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Abstract

This thesis provides an investigation of the application of the full configuration interac-
tion quantum Monte Carlo (FCIQMC) algorithm to ultracold atom problems. This in-
cludes working on the algorithm, understanding the sign problem, and applying it to the
study of strongly-correlated lattice polaron physics.

The thesis conceptually consists of two parts. In the first, we discuss the FCIQMC al-
gorithm, which is a modern variant of projector Monte Carlo and can be used for calculat-
ing the ground states or low-lying excited states of quantum Hamiltonians. We present
our implementation of the algorithm in the Julia programming language and discuss the
details of the algorithm and data structures employed.

Next, we turn to a treatment of the FCIQMC sign problem, which arises when the
number of walkers employed by FCIQMC is insufficient to capture the sign structure of
the ground state eigenvector of the Hamiltonian. We present a new scalar model that ac-
curately reconstructs the dynamic behaviour of FCIQMC and shows us that as the num-
ber of walkers increases, the walker population switches from a sign-incoherent regime
to a sign-coherent one in way that is reminiscent of a continuous phase transition.

In the second part, we focus on the application of FCIQMC to the Bose-Hubbard
model (BHM) with an impurity near quantum criticality. We use FCIQMC to guide and
validate a diagrammatic theory based on the quantum Gutzwiller method, which de-
scribes the polaron by treating interactions between the impurity and the elementary ex-
citations in the BHM. This theory shows that at strong interactions, the polaron reflects
the state of the host system and as such, polarons could be used as quantum sensors in
experiments.

Lastly, we show numerical evidence that the polaron energy — the energy shift caused
by introducing an impurity to the BHM — is scale invariant near the phase transition and

that it exhibits critical phenomena not yet explained by theory. Furthermore, we show
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that the polaron energy is linked to the impurity-boson density-density correlation func-
tion and that it exhibits a flattening near the phase transition. This flattening indicates

that in the thermodynamic limit, the length scales associated with the polaron diverge.
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CHAPTER

Introduction

When matter is cooled to temperatures near absolute zero, quantum effects become im-
possible to ignore as it enters states with exotic properties such as superfluidity and su-
perconductivity. The development of experimental techniques such aslaser cooling [1-3],
magneto-optical trapping [4, 5], and evaporative cooling [6, 7] have allowed the cooling of
atoms to temperatures down to a few nanokelvins. Scientists can also precisely control
the strength of interactions with magnetic-field dependent Feshbach resonances [8, 9]
and external potentials with magnetic fields and off-resonant laser light [10]. Addition-
ally, with techniques such as quantum gas microscopy [11-13], the properties of the atoms
can be measured to great precision. The key breakthroughs were the achievement of
Bose-Einstein condensation [14-16] and Fermi degeneracy [17-19], which spawned a field
that, rather than focusing on individual atoms, focuses on their collective behaviour [20].
In some cases, the number of atoms is controlled precisely as well. The number of atoms
ina studied system can range from millions in a large Bose-Einstein experiment to exper-
iments with optical tweezers, where experimentalists can control individual atoms [21,
22].

The large degree of control over ultracold atoms has also enabled the study of polarons,
which are quasiparticles that form when a mobile impurity is dressed by the excitations of
a host system. The notion of a polaron was first introduced to describe an electron inter-
acting with vibrationsin a lattice [23, 24]. However, the concept is much more general and
can be applied to other systems, where an impurity is interacting with a host system [25,

26]. Recently, polarons were observed in ultracold atom experiments in various regimes
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such as Fermi liquids [27], Bose-Fermi mixtures[28], one-dimensional systems[29], and
Bose-Einstein condensates [30—32]. Ultracold atoms are, however, not merely a subject
of curiosity — several applications have been proposed and demonstrated, including ap-
plications to quantum simulation [33], sensing [34], and computation [35].

In this work, when studying a system, we focus on studying the properties of its ground
state, which is the state with the lowest energy. The ground state is relevant since it is
the state a system would be in at zero absolute temperature. Additionally, ground state
physics is often rich and gives rise to exotic states of matter and quantum phase tran-
sitions between them [36]. The ground state of a many-body Hamiltonian can be ob-
tained by solving the time-independent Schrodinger equation, but due to the size of
such Hamiltonians, this is rarely straightforward and often impossible to achieve exactly.
Therefore, a large variety of approximate methods are in use, ranging from mean-field
techniques to perturbation theory and field-theoretic methods [20].

To bridge the gap between experiments and theory, numerical simulations are em-
ployed. Their value lies in the fact that they can provide exact or near-exact solutions
to many-body problems, while being cheaper to run and less prone to noise than experi-
ments. Onthe other hand, they offer less explanatory power than purely theoretical work,
but can often provide exact solutions to problems that are not analytically solvable. This is
particularly important in strongly-correlated systems, where techniques based on mean-
field theory and perturbation theory break down. As such, numerical methods are use-
ful for validating theory — ensuring that approximations employed by a theory did not
neglect important aspects of a system, or as a guide raising interesting questions and
discovering new research directions.

Numerical simulations of quantum many-body systems are far from simple. The main
problem with numerically simulating many-body problems is the sheer number of states
a many-body system can find itself in. As an example, consider a system of NV bosons on
alattice with M sites. Then, the number of states (Hilbert space dimension) is (N +]]\\,4 ),
which, even at modest values of NV and M, is much too large to treat exactly even on
the largest computer clusters. To get around this issue, a variety of approximate and

exact numerical techniques have been developed, such as density matrix renormalisation
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group [37, 38], coupled cluster [39, 40] and quantum Monte Carlo methods.

Monte Carlo methods, named after the Monte Carlo casino in Monaco, were first con-
ceived in the late 1940s [41]. The main idea behind them is to use stochastic sampling
to solve otherwise deterministic problems. After many such samples are collected, the
result is averaged to obtain an estimate of the solution. As such, the solution may be
obtained to an arbitrary precision, as long as enough samples are collected. The tech-
nique is widely applicable, and is being used to solve a diverse set of problems, from
high-dimensional numerical integration [42, 43], sampling from distributions [44, 45]
to improving the performance of tree-based search algorithms [46]. In general, Monte
Carlo methods are useful for high-dimensional problems, where solving the problem
with deterministic methods would be impractical or impossible due to time or memory
constraints.

When a Monte Carlo method is used to solve a quantum many-body problem, it is usu-
ally referred to as quantum Monte Carlo (QMC). Monte Carlo methods were first used
to solve quantum many-body problems in the 1960s to calculate the ground state of a 3
and 4-body nuclei [47] and to find the ground state of liquid helium [48]. Since then, a
large variety of QMC methods has been developed. Among the most widely used QMC
methods are the following: Variational Monte Carlo [49] is a stochastic implementation
of the variational method and uses Monte Carlo methods to evaluate the expectation val-
ues of Hamiltonians. Projector Monte Carlo [49], isitself a large class of methods that can
be seen as stochastic solvers of the time-independent Schrédinger equation, or alterna-
tively, stochastic implementations of the power method. Path integral Monte Carlo [50],
is based on the path integral formalism and allows for computation at finite tempera-
tures. Diagrammatic Monte Carlo [51, 52] uses stochastic sampling to sum diagram-
matic expansions (Feynman diagrams) and is particularly popular with the study of po-
larons [26].

In this work, we focus on full configuration interaction quantum Monte Carlo (FCIQMC),
which is a modern variant of projector Monte Carlo, and its application to the problem
of an impurity immersed in a Bose-Hubbard model as it undergoes the Mott insulator—

superfluid phase transition. FCIQMC was originally formulated for use in quantum chem-
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istry [53], but we have adapted it for use with Hamiltonians from the field of ultracold

atoms. FCIQMC is particularly well suited to studying models based on the Bose-Hubbard
model due to several factors. Unlike certain other projector Monte Carlo methods (e.g. dif-
fusion Monte Carlo), FCIQMC works with finite, discrete Hilbert spaces, which matches

those of lattice problems. The Bose-Hubbard Hamiltonian formulated in real space is

extremely sparse and at very strong interaction strengths diagonally dominated, which

both interact favourably with the stochastic sampling methods used by FCIQMC. Finally,

the Bose-Hubbard model is not affected by the Monte Carlo sign problem, which allows

us to study relatively large systems without resorting to uncontrolled approximations,

such as the initiator approximation [54].

The work is structured as follows. We start with Chapter 2, where we provide the the-
oretical background on the Bose-Hubbard model required for understanding the rest of
this work. We discuss the model, the Mott insulator-superfluid phase transition, and the
Bose polaron in a lattice.

In Chapter 3, we introduce the full configuration interaction quantum Monte Carlo
(FCIQMC) method and present Rimu.jl, the software that was developed as part of this
doctoral study. Rimu.jl is an open-source Julia [55] package for FCIQMC and exact di-
agonalisation with a focus on the physics of ultracold atoms. We discuss the algorithms
and data structures involved which allow us to run FCIQMC and exact diagonalisation
methods in an efficient, scalable manner. We present numerical benchmarks showing
the effects of setting various parameters in the algorithm, and discuss the scaling of the
codebase when used with thread-parallel and MPI [56]-distributed computer systems.
Rimu.jl was used extensively in obtaining the results that make up the rest of this thesis.

We continue the discussion of FCIQMC in Chapter 4, where we discuss the sign prob-
lem, which arises with most Hamiltonians when the number of walkers employed by the
algorithm is too low to capture the sign structure of the Hamiltonian's ground state eigen-
vector. Building on previous work [57-60], we extend and combine previously discussed
models to produce a new scalar model that reconstructs the walker dynamics of FCIQMC
in the presence of the sign problem. We show that the behaviour of FCIQMC can be un-

derstood as a pitchfork bifurcation, where, as the number of walkers employed by the
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algorithm is increased, the algorithm switches from a sign-incoherent state, to a sign-
coherent one. We also show how near the transition point, the presence of noise in the
algorithm introduces a bias in the shift and causes the sign coherence of the vector to
fluctuate.

In Chapter 5, we turn towards applications to the physics of ultra-cold atoms, specifi-
cally to the problem of a strongly-interacting polaron immersed in a Bose-Hubbard model
in the quantum critical regime. Here, we use FCIQMC to validate a strong-coupling dia-
grammatic theory based on the quantum Gutzwiller method that describes an impurity
interacting with elementary excitations in the underlying system. Numerical validation
is essential here since the diagrammatic theory is approximate and care must be taken to
ensure physically important diagrams are not neglected. We use the theory to show that
the character of the polaron reflects the state of the host system throughout the transition
and as such, in experiments, impurities could be used as quantum sensors.

Continuing work on the lattice Bose polaron, in Chapter 6, we consider the same model
at weaker impurity-boson couplings and conduct a numerical study of the finite-size ef-
fects of the energy of the polaron. We present numerical evidence showing that at the
transition point, the polaron energy becomes scale invariant and that it exhibits critical
phenomena not yet explained by theory. We also show that the energy of the polaron isin-
timately related to the impurity-boson density-density correlation function, which at the
transition point, shows a flattening that suggests diverging length scales of the polaron
in the thermodynamic limit.

Finally, we conclude with Chapter 7, where we summarise our work and explore pos-

sible directions for further research.
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CHAPTER

Theoretical background

2.1 The Bose-Hubbard model

The quantum-mechanical model we focus on in this work is the Bose-Hubbard model.
We use it as a benchmark model in Chapters 3 and 4, while in Chapters 5 and 6, we study
the physics of the model with an added mobile impurity.

The Bose-Hubbard model is an oft-studied model in the field of ultracold quantum
gases. Unlike its predecessor, the original Hubbard model, which was introduced to
study strongly-correlated electrons in crystalline solids [62], the Bose-Hubbard model
describes interacting bosons on a lattice instead of fermions. It is a simple model de-
scribing atoms trapped in a periodic potential. Under the tight binding assumption,
atoms are only able to move through tunnelling between adjacent lattice sites (wells in
the potential) and only atoms in the same lattice site can interact. The most notable fea-
ture of the Bose-Hubbard model is that, at zero temperature, as the ratio of its hopping
to interaction strength is varied, it undergoes a quantum phase transition between and
Mott insulating to a superfluid state [63].

In the 1990s, using a combination of laser and evaporative cooling, experimentalists
have successfully cooled alkaline atoms down to 100-200nK, producing the first Bose-
Einstein condensates [14-16]. While these were dilute, weakly-interacting quantum sys-
tems, they have laid the groundwork for later experiments. As proposed by [64], the au-
thors of Ref. [10] realised the Bose-Hubbard model by introducing a strong periodic po-
tential through an optical lattice to a Bose Einstein condensate of "Rb atoms. They re-

ported that by varying the strength of the potential, they were able to observe the phase
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transition from a superfluid to a Mott insulating state. This experiment marked the first
time strongly-correlated physics became accessible with ultracold atoms.

There exists a large body of theoretical work on the model [65]. Beyond the simplest
version, many extensions of the model have been studied, such as diagonal disorder [63],

long-range interactions [66], non-square lattice geometries [67], and impurities [68].

2.1.1 The Hamiltonian

The Bose-Hubbard model is defined as

T N e U e 1) 5
Hy = tz aja; + 5 Z nip(ip —1) —p an,B ) 2.1
(i.4) i i
Here, diT and a; are bosonic creation and destruction operators that follow the commu-
tation relation [a;, &JT] = 05, Nip = &Idi is the number operator, and (i, j) goes over

all pairs of adjacent sites. The first term represents the ability of particles to hop between
adjacent sites with a hopping strength ¢. The second term represents on-site interactions
— when two or more bosons are positioned on the same site, each pair interacts with an
interaction strength of U. The last term is governed by the chemical potential ; and de-
termines the number of particles in the grand-canonical ensemble by controlling particle
exchange with an external bath. However, in the canonical (microcanonical) ensemble,
the particle number is fixed and this term becomes a simple energy offset.

While the model can be defined in any number of dimensions d, on lattices of various
geometries and with various boundary conditions, we will focus on the 2-dimensional

case on a square lattice with M total sites and a side length of L.

2.1.2 'The Mott insulator-superfluid quantum phase transition

As the ratio of t/U is increased, the Bose-Hubbard model undergoes a quantum phase
transition from a Mott insulator to a superfluid. We follow Ref. [63] in explaining the
origin of the phase transition.

To begin, consider the limit of /U — 0. Then, the ground state of Hp is a state where
each site is occupied by n bosons

@) =TT ()" fvac) . 2.2)

i
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Figure 1: The phase diagram of the Bose-Hubbard model. The Mott insulator (MI) phase region
is denoted with the purple shaded region, while the white region represents the superfluid (SF)
regime. The blue, black and green lines in the SF region show lines of constant density. Only the
first Mott lobe is shown. The phase diagram was calculated with the Gutzwiller method described
in Sec. §2-2.1.3.

where |vac) is the vacuum state. The boson density n can be determined by minimising
the on-site energy

e(n) = un + %n(n —1). (2.3)

Note that here, for all values of (n — 1) < /U < nforn > 1, exactly n bosons occupy
each site. If u < 0, the on-site density n = 0 and |¥) = |vac).

Now, consider fixing ;. such that there are n bosons on each site and activating weak
hoppingt/U > 0. Then, /U = n—1/24«aforsomea € (—1/2,1/2). Adding a particle
to the system now increases the on-site energy by AEY /U = 1/2 — «, while decreasing
the energy by the kinetic energy of the newly introduced boson, —2dt/U. Similarly, re-
moving a particle (creating a hole) increases the on-site energyby AE. /U = 1/2+a with
the same —2dt/U kinetic energy contribution from the hopping of the hole. From this,
we see that changing the number of particles in the system is energetically unfavourable
aslongast/U is small enough. This resistance to change in particle number is typical of

Mott insulating phases. In this region, the compressibility dn/0u is zero.
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Similarly, the energy of the lowest particle number-preserving excitation in this regime
can be seen as simultaneously adding a particle and a hole to the system and its excitation
energy is

AE. /U = (AES + AE; —4dt)/U 2.4)

A gap to the first excited state is characteristic of insulators.

Note that AFE./U decreases with increasing ¢/U, eventually reaching zero. At that
point, the kinetic energy overcomes interactions and the system enters into a superfluid
state. Similarly, if /U is increased (or decreased), we reach a point where the kinetic
energy of the particle (or hole) balances the energy cost coming from interactions. The
newly introduced particles (or holes) immediately condense into a superfluid. From these
arguments, we expectaregionint/U, 1/U, where the number density n is an integer. The
width of the region narrows as ¢ /U increases, which suggests the region is shaped like a
lobe. A phase diagram around n = 1 is displayed in Fig. 1. It should be noted that the
arguments above are not enough to reconstruct the exact shape of a Mott lobe and that

several analytic and numerical techniques for finding the exact shape were proposed [65].

2.1.3 Calculating the phase diagram with mean-field theory

A method of calculating the phase diagram of the Bose-Hubbard model most relevant for
this work is the use of the Gutzwiller ansatz, which is a simple mean-field description of
the model. We follow Ref. [65] in introducing this formalism. It starts from the obser-
vation that, in the Mott insulating phase, the second order fluctuations coming from the

hopping term are negligible, i.e.
(af — {af)) (a5 — (a5)) = 0 2.5)
fori # j. This leads to the decoupling of the hopping terms
afas ~ (al)a + al(a) — (af) (@) 2.6

Then, the Bose-Hubbard model becomes a sum of local operators

d
. U
HY" = =t > [t g, + ¥ire,) — Yithe, +hc] + 3 > (s —1), @7
i v=1
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where); = (a;) are numbers and e, are unit vectors. The neighbouring sitesin Eq. 2.7 are
only linked through expectation values of the creation and destruction operators, there-
fore any quantum correlations between the sites are ignored. It follows that the eigen-

states of HY'" are tensor products of on-site states

|P) = ® |si) (2.8)

where

|s1) = i Cm (af>m 2.9)

m=0

which is equivalent to the Gutzwiller ansatz [69]. Note that because we are in a homoge-
neous lattice, the coefficients ¢,, do not depend on i.

In such a state the mean occupation number is

[e.o]

n=(n) =Y mlenl*, (2.10)

m=1
where (-) = (®| - |®) is the expectation value with respect to the state. The mean num-
ber of condensed atoms on a lattice site i is given by || where 1 is the condensation

parameter
Y= (a) =" chrcmVm. 2.11)
m=1

This quantity works as the order parameter —in the regime where it vanishes, the system
is in the Mott insulating state.
The ground state of HY" depends on n and the ratio t/U. If /U is smaller than the

critical value [36]
(n— w/U) (/U =0+ 1)

2dt. /U = , 2.12
/ 14 u/U (2.12)
forn — 1 < p/U < n, the coeflicients in the ground state are given by

Cm = Omun - (2.13)

This corresponds to the Mott insulating state with exactly n particles on each site. It
should be noted that on the superfluid side, there is no analytic solution except in the
limitoft/U — cc.

Equation (2.12) gives the critical value ¢. /U as a function of 11/U. It can be inverted to
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instead give the critical value of 11/U as a function of ¢ /U, which gives two solutions

M R %(1 +2dt)U) + %\/1 ~ (4n+2)2d4t)U + (241U, (2.14)

which are real if
2

2dt /U < 2dtmax /U = <\/n+ — \/ﬁ> (2.15)
Fort/U = tmax/U, Eq. (2.14) only has one solution, which is
Het (1, b /U) n(n+1)—1, (2.16)

U

giving the tip of the lobe. These solutions describe the phase diagram shown in Fig. 1.
The mean-field theorywejust described is the starting point for the quantum Gutzwiller
method [70] that is the basis of the theoretical work presented in Chapter 5. In the quan-
tum Gutzwiller method, quantum fluctuations are introduced on top of the mean-field
solution, which allow capturing the non-local features of the model. Animpurity can then
be introduced to the model by describing the way the impurity excites elementary exci-
tations in the Bose-Hubbard model as it moves through the lattice. A detailed discussion

of this theory is presented in that chapter.

2.2 'The Bose polaron in alattice

We now turn to a brief discussion of the Bose polaron formed by an impurity immersed in
a Bose-Hubbard model. We define the impurity spectral function, which is an the object
of study in both experimental and theoretical work, including the work we present in
Chapter. 5.

In a physical system, an impurity is a distinguishable particle trapped in the same po-
tential as the atoms of the host system. This could be an atom of a different species, or
an atom of the same species in a different hyperfine state. In our case, the impurity be-
haves in a similar manner as the host system described by Eq. (2.1) — the impurity can
hop between lattice sites and interact with atoms of the host system through an on-site
interaction. We will assume the impurity has the same mass as the other particles (i.e.,
the same hopping strength t), which experimentally would correspond to changing the

hyperfine state of a small portion of the atoms as described in Refs. [26, 30]. As long as
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the portion of modified atoms is small enough, we can model them as a single impurity.

We start by introducing an impurity to the Hamiltonian presented in Eq. 2.1,

fr— by, 217
(1.J)
Hip = Hg + H + Usg Z Ni1T4B (2.18)

where IST (by) creates (annihilates) an impurity at site i, and n;; = IA);[IA)i is the impurity
number operator. Upg is the impurity-boson on-site interaction strength which may be
positive or negative. Here, we only consider the case where there is exactly one impurity,
ie Y ny =1

Since experiments start with an impurity free system into which impurities are in-
jected, we want to model the response such a system would have to the impurities. This
can be measured through the impurity spectral function A, which is a quantity that is
both theoretically and experimentally accessible. In short, at zero temperature, the im-
purity spectral function can be seen as the spectrum of H;g, where each state is weighted
by the probability that the system will find itself in that state after the impurity is intro-
duced [26].

To define it, we start with the impurity Green's function
Gl —j,7—7) = —i(Th(r)bl (")) 2.19)

where b;(7) and bl (7') are time-evolved in the Heisenberg picture, and 7 is a time or-
dering operator. At zero temperature, the expectation value (-) is done with respect to
l1ho) ® |vac), where |iy) is the ground state of Hg, while at finite temperatures, it is a
quantum statistical expectation value. Then, the impurity spectral function is defined to
be

Alk,w) = —2Im G(k, w), (2.20)

where G/(k,w) is the Fourier transform of G In the low temperature limit, A becomes
2
Alk,w) Y H<¢n| & |¢0>H S(w — By + By) | 2.21)

where |1) is the ground state of Hp with energy Fy, |¢,,) is the n-th excited state of Hp
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with energy E,,, and ¢ creates an impurity with momentum k, i.e.
o = L > ekl 2.22)
- .
M J

The weights on the states, which are overlaps between the non-interacting state ¢ ;)

and the polaron eigenstate |¢,,), are also known as the quasiparticle residue

Zn(K) = (dn] &L [0 - (2.23)

The residue is experimentally relevant because in an experiment where impurities are
introduced to a system, the probability of them occupying the state n will be proportional
to Z,, [26]. As such, if the residue of the n-th state is zero (or very small), the system is

unable (or unlikely) to transition to that state when the impurity is introduced.
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CHAPTER

Rimu.jl: Random integrators for
many-body quantum systems

We start the main part of this work by discussing Rimu.jl, which is a Julia package for
solving many-body quantum problems. The Rimu.jl project existed before the candidate
started his PhD, but its parallelisation was inefficient and only one-dimensional bosonic
models were supported. During this PhD project, the candidate redesigned a signifi-
cant portion of the code. Thereby he designed and implemented the parallelisation and
stochastic sampling capabilities that are detailed in this chapter. Besides further opti-
mising the implementations of Fock addresses, vectors and Hamiltonians, the candidate
added a variety of other major features to the project. These include (but are not limited
to) 2 and 3-dimensional Hubbard models, fermionic and mixed Fock states, importance
sampling and the initiator approximation.

The project was started by Elke Pahl and Joachim Brand. Chris Bradly implemented
harmonic oscillator Hamiltonians and various features related to statistical analysis. Ray
Yang was involved in the project’s early development and implemented blocking analysis.
Other students and external collaborators added additional features, as documented in
the project’s GitHub repository.

The development of Rimu.jl was informed by the application to physical problems and
it was used extensively in obtaining the results presented in Chapters 4—6. The candidate

led the writing of this publication.
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The following text is a verbatim copy of:

Matija Cufar, C. J. Bradly, Ray Yang, Elke Pahl, Joachim Brand “Rimu.jl: Random integra-
tors for many-body quantum systems”,

preprint, arXiv:2601.19505

Abstract

Rimu.jl is a Julia package for solving many-body quantum problems. The core of the
package is a matrix-free implementation of Hamiltonians and other operators and com-
pact representation of Fock states, which together allow for efficient methods suitable
for high-performance computing. Rimu.jl includes a Julia implementation of the full
configuration interaction quantum Monte Carlo (FCIQMC) algorithm which is a type of
projector QMC algorithm for stochastically solving the time-independent Schrédinger
equation. It also includes many well-known model Hamiltonians, and an interface for
exact diagonalisation based on external eigenvalue solvers. Both the stochastic and ex-
act diagonalisation methods are accessed with a CommonSolve.jl interface. We describe
the FCIQMC algorithm and how to obtain estimators of observables as well as the key

features of the implementation.

3.1 Introduction

Calculating the ground state of a quantum many-body problem is an important problem
with applications in many areas of physics and chemistry. As the Hilbert space dimen-
sion of such problems grows exponentially with system size, solving them numerically
in a deterministic way becomes intractable already at modest system sizes. However,
through the use of stochasticity in Monte Carlo methods, both time and memory require-
ments of solving a quantum many-body problem can be drastically reduced. The family of
methods that use stochastic techniques to solve quantum problems is known as quantum
Monte Carlo (QMC). A common feature of the widely varying QMC methods is that they
all stochastically sample the solutions to the (deterministic) problem in such a way that
taking an average of the recorded samples yields a good approximation of the true solu-
tion [71, 72]. A particular class of QMC methods is projector Monte Carlo (PMC), which
uses a repeated application of a transition operator to an arbitrary initial state to project

out all states but the ground state. Then, in the limit of many applications, the method
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can be seen as a projector. The transition operator is applied stochastically, and depend-
ing on the transition operator used, the basis, and the exact details of the stochastic ap-
plication, several different variants of PMC can be defined [49]. Some notable examples
include Green'’s function Monte Carlo [47, 73], diffusion Monte Carlo [74], auxillary field
quantum Monte Carlo [75], path integral ground state [76], and full configuration inter-
action quantum Monte Carlo [53].

Full configuration interaction quantum Monte Carlo (FCIQMC) [53] was first devel-
oped for use in quantum chemistry to solve problems related to the electronic structure
of molecules, solid state applications, and Hubbard models. Although the algorithm has
mostly been used in these areas [77-80], it has been successfully applied to problems re-
lating to the physics of ultra-cold quantum gases [81-84] and, due to its simplicity could
be applied to find the lowest eigenpair of any matrix in general. A major advantage of
FCIQMC over other PMC algorithms is that it can treat problems with a sign problem
without resorting to approximations like the fixed-node approximation, assuming a suf-
ficiently large amount of resources is employed. Another big advantage is that FCIQMC it
hasnotime step error, if the time step is small enough, such that no extrapolation to small
time steps is needed. Several variants of FCIQMC exist: The original formulation [53],
which isnolongerin use, used integer coefficients, where each unit of the coefficient was
treated as an independent walker. This was later extended to real (floating-point) coeffi-
cients with a semistochastic formulation [85] where a part of the Hilbert space is treated
exactly with the rest sampled stochastically. Further expansions of the algorithm include
the initiator approximation [54, 86], which trades the sign problem for a small bias, im-
portance sampling [87, 88], which reduces the inherent population control bias present
in FCIQMC, methods of improving convergence speed [89, 90], heat bath sampling [91],
which samples matrix elements with probabilities proportional to their value, and the
fast randomised iteration approach [92, 93], which improves the way an FCIQMC vector
is compressed. In addition to computing ground state properties, variants of FCIQMC
can also be used to compute excited states [94], density matrices [95], or even real-time
dynamics [96]. There exist several open-source implementations of FCIQMC focused on

electronic structure problems [97-99].
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In this paper, we present Rimu.jl, a Julia [55] framework for working with quantum
many-body systems with a focus on FCIQMC and exact diagonalisation. We present the
variant of the FCIQMC algorithm employed by Rimu.jl, which dynamically determines
the size of the deterministic subspace. Further, we describe the data structures used
and show results of numerical benchmarks measuring the effects of the various parame-
ters exposed by Rimu.jl, and its performance on thread-parallel and MPI [56]-distributed
computer systems is described.

We have designed the package to work with more general quantum many-body Hamil-
tonians beyond the electronic structure problem. Specifically, our own research interests
are motivated by ultra-cold atom systems. To facilitate this, Rimu.jl is defined to work
with arbitrary mixtures of (possibly non-number conserving) bosons and fermions with
arbitrary spins. However, our package also supports working with spin-1/2 fermions
and thus molecular Hamiltonians. Extending the capabilities beyond the currently im-
plemented Fock-state bases is also supported through the implemented type hierarchies
and interfaces.

