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Abstract

This thesis provides an investigation of the application of the full configuration interac-

tion quantum Monte Carlo (FCIQMC) algorithm to ultracold atom problems. This in-

cludesworking on the algorithm, understanding the sign problem, and applying it to the

study of strongly-correlated lattice polaron physics.

The thesis conceptually consists of two parts. In the first, we discuss the FCIQMC al-

gorithm,which is amodern variant of projectorMonteCarlo and canbeused for calculat-

ing the ground states or low-lying excited states of quantum Hamiltonians. We present

our implementation of the algorithm in the Julia programming language and discuss the

details of the algorithm and data structures employed.

Next, we turn to a treatment of the FCIQMC sign problem, which arises when the

number of walkers employed by FCIQMC is insufficient to capture the sign structure of

the ground state eigenvector of theHamiltonian. We present a new scalarmodel that ac-

curately reconstructs the dynamic behaviour of FCIQMC and shows us that as the num-

ber of walkers increases, the walker population switches from a sign-incoherent regime

to a sign-coherent one in way that is reminiscent of a continuous phase transition.

In the second part, we focus on the application of FCIQMC to the Bose-Hubbard

model (BHM) with an impurity near quantum criticality. We use FCIQMC to guide and

validate a diagrammatic theory based on the quantum Gutzwiller method, which de-

scribes the polaron by treating interactions between the impurity and the elementary ex-

citations in the BHM.This theory shows that at strong interactions, the polaron reflects

the state of the host system and as such, polarons could be used as quantum sensors in

experiments.

Lastly, we shownumerical evidence that thepolaron energy—the energy shift caused

by introducing an impurity to theBHM—is scale invariant near the phase transition and

that it exhibits critical phenomena not yet explained by theory. Furthermore, we show
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that the polaron energy is linked to the impurity-boson density-density correlation func-

tion and that it exhibits a flattening near the phase transition. This flattening indicates

that in the thermodynamic limit, the length scales associated with the polaron diverge.
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CHAPTER 1
Introduction

Whenmatter is cooled to temperatures near absolute zero, quantum effects become im-

possible to ignore as it enters states with exotic properties such as superfluidity and su-

perconductivity. Thedevelopmentof experimental techniques suchas laser cooling [1–3],

magneto-optical trapping [4, 5], and evaporative cooling [6, 7] have allowed the cooling of

atoms to temperatures down to a few nanokelvins. Scientists can also precisely control

the strength of interactions with magnetic-field dependent Feshbach resonances [8, 9]

and external potentials with magnetic fields and off-resonant laser light [10]. Addition-

ally,with techniques suchasquantumgasmicroscopy [11–13], theproperties of the atoms

can be measured to great precision. The key breakthroughs were the achievement of

Bose-Einstein condensation [14–16] andFermidegeneracy [17–19], which spawnedafield

that, rather than focusing on individual atoms, focuses on their collective behaviour [20].

In some cases, the number of atoms is controlled precisely as well. The number of atoms

in a studied systemcan range frommillions in a largeBose-Einstein experiment to exper-

iments with optical tweezers, where experimentalists can control individual atoms [21,

22].

The large degree of control over ultracold atoms has also enabled the study of polarons,

whicharequasiparticles that formwhenamobile impurity isdressedby the excitationsof

a host system. The notion of a polaron was first introduced to describe an electron inter-

actingwithvibrations ina lattice [23, 24]. However, the concept ismuchmoregeneral and

can be applied to other systems, where an impurity is interacting with a host system [25,

26]. Recently, polarons were observed in ultracold atom experiments in various regimes
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CHAPTER 1. INTRODUCTION 2

such as Fermi liquids [27], Bose-Fermi mixtures[28], one-dimensional systems[29], and

Bose-Einstein condensates [30–32]. Ultracold atoms are, however, not merely a subject

of curiosity— several applications have been proposed and demonstrated, including ap-

plications to quantum simulation [33], sensing [34], and computation [35].

In thiswork,whenstudyinga system,we focusonstudying thepropertiesof its ground

state, which is the state with the lowest energy. The ground state is relevant since it is

the state a system would be in at zero absolute temperature. Additionally, ground state

physics is often rich and gives rise to exotic states of matter and quantum phase tran-

sitions between them [36]. The ground state of a many-body Hamiltonian can be ob-

tained by solving the time-independent Schrödinger equation, but due to the size of

suchHamiltonians, this is rarely straightforward andoften impossible to achieve exactly.

Therefore, a large variety of approximate methods are in use, ranging from mean-field

techniques to perturbation theory and field-theoretic methods [20].

To bridge the gap between experiments and theory, numerical simulations are em-

ployed. Their value lies in the fact that they can provide exact or near-exact solutions

to many-body problems, while being cheaper to run and less prone to noise than experi-

ments. On theotherhand, theyoffer less explanatorypower thanpurely theoreticalwork,

but can often provide exact solutions to problems that are not analytically solvable. This is

particularly important in strongly-correlated systems,where techniques based onmean-

field theory and perturbation theory break down. As such, numerical methods are use-

ful for validating theory — ensuring that approximations employed by a theory did not

neglect important aspects of a system, or as a guide raising interesting questions and

discovering new research directions.

Numerical simulations of quantummany-body systems are far from simple. Themain

problemwith numerically simulatingmany-body problems is the sheer number of states

a many-body system can find itself in. As an example, consider a system ofN bosons on

a lattice withM sites. Then, the number of states (Hilbert space dimension) is
(
N+M−1

N

)
,

which, even at modest values of N and M , is much too large to treat exactly even on

the largest computer clusters. To get around this issue, a variety of approximate and

exact numerical techniques have beendeveloped, such as densitymatrix renormalisation
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group [37, 38], coupled cluster [39, 40] and quantumMonte Carlo methods.

Monte Carlo methods, named after theMonte Carlo casino inMonaco, were first con-

ceived in the late 1940s [41]. The main idea behind them is to use stochastic sampling

to solve otherwise deterministic problems. After many such samples are collected, the

result is averaged to obtain an estimate of the solution. As such, the solution may be

obtained to an arbitrary precision, as long as enough samples are collected. The tech-

nique is widely applicable, and is being used to solve a diverse set of problems, from

high-dimensional numerical integration [42, 43], sampling from distributions [44, 45]

to improving the performance of tree-based search algorithms [46]. In general, Monte

Carlo methods are useful for high-dimensional problems, where solving the problem

with deterministic methods would be impractical or impossible due to time or memory

constraints.

When aMonteCarlomethod is used to solve a quantummany-body problem, it is usu-

ally referred to as quantum Monte Carlo (QMC). Monte Carlo methods were first used

to solve quantum many-body problems in the 1960s to calculate the ground state of a 3

and 4-body nuclei [47] and to find the ground state of liquid helium [48]. Since then, a

large variety of QMC methods has been developed. Among the most widely used QMC

methods are the following: Variational Monte Carlo [49] is a stochastic implementation

of the variationalmethod and usesMonte Carlomethods to evaluate the expectation val-

ues ofHamiltonians. ProjectorMonteCarlo [49], is itself a large class ofmethods that can

be seen as stochastic solvers of the time-independent Schrödinger equation, or alterna-

tively, stochastic implementations of the powermethod. Path integral Monte Carlo [50],

is based on the path integral formalism and allows for computation at finite tempera-

tures. Diagrammatic Monte Carlo [51, 52] uses stochastic sampling to sum diagram-

matic expansions (Feynman diagrams) and is particularly popular with the study of po-

larons [26].

In thiswork,we focuson full configuration interactionquantumMonteCarlo (FCIQMC),

which is a modern variant of projector Monte Carlo, and its application to the problem

of an impurity immersed in a Bose-Hubbard model as it undergoes the Mott insulator–

superfluidphase transition. FCIQMCwasoriginally formulated foruse inquantumchem-
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istry [53], but we have adapted it for use with Hamiltonians from the field of ultracold

atoms. FCIQMCisparticularlywell suited to studyingmodelsbasedon theBose-Hubbard

modeldue to several factors. Unlike certainotherprojectorMonteCarlomethods (e.g.dif-

fusionMonte Carlo), FCIQMCworks with finite, discrete Hilbert spaces, whichmatches

those of lattice problems. The Bose-Hubbard Hamiltonian formulated in real space is

extremely sparse and at very strong interaction strengths diagonally dominated, which

both interact favourablywith the stochastic samplingmethods used by FCIQMC. Finally,

the Bose-Hubbard model is not affected by the Monte Carlo sign problem, which allows

us to study relatively large systems without resorting to uncontrolled approximations,

such as the initiator approximation [54].

The work is structured as follows. We start with Chapter 2, where we provide the the-

oretical background on the Bose-Hubbard model required for understanding the rest of

thiswork. Wediscuss themodel, theMott insulator-superfluid phase transition, and the

Bose polaron in a lattice.

In Chapter 3, we introduce the full configuration interaction quantum Monte Carlo

(FCIQMC) method and present Rimu.jl, the software that was developed as part of this

doctoral study. Rimu.jl is an open-source Julia [55] package for FCIQMC and exact di-

agonalisation with a focus on the physics of ultracold atoms. We discuss the algorithms

and data structures involved which allow us to run FCIQMC and exact diagonalisation

methods in an efficient, scalable manner. We present numerical benchmarks showing

the effects of setting various parameters in the algorithm, and discuss the scaling of the

codebase when used with thread-parallel and MPI [56]-distributed computer systems.

Rimu.jl was used extensively in obtaining the results that make up the rest of this thesis.

We continue the discussion of FCIQMC in Chapter 4, where we discuss the sign prob-

lem, which arises withmost Hamiltonians when the number of walkers employed by the

algorithmis too lowtocapture the signstructureof theHamiltonian’s groundstate eigen-

vector. Building on previous work [57–60], we extend and combine previously discussed

models to produce a new scalarmodel that reconstructs thewalker dynamics of FCIQMC

in the presence of the sign problem. We show that the behaviour of FCIQMC can be un-

derstood as a pitchfork bifurcation, where, as the number of walkers employed by the
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algorithm is increased, the algorithm switches from a sign-incoherent state, to a sign-

coherent one. We also show how near the transition point, the presence of noise in the

algorithm introduces a bias in the shift and causes the sign coherence of the vector to

fluctuate.

In Chapter 5, we turn towards applications to the physics of ultra-cold atoms, specifi-

cally to theproblemofa strongly-interactingpolaron immersed inaBose-Hubbardmodel

in the quantum critical regime. Here, we use FCIQMC to validate a strong-coupling dia-

grammatic theory based on the quantum Gutzwiller method that describes an impurity

interacting with elementary excitations in the underlying system. Numerical validation

is essential here since the diagrammatic theory is approximate and caremust be taken to

ensure physically important diagrams are not neglected. We use the theory to show that

the character of thepolaron reflects the state of thehost system throughout the transition

and as such, in experiments, impurities could be used as quantum sensors.

Continuingworkon the latticeBosepolaron, inChapter 6,we consider the samemodel

at weaker impurity-boson couplings and conduct a numerical study of the finite-size ef-

fects of the energy of the polaron. We present numerical evidence showing that at the

transition point, the polaron energy becomes scale invariant and that it exhibits critical

phenomenanot yet explainedby theory. Wealso show that the energy of thepolaron is in-

timately related to the impurity-boson density-density correlation function, which at the

transition point, shows a flattening that suggests diverging length scales of the polaron

in the thermodynamic limit.

Finally, we conclude with Chapter 7, where we summarise our work and explore pos-

sible directions for further research.
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CHAPTER 2
Theoretical background

2.1 TheBose-Hubbardmodel

The quantum-mechanical model we focus on in this work is the Bose-Hubbard model.

We use it as a benchmarkmodel in Chapters 3 and 4, while in Chapters 5 and 6, we study

the physics of the model with an addedmobile impurity.

The Bose-Hubbard model is an oft-studied model in the field of ultracold quantum

gases. Unlike its predecessor, the original Hubbard model, which was introduced to

study strongly-correlated electrons in crystalline solids [62], the Bose-Hubbard model

describes interacting bosons on a lattice instead of fermions. It is a simple model de-

scribing atoms trapped in a periodic potential. Under the tight binding assumption,

atoms are only able to move through tunnelling between adjacent lattice sites (wells in

the potential) and only atoms in the same lattice site can interact. Themost notable fea-

ture of the Bose-Hubbard model is that, at zero temperature, as the ratio of its hopping

to interaction strength is varied, it undergoes a quantum phase transition between and

Mott insulating to a superfluid state [63].

In the 1990s, using a combination of laser and evaporative cooling, experimentalists

have successfully cooled alkaline atoms down to 100-200nK, producing the first Bose-

Einstein condensates [14–16]. While these were dilute, weakly-interacting quantum sys-

tems, they have laid the groundwork for later experiments. As proposed by [64], the au-

thors of Ref. [10] realised the Bose-Hubbard model by introducing a strong periodic po-

tential through an optical lattice to a Bose Einstein condensate of 87Rb atoms. They re-

ported that by varying the strength of the potential, they were able to observe the phase

8
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transition from a superfluid to aMott insulating state. This experiment marked the first

time strongly-correlated physics became accessible with ultracold atoms.

There exists a large body of theoretical work on the model [65]. Beyond the simplest

version,many extensions of themodel have been studied, such as diagonal disorder [63],

long-range interactions [66], non-square lattice geometries [67], and impurities [68].

2.1.1 TheHamiltonian

The Bose-Hubbard model is defined as

ĤB = −t
∑
⟨i,j⟩

â†i âj +
U

2

∑
i

n̂i,B(n̂i,B − 1)− µ
∑
i

n̂i,B . (2.1)

Here, â†i and ai are bosonic creation and destruction operators that follow the commu-

tation relation [âi, â
†
j ] = δi,j, n̂i,B = â†i âi is the number operator, and ⟨i, j⟩ goes over

all pairs of adjacent sites. The first term represents the ability of particles to hop between

adjacent siteswith a hopping strength t. The second term represents on-site interactions

—when two or more bosons are positioned on the same site, each pair interacts with an

interaction strength of U . The last term is governed by the chemical potential µ and de-

termines the number of particles in the grand-canonical ensemble by controlling particle

exchange with an external bath. However, in the canonical (microcanonical) ensemble,

the particle number is fixed and this term becomes a simple energy offset.

While the model can be defined in any number of dimensions d, on lattices of various

geometries and with various boundary conditions, we will focus on the 2-dimensional

case on a square lattice withM total sites and a side length ofL.

2.1.2 TheMott insulator–superfluid quantumphase transition

As the ratio of t/U is increased, the Bose-Hubbard model undergoes a quantum phase

transition from a Mott insulator to a superfluid. We follow Ref. [63] in explaining the

origin of the phase transition.

To begin, consider the limit of t/U → 0. Then, the ground state ofHB is a state where

each site is occupied by n bosons

|Ψ⟩ =
∏
i

(
â†i

)n
|vac⟩ , (2.2)



CHAPTER 2. THEORETICAL BACKGROUND 10

Figure 1:The phase diagram of the Bose-Hubbard model. The Mott insulator (MI) phase region
is denoted with the purple shaded region, while the white region represents the superfluid (SF)
regime. The blue, black and green lines in the SF region show lines of constant density. Only the
firstMott lobe is shown. The phase diagramwas calculatedwith theGutzwillermethod described
in Sec. §2- 2.1.3.

where |vac⟩ is the vacuum state. The boson density n can be determined by minimising

the on-site energy

ε(n) = µn+
U

2
n(n− 1) . (2.3)

Note that here, for all values of (n − 1) < µ/U < n for n ≥ 1, exactly n bosons occupy

each site. If µ < 0, the on-site density n = 0 and |Ψ⟩ = |vac⟩.

Now, consider fixing µ such that there are n bosons on each site and activating weak

hopping t/U > 0. Then,µ/U = n−1/2+α for someα ∈ (−1/2, 1/2). Adding a particle

to the system now increases the on-site energy by∆E+
c /U = 1/2− α, while decreasing

the energy by the kinetic energy of the newly introduced boson,−2dt/U . Similarly, re-

movingaparticle (creatingahole) increases theon-site energyby∆E−
c /U = 1/2+αwith

the same−2dt/U kinetic energy contribution from the hopping of the hole. From this,

we see that changing the number of particles in the system is energetically unfavourable

as long as t/U is small enough. This resistance to change in particle number is typical of

Mott insulating phases. In this region, the compressibility ∂n/∂µ is zero.
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Similarly, theenergyof the lowestparticlenumber-preservingexcitation in this regime

can be seen as simultaneously adding a particle and ahole to the systemand its excitation

energy is

∆Ec/U = (∆E+
c +∆E−

c − 4dt)/U (2.4)

A gap to the first excited state is characteristic of insulators.

Note that ∆Ec/U decreases with increasing t/U , eventually reaching zero. At that

point, the kinetic energy overcomes interactions and the system enters into a superfluid

state. Similarly, if µ/U is increased (or decreased), we reach a point where the kinetic

energy of the particle (or hole) balances the energy cost coming from interactions. The

newly introducedparticles (orholes) immediately condense into a superfluid. Fromthese

arguments,weexpect a region in t/U, µ/U ,where thenumberdensityn is an integer. The

width of the region narrows as t/U increases, which suggests the region is shaped like a

lobe. A phase diagram around n = 1 is displayed in Fig. 1. It should be noted that the

arguments above are not enough to reconstruct the exact shape of a Mott lobe and that

several analytic andnumerical techniques for finding the exact shapewere proposed [65].

2.1.3 Calculating the phase diagramwithmean-field theory

Amethod of calculating the phase diagramof the Bose-Hubbardmodelmost relevant for

this work is the use of the Gutzwiller ansatz, which is a simple mean-field description of

the model. We follow Ref. [65] in introducing this formalism. It starts from the obser-

vation that, in theMott insulating phase, the second order fluctuations coming from the

hopping term are negligible, i.e.

(â†i − ⟨â†i ⟩)(âj − ⟨âj⟩) ≈ 0 (2.5)

for i ̸= j. This leads to the decoupling of the hopping terms

â†i âj ≈ ⟨â†i ⟩âj + â†i ⟨âj⟩ − ⟨â†i ⟩⟨âj⟩ . (2.6)

Then, the Bose-Hubbard model becomes a sum of local operators

ĤMF
B = −t

∑
i

d∑
ν=1

[
âi(ψ

∗
i−eν + ψ∗

i+eν )− ψiψ
∗
i+eν + h.c.

]
+
U

2

∑
n̂i(n̂i − 1) , (2.7)
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whereψi = ⟨âi⟩arenumbersandeν areunit vectors. Theneighbouringsites inEq.2.7 are

only linked through expectation values of the creation and destruction operators, there-

fore any quantum correlations between the sites are ignored. It follows that the eigen-

states of ĤMF
B are tensor products of on-site states

|Φ⟩ =
⊗
i

|si⟩ , (2.8)

where

|si⟩ =
∞∑

m=0

cm

(
â†i

)m
, (2.9)

which is equivalent to the Gutzwiller ansatz [69]. Note that because we are in a homoge-

neous lattice, the coefficients cm do not depend on i.

In such a state the mean occupation number is

n = ⟨n̂⟩ =
∞∑

m=1

m|cm|2 , (2.10)

where ⟨·⟩ = ⟨Φ| · |Φ⟩ is the expectation value with respect to the state. The mean num-

ber of condensed atoms on a lattice site i is given by |ψ|2 where ψ is the condensation

parameter

ψ = ⟨â⟩ =
∞∑

m=1

c∗m−1cm
√
m. (2.11)

This quantityworks as the order parameter— in the regimewhere it vanishes, the system

is in the Mott insulating state.

The ground state of ĤMF
B depends on n and the ratio t/U . If t/U is smaller than the

critical value [36]

2dtc/U =
(n− µ/U)(µ/U − n+ 1)

1 + µ/U
, (2.12)

for n− 1 < µ/U < n, the coefficients in the ground state are given by

cm = δm,n . (2.13)

This corresponds to the Mott insulating state with exactly n particles on each site. It

should be noted that on the superfluid side, there is no analytic solution except in the

limit of t/U → ∞.

Equation (2.12) gives the critical value tc/U as a function of µ/U . It can be inverted to
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instead give the critical value of µ/U as a function of t/U , which gives two solutions

µ±(n, t/U)

U
= n− 1

2
(1 + 2dt/U)± 1

2

√
1− (4n+ 2)2dt/U + (2dt/U)2 , (2.14)

which are real if

2dt/U < 2dtmax/U =
(√

n+ 1−√
n
)2
. (2.15)

For t/U = tmax/U , Eq. (2.14) only has one solution, which is

µ±(n, tmax/U)

U
=
√
n(n+ 1)− 1 , (2.16)

giving the tip of the lobe. These solutions describe the phase diagram shown in Fig. 1.

Themean-field theorywe justdescribed is the startingpoint for thequantumGutzwiller

method [70] that is the basis of the theoretical work presented in Chapter 5. In the quan-

tum Gutzwiller method, quantum fluctuations are introduced on top of the mean-field

solution,whichallowcapturing thenon-local featuresof themodel. An impurity can then

be introduced to the model by describing the way the impurity excites elementary exci-

tations in the Bose-Hubbardmodel as it moves through the lattice. A detailed discussion

of this theory is presented in that chapter.

2.2 TheBose polaron in a lattice

Wenow turn to a brief discussionof theBosepolaron formedby an impurity immersed in

a Bose-Hubbardmodel. We define the impurity spectral function, which is an the object

of study in both experimental and theoretical work, including the work we present in

Chapter. 5.

In a physical system, an impurity is a distinguishable particle trapped in the same po-

tential as the atoms of the host system. This could be an atom of a different species, or

an atom of the same species in a different hyperfine state. In our case, the impurity be-

haves in a similar manner as the host system described by Eq. (2.1) — the impurity can

hop between lattice sites and interact with atoms of the host system through an on-site

interaction. We will assume the impurity has the same mass as the other particles (i.e.,

the same hopping strength t), which experimentally would correspond to changing the

hyperfine state of a small portion of the atoms as described in Refs. [26, 30]. As long as
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the portion of modified atoms is small enough, we canmodel them as a single impurity.

We start by introducing an impurity to the Hamiltonian presented in Eq. 2.1,

ĤI = −t
∑
⟨i,j⟩

b̂†i b̂j , (2.17)

ĤIB = ĤB + ĤI + UIB

∑
i

n̂i,In̂i,B , (2.18)

where b̂†i (b̂i) creates (annihilates) an impurity at site i, and n̂i,I = b̂†i b̂i is the impurity

number operator. UIB is the impurity-boson on-site interaction strength which may be

positive or negative. Here, we only consider the case where there is exactly one impurity,

i.e.
∑

i n̂i,I = 1.

Since experiments start with an impurity free system into which impurities are in-

jected, we want to model the response such a system would have to the impurities. This

can be measured through the impurity spectral function A, which is a quantity that is

both theoretically and experimentally accessible. In short, at zero temperature, the im-

purity spectral function can be seen as the spectrumofHIB, where each state is weighted

by the probability that the system will find itself in that state after the impurity is intro-

duced [26].

To define it, we start with the impurity Green’s function

G(i− j, τ − τ ′) = −i⟨T b̂i(τ)b̂†j(τ ′)⟩ (2.19)

where b̂i(τ) and b̂†i (τ
′) are time-evolved in the Heisenberg picture, and T is a time or-

dering operator. At zero temperature, the expectation value ⟨·⟩ is done with respect to

|ψ0⟩ ⊗ |vac⟩, where |ψ0⟩ is the ground state of ĤB, while at finite temperatures, it is a

quantum statistical expectation value. Then, the impurity spectral function is defined to

be

A(k, ω) = −2 Im G̃(k, ω), (2.20)

where G̃(k, ω) is the Fourier transform ofG. In the low temperature limit,A becomes

A(k, ω) ∝
∑
n

∥∥∥⟨ϕn| ĉ†k |ψ0⟩
∥∥∥2 δ(ω − En + E0) , (2.21)

where |ψ0⟩ is the ground state ofHB with energyE0, |ϕn⟩ is the n-th excited state ofHIB
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with energyEn, and ĉ†k creates an impurity with momentum k, i.e.

ĉ†k =
1√
M

∑
j

eijkb̂†j . (2.22)

Theweights on the states, which are overlaps between thenon-interacting state ĉ†k |ψ0⟩

and the polaron eigenstate |ϕn⟩, are also known as the quasiparticle residue

Zn(k) = ⟨ϕn| ĉ†k |ψ0⟩ . (2.23)

The residue is experimentally relevant because in an experiment where impurities are

introduced to a system, the probability of themoccupying the statenwill be proportional

to Zn [26]. As such, if the residue of the n-th state is zero (or very small), the system is

unable (or unlikely) to transition to that state when the impurity is introduced.
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CHAPTER 3
Rimu.jl: Random integrators for
many-body quantum systems

We start the main part of this work by discussing Rimu.jl, which is a Julia package for

solvingmany-body quantum problems. The Rimu.jl project existed before the candidate

started his PhD, but its parallelisation was inefficient and only one-dimensional bosonic

models were supported. During this PhD project, the candidate redesigned a signifi-

cant portion of the code. Thereby he designed and implemented the parallelisation and

stochastic sampling capabilities that are detailed in this chapter. Besides further opti-

mising the implementations of Fock addresses, vectors andHamiltonians, the candidate

added a variety of other major features to the project. These include (but are not limited

to) 2 and 3-dimensional Hubbard models, fermionic and mixed Fock states, importance

sampling and the initiator approximation.

The project was started by Elke Pahl and Joachim Brand. Chris Bradly implemented

harmonic oscillatorHamiltonians and various features related to statistical analysis. Ray

Yangwas involved in the project’s early development and implemented blocking analysis.

Other students and external collaborators added additional features, as documented in

the project’s GitHub repository.

The development of Rimu.jl was informed by the application to physical problems and

it was used extensively in obtaining the results presented in Chapters 4–6. The candidate

led the writing of this publication.

17

https://github.com/RimuQMC/Rimu.jl/
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The following text is a verbatim copy of:
Matija Čufar, C. J. Bradly, Ray Yang, Elke Pahl, JoachimBrand “Rimu.jl: Random integra-
tors for many-body quantum systems”,
preprint, arXiv:2601.19505

Abstract

Rimu.jl is a Julia package for solving many-body quantum problems. The core of the

package is amatrix-free implementation of Hamiltonians and other operators and com-

pact representation of Fock states, which together allow for efficient methods suitable

for high-performance computing. Rimu.jl includes a Julia implementation of the full

configuration interaction quantumMonte Carlo (FCIQMC) algorithm which is a type of

projector QMC algorithm for stochastically solving the time-independent Schrödinger

equation. It also includes many well-known model Hamiltonians, and an interface for

exact diagonalisation based on external eigenvalue solvers. Both the stochastic and ex-

act diagonalisationmethods are accessed with a CommonSolve.jl interface. We describe

the FCIQMC algorithm and how to obtain estimators of observables as well as the key

features of the implementation.

3.1 Introduction

Calculating the ground state of a quantummany-body problem is an important problem

with applications in many areas of physics and chemistry. As the Hilbert space dimen-

sion of such problems grows exponentially with system size, solving them numerically

in a deterministic way becomes intractable already at modest system sizes. However,

through theuse of stochasticity inMonteCarlomethods, both timeandmemory require-

ments of solving aquantummany-bodyproblemcanbedrastically reduced. The family of

methods that use stochastic techniques to solve quantumproblems is knownas quantum

Monte Carlo (QMC). A common feature of the widely varying QMCmethods is that they

all stochastically sample the solutions to the (deterministic) problem in such a way that

taking an average of the recorded samples yields a good approximation of the true solu-

tion [71, 72]. A particular class of QMC methods is projector Monte Carlo (PMC), which

uses a repeated application of a transition operator to an arbitrary initial state to project

out all states but the ground state. Then, in the limit of many applications, the method

https://arxiv.org/abs/2601.19505
https://github.com/RimuQMC/Rimu.jl
https://github.com/SciML/CommonSolve.jl
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can be seen as a projector. The transition operator is applied stochastically, and depend-

ing on the transition operator used, the basis, and the exact details of the stochastic ap-

plication, several different variants of PMC can be defined [49]. Some notable examples

include Green’s function Monte Carlo [47, 73], diffusion Monte Carlo [74], auxillary field

quantumMonte Carlo [75], path integral ground state [76], and full configuration inter-

action quantumMonte Carlo [53].

Full configuration interaction quantum Monte Carlo (FCIQMC) [53] was first devel-

oped for use in quantum chemistry to solve problems related to the electronic structure

of molecules, solid state applications, and Hubbardmodels. Although the algorithm has

mostly been used in these areas [77–80], it has been successfully applied to problems re-

lating to the physics of ultra-cold quantum gases [81–84] and, due to its simplicity could

be applied to find the lowest eigenpair of any matrix in general. A major advantage of

FCIQMC over other PMC algorithms is that it can treat problems with a sign problem

without resorting to approximations like the fixed-node approximation, assuming a suf-

ficiently large amount of resources is employed. Another big advantage is that FCIQMC it

hasno timesteperror, if the time step is small enough, such thatnoextrapolation to small

time steps is needed. Several variants of FCIQMC exist: The original formulation [53],

which is no longer in use, used integer coefficients, where each unit of the coefficientwas

treated as an independent walker. This was later extended to real (floating-point) coeffi-

cients with a semistochastic formulation [85] where a part of the Hilbert space is treated

exactly with the rest sampled stochastically. Further expansions of the algorithm include

the initiator approximation [54, 86], which trades the sign problem for a small bias, im-

portance sampling [87, 88], which reduces the inherent population control bias present

in FCIQMC, methods of improving convergence speed [89, 90], heat bath sampling [91],

which samples matrix elements with probabilities proportional to their value, and the

fast randomised iteration approach [92, 93], which improves the way an FCIQMC vector

is compressed. In addition to computing ground state properties, variants of FCIQMC

can also be used to compute excited states [94], density matrices [95], or even real-time

dynamics [96]. There exist several open-source implementations of FCIQMC focused on

electronic structure problems [97–99].
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In this paper, we present Rimu.jl, a Julia [55] framework for working with quantum

many-body systems with a focus on FCIQMC and exact diagonalisation. We present the

variant of the FCIQMC algorithm employed by Rimu.jl, which dynamically determines

the size of the deterministic subspace. Further, we describe the data structures used

and show results of numerical benchmarksmeasuring the effects of the various parame-

ters exposed byRimu.jl, and its performance on thread-parallel andMPI [56]-distributed

computer systems is described.

Wehave designed the package toworkwithmore general quantummany-bodyHamil-

tonians beyond the electronic structure problem. Specifically, our own research interests

are motivated by ultra-cold atom systems. To facilitate this, Rimu.jl is defined to work

with arbitrary mixtures of (possibly non-number conserving) bosons and fermions with

arbitrary spins. However, our package also supports working with spin-1/2 fermions

and thus molecular Hamiltonians. Extending the capabilities beyond the currently im-

plemented Fock-state bases is also supported through the implemented type hierarchies

and interfaces.

