ible maj or at univer s i ty ; 

f rom those s ubj ects who had a somew.hat weaker , but s t i l l  

reasonably competent , s chool background · and .who were u s ing 

mathemat i c s  a t  univer s i ty to support study i n  other areas ; 

and f rom those s ubj ects who had a poor school performance 

in mathemat i c s  in relat ion to other subj ect area s and who 

had chosen degree courses w i th l ittle or no mathema t i ca l  

content . W i th h i nds ight , i t  s eems l i kel y  that the s tudy 

would have been improved had the l e s s  able group been made 

larger at the expense of the other two groups . The c l i n i c a l  

analys i s  o f  the data f rom t h e  more able subj ects , i n  fact , 

produced f ew surpri ses . They had , in the ma i n , l earned 
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the content very much as i t  had been presented to them . 

The subj ects  themse lves were a s ked i nto wh ich o f  the three 

groups they felt  they be longed and a f ina l samp l e  of twenty 

s i x  were i ntervi ewed • On the i r  a s s e s sment nine con s idered 

themse lves to have had much more d i f f i culty with mathema t i c s  

than with other subj ect areas , ei ght had coped rea sonably 

a t  schoo l but were not very confident , and the rema ining 

nine . had found mathemat i c s  one of their be st subj ects and 

were keen to cont inue i t s  s tudy . The subj ects were later 

ranked according to their performance on the interview tasks 

and a g rouping based on thi s ranki ng , wh ich is reported 

in Chapter 6 ,  correspond s c losely to that made by the 

subj ects themselves . 

Of the 2 6  subj ects , 1 5  were f ema le and 1 1  ma l e , there be i ng 

both ma l e s  and f ema les i n  each group . 5 o f  the s ubj ects 

were o lder students who had some work exper i ence before 

underta king , or returning to univer s ity study . Aga i n  ther e  

were repre sentatives of t h e s e  more mature s tudents in each 

group . The other 21  subj ects had come straight to univers ity 

from schoo l . 

THE MATHEMATICAL TASKS 

As d i s c u s s ed previously , the subj ects were to be led through 

a sequence of tasks repre sentative of the primary - secondary 

school mathema t i c s  programme . The character o f  these ta s k s  

was c learly o f  importance a nd cons iderable care wa s taken 

in the i r  select ion and t e s t i ng . 

Mention wa s made in Chapte r  1 o f  the importance of the 

var i e t y  of hie rarchical stru ctures within mathema t i c s  educa t ­

ion a nd a n  i n i t i a l  a pproach to the select ion o f  tasks wa s 

made u s i ng these structure s .  
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The school mathema t i c s  programme beg ins with the development 

o f  the concept of natura l number and i t s  operat ions . On 

th i s  ba s i s , further number systems i nvolving f ractions , 

dec ima l s , and negat i ve numbers are deve loped and the s e  

concepts a r e  genera l i sed i n  the development o f  numerical 

variables and a lgebra . Runn ing para l l e l  to this  sequence 

i s  a relatively i ndepend.ent sequence i nvolving geometrical 

idea s , but thi s is  very much less  we l l  def ined and structured , 

par t i cularly at the primary school l evel . Consequently the 

a r i th met i c - a lgebra sequence wa s chosen a s  the source of 

the intervi ew task s . 

The rela t i onships between topics in this  s equence can be 

c ons i dered at a number of leve l s . At a g l oba l leve l , for 

example ,  the work on numer i ca l  variables i nvolves previou s  

work on natural number s ,  fractions and negative numbers . 

The interdependant relat ionships of these top i c s  a s  taught 

i n  the schoo l s  is  i l lus trated in Figure 2 .  

Func t i ons Formulae / 
t I Variable ! 

��-----, � 
Fract ions I I Nega t ive Number s  

F igure 2 :  

� �  I Natura l Numbers I 
The relat ionship between content areas i n  the 

school ari thme t i c - a l gebra sequence 
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Topics within t h i s  

the relat ionships 

sequence can be further . subdi vided and 

between the rather more prec i se area s 

cons idered . T h e r e  are many s u c h , pos s i b l e  e xp ans i on s , one at t emp t 

i s  p rov i d e d  i n  F i gu r e  3 .  

Systems o f  Equat ions 

--------- Equ iva l ent 

Quadra t i c  Equat ions t 
Equa t ions 

f Propert i e s  o f  Equa l i ty 

Polynom i a l  

Graphs o f  Funct ions 

f Formulae 

Func t i on Concept �� �-� 
� Brackets . I nd i ces 

Solut ion Set 

Open S entence 

� � / 
Algebra ic Notat ion · Var i able 

U n i t s  
+ 

!>1ea sure 

� 

·� � Operat ions 

Neg�tive N umber s  
/ 

Integers 

t / N Propert i e s  of 
�· 

P l ace Va lue ---- Operations of N 

� Natural ;umbers N 
�­

Sets 

Figure 3 : H ierarchy o f  Top i c s  i n  the S chool Ari thme t i c ­

Algebra Sequence 
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Further div i s ion , relating more c losely to conceptua l s truct ­

ures , i s  pos s ible . S kemp ( 1 9 7 1 ) ,  f o r  example , provides 

the conceptua l hierarchy pre sented in F i gure 4 for fract i ons . 

r 
Fractional numbers have 
the five properties of 
a number system 

Adding and multiplying, � 
fractional numbers I l 

Equivalence 

Fractional 
numbers 

r 
Equivalence 

(The five properties 
of the natural 
number system) 

classes -��----�------� 
of fractions

- l j �------------� Fractions 

I r Fractio�l units 

Mathematical Measurement 
model s  t t 

( Natural 
numbers ) 

Units 

Figure 4 : Conceptua l hierarchy for f ractions 

( Skemp , 1 9 7 1  : · 3 1  0 )  

I n  re lat ion to learning h i erarchies ,  the elements of a concept­

ual hierarchy such a s  this mus t  be broken down s t i l l  f urthe r . 

A useful example o f  thi s i s  provided by Novi l i s  ( 1 9 7 6 )  who 

ana lysed t he concept of equivalent f ract ions , producing a 

hierarchy of f i fteen selected s ubconcepts , and tested the 

s trength o f  the h i erarchi a l  dependence s between them . Thi s  

ana l ys i s  p roved useful i n  the con s i deration o f  the i nterv i ew 

respons e s  to quest ions relat i ng to f ractions and i s  reproduced 

in F i gure 5 . 



M i xed mode l s , vi sual and 
nonv i sua l equiva l ence 

+ { -;�mber l ine equiva lence I 
���--� � ��--\ --� 

Part- group , nonv i sua l 
equ iva lence 

Part -group , 
" a s  many a s "  

t 

+ . 
Par t - g roup , 

vi sua l  equiva l ence 

Part -who l e , nonvi sua l 
equiva l ence 

+ 
Part-whole , v i sua l 

equ iva lence 
Part -v1ho l e  

" a s  large a s" 

f 

Part-v1hole 
unequal area 

+ 
Part- group , 

noncongruent parts 
Part - group , 
Compar i son Number l ine Par t - who l e , 

Compar i son 
Part-whol e  

noncongruent part s  

-- � � � .. -

Part -group 
congruent Par-t s  

-
Part- whol e : 

congruent Parts 

F igure 5 :  A Hierarchy o f  Se lected Subconcepts o f  the Fract ion Concept 

( Novi l i s , 1 9 7 6 : 1 3 2 )  
� 
0'1 
_. 
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G i ven this progres s ively more prec i s e  view of the h i erarchi ca l  

s t ructure o f  the s chool mathematics programme i t  i s  nece s sary 

to dec ide the leve l s  within these hierarchies  a t  whi ch the · 

i nterview tasks s hou ld be selected . I t  wou ld c learly be 

i mpos s ible to exp lore a s i gni f icant proportion o f  the a r i th ­

met i c - a l gebra sequence i f  the tasks wer e  chosen at the l ower 

leve l s  of Novi l i s . But even if it were pos s ible i t  m i ght 

not be appropr iate . The e s sence of the P iaget ian c l i n i c a l  

method i s  that the i n i t i a l  respon ses t o  the t a s k  are probed 

to del i neate the cogni tive proces se s  i nvolved . Thi s  prob i ng 

has the effect o f  explor i ng a hierarchy , such a s  that of 

Novi l i s , from the top downwards . An i n i ti a l  genera l ques t i on 

c oncern ing equ iva l ence of fractions m i ght be a sked and the 

response probed i n  order to explore the subj ects under s ta nd i ng 

o f  the quest ion i n  relat ion to the part -whole , part -group , 
I 

and number l i ne c oncepts o f  f ractions . 

Thi s view wa s con f i rmed by pi lot t e s t ing i tems . Que s tions 

such a s  3 6 - - - Why ? 4 - 8 I • evoked much more thoughtful re s ponses 

than more spec i f ic que s t ions r e l a t i ng to i nd ividua l s ub­

concept s .  

The c haracter o f  the quest ions had a l so to be determ ined . 

The . choice seemed to be between a ques tion re l a t i ng to a 

spec i f i c  exampl e  o f  a task and a quest ion concern i ng the 

princ iples invo lved in the task . 

ing mul t ip l i ca t i on of natura l 

the form : 

2 X 3 = 6 

or o f  the form : 

For example , a task i nvolv� 

numbers might be e i ther o f  

Exp l a in 

Te l l  me what you unders tand about the mul t i p l i c a tion 

of whole numbers . 

A f urther pos s ib i l i ty i s  the t ype o f  question u sed by Brown 

a nd Kuchemann ( 1 9 7 6 ) in a s ses s ing chi ldren ' s  under stand in g  
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i n  thi s area . The chi ldren were a s ked to wr ite a ' story ' 

to match the expre s s ion 9 x 3 ,  perhaps in an attempt to 

i de nt i f y  the psycho l og i cal structu+es be i ng used . 

I n  pi lot testing i t  became c l ear that the explanat ion o f  

a d irect example wa s the mo st prof i table approach with mature 

s ubj ect s . They a l l  unders tood what wa s meant by an explan­

a t ion i n  th is context and their responses provided amp l e  

oppor tun i ty for probe s . 

From Figure s 2 and 3 it can be seen that the key conceptual 

a reas in the schoo l progamme are tho s e  reiat i ng to natura l 

numbers , fraction s , negat ive number and vari ables . Lack 

of unders tanding i n  any one of the s e  areas wi l l  af fect later 

work to a much greater extent than wi l l ,  for examp l e , m i s ­

under standings concerning decima l s . Consequent l y  i t  wa s 

dec ided that coverage of these four area s shou ld be comprehe n s ­

i ve .  In regard t o  the number sys tems thi s  imp l i ed t e s t i ng 

each of the fundamenta l operations i n  turn , and ques t i on s  

were cons tructed and pi lot - te s ted accordingl�. 

I n  relat ion to the questions concerning var iable s ,  Kuchemann 

( 1 9 7 8 ) ident i f i ed s ix d i f ferent way s  in whi ch letters are 

interpreted by c h i ldren in que s t i on s  involvi ng var iable s . 

The se he describes a s : 

Letter eva l uated 

Letter ignored 

Letter a s  a n  obj ect 

Letter a s  a spec i f i c  unknown 

Letter a s  genera l i sed number 

Letter a s  vari able 

He postulates that items wh ich can be solved at the f i rs t  

three o f  these l eve ls require onl y  concrete operations , whi l e  

' le tter a s  a spec i f i c  unknown ' a nd ' letter a s  genera l i s ed 

number ' require ea�ly or late f orma l opera t ions d ependi ng · 

on the complexity of the item . ' Letter as var iable '  i s  s a i d  

t o  requ ire l a t e  forma l operations . 
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The tasks which Kuchemann used to a s ses s , in a wri tten te s t , 

chi ldren 1 s understand i ng of each of these appl icat ions o f  

var iables i n  mathema t i c s  seemed idea l for t h e  purpos e  o f  

t h i s  study , and pi lot-te s t i ng ·  a ga i n  conf i rmed t h a t  the 

quest ions e l i c i ted thoughtful responses . 

The neces s i ty to keep the i nterv i ew within a rea sonabl e  t ime 

s pan , an hour wa s f e l t . to be a s a t i s factory l im i t , meant 

that for areas other than number s y stems and variables the 

selection o f  ta sks would have to be l e s s  comprehens i ve . 

Consequent l y  i n  the areas of dec ima l s , funct ions and graph s , 

a lgebra ic man ipulation , and solution of equation s , i tems 

shown to have good d i scrimina t i ng power in wr i t ten t e s t s  

b y  other researchers were chosen . 

After more p i lot - te s t i ng , ques t i ons were reta i ned f rom three 

sources . Skemp 1 s ( 1 9 7 5 ) wr i tten test of unders tand i ng wa s 

ref erred to in the previous chapter . I<ers lake 1 s ( 1 9 7 7 ) te s t  

wa s o f  the understand ing o f  graphs , and Ga lvin and Be l l  ( 1 9 7 7 ) 

took some ques t ions from Krutet s k i i  ( 1 9 7 6 ) and some from 

Kuchemann ( 1 9 7 8 ) and used them in a study o f  s ome of the 

d i f f i cu l t i e s  encountered in the solut ion of problems i nvolving 

the format ion of equations . 

Al though the empha s i s  o f  t h i s  

i n  Chapter 1 , on unders tand i ng 

retain or apply mathema t i c s , it  

s tudy i s , a s  wa s explai ned 

rather than on abi l i ty to 

wa s f e l t  that the c l i n i c a l  

s tudy o f  a subj ect 1 s performance i n  solving a mathema t i ca l 

problem mi ght we l l  throw l ight on the under stand i ng of the 

prerequ i s i te mathematical  princ i ples . Consequent l y  

problems f rom Krutetski i ( 1 9 7 6 )  were inc l uded . 

f our 

S imi lar l y , s i nce one of the maj or features o f  mathema t i c s  

i s  i t s  logical s tructure , vla son 1 s ( 1 9 7 7 )  two problems whi ch 

pre sent the same logical  s tructure in two d i f f erent contexts 

were u s ed in an attempt to i dent i f y  any d i f f erence i n  log i c a l  

approach between the able and l e s s  able student s .  I n  conne c t ­

ion with these questions i t  i s  intere s t i ng t o  note that the 

resu l t s  o f  Wa son 1 s  study : 



• • • • s ugges t  that reasoning i s  radica l ly 
a f fected by content in a s y s temat i c  way , 
and that thi s i s  i ncompatible with the 
Piagetian view that in f orma l operationa l 
thought the content of a problem ha s at 
last been subord inated to the form of 
relations in i t .  

( Wa son , 1 9 7 7 :  1 3 2 )  

so . 

As a result o f  th i s  ana l y s i s  and p i lot testing a bat tery o f  

3 8  cards were prepared , each card containing one or more i tems 

to be used as the ba s i s  for di scus s io n . The content o f  thes e  

card s .i s  pre sented i n  Table 1 � 

THE CONDUCT OF THE INTERVIEWS 

The subj ects s a t  at a table a long s ide the i ntevi ewe r . The 
I 

intervi ews were tape recorded for later ana ly s i s  a nd the 

recorder was pla ced on a cha i r  on the oppo s i te s ide o f  the 

tab l e  so as to be unobtrusive . 

A penc i l  and paper were provided for the subj e c t  who was 

encouraged t o  wr i te or sketch i f  thi s  he lped . The inteviewer 

did not take note s .  

When the subj e c t  arr ived , about f ive minute s wa s spent expla in ­

i n g  the purpo s e  of t h e  s tudy , a s k ing perm i s s ion t o  record 

the inteview on tape and trying to put the subj ect a t  ease . 

The initia l intervie\11 questions wer e  designed to explore the 

subj ect ' s  s chool background . Ques t ions a l ong the fol low i ng 

l i nes were a sked : 

( a )  Where d i d  you go to school ?  - rural or urban? 

- s i ngle sex or coeducat iona l ?  

- I ntermediate s chool ?  

( b )  Describe your f ee l ings towards mathema t i c s  

progres s ed through the s choo l system .  

a s  you 

• I 
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( c )  Describe the a t t itudes and abi l i t i e s  o f  other member s  

o f  your fami l y  i n  re l a t i on to mathematic s . 

( d )  How would you rate your perfo�mance i n  mathemat i c s  aga i n s t  

that in other subj ect s at d i f ferent s tage s ?  

( e )  How did you per form i n  examina t i on s ?  

( f )  Which subj e c t s  d i d  you l ike mos t  I least? 

( g )  Do you have a ny theori e s  a s  to why you , or others , have 

d i f f icu lty wi th mathemat i c s ?  

( h )  What do you l i ke or d i s l ike about mathema t i c s ?  

A fter th i s , attention wa s d i rected t o  the mathemat i c a l  ta sk s . 

The character o f  the interviews i s  better ind i cated by exampl e  

t han by descri p t ion and consequently a deta i led d i scus s i on 

a nd ana l y s i s  o f  one part i cular intervi ew forms · the ba s i s  o f  

the next chapter .  



TABLE 1 . : THE CONTENT AREAS , QUESTION S , AND SOURCES OF THE 

38 INTERVIEW CARDS 
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Area Card No Que s t ion Source 

A Explain 2 + 3 = 5 

1 2 X 3 = 6 Knight 

4 2 = 2 

6 - 3 = 3 
I 

Natural 2 4 9 3  X 2 5 6  = 2 5 6  x /:)  Knight 

N umbers 

and 3 1 2 + 3 = b. � 1 2 Knight 

Operations 

4 6 - 3 = 3 - 6.  Kni ght 

5 1 2 9  - 4 8  = L - 5 0  Kni ght 

B 6 6 3 \vhy? Knight 8 = 4 

7 3 3 ? X IT = 

Fractions Knight 

3 3 ? . . n = 

8 3 5 ? 4 X 8 = 

Kni gh t  . . . 
3 5 ? 4 8 = 

9 3 1 ? 5 + 3 = 

Knight 

4 ? 1 
5 

- = TO 



c 1 0  

Decima ls 

1 1 

D 1 2 

I ntegers 

E 1 3 

1 4 

Var i ables 1 5 

1 6 

1 7  

1 8  

1 9  

'-·· 

0 . 3 0 5 0 = 0 . 3 0 5  

2 6  X 1 0 = ? 

3 - 5 = � 
( - 3 ') + ( - 2 ) = 6. 
( - 3 )  X 2 = 6 
( - 4 )  X ( - 2 ) = 6 
( - 8 ) r + ( - 4 )  = .6 

a + 5 = 8 

a = ? 

a + b = 4 3  

a + b + 2 = ? 

Why? 

' "  

. ' 

0 Perimeter = ? 
' 

A f i gure has n s ides a l l  

of length 2 .  What is  

the per imeter? 

c + d 

c < d 

c = ? 

Whi ch 

2n or 

Cakes 

buns 

What 

for? 

= 1 0 

i s  the 

n + 2 .  

cost c 

cost b 

does 4 c  

. ' 

larger? 

cents and 

cents each . 

+ 3 b  stand 
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S kemp 

Skemp 

Knight 

Kuchemann 

Kuchemann 

Kuchemann 

Kuchemann 

Kuchemann 

Kuchemann 

Kuchemann 



F 

Funct ions 

and 

Graphs 

G 

Algebra i c  

Manipulat­

ion 

2 0  B l ue penc i l s  cos t 5 cent s 

and red penc i l s  6 cents . 

I f  I buy b blue penc i l s 

and r red penc i l s  and the 

cost is 90 cent s , what can 

you say about b and r ?  

2 1  
' 

2 2  

2 3  

2 4  

y = X + 2 

Find y i f  X = 3 ,  

X = - 2  

x = n + 1 

The equation o f  

the l i ne i s  

X + y = 3 .  

\vha t doe s th i s  

mean? 

The graph shows 

.a j ourney . 

Describe it . 

De scr ibe the 

j ourney 

Distance 

5 4 . 

I<uchemann 

Knight 

Skemp 

Ker s lake 

I Kers lake 

2 5  

2 6  

2 7  

Time 

Mul� iply n + 5 by 4 Kuchemann 

F ind the area I J 5 Kuchemann 

'--n--+1 -.:l.-:-J 

3 5 8 X . X  = X 

Why? 
B kemp 



H 

Solut ions 

of 

Equat ions 

I 

Probl ems 

2 8  

2 9  

3 0  

3 1  

3 2  

3 3  

= ? 

( x  + 3 ) ( x + 4 )  = ? 

Solve 3x + 1 7  = 4 4  

X 2 Solve 4 = 3 

Solve ( x - 2 ) ( x - 3 )  = 0 

A j ar of keros ene we i ghs 

8 kg . Hal f of the 

kerosene is poured out 

of i t ,  after which the 

j a r we i ghs 4 . 5  kg . 

Determine the we i ght of 

the j ar .  

3 4  A man c l imbs a mounta in 

3 5  

• 

at 2 km per hour and 

returns a l ong the same 

route at 6 km per hour . 
F i nd h i s  average speed . 

Two boys were p l aying 

draught s .  There were 

three t ime s a s  many 

empty squares on the 

board as s quares occupied 

by counters . One p layer 

had 2 more counters than 

h i s  opponent . How many d id 

each have on the board? 

5 5 . 

Knight 

Skemp 

S kemp 

S kemp 

Knight 

Krute t s k i i 

Krut e t s k i i 

Krute t s k i i 



3 6  

J 3 7  

Log ic 

3 8  

. .  

A pa s senger who had travel led 

ha l f  h i s  j ourney f e l l  a s leep . 

When he awoke , he s t i l l  had 

to trave l ha l f  the d i s tance he 

had trave l led wh i l e  as leep . 

For what part of the ent ire 

j o�rney had he been a s leep? 

Al l the cards have a triang l e  

on one s ide and a c i rc le on 

the other . Which cards do 

you have to turn over to see 
; 

'.'lhether the fol l owing state-

ment i s  true? " Every card 

which has a red t r i ang le on 

one s ide ha s a blue c i rc le 

on the other " . 

Which envelope s must you 

turn over to see whether 

the fol �owing rule i s  

be ing obeyed ? 

" I f  an enve lope i s  sea led 

i t  mus t  have a 1 0  cent 

stamp on i t " . 

56 • 

Krutetski ' 

Wa s on 

Was on 
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CHAPTER FOUR 

THE CL I N ICAL ANALYS I S  - A CASE STUDY 

THE METHOD OF ANALYS IS 

A number o f  d i f f e rent approaches to the ana l y s i s  of i ntervi ew 

data were d i scus s ed in Chapter 2 and an ind i cat i on wa s g i ven 

that the a pproach i n  t h i s  s tudy would be a mul t i - cate gory 

one . S i nc e  thi s  dec i s ion d i f f ers f rom that taken by other 

c l inica l re searchers in the area , some f urther d i scus s ion 

and j us t i f i cation is appropr iate . 

The dec i s ion wa s ba sed on the v i ews o f  Dies i ng ( 1 9 7 1  ) and 

Kaplan ( 1 9 6 4 )  whi ch were quoted at the beginning o f  the prev­

ious chapter . I t  wa s in an a ttempt to �ef lect the 1 ho l i � t i c 1 

view o f  the research and the 1 pattern mode l 1 o f  explanat ion 

that a mu lti -coding approa ch to the c l i ni c a l  ana l y s i s  wa s 

developed . 

Initia l ly ,  a f orma l cod i ng o f  the responses o f  each subj ect 

to each mathemat i ca l task wa s undertaken i n  whi ch the l evel 

of understanding indicated by each sequence o f  res pon s e s  wa s 

a s s e s s ed . Thi s coding and analy s i s  i s  de scribed and ana l y sed 

stat i s t i c a lly i n  Chapter 6 .  The i nterview data wa s not tran­

scribed f rom the tape s a t  th i s  s tage , but the response to 

each mathema t i c a l  task wa s played over s ever a l  t imes before 

a dec i s ion concerning the leve l of understa nd i ng ind i cated 

was made . Thi s initial  f ormal coding provi ded a very u se f u l  

overv i ew o f  the data whi c h  prepared the way f o r  a more s earch­

ing analy s is , particu l a r l y  of the responses of those subj e c t s  

having t h e  mos t  d i f f i cu lt y . 

The s econd s tage of the an a ly s i s  involved concentra t i ng on 

the res ponses of an i nd i vi dua l s ubj ect , in s ome case s over 

a per i od of s evera l weeks , in order to identi fy any patterns 

evident in the data . The method used wa s very s imi lar to 

the Cons tant Comparative Method ( Glaser , 1 9 6 9 ) in which the 

ana l y s t  starts by cod ing each i nc i dent in the data in as many 
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categories a s  pos s ible , each inc ident being compared w i th 

previous incidents i n  the same category . 

G laser wri te s : 

Thi s  constant compari son of the incidents very 
soon s tarts to generate theoret ical propert i e s  
of the category . One s tarts thinking i n  terms 
of the f u l l  range of type s or continua of the 
category , its d imens ions , the cond itions under 
whi ch i t  is pronounced or mi nimi sed , i t s  maj or 
cons equences , the relat ion of the category 
to other categor ies , and other propert ies of 
the ca tegory . 

( Glaser , 1 9 6 9 :  2 2 5 ) 

The categor i e s  used i n  thi s  analy s i s , in add i t ion to those 

in the ini t i a l  coding , were : 

( a )  The mathematical nature of the re sponses : 

the character of the frameworks 1 used . 

the nature of the a lgori thms employed . 

( b )  The logical nature of the re sponses . 

( c )  The deve lopmenta l character of a sequence of res pon s e s : 

Solo Taxonomy ( Co l l i s  and B iggs , 1 97 9 ) . 

( d )  The re lationships of ind ividual respons e s  w i th i n  a 

sequence : 

Ta l l  ( 1 9 7 9 ) . 

( e )  The character of individua l response s :  

P i aget ' s  f ive fold c la s s i f icat ion . 

( f )  The character of the i nterviewer ' s  contribut ion . 

Thi s  procedure ref l ects the v i ew of Dies ing concerni ng the 

obj ect i v i ty of the c l inical method : 

The obj ecti vi ty of t h i s  sort of mode l and of 
the explanat ions based on it l ie s  not i n  any 
one component but in the whole . As I have 
indicated earl ier , the sorts of evidence on 
whi ch a hol i s t i c  mode l are based are not h i ghly 
re l iable , con s i dered in i solat ion . Consequent ly 
any part icular interpretation of a theme i s  
que st ionabl e ,  i n  the sense that p l au s i bl e  
a l ternat ive i ntepreta t i ons can b e  deve loped 



u s ing much the same evidence . A l arger · network 
based on a greater vari ety of evidence · i s not 
so readily questionable . 

( Dies ing , 1 9 7 1 : 1 5 8 )  

5 9 .  

The responses were not forma lly coded with respect to each 

ea tegory i n  the manner of the i n i t i a l  codi ng with respect 

to understanding . Rather each individua l response and sequence 

of re s ponses wa s cons idered in relat i on to each category and 

notes made of any feature s whi ch s eemed s igni f i cant . These 

notes then formed the ba s i s  of summaries of the nature of 

the s ubj ect ' s  responses to the tasks in d i f f erent content 

a rea s . 

There are cons iderable d i f f iculties  a s sociated with the pre s en t ­

a t ion of the resul t s  of s uch a n  analy s i s . The data con s i sts 

of some thirty hours o f  tape recording s , and i t  is c lear that 

this cannot be reproduced in fu l l . I t  i s ,  however , important 

that evidence f rom wh ich conc l u s i ons are drawn is presented 

in such a way that it is acce s s ible to s ubsequent c r i t i c a l  

asses sment . W i th t h i s  i n  mind , the deta i l s  o f  the interview 

with one part i c u l ar s ubj ect and the subseguent ana l y s i s  i s  

presented in s ome deta i l  in t h i s  chapter . For the other 

subj ect s , shorter extrac t s  from the interviews w i l l  be present ­

ed i n  the next chapter to i l lustrate part icu lar point s .  

THE I NTERVIEW 

General Background 

The subj ect wa s a fema l e , a student of P sychology and Educat i on . 

She . had attended school i n  Amer i c a , a norma l Junior S choo l  

programme be ing followed by one year o f  Algebra a nd one of 

Geometry at High School . 

Both parents were graduate s . There wa s c lear evidence of 

sex -role expecta t ions on the part of the mother . The s ubj ect ' s  

brother , now an engi neer , wa s a lways expected to do better 

at mathemati c s . 
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Th e r e s pons i v e n e s s  o f  t h e  l e s s  ab l e  s t u d e n t s  t o  p rob e s  

de s i gn e d  to e xp l o r e  th e s t ru c t u r e s b e h i n d  t h e i r  an s w e rs 

t o  t h e  i n t e rv i ew q ue s t i on s  v ar i e d  con s i de r ab l y . O n e  s ub j e c t 

w a s  p a rt i cu l a r l y d i f f i cu l t  i n  t h i s r e g a r d , wh i l e  anoth e r ,  

Kho s e i n t e rv i e w  i s  r e p or t e d  i n  th i s  c h ap t e r , r e s p on d e d  v e ry 

op e n l y . As a c on s eque n c e  t h e  d a t a  f rom h e r  i n t e rv i ew was 

mor e  r e v e a l i n g t h an t h a t  f rom any o th e r  i n t e rv i ew . 

