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- hapter One 

I NTRODUCTION 

The problem the writer wishes to consider 

here is essential ly one rela ted to the classical field , 
description of I~a ture. 

The fr am ework o f General Rela tivity provides 

a t heory for th e geometry of t h e f our dimensional space­

time mani fo ld and a t t he same tim e g ives a description of 

t h e gravitatio nal field i n terms o f the metric tensor, 

wh ile t he e lectromagne tic field can be interpr e ted in 

t erms o f a par ticul a r second r ank , skew-symme tric tensor 

-- t he covariant curl of a vector field defined on the 

manifold. However t he sca l a r field, the simplest geo­

me tric object tha t could be def ined on t he manifo ld, does 

not s eem t o be experimenta l ly evi dent wh en it is interpret­

ed a s a third, classic a l lo ng r ange field. I n spite of 

t his l a ck of expe rimental evidence an d as there appears to 

be no theoretic a l ob j ection to the ex i stenc e of such a long 

range field, the problem i s to i nt ro duce the s c a l a r field 

- into th e cla s sical scheme of t h ings a nd t o construct a 

viab le theory c ont a ining a ll three long range fields. 

It is interesting to compare the physical 

descriptions involved with these fields. Both the gravi­

tationa l and the electromagnetic fields have gauge-like 

degre es of freedom a nd before a situation could be physic­

ally relevant these degrees of fre e dom must be fixed -

for the g7avitational field by imposing coordinate condi- · 

tions while for the electromagnetic field, after co9rdin­

ate ·conditions have been imposed t h e gauge of the field 

potential must be chosen . As a consequence of these 

gauge freedoms, ih order that the fields couple consist­

ently with matter sources, th_e energy momentum tensor of 

the souree must be covariantly conserved and the electro-
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magnetic current dens it y of t he source must be c o nserved. 

The scalar fi eld on t he othe r hand has no gauge-lik e 

degr ee o f fr ~edom and c onsequently has no c onserved 

11 charge" as a source. Thus fo r examp l e , i n contrast to 

the other two fields, no c ons trai n ts exist by whi ch the 

scalar field c ould be separated i n t o a sour c e 11 bound" 

part and a free " wav e 11 part. 

In rec en t y ears the pr ob lem of i ncorporating 

t he sca lar field i n to the description of gravitat i on has 

led t o the investigation of a spec i a l class of gr avi ta­

tion the ories -- the scala r-t ensor gravitation the ories. 

Wit h the previously mentioned pr ob l em in 

mi nd , the goa ls o f this th esis are 

( i ) t o review work that has been done on 

these theori es and 

(ii) t o discuss them i n a way t ha t compares 

them t o t he the ory of gr a vitation g iven 

i n Gener al Relativity. 

Chapter Two bas ically gives an historical ba ck­

ground and introduces mor e speci fic mo tives for co ns idering 

the scalar f i e ld as a fundamental phys ica l fieldo 

Chapter Three co nsider s th e i mportan t class 

of scalar-tensor gravitation t heories based on a Riemann 

space-time and Chapt er Four continues this t he me by looking 

at the "most developed" and perhaps simp l est member - the 

Brans-Dicke t heory. 

For c omplet eness the 11 massive Brans-Dicke" 

theories and some special scalar-tensor theories are looked 

at briefly in Chapter Five. 

Chapter Six retnrns to th e scalar-tensor model 

of gravitation developed in Chapter Three and looks at the 

implications for the model in more general space-times. 
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Chapter Two 

BACKGROUND 

The elec tr omagnetic en d gravi t a tional fields 

were described in t he introduction aG classical long r ange 

field s . These fields are r esponsible for forces that 

fal l off i nversely proportional t o the sq uare of the dis ­

tance apart of the intera c ting bodies (sources) ; in 

contras t to short r ange forc es which show an exponential 

hehaviour. Einstein (19 16) ( 1 ) , a ttrib u ted to t he space-

time manifold a Riemann :::: tructure ,nd gave "mea ning" t o the 

gr a vitational field in termP. of curvature through h i s ~ravi­

t a tional f i e ld ~qu~t io~n 

G­µv , 

wher e G i s Newton ' s gra vit a tio~~ l constant . 

The notation es t abl i shed here is used in mos t 

sections. Units of length and time ar& c hosen such t hat 

c 5 1, a lthough with this understanding some formulae may-still 

c ontai-n c • Greek indices r ange over the VD.lue-s 

lo 11 :1 • 3 } , the coordinates xJ and xi., (t - 1 2 3 ) > , - ' , , , 

a r e assumed time-like and space-like r espectively and the 

signature of the spac e -time me tric, g !'.\/ is _ + + + 
The Ri emann and Ric c i t ensors have the res p ecti~e forms 

The close relation between the Riemann curvature 

tensor and gravitational effec ts is further illustra ted, 

for example, in t he equations of ge odesic devia tion, (2) 

= , 2.2 
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de fi n e t he p at h s o f a D 

pair o f Drii ghb o uri 11g , fr e ely f a lli ng particles an d. I),r 

deno t e s t he abs o lut e der i va t ive a long t he cur ve xa(T). 

A fr ee ly f a l ling parti c l e i s a t r e st i n a c o or d i na te 

fr ame f a l l i ng wit h it, wher eas a pa ir of ne i ghbouring 

fr e ely f a lli ng particle s will s ho w a r e l a tive ac celera-

tion given b y eq . 2 .2. Tc a n ob server tra v elling wit h 

t he fr ame t h i s mo ti on will i n di ca te t he pr esenc e of a 

gr a vita ti ona l fi e lio 

Th e e l e ctromagn e t i c fi e ld on t he o t her hand , 

a ppear s i n t h i s p i c tur e as a fi e l d " embe dded" i n spac e-time , 

the ge ome try o f whi c h i s d e t e r mi ne d by g r avit a ti on. A 

r e s o l utio n of t his diffe rence i n the r o l e s of t he t wo 

l ong r a nge fi e l ds wa s pr o p osed by We y l (1 918) , ( 3 , 4 ) . 

Ho we v ,,r, a l ong wit h _, ther e t temp t s a t unif ica tio n it wa s 

g enera lly co nsi der e d t u be p hys i c a lly uns atisfa cto r y , a nd 

s o exc ep t f o r s ome sp ec i a l r e f e r e n c es , t he e l e c tr oma g -

net i c f i e l d i s i nc l ud ed i n t he s o ur c e side ( i oe o the 

r i g h t ha nd si d e o f e q . 2 . 1 ) o f Ei ns t e i n ' s f i e l d equa -

ti o n s or o f these e qua ti o ns i n a ny subseque ntly modified 

for mo 

Ba sic t o Weyl' s appr oac h wa s a g en e r a li sati on 

o f Ri ema n n s pa c e-time - th e \Je yl s pa ce-time , fo r s h ort. 

Th i s s pac e-time has b e e n revived quite recently by s om e 

a uthors ( e . g . Ros s, Lor d , and 0-mote, (5, 6, 7) ) a s a 

framework f or sca l a r-t ensor gr a vita tion t he ories a nd for 

t h is rea son it de serve s a few comments a bout its hi s tori­

c a l ori g ins , i n addition to the tr ea tment giv e n in Chapt­

er Sixo 

Curva t u r e in Ri ema nn space-time c a n b e relat e d 

t o the idea o f t he par a llel displa cement o f a v e ctor - the 

transport o f a v ector by par a lle l d i spl a cemen t around a 

closed curve r e sul ting in the fina l direction of the 

vector being d iffer ent fro m it s i n i t i a l dir e ction . Weyl 

s u pp osed that the .transported v ector has a differ e nt 

length as well as a diff e ren t dir e ction and s o for Weyl 
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space-time, unless t wo points a re infinitesma lly close 

toge ther lengths a t t hese po int s can only be compared 

with respect t o a path j o i ning t hem . b ,' ~a use a deter -

mination of length a t one point leads to only a fir s t 

order approxima tion to a det ermina tion of l eng t h a t 

nei ghbouring points one must set up , a r b itra r ily , a 

standar d of length a t each poin t an d with lengths r e ­

ferre d to t his loc a l st a nda rd a definite number c an be 

g iven for t he length of a vector a t a point . If a 

vector which has leng th,J,a t a point with coordinates xc' 

is par a lle lly d ispla ced to th e po int with coor dina tes 

xa .,_ <Sr ''. then its change_ o f lengt h \v ey l gave t c be 

61 ::: = 

where r; a r e t he . l..l componen t s of u v ector fiel d . 

For par al l e l d i sp l a cement a round a sma ll 

closed curve t he totc:..l change of length of the trans ported 

vector tur ns ou t to be 

' 
2 .1+ 

where &d~ describes t h e element of a r e a enclosed by the 

curve , and 

Weyl set tJ . 11 
A a nd so f,,, 

ll I""'' 

field tensor, 

f ~ 
!-'A 

r\ 
·, 11 '\ 

I , ,, 

p roportiona l to thE elect romagnetic potentia l 

is made proportiona l to the e l ectromagnetic 

~~ Thus the electromagnetic potentia l 

determines by eq. 2.3 the b ehaviour of length on parallel 

displa cement a nd the electric and magnetic fields find ex­

pression in the derived tensor, f!Jj\ . This tens or can be 

shown to be independent of the initia l choice of length 

standa rd, whic h is a necessa ry condition if it is to be 

physically me a ningful. 

A difficulty of the t heory wa s an appar ent con­

flict between eq . 2. 3 an d the interpretati on given 

above, with the idea that a tomic standards of length a nd 
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time appear abso lut e and i ndependen t o f spac e -tim e 
::, 

position . If t h e c oeffici ent of pr oporti ona l i t y b e twe e n 
2C 

(; an d A is a ssumed r eal and put equal t o~0 ( 
· µ ll 

e i s 

t he charge o f an e l ect ron and C i s d i mbns i on l ess ) then a 

r e c en t e x perimen t, (8) , plac es an upper bou nd o n C of 

10-47• Such a fi g ur e , howe v er, does no t exc lude the 

g eome tric i n t e r pr e t at i on of t he e l e ctromagnetic f ield in 

terms o f t he Weyl space-time if, for examp l e , Wcy l 1 s 

ori g i na l i dea of e qu i va l ent initial leng t h s t andards is 

rnod i f i e d t o g iv e speci~l s t atus t o a t om ic standar ds . 

Aside f r om i n tr oduc i nG t he Weyl space-time 

the se c ommen t s emphas iz e a f ea t ur e of lengt h s t anda rds 

i n Ri emann spac e -time , wher e. o nce t hey a r e defi ne d i n 

t e r ms of a tomi c s t andar ds a t a po i nt , par a lle l dis­

p l a c eme nt a l lows the comparison of l engths taken a t 

s e par a ted po i n t s . Without ge t t i ng inv olved i n pr ob-

l ems of measur ement we shall j us t assume tha t on t h is 

basis, t he physi cal descr ipti ons of a t omi c syst ems a r e 

i nd epende nt o f spac e -time pos i t i on a nd tha t b y us ing 

t he se s ys t ems t he spac e-time i n t e rva l measure d b e tween 

neighb our i ng e v ent s i s given b y 

- !.l. V 
~ -l VdX" c1.x j = 

wher e gµv i s ident i f i ed with the gr a vita ti o na l field 

va riabl e appearing in eq . 2 .1. 

With t his bri ef and r a t he r ind i r ect look a t 

s ome o f t he ideas i nv o l ved in the Riemann spa c e-time we 

r e tur n t o look at Einstein 's fi e ld equations and h is 

descri pt ion o f gr avi t a t ion i n order to pr ovide a back­

gr ound b e f or e int r oduc i ng t h e sca l ar fie ld. 

Because t he dynam i ca l va ri ab le o f the 

gr a vi ta ti ona l f i e l d in G~neral Re l ativity is t he rne tric 

t en~or, it p l a y s a n i mpor t ant geome try-d e t e r mi ning r ole 

i n spa c e -time and the fie l d equat i uns can be underst ood 

to coup l e the g~ometr y of space-time t o ma tt er. Th us 

t he only phys ical c onst r a int i mposed by these eq ua ti o ns 

,:, so \ !ndei1 :?:,,,1' .:'.llel lli ::J ~1J.::i.concnt e, vect or ne. i lYCG.ilIB 
, r"'l\1",,,.-1.,~ .,.;~·~'1 ,..,o~·IV-li n --?· ·1·n r+:ru·1i("'! c:: --:::--Y'lr1;":'1"''1~-

1• -~- ro . .,.., 
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on t he nature of ma tt er is tha t its energy-r.1omentum 

t ensor has zero d iv e r genc e . 

I mplicit i n dll of the discuss ion so f a r has 

been the division between the gravi t at i ona l field and 

matter. In his d iscuss i on of t he a ction pri nc i p l e 

f ormula tion o f h i s field equations , Ei ns tei n (9 ), stated 

an assumpti on t o ensur e t hat t h i s d i st i nction carr ied 

over t o the a ction principle -- t ha t is, the Lagrangian 

dens it y c oul d be divided into two part s , one of which 

ref ers t o t he gravitat ional fi eld and con t a i ns on ly the 

metric tenso r and its deriv&tives o The appr opri r1 t e 

density f o r this part is t he Ri emann sca lar den • ity an d 

apart fr om a c o smological t erm the r esulting ac t ion for 

th0 free g ravitatio nal field i s unique in givi nc field 

equati ons whi ch a r e linear i n the second derivatives of 

th~ metric and which in the wea k-fi eld limit g ive the 

New t onian cas e . 

I n sp ite of t hi s suc c ess i n g iving emp ty 

spac e-time field equat i ons tha t a re uni que modulo a 

cosmo l ogica l t erm, the a cti on pr i ncip l e without further 

assumptions,does no t offer much i nsigh t i nto the nat ur e 

o f t he ener gy- momen t um tensor. So the a ction principle 

r ema ins an important method f o r constructing fi e ld equa ­

tions . 

I n order t o ma ke pr ogress l a ter on , much use 

is made o f the Princi12l e o f Mir, i ma l Cou12line;, ( 0 . g . 10 

which And erso n notes is not an essential part o f Gener a l 
) ' 

RE:lativity. If a materi a l system is considered in Spec-

i a l Relativity as a set, X o f matt er field s th-:m H:; t~l::!r-

Lagrang e equati ons o f motion , i n some inertia l frame, will 

follow fr om an a cti on principle 

r ~ 6j ~ ,rd' x = o , 

f or suitable va riations o f the va ria bles X • The 
r 

action ( 6) lyd4 x ) will depend 

a nd with Tl ·v repla ced by g 
1-L llV 

on the Lor entz metric, "\.l.Y , 
this action when added to 
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the fre e gravitationJfield a ction gives the requ ired 
. 1 

actio~ for t he gravit a ti o na l and matt er field equations. 

denote s the matter or nongr a.v ita tiona l part of 

the full Lagr angian density ( i.e. wit h the pri nciple 

assumed , £., NG is the mi nimally coupled ½vi: ) then 

the energy-momentum t ensor of t he ma teri a l system is de­

fin e d in terms of the system ' s :1rc.sp s nse 11 t o the me tric 

field by 

J t 
iJlo \ rt;. ' _g,,y . 
\ oxix ) 

+ • • • 2 .8 

This definition still holds with out appea l to the 

Pri nci p l e o f Mi nima l Coupling but i n t h is casn the connec­

ti on describ ed b e twe en / , HG a nd LU[ c ould no t be supposed 

t o ho ld. 

An a spect of t he field e quations no t e d here 

then, is tha t the nature o f the energy -momen t um tensor is 

det er mi ned by crit eria outside of Genera l Rela tivity. To 

work within the f ram ework o f Gene r a l Rela tivity lea ds to 

a~ extrem e posit io n su ch a s suggest ed by Mc Cr ea (11), 

that t he Ei nstein tensor i s t o be i nterpreted or identified 

as an ener gy - momentum tensor a nd the central ques tion is 

then which g eometric constra ints imposed by the field 

equations are phys ica lly meaning ful . This r ather forma l 

approa ch ha s be e n developed a little by Harrison , (12) , 

in a way, to suggest tha t scalar-tensor gravitation theories 

are in f a ct deriva tive from Einstein's t heory by s uita ble 

interpretations of the energy- momentum tensor. However 

this view is a bit unort hodox and we shall r e turn to it 

later. 

It was mentioned in the introduction that the 

gravitational field, as described by Einstein1 has a gauge-

like degree of freedom. This of course corresponds to 

1 t h is minimalcoupling prescription is som e times, when needed , 

supplemented with the rule that :-

partial d t:ri vati ves - • covariant derivatives. 

\ 



the coordi nat e tra nsfor ma ti ons of the metric t ensor and 

one c a n a lways intr oduce a t a poin t a loca l c oordinate 

s yst em, sometime s c ha r a cterised a s a loca lly fr ee ly 

f a lling sys t em , i n which f e r a s u fficiently small 

neighbourhood o f the po i n t the metric is the Lorent z 

metrico By d e scribi ng phys ics i n t h is neighbo urho od 

i n t erms o f such a c oordinate syst em t he effects of the 

gra vitationa l field a re trans f or med away . Ess entia lly 

it i s t his fe a ture of Gene r a l Re l a tivity - tha t g r a vita ­

tional or cosmo log ic a l effects c a n be mad e t o vanish in 

the sma ll, whi c h ha s been questi one d and l e d to the 

scalar-t ensor gr a vita ti on theor i es . 

In 1937 Dir a c , (1 3) , ( an d 1938 ( 14 ) ) , 

suggested tha t an expand i ng mode l o f th8 Un i v&r se no t 

on l y provided a c osmic time scale but a lso a llowed t he 

~ossibil i t y t ha t t he g r a vita tional c onsta~t ma y vary with 

this time . 

t o a unit of 

one ob t a i ns a 

Ey t a ki ng t he r a ti u o f t he age of t h e Univer se 
, e• h 

time fixed by a tomic cons t ants \ e . c; . DO B or n ca ) 
40 numbe r , t, of t he or der 10 , an d by t ak-

i ng t he r a ti o of t he gr a vita t iona l f orc e to the e l ec tric 

forc e between t ypic a lly cha r ged - particles one obtair.s a 
r~n2 -40 dimensionl e ss exp r e ss io n , · --;2 , of th e order 10 • 

So fo r t his ep och 

~ 

and wi t h m and o s upposed c ons t an t t his r e l a ti on becomes 

G 
' whi c h Dira c's hjpothesis implied, held for a ll epochs . 

In mor e gener a l t er ms Dira c's hypo t hesis, (14) , sta t e d 

that " any two of t h e v ery l a rge dimensicnless numbers 

occurring in Nature a r e connect e d by a simple ma t h ematica l 

relati on in which t he coefficients a r e of the order o f 

magnitude u nity" and as a consequen ce if a number va ries 

with epoch then o ther dimensionless numbers may be re­

quired to vary wit h epoch in order t o keep the relations 

between themo 
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A fe a ture o f the cosmology which Dira c was 

led to, is tha t fundamenta l significa nc e need no t be 

g iven t o t h ese numb ers. For exa mple, fr om e q. 2. 9, the 

ratio of gra vita tion ~l to electric f orces is s ma ll beca use 

the Univers e is old . Alt ho u gh Dira c 1 s c osmology could 

a l most be ruled out by presen t o b s erva ti ons , t h e idea re­

ma ins t ha t funda ment a l c onst a nts and in pa rtic u l a r, the 

gr a vit a tionQl c onstan t, ma y n o t i n f a ct be co nsta nt . 

Som e observa ble effect s o f a va ria ble gra vit a ti ona l con­

stan t ha ve b e e n discussed by Jordan, ( 15) , an d by Dicke , 

(16) , but bec a use these effects a re geophysic a l or cos­

mologic a l, t h e systems i nvolv e d a re c omplex a n d t h e 

num eric a l da t a a va ila ble i s i nsuffici en t a s ev i dence f or 

va ri a ti o n o f t he gr a vit a ti o na l con sta n t. Recen t results 

by Shapiro , ( 17 ) , u s i ng p l a neta ry r a da r syst ems , a n d 

a t omic clocks put a n experimen t a l limit on t h e fr a cti o na l 

time va ria tion of t he gra vit a t i o na l c o ns t a nt a s 4 x 1• -10 / yea r 

u n d s o t h e ide~ o f a va ri a b ]e gr a vit a tiona l c ons t ant i s s till 

a c on j e ctur e whi c h ha s no t b ~en e s t a blished by dir ect ob ­

s e rva ti on . 

Ei nst e in' s equatio ns app ear a t pr e sen t to 

describ e loca l gra vita ti o na l effects quite a d equa tely a nd 

one c ould ex p ect these e qua tions to h old for t he Univ erse 

n s a wh ole . But , sinc e t he equa ti ons require t h e gr a vi-

t a ti on a l c onsta nt, when mea sur e d in units defi ned by atomic 

sta ndards , to be consta nt they ne ed to be modifi e d if Dira c's 

hypo thesis is a ssumed t o b e va lid. A simple wa y to intro-

duce a va riable gra vit a tio na l c onsta nt into the fi e ld 

e qua tions is to ma k e t h e gra vita ti o na l consta nt a n e w l oc a l 

sca lar field va riable d ependi ng on position in s p a ce-time . 

Historica lly ; Jordan (1948) was the first to use 

this approach to incorporate a va riabl8 gravitationa l constant 

in a field theory of gra vitat i on . He originally used the 

five-dimensional r epresenta tion of General Relativity de­

veloped by KaJuza (1921) and Klein (1926) and later (1955\(\~)) 
he and others dev e loped the theory as a four-dim ensional 
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scalar-tensor formalism. These earlier references to 

Jordan 's theory are given more completely by Pauli, 

(19) , and a comprehens ive review of Jordan ' s t heor y is 

given in an article by Brill , (20) . The most widely 

known theory o f gravitation which i ncludes a va riable 

gravitational constant is the Brans-Dicke theory (1961) 

wh ic h is form a lly, very closely r elated t 0 Jordan's 

t heory. From 1961 onwards, t he existence of such a 

long-range sca l a r field seemed feasible ( but perha ps 

experimenta lly doubtful) and i n t h e writer's opinion 

the most interesting developments to c ome fr om t he Brans ­

Dicke theory rela te to the problem of c o nstructing 

dynamica l l aws inv olving the gravitatio nal f ield va ri ab le, 

the sca l a r fi e ld va riab l e a nd matter field va riables . 

Fina lly, one notes t ha t, t o i ntroduce t Le sco l a r field 

as n l ong r ange cosmolo gical field f or t he purpose of 

ob t a ining a va ri ab l e gravitational c ons t ant is by no 

means tho only way of gi ving express ion t o Dira c's 

hypo t hes is. 

In a pattern similar to that described above , 

o ther aut hors have postulated a scala r field and intro­

duced scalar field terms int o Einstein's field equa tions 

in order to deduce fro m these equa tions preferable models 

of the Universe . Hoyle's equations ( 1948) (21) implied 

that ma tter was not conserved and ga ve a steady- state 

model o f the Universe . Here the scalar field wa s rela ted 

to the crea ti on of matter, in contrast to the sca lar fi e ld 

postula ted by Rosen (1969) (22) which had no i n teraction 

with ma tt er. Rosen 's equations gave an oscilln ting model 

of the Universe,. 

The Machian idea o f a conn e ct ion between local 

physical laws and properties of the Universe as a whole 

has already been partly met , wi th Dirac's hypothesis. In 

an effort to explain inertia , the Brans- Dicke theory was 

based more on Mach's Principle than on Dirac's hypothesis. 

Some further references to these ideas are given in 

Chapter Four while passin~ men tion is made here to Caloi 
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and Firmani's (1970) (23) mod i f i ed Brans-Dicke theory in 

whi c h r ad iation is given a more Mach i an property in de­

termini ng a lone with matter , th e inertia of a body. 

Howeve r t hei r theory is re s tri ctive an d applies only to 

a hom ogeneous , iEftropic spa ce-time in which the matter 

content can be represented a s a perfec t fluid. Gursey 's 

(24) t heory is Machian motivated in a different kind of 

way and t his theory is discussed in Chapter Five . 

It is apparent that the sca l a r field 

has been intro duced into the Genera l Relat ivistic frame­

work to incorpora te many quite different physical 

features which have been t hough t desirable a nd found not 

to follow from the usual interpreta tions of Einstein 's 

field equat ions~ The fi e ld e qua tions of the scalar-

t ens or g r a vita tion t heories tha t have been devised, poss­

ess cosmological solutions describi ng a va riety of models 

of the Universe . So with these r a ther gener a l comments 

summarizing ( and substituting for) what could ha ve been a 

leng thy look a t the indivi dua l theories, the relation be­

t ween t he scalar-tensor a nd Einstein 's descriptions of 

gravitation is t aken up with refer e nce to Harrison's 

papers (12 , 25). 

Harri son , (12) , states that the scala r­

tensor f ield equations "constitute in f&ct a limit ed and 

particular class of equations tha t derive from General 

Relativity and a re of lesser gener ali ty". He arrives 

at t his view after showing that the forms of the action 

principles of different scalar-tensor theories can be 

transformed into each other and into the form of the 

a ction principle for General Relativity, by r ecalibr a tions 

( i.e. conformal or scaling transfor ma tions ) of the field 

variables. Thus1 together wit h the observation n oted 

earlier that the physical nature of the energy-momentum 

t ensor lies outside of the scope of the theory of General 

Relativity1 a sca l a r-tens or gravitation theory seems to 

be, (25), "a specialised application of the theory of 

General Relativity" . In t h is way the scalar-tensor and 
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Eins tein' s theories of gravit a tion d o not have the same 

sta tus a s gr avita tio n t heori es . Gener a l Relativity be -

comes in a sense a generic t heory where one works in a 

Riemann space-time and pos t u l a t es field e quations based 

on a ssumptions abou t t h e content of the energy-mom e ntum 

tensor in Eins tein's fiel d equations . A class ic example 

of t h is procedur e is g iv en by McCr ea ( 1951), ( 26) , who 

found t ha t Hoyle's re sult s (1948) could be derived from 

Einstei n ' s field equa tions if negat ive stress was a llowed 

in the energy-momentum t ensor of the Un iv erse. Anoth er 

ex amp le i s im plied by r emarks of Dira c ( 1938) tha t, assum­

ing t h e gra vit a tiona l cons t an t wa s variab le with respect 

to a tomic s t andards of measurement, Ei ns tei n ' s equations 

should hold for unit s which ~ary appro pr i ate ly with r espec t 

to t he a tomic standards. 

Perhaps t his view emphasizes the ge o­

me triza tion of gra vitation ach i eved by General Relativi t y 

and t he specia l i mportance p l a ced on the i nt erpr e t a tion of 

the Eins t e i n tens or. 

In contras t, t he ass umption of the follow­

ing cha p ter s is that one wants t he scalar field to be an 

i nt egra l part of t he description of gr a vita tion for the 

purpose of g iving p osi tio n dependence to the gr avita tional 

cons t ant, inertia l mass or jus t to offer new models of the 

Universe a nd therefor e t h e scalar-tensor and Einstein's 

theories of gravit a tion a r e to be on e qual footing as 

gr a vit a tio n th eories. 
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Chapter Three 

Having introduced some of t he mo tiva tio n 

tha t has been given for i nclud i ng a scala r field in the 

description of g r a vit a tion, the natura l procedure i s to 

obta in a n appropr i a te sca l a r-ten sor gr a vit a tio n theory a s 

a modific a tion of Genera l Re l ativity. The basic equa tions 

of thi s "new" theory would gener a lly follow from an a ction 

principle and s o t he r e levan t c l ass of gravitat io n t h eories 

to whic h th e "new11 t h eor y would be long , would be t he c l as s 

of Lagr ang i an - based sca l a r-ten s or gr a vita tio n theor i es . 

Be for e looking at this cla s s of t heories in 

more de t a il it i s convenient to f ir st establish some de ­

f i nitions and concept s by look i ng a t some gener a l pr operties 

of a b ro a der clas s of phys ica l theori es and then spec i a li s -

ing t o t h e class of gravit a ti on t h eorieso For t h is pur-

pose some of t h e defi niti ons a nd concep t s g iv en by Ander s on 

(1), Tr au t man (2) a nd d eveloped by Thorn e , Lee and Lightma n 

(3) a r e summarised under t he headings 

3.1 Spa ce-time t h eories 

3.2 Gr a vita tion theories 

3.1 Space-time theori e s 

The basic element of t hese t heories is the 

four dimensiona l space-time manifold which a ssumes that 

physica l events can in some way, be a ssocia ted with a 

continuum of points and tha t the points "fit together" 

sufficiently smoothly to form a four dimensional 

differentiable manifold, M. 

The manifold mapping group (MMG ) (3) is the 

group of diffeomorphisms of the space-time manifold onto itself. 

