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ABSTRACT

The objectives of the study are to contribute to the clear
identification and understanding of the factors which lie
behind the severe mathematical difficulties experienced

by some otherwise able university students.

A careful description of the phenomenon, which might lead
to an explanation, is dependant on an understanding of the
cognitive processes of the individuals concerned. Consequent-
ly a research method and theoretical perspective were chosen
which would enable 'a study of these processes to be made
as they were used in solving mathematical problems. The
method was based on the Piagetian clinical interview and
the theoretical background was essentially that of Skemp's
(1979) model of intelligent behaviour. The principal advant-
ages of this model were its structural rather than global
features and the close relationship implied between the

cognitive and affective determinants of behaviour.

Twenty six subjects were interviewed having 'a wide range
of mathematical abilities and interest. Each subject was
presented with the same sequence of tasks taken from the
primary-secondary school arithmetic-algebra syllabus. The

responses were probed in an unstructured manner.

The analysis of the interview data had two stages. Firstly,
in order to provide an overview, a formal coding was under-
taken in which the response to each item was classified
according to the 1level of understanding indicated. The
resulting data was analysed initially in an entirely
descriptive manner and then was subjected to Latent Response
Analysis. Following this statistical analysis a closer
clinical analysis was made using a multiple-coding approach
to build up a mosaic of evidence concerning the conceptual

structures used by the subjects.

The principal conclusions of the study relate firstly to
the wvital importance of the availability of appropriate

initial frameworks for the successful handling of mathematics.
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It is argued that the absence of such frameworks, or schema,
interpreted in the light of Skemp's theory, explains both
the affective reaction of subjects having difficulty with
mathematics, and the development of intelligent behaviour

within one form of knowledge but not in another.

Secondly, the evidence of the study indicated that it was
unlikely that the difficulties which the students were having
with mathematics were due either to the abstract nature
of the concepts involved or to the logical nature of the

subject matter.

Thirdly, the topic of fractions emerged clearly as the most
likely source of real difficulty. It is suggested that
generations of curriculum designers have seriously under-
estimated the difficulties associated with learning in this

area.

Finally attention is drawn to the necessity for teachers
to constantly monitor the development of the cognitive
structures of their students and to be sensitive to signals
in the affective domain which might indicate developing
problems in the cognitive area. In this Way the vicious
interaction of cognitive and affective reactions to math-
ematics, which is the most distressing feature- of the problen,

might be avoided.
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CHAPTER ONE

THE NATURE OF THE PROBLEM

INTRODUCTION

Henri Poincaré, in a lecture delivered to the Psychological

Society in Paris at the turn of the century, asked:

How does it happen that there are people
who do not understand mathematics?
If mathematics invokes only the rules
of logic, such as are accepted by all
normal minds; if its evidence is based
on principles common to all men, and
that none could deny without being mad,
how does it come about that so many
persons are here refactory?

(Byers, 1980: 3)

That there are many people who, in areas other than math-
ematics, show themselves to be very able, but who find math-
ematics extremely difficult is undeniable. 'Often they become
convinced that they are incapable of understanding and success
in the subject. Why should this be so0? What is it about

mathematics which escapes such people?

Richard Skemp, now Professor of Education at Warwick Univers-
ity, became intrigued by the problem as a mathematician.

He writes:

I began my professional career as a
teacher of mathematics. As my task
shifted from that of learning mathematics
myself to that of teaching it to other
people, I became increasingly concerned
with the problem of those pupils who,
although intelligent and hard working,
'couldn't do mathematics'. This did
not seem .to make sense. Surely the
" main ability required for mathematics
was the ability to form and manipulate
abstract ideas: and surely this ability
coincided closely with what we mean \
by intelligence? So there seemed to



be a contradiction.
(Skemp, 1971: 14)

The objectives of this study are to contribute to the clear
identification and understanding of the factors which 1lie
behind this apparent contradiction, and consequently to

provide a possible basis for preventative and remedial action.

The problems which such people have with mathematics are
often manifest in both the cognitive and affective domains.
The principal indicators are cognitive and consist of errors
in performing mathematical tasks, or perhaps the apparent
inability to handle such tasks at all. It will be shown
for example, that many students, when adding fractions, use
the incorrect algorithm: % + % = %—f—%a and that very few
students can provide any explanation of the rule for multi-
plying fractions, even though they can use the rule confident-

ly and accurately.

Associated with these errors there are often symptoms in
the -affective area relating to factors such as attitude,
anxiety and motivation. For example, a reluctance to consider
any task with mathematical content is very common in mature

students with mathematical difficulties.

Such symptoms are well known to teachers and researchers,
but the tendency has been to treat them in isolation. Observed
failure to handle fractions has led to the search for more
efficient teaching procedures for that topic. Observed lack
of motivation in students has given rise to attempts to make
mathematics learning more interesting and enjoyable. There
is, of course, nothing wrong with these approaches, any more
than there is something wrong with prescribing aspirin for
the headache associated with a brain tumour. However, the
major premise of this thesis is that real progress towards
an understanding of the problem, and consequent remediation,
is dependent upon a much deeper appreciation of the factors

which 1lie behind the mosaic o0of cognitive and affective




symptoms than is currently available.

THE SYMPTOMS

The essence of the problem considered is that the subject's
mathematical behaviour is contrary to expectation. The
question then arises as to what mathematical behaviour might
be reésonably expected of an intelligent person. There are
two aspects to this question. Firstly there is the character
of the mathematical tasks which one might expect the subject
to master, and secondly there is the nature, or degree, of

mastery involved.

In New Zealand schools, children follow a common mathematics
programme from Standard 1 (7 years) to Form 4 (14 years).
Implicit in the existence of such a uniform programme is
the assumption that the mathematical tasks included are within
the capabilities of the majority of pupils, and certainly
within the capabilities of the more able. The validity of
this assumption will be brought into question later in this
thesis, but the primary-secondary school syllabus does provide

an appropriate pool of tasks for this study.

In relation to the ability to master such tasks, Werdelin

offers the following description:

Mathematical ability is the ability to
understand the nature of mathematical (and
similar) problens, symbols, methods and
proofs: to learn them, to retain them
in the memory and to reproduce them: to
combine them with other problems, symbols,
methods and proofs: and to use them when
solving mathematical (and similar) tasks.

(Werdelin, 1958: 13)
Within this description there are three different aspects

of mathematical competence:

- the ability to understand,
- the ability to learn, retain and reproduce,

- the ability to combine and use.




These aspects are clearly not independent, and the relation-
ships between them are 1likely to be of relevance to this
study. Each of the aspects have been the subjects of previous

comment and research.

The ability to learn, retain and reproduce mathematical
material is perhaps the most straightforward of the three.
In a review of research relating to the learning of skills

in mathematics, Suydam and Dessart write:

One of the most frequently stated goals
of mathematics instruction involves the
development of skills. Skills are compar-
atively easy to describe or specify, to
teach, and to evaluate. A skill is what
a learner should be able to do.

..e. Skills are generally characterized
in terms of (a) proficiency or accuracy
and (b) efficiency or speed. When mastered,
skills require relatively little reflection.
In effect, they become reflexes, to be
exercised at a subconscious level.

(Suydam and Dessart, 1980: 207).

The ability to combine mathematical techniques and apply
them is similarly well defined and corresponds closely to
problem solving ability. Lester (1980) presents a comprehens-
ive review of the considerable volume of recent research
in this area and comments:

The fact that problem solving has been

the object of so much research, a focal

point for several curriculum development

efforts and the subject of innumerable

books, articles, and conference reports

attests to its importance in the study

of mathematics. 1Indeed, there is substant-

ial support for the notion that the

ultimate aim of learning mathematics at
every level is to be able to solve problems.

(Lester, 1980: 287)

The ability to understand mathematics is much less -precise
than the other two aspects, but seems to be of considerable
importance to this study. The questions: What does it mean
to understand mathematics? Are there different kinds of




understanding, either qualitatively or quantitatively? Is
understanding necessary for mathematical competence? have

an obvious relevance.

Mathematical understanding has been the subject of consider-
able recent discussion in mathematics education 1literature.
Articles have appeared by Skemp (1976, 1979b), Lehman (1977),
Byers and Herscovics (1977), Buxton (1978), Backhouse (1978),
Davis (1978), Gordon (1978), Shelley (1978), Michener (1978),
Knight (1979), Thwaites (1979), Byers (1980) and Malaty (1980)

Much of this work has its origins in the papér by Skemp (1976)
who developed an earlier suggestion by Mellin-Olsen that
there are two distinct kinds of understanding of mathematics

- instrumental understanding and relational understanding.

The main characteristic of instrumental understanding is
that what has to be done next is determined purely by the
local situation. The instrumental understander knows that
in order to get from A to B a certain procedure must be
followed. Instrumental understanding is roughly described
as 'knowing how'. Relational understanding of mathematics
consists of building up a conceptual structure from which
its possessor can (in principle) produce an unlimited number
of plans for getting from any starting point within this
structure to any finishing point. Because the relational
understander 'knows why' as well as how, he is able to deviate
from the narrow path of specific procedure to see and use
relationships which pass unnoticed by the instrumental under-

stander.

Another classification, with a 1little more precision, 1is
proposed by Lehman (1977). He considers that understanding
of statements or theories in mathematics consists of any

of three distinguishable kinds of knowledge.

(a) Knowledge of applications of a statement or theory.

The statement in question might be a mathematical rule




such as the rule for the multiplicatidﬁ of decimal
numbers - count the number of decimal places in each
factor and add these to give the number of decimal places
in the product. Ability to apply this rule indicates

Lehman's first level of understanding.

(b) Knowledge of the meaning of a statement or theory.
It is quite possible to apply the above rule without
having any idea of either the significance of a decimal
number or of the process of multiplication. Children

can recite 2 + 2 = 4 long before it becomes meaningful.

(c) Knowledge of the logical relationships among the com-

ponents of a statement or theory. 1In the example above
this is the knowledge of the logical relationship between
the position of the decimal point in the factors and

Ld

its position in the product.

These models of Skemp and Lehman are, of course, not unrelated
It seems, in fact, that Lehman is describing some particular
features of instrumental and relational understanding.
Instrumental understanding is likely to include both knowledge
of applications and knowledge of meaning, and knowledge of
logical relationships might be a useful indicator of relation-
al understanding. Both classifications were found to be
useful in describing and analysing students' mathematical

behaviour in this study.

Returning, then, to the expectations which might reasonably
be made of an intelligent subject in relation to mathematics
learning, it is suggested that such a subject should be able
to achieve relational wunderstanding of the mathematical
concepts and procedures found in a normal school programme
and be able to learn, retain and apply the associated tech-
niques. The study is concerned with those otherwise able

students who fail significantly in this regard.

Associated with such failure there are often difficulties

in the affective area. The relationship between factors




such as attitude, motivation and anxiety, and mathematics
learning has been exploréd by many researchers. Reviews
of this research are presented in Biggs (1962, 1967) and
Aiken (1970, 1976). The more recent literature has concen-
trated on sex differences, particularly in relation to math-
ematical anxiety (Tobias 1978, Kogelman 1979, Stamp 1979,
Luchins 1979). In fact, so much has been written on this
matter that Luchins (1979) comments on the degree of 'anxiety
about mathematical anxiety' and warns of the dangers of this
adding to the stereotyping of women as being poor at math-

ematics.

From the point of view of this study, howeve;, it is in the
cognitive rather than the affective domain that the apparent
contradiction in the behaviour of able students is evident.
Indeed, it would be surprising if a well motivated,
intelligent subject, having considerable success in other
areas did not react anxiously to repeated failure in math-
ematics. It would be equally surprising if the presence
of this anxiety did not induce negative attitudes and the

development of interests away from mathematics.

This view of the affective symptoms as being, at least
initially, a consequence of the cognitive difficulties 1is
held by most researchers. Tobias, for example, states quite
categorically:

My principal purpose in writing this book

is to convince women and men that their fear

of mathematics is the result and not the cause

of their negative experiences with mathematics,

and to encourage them to give themselves one
more chance.

(Tobias, 1978: 5)

There is, however, considerable danger of creating a false
dichotomy by this division between the cognitive and affective

factors of learning. 1In this connection Skemp writes:




In everyday human activity and interaction,
feeling and cognition are combined in varying
degrees; and this close association between
cognitive and affective experiences will follow
as a necessary consequence of the theoretical
.approach which is being developed in this
book. The dissociation of the two 1is, I
believe, an artifical one, which has led to
one-sided approaches in both psychological
and educational theory.

(Skemp, 1979a: 11)

In Skemp's model the affective experiences such as pleasure,
unpleasure, fear and relief are seen as signals of movement
in the cognitive area towards, or away from goal or antigoal
states. Feelings of confidence, frustration, security and

anxiety are indications of the organism's knowledge of its

ability to make such movement. §ETais 19
State . Knowledge of
. Signals from ¥ . . e
perceived ability inability
; comparator
as changing to change
state
‘/// Towards Pleasurne Conf.idence Frustration
Goal
state \
Sway Unpleasurne - -
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goal
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Figure 1: Affective Symptoms (Skemp, 1979a: 81)




This interpretation of the affective symptoms as indicators
of difficulties in the cognitive area is particularly useful
in this study. It will be shown, for example, that the
emotional reaction expressed by subjects to tasks in different
content areas within the school mathematics programme is
quite wvariable. The indicated dislike of tasks involving

fractions being particularly strong. The actual measurement

of such emotional reaction, however, presents major method-
ological problems. McKeachie, for example, in discussing

the measurement of state anxiety, writes:

Perhaps we need to have one instrument
sampling a range of potentially anxiety
producing situations: another tapping
the intensity of anxiety typically
elicited: and perhaps still another
dealing with the types of reacting to
anxiety such as withdrawal, worry, or
impulsive disorganisation. Some anxious
persons may respond to anxiety by attend-
ing to their physical symptoms; others
may perseverate on thoughts about future
consequences of failure: still others
may work harder.

(McXeachie, 1977: 4)
These difficulties, and the views of Skemp, Jjustify the
consideration of the subjects' reported affective reaction
to mathematical tasks as an indication of probable cognitive
difficulties, and the concentration of the study on these
cognitive difficulties rather than on the emotional reaction
itself.

MATHEMATICAL HIERARCHIES

One obvious concern of this study will be to identify the
timing of such cognitive difficulties within a subject's
mathematical education. There may be sensitive or critical
periods @uring which problems are most 1likely to arise.
This possibility leads to a consideration of the many forms
of hierarchy which influence the sequencing of tasks in math-

ematics education.
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One of the major characteristics of mathematics as a form
of knowledge (Hirst 1972) is its hierarchical nature. Apart
from the most basic concepts, all mathematical objects are
specified in terms of other, prerequisite objects. The
fraction 3/4, for example, is defined in terms of the natural
numbers 3 and 4. It may be that given two related objects,
either may be taken as subordinate, but this only affects

the form of the hierarchy, not its character.

Associated with this ‘'structural hierarchy' there is the
possibility of a 'learning hierarchy' (Gagné 1965). The
basic premise of such hierarchies is that the ability to
perform a given class of tasks cannot be manifest unless
all of a set of relevant subordinate skills, or elements
of knowledge, are already possessed by the learner (White
1974). * In establishing such hierarchies in mathematics learn-
ing, strong use 1is made of the corresponding structural
hierarchy to suggest 1links between elements, the strengths
of these links being tested empirically.

These two forms of hierarchy relate directly to mathematical
tasks, but there are other, indirect, orderings which are
implied by categorizations of subjects' abilities, such as
Piaget's (1963) stages of cognitive development, or Scandura's
(1971) process abilities in mathematics. Specific tasks
can be grouped according to the ability required for their
mastery (Collis 1975, Kuchemann 1978, Noeltung and Gagné
1980), and the proposed hierarchy of abilities imposes a

ranking on the tasks.

The actual sequencing of tasks within a school programme
reflects each of these forms of hierarchy to a greater or
lesser extent, together with the influence of other societal
or cultural variables (Griffiths and Howson, 1974). For
example, the 'new mathematics' syllabuses of the 1960's were
heavily influenced by the 'structural hierarchy' with its
emphasis on logical development and math~matical structure.
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Each of these sequences 1is of importance to this study.
If an area of difficulty can be identified for a particular

tudent, the position of that area in a mathematical sequence,
in a learning hierarchy, in a developmental sequence, and
in the school programme, may all be factors in understanding
the difficulty.

In Chapter 2 the choice of the clinical method for this study
is discussed and the problem is placed in a theoretical

perspective.

Chapter 3 contains a description, and justification, of the
choice of subjects made and the particular clinical procedures

used.
Fd

In order to present the evidence from which conclusions are
drawn in a manner which is accessible to subsequent critical
assessment, Chapter 4 contains a discussion of the clinical
analysis procedures developed and a detailed analysis of
the interview with one particular student. The tentative
conclusions formed on the basis of this evidence are then
tested against the results of a more general clinical analysis

in Chapter 5.

In order to complement this clinical analysis, the interview
responses were coded according to the level of understanding
indicated, and a statistical analysis of the data is presented,

and discussed, in Chapter 6.

Finally, in Chapter 7, the study is summarized and the con-
clusions are drawn, together with their educational implicat-

ions and suggestions for future research.
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CHAPTER TWO

TH TICAL PERSPECTIVE AND_CHOI F_METH

In this chapter an attempt will be made to relate the choice
of method for this study to the research question discussed
in the previous chapter and to place both of these in a theor-

etical framework.
The character of the relationship between research questions

and methods 1is illustrated by a consideration of previous

studies of mathematical ability.

RESEARCH METHODS

Krutetskii (1976) suggests that studies into possible typ-
ological differences in mathematical abilities may be consider-
ed as belonging to two major schools, the 'factorial' school
and the 'introspective' school. The first is typified by
the use of the method of correlation followed, often, by

factor analysis of the test results. The second uses:

««+. psychological observation and exper-

imental introspective analysis of . the

thought process when mathematical problems
are being solved.

(Krutetskii, 1976: 23)

This is, of course, not the only possible classification.
Piaget (1929), for example, distinguishes between the 'clinical
method', the 'test method', and the 'method of pure observ-
ation'. Clearly the factorial school studies use the test
method and studies using the clinical method or the method
of pure observation may be included amongst the introspective
studies. In the case of studies into the nature of math-
ematical ability, however, the vast majority of studies have

been either factorial or clinical in nature.
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Studies in the two schools, although referriné to the same
basic question concerning the nature of mathematical ability,

.address different aspects of this question.

Krutetskii, for example tried:

eeo. to clarify the features that charact-
erize the mental activity of mathematic-
ally gifted pupils as they solve various
mathematical problems.

(Krutetskii, 1976: 78)

For this purpose he used a clinical method, although factor

analysis was used as an auxiliary method.

The questions asked by researchers in the factorial school
are different 1in character. Wrigley states the general

question as:

Is there a group factor for mathematical

ability over and above 'g', the general
factor? :

(Wrigley, 1958: 62)
The choice between the methods, then, depends as much on

the appropriateness of the questions asked as on the approp-

riateness of the methods used to answer these questions.

FACTORIAL STUDIES

Comprehensive reviews of factorial studies of mathematics
ability are available in Mitchell (1938), Wrigley (1958),I
Biggs (1962), Aiken (1973), Krutetskii (1976), Bishop (1980)
and De Guire (1980) and it is not intended to reproduce this
material here. However, some comment on the character of
the results and their applicability to the research question

of this study is appropriate.

Much of the evidence from these studies has been conflicting.
Wrigley (1958) comments on this conflict in relation to the
central question as to whether or not the separate abilities,
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which together make up mathematical ability, form a group

factor over and above 'g', the general factor. He quotes

eight studies which deny this and five which affirm it.
Krutetskii (1976) identifies a number of factors which have
been suggested as having a particular relationship to math-

ematical ability. The principal factors are:

(a) The general factor g.

(b) The numerical factor N.

(c) The spatial factor S (visual Vi)°
(d) The verbal factors V and W.

There 1is, however, no consensus on the importance of each

of these factors. 1In summary, Krutetskii writes:

Our analysis of factor analytic studies
of mathematical ability allows |us
to conclude that the attempt to reveal
the essence and structure of mathemat-
ical ability by testing, followed
by factor analysis, without incorp-
orating a psychological analysis of
process, has not proved its value.
Such a one-sided analysis gives us
no accurate, meaningful concept . of
the structure of mathematical ability.
The hypothetical 'factorial' structure
of mathematical ability has proved
to be amorphous, schematic, and lacking .
in content; consequently its theor-
etical and practical value in no way
corresponds to the effort spent on
studying it.

(Krutetskii, 1976: 36)

Not all the reviewers are so scathing. De Guire (1980) is
more optimistic and ,believes that families of factors can
be identified in the studies, each family representing a
class of cognitive processes, possibly very broad and very

divergent, but in some way correlated. She suggests:

... a hierarchical structure of math-
ematical abilities with the primary

factor families being Reasoning, )
Spatial, Numerical and Verbal.

(De Guire, 1980: 12)
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From the point of view of the problem associated with this
project, however, a careful study of the factor analysis
literature has not proved to be helpful. 1Indeed the principal
impression left is that any supposed structure of mathematical
abilities identified in these studies is no more than the
structure of the questions used to identify these abilities.
Furthermore, a conclusion such as:

All of this has suggested to investigat-

ors that mathematical ability

constitutes the ‘'central ©part' ©of
general intelligence.

(Krutetskii, 1976: 31)

- merely adds to the apparent contradiction in the existence

of intelligent subjects who cannot handle mathematics.

CLINICAL STUDIES

Skowronek in his summary of the discussion which took place
during the session on research related to the mathematical
learning processes at the 3rd International Congress on Math-
ematical Education, writes:

Nunerous studies of mathematics learn-
ing are mostly statistical in character
and accordingly focus on average
achievements and learning results,
not on learning processes, thus tending
to conceal the decisive recognition
that mathematical ‘'insight' or math-
ematical understanding may be achieved
in individually highly different learn-
ing processes.

(Skowronek, 1977: 243)

There is a growing awareness in mathematics education circles
of the importance of an understanding of these individual

learning processes. Skowronek again writes:

Not until a comprehensive description
of the individual acquisition processes
operating in teaching has been provided
will it be possible to make the first
attempts at a formulation of a compre-
hensive theory of mathematical learning.

(Skowronek, 1977: 244)
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Whether or not this very general statement is justified,

it does seem that individual learning processes are at the

very heart of the problem under consideration. We are concern-

ed

to determine why some intelligent individuals do not

respond to mathematical experiences in the way we would expect,

and clinical, or introspective, studies seem to have consider-

able potential here.

The method has its roots in the work of Piaget but may take

various forms. Romberg and Uprichard (1977) suggest that

there are five distinct methods which can be placed within

the realm of 'clinical investigation' (Irons, 1979).

(a) The structured individual interview. In this method,

(b)

(c)

the inteviews are highly structured and each subject
is given the same set of questions. The responses are
usually analysed in a formal manner. Within mathematics

education the work of Brownell in the 1940's (Weaver,

"1976) and that of Weaver (1955) and Lankford (1972)

provide examples.

The Piagetian <clinical method. The method begins in
the same way as the structured interview with each subject
being given the same task or question, but responses
are probed to delineate the cognitive processes involved.
There are, of course, many examples from the work of
Piaget himself. Examples in mathematics education are
described in Rosskopf et «¢£ (1971), Easley (1977), and
Booker (1980), and the method, applied to mathematics
is described in detail in Opper (1977).

Clinical intervention research. Here, rather than trying
to simply discern the subject's knowledge, an intermediate
factor of instruction is introduced after an initial
interview, and subsequent performance is related to the
initial assessment of the subject and an analysis of
the task (Booker, 1980). The major source of examples
here is the work of the Russian psychologists (Kilpatrick
and Wirszup, 1969, Krutetskii, 1976) but this line of
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research 1is also being pursued 1in Austfalia (Booker,
1980).

(d) Ethnographic case study. In this case, the investigator
does not start with control over the problem situation
but describes and investigates the nature of events as
they arise. Examples in mathematics education are scarce
but Erlwanger's (1973) investigation of six children
in the school setting comes close to this method, as
does Ginsberg (1977).

(e) Process-development evaluation. This contains the same
features as the ethnographic case study, but with the
added feature of a time series design. There seem to
be no reported examples of this method applied to the
learning of mathematics.

’
The choice amongst these possible clinical methods is related
both to the choice of subjects and to the nature of the
problem under discussion. The structured individual interview
has the advantages of replicability, wvalidity testing, etc.,
which are associated with statistical methods, but does not
provide sufficient flexibility to explore the individual
differences which, it is suggested, are the key to the problem
being studied. Clinical intervention research has consider-
able potential once specific problem areas have been clearly
defined, but one of the major tasks of this study is to
identify such problem areas. The same difficulty applies
to both ethnographic case studies and process-development
evaluation - the particular events to be described and invest-

igated have to be chosen before the study can begin.