The benefits of implementing in Julia are many, but in our case the most valuable is
the multiple dispatch feature, which allows us to tweak the internals of the implemented
algorithms without having to modify the main code base. This speeds up development,
and makes it easy to experiment with the algorithm and develop prototypes. Multiple
dispatch also allows us to use type-level metaprogramming to have the Julia compiler
generate specialised code tailored to the simulation parameters. Additionally, the input
file for Rimu.jl is simply a Julia script, which makes working with Rimu.jl easy.

This paper is organised as follows: In Sec. §3-3.2, we start with an example showing
some of the features of Rimu.jl and giving the reader an idea about how Rimu.jl is used.
Then, in Sec. §3-3.3, we discuss the variant of the FCIQMC algorithm employed by Rimu.jl
in detail, starting with a deterministic version, and then introducing stochasticity. In
Sec. §3-3.4, we discuss the various statistical techniques that allow us to extract useful
information from an FCIQMC computation. This includes various ways of estimating
the energy of a system or its observables. We briefly present the two major ways exact

diagonalisation can be performed with Rimu.jl in Sec. §3-3.5. In Sec. §3-3.6, we dive
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into the implementation details of the data structures used for representing Fock states,
operators and vectors. We discuss how these implementation details allow for efficient
FCIQMC and exact diagonalisation. In Sec. §3-3.7, we present numerical results showing
how algorithm parameters affect an FCIQMC calculation, and present benchmarks of the
performance of Rimu.jl with thread-parallel and MPI-distributed calculations. Finally, in

Sec. §3-3.8, we conclude the paper and present possible future directions for Rimu.jl.

3.2 Usage example: a preview of attractions to come

We begin with a short example of an FCIQMC computation with Rimu.jl, linking to the
relevant parts of this paper every time a new concept is introduced. We will use the Bose-
Hubbard model, which is a standard model in many-body physics that captures the im-
portant properties of the superfluid—Mott insulator transition [63]. As a simple case, con-
sider the one-dimensional Bose-Hubbard Hamiltonian for fixed particle number
A T y M

H——t%aiaj—i-iizlm(m—l), (3.1)
where &I (a;) creates (destroys) a particle on site i, n; = &Idi is the particle number oper-
ator, (i, j) denotes all pairs of adjacent sites, and ¢ and u are dimensionless hopping and
interaction parameters, respectively. In this example, we will look at a system of N = 12
particles in M = 12 sites, which results in a Hilbert space dimension o0f1,352,078. This is
small enough to be quickly solvable with Rimu.jI's FCIQMC and sparse eigenvalue solvers,
but too large for dense numerical linear algebra. In the example, we will start with a basic
computation, then extend it to show computing excited states and observables. Finally,

we will use exact diagonalisation and compare the results obtained with these methods.

3.2.1 Basic computation

If Rimu.jl is not yet installed, we install through the Julia package manager by typing

1 Jadd Rimu

in the Julia REPL. We can now set up the computation by loading Rimu.jl, then creating

a bosonic Fock address and defining the Hamiltonian:
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1 using Rimu
2 N = 12 # number of particles
3 M = 12 # number of sites
4 address = near_uniform(BoseFS{N,M})
5 hamiltonian = HubbardRealSpace (address; u=6.0)

The Fock address is created first to define the quantum statistics and the Hilbert space
of the problem, as discussed in Sec. §3-3.6.1. The bosonic Fock state constructed with
near_uniform is one where the N = 12 particles are uniformly distributed across the
M = 12 modes, which represent lattice sites of the Hubbard model. We then pass the
address and the interaction parameter u = 6 to the Hamiltonian constructor, while leav-
ing t atits default value of 1. This corresponds to strong on-site interactions typical of the
Mott-insulating regime. Passing the address to the Hamiltonian this way sets the num-
ber of particles and lattice sites, as well as providing a starting point for the FCIQMC
calculation. This is discussed in more detail in Sec. §3-3.6.2.

As the simulation runs we will also collect the data required to compute the projected
energy, which is an estimator of the ground state energy, as explained in more detail in

Sec. §3-3.4.2.

1 reference_vector = PDVec (address => 1.0)
2 post_step_strategy = ProjectedEnergy (hamiltonian, reference_vector)

The projected energy requires a reference vector which we set up as a PDvec (see Sec. §3-
3.6.3) with the value of 1 at the starting address here.

Now, we create the ProjectorMonteCarloProblem, which holds the information
necessary to start an FCIQMC run and solve it with the solve function following the
CommonSolve.jl [100] interface. We finally store the result to a DataFrame [101] and

display it.

problem_ fcigmc_basic = ProjectorMonteCarloProblem (
hamiltonian;
last_step=10_000,
target_walkers=100_000,
post_step_strategy,
)

result = solve (problem_fcigmc_basic)
df = DataFrame (result)

R OWo-JoyUrd W -

=

display (df)
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:‘:’Z 1 ¢

5. 331 48
63.2 331
25 6 columns and 9992 rows omitted

Here, we perform 10,000 steps of the FCIQMC algorithm. The target walker number,
which determines the desired 1-norm of the vector, is set to 100,000. See Sec. $3-3.3 for
more details on the FCIQMC algorithm.

The DataFrame holds time series of the various statistics Rimu.jl keeps track of. Of
particular interest is the shift S, which is plotted in Fig. 2(a). It is used as a mechanism
to control the norm of the FCIQMC vector, and also acts as an energy estimator. Initially,
the shift fluctuates wildly, but then quickly settles to fluctuating around a fixed value. On
the same time scale the one-norm of the FCIQMC vector grows and settles around the de-
sired value of 10000 walkers as is shown in panel (b) of Fig. 2. The value the shift fluctuates
around an estimator for the ground state energy of the Hamiltonian. For the estimate we
discard the initial transient part of the time series and perform a blocked averaging pro-
cedure to extract the mean S and its estimated statistical error og. These quantities are
shown in Fig. 2 (c). There, we see that the true energy Ej lies within the error bars given
by the blocked average S. See Sec. §3-3.4 for a detailed treatment of blocked averaging.

In the code, we perform this averaging through the shift_estimator function.

1 shift_estimator (df; skip=5000)

Here, skip sets the number of steps to be discarded from the beginning of the time se-
ries. Next, we extract the projected energy estimate by utilising the projected_energy

function

1 projected_energy (df; skip=5000)
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Figure 2: FCIQMC time series for the data obtained in the example. In panels (a) and (b), the shift
and norm time series are shown. A close-up of the equilibrated region of the shift time series is
shown in panel (c), which also shows the exact energy F (dashed red line) and the estimate given
by the mean of the shift S (orange line) with a blocked standard error & g (orange band).

The values given by these functions are S = —7.76858 + 0.00075 and E, = —7.76809 +
0.00044 for the shift and projected energy, respectively. These values compare favourably
to the exact ground state energy £, ~ —7.76815 as obtained by exact diagonalisation

(see Sec. §3-3.2.4).

3.2.2 Excited states

In addition to computing the ground state energy and properties, Rimu.jl also supports
computing consecutive low-lying excited states. To do so, simply pass the parameter

n_spectral tothe ProjectorMonteCarloProblem.

1 problem fcigmc_excited = ProjectorMonteCarloProblem (
2 hamiltonian;

3 last_step=10_000,

4 target_walkers=100_000,

5 post_step_strategy,

o n_spectral=2,

7
8
9

)

result = solve (problem_ fcigmc_excited)
10 df = DataFrame (result)

Setting n_spectral=2 triggers two independent step-synchronised FCIQMC simula-
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tions where the second’s instantaneous coefficient vector is orthogonalised to the first
one in order to target the first excited state. The resulting data frame now has a larger
number of columns. For most of the statistics calculated, it contains columns postfixed
with _r1s1and_ris2, which correspond to the first and second spectral states for the
first and only replica in this calculation. To get an estimate of the excited state energy, we
again use the shift_estimator function, but now have to give it the name of the shift

column from the data frame.

1 shift_estimator (df; shift=:shift_rls2, skip=5000)

The resulting value S, = —5.6646 4= 0.0011 matches the true excited state energy value
of Fy ~ —5.6671 well, which was obtained by exact diagonalisation. It should be noted,
however, that computing excited state energies can be very difficult in practice as even in
systems that are free of the Monte Carlo sign problem for ground state calculations, the
sign problem always occurs for the excited states. Excited state calculations with Rimu.jl
for the Frohlich polaron model were reported in Ref. [81], where the sign problem could

be mitigated by walker annihilation.

3.2.3 Observables

We now extend the example to compute observables - the density-density correlations

defined by
é(z)(d> = Z m; (ﬁi+d - 5d,0) . (3.2)
In Rimu.jl, both Hamiltonians and observables are operators and behave in a similar

manner, which is reflected in a type hierarchy as explained in Sec. §3-3.6.2. We set up

the computation as follows.

g2_operators = [G2RealCorrelator(d) for d in 0:6]
replica_strategy = AllOverlaps (g2_operators)

w N =

problem_ fcigmc_observables = ProjectorMonteCarloProblem (
hamiltonian;
last_step=10_000,
target_walkers=100_000,
post_step_strategy,
replica_strategy,

U1

e
= O W o ~Jo
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Figure 3: Estimates of the density-density correlator expectation values G2 (d) over a range of
distances d. In panel (a), the orange bars show the estimates obtained from FCIQMC, where their
widths are equal to 3 times the error bar. The exact values are plotted as dotted red lines. Panel (b)
shows the error calculated from the differences between the estimates and the exact values.

12 result = solve (problem_fcigmc_observables)
13
14 df = DataFrame (result)

Here, we first initialise a vector of observables with values of d = 0, . .., 6 and then pass
them into the replica_strategy Al1lOverlaps. The latter is a mechanism for com-
puting overlaps between the FCIQMC vectors and observables after every Monte Carlo
step. In order to compute those without bias, at least two independent runs of FCIQMC
(replicas) must be run concurrently. The number of replicas can be specified, but two
replicas are run by default when using A110verlaps. See Sec. §3- 3.4.3 for more infor-
mation on calculating observables with replicas. The resulting data frame now contains

columns containing the dot-products between the vectors and each observable, which

can be averaged with the rayleigh replica_estimator function.

1 rayleigh_replica_estimator (result; op_name="Opl", skip=5000)

These estimates are compared to the exact values in Fig. 3. Computing observables with
Rimu.jI's FCIQMC was used to compute density-density correlations of an impurity in a

one-dimensional interacting Bose gase in Ref. [84].

3.2.4 Exactdiagonalisation

Because our example is small enough, we can confirm the correctness of the FCIQMC
result by performing exact diagonalisation of the Hamiltonian and comparing the exact
and numerical results for the energy. Rimu.jl is compatible with eigenvalue solvers from

several external packages, as discussed in Sec. §3-3.5. Here, we use the KrylovKit [102]
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package. The interface is similar to the one used for FCIQMC — we first define a prob-
lem by instantiating an ExactDiagonalizationProblem which we then solve with

the solve function.

using KrylovKit

problem = ExactDiagonalizationProblem (
hamiltonian; algorithm=KrylovKitSolver ( ) o
)

exact_result = solve (problem)

o Ul W N

The exact energies can then be extracted by accessing

1 exact_result.values

while the eigenvectors are stored in

1 exact_result.vectors

Exact diagonalisation of transcorrelated [103] Hamiltonians with Rimu.jl was used to
solve one-dimensional few-fermion and impurity problems in Refs. [83, 104].

This example shows the basics of Rimu.jI's usage in a small system. Rimu.jl can be
used in a similar manner with many other types of Hamiltonians and both its FCIQMC
and exact diagonalisation capabilities can be scaled up to much larger problems. As an
example, Rimu.jl was used in Ref. [82] to compute the ground state of a two-dimensional
impurity-Bose-Hubbard Hamiltonian with 100 particles on 100 sites, which has a Hilbert
space dimension of ~ 4.5 x 10%°. As the computational effort grows with system size
and complexity of the problem so does the demand for computational resources. Rimu.jl
has extensive capabilities for leveraging both multi-core parallelism and multi-node dis-
tributed computing. The core implementation strategies are discussed in Sec. §3-3.6.4
and scaling benchmarks on a high-performance computing facility presented in Sec. §3-

3.7.
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3.3 The FCIQMC algorithm

Full configuration interaction quantum Monte Carlo (FCIQMC)is an algorithm for stochas-
tically sampling the lowest eigenpair (Ey, v, ) of alinear operator . Since we are dealing
with finite systems, H can be represented as a matrix but as we will discuss later, there
is no need to store the actual matrix in memory. How operators and vectors are imple-

mented in the code is discussed in more detail in Secs. §3-3.6.2 and §3- 3.6.3.

3.3.1 Afixed point iteration

FCIQMC belongs to the wider class of projector Monte Carlo methods. These methods

work by discretising the imaginary-time Schrédinger equation

91v(r))

5 = —H |[¥(7)), (3.3)

and then solving the discretised equation stochastically. In the case of FCIQMC, the dis-

cretisation employed is an Euler method
|U(T + 07)) = | (7)) — 67 H |U(7)) , (3.9

where 7 is a (small) imaginary time step.
Since we are interested in solving the equation numerically, we realise H as a matrix
H with entries

H,; = (i|H|j) 3.5)

where i, j are (not necessarily integer) indices and |i) , |j) are basis states. Similarly, we

realise the state |¥'(n d7)) as a coefficient vector c(™ with coefficients

A" = (iU (n67)) (3.6)
We use c(?) to denote the starting vector. Then, Eq (3.4) can be converted to

c(mH) — () g(n) 3.7)

where T is the FCIQMC transition operator

T :=1+6r (S™M1-H) . (3.8)
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Here, 1 is the identity matrix and S is an energy shift. If the shift is held constant, the
scheme admits exponential solutions, where the norm of c grows or decays exponentially,
with S = E, being the only stable solution. Hence, Eq. (3.7) presents an unstable
fixed-point iteration scheme on ¢ with a fixed point at the desired eigenpair ¢ = v, and
S = Ey.

To stabilise the fixed point, we update the value of S after every step with the follow-
ing procedure

Glnt1) — gn) _ < lnw - iln e+

- 3.9
PO e A (3-9)

where N, is the target 1-norm of the coefficient vector and ( and £ are parameters control-
ling the dynamics of the shift. It was shown in Ref. [105] that the combination of Eq. (3.7)
with the shift update of Eq. (3.9) behaves like a (discretised) damped harmonic oscilla-
tor differential equation for the logarithmic I-norm of the vector. In this interpretation
of the equation, the terms with parameters  and ¢ represent the damping and forcing
terms, respectively. The combination of Egs. (3.7) and (3.9) presents a stable fixed-point
iteration scheme on the pair (5™, c¢(™) with a fixed point at the eigenpair (Ey, vo) with
a normalized eigenvector || vo|| = M.

An advantage of FCIQMC over some other methods is that it has no time step error.
This can be seen from the fact that 7 does not play a role in determining the values of
the fixed points. However, the choice of 7 is still important, as the algorithm will only
converge if

2

_ 1
0T < BB (3.10)

where .y is the largest eigenvalue of H and E,,,,x — Fj is its spectral range [57].

As demonstrated in Sec. §3-3.2.2, FCIQMC can be extended to compute low-lying
excited states in addition to the ground state. To compute the first K states, we run
FCIQMC in parallel on K independent vectors ¢™* k = 0,... K — 1 with indepen-
dent shifts S(™*), Then after every step, we orthogonalise the vectors using the Gram-
Schmidt procedure, which ensures each vector converges to a separate spectral state vy,

while each shift converges to the energy of that state £}, [94].
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3.3.2 Quantum Monte Carlo

The method described thus far is equivalent to the power method with a different normal-
ization scheme and as such provides no benefits over standard methods for eigenvalue
computation. However, unlike many other methods, it can be performed stochastically
by replacing the operator T with a stochastic operator T.. For this to be beneficial, we pick
T in a way that reduces the computational cost of the operator application in Eq. (3.7).
At the same time, we must ensure that the fixed points of Egs. (3.7) and (3.9) remain un-
changed. To achieve this, we require the stochastic operator to be equal to the determin-

istic operator in expectation:
E [TMcM] = TMe™ (3.11)

where E denotes the ensemble average.

Because applying T is noisy, the algorithm does not cleanly converge to (Ej, vq). In-
stead, the output is a time series with two phases; an equilibration phase, where the algo-
rithm moves S and c(™ towards the desired fixed points, and a phase where the algo-
rithm has reached the fixed point and is fluctuating around it. To extract an estimate of
Ey from the algorithm, we discard all shift data from the first phase and take an average
of the second. An example of an FCIQMC time series is shown in Fig. 2.

Rimu.jl provides several ways of realising the stochastic operator T.. In this section, we
describe the one we have found to be the most useful. Further details of the algorithm and
how they affect the computation are presented in Sec. §3- 3.3.2. Although the algorithm
was originally formulated in Monte Carlo terminology with walkers who spawn, die, and
annihilate [53], here we describe the procedures in terms of matrix compression and vector
compression [92].

To start, we write a coefficient vector c as

c= Z el (3.12)
7

Here, we can call the orthonormal set of vectors {i}; the primitive basis indexed by the

addresses i. In our case, these addresses are Fock states. A matrix-vector product can
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then be seen as

Tc=)» T.a, (3.13)

where T, ; represents the i-th column of T'. In a Monte Carlo inspired view, the process in
Eq. (3.13) can be seen as each entry in c independently spawning T ; ¢;. These spawns are
then collected and summed together. This summing is often referred to as walker anni-
hilation and is a critical step that allows FCIQMC to overcome the sign problem through
cancellation of positive and negative contributions to a vector [53].

We convert the matrix T to a stochastically compressed operator T in two distinct
phases, the first of which is matrix compression. Matrix compression replaces the spawn-
ing step from Eq. (3.13) with a stochastic procedure that avoids visiting some elements of
T. The matrix-compressed operator is denoted as T. Suppose we are spawning the col-
umn corresponding to the coefficient ¢;, and that the column T ; contains m; non-zero

off-diagonal elements. We start by determining the number of spawning attempts
n; = [|eil] - (3.14)

where [z ] denotes the smallest integer greater than or equal to z. Next, we pick n; non-
zero oft-diagonal elements from the column uniformly at random with replacement. This

allows us to construct a stochastically compressed column

T., = (T]) (3.15)
J
where
T, ifj=i
TJ@ = Z—TM if j was selected in the picking step, (3.16)
0 otherwise.

If the requested number of spawns is greater than m;, we set T:J = T.,,i.e., nostochas-
tic compression takes place and the spawning step is executed exactly. This results in
a semistochastic algorithm similar to the one described in Ref. [85] and is discussed in
more detail in Sec. §3-3.7.1. The factor of m; /n; in Eq. (3.16) represents the inverse prob-
ability of picking the element. The result is scaled by it so that E[7};] = T} holds. Note
that this procedure always leaves the diagonal element 7} ; unchanged, and if the coeffi-

cient ¢; is high enough, the column remains uncompressed.
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Figure 4: Stochastic vector compression. The plot shows the values ¢; at a given index i of an
uncompressed vector (yellow line) with a stochastically compressed vector (blue fill) superimposed
onit. In the compressed vector, the coefficients with value ¢; > 1 are unaffected by compression,

while those below 1 are stochastically set to either 0 or 1 with probability proportional to ¢;.

The other building block in the compression scheme is stochastic vector compression.
The goal here is to reduce the number of non-zero values in the coefficient vector ¢ with-
out changing the vector in expectation. This is done by applying a stochastic projection
scheme I1, which is defined as follows:

¢ ife; > 1,
(Ilc), =<1 if¢; < 1 with probability c;, (3.17)
0 if¢; < 1 with probability 1 — ¢;.
Similarly to the matrix compression scheme described above, this procedure has the prop-
erty that increasing the 1-norm of the vector c lessens the effect IT has on it. A plot show-
ing an example of a vector compressed this way is shown in Fig. 4. The figure shows the
ground state eigenvector of the real space Bose-Hubbard Hamiltonian with N = 6 parti-
clesin M = 6 sites with an interaction strength of u/¢ = 6, which was normalized such
that ||c|| = 1000.
Finally, we combine matrix compression and vector compression to realise the stochas-

tically compressed operator T, defined by

Tc =11 (Z T:,iq») . (3.18)

Using the compressed operator T in place of T reduces the computational cost of a sin-
gle matrix-vector multiplication considerably. When there is a small region in the vector
where the coeflicients ¢; are high, with the rest of the vector very close to zero, the vector
compression scheme leaves the localised region mostly intact, while heavily compress-
ing the (less important) low-valued regions. Matrix compression also ensures that the

spawns from important, high-valued regions of the vector are performed essentially ex-
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actly, while the spawns from the low-valued regions of the vector are performed in a noisy
manner. A consequence of this is that FCIQMC works best when the ground state eigen-
vector of H is extremely localised. Where possible, the basis should be chosen so that the
ground state is localised in Fock space.

When using the stochastic algorithm, the target norm N; in Eq. (3.9) plays an impor-
tant role. By increasing NV;, the stochastic operation T c(™ tends towards its exact
counterpart, T™c(™ . Thus, simulations with higher N, will be less noisy, giving better
eigenvalue estimates, but be computationally more intensive. Setting a higher N; also
helps mitigate two issues present in stochastic FCIQMC, namely the population control
bias and the sign problem. The population control bias, which is always present, is dis-
cussed in-depth in Ref. [60]. It becomes apparent when the compressed vector is much
smaller than the size of the full address set and is related to the noise in the algorithm.
Several methods of mitigating it are available in Rimu.jl, as described in Secs. §3-3.4.2
and §3- 3.6.2. The other issue is the sign problem, which presents itself in Hamiltonians
with positive off-diagonal elements. When the compressed vector representation is too
small to fully capture the sign structure of the true eigenvector, FCIQMC converges to
the wrong eigenpair [57]. It can be overcome by using a N; above a critical value N, or be

traded for an (often small) bias with the initiator approximation [54].

3.4 Computing observables

The main output of an FCIQMC simulation in Rimu.jl are the time series of several quan-
tities. By default, at each step the algorithm will record the value of the shift S(™, the vec-
tor norm ||c(”) | and several diagnostic quantities. Additional observables can be calcu-
lated during the simulation in which case time series of vector-vector and vector-operator-
vector products will also be reported. The statsTools module in Rimu.jl contains a
range of functions for calculating observables from the time series after an FCIQMC sim-
ulation. Many of the convenience functions in the statsTools module are specific to
analysis for the FCIQMC algorithm and the typical Hamiltonian models studied, but the
underlying functionality is flexible and extensible.

For this section, we will refer to a simple problem using the one-dimensional Bose-
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Hubbard Hamiltonian of 6 particles in 6 lattice sites.

1 Jjulia> initial_address = near_uniform(BoseFS{6,6});
2 Jjulia> H = HubbardRealSpace (initial_address; u = 6.0);
The implementation of Fock addresses and Hamiltonians is explained in Section §3-3.6.

For now, we perform the simulation for 3000 time steps.

1 julia> last_step = 3000;
2 Jjulia> problem = ProjectorMonteCarloProblem(H; last_step);
3 julia> df = DataFrame (solve (problem));

The output df is a DataFrame [101] whose columns are the time series of the quantities
produced during the FCIQMC simulation. In the following sections, we will describe how

the time series are analysed to produce physically meaningful observables.

3.4.1 Time-series analysis

Even after equilibration, consecutive time steps of a QMC simulation are correlated, and
the data must be decorrelated to obtain accurate estimates. For a general stationary time
series quantity X, assuming ergodicity, the expected value (X) is the long-time limit of

the sample mean

(X) = lim X, (3.19)
Q—o00
where
1 Q
X==-9) x® 3.20
3 Zl : (3.20)

is the sample mean of a time series with € time steps. A quantity of primary interest is

the variance of the sample mean defined by

—9 JR—

> - <X>27 (3.21)

and the related standard error 0. This standard error quantifies the statistical uncer-
tainty we have about the position of the expected value, given a sample mean calculated

from a finite time series. Estimating the variance 0% from a given time series is compli-
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cated by the fact that nearby elements of the time series will typically be strongly corre-
lated in a QMC calculation, e.g. due to the fact that only a small step is performed in each
iteration.

The main method in Rimu.jl to remove correlations from time series uses the so-called

blocking analysis [106]. The variance of the sample mean can be expressed as

-1
Yo 2
QY - ﬁ Q Z:: (1 - _> Mt (3.22)

where vy, = (XO X)) — (XO) (X)) expresses the (unknown) correlation function of
the time series, which is expected to only depend on the difference t = |i — j|. The
blocking analysis works by transforming the time series iteratively, and reducing its cor-
relations, by re-blocking the data. At each iteration a new time series X' is built from

‘blocks’ which are the average of consecutive steps

X0 — (X(%’l) +X(2i)) _ (3.23)

N | —

The new time series has length ' = Q/2 while the sample mean X’ = X and variance
a% = 07 are unchanged. However, the correlation functions are altered (and reduced)
by the transformation Eq. (3.23) such that at each iteration the leading-order term ~{, /2
increases while the higher-order terms ¢t > 0 decrease. After some number of itera-
tions the size of the blocks will exceed the correlation time scale of the original data and
the blocks will be uncorrelated. At this point the leading-order term in Eq. (3.22) will
plateau (within random fluctuations) and higher-order terms will be negligible so that
0% =~ 7}/ is a good estimate. The blocking analysis also provides an estimate of the un-
certainty in 0% and in practice this uncertainty in o'% rises after the estimates for % have
plateaued. The detection of this plateau and the minimum number of blocking iterations
to achieve it are automated with the M -test [107], which detects when the higher-order
correlations, in particular +;, are indistinguishable from zero at a specified confidence
level.

In Rimu.jl the blocking analysis is provided by the bl1ocking_analysis function in

the statsTools module that can be applied to a time series:
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Figure 5: The M -test performed on points of synthetic data. Panel a) shows how the standard
error o g changes as the number of blocking steps & increases. Note that past k& = 8, the values
of 0 ¢ are equivalent up to their error bars, hence the M -test identifies k = 8 as the appropriate
level of blocking. The bottom panel b) shows the raw data with the calculated mean and blocked
standard error superimposed on it.

julia> correlated_ts = smoothen (randn(10_000), 128);

julia> blocking_analysis (correlated_ts)
BlockingResult {Float64}
mean = -0.0027 + 0.0095
with uncertainty of + 0.0007686451776019342
from 78 blocks after 7 transformations (k = 8).

~ oUW

See Fig. 5 for a graphical depiction of the M -test performed on this data.

3.4.2 Energy estimators

The simplest observable that can be calculated in an FCIQMC calculation is the expec-
tation value of the shift (S), which is an estimator of the ground state energy. The up-
date procedure Eq. (3.9) means that the shift behaves as a critically damped harmonic
oscillator on average. After the initial equilibration phase S is a stationary time se-
ries fluctuating about the expected value (S). Blocking analysis is sufficient to decorre-
late the data and obtain an energy estimator using the shift time series 5. This is the
most common analysis for FCIQMC so StatsTools has a convenience function called
shift_estimator for performing the blocking analysis on the output of a simulation.
This function automatically extracts the correct column from the output Dat aF rame and
performs a blocking analysis on the time series. For the output d £ of solving the

ProjectorMonteCarloProblem from the start of this section we have
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1 julia> shift_estimator (df; skip = 1_000)
2 BlockingResult {Float64}
3 mean = -4.0225 + 0.0034
4 with uncertainty of + 0.00021708770311760708
5 from 125 blocks after 4 transformations (k = 5).

Note the keyword argument to skip the first steps and avoid the equilibration phase.
While the shift estimator (S) is the easiest to calculate, there are other useful estima-

tors of the ground state energy, such as the projected energy

_ (y'Hc)

where y is a fixed reference vector. Different choices of y yield different energy estima-
tors or provide relations to estimate the population control bias [60]. A useful example
is the norm-projected energy where y = 1, which is a vector whose components have
unit magnitude and match the sign of the ground state eigenvector v,. Another is the
variational energy E,,, withy = (c). In addition to being estimators of the ground state
energy, these quantities are practical since in each case Eq. (3.24) is computable at each
step from the instantaneous vector and the Hamiltonian. For details see Ref. [60]. In
any case, the estimator Eq. (3.24) is obtained in two steps. First, for each time step, after
spawning and annihilation is finished the (compressed approximation of the) instanta-
neous vector c(™ and the Hamiltonian are used to separately calculate the numerator and
denominator of Eq. (3.24) as two time series. Second, the two output time series should
be combined to obtain Ey. This estimator is therefore a ratio of fluctuating quantities
and propagation of uncertainty must be performed carefully, particularly when the de-
nominator may be near zero due to fluctuations.

For a quantity of interest (X /Y') defined by two time series X and Y the sample means
X and Y define the mean value of the ratio r = X /Y. To estimate the error o, on this
ratio, first estimate ox and oy, either from the sample variances 0% = var(X) and
02 = var(Y), or better yet, from the blocking analysis on each time series separately.
These values and the covariance p = cov(X, Y') define a correlated normal distribution of
the ratio. This distribution is sampled using Monte Carlo methods provided by the Mon-
teCarloMeasurements.jl [108] package to determine the error o, on the ratio of means

r=X/Y.
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The calculation of ratio estimators is provided by the function ratio_of means in

the statsTools module.

julia> Xs = 2 .+ smoothen (randn (10_000), 128);
julia> ¥Ys = 1 .+ smoothen (randn(10_000), 64);

julia> ratio_of_means (Xs, Ys)
RatioBlockingResult {Float64,MonteCarloMeasurements.Particles{Float64, 2000}}
ratio = 1.96085 + (0.0205071, 0.0179696) (MC)
95% confidence interval: [1.92504, 2.00045] (MC)
linear error propagation: 1.96205 + 0.0193621
|[d_yl = 10.00868362| (< 0.1 for normal approx)
Blocking successful with 78 blocks after 7 transformations (k = 8).