For a diffeomorphism, A , an initial coordinate system 



15 

a 
~ (P) trans forms to a new coordinate sys tem g iven by 

I 

cu(....,' ~( -1 ) 
X J.:) = X /\. p , P E M 

A geometric ob j e ct ( field) (2) is a correspond ence 

which assoc iat es wi t h every point F E Mand every system 
f X".a 2 of loc a l coord ina tes t 5 a r ound P a set o f N r ea l 

numbers ( the componen ts of t he geometric obj~c t ) to~ether 

( 
I I I ) 

with a rule which de t ermine s y 1_.,y2_ , •• , yF e:ivon by-

y : 
f Q'./ ) ( / / / ) 

( P.,i x· 1) • Y1 ;, Y2,,•••, Y:T 

i n t erm.s of ( Yv Y2, •••, Yp ) a nd the- values at P of t he 

functions :.:,nd t lteir par t i al derivat i ves which r e l ate t he 
I 

f .,,a l r a, 1 
c oordina te s yatGms l~ and tX >• 

A s pa ce-time theory then , (3) , is a theory t ha t 

possesses a mathematical r epr esent a tion cons truct ed from 

a four d im ensiona l spa c 0-time man ifold and from geome tric 

ob jects def i ned on that man i fo l d . Tho geome tric objeets 

of a particula r represen t at ion a re called its varinb les 

and t he equa ti ons which t he va riab l es mus t sat i s fy a re 

cal l ed t he phy s ic a l l aws of t he represent a ti on . 

A kinema tic a lly pos sible tra j ectory ( kpt ) ( 1, 3) 
of a particular r epr e s ent a tion of a space-time theory is 

a ny se t o f va lues for the com~onents of a ll t he va ria bles 

in any coordinate sys temo 

A dynamic a lly possible tra jectory ( dp t ) (3) is 

a ny kpt tha t satisfies all th e physical l aws of the re­

presenta tion. 

A covariance group of a repre s ent a tion (3) is a 

group G •.:hioh ( i) map s kp t of -c~ie re~.:."G~cn~c.:cion i n ~o kp ~ 

(ii) maps dpt into dpt 
. 

and for which dist~ct group elements produce distinct 

mappings of the kpto 
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An int er na l covariance group is a c ova rianc e 

gr oup tha t i nvo lves no d if feomo r ph i sms of the spac e-time 

on t o it se lf, i n contras t t o a n ext ernal cova ria nce gr oup 

wh ic h i s a co va riance gr oup a nd a l so A subgr oup o f MMG. 

The c omple t e covarian c e gr oup i s t he l a r ges t c ova ri a n c e 

gr o up o f t h e repr ese nt a ti o n a n d r e ferri ng to ( 3) t he 

e ff ect of a particula r group e leme nt G is char a ct eris e d 

as f ollows : 

Suppose G cons i s t s o f a dif feomo r phi s m hand 

an i n t erna l t r a nsformation Hand wr it e 

G = ( h , H ) , 

wher e i t i s under s t ood t ha t if G i s &n e x ter na l tra n s f or ma ­

t i on , His the i dentity transfor mat i on , and i f G is an in­

t e r na l tr a nsfor mati on t hen h i s t he i dent i ty mapp i ng . 

I f y is a g eom e tr ic object ( eq . 3 . 2 , 3-3) 

a nd ~ comron e n t i s wr it ten i n func t iona l no t a ti on a s 

, 
t hen t he se t of f unc tions 

de fines a kp t. Under h t h i s k p t maps i nto 

3. 5 

I 
rxa wh ere l i s de fin ed by eq. 3 .1 and under H, y~ trans -

f orms int o a new g e ome tric ob j ect 

I 
y Uy 

The n et e f fe ct o f G on t h e kp t ( eq . 3.6) is 
I 

G: YA (P, fxal) f•. y' "/P, f x a J) • 

The "c hange s in y'' which 
I 

6 yA (P, lxa J) 

cha r a ct erise Gar e de£ine d by 
I cl' 

= y A' (P, lx(X l}-yll. (h- 1P, {x J) 
I 

= y' Al evaluated at x a• (P) 

Y.\ I c·.r2.J.u.ated at xa 
a' 

= x (P) 
H 

3 .8 

• 
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I 

I f 5yA(P,fxa l) = a t a ll P a nd for a ll 3 .1 0 

coor d i na te syst ems then G i s c a lled a symmetry 

tra nsformation o f the geometric ob ject , y , a nd t he set 

of a ll suc h e lements G fo r ~ the symmetry group of t h is 

object. 

If a spa ce-time t he ory ha s a repre sent a tion 

for which MMG is a c ova rianc e g r oup t he n t he va riab les of 

this r epr esent a tion c a n be cla ssified according to thr ee 

type s - conf i n0d , a bsolute and dyna mic a l . 

The co n fin e d ve ri a bles (3) a r e t hos e that do 

not c onstit ute t h e bas is of a f a ithful r ea liza tion of Mr,,ro 

e . g . universa l constan t s . 

An u nconfine d variab l e , B , i s t E: rrn t:;d an 

a bsolute or a dy namica l var i a b l e by t he f ollow i ng t es t (3) 

( i) Choose an arbi tra ry dp t and l e t BA(xa) 

be the funct i ons which describ e t he 

components of B f or t his dp t . 

(i i) Define t he equivalLno ~ c l ass o f a dp t 

(iii) 

as the se t of dp t wh ic h map i n to the 

g iv en dpt for some clement of the com ­

p l e te covariance group of the re pr esent a ­

tion • 

C heck t o see if the same functions B (xa)· · · 
A 

appear in ea ch equiva lence class . If 

they do for every equiva lence cla ss and 

for e v e ry c ho ic e of the a rbitrary i nitial 

dpt then Bis an a bsolute va riable. If 

they do not f or s ome particula r choice 

of the i n i t i a l dpt and for some particular 

equiva lence class then B is a dy namical 

va riable 

Also for this representa tion a set of variables 

is called irrelevant, (3) , if (i) its va riables a re not 
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coupled by the physical l aws to the r emaining 

var i ab les of th0 represent a tioil a nd (ii) its variables 

can be e limina ted fr om th e representation without a lter­

ing the structur e of the eq uivalence classes of dpt and 

without destroying the covariance of the represent a tion 

under MMG . 

Fina lly, for a represcnt n tion of a given 

spa c e-time theory the phys ic u l laws c a n be classified 

i nto four sets (3) 

( i) 

( ii) 

boundnry conditions the se l a ws 

whic h i nvo l ve on l y con fined va riables 

prior geometr ic co nstrn i nts those 

l a ws which involve absolute ( a nd 

p erhap s confined) va ri a bles , but 

not dyna mica l va r i ables 

(iii) decomposition equa tions those 

and (iv) 

As examples 

which express a dyna mica l va ri ab le 

a l g ebra ically in terms o f other 

variables 

dynamical l aws 

l aws• 

a ll other physical 

If the electromagnetic gauge gr oup is ignored; 

the complete covar i anc e group of General Re l a tivity is 

MMG a nd a ll the unco nf ined v aria bles are dynamical and 

contain no abso lut e parts. On the other hand, for 

Jordan's t heory the complet e covar ianc e group is the 

direct product of MMG with the conforma l group a nd be­

cause of this int ernal covariance group th e dynamical 

variables .,_, metric and sea ] o..r contain irrele van t parts. 
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3 . 2 Gr a vitat ion Theor ies 

Sc a lo.r-t ensor gr a vitat ion theories belong to 

the gener a l class of space-time theories and , as in Gene r a l 

Re l ativity , they seek to comb ine gra vita tiona l and non­

gr a vita ti ona l l a ws by means o f an equiva lence principle. 

Thus gravita tion is described by a set of gr a vitational 

fields i ncluding t he me tric t ensor, gµv , and it is required 

t ha t in t he loc a l Lor e ntz frame of ~ a ll non - gr a vitationa l oµ v 
l aws g o over to t he ir standar d specia l re l at ivistic forms . 

Some of t he id eas i nvo lv ed here have been ma de 

mor e p recise in a found a ti on ana lysis of gr a vit a tion theories 

g iven by Tho r ne , Le e an d Li gh t rnan , (3 ). They d i st inguish 

be t ween gr a vit a tional and non- gr a vita tiona l phenomena by 

r ega r d i ng gr a vita ti onu l phenomena a s ei ther prior geomet ric 

e ffect s or e ffects gener a t ed by mass - ener gy a nd t hey fur t her 

cla ri fy this by introduci ng the concept of a loca l test-ex 

periment. For the purp ose of formulat i ng the equi va l ence 

pri nc i ples , the essen tia l f ea tur es o f suc h an ex per i men t 

a r e t ha t 

( i) 

(ii) 

it i s perform ed anywhere in space-time 

it is perfor med wit h freely - f a lling 

appar a tus 

a nd (iii) it is performed over a region of 

s pace-tim e , suffic iently small for 

the inhomogeneities i n a ll external 

fields to be irr elevant. 

A specia l kind of loca l test experiment is the 

loca l, non- gravitational , test exp erimen t (3) which is perform­

ed in a region of space-time with a nearly uniform gravita­

tiona l potenti a l t hr oughout it, a s c a lcula ted using Newton's 

theory, and which if repeat ed with successively sma ller 

mass - energies in t h e r egion, that leave the chara cteristics 

of t he various parts - e. g . cha rge, angular momentu etc. -

uncha nged, g iv~ an experiment a l r esult which does not 

change. 
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Dicke's Weak Equivalence Principle ( WEP ) ( 3, 4) 

states that if a test particle is plac ed a t an initia l 

e vent i n space-time and is g iven an i nitia l v e locity t he r e , 

then its s ubse quent world line will be ind ependent o f its 

interna l structure a nd composition. Following (3) a test 

particle is t a k en to be an uncha rged body wit h sufficiently 

small " self-gr a vita ti ona l ener gy" a s c a lculated by Newt on I s 

theory and with sufficiently sma ll size t o guarantee that 

any test of WEP is a loc a l, non-gr a vita tiona l test experime nt . 

Given t ha t WEP is va li d , the world li nes of te s t particles 

a r e a preferr ed f amily of curves in spa c e-time - with a 

un ique curve in a g iven directi on t hr ough each g iven eve n t. 

tha t 

Eins t e i n Equ iva lence Principle ( 1EP ), (3) stutes 

(i) 

and (ii) 

i✓ EP i s val i d 

the outcome o f an y l ocal , non- c r a vit a tiona l 

t est exper i ment is independent of where 

and when in the universe it i s performed 

and i ndepend e nt of t he veloc ity of the 

freely-falling appar a tus. 

Dicke's Strong Eq u iva lence Princ iple ( SEP ) ( 3 , 4 ) 

states that 

(i) 

and (ii) 

l;JEP is valid 

the outcome of any loca l, gravitational 

or non-gra vitational, t est experiment is 

indep endent of where and when in the uni­

verse it is performed and independent of 

the velocity of the fr ee ly-fa lling appara tus. 

The sc a lar-tensor gravitation theories vi.date 

SEP bec a use the relevant scala r fields introduce preferred 

location effects, while they satisfy* EEP and thus possess 

metric r epresenta tions ( 3 ), in which a metric is defined 

* for experimental limitation see sect. 3.4. 
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on the space-time and the world lines of test pa rticles 

a re the geodeoic s of that metric . Also, for a metric 

repr e sentation , the metric involved in EEP is called the 

physica l metric, while the other gra vit a tiona l fields, 

tha t is (3) unconfined, r elevant va riebles of the represent a ­

tion which in the a bsence of g r a vity ( e . g. a s in the a n a lysis 

of a loca l, non- gravita tiona l experiment ) reduc e to con­

s tant, or a bsolute or irrelevan t v a riab les, a re ca lled 

auxillary gravitational fields . 

Two fur ther general prop erti es of sc a l a r­

tensor gr a vitation th e ori e s a r 0 tha t 

(i) MMG is ~ covarian ce g r oup 

and (ii) for a partic u l a r represent a tion the 

dynam ic a l l aws a r e assumed t c follow 

f rom a n action i n teg r a l wh ich i s made 

s t a tiona ry with r esp ect to v a ri a tions 

of a ll dynam ica l varia bles . 

a ction principle written as 

, 

Wit h the 

the Lagr ang i nn de~sit y, + 1 ·~) ( a sc a l a r dens ity of wei gh t 

c an be split int o t wo p a rts 

I 

where the gravita tiona l par! , (3) , is t he l a rgest part 
' which conta ins on ly gr a vit a tiona l fields , a nd .t HG is th e 

non- g r a vitat i onal part which will be of t en referred to as 

representing the matter fields or matter "content" in a 

spac0-time . 

This representation is s a id to be universally 

coupled (3) if 

( i) ·<k. HG contains a second rank symmetric 

tensor, iJr11 v , of the same signature 

as the Lorentz metric , a s the only 

gravitational field 

This restriction on tis sufficient ( e . g.(1)) to 
guarantee that any transform ( by an element of MMG) 
of a kpt satisfying eq. 3.11, a lso satisfies eq. 3.11. 
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(ii) 

(iii) 
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in the limit a s gravity is "ma de a bsent" 

ili becomes a Ri ema n n - fl a t second r a nk 'l'µv 

symmetric ten sor, TJ~tv a nd whenever such 

a 'llµv 

total 

rc=pla c8s ,:, r b ec omes the 
'l' µv ' ~ HG 

speci a l rela tivi s tic La g r a n c ian 

t h e pr e dicti o n f or t h e ou tcom e o f a ny 

local non- gr a vit a tional exp eriment rema ins 

unchange d wh e n *µv i n the re g ion of t h e 

ex pcrimen t is r ep laced by a RiemRnn-fla t 

second r a nk symme tric te nsor . 

Th is c onclud e s, more or le s s , a g l oss a ry of ter ms 

b e gun i n Sec~i o n 3 .1. It consists o f definitions a n d con-

cepts t ha t ha ve been borro wed l a rgely as f or mula ted in a v ery 

r ec ent paper by ThL rn e , Lee and Li g~t man and adapted to pr o­

vide wha t t he writer t hinks i s a r e levan t context f or t h e 

sca l a r-tensor t h e ori es n s g r a vit a ti on t he orie s . 

3.3 The Sc a l a r-Tensor Mode l of Gra vit a tion 

In this mo del g r a vitRtion is described in terms 

of two fields defined on the spa ce-time manifold - a metric 

tensor field ,. eµv a nd a n a lways positive scalar fi e ld, ¢ , 

The most genera l J: G- , ( t o within n div (:: r genc e term ) tha t 

giv e s dynamical laws of no higher than second differential 

order and with the second derivatives appea ring linearly 

has the form (5) 

3. ·13 

where f 1 and f
2 

are arbitrary functions of the sca lar field, 

but ma y be reduced to consta nts by suita ble rec a libra tions of 

the variables ~ a nd~ respectively. oµv 't' 
f 

3 
is a n arbitrary 

function of the scalar field. R is the Riema nn curvature 

scalar. 

On writing the non-gravitational part of the 

La gra ngian density ( l) as L NG = ~ N"G-(X,gµv,cf> ) 
1 

where 
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t he va ria ble X.c ollectively stands f or a ll the non- gr a vita ­

ti ona l fi e l ds and wher e f or s i mp licit y it is a s s um e d tha t 

no h igh er t han first deriva tiv es o f t he dyna mic a l va riab les 

ap pea r, t he a ctio n pri ncip l e f or the mod el b e come s 

6j[( r 1(¢)R + f/ ¢ )gµv¢ ,µ<t>,v + r 3(¢))Cc + i i'-TG]a4x = o. 3.14 

For t he mod el t o o b ey EEP r e strictions need t o be put on 
,-, 

t h e functi ona l dependen c e o f cL TTG on t he gr a v it a ti o na l 
1'!' :r 

fi e l ds • As t h is i s so f a r a pur e l y fo r ma l e l emen t o f 

t h e mo del t hese r e stric tions will i n v olv e a cho i ce of 

uni t s so t ha t WEP ho l ds a nd a n interpret a ti on o f cL NG 

so t ha t EEP ho l ds . I n pa rti cul a r , a s t h e non- gr a vit a -

tio na l l a ws f o llow fr om eq . 3.14 i n t he absence of gr a vity, 

f or va ri a ti o ns of t he non- gr a vita tio na l fi e l ds , t
1
~ in the 

absence of gr a vity mus t be t he t o t a l s pe c i a l r e l a tiv i s tic 

.Lagr a ng i a n wh i c h is denoted by c:LNG( X, 11µ) • 

The na t u r a l c h o ic e o f u nit s is based o n a t om i c 

sta nda r ds - e . g . a s Oha ni a n , (6) suggests , on e t a ke s a 

neutra l, ma s s ive sp i n-z ero me ron a nd de fi ne s t h e unit of 

l eng t h ( time ) a s t he Com pton wa v e l eng t h of t h e me s o n 

a n d t he unit o f ma s s a s the mes on ma ss . Us i ng a n a r gu-

me nt due to Fi erz, ( ?), h e sho ws t ha t f or t h is cho ice of 

units the free meson f a lls a long t he g eodesics of gµv • 

This would a lso app ly to a ny loc a lised system which could 

be trea ted a s a test particle. 

Bergma nn, (5) using a quite ge nera l a r g um ent 

h a s shown tha t, unless £ ,J:-:G- ha s no sc a l a r field dependence 

the motion of a test p ar ticle is indetermina te. In a 

simplified form due to Ohania n~ (6) one fir s t derives t h e 

four differentia l i dentities for the ma tter fi e ld. Ra ther 

tha n using t h e field e q ua tions a s in (6), t h es e follow more 

e a sily from the f a ct t ha t i nfinitesmal coordina te transfor­

mations are symmetry tra nsforma tions of the non-gr a vita­

tiona l pa rt of th e action • 

Le. i/'½-TGd.4x = o, b e cause f I~ a4x is a s calar • 
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For varia tions of the v a riab l es and their first derivatives 

which vanish on the bounda ry of the r egion of integra tion 

eq . 3.15 c a n be writt en 

where the Hami ltonia n deriva tives a re defined, a s e .g. 

6 f' = a £ - a (a r ) - '<--NG 7J NG 'J C( 7J ""'-i>TC-
bg µ v Gµv x Gµv, a 

~ NG -""'NG - o: \ -- ti}, NG 
,:. r = a 1·· _ a ( a 1J ) 

6¢ 0¢ . ox ,a¢ a , 

The Euler-Lagr a nge equations of motion for 'X 

a nd so 

r r-c - .,... --- !, 
/ j -°·-,£NG 6cµv + ~ J\:c- u(_') 'j; a. ··x -· o 

J _obµv ;_; ~~ -

Writ i ng the coor d i na te tr a n s format i on ss 

I 

J 
• 

• 

a v'. .• c:: ' I <-:a I /< ·1 X= X + s - '-" 3. ,9 

eq. 3 .10 g ives = - l: - F "'•.t •V ··'v . µ 
' , ' 

= - -¢ 1-;,"\_ 
, Ct 

where the covaria nt deriva tive " 

the Christoff e l symbols • 

' 
"is with r espect to 

Eqs. 3.20, 3 .21 in 3.18 give on integra ti on by part s and 

for a rbitra ry l;a 

µ 
or equiva lently T v;µ 

where 

• 
In the external fields gµv a nd ¢ , a loc a lly freely 

f a lling frame c a n be introduced in which eq. 3.23 becomes 

for a sufficiently small system and with its self-gr a vita ­

tional field assumed neglig ible, 

3 . 22 

3 .24-
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, 

where £ NG r e fers to the system a nd 'l'µv now denotes the 

spec i a l rela tivi s tic energy-momentum tensor of the system . 

with 

g ives 

Integra ting over 
V fr oV 3 7. 0 c:; p _= T d x , eq . J • ~~ 

cLef-n . 
V 

d n 
- · o~ 
d."'!'. 

t he volume of the system a nd 

• 

Thus the system will experience c:.n a ccele r a tion rela tive 

to the loca l fr e: elJ fc,llinc fr ar:i e ur:less )(~~' v §_~l'TG d\ = 0 
8~c) approxima tion involv ed or bec a use o f t he 

/
~L11,G d

3
x = 

&cf/" 
0 • 

This restricti on ho l ds if the grav it~ ti ona l 
( \ ,, !\ 

fie lds e n ter into • u ccording to d.. - i (X f (r!,)r,• ) ,.,_HG C, NG - \'.i.,NG ' l.~ y 0 µv , 
where fl is an a rbitra ry f unction of t he sca l c:. r fiel d , 

-~ 

a s for examp l e postula ted f or the scala r-t ensor mode l con-

sidered by Wa goner, (8 ). A me tric reca libra tio n can r e ­

duce 

or 

f 
I+ 

to a const a nt a nd in t h is r epresenta tion eq. 3.27 

3. 28 is s a tisfie d . 

For WEP to hold then, one c a n t a ke cL NG to 

have no sc a l a r-field dependence, a nd for EEP to hold one c a n 

t a ke :LNG to be £, NG(X, gµ ) , the minima lly coupled 

tota l specia l rela tivistic Lagr a ngia n density for the 

system. 

i.e . J'...NG(X,11µ) • I,NG(X,gµ) a s Tlµv • ls µv • 

In this way a metric and a t the same time universa lly coupled 

representation c a n be a rrived a t with the a ction principle 

given by 

f µv · (' 4 
6 [(:r1(~)R + f 2(¢)g ~,µ¢,v +:r3(¢))Cg + ~NG-(X, gµv)]d x=O 3.29 

Because ¢ c a n be rec a libra ted, independe ntly of gµv , 

to reduce :r2 to a c ons t ant this representa tion has effectively 

two arbitrary functions and a n a rbitra ry (dimensionless) con­

stant and so describes a f am ily of sc a l a r-tensor theories. 
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The ma in problem for t he scala r-t ensor model i s to 

select a s a tisfa ctory t heory by e limina ting some of 

these arbitrary fe a tures in an ac cept ab le way. 

e . g . the Br a ns - Dicke t h eory is obt a ined 

f h t . t t . b t t . -"' ,.~ _p ,-
1 

rom t e me ric represen a ion y pu ing .l 1 == ·r, .L 
2 

= - •X ,) 

a nd wh ich g ives a simp le wave e qua tion a s 

the fi e ld equa tion for ~o 

To conclude t hi s section, mention i s made 

of a paper by Hart, (9), in which a sca l a r-t ensor mode l 

i s g iven by t he -acti on principle, eq . 3 . 14, with 

£NG= f 5( ~6~G(X,gµ), where f 5 is an a rbitra ry function 

of the sc a l a r fi e ld. From the differentia l i den tities for 

J:'C'- (i • .::: . eq . 3 . 22 wit~ J. NG- repla ced by J\:. ) 
t he sc a l a r-tensor conserva tion l a ws a r e deriv ed i n a way 

a na l ogous to Gene r a l Rela tivity. If f 5 i s n cons t a n t 

( a s one needs f or a me tri c or universally coupled r e ­

pre sen t a tion) a nd/or a d i mens i on l ess fu nc tion it is found 

tha t t he t ot a l sc a l a r-ten sor conserv ed qua ntit i es ha v e 

appr opria t e units of ene r gy or momen tum. 

Hen c e , a s ¢ gener a lly ha s di mens i ons of 

some power of G , in order t o ha v e c onserv ed quan tities 

tha t a r e mea n i ngfu l unit-wise, a t lea st , it is suf f ici en t 

to t a ke f i:-: as a dimensionless cons t a nt , in which c a s e the 
'.) 

sca l a r-tensor mod el consid ered is g iven by eq . 302 9 . 

Using Noether's t heor em ( e . g . Trau tma nn, ( 2 ) , ) 

which a ssocia tes a differen ti a l conserva tion l aw with a n 

infinitesma l coordinate tran sforma ti on, one can obta in 

differentia l sc a l a r-t ensor conservation l aws, (9), that 

depend on the choice of ~a in the coordina te tra nsforma -

tion eq. 3.19. Because of the i nfinite order of MMG 

there is a corresponding infinity of conserved single index 

qua ntities ( such a s Ko mar' s vector ) a nd if the physically 

import a nt quantities a re generated b y infinitesmal coordina te 

transformations which a re symmetry transforma tions of the 

gravita tiona l fields then from eq. 3.20 and eq. 3 .21 

e = ogµv = - i; - l;v;µ µ;V ] 3.30 
_C( 

and 0 = 0¢ = - ¢ ~-
, a'"" • 
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Killing vectors with components which .satisfy the latter 

equa tion, Hart c a lls r estricted Killing vectors and an 

outstanding prob l em he suggests , i s whether or no t the 

Killi ng vectors are a ctua lly r estric t ed for a ll gravi­

t a tiona l fields. Also in this connection he sugges ts 

tha t the rela tionship betwe en the restricted Killing 

vector s and the sc a l a r-t ensor conservation l aws needs 

further study . 

3.4 Experiment a l Tests a nd the Scalar - Tens or Model 

of Gr a vita tion 

The metric r epr esentat i o n ( eq . 3.29) of the 

sc a l a r t ensor model c a n by n r ecalibr a tio n of the metri c 

a nd the scalar field va ria bles be tra nsfo r med into th e 

r epresenta tion with a n a ction principle 

where f 6 and f 
7 

a r E.: a rbitra ry functions of the 

sc a l a r field and n = ± 1 • Fo r t h is repres en t a tion 

Wagoner , (8) , has considered the linea rized we&k- field 

limit in r e l a tion to t he so l a r-system experiments and 

a rrived a t two possible r es trictions : 

or 

(i) the loc a lly me a sured gra vita tio na l 

consta nt is t he s a me a s Newton 's 

gra vita tion~ l constant , a nd r6 
g ives ris e to a massive short r ange 

sca l a r field 

( ii) the loc a lly me a sured gra vit a tiona l 

const a nt depends on the scal a r 

fi eld o.nd f 
6 

corr esponds to a 

" cosmolog ic ':l l term". 

'T'h,::, firi=;t CA. Re len ds to the "mass ive B:rans - I? icke" 
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theories ( see Cha p ter Five) which g ive t he s ame 

predictions for t h e so l a r-sys t em experiments a s 

Genera l Re l a tivity. 

The second case leads to predictions for 

the light deflecti on and perehe lion sh ift observations , 

which depend on the first and p o ss ibly second- order 

terms i n the exp a ns io n for f 
7 

However, depending 

on the s i g n of n , the mode l does not seem to be 

i nconsis tent with pr esent observa tions a nd cert a i n ly 

no severe r estricti ons a r e pla ced on the fo r m of th e 

a ction pri nciple for the model . 

~ p r e diction of t he sca l a r-te nsor mode l does 

lea d t o a v iola t i on of WEP . Ohania n , ( 6) , ha s shown 

t ha t f or a ma ssiv e system t he inertial a nd gra vit a tiona l 

ma sse s d i ffe r by a t e r ~ which is of the order of the 

self- gr a vit a tiona l en ergy . Th i s r esult h olds a l s o , c.n tl 

i n pa rtic ul a r, for the Br a ns - Dicke t h eory , (10.). ( 1Ck ), 

but because of t he si ze of t he vi o l a tion there is no 

confl i ct with the Eotv6s - Dicke experiments . Thus 

the vi ola tion of WEP seems t o be a ma tt e r of pri ncipl e 

a nd a s s uch a d ds aga inst the sca l a r-tensor model of 

gr a vita tion. 

• 
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3.5 Conforma l Inva ri a nce and the Sc a l a r-tensor Model 

Previously, i n section 3. 3 , it was shown 

tha t the scalar - tensor model possesses a me tric ( an d 

universa lly coup l e• ) r epresent a tion which describes a 

f amily of scalar-tensor t heories ba s ed on an a ction 

pri n ciple given by eq . ~29 . Af ter rec a libra tion of the 

sca l ar-fi eld varia ble this a ction principle can be put 

into a form characteris e d by two a r b i t r a r y fu nctio ns f 1 

and f 3 of the scal a r f i eld 0nd an a rbitrary consta nt '{_, , 

i.e . ojar/¢)(R - '{_,(,°J-
2rJJ, µ9\ v g f.+v)+f3( ¢ )]Cg~JG( X, g µv) L:ti1· X = 0 

3.32 
and since observat i on d oes not r u l e out t h e e x i stenc e of 

the c osmolog i ca l t erm , f i¢) or the presence of f/ c)) i.he 

pr obl em of remov i ng a t l eas t s ome of the Rrbitra ri ness from 

the dynamic a l l a ws remains. 

For this pur pos e then , it is i n t e r est i ng to 

look a t t he r es t r ictions p l a c ed on t h e fun cti ons f 1(0 ) a nd 

and 

when t h e confor m& l g roup defined by 

gµ.v • gµ,v = 11.gµv, f or A an arbi·~rary p os i ti•,re 
f unction of positi on: 

is postulated to b e a n interna l c ova riance group . 

