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Abstract

The purpose of fisheries management is to achieve a sustainable development of the activity,
so that future generations can also benefit from the resource. However, the optimal harvest-
ing strategy usually maximizes an economically important objective function formed by the
harvester which can lead to the extinction of the resource population. Therefore, sustain-
ability has been far more difficult to achieve than is commonly thought; fish populations are

becoming increasingly limited and catches are declining due to overexploitation.

The aim of this research is to determine an optimal harvesting strategy which fulfills the
economic objective of the harvester while maintaining the population density over a pre-
specified minimum viable level throughout the harvest. We develop and investigate the har-
vesting model in both deterministic and stochastic settings. We first employ the Expected
Net Present Value approach and determine the optimal harvesting policy using various op-
timization techniques including optimal control theory and dynamic programming. Next we
use real options theory, model fish harvesting as a real option, and compute the value of the
harvesting opportunity which also yields the optimal harvesting strategy. We further extend
the stochastic problem to include price elasticity of demand and present results for different

values of the coefficient of elasticity.
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Chapter 1

Introduction

Fisheries management is a complex process and requires the integration of resource biology
and ecology with socioeconomic and institutional factors affecting the behaviour of harvesters
and policy-makers (ecologists). According to the Food and Agriculture Organization of the
United Nations (FAO, 2007), in the year 2005, about 50% of the fish stock under observation
experienced overexploitation or depletion. These statistics re-iterate the fact that fisheries
need to be managed with an effective and carefully-defined objective in order to prevent

overfishing and to allow the depleted stock to replenish.

1.1 Harvesting: deterministic viewpoint

There are several conflicting objectives at play in fisheries management. As pointed out by
Hilborn & Walters (1992), excluding recreational fishing, these objectives can be classified
as: biological and economic, and both can be explained on the basis of classic deterministic

models, as described below.

Biological objective

The traditional objective for biologists has been the Mazimum Sustainable Yield (or MSY').

The concept of MSY can be illustrated most simply via a biological population undergoing
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deterministic growth as

dx
pri F(z), (1.1)

where x = x(t) denotes the biomass of the fish population at time ¢t and F'(z) is the biological

net growth rate. For the logistic growth, the function F'(x) is given by

x
F(x) :r:c(l— ?),
where K > 0 is the environmental carrying capacity and r > 0 is the intrinsic growth rate
(Clark, 1990 provides a rigorous treatment of logistic growth function along with its solution).
For logistic growth, Equation (1.1) transforms to

dx(t) x(t)
e ra(t) (1 - K) . (1.2)

Equation (1.2) can be integrated using separation of variables as follows:

/ m(t)cz(t_) %) - / .
~ [t~ [

and the solution is obtained as

(1.3)

Furthermore, Equation (1.2) possesses two equilibrium points: 0 and K, where 0 corresponds
to unstable equilibrium and K corresponds to asymptotically stable equilibrium. When the
stock level is below K, CU%" > 0 and the population rises towards K. When the stock level is
above K, Cfl—f < 0 and the population declines towards K. The growth rate F'(x) is maximum

at * = K/2 and the maximum value for F(x) is 7K /4, which is obtained by substituting
x = K/2 in Equation (1.2).

Figure 1.1 shows the logistic growth curve F(z) and Figure 1.2 illustrates the solution for
the logistic growth equation; the population increases (or decreases) asymptotically towards

its carrying capacity K depending on the initial level.
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Rate of growth, F(x) [tonnes/year]

0 K/2 K
Population, x  [tonnes]

Figure 1.1: Logistic growth curve, F(x): the growth rate is maximum when the population level is at

half its carrying capacity.

x(0)

[tonnes|

Population, x

x(0)

Time, t [years]

Figure 1.2: Logistic solution curve: the stock approaches its carrying capacity K asymptotically. If
the initial population level x(0) is below K then the stock increases towards K, whereas, if x(0) is

above K then the stock decreases towards K.
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When the population is harvested at a rate h(t), the growth equation (1.1) takes the form

dzx
= = F(2) = h(t,2). (1.4)

If the population is harvested at a constant rate (or yield) h then the logistic growth model
(1.2) becomes

d

& (1 - £) — h. (1.5)

There are two equilibria for Equation (1.5), given by

4h K
K+4/K2-22% K

T ided that i < "2
L K—\/K;—i‘*% ox , provided that h < i (1.6)

Figure 1.3 illustrates the population growth under a constant harvesting rate h, where we
have plotted three scenarios for the harvest rate: h < %; h = %; and h > %. We now

investigate the behaviour of the equilibrium points zpax and xpyiy given by (1.6) for A < %.

e If at any time the population level z(t) < Zmin then % < 0 and the population will

become zero (the species would become extinct) in finite time.

e If at any time the population level x(t) is such that Tmin < x(t) < ZTmax then the

population will approach the stable equilibrium ..

e If at any time the population level x(t) > Zmax then ‘fl—f < 0 and the population will

decline towards Tmax.

The above analysis shows that x;, is an unstable equilibrium point while z,. is a stable

equilibrium point.

If h = % then Tmax = Tmin = %, thus there is only one equilibrium point in this case; F(z)
is also at its maximum, equal to %. The equilibrium point K /2 is semistable and there are

again three possibilities:

e If at any time the population level z(t) < K/2 then the population becomes zero.

e If at any time the population level z(¢) = K /2 then the population always stays at that

level.



1. Introduction

e If at any time the population level x(¢t) > K /2 then the population declines towards

K/2.

If h> % then % < 0, always, and the population will become zero in finite time.

E‘; ________________ -~
Q h > rkK/4
c
c
2 !
X | h=rka h<riia
LL
£
>
ko]
Q
ko
nd
X
Xmin K/2 max

Population, x [tonnes]

Figure 1.3: The population growth under a constant rate of harvest, h. There are two non-zero
equilibria when h < rK/4: Ty, (unstable equilibrium) and .y (stable equilibrium); the fish-stock
collapses if it falls below Zyin. There is one semi-stable non-zero equilibrium when h = rK /4, that
is at x = K/2; here the biological growth is at its maximum, equal to rK /4. There is no non-zero

equilibrium when h > rK/4; dx/dt < 0 always and the resource stock eventually becomes extinct.

Harvesting at rate %, when the resource stock is at exactly half its carrying capacity (%) and

at its maximum growth rate (%), allows the population to remain at that level indefinitely

since ‘fl—f = 0. This particular yield value is the M SY, denoted by hj;gy. Thus,

rK

hyrsy = max F(z) = 1

The foregoing mathematical analysis reflects the viewpoint of most biologists who consider a
resource to be overexploited when the population size has been reduced to a level below the

population level at M SY'.
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In general, the rate of harvest h(t) depends on the capability of the fishing fleet. This includes
fishing gear, boats, and crew, to name a basic few. These components have to be combined
and there are several factors that can be considered (Clark, 1985). In this thesis we will focus

on the following two:

e Effort E(t): The number of standardized fishing vessels fishing at a given time, with
unit SFU (Standardized Fishing Unit).

e Catchability ¢: The ratio of fish caught per SFU per unit time, with unit (SFU)~!(unit
of time)~!. This represents environmental factors that limit (or enhance) the ability to

harvest the resource.

The ratio of yield (or catch) to effort, i.e. %, is an indication of the number of fish caught

by the fleet, i.e. gz(t). Consequently,

h(t) = qE(t)z(t). (1.7)

Substituting for A(t) from Equation (1.7) into Equation (1.4) we obtain the growth dynamics
under harvesting as

dz
i F(z) — qE(t)x(t). (1.8)
For logistic growth, Equation (1.8) becomes

dfiit) = rx(t) <1 - :El((t)) —qE(t)xz(t). (1.9)

The model given by Equation (1.9) is known as the Schaefer model after the biologist M.
B. Schaefer (Schaefer, 1957) who first proposed it as a realistic representation of fish growth

under harvesting.

As discussed in Eide et al. (2003), some empirical works (such as those on Northeast Arctic

cod harvest) employ the Cobb-Douglas function:
h = qE%2P,

where a denotes the effort-output elasticity giving % increase of catch h with 1% increase of
fishing effort; 8 denotes stock-output elasticity giving % increase of catch h with 1% increase

of stock biomass. For cod fisheries, « > 0 and 0 < 5 < 1.
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Considering E to be a constant in the Schaefer model, Equation (1.9) gives a non-zero equi-

librium point at

E
xeqm=K<1—qr) WhereE<g.

IftE > 2 then g < 0 and the population is driven to extinction. The equilibrium harvest,
denoted by hgy, is called the sustainable yield and is given by the harvest at the equilibrium

point T = Tegm, i.e. E

hsy = queqm =qKE <1 - ) . (1.10)
T

The effort maximizing the sustainable yield hgy is obtained as Fjrgy = 2%; the Maximum

Sustainable Yield is again hyrsy = hsy|E=Ey ¢y = %. Figure 1.4 illustrates the plot of the

P E2K
'

sustainable yield hgy versus the effort E. It is a parabolic curve, given by hgy = ¢E K —
with the MSY at <2Lq, %) The sustainable yield increases with effort up to the point of
Maximum Sustainable Yield, E' = r/2q, falling thereafter as fishing effort increases. However,
the rise in E above r/2q does not cause an immediate drop in the sustainable yield hgy. The

decline in hgy (as observed in the graph) is due to the long-run effect of the increased effort

which results in decreased fish population and, consequently, diminished harvest.

8
>
3
£
S
)
<
k=]
T
=
Q
8
c
©
g r/2q a MSY
N /
Effort, E [SFU]

Figure 1.4: Sustainable yield hgy versus effort E; hgy increases with E while E < Ej;sy, a further

increase in F results in a drop in hgy .
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The logistic growth model, F(z) =rz (1 — %), is a pure compensation model (Clark, 1990),
that is, @ is a decreasing function of z; here Equation (1.8) exhibits a unique non-zero
stable equilibrium. Models for which @ is an increasing function of z, at least for certain
values of z, are known as depensation models. In this case, Equation (1.8) exhibits multiple
equilibria; there exists an unstable equilibrium population level, such that, if the stock level
falls below this unstable equilibrium point then the population declines to zero. However,
there is a possibility to revive the stock to a sustainable level by reducing effort substantially.
The depensation models which exhibit irreversibility in population growth are called critical
depensation models. These models are characterized by a critical population threshold, such
that, if the stock falls below this threshold then it undergoes an irreversible decline (to zero)
and cannot be recovered even if harvesting is ceased. This critical threshold is called the

minimum viable population level. A good description of depensation models can be found in

Levy et al. (2006) and Clark (1990).

Economic objective

The incorporation of economic considerations into resource harvesting models leads to the
subject called bioeconomics. One of the first economic models was developed by the Canadian
economist Gordon (1954), based on Schaefer’s model; that model introduces the concept of
economic overfishing in open-access fisheries. An open-access fishery is one in which there is
no regulation and fishing is uncontrolled. Gordon’s model establishes that the net revenues
(or Sustainable Economic Rent) derived from fishing are a function of Total Sustainable

Revenues (T'SR) and Total Costs (T'C), given by

Sustainable Economic Rent = TSR -TC

or alternatively, Sustainable Economic Rent = phgy —cE, (1.11)

where p is the (constant) price per unit harvest, hgy is the sustainable yield and c is the
(constant) cost per unit effort. The cost per unit effort includes fixed costs, variable costs
and opportunity costs of labour and capital. Fixed costs are independent of fishing opera-
tions (depreciation, administration and insurance costs), whereas variable costs are incurred
when fishers go fishing (fuel, bait, food and beverages, etc.). Opportunity costs are the net

benefits that could have been achieved in the next best economic activity, i.e. other regional
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fisheries, capital investment or alternative employment, and thus must be integrated into cost

estimations.

Gordon assumes an economic equilibrium, in addition to a biological equilibrium, to ob-
tain the long-term yield of the fishery. This equilibrium occurs when T'SR equals T'C' and
thus Sustainable Economic Rent is zero, implying that there will be no stimulus for entry
or exit to the fishery. The yield thus established provides a simultaneous equilibrium in both
an economic and a biological sense, leading to bioeconomic (bionomic) equilibrium (BE).
The name bionomic is due to both biological and economic parameters present in the model.
The stock level xpg corresponding to the bionomic equilibrium is obtained by equating the
Sustainable Economic Rent in Equation (1.11) to zero, to give

c
TpE = —.
pq

Since the biomass is at equilibrium, the corresponding bionomic effort Epp can be determined

by equating the growth rate (given by Equation (1.9)) to zero and using z(t) = zpg; this

T C
Boe = (1- 22,
q pgK

It follows that if the fishing cost to price ratio is such that % > qK, the fishery will not be

yields

exploited at all.

The Mazimum FEconomic Yield, denoted by hjsgy, is the sustainable yield maximizing the
Sustainable Economic Rent. We now derive an expression for hj;gy. Substituting for hgy

from Equation (1.10) into Equation (1.11) we get

TSR—-TC =pqEK (1 - qE> —ckE. (1.12)
T

From Equation (1.12), the maximum Sustainable Economic Rent occurs at fishing effort

E
EMEY:r(l C>=BE~

2q B pgK 2



1. Introduction 10

Now Mazimum Economic Yield is the sustainable yield with effort equal to Fy/py (maximiz-
ing Sustainable Economic Rent). Substituting E in Equation (1.10) with Ej/gy we obtain

the Maximum Economic Yield as

| _ 4EmBY
. .

hyey = hsy|E=Bypy = EMEYy K <
Hence the long-term sustainable biomass and yield of the fishery can be built by specifying

the corresponding levels of fishing efforts: Epg, Eysy, and Eypy.

The plot of TSR versus effort F is a parabolic curve, given by TSR = pgKE (1 — g) , and
the plot of TC (= cE) versus E is a straight line (see Figure 1.5). Where they intersect is
the bionomic equilibrium effort, Egg. The effort at MSY is also shown in the middle of the

E axis (EMSY = 2%), as well as the effort at MEY (E—gE>

TSR
I |
I |
TSR-TIC I I
is I | | TC
—_— maxinfum
&z m | |
Y I | ‘
I I | :
O : . |
= I I I TSR=T
% \ [ [
= \ | :
| TSR>TC | |
} ‘ N\ | TSREMC
I | | |
| N
I | | . I
|
I | | |
IMEY | M sy | BE |

Effort,E [SFU]

Figure 1.5: The evolution of total sustainable revenue TSR and total costs T'C' with effort E. The

intersection of T'SR curve and T'C' line corresponds to bionomic equilibrium, BE.

Gordon’s basic argument is that in an open-access fishery the effort tends to approach an
equilibrium effort Fpg, called the bionomic equilibrium effort, at which TSR = TC. A
brief analysis shows that if £ > Epg then TSR < TC (Sustainable Economic Rent is

negative) and if £ < Epg then TSR > TC (Sustainable Economic Rent is positive).
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The former case implies that some fisheries are losing money and therefore drop out of the
market, thus decreasing the total effort. Whereas, if £ < Epg, fishing is profitable which
encourages new fisheries to join the market. Thus there should be a tendency to approach
the bionomic equilibrium. Bionomic equilibrium describes the scenario in which economic
overfishing occurs and the Sustainable Economic Rent is precisely zero. But if fishing effort
were to be reduced, the Sustainable Economic Rent would become positive. The fishing
effort maximizing the Sustainable Economic Rent, Eapy, is precisely half of the effort
corresponding to bionomic equilibrium, Epg. Figure 1.5 shows Epg to be higher than Ejsgy .
In practice, Epg can be higher than or lower than Ej;5y, depending on fishing costs and fish
price (Clark, 2006). When Epp > Ejsy, the harvest rate exceeds hyrsy and the resulting
population level xpp is below K/2; this situation is referred to as biological overfishing and

leads to the depletion of the resource.

The economic model developed by Gordon is also called the Gordon-Schaefer model as it

takes into account the following assumptions made by Schaefer:

The population is at equilibrium.

e The catch per unit of effort (CPUE) is a relative index of population abundance:
CPUE = % = gx. This implies that, for a fixed fishing effort, an increase in stock

biomass leads to an increase in the catch at the same rate.
e The stock is constrained by a constant carrying capacity of the environment.

e The stock will respond immediately to variations in the magnitude of effort exerted;

time-delays are ruled out.

e Fishing technology is constant; this is reflected primarily in the catchability-coefficient

q which is assumed to be a constant.

e Unit prices and costs are constant and therefore independent of the level of effort

exerted.
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In addition to the assumptions listed above, Gordon made another assumption as follows:

e T'C are proportional to effort and thus a change in the slope of the T'C curve will

determine changes in BE and M EY levels.

There are certain limitations to the Gordon-Schaefer model:

e All processes affecting stock productivity (e.g. fish growth, recruitment and mortality)
are subsumed in the effective relationship between effort and catch. The fish stock x
in the production function gFx lumps together young recruits and more mature fish;

factors related to age are not taken into account.

e The catchability coefficient ¢ is not always constant and may differ according to the
available resources of the fishing fleet. Improvement in technology and fishing power

determines that ¢ often varies through time.

e CPUFE is not always an unbiased index of stock abundance, i.e., the average CPUFE
does not always coincide with its estimated value. This is especially relevant for re-
sources with patchy distribution (non-uniform spatial distribution) and without the

capacity of redistribution in the fishing ground once fishing effort is exerted.

e Variations in the spatial distribution of the stock and differential allocation of fishing
effort in the short term are not usually taken into account. The spatial distribution
of the stock is assumed to be homogeneous which results in uniform allocation of the
fishing effort. However, a differential allocation of fishing effort is more realistic as the
resource stock is patchily distributed; biological parameters are extremely dependent

on environmental conditions and change values even within small distances.

e Technological interdependencies can arise from the activity of fishing fleets with different
fishing power, and even different effort costs, over a single fish stock; these are not

accounted for.

e It becomes difficult to distinguish whether population fluctuations are due to fishing
pressure or natural processes. In some fisheries, fishing effort could be exerted at levels

greater than twice the optimum (Clark, 1985).
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Critique of MSY

There is substantial literature in the field of MSY and the related economic theory. Re-
call that in an open-access fishery the fishing effort approaches the bionomic equilibrium
effort, Epp, and the corresponding population level is maintained at xpg; when biological
overfishing occurs, zpp < K/2 (the population level at M SY'). According to the theory of
bionomic equilibrium, the fishing industry should gain by reducing effort. As the effort is
reduced and the population is allowed to grow from zgg to %, the catch grows accordingly
with lesser effort and the consumer benefits by paying less. Reduction of effort, however, is
not possible in an open-access fishery. If an open-access fishery is being harvested at M SY,
new entrants can join the fishery with a belief that they can either make individual gains
or share the loss with other entrants. Hardin (1968) in his famous essay called this situ-
ation "tragedy of the commons". Such a situation arises not only in fisheries but in any
exploited biological resource where open access is granted. In order to alleviate this problem,
Roughgarden & Smith (1996) recommend a target stock at % and taxation of revenues from

any fish caught when the stock is below the target figure.

Larkin (1977) argued for the abandonment of M SY by challenging its goal on several grounds:
it focuses on the fishery’s target species ignoring other species and puts the other less pro-
ductive species at a risk of extinction; it is based on the benefits of fishing and does not
concentrate on the costs; it does not account for spatial variability in productivity (also

noted by Botsford et al., 1997).

Furthermore, as pointed out by Levy et al. (2006), M SY guidelines are based on average
year stock growth rates and are inflexible since they fail to take into consideration stock
fluctuations, which are sometimes caused by MSY policies themselves. This renders fish
harvest vulnerable to the "ratchet effect". The ratchet effect occurs when, after a sequence of
relatively stable years in fishing, a few good years (with above average stock growth) provoke
the harvesters to invest more in their fishing capacity (e.g. specialized boats and gear).
However, when the fishing conditions and stock growth return to normal or below normal, the

fishing industry seeks help from the government in terms of additional quotas and increased
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allowable catches . There is no disinvestment of fishing capacity due to subsidies offered by
the government and this encourages overharvesting during poor periods (Ludwig et al., 1993).

Inevitably, overfishing reduces biological populations substantially.

An age-structured model

We now discuss the Beverton-Holt model, which is a deterministic age-structured model intro-
duced by Beverton & Holt (1957). Let x(t) denote the number of fish at time ¢ and suppose
that a constant recruitment of fish, R, occurs at time ¢t = 7. Recruitment refers to the fish
that have reached harvestable (mature) age. Thus age-structure enters the model through
recruitment. Assuming the natural fish mortality to be a constant M, we get the growth

dynamics as

If a variable mortality due to fishing, F'(t), is also considered then the growth equation

becomes

dx
= —(M+F@)e,

along with  z(r) = R.

Drawing an analogy with the Gordon-Schaefer model, F'(t) = gE. Thus the function F(t) is
now the control variable specifying the intensity of fishing. Let w(t) represent the average
fish mass at time ¢. The total biomass at time ¢ is then B(t) = x(t)w(t) and the yield in
biomass is Y (t) = F(t)z(t)w(t) = F(t)B(t).

Next we describe the economic optimization of the net revenue according to Clark et al. (1973)
and Hannesson (1975). Let p denote the fixed fish price per unit mass, p the discount rate

and c the cost per unit harvesting. The objective is to maximize the net present value:

/ e PR() [pB(E) — d dt.
0
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The state variable in this case is B(t) and the state equation is

% = B(t) <7“w” —M—F(t)> .

The constraint on fishing intensity is given by

0 < F(t) < Fiax-

The solution to this problem is of bang-bang type (see Chapter 2 for a description of this
type of solutions). At time ¢ = 0 there is not enough fish of mature size which renders
fishing unprofitable. Therefore F(t) = 0 and no fishing is carried out until fish grow big
enough to make harvesting profitable. Then at some later time, before the biomass reaches
its maximum, fishing commences at maximum intensity. It appears then that introducing
age structure in the bioeconomic models leads to the conclusion that periodic (pulse) fishing

might be a preferable strategy for a fishery.

The independence of stock and recruitment in the Beverton-Holt model is one major unre-
alistic assumption that limits its utility as a bioeconomic model. In practice, estimates of
the weight of the fish, w(t), as well as the total mortality, M + F(t), are available through
relevant data. However the separate estimates of F'(t) and M, requiring data on varying

levels of harvesting, are not easily available.

Other literature

A large body of literature has focused on the optimal harvesting policies when the resource
stock follows deterministic growth (summarized in Clark, 1990). The Schaefer model and
the economic model developed by Gordon, discussed in Section (1.1), are classic examples of

deterministic models based on density-dependent growth.

Considerable research has gone into deterministic models with density-dependent growth and
linear harvesting costs. Under general assumptions, including a profit function that is linear in

harvest, the profit-maximizing policy is obtained as bang-bang which recommends harvesting
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at maximal rate when the population is above a critical threshold and at zero rate if the
population falls below the critical level (Clark, 1990). Similar conclusions were drawn by
Spence & Starrett (1975) for optimal control problems where the solution approaches some
stationary value for the state variable. The approach to this stationary value could be more
rapid or less rapid depending on the functions and parameters associated with the problem.
For some problems, this approach is most rapid and the corresponding solution path is called
most rapid approach path (mrap). The necessary condition for the existence of a mrap solution
is that the objective function should be linear in the time-derivative of the state variable. As
an example, the authors maximized the present value of the profit earned by a firm harvesting
a renewable natural resource stock. Assuming the cost function to be linear in effort, they

found that the solution was a mrap to an optimal equilibrium for the stock level.

The deterministic optimal harvesting problem with linear costs was also investigated by
Clark (1979), Clark & Munro (1975), Reed (1979) and Clark et al. (1979). The computation
of the optimal harvesting policy for an objective function which is linear in state (stock-level)

and control (fishing-effort) is illustrated in Chapter 2.

1.2 Harvesting: stochastic viewpoint

The literature discussed in the previous section concentrates on the optimal harvesting prob-
lem in a deterministic framework. The evolution of natural stocks, however, is seldom de-
terministic; it is subject to stochastic perturbations due to environmental and other factors.
Consequently, management strategies for these natural resources based upon deterministic
population dynamics models are oversimplified. Moreover, in many models, the associated
cost structure assumes the price to be either fixed or a prescribed function and this is not
always realistic. These issues led to research in the area of stochastic growth and price dy-

namics. We now discuss the literature associated with harvesting in a stochastic environment.

The optimal rate of extraction when the resource stock follows stochastic growth has been

studied extensively. The book by Mangel (1985) discusses natural resource optimization
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in a random environment. Reed (1974) considered a discrete-time optimization model and
determined an optimal harvesting policy in a stochastic growth environment. The selling
price was assumed to be fixed, and successive unharvested population levels were assumed
to form a Markov chain. The cost of harvesting consisted of a fixed one-time set-up cost and
a marginal density-dependent harvest cost. An optimal harvesting policy maximizing the
expected net present value of the total profit earned over an infinite time horizon was sought.
It was shown that there existed an optimal policy of type (S,s) with S < s, where S was a
critical threshold for the population. Initiating harvest when the population level was above
S resulted in non-negative revenues, however, the revenues could not cover the set-up cost
unless the stock-level was well above S. The level s was the smallest population level above
S at which the harvesting could be initiated profitably. Thus the optimal policy allowed a
harvest in any period if and only if the population level exceeded s; in that case, a harvest
down to level S could be made. If the set up cost was zero then harvesting could be initiated

profitably once the population level exceeded S, and therefore S was equal to s.

Gleit (1978) investigated a continuous-time harvesting model based on stochastic growth,
assuming the selling price to be a prescribed function independent of the harvest size. Instead
of directly maximizing profit, the present value of the utility received from the profit levels
was maximized. It was concluded that, keeping the population level fixed, the optimal harvest
increased with an increase in the variance of the growth rate whilst the expected utility of

the entire profit stream decreased.

Ludwig (1979) examined the effect of small amounts of noise in the population growth on
the optimal harvesting policy. The price per unit harvest was assumed to be a fixed constant
and perturbation methods were employed to study the problem. The results obtained in that

paper were supplemented with numerical calculations in Ludwig & Varah (1979).

Lewis (1981) examined a discrete-time model for optimal harvesting with random growth
and stochastic price. Pindyck (1984) discussed the effects of uncertainty in the growth rate
of renewable resources assuming that the price was given endogenously by a downward sloping

market demand curve; three different growth functions were used for analysis. It was found
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that, depending upon the growth function, the overall effect of an increase in the variance of
stock fluctuations on the extraction rate could be to increase the extraction rate, decrease it,

or leave it unchanged.

In most of the above-mentioned models, the price was considered either to be fixed or to be a
known function, whereas in real-life situations the price evolves randomly. Anderson (1982)
investigated a continuous-time optimal harvesting problem with logistic growth and random
price dynamics; the expected utility of the profit was maximized. It was shown that an

increase in the variance of the price results in diminished fishing effort.

Hanson & Ryan (1998) performed a numerical study of the effect of random fluctuations in
price and population growth on the optimal solution, assuming costs to be quadratic in fishing
effort. They introduced random price fluctuations through a multiplicative random process
that included both small continuous-time fluctuations (modelled by a Wiener process) and the
possibility of occasional, large random changes (characterized by Poisson processes). How-
ever, while performing simulations, the coefficients of the Wiener increments were assumed to
be zero. They maximized the expected present value of the flow of profit and found that the
random price fluctuations had a significant impact on the optimal return whilst the optimal

effort levels were relatively unaffected.

Furthermore, harvesting in the presence of stochastic perturbations may reduce the stock
below a critical level (called minimum viable population level) from which recovery is im-
possible; this phenomenon is called critical depensation (described in Section 1.1). Next we

discuss the literature concerned with minimum viable population level.

Minimum viable population level and threshold harvesting

A survey of the sources of uncertainty in the stock growth together with an assessment of a
minimum viable population size is due to Shaffer (1981). In that paper, a tentative definition

of minimum viable population level was proposed as:
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"A minimum viable population level for any given species in any given habitat is the smallest
isolated population having 99% chance of remaining extant for 1000 years despite the fore-
seeable effects of demographic, environmental and genetic stochasticity, and natural catastro-

phes".

In a series of papers (Lande et al., 1995; Saether et al., 1996; Lande et al., 1997) the au-
thors considered two optimization criteria, the first being to maximize the expected cumu-
lative yield (denoted by Y') before extinction, and the second to maximize the mean annual
yield, %, where T' denoted the mean time to extinction. They found that, in both cases,
the optimal policy was a generalized form of the bang-bang strategy. The first optimization
criterion recommended the carrying capacity as the optimal threshold, irrespective of the
form of expected dynamics and the magnitude of stochastic effects; the second recommended
an optimal threshold depending upon the form of expected dynamics and the magnitude
of stochastic effects. In another publication (Lande et al., 1994), the same authors argued

against economic discounting in the development of optimal strategies for sustainable use of

biological resources.

Theoretical studies of estimates of threshold management policies to be set as targets of fish-
eries management are due to Mace (1994) and Quinn et al. (1990); a similar study based on
some real data is due to Myers et al. (1994). McDonald et al. (2002) analyzed a harvesting
model assuming the fishing costs to be inversely proportional to the stock level; the unit price
was assumed to be a linear function of harvest rate so that the resulting revenue function was
quadratic in rate of harvest. When the stock was above the minimum viable level, the opti-
mal policy corresponding to stochastic growth was seen to recommend a more conservative

harvest as compared with the optimal policy associated with deterministic growth.

Ludwig (1998) assumed a stochastic model for the resource population and compared various
management strategies in the presence of critical depensation. The conclusion was that
a strategy involving abrupt adjustment in harvest size, in accordance with fluctuations in
the stock density, results in a lower probability of early extinction as compared with other

strategies. This result seems to be in agreement with the bang-bang strategy of maximizing
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the discounted net return from harvesting if the stock was above a critical threshold and not

harvesting at all otherwise, as shown in Clark (1990) and Reed (1979).

1.3 Overview of the thesis

In this thesis, we study a bio-economic model of a fishery that is being harvested continuously
by a sole harvester, assuming that the population consists of a single species of fish and that
the growth is only density-dependent. The work is based on the Schaefer model as it effectively
incorporates the biological features of fish population, and has been widely used in literature
to represent density-dependent growth. The world has witnessed many fisheries collapsing
due to over-exploitation. We try to mitigate this problem by maintaining the population
above a minimum viable level throughout the harvesting period. The layout of the thesis is

as follows:

This chapter provides an introduction to fish harvesting and discusses the key papers as-
sociated with this research. Chapter 2 presents some preliminary concepts from stochastic
calculus and optimization; these are required to formulate and solve the optimal harvesting
problem developed in later chapters. An optimal harvesting problem, linear in the control

variable, is also illustrated.

Chapter 3 investigates a deterministic model for harvesting with constant price per unit
harvest and costs quadratic in fishing effort. The deterministic model is extended to its
stochastic version in Chapter 4. The model with random growth and constant price is treated
separately from the model with random growth and random price dynamics. In Chapters 3

and 4, the (expected) net present value of the total profit is maximized.

Chapter 5 formulates the optimal harvesting problem using real options theory. The re-
sults obtained using real options approach are compared with the solutions determined by

employing the net present value approach in Chapters 3 and 4.
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In Chapter 6, we introduce the concept of elasticity and reformulate the stochastic model
(from Chapter 4) to include price elasticity of demand. Finally, Chapter 7 concludes the thesis
with a summary of the work done; some directions for future research are also suggested.
Throughout the study, we perform sensitivity analyses of the optimal solution with respect
to various parameters present in the model. As we will note, the optimization problem being
studied from Chapter 3 onwards cannot be solved analytically and therefore we have to resort
to numerical methods. Appendices A, B and C include the working of the finite-difference
approximations for the numerical solution of the partial differential equations obtained in this
study. The numerical solution is obtained using MATLAB. The code can be made available

by contacting the author.

The emphasis of this thesis is on the profit-making aspect of fisheries. It is a thorough study
of the optimal harvesting policy and the profit earned by harvesting, focusing on quadratic
costs and conservation of fish population by constraining the latter to always stay above a
critical threshold. The prime reason for using quadratic costs is that it allows us to derive
an analytical expression for the optimal effort; the resulting solution is different from the
bang-bang solution which is usually obtained in the case of a linear cost function. Further
justification for this assumption is provided in Chapter 3. The correlation between the fish
growth and the price is usually ignored when modelling them as random variables; it is either
not considered or equated to zero while performing simulations. We model the correlation

explicitly and include it in the study while analyzing the final results. This thesis:

e Draws its basis from the literature discussed in this chapter and the literature associated

with real options (discussed in Chapter 5),

e Extends the work to cover some aspects which have not been explored by the existing

literature in full detail, and

e Presents new research, especially in the field of mathematical finance (real options and

elasticity-modelling) and optimal harvesting.



