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ABSTRACT 

Max i mum l ik e l ihood techniques for es t imat ing var iance 
components have des i rable featur e s . Neverthe less , the use of 

max imum l i kel ihood me thods for es t imat ing var iance components from 
unbalanced data is d i ff icult .  Moreover , add it ional compl i ca t ions 
ar ise in the context of maternal e ffects mode ls . I n th is thes i s ,  
procedures for generat ing max imum l ikel ihood est imates of var iance 
components in a maternal effects mode l are der ived for the case of 
unbalanced data . A h ierarch ica l  des ign where by each s ire i s 
mated to several darns is used , there be ing observat ions on parents 
and offspr ing . The spec ial struc tur e of the data together wi th 
the assumpt ion that the sires and the darns are unre lated is 
exploi ted in order to obta in expl ic i t express ions for the inv erse 
and the determinant of the var i ance-covar iance matrix of the 

observat ions , wh ich ar ises in the l ikel ihood funct ion and the 
par t ia l der ivatives thereof . Algor i thms are proposed to generate 
the l ike l ihood funct ion and i ts part ial der ivat ives wh ich are 
requir ed for constra ined and unconstra ined optimizat ion of the 
funct ion . As an i l lustrat ion , t he procedures are appl ied to 
wean ing we ight data of sheep and 8-week we ights of pigs . The 
procedur es are extended to est i mate var iance components in a 
mult iple-t ra it sett ing . 

Prov ided the relevant genet ic var iances and covar iances are 
known , best l inear unb iased pred ict ion techn iques can be used to 
pred ict d ir ect and maternal gene t ic values . Predict ing d irect and 
maternal genet ic values of a l l an i ma ls i s not d iff icu lt s ince th i s 
is a spec ial case of a mult iple-tra it evalua t ion . However , i f the 
object i v e i s to el im inate the influence of the maternal effect so 
that se lect ion i s for direct genet ic mer i t , pred ic t io ns are 
requ ired for the d i rect genet i c values of all an imals of interes t  
and the maternal genet ic values o f just the ir darns . Although no 
ana lys i s is carr i ed out us i ng actual data , bes t l inear unb iased 
predict ion equat ions for pred i c t ing d irect gene t ic values of al l 
an ima ls and the maternal gene t ic values of the ir darns are der ived . 
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I n  the proces s , the rap id me thod of inver t ing the relat ionsh ip 
matr ix is mod i f ied to enable the invers ion of t he 
var iance-covar i ance matr i x of the genet ic effect s . The 
r equirements that have to be sat isf ied in order to generate the 

correct inver se are g iven . 
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CHAPTER 1 .  INTRODUCTION 

In mammal i an species , maternal effects are those di fferences 

between progeny performances that are attri butabl e to differences 

in maternal envi ronment provi ded by dams during gestat ion and the 

pre-weani ng peri od in the l i f e  of the progeny . Al though a 

maternal effect contribu t es an envi ronmental component to progeny 

performance , var i at ion bet ween dams in maternal performance may 

arise  from either genetic  or envi ronmental causes .  The express ion 

of the maternal genetic  effect whi ch only occurs if  an animal 

subsequently becomes a dam , l ags behi nd the express ion of the 

direct gene t i c  effect by one generat ion .  Thus , in wri ti ng a model 

to describe the performance of a progeny , the genetic  component 

can be subd iv i ded i nto the di rect genet i c  effect of the progeny 

and the maternal geneti c effect of t he dam . Several studi es have 

indi cated that the var i at i on in the genet i c  component of maternal 

effects can be substantial and t hat a genetic correlation between 

d i r ect and maternal eff ects may exi st . Maternal envi ronmental 

var iabil i t y  i s  assumed to be caused by non- geneti c  differences 

that are common to certain  members of fam i l i es such as full- sibs 

and maternal half-sibs .  

Legates ( 1 972) made a distinct ion between the terms maternal 

effects and maternal i nfluences . Maternal effects are the 

measured phenotypic  expressi ons aris ing from i nfluences of the 

mother on a trai t measured in her offspring , apart from the direct 

i nfluence of the genes she transmi ts . The factors whi ch cond i t ion 

t he expressi on of the maternal effects are the maternal 

i nfluences . He subd i v i ded maternal influences into pre- natal and 

post-natal factors . The pre-natal factors are associated with  the 

u teri ne i nfluences of the mother whi ch result  from the genotype of 

t he mother and al so from envi ronmental i nfluences on her whi ch are 

med i ated to her offspr i ng i n-ut ero . Post-natal maternal 

i nfluences arise from the i nfluence of the mother on her offspri ng 

followi ng partur i tion .  Legates cons i ders l actational out pu t  to be 

a maj or factor while  factors such as temperament and maternal 
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i nsti nct are important . According to Robison ( 1 972 ) cytoplasm of 

the egg i s  another factor other than the i ntra-uteri ne env ironment 

and post-natal environment that is responsi ble for the maternal 

i n fluence . However there i s  l ittle evi dence regarding the role of 

cytoplasm i c  effects on maternal performance . 

I nformati on on the magnitudes of geneti c  variation of 

m aternal effects and the s i gn and magnitu de of the correlati on 

between di rect and maternal geneti c effects is , for certai n  traits 

essential i n  the planning of optimal breeding programmes and also 

f or predi cti ng a rel i able response from sel ecti on .  The predi cti on 

of geneti c  gain  becomes compl i cated in the presence of maternal 

effects . Hanrahan ( 1 976 ) examined the i nfluence of maternal 

effects on the relative eff i ciency of progeny and performance test 

selection . He concluded that progeny testi ng i s  very ineffi cient 

f or select i on purposes when the traits consi dered are i nfluenced 

by  maternal effects . Van Vleck , St . Lou is  and Miller ( 1 977) 

presented an equation to predi ct expected response to selection 

when traits under selection are affected.maternall y .  Robi son 

( 1 981 ) made suggestions for alteri ng management plans to increase 

effi ciency of selection in the presence of maternal effects . 

Although sel ection for geneti c  gai n  i n  the di rect and 

maternal geneti c components is possi ble, the large negati ve 

geneti c  correlation that may exist between these components 

has i ndi cated that simultaneous improvement of direct and maternal 

geneti c effects by sel ection , could  be diffi cult . For example , 

selection for direct effects lower the maternal abil ity of the 

dams that nurture the offspri ng in succeeding generations . 

Best l i near unbi ased procedures [Henderson ( 1 96 3 ) ] can be 

used to predi ct the direct and maternal geneti c effects of 

animals , provi ded that the geneti c  and environmental vari ances and 

possi ble covari ances are known . I n  thi s  thes i s ,  procedures for 

generating maximum l i kel i hood estimates of the relevant vari ance 

components are deri ved for the case of unbal anced data , the usual 

situati on in  animal breeding .  These procedures will  be appl ied to 
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weaning wei ght data from sheep and pigs .  The methods will also be 

extended to  est imate the variance components in a mul t i pl e-trai t 

set t i ng .  The use of the best l i near unbi as ed procedure to  pred i ct 

di rect genet i c  effects of a set of animals and the maternal 

genet i c  effects of the i r  dams is demonstrate d .  In the process , 

t he rapi d method of i nverting the relationshi p matrix [Henderson 

( 1 975a , 1 976) ; Quaas ( 1 975 , 1 976 , 1 984) ] will be modif i ed to enabl e 

t he i nversi on of the vari ance- covariance matrix of the direct and 

maternal geneti c effects . 



CHAPTER 2 .  LITERATURE REVIEW 

2 . 1 . Est imat i on of var iance components 

Est imation of var iance components is  an important area i n  

animal breed ing .  The proport ion o f  the addi t i ve genet i c  var i ance 

is used to assess the potential for genet i c  improvement by 

selec t ion . In add i t ion , est imates of var i ance components are 

requi red for pred ict ing ( most often) the breed ing values of  

cand idates for selec tion . 

2 . 1  . 1 .  Balanced data 

Trad i t i onally ,  vari ance components have been es t imated from 

balanced data ( equal number of observations in each sub-class ) by 

the analysis  of var i ance ( ANOVA ) method . Thia me thod involves 

comput ing mean squares in  the analysis of var iance and equa t i ng 

these mean squares to the ir expected values . The es t imators 

resul t i ng from th is  method have expl i c i t  expressions and 

computat ion is  not difficul t .  

ANOVA es timators o f  var iance components obta ined from 

balanced data have several opt imal proper t i es . Gra ybi l l  and 

Hultqu i st ( 1 96 1 ) showed that the es timators obtained by th is  

method ( ANOVA} for a random model with balanced data are best 

quadrat i c  unbiased ( BQUE ) , a property of the es t imators that i s  

not dependent o n  normality assumpt ions . A best quadrat i c  unbi ased 

es t imator is the quadrat ic form of observat ions wh ich is unbiased 

and wh ich ,  from among all such quadrat i c  forms has m inimum sampling 

vari ance . Albert ( 1 976 ) showed that ANOVA estimators obta ined 

from balanced data are BQUE for mi xed model s .  Further Graybi l l  

and Wortham ( 1956 ) ,  Graybill  and Hultqu ist  ( 1 96 1 ) , Seely ( 1971 )  

and Albert ( 1 976 ) showed tha t ,  i f  the data are normally 

d istr i buted ANOVA estimators are best unb iased es t imators ( BUE ) . 

That i s ,  of all unbiased est imators , ANOVA estimators have the 

smallest sample var i ance . Anderson , Henderson , Pukelshe im and 
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Searle ( 1984 ) showed that ANOVA est imators are BQUE under 

arbi trary kurtosi s .  As a result o f  these opt imal propert ies , the 

analysi s  of var iance method is popular for estimat ing variance 

components when data are balanced . A shor tcoming of the method is  

the fact  that i t  can lead to negat ive es t ima tes of  var i ance 

component s .  It has been suggested that when negat ive est imators 

ar ise , these could be  truncated to zero , but when thi s  is  done , 

the method of est imat ion is  no longer unb ias ed .  

2 . 1  . 2 .  Unbalanced data 

Mos t  of the early publi shed work  on es t imat ion of  var iance 

components has dealt w i th random models w i th balanced data . 

Henderson ( 1 953 ) was the f i rst to develop alternat i ve methods of  

est i mat ion to  handle mi xed models w i th unbalanced data . In h i s  

study , h e  proposed three methods of  es timating var i ance 

components , whi ch subsequently became to be  known as Henderson ' s 

Method 1 ,  Method 2 and Method 3 ,  respect i vely . 

2 . 1  . 2 . 1 .  Henderson ' s methods 

Henderson ' s Method 1 involves comput ing sums of squares as in 

the standard analys i s  of var iance of the correspond i ng case for 

balanced data , e quating the sums of squares to their  expectations 

under the assumpt ions of a random effects model and then solving 

the resultant l i near equat ions in the unknown vari ance components . 

Although thi s  method i s  computat ionally s imple , i t  leads to b iased  

est imates if  any of  the effects in  the model , other than the 

general mean , are f ixed . Therefore Met hod 1 is not appropr iate 

for mi xed models . 

In Method 2 ,  the f i xed effects of  the model are est imated by 

the method of least squares ( computing as though random effects 

are f i xed ) , and then Method 1 is  used o n  the data that has been 

corrected for the f ixed effects . Henderson , Searle and Shaeffer 

( 1 974 ) proved that Henderson ' s Method 2 is  invar iant for a wi d e  
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class of models includ ing the mi xed models where there are no 
i nteract ions between fixed and random effects and also for the 
model s that do not have nes t ing of fi xed and random effects wi th in 

each other . 

Henderson ' s  Method 3 , whi ch is also known as the method of 
fit t ing constants ,  involves computi ng reduct ions in sums of 

squares due to fitt ing d ifferent models . Each computed reduction 
in sums of squares is equated to its expected value under the 
assumption of the full model . For example ,  

� • �1 �1 + e ( 2 .  1 ) 

is a sub model of 

where 

( 2 . 2 )  

y i s  the vector of observations ; 
·-

e ' • ( !� · !� ) and the elements of ll and Q2 are unknown f ixed 
or random effects ; 
� = <�,.�2) and �1 and� are known matrices ; and 
e is the vector of res iduals . 

If R ( �1 ) and R(�l·l2) are the reduct ions due to fitt ing (2.1) and 
( 2 . 2 ) , respect i vely , the difference of the expectations under the 
model ( 2 . 2 )  is the reduction due to fi t t ing� after fitt ing �1, 
which is denoted by R (���1 ) .  If S i n  the model 

'l. • �� + e (2 . 3 ) 

i s part i t ioned into �1 and � in such a way that l2 contains only 
random effect s , E[R (�I �.1 ) ] would not involve any fixed effects . 
Therefore ,  by a proper choice of the sub models , one can obta in 
unbiased esti mates of var iance components . Also, even if the 
elements in s1 are correlated wi th the elements of �2, no 
correlated terms appear in E[R (�2 1�1 ) ] .  



Henderson ' s  Method 3 has the disadvantage that i t is 
computat ionall y d ifficul t .  Obtaining reduct ions in sums of 
squares as well as the coeffic ients of variance components in the 

expectat ions of t he reductions can involve the invers ion of 

matrices with order equal to the number of random effects in the 
data . I n animal breedi ng stud ies , in part icular , th is could be 
very l arge and as a consequence the computing is difficult .  

7 

All three methods of Henderson are based on the s i ngle 
optima l i ty cri ter ion of unbi asedness . Except in the case of 
balanced data , estimators obta ined from Henderson ' s  methods do not 
have minimum var i ance propert ies . In the case of balanced data , 
these methods y ield ANOVA est imates of var iance components . 

2 . 1 . 2 . 2 .  Max imum l i kel ihood and restri cted maximum l ikel ihood 

methods 

Hartley and Rao ( 1 967 ) init iated the current rev ived interest 
in the use of the maximum l i kel ihood ( ML )  me thod for est imat ing 
var i ance components . Earl ier , th is method had been rej ected by 
Bush and Anderson ( 1 963 ) for the reason that the procedure is 
computat ionally diffi cul t .  

W i th the ML method , the l i kel ihood function of the 

observat ions are max imized over the ent ire sample space in order 
to obtain est imates of var iance components and fi xed effects 
s imultaneously .  Combined estimat ion of the fixed effects and the 
var i ance components by the method of ML involves the numer i cal 
solut ion of a nonl i near optimizat ion problem . Non-negat iv i ty 
constraints can also be imposed . 

Hartley and Rao ( 1 967 ) establ i shed the large sample 
optimal i ty proper t i es , such as cons i stency and asymptot ic 

effic iency , for the ML est imators . Harv ille ( 1 977 ) comments that 
Hartley and Rao were the first to attempt an asymptot ic theory 
t hat would be appropr iate for the compl icated analys i s of var iance 
models .  However , Hartley and Rao imposed a restr ict ion that the 



number of observat ions in a part icular level of any random factor 
should stay below some universal factor . Thi s l imi ted the 

app l i cab i l i ty of the results of Hartley and Rao . Mi l ler 
( 1 97 3 , 1 977 ) developed an asymptot i c theory which does not exclude 
the models of usual i nteres t , although i t is s imi lar to that 
presented by Hartley and Rao . Searl e ( 1 97 1 ) der i ved a general 
express ion for obta in ing the large-sample variances of ML 
est imators , although expl ic it expressions for the var i ance 
components do not ex ist . 

8 

However , in prac t i ce ,  the max imum likel ihood procedure has 
not general ly been used to est imate var iance components because of 
the computat ion diff i culties involved . The estimat ion of var i ance 
components by ML does not take account of the loss in degrees of 
freedom that results from estimat ing the fixed effects of the 
model . Al so , these est imators are der ived under the assumpt ion of 
a parti cular di stri butional form , the most popular being 
normal i ty .  

By extend ing an i dea of Thompson ( 1 962 ) ,  Patterson and 
Thompson ( 1 97 1 ) developed the restricted max imum l i kel ihood (REML ) 
method for estimating var iance components in which , unl i ke ML , the 
loss in degrees of freedom from estimating the fi xed effects of 
the model is taken into account . In th is me thod , the l i kel ihood 
i s par t i t ioned into two components where one of whi ch i s enti rely 

free of fi xed effects . Maximization of the likel ihood over th is 
port ion leads to restri cted maximum l ikel ihood estimators of 

var iance components . This is equivalent to saying that the 
l ikel ihood of a set of error contrasts i s maximized . An error 
contras t is defi ned as a linear funct ion of the observation vector 
�· say ���. where a does not involve any unknown parameter s , and 
E(e'l)- 0 ,  so that a ' X - 0. Patterson and Thompson ( 1 971 )  state 
that no informat ion is lost by bas i ng the est imates of the 
var i ance components on the l i kelihood of error contrast s . 
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The REML est imators are free of the fi xed effects of the 

model as well as bei ng invar iant to them. Anderson ( 1 979 ) 
demonstrated that in general , solut ions to REML equat ions wi th 
balanced data are ident ical to ANOVA est imator s . Corbe i l and 

Searl e ( 1 976a ) showed the same result for spec ial cases ( the 1 -way 

random , the 2-way nested random and the 2-way crossed 
class i f i cat ion mixed , wi th or wi thout interactions ) . Thi s is a 
useful property because of the opt imal propert ies of ANOVA 
est imates of var i ance components for balanced data . 

There are several iterat i ve numerical algor i thms which can be 

used to compute ML and REML es t imates of var i ance components . The 
method of steepest ascent and the Newton Raphson procedures are 
the most common algor i thms used . F i sher ' s  method of scori ng i s 

another method that has been used in appl icat ions . The Newton Raphson 
procedure can be expected to locate an opt imum in a relat i vely few 

iterat ions provided the start ing values are suffic iently close to 
the optimum . Also , it may converge to a point which is not a 

local or global opt imum , i f the start ing value does not l ie in a 
small neighbourhood of the opt imum. The extended Newton Raphson 
procedure which , under spec ial circumstances is ident i cal to the 
steepest ascent method [ Powell ( 1 970 ) ] , overcomes th i s problem . 
Apart from the methods ment ioned above , there are numerous other 
algor i thms which can be used [ see Harville ( 1 977 ) ] . Harv i l le 

( 1 97 7 ) comments that there i s no i terative rout ine for ML or REML 
that wil l be sat isfactory for every appl i cat ion . 

There are rout ines that have been developed espec ially for 
est imat ing var iance components by ML or REML method . Amongst 
these i s the rout ine that uses a transformat ion call ed a W 

transformation whi ch was developed by Hemmerle and Hart ley ( 1 97 3 ) 
for ML est imat ion . Corbei l  and Searle ( 1 976b) extended the W 

transformat ion to estimate var iance components by the REML method . 
Henderson ( 1 973a ) demonstrated that the same solut ion as that of 

ML can be obta ined by solving the mixed model equat ions proposed 
by Henderson ( 1 95 0 ) and then later derived by Henderson , 
Kempthorne , Searl e and Von Krosigk ( 1 95 9 ) .  He also showed that 
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the m i xed model equa tions can be  used to compute the l arge-sample 

var i ances of  the maximum l i ke l i hood est imators by  us i ng t he method 

expla ined by Searl e  ( 1 971 ) .  

2 . 1 . 2 . 3 .  Quadrat i c  estimat ion of var iance components 

Townsend and Searle ( 1 97 1 ) derived best quadrat i c  unbi ased 

est imators ( BQUE ) of vari ance components for the 1 -way 

class i f i cation random model w i th zero mean and normally 

d is tr i buted errors , for  unbalanced data . Prev iously the 

est i ma t ion of var iance components from unbalanced data was usually 

carr i ed out usi ng Henderson ' s  methods . For the vec tor l• normally 

d i s t r i buted wi th zero mean and var iance-covariance mat r i x  �. 

Townsend ' s  and Searle ' s  BQUE of a variance component ,  o2 , was the 

quadrat i c  form l'�l· where A was de termi ned so that 2 tr ( ���� ) i s  

m in imized , subj ect to o2 
= tr (�� ) ("tr'' denoting the trace o f  a 

matr i x ) . For balanced data , these es tima tors reduce to ANOVA 

es t i ma tors . La Motte ( 1 97 3 )  extended the best quadratic  unb iased 

est i mat ion to a general l inear model .  Not i ng that , except for 

spec ial cas es ,  BQUEs do not necessar ily have uni formly m in imum 

var i ance , he cons i dered " best"  as a local property . He showed 

that , in add i t ion to the lower bounds ,  the "locally  bes t"  

estimators have ot her us eful anaJytical proper ties . 

the 
Rao ( 1970 ) introduced�m1nimum norm quadratic  unb iased 

est i mat ion ( MINQU E )  procedure for est imat ing heteroscedast i c  

var i ances . Rao ( 1 97 1 a , 1 972 ) stud ied the optimizat ion problems 

which  occur i n  MINQUE theory and used t h i s  me thod to determi ne 

minimum norm quadratic  unb iased est imators of var i ance components .  

In  the  MINQUE approach , a l inear funct i on of  the var iance 

components , !'g2 , is est imated as a quadrat i c  form l'�l where the 

choi c e  of A depends on the fol lowi ng cr i ter i a :  

( 1 ) l'�l i s  a n  unb iased es t imate of a•o2 • That i s ,  



Since for a general l i near model as in ( 2 . 3 ) , the expected 

value of y ' Ay is given as 

1 1  

where V is the var iance-covar iance matr ix of y , y ' Ay wi l l be 
an unb iased estimator of a ' o2 for all R and o2 i; ��d only i f 

X ' AX == 0 
and 

( 2 )  ���y is translation i nvar iant . A quadratic form is sa id to 
be translation invar iant if it is unaffected by changes in 
the vector of fi xed effects. Thus y'�� is translation 
invar iant if 

which impl ies that 

AX "" Q; and 

( 3 ) y ' Ay minimi zes a su itable norm . Rao ( 1 97 1 a ) minimi zed 
the Eucl id ian norm of Z ' AZ - �. where � is a suitabl e diagonal 
matr ix and demonstrated that this is equ ivalent to the problem 
of determi n ing A such that tr ( AVAV ) is minimi zed . 

La Motte ( 1 97 3 ) noted that Rao ' s  minimum norm quadratic 
estimators are best quadratic est imators at �0, where �0 i s 
determined by the choice of the norm m inimized . 

Rao ( 1 97 1 b ) minim ized the variance of a quadrati c form of the 
observations in a l inear model to obtain locally best unb iased 
est imators ( MI VQUE ) of var iance components . La Motte ( 1 973 ) 



presented the general approach for such est imation . When the 
var i ables are normally distributed , MIVQUE is identical to the 

MINQUE under the Eucl id ian norm ment ioned ear l i er .  

2 . 2 .  Est imat ion of variance and covariance components : 

Maternal effects models 

The biometri cal aspects of maternal effects were f irst 
developed by D ickerson ( 1 947 ) .  He ut i l i zed path coeff i c i ent 
diagrams to demonstrate the relat ionsh ip between the ind i v idual 
phenotype and the genet ic influences which affect phenotype 

d irectly ( d irect effects ) and ind irectly ( through maternal 
env i ronment ) .  

2 . 2 . 1 . Equat ing covar iances between relat ives to the ir expected 
values 

12 

The use of covar iances between relat ives is the most common 
method of est imat i ng maternal genet ic var iances . The usual method 
i n the past has been that of mak ing general statements about the 
maternal influence by compar ing correlat ions observed in var ious 
relat ionsh i p s . For example , maternal half-sibs versus paternal 
hal f-s i bs ;  and dam-offspring versus sire-offspr ing .  Koch and 

C lark ( 1 955 ) used path coeff ic ient diagrams between d ifferent 

relat ives to assess the importance of maternal effects on 
economically important characters in beef cattle . 

Wi llham ( 1 96 3 ) examined the theoretical compos i t ions of 
covar iances between spec if ic relat ives in the presence of maternal 
effects . He expressed the phenotyp ic observat ion of animal X , 
whose dam i s animal W, as 

where 
g0x i s the direct effect o f the genotype of x ; 

( 2 . 4 )  

gmw is the maternal effect on X caused by the genotype of 

animal ' s  dam W ; 



e0x is the direct effect of environment on X ;  and 

emw is the effect of the environment on the maternal 
value of W . 

1 3 

Then the genotypic covariance between two related animals X and Y 

is given as 

Cov( gx , gy ) = Cov ( g0x , goy ) + Cov ( g0y , gmw ) 

+ Cov ( gox • gmz ) + Cov( gmw ' gmz ) 
where Z i s the dam of the ind ividual Y .  For additive genetic 

effects only , ( 2 . 5 )  r educes to 

( 2 . 5 )  

(2.6) 

D ickerson ( 1 947 ) and Koch and C lark ( 1 955 ) used the same result as 
in ( 2 . 6 )  to obtain covar iances between spec i f i c relationships when 
maternal effects were considered . Eisen ( 1 967 ) proposed three 
mating des igns that generate different types of relatives . He 
used these des igns to estimate d irect and maternal add itive and 
dominance var iances , d irect-maternal add itive and dominance 
covar i ances , maternal environmental variance and random 
env ironmental var iance . 

Ahlschwede and Rob ison ( 1 97 1 a ) , Hohenboken and Br inks 
( 1 97 1 a ) , Rob ison ( 1 97 2 )  and Koch ( 1 97 2 ) estimated var iance 
components for d irect and maternal effects and the correlation 
between di rect and maternal effects by equating observed 
covar i ances between relatives to their expected compositions . The 
theoret ical compositions of covar iances between different types of 
relationships are g iven in Willham ( 1 963 , 1 972 ) ,  E i sen ( 1 967 ) ,  Koch 
( 1 972 ) ,  Thompson ( 1 97 6a ) , and Foulley and Lefort ( 1 978) . Willham 
( 1 972 ) included the grand maternal effect in the path diagram 
showing the biometr ical relationships of the phenotypic express ion 
of a trait . 



Falconer ( 1 96� ) attri butes some of the i nconsistenc ies 

observed in predicted her itab i l ities and real i zed her itab i l ities 
to the influence of maternal effects . He used daughter-dam 

covar iance and response to selection to estimate the variance 

components . Falconer expressed the phenotyp ic value , P, of an 
indiv idual , measured as a dev iation from the populat ion mean , as 

where 
P = A + M + D + C + E 

A i s the ind i v idual ' s breed ing value ; 
M i s the maternal effect ; 
D is the dominance dev iation ; 
c represents the environmental factors common to full-s ibs 
that are not i ncluded in the maternal effect ; and 

E represents the env ironmental factors particular to 
the individual . 

The maternal effect , M ,  was defined as a linear function of 
the darn ' s  phenotypic value , P ' , measured as a deviation from the 

population mean . That i s , 

M = rnP ' 

where the coeff i c i ent m is the partial regress ion coeffi c i ent 

relating the phenotyp ic values of dams to the ir daughters in the 
absence of genetic var iation amongst mothers . He der i ved the 
equations for the daughter-dam covar iance and the expected value 

of the response to selection which can be expressed as 

and 

,� 

respectively , where Vp, and VA '  are the phenotyp ic and add itive 
var iances of the darns , VAW and Vpw are the addit ive and phenotyp ic 
var iances within fami l ies , R i s the total response to selection , Q 

i s the mean deviation from the control dur ing the per i od from 
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which R i s estimated and S i s the cumulated selection 
di fferent ial . Falconer express ed VAW in terms of VA '  us ing the 
proportion of the phenotyp ic var iance of the dams to that of 
daughters . Then the two equations with two unknowns were solved 
to f ind VA '  and m . The var iance attr ibuted to the maternal effect 

was then estimated as 

The expess ion for CovAM• which is given by 

was used to f ind the covar iance between the ind ividual ' s  b�eed i ng 
value and the maternal effect . Finall y , the express ions for 
phenotyp ic variance and the full-s ib covariance were used to 

est imate the var i ances a t tr i buted to the dom inance dev iat i ons , 

envi ronmental factors common to full-s ibs other than those 
included in the maternal effect, and environmental factors 

parti cular to the ind ividual . 

In the above express ions , the subscr i pts s and d refer to the s ire 
and dam , respectively . These two express ions do not give 
estimates for v0 ,  Vc and VE . However estimates for 3V0/4 + VE and 

v0/4 + Vc can be obtained . 

2 . 2 . 2 .  Method of least squares 

Van Vleck and Hart ( 1966 ) used the method of l east squares to 
estimate the geneti c var iances and covar iances attr ibuted to 
direct and maternal effects in their analysis of first lactation 
mi l k  records of Holste in cows. Eisen ( 1967 )  used thi s method to 
obtain the var i ance components as partial regress ion coeff ic ients . 
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He cons idered the model 

where the i th element of vector y i s  the covari ance of the i th 

relat ionsh i p  generated by h is  mat i ng des igns ; X is  the matrix  of 

expected coeff i c ients ; and S is  the vector of causa l components 

of the observed var iances and covar iances . I t  was also assumed 

that the mean and the vari ance of the vec tor of errors ,  e, are 

g i ven by 

0 and Var ( � )  V .  

The leas t squares es tima te for S ,  i s  then given by 

Thi s  is an unb iased es t i mate of �' and the var i ance-covar iance 

matr i x  of � is g iven by 

Noti ng that some of the el ements of z are estima ted wi th greater 

prec i s ion than others , lead i ng to unequal weight ing ,  and that 

there may also be cases of �eterogeneous var i ances , Ei sen ( 1 967 ) 
suggested the we ighted least squares procedure as an alternat i ve .  

The we ighted least squares es t imate o f  � is 

with  var iance-covar iance matrix  

The d iagonal elements of Yw are the var iances of  the es t imates of 

the elements in 1 and the off-di agonal elements represent the 

var iances of the est i ma tes of pai rwise covar iances of t he elements 
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in  y .  Van Vleck and Hart ( 1 96 6 )  used the number of pa irs of 

records included in  the es t imat ion of the covari ances , for 

standardi z ing the covar iances where a mult i ple  regression was 

performed on the standardi zed covar iances . They report that th i s  

procedure i s  s imi lar to the wei ght ing accord i ng to the invers e o f  

the var iances o f  the regressions or covari ances. 

2 . 2 . 3 .  Restricted max imum l i kel ihood approach 

Thompson ( 1 976a ) states that the least squares procedure i s  

not very effic ient if the var iances and covar iances be tween 

relat ives are not homogeneous . The weighted least squares 

procedure whi ch is suggested by Eisen ( 1 967 ) in the case of 

heterogeneous var iances , requires the calcula t ion of the 

var iance-covar i ance matr i x  of  the covar i ances between relat ives 

wh i ch is  computat ional ly d i f fi cul t .  

Thompson ( 1 976a ) demonstrated how the restr i cted max imum 

l i kel ihood method suggested by Pat terson and Thompson ( 1 97 1 ) can 

be used to est imate maternal genetic  and env ironmental var i ances . 

In  thi s  approach , he formed symmetr i c  sums of squares and product 

matr i ces represent ing var iat ion in a number of var iates by 

subd i vid ing the data into independen t par ts accord ing to d ifferen t 

sources of var i ation .  Then the l ikel i hood of the symmetric sums 

of  squares and products matr ices were maximized in order to obtain  

es t i mates of var iance component s .  As an  example ,  he  suggested the 

h i erar ch ical desi gn cons idered by Hill  and N icholas ( 1 974 ) and 

Thompson ( 1 976b ) , where each of a set of sires is mated to several 

dams and number of offspri ng raised from each mat ing . Thompson 

( 1 976a)  formed the sums of squares and products matr i ces using , 

( 1 ) s eparate sums of squares w i th i n  dams , between dams w i th i n  

sires and between s ires from offspring data ; 

( 2 )  a 2x2 mat r i x  that r epresents the var iat ion between dams 

wi th in s i res w ith two var i ates correspond ing to offspri ng 

and dams ; 

( 3 )  a 3x3 matr i x  represent ing var i at ion be tween sires wi th 
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three var iates correspond ing to offspring , dams and sires . 

Examples of elements of such matr ices are g i ven in  Thompson 

( 1 976b)  where he es t imated the her i tab i l i ty when observations were 

ava ilable on parents and offspr i ng .  

H e  assumed that the observat ions are mult ivariate normal wi th 

means �1 , �2 and �3 for the s ires ,  darns and offspring , 

respect ively , and common var iance o�. Let the k th sums of squares 

and product matr i x ,  �k· whi ch i s  assumed to be independent wi th 

�j ( j*k ) , be assoc i ated with dk degrees of  freedom .  Then the mean 

squares and product matrix , �k ' is g i ven by  

Thompson ( 1 976a ) expressed the expected value of �k as 

where e i ( 1 �1 , 2 ,  • • • •  p) are the var iance components of interest  and 

�ki are known symmetr i c  matri ces. The log l i kel ihood , L ,  i s  then 

wr i t ten as , 

where s i s  the number of symmetr i c  sums of  squares and products 

mat r i ces , !Ykl i s  the de termi nant of yk . Followi ng Anderson 

( 1 97 3 ) , Thompson showed that the restr i c ted maximum l i kel i hood 

es t imates of e1 sat i sfy the equat ions 

� d ( tr ( V- 1 M v-1 F ) tr ( V_-k
1 F_k1· )  ] • 0 

k� 1 k -k -k-k -k i  -

for ic1 , 2 ,  . . • • •  , p . Thi s  is  equi valent to solving the equat ions 



A e  .. b 

where A i s  a pxp matrix  wi th ( i , j ) th element as 

� 
- 1 -1 a. . ., L dk tr ( vk Fk . vk Fk . ) lJ k-=1 - - 1- - J 

b is  a px1  vector w i th i th element as 
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and � is a px1 vec tor wi th e i as the i th element. The asymptot i c  

var iance-covar iance matrix  of e i s  g iven b y  2A-1 . 

Thompson reports that the d i fference between thi s  part i cular 

mult ivar i ate  analysi s and the usual mult ivar iate analysis  is  that 

the number of var i ates assoc ia ted with the d i fferent  sour c e s  of 

variat ion need not be equal . He i llustrated the me thod by using 

some data on pupae we i ght of  Tr i bol ium .  He also demonstra ted how 

th is approach can be appl ied to E i sen ' s ( 1 967 ) des i gns . 

2 . 2 . 4 .  Ana lys is of reci procal crosses 

Coc kerham and Weir ( 1 977 ) used analys is  of rec i procal crosses 

to est imate maternal and paternal var iances . They d i scussed the 

est imat ion of var i ance components for two types of mat i ng des i gns . 

The first involves a factor ial  mat ing des ign between two d i st inct 

sets of parental l ines and the other is a d iallel of all crosses 

from a s ingle set of parental l ines .  

Earl ier diallels  have been used to measure add i t ive  and 

dominance variat ion and to descr i be the properties of parental 

l ines . J inks ( 1 95�)  appl ied d iallel crosses on inbred l ines of 

N icot i ana Rust i ca .  Hayman ( 1 95 4 )  developed the theory of diallel  

crosses and invest igated complex genet i cal  systems . Kempthorne 

( 1 956 ) and Gri ffin  ( 1 956 ) descri bed the s i tuat ion in general , 

includ i ng arbi trary ep istacy .  
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Cockerham and We ir  r epresented a cross as 

( 2. 7) 

Yij k  is  an observation on an offspring of maternal 

parent i ( parental l i ne i )  mated to paternal parent j 

( parental l i ne j )  ( j � i ) ;  

� i s  the general mean ; 

gij  is the total of effec ts attri buted to the parents ; and 

eij k is the total of other effects . 

The rec iprocal of  the above cr oss i s  g ive« by Yj i k• 

They consi dered several models for g ij in ( 2.7) , and first  of 

these takes the factorial nature of the pairwise mat i ngs into 

considera t ion . Tha t i s ,  

where 

m i + Pj + ( mp ) ij  

mi is the total ma ternal effec t ;  

Pj i s  the total paternal effect ; and 

( mp ) ij  i s  the interac tion between the maternal and 

paternal effec ts . 

