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ABSTRACT 

\\.hen deforming or distorting one material object into a not her. for ,·arious 

physical reasons the final deformation is expect ed to minimise some sort of 

energ? functional. Clas.-ically. the theory of quasiconformal mappings pro­

vides us with a tbeorv of distortion. yielding some limited results concerning 

minimising the maximal distortion. The calculus of \'ariat ions is aimed at 

extremising certain kinds of functionals (such as the integral of the gradient 

squared or of distortion owr a region in the complex plane). This thesis in­

wstigates quasiconformal and related mappings bet"·een annuli. introduc-0s 

some novel results. and out lines som0 conjectures for furt lwr research. 



11 



ACKNO\i\TLEDGEMENTS 

The writing of a :\la ters thesis is a practically insurmountable task if one 

does not haw the necessary and wide support net,,·ork of colleagues. friends. 

and famil.,·. The names I acknowledge here are but the tip of the prowrbial 

iceberg: it is impossible for me to fully ackno,,·ledge the time and effort of 

ewryone that has supported me. and it is ineYitable that names will be 

omitted that should ha,·e been included. ~Iy apologies for this. 

I would like to thank Gawn ).lartin. for nrnking it possible for me to pur­

sue this course of stud:-,·. and for supen·ising this thesis and pro,·iding an 

endless stream of helpful adYice. ). Jy parents. Theo and Els. thank you for 

being there for me " ·hen I needed it the most. and for gi,·ing me the con­

fidence and upbringing to choose m:-,· own destinY. Alexandra. thank :-,·ou 

for belie,·ing in my ahilit:-,· when I didn't. for making me feel proud of m:-,· 

achien•ments. for encouraging me when I did not feel I was ac-hieYing. and for 

:-,·our unconditional low. Graeme \\·ake. thank :--·ou for :--·our t ireless pursuit 

of solutions to some of the problems I haw e11c-01mtered in the course of this 

thesis. and your good advice. :\'DK. Joanne. Da,·id. Ron. Haydn. Qing and 

:t\ l ark. thank you for being friends when I needed it most. for your patience. 

support and ad,·ire. I also want to thank the st aff at the Institute of Infor­

mation and ?\1athematiral Sciences at the Albany Campus for their support 

and for helping me throughout the entire process. and for the opportunities 

you have given me. 

Thank you. a ll who have been involved in some way in helping me write this 

thesis. I could not have done it without you. 



IV 



CONTENTS 

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 

1. Conformal _\Jappings and the Riemann .,lapping Theorem 3 

1.1 Analytic functions 

1.2 Conformal mappings 

1.3 '.\onnal families ... 

1.-1 The Arzela-Ascoli Theorem aud :\Iontel"s T heorem 

1.5 The Riemann \lapping Theorem 

2. Quasiconfornrnl _Uappings and Distortion . 

2.1 Quasiconformal mappings ... 

2.2 The modulus of a cmw famil~- . 

2.3 Simplifying assumpt ions ... . 

3. R adial Mappings and the Euler-Lagrange Equation 

3.1 R adial mappings . . . . . . . 

3.2 The Euler-LagTange Equation 

4. The Nitsche Conjecture. some Calculations and Bounds. 

4.1 Rela tionship to the Nitsche conjecture 

4.2 Main results . . . ..... . ..... . 

3 

8 

g 

12 

17 

21 

21 

23 

31 

31 

35 

43 

43 

45 



vi 

4.3 Further research- open questions . . . . . . . . . . . . . . . . 50 

Appendix 

Common definitions and notation 

Theorems and propositions not found in the text 

53 

55 

58 

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 



LIST OF FIGURES 

2.1 The action of a quasiconformal m apping f on an .. infinitesi­

mar · circle. . . . . . . . . . . . . .. 

2.2 The two curve families of an anm1l11s. 

4.1 Some specific results for p( r) and l \. ( r. p) . . 

4.2 The distortion l\. (r. p) for Yarious rnlues of JJ. 

23 

25 

47 

50 



viii 



INTRODUCTION 

If we look at simply connected domains. then the Riemann l\1apping Theorem 

(see Section 1.5) t ells us that an,· simply connected region (which is not 

equal to the \\·hole complex plane C or the extended complex plane (the 

Riemann sphere ) (C = CU {oc}) is conformally equiYalent to the unit disc 

]IJ). The exceptions to this theorem are obvious: the complex plane. because 

a bounded analytic function that is entire on the whole complex plane is 

constant (by Liom·ille·s Theorem). and thus the image of the complex plane 

cannot be the unit disc: and the extended complex plane because it is both 

open ,md closed. 