QWO ~JO U W

[

The outputisaRatioBlockingResult which contains information about the ratio dis-
tribution. In order for this method to work the ratio distribution should be normally dis-
tributed which is a good approximation if the parameter dy = oy /Y is small (typically
< 0.1).

To calculate a projected energy during an FCIQMC simulation, first define a post-step
strategy which indicates how to use existing information to calculate additional quanti-
ties when solved. For example, we could choose the fixed reference vector to be the initial
vectory = (Ny,0,...), where N, is the initial number of walkers at the start of the sim-
ulation, (by default N,, = 10). That is, all walkers start on the initial Fock address, and all

other Fock addresses have zero walkers initially.

1 julia> initial_vector = default_starting_vector (H);
2 julia> post_step_strategy = ProjectedEnergy(H, initial_vector);

Then the simulation is re-run with this post-step strategy

1 julia> problem = ProjectorMonteCarloProblem(H; last_step, post_step_strategy);
2 julia> df = DataFrame (solve (problem));

The stat sTools module provides a convenience functionprojected_energy thatau-
tomatically extracts the correct time series from the output and calculates the ratio of

means.

1 julia> projected_energy (df; skip = 1_000)
2 RatioBlockingResult{Float64,MonteCarloMeasurements.Particles{Float64, 2000}}



CHAPTER 3. RIMU.JL: RANDOM INTEGRATORS FOR MANY-BODY QUANTUM

SYSTEMS 39
3 ratio = -4.02064 + (0.00195644, 0.00216691) (MC)
4 95% confidence interval: [-4.02469, -4.01672] (MC)
5 linear error propagation: -4.02066 + 0.00205069
6 |[d_y|l = 10.000765156| (< 0.1 for normal approx)
7 Blocking successful with 62 blocks after 5 transformations (k = 6).

The statsTools module provides other convenience functions for energy estimators
suchasvariational energy_estimator for calculating the variational energy, but
this estimator requires that the simulation is run with more than one replica, explained

in the next section.

3.4.3 General observables

In addition to estimators of the ground state energy, Rimu.jl is able to calculate general
observables. Since the instantaneous vectors are unnormalised we wish to calculate ex-

pected values of a general operator Q as a Rayleigh quotient

<@=%§% (3.25)

The implementation of the matrix representation Q will be discussed in Section §3- 3.6.2.
The Rayleigh quotient also depends on the state vector ¢ which will of course be approxi-
mated during a Monte Carlo simulation. However, even keeping an estimate of the entire
(i.e., uncompressed) vector can be computationally prohibitive when the Hilbert space
scales exponentially. Instead, here we discuss how the numerator and denominator of
Eq. (3.25) are computed via the replica trick, using multiple independent simulations.
For further details and demonstration of the effectiveness of this technique see Ref. [60].

In Rimu.jl an FCIQMC simulation can be run with R instances, or replicas, to be run
simultaneously and independently. Ateach time step, the FCIQMC algorithm propagates
vectorsca, A = 1,..., R. They are statistically independent in that cov(c4, cg) = 0 but
model the same system i.e., (c4) = (cg) = vq. For each pair of replicas (A, B) we
calculate the vector-vector dot-product C(X)Tcg) and vector-operator-vector dot-product
CXL)TQCSB"). These products are reported as time series so that the expected value (Q) is
then estimated as

R f
_ c,Qc
Q= 2a5) A—B, (3.26)

R
Z(A,B) CQCB

where the sample means - in the numerator and denominator are obtained with the block-
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ing analysis discussed in Section §3- 3.4.1and the overall estimator for () is obtained with
the ratio estimator discussed in Section §3- 3.4.2.

From Eq. (3.26) it is necessary to use at least two replicas and it can be beneficial to
use more. Due to random fluctuations and sparseness of the vectors c 4 the vector-vector
product for any one pair may be sampled close to zero. Using more than two replicas re-
duces the variance in the overall denominator of Eq. (3.26), which scalesas 1/1/R(R — 1)Q,
and thus the ratio estimator () also has smaller variance. However, the computational
cost of R replicas each running for €) time steps scales as RS2 and the cost of computing
dot products between replicas scales as R?. In practice, we find that R = 2, 3 or 4 is suf-
ficient in most cases for greatly improving the statistics of general observables without
ballooning computational cost.

For the simple Bose-Hubbard example in Sec. §3-3.2, we could calculate the two-body

correlation function

N

M
1
GP(d) = o > hilfia — doa) (3.27)

where dis the interparticle-separation, M isthe number oflattice sites and »; is the num-

ber operator for lattice site 7. First, the operators are defined in Rimu.jl for a few values

of d
1 julia> d_values = 0:2
2 julia> G21list = ((G2RealCorrelator(d) for d in d_values)...,);

See Section §3- 3.6.2 for how the operators are implemented. Next,aReplicaStrategy

is defined to run the simulation with two replicas:

julia> n_replicas = 2;

julia> replica_strategy = AllOverlaps (n_replicas; operator = G2list);

julia> problem = ProjectorMonteCarloProblem(H; last_step, replica_strategy);
julia> df = DataFrame (solve (problem));

DS w N

AllOverlapsisaReplicaStrategythatindicatesthatvector-vectorand vector-operator-
vector overlaps should be calculated between all pairs of replicas at each time step. Es-
timates for the two-body correlations are extracted from the output d £ with the conve-

nience function rayleigh_replica_estimator:
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julia> for d in d_values
r = rayleigh_replica_estimator (df; op_name = "Op$(d+1)", skip = 1_000);
println("G2($d) =", (r.f), " £ ", (r.o_f))

end

G2 (0) 0.21506270309323064 + 8.084576238283286e-5

G2 (1) 0.9164162344704037 4+ 3.322465208050791e-5

G2(2) = 0.981605515982267 + 4.056637600473594e-5

oYUl W

Note that the default column names for operator overlaps are 1-indexed but the d values
start at zero. This example began with a state with unit filling and high interparticle in-
teraction strength, so we see that the onsite correlation is low and correlations for d > 0
are close to 1, consistent with the Mott insulating phase of the Bose-Hubbard model.
Apart from defining additional operators for calculating observables, replicas are also
useful for energy estimators discussed in Section §3-3.4.2. For energy estimators that
can be obtained from a single replica, such as the norm-projected energy, time series
are calculated for each replica independently, providing more data. For the variational
energy estimator F.,, where the reference vector is the instantaneous vector y = (c) it

is not feasible to store c at every step during the simulation. Instead, E.,, is obtained by

using the average of the shifts, i.e. ¢/,Qcp = T(Sa+ Sp)cl cp for each pair of replicas
in (3.26). The convenience function variational_energy_estimator combines the

shift time series from all replicas to produce a ratio of means.

1 julia> variational energy_estimator (df; skip = 1_000)

2 RatioBlockingResult{Float64,MonteCarloMeasurements.Particles{Float64, 2000}}
5 ratio = -4.02149 + (0.00248037, 0.00245498) (MC)

95% confidence interval: [-4.02635, -4.01664]) (MC)

linear error propagation: -4.02163 + 0.00248588

|[d_y|l = 10.000943422| (< 0.1 for normal approx)

Blocking successful with 62 blocks after 5 transformations (k = 6).

~ oUW

Without multiple replicas variational energy_estimator will error.

Because this example is for a small system all three energy estimators obtain similar
estimates of the ground state energy £ = —4.02. For more realistic problems where the
Hilbert space is much larger than the number of walkers and the population control bias
can be significant, it is useful to have different estimators for estimating the ground state
energy. Typically, the variational energy estimator is nominally the best, but it requires
multiple replicas and is thus the most expensive to calculate. The projected energy esti-

mator is simpler to calculate, but is not useful when the sign problem is significant. The
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shift estimator is also easy to calculate but typically has a larger population control bias.

Which one is best depends on the problem and the available resources .

3.4.4 Reweighting

Finally, we briefly mention an advanced technique for analysing the time series produced
by FCIQMC simulations. As mentioned in Sec. §3- 3.3.2, the population control bias is al-
ways present when the size of the Hilbert space is much larger than the number of walk-
ers. Methods for dealing with the population control bias in FCIQMC are discussed in
detail in Ref. [60], including a procedure called reweighting, which is based on the meth-
ods of Ref. [87]. The idea is to consider an idealised FCIQMC procedure for a different
coefficient vector f) where the fluctuating shift S is replaced by a constant reference
energyin Eq. (3.8). The reference energy is arbitrary but in principle can be chosen so that
the population control bias is formally eliminated. In practice such a procedure would be
exponentially unstable, but £ can be approximated by a transformation of the usual
coefficient vector f(™) = w,(L”)c(”). The weights w,(L”) are designed to counter the effect of
fluctuations in the shift S, thus reducing the population control bias. The parameter
h controls the window over which the time series is altered. Importantly, the reweight-
ing procedure is not actually applied to the coefficient vector c¢(™ during the simulation
and instead the output time series of an ordinary FCIQMC simulation are adjusted by the
weights wé"). In principle, energy estimators can be constructed from reweighted time
series that are asymptotically unbiased as h — oo and §7 — 0. In practice the variance
grows as h becomes large, but for small i there can be an improvement in the population
control bias. The efficacy of the reweighting procedure for FCIQMC is explored more
thoroughly in Ref. [60]. Here we remark that the statsTools module contains conve-
nience functions mixed_estimator and growth_estimator to calculate energy es-
timators using the reweighting technique, and rayleigh_replica_estimator can
also use reweighting to reduce the effect of the population control bias on estimates of

observables.
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3.5 Exactdiagonalisation

While the main focus of Rimu.jl is quantum Monte Carlo, it also supports exact diag-
onalisation through wrappers to KrylovKit.jl [102], Arpack.jl [109, 110], and Iterative-
Solvers.jl [111]. The diagonalisation can be performed in two ways — through explicitly
building a sparse matrix, and through matrix-free methods. Both methods are exposed
to the user through an interface based on CommonSolve.jl [100].

The sparse matrix methods are straightforward; the Hamiltonian is converted to a ma-
trix and passed to the solver. To convert an operator to a sparse matrix, we treat it as a
graph whose vertices correspond to the basis elements and its edges correspond to non-
zero off-diagonal elements of the operator. We then walk the graph in a parallel breadth-
first search and record all encountered off-diagonal elements in a list that is later con-
verted to a matrix. Converting a Hamiltonian to a matrix is only feasible with small prob-
lems, as the matrices quickly grow too large to store in memory, even if they are sparse.

For use with matrix-free methods, the Hamiltonian is wrapped in a way that follows
the interface from LinearMaps.jl [112]. This allows us to multiply the Hamiltonian with a
standard Julia vector much like one would a Mat rix. An operator-vector product w =

Hyv is then executed by calculating each element of w as
w; = Hi,:V, (328)

where H; . is the i-th row of H. This can be performed in parallel for each index . Since in
this case i are integers and Rimu.jl operators are indexed by Fock addresses, a translation
layer is used to convert between them, and the off-diagonal elements of H are generated
onthe flyasdescribed in Sec. §3- 3.6.2. While these matrix-free methods are much slower
than the methods employing sparse matrices, we only need to store the vectors and the

translation layer in memory, which allows us to solve much larger problems.

3.6 Data structures

In Rimu.jl we refer to Fock addresses that are compact representations of many-body
states and form the basis for the coefficient vectors c. Because the basis is so large for typ-

ical many-body problems we need to store the coefficient vectors as sparse vectors that
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can be indexed by Fock addresses. Operators that act on the vectors, including Hamil-
tonians, are also indexed by Fock addresses but without storing the matrix elements in
memory. Efficient realisation of vector-vector and matrix—vector products depends on
the implementation of these key data structures. In this section we discuss Fock space ad-
dressesin Sec. §3- 3.6.1, Hamiltonians and other operators in Sec. §3- 3.6.2 and vectors in
Sec. §3-3.6.3. Finally, in §3- 3.6.4 we discuss how a matrix-vector product is parallelised
and distributed.

For a more thorough treatment of the types and interfaces, as well as usage examples,

please consult the project documentation'.

3.6.1 Fock state addresses

Rimu.jl is primarily designed to work with quantum many-body Hamiltonians. To rep-

resent them as matrices, we use a Fock basis

M
1 i
10, 72, .y ag) = H—<aj) [vac) , (3.29)
i=1 VY nil

where ! is the creation operator for either a boson or a fermion, N = >>¥ n, is the
number of particles, M is the number of modes (sites) indexed by ¢, and |vac) is the vac-
uum state with no particles. In Rimu.jl, a Fock statemaybea SingleComponentFockAddress
,or a CompositeFs. The former is used to represent a single component of bosons or

fermions and includes the following concrete types
« BoseFS{N,M}: Bosonic Fock states with a fixed number of particles NV in A/ modes.

« FermiFS{N,M}: Fermionic Fock states with a fixed number of particles N in M

modes.

« OccupationNumberFs{M}: Bosonic Fock state with A/ modes. The particle num-
ber is not part of the type specification but run-time data for this type. This type is

useful for Hamiltonians that do not conserve particle number.

The remaining type, CompositeFs{M} isused to represent an arbitrary mixture of single-

component addresses with M modes.

"https://RimuQMC.github.io/Rimu.jl/stable/
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Since we want to work with very large vectors, it is extremely important to have com-
pact representations of bosonic and fermionic Fock states available. To achieve this, BoseFs
and FermiFs are represented either by bitstrings, or sorted particle lists. Which repre-
sentation is used is determined automatically at compile time, depending on which one
is more compact. The bitstrings are packed into unsigned integers of appropriate size,
e.g.a9-bitbitstring would be stored in a 16-bit integer. If the number of bits is larger than
64, an appropriate number of 64-bit integers is used. The sorted particle list is a sorted
sequence of integers, where each integer represents a particle, and its value represents
the mode the particle is in. The width of the integers is determined automatically to allow
for the specified number of modes M and the list is kept sorted to ensure a one-to-one
correspondence between the data structure and Fock states, which represent indistin-
guishable particles. Sorted particle lists are used only when M > N.

Fock states are constructed by either passing the occupation number representation

to the appropriate constructor:

1 julia> BoseFS (0, 3, 0)
2 BoseFS{3,3}(0, 3, 0)

or by specifying the number of modes followed by (position, occupation number)-pairs:

1 Jjulia> BoseFS (3, 2 => 3)
2 BoseFS{3,3}(0, 3, 0)

In some cases, Fock states are printed in a compact string representation. This output

can be copied back to the Julia REPL and used as a constructor:

julia> print (IOContext ( , :compact=> ), BoseFS (0, 3, 0))
£s"|0 3 0)"

julia> £s"[0 3 0)"
BoseFS{3,3} (0, 3, 0)

In the bitstring BoseF's representation, a sequence of ones is used to represent the
number of bosons in a mode, and zeros are used as separators between modes. This rep-

resentation requires N + M — 1 bits.
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1 julia> bitstring(BoseFsS (1, 0, 1))
2 "1001"
3 julia> bitstring(BoseFS(0,2,3,4,0,1))
4 "100111101110110"

Note that the bitstring is stored in reversed order.
Fermionic addresses behave in largely the same way as the bosonic ones, but do not

allow for more than one particle in the same mode.

julia> FermiFS(1, 0, 1)
FermiFs{2,3} (1, 0, 1)

julia> FermiFS(3, 1 => 1, 3 => 1)
FermiFS{2,3} (1, 0, 1)

julia> FermiFS (2, 0, 1)
ERROR: ArgumentError: Invalid ONR: may only contain 0Os and 1ls.

O Ul WM

AFermiFs bitstring is simple — each bit in the bitstring represents a mode and its value
indicates whether the mode is occupied or not. This requires M bits to store the state

regardless of particle number.

julia> bitstring(FermiFs(1, 0, 1)

"101"

julia> bitstring(FermiFs(i, 0, 1, 0, 0, 1, 1)
"1100101"

S W N -

The non-particle number-conserving Occupat ionNumberFs uses a different repre-
sentation. This type of address is represented by a sequence of M integers, each repre-
senting the occupation number in a given mode. The width of these integers determines
the maximum number of particles allowed per mode. It defaults to UTnt 8, which allows

for a maximum of 255 particles per mode.

julia> OccupationNumberFS (1,2, 34)
OccupationNumberFS{3, UInt8} (1, 2, 34)

julia> OccupationNumberFS{4,UIntl6} (1, 2, 256, 511)
OccupationNumberFS{4, UIntlé6} (1, 2, 256, 511)

ads W

For mixtures, CompositeFs is available. It is a container that holds any number of
other addresses with the same mode number M. It can be constructed by passing other

non-composite addresses.
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1 julia> composite_address = CompositeFsS (
2 BoseFsS (1, 0, 1),

3 FermiFs (1, 0, 1),

4 FermiFS (0, 1, 0),
5

6 CompositeFs (

7 BoseFS{2,3} (1, 0, 1),
8 FermiFs{2,3}(1, 0, 1),
9 FermiFS{1,3} (0, 1, 0),
10 )

To make writing operators that act on the Fock states more convenient, theexcitation

function is provided. As an example, suppose that we want to apply
alas (3.30)
to the fermionic Fock state [1001101), ie. a particle in mode 5 is moved to mode 3. In

code, this is done as follows. First, we define the state

1 julia> state = FermiFS(l1, 0, 0, 1, 1, 0, 1);

Next, we use the find_mode function to get pointers to the 3rd and 5th sites in the ad-

dress.

1 julia> i, j = find_mode (state, (3, 5));

Finally, we apply the excitation function, which takes as its arguments the state and
the modes where particles are to be created and annihilated. The new state and the value

associated with applying the operator are returned:

1 julia> excitation(state, (i,), (J,))
2 (FermiFs{4,7}(1, 0, 1, 1, 0, 0, 1), -1.0)

Using multiple dispatch, these tools can be used to write functions that will work on both
fermionic and bosonic addresses and will take fermionic antisymmetry into account.
Note that the same function can be used for excitations that involve any number of par-

ticles.
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3.6.2 Hamiltonians and operators

Hamiltonians, conceptually, can be represented as matrices (of, possibly, enormous size)
with elements that are the overlap integrals of the Hamiltonian operator between the
states of the Fock basis. For problems where the state is represented by a very large vector,
which may itself only represent a subset of an even larger Hilbert space, it is impractical
to represent operators in the standard way using dense (or sparse) matrices. To use an
operator A with matrix-free linear algebra routines [102, 109, 111] and FCIQMC, only two
operations are required, performing the operator-vector product A |¥) and stochasti-
cally selecting an element from a matrix column with known probability.
In Rimu.jl, thisis implemented with the operator column (2, 7) function, which,
conceptually, represents
Algy =1y (il Alg) (3.31)
i
where j is the column address and i represents all reachable addresses with non-zero ma-
trix element (i|A|j). When computing the elements in a column for an operator that can
be written in second quantized form, reachable addresses i and matrix elements (i|A|)

can be efficiently computed on the fly from ;. Then, the product of A with a state |¥') can

be written as

AD) = ZAW () . (3.32)

This can be evaluated without storing the matrix elements (i|A|j) in memory, which can
reduce the memory requirements of exact diagonalisation routines by orders of magni-
tude, allowing us to study systems much larger than would otherwise have been possible.
Stochastic sampling is similar — the sampled matrix element (i| A|;) and address i can
be generated directly from the address j.

When an operator is only intended to be used as an observable, generating the column

is not required. Instead, we allow for the direct definition of the overlap
(D|A|D) (3.33)

in terms of the Julia dot function. To facilitate the two use-cases of operators in Rimu.jl,

we define the following type hierarchy:
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1 AbstractHamiltonian <: AbstractOperator <: AbstractObservable

The Abst ractObservable isthe most permissive type and only supports three-argument
dot products dot (: :AbstractDVec, ::AbstractObservable, ::AbstractDVec
) . The nexttype, Abst ractOperator, allows the generation of diagonal and oft-diagonal
elements from a given Fock state. Dot products, vector-operator products and conver-
sion to Julia (sparse) matrices are implemented for Abst ractOperator. The last type,
AbstractHamiltonian,isused for model Hamiltonians and implements the interface
of AbstractOperator,aswellas starting address, which returns a Fock state ad-
dress. This address is used to start an FCIQMC computation and defines the address type
and the Hilbert (sub)space in which the operator is represented. While we have defined
the operators in terms of Fock states, Rimu.jl is agnostic to what the basis of its operators
is. Addresses can in principle be of any type.

As an example, consider the 1D Bose-Hubbard model with strong interactions and 12

particles in 12 sites as seen in the example (see Sec. §3-3.2).

1 3julia> hamiltonian = HubbardRealSpace (near_uniform(BoseFS{12,12}); u=6)

While the hamiltonian represents a matrix of size 1,352, 0782, only 24 bytes are re-

quired to store it in memory:

julia> dimension (hamiltonian)
1352078

julia> sizeof (hamiltonian)

24

SN -

The only things stored in the Hamiltonian object are the starting address, its parameters,
and information about its geometry.

The matrix elements of the Hamiltonian can be accessed through the operator column
function, which returns an object representing a matrix column indexed by a given ad-

dress

1 julia> column = operator_column (hamiltonian, near_uniform(BoseFS{12,12}))
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The column can then be used to extract the diagonal element

1 julia> diagonal_element (column)
2 0.0

and a lazy iterator over the off-diagonal elements

1 julia> ods = offdiagonals (column)

2 24-element Rimu.Hamiltonians.HubbardRealSpaceColumnOffdiagonals{Float64, BoseFS{
12, 12, BitString{23, 1, UInt32}}, CubicGrid{l, (12,), ( )}, Tuple{Rimu
.Hamiltonians.HubbardRealSpaceComponentData{Float64, 1, 1, CubicGrid{l, (12
o )e ,)}, BoseFS{12, 12, BitString{23, 1, UInt32}}, BoseFS{1l2, 12,
BitString{23, 1, UInt32}}, Rimu.BitStringAddresses.ModeMap{l2, BoseFSIndex}
Pr}e

3 fs"|021111111111)"=>-1.4142135623730951

4 fs"|1 0211111111 1)" =>-1.4142135623730951

5 fs"|110211111111)"=>-1.4142135623730951

6 fs"|1 11021111 111)" =>-1.4142135623730951

7 :

8 fs"|1 1111111201 1)"=>-1.4142135623730951

9 fs"|1 1111 1120 1)" =>-1.4142135623730951

10 fs"1 11111111 120)"=>-1.4142135623730951

offdiagonals here represents all the non-zero elements in the column of the matrix
representation of the Hamiltonian except the diagonal element. While the structure re-
turned by of fdiagonals can be used as a Julia array, it is lazily generated on the fly
and as such does not require allocating any memory on the heap. The other way to access

off-diagonal elements is through random sampling:

1 julia> random_offdiagonal (column)
2 (BoseFs{12,12}(1, 1, 1, 1, 1, 1, 1, 1, 0, 2, 1, 1), 0.041666666666666664, —1.4
142135623730951)
This returns the connected address, the probability with which it was selected, and its

value. The functions presented here give us enough information about the Hamiltonian

to perform exact and sampled matrix-vector products.

3.6.3 Dict Vectors

Since the Hamiltonians we are interested in operate on vectors that are not indexed by in-
tegers, standard (sparse) vectors are not a good fit for Rimu.jl. Instead, we use a dictionary-
like structure to represent them. The available implementations of vectors fall under the

AbstractDVec supertype and generally behave like Julia dictionaries, but will return
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zero when indexed by an address that is not stored. They can be used in linear algebra
operations involving Abst ract Hami1tonians, which were described in more detail in
Sec. §3-3.6.2. Additionally, they hold a stochasticstyle, which tells Rimu.jl how to
apply an operator stochastically. Currently, there are three concrete implementations of
vectors available: Dvec, InitiatorDvVec, and PDvec.

The most basic form of AbstractDvec is the Dvec, which is a thin wrapper over a
standard Julia dictionary and only supports single-threaded operations. As an example,

consider a DvVec, which is constructed with one or more address => value pairs:

1 julia> dvecl = DVec(BoseFS(1,1,1,1) => 1.0, BoseFS(2,0,2,0) => -1.0)

2 DVec{BoseFS{4, 4, BitString{7, 1, UInt8}},Float64} with 2 entries, style =
IsDeterministic{Float64} ()

3 £s"|2 0 2 0)" => -1.0

4 £s"|1 1 1 1)" => 1.0

As mentioned above, it can be indexed much like a dictionary, but will return zero if the

requested key is not stored.

julia> dvecl[BoseFS(1, 1, 1, 1)
1.0

julia> dvecl[BoseFS(4, 0, 0, 0)]
0.0

s W N -

The vector can be multiplied with an operator using the standard multiplication function

orits in-place counterpart LinearAlgebra.mul !:

1 julia> hamiltonian = HubbardMomlD (BoseFS(1,1,1,1))
2 HubbardMomlD (fs"|1 1 1 1)"; u=1.0, t=1.0)
3
4 julia> dvec2 = hamiltonian * dvecl
5 DVec{BoseFS{4, 4, BitString{7, 1, UInt8}},Float64} with 16 entries, style =
IsDeterministic{Float64} ()
6 £s"|4 0 0 0)" => -0.612372
7 £s"|2 2 0 0)" => 1.0
8 £s"|3 0 1 0)" => 0.612372
9 £s"|1 2 1 0)" => -0.707107
10 £s"]|2 0 2 0)" => -2.5
11 £s"|0 2 2 0)" => 1.0
12 £s"|1 0 3 0)" => 0.612372
13 £s"|0 0 4 0)" => -0.612372
14 £s"|2 1 0 1)" => -0.353553
15 £s"|0 3 0 1)" => 0.612372
16 £s"|1 1 1 1)" => 3.0
17 £s"]0 1 2 1)" => -0.353553
18 £s"|2 0 0 2)" => 1.0
19 £s"|1 0 1 2)" => -0.707107
20 £s"|0 0 2 2)" => 1.0
21 £s"]0 1 0 3)" => 0.612372
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23 Jjulia> dvec3 = similar (dvecl)
24 DVec{BoseFS{4, 4, BitString{7, 1, UInt8}},Float64} with 0 entries, style =
IsDeterministic{Float64} ()

25

26 julia> mul! (dvec3, hamiltonian, dvecl);
27

28 julia> dvec3 == dvec2

29

Hamiltonians together with dict vectors (see Sec. §3- 3.6.2) allow for a wide range of linear
algebra operations. The list includes (but is not limited to) vector-operator-vector dot-

products, matrix-vector multiplication (and its in-place version with mu1!).

julia> dot (dvecl, dvec2)
3.0

julia> dot (dvecl, hamiltonian, dvecl)
3.0

julia> norm(dvec2)
3.8078865529319543

julia> sum(dvec2)
9.449489742783177

P OWoW-JoyUr b W
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3.6.4 Parallel operations on vectors

The remaining implementation of AbstractDVec is PDVec, which allows for parallel
and distributed operations and is the default choice on multi-core and/or distributed sys-
tems.

For most use-cases, a PDVec is used in the same manner as a Dvec, while many oper-
ations performed on it are automatically parallelised. Parallelisation is achieved by split-
ting the storage of the vector into k segments (each being a Julia dictionary) where £ is
the number of threads available on the system. Then, each (address, value) pair is stored
in the segment determined by the hash function of the address. Mathematically, we can

think of a PDVec p as being split into subvectors p* with disjoint support

p=> p¥. (3.34)

Then, any element-wise operation on p including reductions can be performed on each
subvector independently. This allows for parallelisation of many functions, such as sums,

dot products, vector compression, or any operation defined in terms of mapreduce. The
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Figure 6: A diagram showing a parallel (multi-threaded) operator-vector product Tc(™) . Segmen-
tation of the working memory allows for fully parallel processing without race conditions as each
core operates on its own memory segment. The operation is performed in two phases. First, the
operator T is applied to each segment of c(™) with the result stored column-wise in the work-
ing memory W. Then, the segments in W are summed row-wise, (optionally) compressed, and
stored to the result vector c("*1). The diagram shows a vector split into four segments, which
would allow both phases to be performed in parallel on four CPU threads.

matrix-vector multiplication, can also be performed segment-wise as

k
Tp=>» Tp®. (3.35)

i=1
However, since the supports of Tp(” are no longer disjoint, performing the sum is not
possible until all threads are finished. To avoid this issue, a working memory data struc-
ture I is introduced. W is a k x k array of dictionaries in which each of its rows and
columns is organised in the same way as the vector p. The intermediate result Tp¥ is
stored in the i-th column of the working memory. Finally, to perform the sumin Eq. (3.35),
the rows of W are summed, which can again be done in parallel. A schematic of this pro-
cess is shown in Figure 6.