The benefits of implementing in Julia are many, but in our case the most valuable is

themultiple dispatch feature, which allows us to tweak the internals of the implemented

algorithms without having to modify the main code base. This speeds up development,

and makes it easy to experiment with the algorithm and develop prototypes. Multiple

dispatch also allows us to use type-level metaprogramming to have the Julia compiler

generate specialised code tailored to the simulation parameters. Additionally, the input

file for Rimu.jl is simply a Julia script, which makes working with Rimu.jl easy.

This paper is organised as follows: In Sec. §3-3.2, we start with an example showing

some of the features of Rimu.jl and giving the reader an idea about how Rimu.jl is used.

Then, inSec.§3-3.3,wediscuss thevariantof theFCIQMCalgorithmemployedbyRimu.jl

in detail, starting with a deterministic version, and then introducing stochasticity. In

Sec. §3-3.4, we discuss the various statistical techniques that allow us to extract useful

information from an FCIQMC computation. This includes various ways of estimating

the energy of a system or its observables. We briefly present the two major ways exact

diagonalisation can be performed with Rimu.jl in Sec. §3-3.5. In Sec. §3-3.6, we dive
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into the implementation details of the data structures used for representing Fock states,

operators and vectors. We discuss how these implementation details allow for efficient

FCIQMCand exact diagonalisation. In Sec. §3-3.7, wepresent numerical results showing

howalgorithmparameters affect anFCIQMCcalculation, andpresent benchmarks of the

performanceofRimu.jlwith thread-parallel andMPI-distributed calculations. Finally, in

Sec. §3-3.8, we conclude the paper and present possible future directions for Rimu.jl.

3.2 Usage example: a preview of attractions to come

We begin with a short example of an FCIQMC computation with Rimu.jl, linking to the

relevant parts of this paper every time a new concept is introduced. Wewill use the Bose-

Hubbard model, which is a standard model in many-body physics that captures the im-

portantproperties of the superfluid–Mott insulator transition [63]. As a simple case, con-

sider the one-dimensional Bose-Hubbard Hamiltonian for fixed particle number

Ĥ = −t
∑
⟨i,j⟩

â†i âj +
u

2

M∑
i=1

n̂i(n̂i − 1) , (3.1)

where â†i (âi) creates (destroys) a particle on site i, n̂i = â†i âi is the particle number oper-

ator, ⟨i, j⟩ denotes all pairs of adjacent sites, and t and u are dimensionless hopping and

interaction parameters, respectively. In this example, we will look at a system ofN = 12

particles inM = 12 sites, which results in aHilbert space dimension of 1,352,078. This is

small enough tobequickly solvablewithRimu.jl’s FCIQMCandsparse eigenvalue solvers,

but too large for dense numerical linear algebra. In the example, wewill startwith a basic

computation, then extend it to show computing excited states and observables. Finally,

we will use exact diagonalisation and compare the results obtained with these methods.

3.2.1 Basic computation

If Rimu.jl is not yet installed, we install through the Julia package manager by typing

� �
1 ]add Rimu� �

in the Julia REPL. We can now set up the computation by loading Rimu.jl, then creating

a bosonic Fock address and defining the Hamiltonian:
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� �
1 using Rimu
2 N = 12 # number of particles
3 M = 12 # number of sites
4 address = near_uniform(BoseFS{N,M})
5 hamiltonian = HubbardRealSpace(address; u=6.0)� �

The Fock address is created first to define the quantum statistics and the Hilbert space

of the problem, as discussed in Sec. §3- 3.6.1. The bosonic Fock state constructed with

near_uniform is one where theN = 12 particles are uniformly distributed across the

M = 12modes, which represent lattice sites of the Hubbard model. We then pass the

address and the interaction parameter u = 6 to theHamiltonian constructor, while leav-

ing t at its default value of 1. This corresponds to strong on-site interactions typical of the

Mott-insulating regime. Passing the address to the Hamiltonian this way sets the num-

ber of particles and lattice sites, as well as providing a starting point for the FCIQMC

calculation. This is discussed in more detail in Sec. §3- 3.6.2.

As the simulation runs we will also collect the data required to compute the projected

energy, which is an estimator of the ground state energy, as explained in more detail in

Sec. §3- 3.4.2.

� �
1 reference_vector = PDVec(address => 1.0)
2 post_step_strategy = ProjectedEnergy(hamiltonian, reference_vector)� �

Theprojected energy requires a reference vector which we set up as a PDVec (see Sec. §3-

3.6.3) with the value of 1 at the starting address here.

Now, we create the ProjectorMonteCarloProblem, which holds the information

necessary to start an FCIQMC run and solve it with the solve function following the

CommonSolve.jl [100] interface. We finally store the result to a DataFrame [101] and

display it.

� �
1 problem_fciqmc_basic = ProjectorMonteCarloProblem(
2 hamiltonian;
3 last_step=10_000,
4 target_walkers=100_000,
5 post_step_strategy,
6 )
7
8 result = solve(problem_fciqmc_basic)
9 df = DataFrame(result)

10
11 display(df)
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12 # 10000×11 DataFrame
13 # Row step len shift norm exact_steps inexact_st ···
14 # Int64 Int64 Float64 Float64 Int64 Int64 ···
15 #
16 # 1 1 6 -1.83494 15.0 0 ···
17 # 2 2 9 -2.42858 19.1719 0
18 # 3 3 12 -2.68342 23.3947 0
19 # 4 4 19 -3.51728 30.5274 0
20 #

...
...

...
...

...
...

...
. . .

21 # 9997 9997 48648 -7.79238 1.00169e5 329 48 ···
22 # 9998 9998 48399 -7.77228 99918.7 332 48
23 # 9999 9999 48347 -7.76695 99855.1 331 48
24 # 10000 10000 48231 -7.75921 99763.2 331 48
25 6 columns and 9992 rows omitted� �
Here, we perform 10,000 steps of the FCIQMC algorithm. The target walker number,

which determines the desired 1-norm of the vector, is set to 100,000. See Sec. §3-3.3 for

more details on the FCIQMC algorithm.

The DataFrame holds time series of the various statistics Rimu.jl keeps track of. Of

particular interest is the shift S, which is plotted in Fig. 2(a). It is used as a mechanism

to control the norm of the FCIQMC vector, and also acts as an energy estimator. Initially,

the shift fluctuateswildly, but then quickly settles to fluctuating around a fixed value. On

the same time scale the one-normof the FCIQMCvector grows and settles around thede-

sired value of 10000walkers as is shown inpanel (b) of Fig. 2. Thevalue the shift fluctuates

around an estimator for the ground state energy of theHamiltonian. For the estimatewe

discard the initial transient part of the time series and perform a blocked averaging pro-

cedure to extract the mean S̄ and its estimated statistical error σS̄. These quantities are

shown in Fig. 2 (c). There, we see that the true energyE0 lies within the error bars given

by the blocked average S̄. See Sec. §3-3.4 for a detailed treatment of blocked averaging.

In the code, we perform this averaging through the shift_estimator function.

� �
1 shift_estimator(df; skip=5000)� �

Here, skip sets the number of steps to be discarded from the beginning of the time se-

ries. Next,we extract the projected energy estimate byutilising theprojected_energy

function

� �
1 projected_energy(df; skip=5000)� �
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Figure 2: FCIQMC time series for the data obtained in the example. In panels (a) and (b), the shift
and norm time series are shown. A close-up of the equilibrated region of the shift time series is
shown in panel (c), which also shows the exact energyE0 (dashed red line) and the estimate given
by the mean of the shift S̄ (orange line) with a blocked standard error σS̄ (orange band).

The values given by these functions are S̄ = −7.76858± 0.00075 andEy = −7.76809±

0.00044 for the shift and projected energy, respectively. These values compare favourably

to the exact ground state energy E0 ≈ −7.76815 as obtained by exact diagonalisation

(see Sec. §3- 3.2.4).

3.2.2 Excited states

In addition to computing the ground state energy and properties, Rimu.jl also supports

computing consecutive low-lying excited states. To do so, simply pass the parameter

n_spectral to the ProjectorMonteCarloProblem.

� �
1 problem_fciqmc_excited = ProjectorMonteCarloProblem(
2 hamiltonian;
3 last_step=10_000,
4 target_walkers=100_000,
5 post_step_strategy,
6 n_spectral=2,
7 )
8
9 result = solve(problem_fciqmc_excited)

10 df = DataFrame(result)� �
Setting n_spectral=2 triggers two independent step-synchronised FCIQMC simula-
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tions where the second’s instantaneous coefficient vector is orthogonalised to the first

one in order to target the first excited state. The resulting data frame now has a larger

number of columns. For most of the statistics calculated, it contains columns postfixed

with _r1s1 and _r1s2, which correspond to the first and second spectral states for the

first and only replica in this calculation. To get an estimate of the excited state energy, we

again use the shift_estimator function, but now have to give it the name of the shift

column from the data frame.

� �
1 shift_estimator(df; shift=:shift_r1s2, skip=5000)� �

The resulting value S̄2 = −5.6646 ± 0.0011matches the true excited state energy value

ofE1 ≈ −5.6671well, which was obtained by exact diagonalisation. It should be noted,

however, that computing excited state energies can be very difficult in practice as even in

systems that are free of the Monte Carlo sign problem for ground state calculations, the

sign problem always occurs for the excited states. Excited state calculations with Rimu.jl

for the Fröhlich polaron model were reported in Ref. [81], where the sign problem could

be mitigated by walker annihilation.

3.2.3 Observables

We now extend the example to compute observables - the density-density correlations

defined by

Ĝ(2)(d) =
∑
i

n̂i (n̂i+d − δd,0) . (3.2)

In Rimu.jl, both Hamiltonians and observables are operators and behave in a similar

manner, which is reflected in a type hierarchy as explained in Sec. §3- 3.6.2. We set up

the computation as follows.

� �
1 g2_operators = [G2RealCorrelator(d) for d in 0:6]
2 replica_strategy = AllOverlaps(g2_operators)
3
4 problem_fciqmc_observables = ProjectorMonteCarloProblem(
5 hamiltonian;
6 last_step=10_000,
7 target_walkers=100_000,
8 post_step_strategy,
9 replica_strategy,

10 )
11
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Figure 3: Estimates of the density-density correlator expectation values Ĝ(2)(d) over a range of
distances d. In panel (a), the orange bars show the estimates obtained fromFCIQMC,where their
widths are equal to 3 times the error bar. The exact values are plotted as dotted red lines. Panel (b)
shows the error calculated from the differences between the estimates and the exact values.

12 result = solve(problem_fciqmc_observables)
13
14 df = DataFrame(result)� �
Here, we first initialise a vector of observables with values of d = 0, . . . , 6 and then pass

them into the replica_strategy AllOverlaps. The latter is a mechanism for com-

puting overlaps between the FCIQMC vectors and observables after every Monte Carlo

step. In order to compute those without bias, at least two independent runs of FCIQMC

(replicas) must be run concurrently. The number of replicas can be specified, but two

replicas are run by default when using AllOverlaps. See Sec. §3- 3.4.3 for more infor-

mation on calculating observables with replicas. The resulting data frame now contains

columns containing the dot-products between the vectors and each observable, which

can be averaged with the rayleigh_replica_estimator function.

� �
1 rayleigh_replica_estimator(result; op_name="Op1", skip=5000)� �

These estimates are compared to the exact values in Fig. 3. Computing observables with

Rimu.jl’s FCIQMCwas used to compute density-density correlations of an impurity in a

one-dimensional interacting Bose gase in Ref. [84].

3.2.4 Exact diagonalisation

Because our example is small enough, we can confirm the correctness of the FCIQMC

result by performing exact diagonalisation of the Hamiltonian and comparing the exact

and numerical results for the energy. Rimu.jl is compatible with eigenvalue solvers from

several external packages, as discussed in Sec. §3-3.5. Here, we use the KrylovKit [102]
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package. The interface is similar to the one used for FCIQMC— we first define a prob-

lem by instantiating an ExactDiagonalizationProblem which we then solve with

the solve function.

� �
1 using KrylovKit
2
3 problem = ExactDiagonalizationProblem(
4 hamiltonian; algorithm=KrylovKitSolver(false),
5 )
6 exact_result = solve(problem)� �

The exact energies can then be extracted by accessing

� �
1 exact_result.values� �

while the eigenvectors are stored in

� �
1 exact_result.vectors� �

Exact diagonalisation of transcorrelated [103] Hamiltonians with Rimu.jl was used to

solve one-dimensional few-fermion and impurity problems in Refs. [83, 104].

This example shows the basics of Rimu.jl’s usage in a small system. Rimu.jl can be

used in a similar manner with many other types of Hamiltonians and both its FCIQMC

and exact diagonalisation capabilities can be scaled up to much larger problems. As an

example, Rimu.jl was used in Ref. [82] to compute the ground state of a two-dimensional

impurity-Bose-HubbardHamiltonianwith 100 particles on 100 sites, which has aHilbert

space dimension of ∼ 4.5 × 1060. As the computational effort grows with system size

and complexity of the problem so does the demand for computational resources. Rimu.jl

has extensive capabilities for leveraging bothmulti-core parallelism andmulti-node dis-

tributed computing. The core implementation strategies are discussed in Sec. §3- 3.6.4

and scaling benchmarks on a high-performance computing facility presented in Sec. §3-

3.7.
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3.3 The FCIQMC algorithm

Full configuration interactionquantumMonteCarlo (FCIQMC) is analgorithmfor stochas-

tically sampling the lowest eigenpair (E0,v0) of a linear operator Ĥ. Sincewe are dealing

with finite systems, Ĥ can be represented as a matrix but as we will discuss later, there

is no need to store the actual matrix in memory. How operators and vectors are imple-

mented in the code is discussed in more detail in Secs. §3- 3.6.2 and §3- 3.6.3.

3.3.1 A fixed point iteration

FCIQMC belongs to the wider class of projector Monte Carlo methods. These methods

work by discretising the imaginary-time Schrödinger equation

∂ |Ψ(τ)⟩
∂τ

= −Ĥ |Ψ(τ)⟩ , (3.3)

and then solving the discretised equation stochastically. In the case of FCIQMC, the dis-

cretisation employed is an Euler method

|Ψ(τ + δτ)⟩ = |Ψ(τ)⟩ − δτĤ |Ψ(τ)⟩ , (3.4)

where δτ is a (small) imaginary time step.

Since we are interested in solving the equation numerically, we realise Ĥ as a matrix

Hwith entries

Hi,j = ⟨i|Ĥ|j⟩ (3.5)

where i, j are (not necessarily integer) indices and |i⟩ , |j⟩ are basis states. Similarly, we

realise the state |Ψ(n δτ)⟩ as a coefficient vector c(n) with coefficients

c
(n)
i = ⟨i|Ψ(n δτ)⟩ . (3.6)

We use c(0) to denote the starting vector. Then, Eq (3.4) can be converted to

c(n+1) = T(n)c(n) , (3.7)

whereT is the FCIQMC transition operator

T(n) := 1+ δτ
(
S(n)1−H

)
. (3.8)
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Here, 1 is the identity matrix and S(n) is an energy shift. If the shift is held constant, the

schemeadmits exponential solutions,where thenormofcgrowsordecays exponentially,

with S(n) = E0 being the only stable solution. Hence, Eq. (3.7) presents an unstable

fixed-point iteration scheme on cwith a fixed point at the desired eigenpair c = v0 and

S = E0.

To stabilise the fixed point, we update the value ofS(n) after every stepwith the follow-

ing procedure

S(n+1) = S(n) − ζ

δτ
ln

∥∥c(n+1)
∥∥

∥c(n)∥ − ξ

δτ
ln

∥∥c(n+1)
∥∥

Nt

, (3.9)

whereNt is the target 1-normof the coefficient vector and ζ and ξ areparameters control-

ling the dynamics of the shift. It was shown in Ref. [105] that the combination of Eq. (3.7)

with the shift update of Eq. (3.9) behaves like a (discretised) damped harmonic oscilla-

tor differential equation for the logarithmic 1-norm of the vector. In this interpretation

of the equation, the terms with parameters ζ and ξ represent the damping and forcing

terms, respectively. The combination of Eqs. (3.7) and (3.9) presents a stable fixed-point

iteration scheme on the pair (S(n), c(n))with a fixed point at the eigenpair (E0,v0)with

a normalized eigenvector ∥v0∥ = Nt.

An advantage of FCIQMC over some other methods is that it has no time step error.

This can be seen from the fact that δτ does not play a role in determining the values of

the fixed points. However, the choice of δτ is still important, as the algorithm will only

converge if

δτ <
2

Emax − E0

, (3.10)

whereEmax is the largest eigenvalue ofH andEmax − E0 is its spectral range [57].

As demonstrated in Sec. §3- 3.2.2, FCIQMC can be extended to compute low-lying

excited states in addition to the ground state. To compute the first K states, we run

FCIQMC in parallel on K independent vectors c(n,k), k = 0, . . . , K − 1 with indepen-

dent shifts S(n,k). Then after every step, we orthogonalise the vectors using the Gram-

Schmidt procedure, which ensures each vector converges to a separate spectral state vk,

while each shift converges to the energy of that stateEk [94].
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3.3.2 QuantumMonte Carlo

Themethoddescribed thus far is equivalent to thepowermethodwith adifferentnormal-

ization scheme and as such provides no benefits over standard methods for eigenvalue

computation. However, unlike many other methods, it can be performed stochastically

by replacing the operatorTwith a stochastic operator Ť. For this to bebeneficial, wepick

Ť in a way that reduces the computational cost of the operator application in Eq. (3.7).

At the same time, we must ensure that the fixed points of Eqs. (3.7) and (3.9) remain un-

changed. To achieve this, we require the stochastic operator to be equal to the determin-

istic operator in expectation:

E
[
Ť(n)c(n)

]
= T(n)c(n) , (3.11)

whereE denotes the ensemble average.

Because applying Ť is noisy, the algorithm does not cleanly converge to (E0,v0). In-

stead, the output is a time serieswith twophases; an equilibration phase, where the algo-

rithmmoves S(n) and c(n) towards the desired fixed points, and a phase where the algo-

rithm has reached the fixed point and is fluctuating around it. To extract an estimate of

E0 from the algorithm, we discard all shift data from the first phase and take an average

of the second. An example of an FCIQMC time series is shown in Fig. 2.

Rimu.jl provides severalways of realising the stochastic operator Ť. In this section,we

describe theonewehave found tobe themostuseful. Furtherdetails of the algorithmand

how they affect the computation are presented in Sec. §3- 3.3.2. Although the algorithm

was originally formulated inMonte Carlo terminology with walkers who spawn, die, and

annihilate [53], here we describe the procedures in terms ofmatrix compression and vector

compression [92].

To start, we write a coefficient vector c as

c =
∑
i

cîi . (3.12)

Here, we can call the orthonormal set of vectors {̂i}i the primitive basis indexed by the

addresses i. In our case, these addresses are Fock states. A matrix-vector product can
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then be seen as

Tc =
∑
i

T:,i ci , (3.13)

whereT:,i represents the i-th columnofT. In aMonteCarlo inspired view, the process in

Eq. (3.13) can be seen as each entry in c independently spawningT:,i ci. These spawns are

then collected and summed together. This summing is often referred to as walker anni-

hilation and is a critical step that allows FCIQMC to overcome the sign problem through

cancellation of positive and negative contributions to a vector [53].

We convert the matrix T to a stochastically compressed operator Ť in two distinct

phases, thefirst ofwhich ismatrix compression. Matrix compression replaces the spawn-

ing step fromEq. (3.13) with a stochastic procedure that avoids visiting some elements of

T. The matrix-compressed operator is denoted as T̃. Suppose we are spawning the col-

umn corresponding to the coefficient ci, and that the columnT:,i containsmi non-zero

off-diagonal elements. We start by determining the number of spawning attempts

ni = ⌈|ci|⌉ . (3.14)

where ⌈x⌉ denotes the smallest integer greater than or equal to x. Next, we pick ni non-

zerooff-diagonal elements fromthe columnuniformly at randomwith replacement. This

allows us to construct a stochastically compressed column

T̃:,i =
(
T̃j,i

)
j

(3.15)

where

T̃j,i =


Ti,i if j = i
mi

ni
Tj,i if j was selected in the picking step,

0 otherwise.
(3.16)

If the requested number of spawns is greater thanmi, we set T̃:,i = T:,i, i.e., no stochas-

tic compression takes place and the spawning step is executed exactly. This results in

a semistochastic algorithm similar to the one described in Ref. [85] and is discussed in

more detail in Sec. §3- 3.7.1. The factor ofmi/ni in Eq. (3.16) represents the inverse prob-

ability of picking the element. The result is scaled by it so that E[T̃j,i] = Tj,i holds. Note

that this procedure always leaves the diagonal element Ti,i unchanged, and if the coeffi-

cient ci is high enough, the column remains uncompressed.
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Figure 4: Stochastic vector compression. The plot shows the values ci at a given index i of an
uncompressedvector (yellow line)witha stochastically compressedvector (bluefill) superimposed
on it. In the compressed vector, the coefficients with value ci ≥ 1 are unaffected by compression,
while those below 1 are stochastically set to either 0 or 1 with probability proportional to ci.

The other building block in the compression scheme is stochastic vector compression.

The goal here is to reduce the number of non-zero values in the coefficient vector cwith-

out changing the vector in expectation. This is done by applying a stochastic projection

scheme Π̌, which is defined as follows:

(
Π̌c
)
i
=


ci if ci ≥ 1,

1 if ci < 1with probability ci,
0 if ci < 1with probability 1− ci.

(3.17)

Similarly to thematrix compressionschemedescribedabove, thisprocedurehas theprop-

erty that increasing the 1-norm of the vector c lessens the effect Π̌ has on it. A plot show-

ing an example of a vector compressed this way is shown in Fig. 4. The figure shows the

ground state eigenvector of the real space Bose-HubbardHamiltonianwithN = 6 parti-

cles inM = 6 sites with an interaction strength of u/t = 6, which was normalized such

that ∥c∥ = 1000.

Finally,wecombinematrix compressionandvector compression to realise the stochas-

tically compressed operator Ť, defined by

Ťc = Π̌

(∑
i

T̃:,ici

)
. (3.18)

Using the compressed operator Ť in place ofT reduces the computational cost of a sin-

gle matrix-vector multiplication considerably. When there is a small region in the vector

where the coefficients ci are high, with the rest of the vector very close to zero, the vector

compression scheme leaves the localised region mostly intact, while heavily compress-

ing the (less important) low-valued regions. Matrix compression also ensures that the

spawns from important, high-valued regions of the vector are performed essentially ex-
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actly, while the spawns from the low-valued regions of the vector are performed in anoisy

manner. A consequence of this is that FCIQMCworks best when the ground state eigen-

vector ofH is extremely localised. Where possible, the basis should be chosen so that the

ground state is localised in Fock space.

When using the stochastic algorithm, the target normNt in Eq. (3.9) plays an impor-

tant role. By increasing Nt, the stochastic operation Ť(n)c(n) tends towards its exact

counterpart,T(n)c(n). Thus, simulations with higherNt will be less noisy, giving better

eigenvalue estimates, but be computationally more intensive. Setting a higher Nt also

helps mitigate two issues present in stochastic FCIQMC, namely the population control

bias and the sign problem. The population control bias, which is always present, is dis-

cussed in-depth in Ref. [60]. It becomes apparent when the compressed vector is much

smaller than the size of the full address set and is related to the noise in the algorithm.

Several methods of mitigating it are available in Rimu.jl, as described in Secs. §3- 3.4.2

and §3- 3.6.2. The other issue is the sign problem, which presents itself in Hamiltonians

with positive off-diagonal elements. When the compressed vector representation is too

small to fully capture the sign structure of the true eigenvector, FCIQMC converges to

the wrong eigenpair [57]. It can be overcome by using aNt above a critical valueNc, or be

traded for an (often small) bias with the initiator approximation [54].

3.4 Computing observables

Themain output of an FCIQMC simulation in Rimu.jl are the time series of several quan-

tities. By default, at each step the algorithmwill record the value of the shiftS(n), the vec-

tor norm
∥∥c(n)∥∥ and several diagnostic quantities. Additional observables can be calcu-

latedduring the simulation inwhichcase timeseriesof vector-vector andvector-operator-

vector products will also be reported. The StatsTools module in Rimu.jl contains a

range of functions for calculating observables from the time series after an FCIQMCsim-

ulation. Many of the convenience functions in the StatsToolsmodule are specific to

analysis for the FCIQMC algorithm and the typical Hamiltonianmodels studied, but the

underlying functionality is flexible and extensible.

For this section, we will refer to a simple problem using the one-dimensional Bose-
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Hubbard Hamiltonian of 6 particles in 6 lattice sites.

� �
1 julia> initial_address = near_uniform(BoseFS{6,6});
2 julia> H = HubbardRealSpace(initial_address; u = 6.0);� �

The implementation of Fock addresses and Hamiltonians is explained in Section §3-3.6.

For now, we perform the simulation for 3000 time steps.

� �
1 julia> last_step = 3000;
2 julia> problem = ProjectorMonteCarloProblem(H; last_step);
3 julia> df = DataFrame(solve(problem));� �

The output df is a DataFrame [101] whose columns are the time series of the quantities

producedduring theFCIQMCsimulation. In the following sections,wewill describehow

the time series are analysed to produce physically meaningful observables.

3.4.1 Time-series analysis

Even after equilibration, consecutive time steps of a QMC simulation are correlated, and

the datamust be decorrelated to obtain accurate estimates. For a general stationary time

series quantityX, assuming ergodicity, the expected value ⟨X⟩ is the long-time limit of

the sample mean

⟨X⟩ = lim
Ω→∞

X, (3.19)

where

X =
1

Ω

Ω∑
n=1

X(n), (3.20)

is the sample mean of a time series with Ω time steps. A quantity of primary interest is

the variance of the sample mean defined by

σ2
X
= ⟨X2⟩ − ⟨X⟩2, (3.21)

and the related standard error σX . This standard error quantifies the statistical uncer-

tainty we have about the position of the expected value, given a sample mean calculated

from a finite time series. Estimating the variance σ2
X
from a given time series is compli-
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cated by the fact that nearby elements of the time series will typically be strongly corre-

lated in aQMC calculation, e.g. due to the fact that only a small step is performed in each

iteration.

Themainmethod in Rimu.jl to remove correlations from time series uses the so-called

blocking analysis [106]. The variance of the sample mean can be expressed as

σ2
X
=
γ0
Ω

+
2

Ω

Ω−1∑
t=1

(
1− t

Ω

)
γt, (3.22)

where γt = ⟨X(i)X(j)⟩ − ⟨X(i)⟩⟨X(j)⟩ expresses the (unknown) correlation function of

the time series, which is expected to only depend on the difference t = |i − j|. The

blocking analysis works by transforming the time series iteratively, and reducing its cor-

relations, by re-blocking the data. At each iteration a new time series X ′ is built from

‘blocks’ which are the average of consecutive steps

X ′(i) =
1

2

(
X(2i−1) +X(2i)

)
. (3.23)

The new time series has length Ω′ = Ω/2 while the sample meanX ′ = X and variance

σ2
X′ = σ2

X
are unchanged. However, the correlation functions are altered (and reduced)

by the transformation Eq. (3.23) such that at each iteration the leading-order term γ′0/Ω

increases while the higher-order terms t > 0 decrease. After some number of itera-

tions the size of the blocks will exceed the correlation time scale of the original data and

the blocks will be uncorrelated. At this point the leading-order term in Eq. (3.22) will

plateau (within random fluctuations) and higher-order terms will be negligible so that

σ2
X ≈ γ′0/Ω is a good estimate. The blocking analysis also provides an estimate of the un-

certainty inσ2
X and in practice this uncertainty inσ2

X rises after the estimates forσ2
X have

plateaued. Thedetection of this plateau and theminimumnumber of blocking iterations

to achieve it are automated with theM-test [107], which detects when the higher-order

correlations, in particular γ1, are indistinguishable from zero at a specified confidence

level.

In Rimu.jl the blocking analysis is provided by the blocking_analysis function in

the StatsToolsmodule that can be applied to a time series:

� �
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Figure 5: TheM-test performed on points of synthetic data. Panel a) shows how the standard
error σX̄ changes as the number of blocking steps k increases. Note that past k = 8, the values
of σX̄ are equivalent up to their error bars, hence theM-test identifies k = 8 as the appropriate
level of blocking. The bottom panel b) shows the raw data with the calculated mean and blocked
standard error superimposed on it.

1 julia> correlated_ts = smoothen(randn(10_000), 128);
2
3 julia> blocking_analysis(correlated_ts)
4 BlockingResult{Float64}
5 mean = -0.0027 ± 0.0095
6 with uncertainty of ± 0.0007686451776019342
7 from 78 blocks after 7 transformations (k = 8).� �

See Fig. 5 for a graphical depiction of theM-test performed on this data.

3.4.2 Energy estimators

The simplest observable that can be calculated in an FCIQMC calculation is the expec-

tation value of the shift ⟨S⟩, which is an estimator of the ground state energy. The up-

date procedure Eq. (3.9) means that the shift behaves as a critically damped harmonic

oscillator on average. After the initial equilibration phase S(n) is a stationary time se-

ries fluctuating about the expected value ⟨S⟩. Blocking analysis is sufficient to decorre-

late the data and obtain an energy estimator using the shift time series S(n). This is the

most common analysis for FCIQMC so StatsTools has a convenience function called

shift_estimator for performing the blocking analysis on the output of a simulation.

This function automatically extracts the correct column from the outputDataFrame and

performs a blocking analysis on the time series. For the output df of solving the

ProjectorMonteCarloProblem from the start of this section we have
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� �
1 julia> shift_estimator(df; skip = 1_000)
2 BlockingResult{Float64}
3 mean = -4.0225 ± 0.0034
4 with uncertainty of ± 0.00021708770311760708
5 from 125 blocks after 4 transformations (k = 5).� �

Note the keyword argument to skip the first steps and avoid the equilibration phase.

While the shift estimator ⟨S⟩ is the easiest to calculate, there are other useful estima-

tors of the ground state energy, such as the projected energy

Ey =
⟨y†Hc⟩
⟨y†c⟩ , (3.24)

where y is a fixed reference vector. Different choices of y yield different energy estima-

tors or provide relations to estimate the population control bias [60]. A useful example

is the norm-projected energy where y = 1̃, which is a vector whose components have

unit magnitude and match the sign of the ground state eigenvector v0. Another is the

variational energyEvar with y = ⟨c⟩. In addition to being estimators of the ground state

energy, these quantities are practical since in each case Eq. (3.24) is computable at each

step from the instantaneous vector and the Hamiltonian. For details see Ref. [60]. In

any case, the estimator Eq. (3.24) is obtained in two steps. First, for each time step, after

spawning and annihilation is finished the (compressed approximation of the) instanta-

neous vectorc(n) and theHamiltonian are used to separately calculate the numerator and

denominator of Eq. (3.24) as two time series. Second, the two output time series should

be combined to obtain Ey. This estimator is therefore a ratio of fluctuating quantities

and propagation of uncertainty must be performed carefully, particularly when the de-

nominator may be near zero due to fluctuations.

