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Abstract

Currently, digital signal processing systems typically assume that the signals are bandlim-
ited. This is due to our knowledge based on the uniform sampling theorem for bandlimited
signals which was established over 50 years ago by the works of Whittaker, Kotel’nikov
and Shannon. However, in practice the digital signals are mostly of finite length. This
kind of signals are not strictly bandlimited. Furthermore, advances in electronics have
led to the use of very wide bandwidth signals and systems, such as Ultra-Wide Band
(UWB) communication systems with signal bandwidths of several giga-hertz. This kind
of signals can effectively be viewed as having infinite bandwidth. Thus there is a need
to extend existing theory and techniques for signals of finite bandwidths to that for

non-bandlimited signals.

Two recent approaches to a more general sampling theory for non-bandlimited sig-
nals have been published. One is for signals with finite rate of innovation. The other
introduced the concept of consistent sampling. It views sampling and reconstruction
as projections of signals onto subspaces spanned by the sampling (acquisition) and re-
construction (synthesis) functions. Consistent sampling is achieved if the same discrete
signal is obtained when the reconstructed continuous signal is sampled. However, it has
been shown that when this generalized theory is applied to the de-interlacing of video
signals, incorrect results are obtained. This is because de-interlacing is essentially a re-
sampling problem rather than a sampling problem because both the input and output are
discrete. While the theory for the resampling for bandlimited signals is well established,

the problem of resampling without bandlimited constraints is largely unexplored.



The aim of this thesis is to develop a resampling theory for non-bandlimited discrete
signals and explore some of its potential applications. The first major contribution is the
the theory and techniques for designing an optimal resampling system for signals in the
general Hilbert Space when noise is not present. The system is optimal in the sense that
the input of the system can always be obtained from the output. The theory is based on
the concept of consistent resampling which means that the same continuous signal will
be obtained when either the original or the resampled discrete signal is presented to the

reconstruction filter.

While comparing the input and output of a sampling/reconstruction system is rela-
tively simple since both are continuous signals, comparing the discrete input and output
of a resampling system is not. The second major contribution of this thesis is the pro-
posal of a metric that allows us to evaluate the performance of a resampling system. The
performance is analyzed in the Fourier domain as well. This performance metric also
provides a way by which different resampling algorithms can be compared effectively. It
therefore facilitates the process of choosing proper resampling schemes for a particular

purpose.

Unfortunately consistent resampling cannot always be achieved if noise is present in
the signal or the system. Based on the performance metric proposed, the third major
contribution of this thesis is the development of procedures for designing resampling
systems in the presence of noise which is optimal in the mean squared error (MSE)
sense. Both discrete and continuous noise are considered. The problem is formulated as

a semi-definite program which can be solved efficiently by existing techniques.

The usefulness and correctness of the consistent resampling theory is demonstrated by
its application to the video de-interlacing problem, image processing, the demodulation of
ultra-wideband communication signals and mobile channel detection. The results show
that the proposed resampling system has many advantages over existing approaches,
including lower computational and time complexities, more accurate prediction of system

performances, as well as robustness against noise.
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Chapter 1

Introduction

1.1 Background and Motivation

Most signals encountered in areas such as telecommunications, medical imaging, radar
and sonar, speech and music are analog (or continuous) in time or space. While there
are some advantages in processing these signals using analog electronics, they are now
increasingly being processed digitally to take advantage of efficient low cost digital proces-
sors and advanced digital signal processing algorithms. In order to do so, analog signals
will need to be converted to digital (discrete) form. This involves sampling and quanti-
zation. After processing the digital signal, some applications require that the resulting
signal be converted back into analog form. This involves interpolation and smoothing.
Figure 1.1 shows the general structure of a digital signal processing (DSP) system that

includes all these processes.

The digital signal that is obtained by sampling a continuous signal must preserve
all the characteristics of the latter. Whittaker, Kotel'nikov and Shannon independently
studied the conditions under which this can be done [2]. For signals that are strictly
bandlimited, it turns out that the sampling rate required to preserve the characteristics of
the continuous signal is greater or equal to twice its bandwidth. This result is summarized
by a theorem which we shall refer to as Shannon’s uniform sampling theorem. It states

that if a signal is uniformly sampled at a rate no less than twice its bandwidth, then the
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) Discrete Discrete
Sampling Signal Digital Signal Interpolation

and Processing and
Quantization Smoothing

Analog

Figure 1.1: A general digital signal processing system.

Analog Discrete Analog
Signal . Signal
. Reconstruction .
Prefilter ) >
. Filter
(Original) (Reconstructed)

Sampler, taking
samples at uniform rate

Figure 1.2: Sampling and reconstruction.

analog signal can be perfectly reconstructed from its samples. Thus the lower bound on
the sampling rate for a strictly bandlimited signal with a bandwidth of W Hz is 2W Hz.
However, if a signal is not strictly bandlimited, then there will be aliasing in its frequency
spectrum and we will not be able to reproduce the analog signal perfectly. Conceptually,
the performance of the sampling process is evaluated by how closely the reconstructed

signal resembles the original signal. Figure 1.2 illustrates this process.

This sampling theorem is of central importance in digital signal processing. Even
though processing may be performed entirely in the digital domain with no explicit
conversion to or from the analog, the sampling rate of the digital signal often needs to
be increased or decreased according to the requirements of a particular processing stage.
To change the sampling rate of a digital signal, a two-step process is involved [3]. First,

the original digital signal is converted, conceptually, to analog form. Then this analog

Discrete Analog Discrete
Signal Signal . ] Signal
Reconstruction Samplmg at -
- different rate
(Original) (Resampled)

Figure 1.3: Block diagram of a sample rate conversion system.
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signal is resampled at a different sampling rate or at different sampling locations. The
allowable resampling rates are governed by Shannon’s uniform sampling theorem. The
block diagram of a sample rate conversion (SRC) system is shown in Figure 1.3. In this
thesis, an SRC system is referred to it as a resampling system which includes cases where

the sampling rate is unchanged but the sampling locations are.

In practice, most signals are not strictly bandlimited. Typically an anti-aliasing
filter, which is an analog low-pass filter, is used to ensure that the signal to be sampled
is sufficiently bandlimited. However, there are situations where the frontend acquisition

filtering is non-ideal [4].

Furthermore, recently there have been proposals to use signals and systems with very
wide bandwidths. An example is Ultra-Wide Band (UWB) communication systems.
UWB radio is a wireless technology for transmitting digital data at high rates over a
very wide frequency spectrum using very low power. The Federal Communications Com-
mission (FCC) of the United States has mandated that UWB radio transmission can
legally operate in the frequency range from 3.1 GHz to 10.6 GHz at a transmit power
of 1 dBm/MHz [5,6]. This kind of signal can effectively be viewed as having infinite
bandwidth. Owing to the wide bandwidth used, the issues involved in transceiver design
for wide band systems are different from those for other narrow band systems. The chal-
lenge of implementing a fully digital UWB receiver is particularly daunting. According
to Shannon’s sampling theorem, the minimum sampling rate for UWB signals would be
21.2 GHz. This sampling rate is way beyond the current analog-to-digital conversion
technologies. Therefore, there is a need to extend existing theories and techniques for

signals with finite bandwidths to that for signals with non-bandlimited responses.

Two approaches to a generalized sampling theory for non-bandlimited signals have
recently been proposed. The first one considers signals with a finite rate of innovation [7].
It is based on the fact that even though many signals are non-bandlimited, such as a
triangular or rectangular signal, nonetheless they only require a finite number of param-

eters per unit time to characterize. In other words, the degree of freedom per unit time
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or the rate of innovation is finite. If these parameters are available, then perfect recon-
struction from the samples is possible. It has been demonstrated through examples that
if this type of signal is uniformly sampled at a rate not less than the rate of innovation,
then perfect reconstruction is possible. For a stream of Pulse-Position Modulated (PPM)
impulses (Diracs), which is similar to those used for UWB impulse radio, it is possible to
obtain good estimates of the position of these pulses using a sampling frequency in the
range of hundreds of mega-hertz instead of over 20 GHz as mentioned earlier. We shall

refer to this approach as innovation sampling.

Mathematically, sampling can be viewed as a projection of the signal onto a subspace
spanned by the reconstruction function [4,8]. If the sampling and reconstruction func-
tions are the classic Dirac — sinc function pair, then it is exactly Shannon’s sampling
theorem. However, this view of sampling and reconstruction admits functions other than
these two functions. If the sampled signal does not belong to the subspace spanned by
the reconstruction function, then it is not possible to perfectly reconstruct the original
analog signal. This is the case for non-bandlimited signals. The concept of consistent
sampling was introduced in [4] for these situations. A signal is consistently sampled
if the reconstructed analog signal, when re-inserted into the sampling process, produces
the same discrete sampled sequence. For arbitrary sampling and reconstruction functions
which are not duals of each other like the Dirac — sinc pair, consistent sampling can
be achieved by optimally projecting the sampled signal onto the reconstruction subspace
the sampled signal by a digital corrected filter. We shall refer to this approach to the

sampling of non-bandlimited signals as generalized sampling or consistent sampling.

These theories should in principle be applicable also to resampling of non-bandlimited
signals since resampling also involves interpolation and sampling, albeit in the reverse
order of sampling and reconstruction. However, in [9], an incorrect result is reported
when the stability theory of generalized sampling is applied to de-interlacing of video
signals. It turns out although the theory is correct, it is not directly applicable to this
application which is essentially a resampling problem. The problem is further illustrated

in Section 2.7. This is because in sampling and reconstruction, both the input and output

4
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are continuous as shown in Figure 1.2. But a resampling system has discrete input
and output as shown in Figure 1.3. Since many DSP applications involve resampling,
this problem motivated us to research into a generalized resampling theory for non-

bandlimited discrete signals.

1.2 Scope and Objectives

The main objective of this research is to develop a generalized resampling theory for
discrete signals without bandlimiting constraints. Our approach resembles the consistent
sampling theory. The concept of consistent resampling shall be defined and its prop-
erties and applicability to a generalized resampling theory shall be investigated. One
of the main issues that need to be tackled is a meaningful performance measure of the
resampling system. The performance of a sampling-reconstruction system can be easily
measured by comparing the original and reconstructed continuous functions. However,
since the both the input and output of a resampling system are discrete and the sam-
pling periods are most likely different, we cannot compare them sample by sample. Both

noiseless and noisy resampling shall be considered.

1.2.1 Assumptions

The continuous and discrete signals we consider in this work are assumed to be in the
Hilbert space H and have finite energy. Mathematically, continuous signals are in the
L? space while discrete signals lie in the space ¢2. These are not overly restrictive as-
sumptions and includes almost all natural signals. For example, sound waves or seismic
signals are of finite duration. Even for signals with infinite spread such as sonar or radar
signal, typically only a finite period is analyzed at a time. Consequently, they can also

be considered as finite energy signals as well.

Only uniform sampling will be considered. The techniques developed could be ex-
tended to non-uniform sampled sequences. The only application to non-uniform sampling

will be the demodulation of UWB impulse radio signals presented in Section 3.4.1.
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The functions for sampling, interpolation and resampling are assumed to be in the
Hilbert space. We only consider those functions that can be implemented as a simple
filter. There are other admissibility constraints that the functions should satisfy in order

that the processes are stable. These constraints will be discussed in Section 2.2.

1.2.2 Objectives

In this thesis, a theory of consistent resampling shall be developed so that discrete signals
can be resampled in an optimal way. It is important that this resampling theory will
overcome the problem of applying sampling theory to a resampling system as pointed
out in [9]. The architecture and implementation of a consistent resampling system shall
be considered for noiseless signals and systems. Cases where either the input signal or
the resampling system is noisy shall also be studied. A performance metric for measuring
the input and output of a resampling quantitatively will need to be proposed and based

on which optimality is measured.

Further, constraints on the resampling rate should also be studied. The minimum
resampling rate above which the input sequence can be reconstructed in relation to
the reconstruction and resampling filters used will need to be established. The rate of

innovation of the signal provides us with a possible solution to this problem.

1.3 Significance

Currently, resampling systems are treated using the theory of sampling system. Referring
to Figure 1.1, however, a resampling system is generally different from a sampling system.
While a sampling system is concerned with how the analog signals can be represented
by digital sequences, a resampling system deals with how a digital sequence can be
represented by another one such that the information carried by the original sequence is

changed as little as possible.
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The work presented in this thesis consider the generalized resampling system whose
input is not necessarily ideally sampled and whose output can be used directly to re-
construct signals even of non-bandlimited response. The consistent resampling theory
presented here overcomes the limitation of applying the generalized sampling theory to
resampling such as de-interlacing as pointed out in [9]. The consistent theory considers
the unique resampling process on its own instead of approximating it by its embedded
sampling process. The theory for noiseless as well as noisy signals are developed so that
it can be applied to a variety of situations. While it is based on some of the concepts
from the generalized or consistent sampling theory, a large part of our resampling theory
is new. This is because in our case both the input and output are discrete signals while

those of a sampling-reconstruction system are continuous.

The application of our consistent resampling theory can be found in many areas such
as sample rate conversion, image resizing, rotation and denoising. Other applications
include de-interlacing, UWB impulse radio signal detection, and channel estimation using
pilot symbol assisted modulation. These examples are considered in subsequent chapters.
The theory can also be applied to spatially scalable video codecs where the upsampling
of a low resolution signal into a high resolution one as well as the reverse process of
downsampling is required [10, 11]. Another potential application is in meteorological
data processing. These data are usually collected at irregularly distributed locations.

For ease of further processing, the data are often resampled to fit a regular grid [12,13].

1.4 Original Contributions

The main original contributions of this thesis are summarized as follows.

e The development of a theory of consistent resampling for non-bandlimited discrete
signals. It is optimal in the sense that the input signals can always be reconstructed

from the output, i.e. the resampling is informationally lossless.

7
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e The development of techniques for designing the correction filter for consistent
resampling systems when noise is not present. The design allows the use of more
general interpolation and resampling functions. The choice of these functions are

decoupled, leading to greatly improved flexibility.

e Our theory leads to consistent results in de-interlacing which are previously not

achievable through the generalized sampling theory as pointed out in [9].

e The development of techniques to demodulate UWB impulse radio signals that is
based on consistent resampling. The Pulse Position Modulated (PPM) signals are
treated as non-uniformly sampled discrete signals. They are resampled according
to the consistent resampling theory such that the positions of the pulses can be

recovered.

e The application of the consistent resampling theory to image resizing and rotation.
It is observed that the details of the image are better preserved than other linear
approaches for the same computational complexity. It demonstrates the advantage
of not having the bandlimited restrictions in processing high frequency components

in the images.

e The proposal of a metric which evaluates the performance of resampling system.
The metric measures the distance between two discrete signals in the frame of re-
sampling and indicates the resampling performance in a Mean Square Error (MSE)
manner. [t provides a way by which different resampling algorithms can be com-

pared directly and effectively.

e The design of procedures for designing resampling systems when noise is present
based on our performance metric. Both discrete and continuous noises are consid-
ered. The system is optimal in the MSE sense such that the maximum error is
minimized. This problem is formulated as a convex optimization problem, which

can be solved efficiently by using existing numerical techniques.
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e The design of the resampling system when noise is present for the channel estima-
tion problem for Pilot Symbol Assisted Modulation (PSAM) digital communication
schemes. It results in a lower Bit Error Rate (BER) for given Signal to Noise Ratio
(SNR) than the optimal Wiener Filter. It shows that the consistent resampling

theory is robust against noise.
e A bound on the rate of innovation for signals in shift invariant spaces is established.

e The minimum resampling rate above which an input sequence can be perfectly re-
constructed from its resampled output for a given pair of interpolation and resam-
pling functions is established. This completes the remaining issue in the consistent

resampling theory.

1.5 Thesis Organization

This rest of this thesis is organized as follows. In Chapter 2, the major results of the
sampling techniques for non-bandlimited signals are reviewed. In particular, the gener-
alized sampling theory proposed in [4] as well as the sampling theory for signals with
finite rate of innovation [7] and their related works are examined in detail. The use of
non-ideal samplers and their dual functions in the sampling system are discussed. The
principle of consistency which leads to optimal sampling results is introduced. Since a
large part of the research reported in this thesis relates to resampling, the conventional

theory and implementation of resampling for bandlimited signals are also reviewed.

In Chapter 3, the theory of consistent resampling for non-bandlimited signals is de-
veloped. The design formula for the correction filter to achieve consistent resampling is
derived. The problem that previously existed when the generalized sampling theory is
applied to de-interlacing discussed in [9] is overcome by the use of our resampling theory.
The effectiveness of this theory is illustrated through two applications. The first one is
the demodulation of UWB impulse radio signals. The second one is image resizing and

rotation.
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A quantitative metric is proposed in Chapter 4 to analyze the performance of the
resampling system. The analysis is carried out in the frequency domain. This metric

enables us to compare different resampling algorithms efficiently and effectively.

In Chapter 5, the metric defined in Chapter 4 is deployed to design resampling systems
when noise is present. The noise may be introduced to the discrete signal as measure-
ment error or to the interpolated continuous signal such as white noise present in the
communication channel. Optimal resampling is achieved when the maximum distance
between the input and output sequence is minimized. The effectiveness of this approach
is illustrated through the examples of image de-noising and Pilot Symbol Assisted De-
modulation (PSAM).

In Chapter 6, we return to the sampling theory for signals with finite rates of innova-
tion. A bound on the rate of innovation for signals in shift invariant spaces is established.
Based on this, the minimum sampling rate for which such signals can be perfectly recon-

structed from the output of a resampling system is established.

Finally, the conclusions are presented in Chapter 7 and a number of possible future

research directions are discussed.
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Chapter 2

Review of Sampling and Resampling
Techniques

In this chapter, existing theories on uniform sampling and resampling for bandlimited and
non-bandlimited signals are reviewed. Sampling refers to the conversion of a continuous
signal into a discrete signal (or sequence). The discrete sequence should be a good
representation of the continuous signal in that the continuous signal can be perfectly
reconstructed from the discrete representation. Resampling refers to the process where
a discrete signal is to be converted to another discrete signal. The two signals should
possess the same characteristics. Resampling is often necessary in digital signal processing

systems where the sampling rate or the sample locations have to be changed.

The focus of this chapter is on (1) the mathematical foundation of sampling and
resampling and (2) techniques for high performance sampling and resampling systems.
The main purpose is to introduce the relevant background and put the work in this thesis

in its context.

11
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2.1 Bandlimited Signals
2.1.1 Shannon’s Sampling Theory

A continuous signal f(x) is integrable if [ f(z)dx < oo. Such a signal has a Fourier

Transform defined by

F(Q) = / F@)e i dy (2.1)

Throughout this thesis we shall use €2 to represent the frequency variable of a continuous

signal. If F/(Q) = 0 for || > €y, then f(x) is bandlimited with a bandwidth of €.

Shannon’s uniform sampling theory states that f(z) can be reconstructed perfectly
from its samples { f[nT] },en which are spaced T' seconds apart provided that the sampling
rate fs = 1/T satisfies fs > Qo/m [14,15]. We shall denote the discrete sequence by fr
with the subscript T indicating the sampling period The samples in the sequence is

denoted by fr[n]. The lower bound /7 of the sampling rate is called the Nyquist Rate.

The continuous signal can be reconstructed from f7 by convolving fr, defined by

fr= Z frn]o(z —nT) nez (2.2)
for all integer n with a properly dilated sinc function where

sinc(zr) = sin(mx)/mx (2.3)
and

| st = 0 (2.4

is the Dirac delta function. This convolution gives us the continuous signal
f(x) = fr=*sinc (%)
1
= /Z frin|o(r — nT)sch(x —7)dx
= Z fr[n]sinc (E - n> (2.5)
~ T

12
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Figure 2.1: The sampling and reconstruction system.

where * denotes the linear convolution operation. If the sampling rate is at least as high

as the Nyquist rate, f(x) = f(z) and the reconstruction is said to be perfect.

If the sampling rate is lower than the Nyquist rate, aliasing occurs and perfect re-
construction is no longer possible. In practice, the continuous signal is usually low-pass
filtered before sampling to avoid aliasing. A typical sampling system with an anti-aliasing
prefilter is shown in Figure 2.1. The reconstruction filter is also a low-pass filter with
a cutoff frequency not less than that of the anti-aliasing filter. The loss of the high

frequency components due to pre-filtering is non-recoverable.

Shannon’s sampling theorem has been extended in many different directions [16],

including non-uniform sampling [17-24] and bandpass sampling [25, 26].

2.1.2 Resampling

A resampling system converts one discrete signal to another with as little change to
the information carried by the signal as possible [12]. One of the main reasons for
such conversions is to change the sampling rate of the signal. Another reason is to
obtain values at locations where the input signal does not provide. Multirate signal
processing [3] can be found in systems such as digital communication receivers, subband
audio and image coders and decoders. Common signal processing operations that require
resampling includes image resizing and image rotation. Some other applications can also

be formulated as a resampling problem as we shall see in Chapters 3 to 5.

13
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frilm] —— fi[m] falm]

=] 11 ik il b
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Figure 2.2: Block representation of the SRC system.

Conceptually, resampling is a two-step process. In the first step, the original discrete
signal is converted into an analog signal. Then in the second step, this analog signal
is sampled at a different rate and/or different locations to produce the output discrete

signal. The complete process is illustrated in Figure 1.3.

In practice, resampling is performed entirely in the digital domain via digital filters.
Figure 2.2 shows a sample rate conversion system that achieves a conversion ratio of
T/Ty = L/M, where T and T3 are the sampling periods of the input and output signals
respectively. L and M are integers and therefore L/M is a rational number. The first
block is the up-sampler that changes the effective sampling period to T;. The output of

the up-sampler is given by

frulm] = { gT[m/L]’ Zih:erqzuLi;en . (2:6)

In the frequency domain, Frp, (w) is an L-fold compressed version of Fr(w) where Fr, (w)
and Fr(w) are the Discrete Time Fourier Transforms (DTFEFT) of fr,[m] and fr[m| re-
spectively [3]. In this thesis, we use w to denote the normalized digital frequency. The
relationship with the analog frequency €2 is that w = QT for a sampling period of T'.
Figures 2.3.a shows the frequency spectra of the original continuous signal f (not shown
in Figure 2.2). Figure 2.3.b and 2.3.c show the spectrum of fr and fr[m] respectively.
It can be noticed that fr is the modulated signal of fr[m] and the discrete frequency w
is defined by the normalized continuous frequency €2, w = QT. Figure 2.3.d shows the
spectra for L = 3.

The up-sampled signal f7, is then convolved with a digital filter with impulse response

{h1]k]}ren called the image filter. This filter removes the duplicates of the spectrum so

14
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that only the spectrum in [—m, 7] remains. The resulting spectrum is shown in Fig-

ure 2.3.e.

The anti-aliasing filter ensures that F(w) is bandlimited to |w| < 77 to avoid aliasing
in the down-sampled signal. Finally, the down-sampler reduces the sampling rate of f5[m)]

by a factor of M so that

fr,m] = fa[mM] (2.7)

Figure 2.3.f shows the spectrum of fr,[m].

While the performance of a sampling system can be quantitatively accessed by || f(z)—
f(z)]|2, a direct comparison between the input and output of a resampling system is
generally not meaningful. This is because they are discrete sequence of numbers which
are, in general, of different length. However, we may compare their Fourier spectra
instead [27—-29]. If the magnitude spectra of the input and output are the same, then the

information in the input is preserved by the output.

A natural extension of the single channel resampling system is the multi-channel
implementation. The spectrum of the input signal can be divided into equal or unequal
sub-bands. This allows the subband signals to be processed at a rate lower than the
Nyquist Rate of the original signal [30-34]. The multi-channel system has been further
extended to allow non-uniformly sampled inputs and outputs. In [35], the conditions and
average sampling rates for each channel is derived such that the resampling system is

invertible.

However, due to the increased hardware cost to implement multichannel systems,
researchers have been working toward a more general theory of sampling for signals with

large bandwidths or effectively non-bandlimited signals.

2.2 Sampling Non-bandlimited Signals

Many signals encountered in practice are of finite duration and therefore are not ban-

dlimited [36]. There are also signals that are designated to have very wide bandwidths,.

15



CHAPTER 2. REVIEW OF SAMPLING AND RESAMPLING TECHNIQUES

H(®) F(Q)
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2.3.e: Fi(w) 2.3.f: Fra(w)

Figure 2.3: Spectra of the signals for the sample rate conversion system in Figure 2.2 for
L/M =3/2.
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An example is the signals used for Ultra-Wide Band (UWB) radio communications which

can have bandwidths up to several giga-Hertz [5,37].

Shannon’s sampling theorem tells us that aliasing is unavoidable when we sample a
non-bandlimited signal. Thus whether such a signal can be perfectly reconstructed from
its samples depends on what a priori information is available [38]. Suppose the signal

can be represented by

fa) =) clklé(z — k) (28)
where ¢ is a known function. ¢ is called the reconstruction or synthesis function since
f(z) can be synthesized using (2.8). Given ¢, f(z) can be perfectly reconstructed from
clk] if it belongs to the vector space spanned by {¢(z — k) }rez, denoted by

v¢:{h@p:§}%w@—k% ceﬁ} (2.9)

k

{1 }rez is called a frame of V¢ [39]. In order for every f(z) € V? to have a unique
representation, the only restriction on the choice of ¢ is that the set {¢p(x — k)}rez
satisfies the Riesz condition which states that for every finite scalar sequence {c[k]}rez

the following admissibility condition must be satisfied [39]
AllelH]lIE: < 1) elké(z — k)IIZ2 < Blle[] || (2.10)
k

where A and B are the Riesz bounds and 0 < A < B. If {¢(z — k) }rez satisfies (2.10),
the set {¢(z — k)}rez is admissible and is the Riesz Basis of the space V¢. On the other

hand, ¢ is referred as the generating function of V9.

The stability of the reconstruction in (2.8) is measured by the condition number « [8].

It is derived from the Riesz constants of ¢

B,
= — > .
o 1/A¢_1 (2.11)

The smaller « is, the more stable the reconstruction process.