Rimu.jl also supports distributed computing using the MPI [56] standard through MPL.jl [113].
In a distributed scenario where there are » MPI ranks with k& threads each, the storage of

apDVec isdivided into rk segments, of which k are stored on each rank. Performing op-
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erations on the vector is similar to as described above, except that MPI synchronisation is
performed on every reduction or matrix-vector multiplication, and the working memory

isnowanrk x k array.

3.7 Numerical results

3.7.1 Semistochasticity and vector compression styles

In this section, we discuss how changing the details of the matrix and vector compression
algorithms affects the result of an FCIQMC calculation. Specifically, we look at two ways
the algorithm described in Sec. §3- 3.3.2 can be modified in Rimu.jl.

To provide a quantitative comparison, we will look at a measure of statistical efficiency,

which is based on one introduced in Ref. [93]. We define it as
f = (o200)™ (3.36)

where o g is the (blocked) error estimate of the mean of the shift, €2 is the number of time
steps (not including the equilibration phase), and ¢ is the median of the wall time taken
to perform one FCIQMC step. Note that this definition differs from the one defined in
Ref. [93] in the inclusion of the median of the wall-time in the measure. We include it
because changing the compression algorithm often results in better statistics at a cost of
more CPU time required per step. All measurements in this section were performed as
single-threaded computations.

Late and early compression — In Sec. §3- 3.3.2, we apply the stochastic vector projection
operator IT after the stochastic operator T has been sampled and the contributions from

the different parts of the input vector c have been summed, i.e.,

Tc =11 (Z TIg) . (3.37)

We will refer to this approach as late compression. An alternative (standard [53, 97]) ap-
proach, which we call early compression, is to apply the compression operator to each
spawn individually as

T'c=>) TT.c. (3.38)

These approaches are equivalent on average. The only difference between them is whether
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Figure 7: The effect of late compression on the sign problem. The plot shows (a) the mean of the
shift (S) and (b) the statistical efficiency of the shift f((S)). The FCIQMC computations were
performed with a momentum space Bose Hubbard model with N = 10 particles in M = 10
momentum modes with strong interactions at u = 6 and a hopping strength of ¢ = 1. Each
point in the plots is an average obtained from a time series of 107 steps at §7 = 103, where the
first 10° steps were discarded.

annihilation is done before or after compression. Because of this, early compression is
more efficient to compute, while late compression produces better statistics.

The results of comparisons between the two vector compression algorithms are shown
in Figs. 7 and 8. We note that in all cases, applying compression late has the effect of
reducing error bar size, while increasing the runtime per step. These competing effects
appear to provide an overall benefit when the FCIQMC instantaneous vector is peaked
significantly. This can be explained by the fact that there, configurations in the vector
with small coefficient values are allowed to spawn to larger ones uncompressed. On top

of that, several small spawns hitting the same configuration are compressed less severely
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Figure 8: The effect of the relative semistochastic threshold ) and late compression on the statis-
tical efficiency of the shift f((S)), the median time per step ¢, and the (blocked) error bar size o 5.
The FCIQMC computations were performed with a real space Bose Hubbard model with N = 12
particlesin M = 12 modes with strong interactionsatu = 6 and ahoppingstrengthoft = 1. The
horizontal dashed lines represent a setting of ¢,,; = 00, i.e., no semistochasticity. The gray verti-
cal dotted line represents a threshold where all of the spawns in the FCIQMC run are performed
exactly.

than they would have been otherwise.

When the system has a sign problem (Fig. 7), the difference between the two meth-
ods is dramatic. There, we notice that by applying late compression, the sign problem is
overcome at a smaller value of /V; and the statistical efficiency is increased considerably.
Reducing the relative semistochastic threshold ¢, increases statistical efficiency further,
but does not appear to affect the sign problem at all. Panels (c) and (d) show a similar re-
sult with projected energy F, with a simple single-configuration projector. There, we see
the error bars drop drastically once the sign problem is overcome, while the statistical ef-
ficiency follows a pattern similar to what is shown in panel b). In such cases, applying
compression late is strictly better than applying it early.

Semistochastic threshold— In Eq. (3.16), we note that we perform an exact spawning step
if the coefficient value ¢; is larger than the number of non-zero oft-diagonal elements in a
column of the matrix T. This can be modified by introducing a semistochastic threshold

t.e1 and performing the exact step if ¢;t,e) > m;. Setting a lower value ¢, forces the algo-
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rithm to take more exact steps, which reduces the noise in the algorithm, while setting
a higher value is more time-efficient. These competing effects cancel favourably, and a
larger statistical efficiency is achieved, as shown in Fig. 8. However, this is highly Hamil-
tonian dependent and the effects are not always as dramatic as those presented in Fig. 8.

The default value of t,,; = 1 often works well enough in practical situations.

3.7.2 Performance benchmarks

In this section, we present performance benchmarks that demonstrate how FCIQMC
computations scale when a large number of threads or computer nodes is utilised. All
presented benchmarks were performed with the two-dimensional Bose-Hubbard model
with NV = 36 particlesin M = 6 x 6 sites, an interaction strength of u = 1 and a hopping
strength of ¢ = 0.1 modified with a Gutzwiller importance sampling ansatz [88]. This is
a system in the superfluid regime, where the ground state wavefunction is spread out
across the Hilbert space, making it a somewhat difficult problem for FCIQMC to solve.
The dimension of the Hamiltonian in question is 7.97 x 10%!.

Single-node multithreading — Figure 9 shows the result of the first benchmark, where
we measure the multithreading scaling on a single computer node. The number of walk-
ers was set to V; = 107. In each benchmark, we perform a 25,000-step equilibration,
after which we measure the wall-time it takes to perform 50,000 steps. Then, each such
benchmark is repeated 8 times, and the average and standard deviation between the 8
runs is reported. As seen in Fig. 9, the scaling is favourable — 32 threads presents a 20-
fold speed-up compared to a single-threaded computation, performing over 112 steps per
second on average.

Multi-node parallelism — For measuring how Rimu.jl performs in a multi-node distributed
setting, we employed the resources of the Frontier supercomputer at the Oak Ridge Na-
tional Laboratory. There, each compute node consists of a 64-core AMD Optimized 3rd
Gen EPYC CPU, with 56 allocatable cores under the so-called low-noise mode layout, i.e.,
8 CPUs are reserved system processes. We have performed the benchmarks on the same
6 x 6 Bose-Hubbard model described above, but have used much larger numbers of walk-
ers, up to 5.6 x 10 in total.

Strong scaling — For the first test, we look at strong scaling. It measures how using
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Figure 9: Scaling of shared memory parallelism. The speed-up relative to one thread for a mul-
tithreaded FCIQMC computation. The dashed black line shows the ideal linear scaling. In this
regime, the speed-up is roughly linear with a slope of 0.61.
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Figure 10: Scaling of multi-node parallelism. (a) The speed-up relative to 2 nodes of the aver-
age wall-time for performing a single FCIQMC step with Rimu.jl with 10 walkers using up to
256 nodes with 14,336 processors. The dashed line shows the ideal linear scaling. (b) The weak-
scaling tests from the average wall-time for performing a single FCIQMC step. The main plot
shows the relative work done, which is the number of walkers processed per time unit compared
to the computation running on two nodes. The dashed line shows the ideal scaling. The inset
shows the scaling efficiency calculated as (walkers processed on N nodes)/(N/2 x walkers pro-
cessed on 2 nodes) in a fixed amount of time.

more computing power affects the time it takes to get a solution. Ideally, increasing the
computational resources by a factor of N would yield an N-fold speed-up. We present
the results of benchmarks performed with 10° walkers in Fig. 10(a). While the obtained
speed-up trails the ideal scaling, Rimu.jI's performance maintains a general upward tra-
jectory with no visible plateau.

Weak scaling — In the second test, we look at weak scaling. Here, both the size of the
problem and the computational resources increase at the same rate. An algorithm that
scales ideally would take the same amount of time for all samples taken this way. In this
case, we have set Rimu.jl to use 5,600,000 walkers per node and we have run the bench-

marks on up to 1000 nodes. In Fig. 10(b), we present the scaling results. We again see
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less than ideal scaling, however the amount of work done is increasing steadily even up
to 1000 nodes. There, we see a six-fold slow-down, which corresponds to the efficiency
dropping to around 0.16 for the largest calculations.

The observed reductions in efficiency for these very large calculations could be due to
a number of different issues. Time spent on communication and copying data between
the nodes is a potential contributing issue that will get worse when the number of nodes
is increased. However, we assume that the most important issue is the unequal distribu-
tion of workload between the parallel nodes and processes. In order to perform walker
annihilations in the FCIQMC algorithm, all nodes are synchronised in each time step,
i.e. all nodes must wait for the slowest. In the current implementation, the distribution
of configuration-coefficient pairs to the nodes (determining the workload) for processing
is done passively through a hashing process, i.e. by (pseudo) random assignment.

The scaling benchmarks of this section show that significant performance gains could
be obtained by optimising the code for large-scale computations. We expect that the
largest improvement could be gained by an implementation of active load-balancing,
which hasimproved the efficiency forlarge-scale computations with similar codebases[97,
98]. However, for many research-grade projects, such large calculations are not neces-
sary and single or few-node calculations suffice. The Rimu.jl codebase runs efficiently
with such smaller computations running on a single or a small number of nodes. The re-
sults published in Refs. [81-84, 104] were all generated using Rimu.jl with such smaller

computations.

3.8 Conclusion and outlook

We have presented Rimu.jl, a Julia package thatimplements quantum mechanical Hamil-
tonians and allows us to diagonalise them exactly or with the full configuration interac-
tion quantum Monte Carlo (FCIQMC) algorithm. By utilising Julia’s rich type system to
encode the Fock states, Hamiltonians, and vectors, we are able to solve problems much
larger than would have been possible with standard linear algebra algorithms. In addi-
tion, the code can be used on parallel and distributed systems. We have discussed the

FCIQMC algorithm, key implementation details of the package, and presented bench-
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marks performed on a large-scale distributed system.

Rimu.jl currently supports Hamiltonians for lattice problems in real and momentum
space with on-site and extended interactions, continuum momentum space and transcor-
related [103] Hamiltonians, harmonic oscillator basis and the Frolich polaron Hamiltoni-
ans. AMolecularHamiltonian type for performing quantum chemistry calculations
and alink to the quantum chemistry package ElemCo.jl [114] were recently added through
a Google Summer of Code project [115]. Some implemented observables include density-
density correlations, reduced density matrices and momentum density. Future work
could include new Hamiltonians such as spin-orbit coupling systems or hardcore boson
Hamiltonians. While these would require the definitions of new Fock state types, such
additions are easy to make either as part of or outside of Rimu.jl due to the design of the
package combined with Julia’s multiple-dispatch and just-in-time compilation capabili-
ties. Some features of Rimu.jl include excited state calculation [94], the initiator approxi-
mation [54], importance sampling [87, 88], and thread-parallel and MPI-distributed [56]
calculations. Future work may include extending the algorithm with modern features
like the adaptive shift method [86], preconditioning [89, 90], or improved load balanc-
ing. A Rimu.jl extension for importance sampling and variational Monte Carlo is avail-
able through the (currently unregistered) Gutzwiller.jl* package.

The package is under active development with new Hamiltonians, observables, and
features being added regularly. Please consult the project documentation’ for an up-
to-date list of available Hamiltonians and features. The project is open-source and is li-
cenced under the MIT licence. Contributions from the community in the form of issues

or pull requests with code for bug fixes or new features are welcome.
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CHAPTER

The sign problem in full configuration
interaction quantum Monte Carlo

4.1 Origin of the sign problem

For most Hamiltonians, in FCIQMC, the sign problem manifests when the number of
walkers (i.e., the I-norm of the coefficient vector) employed is small. Once the FCIQMC
iteration described in Eq. (3.7) is in equilibrium, the value of any specific coefficient in an
FCIQMC vector ¢; depends on the sum of contributions (“spawns”) from many other co-
efficients. Due to vector and matrix compression, only a subset of these contributions
reaches ¢; in one step of the procedure, with possibly vastly exaggerated amplitudes.
If these contributions have differing signs that are supposed to cancel out (annihilate),
this may result in ¢; having the wrong sign. This sign error then propagates to the next
FCIQMC step and eventually causes the entire vector to have entries with arbitrary, fluc-
tuating signs. This “sign problem” is exacerbated when the number of walkers is low, since
then, fewer contributions are sampled in each step. However, if the number of walkers
is large enough that the sign is accurately reconstructed in at least a significant subset of
Hilbert space, the sign problem is overcome.

Already in the original FCIQMC paper [53], it was noted that if population control is
turned off (i.e., the shift is not updated), the growth of the walker number will go through
two distinct phases as the simulation progresses. First, the walker number grows expo-
nentially until suddenly slowing down. Then, the growth starts again, but at a lower rate.
At the point of the growth slowing, annihilations become efficient and the sign problem

is overcome. A plot showing the walker number growth as a function of the time steps
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Figure 11: The annihilation plateau as seen in FCIQMC without the shift update. The plot shows
the walker number (1-norm of the FCIQMC vector) for the first 400 steps of a computation, which
was performed with a I-dimensional Bose-Hubbard model formulated in momentum space with
10 particles on 10 sites and strong interactions U/t = 6.

is presented in Fig. 11. In the literature, the shoulder seen on the plot is referred to as
the annihilation plateau [53], and the regime where the sign problem was overcome is
termed “above the plateau”. In the regime below the plateau, estimators of energy and
observables yield unphysical results with a lot of noise, while above it, they agree with
the correct values. It was shown in Ref. [57] that an unphysical solution is sampled if an-
nihilations are absent. We explain the exact mechanism behind this later in this chapter.
It has also been noted that this behaviour, where the FCIQMC result changes at a criti-
cal number of walkers, is reminiscent of a continuous phase transition, where the walker
number behaves as an inverse temperature and the two regimes behave analogous to two
phases of matter [58].

The number of walkers required to overcome the sign problem scales with the Hilbert
dimension of the problem and as such, the computational complexity of finding the ground
state for a Hamiltonian with a sign problem grows exponentially with system size [59,
116]. This is in contrast with sign problem-free Hamiltonians, where the scaling is poly-
nomial, since there is no threshold number of walkers that must be reached. A relevant
special class of sign problem-free Hamiltonians are stoquastic Hamiltonians, which are
Hamiltonians with no positive off-diagonal elements [117]. Because the Hamiltonian is
negated in the FCIQMC transition operator (see Eq. (3.8)), all spawns from a stoquastic

Hamiltonian have the same signs as their parent. Therefore, if we start the FCIQMC com-
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putation from a vector of constant sign, the sign stays consistent throughout the compu-
tation and sign problem can not appear. An example of a stoquastic Hamiltonian is the

Bose-Hubbard model formulated in real space, as presented in Sec. §2-2.1.

4.1.1 Sign coherence

Before we present how FCIQMC reacts to changing the target number of walkers, we
want to define a quantity that will allow us to quantify the degree to which the sign prob-
lem is present. We define the notion of sign coherence, which we will use as an indicator
of whether the sign problem was overcome. The coherence between the vector ¢ and a

reference vector v is defined as follows.

1
C = 7 Z sgn(c;) sgn(v;) , 4.1

where ¢ denotes the number of non-zero elements in c. Avalueof C = 1 (C = —1)
implies all the sign of all non-zero entries in ¢ match those in v (—v), while avalue of C' =
0 implies the signs of ¢ and v are entirely uncorrelated. In our case, we will always set v
to the true ground state eigenvector of H. When used like this, the coherence measures
the degree to which the signs in the instantaneous vector ¢ are correct — a non-zero
value of C' implies at least some of the signs in c are correct. Note that this is true for both
positive and negative values of C, as both v and —v are valid ground state eigenvectors of
H. This measure of coherence is similar to the one introduced in [57]. There, the authors

present a few different measures, which all display similar behaviour.

4.1.2 Anatomy of the transition

The main interest of this chapter is the behaviour of the means of the shift S and the
sign coherence (' as the target walker number (1-norm) N, increases. As the bench-
mark model, we will use a 1-dimensional Bose-Hubbard model formulated in momen-
tum space with 10 particles sitting on 10 sites
F = =23 cos(Rin+ 3 dliléiy,d
= — tZCOS( Y + i Z cleleqCp, Opiqrts - 4.2)
k Dyqs758

In this model, all off-diagonal elements are equal to U. When not otherwise specified, we

will use the model with an interaction strength of U = 6¢, which results in a very strong
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Figure 12: The behaviour of the means of the shift S (a) and the coherence C' (b), and their sample
variances (c,d) over a range of target walker numbers N;. In these calculations, we have used a
Bose-Hubbard model with 10 particles on 10 sites formulated in momentum space with strong
interactions U/t = 6. Each calculation was run for 125,000 steps, where the first 25,000 were
discarded and the rest used to compute the averages. The time step size used was 67 = 0.001.
The exact energy F was calculated with the Lanczos method. The right-hand panels (e-i) show
the time series of the coherence C' at Ny = 7400, 7700, 7800, 7850, and 7900. The corresponding
points are plotted in (b) and (d) with matching colours. For these points, the number of steps was
increased to 425,000 to make the behaviour of C more apparent.

sign problem. The Hilbert space dimension of this system is 9,226, which, without being
trivially small, is easily diagonalisable with deterministic exact methods. Thus we can
compare FCIQMC directly with the true ground state.

Figure 12 shows FCIQMC results with this Hamiltonian across a wide range of N;. In
it, we see that for small /V;, the mean of the shift is much lower than the ground state
energy of H, Ej. As N, increases, S approaches the correct energy Ej. At the same time,
the coherence C'is fluctuating around zero. After N; passes a threshold value N, ~ 7600,
the shift stabilises around F), and the coherence begins to grow. In a small region where
N is right above N., we see a sharp increase in Var[S] and Var[C]. There, the coherence
is fluctuating between a positive and negative value, and S is biased. The behaviour of
|C|| is reminiscent of an order parameter near the critical point of a continuous phase
transition [58]. Since we are dealing with a finite system and no thermodynamic limit
exists, there is no strict analogy with a phase transition in condensed matter. We will

refer to the regions as phases and refer to V. as the transition point regardless.
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Figure 13: The behaviour of the mean of the shift S (a) and coherence C' (b), and their variances
(c,d) in the scalar model (Eq. (4.12)). The blue lines show averages over numerical solutions of the
stochastic differential equations, while a dashed orange line shows the fixed points of the model
without noise (1 = 0). The dotted vertical lines show the critical point N, and the end of the noisy
region. The parameters used for the model there were set to £ = —10, E = —110, ¢ = 0.06,
€ = (%/4,k = 16.788, B = 0.6, and u = 3. These parameters set the transition point to
N, = 7500.

4.2 A model of the FCIQMC dynamics

To study the behaviour of S and C, we introduce a model that is closely related to the
one introduced in Ref. [57]. Unlike the previous work, however, we include the shift as
a dynamical variable, which allows us to capture the walker dynamics of FCIQMC at a
given value of ;. In addition, we follow Ref. [60] (which was only concerned with sign
problem-free systems) in introducing noise to our model, which also allows us to capture
the behaviour of FCIQMC in the noisy regime right above the threshold value N..

To derive the model, we start by splitting the FCIQMC transition operator (as defined
in Eq. (3.8)) into the sum of two parts of which the first (T ™) produces spawns that carry

the same sign as the originating coefficient, and the second (T™) flips the sign:

T=T"—-T" , 4.3)
where .
Tz’;ﬁj = maX(Ti,j7 0) )
4.4)

T+ == Cri,ia

1,1
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and -
Ti; = max(—T;;,0),
4.5
T,,=0.

Note that the largest eigenvalue of T is (S — E), where E is the lowest eigenvalue of
H. Replacing the subtraction in Eq. (4.3) with addition yields T = T+ + T, whose
largest eigenvalue corresponds to the lowest eigenvalue of the stoquastised Hamiltonian
H, £ [57]. An operator is said to be stoquastised if it was made stoquastic through flip-

ping the signs of all of its positive off-diagonal elements, i.e.,

[:Izz = H;;
4.6)

Hijpi = —|Hig|-
We treat the instantaneous coefficient vector similarly, by splitting it into positive and

negative walkers

4.7)
c=c+c,

with ¢ = max(c;,0) and ¢; = max(—c¢;, 0).

We then model the full FCIQMC equation as a system of stochastic differential equa-

tions (SDEs):
+ _ + + _ K + \B .
dej” = Z (TMCJ- + T 0 — 5(401- c;) ) dt + py/2¢dW" (4.82)
j
S + - - + R + —\8 s
de; = Z (Ti,jcj + 15565 — 5(4% ¢ ) ) dt + py/2¢; dW™ . (4.8b)

J

Here, the term % (4¢; ¢ )5 models annihilations that happen when a positive and a nega-
tive walker meet at the same index i. Modelling the annihilation process exactly would be
difficult, so we use this simplified term which was introduced in Ref. [57]. We have mod-
ified the term with the phenomenological parameter 3, not present in Ref. [57], which
makes the behaviour of S(/N,) in the region below the transition nonlinear. The noise
terms, puv/2¢; AW and pv/2¢; dW” with independent Wiener noises dWW” and dW"”,
follow Ref. [60], but include the addition of the square-root factor, which reproduces the
O(Nit) population control bias. In both the annihilation and noise terms, factors of 2 are
added in various places for convenience and could in principle be included in s and p.

We proceed by subtracting Egs. (4.82) and (4.8b), taking the fact that adW + bdW' =
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Va2 + b2dW” into account.

J
J

Note that these equations are only coupled by the annihilation term. If we remove it, we
notice that the vectors c and ¢ are both evolved independently. This models the situation
where walker annihilation is suppressed or ineffective, e.g., for strongly-correlated wave
functions and small walker number. However, as noted in Ref. [57], the largest eigenvalue
of T is always larger than that of T, and as such the correct solution coming from T is
exponentially suppressed. Thus, this results in the FCIQMC simulation effectively sam-
pling the dominant eigenvector of T, which sign incoherent and not the desired solution.

If annihilations are active, however, they suppress ¢, and the correct solution can prevail.

4.2.1 Ascalar model

As Egs. (4.9) depend on the off-diagonal structure of the Hamiltonian, it would be diffi-
cult to solve them exactly. We simplify the model by repacing the vectors c and ¢ with the

following scalars
N = e, + lle”fl, = liell -

(4.10)

=l
1 ¢ 1°

Conceptually, N corresponds to the 1-norm of the vector ¢, while n corresponds to the

n=|c

number of walkers with the correct sign. We model the coherence as

C = e (4.11)

Assuming the system is in a steady state, the contributions of T and T can be modelled
with their eigenvalues, S — F and S — E, respectively [57]. We also include the shift

update equation [60, 105]. The final system of SDEs including the shift update is then
AN = dt [($ = B) N — x(N* = n?)"] + p VNaw,
dn = dt (S — E)n + pvVNdW', (4.12)
¢ §

N
dS = ——"-dN — =—1In—dt .
S NoT o0T2 nNt
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Note that this model essentially merges the insights from Refs. [57, 60], capturing the
sign problem like Ref. [57], while also capturing the dynamics of the shift like Ref. [60].
Solving the system of SDEs numerically reconstructs the qualitative behaviour of FCIQMC
as shown in Fig. 13. We see the behaviour of the equations closely mimics real data pre-

sented in Fig. 12, but will, due to its simplicity, be much easier to analyse.

4.2.2 Fixed points
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Figure 14: The fixed points of the model with no noise (x = 0). In the plot, the flashed lines
correspond to unstable fixed points. The parameters here were setto ' = —10, E = —110.0
57 = 0.001, ¢ = 0.08, £ = ¢2/4, N = 10,000, and k = (E — E)/N2°'.

Interesting insights into the long-time steady-state dynamics of an FCIQMC simula-
tion can be obtained by studying the fixed points of the scalar model and their stability
in the absence of noise. If noise is not present, i.e., u = 0, Egs. (4.12) have three fixed

points. The first is given by
Nl = Nt )

n =0, 4.13)

Sl = E + K,Nt(zgil) y

and is defined for all values of V;. The other two fixed points are given by

N2,3 - Nt7

/8

Nos = i\/NtQ + <E_—HE>Nt 7 (4.14)

52,3 = E7
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and are only defined when N; > N, where

~\ 1/(26-1)
E—-F
N, - ( ) | 015

K

Using this quantity, which represents the transition point, we can rewrite S; and ns 3 as

~ N 26—1
S =E+Ex (—) ,

Ne (4.16)

s = i\/NE N
Figure 14 shows a plot of the fixed points for a variety of parameters. It shows how vary-
ing 5 changes the dependence of the shift as a function of N; below the transition, and
the behaviour of the coherence past the transition point. Since C' = 0 in the first fixed
point, while it is non-zero in the other two, we can relate the first fixed point to the in-
coherent phase, and the other two to the coherent phase. Stability analysis on the fixed
points shows that the first is only stable when N; < N, while the other two are sta-
ble when defined (i.e., when N; > N,). The instability of the incoherent fixed point at
N; > N, ensures that there, the system will always end up in one of the two coherent
points, as is typical of pitchfork bifurcations [118]. Comparing these results to FCIQMC
calculations, we see that even in the absence of noise, the behaviour of this simple scalar
model qualitatively matches that of the much more complicated FCIQMC. Setting 5 = 1,
as described in Ref. [57], leads to a linear increase of S in the incoherent regime, which is
not what we observe in a FCIQMC calculation. Setting § < 1, however, reproduces the
observed behaviour, as seen in Fig. 13. Despite this, when analysing noise, we set 5§ = 1

for simplicity.
4.2.3 'The effect of noise

In the previous section, we analysed the model when noise is not present. However, noise
is an important aspect of the behaviour of S and C, particularly right after the transition
in the noisy region. This behaviour can be explained by the time series of C' fluctuating
between the its two fixed points as seen in Fig. 12. Figure 15 shows the fluctuations of
the scalar model for a given level of noise. We see that below the transition (e), C' fluctu-
ates around zero. In the intermediate regime (f,g), C is switching between the two fixed

points, while far enough above the transition (h), C is stable. The presence of switching
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Figure 15: Fluctuations of the coherence and the bias in the shift at various target walker numbers
N;. The left-hand panels of the figure (a-d) show the shift, coherence and their variances. The
plots show data which is obtained through averaging (blue points), the fixed points (red lines) and
vertical lines at Ny = 10,000, 11,000, 12,000, 13,000. The right-hand panels (e-h) show the time
series of C at those values of Ny, again showing the fixed points in red. The parameters used in
this plotare E = —10, E = —110, 7 = 0.001, ¢ = 0.08, ¢ = ¢?/4,x = 0.01, 8 = 1, and
= 50.

seems to also cause the increased level of noise and a bias in the shift. We suspect this bias
is related to the population control bias, as it has been shown that noise is the primary
driver behind it [60]. We believe these fluctuations are caused by the fact that when the
two fixed points are close together, the noise allows the coherence to jump between them.
The qualitative behaviour matches real FCIQMC data almost perfectly, which implies the
mechanism behind the fluctuations in C'in a real FCIQMC calculation are caused by sim-
ilar processes. Figure 16 shows how increasing noise changes the behaviour of the model.

We notice thatin addition to the biasin S, a large amount of noise displaces the transition

point to a slightly higher value and that increasing noise levels extends the noisy regime.
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Figure 16: The effect noise has on the means of the shift S and coherence C' in the scalar model.
The first row of plots (a,b) shows the raw values, the second row (c,d) shows the difference between
the value and the fixed points, and the last row (e,f) shows the sample variance. Each plot contains
data for three levels of noise p.

4.3 Conclusion and outlook

In this chapter, we have connected to previous work on the FCIQMC sign problem walker
dynamics and expanded on it by defining a simple scalar model that, unlike the previous
work, captures the steady-state situation of FCIQMC and reproduces its qualitative be-
haviour. The model shows us that as the target number of walkers is increased, the algo-
rithm undergoes a pitchfork bifurcation where it transitions from an incoherent regime
where the signs of its vector are essentially random to a coherent regime where the vec-
tor captures the ground state of a Hamiltonian. The model also shows the presence of an
unstable intermediate regime, where, while the sign structure of the vector is correlated
with the true solution, the overall sign is still fluctuating.

While this behaviour is reminiscent of a continuous phase transition where the sign
coherence acts as an order parameter, the exact connection to phase transitions is still
unclear. Further work could probe this connection further and look for other critical phe-

nomena such as universal scaling.



o VASSEY  cranuate
V 5A KI PUREHUROA RESEARCH
SCHOOL

UNIVERSITY OF NEW ZEALAND

STATEMENT OF CONTRIBUTION
DOCTORATE WITH PUBLICATIONS/MANUSCRIPTS

We, the student and the student’s main supervisor, certify that all co-authors have consented to their work being
included in the thesis and they have accepted the student’s contribution as indicated below in the Statement of
Originality.

Student name: Matija Cufar

Name and title of
main supervisor:

Prof. Joachim Brand

In which chapter is the manuscript/published work? Chapter 5: Lattice Bose polarons at strong coupling and quantum criticality

Describe the contribution that the student and members of the supervisory team have made to the
manuscript/published work:?

