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shapter One

INTRODUCTION

The problem the writer wishes to consider
here,is essentially one related to the classical field

description of Nature.

The framework of General Relativity provides
a theory for the geometry of the four dimensional space-
time manifold and at the same time gives a description of
the gravitational field in terms of the metric tensor,
while the electromagnetic field can be interpreted in
terms of a particular second rank, skew-symmetric tensor
—— the covariant curl of a vector field defined on the
manifold. However the scalar field, the simplest geo-
metric object that could be defined on the manifold, does
not seem to be experimentally evident when it is interpret-
ed as a third, classical long range field. In spite of
this lack of experimental evidence and as there appears to
be no theoretical objection to the existence of such a long
range field, the problem is to introduce the scalar field
-into the classical scheme of things and to construct a

viable theory containing all three long range fields.

It is interesting to compare the physical
descriptions involved with these fields. Both the gravi-
tational and the electromagnetic fields have gauge-like
degrees of freedom and before a situation could be physic-
ally relevant these degrees of freedom must be fixed ~—
for the gravitational field by imposing coordinate condi--
tions while for the electromagnetic field, after coordin-
ate conditions have been imposed the gauge of the field
potential must be chosen. As a consequence of these' 
gauge freedoms, in order that the fields couple consist-
ently with matter sources, the energy momentum tensor of

the source must be covariantly conserved and the electro-



magnetic current density of the source must be conserved.
The scalar field on the other hand has no gauge-like
degree of freedom and consequently has no conserved
"charge" as a source. Thus for example, in contrast to
the other two fields, no constraints exist by which the
scalar field could be separated into a source "bound"

part and a free "wave!'" part.

In recent years the problem of incorporating
the scalar field into the description of gravitation has
led to the investigation of a special class of gravita-

tion theories —— the scalar-tensor gravitation theories.

With the previcusly mentioned problem in

mind, the goals of this thesis are

(1) to review work that has been done on

these theories and

(ii) to discuss them in a way that compares
them to the theory of gravitation given

in General Relativity.

Chapter Two basically gives an historical back=-

ground and introduces more specific motives for considering

the scalar field as a fundamental physical field.

Chapter Three considers the important class

of scalar-tensor gravitation theories based on a Riemann

space~time and Chapter Four continues this theme by looking

at the "most developed" and perhaps simplest member - the

Brans-Dicke theory.

For completeness the '"massive Brans-Dicke!
theories and some special scalar-tensor theories are looked

at briefly in Chapter Five.

Chapter Six returns to the scalar-tensor model

of gravitation developed in Chapter Three and looks at the

implications for the model in more general space-times.
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Chapter Two

BACKGROUND

The electromagnetic and gravitational fields
were described in the introduction as classical long range
fields. These fields are responsible for forces that
fall off inversely proportional to the square of the dis-
tance apart of the interacting bodies (sources); in
contrast to short range forces which show an exponential
hehaviour. Einstein (1916) ( 1 ), attributed to the space-
time manifold a Riemann structure ¢nd gave "meaning'" to the
gravitational field in terms of curvature through his gravi-

tational field ecquations

Gﬁv - RHV - ﬁg“vﬂ - 8HGTFv 4 -

where G is Newton's gravitational constant.

The notation established here is used in most
sections. Units of length and time are chosen such that
¢ ¥ 1, although with this understanding some formulae may-still
contain c . Greek indices range over the values
ia’l,g’ai ,the coordinates x° and xl, (L =,2,q),
are assumed time-like and space-like respectively and the
signature of the space-time nmetric, 8. i w 4+ 4+ 4 -

The Riemann and Ricci tensors have the respective forms

TR
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where i’ “\,) = ZE (gm’,, + gm,“ o gllv'?\_) and partisl
differentiation is denoted by a comma.

.

The close relation between the Riemann curvature
tensor and gravitational effects is further illustrated,
for example, in the equations of geodesic deviation, (2)
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oo o= B, ox ad ax 542
Dr? W ¢



where x“(7), ¥*(7) + 8x"(x) define the paths of & .
pair of neighbouring, freely falling particles and Th
denotes the 2bsolute derivative along the curve xa(T),
A freely falling particle is at rest in a ccordinate
frame falling with it, whereas a pair of neighbouring
freely falling particles will show & relative accelera-
tion given by €gs 2.2 Tc¢c an observer travelling with
the frame this motion will indicate the presence of a

gravitational field.

The electromagnetic field on the other hand,
appears in this picture as a field "embedded" in space-tinme,
the geometry of which is determined by gravitation. A
resclution of this difference in the roles of the two
long range fields was proposed by Weyl (1918), ( 2, & ).
However, along with other attempts at unification it was
generally considered to be physically unsatisfactory, and
so except for some special references, the electromag-
netic field is included in the source side ( i.e. the
right hand side ¢f eg. 2.1 ) of Einstein's field equa-
tions or of these eguations in any subsequently modified

form.

Basic to Weyl's approach was a generalisation
of Riemann space-time - the Weyl space~time, for short.
This space-time has been revived quite recently by some
authors ( e.g. Ross, Lord, and Omote, (5, 6, 7) ) as a
framework for scalar-tensor gravitation theories and for
this reason it deserves.a few comments about its histori-
cal cvrigins, in addition to the treatment given in Chapt-

er Six.

Curvature in Riemann space-time can be related
to the idea of the parallel displacement of & vector - the
transport of a vector by parallel displacement around a
closed curve resulting in the final direction of the
vector being different from its initial direction. Weyl
supposed that the transported vector has a different

length as well as a different direction and so for Weyl



space-time, unless two points are infinitesmally close
together lengths at these points can only be compared
with respect to a path joining them, borause a deter-
mination of length at one point leads to only a first
order approximation to a determination of length at
neighbouring points one must set up, arbitrarily, a
standard of length at each point and with lengths re-
ferred to this local standard a definite number can be
given for the length of a vector at a point. If a
vector which has length,lat a point with coordinates x“
is parallelly displaced to the point with coordinaztes

x* & 5x* then its change.of length Weyl gave tc be
8% e & 12r,‘:ifoé"‘, 2.3

where QP are the components of a vector field.

For parallel displacement around a small
closed curve the total change of length of the transported

vector turns out to be
o o il:"\.
ALY m = 17 f[-D?a 5 24t

[

where 0a describes the element of area enclosed by the

curve, and

i = oL - :'
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Weyl set proportional to the electromagnetic potential

YL
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field tensor, %DL 5 Thus the electromagnetic potential

determines by eq. 2.3 the behaviour of length on parallel

is made proportional to the electromagnetic

displacement and the electric and magnetic fields find ex-
pression in the derived tensor, ﬂﬂx' This tensor can be
shown to be independent of the initial choice of length
standard, which is a necessary condition if it is to be

physically meaningful.

A difficulty of the theory was an apparent con-
flict between eq. 2.% and the interpretation given

above, with the idea that atomic standards of length and



time appear absolute and independent of space-time
position;J If the cocfficient of proportionality between

. 206 :
¢ and A is assumed real and put equal tos* ( e is

E;e eharé; of an electron and C is dimensionless ) then a
recent experiment, (8), places an upper bound on C of
10-4?. Such a figure, however, does not exclude the
geometric interpretation of the electromagnetic field in
terms of the Weyl space-time if, for example, Weyl's
original idea of eguivalent initial length standards is

modified to give special status to atomic standards.

Aside from introducing the Weyl space-time
these comments emphasize a feature of length standards
in Riemann space-time, where.once they are defined in
terms of atomic standards at a point, parallel dis-
placement allows the comparison of lengths taken at
separated points. Without getting involved in prob-
lems of measurement we shall just assume that on this
basis, the physical descriptions of atomic systems are
independent of space-time positicn and that by using
these systems the space-time interval measured between

neighbouring events is given by
1.V
wdlax 246

where g“v is identified with the gravitational field

o ﬁ;v

variable appearing in eq. 2.1.

With this brief and rather indirect look at
some of the ideas involved in the Riemann space-time we
return to look at Einstein's field equations and his
description of gravitation in order to provide a back-

ground before introducing the scalar field,

Because the dynamical variable of the
gravitational field in General Relativity is the metric
tensor, it plays an important geometry-determining role
in space-time and the field egquations can be understood
to ccouple the geometry of space-time to matter. Thus

the only physical constraint imposed by these equations

i

so under parellel disilacenent e vector nmaintains its
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on the nature of matter is that its energy-momentum

tensor has zero divergence.

Implicit in all of the discussion so far has
been the division between the gravitational field and
matter. In his discussion of the action principle
formulation of his field equations, Einstein (9), stated
an assumption to ensure that this distinction carried
over to the action principle —— that is, the Lagrangian
density could be divided into two parts, one of which
refers to the gravitational field and contains only the
metric tensor and its derivatives. The appropriate
density for this part is the Riemann scalar density and
apart from a cosmological term the resulting action for
the free gravitational field is unique in giving field
equations which are linear in the second derivatives of
the metric and which in the weak-Tield limit give the

Newtonian case.

In spite of this success in giving empty
space~-time field equations that are unique modulo a
cosmological term, the action principle without further
assumptions,does not offer much insight into the nature
of the energy-momentum tensor. So the action principle
remains an important method for constructing field equa-

tions.

In order to make progress later on, much use

is made of the Principle of Minimal Coupling, ( c.ge 10 ),

which Anderson notes is not an essential part of General
Relativity. If a material system is considered in Spec-

ial Relativity as a set, % of matter fields thon iis falor-
Lagrange equations of moticn, in some inertial frame, will

follow from an action principle

8 fLMd“'x =0

for suitable variations of the variables ¥ . The
action ( § Imdﬁx ) will depend on the Lorentz metric;ﬁlv ™
and with

v replaced by guv this action when added to



the free gravitationafield action gives the required
action1 for the gravitational and matter field equations.
If"I’"NG- denotes the matter or nongravitational part of
the full Lagrangian density ( i.e. with the principle
assumed, du e is the minimally coupled LM ) then

the c¢nergy-momentum tensor of the material system is de-
fined in terms cf the system's ''respcnse' to the metric
field by

Y b
™o 2 | a& - & 0 B, 2.8
yom l'TG‘ _ﬁ = _\.\.«m " s @ »
-{h g e ag“v = ajggl‘,_v i1
\ 9xt

This definition still holds without appeal to the
Principle of Minimal Coupling but in this case the connec-
tion described betwcen & e and LL. could rot be supposed
to hold.

An aspect of the field equations noted here
then, is that the nature of the energy-momentum tensor is
determined by criteria outside of General Relativitye. To
work within the framework of General Relativity leads to
an extreme position such as suggested by McCrea (11),
that the Einstein tensor is to be interpreted or identified
as an energy-momentum tensor and the central guestion is
then which geometric constraints imposed by the field
equations are physically meaningful. This rather formal
approach has been developed a little by Harrison, (12),
in a way, to suggest that scalar-tensor gravitation theories
are in fact derivative from Einstein's theory by suitable
interpretations of the energy-momentum tensor. However
this view is a bit unorthodox and we shall return to it

later.

It was mentioned in the introduction that the
gravitational field, as described by Einstein, has a gauge-

like degree of freedom. This of course corresponds to

. this minimalcoupling prescription is sometimes, when needed.
supplenented with the rule that :-

partial derivatives —- covariant derivatives.



the coordinate transformations of the metric tensor and
one can always introduce at a point a local coordinate
system, sometimes characterised as a locally freely
falling system, in which fcr a sufficiently small
neighbourhood of the point the metric is the Lorentz
metric. By describing physics in this neighbourhood
in terms of such a coordinate system the effects of the
gravitational field are transfocrmed away. Essentially
it is this feature of General Relativity - that gravita-
tional or cosmological effects can be made to vanish in
the small, which has been questioned and led to the

scalar-tensor gravitation theories.

In 1937 Dirac, (13), ( and 1938 (14) ),
suggested that an expanding model of the Universe not
only provided & cosmic time scale but also allowed the
possibility that th; gravitational constant may vary with
this time. By taking the ratic of the age of the Universe
to & unit of time fixed by atomic constants ( Cele %:; or %ca )
one obtains a number, t, of the order 1040 y and b; tak- B
ing the ratio of the gravitational force to the electric
force between typically charged-particles one obtairs a

Ga” ~L0

dimensionless expression, <-% ,of the order 10 .
e

So for this epoch

e® N AT, 249
02

and with m and o© supposed constant this relation becomes

G o~ £, 2410
which Dirac’s hypothesis implied, held for all epochs.
In more general terms Dirac's hypothesis, (14), stated
that "any two of the very large dimensicnless numbers
occurring in Nature are connected by & simple mathematical
relation in which the coefficients are of the order of
magnitude unity" and as a consequence if a number varies
with epoch then other dimensionless numbers may be re-
quired to vary with epoch in order to keep the relations

between them.
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A feature of the cosmology which Dirac was
led to, is that fundamental significance need not be
given to these numbers. For example, from eq. 2.9, the
ratio of gravitationzl to electric forces is small because
the Universe is old. Although Dirac's cosmeclogy could
almost be ruled out by present observations, the idea re-
mains that fundamental constants and in particular, the
gravitational constant, may not in fact be constant.
Some observable effects of a variable gravitational con-
stant have been discussed by Jordan, (15), and by Dicke,
(16), but because these effects are geophysical or cos-
mological, the systems involved are complex and the
numerical data available is insufficient as evidence for
variation of the gravitational constant. Recent results
by Shapiro, (17), using planetary radar systems, and
atomic clocks put an experimental limit on the fractional
time variation of the gravitational constant as 4 x 10-1O/year
and so the idez of a variasble gravitational constant is still
a conjecture which has not been established by direct ob-

servation.

Einstein's equations appear at present to
describe local gravitational effects quite adequately and
one could expect these equations to hold for the Universe
As a whole. But, since the equations require the gravi-
tational constant, when measured in units defined by atomic
standards, to be constant they need to be modified if Dirac's
hypothesis is assumed to be valid. A simple way to intro-
duce & variable gravitational constant into the field
equations is to make the gravitational constant a new local

scalar field variable depending on position in space-time.

Historically, Jordan (1948) was the first to use
this approach to incorporate a variable gravitational constant
in a field theory of gravitation.. He originally usecd the
five-dimensional representation of General Relativity de-
veloped by Kaluza (1921) and Klein (1926) and later (1955)](\33)

he and others developed the theory as a four-dimensional
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scalar-tensor formalism. These earlier references to
Jordan's theory are given more completely by Pauli,

(19), and a comprehensive review of Jordan's theory is
given in an article by Brill, (20). The most widely
known theory of gravitation which includes a variable
gravitational constant is the Brans-Dicke theory (1961)
which is formally, very closely related to Jordan's
theory. From 1961 onwards, the existence of such a
long-range scalar field scemed feasible ( but perhaps
experimentally doubtful ) and in the writer's opinion

the most interesting developments to come from the Brans-
Dicke theory relate to the problem of constructing
dynamical laws invelving the gravitational field variable,
the scalar field variable and matter field variables.
Finally, one notes that, to intrcduce the scalar field

as a long range cosmological field for the purpose of
obtaining a variable gravitational constant is by no
means the only way of giving expression to Dirac's

hypothesis.

In a pattern similar to that described above,
other authors have postulated a scalar field and intro-
duced scalar field terms intc Einstein's field equations
in order to deduce from these equations preferable models
of the Universe. Hoyle's equations (1948) (21) implied
that matter was not conserved and gave a steady-state
model of the Universe. Here the scalar field was related
to the creation of matter, in contrast to the scalar field
postulated by Rosen (1969) (22) which had no interaction
with matter. Rosen's equations gave an oscillating model

of the Universe.

The Machian idea of a connection between local
physical laws and properties of the Universe as a whole
has already been partly met, with Dirac's hypothesis. In
an effort to explain inertia, the Brans-Dicke theory was
based more on Mach's Principle than on Dirac's hypothesis.
Some further references to these ideas are given in

Chapter Four while passing mention is made here to Caloi
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and Firmani's (1970) (23) modified Brans-Dicke theory in
which radiation is given a more Machian property in de-
termining along with matter, the inertia of a body.
However their theory is restrictive and applies only to

a homogeneous, idftropic space-time in which the matter
content can be represented as a perfect fluid. Gursey's
(24) theory is Machian motivated in a different kind of

way and this theory is discussed in Chapter Five.

It is apparent that the scalar field
has been introduced into the General Relativistic frame-
work to incorporate many quite different physical
features which have been thought desirable and found not
to follow from the usual interpretations of Einstein's
field equations. The field equations of the scalar-
tensor gravitation theories that have been devised, poss-
ess cosmological solutions describing a variety of models
of the Universe. So with these rather general comments
summarizing (and substituting for) what could have been a
lengthy look at the individual theories, the relation be-
tween the scalar-tensor and Einstein's descriptions of
gravitation is taken up with reference to Harrison's

papers (12, 25).

Harrison, (12), states that the scalar-
tensor field equations "constitute in fact a limited and
particular class of equations that derive from General
Relativity and are of lesser generality". He arrives
at this view after showing that the forms of the action
principles of different scalar-tensor theories can be
transformed into each other and into the form of the
action principle for General Relativity, by recalibrations
( i.e. conformal or scaling transformations ) of the field
variables. Thus, together with the observation noted
earlier that the physical nature of the energy-momentum
tensor lies outside of the scope of the theory of General
Relativity, a scalar-tensor gravitation theory seems to
be, (25), "a specialised application of the theory of

General Relativity'". In this way the scalar-tensor and
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Zinstein's theories of gravitation do not have the same
status as gravitation theories, General Relativity be~
comes in a sense &a generic theory where one works in a
Riemann space-time and postulates field equations based
on assumptions about the content of the energy-momentum
tensor in Einstein's field equations. A classic example
of this procedure is given by McCrea (1951), (26), who
found that Hoyle's results (1948) could be derived from
Einstein's field equations if negative stress was allowed
in the energy-momentum tensor of the Universe. Another
example is implied by remarks of Dirac (1938) that, assum-
ing the gravitational constant was variable with respect
to atomic standards of measurement, Einstein's equations
should hold for units which vary appropriately with respect

to the atomic standards.

Ferhaps this view emphasizes the geo-
metrization of gravitation achieved by General Relativity
and the special importance placed on the interpretation of

the Einstein tensor,

In contrast, the assumption of the follow-
ing chapters is that one wants the scalar field to be an
integral part of the description of gravitation — for the
purpose of giving position dependence to the gravitational
constant, inertial mass or just to offer new models of the
Universe — and therefore the scalar-tensor and Einstein's
theories of gravitation are to be on equal footing as

gravitation theories.
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Chapter Three

THE SCAUAR-TEWSOR WAREL QOF QQAYTTNTION

Having introduced some of the motivation

that has been given for including a scalar field in the
description of gravitation, the natural procedure is to
obtain an appropriate scalar-tensor gravitation theory as

a modification of General Relativity. The basic equations
of this '"new" theory would generally follow from an action
principle and so the relevant class of gravitation theories
to which the "new" tlheory would belong, would be the class

of Lagrangian -~ based scalar-tensor gravitation theories.

Before looking at this class of theories in
more detail it is convenient to first establish some de-
finitions and concepts by looking at some general properties
of a broader class of physical theories and then specialis-
ing to the class of gravitation theories. For this pur-
pose some of the definitions and concepts given by Anderson
(1), Trautman (2) and developed by Thorne, Lee and Lightman

(3) are summarised under the headings

Sal Space-time theories
Be2 Gravitation theories
3el Space~time theories

The basic element of these theories is the

four dimensional space-time manifold which assumes that

physical events can in some way, be associated with a
continuum of points and that the points "fit together"
sufficiently smoothly to form a four dimensional

differentiable manifold, M.

The manifold mapping group (MMG) (3) is the

group of diffeomorphisms of the space-time manifold onto itself.

For a diffeomorphism, A , an initial coordinate system
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®
% (P) transforms to a new coordinate system given by

!
el

X -
z (B) =sx(A7°F) , PeM %

A geometric object ( field ) (2) is a correspondence

32

Pl Bir: I
v (P,{}'_ } (Jl’ Jrg: ..’yi‘f) E R

which associates with every point F € M and every system
3= a 3 T

of local coordinates {x Z' around P & set of N real

numbers ( the components of the geometric object ) together

. . . i 1 7 / % _
with a rule which determines (y@_,yg,,--,yr }fﬂﬂﬂn by

/
. o o
Bjic LP, Zl‘f }) - (Y-]i’ 3’21,‘",:}%? ) ,9-3

in terms of (3}, yé,-.-,yp ) and the values at P of the
functions «nd their partial derivatives which relate the

coordinate systems {x“] and ixa‘].

A space-time theory then, (3), isc a theory that

possesses a mathematical representation constructed from
a four dimensional space-time manifold and from geometric
objects defined on that manifold. The geometric objecets
of a particular representaticn are called its variables
and the equations which the variables must satisfy are

called the physical laws of the represcntation.

A kinematically possible trajectory ( kpt ) ( 1, 3 )

of a particular representation of a space-time theory is
any set of values for the components of all the variables

in any coordinate system.

A dynamically possible trajectory ( dpt ) (3) is

any kpt that saztisfies all the physical laws of the re-~

presentation.

A covariance group of a representation (3) is a

group G vhieh (i) maps kpt of the renseseniation into Ipt
(ii) maps dpt into dpt

and for which distk2ct group elements produce distinct

mappings of the kpt.
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An internal covariance group is a covariance

group that involves no diffeomorphisms of the space-tinme

onte itself, in contrast to an external covariance group

which is a covariance group and also a subgroup of MMG,

The complete covariance group is the largest covariance

group of the representation and referring to (3) the
effect of a particular group element G is characterised

as follows :
Suppose G consists of a diffeomorphism h and
an internal transformation H and write

G = ( hy H) 3okt

where it is understood that if G is an external transforma-
tion, H is the identity transfermation, and if G is an in-

ternal transformation then h is the identity mapping.