( 2.8) 

These effec ts are assumed to be random wi th vari ances o� , o� and 

o�P' respec t i vely .  Fur ther , they defined the two covariances Cmp 
and Cmxp • where Cmp represents the covar iance between m i and pi 
and Cmxp i s  the covar iance between ( mp ) ij and ( mp ) j i • 

Another model for rec iprocals can be generated by 

transform ing the effects of the model given in ( 2.8 ) .  Thi s  is the 

d iallel model and is expressed as 
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( 2 . 9 )  

where the transforma t ions are def ined as fol lows : 

* 
( mi p i ) /2 ,  

* s imi larly ) ; g i "' + ( g  j def i ned 

di "' (m . - p i ) /2 ,  ( d  j def i ned s imi larly) ; 1 
s ij  .. [ ( mp ) ij  

+ (mp ) j i]/ 2 ;  

r ij  .. [ ( mp )  ij  
- (mp ) j i]/ 2 ;  

w i th 

and 

The var i ances of the effec ts in ( 2 . 9 )  can be obtained d irectly by 

using the transforma t ions . Tha t  i s ,  

and 

2 Og 

2 Od 

2 0 .. 
s 

2 or 

(o2 + m 

( 2 + om 

( 2 + omp 

02 + p 

2 0 -p 

2Cmp)/ 4 ;  

2Cmp) /  4 ;  

cmxp ) /2 ; 

2 (omp - cmxp)/2. 

In  the fac tor i al mating des ign mentioned earl ier , a set of 

ma ternal parents ( i = 1 , 2 ,  . • . .  , N) is mated to  a set of paternal 

parents ( j =N+1 , N+2 ,  . • • •  , 2N ) . Th i s ,  wi th the rec iprocal ,  leads to 

two factor ial ma t i ng des igns i j  and j i .  Coc kerham and We ir  

sugges ted separate analysi s for  the two factor ials and  the pool ing 

of the correspond i ng sums of squares ,  for est i mat i ng the var iance 

components for the effects in model ( 2 . 8 ) . The mean squares are 

computed for the marginals and the interact ions between t he two 

fac tor i als . The est imates of the var i ance component s  are then 

obtained by equa t i ng mean squares or products to the ir  

expec tat ions . 
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2 . 3 . Pred i ct ion techniques 

The most common aim  of anima l  breed ing is to improve the 

genetic  mer i t  of the populat ion by selec t i ng the gene t ically 

super ior animals as the parents for succeeding generat ions . For 

th i s ,  the animal  breeder may have a vector of observat ions on some 

random var iables from whi ch to pred ict  values of some 

non-observable  random var iables . Generally , the problem can be 

stated as follows : 

" I f  :t_ and � are two jointly  di str i buted , 

vectors of random var i ables wi�h elements 

of � and � be ing observable and non-observable , 

respect i vely , then the problem i s  to pred ict  

� from the observed values of  l"· 

Pred i c t i ng future records i s  a special case of th e above 

problem where w is a funct ion of  future records . Pred ict ing the 

genetic  mer i t  of a da i ry bull from the milk y ield of h i s  female  

relati ves i s  another example .  The pred ictor of the i th element of 

w ,  wh ich is  denoted as wi , is  a function of the observable random 

var iables . That i s ,  

Detailed accounts o f  predict ion techni ques i n  animal breed ing are 

given in Henderson ( 1 973b , 1 977 ) .  

2 . 3 . 1 . Best pred ict ion 

In the method called bes t pred ict ion ( BP ) , the pred i ctor wi 
is  found such that E (� i-w i ) 2 i s  minimized , the � i obta i ned  be i ng 

known as the best pred ictor ( BP ) . The BP  of  wi i s  g ive n  by  
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that is ,  the cond i t ional mean of  wi given �· A proof of th i s  

appears in  Rao ( 1 96 5 ) .  Searle ( 1 97 3 )  prov ided proofs for the 

followi ng proper t i e s  of best pred ictors .  

( 1 ) wi is  an  unb iased pred ictor of wi . That i s ,  

( 2 ) The var iance-covar iance matrix  o f  the predict ion errors is  

the  average cond i t ional var iance of  �ll 

( 3 )  Of all func t ions of �· wi max imizes the correlat ion between 

wi and wi . 

A A 

(4 ) Var ( � ) Cov ( �·�') 

A 

( 5 )  Cov ( � ,� ' )  c Cov ( � ,� ' )  

The form of the joint  d i stri bution of  records and the gene t i c  

va l ues to b e  pred i cted , together w ith the numerical va lues o f  the 

parameters of the d istr i but ion should be known in order to fi nd 

bes t predi ctors . I n  add i t i on ,  the cond i t ional mean of wi given y 
should be computed . These requirements have made pred i ct ion by 

thi s  method diffi cult and hence best  pred ictors are not generally 

used in  practice .  

2. 3. 2. Best l in ear pred ict ion ( Select i on index ) 

Hazel ( 1 943 ) was the first  to apply the select ion index to  

anima l  breed ing . In best l inear pred i c t ion ( BLP ) , the predi ctor 

which is also known as the select ion index ( denoted as I )  is 

calculated as a l inear funct ion of the observat ions . That is  
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I .  � w i - a +  bly l - 1-

where "a" is a sca lar and �i is  a vector of weights chosen so that 
A 

2 E ( wi-w i ) is minimized .  The vec tor of pred ictors found as such is 

given by 

where 
g = Cov ( �·l: ' )  

and 

Some properties of BLP are outl ined belo� [see Henderson 

( 1 973b , 1 977 ) ] .  

( 1 ) w is unb iased . That i s ,  
-

A 

E ( � )  = E ( � ) 

A A 

"' c v-1 c '  ( 2 )  Var ( � )  = Cov ( �·� ' ) 

A 

c v-1 c '  ( 3 )  Var ( �-�) "' G - where G .. Var ( � )  

(4 ) Of a l l  l inear functions of ¥• BLP of wi maximizes the 

correlat ion between wi and wi . 

( 5 )  The BLP of a l inear funct ion of w is  the l inear funct ion 

of the BLP of�· That i s ,  BLP of! ' �  is l ' w .  

In  best l i near pred ict ion the form of the j oint d istribut ion 

of t he records and of the genet ic  values to  be predi cted need not 

be known , but the first and the second moments of the 

d i stributions must be known . Animal breeders substi tute est i mates 

of  the var iance parameters as if they were the true values and 

proceed w i th BLP. However , the expected value of y creates a 

problem since this is usually unknown . In  such cases , i t  i s  

assumed that this has the form �� where X is a known matri x  and B 
i s  an unknown vector of fi xed effects . Est imates of some or all  
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of the B's are ava ilable from prior data and can be used . I n  the 

case of the normal  distr ibut ion , BLP is the same as BP . 

2 . 3 . 3 .  Best l inear unb iased pred i c t ion 

Henderson ( 1 96 3 )  developed the theory of best l inear unbiased 

pred ict ion ( BLUP )  which overcomes the problem of est imat i ng XB . 

In  this me thod , he min imized E ( �i-w i ) 2 subj ect to E ( �i ) =  E ( w�) . 

The resultant pred�ctor is given by 

where � and � are defi ned as in  the selec t ion index me thod and � 
is a solut ion to the general ized least squares equat ions 

( 2 . 1 0 )  

... 
When E(l ) in  the select ion index i s  replaced by XS the best l inear 

unbiased predictor is obta ined .  Best l inear unbiased pred i ctors 

have the followi ng properties [see Henderson ( 1 973b , 1 977 ) ] .  

E ( �)  (Th is was a requ irement for the derivat ion ) .  

( � ' y-1 � ) - i s  a general ized inverse of X ' V-1 X 

( 4 )  Of all  l inear func tions in l that have zero means , wi 
max imizes the correlat ion between w i and wi . 

( 5 )  When the d istr i but ion i s  mult i var iate normal , w is  the best 

l inear unb iased est imator and the maximum l ikel ihood esti mator 

of the condi t ional mean of � given l· 
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( 6 )  BLUP of l ' w i s  l ' w where w is the BLUP of w .  

So far i t  has been assumed that the animals to be evaluated 

for select ion are from the same popula t ion . Consequently the 

means of all an imals have been considered to be equal , since i t  

would not affect the rank i ng o f  the pred i ctors . However , animal  

breeders are usually  confronted wi th animals that come from 

d ifferent populat ions or from herds that have undergone select ion .  

Henderson ( 1 963 , 1 975b )  presented methods to  deal wi th such data . 

Here he considers � i ' s  of the form � l �  + ml� where � is assumed to 

have zero mean . As shown by Henderson ( 1 96 3 ) , the best l inear 

unb iased pred ictor of � · a  + m ' �  for the general mi xed model is 

g iven by 

wher e G is the var iance-covar iance matr i x  of � and � is any 

solut ion to the general i zed least squares equat ions given in  

( 2 . 1 0 ) .  

The select ion index method and the best l inear unb iased 

pred ict ion techni que involve the invers ion of the matrix  V which 

is computa tiona lly d i fficult when the number of records is  l arge 

as in the case of animal breed i ng .  Henderson ( 1 975b)  shows tha t 

the use of mi xed model equa tions suggested by Henderson ( 1 95 0 )  is 

an easier method for certain predict ion probl ems . He considered 

the mi xed l i near model of the form 

where 

� • �� + Zu + e 

B is a vector of fi xed effects ; 

� and � are non-observable  random vectors w i th mean zero 

and vari ance a2Q and a2� ,  respect i vely , where Q and B 

are known non-singular matrices ;  and 

X and Z are the matr ices of coeff ic ients assoc iated 
- -

wi th � and � respect ively . 

I t  was al so assumed that Cov ( u , e ' ) is  a nul l matr i x .  
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Henderson e t  al ( 1 959 ) proved that � in  the fol lowi ng set of 

equat ions is a general i zed least squares solution for e and 

Henderson ( 1 96 3 )  proved that u in ( 2 . 1 1 )  is the best l inear 

unb iased pred ictor of u .  

J U J  ( 2 . 1 1 )  

In  add i t ion , if 8 is  known , u is the solut ion to the equat ion 

which is the same as the selec tion index . Henderson ( 1 97 7 )  

reports that thi s  me thod has the fur ther advantage that the 

sampl ing var iances can be der i ved from the general i zed inverse of 

the coefficient  matrix  in ( 2 . 1 1 ) .  When u is a vector of breedi ng 

values ,  the var i ance-covar i ance matr i x  of � i s  g i ven by 

where � is the numerator relat ionship  matr ix  and o� is the 

add i t i ve gene t i c  v ar iance . Thi s impl i es tha t ,  

1 1 - 1  G-
.. - A 2 -oa 

In  the past , the BLU P techni que has not been rout inely appl i ed 

because of the comput i ng d ifficulties and costs incurred when a 

large set of data is involved . However , wi th the increase in  

comput i ng power this techni que i s  becoming more appl icable .  I n  

fac t ,  the BLUP techni que is rout inely applied to dairy cattle  and 

beef cat tle data in  Nor th America . Another maj or impact is the 

introduct ion of comput ing shor tcuts.  For example , Henderson 

( 1 976 ) showed that the inverse of t he numerator relat ionsh i p  

matr i x  can b e  computed wi thout generat ing the relat ionshi p  matri x  

itself . 



2 . � .  Pred ict ion Techni ques : Maternal effects models 

2 . � . 1 .  Select ion index for d irect and maternal genet ic  

components 

28 

Van Vleck ( 1 970 ) extended the selec tion index procedur e  to 

mul t iple trai t  select ion when the traits may have bot h  d irect and 

maternal effects . For select ion involv i ng q traits ,  each wi th 

di rect and maternal genet ic  components,  the total econom i c  value , 

H ,  was defi ned to be 

H e ' �  

where � and p are 2qx1 vec tors of gene t i c  values and economi c  

va lues , respect i ve ly . These vectors can be part i t ioned as 

and 

where q is  the number of tra i ts involved . The gd ' s and gm ' s in 

vector �j correspond to g0x  and gmw in Wil lham ' s  model [model 

g iven in ( 2 . � ) ] .  

The selec t ion index for each animal is  based on records on 

the q trai ts of n relat ives.  Therefore the data vector can be 

par t i t ioned as 

where 

The latter is the observation vec tor of the q tra i ts on the i th 

relat ive . I t  was assumed that 



E ( � ) "' 0 and Var ( � ) • V 

and also that 

The wei ght s for the elements of � whi ch max imize  the correlation 

between the index cri ter ion and H satisfy the equat ion 

Vb "' � ' 9E 
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where � is the 2q by qn matri x  of add i t i ve relat ionsh ips be tween 

t he animals be i ng evaluated w i th its relat ives and the dams of the 

relat i ves . Th i s  can be par t i t ioned as 

where each � i is given as 

w ith  

A .  "' a .  * I - 1  - 1  - Q  

In  above , a ia  i s  the add it ive relationsh ip  between the i th 

relat i ve and the animal  being evaluated , ai da is the add i t i ve 

relat ionship  between t he dam of the i th relat ive and the anima l  

be i ng evaluated and " *" refers t o  the Kronec ker product o f  

matr ices . I t  fol lows that the index cri ter ion for select ion i s  

g i ven by 

Van Vleck ( 1 976 ) extended thi s  procedure to include an effect 

o f  the maternal grand dam . In th is case , add it ional effects were 

i nc luded in the vectors �j and fl.j . That i s ,  
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and 

where gm ' j  and Pm ' j  are the grand maternal genetic effect for 

tra i t  j and the economic  value for the grand maternal component o f  

tra i t  j , respect i vely .  Al so , the vector of  add i t i ve 

relat ionsh ips ,  � i • i s  ex tended so that 

a !  ( a .  , a . d , a . d '  ) - 1 la 1 a 1 a 

where a id ' a is  the add i t i ve relat ionsh i p  be tween the animal  be ing 

evaluated and the maternal grand dam of the i th relat ive . 

2 . 4 . 2 .  Best l inear unb iased pred i c t ion 

Quaas ( 1 975 ) def ined an equ i valent model ( a  model that 

generates the same f irst and second moments )  for 

where Gx , rs and rd represent the random var iables for the 

breed ing value of  animal X ,  average effec t of the genes that X 

received from i ts  s ire and average effect of the genes X rec e i ved  

from its  dam , res pec t i vely . The equivalent model i s  g i ven by 

( 2 . 1 2 ) 

where Gs and Gd are the random var iables represent ing breed ing 

values of the s i re and the dam , respect i vely , and Ex is an 

i ndependent var i able represent ing Mendel ian sampl ing . 

Slanger ( 1 977 ) extended ( 2 . 1 2 ) to t wo related tra its  where he 

i ntroduced a constant coeffi c ient  to each of Gs and Gd in  add i t ion 

to the constant 0 . 5  that already exi sts . Let the breed ing val ues 



of the offspr i ng for the two traits  i and j be g iven by g0i and 

goj • respect i vely . Then Slanger ' s model is g i ven by 

go i  "' 1 ( cd igdp + csi gsq ) + eoi  2 

3 1  

( 2 . 1 3 ) 

where 

goj -

gdp and gsq are 

contr ibuting to 

gdm and gsn are 

contri bu t ing to 

and e0i and e0j 

1 ( cdj gdm + csj gsn ) + eoj 2 

the gene tic  values of  the dam and the s ire  

the gene tic  value for tra i t  i of offspr ing ; 

the genet ic  values of the dams and the s ir e  

the genet i c  value for tra it  j of offspr ing ; 

are the Mendel i an sampl ing random var i ables 

wh i ch are uncorrelated wi th any of  the parents gene t i c  

values . 

The poss i ble  values for the coeffi c i ents cd i ' csi ' cdj and csj are 
2 2 2 2 1 ,  o ij / o i , o 1j l oj and 0 where cr i , o j and o ij are the genet i c  

var iance for tra i t  i ,  the genet i c  var iance for trai t j and the 

genetic  covar iance between tra i ts i and j ,  respect i vely . For 

exampl e ,  i f  i =p ( tha t i s ,  cont r i but ion from the dam to the i th 

trait  of the offspring i s  the gene t i c  value of the i th trai t of the 

dam ) , then cd i  is equal to 1 .  I f  i �k ,  the value for cdi  i s  g i ven 
2 by o ij / oj . When nei ther genetic  value of the parent is inc luded 

in the ped i gree th is  coeff i c ient is zero . Using ( 2 . 1 3 ) ,  Mendel ian 

sampl ing var iables can be expressed as 

When it is assumed that the mates are unrelated , the vari ance of 

e0i can be obta ined as 



For example , cons ider the following possi b i l i t ies . 

2 ( 1 ) both parent coeff i c ients are zero ; Var ( e0i ) = o i 
( 2 )  both parents are included and i =p=q ;  Var ( e0i ) = of/ 2  
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( 3 )  both parents are inc luded , i =p and j =q ;  Var ( e0i ) a of ( 3-p 2 ) / 4  

where p i s  the gene tic  correlat ion between traits  i and j 

Simi larly ,  assumi ng that the mates are unrelated , the covar iance 

between the M endel ian sampling var i ables of trait  i and tra i t  j of 

the same indiv idual is found to be as fol lows : 

In matr ix  notat ion ( 2 . 1 3 )  i s  g iven as 

( 2 . 1 4 ) 

where � i s  the vector of add i t i ve genetic  values , £ is  the matr i x  

o f  coeffic ients o f  the parent genet i c  values and e i s  the vector 

of Mendel ian sampling var i ables . From ( 2 . 1 4 ) ,  

which impl ies that 

where 

and 

G - var ( s ) ; 

B • I - le ' ;  - 2-

H .. Var ( e ) . 
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If  the covar iance between the Mendel ian sampl ing var i ables of two 

ind ividuals is assumed to be zero , comput ing tt- 1  involves 

inver t ing scalars or 2 x2 matr i ces only .  Then diagonal elements 

and off-d iagonal element s of g
- 1 are given by 

� 2 n- 1 
� bi p  hpp + 2 I b i p  bi q  hpq P'"'i P'"' 1 Q'"'p+ 1 

j = i  

g i j  -

� b i p  � bj q  hpq p=i  Q=p 
j >i  

Slanger ( 1 979 ) us ed thi s  procedure to compute g- 1 , in  the 

genet i c  evaluat ion of beef cat tle  for weani ng weights , by BLUP .  

He spec i f ied the wean i ng we ight o f  l ivestoc k as 

( 2 . 1 5 ) 

where h i is  the mean for herd- year i ;  dj i s  the d irect  add i t iv e  

gene t i c  value o f  ind i v idual j ;  and mk i s  the maternal add i t i ve 

genet i c  value for individual k influenc ing her offspr i ng j ' s 

weaning we i ght , yij k " The sum of  the maternal and d irect 

environmental errors i s g iven by ei j k " I t  was assumed that , 

and 

The number of 

the di rect or 

E h i 
dj 
mk 

e ij k 

Var I dj r r� mk 0dm 

- ei j k  0 

h i 
0 

0 

0 

0dm 
0'2 

m 
0 

equat ions to be solved were 

:� J .  
reduced by pred i ct ing 

the maternal genet ic  value for some ani mal s .  He 

imposed the res tr i c t ion that at least one of the gene t i c  values 
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would be predi c ted for each anima l .  Slanger prov ided an exampl e  

us ing 1 3  ident i f ied indi v iduals . H e  made  pred ict ions on 1 5  

gene t i c  values whereas i f  all d irect and maternal breeding values 

were included in the ped i gree this  number would be at least 26 . 

He excluded the d irect genet ic  values of  the uni dentif ied dams , 

the d irect gene t i c  values of the ident i f ied dams wi th no 

ind i v idual records and the maternal genetic  values of the animals 

wi th individual records , but have no offspr ing .  However ,  except 

under spec ial c ir cumstances , th is procedure does not y i eld the 

exact g- 1 • Slanger repor ted that  the exact g- 1 can be generated 

by this  approach if the d irect genetic  values of the identi fied 

dams w i th no records but hav ing more than one pr ogeny are 

included . For h i s  par t i cular example , th is meant,  the add i t ion of 

two more genet i c  effect s .  

Slanger ( 1 980 ) applied model ( 2 . 1 5 )  t o  actual beef cattle 

wean ing we ight data by three di fferent approaches wh ich are 

outl ined below : 

( 1 ) pred ict ing both d irect and maternal gene tic  values for each 

animal in the ped i gree ( 2n gene t i c  values i f  the number of 

animals in the ped igree is n ) ; 

( 2 )  the 2n genet ic  values except the d irect genetic  va lues of 

unident i f i ed dams , the d irect gene t i c  values of ident if ied 

dams wi th no ind iv idual records and only one progeny each , 

and maternal genetic  values of an imals wi th indiv idual 

records but no progeny ; 

( 3 )  the d irect genet i c  values of dams wi th no records and two 

or more progeny were excluded in addi t ion to the effects 

mentioned in  ( 2 ) . • 

S i nce approach ( 3 )  does not generate the correct g- 1 , the 

pred ictors obta ined are not BLUP [ Slanger ( 1 979 ) ] .  For h i s  

example ,  the t i me required for comput ing was reduced b y  3 7  per cent 

and 43  percent for obta ining solution sets for ( 2 )  and ( 3 ) , 

r espect ivel y .  H e  compared the three sets o f  solut ions by 

calculat ing the correlations between the pred ictors obtained by 
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the three me thods and the average d ifferences in rank . Very h igh 

values of correlat ions and smal l average d ifferences in rank 

showed that the solution sets from the three methods are simi lar . 

Simi lar genet i c ,  env ironmental and pheno typ ic  trends were shown by  

the three sets o f  evaluat ions . This  confirmed that genet i c  

progress made from select ion dec i s ions based o n  the 3 sets of  

solut ions would be simi lar . 

Quaas and Pollak ( 1 980 ) demonstrated how equivalent models 

can be used to s impl i fy computat ions involved in  mi xed model 

methodology . They applied the equ i valent model concep t to pred ict  

d irect and maternal breed ing values for wean i ng we ight and d irect 

breed ing values for yearl ing we ight of  beef cattle .  The model 

�:l · r:w :J r::l + �w 0 

�g 0 

was assumed for beef cattle performance data , where 

�., < �g ) i s  the 

�w < � g ) i s  the 

� .... 

<
�g ) is  the 

vector of  

vec tor of  

wean ing we ight (ga in ) records ; 

f i xed effects affecting lw < lg ) ;  

known matri x assoc i ated wi th �w < �g ) ; 

( 2 . 1 6 )  

�w < �g ) i s  t he random vector of d irect breed ing values for 

wean ing we ight ( ga in ) ; 

� is the random vector of  maternal breeding values for 

weaning we ight ; 

�P is the random vec tor of  permanent environmental effects 

on wean ing we i ght ; 

�w •  �g •  �m and �P are the known matr i ces assoc iated 

with �w · �g• �m and �p · respec t i vely ; and 

�w < �g ) is the vector of random environmental effects  

pecul iar to each weaning we ight ( gain ) record . 
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I f  an an imal  wi th no record i s  represented in  the � vectors , then 

the correspondi ng column in the Z matrix  i s  cons idered to be nul l .  

This  was also the case i f  a random effect wh i ch i s  not i n  ( 2 . 1 6 ) 

i s  i ncluded in  u .  such as a maternal effect of  a sire . 

I t  was assumed that the vectors of random effects of  ( 2 . 1 6 ) 
have zero means and that the u vectors are uncorrelated wi th e .  

Lett ing �i .. ( � , �,g · �) and �2 = �P ' the var i ance covar i ance 

matr i x  of � ' ( �i , �2 ) was assumed to be 

Var ( u) 

where 

G .. G * A .  -0 

I n  above A is  the numerator relat ionsh ip  mat r i x ,  Q0 is  the 3x3  

matr i x  of  genet i c  var i ances and covariances . Fur ther , assuming 

that records on both tra i ts are avai lable on each animal , 

Var ( e ) = R = R * I -0 

where � '  = ( �� · §g )  and Bo is  the var iance- covari ance mat r i x  o f  

temporary env ironmental effects influenc ing weaning wei ghts and 

ga ins . Appropr iate rows and columns were dele ted from � ·  in the 

absence o f  records on some tra its of animals . 

The mixed model equat ions t hat y ield the BLUP of the random 

effects o f  ( 2 . 1 6 ) are g i ven by 

� , !!- 1 � 

Z ' R- 1 X - 1 - -

Z ' R- 1 X -2- -

� · !!- 1 �1 

Z ' R-1 z +G- 1 - 1 - - 1 -

t2�-1 t1 

X ' R- 1 z - - -2 

Z ' R- 1 z - 1 - -2 

Z ' R- 1 z +r33I -2- -2 --

� � ' !!- 1 :t 

�1 Z ' R-1 ;t - 1 - ( 2 . 1 7 )  

u Z ' R- 1 ;t -2-



where 

and 

-8 ' c ( 8 ' 8 ' -W -g 

X [ � Q J Q �g 

0 

�2 

33 r .. 1 /r33 . 
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The � ' s ,  Q ,  r33  and � were defined earl ier . The set of equat ions 

g i ven in ( 2 . 1 7 )  is a mod i f i cat ion of the equat ions pres ented by 

Henderson and Quaas ( 1 976 ) .  

Quaas and Pollak ( 1 980 ) sugges ted several approaches for 

simpl i fy ing the computat ions involved in solv i ng ( 2. 1 7 ) .  The 

number of nonzero el ements in the coeffic ient matr i x  were reduced 

by assum ing that cer t a i n  off-d iagonal elements of Q0 and �0 are 

zero. El iminat ion of some equat ions by absorpt ion was suggested 

as a second approach . They noted that absorpt ion of �p equat ions 

if the data are sor ted by the dam reduces the probl em by a factor 

equal to the number of dams . The structure of �-1 , when the 

an imals are ordered so tha t  parents preceded progeny was also 

exploi ted  greatly in order to r educe the equat ion s .  Thi s  

part icular structure i s  g iven by 

- 1 A • [ �;� + . 2 5M ' DM 

- . 5DM 
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where �;� is  the inverse of  the relat ionshi p  matrix o f  the s ir es 

and the dams , � i s  the matri x relat ing parents to progeny and � i s  

a d iagonal matr i x .  Thi s  str uc ture makes i t  possible t o  el im inate 

the equat ions in ( 2 . 1 7 ) pertain ing to animals wi th no progeny . 

Quaas and Pol lak r epor ted that solut ions for a non-parent can be 

obtained by solv ing three equat ions since they depend only on i ts 

own records , the f i xed solut ions and the solut ions of its  parent s .  

Quaas and Pollak ( 1 980 ) pres ented rules for forming the reduced 

e quat ions d irectly , by us ing the concept of equivalent mode l s .  

Consi der the models 

¥. "" �� + � 1 �1 + �2�2 + �1 

w i th 
Var �1 Y1 0 0 

�2 0 Y2 0 

� 1 · o 0 � 1 

and 
'1. - �� + �1 �1 + �2 

with 
Var [ :: r [ � 1 :J 

where 

The two models are equ ivalent s ince the mean vector and the 

var iance-c ovar iance matrix  of  the observat ions are given by 

and 

( 2 . 1 8 )  

( 2 . 1 9 )  
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for � in ( 2 . 1 8 ) and ( 2 . 1 9 ) .  The d i fference between ( 2 . 1 8 )  and 

( 2 . 1 9 ) is the effects included in the error term. Any random 

effect can be included in the error term as long as they are not 

correlated w i th other random effects of the model .  The mi xed 

model equat ions correspond ing to ( 2 . 1 8 )  and ( 2 . 1 9 )  are g i ven by 

and 

X ' R- 1 X X ' R- 1 z - - 1  - - - 1  - 1 
Z ' R- 1 X - 1 - 1 -

Z ' R- 1 X -2- 1 -

X ' R- 1 z - -2 - 1 

X ' R- 1 z - - 1 -2 
- 1 � i � 1 �2 

- 1 - 1 �2� 1 �2+Y2 

� 1 �2
1
� 1 + Y1

1 ] [  � 1 J 
respectively . 

�2 

X ' R- 1 v - - 1 '{.. 

Z ' R- 1 v - 1 - 1 '{.. 

Z ' R- 1 --2- 1 

( 2 . 20 )  

( 2 . 2 1 ) 

In  the case of d iagonal B 1 and y2 , forming ( 2 . 20 )  is  not very 

d i ff icul t .  How ever , ( 2 . 2 1 ) has the advantage that i t  involves 

fewer number of  equat ions . Also , not ing that 

i t  can be observed that � 1 in ( 2 . 20 )  i s  equivalent to � 1 in ( 2 . 2 1 ) 
and that es timable func tions of � obta ined from ( 2 . 20 )  and ( 2 . 2 1 ) 
are equi valent . Therefore i f  one chooses to solve ( 2 . 2 1 ) for � 

and y1 , then �2 can be obtained as 

However , thi s  depends on whether the inverse of �2B11 �2 + Y21 i s  

obtained eas i l y .  

This concept was appl ied t o  the performance data of  beef 

cattle , where the weaning weight and the gain  of the calf can be 



expressed as ( from ( 2 . 1 6 ) )  

and 

where 

y� E 
c + uc + ud + ud + ec �w w m p w 

Ye 
g �c + 

g uc + 
g ec 

g 

c c �w and �g are the l inear funct ions of  f i xed effec ts 
c c affec t i ng Yw and Yg • r espect ively ; 

uc and uc are the calf ' s  d irect breed ing values ; w g 
u� and ug are the maternal breed ing value and the 

permanent env ironmental effect of the calf ' s dam ; and 

e� and e� are the env ironmental effects assoc iated wi th 

y� and y� , respectivel y . 
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An equivalent model for y� and y� wh ich does not in volve u� and u� 
was obta ined by express i ng the cal f ' s breed i ng values in  terms of 

its  parents , wi th the assump tion that ther e was no inbreed ing . 

That i s ,  � and u� were expressed as 

and 

u� u� + ue ) / 2 + �� 

where �� and �� represent Mendelian sampling variables . Th is  was 

referred to as a gametic  model whereas the former was def ined as a 

genotyp ic  model .  

By consi dering records o f  a dam and her offspri ng ,  Quaas and 

Pol lak demonstrated that the game t i c  model i s  not always 

equ ivalent for records on d i fferent animals . Al though the game t i c  

model i s  not equivalen t  for ancestors and descendents , i t  i s  

equi valent when records of  collateral relatives are cons idered . 

Therefore Quaas and Pollak suggested t he use of bo th models where 

genotyp ic  model and game t i c  model are to be used on records of 

animals who become parents and wi th no progeny , respect ively . 



Thi s reduces the lengths of �w • � and �� and consequently the 
number of columns in the respect ive � matrices . The columns of 
Z ( Z8 )  conta in e i ther a s ingle " 1 "  or two " 1 / 2 " s depend ing on _w -

4 1 

whether an anima l correspond ing t o a part i cular record i s a parent 
or not . The var iance-covar iance matr i x of u is of simi lar form as 
before except for the fact that the relat ionsh ip matri x per ta ins 
only to parents .  The w i th i n-animal error var iance-covar iance 

matr i x depend upon whether the animal is a parent or not . For a 
par ent ,  th is i s g iven by B0 ( def ined earl ier ) , whereas for a 
nonparent the error struc ture becomes 

Pollak and Quaas ( 1 981 ) appl ied ( 2 . 1 6 )  on a w i th in-herd 

mult iple tra i t  evaluat ion , based on informat ion on relat i ves from 

simulated bee f catt le . One of the ir obj ect ives was to compare the 
accuracy of es timating breeding values using equivalent or 
approximate models d i scussed by Quaas and Pol lak ( 1 980 ) . They 

examined four models where model 1 was a complete representat ion 

of the observat ions . Models 2 , 3 and 4 were approximate models 
which were defined in order to reduce computat ions . 

Model 1 was the same as that given in ( 2 . 1 6 ) , except for the 
* fact that �w i s r eplaced by �w where 

* 
�w .. �w + �m · 

The vector � m  contains the error terms for maternal performance 
which represent the env ironmental var iat ion directly affect ing the 
darn ' s  maternal performance . I t was assumed that genet ic 
covari ance between maternal ab i l i ty and weaning weight ( g1 3 ) ;  
genetic covar iance between maternal ab i l ity and yearl ing gain 
( g23 ) ; and environmental covar iance between weaning weight and 
gain were zero . The mixed model equat ions have the form g i ven as 
in ( 2 . 1 7 ) . However thi s has fewer nonzero elements as a resu l t of 

assuming that g1 3sg23=r 1 2-=0 . This means 
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X ' R- 1 X = 
[ r l l��w 

r2;x • x ] -g-g 

X ' R- 1 Z · [r 1 1 x • z 0 r 1 1 x • z ] 
- - - 1 -W-W -W-Ill 

0 r22X ' Z 0 -g-g 

� � �
- 1 �2 = 

0 

0 

0 

and 

where Y is the permanent env ironmental var iance . 

Model 1 was simpl i f ied by approx imat ing g1 1 8- 1 to be g 1 1 ! as 
well as reduc ing the number of equat ions by predict ing maternal 
breeding values for the darns only ,  which led to model 2 .  Thi s  

makes r1 1 Z ' Z  + -.m-.m 
can be absorbed 

* 

g33�- 1 , a diagonal matri x which impl i es that thi s 
wi th r 1 1 � ' Z  + Y- 1 1 ,  into the remaining equat ions . · � P-P -

I n model 3 , �w contains �m and �p in addi t ion to �m and �� , as a 
result of assuming zero covar iances among maternal hal f s i bs due 
to common maternal env ironment .  Model 4 deals wi th a s ingle tra i t 
evaluat ion of Yw where Yw is the sum of weaning we ight and 



43  

yearl ing gai n . 

For Pollak ' s  and Quaas ' s  study where 4 1 3 animals were 

evalua ted , the number of equat ions for the four models were 1 376 , 

1 083 , 842 and 42 1 , respec t i ve ly . They found that obtaining 
solut ions to equat ions resu l t i ng in model 1 ,  to be a formidable 

task . The i terat i ve procedur es resulted in slower convergence 
rates due to the fact that the d iagonal elements are not large 
comparat ive to the off-d iagonal elements as in the case of sire 
model s . They repor ted that further study of equivalent forms and 
methods to increase the rates of convergence is neccessary before 
apply ing the models useful l y ,  in pract ice . Al so , the effect of 
assuming zero covar iances when in fact they exist have to be 
invest igated. 

Crow and Howell ( 1 982 ) regard measur ing maternal ab i l i ty in 

beef cattle us i ng calf weaning we ight , as a compl icated task s ince 
the express ion of maternal abil i ty in calf performance is 
confounded w i th the genes for growth , half of which were recei ved 
from the dam . They est imated the approximate magn i tudes of 
maternal effects from the var iat ion in weaning weight contr ibuted 
by the maternal grands ire ( MGS ) . The model considered , included 
f i xed herd-year effects and random MGS effects .  The est imates of 

var iance components for MGS and error were obtained by using 
Henderson ' s  me thod 4 descr i bed in Searle ( 1 968 ) .  

Crow and Howell ( 1 983 ) evaluated the maternal ab i l i ty of beef 
s ires us i ng BLUP techn ique . The s ires were evalua ted for the ir 
daughter ' s  influence on offspring weani ng weight . The maternal 
grandsire and error var iance components were est imated as in Crow 
and Howell ( 1 982 ) . 
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2 . 4 . 3 . Us ing l inear funct ions of breed means 

Dic kerson ( 1 973 ) demonstrated how l inear funct ions of least 

squares breed means can be used to compute breed trasmi t ted 

effects , breed maternal effects and heteros i s .  Gregory , Cund iff , 
Koch , Laster and Smi th ( 1 978 ) ,  Gregory , Laster , Cund iff , Koch and 
Smi th ( 1 978 ) , Gregory ,  Koch , Laster , Cund iff and Smi th ( 1 97 8 ) , and 
Gregory , Crouse , Koch , Las ter , Cundiff and Smi th ( 1 978 ) used thi s 
method to est imate heteros i s and breed maternal and transmi t ted 
effects on economic tra i ts of beef cattle ( Red Poll , Brown Swi ss , 
Hereford and Angus breeds ) . Cund i ff ( 1 980 ) rev iewed the 
exploitation of breed d ifferences wi th alternat ive breed ing 
systems and exper imental approaches to assess breed differences . 

Here he discussed the exper imental evaluat ion of maternal and 
paternal per formances us i ng breed differences . He al so rev iewed 

the results from the Cattle Germ Plasm Evaluat ion Program at the 
Roman L . Hruska US Meat Animal Resear ch Center . 