The way by which the samples {c[k]}rez in (2.8) are obtained depends on the prop-
erties of ¢. The reconstruction process using (2.8) therefore also depends on ¢ and can

be classified as [40] interpolation, quasi-interpolation or least square approximation.
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2.2.1 Interpolation

A function ¢ is called a Nyquist function [41-43] if it satisfies

1, =0
¢(x)_{0, r=n,n€Zn#0 (2.12)
Thus Nyquist functions have zero-crossings at integer values of x except for x = 0. An
example is the sinc function used in Shannon’s sampling theory. The samples c[k]| can

be obtained by ideal sampling. That is,

clk] = f(2)]o=k (2.13)

The continuous signal can be reconstructed from such samples by
flz) = flklé(x — k) (2.14)
k

This operation is bounded if f(z) is sufficiently smooth [44]. It can be observed that

flk] = f[k] for all k.

2.2.2 Quasi-Interpolation

Quasi-interpolation relaxes the requirement on the integer crossing property of ¢. A
quasi-interpolating function ¢ of order L. = n+1 is able to interpolate all polynomials up
to order n [45]. A quasi-interpolant of order L must satisfy the Strang-Fix condition [46—
48]. That is, the frequency response of ¢ must satisfy

O27k] = (k]
{ ®M27k] =0, k€Z, m=0,---,L—1 (2.15)
Here, the superscript m indicates the m-th derivative with respect to Q. 0[k] is unit
impulse sequence defined by

1, k=0

Ol :{ 0, keZk+0 (2.16)

The samples c[k] can be obtained using ideal sampling, i.e. c[k] = f(2)|s=x. The

reconstructed signal f(x) =), flk]¢ (z — k) satisfies f(x) = f(z) for all f(x) that is a

polynomial of order up to n.

18



CHAPTER 2. REVIEW OF SAMPLING AND RESAMPLING TECHNIQUES

2.2.3 Convolution Based Least Square

It has been shown in [39] that if {¢(z — k)}rez form Riesz basis, then there exists a

unique function ¢, such that for every pair of ¢(z — k) and ¢4(z — k) for k € Z,
(p(x = 1), pa(x —m)) = 5[l —m] IlmeZ (2.17)

(2.17) is the dual condition and the functions ¢ and ¢4 are said to be dual operator of
each other. The set {¢q(x — k) }rez is also a Riesz basis for V. For a generating function

¢, let its sampled auto-correlation function be defined by
aglk] = / b@)bx —k)dr  keZ (2.18)
with Fourier transform
Ag(w) =D [®(Q + 2k (2.19)
k

Then the Fourier transform of ¢4 is given by [49, 50]

_ 2(Q)
- Ay(w)

®4() (2.20)

where w = TK). If ¢, exists, then the signal has a unique representation in the space V¢.

An equivalent condition for this is that [51]
A< A,(w) < B ae. (2.21)

where a.e. means almost everywhere. Note that this is the same as the admissibility

condition (2.10).

Figure 2.4 shows a block diagram of the sampling and reconstruction process with a
general sampling or acquisition function ¢ and a reconstruction or synthesis function ¢.

The sequence of samples ¢ are obtained by the inner product of the signal and ¢(x).

c[k] = (f(x),¢ (x = k) (2.22)

19



CHAPTER 2. REVIEW OF SAMPLING AND RESAMPLING TECHNIQUES
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Figure 2.4: Block diagram of a sampling and reconstruction system with general acqui-
sition and synthesis functions.

The reconstructed signal is therefore given by

fle) = > clklo(x—k)

k

= D {f@)se(@—k) ol —k) (2.23)

k

When ¢ = ¢4, f(x) is a projection of the signal f(z) onto V¢ [52-55]. If f(z) € V¢, then

f(z) = f(z) and the reconstruction is perfect.

So far we have assumed that the sampling interval is 7' = 1. A general formulation can
be obtained by dilating the acquisition and synthesis function by the sampling interval.

Therefore (2.22) and (2.23) can be rewritten as

=)

k)> (2.24)

il = (fla)s
= <f T), ¢

flz) = Y clko

k

:Zc¢
k

ﬂl& HIH’ﬂIH HIH

A~ TN ————

) (2.25)

Sampling performance is measured by how closely the reconstructed signal resembles
the original signal. Quantitatively, it is given by || f(x) — f($)|| 2. Intuitively, one would
expect that reducing T" will lead to a reduction in the reconstruction error. As T"— 0, the

samples are taken almost continuously and therefore the reconstruction error vanishes.
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The approzimation order of a synthesis function measures the rate of decrease of the
reconstruction error as T — 0 [56,57]. If the approximation order is L, then an upper

bound on the reconstruction error is given by
If (@) = f(@)]lz2 < C x T* (2.26)

where C' is a positive constant. The approximation order of a function can be easily
characterized [58]. One possible way to verify the approximation order is through the
Strang-Fix condition defined by (2.15). Thus the condition is the same as for a quasi

interpolation function of L.

More specifically, the performance for a given 7' can be quantitatively predicted by a

formula in the frequency domain derived by [47,59] as follows.

() = |3 [IF@PET] (227

where the error kernel E,((2) is given by

o) =1 - ZEOE ) 1w - s (2.28)
Ap(w) - ~ -
Eunin()

Ay(w) and ©4(€2) are given by (2.19) and (2.20) respectively.

When ¢ = ¢4, the second term E, of (2.28) is reduced to zero and the error is
minimum. In this case, optimal reconstruction is achieved for a given ¢ and T. The
reconstructed signal is the closest signal in V? to f(x). It can be obtained by the solving

the following minimization problem.

AT F (1) eyp TN Hf(w) - ]?(a:)’ (2.29)

The objective function is the L?-norm which measures the reconstruction error in a mean
squared sense since the difference is integrated over the whole x axis [60,61]. Therefore it
is a Mean Square Error (MSE). Other objective functions can be used. They are typically
variations of the MSE which include Tikhonov regularization [62], normalized MSE [63],
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frequency weighted least square [64] and regularized least square [65]. A generalized L”
norm is studied in [66]. A criterion using the ¢? norm of the difference between the

samples of the original signal and of the reconstructed signal has also been proposed [67].

It is obvious that the sampling performance depends crucially on the choice of the
acquisition and synthesis functions. Many functions have been studied thoroughly in re-
lation to their potential applications in sampling. They include polynomials and rational
functions [68,69]. Spline functions which form a Riesz basis are systematically studied
in [70]. Other functions such as the Gaussian function have also been used in sampling

systems due to its efficiency in memory access and low computational complexity [71].

Besides reconstruction in the time domain, it is also possible to interpolate the fre-
quency samples of a signal in the frequency domain. The spectral samples can be inter-
polated and then inverse transformed to obtain the time domain signal [72,73]. Gabor
representation has been used to reconstruct a signal from the samples of its windowed
Fourier transform [74-77]. Chebyshev polynomials have been used to sample signals to
their cosine transform [22,78|. Signals can also be approached from the mixed time-
frequency domain. This has been demonstrated by recent developments using wavelet
functions [79,80]. In this thesis, we concentrate on the use of B-splines and wavelet

functions.

2.3 Special Acquisition and Synthesis Functions

2.3.1 Splines

Spline functions were first introduced in 1946, slightly ahead of Shannon’s sampling
theorem [81,82]. However, it has only been intensively studied when mathematicians
realized that these functions could be used to draw smooth curves. With the advent of
digital computers, the use of splines has a tremendous impact on computer-aided design
and computer graphics. It is mainly applied to the interpolation of samples of smooth

functions [63,68,83-86]. More recently, it is also applied to signal processing [87-91].
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Splines are smoothly connected piecewise continuous polynomials. For a spline of
degree n, each segment is a polynomial of degree n. At the joints between segments,
known as knots, the spline and its derivatives up to (n — 1)-th order are continuous to
ensure smoothness. Schoenberg [81] has found that splines s(x) with uniform spacing are
uniquely characterized by their B-spline expansion:

s(x) = clk]B"(z — k) (2.30)
kEZ
where c[k] are the B-spline coefficients and 5™ (x) is the n-th order B-spline. The zero-th

order B-spline is given by the rectangular function

(& 15
as shown in Figure 2.5.a. The frequency response of 3°(x) is given by
BY(Q) = sinc (£> (2.32)
2
The n-th order B-spline can be obtained recursively by
Fi(e) = @+ B a)  n>1 (2.33)

Using the convolution property of Fourier transform, the frequency response of the n-th

order B-spline is given by

B"(Q) = [B(Q)]" = {smc (£>r (2.34)

2

B-splines up to the third order are shown in Figure 2.5. It can be observed that B-splines
are symmetrical about y axis. Second and higher order B-splines have non-increasing bell

shapes. Spline functions are of finite local support. An n-th order B-spline has support

Bﬁn -

[_n+1 n—i—l} (2.35)

2 72

B-splines of orders higher than 1 are non-Nyquist functions. Therefore if a signal

can be represented as (2.30), its ideal samples s[k] = s(z)|,=x are not the same as the
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B'(x)
Bo(k) 1
X
-1 1
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Figure 2.5: Zero-th to third order B-spline functions.
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6|  B'Ww) B"(2) Age(w)
n=01|p° 1 1 1

=1|0 1 1 1— 2sin® (£)
n=2|p%|1-1sin’>(2) | 2(z+6+2z7") 1—sin® (%) + 2 sin* (£)
n=3 5[ 1= 2si? (3) | S+ 4+ 2) | 1— dsin? (3) + 2oin' () — fsin® (3)

Table 2.1: Approximation of the frequency responses of B-spline up to order 3.

B-spline coefficients c[k]. Nevertheless, c[k] can be obtained from s[k] through the Direct
Transform [92,93]:

clk] = (™)'  5) [K] (2.36)

where (b™)~! denotes the convolution inverse of the discrete B-spline sequence b”. The

discrete B-spline sequence is given by
" [k] = B" ()] o=k (2.37)

or in the frequency domain

B"(w) = Y b"[kle™ (2.38)
and
R % (2.39)

The frequency response of the discrete B-spline is also given by
B"(w) =Y _B"(Q+ 2rk) (2.40)
k

withw = Q. In [47], B"(w) can be approximated by the simple expressions listed Table 2.1
for n < 3. Alternatively, the values of b"[k] can be obtained by evaluating 5™ (z) at = = k.

Thus the z transform of discrete B-splines can be obtained easily.

Substituting (2.36) into (2.30), s(z) can be reconstructed from its ideal samples in

the subspace V#" by

s(x) =Y (") " xs) k]6"(x — k) (241)

k€EZ
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k

Figure 2.6: The sampling system using B-spline as synthesis filter

Thus a sampling system based on B-splines for sampling and reconstruction will have
a structure as shown in Figure 2.6. The sampling function ¢ is the sequence (b")~!.

Therefore its frequency response is given by

1

Y= 5

(2.42)

with Q2 = w. The synthesis function is ¢ = g".

The performance of this sampling system can be derived from (2.28). It can be shown

that the autocorrelation function ag.[k]| of 5™ is related to b"[k] by
agn[k] = b*"[K] (2.43)

Using the approximations of B"(w) given in Table 2.1, Agn(w) can be derived accordingly.

The values of B"(z) and Agn(w) for n < 3 are also shown in Table 2.1.

There are several advantages in using splines for sampling systems. First, the order n
of the splines is directly related to the approximation order L by L = n+1. Furthermore,
the best kernels that are able to achieve minimum approximation error, i.e. minimum C'
in (2.26), can be expressed using derivatives of B-splines of approximation order L [40].

Thus splines are very good for approximating signals.

Second, it has been shown that among all the functions with the same order of
approximation, spline functions have the minimum support [16,94,95]. These function
are referred as Maximum Order Minimum Support (MOMS) functions. To compute the
value of a signal at location xj using an interpolation function of support B = [u,v],

samples within the range [xy + u, 2y + v] are used. For a function of approximation order
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L, the support of ¢ is lower bounded by |B| = |v — u| > L [48,96]. From (2.35), we can
see that the support of B-splines of approximation order L = n + 1 is equal to the lower

bound L. Therefore splines are efficient in sampling and reconstruction computations.

Third, sampling using B-splines in the discrete domain is easy and straightforward [97,
98]. Since B-splines are symmetric with respect to z = 0, the discrete B-splines b"

are also symmetric. The inverse filter (b)™!

can be easily implemented. Furthermore,
differentiation and integration of a signal can be performed on its B-spline coefficients

and processed in the digital domain efficiently [68,87,92,93].

Many variations of B-splines have been used in the sampling literature. Cardinal

splines is one of them [99-101]. The reconstruction process of (2.41) can be expressed as

s(r) = D (") xs) K]S (2 — k)

=
= > slm] (Zk:(b”)‘l[k]ﬁ"(as - k))
= z::S[m]n”(l’ —m) (2.44)
where
0" () = k;w”)*[kw"(x — k) (2.45)

is called the cardinal splines. Figure 2.7 shows a third order cardinal spline. All cardinal
splines are Nyquist functions. As the order n increases, the cardinal splines behave more

and more like the sinc function.

The univariate polynomial splines can be used to reconstruct signals in the weak
Chebyshev space [102]. A combination of different splines can also be employed [42, 84,
103-105]. In [106], it has been demonstrated that the use of splines to minimize MSE
when noise is present simulates the optimal Wiener filter. It can also be modified to suit
a different coordinate system when applied to multidimensional systems. For instance,
in [107] the splines are used to sample signals on a hexagonal grid instead of the rectilinear
grid. They are also used in multidimensional spaces covered by polygons [108]. Other

splines include cardinal polysplines [99].
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n*(x) A

Figure 2.7: The sampling system using B-spline as synthesis filter

2.3.2 Wavelets

Similar to splines, wavelet functions also have local support. It has been used to perform
time-frequency analysis by separating the signal into a range of time and frequency
scales [109,110]. Based on a function ¢(z) € L*(R), a wavelet frame {Qﬁ?’b}jez is composed

of the functions

¢" = (SwDas9)(x) (2.46)
= #(ﬁ(@jx —kb)  jkeEZ (2.47)

Here, D, denotes the dilation operation defined by

Dus(z) =6 (*) (2.48)

u

and S denotes the shift operation

Su6(x) = Bl —v) (2.49)

The constants a and b are chosen such that the set of functions form a frame of its span.

The term mother wavelet refers to the function ¢ for which the set {¢,;} of functions
Oiu(w) =229V —k)  jkEZ (2.50)
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is an orthonormal basis for L?(R) [111,112].

The sampling and reconstruction of signals using wavelets is carried out in a similar
manner as the convolution least squares approach described in Section 2.2.3. The ap-
proximation power of wavelets is discussed in [113]. In [114], the conditions under which

the underlying signals can be reconstructed from the wavelet samples are studied.

The wavelet transform is a powerful tool because it manages to represent both tran-
sient and stationary behaviors of a signal with only a few transform coefficients [115,116].
A distinctive property of the wavelet transform is its ability to analyze a signal at different

resolution or scales. Let the space spanned by {Si¢}rez be denoted by V4, where

h(z) =) clklp(z — k), > ek < oo} (2.51)

k

4o~ foio

V; is the span of {D;Sy¢}rez for j € Z. Multiresolution Analysis (MRA) [117] involves

a sequence of closed subspaces V; and a scaling function (x) such that

i) --cVaCcVoCViC--
(i) Ujez Vi = LA(R)
(1) ez V; = 0
(iv) f(x) € Vj if and only if f(22) € Vj44

(v) ¥ € Vg and {¢(x — k) }rez form an orthonormal basis for V}

The mother wavelet ¢ is related to the scaling function v by

o(x) =Y (V2)e[l — K)(=1)"¢ (22 — k) (2.52)

k
where ¢ denotes the complex conjugate of ¢. The coefficients c[k] are obtained by the

inner product

clk] = <¢(x), V2 (22 — k)> ke (2.53)
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2.8.a: The Haar Mother Wavelet ¢ 2.8.b: The Franklin Mother Wavelet ¢
Figure 2.8: The mother function for some well known wavelets

Common examples of mother wavelets include the Haar function and the Franklin
wavelets as shown in Figure 2.8. Compared with Figure 2.5, the Haar and Franklin
functions appear similar to the zero-th and first order splines respectively. This fact has

inspired the development of spline induced wavelets [118,119].

Wavelet transforms have found much application in data compression [112,120,121].
Large compression ratios can be achieved if the signal of interest contains unevenly spread
frequency components [122]. Application of wavelet to sampling has been mainly via
discrete wavelets [79,80, 116, 121]. The nature of the wavelet transform also makes it

easy to be extended to multirate system [123,124].

2.4 Consistent Sampling

In Section 2.2.3, we said that if the acquisition function ¢ = ¢4 is a dual function of the
synthesis function ¢, then perfect reconstruction can be achieved. However, there are
cases when the acquisition function is given a priori and ¢ # ¢4. In this case, the term
E.es in (2.28) will not be zero due to reconstruction errors such as distortion and aliasing.
This may lead to significant loss in sampling performance. A generalized sampling theory

has been proposed to address this problem [4,125,126].
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V¢L
A fN //

VV¢
F.f

Figure 2.9: Geometric interpretation of the effect of the correction filter (taken from [1]).

This generalized sampling theory is based on the concept of consistent sampling. Since
the original signal f(z) is non-bandlimited, in general, the reconstructed signal fv(x) will

not be the same as f(x). However, if f(z) is sampled by the same acquisition function
¢ as f(z) and results in the same sampled sequence as that for f(z), then we say that
the sampling is consistent. In other words, we obtain the same set of measurements in

the subspace V¥ from both f(z) and f(z). Mathematically, consistent sampling requires
that

(f(@)ola— k) = (F@),ole— k) (2:54)
for all k € Z. Without loss of generality, we assume that the sampling period 7" = 1.

A geometric interpretation is provided by [1] and Figure 2.9 helps us to visualize
what consistent sampling aims to achieve. Essentially, we want to obtain a f(x) e Ve
such that f(a:) and f(x) have the same orthogonal projection onto V¥. For arbitrary
acquisition and synthesis filters, a digital correction filter ¢[n] is required to make this

happen. A generic consistent resampling system has a structure as shown in Figure 2.10.

Using the notations in Figure 2.10, the reconstructed signal in V¢ is given by

flo) =" corlklp(z — k) (2.55)

k
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Effective Acquisition Filter @, (x)

cir[k] car[K] » N(x)
—'W *(7)
Acqgisition Syn.thesis
Filter ZS(x—kT) Filter
k

Figure 2.10: Generalized sampling and reconstruction.

where cyr is obtained from the samples ci7 of f(x) in V¥ by

corlk] = (cir * q) [K] (2.56)

The correction filter transforms ci7 to cor such that the desired f(z) can be obtained.
Substituting (2.55) and (2.56) into (2.54), we have

arlk] = <Z car[m]g(x —m), p(x — k)>

m

= > (crx ) [m] (@(x —m), p(z — k) (2.57)

Let ag,|k] denote the sampled cross correlation between the synthesis filter ¢(x) and

the acquisition filter ¢(z). It is given by

agplk] = (¢ (x — k), ¢ (2)) (2.58)

and (2.57) can be expressed as

arlk] = Y (eir * @) [mlag,[k —m]

m

= (ci7* q*ay,) [k] (2.59)
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which implies that

(at* ag,) [K] = O[K] (2.60)
In the frequency domain, (2.59) becomes

Cir(w) = Cir(w)Q(w) Ay (w) (2.61)
Thus the frequency response of the correction filter is given by

Qw) = Az (w) (2.62)

Similar to condition (2.21) for ®4 in (2.20), to ensure the existence and stability of the

correction filter, the response A4, (w) is required to satisfy
0 < M; < JAgp(w)] < My <0 (2.63)

almost everywhere (a.e.), where M; and M, are two positive constants.

It can be proved that consistent sampling is optimal for arbitrary pairs of ¢ and

¢ [127,128]. From (2.56),

corlk] = (cir*q) [K]

= D {f(@),o(x—n))glk —n]

n

- /f(:v) (Zw )l — n]) d

= (f(@), pe(x = K)) (2.64)

where

pe(r) =Y qlklp (x — k) (2.65)
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is the effective acquisition filter which is a combination of the acquisition filter and the

correction filter. The inner product of p.(x — k), ¢(x — m) is given by

(pe(@ = k), 0w —m)) = <Z glnlp (& —n = k), ¢(x - m)>

n

= S dlnl{p (e —n— k). ¢z —m))

n

= > dlnlagglm —n — k]

n

= (q*ag) [m— K (2.66)

Based on (2.60), (2.66) can be reduced to
(pe(® = k), o(w —m)) = d[m — k] (2.67)

Therefore, ¢, and ¢ are dual functions and hence ¢, = ¢4. Thus (2.64) is equivalent to

cor(k] = (f(x), ¢a(x — k) (2.68)

Reconstructing f(x) € V¢ using cor reduces to the convolution based least square ap-
proach in Section 2.2.3. Therefore, consistent sampling achieves optimal performance for
arbitrary ¢ and ¢. When ¢ = §(z) and ¢ = sinc(z), consistent sampling reduces to

Shannon’s unform sampling theory.

However, consistent sampling may no longer be optimal when noise is present. In [128-
131], the effects of noise in a generalized sampling system is studied for signals that belong
to a subspace U. It has been shown that though consistent sampling achieves unbiased
performance, i.e. the performance is independent of the input signal, the actual error
is not necessarily small. It has been suggested that algorithms could be classified as
admissible or dominating according to the performance metric used. An algorithm is
said to dominate another if its performance as measured by the metric is never worse

than the other. An algorithm that is not dominated by any other is said to be admissible.
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An important result obtained from the analysis is that for bounded signals, the solution

for the minimax problem

q=arg inf sup||f— f] (2.69)
all possible q feu

is admissible and always achieves smaller actual error than any other approach. There-
fore, the solution to this problem gives us the optimal correction filter. When sampling

is free of noise, the solution of (2.69) is the consistent correction filter.

2.5 Sampling Signals with Finite Rates of Innovation

The sampling methods discussed in Sections 2.2 and 2.4 view Shannon’s reconstruction

formula
f(z) = Z fr[n]sinc (% - n) (2.70)

as a special case with sinc as the synthesis function. f(z) is projected onto the subspace
generated by the sinc function. Another possible interpretation of (2.70) for a bandlim-
ited signals is that it requires a minimum of 1/7" number of samples per unit of time to
uniquely define it. The degree of freedom per unit time for such a signal is therefore 1/7.
In [7], this is called the rate of innovation (RI) and is denoted by p. Shannon’s sampling

theory can therefore be viewed as a sampling theory for signals with an RI of 1/7.

By allowing synthesis functions other than sinc in (2.70), signals with finite RI can

be expressed as

flx) = clklo [% (z— kT)} (2.71)

k

as given by (2.25) in Section 2.2. Clearly the RI of this signal is p = 1/7 if ¢ is known. By
allowing arbitrary delays z; rather than periodic delays kT and denoting the coefficients

by ¢ instead, (2.71) becomes

) =S |3 o= ) (2.72)

k
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The only degrees of freedom of f(z) are the z’s and the ¢;’s. Let C(x,, 3) be a counting
function that indicates the degree of freedom within the time period [z,,x;]. Then RI

can be formally defined as

o= lim ~C, (-f f) (2.73)

T—00 T 2792

If p < oo, then the signal has a finite RI.

Recently, a new sampling technique for signals with finite RI has been proposed [7,

132-137]. In this thesis, we shall refer to this method as innovation sampling.

In [7], the sampling of periodic analog signals such as streams of Diracs and its
derivatives are considered. A periodic signal f(x) can be expressed as a Fourier series.
fla) =" Flm]e/®mme/m) (2.74)
meZ
It was shown that these signals can be reconstructed from their projections onto lowpass

subspaces of appropriate dimensions. For example, consider a stream of Diracs:
fl) = bz — ) (2.75)
k

If it is a stream of K Diracs with periodicity 7, then ¢y = ¢ and g = .+ 7. Thus

its Rl is p = 2K/7. The signal can be represented as

f(z) = i: Ck Z d(x — z — nT) (2.76)

= nez

From Poisson’s summation formula, (2.76) can be rewritten as

K-1

@) = % 1 S eiterma—z/n)
-

k=0 meZ

1 K-1
_ Z - (Z Ckej(memk/T)> ej(27rmac/7—) (277)
T
k=0

meZ

Compare (2.77) with (2.74), we notice that

K-1
<Z cke_j(zﬁmxk/7)> (2.78)

k=0

Flm| =

S
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are the Fourier series coefficients of f(z).

To project f(x) onto a lowpass subspace, choose the sampling kernel to be an ideal

lowpass filter with impulse response
hg(x) = Bsinc(Bz) (2.79)
with B > p. Take N uniform samples at x = nT where N > 2| B7/2] + 1, we have

yrn] = (f(x), hp(z — nT)) (2.80)

forn=0,---,N — 1. Using (2.74), (2.80) becomes
yr[n] = ZX[m] <h3(x —nT), ej(27rm:c/r)>

= ZX /hB z —nT)ed @™/ dy (2.81)

The Fourier transform of hg is given by

Hp(Q)) = /hB(:B)e_ﬂ”Qxda: (2.82)
Let Q = —m/7, it becomes

Hp (— 27:77,) = /hB(x)eﬂ”mx/de (2.83)
Since hp(x) is a symmetric function, Hp is also symmetric and so

Hp(-"20) = Ha(*) (2:51)

Thus,

T

2 |
Hpg ( 7””) - / hi )™/ 4y (2.85)

Substituting (2.85) into (2.81), we obtain

2rm\
yT[n] _ ZX ( )eg(menT/T)

_ Z X j(2rmnT/T) (286)
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since Hp defines a low pass filter with a bandwidth of [—B/2, B/2]. When T is a divisor
of 7 and the N equations are of rank 2M + 1, this system of equations is invertible and
yr is simply the inverse Discrete Time Fourier Transform (DTFT) of F[m|. Therefore
F[m]| can be obtained by taking the DTFT of the N samples of yr.

The key part of the reconstruction of f(x) using yr (or equivalently F[m]) is to
identify the innovative parts, x, and ¢, of the signal from these samples. This can be
solved by an annihilation filter, which is well known in the field of spectral analysis.

Denote a finite annihilation filter by

A(z) = alm]z" (2.87)

m=0
such that
K-1
Az) = (1 — e~9Cmae/m) ;=1 (2.88)
k=0

A(2) has zeros at uy, = e 7?7/7) Now, F[m] in (2.78) is a summation of K exponentials.
Each of these exponentials can be zeroed out by one of the roots of A(z). Hence
> alm]x Y Flm] =0 (2.89)

Consequently, a Yule-Walker system can be formulated to solve for a[m]. Using A(z) in

the form given by (2.88), the K locations {z}}i—," can be identified from the roots wu.