Chapter 2

Background theory and application

to linear control in harvesting

In this chapter we collect some important material needed for solving the optimal harvesting
problem discussed in the next few chapters. The chapter proceeds as follows: Section 2.1
serves as an introduction to probability theory and stochastic calculus. In Section 2.2 we
discuss the calculus of variations and in Section 2.3 we describe optimal control theory, both
in a deterministic environment. We also solve a deterministic optimal harvesting problem,
with linear harvesting costs, using the above-mentioned approaches. In Section 2.4 we explain
the continuous-time dynamic programming technique in both deterministic and stochastic
settings. Finally, we demonstrate a solution to the stochastic optimal harvesting problem
with the costs linear in fishing effort; the unit price is considered to be fixed and the growth

is random.

2.1 Fundamentals of Stochastic Calculus

In this section we provide an introduction to random variables and stochastic differential
equations. A more rigorous treatment of this subject is provided by Billingsley (1995) and
Chung & AitSahila (2003).

22
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Measure and Probability Theory

A collection Z of subsets of a sample space (2 is called a o-algebra (or a o-field) if:

(1) ¢,9Q € Z where ¢ is the empty set.
(ii) If A € Z then A’ € 7 where A’ is the complement of A.
(iii) Z is closed under countable unions and intersections.

Any element of 7 is called a measurable set and (£2,7) is called a measurable space.

A measure on a g-algebra 7 is defined as a non-negative, extended, real-valued function m

on 7 satisfying:
(i) m(¢) = 0.
(i) m (4) = m(An)
n
where {A,} is a countable collection of pairwise disjoint sets in Z such that
A=A, T
n

It can be shown that m (A) is independent of choice of A,. If m (2) = 1 then m is called a

probability measure on  and (Q2,Z,m) is called a probability space.

A Borel o-algebra is a o-algebra generated by open sets and its elements are called Borel
sets. A function X from (Q,7) to (R, B), where B is the Borel o-field of real numbers, is
called measurable if for any Borel set B € B the set {w : X(w) € B} € Z. Equivalently, for
all z € R, the set {w : X(w) <z} € Z. This function X is called a random variable on (2,7).

The variance of a random variable X (¢) quantifies the dispersion of X (¢) and is defined as
var [X(8)] = E[X (1) = EX O,

where £ denotes the expectation operator. The square root of variance is called wvolatility;
it measures the deviation of X(¢) from its expected value. The covariance of two random

variables X (¢) and Y (¢) is defined as
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The correlation coefficient between X (t) and Y (t) is given by

Py = cov [X(t),Y(t)]
\/var [X ()] \/var [Y(t)]

The correlation coefficient pyy- is a dimensionless quantity, lying between [—1, 1]. The mag-
nitude of p specifies the degree of interdependence between X (¢) and Y'(¢). If p is zero then

X(t) and Y (¢) are said to be uncorrelated.

A stochastic process X (t) is a collection of time-dependent random variables. Consider a
stochastic process X (¢) which can assume values from a countable state space 2. Let I;
denote the information available about X (t) up to time ¢, i.e., Iy = o0 ({X(s),0 < s < t}).
Evidently, I; C I;41 for all ¢. The family of information sets {I; : t € [0, 00)}, modelling the
flow of information, is called a filtration. The stochastic process X(t) is called adapted to
the filtration I; if its values up to and including time ¢ are determined by the information
provided by I;. A stochastic process is called mon-anticipative if it is independent of the
future, i.e., its value at time ¢ depends only on the information available up to that time.
Throughout this discussion we will assume the stochastic process X (¢) to be defined on a

probability space (2,Z,p), where p is a probability measure on {.

A continuous-time martingale is a stochastic process X (t), adapted to a filtration Iy, such

that for all ¢ > 0 the following hold:
(i) X(t) is integrable, i.e., E[| X (t)|] < oo.

(i) E[X(t)|1s] = X(s) for all s < ¢ almost surely (with probability 1).

A stochastic process W (t) is called a Wiener process with respect to a filtration I; if:
(i) wW(0) =o.

(ii) W (¢) is continuous over time.

(iii) W (¢) is a square integrable martingale with E[(W () — W (s))?] =t —s, s <t.

The precise mathematical formulation for a Wiener process was carried out by Norbert Wiener

in the year 1931.
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Next we define Brownian motion. The term derives its origin from the name of the botanist
Robert Brown who, in the nineteenth century, described the random movement of a particle
of pollen suspended in fluid. The random movement was argued to be a consequence of
bombardment of the particle by the molecules in thermal motion. Mathematically, Brownian

motion is defined as a stochastic process B(t) with the following properties:
(i) B(0)=0.
(ii) B(t) is continuous over time.

(iii) The process has independent increments which are normally distributed with mean zero

and variance given by the time lag, i.e.,
(B(t) = B(s)) ~ N (0, [t=s ).
Although the definitions for a Wiener process and Brownian motion appear to be different

in some respects, the famous Lévy theorem (stated below) proves that the two processes are

exactly the same (Durrett, 1996).

Theorem 1 If X(t) is a continuous local martingale with X (0) = 0 and var(X(t)) =t then

X(t) is a one-dimensional Brownian motion.

Since a Wiener process satisfies all the requirements mentioned in the Lévy theorem (see
Durrett, 1996 for further explanation), it follows that a Wiener process is a Brownian motion.
Another important characteristic of Brownian motion is the Markov property. A stochastic

process X (t), adapted to a filtration Iy, is said to possess the Markov property if
p{X (@ +u) =jlX(s);0 < s <t} =p{X(t+u)=7jX(t)}.
Thus the future state of the process is independent of all the past states and depends only

on the current state. Any process satisfying the Markov property is called a Markov process.

Limits of random variables

Consider a sequence of random variables { X1, Xs,...}, all defined on the same probability

space. The sequence can converge to a random variable X in various ways:
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(1) Ifp ( lim X, = X) = 1 then X,, — X almost surely.
n—oo

(ii) If € [|X,[?] < o0, Vn and lim & [|X, — X|?] = 0 then the convergence is called Mean-
n—o0o

square convergence (Lo convergence).

(iii) If lim p(X, <a) — p(X < a) Ya € R then the convergence is called Convergence in
n—oo

distribution.

Kolmogorov’s Strong Law of Large Numbers is a statement about almost sure convergence of
the sequence of the average partial sum of independent and identically distributed random
variables, { X1, Xo,...}. Let S,, denote the average partial sum consisting of the first n terms

of this sequence of random variables. That is,

Xi
Sn — =1
n
If the expected value of all X;’s is finite, say £ [X1] = £ [X2] = ... = u < o0, then the Strong

Law of Large Numbers states that
lim S,, — p.
n—oo
The Central Limit Theorem is a statement about convergence in distribution of the sum of
independent and identically distributed random variables { X7, X», ...}, each having expected
2

value € [X;] = p < oo and variance V[X;] = 0° < oo. According to the Central Limit

Theorem, the random variable
1 n
- E X
o\/n i:l( i)

converges in distribution to a standard normal random variable as n — oco. Equivalently,

T
e 2dz

1 n
lim a< —— X, —u)<b| =
n%oop< - U\/ﬁ ;< ‘ M) B ) V2T

Se—
[a—
V)

Mathematical formulation of Brownian motion

To introduce Brownian motion consider a stochastic process w(t), that undergoes up/down

jumps of size Ax at discrete time intervals of duration At = %, where n is some unspecified
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positive integer. These jumps occur with equal probability, i.e. %, throughout the time
interval 0 < ¢ < T. After k steps, at time ¢t = k(At), the stochastic process will be at
w(t) =w(kAt) = w((k—1)At) + Ax

= w((k—2)At) £ Az + Az,

which finally gives
w(kAt) = +Az + Ax - - - £ Az, (2.1)

where the right hand side contains k terms and we have assumed that w(0) = 0.

Let {z1,...,%n,...} be an infinite sequence of random variables, each with p(x; = 1) =
plx; =—1) = %, where x; specifies whether the jump was up or down between (i — 1)At and
i(At). These random variables are identically distributed with the expected value &[x;] = 0

and Variance V[z;] = 1. Using these z/s, Equation (2.1) becomes
k
w(kAt) = (Ax) Z x;
i=1

We wish to analyze the behaviour of the stochastic process w(t) when the time duration
between two consecutive jumps becomes negligible, i.e. as At — 0, or equivalently, as n — oo.

Since t = kAt = £, n — oo would imply that k£ — oo ( in order to keep ¢ finite).

If we choose Az = At (: %),

S\W

k k k
1 T Ty
w(t) = w(kAt) = Z Z?:tzz. (2.2)
z:l i=1 i=1
Now n — oo implies k& — oo and utilizing the Strong Law of Large Numbers along with
E[x;] = 0, Equation (2.2) yields klim w(t) = 0, thus lim w(¢) = 0. Therefore, no genuine

random behaviour in the limit is observed in this case.

Picking Az = % instead, we get

k sz
w(t) = w(kAt) Ziﬁz = 1

By the Central Limit Theorem we obtain lim w(t) — 2v/t, where z ~ N(0,1) (here we

n—oo

have again used: n — oo = k — 00). Hence w(t) is a normal random variable with mean 0
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and variance t. Therefore,

Vi b
pla<w(t)<b)=p <\C/LE <z< \2) = / \/%ezdz = / \/%eyétda:.
i% a
If w(0) = 0 then at time ¢,
Ew®)] = 0,
Viw(t) = Ew?®)] — (Ew®)])? =t fort>0.

Furthermore, due to the property of independent increments, for t > s we have
Elw(t)w(s)] = E[(w(t) — w(s))w(s) +w(s)’] = E[(w(t) — w(s))w(s)] + E[w?(s)] =0+ s = 5.

In general,
Elw(t)w(s)] = min(s,t).

The sample paths of Brownian motion are continuous but nowhere differentiable. To see this,

given any interval (a,b) divide it into subintervals a =t; < to < --- < t, = b. Then

n—1 n—1
tir1) — wity)]? < tht1) — wit the) —w(te)]. (23
; w(ths1) — wlty)]” < ke{lfgé}ffn_l}ﬂw( k1) — w( k)|); [w(tks1) —w(te)].  (2.3)
n—1 n—1
Now &> |w(tern) —wte)?| = Y& [lwltrsr) —w(ty)]?]
k=1 k=1
= & [lw(tz) —w(tr)]?] + € [|w(ts) — w(t) "] + ...
e EfJw(ty) — wtn-1)[?]
= to—ti+itz—to+ ..+t —th
= tn — tl = b — Q.
n—1
Therefore in terms of the expected value, as n — 0o, Y. |w(tgr1) — w(ty)|?> — (b—a) and
k=1

. {lglax N (lw(tgs1) — w(te)]) — 0 (since € [|w(tgs1) — w(tx)|] = 0 V k). Consequently, the
€11,2,...,n—

n—1

inequality in (2.3) can hold only if > |w(tg+1) —w(tx)| — oco. Thus the sample paths of w(t)
k=1

have unbounded total variation in any interval.
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Stochastic differential equations

The concept of stochastic differential equations can be understood on the basis of a typical
example which we now present. Consider a stochastic process z(t) which solves the generalized

Brownian motion or [td process

dx(t) = p(x(t), t)dt + o(z(t), t)dw(t). (2.4)

In Equation (2.4), u(z(t),t) is called the drift parameter, and o(x(t),t), the diffusion parame-
ter. Note that over any time interval dt, the change in z(t) (represented by dz(t)) is normally
distributed with expected value E[dx(t)] = u(x(t),t)dt and variance V[dz(t)] = o?(z(t),t)dt.
Equation (2.4) is a differential representation of the Itd process; the same equation can be

represented in the integral form as

o(x(s),s)dw(s), (2.5)

8
—~
=

I
A

o
S~—

—+

O\ﬂ
=
—~
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—~
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~—
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»

—+

O\W

t
where the second integral in Equation (2.5), / o(z(s), s)dw(s), is a stochastic or Ito integral
defined by the limiting process 0

¢ n—1
/a(w(s),s)dw(s) = Aligloza(x(tk)’tk)Aw(tw
5 -
n—1
= Alitgloz o(z(tr), th) [w(ti1) — wlte)] (2.6)

where 0 = t) < ty < -+ < t,, = t is a uniform partition of the interval [0, ¢] and At = tp11—1k.

For the Ito integral to exist, the two conditions imposed on the diffusion term are:

e o(x(t),t) is independent of the future or non-anticipative.

o & /az(x(s),s)ds < 00.
0

The limit present in Equation (2.6) is the mean square limit which is defined as

2

t n—1
& /0'(93(5), s)dw(s) — Z o(x(tg), tr) [w(tps1) — w(ty)] — 0 asn— 0.
0 k=1
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In addition to the Ito integral there is the Stratonovich integral which uses the difference
Aw(ty) = 3 [w(tys1) — w(ty—1)]. The work done in this thesis is based on the Ito calculus

and all the stochastic differential equations are defined using an It6 process.

Ito’s lemma

It6’s lemma replaces the chain rule in a stochastic environment. Consider a stochastic process
x(t) satisfying

dz(t) = p(x(t), t)dt + o(z(t), t)dw(t).
Let ¢(x(t),t) be any smooth deterministic function. The total differential for the function

o(x(t),t) is given by

In ordinary calculus, with deterministic z(t), higher order terms vanish in the limit. To see

what happens when z(t) is random, consider (dz(t))? as follows:

(dz(t))? = p(x(t),t)dt® + o?(z(t), t)dw? + 2u(x(t), t)o(z(t), t)dtdw

o?(z(t),t)dt,

%

because € [dw?(t)] = dt, and for infinitesimally small dt terms in (d¢)? and (dt)% go to zero

faster than dt. Likewise, (dz)® will contain terms in higher powers of dt and can be ignored.

Hence It6’s lemma gives the differential d¢ as

0p 0o 1 0% 9
do(z(t),t) 5 —dt + 9200 dx(t) + 2 Dt )2(dx(t))
(09 06 1, % 99
= <8t + p(x(t), t)8 0 +30 (x (t)’t)(?a:(t)Q dt—i—a(x(t),t)am(t)dw(t).
The extension of It6’s lemma to a function ¢(z1(t),z2(t),...,x,(t),t) of time and n Itd
processes, x1(t),za(t),...,z,(t), contains the correlation coefficients between the n Wiener

increments, dwi(t), dwsa(t),...,dwn(t). Let p;; denote the coefficient of correlation between

the Wiener increments dw;(t) and dw;(t), i.e., [dw;(t)dw;(t)] = p;;dt. Then d¢ is given as
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_ (% y 9 150 9%
dp = <8t+;Mi(m1"“’xmt)8xi+2;Ji($1"“’xmt)8xf

+1 En i t)o,( t) ¢ dt
9 — PijOi\T1y .-y Tn, U)0 (X1, . .-y Tn, 8,%181']
n
99
; t) —dw;.
+iglal(az1, , T, )ami w;

Geometric Brownian motion

A stochastic process z(t) is said to follow a geometric Brownian motion if dfét)) (the fractional

change in x(t)) is normally distributed with £ [C?(%)} = pdt and V [(?(%)] = o?dt; p and o are
constants. Since these are the changes in the natural logarithm of z(t), i.e. Inz(¢), therefore
dz(t) is said to be lognormally distributed. The stochastic differential equation followed by
x(t) is given by
dx(t) = px(t)dt + ox(t)dw(t), (2.7)
with the initial condition
x(0) = mo.

In ordinary calculus, Equation (2.7) would imply that d(lnz(t)) = pdt + odw(t), however,

this is not the case here. If ¢(x(t)) = Inxz(t) then by the Itd’s lemma,

do(z(t)) = (LL - ;&) dt + odw(?). (2.8)
The solution to Equation (2.8) is
oa(0) = o(a(0) + (1= 3% 1+ 0w (), (29)

Since z(t) = e?@(®) | Equation (2.9) gives z(t) as
x(t) _ xoe(,u—%cﬂ)t—i-ow(t)'

The expected value of z(t) is

Ela(t)] = zoelr27)ig[erw®)], (2.10)
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It remains to calculate £[e”®)]. From It6’s lemma, with ¢(w(t)) = e”*®), we have
1
do(w(t)) = 202 O dt + o O duw(t),

which has solution

¢ ¢
2
d(w(t)) = (w(0)) + % / (s + o / 73 du(s).
0 0
Taking the expectation on both sides we get

02 t t
El6(w(t))] = Elp(w(0))] + T€ / @ s | 4 o€ / ¢ . (2.11)
0

0

Now
E[p(w(0))] = [ =1 (since w(0) = 0).

t

Furthermore, using £ [f f(w(s),s)dw(s)] = 0 for any non-anticipative function f(w(s),s)
0

(Henderson & Plaschko, 2005, page 31), we obtain

t
& J/e(’“’(s)dw(s) =0.
0

Consequently, Equation (2.11) reduces to

0’2 / C)’2
Epw®)] = 1+5¢ /e”“’(s)ds =1+ ¢ /¢(w(s))ds
0

t
0_2
= 1+ /5 (2.12)
0

In Equation (2.12), the expectation is associated with the function ¢(w(s)) (since w(s) is
a random variable) while the integration is being performed with respect to a deterministic
variable, that is . Since expectation is a linear operator, we can move the expectation

operator inside the integral sign .

Differentiating both the sides of Equation (2.12) with respect to t leads to
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This is an ordinary differential equation with solution
o2t
Elp(w(t))] =e>.
Therefore, 9
ot
E[em®] = E[p(w(t))] = €. (2.13)
Substituting £ [e"“’(t)] in Equation (2.10) yields the expected value of x(t) as
Elx(t)] = xoe!t  for t>0.
The variance of z(t) can be calculated as
V()] = E[P0)] - (E[x(1)
= £ |:($06(”_é02)t+‘7w(t))2:| - (.’Eoe#t)2
_ ¢ [mgGth—chter—w(t)} - x%GQyt
_ $%€2“t_02t5 |:€20w(t):| o $3€2ut
= a3eHt <e*"2t5 [62"“’(0} - 1) . (2.14)

02
From Equation (2.13) we have & [e"w(t)] =7, Changing o to 20 yields
g[eZJw(t)] _ 6202t.

QUw(t)]

Finally, substituting E[e in Equation (2.14) gives the variance as

Viz(t)] = mge2“t(e"2t —1).
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2.2 Optimization concepts: Calculus of Variations

The calculus of variations is a classical technique for solving dynamic optimization problems
(see Kamien & Schwartz, 1991 and Chiang, 2000 for an in-depth treatment of this subject).
The simplest problem of the calculus of variations is a maximization (minimization) problem

where the objective -

J(z) = / ot 2, 3)dt (2.15)
0
has to be maximized (minimized) with respect to x, subject to

w0y =m (2.16)

x(T) = zrp
where g is a twice differentiable function and dot denotes the derivative with respect to time.
We have used the notation z(t) for a certain state at a certain time ¢, whereas x without an
argument denotes the entire path: {z(t) : t € [0, T|} when T is finite; and {z(t) : t € [0, T)}
when T is infinite. Any z satisfying the boundary conditions (2.16) is said to be admissible.
The calculus of variations is based on the analysis of infinitesimally small variations to an ad-
missible 2 optimizing the objective function (2.15), and leads to the following Fuler-Lagrange

equation satisfied by all such solutions:
99 _d (09
oxr  dt \oi )’

We illustrate a solution to the optimal harvesting problem, with costs linear in harvest rate,

using the calculus of variations approach (as discussed in Clark & Munro, 1975).

Optimal harvesting with linear costs: the calculus of variations approach

Following the approach of Clark and Munro (1975), we consider an open-access fishery ex-
ploited by a single individual (firm) whose sole motive is to maximize the long-term profit.

The harvester’s goal is to obtain the harvest level that maximizes the objective

[e.o]

/ept [p — c(z)] hdt.

0
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The maximization has to be performed subject to

dx

A i f(x) —h, (2.17)

z(0) = o,
where x = xz(t) denotes population, f(z) is the recruitment function (biological growth),
h = h(t) is the rate of harvest, p (constant) is the unit price of the harvested resource and

c¢(x) is the unit cost of harvesting.

The maximized objective function can be expressed as

oo

J* = max /ept [p — c(x)] hdt. (2.18)

0

Thus the harvester wishes to control the harvest rate h(t), at each time ¢, so as to maximize
the discounted net profit over an infinite horizon. The profit is discounted with rate p for
the reason that $1 today is worth more than $1 tomorrow, or equivalently, $1 after ¢ units
in the future are worth (1 — p)’ today (i.e., the present value is (1 — p)'). If the discount
is compounded n times per year then ¢ units of time amount to nt discount periods. This
gives the present value of $1 obtained after ¢ units in the future as (1 — %)nt. By allowing

for continuous compounding, the present value of $1 is obtained as

t
lim (1 — B>n = e P,

n—-o00 n

Substituting for h from Equation (2.17) into the integral present in Equation (2.18) gives

[e.o]

J* = max /ept[p — c(2)][f(x) — z]dt.
xT
0
Utilizing the necessary Fuler-Lagrange condition from the calculus of variations, % =7 <@) ,
we obtain the following implicit equation for the population x:
d(z)f ()
fl(x) — —2L =), 2.19
@ -2 (219)

where prime denotes differentiation with respect to x.

Equation (2.19) can be rewritten as

0

= [(p = c(@) (@) = plp — c(x)] (2:20)
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Using Equation (2.20), the optimal population level z*(maximizing the discounted net profit)

can in principle be obtained by solving

0
ox*

[(p = (™)) f(«")] = plp — e(™)]- (2.21)

The final solution z* can be inserted into the growth equation (2.17) to obtain the optimal
harvest rate h* = f(z*). In general, however, Equation (2.21) might be non-linear in z* and

possess more than one distinct root, in which case * may not be uniquely determined.

The case of Logistic growth

Assuming the growth for the resource as f(z) = rx (1 — %), the harvest rate as h = gFE=,
and the cost function as ¢(x) = q%, where ¢ is the constant cost per unit effort, the maximized

objective (2.18) becomes

o0 o0

* — c -
J" = m}?x/e Pt <p - q:v) hdt = max /e Pt (pgz — c) Edt, (2.22)
0 0
subject to T
T = rx (1 - ?> —qFEx, (2.23)
z(0) = xo.

Utilizing Equation (2.23), effort E' can be determined as

re(1— &) —d
qx '

E =

(2.24)

Substituting E from Equation (2.24) into the integrand present in Equation (2.22) leads to

the following maximized objective:

[e.9]

J* = mgx/ept (p— q;) [m: (1 - %) - :c} dt.

0

Application of the Euler-Lagrange condition produces a quadratic equation in x that can be

solved to give the optimal population level as

. K c P c P 2 8cp
- 1|(1 -z 14— —-= . 2.25
S < +qu 7‘>+\/< +qu 7“) +qu7" (2.25)
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The optimal harvesting policy is to drive the population level towards z* as quickly as possible.
Once the stock level reaches x*, the rate of harvest is kept equal to the biological growth rate

so that the population stays at z*; &(t) is zero in this case and the optimal effort is obtained

*
* _z

K

from Equation (2.24) as E*(t) = u Thus, assuming that the effort E is constrained

qz*

as 0 < F < FEnax, the optimal harvesting policy in [0, oo) is

Next consider the finite time-horizon problem

T
J = max /ept (pgx — ¢) Edt,

subject to

z(0) = xo, (T) = 7,

0 < E < Enax,

In this case, the population would have to be driven to «* from some initial value xg # z*.
The path x*, however, would have to be abandoned before 7', say at time s, to meet the
specified terminal condition zp, producing the so-called turnpike behaviour in between s and

T (Samuelson, 1965).

2.3 Optimization concepts: Optimal Control

In this section, we present a brief outline of optimal control theory; further details can be

found in Kirk (1970) and Bryson & Ho (1975). Consider a dynamical system described as

z = f(z,up), (2.26)

z(0) = mo,

with state vector x € R™ and control input u € R™.
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The performance index (objective function) is defined as

T
T = o)1)+ [l ut)dr
0

where [0, 7] is the time interval of interest. The optimal control problem is to find the input
uw*(t) in [0, T, that drives the system along a trajectory x*(t), such that the objective function

J is optimized and also the p terminal conditions

are satisfied for a given function ¢ € RP.

We first construct the Hamiltonian
H(z,u,t) = g(x,u,t) + )\Tf(ﬂs,u,t),

where A € R” is called the vector of Lagrange multipliers and the superscript T denotes

transpose. In summary, the necessary optimality conditions are:

e & = f(x,u,t), n differential equations,

o —\= %—7;, n (costate or adjoint) differential equations,

. %—7; =0, m algebraic (stationarity) equations,

e 2(0) = zg, n boundary conditions,

e M (T) = <% + MT%>, n boundary conditions,

o Y(z(T),T) =0, p terminal conditions,

where 1 € RP is the constant vector of Lagrange multipliers associated with the p terminal

conditions.

The stationarity conditions determine the control m-vector, u(x, \,t). The 2n differential
equations with the 2n boundary conditions form a two-point boundary value problem, where
the constant p-vector, u, is to be found from the p terminal conditions. The stationarity
condition that grad,H (%—7;) = 0 is necessary but not sufficient for optimality. Sufficiency is

guaranteed if, in addition, the Hessian matrix %27} is positive-definite (negative-definite) for

a minimum (maximum).
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In the absence of the terminal conditions ¢ (z(T"),T) = 0, there is no u vector to be deter-

mined. Consequently, the boundary conditions for the vector A\ become

99

AT) = 9z(T)

If ¢(x(T),T) = 0 then the final value of the multiplier vector (transversality condition) is

AT(T) =o.

The time derivative of the Hamiltonian is
. OH 1 [ OH 1 [ OH T
H= T + () <6x>+(u) (au>+(>\) f. (2.27)

Substituting for & from Equation (2.26) and A from adjoint equations —\ = %—7;, Equation

(2.27) becomes

- OH 7 (0H
= — ) — . 2.28

T ot + (@) ( ou > ( )
We let ‘H* denote the optimized Hamiltonian. The stationarity equations imply that 88%* =0

on the optimal path, therefore Equation (2.28) reduces to

_OH*

H T

(2.29)

If f and g are not explicit functions of time then substituting Equation (2.26) in Equation
(2.29) leads to

H* = 0.
Hence for a time-invariant system and objective function the Hamiltonian is constant on the
optimal trajectory. If the final time T is also unspecified then on the optimal path we also

have

H* = 0.

When T' — o0, the above problem is called an infinite horizon optimal control problem.
In such problems, the terminal time is considered free. Consequently, H*(t) = 0 for all
t € [0,00). Usually, infinite horizon problems involve a boundary condition at infinity so
that t@wm(t) = X and, consequently, tEnoo)\(t) # 0. Otherwise, if the terminal state is

free then tlim A(t) = 0 (as in the finite horizon case). Another issue is the convergence
—00
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[e.0]
of the integral [ g(z,u,t)dt. In most of the management problems the integrand involves

0
00

a discount factor, e ”!, which guarantees the convergence of the integral / e Plg(xu,t)dt
0

provided sup g(z,u,t) = G for all ¢t. In that case,
u

/ e Pg(zut)dt < / e P'Gdt = Q.

p
0 0

The optimal control problem described here does not impose any constraints on the control

variable u. If the control is constrained to lie in an admissible region such that umy, < u <

Umax then all of the optimality conditions outlined earlier still hold, the only exception being
oOH

the stationarity condition % = 0, which is replaced by the following more general (necessary,

but again not sufficient) condition:

o H(x* u*, \*t) < H(z*,u, \*,t) for all admissible u, if the objective is to minimize J,

o H(x* u*, A\*t) > H(z*, u, \*,t) for all admissible u, if the objective is to maximize .J.

The optimality requirement is called Pontryagin’s minimum (mazimum) principle which can

be stated as:

The Hamiltonian must be minimized (mazimized) over all admissible u for optimal values

of the state and costate.

This principle is broader than the first-order stationarity condition %—7; = 0 for it optimizes

the Hamiltonian over the entire admissible control region [tmin, Umax|, Whereas, %—Z‘ =0is
valid only in the open interval (tmin, %max) Which excludes optimal occurring at either wmyi, or
Umax (corner solutions). If there is a finite time interval [t1, t3] during which the Pontryagin

condition provides no information about the relationship between w*(t), *(¢), and A*(¢) then

the problem is singular and the interval [t1, t2] is called a singular interval.

There is an economic interpretation associated with the Hamiltonian function (Dorfman, 1969)

which also clarifies the reason for adopting the Hamiltonian as the function to be optimized:
T

Consider a maximization problem where J = / g(z,u,t)dt represents cumulative profit earned

0
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during [0, 7] with the state dynamics given by Equation (2.26). The product of the associated

Hamiltonian with dt is given by
Hdt = g(z,u,t)dt + N7 f(zu,t)dt = g(zut)dt + N dz. (2.30)

For the time interval [t,¢ + dt], the first term in Equation (2.30), i.e. g(z,u,t)dt, represents
the direct profit contribution to J when the firm possesses capital z(¢) and the decision is to
apply u(t) over [t,t + dt]. The second term, \Tdz, represents the change in the capital over
[t, t+ dt] which is equivalent to the value of the capital accumulated during the interval.
Therefore ATdz is the indirect contribution to J in dollars. The decision is to choose u(t)
so as to make the total contribution to J, i.e. g(z,u,t)dt + AT f(x,u,t)dt, as big as possible;
maximizing J only would neglect the effect of the capital accumulation. This implies that

the Hamiltonian must be optimized at each instant of time t.

The costate differential equations —\ = %—7; also admit an economic interpretation: —)\(t)

is the rate at which a unit of capital depreciates over [t, ¢+ dt], or equivalently, —\dt
is the marginal cost of holding that capital, whereas %{S(Mdt = %{Z)@mdt +
)\(x(t),u(t),t)T%{:)(tmdt is the marginal revenue gained over [t, ¢+ dt]. Hence the

costate equations imply that marginal cost equals marginal revenue.

Recalling the optimal harvesting problem solved in Section 2.2, the analogy with harvesting
is straightforward: z is the fish population (capital) and h is the decision to harvest, with
the direct profit contribution embodied in the integrand e #*(p — c(x))hdt, and the indirect

contribution coming from the change dx in the population level.

In economic applications of optimal control theory the integrand function usually contains
a discount factor, e #, and has the form: e "'g(z,u,t). To avoid the complexities inher-
ent in the differentiations involved, a new Hamiltonian is introduced which is free of the
discount factor. This Hamiltonian is called the current value Hamiltonian (discussed in
standard books on optimization, for instance Kamien & Schwartz, 1991), to emphasize its

undiscounted nature. Because the Hamiltonian involves Lagrange multipliers, current value
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Lagrange multipliers A, also have to be introduced as

Ae(t) = e A(t).

The current value Hamiltonian takes the form

H, = Hel' = g(z,ut) + N f(z,u,t).

The stationarity condition %—Z = 0 simply transforms to 88726 = 0. The costate equation,
however, changes to . OH
)\C = — axc =+ p)\c

In the absence of terminal boundary conditions on the state z, the transversality condition

becomes
Ae(T)e P = 0.

which implies

A(T) = 0 if T is finite,

lim A\.(t) = 0 if T is infinite.

t—o0

For a time-invariant system and objective function, the time-derivative of the current value

Hamiltonian is given by
: OH cor. (OHANT OH i
T c T, _ c . _ c . T.
H. = (%) <8x > +(Ae) 'z ( o ) T+ < o + p)\c> T =pA\ T

Thus H. is not constant over time unless p = 0.

There is a special class of optimal control problems for which the Hamiltonian is linear in
u implying that %—Z is not necessarily 0 on the optimal path. When H is plotted against u,
the plot is a straight line with the optimal control to be found at a boundary of u. When
‘H versus u yields a horizontal line, there is no unique optimal control since any value for u
yields the same value for H; it then becomes a problem with singular control. Thus the form

of the optimal control in the time interval [0, T, for a minimization problem, is obtained as

. OH(z(t),u(t),t
e if ZHELOA <,
ut(t) = singular if 787{(:”(,9(3(’5(0’” =0, (2.31)

i i THEDUDD
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On the other hand, for a maximization problem we get

s OH(z(t),u(t),t
Ui if DO <,

u*(t) = singular if 787—[(%(3(’5(0’” =0, (2.32)

i 20D

The solutions (2.31) and (2.32) are mathematical statements of the bang-bang principle. The

sign of the function %—Z is instrumental in setting the control switches and is appropriately

called the switching function.

Optimal harvesting with linear costs: the Hamiltonian approach

Consider again the optimal harvesting problem, with the Schaefer model (Section 1.1) for

growth and fishing costs linear in effort, with the objective

T
mgx/e_pt(pqm —c)Edt,
0
subject to izrm(l—%)—anz,
z(0) = xo,
0 < FE < Emax

The associated Hamiltonian is

H = e (pgr—c)E+ ) [m: (1 — %) - qu}

= [e(pgz — c) — Aqz] E + Arz (1 - %) . (2.33)

The switching function is the coefficient of the control F in Equation (2.33). Singular control

occurs when g—g, i.e. the switching function e #(pgx — ¢) — Aqz, is zero over a time interval.