On the other hand Piaget's clinical method allows both the
flexibility to explore individual differences, and the
possibility of covering a wide content area - precisely what -
is required for this study. A series of mathematical tasks,
taken from the school programme, can be selected and these

can be used as the common starting points for interviews.
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' These initial tasks may identify the difficulties which can

be explored in depth in an individual manner.

The choice of subjects is influenced by this choice of
Piaget's method. There are two major possibilities, either
the problem is studied as it arises, that is with children
in the school situation, or after it has arisen with students
at high school or beyond. There are advantages with either

choice.

In relation to the affective domain, working with children
has some advantages. As discussed previously, it would be
surprising if mature students having problems with mathematics
did not: display anxiety, lack motivation, and have poor
attitudes to mathematics as a result of their difficulties.
Consequéqtly, if mature subjects are used it 1is possible:
that any effect which affective factors may have had initially
on the cognitive processes will be masked by the inevitable,

consequential affective factors.

It is important to acknowledge that in the cognitive area
too the recall of past experiences may be filtered by
subsequent experiences and care is necessary in interpreting
this parficular aspect of reflection. However it does seem
that there are considerable advantages in the cognitive area
in using mature subjects. Davis, in analysing Erlwanger's
interviews, comments on the difficulties of interpreting
children's explanations of the processes they used in solving
mathematical problems:

Erlwanger's interviews contain two differ-

ent kinds of data: on the one hand,

the explicit mathematical responses of

the children, but on the other hand,

also the children's remarks, discussions

and explanations of what they were think-
ing, why they selected specific answers,

and so on. Do these explanation marks
help us to understand how the children
select mini-procedures? Someday they

may, 1if anyone ever figures out how to
interpret them, but for the moment we
dre unable to make very much use of them.

(Davis, 1977: 376)
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If this is the case, it indicates a very serious disadvantage
of using children in this study. It is these very remarks,
discussions and explanations which may suggest the key to
the problem. More mature subjects, particularly university
students, may be expected to be able both to reflect on their
cognitive processes, their past experiences and their feelings,
and to express the results of this reflection in a way which

is most unlikely with younger children.

The other, more general advantage of using mature students
is that they are subjects in which one can be more confident
that the phenomenon under consideration actually exists.
Many chldren have periods of difficulty with mathematics,
caused berhaps by illness, lack of readiness, or poor teach-
ing. The majority of able children overcome these difficult-
ies later with a change of teacher or maturity. This study
is concerned with those who never recover from their initial
difficulties, and such subjects cannot be reliably identified

until much later.

THEORETICAL BACKGROUND

As with. the choice of method, it is possible to identify
two different styles of theoretical background to research
studies into mathematical learning and ability. On the one
hand there are the general learning theories of Piaget (1963),
Bruner (1960), Gagne (1965) and Ausubel (1968) which seek
to provide a basis for the understanding of learning processes
in terms of 'developmental theory', 'discovery learning',
'structured learning', or 'meaningful learning'. More recently
there has developed a theoretical approach which seeks to
explain learning at an individual rather than general level.
Some proponents of this approach have been . particularly

critical of the more traditional theories.

For example, Bauersfeld writes:
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Only competing explanations for partial
views o0f 1learning have been developed,
such as Piaget's genetic theory of
epistemology, Gagne's hierachical model,
or the gestalt theories. These positions
cannot be integrated; they represent
generalizations of only limited wvalue
for explanation and projection.

(Bauersfeld, 1979: 20)

Other writers have seen the approaches as being complementary

rather than competing in character. Skowronek comments:

The study of cognitive structures, as done
by Piaget and his research team, is relevant
to the elucidation of mathematical learning
processes. But so far, these studies have
only proven that corresponding structures
exist in a static sense, as general potent-
ialities. However, they obviously cannot
be automatically applied to concrete math-
ematical problems. There 1is a need for -~
a study of the conditions under which pupils
learn how to productively transfer general
cognitive schemata to specific mathematical
objects - possibly in individually highly
different learning processes.

(Skowronek, 1977: 243)
/
This difficulty of applying a generalized theory to the behav-
iour of individuals is illustrated by an aspect of Piaget's
developmental theory which highlights rather than resolves
the apparent contradiction which was discussed in the previous
chapter.

The difficulty arises in theuniversality of the suggested
stages of development. For example, in discussing the stage

of formal thought, Inhelder and Piaget assert:

The most distinctive property of formal
thought 1is this reversal of direction
between reality and possibility; instead
of deriving a rudimentary type of theory
from the empirical data as was done in
concrete inferences, formal thought begins
with a theoretical synthesis implying that

. certain relations are necessary and thus
proceeds in the opposite direction.

(Inhelder and Piaget, 1958: 251)
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That is, the content of a problem becomes subordinate to

its structure.

This aspect of Piaget's theory has been criticised by a number
of authors (Braine 1959, Berzonsky 1971, Wason 1977).

Wohlwill, for example, writes:

... Piaget has repeatedly been taken
to task for his inclination to see noth-
ing but perfect 1logic and rationality
‘in adult intelligence. His reliance
on the principles of abstract logic
as a model for human thinking has blinded
him to the question of the breadth and
stability of logic as used by the
individual.

(Wohlwill, 1968: 481)

It is fhis question which is at the centre of this study.
Thg cognitive behaviour of the subjects of this study is
quite different in different subject areas.

Collis and Biggs comment:

When we began testing our own subjects
on items from the various content areas
we found that the decalages became very
much the rule, not the exception to
an even developmental growth. Not only
were preoperational and early concrete
responses very common among high school
adolescents (and even among university
'students), the 1level of responding was
highly wunstable across subject areas,
the 'same subject ranging from pre-
operational in English, say, to formal
in mathematics. Worse, the same subject
"could vary three and even four stages
in the same subject area.

(Collis and Biggs, 1979: 2) ?

As a consequence, Collis and Biggs, in their study, shifted,
the emphasis away from classifying a particular subject
as being at a certain developmental level to a consideration

of the quality of individual responses per se.
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Gagné, too, comments on the general rather than specific
nature of his theory:

A learning hierarchy, then, in the present

state of our knowledge, cannot represent

a unique or most efficient route for

any given learner. Instead, what it

represents is the most probable expectat-

ion of greatest positive transfer for

an entire sample of learners concerning

whom we know nothing more than what spec-
ifically relevant skills they start with. -

(Gagné, 1971: 115)

Consequently, a decision not to use these general theories
as the principal basis for this study is, as in the decision
to use clinical rather than statistical methods, a reflection
of the nature of the research question asked, rather than

a criticism of the theories themselves.

INDIVIDUAL DIFFERENCES

Until recently individual differences, which are the major
focus of this thesis, received minimal attention in the study
of cognitive development (Carpenter, 1980) Within mathematics
education one/ approach to the problem has been in the area
of aptitude-treatment interaction (ATI). This work 1is
generally seen as growing out of that of Cronbach (1957)
and reviews are available in Cronbach (1975), Hunt (1975),
Tobias (1976) and Cronbach and Snow (1977). Early research
in the area was marked by a 1lack of significant results
(McLeod and Adams, 1977) but later work, using cognitive
style as an aptitude variable was more encouraging. However
the results are still too general to be of significant assist~
ance with this project. Witken et «4, for example, report:

In a good majority of the large number

of studies with college populations,

relatively field-independant students
§ were found to perform significantly better

in the mathematics, sciences, engineering

and architecture domains than field-
dependant students.

(Witkin et af, 1977: 45)
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This suggests, of course, that able students who find math-
ematics difficult are likely to be relatively field-dependent.
But this does not contribute significantly to the determin-
ation of what it is about mathematics which such people find

difficult, nor does it imply any obvious remedial action.

More promising, it seems, are the growing number of models
of mathematical behaviour which have an information-processing
base. Davis and McKnight (1979), for example, suggest twelve
hypothetical mechanisms in mathematical thought. Five of
these refer to sequential processes used, six to Gestalt
processes, and one to deeper level rules. They state:

We would argue that some collection of

human information-processing mechanisms

must be hypothesised if discussions

of mathematical thinking are to become

fruitful.
(Davis and McKnight, 1979: 111)

Such a model is, of course, not independeéent of the more general
learning theories. There may be a very close relationship
indeed. In an editors' comment on Witz's (1973) paper concern-
ing the analysis of 'frameworks' in young .children, Davis
and Ginsburg write:

Professor Wits' paper breaks new ground

in cognitive psychology,. describing

new phenomena in children's thinking,

making Piaget's theory more accessible,

and introducing important methodological
innovations.

(Davis and Ginsburg, 1973: 44)

The major strength of such hypothesised structures in relation
to the problem of this study is that they provide a means
of analysing the particular behaviour of a subject in relation
to a specific mathematics task. Examples of such analysis
are to be found in Witz (1973), Brown and Burton (1978),
Davis et «f (1978, 1979).
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Skemp's (1979a) model of intelligent behaviour, which was
mentioned in the previous chapter in relation to the interact-
ion of cognitive and affective symptoms, has this useful
structural feature in common with the information-processing
models. Skemp himself provides a 'thumbnail sketch' of the
model.

Our starting point is the observation
that much, possibly most, human behaviour
is goal-directed; together with the
conjecture that, cumulatively, success
in achieving our goals is a major factor
in survival.

For goal directed activity operating
on the physical environment, we have
a director system, delta-one, which
receives information about the present
state of the operand (what 1is being
acted on), compares this with the goal
state, and with the help of a plan which
it constructs from its available schemas,
takes the operand from its present state
to its goal state and keeps it there.
We may if we 1like call delta-one a
sensori-motor system. ‘

Delta-two 1is another director system,

with a difference. Its operands are
not in the outside environment, but
in delta-one. They are not physical

objects but mental objects. The function
of delta-two is to optimise the function-
ing of delta-one. I prefer not to call
delta-two a reflective system for reasons
which will appear later. 1In a nutshell:
the Jjob of delta-one is to direct
physical actions. The 3job of delta-
two 1is goal-directed mental activity,
also of many kinds, including 1learn-
ing, but not only. Learning includes
the construction and testing by delta-
two within delta-one of the schemas
and plans which delta-one mnmust have
to do its job. .

(Skemp, 1979b: 44)

Skemp compares this model to others in the same or closely
related fields and in relation to Piaget's developmental
psychology has this to say:
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There can now be seen to be very little
resemblance between my own model of
intelligence as a second-order goal-
directed activity, and that of Piayet
which rejects teleology and 1is Dbased
on_ equilibration. Another contrast
is between Piaget's conception of intell-
igence as a stage of mental development,
.reached after a succession of earlier
stages, and my own as that mental funct-
ion which brings about these changes,
from the earliest onwards. Yet paradox-
ically, it 1is here that the nearest
to a relationship can be found between
his theory and my own. For it is the
investigation and description of these
stages which form the core of Piaget's
developmental psychology. ......

Syeels Piaget's descriptions of these
successive states are, however, global
descriptions. He does not, for example,
show how by reflective analysis of a
concept, a teacher can choose and group
together suitable examples by which
to help a learner form the concept more
quickly and reliably; nor how by further
analysis, a teacher can find out what
lower-order concepts a learner requires
to have available before a particular
higher-order concept can be formed.

(Skemp, 1979a: 220)

The strengths of Skemp's model, then, as a theoretical basis
for the consideration of the problem of the thesis lie firstly
in the hypothesised relationship between the cognitive and
affective determinants of 1learning, and secondly in the
structural rather than global nature of the theory. In view
of Skemp's background as a mathematician and his long-standing
interest in the problem, it is not surprising that his model

is so apposite.

The model is very comprehensive being:

..+«s concerned both with the subtle
content that is to be learned, and also
with the social motivation, and cognitive
aspects o0of the environmental setting
where learning will hopefully occur.

(Davis, 1980: 357)
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One of the major features of the model which has particular
significance for this study concerns the representation of
" schemas or conceptual structures as 'cognitive maps'. Within
the confines of such a cognitive map a 'director system'
operates forming 1links between the present state P and a

goal state G.

The achievement of the goal state is conditional on the real-
ization of both the present state and the goal state within
an appropriate schema, and the availability of a director

system to form the path between them.

~
g

For example, faced with the problem of explaining why

2 + 3 = 5, a subject retrieves a schema which includes a
representation of addition as the union of two sets and within
this conceptual structure is able to see and explain the
connection between the 2 and the 3 on the left-hand side
of the equation and the 5 on the right. In this case, the
schema has much in common with. the 'framework' of Witz's
(1973) model.

Failure to achieve the goal state may occur for a variety
of reasons. Firstly the present state may not be realized
in any existing schema. This would occur if a student were

asked a question which was entirely outside his experience.
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For example, a student who had no experience of calculus
would not be able to place the question: Evaluate the

integral

Sin x dx

in any appropriate schema - he would not know where to start.

Secondly, the schema activated by the present state may be

inappropriate and may not contain the goal state.

P

For example, Kent (1978) has commented on the essential 'five-

ness' of the solution to 2 + 3 = ? The subject, seeing and
3 5 B

addition sign, retrieves the same 'union of sets' schema
as before and argues that two 'somethings' plus three 'some-
things' must be five 'somethings'. 1In this case the achieve-
ment of the goal state would be dependent on extending and
refining the schema to include the concept of equivalent

fractions.

A third possibility is that although both the present state
and the goal state are realized within an appropriate schema,
the subject cannot make the necessary connections between
them. For example, some students although able to add two
fractions together correctly are gquite unable to explain
their reasons for doing so. In terms of Skemp's model, if

the goal state is one of finding the answer to 2 + 3 then their
3 5

knowledge of the rﬁles enables them to form an appropriate
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path within their cognitive map. However, if the goal is
to justify their solution, clinical investigation may indicate
that although the ©prerequisite <concepts of equivalent
fractions and the properties of addition are available to

the students, the necessary connections are not made.

Skemp discusses in detail the character, construction, testing
and use of such conceptual structures and their relationship
to cognitive and affective experiences. In relation to this
study, the identification of the conceptual structure used,
and the 1links made within these structures when students
are solving mathematical problems would clearly be of consid-
erable value in determining the character of any difficulties
present. Such structures are obviously not directly observ-
able and can only be inferred from the student's behaviour.
It is in this process of inference thaé the clinical method
has its strength. Beginning with a mathematical task, the
interviewer may probe various aspects of the subject's
responses to the task, building up of a mosaic ‘0of information
concerning the way the subject thinks about the task and
its relationship to other tasks and experiences. This data
may then be subjected to detailed analysis in an attempt
to reconstruct some of the features of the cognitive map

used by the subject.

In building up this many-sided, 'holistic' (Diesing, 1971)
picture of a subject's mathematical behaviour, use can be
"made of a number of techniques and classifications used by

other clinical researchers.

PIAGET'S CLINICAL METHOD

Piaget's own description of the method is found in The Child's
Conception of the World (Piaget, 1929). Here, as was mention-
ed earlier, he distinguishes between the 'clinical method'

the 'test method' and the 'method of pure observation'.
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The major characteristic of the clinical method is the probing
of responses and consequently the element of judgement as

to the nature of a probe is crutial. Piaget warns:

It is so hard not to talk too much when

questioning a child, especially for
a pedagogue! It is so hard not to be
suggestive! And above all it is so

hard to find the middle course between
systematisation due to preconceived
ideas and incoherence due to the absence
of any directing hypothesis.

(Piaget, 1929: 9)

The technique can, in Piaget's view only be learned by long

practice.

When students begin they either suggest
to the child all they hope to find,
or they suggest nothing at all, because
they are not on the lookout for anything,
in which case, to be sure, they will
never find anything.

(Piaget, 1929: 8)

- The obvious non-suggestive probes (Codd, 1979) such as 'Why?'

or 'How do you mean?' or 'What makes you think so?' need to
be supplemented with carefully chosen, more suggestive probes
which direct the responses towards the working hypothesis
which the investigator is seeking to check. The balance of
suggestive or non-suggestive probes is partly determined by
the character of the phenomenon under investigation. For
example, the probes in 1Inhelder and Piaget's The Growth of
Logical Thinking (1958) tend to be more suggestive and specific
than those in Piaget's The Child's Conception of the World
(1929).

The interpretation of interview protocol also calls for judge-
ment. Piaget distinguishes five kinds of answers which child-

ren might give to a clinical probe.




30

( i) Answer at random.

... when a child appears uninterested ... it replies

at random and whatever first comes into its head.

( ii) Romancing.

... when the child, without further reflection, replies
to the gquestion by inventing an answer in which he

does not really believe.

(iii) Suggested conviction.

«.. wWhen the child makes an effort to reply to the’
question but either the question 1is suggestive or
the child is simply trying to satisfy the examiner

without attempting to think for himself.

( iv) Liberated conviction. '

... when the child replies after reflection, drawing
the answer from the stores of his own mind, without

suggestion, although the question is new to him.

(avl ) Spontaneous conviction.

... when the child has no need of reasoning to answer
the question, but can give an answer forthwith since
already formulated.

(Piaget, 1929: 10)

The liberated conviction 1is, in Piaget's view of greatest
interest. Again care 1is necessary in interpreting these con-
victions. Firstly, the influence of the question must not
be discounted. For example, if the reply to the question
'How did the sun begin?' is 'Men made it', it may not be infer-
red that the child believes that the sun had a beginning -
that was implied by the question - but only that there 1is
some vague connection between the sun and men. Care must
also be taken not to infer a logical coherence to an answer

where the coherence is of an organic rather than logical



<

character. Verbal responses are necessarily imperfect repres-
entations of the world of thought and care must be taken not

to read too much into a particular verbal representation.

It should be remembered too that Piaget's method as described
was developed for the investigation of the cognitive behaviour
of children. In this study a similar method will be used

on adults. The difference is important. Piaget comments:

This research itself may -be guided
by the following principle. Observ-
ation shows that the child's thought
has little systematisation, little
coherence, is not in general deductive,
is for the most part untroubled by
the need for avoiding contradiction,
juxtaposes statements rather than
synthesises them and accepts syncratic:
schemas without feeling the need to
analyse. In other words the child's
thought more nearly resembles a sum
total of inclinations resulting from
both action and reverie (play combining
these two processes, which are the
simplest to yield organic satisfaction)
than it resembles the self conscious
and systematic thought of the adult.

(Piaget, 1929: 25)

It is likely that this 'self conscious and systematic thought
of the adult' will be a significant feature bf the interview
data. Consequently a smaller proportion of 'liberated convict-
ion' responses may be expected since little of the material
is entirely new to the subjects. The concern will be rather
to examine carefully the 'spontaneous conviction' responses
in order to determine the nature of the previously formulated
ideas. A different character of probes might be appropriate

for this purpose.

A consideration of Piaget's method as it has been applied
to research questions in mathematics education indicates that
some modifications have taken place. Invthe conduct of inter-
views, for example, Piaget describes the researcher as having

constantly in mind a hypothesis which he is seeking to test.
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Opper (1977) describes how the method has béen modified so
that beginning with an initial hypothesis, the interviewer
may formulate new hypotheses with successive responses of
the child.

There have also been a number of later suggestions concerning
the interpretation of interview data which have inevitably
affected the character of the interviews. The usual approach
has been to classify the observed behaviour as falling into
one of a number of predetermined categories, thereby giving
a profile of the subject's behaviour. There have been a number
of suggested classifications, each addressing a different
aspect of the behaviour and consequently being complementary
in building up a holistic view of the cognitive structures

used by the subject.

CLASSIFICATIONS OF INTERVIEW RESPONSES

Piaget's five fold classification (answer at random, romancing,
suggested conviction, liberated conviction, spontaneous con-
viction) which has just been described is qualitative in nature
and intended to be applied to individual responses within

an interview.

A slightly different approach is suggested by Tall (1979)
who also proposes a qualitative classification, but one which
takes account of the relationship of a particular response
to the whole sequence of responses of which it is part. He
suggests that the qualitative nature of the thinking processes
which occur in a ciinical interview may be considered in the

context of:

(a) 1Initial responses: immediate responses to stimuli which

occur without time for reflection.

(b) Ongoing schema: which may be -
( 1 ) resonance schema: carried on by the intense

power of the thought process itself.
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( ii) superimposed schema: where the initial response
involves two disparate schemas which produce a
novel train of thought superimposing two (or more)

resonances.

(iii) conflict schema: the subject realises a conflict

is present but has not, as yet, resolved it.

( iv) explanatory schema: an explanation of thought

processes which have already taken place.

(c) Discontinuities.

)( i ) conflict: causing disruption of thought.

“( ii) mental blocks: stoppages in thought, often preced-

ed by conflict.
(iii) insights: sudden leaps in thought.

( iv) finish: end of schematic action.

Most Piagetian research (Sigel and Hocper, 1968; Rosskopf
et al , 1971; Rosskopf, 1975; Collis, 1975) has employed
a classification system which does not ﬁake into account
individual responses per se, but identifieé the Piagetian
developmental stage of the subject as indicéted by a whole
sequence of responses. Closely associated with this develop-
mental stage approach is the SOLO Taxonomy (Structure of the
Observed Learning Outcome) of Collis and Biggs (1979). However
this <classification relates specifically to the responses
themselves and not to any implied developmental stage of the
subject. The five categories used are pre-structural, uni-
structural, multi-structural, relational and extended abstract.
These relate directly to the pre-operational, early concrete,
middle concrete, concrete generalization, and formal operations

developmental stages.

In this study the concern is to explore the conceptual struct-
ures used by students in working through certain mathematical
tasks. For this purpose some rather more task specific class-

ifications are appropriate. These classifications may again
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be related either to individual responses 6r to a whole

sequence.

At an individual response level White and Mayer (1980) provide
a classification system for analysing the types of knowledge
associated with skills concerning functional relations. Each
response is classified according to its Concepts (four categor-
ies), Arguments (twelve categories), and Contexts (eight cat-

egories).

In a more global assessment, total performance on a mathemat-
ical task, as indicated by a whole sequence of responses has
been interpreted as indicating a particular class of under-
standing. For example in 1975, Skemp, working with the National
Foundation for Educational Research in England, undertook
a feasibility study into the possibility of testing the quality
of children's mathematical thinking by means of a written
test.

Children were given a written statement and then asked two
multichoice questions on that statement. The first asked
them to choose between a number of alternative explanations
for the statement and the second asked them to identify, from
a number of alternatives, a statement which was basically
concerned with the same kind of mathematical thinking as the
original statement. The answers were classified according
to whether they showed relational understanding, instrumental
understanding, or no understanding at all of the statement.
Three weeks after the written test the children were interview-
ed on the same tasks and their understanding classified as
before. The interview assessments were taken as the valid
ones and the results compared with those from the written
tests. In a personal communication, Skemp (1977) writes:

... the first part of the written test

was quite unreliable in evaluating the

children's thinking within the categories

instrumental and relational understanding.

Their choice of written reply were made

for a variety of reasons, which emerged
during interview. My present belief
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is, fairly strongly, that if you want to
lassess the thinking of an individual
in this respect, the only way to do this
is by talking to them, in what has come
to be called a Piaget style interview.

The complementary nature of these classifiéation systems 1is
obvious and they all proved to be of wvalue in building up
a pattern of evidence for the conclusions which were drawn
concerning the cognitive structures of the subjects interviewed.
The use made of these classifications is discussed and illust-
rated in Chapter 4.

Mention should be made at this stage of a category-free
approach to interviews which has been suggested by Witz.

He describes a method which:

... aims to describe and document
mental structures which the child has,
and which are specific to the child,
without adopting a preconceived system .
of behaviour categories and thereby limit-
ing a priori the totality of structures
that are possible in children. '

(Witz, 1973: 46)°

The central concept of the method is that of frameworks which ‘

are sets of schemes (cognitive structure representations) ‘

having the properties of being;

(a) connected (to the child)
(b) dominant over a period of time

(c) related to a specific class of situations.

The aim of the analysis of the interview data in this method

is:

... to discover the child's frameworks
and their period(s) of dominance; to
describe them ©precisely, to document
their dominance in the periods in question;
to exhibit the discontinuities in assim-
ilation that occur, and to explain the
special interpretations and misunderstand-
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ings the child shows vis-a-vis the exper-
imenter's questions.

(Witz, 1973 ST)

The close association between Witz's 'frameworks' and Skemp's
- 'cognitive mapms' has been noted earlier and the aims of the
clinical analysis in this study correspond closely to those
described by Witz. However, the approach to interviewing
which was used, rather than being category-free as suggested
by Witz, was multi-category. The intention of the interviewer
was to explore as many facets of the subjects' thinking about
the mathematical tasks as possible so that the resulting data

could be classified in a number of different ways.