Th e f a c t  t h a t  t h i s  s ub j e c t h a d  a t t e n de d  s choo l i n  Ame r i c a  

m i g h t  b e  s e en a s  a di s a dv an t ag e  i n  a N e w  Z e a l an d  s t u dy .  

Howeve r , wh i l e t h e re a r e  c e r t a i n ly c u r r i c u l um d i f fe re n c e s  

b e tw e e n  coun t r i e s , i n  m a t h e m a t i c s t h e r e  i s  a l a r g e  b ody o f  

b as i c  know l e dg e  whi ch i s  i n t r i ns i c  t o  t h e  s ub j e ct a n d  wh i ch 

i s  t o  b e  foun d i n  e v e ry m a t h e ma t i cs p r o g r amme (Hus e n , 1 9 6 7 ) . 
E ac h  o f  the con t e n t  a r e as e xp l o r e d  i n  t h i s  s tudy a r e  t o  b e  

foun d i n  t h i s  ' c ommon co r e ' .  H a d  t h e  s tu dy , for e x amp l e , 

i n c l u d e d g e ome t r i c a l  t op i c s t h i s m i g h t  n o t  h ave b e e n  t h e  

c as e .  

Th i s , tog e t h e r w i th t h e  d e c i s i on no t t o  l ook for ' typ i c a l  

c a s e s ' wh i ch was d i s cu s s e d  i n  C h ap t e r  2 ,  m a d e  t h e  a dvan t a g e s  

o f  u s i n g t h i s  p a r t i cu l ar ly r e ve a l i n g  i n t e rv i ew a s  t h e  b as i s  

o f  t h i s  ch ar � a r  ou twe i gh any p os s i b l e d i s a dv an t ag e s . 



�oth�� alwa y �  � aid h� wa� th� g o o d  on� at math� . 
H.� wa� y o ung�� than I wa� . H.� wa� th� g o o d  
on�1 I wa�n ' t1 and y�t o n  a n  o £.j�ctiv� �x.am 
I � c o ��d much £.�tt�� than h� did . 

6 0 . 

Her own a s se s sment of the problem wh ich she has with mathema t ­

i c s  i s  that she began t o  feel insecure a t  H igh Schoo l . 

Som�thing h appened in £.etw��n A1g�£.�a and 9�o m ­
et�y - I £.egan I �eali�e that I c o uldn ' t  � u c c e� d  
unle � �  I mem o�i�ed aLL o t  it . 

Her i nterview re�pon$es ind i�a ted that she had become extrem­

ely rule -dependent in dea l i ng w i th mathemat i c s . 

I .  It didn ' t  wo��Y y o u  wh�th�� y o u  und��� t o o d 1  
a� L o n g  a� y o u  got the �ight an�we � ?  

S .  N o 1  I c o uldn ' t  ca�e Le�� why . I don ' t  kno w  
why that i� the c a � e ,  £. e c a u�e � n  ev��ything 
el�� , �n � cience and e ve� ything e,L��,  I '  m v��y 
c o n ce�ned1 �n ta ct I ' m quite inte���ted it 
you �how me why • . . •  In mathemati c� I d o n ' t  
ca�e a �  Long a �  it i� �ight . 

The subj ect be�an to d i s l i ke mathema t i c s  when she found her­

self unable to get the right answer . 

Whe�� I £.egan not t o  Like it wa� p� o£.a£.1y t�a� 
ot ex.am� . Me didn ' t  get i t  £.ack t o  know wh��� 
I !-Va� w� ong . 

She now react s  to mathematical  content i n  a very emotiona l 

way .  

I hav� a daughte� and �he c ome� to me with 
a math� p� o£.Lem and I �ay ' Oh !  go away1  I d o n ' t  
kn o w ' .  In tact it up�et� m� e v�n to think 
a£.out it . 

The subj ect offered the opinion that she was highly achieve­

ment mot i vated and that she had a lways been cons i dered a s  

having a n  exceptiona l memory . The rule-dependence , whi ch 

wa s such a feature of her responses to the mathema t i c a l  tasks , 

makes i t  s eem l i kely that she had learned by rote , relyi ng 

on her memory to cover for her lack of unders tand i ng . Event- · 

ua l l y  the h i erarch ical nature o f  the subj ect matter caught 
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up w i th �er . Materna l expectations are a l so � l i kely f actor 

in that they enabled her to rationa l i s e  her d i f f iculties . 

There was no rea son why she should expect to understand . 

The Ma thematical  Tasks 

In pre senting the subj ect ' s  reponses to the mathemat i'cal tasks , 

a cho i c e  had to be made between presenting bot h  the responses 

and ana lys i s  together , perhaps w i th one on the l e f t  hand 

s ide of the page and the other on the r ight , and presen t i ng 

the r e s ponses f i rst ,and the ana l ys i s  a f ter . The l atter wa s 

chosen in order that a reader might be able to react to the 

interview data wi thout the inf luence of the analy s i s .  Con s ­

equent l y , re s ponses t o  individua l i tems are pre sented , fol l ow­

ed by an ana lys i s  of both the subj ect ' s  and the i nterviewer ' s  

contr ibut ion . A genera l comment fol lows a f ter the ana l y s i s  

o f  t he responses i n  each content area . 

Natura l Numbers 

Add i t ion 

r 1  ( Card 1 ,  f i r s t  l ine only : Explain 2 + . 3 = 5 )  

bJhat I wo uld like to know i� thi� : P�.e� umaR..l y  
y o u  R...elieve t h a t  2 + 3 = 5 - R.. ut � upp o � e  y o u  
we�e a�k.ed t o  explain that t o  � om e o ne - h o w  
would y o u explain 2 + 3 = 5 ?  

s· 1 Um • • •  p�otatly I ' d  � � y  um 
two apple� and he�e a�e th�ee apple� ,  
to gethe� and h o w  many apple� have 
One,  two , th�ee ,  / o u�,  /ive . 

r 2  yo o d .  

s 2 I� that �igh t ? 

he�e a�e 
put them 
we g o t ?  

r 3 Ye� , that ' �  ju�t th.e � o�t o t  thing I want.ed . 

I 
The hes i ta t ion in s 1 s eemed to re late to uncertainty a bout � 
the type o f  explanat ion requi red rather than i nd i c a t i ng a ny/ 

lack of con f idence i n  the explanation i t s e l f .  
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The u s e  of s pec i f i c  obj ects , ( apples , rather .�than ' things ' )  

indicates a uni - s tructura l response ( Co l l i s  a nd B iggs , 1 9 7 9 ) . 

The ' addi t ion frame ' i nd i cated by the response i s  the mos t  

common one of the union of two d i s j oint set s . 

S i nce the character of the subj ect ' s  concept of add i t ion 

of natura l numbers seemed c lear from the responses , the inter­

v iewer • s comments were s upport ive in character rather than 

probing . 

Mu l t ipl ication 

r 1 ( Card 1 ,  second l ine : 2 x 3 = 6) 
What agout two time� th�e e ?  

s 1  . • • .  Hm . . .  Well, I ' d  p�o gagly take th�ee • • •  

e�, two pen cil� . . . two time� • • • two time� 
• • •  hm . •  Well, I ' d p�o gagly take £h�ee pencil� 
and anothe� th�ee pencil� • . •  and I ' d  a dd 
them all up and it c ome� t o  �ix . I �  that 
�ight ? 

t ine . I n o ti ced that y o u  had a jog t o  de cide 
whethett y o u  we�e going t o  have two L o t� o �  
th�ee . 

. • • o �  th�ee L o t� o /- two . 
think o/- two t ime� :th�ee ? 
o f.. :th�ee o� th�ee L o t� o/- two ? 

. . •  Well . . . 

I picked up 1-�om y o u  . • .  

Whi ch way d o  y o u  
I �  i t  two L o t� 

( ini.e�uptin g ) When y o u  /-i��t � aid t o  me " two 
time� th�e e "  1 I wa� thinking that I wa� 
l o o king · o ut the�e ( p o int� to the wind o w )  

it wo uld .B.e th�ee,  gut when I L o o ked d o wn 
he�e ( point� t o  the ca�d ) ,  I � aw the two /-i��t 
and .B.egan to think - hm, well - that ' �  p� o.B.a.B.Ly 
not �ight . 

Wo uld y o u  �ead that ( p o int� t o  the c a�d)  a �  
t w o  time� th�ee ? 

lje� . 

• 



. · ,  

63 .  

The d i f f erent reaction to the verba l  ' two t imes three ' 

s t imulus a nd the verba l / symbolic ' 2  x 3 '  i s  i ntere st i ng , 

. Particularly when the subj ect agrees with the verba l inte r ­

pretation of the symbols . 

The response wa s uni - structur a l  aga i n  wi th the ' mu l t i p l i ca ti on 
I 

frame ' being that of repeated add i t ion . 

The interviewer ' s  responses r 2 , r 3 , and r 4 were non - sugges t i ve 

probe s • 

. Div i s ion 

r 1  ( Next l ine o f  card 1 :  4 ;  2 = 2 )  

What atout /- o u� divid�d ty two ? 

1 o u� di vid�d ty two I h av� t o  'explain that 
to � om � o n� . t o u� � om�thing� divid�d ty 
two • • . ( l ong pau� e )  ( laugh } • • • it� 
di/-/-icult t�cau�� I ' v� n�ve� had to �xplain 
it - I  ju �t m�mo�i�e it ( l ong pau�� ) .  

S o  y o u  ju�t ��m�mte � ,  
divid�d ty two i �  

a �ul�, that /- o u� 

• . • two , y�� y�� y�� . It I hav� t o  
think atout it y��  I gu���  it ' �  m�m o � y ,  
m�mo�i� ation . Y � � ,  I ' m thinking that - that ' �  
an int��� �ting thought - h ow w o uld I g o  a t o ut 
�howin g /- o u� o �  � om�thin g divid�d R y  two ? 
W�ll, I � upp o�� th�n I c o uld put t o u� p�nc il� , 
on�,  two ,  th���, /- o u� ( d�aw� /-ou� lin�� o n  
th� pap�� ) and giv� o n �  p �� � o n  two and giv� 
th� o th�� p��� o n  two and ih�n I ' d add up and 
that giv�� two A w l  that ' �  n o t  �ight, i�  
it ? ( Pau�e ) 

lj�� , that ' �  /-in e ,  i t ' �  th� p� o c��� o /- � ha�ing 
R�tw��n two g� o up� . 

lj��,  tut it wo uldn ' t  R� �ight wo uld i t ?  
� till ha v� /-ou� ( pau�� ) 

I 

But th� two i� th� � iz� o/- � a ch g�o up ,  i�n ' t  
it? S o  i/. y o u  h a v�, � a y ,  iw�lv� di vid�d Ry 
th��� ,  you wo uld h a v� tw�lv� p�ncil� and �ha�� 
th�m up R�tw��n th��� p�opl� and th�y g�i /- o u� 
�ach . ( Pau� � )  

I think a pi� i �  �a� i�� . - I wi�h I had tho ught 
o/- a pi�, you know ,  ( Pau�e ) 



But with a pie. it-6 ha�t.d tho u gh ,  £..e. cau.6e whe.�t.e. 
doe.-6 the. toull. come. in it y o u  h a ve. a pie. ? 

But when y o u a-6ke.d me. t o  divide., the. ti�t.-6t 
thing that popped into m y  head wa-6 a n  appi..e. 
- £..e c a u -6 e.  that ' -6 h o w  we. u-6e.d t o  i..e.a1t.n d i vi -6 i o n  

t o o k  a n  appi..e. and divided i t  up, O il.  a pie. 
and di vided it up a nd y o u  .6e.e. I c o ui..dn ' t  
tigu�t.e. o ut a£.. o ut the. toull. . 

6 4 . 

No immed iate e xplanation or mode l came to the subj ect ' s  m i nd 

and thi s ,  i n  the terminology o f  Ta l l  ( 1 9 7 9 ) , produced a 

conf l i c t /menta l bloqk s i tuat ion indicated by the nervous 

laugh and the rambling , playing - f or - t ime , ta l king of responses 

s
1 

and s
2

• After thi s was brought under control ,  an approp­

riate ' shar i ng ' model surfaced ( S
2

) .  However , the subj ect was 

s t i l l  u s i ng the ' addi t ion frame ' ,  whi ch had been extended 

to cover mul tipl icat ion , in wh ich the answer wa s the union 

of the two sets - the tota l number of 1 penc i l s  ( S 3 ) .  Even 

when the mode l  wa s completed by the i ntevi ewer ( I  4 ) i t  was 

rej ected and an inappropr iate ' f ract ion ' model subs t i tuted . 

The re spon s e s  indi cated only instrumental unders tand i ng of 

d i v i s i on ,  and again the respons e s  were uni - s tructural ( penci l s , 

a pp l e , pie ) • 

The interviewer ' s  responses vary in character : 

r 2 encouragement to continue 

I 3 - con f i rmat ion - con f i dence boos t  

I 4 - unsol i c i ted explanat ion 

I 5 
- probe 

Subtraction 

I 1  ( La s t  l ine 

/Jhat a£.. out 

7ha t  w o ui..d 

of card 1 : 6 -
-6ix minu-6 th!t.e.l!. ? 

£.e. -6 impi..e. ,  I ' d  

3 = 3 )  

put -6ix 5 1  ( make.-6 a ciralet o n  the. t a£..i..e. · with 
minu-6 t..h.ll.l!.l!. ( indicate.-6 �t.e.m o vai.. } 

-6ix o ut and minu-6 thll.e.l!. . 

o ut the.ll.l!. 
hell. hand ) 

- I ' d  put 



6 5 . 
· \ 

No hes ita t i on was shown here at a l l �  The subj e c t  wa s clearly 

able to reverse the add i t ion opera tion . There was no ment ion 

o f  s pec i f i c  obj ect s  thi s t ime , so perhaps it was a mul t i ­

s tructura l response ind i cating relationa l understanding . 

GENERAL COMMENTS 

( i ) I t  should not be inferred f rom the uni - structura l 

responses that t h i s  i s  the level at whi ch the subj ect 

operates wi th natura l number s onl y  that thi s i s  

the type of explanation that i s  seen as most approp­

riate in th i s  context . 

( i i ) The conf l ic t  between the vi sua l and verba l present-

ations in the section 

evidence for the Davi s 

on mu ltipl i ca t ion 

and McKn'ight ( 1 9 7 9 )  

provides 

concept 

of ' v i sua l l y -moderated sequence s ' .  

( i i i ) The sequence on d i v i s ion has an interesting pattern 

of qua l itative l y  d i f ferent thought processes ( Ta l l  

1 9 7 9 ) . 

s 1 7 o u� di vided • . •  � o me o ne . 

( lo n g  pau�e ) ( la u gh )  . . •  

memo�i�e it . 

s.2 . . . � omething divided R.. y 
two . 

Well, I �upp o � e  then • . •  
. . . and that give� two . 

Aw l 7hat ' �  n o t  � i ght i..� 
it ? 

s 3 Ye� ,  £..ut . . . I � till h a ve 

/. o ull. .  

i n i t i a l  respons e . 

conf l ict due to f a i l ure 

to retr ieve an appropriate 

schema leads to ment a l  

block . 

s tarts agai n  with a super­

posed screma . i nvolving the 

two di sparate ' shar i ng 

schema ' of d i v i s ion and 

the ' un i on 

add i t ion . 

con f l ict . 

schema ' 

conf l ict s chema . 

of 
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s 4  I think a pie i� ea� ie� • •  
• • • y o u  kno w .  

superposed schema f rom fract­

i ons which the subj ect 

feels w i l l  resolve the 
I 

conf l ict . 

s5 But when y o u  a�ked me · - · ·  explanatory s chema , but i t  

may be a rat iona l i sat i on 

brought about by an i n ­

appropriate i ntervi ewer r e ­

sponse . 

. • • /.ou� . . 

( iv ) The interviewer probes in the multipl icat ion extract 

were s uccessful , but in the divi s ion extract the probe 

concerning the repre sentat ion of the f our in the ' pie 

s chema ' wa s too s pec i f ic and fai led to produce anything 

but a rationa l i s ation . 

The unsol i c i ted explana t i on concerning divi s ion ( I  4 )  wa s 

iriappropr iate . Wi th a les s mature subj ect , an i ntervent i on 

of t h i s kind would be l ikely to s top any further explorat ion 

by the subj ect .  

Fract ions 

Equ i va lent Fract ions 

s , 

( Card 6 :  6 = 3 
8 4 Why? ) 

I don ' t  know anything a!out t�a cti o n �  
�emem!e� I ' m h opele � �  o n  thi� . 

Tine, I ' d ju�t like t o  know why . 

n o w  li�ten,  

· 0 .  K.  Now �ix. o ve� eight equal� th�e..e.. o ve� /.ou�,  y o u  
want t o  know why .  Well y o u  want t o  k n o w  what I think 
a!out it?  

flm . 

Well, the ti��t thing I w o uld d o  i� take • • •  what would 
I d o ? . . .  now y ou � ee that ' �  my p�o !lem , . ' c o �  thi� i �  
m y  p�o!lem - a ll the time in �ecipe� I � eem t o  g o  
o ne q u a�te�, o ne halt, th�ee q ua�te�� , o n e  cup, and 
all the time y o u ' � e.  a � king me to� two thi�d � ,  and I 
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al..way-6 think1 n o w  i-6 two thi/l.d-6 m o /l.e. O/l. l..e. -6 -6  than th/l.ek 
( p o int-6 t o  

-6 imp1..e 1  it-6 
qua/l.te./l.-6 ? And when I /.i11.-6 t  .l o o k  at that 
the. ca11.d ) 1  I apply my 11.ul..e. .  I t ' -6  quite. 
two into �ix and two into eight . 

N o w  y o u  a -6 k  m e.  why - I have. t o  e..x:.pl..ain it . 7he. /.i/l.-6t 
thing that p o p� .int o  my mind - I ' d  take. a pie. 1 cut .it 
a1..1.. up .int o e. .i ght and then I ' d  c o unt -6ix ( cut-6 an imagin ­
all.y pie. with hell. hand ) . 7 he.n I ' d divide. it .into /. o u11. 
and c o unt th11.e.e then that ' �  the. -6 ame thin g . But then 
I ' d �top and �ay no that ' �  not /tigh t . 

Why i�n ' t  .it 11. .i ght ? 

Becau�e .i/. I p j_ ctu11.e th11.e.e qua11.tell.� 1 I pictu/l.e a h al../. 
and a £.it .like thi� ( d11.aw.6 d) ) that ' .6 th/1.1!.1!. q ua/l.tell.-6 

o /.  my pie . Now i/. you  a-6k m e.  to pictu11.e. �ix eight� 
it ' -6 .like thi� ( d11.aw.6 @ ) and thi� .i� going to c o nt ain 

- Oh ! it i-6 the �ame thing i�n ' t  i t . We1..1.. , I wa-6 think­
�ng no .it wo uld £.e m o11.e .like that ( d11.aw� <:::) ) - o nly 

two le/t o ve11. o/ the eight - �o I tho ught that wa-6 W/l. O n g . 

The i n i t ial re sonance had two representat ions of f rac t i on s  

in i t :  

( a )  the rationa l number � evidenced by the reading of � a s  

s ix over e ight and by the rule ' two into s i x  and two 

i nto eight ' .  

( b )  the proportion of part of an obj ect to the who l e  a s  

i nd icated by the rec i pe i l lu s trat ion . 

There i s  conf l i c t  between these repre sentat ions unti l  ( a )  i s  

rej ected a s  a ba s i s  for explanat ion . Representation ( b )  then 

forms the ba s i s  of an ongoing schema which i s  f o l lowed through 

very we l l  by the subj ect wi thout a ny intervent ion by the 

interviewer . 

Mu l t ipl ication 

r , 

s ,  

( Card 7 ;  l ine 1 : 3 3 x 11 = ? )  

with it • • •  
I '  11.. wo/l.k o n  

y o u  want m e  
th11.ee ele venth-6 

I ll.e.a1..1..y d o n ' t  know what t o  d o  
o nl..y thing I c an think o /  • • •  
lh11.ee time-6 th/l.ee. ele venth� 
wo11.k on .i t . Well, I need 

the 
i t . 

t o  
o t  



.o omething I divide .o omething into ei.e ven,  I 
cut it up into ele ven and then I add thn.ee o /­
it , then add thn.ee m o n. e  a nd then th11.ee m o11.e and 
that ' .o  what it wo uld !e . 7hat ' .o  how I w o uld 
have t o  do it . 

But my 11.ule i .o n  ' t  ve11.y g o o d  - ' co .o  I know th2.11.2. 
i.o a 11.ule th2.n.2.,  .o ee - I d on ' t  know wh2.then. I 
go th11.2.e t ime.o the top and th11.ee time.o th2. ! o ttom 
- nin2. di vided !y thin.ty thn.e2. um - I d o n ' t  
kn ow what the 11.ul2. Lo , !ut I c an wo11.k i t  out 
like that - I d o n ' t  kn o w  wha t  the 11. ule i .o .  

6 8  • 

The subj ect c ombines two previously e stab l i shed f ramework s  

- mul t i p l i c a t i on a s  repeated add i t ion , and the f ract i on a s  

a proportion o f  the whole - very we l l ,  j us t  f a i l ing t o  make 

the fina l  add i t ion to give the correct answer . 

Aga i n  there i s  con f l i c t  between thi s  logi ca l · s chema and the 

rule , which t h i s  t ime has been forgotten ., 

Divi s ion 

r ; ( Card 7 ,  line 2 :  3 .;.  1
3
1 = ? )  

s ,  7hn.el!. di vided ! y  th11.2.2. 2.lev2.nth.o • • •  I d o n ' t  
kn o w .  It y o u  gave m e  o n 2.  di vided !y a halt, 
I know it wo uld !e a halt, two divided !y a halt 
wo uld !2. one . I know th2. 11.Ul2..o . 7 h11.e2. divid2.d 
!y a hall- wo uld !e one and a halt, on2. p o int 
tive . 1} 2. .6 1  y2..o that ' .o  tai11. en o u gh . 

7hat ' .o  the 11.ule ? 

lje.o . N o w  
um 

.otuck . 

th11.ee di vided 
I d o n ' t  h a ve 

!y th11.ee p oint 2.l2.ven 
a n.ule /.on. tha t .  I '  m 

In view of the subj ect ' s  f a i lure to explain divi s ion of natur­

a l  number s  it is  not surpr i s i ng that no explanat ion surfaced 

here . 

The incorrect rule in s 1 i s  a common one , m i s i nterpret i ng 

' divided by a hal f ' a s  ' di vided into halves ' .  

3 The mi sreading o f  a s  three point eleven s eems to be a n  1 1  
i solated error wi thout par t i cular s i gni f icance . 
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The subj ect wa s unable to offer any response �t a l l  to Card 

8 :  ! x � = ? and ! � � = ? 

Add i t ion 

( Card 9 .  l i ne 1 :  3 1 
5 + 3 = ? )  

r 2 It I � a y  it ' �  ea�y  and y o u  c an ' t  d o  it . . .  

O . K .  7hat ' �  ea�y, ·  that ' �  a haft, i�n ' t  i t ? 

What make� y o u  think tha t ?  

: ' 

WeLL, I ' d add - I think I would - I ' d add the top 
one� and the i o ttom one� , to u4 e i ght�,  and . that ' �  
a haLt,  i� that 4ight ? Ii ' �  n o t  4ight . 

N o ,  i t ' �  not 4ight . 

I t ' �  n o t . ( pa u� e )  

What d o e �  th4ee titth� l o o k  like ? 

( D4aw� � ) 
r 6 · What d o e� one thi4d l o o k L ike ? 

s 6 D4aw� � ) It ' �  g o i n g  to ie aLm o�t one . 

r 7 I t  can ' t  ie a haLt anywa y .  

s 7 Oh n o ! 7he�e mu�t ie a 4 uie, I d o n ' t . kn o w  it . 

The i ncorrect rule of adding numerators and denominators 

is a very common one . 

With s ome direction f rom the i nterviewer the s ubj ect 
I 

was 

able again to combi ne the two we l l  establ i shed f raction and 

add i tion f rames to produce the good re lat iona l respon s e  ' i t ' s  

going to be a lmost one ' . However the mos t  important thing 

for the subj ect wa s sti l l  to f ind the rule . 
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GENERAL COMMENT • '  

I n  dea l ing w i th fract ions the ru le-depend ence o f  the subj ect 

wa s part icularly evident . Thi s  i s  not surpri s ing s ince the 

' proport ion of the whol e ' framework is useful· i n  understanding 

equivalent f ractions , mu l t i pl i ca t ion by a whole number , and 

to a l e s s er extent in add i t i on of f ract ions , but is of no 

help at a l l  i n  other fractional opera t ions . 

There are two good examples of P iaget ' s  ' l iberated conv i c t ion 

in thi s  section .  Working w i th � = � the subj ect d i scovers 

for her s e l f  the equiva lence i n  a way which she found surpri� ­

ing . The same thing happened i n  add i tion of f ra c t ions when , 

beginni ng w i th appropr iate frameworks , the s ubj e c t  wa s able • 

to develop , with very l i t t l e  help , an ongoi ng s c hema which 

led to the correct answer . These suggest that the problem. 

which the subj ect ha s wi th mathema t i c s  i s' l ikely to be related 

more to the lack of appropr i a t e  conceptual f rameworks ,  

act as prem i ses , than to faulty log i c  i n  applying these 

works . 

Variable s  

Letter eva l uated ( Kuchemann 1 9 7 8 ) 

( Ca rd 1 3 :  a + 5 = 8 ,  a = ? )  

A plu.t:. li ve. e.qua.l.t:. e i ght - a e.qua.l.t:. 

Right . H ow do y o u  kn ow?  

I ju.t:.t t o ok live. /-�t om e.ight to ge.t 

Why did y o u  take. the. f-i ve. /�t om the. 

thJte.e. . 

thJte.e. . 

e.ight ? 

Why did I d o  i t ?  I d o n ' t  know - £.e.cau.t:.e. 
.t:. ome.thing p.lu.t:. live. e.qual.t:. e.ight1 .t:.o I 
h a ve. li ve. o/ .t:. ome.thing and I ' ve. go't t o  
with moJte. t o  gi ve. m e.  e.igh t . 

it .t:.ay.t:. 
kno w  I 

c ome. up 

whia� 
frazne-

', 
\ 

The var i able i s  interpreted a s  ' something ' - a place-holder 

in the add i t ion/ subtract ion f rame succe s s f u l l y  u sed ear l i e r . 

The response wa s j udged to show relational unders tanding 

of the i tem .  



Letter Ignored 

I 1 ( Card 1 4 :  a + b = 4 3 , a + b + 2 = ?. ) 

. .  

0 .  K. .  a p.lu.t:. .e.. .equa.l.t:. 1-o/l..tyth/l...e.e,  a plu.t:. .e.. plu.t:. 
two • • • ( .long pau.t:. .e ) • • • 4 5 ?  

f'1m ( n od .t:. ) .  

( .laugh.t:. ) I th ought it wa.t:. m o/l...e di/../..i cult . · ' fYty 
tho u gh t  p/l.. o c.e .t:. .t:..e.t:. w.e/l...e I wa.t:. l o oking at th.e a 
p.lu.t:. .e.. - y o u  .t:. .e.e I don ' t  know what th.e c o m£.ination 
i.t:.  that g.et.t:. 1-o/l..ty th/l...e.e,  .t:.o  I don ' t  kndw what 
that a and .e.. i .t:. ,  and th.en y o u  t.ell m.e a and .e.. , 
whi ch I don ' t  know what i t  i .t:. ,  and th.en a dd two 
- what th.e h.eck do.e� that m.ean ? 

7 1  • 

The init i a l  response wa s to try to evalua te a and b ,  .a s  

i n  the previ ous que s t i on . The result i ng conf l i c t  wa s resolv­

ed with tHe help of the we l l  es tabl i shed add i t i on f rame . 

I t  would have been intere s t i ng to explore th i s  ' letter i gnor­

ed ' concept in a l e s s  we l l  e s tabli shed operationa l f ramework . 

In view of the ins trumental under standing of d iv i s ion shown 

by the s ubj ect , the respons e  to : 

a + b = 4 4 , ( a  + b )  � 2 = ? 

�ight we l l  have been qua l i ta t ively d i f ferent . 

Again the response wa s j udged a s  i nd icating relational under ­

stand i ng . 

Letter a s  an obj ec t  

I 1 . 
( Card 1 5 :  perimeter = ? )  

What i.t:. th.e p.e/l..im.et.e/1.. ? 