In light of Riemann·s ~fapping Theorem. a theorem by Schottky (see 

Section 2.3) and some other well-known result s in quasiconformal theory. 

the problem of finding minimisers of distortion functionals (between doubly 

connected regions) ca n be simplified to looking at annuli. 

Classical measures of distortion are investigated thoroughly. and a new 

way of calculating distortion is examined in ome cases. In particular. the 

calculus of variations is applied to the problem. and giws sharp result s for the 

classical distortion measures (with exception of some cases- see Section 3.2) 

as well as limited results for the new distortion measure. Some int erest ing 

result s arise; in particular. there are cases where there are no minimisers, as 

well as cases where minimisers are difficult to find. 

Throughout , the notation jJ will be used for the real derivative of p. to 

distinguish from the complex derivative. which uses the notation p'. Also. 

note that if a proposition or theorem number begins with ". O" instead of the 

number of the chapter that it is in . then it may be found in the appendix. 
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\ i\Te have attempted to provide all information necessary to understand this 

thesis. and where not able to do so. provide reference to materials where 

fort her details may be found. 



1. CO IFQRl\fAL l\-1APPINGS AND THE RIEl\tIANN 

l\1APPING THEOREl\tl 

The concept of a conformal mapping is built up through the basic ideas of 

analytic fun ctions and the Cauchy-Riemann deriYatiws. Riemann·s l\1apping 

Theorem is examined in det ail. and a proof given. The use of this import ant 

theorem is to specify precisely the first case where topology plays a role in 

finding extrema of dist ortion functionals. Other theorems. such as Schottky"s 

Theorem on conformal mappings between annuli. ,vill then be used to further 

simplify and isolate the problem. 

1.1 Analy t ic functions 

Definition 1.1.1. Let n c C be an open set. Then f n --t C is called 

( complex-)differentiable at z0 E n if 

j
.,( ) 

1
. f (z) - .f (zo) 

Zo = 1111 
.:-.:o Z - Zo 

exists or, equivalently. ~f 

f ' ( ) 1. f (:::o + h ) - f (:::o) 
Zo = llll -------

h-0 h 

exists. Furthermore, f is said to be analytic if f is complex-differentiable 

at each z E D; and J is said to be analytic at :::0 E O if it is analytic on a 

neighborhood of :::0 . If f is analytic on C, then f is said to be entire. 

The next few propositions and theorems will b e given without proof; it 
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is assumed the reader is familiar with these properties. 

Proposition 1.1.2. If f'( z0 ) exists, then f is continuous at z0 . 

Proposition 1.1.3. The following derivative rules hold: 

• (c f)'( z0 ) = cf'( z0 ), where c is any constant; 

• (f + g)'( z0 ) = f'( z0 ) + g' (z0 ), the sum rule for derivatives; 

• (f g)' (zo) = f'( zo)g(zo ) + f (z0 )g'( z0 ) , the product rule for derivatives; 

• Provided g ( z0 ) =I= 0, (-Jg )' 

rule for derivatives. 

f' (zo)g(zo) - f( zo) g'(zo) 

[g(zo)] 2 the quotient 

Proposition 1.1.4. (The Chain Rule for complex differentiation) 

Let f: n - C and g : [2' - C be such that f (D) CD' . For any Zo En, if f is 

differentiable at z0 and g is differentiable at f ( z0 ), then go f is differentiable 

at z0 , and 

(go J)'( zo) = g'(f( zo)) f' (zo)-

It follows from the rules for differentiation that if f and g are analytic 

functions on some open domain D C C that cf (where c is some constant), 

f + g, and f g are analytic on n, and t hat f / g is analytic in n \ { z : g(z) = O} 

if this is not empty. Likewise the composit ion go f , if f (D) is contained in 

the domain of g , is analytic on Sl. 

Notable in the definition of the derivative of a function f at z0 in some 

open region D is that the existence of 

1
. .f(z) - f (zo) 
1111 -----

z--,.:o Z - Zo 

contains no constraint on how z0 is approached; differentiability of f means 

that this limit is the same regardless of what sequence or curve we follow to 

get to z0 . This leads us to the formulation of the Cauchy-Riemann Equations. 
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The Cauchy-Riemann eq uations 

For ease of notation, we denote each complex number in the form z = x + 
iy. where .T and y are real numbers. and \\<·e denote the part ial derivative 

8(f)/8(x-). for example. by f x- Suppose a funct ion f (z) = f (.x. y) = u(x.y) + 

iv(x . y) is differentiable at .:0 = :r0 + iy0 . Then by holding the imaginary 

component of z constant (y = y0 ) and approaching .:0 along a line parallel to 

the real axis . we obtain (Palka. 1991. p. 69): 

f'(zo) = lim f(:r + iyo) - J (:ro + iyo) 
z~.::o .r - :ro 

1
. f (.'r. Yo) - f (:ro . Yo) 
11n-------

.::~.::o :r - To 

1
. v(:r. Yo) - u(.To . Yo) . 