The specific procedures used are discussed in the next two
chapters, but before these are presentedr it is appropriate
to discuss the important features of reliability and validity
as they apply to a study of this kind. The selection of
subjects, production of inteview tasks, conduct of interviews,
and the analysis of the data are all influenced by the position
adopted with respect to reliability and validity.

RELIABILITY AND VALIDITY

Diesing (1971) discusses reliability and wvalidity at some
length, contrasting the requirements of a clinical method
with those of experimental or survey methods of research.
He defines the clinical method as being essentially 'holistic'

and writes:

The holist uses evidence to build up
a many-sided complex picture of  his
subject matter. He accomplishes this
by using several kinds of evidence, each
providing a partial or limited description
that supplements other partial descript-
ions.

(Diesing, 1971: 147)
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These descriptions then form the basis for an explanation
of the phenomenon which Kaplan calls the 'pattern model of
explanation' in contrast to the 'deductive model' used by
the experimentalist seeking causal connections. Kaplan writes:

According to the pattern model, then,

something is explained when it is so relat-

ed to a set of other elements that together

they constitute a unified. system. We

understand something by identifying it
as a specific part in an organised whole.

(Kaplan, 1964: 333)

Diesing discusses a number of significantly different features
of the two models of explanation. One of these differences
concerns dgeneralization. In the deductive model there 1is
always a sharp distinction between the 'explanandum', the
thing to be explained, and the 'explanans', that which does
the explaining.

The explanandum may be a particular occurance or an empirical
regularity, while the explanans 1is always a general law, or
system of laws. For example, the observed fegularity in the
motion of the planets (explanandum) is expiéined in terms
of Newton's Laws of Motion and gravitation (explanans). The
explanans is always more general and abstract than the explan-

andum.

However:

In the pattern model both explanandum 'and
explanans are on the same level of general-
ity, and the relation is that of part and
whole. Both are equally particularized
to the system being described, and no
general laws appear anywhere.

(Diesing, 1971: 160)

For example, the criminal lawyer sets out a pattern of
evidence and argument which relate to guilt or innocence
of a defendant. Both a particular piece of evidence (explan-

andum) and the verdict which it supports (explanans) relate
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only to the particular case, not to some generél law. (Codd
1979).

By interview, we can hope to build up a mosaic of evidence
concerning a particular student's mathematical concepts and
procedures which may enable us to explain the mathematical
difficulties encountered by that student. The drawing of
more general conclusions concerning the mathematical behaviour
of a particular class of subjects would require the super-
imposition of a deductive model, drawing on evidence from
a large number of randomly selected subjects and employing
a battery of techniques to ensure the validity and reliability

of the methods and conclusions.

These terms, validity and reliability, are well defined in

relation to the deductive model, but, as Diesing points out:

The holist is interested neither in reliab-
ility nor in wvalidity in this sense.
Reliability implies the ideal of an
impersonal, automatic investigator; but
in case studies, the personality of the
investigator and his relations with the
people he 1is studying are an essential
source of understanding. Validity in all
of its officially (American Psychological
Association) approved senses 1is in the
relationship between a test response,
profile, or pattern and some real attribute
or quality; but to the holist such isolated
data are nearly meaningless because they
have no context.

(Diesing, 1971: 146)

For example, if this study were employing the deductive model
of explanation then some measure of inter-scorer reliability
would be appropriate. A high correlation between different
observers descriptions and interpretations of the behaviour
of subjects in relation to individual items would be expected.

However, in a clinical study the subject responds to verbaliz-
ations by the interviewer with further verbalizations. Since
these verbal responses are necessarily imperfect representat-
ions of the world of thought, different descriptions and inter-

pretations by different scorers of the underlying processes
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involved are to be expected. These differenf interpretations
would complement rather than contradict each other, each
providing a partial perspective useful in building up the
pattern of explanation. The implication of inter-scorer
reliability measures is that there is a 'correct' interpretat-

ion on which independent observers should agree.

However, if reliability is not required, in that differing
interpretations are acceptable, there is still the obvious
requirement that such interpretations must be, in some sense,
valid. To distinguish the appropriate form of validity from
that used by the psychometrician and the survey researcher,
Diesing defines it as 'dependability'.

The dependability of a source of evidence

is the extent to which its output can be

taken at face wvalue relative’ to other

sources of evidence, in the process of

interpreting manifold evidence. None

of the evidence wused by <clinicians and
participant observers is absolutely depend-

able; none 1is ever completely free from
the need for cross-checking and reinter-
pretation.

(Diesing, 1971: 149)

The hierarchical nature of mathematics and mathematics learning
has advantages for the achievement of this kind of depend-
ability. For example, in this study a subject's understanding
of the concept of addition of whole numbers is assessed by
the response to a specific item early in the interview. But
the operation is used many times by the subject in responding
to later items on fractions, decimals, variables and problems.
Consequently the interpretation which is put on the initial
response can be checked each time the operation is used in
later responses. In this way either confidence in the initial
response is enhanced or the need for reinterpretation .= of

the initial response is indicated.

Not all writers agree with Diesing on the relationship of
the clinical method to the concepts of reliability and validity.

Mouly, for example, writes;
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The first step of the case study is obvious-
ly the selection of the cases which exemp-
lify the problem area under consideration.
There 1is especially a need for typical
cases - that is, not a random sample of
the general population but a random sample
of cases considered representative of the
problem under investigation. The sample
should be large enough to permit the deriv-
ation of valid generalizations.

(Mouly, 1963: 358)

In this study, however, the search for, and use of 'typical
cases' seems to be methodologically unsound (Zelditch, 1969),.
This is a multi-dimensional study of individual differences
and no subject, whether randomly selected or not may be consid-
ered as representative, in all respects, of. the population. -
Furthermore, to make a randomly selected sample large enough
to permit the derivation of wvalid generalizations is quite
impractical given the character of the study and the variabil-

ity of the population.

Consequently, every effort is made in this study to ensure
that the evidence and the conclusions are 'dependable' in
the sense defined by Diesing. However, no attempt is made
to achieve reliability or wvalidity in the deductive sense
by means of such techniques as randomly selecting subjects

or the use of inter-scorer reliability measures.
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CHAPTER THREE

THE CHOICE OF SUBJECTS AND DEVELOPMENT OF INTERVIEW TASKS

SELECTION OF SUBJECTS

Two principal criteria were used in the selection of subjects
for the study. Firstly it was necessary that subjects should
have a positive attitude towards the study in order that
they would be willing to reflect on their cognitive processes
and feelings and to express the results of this reflection
to the interviewer. As a consequence, the purpose and
character of the study was explained to all potential
subjects, and all the subjects used were volunteers.
!

Secondly, the intention of the study was to try to explore
the cognitive structures of students having difficulty with
mathematics. It was decided that in order to provide a
comparison of these structures with those of étudents who
do not have the same degree of difficulty, and indeed with
those who have considerable success in mathematics, the
sample should include subjects with a wide range of mathemat-
ical abilities and interests. Consequently, roughly equally
sized groups were chosen from those subjects who had done
well in mathematics at school and had continued with the
study of the subject as a possible major at university;
from those subjects who had a somewhat weaker, but still
reasonably competent, school background and who were using
mathematics at university to support study in other areas;
and from those subjects who had a poor school performance
in mathematics in relation to other subject areas and who
had chosen degree courses with 1little or no mathematical
content. With hindsight, it seems 1likely that the study
would have been improved had the less able group been made
larger at the expense of the other two groups. The clinical
analysis of the data from the more able subjects, in fact,

produced few surprises. They had, in the main, learned
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the content very much as it had been presented to them.

The subjdcts themselves were asked into which of the three
groups they felt they belonged and a final sample of twenty
six were interviewed. On their assessment nine considered
themselves to have had much more difficulty with mathematics
than with other subject areas, eight had coped reasonably
at school but were not very confident, and the remaining
nine had found mathematics one of their best subjects and
were keen to continue its study. The subjects were later
ranked according to their performance on the interview tasks
and a grouping based on this ranking, which is reported
in Chapter 6, corresponds closely to that made by the

subjects themselves.

Of the 26 subjects, 15 were female and 11 male, there being
both males and females in each group. 5 of the subjects
were older students who had some work experience before
undertaking, or returning to university study. Again there
were representatives of these more mature students in each
group. The other 21 subjects had come straight‘to university

from school.

THE MATHEMATICAL TASKS

As discussed previously, the subjects were to be led through
a sequence of tasks representative of the primary-secondary
school mathematics programme. The character of these tasks
was clearly of importance and considerable care was taken

in their selection and testing.

Mention was made in Chapter 1 of the importance of the
variety of hierarchical structures within mathematics educat-
ion and an initial approach to the selection of tasks was

made using these structures.
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The school mathematics programme begins with the development
of the concept of natural number and its operations. On
this basis, further number systems involving fractions,
decimals, and negative numbers are developed and these
concepts are generalised in the development of numerical
variables and algebra. Running parallel to this sequence
- is a relatively independsnt sequence involving geometrical
ideas, but this is very much less well defined and structured,
particularly at the primary school level. Consequently the
arithmetic-algebra sequence was chosen as the source of

the interview tasks.

The relationships between topics in this sequence can be
considered at a number of levels. At a global level, for
example, the work on numerical variables involves previous
work on natural numbers, fractions and negative numbers.
The interdependant relationships of these topics as taught

in the schools is illustrated in Figure 2.

Functions > Formulae ' Equations

Fractions} S Negative Numbers

Hmﬁﬁﬂhhﬁﬁh ’,,f”’#”’#

Natural Numbers

Figure 2: The relationship between content areas in the

school arithmetic-algebra sequence
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Topics within this sequence can be further subdivided and
the relationships between the rather more precise areas

considered. There are many such possible expansions, one attempt
is provided in Figure 3.

Systems of Equations
\\55\555“~Equivalent Equations
Quadratic Equations *
* Properties of Equality
Polynomial Functions
Solution Set
Graphs of Functions : *

A
+ Formulae Open Sentence

Function Concept ,//ﬂ’j;// \\\\\
Brackets . Indices
~— r

Algebralc Notation Variable
Operatlons ”#‘f”’
Decimals Negig}ve Numbers
'Hﬁﬁhﬁqﬁhh““*-Fractions-”f’ Integers
Units
|
Measure

e

Place Value —=—— 0 Operatlons of N

A
\ Natural Numbers N
)
Sets

Propertles of N

Figure 3: Hierarchy of Topics in the School Arithmetic -

Algebra Sequence



45.

Further division, relating more closely to conceptual struct-

‘ures, is

possible.

Skemp

(1971),

for example,

provides

the conceptual hierarchy presented in Figure 4 for fractions.

v

[

Adding and multiplying ee——m

fractional

A

numbers

Fractional
numbers

!

Equivalence
-~ classes .q

Equivalence

Figure 4:

(Skemp,

Fractional numbers have
the five properties of

a number system

(The five properties

of the natural
number system)

of fractions

]

Mathematical
models

1971: 310)

In relation to learning hierarchies,

» Fractions

Fractional units

Measurement
(Natural Units
numbers)

Conceptual hierarchy for fractions

'

the elements of a concept-

ual hierarchy such as this must be broken down still further.

A useful example of this is provided by Novilis

analysed the

hierarchy of fifteen selected subconcepts,

concept of equivalent fractions,

strength of the hierarchial dependences between them.

(1976) who
producing a
and tested the

This

analysis proved useful in the consideration of the interview

responses to questions relating to fractions and is reproduced

in Figure 5.




Mixed models, visual and
nonvisual equivalence

|

Number line equivalence

Part-group, nonvisual Part-whole, nonvisual
equivalence ‘ equivalence

+, " +
Part-group, Part:group, Part-whole, visual Part-whole Part-whole
"as many as" visual equivalence equivalence "as large as"| | unequal area

Part-group, Part-group, Number line Part-whole, Part-whole
noncongruent parts Comparison Comparison noncongruent parts
Part;group__ j Part-whole
congruent Parts congruent Parts

Figure 5: A Hierarchy of Selected Subconcepts of the Fraction Concept
(Novilis, 1976: 132)

‘9%
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Given this progressively more precise view of the hierarchical
structure of the school mathematics programme it is necessary
to decide the 1levels within these hierarchies at which the
interview tasks should be selected. It would clearly be
impossible to explore a significant proportion of the arith-
metic-algebra sequence if the tasks were chosen at the lower
levels of Novilis. But even if it were possible it might
not be appropriate. The essence of the Piagetian clinical
method is that the initial responses to the task are probed
to delineate the cognitive processes involved. This probing
has the effect of exploring a hierarchy, such as that of
Novilis, from the top downwards. An initial general question
concerning equivalence of fractions might be asked and the
response probed in order to explore the subjects understanding
of the question in relation to the partjwhole, part-group,

and number line concepts of fractions.

This view was confirmed by pilot testing items. Questions

such as % = g, Why? evoked much more thoughtful responses

than more specific questions relating to individual sub-

concepts.

The character of the questions had also to be determined.
The choice seemed to be between a question relating to a
specific example of a task and a question concerning the
principles involved in the task. For example, a task involv-
ing multiplication of natural numbers might be either of

the form:

2 x 3 =26 Explain

or of the form:

Tell me what you understand about the multiplication

of whole numbers.

A further possibility is the type of question used by Brown

and Kuchemann (1976) in assessing children's understanding
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in this area. The children were asked to write a 'story'
to match the expression 9 x 3, perhaps in an attempt to
identify the psychological structures being used.

In pilot testing it became clear that the explanation of
a direct example was the most profitable approach with mature
subjects. They all understood what was meant by an explan-
ation in this context and their responses provided ample

opportunity for probes.

From Figures 2 and 3 it can be seen that the key conceptual
areas in the school progamme are those relating to natural
numbers, fractions, negative number and variables. Lack
of understanding in any one of these areas will affect later
work to a much greater extent than will, for example, mis-
understandings concerning decimals. Consequently it was
decided that coverage of these four areas should be comprehens-
ive. In regard to the number systems this implied testing
each of the fundamental operations in turn, and questions

were constructed and pilot-tested accordingly.

In relation to the questions concerning variables, Kuchemann
(1978) identified six different ways in which letters are
interpreted by children in questions involving variables.

These he describes as:

Letter evaluated

Letter ignored

Letter as an object

Letter as a specific unknown
Letter as generalised number

Letter as variable

He postulates that items which can be solved at the first
three of these levels require only concrete operations, while
'letter as a specific unknown' and 'letter as generalised
number' require early or late formal operations depending’
on the complexity of the item. 'Letter as variable' is said

to require late formal operations.
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The tasks which Kuchemann used to assess, in a written test,
children's understanding of each of these applications of
variables in mathematics seemed ideal for the purpose of
this study, and pilot-testing again confirmed that the

questions elicited thoughtful responses.

The necessity to keep the interview within a reasonable time
span, an hour was felt. to be a satisfactory 1limit, meant
that for areas other than number systems and variables the
selection of tasks would have to be 1less comprehensive.
Consequehtly in the areas of decimals, functions and graphs,
algebraic manipulation , and solution of equations, items
shown to have good discrimihating power 1in written tests

by other researchers were chosen.

After more pilot-testing, questions were retained from three
sources. Skemp's (1975) written test of understanding was
referred to in the previous chapter. Kerslake's (1977) test
was of the understanding of graphs, and Galvin and Bell (1977)
took some questions from Krutetskii (1976) and some from
Kuchemann (1978) and used them in a study of some of the
difficulties encountered in the solution of problems involving

the formation of equations.

Although the emphasis of this study is, as was explained
in Chapter 1, on understanding rather than on ability to
retain or apply mathematics, it was felt that the clinical
study of a subject's performance in solving a mathematical
problem might well throw light on the understanding of the
prerequisite mathematical principles. Consequently four

problems from Krutetskii (1976) were included.

Similarly, since one of the major features of mathematics
is its 1logical structure, Wason's (1977) two problems which
present the same lggical structure in two different contexts
were used in an attempt to identify any difference in logical
approach between the able and less able students. In connect-
ion with these questions it is interesting to note that the

results of Wason's study:
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«ees. suggest that reasoning is radically
affected by content in a systematic way,
and that this is incompatible with the
Piagetian view that in formal operational
thought the content of a problem has at
last been subordinated to the form of
relations in it.

(Wason, 1977: 132)

As a result of this analysis and pilot testing a battery of
38 cards were prepared, each card containing one or more items
to be used as the basis for discussion. The content of these

cards is presented in Table 1.

THE CONDUCT OF THE INTERVIEWS

The subjects sat at a table alongside Fhe inteviewer, The
interviews were tape recorded for later analysis and the
recorder was placed on a chair on the opposite side of the

table so as to be unobtrusive.

A pencil and paper were provided for the subject who was
encouraged to write or sketch if this helped. The inteviewer

did not take notes.

When the subject arrived, about five minutes was spent explain-
ing the purpose of the study, asking permission to record

the inteview on tape and trying to put the subject at ease.

The initial interview questions were designed to explore the
subject's school background. Questions along the following

lines were asked:

(a) Where did you go to school? - rural or urban?
- single sex or coeducational?

- Intermediate school?

(b) Describe your feelings towards mathematics as vyou

progressed through the school system.




(c)

(d)

(e)
(£)

(g)

(h)
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Describe the attitudes and abilities of other members

of your family in relation to mathematics.

How would you rate your performance in mathematics against
that in other subjects at different stages?

How did you perform in examinations?
Which subjects did you like most / least?

Do you have any theofies as to why you, or others, have

difficulty with mathematics?

What do you like or dislike about mathematics?

After this, attention was directed to the mathematical tasks.

The character of the interviews is better indicated by example

than by description and consequently a detailed discussion

and analysis of one particular interview forms the basis of

the next chapter.
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TABLE 1: THE CONTENT AREAS, QUESTIONS, AND SOURCES OF THE

38 INTERVIEW CARDS

Area Card No Question Source
A Explain 2 + 3 =5
1 2 x 3 =26 Knight
4 + 2 = 2
6l -3 = 3
Natural 2 493 x 256 = 256 x A Knight
Numbers
and 3 12 + 3 =D& 12 Knight
Operations
4 6 3 3 8 = [3 Knight
5 129 - 48 =\ - s0 Knight
6 3 .
B 6 g mig Why? Knight
7 3x 2 =2
Fractions Knight
. 3 _
S 1 =
8 % x % = ? -
Knight
3455
4 8 ¥
9 % + % = ?
Knight
TR R
5 ' 10
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C 10 0.3050 = 0.305 Why? Skemp
Decimals .
11 261 A 10 = 12 Skemp
D 12 3 - o g\
(—3')+(2=A
Integers (-3) x 2 = Knight
(-4) x (-2) = ZX
(-8) + (-4) =
E '3 a 5 = 8
- Kuchemann
a = 7% .
14 + b = 43 _
B = 2 Kuchemann
h h
Variables 15 Perimeter = ? Kuchemann
ANt
16 A figure has n sides all
of length 2. What is Kuchemann
the perimeter?
17 c +d=10
c ¢<d Kuchemann
Cl= 2
18 Which is the larger?
Kuchemann
2n or n + 2.
19 Cakes cost c cents and
buns cost b cents each.
Kuchemann

What does 4c + 3b stand

for?
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20 Blue pencils cost 5 cents
and red pencils 6 cents.
If I buy b blue pencils
and r red pencils and the Kuchemann
cost is 90 cents, what can
you say about b and r?
¥ 21 y = X + 2
Find y if &= 3
X = =2 Knight
X = n + 1
22 The equation of J
Functions the line is 2
and X +y = 3. Skemp
Graphs What does this =
o| 3N x
mean?
23 The graph shows Distance
a journey. Kerslake
Describe it. ' Time
24 Describe the ' Distance
journey
Kers;ake
' Time
G 25 Multiply n + 5 by 4 Kuchemann
26 Find the area _JS Kuchemann
Algebraic = =
Manipulat-
i 27 x3 x5 = x8
ion . = _Skemp
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28

)

4 x =

Knight

29

(x + 3)(x + 4) = 2

Skemp

Solutions
of

Equations

30

Solve 3x + 17 = 44

Skemp

31

w|N

X
Solve =

Skemp

32

Solve (x - 2)(x - 3) =0

Knight

Problems

33

A jar of kerosene weighs
8 kg. Half of the
kerosene is poured out
of it, after which the
jar weighs 4.5 kg.
Determine the weight of

;he jar.

Krutetskii

34

A man climbs a mountain .
at 2 km per hour and
returns along the same

route at 6 km per hour.

_Find his average speed.

Krutetskii

35

Two boys were playing
draughts. There were

three times as many

empty squares on the

board as squares occupied
by counters. One player
had 2 more counters than
his opponent. How many did

each have on the board?

Krutetskii
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36

A passenger who had travelled
half his journey fell asleep.
When he awoke, he still had

to travel half the distance he
had travelled while asleep.
For what part of the entire

journey had he been asleep?

Krutetskii

Logic

37

All the cards have a triangle
on one side and a circle on
the other. Which cards do
you have to turn over ?o see
whether the following state-
ment is true? "Every card
which has a red triangle on
one side has a blue circle

on the other".

Al O] O] |A

Wason

38

Which envelopes must you
turn over to see whether
the foliowing rule is

being obeyed?

"If an envelope is sealed
it must have a 10 cent

stamp on it".

\ / =%Ts ! =

MU ©

Wason
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CHAPTER FOUR

H ICAL_ANALYSIS - A CASE STUDY

THE METHOD OF ANALYSIS

A number of different approaches to the analysis of interview
data were discussed in Chapter 2 and an indication was given
that the approach in this study would be a multi-category
one. Since this decision differs from that taken by other
clinical researchers in the area, some further discussion

and justification is appropriate.

The decision was based on the views of Diesing (1971) and
Kaplan (1964) which were quoted at the beginning of the prev-
ious chapter. It was in an attempt to reflect the 'holistic'
view ‘0of the research and the 'pattern model' of explanation
that a multi-coding approach to the clinical analysis was

developed.

Initially, a formal coding of the responses of each subject
to each mathematical task was undertaken in which the level
of understanding indicated by each sequence of responses was
assessed. This coding and analysis is described and analysed
statistically in Chapter 6. The interview data was not tran-
scribed from the tapes at this stage, but the response to
each mathematical task was played over several times before
a decision concerning the 1level of understanding indicated
was made. This initial formal coding provided a very useful
overview of the data which prepared the way for a more search-
ing analysis, particularly of the responses of those subjects

having the most difficulty.

The second stage of the znalysis involved concentrating on
the responses of an individual subject, in some cases over
a period of several weeks, in order to identify any patterns
evident in the data. The method used was very similar to
the Constant Comparative Method (Glaser, 1969) in which the

analyst starts by coding each incident in the data in as many
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categories as possible, each incident being compared with

previous incidents in the same category.

Glaser writes:

This constant comparison of the incidents very
soon starts to generate theoretical properties
of the category. One starts thinking in terms
of the full range of types or continua of the
category, its dimensions, the conditions under
which it is pronounced or minimised, its major
consequences, the relation of the category
to other categories, and other properties of
the category.

(Glaser, 1969: 225)

The categories used in this analysis, in addition to those

in the initial coding, were:

(a) The mathematical nature of the responses:
- the character of the frameworks,used.

- the nature of the algorithms employed.
(b) The logical nature of the responses.

(c) The developmental character of a sequence of responses:

- Solo Taxonomy (Collis and Biggs, 1979).

() The relationships of individual responses within a
sequence:
- Tall (1979).

(e) The character of individual responses:

- Piaget's five fold classification.

(f) The character of the interviewer's contribution.

This procedure reflects the view of Diesing concerning the

objectivity of the clinical method:

The objectivity of this sort of model and of
the explanations based on it 1lies not in any
one component but in the whole. As I have
indicated earlier, the sorts of evidence on
which a holistic model are based are not highly
reliable, considered in isolation. Consequently
any particular interpretation of a theme is
questionable, in the sense that ©plausible
alternative intepretations can be developed
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using much the same evidence. A larger -network
based on a greater variety of evidence is not
so readily questionable.

(Diesing, 1971: 158)

The responses were not formally coded with respect to each
category in the manner of the initial coding with respect
to understanding. Rather each individual response and sequence
of responses was considered in relation to each category and
notes made of any features which seemed significant. These
notes then formed the basis of summaries of the nature of
the subject's responses to the tasks in different content

areas.

There are considerable difficulties associated with the present-
ation of the results of such an analysis. The data consists

of some thirty hours of tape recordings,hand it is clear that
this cannot be reproduced in full. It is, however, important
that evidence from which conclusions are drawn is presented
in such a way that it 1is accessible to subsequent critical
assessment. With this in mind, the details of the interview
with one particular subject and the subsequent analysis is
presented in some detail in this chapter. For the other
subjects, shorter extracts from the interviews will be present-

ed in the next chapter to illustrate particular points.