7h.e p.e/l..im.et.e/1.. i .t:.  ju.t:. t th.e di.t:.tanc.e all th.e way 
/I.. O Und . 

lj.e.t:. 1  w.e.ll, y o u  can ju.t:.t add t plu.t:. h plu.t:. h plu.t:. 
h plu.t:. h .  

I 3 'fin.e � 

s 3 7h.e/l...e i.t:.  p/l.. o £. a£.ly a cl.ev.e/l...e/1.. way o/.. doing it . 



' ) 

I 4 How wouLd y ou w�ite h pLu� h pLu� h pLu� h ?  

s 4 'f o u� h� . 

No d i f f iculty here with letter a s  an obj ect . The respons e  

. S 4 should have been fol lowed up , i t  might mean 4 h  or 

perhaps hhhh . 

Letter a s· a spec i f i c  unknown 

( Card 1 6 : A figure has n s id e s  a l l  of length 2 . 
What i s  i t s  perimeter ? )  

A /igu�e h a �  n � ide� aLL o t  Length two , O . K .  What 
i� it� pe�imete� ?  7 hat mean� we don ' t  · kno w  h o w  
many �ide� i t  h a �  i �  that �ight?  Oh ! that 
ha� a Length o t  two . ( P o int� t o  the 1 ca�d ) . 

Each �ide ha� a Length two . 

s 2' · ( pau�e ) 7wo n .  

7 2 . 

Aga i n  the respon s e  reflects the conf idence the s ubj ect has 

i n  mul t ipl icat ion a s  repeated add i t ion . She s hou ld have 

b�en asked to wr i t e  s 2 down , but it i s  interest ing to notice 

the d i f ference between s 4 of the previous extract ( Four 

h s ) and s 2 of th i s  sect ion - 1 two n 1 , not 1 two n s  1 or 1 n 

twos 1 •  

Letter a s  genera l i sed number 

I 1 ( Card 1 7 :  c + d = 1 0 ,  c c d  , 1 c . = ? )  

s 1 c pLu4 d e q u aL� ten, c . . .  ( pau4e ) 

I 2 • • •  i4 Le4� than d .  

s 2 I� that ' Le 4 �  than d ? ' 

O . K .  . . . ( L ong pau�e ) 

one . 

• . .  'f o u� .  



• '  
AL�igh t ? ( Laugh �  � ince inte� viewe� d o e �  n o t  
�e�pond ) £..e cau�e i/. i t  wa� the � aine thing 
a� d then i t  wo uld £..e /.ive /-ive p.lu� /.i ve 
equal� ten £.ut we kno w  it i� �ma.l.le� than 
d �o the nex.t one i t  c o uld po��i£...ly £..e i�  
/- o u � ,  and i/- we m ake i t  /-ou� then d i� � i x. ,  
So  it could £..e th�ee and � e ven,  o �  two and eight, 
o� one and nine . So  we don ' t  kn o w  what c i� . 

7 3 . 

Th� ini t i a l  response ' four ' ( S 3 ) i s  recons i dered i n  the 

l ight of the i nterviewer ' s  l�ck of conf i rmat i on , which 

in fact acts a s  a probe . The conceptual f ramework of the 

respon se is  again the conf ident ' addit ion of natura l 

number s ' .  The pos s ibi l i ty of c being fract i ona l , z ero 

or negat ive wa s never cons i dered . 

The response wa s cons idered to i nd i cate relationa l under ­

stand ing of the i tem . 

Letter a s  a var i able 

r 1 ( Ca rd 1 8 :  which i s  the larger , 2n or n + 2 ? )  

Which i� the .la11..ge� , two n 
. , ,  two n ,  i�  that �ight ? 

We.l.l,  te.l.l me why , 

o �  n p.lu� two ? 

Which i� the .la�ge� ? We.l.l £..e cau�e 2 i �  

. . . 

um , , , two time� any num£..e� 0 ,  K. ,  • •  , two 
Lime� 0. K..  whi ch .like /.ou11.. time� /-ou� 
i �  � ix.teen O . K. .  o the�wi�e y o u ' ve got 
one num£..e � ,  .like /. o u11.. 1 p.lu� two whi ch i� � ix. ,  
� o  it� £.. o und to  £..e m o � e  i /- i t ' �  time� . I �  that 
�ight?  

( Inte�t.. viewe/1.. doe�  n o t  11..e�pond ve�t..£..a.l.ly , £.ut 
�mile;, with the intenti on o/. £..eing enco u�aging 
with out c o mmittin g him;,e.l/- . t o  ;, ay ing whethe� 
Q� n ot the �e;,pon�e l ;,  c o11..�ect ) .  

( La u gh;, ) - y o u  think that '.� /.unny ? 

N o ,  I d o n ' t  think i t  i� /-unny at a.l.l , 

I �  that �ight ? 

( 



. .  s 5 I t  1 .6  n o t  .11..ight - that 1 .6  wha t  I think .,· 

I t  1 .6  n o t  c omplR.tR.ly .11..ight, 
h app2.n i/- n wa-6 two ? 

£.R. c a u .6 R.  what w ould 

( pau-D R. }  y R. -6 1  £. u t  I don ' t  think it i-D . 

Y o u  don ' t  think n i-6 two ? 

N o . 

�hat do y o u  think n i -D ? 

I t-6 p.11.. o£.a£.ly .D omR.thing n o t  thR. .bamR. a -6  two . 
It-6 p.11.. o£.a£.ly �i gg2..11.. than two , £.R.cau.6R. i/- it 
WR./1..1!. two y o u  wo uld h a v2. put d o wn two timR.-6 two , 

. wo uldn ' t  y o u ?  I alwa y -D  think o/- i t  a-6 .b omR.thing 
a who l2. l o t  mo .11..2. · - in /-act y o u  d on ' t  know h o w  
m u ch mo.11.. e i t  i -6 1  y o u  .bee . I t  .II..R./-R..II.. -6 t o  a who l2. 
l o t  m o .11.. e o /- -6 om2.thing and whaiR.VR./1.. that wh o l2. 
l o t  m o.11.. e i-D , it.D  two timR.-6 that wh ol2. l o t  m 0 /1..1!. 1  
and that ' .6 a wh o l2. l o t  mo .11..2. than a lot m'o.11..2. plu-D · 
two . 7hat ' .D  what I think . 

· Y o u ' .11..2. .11.. i ght t o  thi-6 · R.X.tR.nt,  that i/- n i-6 a 
la.11.. g2. num£..2..11.. then multipl..ying £..y two will ma:ke 
it m o.11.. e than addin g two onto i t . But what mad2. 
y o u  think th at n i-D a la.11.. ge num£..2..11.. ? It ini.11..i guR..6 
mR. to  unde.11.. .6 iand why you wont allow mR. · t o -D a y  
n equal-6 two , R u t  y o u  will l 2. t  m R.  .b a y ,  /- 0.11.. 
R.x.amplR., n R.qual-D i2.n , 

I think £..2. c au.6e wh2.n I lR.a/l..nR.d a£..o ut lR.ttR./1...6 
ih2.y alwa y -D  .D i o od /- 0 .11.. .b omR.thing m 0/1..1!. ,  

. r 1 0 n i -D  al..way -6  a l a.11.. g2. num£..2..11.. ? 

s 1 0 Y2.-D 1  n i-D m o.II..R. ,  
' ) 

I 1 1  

. s 1 1  

I/- I had .Daid x. ?  

N o ,  it wo uld .D iill £. 2.  m O.II..R. • 
.b land /-o.ll.. a whol2. l o t  m o.11..2. than 
thR.y ? 

Do th2.y ? 

LR.tiR./1...6 alway -6  
num£.2..11...6 1 d o n ' t  

Y2..6 1 th2.y m2.an m o.11..2. .  You .6 1!.1!. 1../- y o u  h a v2. two 
o /- .6 0mR.thing1  I can tR.il.. y o u  what that i -6 1  on2. 
plu.D onR. C 0/1../I..R..bpond-6 to two . But a d oR..bn ' t  
c o/1../I..R.-Dpond to  two doR.-6 it?  

�hat i./- I w.11..itR. d o wn : x. plu-6 two  R. q u al-6 th.11..2.R.1  
( w.11..ite-D x. + 2 = 3}  what i-6 x.?  

�ef...f.. - on2. , 

7 4  • 



C ome on ( �miling } it can ' t  ! e  one · · fe cau�e 
lette�� a�e alway� fig numfe�� . 

Well, I gue � �  that ' �  i n c o n� i� tent - !ut that ' �  
di/.1-e�ent I �aid that wa� 0 .  K. .  well n o ! 
( indignantly ) y ou a� ked me two di/.1-e�ent que � i ­
i on� . 

lje� ,  I know,  I wa� ju�t ex.pl o�ing thi� fu�ine�� 
ol- a lette� alway� � landing t o �  a la�ge numfe� . 

7 5 . 

Thi s  i s  one of the · mos t  surpr i s ing and interesting secti on s  

in t h e  study . 

The subj ect ' s  i n i t i a l  responses ( S 1 , s  2 > ,  apart f rom the 

confusion between 4 2 and 4 x 2 ,  are cons i st�nt with Kuche ­

mann ' s  expe r i ence with thi s  que s t i on ( Kuchemann , 1 9 7 8 ) , 
I 

and with a wr i tten test thi s i s  a l l  the informat ion we would 

have . 

The i n s i s tence on conf i rmation that this  wa s i n  f a c t  the 

r i gh t  answer ( S 2 , S 4 ) s eemed , in relation to the s ubj ect ' s  

behaviour i n  other parts o f  the i n terview , to ref lect the 

conf idence shown . She wa s sure the response was r i ght and 

expected approba t i on .  When thi s  wa s not forthcoming ( I 3 , I 4 , 

I s ) ,  the react ion wa s to terminate the s chema " that ' s  

what I think" - a  take - i t-or- leave - i t  statement ( S s > ·  

) 
The interviewer responds with the n = 2 ' torpedo ' ( Ta l l , 

1 9 7 9 ) des i gned to cha l l enge th i s  c on f i dence . The response 

( S 6 ) ind i ca t e s  that the subj ect can see the . imp l i ca tion of 

n = 2 ,  but is unw i l l ing to accept i t . The log i c  is impeccab­

l e : 

I f  p ( n = 2 )  

than n + 2 )  

imp l i e s  q ( 2 n  i s  not greater 

and q is f a l s e  ( unacceptabl e ) 

then p i s  f a l s e  - n cannot be equal to two . 

I t  seems that the r e s t  of the extract may be i nterpreted 

in two conceptua lly qui te d i f f erent ways . 
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The interviewer a s s umed that i n  s 8 the subj ect wa s saying 

that n s tands for a large number , and hence that 2 n i s  l arger 

· than n + 2 . In mathema t i c s , i t  i s  c ommon to t a l k  of the 

nth term o f  a sequence and expre s s ions suqh as ' n  tend s  

t o  inf i n i ty ' occur f requent ly . Thinking that thi s  mi ght 

be the source of the subj ect ' s  conception of n ,  the inter -

v iewer s ugges t s  x ,  but th i s  i s  rej ected . 

the opportuni ty for the second ' torpedo ' x + 
Thi s  pre sents 

2 = 3 .  The 

s ubj ect r ecogni s e s  the incons i s tency , but be l i eves thi s 

to be acceptable i n  v�ew of the ' d i f f erent ques t ions ' a sked . 

Thi s  abi l i ty to l ive with a pparent c ontradict ion has been 

noted e l s ewhere in subj ects w i th a rule -domina ted approac h  

t o  mathema t i c s . ( Erlwanger , 1 9 7 3 ) . 

However , on careful considerat ion , a second , more sat i s f y ing , 

i nterpretat i on emerges . ' r 

There are two responses which do not f i t  i nto the pattern 

s ugges ted above . I n  s 8 , the subj ect s ay s " , • • • because 

if  i t  were two you would have put down two t imes two , wou l d -

n ' t  you" and in S " You see , , . 1 2 
I can t e l l  you what that i s , 

i f  you have two of something , 

one plus one correspond s t o  

two . B u t  a doe sn ' t  corre spond t o  two , does i t ? "  

Thi s  . rej ect ion o f  n a s  represent i ng a spec i f ic number i s  

incons i s tent w i th the subj e c t s  own use of n = 4 i n  S 2 a nd 

was d i scounted by the i nterviewer a s  ' romanc ing ' ( P i aget , 

1 9 2 7 ) . But there are other clues whi ch i nd i cate that the 

interv i ewer may have m i s i nterpreted the re spons e s . The 

cons i s tent use of the term ' more ' is i ntere s t i ng . 

whe.n I .f.e.a11.ne.d aR..o ut l..e.tte.11..1.> the.y a i..way.�.> 
.�.> t o o d  to11. .�.> ome.thing m o11.e. . 

lje..�.> , n i.�.> m o 11.e. 

• • • Le.tte.11..1.> ai..way.�.> .�.>Land / 0 11.  a who.f.e. l.. o t  m o 11.1�  
than numR..e.11..�.> . 
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I t  seems c l ear that the subj ect i s  us ing the word ' more ' 

i n  a qua l i ta t ive rather than a quant i tative sens e .  With 

th i s  interpretat ion , ' n  i s  more · than two ' does not mean 

that n i s  numerica l l y  greater than two , but that , in the 

context of thi s que s t ion , n s tand s for more than j u s t  the 

number two or any o ther s i ng l e  number . Consequently the 

subj ect i s  expres s ing her be l i e f  that , in thi s que s t ion , 

n i s  a vari ab l e . Her indignat ion a t  the second ' torpedo ' 

question ; x + 2 = 3 ,  i s  then qu i te j us t i f i ed . The quest ions 

are d i f ferent , the . ' torpedo ' is  a n  exampl e  o f  Kuchemann ' s 

' l etter eva lua ted ' .  

The pos s ibi l i ty o f  ' romanc i ng ' should not be d i scounted 

in this extrac t .  The subj ect had con f i dence in the i n i t i a l  

re sponse and th i s  conf idence wa s c ha l lenged . I t  i s  pos s ib l e  

that there i s  a �egree of rat iona l i sat ion in the response s ,  

a imed at restor ing , or j us t i fy ing , that i n i t i a l  c onf idenc e . 

GENERAL COMMENT 

Aga i n  the pr incipa l  impress ion l e f t  by the subj ect ' s  hand l ing . 
o f  variable s  i s  that any d i f f i cu l ti e s  are l ikely to be due 

to initial m i s concept ions . No d i f f i culty wa s exper ienced 

with the abstract nature of the ques t i ons . The previou s l y  

e s tabli shed add i t i on and mult ip l i cat ion o f  natura l  number s 

f rameworks were ea s i l y  adapted to accomodate variabl e s . 

The subj ect had l i ttle or no experience of f unctions a nd 

graph s , a lgebraic manipulat ion , or solution o f  equation s , 

s o · the se ques t i ons were pas sed ove r  quickly . 

Problems 

I 1 ( Card 3 3 )  

(R.e ad-1 the ca.11.d )  
eight ki� o g.11.am-1 . 
o ut o f.  i t ,  a/.te.11. 
l-ive k if.. o g.11.am-1 .  
Ja.ll. . 

A ja.11. o f.  ke.11. 0-1ene weigh/.> 
Half. the ke.11. 0 ..1ene i-1 p o u.11.e d  

whi ch t h e  ja.11. weigh-1 f. o u/1. po int 
Dete.11.mine the wei ght o f.  the 



It y o u ' ue g o t  eigh t  kil.. o .t> ,  y o u ' n.e g o in g · 
/.oun. kil.. o .t> . Oh ! y o u  want th�t wei ght 
jan. . A jan. ot ken. o .t> ene weigh.t> eight 

to h a
.
u�t 

o/. th�t 
k il.. o .t> . 

Ha.t..t the ken. o .t>ene i .t>  po un.ed o ut ( pau.t>e ) 

Y o u  can wn.ite h omething down i/. y o u  want . 

O . K .  It the wh ol..e thing weigh.t> e ight kil.. o .t>  ( wn.ite.t> 
8 ) ,  S o  then you .t> uR...t.n.act. t o u n.  p o int. t i ue and 
you get t.hn.ee po int. tiue, n.i ght. ? 7hen y o u  divide 
that R...y two • • .  ( pau h e )  . . .  one p o int. .t> e uen ti ue , 
l h  lha.t n. i gh l ?  
( N o n.ehponh c tn.om the ini e n. vi c wen. ) 
li ' h  not  n.i ght. . One p o int. h e ven ti ue time/.> tiue 

An.e you  l.. o o kin g ton. a n. ul..e ?  

Ye .t> 1  I kn o w  I '  ue g o t  t o  n o  1 I '  m tn.ying t o  
tigun.e i t.  o u t  - y o u  h e e  y o u  have t o  ( g o e h  iack 
t o  the divi h i o n R...y two , whi ch hhe had wn.itten 

. 

d o wn .  S e e m h  t o  t hink that thih i 6  in c o n. n.e ct ) . 

N o w  te1..1.. me why y o u  did that , ,Yo u  an.e n.ight 
to then.e ( po inth t o  the 3 .  5 )  y o u  an.�t n o t  
n.ight when y o u  divide R...y two . S o  te1..1.. m e ,  what 
i h  that eight. ? 

7hat n.epn.ehenth the wh o ie weight o t  the j a� . 

And what d o e 6  thi.t> n.epn.eh ent ? ( P o int.t> t o  the 
4 .  5 )  

7hat weight n.epn.e.t> enth the jan. atten. it.t> g o t  
e uen.ything o ut o/. it . 

S o  what d o  e h  that n.epn.ehent ? ( p o int.t> t o  the 
3 . 5 )  

7he total.. weight. ot what l.. -6 .Ln the J an. • 

7 8 . 

Th� problem here appear s  i n i t i a l ly to be the subj ect ' s  m i s -

reading of 

than that . 

the question . But there 

When the i nterviewer 

is probably more to i t  

s uggests  ( I 2 ) that the 

subj e c t  write s ometh ing down , the obvious candidates are 

the numbers whi ch appear on the c a rd , 8 and 4 .  5 .  Thes e  

immediately sugge s t  a binary operation and the ' pour ing out ' 

act ion f i ts i n  we l l  with the subj e c t ' s  ' subtract ion f rame ' 

indicated in the section on natura l number - hence the 3 .  5 .  

The o ther piece o f  nume r i ca l  i nformat ion in the que s t ion 

is  ' ha l f  is poured out ' , and it seems l ikely that thi s , taken 
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out o f  context ,  i s  the reason for the divi sion by two . 

When asked to expla i n , the s ubj ect has t.,o j us t i fy the s teps 

taken and come s up with an i nterpretat ion of the numer i ca l  

va lues whi ch sat i s f i e s  the propos e d  a l gor i thm but not the 

or i g ina l que s t ion . In other word s ,  rather than reading 

the que st ion i nc orrect ly , the s ubj ect seems to have deri ved 

a question to f i t  her numer ical c a l c u lations . The s e  c a l c u l a t ­

i o n s  were ba s ed o n  v i sua l ly moderated sequences rather than 

on the probl em set . . 

Logi c 

Card 3 7 . A l l  the card s 
a tri ang l e  on one s ide and 
Which cards do you have to 
er the f o l l owing statement 
which has a red triang l e  
circ l e  o n  the other ) .  

have 
a c i rcle on the othe r . 
turn over to see whe t h ­
i s  t rue� ' ' Every card 

on one s ide ha s a blue 

!Jh.i.. ch ca/Z.d-6 d o  I have to tu/Z.n o ve/1.. I onf.y 
that 1 .6  have t o  t u/Z.n o ve/1.. one Awl ?e/Z.hap� 

not /Z..i.. ght . 

( After think i ng and r e - read ing the que s t i on , 
the s ubj ect dec ides tha t thi s i s  right , she only 
needs to turn over the card showing the r ed 
triang l e ) . 

!Jef.f. y o u ce/Z.ta.i..nf.y need t o  t u/Z.n that o ne. o ve/1.. 1 · 
I ag/Z.ee w.i..th that, Rut .i.. -6 that the. onf.y one ?  

ldef.f. y e -6 1  t o  R e.  e.J-/.i c.i..ent, and that w.i..f.f. te.f.f. 
me /Z..i.. ght away .i..t the .1 tatement .i.. -6 t/Z.ue 0 /1.. taf..6 e. .  

R.i.. ght,  y o u  t u/Z.n that o ve/1.. and .6 Upp o .6 e  .i..t h a -6  
a R f. u e  ci/Z. cf.e on the o the. .6 ide. ? 

7 hen I 1 d /.lay it .i..-6 t/Z.ue,  and it .i..t d o e. .1 n  1 t then 
I can /.lay it i -6  taf..6 e .  

Ce/Z. tainf.y it it doe.6n 1 t  i t  i -6  taf..6e1 I wif.f. a g/Z.e.e. 
w.i..th that, Rut it it d o e -6 1  c an y o u Re. quite. .6 U/Z.e ? 

lje-6 1 R e. c a u /.> e  the/I.e. i -6  n o  o the./1.. ca/Z.d with a /Z.ed 
t/Z.iangf.e. o n  one. .6 .i..de. . 

But y o u  can 1 t /.lee af.f. the. t/l..iangf.e.-6 . 7 he/I.e. i -6  
a t/Z.iangf.e. unde/1.. he/I.e. ( p o int/.> t o  the. Rf.ue. c i/Z. c f. e. } 
and unde./1.. he/I.e. a-6 we.f.f. ( p oint/.> t o  the. /Z.ed ci/Z. cf.e. ) .  



But � o u  didn ' t  a � k  me a!out tho � e,  you  onLy a�ked 
me a/Lout the�e ( p o int� t o  the ca�d� with the 
t�iangle� o n ) . ( pau�e ) .  H.ave you a�ked me 
a/Lout th o � e ?  

Well, I a�ked y o u  a/Lo ut a.f..f.. the ca�d� . ( Read� ) 
E. ve�y ca�d which ha� a �ed t�iangl..e o n  o ne � ide 
ha� a /Llue ci� cle o n  the o the� . lj o u  �ee thi� 
o ne ( p o int� to the /Llue ci�cl..e )  c o uld h a ve a 
�ed t�iangle o n  the othe� � ide, �o  c o uld thi� 
o ne ( p o int� to the �ed ci� cle ) .  

( pau�e ) 

N o ,  I would �till ju�t take thi� one ( �ed t�iangLe ) 
/Lecau�e y o u want t o  know Lt i t  i� t�ue o �  /.al� e  
and i/. I pick that o ne o ut ,  that t�iangle, then 
I kn ow �ight away . It� eithe� t�ue o� /.al.. � e  
on the �ed t�iangle - I d o n ' t  know anything a!o ut 
/Llue. ci� c le.� . 

e o . 

Thes e  responses a re very typical of those g iven by a l l  
I 

the s ubj ec ts i ntervi ewed . In fact , only one of the twenty 

s i x  could be per suaded to turn over the r ed c ir c l e  - the 

other requi red card . 

S 4 i s  the most 

that the subj ect 

important response i n  that i t  i nd icates 

has a good appreciation o f  the logical 

imp l i cat ion i n  the ques t ion and has not made the very common 

error of interpret i ng this as logical equiva l enc e . Her 

error i s  l e s s  l ogical  than i t  i s  conceptua l , she seem s  

unable t o  explore the hypothet i c a l  tr iang l e s  o n  t h e  other 

s ide of the card s . 

I n  terms o f  Col l i s  a nd Bigg ' s ( 1 9 7 9 ) 'SOLO Taxonomy , the 

que s t i on demands an ' Extended Abs t rac t ' response i nvolving 

genera l i zation t o  s i tuat ions not exper i enced , whi le the 

subj ect ' s  respon se wa s only ' Re l a t i ona l ' .  

The response to card 3 8 , whi ch pre sents exactly the s ame 

logica l  problem in the more concrete context of enve lopes 

and s tamps , wa s answered in prec i s ely the same way by the 

s ubj ect . She re fused to be per s ua ded that it was nece s sary 

t o  turn over any other than the s ea l ed envelope . 
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CONCLUS IONS l. 

In terms of Skemp ' s mod e l  of inte l l i gent behaviour which 

forms the theoret ica l ba s i s  o f  thi s s tudy , the purpos e  

o f  t h e  c l inical  p rocedures i s  to provide evi dence o f  the 

nature of the cogn i t ive s tructure s emp loyed by the subj ects . 

There are three maj or feature s of thi s interview , whi ch 

wi l l  be explored in greater depth in the next chapter , 

and whi ch relate d irect l y  to Skemp ' s  mode l .  

F i r s tly , the i nterview indicate s ,  qu i te c learly the import­

ance of appropriate i n i t ial f ramework s , o r  schema s , relat ing 

to a r ithme t i c  o perat ions . The s ubj ect was conf i dent i n  

the ' union o f  d i sj oint sets ' f ramework for · add i t ion and 

in the ' repeated add i t ion ' f ramework , for mu l t i p l icat ion . 

The s e  schema s were employed succ e s sful ly in the solut ion 

of i tems from na tura l number , f ra c t i ons , dec ima l s , negat ive 

number , var iabl e s  and problem solving . The ava i lab i l i ty 

of these s chema s were re flected in her wi l l i ng ne s s  and 

abi l i ty to work on i tems i nvolv i ng these opera t i on� , i n  

order to create the l inks between present and goa l s tate , 

e i ther when no ' bu i l t  in ' path wa s activated , or when a 

s uggested l ink wa s cha l lenged . In contra s t  no genera l 

.· . ,�hema for divi s ion o f  any kind , or mu ltipl i cat ion o f  f ra c t ­

ions wa s ava i l able and consequently there were no prem i s e s  

f rom which the subj ect could work o n  an item . 

S econdly , any d i f f i culty which the subj ect had i n  f ormi ng 

l inks with i n  a schema seemed to relate much more to def i c ­

i encies i n  the schema s themse lves than i n  her i nabi l ity 

to use log i c a l  a rgument to f orm l inks . She wa s we l l  able 

both to see the logica l imp l i c a t ions of the i nterviewer ' s  

comments and to d raw impeccable conc lu s i on s  f rom her own 

a s sumption s . There i s  certa i n l y  no evidence here of the 

fai lure at mathema t i c s  be i ng due to an inabi l i ty to think 

log i ca l l y . 
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Thi rd l y , the · subj ect 1 s per formance o n  the i terns relat i ng 

to the use o f  var iabl e s  i ndicates that her lack o f  some 

appropriate mathematical s cherna s i s  unl ikely to be due 

to the abstract nature of the se scherna s . I n  each o f  the 

s i x  d i f ferent ways in whi ch a letter i s  used in mathemat i c a l  

statement s the subj ect approached the quest ion appropr i a t e ly 

and with conf idence . There wa s no ev idence of mental blocks 

here . In fact the only point i n  the whole interview when 

the subj ect showed an unwi l l i ngne s s  to tackle mate r i a l  

whi c h  she had seen pefore wa s in t h e  section o n  f ra c t i on s . 

Her initial  response , " now remember , I 1 m hope l e s s  on thi s " , . 

wa s fol lowed by a complete unwi l l ingness to even contemplate 

3 5 - X -
4 8 or 3 • 5 

4 • a ·  

Thes e  tentat ive conc lus ions a r e  tes t ed a�a inst the responses 

of the other subj ects in the next chapter . 



•' 
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CHAPTER F I VE 

GENERAL CL I N I CAL ANALYS I S 

I n  this  chapter a more genera l analys i s  i s  presented d rawing 

on a numbe r  of d i f f erent i nterviews . The cod ing o f  interview 

r e s ponses according t o  the l evel o f  unders tand i ng shown , which 

i s  presented i n  the next chapter , i nd i cated ( F igure 8 )  that 

there wa s a g roup o f  seven s tudent s whose understand i ng of 

mathematical  c oncept s and procedures wa s very poor i ndeed . 

The i r  responses ind i cated , quite clear l y ,  that they were the 

k i nd of subj ects who are the focus of thi s s tudy . One of 

them wa s N .  I . , whose interview formed the case s tudy of the 

previous chapter . The interviews with the other s i x  f orm 

the ba s i s  of thi s c hapter , w i th comparisons be i ng made with 

the re spon s e s  o f  the more able subj ect s . 

'BACKGROUND INFORMATION 

The school and fam i l y  background of the subj e c t s  in the l ea s t  

a b l e  group i s  of obv ious importance and i s  pre sented below . 

Subject U . I .  Fema l e . Age - l ate fort i e s . 

The subj e c t  was very nervous and wa s the only one who a sked 

that the i n te rview should not be tape recorded . Her w i shes 

· were fol l owed and the i nterviewer took notes which were ampl i f ­

ied immed iately after the interview . 

Educated i n  New Zealand , the subj ect took mathema t i c s  to Fourth 

Form level . She took up nur s i ng a s  a career but a t  the time 

o f  the interview was enrol led , fu l l  t ime , in a Bus iness Stud i e s  

d egree course . I n  recent year s she h a d  twice attempted S chool 

Cert i f icate Mathema t i c s , s tudying by corre spondence , but . had 

f a i led both t ime s . 