If t h e group is first restricted to be a 

symmetry group of the gravitationa l part of the action princip2p 

then 

where barred variables r e pr e sent transforme d variables, re­

quires tha t, (11) 

r/¢) a ¢'°1 

r
3
(¢) a <J>2Tl 

'1)2 = - £ '{_, 
3 3.37 



and the trans for m&ti on of ¢ 
1 

,I.. -;;, "\ 11,~ 
'i.J • \jJ=f\ \JJ . 
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·co ~)e 

Thus the Lagr ang i an density f o r th e fr ee g r av ita tiona l 

fields b e comes 

where an d 11. 
0 

is a n a rbitra r y co ns t ant. 

From the fo rm oft G one can recognise t he gr a vi t at i onal 

part of Jordan ' s Lagrangian density ( Gee Chapter F iv e ), 

if 11. i s put equa l t o z ero and ~ i s c onsi dere d to be 
0 

a rbitra ry, and i n partic u l a r if n· is pu t equa l to unity 

.f G is t he gravi t u t iona l part of the Brans-Di cke Lagrangian 
~ 

dens ity. 

( The i dea of us i ng conformal transfo rma tions to for Qa lly 

iden tify the Br ans- Di cke and Jordan theories is a lso look ed 

a t in Chapter F i ve ) . 

Retur n i ng to the conforma lly invarian t Lagrangian 

density lg , ( eq . 3 . 39 ) , one no t es that it is confo r ma lly 

equiva l e nt to 

J,- = (R + "- )-.f.:.g 
G o 

and so with c(_I\TG =~TG( X, gµ) , 

= ¢Tl g ~µv, 

one ha s t he Lagrangian 

density for Einstein's fi e l d equations with a cosmolog ic a l 

constant. This c ho ice ofal NG impli es that in the ori g ina l 

representation one takes the matt e r Lagr angi a n density l NG 
.T} 

to be minima lly coupled to the "m e tric 11 cp g µv • For a 

differ ent theory one can t a ke tl NG to be minima lly couple d 
7. 

to gµ v a nd with T} = 1, ( ~ - - ~ ) for simplicity, the a ction 

principle for th e metric ( a nd univ er sally coupled) re­

presentation is 

of[(~R +i ¢-\p,µ~\..,g.µv+ \
0
q,2)-,.Cg+¾TG(X, gµ)J cfx =0 

The field equa tions a r~, for arb itra ry va riations of the 

variables gµv and¢ , a nd th eir fir s t derivatives which 

vanish on the bounda ry of the region of integration, 
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[e .g . 11] 

Gµ v + 22 cr2(cp µ¢ V - ½ P' d, d, , a\ A--- 1 (,,_-- oµv • C(r I - y ~ • ll • V-
1 , ' , . , 

2 - 2 r/,j ;( - 1 -- ' 3- + ¢ ¢ 'I-- - 3¢ iJ ,p + 2).. c;,, = O 
2 ,o: 0 

where µv 
g ¢ , by' clef'u. ;µ; V 

Contracting eq . 3 . 41 and compa ring with eq . 3 . 42 implies fo r 

consistency that , 

( 11) 

Hence in the metric r epr esent a tion, for th e g r a vi -

t a ti ona l fields , g µv a nd ¢ , which enter i ct o a co nforma lly 

invari a nt <LG to couple co ns i s tent ly with ma tt e r , the tra c e of 

the energy - momentum t en sor must vanish . This condition is in 

f a ct t he c c ndi tion fo r J: I-JG- to be ca r. fo r ma l ly inva r i an t ( see 

eq . eq _3 . l 1--7 ) " 

Anderson , ( 12 ) , 

i a nt if w = - i 
Thus i n par ticula r, a s shown exp hci t ly by 

the Br ans - Di cke t heo ry is conforma lly invar ­

and. ~(,a = 0 . 
C( 

To al l ow t he gra vit a t iona l f i e l ds t o coup l e with 

ma ssive syst ems ( T au j O ) , one a p p roa ch i s to ex t end the 

comp l e te covariance gro up of the sc a lar-tensor mo d e l by in­

clud i ng t h e conform.J. l g r oup and let a sca l a r fi e ld inter a ction 

appea r in ~ NCs • Thus the .x:t i on princi ple is written 

oj[(cpR + ~ -
1
¢, µ¢, ,;;µv + A-

0
1/ J~ +l. :'JG( X~:;µvcp)]d~-x = o 3 .41+ 

and beca~s e the addit iona l cova ria n ce g r o up elements a r e 

specified in terms o f a sing l e position dependent function , the 

field equations satisfy an additi onal Bianch i -type identi t y. 

This fo llows f o r example from 

6I:£NGd4
x = o, 

for the infinitesmal conformal t r a nsformation 

which gives 

whert as usual 

o5µv = Bµv o)... 
6¢ = - ¢ •A. • 

[ e •6 • 11 ] Ta 
a 

• 

J 
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0 1 Hanlon and Tupper in the ir paper, (11) , show tha t the 

covariant Lagr angian densiti es for mass ive fields o f non­

zero spin c ould be pu t i n t o a confo rmally invarian t form 

if one pos tula t es a scalar-field interaction with mass a s 

whi ch i s in keeping with a conclusion of (13) t ha t without 

t h is mas s transforma ti on ther e is d if ficu lty i n making non­

gr avita tiona l l aws and equations of mo tion conformally in­

var iant . 

Ef fectiv e l y ( for simple cases a nyway) the 

same r esul t occur s if one takes following Anderson (12) 

J:NG = £.NG ( X, q') gµ) , 

where the mass transformat ion has been a ccount ed for in the 

coefficient of gµv o A me tric r epresentation is obtained 

by choosing}. = (r 1 in thE: transforma tion eq . 3 - 33 an d t he 

a ction principle ( eq . 3. 44 ) , i n the barred form is then 

essentia lly no different fro m the onG for Gener 2 l Relativ ity 

( with a cosmolog i c a l cons t an t ) . 

Although postulat ing tht conforma l ~roup as a 

covariance group s eems to bt too strong a condition on the 

scala r-t ensor model to give an interesting scala r- tensor 

t heory, it is perhaps still appropriate to a dd a few general 

r emarks. Under the pos t ulate , the complete covarianc e 

group o f t he scalar-tensor model is the d ir e ct pr oduct of riiMG 

with the confor ma l g r o up. The conformal group introduces 

irr e leva nt parts into the dynami c a l var i a bles Bµv and ¢ 

and a simp l e way to covariantly e liminate t hese par t s is to 

c a rry out the transformation eq . 3 . 33 for some pr edetermined 

}. • In the barred for m the dynami c a l varia bles become 
- 1 relevant va riable s an d in particular, for the choice }.=¢ 

the sca l a r field va ria ble is made comple tely irrelevant. 

This enforces the result shown a bove t ha t co nfor mal invariance 

ca n lea d to a purely t ensor theory of gravitation . 

Interestingly, a rather philosophical objection 

that could be r a ised against the scalar-t ensor model 

( eq. 3.32) of gr a vitation, r ema ins for the model with the 
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extended compl8 te cova riance group. Pau li, (13), has stat e d 

a forma l princi ple tha t "o nly irreducible quantiti es should 

be used in fh,ld t heories". Under the extended complete 

covariance group t h e metric a nd scalar field s still trans ­

form independently of each o th e r, and thus to ge ther, under 

the group , they constitute a reducible geometric object. 

Also in the philosophical vein, it ha s been felt tha t 

phys ica l l aws should be invar i ant under th e widest group 

o f tr~nsforma tions possible . In this respect the id ea 

tha t the c onfo rmal group be a subgroup of t he complete 

covar i ance group of spa ce-time theories, ha s appea l nnd 

p erhaps a step in t h is direction is t h e use of more general 

space-times ( such a s the Wey l or Lyra space-time - Chap ter 

Six) where , in the absence of matter it is r equ ired that 

field equa tions be conforma lly inva rian t. 

Dicke (14) and Hoy l e and Narlika r (15) have 

been recent advoc a tes for c on forma l inva ria nce . Dicke 

for example sta t es , ( 14), "that the equations of moti on of 

matter must be i nvaria nt under a coordinate de pendent trans­

f orma tion o f unit s ''• The connection with conformal tra ns ­

form a tions is simp le . If the interva l b etween t wo in­

finites mally close events is measured wit h respect to a 

system of units as 

2 \} 
ds - = rr clxµ dx o µv , 

then with respect to a trans formed set of units, the int erva l 

c an be written as 

' 
where A is a space-time position de~endent function. So the 

metrics establi sl-eJ in the two sets of units are conformally 

related. 

It seems at some stage that a conformally or 

scale (units) invariant the ory needs some convention about 

the comparison of a particular unit of length (time) at 

separated points. For without this, one has a problem 

noted by Anderson (12) "that two observers separated by 
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a space-like interval wou ld have no way of i nforming 

each other of t h e partic u l a r va lue of A which t hey 

were going to use in c a rry ing out t h e transformatio n". 

( eq •. 3 - 33 ) . Alth ough the usual way out of this 

situa tion is to a ssert t ha t a t omic standa rds a re position 

i ndependent a nd so make t he p r operties ( ma ss , cha r ge 

etc . ) o f a tomic sys t ems ind epe nde nt of spa c e-time pos i­

tion , Br a ns a nd Dicke (16) con s ider t his a n a rbitra ry 

choic e . 

I n~ simila r f ashion , Hoyle and N~rlikar 

( 15) say tha t II for a phys ic ,,, l theory no t t o be c onform­

a lly i nvar i an t it i s necessary t ha t there be some form 

of p r cpogation from a po i nt, A say , to ano the r po i nt, B 

s a y , wh er eby i nfor mat i on conc ~rn i ng t he length unit a t A 

is c a rri ed to B. 

b e c ompar ed " 

Then t h e l eng t h units a t A and B can 

With t hese f e w asides we r e t ur n to t h e main 

discussion of t he a ction princ ip l e ( e q . 3. 40 ) ~ This 

princi p le was ob t a i ned f r om t he ori g i na l me tric r epr esent a ­

ti on of the sca l a r-t ens or mo del by postula ting t ha t t he 

gra vit a tiona l f i e lds enter i n t o £G i n a confor ma lly i n -

va rian t way . It was found t ha t such a r estriction on 

the gr a vita ti onal fi e lds meant tha t t hey c ou l d co up le 

only t o matt er whose ener gy - momentum t ensor had a van ish­

ing tra ce. 

There is a sec o nd approa ch to a llow massive 

systems to coup le with t hese fields. Follow i ng Deser, 

(17), one c an i n tr oduc e a con forma l invarianc e br eaking 

term into the a ction principle 

e . g o £ CB = 1( r/> ),/-g • 

where 1( c/>) is not pro portional to ¢2 a s t h is would 

make ~CB conforma lly inva riant. 

¾n 

and 

a dds to the left ha nd 
" -1 a term - -:';- 1¢ g / ~ µv 

to the right hand side 

a t erm 
') 

- 1'-
' 

side of e q . 3.41 

-fl ¢-'Jt"v 
of eq . 3.42 

3. 52 
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where 1 dl 

= d<P • 

The new fiel d e q ua tion s g ive 

..,, IX I 
J. = 2 1 cp - ,' f]_ 

C·~ 
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DesE:r c onsiders t he s i mp l es t symm et r y 0rec1.:: ir.(; tc:."'t1 

r I 2 ,rv::;, 
~CB=~µ q - g , µ 

wh ic h g ive s 're,: 
a 

2 . µ tp 

con:-_;·~ant , 

, 
a nd wi t h 11. = O he a rri ves a t R sc ,.l. l a r-tE,nsor theor y of 

0 
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gr a v ita tion ( Sec . 3. G) wh ic h corr e sponds t o t he s i ngu l a r 

c ho ic e W= 2 i n t he Br a ns- Dicke t h Gory . - - 2 

3. 6 Deser' s Sc a l a r-Te nso r Thepry 

In contras t t o the Br ans-Di c ke or Jo r dQn 

t heori es , Deser' s t heo r y , ( 17), i s quite unusu a l by 

having an a lgebr a ic r e l a ti on between t h€ scaJ~r fiEld 

va ria ble and the tra c e o f t he energy - momentum t ensor 

i. e . (c.f. ';, o q • .3 . 53 ) µ
2
¢

2
=; - ~' \ . 

He &rriv es a t h is fiel d equat ions as a med ica t ion of 

Einstein ' s fi e ld equa ti ons by fir s t r equiring tha t a 

phys ica l sys t em b e scale i nvar i a nt in order tha t it 

c ouple consist en tly to gr a vit a ti on . 'rh i s mE·ans t ha t 

no d i mensional par a meter s appear i n the desc ri ption of 

the system an d i n partic u l a r tha t t h e flat spa c e -time 

energy-momentum t ensor, T;1 v(~µv) has a v anish ing 

tr c::. ce. 

µv ) 
For t he sc c~ l a r field (Tl ¢, µv = 0 

t his c a n be a c h ieved by a dding a divergenccless term to 

its energy-mome ntum tensor to obtain a new , tra celess 

energy-mom en tum tensor, 

T ( ,.,_ ) - ,.,_ ,.,_ j_ ·' c· , P 1[ ( ,.,._2), P - (,.,_2) ] 
µ v '+' , 11µv - '+' µ'+' v - 2 1l v9> p P + b 11µv '+' o '+' ~1 v • ' , -µ , ' ,, , 

In the pres en c e o f gravi t ation t h e ad ditiona l t e r m can 

be introduc ed into the a ction principle by coupling the 

the notation of De ser's paper is used here . 0 

in the previous sections has been repla ced by ¢~ • 
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scala r field in n non-minima l wa y to the gravitational 

field, g µ\J 

v iz •J ci q}n , 
whic h gives 

(' = - 6¢- '41 ( ¢) 
"11Y µ\J 

wher e now •r 11 / ¢) -- '.£1_L/ (;S, gµ) 

1 " d·· r1 , P 1[ O r.',2 ( r:,2 ) . ] 3 . r;5 
;,; u \J P .p + -6 Y \) I- - r • µ• \J _, 
t:. µ , P µ I I 

a nd ~6 = 0 • • 

Other mc:. tt e r ( ~CI1I V) 
!l 

follows 

is inc or por a t ed by includ ing 

TM a s 
µY 

G = 6()- 2 [-'1' (¢) + TM ] 
µ v µ v µ v • 

At t h is po int one no t e s t ha t eqs . 3. 56 and 3.57 a re 

co n f or mally inva rian t a nd ha v e t h e pr operty t ha t 

1Jv'lcc = 0 
a 

Be c ause t he Lugr ang i an d ensity i n t he a ction 

principle c a nnot be split to g ive a gra vita ti o na l pa rt, 

RV-g , but r a ther to g ive 

1 [1 ,?_ µv ,.,, , J ,-
= 2- 7 <p7l + g 'I' cp \J Y-g , 

b ,µ , 

one ha s a sca l ar- t e nsor theory of gravita tion• 

As indica ted at the end of Section 3e5 

Deser then introduced a scale invariance brea king term 

to a llow massi ve systems to couple with the gravita tion-

al fields. The final field equations a re 

• 
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Deser interprets the invaria n ce breaking a s 
-1 

due to the finite r a nge , µ , of the scalar fi eld 

which he requires to be o f the order of t he radious,, 

R
0

, of the observable Universe. For t h is level of 
a 

approxima tion the a vera ge va l ue of T ais 

<Ta > ~ MR - 3 where M is the ma ss of t h e 
a o 

Uni verse, a nd usi ng t he approxima te rela tion tha t t h e 

r adi u s of t he Univers e is of the order of it s Schwa rsc hi ld 

r ad ius, 

cons t a n t, he obt a i ns 

Glvi ~ R 
0 

,J>- 2 ~ G. 

where G i s t he gra vit a ti ona l 

Ha ving used a ll t h e a va ila ble i nfo rm a tion from the scala r 

field e qu a tion ( eq. 3.59) eq . 3. 58 becomes 

G 3µ2 "'"G~ µv - Gµv ~ ~µv • 

iGe. Ei ns tein' s field equa tions wi t h a cosmo l ogica l 

const a nt. 

Ar ago ne a nd Restucc i a (1 8 , 19) ha ve g iven a 

spherica lly symmetric , sta tic soluti on and a cla ss of 

Friedmannian perfect fluid solutions for eqs . 3.58 a nd 

3.59. Th ey ma inta in tha t t h e matter ener gy-m omentum 

tensor is not conserved a nd some of t heir solutions bea r 

this out . (19) . However the writer feels t ha t a ll i s 

not well beca use direct calc ulation from the field 

equations shows tha t the matter energy-momentum tensor 

is divergenceless~ 

( Tha t matter is conserved follows perhaps more simply 

from the matter r,n,gr a ng i an density being inva ri a nt under 

infinitesma l coordina te tran sformations - cf. section 3o3 ) 
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Chapter Four 

In a prev i ous section ( ee~ 3-3) the BD t heory 

was mentioned as being a member of tb e clas s of Lagrangian­

based, scal~r-tensor gravitation t heori es . To illustra te 

more spec ific as sumptions in the BD theory, the field equa­

tions and their relat i on to the experimental t es t s a re looked 

a t briefly. Following this, recent applicat ions of the BD 

field equations a re discussed under the head ings : 

4.1 

4.2 

4 . 3 

4.4 

4.5 

4.6 
4.7 
4.8 
4.9 
4.11 

Vacuum Solutions 

Standard BD cosmology 

Units transforma ti ons md th e BD theory 

Standard BD c osmo logy ( ctd. ) 

Non-standard BD cosmology 

Scalar-Matter field gauge fr eedom 

Nord s trom-Reissner type solutions 

ADM formulation in the BD the ory 

BD theory an d Mach 's Principle. 

The BD Scalar-Tensor Theory 

As a modification of General Relativity the BD 

theory was motivated ( e.g. Brans and Dicke, (1), ) by a 

form of Mach's Principle which sta tes that the in9rtial mass 

of a material particle, rather than being a constant intrinsic 

to the particle, is due to the particle's interaction with a 

cosmic field. For this purpose a long range scalar field 

was chosen a nd coupled to the matter of the Universe as a 

source. Dicke . (2) has suggested that in such a field the 

ma ss of an interacting particle is required to be a function 

of the scalar field. Briefly, in the particular case of a 

static field, a pa»ticle accelerates because it experiences a 

force proportiona l to the gradient of the scalar field while 
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the time rate of change of its energy ( the zero 1 th com-

ponent of the momentum four vector) is zero. Thus to 

maintain const~nt energy some transfer of energy, as rest 

mas s enerr,y to kinetic energy must be provided and it 

proves sufficient to t a ke the rest mass of the particle a s 

a function of the sca l a r field . 

Because t he scale of particle masses is provided 

by measurements involving the product GM ( e . g . a s in the 

gravitational a ccelera tion fil1~ of a particle) a conclusion r~ 
equivalent to that of a llowing mass to vary in terms of the 

sca l a r field, is that th e gravitational constant, G, should 

be determined by the a verage value of the scalar field. 

With this conclusion, units of length (time) and mass defined 

in terms of atomic standards a re appropria te and the simplest 

covariant second order differential equation for the scalar 

field,',;°> , would be 

C' = 4 'iTVT. 
C•: , 

where V is a coupl i ng constant . is t he energy- mom-

entum tensor of the matter field ( excluding t he metric a nd 

scalar fields) of the Universe and it is defined in exa ctly 

the same way as in Gener al Relativity . From the last de ­

finition it follows by eq. 4 . 1 tha t the scalar fi e ld does 

not couple with or have any direct intera ction with electro­

magnetic or r ad i at ion fields. 

In keeping with the Machian motivation , the 

scalar field is to be interpreted, ( 1), a s an " adva nced 

wave" integral over a ll matter. 

A rough estimate (3) of the me a n value of 0 , 
<.~) , based on the "central potential" solution of eq . 4.1, 

of a gas sphere with density of the order of the cosmic mass 

density and with a radius equal to the radius of the observ­

able Univ erse, suggests that if v is taken to be a di­

mensionless number of order unity then 

l 
Introducing the scalar field in a way ana logous 

to the inverse gravitational constant into the Einstein 

1
· Thie derivation is given ~ detail by Weinberg (3) 
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field equations g ive s the BD form 

, 
where T~v is t h e energy-momen tum tensor for the scalar 

~ ) 

field &nd is i ncluded in the source of the Eins t e in tensor. 

i~v is taken t o be the most general symmetric tensor in­
V 

volving the deriva tives of one or t wo sca lar ~ields. 

viz: rr·J-l ( , ) • 1-L. B(c·,)5!--\ '.; c•> p, 6v = ii. ·) c; • ~;, \I + . v· , ~·, 

+ c( c,; )4'., µ )v + D( C;> )b~ a<:'> , 
and by requiri ng tha t the ma tter ene r gy-momentum t ensor 

s a tisfy 

0 , 

4 .3 

§:[__T T Tc,: 

l\iv • ,,;) 
Lf. .• 5 

Ow = 

where 
3+2u ' a. , 

(;) is a dimensionless const c: nt g iven by V = 3+2i:j , 

1.i .• 6 
() p 

\I was 

o:cpoct½d 

estima ted to be of order unity and so it c ould be 

·:ha t ui wol:ld a lso b e of orclor· unity. F~n· ~ 

very l a r ge , eq . 406 become s 

wit h solution cf>= 

= 

and eq. 4.5 becomes 

-1 
0 (·- ) 

( •) 

<,)> 

G-1 

1 
+ o<w ) 
+ o(~) , 

1 o(; ) . 

In the limit as <.•) • co the BD field equations reduce to 

the Einstein field equations. 

Although (.~-r appears formally in the field equa-

tions as the gravitationa l constant it is necessary ( e . g . _ 

Bra ns (4) ) to determice the relat ion between 0- 1 and what 

is defined as the locally ~easured gravitationa l consta nt 

Gl" Involved here is a com~aris on with the observed 

1 e.g. as measured by n Cavendish experiment using test 
particles 

- 2 • 
2 



41 

acce lerat i ons of tes t pa r t i c l es ne a r a g r avita ting 

ma s s, a s pr ed ict ed by Newton ' s t heory. So , f or t h is 

purp os e it i s s u f f i c i ent t o no t e t ha t fr om t he p os t­

Newt on i an appr oxi ma tion (3) for m o f t he BD equa tio ns 

t he ana l ogu e o f Po i sson 's e qu~ti on is 

v2 ~ =- Brr t,,-J. ( 2(/) +.Jt ) ~ 
() 0 ' 0 2(,0 + 3 ,:; 0 "'· 7 

wh er e V2 i s t he fl a t 3 - space La p l a c i a n an d the vo..r i ~.bl e s 

(Gii ) T ct~ ex pa nded i n power s o f a par ame t er r µ\I 

g is t he 2nd or der t erm i n t he expa nsion of g 
00 0 0 

0 
T , t he n e ga tive o f t he r e st ma s s dens ity, is 

C.: O 

t he z e ro't h order t e r m in t h e ex pa ns i on 

fo r T 
0 0 

The expans i on f o r ~ is wr it t en in t e r ms 

o f V wher e 
def n 

() = is a consta nt 

s a ti sfies 

\f -> 0 ~:s r -> o 4 .8 

For t h e p o s t-Newt on i a n ap pr oxima ti on eq . 4. 8 g ive s 

where 

= 
0 

c:> -iT 
IQ 00 , 

i is t he 2nd order t e r m i n t he expans ion of 

Poisson's equa tion is a c h i eved from e q. 4e7 by the 

identi f ica ti on 

~ o o = - 21;:',NE\V ' 
where c1 denotes the Newtonia n potentia l 

' NEW 

a nd G = 

which give - 4m;.~ • 
0 0 

4 .10 
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Thus the gravitational const a nt a s measur e d in t e r ms 

of slowly mov ing particle s in a weak gra vit a tiona l field 

i s 
,2,·, + l+) 
(·---·-· 

2l l + 3 • 

Us i ng t he post-New t onian approxi mat i onlthe 

fiel d equa tions ca n be approxi ma tel y solved in t he regi on 

outside of a sta tic spherica lly .symme tric mass and when 

t he me tric is put i nto the g enera l £ dd i ng ton - Robert s on 

fo rm the Robert son pa r a meters a re (3 ) 

' 
y = ~....±.._1 

<.:>+2 
1 +_j/~ 

= 1+2/oo 

compa red t o the va lues for Gene r a l Re l a t ivit y 

~ = 1 , ~ = 1 , y = 1 

, 

Provi ded ro ) 6, 4 .1 3 a nd 4 .1 4 a r e i n disti nguish a b l e fo r 

pr esent s ola r-sys tem experiments (42) a nd depe nd i ng o n ho w 

measur emen t s a r e refine d the form of 4o1 3 sugges t s tha t 

Li- • 111-

the ( fr a cti ona l time ) va ri a tion of t he gr a vit a tiona l con­

stant c ou l d be ma de small eno ugh , not to viola te observat i ons . 

The spe c ifi c vi o l a tion of the strong e quiva l ence 

principle can be s e e n (3 ) fro m eqs . 4 .9 and 4 . 12 wh en a t 

auy p oi nt a loca lly freely falling coordina t e system is 

introduced. By definition v v - 1'I and f11.1 -- O a t 0 1 l . - ·•: l \) \.!',.I 
this point but t he sca l a r fiel d does not vanish or necessarily 

become consta nt a s 

• 

Thus the gra vit a t i ona l field of a v e ry sma ll ma ss pla ced 

a t the point could b e c a lcula ted from Einstein's field 

equations ( beca use terms i nvolving derivatives of the 

scalar field are of a higher order approximation in the 

BD equations ) ' with the effective gravitational constant 

GE ( the coefficient of &-rT 
!LV 

) g iven by (3) 

GE = G( 1 + ~r) ;,C'; • 
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Summarizing then, the Brans-Dicke modification 

of General Relativity is to introduce through the field 

equations only, a scala r field into the description of 

the gravitational field. The new field equati ons (BD) 

determine the r e lative coupling of the metric and scala r 

fields to matter via the parameter w and it is this 

division of coupling strength wh i ch gives rise to the 

differences fr om General Relativity in the predictions 

for the sola r system experim ents. 

Because t h e geometrical interpretation of the 

gravitational fi e ld ( a nd for example the rela tion between 

curva tur e and the ma tt er dis tribution) tha t exis ts in Gen­

eral Rela tivity is partly lost, it is conveni en t to describe 

the BD gra vita tiona l fi e ld as having a sc a l a r field compon­

ent a nd a met ric field c ompon ent. The physical mean ing of 

+ .-, ( 200 + 4) t he scala r field compon ent, is that c·> - ~--
' ' 20 + 3 

is the l ocally measured gr a vitational constant. The metric 

field component, a s in General Relativit y , describes 

(locally) the geometry o f a spa ce-time a nd with the geodesic 

equations describ es the inertia l properties of particles. 

Anticipat ing a c onc lusi on suggested by solutions tha t have 

been found r e c en tly, the extra "degree of fre edom" rela ting 

t o the sca l a r field in the description of th e BD gra vita­

tional field, a llows the BD gravitational field to have 

quite different properties ( e.g. symmetry) to the 

associated spa ce-time geometry. 

An interesting relation due to Quale (5), exists 

between the linearized weak field limits of the BD and 

Einstein gravitation theories. The linearized BD t he ory 

can be put into the form cha r a cteristic of a class of 

Lorentz covari~nt, linear tensor theories of gravitation 

together with an additional constraint on the cla ss. In 

such a form the BD theory ( in a restricted sense) and the 

linearized Einstein theory are examples of the only two, 

physically distinct theories that can exist in this class. 

Briefly, to give a better context to these ideas 

the method used in (5), is indicated as follows : 



44 

The class of gravitation th eories ref erred to ha ve the 

properties tha t 

( a ) the gra vita tiona l field is described 

and (b) 

by a symmetric second r a nk. tensor, hµv 

the field e quation fo r hpv is linear, 

of the s e c o nd dif f er entia l order and 

Lor e nt cova ria nt with a s ource term 

proportiona l to the ene rgy-momentum 

o f ma tter • 

The further property tha t 

·r"' -- o v, it , 
r estricts the cla ss o f theori e s t o thos e with fi e ld 

equa tions of the: f o rm s ho wn by We yl ( 6) t o be 

D, ,v (h) = D11V (h) + fJ~QV 
(h) = Til\1 , 

' . I ,-

wher e f or co nve n i ence unit s a r e c ho s e n t o mak e the co-

).~• 15 

ef f icient of 

fin e d by 

T unit y a n d t h e oper a tor no t a ti o n is d e ­:tv 

.. ) ·, .., 

D:L V (h) 1 ," 2h ' hp,, 
, p?,1\J.V = .1, ,v ' 

. ( p., v),, + 
1 • 

, \ 

"\ ' p 
pjl V (h) = 

1 I' - b.' \_, , p
1
\1v •1 '\_ I.LY • , .. ,, 

For t he left han d s ide i nd ices a re droppe d ( h, ,v • h) 
i ·" 

for simplicity. 

p is an a r b itra ry pa r ameter for wh ich two 

c a s e s c a n be disti ng u i she d , dividing the cla ss of physical 

theories i~to two k inds. 