1
. v(:r . Yo) - v(:rn. Yn) 

1111 ------- + 'l, 1111 -------
.::-.::o x - To .::-.::o x - x·o 
'llx( :ro . .IJn) + i11J(ro . .Yo) 

fx(zo). 

Similarly. if we hold the real component of z const ant (.1' = r 0 ) and approach­

ing .:0 along a line parallel to the imaginar~' axis. ,,·e get 

f' (.:o) 1
. f (.To + iy) - f(:ro + iyo) 
1111 ---------

.:: -.::0 i(y - Yo) 

·cy(.ro. Yo) - ivy(.ro. Yo) 

-ify(zo). 

Combining the result s from the previous paragraph. we conclude that 

or. equivalent ly. 

f x = -ify-

at (x0 . y0 ). These famous equations are known as the Cauchy-Riemann equa­

tions. A necessary condition for f to be complex-differentiable at z0 is that f 
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satisfies the Cauchy-Riemann equations there. However, this is not in general 

a sufficient condition for differentiability; see, for example, Palka (1991 , p. 

75, Example 3.3). But this need not significantly reduce the utility of these 

equations: when there is more information available concerning f we can 

sometimes establish differentiability using the Cauchy-Riemann equations. 

Theorem 1.1.5. (The Cauchy-Riemann Theorem) 

Let .f = u + iv be defined in an open region O C C, and suppose that the 

partial derivatives of u and v with respect to x and y exist everywhere in 0. 

If each of Ux, Uy , Vx, Vy is continuous at z0 E O and if the Cauchy-Riemann 

equations are satisfied at z0 , then f is differentiable at z0 and f'( z0 ) = fx( z0 ). 

Proof (Bak and Newman, 1997, pp. 36- 37) Let h = ~ + irJ. We are required 

to how that 

1. f ( zo + h) - .f ( zo) _ f ( ,,, ) 
1m h - X -0 · 

h-0 

By the Mean Value Theorem for functions of a real variable (Theorem .0.1 ), 

u(zo + h) - u(z0 ) 

h 

and, similarly, 

v(zo + h) - v(zo) 
h 

u(xo +~'Yo+ TJ) - u(xo, Yo) 
~ + i'T} 

u(xo +~-Yo+ TJ) - u(xo +~,Yo) 
~ + i'T} 

u(xo +~-Yo) - u(xo. Yo) 
+ . 

~+irJ 
TJ --. Uy(X + ~, y + i1TJ) 

~ + ZTJ 

~ +--. Ux (-L + t2~ , y + TJ) 
~ + ZTJ 
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for some tk with O < tk < l and k E {l. 2. 3. 4}. Hence 

1
. f (::o + h) - f (zo) 
lITl --'----'---'---'-

h-0 h 'r/. [vy(x + t;. y + t1r,) + ivy( .1: + (. y + t3r,)] 
(+1r, 

7 

+-C:-_ [u:i.( .r + f2t;. y + 17 ) + 11'r (:r + t4t;. y + rt)] . 
t: + i17 

Since ex hypothcsi f r = - 'ify, we can ,nite l :r(::;0 ) in the form 

17 ~ 
f,. (zo ) = -f: -. f y(zo) + ~+ . JAzo) . 

<., + 117 <., l'rf 

Subtracting this from both sides we obtain 

l. J ( ::o + h ) - f ( ::o) 1· ( _ ) 
1111 / - T -Q = 

h-0 7 

But. since ~- '7 - 0 as h - 0. each of the brack<'ted expressions tends to 0. 

Furt hennore. 

I 
17 

I I E. I -- .-- ~ l. 
~ + ir7 C: + i17 

so that 

l. .f ( ::o + h) - .f ( ::o) - f ( - ) - () 
llll . . I' -o -

h-0 h 

as required. D 

Before departing this section. it should be mentioned that there is a 

certain formalism associa ted with the preceding discussion. The formal ::­

and =-partial derivatives of J at ::0 (also known as the Cauchy-Riemann 

d erivatives off at ::0 ) . denoted f ::(::0 ) and f z(::0 ) respectively, are defined by 

the formulae 
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and 
1 

f z(zo) = 2 Ux(zo) + ify(zo)). 