The form of the optimal control in [0, 77 is then obtained as

Enax, e P (pqz(t) — c) — Aqz(t) > 0,
E*(t) =< singular, e P (pqx(t) — c) — A\qx(t) = 0,

0, e P (pqz(t) — c) — Aqz(t) < 0.
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It follows that if at a point z(¢) the following holds
e " (pgz(t) — c) — Az (t) = 0

then the control is singular. To analyze this situation, suppose that the following holds over
a time interval [t;, t2]:
e P (pqx(t) — c) — A(t)qz(t) = 0. (2.34)

Equation (2.34) can be solved for A(t) as

AE) = (p - qxc(t)) '

Differentiating A(t) with respect to ¢t and equating A(t) with —%—7; leads to

e (=%

K pqx(t) — ¢

=p. (2.35)

The optimal state should satisfy Equation (2.35) when the control is singular. This equation
is quadratic in z(¢) and can be solved to give the same optimal solution z* as obtained using
the calculus of variations; this x* serves as a switching point for the control (as seen for the

optimal solution obtained using the calculus of variations in Section 2.2).

2.4 Optimization concepts: Dynamic Programming

Dynamic programming presents an alternative approach to optimal control (see Ross, 1983
or Bertsekas, 1987 for a comprehensive description). It is a technique for solving sequential
optimization problems by converting a sequential multistage problem to a series of single-
stage problems. The term dynamic programming was coined in 1957 by Richard Bellman
(Bellman, 1957) who based his approach on the principle of optimality which can be stated

as:

From any point on the optimal trajectory, the remaining trajectory is optimal for the

corresponding problem initiated at that point.

This principle introduces the concept of the optimal value function and allows the build up

of solutions by progressing backwards in time.
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We first consider deterministic settings. As a general example let us consider the system

T = f(CC,U,t),

z(0) = o,

with state € R™ and control vector u € R™. With this system, the performance index (or

objective function) to be maximized is given by

We denote by V(z(t),t) the optimal value of the objective function that could be obtained by
starting at state x(¢) at time ¢. The function V' (z(t),?) is called the optimal value function.
To develop a formula for V(z(t),t) we assume that the function is known for ¢ + At, where

At is small, and then move backwards to ¢ to obtain

V(z(t),t) = T(Eg{ [g(zu,t) At + V(x(t)+Ax(t), t + At)]. (2.36)

where Ax(t) = x(t + At) — x(t) =~ f(x(t),u(t),t)At; to derive relation (2.36) it is assumed
that a fixed u is applied between times ¢t and ¢ + At. This yields an immediate contribution of
approximately g(z,u,t)At from the integral term in the objective and, additionally, transfers
the state x(t) approximately to the point z(¢)+f(x(t),u(t),t)At at time ¢ + At; the optimal
return is known from the point ¢ + A¢. Assuming that V(z(t),t) is a smooth function, a

Taylor expansion of V(z(t)+Axz(t), t+At) around (z(t),t) gives

V(e()+Az(t),t + At) = V(z(t)+f(x(t),ult), )ALt + At)

= V(xz(t),t) + Wm + V(a(t),t)

ot u(p) @O uld), AL+ O(A?).

Substituting the expansion for V(xz(t)+Ax(t),t + At) into Equation (2.36) yields

V(a(t)1) = mex g(x(t)7u(t)at)ﬁt+V(a:(t),t)+W

AV (z(t), 1)
9z (t)

At

fz(t),u(t), t) At + O(AL?) | .

Now V(z(t),t) does not depend on u(t) and can be taken outside the maximization where it

then cancels out with the left-hand side. Also, %—‘{At can be taken outside the maximization.
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Now divide by At and let At — 0. This yields the final result, known as the Hamilton-Jacobi-
Bellman (HJB) equation
OV (x(t), t)

————>2 =max |g(x(t),u(t),t) +

ot u(t) T(t)f(x(t)v u(t), t) . (237)

The associated boundary condition is given by

which is the optimal value starting at the terminal time. The derivative %((f))’t) is the per

unit change in the objective function for a small change in x(t), so in fact, it is identical to the
adjoint variable A(t). We also recall that the Hamiltonian is H(z,u,t) = g(x,u,t) + Af(z,t)

and, therefore, the Hamilton-Jacobi-Bellman equation can be written as

oV (x(t),t
VDD _ ). (0).0)].
ot u(t)
The Hamilton-Jacobi-Bellman equation is a non-linear partial differential equation for the
optimal return V' (z(t),t) and is often difficult to solve analytically. However, the advantage of
the dynamic programming approach is that it automatically determines the optimal control

in feedback form. Next we derive the Hamilton-Jacobi-Bellman equation when there is a

discount factor, e ”%, present in the integrand of the objective function as
T
J(x)=1¢ +/e Ptg(zu,t)d
0

Proceeding in the usual manner, the optimal value is

V(z(t),t) = Iil(zg( [e_pAtg(x(t),u(t),t)At + e PR (z(t)+Ax(t), t + At)] . (2.38)

When At is small, e ?2* ~ (1 — pAt). Consequently, for small At, Equation (2.38) becomes
V(z(t),t) =~ m(%([(l — pA)g(z(t),u(t),t)At + (1 — pAt)V (z(t)+Ax(t), t + At)]
— max [g(eu(0.0A + (1 p20) {V(a(0)6) +

u(t)
OV (2(t), 1)
o0

oV (z(t),t)

At
ot

fz(t), u(t), t) At + O(Atz)}] .
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Equivalently,
V(z(t),t) = max[g(z(t),u(t)t)At + (1 — pAt)V (z(t),t)

u(t)
OV (x(t),t) . OV(x(t),1)
+ (1)

5 At +

f(z(t), u(t), t)At + O(Atﬂ .

Dividing throughout by At and taking the limit as At — 0 gives the Hamilton-Jacobi-

Bellman equation

_Vielt),t) + pV(x(t),t) = max |g(x(t),u(t),t) + ovia(t),t)

ot u(t) 856(t) f(il?(t), 'LL(ZL,), t):| 5 (239)

with the final condition V(z(T"),T) = ¢(z(T"),T). Note that Equation (2.39) with p — 0

gives Equation (2.37).

Stochastic dynamic programming

While obtaining Equations (2.37) and (2.39) the state variables were assumed to be known
with certainty. If this were not the case, the state of the system would be a stochastic process
and its evolution would be described by a stochastic differential equation. When a control is
involved in the dynamic process, the problem becomes a stochastic optimal control problem.
We now consider the optimality of the control when the state is disturbed by a random
process and the system state becomes a Markov process. For a stochastic optimal control

problem with n states, the following performance index is introduced:

T
J(x) =& |op(x(T),T) + /e_ptg(m,u,t)dtp:(()) =ux0| ,
0

subject to dx = f(z,u,t)dt+ o(z,u,t)dw, (2.40)

z(0) = =,

where dw is the n-vector of Wiener increments.

Proceeding as in the deterministic case leads to

V(x(t),t) = max [e P2t g (2 (t),ult) ) At + e PAIE [V (x(t)+Ax(t), t + AL)]] . (2.41)
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Again for small At Equation (2.41) can be written as

V(x(t),t) = Tgic[(l — pAt)g(x(t),u(t),t)At + (1 — pAL)E [V (z(t)+Ax(t),t + At)]]
= max [g<x<t>,u<t>,t>m + (1= pADE |V (a(t), ) + fW(fgf)t) At

x 2 x
PO E s

- [g(:v(t),u(t),t)At+ (- oV a1y + DD 5y
€T 2 .
+wemx<t>] ! ;W“; [Az*(®)] + OW)] S (242

From Equation (2.40) we have

Az?(t) = (flz@t),u(t), ) At + o(z(t), ut), ) Aw(t))?
= flo@t),ut),t)’At* + o(2(t), u(t), t)* Aw(t)?

+2f(2(t), u(t), o (2(t), ult), ) AtAw(?).
Taking the expectation of both sides yields

E[AZ*(t)] = E[f(x(t),u(t), t)*At* + o(2(t), u(t), t)* Aw(t)?
+2f(x(t),u(t),t)o(z(t), u(t), t) AtAw(t)]
= flz(t), u(t), ) At* + o(2(t), u(t), 1)*E [Aw(t)?]
F2f (2(t), u(t), Yo (z(t), u(t), ) ALE [Aw(t)]. (2.43)
By definition (see Section 2.1) a Wiener increment is normally distributed with the expected

value equal to zero and the variance equal to time-lag. Applying this to Equation (2.43) and

ignoring higher order terms in At we obtain
EIAZA ()] = o(z(t), u(t), t)> At (2.44)
Substituting for £[Az2(¢)] from Equation (2.44) into Equation (2.42) gives

V(z(t),t) = max g(2(8),u(t) )AL + (1 — pAOV (2(), 1) + W%(tt)ﬁ

oV (x(t),t) 1OV (a(t). )
P 2AOD )y a0 L2V EO0

At

o(z(t),u(t), t)>At + O(At?) | .

Proceeding as in the deterministic case, the Hamilton-Jacobi-Bellman equation for the sto-

chastic optimal control problem is thus a deterministic partial differential equation:
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pV(a(t)t) = max [g<x<t>,u<t>,t>+6”3;9’” + D 0,000,
102V (z(t),t) o
27 922(t) "]’

(2.45)

with the final condition V(x(T),T) = ¢(x(T),T).

Optimal harvesting with linear costs: the stochastic dynamic programming
approach

We now examine an optimal harvesting problem with exponential biological growth, i.e. rx,
and linear costs. Considering the growth to be stochastic, the growth dynamics can be

specified as

dr = (r—qFE)zdt+ oxdw,
z(0) = .
The effort is constrained as 0<E < Epu.

The objective is to maximize the expected value of the discounted profit over an infinite

horizon, given by -

J(x)=¢& mgx/e_pt (pgx — ¢) Edt| ,
0

where the discount rate p is a positive constant.

In finite-horizon problems, the value function V(x(t),t) is a function of time and therefore
OV (z(t).t)
ot

the time derivative appears in the Hamilton-Jacobi-Bellman equation. In infinite-

horizon problems with time-invariant state equations and integrand, the value function is
time-invariant and depends only on the initial state, so that, V' = V(z(¢)) and % =0.

Thus, utilizing Equation (2.45), the Hamilton-Jacobi-Bellman equation for this problem is

OV (x(t))

pV(z(t) = max (pqz(t) — c)E(t) + T(t)(r —qE(1))z(t)
2 xr
+;a%(t)2w (2.46)
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Since the control E(t) appears linearly in the objective function and the state-dynamics, the

choice of optimal control is bang-bang with the switching function

paa(t) — e - gal )

Solving the equation pgx(t) — ¢ — qx(t) a‘gg’ég)) = 0 provides the boundary between the two

extreme controls: 0 and Fpax. This boundary is the critical population level, z*.

Thus,

E*(t) = - (2.47)
Ernax, x(t) > x*.

Using the optimal control E*(t), Equation (2.46) can be rewritten as

PVl = (pan(t) - B0+ Zp D = B 0)a)
2 x
+%02m(t)278 a‘;((t)(;)) (2.48)

To calculate z*, we solve the following two equations arising from the application of extreme

controls (0 and Epax) to Equation (2.48):

X 2 X
pV(z(t)) = m:a‘(;i:(t(;)) + ;023:(25)268‘;((0(;)), for 0 < z(t) < z¥, (2.49)
PVG0) = (pg2(t) = ) B+ g 5 Aot
2 X
+;a2x(t)2w, for a(t) > z*. (2.50)

Equation (2.49) is a homogeneous Euler equation and Equation (2.50) is a nonhomogeneous
Euler equation. The analytical solutions to these type of equations are described in standard
books on ordinary differential equations, e.g. Boyce & DiPrima (2003). The solution to

Equation (2.49) is of the form
V(x(t) = a1z(t)’r + anx(t)’2, (2.51)

where o, ag are constants and §; and 3, are as follows:
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(02 —2r) + /(02 — 2r)2 + 8po2

Bl = 20_2 > 07
B (02 —2r) — /(02 — 2r)2 + 8po2 0
52 - 20_2 < 9

Since V(0) = 0 and 5 < 0, Equation (2.51) can hold only if ag = 0. The remaining task

now is to determine . At z(t) = x*, V(x(t)) must satisfy the switching function

pqx(t) — c — qa:(t)a‘gff(g)) =0. (2.52)

Substituting for V(x(t)) from Equation (2.51) and replacing z(t) with z*, Equation (2.52)
becomes

pgz* — ¢ — qz*ar By (z*)1 7 = 0.

@)
“= B (p - qx*) ’

Vial) = o (v - ) (”””x(?)ﬁl ,

(0% —2r) + /(02 — 2r)2 + 8po2
202 ’

This yields «; as

so that

where 3, = 0 <zx(t) <z’

Now we concentrate on Equation (2.50). As noted earlier, it is a nonhomogeneous FEuler
equation and its solution consists of the superposition of its particular solution and the

complementary solution corresponding to homogeneous equation

1
§U2$(t)

282V(«T(t)) aV(l’it)) (7, _ quaX)x(t> —pV =0.

Ox(t)? + Ox(t)

Similar to the solution of Equation (2.49), the complementary solution has the form

Ve(z) = a1z + agxﬁ'ﬁ,

where ) . 5 ;
—2(r — qFmax —2(r — qFmax 8
gy = 172 ) T A PR
[0 = 2(r — ¢Bmax)] — V0% = 2(r — ¢Bmax)]? + 8p0”? 0
52 - 202 < ’

and a7, as are constants.
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Using the standard variation of parameters method, the particular solution has the form
Vp(a(t)) = y1(@()2(t)"r + ya(a(t))z (),

where 7, (z) and v, (z) are functions whose first order derivatives can be determined from the

following system:

V(@) + ya(e®)z(t)’ = 0,

Y1(@(6))B1a(8) 7 + va(a(t) Bpm ()2 = —2<pqs;<22(;);>Em

Solving this system gives

/ 2 X — ¢)Emax / -2 x — ¢)Emax

Integrating both equations leads to

2B maxx(t) 7P [ pgx(t) c

Nt = ", -8 <1—61+61>’
B 2B maxx(t) P2 ([ pgx(t) c

=00 = i g, <1—52+62>'

The particular solution is then

_ 2Bmax (pgz(t) C> 2Emax <pqw(t) < >
02(62—51)< Y5 ) TG -\ B

Vylw(®) Tt

The general solution to Equation (2.50) is given by

Viz(t) = Ve(z(t) + Vp(x(t))

= mz(t)’ + ax(t)’2 +

2Fmax <pqm(t) n c>

o2(By—B1) \1 -8, By
2Emax  (pgx(t) | ¢ >
+02(61—52)(1—52+52 | (2:54)

From Equation (2.53), for 8, to be greater than 1 we need

[02 - Q(T B quax)] + \/[02 - Q(T - quax)]2 + 8p02
202
& 02 = 2(r — @Bmax) + V[02 — 2(7 — qFmax))? + 8p02 > 207

1

& V/[02 = 2(1 — ¢Bmax)]? + 8p02 > 02 + 2(r — qFmax)-
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Simplifying we get that the following inequality should hold in order to have 8; > 1:
p>r— quax- (2'55)
If we fix Emax = r/q, then the inequality (2.55) is equivalent to

p >0,
(e.0)
which is true. Furthermore, the integral £ rg%c / e Pt (pgw — ¢) Edt| is bounded from above
t
0
by a function linear in z (Kolosov, 1999, page 134). Since 8; > 1, the upper bound is violated

unless a; = 0. Therefore the value function for x(t) > z*, given by Equation (2.54), takes

the form
2Emax
VaO) = awlt)s 4 <qu2 + m)
2Fmax  ( pqa(t) c)
T 526, - By) (1 5 B) (2:56)

The only unknown parameter is as and it is determined by enforcing the switching condition

pqx(t) —c — q:c(t)ai(t) =0 at z(t) =",

Substituting for V(z(t)) from Equation (2.56) and putting x(t) = z* gives

B (z*)1-P ( 2pq Eax ) L C B,
= P ey )

Continuity at x(t) = x* implies that the two value functions are equal there. Equating both

second order derivatives 828‘;((”:)(;)) at x(t) = x* yields

c kl +k2_2quax
202

kl +k2 _2quax 4quax ’
pq ( 202 + 02+42(r—qEmax)—k2

where

ki = /(02 —2r)2+8po2,

ko = \/[02 — 2(r — qFmax)]? + 8po2.



2. Background theory and application to linear control in harvesting 54
Substituting Fmax = 7/¢, the expression for z* finally simplifies to
k1+ko—2
()
v k14ko—2r 4 ’
pq< L+ 02_’"k2>

where

ki = /(02 —2r)%+8po2, (2.57)

ky = +/o*+ 8pc2. (2.58)

Thus we have obtained the critical population level z* which serves as the switching point

for the optimal effort £*. Now z* can be rewritten as

1
=2 < — ) . (2.59)
pq 1- (k2—0'2)(k1+k2—27‘)

Recall from Section 1.1 that when z* > ¢/pq, Sustainable Economic Rent is positive. From

Equation (2.59),

c 8a2r
z* > — if > 0.
Pq (ko — 02) (k1 + ko — 2r)

From Equation (2.58), k2 > o? is true. Therefore, in order to have a positive value for

Sustainable Economic Rent we must have

k1 + ko > 2r. (2.60)

Thus if the parameter values (r,p and o) are such that the inequality (2.60) is satisfied,

Sustainable Economic Rent would be positive.



Chapter 3

Deterministic Environment

3.1 Introduction

In this chapter we present the optimal harvesting problem in a deterministic setting, based on
the Schaefer model (discussed in Section 1.1) and quadratic costs. The layout of the chapter is
as follows: Section 3.2 describes the formulation of our model which is then investigated using
three different optimization techniques. Section 3.3 illustrates the dynamic programming
method, Section 3.4 demonstrates the Hamiltonian method and Section 3.5 deals with a
variational approach. Due to the complexity and non-linearity of the problem, numerical
methods have to be applied to solve the system of differential equations obtained in each
case. Section 3.6 presents a sensitivity analysis of the net present value of the flow of profit

and Section 3.7 covers infinite horizon harvesting. Section 3.8 provides a summary.

3.2 Model formulation

Following the deterministic Schaefer model (see Section 1.1), the growth dynamics of the

resource population can be specified as

dx(7) = ra(r) <1 _ 33(7-)) —qE(1)z(7), (3.1)

K

where 7 denotes time and the rest of the notation holds as before.

95
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The fishing effort is constrained as

0 < E(1) < Emax < oo for all 7, (3.2)

where Epnax is a fixed constant. It is usual practice in the fisheries literature to fix r/q as
an upper bound for fishing effort (Clark, 1990; Hanson & Ryan, 1998), the reason being that
the growth equation (3.1) yields a negative equilibrium for the population when effort is
expended at a level greater than /¢ (see Section 1.1), and this amounts to the extinction of

the resource stock.

Apart from the biological reason mentioned above, Fp.x is also required for representing an
upper bound on the harvesting capacity of the harvester. The crew, gear and number of
vessels that the harvester possesses can influence the total effort that the harvester is able to
expend; in this case, it is possible for the harvester to have Ey,x different from r/q. An ad hoc
value for Ep,.x, depending upon the maximum capacity of the fishing fleet and the amount

of capital invested, has been considered by Ngstbakken (2006) and Clark et al. (1979).

We consider the fish price per unit harvest to be a constant, denoted by p. The cost of harvest
is assumed to be of quadratic form, given by ¢1E(7) + 2 E(7)?, where ¢; and c; are positive
constants. This implies that the fishing cost does not increase linearly with effort and the
marginal increase is of the form ¢; +co E (7). As noted by Hanson (2006), it can be due to the
use of unspecialized gear and boats for additional effort when the best ones have already been
employed. Sancho & Mitchell (1975) and Holt et al. (1960) also point out that a quadratic
cost function appears to be more realistic. Furthermore, we suppose that harvesting starts

at an initial time 0 and continues up to a (finite) terminal time 7

The net profit earned by the harvester at time 7 is denoted by II(7), and is calculated as:

unit fish price x harvest — costs, so that,

() = p(aB(r)a(r)) — c1 B(r) — ZE(r)%

or,

() = (paz(r) — o1 = ZE(7)) B(7). (3.3)
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The future profits are discounted at rate §. Therefore the net present value of the total flow

of profit earned between the initial time 0 and the terminal time 7" is given by

PV = /T e TII(7)dr. (3.4)
0

Substituting for II(7) from Equation (3.3), we can rewrite the net present value defined in
Equation (3.4) as

PV = /OT e o7 (pq:z‘(T) —c — %E(T)) E(r)dr.

We assume that the optimal harvesting strategy maximizes the net present value of total flow
of profit, i.e. the total discounted profit, and define J*(x(t),t) as the optimal (maximized)
value of the total discounted profit obtained by initiating the harvest at time ¢ and state x(t),

where 0 < ¢t < T. Then we can write

J*(x(t),t) = %l(gi}){ {/tT e 0=t (pq:v(T) —c — %E(T)) E(T)d7:| ,
t<7<T

so that, in particular,

J*(z(T),T) = 0. (3.5)

The problem of deriving an optimal harvesting policy, starting from the initial time ¢ = 0,
can now be formulated as an optimal control problem. The control variable is E(7) and the

payoff (value) function is given by

J*(x(0),0) = %1(2:)){ [/OT e o7 (pqm(T) —c1 — %E(T)) E(T)dT:| ,
0<r<T

subject to the initial condition
x(0) = mo,
and the constraints on effort
0 < E(7) < Enyax < oo for all 7.

Furthermore, we wish to maintain the population density above a minimum viable level

throughout the harvest. So we introduce a lower bound on the population level, denoted by

Lmin-
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In the sections that follow we analyze the deterministic model using three different methods:

Dynamic Programming, Hamiltonian method, and a Variational method.

3.3 Dynamic Programming technique

We consider the constrained optimization problem, where the effort is bounded, and use the
dynamic programming technique (discussed in Section 2.4) to derive the Hamilton-Jacobi-

Bellman equation for the total discounted profit.

Derivation of the Hamilton-Jacobi-Bellman equation

We start with the current-valued payoff function at time ¢ as follows:

T c
J*(x(t),t) = Iélg:;{ /t e 0=t <pqa:(7) —c1 — gE(T)) E(r)dr, (3.6)
t<7<T

subject to the growth equation

) ratr) (1 - “fg)) — gB(r)a(r). (3.7

Breaking down the integral in Equation (3.6) we get

. t4-dt ) ¢
T*(z(t),t) = E@{ [ /t e (pqx(T) —er - EE(T)) E(r)dr

T
+/ o~ Ol(r—t)+dt—d] (pqx(T) ey — 9E(ﬂ> E(T)dT:| , (3.8)
t+dt 2

where dt is very small. Using the approximation e %% ~ (1 — ddt), valid for small dt, in

Equation (3.8) we obtain

. t-+dt ) ¢
T (z(t),t) = ?@T [ /t e (pqa:(T) —er - EE(T)) E(r)dr

- 5dt)/

t+4-dt

! e~ O(r—t=di) (pqx(T) —c1 — cEQE(T)) E(T)dT] . (3.9)
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Applying the principle of optimality (Bellman, 1957), Equation (3.9) can be rewritten as

. t+dt st ¢
J*(x(t),t) = Igg)){ [/t e (pqx(T) —c — 5E(7’)) E(r)dr
t<7<t-+dt

T
+(1 —édt) max / e~0(r=(t+dt)) (pqx(T) —c1— 9E(T)) E(r)dr| ,
B(r)  Jitdt 2
t+dt<r<T

which is equivalent to

T (a(0),1) = mas qux(t) —er - %E(t)) B()dt + (1 — 6dt)J* (x(t + dt), ¢ + dt)} . (3.10)
t

Now x(t 4 dt) represents the population density at time ¢ 4 dt, therefore it is equal to the

sum of the population level, z(t), at time ¢ and the increment in population density, dz(t),

in time dt. In other words,

z(t+ dt) = x(t) + dz(t).
This gives
J(x(t+dt), t +dt) = J*(x(t) + dx(t), t + dt).
Expanding J*(z(t) 4+ dz(t),t + dt) around (z(t),t) yields
AJ*(z(t),t) OJ*(z(t),t)

0x(t) ot
+higher order terms in dt. (3.11)

J(x(t) +dx(t),t +dt) = J*(x(t),t)+ dx(t) + dt

Substituting J*(x(t) 4+ dz(t),t + dt) from Equation (3.11) into Equation (3.10) and ignoring
the higher order terms in dt we get

0 = max [(pqx(t) e — gE(t)) E(t) — 6% (z(t), 1)

0T (x(t), 1) da(t) 0T (x(t), 1)
TTory @ T }

(3.12)

where we have divided throughout by dt.
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Substituting dg;—it) from Equation (3.7) into Equation (3.12) leads to

9T (2(1), 1)

5t = rggzsi [(pqa:(t) —c1 — %E(t)) E(t) —o0J*(z(t),t)

+W {m(t) <1 - “”}?) - qE(t)x(t)H . (3.13)

Equation (3.13) is the required Hamilton-Jacobi-Bellman equation for the total discounted
profit. Since dynamic programming uses backward induction, time ¢ in Equation (3.13) is
moving backwards from the terminal time 7" to the initial time 0 (standard approach in

dynamic programming).

An analytic expression for the optimal effort

We let G denote the control-switching term for the maximization being carried out in Equa-
tion (3.13). Then G consists of all the terms present in Equation (3.13) which contain F(t),

- RZNCOR)

G = (partt) —er = FEO) BO) + =50

(—qE(t)z(t)).

If EZ.(t) denotes the solution with regard to the unconstrained maximum then E7(¢) is given

by the solution to % = 0, which implies

pqx(t) — c1 — 2 ). (t) 2(0) qz(t) =0
Rearranging terms we obtain
. oJ*(x(t),t)\ ¢ c1
E = - ) = - —. 14
20 = (p- 2500 ) Lo - & (3.14)

Using the constrained optimal effort, denoted by E*(t), in place of E(t) we can rewrite the

Hamilton-Jacobi-Bellman equation (3.13) as

9T (@(t),1)

5 = (part) e = SE®) EY(0) - 00 ((t),)

+ 57 Lt (2— ") - ap @t} (3.15)
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where
0, E!.(t) <0,
B =1 (- %) =2 -2, 0<EL(t) < Bnax, (3.16)
Emax, EZc(t) > Foax-

The boundary conditions associated with the problem can be specified as follows:

o At the final time T, J* = 0 by definition (see Equation (3.5)). Therefore the boundary

condition associated with the temporal variable is

J*(z,T) = 0. (3.17)

e There is no harvesting when the population level is at z,i,, therefore the spatial bound-
ary condition is

E*(Zain, t) = 0. (3.18)

In order to obtain the optimal harvesting policy, Equations (3.15)-(3.18) have to be solved
subject to the given initial stock level xg, the fixed minimum viable population level x,;, and
the growth dynamics given by Equation (3.7). Due to the complicated nature of the partial
differential equation (3.15), it is not possible to solve it analytically. Therefore we apply a
(Crank-Nicolson) finite-difference method to work out a numerical solution; the procedure
is described in Appendix A. The numerical scheme, to find the maximized total discounted

profit and the optimal effort, is coded in MATLAB.

Numerical solution and discussion

In the optimal harvesting problem under consideration we have imposed constraints on the
control variable E(t), and therefore, in essence, we are solving a constrained optimization
problem. Furthermore, Equation (3.16) indicates that the biological and economic parameters
present in the problem have a significant impact on the optimal harvesting strategy. Before
demonstrating the numerical solution, we discuss the effect of these parameters on the nature
of the solution. If the parameter values are such that the optimal effort E*(¢) stays within

[0, Emax| then the constraints on effort are not binding. Consequently, the optimal solution
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stays the same even if the constraints are omitted. In other words, both constrained and
unconstrained optimal harvesting problems yield the same optimal solutions in this case.
However, if the resultant optimal effort is outside the permissible range then the constraints
come into play and become binding. Under these circumstances, the optimal effort E*(t) is
adjusted, and is set to its bound at the instant of constraint violation. We provide further
explanation with the help of the simulations presented next. The parameter values used for

simulation purposes are summarized in Table 3.1.

Table 3.1: Parameter values for the simulation of the Hamilton-Jacobi-Bellman equation

Parameter Description Value Unit
r Intrinsic growth rate 0.71 year !
) Discount rate 0.12 year !
q Catchability coefficient 0.0001 SFU™! year—!
K Biological carrying capacity 106 tonnes
Tmin Minimum viable population level 04K tonnes
P Unit harvest price 0.5 $ tonne™!
T Terminal time 1 year
Erax Maximum effort r/q SFU

Non-binding constraints

We first present an example where the constraints on the optimal effort are not violated. Fig-
ure 3.1 demonstrates the optimal effort path when the harvesting is initiated at the carrying
capacity K; the cost parameters are fixed as ¢; = $0.01/SFU /year and ¢y = $0.01/SFU? /year.
We note that the optimal effort stays between 0 and Fp,.x, so the constraints on effort are not
binding in this case. Since it is biologically feasible and economically beneficial to harvest at
positive levels, the optimal effort never falls below 0. However, it is not beneficial to harvest
at full capacity as an increase in effort is accompanied by an increase in the harvesting cost,
and this additional cost exceeds the revenue earned from additional harvest. Consequently,

the optimal effort always stays below Eiax.



3. Deterministic Environment 63

3900

[SFU]

3800

E

3700

Optimal effort,

3600 ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1

Time, t [years)

Figure 3.1: Numerical solution for the optimal effort strategy when the cost parameters are fixed as
c1 = $0.01/SFU/year and ¢y = $0.01/(SFU)?/year with zo = K. The constraints on the optimal

effort are not binding in this case.

Binding constraints

Next we illustrate the scenario where the unconstrained optimal effort falls out of the range
[0, Emax|- The cost coefficients ¢; and co are now allowed to assume lower values, specifically
c1 = $0.001/SFU /year and ¢y = $0.001/SFU? /year, and the rest of the parameters are left

unchanged.

Since the costs are reduced, it now becomes profitable to raise the fishing effort and the
recommended optimal effort calculated using Equation (3.14) results in a value greater that
FEmax. The final optimal effort, however, is determined by Equation (3.16), where the con-
straints are exercised and the optimal effort is not allowed to exceed Epax. Figure 3.2 presents
the optimal effort solution obtained under these circumstances. We observe that, in this case,
the constraint on effort is binding and the optimal effort stays at the maximum possible effort

level, Fmax-
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Figure 3.2: The optimal effort solution when the cost parameters are fixed as ¢; = $0.001/SFU /year
and cy = $0.001/(SFU)? /year with o = K. The constraint on effort becomes binding in this case

and the optimal effort stays at F,.x throughout the harvest.

Minimum viable level

We wish to study the significance of the minimum viable level constraint which we have
introduced on the population undergoing harvest. There are two circumstances under which
the resource stock can be driven below the minimum viable level. We illustrate each one
of these scenarios with the help of an example, and show how the constraint imposed over
the minimum viable population level conserves the fish population. The parameter values

utilized are again from Table 3.1.

The first case, where the population can fall below the minimum level, is when the initial
stock level is low, i.e., zq is close to the minimum viable population level. We demonstrate
this situation by fixing the minimum viable level at 0.4K and setting z9p = 0.5K, ¢ =
$0.01/SFU /year and ¢z = $0.01/SFU? /year. Figure 3.3 presents the evolution of the popu-
lation, under the influence of optimal effort, for these parameter values. The asterisks signify

the case where the boundary condition given by Equation (3.18) is employed, i.e. zpi, is set
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equal to 0.4K, ensuring that the effort is reduced to zero if the harvested stock level drops
to the minimum viable level. Thus the population is allowed to recover before harvesting is
restarted. It can be seen that, in this case, the population under harvesting always stays
above the minimum level. Next we consider the case where we have ignored the boundary
condition specified by Equation (3.18); this amounts to the removal of the lower bound x iy
from the population density by setting xmi, = 0. The consequence is visible via the solid
line in Figure 3.3, which shows that, under these circumstances, the stock falls below the
minimum viable level. While extinction does not occur till the terminal time 7', there is a

possibility that any remaining fish may not be able to survive.