( i) Rn By non-singular maJ)Ptiie 
:::! - .., 

"· 

h h" -} (f3 1) 
), 

µv • = \ 1.v + - h i\.'1,n, , µY I I 

eq. 4.15 can be put into _ the form, dropping dashes 

!µ~ (h) = ~~y (h) + P µY (h) = '.l.':1.v , 

which is the linearized Einstein field equation for a 

first order perturba tion of the Lorentz metric, 

gf.l \1 = ,,LI V 
l mf..LV . . , .. 

I is independent of h .tV 
I 

+ hµ v , . l r'Tn'I ~ 1 • 

2 for p ~ ½ the mapping is singula r • . The new tensor h~v 
is traceless and bec a use it has fewer independent com­
ponents than h uv , the field d e scriptions by hp.V , h;:v 
c annot be physically equivalent. -
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Be cause t he map ping onl y r earrange s the field c omponents 

a ny t heory of the c l ass wi t h may be cons id ere• 

phys ica lly equivalent t o the linea riz ed Einstein theo r y . 

The g n uge gr oup of eq . 4.16, or t he g r oup of 

substitutions und e r which t he equa tion is formi nvarian t, 

is the group of infinitesma l coordinate transfor ma ti ons 

appli ed t o the me tric tensor g
1
LV ( a s f} v p 

is i nva rian t ), 

h • h 1 = h + µY !J V !'.V 
E 
•f lµl/2 ~:, (µ, v) J 
( ii )~ 1 

=~ defi nes the We y l theory wh i ch Quale 

develops a nd shows , to gether with an imp osed con­

stra int to give t he line a riz ed BD t heory . 

Eq . 4e1 5 t a kes the form 
w 
D[lY (h) = J\\v (h) + ½Pµy(h) = 1\1.v , l~ . 18 
a nd t h e gauge gr oup o f this equa tion is g i ven a s 

VT 

h, I .. -+ h I • V = h, '" + ~1111 V 
,- • If f-1- (..J. ),' I 

rv r-..., 

, j 5hµv = 2-~ ( t1 v) + 111\1.v 
whereµ is a n a rbitrt r y sc a l a r 

f'J \A 0 

a nd ~ · b"t ~ is a n a r 1 r a ry 

v ec t or subjec t to ~ ,"? - x 
0 

t he s ca l nr x ,. the gener a l 

solution o f ?
11

V (St) = 0 , ha s the f or m . 

with ~ fo r A.. = o -:; , 

a nd c a r b i t r a ry consta nts. 

In c ontra st to the Einstein group~ , defined 

by eq. 4.17, the Wey l group r , defined by eq. 4.19 has a 

greater range of fr ee dom by a llowing the variations of ¥h 

and ft;tJ.v , defined as v a ri a tions o f the trac e and tra c e -

less parts of hµv , to be made independe n tly of each other. 

For com p l eteness ~ a r es ult proved by Qua ie, r e -
E W 

l a ting to the gauge groups 5 6 is stat e d -- " the 

necessary a nd sufficient condition that the gauge of h v 
1 L 

can be completely fixed within each of the linearized 

Einstein and Wey l th eories using the appropria te gauge 

groups to give formally identica l field equa tions is that 
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T aQ''· With t hi s underst anding the two kinds of t heories 

are physic a lly d istinct for T :/ 0 • 

The BD equati ons for 

g" V = Tj: t. V + 1'1.v , !11,, vl ~ 1 , .. ,., 

1> = 1 + ~r I ,:,1 ,... 1 , ~ 

where t he me tric g
11

y differ s infi n i tes;ne.lly from t he Lorentz 
,·• 

metric a nd th e scalar field, ~ differs infinitesma lly f rom 

a c ons t a n t equa l t o un ity with the previous c ho i c e of units 

give in t he weak field limit the lineariz ed BD equati ons 

D 
•D (h , ~l.\ -·· 

11V 
L;. • 20 

' I\. -, ~,, -
. I i\,.,. 3 ·!• 2V) 

By a choice of gau ge 
.., 

h.
1

\ = - 4-~i + 11° 
,·. 

eq . 4 .20 r educes t a t he form 

w 
D , ) 

/.LlJ ,h = 

Taking t he tra c e g ives 

2Bp:\ 
- , ~,. = T 

' I' -· . 
= C , 

• 

and for consistency with eqs . 4. 21 a nd 4.22 an a dd itiona l 

gauge c ondi ti on n eeds to b e imposed on h ., (.tv 

T . hp\ , 1 
l e 8 • , p,1. = + 2 t) 

2(3 + 20) 
Thus, if 1'.r is defined by eq . 4. 21 a nd the gauge 

of is fixed in terms of T by h 
!.LlJ 

4 . 26 
h\\ ,Pp = - ¾Lt.,- ( t 1s ing eq,s .. l:-. 21 and l!- . 22 ) 

then the linea rized BD theory c ould be interpreta t ed as the 

Weyl the ory with an externa lly imposed constra int eq . 

4.26 ( one notes tha t eq. 4.26 with eq. 4.24 implies eq~ 

4.25 ). Although in this form the gravita tional fie ld is 
'\'[ :I• 

described by one component, the tensor fi e ld h , the 
!!.V 

theory is still physically equivalent to th e orig inal 

*rather tha n being a metric deviation from the 
Lorent~ metric, (5) 

1?{ 
B. - h -'- ctlj/11 ,·- -~ con~•L.,•.1 t O' 1 1 µv - µY , p.v' __ . J. "'"' '"·L • ,= • 

, 
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formula tion of the linearized BD theory in terms of the 

t wo fields h \/ a nd ·'· • 
w 

'l'he tr cc ce of \!.v has been 
ll 

partly fixed by eq. 4.26 ( or a lt ernat ively by 
' P (h
1

\ + 4·.::) = 0 using e qs. 4 . 21 a nd 4.22 ) and 
1.1 \} " 

a s a 

consequence the trmmetry group of the theory is not the 

full Weyl group 3 , but the "reduced" Weyl group 

g iven by ~v.' 

where 

and ~ 

, 
f is an arbitrary vector subj ect to f ~ 
~ ~ , ,r· 

is a sca l a r such t ha t P
1
lY (P.) = o. 

C 
= x, 

It is perhaps wort hwhile mentioning t ha t Qua le's 

r esult quoted ea rlier a lso holds for the linearized 
E 

Einstein t heo ry with gauge gr oup 6 , an d the linearized 
~i,\t 

BD t heory in the Weyl f or m wit h g a uge g roup 5 ~ Th e 

proof rema ins the s ame and so for T = 0 th e linearized 

Einstein and BD theories a re physically equivalent . 

To conclude this section a brief look is gi v e n 

to t h e linea rized BD theory in r e l at ion to th e gener­

a lly covariant , non-linear BD t heory expressed by eqs . 

4.5 a nd 4.6. The linea rized BD theory has been pu t 

into the form o~ a Lorentz covarian t, linea r tensor 

theory of graviiat ion - : 
'VI 
Dp.v (h ) ::: Ti.LV 1 

with an a uxilla ry condition 

P11v(h)I.\ + 411) = 0 -.rhore 1'! is def ined by o (]_ . 1.._ .21, 21 • • 29 

and as with the linearized Einstein theory, eq. 4.28 is 

i n consistent when the gravitational field is interacting 

with matter - for energy and momentum can be interchanged 

between the two and the source term must then contain a 

contribution fro m the gravitational field and become de-

pendent on the tensor field and its derivatives~ So by 

ana logy with General Relativity it seems tha t the generally 

covariant, non-linear BD theory or a related non-linear 

theory could be derived from the Weyl form, eqs. 4~28 and 
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4.29, in terms of a s e lf-intera c ti on of t he t ensor fi e ld, 

pr ov i de d c onsist en c y i s t aken i n to a cco unt b e twe en the 

gauge gr oup of t h e fi e l d equa tions a nd the equa ti ons o f 

moti on f or ma t eria l part i cl es . 1 

Suc h a p r ocedur e i s not poss i b le it appea rs fro m a 

gener a l a r g ume nt g iv en by Qua l e , who wa s conc e r ne d with 

t he qu estion a s t o whe t h e r a gener a lly covariant, non­

linear Weyl t h e or y exi s t s with th e lineariz ed weak-fi e ld 

limit given by the We y l th e or y , i n t h e same sense tha t the 

genera lly cova riant, non- l i near Eins t e i n t h eory is r e ­

l a t e d to its lineari zed wea k f i e l d a ~pr o«ima ti on . 

If t h e non-li nea r Wey l t he or y i s supposed t o ha v e 

t he gener a l fo r m (5) 

, 
wher e t:,_ 

!I V ,·· 
r epr e sents a non-linea r, t ensoria l , dif fe r ent i a l 

op er a tor a cti ng on a symme tri c t e nsor d ensi t y , H a nd G 

d en o te~ ot h er geome t ri c ob j e c t s wh ich ma y or ma y not b e 

dynamica l va ria bles , th e n ~uR l e showed t ha t t he s ymme try 

gr ou p of t he we a k - f i e l d lim i t fo r m of e q . 4 . 3 0 could no t 

b e the Wey l or r educ ed Wey l gr oups . So one c onc l udes 

t ha t a gener a lly covaria n t n on-linea r t h e ory, construft ed 

as sugges t ed a bove fr om eq . 4. 28 , does not e x i s t. 

I n s t ead of the i n t e r pr e t a tio n o f t he lineariz e d BD 

thecr-y g i v e!l o rr ~ Ae P. \, t here i s a nothe r phys ica lly 

e quiva lent interpret a tion (5) . The linearized BD t heory 

( eqs. 4.20 and 4.21 ) involved two dy na mic a l v a ria bles, 
s 

i:, a...Pd h with independ en t gaug e groups g iven by o 
~ !LY ' 

a nd O. re s pectively-, wher e 
.., 
gi:; = i f or. P

1
.Ly(~r ) = o 

E 
By using the Einstein group o 
gaug e c hoice 

P (1) ... 4' ) 
µv 1 /\. + 1/ = 0 

• 4 .31 

hµv wa s a djusted to the 

4.32 

whi ch mea nt f or eq. 4.20 tha t the sca l a r * a nd its gaug e 

l Thi s pr oblem occurs i n Ge n er a l Rela tivity ( e . g . 
Se.xl Ci)) where a lth oug h the field equat i ons a re 
gau g e inva rian t the equations of motion a re not. 
Specia lising t he gau ge tra nsfor ma t i ons to make the 
l a tter e qua ti ons ga ug e invar iant lea ds to 1,u,IG-
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degree o f fr ee dom ( eq. 4.31 ) had been a bsorbed into the 

tra ce of \i.v transforming eq. 4.20 into the form of 

eq. 4.23. From eqs . 4.23 and 4.21 hp).', p71. was fixed 

gauge-invariantly in ter ms of T ( eq. 4.25) a nd the 

rema ining ga uge degrees of freedom for 
RE 

the "reduced" Einstein group o 
a re given by 

( 5 ) 

RE fl,,/ 

8 hµ~ = 2 ~ (µ ,v) • 4.33 

This group is obta ined fro m t he full group ( eq. 4.17) 
by i mposing the constraint eq. 4.32. 

So the linearized BD theory a s looked a t in 

t erms of the two separ a te fields, h t,lv and ❖ , has the re-

duced Einstein group for its symmetry group. The dynamical 

equa tion for is 

subject to = 0 , 
a nd it r emains t o make eq . 4.21 compa tible wit h eq. 4~34 
either by t aking eq . 4.25 a s a dynam ic a l equation or per­

haps from eqs. 4,25 and 4.21 

= ... 4-:, ,11. 
. ),, 

a s a dynamic a l equation. 

Aga in the problem of constructing a non-linea r 

theory by a self-interaction of the tensor field suggests 

itself. Unfortunately, th e key paper for further details, 

Grunberg (l) is written in German, a nd the writer on obta in­

ing a copy late, has been unable to trans late it sufficiently 

to justify writi ng about it - except to note tha t the work 

appears independent of Quale's study a nd a lso connects the 

linearized BD theory with the Weyl form e.g. eq . 4.34. 
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4~ 2 Vacuum Solutions 

The BD field equations ( eqs . 4.5 and 4.6 ) 

in the a bsence of ma tter ( Tµv ~ o) give the Vd cuum BD 

equa ti ons 

G-
~ ~ 'J 

= \,:J''J..- 2 (t4- A _:1_ r.'i r-'1' P) + .f...- '. ,i:. 
ip 't' •,W v - 2g1,v· 0 ·, 't' '+' , ,, , ,, ,,·· , ,·· ,, , -- , -

n '> _ 0 I-' ' - , 

t he solutions of whic h describe the BD g r a vitationa l 

fi e lds tha t could ex i s t i n empty s pace-times . 

L~. 28 

For r e fer ence t h e Br ans ( 4) sta tic, s pheri­

c a lly symme tric solut i on in iSdtropic coordina tes is stated . 

Wi th t he line element written a s 

the four types of s olution correspondi n g to d if ferent 

r e l a tionships between the consta nt s (•i a nd C a s indic a ted , 

a re 

'i'YPE I 

0: 
a o 
2 2 

e = e 

~ 
2 

e 

f3 0 
~- ~ -i -(A- C- 1)/A 

= e 2 [ 1 + B/ r] 2 l1 -.B/~ 
1+ B; r _J 

2 . ,.. ) 2 ( c/2) A - ~ l> + 1 - G 1 - 0> > 0 



a ao 2 L - 1/ /) 
2 = 2 + A -1.,an r D 

£ f3 o ,., i_c + D_ _,__ -1, /B) [ 2/ 2 2] 
2 

= 2 - c. A 1.,c1n , r - ln r r + B 

2 C12 2 
A = c( 1 - w 'I ) - ( C + i ) > 0 

TYPE III 
a 

ex. ....2 
2 = · 2 - r/B 

f3 ;=J - 2 lnr/B + ( c•: + ·i)r/23 

A l - ::'r/B 
'V =(/J e 

0 

1 

C = - 1 ± (-2W -_jL 
w + 2 

~:'YPE IV 

a 
a o ; 
2 = 2 - 1, Br 

£ f3 0 

2 
= 2 + ( C + 1) /Br 

cf.> = ¢ e-C/Br 
0 

1 

C - -1 + (-2W - 3)2 
- w + 2 
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·.-;here~ , [3 , () a nd B a :c-e consta nts. 
0 () e, 

Essentially there are only three types of solution as 

Buchdahl h a s pc inted out ( 9) tha t T :(PE III solution goes 

over to ~.i.1>'E IV solution '1hen the coordina te r is r eplaced 

by i/r 

If Lorentz co~ditions are required a t spatial 

infinity 

i.e. S< • 0 

= , 

all as r -> c:, 
J 

then th e const a nts <::it , Ii,. a nd ~ can be c hosen appropriately 
Cl) ,-~ 'Ye, 

but B rema ins undetermined. 

'.:'Y$~ I solution is the only solu tion which re-

ma ins physic a lly possible f or a ll positive o . In t h e limit 

a s t•:; -> co t h is solution goes over to the exterior 

Schwa r s child solution i ~ Genera l Rela tivity provided one puts 

B GM G "2 
= ·202 ' = ·,-:;- • 

~ ·o 
• is the mass of the point s ource of the exter i or Schwar -

shild solu tion. F.or fi ni t e ~ the •nm I solution could be 

interpreted a s the solution for a point ma ss, a nd if such a 

mass is sma ll enough B could be d etermined ( as in General 

Rela tivity) by comparison with the weak field limit solution. 

0 1 Han lon and Tupper (10) have found solutions 

of the vacuum BD equations, with metrics of the Rober tson­

Walker type and with the associa ted scala r fi e lds allowed to 

be functions of position or time or both. So there is the 

~ossibility of curved, uniform, empty space-times in which 

are defined non-uniform BD gra vitational fields; the non­

uniformity ari s ing from the scalar field component. 

From their paper, the metric-scalar field solu­

tions based on the line element 

a.s2 = -at2 + 0.2 ct) I ar2 

4-kr2 
+ 

_ _J 



:rrr- ---~--~ 
l w~-1 k:O 

(3) 
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where k = + 1 - 1, 0 for closed , open, flat 3-spaces re­

spectively, c an be divided i nto two classesa 

a· 
CLASS A a~ = 0 i.o . ¢ :::: cj) ( t ) 

v1here a , ¢ , t arc cons to.nts . 
0 0 0 

;; = - ·¾ [1 ± ✓3 ( ~w -+--;)J 
1 

ci= 3 (1 - r ) 

l~ 
For w = - 3 "c-1.ke + si1_;n i n ox11ro;_; sion f or r ; 

t he solution for the - vo s i cn is given bel ow 

- Ye 
I ¢ [ ] 

c:p = o exp R 

for ¢ const~,ntc3. 
0 

for D constant . 
4-) ---~--+------~-----~~-- -~ ·---~------~--·---
W::-i k :::0,- 1 ds

2 
= - dt

2 + a
2(t) I_ - cJJ.?2 + r

2ae 2 + r
2sin2eat2

-] 
1 - kr 

cp = cp(t ) 

Whe r e a , cp sati sfy 
e .. .1. 1 ! ::: - 2.f/> ± -;_ -f-k • 

• da 
a = dt 



CLASS B 

! ( 5) L~ 
w.... - - k=• .1 - 3 
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i. e • <,v = ¢( r , t ) 

2 2 2 -8-- dr 2 2 2 2 2 ---i 
ds 

2 
= - dt + R cosh ;;t - 2 + r d0 + sin 0di;r J 

.cL1 - r 

~1> = [ - 3 P~ si11h i ± ~r
2 

c ash ~)J -3 

Phero R, A ar c constants . 

- - -----·----- - - - --~-~------,---~------
.,, 1 , 2 d ' 2 .... ,? . nh2 ( t ) [ d.r 2,0 2 2 . 28d1 2.J . .., 
l\.c:: - us = - ·c + ~, si. R ~ 2 + r et + r sin V 

1 + r 

I 2 , • t 2 . ·- 1 
1- ( - -- ·c)·: - 3 

¢ = L 3 lvi. \ cosh R ± J + r siri..1:1 R, j 

- ---~~-----~----------------~--~~--~--~-~~---
( 6) 

j 

ds
2 

= - dt
2 

+ n
2
( t ) [ 

1 
dr:-;:-2 + r

2
ao 2 + r

2
s i n

2
8aW2J 

--- - ·- - 2 
¢ = Ui.(b - ale ·/i - kr

2 
)] 

i7hcre n(t), b ( t ) arc arbi tra ry subjo c·c t o the 
concliti ons 

• • 2 
( ab - ab ) = - 4ab . 

A t hi rd poss i b l e cl o.ss ;1.0-c r:icntiono rl, is given f or L = t(_rJ. 
i n 1ahich case 

and 

n = a a consto..nt 
0 

¢ = ii(. 2t ~~- ___ ?. + B) w + 1] 
~ 1 + v 1 - k r 

wher e A and Bar e constants. 

,. 
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Rema rks on Va cuum Solutions 

Solution 1 is simila r to the BD co s mologic a l 

solution ( Section 4.3) and a dmits 

a n expa nding em p ty spa ~e-time . with a n increa sing <p if 
t~ ~, ,II I,~ . . I-. ' 

6:. > O a nd the ne ga tive sign ' is t a ken. 
f 

Solution 3 for C1r.> _=......Q a nd D > 0 gives two cases. 

( i) :ror k < 0 the 3 -spa ce expa nds 

indefinitely from an initia lly 

non-si ng u l a r sta te. 

( ii) For k >o a n initia lly finite 

space-time c ontra cts to a 

s i ngu l a r s t a t e in fi nit e time • 

A further discussion o f t h is so lution is given in Section 4.7. 

Solu tions 4 a nd 6 for ~ :-= - ~ should be the con­

form a l ma ps of v a cuum solutions 

of Einstein's f:ield equa tions wh ere t h e conforma l f a ctor <S> 

satisfieo D 1; = 0 ~ 

Soluti ons 2, 5 a nd 6 for bl= -*give the three 
J 

forms of t he de-Sitter cpc.co-

time ( e.g. (11) ). This spa ce-time is sta tic and solution 

6 for example c a n be put into a form with a n explicity static 

line element (10) 

d.s2 = - ( 1 _p2) a.--r2 + -~2:.? + p2a_02 + p2sinC0dV2 4.31 
w .:£. 

. it:? 
vlhile ct> remains time dependent ( 10) 

r __,_. I 

1> . 1 " ( ~ )✓ ,, ' = L_y'ffi~ exp ~ 1-{tJ • 4.32 

Thus the vacuum BD equations allow static empty, , 
non-singular space-times with a time dependent scalar field 

and a Birkhoff theorem for the BD gravitational field could 

not exist . 
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Class B Solutions O'Ha nlon and Tupper note, have a•~urious 

feature" in that the uniform space-times have corresponding 

sca lar field values which, beca use they are functions of 

both rand t, c a nnot be uniform. Alt h ough for the de­

Sitter space-time written in the static form, the origin is 

a preferred point ( as test particles are subjected to radial 

accelerations away from t h e origin~ see e.g. (12) ) the co­

ordina te system of solution 6 ha s no preferred point but the 

sc a l a r field has a minimum va lue a t r = 0 for constant t • 

The other solutions of Class B have sta tiona r y va lues at 

for const a nt 
,_ 
l, • 

This existence of a preferred point a nd so pre­

ferred coordina te sys tems t hey s uggest may a rise from the 

scala r field being a n energetic system a nd the Genera l Re­

l a tivistic idea of the va cuum not being well-defined in the 

BD th eory. Taken further, this suggests tha t the BD va cuum 

equations can be written in a form in which the scala r field 

terms collect togeth er to form t he source term for the 

Einstein tensor and the proper vacuum situa tion would then 

be obta ined by p u t ting this energy-momentum tensor e qual 

to zero. In this case th e only va cuum solutions would be 

the vacuum solutions of General Rela tivity, each with a n 

everywhere consta nt sc a l a r field. 

However, if the energy-momentum tensor con­

structed above is considered a s tha t of a matter source, 

minimally coupled to the metric field, such a source ma y not 

always have positive definite flat-spa ce energy and so rather 

than continuing this interpr e tation fr will be interesting to 

turn to the idea of the BD gravitational field being describ­

ed by metric and scalar field components~ An advantage of 

this description is that it suggests that the BD gravitation­

al field need not ha ve the same direct relation to the struc­

ture of space-time as does the Einstein gravitational field. 

In fact the vacuum solutions show tha t the knowledge of a 

space-time geometry is not always sufficient to determine 

the BD gravitational field that could exist in the space~ 

time. 
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It appears for ex ample tha t the symmetry group of an empty 

space-time need not be t he symmetry g roup of an a ssociated 

BD gravitationa l field an d thus preferred coordina te systems 

determined by the symmetry of the BD field co u ld exis tA 

More specific a lly , for the k = G de-litter s olution 6~n 

cartesia n coordina tes (x0 ,xi ,x~, x3
) 

;J 2 2 
,, 

ilil2 - cLx0 a2 ( xo ) (axi. ,., axo ) = + + ax~ + 

() [_-} (r2 XO 
R2 c: ::p 

( _,O • \ ] and = exp-'- ) ) "R il I ' 0 3 i.2 
where ,:: ) (~.2:1U. r2 .1 0l = c::p \a = X • L = ). 

4 .33 

1.: . • .31-}. 

The symmet r y group of t he s pa c e-time i s th& de -Si tter group . 

The t en independen t iilling vectors have c omponents ( e . g . 

Hart ( 13) ) 
c, 

= E + BX 
c-: fi O ~!· • 3 5 

,., ,:i r• '" [I . ~ Cl C( \ 
Cv . ..,JJ ·~ •'· ( :.. . f \ • ""·· • c-• ...., .) = A ' J .. ..- + ~ - - ..-.. ~,, ~ .·. i.J ..,{ ) f:: ·,· . o.2(x0 1 a ·· · · ct • 

da 
where a = cxo , iX C'.3 J C( C 1'.1 :::2 ~ , . ,;:: :r1c,_and tr,e ten par ame ters 

i·) ~ 
a E B C ,, and D ·. 

, C( ' e corresp ond to tempor a l transla ti ons, 

g eneral i sed Lorentz transformations , spa tia l rot a ti ons a nd 

spati a l trans l a ti ons r espectively . 

The s ymmetry group of the BD gr av ita tional 

fie ld is the de-Sitter group re s tricted by the condition 

tha t the symmetry tra nsforma tions lea ve the scala r field 

inva riant. 

i. e . the Ki lling vector componen t s are 

g iven by 

subject . to cf, t~ = 0 ( cf , oq . 3.30 ) ,a. , 
which implies tha t E, r? and D a al l va nish. The Kill-

ing vectors for t he BD gr~ vita tiona l field have components 

p 

a nd the symmetry transformations ar e the group of spatial 

rot a tions. This group i s intra n sitive, imp lying tha t the 

BD gravitational field is (spatia lly) inhomogeneous - a 

feature which wa s observe,l in the solution. 
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Effectively the n, t he influence of the scalar 

field com ponent ha s been to introduce preferred location 

effects. 

4.3 Sta ndard BD Cosmology 

By a sserting t ha t t h e Universe is s patia lly 

h omog eneous a nd isotropic the cosmologic a l Pri nci p le dis­

tinguishes a s privileged, a set of observers for which it 

could hold time.A For these observers it ca n be shown tha t 

a universa l cosmic time exists ( e.g. Bondi, ( 14) ) a nd the 

Cosmolog ic a l Princip le c a n then be re-expressed to a ssert the 

existence of coordina te s yst ems ( with the first co ordina te 

l a bel identifi e d with t he cosmic time coordina te) which 

are e quiva l ent for t h e pur p o s e of describi ng t he gross struc­

ture a n d t h e h istory of t he Univer s e. 

The coor dina te tra nsfor ma tio n be t we en a pa ir of 

such e quiva lent coordina te s ystems 
1 a 1 r cx'i 

c • .-::; • t ::ii: 5 -> ix > 

t 
"'here x O 

• x0 = x0 clo ::10 ·:;c.:.; t lic co:mic ·'.;i:.10, -c , 
i i I 1 

X -> X (x- , :<3 , X
3

) , i = l - 3 

must then be .an isometry for the s pace-time model of the 

Universe. So for example, at any point P and for any 

element of the subgroup of ?,Ir.iG- tha t gives coordina te trans­

formations of the kind above, 

6'.c· - o µv - I 

which implies ( e.g. Weinberg, (3)) that the metric t a kes 

the Robertson Wa lker form 

= -

• 
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Th e qu e stion a ri s e s for the BD the or y a s to 

whe ther or no t t h e sc a l a r and ma tt er f i e lds a r e to respect 

t he se isom e tri e s. ( Se e Secto 4.6 ). This is in con-

tra st to t h e Genera l Re l a tivit y c a s e wh ere t he fi e ld e q ua ­

tions g ua r a ntee t ha t the s pa ce-time i sometries described 

a bove a lso app ly to the mixed e nergy-momen tum t ensor 

of.the matter field. 

For the S t a nda rd BD c o smology ( big-ba ng cosmo­

logy describ ed by using th e Cosmologica l Pri nci p le a nd the 

BD field equa tions) it is a ssume d tha t the cosmic ( e. g . 

sca l a r a nd ma tter ) fidd s a re for minva ria nt under coordi na te 

tra nsforma tions betwe en e quiva lent coordina te systems. 

Th is r equir e s, e . g . ( 3), t h e sca l a r field to be a function 

of the cosmic time only a nd the energy-momentum tensor to 

h a ve t h e for m o f a perfect-fluid energy-momen tum tensor with 

the de ns ity a nd pr es sure co mp onents a lso functio ns of cosmic 

time only 

i.e . m;-l 
(1 i" , .. ( - " ' ,_) p(t)) p (t ), r, (-'c) \ <J, ::: ~(-t ). .L V = • ,.,L_:, ("'' \ V , ) , 

Using 4.37 and 4. 38 i n the field equa tions ( 4.5, 4.6) the 

funda ment a l equa t i ons for t he BD Friedma nn models c a n b e 

t a ken a s t he s et, ( 3), 
. 

cl ( {J<'.'.3) = U,T ( p-3p)o.3 l~ .39 at · ~H~~ 

• 
<) = -3.4 (p-:-p) 

' 
1:- J+O 

... 
'" 

~~2+ k = G.ro (~~ + ~ -2 li- ~-1 
? ~---- ··~"-: 

~ ., 3~j ( )•· c . ,. • c. 
~ ~ 

;-_.!1.o_·t•n <,& '"" .91~ '- = !.! ~ ;! !11 . - - d-c t t" ll t t c, J.t • 
'.'..'lm n f'or c, c i vcn oau,:,,tion of' s t.:i.tc p = :9 ( p) , 

the thr e e va riables o.Ct), cf>{t) a nd p(t) a re determined by 

one 2nd order a nd two 1st order differential equa tions. A 

unique solution then exists for fixed ~ and kif the values 

of the four va riables a ,~, p, and 1 c a n be specified at 

some time t. Solutions in general, have a singularity at 

~ = 0 at some finite time; so on defining t = O for this 

time, equation 4,39 gives . 