If y is a geometric object ( eqe 3.2, 3.3 )

and =% component is written in functional nctation as

\n

¥ (e Sa

then the set of functions

0 . oy .
yA(P,{xq}), P varying zad f+71 f:xeﬂ., 346

defines a kpt. Under h this kpt maps into
!
o
YA(P:[X ;)
1
o -
where 1% § is defined by eq. 3.1 2nd under H, y, trans-

forms into a new geometric object
y = iy 37
The net effect of G on the kpt ( eg. 3.6 ) is
& 4 o
G: YA(P,[x I) ® y‘A(P,[x }) . 343

The "changes in y" which charactcerise G are defined by
! 3
- ol o @
Sy, (B {x 1) =y, (P, Ix™ D)=y, (075, Ix" 1)

349

I
y!ﬂ‘evaluated at x> (P)

]

:
- vl evninated at x* = x* (P) .
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!
- o
If 5Yh(P,ix }) =0 o at all P and for all 3.10
coordinate systems {XR], then G is called a symmetry

transformation of the geometric object, y , and the set

of all such elements G form the symmetry group of this

object.

If 2 space-time theory has a representation
for which MMG is & covariance group then the variables of
this representation can be classified according to three

types - confined, absolute and dynamical.

The confined veriables (%) are those that do

not constitute the hasis of a faithful realization of MMQ

€.g. universal constants.

An unconfined variable, B, is termed an

absolute or a dyn=mical variable by the following test (3) :

o
(i) Choose an arbitrary dpt and let Eu(x J
be the functions which describe the

components of B for this dpt.

(34) Define the equivalence class of a dpt
as the set of dpt which map into the
given dpt for some element of the com-
plete covariance group of the representa-
tion .

’

(iii) Check to see if the same functions Bﬁgxa)‘
appear in each equivalence class. 1f
they do for every eguivalence class and
for every choice of the arbitrary initial

dpt then B is an absolute variable. If

they do not for some particular choice
of the initial dpt and fer some particular
equivalence class then B is a dynamical

variable

Also for this representation a set of variables

is called irrelevant, (3), if (i) its variables are not
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coupled by the physical laws to the remaining

variables of the representation and (ii) its variables
can be eliminated from the representation without alter-
ing the structure of the equivalence classes of dpt and
without destroying the covariance of the representation
under MMG.

Finally, for a representation of a given
space-time theory thc physical laws can be dassified

into four sets (3)

(i) boundary conditions -~ these laws

which involve only confined variables

G4 prior geometric constraints - those

laws which involve absolute ( and
perhaps confined ) variables, but

not dynamical variables

(iii) decomposition equations = those

which express a dynamical variable
algebrzically in terms of other
variables

and (iv) dynamical laws - all other physical

laws ,

As examples :-

If the electromagnetic gauge group is ignored,
the complete covariance group of General Relativity is
MMG and all the unconfined variables are dynamical and
contain no absolute parts. On the other hand, for
Jordan's theory the complete covariance group is the
direct product of MMG with the conformal group and be-
cause of this internal covariance group the dynamical

variables metric and scalar contain irrelevant parts.
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o Gravitation Theories

Scalaor-tensor gravitation theories belong to
the general class of space~time theories and, as in General
Relativity, they seek to combine gravitational and non-
gravitational laws by means of an eguivalence principle.
Thus gravitation is described by a set of g;évitational
fields including the metric tensor, guv y and it is reqguired
that in the local Lorentz frame of %“vall non-gravitational

laws go over to their standard special relativistic forms.

Some of the ideas involved here have been made
more precise in a foundation analysis of gravitation theories
given by Thorne, Lee and Lightman, (3). They distinguish
between gravitational and non-gravitational phenomena by
regarding gravitational phenomena as either prior geometric
effects or cffects generated by mass-energy and they further

clarify this by introducing the concept of a local test-ex

perimentae For the purpose of formulating the eguivalence
principles, the essential features of such an experiment
are that
(i) it is performed anywhere in space-time
(34.) it is performed with freely-falling

apparatus

and (iii) it is performed over a region of
space-time, sufficiently small for
the inhomogoneities in 211 external

fields to be irrelevante.

A special kind of local test experiment is the

local, non-gravitational, test experiment (3) which is perform-

ed in a region of space-time with a nearly uniform gravita-
tional potential throughout it, as calculated using Newton's
theory, and which if repeated with successively smaller
mass-energies in the region, that leave the characteristics
of the various parts - e.g. charge, angular momenta etc. -~
unchanged, givesan experimental result which does not

change,
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Dicke's Weak Equivalence Principle ( WwEP ) ( 3, & )

states that if a test particle is placed at an initial

event in space-time and is given an initial velocity there,
then its subsequent world line will be independent of its
internazl structure and composition. Following (3) a test
particle is taken to be an uncharged body with sufficiently
small "self-gravitational energy" as calculated by Newton's
theory and with sufficiently small size to guarantee that
any test of WEP is a loczl, non-gravitational test experiment.
Given that WEP is valid, the world lines of test particles
are a preferred family of curves in space-time - with a

unique curve in & given direction through each given event.

Einstein Eguivalence Principle ( EEP ), (3) states

that
(i) WEP is valid
and (ii) the outcome of any local, non-gravitational
test experiment is independent of where
and when in the universe it is performed
and independent of the velocity of the

freely~falling apparatus.

Dicke's Strong Equivalence Principle ( SEP ) ( 3, & )

states that

(i) WEP is valid
and (ii) the outcome of any local, gravitational
or non-gravitational, tecst experiment is
independent of where and when in the uni=-
verse it is performed and independent of

the velocity of the freely-falling apparatus.

The scalar-tensor gravitation theories vidate
SEP because the relevant scalar fields introduce preferred
location effects, while they satisfy* LEP and thus possess

metric representations ( 3 ), in which a metric is defined

* for experimental limitation see sect. 3.lte
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on the space-time and the world lines of test particles
are the geodepics of that metric. Also, for a metric
representation, the metric involved in EEP is called the

physical metric, while the other gravitational fields,

that is (3) unconfined, relevant variables of the representa-
tion which in the absence of gravity ( e.ge 2s in the analysis
of a local, non-gravitational experiment ) reduce to con-
stant, or absolute or irrelevant variables, are called

auxillary gravitaticnal fields.

Two further general properties of scalar-

tensor gravitation theories are that

(i) MMG is & covariance group
and (ii) for a particular representation the
dynamical laws are assumed tc follow
from an action integraol which is made
stationary with respect to variations
of all dynamical variables. With the

action principle written as
6]52 fx=0 311

. - =, . — »x
the Lagrangian deusity, ( a scalar density of weight + 1 )

can be split into two parts

:L'-—'-\'L.G +\J 5.12

NG s
where d/c, the gravitational part, (3), is the largest part
L g is the

non-gravitational part which will be often referred to as

which contains only gravitational fields, and

representing the matter fields or matter "content'" in a

space=time.

This representation is said to be universally

coupled (3) if

(i) &NG contains a second rank symmetric
tensor, ?nv s of the same signature
as the Lorentz metric, as the only
gravitational field

* This restriction on 4 is sufficient ( e.g.(1)) to

guarantee that any transform ( by an element of MMG )
of a kpt satisfying eq. 3.11, also satisfies eq. 3.11.
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(ii) in the limit as gravity is "made absent"
¥,y becomes a Riemann - flat second rank
s&mmetric tensor, va and whenever such
a My replaces ¥, £, becomes the
total special relativistic Lagrangian

and (iii) the prediction for the outcome of any
local non-gravitational experiment remains

unchanged when in the region of the

"
experiment is replaced by a Riemann-flat

second rank symmetric tensor.

This concludes, more or less, a glossary of terms
begun in Section 3.1. It consists of definitions and con-
cepts that have been borrowed largely as formulated in a very
recent paper by Thorne, Lee and Lightman and adapted to pro-
vide what the writer thinks is & relevant caontext for the

scalar-tensor theories as gravitation theories.

Bied The Scalar-Tensor Model of Gravitation

In this model gravitation is described in terms
of two fields defined on the space-time manifold - a metric
tensor field, Epy and an always positive scalar field; P
The most general J:G y, ( to within a divergence term ) that
gives dynamical laws of no higher than second differential
order and with the second derivatives appearing linearly
has the form (5)

Lo = (240 + £ (6™ 0, + £, , 3413

where f1 and ', are arbitrary functions of the scalar field,

2
but may be reduced to constunts by suitable recalibrations of

the variables g“v and ¢ respectively. f3 is an arbitrary
function of the scalar field. R is the Riemann curvature
scalar.

On writing the non-gravitational part of the

Lagrangian density ( L) as "LNG alm(x,g“v,rb) i where
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the variable X.collectively stands for all the non-gravita-
tional fields and where for simplicity it is assumed that
no higher than first derivatives of the dynamical variables

appear, the action principle for the model becomes

o [Lie (R + 5,08 8, + £V # Lyl = 0300

For the model to obey EEP restrictions need to be put on
the functional dependence of JLNG on the gravitational
fields o As this is so far a purely formal element of
the model these restrictions will involve a choice of
units so that WEP holds and an interpretation OfJ:NG

so that EEP holds. In particular, as the non-gravita-
tional laws follow from ege. 3.14% in the absence of gravity,
for variztions of the non-gravitational fields, £TG in the
absence of gravity must be the total special relativistic

Iagrangian which is denoted by A’I‘I}‘x’nuv) .

The naturasl choice of units is based on atomic
standards - e.g. as Ohanian, (6) suggests, one takes a
neutral, massive spin-zero me=sn and defines the unit of
length (time) as the Gompton wavelength of the meson
and the unit of mass as the meson mass. Using an argu-
ment due to Fierz, (7), he shows that for this choice of
units the free meson falls along the geodesics of Spv .
This would also apply to any localised system which could

be treated as a test particle.

Bergmann, (5) using a quite general argument
has shown that, unless JLH} has no scalar field dependence
the motion of a test particle is indeterminate. In a
simplified form due to Ohanian, (6) one first derives the
four differential identities for the matter field. Rather
than using the field equations as in (6), these follow more
easily from the fact that infinitesmal coordinate transfor-
mations are symmetry transformations of the non-gravita-

tional part of the action ,

i.e. §fﬁmua“x = 0, because }Iﬁnagx is a scalar ., 3415



For variations of the variables and their first derivatives
which vanish on the boundary of the region of integration

€0. 3.15 can be written

f[ i B+ s 8 L B8y + 3¢ Ja el 3.16

[
*ﬂ! L v u‘JJ
where the Hamiltonian derivatives are defined, as e.g,

{-\ = - ™~
i TL TS« (3 "[’]‘TG>
g &y x . J
51
Je

The Euler-Lagrange equations of motion for ¥ give 84“n =0

(""'"‘
(01,
and so
[T . %, "7 ;
f 18 {5 e 61’911 + -ng*.;r.‘_ %@ |d'x=0 . 5,18
| < Iy = WG
dJ |_I)s-"'f.l.\a’ o5 __i
Writing the coordinate transformation as
o ¢ palX sl o
X =X +t'.-':,\i{,\<5'l 5 3419
i BB = b ol 7420
€. J.10 gives B py = ‘ﬁgv v 562
-ép.(.‘") = -'¢ i-_»:‘- 3.21
% .
where the covariant derivative " 3 " is with respect to

the Christoffel symbols

L]

Egs. 320, 3.21 in 3.18 give on integration by parts and

for arbitrary'ga

- 5 . % =

ag u\;( mNG);P T S ‘?5 =0, v=041,2,3 322
. o Y ¥

or equivalently T = , a0k Feld
q Y V;LL ,U 5P
where i

p 2.8
T =Te T 342l

In the external fields gpu and ¢ , a locally freely
falling frame can be introduced in which eq. 3.23 becomes
for a sufficiently small system and with its self-gravita-

tional field assumed negligible,



= o7 e 3,25
sl P ’ »
Y
where & e refers to the system and + now denotes the

special relativistic energy-momentum tensor of the system.

Integrating over the volume of the system and

: v oV
with p = [T ax s ©Qe Je25
aefn.
. v Fiia ¥ 2 i1 3 o
gives 4 p = (P S A7x " 5426
(l'\-" E)(f)l L

Thus the system will experience an acceleration relative

to the local freely falling frame unless fg,” QJHG Q3x =0 3,27
or because of the approximation involved o6
[QL;-;@ &x = 0 . 3428
J5¢
This restriction holds if the gravitational
fields enter into i%ﬁ} according to iﬂG = iTm(“=f4(¢)3uv):

where £, is an arbitrary function of the scalar field,

o

as for example postulated for the scalar-tensor model con-
sidered by Wagoner, (8). i metric recalibration can re-
duce f to & constant and in this representation eq. 3.27

A
or 3.28 is satisfied.

1
For WEP to hold then, one can take J'?E to
have no scalar-field dependence, and for EEP to hold one can
! p - i e
take J'NG to be ““NG(X’guv) ; the minimally coupled
total special relativistic Lagrangian density for the
system.

i.e.&:NG(X,ﬂpv) *‘LNG(X’gpv) as ﬂuv > By
In this way a metric and at the same time universally coupled
representation can be arrived at with the action principle

given by )
5f[(f1(¢)R + f2(¢)g”v¢"p¢’v 45 ($)V=¢ + lm(?{,gp,,)]fmo 3429

Because ¢ can be recalibrated, independently of g“v
]

to reduce ib to a constant this representation has effectively

two arbitrary functions and an arbitrary (dimensionless) con-

stant and so describes a family of scalar-tensor theories.
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The main problem for the scalar-tensor model is to
select a satisfactory theory by eliminating some of

these arbitrary features in an acceptable way.

¢.g. the Brans-Dicke theory is obtained

from the metric representation by putting f1 = ¢,f? = -w§—1
and f3 =0 which gives a simple wave equation as

the field equation for ¢

To conclude this section, mention is made
of a paper by Hart, (9), in which a scalar-tensor model
is given by the-action principle, eqe 3.14, with
QE&G = f5(¢)£NG(X,g“v) , where f is an arbitrary function
of the scalar field. From the differential identities for
tr (LeCe €qe 3.22 with iﬂ" replaced by £{T— )
thé scalar-tensor conservﬁéion laws are derived in a way
anzlogous to General Relativity. If f5 is a constant
( as one needs for a metric or universally coupled re-
presentation ) and/or a dimensionless function it is found
that the total scalar-tensor conserved quantities have

appropriate units of energy or momentum.

Hence, as ¢ generally has dimensions of
some power of G s in order to have conserved guantities
that are meaningful unit-wise, at least, it is sufficient
to take iEE as a dimensionless constant, in which case the

scalar-tensor model considered is given by eq. 3.29.

Using Noether's theorem ( e.g. Trautmann, (2), )
which associates a differential conservation law with an
infinitesmal coordinate transformation, one can obtain
differential scalar-tensor conservation laws, (9), that
depend on the choice of £* in the coordinate transforma-
tion eq. 3.19. Because of the infinite order of MMG
there is a corresponding infinity of conserved single index
quantities ( such as Komar's vector ) and if the physically
important quantities are generated by infinitesmal coordinate
transformations which are symmetry transformations of the

gravitational fields then from eq. 3.20 and eq. 3.21

G = 6 —; —-"‘ ‘ -
Buy = "Gy T Sy
and 0 =8P = =0 E;a
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Killing vectors with components which satiefy the latter

equation, Hart calls restricted Killing vectors and an

outstanding problem he suggests, is whether or not the
Killing vectors are actually restricted for all gravi-
tational fields. Also in this connection he suggests
that the relationship between the restricted Xilling
vectors and the scalar~tensor conservation laws needs

further study.

3.k Experimental Tests and the Scalar-Tensor Model

of Gravitation

The metric representation ( eq. 3.29 ) of the
scalar tensor model can by a recalibration of the metric
and the scalar field variables be transformed into the

representation with an action principle

L _ 4 L
5[k - n6™s 8, 4 S UOWT +dy oty (B ) = o

where fg and f? are arbitrary functions of the
scalar field and n = ¢+ 1 , For this representation
Wagoner, (8), has considered the linearized weak-field
limit in relation to the solar-system experiments and

arrived at two possible restrictions

(i) the locally measured gravitational
constant is the same as Newton's
gravitational constant, and fg
gives rise to a massive short range

scalar field

or (ii) the locally measured gravitational
constant depends on the scalar
field and i}; corresponds to a

"cosmological term".

The first case leads to the '"massive Brans-Dicke'"

3
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theories ( see Chapter Five ) which give the same
predictions for the solar-system experiments as

General Relativity.

The second case leads to predictions for
the light deflection and perehelion shift observations,
which depend on the first and possibly second-order
terms in the expansion for f? - However, depending
on the sign of n , the model does not seem to be
inconsistent with present observations and certainly
no severe restrictions are placed on the form of the

action principle for the model.

A prediction of the scalar-tensor model does
lead to a violation of WEP. Ohanian, (6), has shown
that for a massive system the inertial and gravitational
masses differ by a term which is of the order of the
self-gravitational energy. This result holds also, cnd
in particular, for the Brans-Dicke theory, (10_)- (‘1&3_) 4
but because of the 8ize of the violation there is no
conflict with the Botvos -~ Dicke experiments. Thus
the violation of WEF seems to be a matter of principle
and as such adds against the scalar-tensor model of

gravitation.
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35 Conformal Invariance and the Scalar-tensor Model

Previously, in section 3.3, it was shown
that the scalar-tensor model possesses a metric ( and
universally coupled ) representation which describes a
family of scalar-tensor theories based on an action
principle given by eq. 329%. After recalibration of the
scalar-field variable this action principle can be put
into a form characterised by two arbitrary functions f1

and fj of the scalar field and an arbitrary constant &,
tiee 5[ LB - 2657%, 8,y ™)4,(9) Vsl () 1" x = 0
lesCe O 1 v - &f H,“ sV E + 3 "{)‘fI‘T—G 1,{_1_1.». L X =

and since observation does not rule out the existence of
the cosmological term, f3(@90r the presence of f1(?) the
problem of removing at least some of the arbitrariness from

the dynamical laws remains.

For this purpose then, it is interesting to
look at the restrictions placed on the functions f1(¢ )

“f3(¢) when the conformal group defined by

(P, 1x"]) > (Bfx")

L—-\_. __I

and Buy  Euy = MEyyy for M en arbitrary positive
function of position .

is postulated to be an internal covariance group.

If the group is first restricted to be a
symmetry group of the gravitational part of the action principlp
then

Jite e - w7, u‘;"#' ) 4 1,(9) Woplax
= (i[f1(30(n - é¢ ,ur,vg )+f (¢0]f’ﬂ_}d o 3.3,

where barred variables represent transformed variables, re-
quires that, (11)
£,(9) agh 3435

f3(¢) w 20 ' 3436

n2=-§; 557
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and the transformation of ¢ o he

‘?5"*@5:}-9{5. 3-38

Thus the Lagrangian density for the free gravitational

fields becomes

n 2. i WY n
£ G‘ = [¢ (P = Z_;(lh rP,E_L(P’ v&' ) e )\-0 ¢ ]‘\'I:E 3 -39
where 1 = -~% Z and Ko is an arbitrary constant.

From the form of&.G one can recognise the gravitational
part of Jordan's Lagrangian density ( see Chapter Five ),
if lo is put equal to zero and & is considered to be
arbitrary, and in particular if m is put equal to unity
-yG_is the gravitational part of the Brans-Dicke Lagrangian

density.

( The idea of using conformal transformations to formally
identify the Brans-Dicke and Jordan theories is alsoc looked

at in Chapter Five ).

Returning to the conformally invariant Lagrangian
density 419 + ( eqe 3.39 ), one notes that it is conformally
equivalent to

4

. — . an Tl
5= (R + RO)V;g s vhere g, = ¢ Buy 9
and so with i?\-TG m[m(x, -f-;w,)

density for Einstein's field equations with a cosmological

5 one has the Lagrangian

constant. This choice ofJ:ﬁG implies that in the original

representation one takes the matter Lagrangian density JLNG

to be minimally coupled to the "metric" ¢ E“v . For a
different theory one can take &‘NG to be minimally coupled
to g“u and with M= 1,(¢& = —'é ) for simplicity, the action

principle for the metric ( and universally coupled ) re~

presentation is
; - Y L
64{[ (¢R +% ¢ 1¢,“§5., ng + lo¢2)7/:g+ “[]\?G(X’guvnd "x =0 3.0

The field equations are, for arbitrary variations of the
variables 8y and ¢ , and their first derivatives which

vanish on the boundary of the region of integration,



‘ . b1
[eege 111 e . R JE1 -

5 -2 v g g o . -
o 2 b b e dta b 9%y _ = 5) = o -

1

= 4 =T ;
R+ 29 4= Tba D $ =0 32

Vv
viere O« g“ ¢'}l'” s by 'defn .
g

Contracting eqe 3.41 and comparing with eq. 3.42 implies for

consistency that,
(11) T“azo. 313

Hence in the metric representation, for the gravi-
tational fields, gpv and ¢ , which enter into a conformally
invariant &uG. to couple consistently with matter, the trace of
the energy-momentum tensor must vanish. This condition is in

fact the cendition for &I‘-*(f- to be conformally invariant ( see

eq. ©q Jébdf ). Thus in particular, as shown explicitly by
Anderson, (12), the Brans -Dicke theory is conformally invar-
: ; - - @ ang T .

iant if @ = ) and = G = 0,

To allow the gravitational fields to couple with |
massive systems ( Ta“ A0 ), one approach is to extend the ‘
completc covariance group of the scalar-tensor model by in-

cluding the conformal group and let =z scalar field interaction

appear in &:W_ 5 Thus theegtion principle is written

5 Jf [(9r + 2679, 8, 8" 4 2 8" V0B 4 (%, 9 1a"x = 0 3l

sy

and because the additional covariance group elements are
specified in terms of a single position dependent function, the
field equations satisfy an additional Bianchi-type identity.
This follows for example from

SquNGﬁh':; e 345

for the infinitesmal conformal transformation

] _ 1
ﬁﬂpv = g“vﬁ'h J 346
p = ~p N ,

which gives [eegs 11] p% =%£ S&T}G 3T

where as usual

2 B&g
Vg O *
1y

Lt
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O'Hanlon and Tupper in their paper, (11), show that the
covariant Lagrangian densities for massive fields of non-
zero spin could be put into a conformally invariant form

if one postulates a scalar-field interaction with mass as

1

m->m ¢, 348
which is in keeping with a conclusion of (13) that without
this mass transformation there is difficulty in making non-
gravitational laws and equations of motion conformally in-

variant.

