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ABSTRACT 

A restricted version of the Tietze Theorem is that 

a continuous mapping of a closed subspace of a metric 

space ranging in a closed interval may be extended to a 

continuous function defined upon the whole metric space. 

This may be viewed as a property of the closed interval 

and is expressed by saying that the interval is an 

absolute extensor . Thus, absolute extensors may be 

viewed as a generalisation of real intervals, and many 

of the desirable properties of intervals have been 

generalised to the class of absolute extensors. 

In 1951, Dugundji showed that every convex subset 

of a locally convex linear topological space is an 

absolute extensor, thus dramatically extending the 

Tietze theorem. 

In this thesis, a class of subsets of a normed 

linear space is defined. This new class of sets includes 

the convex sets and it is shown that these new sets are 

also absolute extensors. 
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1 
Introduction 

The first theorem concerning absolute extens ors was 

undoubtedly the Tietze extension theorem, a theorem which is 

found in virtually every textbook of general topology, and 

which is one of the fundamental theorems of modern analysis. 

Yet, it was not until 1 9 3 1  that Borsuk [1) introduced the 

concept of absolute retracts and not until 1 95 1  that Dugundji 

[4) proved the first significant generalization of the Tietze 

theorem. The first textbook of the subject was Hu's book 

'Theory of Retracts', Hu [ 7], in 1 9 6 5. Until that time, the 

only widely read texts to have mentioned such spaces were 

Lefschetz, 'Topics in Topology', and Kuratowski, 'Topologie 

I - II', each devoting a relatively small space to this import

ant class of spaces. 

It is difficult to understand why this should be so. 

The theory is satisfying and elegant, the problems difficult 

and challenging, and, as Hu [ 7] observes, 'the theory of 

retracts serves as the natural link connecting combinatorial 

topology and set-theoretic topology'. 

A possible explanation for the slow development of the 

basic concepts is that of the emphasis in the usual statement 

of the Tietze theorem. The theorem is ordinarily viewed as a 

statement concerning the class of all normal spaces, which of 

course it is. But, and here the emphasis changes completely, 

it is also a statement of a very important property of the unit 

interval, and it is with this emphasis that the theorem is in 

the spirit of the theory of absolute extensors. The Dugundji 

theorem (Th. 2.17) is an elegant and far reaching generalization 

of the Tietze theorem. 

The problem of extending continuous functions is closely 

related to a problem which superficially appears to be of 

qui t e a d i f f e rent nature . I f ( U : a € A) i s an in de x e d fa m i 1 y 
a 

of non-empty subsets of a set Y, then the axiom of choice 

guarantees the existence of a function f : A � Y such that 



2 

f(a) E U for each a E A. Suppose that A and Y are topolog-
a 

ical spaces. May f be chosen so as to be continuous? 

Chapter I I I  is concerned with this problem and with relating 

this problem to the problem of continuous extensions. 

Due to the lack of general familiarity with the theory 

of absolute extensors, Chapter I is devoted to the basic 

definitions and the fundamental properties of these spaces. 

Indexed coverings of a space are special cases of 

indexed families of subsets, and certain results concerning 

the properties of such collections are necessary for the 

proofs of the fundamental theorems of the theory. Chapter 

I I  is devoted to the systematic treatment of certain types 

of coverings and, since this provides all of the machinery 

necessary for the proof of the Dugundji theorem, the 

chapter concludes with a proof of this fundamental and 

important theorem (Th. 2 . 1 7 ) . 

Chapter I I I  investigates the connexion between the 

problem of finding continuous extensions and that of obtain

ing a continuous choice function for an indexed family of 

sets. 

Chapter IV is concerned with proving the main theorem 

concerning continuous choice functions. A new class of sets 

is defined and it is then shown that the basic theorem of 

Chapter III may be extended to include these sets. The 

class thus provides a wide new class of metrizable 

absolute extensors. 

Another point deserves comment. Most authors define 

an indexed collection of sets as a function having the 

index set as domain and ranging in the set of all (non

empty) subsets of some set. They then proceed to ignore 

(at least notationally, and frequently philosophically as 

well) their own definition. In this paper the definition is 
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used systematically in all statements and, more importantly, 

in all proofs. I believe that the proofs become more precise 

and 'cleaner' as a result. Agreement on this may depend 

upon the reader's background and temperament. 

Finally, as pointed out in the text, the Urysohn Lemma 

remains the fundamental and perhaps the only tool for 

constructing continuous functions 'from nothing'. For 

this reason, and because of its fundamental importance in 

the theory of absolute extensors, I have included a proof 

of the theorem in the appendix, along with several definit

ions and small theorems which do not seem to be a part of 

every general topologist's vocabulary. 



CHAP TE R I :  AB S O L UTE  E XTE N S ORS  

There are  two  p rob l e ms of  t op o lo gy , c l o s e ly r e l at e d , 
w h i ch h a ve s t i mul at e d  c on s i de r ab le  re s e ar ch in  t h e  s ubj e ct : 

4 

Wh en  c an a g i ven  fun c t i on b e  e xt e n d e d? When  i s  a g i ven s p a ce 
a r e t r a ct o f  s ome l a r g e r  s p a ce? 
m a k e  p r e ci s e  t h e s e  q u e s t i on s . 

The  de fin i t i o n s  wh i ch fo l l ow 

1 . 1 De fin i t i on : S up p o s e  t h at X i s  a t op o l o g i c a l  s p a ce , A 
a s ub s p a ce o f  X ,  and f A ... Y i s  a fun c t i on . Then  F : X ... Y 

i s  c al le d  an e x t e n s i o n  o f  f i f  an d on ly  i f  F ( a )  = f ( a )  fo r 
a l l  a E A .  

1. 2 Th e E x t e n s i on P r o b l e m : G i ven  A ,  X ,  Y an d f a s  in 
d e f i n i t i on 1 . 1, un d e r  w h a t  con d i t i on s  d o e s  th e re e xi s t  a 
c on t i n uo us e xt e n s i on o f  f? 

1 . 3 De fin i t i o n : S up p o s e  t h a t  A i s  a s ub s p a ce  o f  X .  A i s  
c a l l e d  a r e t ra ct o f  X i f  and only  i f  t h e re i s  a cont inuo us 
fun c t i o n  r : X ... A s uch t h a t  r ( a )  = a for  e ve ry a E A .  
The  fun ct ion  r i s  c a l le d a r e t r a ct i on o f  X on t o  A .  

1 . 4 Th e Re t r a c t i on P rob l e m : G i ven  X an d A ,  i s  t h e re a 
r e t r a c t i on o f  X o n t o  A? 

1. 5 Rem ark : I t  i s  c le ar t h a t  t h e  re t r a c t i on p rob lem  i s  a 
s p e c i al cas e o f  t h e  e xt e n s i on p r ob lem . L e t  Y = A an d f b e  
t h e  i de n t i ty map  i A : A ... A .  Th en  t h e re i s  a re t r act i on o f  
X o n t o A i f  an d only  i f  th e re i s  a con t i n uo us e xt e n s i on o f  
f .  I n  fact , t h e  p rob l e ms are  ' e q u i v a l e n t ' ,  in  a s en s e  m a d e  
p re c i s e  by  l emma 1.7. 

1. 6 Remark : Purs u i n g  t h e  e xt e n s i on p rob lem  in  o n e  d i re c t i on 
le ad s  t o  t h e  d i s cov e ry t h a t  in  many i mp or t an t  c as e s  t h e  
an s w e r  d e p e n d s  o n l y  up o n  the  h o mo t opy  c l a s s o f  f .  Th i s  i s  
t h e  d i re c t i on fo l low e d , f o r  e x amp le , i n  H u  [6]. W e  s h a l l  
purs ue  a d i f f e rent  app r o a ch h e re , le ad i n g  t o  q u i t e  a 
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different theory for which we need only several of the basic 

properties concerning the two problems. The following lemma 

shows that the two problems are very closely related. 

1 .7 Lemma: Suppose that f : A - Y is continuous where A c X. 

Then f has an extension F : X - Y if and only if Y is a 

retract of adj(X, Y, f) . 

1 . 8 Remark: The space adj (X, Y, f) is described in the 

Appendix I. 
Proof of 1.7 : Let W = adj (X, Y, f) and suppose t h at 
r : W - Y is a retraction onto Y. Let p : X U Y - W 
be the natural projection and define, for each X e X, 

F (X) = r( p (X) ) • F is clearly continuous and, for 

x E A, F(x) = r(p(x)) = r (f (x) ) = f (x) . 

continuous extension of f. 

Thus F is a 

For the converse, suppose that F is a continuous 

extension of f, and let w e w. Define r w - y as 

follows: if w e y, then r(w) = w. If w e Y, then 

there is a unique X e X-A for which p(x) = w. Let r(w) 

= F (X). Then certainly r : w - y and r i Y is the ident-

ity on Y. It remains to show that r is continuous. 

Consider the composition r o p : X U Y - Y. Then (r o p) I X 

= F and (r o p )lY = iy and thus r o p is continuous. 

Since p is a quotient mapping, it follows that r is 

continuous. 

1 .  8 . 1  Lemma: If X is a Hausdorff space and if r : X - A is 

a retraction of X onto a subspace A, then A is closed in X. 

Proof: Assume that {x
v

J is a net in A for which 

lim x
v 

= x. Since r is continuous and since limits are 

unique, r(x) = r(lim x
v

) = lim r(x
v

) = lim x� = x. 

Thus x E A, and A is closed in X. 

1.9 Remark: Let P be a property of topologica1 spaces. P 

is called a hereditary property if P( A)  is always implied 

by P(X) and A c x. P is weakly hereditary if P(A)  is 



a lw ay s  i m p l i e d  by P ( X )  and  A c l os e d  in  X .  I f  w e  r e s t r i c t 
o urs e lve s t o  t h e  c l as s  o f  H au s d o r f f  s p a ce s , t h en t h e 
p re ce e d i n g  l e m ma s h ow s  t h a t  a r e t r act  o f  X s h ar e s  a l l  o f  
t h e  we ak ly h e re di t ary prop e rt i e s  p o s s e s s e d  b y  X i t s e l f .  I n  
p ar t i cular , i f  X i s  normal , t h e n  s o  i s  e ve ry r e t r act  of  X .  
Re t r a c t s , as  one  w o u l d  e xp e c t , i n h e r i t  many p r o p e rt i e s  fro m 
X o t h e r  t h an t h e  w e ak ly h e re d i t ary on e s . H u  (7] i s  an 
e x ce l l e n t  c a t a l o gue o f  s u ch p rop e rt i e s . 
i s  o f  i n t e re s t  t o  o ur w o rk . 

Only  on e o f  t h e s e  

1.10 De f i n i t i on : A s p a ce X i s  s ai d  t o  have t h e  fi xe d p o i n t  
p r o p e rty i f  an d on ly i f  f o r  e ac h  con t i n uous fun c t i on 
f : X � X t h e re i s  a p o i n t  x E X for wh i ch f ( x )  = x .  

1.11 Le m m a : S uppos e th at X h as t h e  f i x e d p o i n t  p rop e rty  
an d t h at A i s  a r e t r a c t  o f  X .  
p ro p e r t y . 

Then  A h as t h e  f i x e d  p o i n t  

Pro o f :  Le t r : X - A b e  a r e t r a c t i on o f  X on t o  A an d 
l e t  f : A �  A b e  con t i n uous . S i n c e  ( f o r ) i s  a 
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con t inuous  map o f  X i n t o  i t s e l f , i t  fol l o w s  t h at t h e re 
i s  s o m e x E X  for  wh i ch f ( r ( x ) ) = x .  S i n ce x i s in  t h e  
ran ge  o f  f ,  i t  m us t  b e  t h at x E A ,  an d s o  r ( x )  = x .  
Thus  f ( x )  = f ( r ( x ) ) = x ,  an d s o  A h as t h e  f i x e d p o i n t  
p r o p e rty . 

1 . 1 2  Re m ark : The  d e f i n i t i o n  1 . 1  o f  e xt ens i on e s s e n t i a l ly 
i n v o l ve s  t h r e e  ob j e ct s : t h e  s p a c e s  X an d Y an d t h e  fun c t i on 
f .  As  p re v i o us ly r e m ark e d , c on ce n t rat i n g  a t t e n t i on on t h e  
fun ct i on f l e ads  n at ur a l ly i n t o  h o m o topy  th e o ry . I n  t h e  
fo l l ow in g , a t t e n t i on i s  fo cus e d  o n  t h e  s p a c e s  X an d Y ,  l e a d
i n g  t o  qu i t e  a d i f fe r e n t  t h e o ry . 

1 . 1 3  De f i n i t i on : Y i s  an e xt en s o r  for X i f  an d on ly  i f  for  
e a ch  c l o s e d  s ub s p ace  A of  X and  e a ch con t i n u o us f : A �  Y ,  
th e re i s  a c o n t inuous  F : X � Y wh i ch i s  an e xt en s i on o f  f .  
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1 . 1 4 D e f i n i t i on : Y i s  a r e t r a c t o r  for X i f  an d only  i f  e ( Y )  
i s  a r e t r a c t  o f  X when e ve r  e Y � X i s  a h o me omorph i s m  o f  
Y onto  a c los e d  s ub s p ac e  o f  X. 

1. 1 5  Remark :  S upp o s e  th a t  s ome e mbe d d i n g  o f  Y i n t o  X i s  a 
re t r a c t  o f  X. I s  Y a re t r a c t o r  for X? The  fo l l ow i n g  e x amp l e  
s h ows  t h a t  th e an s w e r  i s  g e n e r a l ly ' n o '. 

1. 16 E x amp l e :  L e t  X =  [ 0 , 1 ]  U [ 2 , 3 ] w i th the  t o p o l o gy 
i n he r i t e d  from the  r e a l  l i n e  a n d l e t  Y = ( y 1 , y 2 } w i th  th e 
d i s cre t e  t o p o l o gy. De f i n e  e mbe d d i n g s  e 1 an d e 2 as f ollow s : 

e1 ( y 1 ) = 0 e 2 ( y 1 ) = 0 
e 1 ( y 2 ) = 2 e 2 ( y 2 ) = 1 

T h en  e1 ( Y )  an d e 2 ( Y )  are  h o m e omorphs  o f  Y wh i ch are  c l o s e d  
i n  X. e 1 ( Y )  i s  e as i ly s e e n  t o  b e  a re t r act  o f  X, b ut e 2 ( Y )  
c an n o t  b e  s i n ce any r e t r a c t i o n  r : X - e 2 ( Y )  mus t h a ve 
r ( O )  = 0 an d r ( 1 )  = 1; I t  fo l low s t h a t  r j [ o , 1 ]  [ 0 , 1 ] -
( 0 , 1 }  i s  a r e t r a c t i on o f  t h e  cl o s e d  un i t  i n t e rv a l  on t o  i t s  
e n d  p o in t s , wh i ch i s  imp o s s ib le. 

1. 17 L e mma : 
for  X. 

I f  Y i s  an e x t e n s o r  for  X, th en  Y i s  a r e t r a c t o r  

Proo f :  S upp os e e : Y � X i s  a ho me omorph i s m  o f  Y o n t o  
a c l o s e d  s ub s e t  e ( Y )  o f  X. T h e n  e - 1 : e ( Y )  � Y i s  
c on t in uous  and s o  h as a con t i n uo us e xt e n s i on f : X - Y .  
L e t r = ( e o f )  X - e ( Y ). For  x E e ( Y ) , r ( x )  = 

( e  o f ) ( x ) = ( e  o e - 1 ) ( x )  = x ,  an d s o  r i s  a r e t r a ct i o n. 