~ o.3 (t) = ~~ / 1c[ p( t•)-3p(-t')h3 ( t ') clt 1-C , l:_J,.2 
3-:-2ro 0 

where C is the :irtegra tion consta nt • 

' 7. " •-:-•.JO 
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For C = 0 o. three parameter family of solutions 

i s obtained whic h satisfy the constraint Brans and Dicke, (1), 

used to elimina te the extra degree of freedom implied by 

the initial conditio ns . 

• 

For C f= o an extra par ame ter is needed to fix C and so a 

four paramet er f ami ly of solutions is obtained. 

For the pressure less 1 7.c ( o curva ture case 

, 
there a re three kinds of solutions which for l a te ~pochs 

hRve similar beha viour wh ile for very ea rly epochs, differ 

quite c ons idera bly. 

I. C ::: 0 Br a ns a nd Dicke ( 1) ~-:~.;2~ ~ 3t->) 

o. ~ t2 <ti.) --t ·1 )A ... :s~ J ,ll- • •1:2 

::: l: . • -':-3 

These solutions go over smooth ly to the Einst e in-Friedma nn 

model solutions 

for large l-> • 

9 = ccn ::; t::.J.T'.; 

Ii\ Ct ~/~ 
, 

Although explicit solutions for C /= O could be 

found their behaviour for very early a nd late epochs tends 

to be more informative 

II. C > O 

~ cc t 
-2 p C( ~ 

l:.J+7 

• 
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III. C < .0 , for t • 0 Dicke ( 15) 
1 

0) Cl 
t[1 + 3(1 + 2/3w)"ll]/{ + 3w) 4.50 

t[1 + w - ( 1 + 2/3W) ],~ + 3(1J) 4.51 a a 

p a -2 Lf-.52 [1. • 

For l a rge t the behaviour of solutions type II a nd II 

approa c h t ha t of type I. 

;;;: 

A peculiarity of solutions of type II a nd II 

is tha t for finite w , a s t • 0 

TYPE II : (.G • oo 

TYPE III : ¢ • 0 

Solutions for k -/4 O_,._j2 j ..9. Weinbarg ( 3) suggests wo uld have 

limiting beha viour (t • O , oo ) s i mi l a r i n cla ssification 

to the three types described above. 

Since a ppropriate observa tions of ea rly epochs 

a re not a va ila ble, C may be negligib le. In this ca se for 

l a rge w the r e l a tions between c urva tur e :'.\mass density ( p 
O 

) , 

epoch ( t ) , Hubb le' s 
0 

constant ( H ) a nd the decelera tion 
0 

parameter ( q ) would be expected 
0 

of the Einstein Friedmann model. 

to be very simila r to those 

For example, for the zero 

pressure, zer9 curvature model in the limit of l a rge t eqs. 

4.41 - 4.43 give (3) 

H t = cL..t 2w) 
o o 4 + 3w 

= ((I)+ 2 ) 
qO 2W + 2 

4'fTG.p = (4 + .J.c0i.4 + 2w) q 
H2 (2 + 2~) 2 

0 

• 

With w ~ 6 these quaptities differ from those of the Einstein 

Friedmann mcrdel by less than five per cent. 

J. 

• The same peculiarities occur in the anisotropic models 
considered by Matzner, Ryan and Toto.n, (~l.ji..). 
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However, i f the integra tion consta nt is not 

neg ligible it is a n a dditiona l pa r a meter with which to fit 

observa tions. The l a titude for u c h ieving a fit is grea ter 

a nd consequently the bound implied on the fr a ctiona l time 

variation of the gra vita tiona l consta nt is not a ccura te enough 

(16), a t present to decide between the BD a nd Einstein - Friedma nn 

models. 
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4.4 Units transformations a nd the BD theory 

By a suitable position dependent scaling of 

length, time a nd inverse mass , Dicke , (17) , has shown 

that the original form of the BD theory in which the 

gravitational constantG- ~~-.1 varies , can be put into a 

b a r~ed form in which TT is consta nt n nd particle masses, 

~, vary with s pace-time position . In the original form 

numerical quantities are measur e d r e l a tive to constant 

a tomic units ( pa rticle ma sses, It\ constant; G va rying) 
I 

and in the barred form they are mea sur e d rela tive to 

consta nt gra vita ti ona l units . ( pa rticle ma sses , TI, 

v a rying ; ~ c onstant ). 

The barred f o r m, or repr esenta tion, is inter­

esting bec a us e t he scala r field a ppears as a matter field 

minimally coupled to th e barred metric field. In the 

linearized wea k field limit the two fields a re inde pend­,,_ 
ent and both give rise to a univ ersa l inverse square law 

attractive force. If it is supposed tha t units are based 

on atomic sta nda rds then the scalar field interacts with 

material particle s through the mass of a particle being a 

function of the sca lar field. 

- -i i.0. ~ tX , ·, I 

where the scalar field, 

BD equations, (17), 

.. 
1\ ' appea rs in the transformed 

G, iv = Ein~m i- A ) r \.;;.µY • 1.:.V 

Q (ln\) = ~I_ .. __ ~ 
2~ + 3 

, 

with Aµ V ::? ( 2<.r),.t_,?J. [ ), ,,,.,\. 
1 

y 

1G~'Jt> 
and barred operations are performed with r espect to barred 

symbols o •~• ---:- .. --~ -~llv • 

~except for elec tromagnetic fields which they ignore. 
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The ma ss va ria tion with space-time position 

is universa l and in pr i nc i p l e c ould b e observe d by de­

termi n ing the r a tio of the ma ss of s ome e lem e nt a ry 
-l. 

particle to the c har a ct er istic gravita ti onal mass , I:,.. IG) .... (nC; • 

Using t he de Broglie rela tion for an e lementary particle 

£ = te<:: ~ = 3 - f:'!OI.1Cl"fa1.!1 
rv f'V , 

k = ',.r: •_..,\r8 no. ·10c·~or 
rv 

:R = PL-cncks c ~; 1w ·~r:..!.1"t / 2 ·1:" 

the va ri a tion in mass det er mines an identica l va ria tion 

f or inv ers e leng t h and i n a similar way for time r a tes. 

As with t he mass varia tion Dicke (17 ), suggests that the 

l eng t h a nd tim e va ria tions with space-time position c ould 

be ob se rv ed by c omparison wit h the char a ct eristic l eng th 
.1.. ..L 

and tim e invarian ts ( G-'.1/c3)~ r: :.1cl. ( G-;1/c6 )~ • 

This r epres ent a ti on i s clearly non-metric a s 

the equations of mot i on o f a t e st par~icle d eriv e fr om 
'.~ ll 'V 

0 = ~J\~W , wher e .ds~ = ?fµyd;;.' dx , a nd a r e geodesics 

o f t he metric a 
Op,V 

r a ther than the metric r; .. 
µv • 

A gener a li sa t ion o f Di cke' s units ~ransformation 

by Mor ganst ern, ( 18 ), which likewise lea ves Pl anck's <.•on­

stant, h a nd c inva ria nt, a llows for the c onsta ncy of 

products of 

radius 2Gti/o2 

G and M , such a s f or example the Schwa rzsc hild 

• Th is i s a c h iev e d by taking 

~ = f ~ in the original BD equatio ns, where 
,0 

~ is a constant and ~ is a dimensionless sca lar field. 
0 

The units transformation for length ( time ), L, 

and mass Mis define d by 

L • 't = 
li-'> ti = 

under which 

g(..lV • Sµv 

~ • 1 = 

..l-( 1 - a) xa L 
A.-~i - a)M 

= 
.,(1 -,~ a JI.LY 

if,/· = <.~ A. o: 
0 

,, 

4 .• 56 

L: •• 57 

l: . • 59 
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w~ere ~ is an arbitrary parameter characterising the trans -

formed units. Tho BD equations c a n be then written as , 

( 18) , 

= 

(2 - 2)- • \. >cf. ..., r1 ( ,• ,. n •) / '-0 - (;) ·l· ) + 0: r,· v1~ : . "• , , l ·I' .v-i:., ,v w .il :- e \ ) 
''[ 1 ,er. ' -, .. 

The tra~s;o:m:~,~~:~: .::~,i~~_Tar :~6"1 ~h;w that, ! ,G
1 

irrespective o f the va lue of th e parameter ~, matter 

makes a n a lways positive contribution to the scala r field 

/\ ; ( r a ther than to the sc a lar field 4s ) , ( 18). Thus 

the ~ac h ian requirement tha t matter give a positive contribu­

tion t o the inverse gravitational constan t is independent 

o f the choice of units when interpreted in terms of the di­

mensi on l ess sca ling field A • ( 18). 
) 

Also independen t o f the va lue of~, are the predictions , 

( 18), for the three tests ( and for Schiff I s c;y roscope test ) 

which could have been expected as angular measurements are 

generally considered to be dimensi onless. 

Hence th e BD theory c a n be given va rious re­

presentations , each generated from the original by a units 

tra nsforma tion an d clearly for a given representa tion the 

input data ( e.g. ma ss-energy density etc. ) must be express-

ed in units appropriate to the representation. It should 

perhap s be noted that this interpretation of a representa ­

tion as a units transformed BD theory is regarded as super­

fluous by some authors. e.g. O'Hanlon (39), who states that 

s~•b an interpretation" is illegal since units are legally 

( and reasonably so ) defined in terms of atomic standards"• 

Thus a representation is a mathematical convenience. 

However, on considering how a tomic standards 

of length and time are defined ( e.go Sec. 3.1 ), one feels 

that this microcosmos bias could be countered in the spirit 

of remarks made by Eddington ( 12) which although taken out 

of context suggest that an elementary particle adjusts its 

size to the spatial curvature of the Universe. 
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The BD theory was designed to apply on 

the cosmolog ica l sca le. Wi t h this view it is useful, 

al though as me.1tioned not necessary, to interpret the 

conforma lly rela ted representa tions ( eq. 4.60, 4.61 ) 

ae units trans formed representa tions a nd look at the 

appropriateness of a system of units and its associated 

representation. Thus for loca l physics , because of the 

weakness of gravitational interaction, the relative va ria ­

tion between a tomic and for example gravita tiona l units 

tha t exists in the BD theory should be unimportant while 

for expanding universes it may be importan t. On this 

latter scale , the problem a rises ns Morga nstern, ( 19), 
points out , that the numerical va lue of a g iven quantity 

obtained from observation must be further ana lysed to de ­

termi ne which set of units is constant in the measurements. 

4.5 Standard BD cosmology (Contd . ) 

In a series of papers ( 18 , 19 ~ 20~ 2 1 ) 

Morganstern has developed and g iven solutions to the Fried­

man-type models based on the transformed fi e ld equat ions 

( eqs. 4.60 a nd 4.61 ) a nd with the energy-momentum tensor 

in standa rd form 

~-'' '.l''. 
V 

where F' = p( ,c) , 

;-; .i.vo n hy 

= 

= -( \ ~ tJ a nd the equation of state is 

1 

3 

Although not giving full justice to t he calculations , the 

purpose here will be to give a brief summary to extend and 

complement the previous section. 

A privileged observer views the Universe as 

homogeneous and isotropic and then for his particular 

choice ( a.. ) of uni ts takes the line element in ca;iov:tng 

coordinates as 

+ 
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where k = 0 , ± 1 a nd the b.srr ed not a tion as usua l denotes 

t he choi ce of units . 

on this ch oice. 

The cosmic time , t , will depend 

In the originel unit s of t he BD theory the 

line element t a kes the form 

a nd beca use of the tlimer.s ionn.li t~: [: 1ven to tho c<..orclin<'-·ce 

t , a nd the function a( t) , th~ uni ts t ransfor ma tio n 

between the fo r ms 4. 64 a nd 4 . 65 ne8<ls to be ext ended.~ · 

, ~{ 1-c() 
viz: a = / c a l+ . 66 

dt = ), ½( i- a) dt 

Henc e t h e so l utions a ('"t), '.\ ('!) a nd '{S ('t) c ould be 

expected in genera l to be different functi ons of t 

for ea c h se t of units . 

* 

For early epochs, a s 

tha t ( 21) 

t • 0, it is found 

(a) for the r a dia tio n filled Fr i edma nn 

the solutions a ,~ 

a nd p show the s am e ti me dependence for 

a ll spa tia l curva tures 
' 

(b) for ma tter filled Friedma nn models 

the solutions a a nd 11. have t he same 

time a nd unit dependence . The d ens ity 

h owever, increa ses less r ap idly than for 

the r ad i a tion ca se ( whic h is less r apid 

than th e 
- .-. t ~ beha viour of the Einstein-

Friedma nn model ) • In con tras t, the 

trend is for the a ssignmen t of numerical 

va lues to physical parameters ( e . g . epoch , 

the transforma tion on the time differential ca n be 
a voided (19) by defining _ 

~i : pft~)) ~~ 
where ~ is a dimenst·onfess parameter. Under a units trans1orma t1op nese equations 1.mp1,.- -cne 
trans forma tio n eq. 4 . 7. ~ 
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ma tter density etc. ) to depend very 

much on the units employed. 

If Px denotes the scalar field energy 

density ( which for a = o . ,, ) proportional to A~ then 

is 
.e. .. 0 
p). 

independently of spa tia l curvature and 

units. So in the limit the sca lar 

field energy density dominates the 

matter energy density . 

For l a te epochs , a s t • c0 

(d) £ I PA • constan t rv 1 f or e ,= 1/3 , 

suggesting tha t both t he ma tter and 

scala r fields 

the r ad i a tion 

a nd 
.., ,, • 

a re importa nt , while for 

cas e ( c = 1/ 3 ) i.., • co 
,~ 

constant. 

The general conclus ion ba sed on present 

observational constra ints (22) is tha t the scalar field, 

if it exists , although of negligible importance for the 

present epoch, seems important near the initial singularity, 

However, one notes from the Hamiltonian formulation, e.g. 

(33) and ( 34- ), for similar but anisotropic cosmologies 

that the presence of the increasing scalar field energy 

density for early epochs is not sufficient to prevent the 

existence of the initial singularity. 
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4.6 "Non-Standard" BD Cosmology 

So far only the Friedmann type cosmologies 

have been looked ato For these models the assumptions 

of spatial isotropy and homogeneity apply also to the 

scala r and matter fields and a s & consequence these fields 

are functions of cosmic time only. 

McIntosh (23) and Halford (24) have shown that 

perfect fluid-type Friedmann solutions exist for which 

the scala r and matter fields a re position a nd time depend­

ent. 

obtains 

e. e . McIntosh ( 23) for the fla t - space 

Robertson- \Ja lker metric 

(i) 

(ii) 

a.z2 = - c~ t2 + .::.:J ( t)[ cl::2 •:- ,y2 ❖ c1.z2] 

, 
j 

"(~- \ -- k'l,-:..: L , ~, 

,t-t, x,y, z) = ~i(K(;:2 + '12 -:- zn) 

-:- It: -:• rAy + Nz -:-- P] 

I (t) = A4-~ .. !';.. .. , ...... =-~-·- , . O; ' ., 

~ 
= y}t Ii (To: -:- 11;/ + Hz)a 

= 1L:J + Ii2 + If 'n 
.. \.: ' ..... ---·-· _...._ ----~ . 

Aa 

where A, B, K, L, M, N, and Pare constants. 

Although initial or boundary conditions are 
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not given to determine these constants, it is not clear 

how these c an ½e given , even in a frame dependent way and 

make physical sense. 

A further difficulty arises because the 3-space 

is the open E~clidean 3-space. For the two solutions , 

the sca l a r field c a n be zero a t some points ( because it 

has a f a ctor conta ining independent polynomial expressions 

in x, y, a nd z ). The sc a l a r field is unphysic a l at 

such points and the matter density is negative. 

Alternatively, by using symmetry trans formations of the 

space-time , for example spatial rot a tions a nd translations, 

it a ppea r s tha t the ma tter density a t a given point may be 

made negative. 

This suggests that in looking for position-de­

pendent solutions of the perfect fluid-type Friedmann the 

choice of functiona l posit ion dependence is ~m_po_r_~a.1?-_t_. 

For depending on t h e c ho ice, if the symmetry group of the 

BD gravitational field or matter field is not the same a s 

the symmetry group of th e associa ted space-time then the 

situation may arise where coordina te transformations leave 

the metric form-inva rian t while giving an unphysical BD 

gravitational fieldor matter distribution . 
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4.7 Scalar-Matter field gauge freedom 

In Section 4.2 it wa s shown that in the absence 

of matter, the geometry of u space-time does not in general 

uniquely determine the BD gr a vita tiona l field tha t could exist 

in it. This suggests for the full BD theory tha t the matter 

content of a space-time is likewise, not uniquely determined 

by the g eometry of the space-time - in contrast to General 

Re l a tivity where geometry uniquely determines matter content 

a l mos t trivia lly via the Einst ein tensor. 

O' Ha nlon (25 ) has made t h i s idea more explicit by 

showing t ha t geome try determ ine s the ma tter content only up 

to a spa ce-time position dependent ga uge-tra nsfo rma tion. 

The BD equations 

G 
~tY 

= &.fA.-l m -..i..-2[;:_ .A. 1 ,t. J.'.,l p~ ,1;-1c~ ·1J.J 
. ':f .lily+ \Ow 'Yul-' \I - -~yg11y"f p'V j + 'I' 'I'. , , ·\,; - g! LYIJ 'l-1> 

l , I ' 1~ , , , · - , -

u (/, = &.r 'I :, 
3 + 2cu 

a re form-inv aria nt under the gr oup of geometry preserving 

tra nsforma tions (25) 

where r, > 0 to mainta LVJ. attr a ctive (W > 0) r;ravitat ion 4 . 70 

only if 
1 

where 1 5 ln'~, 11 ~ A 2 

eqs . 4.68 and 4.69) become I n this oase the BD equations ( 

G-µY = ~-1T' + t~•-:i[~; ~; . -
µY Jµ IV 

.:i ~, Lr3 d,,-1[,.., _ a~•J1.· 7 2--g 11vYI pep, + r v •µ• v Guv '¥ 4t 3 
J , , • 

D~'= 8-rrT' 
3 + 200 '\ 

which would foll0\1 f'rom the · a otton principle 

o J (<f>'R - c:~• ::1q1 ~•,P + L') ,/:ga,,,x = O 
, P 

where 1 1 , for the new matter f'ield is independent o'f: ~jt ;• 

Thus the scalar field dependence of the new energy-momentum 

4('/4. 
f 
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tensor in eq. 4o11 appears only by constructiono 

From then , a solution Lj11_v1 t),'.i\1vl , if for 

some ~>O eq . 4. 72 is satisfied, anothe r solution 

f i>. l ''' 1 can be genera ted by the transformation 
~IJVI 't', -µ V j 

given by eqs. 4. 7o and 4.71. However , without some 

gauge condition, impo sed, 0' Hanlon has shown t ha t some 

physically acceptable solutions c a n generate solutions 

which are unphysical in the sense tha t a new ene r gy­

momentum tensor may have a negative energy density or 

inappropria te boundary or limit properties . 

Equivalent · solu-tioris a re defined (25) as those solutions 

which for fixed w give t h e same 

space-time geometr~. The set of equivalent solutions 

defined by eqs . 4.71 and 4. 71 subject to t he constra int 

eq . 4. 72 is a n equivalence cla ss a nd some such equiva lene9 

cla sses can be generated from solu tions of Einstein's 

field equations 

= 0 • 

This c an be seen when 

or 

(a) (.) = 0 in which case from eq . 4. 72 .).. 

(b) 

is an a rbitra r y space-time position de­

pendent function a nd the BD equationB 

a re fully covariant under this transforma-

tion group . In particular the choice 

reduces eqs. 4.73 and 4.74 to 

the form of eq. 4.76. 

~ lP._ .?£eJl ~ ..Q ·in 'fii'ro.tb c~ -~~ c:rnicc A = r 1 

is again ac ceptable as eq. 4.72 becomes a 

field equation derivable from eqs. 4.68 
and 4.69 ( by contraction). 

Two examples (25) based on space-times with 

Robertson-Walker metrics 

i .o • ru? ::; - clt2 + :i1 
( t '1 d.r2 + r 2 _a.e2 ❖ r 2 r.iin2 0a.ljr2J; 'Lr.:ra--2 _ 

k = 0~ i 1, 
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illustrate some of the possible matter - BD gravitational 

fields which s a tisfy the field equations for a given space­

time. 

(i) Referring to the vacuum solution ( 3) 

( Sec. 4.2) 
1 

a(t) = (D-kt2
) 2 , D > 0, k = ::1:1 , 

where for k = +1 the 3-space contracts to a si ngulari ty in 

finite time and for k = -1 the 3-space 

expands indefinitely from an initially 

non-singular state • 

.Als o 

T 
lLV = 0 , all ;'. , v, 

a nd w = 0 , implyi ng by eq . 4 . 72 tha t J, i s a r bit r a ry" 

Eqs . 4.70 a nd 4.71 g ive a family of perfect-flui d typ e cos-

mo logica l mode ls with 

p' = - 3k(&r)-1a-3 t2?~ , t ~ 
dt 

P' = -( 2trr)- 1 ( at)- 1t 2l 

and ¢' = }.. t a -i . 

Particula r choices of~ (25) 

(a) g ives a dust model 

p ,, = 3k ( &rr)-1 

p 1 = 0 , 

with a varying gravitational constant implied by · 1' 

(b) ).. = (Dt)- 1 a gives a radiation model 

p' = 3p ' 

= 3k(& r 1 a--1 

' 
with I' = constant • 

-1 
= a • 
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Thus for the given space-time the BD equations do not dis­

tinguish between the case with no matter present and with 

the sc a l a r fi e ld defined by 

a nd the c a se where a partic ular r ad i a tion field is present 

while the sc a l a r field is const an t. 

For either mo del, (a ) or ( b), the energy densi ty 

for the matter distribution is posit ive or negative a ccord­

ing to whether k = + 1 or - 1 re spectively. 

( ii) Referring to the BD fla t space dust 

model ( See Sec . 4. 3) 

0. = a t q , k = 0 
0 

p = Po 
t-3q 

::_1 = Q 

and ¢= (, tr r 
.) ' = 

0 
2/(i+ + :-::~)., q = r( 1 + tiJ ) • 

Eq . 4 . 72 gives (25) 

t: , k 
.\ 

consta nts 

a nd the new density a nd pressure a r e , ( 25), 

p' = K2 tr-4[k t 2 -
p O l 

3( (!) + 1) 2 ( 3 + 2w)-.1:] 

p' = _g2 p tr-~ [ (!1-
0 

+ 3(')) ( C + 1 ) ( 3 + 2W )- l ] 

and cf,• = K!\,°i tr- 2 ( 1 + k t) 2 
• 

0 l 

The energy density is posit ive for 

;.~ 

The pressure is negative for Cl) > -3/.2 • 

,:, 
It is interesting to note that some authors regard negative 
cosmological pressure as acceptable suggesting tha t this 
p•essure need not be given the usua l kinetic interpretation 
---- McCrea (~i), Pachner (~) 
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Although this model is valid for all positive w 

the limit as w • c ~ does not exist for some parameters 

a nd consequently the model does not have a counterpart 

in General Relativity . 

Finally one notes th a t if the metric is written 

in terms of cartesian coordinates then a more general 

solution of eq . 4 . 72 is 

1. ::: i\. t(L:x: -:- My + tlz) 
0 

L, E, }T constants, 

f h " ' or whic .1. p.v , µ /4 ~ would have , in general , non-zero 

components. 
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REMARKS 

Be c ause there a re few exact solutions of eqs. 

4.68 and 4.69 to work with, the gauge freedom between the 

sca l a r and matter fields poses two problems. The main 

one has to do with interpreta tion, while the second is re­

l a ted to a remark (25) that II it is possible tha t som e as 

yet unknown gaug e condition will select out of each equiva­

l ence class the solution describing t he "real" physi c a l 

situation" • In contrast one could a sk: 

g iven a solution tha t describes a 11 real" 

physi c a l situation , which othe r equivalent 

solutions g ive equa lly 11 real11 physical situa tions. 

For the cas e o = O, fl. is arbitrary and the space-time geo-

metry does not even in a qualita tive manner determine the 

matter content as demonst r ated by examples (a) and (b) in 

which both dust and r a diation models of ma tter are consist­

ent with the geometry . 

So far it has been conveni en t to interpret the BD 

gravitational field equations in terms of two general ideas 

the BD gra vitational field with the metric field 

component determining the space-time geometry while the 

scalar field component determines the locally measured 

gravitational constant and the matter content of a space-

time as a loca l s oure e of the BD field. The important 

gravitational aspect of the matter content is the energy-

momentum tensor, 7µv' that can be assigned to it. TµV 

is locally defined in terms of the dynamical interaction of 

the matter field with the metric field and for simple matter 

fields ( e.g. fluid • or electromagnetic 

tinuous in finite ( or infinite) regions. 

) Ti.iv is con­

For these 

cases a space-time could be divided into separable regions 

characterised by vanishing or non-vanishing matter content. 

In the former regions the vacuum BD field equations hold 
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and in the latter regions the full BD equations hold. 

Continuing the interpretation, the transformation given 

by eqs. 4 . 70, 4.71, and 4.72 rela tes some possible matter 

and BD gravitational fields t ha t could co-exist in regions 

of a given space-time and suggests that unless some restric­

tion is put on the form , or boundary or limit properties 

of the energy-momentum tensor, different matter fields could 

be consistent with the one space-time region . 

A similar, but in other respects different , prob ­

lem a rose in the cosmology sections where once the Robertson­

Walker line element wa s given for a space-time model of the 

Universe, further assumptions had to be made a bout the func­

tional depend enc e of the energy - momentum tensor of the Uni­

verse and of th e sc a l a r field. 

Thus b ecause the interpreta t i on of a solution a s 

describing a phys ica l situation depends on wh ich covariantly 

conserv ed second r a nk t en sor s could be specified as be ing 

t he energy- mom entum tensors of physi cal mat ter f ields, a 

general criterion bey ond interpr e t at ion for determining the 

physical solutions of an e q , iva lence class seems doubtful . 

Moreover ,for a n empty space-time gener al features such as 

the sign of t he energy d ens it y of matter fields compatible 

with the space-time, seem a wkward to find. In short one 

is not sure what can be put into a space-time without dis­

turbing the pre-existing geometric rela tions. 

The scal~-matter field gauge freedom expressed. 

by eqs. 4.70, 4.71 and 4.72 does not seem to apply in the 

linearized weak field limit. For in this limit, using the 

result of Quale , ((5), Sec. 4. ), one can choose a gauge con­

sistent with the symmetry group of the theory so that the 

scalar field variable is effectively "absorbed" into the 

trace of the metric field variablew The gravitational 

field is then described by a tensor field with the symmetry 

group defined by the reduced Weyl group. This conclusion 

suggests that to interpret eqa. 4.70, 71, 72 as (25) 1 "a 

scale change in the unit of mass which preserves the conserva­

tion laws" would involve a r a ther arbitrary classification 
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of matter sources; for example strong an d weak, before 

such a sca ling could be appli ed . 

Despite this doubt about interpretation the 

writer feels it is appropriate to refer to the group of 

transformations as the mass - gauge group (26) with the 

understanding that the group is not a cova riance group 

( Sec . 3 .1 ) b£c a use under th£ group dpt a re mapped into 

dpt but the map of kpt is undefined. 

The origin of the group seems to be rela ted 

to the idea s that the representation of the BD t h eory 

used is metric ( a nd universally c oup led ) with Hi:.IG 

a s the comrlete cova riance group and tha t t he scalar field 

is a long rang~ field . The fir s t idea means tha t 'l'.,v i s 
,--

independent o f t he scala r field and satisfies the on ly 

Bianchi typ e iden tities 

, 
while the second idea excludes fro m the action principle 

for the re present a tion a cosmolo g ica l t e r m which would 

have forbi d den tran sformations of t he kind eqs. 4.70 - 4. 72 . 

Such a term would give t h e scalar field a non-zero rest mass 

and so a finite r ange . 

In view of t hese comm0nts a ma ss-gauge group 

should exist for the metric representa tion of a ny scala r­

tensor theory involving a long range scala r field . 
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I. 

J1 

ill. 