Effectively ( for simple cases anyway ) the

same result occurs if one takes following Anderson (12)

&E“G- = J:I\IG_(X,‘.’:’ gp_v) , 549
where the mass transformation has been accounted for in the
coefficient of g“v ’ A metric representation is obtained

by choosing A = & ! in the transformation eq. 3.33 and the
action principle ( eqe 3.44 ), in the barred form is then
essentially no different from the one for General Relativity

( with a cosmological constant ).

Although postulating the conformal group as a
covariance group seems to be too strong 2 condition on the
scalar-tensor model to give an interesting scalar-tensor
theory, it is perhaps still appropriate to add a few general
remarkse. Under the postulate, the complete covariance
group of the scalar-tensor model is the direct product of RIG
with the conformal group. The conformal group introduces
irrelevant parts into the dynamical variables 8y and ¢
and a simple way to covariantly eliminate these parts is to
carry out the transformation eq. 3.33 for some predetermined
p e In the barred form the dynamical variables become
relevant variables and in particular, for the choice A = ¢ =
the scalar field variable is made completely irrelevant.

This enforces the result shown above that conformal invariance

can lead to a purely tensor theory of gravitation.

Interestingly, a rather philosophical objection
that could be raised against the scalar-tensor model

( eqe 3.32 ) of gravitation, remains for the model with the



33

extended complete covariance groupe Pauli, (13), has stated
a formal principle that "only irreducible gquantities should
be used in field theories'. Under the extended complete
covariance group the metric and scalar fields still trans-~
form independently of each cother, and thus together, under
the group, they constitute a reducible geometric object.
Also in the philoscophical vein, it has been felt that
physical laws should be invariant under the widest group

of transformations possible. In this respect the idea
that the conformal group be a subgroup of the complete
covariance group of space-time theories, has appeal and
perhaps a step in this direction is the use of more general
space~-times ( such as the Weyl or Lyra space-time = Chapter
Six ) where, in the absence of matter it is required that

field equations be conformally invariant.

Dicke (14) and Hoyle and Narlikar (15) have
been recent advocates for conformal invariance,. Dicke
for example states, (14), "that the equations of motion of
matter must be invariant under a coordinate dependent trans-
formation of units'. The connection with conformal trans-
formations is simple. If the interval between two in=-
finitesmally close events is measured with respect to a

system of units as

axtax’ 3450

2
ds” =g,y : 5
then with respect to a transformed set of units, the interval

can be written as

2 BV
ds” = Mgy, dx dx , 3451
where M is a space-time position dependent function. So the
metrics establishe/ in the two sets of units are conformally

related.

It seems at some stage that a conformally or
scale (units) invariant theory neceds some convention about
the comparison of a particular unit of length (time) at
separated points. For without this, one has a problem

noted by Anderson (12) '"that two observers separated by
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a space=like interval would have no way of informing

each other of the particular value of X which they

were going to use in carrying out the transformation'.

¢ 8 o35 e Although the usual way out of this
situation is to assert that atomic standards are position
independent and so make the properties ( mass, charge
etc.e ) of atomic systems independent of space-time posi-
tion, Brans and Dicke (16) consider this an arbitrary

choice,

In 2 similar fashion, Hoyle and Narliker
(15) say that "for a physical theory not to be conform-
ally invariant it is necessary that there be some form
of preopogation from a point, 4 say, to another point, B
say, whereby information concerning the length unit at A
is carried to B. Then the length units at A and B can

be compared "

With these few asides we return to the main
discussion of the action principle ( eqe. 3.40 ).  This
principle was obtained from the original metric representa-
tion of the scalar-tensor model by postulating that the
gravitational fields enter into J:G in a conformally in-
variant way. It was found that such a restriction on
the gravitationzl fields meant that they could couple
only to matter whose energy-momentum tensor had a vanish-

ing trace.

There is a second approach to allow massive
systems to couple with these fields. Following Deser,
(17), one car introduce a conformal invariance breaking

term into the action principle
Ceffa iCB = l((45){—€' 5.52

where 1(¢) is not proportional to ¢2 as this would

make {-CB conformally invariant.

élﬁﬁ adds to the left hand side of e€qe 3e41
= ] _J.' 1 =i
a term - 3 1¢ By q.i 0 (%uv

and to the right hand side of eq. 3.42

2]
a term - 17,
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B

where 11 = =

2
-

The new field egquations give

®
T

=21¢ 141 ‘

Deser considers the simplest symmetry brealzing temn

3

2 F x
JCB = & pvoz ,_u constant,

which gives Tua = - pz@ p

and withh =0he arrives at & scalar-tensor theory of

o

gravitatioc

jn

choice (W= in the Brans-Dicke theory.

I"OIR.N

-

3.6 Deser's Scalar-Tensor Thepry

In contrast to the Brans-Dicke or Jordan
theories, Deser's theory, (17), is quite unusuzl by
having an aigebraic relation between the scalar field

variable and the trace of the energy-momentun tensor
g LB s 2.2 14
T aCe (G ol w % CQe ?‘ub)) 3 (gb = =T o .

He arrives at his field equations as a modication of
Einstein's field equations by first requiring that a
physical system be scale invariant in order that it
couple consistently to gravitation. This means that
no dimensional parameters appear in the description of
the system and in particular that the flat space-time
energy-momentum tensor, Tpv(npv) has a vanishing

trece.

139
For the scalar field (M ¢5pv = 0)
this can be achieved by adding a divergenceless term to
its energy-momentum tensor to obtain a new, traceless

energy-momentum tensor,

—~ 4 1 p, A 2\oP P2
Tpv(¢ snuv) = ¢’“¢’v =z quvw,9¢, +'g[npv(¢ )? 5P (¢ )’pv]

In the presence of gravitation the additional term can

be introduced into the action principle by coupling the

the notation of Deser's paper is used here.?

in the previous sections has been replaced by ¢

( Sec. 3.6 ) which corresponds to the singular
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scalar field in a non-minimal way to the gravitational

field, gpv

< e LEY.
viz ?[[z ¢ER 4 SH o

which gives

G v]f:é dhx =0
2

Nt

2

Gy = =6¢70,(4) 350

where now T“v(¢) = T“v(¢3gpv)

1 1 g 2 2
= - #0P5 w- Oo= o (¢ 5
k‘b,p(”\-’ 2‘ 5!_'.‘)(35,;]?’ + 6[5'“.” f ((r) ),.P'i V] 30)5
and (B-2r) ¢=0. . 3. 5%
Other matter (Tm“v) is incorporated by including
TM as follows
©y
',"'2 N rM
Gl.lv = 6(,': [—J_Ilv(qb) + T !1V] 3 5-5?

At this point one notes that eqs. 3.56 and 3.57 are

conformally invariant and have the property that

M

2 a0 .

Because the Lagrangian density in the action
principle cannot be split to give a2 gravitational part,

Rf;g y but rather to give

£ = Hz o+ 9 0 W

(I
Pl 4
one has a scalar-tensor theory of gravitation ,

As indicated at the end of Section 3.5
Deser then introduced a scale invariance breaking term
to allow massive systems to couple with the gravitation-

al fields, The final field equations are

~2 i 2
Gy = 68720-1,(9) + T,] + 3%, 3458

U¢-(%R+u2)¢=0 . 3459
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Deser interprets the invariance brezking as
due to the finite range, P_1 , of the scalar field
which he requires to be of the order of the radious,
Ro , of the observable Universe. For this level of

(v
approximation the average value of T _ is

a® > NMRO“3 where M is the mass of the

Universe, and using the approximate relation that the
radius of the Universe is of the order of its Schwarschild

radius,

Glin:RO where G is the gravitational

constant, he obtains
,;“'2
P LBl G.
Having used all the available information from the scalar

field equation ( eg. 3.59 ) ege 3%.58 becomes

2
G'pv - 3 g}.lv = GTLL\" .
i.e, Einstein's field equations with a cosmological

constant.

Aragone and Restuccia (18, 19) have given a
spherically symmetric, static solution and a class of
Friedmannian perfect fluid solutions for eqs. 3.58 and
5¢59a They maintain that the matter energy-momentum
tensor is not conserved and some of their solutions bear
this out. (19). However the writer feels that all is
not well because direct calculation from the field
equations shows that the matter energy-momentum tensor

is divergenceless.

( That matter is conserved follows perhaps more simply
from the matter 7Tg,grangian density being invariant under

infinitesmal coordinate transformations - @éf. section 3.3 )
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Chapter Four

THE BRANS-DICLE (BD) SCATAR-TENSCR THEORY

In a previous section ( &ec¢ 3.3 ) the BD theory
was mentioned as being a member of the class of Lagrangian-
based, scalar-tensor gravitation theories. To illustrate
more specific assumptions in the BD theory, the field equa-
tions and their relation to the experimental tests are looked
at briefly. Following this, recent applications of the BD

field equations are discussed under the headings :

L,2 Vacuum Solutions

h.3 Standard BD cosmology

b Units transformations md the BD theory
L,5 Standard BD cosmology ( ctd. )

4,6 Non-standard BD cosmology

k.7 Scalar-Matter field gauge freedom

4.8 Nordstrom-Reissner type solutions

L,9 ADM formulation in the BD theory

k.17 BD theory and Mach's Principle.

4o The BD Scalar-Tensor Theory

As a modification of General Relativity the BD
theory was motivated ( e.g. Brans and Dicke, (1), ) by a
form of Mach's Principle which states that the inertial mass
of a material particle, rather than being a constant intrinsic
to the particle, is due to the particle's interaction with a
cosmic field. For this purpose a long range scalar field
was chosen and coupled to the matter of the Universe as a
source. Dicke (2) has suggested that in such a field the
mass of an interacting particle is required to be a function
of the scalar fielda. Briefly, in the particular case of a
static field, a pawticle accelerates because it experiences a

force proportional to the gradient of the scalar field while
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the time rate of change of its energy ( the zero'th com-
ponent of the momentum four vector ) is zero. Thus to
maintain constant energy some transfer of energy, as rest
mass energy to kinetic energy must be provided and it
proves sufficient to take the rest mass of the particle as

a function of the scalar field.

Because the scale of particle masses is provided
by measurements involving the product GM ( e.g. as in the

gravitational acceleration E% of a particle ) a conclusion

equivalent to that of allowing mass to vary in terms of the
scalar field, is that the gravitational constant, G, should
be determined by the average value of the scalar field.

With this conclusion, units of length (time) and mass defined
in terms of atomic standards are appropriate and the simplest
covariant second order differential equation for the scalar
field, ¢, would be

e

o
,

i_-l ("'J = L VT II--o1

’
where V¥ is a coupling constant. fiv is the energy-mom-
entum tensor of the matter field ( excluding the metric and
scalar fields ) of the Universe and it is defined in exactly
the same way as in General Relativity. From the last de-
finition it follows by eq. 4.1 that the scalar field does
not couple with or have any direct interaction with electro-

magnetic or radiation fields.

In keeping with the Machian motivation, the
scalar field is to be interpreted, (1), as an "advanced

wave" integral over all matter.

A rough estimate (3) of the mean value of i ,
<§> , based on the "central potential" solution of eq. ko,
of a gas sphere with density of the order of the cosmic mass
density and with a radius equal to the radius of the observ-~
able Universe, suggests that if ¥ is taken to be a di-

mensionless number of order unity then

& > a ¢+,

1
Introducing the scalar field in a way analogous

to the inverse gravitational constant into the Einstein

' Thic derivation is given in detail by Weirbgrs (3)
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field equations gives the BD form

1V - Ly 1y
'G-: = @r® ! (Tl + T:? )
where TS” is the energy-momentum tensor for the scalar
field and is included in the source of the Einstein tensor.

3% ; . .
T; is taken to be the most general symmetric tensor in-

k3 ‘i-l"!2

volving the derivatives of one or two scalar fields.

4 < T “" T ;_I_' "
viz: g‘v — .{l(<‘3)rr" Cyy * ;_,((‘-J)&vt‘)’P(..;,P.
y 2 it "’

4 C((‘;)¢’“’v & D(f;))&v 0o , 4.3
and by requiring that the matter energy-momentum tensor
satisfy

L
¥ = @ e
V;\A 3

eqs. 4.1 and 4.2 become the usucl BD field equations
- o 4 0 i 4 :
G, = OSmO T =, & b - 5. el s - |k o
[IRY : (BRY + @! (-) e sy d‘gpv'.’,P. ) + % (.,;L;_v ST U )

]
Bar o ‘11-05
e = me
DQ = 3+2U T s T 4 a s . "'—{-06
where © is a dimensionless constant given by ¥ = G ) A

3420 g "
¥ was estimated to be of order unity and so it could be
axpeethd that w wourld also be of order: unitye. Fer tw

very large, €q. 4.6 becomes

Dé= 0
with solution P= <> 4 0(% )
e B OQ% 2
and eq. 4.5 becomes .
G, = OmGl, + 0('513 h

In the limitas @ =-» o the BD field equations reduce to

the Einstein field equations.

Although ¢ ¥ appears formally in the field equa-
tions as the gravitational constant it is necessary ( e.g.
Brans (4) ) to determire the relation between ™! and what
is defined as the locally measured gravitational constant

1
G. Involved here is a comparison with the obscrved

1 e,g. as measured by a Cavendish experiment using test
particles
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accelerations of test particles near a gravitating
mass, as predicted by Newton's theory. So, for this
purpose it is sufficient to note that from the post-
Newtonian approximation (3) form of the BD equations

the analogue of Poisson's equetion is

2 £ ']"j-l-
7R, = o GREE)T ¥
where V? is the flat 3-space Laplac1an and tg; varichles Euvs
Tpv are expanded in powers of a parameter 0;7 +
é 5 is the 2nd order term in the expansion of g
v fol}

& y the negative of the rest mass density, is
0

the zero'th order term in the expansion

for T
00

The expansion for ¢ is written in terms

of ¥ where

deln .
O = 9 (1+7Y¥), ¢ is a constant and ¥
0 Q
satisfies
. 8 Th : ,
D0 = SHgln T W ¥ s 0w = oha

For the post-Newtonian approximation eq. 4.8 gives

o o o)
v = - 8 ¢ "M 5.9
TF 20 ¢ o0 ’
where % is the 2nd order term in the expansion of W .

Poisson's equation is achieved from eq. 4.7 by the

identification

% = 2” » )—i--10
(o]0 W
where GNHN denotes the Newtonian potential
= (kg 11
and G = ‘2(» #3) . Lo

which give - Larch . bol2
00

Voo =
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Thus the gravitational constant as measured in terms
of slowly moving particles in a weak gravitational field

is

Using the post-Newtonian approximation, the
field equations can be approximately solved in the region
outside of a static spherically symmetric mass and when
the metric is put into the general rddington-Robertson
form the Robertson parameters are (3)
gt Bat 3§ f = :}%&é = ‘}{Eﬁggg , 413

compared to the values for General Relativity

Q{:"’:?:'],"r:"l Lot

Provided ©® > 6, 4,13 and L4.14 are indistinguishable for
present solar-system experiments (42) and depending on how
measurements are refined the form of L.13 suggests that

the ( fractional time ) variation of the gravitational con-

stant could be made small enough, not to violate observations.

The specific violation of the strong equivalence
principle can be seen (3) from egs. 4.9 and 4,12 when at
apny point a locally freely falling coordinate system is
introduced. By definition guy =T, and {}} = 0 at
this point but the scalar field does not vanish or necessarily

become constant as

' =§‘ = ~(w42) 7 QEEW 3

Thus the gravitational field of a very small mass placed
at the point could be calculated from Linstein's field
equations ( because terms involving derivatives of the
scalar field are of a higher order approximation in the
BD equations ), with the effective gravitational constant
GE ( the coefficient of aﬂTgv ) given by (3)

G = G(1+¥) =61 + (0 + 2)_"-'_3.%% ) .
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Summarizing then, the Brans-Dicke modification
of General Relativity is to introduce through the field
equations only, a scalar field into the description of
the gravitational field, The new field equations (BD)
determine the relative coupling of the metric and scalar
fields to matter via the parameter ®w and it is this
division of coupling strength which gives rise to the
differences from General Relativity in the predictions

for the solar system experiments.

Because the geometrical interpretation of the
gravitational field ( and for example the relation between
curvature and the matter distribution ) that exists in Gen-
eral Relativity is partly lost, it is convenient to describe

the BD gravitational field as having a scalar field compon~

ent and a metric field component. The physical meaning of
the scalar field component, ¢ , is that ¢ * g-?)‘*%%)

is the locally measured gravitational constant. The metric
field component, as in General Relativity, describes
(locally) the geometry of a space-time and with the geodesic
equations describes the inertial properties of particles.
Anticipating a conclusion suggested by solutions that have
been found recently, the extra "degree of freedom" relating
to the scalar field in the description of the BD gravita-
tional field, 2llows the BD gravitational field to have
quite different properties ( ©.g. symmetry ) to the

associated space-time geometry.

An interesting relation due to Quale (5), exists
between the linearized weak field limits of the BD and
Einstein gravitation theories. The linearized BD theory
can be put into the form characteristic of a class of
Lorentz covariqnt, linear tensor theories of gravitation
together with an additional constraint on the class. In
such a form the BD theory ( in 2 restricted sense ) and the
linearized Einstein theory are examples of the only two,

physically distinct theories that can exist in this class.

Briefly, to give a better context to these ideas
the method used in (5), is indicated as follows
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The class of gravitation theories referred to have the

properties that

(a) the gravitational field is described
by a symmetric second rank tensor, Iy
and (b) the field equation for hm, is linear,
of the second differential order and
Lorent covariant with a scurce term
proportional to the energy-momentum

tensor! T, , of matter .
! _

The further property that

A -
T vﬂt" 0

restricts the class of theories to those with field

equations of the form shown by Weyl (6) to be

Dy (n) = D;“, (h) + BBy (h) = Ty, 415

where for convenience units are chosen to make the co-
efficient of T ,, unity and the operator notation is de-
'
fined by
M e 2}1 o hp?k
W A\ k (TR} 8 ,meﬁlv
8]

- - 1 -f.'- I
.’\_- y “'v Il }‘. E) Pn:-tv L]

i

D,y (1)

%1v (2)

It

For the left hand side indices are dropped (hhv -+ h)
fi

for simplicitye.

£ is an arbitrary parameter for which two
cases can be distinguished, dividing the class of physical

theories into two kinds.
(i) P A2 By o non-singular mapping® )

N
1
hpv-—b 11"‘uv = hln’ + v (8 - 1) h 7\“!1\’ y
ede 4.15 can be put into the form, dropping dashes

E e ’ . '

D“v (h) -~ Dp\? (h) + Pp,v (h) = Jj:zv ’ Le16
which is the linearized Einstein field equation for a
first order perturbation of the Lorentz metric,

W g = Mo * b iyl <7

] . .
™ is independent of huv

2 for B = & ‘the mapping is singular.. The new tensor h
is traceless and because it has fewer independent com-
ponents than h*‘,_,J , the field descriptions by h“y " h;v
cannot be physically equivalent.-

n
AY
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Because the mapping only rearranges the field components
2 1

any theory of the class with £ £ %+ may be considered.

physically equivalent to the linearized Einstein theory.

The gauge group of eq. 4.16, or the group of
substitutions under which the equation is forminvariant,

is the group of infinitesmal coordinate transformations

applied to the metric tensor 8y ( as ﬂuv is invariant ),
; B
hm’ > By = hf w ¥ 5h|.1v 5
g ] k7
Yiy <= (u."v) .

(ii) B _=- defines the Weyl theory which Quale
develops and shows, together with an imposed con-
straint to give the linearized BD theory.

Eq. 4.15 takes the form

-

and the pgauge group of this equation is given as

(and

1'. — . 'I.
li” it ¥ 7 Luv + ghuv

a9

o

hpv = 2% (1.1’ V) + {'mg.-.v . 4 )
where B 1is an arbitrary scalar and FP is an arbitrary
)

vector subject tovg‘ﬁv =X : the scalar x s+ the general
¥

solution of %lv (x) =0 , has the form .

-~
i

$=cXx +c with ¢ forX =o¢ —=a,

and c¢ arbitrary constants.

In contrast to the %instein group ; , defined
by €qe 4217, the Weyl group , defined by eqg. 4.19 has a
greater range of freedom by allowing the variations of gﬁ
and ﬁL” s defined as variations of the trace and trace-

less parts of hpv y to be made independently of each other.