The weights ¢ can be obtained from F|m| and uy. For m =0,..., K — 1, (2.78) can

be expressed in matrix form as

FO0] 11 1 co
F_m I “ (2.90)
: T : : s : :
FIK —1] T VN T CK—1

which is a Vandermonde system that can be solved for the ¢;’s. With 2 and ¢, f(x)

can be perfectly reconstructed from the uniform samples y.
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This reconstruction process involves root finding and solving a Yule-walker system and
a Vandermonde system. When noise is present, one or more of these systems can become
ill-conditioned and therefore the solutions obtained may not be stable or accurate. The
effects of noise in the system is studied in [133] and a more robust method with better

numerical conditioning in the presence of noise is proposed.

In [134,136], the use of sampling kernels with finite support is studied. The authors
argued that the sampling kernel hp in (2.79) is of infinite support and usually non-
realizable. Infinite support of the kernel also leads to high complexity and instablity of
the reconstruction scheme. The use of wavelets in innovation sampling has also been

explored in [137].

An independent approach similar to innovation sampling is presented in [138]. The
authors suggested that it is possible to sample a certain groups of the signals in the same
way as suggested by innovation sampling: the sampling kernel is hg = BsincBx and the
rate 1/T = 1/B. Instead of periodic signals, the group of perfect reconstructible signals
is defined to be to sample a certain group of signals whose frequency response is in the

form
F(Q)=G(TQ)S(TQ) (2.91)

where G() is periodic and S(£2) is a slow varying function where for all A > 0,

S0
i 5@ - 1 (2.92)

The signal is first modulated by e/2™@_ If ¢ is big enough, the samples contain necessary
information to reconstruct f(z). The reconstruction procedure varies depending on the
the property of S(€2). Nevertheless, the principle underlying this approach is similar to
that of Innovation sampling. It has been shown that when a — oo, the reconstruction

error approaches to 0.

However, there are two problems associated with innovation sampling that remain

unsolved. The first one is related to the RI of a signal. The RI of a signal in the form of
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(2.72) can be obtained if we have exact knowledge of ¢. This is generally not true for an
arbitrary signal. The second problem is that although the lower bound on the sampling
rate is specified by the RI, it is unclear how a proper acquisition function (sampling

kernel) should be chosen. These two problems are tackled in Chapter 6.

In the discussions above, the sequence of Diracs in (2.76) is treated as a continuous

signal. The response of the signal is given by

F(Q) = /f(:c)em”dx
K-1
= ) oy e /) (2.93)
k n

Therefore, the signal is of non-bandlimited response. On the other hand, this signal
can be considered as a modulated signal of the sequence { f[x|}rez where flxg] = ¢ for
all k. The sampling process described by innovation sampling can in turn be interpreted
as an interpolation of the sequence by hg(z) and then resampled uniformly to produce
the output yr. Therefore, it can be viewed as a resampling process of non-bandlimited
signals. Since f[xy] is reconstructed from yz, a general guideline to design resampling
process can be drawn from the innovation sampling: the original sequence shall be able

to be recovered from its resampled sequence.

2.6 Resampling Non-bandlimited Signals

As discussed earlier in Section 2.1.2; resampling is essentially a two-step process [139]. In
the first step, the discrete input is interpolated to a continuous signal and in the second
step, this continuous signal is resampled at the desired locations and at the desired
sampling rate to produce a discrete output. In this section, we lift the restriction of

band-limitation on the signals and functions involved.
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2.6.1 Performance of Resampling

As discussed in Section 2.2, a signal that is non-bandlimited can be sampled by an

acquisition function ¢ € H. Let

c(x) = f(x) * ¢ (=) (2.94)

The samples are given by c[k] = c(z)|,—¢r for all k € Z assuming that 7" = 1. The

frequency response c¢(z) is therefore given by
C(Q) = F(Q)¥(Q) (2.95)
and that of ¢[k] is given by
2km
- 04 T
Cw) ; C ( + 7 )

Since C'(Q2) is not assumed to be bandlimited, sampling c(x) would inevitably cause

(2.96)

w=0T

aliasing and C(w) contains overlapped copies of C(£2). Therefore, it is inappropriate
to compare the spectra of the input and output signals to gauge the performance of

resampling when the signals involved are non-bandlimited [140, 141].

There are other ways to directly or indirectly measure the performance of a resampling
system or process. They can be classified are two main groups of performance metrics
depending on whether the entire resampling process or only the interpolation process is
to be considered. Those metrics that include the whole resampling process are usually

application dependent. For example, for most image processing application, the Peak

Signal to Noise Ratio (PSNR) is commonly used. PSNR is defined by

MAX?
where
1 m n
MSE = — I1(i,5) — K(i,9)|? 2.98
SS9~ K (2.98)

i=0 j=0
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and MAX denotes the maximum pixel value of the (m x n) image. Here, I and K
denote the original image and processed image respectively. Instead of the ¢? norm,
sometimes the £* norm is used [43]. Some care must be taken when using this kind of
metrics to compare different resampling algorithms for images. For instance, the size of
the processed image has to be identical to that of the original image. Thus they are not
very robust and are not applicable to a lot of cases, e.g. when the resizing factor is not

an integer.

Another example of this group of metrics is the Bit Error Rate (BER) used in digital
communication systems where the sampled signals are usually resampled [142,143]. The
better a resampling scheme, the lower its BER with the same signal-to-noise ratio (SNR).
This method can become very complicated since the relationship between BER and SNR
varies depending on the modulation scheme used. Extensive research has been done
to work out these relationships for different modulations schemes [143-147]. As far as
resampling is concerned, in order to draw valid conclusions, resampling algorithms should

be compared using the same modulation scheme.

Since the metrics in this group are very application specific, comparisons between
resampling algorithms from different fields are practically impossible. For example, it is
impossible to compare the performance of a denoising system for image processing and
one for mobile channel detection. Since resampling is widely applied in almost all fields,
it is essential that a unified metric can be used to compare the performance of different

resampling algorithms.

The second group of metrics addresses this issue by considering the performance of
the interpolation process only [38,148,149]. Thus it measures only the interpolation
error [150,151]. Those metrics discussed earlier in Section 2.2 for sampling and recon-

struction are all applicable.

Many functions have been used for interpolation in resampling. The most widely
used include nearest neighbour (3Y), linear (3') [152], quadratic interpolators [153], cu-
bic B-splines (%) [94] and cubic convolution [95,101,154]. Besides the B-splines and
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the polynomial families, other interpolating functions considered include the fractal in-
terpolating function [155], Gabor filters [41, 156], Taylor series interpolation [157], the
Gaussian function and its derivatives [158] and de Boor-Ron interpolation filters [12].
There is also a study on the use of rational filters which shows that the information of

the input sequence can be preserved with great fidelity at low computational cost [159].

In addition, some non-linear methods have been devised specifically for resampling.
In [160], the signal is expressed in terms of the synthesis function. The optimally recon-
structed signal is obtained by solving a set of separable partial differential equations such
that the MSE is minimized. A similar approach can be found in the research for scalable
video coding [10]. The upsampling and downsampling of the discrete signals are modeled
and solved via differential equations. In [161-164], classic interpolation techniques are
employed in conjunction with estimation of edges. If the image is locally smooth, the
edge orientation of the image can be computed from local pixels. The interpolation error
can then be reduced around the edges. Adaptive interpolating filters are used in [165,166]
to minimize the MSE for each individual estimated sample. A generalized approach is
proposed in [167] that makes use of kernel regression methods to obtain the coefficients

of the spline functions that minimize the MSE.

Other methods are based on the underlying principles used for consistent sampling.
In [168,169], the consistent sampling technique is directly applied to image resizing and
rotation. Two major techniques, oblique interpolation and quasi interpolation, have been

developed in these papers.

2.6.2 Oblique Interpolation Method

Oblique interpolation is the direct application of consistent sampling to image process-
ing [170]. The original image f is assumed to be obtained by sampling a continuous signal
on a uniform grid using the function ¢ = BY. This discrete image is interpolated by a

Nyquist function ¢ to obtain the continuous image ]}V To resize an image by a factor of
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a, the continuous image is scaled to g(z) = f(z/a). The resized image g is obtained by

sampling g(z) using . Oblique interpolation requires that

g=>_glmlo(z—m) (2.99)
which is the interpolated continuous image of g and g(x) are consistent with respect to
. That is,

(9,8°(x —k)) = (g,8°(x — k)) (2.100)

In order to achieve consistency, a correction filter is incorporated into the resampling

system.

Suppose cardinal splines of order n defined in (2.45) are used for interpolation, then

¢ =n". From (2.58), the sampled cross correlation of ¢ and ¢ is given by

agglk] = <ﬁ°(f€ — k), ) (0") 15" (x ~ l)>

= (™) ") [A] (2.101)

Hence the correction filter can be obtained from (2.62) and is given by

1
Adw(w)
. B"(w)
= —B”“(w) (2.102)

Qw) =

2.6.3 Quasi Interpolation Method

If the resampling performance is measured by the performance of its embedded interpo-
lation process, the performance of the image applications can be analyzed by the formula

given by (2.27):

w(0) = |- [IF@PE T (2.103)
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Assuming T’ = 1, the error kernel E4(2) is given by
[2(Q)[?

E Q) =1- + Ay (W) |T(Q) — Bg(Q)[? (2.104)
’ Aglw) 2 —
Eres(Q)
Emin(Q)

Ein(€) is the lower bound of E,(2), which is optimal but unattainable since F(2) is
unknown. The quasi interpolation method proposed that ¢ should be chosen such that
FErin(€2) is minimized [171]. For images which are essentially lowpass, Eyin(§2) is required

to be as close to zero as possible around €2 = 0. More specifically,
Enin(9) = O(92%) (2.105)

where the integer L should be as large as possible. This is equivalent to the Strang-Fix

condition in (2.15) for ¢ to have an approximation order of L [46].

On the other hand, as discussed in Section 2.3.1, the support of a function of ap-
proximation order L is B > L. L has to be small so that the computational cost is kept
reasonably low. Following the discussions in Section 2.3.1, ¢ can be chosen among the
B-splines since for a given approximation order L, the support of B-splines attains the

lower bound L.

Once ¢ is chosen, a correction filter is used to ensure that Fye(€2) is arbitrarily small

and

Ey(Q) = Enin(2) (2.106)
Quasi interpolation requires that the residue error satisfies

Ees(2) = O(QN) (2.107)
where N > 2L + 1. According to (2.104), this amounts to requiring that

T(Q) = 04(0) + O(QM) (2.108)

with M > & > L+ 1. If the resampling function is ¢) = §(x), then the correction filter

for quasi interpolation is given by
Q(w) = Bg(Q) + O(OM) (2.109)
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with w = TQ = . Note that Q(w) is not unique. Hence the correction filter can be
designed to suit particular applications. For example, the lowest order correction filter

can be used so that the computational cost is kept to a minimum.

It has been shown that the resampling performs better using oblique and quasi in-
terpolation methods. However, when Janssen and Kalker analyzed the performance of
de-interlacing using the techniques derived for consistent sampling, results contradictory
to common sense arose [9]. Deinterlacing and their observations will be described in Sec-
tion 2.7. What this reveals is that optimal resampling cannot be obtained from optimal
sampling for non-bandlimited signals. Therefore, although consistent sampling is optimal
for sampling without noise, oblique and quasi interpolation methods are not guaranteed

to achieve optimal resampling performance.

2.7 De-interlacing

The interlaced video format is heavily used in television broadcasting. It consists of two
types of fields — one with only the odd scan lines and the other with only the even scan
lines. These two types of fields are transmitted in an interlaced fashion so that only half of
the information changes at any one time at the receiver. The received video frames need
to be de-interlaced (the opposite of interlacing) before the images can be displayed on
the video monitor. This is because the monitors typically utilize a progressive scanning
approach that displays both odd and even scan lines in order from top to bottom for a
single frame. Thus de-interlacing involves interpolation. Since the fields consist of pixels

and are discrete, de-interlacing is essentially a resampling process [172].

While it is trivial to obtain interlaced signals from non-interlaced ones, the reverse
process requires much more effort. Figure 2.11 illustrates the difference between inter-
laced and deinterlaced signals. The input of a deinterlacing system consists of interlaced
fields containing samples of either the odd or the even scan lines. Let n be the index

of the field and # = (x,y) denote the samples along scan line y. The interlaced field is
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Field Frame

Interlaced Non-interlaced

Figure 2.11: Interlaced and de-interlaced signals.

represented by F(Z,n) where only the lines (y mod 2) = (n mod 2) are defined. The
output frame can be expressed as

F(Z,n), (y mod?2)=(n mod?2)

Fo(@n) = { F;(Z,n), Otherwise (2.110)

where F;(Z,n) are the interpolated fields.

The interpolated fields are obtained from the preceding and/or succeeding fields. In
terms of resampling, the problem of de-interlacing is one of up-sampling. The process
is complicated by the fact that the process of interlacing is essentially sub-sampling
without prefiltering, which is a violation of the Nyquist rate criteria. As a result, some
error will be present in the interlaced signal. This error can only be reduced by making
assumptions and prediction about the motion of the objects in the video picture. A
number of techniques are used, the suitability of each depends on the characteristics of

the images involved.

The simpler deinterlacing algorithms are linear, with the interpolated fields F;(Z,n)

obtained by

G|

o

£
1

> F(F+ kiiy, n + m)h(k, m) (2.111)
k
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for k,m € Z and (k4+m) mod 2 = 1. h(k,m) is the impulse response of the filter defined
in the vertical-temporal (VT) domain and @, = (0 1)”. The choice of h(k, m) determines
whether it is a spatial (intrafield), temporal (interfield), or spatial-temporal filter. For

example,

1, k=-1

0, otherwise (2.112)

h(0,—1) = {

is a temporal filter. In this case, every line y in field n is copied from line y of the previous
field n — 1. Consequently, there is no degradation for stationary video scenes. The linear

approach was common for televisions until the end of the 1970’s.

In 1990’s, motion compensation (MC) has been proposed and the most advanced
deinterlacing algorithms all employ MC. To detect motion, the differences between two
(or more) pictures are calculated and a motion vector for each pixel is estimated. The
motion vectors should reflect the true motion of the objects. Given the motion vectors,
MC methods try to interpolate in the direction with the highest correlation. It allows us
to virtually convert a moving a sequence into a stationary one. Therefore, methods that
perform better for stationary than moving scenes, such as linear temporal filtering, will

profit from MC. Incorporating MC, (2.111) becomes
Fy(%,n) =Y F(& +md(Z n) + kii,, n+ m)h(k,m) (2.113)
k

—

where d(Z,n) is the motion vector for the pixel (Z,n).

The time-recursive (TR) de-interlacing algorithm [173] suggested that once a deinter-
laced image and the motion vectors are available, resampling can be applied to deinterlace

the current field by

L [ F(Z,n), (y mod 2)=(n mod 2)
Fo(@,m) = { F(Z — d(Z,n),n — 1), Otherwise (2.114)

The interpolated samples depend on the previous as well as the current field samples

as illustrated in Figure 2.12. The previous original samples are shifted in the direction

48



CHAPTER 2. REVIEW OF SAMPLING AND RESAMPLING TECHNIQUES

. 0 E O
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Figure 2.12: The de-interlacing process. The horizontal axis denotes the input fields
while the vertical axis denotes the scan lines. The motion vector a relates to the velocity
of the scene by a =1 — v.

of the motion vector toward the current field in order to create two independent sets of
samples valid at the same temporal instant. Let a denote the distance between the motion
compensated sample and the existing sample, as shown in Figure 2.12. De-interlacing
can be viewed as the resampling of f[2k] and f[2k + al, for 0 < a < 1, to uniformly
spaced samples f[k] [9]. When a = 1, f[2k + 1] can be obtained by copying the sample
from the previous field. Thus the performance of the resampling system is optimal in

this case.

Janssen and Kalker [9] analyzed the performance of de-interlacing using the stability
measure defined in (2.11). The Resampling performance is computed as a function of
a and it shows that the optimal performance is achieved when a = \/g instead of the
intuitive @ = 1. The authors argued that while reconstruction is a process of 2 — L2,
the process of resampling is one of 2 — ¢?. Therefore the performance of interpolation is
not an appropriate measure of the performance of resampling and an optimal sampling
system does not automatically lead to an optimal resampling system. This motivated
us to develop a theory for resampling without bandlimited constraints and an associated

performance metric which can be used to measure resampling performance with fidelity.
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Chapter 3

Noiseless Consistent Resampling

In this chapter, a new generalized theory for the resampling of discrete-time signals with
non-bandlimited frequency responses is developed. In Section 3.1, the problem of resam-
pling is formulated using the framework of generalized sampling discussed in Section 2.4.
Then a generalized theory of resampling is developed in Section 3.2 which is based on
the new concept of consistent resampling. The idea originates from consistent sampling
introduced in Section 2.4. But it is more than a simple extension since measuring the dif-
ference between the input and output is very different for a resampling system compared
to a sampling/reconstruction system. Consistent resampling is achieved by incorporating
a correction filter into the resampling system so that the choice of sampling, resampling
and interpolating functions are decoupled from each other. In Section 3.3, the problem
of de-interlacing discussed in Section 2.7 is tackled using consistent resampling to show
that our theory generates the correct results. Consistent resampling is also applied to the
demodulation of UWB signals and to image processing in Section 3.4.1 and Section 3.4.2
respectively. It is shown that a consistent resampling system results in superior perfor-
mance when high frequency components are processed compared with methods based on

bandlimited signal processing theory,
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7
il —» <§T§>—»fw 0

Interpolation Resampling
Filter Filter Zﬁ(xfmT)
m

Discrete Resampling Filter

Figure 3.1: A resampling system with generalized interpolating and resampling functions.
3.1 Problem Formulation

3.1.1 Mathematical Model

Let the input discrete signal of a resampling system be {fr[n]},cz with a sampling
period of T. Let {fr/[m]}mez denote the output discrete signal with sampling period
T’ which may or may not be the same as T. Suppose the synthesis function and the
resampling functions are ¢(7%) and () respectively. Then the time-domain approach
to resampling discussed in Section 2.6 can be described by Figure 3.1. The signals and
functions involved are assumed to be elements of the Hilbert space. The conventional

SRC system is a specific example where ¢ = sinc(x/T) and ¢ = §(x).

In general, the argument of ¢ should be (z — z¢)/T" where x; is a constant. This is
because in some applications such as image rotation, the resampling interval is the same

as the original (i.e. 7" =T but the locations at which the samples taken are different.

Taking this into account, the intermediate continuous signal is obtained from the

input signal by

Fw) =" frlnlo (7 —n) (3.1)
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The output of the resampling system is therefore given by

i = (Savil )0 (52 )
_ ;fT[n] <¢ (% - n) R (37 :—F/xo B m)> (3.2)

Let ¢/(z) = ¢(z — m9) and ¢ (222 — m) in (3.2) can be replaced by ¢'(z/T").

If {¢ = ¥(x — k)}rez form a Riesz Basis of the space V¥, then 1 satisfies the
admissibility condition of (2.10), or its equivalent form in the frequency domain (2.21).

Let ¢/(z) = ¢(x — z0) and ¢ (222 — m) in (3.2) be replaced by ¢'(z/T"). The Fourier

T

transform of v’ is given by
U'(Q) = e 70 y(Q) (3.3)

Since

1W'(Q +27k) > = [le~7 2|12 W (Q + 2mk) |

= || U(Q + 27k)|]? (3.4)

® in (2.21) can be replaced by W’'. This implies that {¢p = ¥(x — k)}rez is also a
Riesz basis for V¥'. Hence omitting z, will not affect the stability and uniqueness of
the resampling operation. For the sake of conciseness, we shall do so for the rest of this

thesis.

In summary, the resampling process is characterized by the discrete and time varying

resampling filter:

)= o (7). (3 m)) 03

where h(n,m) specifies the relationship between the nth input to the mth output. Thus

resampling is an operation of 2 — (2.

52



CHAPTER 3. NOISELESS CONSISTENT RESAMPLING

3.1.2 Consistent Resampling Defined

When the signal and the sequences are bandlimited and ideal sampling is used to obtain
the samples, the performance of resampling can be concluded by comparing the spectra
of the input and output of the resampling process, as discussed in Section 2.1.2. Provided
that the resampling rate 1/7" is higher than twice the bandwidth of the reconstructed
signal, the spectrum of the input signal is preserved. However, when non-ideal samplers

are employed to sample non-bandlimited signals, the output will be aliased.

The generalized sampling theory for non-bandlimited signals [4,125] introduced an-
other criterion to compare the input and output of a sampling-reconstruction system.
It is called consistent resampling and has been described in Section 2.4. The basic idea
is to compare the input signal and the reconstructed signal by projecting them onto
the acquisition space. Sampling is said to be consistent if they produce the same set of

measurements. A similar idea can be used for resampling.

We shall say that resampling is consistent if the output discrete signal appears to be
the same as the input discrete signal as far as the synthesis function is concerned. In
other words, to the synthesis function, both input and output signals describe the same

analog signal. This concept can be defined formally using frame theory.

Definition 3.1.1. (Consistent Resampling) Consider a resampling system as shown in

Figure 3.1. Let the set of vectors {gzﬁ (% — n)}
0< AL ‘¢ L n
> (7-m)

where A and B are the Riesz bounds. The resampling system is said to be consistent if

wez Jorm a Riesz basis, i.e.

2
<B < (3.6)

and only if f(z) = f(:c) where
Flw) = frlnlo (= n) (3.7)
Fa) =" folmlo (= —m) (3.8)

are the continuous functions reconstructed from { frin|}nez and { fr:[m]}mez respectively

using @.
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3.1.3 Physical Justification

~ ~

To view the signals f(z) and f(z) in frequency domain, we first decompose the signals

into forms of convolution:

(@) = fr@@)+o () (3.9)

(r) = f:rf(w)*qﬁ(%) (3.10)

)y Tk

where fr(z) and fr(x) are the modulated signals of f; and f7/ respectively, defined by

fri@) = 3 frlnlé(e — o)
fr@) = 3 ol - m)

It is worth pointing out that fr(x) is a continuous signal while f7 is discrete. The response

of fr(x) can be directly evaluated from FT:

Fr(©2) = /fT(x)e_jQxdx
= /Z fr[n]é(z — nT)e % dy
= ZfT[n]eijnT (311)

Since

Fr(Q+2n/T) = ZfT[n]e_j(Q+2”/T)"T

= ZfT[n]e_anT
_ B (3.12)

Fr is of period 27w /T. Similarly, the response of f7 is given by

Fr(Q) =) frm]e " (3.13)

m
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and its period is 27 /T".

On the other hand, from the scaling property of F'T', the response of ¢ (%) and ¢ (ﬁ)
as in (3.9) and (3.10) are given by T'®(72) and T'®(T'S2) respectively.

Following the convolution property of F'T, the response of ]? and f(aj) is given by

F(Q) = Fr(Q)To(TQ) (3.14)

F(Q) = Fr(QT'®(TQ) (3.15)

To view consistent resampling in frequency domain, we have
F(e) = F(©) (3.16)
Substitute (3.14) and (3.15) into (3.16),

Fr()T®(TQ) = Fr(Q)T'®(T'Q) (3.17)

By rearrangement, the response of the output signal is given by

To(TQ)

Fr() = FT<Q)W

(3.18)

An analysis of (3.18) provides an insightful view of consistent resampling theory in
frequency domain. On one hand, to evaluate Frp(Q)p(T€), since Fr(€2) is of period 27/T,
we only need to concern one period defined in the range Q € [2(k—1)7 /T, 2kn/T'). During
this period, ®(7?) is evaluated in the range TQ € [2(k — 1), 2k7). It is equivalent to
evaluate ®(2) in the range of Q € [2(k — 1), 2k7). Define

Fr(/T) Q€ [—m,m)

Fr.(2) = { 0 otherwise (3.19)

For consecutive intervals of 2, F(£2) is obtained by evaluating ®(£2) manipulated by the
signal Fr (2 — 2km).
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On the other hand, to consider ¢(77Q2) in the intervals [2(k — 1), 2k7), the value of €2
is taken in the range of Q € 2((k — 1)n/T",2kw/T"]. Since Fr is of period 27w /T", define

Fr(QT") Qe |—m,m)

FTé(Q) - { 0 otherwise (3.20)

It can be similarly argued that for consecutive intervals of 2w, F (Q) is obtained by

evaluating ®(£2) manipulated by the signal Fr (Q — 2k7).

Hence, the consistent resampling theory requires Fp,(2) = Fr,(2). From (3.19) and
(3.20), we can observe that it is equivalent to state that Fr/ () resembles a dilated version

of Fr(Q2), just as ®(77Q2) is a dilated version of ®(T).

3.2 Consistent Resampling Systems
3.2.1 Correction Filter

In general, for any arbitrary ¢ and 1, a resampling system will not be consistent, i.e.
it does not conform to Definition 3.1.1. However, a digital correction filter ¢[n] can
be incorporated into the system in the way shown in Figure 3.2 to achieve consistent
resampling. The following proposition provides a formula for the design of this correction

filter.