If f satisfies the Cauchy-Riemann equations at z0 , then it follows that f 2 (z0 ) = 
0; if f is differentiable at z0 , it is immediate that f'( z0 ) = f 2 (z0 ) . However, it 

must be emphasized the existence of f 2 (zo) does not place the same strength 

of demands on f as does the existence of f' ( z0 ). 

1.2 Conformal mappings 

Definition 1.2.1. A domain D in C is called simply connected if C \ D 

is connected. 

Assuming that D is a region in the complex plane and that f : D--+ C is 

a member of the class C1(D) , we define the continuous real-valued function 

J1 on D by 

J1( z) = detDf( z) = 'li,x(z)vy(z) - uy(z)vx(z) = lfz(z)l 2 
- lfz(z) l2 -

Definition 1.2.2. A mapping f : D --+ C is called conformal at z0 E D 

if there exist r > 0 and 0 E [O, 21r) such that for any curve ,(t) that is 

differentiable at t = 0, with ,(t) ED and 1 (0) = z0 , which satisfies , '(O) =/- 0, 

the curve a = f o I is differentiable at t = 0, we have 

lo-' (o) I = ri,' (o) I 

and 

arga'(O) = arg,'(0) + 0 mod 21r. 

A mapping f : D --+ C is called locally conformal if it is conformal at 

every point of D. If, in addition to being locally conformal, f is one-to-one, 

then we say f is conformal on n. 

See Marsden and Hoffman (1987, p. 71). Intuit ively, being a simply 

connected domain means that there are no 'holes' in the domain; and to be 



1.3. Normal families 9 

a conformal map is to presen-e angles between t angent vectors of curves. In 

pract ice. at least in two dimensions the property of being conformal boils 

down to being ana l>·tic with a nonzero derivatiw. During our discussion. we 

shall use whichever definition of conformality is most conYenient at the time. 

Proposition 1.2.3. (The Conformal Mapping Theorem) 

Let l : f2 ---. C be analytic. and f'(:::0 ) =/- 0. Then l is conformal at :::0 . with 

0 = argf'(:::o) and r = lf'( zo)I -

Proof. Let ,(t) be a curve inn. differentiable at t = 0. 1(0) = :::0 . a11d ,'(O) =/-

0. Then b>· the chain rule. a'(O) = (f o, )'(O) = f' (, (O)) · -y'(O) = f'( :::0 ) · 1'(0). 

Therefore. t aking r = lf'(:::0 )1 and 0 = arg f' (:::0 ) mod 21r. 

la' (O) I = IJ'(.::o) · ,'(O)I = lf'(.::o)ll,'(O)I = rl,'(O)I 

and 

arg(a'(O)) = argj'(::;0 ) + arg , ' (O) = arg,'(O) + 0 mod 27T 

as required. D 

Proposition 1.2 .4. Suppose l : f2 ---. C is a coriforn10l mapping. Then 
1 1- 1(u• ) crisis at en.ch J)Oi11t U' E f(f2) . u-1)1 = f' . a'!ld f -l is conforn,af 071 

f(f2 ). 

Proof. Since f is conformal. f' =I= 0 on f2 . Since l is bijectiYe ( one-to-one and 

onto) on l (f2 ). f- 1 exist s. By the Inverse Function Theorem (.0. 3) . 1- 1 is 

one-to-one and analytic. with derivative given by ],. on l(f2). Furthermore. 

since f' is nonzero and fini te on f2. u- 1 
)' is nonzero and finite on /(f2). Thus 

1- 1 is conformal on l (fl ). D 

1.3 Normal families 

Assuming familiarity with pointwise convergence. we define the following. 
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D efinition 1.3.1. A sequence of functions fn : n - <C is said to converge 

uniformly to a function f if to each E > 0 there corresponds a natural 

number N such that lf n(z) - f (z)I < E for all z ED whenever n ~ N. Also, 

a sequence of funct ions Un )n~l in n is said to converge normally to a 

function f if Un) converges pointwise to f and if Un) converges uniformly 

to f on each compact set in n. 

Uniform convergence is obviously a stronger condition than pointwise 

convergence. Normal convergence sometimes goes by other names in the 

literature. for example 'locally uniform convergence' or 'uniform convergence 

on compacta in D'. Also, to check for normal convergence it is not necessary 

that we check for uniform convergence on every compact set conta ined inn; 

it is sufficient that Un) converges uniformly on each closed disk contained in 

n. For a proof, see Palka (1991. p. 247). 