Th e fo l l ow i n g  t h e o r e m  s h ows  t h a t  a non -n o rm a l  s p a c e  h a s  
n o  i n t e re s t in g  H aus dorff  e xt e n s o rs. 

1. 1 8  Th e o r e m : S upp o s e  th at  Y i s  a H aus d o r f f  s p a ce an d th a t  
X i s  a s p a ce wh i ch i s  n o t  n o rm al. Then  Y i s  an e xt e n s o r  f o r  
X i f  an d o n ly i f  Y cons i s t s  o f  a t  m o s t  one  p o i n t. 

P r o o f : I f  Y h a s  at  m o s t  on e p o in t , t h e n  e ve ry fun ct i on  
t o  Y i s  c ont i n u o us an d s o  Y i s  an ex t e n s o r  f o r  e ve ry 
s p a c e. 



Convers e ly , a s s ume t h a t  y 1 an d y 2 are d i s t i n ct 
p o i n t s  o f  Y 1 and that  Y i s  an e xt e n s o r  for  X. S i n c e 
X i s  n o t  n o rma l , t h e re are d i sj o i n t  cl o s e d  s e t s  A an d 
B wh i ch do  n o t  h a ve  d i sj o i n t  n e i ghb orh o o d s  i n  X. 

De fine  f : A U B � Y by f ( x )  = y 1 i f  x E A an d 
f ( x )  = y 2 i f  x E B. L e t F X - Y b e  a cont inuous  
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e xt e n s i on o f  f ,  an d l e t  N 1 an d N 2 b e  d i sj o i n t  n e i ghb o r 
hood s  o f  y 1 an d y 2 re s p e ct i ve ly in  Y. Then  F- 1 C N 1 ) 

- 1 an d F C N 2 ) are di sj o i n t  n e i ghborh o o d s  o f  A an d B 

re s p e c t i ve ly , con t r ary to  t h e  ch o i ce o f  A an d B. 

T hus  Y i s  n o t  an e x t e n s or for  X. 

1. 1 9  Remark : I f ,  in  t h e  d e f in i t i on 1. 1 3  o f  e xt e n s or , 
a t t e n t i on i s  fo cus e d  upon  the  s p ace  Y, t h e n  i t  b e come s  n a t ur a l  
t o  ask if Y may b e  a n  e x t e n s o r for  al l s p a c e s  X. The  p re -
ce e d i n g  Theorem  1. 1 8  s h ows  that  the  t h e o ry ar i s i n g  from s u ch 
que s t i o n s  w o u l d  b e  un i n t e re s t in g. S ome re s t r i ct i on i s  
n e c e s s a ry .  

1. 2 0  D e fin i t i on : Y i s  an ab s o lu t e  e x t e n s o r  (AE )  i f  an d 
o n ly i f  Y i s  an e xt e n s or  for  e ve ry me t r i z ab le s p a ce. 

S i m i l arly , 

1. 2 1  De fin i t i on : Y i s  an ab s o lut e r e t r a ct (A R )  i f  an d 
o n ly i f  Y i s  a r e t r a c t or for  e ve ry m e t r i z ab le s p ace. 

1. 2 2  Remark : The  re s tr i c t i on t o  me tr i z ab l e  s p a c e s  i n  th e s e  
d e f in i t i ons  r e q u i r e s  a c e r t ain  am oun t o f  co m m e n t. I n  v i ew 
o f  Th e o re m  1. 1 8 ,  t h e  m o re n at ur a l  r e s t r i c t i on w ou l d  b e  t o  
n orm a l  s p a c e s. H ow e ve r , t h e  th e o ry for  m e t r i z ab l e s p a c e s  
d e ve l op s  in  a m u ch m o r e  s a t i s fy i n g  fas h i o n  an d , i n  a d di t i on , 
t h e re are cert a i n  cas e s  i n  wh i ch A E ' s  a n d  A R ' s  as  de fin e d  
ab o ve o p e ra t e  ' p rop e r ly ' f o r  a l arger  c l a s s  o f  s p ac e s. 
Th e b e s t  r e s u l t s  i n  th i s  d i r e ct i on are due  t o  Mi ch a e l  ( 1 0J 
an d are  s um m a r i z e d  in  t h e o r e m s 1 . 2 4 an d 1. 2 5  b e low. 



Al s o , n ot i ce th at  e ve ry non - me tr i z ab l e  s p a ce Y i s  an AR 
ac c o r d i n g  t o  de fin i t i on 1 . 21 .  As w i l l  b e  s e en , t h er e  ar e 
a l s o  m any non - me tr i zab le  A E ' s .  

1 . 23 L e mma: E ve ry AE i s  al s o an AR . 
P r o o f : Fo l low s  i mme d i a t e ly from l emm a 1 . 1 7 .  

The  fo l l ow i n g  t h e o rems  o f  E .  M i ch a e l  h e lp t o  c l a r i fy 
t h e  s i t u at ion  when  t h e  s p a c e s  are  o t h er th an m e tr i z ab l e . 
P r o o fs o f  the  t h e o rems  may b e  fo un d  i n  Mi ch ae l  [ 1 0] or in  
H u  [ 7 ] .  De fi n i t i on s  o f  p o s s ib ly un fami l i ar t e rm s may be  
f ound  in  the  ap p e n d i x  I I .  

1 . 2 4 T h e o rem : S up p o s e that  Y i s  a m e tr i z ab le  AE. Th en  
a )  Y i s  an  e x t en s or fo r e v e ry s p a ce w h i ch i s  b o t h 

f u l ly no rma l an d p er fe c t ly n o rmal. 
b )  Y i s  an e xt e n s o r for ever y  f u l ly nor m al  s p ac e  i f  

a n d  o n ly i f  Y i s  m e tr i c a lly  comp l e t e . 
c )  Y i s  an e xt e n s o r  fo r e v e ry p e r fe c t ly n or m al s p a ce  

i f  an d only  i f  Y is  s e p ar ab l e. 
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d )  Y i s  an e x t e n s o r  for e ve ry n o rm a l  s p ace  i f  an d on ly 
i f  Y i s  b o th s e p ar ab l e  an d m e tr i ca l ly comp l e t e . 

1 . 2 5 T h e orem: S upp o s e th at Y i s  a me t r i z ab l e A R. Then  
a )  Y i s  a r e tr a c t or for e ver y  s p ace  wh i ch i s  b oth  

f u l ly n o rmal  an d p e rfe c t ly n o rmal . 
b )  Y i s  a r e t r a c t o r  for  e ver y  fu lly  n or m a l  s p a ce  i f  

an d o n ly i f  Y i s  me t r i c a l ly com p l e t e . 
c )  Y i s  a re t r a c t or for  e ve ry p e rfe c t ly n orm al  s p a ce 

i f  an d only  i f  Y i s  s e p ar ab l e . 
d )  Y i s  a re t r a c t or for  e v e ry n o rm al s p a ce i f  an d on l y  

i f  Y i s  b o t h  s e p arab l e  and m e t r i c a l ly co m p le t e . 
e )  Y i s  a r e t r a c t or for  e v e ry Ty chon o ff s p a ce i f  an d 

on ly i f  Y i s  co m p a c t . 

F i n a l ly , t h e  n ex t  two l e m m as s h ow t h at pro duct s an d 
r e t r a c t s  o f  AE ' s  are  ag ain  AE ' s .  



1. 2 6  L emma : 
P r o o f :  

A t op o lo g i c a l  p ro duct  o f  AE ' s  i s  an AE. 
L e t  Y� b e  an AE for e a ch � E I ,  an d l e t  X 

b e  a me t r i z ab le s p ace  w i th a cl o s e d  s ub s p a ce  A. 
I f  f : A �  rr{ Y� : � E I }  i s  cont inuous , t h e n  
(IT� o f )  i s  c on t in u ous  f o r  e a ch � E I ,  wh e re IT� i s  
t h e  n a t u r a l  p ro j e ct i on on t o  Y� . S i n c e  Y� i s  an AE, 
t h e re i s  a c on t i n uous  map F� : X � Y� s u ch t h a t  
F� ( x ) = rr� ( f ( x ) ) f o r  e a ch x E A . D e f i n e  F : X � 
rr { Y � : � E I } b y ( F ( x )J � ) = F � ( x ) . s i n c e ( rr � o F ) = 

F� i s  cont inuous for  e ach � E I ,  i t  f o l lows  t h a t  F 
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i s  c ont i n u o us . F o r  x E A , �  E I ,  [ F ( x ) ] (� )  = F� ( x )  = 

rr�(f(x)) = [ f ( x ) ] (� ) , an d s o  F i s  an e xt e n s i on o f  f. 

1 . 2 7 L emm a : A r e t ra ct o f  an AE i s  an AE. 
P ro o f : As s ume t h a t  Y i s  an AE an d t h at  r : 
i s  a re t r a c t i on o f  Y on t o  a s ub s p a ce  o f  Y 1 . 

y � y 1 
Le t X b e  

a m e tr i z ab le s p a ce an d A a c l o s e d  s ub s p ace  o f  X w i t h  
f : A �  Y 1 a c on t i n uo us fun c t i on. Th e n  f h as an 
e xt en s i on F :  X ... Y .  L e t  F 1 = ( r  o F ) X - Y 1 . 
F o r  x E A , w e  h ave F 1 ( x )  = r ( F ( x ) ) = r ( f ( x ) ) = f ( x ) , 
an d s o  F 1 i s  a c on t in uous  e x t e n s i on o f  f. 

1 . 2 8  Re mark :  The  c l as s i c a l  Ti e t z e e x t en s i on t h e o rem  s t ate s 
t h at I = ( 0 , 1 ]  i s  an e xt e n s or  for  e v e ry n ormal s p ace , an d 
s o , in  p ar t i cular , I i s  an AE. The  s t an d ar d  p r o o f  i s  b a s e d 
upon  t h e  Urys ohn  l e mma  ( s e e  ap p e n d i x  I I I ) , an d i s  p rob ab ly 
the  f i r s t  th e o rem  wh i ch i s  in th e s p i r i t o f  th e  t h e o ry o f  
ab s o l u t e  e xt e n s o rs. We s h al l  e xh ib i t  th e  T i e t z e th e orem  as  
a c o r o l l ary of  t h eo re m  2 . 1 7 ,  but  i t  i s  of  cons i de rab l e  
i n t e re s t  t o  no t e  t h at t h e  Ury s ohn l emma i s  s t i l l r e q u i r e d  
in  t h e  p r o o f  o f  t h e  D u g un d j i th e o rem. Th e Ury s ohn  l e mma 
rema i n s  the  fun damen t al , an d p o s s i b ly t h e  o n ly , t oo l  for 
co n s t r u c t in g  con t in uo us fun ct ion s  from ' no t h i n g '. 

F i n ally , w e  n o t e  t h at AE ' s  are  con t ra ct ib l e  an d 
l o c a l ly co n t r a c t ib l e. Furth e r , i f  a co n t r a ct ib l e s p a ce 



i s  l o cally an AE, t h e n  t h e  s p a ce i t s e lf i s  an  AE. The s e  
re s ul t s  w e re f i rs t  p ro ve d  b y  Hann e r  [ 5] ,  b ut are more  
re a d i ly foun d  in  Hu  (7 ] .  

1 1  
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CHAPTER II: INDEXED COVERINGS an d the  DUGUNDJI THEOREM 

I n  t h i s  C h ap t er , c e r t a i n  p r op e r t i e s  o f  i n d e xe d 
cove r in gs are  d e ve l op e d .  The  e mp h as i s  th rough o ut i s  up on  
the  v i ew that  t h e s e  c o ve r i n gs are  cer t ain  typ e s  of  fun c t i on s . 
Th ro u gh o ut th i s  Ch ap t er , Y w i l l  d e n o t e  a t o po l o g i c al s p a c e , 
P ( Y )  t h e  s e t  o f  a l l  s ub s e t s  o f  Y ,  and A a n on - e mp ty s e t . 
I n  Ch ap t e r  I I I , we  s h a l l  c on s i d e r  t h e  cas e wh en  A i s  al s o  
t o p o l o g i c a l . 

2 . 1  D e f in i t i on : An i n de xe d  co l l e c t i on o f  s ub s e t s o f  Y i s  a 
fun ct i on G from  a s e t  A ,  t o  b e  c a l l e d th e i n d e x in g  s e t , t o  
t h e  s e t  o f  a l l  s ub s e t s  o f  Y ,  P ( Y ). Th e c o l l e ct i on i s  a 
cover i n g  o f  Y i f  an d o n ly i f  U [ G ( a ) a E A }  = Y .  T h e  
co l l e c t i on i s  o p en i f  G(a) is o p en  in Y for  e a ch a E A ,  
f in i t e  i f  t h e  s e t  A i s  f in i t e , a n d  c l os e d  i f  G ( a )  i s  c l os e d  
for  e a ch a E A .  The  c lo s ur e , b o un d ar y , an d in t e r i o r  
o p e r a t o rs o f  Y a re us e d  t o  d e f i n e  t h e  in de xe d  c o l l e c t i o n s  
KG, BG, an d IG by  m e an s  o f  th e  e q uat i ons  

f or  e a ch a E A .  

2 . 2  D e f in i t i on : 

(KG)(a) = K(G(a)) 

(BG)(a) = B(G(a)) 

(IG)(a) = I(G(a)) 

Supp o s e  t h a t  G : A - P ( Y )  an d H : B - P ( Y )  
are  t w o  i n d ex e d c o l l e c t i on s  o f  s ub s e t s o f  Y. T h e n  H i s  a 
re f i n e m e n t  o f  G i f  an d only  i f  t h er e  i s  a fun ct i o n  
A : B - A  s uch  t h a t  H(b) c G(A(b)) f o r  e ach b E B. 

2 . 3  Definition: Suppose G : A - P ( Y )  i s  an i n de x e d  c o l le c t i on 
o f  s ub s e t s  o f  Y .  G is said to be point-finite if and only i f  
[ a : x E G(a)} is a finite set for each x € Y. G is locally 

finite if and only if each p o i n t  o f  Y has a neighborhood N 

for  which ( a : G(a) 0 N 1 �}  is a finite set. Notice that 

KG is locally finite if G is. 

2 . 4  Remark: The more usual definitions of the above concepts 

refer to coverings as collections of sets, and the situation 



i s  at  t i me s  ce n fus e d .  Fe r e xa mp le , s upp o s e  t h a t  f o r  e a ch 
p os i t i ve in t e ge r  m ,  G ( m )  = Y .  I s  lG ( m ) m �  N} a f in i t e  
' c o ve r '  o f  Y? Wi th  our  de fin i t i on 2 . 1 ,  G i s  c l e a r ly n o t  
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a f in i t e  c ove r ,  b u t  u s i n g  the  ' s e t  o f  s e t s ' de fin i t i on i t  i s  
n o t  alw ay s  c l e ar how th e author  i n t e n ds s u ch a co l l e c t i on t o  
b e  c on s i de re d .  

A l s o , i t  s h o u l d  b e  n o t e d  th a t  t h e  un fort un at e  s i t u a t i on 
con ce rn in g  th e us e o f  a d j e ct i ve s  i s  w e l l  e s t ab l i s h e d .  

2 . 5  D e fin i t i o n : A n o rm al t op o l o g i c al s p a ce i s  p ar a c omp a c t  
i f  an d on ly i f  e ach o p e n  cove r i n g h as a l o cal ly f i n i t e  o p e n  
re f i n e me n t. 

W i t h o u t  que s t i� n , t h e  s i n g le mo s t  imp o rt an t t op o l o g i c al 
prope rty  o f  m e t r i z ab le s p a c e s , a t  l e a s t  i n  th e  th e o ry o f  
ab s o l u t e  e xt e n s ors , i s  t h e  fo l lo w i n g  t h e o r e m  o f  A . H. S t on e . 