Before we proceed, we consider the frequency response of a time-variant sequence.
From its definition, the response of a discrete sequence, or the Discrete Time Fourier
Transform (DTFT) is derived from the FT for continuous signal. Conventionally, the

sampling is defined by convolve the signal with the ideal impulse train,
Ar(z) =T 6(z —nT) (3.21)

and the samples of a signal f(x) is defined by f[n] = f(x)|.r. To work out its frequency

response, we first modulate the sequence by the Diracs function
fr(z) =T f(nT)s(x — nT) (3.22)
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which is a continuous function and its response is given by FT:
Fr(Q2) = /fT(x)ejQxdx
= Z Tf(nT) /5(1: —nT)e ¥ dx
= Y Tf(aT)e ™" (3.23)
With the association w = QT', the DTFT is hence defined by

F(w) =Y fr(n)e " (3.24)

Let the cross correlation of ¢ (% — n) and 1) (% — m) be defined by

Cop[n, m] = /xgb <% - n) Y (% - m) dx (3.25)

The sequence can be obtained by sampling the signal
" x x
Cop(T) = @ <f - n) * 1) <_TT’> (3.26)
at period T". For one particular n, the response of the sequence ¢, (2)|z=mz is given by

o) = chw(x)/é(x—mT’)ejmdx

= Cchpln, m)e?m T (3.27)

With the association of w = QT", the DTFT of ¢ [m] is given by

Chy(w) = ch[n, m]elm (3.28)

m

On the other hand, the function ¢ (% = n) can be rewritten as

G-o) ()

The shifting property of Fourier transform states that

f@) B FQ) = fz—n) 5 e (3.30)

o7



CHAPTER 3. NOISELESS CONSISTENT RESAMPLING

To take into consideration of the shift n, for a given n the shifting factor is e 77,
Therefore, the response of the sequence cgy[n, m] is given by
Cop(w) =D Copln, mle?me 70T (3.31)
Since w = Q7" and Q = w/T’, the above equation can be reformed into
Cop(w) =D Copln, m]e? =1 (3.32)

where T, = T/T".

We can see that this definition is of the same form of the response of a filter bank, as

seen in [8].
We proceed to the next proposition on the design of the digital correction filter:

Proposition 3.2.1. Let

Cop(w) =D Copln, mle? =1 (3.33)

m,n

be the frequency response of the sampled cross correlation {cgy[n, m]}mnez of ¢(F) and

W(#%) where

Copn, m] = /xgzﬁ <% — n) (0 (% — m) dx (3.34)

with T, = T/T". Similarly, let Cyys, (w) be the frequency response of {cee,[n, m]}

m,ne”’

the sampled cross correlation of ¢(F) and ¢4(7), the dual operator of ¢(), given by

x x
Cogqln,m] = /zd) (T - n) Pa (ﬁ - m) dx (3.35)
Then the resampling system in Figure 3.2 is consistent if the frequency response of the
digital correction filter is

_ Cpu(w)

Q) = Cop(w)

(3.36)
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Proof. The output of the system in Figure 3.2 is given by

frln) =323 prlol {0 (F =) (5 = 9) palm = (3.37)
Substituting (3.37) into (3.8), we have
flay = 2 (ZZfT (o (——n) e —s>>q[m—s]> o (7 -m)
— ZfT Z/¢ ——n ﬁ—s)dxq[ s] - ¢<%—m) (3.38)

With the cross correlaiton cgy[n, m] as defined by (3.34), (3.38) can be expressed as

x) = Z fr[n] Z Cop|1, 8] Z q[m — s]¢ (% - m) (3.39)

Since ¢4(77) and ¢(7) are duals of each other, we have

T

$a( =), ¢ —n) ) = 3[n] (3.40)
T T

Using this condition, if we sample f(x) using ¢q(77), we obtain

frolkl = > frln] > copln,s] > qlk — 5]

= frxcprd (3.41)
Since
Copln, s] = /qf)(% —n) " (% _S) da
= /qb(%)@D(%—s%—nT)dx:cW[O,s—nTr] (3.42)
frln] - fx) - ol
—-@ o qln) f—
e e Za(jmm

Discrete Resampling Filter

Figure 3.2: The consistent resampling system with the correction filter.
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with T, = T'/T". The response of the 2D sequence ¢,y can be calculated as

Coyp(w) = Z Copln, s]e7 =T (3.43)

n,s

Taking the Fourier transform of (3.41), we have

Fri(w) = Fr(w)Coy (0)Q(w) (3.44)

On the other hand, sampling f(z) as expressed in (3.7) using ¢, we have

frll = > frinjcgg,[n, o]

= fT * Cooy (345)

where ¢y, is given by (3.35). It can be expressed in the Fourier domain as
Fri(w) = Fr(w)Cyg,(w) (3.46)

In order that the resampling system is consistent as defined by Definition 3.1.1, we need
to have f(z) = f(:v), or alternatively Fiv(w) = Fp(w). Thus, using (3.44) and (3.46), we

require
Fr(w)Coy(w)Q(w) = Fr(w)Css,(w) (3.47)

This condition will hold if the frequency response of the discrete correction filter is given
by

_ Cy(w)

Q) = Cop(w)

(3.48)

]

Given (3.36), we assume that the sequence {c4y[n, M|}y mez is invertible, from (2.63),

it is stable and reversible if
My < |Cyy(w)| < Mo (3.49)

almost everywhere (a.e.) where M; and M, are two positive constants. This condition
also ensures the existence and stability of the inverse filter, which is defined by c;li and

1 IFT 4
- T, (3.50)
Coyp(w) v
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3.2.2 Optimality

It turns out that consistent resampling has a very desirable property that is described

by the following proposition.

Proposition 3.2.2. Consider a consistent resampling system as shown in Figure 3.2

with the correction filter Q(w) given by (3.36). Let a, denote the sampled autocorrelation

function of ¢ such that aglk] = (¢(x), p(x — k)). If a, is invertible, then the input signal

fr[n] can be reconstructed from the output by

frln) = <Z from]o (% —m), 64 (; - n)>

where ¢q4 is the dual operator of ¢ satisfying condition (2.17).

Proof. 1f the resampling is consistent, then

Jla) = 3 solnlo (7 —n)
= > folmlo (7 —m)

Sampling f(x) using ¢4, we get

erln] = (F(@), 6ulz = m))

Interpolating cr[n] with ¢(7), we obtain the continuous signal

Jo=Yerlnlo (7~ n)

n

Substituting (3.53) into (3.54), we have

ﬁ:f;<¢(%—n>,¢d(%—n)>

Since ¢4 and ¢ are a dual pair, this simplifies to fC =f.

61

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)



CHAPTER 3. NOISELESS CONSISTENT RESAMPLING

The frequency response of a, is given by
Aglw) =D [®(Q+ 2mk) (3.56)
k
with w = Q. If a, is invertible, then the condition (2.63) gives us

My <) |0(Q+ 27k)|* < My (3.57)
k

Hence ¢ satisfies the Riesz Condition. This implies that for any signal ]7 € Vj? , there
exists a unique sequence fr[n] representing it in Vi’ . Therefore fr[n] = ¢r[n] and it can

be reconstructed from fr/[m] using (3.53). O

Since it is possible to reverse the resampling process if it is consistent, the information
contained in the input sequence is preserved in the output through the synthesis function.
Thus consistent resampling is informationally lossless and hence optimal. Furthermore,
this proposition shows that optimal resampling can be achieved regardless of the choice

of the resampling function.

Note that a similar strategy has been proposed in [164]. The authors suggest that
upsampling can be viewed as the inverse of downsampling. So when the upsampled
sequence is downsampled, the original sequence should be recovered. The theory of
consistent resampling generalizes the situation to any sample rate conversion and is not
restricted to upsampling. Furthermore, the sampling and resampling functions are not
limited to the ideal sampler and the sampling interval ratio 7'/T” need not be rational as

required in other literature [164,174,175].

3.2.3 Correction Filter Implementation

The frequency response of the correction filter is given by (3.36) which is

_ Cy,(W)

Q) = Cop(w)

(3.58)
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frlk] — fx) — frlk] —— fr)
L) {m)
ZS(x—kT')

k

Figure 3.3: The resampling system with continuous correction filter.

with
Cop(w) = Y copln, mle?m=T) (3.59)
Cooa(w) = D o [n,mlesm =17 (3.60)

Since T, = T/T" is generally not an integer, (m — n7,) is also typically a non-integer.
Therefore, the conventional impulse invariant approach cannot be used to obtain the

impulse response q of the correction filter.

We approach this problem by deriving the impulse response of a continuous correction
filter ¢(z) which achieves consistent resampling. The resampling system becomes the
one in Figure 3.3 with the discrete correction filter replaced by a continuous one. The
frequency response Q(2) of this filter should approximate Q(w) in (3.58). Then the

digital correction filter can be derived from g¢(x).

From Figure 3.3, the resampling output is given by
fi(x) =Y frolkla(x = kT') (3.61)
k

Now if f7,(x) is filtered by ¢(7), we obtain

~

)= [t 0 ()] @) (3.62)

Since the continuous signal reconstructed from the discrete input signal is given by f(x) =

>, frin]¢ (£ —n), by definition, consistent resampling is achieved when ]’“\’(a:) = ().
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Proposition 3.2.3. The system in Figure 3.3 is consistent if the frequency response of

correction filter q(x) satisfies:

Q) = %((él)) (3.63)
where ¢q(x) is the dual operator of ¢ as defined in (2.20).
Proof. From Figure 3.3,

frlk) = (F@)v (5 — k) (3.64)
Substituting (3.64) into (3.61), the output of the system can be expressed as

frl@) = Y (Fa)v (75 =m) ) gl = mT) (3.65)
Filtering this signal by ¢(%) as in (3.62), we have

) =3 (Fa)v (= m) yate = mT") o () (3.66)

If the resampling is consistent, then f’(x) = f(:c)

Sample fA/(:B) by ¢q (%), the dual function of ¢ (%), at rate 7. The sampled values

are given by

frlnl = (F@).0a(7—n))

= <f(x), [Z q(fn —m]T")0 (% — m)] > (3.67)

due to the duality property

(¢ (% —m), 64 (% —v)) = 6lm ] (3.68)
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On the other hand, the sample values of f(z) are given by
- ~ x
Fiolk) = (F@), 00 (75 — %) ) (3.69)

If f(z) = f'(z), the two sequences in (3.67) and (3.69) are the same. This amounts to

requiring

Pa (F) = ZQ(mT/W <ﬁ - m) (3.70)
Let

qr (z) = Z qr[m]o(x —mT") (3.71)
where qr/[m] = ¢(mT"). Then (3.70) can be expressed as

ba (%) = qr(z) * ¢ (%) (3.72)

In the Fourier domain, this equation becomes

Py(T'Q) = Qr () V(T'Q)
(T

= QT’(Q) = m (373)

where Q7(f2) is the Fourier transform of gr(z). The frequency response of ¢(z) is

therefore given by

Q) = Qr %) (3.74)
_ 2a(©)

= 3@ (3.75)

O

Proposition 3.2.3 derives the continuous correction filter according to the consistent
resampling principle. The impulse response of the digital correction filter can now be
obtained by the impulse invariant method. By sampling ¢(z) at rate 7", we have ¢/.[m| =
q(x)|z=7. The frequency response Q(w) of the digital correction filter is identical to
Qr/(2) given by (3.73). Therefore, according to Proposition 3.2.3, this digital filter

enforces consistent resampling.
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3.3 De-interlacing Revisited

We follow the model discussed in Section 2.7 to analyze the de-interlacing system using

consistent resampling. Suppose the first order B-spline which is defined by

oy J 1=l 0< |zl <1
Filz) = { 0, otherwise (3.76)

is chosen to be the interpolation function of the de-interlacing system. Then the existing
samples f[2k], the resampled samples f[2n + 1] and the motion compensated f[2m + a]
in Figure 2.12 are related by

(3.77)

fi2m+a] = <Z f2K]B (z — 2k) + Zf[Zn +1)8"(z — 2n — 1))

r=2m-+a

for k,n,m € N. Since 3'(z) is non-zero only in interval x € [—1,1] and 0 < a < 1,
B(a+2(m—k)) and 3'(a+2(n—k)—1) are zero for all k and n, except when k = n = m.
Hence (3.77) can be reduced to

fI2k +a) = (1 — a) f[2k] + af[2k + 1] (3.78)
Rearranging, we have

. (1 —a)f[2K] (3.79)

a

flok+1] =~ f2k +d

Expressing (3.79) in the matrix form, the input and output sequences of the de-interlacing

system are related by

P A -

/

-~

D

where the transfer matrix of the system is denoted by D. The stability of the resampling

system is measured by the condition number as discussed in Section 2.4.
1 2 12 o,
0—D'D - [a +(a—1)° a 1}

a2 a—1 1

(3.81)
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In this case, it can be equivalently measured as the square root of the ratio of the

maximum and minimum eigenvalues of the system matrix [8]. Thus

Amax 1+a?>—a+(1—a)Vv1+a?
a= (3.82)
Amin l+a?>—a—(1—-a)V1+a?

It can be easily verified that o is minimum when (1 —a) = 0 or when a = 1.

We proceed to analyze the effect of the consistent resampling in de-interlacing system.
Denote the existing samples by fy; = {f[2k]}rez and the motion compensated samples
by f1; = {f[2m + a]}mez which are the inputs to the de-interlacing system. Let the
resampled output be f; , = { f[2n + 1] },ez. The complete output consists of the samples
fo0 = fo; = {f[2k] }kez and the resampled sequence f; ,.

If the system is consistently resampling, then according to Definition 3.1.1 the output

and input must both approximate the same analog signal in the space of VA", That is,

> F2KIBN @ = 2k) + Y f[2m + a] B (x — 2k — a)
> f2k]BN = — 2k) + Y fl2n +1)8"(z — 2n — 1) (3.83)

Taking samples of the signals on the left and right hand sides of (3.83) at x = 2l (even

positions) where k,l,m,n € Z, we have

> FRKBNR = R) + ) f2m +a]B'(2(1 = m) — a)
Eijf[zkwl@(l — k) + Emj f2n+1]8' 201 = n) — 1) (3.84)
This simplifies to
fl20 + (1 —a)f[2l + a] = f[2]] (3.85)
Similarly, sampling (3.83) at the odd positions where z = 21 + 1, we have
> FI2K1B(2(1 - k) +Zf2m+aﬁl( (I—m)+1—a)
2:: fI2K]BM(2(1 - )+ Z fI2n+1]8' 2 - n)) (3.86)
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ZS(X —m)
k s

Joilm] frolm]
> B > qoln]
I — L
Jrilm] k foolm]
= q[n] —
—

Zﬁ(x —m)

k

Interpolation Filter H Correction Filter Q

Figure 3.4: De-interlacing system modeled as a multichannel system.

which simplifies to
af2l +a] = f20 + 1] (3.87)

Using (3.85) and (3.87), the de-interlacing system can be represented by the matrix

equation

{(1) 1;a] [f[gz[zﬁa] ] - {(1) (1)] [féﬁ”ﬂ (3.88)

The de-interlacing system can be modelled as a multichannel system. The number
of channels is two since there are two sets of input — existing samples f;; and motion
compensated samples f; ;. This two-channel system is shown in Figure 3.4. The displace-
ment between the two channels are modelled by a corresponding displacement between
the interpolation functions ¢; = #(x) and ¢ = B(x — a). The first subscript denotes the

channel number, and the second subscript indicates the input and output.

Denote the multichannel interpolation filter and the multichannel correction filter
by H and Q respectively. The input-output relationship of this multichannel system is
therefore given by

F, = QHF, (3.89)
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where
o fO,o
R B
| Joi
F, = [f17i1 (3.90)

Using (3.89) and (3.90), (3.88) can be expressed as

1 1—a 10
ER L

= { (1) (1) } QHEF, (3.91)

The resampling process can be described by the matrix

QH:H 1_a} (3.92)

a

The stability of the resampling process is evaluated by the condition number o =

Amax (A)

() Where A is the matrix

A = (QH)'QH (3.93)
= { L (1—a) 1 (3.94)

(1—a) a®*+ (1 —a)?

It can be verified that

Amax(A) — 1 — 1|va? +
\/ a+1+a—1[va®+ (3.95)

)\mlnA —a+1—a—1|\/a2

« has the minimum value of 1 when A, = Amin. This is achieved if a = 1. Therefore,
using consistent resampling, results consistent with intuition is obtained. This is not
achievable by applying the generalized sampling theory to de-interlacing as discussed

previously in Section 2.7.
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(Ny, 1) dj=cjl.+aje  jT+d

bl Code |a
Repetition
Coder

Transmission
Coder

PPM
Modulator

s()=Y p(t—jT—c;T.+aje)
J

Figure 3.5: Transmission scheme for a PPM-UWB signal.

3.4 Applications

3.4.1 Demodulation of UWB Signals

We demonstrate the lossless property of consistent resampling by considering the problem

of demodulation of Impulse Radio UWB signals.

Time-hopping impulse radio has been proposed as a simple UWB wireless commu-
nication technique. It transmits a stream of pulse-position modulated (PPM) impulses
that are of very short (sub-nanosecond) duration [5,176]. A typical impulse radio trans-
mitter consists of (1) a channel coder to introduce redundancy, (2) a transmission coder
to scramble and code the sequence, (3) a PPM modulator to produce modulated pulses

and (4) a pulse shaper [177]. It is illustrated in Figure 3.5.

Given a binary sequence b = {... bg, by,..., by, ...} to be transmitted, the code rep-
etition coder produces a sequence a = {...,ag, a1, ...,a, ...} where a; = {b;,b;,...,b;}
which is a repetition of the symbol b; N, times. The transmission coder then adds an
integer valued code ¢ = {...,cp,c1,...,C, ...} to the binary sequence a and generates
a new sequence d. Each pulse in d is modulated by the pulse-position modulator and

shaped by a pulse shaping function p(¢). The signal s(t) that is transmitted is given by
s(t) = Zp(t — jTs — ¢;T. — aje) (3.96)
J
where T is the symbol rate, T is the chip rate and ¢;T, 4 € < T for all ¢;.
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Demodulating such signals involves an estimation of the position of each pulse [178-
180]. For our purposes, it suffices to combine the various time shifts into a single variable

t;. Thus
s(t) = Zp(t — tje) (3.97)

Since the duration of the pulses are short and strictly non-overlapping [181,182], we can

assume that s(t) is a sequence of Diracs:

pt)= > ad(t—t) V=0 (3.98)

ke(1,2,-]

The pulses can be viewed as nonuniform samples of an underlying continuous signal.
Consistent resampling can be applied to convert this non-uniformly sampled sequence to
a uniformly resampled one. The original pulse positions can then be deduced from the

uniformly sampled sequence.

If we interpolate the stream of pulses in (3.98) using 37, (t), we have

F) =" afn(t—t) (3.99)

where (7 (t) is the dilated B-spline of order n, t € R which is defined by

C0- S () () () o

J=0

and p(x) is the step function where p = 1 for z > 0 and zero otherwise. It can be

observed from (3.100) that

A (t) = 0 when [t| > D™ (3.101)
The dilation level m is chosen such that the width of the support of 3, B = [—W, W

is smaller than the minimum distance between the pulses,

(n+1)m < mkin(tkH —tx) (3.102)
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Therefore fcontains non-overlapping weighted shifts of 3. Without loss of generality,

assume that m = 1.

The first derivative of the B-spline is given by [92]

dﬁ;(t) _ e (t N %) g (t _ %) (3.103)

Therefore the derivative of (3.99) is

@ =Y a [ﬁ"‘l (t + % - tk) -3t (t - % - tk)] (3.104)

k

We shall assume that n > 1.

Note that c; and ?; are independent parameters of the signal. We shall show that

f(t) contains all the information we need to estimate ¢, and .

Proposition 3.4.1. Let the set I' = {t.} contains all the roots of (3.104) such that
af (t)

p— .].
- 0 (3.105)

te

Then all the values of ty in (3.99) can be found in T.

Proof. When t = t, (3.104) becomes

fopal ) ()

Since B-splines are symmetric and 3"~ (t) = "~1(—t), we have df(t)/dt = 0 and there-
fore t, € T'. O

Proposition 3.4.2. Allt in (3.99) can be identified from the set I as defined in Propo-
sition 3.4.1.

Proof. Let t = t.in (3.104). Since t; is unique and the pulses are strictly non-overlapping,

(3.105) implies that Vk

gt (tc — b+ %) =gt <tc — b, — %) (3.107)

There are two possibilities to consider in solving this equation:
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(i) B (te—tu+3) =" (e —te — 3) #0;
(i) "t (te—th+3)=0"""(te—tr—3) =0

We consider the two cases inidvidually. In the first case, since 4" ! is symmetric,

(3.107) requires that

1 1 1
te—tit+ o =te—ti— 3 or — b=ty — = (3.108)

This gives us
te =ty (3.109)

In the second case, since "1 (tc —tr + %) = 0 and g1 (tc — 1y — %) = 0, from
(3.101) we have

1 n
te—t - > = 3.110
R (3110
oty i > 2 (3.111)
] B '
The inequality (3.110) is reduced to
n 1 n 1
te—th 2 —— = te—tph < —= — = 112
k=373 7 F=T9 3 (3.112)
Similary, (3.111) is equivalent to
n 1 n 1
Since n > 0, combining (3.112) and (3.113), we have
ooty > gL (3.114)
©h=2 2 '
or
n 1
f < 11
te—ti <=3 — 3 (3.115)
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Therefore,

n+1

te —th] > (3.116)

Thus the set I' contains ¢. = #; (from the first case) and |t. — x| > " (from the
second case). To identify ¢, notice that when t = ¢, and |t. — tx| > "TH, then f = 0.
This is because in (3.99), if t = t., then |[t. —tx| > * and 3"(t, — t;) = 0 for all £,

giving ]/”\: 0. It is therefore possible to identify t; from the set I" by checking the value

-~ -~

of f(t.). When f(t.) # 0, we have t; = t.. O

The proof given above provides us with a method to determine ¢;. Once the values

~

of t are available, the coefficients can be obtained by ¢ = f(t)]i=,. All information of

x(t) are preserved and stored in the continuous signal f(t) x(t) can be reconstructed

~

from f(t).

Based on Proposition 3.4.2, we apply consistent resampling to the demodulation of
impulse radio signals. Consider z(t) to be a modulated discrete sequence ¢ at positions

-~

t, it approximates f(x) in the space generated by (5". Let a sequence gr satisfy
> grlm]" <% —~ m) = Xk:ckﬂ"(t — 1) (3.117)

i.e. gr is the consistently resampled sequence of z(t) in V?". From Proposition 3.4.2,
f(t) contains all information required to reconstruct x(t). Since gr approximates 7, x(t)

can be obtained from gr as well.

Note that we have not yet discussed the conditions on the resampling interval T" such
that consistent resampling can be achieved. We shall do so in Section 6.2.2. In the
mean time, we shall assume that the resampling rate is sufficient to achieve consistent

resampling.

We shall now use (32 as an example. Since the main purpose is to localize the pulses, we
shall assume that ¢, = 1 for all k. Let a sequence of pulses consists of eight distinct pulses

in a time segment of length 128. The pulses are generated randomly and their positions
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ti Lty |ty | ta | ts | te | tr | ts

original | 9 |15 |19 | 32| 57| 62 | 82 | 105

estimated | 9 | 15 | 19 | 32 | 57 | 62 | 82 | 105

Table 3.1: The desired and the estimated values of t.

~

Figure 3.6: The modulated signal f(t).

are shown in the first row of Table 3.1. The minimum distance between neighboring
pulses is D = t3 —ty = 4. Since the width of the support of 5% is 2 (%) <4, fcontains

non-overlapping modulated pulses, as shown in Figure 3.6.

o~

The first order derivative of f(t) is shown in Figure 3.7. Note that the pulse locations
ty are at the zero-crossings of d]?/dt with the ¢ axis. Using Proposition 3.4.2, t; can be
identified as those points where de/ dt =0 and f;é 0.

This process can also be performed in the discrete domain. The B-spline coefficients
glk] of a signal can be obtained through a direct transform [87,92,93]. The process is

shown in Figure 3.8. Sampling f(¢) at t = mk gives us y,,[k] and the B-spline coefficients

are given by
glk] = (b3) ™" * ym K] (3.118)
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|

Figure 3.7: First order differentiation of f(¢).

The filter (b7)7! is the inverse of the discrete B-spline filter with coefficients

b k] = 8" (E) (3.119)

m
The derivative is obtained by applying the difference operator d = d(k) — §(k — 1) to
{g[k]} followed by a shifted discrete B-spline filter ¢!, as shown in Figure 3.9, where

Eo1

k=" — + 2 3.120

ik = (2 g (3.120)
Here, m is the sampling interval used in the system. The output h is the ideally sampled
sequence of dfd—(f) at rate m. Thus,

df (t
pi = L (3.121)
dt t=km

In this example, b2 [k] = 6 (£) and ¢}, [k] = 8' (£ + 1). Since ¢}, is shifted from the
B-spline by %, choose m = % The ideal samples y and the output sequence h obtained
are shown in Table 3.2 and Table 3.2 respectively. Based on Proposition 3.4.2, we choose
k such that y[k] # 0 and h[k] = 0. Since the sequence is sampled at m = 1, the exact
locations are given by k/2. The results are shown in the second row of Table 3.1. It

shows that our method demodulates x(t) accurately.
To summarize, the steps to demodulate UWB signal in the digital domain is to
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k y[k]
16 —23 | 0.1239 | 0.4545 | 0.7438 | 0.6198 | 0.2314 | 0 0 0
24 — 31 0 0 0 0 |0.12390.4545 | 0.7438 | 0.6198
32-39 02314 0 0 0 |0.1239]0.4545 | 0.7438 | 0.6198
40—47 02314 0 0 0 0 0 0 0
60 — 67 0 0 |0.1239]0.4545 | 0.7438 | 0.6198 | 0.2314 | 0
68 — 75 0 0 0 0 0 0 0 0
112 — 119 | 0.1239 | 0.4545 | 0.7438 | 0.6198 | 0.2314 | 0 0 0
120127 | 0 0 ]0.1239]0.4545 | 0.7438 | 0.6198 | 0.2314 | 0
156 — 163 | 0 0 0 0 0 0 |0.1239 | 0.4545
164 — 171 | 0.7438 | 0.6198 | 0.2314 | 0 0 0 0 0
208 — 215 | 0.1239 | 0.4545 | 0.7438 | 0.6198 | 0.2314 | 0 0 0
216 —223 | 0 0 0 0 0 0 0 0

Table 3.2: Value of y[k]. All other elements of y[k] are zero.
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k h[k]

16-31 |o[1][o[-1]ofololofolo]ofofo[1]o]1
32—47 |olololofo[1]ol[-1lolo]ofo[o[0o]0]0
60—75 |ololol1]o][-1]ojololofo[o[o[o]o0]o0
1m2—127o|1]of[-1]ofololofo[ofof[1]o][-1]0o]0
156 —171|0|ofo[ofofolol1]o][-1]o]o]o][o|0]0
208—223]0/1/0-1]0 olololofofo]o o]0

Table 3.3: Value of h[k]. All other elements of hlk] are zero.

