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HEAT TRANSFER DUR I NG FREE ZING OF FOODS AND 

PREDI CTI O N  OF FREEZING TD!ES 

ABSTRACT 

A study o f  m e thod s for pre d i c ting the fre e zing t im e  

o f  f ood s was m ade.  F our shap e s  - fin i t e  s l ab s , cyl i n d er s , 

s ph e r e s  and rec tangul ar bri cks we re c on s id ere d . 

For e ach shap� experim ental m easurement s o f  the fre e z­

i n g  t i m e  were m ade over a wi d e  range o f  c ond i ti on s  u s in g  

Karl sruhe t e st sub s t an c e , a d e f i n e d  analogue mat e ri al .  

Exp erim e nt s  vri th slabs o f  m in c e d  l ean beef and mash e d  

p o t a t o  we re al s o  c onduc t e d .  

Pract i c al food fre e z ing pro bl em s , wh ere t h e  mat eri al 

i s  i n i t ial ly sup erh e a t ed ab ove i t s  fre e zing point and the 

t h i rd kind of bound ary c ond i t i on ( c onve ct ive c o o l in g ) i s  

appl i ed , have not be en s olved an al y t i c ally be c au s e  o f  t h e  

n on - l in ear b ound ary c on d i t i o n s .  Fo od materials when fre e z ­

i ng r e l e as e  l atent h e at over a range o f  temperature whi ch 

further c om p l i cate s any at tempt at s o luti o n. 

The accuracy o f  the var i ou s  s olut i on s  t o  the fre e z i n g  

p r o b l em pro p o s ed in t h e  l i t erature was evaluate d  b y  c om ­

p ari son o f  the various c al culat e d  fre e z ing t im e s  wi th t h e  

e x p erim ent al ly d e t erm in e d  value s over a to tal o f  1 87 
fre e z ine exp erimen t s . 

Fo r tho s e s olut i on s  requiring nume ri c al evaluat i on , 

t h e  b e st was found t o  b e  a thre e -l e vel fin i t e  d i fferen c e  

s c h e m e  whi ch g enerally gave a pre d i c t i on o f  the fre e z in g  

t im e  t o  wi thin 29% o f  the exper i mental value s wi th 9 5% 
c on fi d e n c e .  With the regular g e ometri c shap e s  inv e s t i gat e d  

f i n i t e  e l em e n t s  have n o  advan tag e  over fin i t e  d i fferen c e s  

a n d  w ere not c on s i d e r e d .  

For the exi s t ing exact and approxim ate analyt i c al 

s olut i on s , i t  i s  shown that th e s e  d o  not give ac cura t e  

p r e d i c t i o n  o f  th e fre e z ing t im e  for any of t h e  four shape s ,  



mai n ly b e c aus e all but t wo of the s e solut i on s  d o  not take 

ac c ount of ini t i al superh e at in the mat eri al to be fro z en, 

and the s e  two solution s  are for i n i t i al supe rheat in a 

s e m i -i n fin i te slab, n o t  a fin i t e  slab . 

For the exi sting empiri c ally m o dified solution s  and 

em p i r i c al relat i on ships,  i t  i s  shown that t h e y  do not give 

ac curate pre d i c t i o n  of fre e zi n g  t im e ; at b e s t  the 9 5% 

c on f i d e n c e  limit s of the p e r c e n t age d i ffe r e n c e  b etwe en the 

c alculated and experim en t al fre e zi n g  tim e s  are O% t o  +20% 

for s lab s ,  cylinders ·and sphere s .  

All solu t i ons for fre e zing of r e c t angular bri ck s wi th 

the third k i nd of bound ary c ond i t i on use the ge o m e tri c 

fac t or s  d e rived by Plank . Th e s e  fac t ors are shown to be 

s ubje c t  to e rror, the e rror i n c r e a s ing as the rat i o s  of the 

t wo l arger d im en s i ons to the sm alle s t  increase . 

A group o f  formulae i s  propos ed whi ch ar e s imple to 

u s e  and give ac curat e pre d i c t i on of fre ez ing tim e . They 

m o d i fy the g e om etric fac t or s  in Pl ank ' s  e q�ation ,  tak i n g  

i n i t i al sup erheat i n t o  ac c oun t ,  and i n  the case  o f  r e c t ­

angular bri c k s  c orre c t  the e rr o r s  inhe rent i n  the s e  ge o ­

m e t r i c  fac t ors . Thi s group o f  s im ple form ulae are shown t o  

pre d i c t  the fre e z ing t im e  wi th 9 5% c onfi d e n c e  t o  wi thin 5% 

o f  t h e  experimental val u e s  for s labs, to wi thin 7% fo r 

c yli n d er s  and spheres,  and to wi thin 1 0% for r e c t angul ar 

bri ck s . 

The pr e d i c tion ac c uracy of the s imple formulae and the 

t hree level fin ite d i ffer e n c e  s cheme are s i m i lar but the 

s im ple formulae can b e  c alculat e d  qui ckly wi thout the us e 

of a com pu t e r  whi ch i s  a b i g  advantage . I n  add i t i on t o  

s im pli ci ty and ac curacy t h e  s i m p l e  formulae are als o vers­

a t i l e ,  and by use o f  s u i t able approximat i on s  c an handle 

s om e  prac t i c al problem s in whi ch c ondition s  change wi th 

t im e . 
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1 INTRODUCTI ON 

With the developm ent o f  agri cultural effi c i ency  in 
rural regions and the concentrat i on of the world ' s  p o p­
ulat i on in urban are as , there i s  an increasing need  for 
e ffi c i en t  food t ransportat i on from the product i on area  t o  
the m arket . I n  o rder t o  m inim i s e  qual i ty l o s s e s  in tran s­
port and di stributi on a variety o f  m eans for food  pre s erv­
at ion  are used . Low temperature i s  one of the m o s t  im port­
ant m ean s as it r� tains , m ore c l o s e l y  than any o th er rr. ean s , 
the " fre sh" qual i ty o' f the fo od . 

Be caus e o f  the im portance o f  food  fre ez ing and chi lling 
there has be en a c on s id e rabl e am o un t  o f  r e s earch int o  the 
phy s i cal , chem i c al and b i o l ogical change s that o c cur in 
the s e  process e s , and how the se aff e c t  the organol epti c 
app e al of the fo od . The m a j or emph as i s  in thi s r e s e arch 
has b e en to find a s e t  of chilling or fre ezing c ond i t i o n s  
that m inim i s e s  d amage t o  the foo d  product .  Another imp ort­
ant aspect  of the res earch is gathering of data for the 
d e s i gn of fre e z ing and chilling equipm ent . 

I n  order t o  be  abl e t o  buil d  a sat i s fac tory fo o d  
fre e zer  the engineer must b e  abl e t o  pred ict  the rate o f  
fre e z ing . H e  must  be abl e to  pre d i c t  h ow l ong i t  tak e s  for 
a package o f  f o o d  to fre e z e  und er vari ous possible  c ond­
i t i ons  so  that the fre e zing pro c e s s  can be  optimi�ed . 

I n  spite  o f  exten sive res earch into the phy s i cal 
aspec t s  of f o o d  fre e z ing there i s , up to  the pre s en t , no  
t o tally sat i s fac t ory m e th od for pred i c ting the fre e z ing 
time o f  fo od s . The e c onomic  im p ortanc e ,  espe c i al l y  to a 
c ountry such a s  New Z e al and , o f  b e ing abl e t o  d e s i gn f o o d  
fre e z ers ac curately warranted  further res ear ch t o  s e e  i f  
any reliabl e m ethod for freez in g  tim e  predi c ti o n  d o e s  
ind e e d  exi s t .  Ac curat e fre e z er d e sign will reduc e the 
c o s t s  to  New Z e aland o f  produc ing fro zen foods  for export , 
and hence the b en e fi t  from s e l l in g  agri cultural produ c e  
overs eas wil l  in creas e .  Als o ,  i f  the physi c s  o f  a fre ezing  
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pro c e s s  are well und er s t o o d  bi o l og i c al and chem i cal change s 
can be c o rrelated m ore e a s i ly with the conditions  o f  
fre e zing . 
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2 LITERATURE REVIEW 

2 . 1  PR OBLEJI1 DEFINI TIO N  

2 . 1 . 1 Defin i ti on o f  Fre e zing Time 

The probl em of pred i c t ing the time  for a material t o  
fre e z e  und er a given s e t  o f  cond itions  i s  clas sed phy si c ally 
as on e o f  heat conduct i on with change of phas e .  Thi s  s i t­
uat i o n  i s  d e s�ribed by the parti al d i fferen t i al equati on 
o f  h e at c onduc t i on , sub j e c t  t o  bound ary cond i ti ons  and 
ini t i al cond ition s  ac c ording to the particular circum s t ance s :  

( 2 .  1 )  

Food s when fre e zing  releas e  latent heat over a range 
of t em p erature \ R olfe 1 9 6 8 )  s o  that there i s  no sharp 
t ran s i tion betwe en the froz en and un fro zen m ateri al , but 
r ather an int erm ediate "mushy " z one , the s i z e  of whi ch 
depend s on the fre e z ing c ond i t i on s . I t  i s  the pre s en c e  o f  
t h i s z one and the re sult ing var i at i on in the thermal 
propert i e s  o f  the parti al ly fro z en material , toge ther w i th 
the non-line ar bound ary c ond i t i o n s  that mak e  the pred i c t i on 
o f  f o o d  fre e z ing tim e s  s o  d i fficul t . 

The change of phas e can be t aken int o  ac c oun t  in two 
d i fferent ways . I t  c an be as sum ed  that all the latent  h eat 
i s  rel eas ed at a uni qu e  fre e z ing t emperature at whi ch a 
s t e p  change in therm o phy s i c al prop ert i e s  o c curs ( Cars l aw 
and Jaeger 1 959 , p28 2 ) .  Alternati vely , the rel ease o f  
l atent  heat over a range  o f  t em pe rature can b e  tak en int o  
a c coun t  by using changing apparent specific  h eat capaci ty 
C ( T ) , and vary ing therm al conduc tivity k ( T )  ( Com ini and 
Bonacina 1 9 74a) . The first m e th o d  has be en u s ed ext e n s iv e ­
l y , even though vari ati on in the rmal propert i e s  mean s 
t hat a fre e z ing fo od s tuff wil l  fit  a soluti on only approx­
imat ely . The substan t i al and i rr egular way in whi ch 
s p e ci f i c  h e at capac i ty and therm al condu c tivity change 
w i th t emperature for f o o d s  l im i t s  the us e of the s e c ond , 
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but more  phy s i c ally c orre c t , m ethod t o  numeri c al treatm ent . 

Thi s  lat ter m ethod al s o  introduc es a problem in d e ­
fining the c omple t i on o f  fre e z ing . Whereas fre e zing i s  
d e em ed c ompl e t e  when the phase change front r eache s  the 
therm o dynam i c  c entre of the mat e ri al in the first  m e th o d , 
the pre s en c e  o f  the mushy z one precludes  the use  o f  such 
a d e fini tion . I n stead , the material is c on s id ered fro z en 

when i t s  therm odynam i c  c entre attain s a certain temperature ; 
-5°C ,  - 1 0 °C and - 1. 8

°C hav e  b e en c omm only used ( R ol fe 196 8 ; 
Int ernati onal Institut e o f  R efri gerat ion 1 9 7 2 , p 3 6 ; J am e s  
e t  al 1 9 76 ) . An appre c i abl e am ount o f  latent heat i s  r e ­
l eas ed  i n  the t emperature rane e -5° C to - 1 0°C for m o s t  
c ommon food produc t s , but there i s  l i ttle latent heat 
r eleased  between - 1 0 °C and - 1 8°C ( R olfe 1 968 ) . C o n s e ­
qu ently a final c entre t em p erature o f  - 1  0°C w i l l  be �ed 
as an index o f  the c o�pl e t i on o f  fre ezing for both exp e ri ­
m ental and the oret ical e st imati on s of fre ez ing time , 
except in cas e s  where a sharp phase change front i s  p o st­
ulat e d . 

2 . 1 . 2  Boundary Cond i t i on s  

There are three bound ary cond i t i ons  o f  importan c e  in 
f o od fre e z ine pro bl em s . The s e  are traditi onally cal l ed the 
first , third and fourth kinds o f  b o undary cond i t i on .  The 
first k ind o f  boundary c ondition  is  al so kn own as a pre ­
s cri bed surfac e t emperature 

T = T for t >0 ( 2 .  2 )  s a 

where T = surface t emperature ( o C )  s 
T a = ext ernal med ium t em p erature ( oC )  
t = t im e  ( s )  

The third k in d  o f  b ound ary c ond i t i on i s  the case  where  
Newt on ' s law o f  cooling , or  c onve c tive cooling , o c curs 

= for t >0 ( 2 . 3 )  



where k ( T ) = thermal c onductivi ty ( W/m°C )  
h = surfac e heat tran s fer c o effi c i en t  ( W/m 2 0 c ) 
x = d i splacem ent from the surfac e  ( m )  

20 

The f ourth kind of boundary c ond i t i on is where the surfac e 
t em perature i s  an arbitrary fun c ti on of tim e : 

T = f ( t )  s for t >O ( 2 .  4 )  

The firs t  kind o f  b oundary c ondition c an be tre ated  
as  a spec ial case o f . e ither the third kind ( by s e t t ing 

h = oO) , or o f  th e fourth kind ( where f( t )  = Ta ) .  In  pract ­
i c al probl em s h i s  never infin i t e  as there are alway s  
re s i s tanc e s  t o  heat tran sfer ,  for exampl e  imperfe c t  therm­
al c ontact i n  plate fre e z ing , and the fi lm c o e ff i c i en t  
i n  l i quid im� ersion fre e zing . The form of the fun c t ion 
f ( t )  can only be found by experim ent in m o s t  prac t ic al 
s i tuati on s ,  and s o  thi s  boundary c ond i t ion i s  n o t  us e ful 
for predi c t i on o f  food fre e z ing t im e s . There fore th e 
third kind o f  b ound ary c ond ition i s  the m o s t  important 
as i t  tak e s  ac count of tho s e  cas e s  that approximate the 
first  kind o f  boundary c ondition and , in general , d e s crib e s  

t h e  way i n  whi ch the surfac e t em perature vari e s  wi th time . 

2 . 1 . 3  Ini t i al Conditi ons  

Both c o n stant and non- constant initial temperature 
d i stributi on s  occur in prac t i c e . Generally , analyt i c al 
s olutions t o  fre e z ing probl ems c an only be found i f  a 

uni form ini t i al temperature throughout the material i s  used . 
Num eri cal s o lution s c an handle  e i ther type o f  ini t i al 
d i s tribut i on . Use  o f  a mean bulk temperature all ow s  a 
n on-c onstan t  initial t emperature d i s tributi on t o  b e  approx­
imat ely r e l ated  t o  a c ons tant one , and then the s im pl er 
s oluti ons based  on uni form in i t i al temperature c an be u s e d . 

In m o s t  fo od fre e z ing probl ems the m ateri al i s  init­
i al ly supe rheated , that is  in i t i ally at  a t emperature above 
that at whi ch it  start s to  fre e z e . 



2 .  2 SOLUTIONS USING THE ASSffi':JPTION O F  A UN IQUE FREEZ I NG 
T EJ'.1 PERA T URE 

2 . 2 . 1 Exact S oluti ons for Slab s  

2 1  

Even with the assumpt ion that all latent heat i s  r e ­
l eased at a m o ving boundary i n  the c oo l ing materi al ,  analyt­
i cal s oluti on of  free z ing probl em s is  very d iffi cul t 
because  o f  the n on-l inear boundary c ondi tion s .  Therefore 
n o  gen eral analy tical s oluti on has b e en found . O ft en 
s im p l i fyin& a s sumption s h ave be en made t o  enable an approx­
imate solut i on t o  be d erived . There are onl y  two exac t 
s oluti ons , the s e  are for s labs and are due t o  Ste fan and 
Neum ann ( Carslaw and J ae ger 1 9 5 9 , p282-286 ) . B o th s oluti on s 
are for the first kind o f  b oundary c ond i t i on at the surface 
o f  a s emi-in fini t e  b ody . Neum ann ' s  s olution tak e s ac c oun t  
o f  initial superheat but Ste fan ' s  s o luti on , a spe c i al c a s e  
o f  Neumann , assum e s  that the m at erial i s  in itial ly a t  t h e  
fus i on temperature . N e i ther s oluti on appli e s  to  pro b l em s  
in finite bod i e s  with a s ignifi c ant heat tran s fer re s i s t an c e  
a t  the surfac e ,  but they may give a reasonabl e approx i ­
m at i on when t h e  surfac e heat tran s fer c oeffi c i en t  i s  high . 
They are however the only exac t analyti cal soluti o n s  t o  
fre e zing problem s .  All other s olutions involve approx­
imati on s . 

2 . 2 . 2 Approximat e  Soluti ons for Slab s  

Muehlbauer and Sunderl and ( 1 9 65 - with 1 49 r e feren c e s ) 
and Bankoff ( 1 9 64 - with 1 5 7 re feren c e s ) have produ c ed 
l i t erature revi ews c overing thi s area .  Thos e  o f  import­
an c e  to  fo od fre e zing problem s are c onven i ently c l as s i fi ed 
int o four groups . 

2 . 2 . 2 . 1  Integral Profile  and Vari ati onal T e chnique s  The 
first group c ompri s e  the  integral profil e te chnique o f  
G o o dman ( 1 9 6 4 ) and the variati onal technique o f  Bi o t  ( 1 9 5 7 ) 
whi ch redu c e  the set  o f  part i al d i fferenti al equati on s  that 
d e fine the probl em to a set o f  s impl er ordinary 
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i n t e gro-di ffe ren t i al e quat i on s . For very simpl e b oundary 

and ini t i al c ondi t i on s  that are rare ly i f  ever e n c oun t e red 

i n  practi c e  the s e  c an be solved analy t i cally , but for EJo s t  

pra c t i c al probl em s i n  fo od fre e zing t h e  e quat i o n s  m u s t  b e  

s olved num er i c ally , usually b y  c ompu t e r  ( Goodm an and Sh e a  

1 9 6 0 ;  Lappadula and fvlu e ll er 1 9 6 6 ; Hi lls and 1'·1 o o r e  1 9 6 7 ; 
Hills 1 96 9 ; Imber and Huang 1 97 3 ; Chung and Yeh 1 975 ; 
Chung and Yeh 1 9 76 ) . Goodm�1 ( 1 958 ) has pre s ent ed a s oluti on 

for the third kind o f  b oundary c ondi t i on , but n o  i n i t i al 

s uperh e at , that d0e s  n o t  r e qui r e  num er i c al s olut i on . 

2 . 2 . 2 . 2  S o lu t i o n s  f o r  All6y S olidi fi c ati on In m e t al alloy 

s ol idi fi c at i on b o th s olidus and l i quidus fron t s  m o ve through 

the solidi fy ing m at er i al wi th a mushy z one b et w e en them . 

For s imple cas e s  ( the fir s t  kind o f  b oundary c ondi t i o n ) 
analyt i c al s o luti ons c an be found ( Ti en and G e i g er 1 9 6 7 ; 
Cho and Sunde rland 1 9 69 ) , but for c ases of m o r e  prac t ical 

importanc e num e ri c al evaluat i on is n e c e ssary , o r  the 

an alyti c al s oluti on is tedi ous to us e becau s e  o f  i t s  

c o�npl exi t y  ( Ti e n  and G e i ger 1 968; Ti e n  and Koum p  1 9 68 ; 
Muehlbau e r  e t  al 1 97 3 ) . Gen erally the s e  soluti o n s  involve 

G o odman ' s  i n t egral profi l e  t e chn i que wi th a quadrat i c  

approxim a t i on t o  the t emperature di s tr i buti on. G o o dm an 

( 1 964 ) has shown that thi s l e ads t o  e rrors o f  the order 

of 9% . For appli c at i on to fre e z ing fo ods the r e  i s  an add­

i ti onal diffi culty b e cau s e  further approxim at i on s  are 

n ec e s s ary t o  relate th e type o f  phas e change i n  fre e z in g  

foods t o  that found i n  alloy s ol idi fi c ation . T he s e  di f f e r  

b e cause o f  t h e  di fferent di s tribut i o n s  o f  lat e n t  h e at 

acr o s s  t h e  pha s e  change re g i on . 

Geu z e  e t  al ( 1 97 2 )  hav e  appli ed this type o f  m e thod 

t o  the fre e zi n g  o f  an agar gel wi th the fir s t  k i nd of b o und­

ary c ondi t i on i n  a s em i -i n f in i t e  s l ab , and found r e as onable 

agre em e n t . Eakal and Hayakawa ( 1 97 3 ) att empt e d  to apply 

thi s form o f  approach to the fre e z i n g  of m eat w i th t h e  

thi rd k ind o f  b oundary condi t i on but were unable t o  find a 

sui tab l e  s ol ut i on for the phas e change regi o n . 
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2 . 2 . 2 . 3  O ther Analyt i cal Approache s  The third group are 
those  s oluti ons whi ch , by a variety of simpl i fying assum p­
tions  and mathem at ical te chni que s ,  arrive at a s imple  
formul a , a c onvergent s er i e s  s olution , or a set  o f  ordin­
ary integro-differer1 t ial e quat i on s . Thi s  group in clud e s  
analy t i c al i terati on m e thods  and perturbati on ( Dan ckwer t s  
1 9 50 ; Boley 1 9 63 ; Ham i l l  and Bankoff 1 9 63; Ham i l l  and Ban­
k o ff 1 9 64 ;  Jackson 1 9 64; Si egel and Savino  1 9 6 6; W e s t phal 

1 9 67 ; Lock e t  al 1 9 69 ; Patel and Bol ey 1 969; Savi n o  and 
Si egel 1 969 ; Hirai and K om ori 1 9 7 1 ; Komori and Hirai 1 9 7 2 ; 
Pedro s o  and Dom oto  1 9 7 3 a ;  Pedro s o  and D om o to 1 9 7 3 b ; S elim  
and Seagrave 1 9 73a ; Cho  and Sunderl and 1 974; Huang and Shih 
1 9 7 5 a: Huang and Shih 1 9 7 5 b ) . None of the s e  was appl i ed 
t o  food fre ezing pro bl em s . 

2 . 2 . 2 . 4  Solut i on s  for Aque ous Sy stem s  Thi s group o f  
s olutions  tak e  advantage  o f  the fac t  that in  aqueous sy stem s 
the rat i o  o f  the latent h eat t o  the spec i f i c  h e at c apac i ty 
i s  l arge . Hence  it i s  po s s ibl e  to  either i gn or e  the s e n s i b l e  
heat below t h e  freez ing  po int or take ac count o f  i t  in  a 
s impl e fashion  ( Plank 1 94 1 ; London and Seban 1 94 3 ;  Kre i th 
and Rom i e  1 9 5 5 ) . The s e  s olution s  t ake ac coun t  o f  the 
third k ind of boundary c ondition but none c o n s iders 
e ffe c t  of ini tial sup erh e at . For probl em s where  there i s  
initial superheat the s e  s olution s  wi ll alway s  g ive a l o w  
pred i c t i on o f  fre e z ing t im e . 

An int eresting m e thod due to  Hrycak ( 1 9 6 3 , 1 96 7 ) t ak e s  
acc ount o f  init ial superheat in a semi-infi ni t e  slab i n  
both s trat i f i ed and homogen e ous m at eri al s . Appl i c ati on  

of  thi s s olut i on to  the  free z ing of finite  s l ab s  l e ad s  to  
over-e stimat i on o f  the fre e z ing tim e . 

2 . 2 . 3  S o lutions  for Other Shape s 

Whil s t  the m a j ori ty o f  research has centred  on  the 
fre e zing o f  s em i - infin i t e  slabs , and to  a l e s se r  extent 
fini te  slab s , work has al s o  be en d one on sph ere s ,  cylind ers  
and regul ar two- and thr e e-dimen si onal shape s .  I n  the 
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case  of radial heat fl o w  in cylind ers and sphere s n o  
analyti cal , or approximate analyti c al s o lutions exi s t  that 
t ak e  acc ount of ini tial superheat . · Some s oluti ons  as sum e  
that the m aterial i s  initially at the fus i on tem perature , 
and the boundary cond i t i on i s  of the fir s t  kind ( P ek eri s 
and S l i chter 1 9 39 ; P o o ts 1 9 6 2a ;  Lan gford 1 9 66 ; Cho and 
Sun d erland 1 9 70 ; Kom ori and Hirai 1 97 0 ; The o fanous and Lim 
1 97 1 ; P edro s o  and Dom o t o  1 9 73 c ; P e dro s o  and Dom o t o  1 9 7 3d ; 
R i l ey et  al 1 97 4 ) , or of th e third kind ( Plank 1 94 1 ; L ondon  
and Seban 1 9 4 3 ; K� eith and R om i e  1 955 ; Shih and Chou 1 9 7 1 ; 
Shih and T s ay 1 97 1 ; S e lim and Seagrave 1 9 73b ) . All o f  the s e  
w i l l  give a l ow predi c t i on o f  fre e zing t ime when th ere i s  
i n i t i al superheat . Tho s e  s olutions  that only tak e  ac count  
of  the first  kind o f  bound ary c ondi t i on will give low  
an swers when  appli ed t o  probl em s where the  re si stan c e  to  
h e at tran s fer from the  surfac e o f  the body i s  sign i fi c ant . 

Very few approximate analyti cal s oluti ons exi s t  for 
o ther geom e tries where  heat i s  trans ferred in m ore than one 
d ire c t i on . Such solutions are l i m i t ed t o  regular shap e s  
b e c au s e  o f  the mathematical c ompl exity in  handling o ther 
c on figurat i ons . There are s everal s olutions 5or probl e� s  
whe re there is  n o  ini tial superhe at and th e first kind o f  
b ound ary c ondition i s  appl i e d  ( P o o t s  1 9 6 2b; Jij i  e t  al 
1 9 7 0 ; Rath j en and Ji j i  1 9 7 1 ;  Budhia and Kreith 1 9 7 3; R i l ey 
and Duck 1 9 7 7 a ;  R i l ey and Duck 1 97 7 b ) , but the se are o f  
l i m i t ed prac tical inportan c e  b e c ause  initial superheat and 
r e s i stance  t o  heat tran sfer from the surface are s o  often 
enc ountered . Plank ( 1 94 1 ) ,  by u se o f  appropri at e geom etric  
fact ors has  found a s o luti on for the infinite re ctangular 
r o d  and bri ck shapes  sub j e c t  to the third k ind  o f  b ound ary 
c ond i t i on . Tanaka and Ni shim o t o  ( 1 959 , 1 964 ).have ext end e d  
the m ethod o f  Plank t o  find related s oluti ons for c oni c al 
and trape z o i dal b o d i e s .  

2 . 2 . 4  Empi rical Relat i onship s  

The last group o f  imp ortan t  s olut i on s  other than n um e r­
i c al on e s  are the m od i fied analyt i c al s olutions , and 
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related e mpiri c al formul ae . Many o f  the se are m od i fi c ati ons 
to the e quat i on o f  Pl ank ( 1 94 1 ) .  In some cas e s  the s e  h ave 
ari sen from the n e ed to  c on form to  experimental data 
( Rutov 1 9 36 ; Nagaoka e t  al 1 955 ) , whi l s t  in o thers  they 
have b e en prompted by apparent shortc omings i n  the d er i v­
ati on o f  the formula ( C o chran 1 955 ; C owell 1 9 6 7 ; Mellor  
1 97 6 ) . Other formulae h av e  als o  b e en sugge s t ed . Charm 
( 1 9 7 1 , p24 2 )  sugge sts  a m od i fi c at ion to Neum ann ' s  s oluti on 
to enable it to be appl i ed to the third kind of bound ary 
cond i t ion . K ern ( 1 9 77 ) has  sugge sted  a group o f  soluti ons  
whi ch are d e s i gn ed ne�er to  give  a l ow pred i c t ion for a 
group o f  fre e z ing pro blem s : the only one o f  th e s e  formul ae 
appl i c able to fo ods tu ffs i gnore s th e effe ct o f  in i t i al 
superheat . Khat chaturov ( 1 958 ) has derived a form ul a  for 
fre e z ing of  fi sh partly on th eoretical groun d s , and partly 
on exp erim e ntal data . Mo tt ( 1 9 64 ) d evel oped a c al culati on 
pro c edure based on dimen s i onal analy sis whi ch showed a 
linear re lat i on ship be twe en th e fre e zing tim e and th e fro z en 
d epth . As thi s  is  known t o  be un j u stified the solut i o n  has 
limi t ed appl i c ability . Baxter ( 1 9 6 2 )  exam in e d  fre e z in g  
with the third kind o f  boundary condition, but n o  ini t i al 
superheat , by finite d i fferen c e s . He then fi tted  a s imple 
regr e s si on line  through his fini te differen c e  r e sul t s  for 
slab s  and cyl inders . Tao ( 1 9 68 )  stud ied the s am e  prob l em 
in the sam e  way, and d erived different regre s si on equat i on s  
for slab s , cylinders and sph ere s .  

2 . 2 .5 U s e  of Ana�u e s  

Huehlbauer and Sund erland ( 1 9 65 )  in the ir revi ew pro­
duc e d  a summary of work done with elec tri c al anal o gue s .  
Be c ause the e st abl i shm en t o f  an e lectrical anal ogu e  t o  take  
account o f  practical b oundary and i ·ni tial c ondi t i on s  i s  
very t im e  c on sum ing , and the s am e  problem i s  easi ly program ­
m ed o n  the m or e  versatil e d igi tal machine , e l ectri c al 
analogue s o f  freezing proc e s s e s  are now very rar e . 

Hashem i and Sli epc evich ( 1 96 7a )  sugg e s t  a d i ffu s i on 

analogue where mas s  tran sfer between two phas e s  i s  u s e d  t o  
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s imulate the free z ing pro c e s s .  App l i c at i on t o  t h e  first  
k ind o f  b oundary c ond ition was  simulated , but there was a 
d i ffi culty in mat ching the thermal pro pert i e s  o f  the fre e z­
ing m at e r i al to  tho s e  o f  the analogue . For thi s reason , 
and b e c aus e of  the c omparative si�pl i ci ty of  using a d i g i t­
al m achin e , anal ogues  o f  thi s and o ther  ty pe s have not  been 
m ore widely used . 

2 . 2 . 6  Num erical Soluti ons 

The  last imp ortant type s of s olut i on whi ch as sum e  that 
all the l atent h e at i s  rel eas ed at a un ique fre e z ing temp­
erature at which a step change in therm al prop e rties  o c curs , 
are fin ite  d i fferen c e  and finite e l e ment solut i on s . In 
the s e  the third kind of boundary cond i ti on is e asily taken 
into ac c ount , as i s  in it ial superh e at . The s e  s o lutions  are 
very simi lar to e ach other , being broadly bas e d  on the w ork 
o f  Dus inberre ( 1 945 ) , but d i ffering in how the p o s i t i on 
o f  the phase chan ge front i s  found . Som e  u s e  a heat balance  
( Seider and Churchill 1 965 ;  Tao  1 9 6 7 ; Charm e t  al  1 9 7 2 ) ,  
whi l s t  o thers interpolate t emperature s on e i the r  side  o f  the 
interfac e to fit the m o ving boundary c onditi on and the 
t emperature grad i ents on e i ther s i d e  of the b oundary 
( Ehrli ch 1 958 ; Murray and Landi s 1 959; Lazaridus 1 9 70 ; 
Padm anabhan and Subba Ra j u  1 9 75 ) . 

Fre ezing fo ods  d o  n o t  exhi b i t  a sharp phas e change o f  
this nature s o  thi s  group of  solu t i on s  depar t s  sustanti ally 
from the phys i c s  of  the s i tuati on , and the fi t of d ata 
r e fl e c t s  thi s ( Charm et at 1 9 7 2 ) . 

There are al s o  two graphical m e thods due t o  Ed e ( 1 94 9 ) 
and L on gwell ( 1 958 ) .  The s e  are n o  l onger o f  prac t i c al 
importance  with the greater avail abil ity o f  d i gi tal comput-
ers . 

2 . 3  SOLUTIONS US ING CHANGING APPARENT SPEC IFIC  HEAT CAPACI T Y  
AND VARYING THERT11AL C ONDUCT I VITY  

The s ec ond  way that phase change in  fre e z ing fo od s c an 
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b e  t aken into  acc ount i s  by use o f  the varying therm al 
c onductivity k ( T ) , and the apparent spec ific heat capac i ty 
C ( T )  whi ch i s  found from 

C ( T )  = dH 
UT" 

where H = enthalpy o f  the food m aterial ( J /m 3 ) 

( 2 . 5 )  

A s  lat ent h e at i s  rel eas ed over a range o f  temperature the 
enthalpy /temperature graph i s  always d i fferentiabl e .  Th e 
i rregulAr shape of the fun c t i o n s  k ( T )  and C ( T )  for c ommon 
f o od s pre clud es any analyt i cal s o luti on o f  the general 
probl em 

C ( T ) t)T 
�t = ( 2 .  1 )  

sub j ect  t o  the appropriate b oundary and in itial c ondi t i on s .  

Several finite  d i fferen c e  and fin ite  elem ent  soluti on s 
h ave been d evelo ped for thi s approach t o  the problem . I t  
i s  a m or e  versatile  approach than that o f  secti on 2 . 2 . 6  
be cause s oluti ons o f  thi s type can b e  made to  approximat e 
t o  the problem s olved in s e c ti on 2 . 2 . 6  by appropriat e  
cho i c e  o f  k ( T ) and C ( T )  ( Cornini  e t  al 1 9 74 c ) .  S o lut i on s  
based o n  the se m e tho d s  show a wid e range o f  com pl exi ty . 
There are s imple expl icit fini te d i fference formulae ( Al l ada 
and Quan 1 9 66;  Earle  and Earl 1 96 6 ;  Cullwi ck 1 967;  Maw s o n  
1 9 69 ; Bail ey et a l  1 974;  Chat t opadhay e t  al 1 97 5 ) , fully 
impl i c i t  and Crank-Ni cols on finite d i fference  scheme s  
( Eyre s  e t  al 1 94 6 ;  Crank and Ni c ol s on 1 947 ; Albas iny 1 9 5 6 ; 
L o ckwo o d  1 9 66 ; Hashemi and Sliepc evi ch 1 9 67b ; F l em ing 1 9 7 1 a ; 
J oshi and Tao 1 9 74 ; Sham sund ar and Sparrow 1 9 7 5 ; Tao 1 9 7 5 ; 
Shamsund ar and Sparrow 1 9 76 ) , thre e  t ime-l evel fini t e  
d i fferenc e  schem e s  ( Bonac ina and Com ini 1 9 7 1 ; Bonacina and 
C om ini 1 97 3 ) , and more  recently fin i t e  elem ent s oluti o n s  
( Com ini  e t  al 1 9 7 4 c ; Baerdm aeker e t  al 1 977 ) . 

M o st work er s  have che ck ed the ir  num eri cal programs 
again s t  known analytical s oluti on s from Carslaw and J ae g er 
( 1 9 5 9 ) . However r eal sy s t em s d epart so  substantially from 
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s uch s olutions  ( which require constant the rmal c onduc t ivity 
and spe cifi c  heat capac i ty and n o  phas e change ) that there 
i s  n o  ad equat e check exc ept by experim ent , and in m any 
c as e s  where experi men tal verific ation has  been  s ought the 
c onditions  have be en limited and i ll-d e fined . Fleming 
( 1 9 7 1 b )  showed the appli cability of  his  s cheme t o  imm obil­
i s ed i ce/water sy stem s , and Com ini et al  ( 1 974b ) have  shown 
that their program bas ed on the thre e l evel fini t e  d i ffer­
ence  schene of Le e s  ( 1 9 6 6 )  give s good agre ement to experi ­
m en t s  with th e fo urth k ind o f  boundary c ond i ti on for a range 
of food m aterials . Bonacina and Com ini ( 1 97 3 ) h av e  shown 
that their program c an be extend ed to  take  ac count o f  the 
third kind of boundary conditi on but have checked the 
ac curacy of  the schem e only over a narro w  range . 

Fin ite  differen c e s  and finite elem ents are c l o s ely  
r e lat ed te chnique s  wi th the latter being better sui t ed to  
i rregul ar g e om etry ( C om ini et al  1 9 74 c ) .  For regul ar 
shape s they are no m ore ac curate than fin ite d i fferen c e s  
( IV:y ers 1 9 7 1 , p339 ) , but are more  diffi cult t o  program o n  a 
c omputer . Finite e l em ent s have not been  widely u s e d  in 
fre e zing pro blem s .  

2 • 4 SUTV:T,1 ARY 

There i s  a w i d e  range o f  s olutions  to fre e z in g  pro bl em s ,  
but very few of the s e  apply t o  the mo s t  importan t  s ituat i on 
w i th the thi rd kind o f  b ound ary cond i t i on and init i al 
superheat • . For regular ge om etric shape s  - slab s , cylind ers , 
s phere s and rectangul ar brick s , a vari ety of  approximat e 
analyt i c al solut i o n s  and empiri cally m odi fi ed anal y t i c al 
s oluti ons give fre e z ing t im e  predict i on s , for whi c h  the 
ac curacy d epend s 
o f  the form ula . 
m ent m e thods  can 
regular shape s .  

on the as sumpti ons  m ad e  in the d erivat i on 
Versatile  finite  di fference  and fin i t e  e l e­
h andl e  irregul ar ge om etry as  w e l l  as the  

T o  date , the r e  has  not  be en a general c ri t i c al survey 
publi sh ed to show the ac curacy of  the vari ous soluti on s t o  



the fre e z ing pro bl em when c o mpared again st expe r i mental 
d ata c o l l e c t ed over a wide range of  c onditions . 

29  
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3 PRELHHNARY CONSIDERATI ONS 

The aim of the present r e s earch was to find  an ac curat e 
pred i c t i on e quati on that can be  used i n  food fre e z er d e s i gn .  
De s irable  criteri a for a sui table s oluti on are : 

1 .  Suffi c i ent ac curacy for engine ering purp o ses . 
2 .  Appli cabil i ty t o  a wid e  range o f  si z e s , shapes  

and fo od material s . 

3 .  Simpl i city . 
4 .  Appl i cabili ty t o  the common pract i c al s i tuati on of  

th e third k ind o f  bound ary c onditi on . 
5 .  Appli cabi li ty to probl em s where the m at eri al i s  

initial ly superh eated above i t s  fre e z ing point . 
6 .  I•!inimal need for thermal pro perty d at a .  

The n e ed for the sixth criterion ari s e s  fro n  the fac t  
that the r e  i s  a l ack of detai l ed m ea suremen t s  o f  therm al 
propert i e s  of fo od s .  C o mmonly , only a few value s at d i ffer­
ent t e mperature s and water c ontent s are kn own for any fo od­
s tuff.  Hence  it is  cl early an advant age if the d e sign 
e quat i on d o e s  n o t  require d etailed informat i on on the thermal 
propert ie s .  

Analyt i c al s o luti on o f  fre e z ing problem s with th e third 
kind o f  b oundary condition and in i t i al superheat i s  very 
d ifficul t be caus e of the non-linear b oundary c ond i t i on s , 
but th ere  are a number of  approxim ati ons t o  the s o lut i o n s  
o f  pro bl em s  o f  thi s type . I t  was d e c ided t o  e x�1ine , crit­
i cally , avail able solution s to s e e  i f any are s uffi c i ently 
ac curat e , wi th or  without m odifi c at ion , for d e s ign purpo s e s . 
Only r egular ge om etric shap e s  were consid ered in d etail 
be caus e limi tat i on s  on tim e  preven t e d  a ful l  s urvey b e in g  
m ad e . The steps  involved in the investigat i on were as 
fol l o ws : 

1 . C o ll e cti on of accurate experimental d ata for 
fre e zing of foo d  materi al s over a w i d e  range o f  
c ondit i ons wi th four d i fferent shap e s - slab s , 
cylind ers , sphere s and r e ctangular bri ck s . 
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2 .  For each shape , inve stigati on of avail abl e s olutions  
t o  s e e  whi ch , i f  an y,  give ac curate predicti on of  
fre e z ing t ime  ove r a range o f  conditi ons when 
compare d  t o  the exp erim en t ally  measured fre e z in g  
tim e s . The s e  s oluti ons were divided into two 
group s . 
( i ) Tho s e  requiring a computer for c al culat i on 
of the fre ezing tim e .  Thi s  group in c lud e s  s olut­
ions re quiring num eri cal integration , and fin i t e  
di fferenc e and fin ite e lement soluti on s .  
( i i ) Th o s e  ·suffi c i entl y simple t o  allow hand 
cal cul at i on , hereafter referred to as 11simpl e 
formul ae " .  Thi s group m ainly compri s e s  the approx­
imate an alyti c al s oluti ons and the em piri cally 

modi fi ed formulae . 
The d ivi s i on o f  the soluti ons into two cat e gori e s  
was based o n  rel ative s i mpl i c ity . I'·lany engi n e er s  
i n  a p o s i t i on where they must pred ict  a fo o d  fre e z ­
ing time d o  not  have ac c e s s  to  a computer and must  
th erefore rely on  simpl e formulae . On  the o th er 
hand , a per s on wi th a c om puter avail abl e wil l  u s e  a 
c omputer-based s o luti on i f  i t  i s  more  ac curate  
than a s impl e  formul a .  

3 .  The b e st s o luti ons  i n  e ach o f  the two categori e s  
for the various  shape s were considered t o  s e e  whi ch 
i s  the superi or m ethod for predicting the fre e z ing 

tim e s  o f  food m aterial s .  

4 .  Finally , al though it was n o t  poss ible t o  s tudy 
irre gular shape s in d e t ai l , the trend s found in 
the inve stigati on of fre e zing time cal culati on s  
for regular shapes  were appli ed t o  irregul ar 
shap e s  on a the oreti c al bas i s . The resul t s  o f  
thi s should provide  a guidel ine t o  the d e s i gn 
engineer  attempting to  pred i c t  the free zing tim e 
of an i rregularly-shaped package o f  fo od . 



4 COLLECTI ON OF EXPERH1ENTAL DATA 

4 . 1  INTRODUCTI ON 

As w e l l  as depending on the therm al properti e s  o f  
the material t h e  fre e zing time o f  a package o f  f o od i s  
influenc e d  b y  five major fac t or s . 

1 .  S i z e  o f  the ob j e ct ( as d e fined in the d im ensi on 
D ( m )  ) .  

2 .  

3 .  
4 .  