For a quantity of interest ⟨X/Y ⟩definedby two time seriesX andY the samplemeans

X and Y define the mean value of the ratio r = X/Y . To estimate the error σr on this

ratio, first estimate σX and σY , either from the sample variances σ2
X = var(X) and

σ2
Y = var(Y ), or better yet, from the blocking analysis on each time series separately.

These values and the covarianceρ = cov(X, Y )define a correlatednormal distributionof

the ratio. This distribution is sampled usingMonte Carlomethods provided by theMon-

teCarloMeasurements.jl [108] package to determine the error σr on the ratio of means

r = X/Y .
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The calculation of ratio estimators is provided by the function ratio_of_means in

the StatsToolsmodule.

� �
1 julia> Xs = 2 .+ smoothen(randn(10_000), 128);
2 julia> Ys = 1 .+ smoothen(randn(10_000), 64);
3
4 julia> ratio_of_means(Xs, Ys)
5 RatioBlockingResult{Float64,MonteCarloMeasurements.Particles{Float64, 2000}}
6 ratio = 1.96085 ± (0.0205071, 0.0179696) (MC)
7 95% confidence interval: [1.92504, 2.00045] (MC)
8 linear error propagation: 1.96205 ± 0.0193621
9 |δ_y| = |0.00868362| (≤ 0.1 for normal approx)

10 Blocking successful with 78 blocks after 7 transformations (k = 8).� �
Theoutput is aRatioBlockingResultwhich contains information about the ratio dis-

tribution. In order for thismethod towork the ratio distribution should be normally dis-

tributed which is a good approximation if the parameter δY = σY /Y is small (typically

≲ 0.1).

To calculate a projected energy during an FCIQMC simulation, first define a post-step

strategy which indicates how to use existing information to calculate additional quanti-

ties when solved. For example, we could choose the fixed reference vector to be the initial

vectory = (Nw, 0, . . .), whereNw is the initial number of walkers at the start of the sim-

ulation, (by defaultNw = 10). That is, all walkers start on the initial Fock address, and all

other Fock addresses have zero walkers initially.

� �
1 julia> initial_vector = default_starting_vector(H);
2 julia> post_step_strategy = ProjectedEnergy(H, initial_vector);� �

Then the simulation is re-run with this post-step strategy

� �
1 julia> problem = ProjectorMonteCarloProblem(H; last_step, post_step_strategy);
2 julia> df = DataFrame(solve(problem));� �

TheStatsToolsmoduleprovides a convenience functionprojected_energy that au-

tomatically extracts the correct time series from the output and calculates the ratio of

means.

� �
1 julia> projected_energy(df; skip = 1_000)
2 RatioBlockingResult{Float64,MonteCarloMeasurements.Particles{Float64, 2000}}
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3 ratio = -4.02064 ± (0.00195644, 0.00216691) (MC)
4 95% confidence interval: [-4.02469, -4.01672] (MC)
5 linear error propagation: -4.02066 ± 0.00205069
6 |δ_y| = |0.000765156| (≤ 0.1 for normal approx)
7 Blocking successful with 62 blocks after 5 transformations (k = 6).� �

The StatsTools module provides other convenience functions for energy estimators

such as variational_energy_estimator for calculating the variational energy, but

this estimator requires that the simulation is run with more than one replica, explained

in the next section.

3.4.3 General observables

In addition to estimators of the ground state energy, Rimu.jl is able to calculate general

observables. Since the instantaneous vectors are unnormalised we wish to calculate ex-

pected values of a general operator Q̂ as a Rayleigh quotient

⟨Q̂⟩ = ⟨c†Qc⟩
⟨c†c⟩ . (3.25)

The implementationof thematrix representationQwill bediscussed inSection§3- 3.6.2.

The Rayleigh quotient also depends on the state vector cwhich will of course be approxi-

matedduring aMonteCarlo simulation. However, even keeping an estimate of the entire

(i.e., uncompressed) vector can be computationally prohibitive when the Hilbert space

scales exponentially. Instead, here we discuss how the numerator and denominator of

Eq. (3.25) are computed via the replica trick, using multiple independent simulations.

For further details and demonstration of the effectiveness of this technique see Ref. [60].

In Rimu.jl an FCIQMC simulation can be run with R instances, or replicas, to be run

simultaneously and independently. At each time step, theFCIQMCalgorithmpropagates

vectors cA,A = 1, . . . , R. They are statistically independent in that cov(cA, cB) = 0 but

model the same system i.e., ⟨cA⟩ = ⟨cB⟩ = v0. For each pair of replicas (A,B) we

calculate the vector-vector dot-product c(n)†A c
(n)
B and vector-operator-vector dot-product

c
(n)†
A Qc

(n)
B . These products are reported as time series so that the expected value ⟨Q̂⟩ is

then estimated as

Q =

∑R
(A,B) c

†
AQcB∑R

(A,B) c
†
AcB

, (3.26)

where the samplemeans · in thenumeratoranddenominatorareobtainedwith theblock-
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ing analysis discussed in Section §3- 3.4.1 and the overall estimator forQ is obtainedwith

the ratio estimator discussed in Section §3- 3.4.2.

From Eq. (3.26) it is necessary to use at least two replicas and it can be beneficial to

usemore. Due to randomfluctuations and sparseness of the vectors cA the vector-vector

product for any one pair may be sampled close to zero. Using more than two replicas re-

duces thevariance in theoverall denominatorofEq. (3.26),which scales as1/
√
R(R− 1)Ω,

and thus the ratio estimator Q also has smaller variance. However, the computational

cost ofR replicas each running forΩ time steps scales asRΩ and the cost of computing

dot products between replicas scales asR2. In practice, we find thatR = 2, 3 or 4 is suf-

ficient in most cases for greatly improving the statistics of general observables without

ballooning computational cost.

For the simple Bose-Hubbard example in Sec. §3-3.2, we could calculate the two-body

correlation function

Ĝ(2)(d) =
1

M

M∑
i

n̂i(n̂i+d − δ0d) (3.27)

whered is the interparticle-separation,M is thenumberof lattice sites and n̂i is thenum-

ber operator for lattice site i. First, the operators are defined in Rimu.jl for a few values

of d

� �
1 julia> d_values = 0:2
2 julia> G2list = ((G2RealCorrelator(d) for d in d_values)...,);� �

SeeSection§3- 3.6.2 forhowtheoperators are implemented. Next, aReplicaStrategy

is defined to run the simulation with two replicas:

� �
1 julia> n_replicas = 2;
2 julia> replica_strategy = AllOverlaps(n_replicas; operator = G2list);
3 julia> problem = ProjectorMonteCarloProblem(H; last_step, replica_strategy);
4 julia> df = DataFrame(solve(problem));� �

AllOverlaps is aReplicaStrategy that indicates that vector-vector andvector-operator-

vector overlaps should be calculated between all pairs of replicas at each time step. Es-

timates for the two-body correlations are extracted from the output df with the conve-

nience function rayleigh_replica_estimator:
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� �
1 julia> for d in d_values
2 r = rayleigh_replica_estimator(df; op_name = "Op$(d+1)", skip = 1_000);
3 println("G2($d) = ", (r.f), " ± ", (r.σ_f))
4 end
5 G2(0) = 0.21506270309323064 ± 8.084576238283286e-5
6 G2(1) = 0.9164162344704037 ± 3.322465208050791e-5
7 G2(2) = 0.981605515982267 ± 4.056637600473594e-5� �

Note that the default column names for operator overlaps are 1-indexed but the d values

start at zero. This example began with a state with unit filling and high interparticle in-

teraction strength, so we see that the onsite correlation is low and correlations for d > 0

are close to 1, consistent with the Mott insulating phase of the Bose-Hubbard model.

Apart from defining additional operators for calculating observables, replicas are also

useful for energy estimators discussed in Section §3- 3.4.2. For energy estimators that

can be obtained from a single replica, such as the norm-projected energy, time series

are calculated for each replica independently, providing more data. For the variational

energy estimator Evar where the reference vector is the instantaneous vector y = ⟨c⟩ it

is not feasible to store c at every step during the simulation. Instead,Evar is obtained by

using the average of the shifts, i.e. c†AQcB = 1
2
(SA + SB)c

†
AcB for each pair of replicas

in (3.26). The convenience function variational_energy_estimator combines the

shift time series from all replicas to produce a ratio of means.

� �
1 julia> variational_energy_estimator(df; skip = 1_000)
2 RatioBlockingResult{Float64,MonteCarloMeasurements.Particles{Float64, 2000}}
3 ratio = -4.02149 ± (0.00248037, 0.00245498) (MC)
4 95% confidence interval: [-4.02635, -4.01664]) (MC)
5 linear error propagation: -4.02163 ± 0.00248588
6 |δ_y| = |0.000943422| (≤ 0.1 for normal approx)
7 Blocking successful with 62 blocks after 5 transformations (k = 6).� �

Without multiple replicas variational_energy_estimatorwill error.

Because this example is for a small system all three energy estimators obtain similar

estimates of the ground state energyE = −4.02. For more realistic problems where the

Hilbert space is much larger than the number of walkers and the population control bias

can be significant, it is useful to have different estimators for estimating the ground state

energy. Typically, the variational energy estimator is nominally the best, but it requires

multiple replicas and is thus the most expensive to calculate. The projected energy esti-

mator is simpler to calculate, but is not useful when the sign problem is significant. The
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shift estimator is also easy to calculate but typically has a larger population control bias.

Which one is best depends on the problem and the available resources .

3.4.4 Reweighting

Finally, we brieflymention an advanced technique for analysing the time series produced

by FCIQMCsimulations. Asmentioned in Sec. §3- 3.3.2, the population control bias is al-

ways present when the size of the Hilbert space is much larger than the number of walk-

ers. Methods for dealing with the population control bias in FCIQMC are discussed in

detail in Ref. [60], including a procedure called reweighting, which is based on themeth-

ods of Ref. [87]. The idea is to consider an idealised FCIQMC procedure for a different

coefficient vector f (n) where the fluctuating shift S(n) is replaced by a constant reference

energy inEq. (3.8). The reference energy is arbitrary but in principle canbe chosen so that

the population control bias is formally eliminated. In practice such a procedurewould be

exponentially unstable, but f (n) can be approximated by a transformation of the usual

coefficient vector f (n) = w
(n)
h c(n). The weights w(n)

h are designed to counter the effect of

fluctuations in the shift S(n), thus reducing the population control bias. The parameter

h controls the window over which the time series is altered. Importantly, the reweight-

ing procedure is not actually applied to the coefficient vector c(n) during the simulation

and instead the output time series of an ordinary FCIQMCsimulation are adjusted by the

weights w(n)
h . In principle, energy estimators can be constructed from reweighted time

series that are asymptotically unbiased as h → ∞ and δτ → 0. In practice the variance

grows as h becomes large, but for small h there can be an improvement in the population

control bias. The efficacy of the reweighting procedure for FCIQMC is explored more

thoroughly in Ref. [60]. Here we remark that the StatsToolsmodule contains conve-

nience functions mixed_estimator and growth_estimator to calculate energy es-

timators using the reweighting technique, and rayleigh_replica_estimator can

also use reweighting to reduce the effect of the population control bias on estimates of

observables.
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3.5 Exact diagonalisation

While the main focus of Rimu.jl is quantum Monte Carlo, it also supports exact diag-

onalisation through wrappers to KrylovKit.jl [102], Arpack.jl [109, 110], and Iterative-

Solvers.jl [111]. The diagonalisation can be performed in two ways — through explicitly

building a sparse matrix, and through matrix-free methods. Both methods are exposed

to the user through an interface based on CommonSolve.jl [100].

The sparsematrixmethods are straightforward; theHamiltonian is converted to ama-

trix and passed to the solver. To convert an operator to a sparse matrix, we treat it as a

graph whose vertices correspond to the basis elements and its edges correspond to non-

zero off-diagonal elements of the operator. We thenwalk the graph in a parallel breadth-

first search and record all encountered off-diagonal elements in a list that is later con-

verted to amatrix. Converting aHamiltonian to amatrix is only feasiblewith small prob-

lems, as the matrices quickly grow too large to store in memory, even if they are sparse.

For use with matrix-free methods, the Hamiltonian is wrapped in a way that follows

the interface from LinearMaps.jl [112]. This allows us to multiply the Hamiltonian with a

standard Julia vector much like one would a Matrix. An operator-vector productw =

Hv is then executed by calculating each element ofw as

wi = Hi,:v , (3.28)

whereHi,: is the i-th rowofH. This can be performed in parallel for each index i. Since in

this case i are integers andRimu.jl operators are indexed by Fock addresses, a translation

layer is used to convert between them, and the off-diagonal elements ofH are generated

on theflyasdescribed inSec. §3- 3.6.2. While thesematrix-freemethodsaremuchslower

than the methods employing sparse matrices, we only need to store the vectors and the

translation layer in memory, which allows us to solve much larger problems.

3.6 Data structures

In Rimu.jl we refer to Fock addresses that are compact representations of many-body

states and form thebasis for the coefficient vectorsc. Because the basis is so large for typ-

ical many-body problems we need to store the coefficient vectors as sparse vectors that
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can be indexed by Fock addresses. Operators that act on the vectors, including Hamil-

tonians, are also indexed by Fock addresses but without storing the matrix elements in

memory. Efficient realisation of vector–vector and matrix–vector products depends on

the implementationof thesekeydata structures. In this sectionwediscussFock spacead-

dresses inSec. §3- 3.6.1,Hamiltonians andother operators in Sec. §3- 3.6.2 and vectors in

Sec. §3- 3.6.3. Finally, in §3- 3.6.4 we discuss how amatrix-vector product is parallelised

and distributed.

For a more thorough treatment of the types and interfaces, as well as usage examples,

please consult the project documentation1.

3.6.1 Fock state addresses

Rimu.jl is primarily designed to work with quantummany-body Hamiltonians. To rep-

resent them as matrices, we use a Fock basis

|n1, n2, . . . , nM⟩ =
M∏
i=1

1√
ni!

(
â†i

)ni

|vac⟩ , (3.29)

where â†i is the creation operator for either a boson or a fermion, N =
∑M

i=1 ni is the

number of particles,M is the number of modes (sites) indexed by i, and |vac⟩ is the vac-

uumstatewithnoparticles. InRimu.jl, aFock statemaybeaSingleComponentFockAddress

, or a CompositeFS. The former is used to represent a single component of bosons or

fermions and includes the following concrete types

• BoseFS{N,M}: BosonicFock stateswithafixednumberofparticlesN inMmodes.

• FermiFS{N,M}: Fermionic Fock states with a fixed number of particles N inM

modes.

• OccupationNumberFS{M}: Bosonic Fock statewithM modes. Theparticle num-

ber is not part of the type specification but run-time data for this type. This type is

useful for Hamiltonians that do not conserve particle number.

Theremaining type,CompositeFS{M} isused to represent anarbitrarymixtureof single-

component addresses withM modes.
1https://RimuQMC.github.io/Rimu.jl/stable/

https://RimuQMC.github.io/Rimu.jl/stable/
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Since we want to work with very large vectors, it is extremely important to have com-

pact representationsofbosonic and fermionicFock states available. Toachieve this,BoseFS

and FermiFS are represented either by bitstrings, or sorted particle lists. Which repre-

sentation is used is determined automatically at compile time, depending on which one

is more compact. The bitstrings are packed into unsigned integers of appropriate size,

e.g. a 9-bit bitstringwouldbe stored in a 16-bit integer. If thenumberof bits is larger than

64, an appropriate number of 64-bit integers is used. The sorted particle list is a sorted

sequence of integers, where each integer represents a particle, and its value represents

themode the particle is in. Thewidth of the integers is determined automatically to allow

for the specified number of modesM and the list is kept sorted to ensure a one-to-one

correspondence between the data structure and Fock states, which represent indistin-

guishable particles. Sorted particle lists are used only whenM ≫ N .

Fock states are constructed by either passing the occupation number representation

to the appropriate constructor:

� �
1 julia> BoseFS(0, 3, 0)
2 BoseFS{3,3}(0, 3, 0)� �

or by specifying the number of modes followed by (position, occupation number)-pairs:

� �
1 julia> BoseFS(3, 2 => 3)
2 BoseFS{3,3}(0, 3, 0)� �

In some cases, Fock states are printed in a compact string representation. This output

can be copied back to the Julia REPL and used as a constructor:

� �
1 julia> print(IOContext(stdout, :compact=>true), BoseFS(0, 3, 0))
2 fs"|0 3 0⟩"
3
4 julia> fs"|0 3 0⟩"
5 BoseFS{3,3}(0, 3, 0)� �
In the bitstring BoseFS representation, a sequence of ones is used to represent the

number of bosons in amode, and zeros are used as separators betweenmodes. This rep-

resentation requiresN +M − 1 bits.
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� �
1 julia> bitstring(BoseFS(1, 0, 1))
2 "1001"
3 julia> bitstring(BoseFS(0,2,3,4,0,1))
4 "100111101110110"� �

Note that the bitstring is stored in reversed order.

Fermionic addresses behave in largely the same way as the bosonic ones, but do not

allow for more than one particle in the samemode.

� �
1 julia> FermiFS(1, 0, 1)
2 FermiFS{2,3}(1, 0, 1)
3 julia> FermiFS(3, 1 => 1, 3 => 1)
4 FermiFS{2,3}(1, 0, 1)
5
6 julia> FermiFS(2, 0, 1)
7 ERROR: ArgumentError: Invalid ONR: may only contain 0s and 1s.� �

A FermiFS bitstring is simple— each bit in the bitstring represents amode and its value

indicates whether the mode is occupied or not. This requiresM bits to store the state

regardless of particle number.

� �
1 julia> bitstring(FermiFS(1, 0, 1))
2 "101"
3 julia> bitstring(FermiFS(1, 0, 1, 0, 0, 1, 1))
4 "1100101"� �
The non-particle number-conserving OccupationNumberFS uses a different repre-

sentation. This type of address is represented by a sequence ofM integers, each repre-

senting the occupation number in a givenmode. Thewidth of these integers determines

themaximumnumber of particles allowed permode. It defaults to UInt8, which allows

for a maximum of 255 particles per mode.

� �
1 julia> OccupationNumberFS(1,2,34)
2 OccupationNumberFS{3, UInt8}(1, 2, 34)
3
4 julia> OccupationNumberFS{4,UInt16}(1, 2, 256, 511)
5 OccupationNumberFS{4, UInt16}(1, 2, 256, 511)� �
For mixtures, CompositeFS is available. It is a container that holds any number of

other addresses with the samemode numberM . It can be constructed by passing other

non-composite addresses.
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� �
1 julia> composite_address = CompositeFS(
2 BoseFS(1, 0, 1),
3 FermiFS(1, 0, 1),
4 FermiFS(0, 1, 0),
5 )
6 CompositeFS(
7 BoseFS{2,3}(1, 0, 1),
8 FermiFS{2,3}(1, 0, 1),
9 FermiFS{1,3}(0, 1, 0),

10 )� �
Tomakewritingoperators that act on theFock statesmoreconvenient, theexcitation

function is provided. As an example, suppose that we want to apply

â†3â5 (3.30)

to the fermionic Fock state |1001101⟩, ie. a particle in mode 5 is moved to mode 3. In

code, this is done as follows. First, we define the state

� �
1 julia> state = FermiFS(1, 0, 0, 1, 1, 0, 1);� �

Next, we use the find_mode function to get pointers to the 3rd and 5th sites in the ad-

dress.

� �
1 julia> i, j = find_mode(state, (3, 5));� �

Finally, we apply the excitation function, which takes as its arguments the state and

themodes where particles are to be created and annihilated. The new state and the value

associated with applying the operator are returned:

� �
1 julia> excitation(state, (i,), (j,))
2 (FermiFS{4,7}(1, 0, 1, 1, 0, 0, 1), -1.0)� �

Usingmultiple dispatch, these tools can be used towrite functions thatwill work on both

fermionic and bosonic addresses and will take fermionic antisymmetry into account.

Note that the same function can be used for excitations that involve any number of par-

ticles.
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3.6.2 Hamiltonians and operators

Hamiltonians, conceptually, can be represented asmatrices (of, possibly, enormous size)

with elements that are the overlap integrals of the Hamiltonian operator between the

states of the Fockbasis. For problemswhere the state is representedby a very large vector,

which may itself only represent a subset of an even larger Hilbert space, it is impractical

to represent operators in the standard way using dense (or sparse) matrices. To use an

operator Âwithmatrix-free linear algebra routines [102, 109, 111] and FCIQMC, only two

operations are required, performing the operator-vector product Â |Ψ⟩ and stochasti-

cally selecting an element from amatrix column with known probability.

InRimu.jl, this is implementedwith theoperator_column(A, j) function,which,

conceptually, represents

Â |j⟩ =
∑
i

|i⟩ ⟨i|Â|j⟩ , (3.31)

where j is the columnaddress and i represents all reachable addresseswithnon-zeroma-

trix element ⟨i|Â|j⟩. When computing the elements in a column for an operator that can

be written in second quantized form, reachable addresses i andmatrix elements ⟨i|Â|j⟩

can be efficiently computed on the fly from j. Then, the product of Âwith a state |Ψ⟩ can

be written as

Â |Ψ⟩ =
∑
j

Â |j⟩ ⟨j|Ψ⟩ . (3.32)

This can be evaluated without storing thematrix elements ⟨i|Â|j⟩ inmemory, which can

reduce the memory requirements of exact diagonalisation routines by orders of magni-

tude, allowing us to study systemsmuch larger thanwould otherwise have been possible.

Stochastic sampling is similar — the sampled matrix element ⟨i|Â|j⟩ and address i can

be generated directly from the address j.

When an operator is only intended to be used as an observable, generating the column

is not required. Instead, we allow for the direct definition of the overlap

⟨Φ|Â|Ψ⟩ (3.33)

in terms of the Julia dot function. To facilitate the two use-cases of operators in Rimu.jl,

we define the following type hierarchy:
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� �
1 AbstractHamiltonian <: AbstractOperator <: AbstractObservable� �

TheAbstractObservable is themostpermissive typeandonly supports three-argument

dotproductsdot(::AbstractDVec, ::AbstractObservable, ::AbstractDVec

). Thenext type,AbstractOperator, allows thegenerationofdiagonal andoff-diagonal

elements from a given Fock state. Dot products, vector-operator products and conver-

sion to Julia (sparse) matrices are implemented for AbstractOperator. The last type,

AbstractHamiltonian, is used formodelHamiltonians and implements the interface

of AbstractOperator, as well as starting_address, which returns a Fock state ad-

dress. This address is used to start an FCIQMCcomputation anddefines the address type

and the Hilbert (sub)space in which the operator is represented. While we have defined

the operators in terms of Fock states, Rimu.jl is agnostic towhat the basis of its operators

is. Addresses can in principle be of any type.

As an example, consider the 1D Bose-Hubbard model with strong interactions and 12

particles in 12 sites as seen in the example (see Sec. §3-3.2).

� �
1 julia> hamiltonian = HubbardRealSpace(near_uniform(BoseFS{12,12}); u=6)� �

While the hamiltonian represents a matrix of size 1, 352, 0782, only 24 bytes are re-

quired to store it in memory:

� �
1 julia> dimension(hamiltonian)
2 1352078
3 julia> sizeof(hamiltonian)
4 24� �

Theonly things stored in theHamiltonian object are the starting address, its parameters,

and information about its geometry.

Thematrix elementsof theHamiltoniancanbeaccessed through theoperator_column

function, which returns an object representing a matrix column indexed by a given ad-

dress

� �
1 julia> column = operator_column(hamiltonian, near_uniform(BoseFS{12,12}))� �
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The column can then be used to extract the diagonal element

� �
1 julia> diagonal_element(column)
2 0.0� �

and a lazy iterator over the off-diagonal elements

� �
1 julia> ods = offdiagonals(column)
2 24-element Rimu.Hamiltonians.HubbardRealSpaceColumnOffdiagonals{Float64, BoseFS{

12, 12, BitString{23, 1, UInt32}}, CubicGrid{1, (12,), (true,)}, Tuple{Rimu
.Hamiltonians.HubbardRealSpaceComponentData{Float64, 1, 1, CubicGrid{1, (12
,), (true,)}, BoseFS{12, 12, BitString{23, 1, UInt32}}, BoseFS{12, 12,
BitString{23, 1, UInt32}}, Rimu.BitStringAddresses.ModeMap{12, BoseFSIndex}
}}}:

3 fs"|0 2 1 1 1 1 1 1 1 1 1 1⟩" => -1.4142135623730951
4 fs"|1 0 2 1 1 1 1 1 1 1 1 1⟩" => -1.4142135623730951
5 fs"|1 1 0 2 1 1 1 1 1 1 1 1⟩" => -1.4142135623730951
6 fs"|1 1 1 0 2 1 1 1 1 1 1 1⟩" => -1.4142135623730951
7

...

8 fs"|1 1 1 1 1 1 1 1 2 0 1 1⟩" => -1.4142135623730951
9 fs"|1 1 1 1 1 1 1 1 1 2 0 1⟩" => -1.4142135623730951

10 fs"|1 1 1 1 1 1 1 1 1 1 2 0⟩" => -1.4142135623730951� �
offdiagonals here represents all the non-zero elements in the column of the matrix

representation of the Hamiltonian except the diagonal element. While the structure re-

turned by offdiagonals can be used as a Julia array, it is lazily generated on the fly

and as such does not require allocating anymemory on the heap. The other way to access

off-diagonal elements is through random sampling:

� �
1 julia> random_offdiagonal(column)
2 (BoseFS{12,12}(1, 1, 1, 1, 1, 1, 1, 1, 0, 2, 1, 1), 0.041666666666666664, -1.4

142135623730951)� �
This returns the connected address, the probability with which it was selected, and its

value. The functions presented here give us enough information about the Hamiltonian

to perform exact and sampled matrix-vector products.

3.6.3 Dict Vectors

Since theHamiltonianswe are interested in operate on vectors that are not indexedby in-

tegers, standard (sparse) vectors arenot agoodfit forRimu.jl. Instead,weuseadictionary-

like structure to represent them. The available implementations of vectors fall under the

AbstractDVec supertype and generally behave like Julia dictionaries, but will return
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zero when indexed by an address that is not stored. They can be used in linear algebra

operations involving AbstractHamiltonians, which were described in more detail in

Sec. §3- 3.6.2. Additionally, they hold a StochasticStyle, which tells Rimu.jl how to

apply an operator stochastically. Currently, there are three concrete implementations of

vectors available: DVec, InitiatorDVec, and PDVec.

The most basic form of AbstractDVec is the DVec, which is a thin wrapper over a

standard Julia dictionary and only supports single-threaded operations. As an example,

consider a DVec, which is constructed with one or more address => value pairs:

� �
1 julia> dvec1 = DVec(BoseFS(1,1,1,1) => 1.0, BoseFS(2,0,2,0) => -1.0)
2 DVec{BoseFS{4, 4, BitString{7, 1, UInt8}},Float64} with 2 entries, style =

IsDeterministic{Float64}()
3 fs"|2 0 2 0⟩" => -1.0
4 fs"|1 1 1 1⟩" => 1.0� �

As mentioned above, it can be indexed much like a dictionary, but will return zero if the

requested key is not stored.

� �
1 julia> dvec1[BoseFS(1, 1, 1, 1)]
2 1.0
3
4 julia> dvec1[BoseFS(4, 0, 0, 0)]
5 0.0� �

Thevector can bemultipliedwith an operator using the standardmultiplication function

or its in-place counterpart LinearAlgebra.mul!:

� �
1 julia> hamiltonian = HubbardMom1D(BoseFS(1,1,1,1))
2 HubbardMom1D(fs"|1 1 1 1⟩"; u=1.0, t=1.0)
3
4 julia> dvec2 = hamiltonian * dvec1
5 DVec{BoseFS{4, 4, BitString{7, 1, UInt8}},Float64} with 16 entries, style =

IsDeterministic{Float64}()
6 fs"|4 0 0 0⟩" => -0.612372
7 fs"|2 2 0 0⟩" => 1.0
8 fs"|3 0 1 0⟩" => 0.612372
9 fs"|1 2 1 0⟩" => -0.707107

10 fs"|2 0 2 0⟩" => -2.5
11 fs"|0 2 2 0⟩" => 1.0
12 fs"|1 0 3 0⟩" => 0.612372
13 fs"|0 0 4 0⟩" => -0.612372
14 fs"|2 1 0 1⟩" => -0.353553
15 fs"|0 3 0 1⟩" => 0.612372
16 fs"|1 1 1 1⟩" => 3.0
17 fs"|0 1 2 1⟩" => -0.353553
18 fs"|2 0 0 2⟩" => 1.0
19 fs"|1 0 1 2⟩" => -0.707107
20 fs"|0 0 2 2⟩" => 1.0
21 fs"|0 1 0 3⟩" => 0.612372
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22
23 julia> dvec3 = similar(dvec1)
24 DVec{BoseFS{4, 4, BitString{7, 1, UInt8}},Float64} with 0 entries, style =

IsDeterministic{Float64}()
25
26 julia> mul!(dvec3, hamiltonian, dvec1);
27
28 julia> dvec3 == dvec2
29 true� �
Hamiltonians togetherwithdict vectors (seeSec. §3- 3.6.2) allow forawide rangeof linear

algebra operations. The list includes (but is not limited to) vector-operator-vector dot-

products, matrix-vector multiplication (and its in-place version with mul!).

� �
1 julia> dot(dvec1, dvec2)
2 3.0
3
4 julia> dot(dvec1, hamiltonian, dvec1)
5 3.0
6
7 julia> norm(dvec2)
8 3.8078865529319543
9

10 julia> sum(dvec2)
11 9.449489742783177� �
3.6.4 Parallel operations on vectors

The remaining implementation of AbstractDVec is PDVec, which allows for parallel

anddistributedoperations and is thedefault choice onmulti-core and/ordistributed sys-

tems.

For most use-cases, a PDVec is used in the samemanner as a DVec, while many oper-

ations performed on it are automatically parallelised. Parallelisation is achieved by split-

ting the storage of the vector into k segments (each being a Julia dictionary) where k is

the number of threads available on the system. Then, each (address, value) pair is stored

in the segment determined by the hash function of the address. Mathematically, we can

think of a PDVec p as being split into subvectors p(i) with disjoint support

p =
k∑

i=1

p(i) . (3.34)

Then, any element-wise operation on p including reductions can be performed on each

subvector independently. This allows for parallelisation ofmany functions, such as sums,

dot products, vector compression, or any operation defined in terms of mapreduce. The
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Figure6: Adiagramshowing a parallel (multi-threaded) operator-vector product Ťc(n). Segmen-
tation of the workingmemory allows for fully parallel processing without race conditions as each
core operates on its own memory segment. The operation is performed in two phases. First, the
operator Ť is applied to each segment of c(n) with the result stored column-wise in the work-
ing memoryW . Then, the segments inW are summed row-wise, (optionally) compressed, and
stored to the result vector c(n+1). The diagram shows a vector split into four segments, which
would allow both phases to be performed in parallel on four CPU threads.

matrix-vector multiplication, can also be performed segment-wise as

Tp =
k∑

i=1

Tp(i) . (3.35)

However, since the supports of Tp(i) are no longer disjoint, performing the sum is not

possible until all threads are finished. To avoid this issue, a workingmemory data struc-

tureW is introduced. W is a k × k array of dictionaries in which each of its rows and

columns is organised in the same way as the vector p. The intermediate result Tp(i) is

stored in the i-th columnof theworkingmemory. Finally, toperformthe suminEq. (3.35),

the rows ofW are summed, which can again be done in parallel. A schematic of this pro-

cess is shown in Figure 6.