(i) Find the B-spline coefficient of the sequences;
(ii) differentiate the B-spline coefficients;

(iii) Compare two discrete sequences

Assume that the number of pulses of the UWB signal is N. The first step is to linear pro-
cess the sequence. The filter length depends on the choice of B-spline function. However
the complexity of this step is O(N) since only linear processing is involved. Similarly, to

differentiate the sequence is of complexity O(N).

The major part is the third step which performs a comparison between 2 discrete
sequence. The size of the sequence depends on the sparsity of the original UWB sequence.
In our case, there are 8 pulses in the period of 124. The minimum distance between
the neighboring pulses is 4 and the resampling rate is 2Hz. Therefore the size of the
sequence is N = 2 x 128 = 256. To compare two sequence of size N, the complexity
is at most O(N?). An in-depth analysis shows that the comparison is carried out to
locate the positions in the sequence such that one is zero (h[k] = 0) and the other is not
(y[k] # 0), it would simply result in worst case scenario of linear complexity. Therefore,
the complexity of the demodulation algorithm is O(N), although the factor depends on

the order of the B-spline and the sparsity of the sequence and can be large.

There is one limitation of our algorithm that it is sensitive to noise. In real life, the

UWB signals are inevitably corrupted by noise and our method will result in false positive

78



CHAPTER 3. NOISELESS CONSISTENT RESAMPLING

pulses. A possible solution is that the UWB signal is first to go through a de-noising
process. An effective way to do so is to correlate the UWB signal with its pulse function.
The output signal is free of Gaussian-like white noise and our algorithm can be used to

demodulate the sequence.

3.4.2 Image Resizing

Now we consider the application of consistent resampling to image resizing. Usually, the
quality of an image will degrade when it is zoomed in and out several times. In our
experiments, an image is either enlarged by a factor of 1.25 or reduced to 0.8 of its size.

These factors are chosen arbitrarily and other factors could have been chosen instead.

Four different resampling techniques are considered. They are

(i) classic interpolation

(i) oblique interpolation [170]
(iii) quasi interpolation [171]
(iv) consistent resampling

In order to obtain a fair comparison, the interpolating function used by all four techniques

is the first order B-spline $'. Recall that

0, otherwise

— <
B () z{ t=lol el <1 (3.122)
Since 3! is a Nyquist function, the B-spline coefficients are the same as the samples
obtained by ideal sampling.

The function ‘imresize’ from the image processing toolbox of MATLAB is used to
obtain the results of classic resampling. This function treats the 2D image as separable

and operations are carried out along each axis. The ‘METHOD’ is set to be ‘bilinear’ for
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interpolation using 3. For a resizing factor of 1.25, the resampling interval is 7" = 0.8.

Let I denote the input image. Then the output image, denoted as K, is given by

Km] = > 108" @ = i)lmr
= D105 (08m i) (3.123)

where i,m € Z. Since 3'(x) is zero for |z| > 1, only the samples I[i] whose indices fall

in the range [0.8m — i| < 1 are used to obtain K[m]. Thus the possible values of i are

0.8m —-1<1<0.8m+1

= i=|0.8m] or i=[0.8m] (3.124)

where | x| represents the largest integer not greater than x and [z] is the smallest integer
not less than x. So for x ¢ Z, |z| +1 = [x]|. Thus when 0.8m is not an integer, (3.123)

becomes

K[m] = TI[0.8m]]3"(|0.8m] — 0.8m) + I [[0.8m]] 3" ([0.8m] — 0.8m)
= I[|0.8m]]([0.8m] — 0.8m) + I [[0.8m]] (0.8m — |0.8m ) (3.125)

When 0.8m is an integer, we only need to consider ¢ = 0.8m and (3.123) is reduced to
K[m| = I1[0.8m] (3.126)

Since the classic interpolation method does not require any correction filter, Q(z) = 1.

Oblique interpolation has been described in Section 2.4. The correction filter required
is specified in (2.102). Since we are now using 3' as the interpolating function, n = 1.

From Table 2.1 we have

(3.127)

(z+6+27") (3.128)

o= =
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Substituting (3.127) into (2.102), we have the transfer function of the correction filter

which is given by

8

D 12
2464271 (3.129)

Q(z) =

For quasi interpolation, as discussed in Section 2.6.3, the correction filter Q(z) is
designed such that the effective sampling filter approximates the dual function of the
interpolation filter. In this case, the sampling function is the Dirac impulse §(z) and the

sampling interval 7" = 1. From (2.65) the effective sampling function is given by

e(w) = qlk]6 (x — k) (3.130)

P () = Qw) (3.131)

where w = QT = Q. When the interpolation function is 3'(x), the order of approximation

is L=2and N =L+ 1= 3, (2.108) amounts to requiring

Q(w) — By() = O(2%)

= Qw) = BQ) +0(Q%) (3.132)

where B}(€) is the frequency response of the dual function of 3'(z). From (2.20), the

dual function 3} is approximated by

B ()
Bj(Q) =
! Aj(w)
1
I S (3.133)
1— %st (%)
Using Taylor’s expansion on A};(w), we have
BY(Q) = ! (3.134)
d — Loz 0() '
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Let P(w) = Q' (w). From (3.132),

Plw) =

(
1 +( 1 1 )
CBIQ)  \Bi(Q)+0(2%)  Bi(Q)
1
(

" B BB + o) 1)
When Q — 0, BY(Q2) — 1 and BJ(Q2) + O(Q?) — 1. Therefore
P(w) = % +0(92%) (3.136)
Substituting (3.134) into this equation, we have
Plw)=1-— %QQ +0(2%) + 0(") (3.137)
When Q — 0, O(Q*) = O(2?). Thus the equation is reduced to
m@::1—%m+om%
_ -ty O(w?) (3.138)

12

since w = ) when T = 1. Ignoring the higher order terms and assuming that P is

symmetrical up to order 1, let
P(w) = a+b(e’ + e77¥) = a + 2bcos(w) (3.139)

Using Taylor’s expansion for the cosine function, we have

2

p@):a+%u—%+oww

= (a+2b) —bw?® + O(w?) (3.140)

Compare with (3.138), we obtain b = -5 and a = 2. Therefore,

1 12

Q) = P(w) T e+ 10+ e 9@ (8.141)
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with the corresponding transfer function in z domain given by

12

= 3.142
z+ 104+ 271 ( )

Q(z)

The correction filter for consistent resampling is obtained by (3.36) in Proposition
(3.2.1). It is implemented by sampling the continuous correction filter g(x) defined by
Proposition 3.2.3 at rate 7". Since ¢(z) = d(z) and ¥(Q) = 1, from (3.58), Q(Q?) =
®,4(£2). The frequency response of the dual function is specified in (2.20),
_ BY(®)

Bé(Q) - Aﬁl(&))

(3.143)

From (2.34),

BY(Q) = sinc® (%) (3.144)

Aj(w) can be looked up in Table 2.1. With w =,
(3.145)

To sample g(z) at T, the frequency response of the sequence q7+, Q(w) is related to Q(2)

w

77, therefore

by setting 2 =

Qw) = QV)|a=w/r
_ i () (3.146)

L= §sin” (577)

To find the impulse response ¢[n] of the digital correction filter whose response satisfies
(3.146), we adopt the same approach used in quasi interpolation. Note that the length
of the correction filters in both oblique and quasi interpolation are IIR filters of length 3.
In order to compare the performance at the same computational cost, we set the length
of g[n] to be 3 such that Q(w) = [a + b(e?* + e~7*)~!] for some constants a and b. From

Taylor’s expression,

sinc(x) = =
= 14— (3.147)
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Table 3.4: The correction filters and their frequency responses.

Resampling Technique Q(z) Qw)
Classic Resampling 1 1
Oblique Resampling [1271+ 3 + 17] - [2 + 5 cos(w)] -

Quasi Resampling (5271 + 2+ £2!] - [12 + & cos(w)] -
Consistent Resampling (Zoom in) [z + 8 4+ 2271 - [+ & cos(w)]

Consistent Resampling (Zoom out) | [232z + 222 + 22 27] - [222 + 22 cos(w)] -

When 77 = 0.8, Q(w) can be approximated by

1— (w/2T")? + (w/2Th*

Q(w) _ 3! 5! 5
w 3
1—§[w/2T/—%+---]
- ! (3.148)
1— Zw?+O0(w) '
This yields b = 2+ and a = &. Q(w) is given by
75 /4
= — A 3.149
QW) = Ziorater (3.149)
with a corresponding z domain transfer function
75/4
= 3.150
Q) = orjag et (3.150)

For zooming out, T'= 1 and 7" = 1.25. The correction filter has a frequency response

given by
592/25
= — , 3.151
QW) = smm T o (3.151)
and a corresponding transfer function
592/25
Qz) = / (3.152)

24 542/25 + z~1

The digital correction filters used in each resampling method and the corresponding

frequency responses are listed in Table 3.4. Note that apart from classic interpolation
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methods, all other techniques involve IIR filters with symmetric structures. In [87], a
fast implementation is developed for such filters. A filter with symmetric IIR form can

be decomposed as

A

Q(z) = PRy (3.153)

— A (1 - i12_1> (1 :Zzllz> (3.154)

where z; is the root of 224+ B+1 = 0 with the constraint |z;| < 1. The filtering processing

is shown in Figure 3.10, where the input and output are related by

ctlk] = s[k]+ z1ct [k — 1] k=1, ,N—1
k= z(ck+1] -t [k]) k=N—2--.0
For an image of size M x N, the additional computational requirement due to the extra

correction filtering stage is 4 M N compared with classic techniques.

The four test images used in our experiment are shown in Figure 3.11. They are:

(i) the "Rays” image which is an artificial image with high frequency components;
(ii) the "Lena” image which is a portrait;
(iii) the ”Peppers” image which consists of natural objects; and

(iv) the ”"CT-scanned Head” image which is a medical image where the details are of

great importance.

The images are each enlarged by a factor of 1.25 eight consecutive times. Subsequently,
the enlarged image is reduced to 0.8 of its size eight consecutive times so the resulting
image has the same size as the original. The pixel signal-to-noise ratio (PSNR) of the
resulting images defined by (2.97) are shown in Table 3.5. Figures 3.12 to 3.15 show the
resulting images. Overall, consistent resampling produces the best visual results and the

highest PSNR among the four techniques considered.
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Figure 3.10: Causal and anti-causal implementation of IIR filter.

Table 3.5: PSNR for image zoomed out by 1.25 for 8 consecutive times, followed by
zoomed in by 0.8 for 8 consecutive times.

PSNR Rays | Lena | Pepper | Head

Classic 17.24 1 59.20 | 54.17 | 42.59

Oblique | 24.71 | 61.21 | 54.62 | 50.58

Quasi 23.87 1 65.93 | 55.25 | 53.20

Consistent | 29.96 | 66.01 | 56.17 | 55.64

When an image is zoomed in and out several times, artifacts are created due to
aliasing and blurring, especially for the high frequency components. The Rays image in
Figure 3.11.a contains mainly high frequency components. Using classic interpolation,
the details are completely missing near the lower left corner (see Figure 3.12.a). This
is because, according to (3.125), the value of each pixel in the resultant image K[m)|
is obtained by the weighted average of its two neighboring pixels in the original image.
Since the sum of these weights is 1, the intensity (sum of all pixel values) of the image
does not change. Constant intensity plus the averaging effect ultimately leads to the

disappearance of the details after a few resizing operations.

The details better preserved by oblique interpolation can be observed from Fig-
ure 3.12.b. However, the effect of overshoot, i.e. increased contrast, is particularly
evident near the borders of the image. At w = 0, the sum of the coefficients of the

correction filter given by (3.129) is

3 1
Ql=7+5>1 (3.155)

Thus the pixel values in I are magnified. The dark gray pixels with values near the
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3.11.a: Rays

3.11.c: Peppers 3.11.d: Head

Figure 3.11: The original test images.
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maximum in [ are turned into black pixels in K. Similarly, the light pixels with values
near zero in [ are turned into white pixels in K. This leads to the disappearance of the

check pattern in the image.

The quasi interpolation method does not preserve the high frequency components
as well as oblique interpolation. As shown in Figure 3.12.c, on one hand, details at
the left lower corner has partly disappeared and the check pattern is invisible. On the
other hand, the right upper corner which consists of lower high frequency components
are better preserved. The blurred area is significant less than that obtained by classic

interpolation.

Consistent resampling outperforms the other three techniques in preserving high fre-
quency components. As shown in Figure 3.12.d, the check pattern is well recognizable.
The contrast and intensity of the image is unchanged as well. Similar conclusion can
be drawn by comparing the high frequency components in the other test images. For
example, in Lena, the high frequency components are present in the hair and the edge
of the hat, as shown in Figure 3.13. In Figure 3.14, the lower middle part of the image

and the nose have particularly high frequency components.

For images like Peppers which consist mainly of low frequency components, the dif-

ferences between the four methods are small as shown in Figure 3.15.

Note that a 3-tap correction filter is used for consistent resampling in order to make
the comparisons fair. If a higher order filter is used, then the high frequency components
of the images will be even better preserved by consistent resampling. Figure 3.16 shows
the result obtained by using a 5-tap correction filter on the Rays image. The resultant
PSNR is 43.22dB which more than doubled the improvement made by a 3-tap filter over

the classic technique.
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3.12.a: Classic Interpolation 3.12.b: Oblique Interpolation

3.12.c: Quasi Interpolation 3.12.d: Consistent Resampling

Figure 3.12: The Rays image after eight consecutive enlargements followed by eight
consecutive reductions.
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3.13.a: Classic Interpolation 3.13.b: Oblique Interpolation

3.13.c: Quasi Interpolation 3.13.d: Consistent Resampling

Figure 3.13: The Lena image after eight consecutive enlargements followed by eight
consecutive reductions.
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3.14.c: Quasi Interpolation 3.14.d: Consistent Resampling

Figure 3.14: The Head image after eight consecutive enlargements followed by eight
consecutive reductions.
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3.15.a: Classic Interpolation 3.15.b: Oblique Interpolation

3.15.c: Quasi Interpolation 3.15.d: Consistent Resampling

Figure 3.15: The Peppers image after eight consecutive enlargements followed by eight
consecutive reductions.
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Figure 3.16: Using a 5th order correction filter on the Rays image.

3.4.3 Image Rotation

Image rotation by an angle 6 anti-clockwise is usually performed by multiplying the image

with the rotation matrix

(3.156)

R(O) = [cose —sine}

sinf cosf

and then resampled. A typical implementation of the procedure is found in the function
“imrotate” in MATLAB. Our experiments here involve comparing the outputs after ro-
tating an image several times using this function and those produced using consistent

resampling.

The conventional approach to image rotation is non-separable and therefore is a 2-D
process. Hence the correction filter should also be a 2-D filter. Unfortunately the filter
implementation becomes more complex as the filter order becomes higher. Fortunately,
(3.156) can be factorized as

B 11 —tang 1 0 1 —tang
R(0) = ABA = {0 1 1 {sin@ 1} {0 1 (3.157)
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Thus the multiplication with the rotation matrix R(€) can be separated into three se-
quential steps — multiplication by matrices A, B and A. For a pixel at coordinates (m,n)

in the original image, after the first step its new coordinates (m’,n’) are given by

_ [m_"tang} (3.158)

That is, the row index m is translated by —ntan#/2 while the column index n is un-
changed. This is a 1-D process. Similarly, in the second step, multiplication by matrix
B leaves the row index unchanged while the column index is translated by msin6. Fi-
nally the last step is similar to the first. Thus the whole transformation process can be

decomposed into a sequence of 1-D translations, as shown in Figure 3.17.

Existing methods for rotation based on this three-step process are focussed on the
design appropriate translation algorithms [90, 169, 183]. We interpret the decomposed
rotation process from a new angle. Assume that the size of the image is R x C pixels
as shown in Figure 3.17.a. After the first step, each column is translated and so the
image becomes what is shown in Figure 3.17.b. Therefore, each row in the original
image is effectively resized by a the factor of L; = C'/C = \/m. Assuming
that the sampling period of the original signal is T = 1, the resampling period is given
by 7" = 1/L;. Similarly, in the second step each column is resized from R; to R
as shown in Figure 3.17.c. The resizing factor is Ly = R,/R; = V1 +sin?6 and the
corresponding resampling period is 77 = 1/Ls. In the third step, the columns of the
image in Figure 3.17.c is translated in the same way as in the first step. The resizing

factor is Ly = C4/Cs.

Since the rotation process has now been formulated as a sequence of resizing opera-
tions, we can make use of our consistent resampling system to perform the rotation. For

a given interpolation function ¢ and the parameters T and 7", a consistent correction

94



CHAPTER 3. NOISELESS CONSISTENT RESAMPLING

()

(R, C)

3.17.a: Original Figure

R 1Sln(:)

3.17.c: Step 2: Row-wise Transla-
tion

Ctan6/2

3.17.b: Step 1: Column-wise Trans-
lation

2’ Cztanelz

3.17.d: Step 3: Column-wise Trans-
lation

Figure 3.17: Tllustration of decomposed rotation process.
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filter can be designed in a similar way to what we have done in Section 3.4.2. Note that
resizing factors L; and L, are functions of # only and does not depend on the size of
the image, the correction filters are applicable to images of any size. The procedure for

rotating an image I of size R x C anti-clockwise by 6 are as follows.

(i) Create a matrix K of size R1 x C where R; = R+ C'tan#/2 since the size of the
image is changed to Ry x C' after the first step (see Figure 3.17.b).

(ii) A pixel I(m,n) in the original image is mapped to Ki(m’,n’) by

{m/} _ {m—ntang } (3.159)

n n
/ / %
N [m} _ {m +n/tan2 } (3.160)
n n

for m’ € [1, Ry], n’ € [1,C]. For out of bound indices where
m=m'+n"tanf/2 — Ctanf/2 < 1

let Ki(m’,n’) = 0. Note that m can be non-integer valued and I[m — C tan /2, n]

is obtained through interpolation.

(iii) Design a consistent correction filter q; for interpolation function ¢, sampling pe-
riod T" = 1 and resampling period 7" = 1/L; using the procedure described in
Section 3.4.2. Apply q; to each row of Kj.

(iv) Create a matrix Ky of size Ry x Cy for the resulting image after step 2 shown in

Figure 3.17.c with Cy = C 4+ Ry sin 6.
(v) Each pixel K;(m/,n') is mapped to Ky[m”, n"] by
m// m/
] -]
| m/sinf +n'
m/ m//
= { n’ } N [ n” —m” sin 6 } (3.161)

for m"” € [1, Ry] and n” € [1,Cy]. Similarly, for non-integer values of n’, K;(m',n')

is obtained through interpolation.
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Table 3.6: PSNR (dB) after 12 rotations of 30°.

Lenna | Barbara | Baboon | Boat | Camera
Classic Resampling 57.9 45.97 39.55 | 49.83 | 46.82

Consistent Resampling | 64.53 54.16 49.07 | 60.08 | 51.26

(vi) Design the consistent correction filter q with parameters ¢, T'=1 and 7" = 1/ Ls.

Apply g2 to each column of Kj.

(vii) Repeat (i) to (iii) on K3 for the third rotation step to obtain an image as shown in

Figure 3.17.d. The final image is of size R3 x Cy, where Ry = Ry + Cs tan /2.

Five different images — Lena, Barbara, Baboon, Boat and Camera, are each rotated
30° anti-clockwise twelve times. Figure 3.18 shows the results obtained using the con-
ventional method for rotation as implemented by the “imrotate” function in MATLAB.
The interpolation method chosen is ‘bilinear’. For a fair comparison, we use ' as the
interpolation function for consistent resampling. Figure 3.19 shows the results obtained
using correction filtering. It is obvious that the fine details of the image are highly pre-
served since consistent resampling does not assume a bandlimited signal. PSNR values

are shown in Table 3.6. In each case, consistent resampling produces better results.

The consistent resampling approach to image resizing and rotation is simple and
flexible. It simply involves computing the resampling factor and then obtaining the
correction filter based on the interpolator chosen. The computational complexity grows

linearly with the size of the image and the order of the correction filter.

3.4.4 On comparison of Consistent Resampling Theory and Other
Techniques

In Section 3.4.2 and Section 3.4.3 we compared Quasi Interpolation, Oblique Interpo-
lation and our Consistent resampling methods experimentally. The Quasi interpolation

method, as discussed in Section 2.6.3, considers how a continuous signal is sampled and
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3.18.a: Baboon 3.18.b: Barabra

3.18.c: Boat 3.18.d: Lena

Figure 3.18: After twelve rotations of 30° by classic resampling.
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3.19.a: Baboon 3.19.b: Barbara

3.19.c: Boad 3.19.d: Lena

Figure 3.19: After twelve rotations of 30° by consistent resampling.
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reconstructed. In case of image resizing, it ensures an arbitrary signal f(x) can be op-
timally reconstructed using the interpolation function. In other words, it considers only

the first step of the resampling process.

The Oblique method as presented in Section2.6.2 approaches image resizing by op-
timizing the sampling of fv(x), which is reconstructed from the input sequence. It is
equivalent to consider only the second step of the resampling process. Both of the meth-

ods are constrained by the fact that they are derivations of the consistent sampling theory

and only one sample rate can exist in the system.

The consistent resampling theory, on the other hand, is designed for resampling sys-
tem and inherently allows different sampling rates residing in the system. It considers
both steps of a resampling process and targets to optimize the whole resampling per-
formance. This explains the improvement of performance achieved by our consistent

resampling theory.

It is noteworthy that in most image and video signals, low frequency components
play a dominant part. Still consistent resampling theory outperform current resampling
technologies as observed from Table 3.5 and Table 3.6. It can be concluded that the
consistent resampling theory is ideal to process signals of low frequency response as
well. It is because the ideal interpolation for low bandwidth signals, sinc is never used
in practical applications due to its slow convergent property. Instead, other function
of local support are used. The consistent resampling theory tackle the non-idealness
of the interpolation function by deploying the principle of consistency. Therefore, the
consistent resampling theory provides an optimal solution to resample signals of low or

high frequency component.

3.5 Summary

In this chapter, the theory of consistent resampling is developed for any pair of synthesis

and resampling filters. There is no restriction that the signals be bandlimited. Consistent
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resampling is achieved by a digital correction filter. Consistent resampling is shown to
be optimal in the sense that the input sequence can be obtained from the output. We
showed that when it is applied to the video de-interlacing problem, results consistent with
intuition is obtained. This is not achievable through the generalized sampling theory
proposed earlier. The practical usefulness of this theory is demonstrated by applying it

to UWB impulse radio demodulation, image resizing and image rotation.
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Chapter 4

Performance Metric for Sequences
. 2
in /

As discussed in Chapter 3, consistent resampling is optimal in the sense that the input
sequence can be reconstructed from the output, i.e. the process is lossless. Unfortunately,
the consistent resampling is not achievable when, for instance, noise is present in the
resampling systems. This motivated us to look for a metric to quantitatively assess the
performance of resampling systems. Furthermore, a suitable metric can be used to guide
the design of resampling system for specific purposes. Given the diversity of applications
of resampling, it is crucial to properly measure the performance of resampling system
effectively so that the correction filters can be designed accordingly. It is also desirable
to have a unified performance metric so that different resampling algorithms can be

compared.

While the closeness of two continuous signals can be easily evaluated by the L? norm,
it is not as simple when two discrete signals are involved. One may be tempted to use the
¢ norm as a distance measure. There are two main reasons why this is not an appropriate
measure. First, we require that the sampling intervals of the two signals be the same.
In other words, they must belong to the same space [V]r. Second, the samples may be
obtained by using different sampling functions or sampled at different sets of points in
the domain. A direct comparison between the sample values is therefore not a proper

measure of the closeness of two sequences in general.
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Various indirect measures have been used which are specific to the particular applica-
tion to which the resampling system is applied. For example, in image processing, PSNR
is commonly used. Thus it is difficult to compare resampling algorithms developed for

different applications.

In this chapter we propose a new distance metric to compare discrete signals in £? in
a Mean Square Error (MSE) sense within the framework of resampling. The metric is
based on the theory for consistent resampling developed in Chapter 3. The properties of

the distance metric will be established.

4.1 The Distance Metric and Its Properties

Let fr and {7, be the input and output sequences of a resampling system and ¢ be the

synthesis (interpolating) function. Then consistent resampling requires that

Flw) = falnlo (7~ n) (4.1)
and

Fa) =3 Frlmlo (75 —m) (4:2)

be the same. When resampling is not completely consistent, the output f’7» will be
different from the consistently resampled output fr.. The distance between these two

discrete signals can be obtained by the £ norm
dl - ||f§~/ - fT’||€2 (43)

Since ¢ is a generating function for the space V¢, f;v uniquely approximate f(x) in Vﬁ,.

The signal reconstructed from the non-consistently resampled output £}, is given by
-~ x
Flz) =" fiulmlo (T - m) (4.4)
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and ]?’(x) # f(x) The distance between these two signals is measured by the L? norm

do, from Schwartz Inequality,

d = |J(@) - J@) (45)
= | slmle (5 = m) = > Felmlo (7 —m)
< als(3), oo

Since Hgb (%) H ;2 Is non-negative, ds is a monotonically increasing function of d;. Thus

the smaller d; is, the smaller its corresponding dy. Replace f(z) by f(x) in (4.5), we have

dgz‘

Pa) = f@)

LQ

S ilmlo (2 —m) = 3 frlnlo (5~ n)

(4.7)

It measures the distance between the reconstructed signals using the input and output

of resampling.

Definition 4.1.1. For a resampling system shown in Figure 3.1 with finite energy input
and output signals fr[n], }T/ [m] € I2. The distance between the input and output with
respect to the synthesis function ¢(z) € L*(R) is defined by

(4.8)

o (55 -

> frlnle (5= n) = 3 Folmlo (7 - m)

We shall show that this distance measure satisfies the basic requirements of a distance

metric. It also possesses other appealing properties.

4.1.1 Positiveness

Since fr, £+ € 12 and ¢(z) € L2, by the Schwarz inequality, the signals f(z) and f(z)
are also continuous and belong to L2 From (4.8), dy(fr, fr) = || f — fllz2- Since the L2

norm is always non-negative, so is dg.
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However, note that although the L? norm defines a metric space, d¢(fT,¥T/) is a
pseudo metric. By that we mean that even when d¢(fT,?T/) = 0, the discrete sequences
fr and ?T/ are not necessarily element-by-element equal. A zero distance only implies
that £ and £ appear the same to the properly dilated interpolating function. From the
definition of consistent resampling, zero distance means that one sequence is a consistently
resampled version of the other. The uniqueness of such sequence in Vi is guaranteed by
the assumption that ¢ satisfies the Riesz condition. For every fr there exists one and

only one fz such that d¢(fT,?T/) = 0 for given interpolation function ¢.