THE INTERVIEW

General Background

The subject was a female, a student of Psychology and Education.
She had attended school in America, a normal Junior School
programme being followed by one year of Algebra and one of

Geometry at High School.

Both parents were graduates. There was clear evidence of
sex-role expectations on the part of the mother. The subject's
brother, now an engineer, was always expected to do better

at mathematics.
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The responsiveness of the less able students to probes
designed to explore the structures behind their answers

to the interview questions varied considerably. One subject
was particularly difficult in this regard, while another,
whose interview is reported in this chapter, responded very
cpenly. As a consequence the data from her interview was

more revealing than that from any other interview.

The fact that this subject had attended school in America
might be seen as a disadvantage in a New Zealand study.
Hewever, while there are certainly curriculum differences
between countries, in mathematics there is a large body of
basic knowledge which is intrinsic to the subject and which
is to be found in every mathematics programme (Husen, 1967).
Each of the content areas explored in this study are to be
found in this 'common core'. Had the study, for example,
included geometrical topics this might not have been the

case.

This, together with the decision not to look for 'typical
cases' wnich was discussed in Chapter 2, made the advantages
of using this particularly revealing interview as the basis

cf this chaprt~r ouvtweigh any possible disadvantages.
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Mother always said he was the good one at mathas.
He was youngen than I was. He was 2he good
one, I wasn't, and yet on an objective exam

I scorned much fettern than he did.

Her own assessment of the problem which she has with mathemat-
ics is that she began to feel insecure at High School.
Something happened in fLetween Algebra and Geom-

etry - I Legan I nealise that I couldn’t succeed
unless I memonrnised all of it.

Her interview responses indicated that she had become extrem-
ely rule-dependent in dealing with mathematics.

I. It ddidn’'t worry you whether you understood,
as Long as you gol the rnighl answenr?

S. No, I couldn’t care ZLess why. I don’t know
why that 4is the case, because In everylhing
else, in science and everything else, I'm veny
concenrned, in fact I’'m quite internested if
you show me why.... In mathematics I don'id
carne as Long as it Iis night,

The subject beyan to dislike mathematics when she found her-

self unable to get the right answer.

Wherne I fbegan not to Like it was probably fLean
of exams, We didn’'t get it fLack to know whenre
I was wrong.

She now reacts to mathematical content in a very emotional
way.

I have a daughter and she comes Lo me wdith

a maths problem and I say ’'Oh! go away, I don’t

know’ . In fact it wupsets me even Lo think
about it.

The subject offered the opinion that she was highly achieve-
ment motivated and that she had always been considered as
having an exceptional memory. The rule-dependence, which
was such a feature of her responses to the mathematical tasks,
makes it seem likely that she had learned by rote, relying
on her memory to cover for her lack of understanding. Event-

ually the hierarchical nature of the subject matter caught
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up with her. Maternal expectations are also a likely factor
in that they enabled her to rationaliseé her difficulties.

There was no reason why she should expect to understand.

The Mathematical Tasks

In presenting the subject's reponses to the mathematical tasks,
a choice had to be made between presenting both the responses
and analysis together, perhaps with one on the 1left hand
side of the page and the other on the right, and presenting
the responses first and the analysis after. The latter was
chosen in order that a reader might be able to react to the
interview data without the influence of the analysis. Cons-
equently, responses to individual items are presented, follow-
ed by an analysis of both the subject's and the interviewer's
contribution. A general comment follows after the analysis

of the responses in each content area. r

Natural Numbers

Addition

(Card 1, first 1line only: Explain 2 + 3 = 5)

What I would {Like 2o know is this: Presumalbly
you Believe that 2 + 3 = 5 - Luil suppose you
wene asked 2o explain 2that Lo someone - how
would you explain 2 + 3 = 5?2

S1> Um... probably I'd say ... um ,.. here anre .
two apples and here anre three apples, pul them
togethen and how many apples have we goit?

One, two, three, Zoun, fLive.

12 Good.

S2 Is that rnight?

I,  Yes, that’s just the sont of thing I wanted.

The hesitation in S1 seemed to relate to uncertainty about //
the type of explanation required rather than indicating any’
lack of confidence in the explanation itself.
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" The use of specific objects, (apples, rather 'than 'things')
indicates a uni-structural response (Collis and Biggs, 1979).
The 'addition frame' indicated by the response is the most

- common one of the union of two disjoint sets.

Since the character of the subject's concept of addition
of natural numbers seemed clear from the responses, the inter-

viewer's comments were supportive in character rather than

probing.

Multiplication

I1 (Card 1, second line: 2 x 3 = 6)

What about two times three?

S1 ceve Hm .o, Well, I'd probably take Lhree...
en, two pencils ... two times ... Ltwo Limes
eee hm ., Well, I’d prolably take Lhree pencils
and anothenr three pencils ... and I’d add
them all up and it comes Lo six, Is that
right?

12- Fine, I noticed that you had a job 2o decdide .
whether you werne going to have two ZLots onxn
three,

82 Yes,

I3 eee 0n Lthree ZfLots of Z2two. Which way do you

think of two times Lthree? Is it two Loits
0f three on three Lots of two?

S3 ‘... Uezl o 0 0

I4 I picked up from you ...

84 (interupting) When you Lirst said to me *itwo
times three”, I was thinking that - I was
Looking out there (points to the window) -

Lt would be three, Lut when I Looked down
here (points to the cand), I saw the two Linst
and Began to think - hm, well - that’'s probably
not nright.

I5 Would you nread that (points 2o the card) as .

‘ two times Lthree?

S5 Yes,
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The different reaction to the verbal 'two times three'
stimulus and the verbal/symbolic '2 x 3' is interesting,
particularly when the subject agrees with the verbal inter-
pretation of the symbols.

The response was uni-structural again with the 'multiplication

frame' being that of repeated addition.

The interviewer's responses 12, 13, and 14 were non-suggestive
probes.
Division
I, (Next line of card 1: 4 < 2 = 2)
What about four divided Ly two?
s1 Foun divided by two - I have to ‘explain thai
to someone. veo FLoun somethings divided Ly
two ... (Long pause) ... (Laugh) ... ils
difflicult Lecause I've never had Lo expladin
it - I jusl memondise it ... (Long pause).
I So you jJust nremember, as a nrule, 2that ZLounr
2 divided Ly two is ...
S. . cos Rwo, yed G Yyes Fee Yeéa. IZ I have 2o
2 think about it ... yes ... I guess it’s memonry,
memondisation., Yes, I'm thinking that - that’s
an dintenresting thought - how would I go about
showing founr onrn something divided Ly two?
Well, I suppose then I could put fLour pencils,
one, two, three, Lour (draws FLour Lines on
the papen) and give one penson two and glive
the other penson two and 2hen I'd add up and
that gives two - Aw! that’s not nrdight, 4is
it? (Pause)
; o Yes, that’s fine, it’s the process of shaning
3 Letween two groups.
S. Yes, Lul it wouldn’t Le nright would 4it? I
3 42482l have foun (pause)
I But the two 4is the size of each group, 4isn’t
4 it?2  So 4if you have, say, Ltwelve divided Ly
three, you would have twelve pencils and share
them up Between Lthree people and they get fLoun
each. (Pause)
54 I think a pie is easden - I wish I had thought

of a pie, you know. (Pause)
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I, But with a pie its hand though, Lecauise whene
does the fLour come in if you have a ple?
85 But when you asked me Lo divide, the ZLinst

thing that popped into my head was an apple
- lecause that’s how we used to lLearn division
- took an apple and divided it up, on a ple
and divided it up - and you see I couldn’t
Zigune out about the Zoun.

No immediate explanation or model came to the subject's mind
and this, in the terminology of Tall (1979), produced a
conflict/mental block situation indicated by the nervous
laugh and the rambling, playing-for-time, talking of responses
S1 and 82. After this was brought under control, an approp-
riate 'sharing' model surfaced (Sz). However, the subject was
still wusing the 'addition frame', which had been extended
to cover multiplication, in which the answer was the union
of the two sets - the total number of 'pencils (S3). Even
when the model was completed by the inteviewer (I4) it was

rejected and an inappropriate 'fraction' model substituted.

The responses indicated only instrumental understanding of
division, and again the responses were uni-structural (pencils,

apple, pie).

The interviewer's responses vary in character:

I2 - encouragement to continue
I3 - confirmation -'confidence boost
I4 - unsolicited explanation
I5 - probe
Subtraction
I1 (Last line of card 1: 6 - 3 = 3)
What albout six minus three?
S That would fbe simple, I'd put six out there

(makes a circle, on the table with her hand)
- minus tharee (indicates nremoval) - I'd put
six oul and minus three.
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No hesitation was shown here at all. The subject was clearly

able to reverse the addition operation. There was no mention

of specific objects this time, so perhaps it was a multi-

structural response indicating relational understanding.

GENERAL COMMENTS

(i) It should not be inferred £from the uni-structural
responses that this is the level at which the subject
operates with natural numbers - only that this is
the type of explanation that is seen as most approp-
riate in this context.

( ii) The conflict between the visual and verbal present-
ations in the section on multiplication provides
evidence for the Davis and McKnight (1979) concept
of 'visually-moderated sequences'.

(iii) The sequence on division has an interesting pattern
of qualitatively different thought précesses (Tall
19790

S1 Foun divided ... someone. initial response,

(Long pause) (Laugh)... conflict due to failure
ese memondise 4it, to retrieve an appropriate
schema leads to mental

S2 ves somelhing divided Ly block.

two.,

Wetll, I suppose 2Lhen... starts again with a super-

eee and that gives <two. posed sclema involving the
two disparate 'sharing
schema' of division and
the 'union schema' of
addition.

Aw! That's not right is conflict.

it?

S3 Yes, but... I s2ill have

Loun,

conflict schema.
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S4 I think a pie is easdien.. superposed schema from fract-
ees Yyou know, ions which the subject
feels will resolve the
conflict.
S5 But when you asked me ... explanatory schema, but it

.o Loun. may be a rationalisation
brought about by an in-
appropriate interviewer re-

sponse.

( iv) The interviewer probes in the multiplication extract

The

were successful, but in the division extract the probe
concerning the representation of the four in the 'pie
schema' was too specific and failed to produce anything

but a rationalisation. /

unsolicited explanation concerning division (I 4) was

inappropriate. With a less mature subject, an intervention

of this kind would be likely to stop any further exploration

by the subject.

Fractions

Equivalent Fractions

(Card 6: % = % Why?)

I don’'t know anything albout Lractions - now ZListen,
nememben I'm hopeless on this,

Fine, I'd just Like to know why.
0. K. Now six over eight equals Lthree over Lour, you

want to know why. Well you want to know what I think
about it?

Mm.

Well, the fLinst thing I would do is take ... whal would
I do?... now you see that’s my problem, ’'cos this 4is
my problem - all the time in recipes I seem to go -

one quantenrn, one hall, three quanrierns, one cup, and
all the time you'’nre asking me fLorn Ltwo thirds, and I
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always think, now is two thinds more on Less than thnei
gquantens? And when I first Look at that (points 2o
the cand), I apply my rule. It’'s quite simple, iits
two 4into six and two into elight.

Now you ask me why - I have to explain Iit. The Linst
thing that pops into my mind - I'd take a pie, cut it
all up into eight and then I'd count six (cuts an imagin-
arny pie with hen hand). Then I'd divide it into Zoun
and count three then that’s the same thing., Buil then
I'd stop and say no that’'s not right.

I4 Why isn’t it ~ight?

S4 Because if I picturne Lthree quanterns, I picture a half
and a Bit Like this (draws d) ) that’s three quantens
of my ple, Now 4if you ask me 2o pictune six edights
Lt’s Like this (draws e%a ) and this is going to contadin
- Oh! it is the same thing isn’t it., Well, I was think-
ing no il would fLe more Like that (draws ) - only
two Left oven of the eight - s0 I thought that was wrong,

. ] -

The initial resonance had two representations of fractions

Y |EiRfeE

(a) the rational number g evidenced by the reading of g as
six over eight and by the rule 'two into six and two
into eight'.

(b) the proportion of part of an object to the whole as

indicated by the recipe illustration.

There is conflict between these representations until (a) is

rejected as a basis for explanation. Representation (b) then

forms the basis of an ongoing schema which is followed through

very well by the subject without any intervention by the

interviewer.

Multiplication
. 3
I1 (Card 7; 1line 1: 3 x n - 2 )
S4 I reatlly don’t know what to do with it ... the
only thing I can think of ... I'2L wonk on it,

Three times three elevenths - you want me 2o
work on it. Well, I need 2three elevenths of
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something - I divide something into eleven, I
cut 4t up 4into eleven and then I add three of
it, then add three more and then 2three monre and
that's what it would Le. That’s how I would
have to do 4it.

But my rule isn’t very good - 'cos I know there
48 a nrule therne, see - I don't know whethen I
go three times Lthe top and three times the Loitiom
- nine ddivided Ly thirty three - um - I don't
know what the nrule is, Lbut I can work it out
like that - I don’t know what the rule is.

The subject combines two previously established frameworks
- multiplication as repeated addition, and the fraction as
a proportion of the whole - very well, just failing to make

the final addition to give the correct answer.

Again there is conflict between this logical 'schema and the

rule, which this time has been forgotten.,

Division
v . o 3
I1 (Card 7, line 2: 3 & T = ?)
S1 Three ddivided Ly three elevenths ... I don’t

know., IZ you gave me one divided by a hall,
I know it would fLe a hall, two divided Ly a half
would £Le one. I know the rules. Three divided
Ly a hall would be one and a half, one poinit
Zive. Yes, yes that'’s fLair enough.

T That'’s the rule?

2 Yes., Now three divided Ly 2three point eleven
eee um ... I don’t have a rule for 2Zhat. I'm
stuck.

In view of the subject's failure to explain division of natur-
al numbers it is not surprising that no explanation surfaced

here.

The incorrect rule in S1 is a common one, misinterpreting
'divided by a half' as 'divided into halves'. '

The misreading of 7%_ as three point eleven seems to be an

isolated error without particular significance.
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The subject was unable to offer any response at all to Card

8: % x % = 7 and % % % = ?
Addition
I, (Card 9. line 1: 2 + + = ?)
1 5 3
S1 This is fLairnly easy, isn’t Li1?
I2 I2 I say it’s easy and you can’t do it ...
82 O.K. That’s eaA;; that’s a half, isn’t it?
I3 What makes you think that?
S, Well, I'd add - I think I would - I'd add the top

ones and the Lottom ones, Loun eighits, and that’s
a halt, is that right? I1’s not nright.
!

I4 No, i1’s not night.

It’s not. (pause)

<ER
S5 . (Drnaws w )
I What does one thiand fLook Like?

56 Draws <§§§ ) It’s going to fLe almost one,

It can’t be a half anyway.

Oh no! Therne must fe a nule, I don’t know i,

The incorrect rule of adding numerators and denominators

is a very common one.

With - some direction from the interviewer the subject was
able again to combine the two well established fraction and
addition frames to produce the good relational response 'it's
going to be almost one'. However the most important thing

for the subject was still to find the rule.

What does three Lifths Look Like? . T /




70.

GENERAL COMMENT

In dealing with fractions the rule-depend=nce of the subject
was particularly evident. This is not surprising since the
'proportion of the whole' framework is useful in understanding
equivalent fractions, multiplication by a whole number, and
to a lesser extent in addition of fractions, but is of no

help at all in other fractional operations.

There are two good examples of Piaget's 'liberated conviction
6 3

in this section. Working with g = 7 the subject discovers
for herself the equivalence in a way which she found surpris-
ing. The same thing happened in addition of fractions when,
beginning with appropriate frameworks, the subject was able e
to develop, with very littlg help, an ongoing schema which
led to the correct answer. These suggest that the problem
which the subject has with mathematics is’likely to be related
more to the lack of appropriate conceptual frameworks, which
act as premises, than to faulty logic in applying these framé-

works.

Variables

Letter evaluated (Kuchemann 1978)

(Card 13: a + 5 =8, a=27?)

1 A plus five equals eight - a equals three.

I2 Right., How do you know?

2 I just took fLive Lrom eight to get three.

I3 Why did you take the five from the eight?

3 Why did I do +t? I don’t know - lecause it says
something plus fLive equals elight, s0 I know I

have five of something and I’ve got Lo come up
wilh more to give me eight.

The variable is .interpreted as 'something' - a place-holder
in the addition/subtraction frame successfully used earlier.
The response was Jjudged to show relational understanding

of the item.
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Letter Ignored

(Card 14: a + b =43, a + b + 2 = ?)

S2 0.K. a plus L equals fLortythree, a‘plua L plus

two ... (Long pause) ... 45?

I2 Mm (nods).

S2 (Laughs) I thought it was more difficull. My
thought processes werne - I was Looking atl the a
plus £ - you see I don'l know what the combination

is that gets ZLorty 2three, s0 I don’t know what

that a and £ 44, and 2then you 2ell me a and &,

which I don’'t know what it 4is, and then add <2two

- what the heck does that mean? \

gl

The initial response was to try to evaluate a and b, as
in the previous question. The resulting conflict waslresolv—
ed with tHe help of the well establidhed addition frame.
It would have been interesting to explore this 'letter ignor-
ed' concept in a less well established operational framework.
In view of the instrumental understanding of division shown

by the subject, the response tq:

a + b =44, (a + b) 2 i= 2

might well have been qualitatively different.
Again the respoNlse was judged as indicating relational under-

standing.

Letter as an object

I (Card 15: perimeter = ?)

S1‘ “What {6 the penimetenrn?

I The perimeten dis Just the distance all the way
round,

S, Yes, well, you can just add t plus h plus h plus
h plus h.

I3 Fin.eo

There is probably a cleveren way of doing it.
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4 How would you write h plus h plus h plus h?

S4 Fourn hs, ~

No difficulty here with letter as an object. The response
,S4
perhaps hhhh.

should have been followed up, it might mean 4h or

Letter as a specific unknown

I1 (Card 16: A figure has n sides all of length 2,
What is its perimeter?)
S A figune has n sides all of Length two, 0.K. What

L4 4ts penimelen? That means we don'l know how
many sides It has - is that right? - O0h! that
has a Length of two. (Points to the'cand).

I2 Each side has a Length two.

SZ' (pause) Two n.

Again the response reflects the confidence the subject has

in multiplication as repeated addition. She should have

been asked to write 82 down, but it is interesting to notice

the difference between S4 of the previous extract (Four
[}

hs) and 82 of this section - 'two n', not 'two ns' or 'n

twos'.

Letter as generalised number

I1 (Card 178 ¢ % d = 10, ¢ <4a,‘ciu=z ?)
S1 c plus d equals ten, ¢ ... (pause)
I, ves 48 Less than d.

82 Is that 'less than d?’

I, Yes, ¢ is the smallen one,.

S3 O0.K. ... (Long pause) ... Foun,

I Fine,
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S4 Alrnight? (Laughs since JiInterviewen does not
respond) - lecause 4if it was the same Lhing
as d then it would Le [Live - [Live plus Live
equals ten - Lut we know it I8 smallen than
d - s0 the next one it could possilbly LBLe is

Zoun, and if we make it foun then d is six,
So it could Le three and seven, orn two and edight,
on one and nine. So we don’t know whait c is.

The initial response 'four' (S3) is reconsidered in the
light of the interviewer's lack of confirmation, which
in fact acts as a probe. The conceptual framework of the
response is again‘ the confident 'addition of natural
numbers'. The possibility of ¢ being fractional, =zero

or negative was never considered.

The response was considered to indicate relational under-

standing of the item. p

Letter as a variable

I1 (Card 18: which is the larger, 2n or n + 2?)

S, Which is the ZLanger, two n onr n plus two? ...
eoe two n, is that right?

I2 Well, tell me why.

82 Which is 2the ZLarger? Well Lecause 2 is ...
um ... two 2times any numben ... O0.K. ... 2two
times ... O0.K. ... which {like Zoun 2times Loun
is sdixteen ... O.K. ... otherwise you've got
one numbenrn, {Like fLounr, plus two which 4is six,
s0 4ils bound 2o be monrne if it's times., Is that
right?

I3 (Interviewen does not nrespond verbally, Lui

smiles wilh the dintention of being encouraging
without commitiing himself 2o saying whelhenrn
- en nol the nresponse is connecl),

83.. (Laughs) - you think that’s Zunny?

I, No, I don’t think it is funny al all,

Is that right?

(S£ill no verbal rnesponse))
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It’s not night - that’s what I think,,

It's not completely nright, Lecause wﬁat would
happen if n was two?

ces (pause) ... yes, Bbut I don’t think it is,
You don’t think n is two?

No.

What do you think n is?

Its probably something - not the same as two.
Its probably Liggen Lthan two, Lecause If it
wene two you would have put down two times two,
wouldn’t you? I always think of it as something
a whole Lot mone - in fact you don't know how
much monrne it is, you see. It rnefens to a whole
Lot more of something and whatever that whole
Lot mone is, its two times that whole Lot mone,
and that’s a whole Lot more than a fot morne plus
two. That's what I think.

!

You're nright to this extent, that L n is a

Lange number then nuliliplying Ly two will make
it wmone than adding two onto it. But whal made
you think that n is a Large numbenrn? It intrigues
me 2o undenstand why you wont allow me to say
n equals two, Lut you will Leit me say, Lon
example, n equals ten,

I think Lecause when I YLearned about Leilitenrns
they always stood Lon something monre,

n is always a Lange numbenr?

Yesr, n is mone.

IZ I had said x?

No, it would still be monrne. Lettens always

stand for a whole Lot mone than numberns, don’i
they?

Do they?

Yes, Lhey mean monrne. You see if you have Ztwo
of something, I can tell you whal that 4is, one
plus one connesponds 2o two. But a doesn’i

connespond to two does Lt?

What if 1 Qnite down: x plus two equals Lhree,
(writes x + 2 = 3) what is x?

Well - one,



I, Come on (smifling) - it can't fLe one fLecause
Lettens ane always big numbens,

S14 Well, I qguess that'’s dinconsistent - Lut that’s
diflenrent - I said *that was O0.K. .- well no!
(indignanitly) you asked me two different quest-
ions.,

115 Yes, I know, I was Just exploring this business
of a {Letten always sitanding for a Larnge numben,

S Yes il does.

15

This is one of the most surprising and interesting sections

in the study.

The subject's initial responses (S1 ,S 2), apart from the
confusion between 4? and 4 x 2, are consistent with Kuche-
mann's experience with this question (Kuchemann, 1978),
and with a written test this is all the'information we would

have.

The insistence on confirmation that this was in fact the
right answer “;2’84) seemed, in relation to the subject's
behaviour in other parts of the interview, to reflect the
confidence shown. She was sure the response was right and

expected approbation. When this was not forthcoming (I3,I4,

Is), the reaction was to terminate the schema - "that's
what I think" - a take-it-or-leave-it statement (Sg).
The interviewer responds with the n = 2 'torpedo' (Tall,

1979) designed to challenge this confidence. The response
(SG) indicates that the subject can see the implication of
n = 2, but is unwilling to accept it. The logic is impeccab-

le:

If p (n = 2) implies g (2n is not greater
than n + 2) and g is false (unacceptable)

then p is false - n cannot be equal to two.

It seems that the rest of the extract may be interpreted

in two conceptually quite different ways.
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The interviewer assumed that in 88 the subjectl was saying
that n stands for a large number, and hence that 2n is larger
‘than n + 2. In mathematics, it is common to talk of the
nth term of a sequence and expressions such as 'n tends
- to infinity' occur frequently. Thinking that this might
be the source of the subject's conception of n, the inter-
viewer suggests x, but this 1is rejected. This presents
the opportunity for the second 'torpedo' x + 2 = 3. The
subject recognises the inconsistency, but believes this
to be acceptable in view of the 'different questions' asked.
This ability to 1live with apparent contradiction has been
noted elsewhere in subjects with a rule-dominated approach

to mathematics. (Erlwanger, 1973).

However, on careful consideration, a second, more satisfying,

interpretation emerges. /L

There are two responses which do not fit into the pattern

suggested above. 1In S the subject says", «.. Dbecause

8'
if it were two you would have put down two times two, would-
n't you", and in 15 "You see, if you have two of something,
I can tell you what that is, one plus one corresponds to

two. But a doesn't correspond to two, does it?"

This . rejection of n as representing a specific number is
inconsistent with the subjects own use of n = 4 in 82 and
was discounted by the interviewer as 'romancing' (Piaget,
1927). But there are other clues which indicate that the
interviewer may have misinterpreted the responses. The

consistent use of the term 'more' is interesting.

9 eese when I Learned about Lettens they always
stood Zor someihing more.