Matija Cufar: data collection and analysis, code development, derivation of the importance sampling ansatz, manuscript
and figure preparation (parts relating to the QMC method including parts of the introduction and Secs 5.3.2, 5.4.3,
5.6.2), manuscript review and editing.

Joachim Brand: code review, manuscript review and editing.

Contributions from the other co-authors include: the diagrammatic quantum Gutzwiller method, related code and
results, original draft preparation (Ragheed AlHyder and Victor Colussi), manuscript review and editing.

Please select one of the following three options:

The manuscript/published work is published or in press

Please provide the full reference of the research output:

Ragheed Alhyder, Victor E. Colussi, Matija Cufar, Joachim Brand, Alessio Recati, and Georg M. Bruun,
"Lattice Bose polarons at strong coupling and quantum criticality",

SciPost Physics 19, 002 (2025) - published 1 July 2025. https://scipost.org/SciPostPhys.19.1.002

The manuscript is currently under review for publication

Please provide the name of the journal:

It is intended that the manuscript will be published, but it has not yet been submitted to a journal

Student’s signature: M—' Main supervisor’s signature: % _7*_‘._% %‘V\_’_’(

This form should be placed at the beginning of each relevant thesis chapter.

! Refer to the Massey University Publishing and Authorship guidelines ( ) )
and/ or for guidance.



CHAPTER

Lattice Bose polarons at strong coupling
and quantum criticality

In the previous chapters, we focused on the full configuration interaction quantum Monte
Carlo (FCIQMC) method and its behaviour. We now turn to an application of the method
to a Bose-Hubbard model with an impurity at strong impurity-boson coupling. Here, we
present a theory based on the quantum Gutzwiller formalism, that introduces an impu-
rity and treats the interactions between it and the underlying system with a diagram-
matic method with infinite resummations.

While the diagrammatic theory is the focus of this chapter, the use of numerical meth-
ods was instrumental in developing it. The quantum Gutzwiller approach generates an
infinite series of diagrams and it is impossible to evaluate all of them. Strong coupling
phenomena can be treated by resumming certain classes of diagrams, however, due to
the absence of a small parameter, there is no a priori way of determining which classes
of diagrams are the most relevant. Comparison with unbiased FCIQMC simulations was
therefore essential for setting up the method correctly and selecting the subset of dia-
grams for resummation to describe the physics correctly.

The diagrammatic Quantum Gutzwiller theory and its resummation was developed by
collaborators Ragheed Alhyder and Victor Colussi with support of the senior collabora-
tors Georg Bruun and Alessio Recati. The candidate led the FCIQMC part of the project
and generated all the relevant data and results. In particular, he developed a variational
ansatz used as a guiding function for importance sampling and developed a variational

Monte Carlo code for determining its parameters.
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Abstract

The problem of mobile impurities in quantum baths is of fundamental importance in
many-body physics. There has recently been significant progress regarding our under-
standing of this due to cold atom experiments, but so far it has mainly been concerned
with cases where the bath has no or only weak interactions, or the impurity interacts
weakly with the bath. Here, we address this gap by developing a new theoretical frame-
work for exploring a mobile impurity interacting strongly with a highly correlated bath of
bosons in the quantum critical regime of a Mott insulator (MI) to superfluid (SF) quantum
phase transition. Our framework is based on a powerful quantum Gutzwiller (QGW) de-
scription of the bosonic bath combined with diagrammatic field theory for the impurity-
bath interactions. By resumming a selected class of diagrams to infinite order, a rich pic-
ture emerges where the impurity is dressed by the fundamental modes of the bath, which
change character from gapped particle-hole excitations in the MI to Higgs and gapless
Goldstone modes in the SF. This gives rise to the existence of several quasiparticle (po-
laron) branches with properties reflecting the strongly correlated environment. In par-
ticular, one polaron branch exhibits a sharp cusp in its energy, while a new ground-state
polaron emerges at the O(2) quantum phase transition point for integer filling, which
reflects the nonanalytic behavior at the transition and the appearance of the Goldstone
mode in the SF phase. Smooth versions of these features are inherited in the polaron
spectrum away from integer filling due to the influence of Mott physics on the bosonic
bath. We furthermore compare our diagrammatic results with quantum Monte Carlo
calculations, obtaining excellent agreement. This accuracy is quite remarkable for such a
highly non-trivial case of strong interactions between the impurity and bosons in a maxi-
mally correlated quantum critical regime, and it establishes the utility of our framework.

Finally, our results show how impurities can be used as quantum sensors and highlight
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fundamental differences between experiments performed at a fixed particle number or

a fixed chemical potential.

5.1 Introduction

The properties of dilute mobile impurities that interact with a quantum environment play
akeyrole in our understanding of nature. The problem is closely connected with the con-
cept of quasiparticles, which provides a relatively simple but very powerful description
of many-body systems [119]. Indeed, an impurity particle smoothly evolves into a quasi-
particle when interactions with its environment are turned on, assuming that no phase
transitions occur. This quasiparticle consists of the bare impurity dressed by excitations
in its environment- a picture that first emerged when studying an electron that excited
lattice vibrations (phonons) in a dielectric, thereby forming a so-called polaron [23, 24].
Since then, quasiparticles have been used successfully to describe a wide range of quan-
tum many-body systems, from liquid helium mixtures and electrons in crystals, to nu-
clear matter and quark-gluon plasmas [120-122].

Our understanding of mobile impurities in quantum environments and the formation
of quasiparticles has improved dramatically in recent years, mostly driven by impressive
experiments with cold atomic gases. These experiments have mainly focused on impuri-
tiesinideal or weakly interacting Fermi gases forming so-called Fermi polarons [123, 124],
and more recently also on impurities in weakly interacting Bose-Einstein condensates
(BECs) forming Bose polarons [26]. The Bose polaron consists of the impurity dressed by
the Goldstone (Bogoliubov sound) modes of the BEC, which, as we shall see, is a limiting
case of the problem considered in the present work.

Less attention has been devoted to mobile impurities and polaron formation in the case
when the bath is strongly correlated. Theoretical investigations include mobile impuri-
ties in fermionic superfluids [125-129], in a lattice gas of hard core bosons [130], in super-
solids [131], in Bose systems in one dimension [84], and in topological systems [132-137].
The case of an impurity interacting with a bath in the vicinity of a quantum critical point
is particularly interesting because there are strong quantum fluctuations across many

length scales, which, however, also makes it very challenging. Recently, an infinitely
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heavy impurity in a fermionic system undergoing a Mott insulator to metal transition
was investigated [138].

The Bose-Hubbard (BH) model describing repulsively interacting bosons in a lattice re-
alizes at integer filling a prototypical case of a quantum phase transition: the bosons are
in a Mott insulator (MI) phase for small hopping and in a superfluid (SF) phase for large
hopping with quantum phase transitions in the O(2) universality class in between [36]'.
In an early study, a mobile impurity immersed in such a BH model was explored using
effective field theory [68]. Recently, perturbation theory was used to explore a mobile im-
purity across the MI-SF transition [139]. Here, the quantum Gutzwiller (QGW) approach,
which was shown to accurately capture features related to the quantum fluctuations and
the static and dynamical properties of the BH model in Refs. [70, 140], was used to eluci-
date the fundamental properties of the resulting polaron in the quantum critical region.
Previous work with the QGW method also considered a fixed impurity weakly coupled to
a BH bath as a sensor for the MI-SF transition able to identify the different universality
classes of the model [141].

In this paper, we explore the properties of a mobile impurity interacting with repul-
sively interacting bosons at integer filling in a square lattice. Using a QGW description
of the bosons in the quantum critical regime of the MI to SF transition, we develop a
field theory describing how the impurity excites elementary excitations of the bosons as it
moves through the lattice. We then apply a generalized ladder approximation, which in-
cludes strong two-body correlations and the formation of impurity-boson bound states.
Using this, we show that the interplay between strong impurity-boson interactions and
boson-boson correlations in the quantum-critical regime gives rise to rich physics with
several polaron branches. At the MI-SF phase-transition point, one polaron branch ex-
hibits a cusp in its energy, and a new ground-state polaron appears. These distinctive fea-
tures arise because both the Goldstone and the Higgs modes become gapless at the phase
transition, and they also appear in smoothed-out versions for filling fractions slightly dif-
ferent from unity. Our results are shown to agree remarkably well with projector quan-

tum Monte-Carlo (QMC) calculations for the many-body ground state, which demon-

At non-integer filling the phase transition is due to a filling change. It is known as commensurate-
incommensurate phase transition and is essentially a vacuum to matter Bose-Einstein condensation [36].
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Figure 17: (a) Phase diagram of repulsively interacting bosons as a function of ¢ /U and the chem-
ical potential as calculated using the mean-field Gutzwiller approach for the 2D case considered
in this work; see [65] and references thererin. The shaded purple area indicates the Mott insulator
lobe of unit filling while the shaded green area indicates the region of the hole superfluid. Lines of
constant filling are shown and (I), @ and (3 indicate points where the polaron properties are ex-
plored in detailin Sec. §5-5.4. (b) In the bottom two panels are shown the lowest (solid) and second
lowest (dashed) elementary excitations of the bosons at the points in the phase diagram consid-
ered in this work versus z:(k) = /e /8t which varies from 0 to1, and z ~ |k|/2v/2 for small k.
These modes are gapped particle-hole excitations in the MI, gapless Goldstone and Higgs modes
at the O(2) phase transition, and gapless Goldstone and gapped Higgs modes in the SF.

strates the usefulness of our theoretical framework for describing this strongly correlated
many-body problem. Finally, we discuss important differences between performing ex-

periments at constant particle number or at constant chemical potential.

5.2 System

We consider a system consisting of a single mobile impurity interacting with a bath of

bosons in a square lattice composed of M sites as described by the BH model. The Hamil-



CHAPTERS5. LATTICE BOSE POLARONS AT STRONG COUPLING AND QUANTUM
CRITICALITY 79

tonian reads
H=—t) (alas+élés+he) —p Y e+ ° D (e — 1)
( ) ' ' r 2 r
+ U Zﬁl,rﬁr, (5.1

where af, (¢) are creation operators for bosons (the impurity) on lattice site r. The first
line describes the hopping of the bosons and the impurity with equal tunneling parame-
ter ¢ for simplicity, and p is the boson chemical potential. The energy dispersion of both
particles in the absence of interactions is £, = 4t[sin®(k, /2) +sin?(k,/2)] where we have
used the usual lattice Fourier transform and taken the minimum to define zero energy.
We use units where the lattice constant is unity. The second line in Eq. (5.1) describes the
onsite interaction between the bosons with strength U > 0 and between the impurity
and the bosons with strength Urg, where 7, = al.a, and fif, = él.¢,.. Depending on the
ratio t /U and the chemical potential of the bosons, they form either a MI or SF giving rise
to the phase diagram shown in Fig. 17(a). We will in the following explore the properties
of the impurity in the region around the O(2) phase transition between the MI and the

SF at integer filling.

5.3 Methods

Previously, the lattice polaron in the transition region was studied for weak impurity-
bath interaction (|U;g/U| < 1) in two dimensions using perturbative methods within
the QGW approach [139]. In Sec. §5-5.3.1, basics of the QGW method are recapped fol-
lowed by the development of our novel diagrammatic theory for the impurity-bath sys-
tem, which is capable of describing the regime of strong interactions not only between
the bosons but also between the impurity and the bosons. In Sec. §5-5.3.2, we describe

our Quantum Monte-Carlo calculations.

5.3.1 Quantum Gutzwiller (QGW) method

In this section, we develop a novel strong interaction approach to describe mobile im-
purities immersed in a BH bath in the quantum critical regime. The method is based

on combining the semi-analytic QGW method with diagrammatic field theory, which
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we will implement in practice using a generalized self-consistent ladder approximation.
We begin with a recount of the QGW method before outlining the diagrammatic tech-
nique. Further details on the QGW method and numerical implementation can be found
in App. §5-5.6.1.

The Gutzwiller ansatz for the ground state of the BH Hamiltonian [¥%) = @, > O |n, )
is a tensor product of lattice Fock states |n, r) with amplitude ? describing the occupa-
tion of site r by n bosons. Within this mean-field treatment, the bath density is given by
no =y, n|c2|?, and the condensate order parameter by ¢y = >_ +/nc?_, . Minimiz-
ing the energy with respect to |02 ) produces the phase diagram shown in Fig. 17(2). We
refer the reader to Ref. [65] (and references therein) for further details of the ground state
calculation.

The QGW method describes density fluctuations on top of the ground state |U%,) by
canonical quantization as §¢,(r) = M~Y237,, ™7 (uyyp ZA)A,k + Urkn 517_k) [70, 142,
143]. Here, 51,1{ (bxo) is a bosonic operator that creates (annihilates) an elementary ex-
citation of the bosons in the A™ branch with momentum k, energy wy k, and coefficient
Uxnx.n (U x.n), which can be chosen to be real [144]. Deep in the MI phase this corresponds
to an individual particle or hole, while the lowest mode corresponds to the Bogolioubov
sound deep in the SF phase. Expanding the bath Hamiltonian to quadratic order in the

fluctuations yields

Hp = Z Wk BLk B)\,k7 (5.2)
Ak

which describes a set of non-interacting bosonic modes. The QGW approach leading to
Eq. (5.2) is detailed in [70] where it was shown to provide a remarkably accurate descrip-
tion of the bosonic bath even in critical regimes where quantum fluctuations are strong.
Further details of the QGW approach are provided in App. §5-5.6.1.1.

In this work, we consider the BH bath at (or very close to) integer filling in the region
of the phase diagram where the MI-SF transition belongs to the O(2) universality class,
as indicated in Fig. 17(a) [36]. Here, the bath can be described by an effective relativistic
(Lorentz-invariant) field theory due to particle-hole symmetry. This symmetry yields a
decoupling of amplitude and phase degrees of freedom, resulting in a gapless Goldstone

and a massive so-called Higgs mode on the superfluid side (1) # 0) and gapped particle
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Figure 18: (2) The different impurity-boson interaction processes given by Egs.(5.6)-(5.13). Solid
blue lines denote the impurity, dashed red lines without arrows denote the Gutzwiller mean-field
ground state of the bath (A = 0), and solid red lines with arrows denote elementary excitations
of the bath (A # 0). Wavy lines denote U (green), V' (purple), and W (orange). The Wy and W
vertices represent two (identical) processes and have been symmetrized, see Egs. (5.10) and (5.11).
(b) Bethe-Salpeter equation for the in-medium scattering matrix at zero temperature given by
Eq. (5.14). The different vertices shown in panel (a) lead to four different scattering processes since
the number of bosonic excitations is not conserved in general. (c) Generalized ladder approxima-
tion for the impurity self-energy at zero temperature.

and hole excitations on the Mott side of the transition. The mass of the Higgs mode van-
ishes at the transition point as shown in Fig. 17(b) [144-148]. The superfluid at the O(2)
point is of hybrid particle-hole character as the derivative 1/ (t) = Ou /0t evaluated at con-
stant filling vanishes, separating a bounded region of hole superfluidity ' (t) < 0 from
the (unbounded) region of particle superfluidity, as shown in Fig. 17(a) [65]. As discussed
in the seminal work [63], the hole or particle characterization of the superfluid close to
the Mott lobe is made in analogy with electron or hole conductance of a material in solid-
state physics. Ramifications for the character of vortices, solitons, and elementary exci-
tations are considered in Refs. [144, 149, 150]. Notably, the region of particle superfluidity
extends into the deep superfluid region where the lattice polaron in a weakly interacting

BEC was previously considered [151].
5.3.1.1 Diagrammatics

We now use the QGW formalism as a foundation to construct our diagrammatic field
theory for analyzing the properties of a mobile impurity interacting with the strongly
correlated bosonic bath.

In this approach, the basic object to calculate is the impurity Green’s function G(q, w),

and we start by expanding the impurity-bath interaction Hyg into different processes in-
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volving the impurity and excitations of the bath. This expansion was given in Ref. [139],
and here we reformulate it in a way suitable for establishing the Feynman rules of a di-
agrammatic theory capable of describing strong interactions. Expanding the impurity-

bath interaction to quadratic order in bath fluctuations yields
HIB ~ UIB Z 7¢L17r [no + (SlTAL(I') + 52ﬁ(r) + .. ] s (53)

where the first term is the bath density in the mean-field ground state, while the second
and third terms are linear and quadratic in the bath fluctuation operators, respectively.

This expansion reads in momentum space (see Sec. §5-5.6.1.1 for details)

FIIB:UIBZZ

At A X Af A 5ot 1
Uk vpChla—pikbi bpx + VaknpChiqrp kbrabl y + Wk xp

k?p7q A7A/
N - ot - 5.4
(CLC‘I""IH‘kbk,)\bp,N + Cch—p—kbk,kbp,x\’> (.4)
with two-particle vertices
U)\k)\’q = Z [n — no(l — 5)\)\’5)\,0):| uk7n7/\u;n)\/,
n
Vikng = Z(” - nO)Uk,n,)\U;,m)\/; (5.5)

n

Wik ng = Z(n — no)(uk,n,AU;m,\/ + u;m,\/vk,n,)\)a

n

corresponding to the structure factors of the density channel [141]. Here, the Gutzwiller
mean-field ground state is, for convenience, denoted by the A = 0 “mode" with energy
wWr—ok = 0, Ur—okn = 2, Vrmoxn = 0,and IA),\:(Lk = BJ,r\zo,k = 1[152]. In particular, this
convention for mode labeling gives Upk 04 = 10, Vok.og = 0, Wokoq = 0, reproducing
Eq. (5.3).

The interaction in Eq. (5.4) separates into a mean-field contribution Uy = ng and the
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v = Unnapthia-pbpa, 5.6
p,a A>0
Uz = Z Z U/\onoégé%pb;m (5.7)
p,a A>0
U3 - Z Z UAkvA,péiléq_p+kak7,\bp>\/7 (58)
P,q,k AN >0
Vi= Z Z V/\ka/\’péTqéQ+p—kbk7>\bL,x> (5.9
P,a,k AN >0
- (2 U
W= WonapChlapbp,, (5.10)
p.q A>0
~ 2 . .
W= 2SS Wapmiitassbl -
p,d A>0
1 . .
Ws = 92 Z Z W)‘pv)‘lkC:FJCQ*p*kbp,)\bk)\’a (5.12)
pP,q,k AN >0
. 1 . o
Wy = 5 Z Z W/\p,,\/kcgcq+p+kb;)\bb\,, (5.13)
pP,a,k AN >0

illustrated diagrammatically in Fig. 18(a). Here, the factors of 2 in Egs. (5.10) and (5.11)
arise from the Bose statistics of the fluctuations and account for the symmetry of the -
vertex under dummy label exchange [121]. Consequently, the corresponding processes
W, and W, can be represented as in Fig. 18(a) or, equivalently, with the appropriate ex-
citation line on the opposite side of the vertex. As discussed in Refs. [70, 139-141], the
vertices must be calculated numerically at each point on the phase diagram, with ana-
lytic forms available only in limiting cases, see App. §5- 5.6.1.

From Fig. 18(a), we see that processes Uy, Uy, W1, and W, involve scattering between
an impurity, the Gutzwiller mean field, and an elementary excitation. Although U; and
W, describe the same process, albeit with different interaction strengths, we distinguish
them, as well as U, and W, due to distinctness of the underlying physics. The remaining
processes involve the impurity and elementary excitations of the bath, allowing for the in-
volvement of different modes within a single scattering process. This multimodal struc-
ture adds another layer of complexity compared to the usual Bogoliubov theory, which
describes only processes between the impurity, Bogoliubov phonons, and the conden-
sate. This approach is unsuitable for describing the quantum critical region and the Mott

insulator phase where condensate depletion ranges from significant to total and many
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modes become important [151].

The rules for constructing Feynman diagrams follow the well-known formalism for
bosons [121], with fluctuation operators satisfying bosonic commutation relations [by , IA)LJ(] =
Ok kOx . Explicitly, a solid red line corresponds to a Green's function DE\(QO(q, z) =
1/(z — wq.) for a bosonic bath excitation, while a solid blue line corresponds to a nonin-
teracting (bare) impurity Green's function G()(q,2) = 1/(z — &4). Dashed red lines
without arrows correspond to the A = 0 mode, i.e. interaction with the mean-field
Gutzwiller ground state. Here, z denotes a Matsubara frequency, and we perform the
usual analytical continuation z — w + 90, at the end of the calculation to obtain the
retarded impurity Green'’s function.

The processes W5 or W, involve the annihilation and creation of two modes, respec-
tively, and diagrams describing both permutations of the outputs contribute and must
be summed over. Additionally, at zero temperature, any diagrams that involve internal

back-propagating excitation lines make vanishing contributions due to zero-mode occu-

pation Nyk = <Z)J&7k[;/\’k> = 0.
5.3.1.2 Impurity-boson scattering

Having established a general diagrammatic framework for analyzing the properties of
a mobile impurity in a BH bath, we now develop an approximate scheme for solving
this in the regime of strong impurity-boson interactions. In Ref. [139], this problem was
studied in the perturbative regime with impurity properties evaluated to quadratic or-
der (U1 /U)? (see App. §5-5.6.1.3). Here, we consider a range of coupling strengths be-
yond even |Ujp/U| ~ O(1) where truncation in powers of the impurity-bath coupling
is no longer justified, and selected classes of higher-order Feynman diagrams must be
included. Our approach is inspired by the remarkable accuracy of the ladder approxima-
tion for describing impurities in a Fermi gas, i.e. the Fermi polaron [123], as well as its
good agreement with experimental data when describing impurities in a BEC [26]. We
therefore expect aladder approximation suitably generalized to the case at hand to be re-
liable even at strong interactions, since a strongly repulsive Bose gas in a qualitative sense
is in between a weakly interacting BEC and a Fermi gas. As we shall see, this expectation

is confirmed to a remarkable degree by comparing with Monte-Carlo calculations.
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We begin by deriving a set of coupled equations for the in-medium scattering matrices
F?f". In analogy with Beliaev theory for a weakly interacting BEC [121], the scattering is
described by a matrix in which the different matrix elements correspond to the incoming
and outgoing excitations whose number is not conserved. Resumming scattering events
with the bare vertices shown in Fig. 18(a) within a ladder approximation generalized to

the present case yields the coupled Bethe-Salpeter equations

’ U U 1 P 7
F{‘{\(P,p,p) UpUrxpyp + —— 1B Z Ap,Aip 11( P1 p)7

p1,>\1>0 2= Wpa T EP-p
' s Urs Usp (p p1,p)
FA)\ (P7 b, p/) = UIBW)\ Np + —— D,A1P1 12 5 7
; VM p1;>0 2T Wpia T EP-py
! U W P 7
Iy (P, p,p') = UsWapap + —— 1B Z ApAupi L 1) Y(P,p1,p )’

Nio,

, U Wipa /\,(P p1,P')]
WY (p UV o D, 1P1 R 5.14
22 ( P, P ) BVapxp T —— /M Z Z — wpl A T EP—p; ’ ( )

1A >0 2 = Wpi A —EP-p;

M o

where we have introduced the shorthand notation P = (P, z) for the center-of-mass
momentum/energy. Equation (5.14) is shown diagrammatically in Fig. 18(b), which il-
lustrates that I') (P, p, p’) describes the scattering of the impurity on an excitation of
the bath, I (P, p, p’) and I'}} (P, p, p’) describe the impurity annihilating/emitting
two excitations, and I'}} (P, p, p’) describe the impurity scattering on a “hole” excita-
tion, all with in- and out-going relative momenta p and p’. These processes are cou-
pled due to the interactions in Egs. (5.6)-(5.13). We have used the shorthand notation
W,\p7,\/7p/ = (1 — 0x,00x,0/2)Wip v p in order to compress four distinct Bethe-Salpeter
equations describing the possible scatterings between the impurity, Gutzwiller mean-
field ground state, and elementary excitations into one expression in Eq. (5.14) that ap-
plies for all A, \'. Also, one must symmetrize '}y and I');" for A\, \' > 0 due to the in-
distinguishability of the two incoming or outgoing elementary excitations, respectively,
which produces a factor of 2 when they are integrated over internally in a diagram. This
is taken into account in the final line of Eq. (5.14) by the symmetrizer S which acts as
1 + P when the in-medium scattering matrix element involves two elementary excita-
tions with the transposition operator P. When A = 0 is involved, no symmetrization is

performed (S = 1) due to distinguishability. Finally, the Gutzwiller mean-field ground
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Figure 19: For Ui < 0, the impurity (blue) attracts the surrounding bosons (red) forming an
attractive polaron. For Uip /U < —1, it forms a bound state with one extra boson. For Uig > 0,
the impurity repels the surrounding bosons forming a repulsive polaron. For Uig/U 2 1, it
pushes away the bosons completely forming a bound state with a hole.

state is excluded from the summations in Eq. (5.14) as it would give rise to disconnected
diagrams.

Physically, the Bethe-Salpeter equation is an in-medium generalization of the Lippman-
Schwinger equation for the scattering of two particles in a vacuum. The denominators in
the summations in Eq. (5.14) describe the propagation of a bare impurity and a bath exci-
tation and their poles give rise to a scattering continuum, which is bounded from above

due to the lattice. For example, ¢\ has a width of 8¢, while the Goldstone mode in the

Bogliubov theory of the bath has a width +/(8t)2 + 8t|ty|2U, decreasing from the deep
superfluid to the quantum critical regime. Note that in our calculations, finite size ef-
fects turn this continuum into a discrete set of states which can be important for small
systems; see App. §5-5.6.1.4.

In the vacuum limit of a single boson and impurity, the in-medium scattering ma-
trix reduces to the two-body scattering matrix with discrete poles at the energies of any
bound states consisting of one boson and one impurity. The ladder approximation there-
fore includes strong two-body impurity-boson correlations and bound states exactly in
a many-body environment. This is crucial as we shall see, since the presence of several
different impurity-boson dimer states, illustrated in Fig. 19, significantly influences the

properties of the impurity, leading to the existence of several polarons, in analogy with



CHAPTERS5. LATTICE BOSE POLARONS AT STRONG COUPLING AND QUANTUM
CRITICALITY 87

whatwas found in the simpler case when the bosons are deep in the superfluid regime [151].
In practice, at zero temperature, the in-medium scattering matrix can be solved by

first obtaining elements I';; and I';5 self-consistently. The remaining components can

be obtained directly through matrix multiplication. Details of this numerical procedure

are described in App. §5-5.6.1.6.
5.3.1.3 Impurity self-energy

The properties of the impurity interacting with the lattice bosons are described within

our approach by the interacting impurity Green’s function

1

Gla,2) = z—eq— 2(q,w)

(5.15)

where X(q, z) is the impurity self-energy. In particular, the energy Ey of any quasi-
particle, which we denote as a polaron in the present context, is determined by solving
Fx = ex + ReX(k, Ey) [120].

Having derived a Bethe-Salpeter expression for the scattering between the impurity
and the bosons, we can now build this into a self-energy for the impurity. Figure 18(c)
shows our generalized ladder approximation for the impurity self-energy, which con-
tains two classes of diagrams. The first four diagrams in Fig. 18(c) correspond to the
impurity scattering particles out of the mean-field ground state of the bath (A = 0),
i.e. I')). In particular, I'}) includes the mean-field energy Urgn,. Unlike the Bogoliubov
approach, where the expansion is based on the condensate density considering a con-
densate fraction close to unity, our method is based on expanding the total density and
therefore remains valid even near the critical point. Consequently, the usual product of
the condensate density and the in-medium scattering matrix (c.f. [151, 153]) does not ap-
pear explicitly in our QGW method and is only recovered in the weakly interacting BEC
limit. This is due to the broader applicability of the QGW approach, in particular to the
quantum critical regime where the condensate is largely or totally depleted.

Thelastdiagram in Fig. 18(c) involves a loop sum over collective modes, and at zero tem-
perature this process is only non-zero for the I')5 in-medium scattering matrix element,
contributing for all A > 0. We note that this involves processes not taken into account in

the usual diagrammatic expansion method based on the Frohlich model [154], which was
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shown in Ref. [139] to provide a poor description of the physics particularly in the Mott
and quantum critical regimes. It is also insufficient to describe the Bose polaron deep
in the superfluid regime [153, 155]. Furthermore, this diagram contains Ujg (27 (r)), the
quantum correction to the mean-field coupling due to quantum fluctuations [70, 139,
140]. Explicit expressions for the self-energy diagrams can be found in App. §5-5.6.1.3
for the interested reader. Finally, we note that when iterating the in-medium scattering
matrix to second order, the self-energy in Fig. 18(c) recovers the first and second order

terms considered in Ref. [139].
5.3.1.4 Self-consistency

So far, the internal impurity Green’s functions in our diagrams have been non-interacting
(bare), which corresponds to assuming a non-interacting impurity in the scattering pro-
cesses. Technically, this can be seen from the fact that the bare impurity energy ¢, ap-
pears in the denominators of Eq. (5.14), which therefore describe the pair propagation of
a non-interacting impurity and a bath excitation. In the first four diagrams of Fig. 18(c),
this in turn gives rise to a scattering continuum of states consisting of a non-interacting
impurity and one bath excitation with energies spanning ming,(wp x + ep_p) < w <
maxp(wp a+ep_p) with P the total momentum. Likewise, in thelast diagram of Fig. 18(c),
it gives rise to a continuum of states of a non-interacting impurity and two bath excita-
tions with energies min, ¢ (wp x +wq v +ep-—p_q) < w < Maxp q(Wp r+wg .y +EP_p_q)-
This is unphysical since the impurity in the intermediate scattering states of course in-
teracts with its environment.