T em perature of the external c ooling m ed i um ( T  a 
( o C )  ) .  
Initial t emperature o f  the m aterial ( Ti ( ° C )  ) .  
The resi s tance t o  the rem oval of he at from the 
surfac e of the fre ezing mat erial ( as d e fined in 
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5 .  
the surfac e heat tran sfer c o e ffici ent h ( W/m 2 0 c ) ) .  
The geom etri c arrangem ent o f  the mat e ri al . For 
regular shapes thi s includ e s  slabs , cy li nd ers , 
spheres and re ctangular bri ck s .  

T h e  accuracy o f  any experim ental data c o l l e c t ed i s  
d e pende n t  on the ability t o  be  abl e t o  measur e  and c ontrol 
ac curat e ly the s e  five fact ors , and al s o  on the h om ogen e i ty 
of the free z ing mat eri al . 

4 .  2 CHO I CE OF FRE EZING f•JAT ERIAL 

F o od mat erial s  are rarely them s e lves h om ogen e ou s , and 
i t  i s  d i ffi cult to achieve good repe atabil i ty o f  fre e z irg 
experimen t s  b e c ause  there are structural change s in food 
mat erial s during fre ezing and thawing . Als o ,  for a l arge 
numb�r of fre e z ing experiments  the c o s t  o f  f o o d  mat erial s ,  
used  only onc e , can be prohibi t ive . For the s e  reason s a 
number  o f  anal ogue material s  have be en con s id ered ( Ri e d e l  
1 960a ; Lentz 1 96 1 ; G euz e et  al 1 9 7 2 ;  Badari Narayana and 
Kri shna Murthy 1 9 75 ) . The widely used  "Karl s ruhe t e s t  sub­
stan c e" was d e vel oped by Ri edel  ( 1 9 6 0a) , but i s  n ow c ommon­
ly re ferred t o  by its  trad e nam e  as 11Tylo s e11• It i s  a 
d e fi n e d  23% m e thylce llul o s e  gel . The enthalpy/ t emperature 
d ata for thi s  gel  are very . sim i l ar t o  tho s e  for l e an b e e f  



( 74% water ) , but the thermal c onduc tivi ty i s  slightly 
d ifferent ( Ri ed e l  1 9 60a ; M orl ey 1 9 7 2 ;  Comini 1 9 7 6 ) . 
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Be cau s e  o f  i t s  gel nature i t  i s  eas i ly form ed into  
d� fferent shape s ,  but i t  was found in  practice  that it  i s  
d i ffi cult t o  t otally exclude air pocke t s  and t o  obtain 
1 00% contact to any surfac e .  The volum e  o f  air entrain e d  
i s  very d i ffi cul t  to  evaluate , but i t  is  e stimated a s  l e s s  
than 0 . 2% o f  the t o tal gel volum e . Contact onto a surfac e 
can be  estimat ed l;Jy breaking the contact and exam ining the 
surface ; in all cas es there was found to  be b e t t er than 9 0% 
c ontact . Ul t imat ely the s e  fac tors are only importan t  in 
so  far as they affe c t  the heat tran s fer behavi our o f  the 
sy s t em . They will be  d i scus s ed in c on j unction w i th tem per­
ature m easurem ent errors for each shape . 

An inve s tigat i on o f  comm ercially availabl e m e thyl­
c ellul o s e  powders was c onducted . Attribut e s  s ought were 
pliabili ty for moulding purpo s e s , and a lack o f  air entrain­
ment aft er  mixing the gel . Tyl o s e  MH 1 000 ( a  product m ark­
e t e d  by H o e ch s t  New Z e aland L imited ) was found t o  be  the 
b e s t  methy l c e llul o s e  avail abl e .  Ri e d e l  ( 1 960a ) sugge st s 
ad ding salt t o  the gel  to g e t  exactly the sam e  i n i tial 
fre e zing point  as lean b e e f .  H e  gives data f o r  K arl sruhe 
t e st sub s t an c e  wi thout ad d e d  s al t , which show that the di ff­
erence in the enthalpy/tem perature relationship b e tw e en 
g e l s  wi th and wi thout sal t  i s  small . Because e quipm ent w as 
n o t  avail abl e t o  m ake the ac curate fre e z ing point  m easure ­
m ent s that are n e c e s s ary t o  d eterm ine the sal t  t o  be add e d , 
K arlsruhe t e st sub stance without added  salt , but with 0 . 005% 
c o pper sulphate

_ 
incorporat e d  to inhibit  fungi , was  used . 

Errors in making the gel  due t o  inhomogen e i t y  and vary­

ing m o i s ture c ontent are sm all . I t  was found that the 
w ater c on t en t  in the gel e quil i brat ed  over a period of 
s everal d ay s  l e ading to  a very hom ogeneous mat er i al . 
Errors in m e asuring out the c omponent s led t o  a m o i s ture 
c ontent of 7 7 . 0  �0 . 2% in the final gel . 



The enthalpy / temperature data o f  Riedel ( 1 9 60a)  i s  
c onsid ered ac curate because o f  hi s gre at experience  and 
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c are in m easuring such dat a .  Therm al c onductivity data w as 
o btain e d  from Com ini  ( 1 97 6 ) . Th e d en s i ty of the gel  d o e s  
n o t  alt e r  s i gnifi cantly on fre ezing and ,  lik e  C omini ( 1 97 6 ) , 
a constan t  value w as us ed . C om ini and Bonacina ( 1 9 7 4 b )  
have shown that the shape o f  the the rm al pro perty funct i ons , 
C ( T )  and k ( T ) , n e e d  be kn own only approxim at e ly in the regior 
- 1 0° C t o  0 ° C ,  and as long as the total enthalpy change i s  
pres erved s i gnifi Gant error s  will not ari se . T aking the s e  
fact ors  into  acc ount the overall error in the thermal 
prope rty d ata was e stimat e d  at l e s s than 1 % .  

For the reasons o f  hom o geneity , repeatab i l i ty and c o st 
the _ bulk o f  the experimental work was done u s ing Karl sruhe 
t e st sub s t an c e . T o  show that the r e sul t s  obtained using 
thi s mat erial are consi s t ent w i th the  fre ezing o f  real food s , 
experim en t s  w ere al so conduc ted w i th mashed p otato and 
m inced  l e an bee f .  

F or the l e an beef , all vi sible  c onnect ive t i s sue and 
fat was rem oved pri or t o  m incing . Dupli cate dry ing t e s t s  
w ere carri ed  out to  obtain the m o i s ture content  ( 74 . 0% ) . 
Enthal py/ temperature data were obt ained from Ri e d e l  ( 1 9 5 7 )  
and thermal conductivi ty d ata from Morley ( 1 97 2 ) . T he s e  
data are con s i dered reliable and ac curate . 

The m o i s ture content o f  the m ashed potat o  was 8 2 . 0% .  
O nly  l im i ted  thermal data are avail able ( Ri ed el 1 9 60b ) , 
and s o  value s were estimated by the method o f  Comini and 
Bonac ina ( 1 9 7 4 b ) . The accuracy o f  thi s data i s  approximat e­
ly .:t,3% , whi ch i s  of l e s s  preci s i on than the d ata o bt ained  
for l e an be e f  and Karl sruhe t e st substanc e .  

4 .  3 ONE-DHJEN S I ONAL HEAT TRANSFER I N  SLABS 

4 . 3 . 1 The Equipment 

T o  help e nsure one -d imen si on al heat tran sfer in a small 
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slab s o  that i t  approximat e s  t o  an infinite s l ab , all ex­
perim ental w ork for thi s shape was done  in a pl at e fre e z er .  
Figure 4 . 1  show s the experim ental apparatus . The pl at e s  
w ere c o o l e d  by a 2 9% cal cium chl oride brine pumped  a t  a 
rate of approximat e ly 1 kg/ s from a w e l l  m ixed t ank . Thi s 
t ank has a refrigerated j acket .  The pl ate s  c an b e  l ow e r e d  
t o  ac com o d at e thi ckn e s s e s  u p  t o  0 . 1 0m whi ch i s  the l im i t  
o f  the apparatus , and therm al c ontac t w as im proved by exert­
ing pre s sure on the plat e s . 

For e ach slab thi ckne s s  a m ould w as mad e  by cutting  a 
0 .  23m d i am eter  h o l e  in the ce 11 tre o f  a 0 .  38m x 0 .  38m p i e c e  
o f  poly styrene foaJn board o f  the appropriate thi ckne s s . 
Tvlo  she et s o f  alum inium fo i l  and one o f  brown paper w er e  
used t o  c over o n e  s i d e  o f  the m ould , and it  was  then f i l l e d  
from the oppo s i t e  side  taking care t o  avoid a i r  entrainm ent . 
Copper/ cons tantan therm o c oupl e s  were in serted ,  three  on e ach 
surfac e ,  and thr e e  at the c entre of the slab . All therm o­
coupl e s  w ere run through i s othermal regi ons to  m inim i s e  
errors . Tw o layers  of alum iniurr. fo i l  and one o f  brown 
paper w ere then fixed t o  the s e c ond face to g i ve a fi l l e d  
m ould a s  shown i n  Figure 4 . 2 .  Thi s  wrapping add s  a n egl i g­
ible heat tran s fer resi stan c e  but prevents d ehydrat i o n  o f  
the surface o f  the materi al . The brown paper , plac e d  b e t ­
ween the tw o l ay er s  o f  alum inium foi l  so  that i t  rem ain s 
dry , provi d e s  s tructural s trength t o  the wrapping . 

4 . 3 . 2  Dim en si on al f•1e asurem ent and Control 

The slab thi ckn e s s  was measur e d  with the material b oth 
frozen and unfro z en . Be c au s e  the d en si ty o f  K arl sruhe t e st 
substan c e  d o e s  n o t  change appre c i ably there w a s  n o  d i ffer­
ence b e tw e en the m easurem ent s in the two s t at e s .  The 
thi ckn e s s  was found t o  vary by up t o  0 . 5mm  acro s s  each slab , 
with the large s t  vari ati on s  being found at the edge s o f  the 
materi al . Be c au s e  all t em perature m easurements  were t aken 
toward s the centre o f  the 0 . 23m diam eter s l ab t o  avo i d  edge 
e ffe c t s  in heat tran s fer , the error in control and m easure­
m ent of the thi c kne s s  w as m o st im p ortant i n  thi s regi on , 
and was e s t im at e d  at �0 . 3mm . 
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a�itated br ine  ta nk 

refr igerated jacket 

top p l ate o n  hydrau l i c  
ra m 

sheets of cardboard to 
p rovide thermal resistance 

thermocoup les 

F igu re 4. 1 Schematic out l ine of .the experimenta l  p late freezer.  N ot to sca le. 
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a 

b 

F igu re 4.2 Test s labs. 
a. removed from i ts mou ld with thermocou ples sti l l  i n  p lace 
b .  i n  fi n ished state 



3 8  

4 .  3 .  3 Temperature fv'Je asurement and Control  

All temperature m e asurement s  were m ade w i th 24  gauge 
( United  State s Stand ard w ire gauge ) c opper/constan t an 
therm o c oupl e s  c onn e c ted  t o  a .1 2 point Honeywell-Brown 
r e c ord ing p o tent i om e t er operating on a 3 0  s e c ond print 
cy c l e . The e rror in the cali bration of the m achin e was 
found t o  b e  l e ss than 0 . 2 °C .  

Pri or t o  fre ezing  the slab s  of Karl sruhe t e st sub stan c e  
w ere  kept i n  constant temperature room s for l ong enough t o  
at t ain uni form tem perature throughout . Pi e c e s  o f  0 . 04m 
thi ck poly s t yrene foa� board w ere used t o  in sul ate the 
fac e s  of the slab during the tim e  from rem oval of the slab 
from the con s tant temperature room to  the on s e t  of fre ezing . 
Und er the s e  c ond i t i o n s  the maximum vari at i on in the ini t i al 
t emperature acro ss  the slab was found t o  be +0 . 2 °C on 
e i ther s i d e  of the m e an value . 

T he t em p erature o f  the c o ol ing medium ( 29% c al c ium 
chl oride brin e ) was m easured by tw o therm ocouple s  in the 
j acketed  t ank . One o f  the s e  v.,ras lo cat ed in the return 
s tream from  the plat e s ,  and the other in th e bulk m ed ium . 
The d i fferen c e  in temperature b etw een the s e  tw o therm o­
c oupl e s  wa s  generally l e s s  than 0 . 1 °C ,  although during the 
i n i tial s t age s of s om e  fre e zing experim e n t s  the d i fferen c e  
w a s  up to  0 . 3 °C .  Thi s was due t o  very high initial heat 
fluxe s whi ch can o c cur for l arge surfac e heat tran s fer 
c o effi c ie n t s and l arge ini ti al superheat , but only for v e ry 
short t im e s .  Con s e quently the e ffect o f  the l arge ini t i al 
h e at flux over the full time o f  the fre e z ing experim en t was 
s m all , and the change  in the c irculating brin e temperature 
w as alm o s t  always  l e s s  than 0 . 1 ° C .  

The brine temperature was controlled  by an on/ o ff 
t ype o f  c ontroller o n  the r e frigerati on uni t ,  actuated by 
the  tem p erature o f  a c opper/c on stantan therm oc oupl e in the 
brine t ank . As the c o oling c apaci ty o f  the refrig erati o n  
uni t  was l arge compared t o  t h e  heat capacity o f  th e brine  
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t ank , oversh o o t  of the s et -point was  a probl em . By  ad j us t ­

i n g  the s e t -p o int the brine temperature was c ontrolled t o  
±0 . 5 °C of t h e  required value . I n  Appendix 6 i t  i s  shown 
that an ambient  temperature cycling aro und the m e an value 
approximate s  to a constant ambi ent t emperature with l e s s  
than 0 . 5% e rror for fluctuat i on s  up t o  �2 . 5 °C .  Therefore 
c y cling o f  the ambient  temperature will not introduc e a 
s i gn i fi c an t  e rror . T ak ing cal ibrat i on errors int o  accoun t , 
the  error i n  temperature m e asurement and con trol was e st-

o imated  at ±0 . 5  c . · 

4 . 3 . 4 fvle asurem ent and C ontrol o f  the Surfac e Heat Tran s fer 
C o e ff i c ient 

Surfac e  heat tr an s fer c o e ffici ents  that o c cur in plate 
fre e zing are generally large b e c ause  heat tran s fer r e s i s t ­
an c e s  b e tween the m at erial and the cooling medium are small . 
T o  alter the surfac e heat tran s fer c oe fficient vary ing 
n um bers ( 0  to  1 0 )  of waxed cardb oard she ets  were put on 
e i ther s i d e  of the t e s t  bl o ck before it was in serted in the 
fre e zer . By altering the nu� ber o f  she e t s  o f  cardboard 
d i f ferent surfac e h e at tran sfer c o e ffi c i ents  were obtain e d .  

Det ai l s  of the m e thod s used  t o  m easure the surfac e h e at 
t ran sfer c oe ffici ent c an be found e l s ewhere ( Cl el and and 
E arle  1 97 6 a ) . Bri e fl y , the s e  d epend on measurem ent o f  sur­
f ac e  ten p erature as it vari e s  w i th t im e , and u s e  o f  thi s 
d at a  t o  cal culate  the surfac e heat tran s fer c o e ffi c i ent by 
t h e  thr e e  m e thods given in the paper .  The first m ethod 
u s e s  a fin i t e  differen c e  approximat i on for the surface t emp­
e rature . I n stead o f  a value o f  the surfac e h eat tran s fer 
c o e ffi c i en t  being suppli e d  and the  new surfac e  t emperature 
c al culat e d , the surfac e t emperature at the next t im e  s t e p  

T�+ 1  i s  obtained from the expe rim ental data , and a value o f  
t h e  surfac e heat tran s fer c o e ffici ent c alculated  from the 
r e arranged finite d i fference  e quat i on for the surfac e 
t em perature : 

h = 
k ( 2  T� + ( M- 2 )  T6 - M T6+ 1  

2 f:l x ( Ta - T a ) 
( 4 .  1 )  



where M C(  6x) 2 
= k Et 
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A value o f  h i s  cal cul ated at each time step  and the s e  are 
ari thm e t i cal l y  averag e d . 

The s e c ond m e thod  i s  an ext ension o f  the int egral profil e  
t e chnique o f  Goodm an ( 1 964 ) ; i t  only appl i e s  for short 
t i m e s  up t o  the time  that the centre t em perature s tart s t o  
change , but i t  i s  c onveni ent t o  use . 

= �( _1_ 
d t  2y2 

1 
2 + ln Y ) 

where Y = ( T  - T ) / ( T . - T ) at time t .  

( 4 . 2 ) 

s a 1 a 
Us ing the experimental data (� - J + lnY ) i s  pl otted  

2Y c. 
again st t im e ,  and from the sl ope the surfac e h e at transfer 
c oe ffi c i en t  c an be  c al culat e d . 

The third method i s  a heat balan c e where the int egral 
of the surface  heat flux w i th respe c t  to tim e  i s  c om pared 
to the en thalpy change in the slab .  

h ft
t 2 ( T - T ) d t 
1 s a = 

( 4 . 3 )  

For all sets  o f  experimental data there was n o  sig­
n i fi can t  d i fferenc e  b e tw e en value s  o f  the surface  h eat tran s ­
fer  c o e ffi c i ent cal cul ated  from the thre e m e thod s .  There­
fore all c al culated  value s  o f  the surfac e  heat tran s fer 
c oe ffi c i en t  were u s e d  in  a calculat ion to  find the  l east 
s quare s r egression l in e  relating external heat tran s fer 
r e sis t an c e  C t) to the number of she e t s  of cardb o ard pre s ent . 
From thi s l ine average value s o f  h for d i fferent num bers 
o f  cardb o ard she e t s  were  found . Error in the m ethods  i s  
d i scus s e d  i n  s ome  d et ai l  i n  the publi shed  paper ( Cl e l an d  
and Earle 1 976a) , and i t  i s  shown that the 9 5% c onfidence  
l imi t s , whi ch vary from .±.5% up to _:t 1  0%  in som e c as e s , 
alm o s t  c ertainly overe stim ate  the real error . A t ruer 
indicati o n  of the actual error can be o btaine d  from  five 



r e p l i cate fre e zing experim ent s wh ich gave fre e zinG t im e s  
vary ing by only ±1 . 3% from their m e an value . For thi s  
d egre e  o f  repe atabil i ty t o  be obtained the maximum e rror 
i n  the c ontrol and m easurem ent o f  surfac e heat tran s fer 
c oe ffi c i ent s was estim ated  at .±.�� .  
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Variat i on in the surfac e h e at trans fer co effi c i ent  
b e t ween different regions  on  the  surfac e of the s lab i s  
shown by any d ifferen c e  i n  the surface  t emperature at the s e  
pl ac e s .  I n  all cas e s  the differen c e s  were found t o  b e  sm al l ; 
d i fferent thermoc oupl� s agreed w i thin 0 . 5 ° C of each o ther , 
whi ch i s  very clo s e  t o  the l im i t  o f  s en s i tivity o f  the 
m e asurem en t s  made . Hence  non-un i form i ty of the surfac e h e at 
t ran sfer c o e ffi cient was not a probl em . 

4 . 3 . 5  Analysi s  of Heat Transfer in Slab s  

I n  a true one-dim e n s i onal slab there i s  n o  heat 
tran s fer in the other tv: o dire c t i on s . In prac ti c e  thi s i s  
i mpo ssi ble t o  achi eve , but i t  i s  po s si b l e  t o  reduce heat 
tran sfer i n  the other two directions  t o  an insigni fi c ant 
am o unt . Thi s  was achi eved by m aking the other tw o d im en­
s i on s  l arger than the thi ckne s s , whi ch i s  the cri t i c al 
d im ension ,  by a rat i o  varying from 2 . 3 : 1 to  9 : 1  d epending 
o n  the slab thi ckn e s s ; and by en suring that each slab 
was  surround e d  on the edge s by at least  0 . 08m p o ly styrene 
foan in sulat i on .  Und er the s e  c ondi t i on s  the edge heat 
flow \·ras  in the range 0.  006 to 0 .  04  W /° C ,  whereas the h e at 
fl ow through the s l ab fac e s  was in the range 1 . 6 t o  3 6  
W/ ° C ,  that i s  alway s  at le ast 1 50 t im e s  greater than the 
unwanted edge e ffe c t s . Tem perature m easurements  t ak en n e ar 
t h e  centre o f  each slab were unaffe c t e d  by edge e ffe c t s  
b e c ause o f  the se precaut i on s . 

Air entrainment and l e s s  than perfe ct therm al c ontact  
were m enti oned in  s e c ti on 4 . 2 . The l at ter problem d i d  n o t  

· o c cur i n  the experim ental work with slabs b e cau s e  the l ower­
i n g  of the plate s t o  clamp the slab t i ghtly in place was 
f o und to en sure g o od contact . When a fro z en s lab was 
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rem oved from the fre e z er i t s  pro tective l ayer o f  alum inium 
foil  was alw ays  tightly and c o111pletely bound t o  the fre e z ­
i n g  mat eri al . Air entrainm ent in packing the g e l  i s  only 
importan t  i f  it  aff e c t s  the heat tran s fer charact eri s t i c s  
o f  the material . The t o tal void volum e  was e s t im ated  a s  
l e s s  than 0 . 2% ,  and t h e  v o i d s  w ere generally l e s s  than 1 mm 
in their  l argest dim ension . Whilst  it  was imp o s si bl e  t o  
e st imate the heat tran sfer  characteri s ti c s  o f  e ach vo i d , 
they need  only be c on s i d ered i f  they affe ct the overall 
h eat tran s fe r  behavi our o f  a slab . I t  has b e en shown 
( Cl e land and Earle 1 97 7b ) that the experimental surfac e 
and centre t emperature pro fil e s  can be fo llowed very c l o s el y  
b y  pro fi l e s  cal culated  us ing finite d i fferenc e s . Thi s 
impl i e s  that the heat tran s fer e ffects  o f  the vo i d s  must  
be  negl i gi bly small . 

There  are al s o  errors con s e quent on therm o c oupl e 
placem ent . The se c an be clas s i fied int o thre e group s -
h e at c onduc t i on al ong the therm ocouple wire , the inhom o gen e­
i ty create d  by the pre s ence of  the therm o c oupl e w i re , and 
errors in the placem ent o f  the therm o coupl e s . 

All the rmocouple s  were introduced  parallel  to  the h eat 
transfer s ur face through i s othermal regi ons . Therefore 
there was n o  te�perature gradi ent for c onduction al ong the 
thermoc oupl e s .  

Of  the  total are a  n ormal t o  the d irection  o f  heat 
transfer at each surfac e , and at the c en tre , only 0 . 3% was 

c overed b y  therm o c o uple wire s and their  pl ast i c  in sulat i on . 
The therm al resistan c e  acro s s  the lead s  was alm o st t o t al ly 
due to  th e plastic  in sulati on because the therm al conduct­
ivi ty o f  c o pper is  l arge . The therm al c onduc t i vi ty of  the 
plastic  i s  approximately one quarter that of Karl sruhe t e s t  
substan c e , s o  the therm al re s i s tan c e  across  the l ead s was 
greater than the re s i stance  for the e quival ent am o unt  o f  
Karl sruh e  t e st sub s t ance . Thi s  gre ater therm al r e s i s t an c e  
appl i e d  f o r  only 0 . 3% o f  the are a norm al t o  heat tran sfer 
at only three ·  plac e s  in  the  slab , and there fore d i d  n o t  
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affe ct the heat fl o w  s igni fi cantly . As  the therm o c ouple 
l e ad s  o c cupi ed only approxim ate ly 0 . 0 1 %  o f  the gel  volum e  
and have n o  latent heat e ffe c t s  the overall heat capac i ty 
o f  the gel  was not s i gni fi c an tly aff e c t e d  by their pre s en c e .  

The last  importan t  c o n s i d erati on i s  error in the place­
m en t  o f  thermo coupl e s . Me asurements were taken o f  the tw o 
m o s t  imp ortant temperature s ,  the surface and c entre t em p­
eratures . The form er is  v e ry s ensi tive to  change s  in the 
ext e rnal h e at tran s fer c ond i t i ons , and so was used in the 
e s t imat i on of the surfac e h e at tran s fe r  coeffi c i ent . Th e 
latter i s  n e eded t o  m e asure the fre e z ing time . Be cause  
equal h e at trans£er o c curs from both fac e s  o f  the  slab the 
g e om etri c and therm odynam i c  c entre s will  coinc i d e , and h en c e  
during fre e z ing any therm o c oupl e not  a t  the g e om etri c  c entre 
w i l l  be at a l ower t emperature than the centre o f  the slab . 
The re fore  the last therm o c oupl e to reach - 1 0° C wi ll  give 
the  m o s t  accurate e stimate o f  the fre e z ing tim e  provi d ed 
h e at tran s fer i s  hom ogen e ou s  over th e full surfac e o f  th e 
s l ab . I n  practic e , the c en trally plac ed therm o c oupl e s  
re ached - 1 0 °C in tim e s  that agreed wi thin 2% o f  each other , 
and the l as t  therm o c oupl e t o  reach thi s temperatur e was taken  
as the  b e s t  e stimate of the s lab centre temperature . 

Be c au s e  of the w ay the t e st slab s  were held  in the 
fre e z er it was impo s sible for a therm o c oupl e to b e  above 
th e surfac e .  A true e stim at e of surfac e t emperature would 
be where one side of the therm o c oupl e was touching the 
alum inium foil prot e c tive l ay e r ,  but in prac ti c e  thi s was 
very hard to achi eve . Pro vi d ed heat transfer i s  h om ogene­
ous ·acro s s  the  surfac e ,  a faster c o o ling therm o couple wil l  
probably give a b e t ter e s t imate o f  the surface  temperature 
than a s l ower c o o l ing one whi ch i s  l ik e ly to be b el ow the 
surfac e .  However thi s d o e s  n ot allow  an evaluati on o f  
h o m ogen e i ty o f  heat tran s fe r  across  the surfac e ,  s o  ano ther 
c ri teri on is  needed . Superco oling must  oc cur b e fore fre e z­
i n g  ( Ro l fe 1 9 68 ,  p 1 7 0-1 83 ) and the first  superc o o l in g , and 
h e n c e  the  first fre � zing , m u s t  o c cur at the surfac e .  Onc e  
a n  i c e  front has formed  in  a non- c e l lular mat eri al such 
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as K arl sruhe test  sub s tan c e  n o  further supercooling for i c e  
cry s t al nucl eation i s  n e c e s s ary , al though it  1;1 ay o c cur i f  
the rate o f  c o ol ing i s  suffi c i ently fast . The superc o ol­
ing of the surfac e c an be used  to ind i cate the po siti on of 
a therm o c ouple . Fi gure 4 . 3  shows typi cal pro fi l e s  for 
d i ff erent surfac e therm o coupl e s .  

Curve 1 i s  typ i c al o f  a therm o c oupl e that i s  well  pla c ed 
at the surface . I t  has superc ooled b e low the fre e zine poin t , 
but upon the rel e�se o f  latent heat the surface t emperature 
h as s t i l l  rem ain ed below  the ini t i al fre ezing temperature . 
Curve 2 i s  al so a well  pl aced therm o c ouple . Up on the r e ­
l ea s e  o f  latent heat the t em perature h a s  ri sen bri efly 
above the fre ezing p oint . Thi s  could be  be cause  the rate 
of h e at r em oval from the surface is in suffi c i ent to prevent  
the  t em p erature ri s ine thi s  much , or  be cause the therm o ­
c ouple i s  fracti onally bel ow the surface . Curves 3 and 4 
are typi c al of what happens wh en a therm o coupl e i s  b e l ow 
the surfac e .  �hen i ce cry s tal nuc l eat i on o c curs at the 
surface and latent h e at i s  rel eased  the materi al is  warm e d  
s l i ghtly , even several m i ll im e tre s in  fro. : the surfac e .  
H en c e  a p s eudo -superc ooling curve o c curs , but i t  i s  easily  
d i s t ingui shed from the true supeFc o oling curve by  the  t em p­
erature at vrhich the peak o c curs , and by the fac t that the 
p e ak is generally fl atter  w ithout an abrupt change in the 
t em p erature /t ime graph . Curve 5 is a very bad case where  
the  therm o couple is  well b e l ow the  surface and i s  not  
aff e c t e d  by  the surfac e supercooling , but the rate o f  t em p­
erature change wi th time  i s  slowed by the releas e  o f  
l at ent h e at . 

C l e arly , thi s crit eri on d o e s  n o t  provid e  a sharp 
d i vi si on between g o od and b ad therm o c o uple pl acem ent s ,  but 
d i fferenc e s  in t emperature b e tween pro files  of types  1 and 
2 w ere in  prac t i c e  smal l . U s ing thi s  c riteri on to  d e l e t e  
b adly plac ed therm o c oupl e s  i t  '.vas found that the surfac e 
t em p erature o f  the slab var i e d  by l e s s  than 0 . 5° C aro un d  
the m e an value . Typi cal ly f our o r  five out o f  s ix surfac e 
therm o c ouples  were found t o  be suff i c i ently v:ell  pl ac e d  
for u s e . 
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The supercooling e ff e c t  lasts  for times  o f  the ord er  
o f  1 00 to  3 00 s e c ond s ,  and i t s  e ffe c t  on  the overal l  sur fac e 
h eat flux ( Q = hA ( T -T ) ) i s  small be cause the integral a s 
o f  ( T  -T ) wi th re spect  t o  t im e  i s  very littl e di fferent a s 
t o  what would be e xpected  i f  no superc o o l ing o c cured . 
C onsequently super c o ol ing d o e s  not  have a sign i fi c an t  
e ffe c t  o n  the heat tran s fe r  charac t eri st i c s , o r  the fre e z­
ing time o f  a fin i t e  slab . 

4 . 4 RADIAL HEAT TRANSFER IN CYLINDERS Al'm SPHERES 

4 . 4 . 1  The Equipm ent 

It  is  m ore d i ffi cult t o  obtain c onstant heat tran s fe r  
c onditions  around a CJlind er o r  sphere than i t  i s  o n  the two 

oppo si t e  fac e s  o f _ a  slab . A sy stem w i th a fluid fl owing 
o ver the obj e c t  is m o st common . Sur face heat tran sfer 
c o e ff i c i en ts in an air bl ast  fre ezer  vary greatly d epending 
on the d egre e of expo sure to the air fl ow.  The variat i on 
o f  the surfac e h eat tran s fe r  c o e ffi c i ent around an o bj e c t  
i s  much l e s s i n  a l i quid im: 1 ers i on fre e z er . For thi s 
reas on a l iquid imm ersion fre ezer  was buil t .  I t  i s  shown 
d i agram at i cally in Figure 4 . 4 .  

The impell er circulat e s  29% cal ci um chlori d e  brine 
around t�e fre e zer . The brine pas s e s over th e re frig erati on 
c o i l s  and then through two m e sh scre e n s  ( apertur e  s i z e  1 mm 
x 1 mm )  which provid e  suffi c i ent head l o s s  to  equali s e  any 
un e venn e s s  in the l i quid fl ow  profil e .  The liquid then 
flOWS through the experim ental s e c t i on ( 0 . 5m X 0 . 6m X 0 . 8m )  
and -back to  the impell er . The free zer  can operate as l ow 
as -40° C ,  but i t s  u s e ful range i s  r e s tricted t o  temperature s 
above -34 °C by m e chanical probl e1n s . 

For reas on s d i s cussed  in s e cti on 4 . 4 . 5  i t  was found 
n e c e s s ary to  o s c i llate the t e s t  sam ple s .  The sam pl e  
o s ci l l at or i s  shown i n  Figur e s  4 . 5  and 4 . 6 .  Each sam p l e  
was turned through an angle  of 1 80° every s ix s e c on d s  
approximately . 
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attachment to samp l e  osci l lator 

c l amp arra ngement ho ld ing test cyl i nder 

l i qu id  l evel 

i nsu lated cap on  cyl i nder 
removab le  stand for attachment to the freezer 

F ig u re 4. 6 Schematic outl ine  of the system used to osci l l ate cyl i nders in the l iqu id  
i mmers ion f reezer. 
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thermocoup le  leads to recorder 

polystyrene cap 

wa l l  of the p l astic p i pe 

V 
thermocou p les i n  materi a l  

F i gu re 4 .7  Arrangement of the polystyrene foam caps a n d  thermocouple lead s for  cy l i nders. 
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In  order t o  s imulate infini tely l ong cyl ind ers , l engths 
o f  p olyvinyl chloride  plas t i c  pipe 0 . 4 5m long , and ap�rox­
ir:i at e ly 0 . 1 5m ,  0 .  1 Om and 0 .  0 5m in d i am eter were used . 
The s e  had d i fferent wall thi ckne s s e s  t o  give d i fferent 
external heat tran s fer re s i stan ce s .  T o  reduce end e ffe c t s  
i n  ord e r  t o  b e t t e r  simulate an infi n i t e  cylin d er , caps o f  
poly styrene foam in sulati on were put on the end o f  each 
cylind er in the m anner shown in Figure 4 . 7 .  

The cylinders  were packed with Karl sruhe t e s t  sub s t ance  
and therm ocoupl e s  were  introduc ed at the surfac e and c entre 
p o s i t i ons through i s o therm al region s .  In each cas e thr e e  
therm o c oupl e s  w e re used . on the c en t ral axi s  and five a t  the 
surfac e .  The therm o c oupl e s  were l e d  through a s eale d  h o le 
in th e top  cap t o  enable connec t i o n  t o  the r e cording 
po tent i om eter . Each cyl ind er coul d then be c l am pe d  into  
the  s ample  holder  as shovm in Figure 4 .  6 ,  and fro z en . 

Hollow  rubber  and vinyl balls  were used  t o  o bt ain  
spheri c al ge om e try . Thre e s i z e s , approxim ately 0 . 1 5m ,  
0 . 1 0m and 0 . 05m i n  d i�1 eter  were u s e d . The s e  had d i fferent 
wall thi ckne s s e s  to give d i fferent surface h eat tran s fer 
c o e ffi c i ents . A bolt was glued t o  the surfac e o f  e ach ball  
t o  enable  c onn e c t i on t o  be mad e  to  the  s�npl e holder as in  
Fi gure 4 .5 .  Thi s bolt  added a heat transfer r e s i stan c e  of 
0 . 0003 m 2° C/W to  a fracti on of the surfac e area ranging from 
0 . 2% t o  0 . 5% .  The overall heat tran s fer r e s i s tan ce  t o  the 
s urface of the fre ez ing material w a s  in the r ange 0 . 0 1 90 
t o  0 . 03 7 5  m 2 °C /W , whi ch i s  much h i gh er . There fore the bolt 
d i d  n o t  affe c t  the heat trans fer b ehavi our of the sphere s 
s igni fi cantly . 

I n  ord e r  t o  fill the ball s w i th Karl sruhe t e s t  s ub­
s tan c e  an X-shaped inc i s i on about 30mm acr o s s  was m ad e  in 
e ach of the two larger bal l s . After the bal l s  were filled  
therm o c oupl e s  were  introduc ed  on the  surfac e ( five thermo­
c oupl e s ) , and at  the centre ( on e  therm o c oupl e )  by the 
m e th o d  shown in  Fi gure 4 . 8 .  A 1 mm d i am e t e r  hole  was m ad e  
w i th a metal r o d  and the plasti c c o at ed  therm o c oupl e  pushe d 
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down i t  until  c ontact w i th the surface  was mad e . T h e  c en tre 
therm o c ouple was m ark ed b efore in s erti on to  en sure that i t  
was not  pushed past the centre o f  the ball . 

T h e  smal l e st sph ere  was mad e  by. cutting the bal l  int o 
two  h em i s phere s ,  filling the se , and them in s erting the rm o ­
c oupl e s ( four a t  the surfac e and one  at the c entre ) , b e fore 
glueing the two h em i spher e s  together . 

Problem s  c au s ed by vo i d s  and imperfect the rm al c ontact 
are d i s cussed in s ecti on 4 . 4 . 5 .  T he di srupti on to  the skin 
o f  the b all n e e d e d  for fil l ing affe cted  0 . 2% o f  the  surfac e 
area o f  the l arge s t  ball , 0 . 5% o f  the m ed ium s i z ed ball , 
and 3 . 1 % of the area o f  the sm all e s t  ball . Thi s  d i srup t i on 

i s  only  importan t  becaus e o f  i t s  affect  on th e h eat tran s ­
fer b ehaviour o f  the spher e s , and i s  d i s cussed i n  s ec t i on 
4 . 4 . 5 .  

Be c ause o f  l im i tat i on s  in the range of ·.·:all thi ckn e s s e s  
in the balls  and pi pe s i t  was found that the use o f  l iqui d 
imm ers ion fre e z ing alone w ould n o t  give a wide  range o f  
heat transfer re s i st an c e s  at the surface of the fre e z ing  
m aterial . In  o rd er t o  ext end the  range of heat tran s fe r  
c ond i ti ons . s om e  experim ental work wac: carri ed  out  in an 
air blast fre e z er .  T he d e  sig:1 o f  the fre e z er i s  shown i n  
Figure 4 . 9 .  The air speed  was s e t  at a constant value o f  
approximately 3 m / s  for all runs . In  spite o f  the air 
turning van e s  the air fl ow through the v: orking s e c t i o n  
( 0 . 6m x 0 . 6m x 0 . 4m ) was n o t  c o: ·i pl e te ly even . Be cau s e  o f  
the une venn e s s  in the he at tran s fer c onditi on s  aro und the 
fre � z in g  obj e c t  i t  was c on s i d ered d e sirable to o s c il l at e  
the o b j ect  through 1 80 ° , so  that o n  average , all part s o f  
the surface would be  expo s ed to  average heat tran s fer 
c ond i t i ons . T he d e s ign o f  the air blast fre e Y- er preven t e d  
t h e  u s e  o f  an o s ci l lating devi c e  o f  the type us ed  w i th the 
l iquid immers i on fre e z e r . The smal l  nur.Jber o f  experim ent s 
c onduc ted in the blast fre e zer d i d  n ot justify an al t e rnative 
m echan i sed  s am p l e  o s ci l l ation . I n s tead , the spheres  and 
c yl inders were rotat e d  90° by hand approximately 1 0  t o  2 0  
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F i gure 4 .8 I nsertion of thermocoup les in  the spheres. 
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b 

a - a 1 m m  metal rod is used to make a path for i nsertion of the thermocoup le  w i re .  

b - two thermocoup les i nserted . 

c -. magni f i ed sketch of a thermoco u p l e  at the su rface. 
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F igu re 4.9 Schematic outl ine  of  the experi mental  a i r  b l ast freezer. 
a .  a sphere i n  the ex perimental section.  
b .  the experi mental  section with a cy l inder i n  p l ace. 
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times  in the course o f  each fre e zing experiment .  The e f f e c t  
o f  turning the s am pl e s  i n  thi s way i s  c on sidered in s e c t i on 
4 . 4 . 5 . 

4 . 4 . 2  Dim ensi onal Measurement and Control 

S imilarly to  the slab s , there was n o  sign i fi c an t  d i ff­
eren c e  in diam et er m easurem ents betwe en the fro z en and un ­
fro z e n  s t at e s  for cylind ers and sph ere s .  The rigidi ty o f  
the cylind ers all owed diam eter :r1 easurem ent t o  an ac curacy 
o f  ±0 . 5mm . Becau s e  of the fl exi bil i ty in the wal l s  of the 
bal l s  there was s om e  variati on in the m easured d i w1 e t er of 
the s phere s . The pre c i s i on to  whi ch m e asurem ent s  c ould be 
mad e  was ±1 . 5mm . 

4 . 4 . 3 T ernperature J'.leasurement and Control 

The temperature r e co rd ing s.;' s t em was the s am e  as thc�t 
used  for slabs  except that d i fferent numbers o f  therm o­
c oup l e s were use d .  The  cylinders and s phere s were  wrapped  
in insulating m at eri al for  transfer from the c on st an t  t emp­
erature room s  to the fre e ze r .  The initial t em perature var­
i ed by up t o  ±0 . 5 ° C around the m ean value und e r  the s e  c ond­
i t i on s . 

The brine and air t em peratur e s  were con trolled u s i ng 

the s am e  control sys tem as was used for the plat e  fre e z er .  
The temperature o f  the brine  was c ontrolled t o  .:t.0 . 5 ° C o f  
the m e an value , but thi s  preci sion was n o t  obtainable  i n  
the air blast fre e z er .  Be cause o f  the low the rm al c apacity 
o f  the air blast sy s t em there was considerabl e oversh o o t  
beyond the s e t  p oint and the air t em perature cycled  by  ± 1 °C 
around the m e an value . Thi s should n o t  s i gnificantly 
affe c t  the  accuracy of  the  resul t s  as  it  has  b e en shown 
( Appendix 6 )  that an ari thmetic  average i s  valid  in thi s 
s i tuat i on .  

4 . 4 . 4  l'1easureme n t  and Control of the Surface Heat Tran s fer 
Coeffi ci e n t  
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T h e  m e thod s  used t o  m easure the surface heat tran s fer 
c oe ff i c i ent in radial heat fl ow were very sim i l ar to  tho s e  
used  f o r  slab s . Measured data o f  surfac e temperature as 
it var i e d  with time  was used  in each of three  ways . 

Firstly , an expl i c i t  finite di fferen c e  s cheme was m ani p­
ulat e d  to provi d e  an e s timate of the surface heat tran s fer 
c o effi c i ent at e ach t im e  s t ep .  The general e quat i on for 
rad i al heat conduction is : 

C (  T )  c) T 
n = � ( k ( T ) d T ) + a k (T) J T 

o r  d'r r ar 

where a = 1 for a cylind er . 
a = 2 for a sphere . 

( 4 . 4 )  

The b a s i c  fin i t e  di ffere� c e  scheme used was similar t o  that 
of Albasiny ( 1 9 6 0 ) : 

= + 

( 4 . 5 )  

where m& = r i s  the di stan ce fror:J the  c en tre o f  the region . 
The b oundary c onditi on  at the surfac e : 

= k ( T ) aT  
dr at r = R ( 4 . 6 ) 

was sub stitut e d  into e quat i on 4 . 4 ,  and a fin i te d i fferen c e  
approximat i on o f  the type used i n  equat i on 4 . 5  was t aken . 
S e t t ing  Mllr = R ;  T�+ 1  = Ta ; and k�+� = hllr in the re sulting 
e qu at i on and rearranging to find h the following was 
d er i ve d  

h = 

An e st imat e  o f  the surfac e heat tran sfer c o e ff i c i ent was 
cal cul ated  at e ach t im e  s t ep by use of experimentally 

d e t e rm ined value s of the surfac e t emperature at both the  
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( i ) and ( i+ 1 ) t im e  l evel s in e quati on 4 . 7 .  The estimat e s  
o f  h w ere then ari thm e t i c al ly ave raged . 