510 Yesr, n is more

eee Letlens always stand for a whole Lot monre
than numbenrs,

11
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It seems clear that the subject is using the word 'more'"
in a qualitative rather than a quantitative sense. With
this interpretation, 'n is more than two' does not mean
that n is numerically greater than two, but that, in the
context of this question, n stands for more than just the
number two or any other single number. Consequently the
subject 1is expressing her belief that, in this question,
n is a variable. Her indignation at the second 'torpedo'
question; x + 2 = 3, is then quite justified. The questions
are different, the. 'torpedo' is an example of Kuchemann's

'letter evaluated'.

The possibility of 'romancing' should not be discounted
in this extract. The subject had confidence in the initial
response and this confidence was challenged. ‘It is possible
that there is a degree of rationalisation in the responses,

‘aimed at restoring, or justifying, that initial confidence.

GENERAL COMMENT

Again the principal impression left by the subject's handling
of variables is that any difficulties are likely to be due
'to initial misconceptions. No difficulty was experienced
with the abstract nature of the questions. The previously
established addition and multiplication of natural numbers

frameworks were easily adapted to accomodate variables.

" The subject had 1little or no experience of functions and
graphs, algebraic manipulation, or solution of equations,

so these questions were passed over qgquickly.

Problems

I1 (Card 33)

S, (Reads the canrd) A jan of  kerosene  weighs
eight kitograms., Hall Lthe kenrnosene i4 pouned
out of it, aflten which the jar weighs Foun poinit
Live kilograms., Detenmine the weight of ZLhe

Jjanr.
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I you’ve got eight kilos, you'’nre going to have
Loun kilos. Oh! you want the weight of 2the
Jjanr. A jarn of kenrosene weighs edight kilos.
Hall the kerosene is pounrned out ... (pause)

You can wrnite something down if you want.

O0.K. IZ2 the whole thing weighs eight kilos (writes
8). So then you subtract Loun point Live and
you get three point five, right? Then you divide
that Ly two ... (pause) ... one point seven fLive,
Is that right?

(No response fLrom the intervicwen)

It’s not nright. One point seven fLive times [Live

Are you Looking for a nule?

Yes, I know I've got to ... no, I'm trying 2o
Zigune it out - you see you have to ... (goes back
to the division Ly two, which she had writien
down, Seems to think that this is incorrecit).

I, Now tell me why you did that, You are right
to there - (points 2o the 3.5) - you are not
right when you divide Ly two. So tell me, what
L4 that edight?

S4 That nepnresents the whole weight of the jan.

5 And what does 2this represent? (Points 2o <the
4.5)

5 That weight nrepresents the jar afien Jits goi
evenything out of it.

IG So what does that nrepresent? (points to the
3.5)

The total weight of what is in the jan.

The problem here appears initially to be the subject's mis-
reading of the question. But there is probably more to it
than that. When the interviewer suggests (I2 ) that the
subject write something down, the obvious candidates are
the numbers which. appear on the card, 8 and 4.5. These
immediately suggest a binary operation and the 'pouring out'
action fits in well with the subject's 'subtraction frame'
indicated in the section on natural number - hence the 3.5.
The other piece of numerical information in the question

is 'half is poured out', and it seems likely that this, taken
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out of context, is the reason for the division by two.

When asked to explain, the subject has to justify the steps
taken and comes up with an interpretation of the numerical
values which satisfies the proposed algorithm but not the
original question. In other words, rather than reading
the question incorrectly, the subject seems to have derived
a question to fit her numerical calculations. These calculat-
ions were based on visually moderated sequences rather than

on the problem set..

Logic
T

Card 37. All the cards ‘5' lC)l © have
a triangle on one side and a circle on the other.
Which cards do you have to turn over to see wheth-
er the following statement is true? : 'Every card
which has a red triangle on one side has a blue
circle on the other).

1

S1 Which cands do I have 1o turn overn ... I only

have to tuan over one ... Aw! perhaps 2hat'’s
not aight.
(After thinking and re-reading the question,
the subject decides that this is right, she only
needs to turn over the card showing the red
triangle).

T Well you centainly need to tuan that one oven,

T2 I agree with that, but is that the only one?

S2 Well yes, 1o Le eflicient, and that will tell
me night away if the statement is true on fLalse.

I3 Right, you tunn that oven and suppose it has
a blue cincle on the othe side?

S3 Then I'd say Lt is true, and if il doesn’t then
I can say it is false.

I, Centainly 4+f it doesn’t it is Lalse, I will agree
with that, bGut if it does, can you be quile sune?

S4 Yes, Lecause therne 4is no othen cand with a red

taitangle on one side.

IS But you can’t see all the Ztariangles. There 44
a talangle unden here (points to the blue cincle)
and unden here as well (poinis to the ned cincle).
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But you didn’t ask me albout those, you only asked

3 me about these (points 2o the cands wilth ZLhe
triangles on). ... (pause). Have you asked me
about those?

I6 Wetll, I asked you albout all the canrds. (Reads)

Every canrd which has a nred triangle on one side
has a LBlue cincle on the oithen. You see this
one (points Lo the LBlue circle) could have a
red triangle on the othen side, s0 could this
one (points to the nred cincle).

( pause)
S No, I would still just take this one (red triangle)
Lecause you want to know if it s true on fLalse
and if I pick that one ouit, that triangle, then
I know nright away. Its eithern true on false

on the red triangle - I don'it know anything aboui
blue cincles,

These responses are very typical of those given by all

the subjects interviewed. In fact, onfy one of the twenty

six could be persuaded to turn over the red circle - the
other required card.

S4 is the most important response in that it indicates
that the subject has a good appreciation of the logical
implication in the question and has not made the very common
error of interpreting this as 1logical equivalence. Her
error 1is 1less 1logical than it 1is conceptual, she seems
unable to explore the hypothetical triangles on the other

side of the cards.

In terms of Collis and Bigg's (1979) 'SOLO Taxonomy, the
question demands an 'Extended Abstract' response involving
generalization to situations not experienced, while the

subject's response was only 'Relational'’.

The response to card 38, which presents exactly the same
logical problem in the more concrete context of envelopes
and stamps, was answered in precisely the same way by the
subject. She refused to be persuaded that it was necessary

to turn over any other than the sealed envelope.
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CONCLUSIONS L

In terms of Skemp's model of intelligent behaviour which
forms the theoretical basis of this study, the purpose
of the clinical procedures is to provide evidence of the

nature of the cognitive structures employed by the subjects.

There are three major features of this interview, which
will be explored in greater depth in the next chapter,
and which relate directly to Skemp's model.

Firstly, the interview indicates, quite clearly the import-
ance of appropriate initial frameworks, or schemas, relating
to arithmetic operations. The subject was confident in
the 'union of disjoint sets' framework for addition and
in the 'repeated addition' framework ,for multiplication.
These schemas were employed successfully in the solution
of items from natural number, fractions, decimals, negative
number, variables and problem solving. The availability
of these schemas were reflected in her wiliingness and
ability to work on items involving these operations, in
order to create the links between present and goal state,
either when no 'built in' path was activated, or when a
suggested 1link was challenged. In contrast no general

ema for division of any kind, or multiplication of fract-
ions was available and consequently there were no premises

from which the subject could work on an item.

Secondly, any difficulty which the subject had in forming
links within a schema seemed to relate much more to defic-
iencies in the schemas themselves than in her inability
to use logical argument to form links. She was well able
both to see the logical implications of the interviewer's
comments and to draw impeccable conclusions from her own
assumptions. There is certainly no evidence here of the
failure at mathematics being due to an inability to think

logically.
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Thirdly, the subject's performance on the iiems relating
to the use of variables indicates that her 1lack of some
appropriate mathematical schemas is wunlikely to be due
to the abstract nature of these schemas. In each of the
six different ways in which a letter is used in mathematical
statements the subject approached the question appropriately
and with confidence. There was no evidence of mental blocks
here. In fact the only point in the whole interview when
the subject showed an unwillingness to tackle material
which she had seen before was in the section on fractions.
Her initial response, '"now remember, I'm hopeless on this",

was followed by a complete unwillingness to even contemplate

£}
8.

lw
W

X’g‘ or

These tentative conclusions are tested agdainst the responses
of the other subjects in the next chapter.
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CHAPTER FIVE

GENERA INICAL ANALYS|

In this chapter a more general analysis is presented drawing
on a number of different interviews. The coding of interview
responses according to the level of understanding shown, which
is presented in the next chapter, indicated (Figure 8) that
there was a group of seven students whose understanding of
mathematical concepts and procedures was very poor indeed.
Their responses indicated, quite clearly, that they were the
kind of subjects who are the focus of this study. One of
them was N.I., whose interview formed the case study of the
previous chapter. The interviews with the other six form
the basis of this chapter, with comparisons being made with

the responses of the more able subjects.

/

BACKGROUND INFORMATION

The school and family background of the subjects in the least

able group is of obvious importance and is presented below.

Subject U.I. Female. Age - late forties.

The subject was very nervous and was the only one who asked
that the interview should not be tape recorded. Her wishes
were followed and the interviewer took notes which were amplif-

ied immediately after the interview.

Educated in New Zealand, the subject took mathematics to Fourth
Form level. She took up nursing as a career but at the time
of the interview was enrolled, full time, in a Business Studies
degree course. In recent years she had twice attempted School
Certificate Mathematics, studying by correspondence, but had
failed both times.

She always found mathematics difficult, but was unable to
indicate any particular time at which the problem arose or

to give reasons for it.
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U.I. was very tense during the interview, and ‘the interviewer
found it impossible to draw her with general questions. Cons-
equently, the interview moved fairly quickiy on to the specific
items with which the subject was a little more comfortable.
Even here, any attempt to explore the way in which the subject
was thinking tended to be met with defensive, one word answers.
The interviewer gained the impression that it upset her to

have to think about her difficulties.

Subject A.A. Female. Age 18 years.

Educated in Northland at a primary school and then a Form
1 - 7 secondary school, she took mathematics to 5th Form level,
but was having a great deal of trouble. Her parents obtained
private coaching for her and, much to her surprise, she passed
School Certificate (57%). She attempted University Entrance
mathematics but performed very poorly. She was enrolled in

a Bachelor of Social Work degree programme.

Her father was a primary school teacher and her mother a house-
wife. Her older sister did not find mathematics easy but
was successful to Bursary level. Her younger brother was

very good at mathematics.

I. How do you fLeel aboul mathematics?
S. I try 1o avoid it,
I. Do you know why you try to avoid it?

S. I suppose it’'s a sort of menital Llock really.
Anything maths I sont of 2think - Oh! I
can’t do it,.

I. When did you ZLinst notice this feeling to-
wanrds mathematics?

S. Probably about the 2third ZLorm - I 2think
it was partly the teacher you had, g B
have a good teacher, I quile enjoy 4it, I
get pleasurne out of it, and can do it.

Although the subject has considerable problems with mathematics,
her emotional reaction to the subject was much milder than
many others in the group. Her ability to transfer at least
some of the blame to the teacher may be a factor in this.
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Subject I.A. Female. Age - early forties

Brought up in England during the Second World War, the subject
was evacuated from London during the bombidé. Both her parents
were killed. Raised by an aunt and a grandmother, she attended
13 different primary schools but was sent to a boarding school
for her secondary education. The mathematics programme was
mainly arithmetic but with a 1little algebra - about fourth

form level.

She has two sons, both very good at mathematics, and until
recently, when she enrolled for a B.S.W. degree, she had been

a housewife.

She had problems with mathematics from primary school.

I. Can you didentify some time when you realised
that mathematics was not fLor you?,

S. When I was 2old that mathemailics was not
Zor me. I think after my mothen died I
s0rt of crashed at eveaything.

I. How o0fld wenre you then?
S. 7en,

Before that her achievement had been rather
erratic.
s I rememben going 2o one school and ALeding
* Lottom of 2the class Lorn maths, and then
I went 2o another school with a very small
class and I was told that I had the brains
to do maths, onr sums, on whateven, and Zhat
I could easily come Z2op of the class. That
yean I Lecame top of the class., If someone
in authonily tellds me that I can do 4ii,
I Lelieve thenm,

Like the other older subjects in the group, I.A. reacts very
emotionally to mathematics. Undoubtedly the very disturbed
primary school years contributed to the problem, together
with the extreme sensitivity of the subject to extrinsic

motivation in the form of teacher expectation.




86.

Subject A.R. Male. Age - 18 years. g
- Went through a normal primary - intermediate - secondary
school programme in Levin. He took mathematics in the School

Certificate examination but failed (39%).

Father was a joiner and mother a housewife. Neither had
indicated a positive or negative attitude to mathematics
and all his brothers and sisters were much younger and cons-

equently their mathematical ability was not yet evident.

His difficulty with mathematics was not evident until second-
ary school. He had always quite enjoyed and been successful
at arithmetic. Not a very talkative subject, he could offer
no explanation as to why he found secondary school mathematics
difficult. He seemed to be quite resigned to the fact that
he could not do mathematics and was not*-particularly upset
by his difficulties.

Subject A.N. Female. Age - 19 years.

Primary - intermediate - secondary school sequence in Levin.,
She was surprised to get 45% in School Certificate mathematics,
she had expected much less.

Her father admits to having had trouble with mathematics,
but her mother, who is a primary school teacher, coped well.
Two younger brothers show no sign of having difficulties.

She found mathematics difficult right from the start. In
Standard 2 she can recall difficulty with whole number arith-
metic. The teacher seemed unsure of the 'new maths' material
at that time - although this did not seem to worry the rest
of the class.

She ' reacted by withdrawal from many of the topics presented
and said that her mind went blank.

In the discussion of decimals, a particularly difficult area
for her, A.N.'s response was particularly significant.
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I. And you neven undenstood at the time?

S. I think I undenrstood it fLor a short period
of time, but I fLorget it.

I. I see, you understand il when it is fLirnst
being presented?

S. Yes, Lut I have to keep on being told, and
that made me feel really stupid - after «a
while you gel too embarrased to ask.

Again a clear indication of the close association between
emotional factors and extrinsic motivation. She clearly
associates decimals with the acute embarrassment she felt

at being unable to understand.

Subject N.E. Female. Age - 18 years

Attended a small country primary school’ up to Standard 3,
then primary - intermediate - secondary school in Feilding.
She dropped mathematics in the fourth form.

Her parents have never indicated their reaction to mathematics,
but her older sister was quite good and her younger brother

exceptionally good at mathematics.

She has had difficulty as long as she can remember - "Usually
I just block my mind to it, pretend it is not there". She
did not know why she had this reaction - thought it might
be '"teachers or something".

She had a very similar emotional block to that shown by A.N.
but no real reason for this block emerged during the interview.

The important features of this background information seem
to be:

(a) Difficulty in mathematics did not seem to run in families.

(b) Strong emotional reaction to mathematical content was
common, but not universal, and usually manifested itself

in some form of withdrawal from the situation.

(c) This emotional reaction was often associated with strong

extrinsic motivational factors.
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THE COGNITIVE SYMPTOMS

‘Frameworks

One of the tentative conclusions suggested by the interview
with N.I. recorded in the previous chapter was of the import-
ance of appropriate initial frameworks.

The term framework comes from Minsky (1975). It has a great
deal in common both with Skemp's schemas and with concepts
used by other writefs (Schemata, script etc). There are
differences (Davis and McKnight, 1979), but in the present

context any one of the terms could be used.

Minsky describes frameworks in this way:

When one encounters a new situation’ (or makes
a substantial <change in one's view of the
present problem) one selects from memory a
substantial structure called a frame. This
is a remembered framework to be adapted to
fit reality by changing details as necessary.
A frame 1is a data-structure for representing
a stereotyped situation, like being in a certain
kind of living room, or going to a children's
birthday party. Attached to each frame are
several kinds of information. Some of this
information is about how to wuse the frame.
Some is about what one can expect to happen
next. Some is about what to do if these expect-
ations are not confirmed.

(Minsky, 1975: 212)

In the context of this study, the stereotyped situations
are those of meeting certain kinds of mathematical problem.
When faced with Card 1: 2 4+ 3 =5, Explain., the subject
retrieves an addition frame. In the case of every subject
interviewed this frame contained not only number facts but
also some relational understanding concerning the addition
of whole numbers. This was represented by the ‘'union of

disjoint sets' concept.

There seem to be two reasons for the importance of this kind
of information in a framework. Firstly, it enables the

appropriate framework to be retrieved when it is not explicitly
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called by the situation. For example, in the jar of kerosene
problem, N.I. selected the subtraction operation because
of the 'pouring out' involved in the physical situation.

Without some understanding it is not possible to solve any-
thing other than standard mathematical problems for which
the procedures have been learned. This corresponds very
closely to Skemp's (1979a) concept of understanding as the

making of connections with an existing schema.

Secondly, relational @ understanding ©provides the default
procedures if the application of the framework does not immed-
iately produce the expected, or desired, results. N.I.,

in handling Card 9: % + % = ?, initially used an incorrect

rule to give %, but when this was challenged, she was able
to use her relational understanding to gome very close to
the correct answer. Again Skemp's model is helpful. The
subject had a well developed cognitive map by which she was
able to get from her current state to, or in this case close

to, her goal state.

In exploring this idea further it seems best to concentrate
on the section of the interviews on fractions. All the
subjects were Jjudged to have relational understanding of
addition and subtraction of natural numbers, and almost all
of multiplication and division. This was far from the case
in the section on fractions. For every question on fractions,
less than half the subjects indicated relational understanding

by their responses.

The difficulty lies in the complexity of a successful fraction
framework. The fraction concept has been analysed by a number
of writers (Kieren 1976, Novilis 1976, Uprichard and Phillips
1977, Hiebert and Tonnessen 1978, Piaget 22 «¢Z 1960). The
hierarchy of Novilis, containing fifteen subconcepts, was
mentioned earlier and reproduced in Figure 5. Not all of
these sub concepts are necessary for the questions used in
the interviews, but the interview data illustrates how the

unavailability of some of these subconcepts seriously affects
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the performance of the subject. For each of the interview
questions the appropriate framework is discussed and related

to the responses.

Eguivalent Fractiaons

The most appropriate model for understanding the equivalence

of % and % (Card 6) is the part-whole, congruent parts

subconcept of Novilis (1976). The fraction % is associated
with the geometric region that has been separated into vy

congruent parts, x of which are considered.

Example: :S3§§S % of the region is
\\\\\\\\\\\\ shaded.

i

This is the subconcept analysed by Piaget et «¢f (1960) and
is the most commonly taught and understoood initial concept.

To illustrate equivalent fractions, each part of the diagram

is subdivided into the same number of, again congruent, parts.

W
:S\KQJ g of the region is

N

This is not to say that the concept of equivalent fractions

~

can only be understood in terms of this model. For example,

the fraction 3

7 may be interpreted as the solution of the

equation 4x 3, which has, by using a 'balance' concept
of equality, the same solution as the equation 6x = 8. It
is however true that some subconcepts, which are quite
appropriate in other circumstances, can be a considerable
hindrance to understanding equivalence. F example, the

is illustrated

or
part-whole, non congruent parts concept of %

below.




91.

The triangle is divided into four non congruent parts, three
of which are shaded. It is now true that 3/4 of the parts
are shaded, although it is no longer true that 3/4 of the
whole is shaded. Dividing the area into eight non congruent

parts and shading six of them, the equivalence of % and g seems

X
D
o

In faét, the majority of subjects retrieved the appropriate

most unlikely.

model but had varied success in using it.

Subject I.A. /

I, (Card 6: % = %, Why?) Let’s try ZLractions,
S, Ugh!

12 Don’t you Like these?

82 No I don’'t (most emphatically) Why?

(Long pause)

I3 Well, do you felieve that six eighths equals
three quantens?

S3 Yes, we’ve Leen Laught this, haven’'t we?
They go 4into one anothen s0 they anre the

same.
. 6 3 5
I4 Do you have any picturne of what 3 and 7 ane:
(pause) ... When we werne talking about
whole numbens you wene Looking atl groups
of oljects,
S4 Yes - the same thing - apples - chopping

them up. Just chop 2that one (points 2o
the % ) up again, Chop the three and chop

the Zoun - double them and you gel six
eighths,

One subject, having been taught the part-whole concept re-
trieved it successfully, but it was of no use since it was

not appropriately connected to the fraction.
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Subject N.E.

I, Do you know what three gquanterns 442 Does
it mean anything to you? '

S1 Yes, that would, Lut that (points to zLhe

% wouldn't,

12 Right. Well what is three quantens?

82 (Draws ) That Lit out and its that L.it,

I3 Right. Now in younrn picturne, where is the
three and where 44 the ZLour? ... (pause)
vese Why 4is that three (points to numenraton)
and that founr (points to denominatonrn)?

S3 Would that fLe the three (points to the panit

cut out) and that the fLour (points 2o the
part Left oven)? ‘

'
It is not surprising that the subject could not visualise
six eighths! It was only a certain hesitancy in drawing
the diagram in 82 which prompted the probe I3. Most teachers
would accept the diagram as evidence of the understanding

of three quarters.
\

The logic of S3 is simple - there are two parts to the fract-

ion and two to the diagram, they must correspond.

The availability of a model for certain, common fractions

but not in general was found in other responses.

Subject A.R.

|

7

S. I can envisage % and > Lut I can’t envisage
%. L think of a cdincle, I can envisage
g 3 6
'4_' -4-' ? K-u.t I‘LO/{. Eo
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Subject A.A.

T Are you happy working with fLractions?

1

S No, I don't mind - Lut when they get 2oo small
T sont of thing. I mean {dike two over Liftly eight
on something.

It transpired that large denominators were the problem rather

than small fractions.

Two of the more able subjects did not retrieve the part-

whole concept.

Subject E.E. (Discussing Card 3: 4 3z 2 = 2)

S1 I see that as Loun ovenrn two.
I You see it as a fLraction, Do you always
1 Jee division as a Lraction? !
32 Ye s
12 When you see Lthree quanterns, what do you
see then? ~
S I try 2o say what times fLour equals three

3 _ that sont of thing.

This is the more sophisticated concept of the fraction as

the solution of an equation.

Subject E.U.

: 6 3

I1 (Card 6: 3= 7’ Why?)

Si Well, that’s Ltwo Limes that s0 2o keep
L1 even, thal must Le two times that.

12 Right, Now suppose I say thai.% must also
Le the same aA'g Lecause I have added one
to the top and the boititom.

S, No.

I3 Why not?

S3 Because that's twice 2that and you can’t

Just - its got Lo hbe a multiple of it.
It will cancel.
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Why?

S4 You can’t Just add ones 2Lthere and there
- 4t has to be mulitiply then it will cancel.

IS‘ Do you visualise % and %—ai all?

S No.

The framework here was clearly rule dominated. With
much further probing of the concept of 'cancel', the subject

eventually explained that multiplying the top and bottom
by two was equivalent to multiplying the fraction by one.
In this case the subject has the 'rational number' concept

of fractions as the quotient of two integers.
The concept of equivalent fractions is essential for under-

standing the addition of fractions so that will be considered

next.

Addition of Fractions

The question % + % = ? is solved by finding a common denomin-

ator, using equivalent fractions, and then applying the union
of disjoint sets concept of addition. Since most of the
subjects had both of these concepts available, it is perhaps

surprising that so many found this question difficult.

The most common wrong answer %, in which N.I. in the previous
chapter was confident, can be derived in at least two differ-
ent ways. Firstly, it may be Jjust the obvious thing to
do. In multiplication of fractions it 1is appropriate to
multiply the numerators and the denominators, and it is natur-
al to do the same for addition. The problem is, though,
that the incorrect result is entirely plausible if the part-
group, congruent parts concept of a fraction is used instead

of the part-whole concept.
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. (
% may be represented by: é%? 629 é23‘<:> <:>

and%by: QO

which, by the union of the two groups, quite clearly gives
4
Eo
fiveness of the solution to the problem two thirds plus three
fifths.

In this connection Kent (1978) comments on the essential

. a c _a+ c . .
The algorithm used b*3 - b+ a IS of course an entirely
proper one in some circumstances. If, for example, a student
achieves f% in one test and l% in a second, adding these

. 21 27
marks gives 0 not 0.

w

The problem here, then, seems to be not so much the complexity
of a proper justification of the correct, but rather difficult
algorithm:

.S ad + bc
& = bd

oo

but the plausibility of the much simpler algorithm. It feels
right.

Only one subject had an alternative algorithm.

Subject W

w|=

(Card 9: %+

Its s0rt of crossways.

T That's nright ... (fLong pause) ... Do you

2 Lrememben something JLike Lthree 2imes three

and five times one and you put it oven ...
(Long pause) ... Lifteen?

Sy I wouldn’t have put it overn fifteen, I'd
have just gone six and six.