Rimu.jl also supportsdistributedcomputingusing theMPI [56] standard throughMPI.jl [113].

In a distributed scenario where there are rMPI ranks with k threads each, the storage of

a PDVec is divided into rk segments, of which k are stored on each rank. Performing op-
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erations on the vector is similar to as described above, except thatMPI synchronisation is

performed on every reduction ormatrix-vectormultiplication, and theworkingmemory

is now an rk × k array.

3.7 Numerical results

3.7.1 Semistochasticity and vector compression styles

In this section,wediscuss howchanging thedetails of thematrix andvector compression

algorithms affects the result of an FCIQMC calculation. Specifically, we look at two ways

the algorithm described in Sec. §3- 3.3.2 can be modified in Rimu.jl.

Toprovide aquantitative comparison,wewill look at ameasure of statistical efficiency,

which is based on one introduced in Ref. [93]. We define it as

f =
(
σ2
S̄Ωt̃
)−1 (3.36)

where σS̄ is the (blocked) error estimate of themean of the shift,Ω is the number of time

steps (not including the equilibration phase), and t̃ is the median of the wall time taken

to perform one FCIQMC step. Note that this definition differs from the one defined in

Ref. [93] in the inclusion of the median of the wall-time in the measure. We include it

because changing the compression algorithm often results in better statistics at a cost of

more CPU time required per step. All measurements in this section were performed as

single-threaded computations.

Late and early compression— In Sec. §3- 3.3.2, we apply the stochastic vector projection

operator Π̌ after the stochastic operator Ť has been sampled and the contributions from

the different parts of the input vector c have been summed, i.e.,

Ťc = Π̌

(∑
i

T̃:,ici

)
. (3.37)

We will refer to this approach as late compression. An alternative (standard [53, 97]) ap-

proach, which we call early compression, is to apply the compression operator to each

spawn individually as

Ť′c =
∑
i

Π̌T̃:,ici . (3.38)

Theseapproaches are equivalent onaverage. Theonlydifferencebetween themiswhether
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Figure 7:The effect of late compression on the sign problem. The plot shows (a) the mean of the
shift ⟨S⟩ and (b) the statistical efficiency of the shift f(⟨S⟩). The FCIQMC computations were
performed with a momentum space Bose Hubbard model with N = 10 particles inM = 10
momentum modes with strong interactions at u = 6 and a hopping strength of t = 1. Each
point in the plots is an average obtained from a time series of 107 steps at δτ = 10−3, where the
first 105 steps were discarded.

annihilation is done before or after compression. Because of this, early compression is

more efficient to compute, while late compression produces better statistics.

The results of comparisons between the two vector compression algorithms are shown

in Figs. 7 and 8. We note that in all cases, applying compression late has the effect of

reducing error bar size, while increasing the runtime per step. These competing effects

appear to provide an overall benefit when the FCIQMC instantaneous vector is peaked

significantly. This can be explained by the fact that there, configurations in the vector

with small coefficient values are allowed to spawn to larger ones uncompressed. On top

of that, several small spawns hitting the same configuration are compressed less severely
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Figure8:Theeffect of the relative semistochastic threshold trel and late compression on the statis-
tical efficiency of the shift f(⟨S⟩), themedian time per step t̄, and the (blocked) error bar size σS̄.
The FCIQMC computations were performed with a real space Bose Hubbardmodel withN = 12
particles inM = 12modeswith strong interactions atu = 6 andahopping strengthof t = 1. The
horizontal dashed lines represent a setting of trel = ∞, i.e., no semistochasticity. The gray verti-
cal dotted line represents a threshold where all of the spawns in the FCIQMC run are performed
exactly.

than they would have been otherwise.

When the system has a sign problem (Fig. 7), the difference between the two meth-

ods is dramatic. There, we notice that by applying late compression, the sign problem is

overcome at a smaller value ofNt and the statistical efficiency is increased considerably.

Reducing the relative semistochastic threshold trel increases statistical efficiency further,

but does not appear to affect the sign problem at all. Panels (c) and (d) show a similar re-

sult with projected energy Ēy with a simple single-configuration projector. There, we see

the error bars drop drastically once the sign problem is overcome, while the statistical ef-

ficiency follows a pattern similar to what is shown in panel b). In such cases, applying

compression late is strictly better than applying it early.

Semistochastic threshold— In Eq. (3.16), we note that we perform an exact spawning step

if the coefficient value ci is larger than the number of non-zero off-diagonal elements in a

column of thematrixT. This can bemodified by introducing a semistochastic threshold

trel and performing the exact step if citrel ≥ mi. Setting a lower value trel forces the algo-
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rithm to take more exact steps, which reduces the noise in the algorithm, while setting

a higher value is more time-efficient. These competing effects cancel favourably, and a

larger statistical efficiency is achieved, as shown in Fig. 8. However, this is highlyHamil-

tonian dependent and the effects are not always as dramatic as those presented in Fig. 8.

The default value of trel = 1 often works well enough in practical situations.

3.7.2 Performance benchmarks

In this section, we present performance benchmarks that demonstrate how FCIQMC

computations scale when a large number of threads or computer nodes is utilised. All

presented benchmarkswere performedwith the two-dimensional Bose–Hubbardmodel

withN = 36 particles inM = 6×6 sites, an interaction strength ofu = 1 and a hopping

strength of t = 0.1modified with a Gutzwiller importance sampling ansatz [88]. This is

a system in the superfluid regime, where the ground state wavefunction is spread out

across the Hilbert space, making it a somewhat difficult problem for FCIQMC to solve.

The dimension of the Hamiltonian in question is 7.97× 1021.

Single-node multithreading — Figure 9 shows the result of the first benchmark, where

wemeasure themultithreading scaling on a single computer node. The number of walk-

ers was set to Nt = 107. In each benchmark, we perform a 25,000-step equilibration,

after which we measure the wall-time it takes to perform 50,000 steps. Then, each such

benchmark is repeated 8 times, and the average and standard deviation between the 8

runs is reported. As seen in Fig. 9, the scaling is favourable – 32 threads presents a 20-

fold speed-up compared to a single-threaded computation, performingover 112 steps per

second on average.

Multi-nodeparallelism—FormeasuringhowRimu.jl performs inamulti-nodedistributed

setting, we employed the resources of the Frontier supercomputer at the Oak Ridge Na-

tional Laboratory. There, each compute node consists of a 64-core AMD Optimized 3rd

Gen EPYCCPU, with 56 allocatable cores under the so-called low-noisemode layout, i.e.,

8 CPUs are reserved system processes. We have performed the benchmarks on the same

6×6Bose-Hubbardmodel described above, but have usedmuch larger numbers ofwalk-

ers, up to 5.6× 109 in total.

Strong scaling — For the first test, we look at strong scaling. It measures how using
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Figure 10: Scaling of multi-node parallelism. (a) The speed-up relative to 2 nodes of the aver-
age wall-time for performing a single FCIQMC step with Rimu.jl with 109 walkers using up to
256 nodes with 14,336 processors. The dashed line shows the ideal linear scaling. (b) The weak-
scaling tests from the average wall-time for performing a single FCIQMC step. The main plot
shows the relative work done, which is the number of walkers processed per time unit compared
to the computation running on two nodes. The dashed line shows the ideal scaling. The inset
shows the scaling efficiency calculated as (walkers processed on N nodes)/(N/2× walkers pro-
cessed on 2 nodes) in a fixed amount of time.

more computing power affects the time it takes to get a solution. Ideally, increasing the

computational resources by a factor of N would yield an N-fold speed-up. We present

the results of benchmarks performed with 109 walkers in Fig. 10(a). While the obtained

speed-up trails the ideal scaling, Rimu.jl’s performancemaintains a general upward tra-

jectory with no visible plateau.

Weak scaling — In the second test, we look at weak scaling. Here, both the size of the

problem and the computational resources increase at the same rate. An algorithm that

scales ideally would take the same amount of time for all samples taken this way. In this

case, we have set Rimu.jl to use 5,600,000 walkers per node and we have run the bench-

marks on up to 1000 nodes. In Fig. 10(b), we present the scaling results. We again see
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less than ideal scaling, however the amount of work done is increasing steadily even up

to 1000 nodes. There, we see a six-fold slow-down, which corresponds to the efficiency

dropping to around 0.16 for the largest calculations.

The observed reductions in efficiency for these very large calculations could be due to

a number of different issues. Time spent on communication and copying data between

the nodes is a potential contributing issue that will get worse when the number of nodes

is increased. However, we assume that themost important issue is the unequal distribu-

tion of workload between the parallel nodes and processes. In order to perform walker

annihilations in the FCIQMC algorithm, all nodes are synchronised in each time step,

i.e. all nodes must wait for the slowest. In the current implementation, the distribution

of configuration-coefficient pairs to thenodes (determining theworkload) for processing

is done passively through a hashing process, i.e. by (pseudo) random assignment.

The scaling benchmarks of this section show that significant performance gains could

be obtained by optimising the code for large-scale computations. We expect that the

largest improvement could be gained by an implementation of active load-balancing,

whichhas improved theefficiency for large-scale computationswith similar codebases[97,

98]. However, for many research-grade projects, such large calculations are not neces-

sary and single or few-node calculations suffice. The Rimu.jl codebase runs efficiently

with such smaller computations running on a single or a small number of nodes. The re-

sults published in Refs. [81–84, 104] were all generated using Rimu.jl with such smaller

computations.

3.8 Conclusion and outlook

WehavepresentedRimu.jl, a Juliapackage that implementsquantummechanicalHamil-

tonians and allows us to diagonalise them exactly or with the full configuration interac-

tion quantum Monte Carlo (FCIQMC) algorithm. By utilising Julia’s rich type system to

encode the Fock states, Hamiltonians, and vectors, we are able to solve problems much

larger than would have been possible with standard linear algebra algorithms. In addi-

tion, the code can be used on parallel and distributed systems. We have discussed the

FCIQMC algorithm, key implementation details of the package, and presented bench-
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marks performed on a large-scale distributed system.

Rimu.jl currently supports Hamiltonians for lattice problems in real and momentum

spacewithon-site andextended interactions, continuummomentumspaceand transcor-

related [103]Hamiltonians, harmonic oscillator basis and the Frölich polaronHamiltoni-

ans. A MolecularHamiltonian type for performing quantum chemistry calculations

anda link to thequantumchemistry packageElemCo.jl [114]were recently added through

a Google Summer of Code project [115]. Some implemented observables include density-

density correlations, reduced density matrices and momentum density. Future work

could include new Hamiltonians such as spin-orbit coupling systems or hardcore boson

Hamiltonians. While these would require the definitions of new Fock state types, such

additions are easy tomake either as part of or outside of Rimu.jl due to the design of the

package combined with Julia’s multiple-dispatch and just-in-time compilation capabili-

ties. Some features of Rimu.jl include excited state calculation [94], the initiator approxi-

mation [54], importance sampling [87, 88], and thread-parallel andMPI-distributed [56]

calculations. Future work may include extending the algorithm with modern features

like the adaptive shift method [86], preconditioning [89, 90], or improved load balanc-

ing. A Rimu.jl extension for importance sampling and variational Monte Carlo is avail-

able through the (currently unregistered) Gutzwiller.jl2 package.

The package is under active development with new Hamiltonians, observables, and

features being added regularly. Please consult the project documentation3 for an up-

to-date list of available Hamiltonians and features. The project is open-source and is li-

cenced under the MIT licence. Contributions from the community in the form of issues

or pull requests with code for bug fixes or new features are welcome.

Acknowledgements

The authors would like to thank Jamie Taylor, Satyanand Kuwar, Chuhao Li, Rohan Ku-

mar, Alex Pletzer, EmmaWang, Tilak Patel, and Chris Scott for their contributions to the

code and Ali Alavi and Daniel Kats for inspiration and helpful discussions.
2https://github.com/RimuQMC/Gutzwiller.jl
3https://RimuQMC.github.io/Rimu.jl/stable/

https://github.com/RimuQMC/Gutzwiller.jl
https://RimuQMC.github.io/Rimu.jl/stable/


CHAPTER 3. RIMU.JL: RANDOM INTEGRATORS FORMANY-BODYQUANTUM
SYSTEMS 61

3.8.0.0.1 Fundinginformation M.Č.,C.J.B., and J.B. received funding fromtheMars-

den Fund ofNewZealand (ContractNo.MAU2007), fromgovernment fundingmanaged

by the Royal Society of New Zealand Te Apārangi. We acknowledge support by the New
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CHAPTER 4
The sign problem in full configuration

interaction quantumMonte Carlo

4.1 Origin of the sign problem

For most Hamiltonians, in FCIQMC, the sign problem manifests when the number of

walkers (i.e., the 1-norm of the coefficient vector) employed is small. Once the FCIQMC

iteration described in Eq. (3.7) is in equilibrium, the value of any specific coefficient in an

FCIQMC vector ci depends on the sum of contributions (“spawns”) frommany other co-

efficients. Due to vector and matrix compression, only a subset of these contributions

reaches ci in one step of the procedure, with possibly vastly exaggerated amplitudes.

If these contributions have differing signs that are supposed to cancel out (annihilate),

this may result in ci having the wrong sign. This sign error then propagates to the next

FCIQMC step and eventually causes the entire vector to have entries with arbitrary, fluc-

tuating signs. This “signproblem” is exacerbatedwhen thenumberofwalkers is low, since

then, fewer contributions are sampled in each step. However, if the number of walkers

is large enough that the sign is accurately reconstructed in at least a significant subset of

Hilbert space, the sign problem is overcome.

Already in the original FCIQMC paper [53], it was noted that if population control is

turned off (i.e., the shift is not updated), the growth of thewalker numberwill go through

two distinct phases as the simulation progresses. First, the walker number grows expo-

nentially until suddenly slowing down. Then, the growth starts again, but at a lower rate.

At the point of the growth slowing, annihilations become efficient and the sign problem

is overcome. A plot showing the walker number growth as a function of the time steps
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Figure 11:The annihilation plateau as seen in FCIQMC without the shift update. The plot shows
thewalker number (1-normof the FCIQMC vector) for the first 400 steps of a computation, which
was performedwith a 1-dimensional Bose-Hubbardmodel formulated inmomentum space with
10 particles on 10 sites and strong interactionsU/t = 6.

is presented in Fig. 11. In the literature, the shoulder seen on the plot is referred to as

the annihilation plateau [53], and the regime where the sign problem was overcome is

termed “above the plateau”. In the regime below the plateau, estimators of energy and

observables yield unphysical results with a lot of noise, while above it, they agree with

the correct values. It was shown in Ref. [57] that an unphysical solution is sampled if an-

nihilations are absent. We explain the exactmechanism behind this later in this chapter.

It has also been noted that this behaviour, where the FCIQMC result changes at a criti-

cal number of walkers, is reminiscent of a continuous phase transition, where thewalker

number behaves as an inverse temperature and the two regimes behave analogous to two

phases of matter [58].

The number of walkers required to overcome the sign problem scales with the Hilbert

dimensionof theproblemandas such, the computational complexityoffinding theground

state for a Hamiltonian with a sign problem grows exponentially with system size [59,

116]. This is in contrast with sign problem-free Hamiltonians, where the scaling is poly-

nomial, since there is no threshold number of walkers that must be reached. A relevant

special class of sign problem-free Hamiltonians are stoquastic Hamiltonians, which are

Hamiltonians with no positive off-diagonal elements [117]. Because the Hamiltonian is

negated in the FCIQMC transition operator (see Eq. (3.8)), all spawns from a stoquastic

Hamiltonianhave the same signs as their parent. Therefore, ifwe start the FCIQMCcom-
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putation from a vector of constant sign, the sign stays consistent throughout the compu-

tation and sign problem can not appear. An example of a stoquastic Hamiltonian is the

Bose-Hubbard model formulated in real space, as presented in Sec. §2-2.1.

4.1.1 Sign coherence

Before we present how FCIQMC reacts to changing the target number of walkers, we

want to define a quantity that will allow us to quantify the degree to which the sign prob-

lem is present. We define the notion of sign coherence, which we will use as an indicator

of whether the sign problem was overcome. The coherence between the vector c and a

reference vector v is defined as follows.

C =
1

ℓ

∑
i

sgn(ci) sgn(vi) , (4.1)

where ℓ denotes the number of non-zero elements in c. A value of C = 1 (C = −1)

implies all the sign of all non-zero entries in cmatch those inv (−v), while a value ofC =

0 implies the signs of c and v are entirely uncorrelated. In our case, we will always set v

to the true ground state eigenvector ofH. When used like this, the coherence measures

the degree to which the signs in the instantaneous vector c(n) are correct — a non-zero

value ofC implies at least some of the signs in c are correct. Note that this is true for both

positive andnegative values ofC, as bothv and−v are valid ground state eigenvectors of

H. This measure of coherence is similar to the one introduced in [57]. There, the authors

present a few different measures, which all display similar behaviour.

4.1.2 Anatomy of the transition

The main interest of this chapter is the behaviour of the means of the shift S̄ and the

sign coherence C̄ as the target walker number (1-norm) Nt increases. As the bench-

mark model, we will use a 1-dimensional Bose-Hubbard model formulated in momen-

tum space with 10 particles sitting on 10 sites

Ĥ = −2t
∑
k

cos(k)n̂k +
U

M

∑
p,q,r,s

ĉ†sĉ
†
rĉq ĉp, δp+q,r+s . (4.2)

In thismodel, all off-diagonal elements are equal toU . Whennot otherwise specified,we

will use the model with an interaction strength of U = 6t, which results in a very strong
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Figure 12: Thebehaviour of themeans of the shiftS (a) and the coherenceC (b), and their sample
variances (c,d) over a range of target walker numbers Nt. In these calculations, we have used a
Bose-Hubbard model with 10 particles on 10 sites formulated in momentum space with strong
interactions U/t = 6. Each calculation was run for 125,000 steps, where the first 25,000 were
discarded and the rest used to compute the averages. The time step size used was δτ = 0.001.
The exact energy E0 was calculated with the Lanczos method. The right-hand panels (e-i) show
the time series of the coherenceC atNt = 7400, 7700, 7800, 7850, and 7900. The corresponding
points are plotted in (b) and (d) withmatching colours. For these points, the number of steps was
increased to 425,000 to make the behaviour ofC more apparent.

sign problem. TheHilbert space dimension of this system is 9,226, which, without being

trivially small, is easily diagonalisable with deterministic exact methods. Thus we can

compare FCIQMC directly with the true ground state.

Figure 12 shows FCIQMC results with this Hamiltonian across a wide range ofNt. In

it, we see that for small Nt, the mean of the shift is much lower than the ground state

energy ofH,E0. AsNt increases, S̄ approaches the correct energyE0. At the same time,

the coherenceC is fluctuating around zero. AfterNt passes a threshold valueNc ≃ 7600,

the shift stabilises aroundE0, and the coherence begins to grow. In a small region where

Nt is right aboveNc, we see a sharp increase inVar[S] andVar[C]. There, the coherence

is fluctuating between a positive and negative value, and S̄ is biased. The behaviour of

|C̄| is reminiscent of an order parameter near the critical point of a continuous phase

transition [58]. Since we are dealing with a finite system and no thermodynamic limit

exists, there is no strict analogy with a phase transition in condensed matter. We will

refer to the regions as phases and refer toNc as the transition point regardless.



CHAPTER 4. THE SIGNPROBLEM IN FULL CONFIGURATION INTERACTION
QUANTUMMONTECARLO 66

S

E0

incoherent coherent

|C
|

0.0

0.1

0.2

0.3

Nt [ × 104]

0.5 1.0Nc

V
ar

[S
]

10−1.2

10−1.1

10−1.0

10−0.9

Nt [ × 104]

0.5 1.0Nc

V
ar

[C
]

10−4.0

10−3.5

10−3.0

10−2.5

10−2.0

 (a)  (b) 

 (c)  (d) 

Figure 13:The behaviour of the mean of the shift S (a) and coherence C (b), and their variances
(c,d) in the scalar model (Eq. (4.12)). The blue lines show averages over numerical solutions of the
stochastic differential equations, while a dashed orange line shows the fixed points of the model
without noise (µ = 0). The dotted vertical lines show the critical pointNc and the end of the noisy
region. The parameters used for the model there were set to E = −10, Ẽ = −110, ζ = 0.06,
ξ = ζ2/4, κ = 16.788, β = 0.6, and µ = 3. These parameters set the transition point to
Nc = 7500.

4.2 Amodel of the FCIQMCdynamics

To study the behaviour of S̄ and C̄, we introduce a model that is closely related to the

one introduced in Ref. [57]. Unlike the previous work, however, we include the shift as

a dynamical variable, which allows us to capture the walker dynamics of FCIQMC at a

given value ofNt. In addition, we follow Ref. [60] (which was only concerned with sign

problem-free systems) in introducing noise to ourmodel, which also allows us to capture

the behaviour of FCIQMC in the noisy regime right above the threshold valueNc.

To derive the model, we start by splitting the FCIQMC transition operator (as defined

in Eq. (3.8)) into the sum of two parts of which the first (T+) produces spawns that carry

the same sign as the originating coefficient, and the second (T−) flips the sign:

T = T+ −T− , (4.3)

where
T+
i̸=j = max(Ti,j, 0) ,

T+
i,i = Ti,i ,

(4.4)
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and
T−
i̸=j = max(−Ti,j, 0) ,

T−
i,i = 0 .

(4.5)

Note that the largest eigenvalue of T is (S − E), where E is the lowest eigenvalue of

H. Replacing the subtraction in Eq. (4.3) with addition yields T̃ = T+ + T−, whose

largest eigenvalue corresponds to the lowest eigenvalue of the stoquastised Hamiltonian

H̃, Ẽ [57]. An operator is said to be stoquastised if it was made stoquastic through flip-

ping the signs of all of its positive off-diagonal elements, i.e.,

H̃i,i = Hi,i

H̃i,j ̸=i = −|Hi,j| .
(4.6)

We treat the instantaneous coefficient vector similarly, by splitting it into positive and

negative walkers
c = c+ − c− ,

c̃ = c+ + c− ,
(4.7)

with c+i = max(ci, 0) and c−i = max(−ci, 0).

We then model the full FCIQMC equation as a system of stochastic differential equa-

tions (SDEs):

dc+i =
∑
j

(
T+
i,jc

+
j + T−

i,jc
−
j − κ

2
(4c+i c

−
i )

β
)
dt+ µ

√
2c+i dW̌

′′ , (4.8a)

dc−i =
∑
j

(
T+
i,jc

−
j + T−

i,jc
+
j − κ

2
(4c+i c

−
i )

β
)
dt+ µ

√
2c−i dW̌

′′′ . (4.8b)

Here, the term κ
2
(4c+i c

−
i )

β models annihilations that happenwhen a positive and a nega-

tivewalkermeet at the same index i. Modelling the annihilation process exactly would be

difficult, so we use this simplified termwhich was introduced in Ref. [57]. We havemod-

ified the term with the phenomenological parameter β, not present in Ref. [57], which

makes the behaviour of S̄(Nt) in the region below the transition nonlinear. The noise

terms, µ
√

2c−i dW̌
′′ and µ

√
2c+i dW̌

′′′ with independent Wiener noises dW̌ ′′ and dW̌ ′′′,

follow Ref. [60], but include the addition of the square-root factor, which reproduces the

O( 1
Nt
) population control bias. In both the annihilation and noise terms, factors of 2 are

added in various places for convenience and could in principle be included in κ and µ.

We proceed by subtracting Eqs. (4.8a) and (4.8b), taking the fact that adW̌ ± bdW̌ ′ =
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√
a2 + b2dW̌ ′′ into account.

dc̃i =
∑
j

(
T̃i,j c̃i − κ(c̃i − ci)

β
)
dt+ µ

√
c̃idW̌ , (4.9a)

dci =
∑
j

Ti,jci dt+ µ
√
c̃idW̌

′ . (4.9b)

Note that these equations are only coupled by the annihilation term. If we remove it, we

notice that the vectors c and c̃ are both evolved independently. Thismodels the situation

where walker annihilation is suppressed or ineffective, e.g., for strongly-correlated wave

functions and smallwalker number. However, as noted inRef. [57], the largest eigenvalue

of T̃ is always larger than that of T, and as such the correct solution coming from T is

exponentially suppressed. Thus, this results in the FCIQMC simulation effectively sam-

pling thedominant eigenvector of T̃, which sign incoherent andnot the desired solution.

If annihilations are active, however, they suppress c̃, and the correct solution can prevail.

4.2.1 A scalarmodel

As Eqs. (4.9) depend on the off-diagonal structure of the Hamiltonian, it would be diffi-

cult to solve them exactly. We simplify themodel by repacing the vectors c and c̃with the

following scalars
N =

∥∥c+∥∥
1
+
∥∥c−∥∥

1
= ∥c∥1 ,

n =
∥∥c+∥∥

1
−
∥∥c−∥∥

1
.

(4.10)

Conceptually, N corresponds to the 1-norm of the vector c, while n corresponds to the

number of walkers with the correct sign. Wemodel the coherence as

C =
n

N
. (4.11)

Assuming the system is in a steady state, the contributions ofT and T̃ can be modelled

with their eigenvalues, S − E and S − Ẽ, respectively [57]. We also include the shift

update equation [60, 105]. The final system of SDEs including the shift update is then

dN = dt
[(
S − Ẽ

)
N − κ

(
N2 − n2

)β]
+ µ

√
NdW̌ ,

dn = dt (S − E)n+ µ
√
NdW̌ ′ ,

dS = − ζ

Nδτ
dN − ξ

δτ 2
ln
N

Nt

dt .

(4.12)
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Note that this model essentially merges the insights from Refs. [57, 60], capturing the

sign problem like Ref. [57], while also capturing the dynamics of the shift like Ref. [60].

Solving the systemofSDEsnumerically reconstructs thequalitativebehaviourofFCIQMC

as shown in Fig. 13. We see the behaviour of the equations closely mimics real data pre-

sented in Fig. 12, but will, due to its simplicity, be much easier to analyse.

4.2.2 Fixed points
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Figure 14: The fixed points of the model with no noise (µ = 0). In the plot, the dashed lines
correspond to unstable fixed points. The parameters here were set to E = −10, Ẽ = −110.0
δτ = 0.001, ζ = 0.08, ξ = ζ2/4,Nc = 10,000, and κ = (E − Ẽ)/N2β−1

c .

Interesting insights into the long-time steady-state dynamics of an FCIQMC simula-

tion can be obtained by studying the fixed points of the scalar model and their stability

in the absence of noise. If noise is not present, i.e., µ = 0, Eqs. (4.12) have three fixed

points. The first is given by
N1 = Nt ,

n1 = 0 ,

S1 = Ẽ + κN
(2β−1)
t ,

(4.13)

and is defined for all values ofNt. The other two fixed points are given by

N2,3 = Nt ,

n2,3 = ±

√
N2

t +
(Ẽ − E)Nt

κ

1/β

,

S2,3 = E ,

(4.14)



CHAPTER 4. THE SIGNPROBLEM IN FULL CONFIGURATION INTERACTION
QUANTUMMONTECARLO 70

and are only defined whenNt > Nc, where

Nc =

(
E − Ẽ

κ

)1/(2β−1)

. (4.15)

Using this quantity, which represents the transition point, we can rewrite S1 and n2,3 as

S1 = Ẽ + E∆

(
Nt

Nc

)2β−1

,

n2,3 = ±
√
N2

t −N
2−1/β
c N

1/β
t .

(4.16)

Figure 14 shows a plot of the fixed points for a variety of parameters. It shows how vary-

ing β changes the dependence of the shift as a function ofNt below the transition, and

the behaviour of the coherence past the transition point. Since C = 0 in the first fixed

point, while it is non-zero in the other two, we can relate the first fixed point to the in-

coherent phase, and the other two to the coherent phase. Stability analysis on the fixed

points shows that the first is only stable when Nt ≤ Nc, while the other two are sta-

ble when defined (i.e., when Nt > Nc). The instability of the incoherent fixed point at

Nt > Nc, ensures that there, the system will always end up in one of the two coherent

points, as is typical of pitchfork bifurcations [118]. Comparing these results to FCIQMC

calculations, we see that even in the absence of noise, the behaviour of this simple scalar

model qualitativelymatches that of themuchmore complicated FCIQMC.Settingβ = 1,

as described in Ref. [57], leads to a linear increase of S̄ in the incoherent regime, which is

not what we observe in a FCIQMC calculation. Setting β < 1, however, reproduces the

observed behaviour, as seen in Fig. 13. Despite this, when analysing noise, we set β = 1

for simplicity.

4.2.3 The effect of noise

In the previous section,we analysed themodelwhennoise is not present. However, noise

is an important aspect of the behaviour of S̄ and C̄, particularly right after the transition

in the noisy region. This behaviour can be explained by the time series of C fluctuating

between the its two fixed points as seen in Fig. 12. Figure 15 shows the fluctuations of

the scalar model for a given level of noise. We see that below the transition (e),C fluctu-

ates around zero. In the intermediate regime (f,g),C is switching between the two fixed

points, while far enough above the transition (h), C is stable. The presence of switching
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Figure 15: Fluctuations of the coherence and the bias in the shift at various target walker numbers
Nt. The left-hand panels of the figure (a-d) show the shift, coherence and their variances. The
plots showdatawhich is obtained through averaging (blue points), the fixed points (red lines) and
vertical lines atNt = 10,000, 11,000, 12,000, 13,000. The right-hand panels (e-h) show the time
series of C at those values ofNt, again showing the fixed points in red. The parameters used in
this plot are E = −10, Ẽ = −110, δτ = 0.001, ζ = 0.08, ξ = ζ2/4, κ = 0.01, β = 1, and
µ = 50.

seems to also cause the increased level of noise andabias in the shift. We suspect this bias

is related to the population control bias, as it has been shown that noise is the primary

driver behind it [60]. We believe these fluctuations are caused by the fact that when the

twofixedpoints are close together, the noise allows the coherence to jumpbetween them.

The qualitative behaviourmatches real FCIQMCdata almost perfectly, which implies the

mechanismbehind the fluctuations inC in a real FCIQMCcalculation are caused by sim-

ilar processes. Figure 16 shows how increasing noise changes the behaviour of themodel.