Definition 1.3.2. If n is an open subset of C. a set§ of analytic functions 

on n is called a normal family if every sequence of functions in § has a 

subsequence which converges uniformly on closed disks in n. 

Definition 1.3.3. A family of functions§ defined on a region n is said to be 

pointwise bounded in D if for each fixed z E n the set of values {f (z) : f E 

§ } is a bounded set of complex numbers. A family of functions§ defined on 

a region n is called locally bounded if its members are uniformly bounded 

on each compact set in n. 

The latter means that for each compact A C O there exists a constant 

m(A) with the property that lf (z)I ~ m(A) for each J E § and::: E A. 

Definition 1.3.4. A family of continuous functions § defined on some re­

gion D is called normal in n. or pre-compact in n. provided each se­

quence Un )n~l from § has at least one subsequence Un~ )k~l that converges 

normally in n. 

Definition 1.3.5. A family of continuous functions§ defined un a region 

n is said to be equicontinuous at z0 E n if to each e: > 0 there corresponds 
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a c5 > 0 such that 1.::- :::ol < c5 implies that If (:::) - f(zo )I <€for each f E § . 

The f amity Y is called equicontinuous on n ( or just cquicontinuous) if it 

is equicontinuous at every point of n. 

Some t exts. for example :\larsden and Hoffman (1987. p . 225). a lso use the 

term uniformly cquicontinuous to describe an equicontinuous family of func­

tions. The next theorem is essential in proYing the Arzela-A coli Theorem. 

a neces. ary ingredient in pro,·ing the Riemann :'.\lapping Theorem. 

Theorem 1.3 .6. (Palka. 1991. p. 279) Let Un) be a sequence frnrn 011 

equicontiriuous family of functions § defi11rd on a region n. Suppose that 

this sequence converges pointwise in n. Th en it com1ergcs 11orrnally in n. 

Proof. Let f be the point,Yise limit of (f11 ) in n. all(! choose an arbitrary 

compact set A" inn. It is required to sho"· that (1~1 ) conwrges uniform!>· to 

f on h ·. In ,·ie" · of Theorelll .0.5. ,ye need to show that (f11 ) is a uuiform 

Cauc-h:•, sequence on /\ .. Assume. on the c-011trar>·· that U11 ) is not uniform}>· 

Cauch~-- Then there must exist some number E > 0 such that there is no 

integer .\" for which 

for en'r>· ::: E A" and all m > 11 ~ S. In JHH"ticular. choose .Y = 1,- for sorne 

integer 1.- . To this k. there must correspond some integers m,._. . nk and some 

point :::,._. E /\. with the property tha t 

(1.1) 

From this we obtain the sequence of points (.::1..-)1..-~1 in/\". which has a t least 

one accumulation point. ::0 , in h' because 1.· is compact. The family of 

functions § is equicontinuous at .::0 (since it is equicontinuou everywhere in 

n ). so we can select c5 > 0 such that for each n. 

(1.2) 
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whenever lz - z01 < b. Note that as k ---t oo, both mk , nk ---too and hence 

lfmJ~o) - fnk (zo) I-+ lf (zo) - f (zo) I = 0. 

Thus we can find k0 with the property that 

(1.3) 

whenever k ~ k0. Furthermore. as z0 is an accumulation point of (zk)- we 

can choose an index k ~ k0 such that lzk - zol < 8. Equations (1.1). (1.2), 

and (1.3), together with the triangle inequality yield , for t his k: 

c ::;; lfmk(zk) - fnk(zk)I 

::;; lfmk(zk) - fm Jzo)I + lfmk(zo) - fn k(zo) I + lfnk(zo) - fnk(zk)I 
€ € € 

< 3 + 3 + 3 = €, 

which is absurd. Hence, in fact. (!11 ) is a uniform Cauchy sequence in I<. 

and therefore f 11 ---t f uniformly on I<. D 

The next section deals with some crucial results on which the proof of 

Riemann·s Mapping Theorem rests. 

1.4 The Arzela-Ascoli Theorem and l\1ontel 's Theorem 

Before establishing this piece of the Riemann Mapping Theorem jigsaw. we 

require two preliminary lemmata. 

Lemma 1.4.1. (Palka, 1991, p. 248) Suppose that each function in a se­

quence (f 11 ) 11 ~ 1 is continuous in an open set D and that the sequence con­

verges normally in D to the limit function f. Then f is continuous in n, 
and 

1 f (z) dz = lim 1· fn(z )d:: 
"Y 11-00 , · 

for every piecewise smooth path '"Y in D. 
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Proof. Fix a point z0 E D. V1./e verify that f : D ---. C is continuous at z0 . 