For completeness,ﬁﬁ resﬁ%t proved by Quale, re-
lating to the gauge groups 6 , 0 is stated — " the
necessary and sufficient condition that the gauge of h“v
can be completely fixed within each of the linearized
Einstein and Weyl theories using the appropriate gauge

groups to give formally identical field equations is that



46

T =0M, With this understanding the two kinds of theories

are physically distinct for T#O .

The BD equations for

gf.'.'lp' = Tl:l,'b‘ + bpv 3 ihl_avl € 1

¢

]

1+l:r' "a:'lf;'f

where the metric g, differs infinitesmally from the Lorentz
metric and the saaiar field, ¢ differs infinitesmally from
a constant equal to unity with the previous choice of units 5
give in the weak field limit the lincarized BD equations

D S o -
Dy (n, 4} = ﬁ,w(h) + 2?11\,(*3!) =Ty o 2420

1\!; L b by ;

Ll
_ | NSNS T o
By a choice of guauge

-
i

) .E
hoy == 41 4+ h?  vhere %uv(n) = € . le22

eqe 4.20 reduces tc the fornm

Taking the trace gives

,P?\, e X il “ £z - L‘:-‘
2h . F T +here Sy hpv 1/L4'Kn;v 4.2

and for consistency with egs. 4.21 and 4.22 an additional

gauge condition needs to be imposed on h“v

is€a hph,pl = 14 20 m 2 }.a25
2(3 + 2v)
Thus, if & is defined by eg. #.21 and the gauge
of h“v is fixed in terms of T by
§ 3 : 4u26
A L W (using eqse 4421 and 1.,22)

Ap ¥ 2w-
then the linearized BD theory could be interpretated as the

Weyl theory with an externally imposed constraint -~ eq. ,
4,26 ( one notes that eq. 4.26 with eq. 4.24 implies eqe.
4,25 )e Although in this form the gravitatiopaﬁ‘field is
described by one componcnt, the tensor field h“.“l y the

theory is still physically equivalent to the ofiginal

*rather than being a metric deviation from the
Lorentz metric, (5)
M

ﬁ“v = hpv + a&ﬂuv s Tor constant « 21
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formulation of the linearized BD theory in terms of the

two fields h“v and ¥

partly fixed by eq. 4.26 (

E.
The trace of htl'v has been

or alternatively by

-.}‘u 1,
%1vﬁlv + 4¢) = 0 using egs. 4.21 and 4,22 ) and as a

consequence the %ymmetry group of the theory is not the

full Weyl group

given by
I'{-!:.'_ d .
Shp.v = 26 (i,v) + 1t 11;4\!
where @’
Tw
and $

is an arbitrary vector subject to'g

is a scalar such that B, (B) = o,

s but the "reduced" Weyl group

’
oA
Py

It is perhaps worthwhile mentioning that Quale's

result gquoted earlier also

Einstein theory with gauge

holds for the linearized

group &6, and the linearized

L4427

= %, Puy(%)= 0

with gauge group ° .
so for- T =0

BD theory in the Weyl form 5" The

proof remains the same and the linearized

Einstein and BD theories are physically equivalent.

To conclude this section a brief look is given
to the linearized BD theory in relation to the gener- ‘
ally covariant, non-linear BD theory expressed by eqs. |
4.5 and 4.6. The linearized BD theory has been put |
into the form of a Lorentz covariant, linear tensor
theory of gravitation-:

W

Dv (h) = T!

" -~
o2 4420

with an auxillary condition .

ﬁlv(ﬁﬁx + 4¥) = O where ¥ is defined by cqeie21, 4429

and as with the linearized Einstein theory, eq. 4.28 is
inconsistent when the gravitational field is interacting
with matter - for energy and momentum can be interchanged
between the two and the source term must then contain a
contribution from the gravitational field and become de~
pendent on the tensor field and its derivatives. So by
analogy with General Relativity it seems that the generally
covariant, non-linear BD theory or a related non-linear

theory could be derived from the Weyl form, eqs. 4.28 and



48

4,29, in terms of a self-interaction of the tensor field,
provided ccnsistency is taken into account between the
gauge group of the field equations and the equations of

motion for material particles.?

Such a procedure is not possible it appears from a
general argument given by Quale, who was concerned with
the question as to whether a generally covariant, non-
linear Weyl theory exists with the linearized weak-field
limit given by the Weyl theory, in the same sense that the
generally covariant, non-linear Einstein theory is re-

lated to its linearized weak field approzimation.

If the non-linear Weyl theory is supposed to have

the general form (5)

a“v(H,G) =0 , Lo30

where a”v represents a non-linear, tensorial, differential
0peratc; acting on a symmetric tensor density, H and G
denoteg other geometric objects which may or may not be
dynamical variables, then wuale showed that the symmetry
group of the weak-field limit form of eg. “.30 could not

be the Weyl or reduced Weyl groups. So one concludes

that a generally covariant non-linear theory, constru€ted

as suggested above from eg. 4.28, does not exist.

Instead of the interpretation of the linearized BD
theory given on ﬁagn\g\ there is another physically
equivalent interpretation (5). The linearized BD theory
( eqs. 4.20 and 4.21 ) involved two dynamical variable%,
Y %?d huv 5 with independent gauge groups given by &

and 0. respectively, where
S, g q
81.’ & fOI‘. Pln"(.l'r) =0 . L-o_-51

By using the Einstein group ¢ |, hpv was adjusted to the

gauge choice

] .
Py +40) =0 I o32

which meant for eq. 4.20 that the scalar ¥ and its gauge

! This problem occurs in General Relativity ( e.ge.
Sexl () ) where although the field equations are
gauge invariant the equations of motion are not.
Specialising the gauge transformations to make the
latter equations gauge invariant leads to MG
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degree of freedom ( eqe 4.31 ) had been absorbed into the
trace of huv transforming eqe. 4.20 into the form of
eq. 4.23. " Prof eqs. 4.23 and 4.21 hp}\,p]\ was fixed
gauge~invariantly in terms of T ( eq. 4.25 ) and the

remaining gauge degrees of freedom for hwv are given by

the "reduced" Einstein group & s CB Y
RE Al )
SBuy =E% G v L33

This group is obtained from the full group ( eq. 4417 )

by imposing the constraint ege 44324

So the linearized BD theory as looked at in
terms of the two separate fields, hpv and { , has the re-
duced Einstein group for its symmetry group. The dynamical

equation for huv is
Dpv(h) =Ty . o3l
subject to i%lv (h}K +49) =0

and it remains to make eq. 4.21 compatible with eqe 434
either by taking eqe 425 as a dynamical equation or per-

haps from egses 4425 and 4.2%
koo g
= =4 A

as a dynamical equation,

Again the problem of constructing a non-linear
theory by a self-interaction of the tensor field suggests
itself. Unfortunately, the key paper for further details,
Grunberg (B) is written in German, and the writer on obtain-
ing a copy late, has been unable to translate it sufficiently
to justify writing about it -~ except to note that the work
appears independent of Quale's study and also connects the

linearized BD theory with the Weyl form e.g. eqe. 4.34q
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L,2 Vacuum Solutions

The BD field equations ( egs., 4.5 and 4.6 )
in the absence of matter (Tpv = 0) give the vacuum BD
equations
o, 1 " o P -
G’rl_!_} =u¢ £ (¢ ‘_r‘¢ b - -fé‘gu_v!'.r Ir;'),.) + @ @.I_I_.\'l ll".28
: LR | : " 19
0o =0, 4429
the solutions of which describe the BD gravitational

fields that could exist in empty space~-times.

For reference the Brans (L4) static, spheri-
cally symmetric solution in isdtropic coordinates is stated.

With the line element written zs

-

a5® = - o™ ag? & P (a2 4 20?4 22 sin®0ay?) ,

the four types of solution corresponding to different
relationships between the constants ¢ and C as indicated,

are |

g F

Zus? 11 B/r]? [“..11;% j““ « 5= R
o/

12 = (0 4 1)2 - 6(1 - mQ/z) >0
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'.}'h ere o » ﬁ
L] o
Essentially there are only three types of solution as

Buchdahl has pcinted out (9) that TYPE III solution goes

» ¢ 2nd B are constants.
o

5]

over to T¥PE IV solution when the coordinate ¥ 1is replaced

If Lorentz comnditions are required at spatial

infinity

la€Ce >0

B0
j® . 2w 4+ U
= — 3 g -— e —
all as = = oo R
then the constants « , @ and ¢ can be chosen appropriately
Y s c

but B remains undetermined.

TIW. I solution is the only solution which re-
mains physically possible for all positive © . In the limit
as - co this solution goes over to the exterior
Schwarschild solution ir General Relativity provided one puts

il

2
S S .
2c o

~

W
¥ is the mass of the point source of the exterior Schwar-

shild solution. For finite @ the Y I solution could be
interpreted as the solution for a point mass, and if such a
mass is small enough B could be determined ( as in General

Relativity ) by comparison with the weak field limit solution.

O'Hanlon and Tupper (10) have found solutions

of the vacuum BD equations, with metrics of the Robertson-
Walker type and with the associated scalar ficlds allowed to
be functions of position or time or both. So there is the
possibility of curved, uniform, empty space-times in which
are defined non-uniform BD gravitational fields; the non-

uniformity arising from the scalar field component.

From their paper, the metric-scalar field solu=-

tions based on the line element

ds? = ~at® + 2°(%) | @ .t r?a0% 4 pPsin®@ay?® 1,36
—kr

Osr <1
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where Xk =+ 1, « 1, 0 for closed, open, flat 3-spaces re-

spectively, can be divided into two classes.

¢ : (1
CLASS A -algx: =0 lelle ¢ = (;)('C,)

/(.T)“ 4 o] 2@.
e 4 2
I m;«é k=0 Ho™ = ke + g <4L ) Eﬂrz - Tk + rosinZ0ay 1,
e] t,b
+ r g
"o
where a_, ¢ ﬁ are constents.
.E:-_-—..‘..|“1 +,\](20.)+ J)J
4
q=75(1-1)
For w = - % take + sign in expression for r j
the oOlUClO“ for the -ve sign is given below
R e =00 e s e = =
I(z)
hooa 2 2 2 2 2 2
b= ~§ K= ds” = ~at” & oxp Q%E)[&r/ + T &@2 4 r/sin2@d$ ]
1 -~ J[.r
f;) — Q‘) axp [ é‘ ]
for ¢o constonts. -
N , |
= 2 ;
Q= k=0, 41 d52 ==dt + (D -~ kt \ [-“1“-1-‘-*2 + r2c132 + r2s_1n Gd'r'
1 - kr ——I
—1—-
¢ = %(D - d"cz)HQ
for D constante
.sztn_t:~ 2 2 2 '-_1 2._ 2 b ]
‘”2""2!' k=0,=1| d5° = =dt" + a (‘t)l— --—L-I'.“é' + 7°a0° 4 rzsinzed‘}’z\J
L1~ kr
¢ = ¢(t)
There a, ¢ satisfy

& _ P ) 5 _ 49
a éﬁi" a E ¢= dt
-_da
L'—'(lt

SIS —— ————
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CLASS B 3;2 ? 4 0, -3—~,f’ 0 i.ee ¢ = ¢(r,t)

2

H(8) 4

m....-- d32 = -c‘l‘té + R"c:os.h2 a1

k=1

+ r2:192 + sinlﬁ’eclllfd J

|

3 P
— —3
b = |:-- = R.r(g_nh = * »\]1 = r cosh “
vwhere R, A arc constants.
2 2 ot - NSy
k=0 ds ™ = =dt™ + exn I:ﬁ-' dr” 4 r°ad” ¢ rsin Bay J
1= -3
2 == -- A(r exp(R) - TI oxp( 1)‘}
2 % 2.2 2. g 5]
ke 152 = -(1'2;2 + R sirﬂhz(_—) [ “_d_{'_z__ + 707 & r7sin @d'}f?J‘
B 14+ r
s e t.\ i _3
Q= l - -E—Ru (cosh ;1:' A1+ r2 sivh =) |
3 \ I J,_j

(6)

€ = —% k=t1 ds“ = - L + o ( ) “—-‘“-‘ + r2<102 + rzslr Gd‘}‘z
1 = kr -
= [4(b - ak JT - kr )]
where a(t), b(%) arc arbitrary subjeet to the
conditions
(a’b - o.b)2 = =lab. ;
K el

A third possible cless not mentioned, is given for ¢ = 95§I;l

in vhich case

a=a 2 constant
2
241 1
and ¢ = |:<"“ Toe—— ok B) W + 1] e
14+ Vv1l = kr
vwhere A and B are constants.
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Remarks on Vacuum Solutions

Solution 1 1is similar to the BD cosmological
solution ( Section 4.3 ) and admits
an expanding empty space -time W1th an increasing ¢>if

‘it

& >0 and the negative 51gn is taken.

Solution 3 for @ = 0 and D >0 pives two cases.

(1) For k < Othe 3 —space expands
indefinitely from an initially
non-singular state ,

(ii) For k > Qan initially finite
space-time contracts to a
singular state in finite time

A further discussion of this solution is given in Section 4.7.

Solutions 4 and 6 for W= - should be the con=-

b

formal maps of vacuum solutions |
of Einstein's fi€ld equations where the conformal factor $

satisfies ¢ =0. |

Solutions 2, 5 and 6 for @ = -%wgive the three

forms of the de=Sitter spaoce-
time ( e.g. (11) ). This space-time is stalic and solution
6 for example can be put into a form with an explicity static
line element (10)

2 _ o (1-"2)ar? 2 22093 2_:. 293¢
ds ()& + &7+ p?a0° + p%sin®0aV® 4.3
3 =g’
i
vhile ® remains time dependent (10)

. 1 e
=, = ijp(-"") 1= L 11-052
?= Vg
Thus the vacuum BD equations allow static,empty,
non-singular space-times with a time dependent scalar field
and a Birkhoff theorem for the BD gravitational field could

not exist.
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Class B Solutions O'Hanlon and Tupper note, have a'curious

feature" in that the uniform space-times have corresponding
scalar field values which, because they are functions of
both r and t , cannot be uniform. Although for the de-
Sitter space-time written in the static form, the origin is

a preferred point ( as test particles are subjected to radial
accelerations away from the origin - see e.g. (12) ) the co-
ordinate system of solution 6 has no preferred point but the
scalar field has a minimum value at T = O for constant t
The other solutions of Class B have stationary values at

for constant © .

This existence of a preferred point and so pre=-
ferred coordinate systems they suggest may arise from the
scalar field being an energetic system and the General Re-
lativistic idea of the vacuum not being well-defined in the
BD theory. Taken further, this suggests that the ED vacuum
equations can be written in a form in which the scalar field
terms collect together to form the source term for the
Einstein tensor and the proper vacuum situation would then
be obtained by putting this energy-momentum tensor equal
to zero. In this case the only vacuum solutions would be
the vacuum solutions of General Relativity, each with an

everywhere constant scalar field.

However, if the energy-momentum tensor con-~
structed above is considered as that of a matter source,
minimally coupled to the metric field, such a source may not
always have positive definite flat-space energy and so rather
than continuing this interpretationit will be interesting to
turn to the idea of the BD gravitational field being describ-
ed by metric and scalar field components. An advantage of
this description is that it suggests that the BD gravitation-
al field need not have the same direct relation to the struc-
ture of space-time as does the Einstein gravitational field.
In fact the vacuum solutions show that the knowledge of a
space-time geometry is not always sufficient to determine
the BD gravitational field that could exist in the space~

time.
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It appears for example that the symmetry group of an empty
space-time need not be the symmetry group of an associated
BD gravitational field and thus preferred coordinate systems
determined by the symmetry of the BD field could exist.

More specifically, for the k = Qde-8itter solution Gin

cartesian coordinates (x“’xl,x*,xs)

o

2 2 2 4
ds® = -ax® + &°(x°) (& + & + ax® ) L4.33

o 1 2 -’_J_{__o a - :0 3 :
and = “33 (r GXPKR) - R%cxp (ﬁn ) ) s Lok
= ;2 =

N > - P
where @ = ap (R Joendx® = B X .

=1

The symmetry group of the space~time is the de-Sitter group.
The ten independent Killing vectors have components ( e.ge.
Hart (13) )

o — - (&9
R =F ¢ B X ,
r fod "3' e fo- @ [ N P N oy ',1'35
g' = G7a% wF ==, iy D e QJ'::'(E E RS T A
- - [0} (zo'a a o
h ] d& Cc‘t CIJ ']r; T = d 1 5 5
where 3 =aEEU p % WG A A Jeand the ten parameters
. B C",and D" coryrespond to temporal translations,

£ x ? e
generalised Lorentz transformations, spatial rotations and

spatial translations respectively.

The symmetry group of the BD gravitational
field is the de-5itter group restricted by the condition
that the symmetry transformations leave the scalar field

invariant.

i.e. the Killing vector components are
given by

Fepr

E° L 85% -0 ’
subject to $ % E? =0 ( ef.cq. 3430 ) 3
’

which implies that E, 2* and Dp%all vanish. The Kill-

ing vectors for the BD gravitational field have components

%= c“’bx‘5 g 4436

and the symmetry transformations are the group of spatial
rotations, This group is intransitive, implying that the
BD gravitational field is (spatially) inhomogeneous - a

feature which was observed in the solution.



58

Effectively then, the influence of the scalar
field component has been to introduce preferred location

effects.

k.3 Standard BD Cosmology

By asserting that the Universe is spatially
homogeneous and isotropic the cosmological Principle dis=-
tinguishes as privileged, a set of observers for which it
could hold time., For these observers it can be shown that
a universal cosmic time exists ( e.g. Bondi, (14) ) and the
Cosmological Principle can then be re-expressed to assert the
existence of coordinate systems ( with the first coordinate
label identified with the cosmic time coordinate ) which
are equivalent for the purpose of describing the gross struc-

ture and the history of the Universe.

The coordinate transformation between & pair of
such equivalent coordinate systems

coze | 5% » 2%}

1
weere x © »x® = x® denotes %hc cosuic tine, © .
i Lt : ;
X =» X (:{?',:{a,xs),l=1_—a 3
must then be an isometry for the space-time model of the
Universe. So for example, at any point P and for any

element of the subgroup of XiG that gives coordinate trans-

formations of the kind above,

S.Gpv =0 ,
which implies ( e.g. Weinbarg, (3) ) that the metric takes
the Robertson Walker form

d&s® = = at® + 22(%) | &xr® + rPa9° & r?sin®0ay? _‘ La37
-] "

o

.‘.Z:O,-{-'I.
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The question arises for the BD theory as to
whether or not the scalar and matter fields are to respect
these isometries. ( See Sect. 4.6 ). This is in con-
trast to the General Relativity case where the field equa-
tions guarantee that the space-time isometries described
above also apply to the mixed energy-momentum tensor

of .the matter field.

For the Standard BD cosmology ( big-bang cosmo-

logy described by using the Cosmological Principle and the
BD field equations ) it is assumed that the cosmic ( e.ge
scalar and matter ) fidds are forminvariant under coordinate
transformations between equivalent coordinate systems.

This requires, e¢.g. (3), the scalar field to be a function
of the cosmic time only and the energy-momentum tensor to
have the form of a perfect-fluid energy-momentum tensor with
the density and pressure components also functions of cosmic

time only

. i . e
iece T, = dieg(=pl%), p(t), (%), n(t) ), & =§(t). 130

Using 4.37 and 4.38 in the field equations ( 4.5, 4.6 ) the
fundamental equations for the BD Friedmann models can be

taken as the set, (3),

L]
S (¢2®) = Za_ (p-3p)a® %.e39
ik 2w
L]
¢ = =33 (p0) Wy
a
Bek =0p =32 + o b1
e o 39 e Y
A ] ,
. , i
5 s ! — d(oj > (_L",
chere @ = 9t 8 g = %{ g @ = % °

Thus for o given cguction of state p = (p)
the three variables o&t), ¢(t) and p(t) are determined by

one 2nd order and two 1st order differential equations. A
unique solution then exists for fixed « and k if the values
of the four variables a, @, 9, and ¢ can be specified at
some time 4. Solutions in general, have a singularity at
o = 0Oat some finite time; so on defining + = 0 for this
time, equation 4,39 gives

$ o'(t) = “_ [ [p(t*)=3p(t*)]a?(t1)ast=C , L2

|2m
where C is the integration constant.



60

For C =0 @ three parameter family of solutions

is obtained which satisfy the constraint Brans and Dicke, (1),
used to eliminate the extra degree of freedom implied by
the intial conditions.
-
i.e.c#dPtt}->O focca->0 .

For C £ 0 an extra parameter is needed to fix C and so a

four parameter family of solutions is obtained ,

For the pressureless, zclo curvature case

? = (J > ¥ = 0 s
there are three kinds of solutions which for late epochs
have similar behaviour while for very early epochs, differ

quite considerably.

I. C = 0  Brans and Dicke (1) |
$ o .-V.E)@} y W) b Jid |

o 2(0+ U + 3v) a2 |
p.:.‘.?_ = 2 5 . hgh®
? Tr( S i:;

These solutions go over smoothly to the Einstein-Friedmann

model solutions

¢ = conntonn heddidys

& o t%3
Pa.::"z
for large ta ,

Although explicit solutions for C £ 0 could be
found their behaviour for very early and late epochs tends

to be more informative

II. >0, for ++0, Dicke(15)

- " Y
ot =21 2/50)3] M+ 3w) N
5 E [1+04 {1+ 2/30)-“‘]/@- P LB

(=

pxa LS
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I1I. € <0, for t - 0 Dicke (15)

1 :
o o gL+ 3(1 4 2/30)31/ + 30) 50
foq b1t 0= (14 2/30) I 4 30) 451
p « a7, L.e52

For large t the behaviour of solutions type II and II
approach that of type I.