She a lway s  found mathema t i c s  d i f f i cult , but wa s unabl e  t o  

indicate any par t i cular t ime a t  which the probl em aro s e  or 

to give reasons for i t . 
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U .  I .  wa s very tense dur ing the interview ) and · the i nterv i ewer 

f ound it impo s s i ble to draw her with general ques t i on s . Cons ­

equent l y , the i nterview moved f a i r l y  qu ickly on to the spec i f i c  

i terns with wh i ch the subj ect wa s a l i ttle more comfortable .  

Even here , any a ttempt to explore the way in whi ch the subj ect 

wa s thinking tended to be met with d e fens ive , one word answe r s . 

The interviewer ga ined the impres s ion that i t  upset her to 

have to th ink about her d i f f i cult i e s . 

Subj ect A . A .  Fema ],. e . Age 1 8  yea r s . 

Educated i n  North land at a pr imary s chool and then a Form 

1 - 7 s econdary school , she took mathema t i c s  to 5 t h  Form leve l , 

but wa s hav i ng a great deal of trouble . Her parents obt a i ned 

pri va te coaching for her and , much to her surpr i se , she pa s s ed 

School Cert i f i cate ( 5 7 % ) . She attemptep · Univer s i ty Entrance 

mathema tics  but per formed very poorly . She wa s enro l led in 

a Bache lor of Social  Work degree programme . 

Her father wa s a primary school teacher and her ·mother a hou s e­

wi f e .  Her o lder s i s ter did not f ind mathema t i c s  easy but 

wa s succe s s f u l  to Bursary leve l . Her younger brother was 

very good at mathema t i c s . 

I .  How d o  y o u  teei agout mathemati c� ? 

s .  I t� y t o  a vo id it , 

I .  Do y o u  kno w  why y o u t�y t o  a v o id it ? ' 

S .  I � upp o �e it ' �  a � o�t o t  m entai gfo ck �eaily .  
Anything math� I � o�t o t  think Oh ! I 
can ' t  d o  it . 

I .  bJhen did y o u  ti��t n o t i c e  thi� /eefing t o ­
wa�d� m athemati c � ? 

s .  P�ogagly ago ut the thi�d t o �m I 
it wa� pa�tly the tea ch12.� y o u  had,  
hav12. a g o od tea ch12.� 1 I quite enJ O Y  
get plea�u�e o ut ot i t ,  and can do  it . 

think 
It I 

it,  I 

A lthough the s ubj ect has cons iderable problems w i t h  mathema t ic s , 

her emot i ona l reaction to the s ubj ect wa s much m i lder than 

many other s  in the group . Her abi l i ty to tran s fer at least 

s ome of the b lame to the teacher may be a factor in thi s .  
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Subject I . A .  Fema l e . Age - early f ort i e �  

Brought up i n  England during t h e  Second Wor ld War , t h e  s ubj ect 
" 

wa s evacuated f rom London dur i ng the bombing .  Both her paren t s  

were k i l led . Rai sed by an aunt and a grandmother , she attended 

1 3  d i f ferent p r imary schoo l s  but wa s sent to a board ing school 
· · for her secondary education . The mathema t i c s  programme wa s 

ma i nly ari thme t i c  but with a l i t t l e  a l gebra - about fourth 

form level . 

She has two s on s , both very good at mathema t i c s , and unt i l  

recently , when she enrol l ed for a B . s . w .  degree , she had been 

a housewi fe . 

She had probl ems wi th mathema t i c s  f rom primary schoo l . 

I .  Can y o u  identity � ome l ime when y o u  �eali�ed 
that mathematic� wa� not to� y o u ?  1 " 

s .  When I 
to� me . 
� o�t ot 

I .  How old 

s .  7en .  

wa� t old that mathematic� 
I think atte� m y  m o lhe� 

cl!.a�hed at e ve�ythi n g .  

we�e y o u  then? 

wa� n o t  
died I 

Before that her achievement had been rather 
errati c .  

I �emem£.e� g o ing t o  one � ch o o l  and £.eing 
S .  £.ottom ot the cla� � t o �  malh� , and then 

I wen t  to a n o lhe� � ch o o l  with a ve�y �mall 
cla � �  and I wa� t o ld that I had the .e.�ain� 
t o  do math � ,  o� � um � ,  O il.  whalevel!.1 and that 
I c o uld ea�ily c ome lop ot the cla� � .  7 hat 
yea� I £.ecame lop ot the cf.a� � .  It � ome o ne 
in a ulh ol!.ily tell� me that I can d o  it,  
I £.elie ve them , 

, 

Like the other older subj ects i n  the group , I . A .  rea c t s  very 

emo t i ona l l y  to mathemat i c s . Undoubtedly the very d i sturbed 

primary s c hool years contributed to the problem , together 

with the extreme sens i t i v i ty of the subj ect t o  extr i n s i c  

mot ivation i n  the form of teacher expectation . 
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Subj e c t  A . R .  Ma le . Age - 1 8  year s . -

Went through a norma l pr imary intermediate secondary 

school programme in Levin . He took mathematics i n  the Schoo l  

Cer t i f i cate examination but f a i l ed ( 3 9 % ) . 

Father wa s a j oiner and mother a housewi fe . N e i ther had 

i nd i cated a pos it ive or nega t i ve a t t i tude to mathemat i c s  
and a l l  h i s  brothers and si sters were much younger and con s ­
equent ly the i r  mathemat i c a l  abi l i ty wa s not yet evident . 

H i s  d i f f i c u l ty with mathema t i c s  wa s not evident unt i l  second­
ary schoo l . He had a lways qui te enj oyed and been succe s s fu l  

a t  a r i thmet i c . Not a very ta lkative subj ect , he cou ld offer 

no explana t ion as to why he found secondary schoo l mathemat i c s  

d i f f icul t . He seemed t o  be quite r e s i gned t o  the f a c t  that 
he could not do mathema t i c s  a nd wa s not � par t i c u l a r l y  upset 

by h i s  di f f i c u l t ies . 

Subj ect A . N .  Fema l e . Age - 1 9  years . 

Primary - i ntermediate - secondary school sequence i n  Lev i n . 

She wa s surpr i sed to get 4 5 %  i n  S c hool Certi f i cate mathema t i c s , 

she had expected much less . 

Her father admits to having had t rouble w i th mathema t i c s , 
but her mother ,  who i s  a primary schoo l teacher , coped we l l . 
Two younger brothers show no s ign of having d i f f i cu l t ie s . 

She found mathema t i c s  d i f f i cu l t  r i ght f rom the start . I n  
Standard 2 s h e  can reca l l  d i f f i c u lty w i th whol e  number a r i th ­

met i c . The t eacher seemed unsure of the ' new ma ths ' mate r i a l  
at · that t ime - a l though thi s  d i d  not seem t o  worry the rest 

of the c l a s s . 

She · reacted by wi thdrawal f rom many of the top i c s  presented 
and sa i d  that her m i nd went blank . 

I n  the d i s c u s s ion of dec ima l s , a part icul a r l y  d i f f i cu l t  area 
for her , A . N .  ' s  re sponse wa s par t icularly s i gn i f i cant . 



( 
I .  And y o u  ne ve� unde��t o od at the time ? 

S .  I think I unde�� t o od i t  to� a �ho�t pe�iod 
of time,  Rut I to�get it . 

I .  I � e e ,  y o u  unde��tand it when it i� li��t 
Reing p�e�ented? 

S .  Ye � ,  Rut I have to keep o n  Reing t o ld,  and 
that made me feel �eally -t> t upid a/te� a 
whil e  y o u  get t o o  emRa��a-t> ed t o  a -t> k .  

8 7 . 

Aga i n  a c l ear ind ication of the c lose a s sociat ion between 

emot iona l 
a s sociates 

factors 
dec ima l s  

and extr i n s i c  mot ivat ion . She 
with the acute embarras sment 

at being unable to understand . 

Subj ect N . E .  Fema le . Age - 1 8  years 

c l ea r ly 

she f e l t  

Attended a sma l l  country pr imary school' u p  t o  Standard 3 ,  

then primary - intermed iate - secondary school i n  F e i ld ing . 

She dropped mathema t i c s  in the fourth form . 

Her parents have never indicated the i r  reaction to mathema t i c s , 

but her o lder s i s ter wa s qu ite good and her younger brother 

exceptiona l l y good at mathema t i c s . 

She has had d i f f i cu l ty as long a s  she can remember - " U s ua l ly 

I j u st block my m i nd to i t , pretend it is  not there " . She 
did not know why she had th i s  react i on - thought it m ight 

be " teachers or something" . 

She had a very simi lar emot iona l block to that shown by A . N .  
but no rea l reason for thi s  block emerged duri ng the interview . 

The important features of thi s background i nformat ion seem 
to be : 

( a )  D i f f i c u l ty �n mathema t i c s  d i d  not seem to run i n  fami l ie s . 

( b )  Strong emot iona l react i on to mathema t i ca l  content wa s 
common , but not univer sa l , and usua l l y  mani fe sted i t se l f  

in some form of withdrawa l f rom the s i tuat i on . 

( c )  Thi s  emotiona l reaction wa s of ten assoc i a ted w i th s trong 

extr i n s i c  mot i vat i ona l f ac tors . 
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THE COGNITIVE SYMPTOMS 

· Frameworks 

One of the tentat ive conclus ions suggested by the i nterview 

w i th N . I .  recorded in the prev ious chapter wa s of the import ­
a nce of appropriate i n i t ia l  f rameworks . 

The term f ramework come s from Minsky ( 1 9 7 5 ) . I t  has a great 

dea l in common both with skemp ' s s chema s and · w i th concepts 

used by other wr i te r s  ( Schema t a , s c r i pt e tc ) . There are 

d i f f erences ( Davis a nd McKn i ght , 1 9 7 9 ) , but i n  the present 

context any one of the terms cou ld be used . 

M insky des c r i be s  f rameworks i n  th i s  way :  

\�hen one encounters a new s i tuation' ( or makes 
a substantial change in one ' s  view of the 
present problem ) one s e l ec t s  from memory a 
substant i a l  s tr ucture c a l led a frame . Thi s  
i s  a remembered f ramework to be adapted to 
f i t  rea l i ty by changing deta i l s  a s  nece s sary . 
A frame i s  a data -structure for repre senti ng 
a stereotyped s i tuation , l i ke be i ng in a certai n  
kind o f  l iving room , o r  going t o  a chi ldren ' s  
birthday party . Attached to each f rame are 
severa l k inds of informa t ion . Some of t h i s  
informat i on i s  about how to use the f rame . 
Some i s  about what one can expect to happen 
next . Some i s  about what to do i f  these expect ­
at ions a r e  not conf irmed . 

( Minsky , 1 9 7 5 :  2 1 2 )  

I n  the context of this s tudy , the s tereotyped s i tuations 
are those o f  meeting certa i n  k i nd s  of mathemat i ca l  probl em . 

When faced w i th Card 1 : 2 + 3 = 5 ,  Exp l a i n . ,  the subj ect 
ret r i eves a n  addi t i on frame . I n  the case of every subj ect 
interviewed t h i s  f r ame cont a ined not only number f a c t s  but 

a l so some r e l a tiona l unders tand i ng concerni ng the add i t i on 

o f  whole numbers . Thi s  wa s represented by the ' union of 

d i s j oint set s ' concept . 

There seem to be two reasons for the importance of thi s  kind 

of informat ion i n  a f ramework .  F i r stly , i t  enabl e s  the 

appropriate f ramework to be ret r i eved when it i s  not expl i c i t ly 
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c a l led by the s i tuat ion . For example , in the j ar o f  kerosene 

prob l em ,  N . I .  s e l ected the subtrac tion operation because 

of t he ' pour ing out ' i nvolved i n  the physical s i tuat ion . 

Wi thout some understand ing it i s  not poss ible to solve any ­
thing other than standard mathema t i ca l  problems f or whi c h  

the procedures have been lea rned . Thi s  corr e spond s very 
closely to Skemp ' s ( 1 9 7 9a }  concept of unders tand ing as the 

making of connect ions with an exi s t i ng schema . 

Second l y , rela t i ona l . under s tanding provides the defaul t  

procedures i f  the app l i cat ion o f  the framework doe s not immed -

iately produce the expected , or des i red , resul t s . N .  I .  , 

3 1 i n  hand l i ng Card 9 :  5 + 3 = ? ,  i n i t i a l l y  used an incorrect 

rule to give � ,  but when thi s  wa s cha l l enged , she wa s able 

to use her r e l a tiona l unders tand i ng to c;ome very c lose to 
the correct answer . Aga i n  S kemp ' s mod e l  is  h e l pf u l . The 

s ubj ect had a wel l deve loped cogn i t ive map by whi ch she was 

able to get f rom her current s tate to , or in th i s  case c lo s e  

to , h e r  goa l s ta t e . 

I n  explor ing t h i s  idea further i t  seems be s t  to concentrate 
on the section of the intervi ews on fract i ons . A l l  the 

s ubj ects were j udged to have relationa l under s tanding of 

add i t ion and s ubtract ion of natural numbers , a nd a lmos t a l l  

o f  mu l t ipl i ca t ion and divis ion . This was far f rom the c a se 

i n  the section on fractions . For every quest ion on f racti ons , 

l e s s  than ha l f  the subj ects ind i c ated re lat iona l unders tand ing 

by the i r  re sponse s .  

The d i f f i c u l t y  l i e s  i n  the comp l e x ity of a succ e s s f u l  f ra c tion 
f ramework . The fraction concept has been ana ly sed by a number 
of wr i te r s  ( Ki eren 1 9 7 6 , Novi l i s  1 9 7 6 , Upr i chard and Ph i l l ips 

1 9 7 7 , H iebert and Tonnes sen 1 9 7 8 ,  . P i aget_ l!. L  a.f.. 1 9 6 0 } . The 

hierarchy of Nov i l i s , conta in i ng f i f teen s ubconcepts ,  wa s 

mentioned ear l ier and reproduced i n  Figure 5 .  Not a l l  of 

the se s ub c oncepts a re nece ssary for the ques t ions u s ed in 

the intervi ews , but the i ntervi ew data i l lu s t rates how the 

unavai labi l i ty of some of the se subconcepts seriou s l y  a f fec t s  
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the per formance of the subj e c t . For each of the i nterview 

quest ions the appropriate framework i s  discu s sed and rel ated 

to the responses . 

Equiva lent F r a c t ions 

The most appropriate model for under s ta nding the equi va lence 

of � and t ( Card 6 )  is the part -whole , congruent part s  

subconcept of Novi l i s  ( 1 9 7 6 ) . The fract ion x i s  a ssoc iated y 
w i th the geomet r i c  region that has been separated i nto y 

congruent parts , x of  which are considered . 

Example : 3 
4 of the region i s  

shaded . 

Thi s  i s  the subconcept ana l ysed by Piaget e.t.. al.. ( 1 9 6 0 ) and 
i s  the mos t  commonly taught and unders toood ini t i a l  concept . 

To i l lustrate equiva lent f r a c t i ons , each part of the d iagram 

i s  subd i v ided into the same number of , aga i n  congruent , part s . 

6 of  the 8 
shaded . 

region i s  

Thi s i s  not to say that the concept of equ iva l ent f ract ions 

can onl y  be under s tood i n  terms of thi s mode l .  For example ,  

the fract ion t may be i nterpreted as the solut ion of the 

equat ion 4 x  

o f  equa l i t y , 

i s  however 

= 3 ,  whi ch ha s ,  by u s ing a 1 ba l ance 1 concept 

the same solut ion as the equat ion 6x = 8 .  I t  

true that some subconcep t s , wh i c h  are qu i t e  
appropr i ate i n  other c i rcumstance s ,  c a n  b e  a con s i derable 

h i ndrance to understand ing equiva lence . For examp l e , the 

part-whole , non congruent parts concept of ! i s  i l lustrated 

below . 
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The triangl e  i s  divided into four non congruent part s , three 

of which are s haded . I t  is now true that 3 I 4 of the part s  

are shaded , a lthough i t  i s  no longer true that 3 / 4  o f  the 

who le is shaded . D ivid i ng the a rea into eight non congruent 

parts and shading s i x  of them , the equiva l ence of ! and � seems 

mos t  un l ikely . 

I n  fact , the rnaj ori ty of subj ects retr i eved the appropriate 
mod e l  but had var ied success i n  u s i ng i t . 

Subj ec t  I . A .  

I 1 ( Card 6 :  

s 1 llgh ! 

6 3 8 = 4 '  Why ? ) Let ' �  t11.y t11.a ct io n � . 

I 2 Don ' t  y o u  Like the� e ?  

s 2 N o  I don ' t  ( m o � t  emphati caLL y ) Why ? 
( Lo n g  pau�e ) 

r 3  WeLL, d o  y o u  Relie ve that � i x  eighth� e quaL� 
th11.ee q ua11.te11.� ? 

we ' ve Reen taught thi� , haven ' t  
g o  into  one a n o the11. � o  they a11.e 

we ? 
the 

6 I 4 Do y o u  have any pi ctu11.e ot what 8 and 3 4 a11.e ?  

s 4 

( pa u� e ) • • • When we we11.e talking 
wh o le numRe11.� you we11.e L o o king at 
o t oRje cLo . 

a R o ut 
g11.0 up� 

lje� the 
them up . 

3 the 4 ) up 

the t o u11. 
e i ghth � . 

� ame thing apple� chopping 
Ju�t chop that one ( p o int� to 

again. . Chop the th11.ee and chop 

do uRLe them and y o u  g et � ix 

One s ubj ect , having been taught the part -who l e  concept re­
trieved i t  s ucc e s s f ul l y , but i t  was of no use s ince i t  wa s 

not appropr i a t e l y  connected to the fract ion . 



Subject N . E .  

D o  y o u  kno w  what th�ee q ua�te�� i� ? 
it mean anything t o  y o u ?  

s 1 Ye� ,  that wouLd, i u t  that ( p oint� t o  the 

� wo uLdn ' t .  

I 2 Right . WeLL what i� th�e e  q ua�te�� ? 

s 2 1 ( D�aw� 0 )  7hat iit o ut and it'/., that !it . 

I 3 Ri gh t . N o w  . ..Ln y o u �  pi ctu�e, whe�e i �  the 
th�ee and whe�e i �  the t o u � ?  ( pau� e ) 

Why i� that th�ee ( po int� to nume�at o � )  
and that t o u� ( po int� t o  den ominato� ) ?  

W o uld that ie the th�ee ( p o int� to the pa�t 
cut o ut )  and that the t o u� ( p oint� t o  the 
pa�t Lett o ve� ) ?  

9 2 .  

I t  i s  not s urpr i s i ng that the s ubj ect could not v i sua l i se 
s ix e i ghth s ! I t  wa s only a c erta i n  hes i tancy i n  drawing 

the diagram in s 2 which prompted the probe I 3 • Mos t  teacher s 

would a ccept the d iagram a s  ev idence of the unders tand ing 

of three quarter s . 

The log i c  of s 3 i s  simple - there are two par t s  to the fract­
ion and two to the diagram , they mus t  correspond . 

The a va i l ab i l i t y  of a model f or certain , common f ra c tions 

but not in genera l wa s found in other respon s e s . 

Subj ec t  A . R .  

( 
s .  1 1 I can en vi� age 1 and � iut I c an ' t  envi� a g� 

6 1 i.hink o t  c i� cl.e . I e n vi � a ge 8• a can 

1 3 1 
n o t  

6 
1' /;' 2 iut 8• 



9 3 .  

Subj ect A . A .  

A�� y o u  happy wo�king with t�action� ? 

N o ,  I don. ' t mind £. ut . wh�n th�y g�t t o o  � m aLL 
� o�t ot thing . I m� an Lik� two o v�� /.i/ty � i ght 
o �  � om�thin g .  

� t  transpi red that large denominator s were the probl em rather 

than sma l l  f raction s . 

Two of · the more able subj ects did not ret r i eve the part ­

whole concept . 

Subject E . E .  ( Di scus s irig Card 3 :  4 : 2 = 2 )  

s 1 I ��� that a� t o u� o v�� two . 

tj o u  ��� it a� a ��a cti o n .  
� � �  divi � i o n  a� a ��a ctio n ?  

Do y ou aLway.o 

When. you  � �e th�ee qua�te� � ,  what do  y o u  
� ee then ? 

I t�y t o  � ay what t ime� / o u� equaL� th��� 
- that � o�t ot thin g . 

Thi s  i s  the more soph i s t i ca t ed concept of the f ra c tion a s  

the solut ion o f  a n  equat ion . 

Subj ec t  E . U .  

( Card 6 :  6 
8 = 

3 4 '  Why ? ) 

WeLL, that ' �  two tim�� that � o  t o  k��p 
it e v�n, that mu�t £.e �wo time� that . 

Now � uppo � �  I � a y  6 that 8 mu�t aL� o Right,  

£.e  th� 

to th� 

7 
� ame a �  9 £.ecau�� I hav� add�d o ne 

top and th� £.ott om . 

No . 

Why n. o t ?  

B�cau�� that ' �  twic� that and y o u  c an ' t
. 

ju�t it� g o t  t o  £..� a muLtipL� o t  i t . 
It wiLL can c�L . 



Why ?  

lj o u  can ' t  ju-1t add one.-1 the.Jt.e. and the.Jt.e. 
- it ha-1 to te. muLtipLy the.n i t  wiLL can ce.L . · 

I S · D o  y ou vi-1 uaLi-1e. � and � at aLL? 

S S N o . 

9 4 . 

The f ramework here was c l ea r ly rule dom inated . W i th 
much f urther probing of the concept of ' canc e l ' ,  the subj ect 

eventua l l y  explained that mu l t iply ing the top and bottom 

by two wa s equ iva l ent to mu l t iply ing the , frac t i on by one . 

In th i s  case the subj ect has the ' rat iona l number ' concept 

of frac t i ons as the quot i ent of two i ntegers . 

The concept of equ ivalent fractions i s  es senti a l  for under­
stand ing the add i t ion of f ra c t ions so tha t wi l l  be con s idered 
next . 

Addi t i on o f  Fra c t i ons 

The que s t i on t + t = ? is solved by f i nding a ' '
common denomin­

ator , u s ing equ i va lent f ract i ons , and then app l y ing the union 

of d i s j oint s e t s  concept o f  a dd i t ion . S iri.c'e mos t  of the 

subj e c t s  had both of the se concept s avai labl e , it i s  perhap s  

surpr i s ing that s o  many found th i s  question d i f f icu l t . 

The most common wrong answer �, in which N . I .  i n  the previou s 

chapter was con f ident , can be der i ved in a t  l e a s t  two d i f fer­

ent way s . F i r s t l y , it  may be j us t  the obv ious thing to 

do . I n  mul t i p l i cation o f  f ract ions it i s  appropriate to 

mul ti p ly the numerator s and the denominator s ,  and i t  is natur­
a l  t o  do the same for a dd i t ion . The probl em i s , though , 

that the incorrect res u l t  i s  ent irely plau s ib l e  i f  the par t ­
group , congruent part s  concept of a frac t i on i s  used i n s tead 

o f  the part-who l e  concept . 



3 5 may be represented by : 

1 and 3 by : 

( 
® ® ® 0 0 

® 0 0 

9 5 .  

whi ch ,  by the union of the two groups , qui te clearly g i ve s  
4 
a · In th i s  connect ion Kent ( 1 9 7 8 ) comments on the e s sent i a l  

f ivene s s  of the solution t o  the problem two thirds p l u s  three 

f i f ths . 

The a lgor i thm used E + � a + c = b + d i s , of course a n  ent i r e l y  

proper one in some c i rcums tances . I f , for examp l e , a s tudent 

h . 6 . t t d 1 5 . d dd . th ac 1. eves 10 1.n one es an 2 0  1. n  a s econ , a 1. ng e s e  

2 1  2 7  marks g i ves -- not --3 0 ' 2 0 . 

The problem here , then , seems to be not so much the complexity 

of a proper j us t i f i cat ion of the correct , but rather d i f f i cu l t  
a lgor i thm : 

a c 
b + d = ad + be 

b d  

but the p l au s i b i l i ty of the much s impler a lgori thm . I t  f ee l s  
righ t . 

Only one subj e c t  had an a l ternat ive algori thm • 

. Subj e c t  A . R .  

( Card 9 :  3 1 5 + 3 = ? )  

7hat 1 h  �ight ( lo n g  pau� e )  
�ememte� � o mething like th�ee 
and f-ive time� o ne and y o u  put 
( lo n g  pau� e )  . . •  f-if-teen? 

D o  y o u  
time� th�ee 
i t  o ve� • • •  

I w o u ldn 1 t have put it o ve� /-if-teen, I 1 d 
have ju�t gone �ix and �ix . 

I 3 I hee , and what wo uld y o u  have put it o ve� ? 



Oh ! I MU!. ,  I th o u gh t  y o u  woul..d }u.t> t · g o  
Like thi .t> 1  y o u  get the top and the £.. o tt o m 1  
/i ve pl..u.t>  one equal.. .t> .t> i x  and th�ee pl..u.t>  
th�ee equal...t> .t>ix.  

3 1 The a lgor i thm , then , i s  5 + 3 6 = 6 or i n  genera l , 

9 6 . 

s 1 i s  presumably a vague recol lec t i on of the f orm o f  the 

correct r u l e  and wa s interpreted in thi s  way by the inter­

viewer . The interviewer ' s  response r 2 wa s rea l ly too sugg e s t ­

ive and it wa s fortunate that the subj ect wa s a b l e  t o  rej ect 

the sugge s t i on rather than j us t  take i t  up . Th i s  is another 
i l lu s trat ion of the advantag e s  of u s ing P i aget ' s c l inical  

method w i th mature subj ect s . 

Mul t ipl i cat ion of a fract ion by � who le number 

The ques t ion has very much the same l og i c a l  cha r -
acter a s  t h e  previous one . 

mul t i pl icat ion by three a s  

S i nce a l l  o f  the subj ect s viewed 

repeated addition ,  t he que s t ion 
3 3 3 becomes 1f + 1f + 1f• The response of N .  I .  i n  .the previous 

chapter i l lustra tes thi s . 

Here the d i f f i cu l t i e s  a s soc i a ted w i th the common denominator 
no longer exi s t , but st i l l  very f ew could provide any explan­

at ion even wi th prompting . 

Subj e c t  A . R .  

Nine e l..e venth.t> . 

Have y o u  any idea why ?  

I .t> uppo.t>e .t> omething l..ike y o u  }u.t>t time.t> 
the top l..ine and time.t> the £.. o t t o m  l..ine 
and that ' .t>  it . Like th�ee time-t, th�ee 
i.t> nine and then ju.t>t el..e ven £..e cau.t>e the�e 
i.t> n o thing the�e ( p o int.t> unde�neath the 
th�ee } ,  



Often the r u l e s  were confused : ( i 

Subj ect A . A .  

8 1 

I 1 

b) .e 1..1.. , th.ll.. .e.e Lime.�> th.ll...e.e  i-6  n�ne. - n o  hang 
on w.e ' v.e g o t  t o  make. the. m th.e �> am.e . 
Don ' t  y o u  n.e.ed a c ommon d.enominat o .11.. ? 

bJ.e1..1.. , why wou.l..d y o u  n.e.ed a c ommon d.enomln -
a t o .11.. ? 

7 o make. th.em the. �>am.e 1> 0.11..t o /- £.a�> .e .  lj o u  
c o u.l..d �> a y  th.11...e.e .e.l...e v.en�> a.11...e thi.11..ty th.11...e .e 1  
a n d  thi.11.. ty th.11..e..e o v.e.11.. .e l .e  v .e n  time./.> th.11...e .e  
o v.e.11.. e.l.e v.en .  

9 7 . 

E . E . , who had s een f ractions a s  the solut ions to equat i on s , 

had some d i f f icu l ty . 

Nine. e..l...e v.enth�> . 

Right, and h ow did y o u  do i t ?  

J u �> t  th.11...e.e  time.�> th.11...e.e  divided £. y  .e.l...e v.en . 

I/- you wanted t o  .ex.plain that to �> om .e o n .e ,  
why d idn ' t  y o u  multiply the. .e.l...e v.en a /.> . 
we.ll ? 

s 3 Oh ! • • •  ( pau�>.e ) 

S ome. child �>ay�> y o u ' v.e only mu.l..tipli.ed 
a £.it o/- that num£..e.11.. £.y th.11...ei,  y o u  haven ' t  
mu.l..tipli.ed it all,  what a £. o ut the. .el.ev.en ? 

I think o/- th.11...e.e  o v.e.11.. .e.l...e v.en a�> a ,  1> 0.11..t 
o /- de c imal . 

Right . 

S o  i/- y o u  mu.l..tip.l..y i t  £.y th.11...e.e  y o u ' ve. 
g o t  t o  get, y o u  kno w, a num£..e.11.. . S o  y o u  
think what i t  ha�> g o t  t o  £..e. and then y o u  
wo.11..k i t  out that way and i t  c ome.�> o u t  
t o  £..e. what y o u  wou.l..d .ex.p.ect i t  to  £..e . 