"TI. --

Parameters 

B 2 >0, C>O, 

~-.!..L 2 A -2CB • ;_ =(l+A)2 -A(l-½wA), 

K2_41l'Ec2 ¢oA2 
-c4go2 (l+!A)2 

B2<0, b2=-B2, C>O, 

~ =...f.t ;_2= (1- ½wA)-(l+A)2 , 
;_ 2Gb' 

2 ,.,.. A.z 
2 41l'Eo 'f'O 

K =c1go2 (l+1A)2 

B 2 =0, C>O, 

~=~ a--l±(-3-2w)112 

b C ' w+2 

K2 - 411'€ ~2 ~ 
- c4g O (1+-f<_zF 

B 2 =+«>, C =O, CB 2 =const, 

~=~ a -l±(-3-2w)112 

b CB ' w +2 

411'€ 2 ¢ a2 K2 = ~ _p_ou- . 
~(i+Iar · 

TABLE I. The four types of solutions for a charged mass point. 

¢ 

<!Jo (p-B )Al>.. 
p+B 

¢ 0exp [f tan•1(p/b~ 

cf>oe-•lbp 

¢ 0e-•plb 

e"''z 

eao12(:P - B) 11>.. 
p+B 

· K2eao (p -B) 2(t+Al2)1>.. 
1--- --

4 p +B 

exp[ 7 + f tan-t(p/b ~ 
1-¼K2 exp[ a, 0 + t (1 + ½A)tan-1 (p/b ~ 

Q O ..!. 
;r-bp 

1-¼K2 exp a, 0 -b! (l+½a) 

Q O p 
:!' - -e b 

1-¼K2 exp [;o -f (1 +½a)p] 

e a12 

eBol2 (1 + J)2 ( ~: !}>..-A-1)/). 

x[ 1 _K:ao (~:;ft+A/2)/>..] 

(
p2+ b2) [/3 2 ] --;;r- exp 2° -~(l+A)tan-1(p/b) 

x { 1- ¼K 2 exp [ °'o + i (1 +½Altan-1(p/b~} 

~ + (~;a) {1 -¼K2 exp [00- b! (1 +½a~} 

~ exp[~ +(
1;a) p] { l-¼K2 exp[ a 0 -f(l+½a)p]} 
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4. 8 Nordstrom-Reissner Type So lutions 

The sta tic solution quotnd here ~ 

ana lo gous to the Nor dst r om - Re i ssner solution in General 

Re l a tivity. It is derived from the BD field equations 

with the energy- momentum t ensor g iven by the Maxwell str ess 

t ensor 

T;'µ T;'vy 
= .l' '{J.' 

1 µv Y,5 
g F F 

l+- y & 

where (-l.:cFµv) v = 0 , , 
a nd with a n a p pr opri a te identific a tion of the integra tion 

const a nts the solution c an be interpreted to describe t he 

BD g r a vit a tiona l f i eld o f a cha r ge d , mass point source . 

LJ- • 77 

With the line element in isotropic coordina tes 

,ls 2 = - eC( ( p)c2dt2 + e!3 ( p)[ dp2 + p2ao 2 + p2sin20a\\r2 ] 

the solution of eq . 4. 78 in ma trix form is 

1/.l \J = ~ 0 8 - ( CC + 3/3 ) / 2 ( 0 1 

2 -1 0 
0 
0 
0 
0 

E a constant, 
0 

p O 0 
_o o 

while the metric and sc a l a r fields ha v e been solved for 

by Luke and Szamos i (29) who g ive four types of solution . 

These a re stated in Tab le I a nd the classif ication is 

a ccording to the r e l a tionships of the par ameters Band C 

Eqs. 4. 78 a nd 4. 79 imply that the r adia l 

electric force component is (27) 

E 
p 

= e( a + l3)/2 Eo 

2 
p 

• 

Thus € c an be identified with the elec tric ch a r ge of a 
0 

point source a t the origin ( p = 0 ) ; for if Lorentz 

conditions a re imposed a t spa tial infinity 

i.e. cc • 0 

and /3 • 0 

as , 

4 . 79 

4 .80 
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then eq. 4 . 8 0 goes over to the cla ssic a l form for a point 

cha rge. 

With E = 0 
0 ~~·----- solution I becomes ( a pa rt from 

a trivia l redefinition of constants ) the Brans Type I 

v a cuum solution : Sect. 4.2 ) . 
Simila rly solution II becomes the Bra ns Type II va cuum solu-

tion. 
a/2 e 

Curiously, in the same ma nner, if the numerators for 

of solutions III and I~ a re repla ced a s 

a /2 1 iX 1 
e 

O 
- - - exp[ ...2. - - J 

b p 2 b p ' 

- , r c spoc-ci ·rnl y 

and a lso for solution III , e 
(3/2 

... , 

then solution III becomes the Br ~ns Type IV va cuum solution 

and solution IV becomes the Bra ns Type III vacuum eolution. 

go from their derivation (28) is an integra tion consta nt, 

which if zero gives a consta nt scalar field. In this case 

solution I appears to be the only physically reasona ble 

solution and they show tha t it is the Nordstrom-Reissner 

solution ( in isotropic coordina tes) of General Relativity. 

Further, if E = 0 then the Sc hwarschild 
0 

solution ( in isotropic coordinates) is obtained with the 

identification 

, G 2w + 4 
2W + 3 

Where G is the locally measured gravit a tional constant and 

Mis the mass of the point source. 



82 

However , in genera l for solution I, if 

Lorentz conditions a re imposed 
1(2 

0 •-

a t spa tia l infinity 

i.e. 

and. 

' G 

a • 0 

!3 • 0 

0 

, all a s p • oo 

' 
then the consta nts B a nd G r ema in undeter mined a nd in 

0 

this respect the solution is incomplete. 

Fina lly, Buchda hl (9) has independently con-

sidered the same problem . By first simplifyi ng the a ction 

integra l for t h e problem , he obta ins a rela tiv ely simple 

set o f equations for which he g ives exa ct solution s. The 

integra tion consta nts nre rela ted to t h e sourc e pa r a meters 

- electric cha rge, a ctive a nd pa ssive mas ses, by compa ring 

t he a symptotic form of the solutions , a t sp~tia l i nfinity , 

with the linea rized wea k-field limit solutions. Such o. 

compa rison would presuma bly hold if t h e linea ri z ed wea k­

field limit solution is va lid a lso nea r the source . 

4.9 A.I:M Formula tion in the BD Theory 

Briefly, this method h a s so f a r been used i n 

the BD theory for the investiga tion of two areas . 

(a) the solutions of "point like" sources 

a nd ( b) the dynamics of expanding homogeneous 

models of the Universe. 

(a) The approa ch here, following ADM (29), is to 

construct a physical model of a point sourcP. by considering 

a spherica l-shell distribution of pressureless dust and 

allowing the coordinate r a dius to tend to zero. Such a 

source is point - like to the extent that the coordinate 
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radius vanishes a nd the proper circumfer enc e van ishes, while 

depending on the fields present the proper r ad ius ma y be 

finite. 

The resulting initia l-va lue problem has been 

discussed by Taton ( 30, 30~, jO'g ) a nd in a slightly differ­

ent context by Deser and Higbie (31) a nd Higbie (32 ). Rather 

than making full use o f t heir papers, their conclusions re­

l a ting only to the Nordstrom-Reissner an d Schwarschild type 

solutions will be sta t ed . 

De not i ng t he source pa r ameters by 

m 
0 

E 
0 

E : 

the mnss of the s ource in the ab s ence of 
c ravi-cation, 

the ch.::tr ge of the sour ce , 

-U1.e source 's coordinat e extension, 

it i s found (31) tha t for an uncha rged source, a unique, 

nons i ngu l a r sta tic solution exists for every set of source 

pa r ameters ( 

the limit a s 

m , E 
0 

(JJ • 00 

) a nd c oupli ng constant w , a nd in 

the Gener a l Relativis tic oueresults. 

Also, a s E • 0 the tot a l mass of t he source vanishes ( a s 

in Genera l Rela tivity ) and the inva ria nt or proper r ad i us 

of the source vanishes ( unlike i n Gen era l Rela tivity) 

For a cha rged source a restriction (32) 

·j 

I E I < -}, G.2m 
0 ~ 0 

is needed for the existence of static solutions a nd so in 

this case there is not a unique solution for every set 

source pa r ameters (m, E, E) • 
0 0 

In the limit as w • oo the solutions go 

over to the Nordstrom9Reissner solution of General 

Relativity. However these "limit" solutions still s a tisfy 

the a bove restriction in contrast to the situa tion in Gener­

al Relativity. 

(b) Likewise for this area, little more 

than references will be given. The anisotropic generalisa-

tions of the BD Friedmann models for k = 0 and k = +1, 
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tha t is the anisotropic models of Bi anchi type I and IX 

have been independently discussed by Na ina i (33) and 

Matzner , Rya n, and Taton (34). However, beca use simila r 

problems have ~een different treatments, a deta iled com­

parison of their methods would be necessary for a suitable 

discussion . 

4.10 BD Theory and M2 ch's Principle 

H purpose of t his Chapter has b 8en to bring 

to ge th er refer e nces for a r a nge of topics and in so doing 

det a il an d de p t h hav e so.metimes been neglec t ed while dis-

cussion has somet i mes b een mi nima lo In particular the 

field th e oretic construction of the BD t h eory needed further 

d iscussion if only bec a use this me t hod may have proved int er ­

esting when it wa s rela ted to the sc a l a r-t ensor model looked 

a t in Cha pter Three . The Hamiltonia n appr oa ch to BD cos­

mology a lso deserves more studyo Some app lica tions of the 

BD theory to different c osmological and a strophy s ica l prob­

lems ha ve b een discussed by r-b inai ( 35 , 36 ) bu t not men­

tioned here . The specia l topic, the i n tegra l formula tion 

of the BD theory, Naira i (37, 38) , ha s a lso been excluded. 

The topics chosen were not rea lly involved 

applications of the gra vit a tional field equations and almost 

all of them have counterpa rts in Genera l Re l a tivity. In 

this way the BD theory wa s presented mainly as a departure 

from General Relativity . 

In section 4.1 the role of the scalar field 

was observed to be restricted to the gra vita tiona l field 

equations and so once the metric field has been solved for, 

the gravitationa l effects on physical s ystems follow in the 

same way as they do in General Relativity - via the equiva­

lence principle or by means of universa l coupling. One 

can take a problem in Genera l Relativity, work out an 

analogous one in the BD theory and for many cases the BD 
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solution is well-defi ned for a ll posit ive W a nd in the 

limit for 1.~•~ ~ this solution goes over to the corres­

p onding solution in Genera l Re l a tivity. However, a prob ­

lem cha r a cteristic to the BD t heory a rose when one is g iven 

the functiona l form of the metric ten sor a nd on e so lves fo r 

the sca l a r field a nd/or the compon ents of t he energy-momentum 

tensor. 

For t he va cuum s itua tion it wa s possible to 

have a curved, non-singu l a r space-time with a r e l a ted non-

uniform sca l a r fi e ld. Thus a g r a vit a tiona l f i e ld would 

be observed on the b a sis of the equa tio ns for geodesic devia ­

ti on and it is natura l t o as sume t ha t t he s ource of t h is 

field is t he sca l a r field . Another peculiar ity of the 

sca l a r field is t ha t it s symmetry pro perti es ma y he lp to 

define pr e ferred coordina te sys t ems ~ In some re spects then, 

the sca l a r field c an sh ow the beh a viour of a ma tter field 

0ne notes tha t it is on ly in the r epresent a tion wit h gr a vi-

t a ti ona l units, G cons t a n t, t hat t he s c a l a r field c a n in 

g enera l be fully tr ea ted a s a mut ter field ) - for the s pec i a l 

space-time ( example ( b) pa ge\) Section 4.5) the sca l a r 

field wa s indistingui shab le fr om a r a diation field in so 

f a r as gra vit a tiona l e ffects a re conc erned. Be c a use 

v a cuum solutions exist, t he sc a l a r field c an exist in t he 

abs ence of ma tter and t h e interpret a tion given in section 

4.~ tha t the sca l a r field is in a sense genera t e d by the 

ma tter field of the Universe needs slight modific a tion. 

For the cosmologica l situa tion th e introduction 

of the sca l a r fi e ld wa s a ccompanied by a dd itiona l a ssumptions. 

It was noted tha t the symme tries of the space-time were not 

sufficient to determine the functiona l form of either the 

sca l a r field or the components of the energy-momentum tensor 

of the Universe•. There was no substantial difference be-

tween the BD a nd Einstein- Friedma nn models and for reason.• 

oblo values of w these differ ences would be practica lly un­

detectable. 

* the usua l form may be a rrived at by kinetic considera tions 
but the concern here is with wha t the field equa tions can 
g ive. 
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Tha t the BD t h eory is b a sica lly a departure 

from Genera l Relativity ha s b een stressed i n the interpreta­

tion of t he BD gra vit a tiona l field a s ha ving a scalar f ield 

component. The sc a l a r field t hrough the fi e ld equa tions 

ha s two consequences f or ma tter fields. A per haps t'.l;.-

Ma c h i a n division ha s bee n ma de between matter fields beca use 

electromagnetic or r ad i a tion field s c a nnot b e direct sources 

for the sc a l a r field. The second conseque nce is tha t an 

ambiguity a ris e s when one tries to determine a n energy­

momen tum tensor a s a source t e r m fo r a ,giv en Ei ns tei n tensor. 

The ener gy-momentum t ensor i s no t a lway s unique and this 

suggests tha t t her e may be prob lems if a nwtter erirtt~tionnl. 
source is to be deduced from t h e motio ns o£ f or examp le, Q 

pla net. 

The ma in fea tur e of t he BD theory is a v a riab le 

gr a vit a tiona l c onst a n t which the structure of t h e t he ory 

makes dependen t on the a rbitra ry pa r a me t e r w It a ppea rs 

tha t exp erimen t ca n do little mor e t han to put a low er bo und 

on c; a nd upper bound on the v a ria tion of the gr a vit a tiona l 

consta nt. 

Br a ns and Dicke (1) c l a i m t hat t he ir t he ory is 

more compatib le t han Ge ner a l Re l at ivity with Ma ch 's Pri nciple. 

For both the BD theory a nd Genera l Re l a tivity 

an inertia l fr a me ma y be defined a s a loc a lly freely falling 

coordinate system - so an inertial fra me is determined by 

the loca l metric field whic h is itself determined by the 

matter field of the Universe. In such a fr a me the l a ws of 

specia l Re l a tivity hold ( a t lea st to first order) as re-

quired. If loc a l s pace-time inhomogeneities can be neglected 

the cosmolo g ica l ba ckground geometry determines the class of 

inertial fr am es - a nd inertia l effects now a ppear a s a result 

of a ccelerations rela tive to this cosmolo gica l ba ckground. 

Mach's Principle goes beyond these idea s and it is sufficient 

for the needs here to use the sta tements of Dicke ( ~, 40) 

( 1) tha t "the inertial fr ame ought to be 
uniquely determined by the ma tter 
distribution of t he Universe" 

a nd ( 2) that "the inertial reaction may be con­
sidered to be of gravitational origin". 
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By the previous comments the first idea receives 

the same support in the BD theory a s it does in Genera l Re-

lativity. However, the idea ma y be slightly more evident 

in the BD theory tha n in Genera l Rela tivity. Brill (41) 

ha s shown tha t t h e rot a tion of a loc a l inertia l fr a me brought 

a bout by a rot a ting ma ss shell,is in the wea k field a pproxi ­

mation the same as in Genera l Rela tivity (the Le ns - Th irring 

effect) except for a f a ctor depending on ci • But the 

conditions for the limit of perfect dra g g ing a re the same 

for bot h t h eories . 

The second idea requires a little ela boration . 

A body acce l era ting r e l a tive to the cosmoloGic a l b a ckground 

experiences inertia l forces a nd the sugg estion is tha t these 

forces a re a ctua lly gr a vit a tiona l. In t h e loc a l inertia l 

fr a me of the body t h e cosmolog ic a l b a ck ground a ppea rs 

,i.ni::;o-'cronic a n d inh omo g e n eous an d t h e i mp li e d redistribu-

tion of th e ba ckground mn tter field exerts on t h e bodyi 

gra vit a tiona l forces whic h by ( 2) a r e i d entified with the 

inertia l forces . This equiva lence of inertia l a nd gra vita-

tiona l forces lea ds to a rela tion ( a ttributed to Scia ma 

(42) 8 . g . in Br a ns a nd Dicke (1) ) , 

GIL~ 1 
Rc

2 ' 
where Mis the ma ss and R is of radius of the observab le 

Universe. 

4 .81 

In a closed expanding Universe this relation 

can admit a variety of interpretations, notable among t hem 

being Dirac' s hypothesis ( in a strict form) with 

2':c 
G~t , M~t , R~t , 

and the two represent a tions of the BD theory in which (c) 

G is a constant and the mass distribution i is determined 

• 
the number of particles in the Universe, i measur~ of 
its tgtal mass, is a dime nsionless number of th~ order 
of 10 O and by the comments in Chapter Two M rv ·l; , 

where t = age of Universe/atomic unit of time 
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by the field equations and/or bounda ry c ond itions, 

or (b) G is va ri ab le and a function of; 

For the repres ent a tion of the BD theory 

cha r a cterised by constant gravitational units, the mass 

of a pa rticle is a function of the sca lar field a nd hence 

mass becomes dependent on distant ma tt er. One could 

hope tha t t hrough t he sca l a r fi e l d t h e i nertia of a body 

would be completely due to t he ma tter of the Un iverse. A 

mea sure of the inertia o f a body is its self-energy a nd 

for Genera l Re l a tivity the self-energy of a neutra l po int 

pa rticle is zero while t he self-energy of a po int c harge 

i s equal t o t he magn it ude of it s chc r g e (29) . For the 

BD r epre sen t a tion Toto~ ( 30, 30a ) has shown tha t the 

situa tion is unc hanged and more i mportantly th a t if the 

bounda ry va lue of t h e sca l a r field is cha nged by intro­

ducing ma tt er a t i nf inity then the s itua t ion still r ema ins 

the s ame. 

The gener a l observa tion is tha t Ma ch's Prin­

ci p le is no more compa tible wi t h the BD t h eor y t han it is 

with Genera l Re l a tivity. 

Fina lly in t he a bsence of decisive experi­

ment a l evidence aga inst th e BD theory it seems importa nt 

to a sk if in a ny sense the BD t h eory is a n adva nce on 

Einstein's the ory of gravitation. In comparison to Ein­

stein's theory the BD theory involves no new physical 

principles ( except to repla ce SEP by EEP.). However, the 

BD theory viola tes WEP for massive physica l systems. In 

these r espects the re is not much jus t ifica tion f or the BD theory 

as a departure from Einstein's theory . 
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Chapter Five 

SPECIAL SCALAR-TEHSOR THEORIES 

5 .1 Gursey's theory 

Although Gursey 1 s t heory (1) is forma lly 

simila r to the BD t heory for w = -1 ( or Deser's t heory 

without th e sca le-invariance break ing term) his theory 

involves a sc a l a r density field r a ther than a scalar field 

a nd consequently it is not strictly a sca l a r-tensor gr a vit a -

tion theory. Ho wever th e t heory deserves to be mentioned 

bec a use it is ba sed on interpret a tions of Ma c h 's Principle 

similar to those used by Br a ns a nd Dicke, with t he differ­

ence t ha t t he t heory is constructed within the fr a mework 

of Gener a l Re l a tivity. 

Th e d iscussion of Ma c h 's Princip le in Section 

4.10 proceeded by separa ting the spa ce-time ge ometry into 

two pa rts - one due to the cosmolog ica l ma tt er field ( i.e. 

distant matter sources ) a nd the other due to loc a l ma tter 

distr ibutions . Gursey chose the cosmo l ogical ba ckground 

to have a de-Sitter geometry a nd a n in erti a l fr a me is then 

determined to within the de-Sitter group . Transfor mations 

of this group acting on a n inertia l fr a me a lways give in-

ertia l frames. However inertial forces appear in a non-

inertia l frame tha t is derived from an inertial frame by 

coordina te transforma tions not belonging to the de-Sitter 

group. Ma ch's Principle is expressed as before, to say 

that these forces are gravitational - in fact due to the 

redistribution of the ma tter of the Universe implied by 

the change of frameo 

The de-Sitter metric can be put into a 

conformally flat form (1) 

J 

a nd for an actual space-time with metricr gµv 

5. 1 

the boundary 
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conditions a t spati a l infinity for Ma chia n solutions ( in 

Genera l Relativity) a re sta ted in a n inertia l frame to be 

( 1 ) ' 

2 
g • 4> (-r)11 .. µv µ ... • 

Gursey rewrites the metric tensor as 

, 
where 

l-
¢G is a sc a l a r density of weight i a nd Y~

1
\! is a 

- -1 
tensor density of weight ~- The bounda ry conditions c a n 

be rest a ted t hen as 

and 
] 

5.2 

5 .4-

In a n inerti a l fr a me Einstein's field equations, . wh en re­

formula ted in terms of the v a ria bles <;G a nd Yµv a re 

clea rly going to ha ve a f o rm identica l to the con f orma lly 

inva ria nt fi e ld equa tion s looked a t in Cha pter Three. The 

geodesic equa tions c a n be s i mila rly r e formula ted. 

It turns out tha t the effective gr 2,vi t a t iona l 
,-1 C consta nt is G<:t, r a th er t ha n , a nd Gursey shows tha t the 

effective gra vit a tiona l const a nt c a n be rela ted to the radius 

a nd ma ss of the closed, de-Sitter model of the Universe 

( a s in the Ma chia n rela tion eq. 4. 81 ) • ¢G a ppea rs as an 

inertia l coefficient in the equations of motion of a test 

particle moving against the de-Sitter background. Hence 

the inertial mass of the particle depends on the cosmological 

background in a vray which is more satisfactory than in the 

analogous situation for the BD theory where mass depends on 

the BD scalar field. There, a coordinate transformation 

taking an inertial frame to a non-inertia l fr a me has no 

effect on the inertial ma ss of the particle despite the 

redistribution of matter seen by the particle~ For Gur-

sey's theory such a transformation alters the inertia 

because ¢ is a scalar density and makes the inertial mass 
G 

of the particle more dependent on the cosmologica l background. 

* I det Y I= 1 µv 
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Interestingly (1) , for a particle in an otherwise em pty 

Universe the bounda ry conditions ( eq. 5.4 ) a re sufficient 

to make its inertia l mass vani s h . 

Gursey's refor mu l a tion of Gene r a l Re l a tivity 

than, h a s import a nt Machian properties and it sugges ts 

further developments within Genera l Re l at ivity such a s us ing 

more gener a l c os mo log ica l backgrounds a gains t which to con­

sider inertia l reac tions and gr a vit a ti ona l forces. However 

in the context of this thesis Gursey's theory ma y be con­

sidered to represen t a t urning point. 

Gravitation in his theory is described by 

two dyna mic a l va ria b les, a sca l ar densi ty a nd a tensor 

density . He found that t he sc a l a r density field l eads to 

repulsive forces for t h e cos mo l og ica l ba ckground ( a nd so to 

expanding mod els of the Un iverse ) while departures of t he 

tensor fi eld from the Lorent z me tric lea d t o a ttra ctive 

gravita tiona l forces . Thus fo r l oc a l gr a vit a ti onn l int er­

a ctions t he import a n t dyna mi cn l va riable is the tensor 

dens ity. 

With t his tensor density defining a me tric 

on the space-time, the interva l between t wo ne i ghbour ing 

events will not be i nvar i an t under t he de-Sitter group 

a nd so the resulting geometry will not be Riema nnion 

In f a ct, except for the restricti on t o the inerti a l 

fr a mes, this geometry is very similar to a formula tion 

of Weyl's geometry given by Bergman n (2). Bergmann 

ma de the physica l metric , ~iv a tenso r density by im­

posing a "norma lising" condition 

j 

which wa s to be invarian t under the full group of co-

ordinate transformations. For the construction of co-

variants in Weyl space-time this formalism is equiva lent 

to the usua l formulation given in Chapter Six. 
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5.2 Ma ssive Brans-Dicke Theories 

A feature of the BD theory is the existence 

of the ma ss gauge group. In section 4.7 it was suggested 

that this is a genera l property of a metric ( and uni­

versal l y coupled ) representation of the sca lar-tensor 

model provided th e re is no sca l a r field self intera ction 

term in the action principle ( i.e. r3 = 0 i n e~. 3.29). 
The a ction of t h e group is to genera te from a solution 

fgµV' cf\ ,Tµ) of the field equations a n equiva lence 

class of solutions, each member of which ha s the s a me 

metric field, and it is quite possible tha t an e quivalence 

cla ss ma y contain more tha n one physic a lly accepta ble 

solution ( e.g. for the BD t heory ex~mples are given in 

Section 4.7 ) . This situa tion it wa s suggested is a t 

lea st pa rtly due to the complete covaria nce group being 

MMG. For if the complete cova ria nce group is extended 

( e. g . by t a king the direct product wit h the co nform a l 

group) the a dditiona l Bia nchi-type identities may leEJ 

to ea ch equivalence cla ss h a ving only o ne element . 

Another contributing f a ctor is the sc a l a r field being a 

long r a nge , massless field. The pur p ose of this section 

is to introduce th e massive scalar fi vld and in p a rticularto 

look very briefly at the f a mily of ma ssive BD theories. 

with finite mass m, The sca lar field, ¢ 
satisfies ( in contrast to eq. 4.1 ) the field equation 

0 1> - m
2
F( ~b) = 4'ITAT , 

where Fis a sca lar function of th e sc nlar field an~,.._ 

5.5 

is a coupling constant. Following the method of Weinberg, 

(3), ( eq. ? cf. eqe.4.1 • 4.6)Acha rya and Hogan, (4), show 

that the deeired field equations are 

-1 -2( 1 P) Gµv = 8'm/.> Tµv i-OXP ¢
1
µ¢,v - ~µv¢,p¢ ' 

1 . . 
+ ¢- (c/>;µ;v - gµv0¢ + &rrgµ~(c/>)) 5.6 

2 ~ 0¢ - m F(cf,) =- ;:L ~ T , 5.7 
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wh ere an d E is a sca l a r fu nction of the 

sca l a r field s a tisfy i ng 

2 
E' - 2c,C

1
E = ~~ (3 + 2w) ¢-

1
F(¢) 

For these e qua tions t o reduc e to the BD e qua tions when 

E ( ¢) 0 <:po 
-1 

m = 0 o r13 requires = where = G 1 5 (', 1 . .,, 
an d in add ition for t h ese e q u a tions t o reduce to Ein-

stein's f i eld e q ua ti ons o n e requ ires F(¢ ) = 0 5 .10 0 

Eqs. 5.6, 5.7, 5. 8, subject to 5.9 an d 5.10, 
de s crib e a f a mily o f mass ive BD t h eorie s . Their predic-

ti ons ( 4) fo r t he cla s s i ca l t ests a r e id en tica l t o t h e 

pr edict i o n s o f Gene r a l Re l a tivity and s o no low er bo und 

can b e set on w . 

O' Ha n lon , ( 5 ) , has c ons idered t he specia l ca se 

wh ere 

(J) = 0 

o.nd F( ¢) = 'fJ - cJ> • 
0 

In t he wea k f i e l d limi t t he modifi ed Newt on i a n gr a vit a ­

tional potenti a l turns out t o be 

1 -mr 
v( r) = -( Gm/ r) ( 1 + 3 e ) 

5 .1 1 

5.1 2 

a nd it is th e presence of t h e exponentia l term th a t gives a 

short r a nge compone nt to t he Newtonia n gr a vita tio na l force. 

Non-Newtonia n behaviour of t h is kind was first 

proposed by Fujii, (6, 7) a s evidenc e for a dila ton with 

ma ss m. Such a particle with zero ma ss is associ a ted 

with sca le or dila tion inva riance in p a rticle physics, (8), 

a nd by a llowing non-z ero mass this symmetry is broken. 

Ba sed on present observa tions Fujii, (6), puts restrictions 
-1 

on m as 

10m .< -1 
1km, m < 

rv ~ l 5.14-
-1 J 

or m < 1cm. 
rv 
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Although the massive BD theory with w = O 

may not be an appropria te modific a tion of General 

Relativity if the massive dilaton is observed, O'Ha nJon, 

(5), concludes with some general comments about this 

theory. 

Wi thout the sca l ar field mass term, the 

field equations a re form invariant under arbitra ry mass­

sca lar field transforma tions ( eqs. 4.70, 71, 72 ). 

With the mass term included this inva rianc e is broken 

with a n a ssociated massive scala r field and this situa­

tion has a forma l counterpart in particle physics with 

sca le inva riance breaking being rela ted t o the massive 

dilatdn. The suggestion is tha t sca le inva rian ce is 

related to the ma ss gauge group r a ther tha n with the 

conformal group. 