A peculiarity%of solutions of type II and II

is that for finite ® , as t =+ 0

TYPE II : @ »oc0

TYPE III : 9> O .

Solutions for k£0 , p £ O Veinberg (3) suggests would have
limiting behaviour (t = 0 o =) similar in classification

to the three types described above.

Since appropriate observations of early epochs
are not available, C may be negligible. In this case for

),

large w the relations between curvature,mass density ( P,
epoch ( to) , Hubble's constant ( Ho) and the deceleration
parameter ( qo) would be expected to be very similar to those
of the Einstein Friedmann model. For example, for the zero
pressure, zerg curvature model in the limit of large t egs.
L,h1 = L. 43 give (3)

Bt = (é‘:.%)

w4+ 2

q: = (z=—=s)

o~ ‘2w 4 2

lGp = (4 & 30) (4 + 20) .

H3 (2 + 2u)?

With @ > 6 these quaptities differ from those of the Einstein
Friedmann m@del by less than five per cent.

* The same peculiarities occur in the anisotropic models
considered by Matzner, Ryan and Toten, (3k).
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However, if the integration constant is not
negligible it is an additional parameter with which to fit
observations. The latitude for uchieving a fit is greater
and consequently the bound implied on the fractional time
variation of the gravitational constant is not accurate enough
(16), at present to decide between the BD and Einstein-Friedmann

models.
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L4 Units transformations and the BD theory

By a suitable position dependent scaling of
length, time and inverse mass, Dicke, (17), has shown
that the original form of the BD theory in which the
gravitational constant(;aaéfl varies, can be put into a
barred form in which T is constant and particle masses,
W 1 vary with space-time position. In the original form
numerical quantities are measured relative to constant
atomic units ( particle masses, M\ constant; & varying )
and in the barred form they are measured relative to
constant gravitational units. ( particle masses, 11,

varying; T constant ).

The barred form, or representation, is inter-
esting because the scalar field appears as a matter field
minimally coupled to the barred metric field. In the
linearized weak field limit the two fields are independ-
ent and both give rise to a universaliinverse square law
attractive force,. If it is supposed that units are based
on atomic standards then the scalar field interacts with
material particles through the mass of a particle being a

function of the scalar field.

i-c. H 124 }‘- i »

where the scalar field, A, appears in the transformed

BD equations, (17),

Gy = O0C(S,y + 4,,,) la53
Tn) =8&.__ T , B
20 4 3 _
¢ 1 v ¢
with A =(0e3) DAy-pP M 1,07
v )8 T AR R TTV AR § & RE

and barred operations are performed with respect to barred

symbols 0.%. :';”v .

*except for electromagnetic fields which they ignore.
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The mass variation with space-time position
is universal and in principle could be observed by de=-
termining the ratio of the mass of some elementary N
particle to the characteristic gravitational mass, {hcfﬂ)“ .

Using the de Broglie relation for an elementary particle

= 3} - nonertua

R =N

= Ve NOo. Yecsor

oF o 0

= Plancks constont / 2

the variation in mass determines an identical variation
for inverse length and in a similar way for time rates.
As with the mass variation Dicke (17), suggests that the
length and time variations with space-time position could
be observed by comparison w%th the characteristic length

~ -
and time invariants ( @/c®)® and (G/c®)X o

This representation is clearly non-metric as
the equations of motion of a test particle derive from
- i ¥ :
0 = Sﬁ&ﬁ R where gs§? = 3,’“‘,&.13 dx N and are geodesics

of the metric 3uv rather than the metric .%45 u

A generalisation of Dicke's units wransformation
by Morganstern, (18), which likewise leaves Flanck's<ceon-
stant, & and ¢ dinvariant, allows for the constancy of
products of G and M , such as for example the Schwarzschild

radius 2Gli/c® . This is achieved by taking

¢ = ¢;k in the original BD egquations, where

¢ is a constant and ) is a dimensionless scalar field.
0

The units transformation for length ( time ), L,

and mass M is defined by

LY = l%(J‘ - a)L l1. 456

woT = A=’ - @y ).e57
under which

e “oh - "(1 -« !

L—.,uv -» gp” = N Uy ,.__.%

e

¢ > ? = $o?- = SSOK . » 1‘:..

3
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where o is an arbitrary parameter characterising the trans-

formed units. The BD equations can be then written as,

(18),

Aoy Ly =2 N
Cuy = Omd e ,1v<)\ZCJ4}—u) I-f"

_(2(1) 4 5+ 052):'%1”[-._ a.'\,,’a - ...(\.‘ Lo 1“1‘.) _‘1'1) !:_.()0

HEH
JA4+0d 0% dt

y: =1l ., )o G
R .
The transformed field equatlons L,61, show that,

45 .ﬂ] . 1"1

-‘u.-—.

irrespective of the value of the parameter « , matter
makes an always positive contribution to the scalar field
A ; ( rather than to the scalar field $), (18). Thus
the Mgchian requirement that matter give a positive contribu-~
tion to the inverse gravitational constant is independent
of the choice of units when interpreted in terms of the di-
mensionless scaling field A s (18).
Also independent of the value of « , are the predictions,
(18), for the three tests ( and for Schiff's gy roscope test ) ‘
which could have been expected as angular measurements are

generally considered to be dimensionless,

Hence the BD theory can be given various re-
presentations, each generated from the original by a units
transformation and clearly for a given representation the
input data ( e.ge. mass-energy density etc. ) must be express-
ed in units appropriate to the representation. It should
perhaps be noted that this interpretation of a representa-
tion as a units transformed BD theory is regarded as super-
fluous by some authors. e.g. O'Hanlon (39), who states that
sxeh an interpretation " is illegal since units are legally
( and reasonably so ) defined in terms of atomic standards ".

Thus a representation is a mathematical convenience.

However, on considering how atomic standards
of length and time are defined ( e.g. Sec. 3.1 ), one feels
that this microcosmos bias could be countered in the spirit
of remarks made by Eddington (12) which although taken out
of context suggest that an elementary particle adjusts its

size to the spatial curvature of the Universe.
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The BD theory was designed to apply on
the cosmological scale, With this view it is useful,
although as meationed not necessary, to interpret the
conformally related representations ( eq. 4.60, 4,61 )
as units transformed representations and look at the
appropriateness of a system of units and its associated
representation. Thus for local physics, because of the
weakness of gravitational interaction, the relative varia-
tion between atomic and for example gravitational units
that exists in the BD theory should be unimportant while
for expanding universes it may be important. Cn this
latter scale, the problem arises as Morganstern, (19),
points out, that the numerical value of a given quantity
obtained from observation must be further analysed to de-

termine which set of units is constant in the measurements.

h.5 Standard BD cosmology (Contd.)

In a series of papers ( 18, 19, 20, 21 )
Morganstern has developed and given solutions to the Fried-
man-type models based on the transformed field equations
( egqs. 4.60 znd 4.61 ) and with the energy-momentum tensor

in standard form

fj‘l‘v = (LQQ(...P p’ P) " le o2
where § = p(t) , 7 = ©9(%) and the equation of state is
siven by

3 =6, 05 ¢& 5 -+ o

- i 2 3 b e

Although not giving full justice to the calculations, the
purpose here will be to give a brief summary to extend and

complement the previous section.

A privileged observer views the Universe as
homogeneous and isotropic and then for his particular
choice ( & ) of units takes the line element in gemoving
coordinates as

@ o= - a2 [a® & 2200° 4+ rPsin®0al®
Imiéﬁ

fﬁ&ﬁ
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where k = 0 * 1 and the barred notation as usual denotes

; 2
the choice of units. The cosmic time, ¢ , will depend

on this choice.

In the origineld units of the BD theory the

line element takes the form

ds?  =-dt® 4 az(-t)E_gg;a + v2d0 + r?gin®0al’ J 'e65

and because of the dimensionalit;- riven to tho ccordinete
t , and the function a(t) , the units transformation

between the forms 4.64 and 4.65 needs to be extended.”

e

viz: &=~ a L. o466
e
&% < 2(1-a) at 1 o67
Hence the solutions G(¥), M(T)and § (F) could be

expected in generzl to be different functions of £

for each set of units.

For early epochs, as t >0, it is found

that (21)

(a) for the radiation filled Friedmann
.nodels, the solutions a, A

and p show the same time dependence for

all spatial curvatures

(b) for matter filled Friedmann models

the solutions a and M have the same
time and unit dependence. The density
however, increases less rapidly than for
the radiation case ( which is less rapid
than the +t ° behaviour of the Einstein-
Friedmznn model ). In contrast, the
trend is for the assignment of numerical

values to physical parameters ( e.g. epoch,

]
the transformation on the time differential can be
avoided (19) by deflnlng~

oz = 3 2
uglgs trané?ormg%?g Eﬁgsgsgqga¥ kex &plyugggr 8

transformation eq.
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matter density etc. ) to depend very

much on the units employed,

(e) If p, denotes the scalar field energy
density ( which for ¢ - .&E
proportional to £2 ) then Pl* 8

independently of spatial curvature and
units. So in the limit the scalar
field energy density dominates the

matter energy density.

For late epochs, as t - w0

8]

Ei - constant ~ 1 for € £ 1/3 9
suggesting that both the matter and

(a)

scalar fields are important, while for
the radiation case (& = 1/3 ) % bl

LAY

and N -» constant.

The general conclusion based on present
observational constraints (22) is that the scalar field,
if it exists, although of negligible importance for the
present epoch, seems important near the initial singularity.
However, one notes from the Hamiltonian formulation, e.ge.
(33) and ( 3 ), for similar but anisotropic cosmologies
that the presence of the increasing scalar field energy
density for early epochs is not sufficient to prevent the

existence of the initial singularity.
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L6 "Non-Standard" BD Cosmology

So far only the Friedmann type cosmologies
have been looked at. For these models the assumptions
of spatial isotropy and homogeneity apply also to the
scalar and matter fields and as & consequence these fields

are functions of cosmic time only.

McIntosh (23) and Halford (24) have shown that
perfect fluid-type Friedmann solutions exist for which

the scalar and matter fields are position and time depend-

Ent.
e.g. McIntosh (23) for the flat - space
Robertson-lWalker metric
ds® = = dt® ¢ (&) aB d\}rﬂ + a5%]
obtains
(1) wa=d 5 olt) = 4t
\ Aref2 . 2 . .2
q‘-:('t,x,y,z; = 83[K(:2 + y© o+ oz )
P Iet o Wy o Nz oo r)
o c,x,Y, 2) =3 - 638
PACyTa Y ﬁ%% Tr A
o () = 4
: s
(11) w = =, oft) = A
&
¢ (5,:57y2) = DES (Laz + Wy + Hg)?
8“'.{1'(‘:-", :.:’;_r, Z) = 2 ez I.‘f...'". _.Ihf...'i'—jf-);i
b 2
8in(t) = (1° 412 & 10D
A

where A, B, K, L, M, N, and P are constants.

Although initial or boundary conditions are
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not given to determine these constants, it is not clear
how these can be given, even in a frame dependent way and

make physical sense.

A further difficulty arises because the 3-space
is the open Euclidean 3-space. For the two solutions,
the scalar field can be zero at some points ( because it
has a factor containing independent polynomial expressions
in X; vy and & D The scalar field is unphysical at
such points and the matter density is negative.
Alternatively, by using symmetry transformations of the
space-time, for example spatial rotations and translations,
it appears that the matter density at a given point may be

made negative.

This suggests that in looking for position-de-
pendent solutions of the perfect fluid-type Friedmann the
choice of functional position dependence is important.

For depending on the choice, if the symmetry group of the
BD gravitational field or matter field is not the same as
the symmetry group of the associated space-time then the
situation may arise where coordinate transformations leave
the metric form-invariant while giving an unphysical BD

gravitational fieldor matter distribution.
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L7 Scalar-Matter field gauge freedom

In Section 4.2 it was shown that in the absence
of matter, the geometry of & space-time does not in general
uniquely determine the BD gravitational field that could exist
in its This suggests for the full BED theory that the matter
content of & space-time is likewise, not uniquely determined
by the geometry of the space-time - in contrast to General
Relativity where geometry uniquely determines matter content

almost trivially via the Einstein tensor.

O'Hanlon (25) has made this idea more explicit by
showing that geometry determines the matter content only up
to a space-time position dependent gauge-transformation.

The BD equations

G = OmdT, + w0 [‘ﬁ’,g;@,v - %gllﬂ?,p&’P I+ q‘.'v—l[tf:;:_lj yo = Gyl 8] 468

¢ =8nT . o9

3 + 2w |

are form-invariant under the group of geometry preserving

transformations (25)

$ - é' = A} vhere A > 0 to maintain attractive (P > 0) pravitation 470

t _(8) el TE(L N - 2 P ol 2
T;w = Tpv (8w) “rglen ('\,I’-\,” zgpv.’\’Pl’ )+ (7\,“;1; gp.vﬂ")
+ 2 (ea NENy 0 & = (o Slg o P
( ) (,:l 1’”) ( =+ 2) 2 g“‘g‘ ’p. ] 24.,71

A
only if o (Je+p ; ¥P) =0 vhere ¥ = 1lndp, p=r7, hy72
3

In this c'xase the BD equations ( eqs. 4«68 and 4,69 ) become
~1 - -
Guy = B8 Tl + &7 61y - 2y, 8! BT gt 105w = gl ¢4 1y 73

U¢'= _817_ y ,T' "-I-p?ll-
34+ 20 O !
which would follow from the-action prineciple .
5 [ ($IR ~ st '.",l,_tt P¢UP + L) V=gd*x = 0 4475
’

where L', for the new matter field is independent of ¢V ',
Thus the scalar field dependence of the new energy-momentum
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tensor in eq. 4.71 appears only by construction.

From then a solution [guv,¢,Tpv§ 3 if for
some A>0 eq. 4.72 is satisfied, another solution
{SIV’ ’_pv} can be generated by the transformation
given by eqs. L. 0 and 4.71. However, without some
gauge condition, imposed, O'Hanlon has shown that some
prhysically acceptable solutions can generate solutions
which are unphysical in the sense that a new energy-
momentum tensor may have a negative energy density or

inappropriate boundary or limit properties,

Equivalent solutiohs are defined (25) as those solutions

which for fixed  give the same
space~time geometry. The set of equivalent solutions
defined by egqs. 4.70 and 4.71 subject to the constraint
eq. 4472 is an equivalence class and some such equivalene=
classes can be generated from solutions of Einstein's
field equations
?gv = BﬂGT“v yoovided T = O » L. 76

This can be seen when

(a) @ =0 in which case from eq. 4.72 A

is an arbitrary space-time position de-
pendent function and the BD equations
are fully covariant under this transforma-
tion group. In particular the choice
L=¢t reduces eqs. 4.73 and 4,74 to
the form of éq. L.76.

or (b) wfo. and R = 0-in which case ek choice A = ¢t
is again acceptable as eq. 4.72 becomes a
field equation derivable from eqgs. 4.68
and 4,69 ( by contraction )e

Two examples (25) based on space-times with

Robertson-Walker metrics
iece ds? = =at? « a“(t)[c_lra + r2ad® & r”sin‘*’oa:r’]
=2 il

k=031,
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illustrate some of the possible matter - BD gravitational
fields which satisfy the field equations for a given space-

time.

{3.) Referring to the vacuum solution (3)
( Secs 4a2 )

1
a(t) = (D~-kt3)? , D> 0, k = *1

] ]

where for k = +1 the 3-space contracts to a singularity in
finite time and for k = ~1 the 3-space
expands indefinitely from an initially

non-singular state.
Also d(t) = ta

nwy = 0 , all Y,
and ® =0 , implying by eq. 4.72 that A is arbitrary,
Eqse 4.70 and 4.71 give a family of perfect-fluid type cos-

mological models with

=3k(8x) "™ 3 r o= &

1
P s at

p' = -(3m) 7 (at) MR

i

and ¢t =rta"t

Particular choices of 3 (25)

(a) X =% ¢ gives a dust model
ot = 3x (8n)™t a7°
p':O s

with a varying gravitational constant implied by . ?' =a ¥,

(b) A= (pt)"ta gives a radiation model

n

3p!
3k(8r)"ta™*

Pl

’

constant

U

with ﬁ'
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Thus for the given space~time the BD equations do not dis-
tinguish between the case with no matter present and with
the scalar field defined by

¢ (t) = ta™*

and the case where a particular radiation field is present

while the scalar field is constant.

For either model, (a) or (b), the energy density
for the matter distribution is positive or negative accord-

ing to whether ¥k = 4+ 1 or - 1 respectively.

(ii) Referring to the BD flat space dust
model ( See Sece 4.3 )
a = ao‘tq s Km0
3 = o 84
f po
D=0
and =0t yr=2/(h+0), g=x(1+0),

o
Eqe 4.72 pives (25)

» o= K7(1

+

) o £, k constants
X \

and the new density and pressure are, (25),

ot = #2740k t7 - 3(0 + 1)2(5 + 20)7A]
p' = =% p £ L + 30)(6 + 1)(3 + 20)7]
and ¢ = x3=,':0t“'“2(1 +k t)°

The energy density is positive for
2> 3% (o + 1)2(3 + 20)7*
1

The pressure is negative for o > =342 .,

ﬁlt is interesting to note that some authors regard negative

cosmological pressure as acceptable suggesting that this

preasure need not be given the usual kinetic interpretation
McCrea (43), Pachner (kW)



Although this model is valid for all positive ®©
the limit as @ -» ca does not exist for some parameters
and consequently the model does not have a counterpart

in General KRelativity.

Finally one notes that if the metric is written
in terms of cartesian coordinates then a more general

solution of eq. 4.72 is
A= hot(Lx-yﬂb'+ Nz) L, II, I  constants,

for which I e £V

py s s would have, in general, non-zero

components.
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REMARKS

Because there are few exact solutions of egsa.
4,68 and 4.69 to work with, the gauge freedom between the
scalar and matter fields poses two problems. The main
one has to do with interpretation, while the second is re-
lated to a remark (25) that " it is possible that some as
yet unknown gauge condition will select out of each equiva-
lence class the solution describing the "real" physical

situation ". In contrast one could ask :

given a solution that describes a '"real"
physical situation, which other equivalent

solutions give equally 'real" physical situations.

For the case =0, N is arbitrary and the space~time geo-
metry does not even in a qualitative manner determine the
matter content as demonstrated by examples (a) and (b) in
which both dust and radiation models of matter are consist-

ent with the geometry.

So far it has been convenient to interpret the BD
gravitational field equations in terms of two general ideas

the BD gravitational field with the metric field

component determining the space-time geometry while the
scalar field component determines the locally measured

gravitational constant and the matter content of a space-

time as a local source of the BD fielda The important
gravitational aspect of the matter content is the energy-

momentum tensor, that can be assigned to it. T

f""pv * [3Y

is locally defined in terms of the dynamical interaction of
the matter field with the metric field and for simple matter
fields ( e.g. fluid s or electromagnetic ) T“v is con-
tinuous in finite ( or infinite ) regions. For these

cases a space~time could be divided into separable regions
characterised by vanishing or non-vanishing matter content.

In the former regions the vacuum BD field equations hold



and in the latter regions the full BD equations hold.
Continuing the interpretation, the transformation given

by egs. 4.70, 4.71, and 4.72 relates some possible matter
and BD gravitational fields that could co=-exist in regions
of a given space-time and suggests that unless some restric-
tion is put on the form, or boundary or limit properties

of the energy-momentum tensor, different matter fields could

be consistent with the one space-time region.

A similar, but in other respects different,prob-
lem arose in the cosmology sections where once the Robertson-
Walker line element was given for a space-time model of the
Universe, further assumptions had to be made about the func-
tional dependence of the energy-momentum tensor of the Uni-

verse and of the scalar field.

Thus because the interpretation of a solution as
describing a physical situation depends on which covariantly
conserved second rank tensors could be specified as being
the energy-momentum tensors of physical matter fields, a
general criterion beyond interpretation for determining the
physical solutions of an eq ivalence class seems doubtful.
Moreover. for an empty space-time general features such as
the signh of the energy density of matter fields compatible
with the space-time, seem awkward to find. In short one
is not sure what can be put into a space~-time without dis-

turbing the pre-existing geometric relations.

The scaler-matter field gauge freedom expressed.
by eqs. 4.70, 471 and 4.72 does not seem to apply in the
linearized weak field limit. For in this limit, using the
result of Quale, ((5), Sec. 4. ), one can choose a gauge con-
sistent with the symmetry group of the theory so that the
scalar field variable is effectively "absorbed" into the
trace of the metric field variable. The gravitational
field is then described by a tensor field with the symmetry
group defined by the reduced Weyl group. This conclusion
suggests that to interpret eqd. 4.70, 71, 72 as (25); " a
scale change in the unit of mass which preserves the conserva-

tion laws " would involve a rather arbitrary classification



of matter sources; for example strong and weak, before

such a scaling could be applied.

Despite this doubt about interpretation the
writer feels it is appropriate to refer to the group of

transformations as the mass-gauge group (26) with the

understanding that the group is not a covariance group
( Sec. 3.1 ) because under the group dpt are mapped into

dpt but the map of kpt is undefined.

The origin of the group seems to be related
to the ideas that the representation of the BD theory
used is metric ( and universally coupled ) with G
as the complete covariance group and that the scalar field
is a long range field. The first idea means that T, . is
independent of the scalar field and satisfies the oniy

Bianchi type identities

g . = D .