For slab s  the  s e c ond method u s ed t o  measure  the surfac e 
heat transfer c o effi cient was base d  on Goodman ' s  int egral 
pro f i l e  t e chnique ( G oodman 1 9 64 ) . Thi s  type of appro ach i s  
not  sui table for radial geometry ( Lardn er and Pohle 1 9 6 1 ) .  
Con s equently an o ther related appro ach was sought . Th e 
an al y t i cal s olut i ons  for heat c onduc ti on with c onve c t i on 
at the  surface fo:r a cylinder and sphere with constan t  therm­
al propert i e s  ( Carslaw and J aeger 1 9 59 , p 202 , p 2 38 )  c an 
be u s ed t o  e s t imate the surfac e h e at tran sfer c o e ffi c i en t . 
The m ain diffi cul ty wi th . using the se seri e s  s oluti on s  i s  
that they are slow t o  converge at short time s .  The re fore 
six terms  in the seri e s  were retained in each cas e ; thi s 
gave c onve rgence  t o  better than 1 %  with the corre c t  s olut­
i on for Fouri er nu1.1 bers of 0 . 02 or great er . Be cau s e  the 
s i gn of tie seri e s  al ternates  it was found that c onvergen c e  
was improved i f  only 0 . 5  tim e s  the sixth term was u s e d . A 
c om puter pro gram was wri tten that ac cepted value s o f  th e 
surface temperature at any tim e , under any s e t  of  conditi on s , 
and used an i terative proc edure t o  find the value o f  the 
surfac e heat tran s fe i  co e ffi ci ent that w ould give that sur­
fac e temperature at that time . Approxim ately ten data 
pair s  of surface temperature and time were used per  fre e z­
ing experim en t ,  and the cal cul ated  value s o f  the sur face 
heat  tran s fe r  c o e ffi cien t  averaged . 

For slabs  the third m e thod u s ed t o  me asure the  surfac e 
heat  tran s fe r  c o e ffi c i en t  was a heat balanc e .  Thi s  m ethod  
is  e qually appli cable  t o  radial geom e try . The  change in  
t h e  enthalpy of  a body must  equal the integral of  the 
surface heat flux with 

h A ft2 
( T  - T ) dt 

t 1 
s a 

respect  t o  time : 

� [I:4�r2Hdj
t 2 

-U:4n2Hd� t 1 
( 4 . 8 )  

All  term s  exc ept h c an be found from the experimen t al d at a .  
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The b e ginning and end o f  the fre e zing pro c e s s  are c onven­
i en t  t imes  to take  as t 1 and t 2 ; using thi s data h c an be 
c al cul ated . 

The difference be tween the results from the thr e e  m e th­
ods was not s i gnificant at the 9 9% level of  c onfiden c e . 
Expe riments  were conducted  in the liquid imm ersi on fre e zer  

0 0 at -20 C and -33  C .  The liquid vel o c i ty us ed was the  s am e  
at b o th tem perature s ,  but the tran sport propert i e s  o f  the 
bri n e  were d i fferen t . The s e  change s would al ter the fi lm 
c oe ff icient by up t o  1 0% ,  and hen c e  change the o verall heat 
tran s fer c o e ffici ent to  the surfac e of the fre e z in g  ;·n ater­
i al . However the bulk o f  the r e s i stan c e  to heat tran s fer 
is in the ball skin , or  pi p e  wall , and this dam p s  the e ff e c t  
o f  the al tered film c oe ffi c i en t  to  such an ext ent that n o  
s tat i sti cally s i gn i fi c ant  di fference , at the 99% l evel , 
c ould be found b etween the surface  heat tran sfer c o e ffi c­
i en t s  at  the two  tem perature s . A similar e ff e c t  was o b­
s e rved in air blast fre e z in g : di fferen c e s  in the film c o­
e ffi cient at -40°C and -24 ° C were not  large enough to  give 
a s i gnifi c an t  diff eren c e  in the m easured overall h e at 
tran sfer c o e ffi cient t o  the surfac e o f  the fre e z in g  m at er­
i al . For e ach sample  an average heat transfer c o e ffi c i en t  
was  used for all l i quid irmn ers i on fre e zing experim en t s , 
and a di fferent average value was used for all air blas t  
fre e zin g .  

The errors in m eaauring and con trolling the surfa c e  
h eat tran s fer c o e ff i c i ent  w e r e  much greater than in  plate 
fre e zing , and the te peatab i lity o f  fre e zing experim e n t s  
w a s  not a s  good . Repli cat e fre e zing experim en t s  vari e d  b y  
!2% around t h e  m e an value i n  imm ers ion  fre ezing , and !3 . 5% 
i n  air blast fre e zi ng .  Taking the se fac tors and the range 
of  experim entally d e t ermin e d  value s in to  ac coun t , the err or 
i n  the values  o f  the surfac� h e at tran s fer c o e ff i c ient  was 
e st imated a s  ,:t4% for immersion  free zing , and ;!:_7% for air 
blast fre e zing . 

4 . 4 . 5 Analysi s o f  He at Tran s fe r  in Radial Geom e try 
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The pro bl �m s  enc ountered in radial geome try were sim­
i lar to  tho s e  found for slabs . I n  order to  approximate 
an infin i t e l y  long cylinder the l ength o f  the t e s t  cylind­
ers was always gre at er than the d i �1 e t er by a fac t o r  of 
t hr e e  or m or e . Addition o f  in sulat ing cap s  redu c e d  the 
h eat flow through the �nd s to value s in the range 0 . 00 1 6 
t o  0 . 0 1 40 W/ ° C whi ch was alway s at l east 400 ti� e s  smal l er 
t han the h e at flow through the radial surfac e whi ch was in 
the range 1 . 6 6  to 7 . 3 1  W/ ° C .  Therefore the t e s t  cyl ind ers 
approximated infinite  cylind ers  very c l o sely . 

Whil s t  end e ff e c t s  d i d  n o t  o c cur in spheri c al g e om e t ry 
there  were e rrors due t o  cutting  o f  the ball sur fac e t o  
all o w  fil l i n g . For the two larger sphere s l e s s  than 0 . 5% 
o f  the surfac e area was di srupt ed s o  any eff e c t  on th e 
c entre temperature was negligibl e , but there c ould have 
b e en s om e  l o cal i s ed effect  on the temperature n ear the sur­
fac e aroun d  the inc i s i ons . The exten t o f  thi s c ould n o t  
b e  as s e s s ed , but th e surfac e th erm o couple s  were s i tuat e d  
w e l l  away t o  avo id any errors introduc ed . Th e sm all sphere 
h ad approxim ately 3% o f  its surface area affe c t e d  by cutting . 
Be c ause  the  two hem i sphere s  were glued back t o g e ther  very 
c arefully th e inhoQ ogeneity should have been n o  great er than 
for the l arger sphere s . Again surface therm o c oupl e s  were 
k e p t  away from thi s regi on . The sr.1 al l  inhom ogen e i t i e s  at 
the  surfac e should n o t  have alt ered m e asurements  o f  the 
c entre t e� p erature or the fre e zing t im e .  

Voi d s and imperfect thermal c ontact were al s o  probl em s . 
Vo i d s  that o c curre d  were n o  l arger than tho s e  found i n  slabs 
so  their e ff e c t  would not be  expected to  be  any m ore  s ig­
n i fi c ant than the e ffect o f  the voids  in the s l ab s .  Thi s  
was  d i s cu s s e d  in s e ction  4 . 3 . 5 .  Therm al contac t was in 
all case s b e t ter than 90% . Where perfe c t  th erm al c on tact 
d i d  not o c c ur a very small gap was pre s ent betwe en the skin 
and the fre e z ing material . Thi s  would not be exp e c t ed t o  
b e  any m or e  sign i fi cant than any other void i n  the overall 
he at tran sfe r behavi our of th e free zing materi al . The 
m o d e  o f  h e at tran s fer acro s s  the s e  voi d s  would be  natural 
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c onve ction . Be caus e the voids  were ill-define d  it was 
i m po s s ible to evaluate the heat tran s fer  re sistan c e  acro s s  
them . The upper bound in thi s c ase would be where c onduc t ­
i on alone o c curred . F or a 0 . 5mm voi d  thi s would l e ad t o  a 
h e at tran s fe r  re s i s t an c e  o f  0 . 0 2 5  m 2 ° C/W whi ch i s  s i gn i f­
i c an t . The ac tual h eat tran s fer re s i s tance due t o  natural 
c onvection would be l e s s than thi s , but how much l e s s  c ann o t  

b e  predi c t e d . However the extra heat transfer r e s i stan c e  
appl i ed t o  l e s s  than 1 0% o f  the heat tran sfer surfac e , and 
w ould only b e  imp�r tan t  i f  the overall heat tran s fer 
c haracteri s t i c s  of the sphere or cylinder were alt ered . 
I n  Chapter 6 i t  will  be sho wn that fini t e  di fferen c e s  ac cu­
r at e ly pre d i c t  the surface and c entre temperature s  s o  the 
overall e ff e c t  of voids  at the surfac e  appears to be sm all . 

Errors due t o  the inhom ogen eity created by the pre s­
ence of therm o c oupl e wire s were o f  s im i l ar magni tud e t o  
tho s e  found for slab s , and were sim i l arly negl ig i bl e .  
Errors in plac em ent o f  surface therm o c ouples  were as s e s s ed 
by the sam e  m e thod s used for s lab s . Be cause ac curat e plac e ­
m en t  was m ore d i ff i cul t , a greater proporti on were t o o  badly 
placed for use . C entre therm ocoupl e s  in the cylinders 
were plac ed on the c entral axi s ,  and the one whi ch c o o l e d  
m o s t  slowly u s e d  a s  the b e s t  e st imate  o f  the centre t em p er­
ature . In sphere s the therm od·ynaml"c and eeome tri c c entre s 
c o incided at a s ingl e poin t , m eaning that only one  the rmo­
c ouple c ould be pl ac ed at  thi s p o s i t i on . Figure 4 . 1 0  
shows typi c al fin i t e  differen c e  resul t s  for fre e zing o f  a 
s ph ere . I f  the thermocouple was plac e d  1 0% o f  the sph ere 
radius in error the m easured fre e zing t ime would be  0 . 6% 
i n  error . Cons equen tly any error in the placement o f  the 
c entre therm ocoupl e was h i ghly dam ped in its e ff e c t  on the 
m easured free zing t ime , and did  not s i gnifi c an t ly incre a s e  
the  overal l error . 

In the cylinders th e therm o c oupl e s were in troduc ed 
through i s o therm al regi on s to  minim i s e  condu c t i on al ong 
them . Thi s  was  n ot pos s i b l e  for spheres . Heat c onduc t i on 
will  only b e  s ignificant al ong the wire , not  al ong the 
i nsulat i on . The cro s s- s e c t i onal are a of e ach therm o c oupl e  
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Attachment of l ids to the p l astic boxes. 
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b .  des i rab le  ar rangement. 
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F igu re 4. 1 3  Typ ica l po lypropylene contai ners u sed i n  the experi mental investigatio n into 
freez ing  of recta ngu l a r  bricks. 
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wire was 2 x 1 0-7 m2 , and h e at flows al ong the wires woul d  
b e  t ypi c ally 0 . 0002 W/ °C .  There wer e  t en wire s per s ph e r e , 
s o  c onduc t i on along the therm o c ouple wire s would be in the 
range 0 . 0 2% t o  0 . 1 6% o f  the t o tal h e at fl ow from each s ph ere . 
Thi s i s  n o t  s i gn i fi can t . 

I n  the air bl ast free zer  additi onal error s  were intro­
duce d  b e c ause  o f  the  ext ernal heat transfer re s i s tan c e  
vary ing around the body . 
t em perature were found . 

S i gnifi cant  di fferenc e s  in sur fac e 
F igure 4 . 1 1  give s typi c al r e sul t s .  

On average e ach part 6 f  the surfac e was evenly exposed  t o  
the air fl o w ,  but the fre quency of o s cillati ons  was t o o  l ow 
t o  prevent cy cling of the surfac e t em perature . There wa s 
ther efo re add i ti onal error for the ai r free zing experim e n t s  
a s  i s  ind i cated by the lower accuracy (!7% ) t o  whi ch the  
surfac e h eat tran s fer c o e ffi c i ent  i s  known compared t o  l i quid 

imm ersion fre e z ing ( +4% ) . I t  i s  p o s s i bl e that the g e om e tri c 
and therm odynam i c  c entre s d i d  n o t  c orre spond und er the s e  

c ondi t i on s . However the surfac e t emperature at any p o i n t  
c y c l e s  around the m e an value whi ch implies  that approximate­
ly e qual heat fluxes  o c c urred from all  points  on the  surfac e .  
I n  the s e  circ umstan c e s  the geometric  and therm odynam i c  
c entre s woul d  be  very c l o s e  t ogether if they d i d  n o t  c o­
incide  exactly . 

4 .  5 THREE-DIJVIEE SI ONAL HEAT TRANSFER IN RECTANGULAR BRI CKS  

4 . 5 . 1  The Equipment 

Both air blast and l i quid immersion fre e z ers were used . 
R e c t angular plastic  box e s  were used  with a 4mm d i am e t e r  h o l e  
cut  in  them t o  all ow a b o l t  to  b e  ins erted t o  h old them 
o n�o the sam p l e  o s c i llat o r  in the s ame way as us e d  for 
s phere s .  Up to 0 . 1 % of the surfac e of each box was affe c t ­
e d  in  thi s way , an in sign i fi c an t  am ount . Two typ e s  o f  
r e c t angular b ox were u s e d  : 

1 .  Comm ercially available food c ontainers . A wide  
ran g e  o f  shap e s  and s i z e s  was availabl e . The 
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importan t  consid erat i on s  v1e re wall thi ckne s s , 
shape and type o f  l i d .  Whi l st m o s t  o f  the s e  c on­
tainers sl ope out at the top i t  was p o s s i bl e  t o  
g e t  som e  whi ch were very c l o s e  to  re c t angular , 
and only . thi s  lat t er type w ere  used . Di fferent 
wall thi ckne s s e s  were wanted  to eive d i fferent 
ext ernal heat tran s fer r e s i stance s ,  but be caus e 
i t  i s  in t�e manufacturers ' intere st  t o  m ake the 
wal l s  as thin as p o s sible , the ranee of wall 
thi ckn e s s e s  avail abl e was in suffi c i en t  t o  give a 
wid e  range of  heat tran sfer condi ti o n s . Li d s  o f  
the s e  b oxes were s e cured as shown in Fi gure 4 . 1 2a .  
The e ff e c t  o f  the overl ap in  term s  o f  the surfac e 
heat flux i s  very small as the frac t i o n  o f  the 
surfac e area affected  i s  i n s i gnifican t . The 
overal l e ffect would b e  very cl o se t o  what would be 
found in the ideal s ituat i on ( Figure 4 . 1 2b ) . 

2 .  Poly propylene boxe s .  T o  ext end the ranee o f  heat 
tran s fer resistan c e s  s om e  thi ck-wal l e d  plas t i c  
box e s  were made from polypropyl ene she e t  pl asti c  
wi th all the j oi n t s  s crewed together . Thi s type 
of box i s  shown i n  Figure 4 . 1 3 .  The pre sence  of 
the screws alt er s  the h e at transfer r e s s i s t an c e  o f  
a s� al l  part ( 0 . 1 %  t o  0 . 4% )  o f  the surface are a ,  
depending on the b ox .  The effect o f  thi s  i s  in­
s i gni f i c ant and the  corners  approxim ated very 
clo s e ly to the d e s irabl e type o f  j o int  shown in 
Figure 4 . 1 2b .  

· Therm o c o upl e s  were p o s i t i oned  at the c entre o f  each 
bri ck ,  and at di fferent plac e s  on the surfac e during pack­
ing o f  the boxe s . The l i d s  of the commerc i al food c ontain­
ers w e r e  glued in place and the l i d s  of the p olypropyl en e  
c on t ainers  s cr ewed down .  

4 . 5 . 2  Dim ensi onal Measurem ent and Contro l 

The dimen s i ons o f  each brick were m easured in  b o th the 
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frozen and un frozen s tate . All owing for vari ati on in 
t h i ckn e s s  as well as m e asurem ent inac curacies  all d imen s i on s  
were ac curate t o  ± 1 m� . 

4 . •  5 .  3 Temperature I'-1 e asurement and Control 

Exact ly the sam e  sy stem o f  temperature m easurement 
and control was used  as for the experim ents in radial g e o ­

m e try .  Thi s was di s cussed  in d etail in section 4 . 4 . 3 . F o r  
the  experimental inve stigat i on of  t h e  free zing o f  r e c t ang­
ular brick shape s the  error in temperature m e asur em ent and 
c ontro l  was ±0 . 5 °C in the l i quid imm ers i on fre e z er , and 
+ 1 ° C in the air blast  free zer . 

4 . 5 . 4 fJ!easurement and Control o f  the Surface Heat Tran s fer 
Coeffi cient 

I n  a brick shaped ob j e ct  heat tran s fer at any point  
o n  the surfac e c an be tre at ed  as on e-dimensi onal unt i l  the  
time  that the heat  p enetrat i on front from on e o r  b o th o f  
the o ther t wo dim en s i on s  reaches the point . Thi s rr. e an s  
that the m ethod s d eve loped for the m easurem ent o f  sur fac e 
h e at transfer c o e ff i c i en t s  in slab s c an be appli ed at short 
times  whil s t  heat t ran sfer in the o ther two d i r e c t i o n s  i s  
s till  in signifi c an t .  I n  s e ction 4 . 3 . 4  i t  was sh own that 
the three  m etho d s  used for s l abs- were equally ac curat e . 
There fore only one o f  the s e ,  that based on Goodman ' s  in­
t egral pro file  te chni que ( Go o dman 1 9 64 ) , was used  to  c al c ­
ulate the surface h e at tran sfer c o e ff i c i ent a t  short t im e s . 
Thi s m e thod was cho sen b e c aus e i t  i s  the eas i e s t  o f  the  
thre e m eth ods t o  u s e . 

The---analyti c al s o luti on for h e at c onduct i on in thre e  
d im en s i ons  wi th the  third kind o f  b oundary cond i t i on and 
c on s t ant therm al properti e s  ( Newm an 1 9 36 ) was al s o  u s e d  t o  
e st imat e  the surfaQe heat transfer c o effi ci ent . Thi s s o l ­
ution i s  only appli c able for tim e s  b efore the on s e t  o f  pha s e  
change . A s im i l ar c omput e r  program t o  that wri t ten f o r  
rad i al heat tran s fe r  was u s e d . The program acc e pt ed value s 
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o f  tim e , surface t emperature and positi onal co-ordinate s 
for the p o s i ti on where the m ea surem ent was made , and u s ed 
an iterative loop  t o  find the surface heat tran s fer c o­
e ffi c i en t  n eeded t o  attain that temperature , at that t im e , 
in that position . Six t erm s  o f  the heat conducti on e quat i on 
were used  in each d irec t i on . Thi s  gave ac curacy o f  b e tt er 

than �1 % for Fourier  numbers gre ater than 0 . 0 2 .  

There was no s tati s t i c ally s i gni fi can t  di fferen c e , at 
the 9 9% level o f  q onfidenc e ,  betwe en the resul t s  from the 
two m e thod s used to c�l cul ate  the surfac e heat tran s fe r  

c o effi c i ent , so  t h e  resul t s  from th e two m ethod s were 
averae;ed  for each run . The m easurements m ad e  on the :p-o ly­

propy l en e  boxes in th e imm ers i on fre e z er agreed wi thin 2 . 3% 
o f  the n e an value w i th 9 5% c onfidenc e ,  wh ereas in the air 
blast free zer the 9 5% confi d enc e lim i t s  were �5 . 2% .  There 
was no s tati sti c al ly sign i fi cant di fference  betwe en value s 
o bt ai n e d  at di fferent t emperatur e s  o f  th e cooling m ed i um .  
Be cause  the m ean and 9 5% c on fidence  lim i t s  for b o th air 
blast  and immersi on free zing were  based  on 8 s e t s  o f  experi­
m ental d ata they give a g o o d  est�e of the error in m e as­
urem ent and � Qntrol of the surfac e heat tran sfer c o e ff i c i ent . 

For  the c ommerci al food  containers 9 5% confid enc e l imi t s  
were found aft e r  norm al i s at i on o f  the data s e t . The 
l im i t s  were ±4% in immersion  fre e z ing , and ±7% i n  air blast  
fre e z ing . The resul t s  were  l e s s  ac curate than tho s e  foun d  
for the polypr o py l en e  c on t ainers because the sur fac e h e at 
tran s fer c o e ffi c i en t s  were generally larger , and c on s e quent­
ly the tim e  from the on s e t  of c o o l ing to the beginning o f  
freezing was shorter than for the po lypropylene contai ners . 
Value s of the sur fac e h eat tran s fer c o e ffi c i ent are there­

fore based on l e s s  d ata , and the i r  ac curacy r e fl e c t s  thi s .  

4 . 5 . 5  Analysi s o f  Heat Transfer in Rectangular Bri ck s 

Errors in c al culat i ons  for bri cks ari se fror:1 s i m il ar 
s ourc e s  to tho s e  for other shape s .  Vo ids  and imperf e c t  
thermal contact oc cur t o  the sam e  extent a s  i n  s phere s and 
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cylind er s , and would not b e  expe cted  t o  b e  any m ore  s i gni f­
i c ant  for bri ck shapes  than they were for the rad i al c as e s .  
Sim i l arly any inhomogen e i ty c aused by the pre s e n c e  o f  
therm o c ouple wire s  would have a negligible effe c t . 

Suit able  i so ther� al regi ons  for therm o coup l e  l e ad l o ­
c at i on d o  not o c cur in bri ck shaped o b j e c t s . Therm o c oupl e s  
were in troduced through regions as n e ar i s o therm al a s  po s s­
i bl e  t o  m iniin i s e  c onduction along the wire s .  Typi c al h e at 
fluxes  al ong the wires would th erefore be sim i l ar t o , or  
l e s s  than tho s e  o c curing in sphere s ,  and were hen c e  in­

s i gn i fi c ant . 

Errors in the pl ac em ent o f  surfac e therm o c ouple s  were  
as s e s s ed in  the  s am e  way as  for o ther shape s . The ge om e t ­
ri c and therm odynam i c  c entre s co inc i d e  at a s ingl e  p o i n t  
and , similarly t o  a sphere , only one thermoc oupl e c ould b e  
placed here . Be c ause o f  easy packing c ondi t i on s  i t  c oul d b e  
placed  ac curat ely , so  error in the m e asurem ent o f  t h e  c en tre 
t emperature , and hence the fre e zing time , was small . 

Errors due t o  incon si s t en c i e s  in heat tran s fer wi thin 
e ach bri ck were sm all , but in ai r blast fre e z in g  there were 

sign i f i c ant error s  due to variat i on in the surfac e h e at 
tran s fe r  co e ffi c i ent around th e fac e s  o f  th e bri ck .  The 
bri ck s were ro tated by hand in a s im i l ar fashi on to  that 
used for sphere s and cylind ers , and hence  the overal l  error 
introduc ed would be o f  the same ord er . Tem peratur e s  at 
poin t s  on the surfac e whi ch should be  at the s am e  t emperat­
ure cyc l ed around their m e an value , but on average the  points  
were expo s e d  to  the  sam e  h eat transfer cond i t i on s .  Thi s 
e ffe c t  did n o t  o c cur in immersion fre e zing s o  there was 
c l e arly m or e  e rror a s s o c i ated wi th the air blast  s y s t em . 
Thi s i s  ind i cated  in the wid er error bound s on the h e at 
tran s fer c o effi c ient in air blast free z ing . As i n  rad i al 
geom e try , e ach part o f  the surfac e received on ave rage , 
the s am e  expo sure to  the air fl ow , s o  the therm odynam i c  
c entre was very clo s e  t o , or c o in c i d ed exac tly wi th the 
geom etric c entre  where m e asurem en t s  o f  temperature were  
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m ad e . The s e  measurem ent s  o f  centre t em perature �ould there­
fore be expe cted to be ac curate .  



5 EXPERIMENTAL DESIGN AND RESULTS 

5 . 1  INTRODUCTI ON 

In order to inve stigate the ac curacy of m etho d s  for  
pred i c t ing the fre e zing t ime  of  foods , experim ent s  m u s t  
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b e  c onducted acro s s  a wi d e  range o f  condi tions  c o vering 
tho s e  that o c cur in pract i c al fr e e z ing probl em s .  Th e four 
m o st im portan t  variabl e s  are the si ze of the ob j e c t  to be 
fro z en , its  i n i t i �l t em perature , the surfac e heat tran s fer 
c oe ffi c ient , and the  c o o l ing m ed ium temperature . The s e  
are d e fined i n  three  d im en s i on l e s s  nru1bers , the Bi o t , 
S t e fan and Plank numbers . The B i o t  number : 

Bi = h D 
k s 

( 5 • 1 ) 

t ak e s  account o f  the s i z e  o f  the ob j e c t  and the surfac e 
h eat trans fer c o e ffi c i ent ; the Ste f an number 

S t e  = 
C ( Tf - T ) s a 

bH ( 5 . 2 ) 

t akes  acc ount of the c o ol ing m e dium temperature ; and a 
n ew num ber : 

( 5 . 3 )  

whi ch i t  se em s  c onvenient  and- ap-pro priate  to  call the 
Plank number , takes  ac c ount o f  ini t i al superheat . Tab l e  
5 . 1  sh ows tJpi c al value s  o f  the s e  p arameters f o r  d ifferent 
f.o_od fre e zers . A s  well as the s e  variabl e s , shape fac t o rs 
are in portant for problems  where h e at transfer i s  in thr e e  
dimen s i ons . 

An experim ental d e s ign was s ought in whi ch the s e  fac t ­
ors  were var i e d  over a s  w i d e  a range a s  po ssibl e within the 
l im i t at i ons of the experim ental equi pm ent . 

5 . 2  SLABS 
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Apart  from the rel evant thermal properti e s , the four 
factors tnat affe c t  the fre P zing tim e o f  a slab are the 
s l ab thi c�n e ss D ,  wnbient t em p erature T , ini t i al temper­a 
ature T .  and the surfac e heat tran s fe r  c o e ffi c i ent h .  An 1 
o rthogonal factori al experim ent  was performed wi th two 
l evel s o f  each of th e s e  vari abl e s  plus c entrepoint s as shown 
i n  Tabl e 5 . 2 . 

The fre e zing tim e was found t o  be  a c omplex interact i on 
o f  the s e  fac tors . Be cause  the four vari able s  are all dim en­
s i onal it was not po ss ible to evaluate their e ffect  on the  
fre e z ing time  wi thout re fere n c e  to  the  thermal propert i e s  

o f  the material exc ept  by using dimen s i onal c o e ffi cient s .  
Therefore a set o f  d im ensi onl e s s  numb ers  were sought that 
t o tally d e fi�ed th e fre e zing c ondi ti on s .  Tho s e  chosen 
were the Fouri er number  : 

Fo  = 
k t s 
C D2 

s 
( 5 . 4 )  

the Ste fan nunber , th e Bi o t  number and the Plank number . 
The Ste fan and Pl ank numbers  use AH , the enthalpy change 
i n  the phas e change regi on . For cas e s  where i t  i s  assum e d  
that all l atent h e at i s  r e l e a s ed at a unique fre e z ing t em p­
erature i t  is  the l at ent h e at of fre e zing , but o therwi s e , 
i t  i s  d e fined as the enthal py ch�1ge b e t ween the ini t i al 
free zing temPerature and the f inal c entre  temperature . . � 

The full fun c t i onal d ependenc e  o f  the fre e z ing time 
a n  the c onditi ons and ther� al pro perti e s  is  given by : 

Fo = f ( Bi , St e , Pk ) ( 5 . 5 )  

When th e previ ou s fac torial experiment was expr e s s ed in 
t erm s of these dim en s i onl e s s  nUJnbers it  was no l onger orth o g­
onal . Further experimental work was planned t o  extend the  
range of  value s of  Bi , Ste  and Pk und er s tudy . As the ex­
p erim ental design was n o  l onger orth ogonal there was n o  
advantage in seeking t o  obtain p�e ci s e ly pred et erm ined  
l evel s o f  each d imen s i onl e s s  number . I n s tead , provi d e d  a 
value c l o s e  to  the pre-sel e ct ed l evel was obtained i t  was  
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c on sid ered sati s fact o ry , and car e  was then tak en t o  h o ld 
th e experim ental conditi ons as c l o s e  t o  thi s value as  p o s s ­
i bl e .  A s e t  o f  2 2  fre e z ing experim ent s  was conducted  i n  
t hi s  fashi on . Table 5 . 3  give s t h e  full s e t  o f  re sul t s ,  and 
s om e  typi c al fre e z in g  curve s are shown in Figure s 5 . 1  and 
5 . 2 . 

Six experim ent s were  conduct ed with each o f  m i n c e d  l e an 
b e e f  and mash ed  potato t o  che ck that fre e zing experim ent s 
wi th Karl sruh e  t e s t  sub stance  gave result s  con s i s t ent with 
tho s e  for r e al fo o d stuffs . Table  5 . 4  give s the re sul t s  
o f  the s e  experim ent s .  

5 . 3 CYLINDERS AND SPHERES 

Thirty fre e zing experim e� t s  were conduc ted  w i th cyl­
inders  of Karl sruhe t e s t  substan c e , and the sam e  nwnber 

w i th sphere s .  Wi thin th e s e  sets  Bi , Ste  and Pk were  vari e d . 
I t  was po s s i bl e to  obtain an ortho gonal d e sign for the  two  
f ac t ors Ste and Pk , but very di ffi cul t  t o  obtain evenly 
s paced value s  of the Bi o t  number over a \·f i de  range b e c aus e 
B i  inc orporate s  the e ff e c t  o f  b o th the surfac e heat  trans­
f e r  c o e ffi c i en t  and the diam e t er . Phy sical lim i tati ons 
i n  ball skin and pipe wall thi ckn e s s  were such that only 
a small range in the Bi o t  n�nber c ould be  obtained  u sing 
the l i quid imm ersion fre e zer al one . Be cause surfac e  h e at 
t ran s fer c o e ff i c i ent s were lower in the air bl ast  fre e zer  
the  range of  Bi o t  num bers  c- overed was in creased  by the use  
o f  thi s  fre e z e r , but an orthogonal experimental d e s i gn 
was  n o  l onger feas ib l e . 

The d e s ign was s e t  up t o  c over a wide range o f  c ond­
i ti ons using four l e ve l s  of St e ( c orre sponding to value s 
o f  Ta of -20 °C ,  - 2 5 . 5 ° C ,  -33 °C and -40°C ) ; thr e e l evel s  
o f  Pk ( c orre sponding t o  value s o f  T .  o f  4 ° C ,  1 7 ° C and l . 
3 0° C ) ; and s i x  l evel s _ o f Bi ( r e sul tant  on thre e d i ff erent 
d i am eter and v1all thi ckn e s s  c om binat i ons , each fro z en in 
b o th liquid i mm er s i on and air blast fre ez ers ) . B e c au s e  t h e  
e xperimental d e sign was no l onger orthogonal e ach  fre e z in g  
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experiment was c onduct ed in the s am e  way as used for s o m e  
o f  t h e  slab free zing experiment s .  For each factor , pro ­
vid e d  a value clo se t o  the pre s e l e c t ed l evel was obtained  
i t  was  c onsidered sat i s fac t ory .  

The full s e t  o f  experim ental r e sul t s  i s  given i n  Tabl e s  
5 . 5  and 5 . 6 .  �igure s  5 . 3 and 5 . 4  show typical fre ez ing 
curve s .  

5 . 4  RECTANGULAR BR ICKS 

As well as th e thr e e  dimen si onl e s s  numbers Bi , S t e  
and Pk , th e fre e zing tim e  of a bri ck shaped o b j e c t  d epends  
on  the rati o o f  the two  l onger s i d e s  to the shorte s t . Thi s 
intr oduces  two new fact ors that must  be in clud ed in the  
experim ental d e sign . Because of practical di ffi cul t i e s  in  
obtaininc sui tabl e b oxe s i t  w a s  not  po s s i ble to set  up  an 
ortho gonal experim ent in all five fac tors . Therefore the  
experim en t was d e s igned  to  give as wide as  po s s i bl e  c over­
age over al l five fact ors . Four l evels of the S t e fan number 
( c orre s ponding to  value s o f T of  -20° C ,  -24 °C ,  -30° C and 

o a 
-4- 0  C ) ; thre e  level s o f  the Plank number ( c orre sponding 
to  value s o f  T .  o f  4 ° C ,  1 7 °C and 30° C ) ; twenty-two l e ve l s  l 
o f  the Bi ot num ber ( ari sing from e leven different wall 
thi ckn e s s  and box s i z e  cor. 1 binati on s , each used in b o th 
lia uid ir.:mersi on and ai r blast fre e z ers ) ;  and el even d i ff er­

ent c ombinat i ons  of the g e om etri c factors  ( from eleven 
d i fferen tly shaped b oxe s )  were u s ed . Again , becau s e  the  
d e s ign was n o t  orthogonal the pre -det ermined level of  e ach 
variable  was not  sough-t exactly . Provid ed the actual value 
was kn own ac curately , and it was c l o se to  th e planne d  l evel 
it  was con si d ered sat i s factory . 

A to tal o f  7 2  fre e z ing exp erim ents  were c onducted  w i th 
K arl sruhe t e s t  substan c e , the r e sults  o f  whi ch 2.re  given 
in  Tabl e 5 .  7 ,  and. typi.c al free zing curve s are shown in  
Fi gure s 5 . 5 ,  5 . 6  and 5 . 7 .  No experim ent s  were  conduc t ed 
wi th real food  mat erials because  the appli c abil i ty o f  
K arl sruhe t e s t  substan c e  as an anal ogue should not d epend 
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o n  the geom etry . Having found slabs o f  f ood t o  fre e z e  in 
a m anner c on s i stent with the slabs of K arl sruh e t e st sub­
s tanc e  there i s  no  reason to  expec t in c on sistenci e s  in o ther 
s hape s i f  accurate thermal dat a  are avail able . 



Table 5 . 1  

Typi c al c ond i t i ons  in food  fre e z er s  

Air 

T ( o C )  - 1 5 't o  -40 a 

S t e  0 . 1 2  t o  . 0 . 3 5  

T .  ( o C )  0 to  4 0  l 

Pk 0 to  0 . 60 

]) ( m )  0 . 00 1  t o  0 . 5  

h ( W/m 2 0 c ) 1 0  t o  50 
( no packagi n g )  

Bi 0- . 05 t o  20 

( n o packaging )  

h 

( w i th packaging)  

Bi  0 . 05 to  1 0  
( wi th packaging )  

Fre e z er Type 

Pl ate 

- 1 5 to -35  

0 . 1 2  to  0 . 30 

0 t o  40 

0 to  0 . 60 

0 . 0 2  to  0 . 2  

200 t o  500 

2 . 5  t o  60 

20  to 200 

0 . 3  to  1 0  

7 6  

I mm e r s i on 

- 1 5 t o  -30 

0 . 1 2  t o  0 . 25 

0 t o  4 0  

0 t o  0 . 60 

0 . 0 1  t o  0 . 2  

1 00 t o  600 

0 . 4  t o  6 0  

50 t o  200 

0 . 2  t o  1 0  
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· Table 5 . 2  

D e sign o f  the  factorial experiment for inve stigat i on o f  
t h e  fre e z ing tim e s  o f  slab s  o f  K arl sruhe t e s t  sub s tan c e  

high l e ve l 
l ow l eve l 
c entrepoint l eve l 

D 

( m )  

0 . 0 7 2 0  
0 . 0 2 5 0  
0 . 04 8 5  

0 . 0 1 9 3 
0 . 04 6 3  
0 . 0 3 27 

3 0 . 0  
1 0 . 0  
20 . 0  

- 2 0 . 0  
-40 . 0  
-30 . 0  

� i s  used as a measure of the external heat tran s fer re s i s t­
an c e  in pre ference t o  the surfa c e  heat transfe r  c oe ffic i en t . 
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T able 5 � 3  

ExEerim ental d ata for fre e z ins o f  s labs of Karl sruhe t e st 
subs t ance  

Run D h T .  T texp + e rr 
( W/m 2 0 c ) 

l a 
Number  ( m )  ( oC )  ( oC )  ( hrs ) ( hrs ) 

F 1  0 . 0 2 5 0  5 1 . 9  30 . 0  -40 . 0  0 . 64 + 0 . 04 -

F 2  0 . 0 7 2 0  . 5 1 . 9  30 . 0  -4 0 . 0  2 . 6 2  + 0 . 1 0 
F3  0 . 0 2 5 0  2 1  • 6 30 . 0  -4 0 . 0  1 . 4  2 + 0 . 0 7  -
F4 0 . 07 20 2 1 . 6  30 . 0  -40 . 0  4 . 74 + 0 . 1 8 -

F 5 - 0 . 0 2 5 0  5 1 . 9  1 0 . 0  -40 . 0  0 . 56 + 0 . 04 -
F 6  0 . 0 7 20 5 1 . 9  1 0 . 0  -40 . 0  2 . 2 2 + 0 . 1 0  -

F7 0 . 0 2 5 0  2 1 . 6  1 0 . 0  -4 0 . 0  1 .  26 + 0 . 0 7 -
F8 0 . 07 20 2 1 . 6  1 0 . 0 -40 . 0  4 . 0 2  + 0 . 1 7  -

F9 0 . 0 2 5 0  5 1 . 9  30 . 0  - 20 . 0  1 .  26 + 0 . 0 7 -
F 1 0  0 . 0 7 20 5 1  • 9 30 . 0  -20 . 0  4 . 80 + 0 . 2 2 -

F1 1 0 . 0 2 5 0  2 1  • 6 30 . 0  - 20 . 0  2 . 74 + 0 . 1 4  -

F1 2 0 . 07 20 2 1 . 6  30 . 0  - 20 . 0  8 . 9 6  + 0 . 38 -
F1 3 0 . 0 2 5 0  5 1 . 9  1 0 . 0  - 20 . 0 1 • 1 2 + 0 . 0 7 
F 1 4  0 . 07 20 5 1 . 9  1 0 . 0  - 20 . 0  4 . 50 + 0 . 20 -
F 1 5  0 . 0 2 5 0  2 1 . 6  1 0 . 0  -20 . 0  2 . 44  + 0 . 1 3  -

F1 6 0 . 07 20 2 1 . 6  1 0 . 0  - 20 . 0  7 . 96  + 0 . 34 
F 1 7 0 . 04 8 5  30 . 6  20 . 0  -30 . 0 2 . 74 + 0 . 1 2  
F1 8 0 . 04 8 5  30 . 6  20 . 0  -30 . 0 2 . 66 + 0 . 1 2  -
F 1 9 0 . 04 8 5  30 . 6  20 . 0  -30 . 0  2 . 70 + 0 . 1 2  
F20 0 . 04 8 5  30 . 6  20 . 0  -30 . 0  2 . 74 + 0 . 1 2  
F 2 1  0 . 04 8 5  30 . 6  20 . 0  -30 . 0  2 . 74 + 0 . 1 2  -
F 2 2  0 . 0 2 5 0  90 . 0  1 1  • 0 - 20 . 0  0 . 74 + 0 . 04 -

F 2 3  0 . 04 8 5  4 1 0  - 1 1  • 0 - 2 1  . o  1 . 00 + 0 . 05 
F 24 0 . 0 7 20 90 . 0  1 1  • 0 - 2 1 . 7  3 . 02 + 0 . 1 4 -

F-2--5-- 0 . 1 000 3 20 28 . 0  - 2 1 . 0  4 . 28 + 0 . 1 8  -
F 2 6  0 . 0 2 5 0  400 2 1 . 6  - 2 2 . 0  0 . 3 2 + 0 . 0 3  -
F 2 7  0 . 07 20 4 1 0  3 . 0 - 2 2 . 0  1 . 9 2  + 0 . 09 -
F 28 0 . 04 8 5  90 . 0  34 . 5  - 2 2 . 0  2 . 04 + 0 . 08 
F 29 0 . 04 8 5  90 . 0  1 3 . 7  -24 . 3  1 .  54  + 0 . 0 7  -
F30  0 . 0 7 20 3 30 1 0 . 5  -24 . 5  1 . 8 2  + 0 . 09 -

• • •  c on tinued 
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T able 5 . 3 c ont inued 

Run D h T .  T te xp + err 
( W/m 2 0c) 

l a 
Number ( m )  ( oC )  ( oC )  ( hrs ) ( hrs ) 

F3 1 0 . 0 2 50 430  3 . 0  - 1 9 . 0 0 . 34 + 0 . 0 3  -
F3 2 0 . 1 000 3 1 0  3 . 0  -23 . 0  3 . 4 6 + 0 . 1 5 -

F 3 3  0 . 0485  360 3 . 0  - 2 3 . 5  0 . 88 + 0 . 0 5  -

F34 0 . 0 250  9 0 . 0  28 . 0  -24 . o  0 . 68 + 0 . 04 
F 3 5  0 . 0 2 5 0  1 6 . 7  3 . 0 -24 . 5  2 . 40 + 0 . 1 1 -

F36 0 . 0485  1 3 . 6  3 . 0  -26 . 0  5 . 34 + 0 . 20 -

F 3 7  0 . 07 20 1 3 . 6  3 . 0  -26 . 0  8 . 4 2  + 0 . 3 3 -

F38 0 . 0 250  1 6 . 7  28 . 7  -26 . 0  2 . 6 8  + 0 . 1 3  -
F39 0 . 04 8 5  1 6 . 7  1 5 . 3  -2 5 . 3  5 . 26 + 0 . 20 -

F40 0 . 0 250 1 3 . 6  2 2 . 0  - 2 5 . 3  3 . 1 0 + 0 . 1 2  -
F4 1 0 . 0 7 20 1 6 . 7 28 . 0  -26 . 7 8 . 50 + 0 . 3 5 -

F4 2 0 . 0 25 0  1 3 . 6  5 . 8 -29 . 6  2 . 3 2 + 0 . 1 0  -
F43  0 . 0485  1 3 . 6  28 . 6  -29 . 5  5 . 82 + 0 . 2 3 -
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T able 5 . 4  