Alenda , Mar t in , Lasley and Ellersieck ( 1 980 ) developed 
methods , based on l inear funct ions of breed means to est i mate 
add i t i ve genetic effects of each breed , ind i v idual and maternal 
heterosis effects for each two breed comb inat ion , and total 
maternal effects decomposed into maternal and grand maternal 
effects . Heteros i s was def ined as the dev iat ion of the two breed 
crosses from the mean of the parental breeds . It was assumed that 

( 1 ) the populat ion mean is equal to the mean of the pur ebreds , 
and dev iat ion from this mean by any breed class i s due to 
genet ic or maternal effects ; 

( 2 )  the means of the add i t i ve ,  maternal and grand maternal 
effect s are zero . 

The data from a d iallel structure were used to es t imate the 
add i t ive , total maternal ( materna l and grand maternal ) and 
heterosi s effects . Add i t i ve effect and the total maternal effect 
of the i th breed are est imated as 



and 

gf c � ( ( n- 1 ) 8 i i i - j� 1 ( 8j j j + Bj i i- B ij j ) ) 
j � i  

M gMl. + g
Ml. I = [ p ( 8 8 ) ] /2 i j �1 j i i- ij j 

j � i 
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where n is the number of breeds and Bij k i s the least squares mean 

of the breed class hav ing breed i as the s ire , breed j as the 
maternal grand sire and breed k as the maternal grand dam . The 

values of g� and g� ' correspond to maternal and grand maternal 
effects of the i th breed , respect i vely . They estimated the 
indiv idual heteros i s  effect due to interact ion between breed i and 
breed j as 

The indiv idual heteros i s effect can be decomposed into 

where dij is the sum of dom inance effects and aa fj is the sum of 
add i t i ve by add i t ive effect s .  However , add it ional informat ion i s 
required to obta in est imates o f maternal heterosis effects and to 

decompose the total maternal effects into maternal and grand 
maternal effects . Allenda e t al added information on backcrosses 
to the diallel in order to est i ma te maternal heterosi s effects .  
This i s  given by , 

h�j • ( C 8 i ij + 8ij i + 8j j i + 8j ij ) 

- ( 8ij j + 8j i i + 8i i i + 8j j j ) ] l 4 • 

The backcross informat ion can al so be used to est imate the 
grand maternal e ffect which subtracted by the total maternal 
effect would lead to the maternal effec t .  That i s ,  



and 

�'  • [
jt ( Bi j i + 8j j C 8i ij - Bj i j ) ] / 2n 
j � i 
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They al so suggested alternat i ve est imates for h�j and g�
' i f  

the informat ion from three breed-cross es are avai l abl e . 

2 . 5 .  Ev idence for the existence of maternal effects 

L i t ter s i ze ,  which is determined by ovulat ion rate , 
fert i l i zat ion rate and pre-natal surv ival , is one of the ma in 
factors med iat ing maternal performance .  Bradford ( 1 972 ) r eports 
that o vulat ion rate and fer t i l i zat ion rate are character i s t i cs of 
the dam while pre-natal surv i val which too can be subj ect to 
maternal effects is a character is t i c of the offspr i ng .  He also 
repor ts that it is the genotype of the dam rather than that of 

offspr ing whi ch i s responsible for genet ic var iat ion in pre-natal 
surv i val . 

Bradford ( 1 97 2 )  claims that birth weight and post-natal 
surv ival are close ly related . The env ironmental effects on b ir th 

we ight are the effects prov ided by the env ironment in-utero from 
concept ion to b ir th . Koch and C lark ( 1 955 ) report that all 
pre-natal env ironmental var i at ion is var iat ion in maternal 

env ironment . Maternal env ironment for gain from b i r th to weaning 
is more eas ily understood than that of birth wei ght [ Koch and 
C lark ( 1 955 ) ] .  The milk suppl ied by the cow and the di fferences 
in the milk ing ab i l i ty are the most obvious features of the 
maternal env ironment ,  s ince mi lk is the maj or source of nutr ients 
dur i ng the early months of growth in mammals . Characters such as 
the number of offspr ing born ,  the number of offspr i ng reared and 
the age of dam also affect the weaning wei ght of offspr i ng ,  ma inly 
due to milk product ion of the dam . I t is known tha t ,  in the cas e 

of cattle and some breeds of sheep , the milk ing ab i l i ty of the darn 
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affects the produc ing ab i l i ty of the dam , apart from affect ing the 
abi l i ty to produce good offspr ing . The dam ' s  maternal abi l i ty ,  of 
which a ma in factor is her milk ing performance , wi ll also affect 

her female offspr i ng ' s  lactat ional ab i l i ty .  

The relat ionsh i p between b ir th we ight and subsequent growth 

depends on the pr imary cause of var iat ion in b ir th we igh t . There 
is no ev idence that lower bir th wei ght, whi ch on average results 
from hav i ng large l i t ters, affects growth rate when adequate 
post-natal nutr i t ion is avai lab l e . Koch and Clark ( 1 95 5 )  report 
that the yearl ing ga in and the yearl ing score are not d irectly 
influenced by maternal env ironment , but may be influenced by the 
carry-over effects from the pre-weaning per iod which is di rectly 
influenced by the maternal env ironment . 

Koch ( 1 972 ) r eports tha t evidence on the exis tence and the 
magn i tude of maternal effects comes from experiments whi ch 

( 1 )  measur e known components of maternal effects such as m i l k 
production ,  from cows rear i ng the ir young ; 

( 2 ) from rec iprocal crosses or cross-foster ing ; 
( 3 )  by compari ng the observed correlat ions wi th theoret ical 

expectat ions for var ious k inds of relat ives . 

Compar i son of var ious k inds of relat ives has been commonly used 

whi le less attent ion is given to cross-foster ing stud i es .  
Cross-foster ing i s generally used to par t i t ion pre-natal maternal 
influences from post-natal maternal influences . Whi l e s everal 
stud ies have ind icated the importance of maternal effects for most 
mammals ,  only a few stud ies have r eported the relative magni tudes 
of the d irect and maternal genet i c effects . Also , l imi ted 
attent ion is g iven to the role of cytoplasmic effec t s . Mos t of 
the exper imental work has been involved wi th mice and other 
laboratory spec ies . Swine have received more attent ion than she ep 
or cat t l e , due to the ir large l i t ter s i ze and relat i vely rap id 
reproduc t ion rate . 
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2 . 5 . 1 . Swine 

D ickerson ( 1 947 ) was the first to i nclude maternal effects in 

his work on genet i c assoc iat ion of hog carcass character tra i t s . 

H i s results suggested that a genetic antagonism ex i sts between the 

suckl i ng abi l i ty and economical rat tening ab i l i ty .  Thi s was g iven 

as the explanat ion for the slow progress in swine improvement . 
Using data from crosses among inbred l ines ,  Bradford ,  Chapman and 
Grurnrner ( 1 958 ) showed the exi stence of a high nega t i ve correlat i on 
between d irect and maternal genet ic effects for weaning we i ght 
( -0 . 4 ) and 5-month we ight (-0 . 8 ) .  The maternal effects were more 

important than the general comb ining ab i l i ty at 56 days of age 
whereas the opposite was observed at 5 months .  

Cox and Willham ( 1 96 2 ) carr ied out cross-foster ing 
exper iments to s tudy the feas i b i l i ty of such exper iments and also 
to examine ma ternal effects in swine . �re-natal effects accoun ted 
for 6 to 1 3% of the var i ance . Post -natal effects were maximum at 
42 days represent i ng 26% of the var iance ,  sharply reduc i ng to 5% 

at 1 54 days . Garwood , Waltz and He idenre ich ( 1 96 7 ) observed a 
percentage between 4 and 1 0  for pre-natal effects in 56 , 1 1 2  and 
1 54 day we ights .  The post-natal effects accounted for only 0 to 
2% of the total var iance . Nei ther pre-natal nor post-natal 

effects were s i gn i f i cant for backfat th ickness .  

Bereskin , Shelby and Hazel ( 1 9 7 1 ) compared the carcass 
character data of stra i ghtbred Duroc and Yorkshire pigs and the 
rec i procal crossbred l i tter s . Breed o f dam was s i gni f icant for 
all carcass tra its whereas the breed of sire was s i gn i fi cant only 
for carcass length , suggest ing the exi s tence of maternal 
influence . Ahlschwede and Robi son ( 1 97 1 b ) used cross-fosteri ng 
techniques to invest igate the relat ive importance of pre-nata l and 
post-natal effects on growth and development of swine . The 
pre-natal and post-natal effects were almost simi lar in magn i tude 
for weekly we i ghts between 2 to 8 weeks . However , for weekly 
we ight changes dur ing f irst 5 weeks , post-natal effects were 
cons iderably larger than pre-natal effects . Contr i but ions from 
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pre-natal and post-natal effects were approx imately 1 7% and 1 1 % in 
post-weaning growth and backfat . An antagonism was observed 
between direct and maternal effects after 4 weeks whereas there 

was no such ind icat ion for the first 3 to 4 weeks . 

Ahlschwede and Rob ison ( 1 97 1 a )  est imated the genet ic and 
envi ronmental components of var iance for maternal effects by 
equat ing observed covar iances to their expected composi t ions in 
order to assess the importance of maternal influences in Duroc and 

Yorksh ire breeds . Genet ic var iances for d irect and maternal 
effects were large for birth we ight and 1 40 day we ight . However , 

they obta ined negat i ve var i ance components for maternal effects of 
56 day we ight of Yorksh ire breed and backfat th i ckness of Duroc 
breed . The proport ion of maternal genet ic var i ance for 1 40 day 
we i ght was approxima tely 4 t imes larger than that for 56 day 
we igh t . The d irect genet i c var iance was larger than the maternal 

genet i c variance for wean i ng weight ( 5 6 days ) �hereas the oppo s i te 
was observed for 1 40 days . The correlat ion between direct and 
maternal effects were negat ive and large for all tra i ts , exceed i ng 

0 . 95 in all cases and even 1 in some cases . 

Robi son ( 1 972 ) ,  in his rev iew on maternal effects in swine 
conc luded that there is substant ial ev idence that maternal effects 
account for a s igni f ican t port ion of variance for mos t tra i ts 
includ ing the traits that mani fest relat ively late in l i fe such as 
1 40 da y we ight , backfat and l i t ter size . 

2 . 5 . 2 . Cattle 

Most of the publ i shed work in cattle is on pre-weaning growth 
tra its such as bir th we ight , dai ly ga in from b ir th to weaning and 
wean ing weight . Koch ( 1 972 ) r eports that ev idence for the 
ex istence of maternal effects in cattle comes from cross-breed i ng 
exper iments where differences among rec iprocal crosses are used to 
estimate maternal effects .  
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Koch and C lark ( 1 955 ) concluded that maternal env ironment 

from conception to b irth and from birth to weaning has a large 
influence on bi r th we ight , gai n from bir th to weaning and weaning 
score whereas the influence on year l ing ga in and year l i ng score i s 
small .  They also r eported a negat ive genet ic correlat ion between 

direct and maternal effects on pre-weaning growth trai ts in beef 
cattl e . Simi lar results were observed by Deese and Koger ( 1 967 ) .  

Everett and Magee ( 1 965 ) obta ined small heri tab i l i t ies for 
maternal abi l i ty of gestat ion length and birth we ight compared to 
the her i tab i l i t ies obtained for d irect effects .  The ir results 
also suggested that the sire influences the birth we ight to a 

greater extent than the dam which confl i c ts wi th other results . 

Van Vlec k and Bradford ( 1 96 6 )  invest igated the f irst three 
lac tat ion milk records of Holstein cows in order to as sess the 
impor tance of maternal influence .  I t  was ind icated that maternal 

genet i c effects are signif icant and these become smaller in 
succeed ing lactat ions unt il the thi rd . The results are in 
confl i c t wi th the results of Van Vleck and Hart ( 1 96 6 ) ,  who 

observed that the add i t ive d irect genet ic effects are more 

important for first lactation milk records . 

Hohenboken and Br inks ( 1 9 7 1 a ) invest igated the genet i c and 
env ironmental relat ionsh ips between d irect and maternal effects on 
weaning we ights in Hereford cattle . The results ind icated that 

the her i tab i l i ty of maternal effects i s sl ightly higher than that 
of d irect effect s .  A weak genet ic antagonism between d irect and 

maternal effects on weaning weight was detected , whi ch was later 
confi rmed by Hohenboken and Br inks ( 1 97 1 b ) . Mangus and Br ink s 
( 1 971 ) ,  in the ir study of relat ionships between d irect and 
maternal effects on growth in Herefords , concluded tha t weani ng 
we i ght is a poor indicator of subsequent cow produc t i v i ty .  H i gher 
pre-weani ng nutr i t ional levels and h igh cow inbreed i ng levels have 
detr imental effects on beef cow product i v i ty .  
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Koch ( 1 972 ) i n h i s review of maternal e ffects i n cattle 

concluded that genet i c and env ironmental components of di rect and 
maternal effects and covar iance between d irect and maternal 
effects accounted for 1 5-20% of var iat ion in b ir th wei ght and 
35-45% of var iat ion in daily gain from birth to weaning .  He 
comments that although rec i procal crosses provide ev idence that 
maternal effects exi s t , they are not helpful for obta in ing the 
magni tudes of the relevant var iance components . 

Mavrogeni s ,  Di l lard and Rob ison ( 1 97 8 ) observed an antagoni sm 
between di rect and maternal effect s , wh ich was apparent at l east 

1 .  The · · f 1 1  t 1 ( 1 980 ) h up to year 1ng stage . � �nves t 1 gat 1on o A enda e a w ere 
they used l inear funct ions of breed means to estimate direct and 
maternal effects on bir th and weaning wei ghts of Angus , Charola i s 
and Here ford cattle , impl ied that the rearing env ironment of the 
mother influences her own maternal ab i l i t y . Posi t i ve maternal and 

negat ive grand maternal effects or vice versa were obta ined for 
each breed they stud ied . Di l lard , Rodr i guez and Rob ison ( 1 980 ) 
est i mated the di rect and maternal effects from cross-breed ing 
Angus , Charolais and Hereford cattle . Birth we ight , daily ga in , 
weani ng weight and a type scor e were analyzed us ing two model s . 
Add i t i ve direct and maternal genet ic effects were shown to be 
sign i f icant sources of var iat ion , with maternal abi l i ty of some 
breeds exceed ing other s . 

Baker ( 1 980 ) reviewed the role of maternal effects in beef 
catt l e . He concluded that a negat ive envi ronmental correlat ion 
exists between maternal effects in adjacent generat ions . H i gh 
levels of feed i ng dur i ng pre-weaning or post-weaning reduce the 
milk product ion in daughters .  Baker noted that the exclusion of 
dam-offspr ing relat ionsh ips in the est i ma t ion of var iance 
component s , led to very different est imates of the genet i c 
correlat ion between direct and maternal effects. An average 
est i mate of -0 . 42 was obta ined for the correlat ion whereas when 

the est imates that involved the dam-offspr ing relat ionsh i ps were 
excluded the average correlat ion approached a value towards zero . 
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Bradford ( 1 97 2 )  states that maternal effects may be expected 

to be more impor tant in sheep than in cat tle or in swine because 
of the greater var iat ion in l i t ter size in sheep and the fact that 

many lambs are part ially d ependent on the ir mother ' s  mi l k supply 
unt i l the t ime of market ing or at least unt i l they have achieved a 
higher propor t ion of the ir slaughter weight than in the cas e of 
swine and cattle . 

Fewer stud ies have been reported on sheep , although 
characters such as bir th we ight and post-natal growth are wel l 
documented . Burris and Baugus ( 1 955 ) stud ied the effects of milk 
product ion of the ewe on post-natal growth of i ts lamb . More 
emphas i s was given to fat-lamb product ion . The ir stud ies 

indicated that early growth and milk product ion i s h ighly 

correlated ( 0 . 9 ) ,  the magn i tude rapi d ly decreas ing as the lambs 
grew older . Al so the total milk product ion and growth up to 1 6  
weeks were h ighly corre lated (0 . 83 ) . The study also impl ied that 
post-natal maternal effects on weights are due to var iat ion in 
milk product ion . Owen ( 1 957 ) invest i gated lactat ion , e ffects of 
lactat ion and factors affect i ng it in hill sheep on hill and on 
lowland . He observed close ( but d iminish ing ) relat ionsh �ps 

between milk yield and growth of young . The relat ionsh ips be tween 

milk y ield and fleece weight or milk yield and fleece type were 
not s igni ficant . There was a signi f icant pos i t ive correlat ion 
between dam ' s  milk product ion and daught er ' s  fer t i l i ty at 2 years . 
Howeve r , there is not much informat ion available on the role of 
maternal e ffects on reproduc t ion . Ch ' ang and Rae ( 1 972 ) observed 
that in the Romney breed , maternal envi ronment i s pos i t ively 
correlated wi th the number of hogge t oestruses but negat i vely 
correlated w i th the fert i l i ty of the ewe . 

Gjedrem ( 1 967 ) i nvest igated the relat i ve importance of 
pre-natal and post-natal maternal influence on lamb we ights from 
birth to 1 60 days . The component of var i ance for pre-natal 
environment decreased from 1 00% at birth to 22% at wean i ng which 
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also impl ies that post-natal environmental component increased 

from 0 to 78% . His results also indicated that the maternal 
contr ibut ion is greater for we ights at 2-6 weeks than at b ir th or 

1 60 days , which is cons i stent wi th the stud ies of Burr is and 

Baugus ( 1 955 ) .  Ch ' ang and Rae ( 1 972 ) conducted a series of 
exper iments to study growth and reproduct ive characters of New 
Zealand Romn ey ewes . The ir s tud ies ind icated that the maternal 

effect is essent ially a reflect ion of the var iation in milk supply 
dur ing lamb ' s  growth from birth to weaning . A carry-over maternal 
effect was assumed in the study of post-wean i ng characters . 

Holtmann and Bernard ( 1 969 ) invest igated the growth from 
b ir th to weaning , to assess the relative performance of pur e-bred 
and cross-bred ewes . The ir study involved Oxford , Suffolk and 
North Country Cheviot breeds . They obta ined ev idence for breed 
d ifferences in maternal performance as well as ev idence for the 

exi stence of maternal effects . Mother ing ab i l i ty of Suffolk breed 
was super i or than that of the other breeds . 

Sch inc kel and Short ( 1 96 1 ) s tud ied the effects of h igh and 
low feed intake dur ing pregnancy i n ewes and from b irth to 4 

months of age in lambs on adult body weight and wool product ion . 
Lambs of ewes that had a low intake were 34% smaller at b irth and 

9% smaller at matur i t y . Wool product ion too , was affected where 
the number of foll ic les per sheep was 1 5% les s ,  and as adults ,  the 
wool product ion was 8 . 5% less. Shelton ( 1 96 4 ) observed that b i r th 
we ight has a pos i t ive correlat ion wi th f ibre diameter and clean 
fleece we ight . The s tudy also ind icated that an adverse pre-natal 
or early post-natal environment could permanently damage the 
potent ial for wool product ion . W iener and Slee ( 1 965 ) 
inves t iga ted the effect of maternal env ironment on foll icle and 
fleece development of lamb, us i ng egg transfer from L incoln to 
Welsh Mountain breed and vice versa . The study i ndicated a strong 
maternal influence and also that the d ifference in maternal 
env ironment due to e gg transfer affected foll icle densi ty ,  
primary/secondary foll icle ratio , fibre medulat ion , fibre d iameter 
and fibr e length � They repor t that wool product ion is not 
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influenced by maternal effect s .  

2 . 5 . 4 .  Laboratory spec ies 

Chapman ( 1 9 4 6 )  used a cross-nurs ing exper iment to study the 
importance of the var iat ion in the weight response of immatur e rat 
ovary to a standard dose of gonadotrophin . The post-natal 
maternal effects accounted for 6% of the var iat ion whereas the 
pre-natal effects were negl ig ible . Bateman ( 1 954 ) in his 
par t i t ion ing of the var iance in 1 2  day we ight of mice obs erved 

that pre-natal and post-natal factors accounted for 4 1 % and 32% of 

the total var ianc e . However , the set of data was too small to 
show that the results were stat ist i cally rel iable . The result s of 
Cox , Legates and Coc kerham ( 1 959 ) were in contrast to Bateman ' s  
( 1 954 ) results . The pre-natal and post-natal effects accounted 
for 9 . 7% and 7 1 . 5% of the total var iance of 1 2  day weight of mice , 
wh ich implied tha t post-natal maternal influence i s the most 
important single factor determ in ing the we ight through weaning . 
Young , Legates and Farth ing ( 1 96 5 )  observed a large post-natal 
effect from 1 2-2 1 days and a decl ine in pre-natal component from 
b irth to 1 2  days . The post-natal maternal influences on l i t ter 
s i ze and 1 2  day l i tter we ight were negl ig ible . Harvey , Casady , 
Sui tor and Mi ze ( 1 96 1 ) in the i r assessment of the importance of 
pre-natal and post-natal effects in rabbits observed that 

post-natal influences were less than those for mice . A simi lar 
study on rat s [Blunn ( 1 969 ) ]  ind icated that post-natal influences 
were smaller than those for mice . The magni tude was comparabl e to 
that of rabb i ts . 

Brumby ( 1 960 ) carri ed out an ova transplantat ion to 
invest igate the importance and nature of maternal influence on 
growth of large and small strains of mic e . They not iced that 
nei ther transplantat ion nor foster ing influenced the growth 
potential of the embryo . There was a marked difference between 
the maternal env ironments of large and small strain s . Also an 
interact ion between the pre-natal maternal env ironment of the 
female and the genotype of the implanted embryo was apparent .  



55 

Study of Carman ( 1 963 ) ind ica ted the ex i stence of maternal effect s 
for we ights in mic e .  H e concluded that t here is no interact ion 
between maternal e ffects and mat ing systems . Kidwell ,  Weeth , 

Harvey , Haverland , Shelby and C lark ( 1 960 ) observed highly 

s igni f i cant maternal effects in rats by using a diallel mat ing of 
four inbred l ines .  Legates ( 1 972 ) in h i s rev iew of maternal 
effec ts on laboratory spec ies concluded that a low pos i t i ve 
gene t i c correlat ion exi sts between post-natal maternal per formance 

and direct effects for growth in mice . Legates recommends 
standard i zat ion of l i t ter size comment ing that maternal effects 
attr i buted to factors not related to s i z e are diff icult to detect 
in the absence of standardizat ion . 

Rutledge , Rob i son , E i sen and Legates ( 1 97 2 ) used 
cross-foster i ng techn iques to invest igate the dynamics of direct 
and maternal genet i c effec t s . The genet ic correlat ion between the 

direct and maternal effects were small and pos i t ive for weights 
and gains in the absence of foster ing effects . For tai l length 
and gain the maternal component was greater than the d irect 
component .  



CHAPTER 3 . MATHEMATICAL AND STATISTICAL PRELIMINAR IES 

3 . 1 . Maximum l i kel i hood es timation under the assumpt ion of a 

normal distri but ion 

where 

Consi der the general mi xed l inear model of the form 

l is an nx 1 vector of obser vat ions ; 
S i s  a tx 1 vector of unknown f i xed effects ; 
� ·  of order nxt , is a known matr i x ;  
�1 • of order ci x 1 ( i= 1 ,  • • •  , k )  are vectors of 

non-obser vabl e random vari abl es ; and 
� i · of order nxc i ( i = 1 , • . .  , k )  are known matri ces . 

Assuming that , 

( i )  E ( �1 ) = Q for i �l , . . .  , k ;  
( i i ) elements of �i are independently d istri buted 

with vari ance ei for all i ;  and 
( i i i ) e lements of �i and �j  are independent for i -j , 

then , from ( 3 . 1 ) ,  the mean and the vari ance of the vector of 
observat ions , l • are 

var (y_ )  - v - � e iui i -1 -

An al ternat i ve representat i on of ( 3 . 1 )  i s 
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( 3 .  1 )  

( 3 . 2 ) 



y_ o: �� + Zu 

where 

and 

z = [ �1 �2 1 · · · · · · 1  �k ] . 

Hence , the vari ance-covari ance matri x can also be represented as 

where 

D 

V = ZDZ ' 

�+ 8 . I . • 

i = 1 1 - 1  
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In the above express ion �i is the ident i ty matri x of order ci and 

L+ denotes the direct sum of matr i ces . 

L et el ements of � in general mi xed l i near model ( 3 . 1 )  have a 
mul t i var i ate normal di stri but i on wi th parameters spec i f i ed as in 

( 3 . 2 ) . Then the l i kel i hood function of � can be expressed i n 
terms of e and 8 i ( i z 1 , • • •  , k )  as [ see Hartley and R ao ( 1 96 7 ) ] 

so that the log l i kel i hood is 

1 
� = 1nL = const - 2ln l � l ( 3 . 3 )  

Sol ut i ons t o maximum l ikel ihood equat ions are obtai ned by 
maximi z ing ( 3 . 3 )  w i th respect to � and 8i ( i• 1 ,  • • •  , k ) . The log 
l i kel ihood funct i on can be different i at ed with respect to 8 i , 
usi ng the Lemmas [see Sear l e ( 1 97 9 ) ] 

and 
� [ ln i � I J  c tr[ �

- 1
�i ] 1 � [ v- 1 ] c -�-

1
� i �-

1 
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where 

Par t i al different i als wi th respect to B and ei ( that is o A i o � and 
o A i o ei ) are gi ven by 

and 

1 1 
- -tr ( v- 1 v . ) + - ( y - XB ) ' v- 1 v . v- 1 ( y - �� ) ,  2 - - 1  2 - - - - - 1 - - - -

r espect i vely . Soluti ons to maximum l i kel ihood equat ions are 
obtai ned by solv i ng o A i o� - o and o A i oei  � o for i = 1 , • . •  , k ,  whi ch 
means solving the fol lowi ng equati ons s imul taneously :  

(3 . 4 )  

( 3 . 5 )  

Sol v i ng ( 3 . 5 )  i s equ i valent to maximi z i ng F or mi nimi z i ng -F wi th 
respect to ei ( i = 1 , . . .  , k ) , where F is gi ven by 

( 3 . 6 ) 

Large-sampl e var i ance- covari ance matri ces of the maximum 
l i kel ihood est imates of � and e are gi ven by [see Searle ( 1 97 1 ) ]  

( 3 . 7 )  

and 

( 3 . 8 ) 
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r espect i vely ,  where the ( i , j ) th el ement of A i s gi ven by 

and �i and �j are the part i al der i vat i ves of y wi th respect to s i 
and ej , respect i ve l y . 

3 . 2 .  Comput i ng the invers e of a numerator relat i onship matri x 

Henderson ( 1 973b ) demonstrated how to incorporate the 
relationshi ps among all animals that are to be eval uated , when 

usi ng bes t l i near unb ias ed predi ct ion (BLUP ) .  The advantages of 
using all availabl e i nformation on relati ves i n BLUP eval uation 
programmes have been di scussed by Henderson ( 1 975c , 1 975d ) .  
I ncorporation of all rel at ionshi ps necessitates th� computation of 
the inverse of the numerator rel at i onship matri x amongst the 
animals , whi ch usual l y is a prohi bi t ive task if the conventional 
rout i nes are used . Henderson ( 1 975b , 1 976 ) presented a method for 
computing the inverse of a numerator relat ionshi p matr i x directl y 

from pedi gree i nformati on wi thout comput i ng the relationshi p 
matr i x i tself . 

Henderson express ed the numerator relati onsh i p matri x A as 

A • LL ' 

where � i s a lower tr i an gular matri x , whi ch can easily be computed 
recursi vely .  He presented an algori thm to compute 6 .  where the 
upper txt submatri x of � i s  f and corresponds to the base 
populati on ( the ani mals wi th unspec if ied parents def i ne a " base" 
population and these animals are regarded as non- i nbred and 
unrelated ) .  Henderson ( 1 976 ) gave another express ion for A as 

( 3 . 9 )  



where I i s a matri x computed by exactly the same method as L 
except that all diagonal el ements of T are 1 and D i s  a diagonal 
matri x . 
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Quaas ( 1 97 6 ) pr esented a modif ication to Henderson ' s  

( 1 975b , 1 97 6 ) procedur e for f i nd ing the diagonal elements of L or A 
wi thout stor i ng the elements of � or � i n computer memory .  Her e ,  

two vectors of l ength n ,  wher e n i s the number of animals , ar e used 
to accumulate the sums of squar es of the el ements of each row of L 
and to store the diagonal el ements of A as they are computed . Let 
the two vectors be � and � ·  res pect i vely .  The number of 
iterations required to evaluate u and v is n .  As i n the previous 
cases , the animals are ordered so that parents precede progeny . 
Let unknown parents be i dent i f i ed by zero . 

Steps for the kth i teration 

( 1 ) 
if O < p < q 

if p .. 0 < q 

0 i f  p q 0 

( 2 )  Compute v i - t1 k for i o:k + l ,  • • .  , n .  That i s , 

i f k s p < q 

i f p < k S q 

i f p s q < k 

( 3 ) For 1-=k ,  • • •  , n  



where u�k- 1 )  i s the value of ui after i teration k- 1 .  The 
val ues of vi and ui for im 1 , • • •  , k- 1 r emain unchanged . 

( 4 )  To obtai n A-1 , calculate 
-. 

( i )  If both parents are known ( O< p<q ) ; 

stor e ( k , k , d ) ;  ( p , k , - . 5d ) ;  ( q , k , - . 5d ) ;  

( p , p ,  . 25d ) ;  ( p , q , . 25d ) and ( q , q , . 25d ) 

( i i )  I f one parent is known ( p=O < q ) ; 
store ( k , k , d ) ; ( q , k ,- . 5d )  and ( q , q , . 2 5d ) 

( i i i ) I f  both par ents are unknown (p=q=O ) ; 
stor e ( k , k , d )  
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Quaas ( 1 975 , 1 984 ) presented the theory underly ing the 
calculat ions gi ven i n this section . The vector of breed i ng val ues 
to be predi cted i s expressed i n terms of a matri x , P ,  that rel ates 
parents to progeny . That is , 

u 
1 
-Pu + m r - :t ( 3 . 1 0 ) 

where elements of $ are the Mendel i an sampl ing random var i abl es . 
From ( 3 .  1 0 )  , 

1 -u 
.. ( f - 2� ) 1 � 

which impl i es that 

2 1 - 1 1 - 1 G • Var ( u_ )  • au ( I  - -P )  D ( I_ - -P ) 
r - r 

where 



Since , 

i t  fol l ows that 

2 Var ( u )  .. cru A 
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A = 

1 - 1 1 - 1 ( I  - -P ) D ( I  - -P ' )  . ( 3 .  1 1 )  
2- - 2-

By compari ng ( 3 . 9 )  and ( 3 . 1 1 ) ,  Quaas noted that I i n ( 3 . 9 )  is 
identi cal to ( I - . 5P )- 1  in ( 3 . 1 1 )  and that o 2 i n Henderson ' s 
( 1 976 ) express ion i s  the same as 0 i n hi s expression for A .  From 
( 3 . 1 1 ) ,  the i nverse of the numerator relat ionshi p matri x can be 
obtained as 

Therefor e ,  A- 1 can be computed by proceed i ng through a l ist of 
animals and adding contr ibutions from each animal . For the ith 
animal wi th j and k as parents , the contr i but ions are as follows : 

The di ' s  are the el ements of the diagonal matri x D and ai j i s the 
( i , j ) th element of k- 1 . 

The diagonal el ements of � are requ ired to calcul ate the 
di ' s ,  since 



j and k are parents of i 

j i s the only known par ent 

0 both par ents are unknown 

Quaas proved that , T can be wri t t en as 

T 
1 1 1 1 2 

( I_ - - P ) - = I + -p + -p + • • • •  + 
2 - 2 - 4 -

where k is the minimum number of segregations seperat i ng an 
ancestor-descendant pai r . In the case where only the 
parent-offspr ing relat i onshi ps are consi dered 

1 
T .. I + -P .  

2-

A s a consequence , I can be computed recurs i vely and the el ements 
of I are obtained as 

and 

j and k ar e par ents of i 
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Also , si nce A = LL ' ,  the di agonal elements of A can be wri tten as 

a i · .. i ! ? · 1 p- 1 1 p 

By using , 

the matri x L can be computed as 



and 

.. ( e..  + tk ) /2 J ID m 

1 /2 .ti i .. d i • 
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Therefore two vectors of length equal to the number of animals ar e 
suff ici ent to stor e the diagonal el ements of h and to accumulate 

the sums of squares of each row in b whi ch are requ ir ed for the 
computat ion of �- 1 • 

3 . 3 .  Vec operator and Kronecker product of matr i ces 

The vec operator stacks the col umns of a matri x one beneath 
the other ( t he ( i + 1 ) th beneath the i th )  to form a single vector . 

an 
ForArxc matri x �  wi th �i ( i = 1 ,  • • •  , c )  be i ng the columns of � .  vecX 
is a vector wi th re elements , and i s gi ven by 

vecX • �1 

�c 

The Kronecker product of the t wo matri ces , A ( order pxq ) and � 
( order r xs )  is the prx qs matrix 

A * 8 .. { a . . 8 } . l J -

Henderson and Sear l e ( 1 97 9a )  i n  the i r revi ew , traced the ori gi ns 
of the vec operator and the Kronecker product . More recently , 
these ?Oncepts have been exploi ted in several appl i cat ions of 
stat ist ics , especial l y i n the area of mul t i variat e stat i s t i cs , by 
A i tken ( 1 94 9 ) , Neudecker ( 1 96 9 ) , Anderson , Quaas and Sear l e 
( 1 977 ) ,  Anderson ( 1 97 8 ) , Searle ( 1 97 8 ) , Anderson ( 1 97 9 ) , Henderson 
and Sear l e ( 1 97 9b ) , Anderson , Henderson , Pukelshei m and Sear l e 

( 1 984 ) and several others . Some useful properti es of the vec 
operator and Kronecker product are gi ven bel ow . When required , 
the matri ces A .  e and Q are assumed to be conformabl e for 



mul t i pl i cat ion .  

( 1 ) ( A  * B )  ( C * D )  = AC * BD 

( 2 ) ( A * B ) ' .. A ' * B '  

( 4 )  ( A+B ) * ( C +D )  ( A * � ) + ( B  * C ) + ( A * D )  + ( B  * D ) 

( 5 )  tr ( A  * B )  ( trA ) ( trB ) 
- -
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( 6 ) If A and B are square matri ces of order a and b respect i vel y ,  

( 7 )  tr( �� ) = ( vec� ' ) ' vec� 

( 8 ) vec ( ��� )  K ( C ' * � ) vec� 

vec ( AB )  = ( I  * A ) vecB 
- -

( a  special case ) 

Resul ts ( 1 ) ( 7 )  are gi ven in N eudecker ( 1 969 ) .  The res ul t in 
( 8 )  was f i rst der i ved by Roth ( 1 93 4 ) and rediscovered by A i t ken 

( 1 94 9 ) and Neudecker ( 1 96 9 ) . 

3 . 4 .  Inverse and determinant of a parti tioned matr i x 

I t i s possi bl e to expr ess the inverse and the det erm inant of 
a part i tioned matri x whi ch is non- s i ngular , i n  terms of i ts 
subrnatrices . Consi der the matr i x , 

A • [ �1 1  
�2 1 

� 1 2  ] 
�22 



where A 1 1 and A22 are both square and non-s ingular . Then the 

i nverse of A is gi ven as [see Mor r i son ( 1 97 6 ) ] ,  

- 1  h 
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= [ �1 1 

�21 

�1 2 ] 
( 3 . 1 2 ) 

�22 

where 

and 

An al ter nat i ve express ion can be obtained by revers i ng the 
posi ti ons of � 1 1  and � 22 i n  the ori ginal matrix . 

The determi nant of A can be comput ed as [ see Morri son ( 1 976 ) ]  

or 

1 � 1 = l �22l 1 � 1 1  - � 1 2�21�2 1 1 i f �22 is non-si ngular . 