I3 I see, and what would you have put it ovenr?
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83 Oh! I see. I thought you would jFust go
Like this, you get the top and the Loitilon,
Zive plus one equals six and Lhree plus
three equals six,

The algorithm, then, is % + % = % or in general,
a,c_bz+c
b d ™ a + d

S1 is presumably a vague recollection of the form of the
correct rule and was interpreted in this way by the inter-
viewer. The interviewer's response I2 was really too suggest-
ive and it was fortunate that the subject was able to reject
the suggestion rather than just take it up. This is another
illustration of the advantages of using Piaget's clinical

method with mature subjects.

Multiplication of a fraction by a whole number

The question 3 x f% = ? has very much the same logical char-

acter as the previous one. Since all of the subjects viewed
multiplication by three as repeated addition, the question

% % + %. The response of N.I. in the previous

chapter illustrates this.

becomes +

Here the difficulties associated with the common denominator
no longer exist, but still very few could provide any explan-

ation even with prompting.

Subject A.R.

S1 Nine elevenths.
I, Have you any idea why?

82 I suppose something Like you Just Ltimes
the Ztop Line and times Lthe Lottom Line
and that's it. Like three times three
i4 nine and then just eleven Lecause there
i nothing <there (points underneath 22he
three).
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Often the rules were confused:

Subject A.A.

S1 Well, thnee times three is nine - no hang
on - we’ve got to make them the same.
Don’t you need a common denominaton?

I1 Well, why would you need a common denomin-
aton?
S2 7o make them the same soat of base. You

could say three elevens ane thinty 2Lhree,
and thinty three oven eleven times ZLhree
oven eleven.

E.E., who had seen fractions as the solutions to equations,
had some difficulty.

S1 Nine elevenths.

i Right, and how did you do it? '
2 Just thrnee times three divided by eleven.

I2 IZ you wanted to explain that %o someone,
why didn't you nuliiply the eleven a4

well?

S3 Oh! ... (pause)

13 Some child says - you’ve only mubtiplied
a it of that numben by three, you haven't
multiplied it all, what about the eleven?

Sy I think of three oven eleven as a. sont

of decimal.
Right,

Ss So 4f you nmuliiply it Ly Lhree you’ve
got to geit, you know, a numben,. So you
think what it has got 2o he and then you
work it out that way and it comes out
to be what you would expect it to Le.

The confused response S5 illustrates how difficult it is,
even for the mathematically able students to retain and use
more than one of the subconcepts relating to fractions in
their frameworks. She had a fixed view of fractions as
numbers - the solutions of equations, and it is extremely

difficult to justify the above rule in terms of this subconcept;
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Division of a whole number by a fraction

In solving 3 & f% the problems relate to the division con-
cept as much as they do to fractions. Virtually all the
subjects had seen 4 2 2 as separating four objects into two

equal groups. Division is a process of sharing. However,
with this concept 3 2 f% is meaningless - how can you divide
three into three elevenths equal groups? An alternative
concept of division is required. One possibility is division
as repeated subtraction: 6 * 3 = 2 because we can take two
groups of three away from six. This works well enough with
3 2 f% since we find that the answer is a whole number, we

can take 77 away from 3 eleven times, but 1;5 % = % is some-
what harder to explain.

Subject A.A., who wanted to use common denominators in every
operation on fractions came close to using repeated subtract-
ion appropriately.

S, Let’s have a Look at what this is saying
Linst .., (pause)

1 That's a good nresponse - do you know what

it is saying?

82 It’s saying how many. times does three
elevenths go into thirty three elervenths?

A general explanation of the rule 'invert and multiply' relies
on the concept of division as the inverse of multiplication.
6 + 3 = 2 because 2 x 3 = 6. Consequently 3 = f% = 11 because
11 x f% = 3. An understanding of this clearly involves formal
operations and at the time when the subjects first met div-
ision by a fraction these were unlikely to be available.
Consequently virtually all the subjects relied on rules,
often remembered incorrectly. This has obvious educational

implications which will be discussed in the final chapter.

Subject A.R.

I (Card 7: 3 = f% = ?)

1

S1 Hm - I’'m not sure - you divide three Ly

three - zeno on one I think.
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2 What is three divided Ly three?
S2 2eno, I think - I don’'t know - three divided
Ly three - must be zerno.
I, So you would divide that Ly that (points

to the threes). What would you do with
the eleven?

S3 I'd just carny it through.

The rule here is Jjust an extension of the multiplication

rule

g2y, Bt

—_
-
-

8 5 & 8

so 3 97 = 17

e

Multiplication of fractions /

An explanation of the rule for multiplying two fractions
again involves the abandonment of a previously understood
concept. Multiplication as repeated addition is no longer
meaningful. The multiplication sign is now read as 'of'.
We are asking for three quarters of five eighths rather than .
three quarters times five eighths. Conceptually this 1is
quite difficult because the two fractions are interpreted
differently. The second one is a quantity which may be
modelled by the part-whole concept, but the first is an
operation. It is conceptually difficult to use the part-whole

concept for both. After all, what is

times =) ?

D

Z

Fortunately, in this case the correct algorithm is also
the most natural and almost all the subjects gave the right
answer. However, there was not one subject who was able

to give a really satisfactory explanation.

MASSEY UNIVERSITY,
LIBRARY




Division of one fraction by another

There is no conceptual difference between %—; % and 3 3 Ti

-—

and the same problems were evident.

The response of A.R. again illustrates the choice of an
easy algorithm.

(Card 8(i): %x % £ &)

S, I'd just go straight across, Thrnee Z2imes
Live s fLifteen, Loun times edight 4s thinty
two.

The correct algorithm. However:

). 3.5 _
1 (Card 8(ii): m & g = ?)
S1 Am. I'd divide the three into the [Live
and the foun into the eight to give Zwo.

I

Apart from the obvious similarity between the rules, it
is interesting to note that he did not say %———%, but g = 2

possibly because of a preference for dividing large numbers

by smaller ones or perhaps because he knew the answer to
8 = 4. ‘

The most dominant impression left by the many hours of inter-
view and analysis involved in this study has been the utter
confusion which was shown concerning fractions, and the
educational implications of this will be discussed later.
Perhaps this should not have been so surprising. The concept
is an extremely complex one. No one subconcept will be
useful in understanding all the operations. The operations
on fractions behave quite differently from the same operat-
ions applied to natural numbers and previously understood.
The reasons for the behaviour of fractions under these
operations are largely abstract rather than concrete in
character. With this complexity it seems inevitable that
children will abandon understanding and rely on rules -

clearly the route taken by almost all of those interviewed.
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Unfortunately the rules too are extremely complex. Uprichard
and Phillips (1977) identified 89 different specific tasks
involved in the addition of fractions. Not all of these
tasks. are, of course, logically independent, but the use
of the relationships between the tasks is dependent on some
level of understanding. So successful handling of fractions

entirely by rule seems to be out of the question.

It is not so surprising, then, that so many people cannot
handle fractions. The surprising thing is that generations
of educators have so drastically underestimated the learning
difficulties in this area, and that so many children have

succeeded in spite of their teachers.

Logic

The second tentative conclusion suggested in the last chapter
was that N.I.'s difficulties were unlikely to be due to
the logical nature of the‘subject matter. A careful study
of the responses of the rest of the less able group tended

to confirm this, but with some reservations.

One of the problems is to decide whether éuessed wrong
answers and the application of wrongly remembered rules
are to be classified as illogical. If they are then of
course the tentative conclusion is false. However, it seems
more appropriate to classify these as alogical, providing
the subject is aware that he is guessing and does not believe
that he has a logical justification for the wrongly remember-
ed rule.

Two responses from A.R. illustrate the point.

I1 (Reads the kerosene problem)

Sy eee (pause) ... Point five kilograms,

2 Right. How did you get that?

2 I don’'t know ... (fLong pause)
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I, (Card 3: 12 33 =4+ 12) 2

S1 eee (pause) ... foun,

I, How did you come up with that?

82 Welld, z2three 2times Loun equals Ltwelve and

Zoun times thnrnee equals twelve.

It seems that the first should be considered as being a
response without logic, but the second, in view of the

supposed explanation, should be considered illogical.

There were certainly plenty of examples of impeccable logic
among the responses of the less able groﬁp. Subject A.A.
was particularly good in this respect. In her work on
fractions, reported earlier in this chapter, she began with
the incorrect premise that it was necessary in all fractional
operations to begin with common denominators. But, given
this premise her deductions were without flaw. There were
times when she was unable to go any further, but not once

did she draw an invalid conclusion.

The following examples show her ability.

(Card 17¢: ¢ +d =10, c¢c < d, c = ?)

I

S1 eee (pause) ... Foun on lelow it.

I2 What did you do?

S, Well halfl way is Live s0 ¢ must be Less,

She had made the assumption that ¢ and d were to be whole
numbers, and given that premise S1 is correct. S2 indicates
that if she had not made this assumption, the better answer,
c is any number less than five, would probably have been

given.

(Card 18: Which is the larger 2n or n + 2?)

(Writes 1 2 on the paper provided)
12 What are you doing?
S I'm ZLetiing n equal one, s0 22that makes

thnee, s0 therefone that one (points 2o
n + 2) 4is biggen.
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I3 Always?

S3 No, Llecause if n equals six, Ltwo sixes
are twelve, this equals nine ... (pause)
vvo hang on - when n 48 greaten than 2wo

that's the lLanrngen (points to 2n).

This is a good example of d liberated conviction response
following her own 1logical deduction. This was repeated

in the kerosene problem.

I1 (Reads the problem)

S1 Hall a kilogram - Oh! no. ... (Long pause)
eeo One kilogram, '

12 Good, now tell me what you did,

82 Er - subtract Loun point [Live from eight
(wrnites 8 - 4.5)

I, Which gives three point five.

S3 Yes.,

I4 What does thal represent?

54 The [{Ligquid poured away - and then subtracit
that Zrom 2here (points to the 4.5 on Zhe
cand).

Certainly A.A. was the most logical of the less able group
and A.R. the least. But there were very few examples of
invalid conclusions being drawn. The errors were much more
likely to be due to incorrect premises, often in the form

of the wrong rule or straight guesswork.

Abstraction

The third tentative conclusion of the previous chapter was
that it was unlikely that N.I.'s problem lay in an inability
to handle second order abstract ideas such as variables.
A number is an abstraction from some physical situation and
a variable is an abstraction from number. -The view that
this might lie at the heart of problems in mathematics learn-
ing was suggested by Skemp (1971). However his later view

(Skemp, 1979a) is that mathematics learning is not different
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in character from other forms, it merely provides 'low noise'
examples of a more general kind of intelligent behaviour.
This 'low noise' makes mathematics an ideal medium for study-
ing the 1learning process, but has some disadvantages for
the learner. There is no subject area in which failure is

more obvious.

In the interviews there was little evidence that the subjects
were having difficulty in handling abstract ideas. The
section on variables provided more examples of 'liberated
conviction' among the 1less able than any other section.
This might, of course, be due to the character of the partic-
ular questions asked rather than the character of the princ-
iples involved.

However, if we consider the response of A.R. to Card 31:

X 2
Solve 2°3

I1 (Shows card)

S1 ... (long pause) ...

2 What are you thinking?

2 I'm thinking - how many of *those can you
get in there.

I, Yeas,

S I sont of can’t see ... you can’'t divide
three into foun.

The problem is once 'again the complexity of the fractions
concept rather than an inability to handle the wvariable.
The subject interprets %-as an unknown number of quarters
and cannot see how any number of quarters can be made to
be equal to two thirds. He needs to interpret % as x divided

by four if he is to make progress with the problem.

It might be argued that the reason that children have . such
difficulty with fractions is because of the abstract nature

of the rules governing their manipulation. It is certainly
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true that the justifications of these rules are very sophist-
icated and require formal operations (Harrison e «¢4, 1980).
However the rule for multiplying two negative numbers is
at least as difficult to explain and yet the evidence of
these interviews is that subjects find this a much easier
rule to handle. It is the relative simplicity of the negative
number concept and its operations which accounts for this

difference, not the level of abstraction.

Certainly, the emotional response to fractions was much more

violent than to negative number.

Subject N.E.

I, (Card 6: g = %, Why?) 7Fractions
S (Screws up her face) 0A! (Nervous laugh)

12 Fractions worry you?

5 Yes, I could never understand them.

The reaction to negative number was much calmer.

(Card 12 on negative numbers) Did you evenr

I
3 do negative numbens,
S, Some time ago (quite calm nresponse)
12 Lel's jJust see If you can ~rememben.

What would three minus fLive fLe?

S Negative Zwo.

2

I, (Points to (-3) x 2 on the card)

S3 I’m not sune. Positive fLive? No, six.

I4 You’ve Lonrgotten some of 2the rules, Lui
you don’t seem as wornied about these
as aboul fractions. :

S No.
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In this chapter the tentative conclusions indicated by the
case study of chapter four were examined in the 1light of
the other interviews, particularly those with the less able
subjects. With some minor reservations these conclusions

were supported.

In the next chapter the results of coding the interview
responses of all the subjects and the corresponding statist-

ical analysis are presented.
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CHAPTER S1X
STATISTICAL ANALYSIS

In Chapter 4 mention was made of an initial formal coding
of the interview data in relation to the levels of understand-
ing shown by responses to the mathematical tasks. 1In this
chapter this coding is discussed and the results analysed

statistically.

There seem to be two advantages to this initial approach
to interview data. Firstly, as mentioned previously, it
provides a useful overview of the material as a background
for a more searching analysis. Secondly, one of the dangers
associated with a <clinical analysis of in;erview data 1is
that those parts of the data which support a particular
conclusion will be selected in preference to those which
do not. A formal coding procedure at the beginning of the
analysis at least forces the investigator to view all the
data in the same way. This is not to say, of course, that
such 'a procedure will eliminate researcher bias. This may
still be present in the selection of tasks and in the coding
procedures. It does however provide for the possibility
that any gross selection bias in the later clinical analysis

will become apparent.

THE ASSESSMENT OF UNDERSTANDING

The concept of understanding in mathematics is most easily
related to statements and theories (Lehman, 1977). Consequent-
ly, the <coding of  interview responses was restricted to
Content Areas A to H (Table 1). Sections I and J, where
the subjects were asked to solve mathematical problems, being
quite different in character, were subjected to clinical

analysis only.

No matter which of the many possible classifications of under-
standing referred to in Chapter 1 and discussed by Skemp
(1979b) were to be used, some ambiguity in the responses

was to be expected. Sometimes a response indicated quite
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clearly the type of understanding involved, but this was

by no means always the case.

Initially an attempt was made to use Lehman's (1977) classif-

ication of understanding involving three levels:

(a) Knowledge of applications
(b) Knowledge of meaning

(c) Knowledge of logical relationships

All of the interviews were coded in this way but it was very
difficult to distinguish, on the basis of the evidence of
the interviews, between the first two categbries. Consequently
a second coding was made using Skemp's (1976) rather more
inclusive categories of relational and instrumental under-
standing. Even then the difficulties of classification
were greater than had been anticipated. When the interviews
were conducted it was assumed that the boundary between
instrumental and relational understanding would be the most
difficult to delineate. Perhaps as a consequence of this

anticipation, this was not the case.

It was, in fact, much more difficult to distinguish between

instrumental understanding and no understanding.

Skemp describes instrumental understanding in this way:

"Instumental wunderstanding is the ability
to apply an appropriately remembered rule
to the solution of a problem without knowing
why the rule works'".

(Skemp 1979b: 45)

In terms of Skemps model the activities involved are delta-
one activities, the operands being in the physical environ-
ment. The instrumental understander can retrieve an approp-
riate schema in which the present state and the goal state

are linked by the possession of an appropriate rule.

The difficulty in assessing this condition arose from the
fact that many children have, in relation to a topic such

as the addition of fractions, a considerable supply of rules,



109.

many of them inappropriate, and the selection of a particular
rule for a problem is more a matter of chance than understand-
ing. The crucial question is; having selected an appropriate
rule, do they know that it is . appropriate and can they be
relied upon to select the same rule if the problem is present-
ed again at a later date? The lack of confidence which some
of the subjects showed in some of their correct procedures
and answers made this seem unlikely. This concept of confid-
ence as a prerequisite of knowledge, and hence of understand-
ing, is reflected in the view of many modern philosophers
(Russell 1948, Ayer 1956, Scheffler 1965) that tﬁe essence
of propositional knowledge can be expressed in three condit-

ions of knowledge.

In order for person x to know a proposition p the following

must be satisfied:

(a) x must believe p.
(b) p must be true.

(c) x must have adequate evidence for p.

The confidence factor is clearly contained in condition (a).
It seems that, 'ability to apply an appropriately remembered

rule' is likely to depend on belief in that rule.

Notwithstanding these difficulties, after two further attempts
a coding with respect to the three states: relational under-
standing, instrumental understanding, and no understand-

ing was completed and analysed.

METHOD OF ANALYSIS AND RESULTS

The initial approach to the analysis of the resulté of this
coding was a purely descriptive one. The items were ranked
in order of difficulty as indicated by the total number of
positive responses to an item with respect to each of the
criteria used. The subjects were also ranked according to
the total number of items on which they were judged to show

instrumental and relational understanding.
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The results of this coding and‘ranking were then presented
graphically to give a profile of the performance of each
subject on progressively more difficult items, and a profile
of individual items as handled by progressively more able
students. This information is presented in Figures 6 and
i/h, For student identification the rankings on instrumental

understanding criteria were used.

The total scores of individual students according to the

two criteria are compared in Figure 8.

A number of features emerge from this presentation of the
data.

Firstly, Figure 8 <clearly identifies the group of seven
subjects, mentioned in the previous chapter, whose understand-

ing of and ability to use, school mathematics was very poor.

Secondly, the distributions shown in Figures 6 and 7 indicate
an important difference in character between items.  Figure
6, for example shows that item 14:

a + b = 43, a+b+ 2=27
with 18 positive responses, had fewer positive responses by the
sample as a whole than item 25:

Multiply n + 5 by 4

which had 19 positive responses.

For the less able group, however, item 25 produced no positive
responses while four out of the seven subjects in the group

responded positively to item 14.

This difference in ranking between these items according
‘to the ability of subjects can be illustrated by plotting
either the number of positive responses by subjects below
a particular rank, or the proportion of such responses.

These comparisons for items 14 and 25 are presented in Figures
9 and 10.
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FIGURE 6: DISTRIBUTION OF POSITIVE RESPONSES - INSTRUMENTAL UNDERSTANDING



tng.

of

positive

No.
.responses

sosuodsax aat3tsod jo 1aqunu 03 Butpioooe payuel swall

™M [To T B Te BRe] ~ 6~ 0000 (a)] A NNOMM
; = At S
¢le| (e oloja|ajoa| slefals aj® [oe siolele ofo olalal®la
° vlele oh- efele ojale|gialala({olalofs «|0ja|lo|e|e|alw
i, s R Sl et Lo Bt B iy e M| Bl Bl st it Ml Bl i g pas
® s Sle ®(®igie o s s % o ¥ a8 PN a o & plge s )
- -— s o WU TORE .
e L4 sls n“& s ¢ e Siejsleieiaga sl g oﬁq LA R .
T T BT i s e
tiv s ®» q|e = Mu_o i |T ¥ 0 gl giveigle o *
| I i .
. L] S| (9 % g8 ¥ s|0is V(g o[ v b a_- -
1 t R e R e 2
2le o a_amo . awc s slginalel 1 .lee »M. el o dlwle
el . i 3 4
o s |eie lele alelale olv'aialalel |oialaloitinigl 1o
- ; M e TR ._-. — L ....p.....ﬂ!i....{"rl_uln ;.iL.llTll...II%.||
ﬁ ﬁ. tjieje ® g ¢ @ ¢ B, s C_ . 9 ° * ¢ % 5 g o
o i S o SRR e o vea Bt s e S T e i e e ot
- '“ ! ,T- (K SRR TN BE e @ iwe! e s e B gq-g°
| ! P m ies '@ -”. ® ¢ e e o v - 8 s o_om-mo 3
m i [ m Pl LIRS o« ole o' g ajal | ¢ % e ee . ‘|
: i O =T “ o s IR R 2 L |
W : 1 “o.-_- Big:w LR T I S R I e & i ¢ g
IR ._ o' @ e 1 v a4 4 &' & ‘4 e e 8 § ®'s m
e . . . ¢ 9is aiw aie sis vig el
- a = . . LA A N A T L
W * L L .. . a & § s » " s 2 e tm_.
[ t .- . &' e Al e wie A b
. m } _ e @ - o v v . « . . @ * e "
_ e mm— e o= e . -
1 . | . . . . ] ¢ . a
T _
i | | L L] : 4 . s 0
| 1 = . ' ol et
L | . . e . to!
—.W 3 “, _ : 1 ] OW i 4 ...
] ! i 1 H H 1
_ _ | P ENEN el
| i 1
. _ VLT e T T TTTr TT ef TT T (el
— —
S = a3 S a 34 5
= 2 —_ T . 3 o 5 ;
> - A A - A A .u - - h .u
NN DD EROR AS O~ @O CNNWILTANMT @O DM A NO S
— — — — K& SRANSSY8IYY9833% RIK N —

Student
No. of

1 2 4356 711 8 912101316 222324151819 2517 26 2021 14

7 91011121317 22 22 25 25 26 28 29 29 30 30 31 31 32 32 32 32 32 33 34

positive

responses

Students numbered according to Instrumental Understanding

Positive responses indicated by dots.

-rank,

DISTRIBUTION OF POSITIVE RESPONSES =~ RELATIONAL UNDERSTANDING

FIGURE 7



Number of positive responses

113.

Tnat vument ol Undorntanding
Lot abibo l peecer

m o 008
40 Wroup '-.._“..[....."7
, PRTPTR

30

Relational Understanding

Am mmm e -y —

[ ]
]
1

0 10 20 i 26

Subjects identified by rank according to Instrumental
Understanding criteria

FIGURE 8: Comparison of scores according to Instrumental
Understanding and Relational Understanding criteria.




o
g 20
i
haN
(0]
L
i
> ©
.:‘;_‘
- 10
0w m
&
e}
W 0
0w
Ml
N Q
=]
Q o
€
| >
Z Q
0
Q
7]
g
0
M 1.0
gﬂ
2w
"
- 8
0w o
&H
-
U4
0o . 0.5
w
e+
0L
38
N Q
&ﬂ
w
9 >
onoQ

Item 14

114,

=+‘ Item 25

Y

FIGURE 9:

10 20 26
Rank x

Rank x

Comparison of rankings by instrumental Under-
standing of Items 14 and 25. Number of
positive responses by subjects at rank s x.

FIGURE 10: Comparison of rankings by Instrumental Under-
standing of Items 14 and 25. Proportion of
positive responses by subjects at rank = x.
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It seems thét these diagrams provide a 35useful profile of
the items as seen by subjects at different ability levels,
but comparisons between all 42 items in this way would be
rather clumsy. Consequently, the possibility of using some
statistical scaling technique, which might represent this

character of the items parametrically, was considered.

The most popular such technique is Scalogram Analysis (Guttman
Scaling). This has been used in other clinical studies
(Thomas, 1975), but the major assumption underlying the method
(Torgerson, 1958), is that the items being scaled are perfect
and monotone. This means that all subjects'at the same level
of the underlying attribute against which the items are being
scaled would be assessed in exactly the same way on each
item. Since the assessment of a variable such 'as understand-
ing by intgrview is necessarily somewhat subjective, this

assumption seems unwarranted.

An alternative, which seems to be more appropriate, is to
use Latent Structure Analysis. The method is described in
Torgerson (1958), but mixed notation due to' the method being
described in a different chapter from its analysis, and an
error in the worked example, make the method 'difficult to
follow in this source. Consequently a description and justif-
ication of the method is presented in Appendix A.

LATENT RESPONSE ANALYSIS BY ITEM

The basic premise of the method is that the probability of
a positive response to an item increases with the ability
of the subject. Consequently a form of trace line for the
items 1is assumed, usually either linear or in the form of
the normal-ogive curve (Figure 11). The close relationship
between this approach and that illustrated in Figure 10 made
the method, using a normal-ogive trace line, seem particularly

appropriate.
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The major difficulty, in working with a small sample,
is to derive reasonable estimates of Pig - the probability
of a positive response to item i by a subject at ability level
g. The usual approach is to divide the subjects into reason-
ably homogeneous groups on the basis of the total number
of positive responses recorded to all the items. The proport-
ion of positive responses by each group to item i is then
used to estimate Pig' From these values estimates of S,
the ability level of each group and of the location parameter
M; and the discrimination parameter oj of each item are
calculated. '
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With only 26 subjects the difficulty obviously lies firstly
in locating relatively homogeneous groups, and secondly in
the size of such groups. It was decided, however, to continue
with the analysis in the knowledge that the results could
be compared with a descriptive presentation such as that
of Figure 10.