2 . 6  Th e orem : A me t ri z ab l e s p a ce  i s  p aracomp a c t . 
P r oo f :  S e e  A . H .  S t on e C1 1) .  

Th e fo l l ow i n g  t h e o rem  i s  due  t o  J. D i e udonne  [ 3J . 

2 .7 Th e o re m : S up p o s e th at  Y i s  a n o rmal  s p a ce  an d t h at  
U : A �  P ( Y )  i s  a p o in t - f in i te open  c ove r i n g  o f  Y .  Then  
th e re i s  an  open  c o ve r i n g  G : A � P ( Y )  o f  Y s uch  t h a t  

K G ( a )  c U ( a )  for  e ach a � A .  
P r o o f : F i rs t  s up p o s e  t h at A con s i s t s  o f  on ly t w o  
p o i n t s . W i t h  n o  l o s s  o f  g e n e ral i ty , w e  m ay s up p o s e  th at 
A = ( 1 , 2} .  Then  Y - U ( 1 )  an d Y - U ( 2 )  are c l o s e d  s e t s  
an d d i s j o i n t  s in ce U i s  a c o v e r in g . Th us, U (  1 )  i s  an 
o p en n e i ghb o rh o od o f  Y - U ( 2 ) . S i n ce Y i s  n o rm al ,  t h e r e  
i s  a n e i ghb o rh o o d  V o f  Y - U ( 2 )  s uch t h a t  KV  c U ( 1 ) .  
L e t  G ( 1 )  = I V ,  G ( 2 )  = Y - K V . Then  G i s  cle arly an 
o p e n  co l l e c t i on . A l s o , 

K G ( 1 )  = KI V C K V  C U ( 1 ) , an d 
K G ( 2 )  = K ( Y- K V ) = Y -I KV c Y - (Y- U ( 2 ) )  = U ( 2 ) .  



F i n al ly , G ( 1 )  U G ( 2 )  = I V  U ( Y - K V ) C I V  U ( Y - I V )  = Y 
s o  that  G i s  i n d e e d  a c o v e r i n g  o f  Y .  
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T h e  cas e when  A i s  a f in i t e  s e t  fo l l ow s  e as i ly b y  
i n duct i on from t h e  ab ove . 

Now  s up p o s e t h at A i s  i n fi n i t e . L e t  'f' b e the  s e t  
o f  a l l  i n dexe d o p e n  c ove rs  F o f  Y s u ch th at  

i )  F : A ... P ( Y )  
i i ) for e ach  a E A, K F ( a )  c U ( a )  or  F ( a )  = U ( a )  

D e fine  a p art i al o r d e r i n g  on 'F b y  
r 1 a r 2 i f  an d o n ly i f  r 1 ( a ) � r 2 ( a ) an d 
F 1 ( a ) = F 2 ( a ) wh e n e ve r  K F 1 ( a ) c U ( a ) . 

I t  i s  i mme d i a t e  th a t  th e  r e l at i on s o  de fi n e d  upon 7 i s  
re fle x i ve an d t r an s i t i ve .  W e  s h a l l  show th a t  7 h as 
maximal  e l e me n t s  re l at i ve t o  th i s  p art i al o r d e r , an d 
t h at any s uch max imal  e l e m e n t  s a t i s f i e s  t h e  con cl us i on s  
o f  the  th e o re m . 

L e t  b b e  a m on o t o n e  s e t in 7, t h a t  i s , i f  E an d F 
are  any t w o  cove rs  i n  U, t h e n  e i t h e r  E a F o r  F a E. 

We  s how th at/.1 h as an upp e r  bCi un d 
a E A , d e f ine  G ( a )  = n( F ( a )  : F E £/J .  
th at G i s  t h e  re qui r e d  upp e r  b o un d . 

in  7'. F or e a ch  
I t  w i l l  be  s h own  

i) G i s  a c o ve r in g o f  Y :  A s s um e  t h e  con t r ary an d l e t  
x E Y - V{ G ( a )  a E A ) . S i n ce t h e  c ove r i n g  U i s  p o i n t  
f i n i t e , t h e re i s  a f i n i t e  s e t  B c A s uch t h at 

x � U ( a )  f or a E A - B . 
For  e ach  b E  B ,  l e t  Fb E ,!t s u ch t h a t  x � Fb ( b ) .  Th i s  
i s  po s s i b l e  s in ce , i f  x E F ( b ) for  a l l  F E Q t h e n  
x E G ( b ) , con tr ary t o  t h e  ch o i ce  o f  x .  S i n ce { Fb b E  B) 
i s  a f in i t e  s e t  o f  coverin g s , t h e r e  i s  a c ov e r i n g  F E � 
s u ch th at  Fb a F f o r  e a ch b E B .  

Th u s , s in ce F ( b )  c Fb ( b ) for  e ach  b E  B ,  i t  fo l low s  



'-

that  x � F ( b )  for  b E  B .  On  th e o t h e r  h an d , for  
a E A - B ,  we  h a ve F ( a )  c U ( a )  an d s o , a ga in , x � F ( a ) 
by t h e  ch o i ce o f  th e  s e t  B .  T h us , x � F ( a ) for  any 
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a E A an d t h i s  con t r a d i ct s  t h e  fact  t h at F i s  a c o v e r i n g  
of  Y. 

Thus , G i s  a cove r i n g  o f  Y. 

i i ) G i s  open : I f  F ( a )  = U ( a )  for a l l  F E .J;t , t h e n  
G ( a )  = U ( a )  whi ch i s  open . 

S upp o s e t h a t  t h e r e  i s  s ome  F E � for  wh i ch 
KF ( a ) c U ( a ) . F or  a l l  E E ,(;/ , e i t h e r  E a.  F or F a.  E .  
I f  E a.  F ,  t h en E ( a )  � F ( a ) , an d s o  F ( a )  C n { E ( a ) E a.  F ) . 
I f  F a.  E ,  t h en F ( a )  = E ( a ) , an d s o  F ( a )  = n { E ( a ) F a.  E ) . 
C on s e quen t ly , F ( a )  = n ( E ( a ) E a. F} ll n { E ( a )  : F a.  E} 

Thus  G ( a )  i s  open . 
= n ( E ( a ) E E J;f) = G ( a ) . 

I t  a l s o f o l l ows th at G i s  i n  th e s e t  �. We  n ow 
s h ow t h a t  G i s  an up p e r  b o un d  for  );;J. L e t  F E .l:f. 
Th en  G ( a )  = n ( E ( a ) : E E .A1 ) c F ( a ) . A ls o , i f  
K F ( a ) c U ( a ) , t h e n  the  argum e n t  in ( ii )  ab o v e  s h ows  th at 
G ( a )  = F ( a ) . I t  fo l lows  th a t  F a G an d s o  t h a t  G i s  an 
upp e r  b o un d  for  .J:1. 

B y  Z o rn ' s  L emma , � h as m a x imal e l emen t s .  L e t  F b e  
any m aximal  e lement  o f� .  W e  s h ow t h a t  K F ( a )  c U ( a )  for  
e ach a E A .  

I n de e d ,  s upp o s e  that  K F ( b )  n ( Y -U ( b ) ) # 0 for  s ome  
b E A .  S in c e  F E 7, it  mus t t h en be  the  c as e  th a t  
F ( b )  = U ( b ) .  L e t  G ( 1 )  = U { F ( a ) a¥ b ) an d G ( 2 )  = F ( b ) .  
Th en  G i s  s ure ly an ope n  c o v e r i ng o f  Y an d s o , b y  t he 
fin i te c as e , t h e re i s  an o p e n  c o ve ri n g  E { 1 , 2)- P ( Y )  
s uch t h a t  KE ( 1 )  C G ( 1 )  an d KE ( 2 )  C G ( 2 ) .  L e t  D :  A - P ( Y )  
b e  de f i n e d b y  D ( a )  = F ( a )  i f  a #  b ,  an d D ( b )  = E ( 2 ) .  



Th en  F a  D ,  b ut i t  i s  n o t  t h e  c as e  t h a t D a F, t h us 
c on trad i c t i n g  t h e  m a xi m a l i t y  o f  F. H e n ce , for  all  
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a E A , K F ( a ) c U ( a ) , t h u s  comp l e t in g  t h e  p r o o f  o f  t h e  
t h e orem . 

2 .8 Th e o rem : S upp o s e  t h at Y i s  p a r acomp a c t  and H aus dorff 
an d t h a t  U : A - P ( Y )  i s  an open  coverin g o f  Y .  Th en  t h e re 
i s  a l o c a l ly fin i t e  o p e n  c o ve r i n g  G : A - P ( Y ) s u ch that  
KG ( a ) c U ( a )  f or  e v e ry a E A. 

P r o o f : S i n c e  Y i s  p ar a comp a c t , U h as an op en  l o cal ly 
f i n i t e  re finemen t . Le t V : B - P ( Y )  b e  a l o c a l ly 
fi n i t e  o p e n  cove r in g o f  Y w i th A : B - A s u ch  t h a t  
V ( b ) c U ( A ( b ) ) f o r  e a ch b E B .  By t h e o r e m  2 . 7  t h e re i s  
a n  o p e n  c o ve rin g W : B - P ( Y )  s u ch t h a t  KW ( b ) c V ( b ) 
for  e ach b E B .  N o t i c e  t h at , for any N c Y ,  
( b  : W ( b ) 0 N 1 0} c ( b  : V ( b ) 0 N 1 0J, an d s o W i s  
a l s o l o c a l ly f ini t e .  

For e a ch b E  B ,  W ( b )  c K W ( b ) c V ( b ) C U ( A ( b ) ) .  
D e f i n e  G by  G ( a )  = U ( W ( b )  bE A - 1 ( a ) } .  I t  i s  t rue t h at 

G ( a )  may b e  emp ty . I n  any c as e , KG ( a )  = K U ( W ( b ) : b E  A -1 ( a ) } 
= u ( KW ( b )  : b E  A - 1 ( a ) }  c U ( a ) . 

G i s  c le arly an o p e n  c o ve rin g o f  Y .  T o  s e e  t h a t  G i s  a l s o 
l o c al ly f i n i t e , l e t  x E Y an d N b e  t h e  n e i gh b o r h o o d  o f  x 
fo r whi ch ( b E B : W ( b ) n N 1 0} i s  a f i n i t e  s e t . B u t  

G ( a )  n N 1 0 i f  an d only  i f  th ere  i s  s ome b E B w i th 
A ( b )  = a an d W ( b ) n N 1 0. Th us , ( a  E A : G ( a )  n N 1 0} 
h a s  n o  more e lemen t s  t h an (b E B : W ( b ) n N 1 0}, an d 
t h i s  i s  f in i t e . T h us  G i s  l o c ally fi ni t e .  

2 . 9  C o r o l l ary :  S up p o s e  t h at Y i s  p ar acomp a c t  an d H aus d o r f f . 
L e t  N d e n o t e  t h e  p o si ti ve i n t e g e rs an d s up p o s e  t h a t  
V : N - P ( Y )  i s  a n  o p e n  cove rin g o f  Y f o r  whi ch  V ( n ) c V ( n+ 1 ) 
for  a l l  n E N .  Th en  t h e re i s  a c lo s e d  l o c a l ly fin i t e  coveri n g 
F : N - P ( Y )  o f  Y s uch t h a t , for  a l l  n E  N, F ( n ) c V ( n ) an d 
F ( n ) c F ( n + 1 ) .  

P ro o f :  From t h e  t h e o r e m  2 .8 t h e re i s  an  o p e n  l o c ally 
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fi ni t e  cove ri n g G : N � P ( Y )  for whi ch KG ( n )  c V ( n ) for  n e ach n E  N .  De fi n e F ( n ) = U KG (i ) .  C l e arly F i s  i= 1 
c l os e d , F ( n ) c V ( n ) , F ( n ) c F( n + 1 ) for  e a ch n ,  an d F i s  
a c o ve ri n g o f  Y .  

L et  x E Y an d W be  a n ei gh b orh o o d  o f  x for whi ch 
( n  : KG ( n )  () W 1- 0} i s  fi ni t e .  But  F( n )  () W 1- 0 i f  an d 
o n ly i f  th e re i s  s om e  i � n for whi ch KG (i ) () W 1- 0. 
Th us  th e n umb e r  o f  e l e m e n t s  i n  ( n  : F ( n ) () W t- 0l d o es 
n o t  e x c e e d ( n  : KG ( n ) () W t- 0} whi ch i s  fi ni t e .  Th us F 

i s  l o cally fi ni t e .  

I t  wi ll b e  conveni en t  to cons t r uct  con ti n uo us  fun c ti on s  
'i n pi e c e s '. To thi s e n d , i t  i s  r e q ui re d  t o  k n ow c e r t ai n  
con di ti on s  un der  whi ch th e r e s ulti n g fun c ti on i s  conti n uous . 
Th e fo llwoi n g two  th e or e m s  are  p e rh ap s  b e t t e r  k n own th an th e 
oth e r r e s u l t s  i n  thi s Ch ap t e r , b ut w e  sh al l u s e th e m  fre q ue n t ly 
an d s o  i n c lude  th em  h e r e  for  comp l e t e n e s s . 

2 . 1 0 L emma : I f  X an d Y are  t o p o lo gi c al s p a ce s , F : A �  P ( X )  
i s  a c los e d  l o c a l ly fi n t e  co v e r  o f  X an d f : X � Y i s  a 

fun c ti on s uch th at  f i F C a )  i s  con ti n uo us for e a ch a E A , th en  
f i s  con ti n uous . 

P r o o f: S up p o s e  th at  M i s  c l o s e d  i n  Y .  Th en  f - 1 ( M )  () F ( a )  
i s  c l os e d  i n  F ( a )  an d h en ce i n  X .  Th us , 

K f- 1 ( M )  = K U ( f- 1 ( M )  () F ( a )  a E AJ 
= U ( K ( f- 1 ( M )  () F ( a )): a E A} 
= U{ f- 1 ( M ) () F ( a )  : a E A} = f- 1 ( M ) 

H e n ce , f i s  con ti n uous. 

2 . 1 1 L e mm a: S upp o s e  th a t  F : A � P ( X ) i s  an op en  cover  o f  
X an d th at  f : X �  Y i s  su ch th at  f i F C a )  i s  c o n ti n uous for  
e ach a E A .  Th en f i s  c o n ti n uous . 

P r o o f  i s  i mm e di at e . 

Th e m o s t  e ffi ci en t  me th o d o f  'pi e ci ng t og e th er '  r e s u l t s  
ob t ai n e d  l o c a l ly i s  b y  m e an s  o f  p arti ti ons  o f  uni ty .  I n  th e 
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fo llowi n g ,  C* ( X )  d en o t e s  th e b o un d e d  conti n u o us r e al valued  
fun cti on s  h avi n g  domai n  X. 

2 . 1 2 D e fi ni ti on :  An i n d e x e d  p arti ti on o f  uni ty on X i s  a 
fun cti on P : A - C* ( X ) wh e re 

i )  A i s  a n on - e mpty  s e t  k n own a s  th e i n de xi n g s e t  
ii ) 0 � ( P ( a ) ) ( x )  � 1 for  e ach a E A an d x E X .  

iii ) F or  e a ch x E X ,  E ( ( P ( a ) ) ( x )  : a E A }  = 1 .  

N oti ce th at P ( a ) i s  r e qui re d  t o  b e  con ti n uous for e a ch 
a E A. 

2 . 1 3 D e fi ni ti on :  I f  V A - P (� )  i s  an i n de x e d  co l le cti on 
o f  s ub s e t s o f  X an d i f  p A - C* ( X ) i s  an i n d ex e d p arti ti on 
o f  uni ty ,  th en  p i s  s ai d  t o  b e  s ub o r di n ate  t o  V i f  an d only 

i f  p ( a ) j ( X- V ( a ) ) ii 0 for  a l l  a E A. 