Now cons i der the matri x , � .  where y i s par t i tioned i nt o 32 
submatr i ces .  That i s ,  

( 3 . 1 3 ) 
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V • �1 1 

�23 

Suppos e that the submatri ces at pos i t ion ( 2 , 3 )  and ( 3 , 2 )  are zero , 

whi ch i s  the case i n  the vari ance- covariance matri x of the 

obser vat i ons for the parti cul ar des i gn  used in this thes i s  for 

es timating f i xed  effects and vari ance components i n  mat ernal 

effects model s .  Then the above matri x i s  gi ven by 

Y. .. y 1 1  I Y1 2 

Y21 Y22 

Y31 0 

Y1 3 
- - - -

0 

Y33 

Assume that y1 1 , �22 and y33 ar e non-si ngular and l et 

Y1 1 �1 1 

.. �2 1  

and [ Y:2 y:J - �22 " 

( 3 . 1 4 ) 

Then , the inverse  of  the matri x V in  ( 3 . 1 4 ) can be  eas i l y  obtai ned 
-

by usi ng ( 3 . 1 2 ) .  Thi s i s  g i ven by 



where 

and 

- 1  
y - � 1 1  � 1 2 � 1 3 

�2 1 �22 �23 

113 1 1132 1133 

� 1 1 - ( � 1 1  -
- 1  

� 1 2�22�2 1 
- 1 - 1 - � 1 3�33�31 ) 

� 1 2 

� 1 3 

�21 

!:!22 

�23 

�3 1 

- 1  .. -� 1 1 �1 2�22 

- 1  
"' -�1 1 � 1 3�33 

- 1 .. -�22�2 1 � 1 1  

- 1 - 1  - 1  - Y22 + Y22Y2 1 !:! 1 1 Y 1 2Y22 

- 1 - 1  - �22�2 1 !:! 1 1 � 1 3�33 

- 1 .. -�33� 31 l2 1 1 

!:!32 = 
- 1  - 1  
Y33Y3 1 !:! 1 1 Y 1 2Y22 
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( 3 . 1 5 ) 

Assumi ng �.22 and y_33 are non- s i ngul ar and by us i ng ( 3 .  1 3 ) ,  the 

determi nant  of the matri x g i ven i n  ( 3 . 1 4 ) can be obtai ned as 

( 3 . 1 6 )  
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6 9 

For the cas e of balanced data , Thompson ( 1 976a ) used a 
maxi mum l i kel ihood approach based on the mul t i vari at e analysi s  of 
var i ance to estimate maternal genetic var iances when observat i ons 
are ava i labl e on par ents and offspri ng .  Thompson ( 1 977 ) modif ied 

this procedure to estimate heritabi l i ty when data are unbalanced 
and sugges ted i t  could be appl ied to est i mate vari ance parameters 
when maternal effects are included in the model . Following 
Patterson and Thompson ( 1 97 1 ) ,  he maximi zed the log l i kel ihood 
function of certai n symmetri c sums of squares and product 
matri ces , whi ch l ed to the r es tri ct ed maxi mum l ikel ihood es t imat es 
of variance components . I n this thesis , the log l i kel ihood 
funct i on of the observat ions is maxi mi ze d over the ent i r e sampl e 
space in order to obtain es timates of the var iance components and 
the f i xed effects in a mater nal effects model , si mul taneousl y .  

� . 1 .  A maternal effects model 

Suppose that the measur ement on a t rai t of indi vi dual i ,  
whi ch is i nfl uenced by the maternal effects of i ' s  dam , w ,  can be 
expressed as 

where 

f i ( _§ )  -i s a l inear funct i on of the unknown f i xe d effects ; 
gdi is the direct addi t i vely genet i c  effect of i ;  

Smw is the maternal add i t i vely genet i c  effect of w , 
i nfluenci ng i ' s  phenotypi c value ; 
emw repr es ents the residual effect common to the 
offspr i ng of w; and 
edi represents the res i dual effect uni que to the 
indi vi dual i .  

( � .  1 ) 



70 

Assumi ng that the genet i c  effects ar e i ndependent of the 

residual effects and t hat the two residual effe cts ar e inde pendent 

of each other , the covari ance between phenot ypi c val ues of two 

r el ated indi vi dual s 1 and i ' , whose dams ar e w and w ' �  

respect i vel y ,  can be e xpressed as 

where 

where 

( 4 . 2 ) 

2 oAo i s  the d irect addi t i vely  genet i c  vari ance ; 
2 oAm i s  the mater nal addi t i vel y  genet i c  var iance ; 

oAoAm is  the covar i ance be tween di rect additi vely genet i c  and 

maternal addi t i vel y  geneti c  effects ; 

o�m i s  the var i ance of the r es i dual effects common to  

f ull- sibs and maternal hal f- si bs ;  

o�0 i s  the vari ance of those res i dual effects whi ch 

are uni que to the i ndi vidual s ;  

ai l ' i s  the coef f i c i ent o f  addi t i ve relationshi p between 

i and i ' ; and 

i f  i = i '  ( W=W 1 ) 

I n  matri x t ermi nology , the model can be wri tten as 

� = xa + I z . u .  -- i -=1 - 1 - 1 

� i s  the vector of unknown f i xed effects ; 

� 1 i s  the vect or of direct addi ti vel y genet i c  effe cts ;  

� i s  the vector of maternal addi t i vel y genet i c  effects ; 

�3 i s  the vect or of res i dual effects common to f ul l- si bs 

and maternal hal f- si bs ;  

�4 i s  the vector of res i dual effects uni que to the 

i ndi vi duals ; and 

� and �i ( i -= 1 , • • •  , 4 ) are known matri ces . 

( 4 .  3 )  
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The mean vector and the vari ance-covar i ance matri x of y are gi ven 
by 

and V = r e i u .  - i =1 - 1 ( 4 .  4 )  

r es pect i vely ,  where ei and � i for i = 1 , • • •  , 5  are gi ven i n Tabl e 

4 .  1 .  

Tabl e 4 . 1 - Express ions 
for ei and � i in ( 4 . 4 ) 

i 

2 

3 

4 
5 

e i 
2 
0Ao 
2 
0Am 
0AoAm 
2 
0Em 
2 
0Eo 

u .  ...-1 

� 1 H 

�2�2 

� 1 �2 

�3�3 
� 4�4 

4 . 2 .  Estimat i on of the parameter s : A single-trai t set t i ng 

The h i er ar ch i ca l  mat i ng des i gn used by H i l l  and N i cho l as 

( 1 974 ) and Thompson ( 1 976a , 1 97 6b , 1 97 7 ) will be consi dered 
ini t ially .  In thi s des ign , each o f a set of sires i s  mated t o 
several dams and a number of offspring raised from each mat ing . 
Suppose s ,  n1 and n1j are the number of sires , the number of dams 
mated to the l th s ire and the number of offspr i ng of the j th dam 
mated to the lth sire , r especti vely . Assume that 

( 1 ) 
( 2 )  

( 3 )  

observat ions are ava i l abl e on all animals ; 
the phenotypi c vari ance of an observation i s 2 Op ' 
i rrespect i ve of the generation ; 
the famil i es are independent of each other , where the i t h 

family cons i sts of the i th s i r e , the dams mated to the i th 
sire and the progeny of the ith sir e ;  and 



72 

( 4 )  the s ires and t he dams wi thin  a family  are unr el ated . 

Thi s  des i gn  gener ates four r el ationshi ps , namel y ;  ful l- s i bs ,  

paternal hal f-si bs , dam-offs pri ng  and sire-offspri ng .  Thi s means 

that the vari ance-covar i ance matri x of the observations cons i sts 

of fi ve dis tinct el ements , namel y ;  the phenotypi c vari an ce and 

the covar i ances ar i si ng amongst the above rel ationships . Let Yh 
(h=1 , • • .  , 5 )  be the phenotypi c var i ance , the covari ance be tween 

full-si bs , the covari ance between paternal hal f-si bs , the 

covar i ance between dam and offspr i ng and the covar i ance between 

s ire and offs pri ng , r es pecti vely . Then fr om the expr ess ion gi ven 

in ( 4 . 2 ) , i t  is cl ear that Yh ( h=1  , . . .  , 5 )  can be wri tten as 

( 4 . 5 ) 

where the values of fhm are gi ven i n  Table 4 . 2 .  



Therefore 

generated 

Tabl e 4 . 2  - Coef f i c i ents ( fhm ) associ ated wi th 

the vari ance parameters ( em ) i n  the phenotypi c 

var iance and the full-sib , paternal hal f-si b ,  

dam-offspring and sir e- offspring covariances 

2 3 4 5 

2 1 / 2 0 
3 1 /4 0 0 0 0 
4 1 /2 1 /2 5/4 0 0 

5 1 /2 0 1 /4 0 0 

the express ion ( 4 . 5 )  shows that the rel at ionshi ps 

by t hi s  mating plan provi de suffi c i ent i nformat ion 

es t imate the var i an ce components of the model . 

4 . 2 . 1 . The l i kel i hood function under normal ity  assumptions 

to 

Suppose t hat the obs er vations are ordered wi thi n t he sires ,  

so that the vector of observat ions can be wri tten as 
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wher e �i i s  the vector of observat ions of the i th fam i l y . The 

coefficient matri x correspondi ng to the f i xed effects can al so be 

parti tioned according to  t he famil i es .  That is 

where �1 corresponds t o  t he i th family . 

Now assume that y i n  ( 4 . 3 ) i s  normall y  di stri but ed wi th 

parameters s pe c i f i ed as i n  ( 4 . 4 ) .  Then the log l i kel i hood of y 

( say A ) , can be wri tten as 



S ince the fam i l ies are i ndependent , Cov (!i •!j ) i s null for i .. j .  
Therefore 
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where y 1 is the var i ance-covari ance matri x of the observat ions of 
the i th fami ly and L+ denotes the direct sum of matri ces . Then 

y- 1 and I Y I can be wri t ten as 

v- 1 J; - 1 v . - 1 
and 

I Y I 
s 

I Yi l .. II 
1· 1 

whi ch means that A can be rewri tten as 

A .. - - � l n l v1 1 - � � ( v1 - x1 e ) · v-1
1 < v 1 - x 1 e ) . 

2 1 "'1 -
2 i c1 � - - - � - - ( 4 . 6 ) 

Equati ons for obta in i ng ML sol ut ions for the f i xed effects and ML 

es t imators of var i ance components are generated by differ entiati ng 
( 4 . 6 )  w i th respect to � and e .  These equations are gi ven by 

and 

where 



Then a and em ( m� 1 , . • •  , 5 )  can be obtained by solvi ng , 
si multaneousl y ,  the e quat ions 

and 

f A- 1 
A 

X ! V .  ( v . - x_ i _a ) - o 
i =1 - 1 - 1 "- 1  

for m= 1 ,  • . •  , 5 .  

"' 0 ,  

4 . 2 . 2 . The structur e of the variance-covari ance matr ix 
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( 4 . 7 )  

( 4 . 8 ) 

Let the vector of observations of the i th family be wri tten 
as 

( 4 . 9 )  

where :oi ' :di and Ysi repr esent the vector of observat ions of the 
progeny of the i th s i re ,  the vector of observations of the dams 
mated to the i th sire and the observation of the i th sire , 
respe ct i vely . Let 

( 4 . 1 0 ) 

and 
( 4 . 1 1 )  

where �Jij i s the n i j x1 vector of observat i ons of the offspr i ng of 
the j th dam mated to the i th s i re and ydi j i s the observat i on of 
the j th dam mated to the i th sire . The vector loi j i s gi ven by 

l� i j • < Yoi j 1 • · · · • Yo i j k • · · · • Yo i j nij
) ( 4 . 1 2 ) 

where Yoij k  is the observat ion of the kth offspr i ng of the j th dam 
mated to the i th s i r e . From ( 4 . 9 ) , 



7 6  

�i 1 2  �i 1 3  

Yi 22 Yi 23 

where 

Yi 1 1  • Var (�oi ) 

and 
Vi 33 .. Var (ys i ) .  

From ( 4 . 1 0 )  i t  i s cl ear that , � i. l l can be part i ti oned into nt 
block matri ces . I t can also be observed that the j th diagonal 
block and the (j , k ) th off-di agonal block of �t 1 1 can be expressed 
as 

and 

Var ( y . . ) = ( Y 1 - Y2 ) I .  · · + Y2J .  · · 
- O l J - l J J  - l J J  

wher e ! t J j 
is the ident i ty matri x of order nij and �ij k is the 

n 1 j x n1 k matri x of " 1 " s .  The Y ' s  were def ined earl ier . Hence 

y1 1 1  has the following form : 

Y3�1ni 1 

Y3�1n . 2 1 
( 4 . 1 3 ) 
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From ( 4 . 1 0 )  and ( 4 . 1 1 ) not e that 

Now Cov (¥0ij ' �di ) has Y4 i n the j th column wi th all other el ements 
zero . Ther efore , 

( 4 . 1 4 ) 

where l i j i s the vector of ni j " 1 " s .  S ince �oi i s  the vector of 
obser vations of the offspring of the ith sir e  

V .  1 3 = Y5 1 . - 1  - 1 0  

where 1 10 is the n 10x 1 vector of " 1 " s and 

ni 2 n · · • 
. 1 1 J  J "' 

( 4 . 1 5 ) 

I t  was assumed t hat the s i r es and the dams wi thin a f a m i l y  are  

unrelated . Therefor e ,  

( 4 . 1 6 ) 

and 

( 4 . 1 7 ) 

where !i  is the i dent i ty matri x of order ni and Qi i s  the n i x 1 
null vector . Final ly , 

( 4 . 1 8 ) 



and 

V .  k . "' V I  " k - 1  J -l J 

4 . 2 . 3 . The i nverse of the vari ance- covari ance matri x 

Estimat i ng vari ance components us i ng ML method w i th 

unbal anced data can be computationally  difficul t .  Thompson 

( 1 976a ) comment s :  

"The M L  method i s  pr obabl y  mos t us eful when the 

data are balanced . When the data are unbalanced , 

ful l  ML methods can be computat ional ly unfeas i bl e . "  
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( 4 . 1 9 )  

One of the main difficul t i es i s  obtai ning the inverse of the 

var i ance- covar i ance matri x of the o bservations whi ch i s  i nvol ved 

in the l i kel i hood function and i ts deri vati ves . In the prev ious 

sect i on ,  e xpr essi ons for the var i ance-covari ance matri ces of the 

obser vations of the famil i es were deri ved under the assumption 

that the s i res and the dams are unr el ated . Also , the obser vati ons 

withi n the f amil i e·s were arranged i n  such a way that the 

var i ance-covari ance matri x became h i ghly structur ed .  In thi s  

section , thi s par ti cular str uctur e  i s  exploited  i n  or der to obtai n 

expl i c i t  express i ons for the el ements of the i nverse  of the 

variance- covariance mat r i x  of the observat ions . Thi s means that 

i terat i ve rout i nes ar e nut requi red to generate the inverse of the 

var iance- covariance mat ri x .  Thi s saves consi derable  computing 

t i me and cos t .  

The matr i x v1 has s i mi lar form as that of ( 3 . 1 4 ) .  Ther efor e ,  

from ( 3 . 1 5 ) 

- 1 �i 1 1  �i 1 2  �i 1 3  �i -

M 1 2  �i22 �i23 ( 4 . 20 )  

�1 1 3  � 123 A1 33 

where 



7 9  

and 

But 

n . n. 
�i 1 2�l 12�l 1 2  • ( y4j �� + l i j ) ( Y1 1 !i ) ( y4j �� + l{j ) 

and 

where 

y6 2 
= y4;y,  

and 

y7 
2 • Y5 1Y 1 o 

- 1  - 1  Therefore y i 1 1 - yi 1 2yi22yt 1 2 - yi 1 3yi 33yt 1 3  can be wri tten i n  the 

form 

8!i 1 1 +b�i 1 1  c�i 1 2  

c�i2 1  8h 22+b�122 

0 

c<Iin1 1 c�in - 2  1 

0 

c�i 1 ni 
c�12n·1 

ai +bJ -inini -inini 

( 4 o 2 1 ) 



where 
a "" Y1 - Y2 
b "" y2 - y6 - y7 

and 

The onl y inverses required to obtain t he submat ri ces of v: 1 -.1 
( that i s ,  � i j k for j = 1 , 2 , 3 and k .. j , 3 )  are the inverses of vi22 , 

v . 33 and v . 1 1 - v . 1 2v�2
1 �v , 1 2 - v . 1 �v� 31 �v 1 1 3 • However , v1. 33 i s a - 1  - 1  - 1 - 1  c - �  _ 1 _ _  l _ _  1 

scalar and �i 22 is gi ven by Yl! i . Therefore ,  obtain i ng the 
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inverse of � i 1 1 - �.i 1 2�t 12� i 1 2 - �.i 1 3�t13� i 1 3  ( that i s �i 1 1 ) i s 
the only computational difficulty . A s seen in ( 4 . 2 1 ) ,  thi s mat rix 
i s hi ghl y structur e d . Ther efor e expl i c i t expressions for the 
el ements of � i l l can be obtained by following the procedure gi ven 
i n Appendix 1 .  

wher e 

As shown in Appendi x 1 , Ai l l  has the form 

�i 1 1  

�i j 1 

8 . 1 . - 1 ni 

�i j k  "" 

�i i j 

8 · . . - 1 J J 

8 ·  . - l ni J 

qi k  . J .  ' k J -1 J 

P!i j j + 

q i j k� i j k 

�i l k  8 . 1 -1 ni 

8 . ' k - 1J 8 · . - 1Jni 

s . k - 1 n1 
B · - 1 n1 n1 

if k<j 

qi j j � i j j i f k .. j 

if k>j . 

( 4 . 22 )  

The values of p and qi j k  ( i •1 ,  • • •  , s ;  j • 1 ,  • • •  , n i ; k•j ,  • • •  , n i ) can 
be computed using the algori thm given in Appendix 1 .  Once �1 1 1 i s 
generated , obtai ning the other submatri ces of Yi 1 invol ves matr ix 
mul t i pl i cation only . Using ( 4 . 20 ) i t can be shown that 



( 1 )  Ai 1 2  i s an ni oxnio matr i x whi ch can be part i tioned i nt o nf 
bloc k vectors and the ( j , k ) th vector is gi ven by 

-y 8n i kqi kj li j  i f k<j 

( j  , k ) th vector "' -Ys ( p+ni j qi j j ) !i j if k=j 

-y8n i kqi j kl i j i f k>j 

where r8 • y� ;y 1 . 

( 2 ) �i 1 3  i s an n i0x 1 vector whi ch can be part i tioned into ni 
col umn vectors and the j th vector is gi ven by 

where 

and 
j- 1 

r l· J· = L n . kq . k . k= 1 1 1 J 

( 3 ) �i 22 i s an n i xn i matr i x and the ( j , k )th elemen t i s gi ven by 

i f k<j 

( j , k ) th element s 

i f k>j . 

( 5 ) � i 23 is an ni x 1 vector and the j th element is given by 
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4 . 2 . 4 . The det ermi nant of the vari an ce- covar i ance matri x 

The equat ions g i ven i n  ( 4 . 7 )  and ( 4 . 8 )  can be sol ved 

al t ernat el y unt il t he solut ions converge to obtain ML sol utions 

for f i xed eff ects and ML es t imates of var i ance components . Thi s  

procedure does not guar ant ee non-negati ve var iances nor a genet i c  

correl at i on between - 1 and +1 ,  as no cons trai nts wer e  i mposed on 

the sol ut ions . Another procedur e is to ma ximi ze the log 

l i kel ihood funct ion subj ect to cons trai nts us i ng a cons trai ned 

optimi zat ion rout ine , substi tuting the sol utions to ( 4 . 7 )  as the 

values for the f i xe d  effects . That i s ,  sol ving ( 4 . 7 )  and 

ma xi mi zing the log l i kel i hood f unct ion subj e ct to constraints i s  

carri ed out al ternatel y ,  unt il  convergence occurs . The log 

l i kel i hood function invol ves the det erminant of the 

var i ance-covari ance matri x ,  i n  add it ion to the inverse . 

Therefore , once again , the s pe c i al struct ur e  of the 

var i ance- covar i ance matri x i s  exploi ted in  order to f ind the 

determinant . The deri vation of thi s  determinant is outl ine d  in  

Appendi x 2 .  

A s  shown in  Appendi x  2 ,  the det ermi nant of 1 � 1  i s  gi ven by 

n .  l y_l. l = ygi ( n ) af i ( n ) rr
l

(a+ n .  · 1: ·  . ) - 1 j = 1  
l J l J  ( 4 . 2 3 )  

where 

g i ( n )  .. n i + 1 
and 

f i (n ) .. ni o - n1 . 

The val ues of �i j  for i • 1 ,  • • •  , s  and j • 1 ,  • • •  , n1 are gener at ed us i ng 

the al gori thm gi ven i n  Appendi x 2 .  
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4 . 2 . 5 .  Generating t he equations 

The ML solut ions for f ixe d effects and the ML est imates of 

variance components can be obtained by solving the two systems i n  
( 4 . 7 ) and ( 4 . 8 ) s i mul taneousl y .  I f es timates of the var i ance 
components are available , the syst em in ( 4 . 7 )  becomes l inear . 

Therefore a conveni ent procedur e woul d be to solve the two systems 
alternately until the sol ut ion converges . Since there ar e several 
rout i nes ava i labl e for solv ing l inear and nonl inear sys tems of 
equat ions , all that needs to be done here is , to construct 
algori thms for generat i ng ( 4 . 7 ) and ( 4 . 8 ) . 

4 . 2 . 5 . 1 .  Generating the l inear e quations ( syst em ( 4 . 7 ) ) 

An al ternat i ve representat ion for ( 4 . 7 )  is gi ven by 

where n is a txt matr i x ( t  is the number of l evel s of f i xed 
effects in the model ) and D is a tx1 vector such that 

and 

r espect ! vel y .  

n = 
� 
i � 1 

""
- 1 X ! V .  X .  

- 1 - l -1  

� ..... _ ,  
!! - . 2. 1 

HYi �i · 1 = 

The elements of n and n are funct ions of e .  
- - -

( 4 . 24 )  

Suppose each �i i s part i t ioned according to the part i t ioning of 
the l vector . That i s  

�i • [ �oi J �d i 
�si • 

Then the ( i , j , k ) th row of �oi ( �bi j k ) ,  the ( i , j )th row of �i 
(�di j ) and the only row of �si ( ��i ) represent the coeff ic i ents of 
the fi xed effects pertaining to the kth offspring of the j th dam 



mated to the i th s i r e ,  the j th darn mated to the i th s i r e and the 
ith sire , r especti vely . Ther efore 

��i j k c < xoi j k 1 ' "  · . , xoij kr • · · · • xoij kt ) 

and 

8!1 

wher e xo i j kr • xd i jr and xs ir ar e the coeff ic ients assoc i at ed wi th 
the rth f i xed effect and these coeff ic i ents take the val ues one or 
zero . 

Expl i ci t expressions for the el ements of �1 1 wer e gi ven i n 
Sect ion !1 . 2 . 3 . Thi s means that the equat ions given i n ( !1 . 7 )  can 
be generat ed by usi ng the follow ing algor i thm : 

An al gori thm for generating the l inear e quat ions in ( !1 . 7 )  

Step 1 

Step 2 

Step 3 

Step ll 

Assume ini t i al values for ern (m= 1 ,  . . .  , 5 ) . 

Cal culate Yh (ha1 , • • •  , 9 ) . 

Calculate p and qi j k ( i • 1 ,  • • •  , s ; j• 1 , . • • , n i ; k•j ,  • • •  , n i ) .  An 

al gor i thm for computi ng these are given in Appendix 1 .  

Calculate xo ij . r and Yoi j . ' where 

and 

n i j 
xo i j . r • k� 1 xoi j kr 



Yo i j . 

Step 5 

For r-= 1 , • . .  , t and r '  -=r , • . .  , t 

( 1 )  cal cul ate orr • • where 

In the above e xpr ession , 

it 
ni ni j 

N 1 ( rr ' )  = . I , L xoi j krxoi j kr '  J "' k -=1 

it 
ni 

N2 ( rr ' )  j �1 
xd i j rxdij r '  

and 

� 

ni 
( 2 )  C al culate L . L ai J· rr ' ' where 1 = 1  J =1 

<P 1 1 ( i j ) N 1 1 ( i j r r I ) + <P 1 2 ( i j ) N 1 2 ( i j rr I ) 

In the above expression 
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and 

n - 1 n 
( 3 ) Calculate � f �

i 
ai j krr ' '  where i = 1 j = 1 kcj +l 

ai j krr ' 4> 1 1 ( i j k ) N 1 1 ( i j kr r ' ) + cp 1 2 ( i j k ) N 1 2 ( i j kr r ' ) 

In the above e xpression 

N1 2 ( ij krr ' ) • n i k ( xo i j . rx d i kr '  
+ xoij .r ' xdi kr ) 

I + n i j ( xoi k . rxdij r '  
+ xoi k . r ' xd i jr ) 
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and 

N1 3 ( i j krr ' )  c n i k ( xo i j . rxs i r ' + xoi j . r ' xs i r ) 

+ n i j ( xoi k . rxs ir ' + xoi k . r ' xs i r ) 

n i jn i kxs ir ' ( xd i jr + xdikr ) 

<P , , ( i j k )  q i j k  

+ n i jn i kxs i r ( xdi j r ' + xdi kr ' ) 

( 4 )  Then obtain the ( r , r ' ) th element of n as 

ni n�- 1  ni 
+ � . L 1 

a i J· r r ' + � . 2.  ) a iJ· krr ' • 1 ., 1 J .,  i • l J c l k•J + l 

Note that wr r '  can be obtained w i thout stori ng N ' s  , cp ' s  or the 

a ' s  in comput er memory .  

Step 6 
For rc1 ,  . . . , t  

( 1 )  Cal cul ate or , where 
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I n  the above expression 

J, 
ni nij w1 ( r ) = . I , k�l Yoi j k

xoij kr J =  

w2 (r )  = J, 
ni 

. I , J =  Y dij 
xd i jr 

and 

w3 ( r ) .. 
it Ysi xsir • � 

ni ( 2 ) C al cul ate . ). . I oi j r • where 
1 = 1  J = 1 

I n the above express ion 

w1 1  ( i j r )  "' Yo i j . xoi j .r 

w 1 2 0J r )  = Yct i jxoij . r + Yoi j . xd i j r 

w 1 3 ( ij r )  .. Ys ixoij . r  + Yoij . xs i r 

w22 ( ijr ) "' Y dij xd i jr 

w23 ( ijr ) - Yctijxs i r + Ys ixdi jr 
and 

w33 ( ij r ) 
• Ys ixs i r • 

The val ues of � · s are as for s tep 5 .  

n - 1 n 
( 3 ) Cal culate � f ) 1 o i j kr ' where i -= 1 j - 1 k .. j + 1 
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I n the above expression 

W1 1 ( i j kr )  = Yoi k . xo i j . r + Yoi j . xo i k . r 

W 1 2 ( ij kr )  = n ij (y dijx oi k . r + Yoi k . x d i jr ) 

+ n ik ( yd i kxo i j . r + Yoi j . xd i kr ) 

W1 3 ( ij kr )  = n i j ( Ysixoi k . r  + Yoi k . xs i r ) 

+ n i k <Ysixoi j . r + Yoij . xs i r ) 

W23 ( i j kr )  = n i jni kYs i ( xdijr + xd i kr ) 
+ n ijn i kxs i r < Ycti j + Ycti k ) 

�d 

The val ues of � ' s  are as for s tep 5. 

( � ) Then obtain the rth elemen t of n as 

n - 1  n 

ir , . f , k �
i
1 °i j kr ·  • J • aJ + 

Note that nr can be obtained wi thout s tor i ng � · s .  W ' s  or a ' s  i n 
computer memory . 

S tep 7 

Then the r th equat ion i n  ( � . 7) i s  given by 
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4 . 2 . 5 . 2 .  Generat i ng the nonl inear equat ions (system ( 4 . 8 ) )  

S ince �i is a part i tioned matri x ,  t r (� 1 �m) i n ( 4 . 8 )  can be 
wri tten as 

+ tr ( A ' 1 2v ' 1 2  ) + tr ( A . 22v ' 22 ) + tr ( A . 23V ' 23 ) -1  -1  m - 1  -1  m - 1  -1  m 

+ tr ( A ! 1 3v ' 1 3  ) + tr ( A ! 23v . 23 ) + tr ( A . 33v ' 33 ) -1  - 1  m - 1  -1 m - 1  -1  m 

where �i j k ' s  were def ined earl ier ( in sect ion 4 . 2 . 3 . ) and 

Express ions for Yi j km can be obtai ned by repl acing Yh i n ( 4 . 1 3 ) to 
( 4 . 1 8 )  by fhm· Also l et ,  

- 1 u . .. v . ( y .  - x . a ) -1  - 1  - 1 - 1  

wher e yi can al so be part i tioned accord i ng to the s i re ,  the dams 
and the offspr i ng .  That i s 

wher e 

and 

* * * 
�oi • � i 1 1 �o i + � i 1 2�di + �1 1 3Ys 1  

A '  * * * 
�d i • - i 1 2�oi + �i 22�di + �123Ys 1 



* * * The ( i , j , k ) th el ement of �oi (yoi j k ) ,  the ( i , j ) th el ement of �di * * ( yd i j ) and Ysi are gi ven by 

* 
Yo i j k = Yoi j k  - �oi j k� 

* 
Ydi j = Ydij - �di j � 

and 

* 
Ys i = Ysi - �;i � ' 

These are known i f  es timates of the f i xed effects 
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r espect i vely . 
are ava i labl e .  - 1 - 1 . Thi s means that (yi - �i � ) ' Y. i �im� i ( li - �i � ) 1 n 
( 4 . 8 )  can be wri tten as 

�oi Y i 1 1 m�oi + 2�oi Y i 1 2m�di + 2�oi Y i 1 3musi 
+ �ct i Yi 22m�di + 2�ctiY i 2 3musi + usivi33musi · 

By arranging elements of �o i and �di corresponding to the y 
vectors , i t can be shown that : 

( 1 ) The kth el ement of �oij ' wher e 

can be expressed as 
* * uo i j k • uo i j k  + uo i j • 

In above 

and 

* * * * uo ij k  • P <Yo i j k - YaYd i j - YgYs i ) 



where 

( 2 ) The j th el ement of �di is gi ven by 

( 3 )  us i is gi ven by 

Therefor e the following algor i thm can be proposed for obtaini ng 
the nonl inear equati ons i n ( � . 8 ) :  

A n  algori thm to generate the nonl inear equat i ons i n  system ( � . 8 ) 

Step 1 

Step 2 

Step 3 

Assum i ng some values for em ( m• 1 ,  • • •  , 5 ) ,  calculate 
yh ( h-1 , . • •  , 5 ) .  

Cal culate p and qi j k ( i · 1 , • • •  , s ; j • 1 ,  • . .  , n i ; k•j , . . .  , n i ) .  

Cal culate �tm for l•O , • . • • � and m•1 ,  • • •  , 5 ,  where 

and 

�Om "' 1 
� 1 m • f 1 m  - 2Y8f�m - 2Ygfsm 
� 2m • f 1 m - f 2m 
�3m - f2m - 2r8r�m - 2r9r5m 

The val ues of fhm were gi ven i n Table � . 2 .  
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Step 4 

Calcul ate S{ for t=O ,  • • .  , 4 , where 

and 

ni 
L n · · Q · · · j = 1 lJ lJ J  

ni 
L n? · Q · . .  

j = 1 l J l J J 

� n �- 1  n i 
2 1.. 1.. n . . n .  q . .  
i = 1 j = 1 k=� + 1 lJ l k l J k 
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I n  t he above expr essions 

Step 5 

Step 6 

Step 7 

Step 8 

no it n i 
and 

Then obta i n A1 m  for m=1 ,  • • •  , 5 , where 
4 

A1 m = L lTtmSt · l=O 

* * * Usi ng an est imate for e . calcul at e Yoi j k • ydi j and Ysi for 
is 1 , . • •  , s; j •1 , • • •  , n 1 and k ·1 , • • •  , n i j • 

* Cal culate E i j  and then uoij for is 1 , • • .  , s  and j • 1 ,  • • .  , n i . 

Cal culate us i • udij and uoi j k  for i�1 ,  . . .  , s ;  j = 1 ,  • • .  , n i 
and k"' 1 , • • •  , n i j . 



Step 9 

Step 1 0  

Step 1 1  

Step 1 2  

Cal cul ate 'lrn for l.o , . . .  , 5  and rn-1 , . • . , 5 , where 

'om • 

' 1 m  • f 1 m  - f2m 
' 2m • f2m 

'�m - 2fQ. m for Q_ .. 3 , ll , 5 .  

Cal culate Tl for t •0 , • • •  , 5 ,  where 

T1 -

T2 • 

T3 • 

Tlj • 

T5 • 

and 

it 

J1 

ni 

j � 1 

nij 2 L < uo i j k ) k-= 1 

ni 

j � 1
( uo ij . )

2 where 

n - 1  n 

i� 1 j t� k-=�: 1
uoi j . uoi k . 

it 

ni 

j � 1 
uoi j .  ud i j 

it 

ni 
. I 1
uo i j . us i J • 

uoi j . 
"" 

To - � ( u  ) 2 + � 
1· 1 s i i - 1  

ni 
. L  ( udij )

2 • 
J - 1 

Obtain A2m for m- 1 , • • •  , 5 , where 

ni j 
k�1 

uoi j k 

Then the l eft hand s ide of the mth equat ion in system 
( lJ . 8 )  i s  gi ven by 
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Obtaini ng the ML sol ut ions for the f i xed effects and the ML 

es timates of var i ance components 
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Maximum l ikel ihood solut ions for B and ML es timates of e are 
obt ained by sol v ing ( 4 . 7 ) and ( 4 . 8 ) simultaneously . Ther efore a 
conveni ent procedur e would be as follows : 

( 1 )  Assume i ni t i al val ues for the vari ance components . 

( 2 ) Using these es timat es , sol ve the l inear sys tem in ( 4 . 7 )  i n 
order to find sol utions for the f i xed effe cts . 

( 3 ) Using these solut ions obtain a new set of es timates for the 
variance components . 

( 4 )  Follow ( 2 ) and ( 3 ) alternately unt il the solut ion converges . 

However , this procedure does not avoi d negati ve estimat es of 
the vari ance components . Also , i t  i s poss i bl e  that the estimate 
of the genetic correl at ion between direct and maternal effects may 
be outside the range - 1 and +1 .  In such s i tuations an obvious 
procedure i s to mi nimi ze ( A 1 m- A2m )

2 subj ect to the constrai nts 

that the es timat es of the vari ances are greater than or equal to 
zero and the genet i c correlation between the direct and mat ernal 

effects is between - 1 and + 1 . 

4 . 2 . 6 . Constrained maximi zation of the l ikel ihood funct ion 

Negat i ve est imates of var i ance components and the correl at i on 
between direct and maternal genetic effects outside the range - 1  
and +1 can also be avo ided by maxi mi z i ng F or minimi z ing -F , 

i nstead of sol v ing the system ( 4 . 8 ) , subj e ct to 

and 
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where F is gi ven by 

F - r l n i V · I - r ( y . - x . s ) • v: 1 (y . - x . s ) . 
i =1 - 1 i =1 - 1 - 1 - -1 - 1 - 1 -

From ( 4 . 23 ) , 

whi ch gi ves 

� � 
ni 

• 2. l n i V1- I "' ( n0+ s ) l nY1 + ( n  -n ) l na + 2. I l n (a+n .  · I; · . ) . 
1 • 1 00 . 0 i = 1  j = 1 1 J 1 J 

Generat i ng the above express ion i s  not diff icul t , s i nce an 
e xpl i ci t expression for I Yi l i s deri ved i n Appendix 2 .  S ince 
e xpl ici t expressions for the el ements of Yi 1 have been deri ved , i t  
i s also possi ble t o  generat e 

� - 1  2. ( y . - X - S ) ' V · ( y . - X - 8 ) 1 .. 
1 - 1 - 1 - - 1 - 1 -1 -

eas i l y . Therefor e ,  the fol lowing algor i thm can be proposed to 

generate -F .  

An algori thm for generat ing -F 

Step 1 

Step 2 

Step 3 

Assume i ni t i al values for em ( m  .. 1 ,  • • •  , 5 ) . 

Cal culate p and qi j k  for i• 1 ,  • • •  , s ;  j• 1 ,  • • •  , ni and 
k•j ,  • • •  , n i . 

Calculate 1;i j  for i = 1 , • • •  , s  and j = 1 , • • .  , ni . The formulae 
for calculat i ng �;i j are gi ven i n  Appendi x 2 .  