Expe rimental data for fre e z ing of m inced lean be e f  (!Vl ) 
and m ashed po t at o . (P) in s l abs 

Run D h T . T t + e rr 
( W/m2 0 c ) 

l a ex) 
Number ( m )  ( oC ) ( oC ) ( hr s  ( hrs ) 

1\1 1 0 . 07 20 220 28 . 0  - 2 5  . o  2 . 3 2 + 0 . 1 2  
Iv1 2 0 . 0 7 20 5 1 . 9 3 . 0  -23 . 9  3 . 84 + 0 . 1 8  
M3  0 . 04 8 5  90 . 0  30 . 0  - 2 5 . 4  1 . 6 8  + 0 . 08 -
M4 0 . 04 8 5  2 1 . 6  3 . 0  - 28 . 4  3 . 30 + 0 . 1 7  -
M 5  0 . 0 2 50 30 . 6  28 . 5  - 2 5 . 7  1 .  5 4  + 0 . 07 
1\1 6 0 . 0 2 5 0  1 6 . 7  1 6 . 4  - 28 . 8  2 . 34 + 0 . 1 2  -
P 1  0 . 07 20 90 . 0  28 . 0  - 24 . 3  3 . 20 + 0 . 1 6  -
P 2  0 . 0 7 2 0  5 1 . 9  1 1  • 8 - 24 . 9 3 . 7 2  + 0 . 1 9  
P3 0 . 04 8 5  90 . 0  1 8 . 3  - 26 . 7  1 .  58  + 0 . 09 -
P4 0 . 04 8 5  2 1  • 6 1 5 . 0 - 2 5 . 0  4 . 48 + 0 . 23 -
P5 0 . 0 2 5 0  30 . 6  28 . 4  - 2 5 . 9  1 . 7 6  + 0 . 1 0 
P6 0 . 0 2 5 0  1 3 . 6 4 . 7  - 2 5 . 9  3 . 0 2  + 0 . 1 6  -
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Tabl e 5 . 5  

ExEerim ental data for fre e z ing o f  cyl ind ers of Karl s ruhe 
t e st sub stan c e  

Run D h T .  T t exp + e rr 
( W/m 2 0c ) 

l a 
Number ( m )  ( o C )  ( o C )  ( hr s ) ( hr s )  

C 1  0 . 1 5 3 5 36 . 4  28 . 4  - 2 1 . 0  8 . 36 + 0 . 4 6  -

C 2  0 . 1 04 5  . 27 . 2  30 . 0  - 20 . 3  6 .  1 4  + 0 . 4 0  -

C3 0 . 0 5 20 3 5  .. 5 28 . 0  - 1 9 . 9 2 . 1 6  + 0 . 1 7  -

C4 0 .  1 5 3 5  36 . 4  2 1  • 0 -20 . 0  8 . 30 + 0 . 4 7 
C 5  0 .  1 04 5 27 . 2  1 9 . 0 - 20 . 0  5 . 8 2  + 0 . 38 -

C6 0 . 0 5 20 3 5 . 5  1 9 . 7  - 20 . 0  1 . 9 8  + 0 . 1 6  -

C7 0 .  1 5  35  36 . 4  4 . 8  - 2 1  • 1 7 . 50 + 0 . 39 -

CS 0 . 1 04 5  27 . 2  5 . 8 - 20 . 5  5 . 30 + 0 . 3 3 -

C9 0 . 0 5 20 3 5 . 5  5 . 8 - 20 . 2  1 . 84 + 0 . 1 4  
C 1 0  0 . 1 5 3 5 36 . 4  2 7 . 2  - 3 3 . 5  6 . 1 0 + 0 .  24 -

C 1 1 0 . 1 04 5  2 7 . 2  2 7 . 8 - 3 3 . 1  4 . 1 0  + 0 . 23 -

C1 2 0 . 0 5 20 3 5 . 5  26 . 8  - 3 3 . 4 1 .  28  + o . os 

C 1 3 0 .  1 5  35 36 . 4  1 6 . 2  - 3 3 . 6  5 . 5 6 ..:.!: 0 . 2 3 
C 1 4 0 . 1 04 5  2 7 . 2  1 6 . 5  -33 . 4  3 . 64 ..:.!: 0 . 1 9 
C 1 5 0 . 0 5 20 35 . 5  1 7 . 2  -33 . 2  1 • 1 8  + 0 . os 

C 1 6 0 .  1 5  35  36 . 4  1 0 . 8  - 3 3 . 5  5 . 4 8  ..:.!: 0 . 2 3 
C 1 7 0 . 1 04 5  27 . 2  4 . 4 -34 . 0  3 . 4 4 + 0 .  2 1  
C 1 8 0 . 0 5 20 35 . 5  4 . 8 - 3 3 . 2 1 . 08  + 0 . 0 7 
C 1 9  0 . 1 5 3 5 36 . 4  26 . 7  - 1 9 . 8 8 . 90 + 0 . 46 
C 20 0 . 1 5 35 36 . 4  27 . 6  - 1 9 . 8 9 . 3 6 ..:.!: 0 . 4 7  
C 2 1  0 . 0 5 20 35 . 5  4 . 3  -3 3 . 5 ' 1 . 0 6  + 0 . 0 7  
C 2 2  0 . 0 5 20 35 . 5  4 . 0  - 3 3 . 7  1 . 04  ..:.!: 0 . 07 
C23  0 . 1 04 5  2 7 . 2  20 . 1  - 2 5 . 6  4 . 56 ..:.!: 0 . 2 7 
C 24 0 . 1 04 5  27 . 2  1 9 . 6  - 2 5 . 8 4 . 7 4  ..:.!: 0 . 2 7 
C 2 5  0 . 1 5 3 5 2 1  . o  1 3 . 0  -40 . 5  5 . 8 6  ..:.!: 0 . 3 7 
C26  0 . 1 04 5  1 7 . 8  1 4 . 6  -39 . 6  4 . 1 4 ..:.!: 0 . 3 1 
C 2 7  0 . 0 5 20 2 3 . 9  1 5 . 4 -40 . 2  1 .  34  ..:.!: 0 . 1 3  
C 28 0 .  1 5  3 5 2 1  . o  4 . 0 -39 . 8  5 . 70 ..:.!: 0 . 3 1  
C 29 0 .  1 04 5  1 7 . 8  1 1 . 5 -39 . 9  3 . 9 6 .± 0 . 3 7 
C30 0 . 0 5 20 23 . 9  2 5 . 3  -30 . 2 2 . 1 0  ..:.!: 0 . 1 9 
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T abl e 5 . 6  

ExEerirn ental data for fre e z ing o f  S:Qhere s of Karlsruh e 
t e s t  substan c e  

Run D h T- . T texp + err 
( W/rn 2 0 c ) 

l a 
Number ( m )  ( oC )  ( o C )  ( hrs ) ( hrs ) 

S 1  0 . 1 5 7 5  4 5 . 9  28 . 5  -20 . 9  5 . 1 8 .:!: 0 . 33 
S 2  0 . 09 0 5  53 . 0  30 . 0  - 1 9 . 9  2 . 28 + 0 . 1 8 
S3 0 . 0 5 3 5  46 . 7  27 . 2  - 1 9 . 9  1 .  20 + 0 . 1 1 
S4 0 . 1 5 7 5  4 5 . 9  1 8 . 7  -20 . 0  5 . 1 4 + 0 . 3 2 
S 5  0 . 0905  5 3 . 0  1 8 . 7  -20 . 0  2 . 1 2  + 0 . 1 9  -

S 6  0 . 0 5 3 5  4 6 . 7  2 3 . 8  -20 . 0  1 • 1 4  + 0 .  1 1  -

S 7  0 . 1 5 7 5  4 5 . 9 4 . 9  - 20 . 8  4 . 50 + o .  28 
ss 0 . 09 0 5  5 3 . 0  5 . 7 -20 . 5  1 . 9 2  .:!: 0 . 1 6  
S9 0 . 0 5 3 5 46 . 7  3 . 2  -20 . 4  0 . 96 + 0 . 1 0  

S 1 0 0 . 1 5 7 5 4 5 . 9 28 . 2  -33 . 2  3 . 38 .:!: 0 . 1 9  
S 1 1 0 . 09 0 5  5 3 . 0  30 . 4  -3 3 . 6  1 . 4 0  + 0 . 1 1 
S 1 2 0 . 0 5 3 5 46 . 7  29 . 6  -33 . 4  0 . 80 + 0 . 08 
8 1 3 0 .  1 5  7 5  4 5 . 9  1 6 . 0 -33 . 2  3 . 0 2  .:!: 0 . 1 7  
S 1 4 0 . 09 0 5  5 3 . 0  1 5 . 8 -3 3 . 2  1 .  30 + 0 . 1 0  
S 1 5 0 . 0 5 3 5  46 . 7  1 5 . 8  -32 . 9  0 . 74 + 0 . 0 7  
S 1 6 0 . 1 5 7 5  4 5 . 9  1 • 5 -32 . 6  t!_ . 7 0 + 0 . 1 7  -

8 1 7 0 . 09 0 5  5 3 . 0  1 1 . 4 -33 .-5 1 .  2 2  + 0 . 1 0  
S 1 8  0 . 0 5 3 5  4 6 . 7  6 .  1 -33 . 4  0 . 68 + 0 . 0 5  -

S 1 9  0 . 1 5 7 5  4 5 . 9 29 . 3  - 2 1  • 1 5 . 1 6  + 0 . 33 
S20 0 . 1 5 7 5  4 5 . 9  29 . 6 -20 . 8  5 . 24 + 0 . 3 3 -

S 2 1  0 . 0 5 3 5  4 6 . 7  4 . 7 -33 . 6  0 . 6 6  + 0 . 05 -
S 2 2  0 . 0 5 3 5  4 6 . 7  4 . 6  -33 . 7  0 . 66 + 0 . 05 -

8 2 3  0 . 09 0 5  5 3 . 0  20 . 8  -26 . 0  1 . 68  + 0 . 1 3  -

S 2 4  0 . 09 0 5  53 . 0  2 2 . 1  -2 6 . 0  1 . 6 8  + 0 . 1 3  -
8 2 5  0 . 1 5 7 5  26 . 9  1 3 . 0 -39 . 9  3 . 48 + o .  24 
S 2 6  0 . 09 0 5  28 . 9  1 3 . 7  -39 . 6  1 .  6 2 + 0 . 1 7  -
S 2 7  0 . 05 3 5  27 . 3  1 3 . 0  -39 . 6  0 . 84 + 0 . 1 0  -

S 2 8  0 . 1 5 7 5  2 6 . 9  4 . 6  -39 . 7  3 . 30 + 0 . 24 -
8 2 9  0 . 09 0 5  28 . 9  4 . 0 - 29 . 3  1 . 9 4  + 0 . 1 9  
830 0 . 05 3 5 2 7 . 3  29 . 1 -29 . 3  1 .  2 6  + 0 . 1 5  
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Tabl e 5 . 7 

ExEerim ental data for fre e z ing o f  r e c tangular bricks  o f  

Karl sruhe te s t  sub stance  

Run D D D h T . T t exp + e rr 
X 

( m) z 
( W/m 2 0 c ) 

l a 
Number ( m )  ( m )  ( oC )  ( o C )  ( hrs ) ( hr s ) 

B 1  0 . 06 1  0 . 06 5  0 . 1 1 5 1 09 28 . 4  -20 . 5  1 .  34  + 0 . 1 0  -
B2 0 . 06 1  0 . 06 5 · 0 . 1 1 5 1 09 4 . 3 - 1 9 . 7 1 .  20 + 0 . 1 0  -
B3 0 . 06 1  0 . 06 5  0 . 1 1 5  1 09 28 . 3  -30 . 0  0 . 9 2  + 0 . 0 7  

B4 0 . 06 1  0 . 0 6 5  0 . 1 1 5  1 09 4 . 3  -29 . 8  0 . 80 + 0 . 0 7 -
B5 0 . 06 1  0 . 06 5  0 . 1 1 5 30 . 5  1 8 . 0  -4 0 . 3  1 .  28 + 0 . 1 0 

B6 0 . 0 6 1  0 . 06 5  0 . 1 1 5  30 . 5  1 5 . 3 -25 . 0  2 . 0 2  + 0 . 1 6  -
B7 0 . 0 9 9  0 . 1 39 0 . 1 98 9 6 . 2  29 . 0 - 20 . 2  3 . 90 + 0 .  26 -
B8 0 . 0 99  0 . 1 39 0 . 1 98 9 6 . 2  4 . 6  -20 . 6  3 . 40 + 0 .  24 -
B9 0 . 099  0 .  1 39 0 . 1 98 9 6 . 2  2 9 . 1 -30 . 2  2 . 80 + 0 .  1 5  -

B 1 0  0 . 099  0 . 1 39 0 . 1 98 9 6 . 2 1 .  0 - 29 . 9  2 . 3 2 + 0 . 1 4 
B 1 1 0 . 0 9 9  0 . 1 39 0 . 1 98 29 . 4  1 6 . 7  -40 . 3  3 . 32 + o .  24 
B 1 2 0 . 099  0 . 1 39 0 . 1 98 29 . 4  1 7 . 5  - 2 3 . 4  5 . 76 + 0 . 4 6  -
B 1 3 0 . 081  0 . 1 94 0 . 2 5 9  83 . 5  28 . 8  -20 . 0  4 . 1 0 + 0 . 26 -
B 1 4 0 . 08 1  0 . 1 94 0 . 2 5 9  83 . 5  4 . 2  - 20 . 6  3 . 4 6  + o .  24 -
B 1 5 0 . 08 1  0 . 1 94 0 . 2 5 9  83 . 5  28 . 8  -29 . 8  3 . 04 + 0 . 1 7  
B 1 6 0 . 08 1  0 . 1 9 4 0 . 2 5 9  83 . 5  1 .  0 -29 . 8  2 . 3 2 + 0 . 1 6 -
B 1 7 0 . 08 1  0 .  1 94 0 . 2 5 9  28 . 1 1 5 . 8 -39 . 7  3 . 50 + 0 . 2 7 -
B 1 8 0 . 08 1  0 . 1 9 4 0 . 2 59 28 . 1  1 5 . 9 - 24 . 7 5 . 7 2 + 0 . 4 8  
B 1 9 0 . 1 0 5 0 . 2 3 7  0 . 2 3 7  260 28 . 4  - 20 . 0  4 . 90 + o .  26 -
B20 0 . 1 05 0 . 23 7  0 . 237  260 4 . 0 - 20 . 1 4 .  24 + o .  24 -
B 2 1  0 . 1 0 5 0 . 2 3 7  0 . 237  260 29 . 0  - 29 . 9  3 . 4 0  + 0 . 1 6  -
B 2 2  0 . 1 05 0 . 2 3 7  0 . 237  260 4 . 3 -29 . 9  2 . 90 + 0 . 1 6  -
B 2 3  . 0 . 1 0 5 0 . 2 3 7  0 . 2 3 7  3 7 . 5  8 . 8  - 39 . 0  4 . 0 2  + 0 . 26 
B24  0 . 1 0 5 0 . 2 3 7  0 . 2 37 37 . 5  20 . 8  - 2 5 . 0  6 . 7 6  + 0 . 5 2 -
B 2 5  0 . 0 7 2  0 . 1 1 6  0 . 1 6 6 9 6 . 3  28 . 0  - 20 . 3 2 . 4 4  + 0 . 1 8  -
B26  0 . 0 7 2  0 . 1 1 6 0 . 1 66 9 6 . 3  4 . 2  - 20 . 2  2 . 1 6  + 0 . 1 7  -
B27  0 . 07 2  0 .  1 1 6 0 . 1 66 9 6 . 3  30 . 0  -30 . 2  1 . 70 + 0 . 1 2  -
B28  0 . 07 2  0 .  1 1 6 0 . 1 6 6 9 6 . 3  4 . 3  -29 . 7  1 . 4 8  + 0 . 1 1  -
B 2 9  0 . 0 72  0 .  1 1 6 0 . 1 66 29 . 4  1 0 . 8  -39 . 6  2 . 06 + 0 . 1 6  
B30 0 . 0 72  0 .  1 1 6 0 . 1 66 2 9 . 4  1 1  • 9 - 24 . 2  3 . 44 + 0 . 24 

. .. . c o ntinu e d  
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Run D Dy D h 
X z 

( W/m 2 0c ) Num b e r  ( m )  ( m ) ( m )  

B3 1 0 . 086  0 .  1 1  5 0 . 2 1 9  9 2 . 0  
B3 2 0 . 086 0 . 1 1 5  0 . 2 1 9  9 2 . 0 
B3 3 0 . 086 0 . 1 1 5  0 . 2 1 9  9 2  . o  

B34 0 . 086  0 . 1 1 5 0 . 2 1 9 9 2 . 0  
B 3 5  0 . 086 0 . 1 1 5 . 0 . 2 1 9  2 9 . 0  
B36 0 . 086 0 . 1 1 5 0 . 2 1 9  2 9 . 0  
B3 7 0 . 08 5  0 . 1 9 2 0 . 26 3  9 8 . 5  
B38 0 . 085  0 . 1 9 2 0 . 26 3  9 8 . 5  
B39  0 . 085  0 . 1 9 2 0 . 263  9 8 . 5  
B4 0 0 . 085  0 .  1 9 2 0 . 2 6 3  9 8 . 5  
B4 1 0 . 085 0 . 1 9 2 0 . 26 3  2 9 . 6  
B4 2 0 . 085  0 . 1 9 2 0 . 26 3  2 9 . 6  
B4 3 0 . 1 3 5 0 . 1 6 4 0 .  1 64 260  
B4 4 0 . 1 35 0 . 1 64 0 . 1 64 260  
B4 5 0 . 1 3 5 0 . 1 6 4 0 . 1 6 4 2 6 0  
B4 6 0 . 1 3 5 0 . 1 64 0 . 1 64 260  
B4 7 0 . 1 3 5 0 . 1 64 0 . 1 64 37 . 5  
B48 0 . 1 3 5 0 . 1 64 0 . 1 64 3 7 . 5  
B4 9 0 . 07 5  0 . 07 5  0 . 07 5 4 1 . 0  
B 5 0  0 . 0 75  0 . 07 5  0 . 07 5  4 1  . o  

B 5 1 0 . 0 7 5  0 . 0 75 0 . 07 5 4 1  . o  

B 5 2 0 . 07 5 0 . 07 5 0 . 07 5  4 1  • 0 
B 5 3  0 . 0 7 5 0 . 07 5 0 . 07 5 2 2 . 1  
B 5 4  0 . 0 7 5  0 . 0 7 5  0 . 075 20 . 5  
B5 5  0 . 1 50 0 . 1 50 0 . 1 50 4 1 . 0  
B56  . 0 .  1 50 0 . 1 50 0 . 1 50 4 1  . o  

B 5 7  0 . 1 50 0 . 1 50 0 . 1 50 4 1 . 0  
B5 8 0 . 1 50 0 . 1 50 0 . 1 50 4 1 . 0  
B 5 9  0 . 1 50 0 . 1 50 0 . 1 50 20 . 5  
B60 0 . 1 50 0 . 1 50 0 . 1 50 20 . 5 
B6 1 0 . 0 7 5 0 . 075 0 . 300 4 1 . 0  
B 6 2  0 . 0 7 5  0 . 07 5 0 . 300 4 1 . 0 

T .  T 
( be ) a 

( oC )  

2 7 . 0  - 20 . 8  
4 . 2  - 20 . 0  

3 1 . 4  -30 . 0  
3 . 6  - 29 . 0  

1 8 . 5  -39 . 6 
1 5 . 2  - 2 4 . 6  
27 . 8  - 2 1 . 3  

4 . 7  - 20 . 3  
3 1 . 2  - 30 . 0  

4 . 6 - 29 . 3  
1 8 . 5  -39 . 6  
1 6 . 8 - 2 5 . 0  
26 . 8  -20 . 3 

4 . 0 - 20 . 2  
3 1 . 3  - 2 9 . 6  

4 . 6 - 30 . 1 
1 2 . 0  -4 0 . 2  
1 8 .  1 -24 . 4  
29 . 5  - 20 . 6  

4 . 0 - 1 9 . 9  
28 . 9 - 29 . 9  

4 . 6 - 29 . 9  
1 6 . 9 -39 . 6  
1 9 . 6  - 24 . 7  
30 . 8  - 20 . 9  

4 . 6 -20 . 9  
29 . 4  -30 . 6  

4 . 6 -30 . 0  
1 6 . 8 -39 . 6  
1 6 . 7 -24 . 6  
32 . 1  -20 . 1 

4 . 1  -20 . 5  

. . .  

texp 
( hr s ) 

3 . 06 
2 . 78 
2 . 20 
1 . 9 4  
2 . 8 6  
4 . 30 
4 . 0 2  
3 . 7 2  
3 . 0 2  
2 . 5 2 
3 . 90 
5 . 7 0  
4 . 5 6  
4 . 08 
3 . 24 
2 . 8 2  
3 . 5 6 
5 . 76 
2 . 3 2 
2 . 04 
1 . 60 
1 .  36  
1 . 6 6  
2 . 7 2  
6 . 9 0  
6 . 04  
4 . 88 
4 . 1 6  
4 . 84  
7 . 4 8  
3 . 30 
2 . 68 

84 

+ err 
( hrs ) 

+ 0 . 2 1 -
+ 0 . 20 -
+ 0 . 1 4  
+ 0 . 1 3  -
+ 0 . 2 1 
� 0 . 3 1 
+ 0 . 2 5 
+ 0 . 24 
+ 0 . 1 6  
.:t 0 . 1 5  
+ 0 . 28 -
+ 0 . 48 -
+ 0 . 2 1 -
+ 0 . 1 9  -
+ 0 . 1 4  -
+ 0 . 1 3  
+ 0 . 20 
+ 0 . 34 -
+ 0 . 1 7  
+ 0 . 1 5  -
+ 0 .  1 1  -
+ 0 . 1 0  -
+ 0 . 1 3  -
+ 0 . 2 2 -
+ 0 . 38 -
+ 0 . 3 2 
+ 0 . 26 -
+ 0 . 2 7 -
+ 0 . 26 
+ 0 . 4 8  
+ 0 . 2 2 -
+ 0 . 20 -

c ont inued 
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T ab l e  5 � 7  c o nt inued 

Run D D D h T .  T t exp + err X ( m) z 
( W/m 2 0c ) 

l a 
Number ( m )  ( rri )  

( oC ) 
( oC ) ( hrs ) ( hrs ) 

B6 3 0 . 075 0 . 07 5 0 . 300 4 1 . 0  3 1 . 6  - 3 1  . 1  2 . 20 + 0 . 1 3  -
B64 0 . 0 75 0 . 07 5 0 . 300 4 1 . 0  4 . 7 -29 . 9  1 . 86 + 0 . 1 2  -
B6 5 0 . 0 7 5 0 . 07 5 0 . 300 20 . 5  1 9 . 3  -40 . 7  2 . 38 + 0 . 1 9  
B66  0 . 07 5 0 . 07 5 0 . 300 20 . 5  1 8 . 4 - 24 . 8  3 . 68 + 0 . 34 -
B6 7 0 . 05 0  0 . 200 0 . 200 4 1 . 0  29 . 7  - 20 . 1  3 . 4 6  + 0 . 26 -
B68 0 . 050  0 . 200 0 . 200 4 1  • 0 5 . 9 - 20 . 1 2 . 86 + 0 . 2 3 -
B69  0 . 0 50 0 . 200 0 . 200 4 1 . 0  3 1 . 0 - 30 . 8  2 . 30 + 0 . 1 6  
B70 0 . 0 50  0 . 200 0 . 200 4 1  . o  4 . 7  - 30 . 0  1 . 88 + 0 . 1 3  -
B 7 1  0 . 05 0  0 . 200 0 . 200 20 . 5 1 8 . 6  -40 . 0  2 . 6 2  + 0 . 24 
B 7 2  0 . 050  o .  200 0 . 200 20 . 5  1 6 . 2  - 24 . 6  4 . 1 0  + 0 . 38 
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6 PREDI CTI ON OF FREEZING TH1E BY  NUI'-'!ERICAL f,IETHODS 

6 . 1  SLABS 

6 . 1 . 1  Sel e c t i on of Nume ri c al Hethod  

There i s  a wide  range o f  num erical soluti on s  to  fre e z ­
i n g  probl em s a s  d i s cu s s ed in Chapter 2 .  Th e s e  fall i n t o  
t w o  groups : 

1 .  Fin i te di fferen c e  and fini te elem ent  t e chni que s .  
2 .  Num eri cal int egrati on and differentiat i o n  o f  

ordinary inte gro-d i fferential equati on s . 

A nu� b e r  o f  solutions  to  s l ab fre e zing pro bl em s  have 
b e en d erived by the use  of simpl i fy ing assumptions  t o  re­
duc e the  par t i al differen t i al equations  to  ord i n ary int e gro­
di fferen ti al e quat i on s . Th e s e  were d i s cussed in s e c ti on 
2 . 2 . 2 .  For th e important third kind of bound ary c on d i t i on 
o n ly three  s olutions  o f  thi s kind are available . Th o s e  o f  
Hi l l s  and T'l o o re ( 1 9 6 7 ) and Chung and Yeh ( 1 9 7 5 ) are only 
appli cabl e to probl em s wh ere there is no  ini t i al superh e at . 
The  third m e thod ( Selim and Seagrave 1 9 7 3 a )  u s e s  int egral 
t ran sform s  t o  solve th e sam e  pro blem wi th no  i n i t i al super­
h e at , but d i ffers in that re sul t s  are pre s ented d i agrammat­
i c al ly for d imens ionl e s s  fre e zing time as  a iU n c ti on of the 
Bi ot and S t e fan numbers . The re sul ts agree within 3% o f  
r e sul t s  c al cul ated from Pl ank ' s  equati on ( 1 94 1 ) ,  and val u e s  
read from t h e  chart s o f  Tao ( 1 9 68 ) . Therefore the  c omplex  
m ethod s re quiring numeri c al int egration are n o  m or e  ac curat e 
than the s im pler s olut ions , and because they d o  n o t  tak e  
a c c oun t o f  initial superheat they have s eri ous shortcom ings 
if appl i e d  t o  prac t i c al pro b l em s  where s�perh e a t  o c curs . 

f•'iueh l b auer et  al ( 1 9 73 ) h ave produced a s olution for 
a fin i te s l ab ini ti ally superh eated and sub j e c t to the third 
kind o f  b oundary c ondition . Latent heat i s  rel eased  over a 
r ange o f  t emperatur e , and i s  t ak en in t o  acc ount a s  a c on­
s tant apparent spe c i fi c  heat  c apacity evenly d i stributed 
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acr o s s  the t emperature range over whi ch phase change 
o c c urs . Th e  m ethod  rel i e s  on th e u s e  of Go odman ' s i n t e gral 
pro fi l e t e chni que wi th bin om i al approximat i ons , a m e th o d  
whi ch i s  only ac curate t o  8 - 1 0% ( G o odman 1 9 64 ) . Th i s , 
t ogeth er to  th e crud e approximat ion t o  the spe c i fi c  h eat 
capaci ty lim i t the accuracy o f  the s o lution . I t  d o e s  n o t  
r ely o n  nu� eri cal integrati on ,  but rather several param e t ers  
must  b e  found implicitly by  it erat ive  pro c edur e s . Thi s  
� eans  that the s olution i s  very time - consuming t o  u s e  by 
hand . For this reas on i t  has b e en includ ed in the group 
of m e thods  r equiring a computing d evi c e  for s olut i on . Wh en 
the m e thod was appl i ed t o  the sol idi fi cation o f  all oy m ix­
ture s l arge d eviations  frorn experim entally d e t e rmined  values  
w ere found ( Muehl bauer e t  al 1 9 7 3 ) .  No appl i c ati on of  thi s 
m ethod to th e freezing o f  fo ods  has been m ade , but ano ther 
attem p t  to  d evelop a solut i on o f  thi s  type for fre e z in g  of 
foods was n o t  s u c c e s s ful  ( Bakal and Hayakawa 1 9 7 3 ) . Thus  
the  me thod has  n o  �pparent advan tage s  to rec ommend it  in  
pre feren ce to  ei ther fin i t e  d i ff erences or fini t e  e l em en t s  
f o r  u s e  in predi cting the fre ez ing time o f  fo od s .  

The gre at e s t advan t age o f  fin i te differe n c e  and fin i t e  
elem en t  � e th o d s  i s  that t h e y  c an t ake  ac c ount o f  a vari ety 
o f  b oundary and initial c ondi t i ons , an attri but e  t hat n o  
s impl e solut i o n  has . Th ey have been shown t o  give very 
good  agre em en t ( within 2% ) to  a known exact s olut i on t o  a 
fre e zing pro bl em ( Com in i  et  al 1 9 7 4 c ) , and would b e  expe c t ed 
t o  g±¥e s im i l ar accuracy when applied to  other  fo o d  fre e z ­
ing probl em s .  For the s e  reas on s m ethod s o f  thi s type are 
superi or t o  tho s e  requiring num eri cal in t egrat i on , and 
ther� fore the latter group n e e d  not  be c on s i d ered  any 
further . 

Fin i t e  d i fferen c e  and fin i t e  elem ent t e chni q u e s  both 
rely on appr oximations  to  the governing parti al d i fferent ­
i al equat i o n s  over . small int erval s . The errors in the  two 
m ethods  are o f  the sam e  ord er ( Nyers 1 9 7 1 , p3 39 ) ,  and the 
pri n c i pl �  practical d i fferenc e  b e tween th em i s  in the way 
that the spac e gri d i s  d e fined . Finite  el em ents  are m ore  
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versatil e ,  and are the eas i e r  m e th o d  t o  u s e  for irregular 
shape s  ( Comini e t  al 1 9 7 4 c ) .  For r e gular geome try ( sl abs , 
c ylind e r s , sph ere s and re c tangul ar bri ck s ) there i s  nothing 
to cho o s e  between the two m ethod s .  For thi s r e ason the 
s l i ghtly s impl er and better d o cum en te d  fini t e  d ifferen c e  
m ethod  h a s  been cho sen . 

6 . 1 . 2  Se l e ction  o f  Finite Di ff eren c e  Appro ach 

Be c ause of th eir vers at i l i ty fin ite  d i fferenc e s  can 
t ake  a c c o unt  o f  phase· change  at a un i que t er-1 perature , or 
over a range o f  t emperature . Th e  therm al pro p erti e s  of 
c omm on foods  are known to  change c on t inuously wi th t emper­
ature . The change in phas e can be t a� en into  acc oun t by 
use  o f  an apparent spe c i fi c  heat c apac ity C ( T ) , and a t emp­
eratur e d ependent th erm al c onduc tivi ty k ( T ) , in  the general 
heat c onducti on equation  

C ( T ) �T 
TI = d ( k (  T ) JT ) rx ox ( 6 . 1 )  

sub j e c t to  the appropri ate bound ary and i n i t i al cond iti on s  
( s e e  s e c tion  2 . 3 ) .  Thi s model  i s  physi c ally c orrec t ,  and 
the o n ly errors  are tho s e  in the data  for k ( T ) and C ( T ) , 
and errors in the finite  d i ffere n c e  approxima t i on . S o lut­
i on s  o f  thi s type  ac curate ly s imulate  the tem perature in a 
free z in g  ob j ec t  sub j ec t  t o  th e fourth kind o f  boundary c ond­
i t i o n  ( Bonac ina and Corri ini 1 9 7 1 ) , and al though not t e s ted 
ove r  a wid e range o f  cond i t i on s  were  al s o  found to be 
ac curate for the third kind of boundary c ond i t i on ( Bona­
c i n a  and Com i ni 1 9 7 3 ) . 

Th e  other  method used  to  take ac count o f  phas e change 
i s  t o  asslli� e  that all the latent h e at i s  r e l eas ed at a uni que 
fre e z ing temperature with the thermal prope rt i e s  of the 
fro z en and unfrozen  phas e s  c on s tan t , but d i fferent for each 
phas e . Thi s m e thod i s  not as  phy s i c al ly c o rr e c t  a s  the  
fir s t  m e thod , and the p o s i tion  of  the free z in g  front be­
tween  nod e s  c an only b e  d eterm i n e d  approximately  ( Murray 
and Landi s  1 9 5 9 ) . Be c ause o f  the s e extra e rrors thi s type  
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o f  finite d i fference s ch em e  d o e s  n o t  pred i c t  t em perature 
as a funct i on o f  tim e as ac curat ely  as the other type o f  
fin ite  d i fferen c e s . In  fac t ,  the shape o f  the c al cul at ed 
t emperatur e / t im e pro fi l e s  is qui t e  di fferen t from experi­
m en tal fre e z in g  curv e s  ( Charm et  al 1 9 7 2 ) .  For the s e  reas­
ons  thi s  typ e of fin i te d i fferen c e  schem e i s  not  a s  u s e ful 
for pred i c tine  the fre e z ing tim e s  of fo o d s  as the fir st 
type . 

By cho i c e  of . th e  fun c t i o n s  C ( T )  and k ( T )  as  shown in 
Fi eur e 6 . 1  the more ver s ati l e  pro gram s c an al s o  be m ad e  to 
approxim at e to fre e z ing at a uni que phas e chanee t em peratur e 
( C on ini e t  al 1 9 74 c ) . Con s e quently only thi s ty pe o f  fini t e  
d i fferenc e s  n e ed b e  c on s i d ered any furthe r .  

6 . 1 . 3 Compari son of  Finite  Di fference Sch emes  

Of  the  l arg e num ber  of  fin i te d i fference s ch em e s  that 
h ave b e en d ev e loped t o  tak e  ac c ount of  phase  chanee in the 
functi on s  k ( T ) and C ( T ) s everal are based on an erroneous 
prem i s e . Th e  general h e at c onducti on e quati on 

C ( T )  � T TI 

c an only b e  r educed t o  

C ( T )  � T 
� t  

= 

= 

fx ( k ( T )  �) ( 6 . 2 )  

( 6 . 3 )  

i f  k ( T ) i s  n o t  a fun c ti on o f  po sition . If  k ( T ) vari e s  
w i th temperature , and temp erature vari e s  wi th po s i tion , 
then therm al c onduc tivi ty i s  po si tion d e pendent  and th e s im p­
l i fic ati on c anno t b e  m ad e . Fin i t e  d i fferen c e  s ch em e s  
b ased o n  thi s sim pli fication  ( Earl e  and Earl 1 9 66 ; Cul l wi ck 
1 9 67 ; M aw s o n  1 9 69 ; Bai l ey e t  al 1 974 : J o shi and Tao 1 9 7 4 ; 
Chattop ad h ay et  al 1 9 7 5 )  th erefore l ead to erron e ous r e s ul t s . 

Ty pi c ally , result s  from the  s chem e  o f  Cullwi ck ( 1 9 67 ) w e r e  
found t o  overpred i c t  the fre e z ing t i m e  by u p  to  50% when 
c ompared  to experim en t . Bon ac ina and Com ini ( 1 9 7 1 ) m ad e  a 
s tudy o f  finite di fferen c e  m e thod s and found that the 
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s chem e o f Le e s  ( 1 96 6 ) , hereaft er referred t o  a s  the "Le e s  

s ch em e " ,  was be st . 

Ti + 1 _Ti - 1  
ci m m 

m 2lit = 

Thi s  i s  a thre e t im e-l evel s chem e : 

1 ( ki ( Ti+ 1 _Ti + 1 + Ti -Ti + Ti - 1 -Ti- 1 ) 
3 ( �x ) 2 m +� m+ 1  m m+ 1 m m+ 1 m 

ki ( Ti + 1 _Ti+ 1 + Ti - Ti + Ti - 1 _Ti- 1
J ) m-k m m- 1 m m-1  m m - 1  

( 6 . 4 )  

I t  i s  c onvergent and unconditi on ally stable .  A similar 
s chem e o f  the form : 

Ti + 1 _Ti 
0i m m 

m lit = 

( 6 . 5 )  

was u s e d  by Allada and Quan ( 1 9 6 6 ) ,  and th ere i s  al s o  a 
Crank-Ni c o l s on versi on 

Ti + 1 _Ti 
ci+� m m 

m �t = 

( 6 . 6 )  

A relat e d  s ch eme  t o  e quat i on 6 . 5  i s  al s o  given by McAdam s 
( 1 9 5 7 , p 50 ) . 

Ano th e r  group o f  solut i o n s  exi sts  that u s e s  the en­
thal py tran sformati on of Eyre s et al ( 1 94 6 )  to c om bine the 
t herm al properti e s  m ore dire c tly in the d i fferen c e  schem e 
( Albasiny 1 9 5 6 ; Lo ckwo od 1 96 6 ; Cordell  and W ebb 1 9 7 2 ;  
Sham sun d ar and Sparrow 1 9 7 5 ; Sham sundar and Sparrow 1 97 6 ) . 
The s e  u s e  e i ther fully impl i c i t  or fully expl i c i t  finit e  
d i ffere n c e  approximat i on s . They are n o t  as ac curate 
a s  e quat i o n  6 . 4  or e quati on 6 . 6  becau s e  o f  greater trun­
c ati on e rrors . 

From their study of fin i t e  d i fference s ch em e s  Bonacina 
and Com in i  ( 1 9 7 1 ) found that the princ iple advantage of 
the L e e s  scheme  is that all thermal property approximati o n s  



u 0 M 
E --, 

1--
u 

98  

u 0 
E -
� 

Temperatu re (°C)  

F igure 6. 1 Thermal  p roperty curves used to approximate freez ing  at a u n i q u e  phase 
cha nge temperature. 
( ) C (T) ( refers to left hand sca le)  
( - - - ) k ( T) ( refers to r ight hand sca le) 

m=- 1 

kj v=hfu< - n  

Ti =T -1 a 

I 
• 
I 
I 

m=O m=1 m=2 

Figure 6 .2 The f in i te difference gr id at the su rface of a freez i ng s l ab .  



u 0 E -
� 
� 

(.) 0 M E -.:::! 

ci) 
b ..-
X 

(.) 

2.0 

1 .5 

1 .0 

0. 5 

0 
-30 -20 - 1 0  

9 9  

0 1 0  20 

Temperatu re (°C )  

F igu re 6 .3  Thermal conductivity data. 1 - Karlsruhe test su bstance. 2 - m i nced 
lean beef. 3 - mashed potato. 

1 000 

1 00 

1 0  

1 
-30 -20 - 1 0  

1 

0 1 0  20 

Temperatu re (°C) 

F igure 6 .4 Apparent spec if ic  heat capacity data for Karlsru he test substance.  
1 ...:.. data of R iedel ( 1 960a ) .  2 - data of Comin i  ( 1 97 6 ) . 

QASSEY UN VERSITl 
J,.IBRARY 

30 

30 



u 0 M E -2 

CD 
0 .-
>< 

u 

u 0 M 
E --, 

CD 
0 .-
>< 

u 

1 000 

1 00 

1 0  

1 
-30 -20 - 1 0  

1 00 

0 1 0  20 

Temperature (°C)  

F igure 6 .5 Apparent specific heat capacity data for mi nced lean beef . 

1 000 

1 00 

1 0  

30 

1 �--------�---------L---------L--------�----------�------� 

-30 -20 - 1 0 0 1 0  20 30 

Temperature ( °C) 

F igure 6.6 Apparent specif ic heat capacity data for mashed potato. 



1 0 1  

are at the ( i )  t im e  leve l , whereas a Crank-Ni c o l son type 
s ch em e  requir e s  evaluati on at the ( i +� )  tim e l evel . As 
thi s is an unknown t emperature , an i terative l o op must b e  
s e t  u p  at e ach t im e  step . The other advantage o f  the  Le e s  
s ch em e  i s  that the approximati on t o  jt i s  a more  ac curate 
one than that o btainabl e with a two level s ch em e . There­
fore the  thre e-l evel sch em e  i s  the m o st ac curat e availabl e .  

Bonacina and Comini ( 1 97 1 ; 1 97 3 )  h av e  di s cus s ed appl i c ­
a t i o n  o f  the fourth and third kind s o f  b oundary c ond i t i on 
t o  thi s schem e . Appl i c at i on o f  the third kind o f  b oundary 
c ond i t i on has b e en d i s cus sed els ewhere ( Cl e l and and Earl e 
1 97 7 b ) . Bri e fly , the third kind o f  bound ary cond i ti on i s  
t ak en into ac c ount by s e t ting m=O in e quation 6 . 4 ;  

i + 1 i i - 1  i A.r • T = T 1 = T 1 = T 1 ; and k � = hux . Th 1 s  i s  shown a - - - - 2  
d i agrammati c ally i n  Figure 6 . 2 .  Whereas the int ernal 
nod e s  have th e spe c i fi c  h eat capac ity  o f  a full �x a s s o c ­
i at e d  with them , the surfac e n o d e  h a s  t h e  sp e c i fi c  h eat 
c apac i ty of only half a s pace in crement . 

The fun c t i on s  C ( T ) and k ( T ) are sh own in Figur e s  6 . 3 ,  
6 . 4 ,  6 . 5 and 6 . 6 .  The c om puter pro gram s  used can b e  found 
in Appendix 2 .  The L e e s  schem e i s  impl i c it , and require s 
s oluti on o f  a s e t  o f  tridiagonal simul t aneous e quat i o n s  at 
e ach tim e  s t e p . Thi s i s  easily done  by Gau s s i an e limin­
at i on ; typi c al run t im e s  for the program s being  2 5 s  on a 
Burroughs B 6 700 c omputer . 