The confused response s 5 i l l u s trates how d i f f i c u l t  i t  i s ,  

even for the mathema t i ca l l y  able students to retai n  a nd · use 

more than one of the subconcept s relat ing to f ra c t i on s  in 

thei r  frameworks . She had a f ixed view o f  f ra c t i on s  as  

number s  t h e  solut ions o f  equat ions , and i t  i s  extremel y  

d i f f i cu l t  t o  j us t i fy the above r u l e  in terms o f  thi s  subconcept . 



9 8 . 

Divi s ion of a who l e  number by a f ra c t i on 

In solv ing 3 '!­
c ept as much 

3 IT the problems r e l a te to the d i vi s ion con-
a s  they do to f r ac t i on s . Virtua l ly a l l  the 

subj ects had seen 4 � 2 as sepa r a t � n g  four obj e c t s  into two 
equal groups . Divi s ion i s  a proc e s s  of shar ing . However , 
w i t h  th i s  concept 3 7 1� i s  meaning l e s s  how can you d iv i de 
three into three e l evenths equal groups ?  An a l terna t i ve 
concept of d iv i s ion i s  iequ ir ed . One pos s i bi l i t y  i s  d iv i s ion 
as repea ted subtract i on : 6 � 3 = 2 because we can take two 
groups of three awa y from s i x . T h i s  works we l l  enough w i th 
3 7 1

3
1 si nce we f i nd that the an swer is a \'Tho l e  number , we 

can take /1 away f rom 3 e l even t imes , but 1 .·-: � = � i s  some ­
what harder to expla in . 

Subj ect A . A . , who wa nted to u s e  common denom inato·r s  i n  every 
operation on f ract ions came c l o s e  to u s i ng repeated subtract ­
i on appropr i a t e l y . 

s 1 Let ' �  have a Lo o k  at whai th�� �� �ay�ng 
����t ( pau� e )  

7 h at ' �  a g o o d  �e�po n � e  - d o  y o u know what 
�t � �  �ay�n g ?  

· 

I t ' �  � ay�ng h o w  many . t�me� d o e �  th�ee 
eLe v enth� go  �nt o th��ty th�ee e.i.e1:enth� ? '  

A general explana t i on o f  the ru l e  ' invert and mu l t i p l y ' r e l i e s  
on the concept o f  d iv i s ion a s  t h e  i nverse o f  mu l t ip l i c a t ion . 
6 � 3 = 2 because 2 x 3 = 6 .  Con sequently . 3 � 1� = 1 1  because 

3 , 1 1  x 11 = 3 �  An unde r s tand ing o f  th i s  clear l y  invo lves f orma l 
oper a t i ons a nd a t  the t ime when the subj e c t s  f i r s t  met div­
i s ion by a frac t i on the s e  were unl ikely to be avai labl e .  
Consequent l y  v i rtua l l y  a l l  t h e  s ubj ects r e l i ed on r u le s , 
of ten r emembered i ncorrec t l y . Th i s  has obv ious educ a t iona l 
impli ca t ions wh i c h  wi l l  be d i s c u s sed in the f i nal chapter . 

Subject A . R .  

I 1 

s 1  

( Card 

H. m 
th�ee 

7 :  3 0 3 
11 . 

I ' m n o t  
- ze�o 0� 

= ? )  

� u�e y o u  d�v�de th�ee R..y 
one I th�nk . 



( I 

Ze� o ,  I think - I d on ' t  know - th�ee di vided 
ty th�ee - mu�t te ze�o . 

S o  y o u  wo uLd di vide that ty 
t o  the th�ee� ) .  What wo�Ld 
the eLeven? 

s 3  I ' d  ju�t ca��y i t  th� o u gh . 

that ( point� 
y o u  do with 

9 9 .  

The r u l e  here i s  j us t  a n  extens ion of the mul ti p l icat ion 

rule 

3 3 3 X 3 X IT = 
1 1 

3 3 .. 3 3 • so -
1 1 = 1 1 w 

Mu l t ipl ication of frac t i on s  

Ari explana t i on o f  the r u l e  for mu lt iplying two f ra c t i on s  

agai n involve s  the abandonment o f  a previous ly understood 

concept . Mul tipl i cat ion a s  repeated add i t ion 
'
i s  no longer 

mea n i ngful . The mu l t i p l i cation s ign i s  now read a s  1 of 1 •  

We are ask ing for three quarte r s  of f i ve ei ghths rather than 
three quarters time s f ive e i ghths . Conceptua l ly thi s i s  

qui te d i f f i cu l t  because the two f ract ions are i nterpreted 
d i f f erent l y . The s econd one i s  a quan t i t y  which may be 
mod e l l ed by the part -who le concept , but the f i r s t  i s  an 
operat ion . I t  i s  con c e p t u a l ly d i f f i c u l t  t o  u s e t h e  p ar t - who l e  

con ce p t  fo r b o t h . Aft e r  a l l , wh at i s  

t im e s  ? 

Fortunate l y , in t h i s  case the correct a lgorithm i s  a l so 
the most natura l and a lmost a l l  the subj e c t s  gave the r i gh t  

a nswer . However , there wa s not one s ubj e c t  who wa s a b l e  
to g i ve a rea l ly sat i s factory explana t ion . 

MASSEY UNIVERSITX 
LIBRARY 



Divi s ion o f  one f raction by another 

There i s  no conceptua l d i f f erence between � : 
and the s ame probl ems were evident . 

5 8 and 3 

1 0 0 .  

• 3 
• IT 

The response of A . R .  aga i n  i l lus tra t e s  the cho i ce of a n  
e a s y  algo r i thm . 

r ,  ( Card 8 ( i ) :  3 5 4 X 8 = ? )  

s , I 1 d ju.t> t  g o  .t>t11.a.i ght acii. 0 /.> .6 . 7 h11.e.e t.ime..t> 
/.ive. .i.t> /.i/te.en , tou11. t.ime..t> e..i ght .i.t> th.i11.ty 
two • 

• �he correct algor ithm . However :  

r 1  ( Card 8 ( i i ) :  % � � = ? )  

fLm . I 1 d divide. the. th11.e.e. .into the. /.i..ve. 
and the. tou11. .int o the. e..ight t o  g.i.. ve dwo . 

Apart f rom the obvious s imi l a r i ty between the 
3 7 5 i s  intere s t ing to note that he did not say 4 � 8 , 

r u l e s , i t  
5 7 3 but 8 7 4 

pos s ib l y  becaus e  of a preference for dividing l a rge number s  
by sma l le r  ones o r  perhaps because h e  knew · t h e  answer to 
8 .;. 4 .  

The most dominant impre s s ion l e f t  by the many hours of inter­

view a nd ana l y s i s  involved in this study has _ been the utter 

confus ion whi ch wa s shown concerning fract ions, and the 

educa t iona l imp l i ca t ions of thi s · w i l l  be d i scus sed later . 

Perhap s  thi s  shou ld not have been so surpr i s i ng . The concept 
is an extreme l y  complex one . No one subconcept w i l l  be 

useful  in unders tanding a l l  the operations . The operat ions 
on f ract ions behave qui te d i f f erently from the same opera t ­

ions appl ied t o  natura l numbers and previou s ly unders tood . 

The rea sons for the beha viour of f raction s  under the s e  

operat ions a r e  largely abstract rather than concrete i n  
character . W i th thi s  complex i ty i t  seems i nevitable that 

chi l dren wi l l  abandon under s tand i ng and r e l y  on rul e s  

c l ea r l y  the route taken b y  a lmost a l l  o f  those interviewed . 



1 0 1  • 

Unfortunately the rules too are extreme ly compl ex . Upri chard 

and Phi l l ip s  ( 1 9 7 7 ) ident i f i ed 89 d i f f erent s pec i f i c  tasks 

i nvolved in the a dd it i on of f ractions . Not a l l  of thes e  

tasks are , of course , logica l ly i ndepend ent , but t h e  u s e  

of the re l a tionsh ips between the t a s k s  i s  depend ent on some 

l evel of under stand ing . So succe s s f u l  hand l i ng of f ract ions 

ent i rely by rule seems t o  be out of the ques t ion . 

I t  i s  not so surpr i s ing , then , that so many people cannot 

hand le f ract ions . The surpr i s ing thing is that generat ions 

o f  educators have so dra s t i ca l ly undere s t imated the learni ng 

d i f f icu l t i e s  in th i s  a rea , and that so many chi ldren have 

s ucceeded in spite of their teacher s .  

Logi c 

The second tentat ive conc l u s i on sugges ted in the l a s t  chapter 

was that N . I .  ' s  d i f f i cu l t i e s  were unlikely to be due to 

the log i c a l  nature of the s ubj ect matter . A careful s tudy 

of the responses of the re s t  of the less  able group tended 

to conf irm thi s ,  but w i th some reservations � 

One of the prob lems i s  to dec i de whether gues s ed wrong 
answer s  and the app l icat i on of wrongly remembered rules . 

are to be c la s s i f ied a s  i l logi ca l .  I f  they are then o f ·  

course t h e  tentat ive conc l u s ion i s  f a l se . However , i t  seems 
more appropriate to c la s s i fy thes e  as a logical , prov i d i ng 

the subj ect i s  aware that he i s  gue s s ing a nd does not be l ieve 
that he ha s a log i ca l  j us t i f ication for the wrong l y  remember ­

e d  rule .. 

Two responses f rom A . R .  i l l u s trate the poi nt . 

r 1 ( Reads the kero sene problem ) 

8 1  • • • ( pau/)e. ) 

r 2 Right . H o w  did y o u  ge.t that ? 

s 2 I don ' t  kn o w  • • •  ( lo n g  pa u /) e. )  



I 1 ( Card 3 :  1 2  � 3 = � f 1 2 )  
s 1 • • • ( pau..1.e ) • • • /.ou11.. . 

I 2 H o w  did y o u  c ome up with that? 

( 

IJ.eii, th11...e.e tim.e-1 /. o u11.. . .e quai-1 twelve and 
/. o u11.. tim.e-1 th11...e.e .equai-1 tw.eiv.e . 

1 0 2 .  

I t  seems that the f i r s t  should be cons idered a s  be i ng a 

r esponse wi thout logic , but the second , in v i ew of the 

s upposed explanat i on , should be con s idered i l log i ca l . 

There were certa i nly plenty o f  examp l e s  of impeccable l og i c  

among the responses of the l e s s  able group . Subj ect A . A .  

was particularly good i n  th i s  respec t .  I n  her work on 
f ractions , reported ear l i er in t h i s  chapter ,  she began w i th 

the incorrect prem i s e  that i t  wa s nec e s s ary in
'
a l l  f ra c t i onal 

operat ions to begin with common denominators .  But , g i ven 

thi s prem i s e  her deduct ions were wi thout f law . There were 
t imes when she wa s unable to go any further , but not once 
did she draw an i nva l id conc lus i on . 

The fol lowing examp les show her a bi l i t y . 

I 1 ( Card 1 7 : .c + d = 1 0 ,  c < d ,  c = ? )  

s 1 • • •  ( pau..1 .e ) • • •  'f o u11.. 0 11.. R.ei ow it . 

I 2 lJhat did y o u  d o ?  

s 2 IJ.eii hai/. way i -1  /.iv.e -1 0  c mu-1t R e  i.e-1 -1 .  

She had made the a s s umpt ion that c and d were t o  b e  whole 

numbers , a nd g iven that prem i s e  s 1 is  correct . s 2 i nd i cates 

that if she had not made thi s  a s sumpt ion , the better answer , 
c i s  any number l e s s  than f ive ,  would probably have been 

given . 

I 1 ( Card 1 8 :  Which i s  th� larger 2 n  or n + 2 ? ) 

s 1 ( Writes 1 2 on the paper provided ) 
I 2 lJhat a11...e y o u  doing?  

I ' m letting n .equa l  one,  ..1 0  
th11...e .e 1  ..1 0  the11..e/.o11...e that one 
n + 2 )  i-1 £..igge11.. . 

that mak.e-1 · 
( p o int-1 t o  



A.Lway� ? 

No,  !ecau�e it n equal� hix,  two . �ixe� 
a�e twel ve, thi� . equal� nine . • .  ( pau� e )  
, , , hang o n.  when. n i �  g�eate� than two 
that ' �  the La�ge� ( p o int� to 2n ) .  · 

1 0 3 .  

Thi s  i s  a good e xample of a l iberated 

fol l owing her own l og i c a l  deduc t ion . 

in the kerosene p roblem . 

convict ion response 

Thi s was repeated 

1 1 
s, 

( Reads the problem ) 

lialt a kil o g�am - Oh ! n o . 
. . •  One kil o g�am , 

. . . ( Long pau�e )  

1 2 9o od,  n. o w  tell me what y o u  
.
did , 

[� h u!t�act tou� p o int tive t� of!l e i gh t  
( w�ite� 8 - 4 .  5 )  

1 3 Whi ch give� th�ee po int tive . 

s 3 lje� . 

What d o e� that �ep�e�ent ? 

7 he f..iquid p o u�ed away - and then � ul1.t� a ct 
that t�om the�e ( p o int� t o  the 4· . 5 o n  the 
ca�d') . 

Certa inly A . A .  was the mos t l og i c a l  of the l e s s  able group 

a nd A . R .  the lea s t . But there were very few examp l e s  of 

i nva l id conclusions being drawn . The errors were much more 

l ikely to be due to incorrect premi ses , of ten in the form 

of the wrong r u le or straight gues swork . 

Abstract i on 

The thi rd tentative conc l u s ion of the previous chapter was 
that it wa s unl ike ly that · N . I . ' s  problem l ay in a n  inabi l i ty 

to hand l e  s econd order abstract ideas such a s  var iable s .  

A number i s  an abstraction f rom some phy s i c a l  s ituat ion and 
a variable i s  an abstra c t i on f rom number . · The v iew that 

thi s  might l ie at the heart of problems i n  mathema t i c s  learn-
ing wa s 
( Skemp , 

sugges ted by Skemp ( 1 9 7 1 ) .  However h i s  l ater view 
1 9 7 9 a ) i s  that mathemat i c s  learning i s  not d i f ferent 
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\. 

in cha racter f rom other forms , i t  mere ly provides ' low noi se ' 

exampl e s  of a more general kind of i nte l l igent behaviour . 

Thi s  ' low noi se ' makes mathema t i c s  an i dea l medi um for s tudy ­
ing the learn ing proce s s , but has some d i sadvantages for 

the learner . 

more obv i ous . 

There i s  no s ubj ect area i n  whi c h  fai lure i s  

I n  the interviews there wa s l i t t le evidence that the subj ects 

were having diff i c u l ty in hand l ing abstract i dea s . The 

sec t i on on variables provided more examples of ' l iberated 

conv i c t ion ' among the l e s s  able than any other section . 

Thi s  m ight , of course , be due to the character of the part i c ­

ular quest ions asked rather than the character o f  the pri n c ­
i p l e s  i nvolved . 

However , i f  we con s ider the response of A . R .  to Card 3 1 : 

Solve X 2 
4 = 3 

( Shows card ) 

. • • ( long pause ) 

What a�� y o u  thinking ?  

I ' m  thinking 
g�t in th��� . 

h o w  many 

I .bo�t o/- c an ' t  -6 �� 
th��� int o /- o u� .  

o/- tho .b � · c.an y o u  

y o u  c a n ' t  divid� 

The problem i s  once a g a i n  the complexity of the f ract ions 
concept rather than an i nabi l i ty to hand l e . the var i ab le .  

X . .  
The subj ect i nterpr e t s  4 a s  an unknown number of quarters 
a nd cannot see how any number of quarte r s  can be made to 

be equal to two t h i rd s . He needs to i nterpret � a s  x d i v ided 

by four i f  he i s  to make progress w i th the problem . 

I t  might be a rgued · that the rea son that chi l dren have ; s uc h  

d i f f iculty w i t h  f ra c t ions i s  because of the abstract nature 

of the rules governing the i r  manipulation . I t  i s  certa i n l y  
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true that the j us t i f i cations of these rules are ve�y soph i s t ­

icated and requ ire forma l operat ions ( Harri son e. t  al,  1 9 8 0 ) . 

However the rule for mul t i p l y i n g  two negat i ve numbers i s  

a t  least a s  d i f f i cu l t  to expl.a i n  and yet the evidence of 
these intervi ews i s  that subj e c t s  f i nd thi s a much eas ier 

rule to hand l e . I t  i s  the relat ive s imp l i c i ty of the negat i ve 

number concept and i t s  operations whi ch a ccoun t s  for thi s  

d i f f erence , not the l evel o f  abs traction . 

Certa inl y , the emotional response to f ract ions wa s much more 

violent than to negat i ve number . 

Subj ect N . E .  

( Card 6 :  6 
8 = 3 4 ' Why ? ) '!�a ction� · 

s 1 ( Sc rews up her face ) Oh ! ( Nervous l augh ) 

r 2 T�action� wo��y y o u ?  

s 2 Ye. � ,  I c o uld ne. ve.� unde.��tand the.m . 

The rea c t i on to negat ive number wa s much ca lmer . 

( Card 1 2 on negat ive numbers.) Did y o u: e. ve.� 
do  negative. num£..e.�� . 

s 1 
S o me. time. ago  ( quite. c alm �e.�pon�e. )  

Le.t ' �  ju�t . �e.e. i/ 
&h at would th�e.e. minu� 

s 2 Ne gati ve. two . 

y o u  can 
li ve. £.e. ? 

r 3 ( Points to ( - 3 )  x 2 on the card ) 

s 3 I ' m n o t  � u�e. . P o � it i ve. tive. ? N o ;  � i x . 

Y o u ' ve. to�gotte.n � om e.  · o t  the. � ule.� , £.ut 
y ou d o n ' t  � e.e.m a �  wo��ie.d a£.. o ut the.�e. 
a �  a£..o ut t�a cti o n � . 

N o . 
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In thi s  chapter the tentative conc l u s ions i nd i cated by the 
case s tudy of chapter f our were exan'ii ned in the l ight · of 

the other i nterviews , par t i cu larly thos e  with the l e s s  able 
s ubj ects . With some m i nor reservat ions . thes e  concl u s ions 

were supported . 

In the next chapter the results of coding the interview 

responses of a l l  the subj ects and the correspond i ng s t a t i s t ­
i ca l  ana l y s i s  a r e  pre sented . 
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CHAPTER S I X 

STAT I ST I CAL ANALYS I S  
� 

In Chapter 4 ment ion wa s made of an i n i t i a l  f orma l  codi ng 
of the i nterv i ew data i n  relat ion ' to the leve l s  of unders tand -

ing s hown b y  responses 
chapter th i s  cod ing i s  

stat i s t i ca l ly . 

to the mathematical tasks . In thi s  

d i sc u s s ed and the r e s u l t s  ana ly sed 

There seem to be two advantages to this i n i t i a l  approach 
to i ntervi ew data . F i r s t l y , as mentioned previous ly , i t  

provides a useful overview of the mater i a l  a s  a background 

for a more s earch ing ana l y s i s .  Second l y , one of the dangers 
a s so c iated w i th a c l inical  ana l y s i s  of i n terview data i s  
that those parts o f  the data which suppor t  a par t i cular 

conc l u s ion w i l l  be selected i n  preference to those which 
do not . A forma l coding procedure at the beg inni ng of the 

ana l y s i s  at least forc e s  the inve s t i gator to v iew a l l  the 

data in the same way .  Thi s  i s  not to say , of  course , that 

s uch a procedure wi l l  e l im i nate researcher b ia s .  Thi s  may 

s t i l l  be present in the select ion of tasks ' and in the coding 

procedures .  It doe s however prov ide for · the pos s ibi l i ty 

that any gros s select ion b i a s  in the later c l i n i c a l  anal y s i s  

wi l l  become apparent . 

THE ASSES SMENT OF UNDERSTANDING 

The concept of unders tand ing in mathema t i c s  i s  mos t  eas i ly 
r e l a t ed to statements and theor ies ( Lehman , 1 9 7 7 ) . Consequen t ­
l y , the cod i ng of interv i ew responses wa s restricted t o  

Content Area s A to H ( Table 1 ) • Sect ions I and J ,  where 

the subj e c t s  were a s ked to solve mathema t i c a l  prob l ems , be i ng 
quite d i f ferent i n  character , were subj ected to c l in i ca l 

ana lys i s  only . 

No matter whi ch of the many pos s ible cla s s i f ica t i on s  of under­

s tanding referred to i n  Chapter 1 and d i scus sed by S kemp 

( 1 9 7 9b )  were to be u s ed , some ambigui ty in the respons e s  

wa s t o  be expected . Somet ime s a respons e  i ndicated qui te 
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c learly the type of unders tand ing i nv�lved , but thi s  wa s 

by no means a lways the case . 

I n i t ia l l y  an attempt wa s made to use Lehman ' s  ( 1 9 7 7 ) c la s s i f ­

ication of under stand i ng involving three leve l s : 

( a )  Knowledge of app l ications 

( b )  Knowledge of meaning 

( c )  Knowledge of log ical relat ionships 

A l l  of the interviews were coded i n  th i s  way but i t  was very 
d i f f i cu l t  to d i s t inguish , on the ba s i s  of the evidence of 

the interviews , between the f i r s t  two ca teg�r i e s . Consequen t l y  

a second cod i ng wa s made us ing Skemp ' s ( 1 9 7 6 ) rather more 

inc l u s ive catego r i e s  of relat iona l and i n s trument a l  under­

s tand i ng . Even then the d i f f i cu l t i e s  of · c l a s s i f icat ion 

were greater than had been ant i c i pated . When the i nterviews 
were conducted i t  wa s a s s umed tha t the boundary between 
ins trumenta l  and relat iona l under s tand ing would be the mos t  

d i f f icult t o  del ineate . Perhaps a s  a consequence o f  thi s 

ant i c i pa t i on ,  thi s  wa s not the ca se . 

I t  wa s , i n  fact , much more d i f f i cu l t  to d i s t i ngu i sh between 

instrumental unders tand ing and no under stand ing � 

Skemp de scribes i n s trument a l  unders tanding i n  thi s  way :  

" I nstumenta l under stand i ng i s  the abi l i t y  
to apply a n  appropriately remembered rule 
to the solut ion o f  a problem without knowing 
why the rule work s " . 

( Skemp 1 9 7 9b :  4 5 ) 

In terms of Skemps model the a c t i v i t ies i nvolved are d e l t a ­
one act iv i t i e s , the operands being i n  t h e  phy s i c a l  envi ron� 

ment . The i n s trumenta l understander can retrieve an approp­

r i ate schema in which the pre sent s tate and the goa l s tate 
are l i nked by the pos s e s s ion of an appropriate rule . 

The d i f f iculty i n  a s s e s s i ng th i s  cond i t ion arose f rom the 

fact that many chi ldren have , in relat i on to a topic such 
as the add i t ion of fract ions , a cons iderable supply of r u l e s , 
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many of them inappropr i a te , and the selection of a particular 
rule for a problem is  more a matter of chance than unders tand­

ing . The cruc i a l  ques t ion i s ;  having se lected an appropr iate 

rule , do they know that i t  i s . appropr iate and can they be 

re l ied upon to se lect the same rule if the problem i s  present­

ed •again at a later date ? The lack o f  conf idence which some 

of the subj ects showed in some of the ir correct procedur e s  

and answers made th i s  seem unl ikely . T h i s  concept of conf i d ­

ence as a prerequ i s i te  o f  knowledge , and hence o f  unde r s tand­

ing , is r e f l ected i n  t he v iew of many modern phi losopher s  
( Rus s e l l  1 9 4 8 , Ay er 1 9 5 6 , S cheff ler 1 9 6 ,5 )  tha t  the es sence 

of prepos i t iona l knowledge can be expressed in three cond i t ­

ions o f  knowledge . 

I n  order for person x to know a propo s i t ion p the fol lowing 

mus t  be sat i s f ied : 

( a )  x mus t  be l ieve p .  

( b ) p mus t  be true . 

( c )  x mus t  have adequate evidence for p .  

The con f idence factor i s  c learly contained i n  cond i t ion ( a ) . 
I t  seems tha t , ' abi l i ty to apply an appropriately remembered 

rule ' is l ikely to depend on be l i ef in tha t  ru l e . 

Notwiths tand ing these di f f i cu l t ies , a f ter two further a ttemp t s  

a cod ing w i th respe c t  t o  the three s tate s : relat iona l under­

s tandi ng , instrumental unders tand ing , and no unders tand ­

i ng wa s completed and ana l y s ed . 

METHOD OF ANALYS I S  AND RESULTS 

The i n i t i a l  approach to the ana ly s i s  o f  the res u l t s  o f  t h i s  

coding wa s a pure ly descr iptive one . The i tems were · ranked 

i n  order of d i f f i cu lty as indicated by the tota l number o f  

pos i t i ve responses t o  an i tern w i th re spect t o  each o f  the 

c r i t e r i a  u sed . The s ubj e c t s  were a l so ranked accor d i ng to 

the tota l number o f  i tems on whi c h  they were j udged to show 

ins trumenta l  and relat ion a l  unders tand i ng . 
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The resul t s  o f  th i s  coding and ranki ng were then presented 
graphica l l y  to g ive a pro f i le of the performance of each 
subj ect on progres s ively more d i f f i c u l t  i tems , and a prof i le 

of individua l i tems as  handled by progres s ively more able 

s tudents . Th i s  informat ion is pre s ented in F i gur e s  6 and 

7 .  For s tudent i dent i f ica t i on the rankings on i n s trumenta l 

understand ing criteria were used . 

The tota l  s core s of individua l s tudents accor d i ng to the 
two cr i te r i a  are compared in F i g ure 8 .  

A number of features emerge f rom th i s  presentati on o f  the 

data . 

F i r s t l y , F i gure 8 · c lear ly i dent i f i e s  the group o f  seven 
subj ects , ment ioned in the previous chapter , whos e  unde r stand ­

ing of and abi l i ty to use , school ma thema t i c s  wa s very poor . 

Second ly , the d i s tributions shown in F i gure s 6 and 7 in�icate 
an important d i f f erence in character between i terns . . F i gure 
6 ,  for example shows that i tem 1 4 : 

a + b = 4 3 , a + b + 2 = ? 

with 1 8  pos i t i ve responses , h a d  few e r  pos i t i ve r e s pons e s  b y  the 

sample a s  a whol e  than i tem 2 5 :  

Mul t i ply n + 5 by 4 

which had 1 9  pos i t ive response s . 

For the l e s s  able group , however , i tem 2 5  produced no pos i t ive 
respon s e s  whi le four out of the seven subj e c t s  i n  the group 
responded pos i t i vely to i tem 1 4 . 

Thi s  d i f f erence in ranki�g between thes e  i tems a ccord ing 

· to the abi l i ty of subj ects can be i l l u s trated by plott ing 

ei ther t he number of pos i t ive responses by s ubj e c t s  below 
a par t i cular rank , or the proport ion of s uch re sponse s .  

The se compari sons for i tems 1 4  a nd 2 5  are pre s en ted i n  F i gures 
9 and 1 0 .  
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en 
ClJ 
en 

a 
Ul 
ClJ 
H 

ClJ ::> -� +J -� 
Ul a 

IH 
0 

H 
ClJ 

� 
c: 

0 
+J 

0> 
c: - � 

"0 
H 
0 
() 
() 
10 

"0 
ClJ 

.!<: 
c: 
10 
H 

Ul 
E 
ClJ 

+J 
H 

12(v) · 
12( .Lv) 
8(i) 
8(ii) 
7 (ii) 

19 
7(i ) 

11 
9(ii) 
9(i) 

27 
28 
6 

20 
31 
22 
10 

5 
30 
29 
25 
3 

21 

1 1  2 .  

No . of 
positive 

. responses 

..... -+-+-+-- -·- ____ .. --- ·--·- .... - ---- -· I I 0 
----- -- · --1-+---+-+-+-l-+-+-+-� 0 f--+-�--1--+--1- ------- -- -- --- _ _ ,___ ___ ... _ ---·· ---------1--+·-+-+--l--1-+--+-1--1 

--- -- ....... -------- ---- __ .. .. . ... --- ....... --- --+----· -----
• 

-·-· 

·-1- --

- -- -- --

• 
-

1 2 4 3 5 6 7 11 8 9 12 10 13 16 22 23 24 15 18 19 25 17 26 20 21 14 

7 9 10 11 12 13 17 22 2q 2, 25 26 28 29 29 30 30 31 31 32 32 32 32 32 33 34 

0 
1 
3 
6 

Students numbered according to Instrumental Understanding 
-rank . Positive responses indicated by dots . 

FIGURE 7 :  DISTRIBUTION OF POSITIVE RESPONSES - RELATIONAL UNDERSTANDING 



, ,  
I 

l .1 I J I I I  ,1 l I l 1 1  r • •  • • • 
.. .. .. . . . . .  

1 1  3 .  