Step 4 

Step 5 

and 

Step 6 

Cal cul ate � .  where 

� = ( n0+ s ) lnY1 + ( n -n ) l na + r 
00 0 1 = 1 

Calculate p ,  where 

I n the above express ion 

n n . . � i l J * 2 
L. L L < Yol· J. k ) i = 1 j = 1 k= 1 

r * 2 ( ys1· )  • 

i c 1 

I 
ni 

Cal cul ate 
i = l j � l P i j ' 

wher e 

I n the above expression 

M 1 1  ( i j )  

ni 
L l n ( a+n .  · I; · . ) .  
j = 1 l J l J 
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Step 7 

and 

Step 8 

Step 9 

and 

n . - 1  n .  
Calculate r � \ 1  p wher e . 1 . 2. 1 k L. 1 i j k ' 1 = J = =J + 

I n the above expr ess ion 

M 1 1 ( i j k )  

M 1 2 ( ij k )  ... 

* * 2Y 0 i j . Y 0 i k • 

* * 2 ( n i ky d i ky oi j .  

* 

+ * * n i jYdijYoi k) 

M l 3 ( ij k )  2 ( n i kyo i j . 
* * 

+ n i j Y o i k . ) y s i  

M22 ( ij k )  

M23 ( ij k )  .. 

M33 ( ij k )  

* * 2n i jn i ky d i jY di k 

* * 2n i jn i ky s i ( y dij 

* 2 2n i jn i k ( Y si ) · 

Calcul at e � . where 

Then obtain -F , where 

-F .. � + 1¥ .  

* 
+ y di k) 
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The express ions for $ ' S i n s tep 1 and s tep 8 are the same as those 
for sect i on 4 . 2 . 5 . 1 .  As before the $ ' S , M ' s or the p ' s  do not 



have to be s tored i n comput er memory when cal cul at ing � .  

4 . 2 . 7 .  Large-sam ple variances for the estimates of f i xed effects 

and vari ance components 
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The lar ge- sampl e var i ance- covari ance matri ces of the vectors 
of the estimates of f i xed effects and the vari ance components are 

gi ven by [s ee s ect i on 3 . 1 . ]  

and 

2�- 1 . 

r espect i vel y ,  where the ( m , m ' ) th element of H is gi ven by 

I n  the above e xpr ession 

The ( r , r ' ) th el ement of 

v .  = - lm 

i s the covar i ance between er and er • · Thi s i s not diff icul t to 
compute , as an e xpl i ci t  expression for the ( r , r ' ) th el ement of 

was given i n  section 4 . 2 . 5 .  

The covari ance between the estimat es of the mth vari ance 
component and the m ' th variance component i s given by the (m , m ' ) th 
element of 2H- 1 wher e H was def ined earl ier . The matri x H can - . 



alternatively be repr esented as 

where 

and 

�i 1 2m 

�i 1 3m 

�i 21 m 

t r  ! r r B 0 0 k B 0 k 0 I 
i = 1  j =1 k =1 lJ m 1 J m 

� i 1 1 Y.i 1 3m + � i 1 3  

�i 22m c �i 1 2Y.i 1 2m + � i 22 

�i23m M 1 2Y.i 1 3m + �i23 

1 00 

Since expl i c i t express i ons for the elements of the matr i ces �ij k 
are availabl e , obta i ni ng the large-sampl e variance-covari ance 
matri x of the est imates of the vari ance components ,  i s not 
difficult . 

4 . 3 .  Estimat i on of the parameter s : A mul tiple-trai t s et t i ng 

Sheep , swine and beef cattl e breeders are often concerned 
wi th mul t i ple-trai t selection .  This also appl ies for maternall y 
affected trai ts . A n example i s the wean i ng wei ght and 
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pos t-wean i ng gai n r ecords of beef cattl e [see Quaas and Pollak 
( 1 980 ) ] .  The direct and maternal genet i c covariances amongst 
these mul ti pl e trai ts are r equ i r ed i n order to predi ct the genet i c  

val ues of the animals in a mul t i pl e-trai t selection progr amme . 

The method of es timat ing vari ance components for a s i ngl e trai t 

with unbalanced data , by analogy , sugges ts a method whi ch can be 
appl i ed in a mul t i ple- trai t s ett i ng .  The ML es timators of 
vari ance components for a mul t i ple-trai t setting will be deri ved 
in thi s sect ion . 

Suppose yi 1  and yi , 2 ar e the measur ements on trai t 1 of 

i nd ivi dual i ,  whose dam is w, and trai t 2 of indi vi dual i ' , whos e 
dam is w ' , respecti vely . Then by e xt ending ( 4 . 1 )  we can expr ess 
yi 1  and yi , 2 as 

and 

where 

( 4 . 25 ) 

f i C � 1 ) ( f i , ( �2 ) )  i s a l inear funct ion of the unknown f i xe d 
effects of trai t 1 of indi vi dual i ( trai t 2 of ind i vi dual 
i I ) j 

gdi 1 (gdi ' 2 ) i s  the di rect addi ti vely genet i c  effect of 
trai t 1 of i ( trai t 2 of i ' ) ;  

gmw1 ( gmw ' 2 ) i s the mat ernal addi t i vel y genet i c  effect of 

trai t 1 of w ( trai t 2 of w' ) i nfluenc i ng yi 1  (y i , 2 ) ;  

emw1 ( emw ' 2 ) i s  the residual effect common to trai t 1 
( trai t 2 ) of offspri ng of w ( w ' ) ;  and 

edi 1 ( ed{2 ) i s the residual effect uni que to tral t 1 
( trai t 2 ) A of ind i vidual 1 ( i ' ) .  
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Assume that all genet i c effects ar e independent of all 

res i dual effects . Also assume that the r es idual effects common to 

full-s ibs and maternal hal f-s ibs ar e independent of the r es idual 

effects uni que to the indivi duals .  Then the covari ance be tween 

Yi 1  and y i , 2 can be wri tten as 

where 

g 1 2  i s the covari ance between the direct addi t i vely genet i c  00 
effects of trai ts 1 and 2 ;  
g�� i s  the covariance between the maternal addi ti vel y genet i c  
eff ects of trai ts 1 and 2 ;  
g�� i s  the covar i ance between the direct addi t i vely genet i c  
effect of trai t 1 and mater nal addi t i vely genet i c  effect of 
tra i t 2 ;  

g 1 2 i s the co va r i ance between the maternal add i t i vely genet i c mo 
effect of trai t 1 and direct addi t ively genet i c  effect of 
tra i t 2 ;  

r 1 2  i s  the covar i ance between the r es idual effects mm 
common to ful l- s ibs and mater nal hal f-s ibs of trai t and 
the r esidual effects common to full-s i bs and maternal 
hal f- s ibs of trai t 2 ;  
r 1 2  i s the covar i ance between the res i dual effects 00 
uni que to trai t 1 of an i nd i vidual and the r es i dual 
effects uni que to trait 2 of an indi vidual ; 
ai i '  is the coeff ic ient of addi t ive rel at ionshi p between 
i and i ' ; and 

b i i ' (bww, ) • { 
0

1 i f 

i f i .e i '  ( w .e w ' ) .  

i = i '  ( w  = w ' ) 

For two correlated trai ts , t he total number of vari an ce 
component s i nvol ved are 1 6 . I n general , for q correl at ed trai ts 
thi s number is gi ven by 
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5q + 3q ( q- 1 ) • 

For es timat i ng these components , cons ider the previous mat i ng pl an 

wi th the addi t ional assumption that measur ements on all trai ts are 

ava i labl e on all ani mal s .  Thi s makes the us e of thi s method 
restri cti ve as measur ements on all trai ts of all animals are 
usuall y not avail abl e .  Then , i f  the vector of observat ions i s  
normall y dist r ibuted wi th par ameters spec i f ied as i n  ( 4 . 4 ) , the 
log l i kel ihood funct ion of the obser vat i ons has the form given i n 

( 4 . 6 ) . 

4 . 3 . 1 . The structur e of the vari ance-covari ance matri x 

As befor e ,  l et Xi • the vector of observat ions of the i th 
famil y be part i tioned as 

with 

and 

The vector y�i j can be wri tten as 

wher e loi j k i s the vector of observat ions on q trai ts of the kth 
offspr i ng of the j th dam mated to the i th s i r e . Simi l arl y ,  �di j 
and lsi r epresent the vectors of observat i ons on q t rai ts of the 
j th dam mated to the i th sire and the i th s i r e , respe ct i vely .  
Suppose t hat the qx q variance-covari ance mat rices of �oi j k ' �di j 
and lsi are denoted as � 1 • Then the (p , p ' ) th el ement of f 1 i s  
given by 

+ - ( g� ' + g�g ' ) + r��' + rgg' . 2 
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Def i ne 
for k � k ' 

where the ( p , p ' ) th element of �2 i s the covari ance between trai t p 
of X and trai t p ' of Y when X and Y are ful l- sibs whi ch means that 
this el ement is gi ven by 

+ - ( g� ' + g�g ' ) + r�� · . 2 
Also def i ne 

for j � j ' 

where o3PP ' whi ch i s  equal to g�� 1 / 4  i s  the covar i ance between the 
observat ions on trait p of X and trai t p ' of Y when X and Y ar e 
paternal hal f- si bs . From above , i t  i s cl ear that �1 , I 2 and �3 
are symmetr i c matri ces . Then the variance-covariance matr i x of 

�oi can be wri tten i n the form 

where 

� ij k -

� i j k * �3 

�i 1 1 8 ' 1  . - 1  J 
. 
�� j 1 • • • 8ij j  • • • 8ij ni 
. 
�i n . 1 • • • �i n · J· · • · �i n . n .  1 1 1 1 

for j zk 

In the above expres i ons �i j j i s the i dent i ty matri x of order ni j • 

� i j k i s the n1j xni k  matri x of " 1 " s .  Suppose 

The ( p , p ' ) th element of �4 gi ves the covari ance between trai t p of 
the offspr i ng and trai t p' of the dam . Thi s is equal to 



� PP ' + �gPP ' + �gPP ' + gPP ' 0 4pp '  = 2
goo 2 mm 4 om mo · 

Then the covar i ance between �oi and �di can be wri tten as 
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Simi l ar l y ,  def ine the var i ance- covar i ance matrix of the q t rai ts 
between a s ire and i ts offspr i ng as �5 • Then the (p , p ' ) th e l ement 
of �5 is gi ven by 

-1 PP ' 1 ' 
0 = g + -gPP 5pp ' 2 oo 4 om • 

Then i t  follows t hat 

Yi 1 3  
= 

� i o * �5 · 

Note tha t [ 4 and [5 are not symmetri c .  Since the sir es and the 
- -

dams wi thin a fami ly are assumed t o be unrelated 

4 . 3 . 2 . The i nver s e  of  the var i an ce- cova r i ance mat r i x 

As for the s i ngl e- trai t cas e ,  an expl i c i t express i on for the 
inverse of the var iance-covariance matri x of the obs ervations i s 
der i ved i n thi s sect ion . 

The i nverse of thi s matri x has the form gi ven in ( 4 . 20 ) . 
U sing propert i es ( 1 ) - ( 4 )  of sect ion 3 . 3 . ,  i t can be found that 

and 

where 

- 1  
ni 

Yi 1 2Yi 22YI 1 2  • 

J
�1 
+
< �iJ J  * �6

) 

- 1  
Yi 1 3Yi33Yi 1 3 = �io * �7 



1 06 

�6 - 1 .. �4�1  � 4  
and 

�7 - 1  
= �5� 1  g . 

I n the above expressi ons ':!.io is the nioxnio matri x of " 1 " s .  Since 

�1 is symmetri c ,  �6 and �7 are al so s ymmetri c .  Therefore the j th 
d i agonal block mat r i x and the ( j , k ) th off- di agonal block matr i x of 

- 1 - 1  
Yi 1 1  - Yi 1 2Yi 22YI 1 2 - Yi 1 3Yi 33YI 1 3  can be wri tten as 

and 

r . . . * A + J . . . * 8 - lJ J  - l J J  

J .  " k * C ,  - l J -

r espe ct i vely ,  where A ,  8 and C ar e symmetri c matri ces whi ch are 
gi ven by 

and 

A � 1 - �2 

8 "' 1: - 1: 6 - 1: -2 - -7 

� "' �3 - h · 

The mat r i x �i 1 1  has to be computed i n  order to obtain the i nverse 
of the var i ance-covar i ance matr i x .  �i 1 1  can be computed by 
proceeding in a similar manner as t o that for the singl e- tra i t 

si tuat i on . Thi s matri x i s found t o be 

h 1 1 - �i 1 1 . �i 1 j . . . 8 . , -1 ni 
. 

�� j 1 . �i j j  . 8i . - Jni 
. 

�in . 1 '  . . �i n . j ' . · �inini 1 l 

where 



J .  " k * 91 kj for k<j - 1 J 

B · " k '"' Ii . . * p + J i . .  * Q . . . for k=j - 1 J - J J  - - J J  - 1 J J  

J .  " k * Q .  " k for k>j . -1 J - 1 J 

An algori thm to compute the matri ces P ,  Sij k ( for i = 1 , • • •  , s ;  
j � 1 , • • •  , ni ; k=j ,  . • .  , n i ) ,  and then � i 1 1 for · a  mult i pl e-trai t 
sett ing is gi ven in Appendix 3 .  

Then by simpl e matri x mul ti pl i cat ion , i t  can be shown that 

( 1 )  �i 1 2  can be part i t ioned into nf bl ock matri ces and the 

(j , k ) th bloc k is gi ven by 

-1 . .  * n . kQ ! k . r8 for k<j -1 J 1 - 1 J -

( j , k ) th bl ock -1 . . * ( p + n . .  Q . .  · ) E 8 for k=j - 1 J  1 J -1 J J  -

- 1  . .  * n . kQ . .  kr 8 for k>j -1 J 1 - 1 J -

where 
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( 2 )  �i 1 3  can be part i toned into a col umn of block matr i ces and the 
j th bl ock i s gi ven by 

where 

and 

- 1 . .  * ( P  + R . .  ) r g  
- 1 J - 1 J -

j- 1 ni 
R i · = r ni kQ ! k . + L n i kQi · k - J k .. 1 -1 J k•j - J 

( 3 ) �i 22 can be part i toned i nt o nf block matri ces and the ( j , k ) t h 
block is a qxq matri x which i s gi ven by 
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n . . n . kE 8Q ' k · Ea 1 J 1 - - 1 J - i f k< j 

( j , k ) th block -1 
�1 + n .  · E s ( P 1 J - -

+ n . .  Q .  · · ) E8 1 J - 1 J J  - i f k=j 

n . . n .  kE8Q · . kr 8 1 J 1 - - 1 J - if k>j . 

( 4 ) �i23 can be par t i tioned into a col umn of ni bl ock matri ces and 
the j th bloc k is given by 

n . .  r" ( P  + R . . ) r 9 • l J _lj - 1 J -

( 5 )  �i 33 is gi ven by 

�i 33 
1 

ni - \ -r 1 + L n . . z: q p + R ·  . ) r 9 • 
j =1 1 J - '1 - - 1 J -

4 . 3 . 3 . Generating the equations 

D t PP PP PP PP d PP b ( 1 5 )  eno e g00 , gmm , r 00 , rmm an gom y emp m= , . . .  , , 
P P '  P P '  PP'  PP' PP '  PP '  respecti vely . Also denote g00 , gmm , r 00 , rmm , gom and gmo 

by empp ' ( m= 1 , • • •  , 6 ) , respect i vely . Then ohpp' 
(h• 1 , • • •  , 5 ; p- 1 ,  • • •  , q ; p ' = 1 ,  • • •  , q ) can be written as 

m� 1 fhm6mp + ( fh 5 + fh 6 ) 65p 

� fhmempp' m=1 

for p=p ' 

for p .. p ' 

where fhm (h=1 ,  • • •  , 5 ; m=1 ,  • • •  , 6 ) ar e gi ven i n  Tabl e 4 . 3 .  



2 

3 
4 

5 

Tabl e 4 . 3 - Values of fhm 

1 /2 
1 /4 

2 

0 

1 /2 1 /2 
1 /2 0 

3 

0 
0 

0 
0 

4 

0 

0 
0 

5 6 

1 /2 1 /2 
1 /2 1 /2 
0 
1 I 4 

1 /4 

0 

0 

By  differ ent iat ing the log l i kel i hood funct ion of y wi th 

res pect to emp (m= 1 , • . .  , 5 ; p=1 , . . •  , q ) and empp ' ( m= 1 , . • .  , 5 ;  
p = 1 , . • •  , q ; p ' = 1 ,  . . •  , q ) and equat i ng t o  zer o , we obtai n 3q2 + 2q 
( that is 5q + 3q ( q- 1 ) )  equat ions . I t  can be observed that 

where 
m � 4 

m = 5 

and �p is a qx 1  vector wi th " 1 " as the pth el ement . All other 
e l ements of �p are zer o .  Also 

where 
g1 hm • fhm for m • 1 ,  • • •  , 6  

and 

1 09 



1 1 0 

for m � 4 

for m • 5 

for m 6 

The vector � ( w i th t * el ements ) ,  for the mul t i- trai t cas e can 

be def ined as 

where � p i s  the vector of f i xed effects associ ated wi th the pth 

trai t , and 

I n  the above e xpr ession tp i s  the number of f i xed effects 

assoc i ated w i th trai t p .  By proceedi ng as for the uni - trai t cas e ,  

the following al gori thms can be propose d for generating  t he 

maximum l i kel i hood equat ions : 

4 . 3 . 3 . 1 .  An al gor i thm to compute the sys tem of equat ions us ed for 

obtaini ng sol ut i ons for the f i xed effects 

Step 1 

Step 2 

Step 3 

Step 4 

Assume i ni tial values for emp and empp • · 

Cal cul at e the qxq matr i ces kh ( h• 1 ,  • • •  , 9 ) .  

Cal cul at e the qxq matri ces f and 9i j k " An algori thm f or 

computing  these are gi ven i n  Appendix  3 .  

Suppose :bi j kp • �dij p and �s i p  ar e the vectors of 
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coef f i c i ents associ ated wi th the f ixed effects of trai t p 

of the kth offspring of j th dam mated to the i th sire , the 

j th dam mated to the i th s i re and the i th sire , 

respe c t i vel y .  

Def ine 

�oi j k 

xd . . - l J  
and 

�s i 

�+ 
l. �bi j kp p =1 

�+ 
p =1 �d i j p 

= �+ p = 1 �� i p • 

Further def ine 

and 

X . .  , -l J X . .  -O l J . 

x .  ' 2  xd . .  -l J - l J  

x . .  3 = X 1 . - l J -S 

( 1 )  Cal cul at e � . wher e 

wher e X . .  -Ol J . 
n ij I X " k k= 1 -O l J  

� = � X ' 1 E-1 1 x 1 + � �\d' 1 · E-1 1 xd . .  1�1 - S  - -S 1 = 1 j � 1 - J - - l J  

n1 n1j 
+ � L L X ' . . kp X . 

. k • 1 � 1  j = 1 k =1 -O l J  - -O l J  

{1 n1 ( 2 )  Cal cul at e 1 �1 j �1 
�1j , where 

Express ions for Aijli ' are as fol l ows : 



Q . . . - 1JJ 

2 

- ( P+n . . Q . . . ) t 8 - 1J -1JJ -

3 

- ( P+n . . Q . . . ) t 9 - 1J - 1JJ -

2 - t"' ( P+n . .  Q . . . ) n1 . t '- ( P+n . . Q . . . ) t 8 n . · t "< P + n . . Q . . . ) t g -0 - 1J - 1JJ J - 0 - 1J -1JJ - 1J -O  - 1J -1JJ -

3 -tg' ( P+n . .  Q . . .  ) n .  · I: g' ( P+n . . Q . . . ) t 8 n . · I: g' ( P+n . . Q . . . ) t g - - 1J -1JJ 1J - - 1J -1JJ - 1J - - 1J -lJJ -

� ni ni j 
( 2 )  Calculate 2. 1: 1: � ·  ' k '  where i = 1 j = 1 k =1 -1J 

k .. j 

f X ! . of . . k o o , X . k o ' .  l' -=1  - 1 j .-{.;. 1 j ,(_.,{_ - l -L . 

Express ions for £ij kU' ar e as follows : 

� 
k<j 2 

3 

k >j 2 

3 

Step 5 

Q ! k . - 1  J 
-n .  · I:f3Gi k . 1J - - J 

-n . · t gQ l k . 1J - -1 J 

Q .  ' k -1J 

- n . · t 8Qi ' k  1J - - J 

-n .  · I: gG ·  ' k 1J - - lJ 

2 
-n . kQ ! k . t8 1 - 1  J -

ni j ni k�89l kj �8 

n . .  n .  kt 9Q ' k . t a lJ 1 - -1  J -

-n .  kQ . · kt 8 1 - 1J -

n . .  n .  kt 8Q · · kt 8 1J 1 - -1J -

n . .  n .  kt gG ·  · kt 8 1J 1 - -1J -

* * Then calculat e the t xt matr ix 

Step 6 
( 1 ) Cal culate � · wher e 

3 
-n . kQ ! k . t 9 1 - 1  J -

n . .  n .  kt 8Qi k . t 9 1J 1 - - J -

n . .  n . kt gQ ' k · t g lJ 1 - - 1  J -

- n . kQ . · kt 9 1 - 1J -

n . .  n .  kt BQi · kt 9 1J 1 - - J -

ni . n . kt gG ·  · kt 9 J 1 - - 1J -

1 1  2 
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� 

ni 
X I • r-1

1 
V i + l. I Xd' . .  r

-
1
1 vd . .  i =1 -S l - i. S i = 1 j s1 - l J - i. l J 

( 2 )  Cal cul ate ! 
ni 
' w where 

i = 1 j �1 -ij
, 

X l . oA · · o o 1 d · · O r • - l J .{.;..; l J .(....(.. - lJ -<.. 

( 3 )  cal cul at e ! 
i .., ,  

I n  the abo ve e xpr ess i ons 

�i j 1 .. 'ioij  • 

�i j 2  - yd . . - l J 

and 
d . " 3 - l J :r':s i ·  

Step 7 
* 

Then the t x1 r i ght hand s i de vector i s  gi ven by 

4 . 3 . 3 . 2 . An al gorithm to comput e t he e quations used  to  obta i n  

t h e  ML es timates of vari ance components 

Step 1 

Assumi ng i ni ti al val ues for emp  and empp' ' cal cul ate  

� (h-= 1 , • • •  , 9 ) . 

1 1 3 
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Step 2 

Cal cul ate P and 9 i j k ' 

Step 3 

Cal culat e ( 1 ) 60hm for h=1 , • .  , 4  and m= 1 , . • •  , 5  

( 2 ) 6-fhm for L.. , , 2 ;  h•1 ,  • . •  , 4  and m= 1 , • • •  , 6  

where 

�01 m = g 1 m! - 2g 4m�8 - 2g5m�9 
�02m = ( g 1 m  - g2m ) !  

�03m g2m! - 2g 4m�8 - 2g5m�9 
�04m g3m! - 2g5m�9 

� 1 1 m = g 1 1 m! - 2g 24m�8 - 2g25m�9 
�1 2m "' ( g 1 1 m - g1 2m ) ! 

� 1 3m "' g 1 2m! - 2g24m�8 - 2g25m�9 
� 1 4m g 1 3m! - 2g25m�9 

�2 1 m  "' g2 1 m! - 2g 1 4m�8 - 2g1 5m�9 
�22m .. ( g2 1 m  - g22m ) !  

�23m • g22m! - 2g 4 r a -1 m - 2g 1 5m�9 
and 

�24m g23m! - 2g 1 5m�9 '  

Step 4 

Cal cul ate Ih for h•1 ,  • • •  , 4 , where 

r, - nooE 

it 
ni 

I2 • 
j �1 

n i j9i j j  

it 
ni 2 

I3 • 

j �1 
n i j9i j j  

and 



Step 5 

Step 6 

S tep 7 

wher e 

( 1 )  Cal culate Q where 

( 2 ) �!m for l- 1 , 2 and mK 1 , • • .  , 6 ,  where 

( 3 ) Eom for m- 1 , • • •  , 5 ,  where 

Then cal culat e r1 mp and r 1 mpp ' for pK1 , • • . , q  

and p '  • p+1 ,  • • •  , q ,  wher e 

and 

T 1 mpp ' • g1 1 m� p · ��p + g21 m�p��p ' 
+ �P ' �1 m�p + �PR2m� p • · 

* * * Using an estimate for f• cal culate �oi j k • �dij and �si 
where 

* 
lo i j k • loi j k  - �oi j k� 

* 
ld i j - ldi j - �di j �  

and 
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Step 8 

Step 9 

Step 1 0  

1 1 6 

* 
�s i = �si - �si � · 

* Calculate � i j  and �oij for i = l , • • .  , s  and j = 1 ,  • • .  , n i , where 

and 

* * * E> . -1 J �oi j . - ni j �8�d i j - ni j �9�s i 

* j- 1  
u_o 1· J· = L Q ! k · E · k + 

k c1 - 1 J -1 

ni \ Q . .  kE .  k • 

k�j -1 J - 1 

In the above express ion 

* 
'l..o i j . 

n . . 1J * 
k�1 'l..o i j k ·  

Calcul ate Yoi j k ' �d i j and u5i 

where 

and 

* * * * 
�o i j k • �< �oi j k - �8�d i j - �9�s i ) + �oi j 

�d ij 

Cal cul ate ( 1 )  oohm for h•1 , • • •  , 5  and m• 1 ,  • • .  5 

wher e 
( 2 )  othm for t. 1 , 2 ; h•1 ,  • • •  , 5  and m= 1 . , , , 6 

00hm = 

for h•l 
for h .. 2 ,  3 
for h-4 , 5  



Step 1 1  

Step 1 2  

S tep 1 3  

{ S tJ m - g � for h•1 

8 4lm g -61m for h=2 , 3 

28 hm for h-=4 , 5  

Calculate �·  where 

J 1 

n 1 n1j 
�1 = . I 1 k�1 �o1 j  k��1j k J =  

J1 
n1 

�2 j �1 �o 1 j · �h1 j ' 

J 1 

n1 n1 
�3 . I , k �1 �o1 j · �h1 k ' J = 

k .. j 

r 
n1 

�4 I �d1j �h1 j '  1• 1 j -1 
and 

J, 
n1 

�5 . I , �s 1�h1 j '  J = 

Cal culate G and 9lm for l= 0 , 1 , 2 ,  where 

and 

n .  
G • 

1 �1 �s1 ��1 + 1 � 1 j �� �d1j �di j 
for m= 1 , . . .  5 

for m•1 ,  • • •  , 6  and •1 , 2 . 

Cal cul ate T2mp and T2mpp ' for m• 1 ,  • • •  , 5 ;  
p•1 ,  . . .  , q  and p ' • 1 ,  • • •  , q ,  where 
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and 

Step 1 4  

T2mpp ' = g 1 1 m�p · 9�p + g21 m�p9�p '  
+ �p ' 9 1 m�p + �p92m�p ' • 

Then the left hand s i des of the equat ions corresponding 
to emp and empp' are g iven by 

and 

T 1 mpp' - T2mpp '  ' 

respectively . 

I n the cas e where cons traints are i mposed on the var i ance 
parameters , an obvious procedur e i s to minimize 

and 

subject to 

e, P ' 8 2p ' 83P ' 8 4p ;::: 0 ;  

e 1 Pe 2P - e 5P � 0 ;  
e 1 Pe2P ' - e5PP ' ;::: 0 ;  

and 

1 1 8 

The met hod of es timat ing var i ance components and f ixed 
effects develo ped i n th i s chapter for a singl e-trai t case was 
appl ied to wean i ng wei ght data of R omney sheep and 8-week wei ghts 
of Yorkshire or Large White pigs .  The resul ts of these analyses 
are gi ven i n Chapter 6 .  



CHAPTER 5 .  BEST LINEAR UN BIASED PREDICTION 
OF DIRECT AND MATERNAL GENETIC EFFECTS 

1 1 9 

Henderson ' s ( 1 963 ) best l i near unb iased pred ic t ion procedure 

( BLUP )  can be used for pred ict ing d i rect and maternal add i t i vely 
genet ic values . However , pract ical app l i cat ions of BLUP technique 
to animal breed ing data require eff i c i ent comput ing strategies . 
One of the ma in d i f f i cul t i es is obta in ing the inverse of the 
var iance-covar i ance matr i x of direct and maternal genet ic effects 
wh i ch is essent ial in formi ng the BLUP equat i ons . When 
pred ict ions are made of the direct and the maternal genet i c values 
of all an imals ,  i nvers ion of the var i ance-covariance matr i x  is not 
d iff i cul t s ince pred i c t i ng direct and maternal genet ic values of 
all an imals is a spec ial case of mul t i ple-tra i t evaluat ion [see 
Henderson and Quaas ( 1 97 6 ) ] .  Then the var i ance-covariance matr i x  

has order 2nx2n , where n i s  the number of animals ,  the general 
form being 

G � * A 

where A is the numerator relat ionsh i p matri x of the n animals and 

� - [ 
2 2 for oAo • oAm and oAoAm be ing as def i ned in ( 4 . 2 ) . The inverse of 

th is matrix is 

S i nce f is a 2x2 matr i x  and simple methods of inver t i ng the 
numerator relat ionsh i p matr i x ex i st , it is not diff icult to obta i n 

- 1 G . 
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The use of BLUP for pred ict i ng direct and maternal gene t i c 
values for weaning we ights of beef cattle is cons idered in deta i l 

by Slanger ( 1 979 , 1 980 ) . Three general approaches for appl y i ng a 

maternal effects model to actual data were discussed . In the 
first instance , d i rect and maternal genet ic values of all an imals 

were pred i c ted . I n the second and third cases the number of 
genet i c pred i c t ions were reduced by exclud ing certa in gene t i c 
values . For example ,  in the second approach , the direct genet ic 
values of un i dent i f i ed dams , the direct genetic val ues of 
i dent i f i ed dams with records but hav ing just one progeny and the 
maternal genet i c val ues of an imals with records but no progeny , 
were excluded . 

If the obj ect ive is to pred ic t the genetic mer i t  of each 

i ndiv idual free of the maternal genetic effects of the ir d·arns , 
predictors are required for the direct genetic values of the 
an imals of i nterest together with the maternal gene t i c values of 
j ust the ir darns . Such si tuations ar i se in the case of meat 
breeds , where maternal genet i c ab i l i ty for offspr ing growth is of 
no importance commercially . Then the animals are selected on 
their i nd i v i dual genetic mer i t . However , since the genet ic effect 
of an ind i v i dual is a comb ination of the direct genet i c value of 
the i nd i v i dual and the maternal gene t i c value of i ts dam , it is 
important to dist inguish the ind i v i dual ' s  genet ic ab i l ity from the 

maternal ab i l ity of the darn . In such c ircumstances pred i c t i ng 
direct and maternal genet ic values of all an imals would make the 
number of BLUP equat ions unnecessar i ly large . 

Although no analysi s was carried out us ing actual data , BLUP 

equat ions for pred i c t ing d i rect genet i c values of all animals and 
the maternal genet ic values of the ir darns are der i ved in thi s 
thes i s . In the process , Quaas ' s  ( 1 975 , 1 984 ) method o f i nvert i ng 
the relat ionsh i p matr i x is modif ied to der i ve rules for obta i ning 
the inverse of the variance-covariance matr i x of the d i rect 
genetic values of all animals and the maternal genet i c values of 
the ir darns . I f required , it is also possible to pred ict the 
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maternal genet i c values of sires or the maternal genet i c values of 

animals with no progeny . An express ion for R- 1 where R is the - -

var iance-covar i ance matr i x of the combined residual effects 

( combined resi dual effect is the sum of the resi dual effect common 
to full-si bs and maternal half-sibs and the resi dual effect uni que 
to the ind iv idual ) is also deri ved . 

5 . 1 . BLUP equat ions for predict ing direct genetic values 
of all animals and the maternal genetic values of 
the ir correspond ing dams 

The express ion given in ( 4 . 1 ) ,  that i s ,  for a phenotyp ic 
observat ion on an ind iv i dual whi ch is influenced by the maternal 
effects of it ' s dam , can also be wr i tten as 

( 5 . 1 ) 

where ei is a comb ined res idual effect , that is 

( 5 . 2 ) 

for emw and edi def i ned in ( 4 . 1  ) . I n matr i x terminology , ( 5 . 1 ) 

can be expressed as 

where 

�� + Zu + e ( 5 . 3 )  

y is the vector of records adjusted , i f  possibl e , for known 
fi xed effects est imated from prior data ; 
B is the vector of remaining unknown f ixed effec ts ; 
u is the unknown vector of direct genetic and maternal 
genet ic effects ; 
e is the vector of comb ined res idual effects ; and 
X and Z are known mat ri ces . 



Assume that 

and 

Var 

where G and R are known non-s i ngul ar matri ces . Then , the best 
- -

l i near unb iased est imator of S and the best l inear unb iased 
pred i c tor of u are obtai ned by solving the followi ng set of 
equat ions : 

A 
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] [  � ]  ( 5 .  4 ) 

Suppose there are n animals whose direct add i t i vely genet i c 
values and the maternal add i t ively genet ic values o f the ir darns 
are to be pred i c ted . Let the vector of genetic values be wr i t ten 
as 

where �d is the nx1 vector of direct genet ic values of the n 
animals and � i s the n0x1 vector of maternal genetic values of 
the darns of the n animals ( n0 is the number of dams ) . Then the 
var iance-covar i ance matr ix of u is the ( n+n0 )

2 matr i x 

2 
0Ao�dd 
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where �dd is the numerator relationship matr i x of the n animals , 

�dm is the matr i x of add i t i ve relat ionsh i ps amongst all n animals 
and the dams thereof and �mm is the numerator relat ionsh i p matr i x  
amongst the darns of the n animals . Then 

-1 G 

whe r e  �dd ' �dm and limm are matrices of order nxn , nxn0 and n0xn0 , 
respect ivel y . Also let , 

where the two matr i ces �d and �m correspond to �d and �m · 
respec t i vely . Then from ( 5 . 4 ) , the best l inear unbi ased est imator 
of � and the best l i near unb iased pred ictors of �d and �m can be 
obtai ned by so l v i ng 

X ' R- 1 X 

Z ' R- 1 X -d- -

Z ' R- 1 X -m- -

X ' R- 1 Z - - -d 

Z ' R- 1 Z -d- - d 

Z ' R- 1 Z -m- - d 

+ �dd 

+ �drn 

X ' R- 1 Z - - -m 

Z ' R- 1 Z 
-d- -m 

Z ' R-1 Z -m- - m  

� ?; ' �
- 1 l 

+ !3dm �d Z ' R- 1 l -d-

+ �mm - �m - ���
- 1 ¥. 

D irect invers i on of G ( us ing ( 3 . 1 0 ) )  for obta in ing �dd , �dm 
and �mm involves i nvert ing e i ther 

or 

-2 -1 �mm - r �drn�dd�drn 

-2 -1 �dd - r �drn�mm�drn 

where r is the correlat ion between direct and maternal genet i c 
effects . Although the method of comput i ng the inverse of a 
relat ionship matr i x  [Henderson ( 1 975b , 1 97 6 ) , Quaas ( 1 975 , 1 97 6 ) ]  
can be used to inver t �dd and �mm • invert i ng the above matr ices i s 
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a formidable task . However , i f the elements of u are rearranged , 
the methods used i n Quaas ( 1 975 , 1 984 ) can be mod i f ied to enable 
invers ion of the matr i x  Q .  

5 . 2 . The inverse of the var i ance-covari ance matr i x of direct and 

maternal gene t i c values 

In th is sect ion , Quaas ' s ( 1 975 , 1 98 4 )  method for obta ining the 
inverse of the numerator relat ionship matr ix is mod i f i ed to enable 
inversion of the var iance-covar i ance matr i x of direct and maternal 
gene t i c effects def i ned in ( 5 . 3 ) .  