Th e a dj e cti ve 'i n d e xe d ' wi l l  b e  fre que n t ly omi t t e d  i n  
th e fo l lowi n g. 

Th e b e s t  re s ult  con c e rni n g th e e xi s t e n c e  o f  p ar ti ti on s  
o f  uni ty  i s  th e f o l lowi n g th e o re m . 

2 . 1 4  Th e o r e m : S upp o s e  th at  X i s  n o rmal an d th a t  V : A - P ( X ) 
i s  an o p e n  l o cal ly fi ni t e  c o ve r  o f  X. 
o f  uni ty s ub ordi n a t e  t o  V. 

Th en th e r e  i s  a p arti ti on 

P ro o f :  By th e orem  2 . 7 ,  th e r e  i s  an op e n  c o v e ri n g 
G : A - P ( X ) s uch th a t  KG ( a ) c V ( a )  for  e ach a E A .  
By  th e Urys oh n  L e mm a ( s e e  app e n dix I I I ) ,  th e r e  i s  a 
con ti n uous fun c ti on q ( a )  : X - ( 0 ,1] s uch t h a t  

q ( a ) j KG ( a )  • 1 an d q ( a )I ( X- V ( a ) ) ii o .  

N o t e  th a t , si n ce V i s  l o c a l ly fi ni t e ,  e a ch poi n t 
x E X h as a n ei gh b o rh o o d  N s uch th at  { a  E A  : q ( a )  l N  .� o} 

i s  fi ni t e. I n  p arti cul ar q ( a ) (x )  1 0 for o n ly fi ni t e ly 
many a E A. D e fi ne ( p ( a ) ) (x )  = (q ( a ) ) (x )  

E{(q(b))(x) : b E  A} 
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I t  i s  c l e ar t h a t  L ( ( p ( a ) ) (x )  : a E A }  = 1 for  e a ch 
x E X . By  the ab ove  re mark s , it  f ol l ow s  th at  e a ch 
p o i n t  x E X  h a s  a n e i ghborh o o d  N (x )  s uch th at p ( a ) j N (x )  
i s  cont i n uo us , an d s o  p ( a ) i s  c ont i n uous  by  l e mma  2 . 1 1 .  

2 . 15 Corollary : I f  X i s  p ara comp a c t  an d H aus d o r f f  and 
G : A �  P ( X )  is  an o p e n  c o v e r i n g  of X, th en  t h e r e  is  a 
p a r t i t i on o f  un i ty s ub o r d i n ate  t o  G .  

P r o o f :  By  t h e o re m  2 . 8 ,  t h e re i s  a l o cal ly fin i t e  o p e n  
c ov e r i n g  V : A � P ( X )  s u ch t h a t  V ( a )  c G ( a )  fo r e a ch 
a E A .  Th e re i s  a p art it ion  o f  un i t y  s ub o r d i n a t e  t o  V ,  
an d hen c e  s ub o r d i n a t e  t o  G .  

2 . 16 The orem : L e t  X b e  a m e t ri z ab l e  s p ace  an d A a c los e d  
s ub s p a c e  o f  X .  Th en  t h e re i s  an i n d ex e d o p e n  cover  o f  X- A 
s uch  t h a t  i )  U : X- A �  P ( X - A )  

i i ) U i s  lo c a l ly fin i t e  
i i i ) i f  a E B ( A )  an d N i s  any n e i ghb orhoo d o f  a ,  

t h en (x : U (x )  c N }  i s  i n f i n i t e . 
i v )  I f  a E A an d i f  N i s  a n e i gh b o rho o d  o f  a ,  t h e n  

t h e re i s  a n e i ghborhood  N1 o f  a s u ch t h a t  
U (x )  c N w h e n e ve r  U (x )  0 N 1 � 0. 

P ro o f : L e t  d b e  a me t r i c  for t h e  t o p o l o gy on X. For 
x E X - A ,  l e t V (x )  = S (x ,  d (x , A ) ) .  Th e n  V : ( X - A )  � P ( X - A )  

2 
i s  an open  co l le c t i o n  an d i s  a c o ve r i n g  s in ce X- A i s  
o p e n  i n  X .  B y  t h e orems  2 . 8  an d 2 . 6 ,  t h e r e  i s  an o p e n  
l o c ally f in i t e  c o v e r i n g  U : ( X - A )  � P ( X - A )  s u ch t h a t  
U (x )  c V (x )  fo r e a ch x E ( X - A ) . I t  r emains  t o  ve r i fy 
t h a t  U al s o s a t i s f i e s i i i  an d i v .  

L e t  a E B ( A )  an d l e t  N b e  any n e i ghb orh o o d  o f  a .  
L e t  r>O b e  s u ch th a t  S ( a , r ) c N .  S in ce a i s  a l im i t  
p o i n t  o f  X - A ,  th er e are  in f in i t e ly many p o i n t s  x i n  X - A 
s u ch that  d (x , a )  < r� . S i n c e  d (x , A )  � d (x , a ) , i t  f o l lo w s  
t h at , f o r  t h e s e  p o in t s , V (x ) c S ( a , r )  an d ,  h en ce , 
U (x ) c V (x ) c S ( a , r )  c N .  Th us  {x : U (x )  c N} i s  
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in fin i t e  an d t h i s  ve r i f i e s  i i i . 

S up p o s e  t h at a € A an d t h at  N i s  a n e i ghb o r h o o d  
o f  a .  L e t  r>O b e  s u ch t h a t  S ( a , r )  c N an d l e t  N 1 = 

r S ( a ,  / 4 ) .  I f  U ( x )  n N1 1 0,  t h e n  V ( x )  n N1 :1 0 an d 
con s e quen t ly , d ( x , a )  s; d ( x, A ) + r s; d ( x ,a )  + r .  

2 4 2 4 
Thus , d ( x , a )  =>: r� an d h e n c e , 

r U ( x )  c V ( x )  = S ( x ,  d ( x ,A ) ) c S ( x ,  d ( x ,a ) ) cS ( x ,  /4 ) c 
2 2 

2 0  

S ( a , r ) c N ,  thus  ve r i fy i n g  i v , a n d  comp l e t in g  t h e  proo f 
o f  t h e  the orem . 

Th e fo l low i n g  t h e o rem  w a s  t h e  fi r s t t o  p ro vi de  a r e a l ly 
l arge  c la s s o f  AE ' s .  I t  p rovi de s a s tr i k in g  g e n e r al i z at i on 
o f  t h e  T i e t z e  e xt e n s i on t h e orem  an d ,  t o ge th e r  w i th t h e  
Wo j dy s l aw s k i e mb e dd i n g  ( th e orem  2 . 2 1 ) , prov i d e s an i n t e r -
e s t i n g ch ar a c t e r i z at i on o f  me t r i z ab l e A E ' s .  
i s  due t o  Dugun d j i  [7 ] .  

The  t h e o r e m  

2 . 1 7 T h e o re m : A c onve x s ub s e t  o f  a l o c a l ly c on ve x l in e ar 
topo l og i c al s p ac e  i s  an AE . 

P r o o f :  L e t  Y b e  a con vex  s ub s e t o f  the  l o c al ly c onvex  
l i n e ar t o p o l o g i c al s p a ce L .  L e t  X b e  a m e t r i z ab l e  
s p a ce , A a c l o s e d  s ub s p ace , an d f : A �  Y a con t in uous  
fun c t i on . Furthe� l e t  U : ( X - A )- P ( X- A )  b e  t h e  co v e r i n g  
o f  t h e o r e m  2 . 1 6 .  By th e o re m  2. 1 4 , th ere  i s  a p ar t i t i on 
o f  un i ty p s ub o r d i n a t e  t o  U ,  p : ( X - A )  � C * ( X - A ) . L e t  
A 1 ( X- A )  - ( X- A )  b e  a ch o ic e  func t i on for  U ,  t h a t  i s , 
A 1 ( x )  € U ( x )  i f  U ( x )  1 0 an d A 1 ( x )  i s  an a rb i t r ary 
e l e m e n t  of X - A i f  U ( x )  = 0. 

L e t  A 2 : 
2 d ( A 1 ( x ) , A ) . 
e x t e n s i on F o f  

F ( x )  

( X - A ) - A b e  s uch  th a t  d ( A 1 ( x ) ,A 2 ( x ) ) < 
N o t ic e  t h at p ( x )  • 0 i f  U ( x )  = 0 .  The  

f i s  d e fin e d  i mme di at e ly by  

= 
E { p ( y ) (  x )  f ( A 2 ( y ) ) y € ( X - A )} i f  x. € ( X- A ) 
f (  X) i f  X € A 0 
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Not ic e  t h at t h e  s um app e ar i n g  i n  th e  d e f in i t ion  
of  F i s  always  a f i n i t e  s um s inc e  p i s  s ub o r d i n a t e  to  
th e  l oc al ly f i n i t e  c o ver ing  U, an d t h at F i s  t r i v i a l ly 
an e xt e ns ion  o f  f .  I t  remai n s  t o  s h ow t h at F i s  c on t i n-
uous . 

S up p o s e  f i r s t  t h a t  x E ( X- A ) . T h e re i s  a n e i gh b o r
h o o d  N o f  x for  w h ic h  ( y  : U ( y )  n N 1 �} i s  f in i t e . 
Thus FjN i s  j us t  a f in i t e s um w i t h  c on t i n uo us c o e ff ic
i e n t s  an d s o  i s  c on t inuous  on N an d h e nc e  at x .  

L e t  a E A an d l e t V b e  a c on v e x  n e i ghborh o o d  o f  
f ( a )  = F ( a ) . S inc e  f i s  c on t i n u o us on  A ,  t h e r e  i s  a 
6 > 0 s uc h  t h a t  f ( y ) E V when e ve r  y E  A an d d ( a , y )<o . 

0 Le t W b e  a n e i gh b o r h o o d  o f  a s uc h  t h a t  U ( x )  c S ( a ,  �) 
wh e n e ve r  U ( x )  n W 1 0. 
t h a t  W c S ( a ,  0 )  • 

W may c l e ar ly b e  c h o s en s o  

W e  now c l a i m  t h at i f  A 1 ( x )  E W an d U ( x )  1 0, t h en 
F ( A 2 ( x ) ) = f ( A 2 ( x ) ) E V .  I n de e d , s inc e  U ( x )  1 0, i t  
fo l lows t h a t  A 1 ( x ) E U ( x )  an d s o  U ( x ) n W 1 �. Thus , 

U ( x )  c S ( a,0/3 ), an d ,  in  p art ic ul ar, d ( a , A 1 ( x ) ) < 0/3 . 
F i n a l ly , d ( A 2 ( x ) , a )  � d ( A 2 ( x ) , A 1 ( x ) ) + d ( A 1 ( x ) , a )  < o, 
an d s o  f ( A 2 ( x ) ) E V .  

N ow l e t  w 1 b e  a n e i ghborh o o d  o f  a s uc h  t h at w 1 c W 
an d U ( x )  C W for any x s uc h  t h a t  U ( x )  n W 1 1 0.  I t  w i ll 
b e  s h own t h a t  F ( W 1 ) c V .  

X E w 1 n ( X- A ) ,  s o  t h at F ( x )  = 

y E  X- A } . C on s i de r  any y for  
S upp o s e t h a t  

E( p ( y ) ( x ) f ( A 2 ( y ) )  
w h ic h  ( p ( y ) ) ( x )  1 0. T h e n  x E U ( y )  an d h enc e  
U ( y )  n w1 1 0 an d c on s e quen t ly U ( y )  C W .  T h us , s inc e  
>. 1 ( y )EU ( y ) , we h ave  4 1 ( y )E W  an d h e nc e  f ( A 2 ( y ) )�V . 
S inc e  V i s  c on ve x , i t  fol l ows i mme d i at el y  th at  F ( x )EV . 

I f  X E w 1 n A ,  t h e n  d ( x , a )  < 6 s inc e  W 1CWCS ( a ,6 ) ,  
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an d s o, aga in, F (x )  E V. 
con t i n uous . 

H e n ce , F ( W 1 ) c V an d s o  F i s  

2 . 18 C o ro l l ary : W i t h  th e n o t a t i on o f  2 . 17 ,  i f  f 
t h e n  F ( X )  c c o ( f ( A ) ) 

P r o o f : i s  imme d i a t e  from t h e  d e f in i t i on o f  F .  

A - L ,  

2 . 1 9 C o r o l l ary : [ 0 , 1 ]  i s  an ex t en s or for e ve ry n orm al  s p a ce . 
P r o o f :  By  th e  t h e o r e m , [ o  , 1 ] i s  an A E . S i n c e , i n  
add i t i on , [ 0 , 1 ]  i s  m e t r i z ab le , s e p ar ab l e , an d me tr i c al ly 
comp l e t e , the  corol lary f o l lows  from t h e o r e m  1 . 2 4 .  

2 . 2 0 Remark : S e ve ral  p o i n t s  con c e rn i n g  the  p ro o f  o f  t h e o re m  
2 . 17 s h o u l d  b e  n o t e d .  F i rs t i s  t h e  us e o f  t h e  p ar t i t i o n  o f  
un i ty, t h e  ex i s t e n c e  o f  wh i ch d e p e n d e d  upon t h e  Ury s ohn L e mm a .  
S e co n d ly , t h e  re ader  s h o ul d  n o t e  th e  h e avy u s e o f  t h e ax i om 
o f  ch o i c e an d i t s  e qu i va l e n t s . The  fun c t i on A 1 i s  d i r e ct ly  
guaran t e e d  b y  the  ax i om of  ch o i ce , wh i l e Zor n ' s  L e mma  w as 
u s e d  in  t h e  p ro o f  o f  2 .7, upon  wh i ch t h e  c o ve r i n g  U u l t i m at e ly 
d e p e n ds . 

The  Dugun dj i  t h e o r e m  r e v i ved i n t e r e s t  i n  a t h e o re m  wh i ch 
h ad b e en  k n own for s ome  t i me . Kuratows k i h a d  n o t i ce d  t h at a 
b o un de d m e t r i c s p ace  may b e  i s om e t ri c a l ly e mb e d d e d  in t h e  
B an a ch s p a c e  o f  a l l  con t in uo us b o un de d  re al  v a l u e d fun ct i on s  
d e f i n e d  o n  t h e  s p a ce . I n  1 9 3 9 , Wo j dy s l aws k i [ 1 3 ]  s h owe d t h a t  
t h e  e mb e d d i n g  i s  a c lo s e d  s ub s e t  o f  i t s  con vex h u l l . T h e  
th e or e m  i s  g i ven  h e r e . 

2 . 2 1 Theo rem: Le t X b e  a me t r i z ab l e  s p ace an d d a b oun d e d  
m e t ri c fo r t h e  t o p o lo gy o n  X .  T h e re i s  an i so me t ry 
F :  X - C* ( X ) s uch t h a t  F ( X )  i s  cl o s e d  in c o ( F ( X ) ) .  I n  
a dd i t i on , i f  X i s  s ep ar ab le ,  t h en s o  i s  c o ( F ( X ) ) .  

P r o  o f : D e  f in e  F : X - C * ( X )  by  F ( x )  ( y ) = d ( x , y ) • Th e n  , 
II F (x ) - F ( y ) l l= s up(I F (x ) ( z )- F ( y ) ( z )j z E X } 

= s up ( l d (x , z )- d ( y , z ) l z E x }  
� d (x , y ) 



But  d (x , y )  = I F (x ) ( y ) - F ( y ) ( z ) l an d s o  
II F (x ) - F ( y ) l l = d (x , y ) an d F i s  an i s ome t ry . 