4 0  " ' " " "  
r 
I 

I "' . .. .. . .  · ' 

f/l 
QJ 
f/l 
c:: 

30 

� 20 
QJ 
14 

QJ 
:> 

·rl 
.jJ 
•rl 
f/l 

& 10 
� 
0 

14 
QJ 

§ z 

0 

. .  
• 
• . . .  . • ' 

' : - -r·· 
. 

.J • . l · · 

1' - ... . . .. .. .  . . .. . . .
.. 

r · J 
... . ..  • I I 
. . - - · · ·  . . . .  

r 

10 

Understanding 

20 

Subjects identified by rank according to Instrumental 
Understanding criteria 

26 

F IGURE 8 :  Compar i son of score s according to " I n s t rumenta l 
Unders tand ing and Relat iona l Under s tand i ng c r i ter i a . 



I I I I .  
1 . . . 

Ill 
m 20 
1 1  
�� N tn � VII 
Q) �  > ro • .-i 1-t 
.� +.l 1 0 

111 ro 8. 1/1  +.l 4-t' u 
0 Q) • I"""'\ 1-t ..0 
Q) ::l 
� :  z ..o  

0 

FIGURE 9 :  

.• . 
.• . , 

. . .  • 
- - !  . .  : 

J • •  : I tem 25 

10 
Rank x 

, , 4 .  

. .. .  
... 

Compa�i son of rankings by Instrumem:al Under­
s tand l ng of I tems 1 4  and 2 5 .  Number o f  
po si ti ve re spons e s  b y  subj ects at rank � x .  

- _ ... · - · 

"' • ,. ,  
, 

· "' Item 2 5  "' 
,. 

, , 
, 

, 
, 

10 20 26 , 
Rank X 

FIGURE 1 0 :  Compar i son of rankings by .-Insttuinental Under­
standing of I tems 1 4  a nd 2 5 .  P roport ion o f  
pos it ive respons es b y  subj ects a t  rank � x .  



1 1  5 .  

I t  s eems that · the s e  d iagrams provide a >useful prof i le o f  

the i tems a s  seen by subj ects a t  d i f f erent abi l i ty leve l s ,. 

but compa r i sons between a l l  4 2  i terns in thi s  way woul d  be 

rather c lumsy . Consequently , the pos s ibi l i ty of u s ing some 

sta t i s t ical sca l i ng technique , which might represen t  thi s  

character of the i tems parametr ica l ly , was cons i dered . 

The most popu lar such technique i s  Sca l ogram Ana l y s i s  ( Guttman 
Sca l i ng ) . Thi s  has been used in other c l in i c a l  s tud i e s  

( Thoma s , 1 9 7 5 ) , but the maj or a s sumpt ion underl y ing the method 

( Torgerson , 1 9 5 8 ) , is that the i tems being sca l ed are per f e c t  

and monotone . Thi s  means that a l l  subj ects . at the same level 

of the under ly ing attribute aga i n s t  which the item s  are being 
sca led would be a s ses sed in exact l y  the same way on each 
item . S ince the a s sessment of a var i able such ' a s understand ­

ing by interview i s  nece s sa r i l y  somewhat subj ective , t h i s  

a s s umpt ion seems unwarranted . 

An a l ternat ive , which s eems to be more appropriate , i s  to 

use Latent S tructure Ana lys i s .. The method i s  descr i bed in 

Torgerson ( 1 9 5 8 ) , but mi xed notat ion due to · the method be i ng 

descr ibed i n  a d i f f erent chapter f rom i t s  ana ly s i s ,  and an 
error i n  the worked e xample , make the method · di f f i c u l t  to 

fol l ow i n  thi s  source . Consequen t l y  a de script �on and j u s t i f ­
icat ion o f  the method i s  presented in Append i x  A .  

LATENT RESPONSE ANALY S I S  BY ITEM 

The ba s i c  prem i s e  of the method i s  that the probabi l i ty o f  
a pos i t ive re sponse to an i tern i ncrea ses w i th the abi l i ty 

of the subj e c t . Consequent ly a form of trace l ine for the 
i terns i s  a s s umed , u s ua l ly . e i ther l inear or in the f orm of 
the norma l -ogi ve curve ( Figure 1 1  ) • The c lose r e l a t ionship 

between thi s  approach and that i l lu s trated i n  F i gure 1 0  made 
the method , u s i ng a norma l -ogive trace l ine , seem part i cu l a r l y  

appropr iate . 
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FIGURE 1 1 : Latent Re sponse Ana ly s i s .  Form s o f  trace l ines . 

The maj or d i f f iculty , in working with a sma l l  s amp l e , 
i s  to derive rea sonable e s t imates o f  P :. - the probabi l it y  1 g  
o f  a pos it ive respons.e to i tem i b y  a subj ect at abi l i ty level 

g .  The usua l approach i s  to d i vide the subj e c t s  i nto reason­
ably homogeneous groups on the ba s i s  o f  · the tota l number 

o f  pos i tive responses recorded to a l l  the i tems . The proport ­

i on of pos i t ive responses by each group to i tem i i s  then 

used to e s t imate P From these va lues e s t imat e s  o f  S 
ig " g '  

the abi l ity leve l of each group and of the locat ion parameter 

Mi and the d i s cr i m i na t i on parameter o i of each i tern are 

c a l cu lated . 
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With only 2 6  s ubj ects the d i f f icu l ty obv ious l y  l ie s  f ir s t l y  

i n  locating r e l a t ively homogeneous groups , and second l y  i·n 
the s i ze of such groups . I t  wa s dec i ded , however , to con t i nu e  

with t h e  ana l y s i s  in t h e  knowledge t hat the res u l t s  cou l d  

b e  compared w i th a descr ipt ive pres entati on such a s  that 

of F i gure 1 0 . 

The subj ects were divided into four g roups as shown i n  Tab l e  

2 and the ana l y s i s  o n  a l l  i terns completed . The va lues o f  

M 1  and o i  for i t ems other than those wh ich produced a l l  

pos i t ive or no po s i t i ve respon s e s  are g i ven i n  Tab l e s  3 ,  

4 .  

Relat iona l Under s tand i ng 

Group Mark Range No . i n  Abi l i ty . group S · g 
I 7 - 1 7  7 .- 1  • 3 

� 
I I  2 2  - 2 8  6 0 . 5  

I I I  2 9  - 3 1  6 1 • 0 

IV 3 2  - 3 4  . 7 1 • 4 

Instrumental Understand i ng 

Group Mark Range No . i n  Abi l i ty group s 'g 
I 1 2 - 2 2  7 - 0 . 7  

I I  3 1  - 3 8  7 1 • 6 

I I I  3 9  - 4 0  7 2 . 5 

IV 4 1  - 4 2  5 2 . 9  

TABLE 2 :  GROUPS OF. SUBJECTS ACCORDING TO TOTAL S CORE 

l eve l 

l ev e l  



. 1 1  8 .  

I tem 1 ( i i ) 1 ( i i i ) 2 3 4 5 6 

o i 1 • 2 1 . 1 1 • 0 0 . 7  1 . 2 0 . 6  1 • 5 

M ·  1 - 1  • 4 - 1 . 1  - 0 . 9  - 0 . 7  - 2 . 6  - 0 . 4  0 . 6  

7 ( i )  7 ( i i )  8 ( i i )  9 ( i ) 9 ( i i )  1 0 1 1  1 2 ( i )  

0 . 9  1 • 2 1 • 2 0 . 9  0 . 8  1 • 3 0 . 6  0 . 5  

1 • 4 2 . 2  3 . 5  0 . 7  1 • 0 0 . 3  1 . 2 0 . 2  

1 2 ( i i )  1 2 ( i i i ) 1 4 1 5 1 6 1 7  1 8  1 9  

0 . 5  0 . 6  2 . 5  1 • 2 0 . 8  0 . 9  0 . 7  3 . 8  

0 . 2  0 . 6  - 0 . 6  - 2 . 6  - 1  • 0 - 1  • 3 - 0 . 3  3 . 3  

1 0  
-

2 1  2 2  2 3  2 4  2 5  2 6  2 7  

0 . 6  0 . 7  0 . 6  0 . 7  0 . 5  0 . 4  0 . 4  1 • 3 

0 . 6  - 1  • 0 0 . 6  - 0 . 2  0 . 2  - 0 . 2  . 0 .  1 0 . 8  

2 8  2 9  3 0  3 1  3 2  

0 . 7  0 . 4  0 . 9  0 . 5  0 . 5  

0 . 7  - 0 . 2  - 0 . 5  0 . 4  0 . 3  

TABLE 3 :  ANALYSIS BY IT�M . RELATIONAL UNDERSTANDING . 

LOCATION PARAMETER M .  AND DIS CR IMINATION 1 
PARAMETER o . • 1 
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I tem 1 ( i i )  1 ( i i i ) 3 4 5 6 7 ( i )  

o .  ]. 1 . 6 1 • 4 1 • 0 1 . 6 0 . 8 1 • 0 0 . 8  

M . ]. - 2 . 5  - 1  • 3 0 . 0  - 2 . 5  0 . 5  - 0 . 2  0 . 4  

-·-1 
7 ( i i )  8 ( i )  8 ( i i )  9 ( i )  ' ! � j i ) 1 0 1 1 1 2  ( i )  

-
0 . 6  0 . 8  0 . 6  1 • 0 0 . 6  1 . 1 1 . 6 1 . 3 

1 . 5 0 . 4  1 • 3 0 . 0  1 • 0 - 0 . 4 - 2 . 5  - 1  • 5 

1 2 ( i i ) 1 2 ( i i i ) 1 2 ( iv )  1 2 ( V )  1 4 1 5 1 6 1 7 

1 . 1 0 . 9  0 . 9  0 . 6  1 • 1 1 . 6 1 • 1 1 • 4 

- 1  • 0 - 0 . 3  - 0 . 3  1 • 0 0 . 5  -2 . 5  - 0 . 4  - 1  • 3 

1 8  1 9 2 0  2 1  2 2  2 3  2 4  2 5  

1 • 1 1 . 0 0 . 5  0 . 9  0 . 6  0 • .  9 0 . 6  0 . 5  

0 . 4  2 . 7  1 . 2 - 0 . 3  1 • 3 0 .  1 1 • 0 0 . 8  

2 6  2 7  2 8  2 9  3 0  3 1  3 2  

0 . 6  0 . 9  0 . 6  0 . 5  1 • 1 0 . 6  0 . 6  

1 . 1 0 .  1 1 • 5 0 . 8  - 1  • 0 1 • 4 1 • 0 

TABLE 4 :  ANALYS I S  BY ITEM : INSTRUMENTAL UNDERSTANDING . 

LOCATION PARAMETER M .  AND DI SCRIMINATION ]. 
PARAMETER o i . 
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U s i ng these va lues of Mi and o i  a compa r i son wa s made between 

the Latent Response Ana ly s i s  trace - l ines of a number of i tems 
and the corresponding " proport i on of pos i t ive respons e s "  
d iagram ( F ig . 1 0 ) . 

For i terns 1 4 and 2 5  the t race - l ines are shown i n  Figure 1 2  

· and c l early , in spite of the sma l l  sample , the se represent 
f a i r l y  the in format ion pre s ented in Figures 9 and 1 0 . 

- 1  
- ·  -

0 

,.' 

, , , 

1 

, 
�" , 

I tem 2 5  
__ _  . . .. . . . - - - - - · - ·  

I tem 1 4  

2 3 

F IGURE 1 2 : Compari s on of ranking s  by I n strumenta l Under­
sta nd ing of I tems 1 4  and 2 5 . La tent Re spons e  
Ana lys i s  trace l ines 

I n  F igure 1 2  the choi ce of abi l i ty leve l s  f rom - 1  to 3 
ref lects the fact that the analy s i s  produced abi l i ty leve l s  

o f  - 0 . 7  for the l ea s t  able g roup and 2 .  9 for . the mos t  able 
on the Instrumenta l Uriderstand i ng cri teria . 

A long s i de the obv i ou s  advantages of us ing Latent Response 

Ana l ys i s  to produce a s imp�e parametr i c  and graph i c a l  compar­

i son o f  i tems , the d angers of the repre sentat ion mu s t  be 

kept i n  mind . There is , perhaps , an impl ied prec i s ion in 
a d iagram s uch as F igure 1 2  which is quite unwarranted , a t  
l e a st i n  a sma l l  sample s tudy . One m i ght b e  tempted , for 

example , to deduce · that a t  abi l i ty l evel 0 . 6 ,  i tem 2 5 ,  w i th 
a probabi l i ty o f  pos i tive response of about 0 .  3 ,  i s  twi ce 
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1 2 1 • 

a s  d i f f i c u lt a s  i tem 1 4 . Such a s ta tement , even i f  i t  were 

meaningful �  could not be j us t i f i ed on the ! ba s i s  o f  the data 

which produced the curves . The only deduction whi ch is j us t ­
i f ied concerns t h e  genera l w a y  i n  whi ch t h e  abi l i ty of 

subj ects a f f ects the ranking o f  the items . Tha t is that 

i tem 2 5  i s  more d i f f icult for the l e s s  able subj e c t s . 

A further compar i son between t he representat ions o f  i tems 

1 3 - 2 0  on var iab l e s  with re spect to Relat iona l Unders tand ing 
is pre sented in F i gures 1 3  and 1 4 . Thi s compar i son conf i rm s  

that Latent Re sponse Ana l y s i s  reta ins the order character­

i st i c s  of the i tems and provides a useful means of repre sent ­

i ng thes e  character i s t i c s . For the Relational Under s ta nd ing 

curves an abi l i ty sca le f rom - 1 . 5  to 1 . 5 wa s used , r e f l e c t i ng 

aga in the ca lcu lat ed abi l i ty leve l s  o f  the sam� l e . The trace­
l ines f o r  the i tems on var i ab l e s  i n  relation to I n s trumenta l 

Under standing are a l so pre s ented in F i gure 1 5 . 

From F i gure 1 5 , i t  can be seen that i n  re la't i on t o  I n s trument­
a l  Understanding the i tems ma i nta in roughl y  the same ranking 

at all  abi l i t y  leve l s . From ea s ie s t  to harde s t  the rank i ng 

i s :  

I tem 1 3 : 
I tem 1 5 : 

I t em 1 7 :  
I tem 1 6 :  

I t em 1 8 :  

I tem 1 4 :  
I tem 2 0 :  

I tem 1 9 :  

a + 5 = 8 ,  a = ? 
per imeter = ? 

0 
t 

c + d = 1 0 , c < d , c = ? . 

F igure has n s ides a l l  o f  l ength 2 .  What 
i s  the per imeter? 

Whi ch is larger 2n or n + 2 ?  

a + b � 4 3 , a + b + 2 = ? 

Red and b lue penc i l s . 

Cakes and bun s . 

For Re l a t iona l Unders tand i n g  ( F i g . 1 4 ) , I tems 1 3 ,  1 5 ,  1 7 ,  
1 6 ,  1 8  a nd 2 0  have · the same rank order over the abi l i ty _range , 
but i tems 1 4  and 1 9  behave quite d i f f erently • 
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The explanation in the c a se o f  i tern 1 4 :� s eems to be that 

many able subj ects , on see ing the two var iab l e s  in the f i r s t  
equa t ion , a · + b = 4 3 ,  retr ieved a framewo�k for the solution 

of a pair of s imul taneous equat i ons . In f a c t  the solut ion 
requ i r e s  that a + b be treated as a s ingle var i abl e .  Those 

subj ects w i th l i ttle exper i ence of work with two var iables 
were not d i s t racted in thi s  way .  

For i t em 1 9 , the quest ion wa s :  

b cents each . What doe s 4 c  + 

Cakes cost c cents and bun s  
3 b stand for ? By far the 

mos t  common answer , " four cakes and three buns " ,  wa s g iven 
by able s tudents as we l l  as the l e s s  ab+e . The respons e  

wa s remarkably res i l iant t o  cha l lenge and probe s and a very 
direct suggestion by the i ntervi ewer wa s requ i red to d i s l odge 

it i n  many case s . Galvin and Be l l  comment : 

" '.rhere • appeared a s trong tendency to a ttempt to read 
and wr i te mathema t i c a l  s entences i n  a manner too closely 
ana logous to the reading and wr i t ing of Eng l i sh . In  
the s entence , 1 1  two rabbits were in the burrow" , the 
word two is a numer ica l adj ective and is pl aced be fore 
the noun it qua l i f ies . In a mathema t i ca l  s i tua t i on , 
if  r i s  the number of rabbi t s , " 2 r"  i s  certa inly not 
meant to be interpreted as " two rabbi t s " . Such an 
interpretat ion occurred frequent ly dur i ng the inter-
views " .  

· 

( Ga lvin and Be l l  1 9 7 7 : 1 0 ) 

A s im i lar compari son between i terns wa s made for the sec t i on 

on f ract ions and the correspond i ng trace - l ines are pre s ented 

in F i gure s 1 6  and 1 7 . 

I n  this case the ranki n g  between i terns i s  not appreciably 

changed by abi l i ty l eve l . The most s igni f i cant d i f f erence 
. k . b t th t . t . . f . t 8 ( . ) 3 5 ? � n  ran �ng e ween e wo e r �  er�a � s  or � em � : 4 x 8 � . 
No s tudent wa s able to g ive a sati s f actory e xplanat ion of 

the rule whi le many cou l d  u s e  i t  accurately and conf i dent l y . 

Compari sons between i t ems f rom d i f f erent content area s , 
a nd between i tems w i th i n  areas other than f ract ions a nd 

variables d i d  not · produce any s i gni f i cant f ind ing s . : I t  

wa s ,  however , dec i ded to compare the overa l l  rankings o f  

i tems according t o  the two c r i ter i a . The l ocation param�te� s 
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were u s ed a s  indicat ing a general l evel of d i f f i culty and 

the rankings are pre sented in Tables 5 and ·6 . 

TABLE 5 :  RANKING OF ITEMS BY LOCATION P�RAMETER FROM LEAST 
DIFF ICULT TO MOST DIFFICULT - RELATIONAL UNDER ­
STANDING 

Rank 

I tem 

9= 

1 6 

1 7 = 

2 5  

2 7 =  

6 

3 6  
7 ( i )  

1 =  

1 ( i )  

1 7 = 

2 9  

2 7 =  

1 2 ( iii ) 

3 7  

7 ( i i )  

1 = 1 =  

1 ( i V )  1 3 

2 0  2 1 = 

2 6  1 2 ( i )  

2 7 =  2 7 =  

2 0  2 2  

3 8  3 9  

1 9 3 ( i i )  

4 =  4 =  6 7 8 
4 1 5 1 ( i i ) 1 7  1 ( i i i ) 

2 1 = 2 1 = 2 4 =  2 4 =  2 6  

1 2 ( i i )  2 4  1 0 3 2  3 1  

� 
3 1 = 3 1 = 3 3  3 4  3 5  

9 ( i ) 2 8  27 I . 9 ( i i )  1 1  ' 

4 0 =  4 0 =  4 0 =  

8 ( i )  1 2 ( iv )  1 2 ( V )  . .  

A pos i t ive re l at i onship between the two rankings . coul d  be 
pred i c t ed , but a rank corre l a t ion coe f f i ci ent of 0 . 6 2 

ind ic a t e s  that the relat ionship i s  only moderate . 

Looki ng at i tems which rank much h i gher on the instrumenta l 

than on the relat iona l unders tand ing sca l e , we f ind mul t i ­
p l i c a ti on of f ract ions and most of the i terns on negat ive 
number having thi s  characte r i s t i c . The mos t  obvious i nter­

pre t a t i ori of th i s  is that the subj ects have been succ e s s fu l  

i n  rote learning the content of the se i tems , and the i r  lack 

of r e l ationa l under s tanding ha s not proved a hand i cap i n  

us ing t he mater ia l .  Thi s  ra i s e s  the intere s t ing ques t ion 
of whether relat iona l unders tanding i s  neces s ary for . some 
top i c s  or concept s to be operat iona l but not for others .  

I f  t h i s  i s  the case , what a re the character i st i c s  of each 
group of concept s ?  

I 
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TABLE 6 :  RANKING OF ITEMS BY LOCATION PARAMETER FROM LEAST 
I 

DIFFICULT TO MOST D IFFI CULT - ):NSTRUMENTAL UNDER-
STANDING . 

Rank 1 =  1 = 1 = 1 =  5 =  5 =  5 =  5 =  

I tem 1 ( i )  1 ( i V )  2 1 3 1 ( i i ) 4 1 1  1 5 

9 1 0 = 1 0 = 1 2=  1 2 = 1 4 = 1 6 = 1 6 = 1 6 = .. 

1 2 ( i )  1 ( iii ) 1 7 1 2 ( i i )  3 0  1 0 1 6 1 2  ( iii ) 1 2 ( iv )  

1 6 = 1 9 2 0 =  2 0 =  2 2 =  2 2 =  2 4 =  2 4 =  2 4 =  

2 1  6 3 9 ( 1 )  2 3  2 7  7 � i )  8 ( i )  1 8  

2 7 =  2 7 =  2 9 =  2 9 =  3 1 = 3 1 =  3 1 = 3 1 = 3 5  

5 1 4 2 5  2 9  9 ( i i )  1 2 ( V )  2 4  3 2  2 6  _ , . 
.. 

3 6  3 7 =  ' 3 7 =  3 9 4 0 =  4 0 =  4 2  

2 0  8 ( i iJ 2 2  3 1  7 ( i i )  2 8  1 �' 

S i nce the sum of rank d i f f erenc e s  for a l l  . the i terns must 

be z e ro , the presence of the i t ems ment i oned above mus t  

b e  ba lanced b y  i tems for which the rank d i f f erence i s  i n  
the oppos ite d irect ion . That i s  they rank h i gher o n  the 

relat iona l unders tanding s c a l e . Inspect ion s hows that the 
larges t  rank d i f ference i n  thi s  d i rection occurs for i terns 

in the a lgebr a i c  manipu l a t i on - funct ions and graph s  area s . 

The mos t  l i ke l y  explanat ion i n  t h i s  ca se s eems to be that 

many of the l e s s  able s ubj ects had l i ttle or no exper ience 
in the s e  areas and conse quen t l y  were una b l e  to respond 
pos i t ively wi th respect t o  e i ther criter ion . Thi s  would 
inev i tably bia s the ranki n'g on the less str ingent instrument­

a l  understand ing criter ion rather more than for relat iona l 

understanding . 
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COMPARI SON BETWEEN CONTENT AREAS 

As wa s expl a ined in Chapter 3 ,  i t  wa s dec ided that coverage 
of the four areas : natura l numbers , f raction s , nega t ive 

number , and variables would be reasonably comprehens ive 
i n  the intervi ew s . Consequent ly it wa s pos s ib l e  to provide 
a compar i son of the per formance of subj ects in the s e  a r ea s . 

The proport ion of pos i t ive respon s e s  by a subj ect to the 

ques t ions within a content area wa s taken as a mea sure of 

thi s  performance . The data wa s aga in subj ected to both 

the ' proport i on of po s i tive re spon ses by subj e c t s  at rank 

� x ' analys i s , and to Latent R e s ponse Ana lys i s . Table . 7 

g ives the loca t i on and d i scrimina t ion pa'rameters c a l c ulated 

and Figures 1 8 , 1 9 , 2 0 , 2 1  show the corresponding graph s . 

TABLE 7 :  ANALYS I S BY CONTENT AREA - LOCATION AND DI S CRIMIN­
ATI ON PARAMETERS 

Area 
Na tura l Fract i on s  Negat ive Var iables No . N'o . 

Re la t iona l 
Oi 1 • 3 1 • 5 0 . 5  1 • 6 Under-

s tanding Mi - 1  • 6 1 • 3 0 . 5  - 0 . 9  

I n s trumenta l 0 ·  1 . 2 0 . 7  0 . 7  2 . 0  Under- � 
s tanding r1J.: - 0 . 8  0 . 6  0 .  1 - 0 . 2  
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A major objective of this study, which was discussed in O'lapter One, 
was t o  ident i f y  a reas of particular d i f f i cu l ty within t he 
s choo l curr iculum . The rankings shown i n  F i gures 1 9  a nd 
2 1 con f i rm the i nd ication of the c l ini ca l analy s i s  that 

fract ions are j us t  such a problem area . 

A compari son o f  the two graphs i nd i c a tes that w i th respect 

to Re lationa l Understand ing , subj e c t s  a t  a l l  leve l s  of 
abi l i ty found the topic d i f f i cu l t , a l though for the l e s s  

able group re l a t iona l under s tand ing o f  negat ive number was 

les s l ikely than for fract ions . However , for i nstrumenta l 

under s tanding the i dent i f icat ion of f ractions a s  the most 
d i f f i cu l t  area for the less able group is parti cul a r l y  marked . 

The quest ions on variables , 

appear a s  one o f  the eas ier 
Thi s  tend& to conf irm the 

in re l a t ion · to both c7·ter ia , 

topics for the l e s s  �bl e  group . 
sugges t i on � from the c l i n i c a l  

ana l y s i s  that t h e  abs tract nature o f  the mathemat i c s  i s  
not , i n  itse l f , l ikely t o  be a maj or factor in the d i f f i c u l t -. 
ies which the se s tudent s have w i th the subj ec� . 

The s ta t i s t i c a l  ana l y s i s  wa s i ntended to p lay a n  important 

support ing role to the princi pa l  c l in ical ana ly s i s  o f  t h i s  

study . The choice of Latent Re sponse Ana l y s i s  w a s  made 
a l i tt le tentat ively in that no previ ous uses of the method 

in a s imi lar s tudy could be found . However , compar i s ons 
with the raw data con f i rmed that the method · i s  appropr i ate 
and provides a u seful means of comparing performance on · 
ind ividual i tems a nd grouped i tems in a coded i n terview 

s i t ua t i on . 
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CHAPTER SEVEN 

SUMMARY. CONCLUSIONS. EDUCATIONAL IMPLICATIONS 
I .  

AND SUGGESTIONS FOR FURTHER RESEARCH 

SUMMARY OF THE RESEARCH 

The very genera l que s t i ons whi ch prompted thi s study were : 
' Why are some otherw i s e  able students apparently i ncapabl e  
of handl ing ma thema t i c s ? ' and ' What i s  i t  about mathema t i c s  

wh i ch such s tudents f ind so d i f f icul t ? ' 

The e s sence of the problem i s  one o f  apparent contrad i c t i on . ' 
The abi l i t i e s  which · s e em to be \nece s sary for succes s i n  

\ 
mathematics are tho se of manipu lat ing \abs tract ideas in a con-
s t ruct ive ;,ay and thi s abi l i ty coi�c i des c lo s e ly w i th the 
u s ua l ly accepted v i ew of inte l l igence . I t  is nece s sary , 
then , to explain the undoubted ex i s tence o f  people whose 
success i n  other f ie ld s  makes it  impo s s ib l e  to · label them 

li.ninte l l i gent and yet who operate ma themat i c a l ly at a very 
l ow level . 

A carefu l descript ion o f  t h i s  phenomenon , whi ch m ight l e ad 

to a n  explanation , i s  dependent on a n  unders tanding of the 

cogn i t ive proce sses of the i nd ividua l s  concerned . Consequen t l y  
a resea rch method and theoretical perspect i ve were chosen 

which woul d  enabl e  a s tudy of these proce s s e s  as they were 
u sed in solving ma thema t i c a l  problems . The . method chosen 
wa s a c l i n i c a l  one , e s s ent i a l ly the P iageti an c l inical  inter-

. ,  v i ew . The v i ew t aken of the method wa s the ' ho l i s t i c ' v i ew 
o f  Dies ing ( 1 9 7 1 ) i n  which a mosa i c  o f  evi dence i s  created 

f rom wh ich a pat tern mode l  of explanat ion ( Kaplan 1 9 6 4 ) 

emerges . 

A s  a theoretical background to the gather ing and analy s i s  

o f  t h i s  evidence , the mode l o f  inte l l i gent behaviour propo s ed 
by Skemp ( 1 9 7 9a ) · proved u s e ful . The s tructura l f eatures 

o f  thi s mode l , par t i cularly the d i scus s i on of ·learning , 

understand ing and act ion in re lat ion to cogrii t i ve s tructure s ,  
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and the c lose relat ionship between cognit ive and af fec t i ve 

determinants of behaviour were particularly appropr i a te 
for thi s  s.tudy . · 

Twenty six s ubj ects 

s it y  studen t s  and 

were interviewed . They were a l l  uni ver­

a l l  had volunteered to be i ntervi ewed 

a f ter the purposes of the study wa s explained . The intenti on 

wa s to compare the cognit ive s t ructures and s trate g i e s  o f  
students having con s i derable d i f f iculty w i th mathema t i c s  

both w i th those who had l e s s  d i f f i cu l ty and thos e  who f ound 
mathema t i c s  one of the i r  better subj ect s . Consequently , 

the subj ects were i n i t i a l l y  al loca ted to three roughly equa l ­
l y  s i zed groups represent ing low , average and h i gh abi l i ty 

and interes t  in mathema t i c s . 