Given E > 0. we must find a 8 > 0 such that If (::) - f (:::0 )1 < E whenever 

z E D and lz - :::0 1 < 8. By the triangle inequality. for any point z E D and 

any index n , 

If ( z) - f ( Zo) I ~ If ( z) - f n ( z) I + If 11 ( z) - fn ( Zo) I + If 11 ( Zo) - f ( Zo) 1- ( 1 .4) 

Note that . since Dis open. we can find r > 0 such that D(z0 . r) C D. Using 

the normal convergence of U11 ) on D. v,·e find that U11 ) conwrges uniformly 

on D(z0 . r) by definiti on. Thus we can find an index n such that 

lfn(.:) - .f (z)I < f 
for each ,:: E D(z0 . r). In particular. 

If (.:) - .fn(z)I + lf~,(zo) - f (.:o)I < 
2
; 

for eYery ,:: E D(z0 . r). Furthermore. since j ~ is continuous on D for each n. 

it is by definition po sible to choose 8 > 0 such that if lz - z0 1 < c5 then 

If~ ( z) - f 11 ( zo) I < i-
Plugging these result s into (1.4). we conclude that 

lf (z) - f (zo)I < 
2
; + f = E . 

\\·heneYer lz - z0 1 < 8. which est ablishes the continuity off on an arbit rary 

point z0 in. and hence the entirety of. D. 

To prove the second part of the lemma, let I be a piecewise smooth path 

in D. Given E > 0. using the normal convergence of (111 ) . we can find N such 

that 
E 

lfn (z) - f (z) I < £(,) 
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holds ,vhenever n ~ N for I restricted to each compact set in S1 . Hence 

11 J.(z)dz - 1 f (z) dzl -11(!.(z) - f (z))dz l 

1 1 € cf(,) 
~ 

1 
IUn)(z) - f (z) dzl ldz l ~ 

1 
£(,) + 1 ldzl = £(,) + 1 < E. 

whenever n ~ N , for I restricted to compacta in S1 . As I is piecewise 

smooth (smooth in a finite number of compacta in 0 ), this proves the desired 

result. D 

L emma 1.4.2. (Palka, 1991, pp. 281- 282} Let U11 )n~I be a sequence from 

an equicontinuous family of functions ff defined on 0 . Suppose that the 

sequence Un(~)) is convergent (to f (0) for every ~ belonging to a dense 

subset E ofS1 . Then Un) converges normally in 0 . 

Proof. Given Theorem 1.3.6, we are required to show that Un) converges 

pointwise in 0 . To this end, fix z E 0. and choose c: > 0. By the equiconti­

nuity of ff at z, we can choose 6 > 0 such that 

€ 
lfn(w) - fn(z)I < 3 

for all indices n . vvhenever lw - zl < 6. Since E is dense in 0. we can find 

( E E such that I( - zl < 6. The sequence (f~(()) converges to f ((). by 

hypothesis. and hence is a Cauchy sequence. Therefore. there is an integer 

N such that 
€ 

lfm(() - fn(() I < 3 

whenever m > n ~ N . Hence 

whenever m > n ~ N, and hence (.f11 (z)) is a Cauchy sequence. Since the 

choice of ;; E D was arbitrary. the pointwise convergence of U11 ) in O is 
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established, thus proving the lemma . D 

Theorem 1.4.3. (The Arzela-Ascoli Theorem) 

A family ff of functions that are defined and continuous on some region O is 

a normal family if and only ~f it is both equicontinuous and pointwise bounded 

in n. 

Proof. (Palka. 1991. pp. 282- 284) Assume that ff is equicontinuous and 

pointv,ise bounded in 0. Note that the set 5 = {.: E r2 : R(.:) E Q. 8'(.:) E Q} 
is dense in n and that. being countable. it is possible to list the elements 

of this set in a sequence. Let ( .:-11 ) be such a list ing. Consider the sequence 