Be cause  the surfac e node has the spe cific  h eat c apac ­
i ty o f  only !� asso c i ated wi th i t  the actual value was 
h alved 

= ( 6 . 7 )  

Fre e zing t im e s  were c al culat ed using t h i s  d i fferenc e  s chem e 
but som e inc on s i s t en t  l ow re sult s  o c curred . The r eason for 
t h e s e  i s  " j umping " o f  the lat ent heat peak .  Be c au s e  .th e  
p e ak in C ( T ) i s  high and narrow the t em p erature m ay j ump 
a c r o ss thi s regi on in  one tim e  s t e p  i f  1¥ i s  suffi c i ently 
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l arge . T o  s t o p  thi s , Com i n i  ( 1 9 76 ) sugge sted two m o d i fi c­
ati on s . When updating at e ach t im e  s t e p  the following 
should be  used : 

= ( Ti + 1  + Ti + Ti - 1 ) I 3 
m m m · ( 6 . 8 )  

The apparent s p e c i fi c  heat  c apac i ty shoul d  be c al cul at ed  
froM the enth al py change acro s s  the node  as  fol lows  

i - H 1. m-;z 
i T 1. -m+;z 

i T .J.. m -2 
( 6 . 9 ) 

fhe s e  d o  sustantial ly reduce the probl em , but e ven use  
of these m easure s ,  and r educ ti on o f  the tim e  step to  very 
small values  d id not s t o p  j umping o f  th e latent h eat peak 
c ompl et ely , e s p e cially whe r e  the Biot  number was l arg e . 
B e c ause  the th ermal capaci ty o f  the surfac e n o d e  was only 
hal f  that o f  the other n od e s ,  and i t  is the fast e s t  c o oling 
regi on , i t  was  found that j um ping was almo s t  impo s si bl e  t o  
s t o p  at thi s n od e . Hen c e  an alt ernative approach was 
s ought . C om ini  et al \ 1 9 7 4 b )  and Tao \ 1 9 7 5 )  have sho wn 
that the shape o f  C ( T )  in the phase  chang e  regi on i s  n o t  
cri t i c al provided  the t o t al enthal py change i s  pre s erved . 
A d i fferent s e t  o f  enthalpy/ t emperature data to  that o f  
R i e d e l  ( 1 9 60a ) was avail able  ( Com ini 1 9 7 6 ) , s o  thi s was 
used . I t  is sho wn as Curve 2 on Figure 6 . 4 .  The shape o f  
the C ( T )  peak i s  much flat ter  ( pro bably b e c ause  t h e  m ethyl ­
c e l lul ose  us e d  was d i fferent t o  that o f  Riedel ) ,  and i s  
therefore l e s s  likely t o  b e  j um p ed . However j umping s t i l l  
o c curred a t  l arge Bi o t  num b ers .  

· In the approach j us t  d e s cribed i t  was found that be­
c au s e  the  surfac e node has only hal f  the heat c apaci ty 
as s o c iated w i th it  c o oling  was very qui ck h ere , and j umping 
was very l ik e ly . Norm al ly �x is d e fined as : 

�X = D ( 6 . 1 0 )  2 (M - 1 )  

where  f-1 = num ber of nod e s  i n  t h e  hal f  slab . I f  �x i s  
d e fined a s  : 
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f1X 
D ( 6 . 1 1 )  == 

the sur fac e node  would have the ful l speci fi c  h eat capa c i ty 
asso c i at e d  wi th i t .  Thi s would d e crease  the l ik eliho o d  
o f  j um p in g  of the la.tent h eat p e ak  a t  the surface nod e ,  
but the e stimat e o f  th� surface t em perature woul d  be poorer  
b e cau s e  the node mo st affe c t ed woul d n o t  be  on  the sur fa c e  
o f  the m aterial . Thi s  appro ach was tried and found to  l e ad 
t o  m o r e  c onsi s t en t  re sul t s , al though the fl at t er curve for 
C ( T ) s t i l l  had t o . be used for l arge Bi ot  numbers . 

The fre e z in g  t im e s  cal cul at ed from the two appr o ach e s  
were c om pared t o  the experim ental fre e zing tim e s  and the  
perc entage  di fferenc e s  are shown in Figure 6 . 7 , Typ i c al 
t emperature pro f i l e s  are shown in Figure s 5 . 1  and 5 . 2 .  
The se are from the first approach b e c ause it give s a b e t t er 
e s tim a t e  o f  the surface  tem peratur e . Th e fre e z ing tim e s  
c al cul at ed by the sec ond m e thod are given i n  T able  8 . 1 ; 
thi s m ethod was ad opted as the more  ac curate appro ach for 
c al c ul a t i on o f  fre e zing tim e s . 

The 9 5% c onfidence  limits  o f  the percen t age d i fferen c e s  
c omparing the c al culated  fre e z ing t im e s  to  t h e  experi m ental 
r e sul t s  are -8 . 3% t o  + 1 0 . 5% ( m e an == 1 . 1 % ;  s tandard d evi at i on 
= 4 . 7% ) . The s e  l imi t s  include error from two s ourc e s ­
experim ental error , and e rrors in the appl i c at i on o f  the 
fin i t e  di fferenc e  method . As  the t im e  and space s t ep s  are 
redu c ed in s i z e , the m athemat i c al e rror in the fin i t e  
d i fference r e sul t s  i s  reduced unt i l  i n  the l i m i t  a s  �t and 
f1x t end t o  z er o  the exact answer i s  c al culat e d . Pra c t i c al 
l im itations on the c om put ati on re sourc e s  avai lab l e  l im i t  
the s i ze  o f  the  spac e gri d and t im e  step . The l arger 
the s e  steps the greater the error . 

C al culati on s  o f  fre e zing tim e  were al s o  carr i e d  out  
o ve r  the  full s et o f  experim ental d ata for Karlsruhe t e s t  
sub s t an c e  us ing the enthalpy tran s form ation m ethod o f  
Albasiny ( 19 5 6 )  wi.th the sam e  spac e and t im e  grid s  a s  were  
u s e d  with the Le e s  s chem e .  The s e  showed that the range  o f  
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F igure 6.7 Frequency d iagram of the percentage d i fferences between experi menta l  
freez i n g  t i mes for s labs, and t imes ca lcu lated by f in ite d ifferences. 
1 - using 0.5q� at the su rface node. 2 - using a modif ied space gr id 
and the fu l l  c0 va lue. 
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perc ent age  differenc e s  betwe en the cal culat ed and experim ent­
al fre e zing tim e s  was greater than for the Lees  s chem e . 
The m e an d i fferen c e  was 4 . 1 % and the standard d eviation  
6 . 6% . The larger truncation  errors in thi s s cheme aff e c t  
the accuracy o f  the results  signifi c antly . Therefor e , 
provi d ed j umping o f  the l at ent heat peak c an b e  avo i d e d , 
or reduc ed by m e an s  such as tho s e  d i s cussed  ab ove , the L e e s  
s chem e  i s  the m o st ac curate fini te d i ff erence s cheme avail­
abl e .  I f  the errors introduced by j umping of the latent 
heat p e ak in the Lees schem e  were greater than the extra 
trun c at i on errors in the enthalpy transformati on m e thod  
the l at t er m eth od would be the more  ac curate . However , 
for one-dim en s i onal heat transfer j umping has b een reduced 
suffi c i ently to  prevent thi s si tuat i on .  

I t  i s  im po s s ibl e t o  s eparate the mathemat i c al e rror 
frorn the  experim ental error . The 9 5% confide1 1 c e  l im i t s  
will there fore  overe stimate th e error in the appli cat i on 
o f  the fin i t e  d i fferen ce  m e thod , but they do  give an i nd i c­
ati on o f  the unc ertainty in a cal culated  fre e z ing  time  
when the  tim e and spac e grids  are l imi ted by prac t i c al 
c on s i d eration s .  Errors are higher than for h e at c onducti on 
wi th c onstant  thermal properti e s  b e cau s e  the sharp change s 
i n  k ( T )  and C ( T )  make accurate m o d e lling of the s e  curve s 
very d i fficul t .  Thi s i s  true o f  any finite  d i fferen c e  s cheme 
o f  thi s type , n o t  just the Lee s s ch em e . 

6 . 2  CYLINDERS AND SPHERES 

6 . 2 . 1  Sel e c t i on of Num eri cal Method 

S oluti o n s  to  fre e z ing probl em s in radial g e om etry 
that require num eri cal evaluat i o n  are sub j e c t  t o  very 
s i m i l ar l im it ati ons t o  tho se d i s cus s ed in s ec t i on 6 . 1 . 1  for 
s l ab s . Pro bl em s  in rad i al geom e try have rec e ived l e s s  
attenti on -than . slab s - only two s o luti ons ( Po o ts 1 96 2a ;  
S el i m  and S eagrave 1 9 73b ) requiring num eri c al s o luti on 
e xi st . The s e  are for the first  k ind o f  bound ary c on d i ti on , 
and h ence  are o f  no practical im portan c e . 
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C o n s equently the choi c e  o f  num erical m ethod i s  l im i t ed 
t o  fin i t e  d i ff erenc e s  and finite  e l em ents . Rad i al h eat 
tran s fer in cylind ers and spheres  c an be treat ed as uni ­
direct i on al wi th a regular space grid ( Al basiny 1 96 0 ) . I n  
thi s s i tuation there i s  n o  advantage i n  t h e  finite  e l em ent 
techni que , there fore the e qually ac curate finite  d i fferenc e 
m ethod was used . 

6 . 2 . 2 S e l e ction  o f  Fini t e  Di fferen c e  Appro ach 

I t  has b e en shoWn in secti on 6 . 1 . 2  that for slabs 
the versatil e  fin i te d i fferen c e  s ch em e s  using the fun c t i on s  

k ( T ) and C ( T )  t o  tak e  ac count o f  phase change ac curat e l y  
repre s ent the true  therm al behavi our o f  a fre e z ing fo o d  
mat eri al , whereas the s ch em e s  that assum e  that all latent 
heat is  rel eas ed at a uni que fre e z ing temperature do  n o t .  
Further , the m ore versat i l e  schem e s  includ e  the fixed 
fre e z ing  temperature s i tuat ion as a spe c i al cas e . Be c ause  
k ( T )  and C ( T )  are dependent on  th e material only , and n o t  
i t s  g e om e tric  arrangem ent , thi s wil l  be true for any shape . 
There fore finite  d i ff eren c e  s ch em e s  in radial geom etry that 
assum e  that a sharp interfac e exi s t s  ( Tao 1 9 6 7 ;  Tao 1 96 8 ; 
Morri s on 1 970 ; Charm e t  al 1 97 2 ; Padmanabhan and Subb a  
Raj u 1 9 7 5 )  n e ed not  be  c onsidered further a s  they wi l l  
inevi tably b e  o f  reduced ac curacy . 

6 . 2 . 3  Compari son o f  Fini t e  Di fferen ce Schem e s  

The gen eral rad ial heat c onducti on e quation 

C ( T ) � = � ( k ( T )� ) 

where  a = 1 f or a cyl ind e r ,  
a = 2 f o r  a sphere , 

+ 
a k(T) .}T 

r rr ( 6 . 1 2 ) 

cann o t  be  s im pl i fi ed i f  k ( T ) i s  a function o f  p o s i ti o n .  
Thi s  i s  the c as e  i n  fo od free zing probl em s .  Fully expl i ci t ,  
fully impl i c i t  and Crank-Ni c o l son  schem e s  c an all be  wri t t en 
for e quation  6 . 1 2 ,  but they are n o t  as ac curate as the  
thr e e-l evel s ch em e  : 
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= 

( 6 . 1 3 )  

becaus e the thre e  l evel s ch eme has smaller trun cati on errors 
than the other s chem e s , as well as the practi c al advant age  
o f  avo i d ing it erati on t o  fi nd thermal properti e s  at  the 
( i +i )  time  leve l . 

At the c entre ( m =O )  th e method o f  Al basiny ( 1 9 60 )  was 
used to avoid the singularity : 

l ead ing to  a fin ite  d i fference approximati on 

Ti + 1 _Ti- 1  
c i  o o 

0 2 /).t 
= 

( 6 . 1 4 )  

o f  : 

( 6 . 1 5 ) 

At the surfac e ( m=M)  the third kind o f  b oundary c ond­
i ti on is  taken int o acc ount by using : 

= 
. /JT ) k� \Tr M /).r  ( 6 . 1 6 )  

and Ti - T  · l ead ing to : M+ 1 - a '  

3 R ( 6 . 1 7 )  

The regi o n  as s o c i at ed wi th e ach n od e  i s  o f  changing 
cro s s- s e cti onal are a .  The volum e o f  materi al as s o c i at e d  
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with each n o d e  i s  zrrm ( �r) 2 for cylinders and 4�m ( �r ) 3 for 
spheres in the above differen c e  schem e . When thi s was 
compared t o  the actual volum e  wi th each node in the real 
phy sical s ituati on , i t  was found that the following correct­
i o n  was n e c e s sary for  spheres 

= ( 6 . 1 8 )  

The finite  d i fference  s cheme i s  impli cit and l i k e  the 
s cheme for the slab it require s Gaussian eliminat i on of a 
s e t  of ( M+ 1 ) simul tarieous equati ons at e ach tim e  s t ep . 
The program used i s  given in Appendix 3 .  

The s cheme agreed  well wi th a known analy t i c al s o luti on 
for constant therm al properti e s  ( Carslaw and J ae ger 1 9 59 ,  
p20 2 ) . When appl i ed to th e fre e zing o f  Karl sruh e t e s t  
substance  o s cillat i on s , lead ing t o  a fal s e  soluti on , were 
found to  o c cur .  The s e  were stopped by d e fining k! as foll ows 

= ( 6 . 1 9 )  

The solut i on t o  the probl em wi th c ons tant therm al propert­
i e s is unaltered . 

For appl i c at i on to probl em s where thermal c onduc t i vi ty 
i s  changing i t  i s  im pli c i t  in the new approximati on that 
k change s linearly in spac e from positi on (m-� )  to ( m+! ) . 
The real s i tuat i o n  i s  shown in Figure 6 . 8 .  The t emper-
ature grad i ent i s  greater t o ward s  the surfac e of the m at erial . 
Thi s m e an s  that the thermal c onductivi ty change s at an in­
c reasing rate t oward s the surfac e ,  lead ing to the d ashed 
l ine in Figure 6 . 8 .  There fore the approximat i on to  k! 
g iven by e quat i on 6 . 1 9 wil l  alm o st invari ably overe stimat e  
the therm al conductivity at the nod e m .  Thi s impl i e s that 
heat can be rem oved more eas i ly than i s  phy s i c ally po s s i bl e , 
and ultimat ely will  mean that the c al culated fre e z in g  time  
und ere s t im ates  the real value . Thi s  is  not  j us t  a probl em 
for the s cheme given by e quations  6 . 1 3 ,  6 . 1 5  and 6 . 1 7 ,  
but mus t be  c on s idered for any schem e  where k i s  a fun ct i on 
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F igure 6.8 Typical temperatu re and thermal conductiv ity prof i les through a freez ing  
sphere or  cyl i nder showi ng the effect of a l i near approxi mation of the  
thermal conductivity. 
( - - - ) actual therma l cond uctivity p rofi le .  
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Figure 6 .9 F requency d iagra m o f  t h e  percentage d i fferences between experi me ntal  
freez ing t imes for cy l i nders, and ti mes ca lcu lated by f in ite d ifferences. 
1 - us ing  0.5c.J at the su rface node. 2 - us ing a mod if ied space gri d 
and the fu l l  CM va l ue. 
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F igure 6. 1 0  F requ ency d iagra m of the percentage d i fferences between experi menta l  
freezi ng ti mes for spheres, and ti mes calcu lated by f in ite d i fferen ces. 
1 - us ing 0.5C� at the su rface node. 2 - usi ng a mod i fi ed sp ace gr id  
anq the f u l l  CM va l ue. 
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o f  temperature . In s pi t e  o f  thi s pro ble� the three-l evel 
s ch em e  i s  st i ll con sid ered the m o st ac curate b e caus e  it has 
smal l er trun cation errors  than any other s chem e . 

At the surfac e o f  the body the analogous problem to  
that found for slab s  ari se s .  The surfac e nod e has the 
s p e c i fi c  h e at capaci ty of only !�r as s o c i ated wi th i t . 
The two approaches : 

1 .  Using !C� .  
2 .  Defining . the spac e grid s o  that R/f1r == M+� . 

w ere  both tried . The frequen cy d i agram s are shown in  Fig­
ure s 6 . 9 and 6 . 1 0 .  Again , j umping of the lat ent  heat peak 
i s  l e s s  o f  a probl em wi th the s e c ond approach whi ch was 
therefore adopt ed . Ful l  resul t s  using thi s approach are 
given in Table 8 . 1 .  Typ i c al c al culated t emperature pro­
f il e s  from the first approach c an be found in Fi gur e s  5 . 3 
and 5 . 4 .  Re sul ts from thi s , the l e s s  ac curat e appro ach , 
are shown b e cause they give a b e t t er e s t imate o f  the sur­
fac e tem perature than the s e c ond  appro ach . The reasons for 
thi s are d i s cussed in s e ction 6 . 1 . 3 .  

The m e an value s of the p erc entage  d ifferenc e  cal c ul at ed  
from  the d i fference  b etween experim ental and predi ct ed 
fre e z ing t im e s  are - 3 . 8% for cyl inders , and -4 . 5% for sphere s .  
The stan d ard devi ati ons are 3 . 1 % and 2 . 5% respect ively . 
The shi ft i n  the mean apart , the range o f  re sul t s  i s  very 
s im i lar t o  that found for slab s , ind i c at ing that the appl i c ­
ation of finit e  differenc e s  t o  rad i al g e om etry i s  sub j ect  
t o  very much  the sam e  l imitat i on s  as exi st  for  one-d imen­
s i onal heat transfer in slab s  ( s e e  s e c t i on 6 . 1 . 3 ) . Fre e z­
ing tim e s  c al culated by a s cheme  us ing the enthalpy trans­
f ormati on m e th od �ould be  expe c t ed to  show a great er spread 
o f  r esul t s  than for the thre e l evel s ch em e . Thi s  i s  be-
c ause  j um ping o f  the lat ent  h eat peak was reduced t o  ins i g­
n i fi cant w1 ounts in the l atter  m ethod , and the truncati on 
e rrors in the enthalpy tran s form ation m e thod are greater 
than tho s e  in the thr e e  l evel s ch em e .  Using the enthalpy 
tran s format i on m ethod  a similar m e an predi cti on error t o  
that found for slabs would b e  exp e c t e d  ( approxim ately 4% ) . 
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Therefore the enthal py transformati on m e thod would n o t  

b e  as ac curat e as the three-level s ch em e becaus e  t h e  o ff s e t  
o f  the m e an from O% would be  similar in s i z e  for the t w o  

· s ch emes , but a greater spread o f  resul t s  would be  exp e c t ed 
for the enthalpy tran s formation  m etho d . For the s e  reasons  
free zin� t im e s  were n o t  cal culated by  thi s method for  
s pheres and cyl ind ers . 

Provid e d  the u s er i s  aware that the free zing tim e i s  
l ikely t o  b e  on ave rage 4% l o w ,  the thr e e-level finit e  
d i fferen c e  s ch em e  c ari  be us ed t o  achi e ve accurat e simulat­
i on of fre ez ing in radial geom e try over the range of c ond­
i ti ons c on s i dered , whi ch should c over m o st pract i c al s i t­
u ati ons . 

6 . 3 RECTANGULAR BRI CKS  

6 . 3 . 1  S el e c t i on o f  Numeri cal f>'Iethod 

I n  s pi te of the fact that fre e zing probl em s where  h e at 
i s  tran sf erred i n  all three  d ire c t i o n s  o c cur o ften in pract­
i c e ,  very few num erical solutions  have b een develope d . The 
great com pl exity o f  the s e  probl em s has l imited d evel opm ent  
of  num er i c al s olut i on s  t o  finite  di fferen ces  and fini t e  
elemen t s . For irregular geom etry fin i t e  elem en t s  through 
the us e o f  i s opararn e tri c regi ons  are b e tter sui t e d  ( Comini  
et  al 1 9 7 4 c ) , but for regular bri ck shapes  a r e c t angul ar 
grid c an be  us ed , and finite  di fferen c e s are e qually accurat e 
i n  thi s s i tuati on . 

6 . 3 �2 . S e l e c t i on o f  Finite Di ffere n c e  Method 

Equivalent thre e-dim ensi onal formulae to e quat i o n s  
6 . 4 ,  6 . 5  and 6 . 6  c an b e  writ t en , and all have b e en u s e d  
( Bri an 1 9 6 1 ; Earl e and Earl 1 9 6 6 ; Lazaridus 1 9 70 ; Fl eming 
1 97 1 a ; Cordell and \'/ ebb 1 97 2 ; Bonacina and Comini 1 97 3 ; 
Sham sund ar and Sparrow 1 9 7 5 ) . Be cau s e  the thre e-l evel 
s chem e  of Le e s  ( 1 96 6 ) was found t o  b e  superi or  for one ­
d imen si onal pro b l em s ,  i t  i s  reas onab l e  t o  as sum e  that i t  
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will  al s o  be  the b e s t  s cheme  for two- and thr e e-dimen s i on­
al pro bl em s .  

6 . 3 . 3  U s e  of the Fin i t e  Di fferenc e Scheme 

Bon a cina and Comini ( 1 9 7 3 ) have shown how the L e e s  
s chem e c an b e  appl i ed t o  pro bl ems  in t w o  dim en s i ons by u s e  
o f  standard al ternating d i r e c tion impl i c i t  pro c e dure s .  
Th e  ext en sion t o  three  d im en s i ons i s  s taightforw ard . 
Th e  general equ�t i on o f  heat conduct i on : 

C (  T ) �T 
"'St = 

c an b e  approximat ed by 

i 
c " k m J 

Ti + 1 Ti- 1 
m jk- mjk 

2 �t = 

( 2 .  1 )  

i - 1 i - 1 ) i ( i+ 1 i+ 1 i i i- 1 i - 1 ) )  + T 1 "k-T "k - k 1 " k T . k-T 1 . k+ T . k-T 1 . k+ T .k- T 1 " k m+ J m J m-2J m J m- J m J m- J m J m- J 

+ 1 ( ki ( Ti+ 1 -Ti+ 1 Ti -Ti Ti - 1 -Ti -1 ) 
3 (�y ) 2 m j +�k m j+ 1 k m jk+ m j + 1 k m jk+ m j+ 1 k m jk -

i ( i+ 1 i+ 1 i i i - 1 i - 1  ) ) 1 k . 1 k T "k-T . 1 k+ T .k -T . 1 k+T "k-T . 1 k + 2 ( m J -2 m J m J - m J m J - m J m J - 3 ( �z ) 

k� jk+�( T!j�+ 1 -T�j�+T� jk+ 1 -T� j k+T�j�+ 1 - T�j� ) - k� jk-� ( 

i+ 1 i + 1 i i i - 1  i- 1 ) )  Tm jk-Tm jk- 1 + Tm jk-Tm jk- 1 +Tm jk-Tm jk- 1 ( 6 . 20 ) 

Th e  thre e  swe eps o f  the al t e rnating d i r e c ti on impli c i t  
m e t h o d  u s e  the following e quation s  d e rived from the above 
s cheme  

Firs t  swe ep ( in x dire c ti on ) 
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* * 
- 2At ki Ti + 1  + ( i 2 �t ( i i ) ) i + 1  

2 � ·k 1 .k C .k+ 2 k 1 . k+k � ·k T . k 3 ( � ) m-2 J m- J m J  3 ( �) m+2 J  m-2 J m J  
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ki ( i i ) ) + 2 �t ( ki . " ( Ti . -Ti . ) _ . .l_k T .k -T . 1 k  2 k ...._ k 1 k m J - 2 m J  m J - 3 ( �z ) m J  + 2 m J  + m J  
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.
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k
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k i
. 1

k ( Ti -:
k
1 - Ti -: 1

1 k ) )  + 4 �t ( ki . , ( Ti-: 1 -Ti -:- 1 ) _ 
m J -2 m J  m J - 3 ( �z ) 2 m Jk+2 ffi Jk+ 1 m Jk 

ki ( i - 1 _ i - 1  ) )  m jk -� Tm jk Tm jk-1  

S e c ond swe ep  ( in y dire ction )  

( 6 . 2 1 )  

* *  * *  
-2 �t ki Ti + 1  ( i 2 �t ( ki . 1 +ki . ) ) Ti+. 1 

2 . 1k . 1 k  + cm J·k  + 2 k �·k k 3 ( � ) m J -2 m J �  3 ( 6J ) m J + 2 m J -2 m J  

Third swe e p  ( in z d ir ection ) 

2 /lt k i i+ 1 
3 ( llz ) 2 m jk+!Tm jk+ 1 = 

-Ti -
.
1 ) _ i ( i - 1  i - 1  · ) )  

m Jk km jk -� Tm jk -Tm jk- 1 

* 

( 6 . 22 ) 

( 6 .  23 ) 

* * *  
where T and T are intermediat e  temperature s c al cul at e d  
b y  the alt ernating d irecti on s cheme that have n o  phy s i c al 
s i gnifi c an c e . 
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The third kind of bound ary c on d i t i on i s  tak en into  
ac c o un t  in the  sam e  way a s  used for s labs ( s e e  s e c t i on 
6 . 1 . 3 ) . Becau s e  o f  symm e try only an o ctan t  need  b e  consid­
ered , wi th a space  grid  of  ( M+ 1 ) x ( J + 1 ) x ( K+ 1 ) node s ,  
where 2M � = D ; 2J�y = D ; 2K �z = D • F or 9 n o d e s  i n  e ach X y Z 
dire c t i on and 800 tim e steps  a ty pi c al c omputat i on time  
for  thi s  s ch em e  was 4 500 s on  a Burroughs  B6 700 c omput er . 
The two- and three-dim ensi onal program s  are in Ap}; endix 3 .  

The thre e-di�ensi onal program was che cked again s t  a 
kno wn analyti c al soluti on for th e third kind of bound ary 
c ond i t i on and c on stant th ermal pro perti e s  ( Newm an 1 93 6 ) . 
The r e sult s  are sho wn in Tabl e 6 . 1 .  The appr oach . using 
hal f  th e spe c i fi c  heat c apacity of th e surfac e n o d e s  was 
used for thi s run to  get the b e s t  p o ssi bl e e stimate of the 
sur fa c e  t emperature . Be cause the program i s  expensive t o  
run , fr e e z ing tim e s  were n o t  c al cul ated f o r  all the fre e z ­
ing experimen t s .  Instead , thre e run s were s el e c t ed , each 
w i th d i fferent c ondi ti on s . Because the ac curacy o f  the 
r e sult s  was found to d epend on the  Bi ot  number for other 
shap e s  the thr e e  runs cho s en had wi dely d i ffering value s 
o f  thi s param eter .  Approximately 800 tim e steps  and a 
9 x 9 x 9 space grid  were used . Practi cal l im i t at i o n s  
prevented  smaller tim e  and spac e s teps . The r e sul t s  are 
shown in Tabl e 6 . 2 , and the cal culated and experimental 
t emperature profil es are shown in Figur e s  5 . 5 ,  5 . 6 and 5 . 7 .  

F or th e l owest Bi o t  number ( run B7 2 )  very good  s imu­
l at i on was o btained . For the int erm e d i at e  Bi o t  number 
( run B5 5 )  simulation was no t as go od . The cal culated c entre 

t em peratur e pro file  i s  always l ow ,  indi c ating a probabl e 
error in the input d at a .  Be c au s e  the d i s crepan cy i s  gre at ­
er a t  the end o f  the fre e zing run it  i s  p o s si b l e  that som e 
j um ping o f  the latent heat peak m ay have o c c urre d , but the 
m aj or error appears to be in th e input data . The resul t s 
for the l arg e s t  Bi ot  num ber ( run B4 3 )  show clearer indi c ­
ati on s  o f  j umping . The c en tr e  t emperature profi l e  agr e e s  
with the experimental r e sul t s  unt i l  i t  ent er s  the phase  
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T able  6 . 1  

Compari son of re sul t s  from the thre e-dim en si opal program 
to  a known anal�t i cal s o lution for c o ol ing o f  a cube 
Bi = 4 . 0 ;  Value s of Y ,  the fracti onal unaccompl i shed 
tenperature change , are t abulated . 

Centre o f  cube Centre of fac e 

F o  Anal y t i c al Num e rical Analyti c al Num er i c al 

0 1 . 000 1 . 000 1 . 000 1 . 000 
0 . 04 0 . 9 99  0 . 999 0 . 4 89 0 . 49 1  
0 . 08 0 . 974  0 . 970 0 . 387 0 . 38 2  
0 . 1 2  0 . 89 7  0 . 89 1  0 . 3 1 8  0 . 309 
0 . 1 6  0 . 790 0 . 78 2  0 . 26 1  0 . 2 5 2  
0 . 20 0 . 677  0 . 668  0 . 2 1 5  0 . 20 6  
0 . 24 0 . 5 7 0  0 . 5 6 2  0 . 1 7 7 0 . 1 70 
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Table  6 . 2  

Re sul t s  from the finit e d i fferenc e  s imulation o f  the 
fre e z ing o f  r e c tangular bri ck s  

Run B4 3 B 5 5  B72  

D ( m )  0 . 1 3 5 0 . 1 50 0 . 05 0  X 
D ( m ) 0 . 1 6 4 0 . 1 50 0 . 200 y 
D ( m ) 0 . 1 6 4 0 . 1 50 0 . 200 z 

( W/m 2 0c ) h 260  4 1 . 0  20 . 5  
T ( oC )  - 20 . 3  - 20 . 9 - 24 . 6  a 

( oC )  T . 26 . 8  30 . 8  1 6 . 2  l 
Bi 2 1 . 3  3 . 7 3  0 . 6 2 1  
t exp ( hrs ) 4 . 56 6 . 90 4 . 1 0  
err ( hrs ) o .  2 1  0 . 38 0 . 38 
tfd ( hrs ) 4 . 0 2 6 . 30 4 . 1 4 
D i fferen c e  ( % )  - 1 1 . 8  -8 . 7  + 1 . 0  
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change region . Hare important , there i s  a maj or d i s crepancy 
betwe en c al cul ated  and experim ental surfac e temperatur e s  
whi ch l e ssens  toward s the end o f  the run . I f  nodes  at , 
or n e ar the surfac e " jump "  th e l at en t  heat peak the the rm al 
d i ffus i vi ty c al cul ated by the. program in thi s region wil l  
be  higher than the real value . An inflat ed value o f  the  
th erm al di ffus ivi ty will resul t in  the t emperature  
grad i ents  b e in g  und ere stimated . Th erefore the  cal cul at e d  
surfac e  tem perature w i l l  b e  c l o s er t o  the c entre temperature 
than the experim en tal surfac e t emperature . Thi s i s  what 
was found to  o c cur . As the region o f  phas e  change m ove s 
away from the surface thi s  eff e c t  slowly d i sappear s . 

As the time  step and space m e sh canno t  be  al t ered  
s i gni fi c antly b e c ause of  practi cal l im i t s  on  the c om p­
utati o n  tim e , j um ping i s  an important shortcom ing whi ch i s  
alm o s t  impo s si bl e  t o  avoi d  for l arg e Bi o t  num b ers . Thi s  
apart , the ac c uracy o b t ainable wi th fin i t e  di fferen c e s  in 
thr e e  d im en s i o n s  appe ar s  t o  be approximat ely the s am e  a s  
found for o ther  shape s .  

A s ch em e using the enthalpy transform at i on m e th o d  c an 
be  wri tt en for thi s  thre e-dimen s i onal pro bl em ( Sham s un d ar 
and Sparrow 1 9 7 5 ) .  I t  would hav e  l arger truncati o n  e rrors 
than the thre e l evel schem e  but the j um ping probl em woul d 
b e  c om pl e t el y  avo i d ed . The ac curacy would b e , at b e s t , 
the s am e  as for the equival ent one-dim en s i onal s ch em e , but 
prob ably wor s e  b e c ause  rounding and trun c ation error s are 
greater for thre e-dim en si onal schem e s . Therefore such a 
s cheme  would b e  exp e c t ed to  hav e  9 5% c onfidence l im i t s  o f  
a t  l e ast + 1 3% o n  e ith er s i d e  o f  the m e an pre d i c t i on e rror . 
The r e sult s  obtained using �he thr e e-l evel s chem e i nd i cate 
that the 9 5% c onfi d en c e  l im i t s  o f  the pred i c ti on err o r  for 
thi s m e thod w ould pro b ably be no gre ater than the s e  limit s .  
Therefore the error i ntroduc ed by j umping o f  the l at ent  
h e at peak is  probaqly l e s s  than th e extra trun c at i on errors 
invo lved in the schem e s  using the en thalpy tran sform ation . 

Be cause  three-dim en s i onal fin ite  .d i fferen c e  program s 
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are expen sive t o  wri te  and use , there appe ared t o  be  l i t t l e  
value  i n  wri t ing a program using th e en thalpy trans form ­
ati on when i t  would not  b e  expe c t e d  to  b e  any m ore ac curat e 
than the three-level s ch em e .  

6 • 4 SlJT<If·1ARY 

The Lee s finite  d i fference s ch em e , sub j e ct to  the limi t­
ati o n s  impos ed by prac t i c al con s traint s ,  gives accurate 
pre d i c ti on of fre � z ing tim e s  to  wi thin approximat e ly �9% 
o f  experim en tally d eterm ined fre e z ing t im e s  for slab s , 
cy l ind ers , s pheres and r ectangul ar bri ck s . On average the 
c al culated fre e z ing time  for sph eres  and cylind ers was 4% 

l o w  b e cau s e  of prac ti c al difficulti e s  d i s cussed in s e c t i on 
6 . 2 . 3 .  As the spac e and time gri d s  are reduced  all the 
d i fferenc e  s chemes  will give greater accuracy , and in the 
l i m i t  c onverge to the exac t an swer . Errors ari s e  when 
c o n s traint s on computati on resourc e s  availabl e m ean that 
r el at ively c o arse tim e and spac e gri d s  must be used . 

The m ain probl em in thi s r e spect  i s  j umping o f  the 
l at ent heat peak .  At high Bi o t  numbers the rate of change  
o f  t emperature with respect  to  tim e is  l arge at  or  near the  
s urface o f  the fre e z ing mat eri al . The p e ak in C ( T ) o c curs 
over a very narrow range in temperature , and i t  i s  p o s s i bl e  
that the t emperature at a nod e c an " j um p "  part o r  all o f  
thi s regi on i n  one time  s t ep . For simple shape s the pro b­
l em can b e  largely overcome by the use of a small er t im e  
s t e p , and by use o f  m anipulated  data with a flat t er peak 
( Comini e t  al 1 9 74 b )  at the expen s e  o f  1 to  3% add i t i onal 
e rror . For thre e-dim en si onal heat tran s fer i t  i s  not  
pract i c al t o  reduce  th e time  step  suff i c iently , and the 
problem c anno t  be r e s o lved as easily . 

An alt ernative m e thod based on the enthalpy tran s fo rm ­
ati on o f  Eyres  et  al ( 1 94 6 ) avo ids  j umping o f  t h e  l at en t  
h e at peak , but introd uc e s  add i ti onal truncation errors 
into the c al culation . The s e  extra errors were found to 
b e  larger than errors . introduced by j um ping in the thr e e  
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l e vel s chem e for  one-dimensi onal h eat tran s fer i n  s l ab s , 
and would b e  exp e c t e d  t o  be sim i l arly l arger in pract i c al 

s i tuat i ons  involving three-dim en s i onal or radial h e at 
tran s fer . Therefore the three-l evel s ch em e  i s  th e m or e  
accurat e .  

For the d e s i gn engineer the unreli abi l i ty c au s e d  by 
j um ping is und esirabl e b ecause he d o e s  not want to have 
t o  investigat e th e effect  of time  and s p ac e  gri d s  and 
wh ether jumping has o c curred , e speci ally i f  he i s  n o t  
c omplet ely fam i l i ar wi th the fin i te d i fferen c e  program . 
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7 PREDI CTION OF FREEZ ING TIJv:E BY SIMPLE FORf1ULAE 

7 . 1  THERMAL DATA 

Before fre e z ing t im e s  predi c ted  by the s imple form ul ae , 
d i s cu s s ed in Chapter 2 ,  are c ompar e d  the thermal dat a  
u s e d  i ti  the s e  c al culati on s  must b e  spe c i fi ed .  As  has b e en 
previ ously d i s cussed  fo od s ,  when fre e z ing , rel ease l at en t  
h eat o ver a range o f  t emperature , and t h e  thermal pro p­
e rt i e s  refl ect  th� s gradual change from water to  i c e . 

Most  of the simpl e soluti on s  consid ered assum e  that 
al l the latent heat i s  rel eas ed at a uni que fre e zing t emp­
erature , and that the  fro z en phas e has  a c onstan t  therm al 
c onduc tivity . For the s e  solutions  the therm al c onductivi ty 
of the c ompl e t e ly fro z en phas e  was u s ed , and the latent 
heat was obtain ed by subtracting the s e nsible h eat compon­
ent from the t otal enthalpy change betwe en the ini t i al 
fre e zing temperature  and the final c en tre temperature . 
The t emperature at whi ch fre e z ing starts  was tak en as the 
fre e z ing t em perature be caus e thi s i s  the t emperature at 
whi ch the well -known " freezin g  plateau "  i s  found in fre e z­
i n g  experimen t s . The s e  cho i c e s  fit the c onc ept o f  the 
analyti cal solution s , are not ambi guous ,  and al s o  use the 
b e s t  known thermal data for food s .  

W orkers who have suggested  empiri c al m odi fi c ati ons  
o r  formul ae o ften d e fine  th e therm al pro pert i e s  d i ff eren t l y . 
C ommonly , the full enthalpy change b etween the ini t i al fre e z ­
ing  t emperature and t h e  final c entre t em perature ( in thi s 
c a s e  - 1 0°C )  i s  used i n s tead o f  the latent heat . Some  
workers ( Mellor  1 9 7 6 ) att empt t o  d e fine  an average therm al 
c onductivi ty .  The e ffect  of the s e  d e finitions  wi l l  b e  
d i scu s sed for each c a s e  in later s e c t i on s . Tabl e 7 . 1  
g i v e s  a sum mary o f  the data us e d .  

7 . 2  SLABS 

A l arge number o f  simpl e formulae for c al culat i on o f  
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Table  7 . 1  

Therm al d at a  for fre e z ing f o od materials  

k ( W/m °C )  s 

kl ( W/m °C )  

c ( J /m3 oc ) s 

cl ( J/m3 oc ) 

1 ( J/m3 ) 

ilH ( J /m3 ) 

k ( W/m °C )  ave 

Tf ( oC )  

Karl sruhe Tll i n c e d  l e an Mash e d  
t e st sub s t ance  be ef potato  

1 • 65  1 • 5 5  1 . 90  

0 . 5 5  0 . 5 1  0 . 53 

1 . 9 0  X 1 0 6 1 . 90  X 1 06 1 . 9 5  X 

3 . 7 1  X 1 06 3 . 6 5 X 1 06 3 . 66 X 

1 06 

1 06 

209 X 1 06 209 X 1 06 2 3 5  X 1 06 

2 2 6  X 1 06 2 2 6  X 1 06 250  X 1 06 

1 . 20 

-0 . 6  - 1  . o  -0 . 6  

�H i s  the enthalpy differen c e  between th e ini t i al fre e z ing 
t emperature ( Tf ) and the final c entre temperature ( - 1 0° C ) . 
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s l ab free zing tim e s  wer e d i s cu s s e d  in Chapt er 2 .  Fre e z ing 
tim e s  were  c al culated u sing the s e  method s ,  and the percent­
age d i fferen c e s  betwe en the cal cul ated  re sults  and th e ex­
p erim entally d etermined fre e zing t im e s  foun d . From the s e  
valu e s  a fre qu ency di agram for e ach m e thod was c on struct ed . 

7 . 2 . 1  Solut i on s  for the First Kind o f  Bound ary Condi t i on 

Soluti o n s  that t ak e  a c c ount  o f  the first kind o f  
b ound ary condi ti on are c on si d ered i n  Fi gure 7 . 1 .  S t e fan ' s  
s o luti on ( Car slaw and

. 
J aeger 1 9 5 9 , p 286 ) i s  an exact one , 

but there are several approxim at e s oluti on s t o  the s am e  
probl em ( Ham ill and B anko ff 1 9 6 3 ; Goodm an 1 9 64 ; Huang and 
Shih 1 97 5 a ) . The fre quency diagram s for the se are n o t  
s i gni fi c antly differen t from  that f o r  S t e fan ' s  soluti on 
and are there fore no t shown . I t  i s  c l e ar from Figure 7 . 1  
that soluti ons  for the fir s t  kind o f  boundary c ond i tion d o  
n ot give u s e ful an swers , even when the surface heat tran s ­
f e r  c o e ffi c i ent i s  a s  high as 400 W/m 2 0 c . Tabl e 7 . 2  whi ch 
give s resul t s  for the highe st surface h eat tran s fer c o e ffi c ­
i ents  obtainabl e i n  the experimental plat e fre e z er c onfirm s 
thi s .  Nei ther Stefan ' s  s o luti on nor Neum ann ' s  s o luti on 
( Carslaw and Jaeger 1 9 59 , p 28 5 ) give s  ac curate pre d i cti on 
o f  the fre e zing time when the Bi ot num ber i s  l e s s  than 20 . 
Use  o f  the average thermal c o nductivity for the fro z en 
phas e  ( kave ) improve d  the agre em ent wi th the experi m ental 
r e sults , but it was still  p o or . For Bi o t  numbers l e s s  than 
2 0  the fir s t  kind o f  boundary c ondi t i o n  d o e s  not  approximat e 
s uffi ci ently well to  the pract i c al sit uation for the s e  
s o luti ons  t o  ac curat ely predi c t  the fre e z ing tim e . 