One notes tha t conformal invari a nce breaking 

in t he sca l a r-tensor mode l led to the Deser sca lar-tensor 

theory in which the r a nge of the sc a l a r field was cosmo­

log ica l and did not s a tisfy the restrictions, eq. 5.140 

5.3 Other Scalar-Tensor theories 

It is beyond the scope of t his thesis to make 

a compara tive study of the individual sc a l a r-tensor 

theories but wha t can be done is to briefly take up a 

reference made in Chapter Two to Harrison's pap~r,(9). 

One can write a simplified version of the 

a ction principle for the sca l a r-tensor model as 

o}[l~ - 'tc:,q/>- -
2< CT.¢' /X + 1Grr ¢B~JY-g a4x::: o, 5.15 

where 'tc:, is a coupling constant. Values for the constants 

A and B generate a family of sca lar-tensor t heories which 

includes the more important theories that have been 

suggested. Some of the action principles which have 
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been used c a n be summa rized following (9), by a Table 

( see below), a nd depending on th 8 magnitude of the 

constants A a nd Band the form of LM one may ha ve 

represent a tions cha r a cterised by a combina tion of fe a tures 

such a s 

or their 

Author . . 
ScherJ' er 

Deser and 
And erson 

Jorda n 

1 . t es t particles moving on geodesics 

2 . world-lines int ersecting a hypersurface 

not being conserv e d - i.e . mass or 

particle crea tion, 

3. t he gra vita tiona l consta nt being 

va ria ble, 

a lterna tives. 

A 13 

c 1 o) 2 = 0 

Piran i, Deser, (11,1 2 , 13) 2 0 

( 14) 1 2 

Hoyle, Yilmaz (15 ,16 ) 1 1 

Br ans 2: Di cke ( 17) 1 0 

Dicke ( 18) 0 0 

Jordan ( 19) -1 0 

Harrison showed tha t an a ction principle for 

one theory could be obtained from the a ction principle 

for another theory by a suitably defined conformal 

transforma tion a nd in this way the various sca lar - tensor 

theories could be forma lly identified with each oth er a nd 

with Genera l Rela tivity. However this does not mean 

tha t the scalar-tensor theories ( in the Ta ble) are 

equivalent because different interpretations a re given 

to the ma tter Lagrangia ns - thus non-conservation of the 

energy-momentum tensor may not for some theories involve 

the creation of matter but rather a rescaling of the 
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ma tter va ria b le s . This is illustra ted by looking a t a 

connection esta blished by Morganstern , (20), b e tween 

r epresent a ti ons of the BD theory a nd the cla ss of Jorda n 

t h eories. 

If B is put equal to unity , e q . 5 .15 becomes 

with l; = ¢/ ¢ , 11 = 1. 
0 

•J l~r.J> +11 rlf R - t;:;l;- 2l; QC( + 
o L , a 

-1 J -] L._ 1&:- cfa 
O 

l;LM -I-gel x = 0 , 

which with a slight cha n g e of not a tion is identic a l to 

Jordan's a ction principle ( e. g . Bri ll, (211. The 

a ction principle is for ma lly invar i an t under a Pa u li 

c onfor ma l tr a nsforma tion ( 21) 

,,, 
,, - y I ,/( 

] = g~lV = <o gµ v 

't., ' 3/2Y2 L'J - - Y J 
" = t;:; - 311'( - M = t; 1r,r 

a nd so effectively the class o f Jorda n t heorie s is de ­

scribed by one pa r a me ter (11 ). 

where 

Lagr a ngian . 

The a ction pri nc i p le for t he BD 
T'D-1 , 

1 &:r:r[1 )Y-.""dLf-x = 0 
J\1 J ,~ 

t heor y is 

, 

is t he ma tter 

Under a units tra nsforma tion one ha s 

(cf. Section 4.4) 

- Ct .,.,. 
0µv -l 

-( 1 - a)/2 
m • m=A m , a arb i trar y 

j 

a nd the a ction principle becomes ( 20) 

5.16 

5.17 

5 .18 

o{ ¢ o'"" [R - ¥2w + 3( 1 - .2))', -;._ .-,/•": 1GmJ,~
1'if] }-ei'x : ~

0

, 

., . ./ 
where barred opera tions a re performed with Cµv a nd th e 

- ~BD 
bar as in R a nd 1'M indic a tes their functional dependence 

on g while the subscript 11, means tha t M is r eplaced 
_µv 

by M. Eq . 5.19 describes a family of representa tion•· of 

the BD theory para metrized by a • gµv is the new metric 

field to be varied and in this respect it ha s no A de­

pendence. 

Th e mat t e r La gr o.g i an depends linearly on mas s 
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and its explicit A dependence is 

°tEP = r:_~D"--( 1 - a)/2 
7:I 711 • 

In order to identify the metric fields in a 

BD representation and a Jordan theory eq. 5.16 c a n be 

rewritten in a ba rred form 

5.20 

of [¢
0
+111;~ [R - 't)(

2\ a~-;,_, + 1&n-¢:~~J }-gd4-x = 0 , 5.21 

-J 
where ½:1 r.c- s its ma ss subscrip t unba rred beca use in 

the Jordan theory ma ss is t aken to be independent of the 

scala r field r. • Id e ntific a tion of the last terms in 

eqs. 5.19 a nd 5.21 gives 

11 + 1-:..J - BD - DTl -( 1 - c( )/2 
l; 1i'i ::: ~ = li-t. (using eq . 5.20), 

a nd further identific a tion of t he field varia bles a nd 

Lagr a ng i a ns of the BD r epr e sent a tion a nd the Jorda n 

theory b e comes s omewha t a rbitra ry. 

Morga nstern intro duces a pa r a meter Y a nd 

ma kes the choice 

-Y /1. 
= , ,, + 1 

~ J -BD Y ·-DD Y - ( 1 - o:)/2 
T:, = lfr A = L: . A 
7,, I i 11'1 

··, 

J 
J 

which s a tisfies eq. 5.20 a nd which implies for eqs. 5.19 

a nd 5 .• 21 tha t 

1l = -a/( a + Y) 

'= [2w +3(1 - o:
2
)]/[2(Y + 2)

2
] ] 

l; = A -( a + y) 
• 

Hence by means of eqs. 5.22 and 5.23 the BD 

repr esentation ( eq. 5.19)can be interconverted with 

the Jordan theory ( eq. 5.21)and it remains now to look 

more closely at the matter Lagrangians. 

-BD 
For the BD representation 1i is a units 

BD 
transformed ~ and so depends on both A and a. 

The mass K appearing in this matter Lagrangian depends 

on A and the resulting non-conservation of the 

5.22 

5.23 
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a ssocia ted energy-momentum tensor ifl'µv 
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does not imp ly 

the crea tion or annihila tion of ma tt er but just a resca ling 

of the matter variables. 

For the Jordan t heory the matter Lagrangian is 

a purely form a l element, independent of~ and it requires 

interpreta tion. In the BD f orm the impiied non-conserva-

tion o f the energy-momentum tensor cannot be rela ted to, 

say, the resc a ling of particle masses and so it involves 

crea tion or anninilat i on of matter - or more simply a 

change in the number of particles. 



99 

Chapt~r Six 

THE SCALAR-TLllSOE LODE:, (,F GRJ\VITATIOI'. ( CT;)_} 

Back in Chapter Three t h e sc a lar field was 

brought into t he description of e r a vit a tion by using the 

fr a mework of Genera l Re lativity. Thus the two dyna mical 

varia bles for gra vit a tion in this model were a scala r and a 

tensor field - the t ensor field being a metric tensor defined 

on the spa ce-time ma nifold . By mea ns of a cova rian t deriva-

tive defined on the manifold,the gravitational laws were set 

up as second order differ entia l e q ua tions in these variables 

but it was found t ha t simple l a ws could not be a rrived at in 

a natura l man ner bec a use of some a r b itra riness in the form 

and streng th of the coupling of the scala r field wit h the 

tensor field. In pa rticula r j for t he metric and universa lly 

coupled re pres en t a tion of th e model ( e . g . eq . 3.29) t here 

wa s present in t he a ction principle two undetermined functions 

of the sca l a r fi e ld and an a rbitra ry constant. On e of the 

sca l a r field functions could have been disc a rded because it 

was proba bly important only for problems in cosmology. 

The field e quations for this representation 

would have implied tha t the energy-momentum tensor of ma tter 

had a vanishing divergence and so it would have followed, as 

in General Relativity tha t the equations of motion for test 

particles were identical to the geodesics of the metric. 

From WEP the pa ths of freely falling test particles are 

independent of t he nature of the particles and so with these 

paths being the same as geodesics of a suitably curved space­

time, gravitation had been geometrized . However, gravita­

tion had become only partly geometrical because the scalar 

field did not appear explicitly in the components of the 

curvature tensor or in the geodesic equations. The 

scalar field in contrast to the metric field was confined 

to the gravitational field equations and had n o fundamental 

geometric role. 
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In this Chapter a different approa ch is 

taken towards the sca l a r-tensor model with the result 

tha t ma ny idea s such a s leng th sta nda rds, conforma l 

tra nsforma tions, a nd the variability of d imensionless 

numbers are united in quite a s a tisfa ctory way. 

The physica l spa ce-time ma nifold is considered 

separa tely a s a Weyl a nd a Lyra manifold a nd in a n a logy with 

Genera l Rela tivity the gra vit a tiona l field equations are to 

b e comprised in an a ction principle co nsisting basic a lly of 

two pa rts - one g iving the contribution of the gra vita tional 

fields via the "curvature function" of the manifold a nd the 

other g iving the interaction with a ll o ther forms of ma tter 

a nd e nergy . 

Genera lly, the gra vita tiona l p art turns out 

to contain three dyna mic a l va ri ables - a sca l a r, vector 

a nd a (metric) tensor field. 

The g eometry of t h e spa ce-time given by either 

ma nifold is unchanged for transforma tions belonging to MMG 

or to the conforma l gro up. Gr a vit a tion theories a re 

therefore required to be con f o r mally invaria nt a nd the 

complete cova riance group of these theories would be the 

direct product of MMG with the conformal group. Thus 

by generalising the geometric structure of space-time 

the complete covariance group of space-time theories has 

been enlarged in a rather na tura l w,.ay. 

It was noted in Section 3.5 tha t the conforma lly 

inva riant scalar-tensor model developed there could be put 

into a barred form which is a special case of a reduced form 

where the dynamica l variables contain no irrelevant parts•. 

In the barred form the gra vitational field equations 

appeared to be no different from those of General 

Relativity and at this point the identification of 

the two theories was implied to be complete. For 

* ~1h icl1 describtL -t:.w cc.ucc :f'rccclom duo to ·t:i10 confor mal {..;l'on:p • 
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in this form the equations giving the path of a freely­

f a lling particle would ha ve been the geodesic equations 

of a metric a nd this metric would have been identical 

to the tensor variable occurring in the b a rred form of 

the field equa tions. It rema ined just to assert that 

the metric defined a n interva l between neighbouring 

events which is the one measured byct:omic systems. 

The simplest gravita tion theories that can 

be set up on the Weyl or Lyr a ma nifold are simila r to 

the conformally inva ria nt sca l a r-tensor model in the 

respect that there is a reduced form of their field 

equa tions which is the s a me a s Einstein's field equa­

tions ( with or without a cosmologica l const a nt ). 

Again, a s with Rie ma nn spa ce-time the non­

gravita tiona l properties ( e.g. rest ma ss, spectral 

frequencies ) of a tomic systems are a ssumed to be in­

dependent of position a nd p a st history in the spa ce­

time ma nifold a nd one c a n therefore mea sure a n a bsolute 

interva l between neighbo uring events. It follows how-

ever tha t the rela ted " a bsolute" metric is not determined 

by a gra vita tion theory beca use the physica l l a ws are 

conformally inva ria nt and thus their metric va ria ble is 

specified only up to a position dependent f a ctor. One 

concludes then that it is an a rbitrary choice to identify 

a reduced metric variable of the field equations or of 

the equations of motion for physical systems, with the 

metric determined by atomic systems. 

Depending on the choice, one can arrive at 

theories similar to Hoyle and Narlikar's theory (1) 

with creation of matter, or to the Brans-Dicke theory with 

a variable gravitational consta nt or as above, to Einstein's 

theory with matter conserved and the gravitational constant 0 

true constant. 

A global formulation of the Weyl manifold has 

been given by Folland, (2), and for the Lyra manifold by 
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Sen a nd Vanstone, (3); the latter two a uthors pointing 

out tha t both manifolds are insta nces of differentiable 

ma nifolds with more genera l linea r connections. From a 

linea r connection one can d e fine a curva ture tensor, a co­

variant deriva tive and a f am ily of distinguished curves 

on a ma nifold. Hence Sen a nd Va nstone's approach will 

be useful to briefly give non-rigorous a nd comparative 

descriptions of ea ch manifold a s a space-time ma nifold . 

6.1 Linear connections - definitions . 

Let M denote the four dimensional space-time 

mo.nifold 

the tangent v octor spa ce to 111 a t P 

00 

the ring of C functions on H 

X(M) 00 
the Lie alc el1ra of C vector f unctions on M 

A 1(M) the ~ ,(M) module of C
00 

1 - f orms on H , 

a nd let g be a second order symmetric covariant tensor field, 

the metric, defined on M, where the induced form gp on 

T (M) X T (M) is non-singular and has signature - ~• + • p p 

A linear connection V on Mis defined as the mapping 

where 

V: X(M)XX(M) • X(M) 
(X,Y) • VXY such that 

(a) vr.x + g.Y(z) = r.vxz + g.vyz 

(b) vx(Y + z) = VxY + vxz 

(c) vx( f .Y) = X(f).Y + fVxY 

for all f, g E :J(M) andX,Y,Z E X(M). 
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The torsion of V is defined to be the mapping 

Torv: X(M) X x(M) -+ X (M) 

where (x,Y) • Torv(x,Y) = VXY - 'vy'- - [X,Y] 

for all X, Y E X(M) • 

Following Sen and Vanstone, a connection V on M is 

uniquely determined by 

only if these two cova riant tensor fields on Mare 

respectively symmetric and skew-symmetric in (X,Y) 
for a ll X, Y,Z E X(M) • 

A Weyl connection on M, (3), can be thus defined by 

'v 'l?(x, Y) = -(/>( z) • g(X, Y) 

for a 1-form 

Torv(X, Y) = 0 

·1 
<p EA (M) 

, 

and for all X,Y,Z EX ( r:~). 

A Lyra connection on M, (3), is defined by 

vz8 (x,Y) = o 

Torv7(X, Y) = ½[c/>(Y) /• X - ¢(X) r. y] , 

1 
for a 1 - form cp EA (M) a nd for all X,Y,Z E X (M), 

in comparison to a Riemann connection defined by 

for all 

v#(x,Y) = o = Torv7(X,Y), 

X,Y,Z € X.(M) • 
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For reference 

1. <:'l ( " ·•r ) v zc ,-.., :.. 

·"'o·~ Y '.1.r L,'"' " " ( 1"' J. .L. .1:..., , '- /'w ... ; • 

2. V is sa id t o be metric preserving (or have 
le ,-.,. f' 

3. 

and 

integr ::ible pc:t t-h transfer) 

The curva tur e ter.sor of V i s a linear 

tra nsforma ti on va l ued t ensor R t hn t a ssigns to 

each pa ir of vec t ors x, y E X (~) li near 

tra nstor ma tion R ( X J Y) of T p(M) i nto its e lf, 

wh ere 

[X yJ - ·; [ ,,.._, vv] , - '-' =i: ,u. - : .. '\. • 

4.- If C i s a diffcren ti -:.i.ble curve i n M, with t a ngen t 

vector field X, then C is a ge odes ic of ~ if 

on C • 

6.2 Weyl Space-time 

In this ca se the space-time manifold is 

cha r a cterised by a metric g a nd 1-form <f, [E 1.\ ~] which 

define a s in Section 6 .1 a Weyl connection, 'v on the 

m.<:t nifold. 

*There i s a change of convention implied h er e e . g . the 

Riemann curvature tensor components are the negative of 

those defined in Chapter Two. · 
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Some properties 

In loca l coordina tes f;t } a nd with f ca = t ~d 
denoting the set of coordina te vector fields let ~'c([.l = c(c,t=,o{3), 
n.. no( ) .'.!.nd ..1.." = __ c,:-r(.> l'::~ = T en "' ;~, ', .,. • 

!!..l The components 

defined by 

== 

y r of t h e Weyl connection ,·([3 

, - r·-nlY ~ Y ·1 "Y, "Y, ,y 1 

.-n = : n i .;. ·,; o (J :, -:• of,o r-· n' ' , • 
'-'tJ c.c~t-' J '· Lw ij /a uc<i-1' _j 
If the curvature tensor of the Weyl connec-

t ion is denoted by K ( the curva ture tensor of the Riemann 
,_,. 

connection is denoted':''m>y R ) then the components 1c· . 0 
~~a:-> 

of K defined by 

arc 

The genera lised Ricci tensor has components 

K - Ky 
cc ['., cq3y 

a nd the curva ture scala r is 

K 51( 
a 

R + 3
,,Y 

= ') ' ·Y , • 

• 

W.3 In M, if C is a di f ferentiable curve parameterized 

by t and X is its associated tangent vector field then 

for Y E x(r,~) the Vl!J.U& td · Y at one point on C de-

termines the value of Y at another point on C by 

parallel displa cement if 

~ tlthough tr1Q. curv~turc tensor nna. curvature scalar arc 
dcnotcc'l. b:,0 ·;;.;.10 sc.mc synbol t '.10 context of the Sj'DJol 
indicates its neani:ng • 
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and in local coordinates 

0 • 

Simila rly, for the change in length of the t angent 

vector~ on parallel displ a cement a long C 

X(c(Y, Y)) =~•(X) .c(Y, Y) 

( using the definition of t he Weyl connection and 

reference 1 in Section G.1 ),or in loca l coordina tes 

= 
1 c, 

- r', la c:.x 
• c: TI whcx•c ,a = G(Y, Y) • 

w. 4 The curve C defined in W. 3 i s a geodesic of the 

Wey l connection 

if + 
V ,:i, C: • {) 

r' ~"-£ ~ ­
~f3 ch clt 

= 0 

As well a s defining a Weyl connection o n U 

choice of g a nd <j defines a ~v~ _st!:~u,r.e o n :1.I 

Folland has for mu l a ted t h is idea a s follows: 

• 

, the 

Then G is the equivalence class of metrics strictly con­

formal tog and a Weyl structure on Mis the mapping 

given by 

A. 

one has 

F: G -+ .i.1 (M) 

F(r/o) = ¢ - &,. 

G -+ G1 

• 

<b • ~· = ¢ - dr, 

or in local coordinates 
' ¢;;: .. ~jac•-7 A ,c, • 

* in keeping with historical usage this transformation is 
referred to from now on, as a gauge transformation 
rather than a conformal transformation. 
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when 

A s p ecia l c a s e of the Weyl s pa ce-time is g iven 

q!i i s exa ct 

in whic h ca se t he space-time c nn be reduced by n s u ita ble 

choice of ga ug e t o a Riemann spac e -time . I n t his sen s e the 

Weyl spa ce-time could b e cons id ered e quiva l en t t o t he Ri emann 

spa c e-time. 

6.3 Gr a vita tion i n Weyl Spa c e-time 

From t he di s c us s ion o f t he Wey l s pa c e -time g iven 

i n Ch a p ter Two, a ga uge is the same as an a r b i t r a r y l eng t h 

sta n da rd a t ea c h po i n t of t he spa ce-time a n d a gaug e trans­

for mation is jus t a trans f or ma tio n of t h is sta ndard. 

··.·here 

because 

formation. 

forms a s 

Under t he ga uge tran sforma tion 

. l.! \/ 
c'i.::;2 = Gµ vc3.X dx I 

r • I - ,1;._. 
Gµv • L>µv - "·u 11.V 

~ -'· is t a k en to b e una ffected by the gaug e tra ns­

If a physica l q ua ntity denoted by X , tra ns-

X -+ , •• - ) n.., 
.;., - i\. A 

then n is called the dimensional number ( Lord, (4) ) of X. 

So the dimensiona l number of is+ 2. 

of weight 

Furt her, if X corresponds to the tensor de nsity 

w then its cova ria nt deriva tive a s implied by 

the Weyl connection can be defined by, (4) 

= ~-· t1 ~-· Av •• ,p + )..p •• + _-1_~ ~ + ~ vi-~ •• -
Vp~ 2 PAy•· 
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which is covariant with respec t to both coordina te and 

gauge tra nsforma tions. 

The Riemann cova riant deriva tive is a s usua l 

defined by 

_x?•• • ·· = ~l.. + r!.L , .;\. •• + 
V •• I , J ~ •• , p Ii. / ''v •• 

One ha s G ~ O = _,.,. I ..., a nd so both cova riant de-
1!";p '-'µVb 

riva tives commute with the r a ising and low ering of indices. 

The basic hypothesis of a g r a vitation theory in 

Weyl spa ce-time is tha t phys ica l l a ws can be written in a 

form tha t is manifes tly cova rian t under the group of co­

ordina te transforma tions and the group of gauge transforma-

tio ns. The field equa tions for the t he ory are to follow 

from an a ction principle whose a ction ho. s t he form 

I = f \<.V.Cd4x • 6.3 

I must have zero weight a nd zero dimens iona l number. So 

W is a sc a l a r wit h dimensi ona l number - 4. The curva ture 

sca l a r, i, of the Weyl man ifold h a s dimensional number - 2 

a nd to a void involving complica ted expressions such a s K2 

in I, it is sufficient to postulate a ccalar field, G, 

with dimensional number - 1. 

An appropriate a ct i on for t he va cuum field equa­

tions would be 

IG = 1 [ ao"K + -/, "uila +o.f1, /v + b<t' ] r.;;d'x 6 ,/+ 

where f - ~ - ft by definition, and contributions 
!..l \I - "'J..l.\lY Wl\1., 

to the action from the sca l ar a nd vector fields have been in-

eluded. Eq. 6.4 c a n be rea rranged to give, after neglecting 

an integra l of a divergence term and the "cosmological" term, 

fucr,/::ga4 x, 

_,,_. 4 
v- -~d X 6.5 
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As in Chapter Three a term, I HG- , representing the inter­

a ction of the metric, vector nnd scalar fields with matter 

is ad ded to IG to give t he f ull a ction for the theory, 

The field equations, 

oI = 0 

are not a ll independent bec a use of five Bianchi-type 

identities. _ V 

W · th )I: ,.. _ Ji[,-¼4 ,.. 1 . (: ,.. , 
1 u J., 3 - • ·• t) •" - -:-,J O<"J + 

l'JG. :_ 2 '1 t V ~ ' i.c 

va ria tions, tha t des cribe infinitesmal coordina te a nd gauge 

transformations and tha t van ish on the boundary of the region 

of integration, give t he five i dent ities betwe en the ma tter 
µ v 

" " m .a cl n sources , I I J . .'."'11 .:,• 

viz: 
U. 'V 

'.i:' \Iv 

(, .·iQ 

Eqs . 6. 7 - 6 .10 forma lly describe i n Wey l spa ce-time, a 

model for interactions between the three simplest long 

r a nge field s a nd for t heir intera ctions with ma tter. Models 

of t h is type have been considered, independen tly by Lord (4) 

and Dira c (5). Two other a uthors, Ross (6) and Ornate (7) 

have looked at relations between Weyl spa ce-time and scalar­

tensor theories but t h eir t heor ies are not physically re­

levant because they do not i nclude ma tter. 

Gauge transforma tions h a ve been interpretated 

by some authors ( Anderson (8), Ornate, Lord) as space-

time position dependent scale ( or units) transformations. 

Once a system of units for l e ngth (time) and mass has been 

established the group of such transformations is usually re-

stricted to those under which h an d care invariant. Inverse 

mass, length and time sca le the same way and physical quanti­

ties can then be expressed in terms of a power of length__,:_ 

*T~~ is exactly the same as in previous Chapte r s . _The change 

of convention for the curvature tensor has been compensat e d 

in the _action principle by a change of sign for the matter 

Lagrangian. I~ is the negative of previous matter actions. 



the dimensiona l number defined ea rlier. The coupling of 

matter with the three fields has been partly limited by 

this scale inva riance requirement an d it seems tha t the 

full genera lity of Weyl space-time has not been utilised . 

Ra ther than interpret the group of gaug e 

transforma tions as a special group of units transformations, 

the origina l idea o f gauge tru nsform~tions a s just l e ngth 

standard trans forma tions i s used o Except for two ~xamples 

the construction of ga u ge inva ria nt matter a ctions i s left 

indetermina te. 

Example 1 

Example 2 The a ction for a neutr a l~test particle of mass m 

( a s measured by a tomic stan da r ds ) can be t a ken a s 

With t h e coor dinates ' " .·, 
,, ,. 

of the particle, 

functions of t he proper time t mea sured a long '..;he 

particle 's world line, appropria te curve v aria tio n s give the 

equations of motion of the p article in a va cuum a s 

e,'i. / cl-:-~" \ ( c~} e,,_j> dx y 
dt \'' dJc ) • a- f3Y 'at It = O 

These equations are the geodesics of the "metric" of'p,lY and 

because they are independent of the vector field they cannot 

in general be the geodesics of the Weyl connection. This 

perhaps could h ave been anticipated because the distinguish­

ing feature of Weyl spa ce-time is that with respect to a 

particular ga uge the length of a vector does not remain 

constant on parallel displacement. In flat-Riema nn space-

time the Law of Inertia requires the four-momentum of a 

* Neutral signifies that the vector field has no influence on 

the state of mot ion of the particle 
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pa rticle to keep consta nt magnitud8 a nd direc ti on ~suggest i ng 

for Weyl spa c e -time tha t t h i s l n w could not be immedia tely 

gener alised . 

Lord t a kes a n action , I, in which the sca l a r 

fie ld term enters with a nega tive sign rela tive to K, a s 

c ompar ed to the positive sign in eq. 6.4. He chooses a 

gauge for which the sca l a r field is c onsta nt everywhere a nd 

with the restriction that 

he arrives a t a r educed t heory whic h is a lmost identica l to 

Hoyle a nd Narlika r's t heory. The specified ga uge is 

identified wit h a tomic sta nda rds of leng th. 

Below i n contras t , a Br a ns - Dicke type t h eory 

is derived fro m e q . 6.7 with t h e restriction, e q . 6.1 4, a nd 

a condition 

o. I , 

whic h is a lso used by Lord. 

Eq. 6. 14 i mp lies t ha t (,'>µ is t he g r a dien t of a 

sca l a r field . Th is field can be transformed away by a 

suita ble choice of ga uge i n t h e ga uge tran sforma tion, ( W. 5) , 
·j 

a nd on dropp ing dashes an d putting n.~ - ¢ w - •• the 

field equations ( e q . 6. 7) become 

•-1 
G = - 2 T - 0¥.

0

1-ra (A.. A. µ v 2 ,· µv • .... ,_1-i..,~v 

r'.: c:} = ; + 2(1) [T'-\.1 - osJ , 
with four identities 

µY 
T .y = , • 

- ' - Cn 

The identity~ eq . 6.10 is used to eliminate j ~ • 
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The re s triction, e q . 6.14 on t he vector ..-. 
field means tha t t he geometry of the Weyl spa ce-time is 

Riema nnian . The Weyl and Riemann co nnections a re iden tic a l 

but t h e e q ua tions of mo ti on of a test pa rticle a re geodesics 

of neither connection. On pa r a llel displa cement vectors 

mainta in their length with respe ct to the gauge choice, 

which we shRll i dent ify with a tomic sta ndards of leng t h . 

Thus there a re two d isti nct i n terva ls betwee n neighbour i ng 

e vents. 

(a) 

wh ic h is mea sured by a tomic systems - e . g . using t he r a dar 

method, a nd 

(b) t he i n terva l determined by t he e quations of motion 

of a t es t par tic le. 

is 

For a v a c uum t h is interva l 

In the ga uge chosen , t he ac tion for a test pa rticle 

( e~ - 6.12 )gives, usine eq . 6.8 , 

_ ~ ~ .. ~i'-.~v6 4 (x"' - xct(t)) dt 
- ::r-~: .,: Ct cl"b 

,, v 
T'-· 

.u n J. u \,; 

d S ~ 1~"{ a: "( ) ) c.n == V-r· / u X - X t els I 
-~ J 

h 1 d ~4 (xcx x"(t)) were the se a ar ensity, u is the 

four dimensiona l Dira c function. If ma tter is considered 

as a system of pressure-less dust particles then the three 
r:,µ\I .it 

sources , 111\ 1 Jm , and s
11 

particles, of eqs. 6.1~, 6.20, 
a re just the sums over the 

and 6.21 respectively. 

The field equations for this model of matter 

imply a variable gravitational consta nt ~ ~-~ 

The theory derived here ha s two uns.:::. tisfactory 

aspects in common with Lord's theory. The first is the 

restriction ( eq. 6.14) wh ich is an artificial constraint 

*in the gauge chosen 
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on the Weyl space-time. Two scalar field varia bles now 

a ppear in the description of gr avitation . 