The interviews were sem i - s tructured in that a f ter an i ni t i a l  
per i od o f  i nvest igation o f  the s ubj ect ' s· s chool a nd fami ly 
background , each subj ect wa s l ed through the same s equence 
of mathema t i ca l  tasks . Af ter the i n i t i a l  pre sentat ion of 

the tasks , the res ponses of the subj ects were probed i n  
an uns tructured way . The intervi ews were tape recorded 
for later ana l y s i s .  

The i nterview tasks were taken f rom the a r ithmet i c - a lgebra 

s equence of the primary - s econdary s chool s y l l abu s . They 

were chosen , a f ter pi lot testing , to ref lect the many h i erar­
chical structures ( logi ca l , deve lopment a l , pedagog i c a l  etc ) 

which are a maj or f ea ture of ma thema t i c s  and mathema t i c s  
learning . 

The ana ly s i s  of the interview data had two s tages . F i r s t l y , 

i n  order to provide an overv i ew , a forma l codi ng wa s under­
taken i n  whi c h  each re spon s e  was c l a s s i f i ed a�cordi ng to 
the · level o f  unders tand i ng o f  the i tem indica ted by the 

response . S kemp ' s ( 1 9 7 6 ) c la s s i f i cation o f  Relat i ona l and 

Ins trumenta l unders tand ing wa s u sed . Thi s  data wa s then 
ana l y sed s ta t i s t i ca l l y .  The i n i t i a l  ana l y s i s  was pure ly 

a descript i ve one i n  whi ch the performance of subj ect s , 

ranked accord ing to tota l per formance on the i tems , wa s 
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d isplayed
, 

i n  relation to progr e s s ively more d i f f i c u l t  i t ems . 

Thi s  informa t ion wa s then presented parame t r i c a l l y  by the 

use o f  Latent Re sponse Ana l y s i s .  The 1 a na l y s i s  was u sed 

both to 6ompare individual i tems w i th i n  content areas 

( natura l number , f ract ions , variables e tc ) and to compare 

the performance of subj ects between these area s . The princ - · 
ipa l  conc l u s ion from t h i s  ana lys i s , whi c h  wa s supported 
by the l a ter c l i nical a na l ys i s , wa s that fract ions are a 

maj or source of d i f f i cu lty for a l l  subj ects but par t i cularly 
for the l e s s  able . 

Fol lowing thi s stat i st i c a l  ana l y s i s  a c loser cl i n i c a l  ana l y s ­

i s  of the data wa s made . In order to ref le c t  the ' ho l i s t i c ' 

nature of the re search , a mu l t i p l e - coding approach wa s deve l ­

oped . W i th re spect t o  each ind ividua l , every response , 

and s equence of re sponse s ,  wa s considered in relat ion to 

s ix d i f ferent categor i e s : 

The · mathematical nature of the re spon se s .  
The logical nature o f  the re sponse s . 

The deve lopmenta l  character of a · sequence 
. of re sponses ( Co l l i s  and B i gg s , 1 9 7 9 ) · 

The relationsh ips of i ndividual r e s pdns e s  

within a sequence ( Ta l l , 1 9 7 9 ) 
The character of i nd ividua l 

( P iaget 1 9 2 9 ) 
r e s pons e s  

The character of t h e  interviewer ' s  contrib-

ution . 

The r e s pons e s  were not f orma l ly coded w i th re spe c t  t o  each 

category , but notes were taken of s igni f i cant f ea tures a nd 
thes e  f ormed the ba s i s  o f  summar i e s  of the character of the 
subj ec t ' s  r e s ponses to d i f ferent i tems and in d i f f erent 

content area s . 

Compar i s ons between the s e  mu l t i p l e - coding ana ly s e s  for d i f fer­

ent s ubj ects enabled the f o l lowing conc lusions to be drawn . 

F i r s t l y ,  the data ind icated the importance of the ava i labi l i ty 
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of appropriate ini t i a l  frameworks for the succ e s s ful hand l i ng 

of mathematics . Second l y , neither th1 l ogical nor the 

abstract nature of mathema t i c s  seemed , in themse lve s , to 
be l ikely principa l  f actors in the d i f f i c u l t i e s  which the s e  
s tudents had with the subj ect . The third conc l u s i on re l a ted 

to the maj or d i f f i cu l t ies exper ienced in working with fract­
ions , indicating th i s  a s  the princ ipal a rea for pro f i ta b l e  

f uture research . 

THE LIMITATIONS OF THE STUDY 

Before cons ider ing these conc lus ions in more depth i t  i s  
important to rea l i se any l imitations whi ch may have to be 

p l aced on the ir interpretat ion . 
r 

The research reported in t h i s  the s i s  i s  not con f i rmat i ve 

i n  the sense that i t  i s  de s i gned to a s se s s  the truth of prov­

able hypothe ses , ra ther it is generative , intended to generate 

hypothe s i s  with a prior i pos s ib i l ity ( Booker , 1 9 8 0 ) . 

The evidence from whi c h  the conc lus ions of t h i s  chapter are 

drawn cons i s ts pr inc ipa l ly of interviews w i th seven otherw i s e  
a b l e  subj ects who were having cons iderabl e  . d i f f iculty w i t h  

mathema t i c s . Th i s  evidence wa s supported by i nterview data 

f rom other subj ects having less d i f f i culty , but even so the 

s ample is sma l l . It i s  pos s ible that the s tudy wou ld have 

been improved had the sample of l e s s  able s tudents been 

i ncreased in s i ze at the expense of the compar i son group . 
There were few s urpr i ses in the re spon s e s  o f  the higher 
abi l i ty group . By and l arge , their responses ref lected . direct­
l y  t he way in which the . content is  ·pre sented i n  textbooks 

and in the c l a s s room . 

Tha t  i �  not to �ay of cour s �  that the sma l l  samp l e  s i ze inva l id ­
a t e s  the s tudy . The very signif icant s tud i e s  of P iaget were 

a l l  sma l l  sample , and the more recent work o f  researcher s  
such as Erlwanger 1 9 7 3 , Clement 1 9 7 9 , and Peck and Jencks 
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1 9 7 9 , ha s a l l  been on very sma l l  samples - one or two subj e c t s . 

Every e f fort wa s made i n  this study to ensure that the conc lus ­

ions were ' dependable ' ( D i e s ing , 1 9 7 1  ) , but i t  i s  important 
to recogn i s e  that va l id genera l i z a t ions , such a s  m ight be 

expected f rom research employing the dedu c t i ve or s urvey 
method , cannot be inf erred from a s tudy such as th i s .  

In r e l a t ion to the research method i t s e l f , a l though the c l i n i c ­

a l  method has been ava i l able for many year s , i t  i s  only 
comparat ively recent ly that a s igni f icant number of such 

stud i e s  have been undertaken . Cons equent ly , f ew we l l  e s tab­

l i shed procedures relat ing to the conduct , · ana l y s i s  and report ­

ing o f  research ba sed on this  method a re ava i lable . One 

s i g n i f icant f eature , then , of t h i s  study wa s the development 

of techniques in th i s  area and some comment is appropr iate . 

Firs t l y , in relat ion to the c l inical  ana l y s i s , a mul t i p l e - · 
cod i ng approach having much in common with the Cons tant Comp­

ara t i ve Method ( Glaser , 1 9 6 9 ) wa s used and seems to have 

con s iderable potentia l .  I t s very c lose r e l a t ionship w i th 

the ' ho l i s t i c ' view of c l in i c a l  re search makes i t  worthy 

of f urther con s i derat ion and deve lopment . ;r t  may be that 

the method wou ld be improved by being rather more forma l i sed . 

Glaser comment s :  

" Another wa y to convey credibi l i ty of the 
theory a long w i th the u s e  of i l l u s trat ions 
i s  to use a cod i f i e d  procedure for ana l y s ing 
data , s uch as presented here , whi ch a l lows 
the reader to under stand how the ana lyst 
obta i ned hi s theory f rom the data . In �ua l i t ­
a t ive ana lyses the tran s i t ion from data 
to theory is hard , if not impos s ible , to 
grasp when no cod i f ied procedure i s  u s ed . 
And i n  h i s  turn the reader i s  l ikel y  to feel 
that the theory i s  s omewha t impre s s ioni s t i c , 
even i f  the ana l y s t  strongly a s s e r t s  he 
he ha s ba sed it on hard study of data gather ­
ed dur ing moths or years of f ield or l i brary 
research" . 

( Glaser , 1 9 6 9 :  2 2 5 )  
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I n  thi s s tudy , one forma l cod i ng procedure wa s u sed i n  that 
the data re lat i ng to the l evel of under s tand ing i nd i cated 
by re spons e s  to individua l i tems wa s coded and ana ly sed us i ng 
Latent R e s ponse Analys i s  ( Torger son , 1 9 5 8 ) . A cautious 
approach to the use of the method wa s neces sary i n  view of 
the sma l l  sample involved , and s i nce no previous use of the 
method in a simi l ar study cou l d  be found . However a care f u l  
compa r i s on o f  t h e  results of the Latent Re sponse Ana l ys i s  
with the data d i splayed i n  a n  ent i rely d e s cr i pt i ve manner 
indicated that the use of the sta t i s t i cal techni que wa s j us t ­
i f ied .  The method c l ea r l y  provides a u s e f u l  parame t r i c  
repre sentat ion o f  some important feature s of i terns u s ed i n  
a c l i n i ca l  study o f  thi s kind . 

CONCLUS IONS 

The two general question s , ' Why are some otherwi se able 

student s  apparently incapable of hand l i ng mathema t ic s ? ' 

and ' What is  i t  about mathemat i c s  wh ich s uch s tudents f ind 

so d i f f i c u l t ? ' ,  focus attention on two aspect s  of the probl em 

- the . s tudent s and the mathema t ic s . Progr e s s  towards answer­

ing thes e  que s t i ons i s  pre sented be low , fol lowed by a d i s c u s ­
s ion of the resolution of the apparent contrad i ct ion impl ied 

by the exi stence of such student s . 

THE CHARACTERISTICS OF THE LESS ABLE STUDENTS 

Each i nterview began w i th an exploration of the fami ly and 

school background of the s ubj ect . When thi s mater i a l  wa s 
inc l uded , it wa s cons idered pos s ib l e  that d i f ferences between 
the backgrounds of s ucc e s s ful and unsucces s f u l  s tudent s 
might have been ind i cated wh ich were worthy of f urther inve s t ­

igat ion . Thi s  wa s not t h e  ca se . Wide var i a t ion i n  the 

mathemat i ca l  abi l i t i e s  and i nterests of parent s  and s ib l i ng s  
was reported b y  subj e c t s  a t  a l l  leve l s . There wa s some 

sugg e s t i on tha t · parenta l and peer s e x - ro l e  expectat ions 

had been a handicap for f ema le subj ects , but only i n  one 
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case was t h i s  con s i dered to have been a s �gn i f icant factor . 

S imi larly�  in relat ion to school 

a l l  leve l s  reported instances o f  

e xperience , subj ects 

what they con s idered 

a t  

to 

have been per iods of good and bad teaching , and of pos i t i ve 

and negat ive expe r i ences w i th mathematic s . Thi s  lack of 
evidence , of  cour s e , does not mean that fam i ly and s chool 

background s are not a factor in the mathema t i c a l  d i f f i cu l t ies 

of some s ubj ects . It  i s  more a r e f l ection of the inapprop-

riatene s s  of the sma l l  sample , c l i n i c a l  method , a s  

of ident i fy i ng any genera l factors of thi s  ' type . 

sample , s urvey s tudy wou ld be more appropr iate 

purpose . 

a means 

A l a rge 

for thi s  

I f  env i ronmenta l d i f ferences were not evident between subj ects 
then i t  is pos s i ble that the o r i g ins : 9f the l e s s  able 

subj ects ' d i f f i cu l t ie� lie in ' nature ' rather than ' nurture ' . 

I t  i s  a common ly held view i n  the community that there e x i s t s  
a spec i f i c  c la s s  o f  innately ' non-mathema t i ca l ' i ndividua l s  

who are j us t  made that way .  Th i s  v i ew i s  of ten re f lected 

in school s  when students , part i cularly girl s , who are having 

d i f f i cu l t i es w i th mathema t i c s , are encouraged to a c cept 
the i r  apparent l ack of abi l i ty as one of the ir l imi tations . 

Consequent ly they wi thdraw f rom the study . of mathemat i c s  
at the ear l i est opportunity . 

However ,  the evidence of th i s  the s i s  sugge s t s , quite strong l y , 

that i f  a ny of the subj e c t s  who were having d i f f i c u l ty with 
mathema t i c s  cou l d  be per suaded to begi n  aga i n , there i s  

absolute l y  no rea son why they could not succeed . The i r  

d i f f i c u l t i e s  seemed t o  s t em . from a l a c k  o f  a ppropr iate 
ini t i a l  cogni t i ve s tructure s , or f rameworks , rather than 

from an i.nabi l i  ty to form a ppropr iate l inks w i th i n  such 

s tructure s .  They were very we l l  able both to draw log i ca l ly 
va l id conc lus ion s from their own premi s e s , whether or not 

these prem i ses were true , and to see the imp l i ca t i ons of 

cha l lenges to the s e  premi s e s  presented by the interviewe r .  
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There i s  no doubt that the poorer s tudents were more r u l e ­

dependen than the suc c e s s fu l  ones a nd that many of the 

r u l e s  whi ch they used were f aul ty . It d id seem l ikely , 
however , that thi s  r u l e -dependence wa s a"', r e s u l t  of the i r  

d i f f i cu l t i e s  rather than a cause . I t  might b e  expected 
that poten t i a l  univer s i ty students wou ld be highly extr i ns i c ­
a l ly mot i vated , certa i n l y  th i s  wa s the impre s s ion g i ven 
by the subj ects of thi s s tudy . Consequen t l y  s tudents who 

had f a i led to form the appropr ia te i n i t i a l  cogn i t ive struc t ­

ure s , wh ich are a prerequ i s ite for unders tand ing , were 

forced into �ote learn i ng to avoid the immed iate consequenc e s  

o f  f a i lure . 

The i nf l uence of extr i ns i c  mot i vat iona l factors i s  i l lustra t ­
e d  b y  the subj ect who i nd i cated that i f  she d i d  not under­
s tand something in the mathema t i c s  c l a s s room she would some­
t ime s a sk for an exp l anat ion . However ,• she wou ld never 

adm i t  to not unders tand ing the expl anat ion g iven , but wou l d. 

smi l e  appreciative ly and nod a s sent at the teacher ' s  respons e ,  

regard l e s s  of whether or not i t  wa s helpful . To do otherwi s e , 

she f e l t , would have g iven the impre s s ion to the teacher 
and her peer s that she was ' s tupid ' .  

I t  doe s  s eem l ikely that mathematics learni ng ·  i s  more sens­

i t i ve to factors such a s  thi s than other forms of learning . 

The reason l ies i n  what Skemp ( 1 9 7 9a ) cal l s  the ' low noi s e ' 
nature of mathema t i c s  l earni ng . The s tudent of mathema t i c s  

i s  constantly awa re o f  what he knows a nd doe s . not know , 
what he be l i eves he understands and doe s not under s tand , 

and of what he can do and cannot do . 
area for whi ch f a i lure i s  more obviou s . 

There i s  no s ubj e c t  

The educational imp l i cat ions of th i s  a r e  d i scus sed at length 
in Buxton ( 1 9 8 1  ) and relate , large l y , to the \"lay in whi ch 

the part i cular nature of mathema t i c s  learning imposes on 
the teacher the need for extreme sens i t iv i ty to the re l a tion­

ship between the cogni t ive and affec t i ve factors of learni ng . 

The teacher must be aware that bri ght students may pretend 
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' 
to un · e r �tand and that there i s  a constant danger o f  inte l l -

igent s tudents u s ing the i r  inte l l igence t o  f ind ways o f  
coveri ng for the i r  lack o f  under s tand ing . 

I f , then , the principa l cha racter i s t i c  of thos e  who f ound 
mathema t i c s  d i f f icult wa s the i r  lack of appropr iate cogni t ive 

structur e s , it fol lows that the character o f  these structures 

is of extreme importance . 

of mathema t i cal concept s 

One of the more ohv j.ous features 

is their abstract nature . 

expre s s e s  th i s  feature in th i s  way : 

" Much o f  our everyday knowledge i s  l earned 
d i rect ly f rom our env i ronment , and the 
concept s  i nvolved are not very abstrac t .  
The particular problem ( but a l so the ' power ) 
of  mathema t i c s  l i es in i t s  great abstractne s s  
and � genera l ity , achi eved b y  successive gener ­
a t i on s  o f  par t i cular ly i n te l l i gent ind i v idua l s  
each o f  whom has been abs tract ing f rom , 
or �enera l i z ing , concept s of ear l ier generat ­
ion s . The present-day lea rner has to proce s s , 
not raw data , but the data-processing sys tems 
of ex i s t ing mathema t i c s " . 

( Skemp , 1 9.7 1  : 3 1  ) 

S kemp 

Thi s  s ugg e s t s  that the f a i l ure of student s to form approp­

riate f rameworks might be due to the abs.tract nature o f  

the concep t s  i nvolved . 

case for the subj ects 
Aga i n  thi s does not s eem to be the 

interviewed . The i r  understand ing 
of , for example , the concept o f  a va riable wa s much better 

than t h e i r  under standing o f  the apparent ly l e s s  abs tract 
concepts a s s oc i ated with f ra c t i ons . 

Consequen t l y  the genera l conc l u s ion drawn f rom the ana ly s i s  
o f  the i nterviews w i th tne l e s s  able group , and the compa r i s ­
ons o f  thi s  da ta with that t aken f rom the other s ubj ects , 

wa s that i n  terms of informa t ion -proce s s ing abi l i t i e s  there 

were no observable d i f f erence s between the g roups . The 

d i f ference s  lay in the data t o  which the se abi l i t i e s  were 

app l i ed . 
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The educat iona l impl i c a t ion s  of thi s  conc l u s ion are c l ea r . 
I f  the acqu i s i tion of appropriate f ramework s  i s  of paramount 

i mportance · in the l earning of mathema t i c s , it i s  e s sent i a l  

that f a i lure t o  form s uch frameworks shoul d  b e  d iagnos ed 

a t  an ear l y  s tage . In thi s  regard , there i s  a strong c a s e  

for the use o f  the c l inical  i nterview techni que a s  an 
i ntegral part of ma thema t i c s  teach i ng . I t  i s  d i f f i c u l t  

to s ee how the d iagnos i s  of incorrect ly formed f rameworks 
i s  to be made by other mean s .  Certa inly the f rameworks 

cannot be directly inferred f rom wr i tten re s ponses to que s t ­

i ons . A power ful remi nder o f  th i s  wa s giyen by the subj ect 

who i l lus tra ted the number 3 / 4  by the d iagram 

~ 
I n  the context of a written test t h i s  m i ght be taken a s  

i nd i cating an appropr iate , par t -whole , concept o f  frac t i on s . 

The probl em wa s that the subj ect thought that the three 
wa s repre s-ented by the part cut out and the four by the 

r ema i nder . 

I t  s eems to be imperat ive that i f  s uch m i s understand i ng s  

a r e  to b e  ident i f i ed and rect i f ied the teac�er mus t have 
a c c e s s  to the reasons beh ind student s '  choices of answe r s  

and methods , regard l e s s  of whe ther the se answe r s  and methods 

a r e  correc t  or i ncorrect . The evidence of thi s  the s i s  i s  
that such access i s  ava i lable through the c l i n i c a l  intervi ew 
technique . I f  such i nterviews cou ld be i ncorporated i nto 
every mathematics c l a s s room on a regu l a r  ba s i s , early warning 
o f  the probl ems whi ch able , and l e s s  able , s tudents have 

w i th mathema t i c s  might we l l  be ava i lable . Ea r l y  treatment 

f o l lowing thi s  i dent i f i ca tion might prevent the v i c ious 

i nt eract ion between cogn i t i ve and a f f ect i ve symptoms whi c h  
i s  the mos t  distre s s i ng feature o f  the phenomenon . 
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THE CHARACTER OF THE MATHEMATICAL DIFFICULTIES 

If the conc l u s ions of the prev ious sect ion a re accepted , 

there rema i n s  the que s t i on of why the 
schemas were not formed by some s tudent s .  

ient ev idence in th i s  the s i s  to answer 

nece s sary i n i t i a l  
There i s  insu f f i c ­

thi s  ques t ion , but 

there are i nd i cat ions of potentia l area s for further research . 

The answer would seem to l i e in an examinat ion of the charact­

er o f  the schemas w i th wh ich the students had mos t  d i f f i cu l ty . 

The · evidence points very c l ea r l y  to fractions a s  the concept ­

ua l ly most d i f f i cult top i c  • . 

The nature o f  the f ra c t i on s chema wa s di scus sed at l ength 
in Chapter. 5 and wa s seen to be extreme l y  comp lex , having 1 
a g reat dea l of i nteriority . However ; i t  i s  appropr iate 

now to cons ider the d i f f i cu l t i e s  as sociated wi th a cqu i s i t i on 

of th i s  schema . The problems which subj ects had w i th fract­

ions seemed to relate f i r s t ly to the many d i f f erent repre sent­

a t i ons of f ractiona l quant i t i e s  wh i ch are required ; and 

second l y  to the neces s i ty to r e i nterpret the operat ions 
of add i t i on , subtract ion , mu l t i p l i cation and d i v i s ion 
whi c h  were we l l  es tabl i shed i n  relat ion to natura l number s .  

In Skemp ' s  terminology , the forma tion of the schema r e l i e s  

heav i l y  on reconstruction . S kemp wr ite s : 

Somet imes , however , we may encounter a 
s i tuat ion for whi ch we have a schema whi ch 
i s  re levant , but not · adequate . Attempt s 
to rea l ise t h i s  s i tuat ion i n  terms thi s  
schema give s uch a faulty repre senta t i on 
of actual i t y  that our d irector s y s tems 
cannot funct i on . I f  pos s ible we avoid 
such s i tua t i ons , for they are out s ide our 
prohabitats . But i f  we cannot , then we 
have no choice but to reconstruct our schema . 
S i nce thi s nece s s ar i l y  invo lve s f i r s t  taking 
i t  partia l ly or completely to pieces th i s  
i s  d i s rupt i ve , unwe l come and d i f f i c u l t : 
because whi le t h i s  i s  going on , we are 
unable to use our s chemas e f fect ively for 
d i r ecting our act ions . Neverthe l e s s , i t  
i s  sometime s nec e s s ary . 

( Skemp , 1 9 7 9 : 1 2 6 )  
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Thi s  i s  prec i se l y  the s i tuation o f  the chi l d  learning , 

for examp l e , mul t i p l i cation o f  fractions . The e x i s t i ng 
I 

s chema fqr mul t i p l i cation wi l l  include the concept o f  mul t i -

pl icat ion a s  repeated add i t ion and knowledge that ' mu l t i ­
pl ication makes th ing s l arger ' .  Th i s  s chema has t o  be 

d i smant l ed before an under stand i ng of t x � can · take place . 

The mul t i p l i cation s ign has to be interpreted a s  ' of '  

instead of ' t imes ' and the two fract ions must have d i f ferent 

representat i ons , the f i r s t  a s  a proportion and the s econd 
as a quant ity . To compound the problem , mu l t ipl i cat ion 

now makes things sma l l er . 

The hypothe s i zed centr a l  role of reconstruc t ion i n  the 

development of the fract ions s chema i s  ent irely Qons i s tent 

with the h igh <;}egree of emot ional reaction to the top i c  

shown b y  t h e  . subj ects intervi ewed . In terms o f  Skemp ' s 

model , a f f ec t ive s i gna l s  such a s  f ear , re l i e f , conf idence , 
anxiety etc . are i nterpreted a s  results of the ind ividua l s  

knowledge o f  movement s i n  r e l a t ion to goa l o r  anti - goal 

states . Reconstruct ion c l e a r l y  crea tes �n ant i - goa l state . 
Enforced movement towards such a s tate i s  s igna l led by 
fear and knowledge o f  one ' s i nabi l i ty to move away f rom 
such a state by anxiety . 

I 
In contra s t , the development o f  the s chema s r e l a t ing to 

variables and nega t i ve number , w i th which the s ubj e c t s  

had much l e s s  d i f f iculty , r e l y  much more o n  expans i on and 

d i fferent i a t i on than they do on reconstruc t i on . 

I t  seems , then , tha t the r o l e  o f  reconstruc t i on i n  the 

development of mathema t i c a l  schemas , part i cu lar l y  the fract­

ion schema , i s  we l l  worth further research . 

The educa t iona l impl ications o f  t h i s  hypothes i s ed centra l 

role of f ractions in the format ion and development o f  math­

ema t i c a l  d i f f icul t i e s  are far reach i ng . 
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F i r s t l y , in v i ew of the lack of understand ing in thi s  are� 

shown by even the mos t  able univer s i t y  mathema t i c s  s tudent s ,  

i t  seems highly l i kely that there i s  a good dea l of conf u s ­

ion concerning f ract ions among pr i mary s chool teachers .  

I t  woul d  be re l a t ively s imp le to conduct research to · determ­

i ne whether or not th i s  i s  the ca se . I f  it  wa s true then 

i n - service tra i n � ng mi ght be undertaken . However , the 
evidence of the interviews sugge s t  that it i s  at l ea s t  

a s  much the character of the concepts themselves whi ch 

cause the d i f f i c u l t i e s  as i t  is the character of the teach-
ing � Certa i n l y  

s y l l abus in th i s  
the current New Z ealand Pr imary S chool 

area ( Append i x  B )  , v i ewed in the l i ght 
of the evidence of thi s  thes i s , mak e s  the kind of con f u s i on 

noted seem a lmost inev i table , no m atter how the mater i a l  
i s  taught . )  

For exampl e ,  by S tandard 1 ( 7  year s )  a number of d i ff e rent 
interpretat ions of the s implest f r a ction� have been i nt ro ­
duced . These are : 

The part -whole congruent parts . concept 
( ha lves a nd quarters of everyday obj ects 
and common shape s ) .  

The par t -group congruent parts concept 
( ha l f  the card i na l  number of a set ) . 

The par t - group non congruent parts concept 
( ha l f  of the set of men wear hats ) .  

The f ra c t ion a s  a rea l number ( showing 
1 / 2 ,  1 / 4 a nd 3 / 4  on the number l i ne ) . 

The chi ldren a re then expec ted to record prac t i c a l  d i s cover­
i e s  tis ing number sentences such a s  i +i = i .  Thi s  part i c u l a r  

' d i scovery ' i s ,  as d i scus sed ear l ier , qui te rea sonable 

for the par t -who le congruent part s  concept of i ,  but i s  

mos t  un l ike l y  for the part-group concept . The c h i ldren 

are shown , in the s y l labus , a set of four men , one of whom 
has a wa lking s t ick a nd are told that ' i  of the s e t  of 

men has a wa l k i ng s t ick ' . G i ven another s imi lar s e t  of 

men , the ' pract i ca l  

should make i s  that 

d i scovery ' which an inte l l i gent c h i l d  

t + t = % , two o f  the s e t  o f  e ight 



1 4 9 .  

men have �a lk i ng st icks . 

for a teacher , no matter 
l 

I t  would be extreme l y  d i f f icult 

how we l l  inf6rrned , to expla i n  
t o  a s even year o ld ch i ld why th i s  i s  not so , except by 

say ing ' thdt i s  the rule ' .  

Thi s  i s  not an i solated example . In the Standard 3 ( 9 
year s ) s y l labu s the diagram shown below appear s :  

5 
4 shaded 

Thi s  i s  certa i n ly conf us i ng i f  not patently · fa l s e .  Fract ions 

greater than one cannot sens ibly be shown by the par t -who le 
congruent part s  concept . Af ter a l l , how do you di vide 

an area i nto four equal par t s  and shade five of them? 
l 

The most generous interpret a t i on wh ich can be placed on 

these a nd the many other d i f f icult ies !i nherent i n  th i s  

and prev ious syl labuses i s  that the ir con s tructors have 

seriou s l y  underest imated the complexity of the f ract ion 

schema . 

The problem i s ,  of cour s e , not 
Harri son et al ( 1 9 8 0 ) ,  con s idered 

unique to New 

the cogn i t ive 

Zealand . 

demands 

of curri culum material  on f ract ions used i n  some Canadian 

Schoo l s  aga i n s t  the cogn i t ive l eve l s  of the 7 t h . Grade 

students who were expected to u se that mater ia l . I tems 

from the mater i a l  were c la s s i f i ed as need i ng · Concrete , 

Trans i t iona l  or Forma l Operat i on s  and the · s tudents were 

s im i l a r l y  c l a s s i f ied accord ing to the character o f  thei r  

work w i th fract ions . Only 6 %  of the s tudents were j udged 
capable of f orma l opera t i ons , whereas the three sets of 

mater i a l  te s ted had 4 1 % ,  9 0 %  and 6 2 %  respect ively of the i r  

i terns requir i ng f orma l operat ions . A s im i lar s tudy u s i ng 

New Z ea land mater i a l  wou ld be o f  va lue . 