To  s h ow that  F ( X )  i s  c l os e d  in  c o ( F ( X ) ) ,  l e t  

2 3  

q E ( c o ( F ( X ) ) - F ( X ) ) .  S in ce q i F ( X ) , t h e r e  are a f in i t e  
n umb e r  o f  p o i n t s  x. E X an d r e als  r. � 0 s uch th at l l 
q 1 F (x. ) ,  Er. = 1 an d q = Er. F (x. ) .  L e t  6 > 0 b e  s uch l l l l 
t h at 6 < �min j� - F (x. )U an d l e t  N = S ( q ,o )  n co ( F ( X ) ) .  l 
I t  w i l l b e  s h own t h a t  N c ( co ( F ( X ) ) - F ( X ) ) .  

T o  t h i s  e n d , a s s um e  that  F (x )  E N for s ome x E X .  
T h en  I I F (x i ) - F (x ) ll > 0 f o r  e ach i and s o  d (x i ,x ) = 
F (x. ) (x )  > 0 for  e a ch  i .  l Th us . 

11 q - F ( X  )ll � I q ( x ) - F ( x )  ( x )  I = I q ( x )I = I Er i F (x i ) ( x )  I 
= Er. F ( x. ) ( x )  > Er. 0 = 6 an d s o  F ( x )  i N .  l l l 

H e n ce , N c ( c o ( F ( X ) ) - F ( X ) ) an d s o  F ( X )  i s  c l o s e d  in  
co ( F ( X ) ) .  A s  t h e  as s e r t i on c on ce rn i n g  s e p arab i l i ty i s  
n o t  re qui re d in  t h e  fol l ow i n g , t h e  p r o o f  i s  om i t t e d .  

The re  are two  i mp o r t an t  re s ul t s  wh i ch fo l l ow from the  
t h e o re m . 

2 . 2 2 Th e o re m : A me t r i z ab le s p a ce  i s  an AE i f  an d only  i f  
i t  i s  a re tract  o f  a c o n vex s e t  o f  a B an ach s p ace . 

Pro o f :  I f  X i s  an AE , t h en X i s  a n  A R  b y  L e mm a  1 . 2 3 ,  
an d s o  t h e r e  i s  a re t r a c t i on r : co ( F ( X ) ) - F ( X ) . 

I f  X i s  a re t r a c t  o f  a con vex s e t , t h e n  X i s  an AE 
b y  l e mma  1 . 2 7 .  

2 . 2 3 Th e orem : A me tr i z ab l e A R  i s  an AE . 
P r o o f: I f  X i s  a me t r i z ab le A R  t h en X i s  ( h ome omorph i c  
t o )  a r e t ra c t  o f  a c onvex s e t by  Th e or e m  2 . 2 1 .  

2 . 2 4 Th e o re m : I f  X i s  a c omp a c t  me t r i z ab le A E , t h e n  X h as 
t h e  fix e d p o i n t  p rop e rt y . 

P r o o f :  S in c e  X i s  c o mp a c t , F ( X )  i s  c l os e d  in  K ( co ( F ( X ) ) )  
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wh i ch ,  by  th e th e o rem o f  M a z ur (9], i s  i t s e l f  comp a ct . 
Th us , th e re i s  a r e t r a c t i on r : K ( co ( F ( X ) ) ) - F ( X ) . 
S i n ce K ( c o ( F ( X ) ) )  h a s th e fix e d po int  p r op e rty by  a 
Th e orem  o f  Ty ch on o ff [1 2], i t  f o l l ow s  from l emma  1 .1 1  
th at F ( X) ,  an d h e n c e X, h as th e fi xe d  p o i n t  prop e r t y . 
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C H A P T E R  I I I : C ON T I N U I T Y  O F  I N DE XE D C O L L E C T I ON S . 

T H E  B AS I C  TH E O RE M .  

3 . 1  Re m ark : We n ow t urn t o  a prob lem  wh i ch , at f ir s t s i gh t , 
s e e ms  q u i t e  remove d from  the  prob lem  o f  c on t i nuous e x t e n s i on s . 
On e formul at i on o f  t h e  a xi om of  ch o i c e i s  a s  fo l l ows : 
I f  C : X - P( Y )  i s  an i n de xe d  colle ct ion o f  s ub s e t s o f  Y 
s u ch  t hat  C( x )  ¥ � fo r e a ch x E X , t h en t h e re i s  a fun ct i on 
f : X - Y s u ch th at f( x )  E C( x )  for e ach x E X .  

I n  c as e  X an d Y are b o th t op o l o g i cal  s p a c e s , i t  i s  
n a t ur al t o  as k i f  f m i g h t  n o t  b e  c on t inuous . T h e re i s  an 
i n t i m at e conn e c t i on b e tw e en  t h i s  p rob lem an d the  e xt e n s i on 
p rob l e m  w h i ch i s  c l ar i fi e d  by  t h e o rem  3 . 1 2  b e l ow. I n  t h e 
fo l l owin g P '( X ) de n o t e s  t h e s e t  o f  a l l  non - empty  s ub s e t s  o f  X .  

3 . 2  D e f in i t i on : F o r  V c X, s t( V ) = (z E P '( X ) zn v¥0). 
' s t( V ) '  i s  re ad ' s t ar o f  V ' . 

3 . 3 D e fi n i t ion : I f  X i s  a t op o l o g i c a l  s p ac e, t h e n  
( s t( V ) V o p e n  in  X ) i s  a s ub -b a s e  for  a t op o l o gy on P '( X ) .  
Un le s s  t h e cont r ary i s  e xp l i c i t ly s t at e d , P '( X ) w i l l b e  
as s um e d  t o  b e  e q ui p p e d  w i t h t h i s  t opo logy w h i ch w i l l  b e  kn own 
as  t h e us ual t op o lo gy on  P '( X ) .  

3 . 4  R emark : I f  X an d Y are t op o l o g i c a l  s p ac e s  an d i f  
C : X - P '( Y ) i s  an i n de x e d  c o l l e ct i on o f  n on - e mp t y  s ub s e t s  
o f  Y ,  t hen  C may o r  may n o t b e  con t in uous . W e  w i l l  s h o w  
th at  c on t i n uity  o f  C i s  r e l a t e d  t o  t h e  ques t i on o f  t h e  
e x i s t en c e  o f  a c on t i n uo us ch o i ce fun c t ion . A l s o, i t  s h o ul d  
b e  no t e d  t h a t  t h e  t op o l o gy wh i ch we  are us i n g  i s  n o t  t h e  
o n ly u s e ful  t op o logy . T h a t  i t  i s  t h e  app rop r i at e  t op o l o gy 
for  o ur p u rpos e s  fo l l ows  from Theorem  3 . 1 2 .  
r e a d e r  s ho u l d  con s ul t  Ce ch ( 2 ,  C h apt e r  VI ] . 

T h e  i n t e re s t e d  
I n  t h e  fo l l ow i n g, 

X and  Y are t o p o lo g i c al s p a c e s, an d P '( X ) ,  P '( Y ) are  g iv en t h e  
us ual  t o p o l o gy . 
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3 . 5  L emma : Le t C :  X -.  P ' ( Y ) . Then  C i s  c on t in u o us i f  an d 
only  i f  (x E X : C (x )  n G "I � }  i s  open in  X for  e a ch G wh i ch 
i s  open  in Y .  

P ro o f : A s s ume that  C i s  c on t in uous , an d l e t G b e  o p e n  
i n  y. Th en  s t (G )  i s  o p e n  in  pI ( y) an d ,  s i n ce c i s  
c on t in u o us , c - 1 ( s t(G ) )  i s  o p e n  i n  X .  B ut , 

c - 1 ( s t (G ) ) = (x E X C (x ) E s t (G ) } 
= (x E X C (x )  n G "I � } . 

C on ve rs e ly , i f  (x E X : C (x )  n G "I � }  i s  o p e n  i n  X ,  
t h e n  t h e  s e t  e qu al i t i e s  ab o ve s h ow t h at c - 1 ( s t (G ) ) i s  
open  i n  X .  S i n ce ( s t (G )  G open  i n  Y }  i s  a s ub b a s e 
for  t h e  t o p o logy o f  P ' ( Y ) , i t  fo l l ow s  t h at C i s  c on t in -
uous . 

3 . 6  L emma : S up p o s e th at Y i s  a l o cal ly c on vex l in e ar 
t op o l o g i cal  s p a ce . Th e n  ( s t ( V )  : V open  an d c o n vex i n  Y }  i s  
a s ub b a s e f o r  t h e  us ual  t opo l o gy o n  P ' ( Y ) . 

P r oo f :  L e t  T de n o t e  t h e  t o p o logy on P ' ( Y )  
g e n e r at e d  b y  ( s t ( V )  : V o p e n  an d convex i n  

wh i ch i s  
Y } . S i n ce 

e ach o f  th e  s e t s  i n  t h i s  c o l le c t i on i s  open  i n  t h e  us ual  
t opology  of  P ' ( Y ) , i t  fo l l ow s  that  T i s  w e ak e r  t h an t h e  
u s ual  t o po l o gy . I t  w i l l  n ow b e  sh own t h a t, i f  G i s  o p e n  
i n  Y ,  t h e n  s t (G )  i s  i n  t h e  t op o l ogy T .  

L e t  z_ E s t (G ) , s o  t h at Z n G "I � , an d l e t  0 0 
y 0 E Z0 n G .  S in ce Y i s  lo c al ly con vex , t h e re i s  an 
o p e n  c onv ex s e t  U s uch t h a t  y0 E U c G. 
i t  f o l l ow s  t h a t  Z0 E s t (U ) , an d th at s t (U )  i s  a s ubb as i c  
op e n  s e t  o f T. F urth e r , i f  Z E s t (U ) , t h e n  Z 0 U "I �  
an d s o  Z n G "I � an d h e n ce Z E s t (G ). Th us , s t (U )  C s t (G ). 
Th us , s t (G )  i s  op e n  in  t h e  T t op o logy. S in c e  t h e  u s u a l  
t op o l o gy 
( s t (G )  

i s  t h e  w e ak e s t t op o logy  wh i ch  c on t a i n s  
G o p e n  in  Y } , i t  fo l lows  th at  T c o i n c i de s  w i th 

t h e  us ual  t o p o l ogy. 

3 .  7 R em ark: If Y i s  a l i n e ar s p a c e , t h en t h e  op e ra t o r  c o  
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may b e  con s i de r e d  as  a fun ct ion  eo P1 ( Y )  .... P1 ( Y ) . 

3 . 8 Th e o rem : S upp o s e  t h a t  Y i s  a lo cal ly  conve x l i n e ar 
t op o l o g i cal  s p ace . Then  eo : P1 ( Y )  .... P1 ( Y )  i s  c on t i n uous . 

Pro o f : L e t  U b e  an o p e n  s e t  in  Y s o  t hat  s t ( U ) i s  a 
s ubbas i c  op en  s e t  i n  P1 ( Y ) . L e t Z E c o - 1 ( s t ( U ) ) .  I t  0 
w i l l  b e  s h own th at t h e re i s  a n e i gh b o rh o o d  N o f  Z 0 
wh i ch l i e s  in  c o - 1 ( s t ( V ) ) .  

- 1 S i n ce Z0 E e o  ( s t ( U ) ) , w e  have c o ( Z0 ) E s t ( U ) 
an d s o  c o ( Z  ) 0 U 1 �. L e t  y E co ( Z  ) 0 U .  Th e re are  0 0 0 
t h us a f in i t e  n umb e r  o f  p o i n t s  z1 , z 2 . . .  , zn , an d n o n-
n e gat i ve re als  r 1 , . . .  , r s uch that  z. E Z for  i = n l o 
1 , . . .  , n , Er i = 1 , an d y 0 = Er. z . . l l 

o p e n  
Furth e r , s i n ce Y i s  lo cal ly con ve x ,  t h e r e  i s  an 
c on ve x n e i ghb o rh o o d  V o f  0 s uch t h at ( y  + V ) c U .  0 

L e t  V . = z. + V  f or  e ach  i = 1 ,  . . .  , n ,  an d l e t 
l l 

N = s t ( V 1 ) 0 ... 0 s t ( Vn ) .  N o t e  th a t  N i s  a b as i c  o p e n  
s e t  in  pI ( y )  an d t h a t  z . E z n v. fo r e a ch i = 1 ' . . .  , l 0 l 
I t  f o l l ow s  imme d i at e l y  t h at z E s t ( V . ) for  e a ch i = 0 l 
1 '  . . .  , n an d s o  z 0 E N .  Th us N i s  a n e i gh b o rh o o d  o f  
z i n  pI ( y )  • 0 

n .  

Now , l e t  Z E N .  Th en  Z 0 V. 1 (1j for  e ach i = 1 ,  . . .  , n . l 
L e t v .  E z n V .  fo r e ach i = 1 ,  . . .  ' n ,  s o  th at  l l 
v. = z. + w. , w h e r e  w. E V .  Th en  Er.v. = Er. z. + Er.w . l l l l l l l l l l 
= y 0 + ( s ome p o i n t  o f  V ) . 

H en ce , Er .v . E U an d so co(Z ) 0 U i (1!. Th us l l 
c o ( Z ) E s t( V ) ,  an d th i s  s ho ws t h a t  N C co-1( s t(U ) ) .  
H e n c e  eo i s  co n t in uo us .  

3 . 9  Re m ark : I f  Z i s  co nv ex , then  co(Z ) = Z .  H e n ce t h e  s e t  
o f  co nv ex s ub s e t s  o f  Y i s  a r e tr act  o f  P1(Y). S i n ce P1(Y) 

i s  n o t  g e n er ally a H aus dor f f  sp ace , i t  can no t b e  imm e di at e ly 
co n clud e d  t h at t h e  c las s o f  co nv ex s ub s e t s  o f  Y i s  c lo s e d  
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in  P ' ( Y )  an d ,  in  f a c t , th i s  i s  n o t  ge ne r ally  s o , as  m ay be 
see n from  the fo l l ow i n g  e xamp le .  

3 . 1 0 E x ample : Le t Y = Ri , Z0 = ( r : r i s  a r at i on al , O S:: r� 1 } . 
The n  c o ( Z ) = [ 0 , 1 ] = K ( Z  ) ,  b ut s i n ce K ( Z ) n U  f. �  i f  an d 0 0 0 
on ly  i f  z n u f. 0 whe n  u i s  o p en , i t  fo l l ows  t h a t  z i s  in  0 0 
the P ' ( R 1 ) c l o s ure o f  the c l as s o f  conve x  s ub se t s o f  R 1 , 
alth o ugh Z i s  n o t  c on ve x . 0 

3 . 1 1 Re mark : The argume n t u se d  in  e xamp le 3 . 1 0 m ay be use d 
t o  s h ow t h a t  Z an d K ( Z )  ne ve r  h ave d i s j o i n t  ne i gh b o rh o o ds i n  
P ' ( Y ) .  T hu s , i f  Y c on t a i n s  any  se t wh i ch i s  n o t  c lo se d , t he n  
P ' ( Y )  i s  n o t  H aus do r f f . 

Wh a t  h as a l l  o f  t h i s  t o  d o  w i t h  con t inuous  e xte n s i on s? 

3 . 1 2 The o re m : 
t hat  f : A - Y . 

S up p o se t h a t  A i s  a c l o se d  s ub s p a ce 
De f in  e C ( x ) = j ( f (  

y
x )) i f x E A 

l i f  X E A 

o f  X ,  an d 

the n  C :  X- P ' ( Y )  i s  s u ch th at  
i )  The m ap F X - Y i s  an e xte ns i on of  f i f  and  on ly  

i f  F i s  a ch o i ce fun c t i on for  C .  
i i )  C i s  con t i n uo us i f  an d only  i f  f i s  con t i n uo us . 