1 
'l'he other a spect tha t a fo -fa~ means that 

the a ction principle ( eq. 6.7) is not the simplest 

which could be set up in the spa ce-time• 
A more fundamental obj ecti on to t he theor y i s tha t 

i t det ermines a unique anu preferred gauge . Thi s sugges t s 

that despite the theor y ' s gauge i nvariance there i s in 

fact no need for this i nv2.ria.nce . 

6 . 4 Dirac ' s Theor v 

Dirac ' s paper was publi shed very recently and 

it has unoxpectedly turned out to be the culmina tion point 

for the discuss i on of the scalar- tensor model begun back 

i n Chapter Thr ee . 

I n the ,nore developed scalar-tensor theories such as 

the Bra ns-Dicke or J ordan theorios , the s calar fi el d gave 

position dependence to the locally measured gravita tional 

constant and in this 1,,ray Dira c' s hypothes i s was a t l east 

partly br ought 1,-ri thin the f r umework of a gr avita tion theory . 

Dirac proposed that the appropriate modification 

of General Relativity needed to give a variable gr avita tional 

constant i s contained in the Weyl space-time. 

By putting a = - f
2 

the action (eq. 6.5) f'or 
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the vacuum field equations simplifie s to 

I == r [cr 2 P ·· (,a off+ f fµv]v'-gd 4 x 
C::- J ':la ll \! 

whore now the vector fi el d va riable does not appear 

explicitly . In the presence of matter the full fi eld 

equat i ons can be written. 

oI = 0 where I= ZG + IMG 
between which t h G samo i dentities as cq3 e6 .9 and 6 .1 0 

6 . 22 

hold . These equ~t i ons a r e essenti ally the field equ~tions 

which Dira c gi ves . The va cuum fiel d equa tions i nvo l ve three 

dynamical vari a bl0s - a scalar, vector and a me tric t ensor 

field. The vector fi eld Dira c i dentifies with the el ectro­

magnetic fi e l d potential because both vari ables have tho 

s 31Jle t r ::..~sformation properties . 

In the a bsence of ol ectromagno tic fi elds the fi eld 

equa tions correspond t o those of the Brans-Dicko theory 

pr ovided ,,i = -¾ . However tho predictions f or the s ol ri. r 

systen experiments :ir e i dentica l to the pr edictions of 

Gene:r:::i.l Re l at ivity becaus e th0 fie l d equa tions and particle 

equat i ons of rao tion i n the particula r gauge a= 1 , go over 

t o Einstein's equa t i ons . 

As tho theory is gauge i nv.-1:r-i ant ther e i s no pr ef erred 

g:iuge and so the griugo choice c:r = 1, is just as VA.lid as any 

other gauge choice . Some such choice i s necess2ry bef or e 

nny r el a tion be t weEm tho t heory and experiment could be 

set up . 

Dira c lis ts threo specia l gaugos 

(a) The natural gauge . For f = 0 one takes~ = 0 
p.\l ~ 

while for f ~-fa O this gauge is not well defi :!10d. 
µv 

(b) ThG Einstein gauge . This i s the gauge choice given above 

a =l. 

(c) The a tomic gauge. This i s tho gauge in which tho 

metric defines the interva l tha t i s measur et by 3tomic 

systems . 

The va cuum fi eld equations in the natural gauge are 

independent of the vector field and so for this case the 
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metric may bo transformed by a e;o.uge transforua tic,n 

without an ass ocia t ed tro.nsforma tion of the voctor field. 

The na tural gauge c2n the r ef or e be transfor me d into the 

Einstein' er a t omic gauges . 

In contras t t o the Brans -Dicke type theory developed 

earlier, no gauee in gener a l (i,o. for non-vanishing vector 

field) exists which could be na tura lly identified with :1t ornic 

standardn. Thus tho go.uge of the notric is not diroctly 

obs ervo.ble . 

Dirac supposes tha t the Ej_ns t e in and a t orriic g3.uges a r e 

distinct and clearly i t is this dif f er ence which l uc:.ds t o 

th0, gr avi t nticnal cons t -=mt being v2riablo when it is expressed 

in t erns of o. t oJctic s t ond?. r ds . J<7 or one can t ,: tkc a si"'-1p l e dust 

or fluid uode l of n2tter in the sar.,e i,my :w f or the Br ans­

Dick(, typo theo r y and one f inds fros the fi old equ.'.ltions 
-1 

th'.tt t ho grav·i tationa l cons t .:mt i s v2riabl e (as a ) 

boc3,us e i n t he a t •.)Llic gJ.uge O' by hypothesis i s not consta nt. 

B0caus e the throo l ong r angG fi e l ds a r e consider ed 

i n t he Weyl s pa ce-time , this f om o.l fra;:.nwork has an 

inter esting consequence . The inte r action be tween the 

gr i1vita tion11l and ol octr0;-;io.gnctic fi elds may l end t o the 

breaking of two s yv.rc;o triGs - syro.L1ot r y under cha r ge con­

juga tion and syrr:n0try under time r eversal . 

Ref erring t o Dirac' s paper, one can t ake a siLiplo case 

of th0 par ::i.llc l displa cenent l aw (w.3) 
'l. 

6£ = - x,2 
¢0 ox0 

which gives the change in l ength of a l ength 9 __ a t sorJe point 

P when 51, is p,D.rallolly displ!lc8d into the future by a distance 

ox O 
• The e l ectromagne tic potentia l is t•aken to be due 

to a charged pa rticle whose world line is close to the 

point P and the coordinc.te systen has boen chosen so that 

the pa rticle appears a t r est . Thus ¢0 is prinarily the 

Coulonb potential of the pnrticle. 

If 51, incr0ases when it i s displa ced into the future , 

for a given cha rge on the particle 
1 
then 51, will decrease if 

instead there is a charge of opposite sign on the particle . 
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Hence ther e i s no syrunetry bet ween pos i t ive and neg2tive charge . 

Al so if Q, increases when i t i s displa ced i nto tho future 

then i t will de crease when it i s displ :1ced into tho p,1st . Thus 

there i s no symnetr y bet w2en future o.nd pas t. Syrmetr y can be 

r estored if the oi gn of the charge on the particle i s changed . 

With tho inte rchnngo of positive and nega t ive charges denoted 

by tho opera. t or C and tho r ever sal of tine denotod by tho 

oper a t or T then one h~s both tho C and T 9ynmetrios broken 

but the CT syr;notry conserved. 

Howeve: r th8 syrnne try bro3.king does no t Ci.ppl y t o tho 

a t owic g1ugo because in this gaugo l encth i s preser ved on 

parallel displ ·1cor:1ont . Consequently the syrunetry ~;r :Ja1:iri,::; can I t be 

directly neasurod in tho goo~otry of sp1ce- tico. Rnthor , 

as Dirc.1. c points out , syr::i.r.:otry bro::i.ki ng will show up only 

in tho oqua tions of uoti on . Furthornoro it will not occur 

f or sinpl o , ch1r ged p:i.rticLrn* but for p:~rticles whose a ction 

has f or e){J.mpl e a t ern of tho f orm (Dira c) , 

or 
·· l a . 

+ o '.;'c/P ] d s 

Fqr the f.l :iddle expr essi on 

• 'nder C , ¢ changes s i gn + synnetry bro:tking 
a 

under T, a changes s i gn -+ syn:ietry 'br,::;aking 
a 

~ile under CT there is no over all s i gn change . 

*The bre::iking of the C ond T symmetries ha s been observed 

·a0; far only for the K meson, (5). 
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6. 5 Lyra Spa ce-Time 

With the not a tion of Sections G.1 and 6.2 

a Lyra space-time manifold is chara ct erised by a metric~ 

a nd a 1- form p which define a Lyra connection, 'fJ • 

One could proceed to develop properties of this 

spa ce-time in the s am e way a s was done for the Weyl space-
3'1. 

time. However, Lyra()() has intr oduced t he idea of a 

reference system. Following Sen a nd Va nstone, (3) , if 
. al ~ b: . denotes a set of loc a l coordina tes on M a nd :x 

I, 
is a rea l, non-zero functi o n on R'·- , c a lled the gauge 

funct~, thon a loc a l r e f ere nc e system is specified by 

lg, xaf 
The induced b a sis 

a nd so the s e t of 

in T (M) is I €_ (P) = [ (f)-1!,.cJpJ 
p cl U . . U 

refer ence v ec tor fi e lds is [@ = ~)-1.,_. cd 
~ O:-: 

The natural ba sis dua l to l@JP)} is 

• 

In a loc a l r ~f erence system rnJ x°'l the 

components of the metric tensor g a re defined by 

a nd so the interva l between two infinitesma lly close points 

with coordina tes xc:. a nd x«. -:- a:.i' is 

The properties ana logous to those given for 

the Weyl space-time in section 6.2 are a s follows. 

• 



L. 1 

er e 

wh ere 

The components 

defined by 

.J( -
- l' o 
- C•:[.} y 

= q,(c ) -:- ~ c, «. 

._ ... r 
0:/3 

a nd 

11 8 

of the Lyra connection 

t, = (-2(~) -J\ .. ~- ·.. .), ,. • 
In contrast to the symmetric components of t he Weyl connection, 
ft 

af3 a re non-symme tric. 

L. 2 If th e curva tur e t ensor of the Lyra co nn&ction 
~~ ~K..,y . -is denoted by K t hen th e components of K defined 

Gj3 
by 

a re 

+ • 

the gen er a lis ed Ric ci tens or ha s comp onen t s 

where the symmetric part 

:; (
OlQ • '0\-(1 • • ) 10 ,y · ·; • 1 x., Rc:13 -:· I!·(x; Vcc;[3 ❖ C,)[3;a + ~a{}~' ('( - ·:Nc?[3 

. ,Y 1 B .y 1 (q . 9 . )' 
+ --~ Gc:p~;y\> + 4 gcrf, · yV + 4 ,;:c/P13 + ··'1=/? a , 

and the skew symmetric part 

K [aP] = 1-(~) ~ (c.\,,,p .. <:''f3 ,ex) - i(~>c/>p q • ) 
- <JAO 

• I:, • " • 

The curva ture scalar of the Lyra manifold is 

K 51 -~ 
K a 

= (0) -2R . 3(0,•1<:/1.· , j <f) <f/l + 2 ~ <P" X .,. XJ • CX .,. 2 £l.: 
2 " • 

' 
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L. 3 Using the definition for parallel displacement 

g iven in w.3 ( Section 6.2) the equa tions for the para llel 

displa cement of a vecto.r with components '(- Okl. on ~ Q c11:;.1Vc 

parameterized by t a re 
ll. yY ~rM' ,, .. f ,,11 o 
- + ? i = dt cq:,dt 

In contra st to the Weyl sp a ce-time, length is preserved on 

parallel tra nsfer. 

u_ ... i,:,JN,.,....tl~h 
The g eo~osics of the Lyra connection a re 

a nd beca use leng th i s integr a ble t here is a second class 

of distinguished cur~es in t he ma nifold. - viz: t hose of 

sta tionary leng th o f n ;:: 0 , 

or 

0 

h.-2, For the Weyl space-time it wa s found that the 

choice of % a nd • in the Weyl connection defined a Weyl 

structure and it seems for the Lyra space-time tha t the 

role of reference systems is to express the same idea. 

Thus a gauge in Weyl space-time corresponds to 

a specification on the ga uge function or first coordinate 

in a ll the refer ence systems defined in the Lyra space-

time - a nd vice versa. A ga uge transformation in Weyl 

space-time corresponds in the Lyra space-time to a trans­

formation which takes a reference system into another by 

changing the gauge function but keeps the local coordinates 
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the same - n nd vice versa. 

In genera l, under a transforma tion of loca l 

reference systems 

~ 
r< ,._ r / I t '-" l 1 '-' t '· 1 

l · , X 5 -> lX , x l 

- -1 ,, Cl ~ 
Q, 

e -= }, :_:~101~0 ,., = ·::o 
CT t 

.I . I ., (.( c, X 

and t he c ompo nents Xe: of a. v oc·cm.• :.." i c ld. X 

tra nsform a s x': ' = }J ... 
1·x'x(:. 
c~ 

.A.2 so ' • I = /\. 2A:: i3 
G-- t3 l, ~;() f - CC I f3 I C\ 

, 

a nd <·'> = A - J. ,\ c: t (r;c: (~) - 1 (ln\. :: ) ..... • (/. f c~ 

,., Dx-· }. .. 
= ,.". < ( I 

'- r , I i.l:: I 
" 

\ 

r~ ) '. 

So cf>c, trans for ms differently under n gauge tr a ns f ormat i on 

tha n ordinary v ector components. If$ is exa ct then t here 

exists a loca l ref erence sys t em in ·-::'. i ic~1 t,! ::: 0 • 

6. 6 Gr av itn tion in Lyra space-time 

Sen and Dunn , (9) have formula ted a sca lar-tensor 

theory in the Lyra space-time. For their field equa tions 

Halford, (10), has given a static, spherically s ymmetric 

solution a nd h e, (11), h u s a l so looked n t a clnss of Friedmann-

type solutions. Howev er he (12) has pointed out tha t one 

set of field equations is not gauge invaria nt * and a sub­

sequent examination of Sen a nd Dunn's derivation shows 

more ina deq u a cies. A further unsa tisfa ctory feature of 

their theory is tha t the gauge function a ppea rs as a 

dynamica l variab le but one which has not been varied in 

the original a ction principle. Their theory is therefore 

* 
i.e. invariant under a change of reference system 
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short of one equation. 

Accordingly a simila r model of gravitation is 

set up as follows: 

Following Se n a nd Dunn the action for the vacuum 

field equations is taken as 

where K is the curvature sc a l a r of the Lyra spa ce-time 

and r
8 

by construction is invaria nt under a change of refer-

ence systems. As for the sca l a r-tensor model in Weyl space-

time, a term I NG is a dded to Y8 to give the full a ction 

for the gra vita tiona l field a nd ma tter e q ua tions, a nd on 

writing 

6. 23 

the field equa tio ns follow from arbitra ry va ria tions of 

the metric a nd vector fields ~ nd t h eir deriva tives that 

vanish on the boundary of th e region of integration 

q ,, + T 
'Ct IX • 

Also for variations, 

system 

-~ 0 

or 

T
a .. ,.,a. , + ,r o a J • a 

, arising from a change of :ieference 

6.26 

CJr
aQ 

·❖ () 
' Cl 

= 0 

' 
·. :here ~ = f-';f3 - 9f3.;cr • 
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Using eq. 6.25 to eliminate Tc: from eq. 6 1~28 , g ives 

0 = 
. . a 

,.. 7.) () 
../, C( . 

/' • Q C( + I> ) () . a· 60-10 0 ' - ;: ~--· 
6.30 ;a. 

and taking the tra ce of eq. 6.24 a nd comparing with eq. 6. 30 

gives 

0 , 

This equa tion is not in g enera l an identity. 

is the same as 

In fact it 

= 0 • 6 . 32 

Thus for consistency between the field equations ( eqs. 6 . 24 

and 6 . 25) and the identiti es ( eqs. 6 . 27 c°; 6 . 28 ) it is 
I 

sufficient to t ak e as t he fi eld e qua tions. 
0 -'2.. 
- • n 3 92

1 
• . , ·J ; o.,. • · Ct 2 03 q , ). ~ O r,(. 

2-- J. - ·2·· .• •• 'µ '• V + .·:.. _..,., _,, < > r; + x· o r> - ' Q t4' -" 
11'-' h _,_ u1.LV· c: ' 2 '(µ· v) 2 - "Jll')T~'f · 

0-2 [ ( Oo ) , ·-- , 02) ] - '.;"' ~,...... r:" \ I , ..,., 
.,.. J~ µ ,, ... ~ > V , . \ .1 ... 

; j., ( l - 6. 34 

o9. Q_C( _ G~l..r...C'( + 6§e1 ac: 
~~ q) "' • ,. «p . rl 

els , "· , .,,_ 
6.35 

In ana logy with section 6. 3 two examples 

of gauge invarian t matter a ction c an be given. 

Example 1 

Example 2 

·::here 

. ,. 
For t he electromagnetic field 

For a neutral test particle of mass m 

( with respect to atomic standards) 
~ 

- I ¾, _ = J nfu; , 

a.sa = r:5p.J!3~a:z.v • 

It follows then that the equations of motion of the test 

particle are geodesics of the metric ~ C ( e.g. of 
µV 

1. The second equation is effectively t he field equation Sen and 

Durn missed out . 

2. i ,,is the simplest 2nd order ekn-symrnetric tensor on the manifold. 
\\" 
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the foro of e . g . 6.1 3 with a r epla ced by !c). 
Suppos e ¢ is the e l octronagnetic fi eld pot enti ::i.l. 

Ct 
Thon in the absence of e l ectronagne tic f i el ds eqs 6.34 

and 6. 35 be come 

G, ·v = 
,l 

·o al 
X T () -2[ <! 2 n o 2 
2 ·w; - x · (x ) ~P)V- gµv u (x )1 

= (x) 4 
-6- T, 6. 37 

which ar 8 s i uila r i n forn t o the :Brnns-Dicke fi eld 

equa tions f or w = O. 

By using tho ::i.ction f or a tes t pa rticle given in 

6. 36 

E:x:anpl e 2, the action fo r 3. prossur e l as s dust nodel of rJatte r 

coul d be taken a s [1. sum1:1.tion over t he dust parti cles of t erms 

r 4 a. a · ,.,3 3 
I =) m d s 8 (x - x (t) 1x d x, m 6. 38 

wher e the Dir:i.c function i s def ined i n the Lyr o. r.1nnifol d as 

f , 4 04 4 (" 
f(x) o· (x-y) x d x -==- "T" .(.~ 6. 39 

f'or thi s Liodel of no. tter it i s appar ent fron the dofi ni tion 

of TµJs eo oq . 6 . ;:,. 3) nnd tho f i el d oqw:tions t hnt tho 
. t t. 7 t t . o- - 2 C tl th f . ld gr '1Vl a i ona_ cons ·an vari0s as x • onsequen y e i e 

equ'l tions o.r e identical (cp ~ x 2 ) t o the Br nns- Dicke f iGld 

equa tions f or w = O. 
~ 

If a r ef e r ence s yste~ is chos en such tha t x = 1, then 

the fi el d equa tions a nd the particl e equa tions of no tion a r e 

the Sll!:le as t hose in Gener a l Rel a tivity . As a r esult the 

predictions f or the sol a r s ysten experinents ar e the snne 

as the predictions of Gener al Rel o.tivity. 

Because ct> has been i dentified with the el ectromagnetic 
Ct 

field potential an extra t erm giving the action f or the 

electronagnetic fi eld should s trictly be added t o t he f ull 

action principle if non-vanishing el ectronagnetic fi elds ar c to 

be consider ed. The sinplest s econd order skew-symmotri 0 tensor 



in the Lyra rannifold s eorao t o be , (3) 

1:)-1-
= X f µ \) 

and the a dditiona l a ction r equire d is 
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6. 41 

Tho r osul ting uction principl e Se:i. md V.3.nstone give a s an 

exo.npl o of 11 unified fi e l d theor y in tho Lyra spJ.c o-tine . 
·o 

However, tho v 1.cuun fi e l d oqu ·1 t i ons ev oi'.l i n thee: x = 1 

g 'lugo conto.i n the el e ctroDc,enutic fie l d potunti :.i.l explici ty 

:1.nd t h i s cou ld be cons ider ed n couplic :•. ting fo :1turo . 

If one fo r goes tho tr.:-.di ticn of Gener a l ROlFi. t i v i ty 

in using t h e curvntur o sca l a r of t h e spnc o-tii:w r.-c:.n i:fol d 

'.ls the Ln~r nng:Lc,n f o r tho f r ee "gr,:i.vi t o.tion:11 11 fi e l ds the n 

tho s i npl os t c.ction principl 8 invol v i nG the three l one r a nge 

fi ol ds and ue,ttGr, th:1. t could b:-; so t up i n the Lyrn. sp:1ce­

t i no is 

oY = o, 
whe r e 

f or J... = I 

T - Jr ~?.R ~ '\ ,._a o 4v vl.lV) .r-d-1 -G- x -I ~·a~ -x . uv { . i-g x 

6. 42 

6. 43 

Tho V/3-ric.blos <P 11nd g a r e vo.ried :,nd as bef or e , 
O', . µ \) 

fi eld equ'1 tion i s ob t llir.ed a s n c onsequence of the 

;:m c xtr ~ 

Bi1.nch i 

t ype i dentitie s . One f inds tha t the fie l d oquo.tions i n the 
() 

x = gau ge .:i.r e idontic::::.l t o Dirac ' s fi e ld equ?.tions i n the 

a = gnw;e and .:i.ls o th::i. t tho po.rticle equc,t i ons of no tion 

of e .'lch theory i n their o.ppropria t e gaug0s .'.l r G i dentica l. 

One concludes then tha t tho two theories are physica lly 

equiva l ent f or in t heir r espGctive gauges the dynamica l 

v nr iables of o a ch t heo r y c ontain no irre l 0v nnt l)Srts and tho 

physica l l aws of one theory a r e identico.l t o those of the 

othe r. 

Although Dira c a rrive s nt the predieticu of the C a nd 

T symne try breaking by considering tho non-integr a bility of 

length i n Weyl space-time h e no t e s tha t such o. breaking is 
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only observable through the oqu..,_tions of notion ·J.nd thert) f or e 

the sru.1e synnotry breaking i s expected t o appear in the 

Lyro. space-tiL1e . Fin2lly bec~use l ength is i ntegrnblo in 
2 e>:.. u \) Lyrn sp~ce-tiGo the interval , ds = g 'X.<lx dx 

)1 1J~ 
be tween t wo neighbouring event s can be identifi•d uith 

the.. t ueasured by o. t or:iic systous and in contr;w t t o Dirac's 

t heory there i s no ne0tl for a rbi tra r y l ength stand::.r ds . 

However the gn.uge of tho 00tric t ensor i s not directly ob­

s ervo.blo inrl su f ollavring Dirnc ono supposes th·1 t the • otric 
0 

app0nring in tho x = 1 gauge is not thnt de t 0rritinod by 

a t omic systcns . Thin coopl ot os the s t ntenont of oquivahmce 

be tween the two theori 0s . 
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Ch:::.p t or Sev en 

CONCLUS I ON 

The the ories so t up in the Weyl or Lyre. sp2ce- tir21es pr ovide 

a n ,-,ns.;or f or tho problor:. pos od in t he Introduction. These 

theories i ncor po :i:·::i.te :, SCQl ':l. r fiold into tho description of 

gr ,wi t:J.ti ::,n i n a Dnnm,r which i s less artificia l than r.1s f or 

cxn.npl o i n tho Bro.ns- Dicke theory . In po.rticuL1.r, for Dir'.7. c 1 s 

tlv ,or y in tho Woyl space- tin e tho sca l a r field wa s no c osso.r y 

in 0rclor to construct '.l sin plG fio l d thec r y while f or the 

f c r;::ml'.1 tion of Dirn c I s thoor y in the Lyr.'.l ;:,p.,ce- tine the sco.lCJ.r 

fi old h ~s ~ n oro goa• e tric r ol o . 

The !·toclifi co. t i -,n involved h e r (, of tho Genc.; r 11l Rol :::i.t ivis tic 

viow of the s p-'.lcc- tinc r. :.c"1.ni f c l r.1. is qui t o substantia l o.nd the 

obs orv·~ti c· n of :, v :,ri o.blo gr -witntinn.J. l constc1.nt would cer t ai nly 

not jn::l t i fy it . I-:IowrN() r the ::-1,Yl i fico.tion o.ppeo.r s ns 2 natural 

gen-Jrl!.lis ;:l tL n b0c:1us e it i s ocsont i 2lly b::i,s ed on enl a r ging 

t he c ,Jr.i.pl c t e oov 'tr i o.ncG grci up of s:pnce- t i ue the ories t o i nclude 

tho conf , r rn::tl 0 r our . 

11.n i m.10uintG consequence of postula ting confo r r:inl or gauge 

inv::trinncG i s tln t th.:, ~_;o tric t e nsor h2s 'J.n. extr ,'.l gauge-like 

degree oi froedon. Thus in l ocal c oordini::ttos the intor w il 

behTGen m:: i GhbourinG ovents i s no l 0ngor n physica lly noasur­

o.ble qu'::tntity. 

Fron the point of view of construction and structure tho 

raost i n t e r e s ting sca l\r-tonsor theory thnt has been discussed 

i s Dira c ' s theory . The ranin r esul t of Cha pter Su is that 

this the ory c2.n be f on aul o. t ed with no l oss of physics , in 

the Lyr.'.l space-tin0 r n ther than in the 1foyl sp'.lce-tioe . 

Although tho use of ono spac0-tino f or Dira c ' s theory 

r n t h0r than the other spo.cc-tioe nus t be a matter of c on­

veni ence it soons th:1t the Weyl f on., ula tion coulcl be sinpler . 

The ba sic byi}8thesis of Dirac's theory i s the existence 

of two ne trics - one r eferred t o in the :oeasurements given by 

a tonic systems a.nu the othe r is the :oetric tha t appea rs in 



the equations of uotion . rrhis hypothGuis tioa in with Ch3.ptGr 

Three uh<m it i s thought of .:,_::; a third :1ppl'onch by which 

r.:;ass i ve physical systeos r..1. r u a llowed to c ouple ·wi th con­

forri.a lly inva.ri'.mt c r '.1.v i tn.ti ,ma.l fi e lds . 

Dir:i.c' o theory h .J.s t,,-o ndvan t o.g0s in c on tr::,s t t o the 

Bro..ns-Dick..~ or r ol :::. t ocl scnl J.r-tonsc, r theorie s which d.criv1.) 

fron tho scala:t'-t ensc: r 1 • ..:..: de l discussed i n Clir,ptor 'rhr ee . 

1 • The • + . . 1 ( . i:12.Ss- g :.rngo gr:mp J. S url. V J.2. J. . (., • i t cont:~ i ns 

::n-1ly the i dc)nti ty 8lW-.lCmt) , ·m;l 

2. WEP i s not violacod. by nr:c, s i v ,:; r,hys icnl syst,,,.1S . 

Both of thc r-; c prop0rtics ,.,rise f r c: Dirac's tlioory boi ,1g 
b 

iJontic.:i.l to Bins t oi~ ' s theo r y whon the x = 1 o:;:· fS = 1 

gl,UCO i s chosen n.nd wh<m. ru ol octror:n~net:~c fic l J.s :::ro 

prescn~ . 

An. in ton ti on of this ilwsis ha.s b ::::0:.1 t o l o.:-Jk :1 t the 

scal o.1·-tonso r i' 'Jr no.lisn .:i.nd an j_,·,port ~mt h is-~o ricc:cl '..\(,t ivo 

f r: r c ,rnsidorinc those thor:Jr i us ho.s b 0GH Dirac ' s hyt1o thesis . 

Thus tho conclusi m ~-2Ti Y0d ": t i s tho. t if ·chis h ypothosis 

i s tu bu t av.:2n serio·-1s l y then tho ~1pplic .. ticns of conforn.J.l 

im• ...,_ri,:mc o in coi1junction 1,.;i th tho hy1;.·-thos i 3 n0nti vncd 

on.rlie r n0-~1d to b r~ s t uclieJ. furthe r . 
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APPENDIX 

A note on r ef or enco systoos 

Theso appo :.: r necesoar y i f the oq_uiva.lent of a Ueyl 

structure is t o be d efined 1m th;:; Lyra. i:10.nifold . For if 

one begins wi th c.. s e t r) f l o cal coo rdin:1 t cs 011 the r.i::mifold, 

under thu tr·msforna.tion 

the c oordino. t c vector fiolds 1.r c unch1.ngotl :-ind f r oD tho 

definition (1 . 1 ) f or tho coopon,,nts of tho Lyr '.l connoction , 
,.... " r . 

af3 uncho.ncod . Us i ng the cxpr ossion (L . 1) 

f or thosl'.:l C(1r.,ponont ~ , n0 finds th '-1. t i.l tr::-i.nfor DF'. tLm l .'.lw 

f or <Pa is not woll-definod. unless \ is o. const '.lnt . Thus 

the conplotc cov.'.lria nco gr oup uf 2 ,r:;r ·1.vi t;ltion th,i ,.-, ry i n 

tho Lyra s pa.ce-ti1:10 i s MMG . 

An action pri:1ciph: f ur ':. si::1plo fL;l cl tho•) ry is given 

by 

~ f [ K + El 
!1 

l=ga ' x •-· 0, 

HowevGr tho r ,,sul tint:; theory is of li ttl :, inh) r 0s t h ,..: r o 

be caus e it could be, f 0r 11ul'.'..t ed equally wel l in tho 

Hior:10,nn sp'.l ce- ti• e . 
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