The second scenario, where the resource stock can be driven below the minimum viable
population level, is when Fy., is very high and it is profitable to harvest using maximum
effort. We demonstrate this situation by fixing Enax = 20000 SFU > r/q, 29 = K,c1 =
$0.001/SFU /year and cy = $0.001/SFU? /year; the minimum viable level is again 0.4K. Even
though the initial population level is high in this case, still there is a possibility of biological
over-fishing as is evident from Figure 3.4. The asterisks again represent the solution where the
constraint zy,i, = 0.4K has been imposed and the solid line illustrates the solution obtained
by ignoring the restrictions on the minimum viable level (here zyi, = 0). In the former case,
the fish stock is conserved and the population level stays above the minimum viable level
throughout harvesting, whereas in the latter case the stock level falls below the minimum

viable level which can be fatal for the fish population.
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Figure 3.3: The population growth under the optimal harvest when the initial population level is

fixed at 0.5K, c; = $0.01 /SFU/year and cy = $0.01/(SFU)?/year; the minimum viable level is fixed

at 0.4K. The final population drops below the minimum level when the constraint on the minimum
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Figure 3.4: The population growth under the optimal harvest for high Enax (= 20000 SFU) and low

cost: ¢; = $0.001/SFU/year and c; = $0.001/(SFU)?/year; the minimum viable level is again fixed

at 0.4K. The unconstrained fish stock drops below the minimum viable level, even though z( is high

(fixed at the carrying capacity K).
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3.4 Hamiltonian method

In this section we aim to find the optimal solution using the Hamiltonian method which is
based on Pontryagin’s maximum principle (a brief introduction to the Hamiltonian method
and the maximum principle is included in Section 2.3). Here we are solving the uncon-
strained optimal harvesting problem where we ignore the constraints on fishing effort given

by Equation (3.2).
Derivation of the system of equations

We recall from Section 3.2 that the maximized objective function is

T c
J*(z(0),0) = rg(zgc /0 e 0T (pqx(T) —c1— ;E(TD E(r)dr.
0<7<T

This objective function can be reformulated as

T
J* = max/ e_‘sTf(SU(T),E(T»dTa
E(r) Jo
0<r<T

where  f = <pqx(7) —c — %E(T)) E(7). (3.19)

We form the current-valued Hamiltonian as follows:

dz(T)
dr

_ (pqx(T) — — %Em) E(7) +m(7) {m(f) (1 — “’?) - qE<T):c(Tx}.2o>

H(E,x) = f(x(r),E(T),7)+m(r)

where m(7) is a Lagrange multiplier, and f(z(7), E(7),7) and dz(:) have been substituted

with Equations (3.19) and (3.7) respectively.

In order to find the control E(7) maximizing the objective function, we need to solve the

following system of Euler-Lagrange equations:

OH
a5 =0 (3.21)
dm(t) OH
o = om(T) = ——, (3.22)
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and the growth equation
d"’;(:) — ra(r) (1 = ‘”“?) — qE(r)a(r), (3.23)
subject to the initial condition
x(0) = zy (constant), (3.24)
along with the transversality condition (see Section 2.3)
m(T) = 0. (3.25)
Differentiating Equation (3.20) with respect to E and using Equation (3.21) gives
[pqz(7) — e1 — 2 E(7)] — mgz(7) = 0,
which can be solved for effort as
B(r) = &=min)eln) —a (3.26)
2
This E(7) is the required (unconstrained) optimal effort.
Differentiating Equation (3.20) with respect to x we have
OH 2m(7)rx(T)
- = E NS TN B
e pqE(T) +rm() % m(7)qE(T)
2m(7)ra(r
= (p—m(7))qE(T) +rm(1) — ( I)( (7) (3.27)
Substituting Equation (3.26) for E(7) into Equation (3.27) yields
- - 2
T i) | LD 0] gy 2D g
Using Equation (3.28) in Equation (3.22) we get
d — — 2
TZY) =dm(r) —rm(t) — (p —m(71)) q {(p m(T)C)jﬂT) Cl} + m(TI)(m(T)
which is equivalent to
_ 2,2 _
dm(T) _ (5 - 7,) m(7_> + 27’m(7'):c(7') o (p m(T)) q :L‘(T) + (p m(T))qcl. (329)
dr K C2 Co



3. Deterministic Environment 69

Substituting Equation (3.26) for optimal E(7) into Equation (3.23) leads to

i GO < - U) ~ Litp - mim)ga(? + £ (3.30)

dr C c

Thus we have obtained a system comprising two ordinary differential equations, Equation
(3.29) and Equation (3.30). We know the initial value of the population level, z(0) (given
by Equation (3.24)), and the terminal value of the Lagrange multiplier, m(T") (given by
Equation (3.25)). This indicates that we have a two-point boundary-value problem with split

conditions.

We use the shooting method (Stanoyevitch, 2005) for determining the numerical solution for
the above-mentioned boundary-value problem. Following this method we try several initial
values for the Lagrange multiplier m(7), solve the boundary-value problem as an initial-value
problem, and compare the terminal value obtained for m(7) in each case with the actual
terminal value, which is 0. Using trial and error we wish to reduce the difference between the
actual and the obtained terminal value below a pre-specified tolerance; this procedure yields
the initial value m(0). As z(0) is given already, the system (3.29)-(3.30) can now be solved
as an initial value problem. The solution obtained for m(7) is substituted in Equation (3.26)
and this gives the unconstrained optimal effort. The parameter values used for simulation
purposes are same as those listed in Table 3.1 and the initial population level is fixed at the

carrying capacity K.

Numerical results and discussion

We compare the solutions obtained by employing the Hamiltonian method with the solutions
determined using dynamic programming. Figure 3.5 illustrates the optimal effort path pro-
duced by the Hamiltonian method where ¢; = $0.01/SFU /year, co = $0.01/SFU? /year and
xo = K. We noted in Section 3.3 that, for these parameter values, the constraints on the
optimal effort are not binding at any time. Hence the constrained optimal solution deter-
mined using dynamic programming, illustrated by Figure 3.1, is the same as its unconstrained

counterpart obtained by using the Hamiltonian method, represented by Figure 3.5.
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Figure 3.5: Numerical solution for the optimal effort yielded by the Hamiltonian method for
c1 = $0.01/SFU/year and c; = $0.01/(SFU)?/year with zo = K. The solution obtained here co-
incides with the solution obtained using the dynamic programming technique for the same set of

parameter values.

Next we fix ¢; = $0.001/SFU /year, ca = $0.001/SFU? /year and retain the same values for
the remaining parameters. Figure 3.6 presents the optimal effort solution for this case. We
observe that the optimal effort solution obtained here is different from the optimal effort path
(E* = Epax) produced by the dynamic programming approach (Figure 3.2). It was noted in
Section 3.3 that the constraints on the optimal effort become binding for this set of parameter
values. Since we do not incorporate the constraints in the Hamiltonian method, the resultant
optimal effort falls outside [0, Fmax]; here, the optimal effort stays above FEia.x throughout
the harvesting period. On the other hand, the dynamic programming technique does not
allow the optimal effort to exceed the upper bound F.x. Consequently, the optimal effort

determined using dynamic programming stays at Fpax.
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Figure 3.6: Numerical solution for the optimal effort produced by the Hamiltonian method when
c1 = $0.001/SFU/year and cy = $0.001/(SFU)?/year with o = K. Here the optimal effort stays
above Ey.x throughout the harvest. This solution is different from the optimal solution obtained
using the dynamic programming approach where the optimal effort was equal to Fy.x for identical

parameter values.

3.5 Variational approach

We now investigate the unconstrained optimal harvesting problem using a variational ap-
proach based on the calculus of variations (the calculus of variations is discussed in Section

2.2; see also Chiang, 2000 for a description of the variational approach employed here).

Derivation of the system of equations

Again the performance index is given by

T e
J(x(0),0) = /0 e P’ <p(T)q:E(T) —c1 — 5E(7')) E(1)dr, (3.31)

which has to be maximized with respect to the control E(7), subject to the growth equation
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) oty (1- 52 - aato), (3:2)

and the initial condition

z(0) = zo. (3.33)

Let E*(7) furnish an unconstrained maximum for the performance index given by Equation
(3.31) and z*(7) denote the corresponding population growth. We introduce a small variation

in E*(7) and z*(7) as follows:

E(r) = E*(1)+h(7),

z(r) = a*(1) + k(7),

where h(7) and k(7) are arbitrary functions such that |h| < 1 and |k| < 1.

The first variation of J is then given by
T ¢
AJ = / e (pala” + k) = e1 = S(E"+ 1)) (B + h)dr
0
T ¢
—/ e T (pq:v* —c1 — §E*> E*dr, (3.34)
0
where z*, E*, k and h are functions of time.
Simplifying Equation (3.34) and ignoring the second order terms in h and k yields

T T
AT = / e PTh(pgz™ —c1 — coE™)dr + / e "Tk(pgE™)dr. (3.35)
0 0

Replacing = by (z* + k) and E by (E* + h) in Equation (3.32) we get

d(z* + k *+k
M =r(z"+k)|1- (xi—i_) —q(E* + h)(z* + k) (3.36)
dr K
Simplifying Equation (3.36) leads to
dk 2x* . N , ,
=T 1-— % k —qE"k — qx™h + higher order terms in k and h. (3.37)
-

Rearranging Equation (3.37) and ignoring the higher order terms, we obtain h as

(=) k=3 —aEk
qr* '

(3.38)
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As E*(7) and «*(7) correspond to a maximum for J, the first variation of J given by Equation

(3.34) is zero, which amounts to

T T
/ e PTh(pgx™ — ¢1 — coE™)dT + / e Tk(pgE*)dr = 0. (3.39)
0 0

Substituting Equation (3.38) into Equation (3.39) we obtain

T 1— 2%\ E*
/ e PT {(pqm* —c1 — cFEY) (T ( ;;2 q ) +pqE*} kdr
0

T * — o E*
0 qx* dr

Note that Equation (3.40) holds for all k. Integrating by parts in the second integral in
Equation (3.40) yields
T r _ 22"\ _ %
/ e’ |(pgx" — 1 — 2 EY) ( K) ) 4 perr
0 qx
(e (1) ()
qr q \T q \x

) (p ~ ‘fl—q;?(ET)(T)> K(T) + <p _ ‘W) KO)=0.  (3.41)

For Equation (3.41) to hold, each of the three terms present in the equation should be

identically zero. This implies

T 2z E*
/ e PT [(pqx* —c —CQE*) (T( K) q > —I—pqE*
0

qx*

- o E* 1 !/ E* /
—p <pq$ Cl* (6) > o ﬂ <*> _ Cj <*> :| kdr = 07 (342)
qr q \7T q \r

- > k(T) =0, (3.43)

and
( o Cc1 — CQE*(O)

We first examine Equation (3.44). Since the initial state 2*(0) is given as xo, Equation (3.44)
implies k£(0) = 0.
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Next we consider Equation (3.43). As the final state 2*(T) is free therefore k(T") # 0.

Consequently,

which leads to the boundary condition

_pgz*(T) —

(1) = P

(3.45)

Finally, the integral in Equation (3.42) is equal to zero for any arbitrary k (7); this amounts

to the integrand being identically zero. Therefore,
2I* *
r(l—- =) —qk
e PT [(pqa:* — —CQE*) ( ( K) q ) —|—pqE*

* — co B 1 ! E* !
(P I N R (i I [y Ay (3.46)
qx* g \z* q \z*

Simplifying Equation (3.46) we get

dE* E*x* pq 2rpq .o  cC1 rz*
_ EX 4+ 2y — G . 3.47
ir | K ToR A c2 (r=p) C2Kx + c2 Pt K (347)

To summarize, we have obtained a system of ordinary differential equations comprising of
the optimal effort dynamics (given by Equation (3.47)) and the corresponding population

dynamics (given by Equation (3.32)). We rewrite them as follows:

dE* Erz* Dq 2rpq .o  C1 rx*
— E* L1 _ * * -
- r +p —i—c('r p)x Y +02 ,0+K )
d * *
da; = rz* (1 — 2) —qE*x*.

We use MATLAB to determine a numerical solution for this system of equations. As we have
the final boundary condition for effort (given by Equation (3.45)) and the initial boundary
condition for population (given by Equation (3.33)), we use the shooting method for simula-
tion purposes. The initial population level is again fixed at the carrying capacity K and the

remaining parameter values are those in Table 3.1.
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Numerical results and discussion

We compare the optimal solution obtained by using the variational approach with the optimal
solutions found by the dynamic programming technique and the Hamiltonian method. We
first fix ¢; = $0.01/SFU/year and c; = $0.01/SFU?/year; recall that the constraints on
the optimal effort are not binding for these parameter values (see Section 3.3). Figure 3.7
illustrates the optimal effort path determined using the variational approach; we find that
the optimal solution obtained here agrees with the optimal solution produced by the dynamic

programming technique (Figure 3.1) and the Hamiltonian method (Figure 3.5).
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Figure 3.7: The optimal effort calculated with the variational approach for ¢; = $0.01/SFU /year and
c2 = $0.01/(SFU)? /year with xy = K. This solution agrees with the optimal effort solution obtained

using dynamic programming and the Hamiltonian method, for the same parameter values.

Next we study the behaviour of the optimal solution when the cost parameters ¢; and co are
low, demonstrated by fixing ¢; =$ 0.001/SFU(year) and cz =$ 0.001/(SFU)?(year). Figure
3.8 illustrates the solution for optimal effort obtained in this case. We notice that the solution
obtained here is the same as the solution produced by the Hamiltonian method (Figure 3.6),
the reason being that the constraints on effort are not taken into account by any of these two

approaches. As noted earlier in Sections 3.3 and 3.4, the dynamic programming approach
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results in a different solution where the optimal effort is forced to follow the constraints and

to stay at Fpax throughout the harvest.
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Figure 3.8: The optimal effort obtained using the variational approach when the cost parameters ¢y
and cy are low (c; = $0.001/SFU /year and co = $0.001/(SFU)? /year. The unconstrained solution is
same as the solution produced by the Hamiltonian method for the same set of parameter values, but

different from the constrained optimal solution obtained using the dynamic programming technique.

3.6 Sensitivity analysis

In this section we consider the constrained optimal harvesting problem formulated using the
dynamic programming technique, presented in Section 3.3. The expression E*(t) for the
optimal effort, given by Equation (3.16), includes various parameters, e.g. the catchability
coefficient ¢, the cost parameters ¢; and cg, the stock size x(t) and the price p. Therefore the
simulated optimal harvesting strategy, and consequently the total discounted profit, is highly
sensitive to the values used for these parameters. We investigate the sensitivity of the total

discounted profit to different combinations of catchability and cost parameters.

We concentrate on those values of ¢; and co for which harvesting is feasible and profitable.
We fix 29 = K, ¢; = $0.01/SFU/year and ¢y = $0.01/SFU?/year as the base values, and

record the present value of the total profit corresponding to a high and a low value of the
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catchability coefficient ¢; the low value for the catchability coefficient is demonstrated using
g = 0.0001/SFU /year and the high value is demonstrated using ¢ = 0.1/SFU/year. Then we
introduce variations in the values of ¢; and ¢, and examine their effect on the total discounted
profit. The observations are recorded in Table 3.2 and are based on the numerical simulations

of the Hamilton-Jacobi-Bellman equation (3.15), using parameter values from Table 3.1.

For ¢ = 0.0001/SFU/year, an increase in the value of ¢; incurs a minimal change in the
total discounted profit, whereas the same increase in ¢y incurs a significant drop; hence the
quadratic term in the cost function is dominant when the catchability is low. An explanation
for this effect can be provided by studying Figure 3.9 where we observe that a rise in ¢; does
not have a substantial effect on the optimal effort expended, whereas, a rise in ¢y results in
a considerable decrease in the optimal effort and the overall effect is a pronounced decline in
the total discounted profit. On the other hand, when ¢ = 0.1/SFU/year, the total discounted
profit is more or less constant; a change in the values of ¢; and ¢y does not have a significant
effect on the total discounted profit. This can be attributed to the fact that the optimal effort

stays at Enqe for high catchability, as demonstrated by Figure 3.10.

Table 3.2: Sensitivity analysis of the total discounted profit with respect to different combinations of

catchability and cost parameters.

q c1 o J*(z(0) = K,0)
[SFU~! year—1] [$ SFU! year™!] [$ SFU2 year—!] [$]
0.0001 0.01 0.01 8.7141 x 10*
1 0.01 8.3689 x 10*
0.01 1 0.1184 x 10*
0.1 0.01 0.01 2.5641 x 10°
1 0.01 2.5641 x 10°

0.01 1 2.5639 x 10°
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Figure 3.9: Effect of an increase in the cost parameters on the optimal effort policy for a low catch-

ability, demonstrated by fixing ¢ = 0.0001/SFU/year. Top: cq is fixed while ¢y is allowed to vary;

Bottom: ¢ is fixed while co is allowed to vary. An increase in co has a much greater impact on the

optimal effort than an increase in c;.
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Figure 3.10: Effect of an increase in the cost parameters on the optimal effort policy for a high
catchability, demonstrated by fixing ¢ = 0.1/SF'U/year. Top: co is fixed while ¢y is allowed to vary;
Bottom: c¢; is fixed while co is allowed to vary. The optimal effort stays at En.x in all the cases

illustrated here.
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3.7 Infinite horizon

Thus far, we have considered harvesting for a finite time horizon where the terminal time
T is fixed. The objective in this section is to study the behaviour of the optimal solution

corresponding to harvesting for an infinite time horizon (7" — 00).

As noted by Tsur & Zemel (2001), when the terminal time is infinite it is not always necessary
to study the evolution of the optimal solution path. For a broad category of time-autonomous
optimization problems, where the calendar time ¢ is not explicitly present in the formulation
of the problem (except in the discount factor), the optimal solution is time-invariant in the
long run and converges to an equilibrium state. This idea of time-invariant optimal solution
can also be understood by studying the Bellman equation (3.15) as explained below.

For a fixed terminal time, the Bellman equation contains the time derivative, %, of
the value function J*. However, in the case of an infinite time horizon J* depends only on
the state variable, provided the state dynamics and the profit function are time-autonomous
(Miranda, 2002), and therefore % = 0. We notice that the time variable is not
explicitly present in the growth equation (3.7) or in the profit function given by Equation
(3.3). Therefore, for infinite horizon harvesting the Hamilton-Jacobi-Bellman equation (3.15)

reduces to

0 = max [(pqx(t) e — ;E(t)) E(t) — 6J*(x(1), 1)

+W {m(t) <1 - x;?) — qE(t)fE(t)H )

and the optimal effort and population level converge to their respective optimal equilibrium

states.

Determining long run optimal steady state solution

We use the method developed by Tsur & Zemel (2001) to find the optimal steady-state so-

lution for an infinite-horizon harvesting and present a brief description of the method before
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applying it. Retaining their original notation, the infinite-horizon problem investigated by

Tsur & Zemel (2001) was of the form
o
V(Xo) = max/ €_rtf(Xt, Ct)dt
ct 0

subject to the state equation X, = dX./dt = g( Xy, cr);

satisfying X< X; < X, with initial state X, given ¢ < ¢; < ¢, where ¢; is the control
vector. The discount rate r was assumed to be positive and the functions f and g were
time-autonomous and sufficiently smooth. The evolution function was introduced based on
the idea that one is not better off by deviating from an optimal steady state and entering a
nearby steady state. For a steady-state policy ¢ = R(X), the evolution function was denoted
by L(X) and was given by
X, R(X
= (S ).

where the subscripts denoted partial derivatives and the prime denoted differentiation with
respect to the state variable; W(X) = f(X,R(X))/r was the steady state value so that
W(X) < V(X). The equality was obeyed only when the policy R(X) was optimal. Using
the variational method, it was shown that any optimal state must be a root of the evolution
function. An optimal steady-state policy could then be determined by solving for the roots

of the evolution function.

We now follow the same procedure as described above to formulate the infinite horizon optimal
harvesting problem. To our knowledge, the infinite horizon problem with logistic growth and
quadratic costs has never been examined using this approach. In this context, the value

function is given by

J*(2(0),0) = %gﬂwéw<mMﬂ—q—§E@DE@ﬁ

= max ooe_ét x sa .
_ mwA Fla(t), E@)dt  (say), (3.48)

subject to the growth equation
dx(t) z(t)
= 1-2Y ) _oE
= e (1-52) - apwaty)

= g(z(t), EQ®)  (say), (3.49)

satisfying 0 < z(t) < K, with z(0) = z¢ and constraints on effort as 0 < E(t) < Enax.
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The associated evolution function can be specified as

fE (Xeqm7
gE(Xeqma

L(Xeqm) =0 ( gﬁqm) + W’(Xeqm)> , (3.50)

eqm)

where X4, represents a steady state (not necessarily optimal) for the state variable z(t),
and Eeqm = E(Xegm) is the corresponding steady-state effort. At equilibrium the rate of
growth of the fish stock is zero, therefore the growth equation (3.49) gives

dXegm
dt

Xeqm
K

=1Xegm <1 — ) — qEeqmXegm = 0. (3.51)

Rearranging Equation (3.51), the equilibrium effort is obtained as

T X
Eegm=-(1-="1. 52
! Q< K> (3:52)

We now determine the partial derivatives present in the evolution function (3.50). From

Equations (3.48) and (3.49) we have

f@®,B() = (pga(t) =1 = ZE®)) E(t),

a0, E0) = ra(o) (1- 5 ) - aB 1000

Differentiating the functions f and g with respect to E and evaluating the derivatives at the

equilibrium state yields

r X
JE(Xeqm: Eeqm) = PaXeqm — c1 — 025 (1 - eqm> )

gE(XeqmaEeqm) = _quqm- (353)
Furthermore,

W(Xeqm) =
1 T X T X co 12 X 2

= Z|pgXegm— (1 — ) - (1 -2 ) - =2 (1 - = 3.54

5[pq qq( K) Cla( K) 2q2< K)]( )

Differentiating Equation (3.54) with respect to Xeqm gives

2prXegm — car CQT'ZXeqm cor?

K K = K2 2K

W' (Xegm) = pr — (3.55)
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Substituting the functions given by Equations (3.53) and (3.55) in the evolution function

(3.50) and equating it to zero, we obtain the following equation (which is quadratic in Xeg,):

We denote the optimal steady-state solutions for effort and population by F. and X
respectively. The quadratic equation (3.56) can be solved for X, ; the optimal equilibrium
population level X, is obtained as the positive root whilst the other root is negative and can
be discarded. The steady-state, to which the optimal effort converges in the long run, can
be determined by substituting Xegm with X in Equation (3.52). We calculate the optimal
equilibrium for the parameter values specified in Table 3.1, and find that under the optimal

policy the population level stabilizes at
Xoo =0.6924 x K, (3.57)
and the effort approaches the equilibrium value

Es = 2183.5 SFU. (3.58)

Simulations of Bellman equation for large values of terminal time

In the previous section, we determined the long-run steady states for the optimal effort and
population level corresponding to an infinite horizon harvesting. We now wish to study the
evolution of the optimal effort and the fish stock when finite-horizon harvesting is carried on
for a long period; the objective is to investigate how the latter compares with the equilibrium
states obtained for infinite-horizon harvesting. For this purpose we simulate the Hamilton-
Jacobi-Bellman equation (3.15) obtained for finite-time harvesting, for large values of the

terminal time T

We use the parameter values given in Table 3.1 with ¢; = $0.01/SFU/year and ¢y =
$0.01/SFU? /year, and perform numerical simulations of Equation (3.15) for T' = 1 year,
T = 10 years and T = 20 years. Recall that, for this set of parameters, the equilibrium
states (corresponding to infinite-horizon harvesting) for the optimal stock level and the opti-

mal effort are obtained as X, = 0.6924K and E, = 2183.5 SFU (see Equations (3.57) and
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(3.58)). We first analyze the nature of the optimal solution for finite-horizon harvesting when
the initial population level is above X, specifically xo = 0.7K. Figure 3.11 illustrates the
optimal effort path and Figure 3.12 presents the associated optimal population growth. We
note that the steady state behaviour of the optimal solution is not visible when T' = 1 year.
However, as T increases, the optimal effort tends to stabilize at E, and the optimal stock

level settles at X, before undergoing a change towards the end of the harvesting period.

During harvesting, there is a trade-off between harvesting today and letting the population
grow for increased future harvest. But near the terminal time, there is no incentive for
the harvester to allow the population to grow. Therefore the optimal effort displays an
increase over a few stages before the final time and, consequently, the population level declines.
If harvesting had carried on for an infinite time then the optimal effort and the optimal

population would have stayed forever at Fo, and X, respectively.

3200°
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Figure 3.11: Comparison of the optimal effort, E*, obtained using the Bellman equation for a long-
term finite-horizon harvesting with the steady state, F,, corresponding to the infinite-horizon optimal
solution; the initial stock level is above the corresponding optimal equilibrium value. As T increases,

E* stabilizes at E., before increasing towards the end.
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Figure 3.12: Comparison of the optimal population level, z*, corresponding to a long-term finite-
horizon harvesting with the optimal steady state, X, associated with the infinite-horizon optimal
solution. As T increases, x* settles at Xo; a decline is observed for a few time stages before the

terminal time.

Next we analyze the case where harvesting is initiated below the steady state X; to demon-
strate this we fix xg = 0.65K and retain the rest of the parameter values. Figures 3.13 and
3.14 show the optimal effort path and the optimal stock growth respectively. Under these
circumstances, the optimal solutions corresponding to T" = 10 years and T' = 20 years portray
the same qualitative behaviour whereas the optimal solution for 7' = 1 year traces a totally
different path. For T = 1 year, the resource stock undergoes a decline from the beginning
and continues to drop until harvesting ceases, whereas, for comparatively large values of T’
(illustrated using T' = 10 years and T' = 20 years), the optimal effort rises to Ey and the
optimal population increases to Xo; the steady states are maintained for a while before a

change in the optimal effort drives the population level down in the final stages.

Thus the optimal effort policy corresponding to an infinite time-horizon recommends a sta-
tionary value for the effort in the long run, with the population stabilized at the corresponding
steady state. If time is sufficiently long, the optimal solution associated with a finite-horizon
harvesting stabilizes itself at the equilibrium state corresponding to the solution for an infinite

horizon before re-adjusting itself close to the terminal time.
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Figure 3.13: Comparison of the optimal effort solution, E*, associated with a long-term finite-horizon
harvesting, with the optimal equibrium value, F., obtained for an infinite-horizon harvesting; the
initial stock level is below the respective optimal steady state. E* approaches F, as T increases and

stays there for a while before a change is observed in a few final time stages.
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Figure 3.14: Comparison of the solution for a long-run finite-horizon optimal population level , z*,
with the optimal steady state, X, corresponding to an infinite-horizon harvesting. As T increases,

x* stabilizes at X, before undergoing a change towards the end of the harvesting period.
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3.8 Summary

In this chapter, we discussed a deterministic model for fish harvesting with a constant non-
zero price and quadratic costs. The optimal harvesting policy maximizing the net present
value of flow of profit was sought, while the resource stock was maintained above a minimum
viable level throughout the harvest. The model was examined using the following three

methods:

e Dynamic programming: This technique resulted in the Hamilton-Jacobi-Bellman par-
tial differential equation. The equation was solved using the Crank-Nicolson finite-
difference method and at each step the effort was checked and forced to follow the

constraints.

e Hamiltonian method: The method demonstrated in this chapter did not incorporate
the constraints on effort and yielded a system of two ordinary differential equations.
Moreover, this method introduced an additional variable (Lagrange multiplier) to the
problem. As it was a boundary-value problem, the system had to be solved numerically

with split boundary conditions using the shooting method.

e Variational approach: This method also led to a system of two ordinary differential
equations and provided the optimal effort solution straightaway. It did not, however,
include the constraints on effort. Furthermore, we again had to solve with split bound-

ary conditions.

We observed that all of these methods resulted in the same optimal solution for the set of
parameters corresponding to non-binding constraints on effort. In other words, when the
parameter values were such that the constraints on the optimal effort were not binding and
the optimal effort lay within [0, Epax|, the optimal effort policy produced by all the methods
was the same. However, when the constraints on the optimal effort were binding, the dynamic
programming technique resulted in an optimal policy which was different from the optimal
solution produced by the other two methods. Further, we found that the profit maximizing

harvesting policy can drive the population to extinction, if the proper constraints are not
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enforced to ensure that the resource stock stays above the minimum viable level during

harvesting.

Following that, we carried out a sensitivity analysis of the total discounted profit which
suggested that, for a low catchability, the total discount profit is highly sensitive to a change
in the quadratic coefficient of cost, ¢, whereas a change in the linear coefficient, ¢;, does not
have a significant impact. The total discounted profit was observed to be constant when the

catchability coefficient was high.

Finally, we studied infinite-horizon harvesting where we determined the long-run steady states
for the optimal effort and the population level. Then we simulated the optimal solution
corresponding to large values of the terminal time for finite-horizon harvesting and found
that this optimal solution tends to stabilize at the optimal steady-state solution associated
with infinite-horizon harvesting. However, due to the finiteness of the terminal time, the
former undergoes a change towards the end of the harvesting period. We further noted that
harvesting can be performed at higher levels when the initial population level is well above
the long-run steady state X, whereas, an initial level lower that the long-run steady state

value forces the optimal effort to adjust itself so that the population can rise to X.



Chapter 4

Stochastic Environment

4.1 Introduction

This chapter concentrates on the optimal harvesting problem in a stochastic environment.
The chapter is organized as follows: Section 4.2 develops a harvesting model for a fishery
experiencing continuous disturbance in stock and price; the noise is represented by two dif-
ferent Wiener processes which may be correlated or uncorrelated. Section 4.3 presents the
stochastic dynamic programming technique, which yields a Hamilton-Jacobi-Bellman partial
differential equation describing the expected net present value of the total profit (or the ex-
pected total discounted profit). We first consider the fully stochastic problem, with random
growth and random price, and then reduce it to the case of random growth and constant

price.

In Section 4.4 we present the optimal solution corresponding to stochastic growth and con-
stant price and Section 4.5 illustrates the optimal solution when both growth and price are
stochastic. The optimal solutions corresponding to both short-term and long-term harvesting
are illustrated and their sensitivity to the variance of growth and price is examined. Section
4.6 focuses on the sensitivity of the expected total discounted profit to the catchability and
cost parameters and Section 4.7 discusses the correlation between the resource stock and the

price. Section 4.8 summarizes the work done in this chapter.

89
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4.2 Stochastic model formulation

The deterministic model (discussed in Section 3.2) is now extended to its stochastic ver-
sion, with the growth dynamics of the resource population given by an Ito-type stochastic

differential equation
dz(r) = {m(f) (1 - “?) - qE(T)x(T>} dr + oya(r)dWa (r), (4.1)

where o7 is a positive constant representing random growth effects (growth wvolatility) and

dWi(7) is a standard Wiener increment.

The effort is again constrained as

0 < E(7) < Epax < oo for all 7, (4.2)

where Enax is a fixed constant. We assume the fish price to be random; the price-dynamics

also follow an Ito-type stochastic differential equation

dp(7) = ppp(T)dT + o2p(T)dWa(T), (4.3)

where p(7) is the price per unit harvest at time 7, dW(7) denotes a standard Wiener incre-
ment and o9 is a positive constant representing the magnitude of random price effects (price
volatility). Here the drift in price, ,upp(T), is assumed to be proportional to the spot price;
t, is a positive constant. Note that we have assumed that the fishery is small so that it’s

harvest has no effect on the world prices.

The harvesting cost is again assumed to be quadratic in fishing effort, given by ¢ (7)E(T) +
C52]5(7')2 where ¢; and ¢y are positive constants. The expected net value of the profit earned
by the harvester at time 7 is denoted by II(7) and is given by the difference between revenue
and costs

() = € [p(r)ax(1)E(7) = 1 B(r) = S B(7)’]

= & [(p(r)aa(r) — 1 = ZE) B

where £ is the expectation operator.
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It is further assumed that harvesting is initiated at time 0 and continues up to a finite time
T. The future profits are discounted at rate ¢ and the expected net present value of the total

profit earned by the harvester is obtained as

PV =¢ [ /O ! GJTH(T)dT:| .

We assume that the optimal harvesting strategy maximizes the expected net present value of
the total profit. Thus the principle underlying the optimal harvesting stays the same as the
deterministic case (see Section 3.2) but the calculations here are based on the expected values
of the stochastic processes involved. We let J*(x(t),p(t),t) denote the maximized value of
the expected total discounted profit when harvesting begins at time ¢ and continues up to

the terminal time 7. Then we can write

J*(x(t),p(t),t) = max & [ /t Te‘s(Tf)H(T)dT]

E(7)
t<7<T
— max & [/T e 0=t (p(T)qa:(T) —c— C*ZE(T)) E(T)dT]
B(r) ' 2 ’
t<r<T
so that, in particular,
J*(x(T),p(T),T) =0 (4.4)

Furthermore, a minimum viable population level x;, is maintained throughout harvesting.
Under these assumptions the problem of deriving an optimal harvesting strategy, for the
period [0,7], can be formulated as a stochastic optimal control problem where the control

variable is E(7) and the value function is given by

J*(2(0),p(0),0) = max & [ /0 T€_6TH(T)dT:|

E(7)
0<7<T
= max & /T e " (p(T)q:E(T) —c1 — CﬁE(T)) E(r)dr| . (4.5)
E(7) 0 2
0<7<T

The optimal solution must be determined subject to the growth dynamics given by Equation
(4.1), the price dynamics given by Equation (4.3), the constraints on effort given by (4.2), the

minimum viable population level Zmyi,, and the initial conditions x(0) = z¢ and p(0) = po.
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4.3 Stochastic dynamic programming

In this section we derive the Hamilton-Jacobi-Bellman equation, corresponding to the ex-
pected total discounted profit, by employing stochastic dynamic programming (see Section

2.4 for an introduction to stochastic dynamic programming).