Proo f :  
i )  i s  c le ar 

i i ) S up p o se f i s  c on t i n u o us . Le t G be o pe n  i n  Y and  
s up p o se th at x i s  s u ch t h at C ( x  ) n G f. Ql .  0 0 
x0 E ( X - A ) , t he n , s in ce A i s  c l o se d , t h e re 
ne i ghb o rh o o d  N o f  x s u ch th a t  N c ( X-A ) . 0 
C ( X ) = Y an d s 0 C ( X ) n G '1 0 , i , e . , N C (X 

I f  
i s  a 
F o r  e a ch x E N ,  
: G n c(x);i0). 

On the o the r h an d , i f  x E A ,  t h en , s in ce f i s  c on t i n uo us , 0 
the re i s  a ne i ghbo rh o o d  N o f  x0 s uch t h at f ( N n A )  c G. 
A g ain , f or  x E ( N-A ) , C ( x )  = Y ,  an d so N c {x : C(x) n G 
.,. 0}. 

Th u s  (x : C(x) n G '1 0) mus t be o pe n, an d so C i s  
c on t in uo us b y  Le mma 3 . 5 .  



C on ve rs e ly ,  l e t  C b e  c on t i n uous  an d l e t x E A .  0 
L e t G b e  a n e i ghb o rh o o d  o f  f ( x ) i n  Y .  S i n c e 0 
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C ( x  ) = ( f ( x )} , i t  fol l ow s  t h a t  x E ( x :  C ( x )  11 G :1 121 } . 0 0 0 
S i n ce c i s  c on t in uous , t h ere  i s  a n e i ghborh o o d  N o f  
X in  X s u ch th at  N c ( x : C ( x )  11 G ¥ 121 } .  Th us , for  0 
X E ( N  11 A )  ' C ( x )  = ( f ( x ) }  an d C ( x )  11 G ¥ 121 an d s o  
f ( x )  E G . Th us  f ( N  11 A )  c G an d s o  f i s  c on t inuous  
on  A .  

3 .  1 3  Re mark : Con s e q uen t ly , i t  i s  n ow s e e n t h at t h e  p rob l e m  
o f  f i n d i n g  con t i n uo us e x t e n s i on s  i s  a s p e c i a l  c a s e  o f  f in d 
i n g  cont inuous  ch o i ce fun c t i o n s  fo r c on t i n uo us i n de xe d 
c o l l e c t i on s . Th e r e m a in der  o f  t h i s  ch ap t e r  i s  d e vo t e d t o  
p ro v i n g  the  b as i c  th e o r e m  3 . 2 0 on con t i n uous  cho i c e s , a l o n g  
w i th c e r t a i n  l emmas n e ce s s ary t o  p ro ve  th e main  t h e or e m  4 . 3  
w h i ch e xt en ds th e b as i c  t h e o re m  3 . 2 0 .  

3. 1 4  L e mma : S uppo s e  th a t  C : X �  P ' ( Y )  i s  c on t i n u o us . L e t  
D ( x ) = K ( C ( x ) )  for  e a ch x E X .  Th en  D : X �  P ' ( Y )  i s  con t in -
u ous . 

Pro o f :  L e t G b e  o p e n  i n  Y .  Th en  K ( C ( x ) ) 11 G ¥ 121 i f  
an d only  i f  C ( x )  11 G 1 0 .  Th us ( x : D ( x )  11 G 1 121 } = 

( x : C ( x )  11 G :1 121 }  an d s o  D i s  c on t in uo us . 

3 . 1 5 L e mma : S up p os e th a t  C : X �  P ' ( Y )  i s  c on t inuous  an d 
th at A i s  a c l os e d  s ub s e t  o f  X .  Furth e r  s up po s e  th at 

L e t D X �  P ' ( Y )  b e  d e fi n e d by  f : A �  Y i s  c on t in u ous . 
D ( x )  = { ( f ( x )} i f  x E A 

C ( x )  i f  x E ( X- A )  
Th en  D i s  con t in uo us . 

P r oo f :  L e t E ( x )  = { ( f ( x ) } 
Y i f  X 

i f  X E A 
E ( X- A )  

Then E i s  c on t in -

uous  b y  t h e or e m  3 . 1 2 .  A l s o , ( x : D ( x )  11 G 1 121} = 

( X : C ( x )  () G # 121 }  f'l ( x : E ( x )  11 G 1 121} an d s o  D i s  
con t i n uous . 

3 . 1 6 L e mma : L e t C : X �  P ' ( Y )  b e  con t i n uous  and  l e t  G be 
op en  i n  Y .  I f  D ( x )  = C ( x )  11 G f o r  a l l  x E X ,  t hen  



D X �  P ' ( Y )  i s  con t in uo us . 
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Pr o o f :  L e t  H b e  o p e n  i n  Y .  Then ( x :  D ( x )  n H f. 0 }  = 
( x  : C ( x )  n G n H f. � }  and  s o  D i s  a l s o  con t in uous . 

3 . 1 7 L e mm a : S upp os e th a t  Y i s  a me tr i c s p a ce , t h at 
C : X - P ' ( Y )  i s  con t in uo us , an d t h a t  r > 0 .  L e t  f X ..... y 
b e  a cont inuous fun ct ion  s u ch t h a t  C ( x )  n S ( f ( x ) ,r )  f. 0 
for e a ch x E X . De fine D : X ..... P ' ( Y )  by 
D ( x )  = C ( x )  n S ( f ( a ) ,r ) . Th e n  D i s  con t in uous . 

Pr o o f : L e t  G b e  o p e n  i n  y an d l e t  X 0 E ( x D ( x ) n G f. 0 }. 
S i n ce C ( x  ) n S ( f ( x  ) ,r )  n G f. 0 ' ther e  i s  a r e a l  s > 0 0 
s uch  th at  s < r an d C (  X ) n S ( f ( x  ) , s )  n G f. 0 . L e t 0 0 
Yo € c < x ) n S ( f ( x  ) , s ) n G .  L e t  0 0 

w 1 = ( x C ( x )  n S ( f ( x  ) , s )  n G f. � }  0 
w 2  = ( x f ( x )  E S (  f ( x  ) ,r - s ) j .  0 

N o t e  that w 1 i s  o p e n , s in ce C i s  con t i n uous , an d 
w 2  i s  op en  s i n ce f i s  con t i n u o us . 
n e i gh b or h o o d  o f  x . F i n a l ly , l e t  0 
for a l l y E S ( f ( x  ) , s ) , w e  h av e  0 

Thus  w 1 n w 2  
x E w 1 n w 2 • 

i s  a 
Then , 

0 

d ( y , f ( x ) ) S: d ( y , f ( x0 ) )  + d ( f ( x0 ) , f ( x ) )  < s +r - s =r .  
Thus , S ( f ( x  ) , s )  c S ( f ( x ) ,r )  an d con s e quen t ly , 0 
W 1 n w 2  C ( x  : C ( x )  n S ( f ( x ) ,r ) n G f. � } . H e n c e , D i s  
con t i n uous . 

3 . 18 L e mma : S up p o s e  t h a t  Y i s  a n or m al li n e ar s p a c e  an d 
th at  X i s  m e tr i z ab le . Supp o s e  t h a t  C : X �  P ' ( Y )  i s  
cont inuous , an d t h at C ( x )  i s  conv e x for e ach x E X .  I f  

r > 0 ,  t h e n  t h er e  i s  a c on t in uo us fun ct i on f X � y 
s uch th a t , for e a ch x E X , f ( x )  E S ( C ( x ) ,r ) . 

Pr o o f :  L e t  U : Y � P ( X ) b e  d e fined  by  
U ( y )  = ( x  : y E  S ( C ( x ) ,r ) } = ( x  : C ( x ) n S ( y ,r ) f. � } .  

I t  i s  cle ar ,  s in ce C i s  continuo us , t h at U i s  an 
open  cov er in g  o f  X .  B y  Th e or em 2 .8 ,  t h er e  i s  a lo c al ly 
fin i te open  cov er in g  V : Y � P ( x )  s u ch that V ( y )  c U ( y )  
for e ach y E  Y .  By Th e or em 2 . 1 4 ,  ther e  i s  a p ar t i t i on 
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o f  un i ty p s ub o r d i n at e t o  V .  D e f i n e  f ( x )  = 
E{p ( y ) ( x ) · y  : y E Y} fo r e a ch x E X .  N ot i ce t h a t  t h e  
s um i s  fi n i t e  s in ce p ( y ) ( x ) � 0 fo r on ly f in i t e ly m an y  
y .  I n  f a ct , e a ch x E X h as a n e i gh b o rh o o d  N s uch  t h at 
fjN i s  d e fi n e d  by  a fin i t e  s um ,  an d s o  f i s  con t i n u o u s  
o n  X .  

F i n ally , i f  p ( y ) ( x ) � 0 ,  t h e n  x E V ( y )  c U ( y )  
an d s o y E S ( C ( x ) , r ) . S i n ce S ( C ( x ) , r )  i s  a c on ve x  s e t , 
i t  fo l l ows  t h a t  f ( x )  E S ( C ( x ) , r ) . 

3 .  1 9  Remark : N o t i ce h e re again  t h e  fun d ame n t a l  us e o f  
p ar t i t ions  o f  un i ty w h i ch i n  t urn de p e n d  upon t h e  Ury s ohn 
L emm a .  ;h e f o l l ow i n g i s  due t o  Mi ch ae l  [ 1 4] . 

3 . 2 0 The  B as i c  T h e ore m o f  C on t i n uo us C h o i ce s : Suppos e t h a t  
X i s  me tr i z ab le an d t h at Y i s  a b an ach s p ace . L e t 
C X - P ' ( Y )  b e  con t in uous an d s uch t h at C ( x ) i s  a c l os e d  
c on v e x  s ub s e t  o f  Y fo r e a ch x E X .  Th e n  t h e re i s  a c on t i n -
uous  fun ct i on  f : X - Y s uch t h a t  f ( x )  E C ( x )  for  e a ch 
X E X .  

P r oo f :  I t  i s  p r op o s e d  t o  i n duct i ve ly c on s t r u c t  a 
s e quen ce  o f  fun c t i on s  f .  : X - Y s u ch t h a t  

l 

a )  fi i s  con t i n u o us fo r i =  1 ,  2 ,  
b )  l lfi ( x ) - fi _ 1 ( x ) l l < 1 ! 2 i - 2 for i = 2 ,  3 ,  
c ) l ie ( x ) - f i ( x ) 1 1  < 1 I 2 i for i = 1 , 2 , . . . 

C on s t ruct i on o f  f 1 : I n  Lemma 3 . 1 8 , ch o os e  r = � .  
The  con c lus i on o f  t h e  l emma  y i e l d s  f 1 s at i s fy in g  
a an d c .  

I n duct i ve Hypo t h e s i s : f 1 , . . .  , fn h ave  b e en c on s t r u c t e d  
wh i ch s a t i s fy a ,  b ,  an d c ab o ve , f o r  e ach  i = 1 ,  . . . ' n • 

C on s truct i on o f f + 1 .  De f i n e  B ( x )  = C ( x ) ll S ( fn ( x ) , 1/2 n ) .  
T h e n  B ( x )  � � for  a l l  x E X by  p ar t  c o f  t h e  i n duct i ve 
hypothe s i s , an d B : X- P ' ( Y )  i s  c o n t inuous b y  lemma  
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3 . 1 7 , s in ce b o th f an d C are con t in uous . n A l s o , B ( x ) 
i s  c onvex  for e ach x E X s i n c e  i t  i s  t h e  i n t e ra c t ion  
o f  two  c onvex  s e t s . Th us , b y  lemma 3 . 1 8 , t h e r e  i s  a 
c on t in uous  fun ct i on f 1 : X � Y s uch t h a t  

1 n +  
f 1 ( x )  E S ( B ( x ) , n +  
l l fn + 1 ( x ) - fn ( x ) l l  s: 

/ 2 n + 1 )  for  
_1_ + 1 = 
2n + 1  2 n 

e a ch x E X . Th us , 
3 = 3 1 < 1 

2n + 1  4 · 2n - 1 2 n - 1  
1 an d I I C ( x ) - fn + 1  ( x ) l l  < / 2 n + 1 . Hen ce  fn + 1  s at i s fi e s  a ,  

b ,  a n d  c ab o ve . 

C> 

Hen ce  t h e re i s  a s e que n ce  o f  fun ct i on s  r f ) l n n = 1 
s at i s fy i n g  a ,  b ,  an d c .  By b ,  t h e  s e quen ce i s  un i formly 
C an chy . S in ce Y i s  a B an ach  s p ace , t h e r e  i s  a c on t in -
uous  f : X � Y s uch t h a t  f ( x )  = l i m  fn ( x )  fo r e a ch  

n�• 
X E X .  By c ,  an d s in ce C ( x )  i s  c l o s e d  i n  Y for e a ch 
x E X ,  i t  f o l l ows t h at f ( x )  E C ( x )  fo r e ach  x E X ,  
t h us comp le t in g  t h e  t h e o rem . 

3 . 2 1 C o r o l l ary : I f  X an d Y are as  i n  t h eorem  3 . 2 0 an d i f  
D : X �  P '  ( Y )  i s  con t inuous , t h e n  t h e r e  i s  a c on t i n uous  
fun c t i on f : X - Y s uch t h a t  f ( x )  E K c o ( D ( x ) ) for  e a ch  
X E X .  

P r o o f :  L e t  C ( x )  = K c o ( D ( x ) ) for e a ch x E X .  By  
l e mm as 3 . 1 4 an d 3 . 8 ,  it  fol l ow s  that  C i s  c on t in uous . 

3 . 2 2 C or o l l ary : A c lo s e d  c on v e x  s ub s e t  o f  a B an ach  s p ace  
i s  an  AE . 

P r oo f : L e t  Z b e  a c l o s e d  c on ve x  s ub s e t  o f  a B an a ch 
s p ace  Y an d A a c l os e d  s ub s e t  o f  a me t r i z ab l e  s p ace  
X .  I f  f : A ... Z i s  c on t i n uous , l e t  C(x)= {( f(x)) i f  x E  A 

z i f  X E ( X- A )  
C i s  c on t i n uous b y  T h e o r e m  3 . 1 2 an d s o  t h e r e  i s  a 
c on t in uous  F : X ... Z s u ch t h at F ( x ) E C( x) f o r  e a ch x E X . 

3 . 2 3  Rem ark : I t  s ho u l d  b e  n o t e d  t h at 3 . 2 2 i s  w e ak e r  t h an 
t h e  D ug un d j i t h e orem  ( Th .  2 . 1 7 ) . 
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CH AP T E R  I V : T H E  M A I N  THE O RE M  

Th i s  Ch ap t e r  i s  d e vo t e d  t o  e xt e n d in g  t h e  ba s i c  t h e orem 
on con t in uous  ch o i c e s . W e  de fi n e  a new  c l as s o f  s e t s , wh i ch 
in cludes  t h e  c l a s s  o f  con ve x s e t s , an d show t h a t  t h e  b a s i c  
cho i c e  t h e o rem  s t i l l  h o l ds for  t h i s  e xten de d c l as s . As  a 
cons e q uen c e , we  h a ve a new  c l as s  o f  AE ' s .  

T h r o ughout  th i s  s e c t i on , Y w i l l  deno t e  an arb i t r a ry 
B an ach s p a c e . 