Wenotice that in addition to thebias in S̄, a large amountofnoisedisplaces the transition

point to a slightly higher value and that increasing noise levels extends the noisy regime.
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Figure 16:The effect noise has on the means of the shift S and coherence C in the scalar model.
Thefirst rowof plots (a,b) shows the raw values, the second row (c,d) shows the difference between
the value and the fixed points, and the last row (e,f) shows the sample variance. Each plot contains
data for three levels of noise µ.

4.3 Conclusion and outlook

In this chapter, we have connected to previouswork on the FCIQMC sign problemwalker

dynamics and expanded on it by defining a simple scalar model that, unlike the previous

work, captures the steady-state situation of FCIQMC and reproduces its qualitative be-

haviour. Themodel shows us that as the target number of walkers is increased, the algo-

rithm undergoes a pitchfork bifurcation where it transitions from an incoherent regime

where the signs of its vector are essentially random to a coherent regime where the vec-

tor captures the ground state of a Hamiltonian. Themodel also shows the presence of an

unstable intermediate regime, where, while the sign structure of the vector is correlated

with the true solution, the overall sign is still fluctuating.

While this behaviour is reminiscent of a continuous phase transition where the sign

coherence acts as an order parameter, the exact connection to phase transitions is still

unclear. Furtherwork could probe this connection further and look for other critical phe-

nomena such as universal scaling.
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CHAPTER 5
Lattice Bose polarons at strong coupling

and quantum criticality

In theprevious chapters,we focusedon the full configuration interactionquantumMonte

Carlo (FCIQMC)method and its behaviour. We now turn to an application of themethod

to a Bose-Hubbardmodel with an impurity at strong impurity-boson coupling. Here, we

present a theory based on the quantum Gutzwiller formalism, that introduces an impu-

rity and treats the interactions between it and the underlying system with a diagram-

matic method with infinite resummations.

While the diagrammatic theory is the focus of this chapter, the use of numericalmeth-

ods was instrumental in developing it. The quantum Gutzwiller approach generates an

infinite series of diagrams and it is impossible to evaluate all of them. Strong coupling

phenomena can be treated by resumming certain classes of diagrams, however, due to

the absence of a small parameter, there is no a priori way of determining which classes

of diagrams are themost relevant. Comparisonwith unbiased FCIQMC simulations was

therefore essential for setting up the method correctly and selecting the subset of dia-

grams for resummation to describe the physics correctly.

The diagrammatic QuantumGutzwiller theory and its resummationwas developed by

collaborators Ragheed Alhyder and Victor Colussi with support of the senior collabora-

tors Georg Bruun and Alessio Recati. The candidate led the FCIQMC part of the project

and generated all the relevant data and results. In particular, he developed a variational

ansatz used as a guiding function for importance sampling and developed a variational

Monte Carlo code for determining its parameters.
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Abstract

The problem of mobile impurities in quantum baths is of fundamental importance in

many-body physics. There has recently been significant progress regarding our under-

standing of this due to cold atom experiments, but so far it has mainly been concerned

with cases where the bath has no or only weak interactions, or the impurity interacts

weakly with the bath. Here, we address this gap by developing a new theoretical frame-

work for exploring amobile impurity interacting stronglywith a highly correlated bath of

bosons in thequantumcritical regimeof aMott insulator (MI) to superfluid (SF) quantum

phase transition. Our framework is based on a powerful quantumGutzwiller (QGW) de-

scription of the bosonic bath combinedwith diagrammatic field theory for the impurity-

bath interactions. By resumming a selected class of diagrams to infinite order, a rich pic-

ture emergeswhere the impurity is dressed by the fundamentalmodes of the bath,which

change character from gapped particle-hole excitations in the MI to Higgs and gapless

Goldstone modes in the SF. This gives rise to the existence of several quasiparticle (po-

laron) branches with properties reflecting the strongly correlated environment. In par-

ticular, one polaron branch exhibits a sharp cusp in its energy, while a new ground-state

polaron emerges at the O(2) quantum phase transition point for integer filling, which

reflects the nonanalytic behavior at the transition and the appearance of the Goldstone

mode in the SF phase. Smooth versions of these features are inherited in the polaron

spectrum away from integer filling due to the influence of Mott physics on the bosonic

bath. We furthermore compare our diagrammatic results with quantum Monte Carlo

calculations, obtaining excellent agreement. This accuracy is quite remarkable for such a

highly non-trivial case of strong interactions between the impurity andbosons in amaxi-

mally correlated quantum critical regime, and it establishes the utility of our framework.

Finally, our results show how impurities can be used as quantum sensors and highlight
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fundamental differences between experiments performed at a fixed particle number or

a fixed chemical potential.

5.1 Introduction

Theproperties of dilutemobile impurities that interactwith aquantumenvironmentplay

a key role in our understanding of nature. The problem is closely connectedwith the con-

cept of quasiparticles, which provides a relatively simple but very powerful description

of many-body systems [119]. Indeed, an impurity particle smoothly evolves into a quasi-

particle when interactions with its environment are turned on, assuming that no phase

transitions occur. This quasiparticle consists of the bare impurity dressed by excitations

in its environment– a picture that first emerged when studying an electron that excited

lattice vibrations (phonons) in a dielectric, thereby forming a so-called polaron [23, 24].

Since then, quasiparticles have been used successfully to describe a wide range of quan-

tum many-body systems, from liquid helium mixtures and electrons in crystals, to nu-

clear matter and quark-gluon plasmas [120–122].

Our understanding ofmobile impurities in quantumenvironments and the formation

of quasiparticles has improved dramatically in recent years, mostly driven by impressive

experiments with cold atomic gases. These experiments havemainly focused on impuri-

ties in ideal orweakly interactingFermigases forming so-calledFermipolarons [123, 124],

and more recently also on impurities in weakly interacting Bose-Einstein condensates

(BECs) forming Bose polarons [26]. The Bose polaron consists of the impurity dressed by

the Goldstone (Bogoliubov sound) modes of the BEC, which, as we shall see, is a limiting

case of the problem considered in the present work.

Less attentionhasbeendevoted tomobile impurities andpolaron formation in the case

when the bath is strongly correlated. Theoretical investigations include mobile impuri-

ties in fermionic superfluids [125–129], in a lattice gas of hard core bosons [130], in super-

solids [131], in Bose systems in one dimension [84], and in topological systems [132–137].

The case of an impurity interacting with a bath in the vicinity of a quantum critical point

is particularly interesting because there are strong quantum fluctuations across many

length scales, which, however, also makes it very challenging. Recently, an infinitely
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heavy impurity in a fermionic system undergoing a Mott insulator to metal transition

was investigated [138].

TheBose-Hubbard (BH)model describing repulsively interactingbosons in a lattice re-

alizes at integer filling a prototypical case of a quantum phase transition: the bosons are

in a Mott insulator (MI) phase for small hopping and in a superfluid (SF) phase for large

hopping with quantum phase transitions in theO(2) universality class in between [36]1.

In an early study, a mobile impurity immersed in such a BH model was explored using

effective field theory [68]. Recently, perturbation theorywas used to explore amobile im-

purity across theMI-SF transition [139]. Here, the quantumGutzwiller (QGW) approach,

which was shown to accurately capture features related to the quantum fluctuations and

the static and dynamical properties of the BHmodel in Refs. [70, 140], was used to eluci-

date the fundamental properties of the resulting polaron in the quantum critical region.

Previous workwith the QGWmethod also considered a fixed impurity weakly coupled to

a BH bath as a sensor for the MI-SF transition able to identify the different universality

classes of the model [141].

In this paper, we explore the properties of a mobile impurity interacting with repul-

sively interacting bosons at integer filling in a square lattice. Using a QGW description

of the bosons in the quantum critical regime of the MI to SF transition, we develop a

field theorydescribinghow the impurity excites elementary excitationsof thebosons as it

moves through the lattice. We then apply a generalized ladder approximation, which in-

cludes strong two-body correlations and the formation of impurity-boson bound states.

Using this, we show that the interplay between strong impurity-boson interactions and

boson-boson correlations in the quantum-critical regime gives rise to rich physics with

several polaron branches. At the MI-SF phase-transition point, one polaron branch ex-

hibits a cusp in its energy, andanewground-state polaronappears. Thesedistinctive fea-

tures arise because both theGoldstone and theHiggsmodes become gapless at the phase

transition, and theyalso appear in smoothed-out versions forfilling fractions slightlydif-

ferent from unity. Our results are shown to agree remarkably well with projector quan-

tum Monte-Carlo (QMC) calculations for the many-body ground state, which demon-
1At non-integer filling the phase transition is due to a filling change. It is known as commensurate-

incommensurate phase transition and is essentially a vacuum tomatter Bose-Einstein condensation [36].
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Figure 17: (a) Phase diagram of repulsively interacting bosons as a function of t/U and the chem-
ical potential as calculated using the mean-field Gutzwiller approach for the 2D case considered
in this work; see [65] and references thererin. The shaded purple area indicates theMott insulator
lobe of unit fillingwhile the shaded green area indicates the region of the hole superfluid. Lines of
constant filling are shown and 1⃝, 2⃝ and 3⃝ indicate points where the polaron properties are ex-
plored indetail in Sec. §5-5.4. (b) In the bottom twopanels are shown the lowest (solid) and second
lowest (dashed) elementary excitations of the bosons at the points in the phase diagram consid-
ered in this work versus x(k) =

√
ϵk/8twhich varies from 0 to 1, and x ≈ |k|/2

√
2 for small |k|.

These modes are gapped particle-hole excitations in the MI, gapless Goldstone and Higgs modes
at theO(2) phase transition, and gapless Goldstone and gapped Higgs modes in the SF.

strates theusefulness of our theoretical framework fordescribing this strongly correlated

many-body problem. Finally, we discuss important differences between performing ex-

periments at constant particle number or at constant chemical potential.

5.2 System

We consider a system consisting of a single mobile impurity interacting with a bath of

bosons in a square lattice composed ofM sites as described by theBHmodel. TheHamil-
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tonian reads

Ĥ = −t
∑
⟨r,s⟩

(â†râs + ĉ†rĉs + h.c.)− µ
∑
r

n̂r +
U

2

∑
r

n̂r(n̂r − 1)

+ UIB

∑
r

n̂I,rn̂r, (5.1)

where â†r (ĉ†r) are creation operators for bosons (the impurity) on lattice site r. The first

line describes the hopping of the bosons and the impurity with equal tunneling parame-

ter t for simplicity, and µ is the boson chemical potential. The energy dispersion of both

particles in the absence of interactions is εk = 4t[sin2(kx/2)+sin2(ky/2)]wherewe have

used the usual lattice Fourier transform and taken the minimum to define zero energy.

We use units where the lattice constant is unity. The second line in Eq. (5.1) describes the

onsite interaction between the bosons with strength U > 0 and between the impurity

and the bosons with strength UIB, where n̂r = â†râr and n̂I,r = ĉ†r ĉr. Depending on the

ratio t/U and the chemical potential of the bosons, they formeither aMI or SF giving rise

to the phase diagram shown in Fig. 17(a). We will in the following explore the properties

of the impurity in the region around the O(2) phase transition between the MI and the

SF at integer filling.

5.3 Methods

Previously, the lattice polaron in the transition region was studied for weak impurity-

bath interaction (|UIB/U | ≪ 1) in two dimensions using perturbative methods within

the QGW approach [139]. In Sec. §5- 5.3.1, basics of the QGWmethod are recapped fol-

lowed by the development of our novel diagrammatic theory for the impurity-bath sys-

tem, which is capable of describing the regime of strong interactions not only between

the bosons but also between the impurity and the bosons. In Sec. §5- 5.3.2, we describe

our QuantumMonte-Carlo calculations.

5.3.1 QuantumGutzwiller (QGW)method

In this section, we develop a novel strong interaction approach to describe mobile im-

purities immersed in a BH bath in the quantum critical regime. The method is based

on combining the semi-analytic QGW method with diagrammatic field theory, which
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we will implement in practice using a generalized self-consistent ladder approximation.

We begin with a recount of the QGW method before outlining the diagrammatic tech-

nique. Further details on the QGWmethod and numerical implementation can be found

in App. §5- 5.6.1.

TheGutzwiller ansatz for thegroundstateof theBHHamiltonian |Ψ0
G⟩ =

⊗
r

∑
n c

0
n|n, r⟩

is a tensor product of lattice Fock states |n, r⟩with amplitude c0n describing the occupa-

tion of site r by n bosons. Within this mean-field treatment, the bath density is given by

n0 =
∑

n n|c0n|2, and the condensate order parameter byψ0 =
∑

n

√
nc0n−1c

0
n. Minimiz-

ing the energy with respect to |Ψ0
G⟩ produces the phase diagram shown in Fig. 17(a). We

refer the reader to Ref. [65] (and references therein) for further details of the ground state

calculation.

The QGW method describes density fluctuations on top of the ground state |Ψ0
G⟩ by

canonical quantization as δĉn(r) = M−1/2
∑

λk e
ik·r (uλ,k,n b̂λ,k + vλ,k,n b̂

†
λ,−k) [70, 142,

143]. Here, b̂†λ,k (b̂λ,k) is a bosonic operator that creates (annihilates) an elementary ex-

citation of the bosons in the λth branch with momentum k, energy ωλ,k, and coefficient

vλ,k,n (uλ,k,n), which canbe chosen to be real [144]. Deep in theMIphase this corresponds

to an individual particle or hole, while the lowest mode corresponds to the Bogolioubov

sound deep in the SF phase. Expanding the bath Hamiltonian to quadratic order in the

fluctuations yields

ĤB =
∑
λ,k

ωλ,k b̂
†
λ,k b̂λ,k, (5.2)

which describes a set of non-interacting bosonic modes. The QGW approach leading to

Eq. (5.2) is detailed in [70] where it was shown to provide a remarkably accurate descrip-

tion of the bosonic bath even in critical regimes where quantum fluctuations are strong.

Further details of the QGW approach are provided in App. §5-5.6.1.1.

In this work, we consider the BH bath at (or very close to) integer filling in the region

of the phase diagram where the MI-SF transition belongs to theO(2) universality class,

as indicated in Fig. 17(a) [36]. Here, the bath can be described by an effective relativistic

(Lorentz-invariant) field theory due to particle-hole symmetry. This symmetry yields a

decoupling of amplitude and phase degrees of freedom, resulting in a gapless Goldstone

and a massive so-called Higgs mode on the superfluid side (ψ0 ̸= 0) and gapped particle
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Figure 18: (a) The different impurity-boson interaction processes given by Eqs.(5.6)-(5.13). Solid
blue lines denote the impurity, dashed red lineswithout arrows denote the Gutzwillermean-field
ground state of the bath (λ = 0), and solid red lines with arrows denote elementary excitations
of the bath (λ ̸= 0). Wavy lines denote U (green), V (purple), andW (orange). The Ŵ1 and Ŵ2

vertices represent two (identical) processes and have been symmetrized, see Eqs. (5.10) and (5.11).
(b) Bethe-Salpeter equation for the in-medium scattering matrix at zero temperature given by
Eq. (5.14). Thedifferent vertices shown in panel (a) lead to four different scattering processes since
the number of bosonic excitations is not conserved in general. (c) Generalized ladder approxima-
tion for the impurity self-energy at zero temperature.

and hole excitations on theMott side of the transition. Themass of the Higgsmode van-

ishes at the transition point as shown in Fig. 17(b) [144–148]. The superfluid at the O(2)

point is of hybridparticle-hole character as thederivativeµ′(t) ≡ ∂µ/∂t evaluated at con-

stant filling vanishes, separating a bounded region of hole superfluidity µ′(t) < 0 from

the (unbounded) region of particle superfluidity, as shown in Fig. 17(a) [65]. As discussed

in the seminal work [63], the hole or particle characterization of the superfluid close to

theMott lobe ismade in analogywith electron or hole conductance of amaterial in solid-

state physics. Ramifications for the character of vortices, solitons, and elementary exci-

tations are considered inRefs. [144, 149, 150]. Notably, the region of particle superfluidity

extends into the deep superfluid region where the lattice polaron in a weakly interacting

BEC was previously considered [151].

5.3.1.1 Diagrammatics

We now use the QGW formalism as a foundation to construct our diagrammatic field

theory for analyzing the properties of a mobile impurity interacting with the strongly

correlated bosonic bath.

In this approach, the basic object to calculate is the impurity Green’s functionG(q, ω),

andwe start by expanding the impurity-bath interaction ĤIB into different processes in-
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volving the impurity and excitations of the bath. This expansion was given in Ref. [139],

and here we reformulate it in a way suitable for establishing the Feynman rules of a di-

agrammatic theory capable of describing strong interactions. Expanding the impurity-

bath interaction to quadratic order in bath fluctuations yields

ĤIB ≈ UIB
∑
r

n̂I,r [n0 + δ1n̂(r) + δ2n̂(r) + . . . ] , (5.3)

where the first term is the bath density in the mean-field ground state, while the second

and third terms are linear and quadratic in the bath fluctuation operators, respectively.

This expansion reads in momentum space (see Sec. §5-5.6.1.1 for details)

ĤIB = UIB
∑
k,p,q

∑
λ,λ′

[
Uλk,λ′pĉ

†
q ĉq−p+kb̂

†
k,λb̂p,λ′ + Vλk,λ′pĉ

†
q ĉq+p−kb̂k,λb̂

†
p,λ′ +

1

2
Wλk,λ′p

(
ĉ†q ĉq+p+kb̂

†
k,λb̂

†
p,λ′ + ĉ†q ĉq−p−kb̂k,λb̂p,λ′

)]
(5.4)

with two-particle vertices

Uλk,λ′q =
∑
n

[
n− n0(1− δλλ′δλ,0)

]
uk,n,λu

∗
q,n,λ′ ,

Vλk,λ′q =
∑
n

(n− n0)vk,n,λv
∗
q,n,λ′ , (5.5)

Wλk,λ′q =
∑
n

(n− n0)(uk,n,λv
∗
q,n,λ′ + u∗q,n,λ′vk,n,λ),

corresponding to the structure factors of the density channel [141]. Here, the Gutzwiller

mean-field ground state is, for convenience, denoted by the λ = 0 “mode" with energy

ωλ=0,k = 0, uλ=0,k,n = c0n, vλ=0,k,n = 0, and b̂λ=0,k = b̂†λ=0,k = 1 [152]. In particular, this

convention for mode labeling gives U0k,0q = n0, V0k,0q = 0,W0k,0q = 0, reproducing

Eq. (5.3).

The interaction in Eq. (5.4) separates into a mean-field contribution U0 = n0 and the
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processes

Û1 =
∑
p,q

∑
λ>0

U00,λpĉ
†
qĉq−pb̂p,λ, (5.6)

Û2 =
∑
p,q

∑
λ>0

Uλp,00ĉ
†
qĉq+pb̂

†
p,λ, (5.7)

Û3 =
∑
p,q,k

∑
λλ′>0

Uλk,λ′pĉ
†
qĉq−p+kb̂

†
k,λb̂pλ′ , (5.8)

V̂1 =
∑
p,q,k

∑
λλ′>0

Vλk,λ′pĉ
†
qĉq+p−kb̂k,λb̂

†
p,λ′ , (5.9)

Ŵ1 =
(2)

2

∑
p,q

∑
λ>0

W00,λpĉ
†
qĉq−pb̂p,λ, (5.10)

Ŵ2 =
(2)

2

∑
p,q

∑
λ>0

Wλp,00ĉ
†
qĉq+pb̂

†
p,λ, (5.11)

Ŵ3 =
1

2

∑
p,q,k

∑
λλ′>0

Wλp,λ′kĉ
†
qĉq−p−kb̂p,λb̂kλ′ , (5.12)

Ŵ4 =
1

2

∑
p,q,k

∑
λλ′>0

Wλp,λ′kĉ
†
qĉq+p+kb̂

†
p,λb̂

†
kλ′ , (5.13)

illustrated diagrammatically in Fig. 18(a). Here, the factors of 2 in Eqs. (5.10) and (5.11)

arise from the Bose statistics of the fluctuations and account for the symmetry of theW -

vertex under dummy label exchange [121]. Consequently, the corresponding processes

Ŵ1 and Ŵ2 can be represented as in Fig. 18(a) or, equivalently, with the appropriate ex-

citation line on the opposite side of the vertex. As discussed in Refs. [70, 139–141], the

vertices must be calculated numerically at each point on the phase diagram, with ana-

lytic forms available only in limiting cases, see App. §5- 5.6.1.

From Fig. 18(a), we see that processes Û1, Û2, Ŵ1, and Ŵ2 involve scattering between

an impurity, the Gutzwiller mean field, and an elementary excitation. Although Û1 and

Ŵ1 describe the same process, albeit with different interaction strengths, we distinguish

them, as well as Û2 and Ŵ2, due to distinctness of the underlying physics. The remaining

processes involve the impurity andelementary excitationsof thebath, allowing for the in-

volvement of different modes within a single scattering process. This multimodal struc-

ture adds another layer of complexity compared to the usual Bogoliubov theory, which

describes only processes between the impurity, Bogoliubov phonons, and the conden-

sate. This approach is unsuitable for describing the quantum critical region and theMott

insulator phase where condensate depletion ranges from significant to total and many
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modes become important [151].

The rules for constructing Feynman diagrams follow the well-known formalism for

bosons [121],withfluctuationoperators satisfyingbosonic commutation relations [b̂λ,k, b̂†λ′,k] =

δk,k′δλ,λ′. Explicitly, a solid red line corresponds to a Green’s function D(0)
λ>0(q, z) =

1/(z−ωq,λ) for a bosonic bath excitation, while a solid blue line corresponds to a nonin-

teracting (bare) impurity Green’s function G(0)(q, z) = 1/(z − εq). Dashed red lines

without arrows correspond to the λ = 0 mode, i.e. interaction with the mean-field

Gutzwiller ground state. Here, z denotes a Matsubara frequency, and we perform the

usual analytical continuation z → ω + i0+ at the end of the calculation to obtain the

retarded impurity Green’s function.

The processes Ŵ3 or Ŵ4 involve the annihilation and creation of two modes, respec-

tively, and diagrams describing both permutations of the outputs contribute and must

be summed over. Additionally, at zero temperature, any diagrams that involve internal

back-propagating excitation linesmake vanishing contributions due to zero-mode occu-

pation nλ,k = ⟨b̂†λ,kb̂λ,k⟩ = 0.

5.3.1.2 Impurity-boson scattering

Having established a general diagrammatic framework for analyzing the properties of

a mobile impurity in a BH bath, we now develop an approximate scheme for solving

this in the regime of strong impurity-boson interactions. In Ref. [139], this problem was

studied in the perturbative regime with impurity properties evaluated to quadratic or-

der (UIB/U)
2 (see App. §5-5.6.1.3). Here, we consider a range of coupling strengths be-

yond even |UIB/U | ∼ O(1) where truncation in powers of the impurity-bath coupling

is no longer justified, and selected classes of higher-order Feynman diagrams must be

included. Our approach is inspired by the remarkable accuracy of the ladder approxima-

tion for describing impurities in a Fermi gas, i.e. the Fermi polaron [123], as well as its

good agreement with experimental data when describing impurities in a BEC [26]. We

therefore expect a ladder approximation suitably generalized to the case at hand to be re-

liable even at strong interactions, since a strongly repulsiveBose gas in a qualitative sense

is in between a weakly interacting BEC and a Fermi gas. As we shall see, this expectation

is confirmed to a remarkable degree by comparing with Monte-Carlo calculations.
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Webegin by deriving a set of coupled equations for the in-medium scatteringmatrices

Γλλ′
ij . In analogy with Beliaev theory for a weakly interacting BEC [121], the scattering is

described by amatrix inwhich the differentmatrix elements correspond to the incoming

and outgoing excitations whose number is not conserved. Resumming scattering events

with the bare vertices shown in Fig. 18(a) within a ladder approximation generalized to

the present case yields the coupled Bethe-Salpeter equations

Γλλ′
11 (P,p,p′) = UIBUλp,λ′p′ +

UIB√
M

∑
p1,λ1>0

Uλp,λ1p1Γ
λ1λ′
11 (P,p1,p

′)

z − ωp1,λ1 − εP−p1

,

Γλλ′
12 (P,p,p′) = UIBW̃λp,λ′p′ +

UIB√
M

∑
p1,λ1>0

Uλp,λ1p1Γ
λ1λ′
12 (P,p1,p

′)

z − ωp1,λ1 − εP−p1

,

Γλλ′
21 (P,p,p′) = UIBW̃λp,λ′p′ +

UIB√
M

∑
p1,λ1>0

W̃λp,λ1p1Γ
λ1λ′
11 (P,p1,p

′)

z − ωp1,λ1 − εP−p1

,

Γλλ′
22 (P,p,p′) = UIBVλp,λ′p′ +

UIB√
M

∑
p1,λ1>0

W̃λp,λ1p1Ŝ[Γλ1λ′
12 (P,p1,p

′)]

z − ωp1,λ1 − εP−p1

, (5.14)

where we have introduced the shorthand notation P ≡ (P , z) for the center-of-mass

momentum/energy. Equation (5.14) is shown diagrammatically in Fig. 18(b), which il-

lustrates that Γλλ′
11 (P,p,p′) describes the scattering of the impurity on an excitation of

the bath, Γλλ′
12 (P,p,p′) and Γλλ′

21 (P,p,p′) describe the impurity annihilating/emitting

two excitations, and Γλλ′
22 (P,p,p′) describe the impurity scattering on a “hole" excita-

tion, all with in- and out-going relative momenta p and p′. These processes are cou-

pled due to the interactions in Eqs. (5.6)-(5.13). We have used the shorthand notation

W̃λp,λ′,p′ = (1 − δλ,0δλ′,0/2)Wλp,λ′,p′ in order to compress four distinct Bethe-Salpeter

equations describing the possible scatterings between the impurity, Gutzwiller mean-

field ground state, and elementary excitations into one expression in Eq. (5.14) that ap-

plies for all λ, λ′. Also, one must symmetrize Γλλ′
12 and Γλλ′

21 for λ, λ′ > 0 due to the in-

distinguishability of the two incoming or outgoing elementary excitations, respectively,

which produces a factor of 2 when they are integrated over internally in a diagram. This

is taken into account in the final line of Eq. (5.14) by the symmetrizer Ŝ which acts as

1 + P̂ when the in-medium scattering matrix element involves two elementary excita-

tions with the transposition operator P̂ . When λ = 0 is involved, no symmetrization is

performed (Ŝ = 1) due to distinguishability. Finally, the Gutzwiller mean-field ground



CHAPTER 5. LATTICE BOSE POLARONSAT STRONGCOUPLINGANDQUANTUM
CRITICALITY 86

Repulsive

Impurity-ParticleAttractive

Bound StateLattice Polaron

U
IB
/
U

−
1

U
IB
/U

1

Impurity-Hole

U
IB
/
U

>
0

U
IB
/
U

<
0

Figure 19: For UIB < 0, the impurity (blue) attracts the surrounding bosons (red) forming an
attractive polaron. For UIB/U ≲ −1, it forms a bound state with one extra boson. For UIB > 0,
the impurity repels the surrounding bosons forming a repulsive polaron. For UIB/U ≳ 1, it
pushes away the bosons completely forming a bound state with a hole.

state is excluded from the summations in Eq. (5.14) as it would give rise to disconnected

diagrams.

Physically, theBethe-Salpeter equation is an in-mediumgeneralizationof theLippman-

Schwinger equation for the scattering of two particles in a vacuum. The denominators in

the summations in Eq. (5.14) describe the propagation of a bare impurity and a bath exci-

tation and their poles give rise to a scattering continuum, which is bounded from above

due to the lattice. For example, εk has a width of 8t, while the Goldstone mode in the

Bogliubov theory of the bath has a width
√

(8t)2 + 8t|ψ0|2U , decreasing from the deep

superfluid to the quantum critical regime. Note that in our calculations, finite size ef-

fects turn this continuum into a discrete set of states which can be important for small

systems; see App. §5-5.6.1.4.

In the vacuum limit of a single boson and impurity, the in-medium scattering ma-

trix reduces to the two-body scattering matrix with discrete poles at the energies of any

bound states consisting of one boson and one impurity. The ladder approximation there-

fore includes strong two-body impurity-boson correlations and bound states exactly in

a many-body environment. This is crucial as we shall see, since the presence of several

different impurity-boson dimer states, illustrated in Fig. 19, significantly influences the

properties of the impurity, leading to the existence of several polarons, in analogy with
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whatwas found in the simpler casewhen thebosonsaredeep in the superfluid regime [151].

In practice, at zero temperature, the in-medium scattering matrix can be solved by

first obtaining elements Γ11 and Γ12 self-consistently. The remaining components can

be obtained directly through matrix multiplication. Details of this numerical procedure

are described in App. §5-5.6.1.6.

5.3.1.3 Impurity self-energy

The properties of the impurity interacting with the lattice bosons are described within

our approach by the interacting impurity Green’s function

G(q, z) =
1

z − εq − Σ(q, ω)
(5.15)

where Σ(q, z) is the impurity self-energy. In particular, the energy Ek of any quasi-

particle, which we denote as a polaron in the present context, is determined by solving

Ek = εk +ReΣ(k, Ek) [120].

Having derived a Bethe-Salpeter expression for the scattering between the impurity

and the bosons, we can now build this into a self-energy for the impurity. Figure 18(c)

shows our generalized ladder approximation for the impurity self-energy, which con-

tains two classes of diagrams. The first four diagrams in Fig. 18(c) correspond to the

impurity scattering particles out of the mean-field ground state of the bath (λ = 0),

i.e. Γ00
ij . In particular, Γ00

11 includes the mean-field energy UIBn0. Unlike the Bogoliubov

approach, where the expansion is based on the condensate density considering a con-

densate fraction close to unity, our method is based on expanding the total density and

therefore remains valid even near the critical point. Consequently, the usual product of

the condensate density and the in-medium scatteringmatrix (c.f. [151, 153]) does not ap-

pear explicitly in our QGWmethod and is only recovered in the weakly interacting BEC

limit. This is due to the broader applicability of the QGW approach, in particular to the

quantum critical regime where the condensate is largely or totally depleted.

The lastdiagraminFig. 18(c) involves a loopsumover collectivemodes, andat zero tem-

perature this process is only non-zero for theΓλλ
22 in-medium scatteringmatrix element,

contributing for all λ > 0. We note that this involves processes not taken into account in

the usual diagrammatic expansionmethod based on the Fröhlichmodel [154], whichwas
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shown in Ref. [139] to provide a poor description of the physics particularly in the Mott

and quantum critical regimes. It is also insufficient to describe the Bose polaron deep

in the superfluid regime [153, 155]. Furthermore, this diagram containsUIB⟨δ2n̂(r)⟩, the

quantum correction to the mean-field coupling due to quantum fluctuations [70, 139,

140]. Explicit expressions for the self-energy diagrams can be found in App. §5-5.6.1.3

for the interested reader. Finally, we note that when iterating the in-medium scattering

matrix to second order, the self-energy in Fig. 18(c) recovers the first and second order

terms considered in Ref. [139].