Derivation of the Hamilton-Jacobi-Bellman equation

In order to derive the Hamilton-Jacobi-Bellman equation, we consider the current value form

of Equation (4.5) as

E(r)
t<r<T

T*(2(t), p(t),) = max € [ /t "t (p(r)az(r) = 1 = ZE()) E(T)df] . (46)

where ¢ denotes the current time and z(t) and p(t) represent the population level and price

respectively at time ¢.

The integral in Equation (4.6) can be broken down as

t+4-dt c
T*(x(t), plt), t) = E@Tg [ /t e (p(r)ga(r) — e = TE(T)) B(r)dr +

/tjdt o O(r—t—dt+dt) <p(7-)ql-(7') —c — %E(T)) E(T)dT:| .

Utilizing the approximation e 9% ~ (1 — ddt), valid for small dt, we get

t4dt c
J*(z(t),p(t),t) = tifg(ai);g [/t e 0(—t) (p(T)qx(T) —c1 — ;E(T)) E(r)dr +

T c
(1 —ddt) /H_dt e~ O(r=(t+dt)) (p(T)q:E(T) —c — —22 E(T)) E(T)dT] .
(4.7

Applying the principle of optimality (Bellman, 1957), Equation (4.7) becomes

. thdt . co
T (2 (t), p(t), 1) _Kr%aidtg [ /t e (p(r)ga(r) — e = TE(T)) E(r)dr +

T

(1=dde) max [ eSO (pryga(r) - e - LE() E(r)dr |
BE(r)  Jitdt
t+dt<r<T
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which is equivalent to

T (@(2),p(0),t) = max e [((p(t)aa(t) = 1 = ZE®) E@t

+ (1 = 8dt)J* (z(t) + da(t), p(t) + dp(t), t + dt)). (4.8)

Expanding J*(z(t) 4+ dz(t), p(t) + dp(t),t + dt) around (x(t),p(t),t) we obtain

0.7 w(t),p(t).1)
ot
da(t) 4 27 @ 0.P(0). 1

JH((t) + dx(t), p(t) + dp(t), t + db) = J*(x(t), p(t), 1) +
9" (x ( ) p(t), t)

t

0a (1) o)
132J*( (t),p(t),1) 1O J*(x(t),p(t), 1)
5 2(1)? dx(t)? + 3 ()2 dp(t)?
2 T*
O ( (()),p(g) D da(t)dp(t) + O(dt?). (4.9)

Substituting for dz(t) and dp(t) from Equations (4.1) and (4.3) respectively, we can rewrite
Equation (4.9) as

T*(2(t) + dz(t), p(t) + dp(t), ¢ + dt) = J*(x(t), p(t), ) + aj*(m(ta)t,p(t),t) ”

N 8J*(xa(i)(,tl))(t)7t) [ {m(t) (1 _ 90[({75)) - qE(t)a;(t)} dt + alx(t)dwl(t)]

n BJ*(QC(;;)(;])D@), t) [1,p(t)dt + oap(t)dWa(t)]

2 7% T xZ 2
10 (aiz,)zgw) {m(t) (1 - ;?) —qE(t)xm} at? + ot (t)2aW (1)?

+2 {rw(t) <1 - "”’é?) - qE(t)m(t)} ola:(t)dWl(t)dt]
(t), t)[

12p(t)2dt® + o5p(t)*dWa(t)? + 2u,p(t)o2p(t)dWa(t)dt]

’ )Jlx( t)oop(t)dWy(t)dWa(t) + O(dt)?
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Rearranging we get

0. (w(t),p(t).1)

J*(x(t) + dz(t), p(t) + dp(t), t + dt) = J*(z(t), p(t),t) + t

N aJ*(xa(x)(tz)o(t),t) {m(t) (1 _ “3(53 - qE(t):c(t)} dt

. aJ*(cca(x)az)J(t), D oo (t)dWA (1)
0T (@ 5;( POL, )t + *(’““8(;)@’;(“’ D oap(t)ama)
SO0 o opaw 07 + 282‘]*( o0
82J*(;§:1§(1,)229(t),t) { o0 <1 _ l‘) }alx (£) WV (¢
PLEO PO, woapttramatoyi

(4.10)

Substituting J*(z(t) + dz(t), p(t) + dp(t), t + dt) from Equation (4.10) in Equation (4.8) gives

T (@(2),p(t), 1) = max [(p(t)q:c(t) —er - C—QE(t)) BE(t)dt + (1 — 6dt)J* (x(t), p(t), )

+(1— 8dt) <a§ dt + 88‘2) {mc(t) <1 - "”;?) - qE(t)x(t)} dt

* * *

aJ 0.J o
+ %/’Lpp(t)dt + mfflﬂ?(t)dwl (t) + %U2p(t)dw2(t)

by L e + ) L oty
+ % {m:(t) <1 - 3}?) - qE(t)x(t)} o1 (t)dWi(t)dt
b b s V(o)

—|—8x(8:)g;(t)01$( Yorap(t)dW (¢ )de(t)> + O(dt2)] .

(4.11)



4. Stochastic Environment 95

Finally, simplifying Equation (4.11) leads to

oJ*

dt
ot

0= maxé [(p(t)qm(t) —a-3 (t)) E(t)dt — §.J"dt +

a.J* oz o.J*
+ 52 {m(t) <1 = ) ¢E(t)z ()}dt+a yrop (Ot

+ ﬂ(fl(t)dwl(t) — 5£01$(t)dW1( )dt + o (72]9( )dWQ(t)

dx(t) Oz (t) ap(t)
—6%02p(t)dW2(t)dt+ > 882(J)2 (1WA (1) — 6 8‘92(‘])*2 o2 (#)2dW (£)2dt
+ ;;;(i;agp(t)QdW (t)? — 52;;(‘]; oap(t)2dWo(t)%dt
+ ;;‘;2 {ra:(t) ( - f”;?) - qE(t):z:(t)} o1 (t) AW (1)t

2 2 v
+ am;upp(t)azp(t)dm(t)dt + S T OV da()
—5%0190( Yorap(£) AW, (£)dWa (£)dt + O(dt2)>] , (4.12)

where J* represents J*(z(t), p(t), t), i.e. the expected value of the maximized total discounted

profit earned by initiating the harvest at time ¢ and continuing up to the final time T'.

The case of zero correlation

We first suppose that the two Wiener increments, dW1 (t) and dWs(t), are uncorrelated so that
E [dW1(t)dWs(t)] = 0. Taking the expectation of Equation (4.12) and using & [dW1(t)] = 0;
E[dWy(t)] = 0; € [dW1(t)?] = dt; € [dWa(t)?] = dt; and & [dW1(t)dW2(t)] = 0 we get

*

dt

0 = max {(p(t)qx(t) —e - —E( )) E(t)dt — 6J*dt + BZ;Jt

E(t)
(g ) -] )

2 T
o°J 282{) o2p(t) dt+(9(dt2)] (4.13)
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Dividing Equation (4.13) throughout by dt, rearranging terms and letting d¢t — 0 we obtain

iU*:%%[@@Wﬂ)(ngE@)E@5ﬁ

o Y ) 9
b (a0 (1= 52) — aB @t} + 7m0

+§W"1x(t) + = o5p(t) ] , (4.14)

which is the required partial differential equation for the expected total discounted profit

when dWi(t) and dWs(t) are uncorrelated.

The case of non-zero correlation

Next we assume that the two Wiener increments, dWWi(t) and dWs(t), are correlated with a
correlation-coefficient p # 0,—1 < p < 1. Analytically, we suppose that dWW;(t) is a linear

combination of two uncorrelated Wiener processes, dWs(t) and dWs(t), so that we can write

dWi(t) = adWs(t) + bdWs(t), (4.15)
where a and b are constants. Note that:

e Since the expected value of a Wiener increment is zero, £ [dW1(t)] = 0; € [dWa(t)] = 0;
E [dWs(t)] = 0.

e Since the variance of a Wiener increment is equal to the time-lag, £ [dWl (t)2] = dt;

E [dWa(t)?] = dt; € [dW3(t)?] = dt.

e Since dWs(t) and dW3(t) are uncorrelated, & [dWa(t)dWs(t)] = 0.

Using the above-mentioned expected values, the correlation-coefficient between dW;(t) and

dW>(t) can be calculated as

E [dW1(t)dWa(t)] — E [dW1(t)] E [dWa(t)]
\/Var(dwl (t) \/Var (dWa(t))
E[dWi(t)dWa(t)] —0  E[dWi(t)dWa(t)]

Vdtvdt dt ’

p = Corr(dWy(t),dWs(t)) =

which gives

E [dW1 (1) dWa(t)] = pdt. (4.16)
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From Equation (4.15)

AWy (t)dWa(t) = adWa(t)? + bdW3(t)dWa(t)
= E[AWi(t)dWa(t)] = a€ [dWa(t)?] + bE [dW3(t)dWa(t)]
= adt. (4.17)
Comparing Equations (4.16) and (4.17) we obtain
a=p.
Furthermore,
dit = E[dWi(t)?] =€ [(asz(t) + bdwg(t))ﬂ
= & [a®dWs(t)? + b*dWs(t)* + 2abdWo(t)dWs(t)]
= & [dWa(t)?] + b2E [dW3(2)?] + 2ab€ [dWa(t)dWs(t)]
= a?dt + b3dt

=1 = a®+10?

or b = V1—a2=+1-p2 (since a = p).

Substituting a = p and b = /1 — p? in Equation (4.15) we get

AW1(t) = pdWa(t) + /1 — p2dWs(t). (4.18)

We now derive the Hamilton-Jacobi-Bellman equation for this scenario where dWi(t) and
dWs(t) are correlated, as specified by Equation (4.18); recall that p is the coefficient of
correlation between dW;(t) and dWa(t). We take the expectation of Equation (4.12) and use
EAWL ()] = 0; E[dWa(t)] = 0; € [dW1(8)?] = dt; € [dWa(t)?] = dt; € [dWr(t)dWa(t)] = pdt

to obtain

oJ*

dt
ot

0= o [(p(t)qa:(t) —er— gE(t)) E(t)dt — §.J"dt +

0J” z(t) 0J* 1 92J
+ (8:1:(t) {m(t) (1 - K> - qE(t)ac(t)} + ap(t)upp(t)) dt + §8x(t)20%x(t)2dt
1 o%J" 92 .J*

+§ap(t)20'2p(t)2dt + Wﬁalﬁ(t)ﬂﬂ)(t)dt + O(dt)2

. (4.19)

_
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Dividing Equation (4.19) throughout by dt, letting dt — 0 and rearranging yields

88*]; = max [(pyat) — 1 - %E(t)) E(t) - 6.J"
0J* GRS 97"
+ 9200 {m:(t) <1 7 ) qE(t) (t)} + ap(t) ppp(t)
2 7+ 2 Jx 2J*
O e’ o] . (429

which is the partial differential equation describing the expected total discounted profit for

non-zero correlation between dW(t) and dWa(t).

Comparing Equations (4.14) and (4.20), obtained for the case of zero correlation and non-
zero correlation respectively, we note that the two equations are the same except one extra
term (containing the correlation-coefficient p) present in the latter. If we put p = 0 then
Equation (4.20) reduces to Equation (4.14). Therefore, the solution for Equation (4.14) can

be obtained by solving Equation (4.20) with p = 0.

An analytic expression for the optimal effort

Denoting the control switching term in Equation (4.20) by D we can write

9T (a(t),t)

D = max [(pqac(t) - - CEE(w) E(t) O0x(t)

E() D) qE(t)z(t)| . (4.21)

Let EZ.(t) correspond to the maximization being carried out in Equation (4.21). Then EZ_(t)

is obtained by solving g—lE) = 0 which gives

(pqx(t) — c1 — 2By (1)) —

OJ*(xz(t),t) > qr(t)
0z (t) '

— £ = (p-
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We denote the constrained optimal effort by E*(t), and replace E(t) with E*(t) in Equation
(4.20) to obtain

2T (pan(t) — en — LB 1)) B (D)~ 6
# LEOHD Lot (1- 52) - a0} + 5 sl
"%:”2(”2 aa;(i;’ 4 U%p;t)Q aa;(‘i; + am?;)g; pm(t)ran(t). (4.22)
where
0, Eq.(t) <0,
E*(t) = (p(t) - %) 2l a0 < EL(t) < B, (4.23)
Ermax, E:.(t) > Emax-

The boundary conditions associated with the problem are as follows:

e There is no harvesting when the population is at the minimum viable level xyi,, there-

fore the boundary condition corresponding to the spatial variable x is

E*(Zmin,p, t) = 0. (4.24)

e It is not profitable to harvest when the price is 0, consequently the boundary condition

associated with the spatial variable p is

E*(,0,t) = 0. (4.25)

e The boundary condition for the temporal variable ¢ follows from Equation (4.4), i.e.

J*((T), p(T), T) = 0. (4.26)

To find the optimal harvesting policy, we need to solve the system comprising Equations
(4.22)-(4.26) subject to the growth and the price dynamics, the pre-specified minimum viable
population level, and the given initial values for the fish stock and the price. As in the
deterministic case (Chapter 3), we resort to numerical methods for determining the optimal

solution.
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Fixed price case

If we keep the price fixed at a constant value p and assume that only the population evolves
stochastically then Equation (4.22) reduces to

_W*Tgfﬂvt) — [(par(t) — 1 = 2E®) B@) - 677 (2(0),1

+ W {T(ﬂ:(t)) ( - ”ﬁ?) - qE(t)x(t)}

+182J*(x(t),t)

SROL o—%x(t)Q]. (4.27)

Under these circumstances, the boundary condition (4.25) is no longer relevant and Equation

(4.27) need only be solved with the remaining boundary conditions and constraints.

To summarize, the stochastic effects in the problem under consideration are due to the pres-
ence of two random variables: one related to stock growth and the other related to the
evolution of price, where the two Wiener increments associated with the growth and the
price dynamics can be either correlated or uncorrelated. Furthermore, assuming the price
to be a fixed constant, the original problem can be reduced to include only one stochastic
variable, i.e. the population level. The Hamilton-Jacobi-Bellman partial differential equation
obtained in each case is non-linear and involves one temporal variable along with two random
spatial variables (or one in the case of constant price). These complexities make the equa-
tion analytically intractable, therefore we use numerical methods to determine the optimal
solution. We now investigate the optimal solution obtained in each of the above-mentioned

cases.

4.4 The optimal solution: random growth and constant price

First, we consider the growth to be stochastic and the price per unit harvest to be a fixed
constant. Equation (4.27) describes the expected total discounted profit corresponding to this
case. In order to obtain the optimal solution, we perform numerical simulations of Equation

(4.27) using a Crank-Nicolson finite-difference method. The computational procedure for the
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finite-difference scheme is included in Appendix B. Figure 4.1 shows the optimal solution for
the effort £*(¢t) and the corresponding (optimal) population growth x*(t). Parameter values
are summarized in Table 4.1. The dashed lines represent three different realizations for the

Wiener process dWi(t) and the solid line represents the mean taken over 2000 such paths.
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Figure 4.1: The optimal solution for random growth and constant price. Top: optimal effort; Bottom:
population growth under the influence of optimal effort. In both graphs, the dashed lines illustrate

three distinct sample paths and the solid line is the mean taken over 2000 such paths.
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Table 4.1: Parameter values for the simulation of the Hamilton-Jacobi-Bellman equation associated

with the case of random growth and constant price

Parameter Description Value Unit

r Intrinsic growth rate 0.71 year ™!
0 Discount rate 0.12 year ™!
W Price drift 0.02 year ™!
q Catchability coefficient 0.0001 SFU! year™!
K Biological carrying capacity 106 tonnes

Tmin Minimum viable population level 04K tonnes
D Unit harvest price 0.5 $ tonne™!
c1 Linear cost coeflicient 0.01 $ SFU! year™!
&) Quadratic cost coefficient 0.01 $ SFU2 year™!
o1 Growth volatility 0.2 year—1/2

Effect of variance: short-term solution

In Chapter 3, we noted that the optimal solution for short-term harvesting was different

from the solution associated with long-term and infinite-horizon harvesting. Here we wish to

investigate the effect of growth volatility o; on the optimal solution when the harvesting is

carried out only for a short period of time. In this context, we fix T' = 1 year and investigate

the average optimal solution, where the average is taken over 2000 sample paths. Figure

4.2 presents the average optimal solution for three different values of o1; an increase in the

value of oy indicates that the stochastic fluctuations in the growth dynamics are rising in

magnitude. The impact of pronounced random effects is visible in Figure 4.2 which shows

that, on an average, increased volatility implies that the population level is at an increased

risk of falling. Consequently, the optimal policy recommends conservative harvesting and,

therefore, the optimal effort declines with a rise in the growth volatility.
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Figure 4.2: The effect of growth volatility o1 on a short-term optimal solution for the case of random
growth and constant price. Top: optimal population path; Bottom: optimal effort. An increase in o

results in diminished population growth and, consequently, decreased harvest.
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Effect of variance: long-term solution

In Section 3.7, we discussed infinite-horizon harvesting in a deterministic setting and observed
that both optimal effort and the corresponding optimal population level approached a steady
state; these steady states were denoted by Fo, and X, respectively. When the terminal time
was infinite, the steady state was maintained eternally. For finite-horizon harvesting, provided
the harvesting period was sufficiently long, the optimal effort and the optimal population level
were seen to stabilize at their respective (above-mentioned) steady states for a while, before
undergoing a change towards the end of the harvesting period. Thus the long-run optimal
solution was different from the solution obtained for infinite-horizon only during the last few
stages, and this difference was due to the finiteness of the terminal time in the former case. We
now analyze the effect of growth volatility on the long-run optimal solution for finite-horizon
harvesting. For this purpose, we fix 7' = 20 years and solve Equation (4.27), corresponding

to stochastic growth and constant price, for different values of growth volatility 7.

Figure 4.3 demonstrates the mean optimal effort path and the mean optimal population
growth for different values of o1; the parameter values are the same as given in Table 4.1,
and the mean is taken over 2000 realizations of dW7(t). The initial population level is fixed
at 0.7K. The deterministic solution, which in essence corresponds to o1 = 0, is illustrated
by the solid line. All of the other illustrations correspond to the optimal solution for the
stochastic problem with different non-zero values for o1. Recall from Section 3.7 that the

optimal steady-state solution associated with these parameter values is
X =0.6924 x K, FE, = 2183.5 SFU.

In every solution for non-zero o1, the optimal effort and the optimal population appear to
approach a steady state and stay more or less stable for a while. The optimal solution, how-
ever, is not completely stable and exhibits some fluctuations due to continuous disturbance
(characterized by o1). As in the deterministic case, the optimal path is adjusted in the last
few stages due to the fixed (finite) terminal time. Furthermore, the steady state solution
associated with the stochastic problem changes as o1 changes. An increase in o1 lowers the

steady-state value for the optimal stock level as well as for the optimal effort solution.
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Figure 4.3: The effect of growth volatility 1 on a long-term optimal solution for the case of random
growth and constant price. Top: optimal population growth; Bottom: optimal effort path. As
o1 increases, the long-run steady-state values associated with the optimal effort and the optimal

population level are lowered.
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4.5 The optimal solution: random growth and random price

We now consider both fish growth and price per unit harvest to be stochastic. The optimal
solution for this case is determined by simulating the Hamilton-Jacobi-Bellman equation
(4.22). The numerical scheme is once again formulated using a Crank-Nicolson finite-difference
method, as described in Appendix C. Figures 4.4 and 4.5 show the optimal solution for p = 0
and p # 0 respectively, with parameter values as given in Table 4.2. The dashed lines represent
the optimal solution for three different realizations of Wiener processes, and the solid lines
illustrate the average optimal solution paths for effort and population where the average is

taken over 2000 realizations of dW;(t) and dWs(t).

Table 4.2: Parameter values for the simulation of the Hamilton-Jacobi-Bellman equation associated

with the case of random growth and random price

Parameter Description Value Unit
r Intrinsic growth rate 0.71 year ™!
0 Discount rate 0.12 year !
7 Price drift 0.02 year—!
q Catchability coefficient 0.0001 SFU! year™!
K Biological carrying capacity 106 tonnes
Tmin Minimum viable population level 04K tonnes
Do Initial price 0.5 $ tonne~!
c1 Linear cost coefficient 0.01 $ SFU! year—!
c2 Quadratic cost coefficient 0.01 $ SFU2 year—!
o1 Growth volatility 0.2 year—1/2
o9 Price volatility 0.2 year—1/2

P Correlation between dW; and dWs —-0.5 yea]F1
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Figure 4.5: The optimal solution when both growth and price are random and dW1(t) and dWs(t) are

correlated, i.e., the correlation coefficient p is non-zero; here p = —0.5. Left: optimal effort solution;

Right: optimal population growth.

Note that we have fixed p = —0.5 to demonstrate a non-zero correlation between dWi(t)

and dWs(t). We have assigned a negative sign to p because the stochastic fluctuations in

growth and price are negatively correlated. For example, say the price increases as an effect

of a random fluctuation; this makes harvesting more profitable and results in an increased

harvest. The additional harvest leads to a drop in the population level. Thus, an unexpected

rise in price results in an unexpected decline in stock. This indicates that there exists an
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inverse relationship between the random fluctuations in growth and price. As these random
fluctuations for the growth and the price are represented by the Wiener increments dWi(t)
and dWs(t) respectively, we therefore infer that dWi(t) and dWa(t) are negatively correlated.
We notice that there is no significant difference between the optimal solutions corresponding
to zero correlation and non-zero correlation, illustrated by Figures 4.4 and 4.5 respectively.
As in the previous section, we now analyze the effect of growth and price variability on the
average optimal solution where the average is always taken over 2000 realizations for the

Wiener processes associated with stock growth and price dynamics.

Effect of variance: short-term solution

We first study the effect of a change in growth volatility and price volatility on the optimal
solution associated with short-term harvesting. To accomplish this, we fix T' = 1 year,
the temporal step-size (dt) in the numerical scheme is 1/60th year. Figures 4.6 and 4.7
respectively illustrate the average optimal effort path and the corresponding average optimal

population growth for different combinations of growth volatility o1 and price volatility os.
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Figure 4.6: Effect of stochastic fluctuations in population and price on a short-term optimal effort
solution for the case of random growth and random price. The increased variability results in decreased

average optimal effort; the impact is more significant in the case of high growth variability.
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Figure 4.7: Effect of stochastic fluctuations in population and price on the mean optimal population
path. On an average, a high growth volatility results in a pronounced decline in the optimal stock

level whereas a high price volatility does not have a significant influence.

We notice that, on an average, the overall effect of increased variability is to shift the optimal
effort and optimal population level downwards. However, a rise in o1 causes a bigger decline
in the optimal effort solution than a rise in oo. Furthermore, for these parameter values, the
increased price volatility has a negligible effect on the population growth whilst the increased

growth volatility causes the stock level to drop substantially.

Effect of variance: long-term solution

Next we examine the influence of stochastic fluctuations in growth and price on the optimal
solution for long-term harvesting; for this purpose, we fix T' = 20 years and consider three
different combinations of o1 and gy. Figure 4.8 presents the average optimal effort solution
and the average optimal population growth. The qualitative behaviour of the mean optimal
solution is similar to the mean optimal solution for the case of random growth and constant
price, i.e., a rise in random effects lowers the steady state associated with the long-term

optimal solution. However, as in the previous case, a rise in growth variability has a greater
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influence on the population

growth than a rise in price variability.
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Figure 4.8: Effect of stochastic fluctuations in population and price on a long-term optimal solution

for the case of random growth and random price. An increase in variability causes the average optimal

effort as well as the average optimal population level to decline; similar to the short-term solution,

the impact is more significant in the case of high growth volatility.
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4.6 Sensitivity analysis

In Section 3.6 we studied the sensitivity of the net present value of total profit to the catcha-
bility ¢ and the cost parameters ¢; and co. We now wish to perform the same analysis for the
stochastic optimal harvesting problem with random growth and random price. The observa-
tions recorded here are based on the simulations of the Hamilton-Jacobi-Bellman equation
(4.22); we consider a mean of 2000 realizations for the Wiener processes dWi(t) and dWa(t).
As in the deterministic environment, we maintain the initial population level at K, the initial
price at $0.5/tonne, and fix ¢; = $0.01/SFU /year and ¢y = $0.01/SFU? /year as the base case.
The remaining parameter values are utilized from Table 4.1. We consider two scenarios: first
where the catchability is low, demonstrated by fixing ¢ = 0.0001/SFU /year; second where
the catchability is high, demonstrated by fixing ¢ = 0.1/SFU /year. In each scenario, we first
record the expected net present value of total profit corresponding to the base case, then
introduce variations in the values of and cjand ¢ and record the corresponding expected net

present value of total profit. The findings are summarized in Table 4.3 and discussed below.

Table 4.3: Sensitivity analysis of the expected total discounted profit with respect to the catchability

and the cost parameters

q c1 o J*(z(0) = K,0)
[SFU~! year—1] [$ SFU~! year™!] [$ SFU~? year—!] [$]
0.0001 0.01 0.01 8.9364 x 10*
1 0.01 8.5946 x 10*
0.01 1 1.2310 x 103
0.1 0.01 0.01 2.5585 x 10°
1 0.01 2.5584 x 10°

0.01 1 2.5583 x 10°




4. Stochastic Environment 112

=)
o
"L
£
o
©
o
E
85533* _cl:O.Ol,CZ:O.Ol |
___clzl,CZ:O.Ol
31m L L L L
0 0.2 0.4 0.6 0.8 1
Time, t  [years]
4000 T T
_ I
S m L B
o,
LW
£ 2000 - 1
2
©
®
=
8_ 1000 - —0C, = 0.01, c,= 0.01 1
- 7c1:0.01, c2:1
0 77777 i e —— | i — i e ——— | i —
0 0.2 0. 0.6 0.8 1

Time, t [years]

Figure 4.9: Effect of an increase in the cost parameters on the average optimal effort policy for a low
catchability, demonstrated by fixing ¢ = 0.0001/SFU /year. Top: co is fixed while ¢, is allowed to
vary; Bottom: ¢y is fixed while ¢y is allowed to vary. An increase in co has a much greater impact on

the optimal effort than an increase in c;.
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Figure 4.10: Effect of an increase in the cost parameters on the average optimal effort policy for a
high catchability, demonstrated by fixing ¢ = 0.1/SFU/year. Top: ¢y is fixed while ¢; is allowed to
vary; Bottom: ¢ is fixed while cs is allowed to vary. The optimal effort stays at Fy.x in all the cases

illustrated here.
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For the lower value of ¢, a change in the linear cost-coefficient ¢; has a negligible effect on
the expected net present value of the total profit J*, whilst a similar change in the quadratic
cost-coefficient cs has a pronounced effect; a significant drop is observed in the value of J*
following an increase in the value of co. The reason for this effect is illustrated by Figure
4.9 which shows the optimal solution under these circumstances. Evidently, a change in ¢;
does not have a noticeable impact on the optimal solution, whereas a change in ¢ results in
diminished (average) optimal effort and a consequent drop in the expected total discounted
profit. On the other hand, it is optimal to harvest at full capacity when the catchability is
high (see Figure 4.10). The optimal effort stays at Epax even after introducing a variation
in the values for ¢; and co, consequently the expected total discounted profit stays more or
less on the same level. Thus, neither of the cost coefficients has a considerable influence
on the expected value of the total discounted profit for the case of high catchability. These
observations are in accordance with the conclusions drawn in a deterministic environment

(see Chapter 3).

4.7 Correlation between population and price

Next we focus on the correlation between fish price p(¢) and the population undergoing
optimal harvest, z* (t). We assume that dWW;(t) and dW>(t) are uncorrelated, and the fishery
under consideration is relatively small so that the fish harvest has no effect on the world
prices. Now the population dynamics, as given by Equation (4.1), include the effort E(t).
Furthermore, from Equation (4.23), the optimal effort E* (¢) depends upon the price p(t).
This implies that the optimal population level is affected by the fish price through the optimal
effort expended. The price dynamics given by Equation (4.3), however, are independent of
the population level and the amount of effort exerted. By definition, the correlation between
two random variables usually measures the strength of their dependency on each other. But
here the stock level depends upon the price, whilst the price fluctuates randomly on its own.
This indicates that the correlation between the population and the price is actually a measure

of the dependency of the population on the price. The coefficient of correlation between the
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optimal population level and the price, denoted by ,ol,*p(t), can be calculated as

Elz*(t)p(t)] — Ez" ()] € [p(t)]
\/Var [x*(t)] \/Var [p(t)]

prept) = (4.28)
As in Section 4.5, we use numerical methods to simulate Equation (4.22) and obtain 2000
realizations for z*(¢) and p(t) for t € [0, 1]; the parameter values are taken from Table
4.2. Next, we calculate the expected value and the variance for both x*(¢) and p(t), and
substitute them into Equation (4.28) to determine the correlation-coefficient p,.,(t). Figure
4.11 illustrates the correlation between the population and the price during the harvest for

various combinations of price and growth volatility. Some observations are discussed below.
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Figure 4.11: Correlation coefficient between fish price and the population undergoing optimal harvest
for three different combinations of growth and price volatility. The correlation coefficient is seen to be
mostly negative; it displays a considerable increase with a rise in price volatility whereas an increase

in growth volatility does not produce a substantial effect.

The correlation-coefficient is mostly negative since an increase in price supports increased
harvest which, in turn, brings the population level down. Thus, a rise in price has an adverse
impact on stock level. It is further noted that the magnitude of the correlation-coefficient
undergoes a high increase with an increase in price volatility, whereas an increase in growth

volatility does not have a pronounced effect. This effect can be attributed to the assumption
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that stock level and effort have no influence on price. Since the price is independent of
the population level, a change in growth volatility does not have a substantial effect on the
correlation between stock and price. A high price-volatility, however, can introduce large
variations in the stock growth through the effort expended, and these variations cause the

magnitude of p,.,(t) to increase considerably.

4.8 Summary

In this chapter we extended the deterministic model studied in Chapter 3 to its stochastic ver-
sion by allowing the fish growth and the price per unit harvest to be stochastic processes. The
optimal harvesting strategy was assumed to maximize the expected net present value of total
profit earned during the harvesting period. Stochastic dynamic programming was employed
to derive the Hamilton-Jacobi-Bellman partial differential equation describing the expected

total discounted profit; the equation was solved numerically to determine the optimal policy.

We first restricted our study to the case of random growth and constant price. We discussed
the mean optimal effort policy and the corresponding mean optimal population path for both
short-term and long-term harvesting, and also investigated the effect of growth volatility
on the mean optimal solution obtained in both cases. For short-term harvesting, we found
that an increase in growth volatility caused the average optimal population level as well as
the average optimal effort to decline. For long-term harvesting, on average, the optimal
effort and the optimal population level stayed close to an equilibrium level for a while before
the finiteness of the terminal time altered the optimal path. However, when close to the
equilibrium level, the optimal solution was not completely stable and displayed fluctuations
due to the presence of random effects. Furthermore, the equilibrium states associated with
the optimal effort and the optimal population level shifted downwards as growth volatility

increased.

Next, we studied the fully stochastic model where both stock growth and price per unit

harvest were assumed to be random. Once again, we discussed the average optimal solution
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for short-term and long-term harvesting, and analyzed the sensitivity of the average optimal
solution to various combinations of growth and price volatility. The observations were sim-
ilar to those recorded for the case of random growth and constant price. Furthermore, as
compared with price volatility, an increase in growth volatility resulted in a bigger drop in

the average optimal solution.

Then we examined the sensitivity of the expected total discounted profit to the catchability
coefficient ¢ and the cost parameters ¢; and co. For a low value of ¢, the expected total
discounted profit displayed a substantial drop with an increase in ¢, whereas an increase in
c1 did not have a significant influence on the value of the expected total discounted profit.
For a high value of ¢, however, the expected total discounted profit displayed more or less

the same value irrespective of the variations introduced in the values of ¢; and cs.

Finally, we investigated the correlation between the stock level under optimal harvesting and
the fish price. We noted that the correlation measured the dependency of the population
level on price, and not vice versa, since the price was independent of the stock level. We
found that the correlation coefficient was mostly negative. Furthermore, the magnitude of
the correlation coefficient increased significantly with a rise in price volatility whilst a rise in

growth volatility had a negligible effect.



Chapter 5

Harvesting as a real option

5.1 Introduction

Traditionally, the optimal harvesting strategy is defined in terms of fishing effort and is based
on the Ezpected Net Present Value (ENPV) rule. The ENPV rule asserts that an investment
project should be taken up only if the present value of the cash flows from the project is
greater than or equal to the total costs associated with the project. For calculating the
present value, future cash flows are discounted at a risk-adjusted discount rate reflecting the
opportunity cost of capital; the opportunity cost is the expected rate of return that could
be earned by undertaking another investment bearing a risk similar to the project under
consideration. But, in practice, it is not always possible to correctly measure the opportunity
cost of a project, and this undermines the validity of the ENPV rule as a decision-making

tool for an investment opportunity.