4.1.2 Symmetry

It is obvious that d¢(fT,fT/) =dy (fr+, £r) and the metric is symmetrical with respect to its
arguments. When we have consistent resampling, d¢(fT,?T/) =0 and so d¢(?T/, fr) = 0.
Thus ?T/ is a consistently resampled version of fr and vice versa. That is, we can obtain

one sequence from the other.

When consistent resampling is not achieved, dw(fT,?T/) # 0. A quantitative bound

can be derived for the distance between fv and its resampled sequence at rate T

Proposition 4.1.2. Let

froim] = F(@)]ommr (4.9)
where

fla) =" frinlo (% ~n) (4.10)

for some discrete signal fr € (% and ¢ € L*. Also, let

-~

frlkl = f(@)|omrr (4.11)

where
fla)=>" frimlo (% - m) (4.12)
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Then

oo ) — doltr Fr)| < D ‘ e | ‘ .13
for dy(fp, ) = D.
Proof. From (4.8),
doErrs£'1) = | Y Folmlo (7 —m) = 3 filklo (7 — ¥) (4.14)
Substitute (4.11) and EL4.12) into (4.14), we havz ’
do(Fp, f'7) = | Fl) - Z FT)o (7 k) (4.15)
p

Using the Schwarz inequality,

> [5[m—k]—¢(%—m>]| (4.16)

m,s

~ ~

dy(fr, 1) < || f ()] 2

Similarly,
dy(fr,fr) = D (4.17)
< |F@| |3 {6[n—m}—¢(mf —n)” (4.18)
Thus
. D
Vol I e e "
Since Hf(:{;) - J?(:L’) L D, J?(:L’)HL2 is bounded by
P[5 .] < [P, < o+ 7], (420
Combining (4.19) and (4.20), we have
~ 1
[l <2 (1 " TS Bl o (2 ) ) 2
Substituting (4.21) into (4.16) and we obtain (4.13). O
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Note that the bound in (4.13) is tight. We shall explore this further in Section 4.2.

4.1.3 Triangle Inequality

Proposition 4.1.3. d¢(fT, fTN) + dw(fT//,ffT/) Z d(;s(fT,ff\:T/) fOT fT; fT’7 fT” - l2,

Proof. From the definition (4.8),

dy(Er, £70) + dg(Erm, F1v)

> frlnlo (=) =3 farlhle (77— k)

S srtste (2 - ) - S stnle (3 - m)
n m L2
From the Schwarz inequality,
dy(Er, fru) + dyg(frm, F1/)
< X felnlo (F—n) =D foolslo (= — k)
+ 37 frolklo (7 = k) = S folmlo (5~ m)
n m .2
— S alo (3 n) = S bl (£ )
n m L2
= dy(fr, Trr) (4.22)

Equality holds when f7, ?T/ and ?Tf, frn are consistently resampled pairs. Under these

circumstances, the pair of sequences fr and fr» are also consistent.
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4.1.4 Completeness

Proposition 4.1.4. If the input sequence fr is chosen from a complete subspace Vi C (2,

then the solution space Vi of its consistently resampled sequence }T, 15 also complete.

Proof. Assume fr, £, € Vp and ||fr — £5||2 < «. Let their consistently resampled

sequences be frr and {7, respectively. From Proposition 3.2.2,

b= <Z frlnle (5 —n) ol m>> (1.23)

Thus, the distance between Af/T/ and f}, in /% can be computed by

=l < | (5 )| [on ()

It =l o (), [0 (7)),
- on (4.25)

L2

‘L2

IN

(4.24)

where C'is a constant which relates to ||¢|| .2 and is independent of «. When fr approaches
£, a approaches zero and so does |[frr — £5,||,2. Therefore the space of consistently

resampled sequences form a complete subspace V. O

4.1.5 Bandlimited Resampling

We shall show that our metric is consistent with the Shannon uniform sampling theorem
for bandlimited signals. Assume that the discrete input signal f, of the resampling
system be obtained by sampling a continuous signal f(x) which has a bandwidth of B,
ie. F() =0 for [2] > B. Let the sampling rate be 1 > 2B. Using the interpolation
function ¢(z) = sinc(r/a) in the resampling system in Figure 3.1, the reconstructed

continuous signal is given by

f= Z fa[n]sinc (g - n) (4.26)
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Since the sampling rate higher larger than the Nyquist rate, we have f(x) = f(x).

The discrete output f, of the resampling system is obtained by ideally sampling fvat
interval b, i.c. fy[m] = f(2)|s—mp- If the resampling rate is higher than the Nyquist rate,

ie. % > 2B, then from Definition 4.1.1, the distance between f, and f;, is calculated by

faa fb

n|sinc (— — n) Z fo|m]sinc (— — m)

(4.27)

L2

Since the resampling rate is high enough, interpolating f, using sinc(x/b) results in the

perfect reconstruction of f(z). Therefore,

Z folm]sinc (— - m) =f (4.28)

and so dy(f,,f,) = 0.

However, if 3 < 2B, then

0y (Fr. Frr) = Hf«c) =3 Fomb)sine(s —m) (4.29)

L2

Since fvis sampled at a rate lower than the Nyquist rate, the signal can never be perfectly

reconstructed from the under-sampled sequence f,. Therefore, d¢(fT,?T/) £ 0.

A particular example is shown in Figure 4.1. Here, f(z) = sinc(z), and B = iHz.
The input signal is obtained by sampling f(z) at @ = 1. Since % = 1= 2B, {, can be
used to reconstruct f(z) perfectly. We shall denote this reconstructed signal by fi(x).
Then f; is resampled at the rate % Let the continuous signal reconstructed using f, be
denoted by f5. If b = 0.8, then the resampling rate is higher than the Nyquist rate and
fo = fi1 exactly. However, if b = 1.1, then fy will be different from f; as shown in the
figure. The distance dy(fr, %T/) is measured by the square root of the area under the curve

of (fi — f2)?. We shall examine dd)(fT,fT/) using more general cases in Section 4.4.1.
Thus our metric is applicable to conventional resampling of bandlimited signals.
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Samples taken ata =1
# Samples takenatb = 1.1

08 e f 1 Reconstructed from fa

f2, Reconstructed from fb

= (f1'f2)2

Figure 4.1: Resampling performance when the signal is bandlimited.

4.2 Fourier Analysis of Resampling Performance

Definition 4.1.1 mapped the performance of resampling to the distance between fand f
It in turn can be viewed as a measure of how closely fapproximates ]? Using fas the
input and ]/”\as the output, the resampling system of Figure 3.1 can be re-arranged as an

approximation system as shown in Figure 4.2 to facilitate performance analysis.

The structure in Figure 4.2 is essentially the same as the generalized sampling and
reconstruction system in Figure 2.10. As we discussed in Section 2.4, the performance
of such a system can be evaluated easily in the Fourier domain [47]. Applying (2.27) to

the present system, the resampling performance can be expressed as

1

() = |3 [IF@PET) (4.30)

where the resampling error kernel E,.(Q2) is given by

_ e 200 _ 2
E(Q) =1 + Ay (W) [[V7(Q2) — 24(Q)] (4.31)
Ap(w)  ~ ~
Eres Q)
Emin(Q)
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Filter ) 8(x—mT’)  Filter Filter

m

Figure 4.2: The reformed resampling system for performance analysis.

where W(€2) is the frequency response of the resampling function ¢. Here, A,(f2) and
®4(Q) are the Fourier transforms of the sampled autocorrelation and dual functions of ¢
respectively, as defined in (2.19) and (2.20). Ey,;, measures the approximation power of

the interpolation function while E,.s depends on the idealness of the resampling function.

Suppose f(x) is an approximation of some continuous signal f(x), obtained by sam-
pling f(x) using ¢ and reconstructing using ¢ at rate 7. Then the error of this approxi-

mation can be expressed by

n(T) = {%/\F(Q)PE‘I(TQMQ ’ (4.32)

where the approximation error kernel E,(§2) is

L [e@) : :
B,(0) =1~ Ly + AT E(g())— 2.0 (4.33)
—=

where T(€) is the frequency response of the sampling function ¢ used to obtain the input
sequence. Since

2

|7@ = r@)| = (4:34)

and f(z) Ln;(T) in the space V[, we have
~ 2
|7@]| =gz = mee (4:35)
Using Parseval’s theorem, this becomes

‘ﬁ(Q)

‘ 2

= |F(Q)|" — 2 |n}[ (T) (4.36)
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Substitute (4.36) into (4.30), we obtain

2

ny (1) = [% / [1F(Q)]* — 2mn3(T)] ET(T’Q)dQ}

2

- {% { [ir@pE - | |nT<Q>|2ET<T'Q>dQ}] (4.37)

Comparing the second term with the resampling error in (4.30), it can be observed that
it is equal to evaluate the resampling error of nr while the resampling error kernel is

defined by E,(T'?). Therefore, (4.37) can be reduced to

(1) = ns(T") =y, (T7) (4.38)

The overall resampling performance is composed of two terms. The first one, n,(1"),
measures how well f(z) can be reconstructed in V4. The second one, N, (T"), measures
how much the interpolation error ny = (]7— f) would be preserved in the resampling

system. It is noteworthy that this amount is deducted from the first term.

Although here we based the performance of resampling on that of sampling, there are
two main differences. First, sampling is concerned about preserving the characteristics
of the original continuous signal f(z) by its samples. But basic concern in resampling
is the preservation of the information carried by the input discrete signal fr by the
resampled discrete signal. If fr is obtained by sampling a certain continuous signal
f(zx), the interpolated signal f within the resampling system may not be the same as
f(z). Thus how well fis preserved by the resampled signal is a more suitable choice for
resampling performance, especially when fr is fundamentally discrete and is not obtained
by sampling. Second, in sampling the reconstruction space is defined by ¢ (%) whereas
in resampling it is defined by ¢ (%) This is because the resampled signal has, in general,

a different sampling interval.
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Figure 4.3: The resampling and post filtering part of resampling process.

4.3 Correction Filter in Consistent Resampling
4.3.1 Effect of Correction Filtering

A resampling system can be designed such that the error measured by the metric defined
by (4.31) is minimized. The resampling performance depends on the approximation
power of the interpolation function (Ep,) and the idealness of the resampling function
(Eres). When ¢ and 7" are fixed, performance can be improved by eliminating F.s. This
in turn requires that the resampling function satisfy ¢(x) = ¢4, where ¢4 is the dual

function of ¢.

This requirement is in general very restrictive. Sometimes the resampling function is
given a priori for the specific application. In Chapter 3, we used a correction filter given
by (3.36) to achieve consistent resampling in such circumstances. We shall now show
that with the insertion of the correction filter, the effective resampling function and the

interpolation function are duals of each other.

The resampling portion of Figure 3.2 is shown again in Figure 4.3. Let the resampling

function be 1 and the resampling interval be T”, the output fr is given by

okl = (F). (5 - k)
S <¢ <% _n> v <% B k>> (4.39)

From (3.34), the cross-correlation of ¢ and 1 is defined to be:

Couln, k] = /xqﬁ (% - n> " (% - k) dz (4.40)
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Therefore, (4.39) can be expressed as

FrrlK) = (Fr * c) ] (4.41)

The output of the correction filter in Figure 4.3 is given by

cr[k] = (fr * q) [K]
= (fr*cgy*q)[k] (4.42)

Taking the Fourier transform,

Crr(w) = Fr(w)Coy(w)Q(w) (4.43)

The frequency response Q(w) of the correction filter is given by (3.36). Substituting this
into (4.43), we have

Criw) = Frlw)Conli) G222

= Fr(w)Cep,(w) (4.44)

The inverse Fourier transform of this equation gives us

cri[k] = (fr* cgg,) [K]
B Z ol (mo K] (4.45)

Substitute the definition of ¢y, in (3.35) into (4.45), we obtain

crk Zf;p / (— — m) Od (% — k) dx (4.46)

Exchanging the order of summation and integration,

erlk] = /ZfT ——m)gbd(——k:)d
= (F@).0a (5~ k) (447)

Therefore, with the correction filter, the effective resampling function is ¢4, the dual func-
tion of ¢. In this case, Fyes in (4.31) becomes zero and thus we have optimal resampling

performance.
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Figure 4.4: The geometric interpretation of the resampling metric.

4.3.2 Geometric Interpretation

The effect of the correction filter can be better understood by taking the geometric view.

Suppose fr is obtained by sampling f(z) using ¢ at rate T. Geometrically, this is
equivalent to projecting f(z) onto V;7. Similarly, the interpolation of fr to f(x) using
¢ can be viewed as a projection onto Vj‘?, the space spanned by {gb (% — n) }RGZ. With
consistent resampling, the effective resampling function, which is the resampling function
followed by correction filtering, has to be a dual of the interpolation function. Therefore
fA(x) is obtained by projecting f(m) onto Vﬁ 1 V;ﬁ, where V;f, = span {¢ (£ —n)}

These geometric relationships are shown in Figure 4.4. Since f(z) is obtained by directly

nez’

interpolating fr using ¢, we assume no a priori knowledge of the sampling function (.

~ -~

The metric defined by (4.8) measures the distance between f(x) and f(z), represented
by d?. Assume that the knowledge of the sampling function ¢ is available. For given
interpolation function ¢, the optimal approximation ﬁ,(az) of f(x) in the MSE sense
can be obtained through the generalized sampling theory as described in Section 2.4.
fo(x) is the projection of f(z) onto Vi L V¥, as shown in Figure 4.4. For an input
ﬁ(x), the output f/;(.%) of the consistent sampling system in Figure 4.2 is obtained by
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projecting f,(x) onto V% L V). The difference between fo(x) and fo(:v) is measured by
the distance d°. It can be observed that d° = (f — f,) — (f — f,). Since f, is the optimal
approximation of f(z) from the sequence fr, (f — f;) measures how well the information
of f(x) is preserved in fp. Similarly, (f — f;) measures that of 7. Since fp and fr
are the input and output of the resampling system, the distance d? indicates the loss of

information of f(x) during the resampling process.

Similar to d¢, df measures the difference between the capabilities of fr and fv to
approximate f(z). This is consistent with the interpretation of (4.38) that the resampling
performance is the interpolation error which is inherited from the sampling process, n,,,

deducted from the total interpolation error 7.

Comparing d? and d?, it can be observed they are in the same direction but with

different magnitudes. While d® is scaled by || f]|, d° is scaled by || f.||.

Further, the difference between resampling and sampling performance is illustrated in
Figure 4.4. The sampling error is given by d,, which depends on the difference between
f and Vj? . On the other hand, d? depends on the difference between Vj? and Vq?,, the

space spanned by a different dilation factor of the interpolation function ¢.

4.4 Performance Analysis
4.4.1 Resampling of Bandlimited Signal

The resampling of bandlimited signal is a special case of generalized resampling for non-
bandlimited signals. In this case, the resampling function is ¢» = § and the interpolation
function is ¢ = sinc(%). In Section 4.1.5, a specific example has been used to show the
performance of resampling when the resampling rate does not meet the Nyquist rate. In
this section, we shall use (4.31) to analyze the relationship between the resampling error

kernel and the resampling rate for bandlimited signals.

Let the sample period of the discrete input f; to the resampling system be T" and
the resampling period be T”. Assume that the bandwidth of this signal is /2 and
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1 > Q. Let ag(x) = ¢(x) * ¢(—x). Then its Fourier transform is given by ®(Q)® ().
Since ¢ = sinc(z), ®(Q2) = 1 for @ < 7 and zero otherwise. Thus A,(€2) = ®(2). Also,
in this case, ®4(2) = ®(Q).

Now the sampled autocorrelation of the interpolation function is given by

aglk] = (¢(z), ¢(x — k)) (4.48)
= o) * ()|, (4.49)
Therefore,
Ap(w) = Z Ap(Q2+ 2mm) (4.50)
= 1m (4.51)

Further, since ¢ = §(x), ¥(Q2) = 1.

Substituting the above into (4.31), the error kernel is given by

E(Q) = 1-[2Q) +]1 - 2(Q)*
2, Q>
- { 0 Qzn (4.52)
For a resampling interval 7", the dilated error kernel E,.(77Q2) is
oy |2, Q>aT
EN(T'Q) = { o G enT (4.53)

Resampling performance nz1") is given by (4.30). When the resampling rate is at
least as high as the Nyquist rate, i.e. = > mQq, we have E,(1T"Q2) = 0 and therefore

nf(T’) = 0. When the resampling rate is below the Nyquist rate, i.e. % < w8, then

pA(T") = {—ﬂ /Q " |}~7(Q)|2d9} : (4.54)

1

where 0 = ﬁ < . This is a measure of the aliased part of the signal.
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4.4.2 Image Resizing

We continue with the image resizing example in Section 3.4.2. The four resampling
techniques used in Section 3.4.2 are compared using (4.30) in the frequency domain. The
interpolation function is ¢ = ' and the resampling function is ¢ = §(z). Since the
interpolating function is the same for all methods, for the same image the interpolated
signal f(m) and its frequency response F (Q) are the same. Consequently, we only need
to compare their corresponding error kernels E,.(7€2). Since the error kernel depends on

the resampling interval, we shall treat image enlargement and reduction separately.

For image enlargement, T'= 1 and 7" = 0.8. From Table 2.1,

Apw) = Ap(w)lo—ar (4.55)
= 1- gsin (%) (4.56)

From (2.34), the frequency response of 8! is given by

BY(Q) = [B°(©)]* = [smc (ﬂ)r (4.57)

2m
The response of the dual function ¢4 = 3} is obtained by substituting (4.56) and (4.57)
into (2.20). Thus,

)]
- i (4.58)
I —$sin 5)

B, — Bé(Q) _ [sinc(

On the other hand, according to Figure 4.3, the output is given by
~ x
vl = 3 (F@),v (7 = n) ) alk = n]
~ x
- <f<x>, > alk = nlu (= - n)> (4.59)

giving us the effective resampling filter
x

vo(@) =Ygl (5 —n) (4.60)

n
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Figure 4.5: Square root of the error kernels for four resampling schemes when an image
is enlarged by 25%.

Since ¢ = §(x), we have
V() = Qw) (4.61)

with w = QT”. The frequency responses )(w) of the correction filter for each interpolation
method have been derived in Section 3.4.2 and can be found in Table 3.4. Substituting
(4.56), (4.58) and (4.61) into (4.31), the error kernel E,.(7'Q2) can be evaluated corre-
spondingly. In Figure 4.5, the squared root of E,.(7"€2) for each of the four methods for

the image enlargement are plotted against each other.

For image reduction, 7' = 1 and 77 = 1.25. The squared root of E,.(7'Q2) for each

method is plotted against each other in Figure 4.6.

There are a few points we wish to highlight. From the discussion in Section 3.4.2 we
noted that for classic, oblique and quasi interpolation, the design of the correction filter
does not depend on the resampling interval. Therefore, the same correction filter can
be used for both enlargement and reduction. As a result, E,(£2) defined in (4.33) is the
same in these two cases. Therefore, the curves for these three methods in Figures 4.5

and 4.6 are the same except for a scaling factor.
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Figure 4.6: Square root of the error kernels for four resampling schemes when the image
is reduced to 80% of its original size.

Since the classic, oblique and quasi interpolation methods are designed to minimize
the sampling error ||f(z) — f(z)|, their performances are lower bounded by Fn, the
minimum sampling error. For ¢ = ' and T = 1, E,;, is obtained by substituting
(4.57) and (4.56) into (4.33). Enm (interpolation) for image enlargement and reduction
are shown in Figures 4.5 and 4.6 respectively. It can be observed that at higher €2, the
rate of increase of Ey;, (interpolation) becomes higher. Among the classic, oblique and
quasi interpolation techniques, the performance of oblique resampling is worst because
of the overshooting problem in the low frequency range as we discussed in Section 3.4.2.
Since Enyi, (interpolation) depends only on T and ¢, it is the same for both enlargement
and reduction. This contradicts with the intuition that for image reduction, details of

the image are lost and the resampling performance should not be identical to that for

enlargement.

The minimum resampling errors denoted by Ey, (resampling) in Figures 4.5 and 4.6
are obtained by rescaling Ep;, (interpolation) by 77 = 0.8 for enlargement and 7" = 1.25
for reduction respectively. For both enlargement and reduction, consistent resampling

achieves the best performance among the four techniques. The advantage of consistent
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Figure 4.7: Comparison of the resampling performance when the image is enlarged by

25% and reduced by 20%.

resampling can be clearly observed in case of image enlargement. For image reduction,
the performance of quasi resampling approaches that of consistent resampling. Both

these methods outperform oblique resampling.

Figure 4.7 shows the relationship between the minimum interpolation error F,;, (in-
terpolation), the minimum resampling error for enlargement E.;, (zoom in) and reduc-
tion Eni, (zoom out). It can be observed that E;, (zoom out) is always larger than
Frin (zoom in), which is consistent with the intuition. The interpolation performance
resides between FEp;, (zoom out) and E;, (zoom in). The performance of consistent
resampling for both enlargement £ (zoom in) and reduction E (zoom out) are also in-
cluded in Figure 4.7. It can be observed that the actual resampling performance may be
better than the ideal interpolation performance at high frequencies. For example, in this
case, when € > 2.2 or 0.701 radians, E (zoom in) is smaller than FE,;, (interpolation).
This is because from (4.38), the resampling performance is obtained by deducting the
interpolation error of 7y from the interpolation error of f at rate 7. In Figure 4.7, n; is

represented by Ep, (interpolation). Since the rate of increase of 1y becomes higher for
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larger €2, there exist an {)y above which the rate of increase of 7, is higher than that of

n¢. In our case, 2y = 2.2.

4.4.3 De-interlacing

Let f(z) denote the underlying scene which is sampled with a period 77 = 2 at the odd
(even) line positions to obtain the interlaced samples. The motion compensated samples
are obtained from the corresponding interlaced samples in the preceding field. Therefore
they have the same sampling period 7T;. The continuous signal obtained by interpolation

of the input using (;(z) is given by
flz) = Z f(2n)fi(x — 2n) + Z f2m +a)Bi(z —2m —a) (4.62)

This signal is resampled at both the odd and even line positions. Thus the resampling
period T5 is 1. Denote the de-interlaced output sequence by f,. Interpolating this output
by (1(z), we have

Fl@) =Y flklBi(x — k) (4.63)

where f,[k] = f(z)8(z — k). The distance between the input f; and the output £, of the

de-interlacing system is

dﬁ(fz[n]v fo[s]) =

> f(2n) [ﬁl(x —2n) = > Bi(s —2n)Bi(z — k)

(4.64)

+ Zf(2m—|—a) Bz —2m —a) — Zﬁl(k:—Qm—a)ﬁl(x — k:)]

obtained by substituting (4.62) and (4.63) into (4.8).

Consider the optimal consistent resampling case where dg(f;,f,) = 0. The interpo-
lating function f(;(z) satisfies the Nyquist property, i.e. [([k] = §[k] Vk € Z. Since
Bilk — 2n] = 6]k — 2n),

> Bilk —2n)Bi(z — k) = Bi(x — 2n) (4.65)
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for k,n € Z. Thus the first term on the right-hand-side of (4.64) is zero. For the second

term of this equation to be zero, we require

Bz —2m—a)=>_ flk—2m—alf(z—k) (4.66)

= [Olk—2m — a] = [k — 2m — a (4.67)

for all m. The equation only holds when a is an integer. Since 0 < a < 1, we conclude
that the resampling error is minimal when a = 1. This is consistent with intuition. In
general, when the interpolating function satisfies the Nyquist property, optimal resam-

pling performance can be achieved when a = 1.

4.5 Summary

In this chapter we proposed a metric to calculate the distance between discrete sequences
within the framework of consistent resampling. We showed that it satisfies the basic re-
quirements of a distance metric. A formula is then derived for evaluating the performance
of a resampling system in the frequency domain using the proposed metric. We showed
that the correction filter used to achieve consistent resampling is indeed optimal under
the derived performance measure. It produces results that are consistent with conven-
tional theory when applied to the resampling of bandlimited signals and to the example
of de-interlacing. It has also been used to compare the four resampling methods used in

the image resizing experiments discussed previously in Section 3.4.2.
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Chapter 5

Consistent Resampling in the
Presence of Noise

In Chapter 3, the idea of consistent resampling is developed for signals that are not
necessarily bandlimited. However, consistent resampling is only attainable when the
system and the input sequence are both free from noise. In practice, the input sequence
may be contaminated by discrete noise such as quantization error. For some applications,

it may be more convenient to model it as noise that is added to the interpolated signal.

In this chapter we shall study the effect of noise on consistent resampling. We shall
consider noise that is added to the discrete input signal as well as noise which is introduced
to the reconstructed continuous signal after the interpolation filter. In Section 5.2, the
performance of resampling with noise is analyzed using the distance metric proposed in
Chapter 4. It is shown that the correction filter for consistent resampling developed in
Chapter 3 is unbiased, but it is not necessarily optimal when noise is present. The task is
then to solve the correction filter which minimizes the resampling error. In Section 5.3,
the optimal filtering problem is formulated as a convex optimization problem and solved
using existing numerical methods. The results are applied to image de-noising and mobile
channel detection using Pilot Symbol Assisted Modulation (PSAM) in Section 5.4.1 and

Section 5.4.2 respectively.
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Jaln] N | f@ cp[m] folm]
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Figure 5.1: A consistent resampling system with correction filter.

5.1 Notations

With a little abuse of notation, the capital letters in this chapter stand for set transfor-
mations instead of Fourier transforms. The synthesis process is described by ® : R* — H.
The superscript w is the length of the input sequence. When the input is infinitely long,

u is oo. For a uniformly sampled sequence f, € R*, this implies
= x
(I)afa = alJ (_ - > 5.1
X_j falile (= =13 (5.1)

where the subscript a is used to denote the dilation factor of the interpolation function.