Since we are interested in the interplay between these scattering continua and polaron
formation, we now address this problem.

In principle, the problem can be solved by using full interacting impurity Green’s func-
tions everywhere in the diagrams, and such a self-consistent approximation has indeed
been implemented for an impurity in a weakly interacting BEC [153], as well as for two-
component Fermi mixtures [156—158].

The self-consistent approximation can be implemented using an iterative procedure
via successive replacements ¢, — ¢4+ X(q, w) in the calculation of the in-medium scat-

tering matrix. In practice, we find that the numerical cost even of the order O(10) iter-
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ations (as done in Ref. [153]) becomes rapidly prohibitive as the calculation of the vertices
and associated Bethe-Salpeter equation is fully numerical in the quantum critical regime.
Issues that arise through the numerical implementation of the self-consistent approxi-
mation already at the single iteration level are discussed further in App. §5-5.6.1.7 for the
interested reader. We find instead that the simple replacement ¢, — ¢4 + Ui (n) in the
Bethe-Salpeter equation, i. e. adding the mean-field shift to the impurity energies in the
intermediate states, is sufficient to capture the main effects of self-consistency over the
range of couplings considered in this work. Note that since there is only one impurity,
we assume that the bath is essentially unaffected in the thermodynamic limit so that we

can use bare bath Green’s functions.

5.3.2 Full configuration interaction quantum Monte Carlo (QMC)

In this section, we discuss a completely different method to analyze an impurity im-
mersed in a strongly correlated boson gas, which in principle allows for an exact calcula-
tion of the ground state properties. Full configuration interaction QMC is a type of pro-
jector Monte Carlo, which can be used to stochastically sample the ground state eigenpair
(Eo, vo) of a matrix H [53]. In the context of this paper, H is a matrix realization of the
Hamiltonian defined in Eq. (5.1), Ej is its ground state energy, and v, a vector represen-
tation of the ground state. Full configuration interaction QMC samples these quantities
by repeatedly stochastically applying the following scheme to an arbitrarily chosen initial

coefficient vector ¢(©:
") = ¢ 4 67 (S™1 - H) ™, (5.16)

where, 07 is a (small) time step, 1 the identity matrix and S(™ a scalar energy shift that is
updated after every step in order to keep the 1-norm of the vectors c(™ constant [105]. For
a large number of steps n, the iteration converges such that the expectation value of the
shift S coincides with the ground state energy E and the vectors c(™ fluctuate around
the eigenvector vy. In practice, the ground state energy is estimated from a sample mean
of S excluding steps from an initial equilibration phase. See App. §5- 5.6.2 for detailed
information on the method.

While the Bose-Hubbard Hamiltonian does not exhibit the QMC sign problem, and the
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method itself is in principle exact, the noise in the shift introduces a statistical bias, also
known as the population control bias [60, 159, 160]. We apply importance sampling [87,
88, 161] as a similarity transformation to the Hamiltonian matrix based on an optimized
guiding vector that approximates the exact ground state. Importance sampling brings
the dual benefit of reducing the sampling noise and with it the stochastic uncertainty in
the energy estimators as well as suppressing the population control bias to undetectable
levels. Importance sampling was essential to obtain high quality results for the largest
system sizes reported in this work (100 bosons and 1 impurity particle in a 10x10 lat-
tice with a Hilbert space dimension of ~ 10%°), where without importance sampling,
the variance of the energy would be so large to be effectively unusable. More details on
the importance sampling and optimization of the guiding vector can be found in App. §5-
5.6.2.2. AllQMC results reported in this work were obtained with the open-source library

Rimu. 31 [162].

5.4 Results

We now present numerical results for the impurity properties obtained from our QGW
and QMC calculations®. We focus on the vicinity of the O(2) point of the MI-SF transi-
tion taking the filling fraction to be at or very close to unity. The filling factor is calcu-
lated by choosing the value of 11/U such that (1) = ny + (d2n) is held fixed (Eq. (5.6.25)
in App. §5-5.6.1). The correction (Jyn) accounts for zero point quantum fluctuations of
the bath which modify the filling particularly in the quantum critical regime, while it is
zero in the Mott phase. We focus on the case of zero momentum, leaving momentum-
dependent lattice polaron properties, such as the full quasiparticle dispersion and effec-
tive mass, as the subject of future work.

In Secs. §5-5.4.1.1-§5-5.4.1.3, we analyze the impurity properties obtained using our
diagrammatic approach as a function of the impurity-boson interaction strength at the
fixed points indicated in the phase diagram in Fig. 17(a). In Sec. §5-5.4.2-§5-5.4.3, we

consider the impurity properties across the O(2) MI-SF phase transition for fixed impurity-

2The QGW results presented in this work were performed with finite cutoffs for modes (A < 2) and
occupation numbers (n < 7) and checked for convergence by performing calculations for increased cut-
offs.
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Figure 20: Impurity spectral function A(k = 0, w) for the three points (), 2 and 3) in the phase
diagram in Fig. 17. (a) The Mott insulator phase with u/U = V2 -1, 4t/U = 0.1292. (b) The
O(2) point (coming from the superfluid side) with /U = 0.4142, 4¢/U = 0.1723 and conden-
sate fraction 0.01. (c) The superfluid phase with p1/U = 0.4014, 4¢/U = 0.2154 and condensate
fraction 0.3. The dashed red lines are the energy of the lattice polaron within second-order per-
turbation theory [139], the black lines are the energy U for strong repulsion, and the black dash-
dotted lines are the energy 2Up + U for strong attraction.

boson interaction strength. Finally, Sec. §5- 5.4.3 compares the QGW results with those

of the QMC calculations.

5.4.1 Results for a fixed bath and variation of U

5.4.1.1 Mott Insulating bath

We first consider the case where the bosons are in the MI phase taking 4¢/U = 0.1292
corresponding to the point labeled (D) in Fig. 17. In this regime, the Gutzwiller mean-field
ground state is an incompressible Fock state, and the only allowed excitations in the bath
are gapped particle and hole excitations, which must occur in pairs due to number con-
servation. The individual gaps of the particle and hole excitations depend on the chemical
potential of the bath [163], whereas the energy gap to excite a particle-hole pair does not.

In Fig. 20 (a), QGW results for the impurity spectral function A(p, w) = —2ImG(p, w)
are shown as a function of the impurity-boson interaction strength. In the MI phase, the
first diagram in Fig. 18(c) contributes to the self-energy with a mean field term, the three
middle diagrams are zero due to particle conservation, whereas the last term contributes
by dressing the impurity with bosons depleted from the mean-field ground state due to
boson-boson interactions. Such particle-hole scatterings are possible even at zero tem-
perature via the process V;, which contributes quantum corrections to the filling factor.
Additionally, at order O(UZ,), the W and W, processes can describe the virtual excita-

tion and de-excitation of a particle-hole pair in the polaron cloud [139]. In our ladder
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approximation, such processes are generalized to strong interactions by inserting an in-
finite number of re-scatterings of the impurity and an excitation (hole or particle) via the
process Us.

We see that the impurity spectral function in Fig. 20(a) exhibits sharp lines correspond-
ing to quasiparticles, i.e. polarons. For weak impurity-boson interaction strength, the
ground state of the system is a well-defined polaron with a large spectral weight and an
energy close to the mean-field value Uy (7). This extends over a wide range of interaction
strengths |Ug /U| < 1, reflecting the incompressible nature of the MI phase, which is
relatively insensitive to the impurity. The closely lying faint lines above the polaron line
in Fig. 20(a) are a finite-size version of the scattering continuum in the thermodynamic
limit consisting of the impurity and two bath (particle-hole) excitations as discussed in
Sec. §5-5.3.1.4, which is separated in energy from the polaron ground state by the Mott
gap; see Fig. 17(b). These finite-size effects appear because we use a lattice with 10 x 10
sites in our diagrammatic calculations, as detailed in App. §5-5.6.1.4.

Figure 20(a) also shows a pair of avoided crossings at |Ujz/U| ~ 1. Here, the ground
state changes abruptly as a non-perturbative regime emerges for stronger interactions.
For attractive interaction Uig /U < —1, the attractive polaron energy depends linearly
on U with a larger slope than in the mean-field regime. This can be understood from
the ability of the impurity to bind to one of the bosons to form a dimer state, as illustrated
in Fig. 19. The energy of such a dimer state is approximately 2U; + U since two bosons
occupy the same site as the impurity. This agrees well with the obtained energy of the
attractive polaron, see Fig. 20 (a)

The horizontalline in Fig. 20(a) for a strong repulsive impurity-boson interaction Uig /U 2,
1 corresponds to a repulsive polaron with an energy independent of Uyg, which can also
be interpreted in terms of bound-state physics. In this case, the impurity pushes bosons
away from the site it occupies, which is equivalent to an “excitonic” bound state between
the impurity and a hole as illustrated in Fig. 19. When the impurity pushes away a bo-
son, it creates a site containing two bosons, and the energy of this repulsive polaron is
therefore U, which agrees well with the numerical results.

The particle-hole symmetry at unit filling discussed in Sec. §5- 5.3.1 can in fact be used
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to show that the spectrum is symmetric with respect to Ujg <> —Ujg in the vicinity of
the O(2) point aside from the mean-field shift. This symmetry is recovered by our dia-
grammatic theory. From a technical point of view, these bound states give rise to poles
in the in-medium scattering matrix entering the impurity self-energy, which are related
by a particle-hole symmetry at unit filling. Indeed, since the process Us entering as an
infinite series inside the last diagram of Fig. 18(c) is of equal magnitude but opposite sign
for impurity-particle and impurity-hole processes at unit filling (see App. §5-5.6.1.2), the
poles of the in-medium scattering matrix are invariant with respect to the sign of Ui /U
aside from the mean-field shift U (n) thus giving the above relation between the attrac-
tive and repulsive polaron energies.

Interestingly, Fig. 20 (a) shows a strong well-defined polaron branch above the ground
state in the strong interaction regime. Since its energy closely follows the mean-field
value Urg(n), we denote this branch as a “mean-field" polaron, which physically corre-
sponds to the impurity moving in an incompressible background. This mean-field po-
laron is well defined because it is separated in energy from the continuum of states be-
cause of the excitation gap of the MI. Finally, there is also a faint horizontalline in Fig. 20(a)
close to the energy ~ U for strong attraction. This is a continuation of the repulsive po-
laron state in the regime of strong attractions, where it becomes an “upper polaron” as an

excited state stabilized by the fact that it is above the scattering continuum.
5.4.1.2 Critical bath - O(2) point

We now turn our attention to the intriguing and challenging region in the vicinity of the
O(2) transition where the bosonic bath is highly correlated. This transition occurs for
pu/U = V2 —1and 4t /U = (\/5 — 1)% in the mean-field Gutzwiller calculation [163].

As the O(2) point is approached from the MI phase, the gap of individual particle or
hole excitations closes, see Fig. 17(b), and the elementary excitations become pure phase
(Goldstone) and amplitude (Higgs) modes. Both modes are gapless due, respectively, to
the spontaneous breaking of U(1) phase symmetry and Lorentz invariance at the O(2)
point in the low-energy effective field theory [164]. The Higgs mode is gapless only at the
transition point, as is typical for a quantum phase transition.

In Fig. 20 (b), we show the impurity spectral function as a function of U but now for
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4t/U = 0.1723, corresponding to the point labeled 2) in Fig. 17 just on the superfluid
side of the O(2) point. Here, the ground state at unit filling is accurately described by a
superposition of the lowest number states |0), |1), and |2) at each lattice site [145], where
a large amplitude of the |1) state corresponds to an insulator-like component and small
and equal amplitudes for the |0) and |2) states dictate the properties of the particle-hole
symmetric superfluid component. The compressibility of the bath increases due to the
condensate and the sound speed takes a finite value [163]. Since a non-zero superfluid
density in our approach corresponds to the breaking of particle number conservation,
the processes Uy, Uy, W;, and W, given by Egs. (5.6), (5.7), (5.10) and (5.11) now contribute
with Us re-scatterings, see Fig. 18(a) and App §5-5.6.1.2. Consequently, all elements of the
in-medium scattering matrix are non-zero and all diagrams in Fig. 18(c) now contribute
to the self-energy.

First, we see from from Fig. 20 (b) that in the weak interaction regime, there is still a
well-defined polaron with an energy close to the mean-field value, as expected. However,
because of the larger compressibility of the bath, the mean-field region is smaller than in
the MI phase, and second-order effects are stronger. Also, the scattering continuum now
appears just above the mean-field energy since the excitations of the bath are gapless, see
Fig. 17(b). Perturbation theory breaks down already at |Ug|/U ~ 0.5, and we see that
two kinds of polarons emerge below the continuum as the strongly interacting regime
is entered. The polarons with the largest spectral weight for Ui /U 2 0.5 and Uip /U <
—0.5 are smoothly connected to the repulsive and attractive polarons in the MI discussed
above with almost the same energy. This is because the character of the Mott insulating
ground state is inherited across the quantum phase transition into the superfluid phase,
a phenomenon which is commonly referred to as “Mottness” [144].

Interestingly, Fig. 20(b) shows that a new polaron with a smaller spectral weight and
lower energy emerges for strong attractive and repulsive interactions. The origin of this
new polaron branch, which is now the ground state, is a strong dressing of the impu-
rity by the gapless modes of the bosonic bath, which significantly lowers its energy. This
dressing comes from the first four diagrams in Fig. 18(c), which are zero in the MI phase.

Because of the small condensate fraction, the residue of this new attractive and repulsive
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Figure 21: Impurity spectral function A(k = 0,w) at unit filling line deeper into the superfluid
phase with p/U = 0.3021, 4¢/U = 0.4, and condensate fraction 0.74. Lines are as in Fig. 20.

polaronisvery small, and hence the spectralline is faint. The appearance of a new polaron
branch is due to the non-analytic behavior of the excitation spectrum of the bosonic bath,
with both the Higgs and the Goldstone modes becoming gapless at the O(2) transition
point. This will be analyzed further in Sec. §5- 5.4.2. Finally, we see that the upper po-
laron with energy ~ U in the strongly attractive region discussed above for the MI phase

remains in the superfluid phase.
5.4.1.3 Superfluid bath

We now explore the spectral properties of the impurity deeper in the superfluid phase
at unit filling taking 4¢/U = 0.2154 corresponding to the point labeled (3) in Fig. 17(a).
The corresponding QGW results for the impurity spectral function as a function of the
interaction strength Uyg are shown in Fig. 20(c).

First, we note that the weakly interacting regime, where the energy of the polaron
ground state is given by second-order perturbation theory, has decreased further with
the quadratic dependence more prominent, which again reflects the increased compress-
ibility of the bosonic bath.

While the Higgs mode becomes increasingly gapped in the superfluid phase, the Gold-
stone (Bogoliubov sound) mode remains gapless, and the scattering continuum conse-

quently appears just above the mean-field energy.
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For strong repulsive and attractive impurity-boson interactions, the ground state re-
pulsive and attractive polaron, visible as faint lines in Fig. 20(b), have now increased their
spectral weight significantly, due to the increased condensate fraction, which makes the
Goldstone mode dominating the dressing of the impurity *

As t/U increases further, boson-boson correlations decrease and the bath becomes a
weakly interacting BEC. It has been shown that in this regime the QGW approach coin-
cides with the Bogoliubov theory for the BH model [70, 163]. Therefore, the ground state
polarons evolve into the usual repulsive (U > 0) and attractive (Uig < 0) polarons in
a weakly interacting lattice BEC studied in Ref. [151]. The polaron branches above the
ground state ( Fig. 20(c)), remnants of the attractive and repulsive polaron in the MI
phase, on the other hand, decrease in spectral weight with ¢/U. They eventually move
into the scattering continuum as shown in Fig. 21 where they become damped as the gap
of the Higgs mode increases.

In addition, two kinds of polarons are now visible above the scattering continuum for
attractive interactions in Fig. 20(c). Going deeper into the superfluid phase, we find that
the polaron with the lowest energy increases its spectral weight, while the one with higher
energy, which evolved smoothly from the one in the MI phase, disappears; see Fig. 21.
There is also a polaron line above the scattering continuum for strong repulsive inter-
actions. This corresponds to the upper polaron found in the limit of a weakly interacting
BEC [151]. Itarises from a repulsively bound state consisting of the impurity and a boson,

which has been observed experimentally [165].

5.4.2 Results for fixed Uiz and variation of the bath

In Fig. 22, we show the polaron spectral function for a few values of Ujg, across the unit

filling MI-SF phase transition by varying ¢ /U *. The yellow dots in Fig. 22 (b) and (c) rep-

3Formally, this means the final self-energy diagram in Fig. 18(c) decreases since the Higgs mode be-
comes increasingly gapped, whereas the first four diagrams increase.

*We note two shortcomings of the QGW model that appear as the limit U/t — 0 is taken in the super-
fluid phase. First, the Gutzwiller ground state ansatz chosen in Sec. §5- 5.3.1 describes a condensate with
infinite off-diagonal long-range order. In two dimensions, quantum correlations (such as (d27)) exhibit
infrared divergences according to the Mermin-Wagner theorem. Second, the interaction strengths develop
density dependence in the weakly interacting limit not accounted for in the Hamiltonian Eq. (5.1) [166]. In
practice, we have found in previous works [139, 140] that these issues do not influence our calculations in the
vicinity of the phase transition, but worsen the description as the limit U/t — 0 of the weakly interacting
BEC is taken.
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Figure 22: Impurity spectral function A(k = 0, w) across the Mott insulator to superfluid transi-
tion for fixed unit filling (n) = 1 and different impurity-boson interaction strengths. The dashed
red lines are the polaron energy obtained from second-order perturbation theory [139]. The dot-
ted black line indicates the O(2) critical point, which occurs at 1 /U = /2 —1,4t/U = (v/2—1)?
within mean-field Gutzwiller theory. The QMC results in panel (b) and (c)(yellow dots) are extrap-
olated from the results for M = (5 x 5,6 x 6, ..., 10 x 10) bosons on a square lattice of M = N?
sites and are discussed in Sec. §5- 5.4.3. The QMC hopping parameter has been rescaled by a factor
te/tome = 0.7179 to align the O(2) critical points of the two methods.

resents QMC results that will be discussed in the context of finite-sized systems in the
next Sec. §5-5.4.3.

Let us first focus on the results for an attractive impurity-boson interaction shown in
Fig. 22(a)-(b). The simplest case is for a weak impurity-boson attraction, Ui /U = —0.5
shown in panel (b). Here, the polaron energy is fairly constant across the transition and
given accurately by perturbation theory. The decrease in polaron energy is due to the com-
pressible nature of the superfluid phase [139]. One can also see how the polaron spectral
function clearly inherits the gap closing that characterizes the O(2) critical point of the
bath.

For strong impurity-boson attraction Ujg /U = —1.5, the situation is very different. In
Fig. 22(a), we see two sharp lines in the MI phase clearly separated from the continuum:
The ground state attractive polaron and the mean-field polaron as discussed in Sec. §5-
5.4.1.1. As the gap to the scattering continuum decreases with increasing ¢t /U, the attrac-
tive polaron energy decreases due to increased dressing. At the phase-transition point,
its energy exhibits a cusp, after which it starts to increase in the superfluid phase. In ad-
dition, a new attractive polaron appears with a lower energy at the transition point, which
arises from the dressing of gapless modes, see Secs. §5-5.4.1.2-§5-5.4.1.3. In particular,
Fig. 22(a) shows in a more dramatic way the already discussed failure of perturbation the-

ory in describing the ground state polaron energy in the strong coupling regime, since it



CHAPTERS5. LATTICE BOSE POLARONS AT STRONG COUPLING AND QUANTUM
CRITICALITY 98

cannot describe the formation of impurity-bath bound states.

Due to particle-hole symmetry, we find analogous results across the phase transition
for repulsive couplings, as shown in Fig. 22 (c)-(d). Here, we find that the repulsive po-
laron energies are independent of Uy for strong interactions due to the association with
the impurity-hole (exciton) bound state as discussed previously in Sec. §5-5.4.1.1.

Our results promote the intriguing prospect of using polaron spectroscopy in the quan-
tum critical regime for quantum sensing. We note that such non-analytic features appear
in many observables at the transition point, including the magnitude of zero-point quan-

tum fluctuations and the gap of the Higgs mode (c.f. [70, 140]).

5.4.3 Comparison with QMC

In this section, we compare the results of our QGW method with those from the full con-
figuration interaction QMC calculations described in Sec. §5- 5.3.2. Since the problem of
amobile impurity strongly interacting with a bosonic bath in a quantum critical regime is
very challenging, such a comparison is highly useful. In particular, the QMC results can
serve as a benchmark for the diagrammatic QGW method. As we shall see, our compar-
ison also highlights differences between experiments realizing systems in the canonical
and grand canonical ensembles. The study of finite systems is therefore important to-
wards possible cross-benchmarking as discussed further in Sec. §5-5.5.

The QMC results presented in this section were obtained by optimizing a variational
ansatz and using it for importance sampling in the simulation; see App §5- 5.6.2 for de-
tails. The mean of the shift S was used as the energy estimator. This was repeated for
various lattice sizes (M =5 x 5,6 x 6,...,10 x 10) and extrapolated to an infinite lat-
tice size, as detailed in App. §5-5.6.2.3. The QGW results are produced on a square lattice
of size M = 10 x 10 as in the previous sections, and the formalism works in the grand
canonical ensemble in such a way that the density far away from the impurity is fixed to
unity. In order to compare the results of the semi-analytical QGW method and the fully
numerical QMC method, the hopping parameter employed in the latter has been rescaled
by a factor ¢./tqume = 0.7179 to align the O(2) critical points of the two methods [167].
The difference in critical points between the two methods reflects the mean-field nature

of Gutzwiller ground state calculation. However, the QGW description of the quantum
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Figure 23: Impurity spectral function A(k = 0, w) from the field theoretical QGW method com-
pared with the polaron energy from the QMC method (yellow points). The QGW results corre-
spond to the filling (n) = 0.99 in panels (a), (b), and () = 1.01 in panels (c¢), (d), while the
QMC results are extrapolated from the results for M = (5 x 5,6 x 6,...,10 x 10) bosons on
a square lattice of M = N? sites. The dashed red lines are second-order perturbation theory
for the polaron energy from the QGW method [139], which unphysically diverges for t/U — 0.
This divergence is remedied by the ladder resummation. The QMC hopping parameter has been
rescaled by a factor t./tqmc = 0.7179 to align the O(2) critical points of the two methods.

fluctuations is expected to be accurate as evidenced by the quantitative agreement found
with compared to QMC in Ref. [70].

Before comparing the QGW and QMC results, we need to analyze a fundamental dif-
ference between the two approaches. The QMC simulations keep the number of bosons
fixed and therefore work in the canonical ensemble. We find that for sufficiently attrac-
tive impurity-boson interactions Uig /U < —1, the QMC calculations show that the im-
purity forms a bound state dimer with one boson in agreement with the QGW results
discussed in Sec. §5-5.4.1.1. When there is one boson per site in a finite lattice, such a
bound state, however, takes the system away from unit filling since one lattice site now
contains the impurity and two bosons, see Fig. 19, making the effective filling fraction
of the rest of the lattice 1 — 1/M. This prevents the bosons from ever entering the MI
phase, and instead the system is taken to the SF phase just below the (n) = 1 Mott lobe
for t/U — 0 with an extremely small superfluid fraction. Likewise, QMC calculations
show that for a strong and repulsive impurity-boson interaction Uiz /U 2 1, the im-
purity pushes the bosons away from their lattice position, forming a bound state with a
hole, again confirming the QGW results. This also takes the system away from unit filling
to an effective filling fraction 1 + 1/M so that it stays just above the (1) = 1 Mott lobe.
We have numerically verified that the QMC simulations do not enter the MI phase for

|Us/U| Z 1by computing the charge gap across various values of ¢ and Uy as explained
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further in App. §5-5.6.2.4.

The QGW method, on the other hand, operates in the grand canonical ensemble where
the bosonic bath maintains a constant density at a distance from the impurity, effectively
treating the bosons as a particle reservoir. It should be noted however that the QGW
method does not allow the impurity to change the density of the bath, and it interacts
with a fixed bath. This means that the bath remains at unit filling even in the regime
of strong impurity-boson interactions where bound states are formed, as we explicitly
saw in Sec. §5-5.4.1.1. This fundamental difference between the two methods makes it
necessary to adjust the filling of the QGW calculation to compare against results of the
QMC method for strong interaction |Ug /U| 2 1.

First, Fig. 22(b) and (c) compare the results of the QGW and QMC calculations across
the phase transition for weak interaction |Uig /U| = £0.5. In this case, no adjustments
to the QGW filling are necessary as no bound states are formed. We see that there is
excellent quantitative agreement between the two methods.

In Fig. 23(a)-(b), we compare the QMC and QGW results for stronger attractive impurity-
boson interactions. The QGW calculations are performed for a fixed non-integer filling
(n) = 0.99 in order to compare with the QMC results in the presence of bound impurity-
boson dimers, as explained above. This corresponds to a line in Fig. 17 very close to the
(n) = 1line in the superfluid phase up to the O(2) point, after which it is just below the
lower boundary of the (i) = 1 Mott lobe. Figure 23(b) demonstrates a remarkable quan-
titative agreement between the QGW and QMC calculations for the polaron ground state
energy for Ujg /U = —1. This includes a highly non-trivial smeared cusp feature close to
the phase transition point, which appears due to the inherited Mottness of the bath with
decreasing t /U despite never entering the insulating phase. For even stronger attraction
Us/U = —1.5in Fig. 23(a), there is still good agreement between the QGW and QMC
results. This confirms the accuracy of our diagrammatic QGW framework, which is re-
markable given the very complex nature of a strongly correlated many-body system close
to a quantum phase transition and given that the QGW is built upon a mean-field ansatz,
which is unable to quantitatively predict the critical interaction strength for the MI to SF

quantum phase transition °.

°Asimilar feature has been reported for short range correlations when compared to QMC results in [70]
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For completeness, in Fig. 23(a)-(b) we report the results from second-order perturba-
tion theory, which completely fails to describe the polaron energy for strong interactions;
see also Sec. §5- 5.4.2. In particular, it predicts a diverging energy in the limit ¢t /U — 0
for non-integer filling. Here, the compressibility of the superfluid diverges [139], and the
perturbative analysis predicts a divergence in the energy that comes from a macroscopic
dressing cloud around the impurity. This prediction is unphysical since a non-zero U
still penalises a macroscopic dressing of the impurity. Our diagrammatic ladder resum-
mation, on the other hand, provides a comprehensive description of this regime with a
finite value for the ground state energy in excellent quantitative agreement with QMC.
The ladder resummation therefore resolves the unphysical energy divergence predicted
by perturbation theory, although the quasiparticle residue still vanishes as ¢ /U — 0. In-
stead for discussion of the orthogonality catastrophe in the context of the conventional
Bose polaron problem, we direct the interested reader to Refs. [168, 169].

Figure 23(c)-(d) shows the same analysis performed for strong repulsive impurity-boson
interactions.

The QGW calculations are performed using a filling fraction (n) = 1.01 to account for
the formation of bound impurity-hole states taking a finite system out of the MI phase, as
explained above. Again, we observe excellent agreement between the QGW and QMC re-
sults, confirming the remarkable accuracy of our diagrammatic resummation, whereas
perturbation theory completely fails to describe the system in this strongly correlated
regime. For completeness, we have also compared the QGW and QMC in the superfluid
regime at unit filling as a function of the interaction strength, and we find again an ex-
cellent quantitative agreement; see App. §5-5.6.1.7 and Fig. 29).

Finally, we comment briefly on the extreme limit Ujg/U — —oo. Here, we expect
the impurity to form a cluster state with a macroscopic number of bosons in its dressing
cloud. Such an N-body bound state cannot be described within our ladder approxima-
tion, which only includes two-body impurity-boson correlations, necessitating the inclu-
sion of more diagrams or using variational wave functions as done for the conventional
Bose polaron [26]. For large repulsive interactions Ujg /U — oo, on the other hand, the

impurity can still only push one boson away at unit filling, as shown in Fig. 19, and there-
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fore we expect our ladder approximation to be reliable even in this extreme limit.

The fate of differences between the canonical and grand canonical ensembles in the
thermodynamic limit is an interesting question. It should be noted that these effects
have been explored in other contexts that show that impurities can significantly alter the

bath [170].