(!11 (.:i)). Since ff is pointwise bounded. this equence is bounded: by the 

Bolzano-\\'eierstra ss Theorem (Theorem .0.4) . there exists at least one ac­

cumulat ion point of Un(.:- 1 )). Call this W1. The sequence Un(.:-1)) has a 

subsequence converging to u•1 . That is . there exists a sequence of indices 

m1.1 < m1.2 < m1.3 < · · · such that 

l\'ote that the sequence of integers (m u -) is associa ted with just ,:: 1 (hence the 

subscript. 1. k). :\ow. the sequence Umu(z2))i.. ~1 is also a bounded sequence 

of c-omplex numbers. Take one of it s accumulat ion points. u12 . and extract 

another subsequence of integers n72. 1 < m2.2 < m 2_3 < · · · from the sequence 

we already had. (mu-). with the property that 

Repeating this process. to each positive integer l we assign a strict ly increas­

ing sequence of positive integers ( m 1,k) such that 

and such that (m1+u) is a subsequence of (mu) . Fork~ 1, set nk = mk,k · 

By construction n 1 < n 2 < · · ·. For fixed l , the subsequence (f11 k) thus 

obtained is also a subsequence of Umu)· with the possible exception of the 
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first l-1 terms. Therefore, for each l the sequence Unk(zz)) converges to wz; 

and hence the sequence Unk (()) has a limit point for each ( E I:. By Lemma 

1.4.2, Unk) converges normally in n. Hence, by definition, § is normal in 

0. D 

An important consequence of the Arzela.-Ascoli Theorem, and the result 

that is commonly used in proving Riemann 's Mapping Theorem, is the fol­

lowing theorem due to Paul Montel (1876-1975): 

Theorem 1.4.4. (Montel 's Theorem) 

(Palka, 1991 , p. 285) Let§ be a family of functions that are analytic in an 

open set n. Suppose that § is locally bounded in n. Then § is a normal 

family in this set. 

Proof. Since the family of functions§ is locally bounded in n, it is pointwise 

bounded in n. \"le prove that § is equicontinuous in O; for then, by the 

Arzela-Ascoli Theorem, it is normal in n. Fix z0 E n. Choose r > 0 such 

that the closed disk K = D(z0 , 2r) C n. Since IF is locally bounded, there 

exists m = m(K) > 0 such that lf(()I ~ m whenever f E ff and ( E K. 

Now, for z E D(z0 , r) , we use Cauchy 's integral formula, together with the 

fact that I( - z01 = 2r implies that I( - zl ~ r for r E D, to obtain the 

estimate 

I f ( z) - f ( zo) I 

~ 

2:i / f((~:( l f(()d( 

21ri ( - Zo 

1 

l(-zol=2r l(- zol=2r 

lz - zol 
27i / 

f(()d( 
( ( - Z) ( ( - Zo) 

l( -::ol=2r 

l If (()I ld(I 
I( - zll( - zol 

lz - zol 
271 

1(- zol =2r 

mlz - zol 
r 

Given c > 0. set 8 = min{r. :;}. Then the above estimate gives us that 
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lf(z) - f( zo) I < c for all f E § whenever lz - zo l < c5. Hence § is 

equicontinuous at .:0 . Since .:0 was arbitrary, the Arzela-Ascoli Theorem now 

shows that § is normal in 0. D 

1.5 The Riemann J\1apping Theorem 

Theorem 1.5.1. (The Riemann Mapping Theorem) 

Let O be a simply connected region such that O =/- CC. and choose :::0 E 0. 

Then there exists a unique conformal mapping f : 0 -+ ID), from O onto the 

unit disk ]!)) _ such that f (:::0 ) = 0 and f'(:::0 ) > 0. 

See :\larsden and Hoffman (1987. p. 347). Before we establish the proof 

of this wry useful theorem. there is one more preliminary lemma that needs 

to be proved; another lemma. ,,,hich will be used . is cited without proof. 

Lemma 1.5.2. Let O be a simply connected regfon prnperly contained in the 

complex plane and let :::0 be a point of 0 . Then there exists a conformal 

mapping f: 0-+ lDl such that f(:::0 ) = 0 and .f'(:::0 ) > 0. 

Proof. It suffices to show that we can map O into the unit disc conformall>·· 

For. once that is accomplished. we need only compose with a linear fract ional 

transformation that takes .:0 to O and then multiply by a constant ei0 chosen 

such that the derivative of the resulting map at .:0 is positive. If O is bounded. 

say I.: - .:ol < p for all ::: E fl. then the map .: 1---7 (.: - .:0 ) / p will do. 