The subjects were divided into four groups as shown in Table
2 and the analysis on all items completed. The values of
Mi and 05 for items other than those which produced all
positive or no positive responses are given in Tables 3,
4,

Relational Understanding

Group ; Mark Range No. in group Ablll;Y level
vl
I 7 - 17 7 =-1.3
I1 22 - 28 6 | "
IT3 29 - 31 6 | e

Instrumental Understanding

Group Mark Range No. in group Abili;y level
g
I 12 - 22 7 -0.7
1T 31 - 38 7 il 536
I1I 39 - 40 7 2.5
Iv 41 - 42 5 299

TABLE 2: GROUPS OF SUBJECTS ACCORDING TO TOTAL SCORE



Item 1(ii) 1(iii) 2 3 4 5 6
o3 1.2 14l 1.0 0.7 1.2 0.6 1.5
M -1.4 -1.1 -0.9 |-0.7 -2.6 |-0.4 0.6

7(1) 7(ii) 8(ii) 9(1i) |9(ii) 10 11 12(1)

0.9 a2 =2 0.9 0.8 =3 0.6 0.5

1.4 2.2 35 07 |50 0.3 2 0.2

12(ii) |12(iii) 14 15 16 17 |18 19

0.5 0.6 2a8 | 0.8 0.9 0. % 3.8

0.2 0.6 -0.6 -2.6 [-1.0 -1.3 [-0.3 3.8

10 21 22 23 24 25 26 20

0.6 057 0.6 0.7 0.5 0.4 0.4 1.3

0.6 -1.0 0.6 -0.2 0.2 -0.2 0.1 0.8

28 29 30 31 32

O 0.4 (0)55°) 0.5 0.5

0.7 -0.2 -0.5 0.4 0.3

TABLE 3: ANALYSIS BY ITEM.

RELATIONAL UNDERSTANDING.

LOCATION PARAMETER Mi AND DISCRIMINATION
PARAMETER Oi.




Ttem | 1(ii) [ 1(iii) 3 4 5 6 7(i)
5k 1.6 1.4 10 b 8 0.8 | 1.0 | 0.8
M, 5.5 -1.3 00 |28 0.5 |-0.2 | 0.4

7(ii) | 8(4i) 8(id) | 9ciy c we11) | 10 | 11 [hz2eg)
0.6 0.8 0.6 140 { 06 1.1 | 1.6 | 1.3
1.5 0.4 1.3 | 0.0 150 |=0ma Vo250 -0z

12(ii) [12(441) [12(iv) [12(v) | 14 15 16 17
1 0.9 0.9 0.6 1.1 1.6 | 1.1 | 1.4

1.0 | -0.3 ~0.3 150 Il ous 1-2.5 [=0.4|-1.3
18 19 20 21 22 23 24 25
1.1 1.0 0.5 | 0.9 0.6 0.9 | 0.6 | 0.5
0.4 Pl 1.2 }-0.3 1.3 0.1t 1.0 | 0.8
26 27 28 29 30 31 | 32
0.6 0.9 0.6 | 0.5 1.1 0.6 | 0.6
1.1 0.1 1.5 |wee |- 10 1.4 | 1.0

TABLE 4: ANALYSIS BY ITEM: INSTRUMENTAL UNDERSTANDING.

LOCATION PARAMETER Mi AND DISCRIMINATION
PARAMETER o -
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Using these values of Mj; and O; a comparison was made between
the Latent Response Analysis trace-lines of a number of items
and the corresponding "proportion of positive responses"

diagram (Fig. 10).

For items 14 and 25 the trace-lines are shown in Figure 12
and clearly, in spite of the small sample, these represent

fairly the information presented in Figures 9 and 10.

CP e m o e & a®ew

Item 14

Probability of positive
response

IR B S = mom o b s

-4 0 \ 1 2 3

FIGURE 12: Comparison of rankings by Instrumental Under-
standing of Items 14 and 25. Latent Response
Analysis trace lines

In Figure 12 the choice of ability levels from -1 to 3
reflects the fact that the analysis produced ability levels
of -0.7 for the least able group and 2.9 for the most able

on the Instrumental Understanding criteria.

Alongside the obvious advantages of using Latent Response
Analysis to produce a simple parametric and graphical compar-
ison of items, the dangers of the representation must be
kept in mind. There 1is, perhaps, an implied precision in
a diagram such as Figure 12 which is quite unwarranted, at
least in a small sample study. One might be tempted, for
example, to deduce that at ability level 0.6, item 25, with

a probability of positive response of about 0.3, is twice
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as difficult as item 14. Such a statement, even if it were
meaningful, could not be justified on the' basis of the data
which produced the curves. The only deduction which is just-
ified concerns the general way in which the ability of
subjects affects the ranking of the items. That 1is that

item 25 is more difficult for the less able subjects.

A further comparison between the representations of items
13-20 on variables with respect to Relational Understanding
is presented in Figures 13 and 14. This comparison confirms
that Latent Response Analysis retains the order character-
istics of the items and provides a useful means of represent-
ing these characteristics. For the Relational Understanding
curves an ability scale from -1.5 to 1.5 was used, reflecting
again the calculated ability levels of the sample. The trace-
lines for the items on variables in relation to Instrumental

Understanding are also presented in Figure 15.

From Figure 15, it can be seen that in relation to Instrument-
al Understanding the items maintain roughly the same ranking
at all ability levels. From easiest to hardest the ranking

is:

Item 13: ‘a+5=8, a=27?
Item 15: perimeter = ? h h
%
t

Item 17: c+d=10, c<d, c =272
Item 16: Figure has n sides all of length 2. What

is the perimeter?
Item 18: Which is larger 2n or n + 2?
Item 14: a+b=43, a+b+ 2 =272
Item 20: Red and blue pencils.

Item 19: Cakes and buns.

For Relational Understanding (Fig. 14), Items 13, 15, 17,
16, 18 and 20 have the same rank order over the ability range,
but items 14 and 19 behave quite differently.
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The explandtion in the case of item 14" seems to be that
many able subjects, on seeing the two variables in the first
equation, a + b = 43, retrieved a framewoxk for the solution
of a pair of simultaneous equations. In fact the solution
requires that a + b be treated as a single variable. Those
subjects with 1little experience of work with two variables

were not distracted in this way.

For item 19, the question was: Cakes cost c cents and buns
b cents each. What does 4c + 3b stand for? By far the
most common answer, "four cakes and three buns", was given
by able students as well as the less able. The response
was remarkably resiliant to challenge and probes and a very
direct suggestion by the interviewer was required to dislodge
it in many cases. Galvin and Bell comment:

"There appeared a strong tendency to attempt to read
and write mathematical sentences in a manner too closely
analogous to the reading and writing of English. 1In
the sentence, "two rabbits were in the burrow", the
word two is a numerical adjective and is placed before
the noun it qualifies. In a mathematical situation,
if r is the number of rabbits, "2r" is certainly not
meant to be interpreted as '"two rabbits". Such an

interpretation occurred frequently during the inter-
views". '

(Galvin and Bell 1977: 10)

A similar comparison between items was made for the section
on fractions and the corresponding trace-lines are presented

in Figures 16 and 17.

In this case the ranking between items is not appreciably
changed by ability level. The most significant difference
in ranking between the two criteria is for item 8(i): % X % =
No student was able to give a satisfactory explanation of

the rule while many could use it accurately and confidently.

Comparisons between items from different content areas,
and between items within areas other than fractions and
variables did not' produce any significant findings. It
was, however, decided to compare the overall rankings of

items according to the two criteria. The location parameters

?
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10

Ability level

FIGURE 16: LATENT RESPONSE ANALYSIS TRACE LINES FOR ITEMS |
ON FRACTIONS. RELATIONAL UNDERSTANDING
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FIGURE 17: Latent Response Analysis trace lines for items on fractions.

Instrumental Understanding
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were used as indicating a general level of difficulty and

the rankings are presented in Tables 5 and ‘6.

TABLE 5: RANKING OF ITEMS BY LOCATION PARAMETER FROM LEAST
DIFFICULT TO MOST DIFFICULT - RELATIONAL UNDER-

STANDING

Rank = 1= 1= 4= 4= 6 7 8
Item 1(1i) 1(iv)| 13 4 15 1(4ii)| 17 1(iii)

9= 9= 11 12 13 14 15 16 1=
16 21 2 3 14 30 5 18 23
17= 17= 20 21= 21= 21= 24= 24= 26
25 29 26 12(1) [|12(ii) |24 10 32 31
27= 27= 27= 27= 31= 3= 33 34 35
6 12(iii) |20 22 9(i) (28 _ 27: 9(ii)| 11
36 537/ 38 39 40= 40= 40;

7(i)| 7(ii) (19 3(ii)] 8(i) J12(iv) 12(V)‘

A positive relationship between the two rankings could be
predicted, but a rank correlation coefficient of 0.62

indicates that the relationship is only moderate.

Looking at items which rank much higher on the instrumental
than on the relational understanding scale, we find multi-
plication of fractions and most of the items on negative
number having this characteristic. The most obvious inter-
pretation of this is that the subjects have been successful
in rote learning the content of these items, and their lack
of relational understanding has not proved a handicap in
using the material. This raises the interesting question
of whether relational understanding is necessary for some
topics or concepts to be operational but not for others.
If this is the case, what are the characteristics of each

group of concepts?
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TABLE 6 RANKING OF ITEMS BY LOCATION PARAMETER FROM LEAST
DIFFICULT TO MOST DIFFICULT - ’INSTRUMENTAL UNDER-
STANDING. .
]
Rank 1= 1= = = 5= 5= 5= =
Item 1(1) 1(iv)| 2 13 1(ii)| 4 11 15
9 10= 10= 12= 12= 14= 16= 16= 16=.
12(1i)] 1(iii)|17 12(ii)| 30 10 16 12(iii)|12(iv)
16= 19 20= 20= 22= 22= 24= 24= 24=
21 3 9(1i) | 23 27 7(1) 8(i) |18
27= 27= 29= 29= 31= 31= 31= 31= 35
5 14 25 29 9(ii)|[12(v) |24 32 26
3 |37 alfEm= " 50 40=  |40= |42
20 8(ii) 22 31 7(ii) |28 1%

Since the sum of rank differences for all .the items must
be the
be balanced by items for which the rank difference is in
That

relational understanding scale.

zero, presence of the items mentioned above must

the opposite direction. is they rank higher on the
Inspection shows that the
largest rank difference in this direction occurs for items

in the algebraic manipulation - functions and graphs areas.

The most likely explanation in this case seems to be that
many of the less able subjects had little or no experience
to respond
This would

inevitably bias the ranking on the less stringent instrument-

in these areas and consequently were unable

positively with respect to either «criterion.

al understanding criterion rather more than for relational

understanding.
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COMPARISON BETWEEN CONTENT AREAS

As was explained in Chapter 3, it was decided that coverage
of the four areas: natural numbers, fractions, negative
number, and variables would be reasonably comprehensive
in the interviews. Consequently it was possible to provide
a comparison of the performance of subjects in these areas.
The proportion of positive responses by a subject to the
questions within a content area was taken as a measure of
this performance. The data was again subjected to both
the 'proportion of positive responses by subjects at rank
= =l analysis, and 'to Latent Response Analysis. Table 7
gives the location and discrimination parameters calculated

and Figures 18, 19, 20, 21 show the corresponding graphs.

TABLE 7: ANALYSIS BY CONTENT AREA - LOCATION AND DISCRIMIN-
ATION PARAMETERS '

Area .
Natural Fractions Negqtive Variables
No. No.

Relational .

Under— o0i 1.3 1.5 0.5 1.6
standing M -1.6 1.3 0.5 -0.9
Instrumental

Under-— o4 1.2 0.7 0.7 2.0
standing M. -0.8 0.6 0.1 -0.2
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A major objective of this study, which was discussed in Chapter One,
was to identify areas of particular difficulty within the
school curriculum,. The rankings shown in Figures 19 and
21 confirm the indication of the <c¢linical analysis that

fractions are just such a problem area.

A comparison of the two graphs indicates that with respect
to Relational Understanding, subjects at all 1levels of
ability found the topic difficult, although for the less
able group relational understanding of negative number was
less likely than for fractions. However, for instrumental
understanding the identification of fractions as the most

difficult area for the less able group is particularly marked.

The questions on variables, in relation to both criteria,
appear as one of the easier topics for the less able/group.
This tends to confirm the suggestion from the clinical
analysis that the abstract nature of the mathematics is
not, in itself, likely to be a major factor in the difficult-

ieé which these students have with the subject.

The statistical analysis was intended to play an important
supporting role to the principal clinical analysis of this
study. The choicé of Latent Response Analysis was made
a little tentatively in that no previous uses of the method
in a similar study could be found. However, comparisons
with the raw data confirmed that the method is appropriate
and provides a useful means of comparing performance on-
individual items and grouped items in a coded interview

situation.
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CHAPTER SEVEN

SUMMARY. CONCLUS!ONS. EDUCAT IONAL IMPL|CATIONS
AN TIONS FOR FURTHER RESFARCH

SUMMARY OF THE RESEARCH

The very general questions which prompted this study were:
'Why are some otherwise able students apparently incapable
of handling mathematics?' and 'What is it about mathematics

which such students find so difficult?'

The essence of the problem is one of apparent contradiction.
The abilities which seem to be 'necessary for success in
mathematics are those of manipulating abstract ideas in a con-
structive v:ray and this ability coi>1cides closely with the
usually accepted view of intelligence. It is necessary,
then, to explain the undoubted existence of people whose
success in other fields makes it impossible to label them
unintelligent and yet who operate mathematically at a very
low level. |

A careful description of this phenomenon, which might lead
to an explanation, is dependent on an understanding of the
cognitive processes of the individuals concerned. Consequently
a research method and theoretical perspective were chosen
which would enable a study of these processes as they were
used in solving mathematical problems. The method chosen
was a clinical one, essentially the Piagetian clinical inter- .
view. The view taken of the method was the 'holistic' view
of Diesing (1971) in which a mosaic of evidence is created
from which a pattern model of explanation (Kaplan 1964)

emerges.

As a theoretical background to the gathering and analysis
of this evidence, the model of intelligent behaviour proposed
by Skemp (1979a) proved useful. The structural features
of this model, particularly the discussion of -learning,

understanding and action in relation to cognitive structures,
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and the close relationship between cognitive and affective
determinants of Dbehaviour were ©particularly appropriate

for this study.

Twenty six subjects were interviewed. They were all univer-
sity students and all had volunteered to be interviewed
after the purposes of the study was explained. The intention
was to compare the cognitive structures and strategies of
students having considerable difficulty with mathematics
both with those who had less difficulty and those who found
mathematics one of their better subjects. Consequently,
the subjects were initially allocated to three roughly equal-
ly sized groups representing low, average and high ability

and interest in mathematics.

- The interviews were semi-structured in that after an initial
period of investigation of the subject's school and family
background, each subject was led through the same sequence
of mathematical tasks. After the initial presentation of
the tasks, the responses of the subjects were probed in
an unstructured way. The interviews were tape recorded

for later analysis.

The interview tasks were taken from the arithmetic-algebra
sequence of the primary-secondary school éyllabus. They
were chosen, after pilot testing, to reflect the many hierar-
chical structures (logical, developmental, pedagogical etc)
which are a major feature of mathematics and mathematics
learning.

The analysis of the interview data had two stages. Firstly,
in order to provide an overview, a formal coding was under-
taken in which each response was classified according to
the - level of understanding of the item indicated by the
response. Skemp's (1976) classification of Relational and
Instrumental understanding was used. This data was then
analysed statistically. The initial analysis was purely
a descriptive one in which the performance of subjects,

ranked according to +total performance on the items, was
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displayed‘in relation to progressively more difficult items.
This information was then presented parametrically by the
use of Latent Response BAnalysis. The: analysis was used
both to compare individual items within content areas
(natural number, fractions, variables etc) and to compare
the performance of subjects between these areas. The princ-
ipal conclusion from this analysis, which was supported
by the 1later clinical analysis, was that fractions are a
major source of difficulty for all subjects but particularly
for the less able.

Following this statistical analysis a closer clinical analys-
is of the data was made. In order to reflect the 'holistic'
nature of the research, a multiple-coding approach was devel-
oped. With respect to each individual, 'every response,
and seQuence of responses, was considered in relation to

six different categories:

The mathematical nature of the responses.

The logical nature of the responses.
The developmental character of a ‘'sequence
.0of responses (Collis and Biggs, 1979)

The relationships of individual responses
within a sequence (Tall, 1979) '

The character of individual responses
(Piaget 1929)

The character of the interviewer's contrib-

ution.

The responses were not formally coded with respect to each
category, but notes were taken of significant features and
these formed the basis of summaries of the character of the
subject's responses to ‘different items and in different

content areas.

Comparisons between these multiple-coding analyses for differ-
ent subjects enabled the following conclusions to be drawn.
Firstly, the data indicated the importance of the availability
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of appropriate initial frameworks for the successful handling
of mathematics. Secondly, neither th? logical nor the
abstract nature of mathematics seemed, in themselves, to
be 1likely principal factors in the difficulties which these
students had with the subject. The third conclusion related
to the major difficulties experienced in working with fract-
ions, indicating this as the principal area for profitable

future research.

THE LIMITATIONS OF THE STUDY

Before considering these conclusions in more depth it is
important to realise any limitations which may have to be
placed on their interpretation.
E

The researth reported in this thesis is not confirmative
in the sense that it is designed to assess the truth of prov-
able hypotheses, rather it is generative, intended to generate
hypothesis with a priori possibility (Booker, 1980).

The evidence from which the conclusions of this chapter are
drawn consists principally of interviews with seven otherwise
able subjects who were having considerable .difficulty with
mathematics. This evidence was supported by interview data
from other subjects having less difficulty, but even so the
sample is small. It is possible that the study would have
been improved had the sample of 1less able students been
increased in size at the expense of the comparison group.
There were few surprises in the responses of the higher
ability group. By and large, their responses reflected direct-
ly the way in which the content is ‘presented in textbooks

and in the classroom.

That is not to say of course, that the small sample size invalid-
ates the study. The very significant studies of Piaget were
all small sample, and the more recent work of researchers
such as Erlwanger 1973, Clement 1979, and Peck and Jencks
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1979, has all been on very small samples - one or two subjects.
Every effort was made in this study to ensure that the conclus-
ions were 'dependable' (Diesing, 1971), but it is important
to recognise that wvalid generalizations, such as might be
expected from research employing the deductive or survey

method, cannot be inferred from a study such as this.

In relation to the research method itself, although the clinic-
al method has been available for many years, it is only
comparatively recently that a significant number of such
studies have been undertaken. Consequently, few well estab-
lished procedures relating to the conduct, analysis and report-
ing of research based on this method are available. One
significant feature, then, of this study was the development

of techniques in this area and some comment is appropriate.

Firstly, in relation to the clinical analysis, a multiple-
coding approach having much in common with the Constant Comp-
arative Method (Glaser, 1969) was used and seems to have
considerable potential. Its very close relationship with
the ‘'holistic' wview of clinical research ~makes it worthy
of further consideration and development. It may be that
the method would be improved by being rather more formalised.

Glaser comments:

"Another way to convey credibility of the
theory along with the use of illustrations
is to use a codified procedure for analysing
data, such as presented here, which allows
the reader to understand how the analyst
obtained his theory from the data. In qualit-
ative analyses the transition from data
to theory 1is hard, if not impossible, to
grasp when no codified procedure 1is used.
Andin his turn the reader is likely to feel
that the theory is somewhat impressionistic,
even if the analyst strongly asserts he
he has based it on hard study of data gather-
ed during moths or years of field or library

research".
(Glaser, 1969: 225)
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In this study, one formal coding procedure was used in that
the data relating to the 1level of understanding indicated
by responses to individual items was coded and analysed using
Latent Response Analysis (Torgerson, 1958). A cautious
approach to the use of the method was necessary in view of
the small sample involved, and since no previous use of the
method in a similar study could be found. However a careful
comparison of the results of the Latent Response Analysis
with the data displayed in an entirely descriptive manner
indicated that the use of the statistical technique was just-
ified. The method clearly provides a useful parametric
representation of some important features of items used in
a clinical study of this kind.

CONCLUSIONS

The two general questions, 'Why are some otherwise able
students apparently incapable of handling mathematics?'
and 'What is it about mathematics which such students find
so difficult?', focus attention on two asﬁects of the problem
- the students and the mathematics. Progresé towards answer-
ing these questions is presented below, followed by a discus-
sion of the resolution of the apparent contradiction implied

by the existence of such students.

THE CHARACTERISTICS OF THE LESS ABLE STUDENTS

Each interview began with an exploration of the family and
school background of the subject. When this material was
included, it was considered possible that differences between
the backgrounds of successful and unsuccessful students
might have been indicated which were worthy of further invest-
igation. This was not the case. Wide wvariation in the
mathematical abilities and interests of parents and siblings
was reported by subjects at all levels. There was some
suggestion that parental and peer  sex-role expectations

had been a handicap for female subjects, but only in one
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case was this considered to have been a significant factor.

Similarly, in relation to school experience, subjects at
all levels reported instances of what they considered to
have been periods of good and bad teaching, and of positive
and negative experiences with mathematics. This 1lack of
evidence, of course, does not mean that family and school
backgrounds are not a factor in the mathematical difficulties
of some subjects. It is more a reflection of the inapprop-
riateness of the small sample, clinical method, as a means
of identifying any general factors of this type. A large
sample, survey study would be more appropriate for this

purpose.

If environmental differences were not evident'between subjects
then it 1is ©possible that the origins of the less able
subjects' difficulties lie in 'nature' rather than 'nurture'.
It is a commonly held view in the community that there exists
a specific class of innately 'non-mathematical' individuals
who are just made that way. This view is often reflected
in schools when students, particularly girls, who are having
difficulties with mathematics, are encouraged to accept
their apparent lack of ability as one of their limitations.
Consequently they withdraw from the study .of mathematics

at the earliest opportunity.

However, the evidence of this thesis suggests, guite strongly,
that if any of the subjects who were having difficulty with
mathematics could be persuaded to begin aéain, there 1is
absolutely no reason why they could not succeed. Their
difficulties seemed to stem from a 1lack of appropriate
initial cognitive structures, or frameworks, rather than
from an inability to form appropriate 1links within such
structures. They were very well able both to draw logically
valid conclusions from their own premises, whether or not
these premises were true, and to see the implications of

challenges to these premises presented by the interviewer.
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Therei&;%no doubt that the poorer students were more rule-
dependenf than the successful ones and that many of the
rules which they used were faulty. It did seem 1likely,
however, that this rule-dependence was a“ result of their
difficulties rather than a cause. It might be expected
that potential university students would be highly extrinsic-
ally motivated, certainly this was the impression given
by the subjects of this study. Consequently students who
had failed to form the appropriate initial coghitive struct-
ures, which are a prerequisite for wunderstanding, were
forced into rote learning to avoid the immediate consequences

of failure.

The influence of extrinsic motivational factors is illustrat-
ed by the subject who indicated that if she did not under-
stand something in the mathematics classroom she would some-
times ask for an explanation. However, she would never
admit to not understanding the explanation given, but would
smile appreciatively and nod assent at the teacher's response,
regardless of whether or not it was helpful. To do otherwise
she felt, would have given the impressioﬁ to the teacher

and her peers that she was 'stupid'.

It does seem likely that mathematics learning' is more sens-
itive to factors such as this than otﬁer forms of learning.
The reason lies in what Skemp (1979a) calls the 'low noise'
nature of mathematics learning. The student of mathematics

is constantly aware of what he knows and does not know,

’

what he believes he understands and does not understand,‘

and of what he can do and cannot do. There is no subject

area for which failure is more obvious.

The educational implications of this are discussed at length
in Buxton (1981) and relate, largely, to the way in which
the particular nature of mathematics learning imposes on
the teacher the need for extreme sensitivity to the relation-
ship between the cognitive and affective factors of learning.

The teacher must be aware that bright students may pretend



144,

II
to unéerstand and that there is a constant danger of intell-
igent students using their intelligence to find ways of

covering for their lack of understanding:

If, then, the principal characteristic of those who found
mathematics difficult was their lack of appropriate cognitive
structures, it follows that the character of these structures
is of extreme importance. One of the more obvious features
of mathematical concepts 1is their abstract nature. Skemp

expresses this feature in this way:

"Much of our everyday knowledge is learned

directly from our environment, and the

concepts involved are not very abstract.

The particular problem (but also the 'power)

of mathematics lies in its great abstractness

and ‘generality, achieved by successive gener-

ations of particularly intelligent individuals
each of whom has been abstracting from,

or generalizing, coneepts of earlier generat-

ions. The present-day learner has to process,
not raw data, but the data-processing systems

of existing mathematics'".