The optimal policy obtained in Chapters 3 and 4 is based on the ENPV rule. Following this
approach, the harvester calculates the expected flow of profit coming from harvesting and
discounts it to the initial time in order to determine the expected net present value of the
harvesting project; here, the discount rate is fixed arbitrarily. However, the above-mentioned
calculations are based on the expected values of the stochastic variables underlying harvesting,
and as the uncertainty is gradually resolved, these values may turn out to be different than

expected. Therefore it might be beneficial for the harvester to change the initial decisions.
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This option of altering the operating decisions during the life of the investment project is not
considered in the ENPV rule; it treats the investment on a now-or-never basis and ignores
the opportunity to wait before investing. Consequently, the managerial flexibility to revise
later decisions is not accounted for. These issues have been discussed in great detail by a
large number of researchers, who have put forward real options theory for evaluating capital

investment projects.

Literature review

Real options are defined on capital investment projects exhibiting a possibility to alter the
operational strategies, e.g. to defer, contract, shut down or abandon the investment during
its life. Black & Scholes (1973) pioneered the option-pricing theory in finance. The books
by Dixit & Pindyck (1994) and Trigeorgis (1996) provide a comprehensive description of real

options along with their valuation techniques.

As pointed out in Dixit & Pindyck (1994), there are three main characteristics associated
with a capital investment project which render evaluation using the ENPV rule misleading;
these are: irreversibility; uncertainty; and an option to delay the investment decision. Most
natural resource investments are irreversible because they are firm-specific. For instance,
vessels and gear used for fish harvesting cannot be used in any other industry. There is also
a high degree of uncertainty associated with output prices and stock growth. Furthermore,
owning a harvesting opportunity is analogous to owning a financial call option. The owner
of the call option can pay the strike price and exercise the option; (s)he has the right but not
the obligation to do so. Similarly, the harvester can pay the associated costs (i.e. strike price)
and exercise the harvesting option, thus acquiring the cash flows. But (s)he will harvest only
if there is a profit to be earned, which implies that (s)he can delay harvesting. Hence it seems

appropriate to apply financial techniques for valuing the harvesting option.

Real options theory incorporates two different valuation techniques; a detailed description
with examples can be found in Insley & Wirjanto (2006). The first technique is dynamic

programming with a risk-adjusted (fized) discount rate, which implies that the rate of increase
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of total risk is constant with time (Trigeorgis, 1996), but this generally does not depict the true
nature of the problem. Optimal tree harvesting was modeled as a real option by Insley (2002).
The dynamic programming technique was employed and the harvesting decision was specified
as an optimal stopping problem. The option value together with the optimal cutting time

was determined numerically.

The second valuation technique in real options theory is contingent claims analysis; it involves
building a risk-less portfolio consisting of the investment project under consideration along
with other tradeable assets. Brennan & Schwartz (1985) used contingent claims analysis to
derive the value of a mine with stochastic output prices. They first considered a cost function
that was linear in mining rate, assuming that the mine had only two possible operating rates:
zero when it was closed and the optimal rate when it was open. Switching from one operating
rate to the other was assumed to incur costs. Following that, they discussed the case of convex
(quadratic) costs, where the operating rate could vary continuously between zero and a fixed
upper bound without incurring any expenses. They constructed a replicating portfolio with
current value identical to the present value of the cash flow stream arising from the mining
project; it was assumed that a futures market exists for the output commodity. Slade (2001)

also used real options theory to evaluate mining investments.

Morck et al. (1989) used a real options approach to value forestry resources assuming sto-
chastic inventories and prices. The forestry lease was valued as an option to harvest trees
at the most profitable time. Assuming costs to be quadratic in harvest rate, they derived
the partial differential equation governing the option-value and solved it numerically for the
value of the forest and the cutting rate. Murillas & Chamorro (2006) developed a real op-
tions model to determine the value of the exploitation and the investment opportunity in a
fishery with deterministic growth and stochastic price. They noted that a futures market
does not exist for fish, therefore they considered a replicating portfolio consisting of existing
assets spanning the risk in the output price. To accomplish this, they introduced a twin asset
with a price that was perfectly correlated with the output price; the harvesting option was

evaluated by building a portfolio consisting of the fishery and this twin asset.
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None of the aforementioned models possessed an analytical solution but all could be solved by
employing numerical techniques. A discussion on numerical methods and their application
to real options problems is provided in Hull & White (1990), Geske & Shastri (1985) and
Cortazar et al. (1998).

In this chapter we extend the model examined by Murillas & Chamorro (2006) and allow the
fish stock to evolve stochastically. In order to overcome the restrictions imposed by the risk-
adjusted discount rate approach of dynamic programming, we focus on a contingent claims
approach. The chapter is organized as follows: In Section 5.2 the fish-harvesting problem is
formulated using contingent claims analysis; this yields a partial differential equation deter-
mining the option value of harvesting. The partial differential equation is solved numerically,
and comparisons with the optimal solution obtained by employing the ENPV rule are made
in Section 5.3. Following that, a sensitivity analysis of the optimal solution with respect to

various biological and economic parameters is presented. Section 5.4 provides a summary.

5.2 A real options model for harvesting

In this section we consider both population growth and fish price to be stochastic. As before,

the growth dynamics for the fish stock is given by
x(t)
dx(t) = qra(t) (1 — - )~ qE(t)x(t) ¢ dt + o12(t)dW1 (1), (5.1)

and the price dynamics follows

dp(t) = ppp(t)dt + oap(t)dWa(t),

where the notation has its usual interpretation (see Section 4.2) and we have again assumed

that the fishery’s harvest has no effect on world prices.

We normalize the population by defining X (t) = %t); then the growth equation (5.1) can be

rewritten as

dX(t) = (rX(t) (1 — X(1)) — ¢E()X (t)) dt + o1 X (£)dWi(t).
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The convenience yield per unit of fish held is denoted by Y (p(t)). As suggested by

Murillas & Chamorro (2006), it can be defined as the flow of net benefits provided by a
stored unit of stock. In essence, convenience yield is like a dividend accrued to the owner
of an asset, but not to the owner of a derivative contract on that asset. The harvester loses
convenience yield if (s)he does not exercise the harvesting option; thus convenience yield acts
like an additional opportunity cost for postponing the harvesting decision. We assume that

the convenience yield is proportional to the fish price, i.e.,

Y(p(t)) = yp(?),

where y is a constant. This assumption has been adopted by a number of researchers, in-
cluding Brennan & Schwartz (1985), Morck et al. (1989), and Murillas & Chamorro (2006),

primarily for simplicity and tractability.

As noted by Murillas & Chamorro (2006), there does not exist a futures market for fish.
Therefore we assume that the risk in the fish price is spanned by a combination of existing
assets. This relies on a further assumption that the market is sufficiently complete, which
means that we can find a tradeable asset whose stochastic changes exactly replicate the
realizations for the Wiener process governing the fish price. We denote the price of this
spanning asset by S(t) and the expected return by u, (a constant). The spanning asset’s

price is assumed to evolve according to the following Ito-type stochastic differential equation
dS(t) = p S(t)dt + osS(t)dWa(t), (5.2)

where o, (a constant) is the diffusion component; the risk for the fish price and the risk for

the spanning asset are the same, both represented by dWs(t).

We assume that p, > p, and present the following argument to justify our assumption. Given
the opportunity, the harvester can either undertake harvesting or postpone it. If (s)he decides
to wait, and in the meantime invests in the spanning asset, then the harvester’s money grows
at rate pg. On the other hand, if (s)he goes ahead with harvesting then the return from p(t)
must be discounted at rate pg, the reason being that the return from a project has to be

discounted at a rate which mirrors its opportunity cost. In this case, the return from S(t)
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would be considered as an opportunity cost of harvesting. Having p, < p, implies a low
discount rate, leading to the conclusion that the future is equally important. This in turn
would mean that the harvester is better off waiting and, consequently, the harvesting option

will never be exercised. Therefore our assumption, g > p,, is reasonable.

We denote the returns from p(t) and S(t) by r, and r, respectively. The return from p(t) is

equal to the drift plus the return due to convenience yield. Hence we can write

Tp = #p + yv
and the return from S(t) is

Ts = fg-

We can further assume that the diffusion component o of the spanning asset is equal to the
diffusion component o, of the fish price p(t) (Murillas & Chamorro, 2006). If o5 # o2, we
can choose a riskfree asset and combine it with the spanning asset in such a proportion that
the resulting asset has diffusion component equal to oo. Furthermore, using Capital Asset

Pricing Model (described in textbooks like Brailsford et al., 2006)
fp + Y = f. (5.3)

We have assumed that i, > p,,, therefore Equation (5.3) yields y > 0.

Following the intertemporal asset pricing model introduced by Merton (1973), the other as-

sumptions underlying the capital market are:

e The assets are perfectly divisible, and trading in assets takes place continuously in time.
e There is no arbitrage.

e There are no transaction costs or taxes associated with the assets traded in the market.

As specified by Murillas & Chamorro (2006), we further assume that harvesting, once initi-
ated, is perpetual and the effort can vary without costs between zero and an upper bound

Emax .
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The case of zero correlation

We first consider the case when the two Wiener increments, dW;(t) and dWa(t), are un-
correlated so that £ [dW;(t)dWa(t)] = 0. We let J(X(¢),p(t),t) denote the option value of
harvesting at time t; the change in the option value during the time interval dt is given by

Itd’s lemma (see Section 2.1) as

dJ oJ oJ
dJ = T Mpp(t)% +(rX () (1 - X(t) — qE(t) X (1)) X
2 2 2 2
93,29 Ty 20
PO G+ X0 G | de
0J aJ
+G1X(t)87dW1 (t) + sz(t)%dwz(t)- (5.4)

To evaluate the harvesting option, we construct a replicating portfolio by buying one unit of
the harvesting option and selling short n units of the spanning asset S(t). We assume that
dW1(t) is a biological phenomenon independent of any market, which means that the risk
depicted by dW (t) cannot be hedged out. We hedge out the risk depicted by dWa(t) by using
the replicating portfolio. For the hedging to be successful, the portfolio should be risk-free,
in other words, the risk represented by dWs(t) should be eliminated. For this to happen, the
component of risk in d.J corresponding to dWs(t), must cancel out the component of risk in
ndS. Equating the coefficient of dWs(t) in Equation (5.4) with its counterpart in n times

Equation (5.2) we obtain

0J
agp(t)a—p =nosS(t).

Since 09 = 0, the above relation reduces to

p(t)g; = nS(t). (5.5)

We calculate the total return from the portfolio as follows: We own one unit of the harvesting
option in our portfolio and the return from the harvesting option, in time interval dt, is a sum
of two components: the expected capital gain dJ, and the cash flow from harvest which is
(p(t)gK X (t) — c1 — 2 E(t)) E(t)dt. Additionally, we are selling n units of the spanning asset

and these carry an expected return equal to ndS in time span dt. The expected return from
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the replicating portfolio is the difference between the expected return from the harvesting
option and the expected return from n units of the spanning asset. The risk-free return from
the portfolio over time interval dt is given by A(J — nS(t))dt, where A denotes the risk-free
rate of interest. To avoid arbitrage, the risk-free return must be equal to the total expected

return from the portfolio. Equivalently,

A(J = nS(t))dt = £ [dJ — ndS] + (p(t)qKX(t) —c— S;E(t)) E(t)dt. (5.6)

Substituting for the expected values in Equation (5.6) and dividing throughout by dt leads

to

NI =nS(0) = G X0 - X(0) - B X ) 5+ D) 5
o2 0*J o3 0%J
T X0 gxm + PO 5

+ (pOAEX (1) = e = ZB()) B) — pnS(0).

Making use of Equations (5.3) and (5.5) gives

0 — ‘fT‘tJ =AM+ (rX(t) (1= X(t)) — ¢E(t)X(2)) 3}1(
o? 2 o3 ?
+(A - y)p(t)g; + ;X(t)QgXi + 5 p(t) ?9];2]

+ (PO X (1) — 1 = SEW®) EQ). (5.7)

Equation (5.7) must be satisfied for each possible harvesting strategy. Therefore the value-

maximizing harvesting policy can be determined by solving

dJ oJ

0 = max [dt A (X () (1 - X(0) — aB(OX (1) 5
oJ o? 0 02J 03 | ,0%]

+(A = y)p(t)(% + ?X(t) ax2 T 7p(t) a2

+ (POaK X (1) — 1 = TEW) B®)]

or alternatively,

dJ oJ
G = x| (X0 (L X(0) - B 0X(0) 5y
2 2 2 2
+()\—y)p(t)aj+ﬁX 20°J 05 , 50%]

o T2 W g TP g
n (p(t)qKX(t) e — %E(t)) E(t)] , (5.8)
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where the optimal effort lies within [0, Emax|. This is the partial differential equation, the
solution to which is sought for the option value of harvesting corresponding to the case of

zero correlation between dWy(t) and dWa(t).

The case of non-zero correlation

Next we assume that the two Wiener increments, dWi(t) and dWa(t), are correlated. We
follow the same approach as described in Section 4.3 and suppose that the relation between

dW1(t) and dWs(t) is given by
dWl(t) == deQ(t) + vV 1-— p2dW3(t) (59)

where —1 < p < 1; where dW3(t) is a standard Wiener increment and dWs(t) and dW3(t) are

uncorrelated. Recall that the correlation-coefficient between dWi(t) and dWs(t) is calculated

as

E [dW1(t)dWa(t)] — € [dW1(t)] € [dWa(t)]
VVar(@Wi(t)\/Var (dWa(t))

plt _
dt

Corr(dWi(t),dWs(t)) =

We further assume that the return from p(¢) is uncorrelated with the market portfolio. Then
the Capital Asset Pricing Model asserts that the total return, ry,, from p(t) is equal to the

risk-free rate of return A\, which gives
By +y = A (5.10)

This is the risk-neutral valuation technique followed by standard option pricing literature
(e.g. Hull, 2005); here the market price of risk is assumed to be zero. In this case, the value
of the harvesting option, represented by J(X(t),p(t),t), evolves according to the stochastic
differential equation

dj = % + upp(t)%; +(rX (1) (1= X(t) — qE#)X (1)) g}](

2 2 2 2 2
95, 11297 91 513207 0°J
5 P(t) a7 o X 552 +p01X(t)02p(t)aX8p dt

+01X(t)g){,dW1(t> —l—ng(t)ZZde(t). (5.11)
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Substituting for dWW1(t) and j, from Equations (5.9) and (5.10) respectively, Equation (5.11)

can be reformulated as

2 2 2 2 2
93,020 L Ty 29 o°J
+5p() o2 T 2 X(t) 555 +porX(t )Uzp(t)aXap

oJ o.J
+o1 X (¢ )8X pdWo(t) + /1 — p2dW3(t)] + azp(t)a—pdwg(t). (5.12)

dt

We again apply contingent claims analysis to find the value of the harvesting opportunity.
This is achieved by constructing a replicating portfolio where we buy one unit of the harvesting
option and sell short n units of the spanning asset S(t). Here we assume that dW3(t) is
a biological phenomenon, independent of any market, and hedge out the risk depicted by

dWs(t). Equating the coefficients of dWs(t) in Equation (5.12) and n times Equation (5.2)

yields
oJ oJ
polX(t)a—X + agp(t)a—p =nosS(t). (5.13)
Using 03 = 05, Equation (5.13) reduces to
oJ oJ
X( )aX+p(t)8—p—nS(t). (5.14)

To avoid arbitrage, we equate the total expected return from the portfolio to the risk-free

return A(J — nS(t))dt; this gives

A(J — nS(t))dt = & [dJ — ndS] + (p(t)qKX(t) —e— S;E(t)) E(t)dt. (5.15)

Then, substituting for the expected values and using the relation (5.10) in Equation (5.15),

we obtain

AJ —nS(t) = Cfi‘t] (TX()(1—X(t))—qE(t)X(t))g)J( + (A= y)()gg

01 5 0%J 03 | ,0%J 0?J
5 X0 555 + 5 ) TN Oy o

+ (p(t)qKX(t) o1 = ZE(1)) B(t) - panS(2). (5.16)
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Using Equation (5.14), we then get

oJ oJ dJ
M= ) (P2 X0 a0 )+ 5
oJ oJ
+(A - y)P(t)af + (rX(t) (1 - X (1)) — ¢E@)X (1)) X
i 0 02 0% ,0%] 0%J
92 X(t) aXQ + 2 p(t) 8 a9 +P01X( )U2p(t)8X8p
( YK X(t) —c1 — EE(t)) E(t). (5.17)
Substituting for u, from Equation (5.3) into Equation (5.17) leads to
dJ oJ
0 = E—)\J+(7“X()( X(t))—qE(t)X(t))a—X
oJ o2 , 02 0% ,0%J
+(A— y)P(t)afp + 7X(t) Ix2 ?P(t) o2
(&) 02J
+ (POaKX (1) — o1 = SE®) BW) +por X (0)oap(t) 5 (5.18)

The value of the harvesting option satisfies Equation (5.18) for each feasible harvesting strat-
egy, therefore the problem of finding the optimal harvesting policy maximizing the option
value can be stated as

0 = max

dJ aJ
E(t)

T M+ (rX(t) (1 —X(t) —qE(t)X(t)) X

oJ o? 5 02 o3 ,0%J
+A—y)p(t) o~ + ?X(t) X2 ?p( ) 2

dp
+ (p(t)qKX(t) - - CjE(ﬂ) E(t) + PalX(t)Uﬂ?(t)ﬂ (5.19)
2 0Xop|’
where the effort is constrained according to 0 < E(t) < Enax.
Restructuring Equation (5.19) yields
dJ 0J oJ
- . X(t) (1 - X (1) — qE(t)X . 97
G mx (AT (X0 (- X(0) — B WX () G+ (- pl0)
2 2 2 2
o% w22 03 0007
+5 X () 55 + 5 p() a2
+ (pOaKX(®) — 1 - ZE®) B + por X Woup(t) 22| . (520
2 0Xop|’

which is the partial differential equation determining the value of the harvesting opportunity

in the case of non-zero correlation between dWi(t) and dWs(t).
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Value-maximizing harvesting policy

Ignoring the term containing the correlation-coefficient p in Equation (5.20), we see that
Equation (5.20) is the same as Equation (5.8), obtained for zero correlation. Hence the
solution for the case of zero correlation can be deduced by simulating Equation (5.20) with
p = 0. Therefore, we concentrate on Equation (5.20) for determining the value-maximizing
harvesting strategy and the option value of harvesting. Denoting the control switching term
in Equation (5.20) by D we have

L AT(X(1), 1)

D = max [(quX(t) —c] — %E(t)) E(t) oX

s aB()X (1)

The unconstrained optimal harvesting strategy, E.(t), is obtained by setting the partial

derivative g—g = 0 which gives

L ArX((1),1)

(pgK X (t) — c1 — 2By (1)) oy aX(t) =0
— B = (p- 2SO0 20 o

The constrained optimal effort is denoted by E*(¢) and lies within [0, Fnyax|. Using the

optimal effort E*(¢) in place of E(t), Equation (5.20) transforms to

aJ c2 N oJ
~% = (P0aEX®) — e~ TEW) B0+ (- e g
o0J
A+ (rX(t) (1 —X(t)) — qE*(t) X (1)) £)d
2 2 2 2 2
922 92207 o°J
+ 3 X O s + FRE G5 + pn X (Oan(t) 5 (5.21)
where
0, E;.(t) <0,
E*(t) = <p(t) _ 81];()-?(%)715) %) QKé(t) _ %, 0 < Ef.(t) < Emax, (5.22)
Emaxa Ezc(t) > Emax'

Equation (5.21) is similar to the Hamilton-Jacobi-Bellman equation (4.22) describing the

discounted flow of profit for stochastic growth and price; there are two differences as follows:
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1. The risk-free rate A in Equation (5.21) is replaced by the arbitrary discount rate  in
Equation (C.2).

2. The difference between the risk-free rate A and the convenience yield y in Equation

(5.21) is replaced by the price-drift, 1, in Equation(C.2) .

The boundary conditions associated with the problem can be specified as follows:

e If the price p(t) is zero then the value of the fishery will also fall to zero, which gives

J(X,0,t) = 0. (5.23)

e If the stock falls to the minimum viable level zn, then there will be no harvesting.

Consequently,
E*(zmin,p,t) = 0. (5.24)

e At the final time 7', the harvesting option cannot be delayed any further and therefore

the option value is again zero. In other words,

J(X,p,0) = 0. (5.25)

Equations (5.21)-(5.25) represent a general model for the value of harvesting opportunity.
This system has to be solved numerically due to the complexity and non-linearity involved;

the numerical scheme is along the same lines as that for the Bellman equation (C.2).

5.3 Numerical results and discussion

Every solution illustrated in this section is a mean taken over 2000 realizations of the random
variables included in stock and price evolution. Furthermore, J* represents the value of the
harvesting opportunity for contingent claims analysis, and the expected net present value of
total profit for the ENPV rule. For the options approach, the time ¢ marks the beginning of
the options period. Therefore, T' — ¢ is the time left before exercising the harvesting option.
For the ENPV approach, t represents the time at which harvesting is initiated. The initial
population level is always fixed at ninety percent of the carrying capacity, i.e. o = 0.9K,

unless otherwise stated. .
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Comparison of ENPV and Options solution

We compare the optimal solution obtained using the ENPV rule and the real options approach
for the parameter values listed in Table 5.1. Two scenarios are presented for the real options
technique: one where the convenience yield is zero and the other where the convenience yield
is non-zero. Figure 5.1 illustrates the difference between the expected net present value of
total profit and the value of the harvesting option; Figure 5.2 presents the corresponding
optimal effort paths. To examine the influence of correlation between dWi(t) and dWs(t),
we plot separate graphs in each figure for p = 0 and p # 0. To illustrate the case of non-zero
correlation, we fix p = —0.5. Following the explanation provided in Section 4.5, we have

assigned a negative sign to the correlation-coefficient, p.

In Figure 5.1, we observe that the value of the harvesting option is greater than the dis-
counted flow of profit in each case. This renders managerial flexibility important when mak-
ing harvesting decisions and highlights the inefficiency of the arbitrarily-fixed discount rate
introduced by the ENPV approach. Furthermore, the option value declines as convenience
yield increases; this can be attributed to the dividend-like behaviour of convenience yield
as follows: In substance, convenience yield corresponds to net benefits earned by holding
additional units of the resource stock. As there is a possibility that the fish population might
decline in the future, the harvester could earn extra profit by storing fish. Thus convenience
yield is akin to a dividend paid to the owner of an asset and a rise in the value of a dividend
has an inverse influence on the value of an option. The analogy here is that a dividend
paying stock loses value (equal to the amount of expected dividend) each time a dividend is
paid, therefore a high dividend would cause a bigger decrease in the stock value than a low
dividend. The dividend is received by the owner, not by the option holder, but the option

holder can see the stock losing value and, consequently, the option value declines.

Now we concentrate on the optimal effort policy. Figure 5.2 shows that, compared to the
ENPYV solution, the options approach yields lower optimal effort. This implies that optimal
harvesting becomes more conservative when computed using contingent claims analysis. The

optimal effort, however, increases with an increase in convenience yield. To explain this we
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will again consider the stock-dividend analogy. If a stock pays dividends at discrete time

stages, the stock price is adjusted downwards each time a dividend is paid. On the other

hand, if a stock pays a continuous dividend, the stock price has to be adjusted continuously

in order to reflect the dividend paid. In either case, for a dividend paying stock, the stock

price is highest in the beginning and then keeps falling; due to the dividend-type influence of

convenience yield this behaviour can also be associated with the fish price. Thus with a high

convenience yield the risk-adjusted prices are expected to fall in the future. Consequently,

there is an incentive to opt for an increased initial harvest and cash in the benefits coming

from a high convenience-yield.

We notice that the qualitative behaviour of the optimal solution for fishing effort and option

value stays the same for p = 0 and p # 0. Hence, for these parameter values, correlation

between dWi(t) and dWa(t) has no effect on the nature of the solution.

Table 5.1: Parameter values for the simulation of Hamilton-Jacobi-Bellman equation

Parameter Description Value Unit
r Intrinsic growth rate 0.71 year ™!
0 Discount rate 0.12 year—!
q Catchability coefficient 0.0001  SFU! year—!
K Biological carrying capacity 106 tonnes
Tmin Minimum viable population level 0.3K tonnes
P Unit harvest price 0.5 $ tonne™!
T Terminal time 5) year
c1 Linear cost-coefficient 0.01 $SFU! year—!
ca Quadratic cost-coefficient 0.01  $SFU2 year—!
W Price drift 0.02 year™!
o1 Growth volatility 0.04 year—1/2
o9 Price volatility 0.04 year—1/2
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Figure 5.1: Comparison of the option value of harvesting with the expected net present value of total

profit. Top: p = 0; Bottom: p = —0.5. In both cases, the value of the harvesting option exceeds the

expected net present value of total profit.
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Figure 5.2: Comparison of the optimal effort solution obtained using the real options approach and
the ENPV rule. Top: p = 0; Bottom: p = —0.5. In both cases, the policy yielded by real options

indicates a lower effort level and therefore a more conservative harvest.
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Sensitivity of the optimal solution to the initial population level

We now aim to study the change in the optimal solution due to a change in the initial
population level, xzg. Figure 5.3 shows the value of harvesting opportunity and Figure 5.4
presents the optimal effort policy, both for three different initial population levels, where we

have fixed pg = $1/tonne and T' = 2 years. The remaining parameter values are utilized from

Table 5.1.

We see that both the optimal effort and the option value decline with a fall in zg. This is
reasonable as a low initial stock level implies that there are less fish available for harvesting,
which in turn recommends harvesting at reduced levels to avoid over-exploitation of the fish.
A diminished optimal effort is accompanied by a fall in the harvesting costs. However, this
drop in the optimal effort and population levels also brings a drop in the revenue. The fall
in revenue exceeds the fall in costs and, consequently, the value of the harvesting option

decreases as xg decreases.
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Figure 5.3: Sensitivity of the value of the harvesting option to the initial population level, xo. The

option value decreases as xg decreases.
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Figure 5.4: Sensitivity of the optimal effort policy to the initial population level, xy. The optimal

effort decreases as xy decreases.

Sensitivity of the optimal solution to the intrinsic growth rate of fish-stock

Next we examine the influence of the intrinsic rate of growth, r, on the optimal solution. Fig-
ure 5.5 shows the option value of harvesting and Figure 5.6 demonstrates the corresponding
optimal effort path, both for three different values of r. Figure 5.7 illustrates the correspond-
ing scenarios for the population growth under optimal harvesting. The parameter values are

utilized from Table 5.1 with T' = 2 years and py = $1/tonne.

We observe that a rise in r results in an increase in the optimal effort expended, as well as an
increase in the value of the harvesting opportunity. This behaviour of the optimal solution
can be accounted for by considering the fact that the biological growth of the resource stock
is accelerated with a high value of r. Therefore, the population is harvested increasingly and

the overall effect is a rise in the value of the harvesting option.
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Figure 5.5: Sensitivity of the value of the harvesting option to the intrinsic rate of growth, r, of the

resource stock. The option value is an increasing function of r.
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Figure 5.6: Sensitivity of the optimal effort solution to the intrinsic rate of growth, r, of the resource

stock. The optimal effort increases with r.
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Figure 5.7: Population growth under optimal harvesting for three different values of r.

Sensitivity of the optimal solution to the growth volatility

Figure 5.8 presents the sensitivity of the option value of harvesting to a change in the growth
volatility, o1. The corresponding effect on the optimal effort strategy is illustrated in Figure
5.9. We consider two scenarios for the initial stock size: (i) the initial population level is
at half its carrying capacity, representing a low initial stock level; (ii) the initial population
level is at ninety percent of its carrying capacity, representing a high initial stock level. We
find that, in both cases, the option value decreases with an increase in the growth volatility.
Furthermore, a rise in the magnitude of the growth volatility also leads to a considerable

downward shift in the optimal effort path.

To understand these results we have to concentrate on the connection between the growth-
variability and the stock level, demonstrated in Figure 5.10. With a high volatility, the
population level can deviate significantly from its expected value. But there are biological
and environmental constraints on the fish stock, and due to these limitations, the population
level cannot rise above the carrying capacity K. Thus a stock-level higher than K cannot be
maintained by the population, even if the stochastic fluctuations are large. However, with a
high growth diffusion coefficient, the random fluctuations can result in the fish stock falling

much below its predicted level. In other words, the upside potential of the resource stock



5. Harvesting as a real option

139

is bounded by the carrying capacity whilst increased growth volatility raises the downside

potential. Therefore the value of the harvesting opportunity declines as the growth volatility

increases. However, for the parameter values considered for a high initial stock level, the fall

in the option value is not substantial. Also, to avoid over-fishing, the optimal solution for

effort suggests that harvesting be at reduced levels.
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Figure 5.8: Sensitivity of the option value of harvesting to growth volatility. Top: x¢ = 0.5K; Bottom:

zo = 0.9K. In both cases, the option value decreases as growth volatility increases.



5. Harvesting as a real option 140

4500

[SFU]

*

3500

2500

Optimal effort, E

1500 ‘ ‘ ‘
0 0.4 0.8 1.2 1.6 2

Time,t [years]

[SFU]

*

Optimad effort, E

0 04 0.8 12 16 2
Time, t [years]

Figure 5.9: Sensitivity of the optimal effort policy to growth- volatility. Top: zy = 0.5K; Bottom:

xo = 0.9K. In both cases, the optimal effort decreases as growth volatility increases.



5. Harvesting as a real option 141

Note that g = 0.5 implies that the initial population level is very close to the minimum
viable level. A high growth volatility in this case puts population at a greater risk of falling
below the minimum vialble level. Consequently, the optimal population path in Figure 5.10

exhibits a high degree of fluctuations.
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Figure 5.10: Sensitivity of the population dynamics to growth volatility. Top: x¢o = 0.5K; Bottom:

x9 = 0.9K. In both cases, the population growth is lowered with a rise in the growth volatility.
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Sensitivity of the optimal solution to the price volatility

Figure 5.11 captures the effect of price variability on the value of the harvesting opportunity
and Figure 5.12 displays the respective influence on the optimal effort strategy. We have again
plotted two scenarios: one for g = 0.5K and the other for zg = 0.9K. We notice that, in both
cases, the option value of harvesting increases with price volatility whereas the optimal effort
path shifts downwards. This result is in accordance with standard option-pricing literature,
for instance see Dixit & Pindyck (1994), where it is noted that an increased price volatility

raises the option value.

To provide a general explanation for this observation, we consider a risky stock being traded
in the market. To acquire a call option on this risky stock, a payment has to be made by
the option holder. Let us suppose, for example, that the price volatility of the underlying
stock has increased. This raises the upside as well as the downside potential for the stock
price movement. If the stock price moves up and exceeds the strike price, the option holder
can cash in the extra benefits by exercising the call option. On the other hand, if the stock
price moves down, the option holder will not exercise the call option. Therefore the loss for
the option holder is limited to the original cost of the option even if the stock price falls by
a big amount, whereas a possible gain from a high price volatility is unbounded. Thus an
increased price volatility amplifies the amount of money that the option-holder expects to

earn, and this leads to a rise in the option value with a rise in the price volatility.

For the same reason, a high volatility of fish price implies a higher value of the harvesting
option. Under unfavorable circumstances (non-positive profit), the harvester will not exercise
the harvesting option, hence no costs will be incurred. Thus the downside potential here is
limited to zero whilst the upside potential is again unlimited. Furthermore, a high option
value indicates that there is an incentive in delaying the exercise of the option. Consequently,

the optimal effort drops with an increase in fish price volatility.



5. Harvesting as a real option 143

x10
S )= 0.04
% 35F 1
—%—S ) =04
*'_)
=)
£ 25| |
‘g .
2
S
8 15+ 1
©
>
c
o
j=3
O 051 1
0 0.4 0.8 12 16 2
Time, t [years]
5
x10
7

[$]

*

Option value of harvesting, J

04 08 12 16 2
Time, t [years]

Figure 5.11: The effect of price volatility on the value of harvesting opportunity. Top: zo = 0.5K;

Bottom: xq = 0.9K. In both the cases, the option-value increases as price volatility increases.
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5.4 Summary

In this chapter we presented an optimal harvesting model based on real options theory.
We extended the basic model with deterministic growth and stochastic price, introduced by
Murillas & Chamorro (2006), to include stochastic fluctuations in growth. We first restricted
the analysis to the case of zero correlation between the Wiener increments underlying random
growth and price effects. Following this, we included a non-zero correlation between the two
Wiener increments. In each case, we obtained a partial differential equation governing the

option value of harvesting; we solved these equations numerically.