The synthesis space is denoted by R(®), which is the range of the transformation. It
is equivalent to the space V,? spanned by {¢ (£ — j)},ef1,). Similarly, the null space is
denoted by R(®). Let ' and ®* denote the Moore-Penrose pseudoinverse and its adjoint
respectively. Then ® and ®* are related by

o = (o*P) 1P (5.2)

The adjoint ®* describes a set transformation ®* : H — R". It can be used to represent
the acquisition process. It follows that if f, = ®*f then the sequence f, € R" can be
obtained by f,[i] = (¢ (£ — i), f) for i € [1,u).

a

For the sake of convenience, the resampling system with correction filter is shown
again in Figure 5.1. This resampling process can be expressed compactly using the

above notation. The output of the system is given by

fb = Q‘I]Z(I)afa (53)
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where ¥y describes the acquisition process Uy : ' H — RY and v is the length of the output

sequence. For consistent resampling, we require

DL, = Byf, (5.4)
= O,QUID,f, (5.5)

Multipling both side by @Z, we have

Dldf, = OO,QUID,f,
= QU f, (5.6)
Therefore, the consistent resampling correction filter is given by
Q= (¥;®,)"" 02, (5.7)
Q defines a process which is RY — R".

Expressed in the matrix form, the input and output sequences are given by

f, = [fa[l] fa[2] "'fa[u“T (58)
f, = [l £l2] - S]] (5.9)

Urd, is a v X u matrix whose elements are defined by: for i € [1,v], j € [1,u],

Uidfij) = (v (5 -7).0 (5 -4)) (5.10)

It describes how the i-th element in £, is related to the j-th element of c;. Similarly, the

elements of the matrix (IDZ(I)G are given by
l0ulig) = (¢a (7 —1).0 (T -3)) i€l jelly) (5.11)
The Moore-Penrose Pseudoinverse ®f describes a set transformation ® : H — R*. If
f =l f (5.12)
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then
fulil = (fr0a (5 =) (5.13)

Using (5.10) and (5.11) in (5.7), Q can thus be represented by a v X v matrix which

maps ¢, to f,. According to Figure 5.1, ¢, and f, are related by
Lkl = qln)alk — n) (5.14)

where {g[n]},ez is the impulse response of the digital correction filter q. Therefore, the

matrix Q is given by

[ Qi1 Q12 o Qi
Q = | @ o G (5.15)
[ Qui o Quut Qua
[ al0] g1 e g[mv 4]
_ q[‘l] - | ql—v + 2] (5.16)
| qlv - ] - Q[i] q[0]

Note that it is a Toeplitz matrix. Furthermore, if q is symmetric, then Q is Hermitian

circulant.

5.2 Performance of Resampling System with Noise

5.2.1 Discrete Noise

We shall first consider the case where the discrete input is contaminated by additive noise.
The task is to design the correction filter such that the resampling performs optimally

when measured using the metric proposed in Chapter 4.

Figure 5.2 illustrates the resampling system with noisy discrete input. The noisy

input to the system is f, + n,. Therefore the reconstructed continuous signal fis given
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faln) e ) folm
— Q{20 {0 |
Interpolation Resampling
nlk] Filter Fiter Y 8(x—mb)

m

Figure 5.2: A consistent resampling system with discrete noisy input.

f(@) = uf, + @um, (5.17)

The output of the system is

f, = QU'f (5.18)
= QU (D.f, + Puny) (5.19)

where U* : ‘H — R" represents the resampling process. Based on the performance metric

defined by (4.8), the distance between f, and fj, is given by

dp(fa.f) = ||Pufy — Opfy||
= ||(I)afa - (I)bQ\Iqu)afa - (I)bQ\IjZ(I)ana”

= [[(I - Q2 ¥}) ufy — QW Qom, || (5.20)

Assume that the noise is zero-mean with a positive-definite covariance matrix W,,.
The average performance of the resampling system can be measured by the expected

value of squared distance.

E[d}(f..6)] = E[|(I - 2QU}) Tuf, — 2,QU;P.n, "]
= E[|(I - QW) ®.f,)%] + E [|0,QU;,n,|’]

= (I = 2,Q;) Bufe|* + B [(2,QU;8,m,)" (2,QU;un,)] (5.21)

Er,,q En,.q
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The expression for the average performance in (5.21) can be decomposed into two
parts. The first part, Ef, q, is dependent on the input signal and the second part,
Ey, q, is dependent on the discrete noise. Therefore (5.21) cannot be minimized if f,
is unbounded. However, an unbiased resampling system can be obtained if Q is chosen

such that Ey, q = 0, i.e.
o.f, = 2,QU; P, f, (5.22)

In this case, the average performance is independent of the input. Note that this re-
quirement is the same as the consistent resampling condition given by (5.5). Therefore,
the consistent correction filter given by (5.7) is an unbiased filter when discrete noise is

present. The residue error is given by

Fres = E[(®,QU;®,n,)" ($,QU;P,n,)] (5.23)

5.2.2 Continuous Noise

Now we consider the cases where the interpolated signal is corrupted by noise. The
system is shown in Figure 5.3. Under these circumstances, the output of the resampling

system is given by
£, = QU; (£, +n) (5.24)

We shall assume that the noise n(z) is a stationary zero-mean process with variance o.

Following the approach in Section 5.2.1, the distance between the input f, and the

output fj is

d¢>(faa fb) = H(I)afa - (I)bfbH
= ||[®.f, — QY (P, + 1)l

= (I = 2QW}) ufy — QP Wn| (5.25)
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Figure 5.3: Resampling system with noise added to the interpolated signal.

The average performance is therefore given by

E[d(f,.5)] = E[|(I-2Q¥;) 2.f, — 2,QUin|’]

= (I = ®QU}) O, [° + oTr [(2,QU7)" (2,QV})] (5.26)
Ef:Q E::Q

Comparing (5.26) with (5.21), the parts that are dependent on the input signal are iden-
tical. Thus the same conclusion can be drawn for the system with continuous noise.
That is, (5.26) cannot be minimized when £, is unbounded. But the consistent resam-
pling correction filter in (5.7) guarantees that the average performance of the system is

independent of the input. In this case, the residue error is given by

Eres = 0 Tr [(2,QT5)" (2,QV})] (5.27)

5.3 Design of Correction Filter for Minimax Mean
Square Error

Unfortunately, the unbiased correction filter derived in Sections 5.2.1 and 5.2.2 do not
necessarily produce a small error. This is because the residue errors in (5.23) and (5.27)
are functions of the filter Q as well. The same problem has been encountered in general-
ized sampling systems as discussed in Section 2.4. When a generalized sampling process
is corrupted by noise, the residue error of unbiased consistent sampling may not be small

at all.

In [128-131], the effects of noise in generalized sampling systems are explored. The

author introduced the concept of admissible and dominating estimations f of a signal
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f from its noisy samples. For a signal f(x) € S, an estimator ]71 dominates another

estimator f; if

~ 12 ~ 112
E{Hf—le} < E{Hf—fQH } forall feS (5.28)

o< e{r-R

An estimator fis admissible if it is not dominated by any other linear estimator. It was

E{Hf—fl 2}, for some f €S (5.29)

shown that an admissible estimation can be obtained from the solution of the minimax
optimization problem

e S I (2| B

where fj is any other linear estimation.

The same concept can be used to obtain the optimal output sequence when noise is
present in the resampling process. From (5.3), the output is obtained from input by a
linear transformation. Further, the performance of resampling is defined by the MSE
error d(f,, f,) = || P.f, — Ppfy||. When noise is present, an admissible f, can be obtained
by the solution of the optimization problem

£ — argmin {fsg (B2 (60 £)] — B [& (£, )] } (5.31)

where fy, is any other sequence of sampling interval b.

5.3.1 Minimax MSE Solution for Discrete Noise

Denote the space of all discrete signal sequences with bounded ¢? norm, i.e. finite energy
signals, by U. Mathematically, U = {u: |jul|,. < A, 0 < A < oo}. The specific problem
here is to find a solution for Q among all possible v x v Toeplitz matrices .S, such that
the maximum average distance between the input and output of the resampling system

for all possible input u € U is minimized.
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From (5.21), the average distance depends on the input sequence f, and the correction

filter Q. Hence we shall use the notation D(f,, Q) = E [d3 (f,, f,)]. From (5.21),
D(f,, Q) = By, q + En.q (5.32)
Our aim is to obtain a unique solution to the following minimax problem:

min max {D(u, Q) ~ D(u, Qo) } (5.33)

where Qo is any other filter in S,. Substituting (5.32) into (5.33), the problem becomes

. Eu En _ Eu _ El‘l . 4
fuip Ilﬁlggc{ Q1 En.qQ Qo Qo } (5.34)

Since the last term F,, q, does not depend on u or Q, it can be removed from (5.34).

Grouping the terms that depend on u, we have

(1]

(u) = Eu,Q_Eon

= [(1 - 2QU;®0)" (I — 2QU;P0) — (I — D QoT;Pa)" (1 — Dy QoT;,)] [[u]l”

(5.35)
Thus (5.34) becomes
géibri max {E(u) + Ehn, q} (5.36)
and we are looking for Q,,: such that
Qopt = arg gélg} {Ena’Q + max E(u)} (5.37)

In general, the optimal solution can be found numerically using the Semi-Definite

Programming (SDP). A brief review of SDP is provided in Appendix A.3.
To formulate (5.37) as an SDP problem, let

M = 8,Q (5.38)
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and
P =T, (5.39)

Then (5.35) becomes

E(u) = fmax u* [(I — MP)* (I = MP)—Y]u (5.40)
where
YV = (I - 2,QP) (I —2,QoP) (5.41)

Let Z = (I —MP)" (I —MP)—Y. Then (5.40) is of the form max|uj<4 u*Zu. Since

Z is a symmetric matrix, from (A.14) the order of production can be rearranged as

max u'Zu = max Zuu®*
lu|<A [u|<A
= mmax Z||u||2 (5.42)
lul|<A

Solving the term maxyey Z(u) in (5.37) is equivalent to finding the largest eigenvalue of

the matrix Z, or the minimum A\ > 0 such that

i

N
A

Z = 0 (5.43)

We have maxyep Z(u) = maxyep Aul|® = A%\

At the same time, the term E,, q in (5.34) can be simplified as well. Substituting
(5.38) and (5.39) into (5.21), we have

En,q = E[MPn,)" (MPn,)]
= E[n} (MP)" (MP)n,]
= Tr[W, (MP)" (MP)] (5.44)
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where Tr(X) = 377" X[i,i] denotes the trace of a square matrix X. Since the noise n,
is assumed to be Gaussian with zero mean, its covariance matrix W, is diagonal. Using

(5.43) and (5.44), the optimization problem (5.37) becomes

/\ﬂr,lgo {Tr (W, (MP)" (MP)] + A*A} (5.45)
subject to
(I = MP)" (I —MP)—-Y] <\ (5.46)

By introducing a slack variable 7, as in (A.7) and (A.8), (5.45) is equivalent to

minimize T

subject to T — A2\ — Tr [W,, (MP)* (MP)] =0 (5.47)

Consider the Schur complement defined in (A.16). Let A=1, B=m = VGC(W;/QM’P),
the vector obtained by stacking the columns of the matrix W/ MP, and C = 7 — A2\,

(5.47) can be represented in the matrix form as in (A.15). Thus,

I m*
[m T_Ag)\:| =0 (5.48)

At the same time, (5.46) can be rewritten as
M+Y —(I—-MP) (I—-MP)=0 (5.49)
It can also be represented in matrix form by

I (I — MP)*

r-mp)y ar+y | =0 (5:50)
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Substituting (5.48) and (5.50) into (5.45) and (5.46), we have the SDP problem:

minimise T
i I m*
subject to {m T—Az)\:| =0
I (I — MP)* <0
(I — MP) M+Y -

7>0

M>0

A>0 (5.51)

From (5.38), given the solution M, of this SDP, the optimal correction filter is

Qopt = @ZMopt (552)

5.3.2 Minimax MSE Solution for Continuous Noise

The correction filter for resampling system with continuous noise can be derived in a
similar manner. The only difference between the system with discrete noise and the
system with continuous noise resides in the terms relating to the noise, Fy,, @ and E, q
respectively. The other terms remain unchanged. Therefore, the correction filter can be

obtained by solving the following minimax problem.

Qopt = arg ggbri {En,Q -+ max E(u)} (5.53)

uelU

with E, q and =(u) given by (5.26) and (5.35) respectively. Use the expression for M
defined in (5.38) and let

R =1, (5.54)

E, q can be simplified as
Enq = oTr[(®QW;)" (2,QY;)] (5.55)
= oTH[(MR)’ (MR) (5560
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The SDP formulation of this problem easily follows.

/\ftngo {oTr [(MR)" (MR)] + A*A} (5.57)
subject to
(I = MP)* (I = MP)— Al <\ (5.58)

Using the Schur complements, we have

min T
T,M,A>0

subject to

Hl T—mz;%} = 0 (5.59)
{(1—5\47?) (IA_IT@*} = 0 (5.60)

where m = o/2vec(MR) is the vector obtained by stacking the columns of the matrix

MR. The optimal correction filter is given by
Qopt = (I)ZMopt (561)

where M, is the solution to the SDP.

The mean square distances in (5.21) and (5.26) are convex functions. (5.33) and (5.53)
are convex minimizations. This ensures the unique existence of the optimal correction

filter Q,p:. For any other filter Qy, it is always true that
E(ua Qopt) - ﬁ(ua QO) <0 (562)

That is, the resampling error using the optimal correction filter Q,,; is always smaller

than that of any other correction filter Q.
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5.4 Applications
5.4.1 Image De-noising

Image de-noising is an application where the input to the resampling system is corrupted
by discrete noise. In this case, the sampling interval of the input and output are the
same. The role of the correction filter is to remove as much noise as possible from the

input.

As an example we use the image of Lena. The pixel values are in the range [0, 1].
Noise is assumed to be Gaussian with zero mean and variance 0.005. The covariance
matrix W, is therefore given by W,, = 0.005/. The original and noise-added images are
shown in Figure 5.4. The performance of the correction filter and the Wiener filter are

compared.

The optimal way to remove noise from a signal is to use a Wiener filter. It is based
on a statistical approach and assumes we have full knowledge of the signal and the noise.
The Wiener filter is designed such that the MSE between the estimated signal and the
original signal is minimized [184]. The filter is implemented in MATLAB through the
function “wiener2”. It filters the image using pixel-wise adaptive Wiener filtering. The
user may specify the neighborhood size of m x n pixels for the estimation of local mean
and standard deviation. We set m = n = 2 in our example. The restored image is shown

in Figure 5.5.

To design the correction filter to remove the discrete noise from the image, we follow
the steps in Section 5.3.1. Correction filtering is applied to each row of the image and
then followed by the columns separately. The problem can be modeled as a system shown
in Figure 5.2 where the sampling and resampling intervals are a = b = 1. Furthermore,
since the input and output are of the same size, u = v. For a fair comparison, we use
¢(x) = '(z) as the interpolation function since the support of 4 is 2 which is identical to
the neighborhood size used for Wiener filtering. The sampling and resampling functions

are p =1 = 9.
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5.4.a: Noiseless image

5.4.b: Noisy image

Figure 5.4: The image of Lena.
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Figure 5.5: The restored image by Wiener Filter

The SDP formulation is given in (5.50). Since the pixel values are in the range [0, 1]
and the size of the image is 256 x 256, a suitable ¢? norm bound is A = 256. We first

look for the expression of P. For a =b =1, from (5.39) and (5.10) we have
. e T T
7)[7’7.7] —\Iqu)a[l,]] - <¢(b Z) ,¢(CL ])>
= (0(@—1),8 (z—j))

The matrix ¥;®, is a diagonal matrix. Since u = v, ¥;®, and hence P are identity
matrices. Consequently, MP = M, Y = (I — ,Qo)*(I — ®,Qo) and m = vec(Wy'>M).
Using these in (5.50), we have the problem to be solved which is
min T (5.64)
T, M,A>0
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Figure 5.6: The restored image by the correction filter

subject to
— 256 m*
[T o “Il } ) (5.65)
M+Y (I—M)
[(I—M) 7 ] = 0 (5.66)

This SDP problem can be solved efficiently using computational methods, such as those

provided by the MATLAB toolbox "YALMIP’ [185].

Figure 5.6 shows the result of our approach. This can be compared with the Wiener
filtering result in Figure 5.5. It is obvious that the correction filter performs better than
the Wiener filter. This is because the Wiener filter is only locally optimal since the
means and standard deviations are estimated using a local neighborhood of pixels. On
the other hand, although the interpolation function in our resampling system is chosen to
be the locally supported 3!, from (5.37) the entire input sequence is taken into account

nevertheless. Thus the correction filter is able to minimize the error globally.
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Besides, the correction filter is more flexible than the Wiener filter. The Wiener filter
requires that the input and output are of the same size. On the contrary, a correction
filter can be designed for a different resampling interval so that the output can be of a
different size. Furthermore, the Wiener filter is image-specific because it depends on the
spectral properties of the input. The correction filter, on the other hand, is designed
for all possible input sequences that belong to the bounded subspace and therefore is
independent of the input. In our case, the correction filter can be applied to all images

of size 256 x 256.

5.4.2 Mobile Channel Detection Using PSAM

Multipath fading distortion is a major problem in wireless communication systems. Pilot
Symbol Assisted Modulation (PSAM) has been used effectively to combat multipath
fading. A major advantage is that it does not effect the transmitted pulse shape or the
peak to average power ratio. The loss of bandwidth to transmit the pilot symbols is well
justifiable comparing to other techniques [186,187]. The idea is simple. Pilot symbols
are serially multiplexed onto the information symbols at the transmitter. The receiver
has prior knowledge of the pilot symbol sequences and so it can extract the pilot symbols
from the received data stream and subsequently estimate the required compensation for

the fading effects on the data symbols.

In order for the PSAM technique to be effective, the pilot symbol rate must be at least
two times higher than the fading rate. If not, estimation would be less accurate and a
high error floor would be incurred. Assume perfect synchronization so that inter-symbol
interference can be neglected. Based on Shannon’s sampling theorem, a fading process
with a maximum Doppler spread of fp could be sampled without distortion using the
Nyquist rate of 2fp. The channel response can be estimated by resampling the channel
response obtained at the positions of the pilot symbols to those of the data symbols.
Therefore the choice of interpolation method will have an affect on the performance of

channel estimation and consequently on the error performance. High-order synthesis
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functions generally provide superior performances. However, it requires more pilot sym-
bols to be buffered and the delay is certainly undesirable in some applications such as

speech communications. It also greatly increases the complexity of the receiver.

For data frame k, let dy; denote the (L — 1) data symbols so that [ =1,---, L — 1.
Let pr denote the pilot signals which are multiplexed onto the data symbols at a rate
higher than 2fp. At the receiver end, the received pilot signal is detected and the noise
contaminated mobile channel response h; at the pilot symbol is computed. To detect the
transmitted data symbols, we need to know the channel response at the time instants
of data symbols hy; [187,188]. Then hy is interpolated to approximate the continuous
channel response which is resampled at the time instants of the data symbols. Thus it is

essentially a resampling problem in presence of noise.

Theoretically, the ideal synthesis function is sinc since the ideal sampler is used at the
receiver. However, other non-ideal interpolating functions are used in practice because
of the slow decay of the sinc function. This leads to interpolation errors which affects
channel estimation accuracy. Previous studies suggest that interpolation error results in

an irreducible bit error rate (BER) floor [36, 188].

The minimax filter we derived in this chapter is clearly applicable to this situation.
First, the non-ideal synthesis filter is taken care of by ensuring consistency resampling.
Second, by deriving a minimax solution for MSE performance, the effects of the noise is

reduced as well.

Without loss of generality, assume that the pilot symbol is inserted at zeroth (I = 0)
position in each frame. The received symbol at [-th position in the k-th frame is given

by

(5.67)

o= L Mgdig g, D=1 L=
w hipe + gy, 1=0

where ny; is white Gaussian noise with variance 2/Ny. The pilot symbol p; has a constant

amplitude |p|. The channel response hy,; and hy o are complex variables that model the
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multi-path fading with variance 2F,. When the modulation is binary phase-shift keying
(BPSK), the data is [—1,1]. If the channel response is estimated correctly, the SNR of

the pilot symbol is given by

SNR, = E,|p|*/Ny (5.68)
The SNR for the data symboles is

SNRy; = Es/Ny (5.69)
The average BER is related to the SNR by

BER = Q(V/SNR) (5.70)
where

Qz) = L /00 exp /2 dt (5.71)

Vor Jo

is the error function.

The channel estimate at the pilot symbol position is given by

hioy = % (5.72)
k
S L (5.73)
Pk

These estimates are interpolated and resampled to obtain A ;. Due to the slow decaying
property of the sinc function, only its truncated version is used in practice. Thus inter-
polation is performed using the nearest K data frames. Assume that the bit duration is
T =1 and therefore fp = 1/2L. Take the 0-th frame for example, the channel response
at the [-th bit is given by

EZ = 22: %k,o sinc (% — k) (5.74)
where K7 = |[(K —1)/2| and Ky = | K/2].
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Figure 5.7: Performances of PSAM where channel interpolation is by consistent correction
filtering and by a Hamming windowed sinc function.
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Putting it into the context of our resampling system, the sampling and resampling

intervals are @ = L and b = 1 respectively. Here ®, : CX — H and U}, : H — C* where

[ sinc (x/L + K;)

o, = : (5.75)
| sinc(z/L — K>)
[ §(x—0)

U, = ; (5.76)
| Oz —L+1)

The input signal is
ho = E_Kl,o, s ,’EK%()] (577)
and the noise is

n= [n—KLO/p—Kl? o anKQ,O/pKz] (578)

The resampled output is for the 0-th frame is
h; = [hoo, -+, ho,L—1] (5.79)

Note that the output samples reside in a single frame while the input samples are spread

over K frames. Therefore the distance || @ hg — ®1hy|| is evaluated for one frame only.

For L = 15, K = 20 and |p|* = 1, we have M B = 20 since ||sinc(z)||7. = 1 and the

functions {sinc(x — k) }rez are orthogonal to each other. Therefore, M = q and H = I.

Figure 5.7 plots the Symbol Error Probability (SEP) versus SNR for consistent re-
sampling and one that uses truncated sinc function for interpolation. We also plot the
SEP versus SNR for situations where the perfect information of the channel is known
while noise is present. Our consistent correction filter approach results in lower SER for
the other two cases. It implies that the consistent resampling approach does not only
compensate for the non-idealness of the interpolation function, but also the effect of the

noise.
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5.4.3 Comment on the Complexity

It can be observed that to derive the minimax filter is generally quite complex. Assuming
that the length of the filter is N, the filter defined by (5.52) is of complexity O(N?),
excluding the complexity of the SDP problem (5.51) to derive M. On the other hand,

for a Wiener filter of length N, it is obtained by solving the equation

Ry0]  Re[1] - Rg[N] al0] Ry, [0]
Rf:[l] Ry[0] RfW —1] a[:l] _ Rfv:z[l] (5.50)
Ry[N] Ry[N—1] ---  R[0] a[N] Rpn[N]

where R[m] is the autocorrelation of the input sequence and Ry, is the cross correlation
sequence of input and noise. The matrix appearing in the equation is a symmetric
Toeplitz matrix. To solve the euqation, an efficient algorithm called Levinson-Durbin

can be used and the complexity is O(N?).

It is arguable whether the improvement in performance is justifiable by the additional
complexity required to obtain the minimax filter. We want to highlight that despite the
performance improvement, the minimax filter also offers flexibility that Wiener filter
does not. Wiener filter is only applicable to noise filtering. From the point of view of
a resampling system, the input and output sequence are required to be obtained by the
sampling function and the same sampling period. On the other hand, the minimax filter
is designed to minimize the distance between the input and output. As we mentioned in
Chapter 4, there is no restriction on the sampling function or the period of the input and
output to use our proposed metric to evaluate the distance between them. Therefore,

the minimax filter is more flexible than the Wiener filter.

This drawback of Wiener filter can be noticed from Section 5.4.2. When the sampling
period and resampling rate are different, Wiener filter is no longer applicable. To justify
the addition complexity incurred to derive the minimax filter, we suggest it shall be used
under conditions when (1) high quality performance is preferred; and (2) great flexibility

is demanded.
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5.5 Summary

In this chapter, we use the distance metric proposed in Chapter 4 to derive the perfor-
mance of resampling in the MSE sense when noise is present. Two different types of
noise are considered. One is the discrete noise that is added to the input signal and the
other is continuous noise which is added to the interpolated signal. A correction filter
is designed to minimize the maximum possible error, assuming that the input sequences
are ¢*>-norm bounded. The optimal filter can be obtained by numerically solving an SDP
problem. The proposed design is applied to images de-noising which shows that it per-
forms better than the Wiener filter. The advantage of our approach is derived from the
fact that besides considering the effects of noise, the correction filter takes care of the
non-idealness of the interpolating function as well. For PSAM, it has been shown that
the correction filter produces lower BER using BPSK for the same SNR compared with

using a Hamming-windowed sinc function for interpolation.
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Chapter 6

Innovation Sampling and
Resampling Rate

In this chapter, we consider the minimum resampling rate required for consistent resam-
pling. We approach it through the rate of innovation introduced by innovation sampling
discussed in Section 2.5. First, computation of the RI for signals in shift invariant spaces
is studied in Section 6.1. Then acquisition filters that are more general that those are
considered in Section 6.2. The results obtained herein are used to obtain the mini-
mum resampling rate for consistent resampling. Thus the main result is presented in

Section 6.2.2.

6.1 RI of Signals in Shift Invariant Spaces

The rate of innovation p of a signal measures the degree of freedom of a signal per unit
time. The degree of freedom is the number of parameters required to uniquely specify

the signal. For example, an N-th order polynomial defined by
N
flz) =) clila’ (6.1)
i=0
is uniquely determined by the N + 1 coefficients c[i] and therefore the degree of freedom

is N + 1. If this signal crosses the axis at * = a, then (z — a) is a factor of f(x) and so

148



CHAPTER 6. INNOVATION SAMPLING AND RESAMPLING RATE

it can be expressed as

N-1

fla) = @=a) Y lila’ (6.2)

In this case, the degree of freedom of f(z) is V.

The RI may be intuitive for some signals, e.g. the periodic pulse train (2.76) we

discussed in Section 2.5. However, it is not so easy for other non-trivial signals.