A very c lear 

of the place 

we l l  be that 

case , then , ex i s t s  for a dra s ti c  rev i s ion 
of fractions in the school s y l l abus . It may 
apart f rom very s imple work which forma l i se s  
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s uch fracti _pna l words such a s  ha l f ,  quartEtr ,  three quarters 

and one th i rd , whi ch occur in everyday speech , a l l  forma l 
: . �-

work wi th f�actions shou ld be delayed unt i �  secondary school . 
At thi s t ime the cogni t ive leve l s  of the s tudent s may be 
a somewhat better match for the cogn i t ive demand s of the 

subj ect matter . Even then it i s  l i kely that con s i derable 

teacher retra ining would be requ i red . 

THE CONTRADICT ION 

F i na l l y , i t  i s  appropriate to cons id�r the relat i onships 

of the conc lusions drawn in thi s  the s i s  to the resolution 
of the apparent contradi c t ion whi ch , i t  wa s s ugges ted , 
i s  the e s s ence of the problem be i ng cons idered � 

Again , Ske�p ' s  model i s  usefu l . I n  the · f i na l chapter of I 
h i s  book , Skemp di scus ses i ntel l i gence as be i ng bot h  crea t -
ive and s e l f - crea t i ve .  He w r i te s : . I 

"Another sense in wh ich intell igence i s  
s e l f - crea t ive re s u l t s  f rom the fact that 
each concept is a poten t i a l  growing poi nt 

· for the s chema of wh i ch i t  forms part : 
for i t  sens i t i zes i t s  pos ses sor to new 
regu l ar i t i e s  in a ctua l i ty .  Beyond thi s , 
a schema may suggest further que s t ions 
to be put to a c t i v i ty , and thus be an 
agent of its own further expans ion . Th i s  
i s  not the case for sub- i nte l l igent forms 
of learning , such a s  habit learning . 
A s chema , i tself  the produc t of inte l l igent 
learning , thus i ncrea s e s  a persons abi l i ty 
for further i nte l l i gent l earning i n . that 
r e a lm of thought . And by a s s im i l a t ion 
to i t sel f ,  a schema ex tend s to the new ly 
l earned knowldge those q ua l i t i e s  of intern­
al organi z ation whi ch have been d i s t ing­
u i shed as a l so character i z ing inte l l i gence . 

( Skemp , 1 . 9 7 9a : 2 9 0 ) 

Thi s  v i ew of the central role of schema i n  the deve lopment 

of the a bi l i ty for i nte l l i gent l earning in a particular 
realm o f  thought correspond s prec i se l y  to the conc l u s ions 

which have been drawn from thi s  study . 
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The schema- r e l a ting to d i f f erent academic d i s c i pl i nes are 

quite d i f ferent i n  character . H ir s t  � 1 9 7 2 ) h i gh l ights 

th i s  by d�� t ingu ishing between a number of d i f f erent ' forms 

of knowledge ' one of which is mathema t i c s . 

" by a form of knowl edge i s  mea nt a 
d i s t inct wa y in which our experience become s 
structured round the use o f  publ i c  symbo l s "  

( H irst . 1 9 7 2 : 4 0 5 ) 

The d i s t ingu i shing features of such forms are : -

1 .  They each involve certa in contr a l  concept s that are 

pecu l i ar i n  character to the f o rm .  

2 . These concepts form a network o f  pos s ible r e l a t ionships 

in which experi ence can be under stood , g iving the 

form a d i s t incive log ical structure . 
L 

3 .  Each form has d i s tinctive expr e s s ions tha t are tes table 
aga inst exper ience in a c cordance with c i i te r i a  that l 

are part i cu lar to the form . 

4 .  The forms have deve loped part icu lar techni qu e s  and 

ski l l s  f or exploring expe r i ence and t e s t i n g  the i r  

dist inc t i ve expre ss ions . 

I t  i s  qu i te rea sonable to sugg e s t , then , tha� the deve lop­
ment of the abi l i ty for inte l l i gent learning m ight take . 
p lace within one f orm of knowledge but not , becau s e  of 
the lack of prerequ i s ite schema , i n  another . 

Thus the f a i l ure of some s tudent s to . hand le ma thema t ic s , 

whi l st i t  mus t  make them l e s s  ' educated ' i n  the s ense 
that i t  prevents them f rom be i ng able to s tructure the i r  

e xperiences i n  one particular way , does not imp l y  any 
g enera l lack of inte l l igence . The t ragedy i s  that many 

student s ,  not understanding the i r  f a i lure , l o s e  s e l f -

e steem and a v i c ious interact i on o f  a f f ective and cog n i t ive 

react ions create a s tate in wh i ch any construc t i ve approach 

to mathema t i c s  learning seems impos s i bl e . 
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There are two area s , sugges ted by the evidence of thi s 
thes i s ,  i n  which a ction . might prevent thi s unfortunate 

s tate of a f fa ir s . F i r s t l y , curriculum planne r s  need to 

be much more aware both of the nature of the s chemas 
as socia ted w i th topics they propose to i n c l ude i n  the 

curr iculum , a nd of the d i f f i c u l t i e s  as soc i a ted w i th the 
acqu i s i t ion of those schema s . Secondly , teachers need 

to constant l y  moni tor the development o f  s uch schema s 

and to be s ens i t ive to s i gna l s  i n  the a f f ec t ive doma in 

wh ich ind i ca t e  deve loping problem s  i n  the cogn i t ive area . 
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APPENDIX A 

LATENT STRUCTURE ANALYSIS ( TORGERSON ( 1 9 5 8 ) )  

BAS I C  ASSUMPTIONS 

( i ) A unidimensiona l continuum of the var iab l e  o f  

i ntere s t , in t h e  c a s e  of th i s  study - mathema t i c a l  

a bi l i ty , i s  a s s umed to exi s t .  

( i i ) S ubj ects are a s sumed t o  be d i str i buted a l ong t h i s  
cont i nuum according to some unknown probabi l i ty 

d i st r i bution . 

( i i i ) A set of d ichotomou s i terns related to the variable 
· are devi sed . 

( iv ) A form of trace l i nes for the i tems i s  a s sumed . 

The trace l ine for an i t em g ives the probabi l i ty 

o f  a pos i t ive response to the i tern f rom subj ects 

l ocated at any g i ven poi nt on the unde r l y i ng con t i n­

uum . I n  thi s  s tudy , a norma l -og ive model ( Tucker 

1 9 52 , Lord 1 9 5 3 ) wa s used . 

0 

I 
I 
I s 

I tem i 

L�vel of mathemat i ca l  abi l ity 

( v ) S i nce i terns are r e l a ted to the under l y i ng var iable ,  

i t  f o l l ows that they are re l ated to each othe r . 
I t  i s  however a s s umed that no two i terns have any 

r e l a t i on ship other than that which can be a ccounted 

for by the 1 r  separate relat i onships t o  the under-
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l y i ng var iable . In th i s  s tudy the i terns must onl y  
be related mathema t i ca l l y .  

THE ANALYS I S  

. Con s i der a subj ect g having a scale value s on the sca l e  g 
o f  mathema tical abi l i ty . Pig i s  the probabi l i ty that 

t h i s  subj ect wi l l  respond pos i t ive l y  to item i . 

I f  z i g 
i s  the uni t  norma l deviate correspond ing to Pi g , 

the re l a t i onship between s and · z . wi l l  be l inear and g lg 
the trace l ine i s  tran s formed to the straight l ine shown . 

0 

The equa t i on of th i s  l ine may be wri tten . 

z .  1 g  
= ( s - M . ) g 1 ( A )  

M . and o .  a re the mean and s tandard deviat ion of the norma l l 1 
curve whi ch gives r i s e  to the trace l ine . M . can be con s -1 
idered a s  a loca tion parameter for the item s i nce i t  
i nd i cates the point o n  the attr ibute continuum a t  whi ch 
the i nd ividua l would have a probabi l i ty of 0 . 5 0 o f  a pos i t ­
i ve response to the i tern . o .  can be cons i dered a s  a 1 
d i s c r iminat ion parameter . A large va lue for o i i ndicating 

that the i tern ha s not d i scr iminated we l l  between s ubj e c t s  

of h i gh and low abi l i ty .  

I f  we take equat ion , ( A )  and sum over al l of the n i tems , 

that i s  sum wi th respect to i ,  we have : -



n E 
i = 1  

z . �g 

n 
= s E 1 

g . 1 0 .  � =  1. 

n M .  E 1. 

· i = 1 ai 
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( B )  

The s c a l e  we u se to mea s ure the under l y i ng attr i bute i s  

arbitrary ' · s ince we are only orde r i ng , s o  we may choo s e  
. i t s  o r i g i n  and s c a l e  to s u i t  the c a l cu lations . 

Choose the or igin so that 

and the scale so that 

Equat i on ( B )  then becomes : 

n E 
i = 1 

z . = n s 
l. g g 

whi ch may be wri tten s g = z . g 

n 
E 

i = 1 
= 0 

= n 

( c )  

That i s ,  g iven the values of z .  we can ca lculate s g• 
l.g 

As an exper imenta l procedu re ,  ( Tucker 1 9 5 2 ) the tot a l  
sample o f  subj ects i s  divided into m relatively homogeneous 

subgroups on the ba s i s  of tota l s core . The proportion 

of peopl e  in the g th s ubgroup who re sponded pos i t i vely 

to the i th i tern is taken as an empi r i cal e s t imate o f  the 

populat ion proportion p i g  • Th i s  may then · . be converted 
to the un i t  norma l deviate z . •  

l. g 

To e s t imate the values o f  M .  1. and o .  we take equat ion ( A )  1. 
and f ind the s tandard dev i a t ion over subj ect s , that i s  

over g .  

1 
... 

We get 
- ... s .  ( D )  z i . = s .  or a .  = 

a . 1. ... 
1. z . • � 

and we can f ind cr i from the exper imenta l ly determined z i g • 
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Tak i ng ( A )  again , we f ind the mean over s ubj ects , that 

i s  over g .  

1 ( s. M . ) z i . = -
0 .  � � 

or M . � 
= s .  - 0 .  z . •  ( E )  � � 

Equat ions ( C )  ( D ) and ( E )  together w i th exper imenta l ly 

determined va l ues of z ig enable us to . deduce the trace 

l ines for a l l  n items . 



APPEN D I X  B 

REV I S I ON OF r RACT I ONAL NUMBERS - A 

SUPPLEMENT TO THE SYL LABUS 

DEPARTMENT OF E DUCAT I ON .  WELL I NGTON . 1 976 

IU ·�V I S I O N  O F  F l� t\ <  'T I O N /\ 1 .  N I J M I I I ·: I{ S  
-----�--·- --·-- --- ... . ----·- ·:··-�- - ···· --· ---·- -·---·---.--·--·--.. -· .. .  - ·--- · ---· -__.ii 

C O N T I: Wr S  
Swndord I 2 Form 1 6 
Standard 2 2 Fvrm 2 8 
Sltlndard 3 4 Notes 1 0  
Swndard 4 5 Scope and Sequence Charts 1 2  

Aims of the Revision 
l .  To rdate the teach ing of fractior1al numbers to the ideas and sk i l ls which i t  is 

ex pcl:!ed w i l l  he corn rHnnly used i n  o u r  �wciety a n ��r t he cha ngeovcr to metric 
11 !C;IS l l  n.: I 11�: 1 1 1 .  

2 .  To l�ll:i l l l"l� t ha t  l hl· l ta s ic idl'as ; � nd sk i l l :; : 1 1 1' l i n uly l''i l : l hl i �; hed t l l i 'W i to.f l n vu riet y 
of p!al ' l i l' i l f  l: K f h: l " i l: l l l'I'S provi dl'd 1 \'gl l f , l l f \' I l l  i l l !  d;lS� f l:v l ' f s .  

J.  Tll give gr�.:a ter empha!; is  I l l  dcvdl l p i ng fac i l i t y  w i r h  d cl·i 1 ua l  fract ions, pa rt icula rly 
the ir appl ication to the rccord iog a nd u n<krs l a nd i ng or met r ic measureme nts,  
incl ud ing money.  

4. To eq uip chi ld ren with a know ledge of pri nc iples of frac tional nu mbers as a 
bai.is for lata learn ing of computational  sk i l ls when the need for these is met. 

Infunt Classes 
l .  Practical discoveries of halves and q ua rters of everyday obJects, e.g., an apple, 

a chocolate ba r. 

2. Prac t ical discoveries or halves and quarters of com mon shapes, e.g., a circle, 
a squ a re. 

3. Practical discoveries of h a lf of the cardi nal number of a set, e.g., half of six is  
three .. 

4. Discovery of the relationship of part to part and parts to whole, e.g., halves will 
match each other, and two halves will match one whole. 

5. Record ing pract ical disco veries, using the words ha/f. quarter, and symbols 
I l 2' 4' 
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Standard I 
H x t  ' l l � i u n  " ' ' " , ,. ,  i �: i , • n  " " wn 1  k i 1 1  i n fn t H rl1 1 �s•· : . .  
I .  !\ l u n y  a n d  \' t l l kd t• :q w r i ,· � t n·s w i t h  l t n lws n nd q n n t· t e t s 1 1 1 '  n •n t i n uot t s  q uu 1 1 t i t h:s,  

l� .g . , a l't' l'.i t l l l ,  a l l t f l i.·L' ha t ,  1 1 1 1  a p p! t - .  

2. Pract il.:al d isn 1vcri,·s ol' h a l vl!s a 1 1d q ua r ters ol' set s . 

� of tht! sc-1 of ml!n \W:t r l 1 : t t s .  

� of the sd of men has a w a l k i n g  st ick .  

3. A risi ng !'rum I a 1 1d 2 a ! H l \'l', pr; 1 1 : t i c: : t l  : 1 1 1d ur:t l , f t :ve l n p n H� n t  of t l u: i(k: ts  ol '  two 
ha lves a 1 1d nf 1 \\' tl ,  t l 1 1 cc : t l ld li l l l l'  q l l : t t tns.  

4. Find in g half of an  cvcn n a t u r a l n t 1 1 1 1hcr ll!ss t han 2 1 .  

5. Showing 1· i and � on the number l ine. 

6. Introduction, through paper cutting and other practical act iv i t ies, of. one third 

and the symbol 1· 
7. Recording pract ic<Jl discoveries using number sen tence's, e .g . , � < !• � -t � = �· 

I 2 I I I I 2 X 4 = 4' 4 + 4 = 2' 2 X 2 = I .  

Standard 2 
Extension and revision of work in Standard 1 ,  with contin ued emphasis on working 
with a variety of ma terials. 

1 .  Fractions <!• �· etc.) as  numerals for fractional numbers. 

2 



2. A. fru� th l l l l l l  1 1 1 1 1 1 1 l w r  ca n he repn·�l· nh'd : 
( i )  l l \' t h\• l l'fa t i l l l l �. l dp  1 1 !  11 H l l h:,, • t  ! 1 1  i t •1 �H'I � 

.......... .. ... .... ,. 

(ii) By the rela t ionship of a subregion to its reg ion . 

(i ii) On a numb�r l ine. 

( : I )  
0 

3 .  Introduction, through practical experiences, of fi fths and tenths. 

4. Discovering, through practical experiences, that fractional numbers can be 
r�named, 

2 I 1 2 
e.g . ,  4 = 2' 3 = To· 

5. Comparison of fractional n umbers, as represented by sets and regions and on 
the number line, a nd recording in number sentences : 

l < l 4 3 

( 

0 

I 
0 

I I 
3 

I 
T 

I ., ' j· 
l > l  
2 3 

� 

6. Practical activities i nvolving jL)in ing equivalent parts, leading to record ing, . 
e g I , I . 1 - ·  3 .., I -· 3 

• •o 4 -r 4 -� 4 - A 4 - 4' 

7. I n terpretation of simple sentences containing fractions th rough practical and 
oral problems. 

8. The wlwle n umber one can be exp,ressed as a fract ion : �· �· �· etc. 

3 
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Sr o l llo /, 1 1 ,  I I 

1 1 \ t .' l l � l l l l l  . , ; . . I , ,  ; , l o ' l l o l l ll ' o l l l o I l l  � ; l i l l l l l o l l o l  .1 , ll i l l i l o ! l i l l l l l h 'o l l ' l l l f o l l o l lo l !o i ll l  Wl l l lo l i l � \  
1\ l l h  ol \' o l l l l l 1  · . > 1 l l l o l l o i l < i l :. . l � o 'l ' l l i d i ! i p, 1 1 1 l o ' : , l l l i : , 11' 1 1 1 ' 1 1 '  i l ! ' l l l l l j l l i l l l l l  l o l l l \' ,  

I .  1 -' u r t hl·r 1 1 1Hkr� l ; 1 nd i 1 1g  , ,f  t i t �· id l'a 1 1 1 '  l 'l ; t �· t iunu l l l l l n tkrs l l st•d t o  show : 
( i )  Comparis�. >n of pa rt  ,,r a con t i n uous  q ua n t i ty  w i th t he whole : 

k of the  circu l a r  reg ion is shaded . 

k of t he l i ne segment  is shown th icker. 

( i i) Comparison of the n 1 1mbcr of a subset wi th t he n umber of the whole set : 

{C1 CD 8 0 } J of t i ll� members of the set is shaded.  

2. I ntroduct ion, t hrou gh practical experience, of .eighths. 

3. I ntroduction of the terms numerator and denominaTor. 
4. (a) Fractional numbers greater than I shown ·;,.ith : 

(i) Regions : 

(ii) The number line : ( 
0 
I 0 
2 

I 
2 _1_ 

2 

� shaded . 

l. 
2 

2 
I ) 
4 .  

T 

(b) A fractional number greater than 1 can be expressed as a mixed numeral, 

such as t!-
4 

1 6 0 .  



l 

�. Furt lwr J·ll lh' t ku 1 11' n�u u t u i l l l-\ fr: H.: t i u 1 1 1 1 l  n u tnhl�rs us i n1�  eq u i vnluut t 'mdion�. by 
th' l i v i t h·� w i t h  s t · l · t, ' ' ' 1\ ' " " � •  t ' t l i �ll' l l l l i l l� , . , ,d •t 1 1 1 1 1 1 l l l l l l t l u •r l i l l t " l ,  

, ,  
· I  � �  0 ' 

· I I 
l t l '  

" "' \ I l l ' \ 1 ' 1 ' 1 1 1 . 

6, Com pu ri s t l l l  nf frud i u 1 1 a l  l l l l l l l hcrs us u rc� u l t  uf pr: H.:t il·u l cxpc:rictll.:c:s. 

1 > 1  2 < 3  4 > 4  
e . g . ,  i. ;1• 5 5• 5 -g ·  

7.  Further pract ical  act i v i t ies invol v in g t h e  join ing  of eq u ivalen t  pans. and 
record i ng, 

I I I I I I 
TO + 1 0  � S' 2 x 4 = 2, 2 x 2 = I ,  etc. 

8. (a) In troduction of o ne-place and two-place deci mal fractions (inc l uding the 
decimal point) as an extension of the decimal numerat ion system. 

(b) Showing tenths as decimal fractions on the n umber l i ne. 

0 I 2 3 4 5 6 7 8 9 
TO 1 0  1 0  TO 1 0  To 1 0  1 0  Yo To < ' I ' I 
0 . I  . 2  . 3  .4 . 5  . 6  . 7  . s  . 9  

. ,  
(c) Application to : 

(i) met res nnd centi metres, 

(ii) dol lar!> and cen ts . 

Swndard 4 
Extension and revtswn of work 10 S tandard 3, with the continued 
prac tica l experiences. 

1 .  Furt her st udy of the nature of fractional n u mbers as represen ted : 

(a) by s u bsets and sets, 

( b) by subregions and regions.  

(c) on the n umba l ine .  

1 0  
1 0  

! . 0 

provision of 

2.  I n t roduction of the idea of the bar between n umerator and denominator as an 
i ndica t ion or div ision, 

e.g., � means J -:-- 5. 

3 .  Con t in ued fi n d i ng of eq u iv a lent  fract ions t h ro ugh prac t ica l  act iv i t ies, and st udy 
of t he i r  pa t terns. 

5 
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•1 . C t �n t i l l l l l'd • . 1 1 1 d �  t i l  1 1 ' 1 . i t i 1 1 1 1 � . 1 1 1 p:. n l l t ' l l l h :. 1 1 1 1 d  l l l l l l l l l t 'd l l l '• l l l l t j o l l t l l l ' · 11 1 1 1 1  I W I I · 
p l t l l'l' l l l ' \ ' 1 1 1 1 1 1 1 � • .  I l l  f ' l l l l i l ' l i l i l l : 

I t 1 1 ) 
I o 

(b) 0 . 1 7  

1 1 1  
1 1 11 1 '  I l l  

. , , 
1 1 11 1 ' ' ' " ' 

l l ,  1 0  0 . �  
I 7 1 7 · t··· I () I I uo I 00 . � '-

. 

5. (a) Study or d(·cima l  fra ct i o ns to t h ree places as an exten sion of the deci mal  
numera t i o n  �ystcm.  

(b) Study of the  rela t ionship of deci mal  frac tions and com mnn fractions, 

I I I e .g . ,  0. 1 , ,  To• 0.0 1 =· = i o1r o.oOJ '"' Tn\fo· 

(c) Addit ion and subtraction of two-place decimal fractions. 
6. Record ing experiences of jo i n ing, sepa r a t ing, and comparing pa rts as addi t ion 

and subt ract ion sentences with rela ted l'rar t inns,  

7.  (a) M u lt iplkat ion of a one- place decimal  rela ted to addit ion, and represen ted on 
a n umber l ine,  

e.g. , 0. 1 + 0. 1 + 0. 1 · 3 x .  0. 1 '"  0.3.  

(b) M u l t i pl ication of a one-thee decimal by 1 0  sho,vn by addition , 
e.g. , 0. 1 + 0. 1 + 0. 1 + 0. 1 + 0. 1 + 0. 1 + 0. 1 + 0. 1 + 

0. 1 + O. J = J Q  X O. J =0 1 . 0 .  

��.....--:;J������� ( I I I I I I I I I I I ) 
0 0 . 1  0 .2  0 3 0 . 4  0 . 5  0 . 6  0 . 7  0 . 8  0 . 9  . I 

Form 1 

6 

1 .  Further study and practice of the basic ideas that fractional numbers : 

(a) show comparison, 

(b) show division (� = 2 -:- 3), 

(c) can be shown as a fraction or in decimal form, 

(d) can be ordered. 
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2. (11) l ll t rPd llrt h l l l  1 11' m t h 1 ns 1 1 �:n l n pa r isnll  n l '  t l lll �·11 n l i n n l  1 1 1 1 1 1 1 hers of two !!Ch 
1 1 1 ' 1 \ " 1 ' l l hj l'l ' l 'l , W h il ' f l  l ' l l l l f lll i ' \ J l l l"l:.l'd f , y  1 1  f l i l l ' l i P I I ,  

C . !-\ . ,  t h1· 1' 11 ! 1 1 1 1 1 1 '  t hl' 1 1 1 1 1 1 t l •1 ' 1  1 1 1 '  V 1 l W1 ' !�  t l l l ' l l l l 'ol l i l . l l l l :, I n  t hu u l pl u d 11•t I� � :  �! I ,  
. .... 0 1  2 1 '  

(b) Rat in us u way of c.x prcssing proba bi l i ty .  

3.  Practical activities and pa t terning lead ing to the use of the identity element for 
multipl ication to form eq u i valen t fractions, 

e .g . , ! x � = �� fo -:- � �· 
4.  S i m pl e  exam pks o f  add i t i o n a n d  subt nu.: t i on wi t h  t \\ O  l'rai.:t ions .  w i t h  t he 

renam i ng of o n e  adden d .  

C , l · j_  _ 2 1 I 3 J _ I 
. g . , s ' 1 o - Tt:i - - ro = T(i' 4 2 

' 
·' 
4 - 4 

I 
4' 

5. Exploring the propert ies of addit ion through t he study of addit ion with related 
fractions. 

(a) Comm u ta t ive : � f � ··"" � -t - } 
( b) Associa t ive : (21 _ :  l )  i 1 .. - l .. ( -41 . t -4h 4 4 2 
(c) I nverse opera t ion� : i\dJ i n g  1 is ttnJone by su btmct ing i·· 

6. Ex ploring the properties of mul t ip l ica t ion th r-.,ugh t he st udy of m u lt i plying a 
whole n u m ber by a fract i l)nal n u mber.  

(a) Com mutativ e : � >;  2 "' · 2 x k 
(b) Associat ive : ( 3  x 2) x 1 --- 3 ' ( 2  x �) . 

Id · I . 2 3 (c) ent i t y  e emen t . "i' � ·  etc . 
(d) Reci pro ea Is : 3 x: -� -" I .  

(c) I nverse o pera t ions : M ul t i ply i n g  by � is undone by dividing by }· 

I nverse o pera ti ons can he observed in pa t t ans such as t he fol lowing : 

8 ") 4 
8 I -- 8 

8 
8 . , 

=; 
I 

4 1 6  ;..: 2 32 

. .  8 1 6  X I ... 1 6  

7 
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') I fl X '• I H .  

H .  l t t ,  

H .  ( a )  M u l l i p l i ,: : l l i t �u , , r  t l 1 1·l·�- pL1n: lkc i n 1 :d  !'ract iuns hy 1 0, I OU, JUOO. 
(b) M u l t i p l ica t ion or " t wo-pb:..: tkt..: i m :l l  fract it)ll by a OIJC-placc decimal 

fract ion , or by a who!..: n u m bvr kss than 1 0, 

e . g . ,  0 . 2 7  :.< 0 .8 ,  5 .49 -" 0 . 5 ,  0 .26 :x. 7 

9. (a) Divis ion of up lo t h ree--pla ce dec i m a l  fractions by whole numbers less than 
1 0, 

e . g . ,  0.275 -:- 5) 24 . 1 6  ; 4 .  
(b) D i visi <) l1 o f  whole n u mbers hy lO ,  l OO and 1 000 ; o f  onc-pla<.:e decimal 

fracl  ions by 1 0  and I 00 ; of t wo-place decimal fract ions by I 0, 

e.g . , 4835  -: 1 0, �7o -'- lOOt\ 1 0.4 -:- 1 00,  0 .5 1 -:- 1 0. 

10 .  Introd iJc t ion of percent as a fom1 of a fra ction w i th t he d..:nominator 1 00, 

e.g. ,  l <J':,� =" T 1(l�) · /,y ·= 0. I . 

Form 2 
Revision and extension of Form I work 

. 
1 .  Further practice of the addition and subtraction of three-place decimal fractions, 

including a pplications to weight, l ength, capacity and volume. 

2. Extension of mult ipl ica tion to include m u lt iplying a three-place decimal fraction 
by a two-place decimal fraction, or by a whole number les-s than 1 00. 

· 3. 1 (a) Introd uction of d ivision of a t hree-place decimal fraction by a one-place 

8 

decimal fraction. 
· 

(b) Extension to d ivision of a three-place decimal fraction by a two-digit 
number, 

e.g:, 0 .375 -:- 25, 0. 375 -;- 2.5 .  

4. Rounding off to one decimal place. 

1 6 4 .  



I I 

I 

5. Cnlculut i,m of s i 1 1 t plc pcrCl! I I !S  of' n u m bers nnd 1 m�n�urcs, i ncl uding mo�cy, 
(' .� . •  1 0'' ,: , , , ��� . • 1 � 11 1 1  of '  $ .'0 , 
(u) w·� .. , , ,. .'io 1 0  .. 

l t lO ' . '10 I 
to "  ,'10 � . 

(b) w;:, of 67 ' 0. 1  X 6'/ · · - 6.7. 
6. Discount and mark-up expressed as perce:tts. 

7.  Problems involving ratio and s imple proportion. 

8. Addition and subtraction with two fractions, with the renaming of one addend. 

9. M ultiplication of a fractional n umber by a whole number. 

1 0. Div ision of a fractional n u mber by a who.le number where the numerator is a 
multiple of the whole number, 

4 . 4 -'- 2  2 e . g . ,  S 7 2 = -.s- = S' t l  ...:. 1 = 1 ...:... 3 = l 2 . - 2 . 2 '  

1 1 .  (a) Two n umbers art! reciprocals i f  t heir product i s  l ,  
I e .g. ,  4 x 4 """ 1 .  

( b) Division by a number is equiva lent to mult ipl ication by i ts reciprocal, 

C g 0 ...:... 4 ,= ") 8 X J. "' ") 0 ...: .. l o= 1 6  8 X. 2 �-= 1 6 . . ., 0 . - ·  4 -, 0 . 2 , 

(See patterning under Form I ,  Section 6.) 

1 6 5 .  
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