5.3.1.4 Self-consistency

So far, the internal impurityGreen’s functions inourdiagramshavebeennon-interacting

(bare), which corresponds to assuming a non-interacting impurity in the scattering pro-

cesses. Technically, this can be seen from the fact that the bare impurity energy εp ap-

pears in the denominators of Eq. (5.14), which therefore describe the pair propagation of

a non-interacting impurity and a bath excitation. In the first four diagrams of Fig. 18(c),

this in turn gives rise to a scattering continuum of states consisting of a non-interacting

impurity and one bath excitation with energies spanning minp(ωp,λ + εP−p) ≤ ω ≤

maxp(ωp,λ+εP−p)withP the totalmomentum. Likewise, in the lastdiagramofFig. 18(c),

it gives rise to a continuum of states of a non-interacting impurity and two bath excita-

tionswith energiesminp,q(ωp,λ+ωq,λ′+εP−p−q) ≤ ω ≤ maxp,q(ωp,λ+ωq,λ′+εP−p−q).

This is unphysical since the impurity in the intermediate scattering states of course in-

teracts with its environment.

Sincewe are interested in the interplay between these scattering continua and polaron

formation, we now address this problem.

In principle, the problem can be solved by using full interacting impurity Green’s func-

tions everywhere in the diagrams, and such a self-consistent approximation has indeed

been implemented for an impurity in a weakly interacting BEC [153], as well as for two-

component Fermi mixtures [156–158].

The self-consistent approximation can be implemented using an iterative procedure

via successive replacements εq → εq+Σ(q, ω) in the calculation of the in-medium scat-

tering matrix. In practice, we find that the numerical cost even of the orderO(101) iter-



CHAPTER 5. LATTICE BOSE POLARONSAT STRONGCOUPLINGANDQUANTUM
CRITICALITY 89

ations (as done in Ref. [153]) becomes rapidly prohibitive as the calculation of the vertices

andassociatedBethe-Salpeter equation is fully numerical in thequantumcritical regime.

Issues that arise through the numerical implementation of the self-consistent approxi-

mation already at the single iteration level are discussed further in App. §5-5.6.1.7 for the

interested reader. We find instead that the simple replacement εq → εq + UIB⟨n̂⟩ in the

Bethe-Salpeter equation, i. e. adding themean-field shift to the impurity energies in the

intermediate states, is sufficient to capture the main effects of self-consistency over the

range of couplings considered in this work. Note that since there is only one impurity,

we assume that the bath is essentially unaffected in the thermodynamic limit so that we

can use bare bath Green’s functions.

5.3.2 Full configuration interaction quantumMonte Carlo (QMC)

In this section, we discuss a completely different method to analyze an impurity im-

mersed in a strongly correlated boson gas, which in principle allows for an exact calcula-

tion of the ground state properties. Full configuration interaction QMC is a type of pro-

jectorMonteCarlo,which canbeused to stochastically sample the ground state eigenpair

(E0,v0) of a matrixH [53]. In the context of this paper,H is a matrix realization of the

Hamiltonian defined in Eq. (5.1),E0 is its ground state energy, and v0 a vector represen-

tation of the ground state. Full configuration interaction QMC samples these quantities

by repeatedly stochastically applying the following scheme to an arbitrarily chosen initial

coefficient vector c(0):

c(n+1) = c(n) + δτ
(
S(n)1−H

)
c(n) , (5.16)

where, δτ is a (small) time step, 1 the identitymatrix andS(n) a scalar energy shift that is

updated after every step in order to keep the 1-normof the vectors c(n) constant [105]. For

a large number of steps n, the iteration converges such that the expectation value of the

shiftS(n) coincideswith the ground state energyE0 and the vectors c(n) fluctuate around

the eigenvectorv0. In practice, the ground state energy is estimated froma samplemean

ofS(n) excluding steps from an initial equilibration phase. See App. §5- 5.6.2 for detailed

information on the method.

While theBose-HubbardHamiltoniandoesnot exhibit theQMCsignproblem, and the
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method itself is in principle exact, the noise in the shift introduces a statistical bias, also

known as the population control bias [60, 159, 160]. We apply importance sampling [87,

88, 161] as a similarity transformation to the Hamiltonianmatrix based on an optimized

guiding vector that approximates the exact ground state. Importance sampling brings

the dual benefit of reducing the sampling noise and with it the stochastic uncertainty in

the energy estimators as well as suppressing the population control bias to undetectable

levels. Importance sampling was essential to obtain high quality results for the largest

system sizes reported in this work (100 bosons and 1 impurity particle in a 10×10 lat-

tice with a Hilbert space dimension of ≈ 1060), where without importance sampling,

the variance of the energy would be so large to be effectively unusable. More details on

the importance sampling and optimization of the guiding vector can be found inApp. §5-

5.6.2.2. All QMCresults reported in thisworkwere obtainedwith the open-source library

Rimu.jl [162].

5.4 Results

We now present numerical results for the impurity properties obtained from our QGW

and QMC calculations2. We focus on the vicinity of the O(2) point of the MI-SF transi-

tion taking the filling fraction to be at or very close to unity. The filling factor is calcu-

lated by choosing the value of µ/U such that ⟨n̂⟩ = n0 + ⟨δ2n̂⟩ is held fixed (Eq. (5.6.25)

in App. §5- 5.6.1). The correction ⟨δ2n̂⟩ accounts for zero point quantum fluctuations of

the bath which modify the filling particularly in the quantum critical regime, while it is

zero in the Mott phase. We focus on the case of zero momentum, leaving momentum-

dependent lattice polaron properties, such as the full quasiparticle dispersion and effec-

tive mass, as the subject of future work.

In Secs. §5-5.4.1.1-§5-5.4.1.3, we analyze the impurity properties obtained using our

diagrammatic approach as a function of the impurity-boson interaction strength at the

fixed points indicated in the phase diagram in Fig. 17(a). In Sec. §5- 5.4.2-§5- 5.4.3, we

consider the impurityproperties across theO(2)MI-SFphase transition forfixed impurity-
2The QGW results presented in this work were performed with finite cutoffs for modes (λ ≤ 2) and

occupation numbers (n ≤ 7) and checked for convergence by performing calculations for increased cut-
offs.
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Figure 20: Impurity spectral functionA(k = 0, ω) for the three points 1⃝, 2⃝ and 3⃝ in the phase
diagram in Fig. 17. (a) The Mott insulator phase with µ/U =

√
2 − 1, 4t/U = 0.1292. (b) The

O(2) point (coming from the superfluid side) with µ/U = 0.4142, 4t/U = 0.1723 and conden-
sate fraction 0.01. (c) The superfluid phase with µ/U = 0.4014, 4t/U = 0.2154 and condensate
fraction 0.3. The dashed red lines are the energy of the lattice polaron within second-order per-
turbation theory [139], the black lines are the energy U for strong repulsion, and the black dash-
dotted lines are the energy 2UIB + U for strong attraction.

boson interaction strength. Finally, Sec. §5- 5.4.3 compares the QGW results with those

of the QMC calculations.

5.4.1 Results for a fixed bath and variation ofUIB

5.4.1.1 Mott Insulating bath

We first consider the case where the bosons are in the MI phase taking 4t/U = 0.1292

corresponding to the point labeled 1⃝ in Fig. 17. In this regime, theGutzwillermean-field

ground state is an incompressible Fock state, and the only allowed excitations in the bath

are gapped particle and hole excitations, which must occur in pairs due to number con-

servation. The individual gaps of theparticle andhole excitationsdependon the chemical

potential of the bath [163], whereas the energy gap to excite a particle-hole pair does not.

In Fig. 20 (a), QGWresults for the impurity spectral functionA(p, ω) = −2ImG(p, ω)

are shown as a function of the impurity-boson interaction strength. In theMI phase, the

first diagram in Fig. 18(c) contributes to the self-energy with amean field term, the three

middle diagrams are zero due to particle conservation, whereas the last term contributes

by dressing the impurity with bosons depleted from the mean-field ground state due to

boson-boson interactions. Such particle-hole scatterings are possible even at zero tem-

perature via the process V̂1, which contributes quantum corrections to the filling factor.

Additionally, at orderO(U2
IB), the Ŵ3 and Ŵ4 processes can describe the virtual excita-

tion and de-excitation of a particle-hole pair in the polaron cloud [139]. In our ladder
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approximation, such processes are generalized to strong interactions by inserting an in-

finite number of re-scatterings of the impurity and an excitation (hole or particle) via the

process Û3.

Wesee that the impurity spectral function inFig. 20(a) exhibits sharp lines correspond-

ing to quasiparticles, i.e. polarons. For weak impurity-boson interaction strength, the

ground state of the system is a well-defined polaron with a large spectral weight and an

energy close to themean-field valueUIB⟨n̂⟩. This extends over awide range of interaction

strengths |UIB/U | ≲ 1, reflecting the incompressible nature of the MI phase, which is

relatively insensitive to the impurity. The closely lying faint lines above the polaron line

in Fig. 20(a) are a finite-size version of the scattering continuum in the thermodynamic

limit consisting of the impurity and two bath (particle-hole) excitations as discussed in

Sec. §5-5.3.1.4, which is separated in energy from the polaron ground state by the Mott

gap; see Fig. 17(b). These finite-size effects appear because we use a lattice with 10 × 10

sites in our diagrammatic calculations, as detailed in App. §5-5.6.1.4.

Figure 20(a) also shows a pair of avoided crossings at |UIB/U | ≃ 1. Here, the ground

state changes abruptly as a non-perturbative regime emerges for stronger interactions.

For attractive interaction UIB/U ≲ −1, the attractive polaron energy depends linearly

on UIB with a larger slope than in the mean-field regime. This can be understood from

the ability of the impurity to bind to one of the bosons to formadimer state, as illustrated

in Fig. 19. The energy of such a dimer state is approximately 2UIB + U since two bosons

occupy the same site as the impurity. This agrees well with the obtained energy of the

attractive polaron, see Fig. 20 (a)

Thehorizontal line inFig. 20(a) for a strongrepulsive impurity-boson interactionUIB/U ≳

1 corresponds to a repulsive polaron with an energy independent of UIB, which can also

be interpreted in terms of bound-state physics. In this case, the impurity pushes bosons

away from the site it occupies, which is equivalent to an “excitonic" bound state between

the impurity and a hole as illustrated in Fig. 19. When the impurity pushes away a bo-

son, it creates a site containing two bosons, and the energy of this repulsive polaron is

thereforeU , which agrees well with the numerical results.

The particle-hole symmetry at unit filling discussed in Sec. §5- 5.3.1 can in fact be used
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to show that the spectrum is symmetric with respect to UIB ↔ −UIB in the vicinity of

the O(2) point aside from the mean-field shift. This symmetry is recovered by our dia-

grammatic theory. From a technical point of view, these bound states give rise to poles

in the in-medium scatteringmatrix entering the impurity self-energy, which are related

by a particle-hole symmetry at unit filling. Indeed, since the process Û3 entering as an

infinite series inside the last diagramof Fig. 18(c) is of equalmagnitude but opposite sign

for impurity-particle and impurity-hole processes at unit filling (see App. §5-5.6.1.2), the

poles of the in-medium scatteringmatrix are invariant with respect to the sign ofUIB/U

aside from themean-field shiftUIB⟨n̂⟩ thus giving the above relation between the attrac-

tive and repulsive polaron energies.

Interestingly, Fig. 20 (a) shows a strongwell-defined polaron branch above the ground

state in the strong interaction regime. Since its energy closely follows the mean-field

value UIB⟨n̂⟩, we denote this branch as a “mean-field" polaron, which physically corre-

sponds to the impurity moving in an incompressible background. This mean-field po-

laron is well defined because it is separated in energy from the continuum of states be-

causeof theexcitationgapof theMI.Finally, there is alsoa fainthorizontal line inFig. 20(a)

close to the energy∼ U for strong attraction. This is a continuation of the repulsive po-

laron state in the regime of strong attractions, where it becomes an “upper polaron” as an

excited state stabilized by the fact that it is above the scattering continuum.

5.4.1.2 Critical bath –O(2) point

We now turn our attention to the intriguing and challenging region in the vicinity of the

O(2) transition where the bosonic bath is highly correlated. This transition occurs for

µ/U =
√
2− 1 and 4t/U = (

√
2− 1)2 in the mean-field Gutzwiller calculation [163].

As the O(2) point is approached from the MI phase, the gap of individual particle or

hole excitations closes, see Fig. 17(b), and the elementary excitations become pure phase

(Goldstone) and amplitude (Higgs) modes. Both modes are gapless due, respectively, to

the spontaneous breaking of U(1) phase symmetry and Lorentz invariance at the O(2)

point in the low-energy effective field theory [164]. TheHiggs mode is gapless only at the

transition point, as is typical for a quantum phase transition.

In Fig. 20 (b), we show the impurity spectral function as a function ofUIB but now for
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4t/U = 0.1723, corresponding to the point labeled 2⃝ in Fig. 17 just on the superfluid

side of theO(2) point. Here, the ground state at unit filling is accurately described by a

superposition of the lowest number states |0⟩, |1⟩, and |2⟩ at each lattice site [145], where

a large amplitude of the |1⟩ state corresponds to an insulator-like component and small

and equal amplitudes for the |0⟩ and |2⟩ states dictate the properties of the particle-hole

symmetric superfluid component. The compressibility of the bath increases due to the

condensate and the sound speed takes a finite value [163]. Since a non-zero superfluid

density in our approach corresponds to the breaking of particle number conservation,

the processes Û1, Û2, Ŵ1, and Ŵ2 given byEqs. (5.6), (5.7), (5.10) and (5.11) now contribute

with Û3 re-scatterings, see Fig. 18(a) andApp§5-5.6.1.2. Consequently, all elements of the

in-medium scattering matrix are non-zero and all diagrams in Fig. 18(c) now contribute

to the self-energy.

First, we see from from Fig. 20 (b) that in the weak interaction regime, there is still a

well-defined polaronwith an energy close to themean-field value, as expected. However,

because of the larger compressibility of the bath, themean-field region is smaller than in

theMI phase, and second-order effects are stronger. Also, the scattering continuumnow

appears just above themean-field energy since the excitations of the bath are gapless, see

Fig. 17(b). Perturbation theory breaks down already at |UIB|/U ≃ 0.5, and we see that

two kinds of polarons emerge below the continuum as the strongly interacting regime

is entered. The polarons with the largest spectral weight for UIB/U ≳ 0.5 and UIB/U ≲

−0.5 are smoothly connected to the repulsive and attractive polarons in theMI discussed

above with almost the same energy. This is because the character of the Mott insulating

ground state is inherited across the quantum phase transition into the superfluid phase,

a phenomenon which is commonly referred to as “Mottness” [144].

Interestingly, Fig. 20(b) shows that a new polaron with a smaller spectral weight and

lower energy emerges for strong attractive and repulsive interactions. The origin of this

new polaron branch, which is now the ground state, is a strong dressing of the impu-

rity by the gapless modes of the bosonic bath, which significantly lowers its energy. This

dressing comes from the first four diagrams in Fig. 18(c), which are zero in theMI phase.

Because of the small condensate fraction, the residue of this new attractive and repulsive
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Figure 21: Impurity spectral function A(k = 0, ω) at unit filling line deeper into the superfluid
phase with µ/U = 0.3021, 4t/U = 0.4, and condensate fraction 0.74. Lines are as in Fig. 20.

polaron is very small, andhence the spectral line is faint. Theappearanceof anewpolaron

branch is due to the non-analytic behavior of the excitation spectrumof the bosonic bath,

with both the Higgs and the Goldstone modes becoming gapless at the O(2) transition

point. This will be analyzed further in Sec. §5- 5.4.2. Finally, we see that the upper po-

laron with energy∼ U in the strongly attractive region discussed above for theMI phase

remains in the superfluid phase.

5.4.1.3 Superfluid bath

We now explore the spectral properties of the impurity deeper in the superfluid phase

at unit filling taking 4t/U = 0.2154 corresponding to the point labeled 3⃝ in Fig. 17(a).

The corresponding QGW results for the impurity spectral function as a function of the

interaction strengthUIB are shown in Fig. 20(c).

First, we note that the weakly interacting regime, where the energy of the polaron

ground state is given by second-order perturbation theory, has decreased further with

thequadraticdependencemoreprominent,whichagain reflects the increasedcompress-

ibility of the bosonic bath.

While theHiggsmode becomes increasingly gapped in the superfluid phase, theGold-

stone (Bogoliubov sound) mode remains gapless, and the scattering continuum conse-

quently appears just above the mean-field energy.
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For strong repulsive and attractive impurity-boson interactions, the ground state re-

pulsive and attractive polaron, visible as faint lines in Fig. 20(b), have now increased their

spectral weight significantly, due to the increased condensate fraction, whichmakes the

Goldstone mode dominating the dressing of the impurity 3

As t/U increases further, boson-boson correlations decrease and the bath becomes a

weakly interacting BEC. It has been shown that in this regime the QGW approach coin-

cides with the Bogoliubov theory for the BHmodel [70, 163]. Therefore, the ground state

polarons evolve into the usual repulsive (UIB > 0) and attractive (UIB < 0) polarons in

a weakly interacting lattice BEC studied in Ref. [151]. The polaron branches above the

ground state ( Fig. 20(c)), remnants of the attractive and repulsive polaron in the MI

phase, on the other hand, decrease in spectral weight with t/U . They eventually move

into the scattering continuum as shown in Fig. 21 where they become damped as the gap

of the Higgs mode increases.

In addition, two kinds of polarons are now visible above the scattering continuum for

attractive interactions in Fig. 20(c). Going deeper into the superfluid phase, we find that

thepolaronwith the lowest energy increases its spectralweight,while theonewithhigher

energy, which evolved smoothly from the one in the MI phase, disappears; see Fig. 21.

There is also a polaron line above the scattering continuum for strong repulsive inter-

actions. This corresponds to the upper polaron found in the limit of a weakly interacting

BEC [151]. It arises froma repulsively bound state consisting of the impurity and a boson,

which has been observed experimentally [165].

5.4.2 Results for fixedUIB and variation of the bath

In Fig. 22, we show the polaron spectral function for a few values of UIB, across the unit

filling MI-SF phase transition by varying t/U 4. The yellow dots in Fig. 22 (b) and (c) rep-
3Formally, this means the final self-energy diagram in Fig. 18(c) decreases since the Higgs mode be-

comes increasingly gapped, whereas the first four diagrams increase.
4Wenote two shortcomings of the QGWmodel that appear as the limitU/t → 0 is taken in the super-

fluid phase. First, the Gutzwiller ground state ansatz chosen in Sec. §5- 5.3.1 describes a condensate with
infinite off-diagonal long-range order. In two dimensions, quantum correlations (such as ⟨δ2n̂⟩) exhibit
infrareddivergences according to theMermin-Wagner theorem. Second, the interaction strengthsdevelop
density dependence in the weakly interacting limit not accounted for in the Hamiltonian Eq. (5.1) [166]. In
practice,wehave found inpreviousworks [139, 140] that these issuesdonot influenceour calculations in the
vicinity of the phase transition, but worsen the description as the limitU/t → 0 of the weakly interacting
BEC is taken.
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Figure 22: Impurity spectral functionA(k = 0, ω) across theMott insulator to superfluid transi-
tion for fixed unit filling ⟨n̂⟩ = 1 and different impurity-boson interaction strengths. The dashed
red lines are the polaron energy obtained from second-order perturbation theory [139]. The dot-
ted black line indicates theO(2) critical point, which occurs atµ/U =

√
2−1, 4t/U = (

√
2−1)2

withinmean-field Gutzwiller theory. TheQMC results in panel (b) and (c)(yellow dots) are extrap-
olated from the results forM = (5×5, 6×6, . . . , 10×10) bosons on a square lattice ofM = N2

sites andarediscussed inSec. §5- 5.4.3. TheQMChoppingparameterhasbeen rescaledby a factor
tc/tQMC = 0.7179 to align theO(2) critical points of the twomethods.

resents QMC results that will be discussed in the context of finite-sized systems in the

next Sec. §5- 5.4.3.

Let us first focus on the results for an attractive impurity-boson interaction shown in

Fig. 22(a)-(b). The simplest case is for a weak impurity-boson attraction, UIB/U = −0.5

shown in panel (b). Here, the polaron energy is fairly constant across the transition and

givenaccuratelybyperturbation theory. Thedecrease inpolaronenergy isdue to the com-

pressible nature of the superfluid phase [139]. One can also see how the polaron spectral

function clearly inherits the gap closing that characterizes theO(2) critical point of the

bath.

For strong impurity-boson attractionUIB/U = −1.5, the situation is very different. In

Fig. 22(a), we see two sharp lines in the MI phase clearly separated from the continuum:

The ground state attractive polaron and the mean-field polaron as discussed in Sec. §5-

5.4.1.1. As the gap to the scattering continuumdecreaseswith increasing t/U , the attrac-

tive polaron energy decreases due to increased dressing. At the phase-transition point,

its energy exhibits a cusp, after which it starts to increase in the superfluid phase. In ad-

dition, anewattractivepolaronappearswitha lower energyat the transitionpoint,which

arises from the dressing of gapless modes, see Secs. §5-5.4.1.2-§5-5.4.1.3. In particular,

Fig. 22(a) shows in amoredramaticway the alreadydiscussed failure of perturbation the-

ory in describing the ground state polaron energy in the strong coupling regime, since it



CHAPTER 5. LATTICE BOSE POLARONSAT STRONGCOUPLINGANDQUANTUM
CRITICALITY 98

cannot describe the formation of impurity-bath bound states.

Due to particle-hole symmetry, we find analogous results across the phase transition

for repulsive couplings, as shown in Fig. 22 (c)-(d). Here, we find that the repulsive po-

laron energies are independent ofUIB for strong interactions due to the association with

the impurity-hole (exciton) bound state as discussed previously in Sec. §5-5.4.1.1.

Our resultspromote the intriguingprospectofusingpolaronspectroscopy in thequan-

tumcritical regime forquantumsensing. Wenote that suchnon-analytic features appear

inmanyobservables at the transitionpoint, including themagnitudeof zero-point quan-

tum fluctuations and the gap of the Higgs mode (c.f. [70, 140]).

5.4.3 Comparisonwith QMC

In this section, we compare the results of our QGWmethodwith those from the full con-

figuration interactionQMC calculations described in Sec. §5- 5.3.2. Since the problem of

amobile impurity strongly interactingwith abosonic bath in aquantumcritical regime is

very challenging, such a comparison is highly useful. In particular, the QMC results can

serve as a benchmark for the diagrammatic QGWmethod. As we shall see, our compar-

ison also highlights differences between experiments realizing systems in the canonical

and grand canonical ensembles. The study of finite systems is therefore important to-

wards possible cross-benchmarking as discussed further in Sec. §5-5.5.

The QMC results presented in this section were obtained by optimizing a variational

ansatz and using it for importance sampling in the simulation; see App §5- 5.6.2 for de-

tails. The mean of the shift S was used as the energy estimator. This was repeated for

various lattice sizes (M = 5× 5, 6× 6, . . . , 10× 10) and extrapolated to an infinite lat-

tice size, as detailed in App. §5-5.6.2.3. TheQGWresults are produced on a square lattice

of sizeM = 10 × 10 as in the previous sections, and the formalism works in the grand

canonical ensemble in such a way that the density far away from the impurity is fixed to

unity. In order to compare the results of the semi-analytical QGWmethod and the fully

numericalQMCmethod, the hoppingparameter employed in the latter has been rescaled

by a factor tc/tQMC = 0.7179 to align the O(2) critical points of the two methods [167].

The difference in critical points between the twomethods reflects the mean-field nature

of Gutzwiller ground state calculation. However, the QGW description of the quantum
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Figure 23: Impurity spectral functionA(k = 0, ω) from the field theoretical QGWmethod com-
pared with the polaron energy from the QMC method (yellow points). The QGW results corre-
spond to the filling ⟨n̂⟩ = 0.99 in panels (a), (b), and ⟨n̂⟩ = 1.01 in panels (c), (d), while the
QMC results are extrapolated from the results forM = (5 × 5, 6 × 6, . . . , 10 × 10) bosons on
a square lattice ofM = N2 sites. The dashed red lines are second-order perturbation theory
for the polaron energy from the QGWmethod [139], which unphysically diverges for t/U → 0.
This divergence is remedied by the ladder resummation. The QMC hopping parameter has been
rescaled by a factor tc/tQMC = 0.7179 to align theO(2) critical points of the twomethods.

fluctuations is expected to be accurate as evidenced by the quantitative agreement found

with compared to QMC in Ref. [70].

Before comparing the QGW and QMC results, we need to analyze a fundamental dif-

ference between the two approaches. The QMC simulations keep the number of bosons

fixed and therefore work in the canonical ensemble. We find that for sufficiently attrac-

tive impurity-boson interactions UIB/U ≲ −1, the QMC calculations show that the im-

purity forms a bound state dimer with one boson in agreement with the QGW results

discussed in Sec. §5-5.4.1.1. When there is one boson per site in a finite lattice, such a

bound state, however, takes the system away from unit filling since one lattice site now

contains the impurity and two bosons, see Fig. 19, making the effective filling fraction

of the rest of the lattice 1 − 1/M . This prevents the bosons from ever entering the MI

phase, and instead the system is taken to the SF phase just below the ⟨n̂⟩ = 1Mott lobe

for t/U → 0 with an extremely small superfluid fraction. Likewise, QMC calculations

show that for a strong and repulsive impurity-boson interaction UIB/U ≳ 1, the im-

purity pushes the bosons away from their lattice position, forming a bound state with a

hole, again confirming theQGWresults. This also takes the system away fromunit filling

to an effective filling fraction 1 + 1/M so that it stays just above the ⟨n̂⟩ = 1Mott lobe.

We have numerically verified that the QMC simulations do not enter the MI phase for

|UIB/U | ≳ 1 by computing the charge gap across various values of t andUIB as explained
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further in App. §5-5.6.2.4.

TheQGWmethod, on the other hand, operates in the grand canonical ensemblewhere

the bosonic bathmaintains a constant density at a distance from the impurity, effectively

treating the bosons as a particle reservoir. It should be noted however that the QGW

method does not allow the impurity to change the density of the bath, and it interacts

with a fixed bath. This means that the bath remains at unit filling even in the regime

of strong impurity-boson interactions where bound states are formed, as we explicitly

saw in Sec. §5-5.4.1.1. This fundamental difference between the two methods makes it

necessary to adjust the filling of the QGW calculation to compare against results of the

QMCmethod for strong interaction |UIB/U | ≳ 1.

First, Fig. 22(b) and (c) compare the results of the QGW and QMC calculations across

the phase transition for weak interaction |UIB/U | = ±0.5. In this case, no adjustments

to the QGW filling are necessary as no bound states are formed. We see that there is

excellent quantitative agreement between the twomethods.

InFig. 23(a)-(b),wecompare theQMCandQGWresults for strongerattractive impurity-

boson interactions. The QGW calculations are performed for a fixed non-integer filling

⟨n̂⟩ = 0.99 in order to compare with the QMC results in the presence of bound impurity-

boson dimers, as explained above. This corresponds to a line in Fig. 17 very close to the

⟨n̂⟩ = 1 line in the superfluid phase up to theO(2) point, after which it is just below the

lower boundary of the ⟨n̂⟩ = 1Mott lobe. Figure 23(b) demonstrates a remarkable quan-

titative agreement between theQGWandQMC calculations for the polaron ground state

energy forUIB/U = −1. This includes a highly non-trivial smeared cusp feature close to

the phase transition point, which appears due to the inheritedMottness of the bath with

decreasing t/U despite never entering the insulating phase. For even stronger attraction

UIB/U = −1.5 in Fig. 23(a), there is still good agreement between the QGW and QMC

results. This confirms the accuracy of our diagrammatic QGW framework, which is re-

markable given the very complex nature of a strongly correlatedmany-body system close

to a quantumphase transition and given that theQGW is built upon amean-field ansatz,

which is unable to quantitatively predict the critical interaction strength for theMI to SF

quantum phase transition 5.
5Asimilar featurehasbeen reported for short range correlationswhencompared toQMCresults in [70]
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For completeness, in Fig. 23(a)-(b) we report the results from second-order perturba-

tion theory, which completely fails to describe the polaron energy for strong interactions;

see also Sec. §5- 5.4.2. In particular, it predicts a diverging energy in the limit t/U → 0

for non-integer filling. Here, the compressibility of the superfluid diverges [139], and the

perturbative analysis predicts a divergence in the energy that comes from amacroscopic

dressing cloud around the impurity. This prediction is unphysical since a non-zero U

still penalises a macroscopic dressing of the impurity. Our diagrammatic ladder resum-

mation, on the other hand, provides a comprehensive description of this regime with a

finite value for the ground state energy in excellent quantitative agreement with QMC.

The ladder resummation therefore resolves the unphysical energy divergence predicted

by perturbation theory, although the quasiparticle residue still vanishes as t/U → 0. In-

stead for discussion of the orthogonality catastrophe in the context of the conventional

Bose polaron problem, we direct the interested reader to Refs. [168, 169].

Figure23(c)-(d) shows the sameanalysisperformed for strong repulsive impurity-boson

interactions.

The QGW calculations are performed using a filling fraction ⟨n⟩ = 1.01 to account for

the formationof bound impurity-hole states taking afinite systemout of theMIphase, as

explained above. Again, we observe excellent agreement between the QGWandQMC re-

sults, confirming the remarkable accuracy of our diagrammatic resummation, whereas

perturbation theory completely fails to describe the system in this strongly correlated

regime. For completeness, we have also compared the QGW and QMC in the superfluid

regime at unit filling as a function of the interaction strength, and we find again an ex-

cellent quantitative agreement; see App. §5-5.6.1.7 and Fig. 29).

Finally, we comment briefly on the extreme limit UIB/U → −∞. Here, we expect

the impurity to form a cluster state with amacroscopic number of bosons in its dressing

cloud. Such anN-body bound state cannot be described within our ladder approxima-

tion,which only includes two-body impurity-boson correlations, necessitating the inclu-

sion of more diagrams or using variational wave functions as done for the conventional

Bose polaron [26]. For large repulsive interactions UIB/U → ∞, on the other hand, the

impurity can still only push one boson away at unit filling, as shown in Fig. 19, and there-
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fore we expect our ladder approximation to be reliable even in this extreme limit.

The fate of differences between the canonical and grand canonical ensembles in the

thermodynamic limit is an interesting question. It should be noted that these effects

have been explored in other contexts that show that impurities can significantly alter the

bath [170].

5.5 Discussion and outlook

In this work, we explored a mobile impurity immersed in a strongly correlated lattice

Bose gas in the vicinity of aO(2) quantum phase transition between aMI and a SF phase

at integer filling. Based on a QGWdescription of the bosonic bath, we developed a pow-

erful field theoretical framework describing the impurity scattering with the fundamen-

tal excitations of the Bose gas. By resumming a selected class of generalized ladder dia-

grams, we showed how the interplay between strong boson-impurity interactions, quan-

tum criticality, and the evolution from gapped particle-hole to Higgs and gapless Gold-

stonemodes of the bosons gives rise to very rich and non-trivial physics with several po-

laronbranches. Our semi-analytical field theorywas furthermore shown to compare very

well with quantum Monte-Carlo calculations, which is remarkable for such a strongly

correlatedmany-bodysystem.Thisdemonstrates theutility ofourfield-theoretical frame-

work and opens up several new research directions.