(Skemp, 1971: 31)

This suggests that the failure of students to form approp-
riate frameworks might be due to the abstract nature of
the concepts involved. Again this does not seem to be the
case for the subjects interviewed. Their understanding
of, for example, the concept of a variable was much better
than their understanding of the apparently 1less abstract

concepts associated with fractions.

Consequently the general conclusion drawn from the analysis
of the interviews with the less able group, and the comparis-
ons of this data with that taken from the other subjects,
was that in terms of information-processing abilities there
were no observable differences between the groups. The
differences lay in the data to which these abilities were

applied.
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The educational implications of this conclusion are clear.
If the acquisition of appropriate frameworks is of paramount
importance  in the learning of mathematics, it is essential
that failure to form such frameworks should be diagnosed
at an early stage. In this regard, there is a strong case
for the use o0of the clinical interview technique as an
integral part of mathematics teaching. It is difficult
to see how the diagnosis of incorrectly formed frameworks
is to be made by other means. Certainly the frameworks
cannot be directly inferred from written responses to quest-

ions. A powerful reminder of this was given by the subject

who illustrated the number 3/4 by the diagram {:

In the context of a written test this might be taken as
indicating an appropriate, part-whole, concept of fractions.
The problem was that the subject thought that the three
was represented by the part cut out and the four by the

remainder.

It seems to be imperative that if suchlln%sunderstandings
are to be identified and rectified the teacher must have
access to the reasons behind students' choices of answers
and methods, regardless of whether these answers and methods
are correct or incorrect. The evidence of this thesis is
that such access is available through the clinical interview
technique. If such interviews could be incorporated into
every mathematics classroom on a regular basis, early warning
of the problems which able, and less able, students have
with mathematics might well be available. Early treatment
following this identification might prevent the vicious
interaction between cognitive and affective symptoms which

is the most distressing feature of the phenomenon.
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THE CHARACTER OF THE MATHEMATICAL DIFFICULTIES

If the conclusions of the previous section are accepted,
there remains the question of why the necessary initial
schemas were not formed by some students. There is insuffic-
ient evidence in this thesis to answer this question, but

there are indications of potential areas for further research.

The answer would seem to lie in an examination of the charact-
er of the schemas with which the students had most difficulty.
The evidence points very clearly to fractions as the concept-

ually most difficult topic.

The nature of the fraction schema was discussed at length
in Chaptexr 5 and was seen to be extremely complex, having
a great deal of interiority. However it 1is appropriate

now to consider the difficulties associated with acquisition

of this schema. The problems which subjects had with fract-
ions seemed to relate firstly to the many different represent-
ations of fractional quantities which are required, and
secondly to the necessity to reinterpret the operations
of addition, subtraction, multiplication and division
which were well established in relation to natural numbers.
In Skemp's terminology, the formation of the schema relies

heavily on reconstruction. Skemp writes:

Sometimes , however, we may encounter a
situation for which we have a schema which
is relevant, but not adequate. Attempts
to realise this situation in terms this
schema give such a faulty representation
of actuality that our director systems
cannot function. If possible we avoid
such situations, for they are outside our
prohabitats. But if we cannot, then we
have no choice but to reconstruct our schema.
Since this necessarily involves first taking
it partially or completely to pieces this
is disruptive, unwelcome and difficult:
because while this is going on, we are
unable to use our schemas effectively for
directing our actions. Nevertheless, it
is sometimes necessary.

(Skemp, 1979: 126)
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This is precisely the situation of the child 1learning,
for example, multiplication of fractiqns. The existing
schema for multiplication will include the concept of multi-
plicatioﬁ as repeated addition and knowledge that 'multi-
plication makes things larger'. This schema has to be

dismantled before an understanding of % X % can take place.

The multiplication sign has to be interpreted as 'of'
instead of 'times' and the two fractions must have different
representations, the first as a proportion and the second
as a quantity. To compound the problem, multiplication

now makes things smaller.

The hypothesized central role of reconstruction in the
development of the fractions schema is entirely consistent
with the high degree of emotional reaction to the topic
shown by the subjects interviewed. In terms of Skemp's
model, affective signals such as fear, relief, confidence,
anxiety etc. are interpreted as results of the individuals
knowledge of movements in relation to goal or anti-goal
states. Reconstruction clearly creates an anti-goal state.
Enforced movement towards such a state is signalled by
fear and knowledge of one's inability to‘lnove away from

such a state by anxiety.

In contrast, the development of the schemés relating to
variables and negative number, with which the subjects
had much less difficulty, rely much more on expansion and

differentiation than they do on reconstructipn.

It seems, then, that the role of reconstruction in the
development of mathematical schemas, particularly the fract-

ion schema, is well worth further research.

The educational implications of this hypothesised central
role of fractions in the formation and development of math-

ematical difficulties are far reaching.
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Firstly, in view of the lack of understanding in this area
shown by even the most able university mathematics students,
b seemslhighly likely that there is a good deal of confus-
ion concerning fractions among primary school teachers.
It would be relatively simple to conduct research to determ-
ine whether or not this is the case. 1If it was true then
in-service training might be undertaken. However, the
evidence of the interviews suggest that it is at least
as much the character of the concepts themselves which
cause the difficulties as it is the character of the teach-
ing. Certainly the current New Zealand Primary School
syllabus in this area (Appendix B), viewed in the 1light
of the evidence of this thesis, makes the kind of confusion
noted seem almost inevitable, no matter how the material
is taught.,

For example, by Standard 1 (7 years) a number of different
interpretations of the simplest fractions have been intro-
duced. These are:

The part-whole congruent parts . concept

(halves and quarters of everyday objects
and common shapes). '

The part-group congruent ©parts conéept
(half the cardinal number of a set).

The part-group non congruent parts concept
(half of the set of men wear hats).

The fraction as a real number (showing
1/2, 1/4 and 3/4 on the number line).

The children are then expected to record practical discover-
ies using number sentences such as % +% = 3. This particular
'discovery' 1is, as discussed earlier, quite reasonable
for the part-whole congruent parts concept of %, but is
most unlikely for the part-group concept. The children
are shown, in the syllabus, a set of four men, one of whom
has a walking stick and are told that '4 of the set of
men has a walking stick'. Given another similar set of
men, the 'practical discovery' which an intelligent child

should make is that % + % S % , two of the set of eight
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men have walking sticks. It would be extremely difficult
for a teacher, no matter how well inférmed, to explain
to a seven year old child why this is not so, except by

saying 'that is the rule’.

This 1is not an isolated example. In the Standard 3 (9

years) syllabus the diagram shown below appears:

= -
|
. @ ' % shaded

This is certainly confusing if not patently false. Fractions
greater than one cannot sensibly be shown by the part-whole
congruent parts concept. After all, how do you divide
an area into four equal parts and shade five of them?
1

The most generous interpretation which can be placed on
these and the many other difficulties dnherent in this
and previous syllabuses is that their constructors have‘
seriously underestimated the complexity of the fraction

schema.

The problem is, of course, not unique to New Zealand.
Harrison et «f (1980), considered the cognitive demands
of curriculum material on fractions used in some Canadian
Schools against the cognitive 1levels of the 7th. Grade
students who were expected to use that material. Items
from the material were classified as needing Concrete,
Transitional or Formal Operations and the 'students were
similarly classified according to the character of their
work with fractions. Only 6% of the students were judged
capable of formal operations, whereas the three sets of
material tested had 41%, 90% and 62% respectively of their
items requiring formal operations. A similar study using

New Zealand material would be of wvalue.

A very clear case, then, exists for a drastic revision
of the place of fractions in the school syllabus. It may

well be that apart from very simple work which formalises
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such fractional words such as half, quarter, three quarters
and one third, which occur in everyday speech, all formal
work with f}actions should be delayed until secondary school.
At this time the cognitive 1levels of the students may be
a somewhat better match for the cognitive demands of the
subject matter. Even then it is 1likely that considerable

teacher retraining would be required.

THE CONTRADICTION

Finally, it 1is appropriate to consider the relationships
of the conclusions drawh in this thesis to the resolution
of the apparent contradiction which, it was suggested,
is the essence of the problem being considered.:

Again, Skeﬁp's model is useful. In the:final chapter of
his book, Skemp discusses intelligence as being both creat-

ive and self-creative. He writes: ;

"Another sense in which intelligence 1is
self-creative results from the fact that
each concept is a potential growing point

-for the schema of which it forms part:
for it sensitizes its possessor to new
regularities in actuality. Beyond this,
a schema may suggest further questions
to be put to activity, and thus be an
agent of its own further expansion. This
is not the case for sub-intelligent forms
of learning, such as habit 1learning.
A schema, itself the product of intelligent
learning, thus increases a persons ability
for further intelligent 1learning in that
realm of thought. And by assimilation
to itself, a schema extends to the newly
learned knowldge those qualities of intern-
al organization which have been disting-
uished as also characterizing intelligence.

(Skemp, 1979a: 290)

This view of the central role of schema in the development
of the ability for intelligent learning in a particular
realm of thought corresponds precisely to the conclusions
which have been drawn from this study.
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The schema relating to different academic disciplines are
quite different in character. Hirst 51972) highlights
this by distinguishing between a number o§ different 'forms

of knowledge' one of which is mathematics.

"... by a form of knowledge is meant a
distinct way in which our experience becomes
structured round the use of public symbols"

(Hirst 1972: 405)

The distinguishing features of such forms are: -

1. They each involve certain central concepts that are

peculiar in character to the form.

2. These concepts form é network of possible relationships
in which experience can be understood, giving the

form a distincive logical structure.

1

3. Each form has distinctive expressions that are testable
against experience in accordance w%th criteria that
are particular to the form.

4. The forms have developed particular techniques and
skills for exploring experience and testing their

distinctive expressions.

It is quite reasonable to suggest, then, that the develop-
ment of the ability for intelligent learning might take
place within one form of knowledge but not, because of

the lack of prerequisite schema, in another.

Thus the failure of some students to handle mathematics,
whilst it must make them 1less 'educated' in the sense
that it prevents them from being able to structure their
experiences in one particular way, does not imply any
general lack of intelligence. The tragedy is that many
students, not understanding their failure, lose self-
esteem and a vicious interaction of affective and cognitive
reactions create a state in which any constructive approach
to mathematics learning seems impossible.
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There are two areas, suggested by the evidence of this
thesis, in which action might prevent this unfortunate
state of affairs. Firstly, curriculum plannersl need to
be much more aware both of the nature of the schemas
associated with topics they propose to include in the
curriculum, and of the difficulties associated with the
acquisition of those schemas. Secondly, teachers need
to constantly monitor the development of such schemas
and to be sensitive to signals in the affective domain

which indicate developing problems in the cognitive area.
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APPENDIX A

TENT STRUCTURE ANALYS| (TORGERSON (1958))

BASIC ASSUMPTIONS

(i)

§ dvin)

(iii)

( iv)

A unidimensional continuum of the wvariable of
interest, in the case of this study - mathematical

ability, is assumed to exist.

Subjects are assumed to be distributed along this
continuum according to some unknown probability

distribution.

A set of dichotomous items related to the variable

are devised.

A form of trace 1lines for the items 1is assumed.
The trace 1line for an item gives the probability
of a positive response to the item from subjects
located at any given point on the underlying contin-

uum. In this study, a normal-ogive model (Tucker

1952, Lord 1953) was used.

o
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Since items are related to the underlying variable,
it follows that they are related to each other.
It is however assumed that no two items have any
relationship other than that which can be accounted

for by their separate relationships to the under-
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lying variable. In this study the items must only
be related mathematically.

THE ANALYSIS

.Consider a subject g having a scale value sg on the scale
of mathematical ability. pig is the probability that

this subject will respond positively to item i}

If =z, is the unit normal deviate corresponding to pig'
the relationship between sg' and zig will be 1linear and

the trace line is transformed to the straight line shown.

zilj _____ %

g

1 .

, = == - M, A

tg = oy (5 7 M) (3)

Mi and oi are the mean and standard deviation of the normal

curve which gives rise to the trace line. Mi can be cons-

idered as a location parameter for the item since it

indicates the point on the attribute continuum at which
the individual would have a probability of 0.50 of a posit-
ive response to the item. 0; can be considered as a
discrimination parameter. A large value for o4 indicating
that the item has not discriminated well between subjects

of high and low ability.

If we take equation, (A) and sum over all of the n items,

that is sum with respect to i, we have: -
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My
R (B)
1

n~MmgJ

B 3
Z. =5 L —=— -
1 9 9i=1% i

no~g

1

The scale we use to measure the underlying attribute is
arbitrary, since we are only ordering, so we may choose

its origin and scale to suit the calculations.

M,

n
Choose the origin so that £ Ei S,
4= -1
.
and the scale so that z g =0
i=21 4%
Equation (B) then becomes:
n
z Z,q =D S
i=1 g g
which may be written B = E.g (c)

That is, given the values of =z we can calculate s _.

As an experimental procedure, ?%ucker 1952) the totgl
sample of subjects is divided into m relativeiy homogeneous
subgroups on the basis of total score. The proportion
of people in the gth subgroup who responded positively
to the ith item is taken as an empirical estimate of the

population proportion P This may then be converted

g L ]
to the unit normal deviate zig'

To estimate the values of Mi and o; we take equation (A)
and find the standard deviation over subjects, that is
over g.

(D)

g 1 ~
We get z;. = oi sl. or O, =

and we can find 0; from the experimentally determined zig'
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Taking (A) again, we find the mean over subjects, that

is over gq.

— 1 -
z,. =57 (s. —Mi)
1

or M, = 8., - @ Zgs. (E)

Equations (C) (D) and (E) together with experimentally
determined values of zig enable us to deduce the trace

lines for all n items.
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REVISION OF rRACTIONAL NUM -
SUPPLEMENT TO THE SYLLABUS

DEPARTMENT OF EDUCATION, WELLINGTON, 1976
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REVISION OFF FRACTIONAT NUMBERS ;

o et e 0 A AL <ot 910 Aot S 08 5 et e e 0 ey e $00 @ O B > s S ¢ 20— 0~ Wt 54

CONTENTS

Standuard | 2 Lorm 1 ' 6
Standard 2 2 Form 2 8
Stundard 3 4 Notes : 10
Stundard 4 5 Scope and Sequence Charts 12

Aims of the Revision

1

=)

To relite the teaching of fractional aumbers to the ideas and skills which it is
expected will be commonly used in our socicty after the changeover to metric
maasurement,

To ensure that the basic ideas and shills e tinmty established theaugli o varicety
of practical experiences provided cepntindy at all ehiss levels,

To give preater emphasis to developing facility with decimal fractions, particularly
their application to the recording and understanding of metric measurements,
iacluding money.

To equip children with 2 knowledge of principles of fractional numbers as a
basis for later learning of computational skills when the need for these is met.

Infunt Classes

1.

Practical discoveries of halves and quarters of everyday objects, e.g., an apple,
a chocolate bar.

Practical discoveries of halves and quarters of common shapes, e.g., a circle,
a square,

Practical discoveries of half of the cardinal number of a set, e.g., half of six is
three.

Discovery of the relationship of part to part and parts to whole, e.g., halves will
match each other, and two halves will match one whole.

Recording practical discoveries, using the words half, quarter, and symbols
gt '

157.
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Standard 1
Extenston i tevision ol work incindant clinses

1. Many and vinied experiences with halves and quinters of continuons quisntifies,
i repion, n toftee b, an apple,

2. Practical discoveries of halves and quarters of scts.
f P
Eﬁ

of the set of men has a walking stick.

cdq '
Ll

~ of the set of men wear s,

2

1
4

3. Avising from ! and 2 above, practical and oral development of the ideas ol two
hidves and of two, thiee and fou guarters,

4. Finding hall ol an even natural number less than 21,

) N ,l_ .l P :3 N ' .
5. Showing >4 and i on the number line. .

6. Introduction, through paper cutting and other practical activities, of.onc third
and the symbol =. V

3
7. Recording practical discoveries using number sentences, e.g.,-‘]i < -,l)-. ‘—]1 + :11 = %, |
=2 0 | | | - i
) - = = — - == = = —
“an 'l B i el Il ket
Standard 2 '

Extension and revision of work in Standard 1, with continued emphasis on working
with a variety of materials.

1. Fractions (%, %, etc.) as numerals for fractional numbers.

2



2 A fractional mumber can be represented

G 1ty ehie velationsdiip o aonohoet to iy et

(i) By the relationship of a subregion to its region.

(iii) On a number line.

~

i
<

0

—

3. Introduction, through practical experiences, of fifths and tenths.

4. Discovering, through practical experiences, that fractional numbers can be
renamed, ‘

D=l Ly
By =2 5700

5. Comparison of fractional numbers, as represented by sets and regions and on
the number line, and recording in number sentences:

: |
0 + ]
| ' —>
1 2 ]
0 % 3
11 11
33 2" 13

6. Practical activities involving joining equivalent parts, leading to recording,

l4—-l—-—1—:' ‘l;:__
C-g-.3‘4r4 3><.4 T

7. Interpretation of simple sentences containing fractions through practical and
oral problems,

4
& etc.

i

[N 8
(S

8 The whole number one can be expressed as a fraction: £, =

(98]
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Standdaord

P tdon oo b v ot work e Stoandand Yow it comtied conpliede oncwot g
W G v e o aniicrin ke Recondimg of cesdee whene appaoprinte only,

Lo Further nnderstmding of the idea of Gactional numbers used to show:;

(i) Comparison of part of a continuous quantity with the whole:

% of the circular region is shaded.

!

o of the line segment is shown thicker.,

(i1) Comparison of the number of a subset with the number of the whole set:

{Cg (D 6 @ } i of the members of the set is shaded.

2. Introduction, through practical experience, of eighths.
3. Introduction of the terms manerator and denominator.

4. (a) Fractional numbers greater than 1 shown with:

B shaded.

(i) Regions: ]

(ii) The number line:

A
'

S

]

t
2

2

0
i
0
2

N|—+
(ST 5

(b) A fractional number greater than 1 can be expressed as a mixed numeral,

such as 1%.
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Further practice of vemmming fractional numbers using, equivalent teactions,
wetivition with sety, veplony, caisenatee vody d mmmber liney,

, Vo 1
A S R TS T1T

y
wnd viee vera,

Compurison of fractional numbers as aoresalt of practical expericnces,

e, L = !‘ § &, @

2
555 57%

Further practical activities involving the joining of equivalent parts, and
recording,

, 2 X -=x 2% =1, etc

1
2

iRl

wn|—
Pl
1ol—

| |
10T 10

(a) Introduction of one-place and two-place decimal fractions (including the
decimal point) as an extension of the decimal numeration system.

(b) Showing tenths as decimal fractions on the number line.

gy L 2 &4 8 5 & L 8 9 40
JO d0 1o d0 G0 1o 19 10 i0 0o,
b R T T T v ¥ T =9 T T | By 4
0 ., ) .3 4 S50 iy S .9 L0
(c) Application to: ‘
(1) metres and centimetres,
(i1) dollars and cents.
Standard 4 ' :

Extension and revision of work in Standard 3, with the continued provision of
practical experiences.

1.

Further study of the nature of fractional numbers as represented:

(a) by subsets and sets,

(b) by subregions and regions,

(c) on the number line,

Introduction of the idea of the bar between numerator and denominator as an
indication of division,

e.g., %mcans =

Continued finding of equivalent fractions through practical activities, and study
of their patterns. '

161,
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4 Continued stwdy ot relinonstups of tenchy ad huodvediths and of ones and twao
place decimada Tn pintientan

) | 1 ' "

.
TR T L T R T S

Therelore 01 010 02 0,20,

| 7 17
Y , Che,
®) W17 g 8D T
5. (a) Study of decimal fractions to three places as an extension of the decimal
numeration systen.

(b) Study of the relationship of decimal fractions and common fractions,

]

1
. 3 0 SE e e
0.01 0.001 000"

] L
10 T 100

(c) Addition and subtraction of two-place decimal fractions.

e, 0.1 -

6. Recording experiences of joining, separating, and comparing parts as addition
and subtraction sentences with related fractions, '

" .

3 | 3 1
; g X 2

ol Ayl
#3'4

3

L1 O ]
E<SLI)

. -
€l g 8

7. (a) Multiplication of a one-place decimal related to addition, and represented on
a number line,
eg, 0.1 01 0.1 =3 x0.1:=0.3. ,
(b) Multiplication of a one-place decimal by 10 shown by addition,
e.g,0.1-+0.1+0.1+401+401-+0.14 01+ 01+
0.1 + 6.1 =10 x 0.1 = 1.0.
ik I i N. i -Nn 1 { L [
o 01 02 03 0.4 0.5 06 0.7 0.8 0.9 .j

.
7

Form 1
1. Further study and practice of the basic ideas that fractional numbers:

(a) show comparison,
(b) show division (33- =1 - 3,

(c) can be shown as a fraction or in decimal form,

(d) can be ordered.



2 () Introduction of ratio ma comparison ol the cardinat numbery of two sety
ot Bihe abyec i, whieh cinn be exvpressed by o fraction,

e the vt ol the number of vowelds to comonanta in the ndplinhet Iy 8 22 L
Y

Ot z'l.

(b) Ratio as o wiy of expressing probability.

3. Practical activities and patterning leading to the use of the identity element for

multiplication to form equivalent fractions,

4 6 .2_3

g 10727 %

e.g.,

oIt

4
N =

1=

4. Simple examples ol addition and subtraction with 1wo Iractions. with the

renaming of one addend.

‘)__'u!_:AZ.__l.—_-..; .l.
CES T 10T Tor a

Dl
FOl—
i R L)
Bt

5. Exploring the properties of addition through the study of addition with related

fractions.

(a) Commututivc:% b

i is undone by subtracting

(¢) Inverse operations: Adding 31

6. Exploring the properties of multiplication through the study of muhbtiplying a

whole number by a fractional number,

(a) Commutative: }—1 w2 & 2 by ;];,

(b) Associative: (3 x 2) X 4 = 3 » (2 x 1),

“

(c) ldentity element: 3 %, etc.
(d) Reciprocals: 3 x ; 2z |,
(¢) Inverse operations: Multiplying by -]2 is undone by dividing by ‘)

Inverse operations can be observed in patterns such as the following:

Bedmd 8edad leg2ivi2

Belw=8 Bxul=8 16x1=16
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8l g6 822 16 16 <! A

Hemee, 1o ty,

7, Addition and subtiaction of thiee plave decimal Tuwetions,

8. () Multiplication of theee-place decimal tractions by 10, 100, 1000,

(b) Multiplication of a twa-place decimal fraction by a one-place decimal
fraction, or by & whole number less than 10,

e.g., 027 < 08, 549 x 0.5, 026 =~ 7

9. (a) Division of up to three-place decimat fractions by whole numbers less than
10,
e.p, 0275 =5 2416 - 4.

(b) Division of whole numbers by 10, 100 and 1000; of one-place decimal
fractions by 10 and 100; of two-place decimal fractions by 10,

e.p., 4835 == 10, 376 = 1000, 104 = 100, 0.51 = 10.
10. Introduction of percent as a form of a fraction with the denominator 100,

o, 1001
eg., 10 = 00 10 0.1.

Form 2
Revision and extension of Form 1 work
1. Further practice of the addition and subtraction of three-place decimal fractions,
including applications to weight, length, capacity and volume.

2. Extension of multiplication to include multiplying a three-place decimal fraction
by a two-place decimal fraction, or by a whole number less than 100.

3. 1(a) Introduction of division of a three-place decimal fraction by a one-place
decimal fraction. '

(b) Extension to division of a three-place decimal fraction by a two-digit
number,

e.g, 0375 + 25, 0.375 = 2.5.
4. Rounding offtoone decimal place.

8
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Caleulution of simple percents of numbers and imeasures, including money,

e 10U, 0L S0, 280 Gt $00,

() 10, of 50 l"‘"” L 0 ]‘U s 18,

(b) 1055 067 = 0.1 x 67 6.7,

Discount and mack-up expressed as percents.

Problems in\.'olving ratio and simple proportion.

Addition and subtraction with two fractions, with the renaming of one addend.

Multiplication of a ractional number by a whole number.

Division of a fractional number by a whole number where the numerator is a
multiple of the whole number,

PR N N

C.t_.,gf’.’—-——s—-—g, ]?——“‘;—5—3—2,
2 =2X3 sy 05y 2
i—3~3x3,3~9,3—~9.

(a) Two numbers are reciprocals if their product is 1,

eg., 4 x }1 =0,

(b) Division by a number is equivalent to multiplication by its reciprocal,

c.g, 8 =4 = 2. 8 % —] =1 2’ 8

3 =16, 8 x 2 = 16.

N —

(See patterning under FForm 1, Section 6.)
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