U;EJ.

while the second idea excludes from the action principle

for the representation a cosmological term which would

have forbidden transformations of the kind egs. 4.70 - 4.72.
Such a term would give the scalar field a non-zero rest mass

and so a finite range.

In view of these comments a mass-gauge group
should exist for the metric representation of any scalar-

tensor theory involving a long range scalar field.
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4,8 Nordstrom-Reissner Type Solutions

The static solution quoted here iz
analogous to the lordstrom-Reissner solution in General
Relativity. It is derived from the BD field equations
with the energy-momentum tensor given by the Maxwell stress

tensor

pyv s ;l'l ;VY = -l “‘v: F'Yj L
T =T Tf i g TY& ewilf

where (J:EF“v) v 0 s Lo 78
»

and with an appropriate identification of the integration

constants the solution can be interpreted to descrite the

BD gravitational field of a charged, mass point source.

With the line element in isotropic coordinates

~

s = -ea(P)cgdt2 + eB(P)[dpz + p2d32 + pzsin28d$£]

the solution of eqg. 4.78 in matrix form is
v € - x

FIJ' - e (f_‘{ o) 5ﬁ)/2 : O

1

0

D

€ a constant,
o}

mlo

]
12
1
1

(elieNeille
OO COo

1
0
0
0
_ , _ LaT9
while the metric and scalar fields have been solved for

by Luke and Szamosi (2§) who give four types of solution.
These are stated in Table I and the classification is

according to the relationships of the parameters B and C

Egqs. 4.78 and 4.79 imply that the radial

electric force component is (27)

EP = G(& = 3)/2 f_g_ . 1-]-.80

(4S]

B
Thus eo can be identified with the electric charge of a
point source at the origin (p = 0) ; for if Lorentz
conditions are imposed at spatial infinity
lece ¢ » 0
and B->0

- 00
as 2] ’



81

then eq. 4.80 goes over to the classical form for a point

charge.

With €, = 0 solution I becomes ( apart from

a trivial redefinition of constants ) the Brans Type I
vacuum solution { Sect. 4.2 ).

Similarly solution II becomes the Brans Type II vacuum solu-
tion. Curiously, in the same manner, if the numerators for

ex/2 of solutions III and IR are replaced as

& i
o/2 1. B 5
& - .
- o/2 = %, ; EXP[?g = %] s Trespectively
B/2

and also for solution III, e is replaced as

P 1 1.2 2 LT
exp[—§ - G“ﬁ?ﬁg‘)]{1 -5 K GXP[“O - §5(1 * ﬁﬂ)]J £

then solution III becomes the Brans Type IV vacuum solution
and solution IV becomes the Brans Type III vacuum eolution.
Eg from their derivation (28) is an integration constant,
which if zero gives a constant scalar field. In this case
solution I appears to be the only physically reasonable
solution and they show that it is the Nordstrom-Reissner

solution ( in isotropic coordinates ) of General Relativity.

Further, if €, = 0 then the Schwarschild

solution ( in isotropic coordinates ) is obtained with the

identification
GM 2
;. G @ s K2 - 20+ L
202 A ¢o ’ amE 2 )

Where G is the locally measured gravitational constant and

M is the mass of the point source.
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However, in general for solution I, if

Lorentz conditions are imposed at spatial infinity

ie€o ¢—b‘g-2-'
[o]

o =0

and N -0 g all as p >0

then the constants B and 8, remain undetermined and in

this respect the solution is incomplete.

Finally, Buchdahl (9) has independently con-
sidered the same problem. By first simplifying the action
integral for the problem, he obtains a relatively simple
set of eguations for which he gives exact solutions. The
integration constants are related to the source parameters
- electric charge, active and passive masses, by comparing
the asymptofiic form of the solutions, at spatial infinity,
with the linearized weak-field limit solutions. Such a
comparison would presumably hold if the linearized weak-

field limit solution is valid also near the sourcee.

4,9 ADM Formulation in the BD Theory

Briefly, this method has so far been used in

the BD theory for the investigation of two areas.

" (a) the solutions of "point like" sources

and (b) the dynamics of expanding homogeneous

models of the Universe.

(a) The approach here, following ADM (29), is to
construct a physical model of a point source by considering
a spherical-shell distribution of pressureless dust and
allowing the coordinate radius to tend to zero. Such a

source is point-like to the extent that the coordinate
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radius vanishes and the proper circumference vanishes, while
depending on the fields present the proper radius may be

finite.

The resulting initial-value problem has been
discussed by Toton (59’ 30z, 30% ) and in a slightly differ-
ent context by Deser and Higbie (31) and Higbie (32). Rather
than making full use of their papers, their conclusions re-
lating only to the Nordstrom-Reissner and Schwarschild type

solutions will be stateda

Denoting the source parameters by

mo : +the mass of the source in the absenece of
gravitation,

€ ¢ the charge of the source,

€ 3 the source's coordinate extension,

it is found (31) that for an uncharged source, 2 unique,

nonsingular static solution exists for every set of source
parameters ( m, € ) and coupling constant @ , and in

the limit as ® - o the General Relativistic ecmseresults.
Also, as € - 0 the total mass of the source vanishes ( as
in General Relativity ) and the invariant or proper radius

of the source vanishes ( unlike in General Relativity )

For a charged source a restriction (32)

is needed for the existence of static solutions and so in
this case there is not a unique solution for every set

€) =

source parameters (mo, Eo’

In the limit as w » oo the solutions go
over to the NordstromesReissner solution of General
Relativity. However these "limit" solutions still satisfy
the above restriction in contrast to the situation in Gener-

al Relativity.

(b) Likewise for this area, little more
than references will be given. The amisotropic generalisa-

tions of the BD Friedmann models for k =0 and k = +1,



that is the amisotropic models of Bianchi type I and IX
have been independently discussed by Hainai (33) and
Matzner, Ryan, and Totam (34). However, because similar
problems have Been different treatments, a detailed com-
parison of their methods would be necessary for a suitable

discussion.

4,10 BD Theory and Mach's Principle

A purpose-of this Chapter has been to bring
together references for a range of topics and in so doing
detail and depth have sametimes been neglected while dis-
cussion has sometimes been minimal. In particular the
field theoretic construction of the BD theory needed further
discussion if only because this method may have proved inter-
esting when it was related to the scalar-tensor model looked
at in Chapter Three. The Homiltonian approach to BD cos-
mology also deserves more studye. Some applications of the
BD theory to different cosmological and astrophysical prob-
lems have been discussed by ¥ainmai ( 35, 36 ) but not men-
tioned here. The special topic, the integral formulation

of the BD theory, Naimai (37, 28), has also been excluded.

The topics chosen were not really involved
applications of the gravitational field equations and almost
all of them have counterparts in General Relativity. In
this way the BD theory was presented mainly as a departure

from General Relativity.

In section 4.1 the role of the scalar field
was observed to be restricted to the gravitational field
equations and so once the metric field has been solved for,
the gravitational effects on physical systems follow in the
same way as they do in General Relativity - via the equiva-
lence principle or by means of universal coupling. One
can take a problem in General Relativity, work out an

analogous one in the BD theory and for many cases the BD
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solution is well-defined for all positive W and in the

limit for l&rﬁf w this solution goes over to the corres-
ponding solution in General Relativity. However, a prob-
lem characteristic to the BD theory arose when one is given
the functional form of the metric tensor and one solves for
the scalar field and/or the components of the energy-momentum

tensore.

For the vacuum situation it was possible to
have a curved, non-singular space-time with a related non-
uniform scalar fiel&. Thus a gravitational field would
be observed on the basis of the equations for geodesic devia=-
tion and it is natural to assume that the source of this
field is the scalar field. Another peculiarity of the
scalar field is that its symmetry properties may help to
define preferred coordinate systemse. In some respects then,
the scalar field can show the behaviour of a matter field
(one notes that it is only in the representation with gravi-
tational units, [ constant, that the scalar field can in
general be fully treated as a matter field}- for the special
space-time ( example (b) page T\3 Section 4.5) the scalar
field was indistinguishable from a radiation field in so
far as gravitational e«ffects are concerned. Because
vacuum solutions exist, the scalar field can exist in the
gbsence of matter and the interpretation given in section
4.1 that the scalar field is in a sense generated by the

matter field of the Universe needs slight modification.

For the cosmological situation the introduction
of the scalar field was accompanied by additional assumptions.
It was noted that the symmetrigs of the space-time were not
sufficient to determine the functional form of either the
scalar field or the components of the energy-momentum tensor
of the Universe®*. There was no substantial difference be-
tween the BD and Einstein-Friedmann models and for reasonw=
ableo values of W these differences would be practically un-
detectable,

*
the usual form may be arrived at by kinetic considerations

but the concern here is with what the field equations can
give.
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That the BD theory is basically a departure
from General Relativity has been stressed in the interpreta-
tion of the BD gravitational field as having a scdar field
component. The scalar field through the field equations
has two consequences for matter fields. A perhaps uin=
Machian division has been made between matter fields because
electromagnetic or radiation fields cannot be direct sources
for the scalar field. The second consequence is that an
ambiguity arises when one tries to determine an energy-
momentum tensor as a source term for a given Einstein tensor.
The energy-momentum tensor is not always unique and this
suggests that there may be problems if a madter grevitaiional
source is to be deduced from the motions of for example, @

planet.

The main feature of the BD theory is a variable
gravitational constant which the structure of the theory
makes dependent on the arbitrary parameter © . It appears
that experiment can do little more than to put a lower bound
on 2 and upper bound on the variation of the gravitational

constante.

Brans and Dicke (1) claim that their theory is

more compatible than General Relativity with Mach's Principle.

For both the BD theory and General Relativity
an inertial frame may be defined as a locally freely falling
coordinate system ~ so an inertial frame is determined by
the local metric field which is itself determined by the
matter field of the Universe. In such a frame the laws of
special Relativity hold ( at least to first order ) as re-
quired, If local space-time inhomogeneities can be neglected
the cosmological background geometry determines the class of
inertial frames - and inertial effects now appear as a result
of accelerations relative to this cosmological background,
Mach's Principle goes beyond these ideas and it is sufficient
for the needs here to use the statements of Dicke ( 39, 40 )

(1) that "the inertial frame ought to be
uniguely determined by the matter
distribution of the Universe"

and (2) that "the inertial reaction may be con-
sidered to be of gravitational origin".
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By the previous comments the first idea receives
the same support in the BD theory as it does in Generzl Re-
lativity. However, the idea may be slightly more evident
in the BD theory than in General Relativity. Brill (41)
has shown that the rotation of a local inertial frame brought
about by a rotating mass shell,is in the weak field approxi-
mation the same as in General Relativity (the Lens-Thirwing
effect) except for a factor depending on « . But the
conditions for the limit of perfect dragging are the same

for both theories.

The second idea requires a little elaboration,
A body accelerating relative to the cosmological background
experiences inertial forces and the suggestion is that these
forces are actually gravitational. In the local inertial
frame of the body the cosmological background appears
anisotranic 2nd inhomogeneous and the implied redistribu-
tion of the background matter field exerts on the bodyy
gravitational forces which by (2) are identified with the
inertial forces. This equivalence of inertial and gravita-
tional forces leads to a relation ( attributed to Sciama
(k2) e.g. in Brans and Dicke (1) ) ,
g ’ Ll
where M is the mass and R is of radius of the observable

Universe.

In a closed expanding Universe this relation

can admit a variety of interpretations, notable among them

being Dirac's hypothesis ( in a strict form ) with
2*
Gt , Mot 4, RVT,

and the two representations of the BD theory in which (n)

G is a constant and the mass distribution % is determined

the number of particles in the Universe, a measure of
its tgtal mass, is 8 dimensionless number of the order
of 10°0 and by the comments in Chapter Two M ~ < ,

where t = age of Universe/atomic unit of time



by the field equations and/or boundary conditions,

or (b) G is variable and a function of %

For the representation of the BD theory
characterised by constant gravitational units, the mass
of a particle is a function of the scalar field and hence
mass becomes dependent on distant matter. One could
hope that through the scalar field the inertia of a body
would be completely due to the matter of the Universe. A
measure of the inertia of a body is its self-energy and
for General Relativity the self-energy of a neutral point
particle is zero while the self-energy of & point charge
is equal to the magnitude of its charge (29). For the
BD representation Totep ( 30, 30a ) has shown that the
situation is unchanged and more importantly that if the
boundary value of the scalar field is changed by intro-
ducing matter at infinity then the situation still remains

the same,

The general observation is that Mach's Prin-
ciple is no more compatible with the BD theory than it is

with General Relativity.

Finally in the absence of decisive experi-
mental evidence against the BD theory it seems important
to ask if in any sense the BD theory is an advance on
Einstein's theory of gravitation, In comparison to Ein-
stein's theory the BD theory involves no new physical
principles ( except to replace SEP by EEP.), However, the
BD theory violates WEP for massive physical systems. In
these respects there is not much justification for the BD theory

as a departure from Einstein's theory.
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Chapter Five

SPECIAL SCALAR~-TENSOR THEORIES

5.1 Gursey's theory

Although Gursey's theory (1) is formally
similar to the BD theory for ® = d% ( or Deser's theory
without the scale-invariance breaking term ) his theory
involves a scalar density field rather than a scalar field
and consequently it is not strictly a scalar-tensor gravita-
tion theory. However the theory deserves to be mentioned
because it is based on interpretations of Mach's Principle
similar to those used by Brans and Dicke, with the differ-
ence that the theory is constructed within the framework

of General Relativity.

The discussion of Mach's Principle in Section
L.10 proceeded by separating the space-time geometry into
two parts - one due to the cosmological matter field ( i.e.
distant matter sources ) and the other due to local matter
distributions. Gursey chose the cosmological background
to have a de-Sitter geometry and an inertial frame is then
determined to within the de-Sitter group. Transformations
of this group acting on an inertial frame always give in-
ertial frames, However inertial forces appear in a non=-
inertial frame that is derived from an inertial frame by
coordinate transformations not belonging to the de-Sitter
group. Mach's Principle is expressed as before, to say
that these forces are gravitational - in fact due to the
redistribution of the matter of the Universe implied by

the change of frame.

The de~Sitter metric can be put into a

conformally flat form (1)

as® = #(r) nada’ 5o

and for an actual space-time with metric, Buy the boundary
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conditions at spatial infinity for Machian solutions ( in

General Relativity ) are stated in an inertial frame to be

(1),

2
By * @ (fr)'nlw i 542

Gursey rewrites the metric tensor as

12 a
6'”_\1 =Y Yp_v ’ 23

X
where ﬁ} is a scalar density of weight £ and Y“v is a
tensor density of weight 3. The boundary conditions can

be restated +hen as

(f{;a o

N
($s]
-
T

and va > ﬂpv
In an inertial frame Einstein's field equations, when re-
formulated in terms of the variables ¢, and Yﬁv are
clearly going to have a form identical to the conformally
invariant field equations looked at in Chapter Three. The

geodesic equations can be similarly reformulated.

It turns out that the effective gravitational
constant is G«,-'.E1 rather than (¢ and Gursey shows that the
effective gravitational constant can be related to the radius
and mass of the closed, de-Sitter model of the Universe
( as in the Machian relation eqe 4.81 ) ¢

G
inertial coefficient in the equations of motion of a test

appears as an

particle moving against the de-Sitter background. Hence

the inertial mass of the particle depends on the cosmological
background in a way which is more satisfactory than in the
analogous situation for the BD theory where mass depends on
the BD scalar field. There, a coordinate transformation
taking an inertial frame to a non-inertial frame has no
effect on the inertial mass of the particle despite the
redistribution of matter seen by the particlea For Gur-
sey's theory such a transformation alters the inertia

because ¢G is a scalar density and makes the inertial mass

of the particle more dependent on the cosmological background.
* | det ?uv'“ 1
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Interestingly (1), for a particle in an otherwise empty
Universe the boundary conditions ( eq. 5.4 ) are sufficient

to make its inertial mass vanish.

Gursey's reformulation of General Relativity
then, has important Machian properties and it suggests
further developments within General Relativity such as using
more general cosmological backgrounds against which to con-
sider inertial reactions and gravitational forces. However
in the context of this thesis Gursey's theory may be con-

sidered to represent a turning point.

Gravitation in his theory is described by
two dynamical variables, a scalar density and a tensor
density. He found that the scalar density field leads to
repulsive forces for the cosmological background ( and so to
expanding models of the Universe ) while departures of the
tensor field from the Lorentz metric lead to attractive
gravitational forces,. Thus for local gravitational inter-
actions the important dynamical variable is the tensor

density.

With this tensor density defining a metric
on the space-time, the interval between two neighbouring
events will not be invariant under the de-Sitter group
and so the resulting geometry will not be Riemanrien
In fact, except for the restriction to the inertial
frames, this geometry is very similar to a formulation
of Weyl's geometry given by Bergmann (2). Bergmann
made the physical metric, Gpy 2 tensor density by im-

posing a "normalising'" condition
'J—g=1 -

which was to be invariant under the full group of co-
ordinate transformations. For the construction of co-
variants in Weyl space-time this formalism is equivalent

to the usual formulation given in Chapter Six.
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5.2 Massive Brans-Dicke Theories

A feature of the BD theory is the existence
of the mass gauge groupe. In section 4.7 it was suggested
that this is a general property of a metric ( and uni-
versally coupled ) representation of the scalar-tensor
model provided there is no scalar field self interaction
term in the action principle ( i.e. f3 = 0 in ede 3¢29)s
The action of the group is to generate from a solution
Iguv, ¢,,T“v} of the field eguations an equivalence
class of solutions, each member of which has the same
metric field, and it is quite possible that an equivalence
class may contain more thuan one physically acceptable
solution ( e.g. for the BD theory examples are given in
Section 4.7 ). This situation it was suggested is at
least partly due to the complete covariance group being
MMG « For if the complete covariance group is extended
( e.g. by taking the direct product with the conformal
group ) the additional Bianchi-type identities may lezd
to each equivalence class having only one element.

Another contributing factor is the scalar field being a
long range, massless field. The purpose of this section
is to introduce the massive scalar ficld and in particular to

look very briefly at the family of massive BD theories.

The scalar field, ¢ with finite mass m,

satisfies ( in contrast to eq. 4.1 ) the field equation
2
[ ¢~ nF($) = bmT 565

where F is a scalar function of the scalar field an& A

is a couplirg constant. Following the method of Weinbarg,
(3), ( eqe! cfe €q8e 4ol = L4eb)icharya and Hogan, (4), show
that the desired field equations are

_ e =2 o P
Cuy = BT T, 4d (S 8 Buy? )
- T
+ P (%15,, - gyl ¢ + Omg  E(4)) 546

(¢ - n°F($) = T T , 547
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where ® = % —'% = and E is a scalar function of the
scalar field satisfying

R i _ B

B - 26" E=vg 3+ 20)¢ F(¢) , E’=~a$ o 5.8

For these equations to reduce to the BD equations when

= A=
m = 0O orerequires E](¢0) =0 s where ¢0 =G ’ 53
and in addition for these equations to reduce to Ein-

stein's field equations one requires F(¢b) 2 0 5.10

Egse 5¢6, 5.7y 58, subject to 5.9 and 5.10,
describe a family of massive BD theories. Their predic-—
tions (4) for the classical tests are identical to the
predictions of General Relativity and so no lower bound

can be set on W .

O'Hanlon, (5), has considered the special case

where

kot 5411
and  F(¢) =9 - . 5412

In the weak field limit the modified Newtonian gravita-
tional potential turns out to be

— 5013

1
V(r) = -(Gn/x)(1 + ‘3' e
and it is the presence of the exponential term that gives a

short range component to the Newtonian gravitational force.

Non-Newtonian behaviour of this kind was first
proposed by Fujii, (6, 7) as evidence for a dilaton with
mass m. Such a particle with zero mass is associated
with scale or dilation invariance in particle physics, (8),
and by allowing non~-zero mass this symmetry is broken.
Based on present observations Fujii, (6), puts restrictions

-1
on m as

10m .< m_1 < 1km,
~J n~J
] 5e1
= |

or m < 1em,.
~J
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Although the massive BD theory with @ = 0
may not be an appropriate modification of General
Relativity if the massive dilaton is observed, O'Harbn,
(5), concludes with some general comments about this

theory.

Without the scalar field mass term, the
field equations are form invariant under arbitrary mass-
scalar field transformations ( egqs. 4.70, 71, 72 ).

With the mass term included this invariance is broken
with an associated massive scalar field and this situa-
tion has a formal counterpart in particle physics with
scale invariance breaking being related to the massive
dilatde, The suggestion is that scale invariance is
related to the mass gauge group rather than with the

conformal group.

One notes that conformal invariance breaking
in the scalar-tensor model led to the Deser scalar-tensor
theory in which the range of the scalar field was cosmo-~

logical and did not satisfy the restrictions, eq. 5.1k4.

5e5 Other Scalar-Tensor theories

It is beyond the scope of this thesis to make
a comparative study of the individual scalar-tensor
theories but what can be done is to briefly take up a

reference made in Chapter Two to Harrison's paper,(9).

One can write a simplified version of the

action principle for the scalar-tensor model as

5][(#%& - Zﬁb"‘ - gb-(‘(;'):a + 161 ¢BLM:| '\r—g dh-x = O’ 5.15
g &

where & is a coupling constant. Values for the constants
A and B generate a family of scalar-tensor theories which
includes the more important theories that have been

suggested. Some of the action principles which have
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been used can be summarized following (9), by a Table

( sce below ), and depending on the magnitude of the
constants A and B and the form of LM one may have
representations characterised by a combination of features

such as
T1a test particles moving on geodesics

2a world-lines intersecting a hypersurface
not being conserved - i.e. mass or

particle creation,

3 the gravitational constant being

variable,

or their alternatives.