Wi thout loss of general i ty , denote the vector of genet ic 
values of the ith i ndiv i dual by �i · If both direct and maternal 
gene t i c values of i are to be predicted , �i is a vector with two 
elements , otherwise it is a scalar . That is 

or 
u !  - l 

�i 

respect ively , where udi and umi are the direct and maternal 
genet i c values of the ith ind i v i dual . In above , umi is onl y 
expressed in the phenotype of the offspr i ng of ind i v i dual i .  

and 

where 

Following Quaas ( 1 975 , 1 98 4 ) ,  def ine ud i and umi as 

1 1 
ud i a ;uctj + ;udk + �di 

1 
U · = -u · + -u k + �mi m1 2 mJ 2 m � 

udj and umj are the direct and maternal gene t i c 
values of i ' s  dam ( j ) ;  



udk and umk are the d irect and maternal gene t i c 
values of i 1 s  s i r e ( k ) ; and 

�d i and �mi represent Mende l i an sampl ing effect s . 
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In Slanger 1 s  ( 1 979 ) expressions for udi and umi ' the coeff ic ients 

assoc iated wi th the parents genet ic values were not taken to be 
1 / 2 .  

Let the n vectors of the n indiv iduals be arranged i n such a 
way that the vectors of parents precede the vectors of progeny . 
That is 

I ( I I I ) u �1 · · · · · � i · · · · · �n 

where vectors of i 1 S  parents ( �j and �k ) precede �i · The vector u 
can be expressed as ( see Chapter 3 ) 

u - ( 5 . 5 ) 

where E .  in contrast to its def in i t ion in Slanger 1 s  ( 1 979 ) paper , 
is a matr ix of zeroes and ones and 

In the express ion above , � i corresponds to �i and therefore is a 
vector with two elements , or al ternat ively a scalar . Then i t 
follows that 

( 5 . 6 )  

where 

Assuming that 



0 for i .. j , 

it can be observed that 

D = �+ D · 
i = 1 - 1 

where 

Each �i is a scalar or a 2x2 matr ix depend ing on whether �i 
conta ins just udi or both udi and umi ' From ( 5 . 6 )  
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( 5 . 7 )  

I nvert i ng D is not d i ff icul t ,  s ince 

- 1 P + - 1 D = 2. D . • - i = 1 - 1 

Therefore simple mod i f icat ions of Quaas ' s ( 1 975 , 1 98 4 )  rapid method 
of invert ing the relat ionsh ip matr ix can be ut i l ized in inver t i ng 
G .  

5 . 2 . 1 . Express ions for Qi 

The Mendel ian sampling random var iables �di and �mi can be 
wr i tten as 

cl>di - ud i 
- �udj - 1 udk 2 

and 

cl>mi 
- 1 - 1 = umi 2umj -umk ' 2 
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Then 

� i "' [ a�d 0�o 
( 5 .  8 )  

where 

a�m0AoAm 

* 1 1 a = 1 - -a . .  - -akk " mm 4 J J 4 

However , certa in genet ic values are not i nc l uded in the vector of 
genet i c values to be pred i cted . For example , maternal genetic 
values of some an imals ( s i res and an imals with no progeny ) are not 
cons i dered in ( 5 . 3 ) . For such cases , �i is a scalar and is given 

* 2 by add oAo · If the genet ic values of one or both parents are not 
included , aj j and/or akk are assumed to be zero . The poss ible 
express ions for � i are outl i ned below : 

( 1 ) u .  e ud i ; both parents o f i are unknown _ 1  

( 2 )  u ! - 1  ( udi ' umi ) ; both parents of i are unknown 

Q i has the form g i ven i n  ( 5 . 8 )  wi th 
* * * add = adm = amm = 1 

( 3 )  �i = udi ; d i rect genet ic value of one parent ( udj ) 

is i ncluded 

ad*d = 1 -
la . . 
4 J J 

( 4 )  �i  = ( udi ' umi ) ;  dam ' s direct and maternal genet ic 
values are i nc luded 



( 5 )  �i = udi ; direct genet ic values of both parents are 
included 

( 6 )  �i = ( udi ' umi ) ;  d irect gene t i c values of both parents 
and the maternal genetic value of the dam are included 

1 -
la . .  - la 4 J J  4 kk 

( 7 )  �i ( udi ' umi ) ;  d irect and maternal gene t ic values 

of both parents are included 

* 
a mm 
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The above express ions for �i involve the diagonal values of 
the relat ionsh ip matr i x .  Quaas ( 1 975 , 1 98 4 )  demonstrated how these 
can be computed us i ng only two vectors of length n .  This method 
wh i ch i s  outl ined i n Chapter 3 can be used t o  obta i n  the d i ag o n a l  

elements of the relat ionsh i p matr ix . 

where 

Denote Di 1 as 

- 1 o .  - 1  

if U ·  - 1  
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Then g-1 can be computed us ing simple modif i cations of the methods 
used in Henderson ( 1 975b , 1 976 ) and Quaas ( 1 975 , 1 984 ) for inver t i ng 
the numerator relat ionship matr i x .  

5 . 2 . 2 . Generat i ng G- 1 

Step 1 

Step 2 

Init ially , let 

G- 1 -1 D . 

De termine contr ibut i ons to g- 1 by proceed i ng through the 
l ist of an imals ordered so that the parents precede 
progeny . There will be no further contr ibut ions from 

the "base" an imals . The contr ibut ions from the other 
an imals are g iven below for different poss ib i l i t i es .  

I n  what follows g;� . g;� and g�� refer to the elements 
of 9- 1  correspond ing to the direct genet i c value of i 
and the di rect genet i c value of j ,  the direct genet i c 

value of i and the maternal genet i c value of j and the 
maternal genet i c value of i and the maternal genet i c 
value of j , respect ively . 

( 1 )  �i = udi ; direct genet ic value of one parent is 
i ncluded 

subtract . 5d;; from g;� and g�; 

add . 25d;; to g�� 

( 2 )  �i & udi : direct genet ic values of both parents 
( udj and udk ) are inc luded 

i 1  ij ik . . k . subtrac t . 5d00 from g00 , g00 , g�� and g0� 



add . 25d�� to g�� . g�� . g�� and g�� 

( 3 )  u !  = ( ud . u . ) · d i rect gene t i c value of the sire - 1  1 '  ffi 1  ' 
is inc l uded 

subtract i i  from g ij and gj i . 5doo 00 00 

subtract i i  from gki and g ik • 5dorn om rno 

add 2 i i  . 5doo to g
kk 
00 

( 4 )  �i = ( udi ' urni ) ;  direct and maternal genet i c values 

of the darn are i ncluded 

subtract i i  from g ij and gj i . 5doo 00 00 

subtract 1 1  from ij j i  g ij and gj i . 5dorn gem • gem • rno mo 

subtract i i  from g ij and gj i  . 5dmrn mm mm 

add i i to gj j . 25d00 00 

add i i  to g j j  and j j  . 25d0m orn gmo 

add . 25d� to gjj mm 

( 5 )  u ! = ( ud i ' urni ) ;  d irect and maternal gene t ic values of the _1 
darn and the direct genet ic value of the s ire are inc luded 

subtract i i  from ij j i  g ik and gk i . 5doo goo • goo • 00 00 

. i from ij j i  ij j i  gki g ik subtract • 5d�rn gem • gem • grno ' gmo • cm and rno 

subtract . 5d� from g� and gj i  mm 
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( 6 ) u ! : - 1  
both 

add i i  to j j j k gkj and gkk . 25d00 goo • goo • 00 00 

add i i to gjj and gjj . 25d0rn orn rno 

add i i to gjj . 25drnrn mm 

( ud i ' urni ) ;  direct and maternal genet ic values of 
parents are i ncluded 

sub tract i i . 5doo from 
ij goo • 

sub tract i i  • 5dorn from 
ij gorn ' 

and gk i rno 

sub tract . 5d� from g ij mm '  

add i i  . 25d00 to 
jj goo • 

jk goo • 

add H . 25dum to 
jj gorn • 

jj grno ' 

add . 25d� to gjj mm '  g
j k 
mm '  

j i g ik goo • 00 

ij grno ' 
ik gorn ' 

gj i mm '  g� 

and gk i 00 

ik gmo • 
j i gorn • 

and gki mm 

gkj 00 and g
kk 
00 

jk gorn • 
j k grno • 

kj gom • 
kj grno • 

gkj mm and g
kk 
mm 

j i gki grno ' orn 

gkk orn and g
kk 
rno 
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Howev e r , cer t a i n  cond i t i o n s  hav e  t o b e  sa t i s f i ed in order t o  
- 1  gene r a t e  the exac t 9 , by usi ng th i s  method . The s e  cond i t ions 

are : 

( 1 ) I f the maternal genetic value of an animal is included , then 
the d i rect gene t i c value of that animal should also be 

included . For instance , if the maternal genet ic value of an 
unident if i ed darn is i ncluded , then the d irect gene t i c value 
of the dam should also be included , although this would not 
be considered in the select ion process . 

( 2 ) I f direct and maternal genet i c values of the darn are 
included , then both genet ic values of the sire should also 
be included . 



When add i t ional genetic values are i ncluded , the vectors �d ' �m 
and the matri ces �dd ' �dm and �mm in ( 5 . 4 )  should be al tered 
appropr iately . 
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Examples to demonstrate how the inverse of G is generated and 

to il lustrate why certa i n cond i t ions have to be sat isf ied by the 
vector of genet ic values to be pred icted are given in Appendix 4 .  

5 . 3 .  The inverse of the var iance-covar iance matrix of the 
resi dual effec ts 

In add i t ion to G- 1 , the inverse of the matrix R ( as defined 
in ( 5 . 3 ) ) is requi red to form BLUP equat ions . In th is sect ion , an 

express ion f?r R- 1 will be der i ved . An ind iv idual record of y in 
( 5 . 3 )  can also be wr i tten as 

where 
udij is the direct genet ic effect of the j th offspr ing 
of the ith dam ; 

um i i s the ma t e r na l  genet i c effec t of the dam i 

influenc ing the phenotype of her offspring ; and 

e ij is the comb ined residual effect of the j th offspr i ng 
of dam i .  

( 5 . 9 )  

From ( 5 . 2 ) the comb ined res idual effect can be wr i tten as 

* where ei is the res idual effect common to full-sibs and the * . maternal half-sibs of dam i and eij 1s the residual effect 
pecul iar to the j th offspr i ng of i th dam. Then it follows that 
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o�m + o�0 i f i= i ' and j =k 

i f i= i ' and j ,.k ( 5 . 1 0 )  

0 

Therefore it is conven ient to compute �- 1 , by wr i t i ng the vector e 
as 

where �i for i = 1 , . . . .  , n0 is an n i x 1 vector ( ni is the number of 

offspr i ng of the i th dam) , wh ich i s g iven by 

e !  - 1  ( e i 1 • · · • • e ij • · · • • e i n . ) 1 

and e0 is the vector of comb ined residual effects of animals with 
unident if ied dams and the animals with no full-sibs or maternal 
half-s ibs . The above arrangement means that the elements of �i 
are the comb i ned residual effects of the offspr ing of the i th dam . 
S ince Cov ( ei j ' e i ' k ) = 0 when i ,. i ' , the matr i x R can be wr i t ten as 

R 

where 

� i Var ( � 1 ) .  

2 2 But from ( 5 . 1 0 ) , � i is an n ixni matr ix with aEo + aEm as the 
d iagonal elements and a�m as the off-d iagonal element s . That i s ,  
for i -= 1 , . . •  , n0 



where :1 is the ident i ty matr ix of order n i and �i is the n ixni 
mat r i x of " 1 " s .  Then it follows that 

where 

and 

for i = 1 , . . .  , n0 . Also , 

- 1 !:! 1· al . + b . J . - - 1 1 - 1  

2 a = 1 I oEo 

- 1 
�0 

Therefore R-1 can be obtained as 

n 
R- 1 \0 + - 1 L R . • 

i=O - 1 

5 . 4 .  A mult iple-tra it set t ing 
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Suppose that there are n related an i mals each with records on 
q tra i ts whose direct genet ic values and the maternal genetic 

values of the ir dams for the q tra its are to be pred icted . Let 
the vector of genetic values be wr i t ten as 

u • .. ( u ' , u ' ) -d -m 

where �d is the qnx1 vector of d irect gene t ic values and �m is the 
qn0x1 vector of maternal genet i c values of the dams of the n 
animals . Then the var i ance-covar iance matr i x of � can be wr i tten 
as 



where 

and 

G [ 9dd 
9ctm 

Suppose � is ordered by the dams within tra i t s . That is 
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where �mi is the qx1 vector of maternal genet ic values of the q 
traits of the ith dam . Simi larly �d can be ordered by dams with in 
tra i ts which l eads to 

where �d i is the qn ix1 vector of the direct genet ic values of the 

q traits of the ni offspring of the ith dam . Th is means that 

9dd = �dd * �dd 

where Edd i s the qxq var iance-covar iance matr ix o f the direct 
genetic values of the q traits and �dd is the numerator 
relat ionsh i p matr i x of the n animals . The ( p , p ' ) th element of �dd 
is the covar iance between direct genet ic effects of tra i t p and 
direct genet ic effects of trait p ' . Simi larly , 
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9dm .. �dm * �dm 

and 

9mm Lmm * �mm 

where �dm is the matr i x of add i t ive relat ionships between the n 
anima ls and the dams of the n animals and �mm is the numerator 
relat ionsh ip matr i x of the dams of the n animals . The ( p , p ' ) th 
elements of �dm and tmm give the covar iance between direct genet i c 
effects of tra it p and the maternal genet i c effects of tra i t p ' 

and the covariance between ma ternal genet ic effects of tra i t p and 
maternal genet ic effects of tra i t p ' , respect ively . This means 
that G can be expressed as 

G 
'"' [ �dd* �dd 

fctm* �dm 
�dm ] 
�mm · 

( 5 . 1 1 )  

5 . 4 . 1 .  Generating the inverse of the var iance-covar iance matr i x 
o f the genet ic effects 

The inverse of Q can be generated easily by order ing � so 
that the vectors of the genet ic effects of the parents precede the 
vectors of genet i c effects of the progeny . That is 

where � i  is a 2qx1 vector if the maternal genetic values of the q 
trai t s of the i th indiv idual are included , in add i t ion to the 
direct genet i c values of the q trai ts of the i th ind i v idual . I f 
the maternal genet i c values of the q tra i t s are not included , �i 
has q elements . This means 

or 



�i = �di ' 

depend ing on whether the maternal genet ic values of the ith 

ind iv idual have been included or not . 

Let the vector of genet i c values o f the ith ind i v i dual be 
wr it ten as 
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where �j and �k represent the vectors of genetic values of the dam 
and the s i re ,  respect ively . The elements of !i represent the 
Mendel ian sampl ing random var i ab les . Then 

which imp l i es that 

Var ( �1 ) - Var ( u_ 1. ) - lcov ( u1. , uJ� ) - lcov ( u . , u ' ) - lcov ( u . , u 1' )  ;r 2 - - 2 - 1 -k 2 -J -

1 1 1 
+ - V ar ( u . )  + - Co v ( u

J
. , u k' )  - - C ov ( u , u ! ) 4 - J  4 - - 2 - k  - 1 

1 1 
+ -Cov ( uk , uJ� )  + -Var ( uk ) .  4 - - 4 -

Suppose d irect and maternal genet ic values of q trai t s of the i th 
ind i v i dual are to be pred icted and that direct and maternal 
genet ic values of both parents are included . This means tha t 

u ! .. ( ud' . , u '  . ) -J - J -mJ 



and 

where 

and 

u ' -k 
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�n the above vectors , ud i p and umip are the d irect genet i c value 
of the pth tra it of the i th ind i v i dual and the maternal genet i c 
value of the pth tra i t of the i th ind ividual , respect ively . 
Therefore 

( 5 )  Var ( �j ) 

where 

Cov ( u .  , u! ) = a . . r 
- J - 1  lJ -

"" a . .  I: ;  J J - and 

�dd �dm 

a . k [ J -

Then it follows that 



where 

and 

�i = [ add�dd 
adm�dm 

= 1 - 0 . 25aj j - 0 . 25akk 

adm = amm = 1 - 0 . 25aj j - 0 . 25akk " 

In the case where certa in genet ic values of the parents are 
excluded from the vector of gene t i c values to be pred icted , the 
correspond i ng values of a ' s  are cons i dered to be zero . For 
example , if 

�k = �dk 
then 

<Xmm 1 - 0 . 25aj j 
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Also , if only the direct genet i c values of q tra its of the 

i th individual are to be pred icted and that d irect genetic values 
of j and k are i nc luded � then 

and 

� i = �d i 

u . .. udj -J -

�k .. �dk 



P lO 

wh ich impl i es that 

D .  - 1 ( 5 . 1 2 )  

Let the matr i x  Q be par t i t ioned accord ing to the n 
ind iv idua l s . Then the ( i , j ) th block of � gi ves the covar i ance 
between �i and �j · Suppose �i and �j cons i s t of d irect gene t i c 

values only . Then G · . i s a qxq matr i x and can also be denoted as - lJ 
Q ij ( d , d ) . I f �i cons i sts of d ir ect and· maternal genet ic values 
and �j cons ists of d irect gene t i c values only , �ij is a 2qxq 
matrix whi ch can be further part i t ioned as 

G . .  = [ G . .  ( d , d ) ] - l J - l J 

G . .  ( m , d ) . - l J 

I f  �i  and �j cons i s t  of both d ir ect and maternal genet ic v a l ues , 

�ij is a 2qx2q matr i x  which can be denoted as 

G . . = - l J G . . ( d , d ) - l J 

G l  . ( d , m) - l J G . . ( m , m ) - lJ 

Let g- 1 be part i t ioned accord ing to G . Then G- 1  i s generated 
as follows . 

Step 1 

Step 2 

Let Pi i  = D- l f 11 i 1 
_ - i  or a • , • . •  , n  

Add contr i but ions to �- 1 by proceeding through the 
l ist of animals ordered so that the parents precede 
the progeny . The " base" an imals do not make further 
contr ibut ions . 
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( 1 )  d irect genet i c values only ; d i rect genetic values of onl y one 
parent are included 

subtract 0 . 5�dd from g
ij ( d , d ) and gj i ( d , d ) 

add 0 . 25�dd to Q
jj ( d , d ) 

( 2 )  d irect genet ic values only ; d irect genetic values of both 
parents are included 

subtract 0 . 5�dd from g
ij ( d , d ) , gj i ( d , d ) , gik ( d , d ) and 

gk i ( d , d ) 

add 0 . 25�dd to Q
jj ( d , d ) , gj k ( d , d ) , gkj ( d , d ) and 

gkk ( d , d ) 

( 3 )  d irect and maternal genetic values ; d ir ect and maternal 
genetic values of the dam are included 

subtract 0 . 5�dd from g
ij ( d , d )  and Qj i ( d, d ) 

subtract 0 . 5 �dm from g
ij ( d , m ) and gj i ( d , m) 

subtract 0 . 5�dm from g
ij ( m , d ) and gj i ( m , d ) 

subtract 0 . 5�mm from g
1j ( m , m ) and gj i ( m , m) 

add 0 . 25�dd to Q
j j ( d , d ) 

add 0 . 25�dm to Q
jj ( d , m) 

add 0 . 25�dm to Q
j j ( m , d )  

add 0 . 25 �mm t o Q
j j ( m , m) 



( 4 )  d irect and maternal genet ic values ; d irect and maternal 
genet ic values of the dam and the direct genet ic values 
of the sire are included 

subtract 0 . 5�dd from g
1J ( d , d ) , gJ 1 ( d , d ) , g1k ( d , d ) 

and gk i ( d , d ) 

subtract o . 5�dm from g
ij ( d , m) , gj i ( d , m) , and gik ( d , m ) 

subtract 0 . 5�d.m from g
i j ( m , d ) , gJ 1 ( m , d )  and Gk 1 ( m , d ) 

subtract 0 . 5�mm to _g
i j ( m , m ) and gJ i c m , m) 

add 0 . 25�dd to g
jj ( d , d ) , gJ k ( d , d ) , gkj ( d , d ) and 

gkk ( d , d ) 

add 0 .  25 �dm to g
jj ( d ,  m) 

add 0 . 25�dm to g
jj ( m , d )  

add 0 . 25�mm to gJ
j ( m , m) 

( 5 )  d i r ec t  a n d  maternal  g e ne t i c v a l u e s ; d ir ec t  and m a t e r n a l  

gene t i c va l ues of both parents are i nc l uded 

subtract 0 . 5�dd from g
1J ( d , d ) , gj i ( d , d ) , gik ( d , d ) 

and gk i ( d , d ) 

subtract 0 . 5 �dm from g
ij ( d , m ) , gJ 1 ( d , m) , gik ( d , m) 

and gk 1 ( d ,  m) 

subtract 0 . 5�dm from g
iJ ( m , d ) , gJ i ( m , d ) , gik ( m , d ) 

and gk 1 ( m , d ) 

subtract 0 . 5 �mm from g
1J ( m , m) , gJ 1 ( m , m) , g1k ( m , m) 
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. . ' k k ' kk add 0 . 25 fdd to 9
J J ( d , d ) ,  9J ( d , d ) , 9 J ( d , d ) and 9 ( d , d ) 

. . ' k k ' kk add 0 . 25 fdm to 9
J J ( d , m ) , 9J ( d , m ) , 9 J ( d , m ) and 9 ( d , m) 

. . ' k k '  kk add 0 . 25 fmm to 9
J J ( m , m) ,  9J ( m , m) , 9 J ( m , m) and 9 ( m , m ) 

As in the uni-tra it case , the exact G- 1 i s obta ined when 
s imilar requirements are imposed on the structure of genet ic 
effec ts to be pred icted . In add it ion d irect genet ic values of all 
tra its on all an imals and the maternal genet ic values of al l 
tra its of the dams of the animals should be pred icted . When 

add it ional gene t ic values are inc luded , the matr ix in ( 5 . 1 1 ) 
should be altered appropr iately . An example to il lustrate the 
inversion of Q for a mult iple-tra i t sett ing is given in Appendi x  
5 .  

5 . 4 . 2 .  Invert ing the variance-covar iance matr i x of the 

residual effects 

Let the vector of comb ined res idual effects be ordered by 
dams , so that 

where �i ( i a 1 , . • •  , n0 ) is the qn ix 1 vector of the re�idual 
effects of the q trai ts of the ni offspr ing of the i th dam and �0 
is the vector of comb ined residual effects of the anima ls with 
uni dent i f i ed dams and the animals with no full-sibs and maternal 
half-sibs . Let these elements be ordered by animal w i th in tra i t s , 
which means that 
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Then each :ij i s a vector of q elements , where the pth element i s 

the comb ined res idual effect of tra i t p of the jth offspri ng of 
the i th dam . That i s 

* 

* * 
e ij p = e ij p + e ip 

where e i j p is the residual effect unique to the j th offspring of * 
the dam i and e i p is the res idual effect common to the pth tra i t 
of the offspr ing of dam i . Th i s means that 

where rPP ' and rPP ' were defined in Chapter 4 .  Then it follows oo mm 
tha t , for i = 1 , . . •  , n0 

Cov ( e  . .  , e . k ) - 1 J - 1 

�d 

�m 

0 

+ �m if i= i ' and j =k 

i f i = i �  and j .. k 

if i .. i ' 

pp ' where �d and � m  are qxq matr i c es , the ( p , p ' ) th e lements being r00 
pp ' 

and rmm , respect ively . Therefore , for i = 1 , . . .  , n0 

and 

R .  - 1 

where � i is the ident ity matr i x  of order n 1 and � i i s the n ixn1 
matr ix of " 1 " s .  The var iance-covar iance matrix of :o i s given by 

�0 I . * Rd ' - 1 -



Then i t follows that 

where 

In the above express i on 

and 

s .  - 1  

A - 1 
�d 
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for i =O 

for i = 1 , • • •  , n0 



6 . 1 .  Sheep 

CHAPTER 6 .  A STUDY OF MATERNAL EFFECTS 

IN WEANING WEIGHTS OF SHEEP AND SWINE 
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Wean ing we ights ( kg) of 2 1 74 Romney lambs born between 1 97 1  
and 1 98 1 were analyzed . The data used were obta ined from a 
random-bred exper imental flock ma inta ined at Massey Univers i ty , 
Palmerston North , New Zealand . 

Observat ions on parents and offspr ing are requ ired to obta in 
est imates of var iance components by the method descr ibed in 
Chapter 4 .  However , the data used were not from an exper iment 
espec ially desi gned to carry out such an analysi s .  Therefore the 
following procedure was adopted for obta in ing data su i tabl e for 
analys i s : 
( 1 ) All sires wi th records , which were born between 1 97 1  and 

1 98 1  were i nc luded . The number of s ires was equ ivalent to 
the number of fami l ies . 

( 2 )  The records of all dams whi ch produced offspring wi th records 

were included , thereby complet ing informat ion on all famil i es . 
Animals wi th no records wer e de le ted . 

I t was assumed that the s i res and the dams were unrelated so 
that the famil ies and the parents wi th in the famil ies became 

independent . The vector of f ixed effects for the model incl uded a 
general mean , 1 1  year-of-b irth effects , 2 sex effects , 3 bir th and 
rear ing rank effects , 4 age-of-dam effects and a regress ion 
coeff ic ient assoc ia ted wi th the age in days at weaning . Let ,  

a , = general mean ; 
a2 a , 2 = year of b ir th e ffects ( 1 97 1  - 1 98 1 ) ;  

s 1 3 - a 1 4 effects of sex ( ewe , ram ) ; 
effects of b ir th and rear ing rank ( single , 
tw in reared as s ingle and twin ,  respect i vely ) ; 
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s 1 8 - s2 1 = effects of age of dam ( 2  years - 5 years ) ;  
s2 2 regress ion coeff ic ient assoc iated with the age at 

weaning ( in days ) . 

The var iance components of the mode l ,  em ( m=1 , . . .  , 5 ) ,  were 
defined in Chapter 4 .  The phenotyp ic var iance , and the 
covar iances between the relat ives , �h ( h= 1 , . . .  , 5 ) ,  which are 
funct ions of the e ' s  were also defined in Chap ter 4 .  

A constra ined max imizat i on of the l ikel ihood funct ion was 
carried out to obta in solut ions for the f ixed effects and 
est ima tes of the var iance components . Us i ng init ial values for 
the var iance components ( �0 ) , the equat ions given in ( 4 . 7 ) were 

,.. 

solved to find � · The algor i thm in Sect ion 4 . 2 . 4 .  was used to 
generate the equat ions . Subst itut ing these solut ions for � ·  the 
l ikel ihood funct ion was maxim ized subj ect to the constra ints 

( i )  e1 , e2 , e4 , e5 ;:: o 
( to avoid negat i ve est imates of var iances ) and 

< i i )  e1 e2 - e� ;:: o 
( to ensure that the est imate of the genetic 
correlat ion between d irect and maternal effects 
l i es with in the range of - 1 and + 1 ) 

The algor i thm g i ven in sect ion 4 . 2 . 6 .  was used to generate -F 
wher e -F was minimized subj ect to the above constraints 
( m inimiz ing -F is equ ivalent to max imiz ing the l ikel ihood 
funct ion ) . 

Rout ine E04UAF of NAG FORTRAN l ibrary [Numer ica l Algor i thms 
Group ( 1 983 ) ]  was used to m inimize -F subject to the above 
constra ints . This rout ine is intended for func t ions and 
constra ints whi ch have cont inous f i rst and second der ivat ives . 

However , it is not required to generate the der i vat ives . The 
comput ing rout i ne uses a· sequential augmented Lagrang ian method , 



the minimi zat ion sub-problems involved be i ng solved by a 
Quasi-Newton method . 
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The solut ions to the ML equat ions correspond ing to the f ixed 
effec ts and est imates of var iance components were ob ta ined 

alternately , unt il convergence occured . The solut ions for the 
f i xed effects and ML est imates of var iance components are given in 
Table 6 . 1  and Table 6 . 2 ,  respect ively . The solut ion values for 
8 1 2 • 8 1 4 , 8 1 7 and 82 1 were set to zero . 



Table 6 . 1  : ML solut ions for fixed effects 
result ing from a constra ined opt imizat ion 

us ing wean ing we ights of Romney lambs ( kg) 

Round 2 3 4 5 

general mean 
0 1 0 . 2678 1 0 . 3068 1 0 . 3077 1 0 . 3077 1 0 . 3080 e1 

year-of-birth 
0 e2 - 3 . 0860 -3 . 1 25 1 -3 . 1 26 4 -3 . 1 26 2 -3 . 1 27 1 

e3 - 1 . 2 1 9 4 - 1 . 2669 - 1 . 2680 - 1 . 2678 -1 . 2686 
0 - o . 7797 -0 . 8223 -0 . 82 3 4 -0 . 8232 -0 . 8240 e4 
., 
e5 -0 . 6 1 4 3 -0 . 6726 -0 . 6 7 40 -0 . 67 37 -0 . 6 7 47 

e6 -0 . 54 69 -0 . 6093 -0 . 6 1 05 . -0 . 6 1 02 -0 . 6 1 1 2  
e -0 . 4 3 1 3 -0 . 4 620 -0 . 4 627 -0 . 4625 -0 . 4 632 e7 
0 
ea 1 • 5950 1 . 6087 1 . 6089 1 • 609 1 1 .  6087 

e9 -0 . 490 1 -0 . 5006 -0 . 5006 -0 . 5004 -0 . 5009 
0 e1 o -2 . 8993 - 2 . 9 1 78 -2 . 9 1 80 -2 . 9 1 78 -2 . 9 1 8 3 

0 -0 . 7 487 -0 . 7 668 -0 . 7 669 -0 . 7 670 e1 1  
sex 

Cl e 1 3  -3 . 6 472 - 3 . 6 1 04 - 3 . 6095 -3 .  6098 -3 . 6088 

b ir t h and rear ing rank 
0 e 1 5  4 . 1 9 4 1 4 . 2023 4 . 2020 4 . 2020 4 . 20 1 9 

Cl 2 . 207 1 2 . 2236 2 . 223 1 2 . 2230 2 . 2229 e 1 6  
age of dam 

() - 1 . 2055 - 1 . 1 9 49 - 1 . 1 9 47 - 1 • 1 9 48 - 1 . 1 9 4 6 e1 8  
0 0 . 2090 0 .  21 21 0 . 2 1 22 0 . 2 1 22 0 . 2 1 2 3 e1 9  
OD B2o -0 . 0 1 57 -0 . 0 1 4 4 

ase at wean ins 
6 

0 . 1 58 3 B22 0 . 1 577 

1 49 

6 

1 0 . 3082 

- 3 . 1 2 70 

-0 . 82 3 9 

-0 . 67 46 
-0 . 6 1 1 1  
-0 . 4 63 1 
1 .  6090 

-0 . 5006 

-2 . 9 1 8 1 

- 3 . 60 9 1 

4 . 20 1 8 
2 . 2228 

- 1 . 1 9 47 



Tab le 6 . 2  : ML est imates of var iance components 
result ing from a constra ined opt imization using 

wean ing we ights of Romney lambs ( kg2 ) 

Round 2 3 4 5 

e1 2 . 5375 2. 54 47 2 . 5448 2 . 5498 2 .  55 1 6  
A 

62 6 .  397 1 6 . 4 209 6 . 4 1 79 6 . 4 306 6 . 4376 
A 

�3 -2 . 0320 -2 . 0 4 66 -2 . 0 4 53 - 2 . 05 1 7  -2 . 0553 

64 0 
A 65 6 . 1 439 6 . 1 1  48 6 .  1 1  44 6. 1 1  03 6 .  1 060 
A 2 1 3 . 0464 1 3 . 03 1 9 1 3 . 03 1 8 1 3 . 0 4 2 1 1 3 . 0400 op 

1 50 

From 6 1 , 62 and 63 , the gene t ic correlation between d irect and 
maternal effects can be est imated ( -0 . 507 ) .  The fract ion of the 
select ion d i fferent ial real ized i f select ion i s on phenotyp i c 
values [D i c kerson ( 1 9 47 ) ] ,  

i s 0 . 206 . The l a r ge- samp l e  var i ance-covar i ance mat r i ces of the 
ve c t or s  of e s t i ma te s  for � and � were ob ta ined using the 
express ions g iven in Sect ion 4 . 7 .  The standard errors of the ML 

est imates of � and 6 are g iven in Tab les 6 . 3  and 6 . 4 ,  
respect ively . 



Table 6 . 3 : Standard errors of the ML 

solut ions for the fixed effect s 

factor solut ion + st d .  error 

general mean 

10 . 3082  + 0 . 8160  

year-of-birth 

80 
2 -3 . 1270 + 0 . 7320  

80 
3 -0 . 2686 + 0 . 5129  

80 
4 -0 . 8239  + 0 . 5409 

8
0 
5 -0 . 6 746 + 0 . 4709 

80 
6 -0 . 6 1 1 1  + 0 . 4802 

80 
7 -0 . 4631  + 0 . 4243 

80 
8 1 .  6090 + 0 .  4336 

80 
9 -0 . 5006 + 0 . 4429 

0 81o -2 . 9181  + 0 . 4 523 

0 81 1  -0 . 7670 + 0 . 5082 
sex 

8�3 -3 . 6091 + 0 . 1818 
birth and rearing rank 

age 

age 

8�5 4 . 2018 + 0 . 1958 

2 . 2228  + 0 . 4383 

-1 . 1 947  + 0 . 2285 

0 . 2123  + 0 . 2238 

-0 . 0144 + 0 . 2238 

0 . 1577  + 0 . 0093 

1 5 1  

N Q0
2 -

- -----
82 -81 2  d h d d · h d ote : � an t e st • error quote 1s t e st • error 

of that contrast . 



Table 6 . 4  : Standard errors of ML est i mates 
for the var iance components 

var iance component est imate ! std . error 

d irect add it ive ly 
gene t ic var iance 

maternal add it i ve ly 
gene t i c var iance 

covar iance between 
d irect and maternal 
genet ic effects 

var iance of the 
res idual effects common 
to a l i t ter 

var iance of the 
res idua l effects unique 
to the ind iv iduals 

2 . 55 1 6  ! 0 . 48 9 6  

6 . 4 37 6 ! 5 . 7 0 7 0  

-2 . 0553 ! 2 . 4 758 

0 . 0 :! 3 . 5 5 7 6  

6 . 1 0 60 :t 0 . 8 9 9 9  

1 52 

Ch ' ang and Rae ( 1 97 2 )  est imated the genet ic correlat ion 
between hogget characters and maternal envi ronment by us i ng 
dam-offspring covar iance components . In add i t ion , they est imated 
the fract ion of the contr ibut ion from maternal sources to 
dam-offspring covar iance ( Mi ) ,  which is a funct ion of the maternal 

genet ic var i ance and the covar iance between d irect and maternal 
genet ic effec t s . S ince ind iv idual est imates of the maternal 
gene t ic var iance and the covar iance between d irect and maternal 
genetic effects were not ava i l able from Ch ' ang and Rae ( 1 972 ) ,  the 

est imates for Mi wi l l  be compared , where 
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The source of data for the study of Ch ' ang and Rae ( 1 972 ) i s the 
same as that for th is study . However , the ir data was obta ined in 
the per iod 1 955 - 1 96 5 .  A compari son of some estimates from 

Ch ' ang and Rae ( 1 97 2 )  and th is study is g iven in Table 6 . 5 . The 

est imate of the standard dev iat ion was obta ined from Ch ' ang and 
Rae ( 1 970 ) .  