Our work highlights how polarons immersed in strongly correlated baths can exhibit

muchricherphysics compared tomoreconventionalpolarons inweaklyornon-interacting

Bose and Fermi gases. It also illustrates how polarons can be used to probe non-trivial

quantummany-body systems in the spirit of quantumsensing, as analyzedpreviously for

example for geometric and topological properties of the environment [134–137, 171]. The

present results show that polarons can explore quantum criticality including the precise

point of the phase transition. This motivates further investigations into how coherent

superpositions of internal states of the impurity can be used to enhance the sensitivity of

the impurity probe while minimizing the back-action on the environment [172–175].

The predictions of this work should be accessible in cold-atom experiments using op-

tical lattices where the BH model and, in particular, the MI-SF transition have already
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been realized [10]. Radio-frequency pulses have been used in continuum atomic gases

to measure the spectral function of polarons [26, 176], and quantum gas microscopy in

optical lattices can furthermore provide complementary information regarding the spa-

tial properties of polarons [11, 177]. This raises interesting questions concerning thewave

functionof thepolaronand spatial correlationswith the surroundingbosons in thequan-

tum critical regime, which are left as the subject of future study. Polarons have also been

observed in new 2D transition metal dichalchogenide semiconductors [178, 179], which

may open up ways to observe the predicted results in a solid-state setting.

Our theoretical framework can also be generalized to explore the properties of the po-

laron at non-zero temperature andmomentum. Other interesting questions include the

interaction between polarons mediated by the elementary excitations of the bosons in

the quantum critical regime, whichmay support bound states (bi-polarons), as has been

predicted for polarons in weakly interacting BECs [151, 180, 181]. Understanding this is

crucial for developing a consistent quasiparticle description of a non-zero concentration

of impurities in the BH model. Another interesting problem concerns a possible phase

separation that takes place at the borders of the MI lobe for strong interactions [182].

Our results moreover reinforce the notion that an impurity, particularly in small sys-

tems, can significantly alter the bath’s properties even taking it out of a given quantum

phase. This raises questions concerning how to experimentally observe the sharp fea-

tures predicted at unit filling in this paper. One could imagine using a setup where a

harmonic trap creates a “wedding cake" structure of rings with different densities [183].

In such a setup, regions with a non-integer filling could act as particle reservoirs for the

region with integer filling where the impurities are located, effectively realizing an im-

purity experiment with constant chemical potential. Taken together, these extensions

show the potential for exploring a wide area of territory for new physics as well as cross-

benchmarking theory and experiment in the field of quantum simulation [184].
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5.6 Appendix

5.6.1 Further details onQGWmethod
5.6.1.1 Background

In this section, we provide further details on the QGWmethod relevant to this work (c.f.

Refs. [70, 140, 141]). The QGWmethod is based on the canonical quantization of the La-

grangian

L[c, c∗] =
〈
ΨG

∣∣ i ℏ ∂t − ĤB

∣∣ΨG

〉
=
i ℏ
2

∑
r,n

[c∗n(r)ċn(r)− c.c.] + J
∑
⟨r,s⟩

[ψ∗(r)ψ(s) + c.c.]−
∑
r,n

Hn |cn(r)|2 ,

(5.6.17)

where ĤB is the bath Hamiltonian in Eq.(5.1), andHn = U n (n− 1) /2 − µn. The La-

grangian is a functional of the complex amplitudes cn(r) of the Gutzwiller ansatz

|ΨG⟩ =
⊗
r

∑
n

cn(r) |n, r⟩ . (5.6.18)
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Thequantizationpromotes these amplitudes to operators that obey equal-time canonical

commutation relations [
ĉn(r), ĉ

†
m(s)

]
= δr,s δn,m . (5.6.19)

In analogy with the Bogoliubov approximation for a dilute Bose-Einstein condensate,

these operators are expanded around the ground state values c0n (see Sec. §5- 5.3.1) as

ĉn(r) = Â(r) c0n+δĉn(r)with localnormalizationoperator Â(r)andfluctuations ⟨δĉn (r)⟩ =

0, which can be expanded in momentum space as

δĉn(r) ≡M−1/2
∑
k

eik·r δĈn(k) . (5.6.20)

Retaining only up to quadratic terms in the fluctuations, one finds

⟨ΨG|ĤB|ΨG⟩ ≈ E0 +
1

2

∑
k

[δĈ
†
(k, −δĈ(−k)]L̂k

[
δĈ(k)

δĈ(−k)

]
, (5.6.21)

wherewhereE0 is themean-fieldGutzwiller ground-state energy, the vector δĈ contains

the components δĈn, and L̂k is a pseudo- Hermitian matrix [70]. Eq. (5.6.21) is diago-

nalized by a suitably chosen Bogoliubov rotation

δĈn(k) =
∑
λ

uλ,k,n b̂λ,k +
∑
λ

v∗λ,−k,n b̂
†
λ,−k , (5.6.22)

recasts the quadratic form of the Hamiltonian into diagonal form

ĤB ≈
∑
λ

∑
k

ωλ,k b̂
†
λ,k b̂λ,k , (5.6.23)

where each b̂λ,k corresponds to a different many-body excitation mode with frequency

ωλ,k, labeled by its momentum k and index λ.

The accuracy of theQGWmethod can be estimated by calculating themagnitude of the

quantum fluctuations about the Gutzwiller mean-field, quantified by the control func-

tionF = 1−⟨Â⟩. The control functionF displays a cusp at theO(2) phase transition, as

found in Refs. [70, 140]. However, in two dimensions, F grows away from the transition

in the limit t/U due to the incorrect description of the condensate order parameter by

the Gutzwiller mean-field ansatz as discussed in Ref. [140].

Contributions of quantum fluctuations of the bath beyond the mean field can be sys-

tematically included, as described in Ref. [70]. This procedure yields the expansion in
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Eq. (5.4). Here, the bathdensity operator has been expanded as n̂r ≈ n0+δ1n̂(r)+δ2n̂(r)

where

δ1n̂(r) =
∑
n

n c0n
[
δĉn(r) + δĉ†n(r)

]
, (5.6.24)

gives the Fröhlich-type coupling and

δ2n̂(r) =
∑
n

n δĉ†n(r) δĉn(r)− n0 1̂− Â2(r) (5.6.25)

involves contributions fromquantumfluctuationsaswell as their feedbackonto theGutzwiller

mean-field ground state via the operator Â(r). Application of the Bogoliubov rotation

(Eq. (5.6.22)) toEqs. (5.6.24) and (5.6.25) yields thevertex contributionspresent inEq. (5.4)

(see also Ref. [139]).

The QGW expansion of ĤIB (Eq. (5.4)) connects with the Bogoliubov approximation of

ĤIB [151] in the limit U/t → 0 where |ψ0|2/n0 ≈ 1 as discussed in Refs. [70, 139, 163].

Here, the canonical quantization procedure is applied instead to the condensate order

parameter

ψ̂(r) =
∑
n

√
n ĉ†n−1(r) ĉn(r) ≈ ψ0 + δ1ψ̂(r) + δ2ψ̂(r) . . . , (5.6.26)

where ψ0 corresponds to the mean-field condensate density and

δ1ψ̂(r) =
1√
I

∑
λ

∑
k

[
Uλ,k e

ik·r b̂λ,k + Vλ,k e
−ik·r b̂†λ,k

]
, (5.6.27)

while δ2ψ̂(r) can be calculated by a straightforward extension. The quantities |Uλ,k|2 and

|Vλ,k|2 are the quasi-particle and quasi-hole excitation strengths, respectively, and iden-

tify the character of elementary excitations [65]. In Ref. [163], ĤB was expanded to order

δ1ψ̂(r) and the lowest collective mode was shown to become identical to the Bogoliubov

dispersion in the U/t → 0 limit. We note that in this limit, all other modes in the QGW

method become strongly gapped, justifying the single-mode description.

5.6.1.2 Vertices across theO(2) transition

In this section,weprovide additional informationabout the two-particle vertices given in

Eq. (5.5), which set the bare interaction strengths for the processes shown in Fig. 18(a). In

general, these vertices have non-trivial momentum and mode dependence, particularly
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Figure 24:Magnitude of the interaction vertices across theO(2) phase transition at unity filly. (a-
c) interactions between equal momentum excitations. (d-f) interactions between opposite mo-
mentum excitations. Explicitly, λ = 0 refers to the Gutzwiller mean-field ground state, while
λ = 1, 2 refers to particle and hole processes in the MI or Goldstone and Higgs processes in the
superfluid phase, respectively. λλ′ = nm refers then to the corresponding two-excitation pro-
cess. Here we have evaluated the vertices at a fixed lattice momentum |p| = 0.39

for clarity.

across the O(2) transition where many processes determine the behavior of the lattice

polarons.

In Fig. 24, we show results for the magnitudes of the vertices as a function of the hop-

ping strength across the transition at unit filling. Here, we consider pair processes that

involve elementary excitations of equal (a)-(c) as well as opposite (d)-(f) momenta. We

remark that λ = 0 or λ′ = 0 describes isotropic single-excitation processes involving

scattering off the Gutzwiller mean-field.

We first discuss theMI regime. In (a), (b), and (d), (e), we see that theU and V vertices

for particle-particle and hole-hole processes are equal (and opposite). We note from the

form of the Bethe-Salpeter equation that only the Γλλ
22 in-medium scattering matrix el-

ement contributes in this region, as shown in Fig. 18(c). There, the V vertex contributes

only to quantum corrections of the filling due to zero-point quantum fluctuations. The

W vertex instead describes the process exciting particle-hole pairs, which is followed by

the ladder of Û3Û3 . . . re-scatterings capped by Ŵ3, returning the pairs to the bath. We

note that in the perturbative calculation atO(U2
IB), the effect of theU vertex in processes
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is absent beyond themean-field level. Rather, we see that this vertex plays a crucial role in

determining the polarons via particle-particle or hole-hole processes depending on the

sign ofUIB as discussed in Sec. §5-5.4.1.1. Here, we see that these processes have roughly

equal (and opposite) strengths, which is a general characteristic of the QGW calculation

in the vicinity of the O(2) point. In Figs. 24(c) and (f), we see instead that theW vertex

only contributes in the MI for particle hole pairs of opposite rather than equal momen-

tum. This reflects the constraint of particle conservation on a single site in the MI in the

generation of a local particle-hole pair, which recalls the physics producing the particle-

hole dressing cloud of the conventional Fermi polaron (c.f. [123]).

On the superfluid side of theO(2) point, we see instead thatW vertices for equal mo-

mentum become non-zero, while the U and V vertices inheriting particle-particle and

hole-hole processes from the MI sharply drop off, with visible tradeoff to particle-hole

(Higgs-Goldsone) pair processes on the superfluid side of the transition. Notably, a cusp

is formed as a result of this tradeoff, which is reflected as a non-analyticity in the po-

laron energies across the transition, as noted in Sec. §5- 5.4.2. Physically, this tradeoff

reflects an abrupt change in the processes which produce the dressing cloud of the po-

larons. Namely, the cloud is dominated by the virtual excitation of Higgs and Goldstone

modes, which are generated at all orientations of pairmomentum. Notably, at zero tem-

perature the V vertices do not contribute beyondO(UIB) and are therefore absent from

the ladder summations.

Single-particle processes, which vanished in the MI, now rapidly become non-zero

across the phase transition. In particular, this consists of processes initiated by Ŵ2 or

Û2 followed by re-scatterings via Û3 and capped by Ŵ1 or Û1. Here, we see that the cor-

responding vertices are dominated by the Goldstone mode. We comment on the limit

U/t → 0 and the connection with the Bogoliubov approach, which has been discussed

previously in Refs. [70, 163]. In this limit, the Gutzwiller ansatz is well-described by the

discrete Gross-Pitaevskii equation (DGPE), with the ground state well-approximated by

a coherent state. Furthermore, the excitation spectrum is described by the Goldstone

mode, which recovers the well-known Bogoliubov dispersion with good agreement for

the sound velocity in the t/U → 0 limit. Instead, the Higgsmode, which is not captured
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Γ22 = + Γ12

q, λ, ω
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+

Figure 25: Loop diagram contribution to the impurity self-energy. Momentum and energy con-
servation is enforced, and theΓ12 in-medium scatteringmatrix element is properly symmetrized
according to Eq. (5.14). This results in two diagramswhich give equal contributions to the self en-
ergy expression in Eq. (5.6.30), shown here for completeness.

in the DGPE, is increasingly gapped with t/U .

5.6.1.3 Explicit expressions for the self-energy

In this section, we provide explicit expressions for the zero-temperature self-energy di-

agrams shown in Fig. 18(c) and discussed in Sec. §5-5.3.1.3. From this figure, we find five

distinct contributions to the self-energy

Σ(k, ω) =
2∑

i,j=1

Σ00
ij (k, ω) +

∑
λ>0

Σλλ
22 (k, ω). (5.6.28)

Thefirst four contributions followsimply fromthe in-mediumscatteringmatrix asΣ00
ij (k, ω)

= Γ00
ij (k, ω) and therefore canbe obtained fromEq. (5.14). Thefifth contributionhowever

requires the summation over the closed loop of the elementary excitation as

Σλλ
22 (k, ω) = −

∫
dω′

2π

∑
q

D
(0)
λ (k− q, ω′)Γλλ

22 (P,q,q), (5.6.29)

where P = (k, ω − ω′) and D(0)
λ is the Green’s function for a bosonic bath excitation

defined in Sec. §5-5.3.1.1. The Feynman diagram corresponding to Eq. (5.6.29) is shown

in Fig. 25, where we sum over indistinguishable processes involving the Γ12 in-medium

scatteringmatrix element according to the action of the symmetrizer inEq. (5.14) and the

Feynman rule discussed in Sec. §5-5.3.1.2. This produces a trivial factor of 2.

Crucially, we note that the collisional energy of the Γ12 in-medium scattering matrix

element is justω, as the process described involves two incoming elementary excitations

at energies ω′ and ω′′ as well as the incoming impurity at energy ω − ω′ − ω′′, which

matches the total energyω of the outgoing impurity line in the calculationof the impurity
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Figure 26: Single-excitation impurity scattering continua along the ⟨n̂⟩ = 1 line for system sizes
(a)M = 62 and (b)M = 102. The continua associated with elementary excitations λ = 1 (or-
ange), 2 (green), and 3 (red). In the superfluid regime, the λ = 1mode corresponds to the Gold-
stone mode, while the λ = 2modes corresponds to the Higgs mode with the latter displaying a
visible non-analytic cusp in the opening and closing of the gap at theO(2) transition. Continuous
lines correspond to a fixed value of the lattice momentum as a function of 4t/U with line density
reflecting the local density of states.

Green’s function. This diagram gives then the following contribution to the self-energy

∑
λ

Σλλ
22 (k, ω) = UIB

∑
q

∑
λ

Vλq,λq+
UIB

M

∑
q,k1

∑
λ,λ1>0

Wλq,λ1k1Γ
λ1λ
12 (K,k− k1,k+ q)

ω − ωq,λ − ωk1,λ1 − εP−q−k1 + i0+
,

(5.6.30)

whereK = (k, ω). We recognize the first contribution in Eq. (5.6.30) as UIB⟨δ2n̂⟩, the

quantumcorrection to thefilling due to zero-point quantumfluctuations of the bath. We

note that iteration to quadratic order in the coupling produces the perturbative expres-

sion found in Ref. [139]

Σ(k, ω) ≈ UIB⟨n̂⟩+
U2
IB√
M

∑
k,λ

|Wkλ,0,0 + Ukλ,0,0|2
ω − ωk,λ − εq−k + i0+

+
U2
IB

2M

∑
k,p
λ,λ1

|Wλk,λ1p|2
ω − ωk,λ − ωp,λ1 − εq−k−p + i0+

,
(5.6.31)

where we note differing conventions for the vertices used in that work. The dashed red

lines in Figs. 20-23 correspond to the results forΣ(0, 0) at this level of approximation.

5.6.1.4 Finite-size effects

In this section,wediscuss finite-size effects in theQGWmethod calculation of the impu-

rity spectral function. For simplicity, we analyze results within the non-self-consistent

approximation (NSC), where the simple replacement discussed in Sec. §5-5.3.1.4 is not
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Figure 27: In-medium scattering matrix evaluated for µ/U = 0.4142 and 4t/U = 0.1723 for
system sizes (a)M = 62 and (b)M = 102, corresponding to the superfluid edge of theO(2) tran-
sition. The zero-momentum components of the in-medium scatteringmatrix are shown for sim-
plicity, which describes scattering between the impurity and particles in the mean-field ground
state. Additionally, we subtract the mean-field shift UIB⟨n̂⟩, which is fixed and does not display
finite-size effects.

made. In this approximation, finite-size effects aremore easily interpreted, and the lim-

itations of theNSC approximation, alluded to in Sec. §5-5.3.1.4, become visually evident.

In lattice systems, the grid spacing of the reciprocal lattice is determined by the size of

the system with knλ
= 2πnλ/

√
M , nλ = 0, 1, . . . ,

√
M − 1. The closed-loop integra-

tions in the Bethe-Salpeter equation (Eq. (5.14)) run over the grid of the reciprocal lat-

tice, and therefore the impurity-bath scattering continua are only finitely resolved. This

is illustrated in Fig. 26 for lattice sizes M = 62 and 102, where the (P = 0) single-

excitation continua across the O(2) transition for the lowest three collective modes are

shown. Here, the lines correspond to fixed values of the crystal momentum, with the

density of lines of a particular color determined by the corresponding local density of

states. Furthermore, the width of the continua for each band broadens with increasing

t/U as anticipated from the scaling of the widths of εk and the Bogoliubovmode. We see

then that finite-size effects become more pronounced in this limit as the bandwidth of

the single-excitation continua increases while the momentum spacing in the first Bril-

louin zone remains fixed. Therefore, it becomes numerically prohibitive to study lattice

polarons in the deep superfluid regime within the QGWmethod, where instead the Bo-

goliubov theory becomes numerically advantageous [151]. This is further justified by the

growth of the gaps for all but the lowest collective mode, which justifies the neglect of
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these modes in the deep superfluid regime. We note that these remarks apply also to

two-excitation continua, which also enters the calculation of the self-energy through the

final diagram of Fig. 18(c).

In Fig. 27, we show finite-size effects in the in-medium scattering matrix calculated

within the NSC approximation for lattice sizes M = 62 and 102. Here, we note two

classes of features: (i) layered horizontal bands and (ii) curves attached to the bound-

aries of these banded regions asymptoting with ±UIB/U . Features (i) are the single-

excitation continua, filling in with increasing system size. This increased resolution also

corresponds to a defining of the upper and lower boundaries of the continua; see Fig. 19.

In particular, the lower boundary establishes the scattering threshold, while the upper

boundary is set by the finite bandwidth of the particular mode. We note that for a calcu-

lation includingNmodemodes, there areNmode distinct single-excitation continua aswell

asNmode(1 +Nmode)/2 two-excitation continua. However, their “weight" in Fig. 27 over

regions of ω/U is ultimately determined by the vertices which enter into the closed-loop

integrations in the Bethe-Salpeter equation (Eq. (5.14)). Furthermore, both impurity-

Goldstone and impurity-Higgs single-excitation continua are visible in Fig. 27, which

can be confirmed by visual comparison with Fig. 26. We then understand the resolu-

tion of features of type (i) as the finite-size effect discussed in the previous paragraph.

However, features of type (ii) show finite-size effects for |UIB/U | ≪ 1where they merge

with the various scattering thresholds. These are the energies of the upper and lower

impurity-bath bound states, which include impurity particle and impurity hole states

that are expected tobeweaklybound for |UIB/U | ≪ 1, hence extendedandsensitive tofi-

nite size effects. Away fromthe single-excitation continuahowever, these lines are robust

to finite-size effects, consistent with a strongly bound, localized state. We comment that

for attractive couplings, the linear scaling∝ UIB/U is consistentwith the asymptotic en-

ergy UIB + 4t of the vacuum impurity-particle bound state energy for |U/UIB| → 0 [151,

165, 185]. The impurity-hole bound state, including its upper branch, has no vacuum limit

because it requires the concept of a hole. However, these states obey an analogous linear

scaling law with the coupling to the impurity-particle bound states due to particle-hole

symmetry.



CHAPTER 5. LATTICE BOSE POLARONSAT STRONGCOUPLINGANDQUANTUM
CRITICALITY 113



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
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=
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


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+
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Figure28:Diagrammatic representation of the general Bethe-Salpeter equation. In the zero tem-
perature limit, the expression in Fig. 18b is recovered.

5.6.1.5 General Bethe-Salpeter equation

For completeness, we give the Bethe-Salpter equation at finite temperatures in Fig. 28.

This equation can be written self consistency using a matrix notation:

Γ(P, p, p′) = V(p, p′) +V(p, p′)Π(P, p1)Γ(P, p, p1) (5.6.32)

whereΓ andV are indicated explicitly in Fig. 28while the pair propagatormatrix is given

by:

Π =




0

0




We note thatΠ
22
vanishes in the zero temperature limit from which the expressions in

Sec. §5-5.3.1.2 can be recovered. Furthermore, the presence of internal back-propagating

excitation lines requires the equivalent representations of the Ŵ1 and Ŵ2 processes dis-

cussed in Sec. §5-5.3.1.1.

5.6.1.6 Solving the Bethe-Salpeter equation

In this section, we detail the numericalmethod utilized to solve the Bethe-Salpeter equa-

tion (Eq. (5.14)) in theNSCapproximation. Asdiscussed inSec. §5-5.3.1.2,Γ11 andΓ12 can

be obtained bymatrix inversion, with the remaining elements of the in-medium scatter-

ing matrix following then straightforwardly via matrix multiplication. Without loss of

generality, we then detail how to obtain Γλλ′
11 (P,p,p′) in the case P = 0 considered in

this work. First, we work on a grid of momentum knλ
discussed in Sec. §5-5.6.1.4, writ-

ing the in-medium scatteringmatrix elements as six-dimensional arrays, whichmust be
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re-evaluated for each value of z. The Bethe-Salpeter equation for Γ11 becomes

(Γ11[z])
λλ′

pix ,pjy ,pnx ,pmy
= UIBU

λλ′
pix ,pjy ,pnx ,pmy

+
UIB√
M

∑
λ1

∑
n′,m′

Uλλ1
pix ,pjy ,pn′

x
,pm′

y

z − ωpn′
x
,pm′

y
,λ1 − εpn′

x
,pm′

y

(Γ11[z])
λ1λ′
pn′

x
,pm′

y
,pnx ,pmy

.

(5.6.33)

This can be written as an element of the matrix equation given by Eq. (5.6.32):

Γ
11
[z] = V

11
+V

11
Π

11
[z]Γ

11
[z]

where

(V
11
Π

11
[z])λλ

′
pix ,pjy ,pnx ,pmy

=
UIB√
M

Uλλ1
pix ,pjy ,pn′

x
,pm′

y

z − ωpn′
x
,pm′

y
,λ1 − εpn′

x
,pm′

y

.

Thismatrix equationcan thenbe solvedby inversionΓ
11
[ω+iη] = (1−Π

11
[ω+iη])−1V

11

where η is a positive infinitesimal number taken to be η = 10−2 in this work. Further-

more, these are square matrices withN2
bandM

4 total elements. Here,Nband is the cutoff

on the number of modes included in the calculation, which determines the summations

of λ, i.e. λ = 0, 1, . . . , Nband − 1, where we recall that λ = 0 denotes the mean-field

Gutzwiller ground state. In this work, we takeNband = 3, which leads to converged re-

sults in all the regimes considered. Furthermore, the Fock space summations are cutoff

at NFock = 7, noting that this is sufficient for numerical convergence in the quantum

critical regime but must eventually be increased in the limit U/t → 0where the ground

state becomes a coherent state [163]. With these cutoffs and grids, the calculation of the

lattice polaron self energy can be accomplished on the timescale of a few hours or less on

a standard machine.

5.6.1.7 Self-consistent approximations

In this section, we discuss the implementation of the self-consistent (SC) approximation

within the QGW method discussed in Sec. §5-5.3.1.4. Because the vertices and multi-

bandexcitation spectrumare calculatednumerically in theQGWmethod, the implemen-

tation of the SC approximation has amore significant numerical cost than in the Bogoli-

ubovmethodwhere the vertices andmode spectra are known analytically and the ground

state is assumed coherent. However, this cost is associated with the strongly correlated
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Figure 29: Impurity spectral function A(k = 0, ω) from the QGWmethod within different lev-
els of approximation for µ/U = 0.4014, 4t/U = 0.2154, and unit filling ⟨n̂⟩ = 1 for a square
lattice withM = 102 sites. (a) Results of the NSC approximation with coupling independent
impurity-bath continua thresholds. The region of largest spectral density follows (roughly) the
perturbative QGW polaron energy indicated by the red dashed line. (b) Results of the (n = 1)
SC approximation, where remnants of the NSC continua and bound state spectrum from (a) are
indicated explicitly. (c) Results of the NSC approximation with mean-field shifted impurity dis-
persion. TheQMC results are shown for comparisonwith hopping parameter rescaled by a factor
tc/tQMC = 0.7179 to align theO(2) critical points of the twomethods.

nature of the BH bath in the quantum critical regime, as opposed to a weakly interact-

ing BEC bath. Multiple iterations and successive improvements of the in-medium scat-

tering matrix elements Γλλ′
(n),ij and self-energies Σ(n), then quickly become numerically

prohibitive, motivating the mean-field implementation taken in the main text.

In this section,wecomparevarious implementationsof theSCapproximationas shown

in Fig. 29. In Fig. 29(a), the NSC result is shown, where we see a polaron line following

the mean-field energy at attractive couplings. At repulsive couplings, this line enters,

and decays into, the impurity-bath continua and is replaced by an energy following the

impurity-hole binding energy fromFig. 27. Themerging of the polaron linewith the con-

tinuum is analogous to what was found in the NSC treatment of Ref. [151].

In Fig. 29(b), we show results for a single iteration (n = 1) of the SC approximation.

Here, we see that the NSC impurity-bath continua now depend on the impurity-bath in-

teraction strength, and the lineofhighest spectral densitymatches theQMCresult. How-

ever, we see that this is not the ground state as there are faint spectral lines for repulsive

coupling at lower energy. In comparison to panel (a), we see that these are remnants of

theNSCdimer lines, which is a clear artifact of the iterative procedure. Namely, theNSC
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result for the self-energy has poles at these locations, which consequently also appear as

poles in subsequent iterations. Further iterations can reduce these effects; however, as a

consequence, a continued fraction of poles is produced in the propagator, which requires

many iterations to dampen.

In the presentwork, the numerical cost of iterating on the order of 101 times to investi-

gate the convergence of this procedure was found to be numerically prohibitive. Instead,

we have implemented the back action in a minimal way by incorporating the mean-field

energy in the bare impurity dispersion in the calculation of the Bethe-Salpeter equation

as described in Sec. §5-5.3.1.4. This produces the result in Fig. 29(c), which is in good

quantitative agreement with the QMC prediction and without remnants. We note that

this simple approximation appears to provide good agreement with the QMC method

in the coupling regimes considered in this work; however, its utility for larger coupling

strengths where the back action effects are possibly more significant is questionable.

5.6.2 Further details on the full configuration interactionQMC
method

In this section, we discuss the details of the full configuration interaction QMC compu-

tations. We start by discussing the setup required to make the Hamiltonian of Eq. (5.1)

compatible with full configuration interaction QMC. Next, we discuss the importance

sampling schemeweused to reduce full configuration interactionQMC’s inherent statis-

tical bias. Finally, we discuss the extrapolation schemewe used to extrapolate our results

to infinite lattice sizes.

5.6.2.1 Matrix representation of theHamiltonian

To be able to apply the full configuration interaction QMC algorithm, we start by rep-

resenting the Hamiltonian of Eq. (5.1) as a matrix in the basis of Fock states (here for a

single species of bosons)

|n⟩ = |n1, n2, . . . , nM⟩ =
M∏
i=1

1√
ni!

(
â†i

)
|0⟩ , (5.6.34)

where ni is the number of bosons occupying the lattice site i andM is the number of

lattice sites (and for the purpose of this representation, all lattice sites of a given square
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lattice are labeled by a scalar index). Now, the Hamiltonian can be realized as amatrixH

with the matrix elements

Hn,m = ⟨n|Ĥ|m⟩ . (5.6.35)

Similarly, a quantum state can be written as

|ψ⟩ =
∑
n

cn|n⟩ , (5.6.36)

where cn are elements of the coefficient vectorc. Whenan impurity is present in addition

to themany-particle boson bath, we use product states of a Fock basis for the bosons and

for the impurity as a basis. Now, the matrix realization of the Hamiltonian can be used

as shown in Eq. (5.16), allowing us to estimate the energy and properties of the ground

state of Ĥ.

Realizing the BH Hamiltonian in a Fock basis yields a matrix that blocks with respect

to the number of particles. Starting a QMC computation with a vector c(0) with a fixed

particle number will only sample that block inH. This makes the chemical potential µ

a simple energy shift and allows us to set it to zero. Moreover, the BH Hamiltonian in

the real-space Fock basis is stoquastic (i.e. all off-diagonal matrix elements are negative)

and thus full configuration interaction QMC does not experience a sign problem. This

allows us to treat relatively large systems without additional approximations. All QMC

calculations in this work were performed with the Rimu.jl package [162].

5.6.2.2 Importance sampling

To reduce thenoise andpopulation control bias in full configuration interactionQMC,we

apply importance sampling [87, 88, 161]. Importance sampling is a similarity transform

applied to the HamiltonianH

H̃ = ΦHΦ−1 , (5.6.37)

whereΦ is the diagonal matrix with elements taken from a guiding vectorϕ

Φn,n = ϕn . (5.6.38)

While transformingH this way does not change its spectrum, it transforms the eigen-

vectors. In particular, if v is an eigenvector ofH, the corresponding eigenvector of H̃ is
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Figure 30: Examples of the application of the extrapolation procedure. The solid line is the fitted
curve (Eq. (5.6.41)) and the dots represent QMC results for various lattice sizes with error bars.
The panes (a-f) show fits forUIB/U = −1.5,−1,−0.5, 0.5, 1, 1.5, respectively.

Φv. Ifϕ is close to the ground state eigenvector ofH, themodified eigenvector becomes

more compact, which has the beneficial effect of reducing noise in the algorithm, which

in turn reduces population control bias andmakes computationsmore efficient [60, 88].

However, it should be noted thatΦ does not need to be a particularly good approxima-

tion of the ground state to benefit the computation. As such, it is common to use a simple

ansatz to use as the guiding vector [88].

In this work, we use

ϕn(p) =

(
M∏
i=1

1

ni!