We found that the real options method produced a higher value of the fishery (which is the
value of the harvesting option) and a lower optimal effort compared to the ENPV approach.
The correlation had no significant impact on the qualitative nature of the optimal solution.
Furthermore, the convenience-yield produced a dividend-like effect on the option value and

optimal effort policy.

Next we studied the role played by the intrinsic rate of growth in deciding the value-
maximizing effort policy. We found that an increase in the growth rate triggered a higher
biological growth as well as a higher optimal effort. The combined effect was to raise the
option value of harvesting. Then we investigated the influence of the initial population level
on the optimal solution. We observed that the optimal effort and the option value were

increasing functions of the initial population level.

Finally, we performed a sensitivity analysis of the optimal solution with respect to the growth
and the price variability. We found that the growth volatility had a pronounced effect on the
optimal effort expended. The influence on the option value was less significant. Further, we
noted that the price volatility had a positive effect on the value of harvesting opportunity. A
rise in the magnitude of price volatility resulted in an increase in the option value, whereas

the optimal effort declined.



Chapter 6

Elasticity

6.1 Introduction

A large proportion of the existing literature considers the demand for fish to be infinitely
elastic (see, for example, Clark, 1975), the reason being that the harvested fish are supplied
to a big market being catered for by a large number of fisheries. In Chapters 3-5 we followed
the same route and only considered a small fishery such that the fishery’s harvest had no
effect on the evolution of market price. At most, we considered the stochastic fluctuations
in stock growth and price to be correlated; we did not explicitly model the influence of fish
harvest on price. In other words, the price dynamics did not explicitly contain any term
corresponding to stock growth. The objective in this chapter is to demonstrate the effect of
price elasticity of demand on the optimal harvesting strategy. This is achieved by assuming
both stock growth and fish price to be random, and introducing a term that is dependent on
stock size in the price dynamics. There is only a small amount of literature devoted to the
role played by elasticity in fish harvesting. Some examples of such studies can be found in

Gatto (1992), Briones (2006) and Danielsson (2002).

We first briefly explain some fundamental concepts underlying elasticity. A thorough explana-
tion of all these economic concepts can be found in standard text-books, e.g. Jackson et al. (2007)
and Swann & McEachern (2006). The price elasticity of demand is defined as a proportional

change in the demand of a product due to a given change in its price. The coefficient of price

146
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elasticity of demand is denoted by FEjy; it measures the sensitivity of the quantity demanded

by consumers to a change in the price of a product, and is calculated as

_ percentage change in quantity demanded

Eq = ——
percentage change in price
In other words, da/q
Ey=—-, 6.1
dp/p (©1)

where p denotes price and ¢ denotes quantity demanded. If k denotes the slope of a demand-
curve, relating a price that the market will pay to a specific quantity supplied to the market,

then k = dp/dq and Equation (6.1) becomes

1p
E,=-%t. 6.2
1=y (6.2)
Or, 1
=P (6.3)
Eqq

The law of economics (Jackson, 2007) states that there is an inverse relationship between
the price of a product and the quantity demanded of that product. As the price increases
the quantity demanded declines, and wice versa, where all other things are held constant.
Consequently, a market demand-curve is downward sloping which yields a negative slope k
and, therefore, a negative coefficient of elasticity E;. However, it is a convention in economics
to represent a coefficient of elasticity in absolute value by dropping the negative sign in front

of it.

A product is said to have unit elasticity when the percentage change in quantity demanded
is equal to the percentage change in price, so that, |E4| =1 and k = %. This corresponds to
the revenue-neutral case where the loss due to a fall in price is equally offset by the gain due
to a rise in quantity demanded so that the total revenue remains unaffected. A highly elastic
product has a coefficient of elasticity |E4] > 1. A decline in price in this case is dominated
by a rise in quantity demanded. Therefore the total revenue increases as price decreases,
and vice versa. For a perfectly elastic (or infinitely elastic) product, the elasticity coefficient
E4 is undefined and the demand-curve is parallel to the horizontal axis with slope & = 0.
The demand for a good is called relatively inelastic when the quantity demanded does not

change much with the price change. Such a product has a coefficient of elasticity |Ey| < 1. A
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fall in price for an inelastic good is accompanied by a relatively smaller increase in quantity
demanded, and consequently, the total revenue moves in the same direction as price. Goods

and services for which no substitutes exist are generally inelastic.

6.2 Model formulation with price elasticity of demand

We recall from Section 4.2 that the growth dynamics of resource stock follows:

dx(t) = {m;(t) <1 - 3:}({t)> — qE(t)x(t)} dt + o12(t)dWi(t). (6.4)

We aim to capture the effect of price elasticity in the model. To achieve this, we include an
extra term in the price dynamics linking the fish growth with the price; the price changes are

now specified as

dp(t) = p,p(t)dt + oap(t)dWa(t) + k(t)dz(t), (6.5)

where k(t) is the slope of a market demand-curve. When k(¢) = 0, the problem reduces to
the original case where the fishery is small and has no observable effect on the market price.
Substituting £ = 0 in Equation (6.2) yields the elasticity coefficient as oo, which amounts
to the demand being infinitely elastic. Therefore we can say that the problem discussed in
Chapter 4 corresponds to infinite elasticity. Now, as k(t) is the slope of a market demand-

curve, we have

k(t) = . (6.6)

We assume that the coefficient of elasticity is a constant. Since a market demand-curve is
downward sloping, i.e. it has a negative slope, k(t) is negative. Consequently, the coefficient
of elasticity is negative (see Equation (6.2)). We denote the magnitude of the elasticity
coefficient by m(> 0). Then, using Equation (6.1) and introducing the negative sign to

capture the true effect of elasticity, we can write

dx(t)/x(t -
dp(t)/p(t ’
which is equivalent to
de(t) pt) __ (6.7)

dp(t) x(t

~—
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Utilizing Equation (6.6) in Equation (6.7) we obtain

L
(t) z(t)
~p(t)
= k() = e (d (6.8)

Using Equations (6.8) and (6.4) in Equation (6.5) yields

dlt) = pyp(t)dt + oap(dWald)
_plY) re EEIOR. x
20 e (1- 72 - atwato | a

p(t)

—ngdwl (t)
which leads to
artt) = {1y~ = (1= 52) + 22O a4 oap(tjama) (69

where we have ignored the contribution of stochastic fluctuations in stock growth (repre-

sented by dW1(t)) towards the elasticity effect. The basic optimization problem faced by the
harvester is still the same as the stochastic optimal control problem discussed in Chapter
4, where an optimal harvesting policy maximizing the expected present value of total flow
of profit is sought, subject to random growth and price dynamics, boundary conditions and
constraints on effort. The only difference now is in the price dynamics which have been
modified to include the effect of price elasticity of demand. We proceed in the same manner
as in Section (4.3) and obtain the Hamilton-Jacobi-Bellman equation for the discounted flow

of profit as

_88Jt L max [(p(t)gz(t) — 1 - %E(t)) E(t) — 6J*

+ 50 Lot (1- 52 ) — ap @t}
+86‘Z{up ~ (1 ?) +qb:n“)}p(t)

3 ez 1+ 5 g o) (610
where the optimal effort is given by
dJ*\ qz(t) (t) 8J*
0, (P— %) G + ha e —a <0
*(4) = dJ*\ qx(t) t) aJ* aJ*\ ¢=(t) t) aJ*
E*(t) (P-%) G t e —a 05— %)% T 0 % — & < Bmax,
dJ*\ qx(t) (t) J*
Emax’ (p - 87) quQ + (']nl’)LCQ ap - % > Emax-

(6.11)
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As always, the Hamilton-Jacobi-Bellman equation (6.10) is solved numerically and the numer-
ical procedure followed is same as in all the other cases. The numerical results are illustrated

in the next section.

6.3 Numerical solution

We first examine the influence of a variation in the magnitude of the coefficient of elasticity
on the optimal solution. Figure 6.1 presents the average optimal solution for three different
values of the elasticity coefficient m, where the average is taken over 2000 realizations of the

Wiener increments dWi(t) and dWs(t). The parameter values are listed in Table 6.1.

Table 6.1: Parameter values for the simulation of the Hamilton-Jacobi-Bellman equation

Parameter Description Value Unit
r Intrinsic growth rate 0.71 year
4] Discount rate 0.12 year !
I Price drift 0.02 year !
q Catchability coefficient 0.0001  SFU"! year—!
K Biological carrying capacity 106 tonnes
Tmin Minimum viable population level 04K tonnes
Do Initial price 0.5 $ tonne~!
c1 Linear cost coefficient 0.01  $SFU~! year™!
c2 Quadratic cost coefficient 0.01  $SFU~2 year™!
o1 Growth volatility 0.1 year—1/2
09 Price volatility 0.1 year—1/2

Compared to the solution for m = 1, the optimal effort is lower when m > 1 (demonstrated
using m = 1.2) and higher when m < 1 (demonstrated using m = 0.8). We recall that m =1
corresponds to the revenue neutral case (see Section 6.1). When m > 1, the total revenue

moves in a direction opposite to the movement of price. This implies that 8(9—”? is negative and
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this lowers the optimal effort given by Equation (6.11). On the other hand, when m < 1, the

oJ*

total revenue increases with an increase in price, and vice versa. Therefore, B is positive

and this leads to a rise in the optimal effort given by Equation (6.11). The consequence of the

change in optimal effort on the corresponding population growth is visible in Figure 6.1. The

optimal population level z* undergoes an increase when m = 1.2 due to diminished optimal

effort £*, whereas, a decline is observed in z* when m = 0.8 due to an increase in E*.
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Figure 6.1: The optimal solution for three different magnitudes of the coefficient of elasticity, m.

Above: optimal effort; Below: optimal stock level.

As the magnitude of the elasticity coefficient

decreases, the optimal effort increases whereas the optimal stock level drops.
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Infinite elasticity vs. finite elasticity

We now compare the optimal solution associated with the case of infinite elasticity (which is
the original problem discussed in Chapter 4) with the optimal solution corresponding to the
case of finite elasticity; Figure 6.2 illustrates the comparison. We observe that the optimal
effort is diminished when the demand is perfectly elastic. As the magnitude of the elasticity
coefficient decreases, i.e. the demand becomes less elastic, the optimal effort increases causing

the optimal stock level to fall.
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Figure 6.2: Comparison of the optimal solutions corresponding to infinite and finite elasticity. As

demand becomes less elastic, the optimal effort rises while the optimal stock level declines.
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6.4 Summary

In this chapter we extended the model studied in Chapter 4 to reflect the price elasticity of
demand. In this context, we reformulated the evolution of price to include the product of
stock growth with the slope of the demand curve. The fundamental constrained optimization
problem and the initial and boundary conditions are exactly those as discussed in Chapter 4,
the only change being the modified price dynamics. The Hamilton-Jacobi-Bellman equation
associated with the problem was solved numerically. It was observed that, on average, a
decrease in the magnitude of the elasticity coefficient resulted in a higher optimal effort
and a subsequent drop in the optimal stock level. We also compared the optimal solution
obtained for the original problem (infinite elasticity) with the optimal solution corresponding
to a relatively less elastic demand. We noted that the optimal effort was lower while the

optimal stock level was higher for the case of infinitely elastic demand.

We have confined our study to a constant coefficient of elasticity. Another approach would

be to implement a linear demand curve with a constant slope k. This would imply that

dx(t)/dp(t) will be the same for all times t. The elasticity, however, would vary through
— P

time as m(t) FOR It would be interesting to investigate this problem as a piece of future

research.



Chapter 7

Summary and future directions

The main objective of this thesis was to determine optimal harvesting strategies for fisheries,
in both deterministic and stochastic settings, by employing various optimization techniques

and real options theory. We now present a summary of the work done.

7.1 Thesis summary

In Chapter 1 we discussed existing literature and introduced the Schaefer model, which laid
the foundation for the fish population growth modelled in this study. In Chapter 2 we pre-
sented an outline of the optimization techniques used in this work. Specifically, we discussed
the calculus of variations, optimal control theory, and dynamic programming in determinis-
tic and stochastic frameworks. The applications to fish harvesting were also illustrated. In
Chapter 3 we developed our model for a deterministic optimal harvesting problem with the

following main assumptions:

(i) The population consists of a single species of fish.

(ii) The growth is only density dependent (hence the use of Schaefer model for representing

growth dynamics).
(iii) The fishing effort is constrained to stay below a fixed maximum.

(iv) The harvesting costs are quadratic in fishing effort.

154



7. Summary and future directions 155

(v) There exists a minimum viable population level such that if the stock falls below this

level then the population will become extinct.

The fish population was constrained to stay above a pre-specified minimum viable level
throughout harvesting. The optimal harvesting strategy was assumed to maximize the net
present value of total flow of profit. We determined the optimal solution corresponding to
finite-horizon harvesting using three different optimization techniques: dynamic program-
ming, optimal control theory (Hamiltonian method), and a variational method based on
the calculus of variations. While dynamic programming was employed to solve the con-
strained problem, the constraints on fishing effort were dropped when using the other two
approaches. A sensitivity analysis of the total discounted profit was carried out with respect
to the catchability and cost parameters. The analysis highlighted the pronounced influence
of the quadratic cost-coefficient on the total discounted profit for the case of low catchability;
the linear cost-coefficient was seen to have a negligible effect. When catchability was high,
the total discounted profit was observed to be unaffected by a change in the value of either

of the cost-coefficients.

We also studied infinite-horizon harvesting where we found that the optimal effort and the
optimal population approach a steady state in the long run. We determined the optimal
steady states and compared them with the optimal solution corresponding to finite-horizon
harvesting. It was noted that if the harvesting is carried on for a long (finite) period of time,
the optimal effort and the optimal population stabilize at their respective steady states (as-
sociated with infinite-horizon harvesting) for a while. Due to the finiteness of the harvesting

period, a deviation from the steady-state solution was observed in the last few time-stages.

In Chapter 4 we extended the optimal harvesting problem formulated in Chapter 3 to include
random fluctuations in growth and price dynamics. The stochastic effects in the evolution
of population and price were modelled using two different Wiener processes. We separately
discussed the cases corresponding to zero correlation and a non-zero correlation between the
two Wiener processes. The constraints on fishing effort and minimum viable population level

remained as before. The optimal harvesting strategy, however, maximized the expected net



7. Summary and future directions 156

present value (ENPV) of the total flow of profit. Stochastic dynamic programming was em-
ployed to determine the optimal solution. We first considered random growth and constant
price and analyzed the effect of growth variability on the optimal harvesting policy. When
harvesting was carried on over a short term, both optimal effort and optimal population level
decreased with an increase in growth variability. For long-term harvesting, a rise in growth
volatility lowered the steady state associated with the long-term optimal solution. Next we
considered both growth and price to be random and examined the influence of growth and
price volatility on the optimal solution. A sensitivity analysis with respect to the catchability
and cost parameters was performed on the expected total discounted profit and the conclu-
sions were found to be in agreement with those obtained in the deterministic environment.
We also computed the correlation coefficient between the fish price and population undergo-
ing optimal harvest. The coefficient of correlation was found to be mostly negative, and it

displayed a high increase in magnitude following an increase in price variability.

Chapter 5 presented the above-mentioned stochastic optimal harvesting problem in a real-
options framework. Instead of maximizing the expected net present value of total profit,
this approach focused on determining the option value of harvesting. The optimal solution
obtained using real-options theory was compared with the optimal solution determined using
the ENPV approach in Chapter 4. It was found that the option value of harvesting exceeded
the expected net present value of total profit while the optimal effort produced by the real
options technique recommended harvesting at a reduced level. We also performed sensitivity
analyses of the optimal effort path and the optimal population growth with respect to various
parameters present in the model. Finally, Chapter 6 demonstrated the influence of price
elasticity of demand on the optimal harvesting policy. The ENPV approach was employed

to determine the optimal solution.

In each chapter, we obtained a partial differential equation which was always non-linear and
highly complex. Therefore, the possibility of an analytical solution was ruled out and nu-
merical methods were used to solve the partial differential equation and obtain the optimal
solution. To approximate the spatial and temporal derivatives we can use a forward differ-

ence scheme, a backward difference scheme or an average of the two; this choice determines
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whether the finite-difference scheme is ezplicit or implicit. Each numerical scheme (explicit
or implicit) has different stability criteria and truncation errors; further details can be found
in Thomas (1995) and Dunn et al. (2006). The stability condition for an explicit method
depends upon the temporal and spatial step-sizes. The HJB partial differential equation for
deterministic case can be solved using an explicit finite-difference scheme. However, for ran-
dom environment, the explicit scheme exhibits stability and convergence problems. Therefore,
we use an implicit (Crank-Nicolson) finite difference method for solving the partial differential

equations obtained in each chapter.

7.2 Future directions

This thesis is a comprehensive study of optimal harvesting policies for fisheries. Nevertheless,
the problem studied here can be used as a basis for future research; some specific guidelines

for further research are recorded below.

1. Critical depensation

Throughout this study we adopted variations of the Schaefer model, which is based on the

logistic function, to represent biological growth. Recall from Section 1.1 that in the logistic

f(@)

models, the proportional growth rate is a decreasing function of z, i.e. they are pure

compensation models, whereas, if @ is an increasing function of x for some values of x then
depensation exists. In our study, the minimum viable population level was modelled as a
constraint on the state. On the other hand, the minimum viable level can be included in the

growth dynamics when modelling depensation. Consider the differential equation

This equation possesses a critical threshold at x = K, which is the minimum viable population
level. Solutions with initial conditions above Ky approach K, whereas those starting below

Ky decay to zero. Since the net growth rate is negative at population levels lower than
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Ky, this model exhibits critical depensation (Clark, 1990). Adding harvesting to the critical

depensation model yields
dx T T
e | (1——>—E.
a7 <K0 ) K) T
There is a trivial equilibrium at «* = 0 whilst the remaining two equilibria are the roots of

the quadratic equation
x x
| (1——)—E: . 1
r <K0 ) e q 0 (7.1)

Some of the consequences of multiple equilibria in the context of fisheries are discussed in
Larkin et al. (1964). Equation (7.1) undergoes bifurcations at the critical parameters E*,
since solutions of the system change discontinuously as E traces E* (Kot, 2001). An inter-
esting problem for future research would be the net profit maximization from harvesting with
critical depensation in stock growth. This is especially challenging as the constraint on effort

FE must be chosen judiciously so that catastrophic effects on the population can be averted.
2. Time-delays

The logistic model does not explicitly consider recruitment, survival or lags in recruitment.
In fisheries, our logistic model assumes a one-year time lag between changes in biomass
and net production. A Lagged Recruitment, Survival and Growth (LRSG) model was ana-
lyzed by Hilborn & Mangel (1997). Another approach to represent net growth is to employ
delay-difference models. These models are a little more comprehensive than simple pro-
duction models because they explicitly contain the age-structured dynamics of population,
including the lag between spawning and recruitment. A comprehensive reference in this
area is Quin & Deriso (1999). Such models are important because they address the issue
that ecosystems cannot respond simultaneously to recruitment and changes such as harvest-
ing. A simple modification of the logistic growth equation to incorporate delays is due to

Hutchinson & Wright (1948) and is given by the delay-differential equation

ﬁ:rm(l—W);ﬁ(S)zxo(S)a —T<s<0.

where the single time delay is represented by 7. Delay-differential equation models tend to

exhibit destabilizing effects in the form of oscillations. In the context of harvesting, time
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delays can appear either in the growth function or in the harvesting term. Two recent works
that consider such problems are Berezansky et al. (2004) and Cui & Li (2007). In both these
works the time delay in the harvesting term appears in the population part. For example,
in a delay model of a lobster fishery there is a delay in getting the information of the lobster

population which yields the growth dynamics as
==ra(1- %) —aB@w(t—7)
=rx 7 q x 7).

A future research problem would be to maximize the net profit from harvesting as formulated

in this thesis, with the stock growth dynamics given by the above delay-differential equation.
3. The theory of games

Another area to explore is to determine optimal harvesting strategies using game-theory. We
now briefly outline the concepts underlying game-theory and also provide a game-theoretic
formulation of the optimal harvesting problem in the presence of two harvesters. The theory
of games is designed to analyze strategic interactions among individuals; these individuals
can be persons, firms, nations, or others. An elementary introduction to game theory can
be found in Osborne (2004). The individuals in the theory of games are called players and
have courses of actions available to them called strategies. Each player expects a return or
payoff when following a particular action. The magnitude of this payoff depends on the
other players’ actions and payoffs. A satisfactory payoff to each player is termed a solution
to the game. However, in many cases, such a solution does not exist. A two-person game
is a zero-sum game if one player’s gain is exactly equal to the other’s loss, otherwise it is a

non-zero sum game.

There are two broad classes of games: cooperative and non-cooperative. In a cooperative game
the players can communicate with each other and have an incentive to cooperate. A solution
to a cooperative game exists if no player is better off by unilaterally deviating from the

cooperative solution. In a non-cooperative game, no communication exists between players.
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Differential Games

A differential game is a mathematical model of a competitive situation which evolves continu-
ously in time (Dockner et al., 2000). The two main features of a differential game are: (i) the
set of state variables characterizing the dynamical system, (ii) evolution of the state variables
described by a set of differential equations. Due to their dynamic nature, differential games
are well suited for modelling resource management problems. Consider a differential game
played by N players over a time horizon [0, 7] where T" could be infinite, in which case the
time horizon becomes [0, o). The n-dimensional state vector is denoted by . When N = 1,
the differential game reduces to an optimal control problem. The variable u;, known as the
control variable, denotes the action taken by player ¢ and is, in general, an m-dimensional
vector. If the game is non-zero sum, each player ¢ seeks to maximize his total payoff over the

planning horizon, discounted at the rate p; > 0:
T
Ji = ¢;(x +/e Pitgi(zut)dt,. ... i=1,2,...,N
0

subject to

z = f(x,u,t).

where u = (ug,us,...,uy) is called a strategy profile. Most of the problems in economics fall
into the category of non-cooperative games (Dockner et al., 2000). Since we are investigating
a bioeconomic model of a fishery, we confine our discussion to non-cooperative game the-
ory. The simplest non-cooperative solution strategy is a non-cooperative Nash equilibrium
(Nash, 1951). A strategy profile (uj,u3,...,u},...,u}) is said to be a Nash equilibrium if the
following holds for i = 1,2,..., N:

Ji(ul,ug, . oug, . uy) > Ji(ul,ug, .o ug, .., uyy)  for each admissible w;.

i.e., unilateral deviation from a Nash strategy does not result in a better payoff. However,
a Nash equilibrium may not be unique. Furthermore, for each player, we can define the

Hamiltonian in the usual manner as

Hi(x7ua)‘at) = eipitgi(x7uat) + )\Tf(.%',uﬂf).



7. Summary and future directions 161
Then the conditions for a Nash equilibrium can be specified as
Hi(ul, ugy oo ufy oy U, AE) > Hi(ul, gy oo Uiy ooy U, AT (7.2)

In addition to Equations (7.2) we have the boundary conditions

g OH;
i — a)\z y
and costate equations
A= ——+
) (9.%'1 )
with transversality conditions
00;
A(T) = —
() Ox;(T)

The solution to the game consists of the vector u*= [u]

e u*N]T which provides the action of

each player in an analytical form. A Nash equilibrium can be open-loop or closed-loop. An

open-loop strategy is a strategy dependent on time ¢ only, and is fixed from the outset. A

closed-loop strategy, on the other hand, is conditioned both on time ¢ and state vector x(t).

What occurs prior to time ¢ is irrelevant, only the current state vector is of significance. For

this reason, closed-loop strategies are also known as Markovian strategies.

Open-loop and closed-loop solutions of differential games

Consider the N-player differential game where the ith player wishes to choose his control w;

to maximize

T
Ji = /gi(m7taula s 7uN)dt7
0

subject to the constraints

z = f(z,t,u1,...,uy), x(0)=x,

where z is a state vector of dimension 1. We assume that there are no constraints either on

the controls or the state variable.
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Open-loop Nash solutions If the ith player is given the open-loop Nash controls u;‘ (1),
where j # 4, for all his competitors then he can obtain a set of necessary conditions for
his own open-loop Nash control using the established methods of optimal control theory, as

follows: Define the Hamiltonian for the ith player as

Hi(:b',t, UL,y - .. ,uN,)\i) = gi(x,t,ul, ... ,uN) + )\if(x,t,ul, o ,uN).

Since w}(t) must maximize J; when the other players use their Nash controls, the following

first order necessary conditions must hold:

r = f($7t7u>{7""u}<\f)7 ,.’,U(O):ZC(),
OH;(x, tyud, ..., uh, A
ANit) = — il 1@33 N Z),...,A,»(T) =0,

OHi(z,t,ul,. .., ux, \i)
=0. 7.3
9, (7.3)

OPH(z, t,ut,. .. uh, N
i@ 1(;1 5 N l)is negative semi-definite on the optimal Nash pat{i7.4)

Uu;

Equations (7.3) fori = 1,2,..., N provide a set of necessary conditions for the entire N-tuple

of Nash open-loop strategies. These equations can be solved either numerically or analytically
to obtain a control vector u*(t) as a function of x,t, A1, ..., Ax. It must be noted that the

1th player’s Hamiltonian is maximized only with respect to his own control, i.e.

OHi(z,t,uf, ..., ux, \i)

au] #077’#]

Closed-loop Nash solutions If the ith player is given the closed-loop strategies u}* (z,t),

where j # ¢, for all his competitors then he has to solve the system of following necessary

conditions:

x = f(z,t,ul,...,uy),...,2(0) =z,

N
OHi(x, t,ug, ..., uy, \i) OH; Ou;
)\7,t - ) Yy ) ’ ’ _ 7J’ , ZT :O,

(*) oz — OJu; Ox (7)

J#i
OHi(z,t,ul,. .., u, \i)
=0.
8ui

N

We see that for N > 2 the summation term Z %8@% gives rise to a set of partial differential
1

equations, generally extremely difficult to solve, unlike in the single player case (N = 1)

where the summation term is absent.
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Another approach dealing with closed-loop Nash controls is the dynamic programming tech-
nique. If V;(z1,t1) denotes the optimal profit for the ith player starting from state x; at time

t1 then

VL'(.%‘l,tl) = rriax [gi<$1,t1)5t + Vz(SUl + (53?1,t1 + (5t)] R

_%‘f = maxH;,...,V(z(T),T) =0.

These are the generalized Hamilton-Jacobi-Bellman equations. The solutions to these are

obtained by integrating backwards from the terminal boundary condition V (z(7"),T") = 0.

Differential games in fisheries resource management

The problem of managing a fishery resource being shared by two different nations or firms
was illustrated by Clark (1985), using the famous Prisoner’s Dilemma (Luce, 1958) discussed
extensively in game theory. To keep the problem simple, Clark ignored the fishing costs. The

simplified problem was to maximize the discounted revenue
o0
/e_ptph(:c)dt,
0

subject to

z = f(z) — h(z),
where it was assumed that the two countries hold identical financial opportunities (same fish
price p and discount rate p) and have the same harvesting power. We now present a brief
review of the approach taken by Clark. Straightforward application of the Euler-Lagrange

equation from Section 2.2 (Equation 2.21 with cost equal to zero) yields the optimal biomass

f'(@") = p.

The global economic return from the resource at x = z* is the discounted revenue Lﬁf*);

this is the present value of the revenue earned by employing sustainable harvesting leading
to conservation of the resource. Suppose that x(0) = z*, and consider two possible strate-
gies: "deplete the resource" and "conserve the resource". Since the available biomass is z*,
depleting the resource as rapidly as possible would yield an economic return of px*. Note

that the growth rate is assumed to be zero during the time taken for depleting the resource.
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Thus if both countries adopt the depletion strategy, each would get a return of %. If, on

the other hand, they both adopt the conservation strategy then each would get a return of

%i*). Hence the payoff matrix for the fishing game is obtained as
conserve deplete
conserve (%z*), %?) (0, pz*)
deplete (pz*,0) (pg* ) pg* )

If 2% > L (ﬁ*), the depletion strategy obviously works better for each country (regardless of

the strategy that the other country adopts). This will motivate each country to deplete

«
the resource, thus receiving a return of %-. However, if there was one player involved, it

would be adopting the conservation strategy only which means Z@ > pa*. It follows

then that % < %ﬁ*), which in turn renders the mutual depletion strategy inferior to the

mutual conservation strategy. The solution ("deplete the resource","deplete the resource"),

referred to as the competitive equilibrium, is decidedly inferior to the solution ("conserve the

conserve the resource"), referred to as the cooperative solution. If x* < %, the

resource","

first country would be better off conserving if the other country followed the same strategy.
This is however a highly unstable situation as one country might be tempted to deplete when
the other one conserves, thus leaving the country following the conservation strategy with
essentially nothing. If both countries choose to deplete, they again end up with the inferior

.
return of %.

A simple differential game with two players was solved by Clark (1980). The problem was
an extension of the problem presented in Section 2.2, from one harvester to two harvesters.

The fish growth model was the Gordon-Schaefer model:

r = rx (1 — %) —q1Ex — qEox, . .. 755(0) = Zo,

0 < Ei<E™ . i=12,

where ¢ stands for the ith player. The harvesting costs were assumed to be linear in fishing

effort and the objective of each player was again to maximize his respective discounted profit

o0

J; = /epit(piqix —ci)Edt,...;1=1,2.
0
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The optimal biomass corresponding to the scenario where each player was operating alone
were denoted by z7,i = 1,2. These could be determined by solving the quadratic Euler-

Lagrange equations (see Section 2.2):
(—2rpiqi)(x)? + [ciri + Kpigi(ri — p;)] xF + Keip; = 0.

Additionally, z°,7 = 1,2, denoted the bionomic equilibria at which the economic rent van-

1

ished. These were given by z{° =
Piq1

and z3° = % (see Section 1.1).

Assuming that 29° < 25°, i.e. the first player is more "efficient" than the second player, the

non-cooperative Nash equilibrium was given by

This implies that the first player, being the most efficient, started by harvesting enough stock,

thereby reducing it to an appropriate level that eliminated the second player. That is, the
second player was forced to exit the fishery. If the efficiency of the first player was much
higher than the second player then the former could harvest zj, tantamount to operating

alone.

A differential game between two players, where one player makes the first move and the
second player follows, was considered by Benchekroun & Long (2002). In this work, the first
mover’s catch rate was hq(t) = F1(t)x(t) and the net benefit was Ry (h1(t)). The net benefit
Ri(hi(t)) was independent of the other player’s fishing effort, Es(t), because of the first move.
The net benefit to the follower, however, was dependent on both hj(t) and ha(t) as well as
x(t), denoted by Ra(hi(t), ha(t),z(t)), where ha(t) = Ea(t)x(t). The rate of fish growth was
given by
z = f(x(t), Er(t), Ea(2)).
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The objective of the first mover was to maximize

/ PRy (hy (t))dt,
0

and the objective of the follower was to maximize

o0

Jy = / e Ry (ha (1), ha(t), 2(2))dt.

0
It was noted that the first mover had to follow a more conservationist approach than he
normally would have if he was operating alone. Deviating from that strategy would trigger
an aggressive response from the second mover, leading to overexploitation of the resource.
This scenario, where the action of the second player depends on the action of the first, admits
a solution normally called a Stackelberg equilibrium. The action of the leader can be observed
by the follower before taking an action. This problem is of Markovian nature with solutions

Ef(x) and E5(E7(z), ).

Dockner et al. (1989) studied a two-player differential game, and provided both Nash and

Stackelberg equilibrium solutions to it. They maximized the usual objective function

o0

J; = /epit(pqix —¢)Edt, i=1,2,
0

with no constraints on the effort and assuming a Gompertz growth function for the stock,
given by

z=x(a—blnx) — qF1z — qaEsx.
They concluded that the profits of both players were higher in the Stackelberg case than in
the corresponding Nash case. Extinction of the fish population in finite time was ruled out

due to the structure of the growth model.

Munro (1979) investigated the problem of optimal management of renewable resources jointly
owned by two states using Nash’s theory of two-person cooperative games (Nash, 1953). In
this work Munro assumed that there was only one harvest function h(t), to be allocated by

means of harvest shares to both states: ah(t) to the first, and (1 — a)h(t) to the other. The
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objective functions of the two countries could then be expressed as

J1 = e ta(p — c(z))h(t)dt,

Jy = e P2'(1 — ) (p — c(z))h(t)dt.

0\8 0\8

Through an agreement, both states decided to maximize the weighted sum of the objective
functionals
J=BS1+(1=p)Ja...,0<8<1,

where § was a bargaining parameter weighing the preferences of each state: = 1 indicated
that the first state was dominant and 8 = 0 indicated that the second state was dominant.
Munro considered three cases: (i) p; # py with equal harvesting costs, (i) p; = py with
variable harvesting costs, (iii) p; = py with equal harvesting costs and variable fish prices.
The first two cases turned out to be easy to tackle but the third one proved to be significantly

more difficult, allowing for the possibility that the optimal control could fail to exist.