5.5 Discussion and outlook

In this work, we explored a mobile impurity immersed in a strongly correlated lattice
Bose gas in the vicinity of a O(2) quantum phase transition between a MI and a SF phase
at integer filling. Based on a QGW description of the bosonic bath, we developed a pow-
erful field theoretical framework describing the impurity scattering with the fundamen-
tal excitations of the Bose gas. By resumming a selected class of generalized ladder dia-
grams, we showed how the interplay between strong boson-impurity interactions, quan-
tum criticality, and the evolution from gapped particle-hole to Higgs and gapless Gold-
stone modes of the bosons gives rise to very rich and non-trivial physics with several po-
laron branches. Our semi-analytical field theory was furthermore shown to compare very
well with quantum Monte-Carlo calculations, which is remarkable for such a strongly
correlated many-body system. This demonstrates the utility of our field-theoretical frame-
work and opens up several new research directions.

Our work highlights how polarons immersed in strongly correlated baths can exhibit
much richer physics compared to more conventional polarons in weakly or non-interacting
Bose and Fermi gases. It also illustrates how polarons can be used to probe non-trivial
quantum many-body systems in the spirit of quantum sensing, as analyzed previously for
example for geometric and topological properties of the environment [134-137, 171]. The
present results show that polarons can explore quantum criticality including the precise
point of the phase transition. This motivates further investigations into how coherent
superpositions of internal states of the impurity can be used to enhance the sensitivity of
the impurity probe while minimizing the back-action on the environment [172-175].

The predictions of this work should be accessible in cold-atom experiments using op-

tical lattices where the BH model and, in particular, the MI-SF transition have already
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been realized [10]. Radio-frequency pulses have been used in continuum atomic gases
to measure the spectral function of polarons [26, 176], and quantum gas microscopy in
optical lattices can furthermore provide complementary information regarding the spa-
tial properties of polarons [11, 177]. This raises interesting questions concerning the wave
function of the polaron and spatial correlations with the surrounding bosons in the quan-
tum critical regime, which are left as the subject of future study. Polarons have also been
observed in new 2D transition metal dichalchogenide semiconductors [178, 179], which
may open up ways to observe the predicted results in a solid-state setting.

Our theoretical framework can also be generalized to explore the properties of the po-
laron at non-zero temperature and momentum. Other interesting questions include the
interaction between polarons mediated by the elementary excitations of the bosons in
the quantum critical regime, which may support bound states (bi-polarons), as has been
predicted for polarons in weakly interacting BECs [151, 180, 181]. Understanding this is
crucial for developing a consistent quasiparticle description of a non-zero concentration
of impurities in the BH model. Another interesting problem concerns a possible phase
separation that takes place at the borders of the MI lobe for strong interactions [182].

Our results moreover reinforce the notion that an impurity, particularly in small sys-
tems, can significantly alter the bath’s properties even taking it out of a given quantum
phase. This raises questions concerning how to experimentally observe the sharp fea-
tures predicted at unit filling in this paper. One could imagine using a setup where a
harmonic trap creates a “wedding cake" structure of rings with different densities [183].
In such a setup, regions with a non-integer filling could act as particle reservoirs for the
region with integer filling where the impurities are located, effectively realizing an im-
purity experiment with constant chemical potential. Taken together, these extensions
show the potential for exploring a wide area of territory for new physics as well as cross-

benchmarking theory and experiment in the field of quantum simulation [184].
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5.6 Appendix

5.6.1 Further details on QGW method
5.6.1.1 Background

In this section, we provide further details on the QGW method relevant to this work (c.f.
Refs. [70, 140, 141]). The QGW method is based on the canonical quantization of the La-

grangian

Lle, ¢ = (Ug|ihd, — Hp |Ve)
= Yl )ene) — el + T Y [0 () wfs) + e - X talenlf

rn (r,s)
(5.6.17)
where Hp is the bath Hamiltonian in Eq.(5.1), and H,, = Un (n — 1) /2 — pn. The La-

grangian is a functional of the complex amplitudes ¢, (r) of the Gutzwiller ansatz

Wq) = ®ch ) [n, r) (5.6.18)
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The quantization promotes these amplitudes to operators that obey equal-time canonical

commutation relations

[6n(r), éjn(s)] = Op.s Opm - (5.6.19)

In analogy with the Bogoliubov approximation for a dilute Bose-Einstein condensate,
these operators are expanded around the ground state values ¥ (see Sec. §5-5.3.1) as
én(r) = A(r) @ +6¢,(r) withlocal normalization operator A(r) and fluctuations (8¢, (r)) =

0, which can be expanded in momentum space as
den(r) = M72Y "™ 60, (k) . (5.6.20)
k
Retaining only up to quadratic terms in the fluctuations, one finds

(5.6.21)

(Wl Hali) ~ Eo + 5 S16C (0, ~0C(-w16 | ) ]

3C(—k)
where where Ej is the mean-field Gutzwiller ground-state energy, the vector 6C contains
the components §C,,, and Ly is a pseudo- Hermitian matrix [70]. Eq. (5.6.21) is diago-

nalized by a suitably chosen Bogoliubov rotation

5én(k) = Z U k,n I;)\,k + Z U;_k’n ZA)T/\,,k s (5622)
A A

recasts the quadratic form of the Hamiltonian into diagonal form
Hp ~ Z Z Wak bi,k b>\,k ) (5.6.23)
Ak

where each by x corresponds to a different many-body excitation mode with frequency
wy k, labeled by its momentum k and index A.

The accuracy of the QGW method can be estimated by calculating the magnitude of the
quantum fluctuations about the Gutzwiller mean-field, quantified by the control func-
tion F = 1 — (A). The control function F displays a cusp at the O(2) phase transition, as
found in Refs. [70, 140]. However, in two dimensions, F' grows away from the transition
in the limit ¢ /U due to the incorrect description of the condensate order parameter by
the Gutzwiller mean-field ansatz as discussed in Ref. [140].

Contributions of quantum fluctuations of the bath beyond the mean field can be sys-

tematically included, as described in Ref. [70]. This procedure yields the expansion in
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Eq. (5.4). Here, the bath density operator has been expanded as 71, & ny+017(r)+don(r)

where

ch (5cn —1—50 ! (r )] , (5.6.24)

gives the Frohlich-type coupling and
Znéc ) 6én(r) —ng 1 — A%(r) (5.6.25)

involves contributions from quantum fluctuations as well as their feedback onto the Gutzwiller
mean-field ground state via the operator A(r). Application of the Bogoliubov rotation
(Eq. (5.6.22)) to Egs. (5.6.24) and (5.6.25) yields the vertex contributions present in Eq. (5.4)
(see also Ref. [139]).

The QGW expansion of Hyp (Eq. (5.4)) connects with the Bogoliubov approximation of
Hig [151] in the limit U/t — 0 where [¢g|*/ng ~ 1 as discussed in Refs. [70, 139, 163].
Here, the canonical quantization procedure is applied instead to the condensate order

parameter

Z\/ﬁcn (1) én(r) & thy + 81eh(x) + 620 (x) . . . (5.6.26)

where 1) corresponds to the mean-field condensate density and

i) = 7303 [P b Ve L] G

while 6,0 (r) can be calculated by a straightforward extension. The quantities | Uy x| and
|V x|? are the quasi-particle and quasi-hole excitation strengths, respectively, and iden-
tify the character of elementary excitations [65]. In Ref. [163], Hpg was expanded to order
6,9 (r) and the lowest collective mode was shown to become identical to the Bogoliubov
dispersion in the U/t — 0 limit. We note that in this limit, all other modes in the QGW

method become strongly gapped, justifying the single-mode description.
5.6.1.2 Vertices across the O(2) transition

Inthis section, we provide additional information about the two-particle vertices given in
Eq. (5.5), which set the bare interaction strengths for the processes shown in Fig. 18(a). In

general, these vertices have non-trivial momentum and mode dependence, particularly
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Figure 24: Magnitude of the interaction vertices across the O(2) phase transition at unity filly. (a-
c) interactions between equal momentum excitations. (d-f) interactions between opposite mo-
mentum excitations. Explicitly, A = 0 refers to the Gutzwiller mean-field ground state, while
A = 1, 2refers to particle and hole processes in the MI or Goldstone and Higgs processes in the
superfluid phase, respectively. A\ = nm refers then to the corresponding two-excitation pro-
cess. Here we have evaluated the vertices at a fixed lattice momentum |p| = 0.39

for clarity.

across the O(2) transition where many processes determine the behavior of the lattice
polarons.

In Fig. 24, we show results for the magnitudes of the vertices as a function of the hop-
ping strength across the transition at unit filling. Here, we consider pair processes that
involve elementary excitations of equal (a)-(c) as well as opposite (d)-(f) momenta. We
remark that A\ = 0 or X = 0 describes isotropic single-excitation processes involving
scattering off the Gutzwiller mean-field.

We first discuss the MI regime. In (a), (b), and (d), (e), we see that the U and V' vertices
for particle-particle and hole-hole processes are equal (and opposite). We note from the
form of the Bethe-Salpeter equation that only the I'y; in-medium scattering matrix el-
ement contributes in this region, as shown in Fig. 18(c). There, the V' vertex contributes
only to quantum corrections of the filling due to zero-point quantum fluctuations. The
W vertex instead describes the process exciting particle-hole pairs, which is followed by
the ladder of U3Us . . . re-scatterings capped by IWs, returning the pairs to the bath. We

note that in the perturbative calculation at O(U%), the effect of the U vertex in processes
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is absent beyond the mean-field level. Rather, we see that this vertex plays a crucial role in
determining the polarons via particle-particle or hole-hole processes depending on the
sign of Uyp as discussed in Sec. §5-5.4.1.1. Here, we see that these processes have roughly
equal (and opposite) strengths, which is a general characteristic of the QGW calculation
in the vicinity of the O(2) point. In Figs. 24(c) and (f), we see instead that the W vertex
only contributes in the MI for particle hole pairs of opposite rather than equal momen-
tum. This reflects the constraint of particle conservation on a single site in the MI in the
generation of a local particle-hole pair, which recalls the physics producing the particle-
hole dressing cloud of the conventional Fermi polaron (c.f. [123]).

On the superfluid side of the O(2) point, we see instead that IV vertices for equal mo-
mentum become non-zero, while the U and V' vertices inheriting particle-particle and
hole-hole processes from the MI sharply drop off, with visible tradeoff to particle-hole
(Higgs-Goldsone) pair processes on the superfluid side of the transition. Notably, a cusp
is formed as a result of this tradeoff, which is reflected as a non-analyticity in the po-
laron energies across the transition, as noted in Sec. §5- 5.4.2. Physically, this tradeoff
reflects an abrupt change in the processes which produce the dressing cloud of the po-
larons. Namely, the cloud is dominated by the virtual excitation of Higgs and Goldstone
modes, which are generated at all orientations of pair momentum. Notably, at zero tem-
perature the V' vertices do not contribute beyond O(Ujg) and are therefore absent from
the ladder summations.

Single-particle processes, which vanished in the MI, now rapidly become non-zero
across the phase transition. In particular, this consists of processes initiated by W5 or
U, followed by re-scatterings via Us and capped by W, or U,. Here, we see that the cor-
responding vertices are dominated by the Goldstone mode. We comment on the limit
U/t — 0 and the connection with the Bogoliubov approach, which has been discussed
previously in Refs. [70, 163]. In this limit, the Gutzwiller ansatz is well-described by the
discrete Gross-Pitaevskii equation (DGPE), with the ground state well-approximated by
a coherent state. Furthermore, the excitation spectrum is described by the Goldstone
mode, which recovers the well-known Bogoliubov dispersion with good agreement for

the sound velocity in the t /U — 0 limit. Instead, the Higgs mode, which is not captured
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Figure 25: Loop diagram contribution to the impurity self-energy. Momentum and energy con-
servation is enforced, and the I';5 in-medium scattering matrix element is properly symmetrized
according to Eq. (5.14). This results in two diagrams which give equal contributions to the self en-
ergy expression in Eq. (5.6.30), shown here for completeness.

in the DGPE, is increasingly gapped with ¢ /U.
5.6.1.3 Explicit expressions for the self-energy

In this section, we provide explicit expressions for the zero-temperature self-energy di-
agrams shown in Fig. 18(c) and discussed in Sec. §5-5.3.1.3. From this figure, we find five

distinct contributions to the self-energy

2

Skw) =Y Sk w) + > IRk w). (5.6.28)

ij=1 A>0
The first four contributions follow simply from the in-medium scattering matrix as X237 (k, w)
= I')?(k, w) and therefore can be obtained from Eq. (5.14). The fifth contribution however

requires the summation over the closed loop of the elementary excitation as
Sk, w) = — du > D0 (k — q,w) T3 (P,q,q) (5.6.29)
22 ) o - A ) 22 s My )

where P = (k,w — w') and Dgo) is the Green's function for a bosonic bath excitation
defined in Sec. §5-5.3.1.1. The Feynman diagram corresponding to Eq. (5.6.29) is shown
in Fig. 25, where we sum over indistinguishable processes involving the I';5 in-medium
scattering matrix element according to the action of the symmetrizer in Eq. (5.14) and the
Feynman rule discussed in Sec. §5-5.3.1.2. This produces a trivial factor of 2.

Crucially, we note that the collisional energy of the I';5 in-medium scattering matrix
element is just w, as the process described involves two incoming elementary excitations
at energies w’ and w” as well as the incoming impurity at energy w — w’ — w”, which

matches the total energy w of the outgoing impurity line in the calculation of the impurity
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Figure 26: Single-excitation impurity scattering continua along the (2) = 1 line for system sizes
(@ M = 62 and (b) M = 102. The continua associated with elementary excitations A = 1 (or-
ange), 2 (green), and 3 (red). In the superfluid regime, the A = 1 mode corresponds to the Gold-
stone mode, while the A = 2 modes corresponds to the Higgs mode with the latter displaying a
visible non-analytic cusp in the opening and closing of the gap at the O(2) transition. Continuous
lines correspond to a fixed value of the lattice momentum as a function of 4¢/U with line density
reflecting the local density of states.

Green'’s function. This diagram gives then the following contribution to the self-energy

U, Wigae DMK k — Ky, k +
3B 0w) = U 3 Vigsg G 3 3 el LRt
A a A

o
q,k1 A,\1>0 W= Wex — Wi T EP—gk T 07
(5.6.30)

where K = (k,w). We recognize the first contribution in Eq. (5.6.30) as Ui (d2n), the
quantum correction to the filling due to zero-point quantum fluctuations of the bath. We
note that iteration to quadratic order in the coupling produces the perturbative expres-

sion found in Ref. [139]

U7 [Wir00 + Urao,l?
E k,w ~ U ﬁ + IB ,0, ,U, .
( ) IB< ) /M ; W — Wk — Eqk —|—ZO+

UIQB Z |W)\k,>\1p|2 (5.6.31)
W — We.\
k,p ?

+ s
2M — Wp, — Eq—k—p + 10T

A’Al
where we note differing conventions for the vertices used in that work. The dashed red

lines in Figs. 20-23 correspond to the results for (0, 0) at this level of approximation.
5.6.1.4 Finite-size effects

In this section, we discuss finite-size effects in the QGW method calculation of the impu-
rity spectral function. For simplicity, we analyze results within the non-self-consistent

approximation (NSC), where the simple replacement discussed in Sec. §5-5.3.1.4 is not



CHAPTERS. LATTICE BOSE POLARONS AT STRONG COUPLING AND QUANTUM
CRITICALITY 111

M =107

10—
~1.0 0.0 L0 10 0.0 10

U/U U/U

Figure 27: In-medium scattering matrix evaluated for u/U = 0.4142 and 4¢/U = 0.1723 for
system sizes () M = 62 and (b) M = 102, corresponding to the superfluid edge of the O(2) tran-
sition. The zero-momentum components of the in-medium scattering matrix are shown for sim-
plicity, which describes scattering between the impurity and particles in the mean-field ground
state. Additionally, we subtract the mean-field shift Ui (n), which is fixed and does not display
finite-size effects.

made. In this approximation, finite-size effects are more easily interpreted, and the lim-
itations of the NSC approximation, alluded to in Sec. §5-5.3.1.4, become visually evident.
In lattice systems, the grid spacing of the reciprocal lattice is determined by the size of
the system with k,, = 27m,\/\/M, ny = 0,1,...,v/M — 1. The closed-loop integra-
tions in the Bethe-Salpeter equation (Eq. (5.14)) run over the grid of the reciprocal lat-
tice, and therefore the impurity-bath scattering continua are only finitely resolved. This
is illustrated in Fig. 26 for lattice sizes M = 62 and 10%, where the (P = 0) single-
excitation continua across the O(2) transition for the lowest three collective modes are
shown. Here, the lines correspond to fixed values of the crystal momentum, with the
density of lines of a particular color determined by the corresponding local density of
states. Furthermore, the width of the continua for each band broadens with increasing
t/U as anticipated from the scaling of the widths of ¢}, and the Bogoliubov mode. We see
then that finite-size effects become more pronounced in this limit as the bandwidth of
the single-excitation continua increases while the momentum spacing in the first Bril-
louin zone remains fixed. Therefore, it becomes numerically prohibitive to study lattice
polarons in the deep superfluid regime within the QGW method, where instead the Bo-
goliubov theory becomes numerically advantageous [151]. This is further justified by the

growth of the gaps for all but the lowest collective mode, which justifies the neglect of
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these modes in the deep superfluid regime. We note that these remarks apply also to
two-excitation continua, which also enters the calculation of the self-energy through the
final diagram of Fig. 18(c).

In Fig. 27, we show finite-size effects in the in-medium scattering matrix calculated
within the NSC approximation for lattice sizes M = 6* and 10?. Here, we note two
classes of features: (i) layered horizontal bands and (ii) curves attached to the bound-
aries of these banded regions asymptoting with +U;z/U. Features (i) are the single-
excitation continua, filling in with increasing system size. This increased resolution also
corresponds to a defining of the upper and lower boundaries of the continua; see Fig. 19.
In particular, the lower boundary establishes the scattering threshold, while the upper
boundary is set by the finite bandwidth of the particular mode. We note that for a calcu-
lation including Ny,0q. modes, there are Vo4, distinct single-excitation continua as well
as Nimode(1 + Niode) /2 two-excitation continua. However, their “weight” in Fig. 27 over
regions of w/U is ultimately determined by the vertices which enter into the closed-loop
integrations in the Bethe-Salpeter equation (Eq. (5.14)). Furthermore, both impurity-
Goldstone and impurity-Higgs single-excitation continua are visible in Fig. 27, which
can be confirmed by visual comparison with Fig. 26. We then understand the resolu-
tion of features of type (i) as the finite-size effect discussed in the previous paragraph.
However, features of type (ii) show finite-size effects for |Uip /U| < 1 where they merge
with the various scattering thresholds. These are the energies of the upper and lower
impurity-bath bound states, which include impurity particle and impurity hole states
thatare expected to be weakly bound for |Us /U | < 1, hence extended and sensitive to fi-
nite size effects. Away from the single-excitation continua however, these lines are robust
to finite-size effects, consistent with a strongly bound, localized state. We comment that
for attractive couplings, the linear scaling < Ujg/U is consistent with the asymptotic en-
ergy Urp + 4t of the vacuum impurity-particle bound state energy for |U/Ug| — 0 [151,
165, 185]. The impurity-hole bound state, including its upper branch, has no vacuum limit
because it requires the concept of a hole. However, these states obey an analogous linear
scaling law with the coupling to the impurity-particle bound states due to particle-hole

symmetry.
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Figure 28: Diagrammatic representation of the general Bethe-Salpeter equation. In the zero tem-
perature limit, the expression in Fig. 18b is recovered.

5.6.1.5 General Bethe-Salpeter equation

For completeness, we give the Bethe-Salpter equation at finite temperatures in Fig. 28.

This equation can be written self consistency using a matrix notation:

L(P,p,p") =N p)+ N(p,p") (P, p1) L(P, p, p1) (5.6.32)

where I and V are indicated explicitly in Fig. 28 while the pair propagator matrix is given

by:

+

We note that I vanishes in the zero temperature limit from which the expressions in
Sec. §5-5.3.1.2 can be recovered. Furthermore, the presence of internal back-propagating
excitation lines requires the equivalent representations of the W and W, processes dis-

cussed in Sec. §5-5.3.1.1.
5.6.1.6 Solving the Bethe-Salpeter equation

In this section, we detail the numerical method utilized to solve the Bethe-Salpeter equa-
tion (Eq. (5.14)) in the NSC approximation. As discussed in Sec. §5-5.3.1.2, I'1; and I';5 can
be obtained by matrix inversion, with the remaining elements of the in-medium scatter-
ing matrix following then straightforwardly via matrix multiplication. Without loss of
generality, we then detail how to obtain I'}}" (P, p, p’) in the case P = 0 considered in
this work. First, we work on a grid of momentum k,,, discussed in Sec. §5-5.6.1.4, writ-

ing the in-medium scattering matrix elements as six-dimensional arrays, which must be
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re-evaluated for each value of z. The Bethe-Salpeter equation for I';; becomes

(Fll [ZD)\)\' — UIBU)\/\’

PigsPjy sPrg Py PigsPjy sPrg Pmy
A1

U Pia iy Pt Py NN
=) e (TR ey

N Wp,1 P A1 T 5pn&,pmgj

(5.6.33)

This can be written as an element of the matrix equation given by Eq. (5.6.32):

L z2]=V_+V II [z]T [7]

=11 =11 =11=11 =11

where

A\
AN U Pia Py Pl P,

(V, 1L [2]) =

—11=11 PigsPjy sPrg sPmy . . :
VM =z anéc Prnl, A1 spngc Prnl,

This matrix equation can then be solved by inversion ' [w+in] = (1-IL  [w+in])) "'V |
where 7 is a positive infinitesimal number taken to be = 1072 in this work. Further-
more, these are square matrices with N2, M* total elements. Here, Ny.nq is the cutoff
on the number of modes included in the calculation, which determines the summations
of \,i.e. A = 0,1,..., Npana — 1, where we recall that A = 0 denotes the mean-field
Gutzwiller ground state. In this work, we take Ny.,q = 3, which leads to converged re-
sults in all the regimes considered. Furthermore, the Fock space summations are cutoff
at Np,exk = 7, noting that this is sufficient for numerical convergence in the quantum
critical regime but must eventually be increased in the limit U/t — 0 where the ground
state becomes a coherent state [163]. With these cutoffs and grids, the calculation of the

lattice polaron self energy can be accomplished on the timescale of a few hours or less on

a standard machine.
5.6.1.7 Self-consistent approximations

In this section, we discuss the implementation of the self-consistent (SC) approximation
within the QGW method discussed in Sec. §5-5.3.1.4. Because the vertices and multi-
band excitation spectrum are calculated numerically in the QGW method, the implemen-
tation of the SC approximation has a more significant numerical cost than in the Bogoli-
ubov method where the vertices and mode spectra are known analytically and the ground

state is assumed coherent. However, this cost is associated with the strongly correlated
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Figure 29: Impurity spectral function A(k = 0,w) from the QGW method within different lev-
els of approximation for /U = 0.4014, 4¢/U = 0.2154, and unit filling (7) = 1 for a square
lattice with M = 10 sites. (a) Results of the NSC approximation with coupling independent
impurity-bath continua thresholds. The region of largest spectral density follows (roughly) the
perturbative QGW polaron energy indicated by the red dashed line. (b) Results of the (n = 1)
SC approximation, where remnants of the NSC continua and bound state spectrum from (a) are
indicated explicitly. (c) Results of the NSC approximation with mean-field shifted impurity dis-
persion. The QMC results are shown for comparison with hopping parameter rescaled by a factor
te/tomc = 0.7179 to align the O(2) critical points of the two methods.

nature of the BH bath in the quantum critical regime, as opposed to a weakly interact-
ing BEC bath. Multiple iterations and successive improvements of the in-medium scat-
tering matrix elements F(ﬁ;\)'” and self-energies ,, then quickly become numerically
prohibitive, motivating the mean-field implementation taken in the main text.

In this section, we compare various implementations of the SC approximation as shown
in Fig. 29. In Fig. 29(a), the NSC result is shown, where we see a polaron line following
the mean-field energy at attractive couplings. At repulsive couplings, this line enters,
and decays into, the impurity-bath continua and is replaced by an energy following the
impurity-hole binding energy from Fig. 27. The merging of the polaron line with the con-
tinuum is analogous to what was found in the NSC treatment of Ref. [151].

In Fig. 29(b), we show results for a single iteration (n = 1) of the SC approximation.
Here, we see that the NSC impurity-bath continua now depend on the impurity-bath in-
teraction strength, and the line of highest spectral density matches the QMC result. How-
ever, we see that this is not the ground state as there are faint spectral lines for repulsive

coupling at lower energy. In comparison to panel (a), we see that these are remnants of

the NSC dimer lines, which is a clear artifact of the iterative procedure. Namely, the NSC
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result for the self-energy has poles at these locations, which consequently also appear as
poles in subsequent iterations. Further iterations can reduce these effects; however, as a
consequence, a continued fraction of poles is produced in the propagator, which requires
many iterations to dampen.

In the present work, the numerical cost of iterating on the order of 10" times to investi-
gate the convergence of this procedure was found to be numerically prohibitive. Instead,
we have implemented the back action in a minimal way by incorporating the mean-field
energy in the bare impurity dispersion in the calculation of the Bethe-Salpeter equation
as described in Sec. §5-5.3.1.4. This produces the result in Fig. 29(c), which is in good
quantitative agreement with the QMC prediction and without remnants. We note that
this simple approximation appears to provide good agreement with the QMC method
in the coupling regimes considered in this work; however, its utility for larger coupling

strengths where the back action effects are possibly more significant is questionable.

5.6.2 Further details on the full configuration interaction QMC
method

In this section, we discuss the details of the full configuration interaction QMC compu-
tations. We start by discussing the setup required to make the Hamiltonian of Eq. (5.1)
compatible with full configuration interaction QMC. Next, we discuss the importance
sampling scheme we used to reduce full configuration interaction QMC’s inherent statis-

tical bias. Finally, we discuss the extrapolation scheme we used to extrapolate our results

to infinite lattice sizes.
5.6.2.1 Matrix representation of the Hamiltonian

To be able to apply the full configuration interaction QMC algorithm, we start by rep-
resenting the Hamiltonian of Eq. (5.1) as a matrix in the basis of Fock states (here for a

single species of bosons)

) = |n1,na,. ..o H \/E ( > (5.6.34)

where n; is the number of bosons occupying the lattice site ¢ and M is the number of

lattice sites (and for the purpose of this representation, all lattice sites of a given square
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lattice are labeled by a scalar index). Now, the Hamiltonian can be realized as a matrix H

with the matrix elements

Hypm = (n|H|m) . (5.6.35)

Similarly, a quantum state can be written as

W) =3 caln), 5.6.36

where ¢, are elements of the coefficient vector c. When an impurity is present in addition
to the many-particle boson bath, we use product states of a Fock basis for the bosons and
for the impurity as a basis. Now, the matrix realization of the Hamiltonian can be used
as shown in Eq. (5.16), allowing us to estimate the energy and properties of the ground
state of H.

Realizing the BH Hamiltonian in a Fock basis yields a matrix that blocks with respect
to the number of particles. Starting a QMC computation with a vector c(®) with a fixed
particle number will only sample that block in H. This makes the chemical potential x
a simple energy shift and allows us to set it to zero. Moreover, the BH Hamiltonian in
the real-space Fock basis is stoquastic (i.e. all off-diagonal matrix elements are negative)
and thus full configuration interaction QMC does not experience a sign problem. This
allows us to treat relatively large systems without additional approximations. All QMC

calculations in this work were performed with the Rimu . 1 package [162].
5.6.2.2 Importance sampling

To reduce the noise and population control bias in full configuration interaction QMC, we
apply importance sampling [87, 88, 161]. Importance sampling is a similarity transform
applied to the Hamiltonian H

H=®H® !, (5.6.37)

where ® is the diagonal matrix with elements taken from a guiding vector ¢
@n,n - qbn . (5638)

While transforming H this way does not change its spectrum, it transforms the eigen-

vectors. In particular, if v is an eigenvector of H, the corresponding eigenvector of H is
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Figure 30: Examples of the application of the extrapolation procedure. The solid line is the fitted
curve (Eq. (5.6.41)) and the dots represent QMC results for various lattice sizes with error bars.
The panes (a-f) show fits for Ui /U = —1.5,—1, —0.5,0.5, 1, 1.5, respectively.

®v. If ¢ is close to the ground state eigenvector of H, the modified eigenvector becomes
more compact, which has the beneficial effect of reducing noise in the algorithm, which
in turn reduces population control bias and makes computations more efficient [60, 88].
However, it should be noted that ® does not need to be a particularly good approxima-
tion of the ground state to benefit the computation. As such, it is common to use a simple
ansatz to use as the guiding vector [88].