7 . 2 . 2  Solut i ons for the Third K ind o f  .Boundary Condi t i o n  

Approximate analyti c al s oluti ons  that t ake ac c ount o f  
t h e  third kind o f  boundary c on d i t i on are con s id er ed i n  
F igure 7 . 2 .  Plank .( 1 .9.4-1 ) -� L ondon and S eban ( 1 94 3 ) , Kre i th 
and Rom i e  ( 1 95 5 ) , G o o dman ( 1 9 58 ) , Pedr o s o  and Domo t o  ( 1 9 7 3b ) , 
and Huang and Shih ( 1 9 7 5 b )  all s olved · the s am e  problem 
where there i s  no initial superheat . The as sumpti on s  m ad e  



Table 7 . 2  

C ompar i s on o f  expe rim �ntal fre e z ing tim e s with t im e s  
c alculated by Neum ann ' s  me thod 
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tn eum = fre e z ing time from Neumann ' s  m e tho d , E = percen t age 
d i fference , 

Run 

F 23 
F 2 5  
F 26 
F 2 7  
F30 
F 3 1 
F3 2 
F33 

]) 
( m ) 

0 . 04 8 5  
0 . 1 000 
0 . 0 2 5 0  
0 . 0 720  
0 . 0 7 20 
0 . 0 2 5 0  
0 . 1 000 
0 . 04 8 5  

4 1 0  1 1  • 0 - 2 1 . 0  
3 20 28 . 0  - 2 1 . 0  
400 2 1 . 6  - 2 2 . 0  
4 1 0  3 . 0 - 2 2 . 0  
3 30 1 0 . 5  -24 . 5  
430  3 . 0 - 1 9 . 0 
3 1 0 3 . 0 - 2 3 . 0  
360 3 . 0 -2 3 . 5  

t + e rr tneum exp -
( hrs ) ( hrs ) ( hrs ) 

1 . 00 + 0 . 05 0 . 73 -
4 . 28 + 0 . 1 8  4 . 6 5  
0 . 3 2 + 0 . 03 0 . 23 -
1 . 9 2  + 0 . 09 1 .  28 
1 . 8 2  + 0 . 09 1 . 3 5  
0 . 34 + 0 . 03 0 . 1 8  -
3 . 4 6  + 0 . 1 5  2 . 36 -
0 . 88 + 0 . 05 0 . 54 -

E 
( % )  

- 2 7  
+ 9 
-39 
- 3 3  
- 2 6  
- 4 7  
- 3 2  
-39  
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Figure 7 . 1  F requency diagra m of the percentage d ifferences between exper ime ntal 
freez ing ti mes for s l abs, and ti mes ca lcu lated by so luti ons with the f i rst 
k ind of bou ndary condit ion .  1 - Stefan .  2 - Neu mann.  
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F igu re 7 . 2  Frequency d iagram of  the percentage d ifferences between experi mental  freez ing 
t i mes for s labs, and t i mes calcu lated by sol uti ons with the th i rd k i nd of 
bou ndary condit ion.  1 - Plank,  London and Seban, Kreith and R o mie,  
Good man,  Pedroso and Domoto, Huang and Shih.  2 - H ryca k .  
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Figure 7 . 3  Schematic d iagram showi ng the heat to be removed i n  freez i ng of sl abs. 
a - f i n ite slab. b - semi- inf in i te slab. The shaded area represents the 
heat to be removed in each case. 
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F igu re 7.4 Frequency diagram of the percentage d ifferences between experimental  
freez i n g  t i mes for s labs, and t i mes ca lcu lated by empi rical modif icat ions 
and formulae. 1 - Cowel l .  2 - Mott. 3 - Rutov. 4 - M e l ior. 
5 - Nagaoka et al .  6 - mod if ied P lank's equation. 7 - equations 
7.4 and 7 .5. 
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in the d eriva t i on of the s e  formulae differ ( see  s e c t i on 2 . 2 ) , 
but the e s timat e s  of fre e zing tim e are very clo s e  t o  each 
o ther . For this  reason only a s i ngl e curve i s  sho wn on 
Figure 7 . 2  for all the s e  meth od s - on ave rage the pre d i c t i on 
o f  fre e zing t im e  was 27% l ow when compared  t o  the experim ent­
ally d e t ermined  value . Thi s c an be attributed t o  two 
fac t ors 

1 .  Neg l e ct of initial superheat . Th e to tal h e at t o  
b e  rem oved c an be increased by as much as 5 0% by 
the presen c e  o f  ini t i al superh e at . A s o luti on 
negle cting thi s wil l  l e ad t o  a l ow pred i cti on o f  
fre e z ing tim e . 

2 .  Changing therm al c onduc t ivi ty . Phase chang e o c c ur s  
over a range o f  temperature , and the therm al c ond­
duc tivity in the  parti ally fro z en regi on i s  l o wer 
than that o f  the  compl e t ely fro zen  pha s e  whi ch i s  
th e value u s ed in the c alculati on . 

Hryc ak ( 1 963 ) has d evel oped  a formul a  for e stimation 
of  fre ezing t im e s  o f  s em i - infini te  slab s . When appli e d  t o  
fini te s lab s thi s formula over-e stimat e s  the fre e z ing tim e , 
the ext ent o f  over- e s t imati on i ncreasing with the am oun t 
o f  superh e at . Thi s  i s  shown i n  Figure 7 . 3 .  The 9 5% 
c onfiden c e  limits  o f  thi s m e thod  are - 1 0% to +30% , whi ch  
m akes  i t  the  most  ac c urat e m e thod  in  thi s  group . 

7 . 2 . 3 Empi ri c al Mo di fi cat i ons  and Formul ae 

A var i e ty of empirical formulae and mod i fi c at i o n s  t o  
exi stin g  formulae have been pro posed . The frequency 
d i agram s for the m o s t  importan t  o f  the s e  are given in Fi gure 
7 . 4 .  

The formulae o f  Cowell ( 1 9 67 ) and Rutov ( 1 93 6 ) 
consist ent ly under- e s t imate th e free zing tim e . Tho s e  o f  
Mott  ( 1 9 6 4 ) and Nagaoka e t  al ( 1 9 5 5 )  c o n siderably over­
e s timat e th e fre e z in g  t im e  and are unrel iabl e as  witn e s s e d  
b y  the wi d e  range o f  r e sul t s . Plank ' s  e quat i on using th e 
full enth alpy change in the free zing pro c e s s  (�H+C1 ( Ti-Tf ) ) 
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i ns t e ad o f  the l at ent heat ( hereafter r e f erred to as 
" m o d i fied Pl ank ' s  e quation" ) , on average give s a pre d i c ti on 
o f  the sam e  m agn itud e as the experim ent al value , but the 
9 5% c onfiden c e  l im i t s  are -20% t o  + 2 2% ,  t o o  great for thi s 
m od i fi cation t o  be  used  wi th confi d en c e . J'vlell or ' .s formula 
( 1 97 6 )  gave the best  r esults but the d erivation has 
l i m i t ation s . The 9 5% c onfidenc e  l im i t s  are + 5% to + 20% . 
Al though the formula appears t o  b e  accurate  it  i s  shown in 
Append ix 5 that i t  d o e s  n o t  have a soun d  phy s i c al basi s .  
Al s o , it  rel i e s  on the estim ati o n  o f  a "me an therm al cond­
u c tivi ty " value whi ch m ay be  di ffi cult to  e stimate for some  
fo od s tuffs where data  in the regi on of  phase change is  n o t  
known . The s e  fac tors d etract from the u s e fulne s s  o f  thi s  
m e thod . 

Of the empiri c al formulae n o t  sho wn that o f  Khatchat­
urov \ 1 9 5 8 )  gave very inaccurate r e sul t s , and tho s e  o f  
C o chran ( 1 9 5 5 ) , Baxter \ 1 9 6 2 )  and Tao ( 1 9 68 ) gave resul t s  
very similar t o  tho s e  from the m e thod s that l ed to  Curve 1 
o n  Figure 7 . 2 .  Thi s  i s  because  they are s olutions  t o  the 
s am e  problem . The s olution o f  K ern ( 1 97 7 )  c an only be  
appli ed to  food  fre e zing where there i s  no  ini tial super­
h eat , and will  be as inac curate as the m e thods j us t  d i s­
c u s s e d  that al s o  i gnore ini t i al superh eat . Charm ' s  sugg e s t ­
e d  m odific at i on t o  Neum ann ' s  s o l ut i on s o  that i t  c an b e  
applied to  probl em s  with the third kind o f  boundary cond­
i ti on ( Charm 1 9 7 1 ) gave a range of errors of - 1 8% t o  
+ 630% with a mean o f  1 60% whi ch  shows that thi s  m o d i fi c ­
a t i o n  c ould be  very m i slead ing . 

7 . 2 . 4  Pre sent Developm ents 

The survey of pre s ent methods  has shown that that o f  
M e l l or ( 1 97 6 ) i s  the m o st ac curat e . B e c ause o f  the prob­
l em s  with thi s  m ethod previ ously d i s cus s ed ,  i t  m ay not  
alway s  b e  reliabl e . Hence  i t  was c o n s i d ered worthwh i l e  t o  
s eek a b e t t er m e thod . Pre ferably thi s m ethod would pre­
s erve the g eneral form of Plank ' s  e quati on , the simp l e s t  
and be s t  kno wn solut i on ,  and one  wi th m any pract i c al 
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advan t ag e s  in t erms o f  phys i c al appre ciat i on o f  the fac t­
ors involved . Plank ' s  e quat i on c an be wri t t en i n  dim en­
s ionl e s s  form as : 

Fo = 
p 

Bi S t e  .+ R 
Ste  

where P = 0 . 50 and R = 0 . 1 2 5 for a slab . 

( 7 .  1 ) 

I n troducing the new d i m en s i onl e s s  nlli�ber , the Plank number , 
t o  t ak e  a c c ount of ini t i al superheat 

Pk = ( 7 .  2 ) 

the fun c t i onal depend en c e  o f  the free zing time on the 
extern al conditions  and the thermal properti e s  of the 
free zing m at erial i s  given by 

Fo = f ( Bi , S t e , Pk ) ( 7 . 3 ) 

T o  evaluate th e fun c t i onal dependen c e , an analy s i s by 
we i gh t e d  mul t i ple l in e ar regre s si on was perform ed on the 
experim ent al d ata obtained using K arlsruhe t e st sub s t ance  
as  the fre e z ing material . Be cause  the data s e t  was n on­
orthogonal the sign i fi c an c e  of the input vari abl e s  and 
their intera ct i ons was evaluated on a tri al and error 
bas i s  t o  find a model whi ch fi tted  the data s e t . Thi s  
analy s i s  l ed t o  the fo l l o wing e quations  for P and R 

P = 0 . 5 0 7 2  + 0 . 20 1 8Pk + Ste ( 0 . 3 224Pk + 0 ·�{05  + 0 . 068 1 ) 

( 7 .  4 ) 

R = 0 . 1 6 84 + Ste ( 0 . 2740Pk - 0 . 0 1 3 5 ) ( 7 . 5 ) 

Values  o f  P and R c al culat ed  from the s e  e quat i on s  are 
u s e d  in Pl ank ' s  equati on t o  find the fre e zing t im e  ( n o t e  
that 6H i s  d e fined as the d i fference i n  enthalpy between 
the i ni ti al free zing t emperature and the final c entre t emp­
erature , and not as the latent h e at alone ) . The fre quency 
d iagram for thi s  m e th o d  is shown as Curve 7 on Figure 7 . 4 . 
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The 9 5% rionfidence limi t s  are ±5 . 4% whi ch i s  c onsid erably 
b e tter  than +5% to + 20% for Mellor ' s formula .  In all but 
thr e e  c as e s  the  predicted  fre e z ing time agreed wi thin the 
error b oun d s  o f  the experim ental fre e z ing tim e  given in 
Tabl e 5 . 3 .  Ful� tabulat ed  resul t s  can be found e l s e where 
( Cl el and and Earle 1 9 76b ) . 

Appl i c ability to f o o d stuff s was d emonstrat ed  for 
minc ed l e an b e e f  and mashed potat o . The r e sults  for thi s 
work are shown in . Tabl e 7 . 3 .  They show that thi s modifi c ­
ati o n  t o  Pl ank ' s  equat i on i s  as accurat e for the real 
f oo d s  t e s t e d  as it is for Karl sruh e  test  substance . 

Provi d e d  ac curate d ata  are used  the new modifi c at i on 
i s  a substan t i al impro vem ent on the other method s  over the 
r ange o f  experim ental c ondition s  i t  covers , especially in 
c as e s  where there i s  ini t i al superh eat . Most  pract i c al 
f o o d  free zing problem s are in thi s  range whi ch i s  d e fin ed 
by : 

0 . 1 5 5 < St e < 0 . 34 5  
0 . 2  < Bi < 2 0  
0 < Pk < 0 . 5 5 

7 . 3 CYLINDERS AND SPHERES 

( 7 . 6 )  

7 . 3 . 1  S olut i on s  for the Firs t  Kind of Boundary Cond i ti on 

For s l ab s  it was found that s oluti o n s  for the fir s t  
k i n d  o f  boun d ary c ondi t i on d o  n o t  approximate t o  t h e  s o l­
uti on o f  pract ical fre e zing probl ems for Bi ot numbers up 
to 2 0 . The highest Bi ot number used in the experim en tal 
work with cylinders and sph er e s  was 4 . 4 .  There fore appli c ­
a t i o n  o f  s o lutions for the first kind o f  boundary c ond­
i t i on t o  data for rad i al heat tran sfer wi ll l e ad t o  p o or 
c or re l at i on . The soluti on o f  Po e t s  ( 1 9 6 2 a )  gave fre e zing 
t im e s  at l e ast  50% l ow in all case s .  Therefore thi s 
s o luti on , and others for the firs t  kind o f  boundary cond­
i ti on and no - initial superheat ( Pekeri s and Sli chter 1 939 ; 
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Tabl e 7 . 3  

Predi cti on o f  fre e z i ng tim e s  o f  slabs o f  minced l e a� be e f  
and m ashed potat o by eguati on s  7 . 4 and 7 . 5  
Experim ental c onditions  are shown in Table 5 . 4 .  tpl = pre­
d i c ted fre e z ing tim e  ( hours ) .  E = perc entage di fference  
b e tween experi� ental re sult s  and the pred icti on . 

Run 

M 1  
M2 
M3 
M4 
M5 
M6 

P 1  
P 2  
P 3  
P4 
P 5  
P6 

t exp 
( hrs ) 

2 . 32 
3 . 84 
1 . 68  
3 . 30 
1 .  5 4  
2 . 34 

3 . 20 
3 . 7 2  
1 . 5 8  
4 . 48 
1 . 7 6  
3 . 0 2 

+ err 
( hr s ) 

+ 0 . 1 2  
+ 0 . 1 8  
+ 0 . 08 
+ 0 . 1 7  

+ 0 . 0 7 
+ 0 . 1 2  

+ 0 . 1 6  
+ 0 . 1 9  

+ 0 . 09 
+ 0 . 2 3 
+ 0 . 1 0  
+ 0 . 1 6  

t pl 
( hr s )  

2 . 24 
3 . 69 
1 .  68 
3 . 40 
1 .  58  
2 . 2 3 

3 . 1 6  
3 . 9 2 
1 • 54 
4 . 63 
1 • 7 1  
3 . 1 3  

E 
( % )  

-3 . 6  
-3 . 9  
+0 . 2  
+ 2 . 9  
+ 2 . 2  
-4 . 7  

-2 . 6  
+ 5 . 4  
-2 . 4  
+ 3 . 4  
-3 . 0  
+ 3 . 8  
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F igure 7 . 5  F requ ency d iagra m  of the percentage d i ffere nces between experi mental  
freez i ng t i mes for cy l i nders, and ti mes ca l cu lated by var ious methods. 
1 P lank .  2 - Nagaoka et al. 3 - modi f ied P lan k ' s  equati on.  
4 - Mel i or. 5 - equations 7 . 4  and 7 .5. 6 - equations 7.7 a nd 7 .8. 
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F i g u re 7 .6  F requency d iagram of the percentage d i fferences between experi mental  
freez ing t i mes for spheres, and ti mes ca lcu l ated by var ious meth ods: 
1 Plank.  2 - Nagaoka et a l .  3 - mod i fied Plank's equ atio n .  
4 - Mel i or. 5 - equations - 7 .4 a n d  7 . 5 .  6 - ·equations 7 .9 and 7 . 1  0. 
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L angford 1 9 6 6 ; Cho and Sund erland 1 9 70 ; Komori and Hirai 
1 9 70 ; The ofanous  and Lim 1 97 1 ; Pedroso and Domo t o  1 9 7 3 c ;  
Pedros o  and D om o to 1 9 7 3 d ; Ril ey e t  al 1 974 ) were n o t  c on ­
s i d ered any further .  

7 . 3 . 2  Solut i o n s  for the Third Kind o f  Boundary C on d i t i on 

None o f  the approxim ate analyti cal s o lutions  that 
exi s t  for the third kind of bound ary condition tak e  a c c o un t  
o f  initial su�erheat . They are a l l  s olution s  t o  t h e  s am e  
probl em whi ch i s  infrequently m e t  wi th i n  practi c e , and 
give very sim i l ar an swer s . There fore the only frequency 
d i agram pl o t t e d  i s  for Pl ank 1 s e quation which i s  sho vm as  

Curve 1 on Fi gure 7 . 5  for cylind ers and Curve 1 on  Figure 
7 . 6  for sphere s .  Th e s e  will repre s ent  approximat ely r e sul t s  
from the s o luti ons  o f  London and Se ban ( 1 943 ) , Kre i th and 
R om i e  ( 1 9 5 5 ) , Shih and Chou ( 1 97 1 ) ,  Shih and Tsay ( 1 9 7 1 ) ,  
and Selim and Seagrav e  ( 1 973b ) . 

Pl ank ' s  e quat i on on average pred i c t s  the fre e zing  t i m e  
3 1 %  l o w  compar e d  to  the experim ental d at a ,  and the o th e r  
s oluti ons w i l l  b e  n o  better . In i t i al superheat i s  c l e arly  
an  important  factor in radi al g e om e try as we ll as wi th sl ab s . 

7 . 3 . 3  Empiri c al Mo d i fi c at i on s  and Form ul ae 

7 . 3 . 3 . 1 Cyl ind ers The regre s s i on formulae o f  Baxter  ( 1 9 6 2 )  
and Tao ( 1 967 ) whi ch d o  n o t  tak e  acc oun t  o f  ini t i al s uper­
h e at give r e sult s  that are alm o s t  i d enti c al with tho s e  fro m  
Pl ank ' s  equat i on , and are hen c e  repre s ent ed by Curve 1 o n  
Figure 7 . 5 .  All oth er empirical formulae consid ered are 
based on Plank ' s  e quat i on . 

Curve 2 i s  the var i ation o f  Nagaoka et al ( 1 9 5 5 ) . 
The 9 5% conf i d en c e  l im i t s  are -20% to  +35% s o  th e m e th o d  
i s  o f  lim i t e d  value b e c au s e  o f  thi s  wid e  ranee o f  unc ert ai n ty . 

Curve 3 i s  the m od i fied Plank ' s  e quation - the 9 5% 
c onfidence l i m i t s  are - 20% to + 1 0% whi ch i s  b e t t er than f o r  
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the f ormula o f  Nagaoka e t  al . 

H ellor ' s  formula ( Curve 4 )  gav e  9 5% c onfiden c e  l im i t s  
o f  + 1 %  t o  +20% whi ch i s  a very sim i l ar range t o  that 
whi ch thi s formul a gave for  slab s . The m e thod has the 
sam e  theoreti cal limi t at i ons  when appl i ed to rad i al geo­
m e try a s  it  has for  slab s .  

Plank ' s  e quati on impl i e s  that a cylinder will fre e z e  
i n  h al f  the t i m e  required  for the e quival ent slab t o  fre e z e . 
The m odificat i on t o  P·l ank 1 s equati o n  ( equat i ons  7 .  4 and 
7 . 5 )  d erived for slabs was  used and the re sult halved .  Thi s 
l ed to  Curve 5 on  Fi gure 7 . 5 ,  the m e an error i s  -5 . 3% and 
the 9 5% confiden c e  limi t s  are - 1 3% t o  + 2% .  Thi s sugge s t s  
that a cylind er d o e s  not  t ake  exact ly hal f  the t im e  o f  the 
e quivalent s l ab to fre e z e . The m o s t  l ik e ly reason for thi s  
i s  that the average therm al conduc t i vi ty o f  the semi-fr o z en 
phas e i s  di fferent for the two shap e s . Be cause  of the 
rad i al nature of heat transfer the shape of the t emperature 
profile  in the cylinder w i ll be  di fferent from that in a 

s l ab .  Therefore the thermal conductivi ty gradi ent wi ll  
al s o  be  differen t . In the s e  circum s t anc e s  use  o f  the  s am e  
therm al conductivity value for bo th shap e s  would l e ad t o  a 
d i fference o f  a few perc ent such as was encoun t ered . Use  
of  hal f  the c al culated fre e z ing  tim e from e quat i on s  7 . 4  
and 7 . 5  i s  c l e arly inad equat e .  

7 . 3 . 3 . 2  Sphere s The empiri cally m o d i fi ed formulae avail­
abl e  for sph e r e s  are clo s ely relat ed to  tho s e  for cyl inder s . 
T ao ' s  formula ( 1 9 6 7 )  d o e s not  t ak e  acc oun t  o f  i n i t i al super­
h e at ·, and there fore l e ad s  to  the sam e  fre quency d i agram as 
Pl ank ' s  e quat i on ( Curve 1 on Figure 7 . 6 ) . 

The vari at i on o f  Nagaoka e t  al ( 1 9 5 5 )  ( Curve 2 )  i s  
unreliable ;  the  9 5% c on fidence  l im i t s  are - 23% t o  +4 0% ,  
very sim i l ar r e sult Q  t o  tho s e  o bt ain e d  for slab s  and cylind-
e r s . 

Curve 3 ,  modifi ed  Plank ' s  e quati o n  gave 9 5% c onfiden c e  
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limit s  o f  - 1 0% t o  + 2 1 % - very similar result s  t o  tho s e  
o btaine d  wi th thi s formula for other shap e s . 

Melior ' s  formula ( Curve 4 )  gave 9 5% c onfi d en c e  l im i ts 
o f  + 1 %  t o  + 2 3 % ,  s li ghtly l e s s  accur at e  resul t s  than tho s e  
for slabs and cylinders . 

Curve 5 i s  the re sult from the use o f  e quati on s  7 . 4 
and 7 . 5 .  Pl ank ' s  e quation impl i e s  that a spher e  fre e z e s  
i n  on e third o f  the t�me r e quired for the equival ent s l ab 
t o  free z e , s o  the  result s  from equati ons 7 . 4  and 7 . 5  were 
d ivi ded by thre e .  The m e an value o f  the error i s  -3 . 6% 
and the 9 5% c onfidence  l im i t s - 1 2% to  +5% .  The s e  r e sul t s  
are very sim i l ar to  tho s e  found for cy lind ers ; again the 
d evi at i on from the  slab re sul t s  is pro bably due to  a d i ffer­
ently shaped therm al conductivi ty grad i ent in the radi al 
c ase com p ared t o  the equivalent slab problem . Thi s would 
m ean that the m e an thermal c onduc tivi t i e s  for s l abs  and 
s pher e s  are d i fferent , and that the slab formul ae ( equat i ons  
7 . 4 and 7 . 5 )  c ann o t  be appli ed dire ctly to  spheres .  

7 . 3 . 4 Pre sent D e veloum ent s 

The r e sult s  o f  the s urvey o f  exi s ting m e th o d s  show e d  
that n o n e  are suff i c i ently ac curate for d esign purpo s e s .  
There for e  i t  s e em ed worthwh i l e  t o  seek a new empiri c al 
formula similar t o  that found for slabs . An analys i s o f  
the experimental d ata by w e i ghted mul tiple lin e ar r egre s s ­
i on was p erform e d  t o  find m odified formulae for  the shape 
factors in Pl ank ' s  equat i on . The re sults  are : 

Cylinders  : 

P = 0 . 3 75 1  + o . 0999Pk + S t e ( 0 . 4008Pk + 0 ·�21 0  - 0 . 5 86 5 )  

( 7 . 7 )  

R = 0 . 0 1 3 3 + S t e ( 0 . 04 1 5 Pk + 0 . 39 5 7 )  ( 7 . 8 )  
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Spheres  : 

P = 0 . 1 084 + 0 . 09 24Pk + St e ( 0 . 23 1 0Pk - 0 ·�11 4  +0 . 6 73 9 ) 

( 7 . 9 )  

R = 0 . 0784 + Ste ( 0 . 0 3 86Pk - 0 . 1 69 4 )  ( 7 . 1 0 )  

The se m odificat i on s  l e d  t o  Curve 6 on Figures  7 . 5  and 
7 .  6 i n  e ach case  • .  The 9 5% c onfidence l im i t s  are .±.5 . 2% 
for cyl inders and .::!::.3 . B% for sphere s .  :B e c ause the experi­
m en t al data was not  c ollected  over as wid e  a range o f  
c ondi t i ons  a s  the data for slab s  the l ack of f i t  of . such 
a s im pl e  m od e l  will b e  great er for slabs than in the radi al 
c as e s .  Thi s  i s  why the formulae have narrower 9 5% c onfid­
ence  l im i t s  than equat i ons  7 . 4 and 7 . 5  for slab s . 

The app l i cabili ty o f  the s e  formulae t o  the fre e zing o f  
r e al food s tuffs has n o t  be en che cked b e c ause there i s  
n o  reason t o  expect that the c orrelati on o f  Karl sruhe t e st 
sub s t ance  w i th real f o o d s will  d i ffer b e tween s l abs , cyl­
i n d er s  and s ph eres . The fact that the errors found for 
e ach cal culati on m e thod  are very sim i l ar for all thr e e  shape s 
indi c ates  that the phys i cal behavi our o f  the thre e geo­
m e tri e s  is  c l o s ely linked .  

The range of appli cabil i ty o f  e quati ons  7 . 7  t o  7 . 1 0 
i s  

0 . 1 5 5 < St e < 0 . 34 5  
0 . 5  < :Bi s; 4 . 5  
0 < Pk < 0 . 5 5 ( 7 . 1 1 )  

7 . 4  RECTANGULAR :BRI CK S  

7 . 4 . 1  Exi sting Formulae 

I t  has b e en shown that even when the  :Bi ot  number i s  as  
h i gh as  20 , s olut i on s  for  the first  kind  of  boundary 
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c onditi on do  n o t  approximat e suffici ently ac curately t o  the 
real si tuati on for them t o  have any practical value . The  
s o luti on o f  Ril ey and Duck ( 1 977 ) i gn ore s superheat for 
cases  where the boundary c ond ition i s  o f  the first kind , 
and hen c e  n e ed n o t  be  considered . Only one approximat e 
an aly t i c al solut i on exi s t s  for tne third kind o f  boundary 
c ond i t i on , that o f  Plank ( 1 94 1 ) .  Thi s  s oluti on d o e s  n o t  
t ake acc ount o f  initial sup erheat but has been c omm only 
used , wi th or wi thout m o d i ficati on . 

For a rectangular bri ck of d imensions  Dx x Dy x Dz 
( whi ch c an be wri tten as D x B1 D x B2D) ordinary Plank ' s  
equat i on i s  used  wi th value s  of the geometric fact or s  
P and R found from 

R = 

B1 B2 p = 
2 ( B1 B2 + B1 

�( ( m- 1 ) ( B 1 -1n ) ( B2-m ) ln ( m�1 ) 

( 7 . 1 2 ) + B2) 

( n- 1 ) ( B1 -n ) ( B2-n ) ln ( n�1 ) )  

+ � ( 2B 1 + 2B2 - 1 )  ( 7 . 1 3 ) 

where 

1 4 ( ( B1 -B2 ) ( B1 - 1 ) + ( B2 - 1 ) 2 ) � ( 7 . 1 4 )  Q 
= 

1 1 + ( ( B 1 -B2 ) ( B 1 - 1 ) + ( B - 1  ) 2 )" � )  ( 7 . 1 5 ) m = )( B1 + B2 + 2 

1 1 - ( ( B 1 -B2 ) ( B 1 - 1 ) + ( B  - 1 ) 2 ) � ) ( 7 . 1 6 )  n = 
3 ( B 1 + B2 + 2 

Alt ernatively they can be obtained from the charts  o f  Ede 
( 1 949 ) , although the s e  c annot be read t o  the ac curacy n e c ­
e s s ary . 

Be cau s e  Pl ank ' s e quati on d o e s  no t t ake acc oun t  o f  ini t ­
i al superhe at i t  has b e en found t o  give a low  predi ct i on 
o f  fre e zing t im e . The m o s t  ac curat e m od i fi c at i on t o  
Plank ' s  e quati on in the l i t erature was found t o  b e  that o f  
Mel l or ( 1 9 76 ) . Twelve d i fferent boxe s were used  in t h e  

experimen tal work , the s e  l eading t o  diff eren t  value s  o f  
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P and R i n  e ach c as e . The s e  shape fac t o r s  c an b e  r e l at e d  

t o  the num b e r  o f  " equival ent heat tran s fe r  d im en s i o n s " W .  
F o r  a slab W= 1 ;  for a cyl inder W=2 ;  for a sph e r e  W=3 ;  and 

f o r  bri ck shape s  1 < W< 3 . For e ach box W c an b e  c al c ulated 

from : 

= 

= 

o .  5 
--p 
0 . 1 2 5 

R 

( 7 . 1 7 )  

( 7 . 1 8 )  

N o w  w1 and w2 are n o t  n e c e s sari ly e qual , but th e y  are n ever 

v ery d i ff e r en t , and th e i r  averag e g i v e s  W ,  th e num b e r  o f  

e qu ival ent h e at tran s fer d i m en s i on s . F o r  each b o x  th e 

c al culat e d  fr e e z ing t im e s  frorrJ Jl'l e l l o r ' s formul a were  c om ­

par ed to the experim ent al value s ,  and the averag e  p er c ent­

age d i fferen c e  fo und . Thi s value was pl o t t e d  again s t  W 
in F i gur e 7 . 7 . All th e predi c t ed fre e z ing t im e s  are l o w , 

and the error incre as e s  as W i s  d e cr ea s e d . Y e t  M e l l o r ' s 

f o rmula alway s  gave a high l)re d i c t i on o f  the fre e z in g  tim e 

for o ther shap e s .  

Al s o  p l o t t e d  on F i gur e 7 . 7  are r e sul t s  from th e u s e  

o f  e quat i on s  7 . 4  and 7 . 5  after d ivi s i on b y  w1 and w2 r e­

s p e c t ively . The s am e  trend as found for f·1ell o r ' s f o rmula 

o c c urred . 

I t  i s  i m pl i c i t  i n  Pl ank ' s  e quat i on that a s ph e r e  and 

i t s e s c r i b e d  cube w i l l  fre e z e  in the sam e  tim e .  However 

u s e  of e quat i o n s  7 . 4  and 7 . 5  ( aft e r  m od i fi cati on by w 1 
and w2 r e sp e ct ively ) l ed t o  pred i c t i on s  o f  the fre e z i n g  

t im e  that w e r e  o n  ave rage 1 9% l ow f o r  cub e s  and 4% l o w  

f o r  s ph er e s . Therefo r e  a sphere t ak e s  a sho r t e r  t im e  t o  

fre e z e  ( by about 1 5% )  than i t s  e s c r i b e d  cube . Thi s i s  in 

g o o d  agr e em en t  wi th the experim en tal r e sults of Earl e and 

Earl ( 1 9 6 6 ) . Al s o , the exact s o lu t i ons for h eat c onduc ti on 

w i th out change o f _ phas e in th e s e  shap e s  g enerally show a 

d i f f e r en c e  i n  the tim e for the c en t r e  t o  r each a c er t ai n  

t em p erature o f  5-30% d e p end ing o n  th e final c entre t emp­

e rature and the ext e rnal h e at tran s fer c on d i ti o n s . Thi s 
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F i gure 7 .7  P lot of the average predi ct ion error (when compari ng calcu lated f reez i ng 
t i mes to experi mental resu l ts for recta ngu lar  bricks) versus n u mber  of 
equ ivalent heat transfer d i mensions. 
x from M e l i or's formu la 
• - from _ eq uations 7 .4  and 7.5 ( mod if ied by w 1 and W2) . 
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i s  c on s i s t ent wi th what was found in  the  6as e s  where fre ez ­
i n g  oc curred . 

Box 1 2  ( run s B6 7 t o  B7 2 )  had dimen sions o f  0 . 200m x 
0 . 200m x 0 . 050m , and W = 1 . 4 2 . A s lab o f  the s e  dimen s i on s  
s ub j ec t  t o  heat c onduction wi thout change o f  phase would 
h ave a c o o ling rat e at the c entre alm o st indi stingui shabl e 
f rom that o f  the s am e  slab with heat transfer in only the 
smal l e s t  dimensi o n ; that i s  a one-dim ensi onal s lab . When 
the  sl ab fre e zing . formula ( equat i on s  7 . 4 and 7 . 5 )  was appli ed 
a ft er m o d i fi cati on by w1 and w2 the average error was - 28% , 
whereas when i t  was appl i ed directly the average error 
was 2% and the range of errors  -3% t o  + 5% .  Thus , the anal­
o gy to heat conduc t i on wi thout change  of phas e  m ore ac curat e­
ly d e s crib e s  the effect of the other two dim en s ions on the  
fre e zing time than do Plank ' s  geom e tr i c  fact ors . 

Thi s eviden c e  shows  that the assumpti on s  m ade by Pl ank 
i n  arri ving at hi s geom etri c fac tors are not  c orrect , gen e r­
ally b e c om ing more  erroneous  as W ap�roache s  1 .  All m o d i f­
i cati o n s  t o  Plank ' s  equat i on that u s e  the geom e tri c fac t o r s  
( Nagaoka e t  al 1 9 5 5 ; M e l l o r  1 976 ; " m o d i fi ed Plank ' s e quat­
i on " )  wil l  there fore give errone ou s  r e sul t s . 

7 . 4 . 2  Pre s ent  Devel opm en t s  

I t  was shown in secti o n  7 . 3 . 3  that the fre e zing t im e s  
o f  slab s , cylinders  and s ph e r e s  are c l o s ely relat ed i n  the 
m anner suggested by Plank , al though the  experim ental data 
d o e s  not fit the p ropo s ed c orrelat i on exactly .  The g e o­
m etri c fact ors proposed for rectangul ar bri ck s d o  not  
agr e e  w i th the experim ent al data . I n  ord er t o  d erive a 
s uitabl e relati o n ship to  fi t the re sul t s  o f  the bri ck 
e xperim ents  a wei ghted linear r egre s s i on was p erform e d  t o  
find a general relationsh i p  l inking s l ab s , cylinders and 
s pher e s , ro1d al s o  a modifi c at i on t o  thi s relat i on ship t o  
f i t  bri ck shaped o b j ect s .  

The final form use s  value s o f  P and R from e i th e r  
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Ede ' s  char t s  or Plank ' s  formulae ( s e e  s e cti on 7 . 4 . 1 )  in  t h e  
following g en eral equat i o n s  

= P ( 1 . 026 + 0 . 5 808Pk + St e ( 0 . 2 29 6Pk + 0 ·�18 2  + 0 . 1 05 0 ) ) 

( 7 . 1 9 )  

R 1 = R ( 1 . 202  + St e ( 3 . 4 1 0Pk + 0 . 73 36 ) ) ( 7 . 20 )  

P 1 and R 1 are interm ediat e value s o f  the m odifi ed g e om etri c 
fact ors . The se are further m odifi e d  t o  find the final 
values  P2 and R2 whi ch are us ed in Pl ank ' s  equation . 

For slab s  

= ( 7 . 2 1 ) 

= ( 7 . 2 2 )  

F or cylinders and s phere s 

= P 1 + 0 . 1 2 78P ( 7 . 23 )  

= R 1 - 0 . 1 888R ( 7 . 24 )  

For r e c t angular bri ck s  : 

= P1 + P ( 0 . 1 1 3Q + St e ( 5 . 766P  1 . 2 4 2 ) )  ( 7 . 2 5 )  

= R1 + R ( 0 . 734 4 + St e ( 49 . 89R - 2 . 900 ) ) ( 7 . 26 )  

P2 and R 2 are then sub s t i tut ed in Plank ' s  equat i on ( wi th 
the enthalpy change b e tween  the initial free z ing t em p er­
ature and the final c entre t emperature used inst ead o f  t h e  

l at ent  heat ) : 

= lili ( D 
(T - T ) P2 'Fi f a 

+ 

The full c al cul at e d  re sults  from thi s group o f  

( 7 . 27 )  
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f o rmul ae are given i n  Table 8 . 1 . Tabl e 7 . 4 is a summary 
s howing th e accuracy o f  the s e  formulae . The 9 5% c onfi d en c e  
l im i t s  c l o s ely  c orrelate wi th th e experim ental error boun d s  
f o r  each shape . I t  was found t o  be im p o s sible t o  c om pl e t el y  
g en erali s e  t h e  formulae so the arrangem ent using a c om m on 
base  whi ch i s  further mod i fi ed was thought to be  the b e st . 
The formulae al s o  give good predi c t i on o f  the fre e zing t i m e  
f or the p otat o  and meat slab s . Thi s d ata i s  shown in Table 
8 . 1 .  Be cause  the experimen tal data for Karl sruhe t e s t  sub­
s t ance c ould be correlat ed o ve r  a wid e  range of shape s ,  
e qually g o od pre d i c tion o f  f o o d  fre ez in g  times for the s e  
s hapes would b e  expe cted , provi d ed ac curate data are u s e d . 

The formul ae are appl i c able  over a wide range o f  c ond-
i ti ons whi ch shoul d  cover m o st pract i cal food free zing 
problem s .  The l im i t s  are . . 

0 . 1 5 5 < St e < 0 . 34 5  ( 7 . 28 )  
0 < Pk < 0 . 5 5 ( 7 . 29 )  
0 . 2  < Bi � 20 for s labs ( 7 . 3 0 )  
0 . 5  < Bi � 4 . 5 for  cylinders �d sphere s 

( 7 . 3 1 ) 
0 . 5  < Bi � 2 2  for bricks ( 7 . 3 2 )  
1 < B1 � 4 for bri cks  ( 7 . 33 )  
1 < B2 < 4 for bri cks ( 7 . 3 4 ) 

Th e formulae m ay b e  appl i cabl e outside thi s r�g e  but 
at the expen s e  o f  r educ ed ac curacy . However m o s t · pract i c al 
food fre e zing s i tuations are cover e d . 

Thi s group o f  formulae are the m o st ac curat e s e t  o f  
simple formulae available t o  predi c t  fre ezing t im e s  for  
food s .  All o ther  formulae u sing Pl�k ' s  geom e tri c fac t or s  
for bri ck s  gave predi ctions  whi ch d eviated t o o  much from 
the experim en tal r e sult s .  
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T able  7 . 4  

Mean s  and 9 5% c onfiderice  l imi t s  for the appli cabi l i ty o f  
equati on s  7 . 1 9  t o  7 . 27 t o  the experimental data 

Appli c ability M e an 

( % )  

Slab s  o . o  

Cyl i nders -0 . 5  

Spher e s  0 . 3  

Bri ck s  -0 . 3  

Overall -0 . 2  

9 5% c onfiden ce Average experi-

-4 . 8 

-8 . 1  

-6 . 3  

- 1 0 . 4  

-8 . 4  

lim i t s  
( % )  

to +4 . 8  

to +7 . 1  

to +6 . 9  

to  +9 . 8  

t o  +8 . 0  

m ental e rror 
( % )  

+4 . 2  

±6 . 5  

:!:. 7  . o  

.±,8 . 0  

.±,6 . 6  
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8 COMPARI SON OF NUI\lERICAL AND SIJ'v1PLE HETHODS FOR PREDI C T I NG 
FREEZING TIMES 

I n  the previ ous two chapters m e thod s  for pre d i c t i ng 
th e fre e z ing tim e of fo o d s  have been examined to  find th e 
b e st m e thod requiring num eri cal solut i on , and the b e s t  
s impl e formula f o r  each o f  slabs , cyl inders , s pheres  and 
rectangul ar bri ck s . The b e s t  numeri cal soluti on for the 
d i fferent geom e tr i e s  was found to b e  based on the L e e s  
s chem e ( L e e s  1 9 6 6 ;· Bonacina and Comini  197 1 ) . The exam in­
ati on of s impl e formul ae found that n on e  o f  the m e th o d s  i n  
the l i t erature accurately predic ted th e experimentally 
d e term ined fre e z ing time s . Therefore a new modi fi c ati on 
t o  Pl ank ' s  equat i on ( equat i o n s  7 . 1 9 to 7 . 27 ) i s  propo s ed . 
I t  was found to  be  consid erably sup eri or to  all o ther simpl e 
formulae over the range o f  data covered . Thi s range should 
includ e m o s t  prac tic al food fre e zing problem s . The form­
ulae are not perhaps as s imple as m i ght have b e en hoped for , 
but the c ompli cati on i s  the minimum n e eded to s ecur e suffi c­
i ent accuracy . 

Fi gure 8 . 1 shows frequency di agram s for the four g e o ­
m etri e s  inve stigat ed . Compl ete re sul t s  canno t  be sho wn 
for brick shape s  because th e computati on tim e for the thr e e ­
dimen s i onal fin i t e  differ en ce  program i s  large , and prac t­
i c al l im i tati on s preven ted more than three cal culati ons . 
Tabl e 8 . 1 shows the experim en tal and cal culated  fre e z ing 
times  for  each m e thod . Table 8 . 2  gives  the m e an and s t and­
ard d e vi at i on o f  the perc en tage d i fferen c e s  b e tween calc­
ul at ed and experimental re sul t s  for each o f  the  shap e s  and 
m e tho d s . 

I n  a paper ( Cleland and Earl e 1 97 7a ) that c on s i d ered 
slab s  only , e quat i on s  7 . 4  and 7 . 5  were c ompared to  fini t e  
d i ff er en c e  fre ezing cal cul ati on s .  The final formulae 
( equat i on s  7 . 1 9 to 7 . 27 ) i nclude the slab c as e  for whi ch 
th e earli er formulae were derived , and give very s i m i l ar 

fre e zing time  predi c t i on s  to equati ons 7 . 4  and 7 . 5  f o r  slab s . 
There fore the c onclusi on s  in the paper are equally val i d  
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Becau s e  o f  the natur e  o f  multiple  linear r egre s s i on 
the predi c t i on errors from the. u s e  o f  the simple formulae 
hav e  mean s  very cl o s e  to O% for e ach shape . In rad i al 
g e om etry th e m ean pred i c t i on error from the fin i t e  d i ffer­
e n c e  r esul t s  i s  l ow by 4% . Thi s  l ow average was exp e cted ; 
the reason s for  it  are given in s e cti on 6 . 2 . 3 .  The m ean 
error in th e predi cted  fre e z ing tim e s  for bri ck s by fini t e  
d i fferen c e s  c annot b�  cal cul ated but the resul t s  o btained 
ind i c ate  that i t  would probably b e  cl o s e  to oro , in a m ann er 
c on s i sten t  w i th the slab resul t s . There is  very l i t t l e  
d i fferen c e  in  the average predi c t i on error betwe en fini t e  
d i fferen c e s  and equat i o n s  7 . 1 9 t o  7 . 27 ,  except f o r  the 
known error i n  the rad i al fin i t e  di fferen ce  cal cul at i on s . 