Nash’s cooperative solution is not the only game theoretic model available. Another approach
is based on the Shapley value (Shapely, 1953). In a survey paper related to fisheries manage-
ment, Bjgrndal et al. (2000) considered the Shapley value approach. According to Shapley,
players form coalitions which define their contribution in the cooperative agreement and, as
a consequence, their bargaining strengths. This is done by the definition of a characteristic
function which assigns a particular value to each member of a coalition. The Shapley value
is deemed to be a fair treatment to all players involved as it takes into account their rela-
tive strengths. A paper by White & Mace (1988) analyzed a four-player game between two

harvesters and two processors based on the characteristic function approach.

Finally, the players may be receiving measurements of the state subject to noise. This
situation gives rise to stochastic differential games where the state equation is generally of

the form
N

x=f(z)— Z ¢ Eix + oxdw,
i=1

and the objective, as usual, is to maximize the expectation of the present value of the dis-
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counted profit
T

Ji = maxE /ep"t(pqz'Eix —¢i(E;))dt
' 0

Examples of such games applied to fisheries are found in Jgrgensen & Yeung (1996) and in
Laukkanen (2003).

A formulation of a non-cooperative differential game with two players

We now follow a game-theoretic approach to formulate the optimal harvesting problem pre-

sented in Chapter 3. The differential game with two players is posed thus
T
J; = max /e_pit(piqiEirv —c(Ey))dt, ,i=1,2

Us

0

subject to

T =rx (1 — %) — Bz — @pErx, x(0) = xo,

where ¢;(E;) are the quadratic harvesting costs: ¢1(E1) = a1 Fq1+ %E%, co(E9) = agEQ—&—%E%,

and the index ¢ refers to the ith player.

Open-loop Nash equilibrium We first present the case where fishing effort is only a
function of time and is independent of the state. The Nash equilibrium obtained here would

correspond to the open-loop solution. The Hamiltonians for the two players are formed as

M, = e Pt (pigi Bi(t)z — ci(Ei(t)) + A [m (1 - %) — q B (t)z — qQEg(t):B] L i=1,2.

The necessary optimality conditions are:

gg: = e P (pigiw — i(Bi(t)) = Ngiw =0, i=1,2,
N = —e PilpgiEi(t) — ) + 27«)%% + X (@B () + @B (8), M(T) =0, i=1,2.

Closed-loop Nash equilibrium We now consider the case where fishing effort is depen-
dent on both current state and time. The two Hamiltonians as well as the stationarity

conditions are the same as in the open-loop case, but £ and Es now are functions of the
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stock as well as time. The additional complication arises from the extra terms in the costate

equations:

No= et (piqlEi(t’x(t)) +piqix8E¢(;,xx(t))_8ci(Eia(i,x(t))>

s (=7 + 20X + a1 Bt 2(0) + a2 Ba(t, 2(1)

maEl(t,x(t))+qﬁ8Ez(t,x(t)) i1
ox ox

+q1

N(T) = 0, i=1,2.

Some open problems for differential games in fish harvesting We have presented a
brief open-loop and closed-loop formulation of the optimal harvesting problem in deterministic
settings demonstrating the complexity of the two-harvester differential game. We identify

below two major open problems in this area:

(i) The players can only access noise-corrupted measurements of the state, i.e., the amount
of stock is not known precisely but its growth can be approximately modelled by a

stochastic differential equation. This gives rise to stochastic differential games.

(ii) Some players adopt open-loop strategies while others adopt closed-loop strategies.

Further research is needed to provide more insights and deepen our understanding of optimal

harvesting strategies for fisheries.
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Appendix A

Numerical solution for
deterministic growth and constant

price

We want to simulate the deterministic Hamilton Jacobi Bellman (HJB) partial differential
equation given by

SO0 _ (pyqa(t) - e - LEW) B () - 0. ((0).1)

ot 2

OJ*(z(t),t) x(t)
e — 1——=|—¢qFE" Al
$ ZEOD Ly (12 e}, )

where E*(t) is evaluated using
aJ*\ qx(t c
0, (r— %) 5t — & <0
* = oJ* x(t c oJ* x(t c

E(t) (p_Té)qu_é’ Og(p_%)qcii)_é_Emaxa (A2)

subject to the boundary conditions J*(z,T) = 0 and E*(zmin,t) = 0.

We normalize the population with respect to the carrying capacity K and denote X (t) = %

Using the normalized population, Equations (A.1) and (A.2) can be reformulated as:

AT (X (1), t)

= (paKX (1) — e = ZE(1) BY(1) = 07 (X(1),1)

RZNEOR)

aX (1) {rX(t) (1 = X(1)) — ¢E" ()X (1)}, (A.3)
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and
1 8J*\ ¢KX(t)
0, P—xox) T2 — 2 <0
*(4) = aJ* \ aKX(@) 1 8J*\ ¢KX (1)
E*(t) (r—gox) Ty — & 0= (p—x%%) Ta — & < Bmax, (A4)
N gKX
Emax; ( - %%i)() 1 CQ(t) - % > Emax

We recall that harvesting is initiated at the initial time 0 and is terminated at the final time T'
(a fixed constant). The interval [0, T'] is partitioned as 0 = tg,¢1,%2,...,ty = T where each
subinterval is of equal length, denoted by At. The normalized population X () lies between
Xmin = Tmin/K and 1, and the interval [Xpin, 1] is partitioned as Xpin, X1, Xo,..., Xy =1

where all the sub-partitions are of same length, denoted by AX.

We let J7,, and E;, denote the values of J* and E* respectively at X = X; and ¢ = ¢,, where
0<i< Mand0<n< N. The first order derivative of J* with respect to the temporal
variable t is approximated by:

oJ* . Jiﬂjn—‘,—l - JZTL

_ for 0 <n <N —1.
ot At or0sms

The values of J* and its spatial derivative are approximated as an average of the respective
values at the nth and the (n + 1)th time step where 0 < n < N — 1. The first order spatial

derivative is approximated by:

oJ* _ 1 Jiins1 — St
0X 2 2AX
o gx
i+1,n i—1n .
—l—< A X >] for0<i<M -1,
oJ* B 1 ?)Jj\"h1 — 4Jj\‘4717n + J]*\}f?,n
ox 2 2AX
3‘]]*\(4 n+1 4‘]]))\(/[—1 n+1 + J]*\(J—Q n+1
. : . for s = M.
+ ( AN )] or ¢

The error in the temporal and the spatial derivatives above is of order O(dt?) and O(dX?)

respectively.

These approximations are then substituted in Equations (A.3) and (A.4). The numerical so-

lution is calculated by moving backwards in time since we have obtained the HJB equation by
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using dynamic programming which involves backward recursion while performing optimiza-
tion. We know the J* values at the terminal time T = ¢ which can be used to determine
the J* values at time ty_1 and so on. In other words, we feed the J* values at each time ¢, 11
in the finite difference approximation of the HJB equation to evaluate the corresponding J*

values at time t,. Discretizing the HJB equation for 1 < i < M — 1 we obtain

*

J* —J* c J: Jr
_tndl e [quXi —c1— 52 i*m—f—l} Bl =0 < L w+1>

YAV 2 2
1 [ in — Jitin

} {rX; (1 - Xi) — qBf, 1 Xi}

2 IAX
1 J'*+L +1 J‘*—l, +1 .
2 [ — QAXZ == {rXi (1= X3) — qE7 0 Xi} (A.5)
and
J’L?k-i-l n+1 Ji*—l n+1 qKX,L Cc1
1 = P ’ -—. A.
i,n+1 |:p INXK :| Co o ( 6)

For ¢ = M we get the numerical scheme:

_J;\‘/[,n+1 - J]TLn
At

02 * * J?\}y JJDv +1
= |pgXp —c1 — EEM,n+1:| EMipns1 — 0 < =+ - )

2 2
1 |:3‘]J>l\</[,n - 4J1>\k4—1,n + J]T4—27n

+§ QAX :|{TXM(1—XM)—(]E7\/[W+1XM}

1390 ms1 — A 1m1 + I—antt .
3 [ SAY ] {rXp (1= Xp) — By 1 X}
(A.7)
and
B _ . 3JZT/[,n+1 - 4J]T/[—l,n+l + J;\k/[—2,n+l qK X _a (A 8)
Min+1 p AX K Co 62. '

The optimal effort is forced to satisfy the constraints by performing the following check:
if B, <0 then put E7, ., =0,

if Ef,+1> FEmax thenput Ef, ., = Epax.
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Rearranging terms in Equation (A.5) and collecting the coefficients gives

At . . SAtY
Tax U (L= X0) = B Xip g+ <1 + 2> Jin
At
_4AX {Txi (1 - Xz) - qE:n+1Xi} i*+1,n
At . . SALY
= —qax UXi (L= X0) = qBl o Xip Sy <1 - 2> i1
At . .
TIAY {rX; (01— Xi) — qBf (1 Xi} i1
C2 *
+ (quXi —C1 — D) i,n—l—l) int1e (A.9)

For i = M, rearranging terms in Equation (A.7) yields

_ At
IAX

At X . .
tAx {TXM (1 - K) - qEM,n+1XM} Iri—1m

{rXn (1= Xnm) — qBrrn1 X} Jir—on

3At . SALY
+ (1 ———= {rXu (1 - Xn) - qEM,m_lXM} + 2) Jirn

4AX
At " X
= IAX {TXM (1—Xum)— qEM,nJrlXM} JM72,n+l
At " X
TAY {rXa (1 — Xp) — aB3r i Xar b Jar 1011
3At OALY
+ (1 +AY {rXp (1= Xp) —qEy 1 X} — 2) Jirns1
C2 * *
+ (quM —C1— EEM,TLJrl) Evint1 (A.10)

Hence we have obtained a system of M equations represented by Equations (A.9) and (A.10)
and we can write this system in matrix form as follows:
AJ,=BJ, +D (A.11)

T

*
where Ju =1t Jia Tt

We solve the system (A.11) for each n = N —1,...,1,0 to find J;}. In this process the optimal
effort is found implicitly from Equations (A.6) and (A.8). Finally we obtain two matrices,
J* and E*, where each J;:n corresponds to the total discounted profit earned by initiating
the harvest at time ¢, with normalized initial population level X (t,) = X;, and each E},
represents the required optimal effort when the population level is equal to X; at time %,.
The optimal solution path starting from the given initial population level zy at the initial

time £y can then be determined by interpolation.



Appendix B

Numerical solution for stochastic

growth and fixed-price

The objective is to integrate numerically the Hamilton Jacobi Bellman partial differential

equation for stochastic growth and fixed price, given by

—W = (paa(t) — e = TE () E*(t) = 67 (a(t).1)
+ a‘]*gf)’t) {rx(t) <1 - ””;?) _ qE*(t):c(t)}
;82J*8(§§t),t)0%x(t)27 (B.1)
where
0, (- %5) 5! — & <0
FO=1 =552 -2 02— %)% - 2 < P (B2
Erax, (p—9) =D —a s B,

subject to the boundary conditions J*(z,T) = 0 and E*(zmin,t) = 0.

Normalizing the population with respect to the carrying capacity K and denoting the nor-

malized population level by X () gives X (t) = % Using this, Equations (B.1) and (B.2)

184
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can be rewritten as:

_oSM(X(®).t) _ (PaEX (1) — e = SE* (1)) B*(t) — 67" (X (1), 1)

ot
+ PO 6 x(1) (1 x(0) - a2 )X (1)
;82J*8(§§t),t) 22X?, (B.3)
and
0, (r—#%%) “50 -4 <0
BO=1 b-&x) 5% -4 02023 "5 -8 < P, (BY
Exmax; (0= %5%) 57 = & > B

As in the deterministic case, the harvesting is carried on from the initial time 0 to the fixed
final time 7" and the interval [0, T] is uniformly partitioned as 0 = tg,¢1,t2,...,txy = T
where t,11 —t, = At for 0 < n < N — 1. The spatial discretization is performed as
Xmin = Xo, X1, X2, ..., X3 = 1 where the sub-partitions are of uniform length AX. Recall
that we know the final boundary condition for the total discounted profit, so in order to
determine the solution we need to perform numerical integration moving backwards in time.
We let J7,, and E}, denote the values of J* and E* respectively at X = X; and ¢ = t,, for
0<i< Mand N >n > 0. Using the Crank-Nicolson method, the spatial derivatives of
J*are approximated as an average of the corresponding values at the nth and the (n+ 1) th

time step for 0 < n < N — 1 as follows:

aJ* (X(t),p(t), t) _ 1 J72k+1,n+1 - Jitl,nJrl
0X 2 2AX
* — J*
i+1,n i—1n .
_ for1<:<M-1
+ ( SAX )] or 1 <1< ,
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+
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2AX '
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The second order spatial derivatives of J*(X(t),p(t),t) are approximated by:

O J*(X (), p(t), 1) _ 1 [(Ji*ﬂ,j,nﬂ — 2Jijnr1 + iy, ”+1>
X2 2 AX?2
S in— 205+ TR
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o (Pngn =51 ¥ 250 = Tasgn\| gl
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The temporal derivative is approximated by:

87‘] Jz*n—i-l Jz*n

for 0<n <N — 1.
ot At or0smns

For 1 <i < M — 1, discretizing the HJB equation (B.3) gives
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For ¢ = M, we get the numerical scheme:
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The error in the temporal and the spatial derivatives approximated here is of order O(dt?)
and O(dX?) respectively. The optimal effort is calculated from Equation (B.4) and is ap-

proximated as follows:

J;: - Jr 1\ ¢KX; ¢
% i+1,n+1 i—1,n+1 q 1
' - : — — = for1<i<M-—1,
2,n+1 <p INX K) . . or )
E* _ B 3J]>\k/[,n+1 o 4J]>\k471,n+1 + Jj\k4—2,n+1 i qKXM B ﬂ
M,n+1 p AN I o o

We force the effort to fsatisfythe constraints by performing the following check:
if B, <0 then put E7,, ., =0,

if Ei*’n_pl > Frax then put E;n+1 = Fmnax,

and substitute it in equations (B.5) and (B.6). Substituting and rearranging the terms in

Equation (B.5) we get:

At . Ato? X2\
< {TXi (1-Xi) - qu,nXi} - s > i—1n

4AX 4 AX?2
w1+ @ At O'%X2
2 2 AX2
Ato?X2\

= (quX —c1— 7E;kn+1> Bl

At
+< IAX {’I“X

AtoiX?\
zn+1Xi}+4A1X;> i—1,n+1

At X Ato? X2\
+ <4AX {rx;(1-X;) - qu,n+1Xi} + 4A1X2> S (B.7)
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Rearranging the terms in Equation (B.6) we obtain:

At N
(WU%X?M> JM—3,n

+ <_4AX {TXM (1—Xum)— qEM,n+1XM} — At A X2 ) IM-2n
At . 5AtoTXE Y .
+ <AX {rXn (1 —Xn) — qBrp i X} + e AXA24> M-1n
SAt  3At At o2 X?3
1+ 220 - 228 X (1= Xoy) — B Xt —— 22 s
+< + 5 4AX{T M ( M) —q Mmn+1 M} 2 AX2) Mn

C2 * _At *
= (quXM —c1— EEM,n-‘rl) BN + (WO%X%”> Jn—3m11

Tliax {rXa (1= Xn) = aBippn Xur} + At~ s | Iu-ann

At . BAtoiX3,\ .
+ (—AX {rXa (1= Xnr) = By Xar} — 4A1XA24) M-1,n+1
2 4AX

N At o2 X3 N
{TXM (1—Xum)— qEM,n+1XM} +7 Ale\;) I nt1-(B-8)

Equations (B.7) and (B.8) represent a system of M equations which can be written in the

matrix form as:

AJ: = BJ:. +D, (B.9)

T
J* = * * L. *
n Jl,n JZ,n JM,n

The system (B.9), along with the boundary conditions, is solved for each n = N —1,...,0
using MATLAB. This procedure yields two matrices, J* (the maximized total discounted
profit) and E* (the optimal effort), for each possible value of the initial population level.
As in the deterministic case, the optimal harvesting policy for a particular initial population

level can be determined by interpolation.



Appendix C

Numerical solution for stochastic

growth and price

We wish to obtain a numerical solution of the Hamilton Jacobi Bellman equation correspond-

ing to stochastic growth and stochastic price:

R e [(p(t)aa(t) - 1~ ZE) B©) - 0
a *

*

J 0N | 07
2 {0 (1= 52) —aeysto)} + st
1 o%2J* 5 9% J*

+

2

3o e+ 3 op(t) + oo t)oap(t 1
2002 O+ 35uE PO e o) (G
where the optimal effort is given by
0, (p(t) - 2Ly« —a <
* = aJ* z(t c aJ* o (t c
E) (p() = %) 52 — &, 0< (p(t) = ) T2 — & < Binax,
B (b(6) = 57) %57 = & > B

We are solving the equation corresponding to a non-zero correlation between population and
price. The solution for the case when fish stock and price are uncorrelated can be obtained

by equating the correlation-coefficient p to zero.

Normalizing the population with respect to the carrying capacity K and denoting the nor-

189
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malized population by X (t) we can rewrite the HJB equation as:

9J*(X (1), p(t), 1)

= |(POaKX (1) = 1 = ZE*()) E*(t) = 677 (X (), p(2). 1)

ot
OJ* (X (t),p(t),t "
EOPOD (0 x(1) (1 - X)) — 0B (KX (1)
OJ* (X (t),p(t),t a2 X ()2 02T (X (t),p(t),t
n (()p())upp(t) 1 X (1) (()219())
dp 2 0X
2, (1\2 92 7% 2 7
o3p(t)? 2T (X (1), p(t) 1) | 02
X . 2
+ =25 o2 + axap”! (t)oap(t) (C.2)
where
0, () — % 5%) TG — e <0
FO=1 00— 5 459 -8 0200 - 15) "5 - 8 < B (09
Ema)u (p(t) - %% %)2((0 - % > Emax
The boundary conditions associated with the problem are:
J(X,p, T)=0, J(X,0,t) =0 and E*(Xpmin,p,T) =0, (C.4)

where Xpin = 22 (normalized minimum viable population level).

We perform numerical integration using the Crank-Nicolson finite-difference method. As
before, the initial time is assumed to be 0 and the final time is T' (a fixed constant). We
discretize over time by dividing the interval [0, 7] into N equal sub-intervals of size At
as: 0,t1,ta,...,ty = T . The normalized population lies between [Xp,in, 1] and this inter-
val is partitioned as Xmin, X1, X2,..., Xy = 1 where all the sub-partitions are of uniform
length AX. The price is assumed to lie between 0 and 1 and the interval is partitioned
as 0,p1,p2,...,pr = 1, again all the sub-partitions being of equal length Ap. We let J*

/L7j7n

and EF

Z?]?”

0<i<M 0<j<Land0<n< N. The values of J* and its spatial derivatives are

denote the values of J* and E*respectively at X = X;, p = p; and ¢t = ¢, where

approximated as an average of the derivative approximation at the nth time step and the

(n + 1)th time step.
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For 0 <n < N — 1, the first order derivatives of J*(X(t),p(t),t) are approximated by:

T (X (1), p(t).1)
ot

T (X (1), p(t).1)
0X

OJ* (X (t),p(t), 1)
Op

where 1 <t <M —-1land1 <3< L—1.

For i = M,

Z7j7n+1 Z7J7n

At ’

J* —J*.

* *
1 [(JiJrl,j,nJrl - Jil,j,nJrl)

2 IAX
itLim

_Ji)k—l,j,n
v ()]

J;:j+1,n+1 - ']i)tj—l,n—l—l
2Ap

1
2

+

For j =1L,
0J*(X(¢),p(t),1)

2 = 5

+

JE —J*.
Jt1ln 1,j—1,n C 5
* ( 2Ap >] ’ (C.5)
_ L[ (3 g = gt Thi2m
o2 2AX
30 gnt1 — A1 g1 T2 (C.6)
2AX ) :
3JiLmi1 — 4JZL71,n+1 + JZL72,n+1
2Ap
BTFp 0 — AT 1+ i o o
2/\p ' :

The second order derivatives of J*(X (t),p(t),t) are approximated by:

* * *
K gt — 2 T Ji—l,j,n+1>

AX?

AX?

+ (Ji*+17j7n =27+ Ji*l,j,n>:|

* *
—2J7 1 i

PI(X(),p(0),t) 1
0X2 2

82J*(X(t),p(t),t) o 1 ‘]i)tj—i-l,n—l—l
Op? 2

Ap? )

_l’_

Jijirn =205t i an
Ap? ’

PIX@),p(t),t) L[ Thagrime — Jirtgtnrt — S T 1
X p 2 AAXAp
JZ‘*_A,_l j+1n Jit1 Jj—ln = ‘]i*—l j+1,n + Ji*—l j—1,n
s s P ) . s > ’ . 0‘8
+ < 1IAX Ap )] (C8)

where 0 <n<N-1,1<t<M-land1<j<L—-1.
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Fori=M1<j;<L-1,

?T (X (t),p(t).t) _ 1[(2Shrjne1 — S h—rjnr T A N2 — I—s g
0X? 2 AX?2
+ JMjTL 5JM ljn+4JM 2,3,n ‘]J>|\</[—3,j,n
AX?2 ’
82J*(X(t),p(t), t) — 1 JM]-i-l n+1 2JM] n+1 + JM] 1,n+1
8]?2 2 Apz
_|_<J* J+1n 2JM]n+JMj 1n>:|
Ap? ’
T (X (), p(t),t) _ 1[5 v — O hrj1mar — 8 204
DX 0p IAXAp
+ 8JM 2,5—1,n+1 + 3JM 3,7+1,n+1 3J]>‘\<473,j71,n+1
ANX Ap
SIhr—1jr1m — 91 -1 — 82 j41m
ANX Ap ’
80210 33 410 — 3T M3 -1
+ o )] (C.9)
Forj=L0L1<i<M-1,
?7 (X (t),p(t),t) _ 1[(Jirme —2ipmn S0
0X? 2 AX?
+ J;ikl,L,n - 2J:L nt J* 1,Ln
AX? ’
O2J*(X(t),p(t),t) _ 1 205 b1 =11 T4 o1 — JiL—sns
Op? 2 Ap?
N 20 =0 A o = S s
Ap? ’
2T (X (), p(t), ) _ 1[5t — i1 — 8T 204
DX op 2 IAXAp
n 8J7 1 —omt1 T 3951 03 n+1 — 31 L-3m41
ANX Ap
+ 5‘]1‘*+1,L71,n - 5Ji*71,L71,n - 8J111,L72,n
ANX Ap

8J7 1 —om T3S 51030 — 31 L-3n
. 1
+ IAXAp )] (C.10)
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Fori=M,j=1L,

dX dp 2 2AX Ap
N T3 o r—2nt1 T 3901, 0-3n41
2AX Ap

—3J020-3n41 T30 301041 — 3 M3 L-2m41
2AX Ap

+ _11Jj\k/[71,L72,n + 8‘]]*\(471,[/71,71 - 11‘]A;\k/AffZ,Lfl,n—i_
2AX Ap
14J]T4—2,L—2,n + 3J?\<4—1,L—3,n
2AX Ap

=3Iy 0030 T3 3010~ 3 31 -2n
2AX Ap )

O*J*(X(t),p(t),t) _ 1 {(‘11JX41,L2@+1 + 801, n—1m1 — 1o 11

+

(C.11)

The optimal effort is constrained as follows:
if Ef,.1<0 then put E7, ., =0,

if B,11> Fmax  then put E7, . = Epax,

The error in the temporal and the spatial derivatives approximated here is of order O(dt?)

and O(dX?) respectively.

The approximations (C.5)-(C.11) are substituted in Equations (C.2) and terms are rearranged.
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For1<i<M-—-1,1<7<L—1 we obtain
At At
|:{7"Xi (1= X3) = qBijni1Xi} Ti5 — 2X124AX2] Ji-1,jm
+ 1+T+ Xl 2AX2 +0'2pjfp2 Ji,j,n
[ At At
| =X (1= X3) = aBign1 X} oy — 2X’24AX2] Jit1,jn
+ /’Lpp]4A 2 ]4A 2:| Jivjflvn
At ) At
[ At
+ —UIUZXiijM] Ji-1,j-1n
i At
+ OlngipjpSA)(Ap} Jic1j41m
[ At
+ Ula?XipijXAp} Jit1,j-1,n
[ At
+ —U1U2Xz‘pj08AXAp] Jit1,j+1,n
= {quX —c — 22E 5., n+1} E; jnt1
[ At At
+ | {rXi (1 = Xi) — qEijn1Xi} v Ax T U%Xfw] Ji-1,jnt1
Tl -5 — i om by Jijnt1
At At
+ [ {rXi (1 = Xi) — qBijn1 Xi} v IAX + U%XEM] Jit1,jn+1
i At At
+ —,upij o3 34A 2] Jij—1n+1
[ DL o A
+ uppJ4A + o2p I 107 Jij+1,n+1
[ At
+ -0'10'2Xipjp8Am):| Jio1j-1n+1
[ At
+ —U1U2Xipjpm] Jic1j41mt1
i At
+ —U1U2Xz'pj08AXAp] Ji+1,j71,n+1
[ At
+ 0102Xipjpm Jit1,j41,n+1 (C.12)
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Fori=M,1<j<L~—1weget

2
[ XM4AX2}JM dm
X (1—Xup)—qFE X } At X Al J
7’ M M QLM jn+1AM 4AX MAX2 M—2,4.n
o2 BA
+ {TXM(I—XM)—CIEM,gnHXM} XM4AX2 IM—1jn
OAL 3AL
14+ — —{rXy(1—-X —qErine1 X
+[ + {rXum( M) — 4EM jnt1 M}4AX
At At
_UlXMQAX2 +O'%pj22A2:| JM,j,TL
At , At
+ :u’ppj4A 2p] 4A B JM,j—l,n
At At
+ _:uppj4A ng?élA 2:| JM,]+1n
5At 5At

+ |—o102 X ppjp

At

] IM-1j+1n + [Ulo'zXijpgAXAp] IM-1-1,n

SAX Ap
[ At At
+ 0102XijPAXAp} Jv—2j41.n + [—0102XijPAXAp} IM-2j-1n
: 3AL 3AL
+ _UIU2Xijp8A)(Ap] JM-3j+1n + [0102Xij08AXAp

] JM-3,j-1n

C
= |pgKXp —c1 — jEM,j,nJrl} Enrjny1 + [ XM4AX2} JM-3jn+1

At At
+ {TXM (1—Xun) = ¢BrvjmiXm} v 4AX U%X?WAXQ} IM—2,jn+1
' o2 DA
+ | ={rXn (1= X)) — qBrjn1 X} ﬁ XM4AX2 JM-1,jn+1
[ (5At 3At
+ 1—— —l—{TXM (1 —XM) _qEMjn+1XM} 4AX
At At
o2 2.2
TiXigaxe ~ OHign 2} IMjnt1
' At , At
+ _ ~HpPi g + o3Pt 182 IMj—1n+1
A , At
+ _,uppg 1Ap + 050 5 182 IM j+1n+1

5At 5AtL

+ |o102Xppjp
- At At
+ —JlagXMPjPAXAp] IM-2jt1n1 + [Ula?XijpAXAp}

3AL 3AL
SAXAp

+ o102 X pupjp } JM-3j+1n+1 T [—0’102XMPJ',0

= L — Xumip———
8AXAp} JM-1j+1n+1 T [ 0102 MPJP8AXAP

SAXAp

] IM-1j-1,n+1

IM=2-1,n+1

] JM-3j-1n+1

(C.13)
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For1 <i< M —1, j =L this gives

At 5o, AL
ax o 4AX2] Jic1 L
SAt  3AL

[ At At
|1+ — = “—ppr + 01 X} o33 } L

|:{T‘XZ (1 — X; ) qE@ L n+1X }

2 1Ap igax2  TPLop?

[ At

—rX;(1-X; Eirn1 X o2 X? 1 L
+_ {rXi( i) = 4B L1 }4AX Z4AX2]J+1,L,
LyAp?

At At
_—MIDPLZLA ZPLA 5 | Ji,L—2n

[ At 5 BAL

+ _:u’ppLA + UZpL4A ) Ji,L—l,n
5At

SAX Ap

At

prA_XAp] Jit1,L-2,n + [—Olain
3At

SAX Ap

+ |o3p ] JiL—3n

5AtL
SAXAp

At
PLOAX A,
3AL

+ | —o102XipLp } Jit1,L-1,n + [UIU2XiPLP

+ |o102X;

+ | —o102XipLp

c2
= |pgKX;—c1— S E; n—i—l] Ei 1n+1

2

At At
[ {(rXi (1= X3) = qBi 01X} o + 01 X7 ] Ji1,Ln+1
_.I_

IAx T A
_1 - % + iAA;MPPL oi1X7? 2AA;(2 +o3p] 22752} JiLnt1
" {TXZ (1= %) = aBurma X} 422( * G%XEZLAA;(?] Jit1,L,n41
+ :—U%pizﬁ;} Ji. L3 n+1

9 o Al 5 BAL

S5AtL LYAN;

+ (o102 XipLp

At At

+ _0_10—2XZ‘

3AtL
SAX Ap

3At
SAX Ap

+ |o102XipLp ] Jit1,L-3n41 + [_0102Xipr

] Ji—1,-1n
] Ji—1,—-2.n

} Jit1,L-3n + [UlaQXiprM?] Ji—1,L-3m

[ At At
+ _:UJpme + O'QPLAPQ} JiL—2nt1 + |:_/J’ppL Ap L4A 2] Ji,L—1,n+1
8AXAP] Jit1,L-1,n+1 + [—UlainpLPMXAp} Jic1,L-1n+1
prAX'Ap} Jit1,L—2,n4+1 + |:0102XipLPMAp] Ji1,L-2n41

} Ji1,L-3n+1

(C.14)
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And for i = M, j = L we have

7

+

_l’_

_|_

T anptP — O XMoAx2 TWLIALR

_|_

+

At

XM4AX2] JM-3,L.n

At At

oI X s
4AX AX?
, AL

Maxz | /M-1Ln
[ YAV 3AtL

1+7 —{r Xy (1= Xn) —a¢Evpn1 XM} v IAX

3AL 2yr Aty At

—{rXm (1= Xu) —gEviniXv} —— } Jn—2.n.n

{rXnm (1 —Xu) — qEM,L,n+1XM} Ax Tt ?X

} JM,Ln

[ At At At
2,2 2,2
Usz4Ap2] I, L—3n + [—Mpme - UszApQ} I, L—2n

_MppLAp L4A 5| YM,L-1,n

[ 11At ] [ TAt
010’2XMPLP4AXA IM-1,0-2,n + UlJQXMprQAXA} IM—2,L-2n

r 3AL : 2AL
0102XMPLPm JM-3, -2+ _0102XMprAXA ] JM-1,L-1n

11At [ 3AL
UleXMpLPm IM-2,0-1n + —UIU2XMPLPM
3A¢ 3AL

—0'1CT2XMPLP4AXA ] IM-1,0L-3n + [010'2XMPLP4AXA } IM-2,0-3n
' At

} IM-3,L-1n

2
= [quXM —c - EEM,L,nJrl] Empnt1 + [ o1 X3 4AX2] JrM—3,Ln+1

_l’_

_|_

+

At At
{TXM (1—-Xum)—gEvminiiXm} —— 4AX + 02X, AXQ} IM=2,Ln+1

[ 5At
- {rXnp (1 - Xpy) — qEM,L,nJrlXM} v U%X?wm

[ OAt 3At
1_T+{TXM(1_XM)_QEML71+1 Xt —— AKX

3A¢ At L, At

} JM—1,Ln+1

232
+mﬂpm + "1XMW + UQPLW:| IM, L1

- 21%@ IM,L-3n+1 + Mpme+ngLA7pQ IM,L—2n+1

At 5 DAL
__/'LppL Ap — o5p L4A 5 | IM,L-1,n+1
11At ] [ TAL
— X ——— | Jyp—1— X ——— | Jp—2 1 —
_ 0102 Mpr4AXAp_ M—-1,L—2n+1+ [0102 MprQAXAp] M—2,L—2n+1

[ 3At ] 2At
—0102XMPLPm JM-3,L-2n+1+ Ul@XMprAXA] JM-1,L-1,n41

[ 11At ] 3AL
_0'10'2XMPLP4AXAP IM—2,1-1,n+1 + 010'2XMPLP4AXA JM-3,L-1,n+1

[ 3AL 3AL
0102XMPLPm JM-1,0-3n+1 + —0102XMPLPM IM—2,L-3n+1

(C.15)
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The numerical scheme thus obtained, to find the maximized total discounted profit and the
optimal effort, is coded in MATLAB. At each stage, the optimal effort is calculated using the
formula given by E*(t) and the solution is forced to satisfy the constraints. The fish stock is

not allowed to fall below a minimum viable level denoted by Zmin.

Finally, we obtain two matrices J* and E* for all possible combinations of initial population
level zg and initial price pg. The optimal solution corresponding to a given combination of

xg and pg is determined using two-dimensional interpolation.