In this work, we use

onlv) = (T~ (5.6.39)

!
for the elements of the guiding vector, where n; is the occupation number of site i in the
Fock basis state |n) and p is a parameter that can be optimized. This is the exact ground-
state eigenvector of the one-component non-interacting BH model when p = 1/2, and it
equally describes the Mott insulating ground state obtained for t = 0 when p — oco. We
have found that by varying p, it can give reasonable estimates of the ground state even
when the strength of the interaction is high. We have also observed that optimizing this
ansatz on a smaller system and using the same value of p for alarger one still significantly
improves the performance of QMC. In the case of the larger systems, we were unable
to even finish computations without importance sampling, as they would require more

memory than what was available.
5.6.2.3 Computation parameters and extrapolation

We compute the energies presented in this paper using the following procedure. First,
we optimize the importance sampling parameter p on a 3 x 3 lattice by minimizing the

variational energy of the guiding vector. We can do this since, benefiting from impor-
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Figure 31: Disappearance of the charge gap for strong impurity-boson interaction. The plot panes
(a-f) show the values of the charge gap AE, for Uig /U = —1.5, —1,—0.5,0.5, 1, 1.5, respectively,
at various lattice sizes M. The error bars on the points are smaller than the symbol size and the
lines are guides to the eye. The values shown at 4¢/U = 0 are computed analytically.

tance sampling, the ansatz does not need to be optimized perfectly and an approximate
setting is good enough [88]. Then, we sample an initial vector ¢’ from the optimized
ansatz using a kinetic Monte Carlo procedure [186]. This is done to reduce QMC equili-
bration times. Finally, we run QMC for 100 000 steps, where we discard the first 25 000
and use the rest to compute a sample mean of the shift S, which gives an estimate of the
ground state energy of the system. The standard error of the energy is estimated from the
variance of the time series after removing correlations by a blocking analysis [106] with
automated hypothesis testing [107]. The population control bias is estimated using the
methods of Ref. [60] and found to be smaller than the stochastic standard error. All QMC
results in this work are presented with error bars, which, however, are typically smaller
than the marker size in the plots.

To compute the polaron energy E,,, we run two separate computations, one with the
interacting impurity, which gives us the ground state energy F(V#7% and another with

a non-interacting impurity (that is, setting Uy = 0 in Eq. (5.1)), giving the ground state

energy EU#=0) Then, we calculate the polaron energy for a given lattice with M sites as
EM) = pUizo) — plln=0) (5.6.40)

For each pair of parameters (Upp, t), we compute the finite system polaron energy EI()M)

on grids of M = 5% 62,...10? sites. The result is then extrapolated to infinite system

size by fitting £, and A to the relation

1
EM =B, + \—, (5.6.41)

: Vai

where M is the number lattice points. The extrapolated energy £, is reported as the QMC



CHAPTERS5. LATTICE BOSE POLARONS AT STRONG COUPLING AND QUANTUM
CRITICALITY 120

result in the main part of the paper. Some examples of the extrapolation procedure are

shown in Fig. 30.
5.6.2.4 The charge gap

Toverify that a strongly interacting impurity disturbs the bath and prevents it from enter-
ing the MI phase, we compute the charge gap for different values of the impurity strengths

Uip as a function of the hopping strength ¢. The charge gap is defined as

AFE; = - (En—m41 — En—yv-1 — 2En—n) , (5.6.42)

N | —

where Fy is the energy of the ground state with M lattice sites and N bosons in the bath.

In the Bose-Hubbard model, the charge gap is an order parameter for the MI-SF phase
transition. In an infinite system, it has a value of zero in the SF phase and non-zero in the
MI phase [63]. We compute the charge gap for lattices of sizes M = 42,6%,8% and 10
The data is presented in Fig. 31. As seen in the figure, the computed charge gap values
at strong impurity-boson interaction (|Uig /U| > 1) are small and decrease with system
size, which is consistent with them being zero for an infinite system. At zero hopping,
AE. can be computed analytically and is zero if and only if |U1g/U| > 1, regardless of

the size of the system.
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CHAPTER

The energy of a lattice polaron is scale
invariant at the Mott
insulator-superfluid critical point

In this chapter, we turn to a more numerical treatment of the impurity Bose-Hubbard
model. The ability of full configuration interaction quantum Monte Carlo (FCIQMC) to
calculate very good estimates to the ground state energies at fixed lattice sizes allows us to
study the finite size effects near the Mott insulator—superfluid phase transition. Without
FCIQMC, the analysis of the finite size effect would not have been possible since even the
model on a 5 x 5 lattice already has a Hilbert space dimension of ~ 1.6 x 10'. We
show that the polaron energy is scale invariant at the critical point, and that it appears to
follow scaling laws different from what is already known in the literature. The candidate
lead this study based on an idea by Alessio Recati.

This chapter contains an early draft of the work that has, since the original submis-
sion of the thesis, been made available as a preprint (arXiv:2604.17824) and submitted to
ajournal for publication. The most notable difference between this draft and the preprint
is that Fig. 34 was replaced by a different figure. Fig. 34 covers both weakly and strongly-
interacting regimes, while it was decided to narrow its scope and only focus on the weakly-

interacting case for the submission.
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The following text is a verbatim copy of:

Matija Cufar, Ragheed Alhyder, C J Bradly, Victor E. Colussi, Georg M. Bruun, Joachim
Brand, and Alessio Recati,

“The energy of a lattice polaron is scale invariant at the Mott insulator-superfluid critical
point”

In preparation.

Abstract

Continuous quantum phase transitions are characterized by an order parameter and cor-
relation functions that are often challenging to access experimentally or in direct nu-
merical simulations. The energy of an added impurity, however, can be probed experi-
mentally by established polaron spectroscopy, or numerically by ground-state quantum
Monte Carlo calculations. We provide numerical evidence that the energy of a weakly-
interacting mobile impurity provides access to the critical behavior of the Mott insulator—
superfluid phase transition of a lattice Bose gas. Finite-size scaling of the energy reveals
that its value is scale invariant across the phase transition, and we obtain a scaling expo-
nent that is currently unexplained by theory. We further find a flattening of the impurity-
boson density-density correlations at the critical point, which hints at a divergence of
a corresponding length scale in the thermodynamic limit. This suggests that impurity

spectroscopy could be used more widely to map quantum phase transitions.

6.1 Introduction

Quantum phase transitions are a hallmark of many-body physics, where quantum fluc-
tuations drive the system’s ground state across a quantum critical point [36]. At the crit-
ical point, long-range order arises and the system exhibits universal scaling behavior,
i.e., various observables follow a power-law independent of the microscopic details of
the system [187]. These transitions are typically characterized by an order parameter, an
expectation value of an operator that vanishes in one phase and takes a non-zero value
in the other. However, identifying the appropriate order parameter for a given phase
transition can be nontrivial, and even when known, it is often difficult to access exper-
imentally. Probing such quantities typically requires high-resolution, phase-sensitive

measurements that are challenging to realize, leaving many quantum transitions only
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partially mapped [188, 189].

Aparticularly relevant setting is the Bose—Hubbard model, which describes repulsively
interacting bosons on a lattice. As the ratio of hopping to interaction strength is in-
creased, the system undergoes a continuous quantum phase transition from a gapped
Mott insulator to a gapless superfluid at fixed integer density [36, 63], as first realized
experimentally in optical lattices [10]. The critical behavior of the model has been inves-
tigated using quantum Monte Carlo simulations [167, 190-193], non-perturbative renor-
malization group methods [194-197], and other analytical approaches [198-202].

Recently, it has been argued that the energy of a mobile impurity embedded in a many-
body system can serve as a sensitive probe of quantum phases [82, 128, 139, 203]. Through
interactions with the host medium, the impurity becomes dressed by excitations, form-
ing a quasiparticle, the polaron, whose properties reflect the surrounding environment.
In the regime where the impurity—host coupling is weak compared to the characteristic
interaction scale of the host system, the polaron behaves as a passive probe, with its en-
ergy reflecting properties of the surrounding medium without significantly disturbing
it [82, 139]. Extracting the polaron energy with high-fidelity spectroscopic techniques
such as radio-frequency, Ramsey, or modulation spectroscopy [204, 205], may thus pro-
vide insights into the properties of the system across a quantum phase transition, and
offering a powerful alternative to conventional probes that rely often on bulk correlation
functions, which are significantly more challenging to measure experimentally.

Here, we show numerical evidence that the energy of the polaron is scale invariant at
the quantum critical point. Finite size scaling, already at very modest system sizes with
up to 10x 10 lattices is able to predict the location of the quantum phase transition in the
thermodynamic limit. For the scaling exponent with system size we obtain a value that
differs from previously calculated scaling exponents [199] and is currently unexplained.
We also provide evidence that the polaron reflects the critical behavior of the host system.
We demonstrate an intimate connection of the polaron energy to the impurity-boson
density-density correlation function, which in turn probes the dynamic structure fac-
tor of the host system for weakly-coupled impurities. We present numerical evidence of

a flattening of the impurity-boson correlations at the transition point. As such, the study
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of polaron properties provides a view into the phase transition that may be easier to ac-
cess experimentally and by numerical simulation compared to the order parameter of the

phase transition. At the same time, it challenges our theoretical understanding.

6.2 The model

The Bose-Hubbard Hamiltonian describing the host system is
R b U, .
Hp = —t ; afa; + Z fip(Rip — 1), (6.2.1)
ij i

where a4 (&iT) creates (destroys) a boson at site i, (i,j) goes over all neighboring sites,
f;p = aia; is the number operator, ¢ the hopping parameter and U > 0 the repulsive
boson-boson interaction strength. We consider the model on a two-dimensional square
lattice with side length L and periodic boundaries filled with Ny bosons. We focus on
the case of unit filling where ng = Ng/L? = 1. This model undergoes a quantum phase
transition as the hopping strength ¢ /U crosses its critical value, t./U. We add a single,

interacting impurity to the model by modifying the Hamiltonian as
H=Hg+ H + U Y _ higiip, 6.2.2)

where Hy = —t 3 5, bib; is the impurity Hamiltonian, Uy is the impurity-boson inter-
action strength, biT (by) is the creation (destruction) operator for the impurity, and n;; =

i,
6.3 Computational methods

To compute the ground state energy of H, we employ full configuration interaction quan-
tum Monte Carlo (QMC) [53], which is a projector Monte Carlo method. The algorithm

iterates from an arbitrary starting vector ¢() according to the rule
" =14 dr(H - 9)]c™, (6.3.1)

where 1 is the identity matrix, d7 a (small) time step, H is a matrix representation of H
and S™ is a scalar energy shift, which is updated after every step in a way that keeps the

1-norm of ¢(™ approximately constant [53, 105]. As long as the time step is small enough,



CHAPTER 6. THE ENERGY OF A LATTICE POLARON IS SCALE INVARIANT AT THE
MOTT INSULATOR-SUPERFLUID CRITICAL POINT 126

Eq. (6.3.1) has a stable fixed point where (> is the ground state eigenvector and 5> the
ground state energy of H.

The scheme can be applied stochastically, where both the vectors c(™, and the matrix
H are sampled in a way to give the correct result on average. Then, Eq. (6.3.1) is applied
for many steps, and after an equilibration phase, the values of S fluctuate around E,
the exact ground state energy of H. Averaging this data gives an accurate estimate of
the energy F, albeit with a controllable and usually small population control bias, which
is caused by the noise in the algorithm [60, 88]. Since the Hilbert space size of H from
Eq. (6.2.2) grows extremely quickly, we use importance sampling, which modifies H by
similarity transform in a way that reduces noise in the algorithm and allows us to keep
the population control bias under control. This allows us to find ground states of systems
much larger than would be possible otherwise. To compute the energy of the polaron £,
we perform two independent calculations and take the difference of the ground states of

H with an interacting impurity and one with a non-interacting impurity
E,=E(Ug) — E(0). (6.3.2)

Here, E(x) denotes the ground state energy of H with Uig = .

6.4 Polaron energy as a scaling function

The polaron energy is shown in Fig. 32 as a function of the hopping strength ¢ /U for var-
ious system sizes L in the top row of panels (al,bl,cl), where the different panels cor-
respond to fixed values of the impurity strength. The curves for different values of L
are found to cross near the critical hopping strength for the quantum phase transitions
t./U = 0.06 [167, 190, 191], which indicates the polaron energy is scale invariant at the
transition point. It further suggests that these curves may be connected by finite size
scaling [188]. To investigate the scaling behavior, we make a scaling hypothesis using the

standard ansatz
Ep — UIB
U

te

=Lf (L“t_T) : (6.4.1)

where a, b, t. are the parameters we want to estimate and f is an unknown function.

When the parameters of Eq. (6.4.1) are chosen correctly, and the data is plotted as L°(E,—
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Figure 32: Finite size scaling of the polaron energy. The top row shows the polaron energy F, as a
function of t /U at Urg = 0.1U (al), Uig = 0.3U (bl), and Ui = 0.5U (cl). An apparent crossing
of the curves for different system size L (as per legend) near critical value ¢./U ~ 0.06 of the
Mott insulator-superfluid phase transition indicates the scale invariance of E\,. The bottom row
shows the same data scaled according to the ansatz from Eq. (6.4.1) with optimized parameters.
The hopping strengths are Ujg = 0.1U (a2), Uip = 0.3U (b2), and Ui = 0.5U (c2) and the

parameter values shown in Fig. 33.
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Figure 33: Scaling parameters. Shown are the fitted parameters a, b, and ¢, of the scaling ansatz
of Eq. (6.4.1) vs. the interaction strength Ujg. The data was collected for system sizes L between
5 and 10 in a narrow window close to the critical interaction strength ¢./U. Values of the cost
function C close to 1indicate that the scaling ansatz is well supported by the data.
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Uig) versus L°(t — t.), the data near the transition point should collapse onto a single
curve [36]. To find these parameters, we define a cost function C(a, b, t.) (see appendix),
that measures how collapsed the data is. In a modification of the procedure of Ref. [206]
we interpolate the dataacross t/U for each value of L and measure the distance each such
curve is from an average, in units of the QMC error bars. This cost function is similar to
the reduced x? measure of goodness of fit, and as such, values close to 1 indicate the data
collapses well.

The raw data for the polaron energy shown in the top panels of Fig. 32 is contrasted
with the rescaled data in the bottom row of panels (a2,b2,c2). We see that the data col-
lapses well in all three cases, however, the data with Ujg /U = 0.1 is rather noisy, and
at Uig /U = 0.5, the collapse begins to show signs of breaking down. This can be made
clearer by looking at Fig. 33, where the values of the fitted parameters and C' are plotted
across arange of Ui /U. We see that C'increases as | Ui /U | becomes stronger, which in-
dicates the collapse only works well when interactions are weak enough. This is expected
behavior for finite systems with fixed particle number — when interactions are strong,
the impurity has a significant effect on the underlying system and can no longer be seen
as a passive probe [82]. The weak Ug /U data has relatively more noise because the QMC
error bar primarily depends on the system size, while the span of F,,/U values depends
strongly on U /U. This is reflected in the size of the error bars on the parameter esti-
mates in Fig 33. The data provides strong support for the scaling hypothesis being valid
in the regime of weak impurity interaction for |Ujg/U| < 0.5. Averaging the data for
the scaling parameters in this regime, we obtain the final estimates a = 0.74 + 0.26,
b=0.05=+0.078and t./U = 0.061 & 0.0013. We thus see that the location of the phase
transition is predicted accurately and consistent with literature values [167, 190, 191] de-
spite the rather small available system sizes. The value of the parameter b is consistent
with zero, which would mean that the polaron energy E,, is completely independent of the
scale L at the critical point. Finally the exponenta = 0.7440.26 is a new result. Remark-
ably, this value is different from the known scaling exponents for the order parameters

of the Mott or the superfluid phase derived from effective field theory Ref. [199].
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6.5 Impurity-boson density-density correlations

A quantity that most intimately reflects the correlations between the impurity and the
host system is the impurity-boson density-density correlation function
2 A A
GiR(d) = > (highican) . (6.5.1)
i
where (-) is the expectation value with respect to the ground state of . An application

of the Hellman-Feynman theorem to the polaron energy in Eq. (6.3.2) yields

dE R 2
dUII]; = Z(nj?mj,@ = G%B)(O) s (6.5.2)

J

which shows that £, directly probes the local impurity-boson correlations G%) (0). This
relation is exact for arbitrary interaction strengths, as no approximation has been made.
For weak impurity-host coupling Uyg, the polaron energy can further be related to the

properties of the host system only by expanding in powers of Uy (see appendix for details)

S(k,w
Ep = UIBTLB + UIQB Z/d(ﬂﬁ
k

+ O(U,), (6.5.3)

where S(k, w) is the dynamic structure factor encapsulating the dynamic density-density
correlations of the host. Equation (6.5.3) demonstrates how the polaron energy and the
impurity-boson correlations directly relate to the correlations in the unperturbed host
system. This motivates the further examination of G%) across the Mott insulator—superfluid
transition in the host system.

In Fig. 34 we show results for G%) (d) across a wide range of Urp and ¢ at a small lattice
size L = 3. While these lattice sizes are very small, we already notice that with pos-
itive Urg and small ¢/U, the density-density correlations are largest near the impurity
(correlation bump), while at high ¢ /U, the correlations are smallest in the same region
(correlation hole). For negative Uy, we see the reverse. For an intermediate value of ¢ /U
we find that the correlations are approximately constant across the whole grid. The flat-
tening of G%) (d) can be interpreted as a correlation length matching the system size L

and thus we expect it to diverge in the thermodynamic limit . — oo. A flat correlation
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. 2 . . ..
function G%B) (d) thus signifies a precursor of the quantum phase transition. To measure

the flatness of the correlations, we look at the variance of G%) (d #0)

1 2
Var |G £ 0)] = > |G @ —u] . (6.5.4)
d#0
where
1
d

The variance will only be zero if G%) (d) is constant for all d # 0, while it will be nonzero
in any other regime. Values of the variance across a wide range U and ¢/U are plotted
in Fig. 34 (a), while three examples of G%) are shown in Fig. 34 (b-d). The central part
of the pitchfork in Fig. 34 (a) corresponding to Uiy = 0 is trivial — there are no cor-
relations in G%) without interactions. Elsewhere, we see a line of zero variance, which
we attribute to the phase boundary between the Mott insulator and the superfluid. We
note that at weak Ui /U, the phase boundary appears at values of ¢/U slightly higher
than expected. We believe this to be a finite-size effect. At strong interactions, the phase
boundary curves and reaches Ujg /U = +1att/U = 0. This behavior is explained by
the fact that for |Ujg| > U it is energetically favorable for the impurity to either com-
pletely displace (Uig /U > 1) a host boson from a lattice site, or bind an extra host boson
(Us/U < —1). In a finite system with a fixed number of bosons, this will destroy the
Mott insulating phase due to the presence of an extra particle or hole, respectively, on
top of the commensurate phase [82]. An interesting bulge of the phase boundary into the

region U /U < —1 is currently unexplained but believed to be a finite size effect.

6.6 Outlook and conclusion

We have demonstrated that the energy of a single impurity immersed in a two-dimensional
Bose Hubbard model appears to follow a scaling law when the host system undergoes
a Mott insulator—superfluid phase transition. We have demonstrated a connection be-
tween the polaron energy and the impurity-boson density-density correlation function,
and presented numerical evidence showing that the correlation function flattens at the
phase transition. We have also shown a connection between this correlation function and

the dynamic structure factor of the underlying system. Further work could explore the



CHAPTER 6. THE ENERGY OF A LATTICE POLARON IS SCALE INVARIANT AT THE

MOTT INSULATOR-SUPERFLUID CRITICAL POINT 131
(a)
1075
1

L 10—10 g

o L 2 * * §

=0 +— sa

= 10715 32

<>13

1 i ' 10—20

T T T T
002 004 006 008 0.10
t/U

(b) (c) (d)
1 1.020
i 1.015
= 0 1.010 32
-1 1.005
10 1 10 1 10 1
d, d, d,

Figure 34: Impurity-boson correlations from exact diagonalization for a small lattice. (a) The
variance of G%) (d # 0) computed from a small system with L = 3. Small values (darker green)

indicate a flattening of the correlation function as a finite-size precursor of the quantum phase

(d)

transition. (b-d) The correlation function G%) (d) at the interaction parameters marked with red
dots in (a). The central value at d = 0 is not shown as it is off the scale. Uip /U = 0.3 for all three
panels. (b) t/U = 0.045, (¢)t/U = 0.065, (d) t/U = 0.085.

exact values of the scaling parameters of the polaron energy, and how they relate to the

universal parameters of the Mott insulator-superfluid phase transition.
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6.7 Appendix

6.7.1 'The cost function

We estimate the scaling parameters by optimizing the parameters of a scaling ansatz
to minimize a cost function. The cost function we use is based on the one presented in
Ref. [206], however, we have modified it in a way to make it a continuous function of its
parameters. This makes the optimization procedure more robust as the discontinuities
in the cost function can cause the optimizer to get stuck in local minima.

The cost function is defined as follows. We assume the data consists of x,y, dy for a
variety of system sizes L on the interval [z, x1,|. The data is already rescaled with some
values of the parameters, in this case v = L%(t — t.)/U andy = L*(E, — Up)/U. We
interpolate the data such that y;, : [z, 73] — Rand dy? : [z;,24] — R are piecewise
linear functions, where y; is an interpolation of the (transformed) data and dy? is the in-
terpolated square of the error bar. We then define the master curve as a weighted average

of the interpolated data, weighted by the error bars

S, o (@) /g (2)
YO === )

To compute the cost function, we compute the contribution of each L-subset to the cost

(6.7.1)

function. First, define the square deviation of the data and from master curve as

6.7.2
a2 () (6.7.2)

Then the contribution from L is

Cp = ! /h5,%(x)dx. (6.7.3)

Tp — Iy x;
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Finally the value of the cost function is given by

1
c=—% ¢y, 6.7.4
N, XL: I ( )

where N is the number of distinct values of L. Like in Ref. [206], the definition of the
cost function is similar to the reduced x? measure. As such, values of C close to 1 indicate

the data collapses well.

6.7.2 Polaron energy and density correlations

As shown in Eq. (6.5.2) in the main text, the Hellmann Feynman theorem can be used to
relate the polaron energy £, and the on-site impurity-boson density-density correlations
G%) (0). We proceed by expanding the impurity-boson correlation function up to first

order in Uyg. Using the shorthand notation V' = ZJ. N.175.8,

Gi7 (0) = (¥|V]¥)
= (¢0,0|V|do0) + 2Uin Re{<¢0,0|17|@/)(1)>}
+O(Upy), (6.7.5)

to first order in U, where

1) = |doo) + U™y + O(UL), 6.7.6)

is the expansion of the full-system ground state, and

|pvx) = o) @ |k), (6.7.7)

are the eigenstates of the unperturbed Hamiltonian Hp + Hj with energies £, = E, +
ex- Here, E, are the eigenenergies of the host-system states | ¢, ), and the single-impurity

_ A-1/2 —ikj pt T :
plane wave states |k) = M~ >_; € "I bi|vac) have the usual lattice dispersion
ex = —2t[cos(k,) + cos(k,)]. (6.7.8)

The first order correction to the ground state is given by the standard expression

0y = Z |¢u,k><¢u,k|v|¢o,0>_ 6.7.9)

Eyo— FE
V10,0 0,0 vk
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The overlap matrix elements simplify as integration over the impurity eigenstates can be
carried out explicitly to yield

(k|V|0) = i Z e 5 = pr, (6.7.10)

J
which is the momentum space density operator for the host system. The first order term

from Eq. (6.7.5) then simplifies to

(b0l p|dv) (D] o] Po)
Eo — El, + €0 — €k

<¢0,0|VW(1)> = Z

v, k0,0

:Z/ de (6.7.12)

Y
€ € w

(6.7.11)

[e.9]

where

S(k,w) = [u[dpk|¢o)*d(w — E, + Ey), 6.7.13)

is the dynamic structure factor of the host system only at zero temperature. The use of
the density fluctuation operator dpx = px — (px) = px — Ok onp removes a divergent
term and realizes the exclusion of the double ground state, where v = 0,k = 0, from the
sum.

Using the fact that the impurity-boson density-density correlation function normal-

izes to the boson density ng = Np/L? in the absence of impurity-boson interactions

G%)(ONUIB:O = <¢0,0|‘7|¢0,0> = ng, (6.7.14)
we obtain
G§B()_HB+2UIBZ/ EO—Ek—w

+ O(U,). (6.7.15)

Integrating the Hellman-Feynman relation (6.5.2) yields Eq. (6.5.3) for the polaron energy

to second order in Uyp in terms of the properties of the fully interacting host system.
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Conclusion

In this thesis we have looked at the full configuration interaction quantum Monte Carlo
(FCIQMC) and its applications to the problem of an impurity immersed in a Bose-Hubbard
model. We demonstrate that FCIQMC is a good fit for this problem. In fact, for lattice
problems, FCIQMC seems like a natural choice since it is designed to work with Hamil-
tonians with discrete bases. In contrast to density matrix renormalisation group, which
provides an efficient way to solve quantum many-body problem in one spatial dimension,
FCIQMC does not have this restriction and works well on two-dimensional lattices. We
expect FCIQMC is a good fit also for other geometries, such as honeycomb lattices. The
system we are focusing on in this thesis is bosonic, and as such has a stoquastic Hamil-
tonian and is therefore not affected by the sign problem. This allows us to get accurate
ground state energies of the model on relatively large lattices.

FCIQMC, however, also has a few drawbacks. Because it only captures the ground state
(or a few low-lying excited states) of a system, it cannot capture finite-temperature effects
that are sometimes unavoidable in experiments. Additionally, while we have demon-
strated reliable results for systems with up to 100 particles, the systems studied by ex-
perimentalists often have orders of magnitude more. Finally, in many cases, the sign
problem is unavoidable and in there, we are limited to studying small systems or resort-
ing to approximations like the initiator approximation, which introduces a systematic
bias. This last point is not limited to FCIQMC as Hamiltonians with a sign problem are
famously difficult to solve regardless of the method used.

In the first part of the thesis, we have taken a detailed look at the FCIQMC algorithm. In
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Chapter 3, we presented Rimu.jl, the open source framework for FCIQMC and exact diag-
onalisation. We have discussed the FCIQMC algorithm and the data structures employed
by Rimu.jl in detail. We have also presented numerical benchmarks demonstrating that
Rimu.jl scales well on multi-core and small-scale distributed systems, which as evidenced
by the rest of this thesis are often sufficient for obtaining research-grade results. While
Rimu.jl boasts a wide range of features, there are several possible avenues in extending
it. These include existing techniques such as preconditioning [89, 90], adaptive shift [86],
and load balancing [97, 98], extending the arsenal of available Hamiltonians, as well as
innovations in the FCIQMC algorithm itself. It may be worth looking for ways to accel-
erate FCIQMC convergence speed beyond the known preconditioning methods [89, 90],
perhaps by borrowing ideas from higher-order exact diagonalisation techniques such as
iterative perturbation theory [207], or alternating cyclic extrapolation [208].

We continued the discussion of the algorithm in Chapter 4, where we studied the FCIQMC
sign problem and modelled it with a scalar model. The model gives us new insights into
the walker dynamics of FCIQMC as the sign problem is overcome. It shows that the sign
coherence — a quantity which measures the degree of correlation between the signs of
the FCIQMC vector and the true solution — undergoes a pitchfork bifurcation. This bi-
furcation is reminiscent of a continuous phase transition, where the sign coherence acts
as an order parameter. There are several unanswered questions in this direction. We
could study critical phenomena and finite-size effects of this transition, determine to
what extent these properties depend on the Hamiltonian, and whether any of the prop-
erties are universal. A similarly interesting and relevant future direction is analysing the
sign problem as it manifests with complex Hamiltonians, or with stochastic real-time
evolution.

The second part of the thesis was concerned with the polaron formed by an impurity
immersed in the Bose-Hubbard model near its Mott insulator—superfluid phase transi-
tion. In Chapter 5, we present a semi-analytic diagrammatic method based on the quan-
tum Gutzwiller method and use it to treat the problem at strong impurity-boson cou-
pling. We validate the results with FCIQMC calculations and show that in these regimes,

FCIQMC can be used to obtain the energy of the polaron to high precision. Extensions
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of this work could involve looking at two or more impurities in a similar system, which
may result in the formation of bipolarons or multipolarons [26]. Another possible avenue
of exploration is looking at the behaviour of an impurity immersed in a different vari-
ant of the Bose-Hubbard model, e.g. a1 or 3-dimensional model, a model with extended
interactions, or one with a non-square lattice geometry.

In Chapter 6, we show that the polaron energy is scale invariant at the Mott insulator-
superfluid phase transition and that it is linked to the impurity-boson density-density
correlation function. The polaron energy also appears to exhibit critical phenomena,
however, the link between it and previously described quantities is yet unknown. A nat-
ural extension of this work is characterising the exact relationship between the polaron
energy and the quantities studied in the literature. Additionally, we could look for similar
phenomena in other models (e.g. the Bose-Hubbard model with extended interactions)
and see if an impurity reacts similarly to other quantum phase transitions.

While lattice physics is rich and offers many potential future research directions, FCIQMC
can be useful beyond lattice physics as well. With the transcorrelated method [103], it
could be applied to continuum systems, spin-orbit coupling models, or microwave shielded
polar molecules [209, 210], in situations where mean-field theories are insufficient. The
algorithm can also be forced to preserve the symmetries in a system and as such can be
used to compute the lowest-energy state with a given quantum number. This has been
demonstrated with momentum in Ref. [105] and could simplify finding certain excited

states that would otherwise be difficult to access with other quantum Monte Carlo meth-

ods.
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