'.- .-hi l st o n  average both the s imple and numeri cal m eth o d s  
g i v e  ac curat e answers , reliabi l i ty i s  indi cated  by the 
s pread around the m e an value , that i s  th e standard d evi at­
i on of th e p ercentage di fferen c e s  be twe en cal cul ated and 
experim ental fr eezing tim e s .  For slabs , the simple  form­
ul ae are b e t t er ,  mainly b e c au s e  o f  th e probl em o f  " j umping " 
in  the fin i t e  differen c e  cal culati ons . This  i s  d i s cus s ed 
in  section  6 . 1 . 3 .  For radial g e ome try the fin i t e  d i fferen c e  
r e sul t s  are l e s s  spread than tho s e  for the sim ple  formul ae , 
but the d i fferen ce b e tween the s tandard d eviati ons  i s  small . 
The reason that the simple formulae are l e s s  ac curat e in 
thi s cas e i s  that they are base d  on the overall fi t of data 
for  all shap e s , and slightly m i s fi t  the data for cyl inders 
and spher e s .  Equat i on s  7 . 7  to  7 . 1 0 whi ch were d evel o ped 
for the s e  shapes  on  their own gave standard devi ati on s of  - -

2 . 6% for cyl ind ers and 1 . 9% for sphere s .  The s e  value s are 
s i gnifi c an t l y  l e s s  than tho s e  for the general formulae 
( 3 . 8% and 3 . 3% re spe c tively ) .  I t  woul d be exp e c ted  that i f  
full re sul t s  could b e  calculated for predi cti on o f  bri ck 
fre e zing t im e s  by finite  di fferen c e s  the se would fi t the 
p at t ern o f  the rest  of the r e sults ; wi th a m ean c l o s e  t o  
O% , and a s t and ard d eviat i on o f  ab out the s am e  s i z e  a s  that 
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found for the simple formulae ( 5 . 1 % ) . However there c ould 
well be  a t endency to  get low calcul at ed freezing tim e s  at 
h i gh Bi o t  numbers where " j um ping " has o c curred . 

Overall there i s  little  d i fferenc e  in ac curacy b e twe en 
the two m etho d s ; in fac t in m any instan c e s  i f  o n e  cal culat­
i on me tho d gives a low predi ct i on the o ther d o e s  also . 
However s p e c i al care is  n e ed e d  when apply ing fin i t e  d i ffer­
ences  t o  rad i al shapes  becau s e  the predict i on will  be 4% 
l ow on average . Table  8 . 3  c ompar e s  o ther aspe c t s  o f  the 
t wo ty p e s  o f  fre e zing· time c al cul ati on . 

Be c au s e  th e predic ted fre e zing times  are c ompared wi th 
the experim ental values in the analy si s ,  the experim ental 
e rror and the error in the predi c ti o n  m e thod are c on found ed 
t ogeth er in the d i fference b etwe en the predic ted and experi­
m en tal fre e z ing t im e s . It  i s  impo s s ible  to s eparate the s e  
two  eff e c t s  in o rder to as s e s s  the e rrors in th e cal cul ation 
m ethod s alone . Cons equently the average perc entage  error 
and the 9 5% c onfid ence lim i t s  repre s en t  the ad d i tive e ffe ct 
o f  the two  compon ents , and the limi t s  almo s t  c ertainly 
overe s timate the error in the cal cul ation n e thod  al on e , 
but they are the best  estim at e s  that c an be d e t ermin ed . 

Wh i l s t  the propo sed s imple  formulae have the advantage 
of simpl i c i ty they cannot h andle such a wide range o f  
condi ti o n s  a s  t h e  numerica� m e thod . Al s o , changing cond­
iti on s c annot be handled d i r e c tly , al though by the u s e of a 
suitabl e average the simpl e formulae can be u s ed to find 
an app roximat i on to the true fre e zing time . For prac t i c al 
foo� fre e zing problems  wi th constant , or approximate ly 
constan t , condi t i ons the advantage o f  simpl i c i ty mak e s  
equati o n s  7 . 1 9  to  7 . 27 the b etter  m e thod . Pro bl em s  with 
non- c on s t an t  c onditions wil l  b e  considered in the n ext  
chapt e r . 

Th e mul t i pl e  lin ear regr e s si on used t o  find e quat i on s  
7 . 1 9  t o  7 . 2 7 fi t s  the re sul t s  with a mean e rror o f  O% , but 
for d e s i gn purpo s es it migh t  b e  d e s irabl e to en sure 
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con servative e stimat e s , that i s  to all o w  a safe ty fact o r . 
On e us e ful m ethod for d oing thi s  i s  t o  ad j ust the cal cul at­
ed free zing  time upward s s o  that the l ower 95% c onfiden c e  
limit  i s  O% . For exampl e , the 9 5% confidence limi t s  for 
s l abs are �4 . 8% .  If the c al culated free zing tim e was in­
creas ed by 4 . 8% the 9 5% confi d en ce lim i t s  would b e c om e  
O %  t o  +9 . 6% which i s  a mor e  acc eptable  ra1 1ge than �4 . 8% 
i f  safety must be en sured for d e sign purpo ses . Thi s i s  
o nly a sugge s ted guidelin e ; provided the de sign engine er 
i s  aware of the l im i t ati on s  of the simpl e formul ae he i s  
free to cho o s e  h i s  own safety factor . 
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Tabl e 8 . 1 

Experim ental and c alculated fre e zing t ime data for all 
shape s 
tpl = fre e z in g  t im e  cal cul at ed from e quati on s 7 . 1 9  t o  7 . 27 .  
t fd = fre e zing t im e  cal culated from the three-l evel fini t e  
differenc e  s ch em e s .  E = p erc ent age di fferen c e  between 

experim en tal and c alculated fre e zing time s .  
* indi c at e s  a c al culated value out s i d e  the experim ental e rror 
bounds  

Run 

F 1  
F 2  
F3  
F4 
F 5  
F6 
F 7  
F8 
F9 

F 1 0 
F 1 1  
F 1 2 
F 1 3  
F 1 4  
F 1 5 
F 1 6  
F 1 7 
F 1 8  
F 1 9 
F20 
F 2 1  
F 2 2  

F 2 3  

t exp 
( hrs ) 

0 . 64 
2 . 6 2  
1 .  4 2  
4 . 74 
0 . 5 6 
2 . 2 2 
1 . 26 
4 . 0 2  
1 • 2 6  
4 . 80 
2 . 74 
8 . 9 6 
1 • 1 2 
4 . 5 0 
2 . 44 
7 . 9 6  
2 . 74 
2 . 6 6 
2 . 70 
2 . 74 
2 . 74 
0 . 74 
1 . 00 

+ err 
( hrs ) 

+ 0 . 04 
+ 0 . 1 0  
+ 0 . 0 7 
+ 0 . 1 8  

+ 0 . 04 
+ 0 . 1 0 
+ 0 . 07 
+ 0 . 1 7  

+ 0 . 0 7 
+ 0 . 22 
+ 0 . 1 4  
+ 0 . 38 
+ 0 . 0 7 
+ 0 . 20 
+ 0 . 1 3  
+ 0 . 34 
+ 0 . 1 2  
+ 0 . 1 2  
+ 0 . 1 2  
+ 0 . 1 2  
+ 0 . 1 2  
+ 0 . 04 

+ 0 . 0 5  

tpl 
( hrs ) 

0 . 66 
2 . 7 1 
1 • 38 
4 . 77 
0 . 5 7 
2 . 30 
1 . 20 
4 . 09 
1 . 27 
4 . 99 
2 . 73 
9 .  1 5  
1 • 1 1  
4 . 36 
2 . 36 
7 . 9 5  
2 . 7 2 
2 . 72 
2 . 7 2 
2 . 7 2  
2 . 7 2 
0 . 73 
1 . 00 

E 
( % ) 

+ 3 . 0  
+ 3 . 6  
- 2 . 8  
+0 . 5  
+ 1  • 3 
+ 3 . 6  
-4 . 8  
+ 1 . 8 
+ 1 • 1 
+4 . 0  
-0 . 5  
+ 2 . 1  
- 1 . 2  
- 3 . 1  
- 3 . 1 
-0 . 1  
-0 . 6  
+ 2 . 4  
+0 . 8  
-0 . 6  
-0 . 6  
-0 . 7  
-0 . 2  

t fd 
( hr s ) 

0 . 6 6 
2 . 4 2  
1 . 4 4  
4 . 70 
0 . 5 5 
2 . 0 1  
1 • 2 1  
3 . 90  
1 • 3 3  
4 . 9 5  
2 . 9 1  
9 . 5 3 
1 • 1 6 
4 . 2 7 
2 . 5 6 
8 . 28 
2 . 76 
2 . 76 
2 . 7 6 
2 . 76 
2 . 76 
0 . 7 5 
0 . 98 

E 
( % )  

+ 3 . 0  
-7 . 7* 
+ 1 . 3  
-0 . 8  
- 2 . 1  
-9 . 5 * 
-4 . 4  
- 3 . 0  
+ 6 . 2  
+ 3 .  1 
+ 6 . 2* 
+ 6 . 4* 
+ 3 . 8  
-4 . 2* 
+ 5 . 6  
+4 . o  
+ 0 . 6  
+ 3 . 8  
+ 2 . 2  
+ 0 . 6  
+ 0 . 6  
+ 1 . 4  
- 2 . 1  

• • •  continued 
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T able 8 . 1 continued 

Run t + e rr tpl E tfd E e x) 
( hr s  ( hr s ) ( hrs ) ' ( % ) ( hrs ) ( % ) 

F 24 3 . 0 2 + 0 . 1 4  3 . 06 + 1 . 2  3 . 1 0  +2 . 6  -
F25  4 . 28 + 0 . 1 8 4 . 36 + 1 . 8  4 .  1 5  - 3 . 0  
F26  0 . 3 2 + 0 . 03 0 . 33 + 3 . 1 0 . 33  + 2 . 0  -
F 2 7  1 • 9 2  + 0 . 09 1 . 84 -3 . 4  1 .  7 6  -8 . 3* -
F28 2 . 04 + 0 . 08 1 . 9 5  -4 . 2* 2 . 0 3 -0 . 6  
F29 1 . 5 4  + o .· o 7  1 .  5 5  +0 . 6  1 . 58  + 2  . 4  -
F30 1 . 8 2  + 0 . 09 1 . 8 5  + 1 . 5  1 . 6 9  - 7 . 1 *  -
F3 1 o .  34 + 0 . 0 3 0 . 3 2 -4 . 7  0 . 3 2 - 4 . 8 
F32  3 . 4 6  + 0 . 1 5  3 . 4 1  - 1 . 4  3 . 2 5 -6 . 0* 
F 3 3 0 . 88 + 0 . 0 5 0 . 8 7  -0 . 7  0 . 8 1  -8 . 0* -
F34 0 . 68 + 0 . 04 0 . 70 +2 . 3  0 . 74 +8  . 1  * -
F35 2 . 40 + 0 .  1 1  2 . 3 2 -3 . 3 2 . 4 0  -0 . 1  
F36 5 . 34 + 0 . 20 - 5 . 4 2  + 1  • 5 5 . 4 9  + 2 . 9  
F37  8 . 4 2  + 0 . 33 8 . 4 7  +0 . 6  8 . 4  7 + 0 . 6  
F38 2 . 68 + 0 . 1 3  2 . 64 - 1 . 4  2 . 79 + 4 . 0  -
F39 5 . 26 + 0 . 20 - 5 .  1 1  - 2 . 9  5 . 36 + 1 . 9  
F40 3 . 1 0  + 0 . 1 2  - 3 . 1 5  + 1 . 5  3 . 3 5 + 8 . 0* 
F4 1 8 . 50 + 0 . 3 5 - 8 . 38 - 1 . 5  8 . 64 + 1 . 6 
F4 2 2 . 32 + 0 . 1 0  - 2 . 4 0 + 3 . 2  2 . 4 2  + 5 . 5  
F43 5 . 8 2  + 0 . 2 3 5 . 78 -0 . 7  6 . 04 + 3 . 8  -

M1  2 . 3 2 + 0 . 1 2  2 . 4 0  + 3 . 5 2 . 3 2 -0 . 1  -
M2 3 . 84 + 0 . 1 8  3 . 68 -4 . 2  3 . 8 1  -0 . 7  -
M3 1 . 68 + 0 . 08 1 . 7 5  +4 . 2  1 . 8 2  + 8 . 3 * -
r•I4 3 . 30 + 0 . 1 7  3 . 4 2  + 3 . 6  3 . 59 + 8 . 8* 
fv1 5 1 • 54 + 0 . 0 7 1 . 60  +4 . 0  1 .  69 + 9 . 7* 
M6 2 . 34 + 0 . 1 2  2 . 29 - 2 . 1  2 . 4 1  +2 . 9  

P 1  3 . 1 2  + 0 . 1 6  3 . 1 9  + 2 . 3  2 . 9 7  -4 . 9  
P2 3 . 7 2 + 0 . 1 9  - 3 . 7 6 + 1 • 1 3 . 6 6 - 1 . 7 
P3 1 . 58 + 0 . 09 1 .  5 3  - 3 . 2  1 . 4 6  -7 . 7 * -
P4 4 . 4 8  + 0 . 23 4 . 5 3 + 1 • 1 4 . 70 +4 . 9 

• • •  cont inued 
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Table 8 . 1 continued 

Run t exp + err t pl E t fd E 

( hr s ) ( hrs ) ( hr s ) ( % ) ( hrs ) ( %) 

P5 1 . 7 6  + 0 . 1 0  1 .  70 -3 . 4  1 .  7 4  - 1 . 3  

P6 3 . 0 2  + 0 . 1 6  2 . 99 - 1  . o  3 .  1 1  + 2 . 9  

C 1  8 . 36 + 0 . 46 8 . 5 3 + 2 . 1 8 . 1 5  - 2 . 5  

C 2  6 . 1 4 + 0 � 40 6 . 29 + 2 . 5  6 . 1 5  + 0 . 2  

C3  2 . 1 6  .:!:: 0 . 1 7  2 . 1 6 +0 . 2  2 . 1 4  - 1 . o  

C4 8 . 30 + 0 . 4 7  8 . 4 6 + 2 . 0  8 . 2 2 - 1 . 0  

C5  5 . 8 2  .±. 0 . 38 5 . 94 +2 . 1  5 .  8 6  + 0 . 7  

C6  1 . 9 8  + 0 . 1 6  2 . 04 + 3 .  1 2 . 03 + 2 . 4 

C 7  7 . 50 .:!:. o .  39 7 . 20 -4 . 0  7 . 00 - 6 . 7* 

CS 5 . 30 + 0 . 33 5 . 29 -0 . 2  5 . 09 -4 . 0  -

C9 1 . 84 + 0 . 1 4  1 . 83 -0 . 3 1 .  79  - 3 . 0  -

C 1 0  6 . 1 0  + 0 . 24 - 5 . 6 6  - 7 . 2* 5 . 6 3 -7 . 6 * 

C 1 1 4 . 1 0 + 0 . 23 3 . 9 6  - 3 . 3  3 . 83 -6 . 6* 

C 1 2 1 .  28  + o . os 1 . 3 2  + 2 . 8  1 .  2 7  - 1 . 0  -

C 1 3 5 . 5 6  + O o 23 5 .  1 7 -7 . 0* 5 o 1 7  -7 . 0* 

C 1 4 3 . 6 4 + 0 . 1 9  3 . 6 2 -0 . 6  3 . 43 - 5 . 9 * 

C 1 5 1 • 1 8  + 0 . 08 1 .  2 4  + 4 . 8  1 • 1 9  +0 . 6  -

C 1 6 5 . 4 8  + 0 . 2 3 4 o 9 5  -9 . 7* 4 . 89 - 1 0 . 8* 

C 1 7 3 . 4 4 .:!:: 0 0 2 1  3 o 23 -6 . 2  3 . 23 -6 . 2  

C 1 8  1 0 08 .±. 0 . 0 7 1 • 1 3  + 4 . 2  1 . 03  -4 . 4  

C 1 9 8 . 90 .±. 0 . 4 6  8 o 90 -O o 1  8 o 59 -3 . 5  

C 20 9 . 36 + 0 . 4 6 8 . 9 5  -4 . 4  8 . 64 -7 . 9 * 

C 2 1  1 .  06  + 0 . 0 7 - 1 • 1 1  + 4 o 8 1 . 0 3  -3 . 3  

C 2 2  1 .  04 + 0 . 0 7 1 • 1 0  + 6 . 0  1 • 0 1  -3 . 2  
C 2 3  4 . 56 + O o 2 7 4 . 7 2 + 3 . 6  4 o 60 +0 . 8  -

C 24 4 .  74 + 0 . 2 7 4 . 69 - 1 . 0  4 . 54  ,-4 o 2  
C 2 5  5 o 86 + 0 . 3 7 5 . 88 +0 . 3  5 . 4 9 - 6 . 5  
C 2 6  4 . 1 4 .:!:: 0 . 3 1  4 . 1 4 -0 . 1  3 . 9 4  -4 . 8  

C 2 7  1 .  34 .:!:: 0 . 1 3  1 . 4 0  + 4 . 4  1 . 34  -0 . 6  
C 28 5 . 70 + 0 . 3 1  - 5 . 5 1 -3 . 2  5 . 4 1  - 5 . 1  

C 2 9  3 . 9 6 + 0 . 37 4 . 0 1 + 1 . 3  3 . 80 -4 . 2  -

C 3 0  2 . 1 0 + 0 . 1 9  1 0 9 6  -6 . 5  1 . 98  - 5 . 9  -

. . . c ontinued 
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T able 8 . 1 c ontinu e d  

Run t exp + e rr t pl E tfd E 

( hrs ) ( hr s )  ( hrs ) ( % ) ( hrs ) ( % ) 

S 1  5 . 1 8 + 0 . 33 5 . 2 7  + 1 . 8  4 . 87 - 6 . 0  
S 2  2 . 28 + 0 . 1 8  2 . 29 +0 . 3  2 . 1 8  -4 . 4 
S3 1 .  20 + 0 .  1 1  1 • 2 1  +0 . 6  1 . 1 7  - 2 . 5  -

S4 5 .  1 4  + 0 . 3 2 5 . 1 4  +0 . 1  4 . 8 2  -6 . 6  
. S 5  2 . 1 2  � 0 . 1 9 2 .  1 1  -0 . 3  2 . 03 -4 . 1  

S6  1 .  1 4  + o ;1 1  1 • 1 8  +3 . 2 1 . 1 4  + 0 . 3  
S7  4 . 50 + 0 . 28 4 . 4 9  -0 . 3  4 . 1 3  -8 . 2* -

ss 1 . 9 2  + 0 . 1 6  1 . 88 - 2 . 0  1 . 8 1  - 5 . 9  -

S9 0 . 9 6 + 0 . 1 0  1 . oo +4 . o  0 . 94  - 1 . 8  -
S 1 0  3 . 38 + 0 . 1 9  3 . 5 6 + 5 . 4  3 . 20 - 5 . 5  -

S 1 1 1 . 40 + 0 .  1 1  1 .  4 5 + 3 . 7  1 . 3 6  - 3 . 2 
S 1 2 0 . 80 + 0 . 08 0 . 76 - 5 . 0 0 . 7 5  - 6 . 9  -

S 1 3  3 . 02 + 0 . 1 7  3 . 2 3 + 7 . 0* 2 . 9 7 - 1  . 8  -

S 1 4  1 .  30 + 0 . 1 0  1 • 3 1  +0 . 7  1 .  2 5  - 3 . 7  -
S 1 5 0 . 7 4  + 0 . 0 7 0 . 70 -5 . 8  0 . 69 -7 . 2  
S 1 6 2 . 70 + 0 . 1 7  2 . 87 +6 . 4  2 . 68 -0 . 7  -
S 1 7 1 .  22  + 0 . 1 0  1 • 25  + 2 . 6  1 • 1 8  - 3 . 0  
S 1 8  0 . 68 + 0 . 0 5 0 . 6 5 -4 . 9  0 . 6 2 -8 . 7* -
S 1 9  5 . 1 6 + 0 . 3 3 5 . 26 + 1 . 9  4 . 8 6  - 5 . 8  -

S20 5 . 24 + 0 . 3 3  5 . 3 3  + 1  . 8  4 . 9 3  - 6 . 0  -

S 2 1  0 . 66 + 0 . 0 5  0 . 63 -5 . 2  0 . 6 1  - 7 . 7 
S 2 2  0 . 6 6 + 0 . 05 0 . 6 2 - 5 . 3  0 . 6 1  - 7 . 8  -

S 2 3  1 . 68 + 0 . 1 3  1 .  69 +0 . 5  1 . 6 1  -4 . 3  -
S 24  1 . 68 + 0 . 1 3  1 .  70 + 1 . 5  1 . 6 3  - 3 . 3  
S 2 5  3 . 48 + 0 . 24 3 . 54 + 1 • 7 3 . 36 - 3 . 6  
S 2 6  1 . 6 2  + 0 . 1 7  1 . 6 1  -0 . 9  1 .  5 6  - 3 . 5  -

S 2 7  0 . 84 + 0 . 1 0  0 . 86 + 2 . 7  0 . 84  -0 . 2  -

S28  3 . 30 + 0 . 24 3 .  29 -0 . 3  3 .  1 1  - 5 . 9  
S 29 1 . 9 4  + 0 . 1 9  1 .  96  + 1 • 1 1 . 88 - 3 . 5  -

S30  1 .  26  + 0 . 1 5  1 .  28 + 1 . 7  1 . 2 4  - 1 . 6  

B 1  . 1 .  3 4  + 0 . 1 0  1 . 40 + 4  . 1  
B 2  1 .  20 + 0 . 1 0  1 .  28 +6 . 7  

• • • c ontinue d 
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T able 8 . 1 c ontinued 

Run t exp + e rr tpl E tfd E 

( hr s )  ( hr s )  ( hrs ) ( % ) ( hrs ) ( % ) 

B3 0 . 9 2 .± 0 . 07 0 . 9 9 + 7 . 4  

B4 0 . 80 .± 0 . 0 7 0 . 8 6 + 7 . 0  

B5 1 .  28 + 0 . 1 0  1 .  3 2  + 3 . 0  
B6 2 . 02  + 0 . 1 6  2 . 0 5 + 1 . 5  
B 7  3 . 90 + 0 . 26 3 . 9 5  + 1 . 3  -

B8 3 . 40 + 0 . '24 3 . 4 5  + 1 . 5  -

B9 2 . 80 + 0 .  1 5  2 . 80 +0 . 1  -
B1 0 2 . 3 2 + 0 . 1 4  2 . 39 + 2 . 9  -

B 1 1 3 . 3 2  + o .  24 3 . 1 7  -1l . 4 
B 1 2 5 . 7 6  + 0 . 4 6 5 . 2 2 -9 . 4 * 

B 1 3 4 . 1 0  + 0 . 26 4 . 0 2 - 2 . 0  

B 1 4  3 . 4 6  + o .  24 3 . 4 9  +0 . 8  -

B1 5 3 . 04 + 0 . 1 7  2 . 90  -4 . 6  -

B 1 6 2 . 3 2  + 0 . 1 7  2 . 4 9 + 7 .  1 -

B 1 7 3 . 50 + 0 . 2 7 3 . 4 5 - 1 . 3  -

B 1 8  5 . 7 2  + 0 . 48 5 . 1 7  -9 . 6 * -

B 1 9 4 . 90 + 0 . 26 4 . 54 - 7 . 3* -

B20 4 . 24 + 0 .  24 4 . 08 -3 . 7  
B 2 1 3 . 40 + 0 . 1 6  3 . 3 1 - 2 . 5  -

B 2 2  2 . 90 + 0 . 1 6  2 . 9 0 -0 . 1  
B23  4 . 0 2  + 0 . 26 3 . 80 -5 . 4  -

B24 6 . 7 6 + 0 . 5 2 5 . 9 6  - 1 1 . 9 *  -

B25  2 . 44 + 0 . 1 8 2 . 5 2  + 3 . 1  -

B26  2 . 1 6 + 0 . 1 7  2 . 2 5 + 4 . 2  
B 2 7  1 . 70  + 0 . 1 2  1 • 8 1  +6 . 5  -

B28 1 . 48  + 0 .  1 1  1 . 5 8  + 7 . 0  
B29 2 . 06 + 0 . 1 6  2 . 1 8  + 5 . 8 -

B30 3 . 44 + o .  24 3 . 4 3 -0 . 3  -

B 3 1  3 . 06 + 0 .  2 1  3 . 1 4  + 2 . 6  

B32  2 . 78 + 0 . 20 2 . 9 1  +4 . 7  
B3 3 2 . 20 + 0 . 1 4 2 . 34 +6 . 5  -

B34 1 . 94  + 0 . 1 3  2 . 05 + 5 . 9  

• • • c o n t inued 
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Run 

B3 5 
B36 
B37 
B 38 
B39 
B4 0 
B4 1 
B4 2 
B4 3 
B44 
B4 5 
B46 

.B4 7  
B48 
B49 
B50 
B5 1 
.B5 2 
.B53  
.B54 
B5 5 
.B5 6 
B5 7 
B58 
.B59 
.B60 
.B6 1 
.B6 2 
B63 
.B64 
B6 5 
.B66 

c ont inued  

texp 
( hr s )  

2 . 86 
4 . 30 

4 . 0 2  
3 . 7 2  
3 . 02 
2 . 5 2 
3 . 90 

5 . 70 
4 . 5 6 
4 . 08 
3 . 24 
2 . 82 
3 . 5 6 
5 . 76 
2 . 3 2 
2 . 04 
1 . 60  
1 .  36 
1 . 6 6  
2 . 7 2 
6 . 90 
6 . 04 
4 . 88 
4 . 1 6  
4 . 84 
7 . 48 
3 . 30 
2 . 68 
2 . 20 
1 . 86  
2 . 38 
3 . 68 

+ e rr 
( hr s )  

+ 0 .  2 1  
+ 0 .  3 1  -

+ 0 . 2 5 
+ 0 . 24 
.± 0 . 1 6  
+ 0 . ' 1 5  
+ o .  28 -

.:t 0 . 48 
+ o .  2 1  
+ 0 . 1 9 
+ 0 . 1 4  -

+ 0 . 1 3  
+ 0 . 20 -

+ 0 . 34 
+ 0 . 1 7  
+ 0 . 1 5  -

+ 0 . 1 1  -
+ 0 . 1 0  
+ 0 . 1 3  -
+ 0 . 2 2 -

+ 0 . 38 
+ 0 . 3 2 
+ 0 . 2 6 -

+ 0 . 2 7 -
+ 0 . 26 -

+ 0 . 48 -
+ 0 . 2 2 -

+ 0 . 20 -
+ 0 . 1 3 -

+ 0 . 1 2  
+ 0 . 1 9  
+ 0 . 34 -

1 5 6 

tpl E tfd E 

( hr s )  ( % ) ( hrs ) ( % ) 

2 . 78 - 2 . 8  
4 . 1 9 - 2 . 6  
3 . 8 1  - 5 . 3  
3 . 5 7 -4 . 2  
2 . 94 - 2 . 8  
2 . 59 + 2 . 8  
3 . 5 6 -8 . 8* 
5 . 20 -8 .. 7*  
4 . 50 - 1 . 4  4 . 0 2  - 1 1 . 8* 
4 . 0 7  -0 . 2  
3 . 3 2 + 2 . 4  
2 . 78 - 1 . 5  
3 . 3 9  - 4 . 8  
5 . 64 - 2 . 1  
2 . 30 -0 . 7 
2 . 0 5  +0 . 6  
1 . 59 -0 . 6  
1 • 3 5  -0 . 5  
1 . 6 3  - 1 . 7 
2 . 84 +4 . 3  
6 . 5 2 -5 . 5  6 . 30 -8 . 7* 
5 . 64  -6 . 6* 
4 .  5 1  -7 . 7 *  
3 . 90 - 6 . 2  
4 . 4 5 -8 . 0* 

7 . 1 5  -4 . 4  
3 . 39 + 2 . 6  
2 . 84  +6 . 0  
2 . 25 + 2 . 5  
1 . 98 +6 . 4  
2 . 5 1 +5 . 4 
3 . 99 +8 . 4  

• • •  c o n t inued 
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Table  8 . 1 c on t inued 

Run t + err exp tpl E t fd E 
( hrs ) ( hrs ) ( hrs ) ( % )  ( hr s ) ( % )  

B6 7 3 . 4 6 + 0 . 26 3 . 20 - 7 . 6  -

B6 8 2 . 86 + 0 . 23 2 . 8 2 - 1 . 3  -

B69  2 . 30 + 0 . 1 6  2 . 24 - 2 . 6  
B?O 1 . 88 + 0 . 1 3  1 . 98 + 5 . 5  -

B7 1 2 . 6 2 + 0 . 24 2 . 73 + 4 . 1  -

B 7 2  4 . 1 0  + 0 . 38 4 . 0 5  - 1  • 3 4 . 1 4  + 1 . 0  -
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Tab l e  8 . 2 

Mean s  and standard de
.
viati ons of the percentage d i ffere n c e s  

betwe en experim en tal fre e z i�ime s ,  anc1 time s cal culated 
from (a) th e three-l evel fini t e  di fference  schem e ,  ( b) 

equat i on s  7 . 1 9  t o  7 . 27 .  

Numerical method 

r-1e an 

( % )  

Slabs 1 • 1 

Cyl inders - 3 . 8  

Sphe r e s  -4 . 5  

Bri ck s  

Standard 
deviat i on 

( % )  

4 . 7 

3 .  1 

2 . 5  

Equation s  7 . 1 9  t o  7 . 27 

( % )  

o . o  

-0 . 5  

0 . 3  

-0 . 3  

Standard 
d eviati on 

( % )  

2 . 4  

3 . 8  

3 . 3  

5 .  1 
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Table 8 . 3  

C ompari s on o f  m e thods  for pred i c t i o n  of f o o d  fre e zing tim e s  

Equat i on s  7 . 1 9 to  7 . 27 

C al culati on s can be  done by 
hand 

Quick 

Minimal c o s t  t o  use  

Fin ite d i fferen c e s  

Cal culati ons re quire a c om­
puter  

Time r e quired to  pro gram c om­
put e r  and run pro gram . Package 
program s  rare ly available  

Cost  of  computat ion time  and 
program preparati on c an be 
c on s i d erabl e , e sp e c i ally for 
thre e -dimen sional heat 
trans fer 

M inim al knowl edge of thermal Ne ed d e tailed  inform at i on on 
propert i e s  required variat i on of therm al propert­

i e s  with temperature . Jumping 
of the latent heat peak i s  a 
pro bl em 

Does  n o t  give temperature/ 
t ime  field s 

Only fund am en tal kn owl edge 
of fre ez ing i s  n e e d e d  to use 

i t  

Easy t o  s e e  the e ffect of 
all pro ce s s  variabl e s  - can 
d i fferentiate the formula 
with re spect  to each one 

G i ve s temperature / t im e  fi eld s 

Unl e s s  a package program is  
avail abl e detai l e d  und erstand ­
ing o f  fin ite d i fferen c e s  and 
the fre ezing pro c e s s  are neede,d 
t o  build a program 

Effe c t  of pro c e s s  variable s  
can only b e  d e te rm ined impl i c ­
i t l y  by rerunn ing the program 

• • •  c ontinued 



Table 8 . 3  c ontinued 

Equati on s  7 . 1 9  to 7 . 27 

Range of appl icabi l i ty i s  
0 . 1 5 5.:::;; Ste< 0 . 34 5  
0 < Pk < 0 . 5 5 
0 . 2  < Bi < 20 for s labs 
0 . 5  < Bi � 5 for s phere s 

an d cylinders  
0 . 5  < Bi � 20 for bri cks 
1 < B 1 .!5: 4 for bri cks 
1 � B2 s 4 for bricks 

The se c ondition s  should 
c over m o s t  practi cal food 
fre e zing s i tuations  

1 60 

Fini t e  differen c e s  

Appl icable i n  all s i tuat i on s  
although the bas i c  program may 
need mod ifi cation in some 
case s , for exampl e ,  " jumping 1 1  

of the l at e nt he at peak i s  
increasingly d i ff i cult t o  
avo id a s  the Bi o t  number i s  
increased 
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9 PRED I CTI ON OF FOOD FREEZ I NG TINE S  FOR SITUAT I ONS  W I TH 
NON-CONSTAN T  CONDI TIONS 

9 . 1  I NTRODUCT I ON 

I n  practi c e  cond i t i on s  in fo o d  fre e z ers often vary 
c on s i d e rably during the free zing pro c e s s . Thi s  lim i t s  the 
use o f  the simple formulae , whereas the versatile  fin i t e  
di fferenc e and fini te e l em ent program s  c an tak e  ac c ount o f  
the s e  change s ,  m e�ely a t  the expen s e  o f  writing a m o r e  
c ompl ex c ompu t er program . However th e s i m p l e  formulae 
c an still  be ap�li ed wi th ac curacy in some  si tuati on s and , 
at wors t ,  by t aking the s l owest and fas t e st fre e zing c ond­
i ti ons  they c an be used t o  cal culat e lower and upper bound s 
o n  the fo od fre e zing time . 

9 . 2  VARYI NG Af•1BIEN T  TEHPERATURE 

I n  order  t o  c arry out an experim en tal inve stigati on 
into the e ff e c t  o f  varying ambi en t t emperature on the 
free zing time sui table equi pmen t , that will  all ow the 
ambi ent temperature to  be  c ontro l l ed to pre- s el e cted  pro ­
fil e s ,  i s  n e c e s sary . I t  was found t o  b e  impo ssibl e  t o  
achi eve thi s type o f  c ontrol over the ambient t emperatur e 
with the equipment avai labl e .  

I f  the ambi ent tempe rature change s  with time thi s i s  
e as i ly programmed into a finite  d i fferen c e  program . T o  
u s e  t h e  simpl e formulae an average temperature m u s t  b e  used . 
The two m o st c ommon way s in whi ch the ambi ent temperature 
m ay vary are cy cling around th e s e t  poin t , and an exponent­
i al fall ( o r  som ething ap�roximating t o  thi s ) t oward s the 
set p o int . 

T o  provid e  an insight  in to what would happen i n  prac t­
i c e , free zing t im e s  for on e-dimen s i onal h eat transfer in a 
slab w ere cal culat ed by fini te d i fferen c e s , using various 
ambi en t t emper ature pro fi l e s . Th e s e  fre e zing tim e s  were 
c ompared to  th e c al culated  fre e z in g  tim e for a cons tant , 
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average value o f  the am bi ent temperature . De tai le d  r e sult s  
c an b e  found i n  Appendi x  6 .  

Cy cling o f  the ambi ent temperatur e  around the m e an 
value o f  up t o  �2 . 5° C l ed to change s o f  l e s s  than 0 . 6% in  
the c al culat ed  fre ezing  time when c ompared to  the  r e sult  
using a con s tan t  ambi ent t emperatur e . For  an exponenti al 
fal l  in temperature o f  up to 1 5 °C th e use  of an average 
t emperature l e d  to r e sults  that agreed  wi thin 1 . 2% o f  e ach 
o ther . The var i at i on s  in ambient t emperature consid ered 
here  should c over m o s·t practi cal pro blem s .  It  i s  unl ik ely 
that th e amb i e n t  t emperature will  drop by more than 1 5 ° C 
in the fre e zing pro c e s s . 

Al though the s e  r e sul t s  have n o t  been verified  exper i ­
m en t al ly th e fin i t e  d i fference c al culat i ons generally pro ­
vi de  ac curat e s imul at i on o f  fre e z ing pro c ess e s , and should 
there fore give a good e s t imate o f  the error involved in 
using an averag e am bi en t tempe ratur e . Errors of a s i m i l ar 
m agni tude would be  exp e c t ed for o ther shape s .  

Therefore even for sub stantial change s in the amb i ent 
t em r) erature use of an average value introduc e s  l i t t l e  add ­
i t i onal error . The s impl e formulae can o ften b e  appl i ed 
w i th out any s i gni fi c ant l o s s  o f  accuracy in th e s e  s i tuati ons . 

9 . 3  NON-UNI FORfvl I NI T I AL TEMPERATURE 

Rarely i n  prac t i c e  i s  a food  m at eri al t o  be  fro z en at 
a uni form t em p erature throughout pri or to  the fre e z ing pro­
c e s s . A n on-un i fo rm i ni tial temperature d i s tri but i on i s  
easi ly  programm ed  into  a finite  d i fferen c e  program - each 
n o d e  i s  as s i gned  a d i ffer ent s tart ing t emperatur e . 

To  use  the  s im pl e  formul ae the initial t em p erature 
d i s tribution m u s t  b e  approximat ed by a mean value . I n  
ord e r  t o  d e t e rm i n e  the s i z e  o f  the errors  introduc ed by 
U s e  o f  thi s average an i nve sti gati on was carri ed  out u sing 
fin i t e  d i fferen c e  s imulation o f  the fre e z ing pro c e s s . For  
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vari ati ons wi thin the material o f  up t o  1 0°C on e i th er 
s i d e  of the mean ini t i al t emperature the differenc e  in 
free zing time was l e s s  than 0 . 5% .  Th e full resul t s  are 
g i ven in Appendix 7 .  Whilst  the inve s t igation was l im i t e d  
t o  slab s , . errors o f  similar magnitud e w ould b e  expe c t e d  
f o r  other shape s .  Finite d i ff er ence s provide a suffi c i ently 
a c curat e simulation o f  the fre e z ing pro c e s s  for the value 
o f  the error found to repr e s ent practi c al situat i on s .  

Therefore i t  . i s  po ssibl e t o  use  th e simpl e formul ae 
( equations 7 . 1 9  to 7 .� 7 ) without any appr e ciable l o s s  o f  
a c c uracy for non-uni fo rmi t i e s  i n  the initial t emperature 
d i s tribut i on of up to  1 0° C around the m e an value . For  
a greater n on-uni form i ty in th e ini ti al t emperature the 
error wi ll be higher . 

9 . 4 CHANGING SURFACE HEAT TRANSFER C OEFFI CIENT 

In s om e  freezing problems the r e si s t an c e  to the  re­
m oval o f  heat from the surfac e o f  the fre ezine materi al 
m ay al ter with time . For exampl e ,  th e ai r vel o c i ty in a 
blast  fre e z er may b e  changed , o r  the o b j ect  c ould b e  trans­
ferred t o  an air blast fre e z er from l iquid imm ersi on , or  
the  surfac e heat tran s fer c o e ffi cien t  m ay dep end on the  
s urfac e temperature of  the produc t .  Al l the s e  changes  are 
easily programmed in t o  a fini t e  di fferenc e program . 

The simpl e  formulae ( e�uat i on s  7 . 1 9 to  7 . 27 )  in the s e  
s i tuations provi d e  b ounds o n  the fre e zing tim e . I f  the 

. 
s lowest  and fastest  c o oling c ondi tion s are taken the s e  c an 

b e  used to  provide  the upper and lower bound s on the fre e z­
ing  t ime . Then , with j udgem ent on the p art o f  the d e s i gn 
e ngin e er the s e  bound s c an be  n arrowed . For exampl e ,  a 
p ackage o f  food migh t  b e  fro z en in l i quid imm ersi on for 
2 0% of the t o tal fre e z ing time and the r e st in air b l as t . 
C l e arly , the fre ezin g  time  will be much c loser t o  the 
upper bound ( based o n  1 00% air blast free zin g )  than th e l ower 
b ound ( based on 1 00% immersion fre ezing ) . Thi s pro c e s s  o f  
narrowing the bounds  m ay ,  in many c as e s , b e  suffi c i ently 
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accurate for  d e sign . I f  n o t , i t  provi d e s  a che ck on the 
fini t e  di fferen c e  m e th od . 

The s e c ond way i n  whi ch the surfac e heat tran s fer 
c o e ffi c i en t  may vary i s  variati on in spac e .  That i s ,  the 
surfac e h e at tran s fer coeffi c i ent i s  n o t  the sam e  on all 
par t s  o f  the surfac e .  Thi s  i s  a c ommon probl em i n  air blast  
fre e zing . Fini te di fferen c e  programs  c an be m o d i fi ed t o  
t ak e  thi s i n t o  ac c ount wi thout s igni fi c an t  l o s s  o f  ac curacy . 

The s i m ple formulae are b e s t  used to establ i sh bounds  
on the fre e z ing time . 
e d  using j udgement . 

The s e  bound s can then b e  narro w­
Thi s i s  d i ffi cul t  t o  do  be cau s e  th e 

thermal and geom e tri c centr e s  o f  the material m ay n o t  
c o incide . Depending on the si tuati on suffi ci ent accuracy 
for design purpo s e s  m ay be achi eved in thi s  manner , but at 
worst it provides  a guid eline for c ompari son wi th th e num ­
e ri c al solut i on . 

9 . 5 IRREGULAR GEOHETRY 

Oft en , food material s  to be fro z en are n o t  in a reg­
ul ar shape such as a slab ,  cylinder , sphere or r e c t angular 
bri ck . I t  i s  sometim e s  n e c e s sary to find th e fr e e zing 
t im e  of an i rregularly shaped ob j e c t , for example  a leg  
of  l amb . 

Fin i t e  e l ement s are the b e s t  numeri c al m ethod to  use 
in thi s s i tuation b e c ause  they e asily handle irregular 
g e om e try ( Com ini et  al 1 974 c ) . Th e ac curacy o f  a fin i t e  
el emBnt s o luti on i s  very similar t o  the ac curacy o f  fin i t e  
d i fferen c e s  ( r1yers 1 9 7 1 , p 3 39 ) s o  a fre e zing t i m e  pred i c t ed 
by the fini t e  elem en t method s hould have s imi l ar 9 5% 
c onfiden c e  limits  to  a fre e zing tim e  pr edi cted u sing fini te 
d i fferen c e s . 

The s impl e formul ae canno t be  appl i ed dire c tly  t o  
i rregular shape s ,  but by use  o f  an e stimated value o f  the 

number of " equival ent heat trans fer d im en s i on s "  ( se e  s e c t i on 
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7 . 4 . 1 ) value s o f  P and R c an be cal culated for u s e  in 
equat i o n s  7 . 1 9 to  7 . 27 . For exampl e ,  a l eg of l amb  has a 
dimens i onality som ewhere b e t ween that of a cyl in d er ( W= 2 )  
and a sphere ( W= 3 ) . The d e sign engine er must u s e  hi s j udge­
m ent t o  e s timate the ac tual value - a sui tabl e e stimat e 
for a l eg o f  l am b  would b e  W = 2 . 6 .  Fr om thi s P and R are 
cal culated  as P=0 . 1 9 2 and R=0 . 0481  for use in the simple 
formulae for rad i al heat transfe r .  

I f  there i s  un certainty over what the value o f  W 
should be , then i t  may be s afe st t o  e s tabl i sh l ower and 
up rer b ounds  using two limi ting value s  of w .  

The s e  m etho d s  all o w  an es timat e  o f  the free zing tim e 
to  be m ad e  from th e simpl e formulae . Th e extra error 

introduc ed m ay be too  great in some c as es , and fin i t e  e l e ­
m en t s  mus t be  used . 