)p

(5.6.39)

for the elements of the guiding vector, where ni is the occupation number of site i in the

Fock basis state |n⟩ and p is a parameter that can be optimized. This is the exact ground-

state eigenvector of the one-component non-interacting BHmodel when p = 1/2, and it

equally describes the Mott insulating ground state obtained for t = 0when p → ∞. We

have found that by varying p, it can give reasonable estimates of the ground state even

when the strength of the interaction is high. We have also observed that optimizing this

ansatz on a smaller systemandusing the same value of p for a larger one still significantly

improves the performance of QMC. In the case of the larger systems, we were unable

to even finish computations without importance sampling, as they would require more

memory than what was available.

5.6.2.3 Computation parameters and extrapolation

We compute the energies presented in this paper using the following procedure. First,

we optimize the importance sampling parameter p on a 3 × 3 lattice by minimizing the

variational energy of the guiding vector. We can do this since, benefiting from impor-
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Figure 31:Disappearance of the charge gap for strong impurity-boson interaction. The plot panes
(a-f) show the values of the chargegap∆Ec forUIB/U = −1.5,−1,−0.5, 0.5, 1, 1.5, respectively,
at various lattice sizesM . The error bars on the points are smaller than the symbol size and the
lines are guides to the eye. The values shown at 4t/U = 0 are computed analytically.

tance sampling, the ansatz does not need to be optimized perfectly and an approximate

setting is good enough [88]. Then, we sample an initial vector c(0) from the optimized

ansatz using a kinetic Monte Carlo procedure [186]. This is done to reduce QMC equili-

bration times. Finally, we run QMC for 100 000 steps, where we discard the first 25 000

anduse the rest to computea samplemeanof the shiftS(n),whichgives anestimateof the

ground state energy of the system.The standard error of the energy is estimated from the

variance of the time series after removing correlations by a blocking analysis [106] with

automated hypothesis testing [107]. The population control bias is estimated using the

methods of Ref. [60] and found to be smaller than the stochastic standard error. All QMC

results in this work are presented with error bars, which, however, are typically smaller

than the marker size in the plots.

To compute the polaron energy Ep, we run two separate computations, one with the

interacting impurity, which gives us the ground state energyE(UIB ̸=0), and another with

a non-interacting impurity (that is, setting UIB = 0 in Eq. (5.1)), giving the ground state

energyE(UIB=0). Then, we calculate the polaron energy for a given lattice withM sites as

E(M)
p = E(UIB̸=0) − E(UIB=0) . (5.6.40)

For each pair of parameters (UIB, t), we compute the finite system polaron energy E(M)
p

on grids ofM = 52, 62, . . . 102 sites. The result is then extrapolated to infinite system

size by fittingEp and λ to the relation

E(M)
p = Ep + λ

1√
M

, (5.6.41)

whereM is the number lattice points. Theextrapolated energyEp is reported as theQMC
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result in the main part of the paper. Some examples of the extrapolation procedure are

shown in Fig. 30.

5.6.2.4 The charge gap

Toverify that a strongly interacting impuritydisturbs thebathandprevents it fromenter-

ing theMIphase,wecompute the chargegap fordifferent valuesof the impurity strengths

UIB as a function of the hopping strength t. The charge gap is defined as

∆Ec =
1

2
(EN=M+1 − EN=M−1 − 2EN=M) , (5.6.42)

whereEN is the energy of the ground statewithM lattice sites andN bosons in the bath.

In the Bose-Hubbardmodel, the charge gap is an order parameter for theMI-SF phase

transition. In an infinite system, it has a value of zero in the SF phase andnon-zero in the

MI phase [63]. We compute the charge gap for lattices of sizesM = 42, 62, 82 and 102.

The data is presented in Fig. 31. As seen in the figure, the computed charge gap values

at strong impurity-boson interaction (|UIB/U | ≥ 1) are small and decrease with system

size, which is consistent with them being zero for an infinite system. At zero hopping,

∆Ec can be computed analytically and is zero if and only if |UIB/U | ≥ 1, regardless of

the size of the system.
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CHAPTER 6
Theenergy of a lattice polaron is scale

invariant at theMott
insulator–superfluid critical point

In this chapter, we turn to a more numerical treatment of the impurity Bose-Hubbard

model. The ability of full configuration interaction quantum Monte Carlo (FCIQMC) to

calculate verygoodestimates to thegroundstate energies atfixed lattice sizes allowsus to

study thefinite size effects near theMott insulator–superfluid phase transition. Without

FCIQMC, the analysis of the finite size effect would not have been possible since even the

model on a 5 × 5 lattice already has a Hilbert space dimension of ∼ 1.6 × 1015. We

show that the polaron energy is scale invariant at the critical point, and that it appears to

follow scaling laws different fromwhat is already known in the literature. The candidate

lead this study based on an idea by Alessio Recati.

This chapter contains an early draft of the work that has, since the original submis-

sion of the thesis, beenmade available as a preprint (arXiv:2604.17824) and submitted to

a journal for publication. Themost notable difference between this draft and the preprint

is that Fig. 34 was replaced by a different figure. Fig. 34 covers both weakly and strongly-

interacting regimes,while itwasdecided tonarrow its scopeandonly focuson theweakly-

interacting case for the submission.
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https://arxiv.org/abs/2604.17824
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The following text is a verbatim copy of:
Matija Čufar, Ragheed Alhyder, C J Bradly, Victor E. Colussi, Georg M. Bruun, Joachim
Brand, and Alessio Recati,
“The energy of a lattice polaron is scale invariant at theMott insulator–superfluid critical
point”
In preparation.

Abstract

Continuous quantumphase transitions are characterized by anorder parameter and cor-

relation functions that are often challenging to access experimentally or in direct nu-

merical simulations. The energy of an added impurity, however, can be probed experi-

mentally by established polaron spectroscopy, or numerically by ground-state quantum

Monte Carlo calculations. We provide numerical evidence that the energy of a weakly-

interactingmobile impurityprovides access to the critical behavior of theMott insulator–

superfluid phase transition of a lattice Bose gas. Finite-size scaling of the energy reveals

that its value is scale invariant across the phase transition, and we obtain a scaling expo-

nent that is currently unexplained by theory. We further find aflattening of the impurity-

boson density-density correlations at the critical point, which hints at a divergence of

a corresponding length scale in the thermodynamic limit. This suggests that impurity

spectroscopy could be usedmore widely to map quantum phase transitions.

6.1 Introduction

Quantum phase transitions are a hallmark of many-body physics, where quantum fluc-

tuations drive the system’s ground state across a quantum critical point [36]. At the crit-

ical point, long-range order arises and the system exhibits universal scaling behavior,

i.e., various observables follow a power-law independent of the microscopic details of

the system [187]. These transitions are typically characterized by an order parameter, an

expectation value of an operator that vanishes in one phase and takes a non-zero value

in the other. However, identifying the appropriate order parameter for a given phase

transition can be nontrivial, and even when known, it is often difficult to access exper-

imentally. Probing such quantities typically requires high-resolution, phase-sensitive

measurements that are challenging to realize, leaving many quantum transitions only
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partially mapped [188, 189].

Aparticularly relevant setting is theBose–Hubbardmodel,whichdescribes repulsively

interacting bosons on a lattice. As the ratio of hopping to interaction strength is in-

creased, the system undergoes a continuous quantum phase transition from a gapped

Mott insulator to a gapless superfluid at fixed integer density [36, 63], as first realized

experimentally in optical lattices [10]. The critical behavior of the model has been inves-

tigated using quantumMonte Carlo simulations [167, 190–193], non-perturbative renor-

malization groupmethods [194–197], and other analytical approaches [198–202].

Recently, it has been argued that the energy of amobile impurity embedded in amany-

body systemcan serve as a sensitive probe of quantumphases [82, 128, 139, 203]. Through

interactions with the host medium, the impurity becomes dressed by excitations, form-

ing a quasiparticle, the polaron, whose properties reflect the surrounding environment.

In the regime where the impurity–host coupling is weak compared to the characteristic

interaction scale of the host system, the polaron behaves as a passive probe, with its en-

ergy reflecting properties of the surrounding medium without significantly disturbing

it [82, 139]. Extracting the polaron energy with high-fidelity spectroscopic techniques

such as radio-frequency, Ramsey, or modulation spectroscopy [204, 205], may thus pro-

vide insights into the properties of the system across a quantum phase transition, and

offering a powerful alternative to conventional probes that rely often on bulk correlation

functions, which are significantly more challenging to measure experimentally.

Here, we show numerical evidence that the energy of the polaron is scale invariant at

the quantum critical point. Finite size scaling, already at very modest system sizes with

up to 10×10 lattices is able to predict the location of the quantum phase transition in the

thermodynamic limit. For the scaling exponent with system size we obtain a value that

differs from previously calculated scaling exponents [199] and is currently unexplained.

Wealso provide evidence that the polaron reflects the critical behavior of the host system.

We demonstrate an intimate connection of the polaron energy to the impurity-boson

density-density correlation function, which in turn probes the dynamic structure fac-

tor of the host system for weakly-coupled impurities. We present numerical evidence of

a flattening of the impurity-boson correlations at the transition point. As such, the study
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of polaron properties provides a view into the phase transition that may be easier to ac-

cess experimentally and by numerical simulation compared to the order parameter of the

phase transition. At the same time, it challenges our theoretical understanding.

6.2 Themodel

The Bose-Hubbard Hamiltonian describing the host system is

ĤB = −t
∑
⟨i,j⟩

â†i âj +
U

2

∑
i

n̂i,B(n̂i,B − 1) , (6.2.1)

where âi (â†i ) creates (destroys) a boson at site i, ⟨i, j⟩ goes over all neighboring sites,

n̂i,B = â†i âi is the number operator, t the hopping parameter and U > 0 the repulsive

boson-boson interaction strength. We consider the model on a two-dimensional square

lattice with side length L and periodic boundaries filled with NB bosons. We focus on

the case of unit filling where nB ≡ NB/L
2 = 1. This model undergoes a quantum phase

transition as the hopping strength t/U crosses its critical value, tc/U . We add a single,

interacting impurity to the model by modifying the Hamiltonian as

Ĥ = ĤB + ĤI + UIB

∑
i

n̂i,In̂i,B , (6.2.2)

where ĤI = −t∑⟨i,j⟩ b̂
†
i b̂j is the impurity Hamiltonian,UIB is the impurity-boson inter-

action strength, b̂†i (b̂i) is the creation (destruction) operator for the impurity, and n̂i,I =

b̂†i b̂i.

6.3 Computationalmethods

To compute the ground state energy of Ĥ, we employ full configuration interactionquan-

tum Monte Carlo (QMC) [53], which is a projector Monte Carlo method. The algorithm

iterates from an arbitrary starting vector c(0) according to the rule

c(n+1) = [1+ dτ(H− S)] c(n) , (6.3.1)

where 1 is the identity matrix, dτ a (small) time step,H is a matrix representation of Ĥ

and S(n) is a scalar energy shift, which is updated after every step in a way that keeps the

1-norm of c(n) approximately constant [53, 105]. As long as the time step is small enough,
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Eq. (6.3.1) has a stable fixed pointwhere c(∞) is the ground state eigenvector andS(∞) the

ground state energy ofH.

The scheme can be applied stochastically, where both the vectors c(n), and the matrix

H are sampled in a way to give the correct result on average. Then, Eq. (6.3.1) is applied

for many steps, and after an equilibration phase, the values of S(n) fluctuate around E,

the exact ground state energy of H. Averaging this data gives an accurate estimate of

the energyE, albeit with a controllable and usually small population control bias, which

is caused by the noise in the algorithm [60, 88]. Since the Hilbert space size ofH from

Eq. (6.2.2) grows extremely quickly, we use importance sampling, which modifiesH by

similarity transform in a way that reduces noise in the algorithm and allows us to keep

the population control bias under control. This allows us to find ground states of systems

much larger thanwould be possible otherwise. To compute the energy of the polaronEp,

we perform two independent calculations and take the difference of the ground states of

Hwith an interacting impurity and one with a non-interacting impurity

Ep = E(UIB)− E(0) . (6.3.2)

Here,E(x) denotes the ground state energy ofHwithUIB = x.

6.4 Polaron energy as a scaling function

The polaron energy is shown in Fig. 32 as a function of the hopping strength t/U for var-

ious system sizes L in the top row of panels (a1,b1,c1), where the different panels cor-

respond to fixed values of the impurity strength. The curves for different values of L

are found to cross near the critical hopping strength for the quantum phase transitions

tc/U ≈ 0.06 [167, 190, 191], which indicates the polaron energy is scale invariant at the

transition point. It further suggests that these curves may be connected by finite size

scaling [188]. To investigate the scaling behavior, wemake a scaling hypothesis using the

standard ansatz
Ep − UIB

U
= L−bf

(
La t− tc

U

)
, (6.4.1)

where a, b, tc are the parameters we want to estimate and f is an unknown function.

When theparameters ofEq. (6.4.1) are chosen correctly, and thedata is plottedasLb(Ep−
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Figure 32: Finite size scaling of the polaron energy. The top row shows the polaron energyEp as a
function of t/U atUIB = 0.1U (a1),UIB = 0.3U (b1), andUIB = 0.5U (c1). An apparent crossing
of the curves for different system size L (as per legend) near critical value tc/U ≈ 0.06 of the
Mott insulator–superfluid phase transition indicates the scale invariance ofEp. The bottom row
shows the same data scaled according to the ansatz from Eq. (6.4.1) with optimized parameters.
The hopping strengths are UIB = 0.1U (a2), UIB = 0.3U (b2), and UIB = 0.5U (c2) and the
parameter values shown in Fig. 33.
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Figure 33: Scaling parameters. Shown are the fitted parameters a, b, and tc of the scaling ansatz
of Eq. (6.4.1) vs. the interaction strength UIB. The data was collected for system sizes L between
5 and 10 in a narrow window close to the critical interaction strength tc/U . Values of the cost
functionC close to 1 indicate that the scaling ansatz is well supported by the data.
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UIB) versus La(t − tc), the data near the transition point should collapse onto a single

curve [36]. To find these parameters, we define a cost functionC(a, b, tc) (see appendix),

that measures how collapsed the data is. In a modification of the procedure of Ref. [206]

we interpolate thedata across t/U for each value ofL andmeasure the distance each such

curve is from an average, in units of the QMC error bars. This cost function is similar to

the reducedχ2measure of goodness of fit, and as such, values close to 1 indicate the data

collapses well.

The raw data for the polaron energy shown in the top panels of Fig. 32 is contrasted

with the rescaled data in the bottom row of panels (a2,b2,c2). We see that the data col-

lapses well in all three cases, however, the data with UIB/U = 0.1 is rather noisy, and

at UIB/U = 0.5, the collapse begins to show signs of breaking down. This can be made

clearer by looking at Fig. 33, where the values of the fitted parameters andC are plotted

across a range ofUIB/U . We see thatC increases as |UIB/U | becomes stronger, which in-

dicates the collapse only works well when interactions are weak enough. This is expected

behavior for finite systems with fixed particle number — when interactions are strong,

the impurity has a significant effect on the underlying system and can no longer be seen

as a passive probe [82]. TheweakUIB/U data has relatively more noise because the QMC

error bar primarily depends on the system size, while the span of Ep/U values depends

strongly on UIB/U . This is reflected in the size of the error bars on the parameter esti-

mates in Fig 33. The data provides strong support for the scaling hypothesis being valid

in the regime of weak impurity interaction for |UIB/U | < 0.5. Averaging the data for

the scaling parameters in this regime, we obtain the final estimates a = 0.74 ± 0.26,

b = 0.05± 0.078 and tc/U = 0.061± 0.0013. We thus see that the location of the phase

transition is predicted accurately and consistent with literature values [167, 190, 191] de-

spite the rather small available system sizes. The value of the parameter b is consistent

withzero,whichwouldmean that thepolaronenergyEp is completely independentof the

scaleL at the critical point. Finally the exponent a = 0.74±0.26 is a new result. Remark-

ably, this value is different from the known scaling exponents for the order parameters

of the Mott or the superfluid phase derived from effective field theory Ref. [199].
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6.5 Impurity-boson density-density correlations

A quantity that most intimately reflects the correlations between the impurity and the

host system is the impurity-boson density-density correlation function

G
(2)
IB (d) =

∑
i

⟨n̂i,In̂i+d,B⟩ , (6.5.1)

where ⟨·⟩ is the expectation value with respect to the ground state of Ĥ. An application

of the Hellman-Feynman theorem to the polaron energy in Eq. (6.3.2) yields

dEp

dUIB

=
∑
j

⟨n̂j,In̂j,B⟩ ≡ G
(2)
IB (0) , (6.5.2)

which shows thatEp directly probes the local impurity-boson correlationsG
(2)
IB (0). This

relation is exact for arbitrary interaction strengths, as no approximation has beenmade.

For weak impurity-host coupling UIB, the polaron energy can further be related to the

propertiesof thehost systemonlybyexpanding inpowersofUIB (seeappendix fordetails)

Ep = UIBnB + U2
IB

∑
k

∫
dω

S(k, ω)

ϵ0 − ϵk − ω

+O(U3
IB), (6.5.3)

whereS(k, ω) is thedynamic structure factor encapsulating thedynamicdensity-density

correlations of the host. Equation (6.5.3) demonstrates how the polaron energy and the

impurity-boson correlations directly relate to the correlations in the unperturbed host

system.Thismotivates the further examinationofG(2)
IB across theMott insulator–superfluid

transition in the host system.

In Fig. 34 we show results forG(2)
IB (d) across a wide range ofUIB and t at a small lattice

size L = 3. While these lattice sizes are very small, we already notice that with pos-

itive UIB and small t/U , the density-density correlations are largest near the impurity

(correlation bump), while at high t/U , the correlations are smallest in the same region

(correlation hole). For negativeUIB, we see the reverse. For an intermediate value of t/U

we find that the correlations are approximately constant across the whole grid. The flat-

tening ofG(2)
IB (d) can be interpreted as a correlation length matching the system size L

and thus we expect it to diverge in the thermodynamic limit L → ∞. A flat correlation
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functionG(2)
IB (d) thus signifies a precursor of the quantumphase transition. Tomeasure

the flatness of the correlations, we look at the variance ofG(2)
IB (d ̸= 0)

Var
[
G

(2)
IB (d ̸= 0)

]
=

1

L2 − 1

∑
d̸=0

[
G

(2)
IB (d)− µ

]2
, (6.5.4)

where

µ =
1

L2 − 1

∑
d

G
(2)
IB (d) . (6.5.5)

The variance will only be zero ifG(2)
IB (d) is constant for all d ̸= 0, while it will be nonzero

in any other regime. Values of the variance across a wide range UIB and t/U are plotted

in Fig. 34 (a), while three examples of G(2)
IB are shown in Fig. 34 (b-d). The central part

of the pitchfork in Fig. 34 (a) corresponding to UIB = 0 is trivial — there are no cor-

relations in G(2)
IB without interactions. Elsewhere, we see a line of zero variance, which

we attribute to the phase boundary between the Mott insulator and the superfluid. We

note that at weak UIB/U , the phase boundary appears at values of t/U slightly higher

than expected. We believe this to be a finite-size effect. At strong interactions, the phase

boundary curves and reaches UIB/U = ±1 at t/U = 0. This behavior is explained by

the fact that for |UIB| > U it is energetically favorable for the impurity to either com-

pletely displace (UIB/U > 1) a host boson from a lattice site, or bind an extra host boson

(UIB/U < −1). In a finite system with a fixed number of bosons, this will destroy the

Mott insulating phase due to the presence of an extra particle or hole, respectively, on

top of the commensurate phase [82]. An interesting bulge of the phase boundary into the

regionUIB/U < −1 is currently unexplained but believed to be a finite size effect.

6.6 Outlook and conclusion

Wehavedemonstrated that theenergyof a single impurity immersed ina two-dimensional

Bose Hubbard model appears to follow a scaling law when the host system undergoes

a Mott insulator–superfluid phase transition. We have demonstrated a connection be-

tween the polaron energy and the impurity-boson density-density correlation function,

and presented numerical evidence showing that the correlation function flattens at the

phase transition. Wehave also showna connection between this correlation function and

the dynamic structure factor of the underlying system. Further work could explore the
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Figure 34: Impurity-boson correlations from exact diagonalization for a small lattice. (a) The
variance ofG(2)

IB (d ̸= 0) computed from a small system with L = 3. Small values (darker green)
indicate a flattening of the correlation function as a finite-size precursor of the quantum phase
transition. (b-d)The correlation functionG(2)

IB (d) at the interaction parameters marked with red
dots in (a). The central value at d = 0 is not shown as it is off the scale. UIB/U = 0.3 for all three
panels. (b) t/U = 0.045, (c) t/U = 0.065, (d) t/U = 0.085.

exact values of the scaling parameters of the polaron energy, and how they relate to the

universal parameters of the Mott insulator–superfluid phase transition.
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6.7 Appendix

6.7.1 The cost function

We estimate the scaling parameters by optimizing the parameters of a scaling ansatz

to minimize a cost function. The cost function we use is based on the one presented in

Ref. [206], however, we have modified it in a way to make it a continuous function of its

parameters. This makes the optimization procedure more robust as the discontinuities

in the cost function can cause the optimizer to get stuck in local minima.

The cost function is defined as follows. We assume the data consists of x,y,dy for a

variety of system sizes L on the interval [xl, xh]. The data is already rescaled with some

values of the parameters, in this case x = La(t − tc)/U and y = Lb(Ep − UIB)/U . We

interpolate the data such that yL : [xl, xh] → R and dy2L : [xl, xh] → R are piecewise

linear functions, where yL is an interpolation of the (transformed) data and dy2 is the in-

terpolated square of the error bar. We then define themaster curve as aweighted average

of the interpolated data, weighted by the error bars

Y (x) =

∑
L yL(x)/dy

2
L(x)∑

L 1/dy
2
L(x)

. (6.7.1)

To compute the cost function, we compute the contribution of each L-subset to the cost

function. First, define the square deviation of the data and frommaster curve as

δ2L(x) =
(yL(x)− Y (x))2

dy2L(x)
. (6.7.2)

Then the contribution fromL is

CL =
1

xh − xl

∫ xh

xl

δ2L(x)dx . (6.7.3)
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Finally the value of the cost function is given by

C =
1

NL

∑
L

CL , (6.7.4)

where NL is the number of distinct values of L. Like in Ref. [206], the definition of the

cost function is similar to the reducedχ2measure. As such, values ofC close to 1 indicate

the data collapses well.

6.7.2 Polaron energy and density correlations

As shown in Eq. (6.5.2) in the main text, the Hellmann Feynman theorem can be used to

relate thepolaron energyEp and the on-site impurity-bosondensity-density correlations

G
(2)
IB (0). We proceed by expanding the impurity-boson correlation function up to first

order inUIB. Using the shorthand notation V̂ =
∑

j n̂j,In̂j,B,

G
(2)
IB (0) ≡ ⟨ψ|V̂ |ψ⟩

= ⟨ϕ0,0|V̂ |ϕ0,0⟩+ 2UIBRe
{
⟨ϕ0,0|V̂ |ψ(1)⟩

}
+O(U2

IB), (6.7.5)

to first order inUIB, where

|ψ⟩ = |ϕ0,0⟩+ UIB|ψ(1)⟩+O(U2
IB), (6.7.6)

is the expansion of the full-system ground state, and

|ϕν,k⟩ = |ϕν⟩ ⊗ |k⟩, (6.7.7)

are the eigenstates of the unperturbedHamiltonian ĤB+ ĤI with energiesEν,k = Eν +

ϵk. Here,Eν are the eigenenergies of thehost-systemstates |ϕν⟩, and the single-impurity

plane wave states |k⟩ =M−1/2
∑

j e
−ik·j b̂†j |vac⟩ have the usual lattice dispersion

ϵk = −2t[cos(kx) + cos(ky)]. (6.7.8)

The first order correction to the ground state is given by the standard expression

|ψ(1)⟩ =
∑

ν,k̸=0,0

|ϕν,k⟩⟨ϕν,k|V̂ |ϕ0,0⟩
E0,0 − Eν,k

. (6.7.9)
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The overlapmatrix elements simplify as integration over the impurity eigenstates can be

carried out explicitly to yield

⟨k|V̂ |0⟩ = 1

M

∑
j

eik·jn̂j,B ≡ ρk, (6.7.10)

which is themomentum space density operator for the host system. The first order term

from Eq. (6.7.5) then simplifies to

⟨ϕ0,0|V̂ |ψ(1)⟩ =
∑

ν,k̸=0,0

⟨ϕ0|ρ†k|ϕν⟩⟨ϕν |ρk|ϕ0⟩
E0 − Eν + ϵ0 − ϵk

(6.7.11)

=
∑
k

∫ ∞

−∞
dω

S(k, ω)

ϵ0 − ϵk − ω
, (6.7.12)

where

S(k, ω) =
∑
ν

|⟨ϕν |δρk|ϕ0⟩|2δ(ω − Eν + E0), (6.7.13)

is the dynamic structure factor of the host system only at zero temperature. The use of

the density fluctuation operator δρk = ρk − ⟨ρk⟩ = ρk − δk,0nB removes a divergent

term and realizes the exclusion of the double ground state, where ν = 0,k = 0, from the

sum.

Using the fact that the impurity-boson density-density correlation function normal-

izes to the boson density nB = NB/L
2 in the absence of impurity-boson interactions

G
(2)
IB (0)|UIB=0 = ⟨ϕ0,0|V̂ |ϕ0,0⟩ = nB, (6.7.14)

we obtain

G
(2)
IB (0) = nB + 2UIB

∑
k

∫
dω

S(k, ω)

ϵ0 − ϵk − ω

+O(U2
IB). (6.7.15)

Integrating theHellman-Feynman relation (6.5.2) yieldsEq. (6.5.3) for the polaron energy

to second order inUIB in terms of the properties of the fully interacting host system.
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Conclusion

In this thesis we have looked at the full configuration interaction quantumMonte Carlo

(FCIQMC)and its applications to theproblemofan impurity immersed inaBose-Hubbard

model. We demonstrate that FCIQMC is a good fit for this problem. In fact, for lattice

problems, FCIQMC seems like a natural choice since it is designed to work with Hamil-

tonians with discrete bases. In contrast to density matrix renormalisation group, which

provides an efficientway to solve quantummany-bodyproblem inone spatial dimension,

FCIQMC does not have this restriction and works well on two-dimensional lattices. We

expect FCIQMC is a good fit also for other geometries, such as honeycomb lattices. The

system we are focusing on in this thesis is bosonic, and as such has a stoquastic Hamil-

tonian and is therefore not affected by the sign problem. This allows us to get accurate

ground state energies of the model on relatively large lattices.

FCIQMC,however, also has a fewdrawbacks. Because it only captures the ground state

(or a few low-lyingexcited states) of a system, it cannot capturefinite-temperature effects

that are sometimes unavoidable in experiments. Additionally, while we have demon-

strated reliable results for systems with up to 100 particles, the systems studied by ex-

perimentalists often have orders of magnitude more. Finally, in many cases, the sign

problem is unavoidable and in there, we are limited to studying small systems or resort-

ing to approximations like the initiator approximation, which introduces a systematic

bias. This last point is not limited to FCIQMC as Hamiltonians with a sign problem are

famously difficult to solve regardless of the method used.

In thefirstpart of the thesis,wehave takenadetailed lookat theFCIQMCalgorithm. In
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Chapter 3,wepresentedRimu.jl, theopen source framework forFCIQMCandexactdiag-

onalisation. Wehave discussed the FCIQMCalgorithmand the data structures employed

by Rimu.jl in detail. We have also presented numerical benchmarks demonstrating that

Rimu.jl scaleswell onmulti-coreandsmall-scaledistributed systems,whichasevidenced

by the rest of this thesis are often sufficient for obtaining research-grade results. While

Rimu.jl boasts a wide range of features, there are several possible avenues in extending

it. These include existing techniques such as preconditioning [89, 90], adaptive shift [86],

and load balancing [97, 98], extending the arsenal of available Hamiltonians, as well as

innovations in the FCIQMC algorithm itself. It may be worth looking for ways to accel-

erate FCIQMC convergence speed beyond the known preconditioning methods [89, 90],

perhaps by borrowing ideas from higher-order exact diagonalisation techniques such as

iterative perturbation theory [207], or alternating cyclic extrapolation [208].

Wecontinued thediscussionof thealgorithminChapter 4,wherewestudied theFCIQMC

sign problem and modelled it with a scalar model. The model gives us new insights into

the walker dynamics of FCIQMC as the sign problem is overcome. It shows that the sign

coherence — a quantity which measures the degree of correlation between the signs of

the FCIQMC vector and the true solution — undergoes a pitchfork bifurcation. This bi-

furcation is reminiscent of a continuous phase transition, where the sign coherence acts

as an order parameter. There are several unanswered questions in this direction. We

could study critical phenomena and finite-size effects of this transition, determine to

what extent these properties depend on the Hamiltonian, and whether any of the prop-

erties are universal. A similarly interesting and relevant future direction is analysing the

sign problem as it manifests with complex Hamiltonians, or with stochastic real-time

evolution.

The second part of the thesis was concerned with the polaron formed by an impurity

immersed in the Bose-Hubbard model near its Mott insulator–superfluid phase transi-

tion. In Chapter 5, we present a semi-analytic diagrammaticmethod based on the quan-

tum Gutzwiller method and use it to treat the problem at strong impurity-boson cou-

pling. We validate the results with FCIQMC calculations and show that in these regimes,

FCIQMC can be used to obtain the energy of the polaron to high precision. Extensions
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of this work could involve looking at two or more impurities in a similar system, which

may result in the formation of bipolarons ormultipolarons [26]. Another possible avenue

of exploration is looking at the behaviour of an impurity immersed in a different vari-

ant of the Bose-Hubbardmodel, e.g. a 1 or 3-dimensional model, a model with extended

interactions, or one with a non-square lattice geometry.

In Chapter 6, we show that the polaron energy is scale invariant at theMott insulator–

superfluid phase transition and that it is linked to the impurity-boson density-density

correlation function. The polaron energy also appears to exhibit critical phenomena,

however, the link between it and previously described quantities is yet unknown. A nat-

ural extension of this work is characterising the exact relationship between the polaron

energy and the quantities studied in the literature. Additionally, we could look for similar

phenomena in other models (e.g. the Bose-Hubbard model with extended interactions)

and see if an impurity reacts similarly to other quantum phase transitions.

While latticephysics is richandoffersmanypotential future researchdirections, FCIQMC

can be useful beyond lattice physics as well. With the transcorrelated method [103], it

couldbeapplied to continuumsystems, spin-orbit couplingmodels, ormicrowave shielded

polar molecules [209, 210], in situations where mean-field theories are insufficient. The

algorithm can also be forced to preserve the symmetries in a system and as such can be

used to compute the lowest-energy state with a given quantum number. This has been

demonstrated with momentum in Ref. [105] and could simplify finding certain excited

states that would otherwise be difficult to access with other quantumMonte Carlometh-

ods.
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