4 . 1  De f in i t i on : L e t E c Y an d t � 0 .  Th e c l a s s  o f  s e t s 
(! ( t , Y )  i s  d e fine d by  E E (l' ( t , Y )  i f  an d only  i f  fo r e a ch n fin i te s ub s e t  ( xi } i = 1  c E i f  x E c o ( {xi } � = 1 ) th en  
I jx - E I s: t m a x (1 1 x i - x j 1 1  1 s: i , j s: n } • 

4 . 2 Rem ark : The  de f i n i t i on i n d i c at e s  that  con vex  comb i n -
at i ons o f  p o i n t s  may ' e s cape ' from E ,  b ut n o t  t o o fa r .  I f  
E i s  c l o s e d ,  t h e n  E E a < o , Y )  i f  an d o n ly i f  E i s  c onve x .  
C on s i de r  t h e  two p l an e  s e t s  V an d U .  Th e f i rs t i s  i n  
«< t , R2 ) f o r  s o me t < � ,  t h e  e xact  v a l u e s  o f t d e p e n d i n g  
up on the  s i ze o f  t h e  i n c l u de d 
i s  n o t  i n  a < t  , R2 ) fo r t < � .  
on ly t o  s e t s  in  G < t , Y )  for t 

an g l e . The  s e c o n d  fi gure  
The  main  th e o r e m  app l i e s  

< � .  I t  s h o ul d  b e  n o t e d  t h at  
the  two  fi gures  are  c omp act  one - d i me n s i on al h omeomorph i c  
AE ' s .  A l t h o u gh t h e  f i gure U i s  l o ca l ly a ( t , R2 ) fo r t < � , 
a l at e r  e x amp le  w i l l p ro v i d e  a comp a c t  one - d imens i on a l  
A E  wh i ch i s  n o t  l oc a l ly (t ( t , Y ) fo r a n y  t < � .  

Furth e r , i t  s ho ul d  b e  n o t e d  t h at a s e t  cons i s t i n g  o f  
two  p o i n t s  i n  th e p l an e  i s  i n {t ( � , R2 ) b ut n ot i n (t ( t , R2 ) 
for  any t < � ,  an d s o , i n  t h at s en s e  a t  l e as t , t h e  m a i n  
t h e orem  c an n o t  b e  imp r o ve d .  

4 . 3 The M a i n  Th e o rem : S upp o s e  th at  X i s  a m e t r i z ab l e  
s p a ce an d t h a t  Y i s  a B an ach s p ace . L e t  0 � t < � an d 
l e t  A : X �  P ' ( Y )  b e  c on t in uous . I f  A ( x )  i s  c l os e d  for 
e a ch X E X and  i f  A ( x )  E a< t , Y )  for e ach X E X ,  t h e n  th e re 
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i s  a c on t in uous  fun ct i on f X - Y s uch th a t  f ( x )  E A ( x ) 
for  a l l  x E X .  

P ro o f :  L e t  N d e n o te th e n a t ura l n umb e rs  an d l e t  s b e  
a r e al n umb e r  s u ch th at  2 t  < s < 1 .  
n umb e r  s u ch th at  

4 . 4 )  a > Lm · s k > 1 
k = O 

L e t a b e  a r e al 

an d 4 . 5 )  A ( x )  n S ( O , a ) 1 0 fo r at l e as t one  X E X .  

D e f ine  V :  N - P ( X )  b y  V ( n )  = ( x E X : A ( x ) 0 S ( O , an ) i 0 } .  
Th en  V i s  open  s in c e A i s  con t i n uous , an d V i s  a 
c o ve r i n g  o f  X s i n c e  U ( S ( O , an ) : n E  N }  = Y .  A l s o , s in ce 
n + 1  > n a a , i t  f o l lows  th a t  V ( n ) C V ( n + 1 ) for  a l l  n E N .  

B y  C o r o l l ary 2 . 9 ,  th e re i s  a c overin g  F : N - P ( X ) s u ch 
th at 

4 . 6 )  F ( n ) c V ( n ) for  a l l  n E  N 
4 . 7 ) F ( n ) c F ( n + 1 )  for  a l l  n E  N 
4 .  8 )  F ( n ) i s  c l os e d  for e a ch n E N 
4 . 9 )  F i s  l o c a l ly f i n i t e  

I t  i s  p rop o s e d  t o  cons truct  a s e que n ce o f  fun ct i o n s  
( fn j := 1  w i th th e fo l l ow i n g  p rop e rt i es : 

4 .  1 0 ) f n : F ( n )  - y i s  con t in uous  for  all  n E 
4 .  1 1 )  f ( X ) E A(x )  fo r a ll  X E F ( n )  an d for  n 

a l l  n E N 
4 .  1 2 ) l lfn ( x ) l l  < n + 1  for a l l  X E F ( n )  an d f o r  a 

a l l  n E N 
4 . 1 3 )  fn + 1 1 F ( n ) = f fo r a l l  n · E  N .  n 

Th e cons truct i on o f  s u ch a s e q ue n ce w i l l  p ro c e e d  b y  
i n d u ct i on . 

C on s t ru ct i on o f  f 1 : Th i s  w i l l  a l s o  b e  an i n d u c t i v e  
con s t r uc t i on . De fi n e  g (x) = 0 for  a l l  x E F ( 1 ) . 0 
N o t e t h a t  1 1  g 0 ( x ) - A ( x) 1 1  = i n  f £ 1 1  Yl l : y E A ( x) } < a fo r 

N 

a l l  x E F ( 1 ) , s in ce F ( 1 )  C V ( 1 )  = {x E X : A(x) 0 S ( O , a )  1 Ql }  
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A s s ume that  t h e  fun c t i on s  g0 , • . .  , gn h a ve b e en 
d e fi n e d  an d that  t h e  fo l l ow i n g  p ro p e rt i e s  are s a t i s fi e d : 

4 .  1 4 ) gk : F ( 1 )  .... y i s  c on t i n uo us f o r  k = 0 ' 1 ' . . , 
4 .  1 5 ) l l gk ( x ) - A ( x ) l l < k for e a ch X E F ( 1 )  an d s a 

k = 0 , 1 , . . , n 
4 . 1 6 ) 1 1  gk ( X )  - gk + 1 ( X )  1 1  ::; s k a for e ach X E F ( 1 )  an d 

k = 0 , 1 , . . ' n - 1 

D e fin e  B : F ( 1 )  -+ P '  ( Y )  b y  B ( x )  = A ( x )  () S ( g  ( x )  , s n a )  n 
f o r  a l l  x E F ( 1 ) .  N o t e  t h a t  B ( x ) 1 0 by  4 . 1 5 ,  an d t h at 
B i s  c on t inuous by  L e mma 3 . 1 7 .  H e n ce , b y  coro l l ary 
3 . 2 1 ,  t h e re i s  a con t i n uo u s  fun ct i on  g 1 n +  F ( 1 )  - Y 
s u ch t h a t  gn + 1 ( x )  E K ( c o ( B { x ) ) ) for  e a ch x E F ( 1 ) .  S i n c e 
gn + 1  E K S ( gn ( x ) , s n a ) , p ro p e rty 4 . 1 6 fo l l ow s  imme di at e ly . 
I t  r e m a i n s  t o  veri fy 4 . 1 5 f or  the  fun ct i on g 

1
. n +  

L e t  E > o .  Th en  t h e re  i s  a y E  c o ( B ( x ) ) fo r wh i ch 
1 1 gn + 1 ( x ) -y 1 1 < E . S i n ce y E  co ( B ( x ) ) ,  t h e r e  are a 
f in i t e  n umb e r  of  p o i n t s  ( y i ) l = 1  c B ( x ) an d s u ch t h a t  
y E  c o ( ( y i ) i = 1 ) .  N o t i c e  t h a t  i f  1 ::; i ,  j ::;;; p ,  t hen  
II Y · -Y · I I  < 2 s n a s i n ce B ( x ) c S ( g  ( x ) , s n a ) . Th us , we  l J n 
h a ve 

1 1 gn + 1 ( x ) - A ( x ) l l ::; 1 1 gn + 1 ( x ) -y l l  + l l y - A ( x ) l l  
< E + t m a x (1 1  y i - y j 1 1  : 1 ::; i , j s: p } 
::; E + t · 2 s n · a , s in ce A ( x ) E (!( t , Y ) . 

T hu s  , 1 1  gn + 1 ( X ) - A ( X )  1 1 n n + 1  . ::; t · 2 s . a  < s a s l n c e 
t h e  cho i c e o f  s ,  an d th i s  ve r i fi e s  4 . 1 5 .  

2 t  < s by  

H e n ce , th e re is  a s e quen ce  o f  fun ct i on s  ( g i } 7= 1  
wh i ch s at i s fy prope rt i e s  4 . 1 4 - 4 . 1 6 .  Th e s e q u e n c e  i s  
un i fo rm ly C auchy b y  4 . 1 6 an d h e n ce f 1 ( x ) = l i m  g. ( x ) 

i-+«> l 

de f i n e s  a con t i n uo us f un ct i o n  f 1 : F ( 1 )  -+ Y .  
ve r i fy t h a t  f 1 s at i s f i e s  4 . 1 1 an d 4 . 1 2 .  

W e  mus t 

Ve r i f i c at i on o f  4 . 1 1 :  L e t E > 0 an d l e t  M b e  s uch t h a t  
l lf 1 ( x ) - gn ( x ) ll < E f o r  al l n > M  an d a l l  x E F ( 1 ) .  

n 
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Then , l l f 1 ( x ) - A ( x )  1 1 s; l l f 1 ( x ) - gn ( x ) l l + l l gn ( x ) - A ( x ) l l  
< E + s l? a for  all  n > M an d a l l  

X E F (  1 )  
Th us , l l f 1 ( x ) - A ( x ) l l  = 0 an d , s in ce A ( x )  i s  as s ume d 
c l os e d  i n  Y ,  i t  f o l l ows  that  f 1 ( x )  E A ( x )  for  e ach  
X E F ( 1 ) .  

Ve ri fi c at i on o f  4 . 1 2 :  for  a l l  x E F ( 1 ) , we  h a ve  

Thus , a E 
k = O  

Th i s  c ompl e t e s  th e c on s t r uct i on o f  f1 . 

k s < 
2 a . 

I n du c t i ve Hypo t h e s i s : A s s ume t h a t  fun ct i o n s  f1 , . . .  , 
h ave b e e n  c on s t ru c t e d  wh i ch s at i s fy p ro p e rt i e s  4 . 1 0 -
4 . 1 3  for  al l n s: 

Con s t r u c t i on o f  f 1 : De f i n e  C ----------------- n + F ( n  + 1 ) -+ P ' ( Y )  0 

by  C ( x )  

S i n c e  F ( n  ) 0 
c on t i n uo us , 

0 
x E F ( n  ) 0 

F ( n  + 1 ) - F ( n  ) 0 0 

i s  c lo s e d  in  F ( n  + 1 )  an d . s i n c e  f i s  o n 0 i t  f o l l ow s  from Th e o re m  3 . 1 2 t h a t  C i s  
co n t in uo us .  A l so no t e  t h a t  C ( x ) i s  clo s e d  an d C( x )  E 

{!C t , Y )  for  e a ch x E F ( n  + 1 ) .  0 

Th e co n s tr uc t io n  o f  f i s  b y  in duct io n . n + 1  0 
-+ Y b e  de fin e d  b y  h ( x ) = 0 for 0 

f n 0 

L e t  h0 : F( n0 + 1 )  
x E F( n + 1 ) .  I f  no + 1o 
< a  b y  4 . 1 2 . 

x E F( n0 ) then  l l h0( x )-C( x ) ll = l l fn ( x ) l l  0 
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I f  x E
1

F ( n ()+ 1 ) - F ( n 0 ) ,  t h en l l h0 ( x ) - C ( x ) l l  = ll h 0 ( x ) - A ( x ) l l  
< an o + , s in ce F ( n  + 1 ) c V ( n  + 1 )  = 0n + 1  ° 
( x E X :  A ( x )  n S ( O , a  0 ) :1 0 } . Thus  for a l l  x E F ( n  + 1 ) ,  0 
w e  h ave l l h0 ( x ) - C ( x ) l l  < an o+ 1 . 

As s ume now t h a t  fun c t i o n s  h0 , h 1 , • . .  , hp h ave  
b e en de fin e d  wh i ch s a t i s fy t h e  fo llow in g con d i t i on s : 

4 .  1 7 )  h k : F ( n  + 1 ) 0 ..... y i s  con t in uo us fo r 
k = 1 , . . . ' p 

4 .  1 8 )  l lhk ( x ) - C ( x ) l l < k n0 + 1  s a fo r al l X E F ( n  + 1 ) 
an d k = 1 ,  . . .  ' p 

4 . 1 9 )  l l h k + 1 ( x ) - hk ( x ) ll s; k n0+ 1  for a l l  s a 
X E F ( n  + 1 ) an d k = 1 , . . .  , p - 1 0 

D e f i n e D : F ( n  + 1 ) ..... P ' ( Y )  by D ( x )  = C ( x )  n 0 
S ( h  ( x ) , s p an o+ 1 ) .  N o t e  t h a t  D ( x )  # 0 by 4 . 1 8  an d p 
t h a t  D i s con t i n uo us by  l emm a  3 . 1 7 .  T hus , b y  
coro l l ary 3 . 2 1 ,  t h e r e  i s  a c on t i n uous  fun ct i on 
h p + 1  : F ( n0+ 1 )  ..... Y s u ch t h at h p + 1 ( x ) E K ( c o ( D ( x ) ) ) 
for  e a ch x E F ( n  + 1 ) . Th us  w e  n e e d  to  ve r i fy th at  0 
hp + 1  s at i s fi e s  4 . 1 8 an d 4 . 1 9 .  

V e r i fi cat i on o f  4 . 1 8 :  L e t  x E F ( n  + 1 ) an d E > 0 .  0 

0 

Th en  t he r e  i s  a y E  c o ( D ( x ) )  for wh i ch l l h p + 1 ( x ) -Y I I < e . 
A 1 s o , t h e re are a f in  i t  e n u mb e r o f  p o i n t s  ( y i } { = 1 c D ( x ) 
s u ch t h a t  y E  co ( ( y i ) f = 1 ) .  N o t i c e t h at i f  1 S:: i ,  j S:: q 
t h e n  I I Y i -Y j l l  < 2 s p an o + 1 , s in c e  D ( x )  c S ( hp ( x )  , s p an o+ 1 ) .  

S:: E + t .  2 s p an ° + 1 , s in c e 
C (x )  E <f( t , Y ) . 

Thus , l l hp + 1 ( x ) - C (x ) l l s:: t . 2 s 1? an o+ 1  < 
s i n ce 2 t  < s by  t h e  ch o i ce o f  s .  

p + 1  n0 + 1  s a , 
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Veri fi c a t i o n  o f  4 . 1 9 :  
i t  f o l l ow s  i mme d i a te ly 

. p n + 1 ) S ln ce h 1 ( x )  E KS ( h  ( x ) , s  a o , p +  p n + 1  t h at 1 1  hp +  1 ( x ) -h p ( x )I I s; s P a o . 