Author : A B
Scherper (10) 2 =0
Deser and Pirani, Deser, (11,12,13) 2 0
Anderson

Jordan (14) 1 2
Hoyle, Yilmaz (15,16) 1 1
Brans (& Dicke (17) 1 0
Dicke (18) 0 0
Jordan (19) -1 0

Harrison showed that an action principle for
one theory could be obtained from the action principle
for another theory by a suitably defined conformal
transformation and in this way the various scalar-tensor
theories could be formally identified with each other and
with General Relativity. However this does not mean
that the scalar-tensor theories ( in the Table) are
equivalent because different interpretations are given
to the matter Lagrangians - thus non-conservation of the
energy-momentum tensor may not for some theories involve

the creation of matter but rather a rescaling of the



96

matter variables. This is illustrated by looking at a

connection established by Morganstern, (20), between

representations of the BD theory and the class of Jordan

theories.

If B is put equal to unity, eq. 5.15 becomes
with &= ¢/¢  , M=

PRI 2 @ g ~bd N e
6.[ t‘bo 5 1_R B gs“g & o (Ro FvLN[ "f-gd B ’

which with a slight change of notation is identical to
Jordan's action principle ( e.g. Brill, (21). The
action principle is formally invariant under a Pauli

conformal transformation (21)

] i ! Y
v o=n-y guv=4:grpv ]
: 2 o J
g =g y2® Uy =ET

and so effectively the class of Jordan theories is de~

scribed by one parameter (M ).

The action principle for the BD theory is

‘a(‘,. R - wd =1 o o 16 “V’F..M =0
Sj’ L\‘)OKR 1)07\ 7\.’“ 4+ L. d 3
where ¢ = dAd  constant, and = is the matte
= R D, ant, and Ly s the matter
Lagrangian. Under a units transformation one has

(cf, BSection 4.4)

) -— 2 i =
ép,v i ‘gp.v = ?"( u;w ) ;
m-=ms=2»A (1 a)/zm s & arbitrary »

and the action principle becomes (20)

5‘/[¢07\a l:-f{. - 32w + 3(1 = az))')\-%\.’a?\’a + 16w~ 1Iz[§D j\/‘-gclli”x =

where barred operations are performed with and the

Euy

517

|
o

bar as in R and iﬁD indicates their functional dependence

on E i while the subscript M, means that ¥ is replaced

by T Egqe 5.19 describes a family of representation-of

the BD theory parametrized by a« . E;v is the new metric

field to be varied and in this respect it has no A de=-

rendence.

The matter Lagragian depends linearly on mass
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and its explicit A dependence is
~HD  =BD, =(1 = «)/2 .
I‘ﬁ - LM A . 5420
In order to identify the metric fields in a

BD representation and a Jordan theory eq. 5.16 can be

rewritten in & barred form )
6] [¢ 4-1] q[ ZE"‘?{Q Q,ﬂ- 16’7(:) 1a—jk‘T-J J\[—gd_ e = , 5.21

where LM tes its mass subscript unbarred because in
the Jordan theory mass is taken to be independent of the
scalar field )\ . Identification of the last terms in

€dSe 519 and 5.21 gives

l:ﬂ + It‘r‘_ LMD)\. (1 - (t)/2 (usin{; eqe 5‘20) ,

and further identification of the field variables and
Lagrangians of the BD representation and the Jordan

theory becomes somewhat arbitrary.

Morganstern introduces a parameter 4% and
makes the choice

i ' 1
A 1 = t...:n %
5.22

,DY—(1-a)/2 , J

Ll\ ]‘.»-DkY

which satisfies eq. 5.20 and which implies for egs. 5.19
and 5.21 that

N =-a/(a+ )
2 = [2w 4301 = «®)V/l2(y + 2)°] } 5423
g _p-(@+ ) )

Hence by means of eqs. 5.22 and 5.23 the BD
representation ( eq. 5.19)can be interconverted with
the Jordan theory ( eqe. 5.21)and it remains now to look

more closely at the matter Lagrangians.

For the BD representation Lﬁ is a units
transformed LM and so depends on both A and «.
The mass ¥ appearing in this matter Lagrangian depends

on A and the resulting non-conservation of the



associated energy-momentum tensor ﬁmpv does not imply
the creation or annihilation of matter but just a rescaling

of the matter variables.

For the Jordan theory the matter Lagrangian is
a purely formal element, independent of gy and it requires
interpretation. In the BD form the implied non-conserva-
tion of the energy-momentum tensor cannot be related to,
say, the rescaling of particle masses and so it involves
creation or anninilation of matter - or more simply a

change in the number of particles.
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Chapter Six

THE SCALAR-TEUSOR LODEL _(F GRAVITATION (CTD)

Back in Chapter Three the scalar field was
brought into the description of gravitation by using the
framework of General Relativity. Thus the two dynamical
variables for gravitation in this model were a scalar and a
tensor field - the tensor field being a metric tensor defined
on the space-time manifold. By means of a covariant deriva-
tive defined on the manifold, the gravitational laws were set
up as second order differential equations in these variables
but it was found that simple laws could not be arrived at in
a natural manner because of some arbitrariness in the form
and strength of the coupling of the scalar field with the
tensor field. In particular.for the metric and universally
coupled representation of the model ( e.g. €qe. 3%.29 ) there
was present in the action principle two undetermined functions
of the scalar field and an arbitrary constant. Cne of the
scalar field functions could nave been discarded because it

was probably important only for problems in cosmology.

The field equations for this representation
would have implied that the energy-momentum tensor of matter
had a vanishing divergence and so it would have followed, as
in General Relativity that the equations of motion for test

particles were identical to the geodesics of the metric.

From WEP the paths of freely falling test particles are
independent of the nature of the particles and so with these
paths being the same as geodesics of a suitably curved space-
time, gravitation had been geometrized. However, gravita=-
tion had become only partly geometrical because the scalar
field did not appear explicitly in the components of the
curvature tensor or in the geodesic equationse. The

scalar field in contrast to the metric field was confined

to the gravitational field equations and had no fundamental

geometric role.
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In this Chapter a different approach is
taken towards the scalar-tensor model with the result
that many ideas such as length standards, conformal
transformations, and the variability of dimensionless

numbers are united in quite a satisfactory way.

The physical space-time manifold is considered
separately as a Weyl and a Lyra manifold and in analogy with
General Relativity the gravitational field equations are to
be comprised in an action principle consisting basically of
two perts - one giving the contribution of the gravitational
fields via the '"curvature function" of the manifold and the
other giving the interaction with all other forms of matter

and energy.

Generally, the gravitational part turns out
to contain three dynamical variables - a scalar, vector

and 2 (metric) tensor field.

The geometry of the space~-time given by either
manifold is unchanged for transformations belonging to MMG
or to the conformal group. Gravitation theories are
therefore required to be conformally invariant and the
complete covariance group of these theories would be the
direct product of MMG with the conformal group. Thus
by generalising the geometric structure of space-time
the complete covariance group of space-time theories has

been enlarged in a rather natural way.

It was noted in Section 3.5 that the conformally
invariant scalar-tensor model developed there could be put

into a barred form which is a special case of a reduced form

where the dynamical variables contain no irrelevant parts*.
In the barred form the gravitational field equations
appeared to be no different from those of General
Relativity and at this point the identification of

the two theories was implied to be complete. For

¥ vhich describe e zouge frecdon due %o the eonformal giroup.
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in this form the equations giving the path of a freely-
falling particle would have been the geodesic equations
of a metric and this metric would have been identical
to the tensor variable occurring in the barred form of
the field equations. It remained just to assert that
the metric defined an interval between neighbouring

events which is the one measured by &omic systems.

The simplest gravitation theories that can
be set up on the Weyl or Lyra manifold are similar to
the conformally invariant scalar-tensor model in the
respect that there is a reduced form of their field
equations which is the same as Einstein's field equa=-

tions ( with or without a cosmological constant ).

Again, as with Riemann space-time the non-
gravitational properties ( e.ge rest mass, spectral
frequencies ) of atomic systems are assumed to be in-
dependent of position and past history in the space-
time manifold and one can therefore measure an absolute
interval between neighbouring events. It follows how-
ever that the related "absolute" metric is not determined
by a gravitation theory because the physical laws are
conformally invariant and thus their metric variable is
specified only up to a position dependent factor. One
concludes then that it is an arbitrary choice to identify
a reduced metric variable of the field equations or of
the equations of motion for physical systems, with the

metric determined by atomic systems.

Depending on the choice, one can arrive at
theories similar to Hoyle and HNarlikar's theory (1)
with creation of matter, or to the Brans-Dicke theory with
a variable gravitational constant or as above, to Einstein's
theory with matter conserved and the gravitational constant o

true constant.

A global formulation of the Weyl manifold has
been given by Folland, (2), and for the Lyra manifold by
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Sen and Vanstone, (3); the latter two authors pointing
out that both manifolds are instances of differentiable
manifolds with more general linear connections. From a
linear connection one can define a curvature tensor, a co-
variant derivative and a family of distinguished curves

on a manifold. Hence Sen and Vanstone's approach will

be useful to briefly give non-rigorous and comparative

descriptions of each manifold as a space-~time manifold.

6.1 Linear connections - definitions.

Let M denote the four dimensional space-time
manifold

TP(M) the tangent vector space to Ml at P
8(u) the ring of ¢ functions on U
x (M) the Lie algebra of € vector functions on M
1 s} =
A (i)  the F(i) module of C 1 - forms on H ,
and let g be a second order symmetric covariant tensor field,

the metric, defined on M, where the induced form Ep on

Tp (M) X TP(M) is non-singular and has signature - 4 & + .

A linear connection V on M is defined as the mapping

Voo x(u)xx(m) > x(M)

where (X,Y) - ViY such that

(a) Y(Z) — f.vxz + {_!,'.VYZ

v
o + Ge

(b) VX(Y +2) = Vg¥ 4 V.2

(C) vx(on) = X(f) ol + fva

for all £, g € 3(M) and X,Y,Z € x(M).
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The torsion of V is defined to be the mapping

Torys %(1) x x(M) -+ x (M)

where (X,Y) - Torv(X,Y) = VXY - VTX - [X,Y]
for all X,Y € X(U) o

Following Sen and Vanstone, a connection V on M is

uniquely determined by
Va(%, )
Torg(X,Y) .

only if these two covariant tensor fields on M are
respectively symmetric and skew-symmetric in (I,Y)
for all X,Y,Z € X(M) .

A Weyl connection on M, (3), can be thus defined by

V,6(%,Y) = -¥(2) . &(X,Y)

Torv(X,Y) =0 ,
for a 1-form P € AX(H) and for all X,Y,Z € X (1)

A Lyra connection on M, (3), is defined by

Vzg(K,Y) =0

Torv(X,Y) = He(Y) 4 X - (X)) Y],

1
for a 1 - form ¢ e (M)  and for all XY,z € X (M),

in comparison to a Riemann connection defined by

V,8(X,Y) = 0 = Torg(X,Y) ,

for all X,Y,2 € (M)
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For reference :

and

6.2

sz(K,Y) & Z(&(K:Y))‘ SIVZX’Y) - S(X’ ?éy) $

for X, Y, Z2¢ % (39 »

¥V is said to be metric preserving (or have

Jewe f
integrable path transfer)

it 9,6(%,Y) = 0 for 2all X, ¥, Ze ufw) .

The curvature tensor of V is a linear

transformation valued tensor R that assigns to
each pair of vectors X, T ¢ % () linear
trans{orn:ation R (13”1’) of T_P(M)into itself,

where
R, V)2 = (VW2 - V0.7 - x, )%p

[x, Y] = &lxr - mx] .

If C is a differentizble curve in M, with tangent

vector field X , then C is a geodesic of V¥ if

VXK =0 on C .,

Weyl Space-time

In this case the space-time manifold is

characterised by a metric g and 1-form ¢ [5,31] which

define as in Section 6.1 a Weyl connection, V¥V on the

manifold.

¥There is a change of oonvention implied here e.g. the

Riemann curvature tensor components are the negative of

those defined in Chapter Two.-
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Some properties

In local coordinates {xa]and with {0“ = %E;J
denoting the set of coordinate vector fields let Sy = Q(O:JCE),
¢.t = ¢(ea) ::lld ¢C: = ‘:;W(:)'a‘ g '

We The components PTE of the Weyl connection
defined by

o Y

-,J'C ‘G'(} = la‘go - s
e LSRR B AR S PRI L S ¢

e a{} ‘:-(‘:p-; o L}.'C:E)EDJ ¥ ona [,c,_i'}. : .
Wal If the curvature tensor of the Weyl connec-

tion is denoted by X ( the curvature tensor of the Riemann

"

connection is denoted*my R ) then the components K-8
of K defined by

K(cc;,op:}c; = KY-SL:{;?O“( ”

L' -\r

ars K= S L L I L

LN (i n " |
o4 OugP N 4P b ) STt
The generalised Ricci tensor has components |

=
K,=K
up a3y

=R (¢ 0 -k !'Y < B 1 ol o AR -.r'
ﬂﬁ + ‘('¢; B g 'B;a) zh“pﬁ }Y J()“.p Lﬁﬁé HY)

and the curvature scalar is

K =K
4
=R+ 34?{? 4-§dtﬁ{ s
Wae3 In M, if C is a differentiable curve parameterized

by © and X is its associated tangent vector field then
for Y e y{u) the value ef ‘Y at one point on C de-
termines the value of 7 at another point on (¢ by

parallel displacement if

V¥=0onC,

#* s .
although 1the curvature tcnsor and curva’iurc scalar arc
denoted by the same symibol the context of the symbol
indicates its meaninge
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and in local coordinates

a4, &
ar" T uﬁotYP ® »

Similarly, for the change in length of the tangent

vector Y on parallel displacement along C

X5(¥, 7)) =-(X) o5(X, ¥)

( using the definition of the Weyl connection and
reference 1 in Section H,.1 Lor in local coordinates
= = g

512 . G
- = = o .1a =L Wherc 12 = -{;(:,'}:) .
ay 4

We 4 The curve C defined in W.3 is a geodesic of the

Weyl connection

We 5 As well as defining a Weyl connection on M , the
choice of g and ¢ defines a Weyl structure on 1 .

Folland has formulated this idea as follows :

Let ¢ = {g* |yt = o?\'g for M € 3))

Then G is the equivalence class of metrics strictly con-

formal to g and a Weyl structure on M is the mapping
F: ¢ » a*(H)

given by P(c'g) = ¢ - &

A determines a gauge on M and under the gauge transformation®*

g=>p'
one has B> =0 =-a

or in local coordinates
Gp ® Co=fT My o
* in keeping with historical usage this transformation is
referred to from now on, as a gauge transformation
rather than a conformal transformation.
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fi

A special case of the Weyl space-time is given

when @ is exact
isce ¥p=0or¢ =df ror some I € () ,

in which case the space-time can be reduced by a suitable
choice of gauge to 2 Riemann space-time, In this sense the
Weyl space-time could be considered equivalent to the Riemann

space~time.

6.3 Gravitation in Weyl Space-time

From the discussion of the Weyl space-time given
in Chapter Two, a gauge is the same as an arbitrary length
standard at each point of the space~time and a gauge trans-

formation is just a transformation of this standard.

Under the gauge transformation

ds » ds' = Nds  (i7eH in locol coordineics)

. - £ 4o Y
“hore 0® = g pidax,
1
= ol A

because Cflis taken to be unaffected by the gauge trans-
formation. If a physical guantity denoted by X , trans-

forms as

s SN R Ll

then n is called the dimensional number ( Lord, (4) ) of X.

So the dimensional number of Gy is + 2.

Further, if X corresponds to the tensor density
of weight 3 then its covariant derivative as implied by

the Weyl connection can be defined by, (4)

Biwe = BlLetRebi + DR+ BAT-ER 6
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which is covariant with respect to both coordinate and

gauge transformationse.

The Riemann covariant derivative is as usual

defined by

Vee; r{;:: IJ;L"J}Q:: B o vpx;" + .?%Pﬁ:: . G.12

One has Luv- a (= and so both covariant de-

Suvlis D
rivatives commute with tﬁe raising and lowering of indices.

The basic hypothesis of a gravitation theory in
Weyl space-time is that physical laws can be written in a
form that is manifestly covariant under the group of co-
ordinate transformations and the group of gauge transforma-
tions. The field equations for the theory are to follow

from an action principle whose action has the form

= fhﬁfﬁ,“x. [ .3

I must have zero weight and zero dimensional number. So
W is a scalar with dimensional number - 4. The curvature
scalar, X, of the Weyl manifold has dimensional number - 2
and to avoid involving complicated expressions such as K2
in I, it is sufficient to postulate a =scalar field, ¢ ,

with dimensional number - 1.

An appropriate action for the vacuum field equa-

tions would be

I v
= j f a0’k + 3 r:ruadJ - +@,f'lwf“ + bot ]fgd‘x 6.
where f”” = qhuv . Qb““ by definition, and contributions

to the action from the scalar and vector fields have been in-
cluded. Eq. 6.4 can be rearranged to give, after neglecting

an integral of a divergence term and the "cosmological' term,

1;044235933
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As in Chapter Three a term, IWG , representing the inter-
action of the metric, vector and scalar fields with matter

is added to IG to give the full action for the theory,

I = IG’ o+ -L-[\IG' . 0 .6
The field equations,

ol =0 S.?

are not all independent because of five Bianchi-type
identities.

i < A
With uI: = .. ‘2 r.}{;“v

variations, that describe infinitesmal coordinate and gauge

v :
Lins o™
=23 o0, S&O'_JJ;gd?x; )

transformations and that vanish on the boundary of the region
of integration, give the five identities between the matter

tt?

-a =
"sources", T 4, j .cnd S,

X ny 2 Rk 1
viz: T \y == wody + c's 540

= J‘ 4 OS /’.lo

Egs. 6.7 - 6,10 formally describe in Weyl space~time, a

model for interactions between the three simplest long

range fields and for their interactions with matter. Models
of this type have been considered, independently by Lord (4)
and Dirac (5). Two other authors, Ross (6) and Omote (7)
have looked at relations between Weyl space-time and scalar-
tensor theories but their theories are not physically re=-

levant because they do not include matter.

Gauge transformations have been interpretated
by some authors ( Anderson (8), Omote, Lord ) as space-
time position dependent scale ( or units ) transformations.
Once a system of units for length (time) and mass has been
established the group of such transformations is usually re-
stricted to those under which h and pare invariant. Inverse
mass, length and time scale the same way and physical quanti-

ties can then be expressed in terms of a power of length —

*Trg is exactly the same as in previous Chapters. The change
of convention for the curvature tensor has been compensated
in the action principle by a change of sign for the matter

Lagrangian, I Mis the negative of previous matter actions.



the dimensional number defined earlier, The coupling of
matter with the three fields has been partly limited by
this scale invariance requirement and it seems that the

full generality of Weyl space-time has not been utilised.

Rather than interpret the group of gauge
transformations as a special group of units transformations,
the original idea of gauge transformations as just length
standard transformations is used. Except for two examples
the construction of gauge invariant matter actions is left

indeterminate.

Example 1 : The coordinate inveriont setion far “ho cleetro-

nagnetic ficld

Vr
Ty = ﬁw“‘“ Vst 511

o iy . s e de
513 N S 1“3 13y AL C e

1t

Example 2 : The action for a neutral® test particle of mass n |

( as measured by atomic standards ) can be taken as

r
Ip = [mods. 5612
With the coordinates =  of the particle,

functions of the proper time t measured along the
particle's world line, appropriate curve variations give the

equations of motion of the particle in a vacuum as

- ’ [+ A g .‘JG .i’
& f <@ N ¢ dedx 5
W\ )t ”{ﬂv} dat = ° . b

These equations are the geodesics of the "metric" Ofpv and
because they are independent of the vector field they cannot
in general be the geodesics of the Weyl connection. This
perhaps could have been anticipated because the distinguish-
ing feature of Weyl space-time is that with respect to a

particular gauge the length of a vector does not remain

constant on parallel displacement. In flat-Riemann space-

time the Law of Inertia requires the four-momentum of a

* Neutral signifies that the vector field has no influence on

the state of motion of the particle
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particle to keep constant magnitude and directionisuggesting
for Weyl space-time that this law could not be immediately

generalised.

Lord takes an action, I, in which the scalar
field term enters with a negative sign relative to K, as
compared to the positive sign in eq. 6.4. He chooses a
gauge for which the scalar field is constant everywhere and

with the restriction that

= 6.1;’;.

]

py
he arrives at a reduced theory which is almost identical to

Hoyle and Narlikar's theory. The specified gauge is

identified with atomic standards of length.

Below in contrast, a Brans-Dicke type theory
is derived from eq. 6.7 with the restriction, ege. 6.14%, and

a condition

which is nlso used by Lord.

Eqe 614 implies that gp is the gradient of a
scalar field. This field can be transformed away by a

suitable choice of gauge in the gauge transformation, (W.5),

and on dropping dashes and putting ac® = DgW ='; the
wa
field equations ( egq. 6.7 ) become
o . ; a -~y Y

G —L T - w‘ - - 3 -
wy 2, =Y (éa“ i “E“”@J“‘P =¢ wi“iv 71,12)
o 1

A0 = T [Tu“ - o8] s 6ul7

with four identities
v
™, = odts . 6o18
H

The identity, eq. 6.10 is used to eliminate J,.
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The restriction, eg. 6.14 on the vector
field means that the geometry of the Weyl space-time is
Riemannian, The Weyl and Riemann connections are identical
but the equations of motion of a test particle are geodesics
of neither connection, On parallel displacement vectors
maintain their length with respect to the gauge choice,
which we shall identify with atomic standards of length.
Thus there are two distinct intervals between neighbourin
events.