Table 6 . 5  : A compar i son of est imates obta ined from 
this s tudy and that of Ch ' ang and Rae ( 1 97 0 , 1 972 ) 

Est imate of Ch ' ang and Rae th is 

( 1 970 , 1 97 2 ) 

standard dev iat ion ( eP ) 

her i tab il ity ( h2 = 
"2 " 2 oAo/ op ) 

genet ic corre lat ion between 
direct and maternal effects 

Mi , a funct ion of the amount 
of contr ibut ion from maternal 
sources to dam-offspr i ng 
covar iance 

7 . 7 

0 . 30 

-0 . 76 

-0 . 1 34 

study 

7 . 9  

0 . 20 

-0 . 5 1  

0 . 0 1 

1 5 4 

The magn i tudes of the her i tab i l i ty and the gene t i c 

correlat ion are lower than those for the study of Ch ' ang and Rae 
( 1 97 2 ) . The d i f ference be tween the est imates of the standard 
dev iat ion is negl ig ible . There is a considerable d i f ference 

between the est imates of M i . Ch ' ang and Rae ( 1 9 6 1 , 1 970 ) stud ied 
the effects of type of b i r th and rear ing , age-of-dam , 
year-of-b ir th , sex and age at wean ing , on weaning weights of 
sheep . Table 6 . 6  presents a compar i son of the est imates obta ined 
in both stud ies . 
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Table 6 . 6  : A compar ison of the est imates ( kg) of effec ts 
of b irth and type of rear i ng ,  age of dam , sex and age at 

wean ing on wean ing we ight of Romney sheep 

Ch ' ang and Rae Thi s 

1 96 1 1 970 study 

flock A flock B flock c 

1 9 48- 1 9 54 1 955 1 956 

age of dam 
5-year-old - 2-year-old 2 .  1 6  1 . 8 6 1 .  9 4 2 . 0  1 .  20 
5-year-old - 3-year-old 0 . 90 0 . 00 0 . 38 - o . 2 1 
5-year-old - 4-year-old 0 . 1 5 1 .  1 0  -0 . 1 0  0 .  01 

type of b irth and rear ing 
s ingle - twin 4 . 65 4 . 54 4 . 24 4 . 2  4 . 20 

single - twin reared as 3 . 04 1 . 99 2 . 9  1 . 98 

single 

sex of lamb 
ram - ewe 2 .  1 9  2 . 99 3 . 6 1  

l inear regr ess ion on age 0 . 1 3  0 . 08 0 . 1 2  0 .  1 6  

of lamb at wean ing 

,.. 

mean - si 1 0 . 96 1 4 . 47 1 0 . 3 1 

In Table 6 . 6 ,  S i s the regression coeffic ient on age of lamb at 
wean ing and i i s the average age at weaning . 

Jury , Johnson and C larke ( 1 979 ) obta ined adj ustment factors 
for environmental sources of var iat ion for wean ing we ights of 
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Romney lambs using 1 2  commercia l flocks part ic ipat ing in the 
Nat ional Flock Record ing Scheme ( Sheeplan) of New Zealand . 
Adjustment factors were est imated for b irth-rear ing rank , sex , 
age-of-dam and age at wean i ng .  Newman , Wickham , Rae and Anderson 

( 1 98 3 ) obtained least squares est imates for the factors affect ing 
wean ing we ights of lambs . Table 6 . 7 compares the adj ustment 
factors obta ined by Jury et al ( 1 97 9 ) , the adjustment factors used 

by the Sheeplan , the adjustment factors obta ined by Newman et al 
( 1 98 3 ) and the adjustment factors ob ta ined in th is study . 



Table 6 . 7  : Adj ustment factors for 
Romney lamb wean i ng we ight ( kg ) 

Bir th and dam age 
rear ing rank 

SS-TS SS-TT 4-2 4-3 4-5 
source 

flock 2 . 3  4 . 3  1 . 3 0 . 2  1 . 0 

flock 2 1 . 4 4 . 1  1 . 1 0 . 2  0 . 5 

flock 3 2 . 1  4 . 6 0 . 1 0 . 3  0 . 2  
floc k 4 1 . 8 4 . 2  1 . 4 0 . 1  -0 . 5  

flock 5 1 . 6 4 . 3  0 . 4  0 . 2  0 . 0 

flock 6 1 . 8 3 . 9  1 . 6 0 . 3  -0 . 2  

Jury et al flock 1 1 . 9 4 . 4 0 . 9  0 . 3  0 .  1 

( 1 97 9 ) floc k 8 1 . 9 3 . 8  1 . 3  0 . 4  -0 . 4  

flock 9 2 . 0 4 . 2  1 . 5 0 . 4  -0 . 1  
flock 1 0  2 . 0  3 . 1 1 . 0 0 . 0  -0 . 2  

flock 1 1  1 . 9 4 . 7 1 . 6 0 . 6  -0 . 4  

floc k 1 2 2 . 7  4 . 6  2 . 2  0 . 2  -0 . 2  

aver age 2 . 0 4 . 2 1 . 3 0 . 3 -0 . 2  

Sheeplan 3 . 2  4 . 5 2 . 3  0 . 9  0 . 0  

Newman et al flock D 1 . 4 3 . 6  0 . 5  0 . 0  
1 98 3 flock E 1 . 9 3 . 9  -0 . 4  - 1 . 0  

Th is study 2 . 0 4 . 2 1 • 2 -0 . 2  0 . 0 
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sex age at 
wean ing 

M-F 

2 . 5  0 . 2 1  
1 . 6 0 . 1 6  
2 . 9  0 .  1 5  
1 . 9 0 .  1 3  
2 . 2  0 .  1 8  
1 . 7 0 . 1 7  

2 .  1 0 .  1 7  
1 . 9 0 . 20 
1 . 9 0 .  1 8  
2 . 3 0 .  1 4 
2 .  1 0 . 1 2  
2 . 2  0 . 20 

2 .  1 0 .  1 1  

1 . 8 0 . 1 4  

1 . 6  0 .  1 6  
1 . 3 0 . 1 8  

3 . 6 0 . 1 6  

In Table 6 . 7 , SS , TS and TT refer to s ingl e , twin reared as s ingle 
and twin , respect i vely . 



r 
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Adj ustment factors obta ined i n th is study for b ir th-rear ing 
rank , dam age and age at wean i ng where a maternal eff�cts model is 
assumed are almost ident ical to the average adj ustment factors 

obta ined by Jury et a l ( 1 979 ) . However , there is a large 
d ifference in the est imated adj ustment factors for sex . The 
adjustment factors obta ined by Newman et al ( 1 983) are also 
simi lar to the adjustment factors obta ined in th is study with the 
except ion of the adj ustment for sex . The est imate of the 
adjustment factor obta ined for sex by Jury et al ( 1 979 ) ,  by Newman 
et al ( 1 983 ) and that used by Sheeplan are similar . 

6 . 2 . Sw ine 

Weaning we ights ( 8-week we ights in lb ) of 1 035 Yorksh ire or 
Large Wh ite p igs born between 1 964 and 1 97 1 were stud ied . The 
data used were obta ined from the Anima l Husbandry Department of 
West of Scot land Agr icul tural College , Auch incruive , Scotland . 
The fami l ies were formed as in Sect ion 6 . 1 . ,  to enab le use of the 
me thod of est imat ion descr ibed in Chapter 4 .  As be fore it was 
assumed that the sires and the dams were unrelated . 

The vector of f ixed effects of the model included a general 

mean , 2 sex effects , 8 year-of-b irth effects , 7 par ity-of- the-dam 
effec ts and a regr ess ion coe ff ic ient assoc iated wi th the l i tter 
s i z e . Let 

61 = genera l mean ; 
62 , 63 = effects of sex ( ma le and female respect i vely ) ; 

64 - 6 1 1  = effects of year ( 1 964 to 1 97 1  respect ively ) ; 
6 1 2 - 6 1 5  c effects of season ( spring - winter ) ;  

6 1 6  - 622 - e ffects of the par i ty of the dam ( 1 -7 ) ;  and 
623 = regression coeff i c ient assoc iated with the l i tter s i z e . 

In it ially , an analys is of var iance was carr ied out using the 
Generali zed L inear Mode ls comput ing programme REG [G i lmour 
( 1 983 ) ] .  The a im was to obtain in i t ial values for some of the 
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parame ter s .  The l inear equat ions and the nonl inear equat ions 
deve loped in Chapter 4 were solved alterna tely unt i l the solut ions 
converged . No restr ict ions were imposed on the solut ions . 
Rout ine C05NAF of NAG FORTRAN l ibrary [Numer ical Algor i thms Group 
( 1 98 1 ) ] was used to solve the nonl inear equat ions , the solut ions 
to these be ing the est imates of var iance components .  The 

algor ithm used in C05NAF is a comb inat ion of Newton-Raphson and 
steepest descent methods in such a way as to give a steady 
progress and a fast rate of ult imate convergence . I n the latest 
NAG FORTRAN l ibrary ( mark 1 0 ) , C05NAF is r eplaced by C05NBF , wh ich 
is a read ily ava ilable rout ine for solv ing a system of nonl inear 
equat ions by a mod if icat ion of the Powel l  hybr id method . 

By using S0 ( est imates obta ined using REG ) a set of est imates 
of the var iance components were obta ined in round 1 .  Several sets 
of init ial values of � had to be attempted before a solut ion to 
the nonl inear equat ions was obta ined in the in itial round of 
i terat ions . In the subsequent rounds of est imat ing var iance 
components the solut ion from the prev ious round was used as the 

init ial value of � · Tables 6 . 8  and 6 . 9  present the results 
obta ined from the unconstra ined opt im izat ion of the l ike l ihood 
funct ion . The solut ion values for 83 , 8 1 1 , 8 1 5  and 822 were set 
to zero . 



Round 

61 A 

1 

Table 6 . 8  : ML est imates of var iance components 
result ing from an unconstra ined opt imizat ion 

using 8-week we ights of Yorksh ire pigs ( lb2 ) 

2 3 4 5 6 

6 . 0936 1 0 . 02 48 1 0 . 3964 1 0 . 35 1 2 1 0 . 2784 1 0 . 2276 

62 52 . 2220 88 . 1 778 96 . 08 4 4 97 . 4 392 97 . 6044 97 . 5854 
A 

1 60 

7 

1 0 . 1 956 
97 . 5502 

�3 -24 . 75 1 6  -39 . 032 4 -42 . 3280 - 42 . 8596 -42 . 9008 -42 . 87 5 2 -42 . 8 496 
64 - 1 8 . 32 1 0 -41 . 3268 -45 . 9529 -46 . 7 47 3 - 46 . 846 1 -46 . 8 363 - 46 . 8 1 64 

65 32 . 1 1 90 29 . 03 3 9 28 . 8054 28 . 8 1 78 28 . 8665 28 . 8 935 28 . 9 1 05 
A2 op 47 . 3620 46 . 8773 47 . 0053 47 . 00 1 3 47 . 002 4 46 . 9950 46 . 99 03 

Table 6 . 8  cont inued 

Round 8 9 1 0  1 1  1 2  1 3  1 4  

61 1 0 . 1 768 1 0 . 1 652 1 0 . 1 5 88 1 0 . 1 5 48 1 0 . 1 5 24 1 0 . 1 508 1 0 . 1 5oo 

62 97 . 5262 97 . 5096 97 . 50 2 4 97 . 4960 97 . 4932 97 . 4 906 97 . 489 4 
A �3 - 42 . 8332 -47 . 8224 - 42 . 8 1 7 2 -42 . 8 1 32 - 42 . 8 1 1 2  -42 . 8096 - 42 . 8088 
64 -4 6 . 8029 -47 . 7 933 -46 . 7 89 3 -46 . 7 857 - 46 . 784 1 -46 . 7 825 - 46 . 7 8 1 9 
A 

65 2 8 . 9 206 28 . 9 267 28 . 9 30 1 28 . 9 323 28 . 9336 28 . 9 3 4 3 28 . 9348 

;� 4 6 . 9875 46 . 9 858 46 . 9848 46 . 9 842 46 . 9839 46 . 9836 46 . 9 8 35 

J 
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Tab le 6 . 9  : ML solut ions for the equat ions correspond ing 
to the f i x ed effects result ing from an unconstra ined 
op t imizat ion us ing 8-week we ights of Yorksh ire p igs 

Round 2 3 4 5 6 7 

general mean 
0 33 . 5004 131 33 . 2370 33 . 2389 33 . 2501 33 . 2576 33 . 262 1 33 . 26 4 7 

s e x  
13� 0 . 6 237 0 . 5560 0 . 5500 0 . 5476 0 . 54 65 0 . 5458 0 . 5455 
year-of-b irth 

• 
134 1 2 . 29 42 1 1 . 6 8 46 1 1 . 54 1 0 1 1  . 4977 1 1 . 4801 1 1 . 47 1 3 1 1 . 4 664 

0 
1 0 . 4952 9 . 994 1 135 1 0 . 07 1 7 9 . 9685 9 . 957 1 9 . 95 1 0  9 . 9 476 

• 7 . 95 1 2 8 . 07 45 8 . 0050 7 . 9672 7 . 9 465 7 . 9 3 4 6 7 . 9277 136 
D 4 . 7064 4 . 8253 4 .  7790 4 . 7500 4 .  7 333 4 .  7 237 4 .  7 1 80 137 
0 
138 2 . 1 3 1 5  2 . 2 1 99 2 . 1 698 2 . 1 422 2 . 1 272 2. 1 1 86 2 . 1 1  36 

13g 3 . 9527 3 . 97 9 4 3 . 9 490 3 . 9284 3 . 9 1 6 2 3 . 9090 3 . 9047 
0 -0 . 8762 -0 . 8 1 35 -0 . 8 366 -0 . 85 1 7  -0 . 8603 -0 . 8653 -0 . 8682 13 1 0  
season-of-b irth 

0 13 1 2 0 . 00 1 2  -0 . 0590 -0 . 08 1 5  -0 . 0896 -0 . 0933 -0 . 0953 -0 . 0964 

13; 3 -0 . 5943 -0 . 6 237 -0 . 6467 -0 . 6 535 -0 . 656 1 -0 . 6 574 -0 . 6 58 1 

13� 4 -2 . 5728 -2 . 6656 - 2 . 6859 - 2 . 6900 - 2 . 6 9 1 1 -2 . 6 9 1 5 - 2 . 6 9 1 7 
par ity of the dam 

0 131 6 - 1 . 4 69 4 -1 . 4 1  32 - 1 . 37 37 -1 . 3648 - 1 . 3622 -1 . 36 1 2  - 1 . 3607 
, 
8 1 7  1 . 9579 1 . 7 866 1 . 8 1 5 4 1 . 8260 1 .  8 306 1 .  8 330 1 . 8 34 3 

0 13 1 8  3 . 2428 3 . 2396 3 . 2759 3 . 2871 3 . 29 1 8  3 .  29 42 3 . 2956 
0 13 1 9 - 1 . 1 8 47 - 1 . 1 89 1  - 1 . 1 4 1 6  - 1 . 1 2 49 -1 • 1 1  75 - 1 . 1 1 36 - 1 . 1 1 1 4  
0 
820 - 1 . 6 1 5 3 - 1 . 67 45 - 1 . 6549 - 1 . 6 48 1 -1 . 6 45 1 -1 . 6 4 36 - 1 . 6426 

• 132 1  1 .  7852 1 .  9323 1 . 9 6 4 4 1 .  97 35 1 . 9770 1 .  9786 1 .  9796 
l i tter s i ze 

a23 -o . 5553 -0 . 5 299 -0 . 5275 -0 . 5271 -0 . 5270 -0 . 5269 
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Table 6 . 9  cont i nued 

Round 8 9 1 0  1 1  1 2  1 3  

0 3 3 . 2663 33 . 2673 33 . 2678 33 . 268 1 33 . 2683 33 . 2685 s , 
ff2 0 . 5452 0 .  54 51 0 . 5450 

f4 1 1 . 4 635 1 1 . 4 6 1 9  1 1 . 4 609 1 1 . 4 603 1 1 . 4599 1 1 . 4 597 1 1 . 4596 
s5 9 . 9 456 9 . 9 4 44 9 . 9 437 9 . 9 432 9 . 9 430 9 . 9 429 9 . 9 42 8 
s6 7 . 9236 7 . 9 2 1 2 7 . 9 1 97 7 . 9 1 8 9 7 . 9 1 8 4 7 . 9 1 8 1 7 .  9 1 7 9 
s7 4 . 7 1 47 4 . 7 1 27 4 .  7 1 1 5  4 . 7 1 08 4 . 7 1 04 4 . 7 1 0 1 4 . 7 1 00 
s8 2 .  1 1 07 2 . 1 089 2 . 1 07 9 2 . 1 073 2 .  1 069 2 . 1 067 2 . 1 0 6 6 

Sg 3 . 9022 3 . 9007 3 . 8999 3 . 8993 3 . 8990 3 . 8988 3 . 8987 
() 
81 0  -0 . 86 99 -0 . 8709 -0 . 87 1 5 -0 . 87 1 9  - 0 . 872 1 -0 . 8722 -0 . 8723 
s; 2 - 0 . 097 1 -0 . 0975 -0 . 0977 -0 . 0978 - 0 . 0979 - 0 . 0980 
s; 3 - o .  6585 -0 . 6 588 -0 . 6589 -0 . 6590 -0 . 659 1 
s; 4 -2 . 6 9 1 8 -2 . 6 9 1 8  -2 . 6 9 1 9 
s1 6 - 1 . 360 4 -1 . 3 603 -1 . 3602 -1 . 3601 

0 
81 7  1 . 835 1 1 .  8 355 1 .  8 358 1 .  8 360 1 .  8 361 

0 s 1 8  3 . 2964 3 . 2 96 9 3 .  297 2  3 .  297 4 3 . 2975 
s; 9 - 1 . 1 1 02 -1 . 1 09 4 - 1 • 1 089 - 1 . 1 087 - 1 . 1 085 -1 . 1 08 4 

0 
820 -1 . 6420 - 1 . 6 4 1 7 - 1 . 64 1 5 - 1 . 64 1 4 - 1 . 6 4 1 4 - 1 . 64 1 3 

0 
82 1 1 . 9801 1 . 9804 1 . 9806 1 .  9807 1 . 9808 

0 
823 

The ML est i mate of the res idual var iance common to full-sibs 
and maternal hal f-sibs is negat ive ( see Table 6 . 8 ) .  The negat ive 
est i ma te can be accepted as ev idence that the parame ter is zero 
wh ich results in a truncat ion . If th is happens , the l i ke l ihood is 
not max imized unless adjustments are made to other est i mates . 

Also , these esti mates result in a genet i c correlat ion between 
direct and maternal effect s , wh ich l ies outs ide the range -1 and 

+ 1 ( -1 . 3609 ) .  The most unacceptable result is the est imate of the 
maternal genet ic var iance , which is approx imately twice as large 
as the est imate of the phenotyp ic var iance . 
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Thi s problem was overcome by maxim iz i ng the l ikel ihood 
funct ion subject to the constraints given in Sect ion 6 . 1 . 

( rout ine E04UAF of NAG FORTRAN l ibrary was used ) . The ML 
est imates of the var iance components and the ML solut ions for the 

f ixed effec ts are g i ven in Tables 6 . 1 0  and 6 . 1 1 ,  respect ively . 

Tab le 6 . 1 0  : ML est imates of the var iance components 
result ing from a constra ined opt im izat ion ( lb2 ) 

us ing 8-week we i ghts of York shire pigs 

Round 2 3 4 

61 6 . 93 6 4 6 . 7764 6 . 77 35 6 .  77 36 
A 
62 20 . 59 1 3  2 1 . 0065 2 1 . 097 1 2 1 . 0972 
A 
�3 -1 1 . 95 1 2  - 1 1 . 9 3 1 0 -1 1 . 95 4 1 - 1 1 . 9542 
64 0 . 0959 0 
A 
65 31 . 7059 30 . 66 97 30 . 6558 30 . 6558 
A2 op 47 . 37 85 46 . 52 1 6 46 . 5723 46 . 5724 



Tab le 6 . 1 1 : ML solut ions to the equat ions corr espond ing 
to the fixed e ffects result ing from a constrained 

opt imizat ion using 8-week we ights of Yorksh ir e  pigs 

Round 2 3 4 

�eneral mean 
0 
8 1 33 . 37 90 33 . 3060 33 . 29860 33 . 2986 1  
sex 

., 
82 0 . 6025 0 . 60 1 3 0 . 60 1 1 5  
year-of-b ir th 

0 1 2 . 6070 1 2 . 6 1 9 3 1 2 . 62026 84 
'l 5 1 0 . 4 539 1 0 . 4 878 1 0 . 49 1 06 1 0 . 4 9 1 05 

86 8 . 1 983 8 . 23 1 6 8 . 23 405 

s? 4 . 82 30 4 . 8578 4 . 86059 

8s 2 . 3556 2 . 3859 2 . 38838 

8g 3 .  9242 3 . 9365 3 . 9 369 1 3 . 9 3692 
6 
81 0  -0 . 7860 -0 . 7568 -0 . 75 408 -0 . 75409 
season-of-b ir th 

0 
81 2 0 . 09 1 7  0 . 0902 0 . 08986 

0 
8 1 3  -0 . 4 648 -0 . 48 3 1 -0 . 485 1 0 -0 . 48509 

8i 4 -2 . 4 422 -2 . 4 8 1 6  -2 . 48587 -2 . 48586 
par i ty of the dam 

0 
81 6 -1 . 7 1 60 -1 . 6 6 33 - 1 . 657 7 3  - 1  . 6 5774 

8i 7 1 .  6 4 1 7 1 . 6 688 1 . 6 7 1 75 1 . 67 1 74 
0 
81 8  3 . 0290 3 . 1 1 1 0 3 . 1 2004 3 .  1 2002 

0 
8, 9 - 1 . 49 1 6 - 1 . 4 496 - 1 . 4 4 479 - 1 . 4 4 480 

82o - 1 . 7 979 - 1 . 75 67 - 1 . 7 5 2 1 8 - 1 . 752 1 9 
0 
82 1 1 . 6 6 1 9 1 . 6 5 62 1 . 65 4 42 
l it ter size 

0 
823 -0 . 5 4 43 -0 . 5528 -0 . 55265 

1 64 
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The est imate of the var iance attr ibutab le to the res idual 
effects which are common to full-sibs and maternal hal f-s ibs is 
zero . The materna l genet ic var iance is about three t i mes as large 
as the d ir ect gene t i c var iance . The genet ic correlat ion between 
the direct and the maternal genet ic effects is - 1 . 0 wh ich imp l i es 
tha t there is a very strong antagonism between d irect and maternal 

genetic effec ts . The fract ion of the select ion different ial 

rea l ized ,  if select ion is on phenotypic values is 0 . 01 3 .  

Ah lschwede and Rob i son ( 1 9 7 1 a ) est imated the gene t i c and 
env ironmental var iances and covar iances relevant to b ir th we ight , 
56-day we igh t , 1 4 0-day we ight and back fat of swine ( Duroc and 
Yorksh ire breeds ) .  They est ima ted the var iance components by 
equat i ng the theoret ical compos it ions to the covar iances between 
relat ives , where the covar iances between relat ives were est imated 
us ing analysis of var iance procedures . In Table 6 . 1 2 ,  the 
est imates they obta ined for the 8-week we ights ( in kg) of 
Yorksh ire p igs are compared wi th the ML est imates of the var iance 
components obta ined in th is s tudy . 



Table 6 . 1 2 - A compar i son of three sets of var iance 
components ( kg2 ) for 8-week we ights of Yorksh ire pigs 

est imate of Ahlschwede and ML est imates 
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Rob ison ( 1 97 1 a ) constra ined unconstra ined 

phenotypic var iance 1 3 .  573 9 . 7073 9 . 6224 

d irect add i t ively -0 . 766 2 . 097 1 1 . 3995 
genet i c var iance 

maternal add i t ively -0 . 8 43 20 . 1 42 4 4 . 3589 
genet ic var iance 

covar iance between direct 0 . 8 1 6 -8 . 8 448 -2 . 4 699 
and maternal add i t ively 

genet i c var iance 

var iance of residua l effects 4 .  6 31 -9 . 6657 0 
common to a l i t ter 

var iance of residual effects 9 .  7 36 5 . 9783 6 . 3338 
un ique to ind iv idua ls 

The est imates for the phenotyp ic var iance , d irect add it ively 
genet ic var iance and the var iance of the residual effects unique 
to the ind iv iduals obta ined from the unconstra ined and constra ined 
max imizat ion of the l ikel ihood funct ion are similar . I n fact , the 
d ifferences between the est ima t es for the phenotyp ic var iance and 
the var iance of the res idual e ffects unique to the indiv iduals are 
very sma l l .  However , the est i ma tes obta ined by Ahlschwede and 

Rob ison ( 1 97 1 a ) and the est imates obtained in th is study vary 
greatly . They obta ined negative genet ic var iances for d irect and 
maternal genet ic effects and a pos i t ive , but small , est imate for 
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the covariance between direct and maternal genetic effects which 
is contrary to the ML est ima tes obta ined in this s tudy ,  for the 
same tra i t ( 8-week we ight of Yorksh ir e p igs ) . 
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CHAPTER 7 .  DISCUSSION 

Desp i te the comput ing d i ff iculties often encountered when 
using max imum l i kel ihood procedures , the max imum l i kel ihood 

approach for est imat ing var iance components has many advantages . 
The most common method of es t imat ing maternal vari ance and 
covar iance components has been equat ing covar iances between 
relat ives to the ir expected compos i t ions where the covar iances 
between relat ives are est imated using analysis of var iance 
procedures . However , the es t imates obta ined in th is method do not 
always l i e w i th in the parame ter space [ see Ahlschwede and Rob ison 
( 1 97 1 a ) ] .  Therefore one of the advantages that max imum l ikel ihood 
methods have over other methods for est imat ing var iance components 
is the ab il ity to impose constraints on the solut ions obta ined . 

However , max imizat ion of the l ikel ihood funct ion without i mpos i ng 

constra ints and truncat ing the solut ions to certain bounds if 
required ( truncat ing to zero if negat ive est imates of var iances 
are obta ined ) , is not recommended since the likel ihood is not 
max imized unless adjustments are made to the other est ima tes . 

The est ima t ion of var iance components by max imum l ikel ihood 
methods involves the numer ica l solut ion to a constra ined nonl inear 
opt imizat ion prob lem . Although th is has been difficult and 
somet imes not feasible in the past , the ava ilab i l i ty of increased 

comput ing power and technology , means that these methods are 
becoming more appl icable .  The use of max imum l ikel ihood methods 
is also becoming eas ier wi th the development of effect ive 
comput ing algor i thms for nonl inear opt im izat ion problems . Hart l ey 
and Rao ( 1 967 ) establ i shed large sample optima l ity propert ies of 
maximum l ikel ihood est imators and commented tha t these propert ies 
should prov ide j ust if icat ion for add i t ional comput ing t ime 
necessary ( i f any ) . I n the case of animal breed i ng where large 
sample sizes are usual ly involved , even the less sophist icated 

methods could consume cons iderable amounts of comput i ng t ime . 
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Max imum l ikel ihood est imates are der ived under the assump t ion 
of a part icular distr ibut ional form for the observat ion vector , 
usual ly norma l ,  wh i ch is the case in thi s study . Thi s is one of 

the drawbacks of the max imum l i kelihood techn iques . However , 
Harv i l le ( 1 977 ) suggested that the maximum l ikel ihood est imator s 
der i ved on the bas i s of normal i ty assumpt ions may well be su itab le 
even if the form of the d istr ibut ion is unspec i f ied . 

Thompson ( 1 976 ) commented that the max imum likel ihood me thod 
is probably most su i table for balanced data and added tha t ,  when 
the data are unbalanced , the use of full ML methods can be 
computat ional ly not feas ible . Howev er , there are circumstances 
when the spec ial structure of the data can be explo ited . In th is 
t hes i s , a h i ghly-structur ed var iance-covar iance matr ix of t he 

observat ion vector which can be eas i ly inverted was ut i l i zed . In 
fac t ,  exp l i c i t expres ions for the inverse and the determinant of 

the var iance-covari ance matr ix were developed. Therefore no 
i terative comput ing algor i thm was r equired to obta in the 
determinant or the inverse of the var iance-covariance matr i x .  
Thi s reduced the comput i ng t ime required t o evaluate the 
l i kel ihood funct ion and its part ial der ivat ives . 

Genera l express ions for the large-sample var iance-covariance 
matrices for max imum l i kel ihood es t imators exist [ see ( 3 . 7 ) and 
( 3 . 8 ) ] .  However , obta in ing the large-sample var iances us i ng ( 3 . 7 )  
and ( 3 . 8 )  can be computat ionally d ifficult since it involves the 
inverse of the var iance-covar iance matr ix of the observat ion 
vector . This was not a problem in th is study , s ince an expl ic i t 
express ion for the inverse o f the var iance-covar iance mat r i x was 
developed . 

The optimization problem in th is study was carried out us ing 
two procedures for est imat ing var iance component s . The f i r st of 
these solved nonl inear equat ions , which are the f irst der i vat i ves 
w i th respect to var i ance components . The second procedur e was to 
max imize the l i kel ihood funct ion subject to non-negat i v i ty 

- constra ints of certa in funct ions of the var iance component s . The 
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computer t ime requi red for solv ing the nonl inear equat ions 
( unconstra ined ) was less than that for the max imiza t ion prob lem . 

However , generat ing the l ikel ihood funct ion wh ich is essent ial for 
the second procedure , is easier than generat ing the part ial 
der ivat ive wi th respect to the var iance components . One of the 
disadvantages in max imum l ik el ihood solut ions is that one is never 
ent irely sure whether the solut ion is the global max imum of the 
l ik e l ihood . However , the fact that several start ing values had to 
be attempted in both procedures ( constra ined and unconstra ine d ) 
before solut ions were ob ta ined , impl ies tha t the probab i l ity tha t 
the global max imum was ach i eved was h igh . 

Pred ict ing d irect and maternal genet ic va lues of all anima ls 
is a spec ial case of a mult iple-tra i t eva luat ion where breed i ng 
values of all tra its are predicted [ see Quaas and Henderson 

( 1 976 ) ] . There fore ,  invert i ng the var iance-covar iance matr ix of 
d irect and mater nal gene t ic values involves invert ing the 
numerator relat ionsh ip matr ix of the anima ls and a matr ix of order 
two . This means that the number of equat ions pertaining to the 
number of random effects to be pred icted is twice as large as the 
number of anima ls . Also , the maternal genet ic values of the 
uni dent ified anima ls are not pred ic ted by thi s me thod . 

In the case of meat an ima l spec ies , maternal genet ic ab i l ity 

for offspr ing growth is of no importance commerc ial ly . Since the 
total gene t ic effect of an indiv idual is the sum of the d ir ect 
genet ic value and the maternal genet ic value of i ts dam , i t i s 
important t o dist ingu ish the ind iv idual ' s  genet ic ab il ity from the 
maternal ab i l i ty of i ts dam . Then the animals can be selec ted on 
the ir indiv idual genet ic mer i t .  Th is means that the object ive of 

the pred ict ion problem is sat isf ied as wel l as reduc ing the number 
of BLUP equat ions by predict ing the maternal gene t ic values of the 
dams only . In pract ica l appl icat ion s , where large numbers of 
animals are evaluated ,  it is des irable to reduce the number of 
equat ions as possib l e . When the object ive is to select for 
maternal ab il ity or a l inear comb ination of the d irect and 
maternal genet ic values , then the d irect and maternal genet ic 
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values of al l animals have to be pred icted . 

Quaas ( 1 975 , 1 984 ) demonstrated how the inverse of the 
numerator re lat ionsh ip matr ix can be der ived from firs t pr inc iples 
by wr it ing a l i near model for an indiv idual ' s  breeding value in 
terms of its parents breed ing values .  In thi s thes i s , th is me thod 

was mod ified to obtain the inverse of the var iance-covar iance 
matr ix of the d irect genet ic values of all ind iv idua ls of interest 
and the maternal genet ic values of the ir dams . However , 
add it ional genet ic values have to be inc luded in order to generate 

the correct inverse of the var iance-covar iance matrix and these 

were spec if ied in Chapter 5 .  The increment in the number of 
equat ions , caused by the second condit ion ( see also Chapter 5 )  is 
small , s ince there are comparat ive ly few s ires in a ped igree 
compared to the number of an imals . The f irst of these res tr ic ions 
causes the number of equat ions to increase unnecessar i l y , s ince 

the direct genet ic values of the unident if ied dams are not of any 
importance . Th is can be avo ided by exclud i ng the maternal genetic 
values of the unident if ied dams or assuming that the dams with no 
records are unknown . However , such exclus ions cause in a change 
in rank ing of the predictions . 

The proport ion of genet ic var iat ion explained by the direct 
genetic and maternal genet ic effects are cons iderably large for 
8-week we ight of Yorksh ir e pigs and for the wean ing we ight of 

Romney lamb s . This means that substant ial improvement of d irect 
and mater nal genet ic values is poss ible , prov ided there is no 
negat ive correlat ion between d i r ect and maternal genet ic effect s . 

The est imates of these propor t ions are 1 4 . 5 % ,  45 . 3% ,  1 9 . 6 % and 
49 . 4% for d irect genetic effects of 8-week we ight of York sh ire 
pigs , maternal genet ic effects of 8-week we ight of York sh ir e pigs , 
direct genet ic effects of wean i ng we igh ts of Romneys and maternal 
genet ic effects of wean ing we ights of Romneys , respec t i ve ly . The 
est ima te of her i tab i l ity obta i ned by Ch ' ang and Rae ( 1 97 2 )  for 

wean ing we ight of Romneys is 30 .0% . 
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The genet ic correlat ion between d ir ect and maternal gene t ic 
effects is negat ive and large for 8-week we ight of Yorksh ire p igs 
and the weaning we ight of Romney sheep ; the constra ined 
max imizat ion of the l ikel ihood result i ng in the est imates - 1 .0 for 
pig data and -0 . 5 1 for sheep data . This impl ies that simultaneous 
improvement for d irect and maternal genet ic effects is d iff icult 
in both cases , p ig breeders be ing confronted wi th the more severe 

problem. 

The est ima te of the var iance of the res idual effects common 

to a l i tter ( that i s ful l-s ibs and maternal half-s ibs ) is zero in 
both cases . Ahlschwede anp Rob ison ( 1 97 1 a ) obta ined an est ima te 
of 4 . 63 1 ( kg) for the var iance of the env i ronmental effects common 
to a litter for 8-week we ight of Yorksh ire pigs . The est ima tes 

they obta ined for the direct add i t ive genet ic var iance and the 

maternal add i t ive genet ic var iance were -0 . 7 66 and 0 . 843 , 
respect ively . This would have had some influence on the ir 
est imate of the var iance of the env ir onmental effects common to a 
l i tter . 

The analyses of the sheep and pig data show that ,  the me thods 
deve loped in th is thesis for est ima t i ng genet ic parameters for 
mi xed models i nvolv ing maternal e ffects are computat iona l ly 
feas ible . The results ob ta ined were g e n e r a l ly s a t i s f a c t ory . 
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Suppose the i th sire is mated to n dams . Then the matr i x in 

( 4 . 2 1 ) for th is case can be wr i t ten as 

a! 1 1 +b� 1 1 c� 1 2 c� 1 n 

c�21 a!22+b�22 c�2n 
( A  1 ) 

. 

c�n1 c�n2 a!nn+b�nn 

The inverse of the above matr i x has the form 

( A2 )  

wher e �j j  i s  the i dent i t y  ma t r i x  o f  order nj and �j k i s  the nj x n k 
mat r ix of " 1 " s .  