9 . 6 NON-HOTviOGEt\ EOU S FOOD Ii,ATERIAL 

F o o d  material s  to be  fr ozen wi ll often not  b e  hom o­
gen eous throughout , and hence  the thermal pro p erti e s  will  
be  p o s i t i on d ependent as well as  t eN perature d ependent . 
Thi s  c an be t ak en i:n to  acc ount in a finite d i fferen c e  pr o­
gram but the simpl e formul ae canno t be  applied  d i r e c tly . 
By cho o s ing large s t  and small est  values o f  the thermal 
diffus ivi ty for the materi al the upper and l o wer b ound s on 
the fre e z ing time can be c al culat ed . These  c an be  n arro w­
eJ by the j udgement of the de sign engineer , and by the u s e  
o f  average the rm al propert i e s  for the m aterial . By the s e  
m ean s a suffi c i ently ac curate e s timate o f  th e fre e zing time  
can be  o btain ed in  som e  cases  wi thout need o f  a fin i t e  
difference  program . 

9 .  7 Sill·II'•JARY 

For  fre e zing probl em s t�at do  not  fit the  r e s tri c ti ons  
on  the  c onditi o n s  impo sed  by the simple  formulae a vari e ty 
o f  approximati ons  can be m ad e  so  that equat i on s  7 . 1 9 t o  7 . 2 7 
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c an be used . In s om e  cases  th e magni tud e of the extra 
errors introduced m ay be t o o  gre at for th e simpl e formul ae 
t o  be  used , and e i th e r  a fin i t e  differen c e  or fin i t e  e l e­
m ent calcul ati on i s  n e c e s sary . Al so , s everal o f  the fac t­
ors d i s cus s ed above m ay be imp or tant in one problem - the 
c ompl exity c aused by the int erac tion o f  the s e  fac tors  may 
l ead t o  una c c eptably wi de b ound s  on the free zing t im e  
c alcul ated by the simpl e formulae . 

In spi te of the s e  limi tati ons , for m any prac t i c al food 
free zing problem s  the · simpl e formulae ( equati ons 7 . 1 9  to  
7 . 27 )  will  gi ve a predi c t i on o f  the fre e zing tim e as accurat e 
a s  that from either the fin i t e . d i fferen c e  or fin i t e  ele-

m e � t  m e tho d , and sti ll  retain the maj or advantage o f  
s impli c i ty . 

The s im ple formul ae al s o  have an important  appl i c at i on 
i n  the che cking o f  finite  d i fferen ce and fin i t e  e l ement 
progr�� s . For the fre e zing o f  biologi c al mat erials there 
i s  no  analyti cal soluti on against  whi ch the accuracy o f  a 
num eri c al program c an be  che cke d .  Becau s e  the simple 
formul ae ( equati on s 7 . 1 9 to  7 . 27 )  have b e en found t o  r e spond 
ac curate ly over a wid e  range of practi c al conditi on s  they 
c an be used t o  che ck the accuracy o f  a finite d i fferen c e  
o r  fin i te el ement program . Thi s  might involve che cking t o  
en sure that the differen c e  s cheme has b e en programm ed 
c orre ctly , o r  a che c k  that j um ping o f  the latent h e at p e ak ,  
l eading t o  a low e stimate o f  th e fre e zing tim e , has n o t  
o c curred . Onc e  agreement i s  good  the u s er can be  c onfident  
that the  t em perature/ time pro fi l e s  cal c ul ated by  the fin i t e  
d i fferen c e  s chem e  are ac curate . The greater r e l i abil i ty 
o f  the sim pl e  formul ae wi thin their range o f  appli c ab i l i ty 
i s  therefore importan t  and us e ful . 
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1 0  C ONCLUS I ONS 

Practi cal food fre ezing problem s n o rmally involve the 
third kind of boundary c ondi ti on and i n i ti al sup erheat . 
I n  th e s e  case s the n on-li n e ar bound ary c onditi on� ,  c oupl ed  
w i th the  re lease o f  latent h e at over a range of  t emperat­
ure have prevented the derivat i on of a general analy t i c al 
s oluti on . By the u s e  o f  vari ous sim pl i fying as sumpti on s 
a number o f  approximat e  so luti ons  have b e en d erived , th e 
a c curacy o f  each depending on the assum pt i ons n e c e s s ary 
for  the d erivation o f

. 
the s oluti on . 

For one-dimensi onal h e at transfer in fini t e  slab s  the 
b e st num eri c al solut i on was found to  b e  a three-l evel 
fini te di fferenc e  s ch em e  whi ch predi c t e d  the fr ee zing t i m e  
within -8% t o  + 1 1 %  o f  the experimentally determined fre e z ing 
time wi th 9 5% c onfiden c e . No  approximate analyt i c al sol­
uti ons  or empiri cal relat i o n ships found in  the l i t erature 
pred i c t e d  the fre e zing time  ac curat ely  for slab s . A s impl e 
f ormul a ,  based on that o f  Plank but wi th some  new m od i fi c ­
ation s t o  the geome tri c fact ors , was found to  predi ct  th e 
free zing t ime to wi thin ±4 . 8% of the e xperimental value 
with 9 5% c onfidenc e . 

For radial heat tran s fer in cylinders  and spher e s  a 
thre e-l evel finite  d ifferenc e  schem e has been found t o  b e  
the m o st accurate num erical soluti on ( - 1 0% t o  + 2% wi th 
9 5% c onfi d ence ) . None of the exi s ting approximate analyt­
i cal s olut i ons  or empi r i cal r elati on sh i p s  gave ac curat e 
pred i c ti on of the free z ing t ime for the s e  shapes  but , in  
c ontrast ,  tim e s  pred i cted by  the propo s ed modifi c ati o n  
t o  t h e  ge ometri c fac tors i n  Plank ' s  e quation are within 
-8% to + 7% of the experimen tal value s with 9 5% c onfiden c e . 

Thre e-dimensi onal heat transfer i n  rectangular bri ck s 
c an be  accurat ely s imulat e d  by a thre e -l evel finit e  di ffer­
en c e  s ch em e . Exi sting approximat e analyti cal soluti on s 
and empiri cal relat i on sh i p s  b as ed o n  the geom etric  fact o r s  
propo s ed by Plank ar e  un�eli abl e be c au s e  the assumpt i o n s  
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in the d erivat ion o f  the s e  fac t ors are n o t  val i d . In­
c orporat ing the pro po s ed modi fi c ation to the s e  fac t ors , 
Plank ' s e quat i on pre d i c ted  the freezin e  time o f  rectangul ar 
bri cks to  wi thin �1 0% with 9 5% c onfid en c e . 

Over the ext en s ive  range o f  experim ental c ond i t i on s , 
the  propos ed  simple formul ae and the thre e-l evel fini t e  
d ifferen c e  s chem e s  pre d i c t  the freezing time wi th s im i l ar 
accuracy . The simpl e formulae ( equat i on s  7 . 1 9  t o  7 . 27 )  
h ave  a c l e ar advant age ove r the finite  d i fferenc e s chem e s  in  
that they d o  not  require a c omputer for  solut i on . 

For prac ti cal pro bl em s  with changine cond i ti ons  th e 
fin i t e  di fference  s ch em e s  c an be appli e d  dire c t ly wi thout 
l o s s  of accuracy . I n  m any o f  th ese  cas e s , by u s e  o f  sui t ­
abl e ap · 1roximati ons , the simpl e formul ae will accurate ly 
pre d i c t  the fre e zing tim e . 

N o  m e thod wi ll give ac curat e predi c t i on of fre ezing 
t im e  unl e s s  accurate d ata are used . Un c ertainti e s  in  d at a ,  
e sp e c i ally the surface  heat transfer c o e ffi c i ent , will  b e  
m uch great er than th e errors i n  the two c alcul ati on m etho d s  
i n  m any si tuation s  encoun t ered in prac ti c e .  
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NOt-1ENCLATURE 

- c onstant for r ad ial ge om e try 
- amplitud e o f  changing amb ient temperature ( ° C )  
- surface area ( m 2 ) 
- Bi o t  number 
- rat i o  of bri c k  d im en s i on s  
- rat i o  o f  bri ck d imen s i on s  
- l ength o f  cy c l e  or t im e  c onstant  i n  Appendix 6 
- volum etri c , s p e c i fi c  heat capac ity ( J/m 3 0c ) 

cl - volum etri c s p e c i fi c  heat capac i ty of unfrozen phase 
( J/m3 oc ) 

- volum etri c s p e c i fi c  heat capac ity of fro zen phase  
( J /m 3 oc ) 

- thi ckne ss  or d i am e t er ( m )  
- thi ckness in x d ire c t i on ( m ) 

thi ckne ss in y d ire c t i on ( m )  
thi ckness in z d ire c t i on ( m ) 

e rr - experimental error bound s ( hrs ) 
E - d i fference b e tween c al culated and experim en tal 

fre e z ing tim e s  ( %) 
f - arbi trary fun c t i on 
F o  - F o urier nunber  
h - surface heat transfe r  c o e fficient ( W/m 2 0 c ) 
H - en thalpy ( J /m 3 ) 
�H - enthalpy change during fre ezing ( J/m3 ) 
i d enotes  tim e  l evel in  finite  d i fferen c e  s ch em e s  
j - d enotes  pos i t i on o f  a node  in y d irec t i on in  fini t e  

d i fference s chem e s  
J denotes  num b e r  o f  n od e s  in y directi on in fini t e  

d i fference s chem e s  
k deno tes pos i t i on o f  a node  in z d irection in fin i t e  

d i fference s cheme 
k ( T )  - thermal c onductivi ty ( W/m° C )  
k - ave rage therm al c onduct ivi ty o f  solidifying phas e ave 

( W/m °C )  
k s - thermal c onduct ivity o f  fro zen phase ( W/m ° C )  
K - denotes  num b e r  o f  nod e s  in z d ire ct ion in f inite  

d i fferen ce s ch em e s  



L - latent h e at ( J /m3 ) 
m - d eno t e s  p o sition o f  a node  in x direction or r 

dire c ti on in finit e  di fferen c e  schemes · 
m - param e t er used in the cal cul at i on of g e om etri c 

fact ors  for Plank ' s  equati on 
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M - d en o t e s  the number o f  nod e s  in the x or r dir e c t i ons 

in finit e  d i fferen c e  s chem e s  
M - m odulus in equation 4 . 1  
n - param eter u s ed in the cal culation of  g e om etri c 

factors for Plank ' s  equation  
P - geom etri c fac tor in Pl ank ' s  e quati on 
Pk - Plank nmnber 
P 1 - m od i fi e d  geometric fac tor in Plank ' s  e quation 
P 2 m od i fi ed geometri c fac tor in Plank ' s  equati on 

Q - surfac e heat flux ( W/m 2 ) 

Q - param e ter used  in the cal cul ation of g e om etri c 
fact ors for Plank ' s  equat i o n  

r di stance  from th e c entre of the region in rad i al 
heat transfer cas e s  ( m )  

8r spac e in crem ent in r dire c t i on in fini t e  di fferenc e  
s ch em e s  ( m )  

R - radius  ( m )  
R 
R 1 
R 2 
Ste  
t 

6t 
t el 
t exp 
t fd 

ge om etri c fact or i n  Plank ' s  equation 
m od i fi ed g e om etri c fact or in Plank ' s  e quati on 
m od i fi e d  ge ome tri c factor in Plank ' s  e quati on 

- Stefan number 
- tim e ( s ) 
- time s t e p  ( s ) 
- elapsed  time in fini t e  d i fferen c e  cal cul ati on s ( hr s )  
- experim en t al fre ezing time  ( hrs ) 
- fre e zing t im e  predi c ted by finite  diff erenc e s  ( hr s )  

t neum- fre ez ing t ime  pred i cted  by Neumann ' s  m ethod ( hr s ) 
t pl - fre e zing t ime  predi cted by the propos ed m od i fi c at i on 

t o  Plank ' s  equati on ( hrs ) 
T - t emperatur e  ( °C )  

- ambient t emperatur e  ( ° C )  

- average amb i ent t emperature ( ° C )  
- c entre t em perature ( °C )  
- ini t i al fre ezing t emperature ( °C )  



T i - i n i t i al t em p erature ( ° C )  
T s - s ur fac e temperature ( °C )  
T *  i n t erm edi at e  temperature i n  fini te di£ference  

c al cul at i o n s  ( °C )  
T** int erm ediate  temperature in finite di fferenc e 

c al cul at i o n s  ( ° C )  
W - number of e quivalent heat tran sfer dim en s i ons  

1 7 1 

w 1  - num ber o f  e quival ent heat tran s fer dim en si on s  f ound 
from P in Plank ' s  e quation 

w 2 - number o f  e quivalent h eat tran sfer dim e n s i ons  found 
from R in Pl ank ' s  e�uati on 

x - d i s t an c e  in the x direction from the surfac e ( m )  
�x spac e incre� ent in the x dire c t i on in finit e 

di fferen c e  s chem e s  ( m )  
y - d i s tan c e  i n  the y di rection fr om the surface  ( m )  
�y - space increm ent in the y dire c t i on in fin i t e  

di fferen c e  s chem e s  
Y - fracti onal unac c om pli shed tem p erature change 

( T  - T ) I ( T .  - T ) a l a 
z - di s tan c e  i n  the z directi on fro m  the surface ( m )  
�z - s pac e increm ent in the  z dire c t i on in fin i t e  

d ifferen c e  s chem e s  ( m )  
oc. - thermal di ffusivi ty ( m 2 / s )  
E - c o e ffi c i en t  used in Appendix 1 
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APPENDIX 1 

GENERAL DESCRIPTI ON OF F INITE DI FFERENCE PROGRAYI S 

A 1 . 1  I NTRODUCTION 

Thi s  Appendix d e scri b e s  the five c omputer program s  
u sed for calculati on of fre e z ing tim e s  by the three-l evel 
f ini t e  d i fferen c e  s chem e s . The program l i stings can b e  

f ound i n  Appendice s 2 to  4 a s  follows 

Append ix 2 - SLAB1 and SLAB2 ; pro gram s for one-dim ensi on­
al heat tran s fer in slab s . 

Append ix 3 - ROD and BRI CK ; program s for two- and three­
dimensi onal heat  tran s fe r  in  re ctangular 
bri cks . 

Append ix 4 RAD I AL ;  program for rad i al heat transfer in 
sphere s and cy l inders . 

A 1 . 1 . 1 One- Dim ensi onal Heat Tran s fe r  in Slab s  

The general e quation o f  heat c onduction i s  

C (  T )  �T 
�t = in the region 0 < x < D 

( A 1 . 1 )  

Both cons tant and non- c onstant in itial c onditi ons are 
all owed in SLAB1 , but SLAB2 can only h andle problem s wi th 
a uniform initial t emperature • 

. I n  SLAB1 six type s o f  b oundary c onditi on c an be 
handl e d , and the boundary c ond itions  at x=O and x=D m ay 
be d i fferent . I n  general , at the boundary x=b ,  the bound-
ary c on d i t i ons  are 4 4 

Type 1 T x=b = T ( A1 . 2 ) a 

Typ e  2 ( k ( T ) �T ) dX x=b = Q ( A1 . 3 )  

Type 3 dT h ( Tx= b  - Ta) ( A1 . 4 )  ( k ( T )rx) x=b = 



1 86 

T ype 4 = f ( t )  ( A1 . 5 )  

T yp e  5 = E ( ( Tx=b + 2 7 3 ) 4 - ( Ta + 

2 7 3 ) 4 ) ( A1 . 6 )  

Type 6 = 

SLAB 2  i s  a s pe c ialised  pro gram for problem s with the 
third kind of boundary cond i t i on only . I t  in corporat e s  
the m odifi cat {on sugge sted by Com ini ( 1 9 7 6 )  t o  reduc e 
" j umping " o f  the latent heat p e ak ( s e e  e quati on 6 . 9 ) . 
SLAB1 d o e s  not  use thi s modific ation . 

A 1 . 1 . 2 Two- Dimen si onal Heat Transfe r  in Bricks 

The general e quation of heat c onduction i s  

C (  T ) dT 
at = in the regi on 

0 < x < Dx 
o <  y < D

Y 
( A1 . 8 ) 

Both uni form and non-un iform initial temperature 
d i stributi on s  can be hand l e d . Thr e e  types  of b ound ary 
c ond ition  are all owed ; the first , third and fourth kind s .  
As  the s e  are symm e trical only a quarter segm ent o f  the full 
regi on is c al culated . 

A 1 . 1 . 3 Three -Dim ensi onal He at Tran s fer in Bri cks  

The  general equati on o f  heat c onduction i s  

C (  T )  dT 
at = 

in the region 0 < X <  Dx 
0 ,!5; y < Dy 
0 < z s  D2 ( A 1 . 9 )  

The first , third and f ourth kin d s  of boundary c ond ­
ition can be handled . Be cau s e  the s e  boundary c ond iti on s  



are symm e tr i c al only an octant i s  cal culated .  E i ther a 
uni form initial temperature or a non-un iform ini t i al 
t emperature d i stribut i on can be used . 

A 1 . 1 . 4 Rad ial Heat Tran s fer in Cylinders  and Sphere s 

The general equat i on o f  heat c onduc t i on i s  

C ( T ) �� = � ( k ( T )� ) + � k ( T ):; in the region 

1 87 

0 < r <  R ( A1 . 1 0 ) 

Uniform and non-uniform in i t ial t em perature d i stri b­
uti ons  are allowed . At the boundary r=R four type s o f  
b oundary c ond ition are allowed ; type s 1 , 3 , 4 and 6 a s  d e ­
fined i n  s e ction A1 . 1 . 1 .  At r=O the boundary c ond i t i on i s  

JT 
rr = 0 

A 1 • 2 INFORJ'.l AT I ON REQUIRED TO USF THE PROGR.AJt S 

( A1 . 1 1 ) 

All pro gram s are wri tten in the F ORTRAN I V  c omputing 
l anguage . The foll owing features  are c ommon t o  al l pro­
gram s . 

A 1 . 2 . 1 Data for C( T) and k(T) 

Data must be suppl ied t o  all program s  spe c i fying the 
relati onship betw e en the apparent spe c i c ifi c heat c apac ity 
and temp erature , and ther:-:Jal c onductivity and tem perature . 
I n  the case  of SLAB2 enthalpy data as a function o f  temper­
ature mus t al so be  supplied . 

Up t o  50 pair s  ( that i s , a value o f  T a s s o c iated w ith 
a value o f  either C ( T ) or k ( T ) ) can be used t o  d e fine e ach  
o f  the s e  functi on s .  Value s must be supplied in ascend ing 
ord e r  o f T .  The range for v1h ich C ( T ) and k ( T ) are spe c ­
i fied must  include all v�lue s o f  T that will  o c cur i n  the 
c alculat i on .  Line ar interp o lati on i s  used to l i nk the 
input pair s  into a c ont inuous relat i o n ship . 
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A 1 . 2 . 2  The Spac e Regi on 

For SLAB 1 , SLAB2 and RADIAL the space regi o n  i s  one­
d im ensi onal . The number o f  space inc rem ent s i s  one l e s s  
than the num ber o f  n odes needed t o  d e fine value s o f  T at 
e ach divi s i on .  Up to  50 node s may be used in e ach case , 
but norm al ly 1 1  n od e s  in RADIAL and SLAB2 , and 2 1  n o d e s  
i n  SLAB1 give suffi c ient ac curacy . 

Up t o  5 0  n od e s  in ROD and 2 0  i n  BRI CK are all owed in  
each d i re c t i on . Be cause o f  the symm etry bound ary cond it i on 
i t  is  unl ikely that m ore than 1 1  n od e s  are required in 
the part . o f  the region consid ered . 

A 1 . 2 . 3  Init ial T emperature Di s tributi on 

I f  the in i t i al temperature i s  the same throughout the 
body only a singl e  value n e ed be supplied . O therw i s e  
the tem perature a t  every n ode a t  t im e s  0 and 0 - �t m u s t  b e  
read i n t o  the prograr1 . 

A 1 . 2 . 4 Time St ep 

T o  obtain s uffi ci ent ac curac y without exc e ss ive c omp­
utat i on t im e  the time step  should b e  ad justed  s o  that 6 00 

t o  3 000  are n e c e s sary . I f  k ( T ) and C ( T )  change rapidly  
with temperature a larger nu:·n ber m ay b e  re qu j_re d . 

A 1 • 3 USE OF T HE PROGRAI'! S 

Data i s  entered in free form at , value s  b e ing s e parated 
by c omn as . Each section of the new input must  s tart on a 
new card or  l in e . 

A 1 . 3 . 1  SLAB1 

S e c t i on 1 The  following must be supplied in  the o rd e r  
l i sted , s eparated by c ommas . 
( a ) an ind e x  t o  indi cate whe the r m ore input data for 
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ano ther run follows . A negative index ind i cate s n o  m ore 
run s , whereas  a positive ind ex indicate s m ore data foll ow s . 
( b ) run number .  Any positive integer l e s s  than 99 . 

( c ) the number  of input pairs d e fining C ( T ) . A maximum o f  

f i fty are all owed . 
( d ) the nQmber of input pairs d e fining k ( T ) . A m aximum o f  

f ifty are allowed . 
( e ) the num ber of nodal point s .  A maximum of fi fty are all o w­
e d . The num ber must be odd i f  symme try around the centre 
l in e  i s  required • .  

( f ) the type  of bound�ry cond i t i on at x=O . An un s ign ed 
int eger b e t we en 1 and 6 .  
( g ) the type of boundary c ond i t i on at x=D . An un s igned 
i nteger be tween 1 and 6 .  
( h ) the type of initial cond i ti on .  an input o f  1 ind i cate s 
a con s tant initial conditi on ; an input o f  2 a non-uniform 
initial t em perature d i stributi on .  
( i )  the s i z e  o f  the spac e region D .  
( j ) the t im e  ste p .  
( k )  the fre quency o f  prin tou t . Output w i ll b e  provided  at 
int ervals  o f  thi s number of t ime  steps . 
( 1 )  the s t o pping value . The program s t op s  when the temper­
ature at x=�D reache s a s e t table value . Thi s  value must 
b e  suppl i ed . 
( m )  the way in whi ch the temperature at x=�D approache s the 
s t opping value mus t be s pe c i fi e d .  An input of 1 ind i cate s 
approach fron above , whereas an input o f  - 1  ind i cate s  
appro ach from bel ow .  

S e ct i on 2 The ini t i al c ond i ti on . Thi s depen d s  on the 
i nput in s e ction 1 ( h ) . 
( a ) a s ingle value i f  1 ( h )  input was 1 
( b ) i f  1 ( h )  input was 2 two s e t s  o f  initial t emperature s 
must  be  supplied . Each s e t  has the num ber o f  value s spe c ­
i fi ed i n  s e ction 1 ( e ) .  The first s e t  o f  value s  are for 
t =O , and the s e c ond set for t =O- �t .  The value s  are ass i gn­
e d  t o  the nod e s  starting at x=O and m oving toward s x=D . 

S e c t i on 3 The boundary c ondition at x=O . A number betwe en 



1 and 6 was spe c i fied i n  section 1 ( f ) .  The input here  
d e pend s on thi s  nmnber . 
1 only the ambient t emperature 
2 - the he at flux 

T i s  required . a 

3 - the surface  he at tran sfer . c o e ffi c i ent and amb i en t  
t em perature . 

1 90 

4 - value s o f  f ( t )  must be provided at d i fferent value s  o f  
t im e . A m aximum o f  5 0  p airs are al l owed . The s e  mus t be 
read in increas ing ord e r  of t ,  and are l inked by l i n e ar 
interpolat i on . Pre c e d ing the se value s i s  an integer on a 
c ard or l ine by i t s e l f  whi ch d e fine s  the number o f  input 
pairs . 
5 - the c o e ffi c i ent E and the ambi ent t em perature must  be  
suppl i e d . 
6 - value s o f  h ( t )  and T ( t ) mus t be supplied i n  ascend ­a 
ing  order o f  t im e . All h( t )  value s pre c ede the input for 
T ( t ) . The fi rst c ard mus t con t ain only two integers , a 
b o th l e s s  than 5 1 . The first o f  the s e  d e fin e s  the number 
o f  input pairs  for h ( t ) , and the  s e c ond define s the number  
for T ( t ) . a 

S e c t ion 4 The boundary cond i t i on at x=D .  For each type 
of b oundary cond i t i o n  the input s are anal ogou s to S e c t i on 3 .  

S e ction 5 Value s o f  C ( T )  are read in pairs w i th the c orre s ­
p onding T value firs t  on the l ine . The se value s  m u s t  b e  
s orted i n  a s c ending ord er o f  T .  

S e c tion 6 Value s o f  k ( T )  are read in pairs with the a s s o c ­
i ated value o f  T firs t  on the l ine . The s e  pairs  m u s t  b e  i n  
ascending order  o f  T .  

I f  m ore than one  cal culati on of fre e z ing t i m e  i s  t o  
be  perform e d  all 6 s e ctions  must be specified  for e ach run . 

A 1 . 3 . 2  SLAB2 

The data input for thi s program i s  de scri b e d  on 
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" C omm emt " card s in the program l i s t ing . 

A 1 . 3 . 3  ROD 

S e c t i on 1 rhe foll owing must be  supplied  in the ord er given . 
( a ) an ind ex as for SLAB1 . 
( b ) a run num ber as for SLAB1 . 
( c ) the num ber o f  input pairs  d e fin ine C ( T ) . 
( d ) the number of input pairs d e finine k ( T ) . 

the number of . nodal poin t s  in the x d irec t i on . 
the nmnber of nodal po in t s  in the y d ire ct i on . 
the type of boundary c ond i t i on .  
the initial cond i t i on a s  for SLAB1 . 

( e ) 
( f ) 
( g ) 
( h ) 
( i ) 
( j )  
( k ) 
( l ) 
( :n )  

the s i z e of the space re gion in the x dire c ti on Dx • 
the s i z e  o f  the space region in the y dire ction D • y 
the time  step . 
the fre quency o f  print out . 
the s t opping value at the c entre o f  the two dim en s i onal 

regi on . 
( n ) the approach para� eter a s  for SLAB 1 . 

S e c t i on 2 The ini t i al c ond i t i o n .  
( a ) a s ingle value i f  the input i n  1 ( h ) was 1 .  
( b ) values  for all the n od e s  at tir.1 e s  0 and 0 - /J,.t .  

S ec t i o n  3 The value s  o f  C ( T ) and T are read in as for SLAB1 . 

S e c t i on 4 The value s o f  k ( T ) and T are read in as for SLAB1 . 

S e cti on 5 The boundary c ond ition . The input i s  organ i s e d  
i n  the s am e  way a s  for SLAB1 . 

F o r  multiple calculat i on s  o f  fre e z ing time all s e c t i ons 
must be  r epeated . 

A 1 .  3 . 4  BRI CK 

Thi s  program require s very l arge am oun t s  o f  compu­
tat i on t ime and i s  therefore lim it e d  t o  one fre e zing t i m e  



c al�ulati 6n at a t ime . 

S e ct i on 1 The functions  C ( T )  and k ( T )  are read in as 
foll ows : 
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( a ) a car� with two integers de fin ing the number o f  input 
pairs  for k ( T ) and C ( T ) . 
( b ) the value s o f T and C ( T )  as for SLAB1 . 
( c ) the value s o f T and k ( T )  as for  SLAB1 . 

S e c t i on 2 The foll owing must be  r ead in the order g i ve n . 
( a ) the thi ckn e s s  in ·the X dire c t i on D x '  
( b ) the thickne s s  in the y dire c t i on D y • 
( c ) the thi ckn e s s  in the z dire c t i on ]) z •  
( d ) the t im e  s t e p . 
( e ) the  number of nod e s  in the X d ire ction . 
( f ) the nur1 be r  o f  nod e s  in the y d irecti o n .  
( g ) the number o f  nod e s  in the z d ire ction . 
( h ) the type o f  init ia1 conditi on as for SLAB1 . 
( i )  the type o f  bound ary c ond i t i on . 
( j )  the stopping temperature at the c entre of the 
( k )  the approach fact or as for SLAB 1 . 

S e c t i on 3 The init ial conditi on . 
( a ) a s ingl e value if the input in 1 ( h )  was 1 .  
( b ) value s for all nod e s  at tim e s  0 and 0 - 6t . 

bri ck . 

S e c t i on 4 The boundary c ond i t i on . I nput i s  organ i s e d  
i n  the sam e way a s  for SLAB1 . 

A 1 • 3 • 5 RADIAL 

S e c ti on 1 The fo llowing are r ead in the order give n . 
( a ) an index as for SLAB1 . 
( b ) 
( c ) 
( d )  
( e ) 
( f ) 

the 
the 
the 
the 
the 

s ph e re . 

run number as for SLAB 1 . 
number  o f  input pairs d e fining C (  T ) . 
num b e r  of input pairs d e fining k ( T ) . 
num b e r  o f  nodal point s .  
param e ter a ;  a= 1 for a cylind e r ,  and a= 2 for a 



( g )  the type o f  boundary cond i t i on . 
( h )  the type o f  ini t i al cond it i on . 
( i ) the rad iu s  o f  the region R .  

( j ) the t im e  step . 
( � )  the fre quency o f  printout . 
( l )  the s t opping t emperature at r=O . 

( m ) the approach fac t o r  as for SLAB1 . 

S e c t i on 2 The value s o f  T and k (  T ) are 
S LAB1 .  

S e c ti on 3 The value s  of T and C ( T )  are 
SLAB1 . 

Se ction 4 The ini t i al cond i t i o n . The 

for SLAB 1 . 

1 93 

read in as for 

read in as for 

input i s  the sam e  as 

Se c t i on 5 The boundary c ond i t i on . The input i s  organ i s e d  
i n  the sar; e way as for SLAB1 . 

For m ore than one fre e z ing tim e cal culat i on all s e c t ­
i ons must b e  repeat e d . 
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APPENDI X  2 

ONE-DHlEl� SI ONAL FINITE DIFFEREF CE PROGRAH S 

A2 . 1  SLAB1 

A2 . 2  SLAB2 
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APPENDI X 5 

DERI VATION OF MELLOR ' S FORiv'JULA 

For fre e z ing of a body where all latent heat i s  re­
l e as e d  at  a unique fre e zing temperature the  tem perature 
pro fil e s  within the b ody are of the form shown in Fi gure 
A 5 . 1 .  Thi s s chemat i c  d iagram sh ows typi c al temperature 
profil e s  in a fre e z in g  slab at two di fferent time s .  

For the fre e zini front t o  m ove from posi t i on 1 t o  
p o s i t i on 2 the heat t o  b e  rem ove d i s  approxim ately 

( A5 . 1 )  

Treating thi s as a lum p  sum and integrat ing by the m e th o d  
o f  Plank ( 1 94 1 ) ,  the fre e z ing t ime  is given by 

t 1 �Cl ( Ti-Tf ) +�C s ( Tf-Ta ) ) ( P� + D2 
) ( A5 . 2 )  = T -T  ( L  + Rk 

f a ave 

Mellor us e s  the m e an therm al c onduc t ivity k , and d e fine s ave 
L as the latent h e at c om p onent of the enthalpy change 
betwe en the ini t i al fre e z in g  temperature and the ambi e n t  
t emperature . 

The weakne s s e s in the d erivat i on are in the manne r  i n  
whi ch the lump sum i s  found . Imm e d i at e ly after  the ·on s e t 
o f  c o ol ing the s impl ifi ed s i tuati on o f  Fi gure A5 . 1  d o e s  
not  apply because  phas e change may n o t  start for s om e  t im e . 
As the fre e zing front nears the c entre of a finite  body 
the unfro zen regi o n  wil l  be  at or near the ini t i al fre e zing 
t em perature . I n  thi s  ins t ance  the  sim ple lum p  sum given 
by e quation A5 . 1  c onsiderably overe s t imat e s  the heat t o  be 
rem oved , and there fore the formula will overe stimate the 
fre e zing tim e . Al s o ,  the d erivati on of the lump sum 
assum e s  that the surface  o f  the body i s  at the ambient  
temperature whi ch is  n o t  true where  the boundary c ond i t i on 
i s  o f  the third k ind . 

I n  fact , the d e rivati on given above i s  m ore  val i d  for 



T-1 

F i g u re A5. 1 Schematic representation of typical temperatu re p rofi les with i n  a 

2 23 

freezi ng mater ia l  where freez ing occu rs at a u n ique phase change temper­
atu re Tt. 
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fre e z ing o f  a sem i - in fini te b ody , and therefore wi l l  

approxim at e t o  the s olut i on o f  Hrycak ( 1 9 63 ) . The c al c ­

ulated re sul t s  c on fi rm thi s , al though t h e  range i n  the 

re sul t s  is greater for Hry c ak ' s m e th od . 

The phy s i cal bas i s  o f  M e l l or ' s formula cann o t  b e  

e s tabl i shed f o r  a finite b ody , although it d o e s  appr oxi ­

m ate t o  fre e z ing o f  a s em i -infin i t e  b o dy . 
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APPENDIX 6 

INVESTIGAT I ON OF CHANGING AI-I BIENT TENPERAT URE 

Be c au s e  o f  the l im i tat i on s  o f  the experim e n t al appar­

atus i t  was not p o s s i b l e  to inve s t i gat e the e ffe c t  of a 

changing amb i ent t em p erature o n  the fre e z ing time  e xperi­

m en t ally . Simulat i on by f i n i t e  differen c e s  wa s  u s ed t o  

i nve s t igate am bient tem peratur e  change s o f  two typ e s  -

· c y c lin g and an exponent i al d e c r e as e . Thi s simulati on 

s h ould provi de an indi c at i on o f  the e ffe c t  o f  am bi ent 

t em perature /t im e  pro fi l e s ,  that c oul d b e  found i n  pr ac t i c e ,  

o n  the fre e z ing time . 

A6 . 1 CYCLING AI-'l BI EN�� TEI!J PERATURE 

The am bi ent t em p erature was as s um e d to behave i n  the 

m ann er sh own in Fi gure A6 . 1 a .  The c on d i  t i 0 !1 S  inve s t i ga t e d  

are given i n  Table A6 . 1 , and the cal culated fre e zing t im e s  

for d i ff e rent amb i e n t  tempera ture pr o fi l e s  are given i n  

T able A6 . 2 .  The r e sul t s  s h o w  that c y c l ing o f  up t o  ± 2 . 5
°

C 

around the m e an am bi ent t em perature d o e s  n o t  l e ad t o  s i g­

n i f i c an t ly d i fferent fre e z ing tim e s  t o  th o s e  c al culat e d  

u s ing a c ons tant average value o f  T • I t  i s  the re fore 
a 

val i d  t o  us e the ave rage am b i ent tem perature i n  thi s  s i t -

uat i on wi thout int roduc ing a signi f i c ant e rror . 

A6 . 2 EXPONEN T IAL DECREASE IN  Al'l BIENT TEf·J PERATURE 

I n  many fo od fre e z in g  si tuat i on s  the am b i ent t em p­

erature in the fre e z e r  i s  c onsid erably higher than the 

set p oi n t  pri or t o  th e fre e zing pro c e s s .  On c e  the r efri g­

erat i on i s  turn e d  on the �� bient t em p erature fal l s  i n  s o m e  

m anne r  unt i l  i t  reache s t h e  set  p o i n t . An exponenti al fall 

wi ll approxim at e m any of the se s i tuation s . 

Fi gure A6 . 1 b shovts th e ambient tem p e rature pro fi l e  

u s e d . The cal culat e d  fre e z ing t im e s  are shown i n  Tabl e 

A6 . 3 . The d i ff e re n c e  b e t w e en the re sul t s  o b t ai n e d  u s ing 



T - ­
ao 

t < 

a 

b 
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Tave 

Tave 

Fi gure A6. 1 Ambient temperatu re profi les. a - cycl i ng temperature.  b - exponential  
decrease of the form. 

where tel = elapsed t ime (hrs )  

tfd = p redicted freez ing  t i me for a constant ambient 

temperature T ave ( h rs) 

cf = relative cyc le  size 

T ave= average ambieQt temperatu re (°C) 



t h e  ave rage amb i e n t  

e xponen t i al d e cre as e 

e ven for c as e s  wher e  

1 5 ° C .  

2 2 7  

t emperature and tho s e  obtain e d  f o r  an 

in T i s  small ( l e s s  than 1 . 2% ) ,  a . 

the amb i e n t  t em p e rature chang e s  by 

Whil s t  thi s an aly s i s  d o e s  n o t  c ove r all type s o f  chang­

ing amb i e n t  temperature that will o c cur in prac t i c e  it d o e s  

indi cat e that e rr o r s  introduc e d  by u s i n g  an ave rage am bi ent 

t em perature will be  small , e ve n  for r e lat ively l arge change s 

in amb i e n t  t em pe rature . 
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T ab l e  A6 . 1 

Con d i t i on s  u s e d  for the inve s t igat i on o f  the e ff e c t  o f  

changing am bient tempe rature on fre e z ing time 

T = ave rage ambient tem perature . t
fd 

= fre e z in g  t im e  
ave 

c al c ul at e d  by fini t e  d i fferen c e s for c on st an t  c ond i t i ons . 

Run 

1 

2 

3 

D 
( m ) 

0 . 0 250 

0 . 07 20 

0 . 04 8 5  

5 1 . 9 

5 1 . 9 

30 . 6 

1 0 . 0  

1 0 . 0  

20 . 0  

-4 0 . 0  

- 20 . 0  

- 30 . 0  

t
fd 

( hr s ) 

0 . 54 8 

4 . 27 

2 . 7 6  



T able A6 . 2 

Re sul t s  o f  the f i n i t e  d i fference s im u l at i on o f  fre e z i ng 

o f  a s l ab subje c t  t o  a cyc l ing �1b i e n t  t empe rature 

0 . 00 5  1 . 0 
0 . 005 5 . 0  
0 . 1 0  1 . o  
0 . 1 0  5 . 0 
0 . 05 3 . 0 

Run 1 

t
fd 

( hrs ) 

0 . 548 
0 . 548 
0 . 5 5 1  
0 . 5 5 0  
0 . 549  

Run 2 

t
fd 

( hrs ) 

4 . 29 
4 . 27 
4 . 28 
4 . 29 
4 . 28 

Run 3 

t
fd 

( hrs ) 

2 . 76 
2 . 76 
2 . 7 7 
2 . 76 
2 . 77 

2 29 



T abl e A6 . 3 

Re sul t s  o f  the fin i t e · di fference  s imul at i on o f  fre e z ing 

o f  a s l ab sub j e c t  t o  an expo n ent ial fall in am bi ent 

t empe rature 

0 . 1  3 . 0  

0 . 5  3 . 0  

0 . 3 9 . 0  

0 . 1 1 5 . 0 

0 . 5 1 5 . 0  

Run 1 

t fd 
( hr s )  

0 . 5 4 9  

0 . 5 4 8 

0 . 5 4 9  

0 . 5 4 8 

0 . 5 5 3 

Run 2 

t fd 
( hrs ) 

4 . 28 

4 . 3 0 

4 . 23 

4 . 2 2 

4 . 2 2 

Run 3 

t fd 
( hr s )  

2 . 7 6 

2 . 7 6 

2 . 7 7  

2 . 7 4  

2 . 7 4  

2 3 0 
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APPENDIX 7 

INVEST IGAT I ON OF NON-UNIFOID'l INIT IAL TEI\'I PERATURE 

The e ffe c t  of a n on-uni form ini t i al t emperature 

d i s tribut i on on fre e z in g  time c ould not be inve s t i ga t e d  

b y  expe rim e n t  be c au s e  o f  l im i t at i ons o n  t h e  e quipm ent 

availabl e .  There fore an inve s t i gati on was carr i e d  out 

u sing s im ul at i on by f in i t e  d i fferenc e s . Thi s should g i ve 

a c l o s e  approxim at i o n  t o  the r e al s i tuat i on . 

The c al culati on s o f  fre e z ing time were carri e d  out f o r  

a slab o f  K arlsruhe t e st sub s t an c e  ( D  = 0 . 072m ; h = 2 1 . 6  
W/m 2 0c ; T = -20 . 0° 0 )  wi th a m e an bulk i n i t i al t empe rature 

o 
a 

o f  30 . 0  C .  A line ar i n i t i al t emperature grad i en t  from t h e  

surfac e o f  t h e  s l ab t o  t h e  c e n tre was a s s um e d . The fre e z­

ing tim e s  c al culat e d  for the d i fferent ini t i al t em perature · 

d i s tri bu t i on s  are sh own in Table A7 . 1 . The re sul t s  show 

that as the degre e of non-un i f o rm i ty i n c rea s e s  there is a 

gre ater e rror in appr oxim ating the ini t i al t em p erature by 

the m e an bulk temp erature . Ho wever the error i s  sm all , 

for a r ange o f  20° 0 in the ini tial t em perature d i s tr i bu t i o n  

the d i ff e rence  in c al cul at e d  fre e z ing t im e s  c ompared t o  t h e  

c al culat i on using the m e an bulk temperature i s  l e s s  than 

0 . 5% .  

S i m i l ar re sul t s  would b e  expe c t e d  for other shape s .  

Approxi m at i on of a n on-un i form ini t i al t em p e ra ture d i s t ­

r i but i o n  by the m e an bulk ini t i al t em p e rature t o  all o w  e a s i er 

c al cul at i on o f  fre e z ing t im e  introduc e s  only v e ry sm all 

e rrors . Whil s t  thi s analy s i s  ha s b e en carri e d  out u s i n g  

fin i t e  d i fferen c e  s imul ati on ve ry s im i lar r e su l t s  would 

b e  expe c t ed if an e xperim e n t al inve s t igat i on was c arr i e d  

out . 
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Tab l e  A7 . 1  

Re sul t s  from the fin i t e  d i fference  s imul at i on o f  fre e z ing 

o f  a s l ab o f  Karl sruhe t e s t  sub s t an c e  wi th n on-un i form 

i n i t i al t e m n eratur e  

6 I 2 o  o 
D = 0 . 0 7 2m ; h = 2 1 . W m C ;  T = - 20 . 0  C .  

a 
T = ini t i al surfac e tem p erature . T = ini t i al c entre 

s c 
t em p eratur e . t fd 

= c al cul at e d  fre e z ing t i� e  

3 0 . 0  30 . 0  

3 5 . 0 2 5 . 0  

4 0 . 0 20 . 0  

2 5 . 0  3 5 . 0 

2 0 . 0  4 0 . 0  

t
fd 

( hrs ) 

1 0 . 03 

1 0 . 0 1  

9 . 9 9  

1 0 . 0 6 

1 0 . 08 
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