5 il W
(a) as? = 8;.1\’(1’:] ax
which is measured by atomic systems - e.g. using the radar

method, and

(b) the interval determined by the equations of motion

of a test particle. For a vacuum this interval

is
B Ao ¥
flt.- - o.tﬂ‘lj.v - (L.

In the gauge chosen, the action for a test particle

( ec. 6.12 )gives, using eq. 6.8,

L v <
- - L CREE R O PR §u19
-3 o dat
e 0
N g0 @
end S = ¥ J_.a‘(x -x(t))as , 5e21
where the scalar density, G‘(xg - xa(t)) is the

four dimensional Dirac function. If matter is considered
as a system of pressure-less dust particles then the three
sources , T::, j: s cond S, are just the sums over the
particles, of egs. 6.19, 6.20, and 6.21 respectively.

The field equations for this model of matter

imply a variable gravitational constant ~ o %

The theory derived here has two unsctisfactory
aspects in common with Lord's theory. The first is the
restriction ( eq. 6.14 ) which is an artificial constraint

*in the gauge chosen



on the Weyl space-time. Two scalar field variables now

appear in the description of gravitation.

The other aspect that a £ -{%_ means that
the action principle ( eq. 6.7 ) is not the simplest

which could be set up in the space-time ,
A nore fundamental objection to the theory is that

it determines a unigue and preferrcd gauge. This suggests
that despite the theory's gauge invariance there is in

fact no need for this invariance,

6.4 Dirac's Theory

Dirac's paper was published very recently and
it has unexpectedly turned out to be the culmination point
for the discussion of the scalar-tensor model begun back
in Chapter Three,

In the more developed scalar-tensor theories such as
the Brans-Dicke or Jordan theorics, the scalar field gave
position dependence to the locally measurced gravitational
constant and in this way Dirac's hypothesis was at least
partly brought within the framework of a gravitation theory.

Dirac proposed that the appropriate modification
of General Relativity needed to give a wvariable gravitational
constant is contained in the Weyl space-time.

By putting a = - %é the action (eq. 6,5) for
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the vacuum field equations simplifies to

= 2 o wf -UV3 o~ a4 4.0
I. J fo? R r%ﬂcg + fuv£ ] /—gd“x §e22

where now the vector field variable does not appear
explicitly. In the presence of matter the full field
equations can be written.

8I = 0 where I = Iﬁ + Img
between which the same identitics as cgSe6.9 and 6.10
hold. These equations are essentially the field cquations
which Dirac gives. The vacuum field equations involve three
dynamical variables - a scalar, vector and a metric tensor
field. The vector field Dirac identifies with the electro-
magnetic field potential because both variables have the
same tronsformation properties.

In the absence of clectromagnctic fields the field
cquations correspond to those of the Brans-Dicks theory
provided w = 4% « However the predictions for the solar
systen experiments are identical to the predictions of
General Relativity because the field eoquations and particle
equations of motion in the particular gauge o= 1, go over
to Einstein's equations.

As the theory is gauge invariant there is no preferred
gauge and so the gauge choice o= 1, is just 2s valid as any
other gauge choice, Some such choice is necessary before
any relation between the theory and experiment could be
set up.

Dirac lists threc special gauges s |
(a) The natural gauge « For £y = 0 one takes *k.= 0
while for fu\ﬁ* 0 this gauge is not well defincd.

(v) The Einstein gauge « This is the gauge choice given above

o =1, '
(¢) The atomic gauge, This is the gauge in which the
metric defines the interval that is measuref by atomic
systens,

The vacuum field equations in the natural gauge are
independent of the vector field and so for this case the
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metric may be transformed by a gauge transfomation
without zn associated transformation of the veector field.
The natural gauge can thercefore be transformed into the
Binstein' cor atomic gauges.

In contrast to the Brans-Dicke type theory developed
earlier, no gauge in gencral (i,e. for non-vanishing vector
field) exists which could be naturally identified with atomic
standards. Thus the gouge of the motric is not directly
observable.

Dirac supposes that the Einstein and atomic gauges are
distinet and clearly it is this difference which leads to
the gravitational constant being variable when it is expressed
in terns of ~atomic stand=srds, For one can touke a sinple dust
or fluid wodel of nmatter in the same way os for the Brans-—
Dicke type theory and one finds from the field eqqftions
that the gravitational constant is variable (as g 1)
because in the atomic gauged by hypothesis is not constant,

Because the threc long range fields arc considored
in the Weyl space-time, this formal franework has an
interesting conscquence. The interaction between the
gravitational and clecctromegnetic fields may lead to the
brezsking of two symmetrics - symmetry under charge con-
Jugation and symmetry under time reversal.

Referring to Dirac's paper, one can toke a simplc case
of the parallel displacement law (w.3)

58 = -22 §,6x°
which gives the change in length of a length g at some point
P when £is parallelly displaced into the future by a distance
6x° , The clectromagnetic potential is teken to be due
to a charged particle whose world line is close to the
peint P and the coordinate systen has been chosen so that
the particle appears at rest. Thus ¢o is primarily the
Coulonb potential of the particle,

If @ increases when it is displaced into the future,

for a given charge on the particle then p will decrease if

instead therc is a charge of oppositec sign on the particle.
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Hence therc is no symmetry between positive and negontive charge.
Also if % increases when it is displaced into the future
then it will decrease when it is displaced into the past. Thus
there is no symmetry between futurc and past. Symmetry can be
restored if the sign of the charge on the particle is changed.
With the interchange of positive and negative charges dencted
by the operator C and the reversal of time dencted by the
operator T then one has both the C and T gymmetrics broken
but the CT syrnctry conserved.
Howevzr the syumetry breaking does ncot apply to the
atomic gauge because in this gauge length is prescrved on
parallel displicement. Conseguently the symmetry Tirsaking ean't be
directly measured in the geometry of space-tinec. Rather,
as Dirac peints cut, symmetry breaking will show up only
in the cquaticns of notion. Furthermore it will not occur
for sinmple, charged particles* but for particles whose action

has for example 2 term of the form (Dirac),

-3 k
I = J a n% ua\\a ds

or
-2 .0 .

¥ = 3 - A

J [0 "o O, =0 G4y ¢ +0 72 0
For the niddle expression :

®nderC, fba changes sign + symmetry broking
wnder T, gy changes sign -+ symmetry breaking

while under CT there is no overall sign change.

*The breaking of the C and T symmetries has been observed
‘8c far only for the K meson, (5).
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6e5 Lyra Space-Time

With the notation of Sections 6.1 and 6.2
a Lyra space-time manifold is characterised by a metric %

and a 1= form ¢ which define a Lyra connection, v .

One could proceed to develop properties of this
space-time in the same way as was done for the Weyl space-
time. However, Lyra (&) has introduced the idea of a

reference system, Following Sen and Vanstone, (3), if

fx™1 denotes a set of local coordinates on M and %
b
is a real, non-zero function on R, called the gauge

function, then a local referecnce system is specified by
2.0 .

The induced basis in T (IV) is { é (P) [(x '3'"‘ }

and so the set of reference vector fields is [é (x)-".;- 73 S
The natural basis dual to {G(P)}

®(e) = [xax1] .

In a local reference system I?, &1 the
components ;;[w of the metric tensor g arc defined by

-

Cuy = G(eiug\!)

and so the interval between two infinitesmally close points

.with coordinates x% and x“. & (b:a is
as? = (% 2o ax” .

The properties analogous to those given for

the Weyl space-time in section 6.2 are as follows.
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L. 1 The components Tgﬁ of the Lyra connection

defined by

arc op = (:cé) il{:p} + "‘i G:{i‘ba - 8:@4‘?}

- . Q ! .-1
where ?5 = @(0“) ‘.Jd‘ and &Jﬁ = -2(3’) ) .
In contrast to the symmetric components of the weyl connection,

Tgﬁ are non-symmetrice.

La 2 If the curvature tensor of the Lyra connection

is denoted by K then the components R?Gdﬁ of T  defined
b y whl

o il vl - i -
J\Gﬂ.’ Cﬁ)vs = F4S SL:"}LY

are

ol i v “y m  ovwn
LU 1. - I e P _go
% 3 OQ'G Ud,p' . '} 0 TfJ ol *

the generalised Ricci tensor has components

where the symmetric part

[ 4

= 1./0)7 1ehy b
K(Gﬁ) = (9)"3‘43 £ 'd(x) (¢ cup ® (')[B,Ct ) + '5‘&_,@ j‘( -—":(")Cﬁ'p

tpor’)Y+-& ﬁYY-g--i(r,;uB.;. 9;,;) »

and the skew symmetric part

H2) (¢ ; . ) 9; O
Kl = 10 P, 0- %0 - 1B - 49,) -

The curvature scalar of the Lyra manifold is
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L. 3 Using the definition for parallel displacement

given in W.3 ( Section 6.2) the equations for the parallel
displacement of a vecter with components ¥“ le*%(1cnr70

parameterized by © are

d. el -AI _Qx rﬁ
a_’Y ..cf'd."'

In contrast to the Weyl space-time, length is preserved on

parallel transfer.

2ok e llels )
Lo b The Eeeﬁgs;cs.of the Lyra connection are
L§~ = 2 (s, - & )ax“‘ax"
2 “’x&{a‘: 5 @ 5

and because length is integrable there is a second class
of distinguished curves in the manifold. - viz: those of
stationary length B-fas 9,

o

aaxfs £ 80, + 510, - _g‘-’}kaa,ﬁ=
'a” {up}fﬁ i ﬁf’ « ~ W RE "

L. 5 For the Weyl space-time it was found that the
choice of q% and ¢ in the Weyl comnnection defined a Weyl
structure and it seems for the Lyra space-time that the

role of reference systems is to express the same idea.

Thus a gauge in Weyl space-time corresponds to
a specification on the gauge function or first coordinate
in all the reference systems defined in the Lyra space-
time - and vice versa, A gauge transformation in Weyl
space=-time corresponds in the Lyra space-time to a trans-
formation which takes a reference system into another by

changing the gauge function but keeps the local coordinates
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the same - and vice versa,

In general, under 2 transformation of local

reference systems

— L my 0L g 5’::.{'
= : hore A = Ly = S
il =% T4 40, here ho= 30, Ao G
& s . e
and the components X~ of o veetor Tficld X = X 3
ot w¥.c
transform as X~ = AL X',
i - ﬁ -
-850 £ = l — A
A i%@l ! Aﬁasﬁﬁ
and [ = 7&,—)‘;1‘:: (f" +* ("0') " (11"‘1;2) }
‘gt T ot Vg - § & A

So ¢ transforms differently under a gauge transformation
than‘ordinary vectar components. If ¢ is exact then there

exists a local reference system in :hich Q?z 0 .

6.6 Gravitation in Lyra space-time

Sen and Dunn, (9) have formulated a scalar-tensor

theory in the Lyra space-time. For their field equations
Halford, (10), has given a static, spherically symmetric
solution and he, (11), hus also looked at 2 class of Friedmann-
type solutions. However he (12) has pointed out that one

set of field equations is not gauge invariant* and a sub~
sequent examination of Sen and Dunn's derivation shows

more inadequacies. A further unsatisfactory feature of

their theory is that the gauge function appears as a

dynamical variable but one which has not been varied in

the original action principle. Their theory is therefore

*
i.e. invariant under a change of reference system
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short of one equation.

Accordingly a similar model of gravitation is

set up as follows :

Following Sern and Dunn the action for the vacuum

field equations is taken as

-

v b
I, = ,I '-: '-, o l}.‘;..- 5
e = | ’

where K is the curvature scalar of the Lyra space-time
and Eé by construction is invariant under a change of refer-
ence systems. As for the scalar-tcnsor model in Weyl space-
time, a term I is added to I, to give the full action

NG G
for the gravitational field and matter equations, and on

= I;LV,.‘ . (45 SO B4
I‘;'.C = - [g‘f Ol * F U¢ ‘}j‘:”% A°X , (.23

the field equations follow from arbitrary variations of

writing

the metric and vector fields and their derivatives that

vanish on the boundary of the region of integration

o2 7 (=4
== m AL 2 03 . 5
G:LV s __é_ M 2 uﬂc;l r_;v +ﬁ g U!J.U" ( + 2 %3?){“ v) -'f b ""J.V%
o £ B W &“)] 642l
: o ]
B Q P
i3 — [}
g™ Mg Ty @ 625
Also for variations, K , arising from a change of eference
system
or
it 4L g0 5 ' oty
Ty 21 ,,5’:'.;“-31“1’“‘,4. 31“51?‘,-1-63:8!1; y =
& « = o9 Gect
Mt . IR 4 ~1 =
laﬁjlfa+J£;cc& + 9T, =0 6428

‘hore 1@? = 4)“;{3 - 95‘3’“ . 6429
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Using eqe. 6.25 to eliminate 2% from eq. 6,08 , gives

(8 =5, a'\a . { ¢ ;e - + i
0 = T, ¢ 3.0 + 65 0 o o ¢ 4 G21g5, - 68718
2 « « a s 39
.50

and taking the trace of eq. 6. 2 ana comparing with eq. 6.30

gives

6431

This equation is not in general an identity. In fact it

is the same as

e = o . 6432

55

on

Thus for consistency between the field equations ( egs. 6.2k

and 6.25) and the identities ( eqs. 6.27 & 6428) it is
|
sufficient to take as the field equations.

|Op-1 .
i P Q3. 288 ol J 923 2 Q= 9 L&
G!L 52 J-w g p. 'y ¥ b L-;Lv"’u.[ < é = (')(p” ) T %j;)"qﬁ
O=2r /02 « % 28N .
- I_(Jh );Hi"-‘.'”v ol (J.. )] 6.-)@_#
o _ {44 _ ou . & 0=y : 1Q¢ £ 3
Ty = - g - 60 a" + RE - G+ 69 6435

which identieclly sotisf™r cd. G.31,
In analogy with section 6.3 two examples

of gauge invariant matter action can be given.

%
Example 1 For the electromagnetic field
4
IE"; fuv? 'J:{;%dd X o
Example 2 For a neutral test particle of mass m

( with respect to atomic standards )

”

IP‘: ‘jmds s
vherc = vﬂ”ax“dx .

It follows then that the equations of motion of the test
particle are geodesics of the metric gﬂcuv ( e.ge of

1. The second equation is effectively the field equation Sen and

Durp missed out.

2. F‘Nis the simplest 2nd order skew-symmetric tensor on the manifold.
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the fornm of e.g. 6.13 with o replaced by X).

Suppose ¢ is the electronagnetic field potential,
Then in the absence of electronagnetic fields eqs 6,34
and 6.35 beconme

'Q.—Z =
Gy = _L%f) Y " ‘;‘z)yniv* g,y QXM 6.36
e\ 4

which are sinilar in forn to the Brans-Dicke field
equations for w = 0,

By using the action for a test particle given in
Example 2, the action for a pressureless dust model of natter

could be taken as o swmation over the dust particles of terms

T =[md56( x(t)\ydx, 6.38

where the Dirac function is defined in the Lyra manifold as

J £(x) &% (x~y) xtatx = o 6.39

¥Yor this riodel of nmotter it is apparent from the definition
of T \(see eq. 6.23) and the ficld cquotions that the
gravitational constant varices as %‘2. Consequently the field
equations are identical (¢ < %2) to the Brams-Dicke ficld
equations for w = O.

If a reference system is chosen such that %= 1, then
the field equations and the particle cquations of motion are
the same as those in General Relativity., As a result the
predictions for the solar system experinments are the same
as the predictions of General Relativity.

Because ¢a has been identificd with the electromagnetic
field potential an extra term giving the action for the
electromagnetic field should strictly be added to the full
action principle if non-vanishing electromagnetic fields arc to

be considered., The sinplest second order skew-symmetrigtensor
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in the Lyra manifold secns to be, (3)

AR e S W, SR 6.40

Fog ™ % fuv %(¢u¢v ¢v¢u)

and the additional action required is

= = =Uv o4 -4 6.41
= b r . - ot

IEM Jhuv" N-ax d x.

The resulting action principle Sen md Vanstone give as an
exanple of 2 unified ficld theory in the Lyra space-tine.
However, the vacuun ficld cgurtions evea in the § =
gruge contain the electromognetic field potential explicity
and this could be considered a couplicating fenturc.

If one forgeces the traditicn of Gencral Relativity
in using the curvaturc scalar of the space-time rmanifeld
as the Lagrangian for the free "gravitationnl" fields then
the simplest action prineciple involving the three long range

fields and matter, that could bs set up in the Lyra space-

tine 1is

5T = =T 4°F

5T 0, for I T:G ING 6.42
where

4

= s2_ % a efl= =uv 4

T = s - - A

I fo R~z ¢u¢ X Fuv? 1/~gd x 6.43

The variacbles ¢4rumi guvare varied and as before, an oxtra
field equation is obtadired as 2 consequence of the Bianchi
type identities. One finds that the field equations in the
=1 gauge arc identical to Dirac's field equztions in the
o =1 gauge and also that the particle equations of notion
of ¢ach theory in their appropriate gauges are identical.
One concludes then thnt the two theories are physically
equivalent for in their respcective gauges the dynamical
variables ¢f cach theory contain no irrelevant parts and the
physical laws of one theory are identical to those of the
other,

Although Dirac arrives at the predietlcmn of the C and
T symmetry breaking by considering the non-integrability of
length in Weyl space-time he nctes that such a breaking is
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only observable through the equations of nmotion and therefore
the sane symnctry breaking is expected to appear in the

Lyra space-~-time. Finally because length is integrable in
Lyra space-tine the interval, d52 = gv '?c;;'_lxudxv

between two neighbouring events can be identified with

that measured by atomic systems and in contrast to Dirace's
theory there is no need for arbitrary length standards.
However thc gouge of the netric tensor is not dircetly ob-
servable and so following Dirac one supposes that the metrie
appearing in the ; = 1 gauge is not that determined by
atomic systens, This coupletes the statement of cquivalence

between the two theorics.



126

Chaptor Seven

CONCLUSION

The theorics sct up in the Weyl or Lyra space~times provide
an cnswer for the probler: posed in the Introduction. These
theories incorporate = scalar fiecld into the description of
gravitation in 2 manner which is less artificial than as for
exanple in the Brans-Dicke theory. In particular, for Dirac's
thoory in the Weyl space~tine the scalar field was necessary
in order +to cconstruet a sinple field thecry while for the
formulation ¢f Dirace's theory in the Lyra space-time the scalar
ficld has o nore geonetric role,

The riodification involved here of the General Relativistic
view of the space-tine rionifeld is quite substantial and the
obscrvaticn of a variable gravitaticnal constant would certainly
not juztify it. However the nodification appears as 2 natural
generalisaticn because it is cesentizlly based on enlarging
the cumplete o©ovariance group of space-tine theories to include
the confarmal groug.

An immediate conseguence of postulating conformal or gauge
invariance is that the netrie tensor has an extra gauge-lilke
degree of freedom, Thus in local coordinates the interval
between neighbouring covents is no longer a physically measur~
able quuntity,.

FPron the point of view of construction and structure the
nost interesting scalr-tcnsor theory that has been discussed
is Dirac's theory. The main result of Chapter Six is that
this theory can be fomulated with no loss of physics,in
the Lyra space-tine rather than in the Weyl space-tine.
Although the use of one space-time for Dirac's theory
rather than the cther space-time nmust be a matter of con-
venience it scens thot the Weyl formulation could be simpler,

The basic hypothesis of Dirac's thecry is the existence
of two netrics -one referred to in the nmeasurements given by

atonic systems and the other is the metric that appears in
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the eguations of motion. This hypothesis ties in with Chapter
Three when it is thought of a2z a third appreach by which
nassive physical systenms arc allowed to couple with cone
formally invariant grovitational fields.

Dirac's theory has two advantoges in contrast to the
Brans-Dicke or related scalar-tenscr thecries which derive
from the scealar=tenscr ncdel discussed in Chapter Three,
1e The moss-gauge group is trivial (i.c. it contains

only the identity elenment), and
2.. WEP is not violated by nassive physical systens,
Both of thesc propertics arisc fro: Diraec's theory being
identical to Binstein's theory whon the T=1or&=1
gouge is chosen and when ne clectronagnetic rields zre
rrescnt,

An intenticn of this thesis has becen to look at the
scalar-tensor formalisn and an inportant historical :otiwve
for considering these theorics has been Dirae's hypothesis.
Thus the conelusion arrived ot is that if this hypothesis
is to be taken seriously then the appliciticns of confornmal
invorionce in conjunction with the hypothesis mentioned

earlier nezd to be studied further.
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APPENDIX

A note on reference systens

Thesc appear necessary if the cquivalent of a Veyl
structurc is to be defined on the Lyra nanifold, For if
one begins with o set of local coordinatecs on the manifold,

under the transformation
g > g’ =g

the coordinate vector fields <re unchanged and from the
definition (L.1) for the components of the Lyra connection,
? dG arc also unchanged, Using the cxpression (Let)
for thesc components inc finds that a tramformation law
for ¢a is not well-defined unless A is 2 constant. Thus
the conplete covariance group of a gravitaticn theory in
the Lyra space-time is MMG.

An action principle for o sinple field theory is given
by

GJ[ﬁ + L] /:éddx & Dy

However the rusulting theory is of little intervset here
because it could be fornulated equally well in the

Riemonn space-tine,
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