Proposition 6.1.1. Consider a signal f(z) of the form
fa) =Y clklo (7 — k) (6.3)
k

where ¢ € H and T is a constant. The rate of innovation ps of f(x) satisfies

pr = (6.4)

1
T
Equality holds only when ¢ is a generating function and {¢ (% — k)}keZ forms a Riesz

basis.

Proof. For a signals given by (6.3), in every time interval [kT, (k 4+ 1)T'), there is one
coefficient c[k] to specify. This means that there is at most one degree of freedom every
T seconds. If the coefficients are independent of each other, then p; = 1/T. If the

coefficients are not independent, then py < %

To prove the condition for equality, we shall show that the coefficients c[k] are inde-
pendent if {¢ (£ — k) }rez is a Riesz basis. Assume that the value of the coefficient c[k:]
for a certain constant k; has been changed to Ac[k;]. Using the set of sample values

{--- clki — 1], Acfky], c[ky + 1], } in V¥ we can reconstruct a signal f(z) by

Jlw) =3 clklo (7 — k) + Aclkilo (7. — k) (6.5)

T
ks
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Sampling f(z) by the dual function ¢4 of ¢ with a sampling period of T" is equivalent to
projecting f(a:) onto Vz‘? again. This results in

Fimly = (F(@).0a (5 —m))
S {1 (E ) sk (o (k) (2 )

k#ky
(6.6)
Since ¢ and ¢, are dual functions,
x x

(0 (F-#) 00 (g -m)) = olm =1 (67)
Therefore, (6.6) is reduced to

s — C[k]a m =k # kl

MM_{A%mnwwl (68)

Thus a change in the value of ¢[k;] has no effect on the other samples. Hence we can
conclude that the coefficients c[k] are independent of each other. Since the dual func-
tion in (6.6) only exists when {¢ (% — k) trez is a Riesz basis, the equality part of the
Proposition 6.1.1 is proved. O

Let ¢ (% — k) be denoted by ¢r,(x) for any k € Z . It can be expressed in the form
of (6.3) as

orp(x) = ¢ (% - k) (6.9)
= S 6lm - k¢ (% - m) (6.10)

The unit impulse sequences {6[m — k|},ez are independent of each other regardless of

whether {¢ (% — k) }rez forms a Riesz basis. The RI of ¢7, is 1. If a signal f(z) can

be expressed as (6.3), then it is made up of functions ¢r,. Based on Proposition 6.1.1,
we can say that the RI of such a signal cannot be greater than the RI of its component
functions. Thus,

1

Pr< Por = 3 (6.11)
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6.2 Acquisition Functions for Innovation Sampling

The principle behind having ps as the minimum sampling rate is that /N independent
equations are required to solve for N unknowns uniquely. Hence, if f(z) has an RI of py,
then we need to solve for py unknowns per unit time in order to reconstruct f(z). Each
sample obtained in the interval 1/py is able to provide us with one equation. So we need

a total of py equations per unit time.

The RI of a signal is the minimum sampling rate at which the signal should be
sampled. However, sampling at this minimum rate is possible only if a proper acquisition
function is used. For example, consider a bandlimited signal f(z) with a bandwidth of
Q. It can be expressed in the form of (6.3) with ¢(x) = Bsinc(Bx) where B = 1/T.
Thus

f(x) = frlk]Bsinc (B (x — kT)) (6.12)

k

for all B > py = Qy/2n. Although the bandwidth, or equivalently p; and hence the
minimum sampling rate, is a constant, the actual sampling rate f; = 1/7 used to obtain
the samples fr[k] = f(z)|,—kr can be any value higher than the minimum. Thus the same
f(z) can be expressed as (6.12) using ¢ with different dilations. A possible interpretation
is that when ¢ is dilated by 1/T and f(z) for a sampling rate f; = 1/T, each sample
c[k] obtained within an interval of T" second gives us a unique ¢, . From the various ¢g,

obtained, ¢ can be derived and thus f(z) can be reconstructed.

In general, if a signal f(z) can be expressed as (6.3), then a suitable acquisition
function is the dual function of ¢. If the dual ¢4 exists, then the samples can be obtained

by

clk) = (f(@).04 (7~ k) (6.13)

at sampling rate of f; = 1/T". Proposition 6.1.1 tells us that p; < 1/7" and the equality
holds only when {¢r; }rez is a Riesz basis. Therefore, the minimum sampling rate is

attainable only when ¢(x) is a generating function.
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More generally, the acquisition function ¢ is not a dual function of ¢, similar to the
scenario for consistent sampling. It is therefore desirable to derive the conditions on the
acquisition function such that a signal with finite rate of innovation of the form (6.3) can

be sampled at the minimum rate.

6.2.1 Sampling with General Acquisition Functions

Here we restrict ¢ € H to generating functions only such that {¢(F — k) }rez is a Riesz
basis and its dual function ¢4 exists. When f(z) is sampled using ¢ at py, the samples

are given by

flk] = <f(x),so [pif (:r - p—kf)b (6.14)

When ¢ is known and ¢, exists, f(x) can be reconstructed from the samples f[k] by

Flw) = 3 sl (o pﬁf)] (6.15)

Therefore, to derive the conditions on ¢ is equivalent to examining the conditions on g

such that a signal given by (6.3) can be represented by (6.15).

Our approach is to express both ¢ and ¢, as polynomials. The Weierstrass’s Ap-
proximation Theorem [39] states that every finite signal ¢ € [a, b] where a,b € R can be

approximated arbitrarily well by a polynomial

P(z) = cilk]z* (6.16)
k=0
such that
¢ — Plloc <€ (6.17)

The order of P depends on ¢, ¢ and the interval [a,b]. Assume that ¢ is approximated
by a polynomial of order n = L4y — 1. Then the parameters associated with ¢ are the

weights {c1[k]}rez and hence the total degree of freedom is N = L.
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More specifically, as discussed in Section 2.3.1, if ¢ is a Maximum approximation
Order with Minimum Support (MOMS) function of order Ly, it can be expressed by

weighted sum of derivatives of B-splines [48,96]. Thus,

Ly—1

Zpk 6L¢ H(z) (6.18)

Since 3* is indeed a k-th order polynomial, (6.18) can be rewritten as
o) = > ci[k]a* (6.19)

We shall assume that ¢(z) are MOMS functions such that the order of the polynomials
that approximate the functions with negligible error is equal to the approximation order
Lg. Therefore, if ¢4 is of approximation order L, it can be expressed in polynomial

form as
wa(z) = calk]z” (6.20)

The number of coefficients associated with ¢4 is given by L.,

The function ¢7;, as defined in (6.10) can also be represented in the polynomial form
by

Ly—1

b= > ci[m] (x _TkT>m (6.21)

m=0

When ¢ is known, for every k, i.e. an interval of 7" seconds, there is one ¢, and the

degree of freedom is Ls. By substituting (6.21) into (6.3), we have

f@) = > elklo (5 —k)

= D (ckleafm]) (x _TkT>m (6.22)

k. m=0
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Therefore, if f(z) is represented in the polynomial form, the number of coefficients per

unit time is at most Ls/T'. Similarly, substituting (6.20) into (6.15), we have

o) = 3 s (o= 2]

Pf

= >3 (flkleslm]) (orz — k)" (6.23)

k. m=0

For every sample f[k] in an interval of 1/py, there are at most L, coefficients. Comparing

(6.22) and (6.23), the conditions on ¢, such that f(x) can be represented by f(z) can

be obtained.

Proposition 6.2.1. Let f(z) be a signal given by (6.3) with an RI of py. Assume that
¢ is a MOMS function with an approzimation order of Ly. f(x) can be represented by

a MOMS function pq # ¢ with approximation order L., at dilation level py as given by
(6.15) if

(i) Ly, > Lg; and

(ii) the set {pq(z — %)}kez is Riesz basis of its span.

Proof. From (6.22), f(x) is a polynomial of order L, —1. On the other hand, from (6.23),
the order of polynomials that can be represented by ¢, is Ly, — 1. Therefore, if f(x) can

be represented by ¢, as in (6.15), then

When f(z) is represented by ¢4 at dilation level ps as in (6.15), the RI of f(x) is
equal to the inverse of the dilation level. Following Proposition 6.1.1, equality holds only

when {@q(x — %)}kez is Riesz basis of its span. Hence this proposition is proved. ]
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Another possible interpretation of Proposition 6.2.1 is as follows. When f(z) is
expressed in the form of (6.22), within each interval [KT,(k + 1)T'), the coefficients
{e1lm]}mefo,z,-1) are known. For each sample c[k] obtained, the total number of coeffi-
cients that can be solved is given by N; = L,. Therefore, it has N; degrees of freedom per
unit time. Similarly, for a signal given by (6.23), within each interval [k/py, (k+1)/py),
for each ¢4y, the number of parameters is No = L,,. In order to represent f(z) using

Y4, We require

N, N,
> -
Vep = T
L, > Lo (6.25)
Yd = Tﬂf .

From Proposition 6.1.1, py < % and therefore L,, > L.

This interpretation can lead to a more general condition on the dilation level D for a

given g4 such that f(x) can be represented by
1
) =3 foltlea | 3 o = kD) (6.26)
2

First, we shall show that the approximation order of ¢ is identical to the approximation

order of its dual .

Proposition 6.2.2. The approrimation orders of a function ¢ and its dual pgq are the

same.

Proof. As discussed in Section 2.2, if the approximation order of ¢ is L, its frequency
response V() satisfies the Strang-Fix condition given by (2.15), i.e.

U[27k] = 0[k]
{ VM [2ka] =0, keZ, m=0,--- L, —1 (6.27)
We shall use mathematical induction to prove that the frequency response of ¢, satisfies

the Strang-Fix condition also.

The frequency response of ¢4 is given by (2.20) as

T(9)

Lal) = Ap(w)

(6.28)
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where

Ag(w) =) W(Q + 2km)|” (6.29)

with w = Q. The first order derivative of W,(€2) with respect to €2 is given by

d

TP Q) = 5Ta(®)
_d ()
- dQAQ)
_UO@AL(Q) - WAL ()
- Q) (6.30)
where
AD(©) = 5 A,(0)
= 2> |W(Q+ 2km)| [UO(Q+ 2k7)] (6.31)
For Q) =2nm, n € Z,
ADDoane = 2D [U[2(k +n)a] | [TY [2(k + n)7] |
— 0 (6.32)

since W [2(k 4+ n)] 7 = 0 for all k,n € Z. Substituting (6.32) into (6.30), we have

U(Q)|amonr =

= 0 (6.33)

Assume that \I/((imfl)(Q) satisfies the Strang-Fix condition. Then for n € Z and m =

0,---,Ly,—1, we have

vV (2nr) =0 (6.34)
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From the chain rule of differentiation,

v Q) = 2on V(@)
= L)
= (@)U () (6.35)
Hence,
U ()| gmznr =TIV 2nm) 0 (2n7) (6.36)

Since \Ifgll)(er) = 0, we have \If((im)(Zmr) = 0 for n € Z and the Strang-Fix condition is
satisfied for \Ilglm)(Q). By mathematical induction, we have \Ifglm)(er) = 0 for n € Z,
m =0,---,L,—1. Therefore, ¥,(2) satisfies the Strang-Fix condition up to order L,—1

and the approximation order of ¢, is L, as well. O

Now we shall return to the conditions on D for (6.26).

Proposition 6.2.3. Let ¢ be a known function and f(x) be a signal given by (6.3) with
a finite RI of ps. If f(x) is to be expressed using a function @q as in (6.26), then the
dilation level D should satisfy

Ley
p<{d T2 Loz le, (6.37)
T, L¢> < L‘Pd

where both ¢ and pg are assumed to be MOMS functions with approximation orders Ly

and L, respectively.

Proof. Given f(x) as in (6.26), it can be sampled by using the acquisition function ¢

which is the dual function of ¢4 at the rate 1/D. The sample values are

1 = (fo)e |- kD)) (639

= (fe-kD)e (5)) (6.39)
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For every k, we have a ¢p, = (5 — k) similar to (6.9). If the approximation order of ¢

is L, then the degree of freedom is L.

On the other hand, if f(z) is expressed as a polynomial of order Ly — 1 as in (6.22),
then the degree of freedom is Ly. Thus for each k, the degree of freedom must be given

by
Ny =min(Ly, L) (6.40)
From Proposition 6.2.2, L, = L,,. Therefore
Ny = min(Lg, Ly,) (6.41)
Following Proposition 6.2.1, the degree of freedom per unit time is Ly /T. To express

f(z) using @4 of dilation level 1/D, it requires
Ni L

—>T 6.42
D~"T (6.42)
If Ly > L, then Ny = L, and hence
L
D < T=% (6.43)
Ly
If Ly < L,,, then Ny = Ly and
DT (6.44)
O

Given an acquisition function ¢ of approximation order L, the dilation level and

hence the corresponding sampling rate can be chosen directly by using (6.37).

6.2.2 Application to Consistent Resampling Theory

In a resampling system, the input sequence fr is interpolated by the interpolation function

¢ to produce
Flw) = felilo (7.~ ¥) (6.45)
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The output fr is obtained by resampling f(x) at the rate 1/7".
~ x
fri[k] = <f(w)7¢ (ﬁ - k>> (6.46)
Assume that ¢ and 1) are MOMS functions with approximation orders Ly and Ly, re-
spectively. From Proposition 6.2.3, the resampling interval T” is required to satisfy

ﬂ
T < T Ly Ld> > Lsod (647)
T, L¢ < LSOd

Consider the image resizing example discussed in Section 3.4.2. The input is sampled
with sampling period T" = 1. The interpolation function and the resampling function
used are ¢ = 3! and ¢ = § respectively. B-spline functions are MOMS functions. The

approximation order of a B-spline of order n — 1 is L = n. Thus in this case, we have
Ly=2 (6.48)

For the resampling function, since the dual of ¢ = ¢ is ¥4 = sincz, from Proposition 6.2.2,

the approximation order of v is given by
Ly=1Ly, =1 (6.49)

Since Ly, < Ly, according to (6.47), the resampling period should satisfy
T o< TH
= L,

ST < (6.50)

2
in order to to resample fperfectly.
However, as we have discussed in Section 3.4.2, when the image is enlarged (zoomed
in) by a factor of 1.25, the actual resampling interval is 77 = 0.8. Also, when the image
is reduced (zoomed out) by a factor of 0.8, 7 = 1.25. The 7" in both these cases are
greater than the desired resampling period given by (6.50). That is, the resampling rates
1/T" is lower than the desired rates. Therefore, fis not perfectly resampled and some
information in J""vis lost through each resizing process. This explains why after a series of

zooming in and out, although the size of the original image is retained, the post-processed

image is not identical to the original one.
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6.3 Summary

In this chapter we provided an upper bound on the RI for signals in shift invariant spaces.
We also specified the criteria for choosing a proper acquisition function for innovation
sampling. Based on these results, a lower bound on the resampling rate used in consistent

resampling is developed.
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Chapter 7

Conclusions and Future Works

7.1 Conclusions

In this thesis, we have presented a new resampling theory for discrete signals with non-
bandlimited frequency responses. We call it consistent resampling. When the resampling
process is free of noise, it is possible to consistently resample a discrete signal using
arbitrary acquisition and synthesis functions by introducing a suitable correction filter
into the system. A new distance metric has been proposed to measure the closeness
of the input and output discrete signals in a resampling system in both the time and
frequency domains. The design of resampling systems when noise is present is guided
by this metric. Finally, the conditions on the resampling rate under which consistent

resampling is attainable have been explored.

The following conclusions can be drawn from the work presented in this thesis.

(i) Consistent resampling is an optimal way to resample a non-bandlimited discrete
signal in the absence of noise. It is optimal in the sense that the original signal
can be perfectly recovered from its consistently resampled output. Therefore, the
consistent resampling process is lossless. The application of consistent resampling

to demodulation of UWB signals demonstrates this lossless property.

(ii) For arbitrary acquisition function ¢ and interpolation function ¢, a correction filter

can be designed and incorporated into the resampling system such that consistent
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(iii)

resampling is achieved. 1 and ¢ are not restricted to the sinc-Dirac pair but can be
any function from the Hilbert space. Applications to image resizing and rotation
have been used to demonstrate the effectiveness of the consistent resampling sys-
tem. Results obtained using consistent resampling are generally better than other

techniques because the signals are not assumed to be bandlimited.

If a signal is the consistently resampled version of another, then the projections of
these signals onto the subspace generated by the interpolation function dilated by
the corresponding sampling intervals are equal. Hence, the distance between two
discrete signals can be measured by the distance between the respective projections
onto a subspace generated by a common function. The distance metric defined in
this manner is applicable to any resampling system. It produces results that are

consistent with intuition for well established problems such as de-interlacing.

The performance of a resampling system depends on the resampling rate as well as
the interpolation function used. Additional error is caused by the non-idealness of
the resampling function. It has been shown that for arbitrary pairs of interpolation
and resampling functions, the correction filter is able to compensate for the non-
idealness and optimal performance can be achieved. A simple formula has been

derived so that the resampling performance can be easily evaluated.

When noise is present in the resampling process, consistent resampling is no longer
achievable. If the input signal belongs to a bounded subspace, then the correction
filter from the solution to a minimax problem such that the maximum possible
error for all signals in that subspace is minimized. The resampled output obtained
in this manner always has smallest distance to the input signal and therefore is
optimal. Applications have been found in mobile channel estimation and image
noise removal. These application examples show that our approach out-performs

existing techniques with no additional computational cost.

There are conditions on the resampling rate such that consistent resampling is

attainable. These conditions are derived through the innovation sampling theory.
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It has been shown that the minimum resampling rate depends on the approximation

order of the interpolation function as well as the resampling function.

It has been shown that consistent resampling theory outperforms current techniques
in terms of accurate modeling of resampling process, great extent of admissible signals,
flexible to be adapted to any resampling case, robust against non-ideal filters and noise
corruption. Nevertheless, there is also some limitations on the use of consistent resam-
pling theory. First, to implement a system that enforces consistent resampling theory can
be complicated. It is noticed from the example of image applications that the correction
filters used for upsampling and downsampling are different. Second, in case of resampling
with noise, to derive the correction filter requires the knowledge of the signal as well as

the noise, which may not be available at the time of processing.

7.2 Further Research

Consistent resampling that has been developed in this thesis can be applied to many

other areas of application. We shall give an overview of some future possibilities here.

7.2.1 Multidimensional and Multirate Systems

The most obvious avenue of further research is the extension of the present methods
to multiple dimensions. In image processing applications considered in this thesis, all
2D processing are performed as separable 1D processes. However, there are cases where
the dimensions are not separable, such as resampling a hexagonally sampled 2D se-
quences [107]. A proper multi-dimensional system should be developed. Tensor product
construction can be used, but care must be taken to analyze the dependencies between

dimensions.

Another possible extension is to multi-channel multirate systems which could result

in shorter processing times. The de-interlacing example we used in this thesis could

163



CHAPTER 7. CONCLUSIONS AND FUTURE WORKS

provide a glimpse of how the system could be designed. It is observed that the perfect
reconstruct filter bank in conventional bandlimited scenario is analyzed in the frequency
domain. In cases where the sampling functions are not necessarily ideal, the response of

the digital filters can be analyzed by the algorithms proposed in the thesis.

7.2.2 Communication Systems

Since we concentrate on the theoretical analysis of the resampling system and the prop-
erties of its error function, for illustrative purposes the communication system examples
used in this thesis are somewhat limited in scope. Further research is needed to study its
applications in a wider context. For example, in the PSAM system discussed in Chap-
ter b, we only considered BPSK as the modulation scheme. Future works should include
other more complex modulation schemes such as Quadrature Amplitude Modulation
(QAM) [144,189]. In applying the resampling system to multi-dimensional constellations

and noisy signals, the SDP formulation may need to be modified.

7.2.3 Sensor Networks

In this thesis, uniform sampling and constant dilation factors are assumed. A very
interesting research direction would be to lift these restrictions. We can also study the
use of multiple acquisition and synthesis functions in parallel. If the dilation factor for
each acquisition function is different, then different degrees of detail can be analyzed at
different resolution level, similar to the wavelet approach. An application of such a system
is in sensor networks where spatially distributed sensors cooperate to monitor physical
or environmental conditions [13,190]. Success of a sensor network depends crucially on
the sampling and communication processes. Systems with minimum sampling rates can
be applied. However, new methods will need to be developed for computing the RI of

the sampling functions.
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7.2.4 Compressive Sensing

The concept of information preservation that has been used to develop the consistent
resampling scheme opens up even more research directions. The minimum sampling rate
is associated with the sampling function. In the extreme, if the signal itself is used
as the sampling function, one sample is enough to reconstruct the signal completely.
Very recently, an alternative sampling or sensing theory called Compressive Sampling
or Compressed Sensing has emerged [191]. It allows the faithful recovery of signals
and images from what appears to be highly incomplete sets of data. Underlying this
methodology is a concrete protocol for sensing and compressing data simultaneously.
There seems to be a link between consistent resampling and compressive sampling in
the sense that they are both concerned with preserving the information contained in the
signals rather than their structural properties. Both aim to preserve the information
using less samples, therefore the problem is reduced to choosing an appropriate set of
sampling functions. Further work to explore the similarities and differences in these two

areas may result in new insights.
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Appendices

A.1 List of Notations

Notations

QDX ZN
5

Integer Space

Space of Natural Numbers

Time domain signal

Hilbert Space

Continuous frequency variable
Sampled signal (continuous)
Sampled sequence

z-transform of a sequence

Synthesis / Reconstruction function
Sampling / Acquisition function
Resampling function

The space spanned by {¢ (% — k) brez
Big O Notation.

If g(z) = O(f(z)) as x — oo, limsup,_,_ |42

m<00

the support of function ¢
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A.2 List of Abbreviations

Abbreviations
FT Fourier Transform
IFT Inverse Fourier Transform
DTFT Discrete Time Fourier Transform
IR Impulse Response
FR Frequency Response
SRC Sample Rate Conversion
GST Generalized Sampling Theory
RI Rate of Innovation
GR Generalized Resampling
CR Consistent Resampling
CRS Consistent Resampling System
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A.3 Semidefinite Programming

The Semi-Definite Programming (SDP) is an efficient tool to solve convex optimization

problem [192,193]. In general, a convex optimization problem can be represented as

minimize fo(z)

subject to filz) < b i=1,---,m (A.1)

where the objective function fy and the constraint functions f; are convex:

filax + By) < afi(z) + Bfi(y) (A.2)

ifa+p =1, a>0,3>0. For example, the least square problem is a special case of
convex problem. The variable can be extended to multi-dimensional as well. For two

points xy and x5 in R™, the line segment is defined by all the points
r=0xy+ (1 —0)xy (A.3)

with 0 < # < 1. A convex set contains all the line segments between any two points in

the set
:Ul,xQEC,OSGgl — 9$1+(1—9)$2€C (A4)

For a function f : R™ — R, it is convex if it satisfies (A.2) and its domain is a convex
set. The same argument holds for variables of matrix type, R™*™. Examples of convex
functions over matrices include the linear transformation function
FXO) =Te(A"X)+b=> > AyX;+b (A.5)
i=1 j=1

and the norm of a matrix
1X[l2 = (Amax(XTX))1/? (A.6)

where Apax (X7 X) is the maximum eigenvalue of the matrix X7 X. There are many
operation that preserve convexity, such as point-wise maximum and supremum as well

as minimization.
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In general, there are many representations of a convex optimization problem. One

way is to introduce slack variables. For example,

maximize fo(x)

subject to filx) < b i=1,---,m (A.7)

is equivalent to

minimize T
subject to T — fo(z) >0

Many convex optimization problems, such as linear programming and (convex) quadrat-
ically constrained quadratic programming can be cast as SDP. The generalized SDP

problem is given by

minimize L
subject to szF@ +G =<0
Ax =b (A.9)

where the variable x € R", and F; and G are symmetric k£ X k matrix, denoted by S;. =<

is the component wise inequality. The linear program

(LP) minimize c'x

subject to Az < b (A.10)

is equivalent to

(SDP) minimize 'z
subject to diag(Az —b) =0 (A.11)
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diag(k) creates a square matrix whose diagonal is the vector k. The quadratic problem
(QP) minimize ||| (A.12)
can also be represented as an SDP by

(SDP) minimize t

subject to { o }

Y
)

(A.13)

Tt
where ¢t € R and z € R™.

There are a collection of appealing properties for the symmetric matrices as required
by the SDP configuration. For a U € S, the order of matrix production can be rearranged

as
t"Ur = Uza” (A.14)

From (A.13), the matrix is of the form

A B
with A,C € § and A > 0, then U > 0 if and only if
C—-BT"A'B=0 (A.16)

The matrix C' — BT A7'B is called the Schur Complement of A. Similarly, the inequality
C — BTA™'B = 0 is equivalent to (A.15).
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A.4 List of Publications

(i)

(iii)

Beilei Huang and Edmund M-K Lai, “Non-bandlimited Resampling of Images”, in
Proceedings of IEEE International Conference on Multimedia and Ezpo, Toronto,

Canada, July 9 -12, 2006, pp. 149-152.

Beilei Huang, Edmund M-K Lai and A.P Vinod, “Sampling with Minimum Sam-
pling Rates for Signals in Shift Invariant”, in Proceedings of IEEE International
Symposium on Clircuits and Systems, New Orleans, LA, USA, May 27-30, 2007,
pp- 4004-4007.

Beilei Huang and Edmund M-K Lai and A.P Vinod, “Demodulation of UWB Im-
pulse Radio Signals Using B-spline”, in Proceedings of IEEE International Confer-
ence on Communication Systems, Singapore, Oct. 30 - Dec. 1, 2006, pp. WP-6-5.

Beilei Huang and Edmund M-K Lai and A.P Vinod, ”"Implementation and Applica-
tions of Consistent Resampling”, in Proceedings of IEEE International Conference

on Information, Communications and Signal Processing, Singapore, Dec. 10-13,

2007, pp.

Beilei Huang and Edmund M-K Lai, “Optimal Resampling of Finite Enerty Sig-
nals”, in Proceedings of the Fourteenth Electronics New Zealand Conference, Welling-

ton, New Zealand, Nov. 12-13, 2007, pp. 291-296.
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