If O is not bounded . then there is at least one point a that it omits. The 

translat ion Ji under which .: 1---7 (z - a) takes O to a simply connected region 

0 1 not cont aining 0. ·w e can now take any branch h of log.: in 0 1 ; there is 

guaranteed to be at least one such branch by Proposition .0.6. Moreover , by 

definition of the logarithm. h is a univalent analytic function which takes 

f2 1 to a simply connected region 0 2 . Fix w0 E f22 . together with a radius 

p, such that D(w0 , p) c 0 2 . Setting w0 = w0 + 21ri , note that D(w0 , p) is 

disjoint from 0 2 . For. supposing there exists a point w in D ( w0 , p) n 0 2 . 

then w = h (z) for some point z in 0 1, and also iv = w + 21ri for some 
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w E D(w0 , p). Furthermore there would exist a point z E D1 such that 

w = h(z) , implying that 

which leads to w = h(z) = h(z) = w = w + 21ri , an absurdity. Since 

lz - w0 1 > p for each z E D2 , the Mobius transformation given by h(z) = 
p / ( z - w0 ) is a conformal mapping that takes D2 to D3 , a region contained 

in ]I))_ The composition f = ho ho Ji is thus a conformal map taking n into 

the unit disc. D 

A consequence of this lemma is the following: 

~ 

Lemma 1.5.3. Let n be a simply connected domain not equal to C, C, let 

z0 E n and f : n - ]I)) such that f (z0 ) = 0 and f'( z0 ) > 0. If f(D) =I= ]I)) , 

then there exists a conformal mapping g : n - ]I)) with g(z0 ) = 0 and g'( z0 ) > 

f'( zo). 

The existence of f in this lemma is guaranteed by Lemma 1.5.2. For a 

proof, see Palka (1991, pp. 418- 419). We are now in a position to prove the 

Riemann Mapping Theorem. 

Proof of the Riemann !11apping Theorem 

Proof. Given a simply connected region n properly contained in C and given 

z0 E n, we must show that there is exactly one analytic function on n which 

maps n onto ]I)) in a one-to-one fashion , with f (:::0 ) = 0 and f'(z0 ) > 0. To 

this end, define 

§ = {f: n - Il))lf is analytic and one-to-one on n. f( z0 ) = 0, and j'( z0 ) > 0}. 

It is obvious that § is locally bounded in n. Lemma 1.5.2 ensures that § 

is nonempty. Suppose that r > 0 has the property that D(z0 , r) C D. Then 



1.5. Th e Riemann !lt!apping Th eorem 19 

Cauchy"s estimate (Theorem .0.9) yields 

f' ( zo) = I J' ( zo) I :::-; r - i 

for every member of ff,. Hence. the set 

5 = { J' ( Zo) : f E ff } 

is bounded . Denote the supremum of S by s. For each positive integer n. 

select fn E ff, such that 

~ow we use ::,_1ontel" s Theorem (1.4.4) to extract a subsequence (1~1 .. ) from 

(f11 ) that conwrges normally in O to some limit function f . analytic in 0 . 

~ ote that. in particular. 

f (zo) = lim f n .. (zo) = 0 
k- cx:, 

and f' (zo) = lim J;, _(zo) = s > 0. 
k- x k 

Therefore f is non-constant in 0. and hence (with a little work. using Hur­

witz·s Theorem (Theorem .0.11 )) f is uniYalent in 0. Since f (D. ) C ][J) _ by the 

Open :'.\lapping Theorem (Theorem .0.10) f (D. ) is a subset of ][J)_ and hence 

f E §. Now. suppose that f (O) =/ ][J)_ Then. by Lemma 1.5.3. we could find 

g E § with g'( ::0 ) > f'(::0 ) = s . which is absurd. Hence f maps D. onto the 

unit disk. 

For uniqueness. suppose that g is a second such mapping. Consider -; : 

[)) ---+ ][J) given by t.p = go f - 1 . This is a conformal mapping of ][J) onto it self. 

with -;(0) = 0 and sp' (0) = g'(0) / f' (0) > 0. The only conformal mappings 

from ][J) onto itself are rotations about the origin (this is a well-est ablished 

result in the theory of conformal mappings) . and since t.p' (O) > 0. we must 

have sp(z) = z . Therefore, f (z) = g(z) for each z E D. and uniquene s is 

established. D 
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Remarks 

The foregoing proof of Riemann 's Mapping Theorem suggests a general strat­

egy for obtaining minima for certain classes of problems. Namely, we first 

establish equicontinuity in a certain class of maps (for instance a minimising 

sequence). The Arzela-Ascoli Theorem then provides a limiting map. \ i\'e 

must then establish the regularity of the minimising map, so establishing it 

belongs to the class of maps under consideration. 

We will see that quite restrictive hypotheses are necessary to guaran­

tee this equicontinuity ( quasiconformality is enough, but having integrable 

distortion is not). Thus the ideas around quasiconformal maps and equicon­

tinuity lead to the existence of mappings of smallest maximal distortion (see 

next section). \Vhen we look at integrable distortion we must find new tools 

since equicont inuity has not been established except for mappings with dis­

tort ion which is exponent ially integrable (Martin and lwaniec, 2001). 