The inverse o f the matr i x given in ( A 1 ) for n � 3 

Mult iply ing the first column of matr ices of ( A2 )  by the 
mat r ix in ( A 1 ) ,  g ives 

( a! , , + b� 1 1 H P! 1 1  + q1 1 � 1 1 ) + cq 1 2� 1 2�21 + 

· · • + cq1 n� 1 n�n1 = ! 1 1 ( A 3 ) 



From ( A3 ) , two equat ions are obta ined , namely , 

and 

The f i rst of these two equat ions g ives 

p 1 / a . 
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0 ( A4 )  

0 ( A5 )  

Then the second equat ion wi th the equat ions from ( A4 )  to ( A5 )  
g ives the fo llow ing se t of equat ions which can be used to f ind q1 j  
( j = 1 , • . .  , m) :  

( a +n, b ) q 1 1  + n2cq 1 2  + 
n , cq 1 1 + ( a+n2b ) q 1 2 + 

+ 
+ 

-b/a 

-cl a 

+ + . . . + ( a+nnb ) q 1 n = -c l a 

subtract ing the j th equat ion from ( A7 )  for j =3 , . • .  , m  g i ves 

Subst i tut ing th is in ( A6 )  and ( A7 ) ,  obta in 

( A6 )  
( A7 ) 

( A8' ) 



and 

where 

( a  + n1 b ) q 1 1  + -b/a 

-c l a 

f ( n) = c ( a+n2b-n2c )  � [n o / ( a+n o b-n o c ) ] . j =3 J J J 

Equat ions ( A9 )  and ( A 1 0 )  g ive 

where 

d 

Then , as shown ear l ier q 1 j ( j =3 , . . .  , m) can be computed us ing 

F inal ly from (A6 )  

q1 1  - [ 2 + c � n ° q 1 ° ] I ( a  +n 1 b) . a j =2 J J 

Mult iply ing the second column of matr ices of ( A2 )  by the 
matr ix in (A 1 ) ,  g ives 

q1 2 < a! 1 1  + b� 1 1 ) � 1 2  + c� 1 2 < P!22 + q22�22 ) + · · · 

+ cq2n�1 n�n2 

cq1 2�2 1 � 1 2 + ( a! 22 + b�22H P!22 + q22�22 ) + · · • 

0 

+ cq2n�2n�n2 = !22 

cq1 2�n1 � 1 2 + c�n2 < P!22 + q22�22 ) + • 
· • · + q2n ( a!nn + b�nn )�n2 • 0 
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( A9 )  

( A 1 0 )  

( A  1 1  ) 

( A 1 2 )  

( A 1 3 )  

From above , the fol lowing set of equat ions with n-1 unknowns is 
obta ined ( p and q1 2  are already known ) :  



( a+n 1 b ) q l 2  + n2cq22 + 
n 1 cq l 2 + ( a+n2b ) q22 + 

+ + • • • 

+ -cl a 

+ -b/a 

+ ( a+n b ) q2 = -c/a n n 
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( A 1 4 )  

( A  1 5 )  

( A 1 6 )  

subtrac t i ng the j th equat ion from ( A l 4 )  for all j =3 , . . .  , m  g ives 

wh ich imp l i es that 

Then from ( A 1 5 )  , 
q22 = - [ g + cn1 q 1 2  + c . � nj q2j ]1 ( a+n2b ) . J =3 

ith step 

Mult iply the ith column of matr ices of ( A2 ) by the ma tr i x in 
( A l ) .  Then the fo l l ow ing set  of equa t ions is obta ined : 

( a+n l b ) q l i+ n2cq2 i  + • .  + n icq i i + . + nncq in 
n 1 cq 1 i + ( a+n2b ) q2 i+ . .  + n icq i i  + . • + nncqin 

+ 

+ + . • + 

= -c/a 

= -c/a 

= -b/a 

(A 1 7 )  

( A 1 8 )  

( A 1 9 )  

( A20 ) 

At this stage there are m-1 + 1 unknowns . subtract ing ( A 1 9 )  from 
( A 1 7 ) ,  g ives 



wh ich imp l i es that 

Then from (A 1 9 )  

( a+n 1 b-n 1 c ) ( a+n2b-n2c )  
( a+n . b-n . c ) ( a+n . b-n . c )

q 1 2  
1 1 J J 

i- 1 p q · · = - [ Q + c I n . q . . + c L n . q . . ] I ( a +n . b ) . 1 1 a j = 1 J J 1  j z:1 + 1 J 1J 1 
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The sequence proceeds unt il the last column i s atta ined . The only 
unknown at this stage is qnn • wh ich is 

The express ions for the inverses of the matr i x g iven in (A 1 ) 
when the number of dams mated to the i th s ire are one and two are 
g iven below for complet ion , a lthough in pract ice i t  i s not 
recommended to use the informat ion from such small fami l ies . 

n = 1 

Then the matr i x reduces to 

and the inverse i s g iven by 

where 
p .. 1 /a 

and 

q1 1  .. -b/ [a( a+n 1 b ) ] .  



n "' 2 

When n =2 , the inverse i s g iven by 

where 

and 

p = 1 /a 

q 1 2 

q l l 

q22 

c /d 

= -

- [ 

[ P ! 1 1 + ql l � l l  

q 1 2� 2 1 

Q + n2cq 1 2 ] / ( a+n 1 b) a 

:0 + n l cq 1 2  ] / ( a+n2b ) . a 

In the express ion for q 1 2 

Therefore ,  the fol lowing algorithm can be proposed to 
generate Ai l l  ( or the values for p and q i j k ( i = l , . . .  , s ;  

j = l , . . .  , n i ; k=j , . . . , n 1 ) .  

Algor ithm for comput ing � i l l  

( l ) p = l /a 

where 
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( a+n i 1 b-n i 1 c ) ( a+n i2b-n i2c )  q ij k = (a+nijb-nij c)(a+n ikb-n ikc) 

for j = 1 ,  • • •  , ni-1 and k=j + 1 ,  • . •  , n i . 

(5 ) If n i'"' 1 ,  

and 

qi 1 1 -b/ [ a ( a+n i 1 b ) ] .  

= -

j - 1 ni 
q i J. J. = - b + c l: n .  k q . k . + c � n .  k q . . k ] I ( a +n . .  b ) a k=1 1 1 J k=J + 1 1 l J 1J 

for j 1 ,  • • •  , n i . 
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APPENDIX 2 

An algor i thm to generate the determ inant of the 
var iance-covar iance matr ix 

From ( 3 .  1 4 )  , 

where 

* * 
Denote Yi by �1 ( t) where i is the value of n i . * 
For example ,  when n i = 1 ,  Yi is g iven by 

* 
� i ( 1 ) = a! i 1 1  + b� i 1 1  · 

* I t  i s well known that the determinant of Vi ( 1 ) is g iven by 

where 
f1 ( n ) 

For n i 2 ,  

From ( 3 . 1 1 ) , 

where 

* 
V .  ( 2 )  "' 
- 1 

a f1 ( n) ( a +n i 1 b ) 

[ a! i 1 1 +b� i 1 1 
c� i2 1 
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( A21 ) 

( A22 ) 



I t was shown ear l ier that 

where 
p 1 /a 

and 

oi 1 1  = - b/ [ a ( a+n i 1 b ) J 

There fore , �i ( 2 )  can be wr i t ten as 

where 

wh ich imp l i es that 

Th is means that 

where 
f2 ( n ) 

For the case n1 = 3 ,  

where 

But ,  
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where 

and 

[ * 
]-1 �i ( 2 )  = [ P! i 1 1 +0 i 1 1 ( 3 ) � i 1 1 

0 i 1 2 ( 3 ) � i2 1 

0 i 1 2 ( 3 ) � i 1 2 ] 
P! i22+0 i22 ( 3 ) � i22 

In the expression for o i 1 2 ( 3 ) , 
2 d i ni 1 n i2c - ( a+n i 1 b ) ( a+n i2b ) . 

Also , �i ( 3 )  can be wr itten in the form 

where 

wh ich means that 

where 
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By follow ing the above procedur e , an algor ithm can be proposed to 
. * 

compute the determ inant of Yi for n i > 3 .  

Algor i thm t o compute I Y i l when n i> 3 ( n i is the number of dams 
mated to the i th sire ) 

Step 1 



Step 2 

r,; i 2 
where 

-b/ [ a ( a+n i 1 b ) ] 

Step 3 

where 

and 
2 6 i22 C 3 ) = - [ b/a + n i 1 c /d i ]/ ( a+n i2b ) 

In the above expr ess ions , 

Step 4 
Calculate l',;f.t for 4 � .t $ n i 

where .t-1 .t-1 
b - pc2 . I  niJ. - c2 I nfJ- 6 iJ· J· ( l) J = 1 j = 1 

� l-2 {- 1  - 2cc: I L. n . . n . k 6 ·  . k ( l ) j = 1  k=j + 1 l J 1 l J 

The express ions for p and 6 ij k ( .t ) • s are t�e same as those in 
( 4 . 22 ) ,  except that t is subst i tuted for n i . 

Step 5 

Then 

where fi ( n) 

1 8 3  
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Since �i22 is g iven by �, : i • where : i is the ident i ty matr i x 
of order n i , 

v i33 is a scalar ( � 1 ) .  Ther efore from ( A21 ) the determinant of � i 
is g iven by 

where 
g i ( n ) 

n . 
I v_ l. I = �g i ( n ) a f i ( n ) rr 1 ( a +n . . c; . . ) 1 j = 1  l J l J 
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An algor i thm for comput ing � i 1 1 for a mult iple-tra i t sett ing 

Step 1 

Step 2 

Step 3 

Step 4 

Step 5 

o .  - 1  

where 

-1 n . 1 n . 2C ( A  + n - 1 8 ) C - ( A  + n - 2B )  - G - ( n ) 1 1 - 1 - - 1 - - 1  

In the above expression 
n i -1 T · -= \ n . . (A + n . .  s - n 1. jC_ ) - 1  j �3 1J - 1 J -

- 1  - 1 ( A  + n .  l B )  CD . 1 - - - 1  

I f n i> 2 , calculate g ij k for j = 1 ,  . . .  , ni and k=j , . . •  , n 1 , 
where 

In the above express ion 
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If n i = 2 ,  

g i 1 1  -[�-
1 � + n i29 i 1 £ ] ( � 

and 

gi22 "' -[�-
1 � + n i 1 g i1 2� ] ( � 

If ni > 2 

[ - 1 j �1 
g .  . . = - A 8 + L n .  kQ ! k . c 1 J J  - - k=1  1 - 1  J 

1 86 

+ n i 1 � ) -1 

+ -1 ni2� ) 
· 
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Append i x 4 

Examples to i l lustrate the invers ion of the var iance-covar iance 

matr ix of d irect and maternal genet ic effects ( s ingle-tra i t) 
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Cons ider the pred igree informat ion of the example considered 

by Slanger ( 1 97 9 )  [ see Table A1 ] . 

Table A1 - Ped igree informat ion of 
the example ( from Slanger ( 1 979 ) 

Ind i v iduals 
with records sire dam 

A unknown p 

8 M p 

c M p 

D unknown Q 
E M R 

F A R 

G A R 

H A E 

I unknown unknown 

He computed the inverse of G where the d irect genet ic values of 
A- I and the maternal genet ic values of P ,  Q , R ,  A, E, G and M and 
the un ident if ied dam of I were inc luded in the vector of gene t ic 
values to be pred i cted . The obj ect ive of thi s study i s to pred ict 
the genet ic values of the indiv iduals A - I ,  free of the maternal 
genet i c values of the ir dams . That i s , in addit ion to the d ir ec t 
genet ic values of A - I ,  we require the maternal gene t ic values of 
P , Q , R ,  E and the unident if ied dam of I ( U ) .  
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I t was exp la ined earl i er ,  that i f the maternal genet ic value 
of any indiv idual is included , then the dir ect gene t ic value of 

this ind iv idual should also be present in the vector of gene t ic 
values to be pred icted, in order to generate the correct Q- 1 . 
Therefore ,  it is required to inc lude the d irect genetic values of 
P ,  Q ,  R and the unident if ied dam of I .  The other opt ion i s to 
�xclude the maternal genet ic values of the unident i f ied dam of I ,  
wh ich leads to b iased resu l t s . Also , s ince the direct and 

maternal genet ic values of the dam and the direct genet ic value of 
the sire of F and G are included , it i s requ ired to include the 
maternal gene t ic value of the sire of F and G .  Th is means that , 
genet ic values wh ich are not present in the model are pred icted 
( the direct genet ic values of P , Q , R  and U and the mater nal genet ic 
value of A ) . Ne ither genet ic value of M is inc luded in the mode l .  
Therefore let u s assume that the sires of B , C and E are unknown . 
The fol lowing examples demonstrate how the inverse of G i s 
generated and also demonstrate why restrict ions have to b e imposed 
on the vector of genetic va lues to be pred icted . The f irst 

example generates the exact G- 1 whereas the second generates an 
approximate to the inverse . 

Example 1 

In add i t ion to the d irect gene tic values of A- I and the 
maternal genet ic values of the ir dams , direct genet ic values of P ,  

Q ,  R and U ( dams with no records ) and the maternal gene t ic value 
of A ( a  s ire ) are inc luded . Arrange the genet ic values so that 

the d irect genetic values of parents precede the d ir ect genetic 
values of the ir progeny . The maternal genet ic value of an 
ind iv idua l ,  if present , wi l l  fol low i t ' s  direct gene t ic value . 
For this example , 

where the subscr ipts d and m refer to direct genet ic values and 
maternal genet ic values ,  respect ive ly . Suppose that the e lements 



of u after they are ordered are numbered as fol lows : 

2 3 4 5 6 7 8 9 1 0  1 1  1 2  1 3  1 4 

pd Pm Qd Qm Rd Rm Ad Am Bd cd Dd Ed Em Fd 

1 5  1 6  1 7  1 8  1 9  

Gd Hd ud urn Id 

It can be noted that all d iagonal e lements of the relat ionsh ip 

matr i x of ind iv iduals P ,  Q , R ,  U and A - I are 1 .  

Computat ion of the inverse of the matri x of the mendel ian 
sampl ing random var iab les 

P ,  Q ,  R and U 

d irect and maternal genet ic values are required ; both 

parents are unknown 

A and E 

[

1 0 8 
-36 

-36 

J 

-1 

1 58 

d irec t and maternal genetic values are required ; dam ' s  
direct and maternal genet ic va lues are included ; s ire i s 

unknown 

B ,  C ,  D and I 

1 
0 . 75 

[ 1 08 
-36 

-36 

J

-1 

1 58 

d irect genet ic values only ; dam ' s  d irect genet ic value i s 
included ; sire i s unknown 
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[0 . 75 x1 08 ] - 1 

F ,  G and H 

d irect genet ic value only ; d irect genet ic values of both 
parents are inc luded 

- 1 �F 

Generat ing the inverse of G 

Denote the ( i , j ) th e lement of G- 1 as Y ( i , j ) .  

Step 1 

In i t ial ly , let G- 1 o-1 . That i s 

parents ind iv idua l 

unknown p Y (  1 , 1 ) 0 . 0 1 0020 

Y ( 1  , 2 )  2 . 283 1 x1 o- 3 

Y ( 2 , 1 ) 2 . 2831 x1 o-3 

Y ( 2 , 2 )  6 . 8 493x1 o- 3 

unknown Q Y ( 3 , 3 )  0 . 0 1 0020 

Y ( 3 , 4 )  2 . 283 1 x1 o-3 

Y ( 4 , 3 ) = 2 . 2831 x1 0-3 

Y ( 4 , 4 ) = 6 . 84 93x1 o- 3 
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unknown 

dam P ,  
s ire unknown 

dam P ,  
s i re unknown 

darn P ,  
sire unknown 

darn Q , 
s ire unknown 

darn R ,  

s ire unknown 

'dam R ,  sire A 

darn R , sire A 

R 

A 

B 

c 

D 

E 

F 

G 

Y ( 5 , 5 ) • 0 .0 1 0020 
Y ( 5 , 6 )  = 2 . 2831 x1 0- 3 

Y ( 6 , 5 ) • 2 . 2831 x1 0- 3 

Y ( 6 , 6 )  = 6 . 8 493x1 0- 3 

Y(7 , 7 )  = 0 . 0 1 3360 
Y ( 7 , 8 )  = 3 . 044 1 x1 o-3 

Y ( 8 , 7 )  = 3 . 04 4 1 x1 o- 3 

Y ( 8 , 8 )  z 9 . 1 324x1 o-3 

Y ( 9 , 9 )  = 0 . 0 1 2346 

Y( 1 0 , 1 0 )  0 . 01 2346 

Y( 1 1 , 1 1 )  = 0 . 0 1 2 3 46 

Y( 1 2 , 1 2 )  u 0 . 0 1 3360 

Y ( 1 2 , 1 3 )  
Y ( 1 3 , 1 2 ) 
Y ( 1 3 , 1 3 )  

3 . 044 1 x1 0-3 

= 3 . 044 1 x1 0-3 

.. 9 . 1 32 4x1 0- 3 

Y( 1 4 , 1 4 ) • 0 . 0 1 85 1 9  

y ( 1 5 • 1 5 ) u 0 . 0 1 85 1 9 
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dam E , sire A H Y ( 1 6 , 1 6 ) = 0 . 0 1 85 1 9  

unknown u Y ( 1 7 , 1 7 ) .. 0 . 0 1 0020 

Y ( 1 7 , 1 8 ) 2 . 2831 x1 o- 3 

Y ( 1 8 , 1 7 )  = 2 .  2831 x1 o-3 

Y ( 1 8 , 1 8 )  6 . 8493 x1 o-3 

dam U ,  I Y ( 1 9 , 1 9 )  = 0 . 0 1 2346 
sire unknown 

Step 2 

( 1 ) A 

No further contr ibut ions to g-1 from the ind iv iduals P ,  

Q ,  R and U . Contribut ions from other indiv iduals are as 

fol lows : 

Y ( 1 , 7 )  • Y ( 7 , 1 ) � -0 . 5x ( 0 . 0 1 360 ) = -6 . 6 8x1 0-
3 

Y ( 1 , 8 )  Y ( 8 , 1 )  = Y (2 , 7 )  = Y (7 , 2 )  

= -0 . 5 x( 3 . 0 4 4 1 x1 0-
3 ) .. -1 . 522 1 x 1 o-

3 

Y( 2 , 8 )  - y (8 , 2 )  . 5x ( 9 . 1 32 4x1 0- 3 ) = - 4 . 5662x1 o-3 

Y ( 1  , 1 ) • 0 . 0 1 0020 + 0 . 25x ( 0 . 0 1 3360 ) = 0 . 01 3360 

Y ( 1  , 2 ) - Y ( 2 , 1 ) - 2 . 2831 x1 o-3 + 0 . 25x ( 3 . 04 4 1 x1 0-3 )  

- 3 . 04 41 x1 o-3 

Y. ( 2 , 2 )  • 6 . 8493x1 0- 3 + 0 . 25x ( 9 . 1 32 4x1 0-3 ) - 9 . 1 324x1 o-3 
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( 2 )  B 

Y ( 1  , 9 )  = Y ( 9 , 1 ) "' -0 . 5x ( 0 . 0 1 23 4 6 ) = -6 . 1 7 3x1 0-
3 

Y ( 1  , 1 ) .. 0 . 0 1 3360 + 0 . 25 x( 0 . 0 1 2346 ) = 0 . 0 1 6 447 

( 3 )  c 
-

Y ( 1 , 1 0 )  = Y ( 1 0 , 1 )  • -0 . 5x ( 0 . 0 1 234 6 ) = - 6 . 1 7 3x1 o-
3 

Y ( 1 , 1 )  = 0 . 0 1 6 4 47 + 0 . 25x( 0 . 0 1 2346 ) = 0 . 0 1 9533 

( 4 )  D 
-

Y ( 3 , 1 1 )  = y (  1 1 , 3 ) • -0 . 5x ( 0 . 0 1 234 6 ) = - 6 . 1 7 3x1 o-
3 

Y ( 3 , 3 )  = 0 . 0 1 0020 + 0 . 25 x( 0 . 0 1 23 4 6 ) = 0 . 0 1 31 07 

( 5 ) E 
-

Y ( 5 , 1 2 ) .. Y( 1 2 , 5 )  "' -0 . 5x ( 0 . 0 1 3360 ) = -6 . 6 8x1 o-3 

Y ( 6 , 1 2 )  Y( 1 2 , 6 )  Y (5 , 1 3 )  = Y( 1 3 , 5 )  

= -0 . 5 x ( 3 . 044 1 x 1 0-3 ) "' - 1 . 5221 x 1 o-
3 

Y ( 6 , 1 3 ) = Y ( 1 3 , 6 )  � -0 . 5x ( 9 . 1 32 4x1 0-3 ) = -4 . 5662x1 0-3 

Y ( 5 , 5 )  = 0 . 0 1 0020 + 0 . 25x ( 0 . 0 1 3360 ) = 0 .0 1 3 360 

Y ( 5 , 6 ) • Y ( 6 , 5 ) • 2 . 28 31 x1 0-1 + 0 . 25 x( 3 . 044 1 x1 0-3 ) 

• 3 . 044 1 x 1 0- 3 

Y ( 6 , 6 )  • 6 . 8 4 93 x1 0- 3 + 0 . 25 x ( 9 . 1 32 4x1 0-3 ) = 9 . 1 32 4x1 o- 3 
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( 6 )  F 
-

Y( 5 , 1 4 )  • Y ( 1 4 , 5 )  .. Y ( 7 , 1 4 ) • Y ( 1 4 , 7 )  

- -0 . 5x ( 0 . 0 1 85 1 9 )  = -9 .  2595x1 o- 3 

Y(5 , 5 ) .. 0 . 0 1 3360 + 0 . 25x( 0 . 0 1 85 1 9 )  - 0 . 0 1 7990 

Y (5 , 7 )  "' Y ( 7 , 5 ) - 0 . 25x ( 0 . 0 1 85 1 9 )  • 4 . 6298x1 0- 3 

Y ( 7 , 7 )  = 0 . 0 1 3360 + 0 . 25x( 0 . 0 1 85 1 9 )  - 0 . 0 1 7990 

(7 ) G 
-

Y (5 , 1 5 )  .. Y ( 1 5 , 5 )  = Y ( 7 , 1 5 )  • Y ( 1 5 , 7 )  

- -0 . 5x ( 0 . 01 85 1 9 )  .. -9 . 2595 x 1 0-
3 

Y ( 5 , 5 ) = 0 . 0 1 7990 + 0 . 25x( 0 . 0 1 85 1 9 )  - 0 . 022620 

Y ( 5 , 7 ) = Y ( 7 , 5 ) = 4 . 6 298x1 0-3 + 0 . 25x( 0 . 0 1 85 1 9 )  = 9 . 2596x1 0-3 

Y ( 7 , 7 )  = 0 . 0 1 7790 + 0 . 25 x( 0 . 0 1 85 1 9 )  .. 0 . 022620 

( 8 )  H 

Y ( 7 , 1 6 )  = Y ( 1 6 , 7 )  .. Y ( 1 2 , 1 6 )  • Y ( 1 6 , 1 2 )  

• -0 . 5 x (0 . 0 1 85 1 9 )  .. -9 . 2595 x1 o-
3 

Y ( 7 , 7 ) - 0 . 02262 + 0 . 25x ( 0 . 0 1 8 5 1 9 )  .. 0 . 027 250 

Y ( 7 , 1 2 ) .. Y ( 1 2 , 7 )  .. 0 . 25x ( 0 . 0 1 85 1 9 )  = 4 . 6298x1 o-3 
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Y ( 1 2 , 1 2 ) a 0 . 0 1 3 360 + 0 . 25x ( 0 . 0 1 85 1 9 ) • 0 . 0 1 7790 

( 9 )  I 

Y ( 1 7 , 1 9 )  = Y ( 1 9 , 1 7 )  a -0 . 5x ( 0 . 0 1 2346 ) = -6 . 1 7 3x1 0-
3 

Y ( 1 7 , 1 7 ) = -0 . 0 1 0020 + 0 . 25x ( 0 . 0 1 2346 ) = 0 . 0 1 3 1 07 

The exact inverse of g generated by this method is g iven in Table 
A2 . 



T ab le A2 - The exact inverse of � for Exam�le 1 

pd p Qd Qm Rd R Ad A Bd cd Dd Ed E m m m m 
---- · 

1 .  9 5 3  . 304 0 0 0 0 - . 6 6 8  - . 1 5 2  - . 6 1 7  - . 6 1 7  0 0 0 
. 9 1 3  0 0 0 0 - . 1 5 2  - . 45 7  0 0 0 0 0 

1 . 31 1  . 2 2 8  0 0 0 0 0 0 - . 6 1 7  0 0 
. 6 8 5  0 0 0 0 0 0 0 0 0 

2 . 2 6 2  . 304 . 9 26 0 0 o - 0 - . 66 8  - . 1 5 2  
. 9 1 3  0 0 0 0 0 - . 1 5 2  - . 45 7  

2 . 7 2 5  • 3 0 4  0 0 0 - . 427 0 
. 9 13 0 0 0 0 0 

1 .  2 3 5  0 0 0 0 
1 .  ?. 3 5  0 0 0 

Symmetric 1. 2 3 5  0 'o 
1 .  799 . 304 

. 9 1 3  

A l l  n umbers in this t ab le are obtained b y  ::Jultiplying the actual numbers b y  100 . 

rd Gd Hd 

0 0 0 
0 0 0 
0 0 0 
0 0 0 

- . 9 26 - . 9 26 0 
0 0 0 

- .  3 2 6  - . 926 - . 9 26 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 - . 9 26 
0 0 0 

1 .  8 5 2  0 0 
1 .  8 5 2  0 

1 . 8 52 

ud urn 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 

1 . 3 1 1  . 2 2 8  
6 8 5  

Id 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

- . 6 1 7  
C· 

1 .  2 3 5  

...... \0 <11 
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Example 2 

D irect genet ic values of the dams with no records are removed 

( Pd , Qd , Rd and Ud ) .  The object ive of thi s part icular select ion 

prob lem is to pred ic t d irect gene t ic values of indiv iduals A - I 
and the maternal genet ic values of the ir dams . There fore the 
d irect gene t ic values of P ,  Q , R and U are not required . As 
be fore the maternal genet i c value of a sire (Am) is inc lude d . 
Then � for thi s example is g iven by 

Following is a demonstrat ion tha t the exclusion of the direct 
genet ic values of P ,  Q , R and U does not result in the exact G- 1 • 
The e lements of Q- 1 generated by th is method and the elements of 
the exact G- 1 are g iven for compar ison. 

Suppose the genet i c values are ordered so that the gene t ic 

values of parents precede the gene t ic values of the progeny , .  For 
this example the order is g iven as fol lows : 

2 3 4 5 6 8 1 0 1 1  1 2  1 3  1 4  1 5  

P ,  Q ,  R and U 

only direct genetic values ; both parents are unknown 

The D matrices for the other indiv iduals are the same as those in 
the prev ious example . 

Step 1 



parents ind iv idual 

unknown p 

unknown Q 

unknown R 

dam P ,  A 
s ire unknown 

dam P ,  B 
sire unknown 

dam P ,  c 

si re unknown 

dam Q , D 
sire unknown 

Y( l  , 1 ) .. 6 . 329 1 x 1 0-3 

Y ( 2 , 2 )  .. 6 . 329 1 x1 o-3 

Y ( 3 , 3 )  .. 6 . 329 1 x 1 o-3 

Y ( 4 , 4 ) .. 0 . 0 1 3360 
Y ( 4 , 5 )  3 . 0 4 4 1 x1 o- 3 

Y ( 5 , 4 )  = 3 . 0 4 4 1 x1 o-3 

Y ( 5 , 5 ) .. 9 . 1 324x1 o-3 

Y ( 6 , 6 )  = 0 . 0 1 2346 

Y ( 7 , 7 )  0 . 0 1 2346 

Y ( 8 , 8 ) 0 . 0 1 2346 
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dam R ,  E 

s ire unknown 

dam R , sire A F 

dam R , sire A G 

dam E , sire A H 

unknown u 

dam U , I 
sire unknown 

Step 2 

Y ( 9 , 9 )  • 0 . 0 1 3360 

Y ( 9 , 1 0 )  - 3 . 0 4 4 1 x1 o-3 

Y ( 1 0 , 9 )  • 3 . 04 4 1 x1 0-3 

Y ( 1 0 , 1 0 ) - 9 . 1 324x1 o-3 

Y ( 1 1 , 1 1 )  • 0 . 0 1 85 1 9  

Y ( 1 2 , 1 2 ) = 0 . 0 1 85 1 9  

Y ( 1 3 , 1 3 ) 0 . 0 1 85 1 9  

Y ( 1 4 , 1 4 )  = 6 . 329 1 x1 o-3 

Y( 1 5 , 1 5 ) = 0 . 0 1 2346 
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As before there i s no further contr ibut ion from P ,  Q , R and U . 

Also , only the direct genet ic va lues of B , C , D  and I whose parents 
come from the "base" populat ion ( P ,  Q , R and U) are inc luded .  
Therefore B ,  C ,  D and I make n o further contr ibut ion t o G-1 • 

A 

Y ( 1 , 4 )  • Y ( 4 , 1 ) .. - 0 . 5x ( 3 . 04 4 1 x1 0- 3 ) • -1 . 522 1 x1 o-3 

Y ( 1  , 5 )  • Y ( 5 , 1 ) • - 0 . 5x ( 9 . 1 324x1 0-3 ) -4 . 5662x1 o-3 



F 

G 

H 

Y ( 1  , 1 )  - 6 . 329 1 x1 o-3 + 0 . 25x( 9 . 1 32 4x1 0-3 ) � 8 . 6 1 22x1 o-3 

Y ( 3 , 9 )  = Y ( 9 , 3 )  = -0 . 5 x ( 3 . 04 4 1 x1 0-3 ) = - 1 . 5221 x1 o-3 

Y ( 3 , 1 0 )  = Y ( 1 0 , 3 )  = -0 . 5x ( 9 . 1 32 4x1 0-3 ) = - 4 . 5662x1 0-3 

Y ( 3 , 3 )  = 6 . 329 1 x1 o-3 + 0 . 25x( 9 . 1 32 4x1 0-3 ) = 8 . 6 1 22x1 o-3 

Y ( 4 , 1 1 )  = Y ( 1 1 , 4 )  -0 . 5x ( 0 . 0 1 85 1 9 )  = - 9 . 2595x1 o-
3 

Y ( 4 , 4 )  = 0 . 0 1 3360 + 0 . 25x( 0 . 0 1 85 1 9 )  0 . 0 1 7990 

Y ( 4 , 1 2 ) = Y ( 1 2 , 4 )  -0 . 5x ( 0 . 0 1 85 1 9 )  - 9 . 2595x1 0-3 

Y ( 4 , 4 )  = 0 . 0 1 7 990 + 0 . 25 x( 0 . 0 1 85 1 9 )  0 . 022620 

Y ( 4 , 1 3 ) = Y ( 1 3 , 4 )  = Y ( 9 , 1 3 )  = Y( 1 3 , 9 ) 

= -0 . 5 x ( 0 . 01 85 1 9 )  = -9 . 2595x 1 o
- 3 

Y ( 4 , 4 )  0 . 022620 + 0 . 25 x( 0 . 0 1 85 1 9 )  = 0 . 027249 

Y ( 4 , 9 )  • Y ( 9 , 4 )  • 0 . 25x( 0 . 0 1 85 1 9 )  • 4 . 6 298x1 o-3 

Y ( 9 , 9 )  • 0 .0 1 3360 + 0 . 25 x( 0 . 0 1 85 1 9 )  • 0 . 0 1 7 990 

Table A3 compares the elements of the exact inverse and the 
approx imate inverse of the var iance-covar iance matr i x . 
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T d!' le A3 - Compari s on of the exact and the approximate � - 1 for Example 2 

p Qm R Ad A Bd cd Dd Ec! -:n t'd Gd Hd u m m m m 

. 86 1 0 c - . 1 5 1  - . 4 5 7  0 0 0 0 0 0 0 0 0 0 

. !l f.6 0 0 - . 0 4 8  - . 4 3 3  . 0 96 . 096 0 0 J 0 0 0 0 0 

. 6 :1 3 0 0 0 0 0 0 0 0 0 0 0 0 0 

. 64 5  0 c 0 0 0 . 10 8  0 0 0 0 0 0 0 

. SE : c 0 0 0 0 - . 1 5 2  - . ll5 7  0 0 0 0 

. 8 7 �  - . 1 2 5  0 0 0 0 - . 06 2  -
. 4 3 6  . 1 2 5  . 1 2 5  0 0 0 

2 .  7 2 5  . 304 0 0 0 . 42 7  0 - . 9 2 6  - . 926 - . 926 0 0 

2 . 1 1 il . 2 5 2  - .  2 1 1  - .  2 1 1  0 . 7 36 . 062 - . 54 7  - . 5 4 7  - . 926 0 0 
. 9 1 3  0 0 0 0 0 0 0 0 0 0 

. 9 0 1  - . 048 - . o " a 0 0 0 0 0 0 0 0 

1 .  2 3 5  0 0 0 J 0 0 0 0 0 

1 . 040 - . 19 5  0 0 0 0 0 0 0 0 

1 . :1 3 5  0 0 0 0 0 0 0 0 

1 .  040 0 0 0 0 0 0 0 0 

1 .  2 35 0 0 0 0 0 0 0 

. 9 44 0 0 0 0 0 0 0 Symr.:e::-ic 1 .  3 3 6  . 304 0 0 - . 926 0 0 

1 . 60 2  . 2 5 9  - . 2 7 3  - .  2 7 3  - . 9 26 0 0 

. 9 1 3  0 0 0 0 0 

. ') 0 3  - . 062 - . 062 0 0 0 

1 .  8 5 2  0 0 0 0 

1 .  473 - . 3 7 9  0 0 0 

1 .  852 0 0 0 

1 .  4 7 3  0 0 0 

1 .  852 0 0 

0 0 

. 6 3 3  0 

. 6 45 . 10 8  

1 . 2 3 5  

. 94 4  

The t o p  l i n e  o f  e ac�. :- :::·" con tains t h e  e lements of approx imate G
- 1 a n d  the bottom line of e a c h  row contains t h e  exact r;

- 1
• 

All numbers in t h i s  t a= le are obtained by multiplying the actual numbers by 100 . 

(\,) 0 f-' 
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APPEND IX 5 

An example to i l lutrate the invers ion of the var iance-covar iance 
matr ix of d irect and maternal genet ic effects ( mult iple-tra i t )  

Consider two tra its ( tra i t 1 and tra i t  2 ) with the fol lowi ng 

var iance-covar i ance matr ices between d irect genetic effects , 
between direct and maternal genetic effects and between maternal 
genet ic effects respect ively : 

�dd .. [ 1 08 
5 6 

Also def ine 

56 ] 
98 

�dm [ -36 
- 1 5  

� 
.. [ �dd 

�dm 

-1 0  ] 
-40 

[ 1 5 8 60 ] 
60 1 00 

tdm ] 
�nun • 

Consider the ind iv iduals A - E w i th the pedigree informa t ion 
g iven in Table A4 . 

Table A4 - Ped igree informat ion of example 3 

ind iv idual 

A 
B 

c 

D 
E 

dam s ire 

unknown unknown 
unknown unknown 

A unknown 
A B 

C B 

Pred ict d irect genet ic values of A - E and the maternal 
genet ic values of the dams of the individuals A - E .  
Thi s i s equ ivalent to pred ict i ng d irect genet ic values of 



A - E and the maternal genet i c values of A , C and the 
unident if ied dam of A (U ) . The d irect genet ic values of U 

and the maternal genet ic values of B have to be included 

in order to generate the exact g-1 • 
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That i s , 

Cd 1 , Cd2 ' Cm1 , Cm2 , Dd1 , Dd2 ' Ed1 , Ed2 ) 

Let 

2 3 4 5 6 7 8 9 1 0 

8d1 8d2 8m1 8m2 ud, ud2 um1 um2 Ad1 Ad2 

1 1  1 2  1 3 1 4 1 5  1 6 1 7  1 8 1 9 20 

Am1 Am2 cd, cd2 cm1 cm2 0dl 0d2 Ed1 Ed2 

The d iagonal elements of the rea lt ionsh i p matr ix of A - E and U 
are 1 .  

Express ions for the D matr ices 

"base" an imals ; d ir ect and maternal genet ic values are to be 
pred ic ted 

. 0 1 5 75 1  - . 0 1 0499  .094648 - . 00541 3 

. 0 1 9292 - . 004005 . 009070 

. 009635 - . 0069 1 8  

. 0 1 7 238 
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d irect and maternal genet ic values ; dam ' s  dir ect and maternal 

genet i c values are included 

.02 1 00 1 - . 0 1 3998 .006 1 97 - . 0072 1 7 
. 025723 - . 005340 .0 1 2093 

. 009635 - . 0069 1 8  

. 022983 

d irect genet ic values only ; d irect genet ic values of both 
parents are inc luded 

- [ . 0263 1 2  - . 0 1 5038 ] 
. 02 9002 

The inverse generated by this me thod is g iven in Tab le A5 . 



Tab l e  AS - The i n verse of � for Example 3 

Bd1 8d2 8n1 8n2 ud1 ud2 un l 
un2 Ad1 Ad2 Am1 Am2 cd1 

2 . 891 - 1 . 80 2  . 1<6 5  - . 51< 1  0 0 0 0 . h 5 8  - . 376 0 0 . 6 5 8  
3 . 379 - . 40 1  • 9·0 1  0 0 0 0 - .  376 . 7 2 5  0 0 - .  3 76 

. 96 1<  - . 69 2  0 0 0 0 0 0 0 0 0 
1 .  724 0 0 0 0 0 0 0 0 0 

2 . 100 - 1 . 400 . 6 20 -. 7 £ ?  - 1 . 0 50 • 700 - .  3 1 0  . 36 1  0 
2 .  5 7 2  - .  5 31< 1 .  20': . 700 - 1 . 2 86 . 26 7  - . 60 5  0 
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