Thus , t h e r e  i s  a s e q uen ce  o f  fun c t i on s  { hk } == 1  
wh i ch s at i s fy 4 . 1 7 - 4 . 1 9 .  B y  4 . 1 9 ,  t h e  s e q uen ce 
con ve r g e s  un i formly , an d t h us f 1 ( x )  = l i m  hk ( x )  n o+ k-e;) 

d e f i n e s  a c on t in u ous  fun ct i on f 1 : F ( n  + 1 )  - Y .  n 0+ o 

We  n ow s h ow th at f 1 s at i s f i e s  pro p e r t i e s  4 . 1 1 - 4 . 1 3 .  n o + 

V er i fi c at i on o f  4 . 1 1 an d 4 . 1 3 :  Ob s e rve  t h a t  

llfn + 1 ( x ) - C ( x ) l l s; l l fn + 1 ( x ) -hk ( x ) l l  + l l hk ( x ) - C ( x ) l l  
0 0 

< l l fn + 1 ( x ) - hk ( x ) l l  + 
0 

k n 0 + 1  f s a o r  a l l 

k E N  an d x E F ( n  + 1 ) .  Thus , l lf 1 ( x ) - C ( x ) l l = 0 f o r  o n 0 + 

al l x E F ( n  + 1 ) .  S in ce C ( x )  i s  c l o s e d  for  a l l  x ,  i t  0 
fo l l ow s  th at  f 1 ( x )  E C ( x ) . Fo r x E F ( n  ) , t h e n , n 0+ o 
fn + 1 ( x )  = f ( x )  an d f ( x ) E A ( x )  b y  t h e  in d u c t i on o n o n o 

hypoth e s i s . F o r  x E F ( n  + 1 ) - F ( n  ) ,  w e  h a ve C ( x )  = A ( x ) , 0 0 
an d s o  ag ain  fn + 1 ( x )  E A ( x ) . 

0 
V er i fi cat i on o f  4 . 1 2 :  W e  h ave  

Thus , 

l lf n + 1 ( x ) -h o ( x ) 1 1 s; 11 f n + 1 ( x ) -h k ( x � I + 
0 0 

k - 1 
E N h . 1 ( x ) -h . ( x ) l l 

i = O l + l 
CD 

s; 1 1 fn 0 + 1  ( x ) -hk ( x ) l l + 
i;!lh i + l  ( x ) -h i ( x �l f or  a l l  k . 

l l f  . 1 ( x ) l l s; E l l h . + 1 ( x ) -h . ( x ) l l s; an o+ l  E s i < an o+ 2 • 
n o+ i = O l l i = O 



Th i s  comp l e t e s  the  c on s t r u c t i on of  th e  s e qu e n ce  
( f i } 7= 1 . D e fi n e  f X .... Y b y  f ( x )  = fn ( x ) for  
x E F ( n ) .  The  de fin i t i o n  is  un amb i guo us by  4 . 1 3 ,  
an d f i s  c on t i n uous s in ce F i s  a clos e d  l o c a l ly 
fin i t e  c overi n g o f  X .  F i n al ly f ( x )  E A ( x )  b y  4 . 1 1 .  
Th i s  c omp l e t e s  t h e  p r o o f  o f  t h e  main t h e o re m .  
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4 . 2 0 C oro l l ary : I f  K i s  a c l o s e d  s ub s e t  o f  a B an a ch s p a ce  
Y ,  i f  0 � t < � , an d i f  K E (!C t , Y )  t h en K i s  an  ab s o l u t e  
e xt en s o r .  

P r o o f :  L e t f : A .... K b e  c on t i nuo us , where  A i s  a 
c l os e d  s ub s p ace o f  a me t r i z ab l e  s p a c e  X .  De f i n e  
B : 

i f  X E A 
i f  X E X- A .  

Then  B i s  c on t in u ous by  l e mma  3 . 1 2 an d B h a s  a c on t i n 
u o us cho i ce fun c t i on b y  t h e m a in t h e o re m .  

4 . 2 1 C or o l l ary :  I f  K E a( t , Y )  an d i f  K i s  c l o s e d , then  K 
i s  c o n t ract i b l e  an d l o c a l ly con t r a ct i b l e . 

4 . 2 2 C o r o l l ary : I f  K E a c t  , Y ) , t < � '  an d i f  K i s  c omp act , 
then  K has  t h e  f i xe d  p o i n t  p r op e rt y . 

Proo f :  F o l lows from  t h e o r em 2 . 2 4 ,  s i n ce K i s  a 
c omp a c t  me t r i z ab l e  A E . 

4 . 2 3  E x ampl e : A c omp act  on e d i men s i on al me tr i z ab le AE 
wh i ch is  n o t  e ve n  l o ca l l y  (l C t , Y )  fo r t < � : Let I = [ 0 , 1 ]  
an d F I .... C ( I )  
F ( x ) ( r )  = l x - r l . 
F ( I )  i a( t , C ( I ) )  

b e  th e W o j dy s l aws k i  e mb e d d i n g ,  i . e .  
Then  ce rt a i n l y  F ( I )  i s  an A E , b ut 

for 0 � t < � '  a s  m ay e as i ly b e  s e e n  from  
the  g r aph  on p a ge 40 . 

Th e d ot t e d  graph i s  � F ( a )  + �F ( b ) ,  an d t h e  d i s t an ce 
from t h i s  t o  F ( I )  i s  e as i ly s e en t o  b e  � l a-b l . 



E x amp le 4 . 2 3 :  The so l i d  graph s r e p re s en t  F ( a )  an d F ( b ) .  
Th e d a s h e d  graph i s  � F ( a )  + � F ( b ) . The d i s t an c e  fr om 
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� F ( a ) + � F ( b ) t o  any oth er  p o i n t  i n  F ( I )  m ay n o t  b e  l e s s  
th an � 1 1  F ( a ) - F ( b ) 1 1 • Thus  , F ( I )  i a ( t , C ( I ) )  for any 
t < � , e ve n  though F ( I )  i s  a comp a ct one d imen s i on al 
ab s o lute  re tract . 
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A P P EN D I X  I :  THE  S P A CE A DJ ( X , Y , f )  

D e f in i t i on : The  t o p o lo g i c a l s um o f  two  t op o l o g i cal  s p a c e s  
X an d Y i s  t h e  t op o l o g i c a l  s p a ce  X +  Y gi ve n  a s  fo l l ow s : 
T h e  un d e r ly i n g  s e t  i s  t h e  d i s j o i n t  un i on o f  t h e  s e t s  X and 
Y .  The  t op o l o gy is  the  s e t  { v U W : V open  in  X an d W open  
i n  Y ] . 

I n  p art i cular , n o t e  t h at X and Y are b o t h  e mb e d de d as 
c l os e d  s ub s e t s  of X +  Y ,  an d are c on s i de r e d  in t h e  n a t ural  
w ay as s ub s e t s  o f  X + Y .  

De fi n i t i o n : S up p os e t h at A c X an d t h at f : A - Y  i s  
c ont in uous . The  s p ace  'A d j ( X , Y , f )  i s  t h e  q uo t i e n t  s p a ce 
o f  X +  Y un d e r  the  i de n t i f i c a t i on o f  x an d f ( x ) , i . e . , 
A d j ( X , Y , f )  = X +  Y ,  wh e re E i s  t h e  e qui valen c e  r e l a t i on 

E 

Den o t e  b y  p t h e  q uo t i e n t  map p in g  from X + Y t o  
A d j ( X , Y , f ) . 

L e mma : I f  A i s  clos e d , t h e n  pjY i s  a h ome omo rp h i c  emb e d d i n g  
o f  Y a s  a c l os e d  s ub s p ace  o f  Ad j ( X , Y , f ) . 

Pro o f : pjY i s  e as i ly s e e n t o  b e  in j e ct i ve . To s e e  
t h a t  i t  i s  c los e d , l e t  F b e  a c los e d  s ub s e t  o f  Y .  
Th en  p - 1 ( p ( F ) ) = f - 1 ( F ) U F wh i ch i s  c lo s e d  i n  X +  Y .  
S i n ce p i s  a quo t i e n t  map , i t  f o l l ows t h a t  p ( F ) i s  
c l os e d  i n  A d j ( X , Y , f ) . C on s e quent ly , pjY i s  a h o me o 
morp h i s m  an d (p j Y ) ( Y) i s  c l os e d  i n  A d j ( X , Y , f ) . 

A s  us ual , Y i s  i de n t i fi e d  w i th p ( Y )  an d s o  
con s i de r e d  t o  b e  a s ub s e t  o f  A d j ( X , Y , f ) . 
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A P PE N D I X  I I : S OME  S T AN D ARD  DE F I N I T I ON S  

D e f i n i t i on : A s ub s e t K o f  a t op o l o g i c al s p a ce X i s  a G 6  
i f  an d on ly i f  K i s  t h e  i n t e r s e c t i on o f  a coun t ab l e  n umb e r  
o f  s e t s , e ach  o p e n  i n  X .  

De fin i t i on : A t op o lo g i c a l s p ac e  X i s  p e r fe ct ly n o rm a l  i f  
an d only i f  e ach c l o s e d  s e t  o f  X i s  a G 6 . 

De f in i t i on : I f  V 
s ub s e t s  o f  X ,  s t v 

s t v ( x )  = U { V ( a )  

A � P ( X )  i s  an in d e xe d  c o l l e ct i on o f  
X � P ( X )  i s  d e f i n e d  by  

: x E V ( a ) , a E A } .  

De fin i t i on : V i s  a s t ar re f i n e m e n t  o f  W : A �  P ( X )  i f  an d 
on ly i f  s t v X �  P ( X ) i s  a re fin eme n t  o f W .  

D e f in i t i on : X i s  f u l ly n o rmal i f  an d only i f  e a ch o p e n  
c over  W o f  X h as a s t ar - re f inement  wh i ch i s  a l s o  an o p e n  
c ove r .  

T h e o r e m  ( S t on e  [ 1 1 ] ) X i s  ful ly n o rmal  i f  an d on ly i f  X 
i s  re gular an d e a ch o p e n  cove r h as a lo c al ly fin i t e  
re fin ement  wh i ch i s  a l s o  an open  c ove r .  

D e f in i t i on �  X i s  me tr i c a l ly comp l e t e  i f  an d on ly i f  t h e re 
i s  a m e tr i c for  t h e  t o p o logy o f  X wh i ch is a comp l e t e  m e t r i c . 



A P P E N D I X  I I I : THE  URYS O HN L E MMA  

Th e o rem : 
s p ace  X .  

L e t  X0 an d x 1 b e  c l o s e d  s ub s e t s  o f  a n o rm a l  
Th ere  i s  a c o n t inuous fun ct i on f : X - [ 0 , 1 ] 

s u ch t h a t  f i X0 = 0 an d f l x 1 = 1 .  
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P ro o f :  Le t D b e  t h e  s e t  o f  dy ad i c r at i on al s  b e tw e e n  
0 an d 1 ,  i . e .  D = (� : p ,  q p o s i t ive  i n t e g e rs w i t h 

2 
An i n de xe d c o l le ct i on o f  op e n  s e t s 

A : D - P ( X )  i s  de fin e d  i n d u c t i ve ly on  q as fo l l ows : 
q= 1 :  N orma l i t y  o f  X pe rQi t s  t h e  c h o i ce o f  an 

open  s e t  A ( � )  s u ch t h a t  
X0 c A ( � )  c K A ( � )  C X - X 1 
q= n + 1 : C hoo s e , us i n g  n o rmal i ty , for  e a ch 

n 2 k + 1  p = 2 k + 1 , k = 1  , 2 , . . .  , 2  - 2 an op en  s e t  A( 
2 n + 1 ) s u ch t h a t  

n an d ,  for k = O  an d k = 2  - 1 ,  
1 

X c A (� ) c KA {� J c A {;n J  o 2 n +  2 n +  
n n + 1  n + 1  

KA{ �J c A ( 2 - 1 ) C K A {2 - 1) C X- X 1 . 
2 n 2 n + 1  2 n + 1  

Ob s e rve th a t  t h e  c o l le c t i on A s at i s fi e s  
a )  i f  r E D , s E D an d r < s ,  then  KA ( r )  C A ( s )  
b )  fo r a l l  r E  D ,  X0 c A ( r )  c K A ( r )  c x - x 1 . 

D e f i n e  f : X ... [ o  , 1 ]  b y  
f ( x )  = { 0 i f  x E A ( r )  for a l l  r E D 

s up ( r E D : x � A ( r ) )  oth e rw i s e .  
N o t e  t h at f j X0 = 0 and  f j x 1 = 1 fo llow i mme d i at e ly 
from ( b ) .  
L e t  x E X .  

I t  r e m a i n s  t o  s h ow th a t  f i s  c on t i n uo us . 

C a s e  0 < f ( x )  < 1 :  L e t  E > 0 b e  g i v e n . I t  may b e  
a s s ume d t h a t  0 < f ( x ) - E an d f ( x ) + E < 1 .  C h o o s e  111 < E 
s uch t h a t  f ( x ) +n1 E D an d 112 < E s u ch t h at f ( x ) -112 E D .  
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S in c e  f ( x )  = s up { r E D : x (t A ( r ) } , i t  f o l l ows  th at  
x E A ( f ( x ) +�1 ) .  F ur t h e r ,  by  r e p l a c i n g  � 2 w i t h �2 � 
i f  n e ce s s ary , i t  may b e  s up p o s e d  t h at x (t K A ( f ( x ) - 112 ) .  
C on s e que n t ly A ( f ( x ) +� 1 ) n ( X - K A ( f ( x ) -�2 ) )  i s  an op en  
n e i gh b o rh o o d  o f  x .  I f  y i s  any e lement  o f  th i s  
n e i gh b o rh o o d , t h e n  f ( y )  = s up ( r E  D :  y (t  A ( r ) } an d s o  

f ( x ) - E < f ( y )  < f ( x ) + E 
an d s o  f i s  c on t i n uo us at  x .  

C as e  f ( x ) = O :  L e t  E > 0 b e  g i ven  an d ch o o s e  
11 E D s uch that  0 < 11 < m i n ( € , 1 ) . For y E A ( � ) , 
f ( y )  = s up { r E D y (t A ( r ) } s; � s; E ' or  f ( y )  = 
an d c on s e quen t ly f i s  c on t in u ous at x .  

C a s e  f ( x ) = 1 : Le t E > O  b e  g i ve n  an d c h o o s e  
� E D s u ch that  o < 11 < m i n ( € , 1 ) .  We may a s s ume 
t h a t  x (t K A ( 1 -11 ) . T h us , for y E  X - K A ( 1 -11 ) , w e  
h ave f ( y ) = s up { r E D : y i A ( r ) } � 1 -11 > 1 - E 
an d s o , again , f i s  co n t i n uo us at  x .  

0 
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N O T E S  ON  N O T A T I ON 

The  s ymb o ls  K ,  B, an d I de n o t e  t h e  c los ure , b o un d ary , 
an d i n t e r i o r op e rat ors i n  a f i xe d  t o p o l o g i c a l  s p a c e . Th e 
comp l e ment  o f  A i n  X i s  w r i t t en as X - A ,  an d p are n t h e s e s  
are fre que n t ly om i t t e d  wh e re n o t  n e ce s s ary . 
e xamp l e , K I V - A me an s  K ( I ( V ) ) - A .  

Th us , fo r 

I n  a me t r i c  s p a ce , S ( a , r )  d enot e s  the  s e t  o f  po i n t s  
wh o s e  d i s t an ce from t h e  p o i n t  a i s  l e s s  t h an r .  S l i gh t ly 
le s s  s t an d ard  i s  t h e  us e o f  S ( A , r ) , w h e re A i s  a n on 
e mp t y  s e t  to  d e n o t e  t h e  s e t  o f  p o i n t s  wh o s e  d i s t an ce from  
the  s e t  A i s  l e s s  t h an r .  Note  th a t  S ( K A , r )  = S ( A , r ) . 
E v e n  l e s s  s t an d ard , b ut very us e ful , i s  t h e  n o t at i on 
I I A I I  to  deno t e  i n f ( l l a l l  
n o rme d l in e ar s p a c e . 

a E A } when  A i s  a s ub s e t  o f  a 

O th e r  no t a t i on con forms t o  s t an d ard  math e ma t i c a l  
us age  an d s h o u l� re q u i r e  n o  e xp l an at i on . 
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